
An analysis of the symmetries and

conservation laws of some classes of

nonlinear wave equations in curved

spacetime geometry

S. Jamal

Supervisor: Professor A. H. Kara

A thesis submitted to the Faculty of Science, University of the

Witwatersrand, in requirement for the degree Doctor of Philosophy,

Johannesburg, 2013.



DECLARATION

I declare that the contents of this thesis are original, except where due references

have been made. It is submitted for the degree of Doctor of Philosophy at the

University of the Witwatersrand, Johannesburg. It was not submitted before for

any degree or examination to any other institution.

S. Jamal

Signed at Johannesburg on the 25th day of April 2013.

1



Abstract

The (1+3) dimensional wave and Klein-Gordon equations are constructed us-

ing the covariant d’Alembertian operator on several spacetimes of interest.

Equations on curved geometry inherit the nonlinearities of the geometry. These

equations display interesting properties in a number of ways. In particular, the

number of symmetries and therefore, the conservation laws reduce depend-

ing on how curved the manifold is. We study the symmetry properties and

conservation laws of wave equations on Freidmann-Robertson-Walker, Milne,

Bianchi, and de Sitter universes. Symmetry structures are used to reduce the

number of unknown functions, and hence contribute to finding exact solutions

of the equations. As expected, properties of reduction procedures using sym-

metries, variational structures and conservation laws are more involved than

on the well known flat (Minkowski) manifold.
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Preamble

The study of differential equations finds its origin from the

Newton (1643 - 1727)

works of Isaac Newton and Gottfried von Leibnitz and have

since played significant roles in the study of natural phe-

nomena. Newton believed in the importance of differential

equations because they expressed the laws of nature [1]. In

1676, Newton wrote the famous “second letter” to Leibnitz

containing his ideas about differential equations in the form

of an anagram [2],

6accdae13eff7i3l9n4o4qqr4s9t12vx.

Once deciphered, the anagram translates to Newton’s version of the fundamental

theorem of calculus, “given an equation that involves the derivative of one or more

functions, find the functions.”

It is universally recognised that geometric studies of a differential equation may lead

to finding its solutions. A symmetry based method is one of the cornerstones of the

geometric study of differential equations - developed in the nineteenth century by

Sophus Lie. Lie’s profound contribution to mathematics was his discovery that the

techniques required in solving various differential equations are just special cases

of a general integration procedure based on the invariance of the equation under a
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continuous group of symmetries. A symmetry of a given partial differential equation

is a transformation that maps every solution of the equation into another solution

of the same equation. Once a symmetry group of a system of differential equations

is known, one may firstly use the defining property of such a group and construct

new solutions to the system from known solutions, and thereby classify different

symmetry classes of solutions. Secondly, symmetry groups can be used to classify

families of differential functions depending on arbitrary parameters or functions [4].

Equations with a high degree of symmetry are useful in mathematics and physics.

In the literature, symmetry analysis is one of the most widely

Lie (1842 - 1899)

used techniques for finding closed form solutions of differen-

tial equations [3, 4, 5, 6, 7]. Investigations of these solutions

play an important role in understanding the physical aspects

of differential equations. Lie’s continuous symmetry groups

have applications in control theory, classical mechanics and

relativity, to name a few.

The concept of a conservation law is central to physics. Investigations surrounding

classical, fluid or quantum mechanics, solid state physics, quantum field theory

and even general relativity, are concerned with finding quantities left dynamically

invariant. In the analysis of differential equations, conservation laws have many

significant uses, particularly with regard to integrability and linearization, constants

of motion, analysis of solutions and numerical solution methods.
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In 1918, Emmy Noether proved two extraordinary the-

Noether (1882 - 1935)

orems relating symmetry groups of a variational inte-

gral to properties of its associated Euler-Lagrange equa-

tions. In the first of her theorems, Noether shows how

each one-parameter variational symmetry group gives rise

to a conservation law, for example, energy conservation

comes from the invariance of the problem under a group

of time translations [8]. Noether symmetries are asso-

ciated, in particular, with those differential equations which possess a Lagrangian.

The Noether symmetries, which are symmetries of the Euler-Lagrange systems, have

interesting applications in the study of properties of particles moving under the in-

fluence of gravitational fields. Studies have been conducted to understand Noether

symmetries of Lagrangians that arise from certain pseudo-Riemannian metrics of

interest [9, 10]. In recent years, Noether’s theorem has been applied in different

cosmological contexts. It has provided a deep basis for the understanding of global

conservation laws in classical mechanics and in classical field theories [11]. Noether’s

work also prepared some of the ground work in understanding the conservation laws

in Einstein gravity [12].
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Outline of the thesis

The goal of this manuscript is to conduct a symmetry analysis of the wave and

Klein-Gordon equations on various curved spacetimes, present some conserved forms

associated with the symmetries and establish invariant solutions to the underlying

equations. This thesis is a compilation of several published articles.

Chapter 1 describes the fundamental notation and theory used throughout this

thesis. All pertinent results and definitions are stated here.

In Chapter 2, we investigate the symmetries of the wave and Klein-Gordon equa-

tion in de Sitter spacetime. We construct solutions of these equations and find

conservation laws associated with Noether symmetries. We also identify Noether

symmetries of the Lagrangian with those of the Killing vectors of the underlying

spacetime [13]. We compliment the analysis involving the ‘fundamental’ solutions

of the Klein-Gordon equation in de Sitter spacetimes given by [14].

The results of Chapter 2 have been published [15].

In Chapter 3, we present and analyse the Lie point symmetries of a class of Gordon-

type equations that arise in the Milne spacetime. Using the Lie point symmetries,

we reduce the Gordon-type equations using the method of invariants, and obtain

exact solutions corresponding to some boundary values. The Noether point sym-

metries and conservation laws are obtained for the Klein-Gordon equation in one

case. Finally, we investigate the existence of higher-order variational symmetries of

a projection of the Klein-Gordon equation using the multiplier approach.

The results presented in Chapter 3 have been accepted for publication [16].

Chapter 4 is divided into two sections.
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Section 4.2 provides the details of an analysis of the wave equation in Bianchi III

spacetime using the multiplier approach. Multipliers of the wave equation are con-

structed and the associated conserved densities are derived.

The results of section 4.2 have been published [17].

In section 4.3 of Chapter 4, we investigate the wave equation in Bianchi III spacetime

using variational techniques. We construct a Lagrangian of the model, calculate and

classify the Noether symmetry generators and construct corresponding conserved

forms. A reduction of the underlying equations is performed to obtain invariant

solutions.

The results of section 4.3 have been published [18].

In Chapter 5, a symmetry analysis of the Friedmann-Robertson-Walker spacetime

and nonlinear wave equations in this geometry are performed. Conserved forms for

the wave equation are constructed by the application of Noether’s theorem. We

illustrate how the symmetry structure is used to reduce the wave equation leading

to some exact solutions.

Chapter 5 has been submitted for publication [19].

In Chapter 6, a class of multi-dimensional Gordon-type equations are analysed us-

ing a multiplier approach to construct conservation laws. The main focus is the

analysis of classical versions of the Gordon-type equations and the construction

of higher-order variational symmetries and the corresponding conserved quantities.

The results are extended to the multi-dimensional Gordon-type equations with the

(1+2) dimensional Klein-Gordon equation in particular yielding interesting results.

Chapter 6 has been published [20].
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Chapter 1

Notation and Theory

1.1 Introduction

The celebrated Noether’s theorem [8, 21, 22] is an elegant and systematic way of

determining conservation laws for systems of Euler-Lagrange equations once their

Noether symmetries are known. This theorem relies on the availability of a La-

grangian and many works have been devoted to the inverse problem in the calculus

of variation, i.e., to determine when a differential equations system has a Lagrangian

formulation for a suitable Lagrangian function, for example [23]. The Euler and

Lie-Bäcklund operators play a fundamental role in the investigation of algebraic

properties in variational calculus and differential equations [5, 24, 25, 26]. This the-

sis contains Noether, Lie and multiplier approaches [3, 27] for finding symmetries

of the partial differential equations under investigation. All the definitions below

can be found in [4] and references therein. In brief, we mention some concepts from

differential geometry and tensor calculus. Only results pertinent to our study are
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provided - relating to the geometrical properties of curved spacetime. The summa-

tion convention is adopted throughout.

1.2 Differential Functions

Intrinsic to a Lie algebraic treatment of differential equations is the universal space

A [4, 24]. A locally analytic function f(x, u, u(1), . . . , u(k)) of a finite number of

variables is called a differential function of order k. The variables u(1), u(2), . . . , u(k)

denote the collections of all first, second, . . ., kth-order partial derivatives, respec-

tively, that is

uαi = Di(u
α), uαij = DjDi(u

α), . . .

with the total differentiation operator with respect to xi given by,

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ . . . , i = 1, . . . , n. (1)

The space A is the vector space of all differential functions of all finite orders and

forms an algebra. A total derivative converts any differential function of order k

to a differential function of order k + 1. Hence, the space A is closed under total

derivations Di.

1.3 The Multiplier Approach

Consider an rth-order system of partial differential equations of n independent vari-

ables x = (x1, x2, . . . , xn) and m dependent variables u = (u1, u2, . . . , um)

Gµ(x, u, u(1), . . . , u(r)) = 0, µ = 1, . . . , m̃. (2)
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A current Φ = (Φ1, . . . ,Φn) is conserved if it satisfies

DiΦ
i = 0 (3)

along the solutions of (2). It can be shown [28] that every admitted conservation

law arises from multipliers Qµ(x, u, u(1), . . .) such that

QµG
µ = DiΦ

i (4)

holds identically (i.e., off the solution space) for some current Φi. The conserved

current may then be obtained by the homotopy operator.

The continuous homotopy operator is a powerful tool that can be used to compute

densities and fluxes explicitly. It allows one to invert the total divergence operator

Di, by computing higher variational derivatives followed by a one-dimensional inte-

gration with respect to a single auxiliary parameter [3, 30]. This operator can be

applied to problems in which integration by parts of arbitrary functions in multi-

variables is essential. A literature search done by the authors of [29] revealed that

homotopy operators are used in integrability testing and inversion problems in-

volving partial differential equations, differential-difference equations, lattices and

beyond.

1.4 Fundamental Operators

Definition 1. The Euler operator, is defined by

δ

δuα
=

∂

∂uα
+
∑
s≥1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, . . . ,m. (5)

The terms Euler operator and variational derivative may be used interchangeably.
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A variational problem consists of finding the extrema (maxima or minima) of a

functional

L[u] =

∫
Ω

L(x, u(n))dx,

in some class of functions u = f(x) defined over Ω, where Ω ⊂ X is an open,

connected subset with smooth boundary ∂Ω (we consider the Euclidean space with

X = Rn). The integrand L(x, u(n)), called the Lagrangian of the variational problem

L, is a smooth function of x, u and various derivatives of u [4]. A formal definition

of a Lagrangian follows.

Definition 2. If there exists a function L = L(x, u, u(1), u(2), . . . , u(s)) ∈ A; s ≤ r,

r being the order of (2), such that

δL

δuα
= 0, α = 1, . . . , m̃

then L is called a Lagrangian of (2) and
δ

δuα
is the corresponding Euler operator in

(5).
δL

δuα
= 0 are known as the Euler-Lagrange equations.

Definition 3. The Lie-Bäcklund operator is given by

X = ξi
∂

∂xi
+ ηα

∂

∂uα
, ξi, ηα ∈ A. (6)

This operator is an abbreviated form of the following infinite formal sum

X = ξi
∂

∂xi
+ ηα

∂

∂uα
+
∑
s≥1

ζαi1...is
∂

∂uαi1...is
, (7)

where the additional coefficients are determined uniquely by the prolongation for-

mulae

ζαi = Di(W
α) + ξjuαij ,

ζαi1...is = Di1 . . . Dis(W
α) + ξjuαji1...is , s > 1.

(8)
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In (8), Wα is the Lie characteristic function given by

Wα = ηα − ξjuαj . (9)

One can write the Lie-Bäcklund (7) in the characteristic form

X = ξiDi +Wα ∂

∂uα
+
∑
s≥1

Di1 . . . Dis(W
α)

∂

∂uαi1...is
. (10)

Definition 4. X is a Lie point symmetry if ξ and η in (6) are functions of x and u

and are independent of derivatives of u.

A Lie (point) symmetry is characterised by an infinitesimal transformation which

leaves the given differential equation invariant under the transformation of all inde-

pendent and dependent variables. In this thesis, we refer only to point operators. A

vast amount of work has been published in the literature studying partial differential

equations in terms of the Lie point symmetries admitted by them. These symme-

tries play an important role in finding exact analytical solutions of the nonlinear

partial differential equations, and represent physical features of the equations via

the conservation laws they admit.

Definition 5. Lie-Bäcklund operators X̃ and X are said to be equivalent if

X − X̃ = λiDi, λi ∈ A .

In particular, a generalized operator of the form X̃ = Qα∂/∂uα + · · · , where Qα ∈
A, is called a canonical or evolutionary representation of X, and Qα is called its

characteristic.

Definition 6. The Noether operator associated with a Lie-Bäcklund operator X

17



is given by

N i = ξi +Wα δ

δuαi
+
∑
s≥1

Di1 · · ·Dis(W
α)

δ

δuαii1···is
, i = 1, . . . , n, (11)

where the Euler-Lagrange operators with respect to derivatives of uα are obtained

from (5) by replacing uα by the corresponding derivatives, e.g.,

δ

δuαi
=

∂

∂uαi
+
∑
s≥1

(−1)sDj1 · · ·Djs

∂

∂uαij1···js
i = 1, . . . , n, α = 1, . . . ,m. (12)

The Euler, Lie-Bäcklund and Noether operators are connected by the operator iden-

tity

X +Di(ξ
i) = Wα δ

δuα
+DiN

i. (13)

Definition 7. A Lie-Bäcklund operator X of the form (6) is called a Noether

symmetry corresponding to a Lagrangian L ∈ A, if there exists a vector Bi =

(B1, . . . , Bn), Bi ∈ A, such that

X(L) + LDi(ξ
i) = Di(B

i). (14)

If Bi = 0 (i = 1, . . . , n), then X is called a strict Noether symmetry corresponding

to a Lagrangian L ∈ A.

1.5 Noether’s Theorem

Noether [8] discovered the interesting link between symmetries and conservation

laws, showing that for every infinitesimal transformation admitted by the action

integral of a system, there exists a conservation law. That is, for any Noether

18



symmetry X corresponding to a given Lagrangian L ∈ A, there exists a current

Φi = (Φ1, . . . ,Φn), Φi ∈ A, defined by

Φi = Bi −N i(L), i = 1, . . . , n, (15)

which is a conserved current of the Euler-Lagrange equations
δL

δuα
= 0, where N i

and Bi are defined above, see also [8, 4, 31, 32].

There are several other methods developed for the construction of symmetries and

conservation laws, including the partial Noether theorem [33] for non-variational

problems and the multiplier method discussed above.

1.6 Fréchet Derivatives

Definition 8. Let G, G ∈ A, be a system of differential equations. A recursion op-

erator for G is a linear operator < : Aq → Aq in the space of q−tuples of differential

functions, with the property that whenever X = Q∂u is an evolutionary vector field

of G, so is X =Q̃∂u with Q̃= <Q.

Proposition 1. Let Γ, Γ ∈ A, be a linear system of differential functions, with

Γ denoting a linear differential operator. A second linear differential operator < :

Aq → Aq not depending on u or its derivatives is a recursion operator for Γ, if

and only if Q = <[u] is the characteristic of a ‘linear’ generalized symmetry to the

system.

Definition 9. Consider the differential functions G in (2). The Fréchet derivative

of G is the differential operator DG : Aq → Ar defined so that

DG(Q) =
d

dε

∣∣∣
ε=0

G[u+ εQ[u]]
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for any Q ∈ Aq. More simply, to evaluate DG(Q), we replace u and the derivatives

of u in G[u] by u + εQ and then differentiate the resulting expression with respect

to ε.

Definition 10. If

D =
∑
J

PJ [u]DJ , PJ ∈ A,

is a differential operator, then the adjoint of D is the differential operator D∗ which

satisfies ∫
Ω

P · DQdx =

∫
Ω

Q · D∗Pdx

for every pair of differential functions P,Q ∈ A, which vanish when: u = 0, every

domain Ω ⊂ Rn and every function u = f(x) of compact support in Ω. It can also

be shown by integration by parts that

D∗ =
∑
J

(−D)J · PJ ,

meaning that for any Q ∈ A,

D∗Q =
∑
J

(−D)J [PJ [Q]] (see[4]).

The following theorem defines the condition under which a symmetry is variational.

Theorem 1. For variational partial differential equations, E = 0, where E ∈ A,

an evolutionary vector field X = Q∂u is a variational symmetry if and only if

XE + AFQE = 0, where AFQ is the adjoint Fréchet derivative on Q [4].
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1.7 Differential Forms

In this section, we briefly outline the notation and pertinent results used in Chap-

ter 4 - section 4.3. Some of the results and definitions presented above may be

written in the notation of differential forms [23]. We review the definitions relating

to Lie-Bäcklund, strict Noether symmetries and conserved forms (see [24, 34] and

references therein). The language of differential forms provide a classical way of

defining operators. The convention that repeated indices imply summation is used.

Let x = (x1, x2, . . . , xn) ∈ Rn be the independent variable with xi, and let

u = (u1, u2, . . . , um) ∈ Rm be the dependent variable with coordinates uα. Further-

more, let π : Rn+m → Rn be the projection map π(x, u) = x. Also, suppose that

s : χ ⊂ Rn → U ⊂ Rn+m is a smooth map such that π ◦ s = 1χ, where 1χ is the

identity map on χ. The r-jet bundle J r(U) is given by the equivalence classes of

sections of U . The coordinates on J r(U) are denoted by (xi, uα, . . . , uαi1...ir), where

1 ≤ i1 ≤ . . . ≤ ir ≤ n and uαi1...ir corresponds to the partial derivatives of uα with

respect to xi1 , . . . , xir .

The r-jet bundle on U will be written as J r(U) = {(x, u, u(1), . . . , u(r))/(x, u) ∈ U}.
We now review the space of differential forms on J r(U). To this end, let Ωr

k(U)

be the vector space of differential k-forms on J r(U) with differential d. A smooth

differential k-form on J r(U) is given by

ω = fi1,i2...,ik dx
i1 ∧ dxi2 ∧ . . . ∧ dxik

where each component fi1,i2...,ik ∈ Ωr
0(U). Note that for differential functions f ∈

Ωr
0(U),

Df = Djfdx
j (16)

where D is the total differential or the total exterior derivative. Moreover, the total
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exterior derivative of ω is

Dω = Dfi1,i2...,ik dx
i1 ∧ dxi2 ∧ . . . ∧ dxik

and by invoking (16) one has

Dω = Dfi1,i2...,ik dx
j ∧ dxi1 ∧ dxi2 ∧ . . . ∧ dxik .

The total differential D has properties analogous to the algebraic properties of the

usual exterior derivative d,

D(ω ∧ υ) = Dω ∧ υ + (−1)kω ∧Dυ

for ω a k-form and υ an l-form and D(Dω) = 0. Also, it is known that if D(Dω) = 0,

then ω is a locally exact k-form, i.e., ω = Dυ for some (k − 1)-form υ [35].

Definition 11. A conserved form of (2) is a differential (n− 1)-form

ω = Φi(x, u, u(1), ..., u(r−1))

(
d

dxi

∣∣∣(dx1 ∧ . . . ∧ dxn)

)
(17)

defined on J r−1(U) if

Dω = 0 (18)

is satisfied on the surface given by (2).

Remark. When Definition 11 is satisfied, (18) is called a conservation law of (2).

It is clear that (18) evaluated on the surface (2) implies

DiΦ
i = 0 (19)

on the surface given by (2), which is also referred to as a conservation law of (2). The

tuple Φ = (Φ1, . . . ,Φn),Φj ∈ Ωr−1
0 (U) (j = 1, . . . , n), is called a conserved vector of

(2).
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Let A =
⋃p
r=0 Ωr

0(U) for some p <∞. Then A is the universal space of differential

functions of finite orders defined also in section 1.2.

If X is a Lie-Bäcklund operator (6), ω a k-form and υ an l-form, then

X(ω ∧ υ) = X(ω) ∧ υ + ω ∧X(υ).

Recall Definition 7, which stated that X is called a strict Noether symmetry cor-

responding to a Lagrangian L ∈ A. This case is also obtained by setting the Lie

derivative on the n-form Ldx1 ∧ . . . ∧ dxn in the direction of X to zero, i.e.,

LXLdx1 ∧ . . . ∧ dxn = X(Ldx1 ∧ . . . ∧ dxn) = 0,

where L is the Lie derivative operator.

1.8 Spacetime Geometry

The idea of Einstein’s theory of relativity is that there is no clear physical distinc-

tion between space and time [13]. Time and space form together a continuum (or

manifold) of spacetime. Manifolds form fundamental objects in the field of differen-

tial geometry wherein they generalize the familiar concepts of curves and surfaces in

three-dimensional space. In general, a manifold is a space that locally resembles the

Euclidean space, but globally may not. In the context of general relativity, the mani-

fold is where every point (within a small finite neighbourhood) can be fixed uniquely

by the specification of four co-ordinates xn, and to study physics on manifolds, one

needs to measure the spatial and temporal separation of neighbouring points - this

requires a metric [36]. There is an overwhelming amount of observational evidence

that the universe is expanding and metrics enables us to make quantitative predic-
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tions in an expanding universe [37]. In differential geometry, metrics deal with the

geometric distortion of curved vector spaces.

In general we have

ds2 = gµν(x
i)dxµdxν ,

where µ and ν take on the range (0, 1, 2, 3) and represent components of tensors,

with dx0 = dt reserved for the timelike coordinate, and the rest refer to the spacelike

coordinates. Summation occurs over Latin indices appearing twice.

The metric gµν is symmetric, its determinant g is in general different from zero,

it possess an inverse giµ and it provides the connection between the values of the

coordinates and the more physical measure of the interval ds2 [36]. Thus,

gµν = gνµ, |gµν | = g 6= 0, giµgµν = δiν = giν ,

where δiν is the Kronecker delta,

δiν =

 1 : i = ν

0 : i 6= ν.

The space under consideration is said to be pseudo - Riemannian, ds2 can be posi-

tive (spacelike), negative (timelike) or null (lightlike), it is a Lorentzian metric [36].

Christoffel symbols or connection coefficients are important quantities in Rieman-

nian geometry and are related to the metric by

Γµαβ =
1

2
gµν
(
∂gαν
∂xβ

+
∂gβν
∂xα

− ∂gαβ
∂xν

)
.

The d’Alembertian operator plays a crucial role in wave mechanics. Its covariant

form is

�u =
1√
| − g|

∂

∂xµ

(√
| − g|gµν ∂

∂xµ
u

)
.
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Chapter 2

The de Sitter Spacetime

2.1 Introduction

The Einstein theory of general relativity is a field theory of gravitation [13]. The

equations that represent the theory are known as Einstein field equations,

Rµν −
1

2
gµνR = −8πGTµν − λgµν ,

where gµν , Rµν , and Tµν respectively represent metric, Ricci and energy-momentum

tensors. The λgµν is interpreted as energy-momentum of the vacuum and R is

called the Ricci scalar. The geometrical significance of the solutions of the Einstein’s

equations lies in its prediction of singularities such as black holes [38]. In order to

understand the effect of gravity on the solutions of the wave equation, work has

recently been published in the literature by solving the wave equation in various

spacetime geometries [39].

In [40], the authors discuss solutions of the wave equation in the de Sitter - Schwarzschild
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metric. Dafermos and Rodnainski [38] dealt with solutions of the linear wave equa-

tion �gφ = 0 on a non-extremal maximally extended Schwarzschild-de Sitter space-

time. Yagdjian and Galstian [14, 41] discussed the fundamental solutions of the wave

and Klein-Gordon equation arising in the de Sitter model of the universe. They used

the fundamental solutions to discuss the Cauchy problem and proved some decay

estimates for the solutions of the equation. It is noted that the de Sitter model of

the universe is of interest in relativity for its particle creation and the vacuum stress

have been explicitly evaluated [42, 14]. The authors of [43] showed that the de Sitter

model gives an explanation of the actual red shift of spectral lines observed by Hub-

ble and Humanson. Results on the decay of local energy for wave and Klein-Gordon

equations may possibly prove the global nonlinear stability of these spacetimes [14].

The plan of the chapter is as follows. In sections 2.2 - 2.3, we derive Lie point

symmetries of the wave and Klein-Gordon equation in de Sitter spacetime. We also

illustrate the reduction of the Klein-Gordon equation corresponding to a specific po-

tential function. In section 2.4, we briefly describe the notion of Noether symmetries

and its relation to conservation laws, and consider some special potential functions.

If we consider the spacetime metric

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2), (20)

where a(t) is an appropriate scale factor, then under the assumption of FLRW

(Friedmann - Lemâıtre - Robertson - Walker), the de Sitter model is [14]

a(t) = a(0)e
√

Λ
3
t.

The de Sitter line element is given by

ds2 = −dt2 + e2Ht(dx2 + dy2 + dz2), (21)
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where H =
√

Λ/3 is the Hubble constant.

Generally, the matter fields described by a function ψ must satisfy equations of

motion and in the massive scalar field case, the equation of motion is that ψ satisfies

the Klein-Gordon equation generated by the metric g [14],

1√
| − g|

∂

∂xi

(√
| − g|gik ∂ψ

∂xk

)
= m2ψ + V ′(ψ). (22)

In the de Sitter universe, the equation for the scalar field with mass m and potential

function V written out explicitly in coordinates is [14]

ψtt + nHψt − e−2Ht4ψ +m2ψ = −V ′(ψ), (23)

where x ∈ Rn, t ∈ R, 4 denotes the Laplacian.

If we consider the equation for the massless scalar field with H = 1, the Klein-

Gordon equation (23) reduces to the wave equation with potential function V , i.e.,

ψtt + nψt − e−2t4ψ = −V ′(ψ), (24)

We consider two typical forms of the potential functions (see [14]) with n = 3 (three

dimensional space) for equations (23) and (24) in our symmetry study, namely,

CASE I. V (ψ) = 0,

CASE II. V (ψ) = ψ4.

In the underlying calculations, it turns out that the case V (ψ) = ψ4 is special in the

context of symmetry algebras.
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2.2 The wave equation

It is well known that a generator X is a Lie point symmetry of the equation (24) if

X[ψtt + nψt − e−2t4ψ + V ′(ψ)] = 0, (25)

along the solutions of (24), where X is defined by (7) and prolonged to second-order

using (8). Equation (25) separates into a system of overdetermined, linear partial

differential equations giving rise to a finite dimensional vector space of symmetries.

The resultant space is both a Lie algebra and a Lie group. The calculations are long

and tedious and we present only the results here - the details for the calculations

are available to the reader in a number of texts that have been cited here. The

procedure is standard and is used in all of the subsequent cases below.

CASE I. V (ψ) = 0. It can be shown that equation (24) admits a 12-dimensional

Lie algebra of point symmetry generators with a basis (Lie symmetries) given by

X1 = ∂x,

X2 = ∂y,

X3 = x∂y − y∂x,
X4 = ∂z,

X5 = x∂z − z∂x,
X6 = y∂z − z∂y,
X7 = −2x∂t + 2xy∂y + 2xz∂z + (e−2t + x2 − y2 − z2)∂x,

X8 = 2xy∂x − 2y∂t + 2yz∂z + (e−2t − x2 + y2 − z2)∂y,

X9 = −2xz∂x − 2yz∂y + 2z∂t + (−e−2t + x2 + y2 − z2)∂z,

X10 = ψ∂ψ,

X11 = F1(t, x, y, z)∂ψ,

X12 = −2∂t + 2x∂x + 2y∂y + 2z∂z + ψ∂ψ,
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where

F1zz + F1yy + F1xx − 3e2tF1t − e2tF1tt = 0.

CASE II. V (ψ) = ψ4. Equation (24) admits 10 Lie point symmetries, viz., X1 to

X9 from CASE I and X̄10 = −∂t + x∂x + y∂y + z∂z.

2.3 The Klein-Gordon equation

CASE I. V (ψ) = 0. The Lie point symmetries of (23) split into the following three

subcases.

(1) H 6= 0,m = −
√

2H

X1
1 = ∂x,

X1
2 = ∂y,

X1
3 = x∂y − y∂x,

X1
4 = ∂z,

X1
5 = x∂z − z∂x,

X1
6 = y∂z − z∂y,

X1
7 =

√
2mx∂x +

√
2my∂y +

√
2mz∂z + 2∂t,

X1
8 = 2

√
2mxy∂y + 2

√
2mxz∂z + 4x∂t +

√
2(2e

√
2mt+m2(x2−y2−z2))

m
∂x,

X1
9 = 2

√
2y
m
∂t + 2xy∂x + 2yz∂z + (2e

√
2mt

m2 − x2 + y2 − z2)∂y,

X1
10 = 2

√
2z
m
∂t + 2xz∂x + 2yz∂y + (2e

√
2mt

m2 − x2 − y2 + z2)∂z,

X1
11 = ψ∂ψ,

X1
12 = F1(t, x, y, z)∂ψ,

X1
13 =

√
2e
−mt√

2

m
∂t + e

−mt√
2ψ∂ψ,
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X1
14 = 2e

−mt√
2∂t +

√
2e
−mt√

2mψ∂ψ,

X1
15 = 2

√
2e
mt√

2

m
∂x +

√
2e
−mt√

2mxψ∂ψ + 2e
−mt√

2x∂t,

X1
16 = 2

√
2e
mt√

2

m
∂y +

√
2e
−mt√

2myψ∂ψ + 2e
−mt√

2y∂t,

X1
17 = 2

√
2e
mt√

2

m
∂z +

√
2e
−mt√

2mzψ∂ψ + 2e
−mt√

2 z∂t,

X1
18 = 2e

−mt√
2 (2e

√
2mt+m2(x2+y2+z2))

m2 ∂t −
√

2e
−mt√

2 (2e
√

2mt−m2(x2+y2+z2))ψ
m

∂ψ + 4
√

2e
mt√

2 x
m

∂x+

4
√

2e
mt√

2 y
m

∂y + 4
√

2e
mt√

2 z
m

∂z,

where

−2m2F1(t, x, y, z) + 2e
√

2mtF1zz + 2e
√

2mtF1yy + 2e
√

2mtF1xx + 3
√

2mF1t − 2F1tt = 0.

(2) H 6= 0,m =
√

2H

In this subcase, we obtain an 18-dimensional Lie algebra, where the symmetries X1
1

to X1
6 above, are common to this case and the other symmetries are

X2
7 =

√
2mx∂x +

√
2my∂y +

√
2mz∂z − 2∂t,

X2
8 = −2

√
2mxy∂y − 2

√
2mxz∂z + 4x∂t −

√
2(2e−

√
2mt+m2(x2−y2−z2))

m
∂x,

X2
9 = 2

√
2y
m
∂t − 2xy∂x − 2yz∂z − (2e−

√
2mt

m2 − x2 + y2 − z2)∂y,

X2
10 = 2

√
2z
m
∂t − 2xz∂x − 2yz∂y − (2e−

√
2mt

m2 − x2 − y2 + z2)∂z,

X2
11 = ψ∂ψ,

X2
12 = F1(t, x, y, z)∂ψ,

X2
13 =

√
2e
mt√

2

m
∂t − e

mt√
2ψ∂ψ,

X2
14 = −2e

mt√
2∂t +

√
2e

mt√
2mψ∂ψ,

X2
15 = 2

√
2e
−mt√

2

m
∂x +

√
2e

mt√
2mxψ∂ψ − 2e

mt√
2x∂t,

X2
16 = 2

√
2e
−mt√

2

m
∂y +

√
2e

mt√
2myψ∂ψ − 2e

mt√
2y∂t,

X2
17 = 2

√
2e
−mt√

2

m
∂z +

√
2e

mt√
2mzψ∂ψ − 2e

mt√
2 z∂t,

X2
18 = 2e

−mt√
2 (2+e

√
2mtm2(x2+y2+z2))
m2 ∂t −

√
2e
−mt√

2 (−2+e
√

2mtm2(x2+y2+z2))ψ
m

∂ψ − 4
√

2e
−mt√

2 x
m

∂x−
4
√

2e
−mt√

2 y
m

∂y − 4
√

2e
−mt√

2 z
m

∂z,
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where

−2e
√

2mtm2F1(t, x, y, z) + 2F1zz + 2F1yy + 2F1xx − 3
√

2e
√

2mtmF1t − 2e
√

2mtF1tt = 0.

(3) H 6= 0,m2 6= 2H2

We obtain a 12-dimensional Lie algebra. Again, the symmetries X1
1 to X1

6 above,

are common to this case, with the rest being,

X3
7 = −∂t +Hx∂x +Hy∂y +Hz∂z,

X3
8 = −2Hxy∂y − 2Hxz∂z + 2x∂t + (− e−2Ht

H
+H(−x2 + y2 + z2)∂x,

X3
9 = 2xy∂x − 2y

H
∂t + 2yz∂z + ( e

−2Ht

H2 − x2 + y2 − z2)∂y,

X3
10 = 2xz∂x − 2z

H
∂t + 2yz∂y + ( e

−2Ht

H2 − x2 − y2 + z2)∂z,

X3
11 = ψ∂ψ,

X3
12 = F1(t, x, y, z)∂ψ,

where

−e2Htm2F1(t, x, y, z) + F1zz + F1yy + F1xx − 3e2HtHF1t − e2HtF1tt = 0.

CASE II. V (ψ) = ψ4. The Lie point symmetries contain the following subcases.

(1) H 6= 0,m = −
√

2H

This case shares the symmetries of CASE I - (1), with the exception of X1
8 , X

1
11, X

1
12.

Also,

2
√

2x

m
∂t + 2xy∂y + 2xz∂z +

(
2e
√

2mt

m2
+ x2 − y2 − z2

)
∂x

is a Lie point symmetry for this case. Therefore, we obtain a 16-dimensional Lie

algebra of point symmetries.
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(2) H 6= 0,m =
√

2H

Similarly, the symmetries of CASE I - (2) are common to this case, with the excep-

tion of X2
8 , X

2
11, X

2
12. Also,

−2
√

2x

m
∂t + 2xy∂y + 2xz∂z +

(
2e−

√
2mt

m2
+ x2 − y2 − z2

)
∂x

is a Lie point symmetry for this case. Therefore, we obtain a 16-dimensional Lie

algebra of point symmetries.

(3) H 6= 0,m2 6= 2H2

This case yields the following Lie point symmetries

X1 = ∂x,

X2 = ∂y,

X3 = x∂y − y∂x,
X4 = ∂z,

X5 = x∂z − z∂x,
X6 = y∂z − z∂y,
X7 = −∂t +Hx∂x +Hy∂y +Hz∂z,

X8 = −2x
H
∂t + 2xy∂y + 2xz∂z + ( e

−2Ht

H2 + x2 − y2 − z2)∂x,

X9 = 2xy∂x − 2y
H
∂t + 2yz∂z + ( e

−2Ht

H2 − x2 + y2 − z2)∂y,

X10 = 2xz∂x − 2z
H
∂t + 2yz∂z + ( e

−2Ht

H2 − x2 − y2 + z2)∂z.

For purposes of reduction in the next section, we present a section of the commutator

table - see Table 2.1 - where [A,B] = AB−BA is the Lie bracket of the vector fields

(operators) A and B.
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Table 2.1: Commutator Table

[,] X1 X2 X3 X4 X5 X6 X7 X8 X9

X1 0 0 X2 0 X4 0 HX1
2X7

H
−2X3

X2 0 0 −X1 0 0 X4 HX2 2X3
2X7

H

X3 −X2 X1 0 0 −X6 X5 0 −X9 X8

X4 0 0 0 0 −X1 −X2 HX4 2X5 2X6

X7 −HX1 −HX2 0 −HX4 0 0 0 HX8 HX9

Remark. Other subcases of CASE I and II for the Klein-Gordon equation do exist.

These are, m = H = 0 and H = 0,m 6= 0 for CASE I, and m = H = 0 and

H = 0,m = ±π
2
,m 6= 0 in CASE II. However, these subcases set the Hubble

constant H = 0, and therefore are not relevant to our study.

2.3.1 Symmetry reduction and exact solutions

As an illustration, we briefly show how the order of the (1+3) Gordon equation (23)

with potential function V = ψ4 can be reduced using a Lie symmetry subalgebra.

Ultimately the equation with four independent variables is reduced to an ordinary

differential equation. From the commutator table above, we have [X1, X6] = 0,

[X6, X7] = 0, and [X1, X7] = HX1, so that < X1, X6, X7 > form a subalgebra. We
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begin reducing (23) with X6. The characteristic equations are

dx

0
=
dt

0
=
dy

−z
=
dz

y
=
dψ

0
.

Integrating yields α =
1

2
(y2 + z2) and (23) is reduced to

ψtt + 3Hψt − e−2Ht(ψxx + 2αψαα + 2ψα) +m2ψ + 4ψ3 = 0 (26)

with ψ = ψ(x, t, α).

Suppose we reduce (26) with the symmetry X1. This yields the reduced equation

ψtt + 3Hψt − 2e−2Ht(αψαα + ψα) +m2ψ + 4ψ3 = 0 (27)

with ψ = ψ(t, α).

Now in order to reduce (27), we map X7 onto X̄7, where

X̄7 = −∂t +Hx∂x + 2Hα∂α.

The characteristic equations are then

dx

Hx
=

dt

−1
=

dα

2Hα
=
dψ

0
.

By integrating, we obtain β = αe2Ht and (27) reduces to the ordinary differential

equation

ψβ(10H2β − 2) + ψββ(4H2β2 − 2β) +m2ψ + 4ψ3 = 0, (28)

which may be solved using an alternative analytical approach or some numerical

technique.
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Remark. For a constant potential V, (23) is a Klein-Gordon equation reduced to,

using the same reduction from above,

ψβ(10H2β − 2) + ψββ(4H2β2 − 2β) +m2ψ = 0, (29)

which has a solution in terms of special functions. That is,

ψ(β) = C1 2F1

[
3
4
−
√

9H4−4H2m2

4H2 , 3
4

+
√

9H4−4H2m2

4H2 , 1, 2H2β
]

+

C2MeijerG
[{
{},
{
H2+

√
9H4−4H2m2

4H2 , 1
4
−
√

9H4−4H2m2

4H2

}}
, {{0, 0}, {}}, 2H2β

]
,

(30)

where the 2F1[a, b, c, z] is the regularised Hypergeometric function 2F1(a, b; c; z)/Γ(c),

MeijerG [{{a1, . . . , an}, {an+1, . . . , ap}}, {{b1, . . . , bm}, {bm+1, . . . , bq}}, z] is the Mei-

jer G function

Gmn
p q

(
z | a1,

b1,

. . . ,

. . . ,

ap
bq

)
,

and C1, C2 are arbitrary constants.

Thus, the respective Klein-Gordon equation has this exact or closed form solution

invariant under translation in x, rotation in yz and time translation combined with

scaling. A number of other invariant solutions may be obtained via appropriate

sublalgebras.

2.4 Special cases of V (ψ) - Noether approach

In this section, we briefly discuss the wave/Klein-Gordon equations in the context

of some special potentials. These could be studied as above but, to present an

alternative approach, we consider Noether symmetries [8]. In short, a symmetry

generator X is a Noether symmetry if it leaves invariant the action integral that gives

rise to an Euler-Lagrange equation. By Noether’s theorem, every Noether symmetry
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gives rise to a conservation law and is itself a Lie symmetry of the equation. Details

of the relevant equations and formulae can be found in, inter alia, [8].

A Lagrangian for (23) is given by

L = enHt
[
j(ψ) +

1

2
e−2Htψ2

i −
1

2
ψ2
t

]
,

where j(ψ) = 1
2
m2ψ2 + V (ψ), and as before, m = 0 implies the wave equation and

m 6= 0 relates to the Klein-Gordon equation.

A special feature of Noether symmetries are their relationships with conservation

laws. A conserved vector of (23) is a vector (Φx,Φy,Φz,Φt) such that

DxΦ
x +DyΦ

y +DzΦ
z +DtΦ

t = Q(ψtt + nHψt − e−2Ht4ψ +m2ψ + V ′(ψ)),

for some differential function Q and Di (i = x, y, z, t) is the total derivative with

respect to the i-th variable.

The conserved/closed form DxΦ
x +DyΦ

y +DzΦ
z +DtΦ

t = 0 along the solutions of

(23) is referred to as a conservation law.

(i) CASE III. V (ψ) = ψ2 - mass term.

(a) The Noether symmetries of the wave equation are

X1 = ∂x,

X2 = ∂z,

X3 = ∂y,

X4 = −z∂x + x∂z,

X5 = x∂x + y∂y + z∂z − 1
h
∂t,

X6 = zx∂x + yz∂y + e−2ht−h2y2+h2z2−h2x2

2h2 ∂z − z
h
∂t,

X7 = −y∂x + x∂y,

X8 = z∂y − y∂z,
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X9 = zx∂z + yx∂y + e−2ht−h2y2−h2z2+h2x2

2h2 ∂z − x
h
∂t,

X10 = 2yh2z∂z + 2yh2x∂x + (e−2ht + h2y2 − h2z2 − h2x2)∂y − 2yh∂t.

(b) The Noether symmetries of the Klein-Gordon equation are

X1 = ∂x,

X2 = ∂z,

X3 = ∂y,

X4 = z∂x − x∂z,
X5 = x∂x + y∂y + z∂z − 1

h
∂t,

X6 = zx∂x + yz∂y + e−2ht−h2y2+h2z2−h2x2

2h2 ∂z − z
h
∂t,

X7 = y∂x − x∂y,
X8 = −z∂y + y∂z,

X9 = zy∂z + yx∂x + e−2ht+h2y2−h2z2−h2x2

2h2 ∂y − y
h
∂t,

X10 = 2h2zx∂z + 2h2yx∂y + (e−2ht − h2y2 − h2z2 + h2x2)∂x − 2xh∂t.

As an example, the conserved vector corresponding to the angular momentum in

the xy coordinates (corresponding to the generator X7 = y∂x − x∂y) is

Φx = −1
2
ye3htm2ψ2 − ye3htψ2 + 1

2
yehtψ2

x − 1
2
ψ2
yye

ht − 1
2
ψ2
zye

ht + 1
2
ψ2
t ye

3ht

−ψyψxxeht,
Φy = 1

2
xe3htm2ψ2 + xe3htψ2 + 1

2
xehtψ2

x − 1
2
ψ2
yxe

ht + 1
2
ψ2
zxe

ht − 1
2
ψ2
t xe

3ht

+ψyψxye
ht,

Φz = −(xψy − yψx)ψzeht,
Φt = (xψy − yψx)e3htψt.

(ii) CASE IV. V (ψ) = (ψ2 − k)2 - Higg’s potential.
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(a) The Noether symmetries of the wave equation are

X1 = ∂x,

X2 = ∂z,

X3 = ∂y,

X4 = −z∂x + x∂z,

X5 = −hx∂x − hy∂y − hz∂z + ∂t,

X6 = −hzx∂x − hyz∂y − e−2ht−h2y2+h2z2−h2x2

2h
∂z + z∂t,

X7 = −y∂x + x∂y,

X8 = z∂y − y∂z,
X9 = −zhx∂z − hyx∂y − e−2ht−h2y2−h2z2+h2x2

2h2 ∂x + x∂t,

X10 = −hzy∂z − hyx∂x − e−2ht+h2y2−h2z2−h2x2

2h
∂y + y∂t.

(b) The Noether symmetries of the Klein-Gordon equation are

X1 = ∂x,

X2 = ∂z,

X3 = ∂y,

X4 = −z∂x + x∂z,

X5 = x∂x + y∂y + z∂z − 1
h
∂t,

X6 = xy∂x + yz∂z + e−2ht+h2y2−h2z2−h2x2

2h2 ∂y − y
h
∂t,

X7 = y∂x − x∂y,
X8 = −z∂y + y∂z,

X9 = xy∂y + xz∂z + e−2ht−h2y2−h2z2+h2x2

2h2 ∂x − x
h
∂t,

X10 = 2zh2x∂x + 2yh2z∂y + (e−2ht − h2y2 + h2z2 − h2x2)∂z − 2zh∂t.

As an example, the conserved vector corresponding to the angular momentum in
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the xy coordinates (corresponding to the generator X7 = y∂x − x∂y) is

Φx = −1
2
ye3htm2ψ2 − ye3htψ4 + 2ye3htψ2k − ye3htk2 + 1

2
yehtψ2

x − 1
2
ψ2
yye

ht

−1
2
ψ2
zye

ht + 1
2
ψ2
t ye

3ht − ψyψxxeht,
Φy = 1

2
xe3htm2ψ2 + xe3htψ4 − 2xe3htψ2k + xe3htk2 + 1

2
xehtψ2

x − 1
2
ψ2
yxe

ht

+1
2
ψ2
zxe

ht − 1
2
ψ2
t xe

3ht + ψyψxye
ht,

Φz = −(xψy − yψx)ψzeht,
Φt = (xψy − yψx)e3htψt.

2.5 Conclusion

Using the Lie symmetry generators (one parameter Lie groups of transformations),

we classified and reduced the underlying equations and showed (in a specific case)

how this process leads to exact solutions by quadratures. One may also obtain the

conserved quantities corresponding to each symmetry listed above. A variational

technique, such as Noether’s theorem, could also be applied to the wave and Klein-

Gordon equation in sections 2.2 and 2.3. Here, a Lagrangian would be required; this

was demonstrated in the final subsection using some special potentials.

In the cases discussed, we find ‘twelve’ or ‘eighteen’ dimensional Lie symmetry

groups. Interestingly, all the symmetry groups contain a ’six’ dimensional Lie sym-

metry subgroup. This six dimensional Lie symmetry subgroup consists of ‘three’ lin-

ear momenta conservation along x, y & z directions, and three rotations in xy, yz and xz

directions. As such these symmetries form a subgroup of the Killing group admitted

by the de Sitter spacetime. Not all of the symmetries that are listed lead to physical

conservation laws. However, symmetries that do not lead to conservation laws are

as useful in application, for example, to reduce the underlying wave or Klein-Gordon

equation.
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Chapter 3

The Milne Spacetime

3.1 Introduction

Recently, Noether symmetries of the Euler-Lagrange equations on the Milne metric

have attracted much interest [44]. In [45], the Noether symmetries were found and

a discussion of the results were given by a comparison of Noether symmetries on the

Milne metric with those of other conventional symmetries of the same spacetime.

Concerning the pure wave equation (homogeneous), it is a priori clear that it will

admit a maximal Noether symmetry group on a flat manifold. In that spirit, the

work of [45] gives limited information and needs further investigation. With this

point in mind, we extend the work [45] by studying a Klein-Gordon [13] equation on

the Milne metric and see how Noether symmetry structures change when classical

wave equations are coupled with an inhomogeneous term. For completeness, we also

investigate the existence of higher-order variational symmetries of a projection of

the Klein-Gordon equation using the multiplier approach.
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Our analysis takes the following form. In section 3.2 we derive Lie point symmetries

of some Gordon-type equations and illustrate the reduction of a wave equation on the

Milne manifold. In section 3.3, we determine the Noether point symmetries of the

Klein-Gordon equation and construct the associated conserved densities. Lastly,

in section 3.4, we list some higher-order symmetries and conservation laws of a

projected Klein-Gordon equation.

Consider the Milne metric [44]

ds2 = −dt2 + t2(dx2 + e2x(dy2 + dz2)) (31)

which represents an empty universe and is of interest in relativity for being a special

case of a well known Friedmann-Lemâıtre-Robertson-Walker metric [13, 44]. The

Klein-Gordon equation [13] on (31) is obtained by

�u =
1√
| − g|

∂

∂xi

(√
| − g|gij ∂

∂xi
u

)
= k(u), (32)

and takes the form

uxx − t2utt + e−2xuyy + e−2xuzz − 3tut + 2ux − t2k(u) = 0. (33)

3.2 Lie symmetries of Gordon-type equations

In order to find the Lie point symmetries of the above Gordon-type equation (33)

we restrict k(u) to some special cases. These cases are assumed by keeping in mind

the fact that we allow the inhomogeneous term, k(u), to be taken as sin(u) and

some powers of u. The criteria that yields the Lie point symmetry is given by the

invariance condition [4]

X
[
uxx − t2utt + e−2xuyy + e−2xuzz − 3tut + 2ux − t2k(u)]

∣∣
Eq.(33)=0

= 0, (34)
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where X would be the prolonged symmetry generator in the jet space. Thus, the

invariance of differential equations (33) leads to the Lie point symmetries possessed

by (33). The procedure for finding Lie point symmetries is well known [4] and

therefore will be given without derivations. It turns out, from the symmetry study,

that some special polynomial cases of k(u) arise. Also, in line with the literature,

we consider the sine-Gordon equation. Thus, we study the four cases for k(u) in

(33) given by

(i) k(u) = sin(u),

(ii) k(u) = u,

(iii) k(u) = u3,

(iv) k(u) = un, n 6= 0, 1, 3.

Case (i) The case k(u) = sin(u) gives the sine-Gordon equation. Following the

symmetry criterion, we find that equation (34) in this case admits the following ten

Lie point symmetries,

X1 = ex

t
∂x − ex∂t,

X2 = ∂y,

X3 = e−x

t
∂y − exy∂t + exy

t
∂x,

X4 = ∂z,

X5 = e−x

t
∂z − exz∂t + exz

t
∂x,

X6 = y∂z − z∂y,
X7 = −∂x + y∂y + z∂z,

X8 = 2e−xy
t
∂y + 2e−xz

t
∂z + e−x(−1− e2x(y2 + z2))∂t + e−x(−1+e2x(y2+z2))

t
∂x,

X9 = 2y∂x − 2yz∂z + (e−2x − y2 + z2)∂y,

X10 = −2yz∂y + 2z∂x + (e−2x + y2 − z2)∂z.
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Case (ii) When k(u) = u, we have a Klein-Gordon equation. Equation (34) in this

case admits thirteen Lie point symmetries given by,

X1 = u∂u,

X2 = F1(x, y, z, t)∂u,

X3 = ex

t
∂x − ex∂t,

X4 = ∂y,

X5 = e−x

t
∂y − exy∂t + exy

t
∂x,

X6 = y∂z − z∂y,
X7 = −∂x + y∂y + z∂z,

X8 = ∂z,

X9 = e−x

t
∂z − exz∂t + exz

t
∂x,

X10 = −2∂x + 2y∂y + 2z∂z + u∂u,

X11 = 2e−xy
t
∂y + 2e−xz

t
∂z + e−x(−1− e2x(y2 + z2))∂t + e−x(−1+e2x(y2+z2))

t
∂x,

X12 = 2y∂x − 2yz∂z + (e−2x − y2 + z2)∂y,

X13 = −2yz∂y + 2z∂x + (e−2x + y2 − z2)∂z,

where

e2xt2F1(t, x, y, z)−F1,zz −F1,yy − 2e2xF1,x − e2xF1,xx + 3e2xtF1,t + e2xt2F1,tt = 0.

Case (iii) In the case k(u) = u3, the (Gordon-type) equation (34) yields a set of

fifteen Lie point symmetries, namely,

X1 = t∂t − u∂u,
X2 = −2extu∂u + ex(1 + t2)∂t + ex(−1+t2)

t
∂x,

X3 = −2extu∂u + ex(−1 + t2)∂t + ex(1+t2)
t

∂x,

X4 = ∂y,

X5 = −2extyu∂u + e−x(−1+t2)
t

∂y + ex(1 + t2)y∂t + ex(−1+t2)y
t

∂x,
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X6 = y∂z − z∂y,
X7 = −∂x + y∂y + z∂z,

X8 = −2extyu∂u + e−x(1+t2)
t

∂y + ex(−1 + t2)y∂t + ex(1+t2)y
t

∂x,

X9 = ∂z,

X10 = 2extzu∂u − e−x(1+t2)
t

∂z − ex(−1 + t2)z∂t − ex(1+t2)z
t

∂x,

X11 = −2extzu∂u + e−x(−1+t2)
t

∂z + ex(1 + t2)z∂t + ex(−1+t2)z
t

∂x,

X12 = −2y∂x + 2yz∂z + (−e−2x + y2 − z2)∂y,

X13 = 2e−x(−1+t2)y
t

∂y + 2e−x(−1+t2)z
t

∂z − 2e−xtu(1 + e2x(y2 + z2))∂u+

e−x(1 + t2)(1 + e2x(y2 + z2))∂t + e−x(−1+t2)(−1+e2x(y2+z2))
t

∂x,

X14 = 2e−x(1+t2)y
t

∂y + 2e−x(1+t2)z
t

∂z − 2e−xtu(1 + e2x(y2 + z2))∂u+

e−x(−1 + t2)(1 + e2x(y2 + z2))∂t + e−x(1+t2)(−1+e2x(y2+z2))
t

∂x,

X15 = 2yz∂y − 2z∂x + (−e−2x − y2 + z2)∂z.

Case (iv) For k(u) = un, n 6= 0, 1, 3, the general polynomial Gordon-type equation

(34) admits eleven Lie point symmetries given by,

X1 = 2u
−3+n

∂u + t−nt
−3+n

∂t,

X2 = ex

t
∂x − ex∂t,

X3 = ∂y,

X4 = e−x

t
∂y − exy∂t + exy

t
∂x,

X5 = ∂z,

X6 = y∂z − z∂y,
X7 = −∂x + y∂y + z∂z,

X8 = e−x

t
∂z − exz∂t + exz

t
∂x,

X9 = 2e−xy
t
∂y + 2e−xz

t
∂z + e−x(−1− e2x(y2 + z2))∂t + e−x(−1+e2x(y2+z2))

t
∂x,

X10 = −2y∂x + 2yz∂z + (−e−2x + y2 − z2)∂y,

X11 = 2yz∂y − 2z∂x + (−e−2x − y2 + z2)∂z.
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3.2.1 Symmetry reductions

We demonstrate the reduction of the (1+3) dimensional wave equation (33). The

equation with four independent variables is reduced to a partial differential equation

that has two independent variables. The reduced equation may then be analysed

further using another Lie symmetry reduction or an appropriate alternative method.

Since [X6, X7] = 0, where X6 and X7 appear as Lie symmetries in all the above

cases, we may begin reducing with either X6 or X7. Suppose we reduce (33) by

X6 = y∂z − z∂y. The characteristic equations are

dx

0
=
dt

0
=
dy

−z
=
dz

y
=
du

0
.

Integrating yields α = y2 + z2 and (33) is reduced to

1

t2
uxx − utt +

2

t2
e−2x(αuαα + uα)− 3

t
ut +

2

t2
ux − k(u) = 0 (35)

with u = u(x, t, α).

If we then reduce (35) by X7 = −∂x + y∂y + z∂z, we obtain the transformation

X̄ = −∂x + 2α∂α. We now have the characteristic equations,

dt

0
=
dx

−1
=
dα

2α
=
du

0
.

By integrating, we obtain β = lnα + 2x and (35) reduces to

2

t2
uββ(2 + e−β)− utt +

4

t2
uβ −

3

t
ut − k(u) = 0 (36)

with u = u(t, β).

Equation (36) may be further analysed or reduced using the underlying symmetries.

It turns out that the Lie point symmetries are cumbersome and involve special
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functions such as Bessel functions for the case k(u) = u.

For k(u) = u3, (36) admits one symmetry,

t∂t − u∂u.

For k(u) = u4, the symmetries of (36) are

X1 =
3

4
t∂t −

1

2
u∂u, X2 = 4t2(1 + 2eβ)∂β + t3(1 + 4eβ)∂t − 2t2u(1 + 4eβ)∂u.

Using X2, (36) reduces to the ordinary differential equation

γ4Fγγ + γFγ + 4F − 8γ2F 4 = 0, (37)

where γ =
te−

β
4

(1 + 2eβ)
1
4

and F = ue
β
2 (1 + 2eβ)

1
2 . It turns out that (37) admits the Lie

point symmetry G = −3
2
β∂β+F∂F which leads to the first-order ordinary differential

equation

qp =
2q + 24q

2
3p

4
3 − 12q

2
3p

1
3

2p+ 3q
1
3p

2
3

, (38)

where p = γ2F 3 and q = γ5F ′3.

There are no symmetries for k(u) = un, n 6= 0, 1, 3, 4 and k(u) = sinu in (36).

Also, one may consider reduction by studying the underlying conservation laws.

This would require methods other than the variational one, i.e., Noether’s theorem,

since (36) is not variational.

For the Klein-Gordon case k(u) = u, it can be shown, for example, that a conserved

vector of (36) is (Φβ,Φt), where

Φβ = 2(1 + 2eβ)BesselJ(1, t)uβ,

Φt = 1
2
eβt[(tBesselJ(0, t)− 2BesselJ(1, t)

−tBesselJ(2, t))u− 2tBesselJ(1, t)ut],
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such that DβΦβ + DtΦ
t = 0 along the solutions of (36) and where BesselJ is the

Bessel function of the first kind.

For k(u) = u3 in (36), the components of the conserved vector are

Φβ = (1 + 2eβ)t2[utuβ − uuβt],
Φt = −1

4
t2[eβt2u4 + 2eβt2ut

2 + 4u(eβtut

−2eβuβ − (1 + 2eβ)uββ)].

Similarly, for k(u) = u4, the components of the conserved vector are

Φβ = −1
5
(1 + 2eβ)t3(40eβu2 + 4eβt2u5

−5uβ((1 + 4eβ)tut + 4(1 + 2eβ)uβ)

+5tu(10eβut + 2eβtutt + (1 + 4eβ)uβt)),

Φt = −t4(−2eβ(1 + 4eβ)u2 + 1
5
eβ(1 + 4eβ)t2u5

+1
2
eβtut((1 + 4eβ)tut + 4(1 + 2eβ)uβ)

−u(2eβ(3 + 8eβ)uβ + (1 + 2eβ)(2eβtuβt

+(1 + 4eβ)uββ))).

The cases k(u) = sinu and k(u) = un, n 6= 1, 3, 4, do not yield any conserved

vectors.

3.2.2 Exact solutions and boundary conditions

We reduce (33) by first using the symmetry X = ∂y to obtain

1

t2
uxx − utt +

1

t2
e−2xuzz −

3

t
ut +

2

t2
ux − k(u) = 0, (39)

u = u(x, z, t), u(x, 0, t) = 0, u(x, 1, t) = 1.
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We reduce (39) further using the symmetry X = ex

t
∂x − ex∂t. The characteristic

equations are
tdx

ex
=

dt

−ex
=
dz

0
=
du

0
.

Integrating yields t̃ =
1

t
e−x and (39) is reduced to

1

t̃2
uzz − k(u) = 0, (40)

where u(z, t̃) and boundary conditions transform to

u(0, t̃) = 0, u(1, t̃) = 1.

If k(u) = u, as in the Klein-Gordon case, then the general solution to (40) is

u(z, t̃) = et̃zC1(t̃) + e−t̃zC2(t̃). (41)

We plot the function t̃ over different ranges, Figure 3.1: {x,−50, 50}, {t, 1, 10} and

Figure 3.2: {x,−10, 10}, {t, 1, 10}. When t → ±∞, t̃ → 0, and when t → 0, t̃

becomes large.

Figure 3.1: t̃ = 1
t
e−x Figure 3.2: t̃ = 1

t
e−x

Keeping this in mind, we plot u(z, t̃) from (41) in Figure 3.3: {t̃, 0, 10}, {z,−5, 5}
and Figure 3.4: {t̃, 0, 10}, {z,−5, 5}, choosing particular C1’s and C2’s.
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Figure 3.3: C1=100 t̃2,C2=−2 sin(t̃) Figure 3.4: C1 = 100, C2 = −2

If we impose the boundary conditions on (41), the solution of u(z, t̃) may be ex-

pressed in terms of the hyperbolic sine function, namely,

u(z, t̃) =
1

2sinh(t̃)
et̃z − 1

2sinh(t̃)
e−t̃z.

The graph of this solution, for the range {t̃, 0, 10}, {z,−5, 5}, is given by Figure 3.5.

Remark. For the sine-Gordon case, with k(u) = sin(u) in (40), we obtain

u(z, t̃) = ±2JacobiAmplitude

[
1

2

√
−
(
2t̃2 −D1(t̃)

)
(z +D2(t̃))2,− 4t̃2

−2t̃2 +D1(t̃)

]
,

where JacobiAmplitude[v,m] refers to the amplitude am(v | m) for Jacobi elliptic

functions.
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Figure 3.5: u(z, t̃) = 1
2sinh(t̃)

et̃z − 1
2sinh(t̃)

e−t̃z

3.3 Noether symmetries of a Klein-Gordon equa-

tion

Consider the wave equation (33) with k(u) = u (Klein-Gordon), which has the

Lagrangian,

L =
1

2
t3e2xu2 +

1

2
te2xu2

x +
1

2
tu2
y +

1

2
tu2
z −

1

2
t3e2xu2

t . (42)

Let

X = ξ(t, x, y, z, u)∂x + τ(t, x, y, z, u)∂t + η(t, x, y, z, u)∂y + γ(t, x, y, z, u)∂z

+φ(t, x, y, z, u)∂u

be a Noether point operator that satisfies (14) with gauge vector fi (i = 1, 2, 3, 4)

dependent on (t, x, y, z, u). This becomes, for the Lagrangian given by (42),

XL+ L[Dtτ +Dxξ +Dyη +Dzγ] = Dtf1 +Dxf2 +Dyf3 +Dzf4.
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Separation by derivatives of u yields the following overdetermined system

u3
t : τu = 0,

u3
x : ξu = 0,

u3
y : ηu = 0,

u3
z : γu = 0,

u2
t : −e2xt3ξ − 3

2
e2xt2τ − 1

2
e2xt3γz − 1

2
e2xt3ηy − 1

2
e2xt3ξx + 1

2
e2xt3τt

−e2xt3φu = 0,

u2
x : e2xtξ + 1

2
e2xτ + 1

2
e2xtγz + 1

2
e2xtηy − 1

2
e2xtξx + 1

2
e2xtτt + e2xtφu = 0,

u2
y : 1

2
τ + 1

2
tγz − 1

2
tηy + 1

2
tξx + 1

2
tτt + tφu = 0,

u2
z : 1

2
τ − 1

2
tγz + 1

2
tηy + 1

2
tξx + 1

2
tτt + tφu = 0,

utuz : e2xt3γt − tτz = 0,

uxuz : −e2xtγx − tξz = 0,

uyuz : −tγy − tηz = 0,

utuy : e2xt3ηt − tτy = 0,

uyux : −e2xtηx − tξy = 0,

utux : e2xt3ξt − e2xtτx = 0,

ut : −f1,u − e2xt3φt = 0,

ux : −f2,u + e2xtφx = 0,

uy : −f3,u + tφy = 0,

uz : −f4,u + tφz = 0,

1 : e2xt3u2ξ + 3
2
e2xt2u2τ + e2xt3uφ+ 1

2
t3e2xu2 (τt + ξx + ηy + γz)

− (f1,t + f2,x + f3,y + f4,z) = 0.

(43)
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Therefore, the coefficients of the infinitesimal generator are:

γ(t, x, y, z, u) = 1
2t
e−2x(ex(−zc7 + c11)− tc12 + e2xt(2y(c1 + zc8) + 2z(c4 + c5

+c10)

−y2c12 + z2c12 + 2(c13 + c14)))

η(t, x, y, z, u) = 1
2t
e−2x(−ex(c6 + yc7)− tc8 + e2xt(−2zc1 + y2c8 − z2c8

+2(c2 + c3 + c9) + 2y(c4 + c5 + c10 + zc12)))

ξ(t, x, y, z, u) = 1
4t

(e−x(c7 − 4ext(c4 + c5 + yc8 + c10 + zc12)− e2x(2yc6 + y2c7

+z2c7

−2zc11 + 4c15)))

τ(t, x, y, z, u) = 1
4
e−x(c7 + e2x(2yc6 + y2c7 + z2c7 − 2zc11 + 4c15))

φ(t, x, y, z, u) = F1(t, x, y, z)

f1(t, x, y, z, u) = F2(t, x, y, z)− e2xt3uF1,t

f3(t, x, y, z, u) = F3(t, x, y, z) + tuF1,y

f4(t, x, y, z, u) = F4(t, x, y, z) + tuF1,z

f2(t, x, y, z, u) = −
∫
F4,z dx−

∫
F3,y dx−

∫
F2,t dx+ F5(t, y, z) + e2xtuF1,x.

(44)

In addition, we have the constraint,

−e2xt2F1(t, x, y, z) + F1,zz + F1,yy + 2e2xF1,x + e2xF1,xx − 3e2xtF1,t − e2xt2F1,tt = 0,

and we set

F2 = F3 = F4 = F5 = 0.
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When we separate (44), we find that the Noether point symmetries are,

X1 = e2xt3( e
x

t
∂x − ex∂t), fi = 0,

X2 = e2xt3∂y, fi = 0,

X3 = e2xt3( e
−x

t
∂y − exy∂t + exy

t
∂x), fi = 0,

X4 = e2xt3∂z, fi = 0,

X5 = e2xt3( e
−x

t
∂z − exz∂t + exz

t
∂x), fi = 0,

X6 = e2xt3(y∂z − z∂y), fi = 0,

X7 = e2xt3(−∂x + y∂y + z∂z), fi = 0,

X8 = e2xt3(2e−xy
t
∂y + 2e−xz

t
∂z + e−x(−1− e2x(y2 + z2))∂t + e−x(−1+e2x(y2+z2))

t
∂x),

fi = 0,

X9 = e2xt3(2y∂x − 2yz∂z + (e−2x − y2 + z2)∂y), fi = 0,

X10 = e2xt3(−2yz∂y + 2z∂x + (e−2x + y2 − z2)∂z), fi = 0,

The corresponding conserved densities are,

Φt
1 = −1

2
ext(e2xt2u2 + e2xtut(tut − ux)− u(uzz + uyy + e2x(−3tut + 3ux − tuxt

+uxx))),

Φt
2 = −1

2
e2xt3(uyut − uuty),

Φt
3 = 1

2
ext(e2xt2yu2 + tut(−uy + e2xy(tut − ux))− u(yuzz + uy + yuyy − 3e2xtyut

−tuty + 3e2xyux − e2xtyuxt + e2xyuxx)),

Φt
4 = −1

2
e2xt3(uzut − uutz),

Φt
5 = 1

2
ext(e2xt2zu2 + tut(−uz + e2xz(tut − ux))− u(uz + zuzz + zuyy − 3e2xtzut

−tutz + 3e2xzux − e2xtzuxt + e2xzuxx)),

Φt
6 = −1

2
e2xt3(yuzut − zuyut + u(−yutz + zuty)),

Φt
7 = −1

2
e2xt3(zuzut + yuyut − zuutz − yuuty − utux + uuxt),
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Φt
8 = 1

2
e−xt(e2xt2(1 + e2x(y2 + z2))u2 + e2xtut(−2zuz − 2yuy + tut + e2xty2ut

+e2xtz2ut + ux − e2xy2ux − e2xz2ux) + u(−2e2xzuz − (1 + e2x(y2 + z2))uzz

−2e2xyuy − uyy − e2xy2uyy − e2xz2uyy + 3e2xtut + 3e4xty2ut + 3e4xtz2ut

+2e2xtzutz + 2e2xtyuty − e2xux − 3e4xy2ux − 3e4xz2ux − e2xtuxt + e4xty2uxt

+e4xtz2uxt − e2xuxx − e4xy2uxx − e4xz2uxx)),

Φt
9 = 1

2
t3(2e2xyzuzut + (−1 + e2x(y2 − z2))uyut − 2e2xyzuutz + uuty

−e2xy2uuty + e2xz2uuty − 2e2xyutux + 2e2xyuuxt),

Φt
10 = −1

2
t3((1 + e2x(y2 − z2))uzut − 2e2xyzuyut − uutz − e2xy2uutz + e2xz2uutz

+2e2xyzuuty + 2e2xzutux − 2e2xzuuxt).

3.4 Multipliers of a Klein-Gordon equation

Consider the Klein-Gordon equation in Milne spacetime with dependent variable u

as a function of x, t and y only, i.e., we have removed the spatial variable z from the

original wave equation (33) - the calculations with z are extremely cumbersome pro-

ducing no final outcomes. We consider the multiplier method for (33), by choosing

k(u) = u, i.e. we consider

δ

δu
[Q(

1

t2
uxx − utt +

1

t2
e−2xuyy −

3

t
ut +

2

t2
ux − u)] = 0 (45)

where Q = Q(x, y, t, ux, ux, uxx, uxy, uxxx, uxxy, uxyy, uyyy). Although not pursued

here, the calculations may include derivatives of u with respect to t. Then

Q[(
1

t2
uxx − utt +

1

t2
e−2xuyy −

3

t
ut +

2

t2
ux − u)] = DtΦ

t +DxΦ
x +DyΦ

y,
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where (Φx,Φy,Φt) is the conserved flow and Φt the conserved density. We obtain

the set of multipliers Qi together with their conserved densities Φt
i, namely,

Q1 = t3e2x(−1
3
uxxx − 1

6
yuy + yuxxy + 1

2
y2uyy + 1

3
y3uyyy − y2uxyy − 1

2
uxx + 1

12
u),

Φt
1 = − 1

12
e2xt3(−yuyut + 3y2uyyut + 2y3uyyyut + yuuty − 3y2uutyy − 2y3uutyyy

−6y2utuxyy + 6y2uuxtyy − 3utuxx + 6yutuxxy + 3uuxxt − 6yuuxxty − 2utuxxx

+2uuxxxt),

Q2 = t3e2x(−2yuxyy + uxxy + yuyy + y2uyyy),

Φt
2 = −1

2
e2xt3(yuyyut + y2uyyyut − yuutyy − y2uutyyy − 2yutuxyy + 2yuuxtyy

+utuxxy − uuxxty),

Q3 = 1
2
t3e−2xuyyy + t3uxxy + t3e2x(2y3uxyy − y3uyy − 1

2
y(u)− 3y2uxxy + 1

2
y2uy

+3yuxx + 2yuxxx − 1
2
y4uyyy),

Φt
3 = 1

4
e−2xt3(−e4xy2uyut + 2e4xy3uyyut − uyyyut + e4xy4uyyyut + e4xy2uuty

−2e4xy3uutyy + uutyyy − e4xy4uutyyy − 4e4xy3utuxyy + 4e4xy3uuxtyy

−6e4xyutuxx − 2e2xutuxxy + 6e4xy2utuxxy + 6e4xyuuxxt + 2e2xuuxxty

−6e4xy2uuxxty − 4e4xyutuxxx + 4e4xyuuxxxt),

Q4 = 1
2
t3e2x(2uxyy − uyy − 2yuyyy),

Φt
4 = 1

4
e2xt3(uyyut + 2yuyyyut − uutyy − 2yuutyyy − 2utuxyy + 2uuxtyy),

Q5 = t3e2xuyyy,

Φt
5 = −1

2
e2xt3(uyyyut − uutyyy),

Q6 = t3e2x(yux + 1
2
yu− 1

2
y2uy) + 1

2
t3uy,

Φt
6 = 1

4
t3((−1 + e2xy2)uyut − 2e2xyutux + u((1− e2xy2)uty + 2e2xyuxt)),
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Q7 = t3e2x(ux + 1
2
u− yuy),

Φt
7 = 1

2
e2xt3(yuyut − utux + u(−yuty + uxt)),

Q8 = t3e2xuy,

Φt
8 = −1

2
e2xt3(uyut − uuty).

3.5 Conclusion

This chapter investigates a class of wave and Gordon-type equations in Milne space-

time. In particular, we conducted a Lie and Noether symmetry analysis of a Klein-

Gordon equation on this manifold. We have given some symmetry reductions to

show how the (1+3) dimensional wave equation can be reduced to an ordinary

differential equation using the method of invariants and we obtained some exact

solutions. The conserved densities of the Klein-Gordon equation are constructed.

Finally, some higher-order symmetries for the projected equation and associated

conservation laws are presented. It is hoped that an analysis of the nonlinear wave

equation in a genuinely curved spacetime will provide more insights in relativity and

geometry via reduction or otherwise in conserved quantities.
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Chapter 4

The Bianchi III Spacetime

4.1 Introduction

Several investigations in the literature have been aimed at the Bianchi universes. In

[46] the Bianchi universes were investigated using Noether symmetries. The authors

of [47] studied the Noether symmetries of Bianchi type I and III spacetimes in scalar

coupled theories. Therein, they obtained the exact solutions for potential functions,

scalar field and the scale factors, see also [48].

We pursue an investigation of the symmetries of the wave equation in Bianchi III

spacetime. The plan of the chapter is as follows. First, in section 4.2 we implement

the multiplier approach in order to find the evolutionary generators and conserved

densities of the wave equation. Second, in section 4.3, we use the classical Noether

approach to determine symmetry generators of the wave equation and find conser-

vation laws associated with the Noether symmetries. This procedure yields a wider
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range of results. Thereafter we perform symmetry reductions of the wave equation

to obtain invariant solutions.

The Bianchi III metric is given by

ds2 = −β2dt2 + t2L(dx2 + e
−2ax
N dy2) + t

2L
m dz2. (46)

The application of the d’Alembertian operator yields the wave equation on (46), i.e.,

[17]

− 1
β
(2L+ 1)t2Le−

a
N
xut − 1

β
t2L+1e−

a
N
xutt

−aβ
N
te−

a
N
xux + βte−

a
N
xuxx

+βte
a
N
xuyy + βt2L+1− 2L

m e−
a
N
xuzz = 0.

(47)

4.2 Symmetries of the wave equation - the multi-

pler approach

The multiplier method [3] is adopted to determine some of the conserved densities.

Since the Euler-Lagrange operator annihilates total divergences, a multiplier Q ∈ A
satisfies

δ

δu
[Q.LHS of (47)] = 0. (48)

Q is chosen to be first order in derivatives of u, i.e., Q = Q(x, y, z, t, ux, ut, uy, uz).

Lengthy calculations lead to the set of multipliers defined by

Q = C1uy + C2uz + e
ax
2N

(C3e
x

√
a2β2+4N2d1

2Nβ + C4e
−x
√

a2β2+4N2d1

2Nβ )Y (t), (49)

where d1 and Ci (i = 1, 2, 3, 4) are arbitrary constants and Y (t) is the solution of

−t−2L+1d1Y + Yt(2L+ 1)t−1 + Ytt = 0.
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We let d1 = 0, to solve

Ytt +
(2L+ 1)

t
Yt = 0

and obtain

Y (t) = −t
−2L

2L
v + w,

where v, w are arbitrary constants. We thus obtain the multipliers Q1, Q2, Q3 with

corresponding evolutionary operators Xi = Qi∂u, viz.,

X1 = uz∂u,

X2 = uy∂u,

X3 =
(
−p t−2L

2L
e
a
N
x − q t−2L

2L
+ se

a
N
x + r

)
∂u,

where, p, q, r, s are arbitrary constants. It can be shown that the Xi are variational

and lead to conservation laws, for example, the corresponding conserved densities

for each Xi are

Φt
1 = 1

2β
e−

ax
N t1+2L(−uzut + uutz),

Φt
2 = 1

2β
e−

ax
N t1+2L(−uyut + uuty),

Φt
3 = 1

2Lβ
e−

ax
N (2L(e

ax
N p+ q)u+ t(q − 2Lrt2L

+e
ax
N (p− 2Lst2L))ut).

4.3 Symmetries of the wave equation - the Noether

approach

In this section, we investigate the wave equation on the Bianchi III metric using the

notation of differential forms (see section 1.7), and the Noether approach [8]. To

avoid ambiguity, the Lagrangian will be denoted by L in section 4.3.

We classify the cases that yield strict Noether symmetries (gauge is zero) of (47),
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using the Lagrangian

L = −β
2
te−

a
N
xux

2 − β

2
te

a
N
xuy

2 − β

2
t2L+1− 2L

m e−
a
N
xuz

2 +
1

2β
t2L+1e−

a
N
xut

2.

Many of the calculations have been left out as they are tedious - the details are

available to the reader in a number of texts that have been cited here.

The principle Noether algebra is

X1 = ∂y,

X2 = ∂z,

X3 = ∂u,

X4 = N
a
∂x + y∂y,

X5 = −2ay
N
∂x + 1

N2 (−a2y2 +N2e
2ax
N )∂y.

Furthermore, specific cases of L and m give rise to the symmetries X1 to X5 from

above, and some additional symmetries.

CASE I. L = 1,m = 1
3
. The additional symmetries are

X6 = −2z∂z + t∂t,

X7 = −
(

4z2t4+β2

4t4

)
∂z + zt∂t.

CASE II. L = 1,m = −1. The additional symmetry is

X8 = −z∂z − t
2
∂t + u∂u.

CASE III. L = 1,m = 1. The additional symmetry is

X9 = −t∂t + u∂u.
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Table 4.1. contains the conserved forms corresponding to each Noether symmetry

Xi (i = 1, . . . , 9), i.e., it lists the three form ω. The four form is Dω, which vanishes

on the solutions of (47). Thus

ω = −Φtdx ∧ dy ∧ dz + Φzdx ∧ dy ∧ dt− Φydx ∧ dz ∧ dt+ Φxdy ∧ dz ∧ dt

so that

DtΦ
t +DxΦ

x +DyΦ
y +DzΦ

z = 0

on (47).

Table 4.1. Conserved Form ω

X1 Φt = e−
ax
N t1+2L(−uyut+uuty)

2β
, Φx = 1

2
e−

ax
N tβ(uyux − uuxy),

Φy = e−
ax
N t−

2L
m (e

2ax
N Nt1+ 2L

m β2uy2+u(Nt1+2Lβ2uzz−t
2L
m (atβ2ux+N(−tβ2uxx+t2L((1+2L)ut+tutt)))))

2Nβ
,

Φz = 1
2
e−

ax
N t1+

2L(−1+m)
m β(uzuy − uuyz)

X2 Φt = e−
ax
N t1+2L(−uzut+uutz)

2β
, Φx = 1

2
e−

ax
N tβ(uzux − uuxz),

Φy = 1
2
e
ax
N tβ(uzuy − uuyz),

Φz = e−
ax
N t−

2L
m (Nt1+2Lβ2uz2+t

2L
m u(e

2ax
N Ntβ2uyy−atβ2ux+N(tβ2uxx−t2L((1+2L)ut+tutt))))

2Nβ

X3 Φt = − e−
ax
N t1+2Lut
β

, Φx = e−
ax
N tβux,

Φy = e
ax
N tβuy, Φz = e−

ax
N t1+2L− 2L

m βuz

X4 Φt = − e−
ax
N t1+2L(ayuyut+Nuxut−u(ayuty+Nutx))

2aβ
,

Φx = 1
2aβ

(e−
ax
N t−

2L
m (t1+ 2L

m β2ux(ayuy +Nux) + u(Nt1+2Lβ2uzz

+t
2L
m (e

2ax
N Ntβ2uyy − atβ2ux − atyβ2uxy −Nt2Lut − 2LNt2Lut −Nt1+2Lutt)))),

Φy = 1
2aNβ

e−
ax
N t−

2L
m (e

2ax
N Nt1+ 2L

m β2uy(ayuy +Nux)

+u(aNt1+2Lyβ2uzz − t
2L
m (ae

2ax
N Ntβ2uy + a2tyβ2ux

+N(e
2ax
N Ntβ2uxy + ay(−tβ2uxx + t2L((1 + 2L)ut + tutt)))))),

Φz = e−
ax
N t1+

2L(−1+m)
m β(uz(ayuy+Nux)−u(ayuyz+Nuxz))

2a
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X5 Φt = 1
2N2β

(e−
ax
N t1+2L(−(e

2ax
N N2 − a2y2)uyut + 2aNyuxut

+u((e
2ax
N N2 − a2y2)uty − 2aNyutx))),

Φx = 1
2N2β

e−
ax
N t−

2L
m (t1+ 2L

m β2ux((e
2ax
N N2 − a2y2)uy − 2aNyux)

+u(−2aNt1+2Lyβ2uzz + t
2L
m (−2ae

2ax
N Ntβ2uy − 2ae

2ax
N Ntyβ2uyy

+2a2tyβ2ux − e
2ax
N N2tβ2uxy + a2ty2β2uxy + 2aNt2Lyut

+4aLNt2Lyut + 2aNt1+2Lyutt))),

Φy = 1
2N3β

e−
ax
N t−

2L
m (e

2ax
N Nt1+ 2L

m β2uy((e
2ax
N N2

−a2y2)uy − 2aNyux) + u(Nt1+2L(e
2ax
N N2 − a2y2)β2uzz

+t
2L
m (2a2e

2ax
N Ntyβ2uy + at(e

2ax
N N2 + a2y2)β2ux

+N(2ae
2ax
N Ntyβ2uxy + (e

2ax
N N2 − a2y2)(tβ2uxx − t2L((1 + 2L)ut + tutt)))))),

Φz = e−
ax
N t1+

2L(−1+m)
m β(uz((e

2ax
N N2−a2y2)uy−2aNyux)−u((e

2ax
N N2−a2y2)uyz−2aNyuxz))

2N2

X6 Φt = 1
2Nt2β

(e−
ax
N (Nt5ut(2zuz − tut) + u(Nβ2uzz + t4(e

2ax
N Nβ2uyy

−aβ2ux +Nβ2uxx − 2Ntut − 2Ntzutz)))),

Φx = 1
2
e−

ax
N tβ(−2zuzux + tuxut + u(2zuxz − tutx)),

Φy = 1
2
e
ax
N tβ(−2zuzuy + tuyut + u(2zuyz − tuty)),

Φz = 1
2Nt3β

(e−
ax
N (Nβ2uz(−2zuz + tut) + u(2Nβ2uz − 2e

2ax
N Nt4zβ2uyy

+2at4zβ2ux − 2Nt4zβ2uxx + 6Nt5zut −Ntβ2utz + 2Nt6zutt)))

X7 Φt = 1
8Nt2β

(e−
ax
N (Ntut((4t

4z2 + β2)uz − 4t5zut) + u(4Nβ2uz + 4Nzβ2uzz

+4e
2ax
N Nt4zβ2uyy − 4at4zβ2ux + 4Nt4zβ2uxx − 8Nt5zut − 4Nt5z2utz −Ntβ2utz))),

Φx = e−
ax
N β(−(4t4z2+β2)uzux+4t5zuxut+((4t4z2+β2)uxz−4t5zutx))

8t3
,

Φy = e
ax
N β(−(4t4z2+β2)uzuy+4t5zuyut+u((4t4z2+β2)uyz−4t5zuty))

8t3
,

Φz = 1
8Nt7β

e−
ax
N (−Nβ2uz((4t

4z2 + β2)uz − 4t5zut) + t4u(8Nzβ2uz

−e 2ax
N Nβ2(4t4z2 + β2)uyy + 4at4z2β2ux + aβ4ux − 4Nt4z2β2uxx −Nβ4uxx

+12Nt5z2ut −Ntβ2ut − 4Ntzβ2utz + 4Nt6z2utt +Nt2β2utt))
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X8 Φt = 1
4Nβ

(e−
ax
N t2(−Ntut(2zuz + tut) + u(Nt4β2uzz + e

2ax
N Nβ2uyy

−aβ2ux +Nβ2uxx − 2Ntut + 2Ntzutz))),

Φx = 1
4
e−

ax
N tβ(2zuzux + tuxut − u(2zuxz + tutx)),

Φy = 1
4
e
ax
N tβ(2zuzuy + tuyut − u(2zuyz + tuty)),

Φz = 1
4Nβ

(e−
ax
N t(Nt4β2uz(2zuz + tut)− u(2Nt4β2uz − 2e

2ax
N nzβ2uyy

+2azβ2ux − 2Nzβ2uxx + 6Ntzut +Nt5β2utz + 2Nt2zutt)))

X9 Φt = 1
2Nβ

(e−
ax
N t2(−Nt2ut2 + u(Nβ2uzz + e

2ax
N Nβ2uyy − aβ2ux

+Nβ2uxx − 2Ntut))),

Φx = 1
2
e−

ax
N t2β(uxut − uutx), Φy = 1

2
e
ax
N t2β(uyut − uuty),

Φz = 1
2
e−

ax
N t2β(uzut − uutz)

4.3.1 Symmetry reduction and invariant solutions

We illustrate how the order of the (1+3) wave equation (47) can be reduced. The

equation with four independent variables is reduced to an ordinary differential equa-

tion.

(i). Reduction - using the principle Noether algebra.

We begin reducing (47) using X2 followed by X4. The characteristic equations are

adx

N
=
dt

0
=
dy

y
=
du

0
.

Integrating yields s = ye−
a
N
x and (47) is reduced to

− 1
β
t2Lutt − 1

β
(2L+ 1)t2Lut + βt(1 + a2

N2 s
2)uss + 2s a

2

N2βtus = 0 (50)

with u = u(s, t).
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A Lagrangian of (50) is

L = − 1

β
t2L+1u

2
t

2
+ βt(1 +

a2

N2
s2)

u2
s

2
.

It turns out that we if we let L = 1, N = 1 in (50), we can obtain its Noether

symmetries, viz,

X∗1 = t∂t − u∂u, X∗2 = ∂u

We reduce (50) with X∗1 , and the characteristic equations are

dt

t
=
ds

0
=

du

−u
.

Integrating yields Y = tu and (50) is reduced to the ordinary differential equation

1
β
Y + β(1 + s2a2)Yss + 2a2βsYs = 0 (51)

with Y = Y (s), and which has a solution in terms of special functions, i.e.,

Y (s) = C1LegendreP

[
−aβ+
√
−4+a2β2

2aβ
, ias

]
+C2LegendreQ

[
−aβ+
√
−4+a2β2

2aβ
, ias

]
,

(52)

where C1, C2 are arbitrary constants, LegendreP[n, x] refers to the Legendre poly-

nomial Pn(x) and Q[n, z] refers to the Legendre function of the second kind Qn(z).

(ii). Reduction - CASE I, L = 1,m = 1
3
.

We reduce (47) using X1 followed by X6 from CASE I. The characteristic equations

are
dz

−2z
=
dt

t
=
dx

0
=
du

0
.

Integrating yields r = t2z and (47) is reduced to

− 8
β
re−

ax
N ur − aβ

N
e−

ax
N ux + βe−

ax
N uxx + e−

ax
N (β

2−4r2

β
)urr = 0 (53)
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with u = u(r, x).

A Lagrangian of (53) is

L = βe−
ax
N
u2
x

2
+ e−

ax
N (
β2 − 4r2

β
)
u2
r

2
.

Hence, we obtain the Noether symmetries of (53), viz,

X∗3 = ∂x +
a

2N
u∂u, X∗4 = ∂u

We reduce (53) with X∗3 , and the characteristic equations are

dx

1
=
dr

0
=

2Ndu

au
.

Integrating yields Z = e−
ax
2N u and (53) is reduced to the ordinary differential equa-

tion

− 8
β
rZr + (β

2−4r2

β
)Zrr − a2β

4N2Z = 0 (54)

with Z = Z(r), and which has a solution in terms of special functions, i.e.,

Z(r) = C1LegendreP

[
−2N+

√
4N2−a2β2

4N
, 2r
β

]
+C2LegendreQ

[
−2N+

√
4N2−a2β2

4N
, 2r
β

]
,

(55)

where, as before, C1, C2 are arbitrary constants, LegendreP[n, x] refers to the Leg-

endre polynomial Pn(x) and Q[n, z] refers to the Legendre function of the second

kind Qn(z).

4.4 Conclusion

We have classified the Noether symmetry generators, determined the conserved

forms and reduced some cases of the underlying equations associated with the wave
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equation on the Bianchi III manifold. The first reduction done above involved the

principle Noether algebra whilst the second dealt with a particular case. To obtain

other reductions, one would need to find a three dimensional subalgebra of sym-

metries to reduce to an ordinary differential equation whose solution would be an

invariant solution, invariant under the subalgebra. Alternatively, a lower dimen-

sional subalgebra can be used to reduce to a partial differential equation which may

be tackled using other methods. The final solution in this case will be invariant only

under the lower dimensional algebra. In general, the procedure performed above is

the most convenient.
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Chapter 5

The Friedmann-Robertson-Walker

Spacetime

5.1 Introduction

In 1922, Alexander Friedmann found a solution to Einstein’s field equations that

suggests an expanding universe. Georges Lemâıtre proposed a creation event as

the beginning of the universe expansion. These ideas combined with the metric by

Howard Robertson and Arthur Walker, are commonly referred to the Friedmann-

Lemâıtre-Robertson-Walker or just Friedmann-Robertson-Walker (FRW) solution

of the gravity equations, and are believed to be the best fit to describe our universe

evolution [49]. The FRW spacetime represents, in conformity with general relativity,

the universe at a very large scale, where it is assumed to be homogeneous and

isotropic [50]. The importance of the FRW metric in cosmology has been discussed

widely in the literature and requires no further introduction here.
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In [51] f(R) gravity for spherically symmetric spacetime was discussed using Noether

symmetries. The authors of [52] found Noether symmetries for the flat FRW model

in f(R) gravity.

In this chapter, we first discuss the symmetries of the FRW spacetime for different

curvatures. The d’Alembertian operator is then used to construct the wave and

Klein-Gordon equation in FRW spacetime. We provide a detailed symmetry analysis

of the underlying wave equations on this metric. In section 5.2 the isometries of

the metric are listed. Thereafter, section 5.3 presents the wave and Klein-Gordon

equation in FRW spacetime. We provide the symmetries of the wave equations and

the conserved quantities are constructed. Also, we discuss a symmetry reduction

and provide exact solutions to the wave equation in FRW universe.

Regarding the FRW space-time, the line element in (1+3) dimensions and in stere-

ographic coordinates, is given by

ds2 = −dt2 +
a2(t)

(1 + kr2

4
)2

(dx2 + dy2 + dz2), (56)

where a2(t) is an arbitrary (non-zero) scale factor, k = 0,±1 refers to curvature and

r2 = x2 + y2 + z2.

Note. The space-times with constant curvature are a special case of the FRW space-

times. It is well-known that the FRW metrics are conformally flat and hence these

metrics admit the maximum number of independent symmetry vectors.
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5.2 Noether symmetries of the FRW metric

The Euler-Lagrange (geodesic) equations associated with the Lagrangian

L = −ṫ2 +
a2(t)

(1 + k(x2+y2+z2)2

4
)2

(ẋ2 + ẏ2 + ż2),

corresponding to (56) are

ẗ = 1
(4+k(x2+y2+z2))2 (2(16a(t)at (ẋ2 + ẏ2 + ż2) + 16ẗ+ 8ẗk(x2 + y2 + z2)

+ẗk2(x4 + y4 + z4) + 2ẗk2(x2y2 + y2z2 + x2z2))),

ẍ = 1
(4+k(x2+y2+z2))3 (32a(t)(2a(t)kx(−ẋ2 + ẏ2 + ż2) + 8atẋṫ

+2atkẋṫ(x
2 + y2 + z2) + a(t)ẍk(x2 + y2 + z2) + 4a(t)ẍ− 4a(t)ẋk(yẏ + zż))),

ÿ = 1
(4+k(x2+y2+z2))3 (32a(t)(2a(t)ky(ẋ2 − ẏ2 + ż2) + 8atẏṫ

+2atkẏṫ(x
2 + y2 + z2) + a(t)ÿk(x2 + y2 + z2) + 4a(t)ÿ − 4a(t)ẏk(xẋ+ zż))),

z̈ = 1
(4+k(x2+y2+z2))3 (32a(t)(2a(t)kz(ẋ2 + ẏ2 − ż2) + 8atżṫ

+2atkżṫ(x
2 + y2 + z2) + a(t)z̈k(x2 + y2 + z2) + 4a(t)z̈ − 4a(t)żk(yẏ + xẋ))).

(57)

where α̇ refers to the derivative of α with respect to the arclength parameter s. The

geodesic equations are constructed by applying the Euler-Lagrange operator onto

the Lagrangian for each variable (t, x, y, z).

The Noether symmetries of the Euler-Lagrange equations (57) are obtained from

(14) take the form X = τ∂t + ξ∂x + η∂y + γ∂z + σ∂s. In detailed calculations, not to

be presented here, it turns out that the algebra of Noether symmetries splits into

two cases depending on the value of the curvature k.

Case (1) k = 0.
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X1
1 = ∂t, X1

2 = ∂x, X1
3 = ∂y, X1

4 = ∂z,

X1
5 = x∂y − y∂x, X1

6 = x∂z − z∂x, X1
7 = y∂z − z∂y

X1
8 = a2(t)z∂t + t∂z,

X1
9 = a2(t)y∂t + t∂y,

X1
10 = a2(t)x∂t + t∂x,

X1
11 = 2s∂s + t∂t + x∂x + y∂y + z∂z,

X1
12 = ∂s.

It turns out that all of the Noether symmetries are based on zero gauge and contain

the isometries of the metric. In fact, the isometries are the Noether symmetries

which have no arclength parameter s in the list above. Hence, X1
1 to X1

10 form the

10-dimensional algebra of isometries, keeping in mind that n = 4 corresponds to the

maximal 1
2
n(n + 1) = 10-dimensional algebra, SO(1, 4). That is, the FRW metric

with k = 0 is (indeed) ‘flat’- not in the sense of Minkowski whose respective Noether

algebra for the Euler-Lagrange (geodesics) equations is 17-dimensional arising from

some (five) non-zero gauge vector fields that leave the action integral invariant.

Rather, what we see here is that this case displays properties that are in line with

the de Sitter metric whose geodesic equations also admit just two additional Noether

symmetries to the ten isometries of the metric. Each of the vectors above lead to

conserved quantities via Noether’s theorem. Respectively, we have conservation of

energy, linear momenta, angular momenta and X1
8 to X1

10 are equivalent to Lorentz

rotation. The conservation laws associated with X1
11 and X1

12 are not physical but

have other applications such as a mathematical application in the double reduction

of the Euler-Lagrange equations.
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Case (2) k 6= 0.

X2
1 = ∂t, X2

2 = x∂z − z∂x, X2
3 = x∂y − y∂x, X2

4 = y∂z − z∂y,
X2

5 = xy∂y + zx∂z + 1
2

(4+k(−y2−z2+x2))∂x
k

,

X2
6 = −xz∂x − zy∂y + 1

2
(−4+k(y2−z2+x2))∂z

k
,

X2
7 = xy∂x + zy∂z − 1

2

(−4+k(−y2+z2+x2))∂y
k

,

X2
8 = ∂s.

(58)

Here X2
1 to X2

7 form the seven isometries of the FRW metric with k 6= 0.

5.3 The wave and Klein-Gordon equation

Our analysis is now directed at the nonlinear wave equation in FRW geometry. For

this purpose, we construct the wave and Klein-Gordon equation on this manifold

with the intent of finding the symmetries of the constructed wave equation.

The Klein-Gordon equation on (56) is generated by

�u = G(u)⇒ 1√
| − g|

∂

∂xi

(√
| − g|gik ∂u

∂xk

)
= G(u), (59)

where � refers to the d’Alembertian operator.

In the FRW universe, the equation written out explicitly in coordinates is(
1 + k(x2+y2+z2)

4

) [(
1 + k(x2+y2+z2)

4

)
(uxx + uyy + uzz)− k

2
(xux + yuy + zuz)

]
−a2 (t)

(
utt + 3ȧ(t)

a(t)
ut

)
− a2 (t)G (u) = 0.

(60)
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The wave equation �u = 0, i.e. when G(u) = 0, is given by(
1 + k(x2+y2+z2)

4

) [(
1 + k(x2+y2+z2)

4

)
(uxx + uyy + uzz)− k

2
(xux + yuy + zuz)

]
−a2 (t)

(
utt + 3ȧ(t)

a(t)
ut

)
= 0.

(61)

5.3.1 Noether symmetries

Noether’s theorem may only be applied to the case when k = 0, as the cases k = ±1

yield non-variational equations.

The corresponding Lagrangians for (60) and (61) with k = 0 are,

L = −1

2
a3(t)u2

t +
1

2
a(t)(u2

x + u2
y + u2

z) + a3(t)H(u), (62)

where H(u) =
∫
Gd(u), and

L = −1

2
a3(t)u2

t +
1

2
a(t)(u2

x + u2
y + u2

z), (63)

respectively.

As mentioned before, the case k = 0 is ‘flat’ and one would expect a maximal dimen-

sional algebra for the wave and Klein-Gordon equations [6] on the FRW manifold.

However, for our purposes, we present only the strict Noether symmetries (i.e. gauge

equal to zero) of equations (60) and (61). The additional symmetries may be found

by setting the gauge to be non-zero. Let

X = ξ∂x + τ∂t + η∂y + γ∂z + φ∂u

be a Noether point operator that satisfies (14). It can then be shown that equation

(61) admits a 7-dimensional algebra of strict point symmetry generators with basis

(Noether symmetries) given by
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X1 = ∂u, X2 = ∂x, X3 = ∂y, X4 = ∂z,

X5 = x∂y − y∂x, X6 = x∂z − z∂x, X7 = y∂z − z∂y.
(64)

Equation (60) with G(u) = u (i.e. the Klein-Gordon equation) admits six strict

Noether point symmetry generators given by X2 to X7 from (64).

It is clear that for the wave and Klein-Gordon equations, energy is not conserved

but linear and angular momenta are.

5.3.2 Conserved forms

Below in Table 5.1 is a list of the conserved forms associated with the symmetries

(64), where (Φt,Φx,Φy,Φz) is the conserved vector and

DtΦ
t +DxΦ

x +DyΦ
y +DzΦ

z = 0

on (61) with k = 0.

Note. These are obtained by Noether’s theorem [8].

Table 5.1. Conserved Forms

X1 Φt = −a(t)3ut, Φx = a(t)ux,

Φy = a(t)uy, Φz = a(t)uz

X2 Φt = 1
2
a(t)3(−uxut + uutx), Φx = 1

2
a(t)(ux

2 + u(uzz + uyy − a(t)(3a′ut + a(t)utt))),

Φy = 1
2
a(t)(uyux − uuxy),

Φz = 1
2
a(t)(uzux − uuxz)

X3 Φt = 1
2
a(t)3(−uyut + uuty), Φx = 1

2
a(t)(uyux − uuxy),

Φy = 1
2
a(t)(uy

2 + u(uzz + uxx − a(t)(3a′ut + a(t)utt))), Φz = 1
2
a(t)(uzuy − uuyz)
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X4 Φt = 1
2
a(t)3(−uzut + uutz),

Φx = 1
2
a(t)(uzux − uuxz),

Φy = 1
2
a(t)(uzuy − uuyz),

Φz = 1
2
a(t)(uz

2 + u(uyy + uxx − a(t)(3a′ut + a(t)utt)))

X5 Φt = 1
2
a(t)3(−xuyut + yuxut + u(xuty − yutx)),

Φx = 1
2
a(t)(ux(xuy − yux)− u(yuzz + uy + yuyy + xuxy − 3ya(t)a′ut − ya(t)2utt)),

Φy = 1
2
a(t)(uy(xuy − yux) + u(xuzz + ux + yuxy + xuxx − 3xa(t)a′ut − xa(t)2utt)),

Φz = 1
2
a(t)(uz(xuy − yux) + u(−xuyz + yuxz))

X6 Φt = 1
2
a(t)3(−xuzut + zuxut + u(xutz − zutx)),

Φx = 1
2
a(t)(ux(xuz − zux)− u(uz + zuzz + zuyy + xuxz − 3za(t)a′ut − za(t)2utt)),

Φy = 1
2
a(t)(xuzuy − zuyux + u(−xuyz + zuxy)),

Φz = 1
2
a(t)(xuz

2 − zuzux + u(xuyy + ux + zuxz + xuxx − 3xa(t)a′ut − xa(t)2utt))

X7 Φt = 1
2
a(t)3(−yuzut + zuyut + u(yutz − zuty)),

Φx = 1
2
a(t)(yuzux − zuyux + u(−yuxz + zuxy)),

Φy = 1
2
a(t)(uy(yuz − zuy)− u(uz + zuzz + yuyz + zuxx − 3za(t)a′ut − za(t)2utt)),

Φz = 1
2
a(t)(yuz

2 − zuzuy + u(uy + zuyz + y(uyy + uxx − a(t)(3a′ut + a(t)utt)))).

5.3.3 Illustrative reduction and exact solution

We briefly show how the order of the (1+3) equation (61) can be reduced. The equa-

tion with four independent variables is reduced to an ordinary differential equation

and an exact solution is obtained. See [4] for details.

We begin reducing (61) using X4 followed by X5 from (64). That is, in the first case,

we obtain the independent invariants of X4 by solving the first-order linear partial

differential equation X4q = 0, where q is the dependent invariant. By the method
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of invariants, the characteristic equations are

dx

−y
=

dt

0
=

dy

x
=

du

0
.

Thus, by integrating the above, we find the invariant p =
1

2
(x2 + y2) so that (61) is

reduced to

2a(t) (up + pupp)− a3 (t)
(
utt + 3ȧ(t)

a(t)
ut

)
= 0 (65)

with u = u(p, t).

A Lagrangian of (65) is

L = −a
3(t)

2
u2
t + a(t)pu2

p.

It turns out that a symmetry of (65) for a(t) = t is

X∗1 = u∂u − t∂t.

We reduce (65) with a(t) = t, using X∗1 and obtain the characteristic equations

du

u
=

dt

−t
=

dp

0
.

Integrating yields γ = ut, and (65) is reduced to the ordinary differential equation

2γp + 2pγpp + γ = 0. (66)

A solution of (66) is

γ(p) = BesselJ
[
0,
√

2p
]
C1 + 2BesselY

[
0,
√

2p
]
C2, (67)

where BesselJ[n, z] is the Bessel function of the first kind Jn(z), BesselY[n, z] is the

Bessel function of the second kind Yn(z) and C1, C2 are arbitrary constants.
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5.4 Conclusion

We have discussed the isometries of the FRW metric for different curvatures in their

relationship to the Noether symmetries of the geodesic equations. The nonlinear

wave and Klein-Gordon equations were constructed and analysed in FRW geometry.

The classical method of Noether’s theorem was used for the derivation of symmetries

and conservation laws of the underlying equations. As an illustration, we performed

a symmetry reduction of the wave equation on a FRW manifold and obtained an

exact solution.

76



Chapter 6

Higher-order Symmetries and

Conservation Laws

6.1 Introduction

We investigate the existence of higher-order symmetries and conservation laws for

the Klein-Gordon equation. We apply the multiplier approach that leads to a large

class of interesting and higher-order conserved flows that would not have been ob-

tained by variational techniques such as Noether’s theorem. Other multipliers and

conserved densities exist for the Gordon-type equations and may be found in [53].

It can be proved that with the well-known transformations,

X =
1

2
(x− t) and T =

1

2
(x+ t), (68)

the (1+1) classical wave equation

utt − uxx − k(u) = 0, (69)
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can be transformed to the canonical form [4]

uXT − k(u) = 0. (70)

Equation (70) has been extensively studied in terms of its symmetries and varia-

tional properties [4]. In particular, the sine-Gordon equation, uXT − sinu = 0, has

been shown to have higher-order variational symmetries giving rise to interesting,

nontrivial conservation laws, for example, the symmetries,

X1 = (uXXX + 1
2
u3
X)∂u,

X2 = (uXXXXX + 5
2
u2
XuXXX + 5

2
uXu

2
XX + 3

8
u5
X)∂u,

X3 = (uTTT + 1
2
u3
T )∂u,

(71)

are variational as they satisfy Theorem 1 [4].

The first two symmetries in (71) lead to the corresponding densities

ΦT
1 = −1

2
u2
XX +

1

8
u4
X , ΦT

2 =
1

2
u2
XXX −

5

4
u2
Xu

2
XX +

1

16
u6
X . (72)

In a previous paper [53], we investigated the canonical form of the wave equation

(70). Using the multiplier method, it was found that the only other cases of (70)

that yield derivative dependent symmetries are when k(u) = u and k(u) = eu. The

third-order symmetries for (70) are

k(u) = u : X∗ = (uXXX + neX+T )∂u, n is an arbitrary constant,

k(u) = eu : X∗∗ = (uXXX − 1
2
u3
X)∂u.

(73)

These symmetries can be useful for finding higher-order symmetries and conserva-

tion laws for the classical wave equation (69). Once the results of the (1+1) wave

equation (69) are known, they may be extended to the multi-dimensional Gordon-

type equations. That is, the multi-dimensional Gordon-type equations are best

considered as

utt −4u− k(u) = 0, (74)
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where 4 denotes the Laplacian.

6.2 (1+1) Gordon-type equations

Consider the following special cases of equation (69) in the form

(a) uxx − utt − sinu = 0

(b) uxx − utt − u = 0

(c) uxx − utt − eu = 0

In each case, we list one of the higher-order symmetries and conserved densities

which arise as a consequence of transforming the results of the canonical forms, (71)

and (73). Case (a) is done in detail.

(a) uxx − utt − sinu = 0

In converting from equations (70) to (69), we use the transformations,

x = X + T, t = T −X

and obtain higher-order symmetries for the classical equation (69), we denote these

symmetries by X . We will now illustrate the method using X1 = (uXXX + 1
2
u3
X)∂u

from (71). Since,

uX = uxxX + uttX

= ux − ut,

uXX = uxxxX + uxttX − utxxX − utttX
= uxx − 2uxt + utt,
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uXXX = uxxxxX + uxxttX − 2(uxtxxX + uxtttX) + uttxxX + uttttX

= uxxx − 3uxxt + 3uxtt − uttt,

we have that the equivalent of X1 is

X1 =
(
uxxx − 3uxxt + 3uxtt − uttt + 1

2
(ux − ut)3

)
∂u,

where X1 is also an evolutionary generator of (69), that leads to the conserved

density

Φt
1 = 1

8
(ut

4 + 4utt
2 − 3ut

3ux + 4utttux − 4cos(u)ux
2 + 8utt(sin(u)− uxt)

−16sin(u)uxt + 3uux
2uxt − 4uxuxtt + 4uuxttt + ut

2(−4cos(u) + 3ux
2

+3u(uxt − uxx)) + 8sin(u)uxx − 3uux
2uxx + 8uxtuxx − 4uxx

2

−4uxuxxt − 12uuxxtt + 4uxuxxx + ut(−ux3 + ux(8cos(u)

−6u(uxt − uxx))− 8(uxtt − 2uxxt + uxxx)) + 12uuxxxt − 4uuxxxx).

(b) uxx − utt − u = 0

X2 = (uxxx − uttt − 3utxx + 3uttx + ex)∂u,

where X2 corresponds to X∗ in (73) with n = 1. The corresponding conserved

density for X2 is

Φt
2 = 1

2
(−ut2 + utt

2 + utttux − ux2 − 2uttuxt − uxuxtt + 2uxtuxx − uxx2

−uxuxxt + uxuxxx − 2ut(e
x − ux + uxtt − 2uxxt + uxxx) + u(2utt − 4uxt

+uxttt + 2uxx − 3uxxtt + 3uxxxt − uxxxx)).

(c) uxx − utt − eu = 0

X3 = (uxxx − uttt − 3utxx + 3uttx − 1
2
(ux − ut)3)∂u,
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where X3 corresponds to X∗∗ in (73). The corresponding conserved density for X3

is

Φt
3 = 1

8
(−ut4 + 4utt

2 + 3ut
3ux + 4utttux − 4euux

2 + 8utt(e
u − uxt)

−16euuxt − 3uux
2uxt − 4uxuxtt + 4uuxttt − ut2(4eu + 3ux

2

+3u(uxt − uxx)) + 8euuxx + 3uux
2uxx + 8uxtuxx − 4uxx

2 − 4uxuxxt

−12uuxxtt + 4uxuxxx + ut(ux
3 + ux(8e

u + 6u(uxt − uxx))
−8(uxtt − 2uxxt + uxxx)) + 12uuxxxt − 4uuxxxx).

6.3 (1+2) Klein-Gordon equation

We now consider the (1+2) Klein-Gordon equation,

uxx + uyy − utt − u = 0. (75)

In the discussion that follows, we first extrapolate a symmetry of equation (75), and

secondly we take a formal approach (the multiplier method) for finding symmetries.

Using X2 from (b) above, we construct a symmetry of equation (75), namely

XA = (uxxx + uyyy − uttt − 3utxx − 3utyy + 3uttx + 3utty + ex + ey) ∂u

and we obtain the corresponding conserved density,

Φt
A = 1

2
(−ut2 +utt

2 +utttuy−uy2−2uttuyt−uyuytt+2uytuyy−uyy2−uyuyyt+uyuyyy+

utttux−uyytux−ux2−2uttuxt+2uyyuxt−uxuxtt+uxuxyy+2uytuxx−2uyyuxx+2uxtuxx−
uxx

2−uyuxxt−uxuxxt+uyuxxy +uxuxxx−ut(2ex+2ey−2uy +2uytt−4uyyt+2uyyy−
2ux + 2uxtt + uxyy − 4uxxt + uxxy + 2uxxx) + u(2utt − 4uyt + uyttt + 2uyy − 3uyytt +

3uyyyt−uyyyy−4uxt+uxttt+2uxyyt+2uxx−3uxxtt+2uxxyt−2uxxyy+3uxxxt−uxxxx)).

More formally, we employ the multiplier approach. Suppose

δ

δu
[Q(uxx + uyy − utt − u)] = 0, (76)
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where Q = Q(x, y, t, ux, ux, uxx, uxy, uxxx, uxxy, uxyy, uyyy). Although not pursued

here, the calculations may include derivatives of u with respect to t. Then

Q[(uxx + uyy − utt − u)] = DtΦ
t +DxΦ

x +DyΦ
y,

where Φx,Φy are the conserved fluxes and Φt is the conserved density.

We obtain,

Q = 1
6
{−3(−1

3
uyyyC4x

3 + (uxyC4 + uxyyyC4 + uxyyC3 + uyyyC1)x2 + (−uxxyy2C4

+((−uxx + uyy)C4 − 2C1uxyy − 2uxxyC3)y − 4uxyyC5 − 2uxyC1 + (−uxx
+uyy)C3 − 2uxxyC6 + (−2C6 + 2C2)uyyy − 2uyC11)x+ 1

3
uxxxy

3C4 + (uxxyC1

−uxC4 + uxxxC3)y2 + ((2C6 − 2C2)uxyy + (uxx − uyy)C1 − 2uxyC3 + 4uxxyC5

+2uxxxC6 + 2C11ux)y − 2uxyyC8 − 2uxxyC7 − 2uyxC2 − 2uyyyC10

+(−2uyy + 2uxx)C5 − 2uxC13 − 2uyC12 − 2uxxxC9)}
(77)

where the Ci (i = 1, 2, 3, . . . 13) are arbitrary constants. Using (77), we obtain

the set of multipliers Qi below. We have also listed the corresponding conserved

densities Φt
i.

Q1 = ux,

Φt
1 = 1

2
(−utux + uuxt),

Q2 = uy,

Φt
2 = 1

2
(−utuy + uuyt),

Q3 = xuy − yux,
Φt

3 = 1
2
(ut(−xuy + yux) + u(xuyt − yuxt)),

Q4 = uxxx,

Φt
4 = 1

2
(−utuxxx + uuxxxt),
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Q5 = uyyy,

Φt
5 = 1

2
(−utuyyy + uuyyyt),

Q6 = uxyy,

Φt
6 = 1

2
(−utuxyy + uuxyyt),

Q7 = uxxy,

Φt
7 = 1

2
(−utuxxy + uuxxyt),

Q8 = −uyx + xuyyy − yuxyy,
Φt

8 = 1
2
(ut(−xuyyy + uxy + yuxyy) + u(xuyyyt − uxyt − yuxyyt)),

Q9 = uxx − 2xuxyy + 2yuxxy − uyy,
Φt

9 = 1
2
(ut(uyy + 2xuxyy − uxx − 2yuxxy) + u(−uyyt − 2xuxyyt + uxxt

+2yuxxyt)),

Q10 = −xuxxy − xuyyy + yuxyy + yuxxx,

Φt
10 = 1

2
(ut(xuyyy − yuxyy + xuxxy − yuxxx) + u(−xuyyyt + yuxyyt − xuxxyt

+yuxxxt)),

Q11 = −xuxx + x2uxyy + xuyy + y2uxxx − 2xyuyxx − 2yuxy,

Φt
11 = 1

2
(−ut(xuyy − 2yuxy + x2uxyy − xuxx − 2xyuxxy + y2uxxx) + u(xuyyt

−2yuxyt + x2uxyyt − xuxxt − 2xyuxxyt + y2uxxxt)),

Q12 = yuxx + x2uyyy − yuyy + y2uyxx − 2xyuyyx − 2xuxy,

Φt
12 = 1

2
(−ut(−yuyy + x2uyyy − 2xuxy − 2xyuxyy + yuxx + y2uxxy) + u(−yuyyt

+x2uyyyt − 2xuxyt − 2xyuxyyt + yuxxt + y2uxxyt)),
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Q13 = −xyuxx − 1
3
x3uyyy + 1

3
y3uxxx + xyuyy − y2uxy − xy2uxxy + yx2uxyy

+x2uxy,

Φt
13 = 1

6
(ut(−3xyuyy + x3uyyy − 3x2uxy + 3y2uxy − 3x2yuxyy + 3xyuxx

+3xy2uxxy − y3uxxx) + u(3xyuyyt − x3uyyyt + 3x2uxyt − 3y2uxyt

+3x2yuxyyt − 3xyuxxt − 3xy2uxxyt + y3uxxxt)).

The evolutionary, higher-order multipliers Xi = Qi∂u are variational. One may

prove this with the use of Theorem 1. For example,

XE +AFQ8E = Qxx +Qyy −Qtt −Q
+ (Dxy + yDxyy − xDyyy) (uxx + uyy − utt − u)

= uxxxy + uxyyy − uxytt − uxy + y(uxxxyy + uxyyyy − uttxyy
−uxyy)− x(uxxyyy + uyyyyy − uttyyy − uyyy) + 2uxyyy

+xuxxyyy − yuxxxyy − uxxxy + uyyyyy − 2uxyyy − yuxyyyy
−uxyyy − xuyyytt + yuxyytt + uxytt − xuyyy + yuxyy + uxy

= 0.

After some lengthy calculations, it appears that for the multi-dimensional Gordon-

type equations (74), higher-order symmetries/multipliers (and the corresponding

conserved quantities) may be determined for the case k(u) = u only. The underlying

calculations for the cases k(u) = sin(u) and k(u) = eu produce negative results

despite spending a huge amount of time on it. This seems to be a consequence of

the underlying differential operator being linear only if k(u) = u (see Proposition

1).
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6.4 Conclusion

In the first of our analysis of the classical Gordon-type equations, we utilized results

based on higher-order symmetries of the equations in canonical form. We established

interesting results of higher-order symmetries and conserved flows for the (1+1) clas-

sical equations. We studied the (1+2) Klein-Gordon equation to determine possible

higher-order symmetries. The higher-order symmetries were deduced by extrapo-

lating the results of the (1+1) Klein-Gordon equation and, more formally, using the

multiplier approach. In applying the multiplier approach to the Klein-Gordon equa-

tion, we determined a large set of thirteen higher-order symmetries and conserved

densities, which would not have been obtained with variational techniques such as

Noether’s theorem.
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Conclusion

Symmetry analysis is a special tool used to understand and construct solutions of

differential equations. The existence of infinitely many generalized symmetries is

of great significance, especially in situations of physical and mathematical interest,

where symmetries are used to reduce the number of unknown functions. Therefore,

understanding the symmetry structure of spacetimes in any dimension is important.

Numerous studies have also been dedicated to finding the conservation laws for

given differential equations. Conservation laws play a significant role in the solution

process of differential equations. In this study, we identified numerous symmetries

and conserved flows of some nonlinear wave equations.

We constructed the wave equation in several spacetime geometries, bearing in mind

that the four dimensional wave equation may be of more physical significance. For

this purpose, we implemented the covariant d’Alembertian operator. The con-

structed wave equation naturally inherited some nonlinearity on the geometries and

was cumbersome and tedious to solve. We began our study by analyzing wave and

Klein-Gordon equations on spacetimes such as: de Sitter, Milne, Bianchi III and

FRW.

Wave and Klein-Gordon equations in de Sitter spacetimes proved to be interesting
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from the symmetry point of view. Using the Lie symmetry generators (one param-

eter Lie groups of transformations), we classified and reduced the underlying equa-

tions, leading to the derivation of conserved quantities. The equations were studied

using some special potential functions and with restrictions on the mass parameters.

It is well-known that the (1+3) linear wave equation admits a 16-dimensional Lie

algebra of symmetries (excluding the infinite symmetry) on flat spacetime. Compar-

atively, we discovered that the Lie algebra of the wave equation with zero potential

on de Sitter spacetime is 11-dimensional. In the cases discussed, we found ‘twelve’ or

‘eighteen’ dimensional Lie symmetry groups. Interestingly, all the symmetry groups

contained a ’six’ dimensional Lie symmetry subgroup. As such these symmetries

form a subgroup of the Killing group admitted by the de Sitter spacetime.

We investigated a class of wave and Gordon-type equations on the Milne metric. In

particular, we conducted a Lie and Noether symmetry analysis of a Klein-Gordon

equation on this manifold and calculated the conserved densities. In an effort to ob-

tain higher-order symmetries, we exploited multiplier methods for the Klein-Gordon

equation. This method was successful for the projected equation. The wave equa-

tion on the Bianchi III manifold provided some interesting symmetries. We classified

the symmetry generators based on some parameters of the line element and then

obtained the associated conserved forms.

In studying the FRW manifold, we first took a brief look at the isometries of the

FRW metric for different curvatures. The nonlinear wave and Klein-Gordon equa-

tions were constructed and the Noether symmetries were determined. In applying

the classical Noether’s theorem, the conserved forms of the wave equation were

derived. In the final chapter, we employed the multiplier approach on lower dimen-

sional Gordon-type equations. We found that the multipliers led to a large class

of interesting and higher-order symmetries and conserved flows that would not be
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obtained by variational techniques such as Noether’s theorem. Calculations of the

(1+1) equations were extrapolated to obtain results for the (1+2) equation. The

extrapolation may be useful if applied to higher dimensional equations.

We have performed detailed symmetry reductions of the wave equation on the space-

times under investigation in order to obtain exact or invariant solutions. In general,

the procedure performed, i.e., the method of invariants, is the most convenient.

Not all of the symmetries provided here lead to physical conservation laws. How-

ever, these are as useful in application - mainly to reduce the underlying differential

equation. We hope that solving the nonlinear wave equation in curved spacetime

provides some insight into the geometry or relativity of different manifolds.
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