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Abstract

A number of versions of the Nonlinear Schrédinger Equation (NLSE) are used to
model a range of physical phenomena. In particular, the physics of the NLSE
with damping and driving terms have been discussed in a number of papers. We
present the invariance, exact solutions, conservation laws and double reductions of
the underlying equation. Furthermore, we obtain solutions to a specific case of the
density dependent diffusion Nagumo equation and Fisher equation using the method

of double reduction.
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Introduction

A number of versions of the nonlinear Schrodinger equation (NLSE) are used to
model a range of physical phenomena. In particular, the physics of the NLSE with
damping and driving terms are discussed in a number of papers such as [16, 17, 69]
and references therein. In this dissertation, we study the invariance, exact solutions,
conservation laws and double reductions of the NLSE, with damping and driving

terms, by decomposing the respective equation into real and imaginary parts.

When a Lie point or Lie-Backlund symmetry generator is applied to a conserved
vector, one of two things may happen. We may find that the conservation law is
associated with the symmetry or we may find another conservation law which could
either be trivial, known or new. We will illustrate that when the generated conserved
vector is the null vector, i.e. the symmetry is associated with the conserved vector,
a double reduction is possible for partial differential equations (PDE) with two
independent variables. In the double reductions that follow, the PDE of order g
is reduced to an ordinary differential equation (ODE) of order ¢ — 1. Therefore,
the use of one symmetry which is associated with a conservation law leads to two
reductions, the first being a reduction of the number of independent variables and
the second being a reduction of the order of the differential equation. The paper

[69] goes into great detail about this metho of ouble reduction.



Next, we consider the solutions of the density dependent Nagumo equation. Travel-
ling wave solutions have been discussed in the following papers |65, 66]. However, for
the purpose of this dissertation we shall investigate whether the conservation laws
and their corresponding multipliers can be used to construct equivalent systems to
the original ones. We shall apply the generalized double reduction theorem to spe-
cific cases of the density dependent Nagumo equation via associated symmetries, to
obtain exact solutions. Similarly the same procedure will be applied to the Fisher

equation.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we present the following definitions and theorems of the fundamental

concepts that will be required to conduct our research throughout this dissertation.

1.2 Fundamental Concepts

A function f(x,u,uq), ..., uw)) of a finite number of variables is called a differential
function of order k, where w), ey, ..., um) denotes the collections of all first, sec-
ond,..., k' order partial derivatives, that is, u® = D;(u®), uf; = D;D;(u®),. .. respectively,

with the total differentiation operator with respect to z* given by

a.Jrufa +u‘-"-i+---,z’:1,...,n, (1.1)

Dy= oue Y 81.',?




in which the summation convention is used whenever appropriate.

Consider a k" order system of partial differential equations (pde’s) of n independent

variables ¢ = (z',2?%,...,2™) and m dependent variables u = (u!,u?,...,u™)

G“(I, u, 'LL(;[), 5 4 ,U(k)) = 0, M= 1J San ,Th, (1.2)

The Lie-Bécklund or generalised operator is given by

(1.3)

where A is the vector space of differential functions. The operator (1.3) is an ab-
breviated form of the infinite formal sum

0
Z i11a.. zgau—: (14)

2122...15

X:éa

where the additional coeflicients are determined uniquely by the prolongation for-

mulae

¢ = Di(W®)+&ug
¢ . = D;...D; (W) + &ud g1, (1.5)

7]-..1g it 31.1 dg?

In (1.5), W* is the Lie characteristic function

W =g®—&u?. (1.6)

One of the more important aspects of nonlinear pde’s are the conservation laws.
Without these conserved quantities (integrals of motion), an understanding of the

problem would be incomplete [34].
A current T' = (T, ..., T") is conserved if it satisfies
DT =0 (1.7)
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along the solutions of (1.2).

It can be shown that every admitted conservation law arises from multipliers
Q,u(x, U, U(1), - - ) such that
Q6% = DiF* (1.8)

holds identically (i.e., off the solution space) everywhere, not just on solutions for

some current T°.

When the pde system is variational, multipliers are variational symmetries. There is
a determining system for finding multipliers (and hence conservation laws) for any
given pde system. We resort to the invariance and multiplier approach based on the

well known result that the Euler-Lagrange operator annihilates a total divergence.

The conserved flow is then determined directly or by a homotopy formula (see

(40, 46]).

Definition 1.1 [44] A Lie-Bécklund symmetry generator X of the form (1.4) is
associated with a conserved vector T' of the system (1.2) if X and T satisty the

relations
X + TR - T D) =0 i =1 .00 (1.9)

Definition 1.2 The Euler-Lagrange operator, for each «, is defined by

)
9 + ¥ (—1Y D, - B, CCE 0

=1, .- . .
S = B 2 ol R ) (1.10)




Theorem 1.3 [43, 45] Suppose that X is any Lie-Bécklund symmetry of (1.2) and

T',i=1,...,n are the components of the conserved vector of (1.2). Then
T =[T,X]=X(TH+T'D;& —TID;E, i=1,...,n, (1.11)

constitute the components of a conserved vector of (1.2) | i.e.,

DiT* |1.2= 0.

Theorem 1.4 [21] Suppose that D;7* = 0 is a conservation law of the pde system
(1.2). Then under a contact transformation, there exists functions 7% such that

J D;T" = D;T*, where T* is given as

71 e i 11
sz = J(A™)T 7:2 . J T:Z = AT T2 (1.12)
o - - i
in which
Dizy Diza - Dy, Dy@y, Digy -+ Dy
p D%ml D%xg 132'93,1 g Défl D?fz Dglgs;
Doy Buim ~- L, D.#y Dnfy -+ Do

(1.13)
and J = det(A).

Theorem 1.5 [21] (fundamental theorem on double reduction) Suppose that
D;T* = 0 is a conservation law of the pde system (1.2). Then under a similarity

transformation of a symmetry X of the form (1.4) for the pde, there exist functions



T such that X is still a symmetry for the pde DT =0 and

Xl Fiq
K gy | 2],
X [T%, X]
where
Dz, Dize - Dy, D3y Dhzs
4 Dg.’ﬂl D2$2 .Dg.’ﬂn Al Dg-fl Dg.:ﬁ'g
Dnz1 Dnza -+ Dnza D,t1 D,z

and J = det(A).

(1.14)

Dlmn
Dyx,

Dnm~n
(1.15)



Chapter 2

Comnservation Laws for the
nonlinear Schrodinger Partial

Differential Equation

2.1 Introduction and background

In theoretical physics, the nonlinear Schrodinger equation is a nonlinear version of
the Schrodinger cquation. It is a classical ficld equation with applications to optics
and water waves. Unlike the Schrddinger equation, it never describes the time evo-
lution of a quantum state. It is an example of an integrable model. In quantum
mechanics, it is a special case of the nonlinear Schrodinger field, and when canoni-
cally quantized, it describes bosonic point particles with delta-function interactions
( the particles either attract or repel when they are at the same point). The nonlin-

ear Schrodinger equation is integrable when the particles move in one dimension of

10



space. In the limit of infinite strength repulsion, the nonlinear Schrodinger equation

bosons are equivalent to one dimensional free fermions.

2.2 Conserved Vectors

We first consider an illustrative example via a version of the nonlinear Schrédinger

equation

igt + agz. + b'@'lgq = D: (21)

where the dependent variable ¢ represents the excitations corresponding to the dipole
intra-peptide vibrations while the independent variables z and ¢ are equivalent to
space and time. The second term represents the dispersion term that arises from
the effective mass of the exciton while the third term is the non-linear term. If we

write ¢ = u + iv, (2.1) becomes
i(u +0); + a(u + ) + b(u? + v?)(u + iv) = 0. (2.2)

Separating (2.2) into real and imaginary parts leads to the following second-order

system of pdes
G = —v; + QUge + b(u? + v¥)u =0,

(23)
G* = w + avg, + b(u? +v¥)v =0,
where G and G? are functions satisfying (2.1).
The multiplier (f, g) will satisfy the ‘joint’ Euler operator
)
G +9G?) =0. 2.4
(76" + 967 24)

Equation (2.4) is equivalent to the action of the Euler operator on each dependent

11



variable, given by
0 1 2
ﬁ(fG +¢G*) =0,

5 (2.5)
—(fG' + ¢G?) = 0.
5, G +9G%)
Thus by (2.5)a, we have
fG' +¢G® = D.8 + DT,
It turns out that, inter alia, we get the following pairs of multipliers
bl — UIJU.L‘ 3
(f1,91) = ( ) (2.6)
(f2, 92) = (u, —v).
We begin with the case (f1, g1).
Our determining equation for (7', S) in (2.5)a :
Uz (s + Uz + b(u® + v?)0) + ug(—v, + AUy, + b(u? + v )u)
= ﬂ + utTu + 'U'ttTut + uthuz + UtTv T 'Utt-rpw, + vt:cT'uz + S:.c + u:rSu
F U Su, + Upt Sy, + Vo Sy + VS, + Ut Su,- (2.7)

The governing equations are obtained from (2.7) by the separation of the monomials,

12



e = Sy

By = Dyey
Lo =10,

Toe + 54, =0,
T, =0

L F8 =0,

Va4 bugv(u? + v%) — upvy + bugu(u® + v?) =

Ty + uTy + v, + Sp + ug Sy + S,
From (2.8)c and (2.8)e, we have T is independent of u; and v;.

From (2.8)a, we get

S = —g—’b’i + A("‘Ts ta U, v, Ut,um,?—}t)a

and from (2.8)b,

aty = Ay,

so that
A= %ui + B(z,t,u, v, us, v)-
Thus, we have
5= gvﬁ + %ui + B(z,t,u, v, ug, v).
From (2.8)d, we obtain
T?:; i Bm — O:

13
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so that
T'=—u, By, ¥ Ol u,v,0).

From (2.8)f,we obtain
C'Um + B’U; = O:

Thus we get
C = —u.B,, + D(z,t,u,v).

Now from (2.8)g i.e.

vt + bugu(u? 4+ v7) — ugv, + bugu(u® + %) = T + T, + v, + Sz + 4z Sy + 12,5,

Substituting our summarised versions of 7" and S above we have:

Vgt + bugv(u? + v2) — ugvy + bugu(u? + v?)
== '—uth,ut - 'UmB.t,m + Dt + ut(ﬁuxBu,ur_ - (Ua:BuJUr o+ DU)
'JV_rUt(_uva,u,: - U.’L‘BU,Ut =+ Du) i Br + uxBu *+ Uva:
The governing equations are obtained from the equation above by the separation of

the monomials,

U + bv(u2 + 'Uz) = _Bi,vt = 'u'tBu,vf_ — Uti,vt -+ Bv;
—Us + bu(u2 -+ ’Ug) = _Bt,ut e utBu,Ut - Uth,ut -}~ Bu, (2.9)
Di+u Dy +v: Dy + B, = 0.

From (2.9)c we see that we can separate by u, and v; since D is not dependent on

either.
D,=0
D=1 (2.10)

14



So D is independent of u and v. Therefore
T = —u,B,, — v, B, + D(z,1).
From (2.10)c, differentiate partially with respect to u,
Dt,uf = _Bz,uf:

we get,
B e = 1

Also differentiate partially with respect to vy
Dt,vg o —B:c,'u“
we get,

0=—B,,,.

So we can substitute these two results into (2.9)a and (2.9)b.

From (2.9)a we get

b b
B =vu + Euzvz + iv‘l + E(x,t,u, us, vy),

and (2.9)b we get,

b b
B =—uv, + Eué - Euzfu2 + F(z,t,v, us, vg).

So using the two forms of B we have the following:
b
VU + Uy — i(u“ —vY) = F(z,t,v,u,v) — E(x,t,u, ug, v).
_ boa a0 oaa by
Then, B = 2UU,§+U’LJ¢+4(U u)+2uu T4V
15



so that

T = —wuby, —:B
= —=U U+ Uplh
and
b b b
S = %vi + —;—ui + 2vug — 2uve + 1(2)4 +ut) + §u2v2 o+ Zu4

1 1 _
= —ZbQ@MQ + galquz + 2(qq@ — Tq)-

Our next case is when
(f21.92) = (u: _U)'
The determining equation becomes:

u(uy + aveg + b(1? + v2)v) — v(—v + aUgg + b(u? + v2)u) = Ty + ue Ty + U Ty, + Use T,

+’U£Tv + UitTv; + 'Ut:ch'rx "J'_ Sx + U‘:CS’LL + U.t::r:su,; + u:r,tSu; + U.’ESU + 'U:mS'uc + 'U:[:iSm-
(2.11)

The governing equations are obtained from (2.11) by the separation of the monomi-

als,
TR
—ay = 8,
T, =0,
T+ = 0, (2.12)
T, =0,
Ty, + 8, =0,

wug + vvy = Ty +w Ly + 0T, + Sx =+ U:nSu + UmSu-

16



From (2.12)a

S = vyua + A(z,t,u, v, Uy, ug, Vy)
From (2.12)b, we get
A = —avu; + B(z, t, u, v, us, v)-
Thus we have
S = vyua — avug + B(z, t,u, v, s, vg).

From (2.12)d, we obtain

T =—u, By, + C(z,t,u,v,vg).

From (2.12)f, we have
Coz + Byt = 0,

therefore

C = —v; By + D(z, 1, u, v).

Thus we have
T = —u, By — By + D(z;t;u,v).
From (2.12)g, i.e.
uug +vvy = T + wly + vy + Sy + 1Sy + 025,
The governing equations are obtained by the separation of the monomials,

u=T1T,
=T, (2.13)
Ti + Sg + ugSy +v:8, = 0.

17



From (2.13)a, we have

thus

and from (2.13)b

we get

Thus we have

1 1
T = —uy By — By + Euﬂ + 5# + F(z,t).
From(2.13)c,

Fy 4+ By + augvg + ug By — augvg + v, 8, = 0.

The governing equations are obtained by the separation of the monomials,

B, =0,
B, =0, (2.14)
F.+B,=0.

From (2.14)a and (2.14)b we see that B is independent of v and v. Furthermore,
when we compute D,T + D,.S, by (1.4) we have that B = ' = 0. Therefore,

1
T = 5('&2 + ’Uz),
= 2|
- 2 q *
and
S = —avu, + auv,,
= _ia(q%: - 9@5)

18



2.3 Discussion and Conclusion

We have obtained new conservation laws for the nonlinear Schrédinger equation,
by using the multiplier approach. Corresponding to each multiplier there is a
unique conserved flow. In the next chapter, we study the damped-driven nonlinear

Schrodinger equation.

19



Chapter 3

Conservation Laws, Double
Reductions and Exact Solutions of
the nonlinear damped-driven

Schrodinger Equation

3.1 Introduction and Background

This chapter investigates the dynamics of Davydov solitons (self reinforcing wave
that maintains its shape while it travels at a constant speed) in «a helix proteins that
is governed by the nonlinear Schridinger equation (NLSE). The « helical structure
is found in those protein molecules where the transduction of energy from one end
of a molecule to the other occurs, [1-10]. For example, bacteriorhodospin molecule

incorporated into the membranes of halo-bacteria that live in salty lakes and basins,

20



intersects the cell membrane seven times in the form of o helix segments. Besides
motion, helix segments transfer energy and information from one cite in a cell to
another by means of propogation of soliton exactations, [6]. Solitons arise as the
solutions of a widespread class of weakly nonlinear partial differential equations.
The nonlinear dynamics of solitons can provide a key for the understanding of the
mechanism of transduction of information from the exterior to the interior of a cell.
We proceed to calculate exact solutions of the damped-driven Schriodinger equation

using double reduction.

3.2 The Double Reduction of the Driven-damped
Schrodinger System of Equations via Conser-

vation Laws

We start with the equation given below, it is given by the form

i + Gow + 2|q|°q — ¢ = hq — iyq, (3.1)

where v > 0 is the damping coefficient, h is the amplitude of the parametric driver

(which can be assumed to be positive) and g is complex valued.

We also assume ¢ to be of the form ¢ = u + iv so that separating (3.1) into real and

imaginary parts results in the system of pdes

U+ Vgz + 2 + 00+ (A= Dv+yu = 0,
—Vg + Uge + 2+ u+ (A —Du—v = 0, (8.2)

which is the version we will consider for our analysis.

21



3.2.1 Case 1l: v£0,h#0

The equation (3.2) admits the following four Lie point symmetries

d d
X, = —uy—0 L
' Y Bu ¥ o’
d 0 d
Xo = = —(h— v+ (h—Du—
2 = g (b= Lvgy+h—Dug,
d
X; = —
3 8:12"
a o} d
Xy = %L — v 4 au—. .
4 5~ Vg + TUz (3.3)
Equation (3.2) admits the following conservation law
1 op L oovigr 2, o 2v2 g 5 .8
Tl = iew(uvss*'uum):iew((u +U) Jr(h*l)(u +U)
+ vy — g + ul + vl) (3.4)
with the corresponding multiplier
Q1 = [€¥"vs, €¥™u,). (3.5)
Equation (3.2) is equivalent to
16! 4+ ;262 = 0,
sYS; = h o (3.6)
fhlGl - Q12G2 =0.
(3.6) system can be rewritten as
DtTElt'i'Dlem = U)
@G - g2 = 0. (3.7)

22



We now show that X; and X3 are associated with 77 = (T}, TF).

We obtain
(z) = A7)~ o o ) ()~ (z)
e FATY 0 0 ) \I¥ IF

1
562"”‘(—1:% — Uy + VU + Ul

= 1

Eezw,( _ 4m)(u2 s ,U2) —2(h — Duv + vuy + 4uv(u2 + 1)2)

= (i)

+ 2(h — Duv + uuy — vvp — 2uv; — uu + ZUIU_T)

and
) = () o ) () oln)
— X = + (0
g rl
o beht(ﬂfuw — vum)]
= 1.2 [lem((u2 + %) 4 (b — 1)(w? +v%) + vuy
dxl2
— wvy + ui + ’Uz)]
. 0
= o)
where
Nl T . @ e B am, &
% You + Y Ut@ut Ve Oty N U:aw + vy’ . oz’

Thus, X; and X3 are both associated with 7.
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A Double Reduction of the Damped-driven Schrodinger Equa-
tion by < X;, X3 >

We can get a reduced conserved form for the first equation of the first system, sys;

from (3.6) since X; and X3 are both associated symmetries of 7.

We consider a linear combination of X; and X3, i.e., of the form X = X3 + ¢X,,
and transform this generator to its canonical form Y = %, where we assume that

this generator is of the form ¥ =02 + 2 402 + Oa% (as in subsection 3.2.1).

From X(r) =0, X(s8) =1, X(w) = 0 and X(p) = 0, we obtain

dt _dr du _dv _dr _ds _dw _dp (3.8)
0 1 —e e 0 1 0 0 '

We solve (3.8) using the method of invariance, where the results are summarized in

the following table

24



dt
— b=t
0 1
d d
= by = u? + v?
—Ccv U
dr  dv U
— = — | by = arctan (—) —cx
1 cu U
d
HT b4 =T
d_x = E bs=5—=x
1 1
d
T’LU bs =w
dp
'l by =
0 7=P

bs, bs, bg and by are arbitrary functions all dependent on by, by and b3.

By choosing by = b1, bs = 0, by = +/b; and b; = b3, we obtain the canonical

coordinates

=t S w=m, p:arctan(%) — cs,
where w = w(r) and p = p(r) since ¥ = 2.
From (3.9), the inverse canonical coordinates are given by

t=r, z=s, u=wcos(p+cs), v=wsin(p+cs).

25
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From (1.13), we compute A and (A~1)7
Dt Dpx 10
A = —
D D,z 01

Dyr D 10
Al — s L (. — (AT,
D,r D.s 01

where J = det(A4) = 1.

and

We compute the first and second-order partial derivatives of v and v from (3.10),
viz.,

us = wpcos(p+cs)— wpysin(p + cs),

uy = —cwsin(p+ cs),

vy = wesin(p+ es) + wp, cos (p + cs),

v, = cwecos(p+ cs),
Uge = —c*weos (p+ cs),
Ugg = —cwsin (p+ cs). (3.11)

We now apply the formula from (1.14) with ¢ = 1, 2 to obtain the reduced conserved

@i) =JAY G:f) (3.12)

By substituting (3.10) and (3.11) into (3.12), we obtain

form

2~r, . 2

1
T —ce " w
( 1) - . , (3.13)

hi %ezw [w‘i + (h — Dw? — pow? + Pu?

26



where the reduced conserved form is also given by

The second step of double reduction can be given as
et =k (3.15)

or equivalently
w? = ke™ T, (3.16)

where £ is a constant.

Differentiating (3.15) implicitly with respect to r and then taking out a common

factor of 2w results in
yw + w, = 0. (3.17)
The second equation of sys; (3.6) is given by

ey, [ut + Vg + 2(u® + 03w + (A — 1)v + ”;u]

- ez”’tux{ — Vg + U + 20 + v u+ (A — Du — ﬂ,v] = @. (3.18)

After transforming (3.18) using (3.10) and (3.11), we obtain

—2ce®"w? [pr +c —2w? — (h - 1)] cos (p + cs) sin (p + ¢s)

(3.19)
+ ce®w(yw + w,) cos 2(p + cs) = 0.
We now substitute (3.15) and (3.17) into (3.19).
After dividing both sides by —2ck, this results in the ode
pr=2w'+h—-1-¢ (3.20)

27



If we substitute (3.16) into (3.20) and then integrate both sides with respect to r,

we obtain

-k
p(r)=—e+(h—1—-*)r+m, (3.21)
b
where m is an integration constant.

Using (3.11), we obtain the final solution to our original system as

—k ;
u(t,z) = Vke " cos (76'27't +h=-1=-)t+m+ w)

-k
v(t,z) = Vke sin (e"w +th—-1-c)t+m+ c:c) . (3:22)
V.

3.2.2 Case 2: v#0,h=0

In this case, the equation (3.2) also admits four Lie point symmetries

a

X, = —’u% + ua—v,
0 0 0
Xg = E -+ ’U-a—,; — ‘IL%,
0
XS - %1
0
Xy = A— - :cvgm + xuﬂ (3.23)

Oz ou v’

Equation (3.2) admits the following two conserved vectors
1
T, = [— 562“"°(:r(u2 +v%) + 2t (vuy — uvy)),
e (tut — tv? + tv* + tu® (=1 + 20%)) + v(tu, + zu,)

— u(tv + zv) + t(u? + ’Ui):f,

1
~e¥(u? +07), e (—vu, + u’ur)} (3.24)

%= |;
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with the corresponding multipliers
Q1 = [—mue%’*’um + 2te* ', zve + thzz"’*uw] ,

Qr = [eMu,—eM). (3.25)

Our original system (3.2) is equivalent to
A6+ g2G% =0,
sys; = 1 1 (3.26)
QiIGI - QiQGz = Oa

for =12

This system (3.26) can be rewritten as
DT+ DT = 0,

'G' - ¢’G* = 0. (3.27)

We now show that Xy is associated with Ty = (73, T%).

We obtain
g 5 T 0 0 T T
() - )2 0) 6 o)
2 9 20 2 2

il
Eezvt(MZ:cuv + 2zuv)

et — zvvy — TUUL + TV, + V2 + DU, + u? — u? — v?)

- (2)

m o_ 50 _ 0 8 9
Ny = Zt&n $v6u+mu6v (:chutJrZuI)émit (zvg + )

where

+ (zuy — va)% + (zu, + u)aU -
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Thus, X4 is associated with 1.

A Double Reduction of the Damped-driven Schrodinger Equa-
tion by < Xy >

We can get a reduced conserved form for the first equation of the first system, sys;

from (3.26) since X, is an associated symmetry of 7.

We again transform the generator X, to its canonical form ¥ = %, where we assume

that this generator is also of the form ¥ = 0% + a% + 0% + Oa%'

From X4(r) =0, X4(s) =1, X4(w) = 0 and X4(p) = 0, we obtain

de _de _ du _dv _dr_ds_dw _dp (3.28)

0 2 —zv azu 0 1 0 0

We solve (3.28) using the method of invariance, where the results are summarized

in the following table
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dt
e by =t
0 1
d d
u=l bQ=U2+'U2
—TU ru
i b —aulrctan(—)—m—2
26 zu 5 4¢
dr
bl S—— b:
0 F=7
dz _ ds g 2
2t 1 T Ty
dw
RS b:
0 =
dp
B -
0 7=P

by, bs, bg and b; are arbitrary functions all dependent on by, by and bs.

By choosing by = by, bs = 0, bg = /by and b; = b3, we obtain the canonical
coordinates

2

p=t F= i, w=+Vu?+v? p=arctan (E) - x—, (3.29)
2t u 4t
where w = w(r) and p = p(r) since ¥ = Z.

From (3.29), the inverse canonical coordinates are given by

t=r, x=2rs, u=wcos(p+rs’), v=wsin(p+rs?). (3.30)
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From (1.13), we compute A and (A7

4 - Dt D B 1 2s
Dt D.x 0 2r
(A—l)i“ _ Dy Dgr _ 15 (1J
Dys Dgs - =
r 2r

where J = det(A) = 2r.

and

We compute the first and second-order partial derivatives of u and v from (3.30)

g = wpcos(p+rs?) — wp,sin(p+rs?)
+ s*wsin (p + rs?)

u, = —swrsin(p+rs’)

v, = wpsin(p+rs®) 4+ wp, cos (p + rs?)

— s*wcos (p 4 rs?)

v, = swcos(p+rs?)
- 2
Upy = _W — s%wcos (p + rs?)
weos(p+rs?) 4 . ”
Vgg = —————— — s wsin(p+rs*). (3.31)

2r
We now apply the formula (1.14) for i = 1,2 to obtain the reduced conserved form

@z ) — J(AHT (g) (3.32)

By substituting (3.30) and (3.31) into (3.32), we obtain
21,2

ks re w
(1‘23 ) = , (3.33)
2 0
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where the reduced conserved form is also given by

DT, =0. (3.34)

The second step of double reduction can be given as
refuw? =k (3:35)

or equivalently
" ke—Q'yT
= : (3.36)

T

where k is a constant.

Differentiating (3.35) implicitly with respect to r and then taking out a common

factor of e*w results in

2rw, + (29r + Dw =0 (3.37)
or equivalently after dividing both sides by 2r

w
r+ — 4+ yw = 0. 3.38
w +2r+ w ( )

The second equation of sys, from (3.27) is given by

et [uut — VU + WVgg + Vlgs + 2uv(2(0® + 0?) — 1) + y(u? - vz)] = (3.39)

After transforming (3.39) using {3.30) and (3.31), we obtain
e (—2wp, + 4w — 2w) cos(p + rs*) sin(p + rs?)

+ ¥ (wr + % + qw) cos 2(p + rs?) = 0. (3.40)

After multiplying both sides of (3.40) by —% and then substituting (3.36) and
(3.38), this results in the ode

k=P

T

=) (3.41)

pw‘zg
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If we substitute (3.36) into (3.41) and then integrate both sides with respect to r

6—277'
= dr — 7, (3.42)

p(r) = 2!«/

=27 % 1] il 2 5]
where / i dr=1Inr+ Z u(lﬂf—r) +m. Where m is the integration constant.
T = Jg!
=1
Using (3.30), we obtain the final solution to our original system as

Hh \/;‘”"Cos (p(mj_i)

2, (—1) (2t)?
where p(r) = Qk(lnt + > (—L(Tl)— + m) —t.

U 1
When h # 0, the system (3.2) admits % which is built into the symmetry Xs.
However, when A = 1 the symmetry X, is strictly %. Considering X; and X, we

could replace X, by X, = %

3.3 Discussion and Conclusion

We showed that conservation laws and their corresponding multipliers can be used
to construct equivalent systems to the original ones. By applying the generalized
double reduction theorem to these systems via associated symmetries, one can con-
struct exact solutions. This procedure was applied to some second-order Schrédinger
systems of equations such as the parametrically driven-damped Schrodinger equa-

tion.
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Chapter 4

The Double Reduction of The

Nagumo and Fisher Equation

4.1 Introduction and Background

The motivation for the FitzHugh-Nagumo model was to isolate, conceptually, the
essentially mathematical properties of excitation and propagation from the electro-
chemical properties of sodium and potassium ion flow. The equation is a simplifica-
tion of the Hodgkin-Huxley model devised in 1952. The Hodgkin-Huxley has four
variables and FitzHugh-Nagumo equation is a reduction of that model. For details,
the reader is referred to [67, 68]. The Nagumo equation has various applications in
the ficlds of logistic population growth, flame propogation, neurophysiology, auto-
catalytic chemical reaction, branching Brownian motion process and nuclear reactor
theory. We investigate exact solutions to a specific case of the density dependent

Nagumo equation [65, 66].
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Another closely related equation is the well known Fisher equation also known as
Fisher-Kolmogorov equation derived for the stimulation of propagation of a gene
in a population. It is perhaps the simplest model problem for reaction-diffusion

equations. As above we consider a more general density dependent Fisher equation.

The symmetry, conservation laws and double reduction methods used in obtaining

the solutions may be found in, inter alia, the references [21, 43, 44, 45]

4.2 The density dependent Nagumo equation

In this section, we analyse the Nagumo equation
w = Dy(vPu,) + u(l — u}(u— o), (4.1)

where « is the density and u(l — u)(u — o) represents the reaction term [65, 66] -
p = 0 represents the standard Nagumo equation. In general, equation (4.1) is only
invariant under translations in time and space leading to traveling wave solutions
and has no conservation laws. The algebra of symmetries, however, is extended and
a nontrivial conservation law exists for the special case p = 2, = —1 leading to an
additional exact solution which may be determined by direct double reduction or

variational methods on the reduced ordinary differential equation (ode).

Direct double reduction

For p=2,a = —1, (4.1) becomes

up = 2uu’ + g, — ud 4+ u. (4.2)
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The equation admits a 3-dimensional Lie algebra of Lie point symmetries spanned

by
Xg ==, X3 = =€ = = e U — (43)

and the conserved vectors

N = (e"@“iu, g~ V3a—t (—umuz - ﬁu“)) y

3
L, = (e‘@”‘fu, gVis—t (—uxuz = £u3>) (4.4)

with associated multipliers

QL=e"VBt Q= (4.5)

X3 is associated with T} = (7}, T¥) since
() = () (< O ) () m()
T Ti 0 O I3 Ty
(0
—\0
—1 fzta Lo 0 Lo Y

X‘[U:_ ) & —
ST m 2% Y"au 2% Yy,

Thus X3 is associated with T7.

where

We can get a reduced conserved form for the equation (4.2) since X3 is associated

with 77.

We transform the generator X3 to its canonical form YV = 3%, where we assume that
this generator is of the form ¥ = 0% + % + O%. From X(r) = 0, X(s) = 1 and
X (w) = 0, we obtain

—2dt dxr —2du  dr ds dw

eF 0 we® 0 10 (£9)
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We solve (4.6) using the method of invariance, where the results are summarized in

the following table
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—2dt  —2du o
00w ot by = ue
dz b
J— =T
0 2
% bg =Tr
—2dt  ds -
=2 1 by=s+e
dw
e B =
0 B=0

b3, by, and by are arbitrary functions all dependent on b, and by. By choosing b = bs,

by = 0, and bs = b; , we obtain the canonical coordinates
r=z, s=—€t w=ue", (4.7)

where w = w(r) and since Y = £. We compute 4 and (A™1)7

Dt D.x 0 1
A = =—
Dt D,z = 0
-1 Dyr Dys _ 0 2s .
D.r D.s 1 0

B 1
2s 0,

and

So
(A—l)T —

where J = det(A) = 5. From (4.7), the inverse canonical coordinates are given by

_In{-s)

P 5 u=w(—s)z, (4.8)



The first and second-order partial derivatives of u are

b=

u =w(—s8)2, uy= wr(—s)%, T wrr(—s)%. (4.9)

We now apply the formula from with ¢ = 1,2 to obtain the reduced conserved form

() -sr ()

By substituting (4.8) and (4.9) into (4.10), we obtain

o-(2)

- 3
U, = ?16‘/5’"11)2 (wT + %w)

where

and
Uy, = ?Tf,

where the reduced conserved form is also given by
DTy =1 (4.12)

The second step in the double reduction can be given as

— 3
k= —le“ S (w, + i'w ; (4.13)
2 3
so that e
w= E.z_ ((ezﬁ""élk\/g - Sp) 62"@") ¥ (4.14)

where p is a constant of integration. Substituting (4.14) into (4.8), we obtain the

exact solution
e—\/ﬁert

U= ((e*V*"4k+/3 + 8p) emm)% .
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4.3 The density dependent Fisher equation

A generalized version of the density dependent Fisher equation is given by

Uy = Dyp(uug) + u(l — u). (4.15)

It turns out that as in the case of the Nagumo equation, conservation laws do not ex-
ist in general. However, conservation laws and additional corresponding symmetries

do exist for the nontrivial case s =1, i.e.,
Uy = u? + Uy, — u? + u. (4.16)

The equation admits a 3-dimensional Lie algebra of Lie point symmetries spanned
by

0 0 T
Xl_a;{:’ XQ#_ X3—6 —t—e U (417)

and the conserved vectors

T, = (eﬁ‘/ﬁ“*"u, g=vEr=t (—uwu — ?’rﬁ)) .

i 2
L = (e”"’iu, g¥2e—t (wuxu = %uz)) (4.18)
with associated multipliers
Ql = B_V‘Em_t, Qz = e‘/ﬁm_:. (419)

The association of X3 with 77 = (7}, TF) is a consequence of
T T et 0 T T
() = )| o ) )l
1 g, 0 0, T 1
e
—\o
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where

X:LI] = e‘tﬁ —etu— —etu,—

at ou
Thus X5 is associated with 7;.

We can get a reduced conserved form for the equation (4.16) since X3 is associated

We transform the generator X3 to its canonical form ¥V = 6%, where we assume that
this generator is of the form ¥ = 02 + 2 + 0. From X(r) =0, X(s) = 1 and
X (w) =0, we obtain

—dt_d:r:_—du_dr_ds_dw (420)
et 0 wet 0O 1 0 ’

We solve (4.20) using the method of invariance, where the results are summarized

in the following table
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_—dj = _dL: b, = ue~t
e~ ue~
dé:c by ==x
% by =r
;;5:? by =s+¢
d—OIE by = w

bs, bs, and by are arbitrary functions all dependent on b; and by. By choosing by = bs,

by =0, and b5 = b; , we obtain the canonical coordinates
r=g, S=-—e,; w=ue, (4.21)

where w = w(r) and since Y = 2. We compute A and (A~1)7

4 D4t Dz _ 01
D Dyx % 0

and
A_I _ DtT DgS _ 0 s
D,r D.s 1 0.
So
01
(A-I)T —
s 0,
where J = det(A) = =}, From (4.21), the inverse canonical coordinates are given
by
il
f= n(2 S), U= —ws, (4.22)



Thus,
Up = —WS, Uy = —W;8, Ugy = —Wpr. (4.23)

We now apply the formula from with ¢ = 1,2 to obtain the reduced conserved form

@j) =J(A™HT (gﬁ) (4.24)

By substituting (4.22) and (4.23) into (4.24), we obtain

Ty [ U
-

2
U= eV (—wr + gw)

where

and
Uy =—TF,

where the reduced conserved form is also given by
T =1 (4.26)
Further reduction leads to

(4.27)

7)

= e (—u 4 B

and, therefore,
-1 1 1) L
W= (2(3_‘/5%\/5—4— 426‘@") ., w= 3 (Ze‘ﬁrk\/ﬁ + 426‘@") : (4.28)

where z is a constant of intergration. Substituting (4.28) into (4.22),we obtain

b3l

et t - 1
9 = Tﬁ (267\/5111’6\/5 + 42:6‘/5“’) g = % (26_\’2%\/5 + 426‘/§$) .
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4.4 Discussion and Conclusion

We showed that conservation laws and their corresponding multipliers can be used
to construct equivalent systems to the original ones. By applying the generalized
double reduction theorem to these systems via associated symmetries, one can con-
struct exact solutions. This procedure was applied to specific cases of the density
dependent Nagumo and Fisher equations for which we obtained new solutions; the
well known, previous solutions of the density dependent Nagumo are traveling wave
type ones.

Note. Alternatively, the equations (4.2) and (4.16) may be reduced to ordinary dif-
ferential equations which, in turn, may be doubly reduced using variational methods

and Noether’s theorem.

45



Chapter 5

Conclusion

We have shown that by utilizing the interplay between symmetries and conservation
laws, one can obtain a large class of exact solutions to the damped-driven NLSE,
Nagumo and Fisher equations.This method would take into account solutions like

the traveling wave ones, inter alia, if required.

In paticular, we considered PDE’s with two independent variables of order g which
admit a Lie point symmetry with generator X and have a conservation law with
conserved vector 7. We have shown that an ODE of order ¢ — 1 can be constructed
for the solutions of the PDE invariant under X. That is, solutions of the PDE
invariant under X also solve this ODE. Furthermore, if X is associated with 7" by
the relation then the invariant solutions of the PDE satisfy an ODE of order at most

g — 1. Thus we have affected a double reduction of the PDE.

The generalisation of this theory to PDE’s of higher dimensions is still an open
problem and is intimately connected with the definition of non-local variables. The

definition of these variables are known in theory, but it is not clear how to overcome
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the problem that not all derivatives of the non-local variables sre known explicitly.
Calculations for higher dimensions become quite involved. One only has to consider
the lack of examples of potential symmetries and symmetries with associated con-
servation laws for higher dimensional PDE’s to demonstrate the complexity of this

problem.
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