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Chapter 1

Introduction

In this chapter, we introduce some basic terminology used in the field of
Graph Theory in Section 1.1. Thereafter, we introduce the concept of edge
colouring of graphs in Section 1.2. Lastly, we provide an overview of the
contents of this dissertation in Section 1.3.

1.1 Basic Terminology

A graph G is a finite non-empty set of vertices (singular vertex ) along with
a (possibly empty) set of edges. This mathematical structure is used to
illustrate the relationships (shown via the edges) between objects (the
vertices). In Figure 1.1, we see an example of a graph G1. The vertices are
the circular nodes and the edges are the lines between them.

The set of vertices in a graph G is known as the vertex set and is denoted
by V pGq. For the graph in Figure 1.1, V pG1q “ ts, t, u, v, w, x, y, zu. The
edge joining two vertices u and v in a graph G is usually labelled as uv (or
vu), as can be seen in the graph in Figure 1.1. The set of edges in a graph
G is the edge set, denoted EpGq. Furthermore, EpGq is a subset of the set
of 2-element subsets of V pGq. For the graph in Figure 1.1,
EpG1q “ tus, uv, ux, vx, wt, wx, wy, xz, yzu.

If the sets V pGq and EpGq are finite sets, then the graph G is a finite
graph. The graph in Figure 1.1 is a finite graph. The order of a graph G is
the number of vertices in the graph G, and is equivalent to the cardinality
of the vertex set V pGq. The size of a graph G is the number of edges in the
graph G, and is equivalent to the cardinality of the edge set EpGq. The

1



order of the graph in Figure 1.1 is 8 and the size of the graph is 9.

u

v

s

t

w

x y

z

uv
wx

Figure 1.1: Example of a graph G1

Two vertices u and v in a graph G are said to be adjacent if there is an
edge between them. The vertex u (and v) in the graph G is said to be
incident with the edge uv. Adjacent vertices are called neighbours. The
neighbourhood of a vertex v in a graph G is the set of vertices that are
adjacent to v. We denote the neighbourhood of the vertex v in the graph G
as Npvq. In the graph in Figure 1.1, the vertices x and w are adjacent. The
vertices x and w are both incident to the edge wx. Furthermore, the
neighbours of the vertex x are the vertices u, v, w and z and we have that
Npxq “ tu, v, w, zu.

The degree of a vertex v in a graph G is the number of vertices in the graph
G that v is adjacent to, and is denoted by degGv. The maximum degree of
a graph G is the largest degree amongst the degrees of the vertices in the
graph G, and is denoted by 4pGq. In this dissertation, we will use the
notation 4pGq and 4 interchangeably, where it is understood that the
graph in consideration is the graph G. The minimum degree of a graph G is
the smallest degree amongst the degrees of the vertices in the graph G, and
is denoted by δpGq. As an example, in the graph in Figure 1.1, we have
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that degpwq “ 3, ∆pG1q “ 4 and δpG1q “ 1.

A uv path in a graph G is a sequence of vertices and edges in the graph G,
in which no vertices or edges are repeated, that begins at the vertex u in
the graph G, called the initial vertex, and ends at the vertex v in the graph
G, called the terminal vertex. A sx path in the graph in Figure 1.1 is
written as ps, u, xq and can be seen in blue in Figure 1.1. If the initial
vertex and terminal vertex are the same, then we have a cycle. The length
of a cycle can be determined by the number of edges in the cycle. In the
graph in Figure 1.1, there is an x´ x cycle of length four, called a 4-cycle.
This can be seen in green in Figure 1.1. The girth of a graph G, denoted g,
is the length of the shortest cycle in the graph G. For the graph G1 in
Figure 1.1, we have that g “ 3.

There can be multiple edges between two distinct vertices in a graph G,
called parallel edges, as well as an edge joining a vertex to itself, called a
loop. Graphs without these multiple edges and loops are known as simple
graphs. Additionally, the edges between two vertices in a graph G may have
a direction. If the edges in a graph G have no direction, then the graph G is
an undirected graph. The graph in Figure 1.1 is a simple, undirected graph.

A graph G is called a planar graph if it can be drawn in the plane without
any edges crossing. The resultant graph from drawing a graph G in the
plane without the edges crossing is called a plane graph. Hence, every plane
graph is planar and every planar graph can be drawn as a plane graph. The
graph in Figure 1.1 depicts both a planar graph and a plane graph.
Another example of a planar graph is shown in Figure 1.2. The graph in
Figure 1.2 is also a plane graph.
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Figure 1.2: Example of a planar graph

The graph in Figure 1.3 illustrates a non-planar graph, as there is no
possible plane drawing of the graph without having two of the edges of the
graph crossing.

Figure 1.3: Example of a non-planar graph

The graph in Figure 1.4 is a planar graph. Although the edges v1v4 and
v2v3 cross, there still exists a plane drawing of the graph with no edges
crossing. This is shown in Figure 1.5.
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v1

v2

v3

v4

Figure 1.4: Example of a planar graph

The graph in Figure 1.5 is a plane graph, unlike in Figure 1.4.

v1

v2

v3 v4

r1

r2
r4

r3

Figure 1.5: Plane drawing of Figure 1.4

A plane drawing of a graph G divides the graph into regions, called faces,
including the exterior region. The set of the faces of a graph G is called its
face set, and is denoted by F pGq. The regions of the graph in Figure 1.5
have been labelled. The region r1 is bounded by the edges v1v2, v2v3 and
v3v1. The region r2 is bounded by the edges v1v2, v2v4 and v1v4. The region
r3 is bounded by the edges v2v3, v3v4 and v2v4. The regions r1, r2 and r3 are
interior regions, as they lie on the inside of the graph. The region r4 is an
exterior region, as it lies outside of the entire graph. The exterior region is
unbounded.
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The length or degree of a face f P F pGq, denoted dpfq, is the length of a
boundary walk along the face f in a graph G. The degree of the face r3 in
the graph in Figure 1.6 is 3, since the boundary walk of r3 is
v2 ´ v3 ´ v4 ´ v2. We say that dpr3q “ 3 and r3 is a 3-face. The 1-vertex v5

is said to be incident to the face r1. The vertex v5 is also incident to the
face r2. Furthermore, dpr1q “ 5 since the boundary walk of r1 is
v1 ´ v2 ´ v3 ´ v1 ´ v5 ´ v1. For the graph in Figure 1.6,
F pGq “ tr1, r2, r3, r4u.

v1

v2

v3 v4

v5

r1

r2
r4

r3

Figure 1.6: Example of a planar graph

The graphs considered in this dissertation are all finite, simple and
undirected planar graphs. Additionally, some graphs may have restrictions
on the girth and the maximum degree of the graph.

1.2 Edge Colouring in Graphs

Chromatic Graph Theory concerns itself with assigning the vertices or the
edges of a graph with a label, called a colour.

A vertex colouring of a graph G is the assignment of colours to the vertices
of G. A proper vertex colouring of a graph G is the assignment of colours to
the vertices of G, such that no two adjacent vertices receive the same colour.
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This dissertation deals with the colouring of the edges of a graph. An edge
colouring of a graph G is the assignment of colours to the edges of G. A
proper edge colouring of G is the assignment of colours to the edges of G,
such that no two adjacent edges have the same colour. Two edges are said
to be adjacent if they share a common vertex.

The neighbourhood of an edge e, denoted Npeq, is the set of edges that are
adjacent to e. The line graph of a graph G, denoted LpGq, is a graph LpGq
in which the vertices of LpGq are the edges of G and any two vertices in
LpGq are adjacent if and only if the two corresponding edges in G are
adjacent. We remark that the neighbourhood of an edge e in G is equivalent
to the neighbourhood of the vertex corresponding to edge e in LpGq.

A proper k-edge colouring of a graph G is a mapping

f : EpGq Ñ t1, 2, 3, ..., ku

such that fpe1q ‰ fpe2q for adjacent edges e1 and e2 in the graph G. That
is, each edge of G is assigned one of k colours and no two adjacent edges in
G have the same colour. A graph that has a proper k-edge colouring is said
to be proper k-edge colourable.

A proper k-edge colouring of G partitions the set EpGq into k edge colour
classes. An edge colour class Ei is a set of edges defined as follows :

Ei = t e | e is coloured i u

for a proper k-edge colouring of G, where e P EpGq and i “ 1, 2, ..., k.

A matching is a set of edges such that no two edges in the set are adjacent.
Each edge colour class induces a matching, since no two adjacent edges are
assigned the same colour.

The graph in Figure 1.7 has been proper edge coloured using 4 colours.
The edge colour classes for the graph in Figure 1.7 are
E1 “ tus, vx, yz, twu, E2 “ tuv, wxu, E3 “ tux,wyu and E4 “ txzu. It is
clear that these sets partition the edge set of the graph in Figure 1.7 and
each colour class induces a matching.
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Figure 1.7: Proper edge colouring of G1

A strong edge colouring of G is the assignment of colours to the edges of G,
such that no two edges at a distance at most 2 have the same colour. Two
edges are at distance 1 if they are adjacent edges (that is, they share a
common vertex). Two edges are at distance 2 if they are not at distance 1
and they are both adjacent to a common edge. We note that every strong
edge colouring is a proper edge colouring.

The 2-neighbourhood of an edge e in the graph G is the set of edges in the
graph G that are at distance at most 2 from the edge e. The
2-neighbourhood of e is sometimes called the strong neighbourhood of e and
is denoted N2peq. The square of a graph G is obtained by adding edges
between vertices at distance at most 2. Therefore, the square of the line
graph of G, denoted L2pGq, would have vertices adjacent to each other if
and only if the corresponding edges are at distance at most 2 in G. We
remark that the strong neighbourhood of e in G is equivalent to the
neighbourhood of the vertex corresponding to edge e in L2pGq.

A strong k-edge colouring is also a mapping f , where each edge is assigned
one of k colours as follows :

f : EpGq Ñ t1, 2, 3, ..., ku
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such that fpe1q ‰ fpe2q for edges e1 and e2 at a distance at most 2.
Similarly, G is strong k-edge colourable if it can be strongly k-edge coloured.

A strong k-edge colouring of a graph will also partition EpGq into k edge
colour classes that induce a matching. Since no two edges in the matching
are at a distance at most 2, we call the matching a strong matching.

The graph in Figure 1.8 shows the strong edge colouring of the same graph
in Figure 1.7, using 6 colours. It is notable that more colours are usually
needed when applying a strong edge colouring to a graph G than when
applying a proper edge colouring to the same graph G. We also see that the
edge colour classes for the graph in Figure 1.8 are
E1 “ tus, yzu, E2 “ tuv, wyu, E3 “ tux, twu, E4 “ tvxu, E5 “ twxu and
E6 “ txzu. Together, these colour classes form a partition and each colour
class induces a strong matching.

u

v
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t

w

x y

z

21

3

3

4
5

2

6
1

Figure 1.8: Strong edge colouring of G1

Edge colouring has many applications in the real world. Some of these
applications include scheduling problems, like scheduling players for
sporting matches or scheduling production in factories. It is also useful in
the telecommunications industry for assigning frequencies in fibre optic
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networks.

One of the main objectives in graph colouring is to minimize the number of
colours needed to colour a graph. The edge chromatic number or chromatic
index of a graph G is the smallest positive integer k, such that G can be
proper k-edge coloured and is denoted by χ1 pGq. The strong chromatic
index of G is the smallest integer k, such that G can be strongly k-edge
coloured and is denoted by χ1s pGq. In this dissertation, we will investigate
the bounds on the strong chromatic index for a subset of planar graphs.

For any additional defnitions, the reader is referred to the textbook entitled
Chromatic Graph Theory by Gary Chartrand and Ping Zhang [5].

1.3 Overview of Dissertation

In this chapter, we introduced some basic definitions used in graph theory
in Section 1.1. Thereafter, in Section 1.2, we discussed the subject of edge
colouring in graphs. Now, we will outline the contents of this dissertation.

In Chapter 2, we will give a brief outline of the literature that has been
published in the field. Then, in Chapter 3, we will present the research
question of the dissertation and elaborate on the methodology that will be
used to answer the research question. Thereafter, in Chapter 4, we will give
proofs for the upper bound on the strong chromatic index for planar
graphs. In Chapter 5, we will provide proofs for the upper bound on the
strong chromatic index for a subset of planar graphs with the girth g ě 6.
Following this, in Chapter 6, we will present proofs for the upper bound on
the strong chromatic index for a subset of planar graphs. Then, in
Chapter 7, we will give proofs for the upper bound on the strong chromatic
index for a subset of planar graphs with maximum degree ∆pGq ě 5 and
girth g ě 5. Furthermore, in Section 7.3, we will answer the research
question of the dissertation. Finally, we will conclude the dissertation in
Chapter 8.
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Chapter 2

Literature Review

In this chapter, we give a brief summary of the literature that has been
published in the research domain of strong edge colouring. In particular, we
consider how the upper bound on the strong chromatic index has been
improved by various authors.

Strong edge colouring was introduced by Fouquet and Jolivet in 1983 [8, 9]
and since then, there have been several investigations into improving the
upper bound on the strong chromatic index.

In 1985, Erdös [6] conjectured the following :

Conjecture 1. For every graph G with maximum degree ∆pGq,
χ1s ď

5
4
∆pGq2, if ∆pGq is even and

χ1s ď
1
4
p5∆pGq2 ´ 2∆pGq ` 1q, if ∆pGq is odd.

Conjecture 1 was shown to be true for ∆pGq ď 3 by Andersen [1] and
Horák [11].

Thereafter, in 1997, Molloy and Reed [14] showed that for graphs G with
sufficiently large maximum degree, χ1s pGq ď 1.998∆ pGq2. This bound was
improved 18 years later by Bruhn and Joos [4] and has now become the
best known upper bound on the strong chromatic index, for a graph with
sufficiently large maximum degree. The result is given in the following
theorem.

Theorem 1. If G is a graph of sufficiently large maximum degree ∆pGq,
then χ1s pGq ď 1.93∆ pGq2.

Theorem 1 relates the strong chromatic index of the graph G with the
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maximum degree of the graph. The authors Bruhn and Joos used a
probabilistic colouring method, along with the concept of the square of a
line graph, as defined in Section 1.2 of this dissertation, to show that the
bound is true.

The following theorem by Faudree et al [7] relates the strong chromatic
index of the planar graph G with the proper chromatic index of the graph.

Theorem 2. If G is a planar graph with maximum degree ∆pGq, then
χ1spGq ď 4χ1pGq ď 4∆pGq ` 4.

Theorem 2 currently gives the best known upper bound for a planar graph
G. The proof of Theorem 2 makes use of the Four Colour Theorem which
states that every planar graph has a proper vertex colouring that uses at
most 4 colours. The proof also makes use of Vizing’s Theorem which states
that the chromatic index of a graph G is at most ∆pGq+1. In the same
paper, the authors find a class of graphs that improve on the bound from
Theorem 2. The result is shown below.

Theorem 3. For every integer ∆ ě 2, there exists a planar graph G with
maximum degree ∆pGq “ ∆ and χ1spGq “ 4∆pGq ´ 4.

Several theorems that followed considered a subset of planar graphs with
girth restrictions, for which there was an improvement on the upper bound
on the strong chromatic index from Theorem 2. These theorems related the
strong chromatic index of the graph with the maximum degree of the graph.

The following theorem by Hudák et al [12] obtains its proof by means of a
contradiction. The result was published in the year 2014. The authors
make use of a discharging method, detailed in Section 3.3 of this
dissertation, to achieve this contradiction.

Theorem 4. If G is a planar graph with maximum degree ∆pGq ě 4 and
girth g ě 6, then χ1spGq ď 3∆pGq ` 5.

The result of Theorem 4 was improved in the same year by Bensmail et al
[2], using the same methodology as that of Hudák et al [12]. This result is
given below.

Theorem 5. If G is a planar graph with maximum degree ∆pGq and girth
g ě 6, then χ1spGq ď 3∆pGq ` 1.

In the same paper by Bensmail et al [2], the authors made a finding for
smaller values of the girth, as shown below.
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Theorem 6. Let G be a planar graph with maximum degree ∆pGq and
girth g. If G satisfies one of the following conditions, then χ1spGq ď 4∆pGq :
(1) ∆pGq ě 7;
(2) ∆pGq ě 5 and g ě 4;
(3) g ě 5.

In 2017, Song et al [16] further improved the upper bound for (3) of
Theorem 6 when ∆pGq ě 5. The result is given in the theorem below.

Theorem 7. If G is a planar graph with maximum degree ∆pGq ě 6 and
girth g ě 5, then χ1spGq ď 4∆pGq ´ 2.

In the same paper [16], the authors showed an improvement on the upper
bound of the strong chromatic index, in the particular case when ∆pGq “ 5
and g ě 5. The result is shown below.

Theorem 8. If G is a planar graph with maximum degree ∆pGq “ 5 and
girth g ě 5, then χ1spGq ď 19.

The authors used the same methodology as that of Hudák et al [12] to
prove Theorem 7 and Theorem 8.

Lastly, we consider a question posed by Song et al [16] in their paper :

Let G be a planar graph with girth g = 5 and maximum degree
∆pGq P t5, 6u. Is it true that χ1spGq ď 3∆pGq ` 1?

We will prove this statement to be true for ∆pGq “ 5 in Section 7.3 of this
dissertation.

We will prove Theorem 1 to Theorem 3 in Chapter 4 of this dissertation. In
Chapter 5, we will prove Theorem 4 and Theorem 5. Thereafter, in
Chapter 6, we will prove Theorem 6. Finally, in Chapter 7, we will prove
Theorem 7 and Theorem 8, as well as provide an answer to the open
question posed by Song et al in their paper [16].

In this chapter, we gave an outline of the evolution of the upper bound on
the strong chromatic index for a graph G. Additionally, we presented an
open question in the field that will be answered in Section 7.3 of this
dissertation.
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Chapter 3

Research Question and
Methodology

In this chapter, we list the aim and objectives of this dissertation in
Section 3.1. In Section 3.2, we present the research question and state the
hypothesis of the dissertation. Lastly, we describe the methodology that
will be used in proving our hypothesis in Section 3.3.

3.1 Aim and Objectives

The aim of this study is to improve the upper bounds on the strong
chromatic index for a planar graph G, with maximum degree ∆pGq “ 5 and
girth g “ 5, which is a subset of the graphs considered in Theorem 8 [16].

We will approach this by first carefully working through similar previous
theorems and their proofs to aid us in constructing our own proof. Hence,
our first objective would be to analyze and reconstruct, according to our
own understanding, the proofs of Theorems 1 through 8, listed in Chapter 2
of this dissertation. Thereafter, our next objective will be to apply a similar
methodology, described in Section 3.3 of this dissertation, in answering the
open question proposed by Song et al [16]. Where needed, we will attempt
to formulate the proof using our own approaches, or an adaptation of the
previous methods used.

3.2 Research Question and Hypothesis

The research question of this dissertation was conjectured by Song et al [16]
and is given below :

14



For a planar graph G with girth g “ 5 and maximum degree ∆pGq “ 5, is
it true that χ1spGq ď 3∆pGq ` 1 ?

We hypothesise the following :

For a planar graph G with girth g “ 5 and maximum degree ∆pGq “ 5, we
have that χ1spGq ď 3∆pGq ` 1.

We will prove this statement to be true in Section 7.3 of this dissertation.

3.3 Methodology

We will adopt part of the methodology used in the papers by Song et al
[16], Bensmail et al [2] and Hudák et al [12] to prove our hypothesis. The
approach used in these papers is a proof by contradiction. The general
outline of the method used is given below.

1. Assume the statement is false. This means that there must exist a
counterexample to the statement;

2. We investigate the structure of the minimal counterexample G;

3. We apply the discharging method, explained in Section 3.3.3 of this
dissertation, on the graph G and obtain a contradiction. This means
that no such counterexample exists, hence the statement must be true.

Further details on each step follows below.

3.3.1 Assuming the Contrary

We begin our approach by assuming that the statement is false. That is, for
planar graphs with girth g “ 5 and maximum degree ∆pGq “ 5, there exists
a graph G, such that χ1spGq ě 3∆pGq ` 2 “ 17. The graph G is then a
counterexample to our statement. Amongst these graphs, let H be the
graph that minimizes |E pHq | ` |V pHq |. Then, H is a minimal
counterexample of the statement. Furthermore, we note that by the
minimality on H, along with the condition on the girth, we can assume
that H is connected. We will show that no such counterexample exists by
means of a contradiction. We will achieve this contradiction using the
method described in Section 3.3.3 of this dissertation.
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3.3.2 Structure of Minimal Counterexample

We will investigate the properties that the minimal counterexample H
needs to have. We will prove that each property needs to be present in the
graph H. We outline the general procedure below.

• We first assume that the property is not present in the graph H.

• Then, we define the graph H 1 to be the graph H with one or more
edges removed. Then, clearly H 1 can be strongly edge coloured using
3∆pHq ` 1 “ 16 colours or less.

• Consider an edge uv P EpHq and the set of edges that are a distance
at most 2 away from uv in H, denoted N2puvq. These edges would all
have to be coloured differently for a strong edge colouring of the
graph H.

• We let H 1 “ H ´ uv and consider the 2-neighbourhood of the edge uv
in H 1. We colour these edges using the colours from the set L, where
L is the set of colours 1, 2, ..., 3∆pHq ` 1. This is possible since H 1 can
be strongly edge coloured using at most 16 colours.

• We will show that after colouring the 2-neighbourhood of uv in H 1

that we will have a colour left over in L to colour uv in H.

• Then, we re-insert the edge uv to obtain the graph H and we can
colour uv with the colour left over in L.

• If we removed multiple edges from H, then we continue to
successively colour the missing edges in the same manner until we
obtain the graph H.

• Then, we can extend the strong 3∆pHq ` 1-edge colouring from the
graph H 1 to the graph H. This colouring is valid since any two edges
separated by distance at least 3 in H 1 will still be separated by
distance at least 3 in H.

• This will give us a contradiction, since H is supposed to be a
counterexample to the statement.

• Then, we can conclude that the property must be present in H.
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3.3.3 Discharging Method

In the discharging method, each face and vertex of a graph G is assigned an
initial charge. The graph G is then subject to discharging rules which
redistributes charges amongst the faces and vertices of the graph. The final
charge of each face and vertex is then determined. The sum of the final
charge should remain the same as the sum of the initial charges, as the
charges are only redistributed and not removed from or added to the graph.
This particular property of the discharging method will be used to obtain
the contradiction and complete our proof.

Since H is a planar graph, H satisfies Euler’s identity :

n´m` r “ 2

where n is the number of vertices, m is the number of edges and r is the
number of regions, or faces, in the graph H.

Let k ą 0. We may rewrite Euler’s identity as follows :

n´m` r “ 2

kn´ km` kr “ 2k

km´ kn´ kr “ ´2k

pk ´ 2qm` 2m´ kn´ kr “ ´2k

pk ´ 2qm´ kn` 2m´ kr “ ´2k

Now, we know that
ř

vPV pHq dpvq “
ř

fPF pHq dpfq “ 2|EpHq| “ 2m.

Hence, we have:

ÿ

vPV pHq

ˆ

k ´ 2

2
dpvq ´ k

˙

`
ÿ

fPF pHq

pdpfq ´ kq “ ´2k (3.1)

We assign the initial charge of the vertices of H to be

chpvq “
k ´ 2

2
dpvq ´ k

for v P V pHq and we assign the initial charge of the faces of G to be

dpfq ´ k

17



for f P F pHq. Therefore, the sum of the initial charges of the vertices and
faces of H is -2k ă 0.

Now, let the minimum girth for a set of planar graphs H be g. Consider
k “ g and suppose that H has only g-faces. Then, we have that

ÿ

vPV pHq

ˆ

g ´ 2

2
dpvq ´ g

˙

`
ÿ

fPF pHq

pdpfq ´ gq “ ´2g

and we see that

dpvq “
´2g

g ´ 2
.

Now, consider k ă g and suppose H has only g-faces. Suppose k “ g ´ 1.
Then, we have that

ÿ

vPV pHq

ˆ

g ´ 3

2
dpvq ´ g ` 1

˙

`
ÿ

fPF pHq

pg ´ g ` 1q “ ´2g ` 2

and we see that

dpvq “
´2g

g ´ 3
ă
´2g

g ´ 2
.

Now, consider k ą g and suppose H has only g-faces. Then, dpfq ´ k ă 0.

We see that in order to obtain our contradiction, we require that the
charges of the vertices v and the faces f in H must be as large as possible.
Then, from above, the best choice for k is k “ g. In the proof of our
hypothesis, we will use k “ g “ 5. So :

For a planar graph H with girth g “ 5, we have that

ÿ

vPV pHq

ˆ

3

2
dpvq ´ 5

˙

`
ÿ

fPF pHq

pdpfq ´ 5q “ ´10

where dpvq is the degree of vertex v and dpfq is the degree of face f .

We assign the initial charge of the vertices of H to be

chpvq “
3

2
dpvq ´ 5

for v P V pHq and we assign the initial charge of the faces of H to be

chpfq “ dpfq ´ 5
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for f P F pHq. Therefore, the sum of the initial charges of the vertices and
faces of H is -10 ă 0.

Thereafter, we will apply discharging rules on the faces and vertices of H
and determine the final charges of the faces, ch1pfq, and of the vertices,
ch1pvq, of H. We will construct the rules such that we obtain the final
charges of each face and each vertex in the graph to be at least 0. Thus, the
sum of the final charges of the vertices and faces of H will also be at least 0.

Hence, we will have that,

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq ă 0

which is a contradiction.

Thus, this would mean that no such graph H exists. That is, a
counterexample does not exist and therefore, the statement must be true.

In this chapter, we stated the aim and objectives of this dissertation in
Section 3.1. Following this, in Section 3.2, we proposed the research
question of the dissertation and formulated our hypothesis. Finally, in
Section 3.3, we detailed the methodology that will be used in proving our
hypothesis to be true.
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Chapter 4

Upper Bound for Planar
Graphs

In this chapter, we will show that for a graph G with sufficiently large
maximum degree ∆pGq, χ1s pGq ď 1.93∆ pGq2. Thereafter, we will prove
that for a planar graph G with maximum degree ∆pGq,
χ1spGq ď 4χ1pGq ď 4∆pGq ` 4. Finally, we will show that for a special class
of planar graphs, we have that χ1spGq “ 4∆pGq ´ 4, for ∆pGq ě 2.

4.1 Proof of Theorem 1 (χ1s pGq ď 1.93∆ pGq2

for Graphs with Large ∆pGq)

We recall Theorem 1 [4] below :

Theorem 1. If G is a graph of sufficiently large maximum degree ∆pGq,
then χ1s pGq ď 1.93∆ pGq2.

4.1.1 Preliminaries

As mentioned previously in Section 1.2 of this dissertation, a strong edge
colouring of a graph G is the equivalent of a proper vertex colouring of the
graph L2pGq, the square of the line graph of G. To complete the proof of
Theorem 1, we make use of this concept and two lemmas that are detailed
below [4].

Lemma 9. Let G be a graph of maximum degree ∆pGq ě 1, and let e be an
edge of G. Let N s

e denote the set of edges at distance at most 2 from e in G.
Then, N s

e induces in L2pGq a graph of at most 3
2
∆pGq4 ` 5∆pGq3 edges.
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This first lemma shows that the neighbourhood of any vertex in L2pGq
cannot be too dense. Thereafter, using probabilistic colouring methods, we
obtain a colouring lemma for graphs with sparse neighbourhoods. The
probabilistic colouring methods are explored in the paper by Molloy and
Reed [14]. The colouring lemma is given below :

Lemma 10. Let γ, δ P p0, 1q be so that

γ ă
δ

2p1´ γq
exp´

1
1´γ ´

δ
3
2

6p1´ γ2
exp´

7
8p1´γq .

Then, there is an integer R so that for all r ě R, it follows that χpGq ď
p1 ´ γqr for every graph G with maximum degree at most r in which, for
every vertex v, the neighbourhoods Npvq induce graphs of at most p1´ δq

`

r
2

˘

edges.

Moreover, we remark that, in a range of δ P p0, 0.9s, γ “ 0.1827δ ´ 0.0778δ
3
2

satisfies the condition.

4.1.2 Proof

To prove the theorem, let G be a graph with maximum degree ∆pGq
sufficiently large. With Lemma 9, we conclude that for every vertex v in
L2pGq, the neighbourhood of v induces a graph of at most p3

4
` op1qq

`

2∆pGq2

2

˘

edges. Then, with r “ 2∆pGq2, δ “ 0.24 and γ “ 0.035, we apply
Lemma 10 on the graph L2pGq to get that χpL2pGqq ď p0.965qp2∆pGq2q.
Thus, we have that χ1spGq ď 1.93∆pGq2.

This concludes the proof.

4.2 Proof of Theorem 2 (χ1spGq ď 4χ1pGq for

Planar Graphs)

We recall Theorem 2 [7] :

Theorem 2. If G is a planar graph with maximum degree ∆pGq, then
χ1spGq ď 4χ1pGq ď 4∆pGq ` 4.

We complete the proof below.

21



4.2.1 Preliminaries

We use vnw to indicate the set of integers t1, 2, . . . , nu.

We state the Four Colour Theorem below :
The vertices of every planar graph can be coloured with at most four colours
so that no two adjacent vertices receive the same colour.

We state Vizing’s Theorem below :
Every simple, undirected graph G can be edge coloured using a number of
colours that is at most one larger than the maximum degree, ∆pGq, of the
graph.

4.2.2 Proof

Let k be the proper edge chromatic index of graph G. Let Mi be the set of
edges from graph G having colour i, where i “ vkw. This means that each
set Mi is a matching and so any two edges in Mi are independent.

Now, define the graph GpMiq to be the graph with vertex set Mi and two
vertices in GpMiq are adjacent if and only if the corresponding two edges in
Mi do not form a strong matching in G. Therefore, the vertices of GpMiq

are adjacent if and only if the corresponding edges in Mi are incident to a
common edge in G.

Since GpMiq is a planar graph, we can colour the vertices of GpMiq using
the Four Colour Theorem. So, we have that χpGpMiqq ď 4. After colouring
GpM1q, GpM2q, ..., GpMkq, we get a strong edge colouring of G since any
two edges of Mi incident to a common edge receive distinct colours in G.
Thus, we have that

χ1s ď χpGpM1qq ` χpGpM2qq ` ...` χpGpMkqq

“ 4` 4` ...` 4

“ 4k

“ 4χ1pGq

Thus,

χ1s ď 4χ1pGq.
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Now, using Vizing’s Theorem, we see that

χ1s ď 4χ1pGq ď 4∆pGq ` 4.

This concludes the proof.

4.3 Proof of Theorem 3 (χ1spGq “ 4∆pGq´4 for

Class of Planar Graphs)

We recall Theorem 3 below [7].

Theorem 3. For every integer ∆ ě 2, there exists a planar graph G with
maximum degree ∆pGq “ ∆ and χ1spGq “ 4∆pGq ´ 4.

4.3.1 Preliminaries

We use vnw to indicate the set of integers t1, 2, . . . , nu.

An antimatching of a graph G is a maximal set of edges in G, such that
each pair of edges in the set is incident to some edge of G.

A bipartite graph Km,n is a graph with vertex set |V pKm,nq| “ m` n and
every vertex vi P V pKm,nq, for i “ vmw is adjacent to each vj P V pKm,nq, for
j “ vnw.

4.3.2 Proof

Let m ě 2. Consider the bipartite graphs K2,m and Km,2. If we take a fixed
C4 from K2,m and join the corresponding edges with a fixed C4 from Km,2,
we will obtain a planar graph G, such that the set EpGq is an antimatching.

The graph G has maximum degree m and 4m´ 4 edges. Since m = ∆, we
have that χ1spGq “ 4∆pGq ´ 4.

This concludes the proof.

23



Chapter 5

Upper Bound for Planar
Graphs with Girth g ě 6

In this chapter, we show that for planar graphs G with maximum degree
∆pGq ě 4 and girth g ě 6, χ1spGq ď 3∆pGq ` 5. Thereafter, we prove that
for the same set of planar graphs, we can obtain an improved upper bound
on the strong chromatic index. In particular, we have that
χ1spGq ď 3∆pGq ` 1.

5.1 Proof of Theorem 4 (χ1spGq ď 3∆pGq`5 for

Planar Graphs with g ě 6)

We recall Theorem 4 [12] :

Theorem 4. If G is a planar graph with maximum degree ∆pGq ě 4 and
girth g ě 6, then χ1spGq ď 3∆pGq ` 5.

5.1.1 Preliminaries

We define the following :

• We define N2 puvq as the set of edges at distance at most 2 from the
edge uv, excluding the edge uv itself.

• We denote SC pN2 puvqq as the set of colours used by the edges in the
set N2 puvq, given an edge colouring of G.

• For k P N, a k-vertex is a vertex of degree k.
A k`-vertex is a vertex of degree at least k.
A k´-vertex is a vertex of degree at most k.
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• A 42-vertex is a 4-vertex adjacent to at most two 2-vertices.

• A 43-vertex is a 4-vertex adjacent to exactly three 2-vertices.

• A weak 2-vertex is a 2-vertex with a 3´-neighbour.

• A semi-weak 2-vertex is a 2-vertex with a 43-neighbour.

• A strong 2-vertex is a 2-vertex that is neither a weak 2-vertex nor a
semi-weak 2-vertex.

• We use vnw to indicate the set of integers t1, 2, . . . , nu.

5.1.2 Proof

Assume that the theorem is false. Then, there exists a planar graph(s) G
with girth g ě 6 and ∆pGq ě 4 such that χ1spGq ą 3∆pGq ` 5. That is,
these graphs can be strongly edge coloured using 3 ∆pGq + 6 colours or
more. Amongst these graphs, let H be the graph that minimizes
|E pHq | ` |V pHq |. Then, H is a minimal counterexample and by the
minimality of H, along with the condition on the girth, we can assume that
H is a connected graph. Furthermore, we have that χ1spHq ě 3∆pHq ` 6.

Let ∆pHq “ ∆ and let φ be a strong p3∆pHq ` 5q-edge colouring. We
define a set of 3∆pHq ` 5 colours as L “ v3∆pHq ` 5w.

Now, we proceed to establish structural properties of the minimal
counterexample H. We define and prove these properties in the lemmas
below [12] :

Lemma 11. Every 1-vertex in H is adjacent to a 5`-vertex. Moreover, if it
has a 5-neighbour u, then all the other neighbours of u have degree at least
3.

Proof. Suppose H contains a 1-vertex v adjacent to a 4´-vertex u. Without
loss of generality, we may assume that dpuq = 4, since the other possibilities
for dpuq would simply require fewer colours. Let H 1 = H - tuvu. Then, we
can colour the graph H 1 using 3∆` 5 colours or less.

We have that |N2puvq| in H is at most 3∆. Then, |LzSCφpN2puvqq| ě
3∆` 5´ 3∆ “ 5. Thus, there is a colour available in L to colour uv in H,
so we may extend the colouring φ to H. This means that H can be strongly
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edge coloured using at most 3 ∆ + 5 colours, which is a contradiction.

Hence, every 1-vertex in H is adjacent to a 5`-vertex.

Now, suppose that u is a 5-vertex and is adjacent to a 1-vertex v and at
least one other 2´-vertex. Without loss of generality, we can assume that u
is adjacent to exactly one 2´-vertex w with dpwq “ 2. Let H 1 = H - tuvu.
Then, we can colour the graph H 1 using 3∆` 5 colours or less.

We have that |N2puvq| in H is at most 3∆` 2 and we have that
|LzSCφpN2puvqq| ě 3∆` 5´ 3∆´ 2 “ 3. This means that there is a colour
available in L to colour uv in H, so we may extend the colouring φ to H,
giving us a contradiction.

Therefore, if a 1-vertex in H has a 5-neighbour u, then all the other
neighbours of u have degree at least 3.

Lemma 12. Every 2-vertex in H has at least one 5`-neighbour.

Proof. Suppose H contains a 2-vertex u adjacent to two 4´-vertices v and
w. Without loss of generality, we may assume that dpvq “ dpwq = 4. Let H 1

= H - tuvu. Then, there is a colouring φ for H 1.

We have that |N2puvq| in H is at most 3∆ + 4. Then, |LzSCφpN2puvqq| ě
3∆` 5´ 3∆´ 4 “ 1. Thus, there is a colour available for uv in H, so we
may extend the colouring φ from H 1 to H. This gives a contradiction.

Therefore, every 2-vertex has at least one 5`-neighbour.

Lemma 13. Every vertex in H has at least one 3`-neighbour.

Proof. Suppose H contains a k-vertex u, with k ě 1, adjacent to only
2´-vertices. Without loss of generality, we may assume that these vertices
all have degree exactly 2. Let one such vertex be v. Let H 1 = H - tuvu.
Then, there is a colouring φ for H 1.

We see that |N2puvq| in H is at most ∆ + 2k - 2. Then,
|LzSCφpN2puvqq| ě 3∆` 5´∆´ 2k ` 2 “ 2∆´ 2k ` 7. Since k is at most
∆, we have that |LzSCφpN2puvqq| ě 7. Thus, there is a colour available in L
for uv in H, so we may extend the colouring φ to H, giving a contradiction.
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Therefore, every vertex in H has at least one 3`-neighbour.

Lemma 14. Let u be a k-vertex in H, with k ě 5. If u has exactly one
3`-neighbour in H, then the remaining k ´ 1 neighbours of u are all strong
2-neighbours.

Proof. Let k ě 5. Suppose H contains a k-vertex u with
Npuq “ tv1, v2, ..., vk´1, vku. Suppose further that u is adjacent to exactly
one 3`-vertex, say vk. Then, the remaining neighbours of u are 2´-vertices.
Suppose that u has at least one 1-neighbour. Without loss of generality, we
can assume that u has exactly one 1-neighbour, say v1. Then, the vertices
v2, v3, ..., vk´1 are all 2-vertices and without loss of generality, we can assume
that dpvkq = ∆. Let H 1 = H - tuv1u. Then, there is a colouring φ for H 1.

We have that |N2puv1q| in H is at most ∆ + 2k - 4 and so
|LzSCφpN2puv1qq| ě 3∆` 5´∆´ 2k ` 4 “ 2∆´ 2k ` 9. Since k is at most
∆, we have that |LzSCφpN2puv1qq| ě 9. Thus, there is a colour available for
uv1 in H, so we may extend the colouring φ to H, giving a contradiction.

Therefore, for k ě 5, every k-vertex in H having exactly one 3`-neighbour
has its remaining neighbours as 2-vertices.

Now, suppose H contains a k-vertex u with Npuq “ tv1, v2, ..., vk´1, vku.
Suppose further that u is adjacent to exactly one 3`-vertex, say vk. Then,
the remaining neighbours of u are all 2-vertices. Suppose that u has at least
one 2-neighbour that is not a strong 2-neighbour. Without loss of
generality, we can assume that u has exactly one 2-neighbour that is not a
strong 2-neighbour, say v1. Then, the vertices v2, v3, ..., vk´1 are all strong
2-vertices and without loss of generality, we can assume that dpvkq = ∆.
Let w be the neighbour of v1 distinct from u. Then, w is either a 3´-vertex
or a 43-vertex. Let H 1 = H - tuv1u. Then, there is a colouring φ for H 1.

Suppose first that w is a 3´-vertex. Without loss of generality, we can
assume that dpwq “ 3.

We have that |N2puv1q| in H is at most ∆ + 2k - 1 and so
|LzSCφpN2puv1qq| ě 3∆` 5´∆´ 2k ` 1 “ 2∆´ 2k ` 6. Since k is at most
∆, we have that |LzSCφpN2puv1qq| ě 6. Thus, there is a colour available for
uv1 in H, so we may extend the colouring φ to H, giving a contradiction.
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Now, suppose that w is a 43-vertex.

Then, |N2puv1q| is at most ∆ + 2k and so
|LzSCφpN2puv1qq| ě 3∆` 5´∆´ 2k “ 2∆´ 2k ` 5. Since k is at most ∆,
we have that |LzSCφpN2puv1qq| ě 5. Thus, there is a colour available for
uv1 in H, so we may extend the colouring φ to H, giving a contradiction.

Therefore, for a k-vertex u in H, with k ě 5, having exactly one
3`-neighbour, has its remaining k ´ 1 neighbours as strong 2-neighbours.

Lemma 15. For k ě 5, every k-vertex in H having exactly two
3`-neighbours has at least three 2-neighbours that are not weak 2-vertices.

Proof. Let k ě 5. Suppose H contains a k-vertex u with
Npuq “ tv1, v2, ..., vk´1, vku. Suppose further that u is adjacent to exactly
two 3`-vertices, say vk´1 and vk. Then, the remaining neighbours of u are
2´-vertices. Without loss of generality, we can assume that dpvk´1q “ dpvkq
= ∆ and the remaining k ´ 2 neighbours of u are all 2-vertices. Suppose
that u is adjacent to at most two 2-neighbours that are not weak. Without
loss of generality, we can assume that u is adjacent to exactly two
2-neighbours that are not weak, say vk´2 and vk´3. Let the neighbour of
vk´2 and vk´3, distinct from u, be wk´2 and wk´3 respectively. Then, wk´2

and wk´3 cannot be 3´-vertices. Furthermore, the remaining k ´ 4
neighbours of u are all weak 2-vertices. Let the neighbour of v1, v2, ..., vk´4,
distinct from u, be w1, w2, ..., wk´4 respectively. Then, the vertices
w1, w2, ..., wk´4 are all 3´-vertices. Without loss of generality, we can
assume that dpw1q “ dpw2q “ ... “ dpwk´4q “ 3 and
dpwk´3q “ dpwk´2q “ ∆. Let H 1 = H - tv1, v2, ..., vk´4u. Then, there is a
colouring φ for H 1.

First, consider the 2-neighbourhood of the edge uv1 in H. Then, |N2puv1q|

in H is at most 2∆ + 2k - 3. However, if we omit the uncoloured edges
uv2, ..., uvk´5, uvk´4, v1w1, v2w2, ..., vk´5wk´5, vk´4wk´4 from this set, then
we have |N2puv1q| in H is at most 2∆ + 6 and so
|LzSCφpN2puv1qq| ě 3∆` 5´ 2∆´ 6 “ ∆´ 1 ě 3. Thus, there is a colour
available for uv1 in H, so we may now colour uv1.

Now, consider the 2-neighbourhood of the edge uv2 in H. Then, |N2puv2q|

in H is at most 2∆ + 2k - 3. However, if we omit the uncoloured edges
uv3, ..., uvk´5, uvk´4, v1w1, v2w2, ..., vk´5wk´5, vk´4wk´4 from this set, then
we have |N2puv2q| in H is at most 2∆ + 7 and so
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|LzSCφpN2puv2qq| ě 3∆` 5´ 2∆´ 7 “ ∆´ 2 ě 2. Thus, there is a colour
available for uv2 in H, so we may now colour uv2.

We continue to colour the edges uvi, for i “ 3, 4, 5, ..., k ´ 5 successively in
this manner.

Now, we consider the 2-neighbourhood of uvk´4 in H. Then, |N2puvk´4q| in
H is at most 2∆ + 2k - 3. However, if we omit the uncoloured edges
v1w1, v2w2, ..., vk´5wk´5, vk´4wk´4 from this set, then we have |N2puvk´4q| in
H is at most 2∆ + k + 1 and so
|LzSCφpN2puvk´4qq| ě 3∆` 5´ 2∆´ k ´ 1 “ ∆´ k ` 4. Since, k ď ∆, we
have that |LzSCφpN2puvk´4qq| ě 4. Thus, there is a colour available for
uvk´4 in H, so we may now colour uvk´4.

Now, we proceed to colour the edge v1w1. Consider the 2-neighbourhood of
the edge v1w1 in H. Then, |N2pv1w1q| in H is at most 2∆ + k and so
|LzSCφpN2pv1w1qq| ě 3∆` 5´ 2∆´ k “ ∆´ k ` 5. Since k ď ∆, we have
that |LzSCφpN2pv1w1qq| ě 5. Thus, there is a colour available for v1w1 in
H, so we may now colour v1w1.

Now, consider the 2-neighbourhood of the edges vjwj, with j “ 2, 3, ..., k´ 4
in H. Given the condition on the girth, we see that no wm, with
m “ vk ´ 4w, can be adjacent to wl, with l “ vk ´ 4w; l ‰ m. This means
that we can colour each vjwj with the same colour as the edge v1w1. This
means that we can extend the colouring φ to H, giving a contradiction.

Thus, for k ě 5, every k-vertex having exactly two 3`-neighbours has at
least three 2-neighbours that are not weak 2-vertices.

We now proceed to performing the discharging method on the graph H.

Discharging procedure We use the discharging method, as discussed in
Section 3.3.3 of this dissertation. In particular, we use a multiple of k “ 6
for Equation (3.1).

We define the discharging rules as follows:

(R1): Every face gives 2 to each incident 1-vertex.

(R2): Every 5`-vertex gives 2 to every adjacent 1-vertex.
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(R3): Every 5`-vertex gives 2 to every adjacent weak 2-vertex.

(R4): Every 5`-vertex gives 4
3

to every adjacent semi-weak 2-vertex.

(R5): Every 5`-vertex gives 1 to every adjacent strong 2-vertex.

(R6): Every 42-vertex gives 1 to each of its adjacent 2-vertices.

(R7): Every 43-vertex gives 2
3

to each of its three adjacent 2-vertices.

Now, we will carry out these discharging rules on the graph H.

First, consider a k-face f P F pHq. By the condition on the girth, we have
that k ě 6. Also, we have chpfq “ k ´ 6.

If f has α incident 1-vertices, then k ě 6 + 2α. By (R1), we have that
ch1pfq “ chpfq ´ 2α “ k ´ 6´ 2α ě 0.

So, ch1pfq ě 0.

Now, consider a k-vertex v in H.

Case k “ 1 : We have that chpvq “ ´4.

By (R1), v will receive 2 from its incident face. From Lemma 11, v is
adjacent to a 5`-vertex and thus by (R2), v receives 2 from its adjacent
5`-vertex.

So, ch1pvq “ chpvq ` 2` 2 “ 0.

Case k “ 2 : We have that chpvq “ ´2.

By Lemma 12, we have that v must be adjacent to at least one
5`-neighbour w.

• Suppose v is a weak 2-vertex. Then, the neighbour of v distinct from
w is a 3´-neighbour. So, by (R3), we have that the final charge on v
is ch1pvq “ chpvq ` 2 “ 0.

• Suppose v is a semi-weak 2-vertex. Then, the neighbour of v distinct
from w is a 43-vertex. So, by (R4) and (R7), we have that the final
charge on v is ch1pvq “ chpvq ` 4

3
` 2

3
“ 0.

30



• Suppose v is a strong 2-vertex. Then, the neighbour of v distinct from
w, say x, is neither a 3´-vertex nor a 43-vertex. By Lemma 13, the
vertex x cannot be a 44-vertex. Therefore, x is either a 42-vertex or a
5`-vertex. Then, by (R5) and (R6), the final charge on v is
ch1pvq “ chpvq ` 1` 1 “ 0.

So, ch1pvq “ 0.

Case k “ 3 : We have chpvq “ 0.

The vertex v does not receive nor give any charge and so the final charge of
v remains unchanged.

Thus, ch1pvq “ chpvq “ 0.

Case k “ 4 : We have chpvq “ 2.

From Lemma 11, v is not adjacent to a 1-vertex. From Lemma 13, v is
adjacent to at most three 2-vertices.

• Suppose v is a 42-vertex. Then, v is adjacent to at most two
2-vertices. Then, the remaining neighbours of v are 3`-neighbours.
So, by (R6), we have that the final charge on v is
ch1pvq ě chpvq ´ 1p2q “ 0.

• Suppose v is a 43-vertex. Then, v is adjacent to exactly three
2-vertices. The remaining neighbour of v is then a 3`-neighbour. So,
by (R7), we have that the final charge on v is
ch1pvq “ chpvq ` 2

3
p3q “ 0.

• Suppose v does not have any 2´-neighbour. Then, the charge on v
remains unchanged, and so the final charge on v is ch1pvq “ chpvq ą 0.

So, ch1pvq ě 0.

Case k “ 5 : We have that chpvq “ 4.

• Suppose v is adjacent to a 1-vertex. Then, by Lemma 11, v is not
adjacent to any other 2´-vertices. Therefore, the remaining
neighbours of v are all 3`-vertices. So, by (R2), we have that the final
charge on v is ch1pvq “ chpvq ´ 2 ą 0.

31



• Suppose v is not adjacent to a 1-vertex. Then, by Lemma 13, we
know that v is adjacent to a 3`-vertex.

– Suppose v has exactly one 3`-neighbour. Then, by Lemma 14,
the remaining 2-neighbours of v are strong. So, v is adjacent to
four strong 2-vertices. Then, by (R5), the final charge on v is
ch1pvq “ chpvq ´ 1p4q “ 0.

– Suppose v has exactly two 3`-neighbours. Then, by Lemma 15,
the remaining 2-neighbours of v are not weak 2-neighbours.
From (R4), the final charge on v is ch1pvq ě chpvq ´ 4

3
p3q “ 0.

– Suppose v has exactly three 3`-neighbours. Then, by (R3), the
final charge on v is ch1pvq ě chpvq ´ 2p2q “ 0.

– Suppose v has exactly four 3`-neighbours. Then, by (R3), the
final charge on v is ch1pvq ě chpvq ´ 2 ą 0.

– Suppose v is adjacent to all 3`-vertices. Then the charge on v
remains unchanged and so the final charge on v is
ch1pvq “ chpvq ą 0.

So, ch1pvq ě 0.

Case k ě 6 : We have that chpvq “ 2k ´ 6.

By Lemma 13, v is adjacent to at least one 3`-vertex.

• Suppose that v is adjacent to exactly one 3`-vertex. Then, by
Lemma 14, v is adjacent to k ´ 1 strong 2-vertices. So, by (R5), we
have that the final charge on v is ch1pvq “ chpvq ´ 1pk ´ 1q “ k ´ 5.
Since k ě 6, we have that ch1pvq ą 0.

• Suppose v is adjacent to exactly two 3`-vertices. Then, by
Lemma 15, we know that v is adjacent to at least three 2-neighbours
that are not weak. Then, each of these neighbours are either
semiweak 2-vertices or strong 2-vertices. Without loss of generality,
assume that these 2-neighbours are all semiweak 2-vertices, since by
(R4) and (R5), this is the case that would require v to give more
charge to its neighbours. Furthermore, we have at most k ´ 5
neighbours of v, such that each of these k ´ 5 neighbours is either a
1-vertex or a weak 2-vertex. Then, by (R2), (R3), and (R4), the final
charge on v is ch1pvq ě chpvq ´ 4

3
p3q ´ 2pk ´ 5q “ 0.
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• Suppose v has at least three 3`-neighbours. Then, there are at most
k ´ 3 neighbours of v, such that each of the k ´ 3 neighbours are
either a 1-vertex, a weak 2-vertex, a semiweak 2-vertex or a strong
2-vertex. Then, by (R2), (R3), (R4) and (R5), the final charge of v is
ch1pvq ě chpvq ´ 2pk ´ 3q “ 0.

So, ch1pvq ě 0.

Now, we see that the total final charge of H is a positive value. The final
charge of H is also equivalent to the initial charge of H. However, from
Equation (3.1), the initial charge of H was ´2k “ ´12 ă 0. That is, :

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq “ ´12 ă 0,

giving a contradiction.

Therefore, the counterexample H does not exist.

Then, the theorem is true.

This concludes the proof.

5.2 Proof of Theorem 5 (χ1spGq ď 3∆pGq`1 for

Planar Graphs with g ě 6)

We recall Theorem 5 [2] :

Theorem 5. If G is a planar graph with maximum degree ∆pGq and girth
g ě 6, then χ1spGq ď 3∆pGq ` 1.

5.2.1 Preliminaries

We define the following :

• We define N2 puvq as the set of edges at distance at most 2 from the
edge uv, excluding the edge uv itself.

• We denote SC pN2 puvqq as the set of colours used by the edges in the
set N2 puvq, given an edge colouring of G.
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• For k P N, a k-vertex is a vertex of degree k.
A k`-vertex is a vertex of degree at least k.
A k´-vertex is a vertex of degree at most k.

• A kl-vertex is a k-vertex adjacent to exactly l 2-vertices.

• A bad 2-vertex is a 2-vertex adjacent to another 2-vertex.

• We use vnw to indicate the set of integers t1, 2, . . . , nu.

We also make use of the following theorem given by Hocquard et al [10] in
the proof.

Theorem 16. If G is a planar graph with ∆pGq ď 3 containing neither
induced 4-cycles, nor induced 5-cycles, then χ1spGq ď 9.

5.2.2 Proof

Assume that the theorem is false. Then, there exists a planar graph(s) G
with girth g ě 6 such that, χ1spGq ą 3∆pGq ` 1. That is, these graphs can
be strongly edge coloured using 3 ∆pGq + 2 colours or more. Amongst
these graphs, let H be the graph that minimizes |E pHq | ` |V pHq |. Then,
the graph H is a minimal counterexample of Theorem 5 and by the
minimality of H, along with the condition on the girth, we can assume that
H is connected.

Since H is a counterexample, we have that χ1spHq ě 3∆pHq ` 2. However,
if ∆ pHq “ 3, then we have that χ1spHq ě 11, which is a clear contradiction
of Theorem 16. Hence, we must have that ∆ pHq ě 4.

Let ∆pHq “ ∆ and let L be the set of colours v3∆` 1w. Let φ be a strong
3∆` 1-edge colouring.

The following lemmas indicate the properties that must be satisfied in the
counterexample H.

Lemma 17. H does not contain a 1-vertex adjacent to a 4´-vertex.

Proof. Suppose H contains a 1-vertex u adjacent to a 4´-vertex v. Without
loss of generality, we may assume that dpvq = 4, since the other possibilities
would simply require fewer colours. Let H 1 = H - tuvu. Then, we can
colour the graph H 1 using 3∆` 1 colours or less.
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We have that |N2puvq| is at most 3∆. Hence,
|LzSCφpN2puvqq| ě 3∆` 1´ 3∆ “ 1. Thus, there is a colour available in L
to colour uv in H, so we may extend the colouring φ to the graph H. This
means that H can be strongly edge coloured using at most 3 ∆ + 1 colours,
which is a contradiction.

Hence, H does not contain a 1-vertex adjacent to a 4´-vertex.

Lemma 18. H does not contain a 2-vertex adjacent to two 3´-vertices.

Proof. Suppose H contains a 2-vertex u adjacent to two 3´-vertices v and
w. Without loss of generality, we may assume that dpvq = dpwq = 3. Let H 1

= H - tuvu. Then, we can colour the graph H 1 using 3∆` 1 colours or less.

We have that |N2puvq| is at most 2∆ + 3 and so
|LzSCφpN2puvqq| ě 3∆` 1´ 2∆´ 3 “ ∆´ 2 ě 2. Therefore, we may
extend the colouring φ to H by colouring uv with a colour from L. This
means that H can be strongly edge coloured using at most 3 ∆ + 1 colours,
which gives a contradiction.

Hence, H does not contain a 2-vertex adjacent to two 3´-vertices.

Lemma 19. H does not contain a 2-vertex adjacent to a 3´-vertex and
either a 42-vertex or a 43-vertex.

Proof. Suppose H contains a 2-vertex u adjacent to a 3´-vertex v and a
4-vertex w. Without loss of generality, we may assume that dpvq = 3. It
suffices to consider only the case when w is a 42-vertex, since the remaining
case would require fewer colours. Let H 1 = H - tuvu. Then, we can colour
the graph H 1 using 3∆` 1 colours or less.

We have that |N2puvq| is at most 2∆ + 4 and so
|LzSCφpN2puvqq| ě 3∆` 1´ 2∆´ 4 “ ∆´ 3 ě 1. Therefore, we may
extend the colouring φ to H by colouring uv with a colour from L. This
means that H can be strongly edge coloured using at most 3 ∆ + 1 colours,
giving a contradiction.

Hence, H does not contain a 2-vertex adjacent to a 3´-vertex and either a
42-vertex or a 43-vertex.

Lemma 20. H does not contain a 2-vertex adjacent to a 43-vertex and to a
42-vertex.
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Proof. Suppose H contains a 2-vertex u adjacent to a 43-vertex v and a
42-vertex w. Let H 1 = H - tuvu. Then, we can colour the graph H 1 using
3∆` 1 colours or less.

We have that |N2puvq| is at most ∆ + 8 and so
|LzSCφpN2puvqq| ě 3∆` 1´∆´ 8 “ 2∆´ 7 ě 1. Thus, we may extend
the colouring φ to H by colouring uv with a colour from L. This means
that H can be strongly edge coloured using at most 3 ∆ + 1 colours, giving
a contradiction.

Hence, H does not contain a 2-vertex adjacent to a 43-vertex and to a
42-vertex.

Lemma 21. H does not contain a 2-vertex adjacent to two 43-vertices.

Proof. Suppose H contains a 2-vertex u adjacent to two 43-vertices v and
w. Let H 1 = H - tuvu. Then, we can colour the graph H 1 using 3∆` 1
colours or less.

We have that |N2puvq| is at most ∆ + 8 and so
|LzSCφpN2puvqq| ě 3∆` 1´∆´ 8 “ 2∆´ 7 ě 1. Thus, we may extend
the colouring φ to H by colouring uv with a colour from L. This means
that H can be strongly edge coloured using at most 3 ∆ + 1 colours, giving
a contradiction.

Hence, H does not contain a 2-vertex adjacent to two 43-vertices.

Lemma 22. If k ě 4, then H does not contain a k-vertex adjacent to k ´ 2
1-vertices. Furthermore, if the k-vertex is adjacent to k ´ 3 1-vertices, then
it has no other 2´-neighbour.

Proof. Let 4 ď k ď ∆. Suppose H contains a k-vertex u adjacent to k ´ 2
1-vertices u1, u2, . . . , uk´2. Let H 1 = H - tuu1u. Then, we can colour the
graph H 1 using 3∆` 1 colours or less.

We have that |N2puu1q| is at most 2∆ + k ´ 3 and so
|LzSCφpN2puu1qq| ě 3∆` 1´ 2∆´ k ` 3 “ ∆´ k ` 4. Since k ď ∆, we
have that |LzSCφpN2puu1qq| ě 4. Thus, we have a colour available in L for
uu1 in H. So, we may extend the colouring φ to H. This means that H can
be strongly edge coloured using at most 3 ∆ + 1 colours, giving a
contradiction.
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Hence, for k ě 4, H does not contain a k-vertex adjacent to k´ 2 1-vertices.

Now, suppose u is instead adjacent to k ´ 3 1-vertices u1, u2, . . . , uk´3 and a
2´-vertex x. If dpxq = 1, then the proof would be as above. Therefore, we
assume dpxq = 2. Let H 1 = H - tuu1u. Then, we can colour the graph H 1

using 3∆` 1 colours or less.

We have that |N2puu1q| is at most 2∆ + k ´ 2 and so
|LzSCφpN2puu1qq| ě 3∆` 1´ 2∆´ k ` 2 “ ∆´ k ` 3. Since, k ď ∆, we
have that |LzSCφpN2puu1qq| ě 3. Therefore, we have a colour available in L
for uu1 in H. Thus, we may extend the colouring φ to H. This means that
H can be strongly edge coloured using at most 3 ∆ + 1 colours, giving a
contradiction.

Hence, for k ě 4, if a k-vertex is adjacent to k ´ 3 1-vertices, then it has no
other 2´-neighbour.

Lemma 23. If k ě 4, then H does not contain a k-vertex adjacent to k
2´-vertices.

Proof. Let 4 ď k ď ∆. Suppose H contains a k-vertex u adjacent to k
2´-vertices u1, u2, . . . , uk. Without loss of generality, we may assume that,
for each i P vkw, the vertex ui is a 2-vertex. Let H 1 = H - tuu1u. Then, we
can colour the graph H 1 using 3∆` 1 colours or less.

We have that |N2puu1q| is at most ∆ + 2k ´ 2 and so
|LzSCφpN2puu1qq| ě 3∆` 1´∆´ 2k ` 2 “ 2∆´ 2k ` 3. Since k ď ∆, we
have that |LzSCφpN2puu1qq| ě 3. This leaves a colour available in L for uu1

in H. Thus, we may extend the colouring φ to H. This means that H can
be strongly edge coloured using at most 3 ∆ + 1 colours, giving a
contradiction.

Therefore, for k ě 4, H does not contain a k-vertex adjacent to k
2´-vertices.

Lemma 24. If k ě 5, then H does not contain a k-vertex u with N
puq “ tu1, u2, . . . , uk´1, xu such that, each ui, with i P vk ´ 1w, is a 2´-vertex
and u1 is either a 1-vertex or a 2-vertex adjacent to either a 3´-vertex or a
43-vertex.

Proof. Let 5 ď k ď ∆. Suppose H contains a k-vertex u adjacent to k ´ 1
2´-vertices u1, u2, . . . , uk´1. Let H 1 = H - tuu1u. Then, we can colour the
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graph H 1 using 3∆` 1 colours or less.

We will consider two cases for dpu1q. In both cases, without loss of
generality, we may assume that the degree of the remaining k ´ 2
2´-vertices u2, u3, . . . , uk´1 are of degree 2.

Case 1: Suppose u1 is a 1-vertex.

We have that |N2puu1q| is at most ∆ + 2k ´ 4 and so
|LzSCφpN2puu1qq| ě 3∆` 1´∆´ 2k ` 4 “ 2∆´ 2k ` 5. Since k ď ∆, we
have that |LzSCφpN2puu1qq| ě 5. This leaves a colour available in L for uu1

in H. Thus, we may extend the colouring φ to H. This means that H can
be strongly edge coloured using at most 3 ∆ + 1 colours, giving a
contradiction.

Case 2: Suppose u1 is a 2-vertex.

• Suppose u1 is adjacent to u and to a 3´-vertex v. Without loss of
generality, we can assume dpvq = 3. In this case, we have that
|N2puu1q| is at most ∆ + 2k ´ 1 and so
|LzSCφpN2puu1qq| ě 3∆` 1´∆´ 2k ` 1 “ 2∆´ 2k ` 2. Since
k ď ∆, we have that |LzSCφpN2puu1qq| ě 2. This leaves a colour
available in L for uu1 in H. Thus, we may extend the colouring φ to
H. This means that H can be strongly edge coloured using at most 3
∆ + 1 colours, giving a contradiction.

• Suppose u1 is adjacent to u and to a 43-vertex v. Here, |N2puu1q| is at
most ∆ + 2k and so
|LzSCφpN2puu1qq| ě 3∆` 1´∆´ 2k “ 2∆´ 2k` 1. Since k ď ∆, we
have that |LzSCφpN2puu1qq| ě 1. This leaves a colour available in L
for uu1 in H. Thus, we may extend the colouring φ to H. This means
that H can be strongly edge coloured using at most 3 ∆ + 1 colours,
giving a contradiction.

Therefore, if k ě 5, then H does not contain a k-vertex u with N
puq “ tu1, u2, . . . , uk´1, xu such that, each ui, with i P vk´ 1w, is a 2´-vertex
and u1 is either a 1-vertex or a 2-vertex adjacent to either a 3´-vertex or a
43-vertex.

Lemma 25. If k ě 5, then H does not contain a k-vertex adjacent to k ´ 2
2-vertices, u1, . . . uk´2, such that, for i P vk ´ 3w, each ui is adjacent to
either a 3´-vertex or a 43-vertex.
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Proof. Let 5 ď k ď ∆. Suppose H contains a k-vertex u and
Npuq “ tu1, u2, . . . , uku. Suppose further that u is adjacent to exactly k ´ 2
2-vertices, u1, u2, . . . , uk´2. By Lemma 23 and Lemma 24, the vertices uk´1

and uk must both be 3`-vertices. Without loss of generality, we can assume
that dpuk´1q “ dpukq “ ∆. Let the neighbour of u1, u2, . . . , uk´2, distinct
from u, be v1, v2, . . . , vk´2 respectively. Then, by Lemma 17, we have that
dpviq ě 2, for i P vk ´ 2w. Suppose further that each vj, for j P vk ´ 3w, is
either a 3´-vertex or a 43-vertex.

First, suppose that at least one vj is a 3´-vertex. Without loss of
generality, we may assume that exactly one vj is a 3-vertex, say vk´3 and
dpvk´2q “ ∆. Then, the remaining k ´ 4 vertices v1, v2, . . . , vk´4 are all
43-vertices. Let H 1 = H - tu1, u2, . . . , uk´3u. Then, we can colour the graph
H 1 using 3∆` 1 colours or less.

First, we will colour the edges uul, for l P vk ´ 4w. Consider the
2-neighbourhood of the edge uul in H. We have that |N2puulq| in H is at
most 2∆ + 2k - 2. However, if we omit the uncoloured edges
uuk´3, u1v1, u2v2, ..., uk´4vk´4, uk´3vk´3 from this set, then we have
|N2puulq| in H is at most 2∆ + k and so
|LzSCφpN2puulqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puulqq| ě 1. Thus, there is a colour available for uul in H,
so we may colour each uul.

Now, consider the 2-neighbourhood of the edge uuk´3 in H. Then,
|N2puuk´3q| in H is at most 2∆ + 2k - 3. However, if we omit the
uncoloured edges u1v1, u2v2, ..., uk´4vk´4, uk´3vk´3 from this set, then we
have |N2puuk´3q| in H is at most 2∆ + k and so
|LzSCφpN2puuk´3qq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puuk´3qq| ě 1. Thus, there is a colour available for uuk´3 in
H, so we may now colour uuk´3.

Now, we proceed to colour the edge uk´3vk´3. Consider the
2-neighbourhood of the edge uk´3vk´3 in H. Then, |N2puk´3vk´3q| in H is
at most 2∆ + k and so
|LzSCφpN2puk´3vk´3qq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we
have that |LzSCφpN2puk´3vk´3qq| ě 1. Thus, there is a colour available for
uk´3vk´3 in H, so we may now colour uk´3vk´3.

Now, consider the 2-neighbourhood of the edges ulvl, with l P vk ´ 4w in H.
Then, |N2pulvlq| in H is at most ∆ + k + 4 and so
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|LzSCφpN2pulvlqq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since k ď ∆, we
have that |LzSCφpN2pulvlqq| ě ∆´ 3 ě 2. Thus, there is a colour available
for ulvl in H, so we may now colour ulvl. Furthermore, we see that no vl,
with l P vk ´ 4w, can be adjacent to vm, with m P vk ´ 4w;m ‰ l. This
means that we can colour each ulvl with the same colour. Thus, we can
extend the colouring φ to H, giving a contradiction.

Now, suppose that each vj, for j P vk ´ 3w, is a 43-vertex. Let w be a
2-vertex adjacent to vk´3 and distinct from uk´3. Let H 1 = H -
tu1, u2, . . . , uk´3u. Then, we can colour the graph H 1 using 3∆` 1 colours
or less.

We uncolour the edge vk´3w. First, we will colour the edges uul, for
l P vk ´ 4w. Consider the 2-neighbourhood of the edge uul in H. We have
that |N2puulq| in H is at most 2∆ + 2k - 2. However, if we omit the
uncoloured edges uuk´3, u1v1, u2v2, ..., uk´4vk´4, uk´3vk´3 from this set, then
we have |N2puulq| in H is at most 2∆ + k and so
|LzSCφpN2puulqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puulqq| ě 1. Thus, there is a colour available for uul in H,
so we may colour each uul.

Now, consider the 2-neighbourhood of the edge uuk´3 in H. Then,
|N2puuk´3q| in H is at most 2∆ + 2k - 2. However, if we omit the
uncoloured edges u1v1, u2v2, ..., uk´4vk´4, uk´3vk´3, vk´3w from this set, then
we have |N2puuk´3q| in H is at most 2∆ + k and so
|LzSCφpN2puuk´3qq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puuk´3qq| ě 1. Thus, there is a colour available for uuk´3 in
H, so we may now colour uuk´3.

Now, we colour vk´3w. Consider the 2-neighbourhood of the edge vk´3w in
H. Then, |N2pvk´3wq| in H is at most 2∆ + 4. However, if we omit the
uncoloured edge uk´3vk´3 from this set, then we have |N2pvk´3wq| in H is
at most 2∆ + 3 and so
|LzSCφpN2pvk´3wqq| ě 3∆` 1´ 2∆´ 3 “ ∆´ 2 ě 3. Thus, there is a
colour available for vk´3w in H, so we may now colour vk´3w.

Now, we proceed to colour the edge uk´3vk´3. Consider the
2-neighbourhood of the edge uk´3vk´3 in H. Then, |N2puk´3vk´3q| in H is
at most ∆ + k + 4 and so
|LzSCφpN2puk´3vk´3qq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since k ď ∆,
we have that |LzSCφpN2puk´3vk´3qq| ě ∆´ 3 ě 2. Thus, there is a colour

40



available for uk´3vk´3 in H, so we may now colour uk´3vk´3.

Now, consider the 2-neighbourhood of the edges ulvl, with l P vk ´ 4w, in H.
Then, |N2pulvlq| in H is at most ∆ + k + 4 and so
|LzSCφpN2pulvlqq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since k ď ∆, we
have that |LzSCφpN2pulvlqq| ě ∆´ 3 ě 2. Thus, there is a colour available
for ulvl in H, so we may now colour ulvl. Furthermore, we see that no vl,
with l P vk ´ 4w, can be adjacent to vm, with m P vk ´ 4w;m ‰ l. This
means that we can colour each ulvl with the same colour. Thus, we can
extend the colouring φ to H, giving a contradiction.

Therefore, if k ě 5, then H does not contain a k-vertex adjacent to k ´ 2
2-vertices, u1, . . . uk´2, such that, for i P vk ´ 3w, each ui is adjacent to
either a 3´-vertex or a 43-vertex.

Lemma 26. If k ě 5 and 1 ď α ď k´ 4, then H does not contain a k-vertex
adjacent to α 1-vertices and to k´ 2´α 2-vertices, u1, . . . uk´2´α, such that,
for i P vk ´ 3´ αw, each ui is adjacent to either a 3´-vertex or a 43-vertex.

Proof. Let 5 ď k ď ∆ and 1 ď α ď k ´ 4. Suppose H contains a k-vertex u
adjacent to α 1-vertices and k ´ 2´ α vertices u1, u2, . . . , uk´2´α of degree
2. Let the two remaining neighbours of u be uk´1 and uk. By Lemma 23, at
least one of the two remaining neighbours of u is not a 2´-vertex. Suppose
u has exactly one 3`-neighbour, say uk´1. Then, by Lemma 24, the
remaining neighbour uk of u cannot be a 1-vertex or a 2-vertex adjacent to
either a 3´-vertex or a 43-vertex. Without loss of generality, we can assume
that dpuk´1q “ dpukq “ ∆. Let the neighbour of u1, u2, . . . , uk´2´α, distinct
from u, be v1, v2, . . . , vk´2´α respectively. Then, by Lemma 17, we have
that dpviq ě 2, for i P vk ´ 2´ αw. Suppose further that each vj, for
j P vk ´ 3´ αw, is either a 3´-vertex or a 43-vertex.

First, suppose that at least one vj is a 3´-vertex. Without loss of
generality, we may assume that exactly one vj is a 3-vertex, say vk´3´α and
dpvk´2´αq “ ∆. Then, the remaining k´ 4´α vertices v1, v2, . . . , vk´4´α are
all 43-vertices. Let H 1 = H - tu1, u2, . . . , uk´3´αu. Then, we can colour the
graph H 1 using 3∆` 1 colours or less.

First, we will colour the edges uul, for l P vk ´ 4´ αw. Consider the
2-neighbourhood of the edge uul in H. We have that |N2puulq| in H is at
most 2∆ + 2k - α - 2. However, if we omit the uncoloured edges
uuk´3´α, u1v1, u2v2, ..., uk´4´αvk´4´α, uk´3´αvk´3´α from this set, then we
have |N2puulq| in H is at most 2∆ + k and so
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|LzSCφpN2puulqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puulqq| ě 1. Thus, there is a colour available for uul in H,
so we may colour each uul.

Now, consider the 2-neighbourhood of the edge uuk´3´α in H. Then,
|N2puuk´3´αq| in H is at most 2∆ + 2k - α - 3. However, if we omit the
uncoloured edges u1v1, u2v2, ..., uk´4´αvk´4´α, uk´3´αvk´3´α from this set,
then we have |N2puuk´3´αq| in H is at most 2∆ + k and so
|LzSCφpN2puuk´3´αqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we
have that |LzSCφpN2puuk´3´αqq| ě 1. Thus, there is a colour available for
uuk´3´α in H, so we may now colour uuk´3´α.

Now, we proceed to colour the edge uk´3´αvk´3´α. Consider the
2-neighbourhood of the edge uk´3´αvk´3´α in H. Then, |N2puk´3´αvk´3´αq|

in H is at most 2∆ + k and so
|LzSCφpN2puk´3´αvk´3´αqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆,
we have that |LzSCφpN2puk´3´αvk´3´αqq| ě 1. Thus, there is a colour
available for uk´3´αvk´3´α in H, so we may now colour uk´3´αvk´3´α.

Now, consider the 2-neighbourhood of the edges ulvl, with l P vk ´ 4´ αw in
H. Then, |N2pulvlq| in H is at most ∆ + k + 4 and so
|LzSCφpN2pulvlqq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since k ď ∆, we
have that |LzSCφpN2pulvlqq| ě ∆´ 3 ě 2. Thus, there is a colour available
for ulvl in H, so we may now colour ulvl. Furthermore, we see that no vl,
with l P vk ´ 4´ αw, can be adjacent to vm, with m P vk ´ 4´ αw;m ‰ l.
This means that we can colour each ulvl with the same colour. Thus, we
can extend the colouring φ to H, giving a contradiction.

Now, suppose that each vj, for j P vk ´ 3´ αw, is a 43-vertex. Let w be a
2-vertex adjacent to vk´3´α and distinct from uk´3´α. Let H 1 = H -
tu1, u2, . . . , uk´3´αu. Then, we can colour the graph H 1 using 3∆` 1 colours
or less. We uncolour the edge vk´3´αw. First, we will colour the edges uul,
for l P vk ´ 4´ αw. Consider the 2-neighbourhood of the edge uul in H. We
have that |N2puulq| in H is at most 2∆ + 2k - α - 2. However, if we omit
the uncoloured edges uuk´3´α, u1v1, u2v2, ..., uk´4´αvk´4´α, uk´3´αvk´3´α

from this set, then we have |N2puulq| in H is at most 2∆ + k and so
|LzSCφpN2puulqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we have
that |LzSCφpN2puulqq| ě 1. Thus, there is a colour available for uul in H,
so we may colour each uul.

Now, consider the 2-neighbourhood of the edge uuk´3´α in H. Then,
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|N2puuk´3´αq| in H is at most 2∆ + 2k - α - 2. However, if we omit the
uncoloured edges u1v1, u2v2, ..., uk´4´αvk´4´α, uk´3´αvk´3´α, vk´3´αw from
this set, then we have |N2puuk´3´αq| in H is at most 2∆ + k and so
|LzSCφpN2puuk´3´αqq| ě 3∆` 1´ 2∆´ k “ ∆´ k ` 1. Since k ď ∆, we
have that |LzSCφpN2puuk´3´αqq| ě 1. Thus, there is a colour available for
uuk´3´α in H, so we may now colour uuk´3´α.

Now, we colour vk´3´αw. Consider the 2-neighbourhood of the edge
vk´3´αw in H. Then, |N2pvk´3´αwq| in H is at most 2∆ + 4. However, if
we omit the uncoloured edge uk´3´αvk´3´α from this set, then we have
|N2pvk´3´αwq| in H is at most 2∆ + 3 and so
|LzSCφpN2pvk´3´αwqq| ě 3∆` 1´ 2∆´ 3 “ ∆´ 2 ě 3. Thus, there is a
colour available for vk´3´αw in H, so we may now colour vk´3´αw.

Now, we proceed to colour the edge uk´3´αvk´3´α. Consider the
2-neighbourhood of the edge uk´3´αvk´3´α in H. Then, |N2puk´3´αvk´3´αq|

in H is at most ∆ + k + 4 and so
|LzSCφpN2puk´3´αvk´3´αqq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since
k ď ∆, we have that |LzSCφpN2puk´3´αvk´3´αqq| ě ∆´ 3 ě 2. Thus, there
is a colour available for uk´3´αvk´3´α in H, so we may now colour
uk´3´αvk´3´α.

Now, consider the 2-neighbourhood of the edges ulvl, with l P vk ´ 4´ αw,
in H. Then, |N2pulvlq| in H is at most ∆ + k + 4 and so
|LzSCφpN2pulvlqq| ě 3∆` 1´∆´ k ´ 4 “ 2∆´ k ´ 3. Since k ď ∆, we
have that |LzSCφpN2pulvlqq| ě ∆´ 3 ě 2. Thus, there is a colour available
for ulvl in H, so we may now colour ulvl. Furthermore, we see that no vl,
with l P vk ´ 4´ αw, can be adjacent to vm, with m P vk ´ 4´ αw;m ‰ l.
This means that we can colour each ulvl with the same colour. Thus, we
can extend the colouring φ to H, giving a contradiction.

Therefore, if k ě 5 and 1 ď α ď k ´ 4, then H does not contain a k-vertex
adjacent to α 1-vertices and to k ´ 2´ α 2-vertices, u1, . . . uk´2´α, such
that, for i P vk ´ 3´ αw, each ui is adjacent to either a 3´-vertex or a
43-vertex.

Now that we have established the properties that H satisfies, we may
proceed to the next part of the proof - performing a discharging procedure
on the graph H.
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Discharging procedure We use the discharging method as in
Section 3.3.3 of this dissertation. We use a multiple of k “ 6 for
Equation (3.1) in Section 3.3.3.
We define the discharging rules as follows:

(R1): Every face gives 2 to each incident 1-vertex.

(R2): Every k-vertex, for k ě 5, gives 2 to each adjacent 1-vertex.

(R3): Every 43-vertex gives 2
3

to each adjacent 2-vertex.

(R4): Every 42-vertex gives 1 to each adjacent 2-vertex.

(R5): Every 41-vertex gives 2 to the adjacent 2-vertex.

(R6): Every k-vertex, for k ě 5, gives:

(R6.1.): 2 to each adjacent 2-vertex, if this 2-vertex is adjacent to a
3´-vertex.

(R6.2.): 4
3

to each adjacent 2-vertex, if this 2-vertex is adjacent to a
43 -vertex.

(R6.3.): 1 to each adjacent 2-vertex, if this 2-vertex is adjacent to a
4`-vertex distinct from a 43-vertex.

Now, we will carry out these discharging rules on the graph H.

First, consider a k-face f P F pHq. We have that chpfq “ k ´ 6. Since it is
required for H that the girth g ě 6, we know that k ě 6.

If f has α incident 1-vertices, then k ě 6 + 2α. By (R1), we have that
ch1pfq “ chpfq ´ 2α “ k ´ 6´ 2α ě 0.

So, ch1pfq ě 0.

Now, consider a k-vertex v in H.

Case k “ 1 : We have that chpvq “ ´4.

By (R1), v will receive 2 from its incident face. From Lemma 17, v is
adjacent to a 5`-vertex and thus by (R2), v receives 2 from its adjacent
5`-vertex.
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So, ch1pvq “ chpvq ` 2` 2 “ 0.

Case k “ 2 : We have that chpvq “ ´2.

Let v be adjacent to u and w. From Lemma 17, we see that u and w must
be 2`-vertices.

• Suppose u is a 3´-vertex. Then, by Lemma 18, w is a 4`-vertex. If
dpwq “ 4, then, by Lemma 19 and Lemma 23, w must be a 41-vertex
and so, by (R5), ch1pvq “ chpvq ` 2 “ ´2` 2 “ 0. If dpwq ě 5, then,
by (R6.1.), ch1pvq “ chpvq ` 2 “ ´2` 2 “ 0.

• Suppose dpuq “ dpwq “ 4. Then, the vertices u and w cannot be
44-vertices, by Lemma 23.

– Suppose u is a 41-vertex. Then, w is either a 41-vertex, 42-vertex
or a 43-vertex. So, by (R3), (R4) and (R5), we have
ch1pvq “ chpvq ` 2`mint2, 1, 2

3
u “ ´2` 2` 2

3
ą 0.

– Suppose u is a 42-vertex. Then, w must be either a 41-vertex or
a 42-vertex, by Lemma 20. So, by (R4) and (R5),
ch1pvq “ chpvq ` 1`mint2, 1u “ ´2` 1` 1 ě 0.

– Suppose u is a 43-vertex. Then, w is a 41-vertex, by Lemma 20
and Lemma 21. So, by (R3) and (R5),
ch1pvq “ chpvq ` 2

3
` 2 “ ´2` 2

3
` 2 ą 0.

• Suppose dpuq “ 4 and w is a 5`-vertex. This is equivalent to the case
of dpwq “ 4 and u being a 5`-vertex.

– Suppose u is a 41-vertex. Then, by (R5) and R(6.3.),
ch1pvq “ chpvq ` 2` 1 “ ´2` 2` 1 ą 0.

– Suppose u is a 42-vertex. Then, by (R4) and (R6.3.),
ch1pvq “ chpvq ` 1` 1 “ ´2` 1` 1 “ 0.

– Suppose u is a 43-vertex. Then, by (R3) and (R6.2.),
ch1pvq “ chpvq ` 2

3
` 4

3
“ ´2` 2

3
` 4

3
“ 0.

• Suppose u and w are both 5`-vertices. Then, by (R6.3.),
ch1pvq “ chpvq ` 1` 1 “ ´2` 1` 1 “ 0.

So, ch1pvq ě 0.

45



Case k “ 3 : We have chpvq “ 0.

The charge on v remains unchanged.

So, ch1pvq “ chpvq “ 0.

Case k “ 4 : We have chpvq “ 2.

From Lemma 17, v is not adjacent to a 1-vertex. From Lemma 23, v is
adjacent to at most three 2-vertices.

• If v is a 41-vertex, then, by (R5), ch1pvq “ chpvq ´ 2 “ 2´ 2 “ 0.

• If v is a 42-vertex, then, by (R4), ch1pvq “ chpvq ´ 1p2q “ 2´ 2 “ 0.

• If v is a 43-vertex, then, by (R3), ch1pvq “ chpvq ´ 2
3
p3q “ 2´ 2 “ 0.

So, ch1pvq “ 0.

Case k ě 5 : We have that chpvq “ 2k ´ 6.

• If v is not adjacent to a 1-vertex, then, v can be adjacent to at most
k ´ 1 2-vertices, by Lemma 23.

– If v is adjacent to at most k ´ 3 2-vertices, then, by (R6),
ch1pvq ě chpvq ´ 2pk ´ 3q “ 2k ´ 6´ 2k ` 6 “ 0.

– If v is adjacent to exactly k ´ 2 2-vertices, then, by Lemma 25,
at most k ´ 4 2-vertices can be adjacent to either a 3´-vertex or
a 43-vertex. So, by (R6),
ch1pvq ě chpvq ´ 2pk ´ 4q ´ 1p2q “ 2k ´ 6´ 2k ` 8´ 2 “ 0.

– If v is adjacent to exactly k ´ 1 2-vertices, then, by Lemma 24,
none of these 2-vertices can be adjacent to either a 3´-vertex or
a 43-vertex. So, by (R6.3.),
ch1pvq “ chpvq ´ 1pk ´ 1q “ 2k ´ 6´ k ` 1 “ k ´ 5 ě 0.

• If v is adjacent to α 1-vertices, with α ě 1, then, by Lemma 22,
α ď k ´ 3.

– If α “ k ´ 3, then, by Lemma 22, v has no other 2´-neighbour.
So, by (R2), ch1pvq “ chpvq ´ 2pαq “ 2k ´ 6´ 2pk ´ 3q “ 0.
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– If α ď k ´ 4 and the number of 2-vertices adjacent to v is at
most k ´ 3´ α, then, by (R2) and (R6),
ch1pvq ě chpvq´2pαq´2pk´3´αq “ 2k´6´2α´2k`6`2α “ 0.

– If α ď k ´ 4 and the number of 2-vertices adjacent to v is at
least k ´ 2´ α, then, the vertex v cannot be adjacent to k ´ α
2-vertices, by Lemma 23. Since α ě 1, v cannot be adjacent to
k´α´ 1 2-vertices, by Lemma 24. Then, v has exactly k´ 2´α
2-neighbours. By Lemma 26, at most k´ 4´ α 2-neighbours of v
are adjacent to either a 3´-vertex or a 43-vertex. So, by (R2)
and (R6), ch1pvq ě chpvq ´ 2pαq ´ 2pk ´ 4´ αq ´ 1p2q “
2k ´ 6´ 2α ´ 2k ` 8` 2α ´ 2 “ 0.

So, ch1pvq ě 0.

Now, we see that the sum of the final charges of the vertices and faces of H
are positive. That is:

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq “ ´12 ă 0

Therefore, we have a contradiction.

Thus, the counterexample H does not exist and so the theorem is true.

This concludes the proof.
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Chapter 6

Upper Bound for Subset of
Planar Graphs

In this chapter, we prove that for planar graphs G with maximum degree
∆pGq ě 7, or for planar graphs G with maximum degree ∆pGq ě 5 and
girth g ě 4, or for planar graphs G with girth g ě 5, we have that
χ1spGq ď 4∆pGq.

6.1 Proof of Theorem 6 (χ1spGq ď 4∆pGq for

Subset of Planar Graphs)

We recall Theorem 6 [2] :

Theorem 6. Let G be a planar graph with maximum degree ∆pGq and
girth g. If G satisfies one of the following conditions, then χ1spGq ď 4∆pGq :
(1) ∆pGq ě 7;
(2) ∆pGq ě 5 and g ě 4;
(3) g ě 5.

6.1.1 Preliminaries

We state the Four Colour Theorem below :
The vertices of every planar graph can be coloured with at most four colours
so that no two adjacent vertices receive the same colour.

To complete the proof of Theorem 6, we will also make use of Theorem 2 [7].
We recall Theorem 2 as :
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Theorem 2. If G is a planar graph with maximum degree ∆pGq, then
χ1spGq ď 4χ1pGq ď 4∆pGq ` 4.

We also use the other theorems listed below.

Theorem 27. [17] If G is a planar graph with maximum degree ∆pGq ě 8,
then χ1pGq “ ∆pGq.

Theorem 28. [15] If G is a planar graph with maximum degree ∆pGq “ 7,
then χ1pGq “ ∆pGq.

Theorem 29. [13] Let G be a planar graph with girth g and maximum
degree ∆pGq. Then, the following holds :

• if g ě 5 and ∆pGq ě 4, then χ1pGq “ ∆pGq;

• if g ě 4 and ∆pGq ě 5, then χ1pGq “ ∆pGq.

Theorem 30. [11] If G is a graph with maximum degree ∆pGq ď 3, then
χ1spGq “ 10.

Furthermore, we use vnw to indicate the set of integers t1, 2, . . . , nu.

6.1.2 Proof

From the proof of Theorem 2, we can see that for every graph G, we can
first perform a proper edge colouring of G and each colour class resulting
from this will induce a matching M . Thereafter, we can create a new graph
GM for each matching M , with vertex set M , and having any two vertices
in GM adjacent if and only if the corresponding edges are incident to a
common edge in G. Then, we proceed to colour the vertices of GM for each
matching M , and in doing so, we obtain a strong edge colouring of G.
Therefore, we can see the following relationship :

χ1spGq ď χ1pGqχpGMq (6.1)

where χ1pGq is the edge chromatic index of G and χpGMq is the chromatic
number of GM .

For planar graphs, we know that χpGMq is at most 4, by the Four Colour
Theorem. Then, χ1spGq ď 4χ1pGq.

49



Now, consider a graph G with girth g ě 5 and ∆pGq ď 3. We divide this
into three cases below.

Case 1 : ∆pGq “ 1

Here, the only possible graph is a graph G with V pGq “ tu, vu and
EpGq “ tuvu. This graph does not have a cycle and therefore does not
satisfy the condition on the girth. Thus, we do not need to consider this
case.

Case 2 : ∆pGq “ 2

Let n ě 5 and let V pGq “ tu1, u2, . . . , un´1, unu. Then, G must be an
n-cycle Cn.

For n “ 5, 6, 7, 8, the graph G can be strongly edge coloured using 5, 6, 7, 8
colours respectively. Thus, χ1spGq ď 8 “ 4∆pGq.

Now, consider n ě 9.

Suppose n “ 3k, for an integer k ě 3. If we colour an edge ei in G, for
i P vk ´ 1w with colour α then, we can repeat the colour α for every edge
e3i`1. Then, we can colour the entire graph G using 3 colours.

Suppose n “ 3k ` 1. Then, we can colour the graph as above using 3
colours, and colour the remaining uncoloured edge with a 4th colour.

Suppose n “ 3k ` 2. Then, we can colour the graph as above using 3
colours, and colour the remaining two uncoloured edges using a 4th and 5th
colour.

Then, for n ě 9, the graph G can be strongly edge coloured using at most 5
colours.

Thus, χ1spGq ď 5 ă 8 “ 4∆pGq.

Case 3 : ∆pGq = 3

From Theorem 30, we see that χ1spGq ď 10 ă 12 “ 4∆pGq.
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Now, from above, along with Theorem 27, Theorem 28 and Theorem 29, we
obtain Theorem 6.

This concludes the proof.
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Chapter 7

Upper Bound for Planar
Graphs with Maximum Degree
∆pGq ě 5 and Girth g ě 5

In this chapter, we show that for a planar graph G with maximum degree
∆pGq ě 6 and girth g ě 5, we have that χ1spGq ď 4∆pGq ´ 2. Thereafter,
we show that for a subset of these planar graphs, with maximum degree
∆pGq “ 5 and girth g ě 5, we can obtain an improved upper bound on the
strong chromatic index. In particular, we have that χ1spGq ď 19. Finally, we
then show for a subset of these planar graphs, with maximum degree
∆pGq “ 5 and girth g “ 5, we have that χ1spGq ď 3∆pGq ` 1 “ 16. This
proof is an answer to the research question posed in Section 3.2 of this
dissertation.

7.1 Proof of Theorem 7 (χ1spGq ď 4∆pGq´2 for

Planar Graphs with ∆pGq ě 6 and g ě 5)

Theorem 7 [16] is stated below.

Theorem 7. If G is a planar graph with maximum degree ∆pGq ě 6 and
girth g ě 5, then χ1spGq ď 4∆pGq ´ 2.

7.1.1 Preliminaries

We give the following definitions :

• We define N2 puvq as the set of edges at distance at most 2 from the
edge uv, excluding the edge uv itself.
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• We denote SC pN2 puvqq as the set of colours used by the edges in the
set N2 puvq, given an edge colouring of G.

• For k P N, a k-vertex is a vertex of degree k.
A k`-vertex is a vertex of degree at least k.
A k´-vertex is a vertex of degree at most k.

• A kl-vertex is a k-vertex adjacent to exactly l 2-vertices.

• A bad 5-vertex is a 5-vertex adjacent to three 2-vertices.

• A good 5-vertex is a 5-vertex that is not a bad 5-vertex.

• A weak 2-path is a path v1v2v3 such that dpv1q “ dpv3q “ 2 and v2 is
a bad 5-vertex.

• A bad 5-cycle is a 5-cycle that is incident with a weak 2-path.

• We use vnw to indicate the set of integers t1, 2, . . . , nu.

7.1.2 Proof

Assume that the theorem is false. Then, there exists a planar graph(s) G
with ∆pGq ě 6 and g ě 5 such that, χ1spGq ą 4∆pGq ´ 2. Hence, these
graphs can be strongly edge coloured using 4∆pGq ´ 1 colours or more.
Amongst these graphs, let H be the graph that minimizes
|E pHq | ` |V pHq |. Therefore, the graph H is a minimal counterexample of
Theorem 7. By the minimality on H, along with the condition on the girth,
we can assume that H is connected. Furthermore, we have that
χ1spHq ě 4∆pHq ´ 1.

Let ∆pHq “ ∆ and let φ be a strong p4∆pHq ´ 2q-edge colouring. We
define a set of 4∆pHq ´ 2 colours as L “ v4∆pHq ´ 2w.

We list and prove the properties of the counterexample H that must be
satisfied below.

Lemma 31. H does not contain a 1-vertex adjacent to a 4´-vertex.

Proof. Suppose H contains a 1-vertex u adjacent to a 4´-vertex v. Without
loss of generality, we may assume that dpvq = 4, since the cases in which
1 ď dpvq ď 3 would require fewer colours than when dpvq = 4. Let H 1 = H
- tuvu. Then, we can colour the graph H 1 using 4∆´ 2 colours or less.
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We have that |N2puvq| in H is at most 3∆, and so H 1 can be strongly
edge-coloured with at most 3∆ colours. Hence, |LzSCφpN2puvqq| ě ∆´ 2 ě
4. Thus, there is a colour available in L to colour uv, so we may extend the
colouring φ to H. This means that H can be strongly edge coloured using
at most 4∆ - 2 colours, which is a contradiction.

Hence, H does not contain a 1-vertex adjacent to a 4´-vertex.

Lemma 32. H does not contain a 2-vertex adjacent to a 3´-vertex.

Proof. Suppose H contains a 2-vertex u adjacent to a 3´-vertex v. Without
loss of generality, we can assume that dpvq = 3. Let H 1 = H - tuvu. Then,
we can colour the graph H 1 using 4∆´ 2 colours or less.

We see that |N2puvq| ď 3∆, allowing H 1 to be strongly edge-coloured with
at most 3∆ colours. Furthermore, |LzSCφpN2puvqq| ě ∆´ 2 ě 4. This
means that there is a colour available in L to assign to the edge uv in H,
allowing us to extend the colouring φ to H. Therefore, H can be strongly
edge coloured using at most 4∆ - 2 colours. This gives a contradiction.

Thus, H does not contain a 2-vertex adjacent to a 3´-vertex.

Lemma 33. H does not contain a 3-vertex adjacent to two 3´-vertices.

Proof. Suppose H contains a 3-vertex u adjacent to two 3´-vertices v and
w. Without loss of generality, we may assume that dpvq “ dpwq “ 3. Let H 1

= H - tuvu. Then, we can colour the graph H 1 using 4∆´ 2 colours or less.

Then, we have that, |N2puvq| ď 3∆` 3 and |LzSCφpN2puvqq| ě ∆´ 5 ě 1.
Then, there is a colour available in L to assign to uv in H. This means that
the colouring φ can be extended to H. Hence, H can be strongly edge
coloured using at most 4∆ - 2 colours, giving a contradiction.

Thus, H does not contain a 3-vertex adjacent to two 3´-vertices.

Lemma 34. H does not contain a 4-vertex adjacent to a 2-vertex and a
3´-vertex.

Proof. Suppose H contains a 4-vertex u adjacent to a 2-vertex v and a
3´-vertex w. Without loss of generality, we can assume that dpwq = 3. Let
H 1 = H - tuvu. Then, we can colour the graph H 1 using 4∆´ 2 colours or
less.
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We see that |N2puvq| ď 3∆` 3 and |LzSCφpN2puvqq| ě ∆´ 5 ě 1.
Therefore, we have a colour available in L to colour uv in H.
This means that we can extend the colouring φ to H and so H can be
strongly edge coloured using at most 4∆ - 2 colours, giving a contradiction.

Hence, H does not contain a 4-vertex adjacent to a 2-vertex and a
3´-vertex.

Lemma 35. H contains neither a 5-vertex adjacent to four 2´-vertices nor
a bad 5-cycle.

Proof. Suppose H contains a 5-vertex u adjacent to four 2´-vertices v, w, x
and y. Without loss of generality, we can assume
dpvq “ dpwq “ dpxq “ dpyq “ 2. Let H 1 = H - tuvu. Then, we can colour
the graph H 1 using 4∆´ 2 colours or less.

Then, we have that |N2puvq| ď 2∆` 6 and |LzSCφpN2puvqq| ě 2∆´ 8 ě 4.
Hence, we may extend the colouring φ to H, since we will have a colour
available in L for the edge uv in H. This means that H can be strongly
edge coloured using at most 4∆ - 2 colours, giving a contradiction.

So, H cannot contain a 5-vertex adjacent to four 2´-vertices.

Now, consider a bad 5-cycle containing a bad 5-vertex u and two 2-vertices
v and w. Without loss of generality, we can assume that
Npuq “ tv, w, x, y, zu, Npvq “ tu, v1u, Npwq “ tu,w1u, Npyq “ tu, tu,
Npxq “ tu, x1, x2, ..., x∆´2, x∆´1u, Nptq “ ty, t1, t2, ..., t∆´2, t∆´1u,
Npzq “ tu, z1, z2, ..., z∆´2, z∆´1u, Npv1q “ tv, w1, v1

1, v1
2, ..., v1

∆´3, v1
∆´2u

and Npw1q “ tv1, w, w1
1, w1

2, ..., w1
∆´3, w1

∆´2u. Let H 1 = H - tuvu. Then,
we can colour the graph H 1 using 4∆´ 2 colours or less.

We see that |N2puvq| ď 3∆` 4 and |LzSCφpN2puvqq| ě ∆´ 6. If ∆ ě 7,
then we have that |LzSCφpN2puvqq| ě 1, which gives us an available colour
in L for the edge uv in H. This will allow us to extend the colouring φ to
H and so H can be strongly edge coloured using at most 4∆ - 2 colours,
giving a contradiction.

If ∆pHq “ 6, then we do not have a colour available for uv, since
|LzSCφpN2puvqq| “ 0. We will then recolour the edge uw. Let the colour of
edge uw be θ. Since the colours of v1v1

i and w1w1
i, for i “ v4w, are all

different from each other, we can assign a colour of v1
i, say α, to uw. This

will still allow for a strong edge colouring of H 1, with the colour of uw being
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α and the colour θ now unused. Hence, we can assign this unused colour θ
to uv in H, allowing us to extend φ to H. This means that H can be
strongly edge coloured using at most 4∆ - 2 colours, giving a contradiction.

Thus, H cannot contain a bad 5-cycle.

Therefore, H contains neither a 5-vertex adjacent to four 2´-vertices nor a
bad 5-cycle.

Lemma 36. H contains neither a bad 5-vertex adjacent to a 3´-vertex nor
a bad 5-vertex with a 2-neighbour adjacent to a p∆pHq ´ 1q´-vertex.

Proof. Suppose H contains a bad 5-vertex u adjacent to three 2-vertices
v, w and x and a 3´-vertex y. Without loss of generality, we can assume
that dpyq “ 3. Let H 1 = H - tuvu. Then, we can colour the graph H 1 using
4∆´ 2 colours or less.

We have that |N2puvq| ď 2∆` 7 and |LzSCφpN2puvqq| ě 2∆´ 9 ě 3. Thus,
we can extend the colouring φ to H, since we have a colour available in L
for uv in H. Then, H can be strongly edge coloured using at most 4∆ - 2
colours, giving a contradiction.

Now, suppose H contains a bad 5-vertex u adjacent to three 2-vertices v, w
and x. Suppose further that one of these 2-neighbours, say v, is adjacent to
a p∆pHq ´ 1q´-vertex. Let H 1 = H - tuvu. Then, we can colour the graph
H 1 using 4∆´ 2 colours or less.

We see that |N2puvq| ď 3∆pHq ` 3 and |LzSCφpN2puvqq| ě ∆pHq ´ 5 ě 1.
Hence, there is a colour available in L for uv in H, allowing us to extend
the colouring φ to H. This means that H can be strongly edge coloured
using at most 4∆ - 2 colours, giving a contradiction.

Therefore, H contains neither a bad 5-vertex adjacent to a 3´-vertex nor a
bad 5-vertex with a 2-neighbour adjacent to a p∆pHq ´ 1q´-vertex.

Lemma 37. H does not contain a 52-vertex adjacent to two other
3´-vertices.

Proof. Suppose H contains a 5-vertex u adjacent to exactly two 2-vertices v
and w and two 3´-vertices x and y. Without loss of generality, we may
assume that dpxq “ dpyq “ 3. Let H 1 = H - tuvu. Then, we can colour the
graph H 1 using 4∆´ 2 colours or less.

56



We see that |N2puvq| ď 2∆` 8 and |LzSCφpN2puvqq| ě 2∆´ 10 ě 2. Thus,
we can extend the colouring φ to H, since we have a colour available in L
for uv in H. This means that H can be strongly edge coloured using at
most 4∆ - 2 colours, giving a contradiction.

Therefore, H does not contain a 52-vertex adjacent to two other
3´-vertices.

Lemma 38. If k ě 5, then H does not contain a k-vertex adjacent to k ´ 3
1-vertices. If the k-vertex is adjacent to k ´ 4 1-vertices, then it has no
other 2´-neighbour. If a 5-vertex is adjacent to one 1-vertex, then it has no
other 3´-neighbour.

Proof. Let k ě 5. Suppose H contains a k-vertex u adjacent to k ´ 3
1-vertices u1, u2, ..., uk´3. Let u1 = v. Let H 1 = H - tuvu. Then, we can
colour the graph H 1 using 4∆´ 2 colours or less.

Then, |N2puvq| ď 3∆` k ´ 4 and |LzSCφpN2puvqq| ě ∆´ k ` 2 ě 3. Thus,
we can extend the colouring φ to H, since we have a colour available in L
for uv in H. This means that H can be strongly edge coloured using at
most 4∆ - 2 colours, giving a contradiction.

Hence, H does not contain a k-vertex adjacent to k ´ 3 1-vertices.

Suppose now that u is instead adjacent to k ´ 4 1-vertices u1, u2, ..., uk´4

and uk´3 is a 2´-vertex . Without loss of generality, we can assume that
dpuk´3q “ 2. Let u1 “ v and H 1 = H - tuvu. Then, we can colour the graph
H 1 using 4∆´ 2 colours or less.

Then, |N2puvq| ď 3∆` k ´ 3 and |LzSCφpN2puvqq| ě ∆´ k ` 1 ě 2. Thus,
there is a colour available in L for uv in H. So, we can extend the colouring
φ to H. This means that H can be strongly edge coloured using at most
4∆ - 2 colours, giving a contradiction.

Hence, if the k-vertex is adjacent to k ´ 4 1-vertices, then it has no other
2´-neighbour.

Now, suppose a 5-vertex u is adjacent to a 1-vertex v and a 3´-vertex w.
Without loss of generality, we can assume that dpwq “ 3. Let H 1 = H -
tuvu. Then, we can colour the graph H 1 using 4∆´ 2 colours or less.
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Then, we have that |N2puvq| ď 3∆` 3 and |LzSCφpN2puvqq| ě ∆´ 5 ě 1.
Thus, there is a colour available in L for uv in H. So, we can extend the
colouring φ to H. This means that H can be strongly edge coloured using
at most 4∆ - 2 colours, giving a contradiction.

Hence, if a 5-vertex is adjacent to one 1-vertex, then it has no other
3´-neighbour.

Lemma 39. If k ě 6, then H does not contain a k-vertex adjacent to k ´ 1
2´-vertices. If the k-vertex is adjacent to k ´ 2 2´-vertices, then each
2´-vertex is not a 1-vertex. If the k-vertex is adjacent to k ´ 2 2-vertices,
then it has no other 3´-neighbour.

Proof. Let k ě 6. Suppose H contains a k-vertex u adjacent to k ´ 1
2´-vertices u1, u2, ..., uk´1. Without loss of generality, we can assume
dpu1q “ dpu2q “ ... “ dpuk´1q “ 2. Let u1 “ v. Let H 1 = H - tuvu. Then,
we can colour the graph H 1 using 4∆´ 2 colours or less.

We have that |N2puvq| ď 2∆` 2k ´ 4 and
|LzSCφpN2puvqq| ě 2∆´ 2k ` 2 ě 2. Thus, we can extend the colouring φ
to H, since we have a colour available in L for uv in H. This means that H
can be strongly edge coloured using at most 4∆ - 2 colours, giving a
contradiction.

Therefore, H does not contain a k-vertex adjacent to k ´ 1 2´-vertices.

Suppose now that u is adjacent to k ´ 2 2´-vertices u1, u2, ..., uk´2 and u1 is
a 1-vertex. Let u1 “ v and H 1 = H - tuvu. Then, we can colour the graph
H 1 using 4∆´ 2 colours or less.

Then, |N2puvq| ď 2∆` 2k ´ 6 and |LzSCφpN2puvqq| ě 2∆´ 2k ` 4 ě 4.
Therefore, there is a colour available in L for uv in H. So, we can extend
the colouring φ to H. This means that H can be strongly edge coloured
using at most 4∆ - 2 colours, giving a contradiction.

Hence, if the k-vertex is adjacent to k ´ 2 2´-vertices, then each 2´-vertex
is not a 1-vertex.

Now, suppose that u is adjacent to k ´ 2 2-vertices u1 “ v, u2, ..., uk´2 and a
3´-vertex uk´1. Without loss of generality, we can assume that dpuk´1q “ 3.
Let H 1 = H - tuvu. Then, we can colour the graph H 1 using 4∆´ 2 colours
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or less.

Then, |N2puvq| ď 2∆` 2k ´ 3 and |LzSCφpN2puvqq| ě 2∆´ 2k ` 1 ě 1.
Thus, there is a colour available in L for uv in H. So, we can extend the
colouring φ to H. This means that H can be strongly edge coloured using
at most 4∆ - 2 colours, giving a contradiction.

Hence, if the k-vertex is adjacent to k ´ 2 2-vertices, then it has no other
3´-neighbour.

Lemma 40. If k ě 6 and 1 ď α ď k ´ 4, then H does not contain a
k-vertex adjacent to α 1-vertices and to k ´ 3´ α vertices of degree 2, such
that this k-vertex is adjacent to another 3´-vertex.

Proof. Let k ě 6. Suppose H contains a k-vertex u adjacent to α 1-vertices
and k ´ 3´ α 2-vertices, such that this k-vertex is adjacent to a 3´-vertex
w. Without loss of generality, we can assume dpwq “ 3. Let a 1-neighbour
of u be v and let H 1 = H - tuvu. Then, we can colour the graph H 1 using
4∆´ 2 colours or less.

Then, |N2puvq| ď 2∆` 2k ´ α ´ 4 and
|LzSCφpN2puvqq| ě 2∆´ 2k ` α ` 2 ě 3. Thus, we have a colour available
in L for uv in H. So, we can extend the colouring φ to H. This means that
H can be strongly edge coloured using at most 4∆ - 2 colours, giving a
contradiction.

Hence, H does not contain a k-vertex adjacent to α 1-vertices and to
k ´ 3´ α vertices of degree 2, such that this k-vertex is adjacent to another
3´-vertex.

Now, we proceed to use the discharging method on the graph H.

Discharging procedure We use the discharging method as in
Section 3.3.3 of this dissertation. We use a multiple of k “ 5 for
Equation (3.1) in Section 3.3.3.
We define the discharging rules as follows:

(R1): Every face gives 2 to each incident 1-vertex.

(R2): Every k-face (k ě 6) which is incident with a bad 5-vertex, gives
k´2p´5
k´2p

to each incident 2`-vertex, where p denotes the number of
1-vertices incident with the k-face.
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(R3): Every 4`-vertex gives 1 to each adjacent 2-vertex. In particular, if a
6`-face contains a weak 2-path, then the bad 5-vertex in the 6`-face
gives 5

6
to each adjacent 2-vertex which is in the weak 2-path.

(R4): Every 4`-vertex gives 1
4

to each adjacent 3-vertex.

(R5): Every 5`-vertex gives 3
2

to each adjacent 1-vertex.

Now, we will carry out these discharging rules on the graph H.

First, consider a k-face f P F pHq. The initial charge on f is
chpfq “ dpfq ´ 5 “ k ´ 5. Since the graph H has girth g ě 5, we have that
k ě 5. If f has p incident 1-vertices, then k ě 5` 2p.

• If f has p incident 1-vertices, then by (R1), the final charge on f will
be ch1pfq “ k ´ 5´ 2p ě 0.

• If the face f has degree k ě 6` 2p and is incident with a bad
5-vertex, then by (R2), the final charge on f will be

ch1pfq “ k ´ 5´ 2p´
´

k´5´2p
k´2p

¯

pk ´ 2pq ě 0.

So, ch1pfq ě 0.

Now, consider a k-vertex v P V pHq.

Case k “ 1 : We have that chpvq “ 3
2
p1q ´ 5 “ ´7

2
.

By Lemma 31, v must be adjacent to a 5`-vertex. Therefore, by (R1) and
(R5), the final charge on v is ch1pvq ě ´7

2
` 2` 3

2
“ 0.

So, ch1pvq ě 0.

Case k “ 2 : We have that chpvq “ 3
2
p2q ´ 5 “ ´2.

By Lemma 32, v must be adjacent to two 4`-vertices.

• Suppose both 4`-vertices are not bad 5-vertices. Then, by (R3), the
final charge on v is ch1pvq “ ´2` 1` 1 “ 0.

• Now, suppose that one of these 4`-vertices is a bad 5-vertex. Then, v
is in a weak 2-path. We see that, by Lemma 35 and Lemma 36, the
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weak 2-path is contained in a 6`-face and the other neighbour of v
must be a ∆pHq-vertex. Thus, by (R2), the 6`-face will give a charge
of at least 1

6
to v and by (R3), the bad 5-vertex will give a charge of 5

6

to v and the ∆pHq-vertex will give a charge of 1 to v. Thus, we have
that the final charge of v is ch1pvq ě ´2` 5

6
` 1

6
` 1 “ 0.

So, ch1pvq ě 0.

Case k “ 3 : We have that chpvq “ 3
2
p3q ´ 5 “ ´1

2
.

By Lemma 33, v must be adjacent to at least two 4`-vertices. Therefore, by
(R4), the final charge on v is ch1pvq ě ´1

2
` 2

`

1
4

˘

“ 0.

So, ch1pvq ě 0.

Case k “ 4 : We have that chpvq “ 3
2
p4q ´ 5 “ 1.

• Suppose that v is adjacent to a 2-vertex. By Lemma 34, if v is
adjacent to a 2-vertex, then it cannot have any other 3´-neighbour.
Therefore, by (R3), the final charge on v is ch1pvq “ 1´ 1 “ 0.

• Suppose that v is not adjacent to a 2-vertex. If v is not adjacent to a
2-vertex, then it could be adjacent to at most four 3-vertices. Then,
by (R4), the final charge on v is ch1pvq ě 1´ 1

4
p4q “ 0.

So, ch1pvq ě 0.

Case k “ 5 : We have that chpvq “ 3
2
p5q ´ 5 “ 5

2
.

• Suppose v is adjacent to a 1-vertex. Then, by Lemma 38, v cannot
have any other 3´-neighbour. The other neighbours of v would
therefore have to be 4`-vertices. Thus, by (R5), the final charge of v
is ch1pvq “ 5

2
´ 3

2
ą 0.

• Suppose v is not adjacent to a 1-vertex. Then, by Lemma 35, v is
adjacent to at most three 2-vertices.

– Suppose v is not adjacent to a 2-vertex. Then, v can only be
adjacent to 3`-vertices. Therefore, by (R4), the final charge of v
is ch1pvq ě 5

2
´ 1

4
p5q ą 0.
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– Suppose v is adjacent to exactly one 2-vertex. Then, v has
3`-vertices as its remaining neighbours. Therefore, by (R3) and
(R4), we have that the final charge of v is
ch1pvq ě 5

2
´ 1´ 1

4
p4q ą 0.

– Suppose v is adjacent to exactly two 2-vertices. By Lemma 37, v
can only be adjacent to at most one 3-vertex. This means that
the remaining neighbours of v are 4`-vertices. So, by (R3) and
(R4), we have that the final charge of v is
ch1pvq ě 5

2
´ 1p2q ´ 1

4
p1q ą 0.

– Suppose v is adjacent to exactly three 2-vertices. This means
that v is a bad 5-vertex. Then, by Lemma 35, Lemma 36 and
Lemma 37, we see that v must be incident with at least one
6`-face which contains a weak 2-path. Furthermore, from
Lemma 36, we see that the other neighbours of v must be
4`-vertices. Therefore, by (R2) and (R3), v will receive a charge
of at least 1

6
from its incident 6`-face and gives 5

6
to each

adjacent 2-vertex in the weak 2-path and 1 to the third
2-neighbour. Thus, the final charge of v is
ch1pvq ě 5

2
` 1

6
´ 5

6
p2q ´ 1 “ 0.

So, ch1pvq ě 0.

Case k ě 6 : We have that chpvq “ 3
2
pkq ´ 5.

• Suppose v is not adjacent to a 1-vertex. By Lemma 39, v is adjacent
to at most k ´ 2 2-vertices.

– Suppose v is adjacent to at most k ´ 3 2-vertices. Then, the
remaining three neighbours of v are 3`-vertices. So, by (R3) and
(R4), we have that the final charge of v is
ch1pvq ě 3

2
k ´ 5´ 1pk ´ 3q ´ 1

4
p3q “ 1

2
k ´ 11

4
ą 0.

– Suppose v is adjacent to exactly k ´ 2 2-vertices. Then, by
Lemma 39, v cannot be adjacent to any other 3´-vertex. Thus,
the remaining two vertices are 4`-vertices. So, by (R3), the final
charge of v is ch1pvq ě 3

2
k ´ 5´ 1pk ´ 2q “ 1

2
k ´ 3 ě 0.

• Suppose v is adjacent to α 1-vertices. From Lemma 38, we obtain the
bounds on α as 1 ď α ď k ´ 4.

– Suppose v is adjacent to exactly k ´ 4 1-vertices. Then, by
Lemma 38, v does not have any other 2´-neighbour. So, v is
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adjacent to at most four 3-vertices. So, by (R4) and (R5), the
final charge of v is ch1pvq ě 3

2
k ´ 5´ 1

4
p4q ´ 3

2
pk ´ 4q “ 0.

– Suppose v is adjacent to α ď k´ 5 1-vertices and v is adjacent to
at most k ´ 4´ α 2-vertices. Then, v is adjacent to at most four
3-vertices. So, by (R3), (R4) and (R5), we have that the final
charge of v is
ch1pvq ě 3

2
k ´ 5´ 3

2
pαq ´ 1pk ´ 4´ αq ´ 1

4
p4q “ 1

2
k ´ 1

2
α ´ 2 ą 0.

– Suppose v is adjacent to α ď k ´ 5 1-vertices and there are at
least k ´ 3´ α 2-vertices adjacent to v. Then, by Lemma 39, v
cannot have k ´ 2´ α 2-neighbours nor can it have k ´ 1´ α
2-neighbours. Therefore, v has exactly k ´ 3´ α 2-neighbours.
Furthermore, by Lemma 40, the remaining neighbours of v are
4`-vertices. So, by (R3) and (R5), the final charge of v is
ch1pvq ě 3

2
k ´ 5´ 3

2
pαq ´ 1pk ´ 3´ αq “ 1

2
k ´ 1

2
α ´ 2 ą 0.

So, ch1pvq ě 0.

Now, after performing the discharging rules on H, we see that the total
final charge of H is a positive value. The final charge of H is also
equivalent to the initial charge of H. However, from Equation (3.1), the
initial charge of H was -2k = -10 ă 0. That is :

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq “ ´10 ă 0

giving a contradiction.

Therefore, the counterexample H does not exist and so the theorem is true.

This concludes the proof.

7.2 Proof of Theorem 8 (χ1spGq ď 19 for Planar

Graphs with ∆pGq “ 5 and g ě 5)

Theorem 8 [16] is stated below:

Theorem 8. If G is a planar graph with maximum degree ∆pGq “ 5 and
girth g ě 5, then χ1spGq ď 19.
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7.2.1 Preliminaries

We give the following definitions :

• We define N2 puvq as the set of edges at distance at most 2 from the
edge uv, excluding the edge uv itself.

• We denote SC pN2 puvqq as the set of colours used by the edges in the
set N2 puvq, given an edge colouring of G.

• For k P N, a k-vertex is a vertex of degree k.
A k`-vertex is a vertex of degree at least k.
A k´-vertex is a vertex of degree at most k.

• A kl-vertex is a k-vertex adjacent to exactly l 2-vertices.

• A bad 5-vertex is a 5-vertex adjacent to three 2-vertices.

• A good 5-vertex is a 5-vertex that is not a bad 5-vertex.

• A weak 2-path is a path v1v2v3 such that dpv1q “ dpv3q “ 2 and v2 is
a bad 5-vertex.

• A bad 5-cycle is a 5-cycle that is incident with a weak 2-path.

• We use vnw to indicate the set of integers t1, 2, . . . , nu.

7.2.2 Proof

Assume that the theorem is false. Then, there exists a planar graph(s) G
with ∆pGq “ 5 and g ě 5, such that χ1spGq ě 20. Hence, these graphs can
be strongly edge coloured using 20 or more colours. Amongst these graphs,
let H be the graph that minimizes |E pHq | ` |V pHq |. Then, H is a
minimal counterexample and by the minimality of H, along with the
condition on the girth, we can assume that H is connected. Furthermore,
we have that χ1spHq ě 20.

Let ∆pHq “ ∆ and let φ be a strong 19-edge colouring. We define a set of
19 colours as L “ v19w.

The lemmas below show the properties of the counterexample H that must
be satisfied. We note that the proofs for Lemma 41 to Lemma 46 have
already been proven in Section 7.1 of this dissertation, in the proof of
Theorem 7. Therefore, we will only prove the remaining four properties,
Lemma 47 to Lemma 50, below.
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Lemma 41. H does not contain a 1-vertex adjacent to a 4´-vertex.

Lemma 42. H does not contain a 2-vertex adjacent to a 3´-vertex.

Lemma 43. H does not contain a 3-vertex adjacent to two 3´-vertices.

Lemma 44. H does not contain a 4-vertex adjacent to a 2-vertex and a
3´-vertex.

Lemma 45. H does not contain a 52-vertex adjacent to two other
3´-vertices.

Lemma 46. H does not contain a 5-vertex adjacent to two 1-vertices. If
the 5-vertex is adjacent to one 1-vertex, then it has no other 3´-neighbour.

Lemma 47. H does not contain a 2-neighbour adjacent to a bad 5-vertex
and a 4´-vertex.

Proof. Suppose H contains a 2-neighbour u adjacent to a bad 5-vertex v
and a 4´-vertex w. Without loss of generality, we may assume that dpwq =
4, since the cases in which 1 ď dpwq ď 3 would require fewer colours than
when dpwq = 4. Let H 1 = H - tuvu. Then, we can colour the graph H 1

using 19 colours or less.

Then, we have that |N2puvq| is at most 2∆ + 8. Therefore,
|LzSCφpN2puvqq| ě 11´ 2∆pHq = 1. Hence, there is a colour available in L
to colour uv in H, so we may extend the colouring φ to H. This means that
H can be strongly edge-coloured using at most 19 colours, which is a
contradiction.

Thus, H does not contain a 2-neighbour adjacent to a bad 5-vertex and a
4´-vertex.

Lemma 48. H does not contain a 2-vertex adjacent to two bad 5-vertices.

Proof. Suppose that H contains a 2-vertex u adjacent to two bad 5-vertices
v and w. Without loss of generality, we can assume that Npuq “ tv, wu,
Npvq “ tu, v1, v2, v3, v4u, Npwq “ tu,w1, w2, w3, w4u,
Npv1q “ tv, v

1
1, v

2
1, v

3
1, v

4
1u, Npv2q “ tv, v

1
2, v

2
2, v

3
2, v

4
2u, Npv3q “ tv, xu,

Npv4q “ tv, yu, Npxq “ tv3, x1, x2, x3, x4u, Npyq “ tv4, y1, y2, y3, y4u,
Npw1q “ tw,w

1
1, w

2
1, w

3
1, w

4
1u, Npw2q “ tw,w

1
2, w

2
2, w

3
2, w

4
2u, Npw3q “ tw, zu,

Npw4q “ tw, tu, Npzq “ tw3, z1, z2, z3, z4u and Nptq “ tw4, t1, t2, t3, t4u.
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If there is a colour available in the set |LzSCφpN2puvqq|, then we may
colour the edge uv in H with this colour. Then, H will have a strong
edge-colouring using at most 19 colours. This will give a contradiction.

Assume, however, that |LzSCφpN2puvqq| “ 0. That is, we have no colour
available from the set L to use to colour uv. Without loss of generality,
assume that φpuwq “ 1, φpww1q “ 2, φpww2q “ 5, φpww3q “ 3, φpww4q “ 4,
φpvv1q “ 6, φpvv2q “ 9, φpvv3q “ 7, φpvv4q “ 8, φpv3xq “ 10, φpv4yq “ 11,
φpv1v

1
1q “ 12, φpv1v

2
1q “ 13, φpv1v

3
1q “ 14, φpv1v

4
1q “ 15, φpv2v

1
2q “ 16,

φpv2v
2
2q “ 17, φpv2v

3
2q “ 18 and φpv2v

4
2q “ 19. Then, we can try to recolour

ww3. If we cannot do this, then, without loss of generality, say, φpw3zq “ 6,
φpw4tq “ 7, φpzz1q “ 8, φpzz2q “ 9, φpzz3q “ 10, φpzz4q “ 11,
φpw1w

1
1q “ 12, φpw1w

2
1q “ 13, φpw1w

3
1q “ 14, φpw1w

4
1q “ 15, φpw2w

1
2q “ 16,

φpw2w
2
2q “ 17, φpw2w

3
2q “ 18 and φpw2w

4
2q “ 19. So, we try to recolour

ww4. If we cannot do this, then, without loss of generality, say, φptt1q “ 8,
φptt2q “ 9, φptt3q “ 10 and φptt4q “ 11. We now try to recolour vv3 and
vv4. If this is possible, then we can obtain our contradiction by having a
colour available in the set L to use for uv in H. Otherwise, without loss of
generality, say, φpxx1q “ φpyy1q “ 2, φpxx2q “ φpyy2q “ 3,
φpxx3q “ φpyy3q “ 4 and φpxx4q “ φpyy4q “ 5. Now, we can recolour vv4

and ww3 with 1, uw with 3 and uv with 8. This means that there is a
strong edge-colouring of H that uses 19 colours, and therefore, we have a
contradiction.

Thus, H does not contain a 2-vertex adjacent to two bad 5-vertices.

Lemma 49. H does not contain a 2-vertex adjacent to a bad 5-vertex and
a 52-vertex which is adjacent to a 3-vertex.

Proof. Suppose H contains a 2-vertex u adjacent to a bad 5-vertex v and a
52-vertex w which is adjacent to a 3´-vertex w3. Without loss of generality,
we can assume that dpw3q “ 3. We can further assume that Npuq “ tv, wu,
Npvq “ tu, v1, v2, v3, v4u, Npwq “ tu,w1, w2, w3, w4u,
Npv1q “ tv, v

1
1, v

2
1, v

3
1, v

4
1u, Npv2q “ tv, v

1
2, v

2
2, v

3
2, v

4
2u, Npv3q “ tv, xu,

Npv4q “ tv, yu, Npxq “ tv3, x1, x2, x3, x4u, Npyq “ tv4, y1, y2, y3, y4u,
Npw1q “ tw,w

1
1, w

2
1, w

3
1, w

4
1u, Npw2q “ tw,w

1
2, w

2
2, w

3
2, w

4
2u,

Npw3q “ tw,w
1
3, w

2
3u, Npw4q “ tw, tu and Nptq “ tw4, t1, t2, t3, t4u.

If there is a colour available in the set |LzSCφpN2puvqq|, then we may
colour the edge uv in H with this colour. Then, H will have a strong
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19-edge-colouring, giving a contradiction.

Assume, however, that |LzSCφpN2puvqq| “ 0. Without loss of generality,
assume that φpuwq “ 1, φpww1q “ 2, φpww2q “ 5, φpww3q “ 3, φpww4q “ 4,
φpvv1q “ 6, φpvv2q “ 9, φpvv3q “ 7, φpvv4q “ 8, φpv3xq “ 10, φpv4yq “ 11,
φpv1v

1
1q “ 12, φpv1v

2
1q “ 13, φpv1v

3
1q “ 14, φpv1v

4
1q “ 15, φpv2v

1
2q “ 16,

φpv2v
2
2q “ 17, φpv2v

3
2q “ 18 and φpv2v

4
2q “ 19. Then, we can try to recolour

ww4. If we cannot do this, then, without loss of generality, say,
φpw3w

1
3q “ 6, φpw3w

2
3q “ 7, φpw4tq “ 8, φptt1q “ 9, φptt2q “ 10, φptt3q “ 11,

φptt4q “ 12, φpw1w
1
1q “ 13, φpw1w

2
1q “ 14, φpw1w

3
1q “ 15, φpw1w

4
1q “ 16,

φpw2w
1
2q “ 17, φpw2w

2
2q “ 18 and φpw2w

3
2q “ 19. Then, we try to recolour

vv3 and vv4. If this is possible, then we can obtain our contradiction by
having a colour available to use for uv in H. Otherwise, without loss of
generality, say, φpxx1q “ φpyy1q “ 2, φpxx2q “ φpyy2q “ 3,
φpxx3q “ φpyy3q “ 4 and φpxx4q “ φpyy4q “ 5. Now, we can recolour vv4

and ww4 with 1, uw with 4 and uv with 8. This can be done since the
colour of w2w

2
4 is neither 1 nor 4. Therefore, there is a strong edge-colouring

of H that uses 19 colours, and hence, we have a contradiction.

Thus, H does not contain a 2-vertex adjacent to a bad 5-vertex and a
52-vertex which is adjacent to a 3-vertex.

Lemma 50. H does not contain a bad 5-vertex adjacent to another
4´-vertex.

Proof. Suppose H contains a bad 5-vertex u adjacent to another 4´-vertex
w. Without loss of generality, we can assume that dpwq “ 4. Let v be a
2-neighbour of u. Let H 1 = H - tuvu. Then, we can colour the graph H 1

using 19 colours or less.

We have that |N2puvq| is at most 2∆ + 8 and
|LzSCφpN2puvqq| ě 11´ 2∆pHq = 1. Hence, there is a colour available in L
to colour uv in H, so we may extend the colouring φ to H. This means that
H can be strongly edge-coloured using at most 19 colours, which is a
contradiction.

Thus, H does not contain a bad 5-vertex adjacent to another 4´-vertex.

Now, we proceed to use the discharging method on the graph H.
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Discharging procedure We use the discharging method as in
Section 3.3.3 of this dissertation. We use a multiple of k “ 5 for
Equation (3.1) in Section 3.3.3.
We define the discharging rules as follows:

(R1): Every face gives 2 to each incident 1-vertex.

(R2): Every 4-vertex gives 1 to each adjacent 2-vertex.

(R3): Every 4-vertex gives 1
4

to each adjacent 3-vertex.

(R4): Every good 5-vertex gives :

(R4.1.): 3
2

to each adjacent 1-vertex.

(R4.2.): 7
6

to each adjacent 2-vertex if this 2-vertex is adjacent to a bad
5-vertex, otherwise 1 to each adjacent 2-vertex.

(R4.3.): 1
4

to each adjacent 3-vertex.

(R5): Every bad 5-vertex gives 5
6

to each adjacent 2-vertex.

First, consider the charge on a k-face f P F pHq. The initial charge on f is
chpfq “ k ´ 5. We have that k ě 5, by the condition on the girth. If f has
p incident 1-vertices, then k ě 5` 2p.

Then, by (R1), the final charge on f is ch1pfq ě k ´ 5´ 2p ě 0.

So, ch1pfq ě 0.

Now, we consider the charge on a k-vertex v P V pHq.

Case k “ 1 : We have that chpvq “ 3
2
p1q ´ 5 “ ´7

2
.

By Lemma 41, v must be adjacent to a 5-vertex. Furthermore, by
Lemma 46, this 5-vertex can only be a good 5-vertex. Therefore, by (R1)
and (R4.1.), the final charge on v is ch1pvq ě ´7

2
` 2` 3

2
“ 0.

So, ch1pvq ě 0.

Case k “ 2 : We have that chpvq “ 3
2
p2q ´ 5 “ ´2.

By Lemma 42, v must be adjacent to two 4`-vertices.
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• Suppose v is adjacent to two 4-vertices. Then, by (R2), the final
charge on v is ch1pvq “ ´2` 1p2q “ 0.

• Suppose v is adjacent to one 4-vertex and one good 5-vertex. Then,
by (R2) and (R4.2.), the final charge on v is ch1pvq “ ´2` 1` 1 “ 0.

• Suppose v is adjacent to one 4-vertex and one bad 5-vertex. By
Lemma 47, this case is not possible.

• Suppose v is adjacent to two good 5-vertices. Then, by (R4.2.), the
final charge on v is ch1pvq “ ´2` 1p2q “ 0.

• Suppose v is adjacent to two bad 5-vertices. By Lemma 48, this case
is not possible.

• Suppose v is adjacent to one good 5-vertex and one bad 5-vertex.
Then, by (R4.2.) and (R5), the final charge on v is
ch1pvq “ ´2` 7

6
` 5

6
“ 0.

So, ch1pvq “ 0.

Case k “ 3 : We have that chpvq “ 3
2
p3q ´ 5 “ ´1

2
.

By Lemma 43, v is adjacent to at least two 4`-vertices. Furthermore, by
Lemma 50, if v is adjacent to a 5-vertex, then the 5-vertex must be a good
5-vertex.

• Suppose v is adjacent to at most three 4-vertices and v has no
5-neighbour. Then, by (R3), the final charge on v is
ch1pvq ě ´1

2
` 1

4
p2q “ 0.

• Suppose v is adjacent to exactly two 4-vertices and one good 5-vertex.
Then, by (R3) and (R4.3.), the final charge on v is
ch1pvq “ ´1

2
` 1

4
p2q ` 1

4
ą 0.

• Suppose v is adjacent to exactly one 4-vertex, one good 5-vertex and
at most one other good 5-vertex. Then, by (R3) and (R4.3.), the final
charge on v is ch1pvq ě ´1

2
` 1

4
` 1

4
“ 0.

• Suppose v is adjacent to two good 5-vertices and at most one other
good 5-vertex. Suppose further that v has no 4-neighbour. Then, by
(R4.3.), the final charge on v is ch1pvq ě ´1

2
` 1

4
p2q “ 0.
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So, ch1pvq ě 0.

Case k “ 4 : We have that chpvq “ 3
2
p4q ´ 5 “ 1.

• Suppose v is adjacent to a 2-vertex. Then, by Lemma 44, v is
adjacent to only one 2-vertex and has no other 3´-neighbour. So, by
(R2), the final charge on v is ch1pvq “ 1´ 1 “ 0.

• Suppose v is not adjacent to a 2-vertex. Then, v is adjacent to at
most four 3-vertices. So, by (R3), the final charge on v is
ch1pvq ě 1´ 1

4
p4q “ 0.

So, ch1pvq ě 0.

Case k “ 5 : We have that chpvq “ 3
2
p5q ´ 5 “ 5

2
.

• Suppose v is a good 5-vertex.

– Suppose v is adjacent to a 1-vertex. Then, by Lemma 46, v does
not have any other 3´-neighbour. So, by (R4.1.), the final charge
on v is ch1pvq “ 5

2
´ 3

2
ą 0.

– Suppose v is not adjacent to a 1-vertex. Then, since v is a good
5-vertex, v is adjacent to at most two 2-vertices.

∗ Suppose v is adjacent to exactly one 2-vertex. Then, the
remaining neighbours of v are 3`-vertices. Then, we
determine the final charge of v using (R4.2.) and (R4.3.). If
the 2-vertex is adjacent to a bad 5-vertex, then the final
charge on v is ch1pvq ě 5

2
´ 7

6
´ 1

4
p4q ą 0. Otherwise, if the

2-vertex is adjacent to another good 5-vertex, then the final
charge on v is ch1pvq ě 5

2
´ 1´ 1

4
p4q ą 0.

∗ Suppose v is adjacent to exactly two 2-vertices. Then, by
Lemma 45, v can be adjacent to at most one 3-vertex. The
remaining neighbours of v are then 4`-vertices. If v is
adjacent to a 3-vertex, then, by Lemma 49, the two
2-neighbours of v cannot be adjacent to a bad 5-vertex.
Then, by (R4.2.) and (R4.3.), we have that the final charge
on v is ch1pvq “ 5

2
´ 1p2q ´ 1

4
ą 0. If v is not adjacent to a

3-vertex, then, we determine the final charge on v using
(R4.2.). If the 2-neighbours of v are adjacent to good
5-vertices, then the final charge on v is ch1pvq “ 5

2
´ 1p2q ą 0.

If one of the 2-neighbours of v is adjacent to a good 5-vertex
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and the other is adjacent to a bad 5-vertex, then the final
charge on v is ch1pvq “ 5

2
´ 1´ 7

6
ą 0. If both 2-neighbours

of v are adjacent to bad 5-vertices, then the final charge on v
is ch1pvq “ 5

2
´ 7

6
p2q ą 0.

∗ Suppose v is adjacent only to 3`-vertices. Then, v can be
adjacent to at most five 3-vertices. So, by (R4.3.), the final
charge on v is ch1pvq ě 5

2
´ 1

4
p5q ą 0.

• Suppose v is a bad 5-vertex. Then, v is adjacent to three 2-vertices.
Furthermore, by Lemma 50, v has no other 4´-neighbour. So, by
(R5), the final charge on v is ch1pvq “ 5

2
´ 5

6
p3q “ 0.

So, ch1pvq ě 0.

Now, we see that the total final charge of H is a positive value. However,
we obtain the following contradiction :

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq “ ´10 ă 0

Thus, the counterexample H does not exist and so the theorem is true.

This concludes the proof.

7.3 Proof of Hypothesis (χ1spGq ď 16 for Pla-

nar Graphs with ∆pGq “ 5 and g “ 5)

We will prove the following statement, conjectured by Song et al [16] :

For a planar graph G with girth g “ 5 and maximum degree ∆pGq “ 5, we
have that χ1spGq ď 3∆pGq ` 1.

7.3.1 Methodology

To construct the proof for the above statement, we first studied the
literature in the field and examined the approaches used to prove similar
theorems. An outline of the general methodology that was adopted for
these proofs is detailed in Section 3.3 of this dissertation. We adopted a
similar methodology to prove this statement.
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The methodology used in Section 3.3 is a proof by contradiction. We obtain
this contradiction using the discharging method, detailed in Section 3.3.3 of
this dissertation. Therefore, when constructing the proof for this statement,
it was imperative that we obtain a contradiction via the discharging
method.

We began by first examining the initial charges of the faces and vertices of
a counterexample H to the statement. It is here that we realized that the
multiple for Equation (3.1) in Section 3.3.3 needed to be related to the girth
g “ 5. We required that the multiple needed to be 5 in order to ensure that
the initial charge on the face f will always be at least zero. Furthermore,
by examining the initial charges, this gave us insight into which vertices in
H would be able to give charge and which vertices would need to receive
charge to gain a final positive charge, in order to obtain our contradiction.

Thereafter, we determined the potential neighbours of the vertices in the
graph H, using the method outlined in Section 3.3.2 of this dissertation.
We then proceeded to define discharging rules between these neighbouring
vertices. The rules were structured to ensure that all vertices with an initial
negative charge receive enough charge from vertices with an initial positive
charge, in order to obtain a final charge that is at least zero. However, this
meant that the vertices with an initial positive charge would sometimes
have to give more charge than it could afford to. We noted down the
particular configurations that had this problem and denoted them as
“problem scenarios” in H. Then, we examined these “problem scenarios” in
detail and showed that we could always obtain a strong edge colouring
using 16 colours or less for these configurations. This meant that we could
exclude these “problem scenarios” from H, and so we could obtain our
contradiction via the discharging method without issue.

7.3.2 Preliminaries

• We define N2 puvq as the set of edges at distance at most 2 from the
edge uv, excluding the edge uv itself.

• We denote SC pN2 puvqq as the set of colours used by the edges in the
set N2 puvq, given an edge colouring of G.

• For k P N, a k-vertex is a vertex of degree k.
A k`-vertex is a vertex of degree at least k.
A k´-vertex is a vertex of degree at most k.
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• We use vnw to indicate the set of integers t1, 2, . . . , nu.

7.3.3 Proof

Assume that the theorem is false. Then, there exists a planar graph(s) G
with ∆pGq “ 5 and g “ 5, such that χ1spGq ě 3∆` 2 “ 17. Hence, these
graphs can be strongly edge coloured using 17 or more colours. Amongst
these graphs, let H be the graph that minimizes |E pHq | ` |V pHq |. Then,
H is a minimal counterexample and by the minimality of H, along with the
condition on the girth, we can assume that H is connected. Furthermore,
we have that χ1spHq ě 17.

Let ∆pHq “ ∆ “ 5 and let φ be a strong 16-edge colouring. We define a set
of 16 colours as L “ v16w.

The lemmas below outline the properties of the counterexample H.

Lemma 51. Every 1-vertex in H can only be adjacent to a 5-vertex.

Proof. Suppose H contains a 1-vertex u adjacent to a 4´-vertex v. Without
loss of generality, we may assume that dpvq = 4, since the other possibilities
would simply require fewer colours. Let H 1 = H - tuvu. Then, we can
colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, every 1-vertex in H can only be adjacent to a 5-vertex.

Lemma 52. Every 2-vertex in H can only be adjacent to two 4`-vertices.

Proof. Suppose H contains a 2-vertex u adjacent to at most one 4`-vertex.
Let Npuq “ tv, wu. Without loss of generality, we can assume that u is
adjacent to exactly one 4`-vertex, say w. Then, v must be a 3´-vertex. We
can further assume that dpvq = 3 and dpwq “ ∆ “ 5. Let H 1 = H - tuvu.
Then, we can colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
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colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, every 2-vertex in H can only be adjacent to two 4`-vertices.

Lemma 53. Every 3-vertex in H must have at least one 4`-neighbour.

Proof. Suppose H contains a 3-vertex u that is adjacent to only 3´-vertices.
By Lemma 51 and Lemma 52, u cannot be adjacent to a 1-vertex or a
2-vertex. Then, u is adjacent to three 3-vertices v, w and x. Since the
vertices v, w and x are also 3-vertices, the vertices v, w and x are all
adjacent to three 3-vertices respectively. Let H 1 = H - tuvu. Then, we can
colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 12. Then,
|LzSCφpN2puvqq| ě 16´ 12 “ 4. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using less than 16 colours, which is a
contradiction.

Hence, every 3-vertex in H must have at least one 4`-neighbour.

Lemma 54. Every 4-vertex u in H can be adjacent to at most two
2-vertices. Moreover, if u is adjacent to exactly two 2-vertices, then the
remaining two neighbours of u must be a 5-vertex and a 4`-vertex. If u is
adjacent to exactly one 2-vertex, and u has no 5-neighbour, then u is
adjacent to three 4-vertices. If u is adjacent to exactly one 2-vertex and a
5-vertex, then u has at most one 3-neighbour.

Proof. Suppose H contains a 4-vertex u adjacent to at least three
2-vertices. Without loss of generality, we can assume that u is adjacent to
exactly three 2-vertices and the remaining neighbour of u is a 5-vertex. Let
v be a 2-neighbour of u. Let H 1 = H - tuvu. Then, we can colour the graph
H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 14. Then,
|LzSCφpN2puvqq| ě 16´ 14 “ 2. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using less than 16 colours, which is a
contradiction.
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Hence, every 4-vertex u in H can be adjacent to at most two 2-vertices.

Now, suppose that u is adjacent to exactly two 2-vertices v and w. Suppose
further that u does not have a 5-neighbour. Then, without loss of
generality, we can assume that the two remaining neighbours of u are both
4-vertices. Let H 1 = H - tuvu. Then, we can colour the graph H 1 using 16
colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, if a 4-vertex u in H is adjacent to exactly two 2-vertices, then the
remaining two neighbours of u must be a 5-vertex and a 4`-vertex.

Now, suppose that u is adjacent to exactly one 2-vertex v and u has no
5-neighbour. Suppose further that u is adjacent to at most two 4-vertices.
Without loss of generality, we can assume that u is adjacent to exactly two
4-vertices, say u1 and u2, and the remaining neighbour of u is a 3-vertex,
say u3. Let the neighbour of v, distinct from u, be w. Then, without loss of
generality, dpwq “ 5.

Consider the 2-neighbourhood of the edge uv. Then, we can see that
|N2puvq| is at most 16. Then, |LzSCφpN2puvqq| ě 16´ 16 “ 0. Thus, there
is no colour available in L to colour uv.

Now, consider the vertex w. We see that w cannot be adjacent to any of
the vertices ui, for i “ v3w, due to the condition on the girth. However, w
can have a neighbour adjacent to each of the vertices ui. Suppose that w
has a neighbour adjacent to a ui. Let this neighbour be x. Let a neighbour
of ui, distinct from u and distinct from x, be y. Then, w cannot be
adjacent to y, due to the condition on the girth. This means that w has at
most one neighbour adjacent to any ui. Let the colour of uui be α P L.
Then, we can recolour an edge of w, distinct from vw and wx, with the
colour α. Then, we will have a colour available in L to colour uv. This
means that we will have a strong edge colouring using at most 16 colours,
which is a contradiction.

Therefore, if a 4-vertex u is adjacent to exactly one 2-vertex, and u has no
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5-neighbour, then u is adjacent to three 4-vertices.

Now, suppose that u is adjacent to exactly one 2-vertex v and u has a
5-neighbour. Suppose further that u is adjacent to at least two 3-vertices.
Without loss of generality, we can assume that u is adjacent to exactly two
3-vertices, say u1 and u2. Let the 5-neighbour of u be u3. Let the neighbour
of v, distinct from u, be w. Then, without loss of generality, dpwq “ 5.

Consider the 2-neighbourhood of the edge uv. Then, we can see that
|N2puvq| is at most 18.

Now, consider the vertex w. We see that w cannot be adjacent to any of
the vertices ui, for i “ v3w, due to the condition on the girth. However, w
can have a neighbour adjacent to each of the vertices ui. Suppose that w
has a neighbour adjacent to a ui. Let this neighbour be x. Let a neighbour
of ui, distinct from u and distinct from x, be y. Then, w cannot be
adjacent to y, due to the condition on the girth. This means that w has at
most one neighbour adjacent to any ui. Then, we can recolour each of the
three edges of w, distinct from vw and wx, with a colour from the set of
colours assigned to uui. Then, we will be able to colour the
2-neighbourhood of uv using at most 15 colours. So, we will have a colour
available in L to colour uv. This means that we will have a strong edge
colouring using at most 16 colours, which is a contradiction.

Therefore, if a 4-vertex u is adjacent to exactly one 2-vertex and a 5-vertex,
then u has at most one 3-neighbour.

Lemma 55. Every 4-vertex u in H, having no 2-neighbour, can be adjacent
to at most three 3-vertices. Moreover, if u is adjacent to exactly three
3-vertices, then the remaining neighbour of u is a 5-vertex.

Proof. Suppose that H contains a 4-vertex u adjacent to four 3-vertices.
Let v be a 3-neighbour of u. Let the remaining neighbours of u be u1, u2

and u3. Let the neighbours of v, distinct from u, be w1 and w2. Without
loss of generality, we have that dpw1q “ dpw2q “ ∆ “ 5.

Consider the 2-neighbourhood of the edge uv. Then, we can see that
|N2puvq| is at most 19.

Now, consider the vertices w1 and w2. We see that w1 cannot be adjacent
to the vertex w2, due to the condition on the girth. Furthermore, a
neighbour of w1 cannot be adjacent to w2, due to the condition on the
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girth. However, a neighbour of w1, say x, distinct from v, can be adjacent
to a neighbour of w2, say y, distinct from v. Suppose that x is adjacent to
y. Then, no other neighbour of w1 can be adjacent to y, due to the
condition on the girth. This means that each neighbour of w1 must be
adjacent to a distinct neighbour of w2. Then, we can colour the edges of
w1, distinct from vw1, and the edges of w2, distinct from vw2, with the
same set of four colours. Then, we will be able to colour the
2-neighbourhood of uv with at most 15 colours. Then, we will have a colour
available in L to colour uv. This means that we will have a strong edge
colouring using at most 16 colours, which is a contradiction.

Therefore, every 4-vertex u in H, having no 2-neighbour, can be adjacent to
at most three 3-vertices.

Now, suppose that H contains a 4-vertex u adjacent to exactly three
3-vertices and no 2-neighbour. Let v be a 3-neighbour of u. Let the
remaining two 3-neighbours of u be u1 and u2. Suppose further that u is
not adjacent to a 5-vertex. Then, the remaining neighbour of u, say u3,
must be a 4-vertex. Let the neighbours of v, distinct from u, be w1 and w2.
Without loss of generality, we have that dpw1q “ dpw2q “ ∆ “ 5.

Consider the 2-neighbourhood of the edge uv. Then, we can see that
|N2puvq| is at most 20.

Now, consider the vertices w1 and w2. We see that w1 cannot be adjacent
to the vertex w2, due to the condition on the girth. Furthermore, a
neighbour of w1 cannot be adjacent to w2, due to the condition on the
girth. However, a neighbour of w1, say x, distinct from v, can be adjacent
to a neighbour of w2, say y, distinct from v. Suppose that x is adjacent to
y. Then, no other neighbour of w1 can be adjacent to y, due to the
condition on the girth. This means that each neighbour of w1 must be
adjacent to a distinct neighbour of w2. Then, we can colour the edges of
w1, distinct from vw1, and the edges of w2, distinct from vw2, with the
same set of four colours. This means that we can colour the
2-neighbourhood of uv with at most 16 colours.

Now, consider the vertex w1. We see that w1 cannot be adjacent to any of
the vertices ui, for i “ v3w, due to the condition on the girth. However, w1

can have a neighbour adjacent to each of the vertices ui. Suppose that w1

has a neighbour adjacent to a ui. Let this neighbour be x. Let a neighbour
of ui, distinct from u and distinct from x, be y. Then, w cannot be adjacent
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to y, due to the condition on the girth. This means that w1 has at most one
neighbour adjacent to any ui. Then, we can recolour an edge of w1, distinct
from vw1 and w1x, with the colour assigned to uui. Then, we will be able
to colour the 2-neighbourhood of uv using at most 15 colours. So, we will
have a colour available in L to colour uv. This means that we will have a
strong edge colouring using at most 16 colours, which is a contradiction.

Therefore, if a 4-vertex u is adjacent to exactly three 3-vertices, then the
remaining neighbour of u is a 5-vertex.

Lemma 56. Every 5-vertex u in H can be adjacent to at most two
1-vertices. Moreover, if u is adjacent to exactly two 1-vertices, then the
remaining neighbours of u must all be 5-vertices.

Proof. Suppose H contains a 5-vertex u adjacent to at least three
1-vertices. Without loss of generality, we can assume that u is adjacent to
exactly three 1-vertices and the remaining two neighbours of u are both
5-vertices. Let v be a 1-neighbour of u. Let H 1 = H - tuvu. Then, we can
colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 12. Then,
|LzSCφpN2puvqq| ě 16´ 12 “ 4. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using less than 16 colours, which is a
contradiction.

Hence, every 5-vertex u in H can be adjacent to at most two 1-vertices.

Now, suppose that u is adjacent to exactly two 1-vertices and u has at most
two 5-neighbours. Without loss of generality, we can assume that u has
exactly two 5-neighbours and we can further assume that the remaining
neighbour of u is a 4-vertex. Let v be a 1-neighbour of u. Let H 1 = H -
tuvu. Then, we can colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, if u is adjacent to exactly two 1-vertices, then the remaining
neighbours of u must all be 5-vertices.
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Lemma 57. If a 5-vertex u in H is adjacent to exactly one 1-vertex, then
u has at most one 2-neighbour. Furthermore, if u is adjacent to exactly one
1-vertex and exactly one 2-vertex, then u must be adjacent to two 5-vertices
and the remaining neighbour of u must be a 4`-vertex.

Proof. Suppose that H contains a 5-vertex u adjacent to exactly one
1-vertex v and u has at least two 2-neighbours. Without loss of generality,
we can assume that u has exactly two 2-neighbours and we can further
assume that the remaining two neighbours of u are both 5-vertices. Let H 1

= H - tuvu. Then, we can colour the graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 14. Then,
|LzSCφpN2puvqq| ě 16´ 14 “ 2. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using less than 16 colours, which is a
contradiction.

Hence, if a 5-vertex u in H is adjacent to exactly one 1-vertex, then u has
at most one 2-neighbour.

Now, suppose that u is adjacent to exactly one 1-vertex v and u has exactly
one 2-neighbour. Suppose further that u is adjacent to at most one
5-vertex. Then, without loss of generality, we can assume that u is adjacent
to exactly one 5-vertex and the remaining two neighbours of u are both
4-vertices. Let H 1 = H - tuvu. Then, we can colour the graph H 1 using 16
colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Therefore, if u is adjacent to exactly one 1-vertex and exactly one 2-vertex,
then u must be adjacent to two 5-vertices and the remaining neighbour of u
must be a 4`-vertex.

Lemma 58. If a 5-vertex u in H is adjacent to exactly one 1-vertex and u
has no 2-neighbour, then u is adjacent to at most two 3-vertices. Moreover,
if u is adjacent to exactly one 1-vertex, exactly two 3-vertices and u has no
2-neighbour, then the remaining neighbours of u must both be 5-vertices.
Furthermore, if u is adjacent to exactly one 1-vertex, exactly one 3-vertex

79



and u has no other 3´-neighbour, then u is adjacent to at most two
4-vertices.

Proof. Suppose that H contains a 5-vertex u adjacent to exactly one
1-vertex v and u has at least three 3-neighbours. Suppose further that u
has no 2-neighbour. Without loss of generality, we can assume that u has
exactly three 3-neighbours and we can further assume that the remaining
neighbour of u is a 5-vertex. Let H 1 = H - tuvu. Then, we can colour the
graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 14. Then,
|LzSCφpN2puvqq| ě 16´ 14 “ 2. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using less than 16 colours, which is a
contradiction.

Hence, if a 5-vertex u in H is adjacent to exactly one 1-vertex and u has no
2-neighbour then, u is adjacent to at most two 3-vertices.

Now, suppose that u is adjacent to exactly one 1-vertex v and u has exactly
two 3-neighbours. Suppose further that u does not have a 2-neighbour and
is adjacent to at most one 5-vertex. Then, without loss of generality, we can
assume that u is adjacent to exactly one 5-vertex and the remaining
neighbour of u is a 4-vertex. Let H 1 = H - tuvu. Then, we can colour the
graph H 1 using 16 colours or less.

We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, if u is adjacent to exactly one 1-vertex, exactly two 3-vertices and u
has no 2-neighbour then, the remaining two neighbours of u must both be
5-vertices.

Now, suppose that u is adjacent to exactly one 1-vertex v and u has exactly
one 3-neighbour. Suppose further that u does not have a 2-neighbour and
the remaining three neighbours of u are all 4-vertices. Let H 1 = H - tuvu.
Then, we can colour the graph H 1 using 16 colours or less.
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We have that |N2puvq| in H is at most 15. Then,
|LzSCφpN2puvqq| ě 16´ 15 “ 1. Thus, there is a colour available in L to
colour uv in H, so we may extend the colouring φ to H. This means that H
can be strongly edge coloured using at most 16 colours, which is a
contradiction.

Hence, if u is adjacent to exactly one 1-vertex, exactly one 3-vertex and u
has no other 3´-neighbour, then u is adjacent to at most two 4-vertices.

Lemma 59. If a 5-vertex u in H is adjacent to exactly one 1-vertex and u
has no other 3´-neighbour, then, u is adjacent to at most three 4-vertices.

Proof. Suppose H contains a 5-vertex u adjacent to exactly one 1-vertex v
and u has no other 3´-neighbour. Suppose further that u is adjacent to
four 4-vertices. Let a 4-neighbour of u be v1 and let another 4-neighbour of
u be v2.

Consider the 2-neighbourhood of uv. We have that |N2puvq| in H is at most
16.

Now, consider the vertices v1 and v2. We see that v1 cannot be adjacent to
v2, nor can a neighbour of v1, distinct from u, be adjacent to v2, due to the
condition on the girth. We can, however, have that a neighbour of v1, say
x, distinct from u, can be adjacent to a neighbour of v2, say y, distinct from
u. Suppose x is adjacent to y. Then, x cannot be adjacent to any other
neighbour of v2, distinct from u. This means that each neighbour of v1

must be adjacent to a distinct neighbour of v2. Then, we can recolour an
edge of v1, distinct from uv1 and distinct v1x, with a colour from an edge of
v2, distinct from uv2 and distinct from v2y. This means that we can colour
the 2-neighbourhood of uv with at most 15 colours. So, we will have a
colour available in L to colour uv. This means that H can be strongly edge
coloured using at most 16 colours, which is a contradiction.

Hence, if a 5-vertex u in H is adjacent to exactly one 1-vertex and u has no
other 3´-neighbour, then, u is adjacent to at most three 4-vertices.

Lemma 60. Every 5-vertex u in H that does not have a 1-neighbour can be
adjacent to at most one 2-vertex. If u is adjacent to exactly one 2-vertex
and u has no 1-neighbour, then u has no other 3´-neighbour and u has at
most one 4-neighbour.

Proof. Suppose H contains a 5-vertex u that does not have a 1-neighbour
and is adjacent to at least two 2-vertices. Without loss of generality, we can
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assume that u is adjacent to exactly two 2-vertices and the remaining three
neighbours of u are all 5-vertices, say u1, u2 and u3. Let a 2-neighbour of u
be v and let the remaining 2-neighbour of u be u4. Let the neighbour of v,
distinct from u, be w. Without loss of generality, we can assume that w is a
5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 22.

Now, consider the vertex w. We see that w cannot be adjacent to any of
the vertices ui, for i “ v4w, due to the condition on the girth. However, w
can have a neighbour adjacent to each of the vertices ui. Suppose that w
has a neighbour adjacent to a ui. Let this neighbour be x. Let a neighbour
of uj, for j “ v3w, distinct from u and distinct from x, be y. Then, w
cannot be adjacent to y, due to the condition on the girth. This means that
w has at most one neighbour adjacent to any ui. Then, we can recolour
each edge of w, distinct from vw, with a colour from the set of colours
assigned to each uui. This means that we can colour the 2-neighbourhood
of uv with at most 18 colours.

Now, consider the vertex u4. We see that u4 has only one neighbour
distinct from u. Furthermore, we see that u4 cannot be adjacent to any of
the vertices uj, for j “ v3w, nor can a neighbour of u4 be adjacent to any uj,
due to the condition on the girth. However, u4 can have a neighbour
adjacent to a neighbour of each uj. Suppose that u4 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
neighbour of each uj, due to the condition on the girth. This means that we
can colour one edge of each uj, distinct from uuj and ut, with the colour
u4t. Then, we will need at most 15 colours to colour the 2-neighbourhood
of uv. Therefore, we will have a colour available in L to colour the edge uv.
This means that we will have a strong edge colouring using at most 16
colours, giving a contradiction.

Therefore, every 5-vertex u in H that does not have a 1-neighbour can be
adjacent to at most one 2-vertex.

Now, suppose H contains a 5-vertex u that does not have a 1-neighbour
and is adjacent to exactly one 2-vertex, say v. Suppose further that u has
at least one 3´-neighbour. Without loss of generality, we can assume that u
is adjacent to exactly one 3-vertex, say u4, and the remaining three
neighbours of u are all 5-vertices, say u1, u2 and u3. Let the neighbour of v,
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distinct from u, be w. Without loss of generality, we can assume that w is a
5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 23.

Now, consider the vertex w. We see that w cannot be adjacent to any of
the vertices ui, for i “ v4w, due to the condition on the girth. However, w
can have a neighbour adjacent to each of the vertices ui. Suppose that w
has a neighbour adjacent to a ui. Let this neighbour be x. Let a neighbour
of ui, distinct from u and distinct from x, be y. Then, w cannot be
adjacent to y, due to the condition on the girth. This means that w has at
most one neighbour adjacent to any ui. Then, we can recolour each edge of
w, distinct from vw, with a colour from the set of colours assigned to each
uui. This means that we can colour the 2-neighbourhood of uv with at
most 19 colours.

Now, consider the vertex u4. We see that u4 has only two neighbours
distinct from u. Furthermore, we see that u4 cannot be adjacent to any of
the vertices uj, for j “ v3w, nor can a neighbour of u4 be adjacent to any uj,
due to the condition on the girth. However, u4 can have a neighbour
adjacent to a neighbour of each uj. Suppose that u4 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
neighbour of each uj, due to the condition on the girth. Suppose that this
neighbour of uj is zj. Then, the neighbour of u4, distinct from t and
distinct from u, cannot be adjacent to zj, due to the condition on the girth.
This means that each neighbour of u4 is adjacent to a distinct neighbour of
uj. Then, we can colour two edges of each uj, distinct from uuj, with a
colour from the set of colours assigned to the edges of u4, distinct from uu4.
Then, we will need no more than 15 colours to colour the 2-neighbourhood
of uv. Therefore, we will have a colour available in L to colour the edge uv.
This means that we will have a strong edge colouring using at most 16
colours, giving a contradiction.

Therefore, if u is adjacent to exactly one 2-vertex and u has no 1-neighbour,
then u has no other 3´-neighbour and u has at most one 4-neighbour.

Lemma 61. Every 5-vertex u in H that has no 2´-neighbour is adjacent to
at most three 3-vertices. Furthermore, if u is adjacent to exactly three
3-vertices then, u must be adjacent to at least one 5-vertex. If u is adjacent
to at least one 3-vertex but no more than two 3-vertices, then u must be
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adjacent to at least two 5-vertices.

Proof. Suppose H contains a 5-vertex u that has no 2´-neighbour and is
adjacent to at least four 3-vertices. Without loss of generality, we can
assume that u is adjacent to exactly four 3-vertices and the remaining
neighbour of u is a 5-vertex. Let a 3-neighbour of u be v. Then, let the
remaining three 3-neighbours of u be u1, u2 and u3. Let the 5-neighbour of
u be u4 and let the two neighbours of v, distinct from u, be w1 and w2.
Without loss of generality, we can assume that each wk, for k “ v2w, is a
5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 24.

Now, consider the vertices w1 and w2. We see that w1 cannot be adjacent
to the vertex w2, due to the condition on the girth. Furthermore, a
neighbour of w1 cannot be adjacent to w2, due to the condition on the
girth. However, a neighbour of w1, say x, distinct from v, can be adjacent
to a neighbour of w2, say y, distinct from v. Suppose that x is adjacent to
y. Then, no other neighbour of w1 can be adjacent to y, due to the
condition on the girth. This means that each neighbour of w1 must be
adjacent to a distinct neighbour of w2. Then, we can colour the edges of
w1, distinct from vw1, and the edges of w2, distinct from vw2, with the
same set of four colours. Then, we will be able to colour the
2-neighbourhood of uv with at most 20 colours.

Now, consider the vertex wk, for k “ v2w. We see that wk cannot be
adjacent to any of the vertices ui, for i “ v4w, due to the condition on the
girth. However, wk can have a neighbour adjacent to each of the vertices ui.
Suppose that wk has a neighbour adjacent to a ui. Let this neighbour be x.
Let a neighbour of ui, distinct from u and distinct from x, be y. Then, wk
cannot be adjacent to y, due to the condition on the girth. This means that
wk has at most one neighbour adjacent to any ui. Then, we can recolour
each edge of wk, distinct from vwk, with a colour from the set of colours
assigned to each uui. This means that we can colour the 2-neighbourhood
of uv with at most 16 colours.

Now, consider the vertex u1. We see that u1 has only two neighbours
distinct from u. Furthermore, we see that u1 cannot be adjacent to any of
the vertices uj, for j “ v3w, nor can a neighbour of u1 be adjacent to any uj,
due to the condition on the girth. However, u1 can have a neighbour
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adjacent to a neighbour of each uj. Suppose that u1 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
neighbour of each uj, due to the condition on the girth. Suppose that this
neighbour of uj is zj. Then, the neighbour of u1, distinct from t and
distinct from u, cannot be adjacent to zj, due to the condition on the girth.
This means that each neighbour of u1 is adjacent to a distinct neighbour of
uj. Then, we can colour an edge of u4, distinct from uu4, with a colour
from the set of colours assigned to the edges of u1, distinct from uu1. Then,
we will need no more than 15 colours to colour the 2-neighbourhood of uv.
Therefore, we will have a colour available in L to colour the edge uv. This
means that we will have a strong edge colouring using at most 16 colours,
giving a contradiction.

Therefore, every 5-vertex u in H that has no 2´-neighbour is adjacent to at
most three 3-vertices.

Now, suppose that u has no 2´ neighbour and is adjacent to exactly three
3-vertices and has no 5-neighbour. Then, the remaining two neighbours of
u must be 4-vertices. Let one 3-neighbour of u be v. Consider the
configuration in the above case. If we remove an edge from u4, distinct
from uu4, and add this edge to u3 then, we have the same configuration as
the one in this current case. Then, we can colour the 2-neighbourhood of
uv as in the previous case. This means that we will have a strong edge
colouring using at most 16 colours, giving a contradiction.

Therefore, if u is adjacent to exactly three 3-vertices and has no
2´-neighbour then, u must be adjacent to at least one 5-vertex.

Now, suppose H contains a 5-vertex u that has no 2´-neighbour and is
adjacent to exactly three 3-vertices. Suppose further that u has no
5-neighbour. Without loss of generality, we can assume that the remaining
neighbours of u are both 4-vertices. Let a 3-neighbour of u be v. Then, let
the two 4-neighbours of u be u1 and u2 and let the remaining two
3-neighbours of u be u3 and u4. Let the two neighbours of v, distinct from
u, be w1 and w2. Without loss of generality, we can assume that each wk,
for k “ v2w, is a 5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 24.

Now, consider the vertices w1 and w2. We see that w1 cannot be adjacent
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to the vertex w2, due to the condition on the girth. Furthermore, a
neighbour of w1 cannot be adjacent to w2, due to the condition on the
girth. However, a neighbour of w1, say x, distinct from v, can be adjacent
to a neighbour of w2, say y, distinct from v. Suppose that x is adjacent to
y. Then, no other neighbour of w1 can be adjacent to y, due to the
condition on the girth. This means that each neighbour of w1 must be
adjacent to a distinct neighbour of w2. Then, we can colour the edges of
w1, distinct from vw1, and the edges of w2, distinct from vw2, with the
same set of four colours. Then, we will be able to colour the
2-neighbourhood of uv with at most 20 colours.

Now, consider the vertex wk, for k “ v2w. We see that wk cannot be
adjacent to any of the vertices ui, for i “ v4w, due to the condition on the
girth. However, wk can have a neighbour adjacent to each of the vertices ui.
Suppose that wk has a neighbour adjacent to a ui. Let this neighbour be x.
Let a neighbour of ui, distinct from u and distinct from x, be y. Then, wk
cannot be adjacent to y, due to the condition on the girth. This means that
wk has at most one neighbour adjacent to any ui. Then, we can recolour
each edge of wk, distinct from vwk, with a colour from the set of colours
assigned to each uui. This means that we can colour the 2-neighbourhood
of uv with at most 16 colours.

Now, consider the vertex u4. We see that u4 has only two neighbours
distinct from u. Furthermore, we see that u4 cannot be adjacent to any of
the vertices uj, for j “ v3w, nor can a neighbour of u4 be adjacent to any uj,
due to the condition on the girth. However, u4 can have a neighbour
adjacent to a neighbour of each uj. Suppose that u4 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
neighbour of each uj, due to the condition on the girth. Suppose that this
neighbour of uj is zj. Then, the neighbour of u4, distinct from t and
distinct from u, cannot be adjacent to zj, due to the condition on the girth.
This means that each neighbour of u4 is adjacent to a distinct neighbour of
uj. Then, we can colour an edge of u1, distinct from uu1, with a colour
from the set of colours assigned to the edges of u4, distinct from uu4. Then,
we will need no more than 15 colours to colour the 2-neighbourhood of uv.
Therefore, we will have a colour available in L to colour the edge uv. This
means that we will have a strong edge colouring using at most 16 colours,
giving a contradiction.

Therefore, if a 5-vertex u in H that has no 2´-neighbour is adjacent to
exactly three 3-vertices then, u must be adjacent to at least one 5-vertex.
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Now, suppose H contains a 5-vertex u that has no 2´-neighbour and is
adjacent to at least one 3-vertex. Suppose further that u has at most one
5-neighbour. Without loss of generality, we can assume that u is adjacent
to exactly one 3-vertex, say v and exactly one 5-vertex, say u1. Let the
remaining three 4-neighbours of u be u2, u3 and u4. Let the neighbours of v,
distinct from u, be w1 and w2. Then, without loss of generality, we may
assume that each wk, for k “ v2w, is a 5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 27.

Now, consider the vertices w1 and w2. We see that w1 cannot be adjacent
to the vertex w2, due to the condition on the girth. Furthermore, a
neighbour of w1 cannot be adjacent to w2, due to the condition on the
girth. However, a neighbour of w1, say x, distinct from v, can be adjacent
to a neighbour of w2, say y, distinct from v. Suppose that x is adjacent to
y. Then, no other neighbour of w1 can be adjacent to y, due to the
condition on the girth. This means that each neighbour of w1 must be
adjacent to a distinct neighbour of w2. Then, we can colour the edges of
w1, distinct from vw1, and the edges of w2, distinct from vw2, with the
same set of four colours. Then, we will be able to colour the
2-neighbourhood of uv with at most 23 colours.

Now, consider the vertex wk, for k “ v2w. We see that wk cannot be
adjacent to any of the vertices ui, for i “ v4w, due to the condition on the
girth. However, wk can have a neighbour adjacent to each of the vertices ui.
Suppose that wk has a neighbour adjacent to a ui. Let this neighbour be x.
Let a neighbour of ui, distinct from u and distinct from x, be y. Then, wk
cannot be adjacent to y, due to the condition on the girth. This means that
wk has at most one neighbour adjacent to any ui. Then, we can recolour
each edge of wk, distinct from vwk, with a colour from the set of colours
assigned to each uui. This means that we can colour the 2-neighbourhood
of uv with at most 19 colours.

Now, consider the vertex u4. We see that u4 has only two neighbours
distinct from u. Furthermore, we see that u4 cannot be adjacent to any of
the vertices uj, for j “ v3w, nor can a neighbour of u4 be adjacent to any uj,
due to the condition on the girth. However, u4 can have a neighbour
adjacent to a neighbour of each uj. Suppose that u4 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
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neighbour of each uj, due to the condition on the girth. Suppose that this
neighbour of uj is zj. Then, the neighbour of u4, distinct from t and
distinct from u, cannot be adjacent to zj, due to the condition on the girth.
This means that each neighbour of u4 is adjacent to a distinct neighbour of
uj. Then, we can recolour two edges of uj, distinct from uuj, with a colour
from the set of colours assigned to the edges of u4, distinct from uu4. Then,
we will need no more than 15 colours to colour the 2-neighbourhood of uv.
Therefore, we will have a colour available in L to colour the edge uv. This
means that we will have a strong edge colouring using at most 16 colours,
giving a contradiction.

Therefore, if a 5-vertex u having no 2´-neighbour is adjacent to at least one
3-vertex, but no more than two 3-vertices, then, u must be adjacent to at
least two 5-vertices.

Lemma 62. If a 5-vertex u in H has no 3´-neighbour, then u is adjacent
to at most two 4-vertices.

Proof. Suppose H contains a 5-vertex u with no 3´-neighbour that is
adjacent to at least three 4-vertices. Without loss of generality, we can
assume that u is adjacent to exactly three 4-vertices and the remaining two
neighbours of u are both 5-vertices. Let a 4-neighbour of u be v. Let the
remaining two 4-neighbours of u be u1 and u2. Let the two 5-neighbours of
u be u3 and u4 and let the neighbours of v, distinct from u, be w1, w2 and
w3. Without loss of generality, we can assume that each wk, for k “ v3w, is
a 5-vertex.

Consider the 2-neighbourhood of uv. Then, we can see that |N2puvq| is at
most 33.

Now, consider the vertices wk. We see that wk cannot be adjacent to the
vertex wm, for m “ v3w;m ‰ k, due to the condition on the girth.
Furthermore, a neighbour of wk cannot be adjacent to wm, due to the
condition on the girth. However, a neighbour of wk, say x, distinct from v,
can be adjacent to a neighbour of wm, say y, distinct from v. Suppose that
x is adjacent to y. Then, no other neighbour of wk can be adjacent to y,
due to the condition on the girth. This means that each neighbour of wk
must be adjacent to a distinct neighbour of wm. Then, we can colour the
edges of wk, distinct from vwk, and the edges of wm, distinct from vwm,
with the same set of four colours. Then, we will be able to colour the
2-neighbourhood of uv with at most 25 colours.
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Now, consider the vertex wk, for k “ v3w. We see that wk cannot be
adjacent to any of the vertices ui, for i “ v4w, due to the condition on the
girth. However, wk can have a neighbour adjacent to each of the vertices ui.
Suppose that wk has a neighbour adjacent to a ui. Let this neighbour be x.
Let a neighbour of ui, distinct from u and distinct from x, be y. Then, wk
cannot be adjacent to y, due to the condition on the girth. This means that
wk has at most one neighbour adjacent to any ui. Then, we can recolour
each edge of wk, distinct from vwk, with a colour from the set of colours
assigned to each uui. This means that we can colour the 2-neighbourhood
of uv with at most 21 colours.

Now, consider the vertex u1. We see that u1 has only three neighbours
distinct from u. Furthermore, we see that u1 cannot be adjacent to any of
the vertices uj, for j “ 2, 3, 4, nor can a neighbour of u1 be adjacent to any
uj, due to the condition on the girth. However, u1 can have a neighbour
adjacent to a neighbour of each uj. Suppose that u1 has a neighbour t
adjacent to a neighbour of each uj. Then, t is adjacent to at most one
neighbour of each uj, due to the condition on the girth. Suppose that this
neighbour of uj is zj. Then, the neighbour of u1, distinct from t and
distinct from u, cannot be adjacent to zj, due to the condition on the girth.
This means that each neighbour of u1 is adjacent to a distinct neighbour of
uj. Then, we can recolour two edges of each uj, distinct from uuj, with a
colour from the set of colours assigned to the edges of u1, distinct from uu1.
Then, we will need at most 15 colours to colour the 2-neighbourhood of uv.
Therefore, we will have a colour available in L to colour the edge uv. This
means that we will have a strong edge colouring using at most 16 colours,
giving a contradiction.

Therefore, a 5-vertex u having no 3´-neighbour is adjacent to at most two
4-vertices.

Now, we proceed to use the discharging method on the graph H.

Discharging procedure We use the discharging method as in
Section 3.3.3 of this dissertation. We use a multiple of k “ 5 for
Equation (3.1), as detailed in Section 3.3.3.

We define the discharging rules as follows:

(R1): Every face gives 2 to each incident 1-vertex.

(R2): Every 1-vertex gives 1
2

to each adjacent 5-vertex.
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(R3): Every 4-vertex gives 1 to each adjacent 2-vertex.

(R4): Every 4-vertex gives 1
2

to each adjacent 3-vertex.

(R5): Every 5-vertex gives 1 to each adjacent 2-vertex.

(R6): Every 5-vertex gives 1
2

to each adjacent 3-vertex.

(R7): Every 5-vertex gives 1 to each adjacent 4-vertex.

First, consider the charge on a k-face f P F pHq. The initial charge on f is
chpfq “ k ´ 5. We have that k ě 5, by the condition on the girth. If f has
p incident 1-vertices, then k ě 5` 2p.

Then, by (R1), the final charge on f is ch1pfq ě k ´ 5´ 2p ě 0.

So, ch1pfq ě 0.

Now, we consider the charge on a k-vertex v P V pHq.

Case k “ 1 : We have that chpvq “ 3
2
p1q ´ 5 “ ´7

2
.

By Lemma 51, v must be adjacent to a 5-vertex. Furthermore, by
Lemma 56, this 5-vertex has at most one other 1-neighbour. Then, every
1-vertex in H must be incident to at least two 5`-faces. Therefore, by (R1)
and (R2), the final charge on v is ch1pvq ě ´7

2
` 2p2q ´ 1

2
p1q “ 0.

So, ch1pvq ě 0.

Case k “ 2 : We have that chpvq “ 3
2
p2q ´ 5 “ ´2.

By Lemma 52, v must be adjacent to two 4`-vertices.

• Suppose v is adjacent to two 4-vertices. Then, by (R3), the final
charge on v is ch1pvq “ ´2` p1q2 “ 0.

• Suppose v is adjacent to one 4-vertex and one 5-vertex. Then, by
(R3) and (R5), the final charge on v is ch1pvq “ ´2` 1` 1 “ 0.

• Suppose v is adjacent to two 5-vertices. Then, by (R5), the final
charge on v is ch1pvq “ ´2` p1q2 “ 0.
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So, ch1pvq “ 0.

Case k “ 3 : We have that chpvq “ 3
2
p3q ´ 5 “ ´1

2
.

By Lemma 53, v is adjacent to at least one 4`-vertex. Then, by (R4) and
(R6), the final charge on v is ch1pvq ě ´1

2
` 1

2
“ 0.

So, ch1pvq ě 0.

Case k “ 4 : We have that chpvq “ 3
2
p4q ´ 5 “ 1.

• Suppose v is adjacent to a 2-vertex. Then, by Lemma 54, v is
adjacent to at most two 2-vertices.

– Suppose v is adjacent to one 2-vertex and v has no 5-neighbour.
Then, by Lemma 54, v is adjacent to three 4-vertices. So, by
(R3), the final charge on v is ch1pvq “ 1´ 1 “ 0. Suppose v is
adjacent to one 2-vertex and v has a 5-neighbour. Then, by
Lemma 54, v is adjacent to at most one 3-vertex. So, by (R3),
(R4) and (R7), the final charge on v is
ch1pvq ě 1´ 1´ 1

2
p1q ` 1 “ 1

2
ą 0.

– Suppose v is adjacent to two 2-vertices. Then, by Lemma 54, v
must be adjacent to at least one 5-vertex. So, by (R3) and (R7),
the final charge on v is ch1pvq ě 1´ 1p2q ` 1 “ 0.

• Suppose v is not adjacent to a 2-vertex. Then, v is adjacent to at
most three 3-vertices, by Lemma 55.

– Suppose v is adjacent to exactly one 3-vertex. Then, by
Lemma 55, v has at most three 5-neighbours. So, by (R4) and
(R7), the final charge on v is ch1pvq ě 1´ 1

2
p1q “ 1

2
ą 0.

– Suppose v is adjacent to exactly two 3-vertices. Then, by
Lemma 55, v has at most two 5-neighbours. So, by (R4) and
(R7), the final charge on v is ch1pvq ě 1´ 1

2
p2q “ 0.

– Suppose v is adjacent to exactly three 3-vertices. Then, by
Lemma 55, the remaining neighbour of v is a 5-vertex. So, by
(R4) and (R7), the final charge on v is
ch1pvq “ 1´ 1

2
p3q ` 1 “ 1

2
ą 0.
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So, ch1pvq ě 0.

Case k “ 5 : We have that chpvq “ 3
2
p5q ´ 5 “ 5

2
.

• Suppose v is adjacent to a 1-vertex. Then, by Lemma 56, v is
adjacent to at most two 1-vertices.

– Suppose v is adjacent to exactly one 1-vertex. Then, by
Lemma 57, v has at most one 2-neighbour.

∗ Suppose v is adjacent to exactly one 2-vertex. Then, by
Lemma 57, v is adjacent to at most one 4-vertex and v has
no 3-neighbour. So, by (R2), (R5) and (R7), the final charge
on v is ch1pvq ě 5

2
` 1

2
p1q ´ 1´ 1 “ 1 ą 0.

∗ Suppose v has no 2-neighbour. Then, by Lemma 58, v is
adjacent to at most two 3-vertices. If v is adjacent to exactly
two 3-vertices and v has no 2-neighbour then, by Lemma 58,
v has no 4-neighbour. So, by (R2) and (R6), we have that
the final charge on v is ch1pvq “ 5

2
` 1

2
p1q ´ 1

2
p2q “ 2 ą 0. If v

is adjacent to exactly one 3-vertex and v has no 2-neighbour,
then, by Lemma 58, v has at most two 4-neighbours. Then,
by (R2), (R6) and (R7), we have that the final charge on v
is ch1pvq ě 5

2
` 1

2
p1q ´ 1

2
p1q ´ 1p2q “ 1

2
ą 0. If v is adjacent to

a 1-vertex and no other 3´-neighbour, then, by Lemma 59, v
is adjacent to at most three 4-vertices. So, by (R2) and
(R7), we have that the final charge on v is
ch1pvq ě 5

2
` 1

2
p1q ´ 1p3q “ 0.

– Suppose v is adjacent to exactly two 1-vertices. Then, by
Lemma 56, the remaining neighbours of v are all 5-vertices. So,
by (R2), we have the final charge on v is
ch1pvq “ 5

2
` 1

2
p2q “ 7

2
ą 0.

• Suppose v is adjacent to a 2-vertex and v has no 1-neighbour. Then,
by Lemma 60, v can only be adjacent to one 2-vertex. Furthermore, v
has no 3-neighbour and v has at most one 4-neighbour. Then, by
(R5) and (R7), we have that the final charge on v is
ch1pvq ě 5

2
´ 1´ 1 “ 1

2
ą 0.

• Suppose v is adjacent to a 3-vertex and has no 2´-neighbour. Then,
by Lemma 61, v is adjacent to at most three 3-vertices. Furthermore,
by Lemma 61, v has at most one 4-neighbour. So, by (R6) and (R7),
we have that the final charge on v is ch1pvq ě 5

2
´ 1

2
p3q ´ 1 “ 0.

92



• Suppose v is adjacent to a 4-vertex and has no 3´-neighbour. Then,
by Lemma 62, v is adjacent to at most two 4-vertices. So, by (R7), we
have that the final charge on v is ch1pvq ě 5

2
´ 1p2q “ 1

2
ą 0.

Now, we see that the total final charge of H is a positive value. However,
we obtain the following contradiction :

0 ď
ÿ

xPV pHqYF pHq

ch1pxq “
ÿ

xPV pHqYF pHq

chpxq “ ´10 ă 0

Thus, the counterexample H does not exist and so the theorem is true.

This concludes the proof.
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Chapter 8

Conclusion and Open Questions

Strong edge colouring of a graph G is a labeling of colours to the edges of
G, such that no two edges at distance at most 2 have the same colour. The
smallest integer k for which G can be strongly edge coloured is known as
the strong chromatic index, denoted χ1spGq. This dissertation considered
the upper bound on the strong chromatic index for planar graphs.

In this dissertation, the concept of strong edge colouring, along with basic
terminology associated with graphs, was introduced in Chapter 1.
Thereafter, in Chapter 2, we presented important theorems that gave an
upper bound for the strong chromatic index. Following this, in Chapter 3,
we discussed the aims of the dissertation and proposed the research
question and hypothesis of the dissertation. In particular, we hypothesised
that the conjecture posed by Song et al [16] was indeed true. The
conjecture hypothesised that for planar graphs G with maximum degree
∆pGq “ 5 and girth g “ 5, the strong chromatic index of G, χ1spGq, is at
most 16. Additionally, in Chapter 3, we discussed the methodology that
was used to prove this statement to be true. In Chapter 4, we proved
Theorem 1 to Theorem 3, as listed in Chapter 2 of this dissertation. In
particular, we showed that for a graph G with sufficiently large maximum
degree ∆pGq, χ1s pGq ď 1.93∆ pGq2. We also proved that for a planar graph
G with maximum degree ∆pGq, χ1spGq ď 4χ1pGq ď 4∆pGq ` 4. Finally, we
showed that for a special class of planar graphs, χ1spGq “ 4∆pGq ´ 4, for
∆pGq ě 2. In Chapter 5, we proved Theorem 4 and Theorem 5, as listed in
Chapter 2 of this dissertation. More specifically, we showed that for planar
graphs G with maximum degree ∆pGq ě 4 and girth g ě 6,
χ1spGq ď 3∆pGq ` 5. Furthermore, we proved that for the same set of
planar graphs, χ1spGq ď 3∆pGq ` 1. Following this, in Chapter 6, we proved
Theorem 6, as listed in Chapter 2 of this dissertation. In particular, we
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proved that for planar graphs G with maximum degree ∆pGq ě 7, or for
planar graphs G with maximum degree ∆pGq ě 5 and girth g ě 4, or for
planar graphs G with girth g ě 5, χ1spGq ď 4∆pGq. Finally, in Chapter 7,
we proved Theorem 7 and Theorem 8, as listed in Chapter 2 of this
dissertation. More specifically, we showed that for a planar graph G with
maximum degree ∆pGq ě 6 and girth g ě 5, χ1spGq ď 4∆pGq ´ 2. Then, we
proved that for planar graphs with maximum degree ∆pGq “ 5 and girth
g ě 5, χ1spGq ď 19. In Chapter 7, we also gave a proof for our hypothesis
that was proposed in Section 3.2 of this dissertation. To be specific, we
proved that for a planar graph G, with maximum degree ∆pGq “ 5 and
girth g “ 5, χ1spGq ď 3∆pGq ` 1 “ 16.

We give a summary of the results of the theorems in the table below :

∆(G) = 4 ∆(G) = 5 ∆(G) = 6 ∆(G) ≥ 7

No girth
restriction

4∆(G) + 4 4∆(G) + 4 4∆(G) + 4 4∆(G)

g ≥ 4 4∆(G) + 4 4∆(G) 4∆(G) 4∆(G)

g = 5 4∆(G) 3∆(G) + 1 4∆(G) - 2 4∆(G) - 2

g ≥ 6 3∆(G) + 1 3∆(G) + 1 3∆(G) + 1 3∆(G) + 1

Table 8.1: Table showing strong chromatic index for planar graphs G with
particular values for girth g and particular values for maximum degree ∆pGq

We conclude the dissertation by noting the following open questions for
further work :

Question 1 [2] For planar graphs G, with girth g = 4 and maximum
degree ∆pGq = 4, can we have that χ1pGq “ ∆pGq ?

If we can prove that we can indeed have that χ1pGq “ ∆pGq for Question 1,
then we can conclude that for planar graphs G with girth g ě 4 and
maximum degree ∆pGq ě 4, χ1spGq ď 4∆pGq.

Question 2 [16] For planar graphs G, with girth g = 5 and maximum
degree ∆pGq = 6, can we have that χ1spGq ď 3∆pGq ` 1 ?

We also propose two questions of our own :

Question 3 For planar graphs G, with girth g = 5 and maximum degree
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∆pGq = 4, can we have that χ1spGq ď 3∆pGq ` 1 ?

Question 4 For planar graphs G, with girth g = 5 and maximum degree
∆pGq ě 7, can we have that χ1spGq ď 3∆pGq ` 1 ?

If we can prove the upper bounds for the strong chromatic index in
Question 2, Question 3 and Question 4 to be true, then we can conclude
that for planar graphs G, with girth g ě 5 and maximum degree ∆pGq ě 4,
χ1spGq ď 3∆pGq ` 1.
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