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Absfi:ract_ -

* Most of the theorv for domain decompasz.tzon methods of Schwarz tyne has been set in- the

" framework iof the h t:.nd p-version finite element method. In this study, Schwarz methods are
formulatec; for both the conforming and nonconforming spectral element dascretlzatmns a.pphed_:, .
- to linea.r snalar sel.f ad;omt second order elliptic pmblems in two dJmenmons '

An overlappmg a.ddltlve bc.ltwarz method for the wnformng s;pect.ral element dlscretazatmn is
formulated.: However, unlike p-f[mte alement discretizations, a minimum overlap strategy com-
. mon to h—ﬁmte element dzscrei/‘fzat:ons can be accommodated. Ccmputatmnal results md:cate

that the convergence rate of the overlappmg Schwarz method is similar for the corresponding
method defined for the h-finite element d:scretlzatmn. It is also shown that the mintmum over-

- lap additive Schwarz method rvegults in s1gmﬁcantly fewer floating pomt operatmns tha.n ﬁmte T
: -element pneconrhtmnmg for the apectral element method ' -

- Iterative substructurmg and N euma.nn—Neuma.nn methods are also formlﬂated for the conforrn.mg -
 spectral element discretization. These methods demonstrate greater robustness when increasing .
_the degree p of the elements than the minimum overlap additive Schwazz method Compuia-
 tionally, convergence rates ave also similar for the corresponding met]mds defined for the h-finite
- element discretization. In addition, an efficient interface precond1tmner for itexative substruow'
- turing methods is employed which does not degrade the performance of the miethod for e

pmblems consudered.

The extensmn of Schwa.rz mefhods to the nonconforming spectral element discretization is not

as straightforward as for the conformmg diseretization. A number of stra.tegles to ovel:come
these dlﬁicultles are investigated. - :
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Chapter 1 |

Generan lntro_dimtion ) |

1.1 A brief i;axoncimy of d__cima.iﬁ decomp'dsition méthods :

The recent advent of commercla.l para]lel computers hag given mpetus to the des:gn and testing - '
of algonthms for parallel co:mputmg Altb.ough an initial approach is to revise well established '
algorithms tn suit these architectures, the transition from serfal to parallel computing also
induces new methodologles which produce a.]gonthms that are inherently parallel

Domain decompcs:tmn (DD) methods for the soluiton of partial differential equations (PDE’s) is

‘the evolution of & new methodology of inherently parallel algorithms, A DD method is founded' :

. upon the concept of reformulating & given problem assuming that the computational domain is '
decomposed into a collection of smaller subdomains, There is a large variety of methods which
employ this general philosophy as reflected in the hterature and a brief account of the ma,]ur

- developments are outlined in this section. In a.ddltlon to the development of parallel algorithms,
DD concepts are also useful in the following sense.

¢ The briginal' borﬁplex domain may be decompOSabie into subdomains of more regular
shape, thus extending the clasa of problems solvable by fast solvers a.nd other regular
- domain discretizations,

v Domain decomposition provides_ a means to reduce the sequential computational complex-
ity of & problem; In general, the complexity of a problem grows more than Linearly with
ita size. The partitioned problem can yiald a Computa.tional.ly faster solution provided
the solutions to the subproblems can be eﬁiclently combined to form the solution of the
ongmal problem, :

~ - » Often in large scale problems, the resolution of Iocal phenomena determines the need for

local grid refinement. A finer mesh in sub-regions of the domain ma.y be needed where the -

solution contains large gradients. A partitioned domain provides a natural and eﬁiczent
 means of implementing local grid refinement stra.tf*gles :

X _Doma.m decomposxtlon can easily accommodate different solution techmques in sub-regmns _
" ofthe computatmna.l domain. This fa.clhty to capture the behamour of thé physical solutlon
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Figuré 1.1: A partial taxonomy of domain decomposition methods.

region.

sssentially, the basic concept of DD can be applied before and/or after the discretization of
the PDE. A partial classification of DD methods is given in figure 1.1. The field of DD is

rapidly evolving with seven international conferences having being held in the past seven years -

(67, 32, 33, 68, 34]. As such, a strict classification may not always be appropriate owing to the
generalization and unification of the theory. A brief discussion of the classification depicted in

figure 1.1 is given below.

Continuous forms of DD have been primarily motivated by the need to extend regular domain

 discretizations, such as spectral methods, to more general geometries, and the need to couple

different types of PDE's into one model. Continuous forms of DD employing an overlapping de-
composition of the domain are more commonly known as Schwarz methods. A simple geometric
decomposition is depicted in figure 1.2 (a). The solution of the PDE on £, is computed using

' zero Dirichlet boundary data along edge T'1. The value of this solution along T'g is then used as

in different sub-regions can be extended to combined different types of PDE’s ju each sub-
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Figqré 1.1: An example of an overlapping and non-overlapping decomposition.

boundary da.t.a, for the problem restricted to Q. ’I‘he process is repeated until a user apeciﬁed :

cdnvergeﬁce t:l'iteria is reached. Developments in the field of Schwarz methods for pseudo-speciral
apprommatlons have been investigated in. [29 129, 99], however, Schwars methods have gained

‘more populanty in dlscrete DD methods.

_A. strong or patchmg farm of DD rehes on the avaﬂablhty of explicit transmmsmn condmons :
" between subdomams For instance, the dlﬁ'erenmal problem o

L'u, flnﬁ

- with suitable boundary condltlons, is o be solved on the nonoverlapp-. decompomtmn in ﬁgure

1. 2(b) In general the above problem is split accotding to

Lu; fmﬂ'l Ly = fﬂlﬂza

where uy and ug are the restriction of u to 0 and respectxvely Suitable transmxss:lon condi-
 tions acrosy I are needed to ensure that the solution of the decomposed problem is'equivalent to

the solution of the ongma.l problem 'lhese transmlssmn rondmons can be generically expreassed

ag .
\If('u.l) —E!(ug) on I"

®u1) =®(ug) on I
where T CT and I CT. For sectmd order elliptic problems, I' == 1"" = .'E and the fui btions ¥
and & express continuity of the solution and flux respectively. -

The above decomposed problem generally requ.u-es further mveshgatmn of numerical solution .

strategies and this is where discrete forms of DD can be of assistance. The advantages of
contimious forms of DD are the wide variety of PDE’s and discretizations to which the method
can be applied. Further, this approach is particularly useful for heterogenous DD — the coupling

of different PDE; types in different. subreyions of the computational domain. Purther details can

be found in [107, 108, 31, 66, 109, 70]. A multilevel scheme has also besn investigated in [110;.

i
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Vammona! DD methods have been mvestxga.tedm[lOZ 1{]0 13, 79, 80, 59] These method.s dlﬂ‘er'

from the strong form of DD mainly in the degree of continuity required at the subdomain jrter-

faces and the mammer in which the continuity is imposed. An explicis expression imposing the -

transmission conditions betwsen subdomains is replaced by a more irnplieit variational scheme.

: Nanconformmg methods are generalizations of earlier confowmng methods. Noncnnformmg '

methods permit a.pprmuma,t.ion properties within subdomaing to be chosen mere mdependently
than } in'conforming methods. One approack to variational DD [79] consisis of formulating a con-

strained variational principle where the constraints represent some form of coupling (conforming

or nonconforming) between the subdomain solutions. Numerically, these consiraints are realised
through Lagrange multipliers. An. alternate approach is to construct an exph(:lt approximation

~ space which, satisfies certain projections for the coupling of solutions [82, 1, 13]. Two types
of nonconform:ty ha.ve been considered, namely a functional and & geometric nonconforming -

notion [12]. The latter approach results from a nonconforming geometric decomposition and

encompasses the functional nonconforming tase which results from approximations which are

not necessa.nly continuous. acToss the subdomain boundaxies. I"u.rthe,r details of th:s type of DD

cen be found in [13 9, 97 74, 10, 11, 14]

Dascrete forms of DD have received more astention tha.n coxtinuous forms a.nd pmmarﬂy for
finite element discretizations. The main facas of this interest has been the need to solve Iarge
scale ﬁmte element problems on parallel computers

AIgebmzc DD methods derwe solution techmques fora system of linear algebraic equahons based
only on the algebraic properties of the matrix and the assumption of an association of wknowns

with various regions in the domam ‘These methods are more generally apphca.ble than those
DD methods derived from 2 knowledge about the PDE (PDE based methods}, at the expense
of robustness Further exa.mples of algebra.lc DD methods can be found 1 [98]

The availability of parallel computers with a lax ge number of processors prowdes the incentive -
to use DD methods where at least one subdomain is mapped onto each processor. A large °

number of subdomains necess.a.rﬂy lmphes that many subdomains do not have access to the
physical boundary deta, This can result in a rednction of the convergence rate of an iterative
DD method when increasing the number of subdomains. Multilevel DD methods are essential in
this respect and are capable of maintaining a convergence rate that is independent of the nursher
of subdomaing. The core of PDE based DD methods share this multilevel criteria. Two .

- clagses of PDE based methods are those methods based on either an addilive or on a maultiplicative
update of the subdomain problems. Additive methods permit each subdomain problem to -

be updated simultaneously while multiplicative methods involve & number of sequential steps.
Either class of method can be defined for subdomais related to an overlgpping or a non-

overlapping decomposition of the computational domain. A large number of PDE based DD
. methods are realised as preconditioners for the iterative solution of the system of equations

that arise from the discretization of the PDE. The precondifioﬁers are derived from an exact or
approximate solution of the PDE restricted to certain regions of the domain. Thzse J:egmns are
defined by a geometnca.l decomposition of the compu‘ratmna.l domain. '
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The chstmgulshmg fﬂatm'e of most :netheds in cither class is the manner in wh:ch the mulu— :

level criteria is incorporated. In a.dd:ltmn, the multilevel feature within an algorithra for two

dimensional problems may not necessarily scale efficiently to three d.tmensl,ons and further con-
- siderations have been developr’d to overcome t]us problem.

Gonsider_able unity has been achieved fqr PDE based DI) methods. A general théory described _
. by Dryja and Widlﬁjld 55, 57, Cai [24]'and Xu il28]'has begun te emerge and encompasses
- a wider variety of numerical methods than solely DD methods such as multlgnd hJerarch:.cal'
 basis msthods an& multilevel precondltmners o

1.2  Presentation of the research report

" 'The spectral element method is an instaﬁée'of a variational DD method and has been successful

in extending the class of problerrs solvak '»é-by;pseﬁdoasp'ectxﬂmethodsi. The conforming spec-

~ tral element method of Patera [102] was 'iﬁiuia]ly'déveloped with geometric restrictions similar
to the geametric conformmg finite elemeat method. Further generality was achieved by the non-
aonfommg spectral element method where both geometnc and functional nonconform;ty could.

be sucommodated. However, the success of a dl_scretxzaiuon method depends in part on the

 availability of efficient solution techniques for the 1*esi11£ing system of equations. Dirvect methods.
were initially the prominent solution technique for spectral element methods. Advances in the
_ understanding of the numerical properties c_if the conforming speciral element meshod has led
* to the introduction of efficient preconditioned iterative solution techniques. ‘However, a solution . -

technique based on discrete DD within the Schwarz framework has not been investigated. 'I‘hls

study wﬂl mvestlgate thﬂ use of Schwarz me‘nhods for the spectral element dlsc:ret:lza.tmns

In chapter 2, an overview of f.he thepﬂ ~end nu_mencal properties of the conforming and non:.

conforming spectra,l element methe = e The performance «£ two preconditioned iterative - '

solution techniques for the spectrs. . .amit method is mwﬁtag&ued which forms & basis for the
St‘hwam methods presented i in chap[;er 3 | s :

Most of the theory fur Schwarz methods has been developed in the fra.mework of the A and -

p-finite element method. In chapter 3, Schwarz methods for the conforming spectral element
discretization are formulated. -

Documented in chapter 4 are the resulls of experiments conducted with the Schwarz methods
of chapter 3. . :

' 'I'he posmble application of Schwarz metheds to the nonconforming spectral elemeut dlsctetma-

tion is bneﬂy discussed in chapter 5.
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The distinguishing feature of most methods in éither class is the manner in Which the multi:

jevel criteria ig incorporated. In addition, the multllevel feature within an a.]gomhm for two o

dimensional problems may not necessarily scale eﬂimenﬂy to three damenmons and fu:rther €on~
: mderat:ona ha.ve ‘been developed to overcome this problem. _ W

_ Consxdera.ble unity has been achieved for PDE 'based DD methods A general theory descnbed.
. by Dryja and Widlund [55, 57}, Cai [24} and Xu [128] has begun to emerge and encompasses
_ a wider vanety of numerical methods than solely DD methods, such as mu1t1gnd hierarchical_ .
- basis methods and multﬂevel precondmoners :

12 PreSe:ﬁi‘a__a_tion of the'reSEé_i-dh rei:ort _'
The spectral ele,ﬁent mef.hod is an instance of 3 variefional DD method and has been euccessﬁﬁ_
in extendmg the class of problems solvable bfy pseudo—spechel methods. TI s oonfommg spec-

~ tral element method of Patera [102] was, iniitiadly. developed with geometric restnctmns similar -
" to the geometric conforming finite element, et *-od Fu:rther generality el achieved by the nia n-

conforming specizal element method where both geometnc and ﬁmctmnal mncmformlty could

‘be accommoda.ted However, the success of a discretization method depersda in part on the
" availability of efficient solution. techniques for the resulting system of equatmns Direct methods
were initially the prominent solution technique for spectral element methods Advances in the

understanding of the mumerical propetties of the’ con.form_mg spectral element m_.ethod has led
to the introduction of efficient preconditioned iterative solution techniques. However, & solution

technique based on dlsc.rete DD within the Schwarz framework ha.s not been, investigated. Thl.a '
_study wﬂl mvestagate the use of Sehwa.rz methods for the spectral element dmcretma.tmns .

. In chapter 2 an overview of the theoretlcal and mumerical pmpertles of the conforming and non-

conforming spectral elemert method is glven The performance of two preconditioned iterative

- solution techniques for the spectral element method is mvestlgated which forms a. basis for the
‘Schwarz methods presented in cha.pter 3. ' :

Most of the theory for Schwarz methods has been deve10ped in the framework of the h and
pfinite element method. In cha.pter 3, Schwarx methods for the conformng spectral element
discretization are formulated.

Documented in chapter 4 are the resuits of expenments conducted with the Sohwa.rz methods -

of chapte:r 3

The poss1b1e application of Schwa.rz methods to the nonconformmg syectral element dlscretma—
 tion is briefly discussed in chapter &
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. where the operator L has the form

where

I
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© Chapter 2

| Spejctrfa'l .Elemefnt M__etho_'ds

2.1 Elliptic ._eqtiﬁiions; the conforming c".as'e_.

'2-.'1-.1 'FOrr__a:u.ilation

Let Q C RY, d = -9 or 3, be an open bounded domain with bound&ry a0, A general elhptlc
: boundary yalus prcblem with. homogenem]s Dmchlet boundary values ig defined by o

- Lu_ fom 9
Cu=0  on 00

- - 8 du Su
_ .Lu----;&z_:l %' (Gigawj) + Zbi'a?‘+a‘u

Al the coefficients are assumed to be sufficiently smooth functions on 2. The matrix of coeff-

cients is assumed to be rymmetric and uniformly positive definite for all z € ©3, and f € L3((2).

Ag ugual, L*(Q) = {u measurable over £ : fu?dQ < oo}. This study will concentrate on the
above problem for d = 2, b= ¢ = 0 with a sufficiently smooth boundary and/or convex polyg-
“onal domain, Most of the work presented can be applied to the more general problem in (2.1)

with mixed Neumann and Dirichlet boundary values,
The weak formulation of the problem to be considered is: Find u € HY(Q) such that
alu, _.,',) =f(v) foralloeH}(Q), (29

du &
a.('u. 11) y\ fa,J B 8:

ff=l

f(@) _#ffvdﬁ.

Here H}{(S2) ia the Sobelov space W&‘E (2) defined by those functions which together with their

weak derivatives are contained in L(£) and satisfy the boundary conditions in (2:1). _ It is

(21)
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well known that since f(: ) is contmuous and a.( ) is both continuous and H& elliptic, the

: Lax-Nhlgram theorem ensures tha.t a umque ‘solution of (2.2) is guaranteed to exist, see Clarlet
421

The discréte equivélen't of (2.2) is obtained by formulating the problem on a finite dimensional
subspace of HH{). We construct the ﬁmte dimensional subspa.ce by ﬁrst decomposmg the
domain as follows. : : -

Let O = U;Iilﬁ,-_ be a'partitioning of @ into NV curviliuea.r polygonal open subdomains of diameter

O(H) such that Q; N Q; = @ whenever i 3 j. Further, we assume that a subdomain boundary
(69%) compnses four vertices and edges/interfaces such that Oy and &'Z_-,. have either an entire

interface or single vertex common to hoth subdomains whenever & N Q; # 8. This restrickion
_ensures a geometrically conforming decomposition of the domain.

Let O = ( —-1, 1) x (--1,1) be the rcfemnce subdomain, The space of polynomial functions of .

degree p in each variable (g,7) on € will be denoted by B, Suppose T (e, ) is defined to be the
affine and/or 1sopara.metr1c mapping from £ onto nk, then the pth order a.ppro:uma.tmn space
on Q;, ig

]E;,;, = {“(Tk (ws ) veER}.

_ The space of p1ecemse pnlynomml functions on Q is then deﬁned by

Vph"‘{"’e-z'z(ﬂ) '”'ﬂﬁ FJH k-—l,...,-N}.

Glea;rly, ok is not a fmbspa.ce of H} (€2) and therefore adchtmnal constra,mts need fo be imposed
along the suhdoma.ln boundaries. Specific details for constructing such constraints are in general
dependei on the basis chogen for T, and mll be discussed shortly Generically, we ensure

flmctlonal cunformty by settmg

The disareﬁb pi:oblem corresponding to (2.2) can be written_as: Find u € Vs.n such that

alu,v) = f(v} forall w € Voh - | o ' _ (2 4 ;

Since Vo C H} (Q), the existence and uniqueness of the discrete solut.ion of (2.4) can be mferred :

from the Lax-Milgram theorem.

Suppose the exact solution u* is such that «* € H’"’(ﬂ] for m > 1 and f is an analytic flmctmn _
- on Q. An error estnnate for the solumon of (2.4) is shown in [6] to be given by -

6 = all 30y < CH oLy o (2.5)

where £ —'min(m 1,p) and C is a constant independent of A, » and u*, Similar results hold
when u* is only regular within Q; [6, 85]. A wide class of problems in fluid and structural
mechanics have smooth or piecewise. analytic solutions. Therefore, an approximation of the type
in (2.4) can converge exponentially to the exact solution ™.

V;’lh = V.';’nh n H‘D (Q) . : . . : (2‘3)

ke

B o




T Tt e et e

s deﬁnedby

. We now discuss the construction of a basis for B}. The approximation properties of V5 are
independent of the algebraic form of the basis. The form of the basis can however affect com-
puta.tlonal canstderatmns such as the condltlon of the discrete equations, the stability and con- -

" vergence of the solution process and the abmty to efficiently accommodate adaptive meshing .

gtrategies, Variants of the p—versmn of the finite element. method (PFEM) and the speciral ele-

ment method (‘-‘-EM) emerge from the choice o of a basxs for 5, the manmer in which the constraint
_in (2.8) is imposed and the choice of quadrature schemes for (24) These a.apects for the PFEM - '
‘have bet;n prevmusly addressed in 5, 7, 46, 50], :

A basis for g can be derived from the basis funct.mns typlcally used in pseudo-spectral methods. -
‘The set of basis functions are described in Camuto et al. [30] as a tensor product of the one
dlmenslonal basis set. Let I = [-1,1] and &5 § = 0y...,p be the' Gauss-Lobatto-Legend:e .

quadra{:ure points of I An 01-der p po];rnoxmal basis set on I 'l,b {hi} =0 Such that h;(ej) = 83,

_ (1 - ez)L' (:)
h,( ) = '
N ~ o+ DI e - 2
where Lp(s) represents the pth order Legendre polynomialon I. Abasis for Ig; is smply expressed

8s a tengor pmduct of the functions in the set 4. Bases of different order in each variable can -

also be accummndated see Canuto et al. [80] for more detaﬂs The degrees of freedom defining

vE B, are of Lagrange/nou,al type deﬁned at the collocafmon points. That. is, v € ]P can be

: expressedas -
._ o e B S A o
v ;E__,,h(e)h ('q) ~ foremel S (264
_ 4i=0 T . R P .
or
. ) 3 e .
v = Z _g@g(z,'n) . where ®¢le, ) = hie)hs(n) for some i and 5. (i 6.b)

 In order to enfm:cé the cons_t:a;int in (2.3), if ¥ = 80; N 60 such that Y and € jE_’,,’,; N Vi

and 7 € By NV, we require vily = vy This is casily accomplished as in the finite elernent
method through direct stiffness summation of the degrees of freedom defining v; and v; on .

Finally, we make use 'of the tensor-product Gauss-Lobr “wto-Legendre quadré.ture formuiae to nﬁ-
merically evaluate the integrals in (2.4). ‘The above choice of basis functions leads to significantly

' reduced complexity counts for this operation. For u,v € B, the numerical appro:umatmn ofthe '
integrals in f(:) and a( ) on [=-—-1 1] x |-1,1] is =

: f('U) g Z PmPn?J(Emsﬂu)f(Emsﬂn): .-

,n—u o

a{u,v) = Z Pmﬂﬂvu(amlﬂn) V”(Em)ﬂﬂ) ’

mnsl

whete pn, pr and e‘, 7 are thx: one dlmensmna.l Gauss—Lobatto-Legendre weights and pomts

respectlvely
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Maday and Patera [85] showfﬁa.t, give:q"the above basis and quadrature scheme, the convergence
of the approximate solution u € Vp of (2.4) to the exact solution v* € HJ* () is given by

o —ull < Op* " lagm

- when Ti(e,n) are afﬁne, aij = & and £ is a.n analytic function on . Here C is a consta.nt

mdepende.nt of p. This bound includes the effect of numerical integration and compares to
the bound in (2.5). Experimental results in [85] indicate that similar convergence behaviour is

' attainable for more general problems Computatmna.l aspects of the SEM wﬂl be discussed in

the fo]lowmg two sections,

2.1.2 Numerical prdpert'_ies

Storage and Computational costs

" Computational and storage costs associated with subdomain stiffness matrices increase at a

faster rate for higher order methods than for lower order finice element methods with the same
number of unknowns. Consequently; these opera.tmns necessitate efficient implementation in
order to. malntam the posmble advantages of using lugh order basgis furictions.

~ The system of equatmns A, =£, results from (2.4) reatncted to ]Pp, after ha.vmg a.pphed the
-+ quadrature rules and msertmg the basis furictions for IP, ;. The system of linear equations corre-
" . sponding to (2 4) is then obtained through direct stiffness summation of the local contributions.

Algebraically, this can be written as follows. Let A= ding(A1,...,Ay) and i {Fy2e00s _N)T
Using MATLAB notation, let 2(i,) be the subvector of i corresponding to u; and let R be the

_permutation matrix deﬁned by Rféy, .) %= . The system of equa.tlons corresponding to (2 4}

can be wrltten as

RTARE=RTIN,-: | .. _ (27)

Direct sohrlnon methods for (2 7 have been investigated prevmusly in [102, 103, 49]. Hownver,
for large two and three dimensional problems, iterative meihods can provide a computatmnally
cheaper alternative, Iterative methods typically only require matrix vector products with the
discretizafion matrix and therefore an explicit form of RTAR ar even A; is not required, The
process of forming matrix vector products with RTAR reduces to evaluating matrix vector
products with A;. Thls operation is described below. :

The nature of the basis for ]E, : vesults in each local stiffness matrix Ai, requiring O(p+1)¢ storage

“locations. A matrix vector product with A; therefore requires the same order of multiplications,

These operation and storage counts far exceed those of low order finite element methods for the
same pumber of unknowns. Fortunately, the tensor product nature of the basis can be exploited
‘o reduce the operation and storage requirements, '

Let K be the local stiffness matrix on the reference subdomsin and v the vector corresponding

LW




to the degrees of ﬁ:éedom of v € B In order to cbmput.e Ku, a(v,+) in (2.4) must be evéhi#ted -
- for each of the (p + 1)2 basm functions. That i is, usmg (2 6.b) S

Ky=an ), = NS (28)'

Ma.day and Pater [85] give an 0@3) algorithm to compute the eptries of Ku ina componeni;mae
manner (sum fa.ctonza.tlon) However, we develop an algorithm which involves denge matrm

| ‘kernels. For exposition pu::poses only, we af;sume that the coeﬂiclents a,J in a( .Y are given by

A functmn of the form g(m,y)ﬁ

* Let W and Kw be squaxe matrices resulting from & re-shaping of the vectors y and Kv cor-

reslfondmg to the equivalence of (2.6.2) and (2.6.b). Since &y = h,(e)h,(n) for some z, JjE€

' { - p}g, \2 8) can be equwalently written as

(Kw)u—fg(, )a”%?——i@l-k gle, )an—h—‘—%):’(”n . (2;9-) |

o "“hﬂ eﬁ‘pcts of the ma.p Tk are mmply reﬂected in the coefficient g(a n) in (2. 9)

=y tlm case when g(e, n)isa consta.nt Let A = dmy(,og, y p,,) and D,, = %f’-(eij;
j__@_at the collocation and quadra.turg pql_nts coincide, a little algebra transforms

Ky =gAWDTAD +gDTADWA
= gAWH-gHWA. =

Evalua{'.i'.ng (2. 10} in!{ﬁiiréé d(p+1)>+5(p + 1)2 +O(p) muktiplications, Howeifei-, it i5 possible te,
-compute and store H ‘ouce, which reduces the operation couat to 2(p + 1)3 +3p+1)%2+ O(p) '

Further, the stomge requirement for X is easﬂy seen fo be O(p?).

‘When g(a, 7) is non-constant, K., is computed in a slightly different manner. Let g;; = g(e:, ;)

: and A= diag(pogio; - - ,pﬁg‘p) Using simijlar arguments, (2.0) is eqmva,lent to

T OKal,) = pa WG, )DTA‘*ID yi=1 ,p+1

i 2.11
Ky :3) = PJ i-DTAJHI-DW( 1.7) + Ku(: 1.?) J= -l J’ +1. ( )

The operation count for (2. 11) is 4(p+ 1)3 +6(p+ 1)% and the storage reqwrement for K remains
O@?).

* The above implicit scheme requires in general O(p?) storage locations for 4; and O(p®) opera-

tions for a matrix vector y soduct with 4;. The local stiffness matrices can be formed exphmtly
in O(p%) operations althéugh the cast of storage and matrix vector products increase to O(pt).
The computational advantage of the tensor product basis becomes even more substantlal in three
dimensions. In [85], a componentwise scheme is used to reduce the complemty of the operatmn
end storage counta from O(p%) to G(p‘*) and O(pa) re5pect1vely
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~ Table 2.1: CQi“dlthl‘l number of the dlscret:zai.lon matnx for Dy = .-1'and'.varyir'1g' P |

D. | 1. 2 3. 4 5 & 7 8
- [way [582 1399 2760 4619 6963 9701 13101 1689 |

’I‘able 2.2 Condltmn number of the dlscreuzatron matnx for ;p 4 and varymg Dm "

Condition‘ num’béi estimates

An understand.mg of the gmwth in the condition number of the d.mcretma.tmn matrnc is an

important aspcfst for both direct and iterative solution techniques. Numerical experiments to
determine the ¢ ‘ion number of the dlscretmatmn matrix were conducted for the followmg -

model problem, .
g -—A_u_ =f inﬂ
Cu =0 ondQ,

 where €= [0,1]'x [0,1] a.nd F i chosen such thatu = oy(l — 2)(1 - ) Here f1s partltmned.. .
'_mto Dm % D uniform subdumams. i .

'I‘he condltmn number of the dlscretmatmn matrix, RTAR in (2. 7), before mpomng the bounda:ry_
condition u = 0 is reported in tables 2.1 and 2.2, Similar experiments have been documented
" in [5, 105} for the PFEM. Numerical data fitting for the model fc(RTAR) x D, pﬂ reveals that

= 2andﬁ 2f01'p<1l] whleﬁ225f0r10<p<15 :

Sparsity structure

The sparsity structure of the 1003.1 stiffiess matrix K is displayed in figure 2.1 The sparsity
pattern is identical to that of the psendo-spectral discretization matrix of the model problem,

The bandwidth of this matrix is shown in [48] to be {(p? —p), The percentage of non-zero entries -
- constituting K is given in table 2.3. Unfortunately, even for various types of matrix re-ordering

(5], _the.a;sso_cia.ted LU factors are dense, By comparison, a finite element method (FEM) using
linear tria.ngular elements was used to generate a discretization matrix of the model problem

on §} using the same nurnber of unknowns as the SEM on’ {l. The O(p + 1) bandwxdth of thls

matrix is cleaﬂy illustrated in figure 2.9

i1

:'.:(A) 582 879 1243 1677 2189 2788 3401 4321 5303 6454 7789 9818 |
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P Non %6105 (%
-4  86.0
6] 265
8l 209
] - 174
12| 148

" Table:2.3: Percentage of nonzera entries for a focal stiffness matrix _

o e e e e
F1gure 2.1: Spumlty structure of a local SEM _Flgure 2.2 Sparsn:y structure of the ﬁmte ele-

matrix for p == 8 and using Iexuco_graph:c order- ment dlscre*tlzathn matrix with the same num-
- ing of the unknowns. - - - - ber of unknowns and ordering as in figure 2.1,

- Convergence tests

In order to appreciate the ‘possible gains when using a high order method for a suitable prob-
lem,-the model problem is solved using three discretizations: the SEM, PFEM and & FEM.
using bilinear rectangular elements. The L™ error between the exact and computed solution
at the collocation points of the SEM is displayed i#:table 2.4. The advantage of using a high
order method over & lower order method for problems which have smooth or piecewise analytic
solutions is "learly a.pparent ' -

2.1.3 Solution techniques

The system of equations in (2.7) can be equivalently written as

In this section, we investigate the use of preconditioned itera_.tive solution techniques for (2.11).

More advanced iterative techniques are presented in chapter 3 and will be applied to the spec-

12
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T
S e

. Number of j . L exror . S
unknowns SEM (D PFEM (D = 1) FEM(bilinesr)
g 17(3) - 83(4 | 55(2)
6] 2004 | 7i(H) | |

w| 895 | 22(5)
36|  67(6) | 99(7
9| 11¢8) | si(m
64| e6(8) | 15(®) | |
81| 67(9) 2100 | 90(n
100 [ 67(10) | L1(10) o
S am| 22(an) 8,8(-12)
14| 27 (12) 5.0{-13)
169} 56(14) | 26(14 |
196 14(1e) | 2918 | 41(d)

Tsble 2.4: A test-of the convergence of various discretizations for the modél problern

i tral element dmcrematmn based on the concepts developed in this sect:lon. Spectral elemenj; '

multzgxzd solvers for (2. 11) have also been' investigated in [113, 84].

As was prewously mdlcated the high order nature of the bas:s iu.uctmns usad in spectrai element -

discretizations resalt in less sparse matrices than in h-finite element digcretizations. Direct
solution methods for equations of the form in .(2._11) ate yobust and particularly suitable when
fis itself a matrix [69]. However, for large scale problems, the complexity of the solution
process is not only governed by floating point operation counts. The poténtial gain in. storage
by employmg an iterative solition technique for (2.11) over a direct method has already been
indicated in sectmn 2.1.2. Further, an iterative solution process is well suited fo problems which.

are steady, contain time dependent coefficients or require adaptive meshes, Tterative methods

are also genencally well suiied to various c_omputer architectures {8, 60, 63). _

Preconditioned Conjugaté Gradient Methods

The system of equations in (2.11) is symmetric and positive definite which permits the use of

the conjugate gradient method as & solution technique. The general problem in (2.1) can also

be solved 1terat1vely with an appropriate extension of the conjugate gradient- method nota.bly

the GMRES method [115).

The conjugate gredient (CG) method [69] is particularly effective for well conditioned matrices.

After n iterations of the CG method, the relative reduction of the error mieasuved in the energy

. - 1
i
1
T

¢
I
.
I
i
H
i

(- e s
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_n_ofin b’etwe_en the exact end computed solution is bounded by

(\/w(A 1) . en

* where a:(A) = }.mu(A)/Am(A) T]:l'.lB implies that the number of CG iterations required for
 convergence to a specified tolerance is O(y/k(A)). Therefore, the number of CG iterations
~ required fo solve (2 11} is 0(\/55,,10— , where 8 > 2 as indicated in section 2.1.2. This suggeets' -

- that the convergence rate could be slow even for the model problem, Therefore, a preconditioner

for (2.11) i5 essential. In a.ddﬂuon, since the condition number of the discretization matrix

resulting from the FEM with the same number of unknowns as the SEM is @(D2p?), the need -

for a gcod preconditloner for (2.11) is even more vital than in the h-finite element case. Many

types of preconditioning strategies can be followed. Here we use left precond.1t1omng, that i,
E precond:lﬂonmg (2 11) resulis in the nmcandstzoned system '

M Ay = M~f,

a.nd the. GG method is apphed to M “IA 'I‘he precondltxoner M-1ig chosen such that M4 is

well. comdmoned and Mz = g is eomputafmnal]y easier to solve than Az = g. Most DD méihods
can. be viewed as a process for constructing, the above precondmoned system. The subject of
the rema.lmng chapters in thls gtudy is the construction of suitable precondmoners based on DD

- for the Mgh order dmeretlze.tmns presented in t]us chapter

_ | Smce the matrix A is the real:zet:on of the b:lmem form a( -) in (2 4), the matrix M can also be

 associated with a bilinear form, m(:,-), defined on Vy, X V4. In many instances, it is simpler to

~ define and analyze the bilinear form of the precondltmner 'I‘hm concept, will be used extenmvely
'1n the next chapter. :

. The 'preconditioned conjugate gradient (PCG) method deseribed in [8].will be used in this study.
- The algonthm is stated in ﬁgure 2.3, Note that only the application of A and M~ to a vector

ig required. Gonsequent]y, matrices A and M need not be. known ‘explicitly and the techmquu
of sectlon 2.1.2 ¢can be used for the required operation on A.

Verious preconditioners for (2.11) have already be'en proposed in [85, 60, 49, 61] which have |
_ resulted in a substantial improvement in the convergence rate of the PCG solution strategy. We

will briefly consider two precond.ltmnere which will serve as compara.tlve references for the DD
based precondltluners formuiated in chapter 3. o

The diagonal preconditioner M5!

The classical disgonal preconditioner is typically used as a reference for proposed preconditioners
‘mainly due to its simple and efficient implementation on a wide range of computer architectures.
The bilinear form m;(-,-} for the preconditioner can be thought of as an apprommat:on to the

form af:, )deﬁnedon%hxlf;,.h,andlsgvenby

mJ (e ttn) = af(ﬂms "-l"n)‘smn for a.]l 'U-ms'un € %,h
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w® =0
O=p
O =M
o p(® = 3
(0) = pO)7 5(0) _
'repea.t until convergence o
g® = 4p® :
a(k) = p(k) /(p(k)T «(k))
' 'u{"'."l.) = ulb) f u"'.')q(k) o
< plRHD) (8 o))
' zU‘"‘.I) = M"lr(k'l“n
D) o (DT p(041)

a p(rc+1J = 24 4 g -

end

F1gure 2.3: The precond!tloned canjugate gradlent method

.Note tha.t M 7 is ea.sﬂy ubtamed EVen when A is not knowu expluutly. '.
* The finite _éiet_nenﬁ pfecénditioner Mg

i " An interesting concept of defining a precolidjtioner for a(-,-) on a lower order su’bsp'a.c; of Vo
--has been investigated in [47, 48, 49, 45] for pseadc-spectral methods. Iﬂ.‘tormation between the

two spaces is tra.nsferred using pro;ectmn and mte!pol&tmn operators The extensuon of these
ideas to the SEM i8 outhned below. . : .

 Let Gp designate the set of points z € through whlch the degrees of freedom for the SEM are

defined. Denote the finite ¢lement space of plecemse linear functmns using triangular elements
on Q by V4 and Gy, the set of points representing the locations of the Lagrangefnndal_ c_legrees
of freedom. In order to define the preconditioner, the two sets of grid points must be related by

* Gy C Gy, An approximation my(-,) to a(-,) is obtained by defining a{*,+) on ¥}, x Vj, using . -
" the grid Gi. Information bef.ween the two spaces is tra.nsferred through the reatnctmn :md_
_ mterpolatmn operators : S :

R;. V}:h—*Vh by (R,,'u )|a =0 fnréjl :ceG,:‘,' '
¥ Vﬁ—FVrh by (I”‘u v)[a—-O fora]l :::EGP.

' Let Ap represent the maf.rxx equalent of m,( ) on Vh by Vh a.nd Rp, represent the analogues

15




of R;} a.nd IP operatmg on cneﬁic:tent vectors, then the precondltmner M Iz can be wntten as -

- ME ..fPA—lﬂ,,

When Gp = _Gh: the operators and R;,‘ are shmply the 1dent1ty operators and Mg 1= 41

: Numaﬂcal' results

The performance of the above two preconditioners for the model problem of section 2.1.2 was N
investigated. The PCG' method was terminated when the original residual ws reduced by five ..
- orders of ma,gmtude. The results of these expenments are: dmplayed in tables 2.4 and 2. 5.

p/D {1 2 4 § 8 10 p/Ds] 1 2 4 6 -8 10
4 |35 66 6 6 4 | 3 9 25 37 49 61
5 {8 5°6 6 6 6 5 (3 14 33 49 65 81
6 |3 66 6 6 8 6 | 6 17 44 61 8 101 -
7 |8 6 6 66 6 7 | 6 23 50 T4 98 121
8 |3 66 €86 6 8 |10 28 60 87 116 142
9 |36 6 6 6 6 .9 |10 31 70 103 135 166
10|36 666 6 10 |13 35 82 118 184 190

. Table 2.4 PCG iteration counts: usihg-MEl E 'Iﬁble_ 2.5: PCG iterati_orn coijnts_ using M;l'

Given the above computational 'résizlts, the following 'cohjecture éa._n be made.-

: Comectnre 1 The matric M F s spectmlly equwalent to A that i.s K.(M F lA) is bounded in-
- dependently of the number of subdomains and degree polynomials used.

Conjecture 1 motivates the use of a DD based preconditioner which is spectrally equivalent bo
MF, a5 a preconditioner fox (2.11). This concept will be developed further in chapter 3.

A comparigon between the two preconditioners cannot be inade only by considering the number
of PCG iterations. Routine analytical flop counts for the two preconditioning methods can be

made. The floy counts include the complexity of 'the_matrix vector product s outlined in section -
2.1.2 and the cost of factorizing the finite element matrix using banded methods. Together with

the iteration connts listed in tubles 2,4 and 2.5, the complexity of each method can be established.
Figure 2.4 illustrates a comparison between the complexities of the two methods. For instance,
when D = 10 and p = 4, the PCG method with precoﬁd.ii‘.ioner M ;1 results in 1.5 times fewer

~ flops than the PCG method with preconditioner M;'. Note that this comparison does not
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Flgure 2.4: A pomt on the non-constant surface. mdicates the ratlo of flops of the PCG solutson of

the model problem with- precondrtlonnr MJ and M respectwely

. :\'-. :

;.'-

mclude thse e*&'ecta of computer storage remmements, wmch are conmdera’bly m(:reased when _
. 'usmg M as‘apposed to using M;* a5 & precondmoner ' ' -

Fmally, we mvesrhgate the performa.n{:e of the finite element precond.ttmner for mulnple right
hand sides against a direct solution approa.ch when Dy = 1. The mport.a.nce of this case is
brought about by a number of DD methods which require the solutlon of independent local

problems on ea.ch subdomain, Each of the Tocal problems is similar to the original problem for

D,,,- =1 uﬂd can be solved ¢ither directly or iteratively using the finite element precond.ttmner . '

In most cases, the s_olutmn of local _prob_lems is requi_red to be per_formed repestedly.

Once again, flop connts for the direct and iterative solution approach can be made. Deville-

and Mund [48] demonstrate the advantage of using finite element precondltlomng over a direct

solution approach when only one solve is required . The results of th:s c0mp&\°1son for multiple
right hand sides is deplcted in figure 2. 5 '

“‘zgure 2.5 indicates that for two dimensional problems, prcmded sufficient storage is a.vaﬂa.ble,'

a direct solution approach for the Jocal problems may be prefera.ble. Tlus may not be the case
for la.rge problems, pa.rt:lcularly in three d:.menslons
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F1gure 2.5: A poini: on tHe non-constant surface indicates the ratio of flops of a direct method for

 the solution of the mode} problem, to the PCG method w1th precundltloner Mz 1 for multlple rlght "
- hand SIdes when D,,, =1, :

2.2 -Sj:okés_ equations o

" The efficient solution of the Stokes equai.ioﬁs is often a ﬁr'ereqtﬁsite for the numerical solntion -
of the Navier-Stokes equations !86, 75, 61]. In this section, we briefly outline the application

of the SEM to the Stokes equations and mdacate possible s::lutmn techmques for the resultmg
system af equa,tlons

2:2.1 _ IE‘drmlﬂat.ion '

- 'The steady flow of an mcompresmble fiuid for low Reynelds numbers is descnbed by the steady

Stokesequauons,
—-Au+V§'J"-=f nQ
' V.u =9 inQ.

For exposition purpoges only, nonslip boundary conditions are i:tiposed,
~u=0 on 3&'2,

where 2 = (ul,ug) is the ﬂuid velocity, p is the pressure and f = (fy, f2) denotes the body
forces. Eqaatlon (2.13) 1s non-dlmenslonahzed to ensure that the fuid viscogity and dtms:ty are
umty
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A we]l posed weak formula.tmn for (2. 13) descnbed in [22 83] is: Find (6, p) e (I-I 3 (ﬂ))2 X LZ(S’Z) )

‘such that

where

a(u,ml) b(p,'v) -.f('u) for a.llue(Hl(ﬂ))2
) =0 Grallge D),

bpu)= fpV vdR

_. and a(, ), £0) are defined in equation (2.2). Here Lz(ﬂ) {q& € LQ(Q) f ¢dﬂ 0}

The discrete problem i is formed b}r choosing finite dimensional spaces Xy and M;. a8 subspa.ces | N
~ of (HF(N))* and LE(Q) respectively. The spaces X and My, mus.. sowever be companbie in the -
sense of the discrete inf-sup condition [22] : there uuts a real nuraber ﬁ;,, >0 such that for all -

9 € Mh, there exists v;, € V,, such that

Bl < gt

* The crucial factor hern ig the definitioy. of the spaces Xy and Mh satlsfymg (2 15) with ﬁh _

independent of the rea., alon of the spaces. The corapatibility condition ensares that spurious

' pressure modes do not occur, that is, non-zero functions py, € My, do nm am‘fft such that
b{ppyvp) =0 for all v € X, The existence of such a function 1mp11es that if the o m (v,l, p})is
a solution to (2. 14), then (vh, oh+ i) is also a solution of (2.14) in which case the. convergence e

of the numerical scheme cannof. be guarantaed

Good surveys outlm.mg the approaches taken to define X, and M), in the context of sPec{.ral

- methods can be found in (117, 83]. Further treatment of this problem is glven in [72] Here. wé

adopt the chmce of spa.ces advocated by Ma.day et al, [83],
-Xh. = (Vp.fl) y -
My ={de Lﬁ(ﬂ) dlox €Ppss} .

The SEM for the Stokes equatmns is defined by cunstructing a basis for the approxzmatmn
- §pace and applymg appropriate qua.dra.f.m*e schernes coinciding with the discussion in section

2.1, The pressure space, however, is expressed in terms of La.granglan mterpolants through

-Ga.uss Legendre qua.drature points'based on p — 1 points on [»—-1 1].

2.2.2 Comput‘ational aspects |

Follorwmg the previous sub-sertmn, d.tscretmmg {2.14) results in the symmetnc indefinite system _

of equations, -

A ] --.Df . 't_t_q
0 4 D || m =
=Dy =Dy 0 g/ \0
where Ay é.nd D; correspond to the discrete analognes of af-,-) and b(:,+) on X, and M;‘ respec-
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" The solution ,pproach taken in [94 83] is to a,pply block Gauss ehmma.tlon to (2. 16): _

. Al . 0 "'DT :.-:L. -'t»l . -
1 oa of ||w]={%],
0 0§ /\p g

where S =—DyA7'DT — DA DY,
g =DiATf + DaASY S,

. The pressure degrees of &ee_dom aie obtained by solving Sp = g followed by back aubstitution

for the values of u, and u;. The prohibitive expense of computing S directly motivates the use

of an iterative method for the solution of p. In this case, only matrix vector products with S

peed be performed Varioas precondmoners for § have been proposed and we refer to {85, 83] for
further details. The maftrix vector product with § can be performed at the expense of solving

two elhptxc problems The elhptlc solvers described in section 2.1 and-chapter 3 can therefore _

be uged as a computatlonal kernel for the solution of the Stokes equa,tmns

An a.lterna.twe solution strategy for (2.16) is to a.pply & non-nested. 1ferat1ve method The

* development of precondltmners for the iterative solution of the discrete Stokes equatlons have -

recently received citention in [45, 124]. The extension of elliptic DD solvers to the Stokes

- equations has not gained much a.ttentmn to date a.nd will provide an mterestmg avenne for

future research.
2.3 E'llipti’c' equations: flie-.noncanforming_ c&_se

In many a.pplica.tibns, local mesh refinement is necessary to obtain a solution of guaranteed

accuracy with minimum computation. The spectral leient discretization places a severe re-
striction on geometric and functional decomposition. Both / and p refinements can propagate -

far away from a local region of refinement. Owing to the functional conforming restriction in
(2.3), the conforming SEM tan only accommodate localized p refinement provided the degrees

of freedom along an interface are constrained to yield a continuous solution, This results in a
‘pointwise matching of functions along the interfaces. Similarly, b refinement resulting ﬁ-om a.

nonconforming geometric decomposition can -also be employed. The pointwise matching condi-
tiong have been analyzed in [13, 9] and are shown to. be inferior, with regard to optimal error

 estimates, to the integral matching nonconform.mg methods The latter approach is outlined in -
: the remalmng aectlons of this chapter

2.3.1 Formulation

The formulation of the nonconforming SEM has been described in (82, 1}. Given a uonoverlap-
ping decomposition of £2, the frame F' = USQ; consists of a set of subdomain vertices and edges.
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- Figure 2.6: Two geometric nonconforming decompositions. B

'. However, we.do not requive the frama of the partmomng to contam a,ll the subdomam vertices
- and edges. For mstance, two geomettic nonconforming decompomtmns are illustrated in figure -

2.6. The set of edges (0% for § = 1,...,4; k = 1,.,.,N) which are contained in the frame
are denoted by 7*, p = 1,... ;M and are referred to as mortars to distinguish between those

“subdomain edges v&ﬁch are not contained in the frame, The sets of vertices and virtual vertices

AT 1 EP Vp= 1,...,M} and {79 = ""mnq“} respectively.

Unlike the generic conforming constra.int in (2.3}, the nonconforming approximation space is

 not a subset of H}(R). In order to obtain a well posed solution of (2.2), an L2 pmJectlon of the

traces of functmns on siibdomain boundanes are consﬁra.med to be equal,

The marta:r space W is used i in the definition of the nonconforming approximaiion space. In order

to define the mortar space, let W/ = {vjpu; : v € B, 4.} and W"*-"r = {o)pag 0 E ]%a-% hats

then
W o= {c,f:GIC_“(F) L E'W"d, p=1,...,M for some ke {1,...,N} ar;dj E_{l, ,4}} .

‘The nonconforming approximation space is parametrized by the vectors, p = (p1,2,...,PN)
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and k= (b1, by, hy), sad is given by

T@& {'u € Lz(ﬂ) 'éria,, € By, o0d for some IX: W,' B

w(uT) = ¢(»7) Vi€ aﬂk, S o (220a)
.i}(yq) = q&(u'I) Vile 39_;; . - o - (2.20.b)
<ol >=<hY> VYW, j=1,..,4 (2.20.¢)

where < +,+ > denotes the usual L? inner product. Similer error estimates to those given in

section 2.1 hold for the nonconforming method [13, 9] for solutions which are piecewise H™(().

2.3.2 : qup'uta.tianal aspects

Bquations (2.20.8), (2.20.b) and (2.20.c) constrain the values of the degrees of freedom along
subdomain boundaries. The projection in (2.20.¢) can be applied by altering the entries of the _
 discretization matrix. This approach has been wsed in [1] and [74]. The approach advocated

in [78, 80] enforces the projection using Lagrange multipliers which results in a symrmetric

mdeﬁmte saddle point problem. Howover, there have been no comparative studies to detexmne'

which approach is computationally preferable for a given p“oblem A number of computatmnal
conszderatmns are outl’ined below for the former approach.

The Iocal stiﬁ'ness matrices are generated nging the basis functions described in séction 2.1.1.

- The onge dlmensmna.l couuterparts of these basis functions are used to spa.n the functions in

e
we W’w = gy = Z‘ w,m(&",;*(s)), serd, 97 e [~1 1.

i=0 _ _

- A basis for W"-'J is given by
w e Whi—pgp= Zﬂb,m(’f[l(s)), seTh, T-ls) e]-1,1,
) i=1
(-1 )
whete n; (z) ——-i—wﬁ-(f-)-, ze[-1,1].
-

Note that the functions ni(e) and hi(e) are zero on the interior collocation points &5, j # 4, while
ni(€) are non-zero at the end points. Using suitable mappings and Gauss quadrature, the matrix
equivalent of the constraints in (2 20.8)-(2.20.¢) for edge Tk jg

Bkdy_kd e Pkumka ,

where ¢*¥ is the vector corresponding to the degrees of freedom along edge [¥9 {excluding
subdomain vertices) and w*/ are the degrees of freedom on the mortars intersecting edge ™,
 see for example figure 2.7, The nature of the basis for " and the vertex conditions in (2.20.2)
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Figure 2.7: A subdomain with associated mortars

 and (2:20.b) ensure that the matrix B¥J is diagonsl with positive non-zero entries, The degrees

of freedom for the functmn v| ar a.long a pertzcular subdoma.m edge can then be expressed as

b d
ﬁka — Q*"-"m e

where Q’“*’ = { B"ﬂ)"lP"*’ Therefore, the degreee of freedom o correspondmg to ]g, can be- 3
: wntten ae : S : :

Qk k'

where w are the degrees: of ﬁ-eedem on the motta.rs mtersectlng 89;, and Q¥ is the morta:r to

subdoma.m boundary pmjectlon. '

We now demonstrate the algebraic form of Q" for a particular subdomam 111ustrated in ﬁgure

2.7. Let m ,i =1,...,4 denote the vectors of degrees of freedom on the mertars and vertices _

Jepicted in figure 2.7. Similarly, g and ¢, § = 1,..,,4 are the subdomain vertex and edge
degrees of freedom. In particular, ¢ are the vnf.ual vertaces in ﬁgu.re 2.7. 'The pro;echon Q’“

| 'glven by -

(_zl\ f’ e C‘i‘"\ |
-1_32 . . 6?1 f ' i .
P | cof - . wl
wt ) R .. ar s . -
el o T A A B (2.21)
;2 | N Qre a ' ;4
_3_3' | - . ¥ .

k §4 /J \ . . N Q’B‘li ) .

The vectors € and Cj are the vertex pinning conditions in (2.20.a) and (2.20.b),

_Iﬁ order to construct the system of equations for the discrete problem, we reorder Ak acco:ding
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' Define §* by

to t_hé unknowns on the interior an_d_.bounda.'ty of the'__subﬂomaiﬁ, that'is,

e ( Ay A'fé.)..
f Apr App /

~ [T 0
@~ (oek)

_ then {-.he madgﬁed lacal st;lﬁ'nesa ma.tnx A is obtamed from Ak by

QkTAka _' ) e

-Let A = d.mg(A yeees AN ), i (Ql""_f1 QN TfN )T and R be the xmnconformmg direct
' stlﬂ’nesa summation operator defined sunﬂarly to the conformmg operator in section 2.1.2. 'I‘hen
the system of equations for the discrete problem can be wntten as -

'RTARH RT_f A )

'Va,nous direct and iterative solution techmques for (2.23) have been proposed in [74 1) A
_ _number of thase techmques wﬂl be dlscussed in chapter 5.

Fma.lly, we note tha.f. the nonsonformmg methods conmdered in th:s section have been used in .

~conjunction with a.dapf.lve schemes (Mavriplis {97}, and extended to the Stokes equations (Ma-.
- day, Mamphs and Patera [82]), advection diffusion equations (Le Tallec and Sousa Rodrigues
. [80]) and linear elastic squatinns {Le Talle and Sassi [79]) Further, these concepts also apply
'to finite element dlscretlza.tmns [80 3. :




R

‘The eol_utmn of

: Cnepter 3

| Schwarz Methods

* A nimber of domain decomposition methods can be convesiently described snd analyzed a5
Schwarz methods. These methods have primaxily been applied to the b and p-finite element -

discretizations. In this. chapter, the application of Schwarz methods to the epeetrel element dis-

cretlza.tion wﬂl be outlined. Results of numerical experiments conducted nmlvmg the proposed.._

methods are presented in the followmg chapter

31 Basic eoncepi:s

_ _' _ Mest DD me;;hods are 1tera.t1ve in nature and make use of 1terat1ve methods to accelerate thelr. _
- convergence A number of basic concepts of 1terat1ve methods are stated below to provide &
. eettmg for Schwarz methods ' :

l.t

geometrical decomposition of the computa.tmnal domain, The solution of (3 1) is equivalent to
the solution of

Pu E: o o _(3.3):_

where P = M 14 aud g=M1f, and can be solved by & Rlchardson-type scheme _
W=y (g - Pu") | (34

Let e® = u® — 2, then (3 4) and (3 2) can also be written as the error promgatson epemtor

equehom . _
e]=U~m€, S S (39)
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CAw=f @y
is sought, where 4 i a symmetric pomtlve definite (SPD) matyix defined by the blhneer form
“afy ) i in equetlon (2 2}, One class of iterative methode in [71] can be expreseed a8 '_ o
| =g M-, @)
~ where M -1 isa gwen SPD approximation to A~1, Various DD methnde can be written in this

form where the choice of M- =1 ig derived from an exact or approximate solution of the partial
differential equation. restricted to certain regions of the domain, These regions are defined by a




The convergence of the Tinear 1terat;1ve scheme (3.4) can be accelerated by a CG method [128]

Let (v, -)a denote the inner product defined by a(:, ) with associated norm |{+||s. The convergence -

factor of (3. 4) is given by p¢ = | — P||, where Pe <1 is necessary for convergence. Since P

is SPD with respect ta (-,+)q, the CG method can be applied to (3. 3} ip the inner pro_duct of -
(-+-)a- Let £(P) be the condition number of P, then n.(P) < ﬁsf and the convergence factor

Peo of the GG msthod applled to (3 3)is R

1/K(P -1

pe _\/k(P)—}-l

* ‘which maphes that g < pe.. 'I‘herefore, a G method applied to (3. 3) converges at a faster rate -
than the Richardson scheme in (3.4), or equivalently, a PCG method with precondltmner M-

a.pphed to (3.1) can be used to enhance the cc-nvergence rate of (3 2)

We now turn o Schwarz s aliernating method 181, Let O bsa bounded Lipschitz region in R2

_d.mded into two Stlbregmns, 2 a_nc_i Qy, such l;l'_ta.t. Q; Qs # 0. The solution of the pro_blem,
o %Aﬂ"—-‘f m ' |

" u=0 omdQ :

using Schwarz S alternatmg method is obta.med by mmputmg a sequence of 1u.uct1ons +_1.£1-pm' '
-y nging the 1terat1ve fractmna.l step scheme Lo : '

M = ey | |
S wd =0 mamnen L @8)

e = w5 on oufEnunaa), i ='-1 2.

" The function u“ is taken to be any mhauzatlon in Hn (9) Recent mterest in Schwa:rz methods

~ has been infinenced by the variational formulatmn of (3.6) as portrayed by Lions [81] "The
" variational formulation is derived by viewing (3.6) as a process for computing successive cor-
- rections to the current solution, For notational convenience in what follows, let V - H}(Q)

and V; = HF{). The fractional step solution on £); is extended by the previous solution $o

Q\Qg and therefore u™t} — uPHE € V;. Together with the Dirichlet bounda:ry conditions on.

the artificial boundaries, (3 6) is equivalent to
au‘_““s~u,v) 0 forall veK,u""‘n—u""“_eV}, _
'_ﬁrhich'ca,ﬁ be written 8 |
t::,(u""'{'2 - “"'-'_,'u) = flv) — a(u™F,v)

_ (37)

"_=a(u—u“+-z )y forallvEK,u“"‘a—— “*Tlev,

Let S = u"H — T e the fractional step correction to u" “Then (3.7) can be written aq_ -
- a sequence of projections of the error §;u" onto the subspaces [126], that is, (3.7) can be stated
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B 'as Fmdﬁ,u"eﬂsuchthat

a(a,u v = f(v) a.(u“"“‘fl 'u)

-_'—a(‘u %“'*’Lil,v) foralleVH S .(3.8)-

B BTt )

Erom (3 8), it is obvious tha.t ™ is the projection of (u—u““' ) onl;o V;,, where the pro;ectmn

| operator F V-V mdeﬁ.nedby
a.(ﬂw,v)—-a(w 'u) foraﬂﬂeﬂ. o L . (39) o

- Let e“' im u“' -~ u, than (3 8) a,nd (3 9) unphes that

e = (- B)I- B
:“‘Egﬁ .

- The a'buve 1deas are easlly generahsed to N subdoma.ms by replacmg the rhglt 2 in the a.bqve
) dlscussmn by N. '

" The multnphmtwe Schwarz method or Schwa:rz’s alternatlng method is derlved by compa.rmg
(3.5) with (3.10) to obtain the Schwarz operator P = I — Ey. The preconditioned system is
'solved iteratively using & scheme of the form in (3. 4) or by using a PCOG method as deseribed
calier, 'I‘he etror pmpa.ga{uon 0pera.tor in (3.10) represents a polynom.la.l operator of degree N "
in the operators, B;. "Therefore, the number- of sequentlal steps for one application of Ptoa
function is proportmnal to the number of subdomains, A polynomial error propaga,tmn operator .

of degree one reduces the number of sequential steps and would therefore be ideal from a parallel

_ processmg vxewpomt This. s ea.sﬂy achieved by retaining only the ﬁrst order terms in (3 10},
y name]y R

'?H#U¥ﬂf;P=H+ﬁh )

' The additive Schwarz method is ohtained by comparing (3.5) with (3.11} and appiying an itera-
tive method to the resulting preconditioned system. The above concepts have been generalized
- by Dryja and Widlund [65, 127, 54] to form a theory known as abstract Schwarz methods.

.3._2' Abstract Sc]x'wari methods

In this section, three Schwarz teriplates are a‘pebiﬁed, namely abstract additi_ve, multiplicative
- and hybrid Schwarz methods. The specification of each template is in its most general form.

An instance of 3 _template is obtained by specifying the following five general quantiiies.

o An apprmumatlon space, V.

~ o The forms a- ) and f (- ) deﬁned on the space V.
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s A certam decomposﬂnon of the space V
e A set o ,b:lmear forms b,(o -) s:gmfym,g local a.nd coarse problems

o A collection of pro Ject;on opera.tors_ T; defining .the Schwam operator.

A template specifies the genera.l's'trueture of a Schwarz method while an instance of a template

gtipulates a,lgomhmxc detaﬂ.. for a particuler method. The components of ea.ch templa.te are .

dlacussed first. .

3.2.1 Addi_tive Schwars :ﬁ;ethods -

Let V bea finite dunenalona.l Hllbert 3pa.ce. Comnder the abst.raef. va.na.tmnal problem glven _
'by Find «* € V guch that

The bilinear form af-, ) st be symmetric, botinded and coercive implying'that as,-) is an

- inner product on V. The’ anear functional f(v) is assumed to be continuous. The space V is
o decomposed into N + 1 subspaces such’ that : : :

V VB+V1+ +VN.

Let B, ) be a, symmetnc pomtwe definite bﬂmear form appro;nmatmg e( ) on 1/; % V a.nd

"'-deﬁnei}.V-thobetheopemorsgmnby | DR
BTy, v) = a(u,v) for&llvE'VE,uEV i=0,.,N. | (313)

Whe.n b,( J = al, ), the operators T} deﬁne orthegonal pro;eetmns from v onto T& Wlth respect
to the inney produr.t, (4*)a- The Schwcsrz operator Ty, is- deﬁned by

Tas—%+T1+ +TN,

from Whlc]l g= ZTu is computed by solmg the pro'b]ems

s—-ﬂ

b,(Tu ‘U] f('u) forall'ae%.

Prowded Tps 18 mvertible, equatmn (3.12) is equivalent to

Tu*=g o (3.14)
" Theorem 1 Assume that there ezists
: N . .
z) a pmstwe constont Ol auch that decomposstwn, = Zw e.'mts for aII vE V and v eV
and ' =0
Zb,{'ﬂ,,m) < Cla(*u.,'v) : .

i=0
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i) a comtant Cy such that

afv, 1:)<Czb('u 'v) foraH -nEV;,t-— ey NG o

i) & camt'anf'mam £ with entm'és iy hj = 1-,..'. N such tha.t

“("”ﬂ"y) = E'J\/ﬂ(”u”s)a(”f:%)s % E Vi,veVy . %] = LN

Then T‘M is {nwertible and
' W(Tas) < G'lc'12(ﬁ'(‘~‘;) '+' 1) ’

whe-re p(&} is the apectml mdms af£

: Conau.h‘. Dma and Wldlund {57] for the proof of theorem 1 The constant Cy is relateL to the

amount of overlap. between the subspa.ces, that is, the dimensions of ¥ nv;. Increasmg the
quantu'.y of overlap can _de_crea.Se. Cy at the expense of having to solve larger local problems in
(3.18). The degree to which b;(-, -} approximates a(>,-) on V; x V; is indicated by the congtant Cs.

Orthogonality between the subspaces is reflected in p(€) and can often be uniformly bounded.
~The values of these constants will be apemﬁed for the algonthms described in section 3.3 and

3.4,

In general, the exphclt form. of T, i8 not k:nown, however, the product Tasu for a known ﬁmcf.mn' '
 u is easily computed nsing (3 13). Therefore, iterative methods are natural solutmn techniques

for the SPD system i n (3. 14) Instances of the a.ddltlve Schwarz operator are gnren in sectmns

.33 and 3.4,
 3.2.2 -Mu;ltiplicative-"Schwai'z methods

. The abstract mult.ip]icat.i\fe Schwarz method (52, 28] is obtained by redefining the Schwarz

operator in the absiract additive Schwarz method. The operator Tin, is given by
Toms = I Enyq

EN+1 (I~ 'Iiw)(f TN-1)- - To).
Since Tins does not contain any consta.nt term, g = Tmu can be computed mthout the knowl-
edge of «* and the transformed system corresponding to (3. 1-‘1J is
Tn*=g¢. o (3.15)

Note that the operator Tm, is not symmetnc The GMRES method [115] can be used a5 an
iterative solution technique Yor (3.15), Altemate]y, a symmetnzed version of Tjy s can be defined

by .
A Tsms = I EN+1-EN+1_-

The followmg theorem appears in {52].
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W

 where w= maz (1,Cy)}

Theorem 2 1_; tee assumphons of theorem 1 ho!d thsn T,,m,, 18 m‘uemble o‘md

(1+ %ﬁp(s)z)cﬁ
@-w) 7

5{Tama) <

b

No general theoi'y has yet been deveioi)ed to cbmpai‘e the t:orﬁrergence retes of additive and
multiplicative Schwarz methods. However, a theoretical investigation of the two subdomain

case in [15], and mumerical experiments in (25] suggest that multiplisative methods require.

- significantly fewer 1telat10ns than additive methods. "The bounds in theorem 1 a.nd 2 merely '
- indicate the posmble order of convergence of a, partmular method.

’I‘he a.pphcatlon nf Tm to %€ V (u N = Tm,u), is computed recu.rswely by
Cw =u +T”u.—-u
u = o+ Ta{u =) (3.16)

) uy =un-1+ Tn(e —un_1)

and.usiﬁg the definition of T in (3.1"3). The symmetrized vérsioii'of the muitiphieative Schwarz
- method is obtained by applying a reverse ordering of the projections in Ex41 to uy using (3.16).

3.2.3 H&bi-id Schwarz ii_iéthods

Cai [2 4] and Mandel [92] mf.mduced the concept of hybnd Schwarz methods. These methods -

- combine the high degree of paralielism of additive methods with the faster convergence rate of

mult:tphcatwe methods. Hybrid Schwarz methods can be obteined by redefining the Schwatz
operator in section 3.2.1. The Schwarz operators in (3.14) and (3.15) are polynomial operator

_ equations of degree 1 and N 4 1 respectively in the operators T;. The niost general form of a -
Schwaa:z operatur can be deﬁned by -

T paly(’.l'h,Tl, TN)'

such that poly(0,0,...,0) = 0, which ensurés that g = Tu* can be computed vnthouf. the
knowledge of u*. ’I‘he hybnd Schwarz operator T is used to obta.m the tra.naformed svstem, _

| - Tut=g. | ST ¢ 3 14
Provided T is invertible, (3.17) is equivalent to (3.12). - |
The Schwarz inethod of Cai [24] permits a second -Iew_él operator, Ty, which reprrsents a coarse -
approximation of the PDE on the¢ computational domain, to be additive with respect {o the

local problems in Tins. Mandel [92] incorporates Tp into Ty, in a multlphcatwe fashion. ‘I‘he
operators of Cal [24], Teni, and Mandel [92], Tynans are given by :

Teat = To + 1 = (1~ Ty)( = Ty—) - (T=T1),
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man = ([~ T} D+ T+ + TN —To) +To .
 Experimental and theoretical evidence given in [24] and [91] demonstrate the superiority of ~
the bou.ud on the condition number of Tmi and Ty to Ta, Ous results in chapter 4 also
_substa.ntlate these ﬁndmgs ' o

. - The applieetion of Tm,; to s 'fllection uis computed in three steps,

1. G =Tou
2 H= Eﬁi-i}{u - ﬁn)
3. =% Tu(‘il %) ..

E Instances of hybrid Schwarz methods are given in section 342
3.3 'Instaﬁces of global Schwarz -metho.ds -

_ ~ The cla.smﬁcetion of globa.l and boundury Schwerz methods ongmetes from the apphca.tmn of a
o ' | Schwarz scheme t6 either the approximation space V or-a subspace associated with subdomsin
- boundaries. Boxmdary Schwars imethods encompasr iterative eubstructurmg methods [120, 118,
20, 52 and Nenmann-Ner agnts methods [52, 91] Global Schwarz methods for three distnct =
g r’nscretmatmns are conméered -

3.3.1 _S'Chﬁarz _fnetho'ds_ for the h-finite element. discretization

The 17marW1d1und additive Schwarz method [127] can be obtamed by settmg Vin the d,dd.ltwe
Sehwars template to be the piecewise linear finite element space Vi, and af-,-), f (-) as deﬁned

3 in chapter 2. The subspaces are chogen as follows,
o The cumputa.tzonal domam is decomposed into two levels of triangulation, a fine triangniation -
fq—“‘e\ﬁ; Th with element diameter of order i and a coarse decomposition of the domain into N sub-
domains a8 described in chapter 2 section 2.1, It is assumed that the triangulations are shape

O _ requlor, see Ciarlet [42],F and that no edge of ; cuts through an element on 7%, An overlapping
o ‘decomposition is constructed by extending each subdomain £; to a larger region {2} such that
no edge of ! cuts through an element on 7%, No subdomain is extended beyond 3Q. The finite

' element subspaces are defined by : :

TETLETT

EA ' o v-={vev.:u(x)=uimen\n’-},i-_-1,... N.

The convergence rate of DD methods will deteriorate rapidly as more eubdoma.ms are introduced
[125! information is passed betWeen subdomains only at the local level. Consequently, the need -

3
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for a mechanism t6 transport information globally is required. In twn dimensions, the space

Vo is taken to be the vertes bosed coarse space V¥, the discretization of the PDE by plecewise
bilinear functions trea.tmghubdomams as elements. Although the vertex based coarse space is

_ parhctﬂarhr effective in two dimensions, more advanced schemes are needed for three dlmensmnal _
problems. Further detaals in this regard t.a.n be found in {119, 118, 52]. -

" The bilinear form_gs are c.hosen as

b,(u,v)—a(u,v), u,quV,, s—O,. N

- i plying that the loecal pmb!ems related to bi( ), i 55 0, are solved exactl}r 'The operators

Ty+ V — V; are defined by
b,(‘.nu,'v)-—a(u v} fo a.ll'ue'(f;, i=10,...,N,

wh.mh complﬂtes the description of the method 3pec1ﬁ.ed by the &ddxt:we Schwarz templa.te.

Note that in the nota.tion of section 3.2, Cy = 1. PFurther, p(€) is bounded by ‘the maximmm
. rnumber of subdomaing to which a point in the domain can belong. Dryja and Widlund [46]

“show that €y is bounded by (1 + H/6), where H represents the meximum subdomsin diameter
and § = mm(dist.‘m,ﬂ }). The follomng vheorem is ngen in the a.bove-mentmned paper.

Theorem 3 The condif,ion number of the addit‘iﬂe Schwarz operator s gz’ven by
i (Tos) < c (1. + Ci?—_) ;

where C i3 o constant independent of H, b and 6.

. Theorem 3 implies tha if the amount of overlap for each subdomain remains a fixed fraction of

H), then the condition number of To, remains constant.

A number df.solvers for the approximate solution of the local problems can also be accommodated
in the definition of b;(",-) above, see Smith [122] and Bjerstad and Skogen [17] for further details.

The matrix aquivalent of the projections in Ty, can be described ag follows. Let A; denote the

- principal submafrix of the discretization matrix A corresponding to the nodal values in £, and

Ay the discretization matrix of (3.12) on the coarse mesh, Since V; € V, a function v; € ¥}
is spanned by the basis functions of V. The vector of unknowns v; corresponding to v € V; is
therefore related to  corresponding to o € V by ; = RL The mapping R; ,i # 0 therefore
represents the restriction of ¥ to the nodes in ©f and EFw; is the extension of n; by zero to
the nodes in 2\§}{. The matrices Ry and Ry contain e_nl.nes corresponding to piecewise linear
interpolation and weighted restriction respeétively The operator Tus can be written as

Tos = MzsA = READ Ry A + RTAI“lRlA oot RﬁANlRNA

'I‘heorem 3 implies that the condition number of My A is bounded independently of H and

h provided the smount of uvexlap remains a fized fraction of H, that {5, Mag is a spectrally
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" Pigure 3.1: The geometric form of an extended subdomain for the PFEM.

 equivalent matvix fo A. A minimum overlap strategy involves using only one mesh point overlap
and results in smaller local problems. In this case, i_;heorem 3 indicates that the condition

pumber of the transformed system will depend upon the resolution of the discretization when

" a fixed number of subdomains are used. However, mmlmmng the condition number does not
i necessanly tply minimom computation. Numerical experiments in [25, 23] demonstrate that

a minimum overla.p strategy can often lead to the least overall amount of compntatmn.

Mulmphcatwe and hybnd Schwarz methods can be specified by mmply replacmg the above

additive opera.tor,

3.3.2 Schv_é‘arz methods for the p—_ﬁnite element discretization

-Schwarz methods for high order dmcretlzatxons bave only renently recelved attennon [105] Cou- _
gtructing an overlapping decompusition for the FEM velied on the assumption that the extended .

boundaries of the subdomains do not cut through any element; the local spaces must be subspaces

“of the approximation space, The difficulty with constructing an overlapping decornposition for
~ high order methods is that one element usually forms one subdomain, 50 that extending a sub-

domain to include a measure of overlap necessarily implies a relatively large amount of overlap.

. Pavarino [104] suggested the following additive Schwarz method for the PFEM,

Let V' in the additive Schwarz template be the p-finite element space and a(:,*), f(-) a8 described

in chapter 2. An extended subdomain ) in an overlapping decomposition of © consists of the

subdomains connected to a smgle interior vertex, see figure 3. 1 The space V is then decomposed
into the subspaces, o | .
W=1@,&n3_&(ﬂ$): i=1,...,N
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where N i5 the number of interior vertices, The space Vj is the vertéx based coﬁfse_'spac'e-, VH,

T'he bilinear forms ' ' ' :
b;(’u. v) = alu, ), w9 GVn i=0,....N

' togethet with the 0perators, Ti: V —+ V; defined by

a(T'u 'v)--a('u 'u), forall'ueV;,t—— N

complete the d&scnptmn of an additive Schwarz method for the PFEM The followmg theorem_

* appears in [104].

| Theorem 4 The condiﬁqn_nﬂmﬁer'of the additivé Schware operator is bounded by a caiz;sf:ant
“independent of p and H. : : ' '

The availability of appr'ox:?mat,iohs to a(+,+} in the definition of b;(- -t sbove ig more ]iﬁi_ited for -

the PFEM than for the FEM., Further, the notion of a minimum overlap strategy cannot be
employed to reduce the size of the local problems. The next suh—sectlon demonstrates how both
of these problems can be overtome for the SEM. -

' 3.3.3 Schwarz methods for the spectral element discretization -

. Oue possible approach to define a Schwarz method for the spectral element discretization has
. been indicated in the previous sub-section. However, the nodal type basis of the speciral element

spacé affords another Schwarz method wnique to the spectral eie'ment discretiza.tion.

The spectral eqmva.lence of the finite element and spectral element discretization matnces has
been demonstrated in chapter 2. We make us¢ of conjecture 1 in section 2.1.3 and the fact thas

- Mapsis speci.ra.lly eqluvalent to the finite element discretization matrix (sectlon 3.3. 1) to deduce

that M defined on the grid Gp should be a: good precondmoner for the speciual element

dlscretzzatmn madrix.

Note that with this strategy, a minimum overlap Schwarz method can be deﬁned for the spectra,l .
element discretization, a concept which does not carry over dixectly to the Schwarz method of

section 3.3,2. Further, the Schwarg precandltmner is defined on & lower order aubspace of the
apprcmmatlon space. '

The above strategy can be described as an instance of an addit_ive Schwatz templaée. We will
subsequently refer to the spectral element spaca or simply V, p, a8 the space Vp 5 spanned by the
basis functions described in chapter 2 section 2.1.1. Let V be the spectral element space and

a5~} f{-) a3 described in chapter 2. The subspaces V;, § # 0, are the spaces spanned by the

basis functions associated with the nodal degrees of freedom within an extended subdomain 0}
of section 3.3.1. The space Vp i taken to be the vertex based coarse space, V7.
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The 19-:31 bilinear forms aré chos&n as '
bi(u,v) = a(Rpu,va) , 'u.,'u eV i# 0 s

_whereR;; ﬂ,,h—-thby(R{,‘u u)|,.,-=0formeG,,, andbo( 3} = af -)oanxVH The -
' operatorsi'k.VHKaredeﬁnedby ' : . :

: b,r('l}u,v) = a,(u,'o) for allv € Vi, i*—:-ﬂ,... N

which completes the descnptmn of an additive Schwarz method for the spectral element dis-
cretlzatlon : - : ' : '

-  ' - Con_]ectu.re 1 The condstaon number of the additive Schwarz operator aatssﬁes the estzmate

w(Ta) < o(1+c-§-)

where C is a constant independ.ent of H, P and 6. o . ' o _ o i

Note that it is possible to further approximate the forms b;(-, -} sbove using tuose upproximate
solvers valid for the local problems in the FEM, The matrix form of the Schwarz oper:iox R
is similar to that glven in section 3.3.1 with the matrix A replaced by the spectral element
dlscretmatmn matrix. Computa.tmnal regults are given in cha,pter 4. ' -

3.4_ 1n,$ta;1ces Qf boundary Schwarz methods

Let V be a ﬁmte chmensmnal Hﬂbert space and congider the vana.tlonal problem: Fmd ueE v_ _ B % | i
such that : _ . . _ o 1 | WT
. a’(‘”’!”) f(‘v) forallv eV, _ (318) O

Introducmg a ba.sns for V (3.18) can he stated algebralca]]y sar Fmd a vector u such that - '

dusp Cew

[ Given & conforming partition of Q , we can divide % into subvectors u; and up containing the
i degrees of freedom (dof) associated with all the interiors and boundaries of the subdomains.

o "The vector 1 is also assumed to be partitioned into blocks with each block corresponding to P _
’ the unknowns interior to a subdomain, The al'gebraic problem in (3.19) can be written as _ ! R

. - An A\ “r fz |
VO where y = (u7,35)" and f = (_er,jB)T Since each block of wknowns in ur is associated with [ o

only one subdomain, Ajy is block diagonal and themfore each block of unknowng in u; can be :
eliminated independently. The solution approach consists of three stages. : o .
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L Compute ( Lr ) = ( AH'J:I ) ’
“"B -0

" Since Az 11 is block dmgonal each block uf unknowns in 4 can be cnmputed mdependent]y

. H ./ X - R .“T;
B, Sol've' - AH Am 'u.r = 0 o
| ~ \ Amr Aps ug o
' Where g=fp=~Ar Bug T]:IlS operatlon can be performed in two steps,
2 i Sﬁ 5 = q

2 2 Auuf =-Arsull
Wher_e &= App— ABIA}}IAIB oo

) S \us z‘t_’é' uf
- _Steps 1 and 2.2 both require one solve thh a block diagonal matrix. Step 2.1 conshtutes the only

solutmn strategies.
Let Al denote the contnbutmn to A from"ﬂ. and % the degrees of freedom deﬁned on n Vector
| L,Onstructed by the method of subassembly,

A= ZN‘A"‘I\"

=]

o ] R Ordermg the local matnces A accordmg io the pa,rtltlon u = (y‘f,y,B)T the contnbutmn to.

e (3 19) from subdomain £; is

(& )(5)-(2)

Matrix A is s block dmgonal w:th blocks corvesponding to A%y, The solution of the problems in. .

steps 1 a.nd 2.2 correspond to the sulutlon of the mdependent problems related to (A‘ ioh

%::te\q _ .- The contribution to S aud g1 ﬁ:om £ ig clearly

S‘ = ABB - ABI(AII) A;,B 1
.-—- f‘ B"uI 3

where u (A}I)'”lj_l, and therefore ordenng N accordmg to N¥ = (N‘ N B); we have

_S._._ ZNBSi B ’. (
1"-1 _

- g= ZNBy’IW :

i=1
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s extracted from u using the permuta.tmn matrix N ! deﬁned by m N‘ Then A can be
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© Note that the prudnct of a vector Y mth S can be performed a’ﬁf the expense of one solve with
_ each of the m&tnces AH, thatts, = . o b ae o

'5'21 ZNB(AEBB.— A}B‘I(A}I) IA:B)E,s v, ﬂNj’Bﬂ B2
o= S T

In general, the'cc'mstrjici;.im_i_:oi_‘ 8 re_q_u'i_i‘es a8 many solutions -oi__pfgblems.iuvolving Al agthe
number of dof on. 9. _'I‘liéréfore, a preconditioned iterative sohition of the problem in step
~ 2.1 would be competltlm Vich'a direct method if the number ;pf iterations remain less than .
_ “the number of dof on a subdomsin hourm:rv In add;tmn, fhe independent pmblems may be -
"~ solved approximately. A number JE sutso.n have proposed, vividus schemes to accommodate - -
' - approximate solvers, see {122, 52, a, 5. 26, 41, He- b {*ne approach advocated by -
. Dryja, Smlth and Wzﬂlund [52] L T

* The matrix A~ can be fmarized as

S 0. I U ABIAH- I-

- - b BH ia a good precondmoner iﬂr Anr and M ~1ig the precondahoner for S then ) precandl— . _ -+
e ~ tioner for Axs given by e S : C L

o i (r B} B;#' o I o
b ﬁ L LE I- \o M) —ABIBH :

Esch a.pplxca.tmn of the precondmunen B“‘ly, 1eq1m:es the actmn of the block dlagonal matrix
L - {(Bip)™ twice, and one application of the Sclur complement preconditioner. We will restrict the
Soweloo ﬂ.‘lSOIISSIOII in the remaining sections to the corptruction of the Schur preconditioner ba.sed on

' " Schwarz methods Therefore, the above 1deas are required in the ftmcf.lonal notatmn of [2O 57]

The apprmmnatmn spa.ce is decomposed mf.o 8 dlrect sum of subsPa.ces, .
V= V““@(WGB"-HBVN),
where V; = V n H&(Q,}, such that for U € V, |

a,_(u_”",u) = a{u, v) for allv € V;, v"* € W4,

s

i

i
P

and as a consequence

a{u® 'u) --0 for all v EVé, wd € Ve withuf =u on am . (3.21)

App]ymg f.lus decomposxtlon, (3 18) canbe written ag: Fmd eu. E V, u.H -{-_'wf"_l ++'u?”N y o SR - )
Buch that . - : R R

“‘“’"’ )_.f(‘ﬂ) S o forallvelf;, (3.22.8)
ofulg) =0 . frallvev;, Y}
“a(uf ) -...-f(v)_' J_ln‘.(uW 'v) fora.llvEV’“'

(an)




" The computation of the pﬁtpendit;ﬂlar cpmﬁonent‘s of the solution i_ai“v‘. in (3.22.9) is precisely .
step 1 above and constitutes the solution of a homogeneous Dirichlet bovndary value problem
~ on each subdomain. Similarly, (3.20) and step 2.2 also comprise independent Dirichlet problems. .

on each subdoma.m. The space Vhe ig the space of discrele harmonic fmcﬁzam which are

functions charactenzed by the property in (3.21). The algebraxc analogue of (3.22.b) is- giveri _

by step 2 with uB = g on 69.,. Property (3. 21) ensures that the discrete harmonic functlona S
are completely described by t.helr values on 8%, Therefore, we can solve (3.22:b) restricted toa
subspace of V7%, namely V() = {v|an;, v € V¥, i=1,...,N} where T' = uaﬂﬁ\an and then

: extend thls solution to the interior of the subdomams, thereby formmg u Algebra:c&lly, this -

. _problemlsgwenbystep:alandm :

g
The prablam in step 2,1 can he expressad in va,natmnal form. Let

5i(u,v) = S"uB “and s(u,v)._uBSvB, :

_where U, Vg and. Qﬂ; v are coefficient vectors correapondmg to funct:ons %v € V(I‘) and S

u[agi, 9v|agt _resPectm:Iy. Step 2.1 can be written as: Find v eV (I‘) such tha.t

,s(u,'u) f(u) fora.llﬂEV(I‘) L (3.23).

The soluinon of {s. 23) van be obtamed by using a method of Schwarz 1y-pe. Tha,t is, a.( ) and |
_ _f () in the Schwarz templates are taken to be s(-,-) and f() TInstances of these methods are -
discussed in the following two sub-sections. Recall that Schwarz methods transform (8. 23) into

the eqmvalent problem .
. Tu=g,

' wh.tch is solved usmg an 1terat1ve method Therefore only the apphcatlou of T to a fum:tlon s
 required and the knowledge of s( 9 is ouly required in the form of matrix vector products as

described in (3. 20)

" Boundary Schw&rz methods mvalve groups of local problems related to subdomalns and a coGrse E

problem which can enhance the convergence rate of the DD method conmderably. The next two

* sub-sections outline two general approaches for construct.mg the local problema, the construction
. of the coarse problem and indicates how these met.hods can be a.pphed to the spectra.l element

discretmatmn.

- 8.4.1 Iterative substructuring methods

_Suppos'e the decéthposition of Q consists of £ édges where an edge T is the open segment
- O ﬂé‘ﬂg aé @ for some k 9& £. The Schur complement matrn: S can be re—ordered accordmg to -

_ SI'n SI'm ’ SI‘m SI';,
{ SPI‘ 'SI‘F
\ Sur Svy

" * X
L] » N
.

) 1 Srm, SI‘az_-_ e SPEE -

Srpy vee Srps |
SPEU u-..' . . _Syy 7
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s Flgure 3. 2 A surface plot of the entries of § for Dy = 4, p = 3 given by the canformmg spectral

element d1scret:zataon of the model problem in chapter 2.

_ Here S;;-H denotes the cuuplmg in S between the d.of on edge I‘g a.nd I‘_.,, and Sy represents t.he i

coupling belween the vertices. 'I‘he first approach to construct a precondltmner M1 for 5 is

- to eliminate the coupling between the edges and vertices, that 13, the- precondltmner is derrved

from the block diagonal parti! :‘nmg of 9,

SPu . o .

0 - SPEE'._' o

This apbroaqh is motivaﬁed by the fact that for elliptic prhbiems, the absolute magnitude of the -
entries in § decrease rapidly away from the main diagonal [38]. Figure 3.2 displays a surface

plot of the entries of § given by the spectral element discretization of the model problem in
chapter 2 section 2.1.2, for Dy = 4 and p = 3. A similar plot is obtained for h-finite element

~ discretizations, The biscks e M only account for a local coupling of the dof The submatrix
Sy will be repla.ced shortly bya component a]lowmg for a global excha.nge of mformatmn

- Let Rr; be the permutatmn matrix such that Rpup returns the entries in up assoc:a.f.ed mth
edge s, A similar matrix B, is introduced for the vertices, In particular, .S‘pﬂ Ry, SRE, and

S,, = R,,SRT Then M "18 ca he Wn‘t‘.ten in the a.ddltlve form

M"“S Z RL S5 RP‘S + RTS"1R,,3

r*l B

However, the entries of § and those of Sy e mot formed explicitly Instead, the application of
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M1ltoa vector y can be computed by notmg that the dmcrete harmonie flmctlons restmcted _ .
to I‘,,, zt = S" , are easily compuied by solvmg; a Ioca! problem assoclated with the two B
: subdoma,ms ﬂk and Slg that alxa.re edge Uy, namely :

(EE)H-(0)  ew

where the snbscripts B and I represent the index set of boundery and interior dof on Ty and
€ Uy, Note that the value of z above is not required in the actual computation. Alternately,
the local problems can be solved a.ppro::umately or Sp,, can be replaced by computatmna.]ly more
efficient matrices (interface preconditioners) ab the cost of a likely loss in robustness. Various '
* interface preconditioners have been investigated for finiite element discretizations. Tn [35], an
~ interface preconditioner typically used in finite element discretizations was applied to the spectral
element, method for two subdomains. For more details regarding interface preconditioners, see

[37 36, 39, 20, 5 51, 18, 76, 122, 128},

) 'I‘he need for a coarse. space in DD kas been prevmusly d18cussed in sectmn 3.3.1. In this

sectmn, we will only cons:der two coarse spac-es, the vertex based and plecemse constant coarse

space. The coarse problem can replace part of the preconditioner or be included as an a.ddltmnal' -
component of the preconditioner, Smith [118] replaces the submatrix §,, by transforming the

bagis functions of the approximation space iifo & pamal herarcbxca,l basis. In general, the values

B of the dof of a function in V(L) specified by a particular basis are related to the values of the
dof under a new basig through the tra.nsformatmn : '

.. T :.
e (IR)’
A0 T

‘where Rﬁ _répreSents:mtafpolatibh from the coarse grid valués to the edges with the ordering
- of the coeficients following that of S. When a verfex based coarse problem is used, Rz is
_simply the linear interpolation operator from the values of the vertices to.the edges. A new

preconditioner is obtained by first representing S in the new basm, B = TTST then. applymg

the same spllttmg to B as before resﬂtmg in

. SIT...U
B= . Ll -
| (.o_sw)-

" Under this new basis, the edge components of the preconditioner are unchanged and 3, is

spectrally equivalent to Aj for a vertex based coatse space, We then return. to the old basis,
M =T-TBT-! from which M—18 can be expressed ag

M7= Z RE,Sgt Rr‘s + RHAHRHS
: =1
where Ry = (RE I ) Precondmoners of this type have been prewously conmdered for the FEM
in [52] and the PFEM in [2, 89, 88, 8, 105, 90, |

ux




" The above scheme can be éxﬁréssed as an additive 'Schw.'a:cz method [52, 105]. The s;iace vV

is givexs by Vi(T')} ot the p-finite element space restricted to T'. We note, however, that the

- mathematieal framework also applies to the spectral elément space, ¥, 5 The forms a{r,) and”
f ( ) in the addmve Schwarz templa,te are defined by (s ) a.nd f ) The subspa.ces are gwen by

Hg(ri)nv 3_1, E,

. a.nd Vg ia the spa.ce V‘"r restncted to T.

TO deﬁne the local blhnear forms, Iet Q.; T; U .U ﬂg and T/; &(ﬁ,) N V(ﬂ) The discrete.

ha.rmomc extemmn operators, ‘H1 V; — V,, are deﬁ.ned by

o(‘}t,u,v)—ﬂ for a,ll-uEV\V R
' 'H,'u.-- w onTy,

The bilinear forms are then given by
bo(9) = s(u,9) .
Cbi(wy) = a(Hiu, mv) ,  i=1,...E
The operators ’_fh V - V; and T[] V - V) are deﬁned by '

bg(Tuu,‘v) = _3(1:,,11) forallveVy
bz(Tf‘eﬂ-;”) = s(u,v) forallveV;, i=1,.., B -

C whmh completes the descriptxon of the addltlve Schwarz opera{;or .

Tis = TO + TI‘; + +TI‘E

The constant Ci in'séction 3.2.1 is bounded by {1 + bgp)ﬂ' whete p = H/h for the h-finite
element spaces. A bound for the constants Gz and p(€) are obtained as before. These results -
. are summarized in the following theorem by Dryia, SmJ.th and W1d1m1d {5 2] and Pav&rmo {105]

for the A and p—ﬁmte element spaces respectwely

Theorem 5 The condition number of the Schwarz opeiutor ig given by
K(Th) < C(1+logp)?,
where C is u constant independent of p and p=Hfh for the h-finite element space,

Conjecture 2 The cand%twﬂ. number of T sahsﬁe& the eahmate K.(Tgs) &< ’“'(1 + 10gp)2 when.
V is given by the spectm! element space Vpu(L). :

Results of numerical experiments conducted are given in chapter 4. '

41




- Interface preconditioners em be at:comﬁ:oda.ted by deﬁmng a s'uiteble approximatic»n to-a(, ).
n the definition of (-, -) above. An a.ppromma.tmn to the Ioca.l bilinear forms for the ..;)ectra.l :

element speces can be deﬁned by
ayo) = a(m@u ko),

. whereR;; ¥ 1) —+V,,(r) by (Bly~u)je =0 forall € G,NT and 7 are defined for the,
h-finite element spaces.. That is, the local problems in (3.24) are replaced by computa.tlonally :

more efﬁment finite element appro}umatmns

. The af.pplit:aﬁon of ‘.'l",.,l to a known function u® requires ﬁ:stly 1.5_,'.' g ﬁlﬁation of.s.(u ,v) for all .
» € V. The result of s(u™,v) for all v € V; is obtained as before by recognising that K CV. Let

‘Hk be the discrete harmome extension of u™ ﬁ:om Y, to 9;, given by

a{Mpu®, v) = 0 forall v € V(ﬂ)ﬂHl(Qk)
’ _ ’H;,,u“ = uPon O .

where n;.,( }ig the Testriction of a a,( ) to Q4. The evaluation of s(u™, ) is subdmded ma

Way similar to the computation of stiffness matnces in ﬁmte element theory Smce

3(‘2!. ‘U) Zsk(u ]mmﬂaﬂ;,); . : _ .' -{3'25) .

C k=1

) and sk(u w) = ok (‘Hku ’H.kw), applying the definition of the harmome extensuon operators, the
-~ solution of the homogeneous D1r1chlet problems, - : o

' ._ak(?'l'.kﬂ“, '!J) = 0 for all v E V(Q) n Hl(ﬂk)
Hpw® = u"on BQ;., s

~ are used to evaluate the products in (3 25).

Secondly the local problems _ _
b,('rn ,w) = s(u %) f01 a.ll'u eV,
requu:e the solutlon of the Dlrmhlet problems |

. . 0 'foraﬂveifvi\i’?
ol ﬂ, Y J VRV
.a.( ;ﬁ-“u o) { s(u™,v) , forallveV;.
3.4.2 Neumann-Neu‘r_nann' methods

The second inain appreach to constructing the local problems consists of maintaining edge and
vertex coupling but eh;mnetmg the couphng between subdomains.

Summarmmg thig a.pproech gince § = LN S‘N}B ) ehm.matmg the couphng between subdo-

mains results in the precondltmner, :

ZN’ Df(s*)-lptNB .

=1 _
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Clea.rly V V1+Vz+ -!-VN

by

' where .Di are dxagonal sca.]mg matrices yet to be deﬁned The a.ctlon of the inverse of a local 3 |
Schur cumplement matnx on a veckor QB can be 1mp11t:1t1y formed by solvlng t.he lacel Neumann :

Afg AIB )(&) ( 0 ) ) - S | :
| R S (326 -
('ABI App J\ gk )\ 1k o ( )" '

. Howgver, the local Schur mairices are smgular whenevez: 69; n Bﬂ = IB and an appropna.te

pmble'm S o

pseudo mvetse is reqmred

 The Neumann—Neumann method was first mi;roduced in {19, 78, 44] and further developed a.nd. '
extended in {91, 93, 43, 57]. The Schwarz formulation of Neumann-Neumann methods is first

described without a coarse space. The coarse opemtor is s*ubsequently added to the Schwa,rz

: opetator

. 'I‘he forms af', ) and hiC ) for a Schwa:cz template are taken to be 3( -} and f () as descnbed_.
_' ear]ler Initially, Newmann- Neumann methods were only applied to finite element spaces, that
is, V.= V(). However, the fo]lowmg formulation of Neumann-Neumann methods s also

r_a,pphcable to the spectral element space Vpu(T). The subspaces are chosen as

:\__

; The folbwmg N countmg functzons are reqmred to deﬁne the local bllmear forms,

.1_\ AP

kS - 0, - ifzeIam
o mew=q1, . ifzred
L - card {j: z € 8}, ifx ey

and the respei’;tiire peeudo inverses

. 1 : : T(a:)“{ _I(m)' if u{z) = 0

. otherwme
which sa.tvefy the property 2;}1(1:) =lforallzel U 890,

Let Ipn(vu) for uE T.’i denote linear mterpola.tmn' onto ¥V, then the Iocal bilinear forms are given

ag('H,'u v}= 0 forallve V(ﬂ) {‘IHI(Q,)
'H;u = u ondl

and (-, ) are bilinear forms defined on subdomain £; such that the associated local Schur
- matrix is nonsmgular One pa.rtlcula.r choice for 8;(>, ), giver by Dryja and Wldlund [57], is

B, 'u) fVu V?Jdﬂ‘-bc-[uvdﬂ,
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bilusv) = S(Tn(mw), In(viv)) = 8:(Hilviv), %(vw)) - (3.28)
: where H; are deﬁned similarly to H; by -

a-
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where C i isa scalmg favtor The approach taken i in [44], is sn:aply to replaCe the Zero pwot i

the fa.ctolﬁzatmn of the linear System in (3. 26) by an averaged positive pivot. Another approach N

taken by Dryje std Widlund [57] is to apply Dirichlet boundary conditions at the vertices of a

individual sybdomaing. In this case, _the N subgpaces in (3.27) do not span V. The coarge _
space can also be used to counteract this probilem. -Thix approach is referred to as & mized

o Neumann—Neuma.nn method and w111 be completely deﬁ.med shortly

The 0perators TV V are deﬁned by

bi(T,u, p) = s('u, 7) for aTI g V

' Wluch are used, to construch the additive Schwarz onerator,

T"""T‘ =T -_l-_Tg-]---vTN .

Dryja and Widluud [57] have proved that the constants C; aud Gy are bounded by H~? and
(L +log H/R)? reepectwely for the A-finite element spaces., The followmg theorem s proved in

‘the above-mentmned paper,

'I‘heorem ﬁ The. comhtmn number af T,m satwfw the estimate

: m(ﬂ"-”) < GH‘2(1+10g H/h):"

' _ mhem G is constcmt mdependent of H and h.

| An ﬁppro:ﬁzﬁa.tion to the local bilinear forms in (3.28) for the spectral element spgg;.és can be

obta.ing_d_ in a similar fashi_on as in itexative substructuring methods._ The 'appi-qxi'ma,tion is given
bi(u, v) = §{(T (Rbw), In(viBhw)) = G(H(Bpw), Fa(wRliv)),

where Ij, denote linecr mterpolatlon onto Vi(I), and conshtutes a ﬂmte element. appro:umatmn '

to &(,-)-

Impleme.ntmg the abmre Schwarz method requires evaluatmg &(u®, v) for a gwen fanction u*
This process has been outlined earl‘er. The local problems

bi(Tiu”,v) = s(w",v) forallv E Vi
are equ 5va.1ent to computiﬁg wh =T in

o,  for dlve V(Q) NI 3(0)

a.,(?'t.(u;wg) ‘H.(v,v)) = { s('u.“ v), forally e Vi,

The matrix eqmvalent of these Iocal problems are

(A{f Ay ) 2 )= o)
‘\ A5r App Dl |\ Digh
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where 3 Yn is denved from s{u™,2) and D,(D’f D“‘l) are d:,&gona.l matrices with entnes torre-

: spondmg to v (a:) (xff (a:)) eva,lu.a.ted at- f.b.e nodal dof, 2 e 652,

Neﬁmann-Neumann methods with a coarse space’

The factor H “% in the estimate of theorem 6 can be removed by aﬂdmg a coarse spa.ce to the

' decomp031t10n of V. Two coarse spaces will be cons:dered. .

The space V is decomposed accordmg toV=Vy+ V1 + 0+ Vi, where Vo is the space vH (ﬂ) '
restncted to I The 'blhaear form assoclated with this coarse space is glven by

| N E’{) ('“:”) ““3(“10)

The opera,tor Ty + V =V defined by E-H (T, v) = s(u,v) for all v € ’Vh, can be mcorporated :
into Tnp in an a.ddmve fashion [57],- ' :

Tnﬂh =Tr4+T1 + s 4 TN

‘I’ha wmixed Neumann-Neumann method of Diryja and Widlund [57] can be deﬁned by mcorpo—
rating Ty into Tpp in an additive faah.ton with the local problems as descnbed earlier. The .
assocmted Schwarz opera,tor is denoted by 1 nnme :

An alternative coarse space developed by Meandel [91] and Dryja and Widtund [57] consists of a

-gubdomain by subdomain piecewise constant space, Therefore, an unstrucsured decomposmon

of 2 of the form i in chapter 2 sectmn 2.3 can be used, although the uuderlying approximation

space must still be conformmg Let A bethe md ex et of subdomains such that 8Q: N8N =0,
' then '

ve "'?91’““{5‘ }:EN: )

. or alternately, VEis gwen'by the range of the mterpolatmn opera.tor | _ _
G = Y e, (3.29)

iF}.Nr

where Tiaq, is the average of u over 0.

The bilinear form for the coarse space is defined by

B bt?('u'l 'U) = (1+1°gp)2 Z si(ﬁ:”) ’

TEANT

with p = H/h for h-finite element, spaces and 7€ : V — VC is defined by 5§(TCu,) =
s(u,v) for allv & Vo.

Dryja and Wldlund {57] incovporate the operator T into T,m in an additive fashion,
nnc—-Tc+T1+T2+ ATy |

. The balancine 4ommn decomposition method of Mandel [91] is descnbed by the hybnd Schwarz

method
Toaa = (I = TO)Tipn(I 7€) 4 7€,
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For h-finite element Spaces, the constant Cy in section 3.2.1 for the operators T and Tome

is bounded by (1 + log H/h)? while Cy and p(£) are independent of H angd h.- However, the

- constant Gy is bounded by (1 -+ log F/h) for the operator Tanm. The proofsl of the respect:ve

bounds in the followmg theorem may be found in (57, 93]

: Theorem 7 For V = T/h(I'), the Schwarz operators T.,,m, T,mm, Tmc and Thaa have condmon
numnber. bounded by

C (1 +__}og_%) .

- where C is 6 constont independent of H and b, and @ =3 for Tpnm othervise o =2,

' Cumecture 3 For V V;,‘;,,(I‘) the Schwarz opemtora Tmh, T,mm, T,.m,. and Thge have condi-

tion number bounded By
_ c (1 +logp)*

where C is é congtant independent of p, and o = 3 for Ty ofh'erwisé =2,

Details of numerié’al éxperiments conducted are given in chapter 4.

: The mafrix A¢ corvesponding to Ag for the space V< is computed as follows. Let u represent

the column vector correspoudmg to u.€ V, and y, the coefficients of the coarse interpolant in

- (8,29), then the mapping between the two gets of coefficients is described by -

BC‘“ 1

where Be(i, ) = (D*)TN‘ for i € .N}, and I)’r is the column vector dmg(D'f) Therc.‘.fore,
a.pplymg the definition of bc( 9y

AC = BG'SBG f )
The constrﬁction of Az reqﬁires the product of Nﬁﬁ;‘ with § for alli € Ni. This computation
can be performed by solving systems on each subdomain Q; of the form :

5 £)(2)-(an)
Aby Abg J\zs ) \ MRD} )7

where j beloﬁgs to the index set of subdomains surrounding subdomain .

~ 3.5 Further instances of Schwarz methods

We have mainly considered Schwarz methods for the constant coefficient SPD alliptic probiem.

However, extensions to more genecal elliptic systems exist. In particular, extensions o the gen-
eral nonsymmetric indsfinite elliptic problem described in chapter 2 and the equations of near
elasticity have besn considered in {118, 27, 23, 28]. Schwarz methods for the mixed formulation
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of elliptic equations, the Dirichlet biharmonic problem and monconforming discretizations are
given in {95, 96, 130, 116], In addltion, the genera.ltza,tmn of the two level Schwarz methods. R P _‘
to multilevel Schwara mothods sppear n [i31, 53, 114]. A mnltidomein Schwarz alternating -~ = | - < 4
" method has also been applied to the Stokes equations (65, 64]; although there has been no study ' e
that incorporates a’'coarse space into t]:us algorithm. Such an appronch may. prove compet1t1ve-
© with the nested 1tera.tive scheme orutlmed in chapter 2. :
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Chapter 4 .

B Numerical Experiments

In this.chapter, the validity of the _(:cmjecﬁures in chapter 3 is investigated expeﬁmentaﬂjf. In

“addition, we demonstrate the efficiency of the global additive Schwarz method for the spectial

element discretization cnmpared with that of the conventional preconditioned 1t61'a.t1ve golution

-techmques described in cha.pter 2.

_ .All numermal experzme:uts condue.ted golve the model problem

—A'u.-—f in @

o =0 onaﬂ

_ where Q= [0 1] X [0 1 and fe= 2(::: +y- :::2 ~y?) is chosen guch that u = a:y(l m)(l y) |
. A PCG method was used with the termination criteria that the original residual 1 is decreased
by five orders of magrutude. The number of PCG lteratlom tequived for comvergence to &

spec:ﬁed tolerance is moportuonal to the condition mumber of the preconditioned system (chapter

2 section 2.1 3). Conaequently, the condition number bounds in the conjectures of chapter 3 can '
‘be interpreted as a bound on the number of PCG iterations, Therefore, we only report on t]:le

PCG iteration counts. The expenments were conducted usmg MATLAB 4.0 for Wmduws.
4.1 Nﬁme_rical eicper_imeni;g with global Scl_;warz met_hods }

In this sectxon, the Schwarz methoc., of Theorem 1 and conjecture 1 in chapter 3 will be in-

vest:gated experunentally Besides reporting on the number of PCG iterations reqmred for

convergence, a comparative stydy is made betwesn the efficiency of the Schwarz method and
the finite element preconditioniny strategy descyibed in chapter 2. To this end, we consider the
computatmnal complexity of each method. However, the complexities do not include the effects
of computer storage and memory reqmrements for a parf.lcular problem.

We first investigate the spectral equ.w-alence of Msg, as descnhed in section 3.2.1, to the finite

~ element discretization matrix for a piecewise linear finite element space based on triangular
elements, Two finite element grids are considered, a uniformly spaced grid Gy, and the grid G,
 discussed in chaptar 2. The domain is decomposed into Dy X Dy uniforn subdomains with p+1
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unknowng in each. du:ectlon on each subdomam. ThJe number of iterations required uamg ona
mesh poir. werlap for the grid Gy, is depicted in table 4.1 The results of using the grid Gp and -

the effect of increasing the amount of overlap is flustrated i in table 4. 2. The column la.belled
‘Factor’ in ta.ble 4.2 is deﬁned ag follows. :

The salutmn of the local problems related to A7! is performed using banded methods [69] The

approximate complexity of the PCG method vnth the additive Schwarz precondltmner, ss shown

by Smith [118] is given by -

. . 4+D2 salve(p + ow'rﬁp) + solwxre(_l')_.ﬂ -y -

where

ourlp -~ = the amount of overlap used measured in finite element meah points
factor(z) = o+ 1% - e+ 1P+ ez +1)a? : .
- dolve(z) = mz (% +1) - (z+ 1) ' :
- CG(p,Dy) = 4p’D}; the complexity of the PCG inner products
Rz, D) =" 2p*D} ; the complexity of the coarse grid mterpolatxon o
a = the number of PCG iterations required S

M f;,n(p,Dg) = the complemty of a matrix vector product with the ﬁ.mte element matmc

" The coiumn‘ _]a.b_elled "Factm:‘ m table 4.2 refers to the ratio of the eomplexitiea of the Schwarz _'
method 1sing the grid Gp, when the axionnt of overlap used iz one and two mesh points wide.
 respectively. For example, when Dy = 7 and p = 12 and using the grid Gy, two mesh points

overlap results in approximately 18% less floating point operations than using only one mesh
point overlap. Figure 4.1 illustrates the relative increase in the computational complexity of

* the local problems, when the amount of overlap is increased from one to two mesh points, This

figure e:tpiaips the relatively slow increase of ‘Factor’ in table 4.2 for jncreasing p, opposed to
‘the significant decrease in the number of iterations when the amount of overlap is increased.

Table 4.2 verifies the bound"given in theorem 3 of chapter 3. Wﬁeﬁ p it held constant Whiié _

‘varying Dy, the amount of overlap is a fixed fraction of the subdomain size and the number

of PCG iterations required for convergence is asjrmptoticai];f independent on the number of
. subdomains. The bound car. also be verified when D, is constant while varyinyg . For example,

in conjunction with table 4.3, an identical amount of overlap is used when Dy =7, p = 12 using
two mesh points overlap, compared with Dy, = 7, p = T using one mesh point overlap. However,
maintaining ov~lp = 1, the amomt of overlap is reduced when D, is fixed and p is increased,
which results in an increased munber of iterations,

A comparison between the complexity of one application of the additive Schwarz preconditioner
to a vector, to one matrix vector product with the finite element discretization matrix is depicted
in figure 4.2, The approximate golution of the local problems could be effective in reducing the

" computational complexity of the preconditioner relative to the matrix vector ploduct. T'his
_ presumptmn has been expenmentally validated in [122, 17].
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'I‘able 4.1: Number of‘ iterations required usmg Tas for the fmate alement dlscretlzatlon on the gnd o \ |
Gy, wnh ozzrlp =10 . : Ty

owrip=1 _ouripml bvrlp:zz' - 1 - om'iﬁ:,l_ d-'yrlpﬁl' ourlp=2 - - o : _ ) N
LG, G, G,  Factor § D] Gn Gy Gy  Factor SR
W 10 16 o068 [ 2 & 1 8 083
o 12 10 084 4| 11 4 11 0@ T
11 13 1 o084 5| 12 15 11 102 B T
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| 'I‘a.ble 4, 2 Number of |teiat|ons requlred usmg T.;s for the fmlte element dlscrattzation oh the grlds
) Gh and G]x ) i '

Nodal poimts I
|
£
|
r
1

0.77 0.29
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0.90 0.68
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'Ihble 4.3: The last three noda! pomts on [-— 1]
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Figure 41: The relative increase in ‘the computational complexity of the local problems whe_h the

émount'._o_f overlap is increased from one to two mesh points.

Fastor

Figure 4.2: A point on the darker surface ind_ica'tes-the ratio of fiops of one matrix \?ectbr produc_’r;
with Mem, to one application of the additive Schwarz preconditioner. ' -
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p/D,} 2 4 5 6.7 8 9 10 12
417 9 86 9 9 99 9 9§
58 10 11 11 11 11 1 11 il
6|10 11 13 12 12 12 12 12 12 %
71113 14 14 14 14 14 4 14
8[12°14 16 15 16 16 16 16 16
913 15 17 17 17 17 17 17 17
1014 16 19 18 19 19 19 19 18
12116 19 22 22 22 22 22 22 22

Table 4.4: Number of iterations réq.u_'ired using Ths for the spectral element discre'ti_zati'on. '

We imw sonsider the global additive Schwarz metho& for the speétral element, discretization. The

' domam is once again. decomposed into D, % 1D, uniform subdomains using degree p polynonnals :

in each direction on each subdomain, The computational results for one mesh point overlap
are given in table 4.4. The effect of i increasing the amount of overlap is illustrated in table 4.5.

The column ‘Factor’ in table 4.5 refers to the ratio of the complexities of the Schwarz method.

when the overlap is one and two mesh points wide respectively. Since the local problems remain

 finite ¢lement systems, the complexity model of the Sc]xwa.rz method for the spectral element

dlscretwatlon is identical to that of (4.1) with Myep, replaced by the sum factormatlon mabrix
ctor product complemty glven in section 2.1.2,

The bound i in con,]ecture 1of cha.pter 3 is venﬁed in table 44 for 7 constant and va.rymg D:g- :
As depmted in table 4. 5, a shnilar bound appears to ‘hold for the case of minimum overlap and.

increasing p. By comparison with #e FEM, a similar decrease in the number of iterations for

increased overlap is not observed. This may be attributed to the fact that the direct solutlon of -

the local problems now corresponds to an approximaite solution in the speciral element space.

N Therefore, in both the spectral eiement and finite element d.lacretlza.tlons the minimum overla.p

strategy is to be preferred when p is not large

The spectral element counterpart of ﬁgure 4.2 2 is given in ﬁgure 4,3. In this ca.Sc, the computar- '

tional complexity of t-e a,ddmve Sc]:warz precondltloner is mnmdera.bly lower that of the matxix

" vector product.

Given the complexity and iteration cowuts for the above additive Schwarz method, a compa_,rison

can be made between the complexity of the additive Schwarz solution strategy and the finite '

element preconditioning approach discussed in chapter 2. Figure 4.4 illustrates a comparigon
between the complembles of the two solution techmques. The advantage of usmg the additive

' Schwarz method for medium to large scale problems i clea;rly apparent. Based on the trends of

the results presented and the associated operation counts, it can be deduced that the additive
Schwarz preconditioning strategy for the iterative solution of the spectral element equations
provides for a good alternative to finite element preconditioring. Further, the application of tue
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ovrlp=1 owlp=2 ovrlp=1 owrlp=2 T
FEM FEM  SEM ~ . SEM  Factor @ o
1. 1 9 12 082
12w 1 13 oam
3. w12 18 . 01
4 1 14 14 08T
15 11 .16 18 094
: - 1o - 17 16 085
10| 18 13 . 19 - 16 106
12| 21 14 22 19 105

oy R "a

= oF

- 'Ih'b_lé' 4.5: Number of iterations fequired using Ty for the Spet;tré!" _ele:ﬁent -dis_crﬁtizat_iori with
 ourlp=1land2. - ' o . ' o

o e g e S i
-
e

C Figure 43 A point on the non-constant sutface indicates the ratio of f[dps for one matrix vector
o - ~ product with the spectral element discretization matrix to one application of the additive Schwarz
preconditioner, M;3. : S _ .
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FIgure 4.4: A point on the non-consta nt surface mdicates the ratlo of flops of the PCG method WIth

- Mz to the PCG method with M} as a preconditioner.

' addltnre Schwary precond:tmner has fa,vourable opportunities for parallel computmg a.ndfor 9

good bloclu.ng of data Wlthm a serial environment,

4.2 Nmnericai experiments with boundary Schwatz methods

' __Répoi:ted in this ﬁect.ion are the results of experiments conducted with thé Sb_]:iwgrz methods in
theorem 5 and 7, and conjecture 2 and 3. Both the grids Gp and Gy, are conmdered for the finite
element, diseretization. The results for the FEM are given in tables 4.6 to 4,9 whﬂe the resulis

for the SEM are reported in ta.blw 4,10 and 4. 11
Implemantation asgects

We denote Tiee by the operator Ti; in theorem 5 and conjecture 2, when the local bilinear forzi;s
are not approximated. The operator Tjs, for the finite element discretization is the operator Ti,

. when the local bilinear forms are approximated by the interface preconditioner J of Dryja [21].

The finite element approximation to the local bilinear forms for the operator in com jecture 2 is
ueed to deﬁne the operator Tise for spectral element discretizations.

The opera.tors Thnn and T,m are implemeni:ed by perturbing the local bilinear forms with a

-~ scaling of [uv df as described in chapter 3. Note that the form [uv a6 dlscretxzed using the

SEM is simply a diagonal matrix with dlagonal entries corresponding to the tensor product of
the one dimensional Gaussian quadrature weights. Fach local Neumann problem in (3.26) is
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Table 4.6: lteration cousts using the FEM w:th the grid Gy, for increasing D
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- Table 4.7: lteration caunts us_i'ng't.he FEM with the grid Gy, for increasing p.
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Tble 4.11: Iteration counts using the SEM for increasing p.
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: perturbed bya sa '3 of this matrix. Expenmenta]ly, this perturba.tmn provided lower iteration

counts for the Neun.nnn—Neumann ‘methods applied to finite ¢lement discretizations than the -
approximation of Juv af using the finite element ‘basis functions. Since the performance of ded
is mdependent of the solution approach taken for the local Neumamn problems, see Mandel [91],
the zero pivot i in (3. 26) is repla.ced by an averaged positive pivot in the factomatmn of the hnear '

_ systems

The scaling of the coarse operator in Thne and Ty, was taken to be (1 + log(p/4))? for the
nonuniform grid discretizations, which yielded lower 1terat10n counts when the scaling of (1 +

log p)2 was used.

Discussion of the results

The perfdrmancé of the above-mentioned Schwarz metho.ds for realiﬂtié )ro'blems cannot be |
ascertained solely from - experlmenfal revults with the . del problem However, a number of
theoretical results and computatmnal trem‘ls can be verified, ' '

‘The number of PCG iterations required for convergence for zll the Schwarz methods appear to

be asymptotically independent of the number of subdomains. Moteover, there is & sub-linear

~ dependence on the mumber of PCG iterations for increasing p and constant Dy. However,

a8 indicated in theorem 7, the operator Ty, appears to be more sensitive for increasi_ﬁ_g o
than Thnes Tunn 80d Thag. However, the Schwarz methods demo'nsj{:rat.i » greater robustness for
increaging p than the global additive Schwarz methods investigated in section 4.1, We _a]so_note

the close relationship befween the number of PCG iterations required for the spectral glement . '

discretization compared with the finite element dlscretlza.tmn on the grid Gy.

A rema.rkﬂ.ble result is that I&m ylelds 1no Wworse 1te1‘a.t1on cou.uts than Tm for the SEM. That :
is, a computationally cheaper finite element approximation to the local bilinear forms of T}, for

~ the SEM can be made without a performance degradation of the method. However, we have
~ not yet implemented similar approximate local problems for the _Neuma.ﬁn—Neumann methods.

The number of iterations for Tounp i8 consistentiy lower than for Thyum, a trend which is par-
ticularly noticeable in both the nonuniform grid FEM and the SEM., The iteration counts for
additive Schwarz methods deferiorate when a piecewise linear coarse space ig replaced by a piece-

 wise constant coarse space. Nevertheless, the condition number bounds on the additive Schwarz

operators are of the same order when either coarse space is used. In this respect, the robust-
ness of the hybrid Sc]fwa‘rz operator Thyq, Which uges a piecewise constant coarse space, is cleariy
apparent when compared with that of 75, and even Typp. Prescatly, Neumann-Neumann meth-
odg with a piecewise constant coarse space i the only boundary Schwarz method that - 1n be
employed to solve conforming discretizations on an unstructured domain, decomp()mtmn similar

" to chapter 2 section 2.3. In view of applying Schwarz methods to unstructured decomposmons, _

a moie Tobust additive Schwarz method would therefore require a higher order coarse space

 without the restrictions of present piecewise linear coarse spaces. A. recent article by Mandel

{92] offers new ingight into this problem.
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A further distinction between the Newmann-Neumann methods of hybrid and additive Schwarz
type, is the reia.twe sensltmty of the a.ddltwa method to the solation appmaches ¢f the local_ .
~ Neumann problema and the gealing of both the Neumann aud coarse problems. The hybrid

- Schwarz method i is more. robust in this regard, A more dﬂ" Ac1 understandmg is needed con-
_ cerning the effect of scalmg factors and solution approaches‘ awi ‘the Jocal Neumann problems on -
_the overall performance of the a.dd.ltlve Schwarz method :

Note th ik (111,8) requires:the solutmn uf one (four) Neumann (Dmchlet) problem(s) on ea.ch

: subdomdxh 'for the local problems. Further, since the computational cost to solve one Neumann |

problem never 2xceeds twice the cost to solve oné Dirichlét problem (see for example figure 4.1)

we ses that Tiee 18 atleast twice as expenswe per iteration as Thns. However, & more reaiistic.

unplemenj:atmn would employ ‘approximate local problems. A proper comparison of these two

_ schemes therefore reqmres further research
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. Chapter 5

: Nonconformmg Spectral Element Solutlon

Techmques

51 .- Introductioﬁ_

' ‘I he uOanformg SEM has been outlined in chapter 2'section 2.3 and demonstrates a number.

of potentla.l adventagps over the conforming SEM. Although the nonconformmg SEM is wel]

: 'muted to a PCG sof tion technique [82], a direct method is the preferred solution approach

owing to the lack of good precond.ltmners f74]. Computational results presented in chaptyr 4

" indicate the efﬁcy&nmes afforded by a Schwarz method compared with conventional precdnd:L- |
 tioning technigues for the conforming SEM. Consequently, the application of Schwarz methods
to the nonconforming spectral element, discretization coitld provide for an effective tool in the

solution of the resulting system of equations. The use of domain degomposed solution techniques

~ for unstructured decompositions has only recently received attention {13, 79]. We outline below
a number of the difficulties in applying the Schwarz methods of chapter 3 fo. the noncouformmg '
spectral e]ement discretlzatmn N e

| _ 5.2 Solution"techniQues

Diagonél. praéonditioning

The formation of the modified local stiffness mattices for the nonconformmg SEM has been -

discussed in chapter 3. The contribution from subdomam 2 to the linear system of equatmns
in (2.23), ' '

o
is given by Q¥ A*Q*uf = Q¥ " or
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where A= A BQ" (Ay)T, By = (Q")T'A BQ" 7= (Q")T £ and r:;;’c is the mortar t6
“subdomain boundary projection. Vector Z _3 now refers to the unknowns located on the mortars

bordermg subdomam ., see for example ﬁgure 2. 7 of chapter 2.

The contnbutmn to the Schur complement matrlx 5 from subdoma.m 478 can be expressed as
ABB ~ A Az} AIB ;

from wh:ch K] can be assembled through direct stiffness summation E N o S‘N 5" where N% is
defined by 7t gy = N '

‘The ﬁrst solutmn stra.tegy ia to solve the Schur complement system Jteratlvely using a dm,gonal'
~ preconditioner, This approach may result in lower iteration counts than a dlagonal precondi-

tionet for (5.1}, The computatmnal kernel of this approach is the farma.tion of a matrix vector

product with the Schur matrix,

'T
Sy = Z,NB(ABB*ABIAHAIB)!! , o= NE

' Clearly, the effect af QF need only be known xmpllcxtly through matrix vector product& ‘I‘lus-
_ approach requires that-the matrices A¥ are assembled and Ak %r are factorized. However, applying

the arguments of section 3.4, a p;onond.moner for (5 1) can be constructed employing finite

element apprommatlons to L

’I‘a.ble 5.1 mdlcates the number of tierations required to solve the model problem on the geometry.

_11.1,1 figure 2.6 {c) of chapter 2 using 3 PCG method for the Schur complement system, The -
sssociated precondmoner is densted I, Tn this case, the total number of subdomains is glven by .

D2+ 2|8},

Tterative substructuring methods

Tterative substructuring methods were initially developed for conforming discretizations on a

structured decomposition of the domain. ‘A second approach congists of an 'algebraic extension
of iterative substructuring methods to the nonconforming SEM. Following the arguments in
section 3.4.1, the Schur completent matrix can be re-ordered according to-

S'm S'nn S'rw S‘Ylw’

_ S’ﬁ! 5. Tam S’I’BE S‘T‘w
S’rm ' '_ S'm‘s
S’YED Core : ‘ Sm‘

where in thzs case, S,,. denotes the coupling in S between the dof on mortars -y;.and -5, and Suy
represents the coupling between the veriices. Note that a vertex may be the intersection of only
two mortars and a mortar may intersect more than two subdomains. A preconditioner M~ for

" the Schur complement matrix is then obtaied (see figures 3.2 and 5.1) by the splitting of 8,
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Flgure 5. 1 The nonconfcrmmg Spectral element counterpart of figure 3.2 for the geometry in figure
26 (c) L o .

e - B X B

D=4 pd
I MWD, (1 M2
18 12 | 4|18 12
2 U | 6flu 15 R
28 16 | 8|2 320 - SR
10482 17 {1w0fs0 923 Y IR
1237 18 | 12)35 o8 | S SR

- -

Ta.ble 5.1: The number of PCG iterations for the two pr'ec'onditioners, I and ML, o o
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Once again, there is no need to form the blocks of M directiy Only the cn;prtation of S"l i is

" required for the prescnbed values y on mortar 4 This can be achieved by olvirg fucal homo-
- geneous Dirichlet problems or finite element approximations thereof similar to equ:tion (3.24})

in chapter 3. However, more tha.n four mortars may surround the boundary of & subdomain

and therefore systems of the fom:l in equatlon (3 24) may be larger than those for conforming -

d:scretlza.tmns

As noted_earlier,_the lack of a means 'fox_- global transportation of information will degrade the
- performance of a preconditioner when increasing the number of subdomains, A coarse problem is
~ yet to be included info the above preconditioner and the absences of this component is born out in

the computational results depicted in table 5.1. However, it is evident that there is an increased

robustness for fixed D, and increasing p. A recently proposed method by Renquist [112, 111]
. may be applicable to the nonconforming discretization and systems of the form in (5.1). 'This

method employs an alternate means fdi' including a coarse problem into the iterative solution

of (5.1) and these ideas applied to. the Sehur complement matrix may prowde a mech&msm to
‘include a Goarse problem into M. : S

- Direct methods

In {74}, the Schur 'complémént raatix is formed explicitly and factorized. This approach can

Le effective for small to medium sized problems when the factored form of the Schur matrix

i required. However, for large scale problems, memnry reqmrements are too severe and an
iterative solution approach is required. '

Neumann-Neumann methods

We briefly comment on the nse of Neumann-Neumann metheds applied to the nonconforming

discretization. The Neumann preconditioner requires the direct formation and factorization of

the matrix in (5.2), Since Q¥ is in general rectangular (see equation (2.21)), the Neumann

problems have a laxger null space than the . sponding local problems defined for conforming

diserefizations. The dimension of these nul} - .es is easily shown to be dependent on p. Similar
problems oceur for the nonconforming dis - - .ation applied to finite element spaces. Mandel
[91] showns that a stable balancing domain decomposition method can result provided the coarse

. space spans the 'null_ spaces of the local Newmenn operators. A coarse space with a dimension

- B2
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dependent on the resolutlon of the d.rscretmatmu is clearly proh1b1t1ve a.nd eherefore a Neumann |
B Neuma.nu method applied to the noncenformmg dascreumatmn in t]:us manner is not feamble '

An approa.ch suggested by Le ’I‘allec [79] enforces the nonconformmg ma.tclung condltmna usmg.

. Lagrange multipliers instead of the tra.nsforma.tmn approach taken in chapter 2 gection 2,3
3 The solution of the elliptic problem is then obtmned by solving the larger indefinite saddle -
: pomt problem However, Le Tallec {79] demonstrates how a Neumann- Neumann method can be

L'pp!md in this aztuahon
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| Chapter-ﬁ

7 Closure

A ‘brief sppraisal of the study is included in this chapter. The work is placed in context by 7 %
discussing the strong points, shortcomings, < uggestions for further research and the conclusions. = L

6.1 Summary of the study

Domain decomposmon m;*thods are one of the most ma.thematxca.lly well understood techmques _
for the iterative solution tpf linear equations ausmg from the dlscretmatlon of partial dlﬂ'erennal :
' Equatmns A wide va.netj] of solution techmques based on domatn decomposmon have recently.
AR been introduced, inspired: pnmauly by the availability of parallel computers, and with particulas
(. _ " emphasis on finite elemest dmcretmatlons. Advances in the theory of Schwarz type domam '
' o " decomposition methods for finite element discretizations has made it possible to transfer a
‘number of these concepts fo. higher order discretizations.. This study attempts to demonstrate
the means by which Schwars methods can be applied to the spectral element discretizations.

Domain deéompositf;jn and finite element discretizations ' _ ' e

A first approach to formulate Schwarz methods for the spectral element discretization is to

‘exploit the similarities between the PFEM and the SEM, and apply, algorithmically, Schwarz

o type methods developed for the PFEM,. Solution techniques inherited by this approach are the
T fﬁ : additive Schwarz method of Pavarino [105] and the numerous boundary Schwarz methods [2, 89, _ o

o _H_ 88, 52]. The solution techniques were formulated in a Schwarz framework in crder to emphasise o BT
o similarities and distinguish disparity between the various techniques. The presextation of chapter N

| _ 8 symbolizes a growing understanding that Schwarz methods are more generally applicable to &

_ _ myvriad of discretizations and eolution techniques. Computational results documented in chapter

[ _ _ 4 siguify expenmenta.l evidence of the applicability of Schwarz methods to the spectral element

|  discretization. There js a vast assortment of boundary Schwarz methods and not all of these
methods were investigated for the speciral element discretization. The local problems were solved
exactly and minor variations based on the choice of an approximation to the local problems -

were initially omitted. A motable deficiency in both the current literature and in this study, is
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a comparatwa exazmnatton of the predommant methods fur reahstm problems H(rwever gne of -
o the objectives of this gtudy was to establish posslb;e a.:lutmn strategles ra.ther than o as»ertam
. the xosh eﬂic:ent method for a gwen problem - : :

S

Abp'rmdﬁﬁte local _p.r.oﬁ‘é‘fileins.:

Results of numencal expenments conducted in {28, 17] with Schwacrz methods for low order finite '
‘clement discretizations confirm the presumptxon that an apprwumatmn ‘o the local problems
~ can reduce the total amount of comnutamon. The nature of I:ugh order methods . ohviates a '
grea.ter necessﬂ:y for eﬁment local solvers thag for lower order ﬁmte element methods

" The ﬁmte element precondm«mer for pseudo—spnctral methods was extended to the SEM. The

results of numermal ear.penments conducted are recapltulate-d in conjecture 1 of c,hapter 2 and
constitnte a crucial link between the SEM and the FEM. This cOnnectmn suggests that Schwarz

i mefhods for the finite element d.lscretlzatmns are apphcable ta the gpectral element, discretiza-

~ tions. This concept enabled the formu]atmn of a global additive Schwarz method for the spectral
" element discretization. In addition, the formulation ensbled s minimurm overlap strategy to be
' a.ccommodated for the SEM. In ¢ontrast, there appesrs to be no minimum: overlap Schwarz
| method Ior the PFEM [108]. The concept of finite eiemeut precondltmnjng for the SEM was |
 also used to introduce approximate Inca.l prohlems fOr boundary Schwarz methods defived for

the spectra.. element d13cretlzat10ns. o

- The mpact of mcreased mem()r}' reqmrements and setup costs for the apprommate solvers was
not explored. Nevertheless, one should take into consideration the added efficiency and storage -
- reduction aﬂforded by the sum factorlzatmn teehmques which can be used to counteract these -

overheads

An expeﬁmental method of investigation was 'employed in order to explore the validity of the .
muliitude of solution techniques developed for the SEM. Although the solution techniques are '

devised within reasonable theoretical grounds, no proofs are developed and only the mathemat-
ical framework is formulated. Perhaps the most rudimentary proof technique would be to prove

_con,]ectu.re 1 of chapter 2 and then infer the theoretical results available for Schwarz methods ap- .
plied to finite eleznent discretizations. The absence of theoretical justification i a recurring issue
throughout this study, i in both the presentation of existing and proposed methods. Notwith- '

standmg, the work raises a. mxmber of mtngumg theoretlcal aspects by mdlca.tmg experlment&ﬂy
wha.t may be provable.
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~ to the nonconforming discretization although iterutive substruct’,trmg methods seem to b a
more viable approach. The development of Schwarz methods for the no:n.conformng spectral '

| ’el_ement discretization would be of independeni interest than solely for the spectral element
discretizations. Purther research is therefore required in this direction, | | '

R

iy

Numerical experiments '

O "I."-.,.-r '_ ) o o

Schwarz methods for .spectr.all eiemexrt dlscretlzeaﬁnﬂ were only 'iﬁvestigeted,"uﬁmueriewy, for - -

the model elhptlc problem in two dimensions. This does not jmply that these methods are
not a.pphcable to more general elliptic problems in. complex geometries, Focus was. pla.ced on

the primary concepts of the methods, thereby avoiding further prograuyming details necessary '
for a more general implementation, The necessary foundatmn for solution strategies based on -

domain decomposition for the SEM has therefore been establlshed in-order to nrvestlgate the
more arduous problems : - :

Nunconferming discréti:mi:idns o Y

The noncunformmg SEM replesents an 1mpurta.nt extension of the conformmg SEM a.]lowmg )

for more efficient - mesh refinement strategies to be empluyed 'The development of Schwarz

type solution strategies for the nonconformmg SEM has not bt.’m adequately resolved in this™

study. Global and Neumann—Neumann Schwarz methods do not a.p} ear to be duectly applicable

.NaVi'erwStdkesi solvers

The solﬁtion' of the Stokes equations isan impetta,nt computational kernel in many Nevier—Stokes
solvers. A buief discussion demonstrating the use of elliptic solvers as a kernel for the solution of

the Stokes equations was outlined in chapter 2. Another possibility to include Schwarz methiods
. into & Navier-Stokes sclver is to cmploy Schwarz riethods to solve the Stokes equations directly.

A number of ideas in this rega.rd are detailed in [65], however, these methods do not incorporate

a coarse space which proved invaluable for elliptic equations.

Schwarz methods have not been deﬁeioped with the purpose of being included within a com-

putational kernel. Therefore, further expenmentatmn and development is reqmred 1f Schwarz =
' methods are to be employed in this fashion.

6.2 Conclusions |

The followmg comlusioﬁs have Been.med__e from this studjr.-
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‘e The ﬁnite'element preconditioner for pe.eudo-spectral methbdé extends uaturally to the - |
~ SEM and maintains the spectral equivalence property. Further, finite element precond1—_'_'_

" tioning for the SEM was shown to reslt in s:lgmﬁcanﬂy fewer ﬂoa.tmg pom% operations
tha.n dJagonal preccndltmnmg ' -

» The voncept of finite element: precondlt‘.mmng for the SEM was used to formulate a gIoba.If_
additive Schwarz method for the spectral element dJscretmatmn An expenmenta.l inves- -

hgemon of this method revesled the following:

— The numbet of PCQ iterations required for convergence usmg the rintmam overlap
strategy is independent of the number of subdemains zxd ‘approximately linearly

dependent on the degrse of polynomials used within each subdomain. The number of =~
_ PCQ iterations are also similar to the number of iterations required by a minimum
overlap additive Schwa.rz method for the ﬁl:ute element discretization ona nonumform _

grid. . . _
- Iﬁéreasing the amount of overlap eun reduce the number of PGG iterations, however,
this does not necessa.nly lead to a reduction in the number of foat pomt opera.tlons

- — One appheatmn of the additive Schwarz preconrhtxoner is eomputa.tmnally cheaper '

than one matrix vector product with the discretization matrix. _
— The global _a_.ddlf.we_ Schwarzmethod for the spect_re.l element dlscretize.tioj:i Tequires
sigoificantly fewer floating point operations than _the'ﬁwn-_preconditioned iterative

- golution techniques investigated in chapter 2, particularly for large scale problems e
In addition, the memory requirernents for the additive Schwarz precundmoner are

significantly lower than that I+ umed by the ﬁmte element precondltloner

» Boundery Schwarz methods were also formulated for tae spectral element discretization,

. Numerical experiments with these methods revealed the following:

— Boundary Schwarz methods defined for the spectral .elemen_t discretization require &

similar number of PCG iterations to the corresponding methods defined for s finite _
element discretization on a nonuniform grid, The number of PCG iterations also
demonstrate a sub-linear dependence on the resolutlon of the discretization within .

each subdomain. _ )

— A finite element approximation to the local problems in iterative substructuring meth-
-nds can be made without degrading the performance of the method.

'— Neumann-Neumann methods augmenﬁed with a piecewise linear ¢o: fse Space are more
robust than the correslaondmg methods sugmented with a piecewise constant coarse
space. -

. The means by which Schwarz methods can De applied to the nonr.onfo:ming discretization -

remains an open question. Neumann-Neumann methods of the form ysed in finite element
discretizations are not directly applicable to the nonconforming discrelization. Tterative
substructuring methods eppea.r 10 be a more mble a.ppioa.ch than a N eumann—Neumann
method. : : o
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6.3 Recommendations for further research -
" e Theory - s o o .. o . S
- The prouf of the comuctures in chapter isan msﬁmctwe route for further L‘vestl,gar B
E tion, gl en the computational results in chapter 4. A recent article by Pavarino and o S
B Widlund (October 1993) [106] mark the beginning of the theoretical mvestxgatmn ' i
. for jterative substructunng methnds : S
[ .
L= Undoubtedly, the futm:e success of the SEM lies in its a.bﬂlty to accommoda.te adapuve : IR P
o strategms which promote efficient solution techniques. The extension of Schwarz type S
schemes to an adaptive variant of the conforming SEM is essential in this respect,
Altemately, » basis for the approximation Spaoe can be sought which. preserves the
- high order accuracy and computational efficiency of the SEM while enabhng adaptive N
stra.tegles and Schwarz methods to be a.cmmmodated <
) Extenswns to more general problems
- .I..h.‘ls study has only considered the model e]hptlc problem n two dimenmom Future R
C ~work should address thg,ee dl.mens:lunal problems (Dryja, Smith and Widlund [52]),
L nonsymmetric problems (Cai and W1d1m1d [2 8]) and the Stokes equations (Fort.m and 8
- Aboulamh [64]) h
' - Cumparatwe studles of the varions Schwa:rz methods apphed to ﬁmte eiement and 0 Paadel
PR . spectral element discretizations for reasistic problems on advanced computer axchl- o - 'z_"-;:': I
e - o t.ectu.res should also be the topic for further researck, - - - R T
| N SR
; S
:.;i'.' . . ] - u':.
-5
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L
A aumber of MATLAB programs are listed: 2low Lwi some | - for §=1: NIc*NDV S R
of the Schwarz methods that were impler «ited. Those | smzms(sizeisumt{.,j)}), _ ' ' B
program listings which are similar to che listings : for i=i: {Nx-2+2*overlap)”2 :
given below are not supplied. Further, a rumber of ¥ = £indf (structt:..;] *unes(s:.ze(Bmﬁ.;dary}} -
procedures are not:lizted sinde thege nmarat:.uns are o Bouzmary] - IR
easily -implemented. The proceduras not ‘ated ar - if Lengthty) -0 sub{:.) = 0; elre sub(:.l-l. ‘end - A
outlined. below. o CF e.nd S o
[A. b, Vertex, Int:m:face, Buundary, :I.nteriar] = oY= f:.nd( {Stmct(.,j) <1} [ {struct(,,:.l) > v .
bifeniib(NDx, 1}: - o : NodesInRow*2}) ; ] . v
- @iven the number of raetangula.. elements in one : sub (v} = ones(size{y}ls
direction {NDot), this procedure return the . rownum floor{ {struct{:,5)~ ones{size(st:ruct:{.,j) {
discretization matrix A and corresponding right hand ;. 1} )1 ./ NodesInRow) ; R LI
- .| =ide b for a kilinear FEM. The remainine vactors . | : _Struct{..;]) Struot(..:} - {ﬂadesInRowﬂ-l} * o - ))
T : spec:.f:.ea the nodgs associated with the wvertices, . onas(aizal seruckls, ji)) - 2.%(
e interfaces, ‘boundary nd interior of the domaim ) Fowmam - ones(s:.za{romum)} ¥:
. o where it iz assumed that the nodes are rmmbered o { : £ind(aub); _ .
. R . according to a lexicographical ordering. : . £ (lengthty] > 0] -
; : . : smctty,:}-zeros{lengtht)'} 1);
i, h, _Vart.ex Interface, Psnmdary, :I:uter:.or, sKi, .
SPEL ] = memiln{p*NDu, NDk}y - emd L
The BEM counterpart of BIFEHLI:B._The paramet:er pls | % ——-v e e'md nf function ———— e
the order of polyremials used. In addirion, SKi is .1 o :
the stiffness matrix on the refersnce subdomain and .

F—

.8EKI is the pertuorbation mal.:ri:r. requ:l.red for the 95 rm::m BDD . ]
Neumann-Heunson methods, ' L
% the main c'.allmg program wh:l.ch m@lements T, {bdd.} for:

ia, b, Ve:r.'te:c. Interfaca. Boundary, 7. ':r, Struot, hoth the FEM a.nd .
FKi, FPKi] = shR1iB{p*FDx, NDx, upar t, Erl%p),. : ) : o L
The linear-triangular basis FEX. _,y'z.fr:t ' for spacmg =1: :2 g
BIFEMLIB. Spacing = 1 or 2 for ' o 18 t {h} and | direct - = i; s
e {p}. Overlap =1,2.., specifis ~ . ‘.unt of S = [A); i
SR - owerlap used measured An gridi o o2 Eatrices Fhi = [31;
b &nd FERI are asg specified in Swiee, boruct is = L
S specified by the procedure, Gatstruct halow. . .
function Struct w Babstmt(m. woy, m.a Ny, Boundary; o . Lo
overlap) - length{DD) : S SN EF DO
wwe(d) s ¥9(d) _ e o
NodesInRow = Nx*NIX - (NDx-1); DD{i) ; : DU R
¥odesInCol = Ny*Ndy - .(MDy-1)}; . ; . S :
for k=1:Nbx . . ) ’ § O
Basa = [(3-overlap}: {(¥bc-1l+overlap): : *'asultsl- [resultsl- {ND:: N iter ]] ) : 1 & L
Base = Base + {{l-overlap} *NodesInRow}.* end : i .
ones{size [Base}) ; 4 end . E . . Ch
Base = Base + ones(gize laasa])*{ {le=1) * (20x=1) )¢ enc'z'_ R ) . L
Factor=0; ti = etime{clock, £0} . i
for d=1:Nby oo disp{'Db N itare'):
for. i=t: (Ny—2+2*overlap) Co : - ragultsh : I3 -
gtruct = [Struct {Base + L i w0
. ones{siza(Base) ) *Factor}]: : - i
éngactor = Factor + NodesInRow: Frogrmm ah i e
Factor = Factor - NodesInRow* (2*overlap-1}: WDy = KDox; i) o
and . . ) x1 = Q3 - :
end. . . . 3 _— Xz =1 _ .
Struct = reshape(Struct, { (Nx-2+2%overlap}~2) ,NDx* ¥l = 0O; Cy
HDy) ¢ : ' ' B Y2 =1; i 2
Bstruct = Struct; ' _ | Numiodes = [NDy*tH-:-lJ —{NDy—ll l*mnx*{m-l)- 3
MurElements = uny m 2
. . Mumertex = %Nm:'-l)*{NDY-'lI. o
' : . C Rinterior = iR-1)"2 : ' L
N _ S . & = \“Nnx—-li*{ NDY*{NH) —(bmy*-‘i)-z )+ J :

-..! i B8




. Schurfiength) ;
cieaxr Eb; - . s
| eise ’
g = getg{FKi, FKJ. St:ructl, ‘TEtruct, Bound, Inl;,P'h,
SchurLength) ; ]

e
L :'__"’ AU P R S

-

{NDx-'ll*( NDx* (N-1) §;°

overlnp = 1; % make ealling zuut'ines ccmpatablen
R Praproce_hsor—*———--————--—— -
©d hs\addsh-h

[PA, Th, FVertex. ?Int face, 'PBnundary,?Int‘erior,'

Structl, FEL, ¥PRi] = siplib{N*NDx, NDx, spacing ,
oyerlap) ; _ : o
clear PInterior; : . T

B:\sem

if yunzem==1 ' . -
{a, Pb, Vertex, Im:arfar.:e EBaundazy Inter ox SKi
SPKi]= semlib(N*Nix, nnx)' S
¢lear Interior;

elza
% FPKi = zexos t's:{zetFKi}'.‘;

end
- cd h:\bdd

Pmap & L mod.e.'i‘
Fb = Fb{Pmap};
clear Pmap

od h:\libs .
Course = g’etc:uursamnxl, ’

[Rt, #Struct, Int, Bound] = getrt. (N—l, :
}ﬁgth(?hterface} 1ength[Wertex} Courss, . spacing',
I
clear Ri;
cd hi\bad

if runsens==
g . = getg{sxi, BRi, Structi, Tsr.ruat,aound, Int,.Pb.

. Prap (PBoundary) =l1;

¢lear Fby

if runsem==
[Ah, IntDomI gatah(Int, Bound, Structi Tstru.ct,
Schurlength, Nox, BKi) ;
[UE£, it:a.r] ;pngB(PK:L, sri, g, 0. OUI:I:L Ah, Stru.ct
1'1‘stru.ct. chnd Int, Pracon,IntDmn)
elge
[Ah, Intpom]} = getzh{Int, Bound, St:ruct:l., 'I‘St:ruct
Schurl , NDx, FRi);
[UE, iter] = pcgatm, ¥R, g, 0. 0001, ah, Structl,
'I'Stz'uct, Bound, Int, Precon,IntDom):

B —ememm End of pzogr.m e
£1.mct-.i_on coufpe m GetCouzwa (D) '

“Intbasel

= 1:DD; {DD-1)*{DD-1});
Inthbase? = onests:.zetinthasal}] + Intbasel.
‘Intbase3 = { DB*{DD-1)+1 }: (DD"'Z}
Verthase = 1:{DBD-1};

for k=1; {DD-1}
course{1,Vertbage) = Intbagel;
gourse (2, Vertbase) = Intbasela.
for i=l: BD-1
- course (3, Vertbase({i}) Intbasa3 (i) ;
course(4,Verthase{l}} = lnthase3d (i+l};

-end
Inthasal = Intbasal;

" Intbaze2 = onesisize(Inthasael)} + Intbasez-
Intbasel = DD, “ones{size(Inthasel]} + Intbasea.
\éfertbase- = {pD-1) .*oner {eize{Verthase}) -+ Vertbhase;

en : :

it il

% end function.

fungtion [RE, TBtrugt, Int, Bound, V2] m G-ltnr.cblutﬂ:,
L8, NumVertex, Data, type, LD}

Rt=zerng (LS, NunWertex);

- addto = TStruct{piece, :)~=0;

metrues (plevn, :} = PStruot (piece, 1)+ Nuwertex,*addto,
¥ = block+2;

v = {F N*2 (N2-N+1]) 1];

gl = [{2*R):N: {H~2-1)7; .

82 = [(N*2-N+2}): ({N*2-1)1;

a3 = j(1+N):N: {N~3-N}1;

54 = [2:{8-1)]:

‘Int = 1:N*2; Int{Bound)=[);

alpha = =zerga(block,l}: % end function
if type == :
=17 {block+l) ; functlon g = getgi{rel, Ei, Esmeb, THtruct, ﬂound,
1fnr i=1:block alpha.{:l.} z 1-i%*h: end Inﬁh b, Suhurh.ngt:h /
elza . .

x: ;:acoblth.nc‘k—t-l}; L
alpha = { 0.5.%( X' + ones(aigsix’
malpM{ [i, - {block-n-z)] 1=[}s

for 3—1 Num‘.V'erte.x
vere = Data(i, qd);

. row . = [block* (vert-Lly+l): {hlock*vart] H
Rti{row,j) = El:.pu.d{a.lphal, o
vert = Data(2,]
row = block* tvert.-lrﬂ} lhloc!:*vert] i
Eti{row,q) =
wert = Datata :])

Yoy = ghlcn::k* [vert‘.«-l]-l-l} lblock’*vert) H
Rt{row,j) = El:l.pud{alpha), . :

. wert = batu{&,j); L .
row {block* (vert-—l) +1) 1 (block*vert) @

: Rct;:'ow.:i} = alpha; S

end .

1e£tbnt =iy

rightbot = DD+1;

lefttop = 2;

righttop = rightbot+l;

Doy = zeros (4, HumVertex) ;

Verg?x : LiNumvertex; Vertax = rashape (Vertex. pp-1,
DD-
Vertex -We.t:rex’}.
for i=1:DD-1
. for j=l:0D~1 .
© pemil, Verte.{i,i}) =
pom{2, Vertex{j,i)} = xigbtbot;
‘Dom(3, Vettex{y.i])) =7
pom{4, Vestex(d,i}} =
. leftbgp: 2 lefttop;
émegz.ghtbv:t = *‘ight‘.topf righttop

ieftbpt = leftcop: lefttop = lefttopsi;
: rightbot = yighttop; righttop = righttop+l;

1ei'ttop = 1efttopi'-1';. )
= righttop+iy

5: (block+d) 5

- inel ' '
{intl {hloc}') +1} ¢ (intl (blouk) +blnck} :

Ank2 :
int3 = {int2 [block)+1}: (int2 (block) +block) ;
S ined = {ipe3{block)+l.: {int3 {hlocu}+b1ock}, .

TStruct = zexos (4*block+d, DD“z]r-

for i=ly Num\fartex
vert = Pata{l,i);
[block* {vert—l] +1}e {black*vert) 5

 row
Tstruct {intl, Dom(l,i}) = row';
TStruet {int3, Dom(Z,i})) = row‘;

vert = Dar.a{:z i); . L
xom = {block* (vért-1)+1) : {(block*vaert) ;
Tstruct (intl, Dom(3,1})) = xow':
TEtruct {int3, Dom(é.i)] = row';

vart = Data{3,i);

row = (block*[vert- 11+1}=_hlock*vert}, -
TStruct {int2, Domil,i}) = row":
Tstruct{iatd, Dom(3,1}) = row‘;

- vert = Data(4 i);
row = (block*(vert-1)+1}: [blccm*\rertl,

- TStruct (intd, Pom{4d, J.)}--— row';
P8truct (ink2, Dom(3,i}) = row';

TStruck(a, Dom(l i}}-—i;
TStructtS,Dnmlz,i) =i
PStruct{l,bPem{3,i})=i;
Tatruct{4,Dom{4,3))=i;

piece 5 ' (.Q*ﬁlockﬂl.) H

Bound « {vv sl s2 53 84];
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g pl = size(rétruct);
b} =2 {1/2). *ones(s:.za{ammd’j},
{1:4) = (1/4). *111 11

'g = zeros{BchuxLength,1);

£ur i=l:p ) .

Del = find| ¥Fetruct(Bound,i}==0 1;

Boundary = Bound; Boundary(Del)=([}: &

Di = Dy - Di{Del) =[]

baub - = Pgtruct( Boundary,i}:

isub ‘= PStyuct{ Int, i );

i = b (izub) :

b = Di',*bf (beub) ;

aii = K:L(D:d:, 1nt);

Adb = Ki{Int, Boundary):

Akh = Ki(Boundary,Boundaxy) ;

sub = TEtruet | :E..nd{'.t‘struct('.:.} > 01. i},
) g[(subl = g(suhl + £b. = Aib'*( Aii\f:.
end :

% end Functiom.

:Euncti.cm [ah, zm-.nm] Getah(:nt, Beund, rst-.m'l:,
Tokruct, Soburlength, nn.f Ei)

size{B‘Btrw:t) :

{1/2). *ms(s:.za{:aound)},
{1/4),%(1 11 1];

zerns( {DD-2) ""2}';

-~ [q pl
B
fil:4)
4\11"

oRai

- fox i=l:p
Dal = E:.nd( :E‘Elt:ruct(Bum:.d :L}r-nﬁ ¥i
‘if length(pel} ==0
IntDom = (IntDom i
- end
end.

for :l.-l:lengt‘.h[IntDnm} .
. Bha = zerns(Bchurlength,i);
gub = TStruct(find[‘I‘Struct{..IhtDom{1”> Q).
IntDom({i) );
Rha{aub) = D';

- Wee = smult(Ki, FStruce, TStruct, Baunﬂ, Int. Rhs) o

for j=1tlength{IntDom)
Bub = TSt:ructtflnd{TStmctt.,Intbom(;}) » 0),
Intbom{l} )3
Ah{j,i) = D*Vec(=zub);
end .

% end function,

function gy = emult (X1, FEtruct,TStruct, Bound, Int, ¥)

[g p] = size{Fdtruct);

sy = peros{sizel{v));
for i=i:p
Del = £ing{ PStructiBound,i}s=0 };
Boundary = Bound: Boundary(Del)={];
Kii = Ei{Int, Int);
Kbb - = Ki({Boundary, Houndary);
Kih = Ki(Iet, Boundary);
- gub = Tgtruct| find{w&truut. £,4) 20, 4);
X = Kil\{Kib*y(Hub)}.
gy(su.b} = gy{sub) + Kbb*ytsu.b] - Kih'*x-
en

% end function,

function [Ub, iter} = PCG3{YRL, K, g, PreconEps, A%,
, Fiitxuet, THtruat, Bound, Ink, Pregon, IntDom)

"Xk = zeroslsizelg));
= g
sk-zaros {gize(Rk)};

% solve using precon.
Rk = balresid(ah, FEi, Xi, IntDom, FStruct,
mgtruct, Bound, Int, Rk, Precon),
Bk = applyprecan(ah, FKi, xi, Intbhom, Fitruct,
Tstruct, Bound, Int, Rk, Pracon);
Pk = 8ks
Gk = Rk'*sk,
lter =

- Uh = Xk; .
% Bnd of function, .

' fupcgtion @ = Balresid(Ah, FRL, Ki, IntDom, Potroct,
Ysuruck, Bound, b, bf,

' Lamgda = Ah\rbaty
" for l=lilLen

: and
% en& f.unut:.cm.

funetion uo:.n it .apply:emaon(ah. ¥RA, K!., TstDom,
FELLUe, !L'Bt:mr., Bou.nd, Int, bE, mm)

_end

Cfor 1s1: p - . .
Del = find{ PStyuct(Bound,i)==0 );
Boundary = Bound; Bnﬁndth(DEI} {1+
i = DI . Di {pell =[1;
sub = PStruot { Eind('rsi-ruct:t.,i} = 0}, 1}:
2, = Ri{[¥nt Boundaryl, {Int:Boundary]};
lenl = lemgrth{int) ;
len2 = length{Roundary);
. len. = lenl+len2;
=

% Aammlt S ' :
Tk = snmlt:mi, Fstruct: 'zsm:uct EBound, . Int., Pk].
Pk *Ok;

alphak = G!:!Tk:

#k = Xk + alphak,*Pk;

Rk R]C - alphﬂk *ri .
%soive using precon.

Sk = applypracon(nh Fki, Ki, IntDom, Fstxuut.

G};l: Gk -
Gk = Rk'*Sk- :
betak = Gi/Gki;
Pk = 8k + betak. *Pk;r :
iter = iter+l
Engq:t(abs{ {Rk'*Rk}/lG'*g)H

Tstxuct, Bound, . Int'., Rk, Preconl, .

Pragon)

B {1/3) .*ones (siza(Bound} ) ;

D(1:4) (1/4) . *%[1 1 1 1}

Len length(IntDom}

rbar = ~irpg(Len,l}; .

for i=%i:Len - .
sub = Tgtruct(
find(TBtruct{.,Im.Dom(i}] = ), IﬂtDmnl:.) }:

Enﬁbar{;) D*bf {sub} ;

[T ]

U= zems(sizg_tbfﬂ:
gub s TStruct |
Find(TStruck(:, IntDomii}) > 0], Inwom{il):
O{zubk) = U(sub) + D', *Lamda (i) ;

= bE - mmlt(Ri, FStruck, TStruct, Boand, Im:., )

[¢ p]l = pize{FStruct):

geln = zeros{slze(bE)); .

D = {1/2). *onas[size{BoundH;
D(l:4) = {1/4).*{2 1 1 1]1;

Len = length{IntDom},

rbar = zeros(Len,l1);

for i=1:Len

suby = TStruct! :
find{'rstruct( H .Int.Dam{i]} = 0y, zntmm{..} ] t
rhar (i) = D*bf(sub);

Lamda = xZh\rbar;

g= zerus(aize(bf});

for i=i;Len
sub = Tarruct|
£ind{T8truct (: , TatDom{i)) > 0, intﬂnmfl}l,
Uisub) = U{sub) + D*.*Lemdaii}; -

8 = bf - spull{Xi, Fitruct, TStruct, Bound, Int, Ul;

Rhg zema{lan,l}'
Bhae{ (lenl+i):len) = s[suh) *Dit;
igqtizn;t;.(g;énd) 1 tBoundary) }
£x {length(x) , 1engEh‘£r)1-u 01: end

Tgeln . = £.'c\( Fi
soln{sub) = solu(sub} + {TSaln{(leuJ.—w—l} 1eu]} *Di' Y

while ¢ sgrt{abs{ (RX'*Rk) /{g'*gl} } > PraconEpa }
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= smult{Ki, Fotruct, 'I‘Struct, Bound, int, soln}: cnurse getoourse [N‘Dxl, : -
corr = zeros(size(rbar}); {Rt, T8truct, Int, Bound] = gptxt.m—l, ) L
for-i=l: Len 1mathtFInterfacaJ length(EVervex] . Jourse, spacmg.
sub C= TStmct(f;nd{TSr.ruct(.,IntDum[il] >0, NDx} ; [V
© IntDom (i} ~ed h Abps - N o g
c:nrr(;) = D*f(sub) 4 o : . : : i
and o : if runsem==.t : R
mu = Ab\{rhar - corr}: P . . [g, schuxl] = getg(ski, sKi,; Structl, Tstrucst, :
- for i-la Len Bound, Int, P:b, gchuxlength, M) ;.
sub = 'rStructlfind(TStruct{.,IntDom{:.}) > D), [gl, schur] getg {FKi,. in, Sr.ructl, TStruct,
IntDom{i}i; Bound, Iat, ?b, Schur:.ength N); S
soln{zubls sola(sub) + sma{ij.*D*; . . 1c:1ear Fh; ) -
: al=e : -
; ) a lg, schur] =  getg{PFKi, FK:L, St:ru.ct.l, TBtruckt, W
% end function., - - . _ : : : Bound, Int, Pb, Sehurbength, N): : . :
. ) : - o B clear Pl . . I :
% ¥rogram B : % Ap = precon, A = matrix. - ' : ENO
) if runmem=xl S
% Main program which implements '1"_{151 for tha BEM and {Uf, iter, est] = peg3{FRi, #PRi, SKi, g, 0.0001, F - "%.
© Ah, Rt, Stractl, 'EStrucl:, Bound, Int, Precon, ND%,
' : ’ ’ W, schur); L .
v T for spacing =1:2 mlae : E
L ’ direct =1 _ . {U_f. iter, ast} = pogd {FKi, FE._Ki,- m‘..‘ ) 0.0001, o y
DD =L 77777 71; Ah, Rt, gtructl, TStruet, Bound, Int, Precom, NDx, | S
NN . =[ 678851012 ]; B, schur); _ P
runsem = 0: end _ s
lter=[]} S ; . § - ~ End of program —--r=-————- i
£l = elock; o o - ) P gr i ) .
for 4 = 1 : length{DD) o ’ ) = £
for j = MN{1) : HN{L) - : ’ funotion [y, schur} = getg{FRi, ¥!, PFotruct, TEtruct, e e 0
gmc.z Dp{l): : o . Bound, Int, bf, SchurLengrh, N) N
soale = 13 : _ - _ ALl s Ri{Int, Int); S ' L
) gh : : : : - Aib - = Ri{Tut, Bound); - : o o
: g _ vresultgle [resultsl; [NDx ¥ iter eatjl abb. s Ki{Bmmd,Boundi C B
ot end . ) . . ‘I schur = abb - Adb'¥(ail\AiD} o -
: ?n.ng o : schur = 2. *schur{ 5:{5-1-]91‘-2), 5o (5+N- 2} b -
. ' ' : % end functien, 1 &
P disp('Db N iters'}; - - i : ool
HE resultsl : . ) . v
,k . : . fanetlon [Oh, iter, eat] = pca3{¥Ri, PRi, xi, a, P
% Program Sh : . ' ¥reconkps, MM, Rt, Fatruct, TEtruct, Bound, Int, b
o ' o _ Tracon, DD, N, sdbur) L :
i L % Constants: _ : : R
. : i NDy . = NDjp : . . an = sul:m::- o : B R
3T = 0 . i . for i=l:4 ’ 7
X3 =1, : : index = [1+(1-3.;*m—11 1% {N-1)1; i
g% = ; : Bn{i ;index) = dn; _
Humodes e (NDy*[N-I-i} ~{NDy-1) )*( NDx*(W+1) - . : W '
: Nox-~1) ) itk = zaro's[s:.za{g}), o : A
NumElements = NDy*NDx : . Bk = : : . :
MenVertex = (NDi-1}*{NDy-1); : : . S]n—mros {5123(!(]:}): ¥ _
Ninterior = [N-13%%;- v i
1 Schurlength = (Nox-1)*( NDy*{8¥+1) -{(NDy-1)-2 } + % polve uming precon., - 1 ’
o (NDx-1) % (NER* (N-1) )¢ Sk = applyprecon{ph, FRi, PKi, Ri, Rt, Fitruct, .
overlap = i; % make calling routines compatable; ok _ TSeruct, Bound, Int, Rk, Bal; :
§ =ewnmenee Preproge@guor woe--—o——wae ' Gk = Rk‘*5k; 1
: . iter = 0 ]
_ ' - . &d h:\addsh-h . while ( sgrt{abs{ (Bx'*Bk)/{¢'*g}} } » PreconEps } i
[ _ {#h, gh, Vertex, Interface, HRoundary, Interior ] = % A mult - subdomain solves 1
A bifamlib(:ﬂtb:; }r Ok = =mult(Ki, FStruct, TStruct, Bound, Int, Bk): v
¥ Ak = scale. ¥ Tk = Pk'*gk; i
: [Pa, Bb, PVert:ex, PIaterface, PRoundaxy, PInterier, alphak = Gk/Tk; T ¥
! Struetl, FRL, FPRi} = shblib{N*NDx, ¥Dx, spacing , ¥k = ¥k + alphak.*Pk; o
0 ovarlap) ; : Rk = Rk ~ alphak.*Qk; .
: ' cd h:\sem . %s0lva using precon. {
. if rungem==]l i Sk = appiyprecon(ah, FEi, PKi, ¥i, BRt, Fstruct. 5
! (&, b, Vertex, Interface, Boundary Intexior, SKi, TStruct, Bound, Int, Rk, Bn): !
o : SPKi } = pemlib(N*NDx, MNDxt}: akl= ak; . .
Lo ; end C Gk = Bk'*8k; : }_
A . ed h:\bps _ : - hatak = Gk/GKL; i
4 y ' : . Pk = Sk + betak.*Pk; !
1 T Ah{lmuunc’.ary,.) {]' ah({: HBoundary)=11: iter = iter+l ‘
: : gh (HBoundary)}=1] sgrt{abs{ {REk'*Rk}/(g'*g})} i
Hmap = 1: (Nnx-t-lj":!; Emap {HBowndazy) =[] ; : end, - LE
Pmap = 1:Numodes;  Pmap (PBoundary) -[] b = Rk; |
PA = PA{Pmap,:): S ' - : i «
PA = P&{:,Pmap) : _ ' % End of functiom. 1. ’
Pb = Fh(Pmap); : b
-clear Pmdp: : :
. ’ . funotion HO:-”. L mmﬂdm(ﬂ:; i, PEA, Xi, Rb,
\cd hillibs : : _ _FBtruct, THtruct, Bound, Iuk, bE, Bu) J/
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f%/-'--f-a--.setup----- ) . . b = bimap); - : \ i
lenl = length{ﬂh} H Bbt = getrb(N-1, Ilengrh(rnterfacei, 1engthtVartmc} . s
. Vert = liilenl ’ . : . . - spnc:l.ng, Structl}. |
bhe = bf; bheWert) £ - . : o : .
bhy = bf{v«aﬂ.}, : o iE {semfem=—-1) |
bh = bhw + Rt'*bhe; - ' : cd h \sem H
: : A L . : : "B, b, Vextex, Intexface, BoundarY; Interior ] S
- : : . . - semlib{N*NDx. okl :
% -solves . . - ed hi\addgh-h ) . , )
. - map = 1:NumNades; map (Bowndary)=[];
hsoln = zerog(size{kh}); : . . - B = B{mep,:i}; -
hsoln = Ah\bh; o B = B{:,map);
[g p] = sizei{FStruct); . © b = bimap);
fzoin = zero=(sizel(bf)); and
Tetruet{l:d,:) = zerus(s:.za('rStruct{lzé, .})];
for i=1:p _ : %A = precen, B = matrix.
tel = £ind{ Fsr.mcL{Bnund. 1)y==0 3; if semfem==1 .
Del = {Del {1:41'1; {Uf, history, iter iterl] = pcgam, B, b, ¢.0001, Ah,
Boundary = B . _ Eht, Struet2); e
BounﬂarY(DEI} I']. - R alsa - A
extract = 1:length(Boundary): : [UE, history, iter it:erl] = pcg3 lk LAy b,O 0001, zh, L
Bu = Bn(eittract,extrackt); - o o Rht, Szuctl); N
sub = Tatrueh( Eind{'r&tmub( Sy =6y, i) end S b
fsolnisub) = PBu\bf{sub); : } R .
end e End of program =—--ssemmmaes N R
. ) i
g —mm———m——regtorg--—n——-en _ i .
soln = fapln + [ heoln -Rt*hsolnl, o fungtlon [Ghy hiabm, iven, :L'l.ta:r:] s pca!u;, ER, U,
- N mmuonspn, AN, Pht, Fatruob) ir
% end function. v
Xk = zeros(sizelg}); 2
: : C Rk = g; . . e
% .'E:og‘:m GARN i "1 Bkezeros(size(Rk)}; . G o
: $s0lve us:mf precon, - i
% Maln program which implements the giubal [8k, prav iter] = applyprecon(ak, A,Rhk, FStruet, i
ASM for the SF'! and SEY _ Rk, prev}; : : S
. o Pk = Bki ' E
ED = [73: . . . . : Gk = Rk'*Sk; ) L
NN a [4]; i iter = 0; : ‘ L
spacing s 2! history(i) = 1y - . . HE
overlap = 3 : e A
penfen = 1; wh:.le { sartlabs{ (Rk'*Rk}/{g'*g)} ) »Preconfps ) s )
: - o . A mult - gubdomsin solves oo
iter=[]; . o B} : o Qk = Bu*Pk; : T
iterl=(]: : ’ C Tk = Pk**Qk; — Lo
t0 = clock; _ alphak = Gk/Tk; o E?ﬁ :
for i =1 : length{DD) . Xk = Xk + alphak,*Pk; i \
for § = mW(i) : MN({1) . - _ © Rk = Rk - alphak.*Qk; b N
= pp(i); : _ ' . %solve using precon. . i .
N =13; . . [8:, prev, literi = applyprecom{hh, :z.. -
gh . _ mu:, Fatruct, Rk, prev};
resulgsl= [rasultsl; [WDx N iter ltexi]]l - : le— ak; i
end - . . = Rk *gk;
end betak Gk/GkL;
disp{'DD N itexs'}; Pk = 8k + betvak.*Pk; ;
resultal . : U iter = iter+l; i
. o o =it (abs ( {Rk"’Rk)i(g'*lﬂ)l Tl
Sfunetion [iver, history]l = Bh{ND=, X,sapacing) and 1
B Ub = Xk; - : 3
% Constants: . )
WDy = NDx} % End of funetlon,
Xi = 0;
X2 = 1; funcbiv  [ooln, pzmr, iter] = ApplyFrecon(ih, Af, Rht,
51 = gl.: FStruot, Yo, pm) ;
2 =1 . : : : ) -
G~ Numodas = NDy*(N-i-l} ~(NDy~1} ) *{NDx*(W+1) - | & =mreee-—cmgebipe———e—eo- . : .
A {NDx~1) ) bf = vp; I .
3 MmElements = NDy*MD; . bh = Rht'*vp; . v "
NumVertex = mm:—n*(nny-ij, § retemmam BOlyegasmnmmnn- _ oo
o NInteriopr = (N-1}" : hsoln = zeros(=ize(bh)); .
history = zeros{l, 200 : _ hsoln = ah\bh;
: ig p] = size(PBtruct}; b
% +——a—uon— PYEDIOCEBS0Y —e=mmem————— ' feoln = Zeros(size(bf)}; R i
) (ah, gh, Vertex, Int.arfa.ce, HBoundary Interior, }!:Nodas] for i=il:p
i = bifemlib{MDx, 1);. sub = Pstruct{ £ind{FStruct{:,i) > 0},i);
A . faoln{suh] = fsolnlsub) + {Af(su.b.sub})\bf(sub), P
: Anh (HBoundary, -)=E]: Aht.,HBoundary] 11 : end '
gh{ HBaundaxy} redtore : - ) .
Hmap = 1: {Nmm-l)*z, Hmap iHBoundary}=[1: soln Rht*hsoln + £a¢ln;
[&, b, FVertax, FInterface, FBouuda.ry Fmt:er:.or, % end fuhction.
Structl, Struct?] = shblib(W*MDx, NDx, spaging .
overlap);
ruap = 1:Numbodes; map FBoundary] [l; . .
= Afmap, t} - '
\A_ als. map) | _ /
73

-



RO S UV S SN G TR

L)
L

| Referencés

[1] G. ANaeNOSTOU, Y. MADAY, C. MAVRIPLIS, AND A, T. PATERA, On the mortar element method:
Generalizations and implementation, in Third Intexnational Sympostum on Domain Decomposition I
Methods for Partial Differential Equations, T. F. Chan, R. Glowinski, J. Périsux; end 0. B. Wid- L
lund, eds,, 1990, pp. 167-173. o

[2] 1. BaruikA, A, CrAIG, J, MANDEL, AND J. PITKARANTA, Efficient precmdst:omng for the
p-verszon finite element method in two dime: sions, STAM J. Numer, Anal., 28 (1091), pp. 624--661.

“y .

| [3] X BABUSKA AND H C. ELMAN, Some -uspects of parallel implementation of the finite-element
method on message passmg a.mh-atectures, J. Comp. App. Math., 27 (1989), pp. 157-187.

‘[4] 1. Baruka, H. C. ELMAN, AND K. MARKLEY, Pam!le! implementation of the hp-version of the
finite element method on o ahared—memary amhstecmm, SIAM 1. Sm‘ Stat. Gomput,, 13 (1992
pp. 1433-1459, . .

- [8] 1. BABU§I{A, M. GRIEBEL, AND J. PITKARANTA, m pmb!em of selecting the shape functions far
& p-type finite element, Tnt, J. Numer Metn Eng ., 28 (1989), pp. 1891--1908,

[6] 1. BABUSKA AND M. SURI, The p zma'. h-p versions of the finite element method, an overview, e
Comp, Méth. ApP ‘Mech. Eng., 80 (1990), Dp. 5-26, = S

(7] 1. BABUBKA, B. A SZABO, AND L. N. KA'I‘Z, The p—uerswn of the ﬁmte element mthod, SIAM
J. Numer. Anal., 18 (1981), pp. 516-545. .

[8] R. BARRETT ET AL, Templates Jor the Solution of Linear Systems Bmldmg Blacks Jor Derative .
Methods, SLAM, 1993. .

[0] F. BEN BELGACEM AND Y. MADAY; A sj;ecf.ml element methodology tuned fo pmﬁﬂél implemen-
tations, tech. report, La.boratn:re d'Analyse Numenque, Un.nrerslty Pierre et Marie Cusie, Paris,
1992

{10] C. Bmun‘, C BERNARDI, N. Dggrr, Y Mabpay, . KARIADAKIS, C. MAVRIPLIS, AND A, PA- L _
- _ "TERA, Nonconforming spectral element - finite element approximations for parhal differential equn- E - =
| o o tsons, Comp, Meth. App. Mech. Eng, 75 (1989}, pp. 109-123.

[t ¢ BERNARDI, N. DEmrT, AND Y, MADAY, Coupling ﬁmte element and spectral methods: First T S
results, Math, Comp. 54 {1090), pp. 21-88. S

[12} C. BERNARDI AND Y. MADAY, Approzimation results ,far spectral methods with domam dsmmpo-
s:t:o«n, App. Numer. Math., 6 (1990}, pp. 33-52. :

i 0. [13] C. BerNARDI, Y. MADAY; AND A. T. PA’I'ERA, A new nonconfomniﬁg' approath to domain de- -
i composition: the mortar element method, in Nonlinear Partial Differential Equatmns and their 1 )
App!lca.mona, H, Brezis and J. L. onns, eds., Pitman and Wﬂey, 1992, _ o : !

74




Lo

AU

[14} C. BERNARDI, Y. MADAY, AND G. SACGJI—LANDMM, Nanconfommg matchmg candstwm for
: couplmg speciral and finite element methoda App Nuomer. Math., 6 (1q90), op. 66-84.

: [15] P. E. BJﬁRSTAD, Midﬁphmtwe and additive Schwcarz inetfiods: G'amlcrgence in the two'-domam' :

case, in. Second International Symposium on Domain Decomposition Methods for Partial Differen-

tial Equations, T, F. Gha.n, R. Glcrmnskl,J Périaux, and O. B, Widlund eds » 1889, pp. 147—159. E

(18} P. E. BIBESTAD AND J. MANDEL, On #he specira of sums of orthogom! pm_;rectwm with appfsca-
tions to parallel computing, BIT, 31 (1991% P 76-88, :

_[17] P: E. BIgRSTAD AND M. D. SKOGEH‘ Domein decomposition algonthms afﬁ‘chwarz typﬂ, designed

fa'r massively parallel computers, in Fifth International Symposium on Domain Decomposition
‘Meathods for Partial Dﬁerennal Equahons, D P, Keyes, T. F. Chan, J 8 Scrogga, and R G.

“Voigt, eds., 1692

| _ [18] P. E. BIBRSTAD AND O, B, menn Tterative methods for the solution of elliptic pmb!eem on

mgsana pamtzaned into substructures, SIAM J. Numer Anal., 23 (1986), D 1097—1120

i J, F. BooragaT, R. Growmski, P. LE TALLEC, AND M. V. ascU, Variational famulatwn
’ B aml algorithm for trace operator in-domain decomposition ca!cu!ahons, in Second International _
> mpusi‘um [n ‘Domain ‘Decomposition Methods for Partial Differential Equa.tlons, T . Ohan, o

'naki, J. Périaux, and O. B. Widlund, eds., 1086, pp 3—-16
Wi’a oy substrwtunng I, Math, Comp., 47 (1986), PP: 103-134.

i ‘i:nti;, pp 361-369,

[221 F. Bnﬂzz)‘ Un.the. e.‘.';sstence, uniqueness and approvimations of saddle-point problems ammg from :

Lagmngaan i ‘igp!sem RARIO Anal, Numer., 8 (1974}, p. 129.

[23] X. Ca1, An additive aw‘swarz algorithm for nonselfadjoint elliptic equations, in Thu:d Internatlonal- .

Sympositm on Domain Decomposition Methors for Partial Differential Equa.tmns, T. F. Ghan,
R. Glow:nsln I Pénaux, and O. B. W1dlund eds., 1090, pp. 232244,

[24]
' and tfmzc dimensions, STAM J. Sci. Comput, 14 (1993), PD. 239-247.

[25] X, Ca1, W. D. Gropp, AND D, E, KEYES, A comparison of some damain decompa.ﬂtwn algo-

rithms for nonsymmetric elliptic problems, in Fifth International Symposium on Domain Decom-

position Methods for Paxrtial Differential Equations, D. 1. Keyes, T. F. Cha.n, I8, Smggs, and
R. G. Voigt, eds., 1092,

{26] —— G'onm:mence rate estimale for o domae‘n decompos:tsan method, Numer Math 81 (1992].
pp. 153-169. : : : .

[27] X. QA1 AND O. B. WiDLUND, Domain decomposttion a!ganthms Jor mdeﬁmte ellsptw pmblems,
SIAM J. Sci. Stat, 13 { ,992), pp. 243-259. .

[28] ——, Mulltplicative Schwarz algorithms for some nonsymmetric and. mdeﬁnite pmb!ems, SIAM J.

- Num. Anal., 30 (1993).

[29] C. CANU'I‘O AND D). FUNARO, The Schwam nlgonthm Jor spef't"al methods SIAM J Numer. Anal
25 (1988), pp 24—40 . _

[

ot el St iy 1 st i e s -t e e i e o e

SI.E, J BB, Pasorax, anp A, B. ScraT?, “The construction of pfmndstwnm for_

>4 method for elhptw pmb!ems on regwns parhtwned into substmctures, Math.,

, An apf.imnl twa-level owerlappmg domain decomposman method for el!sptic pmblems in two

.




' [30] C CANT.ITO, M. Y. HUSSAINI, A QUARI‘ERONI, AND ‘I‘ ZANG, Specbml Methads m Husd Dy

namm, Spnnger-Verlag, 1988,

' [31] C. CARLEnzOLI, A. QUAR:I‘ERONI, AND #, VALLL Specﬂmi domain decampomtsan methods for

compressible Nuwirr-Stokes equations, in Fifth International Sympoamm on Domain Decomposition

Methods for Partial Differential EquatlonB,D E. Keyes, T. F Chax, J, 8. Scroggs, a.ndR. G. 'Vmgt,.

ods., 192,

- [32] T. F. CHan, R GLOWINSKI; J, PERIAUX, AND 0 B, WIDLUND, eds.; Sccond Intematmnal o |

~ Symposium on Domain Demmpasatson Methods for Partial Differential Equat:om, SIAM, 1989,

[33] | , eds., Third Iniernational Smnposmm on Domain Decomposmon Methods for Pari:al Differ-
_ entml Egum':zons, SIAM, 1990,

(34

, eds., Fijfth Intematwm! Symposwm on Damam Decomposmon Methads for Partial Ds_ﬂ’er—
ential Byuations, SIAM 1882,

: [35] T. F'. CHAN AND B. GOOVAERTS, Sckur complement domain decormposition a{qanﬁhms for spectral

methods, App. Numer. Math., 6 (1990), pp- 53-64.

: [36] T. T, CHAN AND D. E. KEYES, Interface pmcandstwnmga for domam decampased convection-

.- diffusion oy e, in Third Infernational Symposium on Doma.m Decomposition Methods for
Partial Diff sial Equations; T. F. Chan, R. Glowinski, J Périanx, and O. B. W:dlun-:l ads.,
1990, py. 245- 262

[37] T. F. C'HM\T AND T. MATHEW, The mtee:facs pwbmg teckmaue in domain decampasstson, 'I'ech '

Report 91-62, Depa.rtment of Ma.thema.tms, Umvemty of Oa.hforma, Los Anggeles, Iibbrua.ry 1991,

[38] T. F, Cuan ann T. P. MATHEW, An application of the probing technique to the vertex space

method in domain decomposition, in Bourth International Symposivm on Domain Decomposition
Methods for Partial Differential Equations, R. Glowingki, Y. A. Kuznetsov, G, Meurant, J. Périaux,
and 0. B, Widlund, eds., 1991, PP. 101-111,

'[39} T, F. CHAN T. P. MATHEW, AND J. SHAO, Faumr ond pmba varients of the mzrte.-z: space domain
decompasstmf. algorithm, in Fifth International Symposium on Domain Decomposltmn Methods for

Partinl Differential Equations, D, E. Keyes, T. F. Chan, J. 5. Seroggs, and R. G Voigt, eds., 1092,

[40] T. F. CfAN, T. P. MATHEW, AND ] -P" SHAO, Efficient variants of the verbez space domain
decamposmon algorithm, tech. report, Department of Mathema.txca University of Cahforma. Los
Angeles, January 1992

[43} H. CHENG, Itemtwe Solution of Elliptic Finite Blement Pmmems on Partm!ly Reﬁnea‘. Meshes and

the Effect of Using Inezact Solvers, PhD ‘thesis, Courant Inst.ltute of Ma.thema.tical Sciences. New
York Umvermt.y ., Qctober 1993,

[42] P. CIARLET, The Finite Blement Method for EHsphc Problems, North-Holland, 1978,

[43] L, C. CowsAR, J. MANDEL, AND M. F. WHEELER, Balanging domadn decomposition Jor mized
Ffinite elements, Tech. Report 93-08, Department of Mathematical Bmences, Rlce Unlvermty, March
1993.

[44] Y. DE RQECI{ AND F, L_ﬁ: TALLE_G, Anglysis and test of o local domain decampasitian precondi-
#oner, in Fourth International Symposium on Domain Decomposition Methods for Partial Differ-

ential Equa.hona,R Glowinski, Y. A Kuznetsov, G, Meurant J. Périaux, and 0.B. delund, eds., -

1691, pp. 112-128,

(]




.‘.

[54

156)

'[451 P DEMARET AND M, O. DEVILLE. Chebysﬁet: pseudospeciral salutwn of the Stokes eguatsaus usmg_

_ﬁmte element precondabwmng, J. Comp. Phy 83 (1989}, p p 463-484

[46] L.  DEMKOWICZ, J, T. ODEN, W. RAGHOWICZ AND O, HARDY, Toward a umversal hep adaptwe'
~ finite element strategy, part 1, constrained approximalion and duta struciure, Comp. Meth. App‘ '

Mech. Eng., 77 (1989), pp. 79—112

[47] M. DEVILLE AND E. ‘MuND, "‘hebyahev pseudospecbm! solution of sccond-orﬂer elhptw egmtmm o

with finite elemeﬂt pmcondmomng, J. Comp. Phy, 60 (1885), pp. 517—533

.[48] M. O. DEVILLE AND E. I-I MUND, Finite-elcment preconditioning for pseudospactmi sofuhons of '

eihptsc pmblems, SIAM J, 8, Sta.t Comput,, 11 (1990) pp 311~342.

48] M. 0. DEVILLE B H. MUND, AND A, T, PATERA, Rérative solution of ‘soparametric spectral

element equatwus by !ow order precandstwnmg, J. Comp. App Math., 20 (1987), pp. 189-197.

[50] P. DEvVLOG, J. T. ODEN, AND P, PAT'I‘ANI, An hp adoptive finite element method for the nti-

merical simulation of comgressible flow, Comp. Meth, App. Mech. Eng., 70 (1988}, pp. 203235,

[51] M. DRYJA. A mpacstunce mairiz method for Dirichlet problem on pulygon TEgion, Numer Ma.th
39 (1982), pp. 51-64, .

[52] M. DRYJA, B. F. SmrTH, AND O. B. WlDLUND Schwarz analysis of iterative substmcturmg

algorithms for elliptic problems in three dimensions, Tech. Report 638 Gourant Inshtute of Ma.th-
ematical Sciences. New York University., June 1893, :

[63] M. Drvia AND Q. B. WIDLUND, Mulhlevd .addztwe methods fo_r.efﬁptﬁé [finite element problems,

Tech. Repo.t 507, Courant Institute of Mathematical Sciences. New York University., 1990,

Towaé‘dé a uﬂiﬁ&d theory of domain decomposition algorithms for elliptic problems, in Third
Inte:nat:onal Symposium on Domain Decomposition Methods for Partial Differentjsl Bqua.tmns,
T. F. Chan, R, Glowinski, J. Pénaux, and 0. B, Wldlund eds., 1090, pp 3-21,

Addstwe Schwarz msthads Jor clliptic finite e!smeﬂ.t problems in three dimensions, in Flfth
Interna.monal Sympositm on Domain Decompomtlcn Methods for Partial Differential Equa,tlons,
D. E. Keyes, T. F. Chan, J. S. Scroggs, and R. G. Voigt, eds., 1992.

[55]

Dammn decomppsition algonthms with smoll ouer!ap, Pack, Report 806, Gourant Inatitute
of Ma.themauca.l Sciences. New York Universlty 1992

[57] ——, Schuwarz meﬂaads of Neummn—Neum.mn type far thme-dzmenssoml élliplic ﬁmte element
problems, Tech. Report 626, Gourant Institute of hIathematicaI SCleIlCGS New York University.,
March 1093.. ' : :

{58] 1. S. Durr, A. M. ERISMAN, AND T. K, RElD, Direct Methods for Sparse Mairices, Claridon . -

Press, 1986,

[59] C. FARMATY, A saddle-point principle domaein decomposition method for the solution of solid me-
chanics problems, in Fifth Infernational Symposinm on Domain Decomposition Methods for Partial
Differential Equations, D, E. Keyes, T. F. Chan, J, 8. Scroggs, and R- G. Voigt, eds,, 1992.

[60] P. F. FIsCHER AND A. T. PATERA, Parallel spectral element solution of the Stokes pmbsem, J
Compaut. Phy, 92 {1991), pp. 380-421.

| 61 P. F. FISGHER AND E, M. RaNQUIST, Spectral element methods Jor Iarge scale parallel Novier-

Stokes ealculations, in Second Int. Conf, on Spectral and High Order Methods for PDE's, Procced-
ings of ICOSAHOM 92. To appear in Comput Meth. Appl. Mech. Eng., 1593, .

7

R Y R

R



{62] P. F. FISCHER, E M. Rﬁnqms-r, D, DEWEY, AND-A. T, PATERA, Spectml e!ement methods:

- Algorithms dnd architectures, in First International Symposium on Domain Demmposztmn Methods

 for Partial Dlﬂ‘erenha.l Equa.t:ons,R Glovnnslu G T:[ Golub, G. A. Meurant aud J, Périaux, eds.,

1988,

" [63] P. . Fiscuzr, E. M. Rgnquist, Axp A. T. PATERA, Parailel spectral dement methods for '
viscous flow, in Parallel Supercomputing Methods, Algonthms and Apphcatwns, G. Caa:ey, ed.; .

John Wiley and Sons, 1989, pp. 223-237.

[641 M. FORTIN AND R, ABOULAIFH Schuwars’s decampossf.wtt method Jor mcampmsssb!e ﬂow pmb—
fems, in First International Sympozinm on Domain Decomposition Methods for Partial Differential
Equa.tmns, R. Glomnskl G. H Gelub, G. A. Meurant, and J Pén&ux, eds 1988, pp. 333-349.

' _ [65] M Fon:rm, R. ABOULMGH, C. KARI, AND F PI'I‘T, Damam decomyos don ‘metnods for the _

Namar—é‘tokes equations, in Fourth International Sympomum ‘on Domain Dy ,omposition Methods

for Partial Diffevential Equations, R. Glowinski, Y. A. Kuznetsov, :G Meurant L Péna.ux., and :

~ O.B. Wuﬂund eds - 1881, pp. 310—-318.

_ [66] D. FUNAR.O, Domain. dewmposibmn methads for pseudo—spmtml appmmmatwns part 1 second

- order equutions in one dimension, Numer Math., 52 (1988), pp. 329-344,

[67] R. GLOWINSKI G. H. GoLus, G. A. MEU‘R.ANT, AND J. PERIAUK, eds., Firat Intematwna!'

Sympassum 0% Dommn Deaomposstwn M ethods for Partial Dsﬁ'emﬂtml Eguations, SIAM, 1988,

. 68] R. Gmwmnsm, Y. A. KuzNETSOV, G. MEURANT, J. PERIAUT, AND O. B. 'WIDLUND, eds.,

Fourth Intemmoml Sympaswm on Domain Dscompaszhan Methods for Partied Differenitial Equa-
- tions, SIAM, 1991. : . . . _ _

169] G. GOLUR AND C. VAN LOAN, Matm ﬂomputntzam, The Johns Hopkins Umvermty press, 2nd ed.,
1989, : : :

“{70] D. QoTTLER AND R. S. HiRsH, Pmuet pseudo—spech‘dl domain decamposmon techmqnes, 1. Sci.

' Comput 4 (1989), pp. 309-325.

[71] L. BAGEMAN AND D. YOUNG, Applied Tierative Methods, Academic Press, 1981, |
[72) W. HEINRICHS, Sphthng techniques for the pseudospect}nl approzimation of the unsteady. Stokes -

eqtmtzons, SIAM J. Numer. Anal., 30 (1993), Pp- 19—39 S
[73} R. HENTERSON AND G, E, KARNIADAKIS, Hybrid 3pactm£ element melhods for ﬁaws over raugh

wells, in Fifth International Symposium on Domain Decomposition Methods for Partist Differential

Equations, D. E. Keyes, T. F. Chan, I. 8. Scroggs, and R. G. Voigt, eds., 1992.

[74] R. D. HENDERSON AND G. E. KARNIADAKIS, Unstructured specitral element methods. for incom-

pressible Nameﬁs'tokes eiiations, in 8th Int, Conf, on Finite Element Methods in Flmds 1992.

[75] G. E. I(ARNIADAKIS, Spectral element stmulations of loménar and turbuient flows in comples ge-
_ ometries, Appl, Num. Math., 6 (1990), pp. 85-105.

[76] D. B. KevEs AND W. D. GrOPP, 4 comparison of domain decomposition technigues for eHiptic

partial differential eguations and their pamilel smplementman, SIAM .J, Sci. Sta.t Comput., 8

© (1987), pp. 166~202.

[77] K. Z. KOROZAK AND A. T, PATERA, An isoparametric spectml element method for solution of the
Navier-Stokes eqmtwns in complez geometry, 3. Comput, Phy,, 62 (1986}, pp. 361-382.

g




U SR R S - 5. R AT POt

178} P. Le TALLEG, Y. H. DE ROEGK, M VIDRASGU, Damam decomposstsan metha&s for Im:qe. . U
' Imearly elliptic three-dimensional problems, J. Comput. Appl. Math., 34 (1991), pp. 93-117. . SR (S

[79] P. Lr TALLEC AND T, Sassi, Domain rzecompomwn uiih nanmatchmg qnds tach J:eport Uni-
ver&ty of Pans-Dauphme, CEREMADE, 1993. ' :

[80] P. LE TALLEC AND J. Sousa RODRIGUES, Domain dacompos:tson method with: nonmwtckmg ynds -
applied to fluid dynemics, tech report Umverslty of Paris-Dauphine, 1993.

: [81] P. L. LIONS, On the Schwarz. altematmg nethed I, in First Tnternational Sympostum on Domain. B
Decomposition Methods for Partial Differential Equa,tmns B. Glowmskx G. H. Golub, G. A. Meu o A
rant and J. Péna.ux, eds 1988, pp. 1—42 _ : . "'\T_ -

[82] Y. MADAY, G, MAVRIPLIS, AND A, T, PATERA, Nancanfammg mortay element metkods Ap— '
. plication to spectral dzscretszatmm, i Second International Symposium on Domain Decomposition
Methods for Partial Differential Eguations, T. F. Chan, R. Glowinski, J. Pérla.ux, and 0. B, Wid-~
hund, eds., 1989, pp. 392-418. _

[83] Y. MADAY D.’ MEIRON, AT, PATERA., AND E Mf 'RONQUIST, Analysis of iterative methods
Jor the steady and unsteady Stokes problem: Applsmhon ta spectml element dwcretszahom, SIAM
- J:Sd. Comput, 14 (1993), pp. 310-337. - -

[84] Y. Manay ANDR MuNoZz, Spactmi element multsgnd I Theoretsm!ymhﬁcaﬁon,l Sm Gomput
3 (1988), pp. 323-353. . _ :

_ [85} Y. Mapay AND A, T, PATERA, Spectml element methods far the incompressible Namsr—Stakes_
equations, in State-of-the-art Su.rveys on Comput Mech A K, Noor and J, T, Oden, eds.,ASME
- 1989, pp. T1-143. : :

[88] ¥. MADA’Y, A.T. PATERA, AND E. M. RQINQUlsT, An opemtar—mtegmiwn-factar sp!:tbmg method -
for time-dependent problems: Applwatmn to mmmpresseb!e ﬂmd ﬁaw, 3. Bel, Comput., 5 (1990), @
PD. 263-202, ' : : ' R

[87] Y. MADAY AND E. M RONQUIST, Optsmal'ermr mn!ysis of spéctml methods with emphasis on
' non-constunt cogfficients and defoﬂmd geometries, Ga:‘mpu+ Meth. Appl Ma.th Eng., 80 (1990),
'pp. 91115, 3

' [88] . J. MANDEL, [terative solvers by su_bstmctﬁﬁug ,farip-ﬂer&ion fimite element method, Comp. Meth.

Appl. Mech. Eng., 80 (1990), pp. 117-128. o

88 sy Tzua~!evel domain decomposst-z.an preconditioning far the p-version finite element method in
three dimensions, Int. J. Numer. Meth. Eng,, 29 (1990), pp. 1095-1108,

] . //h_ . {90] —-—, Adaptive iterative solvers in finite elements, in Solving La.rge Scale problems in Mecha.mcs,
L w ' M. Papadrakekis, ed., John Wiley and Sons, 1993, : o

[61] ~——-, Balancing domain decomposition, Communications in Numerical Metimds in Exlgineering, 9
(1993), pD. 233-241.
[92] ——, Hybrid domaoin demmpamhan with unstrectured subdamums, in SBixth Intema.tmna.l Sym-

posium on Domair Decomposition Methods for Partial Differential Equations, Y. A Kuznetsov,
J. Périaux, A, Quarteroni, and O. B. de.lund eds., AMS, 1993, to appear. '

_ j ' ' [93] J. MANDEL AND M. BREZINA; Balancing domam decomposition: Theary and. perfonnmce m bwo
: ' and three dzmanssom tech. report Computational Mathematics Group. University of Golora.du at.
. Denver, N.Ea.tch 1993.

[

B



CETT

e e

: [94} L. MANSFIELD, Solution of the Siokes pmbfem on. disMbutMMom multspmceésors, in Fifth

" International Symposmm on Domain Decomtposition Methods for Partial Dnﬂ'erenual Equadnons,
" D.E. Keyes, T. ¥, Chan, J. §. ‘Seroggs, and R. G. Voigt, eds,, 1992.

[o5] T. P MATHEW, Schwaers alternating end steraive refinement methods far mm:ed fonmdahans of

elliptic problems, pari II: Convergente theory, Tech. Report 92- 05 Depa:tment of Mathematws,_ g

* University of Gallforma, Los Angeles, Jamlary 1992.

{o6] -, Schwarz aitematmg end iterative refinement methods for mwed formulmtiom of elliptic prob-

lams, part It Algorithms and nwmerical results, Tech, Report 92-04, Depa:tment of Mathematics.

Umversity of Ca].ifo:ma, Los Angeles, Janua:ry 1992

for] C. MAVRLPLIS, Aduptive 'miesh strategies for the spevi: ,j element method, 'I‘ech Report 9?.-36,' :

ICASE, Langley Research Genter, 1992.

'{9&‘ G. MEURANT, Incomplete domam decomposstwn precondmonem fo-r nansymmetrzc prablems,
. _.¢:.und International Symposium on Domain Decomposition Methods for Eartial Differential Equa-
tmns, T. F Ghan,R, Glowmsh, J, Pérmux, and O. B, Widluxd, eds., 1989, pp. 219-225.

fo9] Y. MORGHDISNE, Inhomagmeaus flow calculatwm by spectml methods mono—dmnam and mults-

‘domain techmques, in Spectral methods for Partial Differential Equations, SIAM, 1984, pp. 181-208,

[100] S. A. ORSZAG, Spectral methods for pmb!eﬂw n camp!ea: geometries, J. Comput Phy., 37 (1980),

. pp 70-92.

ol 1B, PASGIAK, Twa domain decompasitson techntques for Stokes pr‘ablems, in Second Intema.tnonal

. Symposivm on Dongin Decompostition Methods for Partial Differential Equations, T. F Cha.n,
R.. Glowinski, J. Péna.ux, and Q. B. Widlund, eds., 1989, pp. 419—430

[202) AT PATERA, A speciral element method for flusd dynamics: Lammar ﬁaw in @ chaﬂmf ea:pamsoﬂ.,'

J Comput. Phy., 54 (1984), pp. 468488, .

, Fasi dwect Poisson solvers Jor high-order finite eIement dzscretﬂzmons in rectmgularly de-
compasabk domatns, L Comput Phy., 65 {1986), pp. 474~480.

[104] L. ¥. PAVARINO, An additive Schwarz method for the p-version finite element method Tech, Report
580, Courant Institute of Mathematical Sciences, New York University., September 1001,

[103] -

'{_1&5] ——, Domiain Decomposition Algorithms for the pversion Finite Element Method for Elliptic
Problems, PhD thesis, Courant Institute of Mathemagical Sciences. New York University., 1992. =

[106] L. ¥. PAvARINO AND O. B. WIDLUND, Flergtive subsiructuring methods for spectral elenients
" in three dimensions, Tech, Report 648, Courant Instltute of Mathematical Sciences. New York
Univeraity., Octobet 1993,

[107] A. QUARTERONI, Domain decomposition and pamﬂel pmcesszng for the numerical solution of partial '

dsﬁ'ereﬂtml equatians, Surv. Math, Ind, 1 (1991), pp. 75-118.

[108] A. QUARTERONI, F. PASQUARBLLI, AND A, VALLL, Heterogencous domain decompasmon. Princi-

- ples, algorithms, applications, in Fifth International Symposivm on Domain Decomposition Meth-

ods for Partial Differential Equations, D. E. Keyes, T. F. Chan, J. S Scroggs, and R. G. Volg"t,
eds., 1092.

{109] A. QUARTEROSI AND G, SACCHI-LANDRIANIL, Domain decomposshon precandmoners for the spec-
tral collocation methed, 3. Sm. Gomp -] (1988), Pp. 45-76. : o

80




. _/"‘-«.\ g

pzg)

lems, Tech, Repart 730, LAN-CN.R, ‘[989.

111} E M, RQNQUIS‘I‘, A domain decomposmon mef.hod Jor elliptic boundary value problems; Applscm

ton to unsteady mcompresaable fiuid flow, in Fifth International Symposium on Domain Decom-
position Methods for Partial Dt&'erenhal Equa.tmns D. B. Keyes, T. F. Chan, I. 8. Scmggs, and
R. G. Voigt, eds., 1992.

[112] ———y An eHzptw solver based on conjugate gmdsents domam decomposition dnd éeﬂatzon, tech. '
report, Nektomcs Inc, 875 Main Street, Cambridge, MA 02139, USA, 1993,

{113] E. M. Renquist AND A. T. PATERA, Spectral element muliigrid 1. Famzdahaﬂ tmd numsﬂmf

results, J. Sci. Compnt 2 (1987), pp. 389-406.

[114] U RUDE, Mothemotical and Gomputatwm! Techniquﬂs fov“ Mtdﬁlew! Adaptwe Methods, Frontiers -

in Applied Mathematics 13, SIAM, 1993. .

[118] Y. Saap anp M. H. ScrHULTZ, GMRES! A genemlmed mm:ma! residual algonthm for 3otmng

nonsymmetric linesr systems, SIAM J. Sci, Stat. Comput., 7 (1986), pp. 856-869.

[116] M. SARKIS, Two-level Schwarz meﬂ;ads for nonconforming finite elements and d:scoutmum €0~

efficients, Tech. Report 629, Courant Institute of Mathematical Sciences, New Yorl University.,
1993. '

. [117] M. R. SCH'UMAGH, W, W. SGHUL’I‘Z, AND J. P, BUYD, Spectral method sol‘utwn of the Stokea

equations on nonstaggered grids, J. Comput. Phy., 94 (1991), pp. 30-88.

Etamciay, PhD thesis, Courant Institute of Mathe:'na,ﬁcal Sciences. New York University., 1990.

[119] —, 4 domain decomposztwn algorithm for elliptic pmb!ems in three dsmensmns, Numer. Math

60 (1991), Dp. 219-234.

[220]  An iterative subsmmmng algorithm for problems in thres dsmenswns, in Fxfth Internatmnal
Symposmm on Domain Decomposition Methods for Partial Differential Equahons, D. E. Keyes,

T, ¥, Chan, J. 8. Scroggs, and R, G. Voigt, eds.; 1992.

[121]

elaatsczty problems, STAM J. Sci. Stat. Comput., 13 (1992), pp. 364-378.

. A parallel smplemertu.tsan of an stemtwe substracturing algontfsm for pmblems in three
dzmenssons, SIAM 7. Sci. Comput 14 (1993), pp. 406-423, -

[123] B. F. SMITH AND O. B, WiDLUND, 4 domain decomposition algonthm using a hsemmhwal basis,
SIAM J. Sci. Stat. Comput, 11 (1990), pp. 1212-1220,

124] A. WATHEN AND D. SILVESTER, Fust iterative solution of stabilised Stokes systems part 1: Usmg

simple diagonal preconditioners, SIAM J, Numer. Anal., 30 (1993), pp. 630-649,

[125] O. B. WiSLUND, Herative substructuring methods: Algorithms and theory for elliptic problems
in the plane, in First International Symposium on Domain Decomposition Methods for Partial
Differential Equations, R. Glowinski, G. H. Golub, G A. Meurant, and J. Périaux, eds., 1988,
pp. 113-128,

{126] — Optimal iterative refinement methods, in Second Internat.ionﬂ Symposiwum on Domain De-

composition Methods for Partial leEerennal Equa.tmns, T. ¥. Chan, R. Glovnnskx, J. Périanx, and

Q. B, Wldlund, eds., 1989, pp. 114-128,

81

,-An optimal domain decamposttsan preconditioner for the finite e!ement solutsaﬂ. of linear -

. [110] A, Qummom AND E.  ZAMPIERI, A multilevel domain decompmman meﬂwd for elliphc pmb— L

'[1151 B. F. SmiTH, Domain Decomposihon 'Mg@ﬂﬂzm for the Partial Differential Equaﬁo_né af Linear

R it S B

3

[+




o

1127] ——, Some Schwarz methods for symmetric and n&nsmma_tﬂc' elliptic p-mbl'em,'m Fifth Tnter- -
: national Symposium on Domain Decomposition Methods for Partial Differential Equations, D E. .

Keyee,T F,. Chan, J. S ‘%croggs, and R. G. Voigt, eis 1992,

f12g] J. XU, TDterative meh‘mds by space decomposstwn cmd subspace corr*ectwn, SIAM Review, 34 (1992).' :

pp- 581-683.

f129] P. ZANOLLI, .Doma'm decomposztaon algorithms for apecﬁul methads, Tech Report 491 Department

- of Ma.thema.tlcs, Univermty of Cattolica di Brescia, 1985.

{130] X. Zuang, Domain decomposition elgorithms for the Biharmonic Dirichlet pmb!&m, in ijth Inter-

national Symposium on Domain Decomposition Methods for Partial Differential Equa.tmns, D. E
Keyes, T. F. Chan, 1. 8. Scroggs, and R. G. Voigt, eds., 1992,

{181 ——, Multilevel Schwars methgds, Num. Math., 63-_(1992)_, Pp- 521-539.

AR




-0 B .@.
Y
. m .
3




Author: Pahl Shannon S.
Name of thesis: Schwarz type domain decomposition methods for spectral element discretizations.

PUBLISHER:
Unlversity of the Witwatersrand, Johannesburg
©2015

LEGALNOTICES:

Copyright Notice: All materials on the University of the Witwatersrand, Johannesburg Library website
are protected by South African copyright law and may not be distributed, transmitted, displayed or otherwise published
in any format, without the prior written permission of the copyright owner.

Disclaimer and Terms of Use: Provided that you maintain all copyright and other notices contained therein, you
may download material (ocne machine readable copy and one print copy per page)for your personal and/or
educational non-commercial use only.

The University of the Witwatersrand, Johannesburg, is not responsible for any errors or omissions and excludes any
and all liability for any errors in or cmissions from the information on the Library website.



