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Abstract

This thesis presents new generalisations of some classical convergence the-
orems, thus developing the theory of stochastic processes in vector lattices as
set out by Kuo, Labuschagne and Watson [58–60]. This setting has been re-
ceiving considerable attention since its introduction, and has already proven
to be fruitful by providing generalisations of many classical stochastic process
results, which have the classical results as special cases. Such results include,
amongst others, generalisations of Brownian motion and Itô integration [44],
martingale theory [59, 60], Markov processes [88, 89], mixingales [68], modes
of stochastic convergence [6], and various important inequalities, see for ex-
ample [7, 9, 38]. Hence it has been shown how these classical theories depend
greatly on the order structure and not on measure theory. In so doing, some
new results have been brought even to the classical measure space setting, for
example in [65].

This thesis builds on previous work and gives a number of new results. The
first main result obtained is the strong sequential completeness of the space
L1(T ), the natural domain of the conditional expectation operator T . Strong
completeness of L∞(T ) is also proved. A maximal inequality is generalised
which in the classical setting is due to Hájek-Rényi and Chow in [16, Theorem
1], see [30, Proposition (6.1.4)]. The final main result is a measure-free version
of Chow’s martingale law of large numbers [16, 17] having Kolmogorov’s and
Lévy’s laws of large numbers as special cases. This is quite a general result
having many areas of application, including Lp(T ) martingales for arbitrary
p > 1, submartingales, and independent random variables. In the course
of proving the above we develop the understanding of functional calculus on
Riesz spaces, prove Riesz space versions of Kronecker’s Lemma and Hölder’s
inequality for sums, give a submartingale limit law and gain other results.
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To the Triune God, whom I believe, and whose word promises a sure convergence:
all things work together to conform those who love Him to the image of Christ.

This convergence is by the strong law of the Spirit of life.
(Romans 8:2, 28-30)
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6.5 Chow’s strong law for p > 2 . . . . . . . . . . . . . . . . . . . . 42

7 Concluding Chapter 46

A Functional Calculus and Clarkson’s Inequality 47

B Existence of p-Powers and Related Products in a Riesz Space 54



Chapter 1

Introductory Chapter

1.1 Introduction

In this thesis, the completeness of the natural domain of a conditional ex-
pectation operator on a vector lattice, i.e. Riesz space, is proved, as well as
other results related to convergence of stochastic processes in vector lattices.
The final result of the thesis is a generalisation of Chow’s strong law of large
numbers to Riesz spaces.

1.2 Outline of the thesis

This introductory chapter describes the landscape into which the work of the
current thesis fits. We mention some applications of the study of Riesz spaces
and give a literature survey of existing research on stochastic processes in Riesz
spaces.

Chapter 2 introduces concepts that are used later in the thesis.
In Chapter 3 strong sequential completeness of the natural domain of a

conditional expectation operator on a Riesz space is proved.
In Chapter 4 a generalisation of the Hájek-Rényi-Chow maximal inequality

for submartingales in Riesz spaces is given.
In Chapter 5 Kronecker’s Lemma is proved in the Riesz space setting, as

well as a theorem related to the convergence of Cesàro sums. Making use of
these results and the Hájek-Rényi-Chow maximal inequality of the previous
chapter, a limit law for submartingales is proved.

Chapter 6 culminates with a generalisation to Riesz spaces of Chow’s Lp

laws of large numbers for martingale difference sequences.

1.3 Survey of Riesz space research

Speaking at the 1928 International Mathematical Congress in Bologna, Italy,
F. Riesz initiated the exploration into the theory of Riesz spaces [77]. Riesz
spaces are vector spaces endowed with a partial ordering compatible with the
vector operations such that every set of two elements has a supremum. These
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spaces are also known as lattice ordered vector spaces or vector lattices. As
surveyed in [3, Preface to the first edition], the theory of Riesz spaces was
first axiomatically formulated and developed in the 1930s independently by
H. Freudenthal [33] and L. V. Kantrovich [52], [51]. Most of the early de-
velopments were devoted to the algebraic side; however, notable analytical
developments were made by A. Zaanen and W. Luxemburg [71] as well as H.
H. Schaefer [78]. In particular, books covering topological Riesz spaces have
been written by D. H. Fremlin [31] and by C. D. Aliprantis [3].

One significant use of Riesz spaces comes from the fact that the classical
measure spaces Lp(Ω) are special cases of a vector lattice. Hence many results
from measure theory are particular cases of theorems holding on Riesz spaces.
As an example, the classical Radon-Nikodym Theorem can be deduced quite
simply from the Freudenthal’s Spectral Theorem on Riesz spaces.

In addition, some useful applications of Riesz spaces have been found in
optimisation theory and economic modelling. The first use of Riesz spaces
in economic theory was by Charalambos Aliprantis and Donald Brown in the
1980s in [4], as mentioned in [3, p. 215]; who were inspired by the work of
mathematical economist Hukukane Nikaido in his classic book Convex Struc-
tures and Economic Theory [72].

Riesz spaces have also been found useful in the study of generalised func-
tions and partial differential equations, see for example [2, 85] and references
therein.

Another area of application, the subject of this thesis, is the study of
stochastic processes in Riesz spaces. The existing literature on this topic
can be roughly divided into the following groups: initial generalisations of
martingales to vector lattices; discrete-time stochastic processes in the setting
where the conditional expectation operators map weak order units to weak or-
der units; Banach space valued stochastic processes; other processes including
martingale generalisations and Markov processes; stochastic integration and
continuous processes in Riesz spaces; and generalisations of convergence and
Lp space concepts.

1.3.1 Initial generalisations of martingales to vector lat-
tices

In the classical setting, stochastic processes are based on measure theory. Tra-
ditionally, discrete-time stochastic processes are defined as sequences of mea-
surable functions on a probability space, and continuous stochastic processes
are defined analogously where the index set is an interval of real numbers.
The 1966 paper A martingale convergence theorem in vector lattices by R. De-
Marr [27] is, to our knowledge, the first time that stochastic processes were
generalised to the setting of Riesz spaces. DeMarr’s definition of a condi-
tional expectation requires only that it be a positive linear projection, and it
is therefore a generalisation of classical conditional expectations. Examples in
his paper show that martingales can be defined in this generalised sense that
are not martingales in the classical sense. In DeMarr’s own words, examples in
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that paper “illustrate that the martingale concept extends beyond its original
confines in probability (i.e., measure) theory.” DeMarr proved a submartin-
gale decomposition theorem and Doob’s martingale convergence theorem for
bounded submartingales meeting certain conditions, which are met in the clas-
sical setting of almost everywhere bounded random variables L∞(Ω). Though
his generalisation did not have Doob’s L1(Ω) martingale convergence theorem
as a special case, his result allows a new proof of it without using upcrossings.

In the 1970’s and 1980’s, order theoretic approaches were also applied to
the theory of Markov processes, see for example Doob [28] and Schaefer [78].

The work initiated by DeMarr was continued by G. Stoica in the 1990’s, see
[80–83]. Stoica’s setting required additionally that the range of a conditional
expectation be a “component” of the vector lattice. This is a special case of
DeMarr’s setting which no longer contains the classical setting as a special
case (see subsection 2.2.2 below). Stoica’s work applies to some of DeMarr’s
example processes which are not martingales in the classical setting.

Troitsky’s paper [84] presented and studied a different but related special
case of DeMarr’s setting. In Troitsky’s paper a conditional expectation is de-
fined as a positive contractive projection on a Banach space. As the paper
points out, this definition is a generalisation of the classical conditional ex-
pectation since, in the classical case, conditional expectations are exactly the
positive contractive projections preserving constant functions, as proved by
Douglas in [29].

In the 1970’s, M. Rao and de Jonge noted how some properties of condi-
tional expectations, and hence stochastic processes, are related to the order
structure of L0(Ω) in which they are defined, see [75] and [24]. Conditional
expectations have also been studied as operators on the Banach lattice Lp(Ω)
by de Pagter, Dodds, Grobler, Huijsmans and Rao in [26, 41, 74]. De Jonge
provided four sufficient conditions for linear operators on L∞(Ω) to be repre-
sentable as conditional expectation operators on L∞(Ω).

1.3.2 Discrete-time stochastic processes in the new set-
ting

Building on the above insights, Kuo, Labuschagne and Watson in [58] de-
fine conditional expectation operators as positive order-continuous projections
mapping weak order units to weak order units and having Dedekind complete
range. With this definition, conditional expectation operators are shown to
commute with certain band projections. The averaging properties of these
operators are then shown, which leads to the extension of the domains of such
operators to what is called their maximal domain. In [60] and [55] the newly
defined conditional expectation was used to generalise martingales, submartin-
gales, stopping times and optional stopping theorems to vector lattices. In [62],
Kuo, Labuschagne and Watson presented a generalisation of the classical up-
crossing theorem and showed how it could be applied to give a fuzzy upcrossing
theorem for fuzzy processes.

In [63] the concept of independence was generalised, as well as the Borel-
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Cantelli Lemma and Kolmogorov’s Zero-One Law. These results were also
shown to have applications in classical and fuzzy probability theory. In [59]
and [56] a generalised version of Doob’s martingale convergence theorem was
proved for bounded martingales using the Riesz space upcrossings theorem,
and the space of convergent martingales was characterised with the help of
a Riesz-Krickeberg-like decomposition. In [61] some ergodic theorems were
generalised, and these were used in conjunction with Kolmogorov’s Zero-One
Law to prove a strong law of large numbers for sequences of independent
random variables.

Weak laws of large numbers were given for more general processes in [67,68].
In Stoica’s initial Riesz space setting, some stronger limit laws and laws of large
numbers were proved in [79]. In the setting of Kuo, Labuschagne and Watson,
Chow’s laws of large numbers had not been attempted, this forms the topic of
the latter half of this thesis.

1.3.3 Banach space valued stochastic processes

In a related field, Labuschagne, Cullender and others studied Banach space
valued stochastic processes in the above-mentioned setting of Troitsky. In [20] a
summary of Banach space valued stochastic processes and stochastic processes
on Riesz spaces was given. Results there were applied to give results in the
classical setting. In [21–23], where the stochastic elements were operators,
results relating to decompositions, stopping times, convergence and the Radon-
Nikodym property in Banach spaces were obtained. The study of Banach space
valued stochastic processes has been continued by Gao, Labuschagne, Marraffa,
Troitsky and Xanthos, for example in [69] and [35].

1.3.4 Other processes on Riesz spaces

In addition to martingales, various stochastic processes have been generalised
to the Riesz space setting of Kuo, Labuschagne and Watson. A generalisation
of amarts to Riesz spaces was given in [57]. In this paper the martingale
convergence theorem of [59] was adapted to prove convergence of amarts in a
Riesz space. Reverse martingales were generalised along with a convergence
theorem for reverse martingales in [54].

Kuo, Vardy and Watson generalised Markov processes [88,89]; mixingales,
with a related weak law of large numbers [68]; Quasi-martingales, with related
decomposition theorems [90]; and Bernoulli processes, with a related law of
large numbers, the Bienaymé inequality, and Poisson’s theorem [67] to Riesz
spaces.

Rogans, Kuo, and Watson generalised mixing processes and obtained Riesz
space mixing inequalities [65]. Their results were applied in the classical set-
ting to get new results for σ-finite processes. The concept of near-epoch depen-
dence was generalised in [66] and it was proved that if a process is near-epoch
dependent, then it is a mixingale .
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1.3.5 Integration and continuous stochastic processes
on Riesz spaces

Additional developments were made which allowed the study of integration
and continuous stochastic processes on Riesz spaces. Watson gave a Hahn-
Jordan decomposition as well as an Andô-Douglas-Radon-Nikodym Theorem
in the Riesz space setting in [91]. Related results are given by L. Hong in [50].
Labuschagne and Watson generalised discrete stochastic integration to Riesz
spaces in [70]. Here the f -algebra structure of the universal completion of a
Riesz space was utilised to consider generalisations of L2 spaces of martingales,
and use was also made of the Radon-Nikodym Theorem to define stochastic
integration with respect to discrete-time Brownian motion.

Grobler [36] obtained results for continuous stochastic processes, which
he defined in a slightly different setting. In order to make use of duality
theory, requirements were added to the order-dual space of the Riesz space in
question. Indeed, the main result of the paper, a decomposition theorem for
continuous submartingales, requires a perfect Riesz space. In Grobler’s setting
the Riesz space is not required to have a weak order unit, but instead the more
general requirement is that the band generated by the range of a conditional
operator be the Riesz space. His definitions helped define continuous stochastic
processes on Riesz spaces.

For continuous time processes, Grobler in [37] considered general stopping
times, and adapted T -universal completeness and a Radon-Nikodym Theorem
(from [58] and [91] respectively) to get a generalisation of Doob’s optional
stopping Theorem to continuous stochastic processes in Riesz spaces.

In [38] Grobler discusses in detail how to define a functional calculus in
a Riesz space setting so that functions like xp make sense for a Riesz space
element x and real number p. Grobler does this by defining a Daniell integral,
and making use the sup-completion of a Riesz space. Using this functional
calculus, he then proves Jensen’s inequality in the Riesz space setting, which
together with an upcrossing theorem give a number of martingale inequalities
for both discrete and continuous processes.

In [39,40] Grobler generalises a Kolmogorov-C̆entsov Theorem and Hölder-
continuity to Riesz spaces. Conditional independence is discussed and contin-
uous Brownian motion is generalised to the Riesz space setting, extending the
discrete Brownian motion given by Labuschagne and Watson in [91].

Grobler and Labuschagne in [43–47] discuss Itô integration with respect
to Brownian motion, martingales or local martingales, and extend classical
integrals such as the Bochner integral. Results relating to continuity and
quadratic variation of a continuous process are given in [47] where a “local-
ization” technique is used to deal with not necessarily bounded martingales,
where a truncation technique would have been insufficient; Itô’s rule is studied
in [43] where Lévy’s characterisation of Brownian motion is proved, and in [42]
generalisations of Girsanov’s Theorem, a Kunita-Watanabe inequality, expo-
nential processes, cross-variation processes, Itô’s formula for multidimensional
processes and the integration by parts formula for martingales are given.
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1.3.6 Generalisations of convergence and Lp spaces

Various inequalities, modes of convergence, and other concepts related to Lp

spaces spaces have been generalised to the Riesz space setting. In [48] Grobler,
Labuschagne and Marraffa studied the quadratic variation of discrete-time
martingales and obtained a number of related inequalities. In [6] Azouzi, Kuo,
Ramdane, and Watson extended concepts of convergence in mean, i.e. strong
convergence, and convergence in probability to the Riesz space setting. This
paper also included a study of how these modes of convergence relate to the
generalised concepts of T -uniform integrability (first introduced in [68]) and
T -boundedness.

Azouzi and Trabelsi in [9] introduced and studied generalised Lp(T ) spaces
for p > 1 by using the groundwork laid by the functional calculus in [38].
The paper [9] also gives a comparison of two different ways of establishing a
functional calculus on a Riesz space, one with the Daniell integral used by
Grobler, and another with the homomorphism formulation of Buskes, Pagter
and van Rooij as in [14]. These two formulations are shown to be equivalent on
the ideal generated by the weak order unit, and therefore functional calculus
results of the homomorphism formulation can be applied in settings involving
the Daniell integral formulation. A study of convex functions on L(T )p-spaces
gives an L1(T )-valued norm on Lp(T ), as well as the inequalities of Minkowski,
Young, Hölder, Lyapunov, and Chebychev. The paper also characterises the
T -uniform nets as being equal to T -bounded nets for nets in Lp(T ) spaces
with p > 1, and it is shown that convergence in Lp(T ) is equivalent to having
a T -uniform tail and converging in T -conditional probability.

In [7] Azouzi and Ramdane generalised Burkholder’s inequality to Riesz
spaces. (This inequality is used the proof of Chow’s strong law of large num-
bers for p > 2 in Chapter 6 below.) The paper [7] also introduces Riemann
integration in a Riesz space setting and obtains an integral representation of
p-powers, related to what is done in [38, Theorem 6.5]. In addition, a number
of technical results are obtained relating to Lp(T ) norms and stopping times,
as well as a Riesz space Cauchy-Schwarz type inequality.

Azouzi and Ramdane generalised distribution functions to Riesz spaces
in [8]. In this paper a result is given analogous to the classical result of getting
an expectation by taking an integral with respect to a density function. It
is also shown that every function meeting the three defining properties of
a T -conditional distribution is the distribution function of some Riesz space
element.

Azouzi in [5] showed that a Riesz space is universally complete if and only
if it is unbounded order complete, uo-complete. This gives an analogue to the
fact that Dedekind complete spaces are order-complete and has applications in
the Banach space valued stochastic processes studied by Gao, Troitsky, Xan-
thos and others, see for example [35] and references in [5]. Another application
is that the range R(T ) of a conditional expectation operator T is uo-complete
if T has been extended to its natural domain, since in that case R(T ) is uni-
versally complete, see [65, Theorem 2.2] and [48, Proposition 2.1 (4)]. This
paper [5] also includes a study of the sup-completion used in [38, 48] and it
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is shown that the two definitions of the natural domain dom(T ) of a condi-
tional expectation operator on a Riesz space are equivalent - the one using
the sup-completion as in [48], and the other using a universal completion as
in [58].

Our recent publication, [64], considers a type of completeness specifically
related to settings with a conditional expectation operator. Here the strong se-
quential completeness of Lp(T ) spaces is shown, meaning that strongly Cauchy
sequences, with respect to the R(T ) valued norm induced by T , will converge
in the space. This publication forms the content of Chapter 3 below. This
was proved without the need of duality theory or a perfect Riesz space and
is a first step in an attempt to remove the perfect Riesz space requirement of
Grobler and Labuschagne.



Chapter 2

Preliminaries

In this chapter we discuss classical convergence concepts, laws of large numbers,
and some other limit theorems.

In addition, preliminary Riesz space theory is introduced, both in general
and concerning stochastic processes, which will be used later in the thesis.

2.1 Classical stochastic processes

Unexplained measure theory can be found, for example, in [10], [12] and [15].
We start by defining some modes of stochastic convergence.

Definition 1 (Almost sure convergence) A sequence of real-valued func-
tions Xn defined on a measure space (Ω,F , µ) is said to converge almost surely
to X if there exists a set N in F such that µ(N ) = 0 and Xn(ω)→ X(ω) for
all ω in Ω \ N .

A different mode of convergence is convergence in measure, also known as
convergence in probability when the measure space is in fact a probability
space. A sequence of real-valued functions is sometimes called a sequence of
“random variables” when the underlying measure space is a probability space.

Definition 2 (Convergence in probability) A sequence of random vari-
ables Xn is said to converge to X in probability if for all ε > 0, we have the
convergence as n→∞ that µ ({ω : |Xn(ω)−X(ω)| > ε})→ 0.

It can be shown that almost sure convergence implies convergence in prob-
ability. Another mode is convergence in r-th mean, also known as strong
convergence, referring to convergence in the Lr-norm.

Definition 3 (Strong convergence) A sequence of random variables Xn is
said to converge strongly (or in the Lr-norm) to a random variable X if

E(|Xn −X|r)→ 0 as n→∞.

Strong convergence for any r ≥ 1 implies convergence in probability, but strong
convergence and almost sure convergence are independent concepts.

8
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Different modes of convergence have their own corresponding concepts of
completeness, based on the corresponding meaning of being Cauchy. Here we
define strong completeness.

Definition 4 A sequence Xn in a normed space L is called a strong Cauchy
sequence if for any ε > 0, there exists an N such that for any m,n ≥ N we
have ‖Xm −Xn‖ < ε.

Hence we can define strong completeness as follows:

Definition 5 A normed vector space L is said to be strongly-complete if every
strong Cauchy sequence Xn converges strongly (i.e. in norm) to a limit in L.

Applications of completeness include the ability to determine the existence
of solutions to partial differential equations, and the ability to define inte-
grals as the limit of a Cauchy sequence. The first novel result in this thesis
gives strong sequential completeness of the natural domain of a Riesz space
conditional expectation operator, see Chapter 3.

Another contribution of this thesis is the generalisation to Riesz spaces of
certain laws of large numbers. A law of large numbers gives conditions under
which a stochastic process, usually representing sample means, will converge.
In the classical theory, if the convergence is almost sure convergence then the
law is called a strong law of large numbers (SLLN); and if the convergence is
in probability then it is called a weak law of large numbers. Since almost sure
convergence implies convergence in probability, a strong law implies a weak
law.

Chebyshev’s law of large numbers states that given a sequence of indepen-
dent identically distributed random variables from a distribution with finite
mean and variance, the sample average of the first n results will converge in
probability to the mean as n→∞. This is a weak law of large numbers which
has been improved, for example to the following strong law of Kolmogorov.

Theorem 1 (Kolmogorov’s SLLN) If Xn is a sequence of independent (not
necessarily identically distributed) random variables with mean zero and

∞∑
n=1

1

n2
E(X2

n) <∞

then we have the almost sure convergence

lim
n→∞

1

n

n∑
i=1

Xi = 0.

There are a number of versions of Kolmogorov’s strong law, including for
martingale-difference sequences (see, for example, [32, Sections 273 and 276]).
A martingale stochastic process can be defined as a sequence of random vari-
ables where a random variable in the sequence is equal to the previous variable
plus a random variable having zero expectation. A martingale difference se-
quence consists of the jumps Yn = Xn −Xn−1 of a martingale Xn.
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Another law of large numbers, containing Kolmogorov’s laws as a special
case, is due to Y. S. Chow (see [16, 17] and [30, Section 6.1]). There are two
results, one for 1 < p ≤ 2 and the other for p > 2. We have generalised Chow’s
strong laws of large numbers for martingale difference sequences to the Riesz
space setting, see Chapter 6 below. The following formulation of Chow’s laws
of large numbers can be found in [30, pp. 259-260].

Theorem 2 (Chow’s SLLN for 1 < p ≤ 2) Let p be a real number satisfy-
ing 1 < p ≤ 2, let Yn =

∑n
i=1 Xi be a martingale, and let ai be a positive

increasing sequence of real numbers. If

∞∑
i=1

1

api
E (|Xi|p) <∞,

then we have the almost sure convergence:

lim
n→∞

1

n

n∑
i=1

Xi = 0.

Theorem 3 (Chow’s SLLN for p > 2) Let p be a real number satisfying
2 < p ≤ ∞, and let Yn =

∑n
i=1Xi be a martingale. Suppose

∞∑
i=1

1

i1+p/2
E (|Xi|p) <∞.

Then we have the almost sure convergence:

lim
n→∞

1

n

n∑
i=1

Xi = 0.

More details and applications of laws of large numbers can be found in [76]
and [18].

Apart from laws of large numbers, there are other limit theorems, such
as the Arzelà-Ascoli Theorem, which ensures convergence of a subsequence
of certain sequences; and Komlós’ Lemma, which guarantees the existence of
Cesàro summable subsequences (see [32, p. 396] and [53]). Since Komlós’
Lemma can be proved using a martingale law of large numbers, it is hoped
that the generalisation of Chow’s laws will contribute towards generalising
Komlós’ Lemma to Riesz spaces, similarly to what was done for Banach lattices
in [35]. The classical proof of Komlós’ Lemma also uses concepts such as
weak convergence and relative weak compactness, as well as the Arzelà-Ascoli
Theorem. These may therefore need to be generalised to the Riesz space setting
in order to prove Komlós’ Lemma.

By using Komlós’ Lemma, one can obtain a short proof of the Doob-Meyer
decomposition Theorem for continuous-time martingales (see [11]). Since the
Doob-Meyer decomposition is crucial for stochastic integration (see [36]), a
Riesz space version of Komlós’ Lemma might assist in removing the perfect
Riesz space requirement for continuous stochastic processes on Riesz spaces.
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2.2 Preliminaries for Riesz spaces and gener-

alised stochastic processes

2.2.1 Riesz spaces

Here we give some basic definitions and concepts for work in Riesz spaces.
Some of these concepts will be developed further in the sections of the thesis
where they are needed. For additional or unexplained details one can consult
[13], [25], and [92].

A partial ordering “≤” on a set A is a collection of statements “a ≤ b”
about pairs of elements in A, such as (a, b) satisfying, 1) if a ∈ A then a ≤ a,
2) if a ≤ b and b ≤ a then a = b, and 3) if a ≤ b and b ≤ a then a = b. The
statement a ≤ b can also be written as b ≥ a, and if for two elements we have
that either a ≤ b or b ≤ a then we say that a and b are “comparable.” The
difference between a partial ordering and a linear ordering is that for a partial
ordering not all elements need to be comparable, but with a linear ordering,
any two elements need to be comparable.

An upper bound of a subset C of a partially ordered space A is an element
a ∈ A such that a ≥ c for every c ∈ C. Similarly a lower bound of C is an
element a of A such that a ≤ c for every c ∈ C. A subset C of a partially
ordered space is said to be bounded above if there exists at least one upper
bound for C in A. The supremum of C, if it exists, is the lowest upper bound
of C, that is, the supremum of C is an element b ∈ A such that b ≤ a for
every upper bound a of C. Similarly the infimum of a set C is defined as the
largest lower bound. If the set C contains only two elements, c1 and c2, then
the supremum is denoted c1 ∨ c2, and the infimum is denoted c1 ∧ c2. The
supremum of a set C is denoted sup(C), and the infimum is denoted inf(C).
If the supremum of C is an element contained in C then it can be denoted
max(C), the maximum element in C, and similarly for the minimum.

A ordered vector space is defined as a vector space L on which a partial
ordering is defined, such that the partial order is compatible with the scalar
multiplication and addition of the vector space. That is, for a scalar λ ∈ R
and vectors x, y, z ∈ L such that x ≤ y, then the following two conditions must
hold, λx ≤ λy and x+ z ≤ y + z.

A Riesz space (also called a vector lattice) is an ordered vector space E
such that for any two vectors a, b ∈ E, their supremum and infimum exist in
E. That is, a ∨ b ∈ E and a ∧ b ∈ E. It can be shown that if a ∨ b ∈ E for
every a, b ∈ E then also a ∧ b ∈ E for every a, b ∈ E, hence sometimes only
the supremum requirement is used when defining a Riesz space.

An example of a linear ordering is the relationship ≤ on R defined as the
usual less than or equal relationship. An example of a partial ordering on a
Riesz space is the pointwise less that or equal to almost everywhere relationship
on L0(Ω,F , µ), where f ≤ g if f(x) ≤ g(x) for almost every x ∈ Ω.

On a Riesz space E, for any element x ∈ E we can define the positive part
x+ := x ∨ 0 and the negative part x− := (−x) ∨ 0 = −(x ∧ 0). The modulus
of x is defined as |x| := x+ + x− = −x ∨ x. Each of x+, x−, and |x| are in the



CHAPTER 2. PRELIMINARIES 12

positive cone E+ of E, i.e. x+ ≥ 0, x− ≥ 0, and |x| ≥ 0.
A Riesz subspace B of E is a vector subspace B of E which inherits the

same partial ordering as that in E and such that B is a Riesz space in its own
right, i.e. for any x, y ∈ B we have x ∨ y ∈ B.

An ideal in a Riesz space E is a Riesz subspace A of E which is solid,
meaning that if x ∈ A and y ∈ E are such that |y| ≤ |x| in E then y ∈ A.
A band B in a Riesz space E is an ideal in E with the property that if
the supremum of any subset of B exists in E, then it exists in B as well.
The smallest band containing an element x ∈ E is called the principle band
generated by x and is denoted by Bx. Principal ideals are defined analogously,
the principal ideal generated by an element u ∈ E is the ideal

Eu := {x ∈ E such that |x| ≤ n|u| for some n ∈ N}.

If an element e ∈ E is such that the ideal generated by e is the entire space,
i.e. if Ee = E, then e is called a strong order unit for E. Similarly, if w ∈ E is
such that the band Bw equals the whole space E then w is called a weak order
unit for E.

Two Riesz space elements x, y ∈ E are said to be disjoint if |x| ∧ |y| = 0,
and we write x ⊥ y. The disjoint complement of a non-empty subset D is the
set of elements disjoint to every element in D and is denoted Dd. That is,
Dd = {x ∈ E such that x ⊥ y for all y ∈ D}.

A projection band in a Riesz space E is a bandB in E such that any element
u of E can be written uniquely as u = x + y where x ∈ B and y ∈ Bd, i.e. a
projection band B ⊂ E is a band satisfying E = B ⊕Bd. If B is a projection
band in E, then the operator PB which maps u ∈ E to the corresponding
x ∈ B is called the band projection onto B. The identity operator on a Riesz
space E will be denoted by I, meaning Iu = u for every u ∈ E. For a band
projection P onto a projection band B, we define P d := I − P to be the band
projection onto Bd, the disjoint complement of B.

An operator T on E is said to be positive if Tu ≥ 0 whenever u ∈ E+.
An Archimedean Riesz space is one satisfying the property that if u, x ∈ E+

and x ≤ 1
n
u for every n ∈ N then x = 0. A Riesz space E is said to have the

principal projection property if every principle band Bx in E is a projection
Band, and E is said to have the projection property if every band B in E is a
projection band.

A Dedekind complete Riesz space E (also called order complete by some
authors) is one in which every non-empty bounded above subset of E has a
supremum in E. It follows from Riesz space properties that if E is a Dedekind
complete Riesz space then every subset of E that is bounded below has an
infimum. A Riesz space E is called Dedekind σ-complete (also called or-
der σ-complete) if every non-empty countable subset of E which is bounded
above has a supremum in E. Dedekind complete Riesz spaces are clearly
also Dedekind σ-complete, but Dedekind σ-complete spaces are not necessar-
ily Dedekind complete. An important result in the study of Riesz spaces is
the main inclusion theorem which can be found, for example, in [71, Theorem
25.1], which connects certain properties concerning Dedekind completeness and
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band projections. For our study, we mention the following implications for a
Riesz space E: if E is Dedekind complete, then it has the projection property;
if E has the projection property then it has the principal projection property;
and if E has the principal projection property, then E is Archimedean. Hence
Dedekind complete spaces have a number of useful properties, and will form
the base of our generalised study of stochastic processes. This is justifiable
since, in the classical setting of a probability space, the set of measurable
functions L0(Ω,F , µ) is a Dedekind complete Riesz space, see [92, Example
12.5 (iii)] for proof.

A Riesz space E is called laterally complete if every subset consisting of
mutually disjoint elements has a supremum in E. If E is both Dedekind
complete and laterally complete then it is said to be universally complete.

If we have a Riesz space E, and V is a Riesz subspace of E, then we say
V is order dense in E if, for every non-zero u ∈ E+, there is a v ∈ V such
that v ≤ u. Such a subspace V is said to be strongly order dense in E if for
any u ∈ E+ we have that u = sup{v ∈ V such that 0 ≤ v ≤ u}. For an
Archimedean Riesz space E, a Riesz subspace is strongly order dense in E if
and only if it is order dense in E [92, Theorem 23.4].

The universal completion Eu of a Riesz space E is the unique space (up
to Riesz isomorphism) such that Eu is universally complete and contains E as
an order dense subspace, see [71, Definition 50.4]. Every Archimedean Riesz
space E can be extended uniquely (up to Riesz isomorphism) to a universally
complete space Eu containing E as an order dense subspace, see [71, Theorem
50.8] and [94].

Another completion used in the literature is the sup-completion of a Dedekind
complete Riesz space E, denoted Es, which plays a similar role for E as R∪{∞}
does for R. More details can be found in [38], [9] and [5]. One property of Es
is that it is a tight cone for E, which means (among other properties) that if
u ∈ Es and u ≤ v for some v ∈ E then u ∈ E.

A non-empty subset D of a Riesz space E is said to be downwards directed
if for every two elements u, v ∈ D, there exists an element in D that is smaller
or equal to both, i.e. ∃h ∈ D such that h ≤ u∧v. Upwards directed subsets of
a Riesz space are similarly defined. If a downwards directed D set has infimum
d we write D ↓ d (similarly for a decreasing sequence vn with infimum v, we
write vn ↓ v).

In this thesis, a sequence xn in a Riesz space is said to converge in order
to x if there exists a sequence vn ↓ 0 in the same Riesz space such that
|xn−x| ≤ vn for all n. In this case we write xn

o−→ x. We note that this type of
order convergence is sometimes called 1-convergence or O1-convergence in the
literature (see [1] and references there). For sequences this definition is correct
despite the version for nets requiring a less restrictive definition, namely that
xα

o−→ x if and only if there is a net (vα) ↓ 0 in the same Riesz space and
an index α0 such that |xα − x| ≤ vα for all α ≥ α0. A different version of
order convergence sometimes used, called 2-convergence, states that a net xα
2-converges to x if there is a net (vβ)β∈B ↓ 0 such that for each β ∈ B there is
an index α0 ∈ A such that |xα − x| ≤ vβ for all α ≥ α0. The second type of
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convergence, having two potentially different index sets, holds whenever the
first convergence holds. But this second type of order convergence is slightly
more general and does not necessarily imply the first, see [1, Example 1.4].
On Dedekind complete Riesz spaces, the two definitions are equivalent, and on
Dedekind σ-complete spaces, the sequential versions of the two are equivalent
(see [1] and [35, Remark 2.2]).

An operator T on a Riesz space E is said to be order-continuous if for every
downwards directed subset D of E having infimum zero (i.e. D ↓ 0 in E), we
have inf{|Tu| : u ∈ D} = 0. If T is positive, a consequence is that for every
decreasing sequence un ↓ 0 we have that Tun ↓ 0.

2.2.2 Stochastic processes on Riesz spaces

Having laid out some foundational definitions for Riesz spaces, we turn now to
preliminaries specific to the study of generalised stochastic processes, starting
with generalised conditional expectations.

As defined by Kuo, Labuschagne and Watson in [58, 60], a positive oper-
ator T on a Riesz space E having a weak order unit is called a conditional
expectation operator if the following properties are present:
1) T is order-continuous,
2) T is a projection (i.e. T is idempotent, TTu = Tu for any u ∈ E),
3) T maps weak order units to weak order units, and
4) The range R(T ) of T is a Dedekind complete Riesz subspace of E.

We say a conditional expectation operator T is strictly positive if T |f | =
0 implies that f = 0. Some authors include strict positivity of T in the
definition of a conditional expectation operator on a Riesz space, such as in [38]
and [9]. The preference in this thesis is to leave the strict condition out of
the definition, and assume strict positivity only when required, mentioning
it explicitly in such cases. In any case, as remarked in [59] and [91], the
assumption of strict positivity does not necessarily pose a restriction, since in
such cases the quotient space E/Ker{T} can be considered, on which the map
induced by T is then a strictly positive conditional expectation.

If a conditional expectation operator is defined on a Riesz space E, then we
say that E is T -universally complete if every increasing net (xα) in E+ with
(Txα) bounded above in Eu is order convergent in E. This is the definition used
in the context of Lp(T ) spaces for example in [9, 65, 70]. In some literature a
slightly more inclusive definition is used, with “bounded above in E” replacing
“bounded above in Eu” (for example [59, 91]). A brief note on the differences
between these notions can be found in [46].

It was shown in [58] that the domain of a conditional expectation operator
T on E can always be extended in a natural way to its maximal domain in
the universal completion Eu of E. This domain is called the natural domain
and is denoted as L1(T ), or sometimes as dom(T ). In particular, L1(T ) =
D(τ) − D(τ) where f ∈ D(τ) if 0 ≤ f ∈ Eu and there exists an upwards
directed net fα in E+ with order limit f and with the net Tfα order bounded
in Eu; and in this case the value assigned to Tf is the order limit in Eu of the
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net Tfα. The natural domain L1(T ) is T -universally complete, is Dedekind
complete having same weak order unit as E, and is an order dense subspace of
Eu. Other properties from E carry over to the extended domain in such a way
that it does not add any benefit to define T on anything less than its natural
domain (see introductory paragraphs of [9]). With the “in Eu” definition of
T -universal completeness used in this thesis, it can be shown that a set E
is T -universally complete if and only if it is equal the natural domain L1(T )
(see [65]).

Now we come to concepts specific to stochastic processes on Riesz spaces.
A stochastic process on a Riesz space can be defined as a net of elements on a
Riesz space. In this thesis, dealing only with countable processes, a stochas-
tic process on a Riesz space is simply a sequence of elements in that space.
When the Riesz space is L0(Ω,F , µ) then stochastic processes are sequences
of measurable functions and the theory is reduced to the classical setting.

A filtration on a Riesz space E having a weak order unit is a family of
conditional expectation operators (Ti)i∈N defined on E such that TiTj = TjTi =
Ti for all i < j. This implies that the ranges are increasing, i.e. R(Ti) ⊆ R(Tj).
We say that a sequence of elements (fi)i∈N on a Riesz space is adapted to a
filtration (Ti)i∈N if for every i ∈ N we have that fi ∈ R(Ti). A conditional
expectation operator T on a Riesz space E having weak order unit is said to
be compatible with a filtration (Ti)i∈N on E if TiT = TTi = T for all i ∈ N.

A Riesz space (sub-, super-) martingale is a double sequence (fi, Ti)i∈N such
that (fi)i∈N is adapted to the filtration (Ti)i∈N and Tifj(≥,≤) = fi whenever
i < j.

We mention here a comparison to the setting used by Stoica (for example
in [79]). In that setting, taking the place of the above conditional expectation
operators are linear order bounded projections from E onto subsets (called
“components”) E of E satisfying E = E

⊕
Ed. This requirement on the com-

ponents is equivalent to requiring that they be projection bands. This can be
seen, for example, from the fact that a projection, say F , onto a component
E satisfies 0 ≤ Fx ≤ x for any x ∈ E+, and is therefore a band projection by
Theorem 11.4 (iii) in [92]. Hence these projections, if they are not the identity
operator, do not map weak order units to weak order units of the space E
like the requirement for a conditional expectation in the definition above (if
they did, the corresponding projection band would contain a weak order unit
for E, and would hence equal the whole space E, meaning that the projec-
tion was just the identity operator). In the classical setting of L0(Ω,F , µ),
conditional expectations map constant functions to themselves, and non-zero
constant functions are weak order units of L0(Ω,F , µ). Hence conditional ex-
pectations in the classical setting are not band projections, and cannot be seen
as a special case of the linear ordered bounded projections use by Stoica.

Definitions of T -strong convergence and convergence in T -conditional prob-
ability can be found in [6]. Note that order convergence theorems implies T -
strong convergence by the continuity of the conditional expectation operator T ,
and thereby also implies convergence in T -conditional probability [6, Lemma
5.3]. Hence the strong laws of large numbers in Riesz spaces imply their weak
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counterparts, and both have the classical laws as special cases, noting that
order convergence is equivalent to almost sure convergence in the space of
measurable functions, see [6, Remark 2.5] .

Note that on a Dedekind complete Riesz spaces with weak order unit e,
we can define a Riesz space multiplication with e as the multiplicative unit.
This multiplication shares many of the properties of multiplication in the real-
numbers, see [58].

Lastly for the preliminaries, it is noted that a functional calculus can be
developed on the Riesz spaces we are looking at. The reader is referred to [9]
for the details, whence we can define functions such as f(x) = xp for arbitrary
p > 0 on Riesz spaces. This also led naturally to the defining of Lp(T ) spaces
in [9] as

Lp(T ) = {x ∈ L1(T ) : |x|p ∈ L1(T )}.



Chapter 3

Sequential Completeness

3.1 Introductory notes

The first novel result in this thesis, a stochastic convergence theorem, is the
strong sequential completeness of the natural domain of a conditional expec-
tation operator in Riesz spaces. This is important in the theory of stochastic
integrals on Riesz spaces, and in the study of stochastic processes in Riesz
spaces as a whole.

This rest of this chapter, coming from our publication [64], starts with its
own introduction and preliminaries, which set the question in context, point
to relevant research, and state an application to measure spaces with infinite
measure. The contribution of the paper starts with Lemma 4 which is actually
a version of the Beppo-Levi Theorem (see [15, Theorem 4.30]) for T -universally
complete Riesz spaces. This result is known in the Riesz space setting, and
has been used by other authors (for example in [87, Theorem 6.2.7]), but we
are not aware of it being published in this form before.

The initial Lemma is used to prove strong sequential completeness of Lp(T ).
After this, in an easier way, strong sequential completeness of L∞(T ) is also
proved.

17
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3.2 Introduction

Strong convergence and convergence in probability were generalised in [6] to
Dedekind complete Riesz spaces with a conditional expectation operator as T -
strong convergence and T -conditional convergence in conditional probability,
respectively. Generalised Lp spaces for p = 1, 2,∞ were discussed in the setting
of Riesz spaces as Lp(T ) spaces in [70]. More recently, in [9], the Lp(T ) spaces
for p ∈ (1,∞) were considered. It was discovered in [9] that R(T ) is an f -
algebra and that L1(T ) is an R(T )-module. An R(T ) valued norm, for the
cases of p = 1,∞, was introduced on the Lp(T ) spaces in [65] where it was also
shown that R(T ) is a universally complete f -algebra and that these spaces are
R(T )-modules. We refer the reader to [86] for an interesting study of sequential
order convergence in vector lattices using convergence structures and filters,
and to [10] for the well known proof of the strong sequential completeness of
L1(Ω,F , µ).

In this paper we prove the strong sequential completeness of the natural
domain, L1(T ), of the Riesz space conditional expectation operator T , i.e.
that each strong Cauchy sequence in L1(T ) converges strongly in L1(T ). The
term strong here means with respect to the vector valued norm induced by the
conditional expectation operator T in the given space. These results can be
extended to the convergence of strong Cauchy nets which contain a sequence
as a subnet. We conclude by showing the strong completeness of L∞(T ), i.e.
that every strong Cauchy net in L∞(T ) is strongly convergent.

Interest in the completeness studied in this paper came at least in part from
[44]. There the Riesz space L1(T ) is endowed with a locally solid, locally convex
linear topology where, for every positive order-continuous linear functional ϕ
on L1(T ), a semi-norm pϕ, is defined as pϕ(f) := ϕ(T |f |). Under the condition
that L1(T ) is a perfect Riesz space, in [44] it was proved L1(T ), endowed with
the topology generated by these semi-norms, is complete. The results of the
current work supply a partial answer to whether one can avoid duality theory
and the assumption of the Riesz space being perfect to obtain that L1(T ) is
complete with suitable definitions of completeness and convergence.

The issue of completeness of L1(T ) is important in the theory of stochastic
integrals in Riesz spaces, since these integrals are defined to be limits of Cauchy
nets in L1(T ). The results also impact on the study of martingales in Riesz
spaces, see [80,84].

3.3 Preliminaries

For general background on Riesz spaces and order convergence we refer the
reader to [1, 71,93].

A conditional expectation operator, T , on a Dedekind complete Riesz space,
E, with weak order unit, say e, is a positive order-continuous projection which
maps weak order units to weak order units and has R(T ) a Dedekind complete
Riesz subspace of E, see [58]. In addition we assume in this paper that T is
strictly positive, in that if v ∈ E+ with v 6= 0 then Tv 6= 0 (Tv ≥ 0 as T



CHAPTER 3. SEQUENTIAL COMPLETENESS 19

is positive). This last condition is required for both the construction of the
T -universal completion of E, i.e. the natural domain, L1(T ), of T and so that
the mapping f 7→ T |f | defines an R(T ) valued norm on L1(T ).

The Riesz space L1(T ) is defined to be the T -universal completion of E
or natural domain of T , see [26] and [58]. We recall that T has a unique
extension to L1(T ) as a conditional expectation operator. In particular L1(T )
is characterized by the property that if (xα) is an upward directed net in
L1(T ) with (Txα) bounded in Eu (the universal completion), then (Txα) is
order convergent in L1(T ).

We recall from [65] that in L1(T ), R(T ) is a universally complete f -algebra
and that L1(T ) is an R(T )-module. It thus makes sense, as was done in [65], to
define an R(T )-valued norm on L1(T ) by ‖f‖T,1 := T |f |. This norm takes its
values in R(T )+, is homogeneous with respect to multiplication by elements of
R(T )+, is strictly positive and obeys the triangle inequality. For more details
on this norm we refer the reader to [65]. Convergence with respect to this
norm was called T -strongly convergence in [6] where various of its properties
were studied in relation to other modes of convergence.

The other space that will be of interest in this work is

L∞(T ) := {f ∈ L1(T ) : |f | ≤ g for some g ∈ R(T )}

with R(T )-valued norm

‖f‖T,∞ := inf{g ∈ R(T ) : |f | ≤ g}.

We refer the reader to [65] for more details and for the readers convenience we
give an abbreviated version of the example presented there.

Example: Let (Ω,A, µ) be a measure space, which to be interesting should
have µ(Ω) =∞ and suppose that there is (Ωn)n∈N, an A-measurable partition
of Ω into sets of finite positive measure. Let Σ be the sub-σ-algebra of A
generated by (Ωn)n∈N. We take as the starting Riesz space E = L∞(Ω,A, µ)
and the conditional expectation operator T = E[ · |Σ].

For f ∈ E we have

Tf(ω) =

∫
Ωn
f dµ

µ(Ωn)
, for ω ∈ Ωn.

The universal completion, Eu, of E is the space of equivalence classes of A-
measurable functions. Here the A-measurable functions f and g are equivalent
if f = g a.e. with respect to the measure µ.

The T -universal completion of E is the space

L1(T ) =

{
f ∈ Eu

∣∣∣∣ ∫
Ωn

|f | dµ <∞ for all n ∈ N
}
,

which is characterized by f |Ωn ∈ L1(Ω,A, µ), for each n ∈ N.
We note that E has weak order unit e = 1, the equivalence class of functions

a.e. identically 1 on Ω, which again is a weak order unit for L1(T ). The range
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of the generalised conditional expectation operator T (as extended to L1(T ))
is

R(T ) = {f ∈ Eu | f a.e. constant on Ωn, n ∈ N} ,

which is an f -algebra.
Finally

L∞(T ) = {f ∈ Eu | f essentially bounded on Ωn for each n ∈ N} .

The vector norms on L1(T ) and L∞(T ) are

‖f‖T,1(ω) = T |f |(ω) =

∫
Ωn
|f | dµ

µ(Ωn)
, for ω ∈ Ωn, f ∈ L1(T ),

‖f‖T,∞(ω) = ess supΩn
|f |, for ω ∈ Ωn, f ∈ L∞(T ).

The following lemma will assist in the proof of strong sequential complete-
ness.

Lemma 4 Let (hn) be a sequence in L1(T ) with s :=
∞∑
n=1

T |hn| order conver-

gent in the universal completion of L1(T ), then the summation
∞∑
n=1

hn is order

convergent in L1(T ).

Proof. Let s±n =
n∑
i=1

h±i , then the partial sums sn of
∞∑
n=1

hn are given by

sn = s+
n − s−n . Here (s±n ) are increasing sequences with

Ts±n =
n∑
i=1

Th±i ≤
n∑
i=1

T |hi| ≤ s.

The T -universal completeness of L1(T ) now allows us to conclude that the
sequences (s±n ) are convergent in L1(T ) to limits, say h±. Setting h = h+−h−
we have that

sn = s+
n − s−n → h+ − h− = h ∈ L1(T )

in order as n→∞.

Definition 5 We say that a net (fα) in Lp(T ), p = 1,∞, is a strong Cauchy
net if

vα := sup
β,γ≥α

‖fβ − fγ‖T,p

is eventually defined and has order limit zero.
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3.4 Strong sequential completeness of L1(T )

We now show that L1(T ) is strongly sequentially complete - i.e. that for every
sequence (fn) in L1(T ) with supi,j≥n T |fi − fj| ↓ 0 there is f ∈ L1(T ) so that
T |fn − f | → 0 in order as n→∞.

Theorem 6 L1(T ) is strongly sequentially complete.

Proof. Let (fn) be a strong T -Cauchy sequence in L1(T ). From the
definition of a strong Cauchy sequence, we can define

vn := sup
r,s≥n

T |fr − fs|

where the sequence (vn) ⊂ R(T ) decreases with infimum zero. As e, vn ∈
R(T ), it follows that ( 1

2j
e − vn)+ ∈ R(T ) and hence the band projections

Pj,n := P( 1

2j
e−vn)+ , j, n ∈ N, commute with T , see [58]. For n = 0 define

Pj,n = 0. We observe that Pj,n is increasing in n and decreasing in j. In

particular, lim
n→∞

Pj,n = I, since vn ↓ 0. Hence
∞∑
n=0

(Pj,n+1 − Pj,n) = I for each

j ∈ N.
We now construct a sequence (gj) ∈ L1(T ) that is both asymptotically close

to (fn) and is strongly convergent in L1(T ). As band projections commute with
Riesz space absolute value, we have

T |(Pj,n − Pj,n−1)fmax{j,n}| = (Pj,n − Pj,n−1)T |fmax{j,n}|, n, j ∈ N.

Here, for m 6= n, (Pj,n − Pj,n−1) ∧ (Pj,m − Pj,m−1) = 0 so

∞∑
n=1

T |(Pj,n − Pj,n−1)fmax{j,n}| =
∞∑
n=1

(Pj,n − Pj,n−1)T |fmax{j,n}|

= sup
n∈N

(Pj,n − Pj,n−1)T |fmax{j,n}|

=: K ∈ Eu

exists in the universal completion Eu. Lemma 4 can now be applied to give
that the summation

gj =
∞∑
n=1

(Pj,n − Pj,n−1)fmax{j,n}, j ∈ N,

converges in order in L1(T ).
We now show that the sequence (gj) converges in L1(T ). Consider

T |gj − gj+1|. Because
∞∑
n=0

(Pj,n+1 − Pj,n) = I for each j ∈ N, we have that

T |gj − gj+1| = T

∣∣∣∣∣
∞∑
n=1

(Pj,n − Pj,n−1)fmax{j,n} −
∞∑
m=1

(Pj+1,m − Pj+1,m−1)fmax{j+1,m}

∣∣∣∣∣
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= T

∣∣∣∣∣
∞∑
n=1

∞∑
m=1

(Pj+1,m − Pj+1,m−1)(Pj,n − Pj,n−1)(fmax{j,n} − fmax{j+1,m})

∣∣∣∣∣
=

∞∑
n=1

∞∑
m=1

(Pj+1,m − Pj+1,m−1)(Pj,n − Pj,n−1)T |fmax{j,n} − fmax{j+1,m}|.

Here we have used that

(Pj+1,m − Pj+1,m−1)(Pj,n − Pj,n−1) ∧ (Pj+1,x − Pj+1,x−1)(Pj,y − Pj,y−1) = 0

for (m,n) 6= (x, y).
For m ≥ n we have

(Pj,n − Pj,n−1)T |fmax{j,n} − fmax{j+1,m}| ≤ (Pj,n − Pj,n−1)vn

≤ 1

2j
(Pj,n − Pj,n−1)e

while for m < n we have

(Pj+1,m − Pj+1,m−1)T |fmax{j,n} − fmax{j+1,m}| ≤ (Pj+1,m − Pj+1,m−1)vm

≤ 1

2j+1
(Pj+1,m − Pj+1,m−1)e.

Thus

T |gj − gj+1| ≤
1

2j

∞∑
n=1

∞∑
m=1

(Pj+1,m − Pj+1,m−1)(Pj,n − Pj,n−1)e =
1

2j
e

and the summation
∞∑
j=1

T |gj − gj+1| is e-uniformly (and hence order) conver-

gent. Application of Lemma 4 gives that the summation
∞∑
j=1

(gj−gj+1) is order

convergent, which is equivalent to the order limit lim
j→∞

(g1− gj+1) existing. We

can thus define g to be the order limit of the sequence (gj) in L1(T ). Order-
continuity of T now gives that limn→∞ T |gn − g| = 0 and that (gn) converges
strongly to g in L1(T ).

From the order-continuity of T and the order convergence of (gn) to g we
have that T |gn−g| → 0 in order. Hence to show that g is the strong limit of the

(fn) it suffices to prove that T |gn−fn| → 0 in order. As
∞∑
n=0

(Pj,n+1−Pj,n) = I

we have

gj − fj =
∞∑
n=1

(Pj,n − Pj,n−1)(fmax{j,n} − fj)

=

j∑
n=1

(Pj,n − Pj,n−1)(fj − fj) +
∞∑

n=j+1

(Pj,n − Pj,n−1)(fn − fj)
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=
∞∑

n=j+1

(Pj,n − Pj,n−1)(fn − fj).

The order-continuity of T gives

T |gj − fj| ≤
∞∑

n=j+1

(Pj,n − Pj,n−1)T |fn − fj|

≤
∞∑

n=j+1

(Pj,n − Pj,n−1)vj

≤ vj

and vj ↓ 0 as j →∞. Thus T |fj − g| → 0 in order as n→∞.
These results extended to the convergence of strong Cauchy nets which

contain a sequence as a subnet. More can be said in the case of p =∞, as we
see in the following section.

3.5 Strong completeness of L∞(T )
For the case of L∞(T ) we can prove a stronger result, i.e. that L∞(T ) is
strongly complete. The proof, unfortunately, cannot be extended to Lp(T ) for
p ∈ [1,∞).

Theorem 7 Each strong Cauchy net in L∞(T ) is strongly convergent in L∞(T ).

Proof. Let (fα) be a strong Cauchy net in L∞(T ), then eventually

vα := sup
β,γ≥α

‖fβ − fγ‖T,∞ = inf{g ∈ R(T ) : |fβ − fγ| ≤ g for all β, γ ≥ α}

exists as an element of R(T ) and vα ↓ 0. Hence eventually |fβ − fγ| ≤ vα, for
β, γ ≥ α, and the Cauchy net (fα) is eventually bounded. We can thus define
f := lim infα fα, f := lim supα fα in L∞(T ). Now

0 ≤ f − f = lim
α

(sup
β≥α

fβ − inf
γ≥α

fγ) = lim
α

sup
β,γ≥α

(fβ − fγ) ≤ lim
α
vα = 0.

So f = f and we can set f := f = f with (fα) converging in order to f , see [6].
However |fβ − fγ| ≤ vα for all β, γ ≥ α, so taking the order limit in the index
γ we have |fα − f | ≤ vα and hence ‖fα − f‖T,∞ ≤ vα ↓ 0.
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3.6 Summary

The results of this chapter are important stepping stones in the generalisation
of stochastic processes on Riesz spaces. The strong sequential completeness
of L1(T ), and also that of L∞(T ) proved here is likely to spark and be fol-
lowed by proofs for more general p > 1. It is hoped that such developments
would then contribute to the generalisation of certain theories related to the
duality theory of L2(Ω,F , µ) spaces, weak convergence, relative weak compact-
ness, Komlós’ Lemma, and stochastic integration for non-perfect Riesz spaces.
Hence the work of this chapter has been a significant contribution to the theory
of stochastic processes in vector lattices.



Chapter 4

The Hájek-Rényi-Chow
Maximal Inequality

4.1 Introduction

The second main development of the theory of stochastic processes in Riesz
spaces produced in this thesis is a generalisation of the Hájek-Rényi-Chow
inequality1, a maximal inequality for submartingales. While this does not
depend on the previous result of strong sequential completeness, it does con-
tribute results in the same line, because this maximal inequality is crucial for
the development of other convergence results, such as Chow’s Lp laws of large
numbers for martingale difference sequences. Chow’s law of large numbers
is proved below in Chapter 6. Proving this law of large numbers is likely to
contribute towards generalising Komlós’ Lemma and to help formulate and
develop the theory of stochastic integration in Riesz spaces.

In the classical sense the Hájek-Rényi-Chow inequality in [16] is a generali-
sation to semi-martingales (including submartingales) of the well known Hájek-
Rényi maximal inequality in [49] for independent random variables. Both have
Kolmogorov’s maximal inequality and Doob’s maximal inequality as special
cases (see for example [16, 49] and [30, at (1.4.18)]). The Hájek-Rényi maxi-
mal inequality for independent random variables was generalised to the Riesz
space setting in Vardy’s thesis [87, Chapter 6]. There it was obtained as a spe-
cial case of Rao’s quasi-martingale maximal inequality [73, Lemma 2.1] (which
was also generalised to Riesz spaces in [87, Chapter 6]). Discrete and continu-
ous time versions of Doob’s maximal inequality were proved in the Riesz space
setting by Grobler in [38].

Remark: The classical Hájek-Rényi maximal inequality has two equivalent
formulations. Both start with x1, ..., xn an independent sequence of random
variables with zero mean, E(xk) = 0 for all k, and finite variance, E(x2

k) <∞
for all k. Also, both involve a non-decreasing sequence (ak) of positive real
number weights. The original paper [49] as well as [87, Chapter 6] formulate
the inequality as follows:

1The terminology Hájek-Rényi-Chow inequality can be found in [30, p. 256].
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ε2P

(
sup

n≤k≤m
|x1 + x2 + ...+ xk| ≥ akε

)
≤ 1

a2
n

n∑
i=1

E(x2
i )+

m∑
i=n+1

E
(
x2
i

a2
i

)
, (4.1)

for all ε > 0, whereas Chow’s paper states the Hájek-Rényi maximal inequality
only with the version where n = 1:

ε2P

(
sup

1≤k≤m

1

ak
|x1 + x2 + ...+ xk| ≥ ε

)
≤

m∑
i=1

E
(
x2
i

a2
i

)
. (4.2)

To see that (4.2) implies (4.1), consider the sequence of random variables where
the first n terms of the x′is are grouped together, and take the n − 1 tail of
the real sequence (ai). I.e. set y1 =

∑n
i=1 xi and yk = xn+k−1 for k ≥ 2, and

set up the real sequence (bi) := (an−1+i). Note that due to independence and
zero mean, E(y2

1) =
∑n

i=1 E(x2
i ). By applying (4.2), which can be done since

the y′ks satisfy the independence, zero mean and finite variance conditions, we
have:

ε2P

(
sup

1≤k≤m−n+1

1

bk
|y1 + y2 + ...+ yk| ≥ ε

)
≤

m∑
i=1

1

b2
i

E(y2
i ),

which can be rewritten as

ε2P

(
sup

n≤k≤m

1

ak
|x1 + x2 + ...+ xk| ≥ ε

)
≤ 1

b2
1

E(y2
1) +

m∑
i=2

1

b2
i

E(y2
i )

=
1

a2
n

n∑
i=1

E(x2
i ) +

m∑
i=n+1

1

a2
i

E(x2
i )

which is the same formulation as (4.1).
In contrast, the Hájek-Rényi-Chow maximal inequality in the classical

setting for submartingales is the following improvement [16]: let (yk)k ∈
{1, 2, 3, ...} be a submartingale, let ai be a non-decreasing real sequence, and
let ε be any positive real number, then we have

εP

(
sup

1≤k≤m

1

ak
yk ≥ ε

)
≤ 1

a1

E(y+
1 ) +

m−1∑
i=1

1

ai+1

E(y+
i+1 − y+

i ).

The Hájek-Rényi maximal inequality is deduced from the Hájek-Rényi-Chow
inequality by letting zn =

∑n
i=1 xi. Note that z2

n is a positive submartingale,
and that E(z2

n) =
∑n

i=1 E(x2
n) by independence and as the x′is have zero mean,

so E(z2
n+1 − z2

n) = E(x2
n+1). Hence we have

ε2P

(
sup

1≤k≤m

1

ak
|x1 + x2 + ...+ xk| ≥ ε

)
= ε2P

(
sup

1≤k≤m

1

a2
k

z2
k ≥ ε2

)
≤ 1

a2
1

E(z2
1) +

m−1∑
i=1

1

a2
i+1

E(z2
i+1 − z2

i )

=
m∑
i=1

1

a2
i

E(x2
i ),
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which is the Hájek-Rényi inequality of (4.2).
These deductions and implications regarding the relationship between the

above inequalities also hold true with the Riesz space versions of these inequal-
ities.

The sequence and ideas for the proofs in this chapter were inspired by
subsections (6.1.1) to (6.1.4) in [30].

4.2 A stopping time inequality

Our first result is a generalisation of [30, Lemma (6.1.1)] to vector lattices.

Lemma 8 Let (Ti)i∈N be a filtration on a Dedekind complete Riesz space E
with weak order unit e. Let (Xi) ⊂ E be adapted to (Ti) and let g ∈ R(T1)+.

For i ∈ N define the band projections Pi := P(g−Xi)
+ and Qi :=

i∏
j=1

Pj.

Then for all n ≥ 1

Qd
ng ≤ X1 +

n−1∑
i=1

[Qi(Xi+1 −Xi)]−QnXn

Remark: Q := (Qd
i )i∈N is a Riesz Space stopping time (see [60] for the defini-

tion of stopping times and stopped processes), and can be thought of as stop-
ping the first time the process (Xi) goes above g. The result of this Lemma
is one form of the intuitively obvious statement that if (Xi) does go above g
by time n, then at the first time it does so, it is greater or equal to g; i.e.
Qd
n(XQ∧n− g) ≥ 0. In fact the Lemma and proof do not require the filtration,

and (Xi) can be any sequence of Riesz space elements, but the filtration is
included in the statement to allow the stopping time interpretation. Also note
that if Xn ≥ 0 then this Lemma implies

Qd
ng ≤ X1 +

n−1∑
i=1

Qi(Xi+1 −Xi)

Proof. If we define Q0 := I then

Qd
n =

n∑
i=1

[Qd
i −Qd

i−1] =
n∑
i=1

Qd
iQi−1 =

n∑
i=1

P d
i Qi−1.

Also P d
i g ≤ P d

i Xi for all i ∈ N as is evident from

Pi(g −Xi) = P(g−Xi)
+(g −Xi) = (g −Xi)

+ ≥ 0

together with the definition of P d
i and linearity of the operators.

Hence

Qd
ng =

n∑
i=1

P d
i Qi−1g
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≤
n∑
i=1

P d
i Qi−1Xi

=
n∑
i=1

[Qd
i −Qd

i−1]Xi ← (this is = Qd
nXQ∧n)

=
n∑
i=1

[Qi−1 −Qi]Xi

=
n∑
i=1

Qi−1Xi −
n∑
i=1

QiXi

= X1 +
n∑
i=2

Qi−1Xi −
n∑
i=1

QiXi

= X1 +
n−1∑
i=1

QiXi+1 −
n−1∑
i=1

QiXi −QnXn

= X1 +
n−1∑
i=1

[Qi(Xi+1 −Xi)]−QnXn.

By applying T1 to both sides and taking g = λe for real λ > 0, the just-proved
lemma can also be used to prove the following maximal inequality for a positive
supermartingale (Xi, Ti)i∈N, proved also in [48, Lemma 3.1]:

λT1Q
d
ne ≤ X1.

Now we can state and prove a vector lattice version of Chow’s maximal in-
equality.

4.3 Chow’s maximal inequality

Theorem 9 Let (Ti)i∈N be a filtration on a Dedekind complete Riesz space E
with weak order unit e and (Yi, Ti)i∈N be a submartingale. Let (ai)i∈N be a
non-decreasing sequence of positive real numbers, and g ∈ R(T1)+, then for
each n ∈ N we have

T1U
d
ng ≤

Y +
1

a1

+
n−1∑
i=1

T1

[
Y +
i+1 − Y +

i

ai+1

]
(4.3)

where Un :=
n∏
i=1

P(
g−Yi

ai

)+ = P∧n
i=1

(
g−Yi

ai

)+.

Proof. Let Q = Pg. Consequently Qg = g and Qdg = 0. As g ∈ R(T1)+

it follows that T1 and Q commute, see [58, Theorem 3.2]. By linearity, T1

commutes with Qd also,

T1Q
d = T1(I −Q) = T1 − T1Q = T1 −QT1 = (I −Q)T1 = QdT1.
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The right-hand side of (4.3) is greater or equal zero because (Y +
i , Ti) is a

submartingale (see [38, Corollary 4.5]) and hence T1(Y +
i+1−Y +

i ) ≥ 0. Therefore

Qd(T1U
d
ng) = T1U

d
nQ

dg = 0 ≤ Qd

(
Y +

1

a1

+
n−1∑
i=1

T1

[
Y +
i+1 − Y +

i

ai+1

])
. (4.4)

Applying Lemma 8 where Xi :=
Y +
i

ai
for all i ∈ N gives, for all n ∈ N,

Qd
ng ≤

Y +
1

a1

+
n−1∑
i=1

Qi

[
Y +
i+1

ai+1

− Y +
i

ai

]
≤ Y +

1

a1

+
n−1∑
i=1

Qi

[
Y +
i+1 − Y +

i

ai+1

]
, (4.5)

where Qi :=
i∏

j=1

P(
g−

Y +
j
aj

)+ = P∧i
j=1

(
g−

Y +
j
aj

)+ .

For i ≤ n, the generating elements
(
g − Y +

i

ai

)+

are in R(Tn)+ because

R(Tn) is a Riesz space. Hence for i ≤ n, QiTn = TnQi. Also, T1 = T1Tn for
n ≥ 1, hence for all i ≥ 1

T1Qi

(
Y +
i+1 − Y +

i

)
= T1TiQi

(
Y +
i+1 − Y +

i

)
= T1QiTi

(
Y +
i+1 − Y +

i

)
and since 0 ≤ Qi ≤ I and Ti

(
Y +
i+1 − Y +

i

)
≥ 0 it follows that

T1Qi

(
Y +
i+1 − Y +

i

)
≤ T1Ti

(
Y +
i+1 − Y +

i

)
= T1

(
Y +
i+1 − Y +

i

)
. (4.6)

From (4.5) and (4.6) we have

T1Q
d
ng ≤

Y +
1

a1

+
n−1∑
i=1

T1

[
Y +
i+1 − Y +

i

ai+1

]
. (4.7)

Since g ≥ 0, we have for each i that

g ∧
((

g − Yi
ai

)
∨ 0

)
=

(
g ∧

(
g − Yi

ai

))
∨ (g ∧ 0) =

(
g −

(
0 ∨ Yi

ai

))
∨ 0,

giving g∧
(
g − Yi

ai

)+

=
(
g − Y +

i

ai

)+

, thus QQi = Ui, and QQi = QQQi = QUi.

Hence for all i we have

QQd
i = Q(I −Qi) = Q−QQi = Q−QUi = Q(I − Ui) = QUd

i .

Now, applying Q to (4.7) and recalling that QT1 = T1Q we have

Q(T1U
d
ng) ≤ Q

(
Y +

1

a1

+
n−1∑
i=1

T1

[
Y +
i+1 − Y +

i

ai+1

])
. (4.8)

Combining (4.4) with (4.8) gives (4.3).
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We note here, as in [30, p. 257], that if the ai = 1 for all i ∈ N, and g = λe
for a positive real number λ > 0, then Theorem 9 implies Doob’s martingale
inequality

λT1Q
d
ne ≤ T1

[
X+
n

]
where Qn :=

n∏
i=1

P(λe−Xi)+ . A continuous time version of Doob’s martingale

inequality is proved in [38], and a version for quasi-martingales in Riesz spaces
can be found in [87, Theorem 6.2.10].

4.4 Summary

We have generalised a submartingale maximal inequality which was developed
in the classical setting by Hájek and Rényi, and improved by Chow. The
papers of these authors, including the original results, can be found in [16,49].
As in the classical setting, this inequality is applicable in proving certain laws
of large numbers such as Chow’s martingale laws of large numbers which are
generalised to the Riesz space setting in Chapter 6.



Chapter 5

A Limit Law for Submartingales

5.1 Introduction

In this chapter, a limit law for submartingales is generalised to the Riesz space
setting, which is crucial for proving Chow’s law of large numbers in the next
chapter. In order to prove this submartingale limit law, a few extra results
are required. These include a Cesàro type convergence result (not limited in
applications to stochastic processes). This Cesàro convergence result is used to
prove Kronecker’s Lemma, the next result. The proof here takes its inspiration
from the classical formulation and proof in Fremlin’s Measure Theory, volume
2 [32, 273C on p. 349]. A Band version of a monotone convergence property
of measures is also given. Here we deduce that Riesz space Band projections
are left-continuous with respect to their generating elements.

As with the Hájek-Rényi-Chow inequality in the previous chapter, the proof
of the submartingale limit law in this chapter is based on Section 6.1 of Edgar
and Sucheston [30], in particular proposition (6.1.7).

5.2 Archimedean Riesz space convergence re-

sults

The first step in proving our submartingale limit law is to generalise Kro-
necker’s Lemma to Riesz spaces, a useful result that holds for all Archimedean
Riesz spaces. This generalisation will be done with the help of the following
Cesar̀o convergence result.

Lemma 10 If sn converges in order to s in an Archimedean Riesz space, E,
and if bn is a non-decreasing sequence of positive real numbers diverging to
+∞, then zn := 1

bn

∑n−1
i=1 (bi+1 − bi)|si − s| converges to zero.

Proof. By the order convergence of (sn)n∈N, there exists a sequence (vn)n∈N
in E such that |sn− s| ≤ vn ↓ 0 for all n ∈ N. For each n ∈ N, choose mn ∈ N
large enough such that mn > n and mn > mn−1 if n > 1, so that bn

bmn
< 1

n
.

We now show that whenever N 3 m′ ≥ mn, we have 0 ≤ zm′ ≤ 1
n
v1 + vn, the

right-hand terms here forming a decreasing sequence in n with infimum zero.
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Let m′ ≥ mn, then

zm′ =
1

bm′

n−1∑
i=1

(bi+1 − bi)|si − s|+
1

bm′

m′−1∑
i=n

(bi+1 − bi)|si − s|

≤ 1

bm′

n−1∑
i=1

(bi+1 − bi)v1 +
1

bm′

m′−1∑
i=n

(bi+1 − bi)vn

=
bn − b1

bm′
v1 +

bm′ − bn
bm′

vn

≤ bn
bm′

v1 + vn

≤ bn
bmn

v1 + vn

≤ 1

n
v1 + vn.

Let (yn)n∈N ⊂ E+ with

yi =

{
2v1 if 1 ≤ i < m1
1
n
v1 + vn if mn ≤ i < mn+1, n ∈ N

then by (5.1) 0 ≤ zn ≤ yn for all n ∈ N. Moreover, (yn)n∈N is a decreasing
sequence with infimum zero, as E is Archimedean and vn ↓ 0. Hence zn

o−→ 0.

Remark: If (sn)
o−→ s in an Archimedean Riesz space E, then the sequence is

also Cesàro summable, with Cesàro sum s, i.e.

1

n

n∑
i=1

si
o−→ s as n→∞.

This can be seen by taking bi := i − 1, 1 < i ∈ N, in Lemma 10, which gives
the order limit

0 = lim
n→∞

1

n− 1

n−1∑
i=1

|si − s| ≥ lim sup
n→∞

∣∣∣∣∣ 1

n− 1

n−1∑
i=1

si − s

∣∣∣∣∣ .
This result, that order convergence is preserved under taking Cesàro sums,
has been shown in [35, Lemma 3.14] to hold for 2-convergence in a Dedekind
σ-complete Riesz space. The proof there obtains the 2-convergence result by
essentially proving the 1-convergence result after using the fact that the two
order convergence definitions coincide on a Dedekind σ-complete Riesz space.

Lemma 11 (Kronecker’s Lemma for Archimedean Riesz spaces)
Let (xn) be a summable sequence in an Archimedean Riesz space E. Let (bn)n∈N
be a non-decreasing sequence of positive real numbers diverging to +∞. Then

lim
n→∞

1

bn

n∑
i=1

bixi = 0 in order.
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Proof. Define sn =
∑n

i=1 xi and s = limn→∞ sn, which exists by hypothesis.
Then

1

bn

[
n∑
i=1

bixi

]
=

1

bn
[b1s1 + b2(s2 − s1) + ...+ bn(sn − sn−1)]

=
1

bn
[bnsn − (b2 − b1)s1 − (b3 − b2)s2 − ...− (bn − bn−1)sn−1]

=
1

bn
[bnsn −

n−1∑
i=1

(bi+1 − bi)si]

= sn −
1

bn

n−1∑
i=1

(bi+1 − bi)si

(The manipulation in the square brackets above is known as summation by
parts and it works whenever the xn’s are from a vector space and the bn’s are
from the corresponding field of scalars.) Taking absolute values we have∣∣∣∣∣ 1

bn

n∑
i=1

bixi

∣∣∣∣∣ =

∣∣∣∣∣sn − 1

bn

n−1∑
i=1

(bi+1 − bi)s−
1

bn

n−1∑
i=1

(bi+1 − bi)(si − s)

∣∣∣∣∣
=

∣∣∣∣∣sn − bn − b1

bn
s− 1

bn

n−1∑
i=1

(bi+1 − bi)(si − s)

∣∣∣∣∣
≤ |sn − s|+

b1

bn
|s|+ 1

bn

n−1∑
i=1

(bi+1 − bi) |si − s|

The term |sn− s| converges in order to zero by hypothesis, and the term b1
bn
|s|

converges to zero because E is Archimedean. The third term

zn :=
1

bn

n−1∑
i=1

(bi+1 − bi)|si − s| converges to zero by Lemma 10.

5.3 Two familiar results

In the next theorem we give a submartingale limit law which will be used in
the proof of Chow’s strong law. We first require two lemmas.

Lemma 12 [Band projections are left-continuous] Let xn be a sequence of
positive elements in a Riesz Space E with the principal projection property
such that supxn exists in E. Then

∞∨
i=1

Pxiu = P∨∞
i=1 xi

u (5.1)

holds for every u ∈ E.

Proof. Due to linearity of the band projection, it is sufficient to show the
equality holds when the band projections are applied to positive elements
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z ∈ E+. For any z ∈ E+, and any principle band projection Pw, it is well
known that

Pwz = sup(z ∧ (nw) : n = 1, 2, ...),

see for example [92, Theorem 11.5]. Hence

P∨∞
i=1 xi

z = sup
n

(
z ∧ n

(
∞∨
i=1

xi

))

= sup
n

(
z ∧

∞∨
i=1

nxi

)

= sup
n

(
∞∨
i=1

(z ∧ nxi)

)
[92, Theorem 6.1]

=
∞∨
i=1

sup
n

(z ∧ nxi)

=
∞∨
i=1

Pxiz.

Remark: The result of this lemma is known, see [8, Proposition 2.3] and [5,
Proposition 5], but the proof is included for completeness.

This lemma is related to right-continuity of the distribution function
FX(x) := Pr(X ≤ x). Right-continuity of the distribution function has been
shown to hold for a generalised distribution function in [8, Proposition 2.3],
where the result of Lemma 12 above is implicitly assumed.

We cannot replace the suprema in (5.1) with infima, but we can get an
inequality for infima. If 0 ≤ gn ↓ g then gn ≥ g ≥ 0 for all n ∈ N, so
Pgn ≥ Pg ≥ 0 for all n ∈ N, and hence

∞∧
n=1

Pgnz ≥ Pgz = P∧∞
n=1 gn

z for all z in E+. (5.2)

The next lemma is a band projection inequality. If an expectation operator
is applied, the result can be compared to the inequality

Pr

(
sup
m≤i≤n

Yi > ν

)
≤ Pr

(
sup
m≤i≤n

Yi ≥ ν

)
.

Lemma 13 If Yi is a positive sequence in E+ and likewise ν ∈ E+, then

P((
∨n

i=m Yi)−ν)+ = P∨n
i=m(Yi−ν)+ ≤ I − P∧n

i=m(ν−Yi)+ = P d∧n
i=m(ν−Yi)+ . (5.3)

Proof. To see the equality on the left of (5.3), note that((
n∨

i=m

Yi

)
− ν

)+

=

(
n∨

i=m

(Yi − ν)

)
∨ 0 =

n∨
i=m

((Yi − ν) ∨ 0) =
n∨

i=m

(Yi − ν)+.
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The inequality in (5.3) can be seen by the fact that the two generating
elements

∨n
i=m(Yi − ν)+ and

∧n
i=m(ν − Yi)+ are disjoint, since

0 ≤

[
n∨

i=m

(Yi − ν)+

]∧[
n∧

i=m

(ν − Yi)+

]
=

[
n∨

i=m

(ν − Yi)−
]∧[

n∧
j=m

(ν − Yj)+

]

=
n∨

i=m

[
(ν − Yi)−

∧(
n∧

j=m

(ν − Yj)+

)]

≤
n∨

i=m

[
(ν − Yi)− ∧ (ν − Yi)+

]
=

n∨
i=m

0 = 0.

5.4 A submartingale limit law

We now have all the tools needed to generalise the desired limit law for sub-
martingales.

Theorem 14 Let p ≥ 1 and let (Xi, Ti)i∈N be a non-negative submartingale,
with T1 strictly positive, in the Dedekind complete Riesz space E with e a weak
order unit such that T1e = e. Let (ai)i∈N be a positive, non-decreasing, sequence
of real numbers diverging to ∞. If

∞∑
i=1

T1

(
Xp
i+1 −X

p
i

api+1

)
exists, (5.4)

then
Xn

an

o−→ 0.

Proof. Note that the process (Xp
n) is also a non-negative submartingale

[38, Corollary 4.5]. Applying Theorem 9 to the non-negative submartingale
(Xp

m, X
p
m+1, ...) with the corresponding filtration (Tm, Tm+1, ...) also starting at

index m, we have for any real λ > 0 and index n > m that λpe ∈ R(Tm)+ so

λpTmP
d∧n
i=m(λpe−

X
p
i

a
p
i

)+
e = TmP

d∧n
i=m(λpe−

X
p
i

a
p
i

)+
λpe ≤ Xp

m

apm
+

n−1∑
i=m

Tm

[
Xp
i+1 −X

p
i

api+1

]
.

(5.5)

From Lemma 13 with ν := λpe and Yi :=
Xp

i

api
we have

P∨n
i=m(

X
p
i

a
p
i
−λpe)+

≤ P d∧n
i=m(λpe−

X
p
i

a
p
i

)+
≤ I.
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Hence, by the positivity of the operator Tm and since λp > 0, from (5.5) we
get

λpTmP∨n
i=m(

X
p
i

a
p
i
−λpe)+

e ≤ Xp
m

apm
+

n−1∑
i=m

Tm

[
Xp
i+1 −X

p
i

api+1

]
. (5.6)

Applying the conditional expectation T1 to both sides of (5.6), noting that
T1Tm = T1, and taking the order limit as n→∞ gives

λpT1P∨∞
i=m(

X
p
i

a
p
i
−λpe)+

e ≤ T1

[
Xp
m

apm

]
+
∞∑
i=m

T1

[
Xp
i+1 −X

p
i

api+1

]
. (5.7)

The limit could be taken through the conditional expectation on the left be-
cause conditional expectations are order-continuous, and the limit could move
from outside the band projection to its generating element by Lemma 12.

Taking the limit as m → ∞ on both sides of (5.7) makes the right-hand
side zero. The limit of the second term on the right-hand side is zero as seen
from the hypothesis (5.4). Applying Lemma 11 to the summable sequence in
(5.4) and the increasing sequence of scalars (api+1), we have

1

apm+1

m∑
i=1

api+1T1

(
Xp
i+1 −X

p
i

api+1

)
o−→ 0 as m→∞.

This simplifies to

T1

[
Xp
m+1

apm+1

]
− T1

[
Xp

1

apm+1

]
o−→ 0 as m→∞,

which implies that

T1

[
Xp
m

apm

]
o−→ 0.

Since the left-hand side of (5.7) is greater or equal to zero, when we take
the limit m→∞ on both sides of (5.7) we are left with

λpT1

[
lim
m→∞

P∨∞
i=m(

X
p
i

a
p
i
−λpe)+

e

]
= 0.

Taking λ = 1
t

gives for any real t > 0 that

T1

[
lim
m→∞

P∨∞
i=m(

X
p
i

a
p
i
−( 1

t
)pe)+

e

]
= 0.

The strict positivity of T1 now gives

lim
m→∞

P∨∞
i=m(

X
p
i

a
p
i
−( 1

t
)pe)+

e = 0 for all t > 0.

Since the generating elements are decreasing in m, and bounded below by zero,
their infimum exists in E and it follows from equation (5.2) in the remark of
Lemma 12 that

0 ≤ P∧
m

∨∞
i=m(

X
p
i

a
p
i
−( 1

t
)pe)+

e ≤ lim
m→∞

P∨∞
i=m(

X
p
i

a
p
i
−( 1

t
)pe)+

e = 0 for all t > 0,
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that is,
P

lim supi(
X

p
i

a
p
i
−( 1

t
)pe)+

e = 0 for all t > 0.

Hence the generating element is disjoint from the weak order unit e, and must
therefore be zero, so(

lim sup
i

Xp
i

api
− (

1

t
)pe

)+

= lim sup
i

(
Xp
i

api
− (

1

t
)pe

)+

= 0 for all t > 0.

Taking the limit now as t→∞ we have(
lim sup

i

Xp
i

api

)+

= 0.

Both the submartingale and the sequence ai are positive, hence

lim sup
i

Xp
i

api
= 0,

and

0 ≤ lim inf
i

Xp
i

api
≤ lim sup

i

Xp
i

api
= 0,

thus
Xp
i

api

o−→ 0 as i→∞.

This implies the existence of a sequence (vi) ∈ E+ with 0 ≤ Xp
i

api
≤ vi ↓ 0.

Define the increasing concave function f := (·)
1
p on E+. Note that f(vi) ∈ E

for all i, as is well known, and shown in Appendix B for completeness. We
then have

vi ↓ 0 =⇒ f(vi) ↓ 0

since the limit of a positive decreasing sequence can commute with an increas-
ing concave function by [9, p. 8] or a simple modification of [38, Theorem
4.6.2]. Then by [38, Theorem 4.6.1] we have

0 ≤ f(
Xp
i

api
) ≤ f(vi) ↓ 0.

Putting this together with the fact from [38, Theorem 3.9] that f◦g(·) = f(g(·))
gives the desired conclusion where g is set to be f ’s inverse g(·) := (·)p,

Xi

ai
= I(

1

ai
Xi) = f(g(

1

ai
Xi)) = f(

1

api
Xp
i ) = f(

Xp
i

api
)

o−→ 0.

5.5 Conclusion

In this chapter a limit law for submartingales was given. It will be used in the
proof of the strong laws of large numbers for Lp(T ) martingales in the next
chapter. Along the way a Cesàro convergence result, Kronecker’s Lemma and
the left-continuity of band projections were proved.



Chapter 6

Chow’s Laws of Large Numbers

6.1 Introduction

In this chapter we will prove Chow’s strong laws of large numbers in the Riesz
space setting. See [30, Theorems 6.1.8 and 6.1.9] for one classical formulation
or [16] and [17] for Chow’s original papers.

As noted in the Chapter 2, there are a number of different laws of large
numbers, in particular, weak ones and strong ones, ones requiring independence
of the random variables, and those requiring a martingale or other special
process. Examples of strong laws of large numbers in the classical setting can
be found in Fremlin’s measure theory, Sections 273 and 276 of [32] as well
as Chow’s strong laws cited in the previous paragraph. Some progress has
been made on the generalisation of such laws to the Riesz space setting, for
example, the weak law of large numbers for mixingales in [68], the strong law
of large numbers for independent variables in [61], and Bernoulli’s law of large
numbers in [67]. Then there are also the limit laws proved by Stoica in [79],
albeit in a different Riesz space setting to ours.

Chow’s laws of large numbers are very general. Indeed, as mentioned in
the introductory paragraphs of [16], Chow’s laws include, as special cases,
extensions of Kolmogorov’s law of large numbers made by Brunk, Chung,
Kawata and Udagawa, and Prohorov for independent random variables as
well as extensions made by Lévy and Loève for dependent random variables.
The particular case of p = 2 gives a generalisation of a strong law of large
numbers originally due to Paul Lévy, see [30, p. 259]. When the martingale
is obtained as a sum of independent random variables with zero expectation,
the cases p = 2 and p = 1 give Kolmogorov’s SLLN, see [30, p. 259] and [32,
Theorem 273D]. Indeed, it was shown in [88, Corollary 5] that the partial
sums of a sequence of T -conditionally independent Riesz space elements with
zero expectation necessarily give a Riesz space martingale. Hence the results
in this chapter for martingale differences can be applied to sequences of T -
conditionally independent elements.

In this chapter, all conditional expectations are assumed to be strictly
positive. In theorems where Lp(T ) (for some p) is introduced together with
a martingale (Xn)n∈N, it should be understood that T is a strictly positive

38
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conditional expectation operator that is compatible with the filtration (Ti)i∈N
of the martingale. Strict positivity is required for the construction of the
natural domain L1(T ) and also ensures that Theorem 14 can be applied. In
fact, strict positivity of T implies strict positivity of each of the operators in
the filtration (Ti)i∈N. Indeed, for any i, if Tia = 0 for some a ≥ 0 in the Riesz
space, then Ta = TTia = T0 = 0 and by strict positivity of T we have that
a = 0, establishing strict positivity of Ti.

6.2 The martingale SLLN for p = 2

Theorem 15 Let (Xn, Tn)n∈N be a martingale with L2(T ) 3 Xn =:
∑n

i=1 Yi
for all n ∈ N, and (ai)i∈N be a positive, non-decreasing sequence of real numbers
diverging to ∞. If

∞∑
i=1

T1

(
|Yi|2

a2
i

)
converges in L2(T )

then
Xn

an

o−→ 0.

Proof. From Jensen’s inequality, (|Xi|, Ti)i∈N is a non-negative submartin-
gale [38, Corollary 4.5]. Hence we just need to apply Theorem 14 to the below,
keeping in mind that TiYi+1 = 0 because (Xn, Tn)n∈N is a martingale, and
Ti is an averaging operator so elements in R(Ti) can be taken out from the
conditional expectation

T1

[
X2
i+1 −X2

i

a2
i+1

]
= T1

[
(Xi+1 +Xi)(Xi+1 −Xi)

a2
i+1

]
= T1

[
(Yi+1 + 2Xi)Yi+1

a2
i+1

]
= T1Ti

[
Y 2
i+1 + 2XiYi+1

a2
i+1

]
= T1

[
Ti(Y

2
i+1) + 2XiTi(Yi+1)

a2
i+1

]
= T1

[
Y 2
i+1

a2
i+1

]
.

Hence by the hypothesis

∞∑
i=1

T1

[
X2
i+1 −X2

i

a2
i+1

]
exists.

Note the sufficient condition of the weak law of large numbers in [68, Lemma
4.1] is also a sufficient condition for a strong law. To see this, notice that
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the process (gi, Ti) in [68, Lemma 4.1] is an e-uniformly bounded martingale

difference sequence, hence
∑∞

i=1 T1

(
|gi|2
i2

)
will converge, thus by Theorem 15

we have order convergence of gn := 1
n

∑n
i=1 gi as well as T -strong convergence.

6.3 Chow’s strong law for 1 < p < 2

In Theorem 29 of Appendix A, the following inequality is proved for Riesz
spaces.

Theorem 16 For x, y ∈ Eu, we have that

|x+ y|p + |x− y|p ≤ 2(|x|p + |y|p) for all 1 < p < 2.

Using this inequality we can prove the law of large numbers for 1 < p < 2.

Theorem 17 Let p be a fixed number, 1 < p < 2, and let (Xn, Tn)n∈N be a
martingale with Lp(T ) 3 Xn =:

∑n
i=1 Yi for all n ∈ N, and let (ai)i∈N be a

positive, non-decreasing sequence of real numbers diverging to ∞. If

∞∑
i=1

T1

(
|Yi|p

api

)
converges in L1(T ) (6.1)

then
Xn

an

o−→ 0.

Proof. Note first that |Xi| and |Xi|p are submartingales adapted to (Tn)n∈N
by Corollary 4.5 in [38]. Using the definition of a martingale and Jensen’s
inequality, Theorem 4.4 of [38], we get

Ti(|Xi|p) = |Xi|p = |TiXi|p

= |Ti(2Xi −Xi+1)|p

≤ Ti(|2Xi −Xi+1|p).

It follows from this, Theorem 16, and the positivity of the conditional expec-
tation operator that

Ti(|Xi+1|p − |Xi|p) ≤ Ti(|Xi+1|p − |Xi|p) + Ti(|2Xi −Xi+1|p)− Ti(|Xi|p)
= Ti(|Xi+1|p + |2Xi −Xi+1|p)− 2Ti(|Xi|p)
= Ti(|Xi + Yi+1|p + |Xi − Y+1|p)− 2Ti(|Xi|p)
≤ Ti(2(|Xi|p + |Yi+1|p))− 2Ti(|Xi|p)
= 2Ti(|Yi+1|p).

Applying T1 to both sides and dividing by api+1, it is evident that

T1

(
|Xi+1|p − |Xi|p

api+1

)
≤ 2T1

(
|Yi+1|p

api+1

)
. (6.2)
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From the hypothesis (6.1) it now follows that we can sum both sides of (6.2)
for i = 1 to ∞ to give that

∞∑
i=1

T1

(
|Xi+1|p − |Xi|p

api+1

)
converges. Since |Xi| is a non-negative submartingale the proof is completed
by application of Theorem 14.

6.4 Preliminaries for p > 2, including Hölder’s

inequality for sums

Chow’s SLLN for p > 2 will make use of Riesz space versions of Burkholder’s
inequality, see [7, Theorem 16], and Hölder’s inequality for sums.

Using notation as in [7], the Riesz space p-norm is defined as Np(x) :=

T (|x|p)
1
p , and if (Xn)n∈N is a martingale with Xn =

∑n
i=1 Yi for all n ∈ N, then

its quadratic variation process Sn is defined by Sn :=
∑n

i=1 Y
2
i .

Theorem 18 (Burkholder’s inequality) For every p ∈ (1,∞), there exist
constants cp and Cp such that

CpNp(Xn) ≤ Np(S
1
2
n ) ≤ cpNp(Xn)

for all positive martingales (Xk)k∈N in Lp(T ) with quadratic variation (Sk)k∈N.

In [38] and [9], the following version of Hölder’s inequality for conditional
expectation operators is given

Theorem 19 (Hölder’s inequality for conditional expectations)
Let F be a conditional expectation with natural domain L1(F) and 1 ≤ p, q <∞
with 1

p
+ 1

q
= 1. If x ∈ Lp(F) and y ∈ Lq(F), then xy ∈ L1(F) and

F|xy| ≤ (F|x|p)
1
p (F|y|q)

1
q .

An application of this result gives Hölder’s inequality for sums.

Theorem 20 (Hölder’s inequality for sums) Let T be a conditional ex-
pectation with natural domain L1(T ) and 1 ≤ p, q < ∞ with 1

p
+ 1

q
= 1. Let

n ∈ N. If xi ∈ Lp(T ) and yi ∈ Lq(T ) for all i ∈ {1, 2, ..., n}, then xiyi ∈ L1(T )
for each i, and

n∑
i=1

|xiyi| ≤

(
n∑
i=1

|xi|p
) 1

p
(

n∑
i=1

|yi|q
) 1

q

.

Proof. The existence of these terms in L1(T ) is shown in Appendix B.
Consider x := (x1, ..., xn) in the n-fold Cartesian product (Lp(T ))n and

y := (y1, ..., yn) ∈ (Lq(T ))n. Both of these Cartesian products are contained in
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the Dedekind complete Riesz space Cartesian product (L1(T ))
n

where multi-
plication and ordering are defined component-wise. The application functions
will also be done component wise. Then by Theorem 19 with F = T (or
Appendix B) we know xy ∈ (L1(T ))

n
. Then define the operator

F :
(
L1(T )

)n −→ (
L1(T )

)n
by Fa :=

(
1

n

n∑
j=1

aj

)n

i=1

for a = (a1, ..., an) ∈ (L1(T ))
n
, i.e. F maps an n-tuple a to the n-tuple where

each of the components are equal the average of the ai’s. It is evident that
F is a conditional expectation operator on (L1(T ))

n
, being a positive linear

order-continuous projection mapping weak order units to weak order units,
and having Dedekind complete range

{(y1, ..., yn) ∈
(
L1(T )

)n |y1 = ... = yn ∈ L1(T )}

isomorphic to L1(T ). Hence we can apply Theorem 19 which gives

F|xiyi| ≤ (F|x|p)
1
p (F|y|q)

1
q ,

and considering any of the identical components of the result on both sides of
the inequality gives

1

n

n∑
i=1

|xiyi| ≤

(
1

n

n∑
i=1

|xi|p
) 1

p
(

1

n

n∑
i=1

|yi|q
) 1

q

=

(
1

n

) 1
p

+ 1
q

(
n∑
i=1

|xi|p
) 1

p
(

n∑
i=1

|yi|q
) 1

q

and since 1
p

+ 1
q

= 1, multiplying both sides by n completes the proof.

6.5 Chow’s strong law for p > 2

For p > 2, we will prove the simpler version of Chow’s strong law by taking
ai = i for all i ∈ N. A result for more general choice of ai, as in Chow’s original
papers [16, 17], can probably also be proved in the Riesz space setting.

Theorem 21 Let p > 2 be a fixed number and let (Xn, Tn)n∈N be a martingale
with Lp(T ) 3 Xn =:

∑n
i=1 Yi for all n ∈ N. If

∞∑
i=1

T1

(
|Yi|p

i1+ p
2

)
converges in L1(T ) (6.3)

then
Xn

n

o−→ 0.
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Proof. By Theorem 14 it will suffice to prove the convergence as n→∞ of

Zn :=
n∑
i=2

T1

(
|Xi|p − |Xi−1|p

ip

)
=

n∑
i=2

T1(|
∑i

k=1 Yk|p)− T1(|
∑i−1

k=1 Yk|p)
ip

.

(6.4)
A rearrangement gives

Zn =
−T1(|X1|p)

2p
+

n−1∑
i=2

(
1

ip
− 1

(i+ 1)p

)
T1(|Xi|p) +

T1(|Xn|p)
np

. (6.5)

Hence it is sufficient to prove that the middle term converges and that the
rightmost term converges to zero. To do this, we will use the Hölder and
Burkholder inequalities to get an upper bound for T1(|Xi|p) = T1(|

∑i
k=1 Yk|p).

Applying Hölder’s inequality, Theorem 20, with xi = e and yi = Y 2
i for all

i ∈ {1, 2, ..., n}, and with exponents of xi and yi on the right-hand side as p
p−2

and p
2

respectively, we get

Sn =
n∑
i=1

Y 2
i ≤

(
n∑
i=1

e
p

p−2

) p−2
p
(

n∑
i=1

(Y 2
i )

p
2

) 2
p

= n1− 2
p

(
n∑
i=1

|Yi|p
) 2

p

.

Then by taking both sides to the power 1
2

and applying Np, the left-hand side
of Burkholder’s inequality, Theorem 18, gives, for some constant Cp ∈ R+,
that

CpNp(Xn) ≤ Np(S
1
2
n ) ≤ Np

n 1
2
− 1

p

(
n∑
i=1

|Yi|p
) 1

p

 .

Raising to the power p, dividing by Cp
p , setting K = C−pp , and rewriting gives

the bound

T1(|Xn|p) ≤ KT1

(
n

p
2
−1

(
n∑
i=1

|Yi|p
))

. (6.6)

Applying this to the rightmost term of (6.5) we have

T1(|Xn|p)
np

≤ Kn
−p
2
−1T1

(
n∑
i=1

|Yi|p
)
. (6.7)

From condition (6.3) of this Theorem, and Kronecker’s Lemma, Theorem 11,
taking bi := i1+ p

2 , we have that

lim
n→∞

1

n
p
2

+1
T1

(
n∑
i=1

|Yi|p
)

= 0

and hence from (6.7) the rightmost term of (6.5) converges to 0.
The proof will be completed by showing the middle term of (6.5) converges.

For this we need two inequalities for real numbers, the first is

1

np
− 1

(n+ 1)p
≤ p

np+1
. (6.8)
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To prove it, note that f(x) := xp is convex, and hence the gradient of the
tangent of f at (n+ 1, f(n+ 1)) will be greater than the gradient of the chord
joining (n, f(n)) to (n + 1, f(n + 1)). Hence f ′(n + 1) ≥ f(n + 1) − f(n) for
any convex function f , and in this case p(n+ 1)p−1 ≥ (n+ 1)p − np. Dividing
both sides by np(n+ 1)p gives

p

np(n+ 1)
≥ 1

np
− 1

(n+ 1)p

and (6.8) is proved by noting that
p

np+1
≥ p

np(n+ 1)
.

The second inequality is

∞∑
n=i

n−
p
2
−2 ≤

(
p2

p
2

+2

p+ 2

)
i
−p
2
−1 = Ai

−p
2
−1 (6.9)

where A is understood to be some constant depending on p. To prove it, let
i ≥ 1 in N, then

∞∑
n=i

n−
p
2
−2 =

∞∑
n=i

(
1

n

) p
2

+2

≤
∞∑
n=i

(
2

n+ 1

) p
2

+2

since

(
2

n+ 1

)/(
1

n

)
=

2n

n+ 1
≥ 1 for n ≥ 1

= 2
p
2

+2

∞∑
n=i+1

(
1

n

) p
2

+2

≤ 2
p
2

+2

∫ ∞
i

(
1

x

) p
2

+2

dx

= 2
p
2

+2

[
1

−p
2
− 1

x−
p
2
−1

]∞
i

= 2
p
2

+2

(
2

p+ 2

)
i−

p
2
−1.
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Using inequalities (6.6), (6.8) and (6.9) we get

n−1∑
i=2

(
1

ip
− 1

(i+ 1)p

)
T1(|Xi|p) ≤

n−1∑
i=2

(
1

ip
− 1

(i+ 1)p

)
Ki

p
2
−1T1

(
i∑

k=1

|Yk|p
)

≤
n−1∑
i=2

( p

ip+1

)
Ki

p
2
−1T1

(
i∑

k=1

|Yk|p
)

≤ KpT1

(
n−1∑
i=1

i−
p
2
−2

i∑
k=1

|Yk|p
)

= KpT1

(
n−1∑
k=1

|Yk|p
n−1∑
i=k

i−
p
2
−2

)

≤ KApT1

(
n−1∑
k=1

|Yk|pk
−p
2
−1

)

≤ KAp
∞∑
k=1

T1

(
|Yk|p

k1+ p
2

)
.

(6.10)

The final term in (6.10) exists by (6.3) of the Theorem, and therefore∑n−1
i=2

(
1
ip
− 1

(i+1)p

)
T1(|Xi|p) converges as n → ∞. Hence (Zn) in (6.4) con-

verges. Application of Theorem 14 then gives absolute convergence, implying
convergence.



Chapter 7

Concluding Chapter

A number of results have been contributed to the literature of stochastic
processes on vector lattices as introduced by Kuo, Labuschagne and Watson
in [58,60].

The completeness result in Chapter 3 is the first step towards the develop-
ment of concepts such as weak convergence and relative weak compactness in
the Riesz space setting, without requiring a perfect Riesz space. These would
be important to the study of stochastic integration, as in [44], where there is
currently a requirement of a perfect Riesz space. It is hoped that this work
forms a foundation for the development of an Arzelà-Ascoli Theorem, which
may be useful in generalising Komlós’ Lemma. Chapters 4, 5 and 6 culminate
in Chow’s strong laws of large numbers for martingale difference sequences in
Riesz spaces. Kolmogorov’s and Lévy’s laws of large numbers are special cases.
The convergence in order implies both T -strong convergence and convergence
in T -conditional probability.

On the topic of completeness, the following questions have not yet been
answered in literature: is L2(T ) strongly sequentially complete? Does the
strong sequential completeness hold also for arbitrary p ≥ 1? What are the
implications of such results to the theory of stochastic integration on Riesz
spaces?
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Appendix A

Functional Calculus and
Clarkson’s Inequality

To prove Chow’s strong law of large numbers for 1 < p < 2 we need the
following inequality to be lifted from the real numbers to the Riesz space
setting.

|a+ b|p + |a− b|p ≤ 2(|a|p + |b|p) for all 1 < p < 2. (A.1)

A proof of this inequality for real numbers can be found in [30, p. 260]. This
inequality is one of Clarkson’s inequalities, see [19, Theorem 2] for the original
paper and see [34] for a simpler proof.

To do this we will make use of functional calculus. There are two ap-
proaches to the functional calculus in which terms like those in this inequality
can be defined, they are the Daniell integral version and the Riesz homomor-
phism version. A function such as f(·) := | · |p will be written as fD for
the Daniell integral version, and as fH for the Riesz homomorphism version,
following the notation in [9]. The Daniell integral is what was defined and
used in [38] for proving Jensen’s inequality (and other results), but is only
defined for functions of a single variable. The Riesz homomorphism version
is applicable in lifting real-valued functions on RN to Riesz spaces. To define
and apply the Riesz homomorphism version of the functional calculus, we will
need to apply theorems in [14] which involve certain concepts detailed below.
A real-valued Riesz homomorphism ω is a linear operator from a Riesz space
E into R such that for all a1, a2 ∈ E we have

ω(a1 ∨ a2) = ω(a1) ∨ ω(a2) and ω(a1 ∧ a2) = ω(a1) ∧ ω(a2).

If the Riesz space E is also an algebra, we can define a multiplicative Riesz
homomorphism as a Riesz homomorphism which additionally preserves the
algebra’s multiplication, i.e.

ω(a1a2) = ω(a1)ω(a2).

An f -algebra (see for example [93, definition 140.8]) is defined as a Riesz space
E in which there exists a multiplication which is associative and distributive
and where a1a2 ≥ 0 for all a1, a2 ∈ E+ and having the property that

a1 ∧ a2 = 0 =⇒ (a1w) ∧ a2 = (wa1) ∧ a2 = 0 for all w ∈ E+.
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For an f -algebra E to be semiprime means that w2 = 0 in E implies that w = 0,
and it can be shown that any Archimedean f -algebra which has a multiplicative
unit is semiprime [93, p. 670 and Theorem 142.5]. As mentioned in [58], both
the universal completion L1(T )u and the ideal L1(T )e are f -algebras (where
T is any strictly positive conditional expectation operator), and since they
are Archimedean with multiplicative unit e, these spaces are also semiprime.
Another property applicable to theorems in [14] is uniform completeness. For
our current purposes is it sufficient to note that any Dedekind σ-complete
Riesz space is uniformly complete [71, observation after Theorem 42.2] . The
following functional calculus definition is given in [14, Definition 4.2].

Definition 22 Let a1, ...aN be elements in an Archimedean semiprime f -algebra
E, and let g be a real-valued continuous function on RN with g(0) = 0. If b ∈ E
is such that g(ω(a1), ..., ω(aN)) = ω(b) for all multiplicative Riesz homomor-
phisms ω on the f -subalgebra of E generated by {a1, ...aN , b}, then we can write
gH(a1, ..., aN) = b.

In [14, Lemma 4.4(iii)], it was shown that gH(a1, ..., aN) = b implies
g(ω(a1), ..., ω(aN)) = ω(b) for all multiplicative Riesz homomorphisms ω on
any f -subalgebra of E containing a1, ...aN , b. Moreover, a sufficient condition
for gH(a1, ..., aN) = b is if g(ω(a1), ..., ω(aN)) = ω(b) for all multiplicative Riesz
homomorphisms ω on the f -subalgebra of E generated by any countable subset
L ⊇ {a1, ...aN , b} (this follows from [14, Lemma 4.4(ii)] together with [14,
corollary 2.7]).

The Riesz homomorphism version in Definition 22 and the Daniell integral
version used in [38] have been shown in [9] to be equivalent for functions of
a single variable on the ideal Ee generated by e, where E is any Dedekind
complete Riesz space with weak order unit e > 0. To lift inequality (A.1) to
Riesz spaces we will start from the Riesz homomorphism version and by that
show the Daniell integral version of (A.1) also holds on L1(T )e. To finish the
job we will prove using limit arguments the validity of the Daniell integral
version on the whole universal completion L1(T )u of L1(T ).

Proposition 23 Inequality (A.1) holds in the Riesz homomorphism functional
calculus for all a, b in the universal completion L1(T )u.

Proof. For a given p with 1 < p < 2, consider the two real-valued functions
on R2:

g(x, y) := |x+ y|p + |x− y|p, and h(x, y) := 2(|x|p + |y|p). (A.2)

Both of these functions are continuous functions of polynomial growth, both
being dominated above by 2(|x|+ |y|)p. Furthermore the universal completion
L1(T )u is an f -algebra with unit e, and is Dedekind complete and hence uni-
formly complete. Therefore the conditions of Theorem 4.12 in [14] are met, so
that for any a, b ∈ L1(T )u the functional calculus

Ψ(·) : f 7→ f(a, b) ∈ L1(T )u
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is a Riesz homomorphism, and hence positive. The inequality g(x, y) ≤ h(x, y)
holds for x, y ∈ R ( [30, p. 260]) and the positiveness of Ψ implies that for all
a, b ∈ L1(T )u:

Ψ(g) ≤ Ψ(h)

=⇒ gH(a, b) ≤ hH(a, b) (A.3)

completing the proof.
Now, since the Daniell integral is only defined for functions of a single

variable, we will use the following two simple lemmas to process the above
before getting a Daniell integral version of inequality (A.1).

Lemma 24 Let E be a Dedekind complete Riesz space that is also an f -
algebra. If f1 = f2 + f3 for f1, f2, f3 real valued functions on R2, then if
fH2 (u, v) and fH3 (u, v) exist in the Riesz space for some u, v ∈ E, we have that
fH1 (u, v) = fH2 (u, v) + fH3 (u, v).

Proof. Let bi = fHi (u, v) for i = 2, 3, and let ω be a multiplicative real-valued
Riesz homomorphism on the f -subalgebra generated by the set {u, v, b2, b3, b2+
b3}. Then

f1(ω(u), ω(v)) = f2(ω(u), ω(v)) + f3(ω(u), ω(v))

= ω(b2) + ω(b3)

= ω(b2 + b3)

so

fH1 (u, v) = (b2 + b3)

= fH2 (u, v) + fH3 (u, v).

Lemma 25 Let E be a Dedekind complete Riesz space that is also an f -
algebra, and consider real-valued functions f1, f3 defined on R2 and real-valued
function f2 defined on R. If f1 = f2 ◦f3, then when fH3 (u, v) and fH2 (fH3 (u, v))
exist in E for some u, v ∈ E, we have fH1 (u, v) = fH2 (fH3 (u, v)).

Proof. Let b3 = fH3 (u, v) and let b2 = fH2 (fH3 (u, v)) = fH2 (b3). Then let ω
be any multiplicative real-valued Riesz homomorphism on the f -subalgebra
generated by the set {u, v, b2, b3}. Then we have for all u, v in the Riesz space
that:

f1(ω(u), ω(v)) = f2(f3(ω(u), ω(v)))

= f2(ω(fH3 (u, v)))

= f2(ω(b3))

= ω(fH2 (b3))

= ω(b2).
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This implies that

fH1 (u, v) = b2 = fH2 (fH3 (u, v))

as required.
Remark: Lemma 25 implies that for the homomorphism version of the

functional calculus, powers of a Riesz space element w can be combined in
the same way as for real numbers. For example for x ∈ R, let fa(x) = xa,
fb(x) = xb, h(x) = fb(fa(x)) and ×(x, y) = xy. Then h(x) = (xa)b = xab so in
a Riesz space,

wab = hH(w) = fHb (fHa (w)) = (wa)b.

Similarly, for real numbers, ×(fa(x), fb(x)) = xaxb = xa+b, so also in a Riesz
space,

xaxb = ×H(fHa (x), fHb (x)) = xa+b.

If the exponent is 1, the result is simply the identity function, f1(x) = x1 = x
so in a Riesz space x1 = fH1 (x) = x. For an exponent of zero, we have for any
strictly positive or negative number x that x0 = 1, the multiplicative unit, so
in a Riesz space for a strictly positive or negative element y we have y0 = e.
Also, as with real numbers, in a Riesz space, (xy)a = xaya.

Now we can process the right- and left-hand sides of (A.3) to be in terms
of simple operations and functions of a single variable. Let g be as in (A.2),
then defining g1(x, y) = |x+ y|p and g2(x, y) = |x− y|p, we have

g(x, y) = g1(x, y) + g2(x, y)

and hence, by Lemma 24,

gH(x, y) = gH1 (x, y) + gH2 (x, y).

Now, define +(x, y) = x + y and −(x, y) = x − y (keeping in mind that the
Riesz space function +H(x, y) = x+y as well, and likewise −H(x, y) = x−y).
Then define

f(x) = |x|p.
We have that g1(x, y) = f(+(x, y)) and g2(x, y) = f(−(x, y)) which implies
by Lemma 25 that

gH1 (x, y) = fH(+H(x, y)) = fH(x+ y)

and
gH2 (x, y) = fH(−H(x, y)) = fH(x− y)

with the result that we can say, whenever all the terms are defined, that

gH(x, y) = fH(x+ y) + fH(x− y). (A.4)

Similarly, considering the function d(x) defined by d(x) = 2x (realizing that
dH(x) = 2x) and using Lemmas 24 and 25, we have for the function h(x, y) in
(A.2) that

hH(x, y) = 2(fH(x) + fH(y)). (A.5)
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Hence, combining inequality (A.3) with (A.4) and (A.5) we have,
for f(·) = | · |p, whenever the below terms exist, that

fH(x+ y) + fH(x− y) ≤ 2(fH(x) + fH(y))

for all x, y ∈ L1(T )u, and for any real p in the range 1 < p < 2.
We are now in a position to state a Daniell integral version of the above

inequality. By Lemma 2.3 of [9] and the comments after [9, Lemma 2.7], we
know for all elements in L1(T )e (the ideal generated by the unit e) that fD(·)
and fH(·) coincide. Hence for all x, y ∈ L1(T )e, keeping in mind that x + y
and x− y will then also be in L1(T )e, we have the inequality:

fD(x+ y) + fD(x− y) ≤ 2(fD(x) + fD(y)).

So with the Daniell integral version of the functional calculus we can say for
all x, y ∈ Ee that whenever the terms defined, we have

|x+ y|p + |x− y|p ≤ 2(|x|p + |y|p) for all 1 < p < 2. (A.6)

For the rest of this paper all use of functions lifted from R will be considered
to be by the Daniell integral version of the functional calculus.

The next job is to prove that inequality (A.6) holds for arbitrary x, y in
L1(T )u, and hence in Lp(T ) also. This can be done by the below six steps.
Step 1 and step 5 will be shown in more detail after the list. Here and below
we let E := L1(T ) for brevity of writing:

1. Show the inequality holds for x ∈ Eu+, y ∈ E+
e .

2. By swapping x and y show it holds for x ∈ E+
e , y ∈ Eu+. This is so

because the quantities on the left and right are unchanged by swapping
the inputs, i.e. by defining LHS = |x + y|p + |x − y|p =: f(x, y) and
RHS = 2(|x|p + |y|p) =: g(x, y) then f(x, y) = f(y, x) and g(x, y) =
g(y, x).

3. Applying the result of the first two steps and using the same argument
as in step 1 but letting 0 ≤ y ∈ Eu+, it can be shown that the inequality
holds for 0 ≤ x, y ∈ Eu+.

4. It is clear then that the inequality holds whenever each of the inputs are
either negative or positive (i.e. for x, y ∈ Eu+∪Eu−). This is so because
neither side of the inequality depends on the sign of either of the inputs,
i.e. LHS = f(x, y) = f(x,−y) = f(−x,−y) = f(−x, y) and likewise for
the right-hand side.

5. It can then be shown that the inequality holds for arbitrary x ∈ Eu and
0 ≤ y ∈ Eu+.

6. Finally, using the same logic as in step 5, and remembering that the
order of the inputs does not change either side of the inequality (step 2),
the inequality is proved for arbitrary x, y ∈ Eu.
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Elaboration of step 1: first we prove a Lemma, which is an analogue of [38,
Theorem 4.6.2] for downward directed sets (this analogue was used, though
not explicitly proved or stated, in the proof of [38, Theorem 6.5]).

Lemma 26 If 0 ≤ xn ↓ x in a Riesz space, and f is a strictly increasing
convex or concave function on [0,∞) and if for all n ∈ N we have that the
Riesz space elements f(xn) and f(x) are defined, then f(xn) ↓ f(x).

Proof. Theorem 4.6.2 of [38] has the result for the case 0 ≤ xn ↑ x which
will be used to prove this result. Define the real-valued function g on R by
g(r) = −(f(−r)) for r ∈ (−∞, 0], then g is strictly increasing and convex or
concave (whichever f is not) and g(−x) is defined in the Riesz space whenever
f(x) is defined. Since 0 ≤ xn ↓ x, it follows that −xn ↑ −x, and by Theorem
4.6.2 in [38] we now have that

g(−xn) ↑ g(−x) ⇐⇒ −f(−(−xn)) ↑ −f(−(−x)) ⇐⇒ −f(xn) ↑ −f(x)

and the result f(xn) ↓ f(x) is therefore proved.
Now to prove step 1 of the six steps above:

Theorem 27 |x+ y|p + |x− y|p ≤ 2(|x|p + |y|p) for all 1 < p < 2 and for all
x ∈ Eu+ and y ∈ E+

e .

Proof. Since x ∈ Eu+ and y ∈ E+
e are given, consider xn := x∧ne, then each

xn is in E+
e and xn ↑ x because e is a weak order unit for Eu. Now because

y ≥ 0, it follows that 0 ≤ xn + y ↑ x + y. The function | · |p for 1 < p < 2
is strictly increasing and convex on [0,∞) and hence by Theorem 4.6.2 of [38]
we have that

|xn + y|p ↑ |x+ y|p. (A.7)

For the second term on the left-hand side of (A.6) things are slightly more
complicated as xn− y is not necessarily greater than or equal to zero. For this
we note that

|x− y|p = [(x− y)+ + (x− y)−]p

= ((x− y)+)p + ((x− y)−)p
(A.8)

because of the definition of | · | and by proposition 2.6 of [9] since (x− y)+ and
(x− y)− are orthogonal, 0p = 0, and (·)p is increasing and continuous on Eu+.
Because xn ↑ x, it follows that xn− y ↑ x− y and so 0 ≤ (xn− y)+ ↑ (x− y)+;
and in an opposite direction −(xn − y) ↓ −(x− y) so

0 ≥ (xn − y)− = (−(xn − y))+ ↓ (−(x− y))+ = (x− y)−.

It follows now from Theorem 4.6.2 in [38] and Lemma 26 above that
((xn − y)+)p ↑ ((x − y)+)p and ((xn − y)−)p ↓ ((x − y)−)p. From (A.8) this
implies that

|xn − y|p → |x− y|p.
Adding this result to that of (A.7) it is now evident that

|xn + y|p + |xn − y|p → |x+ y|p + |x− y|p. (A.9)
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For each n ∈ N, the left-hand side of (A.9) is bounded above by 2(|xn|p+|y|p) as
in (A.6) because the xn are in E+

e . But since xn ↑ x it follows that 2(|xn|p+|y|p)
is bounded above by 2(|x|p + |y|p) for all n ∈ N. Since for all n ∈ N the left-
hand side of (A.9) is bounded above by 2(|x|p + |y|p), it follows that the limit
|x+ y|p + |x− y|p must also be bounded above by 2(|x|p + |y|p), and this proof
is complete.

Following steps 2 to 4 above it can be shown that the inequality holds as
long as x and y are either positive or negative. The next step, step 5, is to
show that the inequality holds where one of them is neither altogether in the
positive cone, nor altogether negative.

Theorem 28 Inequality (A.6) holds for arbitrary x ∈ Eu and positive y ∈
Eu+.

Proof. Let P := Px+ be the band projection onto the band generated by the
positive part of x, namely, x+. By P d we mean I − P , so that I = P + P d.
Then P is a positive linear operator that maps x to the positive element
x+ ∈ Eu+. Similarly, P dx = (I − P )x = x − Px = x − x+ = −x−. Band
projections also map positive elements to positive elements, so Py and P dy are
both in Eu+. Note also that because the ranges of P and P d are orthogonal
it follows by proposition 2.6 of [9] that, for arbitrary z in the Riesz space,
|P (z) +P d(z)|p = |P (z)|p + |P d(z)|p. By applying P and P d, we can break the
left-hand side of the inequality (A.6) into two sets, where in these new sets the
elements involved are either positive or negative, and there the inequality has
already been proven to apply:

|x+ y|p + |x− y|p = |I(x+ y)|p + |I(x− y)|p

= |P (x+ y) + P d(x+ y)|p + |P (x− y) + P d(x− y)|p

= |P (x+ y)|p + |P d(x+ y)|p + |P (x− y)|p + |P d(x− y)|p

= |Px+ Py|p + |P dx+ P dy|p + |Px− Py|p + |P dx− P dy|p

= |Px+ Py|p + |Px− Py|p

+ |P dx+ P dy|p + |P dx− P dy|p

= |x+ + Py|p + |x+ − Py|p

+ | − x− + P dy|p + | − x− − P dy|p

≤ 2(|x+|p + |Py|p)
+ 2(| − x−|p + |P dy|p)

= 2(|x+ − x−|p + |Py + P dy|p)
= 2(|x|p + |y|p)

And hence step 5 is proved.
By step 6 above, the inequality is fully generalised to Eu:

Theorem 29 For x, y ∈ Eu, we have that

|x+ y|p + |x− y|p ≤ 2(|x|p + |y|p) for all 1 < p < 2.



Appendix B

Existence of p-Powers and
Related Products in a Riesz
Space

We remark how the p-powers in Theorem 14 and the terms used in Theorems
19 and 20 exist in the relevant Riesz space. Let E be a Dedekind complete
Riesz space with weak order unit e > 0. From page 281 of [38] we know for

x ∈ E and p > 0 that |x|
1
p is defined in the sup-completion Es because | · |

1
p

is positive and continuous. From [9, Lemma 3.5 (ii)] we have for x ∈ E and
p ≥ 1 that 1

p
and 1− 1

p
are both in [0,∞) and hence

|x|
1
p = |x|

1
p e1− 1

p ≤ 1

p
x+

(
1− 1

p

)
e ∈ E,

and since Es is a tight cone for E it follows that |x|
1
p ∈ E. For the case

E = L1(T ) it is clear then that |x|
1
p ∈ Lp(T ) since (|x|

1
p )p = |x| ∈ L1(T ).

If x ∈ Lp(T ) and y ∈ Lq(T ) with 1
p

+ 1
q

= 1 then xy ∈ L1(T ); this

is part of [9, Theorem 3.7] and can be proved by using Young’s inequality
(see [9, proposition3.6]). Indeed, xy ∈ L1(T )u because L1(T )u is an f -algebra;
then Young’s inequality gives

|xy| ≤ 1

p
|x|p +

1

q
|y|q ∈ L1(T ),

and it follows that |xy| ∈ L1(T ) because L1(T ) is an ideal in L1(T )u (see [58,
Lemma 5.2]). Hence the right and left-hand sides of Hölder’s inequality for
sums, Theorem 19, do exist in L1(T ); to see this for the right-hand side, note
that

|xi|p ∈ L1(T ) ∀i =⇒
n∑
i=1

|xi|p ∈ L1(T ) =⇒

(
n∑
i=1

|xi|p
) 1

p

∈ Lp(T )

and similarly (
∑n

i=1 |yi|q)
1
q ∈ Lq(T ), and their product must therefore exist in

L1(T ).
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