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Abstract

Most cf the theory for domain decomposition methods of Schwarz tyne has been set in the
framework of the h ~',ndp~version finite element method. In this study, Schwarz methods are
formulated for both the conforming and nonconforming spectral element discretizations applied
to linear scalar self adjoint second order elliptic problems in two dimensions.

An overlapping additive Schwarz method for the conforming spectral element discretization is
formulated. However, unlike p~nnite element discretizations, a minimum overlap strategy com-
mon to h-J11niteelement discret)zations can be accommodated. Computational results indicate

if

that the convergence rate of the overlapping Schwarzmethod is similar for the corresponding
method defined for the h-finite element discretization. It is also shown that the minimum over-
lap additive Schwarzmethod results in significantly fewer floating point operations than finite
element preconditioning for the spectral element method.

Iterative substructuring and Neumann-Neumann methods carealso formulated for the conforming
spectral element discretization. These methods demonstrate greater robustness when increasing
the degree p of the elements than the minimum overlap additive Schwarz method. Computa-
tionally, convergencerates are also similar for the corresponding methods defined for the h-finite
element discretization. In addition, an efficient interface preconditioner for iterative substruc-
turing methods is employed which does not degrade the performance of the method for tY..e
problems considered.

The extension of Schwarz methods to the nonconforming spectral element discretization is not
as straightforward as for the conforming discretization. A number of strategies to overcome
these difficulties are investigated.
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Chapter 1

General Introduction

1.1 A brief taxonomy of domain decomposition methods

The recent advent of commercial parallel computers has given impetus to the design and testing
of algorithms for parallel computing. Although an initial approach is to revise well established
algorithms to suit these architectures, the transition from. serial to parallel computing also
induces new methodologies which produce algorithms that are inherently parallel.

Domain decomposition (DD) methods for the solution of partial (~ifferential equations (PDE's) is
the evolution of a new methodology of inherently parallel algorithms. A DD method is founded
upon the concept of reformulating a given problem assuming that the computational domain is
decomposed into a collection of smaller sub domains. There is a large variety of methods which
employ this general philosophy as reflected in the literature and a brief account of the major
developments are outlined in this section. In addition to the development of parallel algorithms,
DD concepts are also useful in the following sense.

• The original complex domain may be decomposable into subdom.ains of more regular
shape, thus extending the class of problems solvable by fast solvers and other regular
domain discretizations.

u Domain decomposition provides a means to reduce the sequential computational complex-
ity of a problem. In general, the complexity of a problem grows more than linearly with
its size. The partitioned problem can yield a computationally faster solution provided
the solutions to the subproblems can be efficiently combined to form the solution of the
original problem.

• Often in large scale problems, the resolution of local phenomena determines the need for
local grid refinement. A finer mesh in sub-regions of the domain may be needed where the
solution contains large gradients. A partitioned domain provides a natural and efficient
means of implementing local grid refinement strategies.

• Domain decomposition can easily accommodate different solution techniques in sub-regions
of the computational domain. This facility to capture the behaviour of the physical solution
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Figure 1.1: A partial taxonomy of domain decomposition methods.

in different sub-regions can be extended to combined different types of PDE's in each sub-
region .

..:issentially, the basic concept of DD can be applied before and/or after the discretization of
the PDE. A partial classification of DD methods is given in figure 1.1. The field of DD is
rapidly evolving with seven international conferences having being held in the past seven years
[67, 32, 33, 68, 34]. As such, a strict classification may not always be appropriate owing to the
generalization and unification of the theory. A brief discussion of the classification depicted in
figure 1.1 is given below.

o

o

Continuous forms of DD have been primarily motivated by the need to extend regular domain
discretizations, such as spectral methods, to more general geometries, and the need to couple
different types of PDE's into one model. Continuous forms of DD employing an overlapping de-
composition of the domain are more commonly known as Schwarz methods. A simple geometric
decomposition is depicted in figure 1.2 (a). The solution of the PDE on 01 is computed using
zero Dirichlet boundary data along edge rIo The value of this solution along r2 is then used as

2
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Figure 1.1: An example of an overlapping and non-overlapping decomposition.

boundary data for the problem restricted to ~·h.The process is repeated until a user specified
convergence criteria is reached. Developments in the field of Schwarz methods for pseudo-spectral
approximations have been investigated in [29, 129, 99], however, Schwarz methods have gained
more popularity in discrete DD methods.

I,

f;,

A strong or patching form of DD relies on the availability of explicit transmission conditions
between subdomains. For instance, the differential problem

Lu::::f in Q,

with suitable boundary conditions, is to be solved on the nonoverlappr ',decomposition in figure
1.2(b). In general, the above problem is split according to

where U1 and U2 are the restriction of u to fh and n:a respectively, Suitable transmission condi-
tions across r are needed to ensure that the solution of the decomposed problem is equivalent to
the solution of the original problem. These transmission conditions can be generically expressed
as

"[I(U1) = "[I(U2) on I"
~(U1) = ~(U2) On I'"

where I" ~rand r" ~ I', For second order elliptic problems, I"= 1''' ::::F' 'md the fui.ctions "[I

and ~ express continuity of the solution and flux respectively.
o

o

The above decomposed problem generally requires further investigation of numerical solution
strategies and this is where discrete forms of DD Can be of assistance. The advantages of
continuous forms of DD are the wide variety of PDE's and discretizations to which the method
can be applied. Further, this approach is particularly useful for heterogenous DD - the coupling
of different PDE types in different subregions of the computational domain. Further details can
be found in [107,.108, 31, 66, 109, 70]. A multilevel scheme has also been investigated in [110J.

3
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Variational DD methods have been investigated in 1102, 100, 13, 79, 80, 59]. These methods differ
from the strong form of DD mainly in the degree of continuity required at the subdomain inter-
faces and the manner in which the continuity is imposed. An explicit expression imposing the
transmission conditions between sub domains is replaced by a more implicit variational scheme.
Nonconforming methods are generalizations of earlier conforming methods. Nonconforming
methods permit approximarion properties within sub domains to be chosen more independently
than in conforming methods. One approach to variational DD [79] consists of formulating a con-
strained variational principle where the constraints represent some form of coupling (conforming
or nonconforming) between the subdomain solutions. Numerically, these constraints are realised
through Lagrange multipliers. An alternate approach is to construct an explicit approximation
space which satisfies certain projections for the coupling of solutions [82, 1, 13J. Two types
of nonconformity have been considered, namely a functional and a geometric nonconforming
notion [121. The latter approach results from a nonconforming geometric decomposition and
encompasses the functional nonconforming case which results from approximations which are
not necessarily continuous across the sub domain boundaries. Further details of tills type of DD
can be found in [13, 9, 97, 74, 10, 11, 14].

Discrete forms of DD have received more aLtention than continuous forms and primarily for
finite element discretizations. The main focus of tills interest has been the need to solve large
scale finite element problems on parallel computers.

Algebraic DD methods derive solution techniques for a system of linear algebraic equations based
only on the algebraic properties of the matrix and the assumption of an association of unknowns
with various regions in the domain. These methods are more generally applicable than those
DD methods derived from ;:J, knowledge about the PDE (PDE based methods), at the expense
of robustness. Further examples of algebraic DD methods can be found ~\l [98].

The availability of parallel computers with a large number of processors provides the incentive
to use DD methods where at least on€:;subdomain is mapped onto each processor. A large
number of subdomains necessarily implies that many subdomains do not have access to the
physical boundary data. This can result in a reduction of the convergence rate of an iterative
DD method when increasing the number of sub domains. Multilevel DD methods are essential in
this respect and are capable 0fmaintaining a convergence rate that is independent of the number
of subdomains, ':'he core of PDE based DD methods share this multilevel criteria. Two n
classes of PDF. based methods are those methods based on either an additive or on a multiplicative
update of the subdomain problems. Additive methods permit each subdomain problem to
be updated simultaneously while multiplicative methods involve a number of sequential steps.
Either class of method can be defined for subdomai IS related to an oVf;rlapping or a non-
overlapping decomposition of the computational domain. A large number of PDE based DD
methods are realised as preconditioners for the iterative solution of the system of equations
that arise from the discretization of the PDE. The preconditioners are derived from an exact or
approximate solution of the PDE restricted to certain regions of the domain. These regions are
defined by a geometrical decomposition of the computational domain.

o
. i
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The distinguishing feature of most methods in either class is the manner in which the mulci-
level criteria is incorporated. In addition, the multilevel feature within an algorithm for two
dimensional problems may not necessarily scale efficiently to three dimensions and further con-
siderations have been developed to overcome this problem.

Considerable unity has been achieved for PDE based DD methods. A general theory described
by Dryja and Widlund [55., 57], Cai [24] and Xu {128] has begun to emerge and encompasses
a wider variety of numerical methods than solely DD methods, such as multigrid, hierarchical
basis methods and multilevel preconditioners.

1.2 Presentation of the research report

The spectral element method is an instance of a variational DD method and has been successful
in extending the class of problems solvar ~~by pseudo-spectral methods. The conforming spec-
tral element method of Patera [1021was initi.ally developed with geometric restrictions similar
to the geometric conforming finite element method. Further generality was achieved by the non-
confor'ming spectral element method where both geometric and functional nonconformity could
be al.!commodated. However, the success of a discretization method depends in part on the
availability of efficient solution techniques for the resulting system of equations. Direct methods
were initially the prominent solution technique for spectral element methods. Advances in the
understanding of the numerical properties of the conforming spectral element method has led
to the introduction of efficient preconditioned iterative solution techniques. However, a solution
technique based on discrete DD within the Schwarz framework has not been investigated. This
study will investigate the USb of Schwarz methods for the spectral element discretizations.

III chapter 2, an overview of the the\)r..... ' !,ind numerical properties of the conforming and non-

conforming spectral element metho-. : h~;h!:. The performancerf two preconditioned iterative
solution techniques for the spectra. L_:.U1re.nt method is inVefJt~ga.(~dwhich forms a basis for the
Schwarz methods presented in chapter 3.

Most of the theory for Schwarz methods has been developed in the framework of the hand
p-finite element method. In chapter 3, Schwarz methods for the conforming spectral element
discretization are formulated.

o Documented in chapter 4 are the results of experiments conducted with the Schwarz methods
of chapter 3.

The possible application of Schwarz methods to the nonconforming spectral element discretiza-
tion is briefly discussed in chapter 5.

o
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The distinguishing feature of most methods in e~ther class is the manner in which the multi-
level criteria is incorporated. In addition, the multilevel feature within an algorithm for two
dimensional problems may not necessarily seale efficiently to three dimensions and further con..
siderations have been developed to overcome this problem.

Considerable unity has been achieved for PDE based DD methods. A general theory described
by Dryja and Widlund [55, 57}, Cai [24] and XU [128J has begun to emerge and encompasses
a wider variety of numerical methods than solely DD methods, such as multigrid, hierarchical
basis methods and multilevel preconditioners,

1.2 Presentation of the research report

The spectral element method is an instance of a variational DD method and has been successful
in extending the class of problems solvable hy pseudo-spectral methods. Ti ' conforming spec-
tral element method of Patera [1021was initially developed with geometric restrictions. similar
to the geometric conforming finite element method. Further generality was. achieved by the non-
conforming spectral element method where both geometric and functional floncr~formity could
be accommodated. However, the success of a discretization method depends in part on the
availability or efficient solution techniques for the resulting system of equations. Direct methods
were initially the prominent solution technique for spectral element methods. Advances in the
understanding of the numerical properties of the conforming spectral element method has led
to the introduction of efficient preconditioned iterative solution techniques. However, a solution
technique based on discrete DD within the Schwarz framework has not been investigated. This
study will investigate the use of Schwarz methods for the spectral element discretizations.

In chapter 2, an overview of the theoretical and numerical properties of the conforming and non-
conforming spectral elemen t method is given. The performance of two preconditioned iterative
solution techniques for the spectral element method is investigated which forms a basis for the
Schwarz methods presented in chapter 3.

Most of the theory for Schwarz methods has been developed in the framework of the hand
p.finite element method. In chapter 3, Schwarz methods for the conforming spectral element
discretization are formulated.

Documented in chapter 4 are the results of experiments conducted with the Schwarz methods
of chap tel.' 3.

The possible application of Schwarz methods to the nonconforming spectral element discretiza-
tion is briefly discussed in chapter F.
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Chapter 2

Spectral Element Methods

2.1.1 Formulation

2.1 Elliptic equations: the conformingcase

Let n C JRd, d = 2 or 3, be an open bounded domain with boundary an. A general elliptic
boundary value problem with homogeneous Dirichlet boundary values is defined by

Lu=.;
u=o

in
on a~ } (2.1)

where the operator L has the form

All the coefficients are assumed to be sufficiently smooth functions On n. The matrix of coeffi-
cients is assumed to be rymmetric and uniformly positive definite for all x En, and f E L2(fl).
As usual, L2(n) = {'u. measurable over n : f'u2 dn < oo]. This study will concentrate on the
above problem for d = 2, bi '= (J = 0 with a sufficiently smooth boundary and! or convex polyg-
onal domain. Most of the work presented can be applied to the more general problem in (2.1)
with mixed Neumann and Dirichlet boundary values.

The weak formulation of the problem to be considered is: Find u E HJ(n) such that

a(u, v) = I(v) for all v E hfJ(n) , (2.2)
o

where

a(u, 'u)

I(v)
o

Here HJ(n) is the Sobelov space wJ,2(n) defined by those functions which together with their
weak derivatives are contained in L2(n) and satisfy the boundary conditions in (2.1). It is

6



well known that since f(·) is continuous and a(·,·) is both continuous and HJ elliptic, the
Lax-Milgram theorem ensures that a unique solution of (2.2) is guaranteed to exist, see Ciarlet
[42].

The discrete equivalent of (2.2) is obtained by formulating the problem on a finite dimensional
subspace of HJ(n). We construct the finite dimensional subspace by first decomposing the
domain as follows.

Let TI = Uf:.lni be a partitioning ofn into N curvilinear polygonal open subdomains of diameter
OCH) such that ni n nj = 0 whenever i i= j. Further, we assume that a sub domain boundary
(8nk) comprises four vertices and edges/interfaces such that ni and nj have either an entire
interface or single vertex common to both subdomains whenever ni n nj i= 0. Ths restriction
ensures a geometrically conforming decomposition of the domain.

Let fi = (~1, 1) x (--1,1) be the reference subdomain, The space of polynomial functions of
degree p in each variable (~, 1]) on fi will be denoted by~. Suppose Tk(c, 7]) is defined to be the
affine and/or isoparametric mapping from n onto nk, then the pth order approximation space
On nk is

lIf"k = {7)(Tk"l(x,y)), U E lPp}.

The space of piecewise polynomial functions on n is then defined by

Clearly, ~,h is not a subspace of HJ(n) and therefore additional constraints need to be imposed
along the sub domain boundaries. Specific details for constructing such constraints are in general
dependenc on the basis chosen for lPp and will be discussed shortly. Generically, we ensure
functional conformity by setting

V;',h = ~,h nHJ(m.
The discrete problem corresponding to (2.2) can be written as: Find u E ~,h such that

(2.3)

a(u,7)) == f(v) for all '0 E Vp,h . (2.4)

Since ~,h c HJ(n), the existence and uniqueness of the discrete solution of (2.4) can be inferred
from the Lax-Milgram theorem.

o Suppose the exact solution u* is such that u* E Hm(n) for m > 1 and f is an analytic function
on n. An error estimate for the solution of (2.4) is shown in [6] to be given by

(2.5)

o
where .£ = min(m -l,p) and C is a constant independent of h, p and u*, Similar results hold
when u* is only regular within ni [6, 85]. A wide class of problems in fluid and structural
mechanics have smooth or piecewise analytic solutions, Therefore, an approximation of the type
in (2.4) can converge exponentially to the exact solution u",

I
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We now discuss the construction of a basis for~. The approximation properties of "VP,h are
independent of the algebraic form of the basis. The form of the basis can however affect com-
putational considerations such as the condition of the discrete equations, the stability and con-
vergence of the solution process and the ability to efficiently accommodate adaptive meshing
strategies. Variants of the p-version of the finite element method (PFEM) and the spectral ele-
ment method (SEM) emerge from the choice of a basis for ~, the manner in which the constraint
in (2.3) is imposed and the choice of quadrature schemes for (2.4). 'I'hese aspects for the PFEM
have been previously addressed in [5, 7,46, 501.

A basis for ~ can be derived from the basis functions typically used in pseudo-spectral methods.
The set of basis functions are described in Canuto et aL [301 as a tensor product of the one
dimensional basis set. Let 1" == [-l,lJ and ejl j == 0, ... ,p be the Gauss-Lobatto-Legendre
quadrature points of I. An order p polynomial basis set on I, 'l/J == {hi }f:::;o such that hi (e j) == Oij,

is defined by
-(1- c2)L' (s)h·(!':·) _. p

2 - pep + l)Lptej)(e ~ ej) ,

where Lp(e) represents the pth order Legendre polynomial on I. A basis for ~ is simply expressed
as a tensor product of the functions in the Bet 'l/J. Bases of different order in each variable can
also be accommodated, see Canute et al. [30J for more details. The degrees of freedom defining
V E JPp, are of Lagrange/ll.odal type defined at the collocation points. That is, V E ~ can be
expressed as

p

V == 2: Wijhi(e)hj('I])
i,j:::;O

for t:,1] E I (2.6.a)

or
(p+l).2

V == 2: 3!.t<P. £(e, 1])
£=1

where <P.£\e,1])== hi(e)hj('I]) for some i and j . (: 6.b)

In order to enforce the constraint in (2.3), if 'Y:::::: ani n anj such that 'Y # 0 and Vi E JPp,i n V~,h
and Vj E lPp,j n ~,h ! we require vil'Y == Vjh. This is easily accomplished as in the finite element
method through direct stiffness summation of the degrees of freedom defining Vi and Vj on "y.

Finally, we make use of the tensor-product Gauss-Lob-ate-Legendre quadrature formulae to nu-
merically evaluate the integrals in (2.4). The above choice of basis functions leads to significantly
reduced complexity counts for this operation. For u, V E lPp, the numerical approximation of the
integrals in f{-) and a(·,·) on [-1,1] x [-1, I} is

p

f(v) 8:l L PmPnV(em,?/n)f(em,'l]n),
m,n:::;O

o
p

a(u,v) 8:l 2: PmPn"VU(em,'YJll,)' 'Vv(em,1]n),
m,n:::;O

where Pn, Pm and ei, 'l]j are the one dimensional Gauss-Lobatto-Legendre weights and points
resp ectively,

8



o

o

/1

I)

Maday and Patera [85]showthat, given the above basis and quadrature scheme, the convergence
of the approximate solution u E Vp,h of (2.4) to the exact solution u* E H{f(n) is given by

when Tk(c,7J) are affine, aij = 8ij and f is an analytic function on n. Here C is a constant
independent of p. This bound includes the effect of numerical integration and compares to
the bound in (2.5). Experimental results in [85]indicate that similar convergence behaviour is
attainable for more general problems. Computational aspects of the SEM will be discussed in
the following two sections.

2.1. 2 Numerical properties

Storage and Computational costs

Computational and storage costs associated with subdomain stiffness matrices increase at a
faster rate for higher order methods than for lower order finice element methods with the same
number of unknowns. Consequently, these operations necessitate efficient implementation in
order to maintain the possible advantages of using high order basis functions.

The system of equations Af!ki = t: results from (2.4) restricted to lPp,i after having applied the
quadrature rules and inserting the basis functions for lPp,i' 'I'he system of linear equations corre-
sponding to (2.4) is then obtained through direct stiffness summation of the local contributions.
Algebraically, this can be written as follows. Let A :::diag(Al, ... IAN) and L :::(L1,... ,f_N?'
Using MATLAB notation, let 'lk.(ir) be the subvector of'lk.corresponding to 'lk.iand let R be the
permutation matrix defined by R(ir, :)'lk. = 1ki' The system of equations corresponding to (2.4)
can be written as

T-- T'-
R AR1k=R f_. (2.7)

Direct solution methods for (2.7) have been investigated previously in [102, 103, 49]. However,
for large two and three dimensional problems, iterative methods can provide a computationally
cheaper alternative. Iterative methods typically only require matrix vector products with the
discretization matrix and therefore an explicit form of RT AR or even Ai is not required. The
process of forming matrix vector products with RT AR reduces to evaluating matrix vector
products with Ai. This operation is described below.

The nature of the basis for ~,i results in each local stiffnessmatrix Ai, requiring O(p+l)4 storage
locations. A matrix vector product with Ai therefore requires the same order of multiplications.
These operation and storage counts far exceed those of loworder finite element methods for the
same number of unknowns. Fortunately, the tensor product nature of the basis can be exploited
~oreduce the operation and storage requirements.

Let K be the local stiffness matrix on the reference subdomain and :!L the vector corresponding

9
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(K:Q.)e = a(v, {Pi) , (2.8)

to the degrees of freedom of v E~. In order to compute Ky_, a(v,·) in (2.4) must be evaluated
for each of the (p + 1)2 basis functions. That is, using (2.6.b)

Maday and Pater [85] give an O(p3) algorithm to compute the entries of Ky_ in a componentwise
manner (sum factorization). However, we develop an algorithm which involves dense matrix
kernels. For exposition purposes only, we assume that the coefficients aij in a(·,·) are given by
a function of the form g(x, y)8ij.

Let Wand K10 be square matrices resulting from 8. re-shaping of the vectors y_ and Ky_ cor-
responding to the equivalence of (2.6.a) and (2.6.b). Since q},e = hi(e)hj(TJ) for some ijj E

{O, ... ,p J2, (2.8) can be equivalently written as

ttc ).. _( ( )8v8(hi(e)hj(TJ)). ( )8v8(hi(e)hj(TJ))dfl
.L1.w ~J - 9 e,71 8 8· + 9 e, TJ 8 t.:I •" e e TJ UTJ

q~h~.effecta of the map T;;l are simply reflected in the coefficient g(e,1/) in (2.9).

",..r the case when gee, TJ) is a constant. Let A = diag(po, ... ,pp) and Dij = ~(ei)'
'i that the collocation and quadrature points coincide, a little algebra transforms

(2.9)

x; =gAWDTAD+gDTADWA
= gAWH + gHWA .

(2.10)

Evaluating (2.10}1nvQlves 4(p+ 1)3+ 5(p+ 1)2+V(p) multiplications. However, it is possible to
compute and store H oaee, which reduces the operation count to 2(p + 1}3+ 3(p + 1)2 + O(p).
Further, the storage requirement for J{ is easily seen to be O(p2).

When gee, TJ) is non-constant, Kw rs computed in a slightly different manner. Let 9ij = g(ei, TJj)
and Ai = diag(POgiO,... ,p,gip)' Using similar arguments, (2.9) is equivalent to

Kw(i,:) = pe-: Wei, :)DT Ai-lD , i= 1, ... ,p + 1
Kw(:,j) = pj_lDT Ai-IDW(:,j) + Kw(:,,i) , j = 1,... ,p + 1.

The operation count for (2.11) is 4(p+ 1)3+6(p+ 1)2 and the storage requirement for K remains
O(p2).

(2.11)

o

The above implicit scheme requires ill general O(p2) storage locations for Ai and O(p3) opera-
tions for a matrix vector r -oduct with Ai. The local stiffness matrices can be formed explicitly
ill O(p3) operations although the cost of storage and matrix vector products increase to O(P4).
The computational advantage of the tensor product basis becomes even more SUbstantial in three
dimensions. In [85], a componentwise scheme is used to reduce the complexity of the operation
and storage counts from O(p6) to O(P4) and O(p3) respectively.

10



p 4 5 6 7 8 9 10 11 12 113 14 15
~(A) 58.2 87.9 124.3 167.7 218.9 2'.18.8 349.1 432.1 530.3 645.4 7'78.9 931.8

Table 2.1: Coedition number of the discretization matrix for Drc == 1 and varying p

Da; 1 2 3 4 5 6 7 8
J\,(A) 58.2 139.9 276.0 461.9 696.3 979.1 1310.1 1689.5

Table 2.2: Condition number of the discretization matrix for p = 4 and varying Drc

Condition number estimates

An understanding of the growth in the condition number of the discretization matrix is an
important aspect for both direct and iterative solution techniques. Numerical experiments to
determine the q 'lion number of the discretization matrix were conducted for the following
model problem, .

~D..u = f
u =0

in n
on an ,

where n= [0,1] x [0,1] and.f is chosen such that u == xy(l - x)(l - y). Here n is partitioned
into Di!; x Drc uniform subdomains.

The condition number of the discretization matrix, RT AR in (2.7), before imposing the boundary
condition u == 0 is reported in tables 2.1 and 2.2. Similar experiments have been documented
in [5, 105] for the PFEM. Numerical data fitting for the model /'i,(RT AR) DC D~p(J reveals that
O! == 2 and (3 == 2 for p ~ 10, while (3 8:! 2.5 for 10 ~ p ~ 15.

Sparsity structure

The sparsity structure of the local stiffness matrix J{ is displayed in figure 2.1. The sparsity
pattern is identical to that of the pseudo-spectral discretization matrix of the model problem.
The bandwidth of this matrix is shown in [48] to be (p2 - p). The percentage of non-zero entries
constituting K is given in table 2.3. Unfortunately, even for various types of matrix re-ordering
[5~], the associated LU factors are dense. By comparison, a finite element method (FEM) using
linear triangular elements was used to generate a discretization matrix of the model problem
on n using the same number of unknowns as the SEM on n. The O(p + 1) bandwidth of this
matrix is clearly illustrated in figure 2.2

o

'0
t
~
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p Non zeros (% )
4 36.0

6 26.5
8 20.9

10 17.4
12 ltt8

Table 2.3: Percentage of nonzero entries for a local stiffness matrix
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OZ'lOl13n
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40 •••• ':":. ••••: -. :':::':"""~"",,;:;,;;:: ' .
80 •••••••• :, ••)".
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nz~369

Figure 2.2: Sparsity structure of the finite ele'"
ment discretization matrix with the same num-
ber of unknowns and ordering as in figure 2.1.

....
".80 "

Figure 2.1: Sparsity structure of a local SEM
matrix for p = 8 and using lexicographic order-
ing of the unknowns.

Convergence tests

In order to appreciate the possible gains when using a high order method for a suitable prob-
lem, the model problem is solved using three discretizations: the SEM, PFEM and a FEM
using bilinear rectangular elements. The Loo error between the exact and computed solution
at the collocation points of the SEM is displayed it,,: table 2.4. The advantage of using a high
order method over a lower order method for problems which have smooth or piecewise analytic
solutions is dearly apparent.

o
2.1.3 Solution techniques

The system of equations in (2.7) can be equivalently written as

o A1k = j_. (2.11)

In this section, we investigate the use of preconditioned iterative solution techniques for (2.11).
More advanced iterative techniques are presented in chapter 3 arid will be applied to the spec-
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Number of LOO error
unknowns SEM (Dw = 1) PFEM (Dw = 1) I FEM(biline71.r)

9 1.7 (-3) 6.3 (-4) 5.5 (..2)

16 2.0 (-4) 7.1 (-5)

21l 8.9 (-5) 2.2 (-5)

36 6.7 (-6) 9.9 (~7)

49 1.1 (-6) 3.1 (-7)

64 9.6 (-8) 1.5 (-8)

81 6.7 (-9) 2.1 (~9) 9.0 (-t)

100 6.7 (-10) 1.1 (-10)

121 2.2 (-11) 8.8 (-12)

144 2.7 (-12) 5.0 (-13)

169 5.6 (-14) 2.6 (-14)

196 1.4 (-14) 2.9 (-15) 4.1 (-3)I

'Table 2.4: A test of the convergence of various discretizations for the model problem

tral element discretization based O1l the concepts developed in this section. Spectral element
multigrid solvers for (2.11) have also been investigated in [113, 84].

As was previously indicated, the high order nature of the basis functions used in spectral element
discretizations result in less sparse matrices than in h-finite element discretizations. Direct
solution methods for equations of the form in (2.11) are robust and particularly suitable when
1. is itself a matrix [69]. However, for large scale problems, the complexity of the solution
process is not only governed by floating point operation counts. The potential gain in storage
by employing an iterative solution technique for (2.11) over a direct method has already been
indicated in section 2.1.2. Further, an iterative solution process is well suited to problems which
are steady, contain time dependent coefficients or require adaptive meshes. Iterative methods
are also generically well suited to various computer architectures [8, 60, 63].

o Preconditioned Conjugate Gradient Methods

The system of equations in (2.11) is symmetric and positive definite which permits the use of
the conjugate gradient method as a. solution technique. The general problem in (2.1) can also
be solved iteratively with an appropriate extension of the conjugate gradient method, notably
the GMRES method [115].

The conjugate gradient (eG) method [69] is particularly effective for well conditioned matrices.
After n iterations of the CG method, the relative reduction of the error measured in the energy

13
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norm between the exact and computed solution is bounded by

2 (.JI«AY _l)n
,/n;(A) +1 '

where n;(A) = Amax(A}j Amin(A) . This implies that the number of CG iterations required for
convergence to a specified tolerance is O(y'n;(A)). Therefore, the number of CG iterations
required to solve (2.11) is O( ..,fJ55if), where f3 2:: 2 as indicated in section 2.1.2. This suggests
that the convergence rate could be slow even for the model problem. Therefore, a preconditioner
for (2.11) is essential. In addition, since the condition number of the discretization matrix
resulting from the FEM with the same number of unknowns as the SEM is O(D~p2), the need
for a good preconditioner for (2.11) is even more vital than in the h-finite element case. Many
types of preconditioning strategies can be followed. Here we use left preconditioning, that is,
preconditioning (2.11) results in the preconditioned system

M-1 A1&. _ M-1[_,

(2.12)

and the CG method is applied to M-lA. The preconditioner M-l is chosen such that M-lA is
well conditioned and M6 =: fl is computationally easier to solve than A6 = fl. Most DD methods
can be viewed as a. process for constructing the above preconditioned system. The subject of
the remaining chapters in this study is the construction of suitable preconditioners based on DD
for the high order discretizations presented in this chapter.

Since the matrix A is the realization of the bilinear form a(·,.) in (2.4), the matrix M can also be
associated with a bilinear form, me', .), defined on Vp,h x Vp,h' In many instances, it is simpler to
define and analyze the bilinear form of the preconditioner. This concept will be used extensively
in the next chapter.

The preconditioned conjugate gradient (PCG) method described in [8] will be used in this study.
The algorithm is stated in figure 2.3. Note that only the application of A and M-l to a vector
isrequired. Consequently, matrices A and M need not be known explicitly and the techniques
of section 2.1.2 can be used for the required operation on A.

Various preconditioners for (2.11) have already been proposed in [85, 60, 49, 611 which have
resulted in a substantial improvement in the convergence tate of the PCG solution strategy. We
will briefly consider two preconditioners which will serve as comparative references for the DD
based preconditioners formulated in chapter 3.

The diagonal preconditioner My 1

The classical diagonal.preconditioner is typically used as a reference for proposed preconditioners
mainly due to its simple and efficient implementation on a wide range of computer architectures.
The bilinear form mj("') for the preconditioner can be thought of as an approximation to the
form 0,(" .) defined on Vp,h X Vp,h, and is given by

mj(um,un) = a(um,un)c5mn for all Um,Un E Vp,h'

I

)
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u(O) == 0

r(O) == b
z(O) = M-1b
p(O) = ,z(O)

p(O)· = ,(O)T z(O)

repeat until convergence
q(k) = Ap(k)

a(k) = p(k) /(P(k)T,(k»)

u(k+1) = u(k) +ulk)q(k)

r(k+l) = r(k) ~ a(k)q(k)

z(k+1) =M-1r(k+1)

p(k+l) = r(k+1)T z(k+1)

f3(k) = p(k+l) / peTe)
p(k+l) = z(k+1) + f3(k)p(k)

end

Figure 2.3: The preconditioned conjugate gradient method

Note that MJ is easily obtained even when A is not known explicitly,

The finite element preconditioner Mpl

Q

An interesting concept of defining a preconditioner for a(·,·) on a lower order subspace of Vp,h
has been investigated in [47, 48, 49, 45] for pseudo-spectral methods. Information between the
two spaces is transferred using projection and interpolation operators. The extension of these
ideas to the SEM is outlined below.

Let Gp designate the set of points x E n through which the degrees of freedom for the SEM are
defined. Denote the finite element space of piecewise linear functions using triangular elements
on n by Vh and Gh the set of points representing the locations of the Lagrange/nodal degrees
of freedom. In order to define the preconditioner, the two sets of grid points must be related by
Gp ~ Gh- An approximation mJ("') to a(·,.) is obtained by defining a(·,.) on Vh X Vh using
the grid Gh- Information between the two spaces is transferred through the restriction and
interpolation operators

R~ :Vp,h -t Vh by (R~u - u)l:v = 0 for all x E Gh ,

If:, ; Vh -t Vp,h by (IKv - v)[:v == 0 for all x E Gp•

Let Ah represent the matrix equivalent of mj (-, .) on Vh X Vh and R~,f~represent the analogues

15



of R; and Ih operating on coefficient vectors, then the preconditioner M;;;! can be written as

When Gp :: Ok, the operators 1"::and R; are simply the identity operators and M;;:l = A.hi.

Numerical results

The performance of the above two preconditioners for the model problem of section 2.1.2 was
investigated. The POG method was terminated when the original residual W1,S reduced by five
orders of magnitude. The results of these experiments are displayed in tables 2.4 and 2.5.

Conjecture 1 The matrix MF is spectrally equivalent to A, that is, K,(M;;:l A) is bounded in-
dependently of the number of subdomains and degree polynO'/nfals used.

Given the above computational results, the following conjecture can be made.

Conjecture 1 motivates the use of a DD based preconditioner which is spectrally equivalent to
MF, as a preconditioner for (2.11). This concept will be developed further in chapter 3.

A comparison between the two preconditioners cannot be made only by considering the number
of PCG iterations. Routine analytical flop counts for the two preconditioning methods can be
made. The flop counts include the complexity of the matrix vector product as outlined in section
2.1.2 and the cost of factorizing the finite element matrix using banded methods. Together with
the iteration counts listed in tables 2.4 and 2.5, the complexity of each method can be established.
Figure 2.4 illustrates a comparison between the complexities of the two methods. For instance,
when Dx= 10 and p = 4, the PCG method with preeondltioner MFl results in 1.5 times fewer
flops than the POG method with preconditioner Mil. Note that this comparison does not

o

o
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Figure 2.4: A point on the non-constant surface indicates the ratio of flops or the peG solution of
the model problem with preccndltioner lllfil and Mil respectively.

include the el~ects of computer storage requirements, which are considerably increased when
using M;t as\wposed to using Mil as a preconditioner.

Finally, we investigate the performance of the finite element preconditioner for multiple right
hand sides against a direct solution approach, when D;r; ;::: 1. The importance of this case is
brought about by a number of DD methods which require the solution of independent local
problems on each sub domain. Each of the local problems is similar to the original problem for
Dx = 1 snd can be solved either directly or iteratively using the finite element preconditioner.
In most cases, the solution of local problems is required to be performed repeatedly,

Once again, flop counts for the direct and iterative solution approach can be made. Deville
and Mund [48] demonstrate the advantage of using finite element preconditioning over a direct
solution approach when only one solve is required. The results of this comparison for multiple
right hand sides is depicted in figure 2.5.

Figure 2.5 indicates that for two dimensional problems, provided sufficient storage is available,
a direct solution approach for the local problems may be preferable. This may not be the case
for large problems, particularly in three dimensions.

o
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Figure 2.5: A point on the non-constant surface indicates the ratio of flops of a direct method for
the solution of the model problem, to the peG method with preconditioner Mil, for multiple right
hand sides when Dx = 1.

2.2 Stokes equations

The efficient solution of the Stokes equations is often a prerequisite for the numerical solution
of the Navier-Stokes equations [S6, 75, 61], In this section, we briefly outline the application
of the SEM to the Stokes equations and indicate possible solution techniques for the resulting
system of equations.

2.2.1 Formulation

The steady flow of an incompressible fluid for low Reynolds numbers is described by the steady
Stokes equations,

-~u+ vp ;::::finn
\l·u = ~ inn. (2.13)

For exposition purposes only, nonslip boundary conditions are imposed,

u=o ou. an,

o
where U = (Ul, U2) is the fluid velocity, p is the pressure and f ::::(il,12) denotes the body
forces. Equation (2.13) is non-dimensionalized to ensure that the fluid viscosity and density are
unity.,l

-~
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A well posed weak formulation for (2.13) described in [22,83] is: Find (u,p) E (HJ(O))2 x La(n)
such that

a(u, ~,) ~ b(p, v) ~ f (v)
-b(q,u) ::::0

for all v E (HJ(,Q»)2
for all q E L2(Q) ,

(2.14)

where
b(P,v) == J p\7. vd,Q

and a_(-, .), f(-) are defined in equation (2.2). Here L6(S1)= {¢ E L2(Q) : J ¢dQ == a}.

The discrete problem is formed by choosing finite dimensional spaces Xh and Mh as subspaces
of (HJ(Q))2 and L5(Q) respectively. 'The spaces Xh and Mh mus; ~owever be compatible in the
sense of the discrete inf-sup condition [22] : there exists a real number f3h > 0 such that for all
Ph E Mh, there exists Vh E v,t such that

(2.15)

The crucial factor her= is the definition of the spaces Xh and Mh satisfying (2.15) with f3h
independent of the reb" .uion of the spaces. The compatibility condition ensures that spurious
pressure modes do not occur, that is, non-zero functions Ph E Mh do l1o\\~r..ii~tsuch that
b(Ph' Vh) == 0 for all Vh E Xh -.The existence of such a function implies that if the p.);r (vh.,p'h) is
a solution to (2.14), then (vh,Ph +Ph) is also a solution of (2.14) inwhich case the convergence
of the numerical scheme cannot be guaranteed.

Good surveys outlining the approaches taken to define Xh and Mh in the context of spectral
methods can be found in [117, 83J. Further treatment of this problem is given in [72]. Here 7"1e.

adopt the choice of spaces advocated by Maday et al, [83J,

x; ::::(~,h)2,

Mh ::::{¢ E L6(Q): ¢Io" E lP p-2,k} •

The SEM for the Stokes equations is defined by constructing a basis for the approximation
space and applying appropriate quadrature schemes coinciding with the discussion in section
2.1. The pressure space, however, is expressed in terms of Lagrangian interpolants through
Gauss-Legendre quadrature points based on P ~ 1 points on [-1,1].

2.2.2 Computational aspects
o

Following the previous sub-section, discretizing (2.14) results in the symmetric indefinite system
of equations,

(AI 0 .-Dr) (11:1 ) _ ( 11 )o A2 -D2 1b.2 - L2
-Dl -D2 0 l!. 0

where Ai and Di correspond to the discrete analogues of a(.,·) and b(·,.) on Xh and Mh respec-
tively.

(2.16)
o
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The solution .pproach taken in [94, 83] is to apply block Gau_Bselimination to (2.16):

where S = -DIA1IDf - D2Ai1Df,

fl = DIA1111 +D2Ai112 .

The pressure degrees of freedom are obtained by solving SE = fl followedby back substitution
for the values of 1h and ~1' The prohibitive expense of computing S directly motivates the use
of an iterative method for the solution of E. In this case, only matrix vector products with S
need be performed. Various preconditioners for S have been proposed and we refer to [85, 83]for
further details. The matrix vector product with S can be performed at the expense of solving
two elliptic problems. The elliptic solvers described in section 2.1 and chapter 3 can therefore
be used as a computational kernel for the solution of the Stokes equations.

An alternative solution strategy for (2.16) is to apply a non-nested iterative method. The
development of preconditioners [or the iterative solution of the discrete Stokes equations have
recently received ,·,ttention in [45, 124]. The extension of elliptic DD solvers to the Stokes
equations has not gained much attention to date and will provide an interesting avenue for
future research.

2.3 Elliptic equations: the nonconforming case

In many applications, local mesh refinement is necessary to obtain a solution of guaranteed
accuracy with minimum computation. 'I'he spectral element discretization places a severe re-
striction Ongeometric and functional decomposition. Both hand p refinements can propagate
far away from a local region of refinement. Owing to the functional conforming restriction in
(2.3), the conforming SEM can only accommodate localized p refinement provided the degrees
of freedom along an interface are constrained to yield a continuous solution. This results in a
pointwise matching of functions along the interfaces. Similarly, It refinement resulting from a
nonconforming geometric decomposition can also be employed. The pointwise matching condi-
tions have been analyzed in [13, 9] and are shown to be inferior, with regard to optimal error
estimates, to the integral matching nonconformingmethods. The latter approach is outlined in
the remaining sections of this chapter.

o

. f
I
) 2.3.1 Formulation

o

:~
The formulation of the nonconforming SEM has been described in [82, 1]. Given a nonoverlap-
ping decomposition of 0, the frame F == UaOi consists of a set of subdomain vertices and edges.
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Figure 2.6: Two geometric nonconforming decompositions.

However, we do not require the frame of the partitioning to contain all the sub domain vertices
and edges. For instance, two geometric nonconforming decompositions are illustrated in figure
2.6. The set of edges (rk,j for j = 1, ... ,4; k == 1, ... )N) which are contained in the frame
are denoted by "tv, P =.; 1, ... ,M and are referred to as mortars to distinguish between those
sub domain edges which are not contained in the frame. The sets of vertices and 7Jirtual oertices
are given by {vq = yn n -;yn, vq f/. "tP 'rip = 1, ... ,M} and {vq = yn n "tn} respectively,

Unlike the generic conforming constraint in (2.3), the nonconforming approximation space is
not a subset of HJ(n). In order to obtain a well posed solution of (2.2), an £2 projection of the
traces of functions on sub domain boundaries are constrained to be equal.o

o

The marta?' space W is used in the definition of the nonconforming approximation space. In order
to define the mortar space, let Wk,j = {vlrk,; : v E lPp",hk} and Wk,j = {vlrk,; : '1) E ~k-2,hk}'
then

W = {¢ E CO(J:?): ¢I-yp E Wk,j, p = 1, ... ,M for some k E {I, ... ,N} and j E {1, ... , 4}} .

The nonconforming approximation space is parametrized by the vectors, 1!. ;:::: (Pll P2, ... ,pN )
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Ve.l!:= {v E L2(U) : vln", E ~k,hk and for some ¢ E W,

v(v(j) :::: ¢(yq) '1/ l)q E ank ,
v(l7q) :::: ¢('iJq) 'i l7q E ank ,
< Virk.i,'l/J >=< ¢,'l/J > 'i 'if; E Wk,j, j = 1, ... ,4}

(2.20.a)

(2.20.b)

(2.20.c)

where < ',' > denotes the usual L2 inner product. Similar error estimates to those given in
section 2.1 hold for the nonconforming method [13, 9] for solutions which are piecewise Hm(nk).

2.3.2 Computationalaspects

Equations (2.20.a), (2.20.b) and (2.20.c) constrain the values of the degrees of freedom along
sub domain boundaries. The projection in (2.20.c) can be applied by altering the entries of the
discretization matrix. This approach has been used in [1] and [74]. 'I'ne approach advocated
in [79, 80] enforces the projection using Lagrange multipliers which results in a symmetric
indefinite saddle point problem. However, there have been no comparative studies to determine
which approach is computationally preferable for a bh'en problem. A number of computational
considerations are outlined below for the former approach.

p

WE wk,j => W ::::Lwihi(T;i(s)), S E rk,j, 2rl(s) E [-1,1].

i')"
'.. \

The local stiffness matrices are generated using the basis functions described in section 2.1.1.
The one dimensional counterparts of these basis functions are used to span the functions in
Wk,j,

i=O

A basis for }Vk,j is given by

p-l

'l/JEWk,j ::::::? 'l/J= L:'l/Ji'r/i(T;l(s)), s E rk,j, Tkl(S) E [-1,1],
i=l

(-I)p--i L' (z)
where ru(z) = P, Z E [-1,1] .

ci - z

o Note that the functions 'lJi(c) and hi(c) are zero 011 the interior collocation points f:j,.i i= i, while
'lJi(c) are non-zero at the end points. Using suitable mappings and Gauss quadrature, the matrix
equivalent of the constraints in (2.20.a)-(2.20.c) for edge rk,j is

10

I

U
where '.!J..k,j is the vector corresponding to the degrees of freedom along edge rk,j (excluding
subdomain vertices) and wk,j are the degrees offreedom on the mortars intersecting edge rk,j,

see for example figure 2.7. The nature of the basis for Wk,j and the vertex conditions in (2.20.a.)
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Figure 2.7: A subdornain with associated mortars

and (2.20.b) ensure that the matrix .Bk,j is diagonal with positive non-zero entries. The degrees
of freedom for the function vlnk along a particular subdomain edge can then be expressed as

where Qk,j :;::(Bk,j) -1pkd. Therefore, the degrees offreedom 1!.~ corresponding to v Ink can be
written as

vk = Qkwk-B -

where wk are the degrees of freedom on the mortars intersecting aOk and Qk is the mortar to
sub domain boundary projection.

We now demonstrate the algebraic form of Qk for a particular subdomain illustrated in figure
!..7. Let wi, i = 1,... ,4 denote the vectors of degrees of freedom on the mortars and vertices
depicted in figure 2.7. Similarly, J!..i and fii, i ;::::1, ... 14 are the sub domain vertex and edge
degrees of freedom. In particular, J!..i are the virtual vertices in figure 2.7. ThE' projection Qk is
given by

o

cit!

J!..1 OT1
y_2 Or ',~
J!..3 Of wl
J!..4 OT w2

0 '='
2 (2.21)

fil I w3

fi2 Qk,2 w4

fi3 I
QI,;,4

o

fi4
I

The vectors 01 and O2 are the vertex pinning conditions in (2.20.a) and (2.20.b).

In order to construct the system of equations for the discrete problem, we reorder Ak according
:~
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to the unknowns on the interior and boundary of the subdomain, that is,

Define tJk by
....k (I 0 \)
Q = 0 Qk . )

then the modified local stiffness matrix jik is obtained from Ak by

(2.22)

-. . AI .-...N..... ..... T -- NT N TLet A = dwg(A '"'' A ), L = (Ql 11, ... )Q I) and R be the nonconforming direct
stiffness summation operator defined similarly to the conforming operator in section 2.1.2. Then
the system of equations for the discrete problem can be written as

(2.23)

Various direct and iterative solution techniques .for (2.23) have been proposed in [74, 1]. A
number of these techniques will be discussed in chapter 5.

Finally, we note that the nonconforming methods considered in this section have been used in
conjunction with adaptive schemes (Mavriplis [97]), and extended to the Stokes equations (Ma-
day, Mavriplis and Patera [82]), advection diffusion equations (Le Tallec and Sousa Rodrigues
[80]) and linear elastic equations (Le 'Iallee and Sassi [79]). Further, these concepts also apply
to finite element discretizations [80, 13].

o
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Chapter 3

Schwarz Methods

A number of domain decomposition methods can be conveniently described and analyzed as
Schwarz methods. These methods have primarily been applied to the hand p-finite element
discretisations. In this chapter, the application of Schwarzmethods to the spectral element dis-
cretization will be outlined. Results of numerical experiments conducted involving the proposed
methods are presented in the following chapter.

3.1 Basic concepts

Most DD mf,\thodsare iterative in nature and make use of iterative methods to accelerate their
convergence. A number of basic concepts of iterative methods are stated below to provide a
setting for Schwarzmethods.

The solution of
Ay_ == f_ (3.1)

is sought, where A is a symmetric positive definite (SPD) matrix defined by the bilinear form
a(·,·) in equation (~r2). One class of iterative methods in [71]can be expressed as

(3.2)

where ]1,1-1is a given SPD approximation to A-1. Various DD methods can be written in this
form where the choice of M-1 is derived from an exact or approximate solution of the partial
differential equation restricted to certain regions of the domain. These regions are defined by a
geometrical decomposition of the computational domain. The solution of (3.1) is equivalent to
the solution of

Py:' = fl ' (3.3)

where P = M-1A and fl = M-lj_, and can be solved by a Richardson-type scheme

y_n+l == y_n + (fl- py_n) • (3.4)

Let Sin = y:'
n - y_, then (3.4) and (3.2) can also be written as the error propagation operator

equation,
(3.5)
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The convergence of the linear iterative scheme (3.4) can be accelerated by a CG method [128].
Let (., ')0. denote the inner product defined by ah') with associated norm 11·110.' The convergence
factor of (3.4) is given by P£ = III - Plio. where P£ < 1 is necessary for convergence. Since P
is SPD with respect to (-, ')0., the CG method can be applied to (3.3) in the inner product of
(" ')0.' Let r;,(P) be the condition number of P, then r;,(P) ::; i=Pl ' and the convergence factor
pc of the CG method applied to (3.3) is

J~-, v"KTP) -1
o« = 'Vx,(P) + 1 '

which implies that Pc < Pi' Therefore, a CG method applied to (3.3) converges at a faster rate
than the Richardson scheme in (3.4)., or equivalently, a POG method with pre conditioner M-1

applied to (3.1) can be used to enhance the convergence rate of (3.2).

We now turn to Schwarz's alternating method [81]. Let nbe a bounded Lipschitz region in JR?
divided into two subregions, 01 and 02, such that 01 n O2 i= 0. The solution of the problem,

-D._u = finn

u= 0 on ao
using Schwarz's alternating method, is obtained by computing a sequence of functions un+1 from
un using the iterative fractional step scheme:

(3,6)

i :=; 1,2.

The function 71,0 is taken to be any initialization in HJ(n). Recent interest in Schwarz methods
has been influenced by the variational formulation of (3.6) as portrayed by Lions [81]. The
variational formulation is derived by viewing (3.6) as a process for computing successive cor...
rections to the current solution. For notational convenience in what follows, let iT HJ(O)
and Vi :::::HJeOi). The fractional step solution On Oi is extended by the previous solution to
n\Oi and therefore 'l£n+t - un+ ;;1 E Vi, Together with the Dirichlet boundary conditions on
the artificial boundaries, (3.6) is equivalent to

o
which can be written as

+;-1( n'~)=au-u 2 ,V ,

(3.7)

o
Let Oi1Ln= un+~ - Un+

i;l be the fractional step correction to un. Then (3.7) can be written as
a sequence of projections of the error tiiun onto the subspaces [126], that is, (3.7) can be stated
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as: Find 8iUn E Vi such that

a(8iun,v) = fev) - a(un+i;l ,v)

::::::a('u - Ur.+i;l, v) for all v E Vi , (3.8)

From (3.8), it is obvious that 8i7.(,n is the projection of Cu. -1J,n+ ';1) onto Vi, where the projection
operator Pi : V -+ Vi is defined by

a{PiW,v) = a(w,v) for all v E v~. (3.9)

Let en ::::::un - u, then (3.8) and (3.9) implies that

en+1 = (I - P2)(I - Pl)en

::::::E2en•
(3.10)

The above ideas are easily generalised to N sub domains by replacing the digit 2 in the above
discussion by N.

The multiplicative Schwarz method or Schwarz's alternating method, is derived by comparing
(3.5) with (3.10) to obtain the Schwarz operator P ::::::1 - E2• The preconditioned system is
solved iteratively using a scheme of the form in (3.4) or by using a POG method as described
earlier. The error propagation operator in (3.10) represents a polynomial operator of degree N
in the operators, Pi. Therefore, the number of sequential steps for one application of P to a
function is proportional to the number of sub domains. A polynomial error propagation operator
of degree one reduces the number of sequential steps and would therefore be ideal from a parallel
processing viewpoint. This 2s easily achieved by retaining only the first order terms in (3.10),
namely

(3.11)

The additive Schwarz method is obtained by comparing (3.5) with (3.11) and applying an itera-
tive method to the resulting preconditioned system. The above concepts have been generalized
by Dryja and Widlund [55, 127, 54] to form a theory known as abstract Schwarz methods.

3.2 Abstract Schwarzmethods
o

In this section, three Schwarz templates are specified, namely abstract additive, multiplicative
and hybrid Schwarz methods. The specification of each template is in its most general form.
An instance of a template is obtained by specifying the following five general quantities.

o
• An approximation space, V.

• The forms a{<, .) and f (.)defined on the space 11.
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• A collection of projection operators Ti defining the Schwarz operator.

• A certain decomposition of the space V.

• A set 0"bilinear forms bie-,·) signifying local and coarse problems.

A template specifies the general structure of a Schwarz method while an instance of a template
stipulates algorithmic details for a particular method. The components of each template are
discussed first.

3.2.1 Additive Schwarz methods

a(u*,v) = f(v) for all v E V. (3.12)

Let V be a finite dimensional Hilbert space. Consider the abstract variational problem given
by: Find u* E V such that

The bilinear form a(·,.) must be symmetric, bounded and coercive implying that a(·,·) is an
inner product on V. 'I'he .mear functional f(v) is assumed to be continuous. The space V is
decomposed into N + 1 subspaces such that

V = Va + VI +...+ VN .

bi(Tiu,v)=a(u,v) forallvEVi, uEV, i=O, ... ,N. (3.13)

Let bie-,·) be a symmetric positive definite bilinear form approximating a(·,·) on Vi X Vi and
define Ti : V ~ Vi to be the operators given by

When bi("') = a(·, 'J, the operators Ti define orthogonal projections from V onto Viwith respect
to the inner product, (-,.)a. The Schwarz operator Tas is defined by

Tas = To +Tl + ... + TN !

N
from which 9 =2:TiU* is computed by solving the problems

i=O

bi(TiU*, v) = f(v) for all v E Vi .

(3.14)

Provided Tas is invertible, eqnation (3.12) is equivalent to

o
Theorem 1 Assume that there exists

N
i) a p(,Jitive constant 01 such that a decomposition, v =I:Vi exists for all v E V ap.dVi E Vi

i=O
and

IV

I:MVi,Vi) :5 01a(v,v) j

i=O1\ ..•.... /,
~
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ii) a constant O2 such that

a(v, v) S 02bi(V, v) for all V E Vi, i = 0, ... ,N;

iii) a constant matrix e with entries Sij J i, j :::::1, ... ,N such that

a(Vi,Vj):::; €WVa(Vi,Vi)a(;j,Vj), Vi E 1I.i, Vj E Vj

Then Tas is -invertible and

i,j = 1, ... ,N.

K;(Tas) S 01G2(p(£) + 1) ,

where pee} is the spectral radius of e.

Consult Dryja and Widlund [57} for the proof of theorem 1. The constant C1 is relater to the
amount of overlap between the subspaces, that is, the dimensions of 1I.i n Vj. Increasing the
quantity of overlap can decrease 01 at the expense of having to solve larger local problems in
(3.13). The degree to which bi("') approximates a(.,·) on Vi x 1I.i is indicated by the constant C2.
Orthogonality between the subspaces is reflected in pee) and can often be uniformly bounded.
The values of these constants will be specified for the algorithms described in section 3.3 and
3.4.

In general, the explicit form ofTas is not known, however, the product 1~su for a known function
u. is easily computed using (3.13). Therefore, iterative methods are natural solution techniques
for the SPD system in (3.14). Instances of the additive Schwarz operator are given in sections
3.3 and 3.4.

3.2.2 MultiplicativeSchwarz methods

The abstract multiplicative Schwarz meeeod [52, 28} is obtained by redefining the Schwarz
operator in the abstract additive Schwarz method. The operator Tms is given by

EN+I :::::(1- T_rv )(J - TN-I) ... (J -10) .

Since Tms does not contain any constant term, 9 == Tmsu* can be computed without the knowl-
edge of u* and the transformed system corresponding to (3.14) is

(3.15)

Note that the operator Tms is not symmetric. The GMRES method [115] can be used as an
iterative solution technique :lor (3.15). Alternately, a symmetrized version ofTms can be defined
by

Tsms = J - E~HEN+l .

The following theorem appears in [52].
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Theorem 2 1j t.te assumptio'0s of theorem 1 hold, then Tsms is in'vertible cind

(X) < (1+ 2w2p(E)2)C1
'" sms - (2 - w) ,

'where w = max (1,C2)~

No general theory has yet been developed to compare the convergence rates of additive and
multiplicative Schwarz methods. However, a theoretical investigation of the two sub domain
case in [15J, and numerical experiments in [25] suggest that multiplicative methods require
significantly fewer iterations than additive methods. The bounds in theorem 1 and 2 merely
indicate the possible order of convergence of a particular method.

The application of Tms to U E V (UN = Tmsl£), is computed recursively by

'uo = Tou
1£1 ::;:::1£0 +T1(U - uo)

(3.16)

l£N =UN-I +TN(U - 'UN-I)

and using the definition of Ii in (3.13). The symmetrized version of the multiplicative Schwarz
method is obtained by applying a reverse ordering of the projections in EN+l to 7.LN using (3.16).

3.2.3 Hybrid Schwarz methods

Cai [34] and Mandel [92J introduced the concept of hybrid Schwarz methods. These methods
combine the high degree of parallelism of additive methods, with the faster convergence rate of
multiplicative methods. Hybrid Schwarz methods can be obtained by redefining the Schwarz
operator in section 3.2 ..1. The Schwarz operators in (3.14) and (3.15) are polynomial operator
equations of degree 1and N +1respectively in the operators Tt- The most general form of a
Schwarz operator can be defined by

T =poly (To,TI,"" TN)

such that poly(O, 0, ... j 0) = 0, which ensures that 9 = Tu* can be computed without the
knowledge of 1£*. The hybrid Schwarz operator T is used to obtain the transformed system,

Tu* = g. (3.17)

Provided T is invertible, (3.17) is equivalent to (3.12).

The Schwarz method of Cai [24] permits a second level operator, To, which represents a coarse
approximation of the PDE on the computational domain, to be additive with respect to the
local problems i.n Tms. Mandel [92j incorporates To into Tas in a multiplicative fashion. 'The
operators of Cai [24], Tcai, and Mandel [92},Trnan, are given by

Tcai = To +1 - (J - '1'N)(1 - TN-I) ..• (I - Tl) ~
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Tma:n= (I -To)(Tl +T2 + ... +TN)(1 -To) +To .

Experimental and theoretical evidence given in [24] and [91] demonstrate the superiority of
the bound on the condition number of Tcai and Tman to Tas. Q'1.i.' results in chapter 4 also
substantiate these findings.

The application of Tman to a function u is computed in three steps,

1. Uo = Tau

2. U= l:f:l Ti{U - uo)

3. U= ii - Ta(u - u) .

Instances of hybrid Schwarz methods are given in section 3.4.2.

3.3 Instances of global Schwarz methods

The classification of global and boundary Schwarz methods originates from the application of a
Schwarz scheme to either the approximation space V or a subspace associated with sub domain
boundaries. Boundary Schwarz methods encompass iterative substructuring methods [120, 118,
201 52] and Neumaan-Ner «ann methods [52, 91]. Global Schwarz methods for three distinct
discretisations are considered.

3.3.1 Schwarz methods for the h-finite element discretization

The l)ryja-Widlund additive Schwarz method [127] can be obtained by setting V in the additive
8ehwarz template to be the piecewise linear finite element space Vh, and a(·, .), f(·) as defined
in chapter 2. The subspaces are chosen as follows.

The computational domain is decomposed into two levels of triangulation, a fine triangulation
Th with element diameter of order h and a coarse decomposition of the domain into N sub-
domains B,S described in chapter 2 section 2.1, It is assumed that the triangulations are shape
regular, see Ciarlet [42], and that HI) edge of ni cuts through all element on -i». An overlapping
decomposition is constructed by extending each sub domain ni to a larger region n~such that
no edge of ni cuts through an element on Th. No subdomain is extended beyond an. The finite
element subspaces are defined by

Vi={VEV:v(x)=O, x En\na, i=I, ... ,N.

The convergence rate of DD methods will deteriorate rapidly as more subdomains are introduced
[125}; information is passed between sub domains only at the local level. Consequently, the need
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for a mechanism to transport information globally is required. In two dimensions, the space
Yo is taken to be the vertex based coarse space VH; the discretization of the PDE by piecewise
bilinear functions treating subdomains as elements. Although the vertex based coarse space is
particularly effectivein two dimensions, more advanced schemes are needed for three dimensional
problems. Further details in this regard can be found in [119, 118, 521.

The bilinear forms are chosen as

bi(u,v)=a(u,v), u,VE\;~, i=O, ... ,N

i.....plying' that the local problems related to bi(" .), i '# 0, are solved exactly, The opera~ors
Ti : V -l- Vi are defined by

bi(TiU,V) = a(u,v) lin all v E Vi, i= 0, ... ,N ,

which completes the description of the method specified by the additive Schwarz template.

Note that in the notation of section 3.2, C;{ ::: 1. Further, peE) is bounded by the maximum
number of subdomains to which a point in the domain can belong. Dryja and Widlund [561
show that 01 is bounded by (1+H /6), where H represents the maximum subdomain diameter
and 8=min(dist(Ui,UD). The following theorem is given in the above-mentioned paper.

Theorem 3 Ttu. condition number of the additive Schwarz operator is given by

1£ (Tas) S; C (1+ c~) ,
whe1'e C is a constant independent of H, hand 8.

Theorem 3 implies that if the amount of overlap for each subdomain remains a fixed fraction of
H, then the condition number of Tas remains constant.

Anumber ofsolvers for the approximate solution of the local problems can alsobe accommodated
in the definition of bi(., .) above, see Smith [1221 and Bjerstad and Skogen [171 for further details.

The matrix equivalent of the projections in Tas can be described as follows. Let Ai denote the
principal submatrix of the disctetization matrix A corresponding to the nodal values in U~,and
All the discretization matrix of (3.12) on the coarse mesh. Since Vi c: 11, a function t'i E Vi
is spanned by the basis functions of V. The vector of unknowns 11.i corresponding to Vi E Vi is
therefore related to 11. corresponding to Vi E V by 11.i = 1"l;,11.. The mapping R; ,i '# 0 therefore
represents the restriction of 11. to the nodes in U~and RT 11.i is the extension of 11.i by zero to
the nodes in n\n~.The matrices RH and Ri'I contain entries corresponding to piecewise linear
interpolation and weighted restriction respectively. The operator Tas carl be written as

Tas. == MA§A = Ri'IAji RIIA +R[ AllR1A + .. ,+RtA"ilRNA .

Theorem 3 implies that the condition number of MA.§A is bounded independently of II and
h provided the amount of overlap remains a fixed fraction of H, that is, MAS is a spectrally
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Figure 3.1: The geometric form of an extended subdomain for the PFEM.

equivalent matrix to A. A minimum overlap strategy involves using only one mesh point overlap
and results in smaller local problems. In this case, theorem 3 indicates that the condition
number of the transformed system will depend UPOIl the resolution of the discretization when
a fixed number of sub domains are used. However, minimizing the condition number does not
necessarily imply minimum computation. Numerical experiments in [25, 23] demonstrate that
a minimum overlap strategy can often lead to the least overall amount of computation.

Multiplicative and hybrid Schwarz methods can be specified by simply replacing the above
additive operator.

3.3.2 Schwarzmethods for the p-finite element discretization

Schwarz methods for high order discretisations have only recently received attention [105]. Con-
structing an overlapping decomposition for the FEM relied on the assumption that the extended
boundaries of the sub domains do not cut through any element; the local spaces must be subspaces
of the approximation space. The difficulty with constructing an overlapping decomposition for
high order methods is that one element usually forms one sub domain, so that extending a sub-
domain to include a measure of overlap necessarily implies a relatively large amount of overlap.
Pavarino [1041suggested the following additive Schwarz method for the PFEM.

Let V in the additive Schwarz template be the p-flnite element space and a(., .), f(-) as described
in chapter 2. An extended sub domain n~in an overlapping decomposition of n consists of the
sub domains connected to a single interior vertex, see figure 3.1. The space V is then decomposed
into the subspaces,
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where N is the number of interior vertices. The space Vo is the vertex based coarse space, V H.

The bilinear forms
bi(U,V) ==a(u,1J), U,v E~, i=O, ... ,N

together with the operators, Ti : V -4 ~ defined by

a(Ti1J" v) == a(u, v), for all v E ~) i= O, ... ,N

complete the description of an additive Schwarz method for the PFEM. The following theorem
appears in [104].

Theorem 4 The condition tiusnbe» of the a.dditive Schwarz operator is bounded by a constant
independent of p and H.

The availability of approximations to a(·,·) in the definition of bi{o_ 01 above is more limited for
the PFEM than for the FEM. Further, the notion of a minimum overlap strategy cannot be
employed to reduce the size of the local problems. The next sub-section demonstrates how both
of these problems can be overcome for the SEM.

3.3,3 Schwarz methods for the spectral element discretization

One possible approach to define a Schwarz method for the spectral element discretization has
been indicated in the previous sub-section. However, the nodal type basis of the spectral element
space affords another Schwarz method unique to the spectral element discretization.

The spectral equivalence of the finite element and spectral element discretization matrices has
been demonstrated in chapter 2. We make USeof conjecture 1 in section 2.1.3 and the fact that
MAS is spectrally equivalent to the finite element discretization matrix (section 3.3.1) to deduce
that MA} defined on the grid Gp should be a good preconditioner for the spectral element
discretization matrix.

o

Note that with this strategy, a minimum overlap Schwarz method can be defined for the spectral
element discretization, a concept which does not carryover directly to the Schwarz method of
section 3.3.2. Further, the Schwarz preconditioner is defined 011 a lower order subspace of the
approximation space.

The above strategy can be described as an instance of an additive Schwarz template. We will
subsequently refer to the spectral element space or simply ~,h) as the space ~,h spanned by the
basis functions described in chapter 2 section 2.1.1. Let V be the spectral element space and
aC .),fO as described in chapter 2. The subspaces Vi, i i= 0, are the spaces spanned by the
basis functions associated with the nodal degrees of freedom within an extended subdomain n~
of section 3.3.1. The space Vo is taken to be the vertex based coarse space, V H .

o

t .... ;'.~
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The local bilinear forms are chosen as

where R~ : Vp,h -t Vh by (~u - u)l:z: = 0 for x E Gp1 and boc-,·) = a(.,.) on VH x VH. The
operators T; : V -t Vi are defined by

bi(TiU, 'V) = a(u, v) for all v E Vi, i= 0, ... ,N

which completes the description of an additive Schwarz method for the spectral element dis-
cretization.

Conjecture 1 The condition number of the additive Schwarz operator oatisfies the estimate

where C is a constant independent of HiP and 8.

Note that it is possible to further approximate the forms bi("') above using ttiose approximate
solvers valid for the local problems in the FEM. The matrix form of the Schwarz oper.uor
is similar to that given in section 3.3.1 with the matrix A replaced by the spectral element
discretization matrix. Computational results are given in chapter 4.

3.4 Instances of boundary Schwarz methods

Let V be a finite dimensional Hilbert space and consider the variational problem: Find U E V
such that

a(u, v) = f(v) for all v E V. (3.18)

Introducing a basis for V, (3.18) can be stated algebraically as: Find a vector 1ksuch that

A1k= i- (3.19)

o

Given a conforming partition of n , we can divide 1k into subvectors 1kI and JJ.E containing the
degrees of freedom (dof) associated with all the interiors and boundaries of the subdomains,
The vector 1kI is also assumed to be partitioned into blocks with each block corresponding to
the unknowns interior to a subdomain, The algebraic problem in (3.19) can be written as

U;,~:)(:~)=UJ,
where 1£= (1kJ,1kB)T and I= (tptB)T, Since each block of unknowns in JJ.I is associated with
only one sub domain, AIl is block diagonal and therefore each block of unknowns in 1kI can be
eliminated independently. The solution approach consists of three stages.
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1. Compute ( 1)= ( Art [, )
Since AIl is block diagonal, each block of unknowns in Y1l can be computed independently.(~;,~::)(~n= ( : ) ,
where f!.;= iB - AIBU.)'. This operation can be performed in two steps,

2.1 Su.}j = fL

2. Solve

2.2 AIIU.¥;= -AIBU.}j

where S == ABB - AnI All AlB'

3. Set

Steps 1 and 2.2 both require one solve with a block diagonal matrix. Step 2.1 constitutes the only
computation not obvious parallelizable. We first outline the construction of S before discussing
solution strategies,

Let Ai denote the contribution to A fromit2i and u.i the degrees of freedom defined on f2i. Vector
. ", 'Tu.~is extracted from u. using the permutation matrix N" defined by U.i =N~ u. Then A can be

constructed by the method of subassembly,

N
A ;= 2.::: NiAiNiT ,

i=l

Ordering the local matrices Ai according to the partition u.i = (u.},u.~)T, the contribution to
(3.19) from sub domain ni is

(~rl1~)(:U=(fD·
Matrix All is block diagonal with blocks corresponding to A}I' The solution of the problems in
steps 1 and 2.2 correspond to the solution of the independent problems related to (A}r)-l.

The contribution to Sand fL from Di is clearly

Si = A~B - A})l(A}r )"'lA}.e ,

f!.i - ji Ai up,i
- -B - 1B-1 ,

where Yli,i = (A}r )-ll.~,and therefore ordering Ni according to Ni = (Nj. Nh), we have

N

s= ~N1SiN:,
i=l
N

f!.= r>v1iNj{.
i=l

36

\.e,

'I\t,



1

,I
\
II
,I

~}
I'
iI

Note that the product of a vector.ll with S can be performed &1, the expense of one solve with
each of the matrices Ah, that is,

N

SU:=LN1(A1m - ~4.~I(Ah)-1Ah)Ui' '!1i ~ NC'll·
i=l

(3.20)

In general, the construction of S requires us many solutions of.problems involving A}r as the
number of dof ou ani. Therefore, a preconditioned iterative solution of the problem in step
2.1 would be competitive vi'.;h a direct method if the number !~f iterations remain less than
the number of dof on a subdorz.Ju boundary. In addition, the Independent problems may be
solved approximately. A number .)f ~\it.JO s,S have proposed "h1'sOUS schemes to accommodate
approximate solvers, see [122, 52, ~~(I, tcl 26, 41]. H('- sr (",:},,:,"l one approach advocated by
Dryja, Smith and Widlund [52].

The matrix A-1 can be factorized as

A-1= (~. -ArtAIB ) ( ~l 0)( 1 0)
8-1 . -AmArI I, '

If Bll is a good pre conditioner for All and M-l is the preconditioner for $, then a precondi-
tioner for A is given by

B-1= (! -~ii') (B~l :-1) (-A~B;f ~) ,
Each application of the preconditioner, B-1ll.' requires the action of the block diagonal matrix
(B} I) -1 twice, and one application of the Schur complement pre conditioner . We will restrict the
discussion in the remaining sections to the construction of the Schur preconditioner based on
Schwarz methods. Therefore, the above ideas (tre required in the functional notatIon of [20, 57].

The approximation space is decomposed into a direct sum of subspaces,

v = vha ffi (Vi E9 •.. ffi VN),

where Vi := V n Hfi(ni}, such that for u E V,

and as a consequence

a(uH,1I) = 0 for alIvE Vi, v,ff E vha with uH = u on ani. (3.21)

Applying this decomposition, (3.18) can be written as: Find u E V, u = uH+up,l +...+up,N,
such that

a(u1),i,V) = .f(v)

a(uH, '1.1) := 0

a(u,H, '1.1) := f(v) - Ef=l a (uP,j, '1.1)

for all V E Vi , (3.22.a)

for all V E Vi , }

for all 7) E vha .
(3.22.b)
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The computation of the perpendicular components of the solution up,i in (3.22.a) is precisely
step 1 above and constitutes the solution of a homogeneous Dirichlet boundary value problem
on each subdomain. Similarly, (3.20) and step 2.2 also comprise independent Dirichlet problems
on each subdomain. The space Vha is the space of discrete harmonic functions which are
functions characterized by the property in (3.21). The algebraic analogue of (3.22.b) is given
by step 2 with u}$ ;:::::U on ani. Property (3.21) ensures that the discrete harmonic functions
are completely described by their values on ani. Therefore, we can solve (3.22.b) restricted to a
subspace ofVha

j namely Vcr) = {vla!'"!i' '11 E vha., i == 1,,,, ,N} where r;:::::uani\(Jn, and then
extend this solution to the interior of the subdomains, thereby forming uH. Algebraically, this
problem is given by step 2.1 and 2.2.

s(te, '11) = j(1J) for all u E Vcr). (3.23)

The problem.in step 2.1 can be expressed in variational form. Let

Si(U, '11) == 1!!~SiQ1 and 8(U, v) == 1!!tSQB ,

where Y.BdLB and 1l:.1,Qb are coefficient vectors corresponding to functions u, V E Vcr) and
ulan.,vlan. respectively, Step 2.1 can be written as: Find u E tT(r) such that

The solution of (3.23) can be obtained by using a method of Schwarz type. That is, a(.,·) and
f(·) in the Schwarz templates are taken to be s(.,·) and j(.). Instances of these methods are
discussed in the followingtwo sub-sections. Recall that Schwarzmethods transform (3.23) into
the equivalent problem

Tu==g,

which is solved using an iterative method. Therefore only .the application of T to a function is
required and the knowledge of s(·,·) is only required in the form of matrix vector products as
described in (3.20).

i
!
1i,
I

Boundary Schwarzmethods involve groups of local problems related to subdomains and a coarse
problem which can enhance the convergencerate of the DD method considerably. The next two
sub-sections outline two general approaches for constructing the local problems, the construction
of the coarse problem, and indicates how these methods can be applied to the spectral element
discretization.

i

i
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3.4.1 Iterative substr-ucturing methods

Suppose the decomposition of n consists of E edges where an edge I', is the open segment
ank nane ::f= (/J for some k ::f= .e . The Schur complement matrix S can be re-ordered according to

i
!

'()

Sru Sr12 SrlEI SrlV

( Srr sry)
Sr21 Sr').2 Sr2E

\ -
Svr SVII

SrEI SrEiE
SrEv s.;

i 0
I

I "
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Figure 3.2: A surface plot of the entries of S for Dx ::;::4, p == 3 given by the conforming spectral
element discretization of the model problem in chapter 2.

Here Sru denotes the coupling in S between the dof on edge ri and rjl and Sw represents the
coupling between the vertices. The first approach to construct a preconditioner M-l for S is
to eliminate the coupling between the edges and vertices, that is, the preconditioner is derived
from the block diagonal partif cning of S,

M==

o

'~

t \
Ii 0
1

I
!;(
s o

This approach is motivated by the fact that for elliptic problems, the absolute magnitude of the
entries in $ decrease rapidly away from the main diagonal I~38].Figure 3.2 displays a surface
plot of the entries of S given by the spectral element discretization of the model problem in
chapter 2 section 2.1.2, for Dro = 4 and p = 3. A similar plot is obtained for h··finite element
discretizations, The bk.cks 6f M only account for a local coupling of the dof. The submatrix
Svv will be replaced shortly by a component allowing for a global exchange vi information.

Let Rri be the permutation matrix such that Rr~y.B returns the entries in 1kB associated with
edge rio A similar matrix Rv is introduced for the vertices. In particular, Srii = RriSR~i and
Sv :::.:RvSR~. Then M-1S CCl' ~e written in the additive form

E

M--1S - '" RT S-lR S +RTS-1R S- k r, rii I'; v v v .
i=l

I, i

~
However, the entries of S and those of Sr" are not formed explicitly. Instead, the application of
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M-1 to a vector y can be computed by noting ~hat the discrete harmonic functions restricted- . .~

to ri) ;]Ii = Sri!'}f_i,are easily computed by solving a local problem associated with the two
subdomains flk and O£that share edge 1\, namely

(
Ak,£ Ak,t ) ( ) (0)II IE ~_
A~; A~~· ;]Ii - '}f_i '

(3.24)

where the subscripts B and I represent the index set of boundary and interior dof on fi and
Ok UO£. Note that the value of ~ above is not required in the actual computation. Alternately,
the local problems can be solved approximately or Sri; can be replaced by computationally more
efficient matrices (interface preconditioners) at the cost of a likely loss in robustness. Various
interface preconditioners have been investigated for finite element discretizations. In [35], an
interface preconditioner typically used in finite element discretizations was applied to the spectral
element method for two subdomains. For more details regarding interface preconditioners, see
[37, 36, 39,20, 51, 18, 76, 122, 123].

The need for a coarse space in DD has been previously discussed in section 3.3.1. In this
section, we will only consider two coarse spaces, the vertex based and piecewise constant coarse
space. The coarse problem can replace part of the preconditioner or be included as an additional
component of the preconditioner, Smith [118]replaces the submatrix Svv by transforming the
basis functions of the approximation space into a partial hierarchical basis. In general, the values
of the dof of a function in Vcr) specified by a particular basis are related to the values of the
dof under a new basis through the transformation

where RE represents interpolation from the coarse grid values to the edges with the ordering
of the coefficients following that of S. When a vertex based coarse problem is used, BE is
simply the linear interpolation operator from the values of the vertices to the edges. A new
preconditioner is obtained by first representing S in the new basis, B = TT ST then applying
the same splitting to B as before resulting in

Under this new basis, the edge components of the preconditioner are unchanged and Sw is
spectrally equivalent to AH for a vertex based coarse space. We then return to the old basis,
M = T-T BT-l from which M-1S can be expressed as

E

M-1S = L,Rf,Sr,:Rr,S + RkAHRHS ,
i==lo

j\ )\~
where RlI = (RE I). Preconditioners of this type have been previously considered for the FEM
in [52]and the PFEM in [2, 89, 88, 3, 105, 901.
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The above scheme can be expressed as an additive Schwarz method [52, 1051. The space "V
is given by Vh(r) OJ;' the p~finite element space restricted to r. Wr;>note, however, that the
mathematical framework also applies to the spectral element space, VP,h' The forms a(.,.) and
f(·) in the additive Schwarz template are defined by s("') and /(.). The subspaces are given by

and Yo is the space 11H restricted to r.

To define the local bilinear forms, let ~ == ri UnkU fle arid ~ =HJ(ni) nV(n). The discrete
harmonic extension operators, Hi : 'Vi -l- ~, are defined by

-'J-liu == U on ri .

The bilinear forms are then given by

bo('u,v) = s(u,v)
bi(U,V) - a(Hiu,HiV), i=l, ... ,E.

The operators Tr. : V -l- 'Vi and To : 11 -l- Va are defined by

bo(Tou, v) - s( '!t" v) for all v E 1'0
bi(Triu,V) = s(u,v) forallvE'Vi,i=1, ... ,E

which completes the descrit-tion of the additive Schwarz operator

Tis == To +Trl + ... +TrE .

The constant 01 in section 3.2.1 is bounded by (1 + logp)2 where p = H/h for the h~finite
element spaces. A bound for the constants 02 and pee) are obtained as before, These results
are summarized in the following theorem by Dryja, Smith and Widlund [52] and Pavarino [1051
for the hand p-finite element spaces respectively.

Theorem 5 The condition number of the Schwarz operator is given by

'(~
10
1

r
1:!
lO

where G is a constant independent of p and p == H / h jor the h-finite element space.

Conjecture 2 The condition number of Tis satisfies the estimate K(Tis) :5 CCl + 10gp)2 when
V is given by the spectral element space Vp,h(r).

l.,\ .... )l
~

Results of numerical experiments conducted are given ~n chapter 4.
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Interface preconditioners can be accommodated by defining a suitable approximation to a(-, .)
in the definition of bi(',') above. An approximation to the local bilinear forms for the ~;_Jectral
element spaces can be defined by

~ b. ~ h
bi(U, v) ;:::::a(1-liRpu, 1-liRpv) ,

where R} : V;,h(r) -)- Vh(r) by (R}v - v)lx 7; 0 for all x E GpnT and iii are defined for the
h-finite element spaces. That is, the local problems in (3.24) are replaced by computationally
more efficient finite element approximations.

The application of Til! to a known function un requires firstly ,,~~ <J' aluation of s( un, v) for all
v E V, The result of s(un,v) for all v E Vi is obtained as before by recognising that Vi c V, Let
1-lk be the discrete harmonic extension of un from ank to nk given by

a(1-lkun, v) ._ 0 for all 7) E yen) n HJ(nk)
1ikUn = unon ank .

where ak("') is the restriction of a a(·,·) to Ok. The evaluation of s(un,·v) is subdivided in a

way similar to the computation of stiffness matrices in finite element theory. Since
N

s(un,v):=.: I:sk(unlaf!k,vlaf!k)'
k==l

(3.25)

and sk(n, w) == (J,/c(1-lkur1-l/cw), applying the definition of the harmonic extension operators, the
solution of the homogeneous Dirichlet problems,

ak(1-l/cun,v) ;:::; 0 forallvEV(n)nHJ(nk)
1-l/cun ::::: un on ank ,

are used to evaluate the products in (3.25).

Secondly, the local problems

require the solution of the Dirichlet problems

(

v { 0 , for all v E ~ \Vi
a 1-liTr/un, v) =(

S un, v) ,for all v E Vi .

The second main approach to constructing the local problems consists of maintaining edge and
vertex coupling but eliminating the coupling between subdomains,

3.4.2 Neumann-Neumannmethods
o

\

I
i

Summarizing this approach; since S :::::I;N1Si Nf, eliminating the coupling between subdo-
mains results in the preconditioner,

N

M-1 = ~N1DJ(Si)-lD!Nf ,
i=l



where Dl are diagonal scaling matrices yet to be defined. The action of the inverse of a local
Schur complement matrix on a vector 1!..k can be implicitly formed by solving the local N e~~mann
problem

(~tt)(~)~(~)·
However, the local Schur matrices are singular whenever ani n an = 0 and an appropriate
pseudo inverse is required.

(3.26)

The Neumann-Neumann method was first introduced in [19, 78, 44] and further developed and
extended in [91, 93, 43, 571. The Schwarz formulation of Neumann-Neumann methods is first
described without a coarse space. The coarse operator is subsequently added to the Schwarz
operator.

The forms a(',') and fO for a Schwarz template are taken to be 8(',,) and J(-) as described
earlier. Initially, Neumann-Neumann methods were only applied to finite element spaces, that
is, v = Vh(r). However, the following formulation of Neumann-Neumann methods is also
applicable to the spectral element space Vp,h(r). The subspaces are chosen as

Vi = V(ani), i= 1, ... ,N . (3.27)

Clearly V = VI + 1Iz + ...+VN.

I

~
i

The fonowing N counting functions are required to define the local bilinear forms,

{

0, if x E r\an£
Vi (x) = 1 , if x E an

card {j: x E anj}, if x E ani'\

and the respective pseudo inverses

vl(x) = { 0~1
Vi (x)

if Vi\X) === 0
,otherwise

which satisfy tl\e property 'E1;} (x) = 1 for all x E ruan.

Let h(ViU) for U E Vi denote linear interpolation onto V, then the local bilinear forms are given
by

bi(U! '0) === si(h(ViU), h(Vi'U)) == (Li('Hi(ViU), iii (ViV))

where iii are defined similarly to 'H; by

(3.28)

(LiCiiiU, '0) = 0 for all V E VCn) nHgCni)
~u= U on ani

and (Li(',') are bilinear forms defined on subdomain ni such that the associated local Schur
matrix is nonsingular. One particular choice for (Lie-, .), given by Dryja and Widlund [57], is

(Li(U,V) =J \7u.'Vvdni+C J uvdni

10
"

! '\1 ,
~\ ,~
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where C is a scaling factor .. The approach taken in [44], is simply tv replace the zero pivot in
the factorization of the linear system in (3.26) by an averaged positive pivot. Another approach
taken by ~")ryjaand Widlund [57] is to apply Dirichlet boundary conditions at the vertices of
individual subdomains. In this case, the N subspaces in (3.27) do not span V. The coarse
space can also be used to counteract tills problem. 'I'his approach is referred to as a mixed
Neumann-Neumann method and will be completely defined shortly.

The operators Ti : V -4 Vi are defined by

which are used to construct. the additive Schwarz operator,

Dryja and Widlund [57] have proved that the constants 01 and C2 are bounded by II-2 and
(1+ log Hjh)2 respectively for the h-finite element spaces. The following theorem is proved in
the above-mentioned paper.

Theorem 6 The condition number oj Tnn satisfi(;s the estimate

~I where G is a constant independent oj II and h.

An approximation to the local bilinear forms in (3.28) for the spectral element spsees Call be
obtained in a similar fashion as in iterative substructuring methods. The approximation is given
by

~ . h h _ .......- h -- hbi(U, v) = si(Ih(ViRpu),Ih(Vilrt;V)) = ai('H.i(viR;u), 'H.;,(viRpv)),

where Ih denote linear interpolation onto Vh(r), and constitutes a finite element approximation
to bi(" .).

r~~
i
'10

J

I
I
I, 0

Implementing the above Schwarz method requires evaluating s(un, v) for a given function un.

This process has been outlined earl'er. The local problems

are equ ivalent to computing wh = 1i,urt in

The matrix equivalent of these local problems are
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where uk is derived from s(un,v) and Di(Dj == Dil) are diagonal matrices with entries corre-
sponding to Vi(X) (vjCx)) evaluated at the nodal dof a: E ani.
Neumann-Neumann methods with a coarse space

The factor H-2 in the estimate of theorem 6 can be removed by adding a coarse space to the
decomposition of V. Two coarse spaces will be considered.

The space V is decomposed according to V ;:::;Vo+ Vl + ... + VNI where Vo is the space VH cn)
restricted to r. The bilinear form associated with this coarse space is given by

b{f(u,v) =s(u,v).

The operator TH : V -+ VII defined by b{f (THU, v) =.::: S (u, v) for ail v EVa, can be incorporated
into Tnn in an additive fashion [57],

Tnnh == TIl +Tl + ... +TN .

The mixed Neumann-Neumann method of llryja and Widlund [57] can :)e defined by incorpo-
rating TlJ into Tnn in an additive fashion with the local problems as described earlier. The
associated Schwarz operator is denoted by 1~nm'

An alternative coarse space developed by Mandel [91] and Dryja and Widlund [57J consists of a
sub domain by subdomain piecewise constant space. Therefore, an unstructured decomposition
of n of the form in chapter 2 section 2.3 can be used, although the underlying approximation
space must still be conforming. Let Nr be the index set of sub domains such that ani n an = 0,
then

ii,

VO = 8pan{~lj}iENI

or alternately, VO is giver..hy the range of the interpolation operator

IO~t(x) =L uan,vj(x) ,
i6.Nl

(3.29)

\,

where uani is the average of u over ani.
The bilinear form for the coarse space is defined by

;r~
['.1

I
(')

I
l, ,
1

\.1.. o
I 'U

bf(u, v) ;:::;(1+ 10gp)2 >- Si(U, v) ,
.r,.....I

iEN[

with p == HI h for h-finite element spaces and TO : 11 ~} VO is defined by bf (TO u, v) --
s(u,v) for ~llv E Vo.

Dryja and Widlund [57] incorporate the operator TG into Tnn in an additive fashion,

Tnnc = TO +Tl +T2 + ... +TN.

The balancinv -lomain decomposition 17'ethod of Mandel [91) is described by the hybrid Schwarz
method
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For h-finite element spaces, the constant 02 in section 3.2.1 for the operators Tnnh and 1~nc

is bounded by (1 + log H/h)2 while 01 and pee) are independent of Hand h. However, the
constant 01 is bounded by (1 + log F /h) for the operator Tnnm- The proofs of the respective
bounds in the following theorem may be found in [57, 93].

Theorem 7 For'V = v'hCf), the Schwarz operators T,mh, Tnnm, Tnnc and 2bdd have condition
number bounded by

where C is a constant independent of Hand h, and a=:3 .for Tnnm otherwise a = 2.

Conjecture 3 For V = l-;,h(f), the Schwarz operators Tnnh, Tnnrn, Tnnc and 2bdd have condi-
tion number bounded by

C (1 + logpy~

where C is a constant independent o.fP, and a:= 3 .for Tnnm otherwise a == 2.

Details of numerical experiments conducted are given in chapter 4.

The matrix Ao corresponding to All for the space VO is computed as follows. Let y, represent
the column vector corresponding to 'U E V, and ~ the coefficients of the Coarse interpolant in
(3.29), then the mapping between the two sets of coefficients is described by

where Bc(i,:) == (.f51)T Nff for i E NIl and .Bl is the column vector diag(.Dl). Therefore,
applying the definition of bf (., .),

Ac = BcSBb .

The construction of Aa requires the product of N1.Bt with S for all i ENi. This computation
can be performed by solving systems on each sub domain ni of the form

( A}r A~B) ( ~ ) _ ( 0 )
Ahl AhB ;QB - Nbi5J :

when' j belongs to the index set of sub domains surrounding subdomain ni'

3.5 Further instances of Schwarz methods

We have mainly considered Schwarz methods for the constant coefficient SPD elliptic problem.
However, extensions to more general elliptic systems exist. In particular, extension') to the gen-
eral nonsymmetric indefinite elliptic problem described in chapter 2 and the equations of lineal'
elasticity have bean considered in [118, 27, 23, 28]. Schwarz methods for the mixed formulation
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of elliptic equations, the Dirichlet biharmonic problem and nonconforming discretizations are
given in [95, 96, 130, 116]. In addition, the generalization of the two level Schwarz methods
to multilevel Schwarz methods appear in [131, 53, 114]. A multidomain Schwarz alternating
method has also been applied to the Stokes equations [65,64h although there has been no study
that incorporates a coarse space into this algorithm. Such all. approach may prove competitive
with the nested iterative scheme outlined in chapter 2.

'l?'::~I 0 \
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Chapter 4 .

Numerical Experiments

In this chapter, the validity of the conjectures in chapter 3 is investigated experimentally. In
addition, we demonstrate the efficiencyof the global additive Schwarz method for the spectral
element discretization compared with that of the conventional preconditioned iterative solution
techniques described in chapter 2.

All numerical experiments conducted solve the model problem

-Au = f in n
u= 0 onan

where n = [O,l].x [0,1] and f = 2(x + y - x2 - y2) is chosen such that '/),= xy(l - x)(l- y).
A POG method was used with the termination criteria that the original residual is decreased
by five orders of magnitude. The number of PCG iterations requited for convergence to a
specified tolerance is proportional to the condition number of the preconditioned system (chapter
2 section 2.1.3). Consequently, the condition number bounds in the conjectures of chapter 3 can
be interpreted as a bound on the number of PCG iterations. Therefore, we only report on the
PCG iteration counts. The experiments were conducted using MATLAB 4.0 for Windows.

4.1 Numerical experiments with global Schwarz methods

In. this section, the Schwarz method of Theorem 1 and conjecture 1 in chapter 3 will be in-
vestigated experimentally. Besides reporting on the number of POG iterations required for
convergence, a comparative st'4'.dyis made between the efficiency of the Schwarz method and
the finite element preccndi+ioninz strategy described in chapter 2. To this end, we consider the
computational complexity of each method. However, the complexities do not include the effects
of computer storage and memory requirements for a particular problem.

We first investigate the spectral equivalence of MAS) as described in section 3.2.1, to the finite
element discretization matrix for a piecewise linear finite element space based on triangular
elements. Two finite element grids are considered, a uniformly spaced grid Gh and the grid Gr
discussed in chapter 2. The domain is decomposed into Dx x Dx uniform subdomains with p + 1
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unknowns in each direction on each subdomain. The number of iterations required using one
mesh pois .. werlap for the grid Gh is depicted in. table 4.1. The results of using the grid Gp and
the effect of increasing the amount of overlap is illustrated in table 4.2. The column labelled
'Factor' in table 4.2 is defined as follows.

The solution of the local problems related to Ail is performed using banded methods [69]. The
approximate complexity of the POG method with the additive Schwarz preconditioner, as shown
by Smith [118], is given by

D; fact or(p + ovrlp) + factor(Dw -1) + a { CG(p, Dw) +M/em(p, D[JJ)+ R(p, Dz)
+D; solve(p + o'Urip) + solve(D[JJ- 1) }

(4.1)

where

ourip =
factor (x) =
solve(x) -
OG(p,Da;) =
R(p,D[JJ) =
a =
Mfem(p,D[JJ) =

the amount of overlap used measured in finite element mesh points
Hx + 1)2x2 - t(x + 1)3 + Hx + 1)x2
2x2(x + 1) - (x + 1}2
4p2D; j the complexity of the POG inner products
2p2D; ; the complexity of the coarse grid interpolation
the number of POG iterations required
the complexity of a matrix vector product with the finite element matrix.

The column labelled 'Factor' in table 4.2 refers to the ratio of the complexities of the Schwarz
method using the grid Gp, when the amount of overlap used is one and two mesh points wide
respectively. For example, when Dz = 7 and p :::::12 and using the grid Gp, two mesh points
overlap results in approximately 18% less floating point operations than using only one mesh
point overlap. Figure .i.1 illustrates the relative increase in the computational complexity of
the local problems, when the amount of overlap is increased from one to two mesh points. This
figure explains the relatively slow increase of 'Factor' in table 4.2 for increasing P, opposed to
the significant decrease in the number of iterations when the amount of overlap is increased.

o

Table 4.2 verifies the bound given in theorem 3 of chapter 3. When p is held constant while
varying Dw, the amount of overlap is a fixed fraction of the sub domain size and the number
of POG iterations required for convergence is asymptotically independent 011 the number of
subdomains. The bound can also be verified when Dx is constant while varying p. For example,
in conjunction with table 4.3, an identical amount of overlap is used when D[JJ= 7, p::::: 12 using
two mesh points overlap, compared with D[JJ= 7, p::::: 7 using one mesh point overlap. However,
maintaining otdp == 1, the amount of overlap is reduced when D.T is fixed and p is increased,
which results in an increased number of iterations.

A comparison between the complexity of one application of the additive Schwarz preconditioner
to a vector, to one matrix vector product with the finite element discretization matrix is depicted
ill figure 4.2. The approximate solution of the local problems could be effective in reducing the
computational complexity of the preconditioner relative to the matrix vector product. This
presumption has been experimentally validated in [122, 17].
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piDx 2 4 5 6 7 8 9 10 12
4 7 10 10 10 10 10 10 10 10
5 7 10 10 11 11 11 11 11 11
6 7 11 11 11 11 11 11 11 11
7 8 11 11 12 12 12 12 12 12
8 8 11 12 12 12 12 12 12 12
9 8 12 12 13 13 13 13 13 13

10 8 12 13 13 13 13 13 13 13
12 9 12 14 14 14 14 14 14 14

Table 4.1: Number of iterations required using Tas for the finite element discretization on the grid
Gh with ovrlp = 1.

Dx ",,·7 p=8
ovrlp = 1 ourlp s» 1 ourlp e» 2 ovrlp:::= 1 ovrlp = 1 ourlp s« 2

p Gh Gp Gp Factor Dx Gh Gp Gp Factor
4 10 10 10 0.68 2 8 10 8 0.93
5 11 12 10 0.84 4 11 14 11 0,96
6 11 13 10 0,94 5 12 15 11 1.02 .~>

0

~ 7 12 14 11 0.95 6 12 15 11 1.02
8 12 15 11 1.02 7 12 15 11 1.02
9 13 16 12 1.02 8 12 15 11 1.02

10 13 18 13 1.07 10 12 15 11 1.03
12 14 21 14 1.18 12 12 15 11 1.03

"

Table 4.2: Number of itetatlons required using Tas for the finite element discretization on the grids
Gk and Gp•

p Nodal points
4 1 0.65 0.00
5 1 0.77 0.29
6 1 0.83 0.47
7 1 0.87 0.59

(,
8 1 0.90 0.68

":;i

9 1 0.92 0.74
10 1 0.9;1 0.79
12 1 0.95 0.85

Table 4.3: The last three nodal points on [-1,1] .
'I j
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Figure 4.1: The relative increase in the computational complexity of the local problems when the
amount of overlap is increased from one to two mesh points.
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Figure 4.2: A point on the darker surface indicates the ratio of flops of one matrix vector product
with Mjem. to one spplication of the additive Schwarz preconditioner.
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p/Dx 2 4 5 6 7 8 9 10 12
4 7 9 9 9 9 9 9 9 9
5 8 10 11 11 11 11 11 11 11
6 10 11 13 12 12 12 12 12 12
7 11 13 14 14 14 14 14 14 14
8 12 14 16 15 16 16 16 16 16
9 13 15 17 17 17 17 17 17 17

10 14 16 19 18 19 19 19 19 19
12 16 19 22 22 22 22 22 22 22

Table 4.4: Number of iterations required using Tas for the spectral element discretization.

We now ;,onsider the global additive Schwarz method for the spectral element discretization. The
domain is once again decomposed into Drcx Dx uniform subdomains using degree p polynomials
in each direction on each sub domain. The computational results for one mesh point overlap
are. ~iven in table 4.4. The effect of increasing the amount of overlap is illustrated in table 4.5.
The column 'Factor' in table 4,.5 refers to the ratio of the complexities of the Schwarz method
when the overlap is one and two mesh points wide respectively. Since the local problems remain
finite element systems, the complexity model of the Schwarz method for the spectral element
discretization is identical to that of (4.1) with Mfem replaced by the sum factorization matrix
vector produ.ct complexity given in section 2.1.2.

The bound in conjecture 1 of c.bapter 3 is verified in table ·1.4 for p constant and varying Dx.
As depicted in table 4.5, a similar bound appears to hold for the case of minimum overlap and
increasing p. By comparison with the FEM, a similar decrease in the number of iterations for
increased overlap is not observed. This may be attributed to the fact that the direct solution of
the local problems now corresponds to an approximate solution in the spectral element space.
Therefore, in both the spectral element and finite element discretizations, the minimum overlap
strategy is to be preferred when p is not large.

The spectral element counterpart of figure 4.2 is given in figure 4.3. In this case, the computa-
tional complexity of tl.~ additive Schwarz preconditioner is considerably lower that of the matrix
vector product.

o Given the complexity and iteration COUHtsfor the above additive Schwarz method, a comparison
can be made between the complexity of the additive Schwarz solution strategy lind the finite
element preconditioning approach discussed in chapter 2. Figure 4.4 illustrates a comparison
between the complexities of the two solution techniques. The advantage of using the additive
Schwarz method for medium to large scale problems is clearly apparent. Based 011 the trends of
the results presented and the associated operation counts, it can be deduced that the additive
Schwarz preconditioning strategy for the iterative solution of the spectral element equations
provides for a good alternative to finite element preconditiorJng. Further, the application of tae
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Dx=7
o'Urlp = 1 ourlp = 2 ovrlp = 1 o'Urlp = 2

P FEM FEM SEM SEM Factor
4 10 10 9 12 0.62
5 12 10 11 13 0.71

6 13 10 12 13 0.79
7 14 11 14 14 0.87
8 15 11 16 15 0.94
9 16 12 17 16 0.95

10 18 13 19 16 1.06
12 21 14 22 19 1.05

Table 4.5: Number of iterations required using Tas for the spectral element discretization with
ovrlp = 1 and 2.
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Figure 4.3: A point on the non-constant surface indicates the ratio of flops for one matrix vector
product with the spectral element discretization matrix to one application of the additive Schwarz
preconditioner, MAJ.
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Figure 4.4: A point on the non-constant surface indicates the ratio of flops of the PCG method with
Mil to the PCG method with MA~ as a preconditioner.

additive Schwarz preconditioner has favourable opportunities for parallel computing and! or a
good blocking of data within a serial environment.

4.2 Numerical experiments with boundary Schwarz methods

Reported in this section are the results of experiments conducted with the Schwarz methods in
theorem 5 and 7, and conjecture 2 and 3. Both the grids Gp and Gh are considered for the finite
element discretization. The results for the F'EM are given in tables 4.6 to 4.9 while the results
for the SEM are reported in tables 4.10 and 4.11..

Implementation aspects

We denote Tise by the operator Tis in theorem 5 and conjecture 2, when the local bilinear forms
are not approximated. The operator Tisa for the finite element discretization is the operator Tis

when the local bilinear forms are approximated by the interface preconditioner J of Dryja [21].
The finite element approximation to the local bilinear forms for the operator in conjecture 2 is
used to define the operator Tisa for spectral element discretizations.

The operators Tnnh and Tnnc are implemented by perturbing the local bilinear forms with a
scaling of J uv dnk as described in chapter 3. Note that the form J uv dn discretized using the
SEM is "limply a diagonal matrix with diagonal entries corresponding to the tensor product of
the one dimensional Gaussian quadrature weights. Each local Neumann problem in (3.26) is

10
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p=4
Method/Dx 2 4 5 6 7 8 10 12

Tnnm 3 7 7 9 8 10 10 10

Tnnh 2 7 7 .. 7 7 7 8I

Tnnc 3 6 8 8 10 11 12 13

Tbdd 1 4 4 5 5 6 6 6

Tisa 4 '7 7 8 8 8 8 8

Tise 4 6 7 8 7 & 8 8

I 4 11 14 17 19 22 28 32

Table 4.6: Iteration COL':ltSusing the FEM with the grid Gh for increasing Dx.

Dx::::::7
Method/p 4 5 6 7 8 9 10 12

Tnmn 8 9 9 10 11 11 11 12

Tnnh 7 8 8 9 9 9 10 10

Tnnc 10 11 12 12 12 12 12 12 0,)

~ Tbdd 5 6 6 6 6 6 6 7

Tisa 8 8 8 10 11 11 12 13

Tise 7 8 8 8 8 8 9 9 \

I 19 22 24 27 29 31 33 36

Table 4.7: Iteration counts using the FEM with the grid Gh for increasing p.

p=4
Method/Dx 2 4 5 6 '7 8 10 12'r~~ Tnnm 3 8 8 9 9 10 10 10I \1
Tnnh S 7 8 8 8 8 9 9

I 0 Tnnc 3 6 8 9 11 11 13 14

ndd 1 4 4 6 6 6 6 7

Tisa 4 8 9 10 10 10 11 11
Tise 4 7 7 8 8 8 8 8
I 4 11 12 16 18 20 25 29

0 Table 4.8: Iteration counts using the FEM with the grid Gp for increasing Dx.
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Dro= 7
MethodJp 4 5 6 7 8 9 10 12
Tnnm 9 10 11 11 12 13 14 14
Tnnh 8 9 10 10 11 11 11 11

Tnnc 11 12 12 13 14 14 14 15
Tbdd 6 6 {) 7 7 7 8 8

I'isa 10 11 12 13 13 14 15 16
Tise 8 8 9 9 10 10 10 11
I 18 20 22 24 25 26 27 29

"',
Table 4.9: lte ",tion counts using the FEM with the grid Gp for increasing p.

p=4
Method/Dx 2 4 5 6 7 8 10 12 r;;

Tnnm 3 9 10 11 11 13 13 14
Tnnh 3 6 7 7 7 7 '''7 7

Tnnc 3 7 9 9 11 11 :'.3 13
~: Tbdd 1 4 4 6 (] 7 7 7

Tisa 4 8 8 9 9 9 10
Tise 4 7 8 8 9 9 9 9

\--'

I 4 11 13 16 :1.8 20 26 30
Table 4.10: Iteration counts using the, SEM for increasing Dro.

o

Dx=7
Method/p 4 5 6 7 8 9 10 12
Tnnm 11 13 14 15 15 16 16 17
Tnnh 7 8 8 9 9 9 9 10
Tnnc 11 1:? 12 13 14 14 14 15 t
ndd 6 6 7 7 7 8 8 8 i \"

\

Tis(l. 9 9 10 10 10 11 11 11
Tise 9 9 10 10 10 11 11 11 ,'\

I 18 20 22 24 25 27 30 34
Ta'ble4.11: Iteration counts using the SEM for increasing p.

56



perturbed by a Su' j': • .5 of this matrix. Experimentally, this perturbation provided lower iteration
counts for the Neun.ann-Neumann methods applied to finite element discretizations than the
approximation of J uv dn using the finite element basis functions. Since the performance of Tbdd
is independent of the solution approach taken for the local Neumann problems, see Mandel [91],
the zero pivot in (3.26) is replaced by an averaged positive pivot in the factorization of the linear
systems.

The scaling of the coarse operator in Tnnc and Tnnh was taken to be (1 + log(pj4))2 for the
nonuniform grid discretizations, which yielded lower iteration counts when the scaling of (1 +
log p)2 was used.

Discussion of the results

The performance of the above-mentioned Schwarz methods for realistic problems cannot be
ascertained solely from experimental results with the U' Ide! problem. However, a number of
theoretical results and computational trends can be verified.

The number of POG iterations requited for convergence for all the Schwarz methods appear to
be asymptotically independent of the number of sub domains. Moreover, there is a. sub-linear
dependence on the number of POG iterations for increasing p and constant D;x. However,
as indicated in theorem 7, the operator Tnnm appears to be more sensitive for increasing p

than 1";lnc,Tnnh and Tbdd. However, t,he Schwarz methods demonstrati 'greater robustness for
increasing p than the global additive Schwarz methods investigated in section 4.1. We also note
the close relationship between the number of POG iterations required for the spectral element
discretization compared with the finite element discretization on the grid Gp•

A remarkable result is that Tisa yields no worse iteration counts than Tise for the SEM. That
is, a computationally cheaper finite element approximation to the local bilinear forms of Tis for
the SEM can be made without a performance degradation of the method. However, we have
not yet implemented similar approximate local problems for the Neumann-Neumann methods.

o

The number of iterations for Tnnh is consistently lower than for Tnnm, a trend which is par-
ticularly noticeable in both the nonuniform grid FEM and the SEM. The iteration counts for
additive Schwarz methods deteriorate when a piecewise linear coarse space is replaced by a piece-
wise constant coarse space. Nevertheless, the condition number bounds on the additive Schwarz
operators are of the same order when either coarse space is used. In this respect, the robust-
ness of the hybrid Schwarz operator ndd, which uses a piecewise constant coarse space, is clearly
apparent when compared with that of2~lnCand even Tnnh. Presently, Neumann-Neumann meth-
ods with a piecewise constant coarse space is the only boundary Schwarz method that ' in be
employed to solve conforming discretizations on an unstructured domain decomposition similar
to chapter 2 section 2.3. In view of applying Schwarz methods to unstructured decompositions,
a more robust, additive Schwarz method would therefore require a higher order coarse space
without the restrictions of present piecewise linear coarse spaces. A recent article by Mandel
[92] offers new insight into this problem.

I
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A further distinction between the Neumann-Neumann methods of hybrid and additive Schwarz
type, is the relative sensitivity of the additive method to the solution approaches d the local
Neumann problema and the scaling of both the Neumann and coarse problems. The hybrid
Schwarz method is more robust in this regard. A more dr·' ed understanding is needed con-
cerning the. effect of scaling factors and solution approaches.s.., the local Neumann problems on
the overall performance of the additive Schwarz method.

Note th' ~nh (Tise) requires the solution of one (four) Neumann (Dirichlet) problemfs) on each
subdom~dl for the local problems. Further, since the computational cost to solve one Neumann
problem never exceeds twice the cost to solve one Dirichlet problem (see for example figure 4.1)
we see that Tise is atleast twice as expensive per iteration as Tllmh• However, a more reaiistic
implementation would employ approximate local problems. A proper comparison of these two
schemes therefore requires further research.

GlJ
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Chapter 5

Nonconforming Spectral Element Solution
Techniques

5.1 Introduction

'T1}1enb'h.?:puformingSEM has been outlined in chapter 2section 2.3 and demonstrates a number
oJ: potentiaiadvanta~~s over the conforming SEM. Although the nonconforming SEM is well
suited to a PCG so}~tion technique [82], a direct method is the preferred solution approach
owing to the lack 01 good preconditioners [741. Computational results presented in chapter 4
indicate the effic~eIides afforded by a Schwarz method compared with conventional preco:hdi-
tioning techniques for the conforming SEM. Consequently, the application of Schwarz methods
to the nonconforming spectral element discretization could provide for an effective tool in the
solution of the resulting system of equations. The use of domain decomposed solution techniques
for unstructured decompositions has only recently received attention [13, 79]. We outline below
a number of the difficulties in applying the Schwarz methods of chapter 3 to the nonconforming
spectral element discretization.

5.2 Solution techniques

Diagonal preconditioning

The formation of the modified local stiffness matrices for the nonconforming SEM has been
discussed in chapter 2. The contribution from sub domain nk to the linear system of equations
in (2.23),

(5.1)

-kT k >~, ""'kT -:-Ieis given by Q A 'Qk'Jl'~ :::::Q L or

I, o :

U
(5.2)
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where A1B = A1BQk = (A~r)T, A~B = (QkfA~BQk, t = (Qk)T ts and Qk is the mortar to
sub domain boundary projection. Vector y;~ now refers to the unknowns located on the mortars
bordering subdomain Ok, see for example figure 2.7 of chapter 2.

The contribution to the Schur complement matrix 8 from subdomain Ok can be expressed as

k --k "/.: -1'-Ie8 = ABB - ABrAn ArB'

from which 8 can be assembled through direct stiffness summation L, N~8k Nt where N~is
defined by fi.~ = N~TY:_.

The first solution strategy is to solve the Schur complement system. iteratively using a diagonal
preconditioner, This approach may result in lower iteration counts than a diagonal precondi-
tioner for (5.1). The computational kernel of this approach is the formation of a matrix vector
product with the Schur matrix,

, ..........k.-k Ale -1"'k k k --leTSn = L,_;NB(ABB - ABIAIl A1B)}L , 'JL' = Nj; y_.

Clearly, the effect of Qk need only be known implicitly through matrix vector products. This
approach requires that the matrices Ak are assembled and A1r are factorized. However, applying
the arguments of section 3.4, a pr=conditioner for (5.1) can be constructed employing finite
element approximations to Ak.

Table 5.1 indicates the number of her at ions required to solve the model problem on the geometry
i~~figure 2.6 (c) of chapter 2 using a POG method for the Schur complement system. The
associated preconditioner is denoted I. In this case, the total number of sub domains is given by

D~+ 2l~J!l.1.

Iterative substructuring methods

Iterative substructuring methods were initially developed for conforming discretizations on a
structured decomposition of the domain. A second approach consists of an algebraic extension
of iterative substructuring methods to the nonconforming SEM. Following the arguments in
section 3.4.1, the Schur complement matrix can be re-ordered according to

8'Y11 8'Y12 8'Y1E 8'Y1V

8TH 8'Y22 8'Y2E 8'Y2JJ

S'YE1 8'YEE

8'YEII Svv

where in this case, 8'Yij denotes the coupling in 8 between the dof Onmortars 1'i and 1'j, and Svv
represents the coupling between the vertices. Note that a vertex may be the intersection of only
two mortars and a mortar may intersect more than two subdomains. A preconditioner M-1 for
the Schur complement matrix is then obtained (see figures 3.2 and 5.1) by the splitting of 8,
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Figure 5.1:The nonconforming spectral element counterpart of figure 3.2 for the geometry in figure
2.6 (c).

n; = 4 p;;r.4
p I 1)1-1 D:u I M-
4 18 12 4 18 12
6 23 14 6 21 15
8 28 16 8 25 20

10 32 17 10 30 23
12 37 18 12 35 28

1

o

Table 5.1:The number of peG iterations for the two preconditioners, I and M:),
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Once again, there is no need to form the blocks of M directly. Only the C()~ 'Pi ti;l,tioT~of S:;'~yi is'u_
requited for the prescribed values'll on mortar 'Yii. This can be achieved by ;olvir.f., 'vcal homo-
geneous Dirichlet problems or finite element approximations thereof similar to equ.-tion (3.24)
in chapter 3. However, more than four mortars may surround the boundary of a subdomain
and therefore systems of the form in equation (3.24) may be larger than those for conforming
discretizations.

As noted earlier, the lack of a means for global transportation of information will degrade the
performance of a preconditioner when increasing the number of subdomains, A coarse problem is
yet to be included into the above pre conditioner and the absences of this component is born out in
the computational results depicted in table 5.1. However, it is evident that there is an increased
robustness for fixed Dx and increasing p. A recently proposed method by Renquist [112, 111]
may be applicable to the nonconforming discretization and systems of the form in (5.1). This
method employs an alternate means for including a coarse problem into the iterative solution
of (5.1) and these ideas applied to the Schur complement matrix may provide a mechanism to
include a coarse problem into M.

Direct methods

In [74], the Schur complement matrix is formed explicitly and factorized. This approach can
be effective for small to medium sized problems when the factored form of the Schur matrix
is required. However, for large scale problems, memory requirements are too severe and an
iterative solution approach is required.

Neumann-Neumann methods

We briefly comment on the use of Neumann-Neumann methods applied to the nonconforming
discretization. The Neumann preconditioner requires the direct formation and factorization of
the matrix in (5.2). Since Qk is in general rectangular (see equation (2.21)), the Neumann
problems have a larger null space than the. . sponding local problems defined for conforming
discretizations. The dimension of these null -ies is easily shown to be dependent onp. Similar
problems occur for the nonconforming die sation applied to finite element spaces. Mandel
[91] showns that a stable balancing domain decomposition method can result provided the coarse
space spans the null spaces of the local Neumann operators. A coarse space with a dimension
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dependent on the resolution of the discretization is clearly prohibitive and ~herefore a Neumann-
Neumann method applied to the nonconforming discretization in this manner is not feasible.

An approach suggested by Le Tallec [79] enforces the nonconforming matching conditions using
Lagrange multipliers instead of the transformation approach taken in chapter 2 section 2.3.
The solution of the elliptic problem is then obtained by solving the larger indefinite saddle
point problem. However, Le Tallec [79] demonstrates how a Neumann-Neumann method can be
applied in this situation.

I
, !

63



oj

U

)1

If

Chapter 6

Closure

A brief appraisal of the study is included in shis chapter. The work is placed in context by
discussing the strong points, shortcomings, £uggestions for further research and the conclusions.

6.1 Summary of the study

()

Domain decomposition methods are one of the most mathematically well understood techniques
for the iterative solution I~flinear equations arising from the discretization of partial differential
equations. A wide varietj: of solution techniques based Oll domain decomposition have recently
been introduced, inspired primarily by the availability of parallel computers, and with particular
emphasis on finite element discretizations, Advances in the theory of Schwarz type domain
decomposition methods for finite element discretizations has made it possible to transfer a
number of these concepts to higher order discretizations. This study attempts to demonstrate
the means by which Schwarz methods can be applied to the spectral element discretizations,

Domain decomposition and finite element discretizations

\

A first approach to formulate Schwarz methods for the spectral element discretization is to
exploit the similarities between the PFEM and the SEM, and apply, algorithmically, Schwarz
type methods developed for the PFEM. Solution techniques inherited by this approach are the
additive Schwarz method of Pavarino [105] and the numerous boundary Schwarz methods [2, 89,
88, 52]. The solution techniques were formulated in a Schwarz framework in order to emphasise
similarities and distinguish disparity between the various techniques. The presentation of chapter
3 symbolizes a growing understanding that Schwarz methods are more generally applicable to a
myriad of discretizations and solution techniques. Computational results documented in chapter
4 signify experimental evidence of the applicability of Schwarz methods to the spectral element
discretization. There is a vast assortment of boundary Schwarz methods and not all of these
methods were investigated for the spectral element discretization. The local problems were solved
exactly and minor variations based on the choice of an approximation to the local problems
were initially omitted. A notable deficiency in both the current literature and in this study, is
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a comparative examination of the predominant methods for realistic problems. However, one of
the objectives of this study was to establish possible solution strategies rather than: to ascertain
the most efficient method for a given problem.

Approximate local problems

Ii
I~

Results of numerical experiments conducted in [25, 17] with Schwarz methods for low order finite
clement discretizations confirm the presumption that an approximation to the local problems
can reduce the total amount of computation. The nature of high order methods obviates a
greater necessity for efficient local solvers than for lower order finite element methods.

The finite element preconditioner for pseudo-spectral methods was extended to the SEM. The
results of numerical experiments conducted are recapitulated in conjecture 1 of chapter 2 and
constitute a crucial link between the SEM and the FEM. This connection suggests that Schwarz
methods for the finite element discretizations are applicable to the spectral element. discretiza-
tions. This concept enabled the formulation of a global additive Schwarz method for the spectral
element discretization. In addition, the formulation enabled a minimum overlap strategy to be
accommodated for the SEM. In contrast, there appears to be no minimum overlap Schwarz
method for the PFEM [105]. The concept of finite element preconditioning for the SEM was
also used to introduce approximate local problems for boundary Schwarz methods defined for
the spectral element discretizations,

The impact of increased memory requirements and setup costs for the approximate solvers was
not explored. Nevertheless, one should take into consideration the added efficiency and storage
reduction afforded by the sum factorization techniques which can be used to counteract these
overheads.

Theoretical aspects

An experimental method of investigation was employed in order to explore the validity of the
multitude of solution techniques developed for the SEM. Although the solution techniques are
devised within reasonable theoretical grounds, no proofs are developed and only the mathemat-
ical framework is formulated. Perhaps the most rudimentary proof technique would be to prove
conjecture 1 of chapter 2 and then infer the theoretical results available for Schwarz methods ap-
plied to finite element discretizations. The absence of theoretical justification is a recurring issue
throughout this study, in both the presentatiou of existing and proposed methods. Notwith-
standing, the work raises a number of intriguing theoretical aspects by indicating experimentally
what may be provable.
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Numerical experiments

Schwarz methods for spectral element discretissernns were only investigated, numerically, for
the model elliptic problem in two dimensions. This does not imply that these methods are
not applicable to more .general elliptic problems in complex geometries. Focus was placed on
the primary concepts of the methods, thereby avoiding further programming details necessary
for a more general implementation. The necessary foundation for solution strategies based on
domain decomposition for the SEM has therefore been established in order to investigate the
more arduous problems.

Nonconforming discrefirnsdons

The nonconforming SEM represents an important extension of the conforming SEM allowing
for more efficient mesh refinement strategies to be employed. The development of Schwarz
type solution strategies for the nonconforming SEM has not b,,"·n adequately resolved in this
study. Global and Neumann-Neumann Schwarz methods do not am ear to be directly applicable
to the nonconforming discretization although lterctive substruct/zring methods seem to bp a
more viable approach. The development of Schwarz methods for the nonconforming spectral
element discretization would be of independent interest than solely for the spectral element
disoretizations. Further research is therefore required in this direction.

Navier-Stokes solvers

The solution of the Stokes equations is an important computational kernel in many Navier-Stokes
solvers. A brief discussion demonstrating the use of elliptic solvers as a kernel for the solution of
the Stokes equations was outlined in chapter 2. Another possibility to include Schwarz methods
into a Navier-Stokes solver is to employ Schwarz nethods to solve the Stokes equations directly.
A number of ideas in this regard are detailed in (65], however, these methods do not incorporate
a coarse space which proved invaluable for elliptic equations.

Schwarz methods have not been developed with the purpose of being included within a com-
putational kernel, Therefore, further experimentation and development is required if Schwarz
methods are to be employed in this fashion.

6.2 Conclusions

The following conclusions have been made from this study.
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• The finite element preconditioner for pseudo-spectral methods extends naturally to the
SEM and maintains the spectral equivalence property. Further, finite element precondi-
tioning for the SEM was shown to result in significantly fewer floating point operations
than diagonal preconditioning.

• The concept of finite element preconditioning for the SEM was used to formulate a global
additive Schwarz method f01"the spectral element discretization. An experimental inves-
tigation of this method revealed the following: '"

- The number of peG iterations required for convergence using the minimum overlap
strategy is independent of the number of snbdcmains (l,'ld approximately linearly
dependent on the degree of polynomials used within each subdomain. The number of
peG iterations are also similar to the number of iterations required by a minimum
overlap additive Schwarz method for the finite element discretization on a nonuniform
grid.

- Increasing the amount of overlap can reduce the number of peG iterations, however,
this does not necessarily lead to a reduction in the number of float point operations.

- One application of the additive Schwarz preconditioner is computationally cheaper
than one matrix vector product with the discretization matrix.

- The global additive Schwarz method for the spectral element discretization requires
significantly fewer floating point operations than the two preconditioned iterative
solution techniques investigated in chapter 2, particularly for large scale problems.
In addition, the memory requirements for the additive Schwarz preconditioner are
significantly lower than that r. ;,:lired by the finite element preconditioner.
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• Boundary Schwarz methods were also formulat.ed for the spectral element discretization.
Numerical experiments with these methods revealed the following:

~ Boundary Schwarz methods defined for the spectral element discretization require a
similar number of peG iterations to the corresponding methods defined for a finite
element discretization on a nonuniform grid. The number of peG iterations also
demonstrate a sub-linear dependence on the resolution of the discretization within
each subdomain .

.- A finite element approximation to the local problems in iterative substructuring meth-
ods can be made without degrading the performance of the method.

- Neumann-Neumann methods augmented with a piecewise linear e,M rse space are more
robust than the corresponding methods augmented with a piecewise constant coarse
space.
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e The means by which Schwarz methods can be applied to the nonconforming discretization
remains an open question. Neumann-Neumann methods of the form used in finite element
discretizations are not directly applicable to the nonconforming discretization. Iterative
substructuring methods appear to be a more viable approach than a Neumann-Neumann
method.
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6.3 Recommendations for further research

• Theory

-- The proof of the conjectures in chapter 3 is an instinctive route fOJ further investiga-
tion, gi: en the computational results in chapter 4. A recent article by Pavarino and
Widlund (October 1993) [106] marks the beginning of the theoretical investigation
for iterative substructuring methods.

- Undoubtedly, the future success of the SEM lies in its ability to accommodate adaptive
strategies which promote efficient solution techniques. The extension of Schwarz type
schemes to an adaptive variant of the conforming SEM is essential in this respect.
Alternately, a basis for the approximation space can be sought which preserves the
high order accuracy and computational efficiency of the SEM while enabling adaptive
strategies and Schwarz methods to be accommodated.

• Extensions to more general problems

- lhis study has only considered the model elliptic problem in two dimensions. Future
work should address three dimensional problems (Dryja, Smith and Widlund [52]),
nonsymmetric problems (Cai and Widlund [28]) and the Stokes equations (Fortin and
Aboulaich [641).

• Experiments

- Comparative studies of the various Schwarz methods applied to finite element and
spectral element. dlscretizations for reaiistic problems on advanced computer archi-
tectures should also be the topic for further researcl,
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Appendix A

Program Listing

A number of MATLAB programs are listed 'low ;Cn:.. some
of the Schwarz methods that were irnpler,,!i.ted.Those
program listings which are similar to ehe listings
given below are not supplied. FUrther, a nUUIDer ~f
procedures are not listed since these op.;!l;ationsave
easily implemented. The procedures not ',sted are
outlined below.

i
I
I
I
I

!
[A, b, Vertex, :rnterf(".ce,Boundary, Interior 1 = i
hif~i~(NDx, 1); i

Given the nUIllberof rectangular elements in one I
direction (}IDX), this procedure return the )
(,'Iiscretizationmatrix A and corresponding right hand:
side b for a bilinear FEM. The remaining vectors !
specifies the nodes associated with the vertices, I
interfaces, boundary ~d interior of the domain I
where it is assumed that the nodes are nUIllbered !
according to a lexicographical ordering. i

i
i %
I

I,
I

!
I,
I
I

i
I

I
I
I,

F:K':L I
:
I
I

functiQ:D. St:z:uct '" Getst:z:uct (NDx, NDy, Nx, Ny, Boundary,1
Qverlap) !

I
I

i

I
I

i
!
I
I:
i
I
I
1
I

i
I
I
I

I
I
I:
I

I
I
I
I
I
I

[A, b, Ve;rtex, Interface,. PBoundary, Interior, sxs ,
SPKi J = sem:Lil:l (p*NDx, NDXl i

The SEM counterpart of BIFEMLIB. The parameter p is
the order of polynomials used. In addition, SKi is
the stiffness matrix on the reference subdomain and
SPKI is the perturbation Il'tiitrixreq-uired for the
Ne~~Ill~-Neurnann methods.

[A, b, Vertex, Interface, BounQ.'IYJ ,~, 'r, st.ruct ,
FKi, FPKil = sbhl:Ul(p*NDx, NPx, l'pa, 'r" 'erlap);

The linear-triangular basis FBM "",1:h"rt, ,of
BIFEMJ:,IB. Spacing = 1 or 2 for '.1 G_{h} and
G_{p}. OVerlap =1,2 ..• specifi" l •. _.illtof
overlap used measured in grid, tl, ' ,Matrices
and FPKI are as specified in SL..:.1",.,O. b'truct is
specified by the pzocedirre , GetStruct, below~

NodeslnRow = Nx*NDx - (NDx-l);
NodesInCol = Ny*NDy - (NDy-1);
for k=l:NDX

Base (2-overlap):(Nx-1+overlap);
Base = Base + «I-overlap) *NodeslnRow).*

ones(size(Base»;
+ ones(size(Base»*( (k-l) * (Nx-l) )1Base = Base

Factor=O;
for j=1:NPy

for i=l: (Ny-2+2*overlap)
Struct [Struct (Base +

ones(size(Base))*Factor)l;
Factor + NodesInRow;Factor

end
Factor ::

end
end
Struct

Factor - NodeslnRow*(2*overlap-l);

= reshape (Struct, «Nx-2+2*overlap)"2),NDx*
NDyl;

EStruct = struct;

for j =1: NDx*NPy
sub=zeros(size(Struct(:,j»);
for i=:i.l(Nx-2+2*overlap) "2

y = find( (Struct(i,]). *ones(size(BOUhdacy)
Bou:no.acyj == 0);
if .length(y)==O sub(i) ==0; ell."'f:sub(i)==l; end

end
y = find( (Struct(:,j) < 1) I (struct(;,j) >

NodeSInRoW"2) );
sub(y) ::ones(size(y);
zownum = floor( (Struct(:,j)- ones(sizeIStruct(:,j)

» ) ./ NodesInRow);
Struct (! ,j) = Struct {:t j} - (UodesInRow+1)."

ones(size( Struct(!,J))) - 2.*(
rownurn _.ones (size (zownuml ) );

y :: find(sub);
if (length(y) > 0)

Struct (:;r, j) =zeros (length (y),1) ;
end

end
end of function -----.----

% Program BOD

% the main calling prOgram which implements T_{bdc'U for
both the FEM and SEM
for spacing =1:2
direct ;: 1;
DP = [41;
NN [3];
zun.sen, 1i

iter=[J;
to = clock;
for i = 1 : length (DD)

for j ~~(i) \ NN(i)
NDx = DD(i);
N = j;
sh
results1= [results1; [NDx Niter 11

end
end
end
t1 ::etime(clock, to)
disp(IDD N iters');
results~.

NDy
Xl
X2
Y1
Y2
NUInNodes

= NDx;
0;
1;
0;
1;
(NOy*(N+I) -(NDy-1) )*(NDX*(N+1)-
(NDx-1) );
NDy*ND1;;

:: (NDx-1)*(NOy-1);
tN-l)A2;
(NDx-1)" ( NDy* (N+l) - (NDy-I) -2 ) +

NurnElements
NtunVertex
NInterior
Sr:hurLength
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.-.------------------------------------------------------~.~,--------------------~~~...~...~~-------------------------------
I ~~

(NDx-I) * ( NDx* (N-J..)t : ! x = jacobl (block+l); :.:
::1; % make calling ~ol.\tinescompatable;! alpha = ( 0.5.*( X' + ones(s'i~~:» »);

I alpha ( [I, (hlock+2)] )=[]'i ·c,c~:
I end
I,,
I,
I
I
I,
I,
I,,,,,

~iloundary, Interior, SKi Ii,,
I,
I
I
I

I,
I

!,,
I
I,
I,,,,
I

spacing, I,
1,,
I,,

SKi, Structl, TStruct,Bound, Int/Ph,1,
I

I
I
IFKi, Structl, TStruct,Bound, Int,Pb,1
!
I

I,
I
I,
I
I,
i
I
!
I,
I,Ah, S;ructl,
I,
I
I
I,
i
I
I
I·I
i
I:
I,,
I
i
I,
I

Intbase2; i
ones(size(Intbase2») + Tntbase2; I

DD.*ones(size(Intbase3)) + Tntbase3; !
(DD-I) .=ones (t;J.:t.l';l (Vertbase)) + Vertbase;l

I
I
I
I,
I·,,,,,
I
I,
i
! % end function,,,
1 function g = getg(FKi, Ki, FStruct, TStruct, Bound,
I tnr.,bf, SchurLength)·,----------~----------------------~------------------------------------------------/

overlnp
% --------------~reproceSsor-~------------

cd h; \addsh-h
[PA, Ph, PVertex, P:r.nte\~face,PBoundary,PTnterior,
Structl, FKi, FPKi.l = sl\nlib(N*NDx, ND:":Ispacing,
overlap) ;
clear PTnt.erior;
cd h:\sem
if runsem==l

[A, Pb, Vertex, In~erface,
SPKi]= semlib(N*h~x, NDx);
clear Tnteerior;

else
% FPKi :: zeros(size(FKil)i

end
cd h:\bdd
Pmap ~ l:NumNodes:
Pb = Pb(Pmap};
clear Pmap;

Pmap(PBoundary) =tl;

for j=l:NumVertex
ver~ ::Data(l,j);
row :: (block*(vert-l)+l): (01ock*vertl;
Rt(row,j) = flipud(alpha);
vert'" Dat;;,(2,j};
row ::-;(b10ck* (vert-I) +1) ;(block*vert);
Rt(row,j) = alpha;
vert = Data(3,j);
row = (block*(vert-I)+l): (hlock*vert);
Rt(row,j) :: flipud(alpha);
vert = Data(4,j);
row = (hl.ock= (vert-I) +1) :(block*vert) ;
Rt(row,j) = alpha;

end
leftbot
rightbot
lefttop
right top
Dom
Verte.x,
DD-l);
Vertex ::(Vel.t,ex ,);
for i=l:DD·l

for j=l:DD-l
Dom(l, Verte'.(j, L) = leftbot;
Dom(2, Vertex!j, i) I ::rightbot;
Dom(3, Ve::tex(j. i) -r- ~c;,ettcp;
Dom(4, Vel"tex(j,i) = righttop;
Lef cbo; =' lefttop; leJ!ttop
rightb,t = ::ighttop; righttqp

end
leftbot
rightbot

And

1;
DD+l;
2;
rightbot+l;
zeros (4, Numvertex);

l:NumVertex; vertex = reshape(Vertex,

lefttop+1.;
righttop+1;

cd h;\libs
Course ;::g'etcourse (NDx) ;
[Rt, TStruct, Tnt, Bound] = yetrt (N-1.,
length(PInterface),length(PVertexl,course,
NDx);
clear Rt;
cd h: \bdd

if runS(,,1\==1
g getg(SKi,
schurLength) ;
c:.ear Pb;

else
g getg(FKi,
SchurLength) ;
clear Pb;

end
if runsem==l

[Ah, IntDom] = getah(Int, Bound, Structl,TStruct,
SchurLength, NDx, SKi);
[Uf, iter] = pcg3(FKi, SKi, g, O.OOOI,Ah, Struct,
TStruct, Bound, Int, precon,IntDom);

else
[Ah, IntDom) '"getah(Tnt, Bound, Structl, TStruct,
SchurLength, NDx, FKi);
[Uf, iter] = pcg3{FKi, £Ki, g, 0.0001,
TStruct, Bound, Int, Precon,IntDom);

end
% ----------End of progr~ --~---------
xunction course ~ Getcourse(PD)

Intbasel l:DD;{DD-l)*{DD-l);
Intbase2 ones(size(Tntbasel)) + Tntbasel;
Intbase3 (DD*(DD-l)+l J: (DD"2) i
Vertbase 1: (DD-l);
for k=l; (DD-l)

course (l,Vertbase) = Tntbasel;
course (2,.Vertbase) = Intbase2;
for i=l: DD-l

course(3,Vertbase(i» Intbase3(i);
course(4,Vertbase(i») ~ 1ntbase3{i+l);

end
Tntbasel
Intbase2
Intbase3
Vertbase

end
% end function.

£unction [Rt, T.struct, ~nt, Bound, VS) x GetR~(b1oo~,
LS, NUmVartex, Data, t~e, DO}

Rt=zeros(LS, NumVertex};
alpha = zeros(block,l);
if type :;= 1

h=l/ (block+l);
for i=l:block alpha(i) =

else
l-i*h; end

~eftcop; lefttop
right top; righttop ;::

lef'ctop+l;
righttop+l;

intI 5: (block+4);
int2 (intl(block)+l):(intl(block)+block)
int3 (int2(block)+1.):(int2(hlock)+block)
int4 (int3(block)+1 :(int3(block)+block)
TStruct := zeros{4*block+4, DDA2}~
for i=l: Nnn\Vertex

vert = Data{l,i);
row (block*(vert-l)+I):(bleck*vert);
TStruct{intl, Dem(l,i) = row';
TStruct(int3, Dom(2,i)) = row';
vert = Data(2,i);
row = (block* (vert-I) +1) :(block*vert);
Tstruct(intl, Dom(3,i» = row';
Tstruct(int3, Dom(4,i) ;::row';
vert = Data(3,i);
row = (block*(vert-l)+l): (hlock*vert);
TStruct(int2, DOI!l.(l,i» ;::row';
TStruct(int4, Dom(3,i) ;::row';
vert = Data(4,i);
row = (block* (vert-I) +1) ;(bloc~*vert);
TStruct(int4, Dom(4,i)) = row';
TStruct(int2, Dom{2,i)) = row';
TStruct(2,Dom{1,i»)=i;
TStruct(3,Dom(2,i»=i;
TStruct(1,Dom(3,il)=i;
TStruct(4,Dom(4,i»=i;

end
piece:: 5; (4*block+4);
addto = TStruct(piece, :)-=0;
TStruct (piece, :) = TStruct (piece, :) + NumVertex. *addto;
N block+2;
vv [N N"2 (N"2-N+l) 1];
sl r (2*N) :N: (N"2-1)] ;
s2 = (N"2-N+2):(N"2-1)];
s3 = [(l+N) IN: (N"2-N)] ;
s4 = [2: (N-l)];
Bound = [vv sl s2 s3 s4];
Int = I:N~2; Int(Bound)=[];
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01
\J

[q pJ
D
D{l:4)

:: size(FStruct);
= (1/2). "ones {size (Bound)) ;
:: (1/4). * [1 1 1 1];

Gkl", Gk;
Gk '"Rk'*Sk;
betak :;:Gk.lGk.l:
l?k = Sk + betak. *l?k;
iter:: iter+l
sqrt(abs( (Rk'*Rk)I (g'*g)))

end

g:;: zeros(SchurLength,l);
for i=l:p

Del
Bound<.ry
Di
bsub
isub
fi
fb
Aii
Aib
Abb
S".ub
~r(sub)

end

= find ( FStruct (Bound, i),,=0 I;
Bound; Boundary(Del)=[];

= D; Di(Del) =[];
Fstruct( Boundary,i);

- FStruct{ Int,i );
bf{isub) ;

= Di' •*bf (bsub) ;
= Ki (Int, Int);

Ki(Int, Boundary);
:;:Ki(Boundary,Eoundary};

TStruct( fS.nd(TStruct(:, i) > O},
= g{sub} + fb - Aib'*{ Aii\fi );

i) ;

% A mult
Qk = smult (Kif FStruct, TStruct, Bound, Int, l?k);
Tk = ?k' *Qk;
alphak :::Gk/Tk;
Xk = Xk + a.Lphak., *Pk;
Rk = Rk - alphak.*Qk;
%solve using trecon.
sk = applyprecon(Ah, FKi, Ki, IntDom, FStruct,

TStrUct, Bound, Int, Rk, l?recon);

Ub = Xk;
% End of function.

function s = Balresid(Ah, FKi, Ki, IntD~, ~struct,
TStruct, Bound, Int, bf, Precon)

D = (1/2) .*ones(siZe(Bound));
D(1:4):: (1/4).*[113. 1];
Len = length(IntDom);
rbar:: -)roS(Len,l);
for i=l:Len

sub = TStruct(
find(TStruct(:,IntDom(i)) > 0), IntDom(i)};
rbar{i) = D*bf{sub);

end
Lamda = Ah\rbal:';
U = zeros(size(bf)};
for i=l:Len

sub ::Tstr~ct(
find(TStruct(:,IntDom{i)) > 0), Intoom(i»);
U{sub) ::U(sub) + D' .*Lamda(i);

end
s :::bf - smult(Ri, Fstruct, TStruct, Boand, Int, U);

% end function.

fUnction ~oln = ~plyPrecon(Ah, FKi, Xi, IntDom,
FStruc~1 TStrudt, Bound, Xnt, bf, Predon)

% end function.

fUnction [lUl, 1ntD~1 '"GetAh(Int, Ilound, FStruct,
'l'Stl:11ct,BchurLangtll, DD, Ki)

[q p]
D
tlJ1:4)
Ah

= size(FStruct);
:: (1/2) .*ones(size(Bound));= {1/4).*[11 3.1];
:;::z;eros((00-2) "2) ;

[q p] = size(FStruct);
soln :;:zeros(size(bf));
D (1/2) .*ones(si:Z;e(Bound));
D(1:4) :: (1/4) .*(1 l. 1 lJ;
Len ::length(:rntoom);
rbar:: zeros(Len,l);
for i=l:Len

sub ~ TStruct(
Eind(TStruct(:,IntOom(i}) > 0), IntDom(l})t
rbar(i) ::D*bf(sub);

end
Lamda " Ah\rbar;
U:: zeros(size(bE)};
for i=l:Len

sub ::TStruct(
find(TStruct(:,IntDom(i}) > 0), IntDom(i);
U(sub) :::U(sub} + D'.*Lamda(i);

end
s ::bf - smuJ.l(Ki, FStruct, TStruct, l3ound, Int, U};

for i:::l:P
Del :: find( FStruct(BoU11d,i)="'O );
if length (Del) ==0

IntDom:: [IntDom ill
end

end
for i:::l:length(IntDom}

Rhs = zeros(SchUrI,ength,l);
sub = TStruct(find(Tstruct(:.IntDom(i)}>
.tntDom(i) );
Rhs (sub) ::D'I
Vec ~ smult(Ki, FStruct. TStruct, Bound,
for j::1:length(IntDom)

sub = TStruct(find{TStruct(:,IntOom(j»
IntDom(j) };

Ah(j,i) :;D*Vec(s,ili);
end

end

0),

Int, Rh;:;)
0> 0),

for i=l: p
Del find ( FStruc(:(Bound,i):;=O );
Boundary ::Bound; Bound,\ry (Del) :;:Il;
oi 0; Di(Del1 =[1;
sub :::TStruct( find(1~truct(:,i) > 0), il;
A = Ki ([:cntBoundary] ,[IntBoundary] i :
lenl length{Int);
len2 = length (Boundary) ;
len :: lenl+1en2;
Rhs ~ zeros(len,l};
Rhs{ (lenl+1) :len) ::s(sub).*Pi';
[fq fr 1 ::: qt (full (A));
if (length(Bound) ::= length(Boundary))
fr(length(fr),lengthifr)=O.Ol; end
TSoln :: fr\(fq'*Rhs};
soln(sub):: soln(sub) + (TSoln( (lenl+1) :len) •*Di' ;

C'nd

% end function.

fUnotion By "" smult(Ki, Ii'Struct,'l'st:r::uot,Bound, Xnt, y

[q p] ::siZe(Fstruct};
Sy = :z;eros(size(y»);
for i::1:p

Del .. find{ FStruct(Bound. i)==O );
Boundary:: Bound; Boundary(Del)=[];
Kii Ri (Int, :tnt);
Kbb Ki(Boundary, Boundary);
Rib ::Ki (Int, Boundal:Y) I
sub TStruct( find(TStruct::,i} >0), i};
x :: Rii\(Kib*y(sub»;
Sy(sub) ::Sy(sur) + Kbb*y(sub) - Kib'*X;

end
% end function.

:funotion [Ub, ite:o:]'"PCG3(FKi, Ki. g, PreoonEps, Al>,
FStruot, 'l'Struot, Bound, Int, Procon, IntDom)

Xk:: zeros(size(g));
Rk :::g;
Sk=zeros (size (R]~));

Sk
l?k.:: S]q
Gk :: Rk' *Sk;
iter:: 0
while ( sqrt(abs( (Rk'*Rk)/(g'*g) ) > PreconEps )
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~su = smult(Ki, FStruct, TStruct, Bound,int, soln);
corr = zeros(size(rbar»:
for i::1: Len

sub :::TStruct(find(TSt,ruct(:,IntDom(i» > OL
IntDom(i» ;

= D*Su(sub);corr(i)
end
mu = Ah\{rbar - corr):
for i=1: Len

sub = TStruct(find(TStruct(:,IntDom{i»
IntDom(i»:
soln{sub}= soln(sub) + mu(i) .*D':

end

% Main program which implements T_{is} for the SEM and
FE!o1
for spacing =1:2
direct 1:
DD [ 7
NN [ 6
runs Elm ::: 0;

% end function.

% Program BPS

777 7 7);
7 8 9 10 12 ];

iter==[) :
to = clock:
f\~r i = 1 : length (DD)

for j = NN(i) : NN(i}
NDX = DO(i);
N = j;
scale :: 1;
ah
~esults1= [results1;

end
end
end
disp( 'DD N

~
results1
% program Sh
% Constants:

NDy '"Xl
X2 es
Y1
Y2 =NumN'odes
NumElements
NumVertex =1'1lnteJ:ior =SchurLength
overlap

i01

U

NDx;
0;
1,
0;
1:
( NDy* (N·~l)
(NDx-l) );

NDy*NDx;
(~D~-11*{NDy-1) ;
(N-l)"2:
(NOx-1)*( NDy*(N+1) -(NDy-1)-2) +
(NDx-I) * (·ND:;;:* (N-1) );
1: % make calling routines

iters'):

% ----------

> 0) I

i
i
!
i
t:
iI %
I,,,
!
I:,,
::,
!:
I,
:
I
i
i,
!
!,,

- (NDy-1) )* ( NDx* (1'1+1)- I,,,,,,,
i
i

compacabl.ej]
I

[NDx N iter est]]

Preprocessor ----------- ,,,,
:=:
!

PInterior, !
spacing I i,

::
Interior, SKi, !,,

!,
I
I:::,
i
I
I,,,,
I
I,

cd h: \addsh-n
[Ah, gh, vertex,
bifemlib(NDx, I);
Ah = scale.*Ah;
[PA, Pb, Pvertex, PInterface, PBoundary,
Structl, FKi, FPKi] = shhlib(N*NDx, NOle,

overlap} ;

Inte~face, HBoundary, Interior j

cd h:\sem
if runsem==1

[A, C. Vertex, Interface, Boundary,
SPKi) = semlib(N*NDx, NDX};

end
cd h:\bps
Ah{HBoundary,:)=[):
gh(HBouudary}=[]:
Hmap = 1: (NDx+l}A2;
Pmap :::l:NuroNodes;
PA = :E'A(pmap,:):
FA = PA(:,Pmap);
Pb ::Pb (pmap) :
clear pmap:
cd h:\libs
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Ah(:,HBoundary)=[];
Hmap(HBoundary)=[);
Pmap(l?Boundary) =[);

COurse = getcourse(l~x):
[Rt, TStruct, Int, Bound] ::getrt(N-1,
length (PInterface) ,length (pvertex) f ~ourse, spacing,
NDx) ;
cd h:\bps

if rurlsem==1
[g, schu::I)
Bound, Int, Pb,
[g1, schur)
Bound, Int,Pb,
clear Pb;

else
[g, schur) =
Bound, Int,Ph,
clear Pb;

end

getg{SKi, SKi, Structl, TStruct,
SchurLength, N};

getg(FKi, FKi, StructI, TStruct,
SchurLength, N};

getg(FKi, FKi, StructI, TStruct,
SchurLength, N}:

% Ap = precon, A = matrix.
if runsem=:::l

[Uf, iter, est) ::;pcg3(FKi, SPKi, SKi, g, 0.0001,
Al1, Rt, StructI, TStruct, Bound, Int, Precon, NDX,
N, achur j r

elSe
[uf, iter, est] = pcg3 (FICi, FP1<i, FKi, g, 0.0001,
An, Rt, Structl, TStruct, Bound, Int, Prec¢n, NDx,
N, schur);

end
End of program -~---------

function tg, schu.~ ; getg(FKi, Ki, FStruct, TStruct,
Bound, ~nt, bf, SchurLength, N)

Aii
Aib
Abb
schur
schur

" Ki (Int, Int);
,.Ki(Int, Bound);
~ Ki(Bound,Bound);::;Abb - Aib'*(Aii\Aib);

2. *schur ( 5:(5+1'1-2), 5: (5+N-2) };
% end function.

function [Ub, iter, estl = VCG3(FKi, PKi, ~i, g,
PrElconEps, Ah, Rt, FStruct, TStruct, Bound, ~nt,
precon, DD, N, schur)

In ::;schuxj
for i=I:4

index = [l+(i-l}*(N-I):
Bn(index, index) = In:

end
i*(N-I») ;

Xk:: zeros(size(g}};
Rk ::;g;
Sk=zeros(size(Rkl) ;

% solve using precon.
Sk = applyprecon(An, FKi, PRi, Ki, Rt, FStruct,

TStrttct,Bound, Int, Rk, Bn);
Pk ::;Sk;
Gk ::;Rk'*Sk;
iter = 0
while ( sqrt(abs( (Rk'*Rk)/(g'*g») ) > PreconEps }

% A mult - subdomain solves
Qk = smul.t, (Ki, FStruct, TStruct, Bound, Int, Pkl:
Tk ::;Pk' *Qk;
alphak = Gk/Tk;
Xk = xk + alphak.*Pk;
Rk = Rk - alphak.*Qk;
%solve using precon.
Sk ::;applyprecon(Ah, FKi, FKi, Ki, Rt, FStruct,

TStruct, Bound, Int, Rk, Bn);
Gkl= Gk:
Gk ::; Rk'*Sk;
betak ::;Gk/Gk1;
pk::; Sk + betak.*Pk;
iter = iter+l
sqrt (abs ( (Rk' *Rk) / (g'*g) l}

end
Ub = Xk;
% End of function.

function soln d ApplyPrecon(Ah, FKi, PKi, Ki, Rt,
FStruct, TStruct, 2ound, ~nt, bf, Bn)



hsoln ~ zeros{size{bh));
hsoln = Ab\bh;
[q p] = size(FStruct);
fsoln = zeros{size{bt));
TStruct{I:4,:) :::zeros(size(TStruct(I:4, :)));
for i=l:p

Del :::find ( FSt:ruct(Eound, i)==O );
Del :::(Del; [1:4]'];
Eoundary = Bound;
Boundary{Del)=[];
extract == I:length (Eoundary) ;
Bu Bn(el:tract. extract) r
sub ='l'Struct( find{TStruct(:,i) >0), i);
fsoln(sub) = Eu\bf(sub);

end

map = l:NurnNodesj
A == A (map, :);

=~~~\a~p~)~,~' __

(h, 10, FVertex, FInterface, FBoundary,FInterior,
Structl, Struct2] = sh-~lib(N*NDx, NDx, spacing,

overlap) ;
map(FEoundary)==[] ;

% -----setup-----
lenl
Vert
bhe
bhv
bh

length (Ah) ;
l:lenl;
bf; bhe{Vert)=[];

::::bf(Ve:r:t);
bhv + Rt' *bhe;

% ---------solves-·------··--

,
l,
i
i,
I'
!,
i,,,
i,,,,
i
!
i,
i,,,
!,
!,
i

I
i:,,,,
I,,
1
i
i
1
i,,
1
1,
i,
i
I
!
1,
I,
!
I
I,

I,
!
i
i
!
i
i
!
!,,,,
i
I
I
1
I
I
I,,

-(NDy-I) )* (NP;C*(N+I) - ! %,
1
I
1 %,,,,

!,
1HNodes]i
i
1
I
I
i
!,,
i:
!
i,

% end function.

% ---------restore----------
soln == fsoln + [hsoln ;Rt*h.soln];

% Program GASM

% Main program which imple~ents the global
ASM for the SF'! and SE}1

iter=[];
iterl=tl ;
to = clock;
for i = I : lenqth(DO)

for j NN(i): NIH i)
NDx :::DD(i);
N j;
sh
resultsl= [resultsl; [NPx Niter iter1)]

end
end
disp( 'DO
resultsl

DO [7] ;
NN -. [4] ;
spacing = 2;
overlap 2;
semfem '" 1;

iters');

%funct:!.on [:!.ter,b:!.stoeyl= Sh(NPx, N,spac:!.ng)
% Constants:

NDy
xl =X2
Yl =Y2 :::

NurnNodes =
NumElements =
NumVertex ::

0 Nlnterior :::

history

o

NDx;
0;
1;
0;
1;
( NDy* (N+1)
(NDx-l) );
NDy*NDX;
(NDX-1) * (NDy-i) ;
(N-1)"2;
zeros (1, 20);

% ---_-----preprocessor
[Ab, gh, Vertex, Interface, HBoundary,rnterior,= bifemlib(NDx, 1);
Al.(HBoundary, :)=[]; Ah(:,HBoundary)=[]:
gh(HBoundary}=[];
Hmap = 1: (NDx+l)"2; Hmap(HBolli,dary)=[];

b c b{map);
Rht = get:r:t{N-l, length(Interface), length{Vertex),

spacing, Structl);
H (semfem===1)

cd h:\sem
[E, 10, Vertex, Interface, Boundary, Interior
semlib(N*NPx, NDx);
cd h:\addsh-h
map ==l:NumNodes; map(Boundary)=[];
B ::: B(map,:) i
B B{: ,map);
10 10(map) ;

end
%A = precon, B ::matrix.
if semfem====1
(Uf, history, iter iterl] = pcg.:!(A,Bo'b, 0.0001, Ah,
Rht, Struct2);

else
[Uf, history, iter iterl] = pcg3(A ,A, b,O.OOOl, Ah,
Rht, Sroct2);

end
% ----- End of program -------------

tu~ct:!.on [Ub, h:!.story, :!.t~r,~:!.terlc PCG3(A, Bu, g,
ProcOnE~s, Ah, Rht, FStruot)

xk::: zeros(size(g));
Rk :::g;
Sk=zeros(size(Rk)):
%solve using precon.
[Sk, prev, iiter] = applyprecon{Ah,
Rk, prev);
Pk = Ski
Gk = Rk' *Sk;
iter = 0;
history(l) = 1;
while ( sqrt(abs( (Rk'*Rk)/(g'*g)) ) >?reconEps )

% A mult - subdomain solves
Qk = Bu*Pk:
Tk ==pk' 'kQk;
alphak ::Gk/Tk;
xk = Xk + alphak.*Pk;
Rk ==Rk - a Lphak , *Qk;
%solve using precon.
[8,:., prev, iiter] " applyprecon(Ah, /:"
Rht, FStruct, Rk, prev);
Ok1= Gk:
ok = Rk' *Sk;
betak ==Gk/Gkl;
Pk ~ Sk + betak.*Pk;
iter == iter+1;
sqrt(abs( (Rk'*Rk) / (g'*q»))

end
Ub :::Xk;

A,Rht:, FStruct,

% End of function.
[soln, p:rev, itE!l:rl = Applyp:recon(,,\b, Aft Rhl;,

Fst~ctt vp, prev)

---------setup-----------
hf = VP:
bh ::: Rht' *Vp;

----------solves----------
hsoln = zeros(size(bh»;
hsoln = Ah\bh;
[q p] ::: size(FStruct);
fsoln = zeros(siz~(bf));
for i:::l:p

SUb = Fstruct( find(FstL~ct(:,i) > O),i);
fsoln(sub) = fsolntsub) + (Af(sub,suh))\bf(sub);

end
%------------restore-------
soln = Rht*hsoln + fsolIH
% end function.
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