Rendiconti del Circolo Matematico di Palermo Series 2 (2025) 74:61
https://doi.org/10.1007/5s12215-024-01161-w

®

Check for
updates

Inertial Halpern-type Tseng’'s method for approximating a
solution to monotone inclusion problems with fixed point
constraint

2

Grace Nnennaya Ogwo' - Bertin Zinsou'-2@® - Hammed Anuoluwapo Abass? -

Olawale Kazeem Oyewole*

Received: 8 January 2024 / Accepted: 28 August 2024
© The Author(s) 2025

Abstract

In this paper, we introduce an iterative method for approximating the common solution of a
finite family of monotone inclusion problems and fixed point problem of a finite family of
relatively nonexpansive mappings in reflexive Banach spaces. Our proposed method contains
the inertial technique and the Halpern method. We obtain a strong convergence result without
the prior knowledge of the Lipschitz constants of the mappings. Finally, we present some
numerical experiments to demonstrate the applicability of our method. Several existing results
in the literature are improved, extended, and generalized by our result.

1 Introduction

Let X be a real Banach space and X* its dual. The fixed point problem is the problem of
finding a point x € X such that

x=Tx, ey

where T : X — X is a nonlinear mapping. We denote the set of fixed points of the nonlinear
mapping T by F(T). Several iterative methods have been proposed for solving the fixed point
problem. In 1967, Halpern [19] introduced the following iterative method for approximating
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the fixed points of a nonexpansive mapping 7 : C — C and defined it as follow:
X1 = okxo + (1 —o) T, k=1, 2

where C is a closed convex subset of areal Hilbert space H, {ox} C (0, 1) and xg € C. Halpern
obtained a strong convergence result. Several researchers have studied the convergence
analysis of Halpern iterative process with various additional conditions for approximating
optimization and fixed point problems (see [18, 22, 50, 58] and other references therein).
The monotone inclusion problem (MIP) is the problem of finding a point x € X" such that

0 e (N + M)x, 3)

where N : X — X* is a monotone operator and M : X — 2% " is a maximal monotone
operator. Throughout this work, we will denote the set of solution of (3) by (N + M y~1o.
The MIP has attracted the interest of several researchers since it lies at the heart of many
mathematical problems, including convex programming, variational inequality problem, split
feasibility problem, minimization problem, among others (see [15-17, 24, 31, 35, 36, 40-44]
and other references therein). The MIP has wide applications in several fields such as signal
processing, machine learning, computer vision, image recovery, statistical regression, among
others (see [15, 16, 25, 35] and other references therein).

Several authors have studied and proposed iterative algorithms for solving (3). A simple
and effective method for solving (3) was introduced and studied in a Hilbert space H by
Lions and Merciers [23]. They called the proposed method the forward-backward splitting
method and defined it as follows:

Xipr = TN o — MNxw), V=1, ©)

where Jf;’ := (I + 2 M)~ is the resolvent of M, {A;} is a positive real sequence and / is
the identity mapping on H. In this setting, N is the forward operator and M is the backward
operator. The authors obtained a weak convergence result of the proposed method under the
assumption that the operator N is S-inverse strongly monotone with 8 > 0. Precisely, the
authors require the operator N to satisfy the condition

(Nx — Ny,x —y) > BlINx — Ny|*>, ¥Yx,yeH.

The forward-backward splitting method have been studied by several authors (see [35, 47, 52,
53] and other references therein). The limitation to this forward-backward splitting method
is the strict condition placed on the operator N. To weaken this assumption, Tseng [54]
proposed a Tseng’s splitting algorithm for solving (3) and defined it as follows:

X1 € H,
vk = I (o = AN x), (&)
X+l = Yk — M(Nyr — Nxg), Yk>1,

where N : H — 'H is monotone and L-Lipschitz continuous, and {A} € {0, % . Tseng also
obtained a weak convergence result. The limitation of this method lies in the fact that the
method requires the prior knowledge of the Lipschitz constant which can be very difficult and
sometimes impossible to estimate. Several authors have studied and modified the Tseng’s
splitting method (see [53, 56, 57] and other references therein).

In 2019, Shehu [47] extended the result of Tseng [54] from Hilbert spaces to Banach
spaces. Shehu [47] studied and introduced an iterative method for approximating a solution
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of (3) in a 2-uniformly convex Banach space X which is also uniformly smooth. Shehu [47]
defined the proposed method as follows:

x| € X,
Yszfflfl(Jxk—kkka), 6
Xir1 = Jyk — Me(Nyg — Nxg), Vi > 1,

where N : X — X* is monotone and L-Lipschitz continuous, J : X — X* is the duality

mapping,
I =+ um)~ly @)

is the resolvent of M and A € (0, ﬁ
weak convergence result. Furthermore, the author modified Algorithm 6 by replacing stepsize
with a linesearch for solving (3).

The main aim of this work is to find a common solution to a finite family of MIP and FPP
of a finite family of relatively nonexpansive mappings. That is the problem of finding a point
x in a Banach space X such that

). Under certain conditions, the author obtained a

x €T =, F(T) () (N + My ~o, @®)

where for eachi = 1,2,...,m, M; : X — 2%" are maximal monotone operators,
N; : X — X be monotone and L;-Lipschitz continuous operators, and 7; : X — X are rela-
tively nonexpansive mappings. Due to the applications of this common solution problems to
mathematical models whose constraints can be stated as FPP and MIP, many methods have
been proposed and investigated for approximating the common solution to FPP and MIP.
Common solution problem, in particular, have applications in network resource allocation,
image recovery, and signal processing, machine learning, computer vision, data compression,
among other areas.

Manaka and Takahashi [26] studied and introduced an iterative method for approximating
a common solution to the FPP and MIP in a real Hilbert space H and defined it as follows:

x1 € H,
M 9
X1 = agxk + (1 —a) T8 (ke — McNxg), ¥V k=1,

where N : H — 'H is «-inverse strongly monotone, 7 : H — H is a nonspreading
mapping, {ox} € (0,1) and {A;} € (0, 2«). The authors proved that the sequence {xx}
generated by the proposed algorithm (9) under certain conditions converges weakly to a
point in F(T) N (N + M)~'0. Very recently, Sunthrayuth et al. [48] proposed algorithms
for approximating a common solution to the FPP (for a relatively nonexpansive mapping)
and MIP (for a monotone operator) in a reflexive Banach space. The authors under certain
conditions obtained weak convergence results. It is well known that the strong convergence
is more desirable than the weak convergence.

The inertial method is one of the effective techniques often employed by authors to speed
up the convergence of iterative methods when solving optimization problems. This method
was introduced by Polyak [34] and it is based on a discrete form of a second order dissipative
dynamical system in time. The inertial approach has the advantage of increasing the speed of
convergence of iterative techniques. There has recently been a surge in interest in researching
inertial type algorithms for solving optimization problems (see [4, 5, 11, 21, 27, 32, 38, 39,
51] and other references therein).
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Motivated by the above mentioned works in literature, we propose an inertial iterative
method in a reflexive Banach space for approximating the common solution to a finite family
of monotone inclusion problems and fixed point problems of a finite family of relatively
nonexpansive mappings. Our proposed method combines the inertial technique, a Halpern
method and a self-adaptive step-size. We establish a strong convergence result. Furthermore,
we present some numerical experiments to demonstrate the applicability of our method.

The remainder of the paper is organized as follows: In Sect.2, we review some basic
definitions and results that are essential for our convergence study. Section3 introduces
and examines the features of our suggested technique. Section4 investigates the method’s
convergence. In Sect. 5, we apply our result to approximate the common solution of a finite
family of variational inequality problems (VIP) and FPP of a finite family of relatively
nonexpansive mappings in Banach spaces. We conduct numerical experiments to demonstrate
the applicability of our method in Sect. 6 and we conclude in Sect.7.

2 Preliminaries

In this section, we provide some basic definitions and results that are essential in the subse-
quent sections. Throughout this work, we denote the real Banach space and its dual by A" and
X* respectively, and the duality pairing between X and X* by (-, -). We denote the strong
and weak convergence by — and — respectively.

If M : X — 2% is a set valued operator, the domain, range and graph of the operator is
defined respectively as follows: domM = {x € X : Mx # @}, ranM = (J{Mx : x €
dom M} and G(M) = {(x,y) € X x X*:y € Mx}.

Definition 2.1 The function g : dom g € X — R U {oo} is said to be

(a) Proper,if dom g # @,
(b) Lower semicontinuous at a point x € D(g), if

g(x) < liminf g(xy);
Xp—>X
(c) Convex, if
gOx + (1= 1)y) <igl) + (1 =gy, Yre D, x,ye D).
Definition 2.2 Let C be a nonempty subset of X'. Then, a mapping M : C — X* is said to be
(1) Monotone, if
(x —y,Mx —My) >0, Vx,yeC(;
(ii) L-Lipschitz continuous, if there exists a constant L > 0 such that
[Mx — Myl < Lllx —yll, Vx,y€C;

(iii) Hemicontinuous, if for each x, y € C, the mapping g : [0, 1] — X* defined by g(r) =
M (tx + (1 — t)y) is continuous with respect to the weak topology of X*.

A monotone operator is said to be maximal if its graph is not contained in the graph of
any other monotone operator.
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Definition 2.3 The Fénchel conjugate function of g is the convex function g* : X — R
defined by

g"(y) = sup{(y, x) —g(x): YxeXx}

The function g on X is said to be cofinite if dom g* = X™* and g is said to be strongly
coercive if
g)
=— =00

lell—oo flxll

Definition 2.4 The function g : C — (—o00, oo] is said to be Legendre if and only if the
following hold:

(i) int(dom g) # ¥ and dg is single-valued on its domain;

(ii) int(dom g*) # @ and dg* is single-valued on its domain.

Letg : X — (—o0, 0o] be a function. Let x € int(dom g), forany y € X, the directional
derivative of g at x is defined by

glx +1y) — g(X)'

; (10)

g (x,y) = lim
[—0t

The function g is said to be Gateaux differentiable at x if the limit as / — 0 in (10) exists.
In this scenario, the gradient of g at x is the linear function Vg (x), defined by (Vg(x), y) =
g/(x, y), Yy € X.Itis well known that if g is continuous at x and dg(x) is single valued,
then g is Géateaux differentiable at x. The mapping Vg is said to be weakly sequentially

continuous if for any sequence {x;} C X, x;z—x implies that Vg(xk)—*\Vg(x).
The subdifferential set of g at a point x, denoted by dg(x) is given by

dgx) ={z€eX:g(y) —glx) = (z,y—x), Vye X}

An element z € dg(x) is called the subgradient of g.

The function g is said to be Fréchet differentiable at x if the limit [ — 0T in (10) is
attained uniformly in ||y] = 1.
Let g : X — (—00, o0] be a Giteaux differentiable function. The function P, : dom g x
int(dom g) — [0, oo) defined by

Pg(x,y) = gx) —g(y) — {(x —y,Vg(y) (11)

is called the Bregman distance with respect to g. It is well known that the Bregman distance
is not a metric because it fails to be symmetric and does not satisfy the triangle inequality
property. However, the Bregman distance posses the following properties (see [10]):

(i) Three-point identity given by
Pg(x,y) + Pg(y, 2) — Pg(x,2) = (Vg(z) = Vg(y), x — y); (12)
(i) Four-point identity given by
Py(x,y) — Pg(x,2) — Pg(w, y) + Pg(w, 2) = (x —w, Vg(z) — Vg(y)). (13)

A Gateaux differentiable function g is said to be n-strongly convex if there exists a constant
n > 0 such that

n .
gx) = g + (¥ =y, Ve() + Jllx — yI?, ¥x edomg, y € int(dom g).
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Let C be a nonempty, closed and convex subset of int(dom g). If g is n-strongly convex
function on C, then

Po(x.y) = gnx—ynz, Vx.yec. (14)

It is well known that if g : X — R is Gateaux differentiable, strictly convex and cofinite.
Then M is maximal monotone if and only if ran(Vg + AN) = X*, A > 0, (see [9]).

Definition 2.5 Letg : X — (—o00, 0o] be a Fréchet differentiable function which is bounded
on bounded subsets of X and M be a maximal monotone operator, then the resolvent of M
for > 0 defined by

-1
IM(x) = (Vg +AM) Ve(x), VxeX
is a single valued Bregman quasi nonexpansive mapping from X onto dom(M) with
F(UM)y = m~10.

An example of a Legendre function is g(x) := %Hxll)‘ (1 < A < 00) when X is a
smooth and strictly convex Banach space. In this case, the gradient Vg of g coincides with
the generalized duality mappings of X, thatis, Vg = J, (1 < A < 00). Particularly, Vg = I
is the identity mapping in a real Hilbert space.

Definition 2.6 The Bregman projection with respect to g of x € int(dom g) onto a nonempty,
closed and convex set C C dom g is the unique vector I1¢(x) € C satisfying

Py(Ilc(x), x) :=inf{Pe(y, x) : y € C}.

Lemma 2.7 [12] Let C be a nonempty, closed and convex subset of X. Let g : X — R be
a Gdteaux differentiable and totally convex function and x € X. The following statements
hold:

(i). z= Hé(x) ifand only if (y — z, Vg(x) — Vg(z)) <0, V yeC.
(ii). Py(y, H(gj(x)) + Pg(l'lé(x), x) < Py(y,x), YyeC.

Letg : X — Rbe aLegendre function. We also require the functional Q4 : X xX — [0, c0)
defined by:

Qe(x,y) =gx) —(x,y) +&%(y), YxeX, Vyed™ (15)

Then, Q, is nonnegative and

Qg (x, y) = Pg(x, Vg* (). (16)

The function Q, also satisfies the following inequality:

Qg(x,y) < Qglx,y+2) — (2, Vg*(y) — x). a7

Let g : X — (—o00,00] be a proper, convex and lower semicontinuous function. Then,
g" : X - R U {oo} is a proper, convex and weakly lower semicontinuous function (see
[33]). It is known that P, is convex in the second variable, that is

@ Springer



Inertial Halpern-type Tseng’s method... Page70f28 61

Py (. Vg*(fjrng@,-))) < itin(x, &), ¥ xeX, (18)

i=1 i=1

m
where (£}, C X and {#;}]", C (0, 1) with }_#; = 1.

i=1
Definition 2.8 [30] Let X be a Banach space and let B, := {z € X : ||z|]| < r}forall r > 0.
Then a function g : X — R is said to be uniformly convex on bounded subsets of X if
8(t) > Oforall r,t > 0, where §, : [0, +00) — [0, oo] is defined by

i ag(x) + (1 —a)g(y) — glax + (1 —a)y)

x,y€B,,llx—yll=t,ae(0,1) a(l —a) ’

o (t) =
for all # > 0. The function §, is called the gauge of uniform convexity of g.
Proposition 2.9 [29] The gauge function §, : [0, 00) — [0, o0] is a continuous function.

Lemma 2.10 [30] Let X be a Banach space, let r > 0 be a constant and g : C — R be a
uniformly convex function on bounded subsets of X . Then

g (Z )»kxk> < Zkkg(xk) — xirj8r (Ilxi — xjll)

k=0 k=0

m
foralli,j€{0,1,2,...,m}, xx € By, A € (0, D fork=0,1,2,....,mwith > A =1,
k=0
where 8, is the gauge of uniform convexity of g.

Definition 2.11 [13] The mapping 7 : C — int(dom g) is said to be relatively nonexpansive
if it satisfies the following conditions:

@) F(T) #9;
(it) Pg(y,Tx) < Py(y,x), Yxe F(T)and y € C;
(iii) I — T is demi-closed at zero, that is, whenever a sequence {x;} € C such that x;—x and
ngrgo lxx — Txx|| = 0, it follows that x € F(T).

Remark 2.12 [48] If T satisfies (i) and (ii), then T is called Bregman quasi-nonexpansive.
From the definition above, it is known that if X" is a Hilbert space and g(x) = %Hx 12, then
T is quasi-nonexpansive and / — T is demi-closed at zero.

Lemma2.13 [45] Let g : X — (—00, 00] be a Legendre function. Let C be a nonempty,
closed and convex subset of int(dom g) and T : C — C be a Bregman quasi-nonexpansive
mapping. Then F(T) is closed and convex.

Lemma2.14 [37] Let g : X — R be a Gdateaux differentiable and totally convex function.
Suppose that x € X, if {Py(x, x)} is bounded, then the sequence {x;} is bounded.

Lemma2.15 [8] Let N : X — X* be a monotone, hemicontinuous and bounded operator,
and M : X — 2%" be a maximal monotone operator. Then N + M is maximal monotone.

Lemma 2.16 [30] Let X be a Banach space and g : X — R be a Gateaux differentiable

Sunction which is uniformly convex and bounded subsets of X. Suppose that {x} and {yx}

are two sequences in X. Then lim P, (xy, yr) = 0 if and only if lim |lxx — yx|l = 0.
n—0o0 n—o0
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Lemma 2.17 [6] Let {ax}, {br} and {ay} be sequences in [0, 0o) such that

ax+1 < ar +ag(ax — ag—1) + by,

o
forallk =1, > by < 0o, and there exists a real number o with 0 < o < a < 1, for all
n=1

k € N. Then, the following hold:

(i) > lak — ax—1]+ < oo, where [t = max{z, 0};
n>1
(ii) there exists a* € [0, 00) such that lim a; = a*.
k— 00

Lemma 2.18 [49] Let {ax} be a sequence of nonnegative real numbers, {o} be sequence of
o0

real numbers in (0, 1) such that _ ax = 0o and {by} be a sequence of real numbers. Assume
k=1
that

a1 < (1 —op)ag +agbr, VY k>1.

Iflimsup by; < O for every subsequence {ak;} of {ax} satisfying the condition

J—>00

lim inf (ax
o0

—ai;) >0,
i /

Jj+l1

then lim a; = 0.
k—00

3 Proposed method

In this section, we introduce a Halpern inertial algorithm for approximating the common
solution to a finite family of MIP and FPP of a finite family of relatively nonexpansive
mappings. We begin with the following assumptions under which our strong convergence
result is obtained.

Assumption 3.1 Suppose that the following conditions hold:

Assumption A

(A1) Let g : X — R be a n-strongly convex, strongly coercive Legendre function that is
bounded, uniformly Fréchet differentiable and totally convex on bounded subsets of
X. Let Vg is weakly sequentially continuous on X.

(A2) Foreachi = 1,2,...,m, the mapping N; : X — X™* is a finite family of monotone

and L;-Lipschitz continuous mappings with L; >0, Vi=1,2,...,m.
(A3) Let M; : X — 2% be a finite family of maximal monotone mappings for each
i=1,2,...,m.

(A4) The mapping 7; : X — X is a finite family of relatively nonexpansive mappings.
(AS) The solution set I' = N, F(T;) (N (N; + M;)~'0 # 0.

Assumption B

o0
(B1) Letayg € (0, 1) such that Y o = 0o, lim o = 0.
k— 00

k=1
(B2) liminf Brofri >0, i=1,2,...,m.
k—o00

We now present our proposed method.
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Algorithm 3.2 Inertial Halpern-type Tseng’s method with self-adaptive stepsize

Initialization: Choose xg, x; € C,A; > 0,7 € (0,1) and i € (0, 1). Setk = 1.
Step 0: Given x, x;—1, choose 7 such that 0 < t; < 7 where

. @ & . _
T = {mm {T’ SrIVE (k) =Vg (-l Pg(ﬂch—l)}’ if xp —x—1 #0, 19)

T, otherwise
and {e;} C (0, 1) is a sequence of nonnegative numbers such that {ex} = o(ay), that is
lim — =0. (20)
Step 1: Given the kth iterates x; and xx_1, compute
wi = Vg* [Vg(ar) + e (Vgxr) — Vg(xk—1))].
Step 2: Compute
Yhi = Jfkli Vg* (Vg(wi) — heNjwy)
and
2% = Vg (Vg()’k,i) = h(Niyr,i — Niwk)),

where

. I<i<m (2k,i =Yk,i» Niwg—Niyi)
k 1 = .
* if (zx,i — Yi,is Niwk — Niyr,i) # 0,

Ak, otherwise.

min { min {M(Pg Zkiis )'k,i)+Pg(}’k,i»wk)) ] ,}»k}
2D

If wr = yk,;, then Stop: wy is a solution of the problem (8). Otherwise, go to Step 3.
Step 3: Compute

u = Vg* (ﬁk,ng<wk> +y ﬂk,,-Vg<T,-z;<,,»>>

i=1

m

with Bx; € (0, 1) such that ) Br; = 1.
i=0

Step 4: Compute

X1 = Vg (Vg (x0) + (1 — ap)Vg(up)) ,

Set k := k + 1 and go to Step 1.

Remark 3.3 We note that Algorithm 3.2 is a generalization of the method proposed in [1]
for solving monotone inclusion problem, while we have considered a common solution to a
finite family of monotone inclusion problems and fixed point problem for a finite family of
relatively nonexpansive mappings in reflexive Banach spaces.
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4 Convergence analysis

Lemma 4.1 Let {\} be the sequence generated by Algorithm 3.2. Then, the sequence {A}
is nonincreasing and

lim Ay = A > min {M, M} ,
k— o0 L;
where n > 0, u € (0, 1) and L; is the Lipschitz constant associated with the mapping N;.
Proof From (21), it is obvious that Ax+; < Ak for all K > 1. Now, since N; is L;-Lipschitz

continuous, we have in the case where (zx; — yk,i, Niwk — N;yr,i) # 0 and from (21) and
(14), that

2 2
w(PyGisis Yii) + Po(Vris wi)) . %[”Zki = Yill” + vk — well ]
(zki — Ykis Niwe — Nivei) — lzei — Yr,illllNiwe — Niye,ill

pn i = vl - Nk = vl

v

lz&.i = Yr.i llIN;wie — Ny
pn i = vl - e = vl

v

Lillzk,i — Y,illlwe — yiill
Ladl)
L’
Clearly, we have

i

Ak+1 = min {)»k, %} .

Ly
completes the proof. O

By induction, we obtain that A; > min [Al, M] .Thus,klim Ak = A > min {Al, %} which
—00 i

Remark 4.2 Since the limit

. Ui
1 l—-—)=1- 0, 22
im ( )»k+1) w > (22)

there exists ky > 0 such that for all k > kg, we have (1 — /\A:T“l) > 0.

Lemma 4.3 Let {xi} be the sequence generated by Algorithm 3.2 satisfying Assumption 3.1.
Then, the following inequality holds

Ak

)[Pg(zk,i, Yk,i) + Py (wi, yk,i)]-
Ak+1

Po(, 20) < PoCrowe) = (1 - u

Proof Let x € T, see (AS). Then, from the definition of z;; in Step 2 and the Bregman
distance (11) we have

Py (x, Zk,i) =P, (x, Vg* (Vg (ki) — M (Niyr,i — Niwk))>
= g(x) — gzk,i) — {x — 2k,i» V&(Wk,i) — Mc(NiYk,i — Niwg))
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=g(x) — 8Qk,i) — (* — zk,i» V&Wk.i)) + Ak{x — zk,is Niyk,i — Niwk)
=8(x) — 8Wk,i) + 8Wk,i) — {x — zk,i, V&k,i)) — 8(zk.i)
HxX — Yi,is V&k.i)) — (x — Ykir VE(Vk,i))
+Ak (X = Zk,is Niyki — Niwg)
=g() — gWk.i) + {x — Yk.i» V&k.i)) + &k.i) — 8(2k.i)
+(zki — Yris V& ki) + Aklx — zki» Niyki — Niwg)
= Pg(x, ki) — Pg(Zr,is Y,i) + Milx — 2k,is NiYr,i — Niwg). (23)

From (12), we have

Pg(x, yi,i) = Pg(x, wg) — Py (Yk,ir Wi) + (x — yi,ir V&(wr) — VE(Yk,i)). (24)
Substituting (24) into (23), we have

P 214 ) = Pelrs we) = Po(iis we) + (x = yioi, Ve(wi) = Ve (i)
— Py (Zki» Yk,i) + A {x — Zkis Nivei — Niwg)
= Pg(x, wg) — Py(yk,i» wi) — Pg(2k,i» Yk.i)
+Ak{zki — Yk.i» Niwg — Niyr.i)
—{Vki —x, Vg(wr) — Vg (ki) — Ae(Niwk — NiYi.i))- (25)
From the definition of yj ; in Step 2 we have Vg(wy) — M N;wi € Vg (ki) + A Miyr,i.

By the maximal monotonicity of M;, there exists dy € M; yk ; such that Vg(wi) — g Njwy =
Vg(yk.i) + Ardy. It follows from this that

1
o (Veu = i = Ve(un) ) = di. (26)

Also, from Lemma 2.15, the fact that 0 € (N; + M;)x (see (3)) and N;yx,; + di €
(Ni + M;)yx.i,we have that N; + M; is maximal monotone. Therefore,

(Yki — X, Niyei +di) =0, (27)
see Definition 2.2. From (26) and (27), we have
1
E()’k,i — X, McNiyi,i + Vg(wi) — AcNijwg — Vg(yk,i)> >0

which implies that
(30 = . Vgwe) = Ve = we(Niwn = Nives)) 2 0. (8)
Substituting (28) into (25) and using (21), we have

P, 20i) = Poe, i) = Po(is we) = PelEiis Ye)
+Aik{zk,i — Yr,i> Niwg — Niye,i)
< Po(x, w) — Pg(Yk,i» wi) — Pg(Zk,is Yk,i)

WAk
L2 Py (s ) + POk i) |
Akt

Ak
= Py w) — (1- um)[Pg(zk,,-, )+ Pekiswo)]s 29)
+
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which is the required result. O
Applying (22) to (29), we have
Pe(x. 26i) = PoCx, wp). (30)

Lemma 4.4 Let {xi} be a sequence generated by Algorithm 3.2 satisfying Assumption 3.1.
Then {x;} is bounded.

Proof Let x € T and let by = Vg(x) + 1% (Vg(xk) — Vg(xk_l)). Then, wy can be written
as wy = Vg*(br). Hence, we have from (15) to Lemma 2.10 that

Pg(x, wy) = Pg(x, Vg*(br))
= g(x) + g (br) — (x, by)
=g(x)+g" (Vg(xk) + (Vg(xk) - Vg(xk—l)))

~{x. Vg0u) + 7 (V) - Vetu-n )
= 8 = (&, Vexo) — (v, % (Vero - Vetron))
(1 + " (V) — mg” (Vo)
(1 + 208, (1980 = Vel |
= g(x) = (x, Vg(x) + g* (Ve (@) — (x, m(Ve () — Veun))
+ e (Vo) — wg (Ve 1)
(1 + 708, (1 Vg () — Vel |
= Po(r, %) — (x. (Ve xo) = Veu-n))
g (Vo) - wg (Ve 1)
(1 + 708, (1 Vg ) — Vel |
= Py — (8 (Ve L) — 8" (V) )
—<x, Tk (Vg(xk) - Vg(xk—l))>
(1 + 708, (1 Vg () — Vel
< Py, x0) — v, Veluon) — Vo)) — wilx. V() — Veluon)
(1 + 708, (1 Vg ) — Vel
= Po(x, x) + Tk<x — Xk, Vg(xk—1) — Vg(Xk)>
(1 + e (Vg e — Vel
(

= Pg(x, xi) + | Pg(x, xi) — Pg(x,kal)) + T Py (Xk, Xg—1)
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(1 + w8 (Vg e) = Ve rnl)-
From the definition of uy in Step 3, Lemma 2.10, (15) and (16), we have
P, (x, uk) =P (x, vg* (ﬁk,ovg(wk) + Z,Bk,ng(TiZk,i)>>
i=1

=0 (x, Br.oVg(wi) + Zﬂk,ivg(TiZk,i)>

i=1

= 40— Braly. Vewo) = 3 flr. Ve(Tiz)

i=1

+8* <5k,ovg(wk) +y ﬁk,ivg(TiZk,i))

i=1

< 8 = Brolx, Vewo) = 3" Brilx. Ve Tizwn)

i=1

+Br08" (Vew) + Y frig* (VeTize))

i=1

=Y BroBris, (1Vewo = VeTizll)
i=1

€2V

= 2(x) + Arog(x) — Frog(¥) — Brofx. Vewo) = Y- Beilx. VeTizin)

i=1

+B0g" (Vew) + ) Brig* (Vg(TiZk,i))

i=1

=Y BroBris, (1Vewo = VeTizll)
i=1

= Brog() = Brolr. Ve (wo) + Brog* (Ve(wi)

+(1 — Bro)g(x) — fj Bralx. Ve(Tizn) + fj Brig* (Ve Tz

i=1 i=1
=Y roBrid, (18w = VeTizell)
i=1
= BroQe(x Ve o) + Y Bri Oy (¥, VeTizin)
i=1

=Y BroBrid, (18w = VeTizell)
i=1

m
= ProPy (x, wk) + > BriPy (x, TiZk,i)
i=1

(32)
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=Y BroBris: (1Vewo - VeTizll)
i=1

Br.o Py (x, wk) + Z Bk.i Pg (x, wk)

i=1

IA

=Y BroBrad (IVewn) = VeTizol )
i=1

Pe(ron) = 3 Buofiss, (15w — V(a0
i=l1

IA

Py(x, wy). (33)

Now, from the definition of x4 in Step 4, (31) and (33), we have

Po(x.xus1) = Py (¥, Ve @ Vg (o) + (1 = ) V(i)
< ag Pg(x, x0) + (1 — o) Pg(x, ug)

< o Pg(x, x0) + (1 — ak)<Pg(x,Xk) + rk<Pg(x,xk) - Pg(x,xk—l))
1Py (i xi-1) + 7 (1 + 708, (IVg (k0 = Vel )
< max !Pg(x, x0), Pg(x, xx) + T (Pg(x, xp) — Pg(x, xk_]))

1Py (i xi-1) + 7 (1 + 708, (Vg (ko) = VeCunll) |

The conclusion follows trivially in the case when P, (x, x¢) is the maximum. Otherwise,
there exists kg € N such that V' k > ko we have

Pg(x, xp+1) < Py(x, xx) + rk<Pg(x,xz<) - Pg(x,xkfl))
1Py (o xi-1) + 7 (1 + 708, (Vg (x0) = VeCal)-

Then by Lemma 2.17, we have that { P (x, x¢)} is convergent. This implies that { P, (x, x¢)}
is bounded. From Lemma 2.14 we have that {x;} bounded. Consequently, {wy} is bounded.
From the properties of J/{‘kl (see Definition 2.5), the continuity of Vg and Vg*, we have that
{yk.i } is bounded. Consequently, {zx ;} and {u;} are bounded. ]

Lemma4.5 Assume that {wy}and {yi ;} are sequences generated by Algorithm 3.2 satisfying
Assumption 3.1 and lim || wi; =Yk, I = 0. Suppose there exists a subsequence {wy, : }of{wi}
J—> 00

| (Ni+M;)~10).

suchthat {wy; } converges weakly to some p € X as j — 00.Then, p € Nt

Proof Let (u,v) € G(N; + M;). Then, v — Nju € M;u. From the definition of yj ;, we have
Vg(wkj) — Ak, N; W, € Vg(ykj',.) + Ak; Ml-ykj’l.which implies that

1
;(Vgouk_,.) — Vg(;,) — iy Niwn, ) € My

J

Since M; is maximal monotone we have

1
<u = Ykj ;o V— Niu — K(Vg(wk,) —VgW;,) — )\ijiwkj)> > 0.
j
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By the monotonicity of N;, we have

1
(M - ykj,[, U) = <u - }’kj,;, Niu + T(Vg(wk/) - Vg()’k”) - )\ijiwkj)>
kj ’

1
—(u = yk;,;» Vg (wi;) — Vg(yk_,-,i)>

= (u — Ykji» Niu — Niwkj> + "
i

= <M - ykj,,w N[I/l - Ni)’k,-_,->+<14 - ykj,,-, Ni)’k,-,,- - Niwkj>

1
UT.(” Yy V8 (k) = Vg ,,)

J

1
> (= kg0 Niviy, = Ny ) + E<” = iy V8 (k) = Vg ;,))
J

From the hypothesis of the lemma we have lim [lwg; — yk;, [ = 0. Also, since N; is
J—>0o0
Lipschitz continuous we have that lim ||N;wg;, — Niyk; Il = 0. Since g is bounded and
j—00

uniformly smooth on bounded subsets of X, it follows that Vg is uniformly continuous on
bounded subsets of X'. Hence, we have

Jlgrgo Ve (wi;) = Ve(yi; )l = 0. (34)

Since N; is Lipschitz continuous and yy, ,— p, it follows from the hypothesis of the lemma
and (34) that

(u—p,v>20.

By the monotonicity of N; + M;, we obtain that0 € N2, (N; +M;) p, thatis, p € N/L  (N; +
M;p)~1o. O

Lemma 4.6 Let {xi} be the sequence generated by Algorithm 3.2. Then, the following
inequality holds

Pg<x,xk+1> <{1- ak)P,<x, xk) + ot Sk

~(1- ak)[i B (1 - u%) [ Peeris ) + Pelois wo)
i=1

- i ﬁk,oﬁk,i3r<||Vg(wk) - Vg(TiZki)”)]
i=1

where
Sk = <Vg(XO) — Vg(x), k41 — X>

Tk
+f[(Pg(x, xXp) — Pg(x, xk71)> + Py (xp, Xk—1)
(673

+(1 + 708, (1V8(r) = Ve ).

Proof Let x € I'. Then, from the definition of x4 in Step 4, (11), (16), (17), (29), (31) and
(32). we have

Po(x.xis1) = Py (¥, V" @ Vg o) + (1 - ) V(i)
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= 0y (. V(o) + (1 — @) Vg () )
= 04, @V (xo) + (1 — @) V() — ax(Vg(xo) — Vg(x)))
+ar(Veg(xo) — Vg(x), xpq1 — X)
= 04, V800 + (1 — ) Vg(up))
Far (Ve (xo) — VE(x), X1 — X)
= 0 Q4 (¥, V() + (1 = ) O (x, Vi (ua))
+ar(Vg(xo) — Vg(x), xpq1 — x)
= g Pg(x, x) + (1 — o) Py (x, up) + (Vg (x0) — Vg (x), xpq1 — x)
= (I —ap) Pg(x, ug) + o (Vg(xo) — Vg(x), Xp+1 — x)

<{- Oék)[ﬁk,oPg<x, wk) + iﬂk,in(X, TiZk,i)
i=1

=Y Brorad (IVewn) - VeTizeol )|
i=1
(Vg (xo) — Ve(x), Xg+1 — x)

(1- Oék)[ﬁk,oPg (x, wk) + iﬂk,il’g (x, Zk,i)
i=1

IA

3 BBt (19800 ~ VeTizinl )]
i=1

Fox (Vg(xo) — Vg(x), xk1 — x)

IA

m
(1 = @) [ BroPy (v, we) + 3 e Pelr, we)
i=1
m
Ak
= Bri (1 - M—) [Pg(Zk,i, Yei) + Py (Veis wk)]
P A1

=Y Brorad (IVewn) = VeTizeol )|
i=1
(Vg (xo) — Ve(x), xk+1 — x)

=(1- ozk)Pg<x, wk)

m A
~ =0 3 i (1= 5 ) [ Peris ) + Pelonis w
i=1 +

~(1 = a0 Y Broras (I V8(we) — Ve Tzl )
i=1

+or(Vg(xo) — Vg(x), xk41 — x)
= (1= )| Pow, x0) + 7 (Po ., x0) = Py, xim))

1 Py (i xp-1) + (1 + 208, (Vg (o) — Vel |
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+ar(Vg(xo) — Vg(x), xk+1 — x)

—(1—ak)[iﬁk,,-(1—u

i=1

Ak
Ak+1

) Peteri i) + Peicis wo)

+ i Br,0Bk.i0r (llVg(wk) — Ve(Tizk,i) “)]

i=1
= (1 = ) Py, x0) + ok ((V(x0) = Vo), et — )

T
o[ (P 0 = Pyt men)) + Pt men)

+(1 + rk)(Sr(IIVg(Xk) - Vg(xk—l”))])

= [ 30 A1 = 1) [Petarie ) + et o]
i=1

Ak+1

+ 3 Brobeid, (IVe o = VeTizeoll) (35)

i=1

Now, we are in the position to present our main result.

Theorem 4.7 Let {x;} be the sequence generated by Algorithm 3.2 satisfying Assumption
3.1. Then the sequence {xi} converges strongly to a point x € I, where X = Ilr (xo).

Proof Let x € I'. Then it follows from Lemma 4.6 that
Po(F.xce1) = (1= o) Py (%, x¢) + s (36)

where

st = (Vo) = V(). visr — %)
Tk - _
+;k[(Pg(xvxk) — Py(x, xk—l)) + Pg(xk, Xk—1)
+(+ 708, (V800 = Vel |
Let Py(x, xg41) = ax41. Then (36) becomes

ag+1 < (1 —og)a + ogesg.

Now, we claim that the sequence a; converges to zero. To show this, by Lemma 2.18 it

sufficies to show that lim sup s; < O for every subsequence {ay; } of {ax} satisfying
j—o0

liminf (k0 —ar) 2 0. (37)

Suppose that {ax j} is a subsequence {aj ,-} such that (37) holds. Then, from Lemma 4.6,
we have

m
Ak
1- Oék,)[Zﬂk,,i<1 - Mm) [Pg(Zk,,i, Yij.i) + Pe(Yi;.is wk,»)]
i=1
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£ B0t (19g(un,) — Ve(Tiz, )|
i=1

=< (1 _Otkj)akj _akj+1,l' +O{kjSkj.

Applying (22), (37) and the conditions on «y;, we obtain

m
. Ak
Jim - akj>[§ﬁk_,.,, (1- um)[ o2k Vkp.) + Py s i) |

m
+ 3 By 0Bt (198w = Ve(Tizill) ]| = 0.
i=1
which implies
lim P (yk; ;» wk;) = lim Po(z;,, yk;;) =0
Jj—>00 j—>o0
and
lim |Vg(wk;) — Vg(Tizk;,i)ll = 0.

Since Vg* is continuous on bounded subset of X* we have,

hm ”wkj - TiijJ ” =0.
j—00
By Lemma 2.16, we have
hm ”wkj - )’kj_,-” = hm ”ij,i - ykj{,‘ ” =0.
j—o00 j—o0
From (38) and (39), we have
hm ”wkj - ijj” = hm ”ijﬂ' - Tizk]"i” = hm ||)’ij,- - Tizk]',i” = 0
j—o0o ’ Jj—00 ’ j—oo ’

From the definition of uy jo We have

m
Pty k) = Po(2,,. Vg™ (B Vet + 3 By VeTiz, ) ) )

i=1

IA

i=1

Hence,

ug;) =0, foreach i=1,2,....m

lim Py (2, .
j—o0

which implies that
lim ||zk,._,. — u, =0, i=1,2,...,m.
j Js

Also, we have from Assumption 3.1 and (11) that

@ Springer

m
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Pg(l’tkjv-xkj+|) f akj Pg(”k,-sxo) + (1 —akj)Pg(Mkj,Mkj) g 07 as ] — 09,

which implies that

lim flug; — x;,; | = 0. (42)
j—o00

From (41) and (42), we have
lim ||zg;, —x; ;I = 0. (43)
j—ooo ’

From (40) and (43), we have
lim Jlwg; — xk;,, | = 0. (44)
J—>00

Note from (19) and (20) that

8rlIVe(wi;) — VeIl = ;8- 1VE (xk;) — Vg (xi;_ )l
Tk :
= ai, L8198 0) = Ve
J

<ca o
= Olkj— — U, J — OQ.
(475

J
By the continuity of §, we have
lim || Vg(w,) — Vgl = 0.
k—o00
Since Vg* is continuous on bounded subset of X* we have,

lim lwe;, — x; 1l = 0. 45)
J]—>00 ; :
Replacing x with xi; in (35), we have
Pg(xkja xk_]ur]) =< (1 - Olk_,-)Pg (ij ) xkj) + (ij ((Vg(.X()) - Vg(xkj)v xk_,'Jrl - xk_,')
Tk ;
+$|:(Pg(xkj7 xkj) - Pg(xkjs xkj_l)) + Pg(kuw xkj_1))
J
+(+ 7,8 (V8 0,) = Ve, ) |)

m )\'k
_(l - akj) Zﬂkj,i (1 - M)»](J,_] )I:Pg()’kjja wkj) + Pg(ijﬁ,-a ykj’i)]
i=1

=3 BB 8r[ 198wy = VeTizw Il |
i=1

Taking limits on both sides, we have

lim Pg(xk;, xk;4,) =0 (46)
J—>0
which implies from Lemma 2.16 that
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lim lxg; — xk;,, 1 = 0. 47
]—)OO
By the boundedness of {x;}, there exists a subsequence {x;} of {xx} such that x;,—~p € C.
Since lim |lxk; — zx;, |l = 0, we have that z;,—~p as k — oc. Also, since [ — T; is
]—)OO ;

demiclosed at zero (see Definition (2.11)), it follows from (40) that p € N*, F'(T;). From
Lemma 4.5, we have that p € N/L | (N; + M;)~10. Hence, p € T".

Next, since {xg;} is bounded, it follows that there exists a subsequence {xkjl } of {xx,;} which
converges weakly to some p € X such that we have

Jim (Vg (xo) — Vg (x), xi; — x) = lim sup(Vg(xo) — Vg(¥), xi; — X). (48)

jz0
From (48) and the variational characterization of the metric projection, we have
lim sup(Vg(xo) — Vg(x), xx; — x) = lim (Vg(xo) — Vg(x), xx; — X)
j>0 ’ [—o00
= (Vg(xo) — Vg(x), p — x). (49)
Since x = I (xg), we obtain from (49) that

lim sup{Vg(xo) — Vg(x), xi;,, — %) = limsup(Vg(xo) — Vg(x), x; — X)

j—o00 j=0
= (Vg(xo) = Vg(x), p — x)
<0,
which implies that lim sup s, < 0. Applying Lemma 2.18 to (36) and using Lemma 2.16,
j—oo
we conclude that the sequence {x;} converges strongly to x. O

Let C be a nonempty, closed and convex subset of a real Hilbert space H. If g(x) = %le I,
then Vg(x) = ||x||. Hence, Algorithm 3.2 reduces to the following result:

Algorithm 4.8 Inertial Halpern-type Tseng’s method with self-adaptive stepsize

Initialization: Choose xg, x; € C,A; > 0,7 € (0,1)and u € (0, 1). Setk = 1.
Step 0: Given xi, xx—1, choose 7; such that 0 < t; < 7; where

min{t, k }, if xp —xk_1 #0,
1ok Ml = llxk—1 1l H (50)

T, otherwise

Tk =

and {ex} C (0, 1) is a sequence of nonnegative numbers such that {€;} = o(ay), that (20)
holds.
Step 1: Given the kth iterates x; and x;_1, compute

w = Xk + T (Xp — Xg—1)-
Step 2: Compute
M;
Yei =I5, (Wi = A Njwy)
and

Zhk,i = Yk,i — M (Niyk,i — Niwg).
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If wr = yk,;, then Stop: wy is a solution of the problem (8). Otherwise, go to Step 3.
Step 3: Compute

m
we = Browr + Y _ BriTizki

i=1

m

withfy; € (0, 1) such that Y Be; = 1.
i=0

Step 4: Compute

Xk+1 = agxo + (1 — ap)ug,

. | (=i Py —we )
min{ min L AL s

l<i<m (zh,i=Yk,is Niwg—Niyi,i)
A1 = I
* if(zki — Yi.i» Niwg — Niyki) # 0

Ak, otherwise.

where

(D

Set k := k + 1 and go to Step 1.

Corollary 4.9 Let {xi} be the sequence generated by Algorithm 4.8 satisfying Assumption
3.1. Then the sequence {xi} converges strongly to a point x € I, where X = Ilr (xp).

5 Application

In this section, we apply our results to approximate the common solution of a finite family
of variational inequality problem (VIP) and FPP of a finite family of relatively nonexpansive
mappings in Banach spaces. Let C be a nonempty, closed and convex subset of a real reflexive
Banach space X. Let g : X — (—o00, 0o] be Legendre and totally convex function and
N; : C — X* be a finite family of monotone mapping. The variational inequality problem
(VIP) is a problem of finding a point x € C such that

(y—x, Nix) =0, VyeC. (52)

We denote the solution set of (52) by N*, VI(C, N;). The solution set VI(C, N;) is closed
and convex if N; is a continuous and hemicontinuous mapping (see [28]).
The indicator function of C is defined by

. 0, if xec,
ic(x) = if x¢c

Itis well known (see [46]) that i¢ is convex, proper convex and lower semicontinuous function
and its subdifferential 9;, is maximal monotone. However, we know from [3] that

de =New)={vex*: (y—w,v) <0, Vyec},

where N is the normal cone for C at a point w.
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Algorithm 5.1 Inertial Halpern-type Tseng’s method with self adaptive stepsize for solving
VIP and FPP

Initialization: Choose xg, x; € C,A; > 0and u € (0,1). Setk = 1.

Step 0: Given xi, x;—1, choose 7 such that ; € [0, T;] where

T = (53)

. . . ) ~
- mm{” 5TV et - Vet Pgock,xkf])}’ if Ve(u) = Veu-1) #0,
T, otherwise

and {e;} is a sequence of nonnegative numbers such that {€;} = o(w), that (20) holds.
Step 1: Given the kth iterates x; and xx_1, compute

w = Vg* [Veu) + t(Vg(x) — Vglu-1))].
Step 2: Compute
Yii = P§ Vg* (Vg(wy) — A Njwy)
and
i = Vg* (Vg(Yk,i) = A (Niyk,i — Niwk))~

If wr = yk,;, then Stop: wy is a solution of the problem (8). Otherwise, go to Step 3.
Step 3: Compute

u = Vg* (ﬁk,ng<wk> +y ﬂk,,-Vg<T,-z;<,,»>>

i=1

m

with ﬂk,i S (0, 1) such that Z lgk,i =1.
i=0

Step 4: Compute

X1 = Vg (e Vg(x0) + (1 — ap)Vg(up)) ,

where

1<i<m (2k,i—Yk,ir Niwk—Niyk,i)
Ayl = .
+ if (zx,i — yk.i» Niwx — Niyi,i) # 0,
Mk, otherwise.

u\ Pg(zris Yk,i I ki
. { . { ( g( k., )k.) g(yl\, wk))}7)\‘ }’

Set k := k + 1 and go to Step 1.

Theorem 5.2 Let X be a real reflexive Banach space and C be a nonempty closed and convex
subset of X. Let g : C — R be a n-strongly convex, strongly coercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of X, N; : X — X* is a finite family of monotone and L;-Lipschitz continuous mapping,
and T; : X — X* be finite family of relatively nonexpansive mappings. Assume that I’ :=
N F(T) (N, VI(C, Ni) # @ and Assumption 3.1 is satisfied. Let {xi} be the sequence
generated by Algorithm 5.1. Then {x;} converges strongly to an element in I.

) . .
Proof From [55], we have that J, ¢ = Pé” . Setting M; = N¢ in Theorem 4.7, we have that
(N; + No)~'o = VI, Ny). Following similar line of argument as in Theorem 4.7, we
obtain the desired result.
O
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6 Numerical experiments

In this section, we present numerical experiments to illustrate the applicability of our methods.
We discuss the numerical behavior of our proposed methods.

We perform all implementations using Matlab 2016 (b), installed on a personal computer
with Intel(R) Core(TM) i5-2600 CPU@2.30GHz and 8.00 Gb-RAM running on Windows

10 operating system. We choose the following values for our parameters: u = 0.6, &0 =

2 k15 k2 _1_ gkO _ gkl S R
ook B = s BT =18 BYs ok = spps € = @3-

Example 6.1 Firstly, we consider an example in a Banach space ¢3 defined by

o0
{3 = {x:(xl,xz,...),xi GRIZ|X|3 <oo}

i=1

0 1
with the induced norm || - [|¢; : €3 — [0, 00) defined by ||x|l¢; = (Z |Xi|3>3 and inner
i=1
o0
product (-, -) : €3 x £3 — R defined by (x, y) = }_ x;y; for arbitrary x = (x, x2,...) and
i=1
y=01y2...) €ls.
Let

C:={xeX:|xlgy =<1}
and N; : C — (£3)* be defined by
2x
Nix =—+(1,1,1,0,0,0,0,...)
l
and M; : C — (£3)* be defined by
Sx
Mix = —.
i

It is easy to see that N; is a finite family family of monotone mappings and M; is the finite
family of maximal monotone mappings. By direct calculation we have for s > 0,

yii = (I 4+ sMp) ™ (wp — sNywy)

U= Fowx s

- 1,1,1,0,0,0,...).
(1+35) (1+l§s)(

Let g : €3 x £3 — R be defined by g(x) = %Hxllé, V x € £3.Let T; : £3 — {3 be a finite
family of mapping defined by Tjx = -, i =1,2,...,m, x € {3.
For this experiment, we test with different initial values of xg and x| as follows:
(Case 1:) xo = (0.07,0.02,0.3,0,0,0,0,...), x; = (0.21,0.53,0,0,0,0,0,...);
(Case 2): xg = (—0.56, —0.34,0,0,0,0,0,...), x; = (—0.21,0.12,0,0,0, 0,0, ...);
(Case 3): xo = (1.06,2.4,0,0,0,0,0,...), x; = (—0.25,1.3,0,0,0,0,0,...);
(Case 4): xo = (—0.06, —0.04, —0.02,0,0,0,0,...),
x1 = (—0.05, -0.03, —0.01,0,0,0,0,...).

We present the report of this example in Fig. 1.
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Fig. 1 Example 6.1. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom right: Case 4

Example6.2 Let X = L,([0,2x]) and C = {x € Lr([0,27]) : |x(t) —sint||? < /I

for some ¢ € [0, 27r]. To compare our method with the ones proposed by Shehu [47] and
Manaka and Takahashi [26], we seti = 1. Let M| = M = Pc and the operator N be defined
by N(x) = x. Let T = Ty : Ly([0,27]) — L2([0,2x]) be a finite family of mapping
defined by Tx = % with x € L;([0, 27]). For this example, we choose o = ﬁkﬁ and

Bro=0—Br1) =Pk = #H We also choose © = 0.5 and 7, = % We illustrate this
example some initial points as xo and x; and terminate the execution of the method with a
stopping criterion Ex = ||xg41 — xk|| < 10~* or when k <= 100.

Case A: x¢ = sin(¢) and x; = 3 cos(3t);

Case B: xo = sin(¢) and x| = 10¢;

3
Case C: xg = t2 + 5t and x| = 501’2;{1;

Case D: xo = cos(3t) + 5 and x| = sin(37t).

The result of this experiment is given in Fig. 2.
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Fig.2 Example 6.2. Top Left: Case A, Top Right: Case B, Bottom Left: Case C, Bottom Right: Case D

7 Conclusion

In this work, we proposed an inertial Halpern-type method for approximating a common
solution to a finite family of monotone inclusion problem and fixed point problem for a finite
family of relatively nonexpansive mappings. Our proposed method uses the self adaptive step-
size which limits the reliance of our method on a scaling parameter. Under certain conditions,
strong convergence result of our proposed method was obtained. Furthermore, we applied our
result to approximate a common solution to a finite family of monotone inclusion problem
and fixed point problem for a finite family of relatively nonexpansive mappings. Finally, we
presented some numerical experiments to illustrate the convergence of our result.
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