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We obtained the solutions of Einstein’s Field Equations (EFEs) for locally rotationally
symmetric (LRS) Bianchi type-I perfect fluid spacetimes through the concircular vector
fields (CCVFs) in f(T) gravity. It is shown that such metrics admit CCVFs of 4, 5, 6,
7, 8 and 15 dimensions. We also calculated the energy density, fluid pressure, torsion
scalar T and the form of the function f(7"). We did not specify the form of f(T') for
the solution of EFEs but found a particular form of f(7") during the process of finding
the CCVFs. It is observed that energy density and fluid pressure of some solutions are
related as p = —p, which means that the universe represented by these spacetime metrics
behaves like dark energy models. For other solutions, it is observed that the fluid pressure
and energy density can remain positive for particular choices of the constants involved.
Thus, in these cases the rate of expansion can slow down due to positive attractive
effect. We also calculated the Hubble’s parameter (H), scalar expansion (6), shear scalar
(02), anisotropy parameter (A.,) and the deceleration parameter (q) associated with
each of the obtained exact LRS Bianchi type-I solutions. It is observed that the physical
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behavior of the spacetime changes with the number of admitting CCVFs. A constant
anisotropic behavior for 15-dimensional CCVFs is observed to change to isotropic nature
for seven-dimensional CCVFs.

Keywords: Concircular vector fields; conformal factors; f(7') gravity.

1. Introduction

In general relativity (GR), spacetime symmetries are essential for solving Einstein’s
Field Equations (EFEs). Symmetry refers to a local smooth diffeomorphism
which holds the geometric properties of spacetime manifold. This geometrical
characteristic could refer specifically to tensors like metric tensor, Riemann ten-
sor or Ricci tensor [I]. Therefore, one could derive any geometrical symmetry along
a vector field by considering its Lie derivative along the vector field. Various sym-
metries have been discussed in the literature such as Killing, homothetic, confor-
mal and concircular symmetries. Conformal symmetry means a vector field which
maintains the spacetime metric up to a certain conformal factor. A conformal factor
is a particular function of the spacetime coordinates. When the conformal factor
becomes a nonzero constant, then the conformal Killing vector fields (CKVFs)
reduce to homothetic vector fields (HVFs) and when the conformal factor van-
ishes, then CKVFs become the Killing vector fields (KVFs). Also, a concircular
vector field (CCVF) X is the one in which concircular mapping is maintained along
the local flow by the vector field X, i.e. a mapping which maintains the geodesic
circles.

Conformal and concircular symmetries are crucial to examine because they play
a significant role at the geometric, dynamical and kinematic levels. At the geometric
level, these symmetries could make possible the choice of coordinates so that one
of the metric components is singled out and the metric is simplified. The CKVF's
have the geometric property of preserving the structure of the null cone by mapping
null geodesics to null geodesics, while the CCVFs have the geometric property of
preserving geodesic circles (i.e. preserving curves of constant geodesic curvature).
These two symmetries could be helpful in imposing restrictions on the kinematic
variables such as rotation, expansion and shear to produce interesting physical
results. An important dynamical use of these two symmetries is to apply them for
solving EFEs and obtain some new exact solutions with better physical properties.
Conformal and concircular symmetries also play a key role in the classification and
categorization of the known solutions of the field equations.

Many researchers have used conformal symmetry to analyze physical properties
of our universe. Rahaman et al. [2,[3] studied the anisotropic and relativistic stars
admitting CKVF. Esculpi and Aloma [4] worked on a charged fluid sphere with
a linear equation of state and admitting CKVFs. The authors have also dis-
cussed the dynamical stability of the system. Usmani et al. [5] studied the charged
gravastar admitting CKVFs. Some other researchers showed their interest in obtain-
ing CKVFs admitted by particular classes of some well-known spacetimes. Maartens
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and Maharaj [6] obtained all 15 CKVFs of Robertson—Walker spacetimes. The same
authors obtained the CKVFs of pp-waves [7]. They showed that nonconformally flat
pp-waves always admit six CKVFs and one proper homothetic vector field, but in
general, they do not admit special conformal vector fields. Moopanar and Maharaj
[8] classified spherically symmetric spacetimes by their CKVFs without specifying
the form of matter distribution. Rigidly rotating perfect fluid spacetimes admitting
proper CKVFs were explored by Kramer and Carot [9]. Hussain et al. [10] obtained
the CKVFs of locally rotationally symmetric (LRS) Bianchi type-V spacetimes.
Khan et al. [ITL12] classified static and nonstatic plane symmetric spacetimes as
per their CKVFs. Khan et al. [13] also investigated CKVFs of Bianchi type-I space-
times. They showed that particular classes of Bianchi type-I spacetimes admit 5 or
15 CKVFs. Schouten [I4] and Eisenhart [I5] disclosed that all nonconformally flat
spacetimes admit 15 CKVFs. Hall and Steele [16] carried out a study in which they
proved that the maximum dimension of conformal algebra for nonconformally flat
spacetimes is seven and it is 15 for conformally flat spacetimes. Maartens et al.
obtained the CKVFs for conformally flat and nonconformally flat static spherically
symmetric spacetimes [I7]. Their results showed that when the spacetime is not
conformally flat, it admits just two proper CKVFs. They also concluded that when
the spacetime is conformally flat, 11 proper CKVFs exist. Shabbir and Ali studied
the CKVFs of Bianchi types VIII and IX as well as spatially homogeneous rotating
spacetimes [I8,[19]. They proved that spatially homogeneous rotating spacetimes
do not admit proper CKVFs.

Concircular symmetry is also considered as an important symmetry of spacetime
which provides better insight of spacetime geometry and physics. The concept of
concircular vector fields had been proposed by Fialkow [20] over Riemannian mani-
folds. CCVFs have numerous mathematical as well as physical applications in GR.
Chen [21] categorized Ricci solitons with a concircular potential field and explored
the uses of CCVFs for Ricci solitons. CCVFs can be utilized to create unique con-
formal Killing tensors, which are crucial in lots of different research fields. Chen
[22] reported that a time-like CCVF will be admitted by a Lorentzian manifold
if and only if it is a generalized Robertson—Walker spacetime. The existence of
CCVFs on a Riemannian manifold modifies the topology and geometry of Rieman-
nian manifolds. Chen and Deshmukh [23] used CCVFs to obtain new geometrical
characterizations of spheres, Euclidean spaces and complex Euclidean spaces. From
the physical perspective, CCVFs are useful while working in general relativity; for
example, geodesics of time-like CCVF's in the de Sitter model govern the world lines
of retreating or striking galaxies which satisfy Weyl hypothesis [2I]. Many authors
showed their interest to obtain the CCVFs of different spacetimes. Ali and Khan
[24] explored the CCVF's of plane symmetric static spacetimes. Mahmood et al. [25]
explored the CCVFs on the Lorentzian manifold of LRS Bianchi type-I spacetimes.
Also, they [26] investigated the CCVFs for the LRS Bianchi type-V spacetimes.
Khan et al. [27] investigated the CCVFs for Kantowski-Sachs and Bianchi type-III
spacetimes.
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The general theory of relativity has certain limitations. For example, it does
not predict the expansion of the universe. Researchers are of the opinion that an
unknown force having strong negative pressure is responsible for this expansion.
This force is believed to exist due to an energy known as dark energy. Numerous
modified theories have been proposed to identify the source of dark energy. These
modified theories gain the attention of the researchers as some of them have the
ability to explain the inflationary phase and the dark energy era. The f(R) theories
of gravity are the simplest generalization of GR, where the Einstein—Hilbert action is
generalized by introducing a general function of R instead of the Ricci scalar. Gauss—
Bonnet theories represent a class of modified theories of gravity, and a particular
subclass of this theory is known as the f(G) theory of gravity. f(G) theory has been
extended to f(R,G) theory, where G stands for the Gauss—Bonnet invariant and
R denotes the Ricci scalar. The f(7T') theory is another modified theory of gravity.
f(T) gravity is a generalization of the teleparallel equivalent of GR, where f(T') is a
function of the torsion scalar T'. For a number of reasons, the f(T') gravity is quite
significant, e.g. it can identify the models of inflation [2829]. Another important
modified theory of gravity is known as the f(R,T) theory of gravity, where R is the
Ricci scalar and T is the trace of the energy—momentum tensor. f(R,T) theory of
gravity is believed to be effective in cosmological studies.

Spacetime symmetries are not only considered in GR but also discussed widely in
modified theories of gravity by different authors. Hussain et al. [30] investigated the
CKVFs in f(R) theory of gravity for Bianchi type-1I spacetimes. They proved that
Bianchi type-II spacetimes possess no proper CKVF. In the f(R) theory of gravity,
Shabbir et al. [31] categorized static spherically symmetric spacetimes according to
their CKVFs by applying the direct integration technique. They investigated that
these spacetime metrics admit no proper CKVF in the f(R) theory of gravity. Hus-
sain et al. [32] also studied CKVFs of perfect fluid nonstatic plane symmetric space-
times. Qazi et al. [33] deduced several types of Bianchi type-I perfect fluid spacetime
metrics from the field equations of f(7") theory of gravity and then obtained the
CKVFs for each metric. They concluded that 3, 4, 5, 6 or 15 CKVF's exist for Bianchi
type-I perfect fluid spacetimes in the f(T) theory of gravity. In f(T) gravity, Qazi
et al. [34] obtained the particular solutions of EFEs for the Kantowski-Sachs and
Bianchi type-III spacetimes and explored the CKVFs for each spacetime metric.
They found that such spacetime metrics admit CKVFs of dimensions 4, 5, 6 or 15.
In the f(T) gravity, Hussain et al. [35] classified the static spherically symmetric
perfect fluid spacetimes by CKVFs. According to their analysis, these spacetimes
admit proper CKVFs in the f(T') gravity. Shah et al. [36] classified the perfect
fluid plane symmetric static spacetimes according to their CCVFs in f(7T') the-
ory. Their study revealed that in f(T) gravity, perfect fluid static plane symmetric
spacetimes admit CCVFs of 4, 5, 6, 7, 8 and 15 dimensions. They also obtained
the form of f(7'). In some cases, they obtained a nonlinear function of the torsion
scalar T. Malik et al. [37] solved the EFEs of static spherically symmetric perfect
fluid spacetimes in f(T, B) gravity and then obtained the CKVFs for each solution.
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Conformal vector fields were investigated in f(R,G) theory of gravity by Hussain
et al. [38] for static spherically symmetric spacetimes. In this study, they deduced
that there exist six cases which provide 4-, 6- and 15-dimensional CKVFs. In the
f(R,T) gravity, Mehmood et al. [39] explored the proper CKVFs of Bianchi type-I
perfect fluid spacetimes. They came to the conclusion that Bianchi type-I space-
time metrics possess CKVFs of dimensions 3, 4, 5 and 15 in the f(R,T') theory of
gravity.

The aim of this study is to classify the perfect fluid LRS Bianchi type-I space-
times as per their CCVFs in the f(T') theory of gravity. The rest of the paper is
organized as follows: In Sec. 2] we will obtain 20 differential equations of concircular
symmetry for LRS Bianchi type-I spacetimes. Some algebraic techniques will also
be applied to obtain the components of CVFs along with integrability conditions.
In Sec. Bl we will derive the EFEs in f(T) theory of gravity for the LRS Bianchi
type-I spacetime by choosing a perfect fluid environment. In this section, we will
also solve those EFEs and the concircular symmetry equations simultaneously. All
the obtained results will be listed as different cases. In Sec.[d] some physical quanti-
ties are derived for the obtained results and are discussed briefly. A brief summary
and a discussion of the results are given in the last section.

2. Concircular Vector Field Equations

In this section, our aim is to obtain the CCVF equations for LRS Bianchi type-
I spacetimes. A vector field X is said to be CCVF if it satisfies the following
equations:

Lx gij = gijk X* + gji X5 + g X5 = 20 915, (1)
ViVia=a.;—Thar=Bgj (2)

where g;; is a metric tensor, Ffj denotes the Christoffel symbols of the second kind,
Lx stands for the Lie derivative along X, V;V; is the Hessian while o and (3 are
conformal factors.

Nine types of Bianchi models are the best conventional cosmological models for
describing the universe. Modern experimental data has shown that our universe is
not completely flat but it has some curvature. As Bianchi models are anisotropic,
they can provide us with a better insight of the universe. Some of the Bianchi
models may show isotropic behavior at late time and this fact makes them the
best choice for studying dark energy models. All the nine Bianchi spacetime mod-
els are spatially homogeneous spacetimes of dimension 1 + 3 that have G3 as the
group of motions which acts on space-like hypersurfaces. The line element for
LRS Bianchi type-I spacetime in the conventional coordinates (¢,z,y,z) labeled

by (2, xt, 2%, 23), respectively, is given by [40]

ds® = —dt® + K2(t) dz® + M2(t) (dy® + d2?), (3)
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such that K and M are functions of ¢ only. The minimal KVFs which the above
spacetime (@) admits are

0 0 0 0 0

L V== Va=—. Vi=a2— —y—. 4
or’ P oy P oz ! Zay Yoz ()

Equations () and (2] when written explicitly will generate 20 partial differential
equations of first order. These equations will be solved through integrating directly.

Vi =

In the whole process, some algebraic techniques will also be applied and some
equations will be solved by using Maple or Mathematica software. In this process,
the conformal factors will also be obtained. These conformal factors will decide
whether the obtained vector fields will be concircular, conformal, homothetic or
Killing.

Using Eq. @) in Egs. (@) and @), we obtain the following set of coupled
equations:

X% =al(t,z,y, 2), (5)

X% - K*X} =0, (6)

X5 —M?XG5 =0, (7)

X5 = M>XG =0, (8)

KX°+ KX} = Ka(t,2,y,2), (9)

K?XY + M?X3 =0, (10)

K2X% + M?X5 =0, (11)

J\IXO—i—MX’2 = Ma(t,z,y, 2), (12)

X3+ X% =0, (13)

MX°+ MX% = Ma(t,z,y,z) (14)
and

@00 + B(t, x,y,2) =0, (15)

Koy = Koz,l, (16)

Ma gy = Mas, (17)

Mags = Ma, (18)

an = K*3+ KKay, (19)

a2 =0, (20)

a3 =0, (21)

(22)

05’22 = MQﬁ + MMOé’O,
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a3 =0, (23)

sy =M?B+ MMoy, (24)
where “dot” represents a derivative with respect to t. Now our strategy is to find a
solution for the above equations. We first solve Eqs. (B)—(I4]) by direct integration
technique to find the components X% X!, X2 and X?3. We will then substitute the
resulting components in Eqgs. (I8)—(24) to obtain the differential constraints, which
when solved will give us the concircular vector fields. The process of obtaining these
components is explained in the following.

Differentiating Eqs. @), (I0) and (I2) with respect to z, y and x, respectively,
and solving the resulting equations gives

Xhy=X33=X3,=0. (25)

Also, differentiating Eqgs. [@), (@) and ([IZ) with respect to z, y and ¢, respectively,
and solving the obtained equations among themselves, we get

X%y = X703 =X, =0. (26)
Following the same pattern for Eqs. (@), (@) and ([I3]), we get
Xy — Xy = Xy + X3 =0, i=0,1, j=2,3. (27)

Now, substitute the outcome of integration of Eqs. (24) and (23]) into Eq. (26]) and
integrate the resulting equation. The last obtained equation can be used in Egs. (@),

@, @), (@A) and [IZ) to obtain the following system:
X0 = Hy+ M2[H2y + Hsz + H4(y2 + 22)],
X''=Hy, + M>?K%[Hjy + Hiz + H,(y* + 2?)],

(28)
X2 = Hy+2yHy + c12 + ca(y? — 22) + 2c3y2,
X3 = H3+2zHy — c1y — c3(y? — 22) + 2c2y2,
with the conformal factor af(t,z,y,z) = X%(t,x,y,z), where c¢1, ¢y and c3 are
arbitrary constants and H; = H;(t,z), i = 0,1,2,3,4, are given by
_ Fy(t) K(t)
Ho(t, z) = M(t) (Gl(:c)+2/M . 4(x)/MTdt ,
t) / / K(t)
Hy(t G G (z dt + 2G)(x dt | dt
( x) 0( )+ /K2 ) + K2 M2(t) )
K(t)Gy(x)
H(t = Fi(t ————= k=2,3,4
k(t, @) = Fi(t) + M@
(29)
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To find the integrability conditions, substituting the above equations in 10 con-
formal Killing equations, seven of these conformal Killing equations are satisfied
directly and the remaining equations give the following integrability conditions:

[M2K + KM? — M(KM + MK)|Gy,
= M[2¢; — M(MFEy, + MEy)],
M[GY + 2K MFEy, + M(KFy, — KEy)]

=[K(KM - KM) - M(KK — K?)|Gy, k=234, (30)

M M K
MK {G()JFG’{ ﬁdt+202{/ﬁ </ Wdt> dt}

. . K Fy
+M(MK - KM) [G1+G4/Wdt+2 Mdt]

:2K(KG4+MF4),
where G; = G;(x), F, = Fi(t),i = 0,1,2,3,4and k = 2,3,4.

3. EFEs and CCVFs in f(T) Gravity

The f(T) gravity is based upon the Weitzenbiock connections whose geometry with
the metric is defined by

ds? = gapdz®da®, (31)

where gq, = mijelel with 7;; = diag(—1,1,1,1) are the metric components and e,
represents the tetrad field. The mathematical formulation between the Weitzenbock
connections and tetrad is

le’ = eai&,ei# = fei#&,ef‘. (32)

This connection is the foundation upon which the basic geometrical objects of
spacetime are built up. The antisymmetric portion of this connection serves to
determine the elements of the torsion tensor, which is

Tn, =1y, -1, = e (Oue'y — Ope'y). (33)
Another important tensor known to be the contorsion tensor is defined as
1
KA = —(TW = T2~ TW), (34)

To define the term torsion scalar, we need to define a new tensor S**, which is
called a superpotential tensor and is defined by

1
8" = (KL + 08Ty — 5T, (35)
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In this section, first we will derive the EFEs for perfect fluid LRS Bianchi
type-1 spacetimes in f(7T') gravity and then we will solve those field equations. The
procedure is to find the LRS Bianchi type-I solutions in the f(7") gravity and then
utilize those solutions to categorize via CCVFs. The EFEs in f(T') gravity are

) 1
S5°0,T frr + |e7 b, (eebSiP) + Th0sSM) fr+ 305 = 4nBg,  (36)

where f = f(T), fr and frr denote the first and second derivatives of the
function f(7T') with respect to T, Sg” is the spin tensor, e indicates the deter-
minant of tetrad field e ;, E§ is the energy-momentum tensor and T 3 represents
the torsion tensor. It is to be mentioned here that in teleparallel gravity there
is a larger class of Bianchi type-I solutions, see e.g. [4I]. Here, we will study a
subclass of all Bianchi type-I solutions and consider the existence of CCVFs in
more general Bianchi type-I geometries. The chosen tetrad for the spacetimes (B
is: el = diag(1, K(t), M(t), M(t)). The following are the nonzero components of
torsion tensor and superpotential tensor:

K M M 1K M
Tn=% Te=To=qp Si'=gp S°=5"= 5[?+M}
The torsion scalar T is defined by the following contraction [44]:
T=Tg S5 (37)

Using Eq. 1), we will get the torsion scalar T for the above spacetimes ([B]) as

T_2<2KM+K>. (38)

KM M?

Taking perfect fluid as a source of energy-momentum tensor, Eq. (B8] after
using (3) yields the following equations:

2KM M2
4 -1
frd\ g7 T ap | (@) 6mp, (39)
'M'Z‘ M KM M
4 AT == fpp(T) = 1 4
Fdapt ot | fr@) + 4T3 fro(T) = 167p, (40)
‘M2 K M 3KM N LK
Il —1 11
R Ry g v Jo(T) + 201 v E Jrr(T) =16mp,  (41)

where p denotes the energy density and p indicates the pressure of the fluid
distribution. Now the objective is to solve Egs. [B9)—(#I), which have three
unknowns K, M and fr. Here, one can use several approaches to find the solutions
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of Egs. B9)—(I)). One method is to specify f(T') and then proceed for the values of
K and M. Another approach is to place restrictions on the spacetime component
derivatives and look for the function f(7T'), which then yields the analytical solutions
to the above Eqgs. (B9)-(Il). Before setting such a process into place, we subtract
Eqs. (@) and (@) from Eq. B9). This will provide two equations which yield the
following after subtraction:

[KM MK M]fT() (g %

W—W‘i‘K i ___> TfTT(T):O' (42)

To solve the above equation, we discuss two cases:

(1) When 7' = 0 = fr(T) = frr(T) = 0 = f(T) = 167\, where )\g is an
arbitrary constant. In this case we have p(t) = Ao = —p(t).
(2) When T' # 0, Eq. ([@2) can be written in the following form:

[KM? — M?K + M (KM — KM)| fr(T)

T) = - — 43
frr(T) M(ME — KNI)T (43)
Integrating Eq. ([@3)), we get
A
T)= - —. 44
Again integrating Eq. ([44), we get
MT(t
= Ao+ / : dt, (45)
M(MK — KM)

where \g, A1 are arbitrary constants of integration.
Now, differentiating the first equation of (B0l with respect to x, we obtain the
following important equation:

[KMQ + MK — M (KM + KM)} Gi(x) =0=LH)G4(z), Kk = 2,3,4.
(46)

We did not choose a specific form of T initially, rather its particular form will be
obtained during the process of finding the CCVFs. The plan of finding CKVFs and
then CCVFs is divided into two parts as follows.

3.1. Part (A): L(t) =0

Here, we consider L(t) = 0, which leads to

K(t) = M), W0 = kot po | oL (47)
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where ko and g are arbitrary constants. Solving the first equation of ([B0), we get

Fk(t)0k+pk/Md—E€t)+Ck< Md—ft)> , k=2,34. (48)

Again substituting K (t) and Fy(t) in the second equation of [B0), we get the fol-
lowing ordinary differential equations:

Gl — Gy = popr — 2kock, k=2,3,4. (49)
The general solution of the above equation is

2KkoCE —
Gk(l') = O 3eM0T + pryize HOT 4 MiQMOpk when po # 0,
Ho (50)

Gr(z) = 013 + prast — Kocpx? when po = 0.

In the literature, it is known that not all Killing vectors are preserved as isometries
of the teleparallel geometry, see e.g. [42043]. In this regard, a detailed study is
required to investigate whether the CCVFs in teleparallel geometries impact the
structure of the torsion tensor and its covariant derivatives in the same manner as
their counterparts in Lorentzian geometries. We will address this point in our next
work. To be concise, we write the final form of CCVFs directly as follows.

Case (I). When po # 0, we obtained 15-dimensional CKVFs with the confor-
mal factor as: a(t,z,y,z2) = X%. Now substituting the CKVF components into
Egs. (I8)—(24), one can obtain the differential constraints for the CCVFs. We are
not listing those constraints here, but after solving those constraints we obtain the
final form of CCVFs as follows.

Concircular (I.1). In this case, all the 15 CKVFs are CCVFs which are given as
follows:

X0 = oM (t)[2 (61 + b2y + 032) W(t) + (84 + S5y + dg2) €0 ®
+ (67 + 68y + dgz) e Mo T 4 [§% + 22 + U2 (1)] (510€H0% + Jy1e”H0%)],

X' =612 — po W' (1)[(04 + 05y + J62) €0" — (67 4 dsy + Goz) e~ H0”
+[77 + 22 = U2 (1)] (Gr0eto” — drre o)),

X2 =613+ 0142 + 20 (61 4 032) y + da[kE + 7% — 22 + V2(1)] 1)
+ W (t)[(05 4 2u8010y) €0 + (Js + 2u3011y) e 0],

X3 =015 — 814y + 203 (61 4 d2y) 2 + 03[k3 — g2 + 22 + U3(t)]

* \P(t)[((SG + 2“35102) elo® 4 (59 + 2#3511z) e~ HoT],
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where §;, i = 1,...,15, represent arbitrary constants while § = uoy and Z = pgz.
Also in the above vector field, M (t) = mg where mg is a nonzero constant, ¥(t) =
Ko + pit, po = mour and pq # 0. The metric which admits these 15-dimensional
CCVFs is given as

ds® = —dt* + (k1 + pot)*da® + m (dy® + d2?) , (52)

where k1 = mgkg. Also, the conformal factors can be listed as

alt,z,y, 2) = 2u3 (61 + 02y + 632 + (Ko + pat) [G10€"07 + S11e7H07]), (53)
53

ﬂ(t7 x7y7 Z) = O'

In this case, we have
T =0, f(T)=167Xy, p(t)= X o= —p(t), (54)
Ho 2 3

Ty =——"—, Tg="T5=0 55
01T T ot 02 03 ) (55)

where \g is an arbitrary constant.

Concircular (I.2). In this case, M(t) # 0 and M(t) = mge™? and K(t) =
r1e™t — 1, where mg and mq are arbitrary constants, K1 = mgrg and g = M.
The metric becomes

ds? = —dt* + (k1e™"' — py)?da® + me*™ (dy? + dz?), (56)

where p1, mo and my are some nonzero constants. The above spacetime metric
admits seven-dimensional CCVF's as follows:

XO = 2m1u1(51 + 52y + 532)(,%1€m1t — ,Ltl),
Xl = 6127

. (57)
X2 =613 4 6142 + 203 (01 + 632)y + Sa[K? + 7% — 22 + (k1 — pae ™1)?),

X3 =815 — 014y + 203 (81 + day)z + 03[k} — §2 + 22 4 (k1 — pre” ™),

where po = myuy, do = m%gg, 03 = m%gg, y = mouoy and Z = moue22z, such that
the following condition must be satisfied:

mu15j == O, _] = 1,2,3.
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Also, the conformal factors are given by «(t,z,y, 2) = B(t,x,y, z) = 0. In this case,

2
T = 2m? <% - 3) ,
H1 — K1e™t

2 _ 3 _
o Toy =Tp3 = ma,

we have

\ K
f(T) = )\0 + Al (/,Lle_mlt + 175“ + 2,€1 ln [Kl _ Mle_mlt] >’
K1€™Mt — g
5 (58)
167p(t) = Ao + M1 (2M1€_m1t +2k1In kg — Mle_mlt]) 7
2 ,—2mit
167p(t) = M1 (L ~ 3upemit 4 Hliiu
k1 Kre™t — g
~ 2wl - ule—w) -
where Ao = Ao + Mk and A; are arbitrary constants. Under the condition

k1p16; = 0, this case is divided into three cases as given in the following.

Concircular (I.2.A). In this case, when ¢; = 63 = d3 = 0 in Eq. (51), we will be
left with only four CCVFs. The metric takes the form (B6l), where xip; # 0. It is
clear that the metric is not an Einstein spacetime metric.

Concircular (I.2.B). In this case, putting §; # 0, j = 1,2,3, and k1 = 0 in Eq.
7)), we will have seven-dimensional CCVFs. It is clear that the metric (B6) with
k1 = 0 is an Einstein metric satisfying R;; = —2m?g;;.

Concircular (I.2.C). In this case, putting §; # 0, j =1,2,3, 1 =0 and s =0
in the CCVF components equation (57)), we will have four-dimensional CCVFs.
Also, the metric (B8] with 41 = 0 is an Einstein metric satisfying R;; = —3m?g;;.
Concircular (I.3). In this case, M(t) # 0, MM # M?, ko = 0 and §; = 0,
i =2,...,11. Also, we have M(t) = mo(t + to)™* and K(t) = u1(t + to), where
mo and my are arbitrary nonzero constants and po = (1 — mq)u. The metric
becomes

ds? = —dt® + i3 (t + to)2da® + mi(t + to)*™ (dy® + dz?), (59)

where 11, mg are some nonzero constants and mj # 1. It admits six-dimensional
concircular vector fields given in the following:

ongl-f—ggf, X1:5~3’
(60)

X2 =05+ (1 —m1)doy + 052, X3 =06+ (1 —m1)daz — d5y,
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where Si, i=1,...,6, are arbitrary constants. Also, the conformal factors are given
by a(t,z,y,z) = b5 and B(t,x,y,z) = 0. The form of conformal factors suggests
that the obtained CCVFs are just HVFs with one proper homothetic vector field.
In this case, we have

2m1(2 4+ myq) B
= T) = N + M1 (t + to)20+m1)
1 10)? F(T) = Ao+ A (t +to)
1 my
T = T2 =T3 = L
Lttty 0277037 4y (61)

t
167p(t) = Ao + Ay (£ 4 to) 2™ 16mp(t) = (1 + 2my) A\
X (t+tg)720Hm) — A,

where \g and A\; are arbitrary constants.

Concircular (I.4). In this case,

| C e (e, [ (# ), 1
NI(t) £ 0, MIT £ 2, (MO+/M)<M M>+M7éo,

where M (t) is an arbitrary function of ¢. The metric takes the form

ds* = —dt* + M*(t) , (62)

dt \’ 2 2 2
KO—’—MO/M—(t) dz* 4+ dy” + dz

and it admits four CCVFs which are the basic four KVFs given in Eq. (@]). Also,
both the conformal factors vanish. In this case, we have

4poM  6M?2 dr
T=— - — a
MK — MZ’ fM) =X+ [ 3
14 M (ko + po f di M
T()ll ( M) T022 = TS’B =7

M (ko + po [ 4) M’ (63)

M3K ~ M3 M3K M4

2uoM M 2uoM  3M?
+4A1<“0 +—> 167Tp(t)f(T)4)\1<M0 + )

where Ao and A; are arbitrary constants while M (¢) is an arbitrary function of ¢.

Case (II). In this case, we obtained po = 0 then K(t) = koM (t), where kg is an
arbitrary nonzero constant. The CCVFs in this case take the following forms:
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Concircular (II.1). In this case, the components of concircular vector fields
become

X0 = M(t)[o1 + 02k0T + 03y + 042 + 20(05 + 06koT + o7y + 082)
+09(0% + #2 4 32 4 22)],

X =019+ 020 + 011y + 0122 + 22(05 + 09T + 07y + 082)
+06(0? + 22 — y? — 2?),

(64)
X2 = 013 + 030 — 011k0T + 0142 + 2y(05 + 09O + okoT + 0'82:)
+07(02% — 32 + y? — 2?),
X3 = 015 + 040 — 019K0T — 014y + 22(05 + 09O + okoT + 0'7y)
+05(0? — 32 — y? + 2?),
such that © = —fy;;:;f, T = koxr, M(t) = mee™*" and o5, s = 1,...,15, are
constants. The metric which admits the above 15 CCVFs is given as
ds? = —dt* + ™ [wida? + mi(dy* + dz?)), (65)
where my # 0 and my are constants, while k1 = mgkg for kg # 0. Also, the
conformal factors are given by
alt,z,y,2) = €™H(G1 + koGl + G3y + Gaz + Go[i® +y* + 22 — 7)),
(66)
Blt,z,y,2) = —mialt,z,y,2),
where 6; = mgmyo;, © = 1,2,3,4,9. In this case, we have
T =—6m3, f(T)=167Xo, p(t)=Xo=—pt), Ty =T =Ts =m,
(67)

where \g is an arbitrary constant.

Concircular (IL.2). In this case, MM # M?, where M(t) fulfills the following
condition:

[0’1 +20’5@]2(MM— M2) = K1,

where k1 is an arbitrary constant while © = [ %. The metric takes the form

ds® = —dt® + M?(t)(k2dz” + dy? + d2?). (68)
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The above metric admits eight-dimensional CCVFs as follows:

(69)

XOZM(t)[Ul+2U5@], X! = 010 + 011y + 0122 + 2052,
X2 =013 — o011k + 0142 + 205y, X =015 — 012K0T — 014y + 2052.

The conformal factors are obtained as

a(t,x,y, z) = 205 + [o1 + 2050 M (t), '
k1M (t) (70)

M2(t)B(t,2,y,2) = —M>(t)at, z,y, 2) — o1+ 20,0

In this case, we have

T=— GWN[; ,  where f(T)isanarbitrary function of T
Toll = T022 = T5’3 = %,
12 f7(T) M2 Ay | fr(T)M? = 12fr(T)M?
M? M* (o1 + 2050) ’
12 f(T)M?
M? ’

167p(t) = F(T) +

167p(t) = —f(T)

Important Remark. In general, Case (II) is a singular case, because K(t) =
koM (t) leads to
K M K M KM M

K- M K M KM M
It is now easy to see that Eqs. (84]) and (B3]) become a single equation and it implies
that condition ([B6]) does not exist [no condition for f(7')]. On the other hand, it
means that Eq. (36 is satisfied directly, so f(T') becomes an arbitrary function.

In the following, we will give a special case of the above case.

Concircular (II.2.A). In this case,
o5 =0 = M(t) =mie™" + moe ™,
where mq, mo and mg are arbitrary constants. The metric now becomes
ds® = —dt* + (m1e™" + moe™ ") [ridz® + dy® + d=?], (72)
which admits the eight-dimensional concircular vector fields as follows:

{Xo = G1e™0t £ Gye Mot X' =010+ 011y + 0127,

2 _ - 3 _ ~
X* =013 —0o11koZ + 0142, X° = 015 — O12K0T — T14Y,
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where 61 = oymy and 62 = o1me. The conformal factors are given by

t

{a(t,x,y,z) = mo(51e™" — Goe™ ™) M2(t)B(t, x,y,2) = —mialt,x,y, 2).

(74)
In this case, we have
T = g3 (A e 2 F(T)i bitrary function of T
= —6mi| ————= isan arbitrary function o
0 m162m0t +’I’I’L2 ) y )
mot __ 7m0t)
Tl T2 73 mo(mye moe
01 02 03 m1emot 1 mge—mot
ImZedmot — 2mimoe?mot 4 3m3 T
6mp(t) = £(7) + am3| B umac 04 Sm) o) gy
(m162m0t + m2)

~ 48mymgm3 (mae™! — mae™)? fro(T)

(m162mgt + m2)4

)

m162m0t

2
16mp(t) = —f(T) — 12m3 fr(T) (mm—lﬁ?) '

Concircular (IL.3). In this case, MM # M?, where M (t) is an arbitrary function
of ¢t. The metric is given in (68) and it admits eight-dimensional CCVFs as follows:

{XOO» X' =010+ 011y + 0122, (76)

2 _ - 3 _ -
X* =013 —011k0Z + 0142, X° = 015 — T12K0T — T14Y.

The conformal factors are given by 3(t,z,y,2) = a(t,x,y,z) = 0. In this case, we
have
T = 6M” T)i bi f i fT
=~ f(T)isan arbitrary function of T,
M
T =T% =T, = —
01 02 03 = 37

5 2M2+M 197 MY MM

T M2 M TT M4 M3 )
12f7(T)M?

S Mz

(77)
167p(t) = f(T) +4

167p(t) = —f(T)

3.2. Part (B): L(t) # 0

In this subsection, we consider L(t) # 0 = Gi(z) = dj, where dj, are arbitrary
constants for k = 2,3, 4. Hence, substituting G (z) in the first equation of [B0), we

2450175-17



Int. J. Geom. Methods Mod. Phys. 2024.21. Downloaded from www.worldscientific.com
by WSPC on 08/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. Khan et al.

obtain second-order ordinary differential equation of Fj(t). The general solution of
this equation is given by the following form:

dt )2_dkK(t) k=234 (78)
) 3,4

dt
Fk(t)zok+pk/M—(t)+Ck< Mt M)

Again substituting Gy(x) and Fy(t) in the second equation of ([B0), we get the
ordinary differential equations of the metric functions M (t) and K (t) as follows:

(pk + 2ck/ Md—é)) [M(t)K(t) — K(t)M)] = 2, K(t), k=2,3,4. (79)

If we consider pr # 0 and c¢i # 0, then the general solution of the above equation
is obtained as

K(t) = ko (pk 4 2ck/ Md—a)) M), k=234, (80)

where k¢ is an arbitrary nonzero constant of integration. This solution in turn
implies that L(t) = 0, which is a contradiction. Therefore, we must consider py = 0
and ¢, = 0 for all k = 2,3,4. For avoiding lengthy details, we write only the
obtained results in the following cases.

Case (III). In this case,

M(t) = (e 4 moe™*ME(), () = o %

where 1, k1 and ko are arbitrary nonzero constants. The components of conformal
Killing vector fields now become

X0 = (1607 + ege07) (ke + koe*M) K (t),
X1 = €3+ (e1eH0% — egeHoT) (meq’[t] — Iige_q)[t]) , (81)

X2 =e4+esz, X3 =¢€5—esy;

also, the conformal factor takes the form: a(t,z,y, z) = X%, where ¢;,1=1,...,6,
represent arbitrary constants. Thus, the metric

ds? = —dt* + K?(t)[d2? + (k1e® + koe ®) (dy? 4 dz?)), (82)

where K (t) is an arbitrary function depending upon ¢ only. The above metric admits
six conformal Killing vector fields (8I]). Substituting the vector field components
@) in Egs. (I8)—(24), one can obtain the differential constraints for the concir-
cular vector fields. We are not listing those constraints here, but if we solve those
constraints, we obtain the final form of concircular vector fields as different cases.
We will list all those cases in the following.
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Concircular (II1.1). In this case,

K? - KK =} = K(t) = me™" —mge™ ™" = M(t)

mot

+ m2€—m0t)

= —2k1(mqe ,

2
Bo__ and k9 = k1. The
mi

where k1, mg and my are arbitrary constants while mo = —+
’ 4mg

metric becomes

ds® = —dt* + (m1e™" — moe ") 2dx? 4 4k% (m1e™t + moe” ™) (dy? + d2?),

(83)

where mg, m1, po and k; are arbitrary (nonzero) constants. This metric admits
six-dimensional concircular vector fields as follows:

X0 = —2k1 (m1e™0t + moe=™0t) (e1eH0% + egeHOT) |
2 €1eM0T — egeHO®
Xl =€+ 1] 1 2 : (84)
momy \ myemot — mqge—mot
X2 =€ +e52, X3=¢€s— €5y,
where ¢;, i = 1,...,6, are arbitrary constants. Also, the conformal factors are
given by
a(t,r,y,z) = —2mok?7 (m1e™! — moe™™0) (€107 4 ege™Ho%) |
(85)
B(t,z,y,2) = —mia(t,z,y, 2).

In this case, we have

748m3m‘1162m°t — Sm%m%u% — 3/1(2)672’”“
— > ,
8mim? (myemot + moe—mot)
t —mot t —mot
g1 Mo(mae™ +mpe™ ™) oy mo(mae™ — mae™ ™)
01 = 02 = Loz = )

K )

mpemot + moe—mot

F(T) = Do + M (mae™" + moe™m0t) ™%, (36)

A (48m3m‘1162m0t + 16mim? u3 + 3u%e‘2m0t)

167p(t) = No +

3 )
24mim3 pd (mqe™ot + moe="mot)

M (14dmgmie® ™ot + 48mam?pg + Ipge ")

167Tp t) = —AQ - )
) A8m2m2 2 (myemot + mye—mot)?
< 0A1 )
where \g and Ay = 5— are arbitrary constants.
K1

Concircular (IT1.2). In this case, K2 — KK # p2 = €; = 3 = 0. The metric is
the same as given in (82)). With the above condition, the same metric now admits
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only four CCVF's which are the four basic KVFs and are already listed in (). Also,
the conformal factors vanish. In this case, we have

—2 . 2upk2 : 2poke
T = K(t) — —-kor2 3K(t) — —okof2
K2(t) Ho + ( ) /@162‘1’[” ¥ 1%2:| |:/LO + ( ) Ii1€2(1>[t] T ko 5
oK e g polmne® — rpe®l]
01 — ?7 02 — ~03 — K[Iilecb[t] — Iigecb[t]]’

dr
102 (t) (k2621 — ke 220

F(T) =X+M[ (87)

167p(t) = F(T) +

W [Moml’ﬂwemﬂ ~ (et — x3) K“)m)]
aYs) ,

K4(1) (m3e3™l] — pgeol)?
B 2\ T
N0K2(t) (,{%eﬂb[t] _ 55672'@[15]) ’

167p(t) = —f(T)

where \g and \; are arbitrary constants.

Case (IV). In this case,

K(t) = poM(t) (m + ko / %)1% :

where g # 0, k1, k2 # 0 and k4 # 0 are arbitrary constants such that k4 # Ka.
The components of conformal Killing vector fields now become

dt
X0 = M(t) <K/1+K/2]M>, X! = kg + Kz,

(88)
X? = K5 + Koy + Koz, X? = K7 + Koz — Key;
also the conformal factor takes the form: a(t,x,y, z) = X%, where k;, 1 =1,...,7,
represent arbitrary constants. Thus, the metric
o 2Ka
2 2 2 2 dt 2 2 2 2
ds® = —dt* + M=(t) | pg | k1 + K2 i dz” +dy* +dz* | , (89)

where M (t) is an arbitrary function of ¢ only, while ug, k1 and ko are arbitrary
(nonzero) constants, admits seven conformal Killing vector fields ([8I]). Substituting
the vector field components (I in Eqgs. (I5)—(24), we obtain some differential
constraints for the concircular vector fields. We are not listing those constraints
here, but if we solve those constraints, we obtain the final form of concircular
vector fields as follows.

Concircular (IV). In this case, K(t) = no(t + to)™ and M(t) = mo(t + to)™,
where ng, n1, mo, my and ty are arbitrary constants such that ny # m;y. Thus, the
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metric
ds? = —dt? + n2(t + to)?™ da® + m2(t + o)™ (dy® + dz2?) (90)
admits five-dimensional concircular vector fields as follows:
X0 = Fy(t +to), Xt =Fo+ (1 —np)Rz,
{X2 = k3 + (1 —my)R1y + Raz, X3 = fs+ (1 —my)R12 — Ray, (81)
where k;, 7 =1,...,5, are arbitrary constants. Also, the conformal factors are given

by: a(t,x,y,z) = &1 and S(t,z,y,z) = 0. The form of conformal factors suggests
that the obtained CCVFs are just the HVF's with one proper HVF. In this case, we
have

B 2my (m1 + 2711)

T = , T) = Xo+ A (t+to) ™ —2m—t
1 10)? f(T) = Qo+ At +to)
1™ 2 _ g3 _ M1
TOlit—i—to’ TOQ*TOS*t—l—tO’ (92)
167p(t) = Ao 167p(t) = (n1 + 2mq)
+)\1<t + to)—n1—2m1—1’ )\1(t + to)—n1—2m1—1 _ /\0’

where \g and \; are arbitrary constants.

Case (V). In this case, K(t) and M (t) are arbitrary functions of ¢ [i.e. no conditions
for the metric functions K (¢) and M (t)]. The metric that is given by the form (B]),
admits four-dimensional CKVFs and CCVF's given in Eq. (). Also, the conformal
factors are given by: (¢, x,y, z) = a(t,z,y,z) = 0. In this case, we have

2M?2  AKM dT
T==3rF T f(T)_)\OJr)\l/M?K—KMM’
K

T011 = K’ T(?2 = T69’3 = %,
Somplt) — 1T A\ {K K (M2 - MM) — MM (K2 - KK)} (93)

. SN\ 2 ’
KM? (MK . KM)
AN M <2MK + KM)

16mp(t) = —f(T) + K M3 KM — MK

where \g and \; are arbitrary constants.

4. Some Associated Cosmological Constraints for the Obtained
Solutions

In this section, we are going to discuss the cosmological constraints, i.e. the Hubble’s
parameter (H ), scalar expansion (6), shear scalar (¢2), anisotropy parameter (4,,)
and the deceleration parameter (q) associated with each of the obtained exact LRS
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Bianchi type-I solutions. These constraints will provide us better insight to predict
the future of the obtained universe models. All these parameters are used to predict
the physical behavior of the model. For example, Hubble’s parameter is used to
predict the rate of expansion of the universe. Also, the deceleration parameter (q)
describes the physical behavior of the model. It will provide us the information on
whether the universe is expanding with an accelerated rate or whether its rate is
decelerating [45]. The value ¢ = 0 predicts whether the model is in uniform motion
or at rest. Similarly, the anisotropic parameter describes the shape of the model,
i.e. whether the model has some anisotropy or whether it is isotropic everywhere. It
is obviously interesting to see what kind of physical behavior our obtained models
depict and how the concircular symmetry affects their physical nature. For the
general LRS Bianchi type-1 spacetime metric ([B]), these constraints are defined and
obtained as follows:

K 2N

O=vi=x T

o 1 (K M
=373 (E*W)’
o2 = Lo i l(ﬁ%)z

27" 3\K M)~ (94)
A :13 <E1>2 20. :2(MK—KM>2
" 33 i 3H? (MK—I—2K]\'/I>27

i 6K (N2 — MIT) +3M2 (K* - KEK)
4= l= : Y -1

(MK + 2511

Substituting the values of all the obtained exact solutions into Eqs. ([@4]) and
after some basic simplification, the obtained cosmological constraints are listed for
each case as follows:

Concircular (I.1). K(t) = k1 + pot and M(t) = mg. Here we have

_ Mo __ Ko
K1+ pot’ 3 (k1 + pot)’

2 (95)
o2=—"10 4. =2 qg=2.

3 (Iil + /Lot)z ’

In this case, we observe that all the derived parameters are functions of cosmic
time t except the anisotropic parameter A,, and deceleration parameter q. These
two parameters have constant values. When ¢ — oo, the constraints H, 6 and

o? vanish. The constant values of A,, and ¢ indicate that this model has a fixed
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measure of anisotropy and is decelerating at constant speed. The vanishing nature
of other parameters indicates that this LRS Bianchi type-I model might become
a static model at late time. In the presence of 15-dimensional CCVFs, we can see
how the geometry and physics of the spacetime are changing.

Concircular (1.2). K(t) = k1™t — g and M (t) = moe™*. Here we have

O (30— ) gy, m )
Kkpem™t — g 3 Kie™bt — g

2 _ pimi A — 2413
o mit 27 mo mit 27
3 (k1e™t — uy) 3 (Brre™t — 2uq)

3kipre™t
q= p 5 — 1.
(Brie™t —2u7)

This case has three subcases: (i) 9; =0, i =1, 2, 3; (ii) 1 = 0; and (iii) k1 = 0.
In Case (i), the physical parameters do not depend upon ¢;. In this case, we observe
that all the derived parameters are functions of cosmic time ¢. When ¢ — oo, the
constraints o2 and A,, become zero while the other quantities become constant.
The zero value of A, indicates that this model is isotropic. The value of ¢ = —1
shows that the model is growing exponentially. The constant value of 6 indicates
that the model is expanding at constant rate at late time. In Case (ii), when 1 = 0,
the values of H and € become constants while 02 and A,,, become zero. A constant
0 indicates that the model is expanding at constant rate and is unaffected by time,
while the zero value of A,, indicates that this model is isotropic and this isotropy
is also unaffected by time. The value of ¢ = —1 shows that the model is growing
exponentially. In Case (iii), when 1 = 0, then all the derived parameters become
zero which indicates that this model has a constant shear and is decelerating at
constant speed. The model has a constant anisotropy which is unaffected by the
variation of time. This model is also growing exponentially due to ¢ = —1 value.

Concircular (1.3). K(t) = p1(t +to) and M (t) = mo(t + to)™ . Here we have

71+2m1 71+2m1
ottty C3(t+t)’

1 2 1 2 3 7
o Lmma)® o (tmm N 8

S(t + t0)2 1+42m 2mq +1

In this case, we observe that all the derived parameters are functions of cosmic
time ¢t except the anisotropic parameter A,, and deceleration parameter g. These
two parameters have constant values. One can see that when m; = 1, then o2, A,,
and q become zero, but it is important to remind that in this case the model admits
six-dimensional CCVFs and my # 1. Thus, there will be a constant anisotropy at
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all the times and ¢ cannot be zero due to the condition m; # 1. Moreover, ¢
has negative value for m; > 1 and m; < 0 while it has a positive value when
0 < my < 1. Thus, we see that the model will face a deceleration if 0 < my < 1 and
it will accelerate gradually or grow exponentially for the other two values of m;.
When ¢ — oo, the constraints H, 6 and ¢? vanish. The vanishing nature of these
parameters indicates that this LRS Bianchi type-I model might become a static
model at late time.

Concircular (I.4). K(t) = M(t)(ko + po [ %) Here we have

3M | po M | o 13
MR T3k 7 T 3R
W ( 1o M >2 M2 - 3 KMM — oMK 99
" poM +3KM) '

N2
(;LOM n 3KM)

In this case, we did not obtain the particular forms of the metric functions. Thus,
the obtained spacetime metric does not represent a physical model.

Concircular (IL.1). K(t) = x1e™* and M (t) = mge™!. Here we have
{6=3m;, H=my, 0°=0, A,=0, ¢=-1. (99)

In this case, the values of H and 6 become constants while o2 and A,, become
zero. A constant 0 indicates that the model is expanding at a constant rate and is
unaffected by time, while the zero value of A,,, indicates that this model is isotropic
and this isotropy is also unaffected by time. The value of ¢ = —1 shows that the
model is growing exponentially.

Concircular (ILI.2A). K(t) = koM (t) and M(t) = mie™t + mge~ ™0t Here we
have

mae — m1€2m0t mo — m162mgt
0= 73m0 2mot |’ H = —Mmo 2mot ’
mo + mye="o mo + mye="o

ma + mqe?mot ) 2 (100)

02=0, A,=0, ¢= <m2 p——
In this case, 02 and A,, are zero, which means that the model represents a shear-
free and isotropic universe. Initially, i.e. at t = 0, the parameters H, § and ¢ have
constant values for mo > my and mgy < 0 such that ¢ has a negative value. At late
times (t — 00), the values of H, § and ¢ remain constant. A constant § indicates
that the model is expanding at a constant rate while a negative value of ¢ means
that the model is growing exponentially.
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Concircular (I1.3). K(t) = koM (t). Here we have

{@_”4 =M MM (101)

o =0, Ap=0, g=——r.
M ) M’ g 07 O q M2

In this case, we did not obtain particular forms of the metric functions. Thus,
the obtained spacetime metric does not represent a physical model.

Concircular (IIL.1). K(t) = mje™? — moe™™0! and M(t) = k3z(mie™?t —

moe~™0t). Here we have

2mo (3m2 + mlezmot) 2mso (3m2 + mle2m“t)

©=mg|3— H=mg|1-
2 2 _dmot ) 2 2 _dmot ?
ms5 — mye"o 3(m27mle mo )
o2 1 ( dmomima ) A = dmimo (102)
= _ - , m =
3 \m2e2mot — m3e—2mot 3m2e2™ot 4 2mymey

+ 3m3672m°t
. *9m41164m°t + 50m%m§ - 9m%ef4m“t

= 5.
(3m2e2mot 4+ 2mymg + 3m3e—2mot)

In this case, we observe that all the derived parameters are functions of cosmic
time ¢. Initially, the universe is created with constant values of H, 6, 02, A,, and
q. This indicates that at the time of creation of this universe, it was expanding
at a constant rate with a constant shear and the anisotropy was constant. At late
time, when ¢ — 0o, the constraints H and 6 have constant values while o2 and A,,
vanish, whereas ¢ becomes infinite. This infinite value shows that the universe will
be decelerating rapidly.

Concircular (IIL.2). M(t) = K(t)[k1e®® 4 koe ®®] and &(t) = Mof%~
Here we have

3K Lo 4o K 1o 4k
6 = — e _—_ H = — J— e
K K < k1e2®®) + Hz) ’ K 3K r1€22® gy )7
2
e )’ e
ot = 3 Am =215 2 23(1) ,
3K (k1€2%®) + kp) 2u3 (51> — k) (103)

+3K (I<J162q>(t) + ,%2)
4pd (k3™ + 4k koe®®® 4+ k3)

+6p0 K (k22 — k3) + IKK (k1e2®® + ,%2)2

. 3
[2u% (,%162‘1’(’5) — f<;2) + 3K (,%162‘1’(’5) + ,%2)}
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In this case, we did not obtain particular forms of the metric functions. Thus,
the obtained spacetime metric does not represent a physical model.

Concircular (IV). K(t) = no(t 4 to)™ and M (t) = mo(t + to)™*. Here we have

ni + 2mq ni + 2my 2 (n1— m1)2

) — o/1 . 1\ o” = “o/1 1 2 9
t+to 3(t +to) 3(t+to)?

ny —miq 2 3
Ap=2——""1), ¢=—"— 1
<n1+2m1) 9 n1+2m1

In this case, we observe that all the derived parameters except A,, and ¢ are

(104)

functions of cosmic time ¢. The two parameters A,, and ¢ are unaffected by time
and remain constant. Initially, the universe is created with constant values of H,
6, 02, A,, and ¢. This indicates that at the time of creation of this universe, it
was expanding at a constant rate with constant shear and anisotropy. At late time,
when t — oo, the constraints H, 6 and ¢? vanish which means that the universe
will have zero expansion but constant anisotropy. Also, the deceleration parameter
q will be positive when ny + 2m; < 3. This will then indicate that the universe will
be decelerating. For ni + 2my1 > 3, ¢ will become negative, which means that the
universe will face an accelerated expansion. For ny + 2m; = 3, ¢ will vanish and
the universe will either be in rest or in uniform motion. It is important to remind
that H, 6 and o2 will vanish at late time, thus we can conclude that n; +2m; = 3
and ¢ = 0, and the universe will be either in rest or in uniform motion.

Concircular (V). In this case, all the parametric values are given in Eqgs. (@4]), as
in this case we did not obtain particular forms of the metric functions. Thus, the
obtained spacetime metric does not represent a physical model.

5. Summary and Discussion

In this paper, we obtained concircular vector fields of LRS Bianchi type-I spacetime
in the presence of perfect fluid in f(7") theory of gravity. The results are achieved by
splitting the problem into two main parts. In the first part, we obtained EFEs for
perfect fluid LRS Bianchi type-I spacetime in f(7') theory of gravity. In the second
part, we obtained the concircular vector field equations and solved those equations
simultaneously along with the EFEs to obtain the metric functions, concircular
vector field components and conformal factors. In this manner, different possibilities
are generated and we solved all the possibilities in turn. All the obtained solutions
are listed as different cases. In all the cases, we also calculated the energy density,
fluid pressure, torsion scalar T and the form of the function f(7).

In the literature, it is accustomed to specify the form of f(7T') first and then solve
the EFEs and CCVF equations simultaneously. In this paper, we did not choose a
specific form of f(T) initially, rather we found the particular form of f(7) during
the process of finding the CCVFs. We started our process of finding the CCVFs by
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differentiating the first equation of ([B0) with respect to z and obtained Eq. (40)).
These equations produced two possibilities: either L(¢t) = 0 or L(t) # 0. We applied
both of these possibilities in turn and listed all the obtained solutions in two parts,
i.e. Parts (A) and (B).

In Part (A), we got two different cases and these cases are further divided into
subcases. The total number of different solutions obtained in this part is 11. These
11 cases revealed that perfect fluid LRS Bianchi type-I spacetimes in f(T') gravity
admit CCVF's of dimensions 4, 6, 7 and 15. In Part (B), we got three different cases
in which the obtained solutions admit CCVF's of dimensions 4, 5, 6 and 7.

In all the cases, we also calculated density, pressure, the form of T and f(T).
It is well known that an obtained solution will be a physically realistic model if
its density and pressure are positive and decreasing functions of cosmic time ¢. As
the volume of the space is interlinked to the density, thus a decrease in density will
result in volume expansion [45]. Also, negative pressure may correspond to represent
a dark energy model. In all the cases, energy density and fluid pressure are listed.
In some cases, these terms are related as p = —p. It can thus be stated that the
universe represented by these spacetime metrics behaves like dark energy model or
can be vacuum energy. In other cases, the fluid pressure and energy density can
remain positive for particular choices of the constants involved. Thus, in these cases
the rate of expansion can slow down due to positive attractive effect. In Cases (I.1),
(I.2.c), (I.3), (II.1) and (IV), both pressure and density are related as p = —p for
some particular values of the constants involved. In Case (IIL.1), the pressure and
density are related as p = — gp. Cooperstock et al. [40] revealed that a singularity
may exist for negative pressure. For the ratio % > f%, the singularity will be
covered and it will be naked if the ratio % < —3. In Case (IIL1), the ratio % < -3,
therefore the obtained model may represent a naked singularity. In other cases, the
pressure of the fluid and its density can remain positive for particular choices of
the constants involved. Thus, in these cases the rate of expansion can slow down
due to positive attractive effect.

In Sec.d we calculated the cosmological constraints, i.e. the Hubble’s parameter
(H), scalar expansion (), shear scalar (¢2), anisotropy parameter (A,,) and the
deceleration parameter (g) associated with each of the obtained exact LRS Bianchi
type-I solutions. These constraints are important for the prediction of the future
of the obtained universe models. Hubble’s parameter is used to predict the rate
of expansion of the universe. Also, the deceleration parameter (¢q) describes the
physical behavior of the model. It provides the information on whether the universe
is expanding with an accelerated rate or whether its rate is decelerating. The value
q = 0 predicts whether the model is in uniform motion or at rest. Similarly, the
anisotropic parameter describes the shape of the model, i.e. whether the model
has some anisotropy or whether it is isotropic everywhere. Each obtained model
depicted particular behavior. All the models are discussed in detail in this section.
We can observe that concircular symmetry substantially affected the geometric
and physical behaviors of the spacetime. It can be easily observed how the number
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of concircular vector fields affects the cosmological parameters. For example, in
Case (I.1), the spacetime metric admits 15-dimensional CCVFs and we see that
the anisotropic parameter A,, and deceleration parameter ¢ are both constant.
Also, when t — oo, then H, § and o2 vanish. The constant values of A,, and
q indicate that this model has a fixed measure of anisotropy and is decelerating
at constant speed. In Case (I1.2), when the LRS Bianchi type-I spacetime admits
seven-dimensional CCVFs, then for t — oo the constraints 2 and A,, become zero
while the other quantities become constant. The zero value of A, indicates that
this model is isotropic. Thus, a constant anisotropic behavior for 15-dimensional
CCVFs is now changed to isotropic nature for seven-dimensional CCVF's. Also,
the value of ¢ = 2 is now changed to ¢ = —1 which shows that the model is
growing exponentially. Furthermore, the value of 6 does not vanish now. Thus,
concircular symmetry of spacetime is crucial in understanding the physical and
geometric properties of our spacetime.

Conflict of Interest

None of the authors have a conflict of interest to disclose.

ORCID

Suhail Khan/@ https://orcid.org/0000-0002-0837-3771

Syed Majid Shahf@ https://orcid.org/0009-0009-3788-8908
Ahmad Tawfik Alil@ https://orcid.org/0000-0003-3747-4990
Sameerah Jamal@ https://orcid.org,/0000-0003-3702-8368

References

[1] G. S. Hall, Symmetries and Curvature Structure in General Relativity (World Scien-
tific, Singapore, 2004).

[2] F. Rahaman, M. Jamil, R. Sharma and K. Chakraborty, A class of solutions for
anisotropic stars admitting conformal motion, Astrophys. Space Sci. 330 (2010) 249—
256.

[3] F.Rahaman, M. Jamil, M. Kalam, K. Chakraborty and A. Ghosh, On role of pressure
anisotropy for relativistic stars admitting conformal motion, Astrophys. Space Sci.
325 (2010) 137-147.

[4] M. Esculpi and E. Aloma, Conformal anisotropic relativistic charged fluid spheres
with a linear equation of state, Fur. Phys. J. C 67 (2010) 521-532.

[5] A. A. Usmani, F. Rahaman, S. Ray, K. K. Nandi, P. K. Kuhfittig, S. A. Rakib and
Z. Hasan, Charged gravastars admitting conformal motion, Phys. Lett. B 701 (2011)
388-392.

[6] R. Maartens and S. D. Maharaj, Conformal Killing vectors in Robertson-Walker
spacetimes, Class. Quantum Grav. 3 (1986) 1005.

[7] R.Maartens and S. D. Maharaj, Conformal symmetries of pp-waves, Class. Quantum
Grav. 8 (1991) 503.

[8] S. Moopanar and S. D. Maharaj, Relativistic shear-free fluids with symmetry, J. Eng.
Math. 82 (2013) 125-131.

2450175-28


https://orcid.org/0000-0002-0837-3771
https://orcid.org/0009-0009-3788-8908
https://orcid.org/0000-0003-3747-4990
https://orcid.org/0000-0003-3702-8368

Int. J. Geom. Methods Mod. Phys. 2024.21. Downloaded from www.worldscientific.com
by WSPC on 08/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

[9]
[10]
[11]

[12]

[13]
[14]

[15]
[16]

[17]

18]
[19]

[20]
[21]

22]
[23]
24]
[25]
[26]

[27]

28]
29]

(30]

31]

Perfect fluid LRS Bianchi type-1 spacetimes admitting CCVFs in f(T') gravity

D. Kramer and J. Carot, Conformal symmetry of perfect fluids in general relativity,
J. Math. Phys. 32 (1991) 1857-1860.

T. Hussain, S. Khan, A. H. Bokhari and G. A. Khan, Proper conformal Killing vectors
in static plane symmetric spacetimes, Theor. Math. Phys. 191 (2017) 620-629.

S. Khan, T. Hussain and A. H. Bokhari, Conformal Killing vectors in LRS Bianchi
type V spacetimes, Commun. Theor. Phys. 65 (2016) 315.

S. Khan, T. Hussain, A. H. Bokhari and G. A. Khan, Conformal Killing vectors of
plane symmetric four dimensional Lorentzian manifolds, Eur. Phys. J. C 75 (2015)
523.

S. Khan, M. Bukhari, A. H. Alkhaldi and A. Ali, Conformal vector fields of Bianchi
type-I spacetimes, Mod. Phys. Lett. A 36 (2021) 2150254.

J. A. Schouten, Ricci Calculus: An Introduction to Tensor Analysis and Its Geomet-
rical Applications, 2nd edn. (Springer-Verlag, Berlin, 1954).

L. P. Eisenhart, Riemannian Geometry (Preston University Press, 1968).

G. S. Hall and J. D. Steele, Conformal vector fields in general relativity, J. Math.
Phys. 32 (1991) 1847-1853.

R. Maartens, S. D. Maharaj and B. O. J. Tupper, General solution and classification
of conformal motions in static spherical spacetimes, Class. Quantum Grav. 12 (1995)
2577.

G. Shabbir and A. Ali, A note on proper conformal symmetry in Bianchi types VIII
and IX spacetimes, Adv. Stud. Theor. Phys. 3 (2009) 93-97.

G. Shabbir and A. Ali, Classification of spatially homogeneous rotating space-times
according to their conformal vector fields, Appl. Math. Sci. 3 (2009) 869-876.

A. Fialkow, Conformal geodesics, Trans. Am. Math. Soc. 45 (1939) 443-473.

B. Y. Chen, Some results on concircular vector fields and their applications to Ricci
solitons, Bull. Korean Math. Soc. 52 (2015) 1535-1547.

B. Y. Chen, A simple characterization of generalized Robertson-Walker spacetimes,
Gen. Relativ. Gravit. 46 (2014) 1833.

B. Y. Chen and S. Deshmukh, Some results about concircular vector fields on Rie-
mannian manifolds, Filomat 34 (2020) 835-842.

A.T. Ali and S. Khan, Concircular vector fields for plane symmetric static spacetimes,
Eur. Phys. J. Plus 131 (2016) 115.

A. Mahmood, A. T. Ali and S. Khan, Concircular vector fields on Lorentzian manifold
of Bianchi type-I spacetimes, Mod. Phys. Lett. A 33 (2018) 1850063.

A. Mahmood, A. T. Ali and S. Khan, Concircular vector fields and the Ricci solitons
for the LRS Bianchi type-V spacetimes, Mod. Phys. Lett. A 35 (2020) 2050169.

S. Khan, A. Mahmood and A. T. Ali, Concircular vector fields for Kantowski-
Sachs and Bianchi type-I1I spacetimes, Int. J. Geom. Methods Mod. Phys. 15 (2018)
1850126.

M. Jamil, D. Momeni and R. Myrzakulov, Warm intermediate inflation in f(7") grav-
ity, Int. J. Theor. Phys. 54 (2015) 1098-1112.

R. Ferraro and F. Fiorini, Born-Infeld gravity in Weitzenbock spacetimes, Phys. Rev.
D 78 (2008) 124019.

F. Hussain, G. Shabbir, S. Jamal and M. Ramzan, A note on some Bianchi type-IT
spacetimes and their conformal vector fields in f(R) theory of gravity, Mod. Phys.
Lett. A 38 (2019) 1950320.

G. Shabbir, M. Ramzan, F. Hussain and S. Jamal, Classification of static spherically
symmetric spacetimes in f(R) theory of gravity according to their conformal vector
fields, Int. J. Geom. Methods Mod. Phys. 15 (2018) 1850193.

2450175-29



Int. J. Geom. Methods Mod. Phys. 2024.21. Downloaded from www.worldscientific.com
by WSPC on 08/21/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

S. Khan et al.

(32]

(33]

(34]

(38]

(39]

F. Hussain, G. Shabbir, F. Mahomed and M. Ramzan, Conformal vector fields in
proper non-static plane symmetric spacetimes in f(R) theory of gravity, Int. J. Geom.
Methods Mod. Phys. 17 (2020) 2050077.

S. Qazi, F. Hussain and G. Shabbir, Exploring conformal vector fields of Bianchi
type-I perfect fluid solutions in f(T") gravity, Int. J. Geom. Methods Mod. Phys. 18
(2021) 2150161.

S. Qazi, F. Hussain, M. Ramzan and S. Haq, A note on classification of Kantowski-
Sachs and Bianchi type-III solutions in f(7") gravity via conformal vector fields, Int.
J. Geom. Methods Mod. Phys. 19 (2022) 2250188.

F. Hussain, M. Ali, M. Ramzan and S. Qazi, Classification of static spherically sym-
metric perfect fluid spacetimes via conformal vector fields in f(7") gravity, Commun.
Theor. Phys. 74 (2022) 125403.

S. M. Shah, S. Khan, A. T. Ali and S. Jamal, A note on concircular vector fields of
static plane symmetric perfect fluid spacetimes in f(T") theory of gravity, Eur. Phys.
J. Plus 138 (2023) 533.

S. Malik, F. Hussain and G. Shabbir, Conformal vector fields of static spherically
symmetric perfect fluid spacetimes in modified teleparallel theory of gravity, Int. J.
Geom. Methods Mod. Phys. 17 (2020) 2050202.

F. Hussain, G. Shabbir, M. Ramzan, S. Hussain and S. Qazi, Conformal vector fields
of static spherically symmetric spacetimes in f(R, G) gravity, Int. J. Geom. Methods
Mod. Phys. 17 (2020) 2050120.

A. Mehmood, F. Hussain, M. Ramzan, M. Faryad, M. Jamil Khan and S. Malik, A
note on proper conformal vector fields of Bianchi type-I perfect fluid spacetimes in
f(R,T) gravity, Int. J. Geom. Methods Mod. Phys. 20 (2022) 2350012.

H. Stephani, D. Kramer, M. A. H. MacCullam, C. Hoenselears and E. Herlt, Ezact
Solutions of Einstein’s Field Equations (Cambridge University Press, Cambridge,
2003).

A. A. Coley and R. J. van den Hoogen, Spatially homogeneous teleparallel gravity:
Bianchi I, J. Math. Phys. 64(10) (2023) 102506, arXiv: 2305.12168 [gr-qc].

M. Hohmann, L. Jarv, M. Krssdk and C. Pfeifer, Modified teleparallel theories of
gravity in symmetric spacetimes, Phys. Rev. D 100(8) (2019) 084002.

A. A. Coley, R. J. van den Hoogen and D. D. McNutt, Symmetry and equivalence in
teleparallel gravity, J. Math. Phys. 61(7) (2020) 4127813.

M. E. Rodrigues, M. J. S. Houndjo, D. Saez-Gomez and F. Rahaman, Anisotropic
universe models in f(T") gravity, Phys. Rev. D 86 (2012) 104059.

M. Koussour, S. H. Shekh and M. Bennai, Anisotropic nature of spacetime in f(Q)
gravity, Phys. Dark Univ. 36 (2022) 101051, arXiv: 2203.01132 [gr-qc].

F. I. Cooperstock, S. Jhingan, P. S. Joshi and T. P. Singh, Cosmic censorship and
the role of pressure in gravitational collapse, Class. Quantum Grav. 14 (1997) 2195.

2450175-30



	Introduction
	Concircular Vector Field Equations
	EFEs and CCVFs in f(T) Gravity
	Part (A): L(t)=0
	Part (B): L(t)=0

	Some Associated Cosmological Constraints for the Obtained Solutions
	Summary and Discussion


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


