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Abstract

The (1+3) dimensional wave and Klein-Gordon equations are constructed us-
ing the covariant d’Alembertian operator on several spacetimes of interest.
Equations on curved geometry inherit the nonlinearities of the geometry. These
equations display interesting properties in a number of ways. In particular, the
number of symmetries and therefore, the conservation laws reduce depend-
ing on how curved the manifold is. We study the symmetry properties and
conservation laws of wave equations on Freidmann-Robertson-Walker, Milne,
Bianchi, and de Sitter universes. Symmetry structures are used to reduce the
number of unknown functions, and hence contribute to finding exact solutions
of the equations. As expected, properties of reduction procedures using sym-
metries, variational structures and conservation laws are more involved than

on the well known flat (Minkowski) manifold.
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Preamble

The study of differential equations finds its origin from the
works of Isaac Newton and Gottfried von Leibnitz and have
since played significant roles in the study of natural phe-
nomena. Newton believed in the importance of differential

equations because they expressed the laws of nature [1]. In

1676, Newton wrote the famous “second letter” to Leibnitz
containing his ideas about differential equations in the form
Newton (1643 - 1727)
of an anagram [2],

6accdael3ef fTi319ndodqqrdsItl12ve.

Once deciphered, the anagram translates to Newton’s version of the fundamental
theorem of calculus, “given an equation that involves the derivative of one or more

functions, find the functions.”

It is universally recognised that geometric studies of a differential equation may lead
to finding its solutions. A symmetry based method is one of the cornerstones of the
geometric study of differential equations - developed in the nineteenth century by
Sophus Lie. Lie’s profound contribution to mathematics was his discovery that the
techniques required in solving various differential equations are just special cases

of a general integration procedure based on the invariance of the equation under a



continuous group of symmetries. A symmetry of a given partial differential equation
is a transformation that maps every solution of the equation into another solution
of the same equation. Once a symmetry group of a system of differential equations
is known, one may firstly use the defining property of such a group and construct
new solutions to the system from known solutions, and thereby classify different
symmetry classes of solutions. Secondly, symmetry groups can be used to classify
families of differential functions depending on arbitrary parameters or functions [4].

Equations with a high degree of symmetry are useful in mathematics and physics.

In the literature, symmetry analysis is one of the most widely
used techniques for finding closed form solutions of differen-
tial equations [3, 4, 5, 6, 7|. Investigations of these solutions
play an important role in understanding the physical aspects
of differential equations. Lie’s continuous symmetry groups

have applications in control theory, classical mechanics and

relativity, to name a few. Lie (1842 - 1899)

The concept of a conservation law is central to physics. Investigations surrounding
classical, fluid or quantum mechanics, solid state physics, quantum field theory
and even general relativity, are concerned with finding quantities left dynamically
invariant. In the analysis of differential equations, conservation laws have many
significant uses, particularly with regard to integrability and linearization, constants

of motion, analysis of solutions and numerical solution methods.



In 1918, Emmy Noether proved two extraordinary the-
orems relating symmetry groups of a variational inte-
gral to properties of its associated Euler-Lagrange equa-
tions. In the first of her theorems, Noether shows how
each one-parameter variational symmetry group gives rise

to a conservation law, for example, energy conservation

comes from the invariance of the problem under a group
of time translations [8]. Noether symmetries are asso- Noether (1882 - 1935)

ciated, in particular, with those differential equations which possess a Lagrangian.
The Noether symmetries, which are symmetries of the Euler-Lagrange systems, have
interesting applications in the study of properties of particles moving under the in-
fluence of gravitational fields. Studies have been conducted to understand Noether
symmetries of Lagrangians that arise from certain pseudo-Riemannian metrics of
interest [9, 10]. In recent years, Noether’s theorem has been applied in different
cosmological contexts. It has provided a deep basis for the understanding of global
conservation laws in classical mechanics and in classical field theories [11]. Noether’s
work also prepared some of the ground work in understanding the conservation laws

in Einstein gravity [12].
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Outline of the thesis

The goal of this manuscript is to conduct a symmetry analysis of the wave and
Klein-Gordon equations on various curved spacetimes, present some conserved forms
associated with the symmetries and establish invariant solutions to the underlying

equations. This thesis is a compilation of several published articles.

Chapter 1 describes the fundamental notation and theory used throughout this

thesis. All pertinent results and definitions are stated here.

In Chapter 2, we investigate the symmetries of the wave and Klein-Gordon equa-
tion in de Sitter spacetime. We construct solutions of these equations and find
conservation laws associated with Noether symmetries. We also identify Noether
symmetries of the Lagrangian with those of the Killing vectors of the underlying
spacetime [13]. We compliment the analysis involving the ‘fundamental’ solutions

of the Klein-Gordon equation in de Sitter spacetimes given by [14].
The results of Chapter 2 have been published [15].

In Chapter 3, we present and analyse the Lie point symmetries of a class of Gordon-
type equations that arise in the Milne spacetime. Using the Lie point symmetries,
we reduce the Gordon-type equations using the method of invariants, and obtain
exact solutions corresponding to some boundary values. The Noether point sym-
metries and conservation laws are obtained for the Klein-Gordon equation in one
case. Finally, we investigate the existence of higher-order variational symmetries of

a projection of the Klein-Gordon equation using the multiplier approach.
The results presented in Chapter 3 have been accepted for publication [16].

Chapter 4 is divided into two sections.
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Section 4.2 provides the details of an analysis of the wave equation in Bianchi III
spacetime using the multiplier approach. Multipliers of the wave equation are con-

structed and the associated conserved densities are derived.
The results of section 4.2 have been published [17].

In section 4.3 of Chapter 4, we investigate the wave equation in Bianchi III spacetime
using variational techniques. We construct a Lagrangian of the model, calculate and
classify the Noether symmetry generators and construct corresponding conserved
forms. A reduction of the underlying equations is performed to obtain invariant

solutions.
The results of section 4.3 have been published [18].

In Chapter 5, a symmetry analysis of the Friedmann-Robertson-Walker spacetime
and nonlinear wave equations in this geometry are performed. Conserved forms for
the wave equation are constructed by the application of Noether’s theorem. We
illustrate how the symmetry structure is used to reduce the wave equation leading

to some exact solutions.
Chapter 5 has been submitted for publication [19].

In Chapter 6, a class of multi-dimensional Gordon-type equations are analysed us-
ing a multiplier approach to construct conservation laws. The main focus is the
analysis of classical versions of the Gordon-type equations and the construction
of higher-order variational symmetries and the corresponding conserved quantities.
The results are extended to the multi-dimensional Gordon-type equations with the

(142) dimensional Klein-Gordon equation in particular yielding interesting results.
Chapter 6 has been published [20].

12



Chapter 1

Notation and Theory

1.1 Introduction

The celebrated Noether’s theorem [8, 21, 22] is an elegant and systematic way of
determining conservation laws for systems of Euler-Lagrange equations once their
Noether symmetries are known. This theorem relies on the availability of a La-
grangian and many works have been devoted to the inverse problem in the calculus
of variation, i.e., to determine when a differential equations system has a Lagrangian
formulation for a suitable Lagrangian function, for example [23]. The Euler and
Lie-Backlund operators play a fundamental role in the investigation of algebraic
properties in variational calculus and differential equations [5, 24, 25, 26]. This the-
sis contains Noether, Lie and multiplier approaches [3, 27] for finding symmetries
of the partial differential equations under investigation. All the definitions below
can be found in [4] and references therein. In brief, we mention some concepts from

differential geometry and tensor calculus. Only results pertinent to our study are

13



provided - relating to the geometrical properties of curved spacetime. The summa-

tion convention is adopted throughout.

1.2 Differential Functions

Intrinsic to a Lie algebraic treatment of differential equations is the universal space
A 4, 24]. A locally analytic function f(z, u, ), ..., u@) of a finite number of
variables is called a differential function of order k. The variables w1y, ue), . . ., U
denote the collections of all first, second, ..., kth-order partial derivatives, respec-
tively, that is

ui = Di(u®), u; = D;Di(u”),. ..

)

with the total differentiation operator with respect to x* given by,

0 0

or’ ’

ou® Y oue
J

+..., i=1,...,n. (1)

The space A is the vector space of all differential functions of all finite orders and
forms an algebra. A total derivative converts any differential function of order k
to a differential function of order k£ + 1. Hence, the space A is closed under total

derivations D;.

1.3 The Multiplier Approach

Consider an rth-order system of partial differential equations of n independent vari-

ables x = (z',2%,...,2") and m dependent variables u = (u!,u?,...,u™)

G'(z,u,uqy, ..., up)) =0, p=1,...,m. (2)

14



A current ® = (&1 ... ®") is conserved if it satisfies
D' =0 (3)

along the solutions of (2). It can be shown [28] that every admitted conservation

law arises from multipliers Q,(x,u, u(), .. .) such that
Q;AGM = Diq)i (4)

holds identically (i.e., off the solution space) for some current ®°. The conserved

current may then be obtained by the homotopy operator.

The continuous homotopy operator is a powerful tool that can be used to compute
densities and fluxes explicitly. It allows one to invert the total divergence operator
D;, by computing higher variational derivatives followed by a one-dimensional inte-
gration with respect to a single auxiliary parameter [3, 30]. This operator can be
applied to problems in which integration by parts of arbitrary functions in multi-
variables is essential. A literature search done by the authors of [29] revealed that
homotopy operators are used in integrability testing and inversion problems in-
volving partial differential equations, differential-difference equations, lattices and

beyond.

1.4 Fundamental Operators

Definition 1. The Euler operator, is defined by

) 0
=1,...,m.
Sue  Ou® +Z D ug . T ™ (5)

s>1 i1

The terms Euler operator and variational derivative may be used interchangeably.

15



A variational problem consists of finding the extrema (maxima or minima) of a
functional

Llu] = /QL(x,u(n))dx,
in some class of functions v = f(x) defined over 2, where 2 C X is an open,
connected subset with smooth boundary 02 (we consider the Euclidean space with
X = R"). The integrand L(x,u,), called the Lagrangian of the variational problem
L, is a smooth function of z,u and various derivatives of u [4]. A formal definition

of a Lagrangian follows.

Definition 2. If there exists a function L = L(z,u,unq), ue), ..., ui) € A, s <r,
r being the order of (2), such that

5L

5u0‘—0’ a=1,....m

4]
then L is called a Lagrangian of (2) and — is the corresponding Euler operator in

ou®
oL
(5). Sue 0 are known as the Euler-Lagrange equations.
uOé

Definition 3. The Lie-Béacklund operator is given by

.0 0 .
X = 52 amz +77a aua Y 527 na E A (6)

This operator is an abbreviated form of the following infinite formal sum

ox’ ou® .’

i1...15

7 a « a « 8

where the additional coefficients are determined uniquely by the prolongation for-

mulae

Go= D)+ g

| ®)
o = Dy, ...D; (W*) + @u%lmis, s> 1.

11...05
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In (8), W is the Lie characteristic function given by

W =n® —us. 9)

One can write the Lie-Bécklund (7) in the characteristic form

. 0 2
X - lDi Wa P Dil ‘e DZ Wa 1
ED AW 5t 2 W) G (10)

Definition 4. X is a Lie point symmetry if £ and 5 in (6) are functions of x and u

and are independent of derivatives of u.

A Lie (point) symmetry is characterised by an infinitesimal transformation which
leaves the given differential equation invariant under the transformation of all inde-
pendent and dependent variables. In this thesis, we refer only to point operators. A
vast amount of work has been published in the literature studying partial differential
equations in terms of the Lie point symmetries admitted by them. These symme-
tries play an important role in finding exact analytical solutions of the nonlinear
partial differential equations, and represent physical features of the equations via

the conservation laws they admit.

Definition 5. Lie-Bicklund operators X and X are said to be equivalent if

X—-X=\D,, NeA.

In particular, a generalized operator of the form X = Q*0/0u® + - -+, where Q* €
A, is called a canonical or evolutionary representation of X, and Q¢ is called its

characteristic.

Definition 6. The Noether operator associated with a Lie-Béacklund operator X

17



is given by

)
) Wa . DZ .. Z Wa ,
5 + + Z 1 s ) 5'1,[/

s>1 101ls

i=1,...,n, (11

where the Euler-Lagrange operators with respect to derivatives of u® are obtained
from (5) by replacing u® by the corresponding derivatives, e.g.,

) 0 s 0 :
_:_+Z(_1)Dj1 Dy, —— e i=1,....n, a=1,....,m. (12)

(e o
ouy  Ou = A

The Euler, Lie-Backlund and Noether operators are connected by the operator iden-
tity
, )
X+DZ-(§Z):W°‘6—+DN1 (13)
uO[
Definition 7. A Lie-Bécklund operator X of the form (6) is called a Noether

symmetry corresponding to a Lagrangian L € A, if there exists a vector B =

(B',...,B"), B' € A, such that
X(L) + LDy(€") = Di(B"). (14)

If B =0(i=1,...,n), then X is called a strict Noether symmetry corresponding
to a Lagrangian L € A.

1.5 Noether’s Theorem

Noether [8] discovered the interesting link between symmetries and conservation
laws, showing that for every infinitesimal transformation admitted by the action

integral of a system, there exists a conservation law. That is, for any Noether

18



symmetry X corresponding to a given Lagrangian L € A, there exists a current

¢l = (@' ..., "), P e A, defined by
o' = B' — N'(L), i=1,...,n, (15)

S . oL ,
which is a conserved current of the Euler-Lagrange equations — = 0, where N*

ou
and B’ are defined above, see also [8, 4, 31, 32].

There are several other methods developed for the construction of symmetries and
conservation laws, including the partial Noether theorem [33] for non-variational

problems and the multiplier method discussed above.

1.6 Fréchet Derivatives

Definition 8. Let G, G € A, be a system of differential equations. A recursion op-
erator for GG is a linear operator R : A? — A9 in the space of g—tuples of differential

functions, with the property that whenever X = 0, is an evolutionary vector field
of G, so is X =Q8, with Q= RQ.

Proposition 1. Let I', I' € A, be a linear system of differential functions, with
I' denoting a linear differential operator. A second linear differential operator R :
A? — A7 not depending on u or its derivatives is a recursion operator for I', if
and only if @) = R[u] is the characteristic of a ‘linear’ generalized symmetry to the

system.

Definition 9. Consider the differential functions G in (2). The Fréchet derivative
of G is the differential operator Dg : A7 — A" defined so that

d

de e=0

De(Q) Glu + eQfu]]

19



for any @ € A9. More simply, to evaluate D (Q), we replace u and the derivatives
of u in G[u] by u + €Q and then differentiate the resulting expression with respect

to e.

Definition 10. If

D =) PjfulD,, PjcA,
J

is a differential operator, then the adjoint of D is the differential operator D* which

satisfies
/P-DQd:E:/Q-D*Pda:
Q Q

for every pair of differential functions P,Q € A, which vanish when: u = 0, every
domain Q C R™ and every function u = f(z) of compact support in €. It can also

be shown by integration by parts that

D= (-D);- Py,

J

meaning that for any Q) € A,

D'Q =S (=D)IPQ)]  (secl4]).

The following theorem defines the condition under which a symmetry is variational.

Theorem 1. For variational partial differential equations, £ = 0, where E € A,
an evolutionary vector field X = @0, is a variational symmetry if and only if

XE + AFoE =0, where AFg is the adjoint Fréchet derivative on Q [4].

20



1.7 Differential Forms

In this section, we briefly outline the notation and pertinent results used in Chap-
ter 4 - section 4.3. Some of the results and definitions presented above may be
written in the notation of differential forms [23]. We review the definitions relating
to Lie-Bécklund, strict Noether symmetries and conserved forms (see [24, 34] and
references therein). The language of differential forms provide a classical way of

defining operators. The convention that repeated indices imply summation is used.

Let x = (2!, 2%,...,2") € R™ be the independent variable with z’, and let

u=(u',u? ..., u™) € R™ be the dependent variable with coordinates u®. Further-
more, let 7 : R"™™ — R™ be the projection map m(x,u) = z. Also, suppose that
s:x C R"— U C R is a smooth map such that 7 o s = 1,, where 1, is the
identity map on y. The r-jet bundle J"(U) is given by the equivalence classes of
sections of U. The coordinates on J"(U) are denoted by (z*,u,...,u ), where

» Vi
1 <i; <...<4 <nanduf ; corresponds to the partial derivatives of u® with

S

i i
respect to x*t, ..., x' .

The r-jet bundle on U will be written as J"(U) = {(z, u, uqy, ..., uw))/(z,u) € U}.
We now review the space of differential forms on J7(U). To this end, let Q}(U)
be the vector space of differential k-forms on J"(U) with differential d. A smooth
differential k-form on J"(U) is given by

W = fil,iQ.“’ik dIil VAN dI‘i2 VAP dIZk

where each component fi1 0. 4 € Q4(U). Note that for differential functions f €
QoU),
Df = D; fdv’ (16)

where D is the total differential or the total exterior derivative. Moreover, the total

21



exterior derivative of w is

ceey

The total differential D has properties analogous to the algebraic properties of the
usual exterior derivative d,
D(wAv)=DwAv+ (=1)fw A Duv

for w a k-form and v an I-form and D(Dw) = 0. Also, it is known that if D(Dw) = 0,

then w is a locally exact k-form, i.e., w = Dv for some (k — 1)-form v [35].

Definition 11. A conserved form of (2) is a differential (n — 1)-form

. d
w = ®'(z,u,uny, ..., Upr_1)) (d:ci (dz'' Ao A dw”)) (17)

defined on J"1(U) if
Dw=0 (18)

is satisfied on the surface given by (2).
Remark. When Definition 11 is satisfied, (18) is called a conservation law of (2).

It is clear that (18) evaluated on the surface (2) implies
D;®" =0 (19)

on the surface given by (2), which is also referred to as a conservation law of (2). The

tuple ® = (®!,...,®"), &7 € Qi ' (U) (j = 1,...,n), is called a conserved vector of
(2).
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Let A= J/_, Q(U) for some p < co. Then A is the universal space of differential

functions of finite orders defined also in section 1.2.

If X is a Lie-Bécklund operator (6), w a k-form and v an [-form, then

XwAv)=Xw)Av+wAX(v).

Recall Definition 7, which stated that X is called a strict Noether symmetry cor-
responding to a Lagrangian L € A. This case is also obtained by setting the Lie

derivative on the n-form Lda' A ... A dz™ in the direction of X to zero, i.e.,
LxLdx' A...Ndx™ = X(Ldx' A ... ANdx™) =0,

where L is the Lie derivative operator.

1.8 Spacetime Geometry

The idea of Einstein’s theory of relativity is that there is no clear physical distinc-
tion between space and time [13]. Time and space form together a continuum (or
manifold) of spacetime. Manifolds form fundamental objects in the field of differen-
tial geometry wherein they generalize the familiar concepts of curves and surfaces in
three-dimensional space. In general, a manifold is a space that locally resembles the
Euclidean space, but globally may not. In the context of general relativity, the mani-
fold is where every point (within a small finite neighbourhood) can be fixed uniquely
by the specification of four co-ordinates z", and to study physics on manifolds, one
needs to measure the spatial and temporal separation of neighbouring points - this
requires a metric [36]. There is an overwhelming amount of observational evidence

that the universe is expanding and metrics enables us to make quantitative predic-
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tions in an expanding universe [37]. In differential geometry, metrics deal with the

geometric distortion of curved vector spaces.

In general we have
ds* = g, (z")dx"dz",

where p and v take on the range (0,1,2,3) and represent components of tensors,
with dz® = dt reserved for the timelike coordinate, and the rest refer to the spacelike

coordinates. Summation occurs over Latin indices appearing twice.

The metric g,, is symmetric, its determinant g is in general different from zero,
it possess an inverse ¢** and it provides the connection between the values of the

coordinates and the more physical measure of the interval ds? [36]. Thus,

Guv = Gup, ’guzz’ =g 7& Oa giuguu = 512/ = gzin
where " is the Kronecker delta,

, 1 @ i1=v
9, =
0 : i#w.
The space under consideration is said to be pseudo - Riemannian, ds* can be posi-
tive (spacelike), negative (timelike) or null (lightlike), it is a Lorentzian metric [36].
Christoffel symbols or connection coefficients are important quantities in Rieman-

nian geometry and are related to the metric by

1 09 093,  Ogap
po_ o _
Fas 27 (8x5 * dz>  Ozv )~

The d’Alembertian operator plays a crucial role in wave mechanics. Its covariant
form is

Ou =

\/—ax“ (mg B )
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Chapter 2

The de Sitter Spacetime

2.1 Introduction

The Einstein theory of general relativity is a field theory of gravitation [13]. The

equations that represent the theory are known as Einstein field equations,
1
R, — ég;wR = —81GTy — NG,

where g,,,, R, and T}, respectively represent metric, Ricci and energy-momentum
tensors. The Ag,, is interpreted as energy-momentum of the vacuum and R is
called the Ricci scalar. The geometrical significance of the solutions of the Einstein’s
equations lies in its prediction of singularities such as black holes [38]. In order to
understand the effect of gravity on the solutions of the wave equation, work has
recently been published in the literature by solving the wave equation in various

spacetime geometries [39].

In [40], the authors discuss solutions of the wave equation in the de Sitter - Schwarzschild
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metric. Dafermos and Rodnainski [38] dealt with solutions of the linear wave equa-
tion [y¢ = 0 on a non-extremal maximally extended Schwarzschild-de Sitter space-
time. Yagdjian and Galstian [14, 41] discussed the fundamental solutions of the wave
and Klein-Gordon equation arising in the de Sitter model of the universe. They used
the fundamental solutions to discuss the Cauchy problem and proved some decay
estimates for the solutions of the equation. It is noted that the de Sitter model of
the universe is of interest in relativity for its particle creation and the vacuum stress
have been explicitly evaluated [42, 14]. The authors of [43] showed that the de Sitter
model gives an explanation of the actual red shift of spectral lines observed by Hub-
ble and Humanson. Results on the decay of local energy for wave and Klein-Gordon

equations may possibly prove the global nonlinear stability of these spacetimes [14].

The plan of the chapter is as follows. In sections 2.2 - 2.3, we derive Lie point
symmetries of the wave and Klein-Gordon equation in de Sitter spacetime. We also
illustrate the reduction of the Klein-Gordon equation corresponding to a specific po-
tential function. In section 2.4, we briefly describe the notion of Noether symmetries

and its relation to conservation laws, and consider some special potential functions.

If we consider the spacetime metric
ds® = —dt* + a®(t)(dx* + dy® + dz?), (20)

where a(t) is an appropriate scale factor, then under the assumption of FLRW

(Friedmann - Lemaitre - Robertson - Walker), the de Sitter model is [14]

a(t) = a(0)eV5t,

The de Sitter line element is given by
ds* = —dt* + 2" (dx* + dy® + d2?), (21)
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where H = /A/3 is the Hubble constant.

Generally, the matter fields described by a function @ must satisfy equations of
motion and in the massive scalar field case, the equation of motion is that ¢ satisfies
the Klein-Gordon equation generated by the metric g [14],
10 AN
: —glg* 22| = + V' (). 22
T (VI ) =i v 2)

In the de Sitter universe, the equation for the scalar field with mass m and potential

function V' written out explicitly in coordinates is [14]
Y+ nHyy — e 2 A + mPp = =V (1), (23)
where z € R", t € R, /A denotes the Laplacian.

If we consider the equation for the massless scalar field with H = 1, the Klein-

Gordon equation (23) reduces to the wave equation with potential function V', i.e.,

Yy + iy — e A\ = —V' (@), (24)

We consider two typical forms of the potential functions (see [14]) with n = 3 (three

dimensional space) for equations (23) and (24) in our symmetry study, namely,

CASEL V() =0,
CASEIL V() = ot

In the underlying calculations, it turns out that the case V(¢)) = ¢* is special in the

context of symmetry algebras.
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2.2 The wave equation

It is well known that a generator X is a Lie point symmetry of the equation (24) if
X[thye +ntoy — e Ay + V' (¥)] = 0, (25)

along the solutions of (24), where X is defined by (7) and prolonged to second-order
using (8). Equation (25) separates into a system of overdetermined, linear partial
differential equations giving rise to a finite dimensional vector space of symmetries.
The resultant space is both a Lie algebra and a Lie group. The calculations are long
and tedious and we present only the results here - the details for the calculations
are available to the reader in a number of texts that have been cited here. The

procedure is standard and is used in all of the subsequent cases below.

CASE 1. V(¢) = 0. It can be shown that equation (24) admits a 12-dimensional

Lie algebra of point symmetry generators with a basis (Lie symmetries) given by

Xi= 0
Xo= 0,
X3 = 20y — Y0,
Xy= 0,

X5 = x@z — Zax,
Xﬁ - yaz - Zay7

X; = =220, + 22y0, + 2220, + (e7% + 2% — y?* — 22)0,,
Xg = 2zy0, — 290, + 2yz0, + (e — 2? + y> — 2%)0,,

Xg = —2220, — 2yz0, + 220, + (—e 2 + 2? + y* — 2?)0,,
Xio = 0y,

X1 = Fi(t,z,y, z)0y,

X9 = =20, + 220, + 2y0, + 220, + V¥0y,
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where

»Flzz + .Flyy + .ka — 362tf1t — 62t,/—"1tt =0.

CASE II. V() = ¢*. Equation (24) admits 10 Lie point symmetries, viz., X; to
Xg from CASE I and XlO = —3,5 + x@x + y(ay + z@z.

2.3 The Klein-Gordon equation

CASE 1. V(¢) = 0. The Lie point symmetries of (23) split into the following three

subcases.

(1) H#0,m = —/2H

X! =

X3
X3
Xi
X5
X5

X1 =

X!
X!
Xl
X1
X1,
Xl

O,
Oy,
0y — YOy,
02,
x0, — 20,,
Y0, — 20y,

V2mad, + V2myd, + V2mz0, + 20,

2v/2mayd, + 2v/2ma 20, + 4z, + ﬁ(zeﬂmt+nj(m2_y2_22))am
202, + 2y, + 2y20; + (

%@ + 2220, + 2y20, + (%
Y0y,

Fi(t,x,y, z)0y,

_mt _mt
V2 2G4 T VEYy,

Qeﬂmt
m2
V2mt
m2

— 2 +y* — 290,

—x? —y? + 290,
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Xl = 2¢7 V30, + V2 Vemyd,,

Xi; = %@g + ﬂe_%mm/@w + 26_%33875,
Xis = ﬁﬁy + ﬂe_%mmb&p + 26_%y0t,
Xi; = %@: + \/ﬁe_%mzwﬁw + 26_%2@

mt
27ﬁ2\/§mt 202,21 .2 Q\Fmt_ 2 2
Xlls— e (2e +m(x+y+z))at V2e (e m?(z +y+z)1/18 +4fefxa

m?2 m

mt mt
4\/56\/51/ 4\/§eﬁz
=, + FEEE0,,

where

—2m2Fy(t,z,y,2) + 2eVIMF L 4 26‘/§mt}"1yy + 26Vt F 4 3v2mFy, — 2Fu = 0.

(2) H # 0,m = 2H
In this subcase, we obtain an 18-dimensional Lie algebra, where the symmetries X

to X} above, are common to this case and the other symmetries are

X2 = 2mzd, +V2myd, + V2mz0, — 20;,

X2 = —2V2mayd, — 2v/2mzz0, + 4x0; — ﬂ(26_ﬂmt+$2(x2fyzfzz))(9a:,
X2 = 229 20yd, — 2z, — (X5 I R — 22)d,,
X2 = ?‘mﬁ&g — 2220, — 2y20, — (3= fm —x? =y + 290,
X121 = 1/181/)7

Xty = Filt,z,y,2)0y,

X3 = Ly By,

X3z = —2eV2 9, + \/ﬁe%mw&p,

Xz = ﬁ@m + \/ﬁe%mxwﬁw — Ze%xat,

Xz = @@ + \/ie%myw&/, — 2e%y8t,

Xz = @(‘L + ﬂe%mzw&p — 2em7tzﬁt

_mt _mt
X2 2e V2 (24eV2mtm2(224y2+22)) P V2e ( 24eV2mtm2(p2 g2 4 22 )dza 44/2e ﬂxa
18 — '+ — — — e —

m? m

_mt _mt
44/2¢ \/§y8 _4\/56 ﬁza
m Y m 2
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where

—2eVPUm2 Fy (t, 2, y, 2) + 2F 1 + 2F 1y + 2F 100 — 3V2eY2 M mFy, — 2V F, = 0

(3) H #0,m? # 2H?
We obtain a 12-dimensional Lie algebra. Again, the symmetries X| to X} above,

are common to this case, with the rest being,

X2 = —0,+ Hxzd, + Hyd, + Hz0.,
X3 = —2Hzyd, — 2Hz20, + 220, + (—6_2Ht H(—2*+ y* + 2%)0,,
X§ = 2xyd, — L0, + 2y20, + (8_ —a® +y* = 2%)0,,
X3, = 2x28z—2ﬁ8t+2y28y+(6}{2 —2® =y + 2%)0.,
X%l = Yoy,
X3, = F(t,x,y,2)0y,
where

—€2Htm2fl (t, z,Y, Z) + -Flzz + .Flyy + Fl;m: - 3€2HtHf1t - 62Ht‘F.ltt = 0.

CASE II. V() = ¢*. The Lie point symmetries contain the following subcases.

(1) H#0,m = —/2H
This case shares the symmetries of CASE I - (1), with the exception of X}, X{,, X{,.

Also,
2eV2mt

2\/_m

m2

O + 2xy0y + 2220, + ( +x2—y2—22) Oz

is a Lie point symmetry for this case. Therefore, we obtain a 16-dimensional Lie

algebra of point symmetries.
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(2) H # 0,m = 2H
Similarly, the symmetries of CASE I - (2) are common to this case, with the excep-

tion of X2, X3, X%,. Also,

—2/2x 2e—V2mt
m

Oy + 2xy0, + 2220, + ( 5
m

+x2—y2—z2> on

is a Lie point symmetry for this case. Therefore, we obtain a 16-dimensional Lie

algebra of point symmetries.

(3) H # 0,m?* # 2H?

This case yields the following Lie point symmetries

X1= 0O,
Xo= 0y,
X3 = 20y, — y0,,
Xi= 0,

X5 = x@z — zc()x,
X6 = yaz - Zaya

X;= =0+ Hx0, + Hyd, + H20.,
Xg = 220, + 2xy0, + 2220, + (e;ft + 2% —y? — 22)0,,

Xo= 2xyd, — 20, + 2y20. + (e}{;ft — 2?4+ y* — 20,
Xio= 2220, — 20, + 2920, + (% — 22 —y* +2%)0..

For purposes of reduction in the next section, we present a section of the commutator
table - see Table 2.1 - where [A, B] = AB — BA is the Lie bracket of the vector fields
(operators) A and B.
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Table 2.1: Commutator Table

Ll X Xo | Xg | Xy | X5 | X | X7 | X5 | Xy
X 0 0 X5 0 X, 0 | HX, | &7 | —2X;
Xy O 0 |—=Xi| 0 0 | X4 |HXy | 2Xy | 22
X;| X2 | X 0 0 |—Xe| X5 | 0 | —-Xo| Xs
Xe| 0 0 0 0 | =Xi|—Xo| HXy | 2X5 | 2X
X; | —HX, | -HX>| 0 |—-HX4| O 0 0 | HXs | HX,

Remark. Other subcases of CASE I and II for the Klein-Gordon equation do exist.
These are, m = H = 0 and H = 0,m # 0 for CASE I, and m = H = 0 and
H = 0,m = £5,m # 0 in CASE II. However, these subcases set the Hubble

constant H = 0, and therefore are not relevant to our study.

2.3.1 Symmetry reduction and exact solutions

As an illustration, we briefly show how the order of the (14+3) Gordon equation (23)
with potential function V' = 9% can be reduced using a Lie symmetry subalgebra.
Ultimately the equation with four independent variables is reduced to an ordinary

differential equation. From the commutator table above, we have [X7, Xg] = 0,

(X6, X7] = 0, and [X;, X7] = HXy, so that < X3, Xg, X7 > form a subalgebra. We
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begin reducing (23) with Xg. The characteristic equations are
de dt dy dz

dy
0O 0 —2 wy 0

1
Integrating yields a = §(y2 + 2?) and (23) is reduced to

U + 3Hp — e (Y + 20000 + 2000) + MY + 49° = 0 (26)
with ¢ = (z, t, a).
Suppose we reduce (26) with the symmetry X;. This yields the reduced equation
Ui A 3HY; — 27 (ahaa + 1a) +mPh + 4% = 0 (27)
with ¥ = (t, a).
Now in order to reduce (27), we map X7 onto X7, where
X; =—0,+ Hx0, + 2Ha0,.

The characteristic equations are then

dx dt da dy

Hr -1 2Ha 0

2Ht

By integrating, we obtain f = ae“"" and (27) reduces to the ordinary differential

equation

Vs(10H? — 2) + pg(4H? 5> — 26) + m* + 44° = 0, (28)

which may be solved using an alternative analytical approach or some numerical

technique.
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Remark. For a constant potential V, (23) is a Klein-Gordon equation reduced to,

using the same reduction from above,

p(L0H?B — 2) +1hgs(4H? % — 28) + m*Y =0, (29)

which has a solution in terms of special functions. That is,

W(B) = Crofy |3 — IEGHTE & 4 STAER 1 op2g] +

4H? 74 4H?
CoMeljerG | { {}, { HOIAmmt | - OITHTE L (10,0}, {}}, 2428

(30)
where the o Fi[a, b, ¢, 2] is the regularised Hypergeometric function 5 1 (a, b; ¢; 2) /T'(¢),
MeijerG [{{a1,...,an}, {an+1, -, ap}}, {{b1, - - b}, {Oms1, - . by} ), 2] is the Mei-

jer G function
ai, ...,
Gmn ~ ’ )y p 7
()
and (', Cy are arbitrary constants.

Thus, the respective Klein-Gordon equation has this exact or closed form solution
invariant under translation in x, rotation in yz and time translation combined with
scaling. A number of other invariant solutions may be obtained via appropriate

sublalgebras.

2.4 Special cases of V(¢) - Noether approach

In this section, we briefly discuss the wave/Klein-Gordon equations in the context
of some special potentials. These could be studied as above but, to present an
alternative approach, we consider Noether symmetries [8]. In short, a symmetry
generator X is a Noether symmetry if it leaves invariant the action integral that gives

rise to an Euler-Lagrange equation. By Noether’s theorem, every Noether symmetry
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gives rise to a conservation law and is itself a Lie symmetry of the equation. Details

of the relevant equations and formulae can be found in, inter alia, [8].

A Lagrangian for (23) is given by

1 1
L — eTLHt j(l/)) + 56_2Htwi2 _ §¢t2 ,

where j(¢) = im%*)? + V(¢), and as before, m = 0 implies the wave equation and

m # 0 relates to the Klein-Gordon equation.

A special feature of Noether symmetries are their relationships with conservation

laws. A conserved vector of (23) is a vector (&%, &Y, d* &) such that
D,®" 4+ D,®Y + D.®% + D;®" = Q¢ + nHipy — e 2 Ap + m*y + V' (1)),

for some differential function @ and D; (i = x,y, 2,t) is the total derivative with

respect to the i-th variable.

The conserved/closed form D,®* + D,®Y + D,d* + D,®! = 0 along the solutions of

(23) is referred to as a conservation law.
(i) CASE III. V(¢) = ¢ - mass term.

(a) The Noether symmetries of the wave equation are

Xl - am)
X2 = az7
X3 - (9y,

X4 = —z&v —+ 1:(92,
X5 = 20, +y0, + 20, — %&t,

e—th_hQ 2+h222—h2$2
Xo = 220, +yz0, + T 0. — 70y,

X7 = —y@m + xay,
Xg = 20y - y@z,
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72ht_h2y2_h222+h2x2

Xg = Zxaz + yxay + - h2 8z - %81‘,7
X0 = 2yh?20, + 2yh*x0, + (e~ + h?y? — h?2% — h22?)9, — 2yhd;.

(b) The Noether symmetries of the Klein-Gordon equation are

Xl - 8367
X2 = 8Z7
X3 - (9y,

X4 = z@z — .Taz,
Xs = 20, +y0y + 20, — %@,

72ht_h2y2+h2z2_h2x2

Xo = 220y +yz0,+ < S . — 70,
X7 = Z/ax - .’an,

Xg = —28y -+ y@z,

Xog= 290, +yad, + AWy vy,

X0 = 2h%220, + 2h2yx0, + (e 72" — h?y? — h%2? + h%2?)0, — 2xhd,.

As an example, the conserved vector corresponding to the angular momentum in

the zy coordinates (corresponding to the generator X7 = y0, — x0,) is

PT = _%y€3htm2¢2 - ye3ht¢2 + %yeht¢§ _ %wzyeht _ %¢zy€ht + %thyeL?ht
—thyppxel,

oY — %$e3htm2w2 1 gedhty? 4 %xeht¢g _ %w;xeht + %wgmeht _% tzxe?,ht
+ Uy aye,

Q* = —(:E@/)y - y%)%eht,
B = (w0, — ya)eH,

(i) CASE IV. V(¢) = (¢* — k)? - Higg’s potential.
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(a) The Noether symmetries of the wave equation are

X1= 0y,

Xy =0,

X3= 0,

Xy = —20,+ 0.,

X5 = —had, — hyd, — hz0, + 0,

X¢ = —hzzxd, — hyz0, — e_2ht—h2y22-;;h2z2—h2x2 0, + 204,
X7 = —y0, + 20,

Xy = 20y, —y0.,

Xog = —zhz0, — hyxo, — 6_2ht7h2y;;h2z2+h2x2 0, + x0y,
X9 = —hzyo, — hyxd, — 6_2ht+h2y22;h222_h2$2 Oy + yO,.

(b) The Noether symmetries of the Klein-Gordon equation are

Xi= 0y,
Xy = 0,
X3 =0y,
Xy = —20, + 20,

X5 = 20, +yd, + 20. — +0y,

Xo= aydy +yz0, + ottr Wity ug,

X7 = Y0, — 20y,

Xy = —20,+y0,,

Xo = ayd, + x20, + 872'Lt_h2y;l_2h222+h2$2 L — L),

X0 = 2zh?20, + 2yh*20, + (e72" — h*y? + h?2% — h?2?)0, — 22h0;.

As an example, the conserved vector corresponding to the angular momentum in
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the xy coordinates (corresponding to the generator X7 = yd, — x0,) is

Pr = —%y€3htm2¢2 _ ye3ht¢4 + 2ye3ht¢2k _ y63htk2 + %yehtd}i _ %¢§yeht
—%@Z/eht + %wgyeght - ¢ywx$ehta
Py = %xQShtm2,¢2 + x€3ht¢4 o 2I€3ht’¢2k + xeBhth + %Iehtlﬁg o %1/1;1’@”

—I—%@b?l’eht _ %¢§$63ht + ¢y¢$y€ht’
o = —(-T% - y%)?ﬁzeht’
o' = (xwy - y%)eghtiﬂt-

2.5 Conclusion

Using the Lie symmetry generators (one parameter Lie groups of transformations),
we classified and reduced the underlying equations and showed (in a specific case)
how this process leads to exact solutions by quadratures. One may also obtain the
conserved quantities corresponding to each symmetry listed above. A variational
technique, such as Noether’s theorem, could also be applied to the wave and Klein-
Gordon equation in sections 2.2 and 2.3. Here, a Lagrangian would be required; this

was demonstrated in the final subsection using some special potentials.

In the cases discussed, we find ‘twelve’ or ‘eighteen’ dimensional Lie symmetry
groups. Interestingly, all the symmetry groups contain a ’six’ dimensional Lie sym-
metry subgroup. This six dimensional Lie symmetry subgroup consists of ‘three’ lin-
ear momenta conservation along x, y & z directions, and three rotations in zy, yz and xz
directions. As such these symmetries form a subgroup of the Killing group admitted
by the de Sitter spacetime. Not all of the symmetries that are listed lead to physical
conservation laws. However, symmetries that do not lead to conservation laws are
as useful in application, for example, to reduce the underlying wave or Klein-Gordon

equation.
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Chapter 3

The Milne Spacetime

3.1 Introduction

Recently, Noether symmetries of the Euler-Lagrange equations on the Milne metric
have attracted much interest [44]. In [45], the Noether symmetries were found and
a discussion of the results were given by a comparison of Noether symmetries on the
Milne metric with those of other conventional symmetries of the same spacetime.
Concerning the pure wave equation (homogeneous), it is a priori clear that it will
admit a maximal Noether symmetry group on a flat manifold. In that spirit, the
work of [45] gives limited information and needs further investigation. With this
point in mind, we extend the work [45] by studying a Klein-Gordon [13] equation on
the Milne metric and see how Noether symmetry structures change when classical
wave equations are coupled with an inhomogeneous term. For completeness, we also
investigate the existence of higher-order variational symmetries of a projection of

the Klein-Gordon equation using the multiplier approach.

40



Our analysis takes the following form. In section 3.2 we derive Lie point symmetries
of some Gordon-type equations and illustrate the reduction of a wave equation on the
Milne manifold. In section 3.3, we determine the Noether point symmetries of the
Klein-Gordon equation and construct the associated conserved densities. Lastly,
in section 3.4, we list some higher-order symmetries and conservation laws of a

projected Klein-Gordon equation.

Consider the Milne metric [44]
ds® = —dt* + t*(d2® + e (dy* + d2?)) (31)

which represents an empty universe and is of interest in relativity for being a special
case of a well known Friedmann-Lemaitre-Robertson-Walker metric [13, 44]. The

Klein-Gordon equation [13] on (31) is obtained by

(VI ) = ko) (32

Ou =

\/—a

and takes the form

Upy — gt + € 2y, + e u,, — 3tuy + 2u, — t°k(u) = 0. (33)

3.2 Lie symmetries of Gordon-type equations

In order to find the Lie point symmetries of the above Gordon-type equation (33)
we restrict k(u) to some special cases. These cases are assumed by keeping in mind
the fact that we allow the inhomogeneous term, k(u), to be taken as sin(u) and
some powers of u. The criteria that yields the Lie point symmetry is given by the

invariance condition [4]

X [um — Uy + e Fuy, + e Fu,, — Sty + 2u, — t2k(u)] =0, (34)

‘Eq.(33):0
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where X would be the prolonged symmetry generator in the jet space. Thus, the
invariance of differential equations (33) leads to the Lie point symmetries possessed
by (33). The procedure for finding Lie point symmetries is well known [4] and
therefore will be given without derivations. It turns out, from the symmetry study,
that some special polynomial cases of k(u) arise. Also, in line with the literature,
we consider the sine-Gordon equation. Thus, we study the four cases for k(u) in
(33) given by

(i) k(u) = sin(u),
(i) k(u) = u,
(1) k(u) = u?,

(

iv) k(u) =u",n #0,1,3.

Case (i) The case k(u) = sin(u) gives the sine-Gordon equation. Following the
symmetry criterion, we find that equation (34) in this case admits the following ten

Lie point symmetries,

X, = %&E — e%0,

Xy = 0,

X3 = gﬁy — "y + ezTy&v,

X4 = 0,

X5 = 0. — €20, + S0,

Xe¢ = y0,— 20,

X7 = =0, +y0, + 20.,

Xy = 2e;zyay + Qe;zzaz +eT(—1— e2(y2 + 22))9, + & 1+e:“”(y +22 ))&u
Xo = 2y0, —2yz0, + (e72* —y? 4+ 2%)d,,

X0 = —2yz0, + 220, + (e + y* — 22)d,.
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Case (ii) When k(u) = u, we have a Klein-Gordon equation. Equation (34) in this

case admits thirteen Lie point symmetries given by,

X1 = udy,

Xy = Fil(z,y,2,t)0,,

X3 = %81 — %0y,

Xy = 0,

X5 = €50, — e"ydy + Lo,

Xe = y0,— 20y,

X; = =0, +y0,+ 20,,

Xs = 0,

Xy = S-0.— €20, + 20,

X0 = —20, + 2y, + 220, + ud,,

Xy = 22 ya 4 2e- za e (=1 — e (y? + 22))0, + 1+6:“”(y +2° ))&w

Xy = 2y8x - 2yz@z + (e7®* —y* + 2%)0,,

X3 = —2yz0, + 220, + (e +y> — 2%)0,,
where

e F (L w,y, 2) — Floe— Fiyy — 2€2xf1,x - 62x.7:1,m + 3€2It«7:1,t + 623:752]:1,1% = 0.

Case (iii) In the case k(u) = u®, the (Gordon-type) equation (34) yields a set of

fifteen Lie point symmetries, namely,

X1 = t@t — Uau,

X = —2entud, + e*(1+ 2)9, + SR,
X3 = —2e%tud, +e®(—1+t2)0; + © 1+t2)8a:,

Xy = 0,

X5 = —2ettyud, + G, (14 2)y0, + T,
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X¢ = yd,— 20

Yo
X; = =0, +yo, +zc9z,

Xg = —2e%tyud, + ° 1” DG, 4 e (=1 + 12)yd, + ew“jt”yam
Xy = 0.,

X1 = 2€"tzul, — LHt?)az e®(—1+t2)20; — ﬂaﬂ
Xy = _2€rtzuau+ﬁ8 + e* (1+t2)23t+ 1+t2 za
X1 = =290, + 2920, + (—e > + y* — 22)9,,

X13 _ 2e*I(_tl+t2)yay + 2671(—151-"-752)26’2 N Qe_ztu(l + egz(yg + 22))au+

e (1 4+ 12) (1 + €2 (12 + 22))9, + ORGP 5
Xy = ﬂ@ +&32_2 *xtu<1_’_621(y2+22))a +

—(—1 4+ 2)(1 + 2(y? + 22))9, + © T (1+12) (= 1+e2”(y +z2))8

X5 = 2920, — 220, + (—e % — y* + 27)0,.

Case (iv) For k(u) = u™,n # 0,1, 3, the general polynomial Gordon-type equation

(34) admits eleven Lie point symmetries given by,

X1 = gina + tsziah

X, = 20,0,

X3 = 0y

Xy = S0, —e*yo, + 520,

X5 = 0.,

Xe = y0,— 20,

X, = —0,+y0, + 20,

Xy = S0, — €20, + S20,,

Xo = 200, + 2720, + (1= e (y? + 22))0; +
Xig = =298, +2y20. + (—e > +y* — 229,

X1 = 2920, — 220, + (—e 2" — y* + 22)0,.
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3.2.1 Symmetry reductions

We demonstrate the reduction of the (14+3) dimensional wave equation (33). The
equation with four independent variables is reduced to a partial differential equation
that has two independent variables. The reduced equation may then be analysed
further using another Lie symmetry reduction or an appropriate alternative method.
Since [Xg, X7] = 0, where X and X7 appear as Lie symmetries in all the above
cases, we may begin reducing with either X4 or X7. Suppose we reduce (33) by

Xe¢ = y0, — 20,. The characteristic equations are

dt _dy _dz_du

dx

0 0 —2 y 0
Integrating yields o = y* + 2* and (33) is reduced to
1

2 _
t—zum — Uy + —<¢€

2
o (Ol + ) — S+ 2y — k(u) = 0 (35)

t 12

with u = u(x, t, a).

If we then reduce (35) by X; = —0, + y0, + 20., we obtain the transformation
X = —0, + 2a0,. We now have the characteristic equations,

d_do _da_dn

0 -1 2« 0’
By integrating, we obtain 8 = In« + 2x and (35) reduces to

2 _ 4 3
t—ngg(Q +e 6) — Uy + ﬁug — gut —k(u) =0 (36)

with u = u(t, 8).

Equation (36) may be further analysed or reduced using the underlying symmetries.

It turns out that the Lie point symmetries are cumbersome and involve special
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functions such as Bessel functions for the case k(u) = u.

For k(u) = u?, (36) admits one symmetry,
t0, — ud,.
For k(u) = u?, the symmetries of (36) are
X, = %t@t — %u@u, Xy = 4t%(1 +267)05 + 13(1 + 4€7)0, — 2t%u(1 + 4¢€7)0,.
Using X5, (36) reduces to the ordinary differential equation

Y, +vF, + 4F — 8y*F*' =0, (37)

where v = 6—1 and F' = ue
(14 2eP)1
point symmetry G = —% B0s+ FOp which leads to the first-order ordinary differential

g(1 + 265)%. It turns out that (37) admits the Lie

equation
29+ 24q%p% — 12q%p%
2p + 3q§p§

: (38)

dp

where p = v2F3 and g = 7°F".
There are no symmetries for k(u) = u", n #0,1,3,4 and k(u) = sinw in (36).

Also, one may consider reduction by studying the underlying conservation laws.
This would require methods other than the variational one, i.e., Noether’s theorem,

since (36) is not variational.

For the Klein-Gordon case k(u) = u, it can be shown, for example, that a conserved

vector of (36) is (&7, ®'), where

P% = 2(1+ 2¢P)BesselJ(1,t)ug,
' = Lleft[(tBessel](0,t) — 2BesselJ(1,¢)
—tBesselJ(2,t))u — 2tBesselJ (1, t)wy],
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such that Ds®” + D, @' = 0 along the solutions of (36) and where BesselJ is the

Bessel function of the first kind.

For k(u) = u? in (36), the components of the conserved vector are

D = (142" 2[uus — uug),
O = —L2[ePr2ut 4 268120, + du(ePtu,
—266165 — (1 + 2€B)uﬂﬁ)]'

Similarly, for k(u) = u?, the components of the conserved vector are

P = —L1(1+2¢7)t3(40eu? + 4P t2u®
—5ug((1 + 4e®)tuy + 4(1 + 2e°)up)
+5tu(10€%u; + 2€%tuy + (14 4eP)ug,)),

Of = —tH(—2eP (1 +4eP)u? + LeP (1 + 4eP) 0P
+3ePtu, (1 + 4eP)tuy + 4(1 + 27 )ug)
—u(2e(3 + 8eP)ug + (1 + 2¢°)(2ePtugs
+(1+ 4e”)ugp)))-

The cases k(u) = sinu and k(u) = u”, n # 1,3,4, do not yield any conserved

vectors.

3.2.2 Exact solutions and boundary conditions

We reduce (33) by first using the symmetry X = 0, to obtain

1 3 2
3 thee — Uit + t—ze_%uzz = JU s — k(u) =0,

u=u(z,zt), u(zx,0,t)=0, wu(z,1,t)=1.
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We reduce (39) further using the symmetry X = %&C — €%0;. The characteristic

equations are
tdx dt dz du

er —er 0 0
~ 1
Integrating yields ¢t = ze’x and (39) is reduced to

L — k(u) =0, (40)

where u(z,t) and boundary conditions transform to

If k(u) = u, as in the Klein-Gordon case, then the general solution to (40) is

u(z, 1) = 0y (1) + e #Cy(1). (41)

We plot the function ¢ over different ranges, Figure 3.1: {z, —50,50}, {¢,1,10} and
Figure 3.2: {z,—10,10},{t,1,10}. When ¢t — 400, t — 0, and when t — 0, ¢

becomes large.

Figure 3.1: t = %e*x Figure 3.2: { = %6*33

Keeping this in mind, we plot u(z,t) from (41) in Figure 3.3: {¢,0,10}, {2, —5,5}
and Figure 3.4: {t,0,10}, {2, —5,5}, choosing particular C;’s and Cy’s.
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Figure 3.3: C1=100 £, Co=—2 sin(f) Figure 3.4: C; = 100, Cy = —2

If we impose the boundary conditions on (41), the solution of u(z,t) may be ex-

pressed in terms of the hyperbolic sine function, namely,

- 1 P 1 i
u(z,t) = ———=e® — ————e"

T 2sinh(i)  2sinh(7)

The graph of this solution, for the range {f,0,10},{z, —5, 5}, is given by Figure 3.5.

Remark. For the sine-Gordon case, with k(u) = sin(u) in (40), we obtain

412

8 1 - s f
u(z,t) = +2JacobiAmplitude {5 \/— (2% = Di(t)) (= + Da(2))2, _m ’

where JacobiAmplitude[v, m] refers to the amplitude am(v | m) for Jacobi elliptic

functions.
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Figure 3.5: u(z,t) = 2sin1h(i‘) el — QSinlh(E)e_tZ

3.3 Noether symmetries of a Klein-Gordon equa-

tion

Consider the wave equation (33) with k(u) = w (Klein-Gordon), which has the

Lagrangian,

1 1 1 1 1
L= §t362xu2 + itezxui + §tu32/ + 575“3 - Et?’e%u?. (42)
Let

X = £<t7x7 y? Z? u)ax +T<t7 'T7y7 Z? u>at +T](t7 x’y? Z? u)ay +fy(t7 x? y7 ZJ u)az
+¢(t’ x? y’ Z7 u)au

be a Noether point operator that satisfies (14) with gauge vector f; (i = 1,2,3,4)
dependent on (t,z,y, z,u). This becomes, for the Lagrangian given by (42),

XL+ LDyt + Dy§+ Dyn+ Doy = Difi + Dyfa+ Dy fs + D, f.
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Separation by derivatives of u yields the following overdetermined system

u? Tu = 0,

@ g0

uy M =0,

u? Yu =0,

2 —e2p3g — Sty _ Le2pdy _ Loty Ledegse | lotepdy,
—e*t3 ¢, = 0,

u? et + 37T + 562y, + se*Ttn, — L, + 3627t + e¥ig, = 0,

u ST+ Lty — gty + 6, + St + td, = 0,

u? 1T — 2ty + 3ty + L + St + td, = 0,

wu, : eXt3y, —tr, =0,

Ugtt, : —eXty, —t&, =0,

Uy, : —tyy —1tn, =0,

wwy, ety —tr, =0,

Uy, : —e*tn, —t&, =0,

Uy ¢ e3¢, — ¥, =0,

(O D —fru — P =0,

Uy D —fou + €ty =0,

uy o —faut+toy, =0,

Uy i —fiu 1o, =0,

1 Doeue + %eQItQUQT + e t3ugp + %t362xu2 (e + & +ny +72)

~ (it + fouw + f3y + faz) = 0.
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Therefore, the coefficients of the infinitesimal generator are:

7(t7 I? y? z? u)

n<t7 I? y? Z? u)

€(t7 x? y7 Z? u)

T(t, x,y, z,u)
¢(t7 ',’U7 y7 Z? u)
fl(t7 r,Y,z,u

fs

~~ I/~

t7x7y7z7u
t,x,y,2,u

t?',L.?y?Z?u

— N N~

e 2 (e”(—zer + 1) — tern + ¥ 2y (e + zes) + 2z(ca + 5
+c10)

—y’c1z + 2%c12 + 2(c13 + ¢14)))

€ 2 (—e"(cg + yor) — tes + €2 (=220 + yPes — 22cs

+2(cg + €3+ c9) + 2y(cq + ¢5 + 10 + 2¢12)))

(e (cr — 4et(cq + 5 + ycs + c1o + zc12) — € (2ycs + yPer
+Z2c7

—2zc11 +4c15)))

ie*“(@ + e¥(2yce + yPer + 22er — 2z2c11 + 4ers))

Fi(t,z,y, 2)

Fot,x,y, 2) — e t3uF;
Fs(t,z,y, z) + tuF,
Fult,z,y, 2) + tuF; .

— fJT"4,z dx — ffgyy dx — f./r27t dx + .F5(t,y, Z) + ethu]:l,m.
(44)

In addition, we have the constraint,

—e 2 F (t,2,y,2) + Froe + Frgy + 262:”.7:1,3; + 62‘%.7:1,3:3: - 3€2xt-7:1,t - €2xt2fl,tt =0,

and we set

Fo=Fs=Fi=F5=0
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When we separate (44), we find that the Noether point symmetries are,

2$t3( (9 — € (9t)

8 —e y@t

fi:07

tyax)a fz =0,

(9—67;(2—!—623) fi=0,
f':07
8+y8 +20,), fi=0,

0. + e (=1 — 2 (y? + 22))9, + W) gy

290, — 2yz0, + (e7** —y* + 22)9,), [ =0,
—2yz0, + 220, + (e7** +y* — 2%)0,), [fi=0,

The corresponding conserved densities are,

ot =

2
oy

o
oy

of
o7

Uy Uy — Ullyy),

—tuy, + 3e*zu, —

—%e”t(e%tzlﬁ + 2 tuy (tuy — uy) — w(Uyy + Uy + €2 (—=3tuy + 3uy — tug,

se”t (e Pyu® + tuy(—uy + ¥y (tuy — uy)) — u(yu.. + uy + yuy, — 3e* tyu,
—tugy + 3e* yu, — X tyuy + e yuy,)),

se"t (e 2u® + tuy (—us + ez (tuy — uy)) — uus + 2uz. + 2uy, — 32tz
€2t 2Uyr + ¥ 2Uyy)),
— 2uyuy + u(—yug, + 2ugy)),

2UL U+ YUyUp — ZUUL; — YUy — Uply + Ullygy),
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L = e t(e* (1 + ¥ (y? + 2%))u? + 2 tuy (—2zu. — 2yu, + tu, + >ty u
+e2t2%u; + up — e¥yPu, — €2 2%uy) + u(—2e*zu, — (14 €2 (y? + 22))u..
—262“yuy — Uyy — eszZUyy - 62Iz2uyy + 3e¥tu, + 3et*tyPu, + ety
+2e*t2uy, + 2e* tyuy, — 2 u, — 3 yPu, — 36t 2% u, — €2 tuy + eyt uy,

+e4mt22uxt _ e?xuxx _ 64;vy2uxx _ 643:22,“:)::1:))7

Of = 32 yzu.uy + (—1 + ¥ (y? — 22))uyup — 2e* yzuny, + vy,
—e2xy2uuty + 62x22uuty — 2e2Tyu, + 262‘”yuum),
Ply = —153((1+ e (y* — 22)uus — 22 yzuyuy — uty, — €2y uuy, + €22 uuy,

+2e*Tyzuny, + 26* zuu, — 2% 2Utlyy).

3.4 Multipliers of a Klein-Gordon equation

Consider the Klein-Gordon equation in Milne spacetime with dependent variable u
as a function of x,t and y only, i.e., we have removed the spatial variable z from the
original wave equation (33) - the calculations with z are extremely cumbersome pro-
ducing no final outcomes. We consider the multiplier method for (33), by choosing

k(u) = u, i.e. we consider

) 1 1 3 2
E[Q(t—Qum — U + t_2€ 2 Uy — ;ut —+ t—QUm — u)] =0 (45)
where Q = O(x,y,t, Uy, Uz, Uzz, Ugy, Ugzzs Ugzys Uayy, Uyyy)-  Although not pursued

here, the calculations may include derivatives of u with respect to t. Then

1 1, 32 .
Q[(ﬁum — Uy + t_2€ 2 Uyy — zut + ﬁux — U)] = th)t + qu> + qu)y’
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where (®%, ®Y, &) is the conserved flow and @ the conserved density. We obtain

the set of multipliers Q; together with their conserved densities ®f, namely,

o
&)

Qs

2

Qs

;

Q
}

s
oy

s
5

3 .2z 1 1 1,2 1,3 2 1 1
e (_gu;mm — YUy + YUgzy + Y Uyy + Y Uyyy — Y Uzgyy — 5Uzz + ﬁu)7

—%ezxt?’(—yuyut + 3y2uyyut + 2y3uyyyut + Yyuty, — 3y2uutyy - 2y3uutyyy
—6y2utuzyy + 6y2uumyy — BUUyg + OYUUgzy + FUUGar — OYUUgzty — 2UpUgsy

+2uuzmzt) 9

tse%(_Q?ﬂLwyy T+ Ugzy + Ylyy + y2uyyy)a
— 52 (YU ty + Y Uy Uy — YUy — Y2 Ul — 25U Ugyy + 2y Uy

+utuxxy - uuxxty) )

%t?)e_%uyyy + tgumy + t3€2£(293uxyy - y3uyy - %y(u) - 3y2umy + %y2“y
+3Y sz + 2YUar — 35 Uyyy),

1 —2¢43(_ Az, 2 4z, 3 4z, A 4z, 2

7€t (—e*™y UyUy + 2€ 7Y Uy Up — UyyyUs + € TY Uy Uy + 7Y ULy,
4z, 3 4z, 4 4z, 3 4z, 3

—2€M Y Uy + Ullpyyy — €75Y Ulpyyy — 4€" 7Y Uy + 465 Y Uy,

—6eM YUy — 2% U Uy + 6 Y2 Ul Lry + 6 YUULLy + 262 Ut gy

4z, 2 4 4
—6e™ Y Ullyry — A€ YU ULz, + 4T Y U101 ),

143 2x
317 (2Uayy — Uyy — 2ytyyy),

1 2243
3677 (Uyy Uy + 29Uy Uy — Uy — 29Uy — 2UgUnyy + 2Ulgyyy ),

3 . 2x
12 e" Uyyy,

1 _2x43
—ze™t (Uyyy Ut — Ulpyyy),

t3e2® (yu, + %yu — %y2uy) + %t?’uy,

(=1 + ey uyuy — 26* yusu, + u((1 — €27y )uy, + 2% yugy)),
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Qr = t*e*(uy + 3u— yuy),

1
(‘I)t7 = §e2xt3(yuyut — Uy + u<—yuty + U:Et))>
QS — t3€2muy’
1
oL = —§e2xt3(uyut — Ullgy).

3.5 Conclusion

This chapter investigates a class of wave and Gordon-type equations in Milne space-
time. In particular, we conducted a Lie and Noether symmetry analysis of a Klein-
Gordon equation on this manifold. We have given some symmetry reductions to
show how the (1+3) dimensional wave equation can be reduced to an ordinary
differential equation using the method of invariants and we obtained some exact
solutions. The conserved densities of the Klein-Gordon equation are constructed.
Finally, some higher-order symmetries for the projected equation and associated
conservation laws are presented. It is hoped that an analysis of the nonlinear wave
equation in a genuinely curved spacetime will provide more insights in relativity and

geometry via reduction or otherwise in conserved quantities.
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Chapter 4

The Bianchi III Spacetime

4.1 Introduction

Several investigations in the literature have been aimed at the Bianchi universes. In
[46] the Bianchi universes were investigated using Noether symmetries. The authors
of [47] studied the Noether symmetries of Bianchi type I and III spacetimes in scalar
coupled theories. Therein, they obtained the exact solutions for potential functions,

scalar field and the scale factors, see also [48].

We pursue an investigation of the symmetries of the wave equation in Bianchi III
spacetime. The plan of the chapter is as follows. First, in section 4.2 we implement
the multiplier approach in order to find the evolutionary generators and conserved
densities of the wave equation. Second, in section 4.3, we use the classical Noether
approach to determine symmetry generators of the wave equation and find conser-

vation laws associated with the Noether symmetries. This procedure yields a wider
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range of results. Thereafter we perform symmetry reductions of the wave equation

to obtain invariant solutions.

The Bianchi IIT metric is given by
ds® = —B2dt> + (*H(da® + e v dy?) + t d2?, (46)
The application of the d’Alembertian operator yields the wave equation on (46), i.e.,
[17]
—%(ZL + 1) t2Ee "oy, — %tQLHe_%xutt
afy — Lo _agy
—Wte NTUy + Bte” N ug, <47>

a _2L _a
+Bte N uy, + St W e N Ty, = 0.

4.2 Symmetries of the wave equation - the multi-

pler approach

The multiplier method [3] is adopted to determine some of the conserved densities.
Since the Euler-Lagrange operator annihilates total divergences, a multiplier Q) € A

satisfies
)
5—[Q.LHS of (47)] = 0. (48)
u
() is chosen to be first order in derivatives of u, i.e., Q = Q(x,y, 2, t, Uy, Us, Uy, U).
Lengthy calculations lead to the set of multipliers defined by
Q= Ciuy+ Cou, + eIN

/232 +4N2d; —2y/a2p2+aN2d;
(Cse™ 285 +Che” 285 Y (1), (49)

where dy and C; (i = 1,2,3,4) are arbitrary constants and Y (¢) is the solution of
—t 2 Y +YV,(2L + 1)t + Y, = 0.
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We let d; = 0, to solve

2L +1
v+ Pt Dy
t
and obtain
t—QL
Y(t) = —EU + w,

where v, w are arbitrary constants. We thus obtain the multipliers @1, Q2, Q)3 with

corresponding evolutionary operators X; = Q;0,, viz.,

Xl = uzaua
X2 = uyﬁu,

where, p, q,r, s are arbitrary constants. It can be shown that the X; are variational
and lead to conservation laws, for example, the corresponding conserved densities

for each X, are

Pl = %6_%151*%(—%% + ug,),
oL = %e_%tHZL(—uyut + Uy,
oL = ﬁe*%(QL(e%p +q)u+t(q—2Lrt*

+e™ (p — 2Lst? ) )uy).

4.3 Symmetries of the wave equation - the Noether

approach

In this section, we investigate the wave equation on the Bianchi IIT metric using the
notation of differential forms (see section 1.7), and the Noether approach [8]. To

avoid ambiguity, the Lagrangian will be denoted by L in section 4.3.

We classify the cases that yield strict Noether symmetries (gauge is zero) of (47),
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using the Lagrangian

5 a 5 _2L _ a 1 _a
2 EtequyZ . —t2L+1 m e Na:uz2 + _t2L+1€ qut2.

L=—"te v,
gt¢ U 2 23

Many of the calculations have been left out as they are tedious - the details are

available to the reader in a number of texts that have been cited here.

The principle Noether algebra is

=
|
&

)

e
I
2

I

e
I
S

X4 = %ax + yﬁy,
X5 = 7]2\?3/81 + #(—oﬂyz + Nze%)ﬁy.

Furthermore, specific cases of L and m give rise to the symmetries X; to X5 from

above, and some additional symmetries.

CASEL L=1,m= % The additional symmetries are

XG = —2282 + tat,
Xr= — (4222152) 0. + 10,

CASE II. L = 1,m = —1. The additional symmetry is

Xg = —z@z - %&g + u@u

CASE III. L = 1,m = 1. The additional symmetry is
Xg = —t@t + u@u
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Table 4.1. contains the conserved forms corresponding to each Noether symmetry

X;(i=1,...,9), ie., it lists the three form w. The four form is Dw, which vanishes

on the solutions of (47). Thus

= —®'de Ndy Ndz + D*dx Ady A dt — ®Vdx A dz A dt + Ody A dz A dt

so that
D;®' + D, ® + D,®Y + D, ®* =0
on (47).
Table4.1. Conserved Form w
X, Pt — e’ﬁtl-rzL(szuyuH-uuty)’ Hr — %e—%tﬁ(uyum — Ulyy),

2L 2 2L 2L
Y — e Nt (e N Nt"T ™ B2u, 2+ u(NEH2L B2u, . —t 0 (atB2up+N(—t82une+12F (142L)ur +turr)))))
- 2NB
_az 2L(=14m)
P =t Nt T Busuy — uuy.)

?

—aT
Pt — © N 120y up4uug,)

1 _ax
Xy 283 , P = 3¢ N tﬁ(uzum - uuwz);
vy — L% _
QY = senvtB(usuy — uuy.),
2L 2L 2az
P> — e~ Nt (Nt T2L 520, 2 4t u(e N NtB2uyy—atB?us+N(t8%ugs —t>L (14+2L)us+tur))))
— 2Nj
axr
—°N ¢1+2L _ax
X3 Pt = e —L —u tB U P = e” N tfu,,
az _az _2L
QY = enNtfu,, O =e NGy,
X (Dt _ _ef%tl+2]‘(ayuyut+Nuzut7u(ayuty+Nutz))
4 2a3 ’

P* = ﬁ(e*%t*%(t”%ﬁ%m(ayuy + Nug) + u(Nt' 2L 5%,
2ax

—i—t%(eT NtB*uy,, — atBu, — atyf*uy, — Nt*'u, — 2LNt* 'y, — Nt'T2luy,)))),
_ax 2L 2azx

az, 2L, 2az 2L
OV = za}vﬂe Nt~ m (en Nt'Tw f2u, (ayu, + Nu,)
2ax

Fu(aNt T2y B2, — t5 (ae™s Ntf2u, + a’tySu,
+N (N NtB2Uyy + ay(—t2uzy + (1 + 2L)uy + tuy)))))),

2L(—14+m)
m

_az g,
Nt B(uz(ayuy+Nug)—u(ayuy+Nug:))

PR
" = 2a
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Pt — ﬁ(e—%tH?L(_(@Q#N2 — a2y2)uyut + 2a Nyu,uy

+u((e ¥ N? — a®y?)uy, — 2aNyus,))),
Pr — ﬁe—%t‘%(ﬂ*%ﬁ%w((e%N? — a*y?)u, — 2aNyu,)

+u(—2a Nt 2Ly 32y, + t%(—Zae%TINt,B%y - QCLB%NWBZUW
120ty P, — e N N2tB%Uy, + a’ty? 5y, + 20Nt yu,
+4a LNt yu; + 2a Nt 2Eyuy))),

ax 2ax 2ax

oV = ﬁe‘ﬁt_%(eTNtH%ﬂzuy((eTNZ
—a*y?)u, — 2aNyu,) + w(Nt2L (N N2 — q2y2) f2u,,
o (202N NitySPu, + at(e™ N2 + a®y?) f2u,

+N (2% NtyBPug, + (65 N? — a2y?) (t52Upe — 22 ((1 + 2L)uy + tuy)))))),

,%t1+2L(_Wll+m) 2ax

2azx 2az
Buz((e N N2—a2y?)uy—2aNyuz)—u((e N N2—a?y?)uy.—2aNyus.))
2

Xe

¢ =" IN
ot = 1 (e’% (Ntuy(2zu, — tug) + u(NBu,, + t4(ezaT$Nﬂ2uyy

INEF
—af?u, + NB*uze — 2Ntus — 2Ntzuy,)))),
D* = Lem N tB(—2zusuy + tuguy + u(2zu,, — tuy,)),
DY = LeWtB(—2zu.uy + tuyuy + u(2zuy, — tuyy)),
o* = ﬁ(f%(]\fﬁ%z(—%uz + tuy) + u(2NB%u, — 2¢% Nt1zf%u,,

+2at*zB%u, — 2N 232Uy, + 6N 2us — NtS%us, + 2Nt%2uy)))

Pt = —SNthB (e (Ntuy((4t*2% + BHu, — 4t°2uy) + u(4N B?u, + 4N 2B%u.,

+462%N7§4z/32uyy — dat*zB%uy + ANt 232Uy, — SNt 2uy — AN 22y, — NtS%us,))),
Hr — 67%5(7(4t4z2+62)uzuz+4t5zuzut+((4t4z2+ﬁ2)uzz74t52um))
B 8t3 )
HY — e%B(—(4t422—i—ﬁz)uzuy+4t5zuyuz+u((4t422+52)uyz—4t5zuty))
o 83 )
* = 8N17€7,8€7%(_N52u2(<4t422 + B2, — 4t°zuy) + t'u(8Nz5%u,
2azx

—e N NB2(4t42% + %)uy, + dat*2? B2u, + aftu, — AN 22 6%upy — N B Uy,
+12Nt°2%uy — NtS2u; — ANtz B%us, + AN 22uyy + Nt25%uy))
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X8 (I)t = ﬁ(e_%tQ(—Ntut(Qzuz + tut) + U(Nt4ﬁ2uzz + BQGTZNBZuyy
—af*u, + NB*uze — 2Ntuy + 2Ntzuy,))),
" = Lem N1B(2zuuy + tuu — w(22ug, + tu)),
dY = ie%tﬂ(QZUZUy + tuyut - U(QZUyz + t“w))»

P* = m(e’%t(Nt‘lﬁ%z(Qzuz +tuy) — u(2NE B2, — 2e°% nzf2uy,

+2az8%u, — 2N 28%Uyy + 6Ntzug + N9 S2us, + 2N1?2uy)))

Xo| O = Fo(e ¥2(=N2u? + u(Nfu.. + e ¥ N2y, — abu,
+Nﬁzumz - 2Ntut>))7

P = %6_%7525(%1;?” —Uly), PY= %e%ﬂﬁ(uyut — Ully),

* = e N 2B (uup — uuy)

4.3.1 Symmetry reduction and invariant solutions

We illustrate how the order of the (143) wave equation (47) can be reduced. The
equation with four independent variables is reduced to an ordinary differential equa-

tion.
(i). Reduction - using the principle Noether algebra.

We begin reducing (47) using X followed by X,. The characteristic equations are
adv. dt dy du

N 0 y 0

Integrating yields s = ye™ % and (47) is reduced to
— 2ty — $(2L + 1)*Puy + BH(1 + £75%)uas + 2553 Btu, = 0 (50)

with u = u(s, t).
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A Lagrangian of (50) is

1 u? a? . u?
It turns out that we if we let L = 1,N = 1 in (50), we can obtain its Noether
symmetries, viz,

Xi =10, — uby, X =0,

We reduce (50) with X7, and the characteristic equations are

d_ds _du
t 0 —u

Integrating yields Y = tu and (50) is reduced to the ordinary differential equation
%Y + B(1 + s*a®)Y,, + 2a*BsY, = 0 (51)

with Y = Y'(s), and which has a solution in terms of special functions, i.e.,

- 2a

Y(s) = CLegendreP SRR i V%W,ias}
— (52)
+CsLegendreQ [W— Mw,ias] ,

2ap

where C7, Cy are arbitrary constants, LegendreP[n, z| refers to the Legendre poly-

nomial P,(x) and Q[n, z| refers to the Legendre function of the second kind @, (z).

(i). Reduction - CASE I, L =1,m = 3.

We reduce (47) using X; followed by Xg from CASE I. The characteristic equations

are

dz _@_d_x du

-2z t 0 0
Integrating yields r = t*z and (47) is reduced to

azx

ax _ax _ax 2_ g2
—%TQ_WUT — %@_WUIB + ﬂe NUyy + €N (B%)urr =0 (53)
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with u = u(r, x).

A Lagrangian of (53) is

Hence, we obtain the Noether symmetries of (53), viz,

* a *
X3 :5x+ﬁu6fu, X4 :au

We reduce (53) with X3, and the characteristic equations are

dvr dr  2Ndu
1 0  au '
Integrating yields Z = e~ 2vu and (53) is reduced to the ordinary differential equa-
tion
—irZ, + (E5) 2, — 222 =0 (54)

with Z = Z(r), and which has a solution in terms of special functions, i.e.,

Z(r) = C)LegendreP {ZNJF VANEaP 2"]

AN B

s (55)
+CsLegendreQ {_2N+ 4%\[2_(1262, 267"] ,

where, as before, C, Cy are arbitrary constants, LegendreP[n, | refers to the Leg-
endre polynomial P,(x) and Q[n, z] refers to the Legendre function of the second

kind @, (z).

4.4 Conclusion

We have classified the Noether symmetry generators, determined the conserved

forms and reduced some cases of the underlying equations associated with the wave
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equation on the Bianchi III manifold. The first reduction done above involved the
principle Noether algebra whilst the second dealt with a particular case. To obtain
other reductions, one would need to find a three dimensional subalgebra of sym-
metries to reduce to an ordinary differential equation whose solution would be an
invariant solution, invariant under the subalgebra. Alternatively, a lower dimen-
sional subalgebra can be used to reduce to a partial differential equation which may
be tackled using other methods. The final solution in this case will be invariant only
under the lower dimensional algebra. In general, the procedure performed above is

the most convenient.
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Chapter 5

The Friedmann-Robertson- Walker

Spacetime

5.1 Introduction

In 1922, Alexander Friedmann found a solution to Einstein’s field equations that
suggests an expanding universe. Georges Lemaitre proposed a creation event as
the beginning of the universe expansion. These ideas combined with the metric by
Howard Robertson and Arthur Walker, are commonly referred to the Friedmann-
Lemaitre-Robertson-Walker or just Friedmann-Robertson-Walker (FRW) solution
of the gravity equations, and are believed to be the best fit to describe our universe
evolution [49]. The FRW spacetime represents, in conformity with general relativity,
the universe at a very large scale, where it is assumed to be homogeneous and
isotropic [50]. The importance of the FRW metric in cosmology has been discussed

widely in the literature and requires no further introduction here.
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In [51] f(R) gravity for spherically symmetric spacetime was discussed using Noether
symmetries. The authors of [52] found Noether symmetries for the flat FRW model
in f(R) gravity.

In this chapter, we first discuss the symmetries of the FRW spacetime for different
curvatures. The d’Alembertian operator is then used to construct the wave and
Klein-Gordon equation in FRW spacetime. We provide a detailed symmetry analysis
of the underlying wave equations on this metric. In section 5.2 the isometries of
the metric are listed. Thereafter, section 5.3 presents the wave and Klein-Gordon
equation in FRW spacetime. We provide the symmetries of the wave equations and
the conserved quantities are constructed. Also, we discuss a symmetry reduction

and provide exact solutions to the wave equation in FRW universe.

Regarding the FRW space-time, the line element in (143) dimensions and in stere-
ographic coordinates, is given by

as? = —d? 4 20
(14552

(dz® + dy* + d2?), (56)

where a?(t) is an arbitrary (non-zero) scale factor, k = 0, +1 refers to curvature and

r?=a? 4 y* + 22

Note. The space-times with constant curvature are a special case of the FRW space-
times. It is well-known that the FRW metrics are conformally flat and hence these

metrics admit the maximum number of independent symmetry vectors.
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5.2 Noether symmetries of the FRW metric

The Euler-Lagrange (geodesic) equations associated with the Lagrangian

a?(t)

(1 + K3

L=—1"+ (@* + 9% + 2°),

corresponding to (56) are

t= (4+k(x2+1y2+22)) (2(16a(t)ay (&° + g + 22) 4 161 + 8tk(2* + y* + 2°)
k2 (2t + yt + 2t 2tk (2%y? + 22t + 2222))),
¥ = Gremnrreyr (320() Qa(t)kz(=32 + 97 + 2°) + 8a,it
+2aikit(x? + y* 4 2%) + a(t)ik(x? + y* + 2%) + da(t)i — da(t)ik(yy + 22))),
= e jy2+z2))s (32a(t)(2a(t)ky(i® — §° + £°) + Sasyt
+2a,kyt (2% + 32 4+ 22) + a(t)ijk(z? + y? + 22) + 4a(t)i — 4a(t)yk(zi + 22))),
= on (ﬁjyuﬁ))g (32a(t)(2a(t)kz(i? + §? — %) + Sa,it
+2a:kzt(z® + y? + 22) + a(t)Zk(2? + y* + 2%) + 4a(t); — 4a(t)2k(yy + z))).
(57)

where ¢ refers to the derivative of o with respect to the arclength parameter s. The
geodesic equations are constructed by applying the Euler-Lagrange operator onto

the Lagrangian for each variable (¢, x,y, 2).

The Noether symmetries of the Euler-Lagrange equations (57) are obtained from
(14) take the form X = 70, + £0, + 10, + 70, + 00;. In detailed calculations, not to
be presented here, it turns out that the algebra of Noether symmetries splits into

two cases depending on the value of the curvature k.

Case (1) k= 0.
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Xl =0, Xi=0, Xi=0, X!=o.

X3 =20, —y0,, Xi=20,—20,, X3 =y0,— 20,
X3 = a®(t)z0, + t0,,

X3 = d*(t)yd, + to,,

Xiy = d*(t)xd; + t0,,

X1 = 2505 + t0; + 20, + yd, + 20,

X1, = 0.

It turns out that all of the Noether symmetries are based on zero gauge and contain
the isometries of the metric. In fact, the isometries are the Noether symmetries
which have no arclength parameter s in the list above. Hence, X{ to X{, form the
10-dimensional algebra of isometries, keeping in mind that n = 4 corresponds to the
maximal %n(n + 1) = 10-dimensional algebra, SO(1,4). That is, the FRW metric
with k£ = 0 is (indeed) ‘flat’- not in the sense of Minkowski whose respective Noether
algebra for the Euler-Lagrange (geodesics) equations is 17-dimensional arising from
some (five) non-zero gauge vector fields that leave the action integral invariant.
Rather, what we see here is that this case displays properties that are in line with
the de Sitter metric whose geodesic equations also admit just two additional Noether
symmetries to the ten isometries of the metric. Each of the vectors above lead to
conserved quantities via Noether’s theorem. Respectively, we have conservation of
energy, linear momenta, angular momenta and X to X/, are equivalent to Lorentz
rotation. The conservation laws associated with X{, and X}, are not physical but
have other applications such as a mathematical application in the double reduction

of the Euler-Lagrange equations.
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Case (2) k # 0.

X2=0,, X3=20,—20,, Xi=ux0,—y0, X?=y0,— 20,

X2 = ayd, + 220, + L OO,
X62 — —szax - Zyay + %(—4+k(y2222+x2))827 (58)
X2 = 2yd, + 2y0, — %(*4%(*?/2]:*%2))8;/,

X2 =,

Here X7 to X? form the seven isometries of the FRW metric with & # 0.

5.3 The wave and Klein-Gordon equation

Our analysis is now directed at the nonlinear wave equation in FRW geometry. For
this purpose, we construct the wave and Klein-Gordon equation on this manifold

with the intent of finding the symmetries of the constructed wave equation.

The Klein-Gordon equation on (56) is generated by

1 0 aw Ou\
=G = ot (VIS ) = 6 (59)

where [ refers to the d’Alembertian operator.

In the FRW universe, the equation written out explicitly in coordinates is

<1 + k(IQ+ZQ+Z2)) [(1 + k($2+32+22)> (umm + Uyy + Uzz) - g («TU;B + YUy + ZUz)

—a® (b) (utt n 3(—§§>ut> @ ()G (u) =0.
(60)
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The wave equation Cu = 0, i.e. when G(u) = 0, is given by

(1 + w> [(1 + w> (Uaz + Uyy + 1z2) — & (2uy + yuy + 2u.)

—Cl2 (t) <utt + %%)uo =0.
(61)

5.3.1 Noether symmetries

Noether’s theorem may only be applied to the case when k£ = 0, as the cases k = £1

yield non-variational equations.

The corresponding Lagrangians for (60) and (61) with & = 0 are,
1 1
L= —§a3(t)u§ + §a(t)(u§ +ul +ul) 4 a’(t) H (u), (62)
where H(u) = [ Gd(u), and
1 1
L= —§a3(t)ut2 + §a(t)(ui + ul +ul), (63)

respectively.

As mentioned before, the case k = 0 is ‘flat’ and one would expect a maximal dimen-
sional algebra for the wave and Klein-Gordon equations [6] on the FRW manifold.
However, for our purposes, we present only the strict Noether symmetries (i.e. gauge
equal to zero) of equations (60) and (61). The additional symmetries may be found

by setting the gauge to be non-zero. Let
X =80, + 70, + 10y + 70, + 90,

be a Noether point operator that satisfies (14). It can then be shown that equation
(61) admits a 7-dimensional algebra of strict point symmetry generators with basis

(Noether symmetries) given by
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Xl - aua X2 = a:ra X3 = aya X4 = aza (64)
X5 =20y —y0,, Xg=120,—20,, X;=y0,— z0,.

Equation (60) with G(u) = u (i.e. the Klein-Gordon equation) admits six strict
Noether point symmetry generators given by X, to X7 from (64).

It is clear that for the wave and Klein-Gordon equations, energy is not conserved

but linear and angular momenta are.

5.3.2 Conserved forms

Below in Table 5.1 is a list of the conserved forms associated with the symmetries

(64), where (®!, ®* ®Y &%) is the conserved vector and
D,®' + D,®" + D,®Y + D,d* = 0

on (61) with k£ = 0.

Note. These are obtained by Noether’s theorem [8].

Table5.1. Conserved Forms

X, Ot = —a(t)Pu;, D% = a(t)uy,
QY = a(t)u,, D*=a(t)u,

X, | ®t = %a(t)?’(—uxut + utty,), DT = %a(?ﬁ)(um2 + w(Uzy + Uy — a(t)(3a'us + a(t)uw))),
PY = %a(t)(uyuz — Ullyy),
o* =

%a(t)(uzux — Ully,)

X O = Ja(t)’(—uyuy +ungy), DT = Fa(t)(uyuy — utly,y),

(I)y = %a(t) (uy2 + u(uzz + Uggy — CL(t) (3alut + a(t)utt))), (I)Z == %a(t)(uzuy — uuyz)
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Xy ot =

17

a(t)g(_uzut + uutz)a

N =

%a(t) (Usty — Uy, ),
zal(t

a(t)(u uy — uy,),

P* = %a(t) (uz + u(tyy + gy — a(t)(3a'us + a(t)uw)))

X P = La(t)*(—zuyus + yuguy + w(Tuy — yu)),

/

3 (
PY = %a(t)(uy(a:uy — Yuy) + u(TU,s + Uy + YUyy + T — 3za(t)a'u, — za(t)?uy)),

@ = galt)(us(vuy = yue) + u(—ruye + yus.)

a(t) (ug(zuy — yuy) — w(yus, + uy + yuyy + Tug, — 3ya(t)a'u, — ya(t)?uy)),

)
);

X, ot = %a(t)?’(—q;uzut + zuguy + u(xuy, — 2ugy)

K
8
Il

N[ —=

)
PY — %a(t)(:puzuy — ZUyly + U(— Ty, + 2Uygy)),
)

!/

N[

O = La(t)(zu.?® — 2uuy + u(Tuy, + Uy + 2Ugps + XU, — 3za(t

a(t)(ug(zu, — 2uz) — w(u, + 2us, + 2Uyy, + TUz, — 3za(t)d'u, — za(t)?uy)),

a'ug — za(t)*uy))

X7 ' = Ja(t)*(—yuur + 2uyuy + u(yu, — 2uyy)),

1
2
D* = 2a(t) (yusuy — 2uyuy + u(—Yug. + 2ugy)),

DY = Za(t)(uy(yu. — 2uy) — u(us + 2Uss + YUy, + 2y — 3za(t)d'uy — za(t)?uy)),
d* = %a(t)(yuz2 — 2ty + u(ty + 2Uy, + Y(tyy + Uy — a(t)(3a’u, + a(t)uy)))).

5.3.3 Illustrative reduction and exact solution

We briefly show how the order of the (14-3) equation (61) can be reduced. The equa-
tion with four independent variables is reduced to an ordinary differential equation

and an exact solution is obtained. See [4] for details.

We begin reducing (61) using X4 followed by X5 from (64). That is, in the first case,
we obtain the independent invariants of X, by solving the first-order linear partial

differential equation X,q = 0, where ¢ is the dependent invariant. By the method
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of invariants, the characteristic equations are

de At dy

—y 0 x 0
1
Thus, by integrating the above, we find the invariant p = 5(372 +9?) so that (61) is
reduced to

2a(t) (up + pupp) — a® (¢) (utt + 3(—§t)>ut) _0 (65)

with u = u(p, t).

A Lagrangian of (65) is
a’(t)
5 u? + a(t)puf,.

It turns out that a symmetry of (65) for a(t) =t is

L=-—

We reduce (65) with a(t) = ¢, using X and obtain the characteristic equations
du dt dp
uw —t 0

Integrating yields v = ut, and (65) is reduced to the ordinary differential equation

29 + 2p7Ypp + v = 0. (66)
A solution of (66) is
v(p) = Bessell [0,+/2p] Ci + 2BesselY [0, /2p] Cs, (67)

where BesselJ[n, z| is the Bessel function of the first kind .J,,(z), BesselY[n, 2] is the

Bessel function of the second kind Y,,(z) and C}, Cy are arbitrary constants.
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5.4 Conclusion

We have discussed the isometries of the FRW metric for different curvatures in their
relationship to the Noether symmetries of the geodesic equations. The nonlinear
wave and Klein-Gordon equations were constructed and analysed in FRW geometry.
The classical method of Noether’s theorem was used for the derivation of symmetries
and conservation laws of the underlying equations. As an illustration, we performed
a symmetry reduction of the wave equation on a FRW manifold and obtained an

exact solution.
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Chapter 6

Higher-order Symmetries and

Conservation Laws

6.1 Introduction

We investigate the existence of higher-order symmetries and conservation laws for
the Klein-Gordon equation. We apply the multiplier approach that leads to a large
class of interesting and higher-order conserved flows that would not have been ob-
tained by variational techniques such as Noether’s theorem. Other multipliers and

conserved densities exist for the Gordon-type equations and may be found in [53].

It can be proved that with the well-known transformations,

1 1
X:§(x—t) and T:§($+t), (68)
the (1+1) classical wave equation
Ut — Ugg — k(“) = 07 (69)



can be transformed to the canonical form [4]
uxTt — k(u) =0. (70)

Equation (70) has been extensively studied in terms of its symmetries and varia-
tional properties [4]. In particular, the sine-Gordon equation, uxr — sinu = 0, has
been shown to have higher-order variational symmetries giving rise to interesting,

nontrivial conservation laws, for example, the symmetries,

X1 = (uxxx + %U_?ig)am
Xo = (uxxxxx + éuﬁguXxx + %UX?@(X + %ui)au, (71)
X35 = (urrr + %UBT)au,

are variational as they satisfy Theorem 1 [4].

The first two symmetries in (71) lead to the corresponding densities
1 1 1 D 1
o] = _§U§(X + gugo ¢, = §U§(XX - 1“3{“3{){ + Eugj( (72)
In a previous paper [53], we investigated the canonical form of the wave equation
(70). Using the multiplier method, it was found that the only other cases of (70)

that yield derivative dependent symmetries are when k(u) = v and k(u) = e*. The

third-order symmetries for (70) are

k(u)=u : X,=(uxxx +ne**1)d,, nis an arbitrary constant, (73)
k(u)=e* : X = (uxxx — su%)0u.

These symmetries can be useful for finding higher-order symmetries and conserva-
tion laws for the classical wave equation (69). Once the results of the (1+1) wave
equation (69) are known, they may be extended to the multi-dimensional Gordon-
type equations. That is, the multi-dimensional Gordon-type equations are best
considered as

uy — Au — k(u) =0, (74)
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where A denotes the Laplacian.

6.2 (141) Gordon-type equations

Consider the following special cases of equation (69) in the form
(a) Ugy — Uy —sinu =0
(b) Ugy —uy —u =0

(€) Ugy — Uy —€* =0

In each case, we list one of the higher-order symmetries and conserved densities
which arise as a consequence of transforming the results of the canonical forms, (71)

and (73). Case (a) is done in detail.
(a) Ugy — Uy — SIDu = 0

In converting from equations (70) to (69), we use the transformations,
r=X+T, t=T-X

and obtain higher-order symmetries for the classical equation (69), we denote these
symmetries by X'. We will now illustrate the method using X; = (uxxx + %u%)@u

from (71). Since,

Ux = UgTx + Wlx
= Ugp — Uy,
UxXx = UpgTx T Uglx — U Tx — Uylx

= Ugy — 2uact + Uy,
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Uxxx Uzzz X + Ugattx — 2(Upta®x + Ugprlx ) + UptaTx + Upelx

= Uggy — 3uxxt + 3umtt — Uy,

we have that the equivalent of X is

X = (u:r:a:x — BUgat + gyt — Uy + %(ux - ut)3) aua

where X; is also an evolutionary generator of (69), that leads to the conserved

density
Pl = L(wt + duy® — 3uPug + dugpu, — dcos(u)u,? + uy (sin(u) — ug)
—168in (1)U + 3utlp Uy — AUptpsr + AUtigry + U (—4cos(u) + 3u,?
+3u (Ut — Ugz)) + 8SIN(U) Uy — UL Uy + SUgillpy — AUyy?
— MU Uy — 12Ulgept + Uplpee + Us(—Ug> + Uz (8cos(u)

(b) Upy — U — U = 0

XQ == (urmc — Ut — 3utx:c + 3uttx + ex)aua

where X5 corresponds to X, in (73) with n = 1. The corresponding conserved

density for X is

t 1 2 2 2 2
P, = 5(_Ut U™ U Uy — Up™ — 2Ug Uyt — UgUgpr + 2UggUgy — Ugy
T
—UgUgyt + UpUgzy — 2ut<6 — Uy + Uyt — Qszt + uxmz) + u(2utt - 4uxt

+u:cttt + 2uz’x - 3umxtt + 3uacxzt - u:cxxx))

(c) Upy — Uy — " =0

s = (s =t = Btz + Bt = e = ")

80



where X3 corresponds to X, in (73). The corresponding conserved density for X;
is
DL = (—wt 4 duy® + 3uSuy + dugu, — 4 uy® + Buy (e — ug)
—16€%“ Uy — Uty Uy — AUgUpy + AUtggyr — us? (4 + 3u,?
+3u(Ugt — Ugz)) + 8 Uy + UL Uy + SUgtUpy — Hgy® — MUyl
—12Utpst + AUgUsg + Us (U + Uy (8™ + 6U(Ugs — Ugy))

_8(uztt - 2u$xt + uz:va:)) + 12uuwa§$t - 4uuzzaxx)

6.3 (142) Klein-Gordon equation

We now consider the (142) Klein-Gordon equation,
Uy + Uyy — Uy — 1 = 0. (75)

In the discussion that follows, we first extrapolate a symmetry of equation (75), and

secondly we take a formal approach (the multiplier method) for finding symmetries.

Using X, from (b) above, we construct a symmetry of equation (75), namely

XA = (u:mm + Uyyy — Uttt — 3ut:r:1: — Sutyy + 3uttx + 3utty + e* + ey) 3u

and we obtain the corresponding conserved density,

Ol = L(—uy® Fug® Fugptny — Uy — 20Uy — Uy Uy + 20y Uy — Uy > — Uy Uy ~+ Uy Uy +
— 9 t tt ttt Yy Y tt Uyt y Yytt yt Yyy Yy y Yyyt y Yyyy

2

Ut Uy — Uyt Uy — U™ — 2Ugg U~ 2y U — U Ut U Uy 22Ut Uy — 2Uygy U + 2U g Ugp —
2

Ugg™ — Uy Uzt — UgUpgs T Uy Uspgy + UpUgzy — u(2e* 4 2e¥ — 22Uy + 20Uy — AUy + 20y —

2Ua: + 2uztt + Ugyy — 4u$zt + Uy + 2Uasa::£) + u<2utt - 4uyt + Uyttt + 2uyy - 3uyytt +

3uyyyt - uyyyy - 4ucct + Ugte + 2u:cyyt + 2u:v:c - 3ux:ttt + 2u:v:cyt - 2uxzyy + 3uxaca:t - ua:xzx)) .

More formally, we employ the multiplier approach. Suppose

J

@[Q(“m + Uy — Uy — u)] =0, (76)
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where Q = O(z,y,t, Uy, Uy, Ugy, Uy, Ugzas Ugay, Uzyy, Uyyy)-  Although not pursued

here, the calculations may include derivatives of u with respect to t. Then
O[(tugy + Uyy — uy — u)] = Dy® + D, " + D, dY,
where @, ¥ are the conserved fluxes and @' is the conserved density.

We obtain,

Q= t{=3(—35uyyyCsx® + (UsyCis + UsyyyCs + UgyyCs + Uyyy C1) 2% + (—Ugayy®Cy
H((—tgy + tyy)Cs — 2C Uy — 2UszyC3)Y — Ay Cs — 20y C1 + (— Uy
ity ) C3 — 2y Co + (—2C6 + 2C2)uyyy — 2u,Cy)x + %uxmy?’@; + (Ugay C1
— Uy Oy + Uy C3)y? + (206 — 2C2 ) gy + (U — Uyy)C1 — 25y O3 + 4, Cs
+2U22.C6 + 201U )Y — 2y Cs — 2y C7 — 20y, Co — 20y, Cig

—I—(—Quyy + 2um)C5 - QUICB - 2uy012 - 2U$$I09)}
(77)

where the C; (i = 1,2,3,...13) are arbitrary constants. Using (77), we obtain
the set of multipliers Q; below. We have also listed the corresponding conserved

densities P

Ql = Ug,

1
Pl = J(—uwus + utg),
QZ = Uy,

1
q)é = 5(—Utuy + Uuyt),
QS = TUy — YUy,

= () + o= ).

Q4 = Ugzgz,

t __ 1
(I)4 - 5(_utumx:r + uummmt)u
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Uyyy s

%(_utuyyy + Ullyyyt),

Ugyy,

%(_“tuxyy + Uyt

Uy,

%(_utu:r:xy + uua:a:yt);

—Uyz + Tlyyy — Ylayy,

%(ut<_$uyyy Uy + Ylayy) + U(TUyyy — Uzyt — Ylayyt)),

Upy — 2TUgyy + 2YUgazy — Uyy,

%(ut(uyy + 20Uy — Ugy — 2YUgry) + U(—Uyyt — 28Uyt + Ut
‘|‘2yumyt))>

_xuxmy - xuyyy + yua:yy + YUgza,

%(Ut(xuyyy — Yoy + TUazy — Ylzze) + U(—TUyyyr + Ylayys — TUaays

+yua:xact) ) )

2 2
—TUgy + T Uy + TUyy + Y Upgr — 2TYUyzy — 2YUgy,
1 2 2
5 (= (TUyy — 2Ytny + T Uy — Ty — 20YUgey + Y Uazae) + U(TUyy

2 2
_2yuzyt +x uacyyt — TUgqt — 2myuxxyt + Yy uwzxt))a
2 2
YUz + T Uyyy — YUy + Y Uygr — 2TYUyys — 20Uy,

%(_Ut(_yuyy + Izuyyy — 20Uy — 20YUgyy + YUga + y2umy) + u(_yuyyt

+:B2Uyyyt - 2xua:yt - 2xyuxyyt + YUzt + yzuxxyt))a
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3 1,3 2 2 2
Uyyy T Y Uggr + TYUyy — Y Uzy — TY Ugay T YT Ugyy

Qs = —TYUyy — 3
+22 Uy,

Pl = %(ut(—?)xyuyy + 23y, — 377Uy + 3Y Uy — 3T YUsyy + 3TYU,
32y Uy — YPUsa) + W(BTYUyyr — TP Uyt + 3T Uyt — 3Y Uyt

+3x2yuxyyt - Bxyua:xt - 3xy2uxmyt + ygumcxt))-

The evolutionary, higher-order multipliers &; = Q;0, are variational. One may

prove this with the use of Theorem 1. For example,

XE+AFoE = Q7 +Q"W -Q"-Q
+ (Day + YDayy — ©Dyyy) (Uae + Uy — upy — )

= Ugzay T Usyyy — Uaytt — Uzy + Y(Uszayy + Uayyyy — Uttayy
—Ugyy) — T(Usayyy + Uyyyyy — Uttyyy — Uyyy) + 2Usyyy
F 8 Uy — YUzzzyy — Uzzoy + Uyyyyy — 2Uayyy — Ylayyyy
—Ugyyy — TlUyyyte + YUayytt + Uayrt — TUyyy + YlUayy + Ugy

= 0.

After some lengthy calculations, it appears that for the multi-dimensional Gordon-
type equations (74), higher-order symmetries/multipliers (and the corresponding
conserved quantities) may be determined for the case k(u) = w only. The underlying
calculations for the cases k(u) = sin(u) and k(u) = " produce negative results
despite spending a huge amount of time on it. This seems to be a consequence of

the underlying differential operator being linear only if k(u) = u (see Proposition

1).
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6.4 Conclusion

In the first of our analysis of the classical Gordon-type equations, we utilized results
based on higher-order symmetries of the equations in canonical form. We established
interesting results of higher-order symmetries and conserved flows for the (141) clas-
sical equations. We studied the (142) Klein-Gordon equation to determine possible
higher-order symmetries. The higher-order symmetries were deduced by extrapo-
lating the results of the (1+1) Klein-Gordon equation and, more formally, using the
multiplier approach. In applying the multiplier approach to the Klein-Gordon equa-
tion, we determined a large set of thirteen higher-order symmetries and conserved
densities, which would not have been obtained with variational techniques such as

Noether’s theorem.
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Conclusion

Symmetry analysis is a special tool used to understand and construct solutions of
differential equations. The existence of infinitely many generalized symmetries is
of great significance, especially in situations of physical and mathematical interest,
where symmetries are used to reduce the number of unknown functions. Therefore,
understanding the symmetry structure of spacetimes in any dimension is important.
Numerous studies have also been dedicated to finding the conservation laws for
given differential equations. Conservation laws play a significant role in the solution
process of differential equations. In this study, we identified numerous symmetries

and conserved flows of some nonlinear wave equations.

We constructed the wave equation in several spacetime geometries, bearing in mind
that the four dimensional wave equation may be of more physical significance. For
this purpose, we implemented the covariant d’Alembertian operator. The con-
structed wave equation naturally inherited some nonlinearity on the geometries and
was cumbersome and tedious to solve. We began our study by analyzing wave and
Klein-Gordon equations on spacetimes such as: de Sitter, Milne, Bianchi III and

FRW.

Wave and Klein-Gordon equations in de Sitter spacetimes proved to be interesting
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from the symmetry point of view. Using the Lie symmetry generators (one param-
eter Lie groups of transformations), we classified and reduced the underlying equa-
tions, leading to the derivation of conserved quantities. The equations were studied
using some special potential functions and with restrictions on the mass parameters.
It is well-known that the (14-3) linear wave equation admits a 16-dimensional Lie
algebra of symmetries (excluding the infinite symmetry) on flat spacetime. Compar-
atively, we discovered that the Lie algebra of the wave equation with zero potential
on de Sitter spacetime is 11-dimensional. In the cases discussed, we found ‘twelve’ or
‘eighteen’ dimensional Lie symmetry groups. Interestingly, all the symmetry groups
contained a ’six’ dimensional Lie symmetry subgroup. As such these symmetries

form a subgroup of the Killing group admitted by the de Sitter spacetime.

We investigated a class of wave and Gordon-type equations on the Milne metric. In
particular, we conducted a Lie and Noether symmetry analysis of a Klein-Gordon
equation on this manifold and calculated the conserved densities. In an effort to ob-
tain higher-order symmetries, we exploited multiplier methods for the Klein-Gordon
equation. This method was successful for the projected equation. The wave equa-
tion on the Bianchi III manifold provided some interesting symmetries. We classified
the symmetry generators based on some parameters of the line element and then

obtained the associated conserved forms.

In studying the FRW manifold, we first took a brief look at the isometries of the
FRW metric for different curvatures. The nonlinear wave and Klein-Gordon equa-
tions were constructed and the Noether symmetries were determined. In applying
the classical Noether’s theorem, the conserved forms of the wave equation were
derived. In the final chapter, we employed the multiplier approach on lower dimen-
sional Gordon-type equations. We found that the multipliers led to a large class

of interesting and higher-order symmetries and conserved flows that would not be
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obtained by variational techniques such as Noether’s theorem. Calculations of the
(141) equations were extrapolated to obtain results for the (1+2) equation. The

extrapolation may be useful if applied to higher dimensional equations.

We have performed detailed symmetry reductions of the wave equation on the space-
times under investigation in order to obtain exact or invariant solutions. In general,
the procedure performed, i.e., the method of invariants, is the most convenient.
Not all of the symmetries provided here lead to physical conservation laws. How-
ever, these are as useful in application - mainly to reduce the underlying differential
equation. We hope that solving the nonlinear wave equation in curved spacetime

provides some insight into the geometry or relativity of different manifolds.
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