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ABSTRACT
Over the last 25 years a number of roadmodels have beendeveloped
for use in a variety of vehicular control problems. These models are
important, because they dictate the force-generating capabilities of
the tyres, aswell as constrain themovement of the vehicle itself. Early
road models used two-dimensional (2D) ‘flat road’ representations,
the advantages and deficiencies of which are well understood. Once
it became apparent that three-dimensional effects can be important
in limit-performance studies, ribbon-based three-dimensional (3D)
road models were developed. The large lateral camber variations
on highly-banked NASCAR tracks highlighted deficiencies in ribbon-
based road representations that required correction.Upgradedmod-
els addressing these deficiencies were only developed recently. The
purpose of this paper is to review and compare a number of road
models – particularly those developed for use in racing studies.
Comparative computed results are provided that hight some of the
similarities and differences between these models.
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1. Introduction

A road model is an integral component of any vehicular control problem formulation,
because it provides fundamental constraints on the vehicle’s motion. Vehicular control
studies date back to the 1950s and include such things as minimum lap-time problems in
racing, fuel minimisation problems, fuel-usage-constrained problems, fuel-efficient-route
planning problems, and the optimal utilisation of the various power sources in hybrid pow-
ertrains. In this context both two- and four-wheeled vehicles have been studied extensively.
Our focus here is not on vehicular control per se – a review of much of this literature can
be found in [1,2] and the references therein. Instead, we will concentrate on the track and
roadmodellingmethodologies that have evolved over the last 20 years.Wewill also discuss
the optimisation of road models based on measured data.

The geometry of the road surface has a significant effect on vehicular performance,
because the road-surface geometry impacts directly tyre performance. Obvious exam-
ples include a reduction in the tyres’ force-generating capacity as a vehicle negotiates the
summit of a hill, or conversely, their increased force-generating capability for a vehicle
driving through a dip. Similar effects occur in relation to cambered corners, with adverse
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camber particularly troublesome at high speed. The road-surface geometry also influ-
ences the suspension and aerodynamic behaviour, because the aerodynamic force system
is responsive to the gap between the road surface and the underside of the car. With the
increased importance of these 3D influences, road-surfacemodels have necessarily become
more complex. We aim to discuss the evolution of road models and show how they are
related.

The simplest (andmost common) roadmodels relate to planar ‘flat’ roads. In some early
work [3], the trajectory tracking problem for robots that move on flat surfaces is studied.
This study makes use of intrinsic coordinates to describe the wheel ground-contact point
trajectory relative to a reference curve. A driver model within a model-predictive control
(MPC) framework that can optimise the trajectory of a vehicle travelling at constant speed
in order tomaximise progression along a predefined track is described in [4]. Themethod-
ology presented is motivated by the need for a computationally efficient environment for
studying ‘on-the-limit’ driving in minimum-lap-time problems. A ‘flat-road’ track centre-
line is taken as the reference trajectory, which is defined in a global reference frame. Related
work is presented in [5], which in this case focuses on autonomous driving; a flat-road
model is employed again.

A two-part 2D real-time autonomous driving motion planner used for path control is
presented in [6]. The resulting trajectories are followed by an autonomous vehicle with
small path and speed tracking errors achieved. The reference trajectories were designed to
be both smooth and continuous.

Minimum-time cornering strategies on different flat-road surfaces, with different trans-
mission layouts are investigated in [7]. In off-road conditions minimum-time manoeuvres
are characterised by aggressive, high-drift counter-steering type manoeuvres, which are
reminiscent of rally car driving trajectories. Handbrake cornering on flat roads is anal-
ysed and simulated in [8], where the optimality of strategies that are widely used in rally
car racing are investigated. The optimal ‘virtual driver’ is shown to mimic real rally driver
behaviour when the optimal control cost function includes the lateral deviation from the
road’s inside boundary. Minimum-time trajectories on tight hairpins employ handbrake
cornering techniques, with the car hugging the inside boundary of the track.

A challenging area of research relates to vehicular active safety control system based
on the exploitation of differentially flat [9] vehicle models [10]. In this work a non-
linear differential-flatness-based control system that controls the posture of the vehi-
cle during dangerous situations at intersections is studied. A simple planar polynomial
yaw angle reference is used to obtain an injury-mitigating broadside-to-broadside type
collision.

A flat-road assumption is also used in autonomous racing, with the trajectory control
coming from the theory of non-cooperative games [11]. If the Stackelberg cost function is
designed to reward the cars for staying ahead at the end of the horizon, blocking strategies
result. A simulation study shows that game theory can be used in competitive autonomous
racing for two cars – the real-time computation of competitive racing strategies remains
an outstanding problem.

An early fore into three-dimensional road modelling is described in [12], where the
influence of road banking in vehicle stability control is studied. This is particularly impor-
tant on treacherous surfaces such as ice and snow. A technique for bank angle estimation
is described that can be used in vehicle stability controllers. The effect of road banking
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Figure 1. (a) Racing line and notation. (b) Racing line reconstruction with the kinematic model
in (2) [21].

disturbances was studied using a bicycle model tailored for banked roads – cornering on
inclined surfaces is not considered.

Work relevant to the more advanced aspect 3D rolling contact modelling is described
in [13], where the kinematics of the spin-rolling motion of contacting rigid bodies is anal-
ysed. This spin-rolling motion formulation is derived in terms of contra-variant vectors,
the rolling velocity, and geometric invariants. The effects of the relative curvature and tor-
sion on spin-rolling kinematics are presented. This analysis framework is relevant to the
motion planning of machine tools as well as vehicular 3D road modelling.

Curvilinear-coordinate based road descriptions were introduced into the vehicle
dynamics literature in [14]. The track closure problem illustrated in Figure 1(b) was solved
in the 2D case in [15] by formulating the track-modelling problem as an OCP in which
track-closure boundary conditions were introduced. The introduction of closure-related
boundary conditions served to ‘immunise’ the track modelling problem from noise in the
survey data as well as integrator drift.

The importance of 3D track models was recognised with the introduction of hybrid
power trains into Formula One. Track models of this type are described in [16], in which
three track-curvature variables are utilised. Related work that makes use of curvilinear
coordinates in 3D road modelling is presented in [17]. The car (represented by a single-
track model in this case) is assumed to travel on a local tangent plane under the vehicle.
In this framework the car’s road position can be tracked by differential equations that are
driven by the car’s velocity without the need for a tracking algorithm.

Three-dimensional road modelling is also described in the recent paper [18], in which
ideas from classical differential geometry are more fully utilised. Citations [16,17] and
[18] use several of the same ideas – we will review their similarities and differences. In
more recent work, motivated in part by NASCAR oval modelling issues, 3D tracks with
significant lateral curvature variations are studied in [19]. The lateral curvature issue is
also covered in [20], where the problem is set up in the differential-geometric framework
suggested in [18].

Early work on racing line and track reconstructionmade use of on-boardmeasurements
of the forward speed and the lateral acceleration [21]. The idea is that the cornering radius
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of curvature can approximated by

rt ≈ v2

ay
, (1)

where v is the forward speed and ay the lateral acceleration.
Almost unwittingly, (1) introduces the idea of ‘curvature’ and thus also the introduction

of intrinsic coordinate track descriptions.
Using the notation in Figure 1(a), the following relationships are immediate

� ′
t = 1/rt ; x′

t = cos�t ; y′
t = sin�t ; ṡ = v, (2)

where s is the distance travelled. The primes denote derivatives with respect to s, and a dot
denotes a derivative with respect to time. Integrating these equations gives the yaw angle
�t , and the path coordinates xt and yt as a function of s. In other words, equations (2) can
be used to express the trajectory parameters as functions of the elapsed distance s, which
is a convenient replacement for the independent ‘time’ variable. This change of variable
brings with it advantages in the context of vehicular optimal control problems (OCP) [2].

Figure 1(b) shows the outcome of a racing line reconstruction exercise that is based
on the kinematic model in (2). Formula One aficionados will recognise Figure 1(b) as an
attempt to reconstruct the racing line on the racing circuit in Barcelona, Spain. This pre-
liminary study contains several of the key ideas, and serves to motivate the remainder of
the paper. Clearly evident is the fact that measurement noise and integrator drift conspire
to prevent the reconstructed racing line from closing on itself. A number of ad-hoc reme-
dies were suggested in an attempt to repair these noise- and integrator-drift related defects
[21], with much improved procedures described in [15].

Section 2 contains the notion and background material that will be required in the
sequel. Section 3 is largely introductory and covers 2D road models within the formalism
used for more advanced models. The OCP used to optimise the track parameters is also
outlined. The velocity constraints associated with the 2Dmodel are covered in Section 3.1.
These ideas are then extended in Section 4 to the three-dimensional case. Extensions to the
model discussed in Section 4 that address local curvature changes are covered in Section 5.
The velocity constraints associated with this model are given in Section 5.1. The opti-
misation of the road parameters in the 3D case is dealt with in Section 6. The classical
differential-geometric approach to 3D road modelling is covered in Section 7. The trans-
lational and angular velocity constraints are given in Sections 7.1 and 7.2, respectively.
The parametrisation of the Darlington Raceway is covered in Section 7.3 – Darlington
is a 2.198 km egg-shaped oval that is run in the counter-clockwise direction (left-hand-
cornering) [19,20]. Comparative results are given in Section 8, with some conclusions
drawn in Section 9.

2. Notion and background

Wewill require several frames of reference. The inertial and car-fixed reference frames will
be denoted [egx, e

g
y , e

g
z] and [ebx, eby , ebz], respectively; we will also require road-related frames

of reference that will be introduced later. If vector qb is expressed in a rotating frame, then
it can also be described in the inertial frame as qg = Rqb for some orthogonal time-varying
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rotationmatrixR. If dqdt is the time derivative of a vector, and q̇ represents the time derivative
of its components, it then follows that:

dqg

dt
= Ṙqb + Rq̇b

= R(RTṘ)qb + Rq̇b note: RRT = I

⇒ dqb

dt
= (RTṘ)qb + q̇b,

where RTṘ is a skew-symmetric matrix representation of the angular velocity vector of the
rotating frame. These arguments are developed in detail in Section 26B of [22]. The above
arguments lead to the well-know formula

dqb

dt
= ωb × qb + q̇b, (3)

in which dqb
dt is the absolute velocity of qb expressed in the body-fixed frame,ωb × qb is the

transferred velocity of rotation, (expressed in the body-fixed frame), and q̇b is the relative
velocity expressed in the body-fixed frame. It now follows that for each body-fixed basis
vector

[
debx
dt

deby
dt

debz
dt

]
=
⎡
⎣ 0 −ωb

z ωb
y

ωb
z 0 −ωb

x
−ωb

y ωb
x 0

⎤
⎦[ ebx eby ebz

]
. (4)

We will be dealing with basis trihedra with origins that traverse parametrised curves.
Suppose in Figure 2 that the centre line of a road is described by the parametrised curve

C =
{
xc(s) = [ x(s) y(s) z(s)

]T ∈ R
3 : s ∈ [s0, sf ]

}
, (5)

in which the Cartesian coordinates are expressed in the inertial reference frame; x(s), y(s)
and z(s) are functions of the arc length s ∈ [s0, sf ]. We will assume that each element of
d3xc
ds3 is continuous and that d2xc

ds2 is not identically zero for any s. A curve is deemed to be
simple, if any point on the curve corresponds to a single value of s – simplicity in this sense
will be assumed in what follows. The vector tangent to the centre line is given by x′

c(s) = t;
the prime represents a derivative with respect to s; t is a unit vector if s is the arc-length.
Since t.t = 1, t′.t = 0 and so t′ is orthogonal to t, with x′′

c (s) = t′ = κp. The unit vector
p is the principal normal to C and κ the curvature. The binormal to the curve is the unit
vector b defined by the cross product b = t × p. The torsion is defined by τ = −p.b′, which
describes how the binormal changes in the p direction. The curvature and torsion define
the angular velocity the moving trihedron using the Frenet–Serret equations [23].

When the moving trihedron is rotated so that its osculating plane is tangent to the road
surface at the centre line, a third curvature variable must be introduced. In this event the
moving trihedron is the Darboux frame. The Darboux frame

[
t n m

]
has spatial

angular velocity
[
�x �y �z

]
(in rad/m). In this coordinate system m is normal to

the osculating plane, n is normal to the rectifying plane, while t is normal to the normal
plane [23,24].
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Figure 2. Moving trihedron. PlaneO is the osculating plane, planeR is the rectifying plane, and plane
N is the normal plane.

Road surfaces and vehicle trajectories will be described in Darboux frame coordinates.
We will describe a general road surface by

S =
{
xP(s, n) =

∫
t ds + n(s)n + m(s)m(s, n) ∈ R

3 : s ∈ [si, sf ], n ∈ 1
2
[−rw, rw]

}
,

(6)
in which the parametric variables are s, the distance travelled along the centre line, and n,
which is the distance from the track’s centre line. Two rather than three independent vari-
ables are required, because xP(s, n) is constrained to the road surface. Following [19,20],
we suppose that the road surface is described by m(s, n), which represents height varia-
tions perpendicular to the osculating plane of the Darboux frame on the centreline. This is
a parametrisation of the form xP(s, n) = (s, n,m(s, n)), with ∂sxP = [ 1 0 ∂sm

]
and

∂nxP = [ 0 1 ∂nm
]
; ∂s(·) and ∂n(·) represent partial derivatives (with respect to s and

n, respectively). Thus ∂sxP × ∂nxP = [ −∂sm −∂nm 1
] �= 0; a Monge parametrisa-

tion of this type is always regular [24,25], and can be used to model any ‘fold free’ surface
(i.e. whenm(s, n) is not multi-valued).

3. 2D roadmodels

In the planar case the road centre line can be represented parametrically by

C =
{
xc(s) = [ x(s) y(s)

]T ∈ R
2 : s ∈ [s0, sf ]

}
, (7)

in which the Cartesian coordinates are expressed in the inertial reference frame; x(s) and
y(s) are functions of the arc length s ∈ [s0, sf ] of the curve C. Since a road has finite width,
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we introduce a lateral-displacement variable n and define a general point on the track
surface by

S =
{
xP(s, n) =

∫
t ds + n(s)n ∈ R

2 : s ∈ [s0, sf ], n ∈ 1
2
[−rw, rw]

}
. (8)

The distance travelled along the centre line is
∫
t ds, while the lateral position of xP(s, n)

with respect to the centre line is n (in the n(s) direction). For closed-circuit tracks
xP(s0, n0) = xP(sf , nf ). The track half-width rw can be variable and is thus a function of
s in these cases. In the planar case the osculating plane remains horizontal throughout the
vehicle’s journey with�x = �y = 0, and�z �= 0 (unless the road section is straight).

If the centre-line survey data points shown in Figure 3 are given by (xi, yi); i = 1, . . . n
in rectangular coordinates, a track model can be constructed as the solution of an OCP
[15]. To see how this can be done, observe that

dx = ds cos θ dy = ds sin θ , (9)

and so
dx
dy

= tan θ ,

with the geodesic curvature given by

�z = dθ
ds

= d
ds

(
arctan

dy
dx

)
. (10)

Now let1

�′
z = u; θ ′ = �z; x′ = cos θ ; y′ = sin θ , (11)

describe the track centre line model; u is the control input and �z, θ , x and y are the state
variables. The performance index to be minimised is given by

J =
∮
C

(
ru2 + (xi − x)2 + (yi − y)2

)
ds, (12)

in which xi and yi are interpolated values of the survey data for the track centre line. This
performance index minimises the error between the measured and estimated centre-line
data sets. In the case of an adaptivemesh refinement process the survey datamay need to be
re-sampled. The weighting r determines the importance of the rate of change of track cur-
vature relative to the reconstruction accuracy. Theweighting r can be used to low-pass filter
the estimate of C. Increasing r will ‘smooth out’ the states at the expense of increasing the
centre-line estimation error. The introduction of the ru2 term also serves to regularise the
OCP thereby avoiding potential difficulties with singular arcs. To ensure centre-line clo-
sure, the boundary conditions

∮
C �z ds = 2nπ (n is an integer), �(s0) = �(sf ), θ(s0) =

θ(sf ), x(s0) = x(sf ) and y(s0) = y(sf )must be imposed. If the track has finite width, with
survey data provided for the inside and outside track boundaries, a straightforward gener-
alisation of thisOCP can be used to determine the track’s width and centre line as functions
of s; this is a special case of the 3D OCP taught in [16].
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Figure 3. 2D track centre line and survey data points (xi , yi); t, n and θ are functions of s, andm points
into the page.

3.1. Velocity constraints

Contact with the road removes three of the vehicle’s original six degrees of freedom. In the
case of cars with a stiff suspension, the vehicle’s roll and pitch freedoms are constrained
by the road, while the yaw freedom is determined by driver steering. The car’s longitudi-
nal and lateral behaviour is determined by the driver, while road contact constrains the
vehicle’s vertical motion. We will now examine these ideas using Figure 4. Since the vehi-
cle is travelling on a flat track, it is clear that the car’s body-fixed roll and pitch angular
velocities are ωb

x = ωb
y = 0. In order to determine its yaw angular velocity we differentiate

ψ = θ + χ with respect to time to obtain

ωb
z = �zṡ + χ̇ (13)

using (10). To conclude the 2D analysis, we establish the connection between ṡ, ṅ and the
car’s velocity. Using (3) we have⎡

⎣ ṡ
ṅ
0

⎤
⎦ = ṡ

⎡
⎣ 0

n
0

⎤
⎦×

⎡
⎣ 0

0
�z

⎤
⎦+

⎡
⎣ cosχ − sinχ 0

sinχ cosχ 0
0 0 1

⎤
⎦
⎡
⎣ u

v
w

⎤
⎦ . (14)

Even in the 3D case, we only need two variables on the left-hand side, because the car is
travelling on a surface rather than through unrestricted space. Solving for each component,
we obtain [

ṡ
ṅ

]
=
⎡
⎣ cosχ

1 − n�z

− sinχ
1 − n�z

sinχ cosχ

⎤
⎦[ u

v

]
, (15)

with w = 0.
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Figure 4. Vehicle on the road; egx and e
g
y are basis vectors for the inertial reference frame.

4. 3D roadmodels

Suppose that a general point on the road surface, expressed in inertial coordinates, is

xP(s, n) = x(s, n)egx + y(s, n)egy + z(s, n)egz , (16)

where the parametric variables are again the distance travelled along the centre line and
the distance from the track’s centre line. An alternative parametrisation is given by

S =
{
xP(s, n) =

∫
t ds + n(s)n ∈ R

3 : s ∈ [s0, sf ], n ∈ 1
2
[−rw, rw]

}
. (17)

In contrast with (8), the surface is now three-dimensional.
In the 3D roadmodel introduced in [16], the car is again assumed to travel on the oscu-

lating plane of the Darboux frame, but the osculating plane is now free to pitch and roll.
Under these assumptions, the car’s body-fixed angular velocity components will depend
on those of the Darboux frame together with the car’s yaw angle χ as defined in Figure 4.
If the Darboux frame has angular velocity

[
�x �y �z

]
, the car’s body-fixed angular

velocity is given by

⎡
⎣ ωb

x
ωb
y
ωb
z

⎤
⎦ = ṡ

⎡
⎣ cosχ sinχ 0

− sinχ cosχ 0
0 0 1

⎤
⎦
⎡
⎣ �x
�y
�z

⎤
⎦+

⎡
⎣ 0

0
χ̇

⎤
⎦ (18)

as a result of the car’s rotational motion by χ around ebz ; see equation (7.106) in [1]. Since
the car is assumed to be travelling on the osculating plane of the Darboux frame, we need
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to relate the car’s velocity in body-fixed co-ordinates to its velocity expressed in Darboux
co-ordinates. Using (3) there holds⎡

⎣ ṡ
ṅ
0

⎤
⎦ =

⎡
⎣ 0

n
0

⎤
⎦×

⎡
⎣ ωb

x
ωb
y
ωb
z

⎤
⎦+

⎡
⎣ cosχ − sinχ 0

sinχ cosχ 0
0 0 1

⎤
⎦
⎡
⎣ u

v
w

⎤
⎦ ; (19)

see (7.99) in [1]; these can be re-arranged to give

[
ṡ
ṅ

]
=
⎡
⎣ cosχ

1 − n�z

− sinχ
1 − n�z

sinχ cosχ

⎤
⎦[ u

v

]
(20)

and

w = ṡn�x. (21)

The car has no absolute velocity component in the Darboux frame’s m direction (the car
cannot leave the track surface); to ensure this (21) must hold. The next task is to find[
�x �y �z

]
from track survey data.

In accordance with classical Frenet–Serret theory, the track centre line is a space curve
that can be described by its curvature κ and the torsion τ . Both variables are a function of
the elapsed distance s. When the centre line is ‘broadened out’ into a ribbon-based track
description (think of a strip of tagliatelle bent to represent the road), the road’s twist rate ν ′
is required to represent the track’s camber [1]. An orthogonal basis for the Darboux frame
can be described using the conventional attitude-pitch-roll convention as follows

R = Rz(θ)Ry(μ)Rx(φ) =
⎡
⎣ cθ cμ cθ sμsφ − sθ cφ cθ sμcφ + sθ sφ

sθ cμ sθ sμsφ + cθ cφ sθ sμcφ − cθ sφ
−sμ cμsφ cμcφ

⎤
⎦ , (22)

where Rz(θ),Ry(μ) and Rx(φ) are, respectively, elementary rotation matrices around the
z, y and x axes; the columns of R represent

[
t n m

]
. The angles θ ,μ and φ represent

the attitude, slope and camber angles of the road; ‘s’ and ‘c’ refer to the sine and cosine of
the corresponding (subscripted) Euler angles. The relative torsion�x, the normal curvature
�y, and the geodesic curvature�z can be found by integrating the Euler angles [1,16]. The
angular velocity of the Darboux frame is related to the Euler angles and their angular rate
by ⎡

⎣ �x
�y
�z

⎤
⎦ =

⎡
⎣ 1 0 −sμ

0 cφ cμsφ
0 −sφ cμcφ

⎤
⎦
⎡
⎣ φ′
μ′
θ ′

⎤
⎦ , (23)

where� is expressed in the body-fixed coordinates – a skew-symmetric representation of
the angular rate (expressed in rad/m) is given by RTR′. The location of the origin of the
Darboux frame is given by⎡

⎣ xC
yC
zC

⎤
⎦ =

∫
t ds =

∫ ⎡⎣ cφcμ
sφcμ
−sμ

⎤
⎦ ds. (24)

While oriented at a general incline, this road model is assumed laterally flat, i.e. the road
camber and pitch do not vary with lateral position.
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5. Local curvature changes

In order to accommodate local curvature variations, it is assumed that the real road surface
can vary relative to the osculating plane of the Darboux frame on the centreline [19]. In
this extension the road surface is described by

S =
{
xP(s, n) =

∫
t ds + n(s)n + m(s)m(s, n) ∈ R

3 : s ∈ [s0, sf ], n ∈ 1
2
[−rw, rw]

}
.

(25)
The m(s)m(s, n) term introduces lateral curvature variations; see Figure 5(a). The origin
of the vehicle-fixed axis system is given in terms of the vector xP – this point is assumed to
lie on the road surface and is often the projection on to the road of the vehicle’s centre of
mass for cars, and the rear-wheel ground contact point formotorcycles; see Figure 5(b). It is
again assumed thatn, and the roadwidth rw, are functions of s, with the position-dependent
elevationm(n, s) a function of both n and s. Let us assume

m(s, n) =
J∑

j=2
aj(s)nj; (26)

one could use other functions, but algebraic functions are particularly easy to deal with
mathematically. Setting a0(s) = a1(s) = 0 forces the road surface and its first-order partial
derivatives to coincide with the osculating plane of the Darboux frame on the centre line. If
the osculating frame is to remain tangent to the road at positions away from the centre line,
the camber angle must be adjusted to φ(s)+�φ(s) and the incline changed to μ+�μ,
where

�φ(s, n) ≈ ∂nm =
J∑

j=2
jaj(s)nj−1 (27)

�μ(s, n) ≈ −∂sm = −
J∑

j=2
a′
j(s)n

j; (28)

both�φ(s) andμ+�μ are assumed ‘small’. The impact that these camber and inclination
changes will make on the track curvature estimate at xP can be calculated using (23) once
the Euler angles have been appropriately adjusted. The transformation between absolute
and road-fixed coordinates at xP is given by the following transformation

RP = Rz(θ)Ry(μ)Rx(φ +�φ)Ry(�μ) = Rz(θ̂)Ry(μ̂)Rx(φ̂), (29)

where for small angles�φ and�μ

θ̂ = θ +�μ
sinφ
cosμ

(30)

μ̂ = μ+�μ cosφ (31)

φ̂ = φ +�φ +�μ sinφ tanμ. (32)
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Figure 5. (a) Road cross-section represented by m(s, n) with the associated LiDAR survey points; ePm is
the road normal at xP . (b) Three-dimensional road patch and the car’s position on it.

It now follows from (23) that

⎡
⎣ �̂x
�̂y
�̂z

⎤
⎦ =

⎡
⎣ 1 0 −sμ̂

0 c
φ̂

cμ̂sφ̂
0 −s

φ̂
cμ̂cφ̂

⎤
⎦
⎡
⎣ φ̂′
μ̂′

θ̂ ′

⎤
⎦ , (33)

or what is the same

⎡
⎣ �̂x
�̂y
�̂z

⎤
⎦ = RTy (�μ)R

T
x (�φ)

⎡
⎣ �x
�y
�z

⎤
⎦+ RTy (�μ)

⎡
⎣ �φ′

0
0

⎤
⎦+

⎡
⎣ 0
�μ′
0

⎤
⎦ . (34)

The first term on the right-hand side expresses� as a rotationally adjusted Darboux frame
angular velocity resulting from the introduction of m(s, n), while the second and third
terms recognise the additional angular road rates resulting from the partial derivatives
given in (27) and (28). In this model the vehicle is re-oriented along with the Darboux
frame, in accordance with the first-order partial derivatives ofm(s, n).

5.1. Velocity constraints

The vehicle’s position on the road surface is again described in terms of s, n, and its orienta-
tionχ relative to theDarboux frame tangent vector.More particularly,χ is a rotation about
the road normal ePm at xP, and is measured relative to t; see Figure 5(b). The relationship
between s, n, χ , and the absolute velocity [u, v,w]T of the reference point xP (expressed in
the vehicle’s body-fixed reference frame) can now be found using (3). That is

⎡
⎣ ṡ

ṅ
ṁ

⎤
⎦ =

⎡
⎣ 0

n
m

⎤
⎦× ṡ�0 + Rx(�φ)Ry(�μ)Rz(χ)

⎡
⎣ u

v
w

⎤
⎦

≈
⎡
⎣ ucχ − vsχ + w�μ

usχ + vcχ − w�φ
w +�φ(usχ + vcχ )−�μ(ucχ − vsχ )

⎤
⎦ , (35)
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where �φ and �μ are treated as ‘small’; see equations (7.99) and (7.100) in [1]. The
temporal elevation rate due tom(s, n) is given by

ṁ = ṅ∂nm + ṡ∂sm (36)

=
J∑

j=2

(
ṅjajnj−1 + ṡa′

jn
j
)
. (37)

Equation (35) can be solved to give

ṡ = ucχ − vsχ
1 − n�z + m�y + n�x∂sm

(38)

ṅ = u sinχ + v cosχ + (m − n∂nm)�xṡ, (39)

w = n (�x +�z∂sm) ṡ. (40)

The temporal angular velocity [ωb
x ,ωb

y ,ωb
z ]T of the vehicle in body-fixed coordinates, and

the road curvature at point xP are related by

⎡
⎣ ωb

x
ωb
y
ωb
z

⎤
⎦ = RTz (χ)

⎡
⎣ �̂x
�̂y
�̂z

⎤
⎦ ṡ +

⎡
⎣ 0

0
χ̇

⎤
⎦

=
⎡
⎣ (�̂xcχ + �̂ysχ )ṡ
(�̂ycχ − �̂xsχ )ṡ

�̂zṡ + χ̇

⎤
⎦ (41)

where [�̂x, �̂y, �̂z]T is given by (34). These equations are identical to those given in (13)
and (18) once the road curvatures of the centre line are replaced by those at xP.

6. Road reconstruction

The OCP associated with road reconstruction is again of the general form

minimise
u

J =
∮
C
(S(x)+ U(x)) ds, (42)

subject to
dx
ds

= f (x, u), (43)

where the displacement is along the centre line and around the closed centre line C. The
performance index J is chosen to minimise errors relative to the survey data, while the
function f (x, u) encapsulates the track’s geometric constraints. It is important that the track
model is sufficiently smooth, because it is passed subsequently to a minimum-time OCP
and a noise track model may cause numerical issues there. See [1,16,19] for further details.

The model state vector comprises three position variables, integrator chains for each of
the Euler angles, a road-width variable, and states relating to the polynomial coefficients
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in (26) and their derivatives. Depending on the application, the integrator chains may vary
in length. The state variables may be assembled as

x = [xC, yC, zC,φ,φ′,φ′′,μ,μ′,μ′′, θ , θ ′, θ ′′, rw, a2, . . . , aJ , a′
2, . . . , a

′
J , a

′′
2 , . . . , a

′′
J ]

T . (44)

The model controls manipulate the trajectory of the Darboux frame so that it circumnavi-
gates the race track, while minimising an estimation error. These inputs relate to the Euler
angles, the road width, and the polynomial coefficients, and are given by

u = [uφ , uμ, uθ , urw, ua2, . . . , uaJ]T . (45)

The system equations are

f (x, u) = [cθ cμ, sθ cμ,−sμ,φ′,φ′′, uφ ,μ′,μ′′, uμ, θ ′, θ ′′, uθ , urw,

a′
2, . . . , a

′
J , a

′′
2 , . . . , a

′′
J , ua2, . . . , uaJ]

T ; (46)

the first column of (22) gives the tangent direction. The state- and control-related terms in
the performance index (42) are

U(u) = Wφu2φ + Wμu2μ + Wθu2θ + Wrwu2rw +
J∑

j=2
Waju2aj, (47)

S(x) =
K∑

k=1

(
Qx(xk − xk0)2 + Qy(yk − yk0)2 + Qz(zk − zk0)2

)
. (48)

The quantities

xk = xC + (cθ sμsφ − sθ cφ)nk + (sθ sφ + cθ sμcφ)mk, (49)

yk = yC + (cθ cφ + sθ sμsφ)nk + (sθ sμcφ − cθ sφ)mk, (50)

zk = zC + cμsφnk + cμcφmk, (51)

are position estimates relating to track centre line and the survey stations either side of it.
The control weights areWφ ,Wμ,Wθ ,Wrw, andWaj, while Qx, Qy, and Qx are weights on
the track-model estimation errors. Since the survey data is assumed equispaced, nk is given
by

nk = − rw
2

+ k − 1
K − 1

rw, k = 1, . . . ,K (52)

where rw is the track-width estimate. Equispaced data can always be obtained from non-
uniformly-spaced data by interpolation and re-sampling so that �nk/rw is constant. The
height estimates come from (26) and are given by mk = m(nk, s) for each k and all s. The
optimal estimation problem is to minimise the error from the track survey data given by
xk0, yk0, and zk0; see Figure 5(a).
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Figure 6. Race track on the interior surface of a toroidal shell – shown as a heavy black curve. Themajor
toroidal radius is R, the minor radius is r, with the track surface defined by ϕ ∈ [ϕmin,ϕmax].

In the case of closed race tracks, cyclic boundary conditions must be enforced. These
are

x(si) = x(sf ) (53)

for all the state variable except the yaw angle θ . In this case

θ(si)− θ(sf ) = ±2π , (54)

with the sign determined by the track running direction.

Example 6.1: Some of the key track-modelling concepts will now be illustrated with an
idealised ‘track’ that has the toroidal geometry illustrated in Figure 6.

In rectangular coordinates a toroidal shell can be described by

x = (R + r sinϕ) cos θ (55)

y = (R + r sinϕ) sin θ (56)

z = r(1 − cosϕ) (57)

with θ ∈ [0, 2π]. By expanding (57) as a Taylor series around ϕ0 to third order, we obtain

z ≈ r(1 − cosϕ0)+ r�ϕ sinϕ0 + r
2
(�ϕ)2 cosϕ0 − r

6
(�ϕ)3 sinϕ0 + O ((�ϕ)4) . (58)

The first two terms define a plane tangent to the toroidal surface at ϕ0; the osculating plane
of the Darboux frame. The third and fourth terms describe the way in which the road
surface ‘bends away’ from the tangent plane.

The distance between the tangent plane and the toroidal surface is given by

z̄ =
√
r2 − n2 − r ⇒ m(s, n) = −n2

2r
− n4

8r3
+ O(n5); (59)

the s variable does not appear due to the cylindrical symmetry of this idealised track.
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Table 1. Optimised track model parameters.

θ̇ = −1.9429 × 10−3 r/m μ = 0 φ = 25o

�x = 0.0 �y = 8.0652 × 10−4 r/m �z = −1.7677 × 10−3 r/m
a2 = −1.4897 × 10−2 a3 = −4.0747 × 10−4 –

Figure 7. Model predictions (red dashed) and ‘raw toroidal data’ (black circles). The left-hand figure
shows the height prediction m(s, n), while the right-hand figure shows the camber-angle variation
prediction using (27).

For the case R = 500m, r = 35m, rw = 12m and ϕ0 = 25 deg, the optimal track-
modelling parameters are given in Table 1 for J = 3 in (26).

Figure 7 shows the optimised track model for the track surface height variation above
the osculating plane of the Darboux frame, and the variation of camber angle with track
lateral position. Note that the truncated Taylor series expansion with a2 = − 1

2r and a3 = 0
does not constitute an optimal set of polynomial coefficients!

7. Alternative approach

Returning to the road parametrisation given in (25), we note that this is a parametrisa-
tion ofMonge type [23]. Next, we introduce a fourth coordinate system that rotates relative
to ebz and is used to describe the local road surface under the car [18]. Following stan-
dard differential-geometric arguments, we define vectors ∂sxP and ∂nxP, which span the
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plane tangent to the road surface at xP. Due to the regularity of the road surface these par-
tial derivatives are both non-zero and independent. These vectors together with the local
surface normal

ePm = ∂sxP × ∂nxP
‖∂sxP × ∂nxP‖ (60)

define another trihedron (that is not generally orthonormal).
The car’s heading angle χ is now the angle between ebx and ∂sxP – this is not the same as

the heading angle defined in prior literature, which is the angle between ebx and t [16,26].
Since the road-surface normal at xP is parallel to the body-fixed z-axis, there holds

ebz = ePm. (61)

It follows from (60) and (61) that

ebz .∂sxP = 0 (62)

ebz .∂nxP = 0. (63)

These constraint equations again restrict the car to a single rotational freedom (around the
surface normal), which we will now examine.

Aplan viewof the contact point xP and its surrounding contact patch is given in Figure 8.
From this figure one can immediately deduce that

cosχ = ebx.∂sxP
‖∂sxP‖ and sinχ = −eby .∂sxP

‖∂sxP‖ (64)

and

cos ξ = eby .∂nxP
‖∂nxP‖ and sin ξ = ebx.∂nxP

‖∂nxP‖ ; (65)

it is evident that

ξ = π

2
− arccos

(
∂sxP.∂nxP

‖∂sxP‖.‖∂nxP‖
)

+ χ . (66)

When ∂sxP and ∂nxP are orthogonal ξ = χ . It is shown in [18] that

χ̇ = ωb
z + (∂ssxP × ∂sxP).e

p
m

∂sxP.∂sxP
ṡ + (∂snxP × ∂sxP).e

p
m

∂sxP.∂sxP
ṅ. (67)

A similar calculation shows that

ξ̇ = ωb
z + (∂snxP × ∂nxP).e

p
m

∂nxP.∂nxP
ṡ + (∂nnxP × ∂nxP).e

p
m

∂nxP.∂nxP
ṅ. (68)

In view of (66), one of (67) and (68) is mathematically redundant, but both are retained for
approximation and computational purposes.
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Figure 8. Heading angle χ and heading co-angle ξ .

7.1. Translational velocity constraint

Our purpose here is to relate the parametric and body-fixed linear velocities. The velocity
of xP is given by

d
dt
xP = ∂sxPṡ + ∂nxPṅ, (69)

which means that

∂sxPṡ + ∂nxPṅ = uebx + veby + webz , (70)

where u, v and w are the body-fixed components of the car’s linear velocity. Dotting this
equation with ebz shows that

w = 0, (71)

since each of the remaining vectors are in the plane tangent to the road surface. We can
now dot (70) with ∂sxP and ∂nxP, while recognising (71), to obtain[

∂sxP.∂sxP ∂sxP.∂nxP
∂nxP.∂sxP ∂nxP.∂nxP

] [
ṡ
ṅ

]
=
[
∂sxP.ebx ∂sxP.eby
∂nxP.ebx ∂nxP.eby

][
u
v

]
. (72)

In conformity with standard differential-geometric notation,

I =
[
∂sxP.∂sxP ∂sxP.∂nxP
∂nxP.∂sxP ∂nxP.∂nxP

]
(73)

is called the first fundamental form, which facilitates the calculation of metric properties
such as ‘length’ 2. It follows from (64) and (65) that

J =
[
∂sxP.ebx ∂sxP.eby
∂nxP.ebx ∂nxP.eby

]
=
[

cosχ‖∂sxP‖ − sinχ‖∂sxP‖
sin ξ‖∂nxP‖ cos ξ‖∂nxP‖

]
, (74)
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and so [
ṡ
ṅ

]
= I−1J

[
u
v

]
, (75)

constrains the way in which ṡ and ṅ can evolve given u and v. The regularity of the road
surface implies the invertibility of the first fundamental form [24].

7.2. Angular velocity constraint

Since the car is assumed to have no suspension, its roll and pitch motions are dictated by
those of the road surface. This suggests a nonholonomic constraint that governsωb

x andωb
y

in terms of u and v. Differentiating (62) and (63) with respect to time gives

0 = d
dt
(ebz).∂sxP + ebz .

d
dt
(∂sxP) (76)

0 = d
dt
(ebz).∂nxP + ebz .

d
dt
(∂nxP). (77)

Eliminating the d
dt (e

b
z) terms using (4), and expanding the time derivatives of the partial

derivative terms gives

([
∂sxP
∂nxP

]
.
[
ebx eby

]
= J
)[ −ωb

y
ωb
x

]
=
[

ePm.∂ssxP ePm.∂snxP
ePm.∂nsxP ePm.∂nnxP

] [
ṡ
ṅ

]
(78)

where

II =
[

ePm.∂ssxP ePm.∂snxP
ePm.∂nsxP ePm.∂nnxP

]
(79)

is the second fundamental form that is used to study local surface curvature [23,24] 3. The
constraint on ωb

x and ωb
y is thus

[ −ωb
y

ωb
x

]
= J−1(II)I−1J

[
u
v

]
. (80)

Since J−1(·)J is a similarity transformation on (II)I−1, the eigenvalues of J−1(II)I−1J are
the principle curvature of the road surface at xP.

7.3. Parametrisation for the Darlington raceway

The track parametrisation given in (6) can become computationally unwieldy due the
proliferation of numerous ‘small’ terms. These track-specific small terms may include:
∂snm, ∂nnm, �x�ym, �2

xm, �2
ym, �y�zm, �3

x, �3
y , �3

z , �2
x�y, �2

y�z, (∂nm)2, and m∂nm.
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Following a number of track-specific simplifications [20], using (6) and (4) one obtains

∂sxP = (1 +�ym − n�z)t +�x(nm − mn) (81)

∂nxP = n + m∂nm (82)

∂ssxP = (m∂s�y − n∂s�z +�x(n�y + m�z))t

+ (�z − m∂s�x − n(�2
x +�2

z))n

+ (n(∂s�x +�y�z)−�y)m (83)

∂snxP = (�y∂nm −�z)t + (−�x∂nm)n +�xm (84)

∂nnxP = 0. (85)

Clearly ∂sxP and ∂nxP are predominantly in the t and n directions, respectively.
The car’s heading co-angle comes from (68) and is given by

ξ̇ = ωb
z + ṡ

⎛
⎝n(�2

x +�2
z)−�z +�y∂nm(1 − n�z)√

n2�2
x + (1 − n�z)2 + 2m�y

⎞
⎠ . (86)

This differential equation is used, because it is less cumbersome to work with than its
counterpart (67). The heading and co-heading angles χ and ξ are related by

χ = arccos

⎛
⎝ �x(n∂nm − m)√

n2�2
x + (1 − n�z)2 + 2m�y

⎞
⎠− π

2
+ ξ ; (87)

χ ≈ ξ when n∂nm − m is ‘small’. The first fundamental form comes from (73) and is given
by

I =
[

n2�2
x + (1 − n�z)

2 + 2m�y �x(n∂nm − m)
�x(n∂nm − m) 1

]
. (88)

The Jacobian (74) is given by

J =
[

cosχ
√
n2�2

x + (1 − n�z)2 + 2m�y − sinχ
√
n2�2

x + (1 − n�z)2 + 2m�y

sin ξ cos ξ

]
,

(89)
which allows (75) to be evaluated.

The second fundamental form (79) is given by

II = 1
a

⎡
⎣n∂s�x + n2(�x∂s�z −�z∂s�x)+ nm(�y∂s�x −�x∂s�y)

−�y(1 − n�z)
2 f

f 0

⎤
⎦ , (90)

where

a =
√
n2�2

x + (1 − n�z)2 + 2m�y and f = �x(1 − n�y∂nm) ≈ �x,

which allows (80) to be solved. The optimisation of the track parameters exploit the OCP
described in Section 6.
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8. Results and critique

We now review the similarities and differences between the recently developed mod-
els described in Section 5 (the first model) and Section 7 (the second model). We give
illustrative calculations in the case that m(s, n) = 0. We will then compare the results
of minimum-lap-time computations produced by these models in the general case that
m(s, n) �= 0.

In both models ṡ describes the velocity of the Darboux frame in the t direction, while
n describes the lateral displacement of the car in the n direction in Darboux co-ordinates.
In the first model the car travels on the osculating plane of a ‘corrected’ Darboux frame,
while in the secondmodel the car travels on a plane tangent to the road surface immediately
under the car. In the first model the tangent plane is the span of t and n, while in the second
it is the span of ∂sxP and ∂nxP.

Whenm(s, n) = 0, the road-surface normal for the second model is given by 4:

ePm = m − n(�xt +�zm)√
n2�2

x + (1 − n�z)2
≈ m − n�xt

1 − n�z
(91)

which is predominately in them direction, and parallel to it when n = 0 and/or the road is
torsion-free. When the track has torsion, the tangent plane under the car twists away from
the Darboux frame as the car moves laterally.

The first model describes a car yawing through χ – the angle between t and ebx; see
Figure 4. The body-fixed axis ebz is parallel to m and offset from it by distance n; m(s, n)
is used to adjust the orientation of the Darboux frame using (30), (31) and (32). The car’s
velocity is related to the speed of the origin of the Darboux frame along the centre line and
the lateral speed ṅ by (38) and (39). The car’s angular velocity (in body fixed coordinates)
is given by (41). In order to keep the car on the road, the vertical component of the car’s
velocity is given by (21).

In the second model the car travels on the local road-surface tangent plan spanned by
∂sxP and ∂nxP. The car has yaw angle χ and yaw co-angle ξ as defined in Figure 8; the
yaw angles in the two models are different, while ∂sxP and ∂nxP need not be orthogonal. It is
clear from (81) that ∂sxP is substantially in the t direction, with a difference coming from
the torsion term. The ∂nxP vector is substantial in the n direction, with small differences
coming from ∂nm. In the second model the car’s normal velocity component is zero; see
(71). The car’s velocity in Darboux coordinates is given by (75), while the angular velocity
of the car is given by (80). Whenm(s, n) = 0, (75) becomes

[
ṡ
ṅ

]
=
⎡
⎣ cosχ√

(n�x)2 + (1 − n�z)2

− sinχ√
(n�x)2 + (1 − n�z)2

sinχ cosχ

⎤
⎦[ u

v

]
(92)

and the ṡ expression above differs from that in (15) by virtue of the torsional term n�x. If
the road is not heavily ‘corkscrewed’, a power series expansion of the denominator term
results in [

ṡ
ṅ

]
≈
⎡
⎣ cosχ

1 − n�z

− sinχ
1 − n�z

sinχ cosχ

⎤
⎦[ u

v

]
, (93)
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with the ṡ expression matching (15). The ṅ term in equations (15), (39) and (93) are all
the same. If m(s, n) = 0, ∂sxP and ∂nxP are orthogonal with n and ∂nxP parallel; see (82).
Equation (81) shows that the torsion term causes ∂sxP to rotates away from t, around the
n-axis, as n increases. This ‘twisting’ away from osculating plane of the Darboux frame is
evident in (91), which contains an n-related term in the t direction. Equations (41) and (80)
provide the car’s x- and y-axis angular velocity constraints as imposed by the curvature of
the road. Equation (41) recognises the local surface curvature by adapting the orientation
of the Darboux frame to the local conditions under the car. Equation (80) describes the
curvature of the road under the car in terms of the principle curvatures as described in
classical differential geometry and the second fundamental form[23,24].

Ifm(s, n) = 0 one can obtain a simple expression for the principle curvatures of the road
under the car. Setting

σ =
√
n2�2

x + (1 − n�z)2 ≈ (1 − n�z),

it follows by direct calculation that

I =
[
σ 2 0
0 1

]
; II ≈ 1

σ

[ −�y �x
�x 0

]
and (II)I−1 ≈ 1

σ 3

[ −�y σ 2�x
�x 0

]
(94)

with the principle curvatures at xP given by

κn ≈
−�y ±

√
�2

y + 4σ 2�2
x

2σ 3 . (95)

The principle curvatures of the osculating plane of the Darboux frame are both zero.
Whenm(s, n) = 0 (78) becomes

[ −ωb
y

ωb
x

]
= J−1II

[
ṡ
ṅ

]
≈

⎡
⎢⎣

−�y cosχ
(1 − n�z)2

+ �x sinχ
1 − n�z

�x cosχ
(1 − n�z)2

�y sinχ
(1 − n�z)2

+ �x cosχ
1 − n�z

−�x sinχ
(1 − n�z)2

⎤
⎥⎦[ ṡ

ṅ

]
(96)

using

J ≈
[
(1 − n�z) cosχ (n�z − 1) sinχ

sinχ cosχ

]
and II ≈ 1

1 − n�z

[ −�y �x
�x 0

]
.

(97)
If we now take the case that the car is travelling straight along the centre line we obtain[

ωb
x
ωb
y

]
= ṡ
[

cosχ sinχ
− sinχ cosχ

] [
�x
�y

]
, (98)

which is (18).
We conclude with some comparative calculations for a particular car on the Darlington

NASCAR oval, which was selected for its demanding topographic properties. The results
resented were all computed using the optimal control package GPOPS II [27]. As in [20],
the computed simulations will be comparedwith results from an industrial simulation tool,
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Figure 9. Comparisons of: (a) Vehicle speed. (b) Lateral displacement. (c) Splitter height as a function of
the distance travelled.

measured telemetry data captured during a race, and track models using both laterally flat
(m(s, n) = 0) and laterally curved (m(s, n) �= 0) track models. Following the convention is
used: (i) the results computed using the models given in Section 5 will be shown solid red;
(ii) the results computed using the models given in Section 7 will be shown solid black;
(iii) the results computed using the models given in Section 5 with m(s, n) = 0 will be
shown dot-dashed red; (iv) the results computed using the models given in Section 7 with
m(s, n) = 0 will be shown dot-dashed black; (v) the industrial simulation results will be
shown black dotted; (vi) some measured race results will be shown black dashed.

Figure 9 shows the car’s speed, its offset from the centre line and the height of the front
splitter that is used to inform the aerodynamics model. The speed predictions associated
with the track models given in Sections 5 and 7 are within 2m/s throughout a racing lap.
For the most part these predictions lie between the measured data and the high-fidelity
industrial simulation. In the case that m(s, n) = 0, the predictions made by the models in
Sections 5 and 7 are comparable and less ‘spread out’ than in the m(s, n) �= 0 case. In
them(s, n) = 0 case the lateral offset predictions made by the models in Sections 5 and 7
are almost identical, but incorrect because they ignore that lateral camber variations of the
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Figure 10. Comparisons of predictions for: (a) Aero drag force. (b) Aero side force. (c) Aero down force
as a function of the distance travelled.

track. In them(s, n) �= 0 case, the predictions are again almost identical for the first 1400m,
with a peak difference of approximately 4m appearing at 1600m. At 1600m the measured
and industrial simulation results lie between the two. In this case the Section 5 model
appears more accurate. The splitter height predictions made by the two models were in
close agreement with each other, and with the predictionmade by the industrial simulator.

The aerodynamic force predictions are compared in Figure 10. These prediction use
aerodynamic coefficients that are functions of the car’s roll and side-slip angles, as well as
front- and rear ride heights. If the industrial simulator is taken as reference, the predic-
tions made by the model in Section 5 is to be preferred, but this is in no sense a general
conclusion.

The lap times for all the simulations and the measured lap time were between 29.78 s
and 30.63 s. The predictions made by the models in Sections 5 and 7 are in generally good
agreement.
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Table 2. Velocity constraints and the yaw rate equations.

Model type Translational Rotational Yaw rate

2D model (15) ωb
x = ωb

y = 0 (13)
3D ribbon model (15) (18) (13)
3D curved-ribbon model (38) and (39) (41) (41)
3D fundamental forms (75) (80) (86)

9. Conclusions

The aim of this paper is to review the road models currently used in vehicular control
studies. These includeminimum-lap-time optimal control, reference trajectory generation
for autonomous vehicles, autonomous racing, real-time MPC-based control algorithms,
control studies for vehicles operating under rally-type conditions, drivetrain configuration
optimisation, and automated safety systems. These studies have thus far been dominated
by simple flat-road models that require minimal mathematical sophistication.

In the last decade 3D road models have attracted growing interest. These have been
related predominantly to closed-circuit car andmotorcycle racing, but applications in vehi-
cle stability control systems have also emerged. Entry-level 3D road models pertain to
inclined planar surfaces, which amount essentially to changing the orientation of the grav-
ity vector. After that ribbon-based road models emerged that treat the road as ‘laterally
flat’. Motivated be track-modelling issues that emerged fromNASCAR racing, these mod-
els were subsequently extended to cover cases in which lateral curvature variations are
required.

Road models are used to eliminate three of the six freedoms that would normally be
associated with airborne vehicles. In the case of car models without a suspension system,
these models are used to eliminate the car’s vertical translational degree of freedom, as
well as its pitch and roll freedoms. When the car has a suspension, a road model is used to
constrain the tyre ground-contact kinematics. The translational and rotational constraints
associated with the road models studied here are summarised in Table 2.

Roadmodels dealingwith lateral curvature variations are not required formost Formula
One andNASCAR tracks. Asmuch of the literature suggests, this is also true inmany other
(non-racing) applications – in many instances even simple flat-road models suffice.

In the case of the Darlington oval for instance, lateral curvature variations have a sig-
nificant impact on the optimal racing line, the tyre loading and the consequent lap times.
The optimal line at Darlington (for typical track grip levels) is for the car to run against
the wall for the second half of the track. Most professional drivers run this line with some
brushing the wall creating what is called the ‘Darlington Stripe’, which is evident on both
car and wall. As seen in the minimum-time optimal control studies that do not take into
account the track’s lateral curvature variations, a racing line around the bottom of the track
is achieved that is not representative of reality. In this type of ‘limit performance’ study, the
optimal line is dependent on the car’s configuration and tyre grip levels under varying
temperature and states of wear. In these cases, the entire track surface has to be mod-
elled using detailed survey data and then tuned for purpose. This tuning process could
involve the selective removal of several ‘small’ terms that serve only to increase compu-
tation times. Going forward, the modelling challenges associated with high-performance
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car and motorcycle OCPs are likely to focus on tyre and aerodynamic modelling that will
require accurate road-surface models.

Notes

1. We alert the reader to the fact that u is often used as a body-fixed velocity component in a
mechanics setting, while also being standard notion for the control input in a control systems
setting. In the same way x may be a position component in a mechanics setting, while possibly
representing a state variable in a control systems setting. This said, the context should resolve
any ambiguity that might arise.

2. The first fundamental form is a symmetric bilinear form IP(U,V) on the plane TPM tangent to
the road surfaceM at point xP. It follows from (69) that the square of the car’s velocity is

(
d
dt
xP).(

d
dt
xP) = [ ṡ ṅ

] [ ∂sxP.∂sxP ∂sxP.∂nxP
∂sxP.∂nxP ∂nxP.∂nxP

] [
ṡ
ṅ

]

so that

l =
∫ b

a

(√[
ṡ ṅ

]
(I)
[

ṡ
ṅ

])
dt,

is the length of the path travelled.
3. The second fundamental form is used to measure the way in which the road surface ‘bends

away’ from the tangent plane TPM at xP. The normal curvature of the road surface at a point xP
measures its curvature in direction U in the tangent plane, and is defined as

κn(U) = �P(U,U)
U.U

=
[
ṡ ṅ

]
�P

[
ṡ
ṅ

]
[
ṡ ṅ

]
IP
[

ṡ
ṅ

] =
[
α β

]
Q−1�PQ−T

[
α

β

]
α2 + β2

,

where IP = QQT (IP is positive definite) and
[
α β

] = [ ṡ ṅ
]
Q. On a smooth surface,

the normal curvature varies continuously with the direction ofU, and ranges between the prin-
cipal curvatures κ1 and κ2 at xP; sinceQ−1�PQ−T is symmetric, κ1 and κ2 are real (and of either
sign).

4. A Taylor series expansion around n = 0 is√
n2�2

x + (1 − n�z)2 = 1 − n�z + n2�2
x

2
+ n3

2
�2

x�z + O(n4).
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