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Abstract

(1)

Given a local left topological group X with a distinguished element 0,
denote by Ult(X) the subsemigroup of fX consisting of all nonprinci-
pal ultrafilters on X converging to 0. Any two countable nondiscrete
zero-dimensional local left topological groups X and Y with count-
able bases are locally isomorphic and, consequently, the subsemigroups
Ult(X) C X and Ult(Y) C BY are isomorphic. However, not every
two homeomorphic zero-dimensional local left topological groups are
locally isomorphic. In the first result of this thesis it is shown that for
any two homeomorphic direct sums X and Y, the semigroups Ult(X)
and Ult(Y') are isomorphic.

Let S be a discrete semigroup, let S be the Stone-Cech compacti-
fication of S, and let T" be a closed subsemigroup of 8S5. The second
and main result of this thesis consists of characterizing ultrafilters from
the smallest ideal K (T') of T and from its closure ¢/ K(T'), and show-
ing that for a large class of closed subsemigroups 7" of 5, ¢ K(T)
is not an ideal. This class includes the subsemigroups 07 C SR, and

Hy C B(GBA Zs).
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Introduction

Historical background

AN, the Stone-Cech compactification of the discrete space N, can be described
as follows.

(a) The elements of SN are the ultrafilters on N, with elements of N being
identified with principal ultrafilters.

(b) The base for the topology consists of subsets of the form
A={pepN:Acp}

where A C N.

Being the Stone-Cech compactification of N, every (continuous) function
f N = Y into a compact Hausdorff topological space Y factors uniquely
through AN, i.e. there exists a unique continuous function f : SN — Y such
that ﬁN = f. In particular, every compactification of N is a quotient of SN.
The semigroup operation + on N can be extended to SN as follows. For any
p,q € BN, p + ¢ is defined by

A€ep+q:<— {xeN:—x+ Acq}enp,

where for every x € Nand every A C N, —z4+A ={y € N: x+y € A}. Then
for each p € BN, the translation p, : BN 3 ¢ — ¢ + p € BN is continuous,
and for each n € N, the translation A, : SN 2 ¢ — n+ ¢ € SN is continuous.
Although the same extension can be done for (N, -), unless otherwise stated,
when we write SN, we mean (SN, +).
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This extension works for any discrete semigroup S, making the Stone-Cech
compactification £S5 of S a right topological semigroup with S contained in
its topological center. That means for each p € S, the right translation
pp i BS 3 q— qp € BS is continuous, and for each x € S, the left translation
Ae ¢ 8S D q — xq € S is continuous, respectively. This extension was
explicitly established by Day [10] in 1957 using the methods of Arens [1].

For any semigroup S with a smallest ideal, we use K(S) to denote that
smallest ideal. As any compact right topological semigroup, 55 has a small-
est ideal K(4S). In addition, since S is dense in 5S and S is a subset of
the topological center of 5S (the set of all ultrafilters p € £S such that
Ap @ S — S is continuous), the topological center of 35 is dense in 85
and, thus, the closure ¢/ K(£5) is also an ideal of 35S.

The semigroup (S5 has an algebraic structure of extraordinary complexity
which makes S interesting for its own sake. The semigroup £S5 is also in-
teresting for its important applications to Ramsey Theory and topological
dynamics.

A typical problem in Ramsey Theory can be thought of as follows. One has
a set X and a collection G of certain subsets of X. One then asks whether,
whenever X is partitioned into finitely many pieces, one piece must contain
a member of G. Viewed in this way one can see why we prefer the con-
struction of SN with ultrafilters on N as points. If p is an ultrafilter on
N and N = [JI_, A; is a finite partition of N, then A; € p for exactly one
ie{l,---,n}.

The Graham-Rothschild conjecture, now known as the Finite Sum Theorem,
is one of the concepts that connect SN and Ramsey Theory. This theorem
says the following.

Theorem 0.0.1. Let r € N and let N = (J_| A; be a partition of N.
Then there exists i € {1,2,---,r} and a sequence (x,)nen in N such that
FS((zn)nen) € A;.

For any nonempty subset B C N,
FS(B) = {XF : Fis a nonempty finite subset of B}
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and
FP(B) = {H F : Fis a nonempty finite subset of B}.

More generally, let .S be a semigroup, let D be a linearly ordered set, and let
(xs)sep be a D-sequence in S.

(a) For F' € P¢(S), [l,epxs is the product in the increasing order of
indices.

(b) FP((25)sen) = {Ilier s - F € Py(5)}-

(¢c) The D-sequence (zs)sep is said to satisfy the distinct finite products
property if and only if whenever F, G € Pr(S) and [[,cp s = [ e Ts
one has F' = G.

(Given a set X, we use P(X) to denote the powerset of X, and P;(X) to
denote the collection of all nonempty finite subsets of X.)

The Graham-Rothschild conjecture had been open for some decades, even
though several mathematicians (including Hilbert) worked on it. Fred Galvin
worked on this conjecture around the year 1970. At some point Galvin
wanted to know whether there could exist p € SN such that whenever A € p,
{r e N: —zx+ A € p} € p. Galvin called such ultrafilters “almost downward
translation invariant ultrafilters”. In current terminologies Galvin wanted
to know if there could exist an idempotent in SN, i.e. p € BN such that
p+p = p. He had a construction showing that any element of such an ultra-
filter contains F'S(B) for some infinite subset B C N. In fact, using current
terminologies, what Galvin knew amounts to the following fact: The set

Q= {p e pN:for all A € p there exists an infinite B C A with F'S(B) C A}

is the closure of the set {p € SN : p+ p = p} in SN.

Around that time Steven Glazer was one of the few mathematicians who
knew about the extension of the semigroup operation from a discrete semi-
group S to 85, and who were also aware of the following theorem of Ellis [15]:
Every compact right topological semigroup contains an idempotent. These
mathematicians also viewed the underlying set of 35 as the set of all ultrafil-
ters on S. So, one day in 1975 Galvin learned from Glazer that idempotents
exist in SN and together, using this information, they devised a simple and
elegant proof of the Finite Sum Theorem.
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Going back a little, around 1972, while trying to answer the question of
Galvin about the existence of almost downward translation invariant ultra-
filters in SN, Neil Hindman established the following result, where

I' = {A C N : there exists an infinite B C A with F.S(B) C A}.

Theorem 0.0.2. The Graham-Rothschild conjecture holds if and only if there
1s an ultrafilter p on N such that p C T

The ultrafilter produced in Theorem 0.0.2 does not necessarily answer Galvin’s
question even if the Graham-Rothschild conjecture is assumed to be true. It

is in fact possible to produce, under this assumption, an ultrafilter contained

in I" which has an element A such that —z+ A ¢ T for every x in A. However

Hindman established the following result.

Theorem 0.0.3. Assume the continuum hypothesis. The Graham-Rothschild
conjecture implies, and therefore is equivalent to, the existence of an almost
downward translation invariant ultrafilter on N.

In fact, Galvin also asked whether what he called “almost upward transla-
tion invariant ultrafilters” exist. This question was answered in the negative
by Hindman. Soon thereafter, Hindman showed directly, using a combinato-
rial argument, that the Graham-Rothschild conjecture is true. However, the
proof was of enormous complexity.

Since the proof by Galvin and Glazer, there have been numerous applications
of the algebraic structure of SN to Ramsey Theory, various strong combina-
torial results have been obtained using the algebraic structure of SN, and the
Finite Sum Theorem has been extended using the combination of addition
and multiplication in SN. Other famous combinatorial theorems that were
initially established using combinatorial methods, such as the van der Waer-
den’s Theorem, were reestablished elegantly using the algebraic structure of
ON. In the process more came to be known about the algebraic structure of
BS, for a general semigroup S.

Among other interesting results and questions about the structure of SN, we
mention the following.

(1) The center of N is N. Even more than that, SN contains copies of
the free group on 22° generators. (We use w to denote the first infinite
cardinal, i.e. w = {0,1,2,3,---}.)



(2) AN has 22° minimal left ideals and 2*° minimal right ideals.

(3) It is not yet known whether SN contains any element of finite order,
other than the idempotents.

(4) Only recently it was shown that there are no finite nontrivial groups in
BN. See [63] and [64].

(5) Let

H:ﬂcngZ"N: ﬂm, T = ﬂcngnN: ﬂm

new new neN neN

Then,

(a) T and H are subsemigroups of SN with T C H.
(b) All idempotents of SN are in T.

(c) If A is a left ideal, a right ideal, a minimal left ideal, a mini-
mal right ideal, or the smallest ideal of SN, then AN T is the
corresponding object in T.

(¢) There are functions f : N — S, where S is a compact Hausdorff
right topological semigroup, such that f is not a homomorphism
but f(p+q) = f(p)+f(q) for every p € SN and every ¢ € H (where
f : BN — S is the continuous extension on f). In particular the
restriction of f to H is a homomorphism.

We now look at the applications of 55 to topological dynamics. A topological
dynamical system is a pair (X, (Ts)ses) where

1) X is a compact Hausdorff space,

2) S is a semigroup,

(1)
(2)
(3) for each s € S, T} is a continuous function from X to X, and
(4)

for each s,t € S, T, 0Ty = Tl.

For our introductory purpose we consider the case when S = (w, +). There-
fore, unless otherwise stated, by a topological dynamical system we will mean
a topological dynamical system of the form (X, (7},),en) with Ty equal to the
identity function of X. In this case, let T" = T;. Then, for any n > 1,
T,=Ti4.g1=Tyo---0T, =T" ie. T, is the n'" iterate of T. We define
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T° = Ty, the identity function of X. We will write (X, T) for (X, (T})new)-
Topological dynamics is concerned with the behavior of the iterates of T'. To
study the limiting behavior of the iterates of T' for large n, one defines for
each ultrafilter U € Pw,
T™: X - X, TY(z) = U—lier%T”(x),

(see Chapter 1, Definition 1.1.13). It is clear that if U is an ultrafilter
generated by m, then T¥ = T™. We also have TY(TV(x)) = T4V (z) for
every x € X and for every U,V € fw. Regarded as a function of U € Pw,
for a fixed x € X, this is the continuous extension to Sw of the function
wdn T(z) € X. It follows that {TY(z) : U € fw} is the closure of the
forward orbit {T™(z) : n € w} of the point . More generally, a semigroup S
of continuous functions acting on a compact Hausdorff space X has a closure
in XX called the enveloping semigroup of S, [15]. The enveloping semigroup
is a compact right topological semigroup and, therefore, it is a quotient of
BS. In some important cases it is equal to 5S. The algebraic properties of
£S have implications for the dynamical behavior of the topological dynami-
cal system.

The topological space fw with the function P : fw 5 U — 1+ U € fw is a
topological dynamical system. One observes that addition in Sw is just the
ultrafilter iteration of P, i.e. for any U,V € fw, P4(V) = U + V. For any
topological dynamical system (X,T') and for any = € X, the function

fiBw— X, U T (z)

is the unique continuous function from fw to X with fo P = T o f and
£(0) = a.
B L X

'

fbw—— X.

Therefore (fw, P) may be regarded as the free topological dynamical system
on one generator.

Let (X, T) be a topological dynamical system and let x € X. Then,

(1) xiscalled recurrent if for each neighborhood G of x there are infinitely
many n € w such that 7"(z) € G, and
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(2) x is called uniformly recurrent if for each neighborhood G of = there
exists M € w such that for any n € w there is & < M such that
Tk (z) € G.

Theorem 0.0.4. Let (X, T) be a topological dynamical system.

(1) A point x € X is recurrent if and only if TY(x) = = for some nonprin-
cipal ultrafilter U on w.

(2) A point x € X is uniformly recurrent if and only if for every ultrafilter
V on w there is an ultrafilter U on w such that TY(TY(x)) = .

The interaction with topological dynamics works both ways. Several com-
binatorial notions which originated in topological dynamics such as syndetic
and piecewise syndetic sets, are important in describing the algebraic struc-
ture of 4S. In a semigroup S a subset A C S is said to be syndetic if there
is a finite subset G C S such that S = G~'A, where

G l'A={recS:txec Aforsometc G}

For example, one can easily verify that in a topological dynamical system
(X,T), a point z € X is uniformly recurrent if and only if for every neigh-
borhood G of z, the set {n € w: T"(z) € G} is a syndetic subset of w. A is
said to be piecewise syndetic if there is a finite subset G C S such that for
every finite subset ' C S, there exists x € S with Fo C G~'A. We have the
following very important theorem.

Theorem 0.0.5. Let S be a semigroup, let K(5S) be the smallest ideal of
BS and let p € BS. The following statements hold.

(1) p € K(BS) if and only if for every A € p, {x € S : z7'A € p} is
syndetic.

(2) p € cl K(BS) if and only if every A € p is piecewise syndetic.

These combinatorial characterizations of members of K(35) and ¢/ K(BS)
have been extended from (S to certain important closed subsemigroup of
BS, namely, to H and 0% C SR,. Here Ry is the additive group of real num-
bers reendowed with the discrete topology and 07 = (), .y ¢lsr, (0, 1). As
mentioned earlier, H contains most of the information about SN and one can
expect it to ‘behave’ in the same way as SN. Surprisingly, as distinguished
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from ¢l K(BS5), ¢/ K(H) is not a left ideal of H [22]. The question of whether
cl K(0") is not a left ideal of 0" remained open [25]. We have now answered
this question and this answer is the main result in this thesis.

In [56], J. Pym noticed that certain important subsemigroups of £S de-
pend very little on the operation of S and they can be defined in terms of
direct sums of sets with a distinguished element. We have obtained a result
which says that if X and Y are homeomorphic direct sums, then the subsemi-
groups of X and SY consisting of all nonprincipal ultrafilters converging to
the distinguished element are isomorphic.

Synopsis

In Chapter 1 we review the elementary concepts about ultrafilters and semi-
groups. One of the important results presented in this chapter is the structure
of a completely simple semigroup. We then present the construction of the
Stone-Cech compactification 85 of a discrete semigroup S and the exten-
sion of the semigroup operation from S to 5S. The elements of K(3S) and
cl K(5S) are given combinatorial characterizations as stated in Theorem
0.0.5.

Chapter 2 deals with ultrafilter semigroups. These are defined as follows.
Let G be a group and let T be a topology on G such that the left shifts
Ao : G2 x— ax € G, where a € G, are continuous. The nonprincipal ultra-
filters on GG that converge to the identity of G in this topology form a closed
subsemigroup of the Stone-Cech compactification of the discrete semigroup
G. We call this subsemigroup the ultrafilter semigroup of (G,7T). Indeed,
this can be defined for any local left topological group. Ultrafilter semigroups
proved useful in studying the structure of the semigroups 5S5. They are also
a main tool in the proof of our main result. Homomorphisms of ultrafilter
semigroups are induced by what are called local homomorphisms. We also
present two ways of constructing left invariant topologies on a group G, using
idempotents from SG \ G. In Section 2.5 we prove our first result, that the
ultrafilter semigroups of any two homeomorphic direct sums are isomorphic.

Chapter 3 starts by presenting old results about the smallest ideals of T and
0" and the closures of these smallest ideals. We extend the combinatorial
characterizations of elements of K (£5) and ¢/ K(4S) to an arbitrary closed
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subsemigroup 7T of 3S. We then move on to our main result, showing that for
a large class of closed subsemigroups T" of 45, ¢/ K(T') is not a left ideal of T'.
This class includes the semigroups 0% and H,. For every infinite cardinal A,
H, is the ultrafilter semigroup of the Boolean group €, Z, in the topology
having as the basic neighborhood of the identity the subgroups of the form

Ha:{xE@ZQ:a:('y):Ofor all v < a},
A

where o < A.

Chapter 4 deals with finite ultrafilter semigroups. The ultrafilter semigroup
of a left topological group G reflects quite good topological properties of G,
especially when the ultrafilter semigroup is finite. A topological space X is
called almost maximal if it is without isolated points and for every element
x € X, there are only finitely many ultrafilters on X converging to x. We
look at almost maximal spaces, almost maximal left topological semigroups,
projectives in the category of finite semigroups and almost maximal topolog-
ical groups.

XV



Chapter 1

The Semigroup 35

1.1 Ultrafilters

Definition 1.1.1. Let X be a set and let 7,8 C P(X). F is called a filter
on X if the following properties are satisfied:

(a) 0 ¢ Fand X € F,
(b) for every A, B € F, AN B € F, and
(c) for any A € F and any B C X with AC B, B € F.

B is called a filter base on X if the following conditions are satisfied:

(i) 0 ¢ B and ) # B, and
(ii) for any A, B € B, there exists C' € B such that C' C AN B.

An wultrafilter on X is a filter on X that is not properly contained in any
other filter on X.

When dealing with filters, the following condition will serve the same purpose
as condition (ii) in the definition of a filter base.

For any A,Be B, ANB e B.



1.1 Ultrafilters 2

For any filter base B on X, there is a smallest filter on X that contains B.
It is defined as follows.

Fp:={AC X | BC Afor some B € B}.

We call Fg the filter generated by B and we call B a filter base (or simply a
base) for Fg.

Let X be a topological space. For each z € X, let N, denotes the family of
neighborhoods of x. It is easy to check, using the definition of a neighborhood
and the definition of an open set, that the family {N, : x € X} satisfies the
following conditions.

N1) Forevery z € X and U € N, z € U.

Foreveryx € X and U e N, {y € X : U e N} € N,.

(N1)
(N2)
(N3) For every x € X and U,V € N, UNV € N,.

(N4) For every x € X and U € N, U CV C X implies V € N,.

Remark 1.1.2.

(1) Condition (N2) is equivalent to the following condition.

(N2) For every x € X and for every U € N, there exists V € N, such
that U € N, for every y € V.

(2) (N1), (N3) and (N4) imply that N, is a filter on X. N, is called
the neighborhood filter at (or of) x and {N, : © € X} is called the
netghborhood system for X.

Proposition 1.1.3. Let X be a set and let {N, : x € X} be a family of
filters on X satisfying (N1) and (N2). Then there exists a topology T on X
such that N, is precisely the neighborhood filter at x for each x € X .

Proof. Let T = {U C X : for every x € U there is W € N, with W C U}.
Clearly ) € T. Since for any x € X, N, # 0, X € T. Let U,V € T and
let z € UNV. Pick Wi, Wy € N, such that W; C U and W, C V. Then
W =W NWyeN, and W CUNV. Therefore UNV € T. Let (U;)ier
be a family in 7 and let z € |J,.; U;. Pick j € I such that = € U; and pick

ier Vi
W e N, with W C U;. Then W C (J,.,; U; and, hence, J,.,U; € T. It

iel



1.1 Ultrafilters 3

follows that 7 is a topology on X.

Let # € X and denote by F, the neighborhood filter at = in T. Let U € N,.
Then z € U. By (N2), W :={ye X :U € N,} € N,. By (N1) W CU.
Therefore U € T. Hence U € F,. It follows that N, C F,. Now let U € F,.
There exists V € T such that x € V C U. Pick W € N, such that W C V.
Then W C U. Since N, is a filter, U € N,. It follows that F, C N,. Hence
Fr=N,.

O

Recall that a family A of sets is said to have the finite intersection property
if for every nonempty finite subset F of A, (| F # ), and that a topological
space X is compact if and only if for every family A of closed subsets of X
such that A has the finite intersection property, (A # (). A subset A C
P(X) is said to be mazimal with respect to the finite intersection property if
A has the finite intersection property and A is not properly contained in any
other subset of P(X) having the finite intersection property.

Theorem 1.1.4. [[29], Theorem 3.6] Let X be a set and let p C P(X). The

following statements are equivalent.

(a) p is an ultrafilter on X.

(b) p has the finite intersection property and for every A C X, A € p if
and only if AN B # 0 for every B € p.

(¢) p is mazimal with respect to the finite intersection property.

(d) p is a filter on X and for every finite A C P(X), if JA € p, then
Anp#£ 0.

(e) pis a filter on X and for every B C X, either B € p or X \ B € p.

Proof. (a)= (b): Let p be an ultrafilter on X. Since for each A, B € p,
ANB e pand ) ¢ p, AN B # (. Therefore p has the finite intersection
property. Let A C X. If A € p, then clearly AN B # () for every B € p.
Conversely, suppose AN B # () for every B € p. Put g={C C X : ANBC
C for some B € p}. It is clear that ¢ is a filter on X with A € g and p C g.
Since p is an ultrafilter, p = ¢q. Thus A € p.

(b)=- (¢): Suppose (b) holds. Let & C P(X) such that p C U and U has the
finite intersection property. Let A € U and let B € p. Then A, B € U and,
therefore, AN B # (). By (b), A € p. Since A was an arbitrary element of U,
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U C p. Therefore p =U.

(¢)= (d): Suppose (c) holds. It is clear that O ¢ p. Let A, B € p and let
C C X with A C C. It is easy to see that the families pU{X}, pU{A N B}
and p U {C'} have the finite intersection property and contain p. Therefore
these families are equal to p. Hence p is a filter on X. Let A, B C X such that
AUB € p and suppose A ¢ p and B ¢ p. Since p G pU{A} and p G pU{B},
p U {A} and p U {B} do not have the finite intersection property. Pick
Ci,--,C,, Dy, -+, D, €p, for some n,m € N, such that ANC,N---NC,, =
@Z Dlﬁ"'ﬂDmﬂB. Then}" = {Cl,"' ,Cn,D1,"' ,Dm,AUB} gp
with (| F = 0, a contradiction. Therefore A € p or B € p.

(d)=(e): Suppose (d) holds. Let B C X. Take A = {B,X \ B}. Then
UA = X €p. Therefore B€por X\ B € p.

(e)=(a): Suppose (e) holds. Let ¢ be a filter on X with p C ¢q. Assume p # q.
Pick A € ¢\ p. Then X \ A € p C ¢ and, therefore, ) = AN (X \ A) € ¢, a
contradiction. It follows that p = ¢ and, thus, p is an ultrafilter on X. O

Theorem 1.1.5. [[29], Theorem 3.8] Let X be a set and let A C P(X) such
that A has the finite intersection property. Then there is an ultrafilter p on
X such that A C p.

Proof. Let
I'={BCP(X):.AC Band B has the finite intersection property}.

Since A € T, T' # (. Let € be a nonempty chain in I'. Then A C |J€.
Let ) # F C |JC be finite. Since € is a chain, F C B for some B € €.
Since B has the finite intersection property, (| F # 0. Therefore, | J€ has
the finite intersection property. It is clear that [J € is an upper bound of
¢ in I By Zorn’s Lemma, I" has a maximal element . Let V C P(X)
such that 4/ C V and V has the finite intersection property. Then A C V
and, therefore, ¥V € I'. Since U is a maximal element of I', i/ = V. Hence
U is maximal with respect to the finite intersection property. Thus U is an
ultrafilter on X, with A C U. O

Since every filter has the finite intersection property, we obtain the following.

Corollary 1.1.6. Let X be a set. Fvery filter on X is contained in an
ultrafilter.

Example 1.1.7. Given z € X, the set {A C X : z € A} is an ultrafilter
on X. It is called the principal ultrafilter generated by x. More generally, for
every nonempty subset A of X, {B C X : A C B} is a filter on X. However,
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if A is not a singleton, then {B C X : A C B} is not an ultrafilter since for
anya€ A, {BCX:ACB}C{BCX:a€ B}.

A nonprincipal ultrafilter is also called a free ultrafilter. Note that an ultra-
filter p is free if and only if (p = 0.

Definition 1.1.8. Let X be a topological space and let F be a filter on X.
A point z € X is called a cluster point of F if x belongs to the closure of
every element of F. A point x € X is called a limit of F if F contains the
neighborhood filter of x. If z is a limit of F, we say that F converges to z,
and we write F — x.

Remark 1.1.9. Let X be a topological space, let x € X and let F and G
be filters on X.

(a) Every cluster point of an ultrafilter is a limit of that ultrafilter.

(b) If F — = and G C F, then x is a cluster point of G. In particular if
every ultrafilter is convergent, then every filter has a cluster point.

(¢) If we combine the remarks (a) and (b), we obtain the following.

Every ultrafilter is convergent <= every filter has a cluster point.

Proof.

(a) It suffices to recall that for an ultrafilter  and A C X, A € F if and
only if AN B # () for all B € F.

(b) Let U be a neighborhood of z and let B € G. Then U, B € F. Hence
UN B # (). Therefore, x € ¢/ B.

(¢) This is clear from (a) and (b).

]

Remark 1.1.10. Let X be a topological space and let € X. Denote the
neighborhood filter at x by F,. It is easy to see that

F, :ﬂ{]—"\fisaﬁlter on X and F — z}.

In other words, F, is the smallest filter on X converging to x.
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Theorem 1.1.11. Let X be a topological space.

(1) X is Hausdorff if and only if every ultrafilter on X has at most one
limat.

(2) X is compact if and only if every ultrafilter on X has at least one limit.

Proof. (1) Suppose X is Hausdorff and let p be an ultrafilter on X such that
p has a limit. Suppose x and y are distinct limits of p. Pick neighborhoods
U and V of z and y respectively such that U NV = (). Then U,V € p and,
therefore, ) = U N'V € p, a contradiction.

Conversely, suppose every ultrafilter on X has at most one limit. Let  and
y be distinct points of X. Let A, and N, be neighborhood filters of z and
y respectively. Assume for every U € N, and every V € N,, UNV # 0.
Then N, UN,, has the finite intersection property. Pick an ultrafilter F on
X such that M, UN,, C F. Then F converges to x and F converges to y, a
contradiction. It follows that UNV = () for some U € N, and some V € N,,.
Hence X is Hausdorff.

(2) Suppose X is compact. Let p be an ultrafilter on X. Then the intersec-
tion of all closed sets in p is nonempty, since every finite subintersection is
nonempty. Note that

{A:Acpand Ais closed} = {cl A: A€ p}.

Pick z € ({cl A : A € p} and let U be a neighborhood of . Then UNA # ()
for every A € p. Since p is an ultrafilter, U € p. Therefore p contains the
neighborhood filter at x and, hence, p converges to x.

Conversely, suppose every ultrafilter on X has a limit. Let A be a collection
of closed subsets of X satisfying the finite intersection property. Pick an
ultrafilter p on X such that A C p and let x be a limit of p. Suppose there
exists A € A such that x ¢ A. Then z € X \ A and X \ A4 is open. It follows
that X \ A € p, a contradiction. Therefore z € [).A and, hence, (A # 0.
Thus X is compact. O

Theorem 1.1.11 shows that, if (X,7) is a compact Hausdorff topological
space, then the operation of taking limits of ultrafilters defines a function &
from the set of all ultrafilters on X to X. Moreover, the proof of Theorem
1.1.11 shows that, for any ultrafilter p on X, ({cl A : A € p} = {&(p)}.
Since X is regular, it follows that {(p) € U for some open set U if and only
if there is an open set V' € p such that ¢/ V C U. Thus,

&Y U)={p:cl V CU for some open V € p}.
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In Section 1.5 the set of all ultrafilters on X will be endowed with a topology
having sets of the form {p : p € V}, where V' C X, as basic open sets. It
follows that £ is continuous with respect to that topology.

Let X and Y be topological spaces, let p be an ultrafilter on X and let
f:X =Y be a function. Then {A CY : f~!1(A) € p} is an ultrafilter on Y’
(we will prove this in Theorem 1.5.7), and we have the following lemma.

Lemma 1.1.12. Let X and Y be compact Hausdorff topological spaces. A
function f : X —'Y is continuous if and only if for every ultrafilter p on X,

f&(p)=E{ACY : f71(A) €ep}) (ie. f preserves limits of ultrafilters).

We have the following, more general, concept.

Definition 1.1.13. Let X be a topological space, let p be an ultrafilter on
X, let f: X — Y be a function into a topological space Y and let y € Y. y
is called a p-limit of f if for every neighborhood U of y, f~1(U) € p.

If a p-limit y of f is unique we denote it by

p—ligl{f(x) or p-lim f(x) or p-limf or lim f(z).

T—p

Theorem 1.1.14. Let f: X — Y be a function from a topological space X
into a topological space Y and let p be an ultrafilter on X.

(1) If Y is Hausdorff and a p-limit of f exists, then it is unique.
(2) If Y is compact, then f has a p-limit.

Proof. (1) Suppose Y is Hausdorff and suppose y; and yo are p-limits of f
in Y. Suppose y; # y3. Pick two disjoint open subsets U,V C Y such that
yp € Uand yo € V. Then O = f~1(U) N f~1(V) € p, a contradiction. It
follows 41 = y».

(2) Suppose Y is compact. Let A, = {cf f(A): A€ p}. Let A,B € p. Then
cl f(A)Ncel f(B) 2 ¢l f(ANB) 2 f(ANB) # (. Therefore A, has the finite
intersection property. Since Y is compact, [].A, # 0. Pick y € (A, and let
U be a neighborhood of y. Then, U N f(A) # 0 for every A € p. Therefore
Y U)N A # 0 for every A € p. Since p is an ultrafilter, f~1(U) € p. Tt
follows that y is a p-limit of f. O

Theorem 1.1.15. Let f : X — Y and g : Y — Z be functions between

topological spaces with 'Y and Z satisfying the Hausdorff separation property.
Let p be an ultrafilter on X. If g is continuous and y is a p-limit of f, then

9(y) is a p-limit of go f.
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Proof. Let W be a neighborhood of g(y). By continuity of g, g7'(W) is a
neighborhood of y. Therefore, f~1(g~1(W)) € p. O

Remark 1.1.16. Let X be a topological space, let p be an ultrafilter on X
and let y € X. Then

y is a limit of p in X if and only if y is a p-limit of idx,

where idx is the identity function on X.

A filter F on a topological space X is called open (respectively, closed) if F
has a base consisting of open (respectively, closed) subsets of X.

Theorem 1.1.17. Let X be a set and let Y be a nonempty subset of X.
There is a bijective correspondence between filters on X containing Y and
filters on Y. This correspondence restricts to a bijection between ultrafilters
on X that contain'Y and ultrafilters on'Y .

Proof. Consider the correspondence

Fr—FnY ={ANY:Ae F},
where F ranges over filters on X containing Y’;
G— G :={AC X :U C Afor some U € G},

where G ranges over filters on Y.

It is easy to see that this correspondence satisfies the required conditions. [J

Note that the correspondence in the proof of Theorem 1.1.17 sends principal
ultrafilters to principal ultrafilters.

Definition 1.1.18. Let a be a cardinal and let p be an ultrafilter on o. The
norm of p, denoted ||p||, is defined by

Ipl] = min{|A] : A € p}.

It is clear that 1 < ||p|| < «a for any ultrafilters p on a.
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Definition 1.1.19. Let x and « be cardinals and let p be an ultrafilter on «.
p is called k-uniform if ||p|| > k. We denote the set of x-uniform ultrafilters
on a by U(a) and simply use U(«) if @« = k. The elements of U(«a) are
simply called uniform ultrafilters, instead of a-uniform ultrafilters.

Note that an ultrafilter p on « is nonprincipal if and only if p is w-uniform.
It follows that S\ a = U,(«). In particular, fa\ o = 0 if and only if o < w.

Definition 1.1.20. Let x and « be cardinals and let F C P(a). F is said
to have the k-uniform finite intersection property if (| F # () and

|ﬂAz| > R,

1<n

whenever n < w and A; € F for i < n. If a = k, we say F has the
uniform finite intersection property, instead of saying F has the a-uniform
finite intersection property.

Definition 1.1.21. Let x and « be cardinals. A filter F on « is k-complete
if G € F whenever G C F with |G| < k.

It follows that every filter is w-complete.

Remark 1.1.22. Let « be a cardinal and let F C P(«) such that (| F # 0.
Then, F has the finite intersection property if and only if F has the 1-uniform
finite intersection property.

Definition 1.1.23. Let o and x be cardinals. Then we define

Pila)={A e P(a):|a\ Al <k}
If w < k < a, then P¥(«a) is a filter on «, called the (generalised) Fréchet
filter on a.

Lemma 1.1.24. Let w < k < «a. Then

(a) an ultrafilter p on « is k-uniform if and only if P*(«) C p;
(b) there is a k-uniform ultrafilter on «; and

(c) each family of subsets of o with the k-uniform finite intersection prop-
erty is contained in a k-uniform ultrafilter on .
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Proof. (a) Suppose p is k-uniform. Let A € P*(«). Then |a\ A] < k and
hence o\ A ¢ p. Thus A € p. Conversely, suppose P*(a) C p. Let B € p
and suppose |B| < k. Then |a\ B| > k and, therefore, « \ B € p. Then
) = BN (a\ B) € p, a contradiction. It follows that |B| > k.

(b) Since w < k < a, P*(«) is a filter on a. Pick an ultrafilter p on o with
Pf(a) C p. Then, by (a), p is x-uniform.

(c) Let F be a family of subsets of a with the s-uniform finite intersection
property. Let m,n € N and let {A; : k < n} C F and {B; : i < m} C
P*(a). Then | (<, Ax| > & and |\ ;<,, Bi| < . Therefore, (,.,, Ax) N
(Ny<,, Bi) # 0. Tt follows that FUP*(«) has the finite intersection property.
Pick an ultrafilter p on « such that F U P*(a) C p. Then, by (a), p is
k-uniform. O

Definition 1.1.25. Let « be a limit ordinal. The cofinality of «, denoted
cf(a), is the least ordinal & for which there is an order-preserving function
f & — asuch that f is unbounded, i.e. sup, . f(n) = a.

An infinite cardinal « is called regular if a = ¢f(«). Otherwise, « is called
singular.

1.2 Semigroups

Definition 1.2.1. A semigroup (.S,-) is a nonempty set S equipped with a
binary operation - such that

- (y-z)=(z-y) 2

for all x,y,z € S; i.e. - is associative. We will often write xy instead of
x -y and S instead of (S, ), unless if we would like to emphasize the binary
operation in question. For any A, B C S we define

AB:={ab|a € Abe B},

with aB := {a}B and Ab := A{b} for all a,b € S. We will often write A?
for AA. If A C S and z € S, we denote by 7' A the set {y € S : zy € A}.
It follows from the associative law of the binary operation on S that for any
r,y € Sand any A C S, (zy) 1A=y 1(27*A). A semigroup S is said to be
commutative if - is commutative (i.e. zy = yx for all x,y € S.)

Definition 1.2.2. Let S be a semigroup and let 0,e € S.
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(a) e is called a left identity of S if ex = z for every x € S. e is called a
right identity of S if ze = x for every x € S. e is called an identity of
S if e is both a left and a right identity of S; i.e. ex = x = ze for every
rel.

(b) 0 is called a left zero of S if 0z = 0 for every z € S. 0 is called a right
zero of S if 0 = 0 for every = € S. 0 is called a zero of S if 0 is both
a left and a right zero of S; i.e. 0z = 0 = 20 for every z € S.

(¢) Let x,y,z € S. x is called a left z-inverse of y (and y is called a right
z-inverse of x) if xy = z. If e is an identity of S, then z is called an
inverse of y if zy = e = yx.

Proposition 1.2.3. Let S be a semigroup. If S has a left identity (left zero)
and a right identity (right zero) then they are equal. In particular every
semigroup has at most one identity (zero).

Proof. Let ep be a left identity of S and er be a right identity of S. Then,
e, = erer = eg. Similarly, if 07, is a left zero and Og is a right zero of 5,
then 0, = 0,0r = Og. Uniqueness of an identity ( a zero) follows easily from
these equations since an identity (a zero) is both a left identity (left zero)
and a right identity (right zero). O

If a semigroup S does not have an identity element, we can adjoin an extra
element e to S to obtain the set S U {e} and extend multiplication on S to
SuU{e} by

re =exr =1x and ee = e,

for every # € S. This makes S U {e} a semigroup and we denote this semi-
group by S*.

Similarly, if a semigroup S does not have a zero, we can adjoin an extra
element 0 to S to obtain the semigroup S° := SU{0} with multiplication on
S extended to S° by

20 =0 =0z and 00 = 0,

for every x € S. If G is a group, then GV is called a 0-group. Indeed G° is
not a group.

Unless otherwise stated, we will not assume that a given semigroup has an
identity or a zero.
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Definition 1.2.4. Let S be a semigroup and let a € S. We say that a is
(an) idempotent if a®> = a. We define E(S) :=={z € S| 2? = z}.

Definition 1.2.5. Let S be a semigroup. S is called a left zero semigroup
if for every x,y € S, xy = x. S is called a right zero semigroup if for every
x,y €5, xy =1y.

Example 1.2.6.

(a) Let S be a nonempty set. Define multiplication on S by xy := y. Then
S with this multiplication is a right zero semigroup.

(b) Let S be a semigroup with a left identity and let
T={xeS|zy=yforalyeS}

i.e. T is the set of all left identities of S. Then T is a right zero
semigroup. Similarly, in a semigroup S with a right identity,

P={yeS|zy=uaforalzeS},

i.e. the set of all right identities of S, is a left zero semigroup. Note
that 7" and P are subsets of E(S). In particular, if every idempotent
is a left (respectively, right) identity, then E(S) is a right (respectively,
left) zero semigroup.

Let A and B be nonempty sets. Define a binary operation on the cartesian
product A x B by

(ay,b1)(ag, by) = (ay, by).

This operation is clearly associative. A x B equipped with this operation is
called a rectangular band. If S is a rectangular band, we sometimes refer to
S as a rectangular semigroup. Note that if |[A| = 1, then A x B is a right
zero semigroup, while if |B| = 1 then A x B is a left zero semigroup. In
particular, every left(right) zero semigroup can be regarded as a rectangular
band (what we mean here will become clear after we have defined semigroup
isomorphisms, see Definition 1.2.19).

Definition 1.2.7. A monoid is a semigroup which has an identity element.
Let M be a monoid with identity e. It is clear that every element of M has
at most one inverse. If € M has an inverse we call x invertible and we will
denote the inverse of # by 271. A group is a monoid in which every element
is invertible. If .S is a monoid, we will denote the set of its invertible elements

by 1(S5).
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Proposition 1.2.8. Let S be a semigroup. Then

S is a group <= aS = Sa=S for everya € S.

Proof. =: Suppose S is a group. Let e be the identity of S. We need to
show that S C aS N Sa for every a € S. Let a,z € S. z = ex = (aa™ )z =
a(a™'z) € aS and v = re = x(a'a) = (za™')a € Sa. Hence S C aS N Sa.
It follows that aS =S = Sa.

«: Suppose aS = Sa = S for every a € S. Let a € S. There exists b,c € S
such that ab = a = ca. We will show that b is a right identity of S and
c is a left identity of S and hence we have an identity. Let z € S. There
exists z,y € S such that az = z = ya. Then, cz = ¢(az) = (ca)r = ax = 2
and zb = (ya)b = y(ab) = ya = z. Thus we have an identity e := b(= ¢).
Now we show that every element of S has an inverse. So, let ¢ € S. Since
e € S =1t5 = St, there exist g,h € S such that t¢g = e = ht. Then
g =eg = (ht)g = h(tg) = he = h. Hence we have t~! := h(= g). Tt follows
that S is a group. m

Proposition 1.2.9. Let S be a semigroup. The following statements are
equivalent.

(a) S is a group
(b) S has a left identity e and every element of S has a left e-inverse.

(c) S has a right identity e and every element of S has a right e-inverse.

Proof. The implications (a) = (b) and (a) = (c) are obvious. We prove (b)
= (a) and then (c¢) = (a) follows by a left-right switch. So, suppose (b)
holds. Let x € S and let y be a left e-inverse of x. Let z be a left e-inverse
of y. Then zy = e(zy) = (2y)(zy) = 2(y(zy)) = 2((yz)y) = z(ey) = zy = e.
Hence y is also a right e-inverse for z. In addition, we get: xe = z(yz) =
(xy)x = ex = x. Hence e is also a right identity for S. It follows that S is a
group. O

Definition 1.2.10. Let S be a semigroup and let T" be a nonempty subset
of S. T is called a subsemigroup of S if T*> C T, (i.e. T is closed under
the binary operation). T is called a submonoid of S if T is a subsemigroup
of S and T has an identity element. T is called a subgroup of S if T is a
submonoid of S and every element of T" has an inverse in 7.

Example 1.2.11.
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(a) Let S be a semigroup. For every z € S, xS and Sx are subsemigroups
of S.

(b) Let S be a semigroup and let € S. {x} is a subsemigroup (in fact
a subgroup) of S if and only if 2 = z. In particular, a singleton
consisting of a left(right) identity or a left (right) zero of S is a subgroup
of S.

(¢) For any monoid M, I(M) is a subgroup of M (where I(M) is as defined
in Definition 1.2.7) .
We will call a subsemigroup 7' of a semigroup S proper if T # S. As a

corollary to Proposition 1.2.8 we have the following.

Corollary 1.2.12. FEvery semigroup containing more than one element has
a proper subsemigroup.

Proof. Let S be a semigroup containing more than one element and suppose
S has no proper subsemigroup. Then for every a € S, aS = S = Sa. Then,
by Proposition 1.2.8, S is a group. Let e be the identity of S. Then {e}
is a proper subsemigroup of S. This is a contradiction. Therefore, S has a
proper subsemigroup. ]

A subsemigroup T of a semigroup S is said to be left saturated in S if
(S\T)T'NT = 0.

Remark 1.2.13. Let S be a semigroup.

(a) Every left (right) zero and every left (right) identity of S is an idem-
potent.
(b) If S is commutative and F(S) # ), then E(S) is a subsemigroup of S.

(c) If S has a left identity e, then every idempotent which has a right
e-inverse is a left identity.

(d) If S has a right identity e, then every idempotent which has a left
e-inverse is a right identity.

(e) If S has an identity, then the only invertible idempotent of S is the
identity. In particular, every group has exactly one idempotent.
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Proof. (a) is obvious, (d) is similar to (c), and (e) follows from (c) and (d).
We will prove (b) and (c).

(b): Suppose S is commutative and E(S) # 0. Let z,y € E(S). 2? = x
and y?> = y. Then (zy)(zy) = z(yx)y = z(vy)y = (vx)(yy) = ry. Hence
xy € E(S).Thus E(S) is a subsemigroup of S.

(c): Let z € E(S) and suppose z has a right e-inverse z. Let y € S.
Then xy = zey = z(x2)y = (xx)zy = (x2)y = ey = y. Hence z is a left
identity. O]

A semigroup in which every element is idempotent is called a band. A rect-
angular component of a band is a maximal rectangular subsemigroup. As
suggested by the name, distinct rectangular components are disjoint. The
rectangular components of a band are partially ordered by the following re-
lation, [[43], Theorem 1]:

P < Q if and only if PQ) C P, equivalently QP C P.

For any two semigroups S and 7', the direct product of S and T is the carte-
sian product S x T, equipped with the componentwise operation:

((11, bl)((127b2) = (a1a2a 5152)-

At this point it is reasonable to ask the following question. Given a semigroup
S and e € E(S), is there a subgroup of S in which e is the identity? There
are two canonical answers to this question. We call a subgroup of S mazimal
if it is maximal with respect to the inclusion order C among subgroups of S.

Definition 1.2.14. Let S be a semigroup and let e € E(S). We define
H(e) := U{G | G is a subgroup of S and e € G}.

Equivalently, H(e) := |J{G | G is a subgroup of S and e is the identity of G}.

Theorem 1.2.15. [[29], Theorem 1.18] Let S be a semigroup and let e €
E(S). Then {e} is the smallest subgroup of S with e as the identity and
H(e) is the largest subgroup of S with e as the identity. In addition, H(e) is
a mazximal subgroup of S.

Proof. It is obvious that {e} is the smallest subgroup of S with e as the
identity and that every subgroup of S with e as the identity is a subgroup of
H(e). It is also obvious that any subgroup of S which contains H(e) contains
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e and, hence, is contained in H(e). It remains only to show that H(e) is a
subgroup of S. In this regard the only property that is not immediately clear
is whether H(e) is closed under multiplication. Let a,b € H(e). a € G; and
b € G4 for some subgroups G; and G4 of S with e as their identity. Let

G:{Hxi\nENandxl,--- ,n € G1 UGy}

=1

G is obviously closed under multiplication and contains e. Let = =[], z; €
G. Then, y :=[[_, z,%,,; € G and 2y = e = yx. It follows that G is a
subgroup of S with identity e and ab € G. Therefore, ab € H(e). Hence
H(e) is a subgroup of S. O

We have just seen that H(e) is a maximal subgroup of S. In fact, as we will
see shortly, all maximal subgroups of S are of this form. We will refer to
them as maximal groups.

Proposition 1.2.16. Let S be a semigroup. Every subgroup of S is contained
in a group H(e) for some idempotent e of S.

Proof. Let G be a subgroup of S and let e be the identity of G. Then e is
an idempotent and G C H (e). O

Corollary 1.2.17. Let S be a semigroup. The maximal subgroups of S are
exactly the elements of the set {H(e) | e € E(S)}.

At this point we would like to answer another question arising from what we
have seen before. Let S be a semigroup with a left identity e such that every
element of S has a right e-inverse. Is S necessarily a group? The answer is
negative, but we will see that S has a special structure.

Example 1.2.18. Let S be a right zero semigroup. The statement: zy =y
for every x,y € S, implies that every element of S is a left identity and
for every z,y € S, y is a right y-inverse of . Now fix e € S (as a left
identity). Let z € S. If x # e, then = has no left inverse since for every
y € S, yr = = # e. Hence, if |S| > 1, then S is not a group. This provides
a counterexample to our question. It follows from this example that a right
zero semigroup S has a unique left identity if and only if S is a singleton, if
and only if S is a group.

We now show that the above example is essentially the only instance of a
semigroup with a left identity e such that every element has a right e-inverse.
First we need the following definition.
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Definition 1.2.19. Let S and T be semigroups and let f : S — T be a func-
tion. f is called a semigroup homomorphism if f(xy) = f(x)f(y) for every
x,y € S. A semigroup isomorphism is a bijective semigroup homomorphism.
Two semigroups are isomorphic if there is a semigroup isomorphism between
them. If S and T are isomorphic, we write S ~ T

Theorem 1.2.20. [[29], Theorem 1.40] Let S be a semigroup with a left
identity e such that every element of S has a right e-inverse. Then E(S) is
a right zero semigroup, Se is a group and S = Se - E(S) ~ Se x E(95).

Proof. We know that if an idempotent has a right e-inverse, then it is a left
identity (see Remark 1.2.13 (c¢)). Therefore the right zero property zy = y
is satisfied in F(S). (In fact, zy = y for every x € E(S) and every y € S).
Let z,y € E(S). Then, (xy)(zy) = yy = y = zy. Therefore E(S) is closed
with respect to multiplication. It follows that E(S) is a right zero semi-
group. Since e is an idempotent, e is a right identity for Se. Let x,y € S.
(ze)(ye) = (zey)e = xye € Se. Therefore, Se is closed under multiplication.
Let z € S. Let y be a right e-inverse of x. Then, (ze)(ye) = z(ey)e = xye =
(zy)e = ee = e. It follows that Se is a group. Now define ¢ : Se x E(S) — S
by ©(g,y) = gy. Let (g1,%1), (92,52) € Se x E(S). Then, (9192, 1192) =

91929192 = 919292 = G1(%192)y2 = (9191)(9292) = (91, y1)9(92, y2). There-
fore, ¢ is a homomorphism. Let a € S and let b be the inverse of ae in

Se. Then, baba = ba(eb)a = b(aeb)a = bea = ba. Therefore ba € E(S).
We will show that ¢p='(a) = {(ae,ba)}, thus, showing that ¢ is bijective.
p(ae,ba) = (ae)(ba) = (aeb)a = ea = a. Therefore, ¢ is surjective and,
thus, S = Se - E(S). Now let (g,y) € Se x E(S) such that gy = a. Then,
g = ge = gye = ae and y = ey = baey = bgyey = bgyy = bgy = ba.
Therefore, ¢ is injective. It follows that ¢ is bijective. O]

(Note that we have already seen that if every idempotent is a left identity,
then E(S) is a right zero semigroup. Thus, the proof of Theorem 1.2.20 can
be shortened.)

Corollary 1.2.21. Any semigroup S with a unique left identity e such that
every element of S has a right e-inverse is a group.

Proof. In Theorem 1.2.20, if e is the only left identity of S, then E(S) = {e}
and, hence, S =~ Se x {e} is a group. ]

Definition 1.2.22. Let S be a semigroup and let a € S. We say that a is left
(right) cancelable if whenever x,y € S are such that ax = ay (respectively,
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ra = ya), then x = y. S is left (right) cancellative if every element of
S is left (respectively, right) cancelable. S is cancellative if it is both left
cancellative and right cancellative.

Remark 1.2.23. Let S be a semigroup and let e € E(S). If S is left (right)
cancellative, then e is a left (right) identity of S. If S is cancellative, then e
is an identity of S.

Proof. Suppose S is left cancellative. Let © € S. Since ex = eex, ©r = ex.
Hence e is a left identity. Similarly, suppose S is right cancellative. Let
x € 5. Since xe = ree, v = xe. Hence e is a right identity. This suffices. [J

Remark 1.2.24. Let S and T be semigroups and let N be a subsemi-
group of S and M a subsemigroup of 1. Let f : S — T be a semigroup
homomorphism. We have the following.

(a) If f=1(M) # 0, then f~1(M) is a subsemigroup of S.

(b) f(N) is a subsemigroup of T'. In particular, the image of any idempo-
tent under a semigroup homomorphism is an idempotent.

(¢) If N has an identity e, then f(e) is an identity for f(N).

(d) If N has an identity, then f(z™!) = f(z)! for every z € I(N).

We have the following observation.

Proposition 1.2.25. A semigroup is a rectangular band if and only if it is
a direct product of a left zero semigroup and a right zero semigroup.

Remark 1.2.26. Let S be a semigroup with an idempotent a and let T" be
a semigroup. Then, there exists a semigroup homomorphism from S to 7" if
and only if 7" has an idempotent.

Proof. =: (This is actually part of Remark 1.2.24 (c).) Let f:S — T be a
semigroup homomorphism and let b := f(a). Then b* = f(a)f(a) = f(aa) =
f(a) = b. Therefore b is an idempotent.

<: Suppose T has an idempotent b. Define f : S — T by f(z) := b for every
x € S. Then for every z,y € S, f(x)f(y) = bb = b = f(zy). Therefore f is

a semigroup homomorphism. O
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Definition 1.2.27. Let S be a semigroup and let I be a nonempty subset
of S. I is called a left ideal of S if ST C I. I is called a right ideal of S if
IS C 1. 1is called an ideal (or a two sided ideal) of S if I is a left ideal and
a right ideal of S.

Example 1.2.28.

(a) For any a € S, Sa is a left ideal of S, aS is a right ideal of S and SaS
is an ideal of S. More generally, we have the following.

(b) Let L be a left ideal of S, let R be a right ideal of S and let a € S.
Then, La is a left ideal of S, aR is a right ideal of S and LaR is an
ideal of S.

Remark 1.2.29. Let S be a semigroup, let L C S and let a € L.

(a) If L is a left ideal of S, then Sa C L.
(b) If L is a right ideal of S, then aS C L.
(c) If L is an ideal of S, then SaS C L.

Note that the relation “ 7' is a left ideal of L” among the subsemigroups of a
semigroup S is not transitive. However, if L and T are left ideals of S such
that T' C L, then T is a left ideal of L. These facts hold for the right ideals
and ideals as well.

Proposition 1.2.30. Let (J,)aer be a nonempty family of ideals of a semi-
group S. Define J := () Jo. If J # 0, then J is an ideal of S.

acl

Proof. The statement is obvious. O]
Corollary 1.2.31. Let S be a semigroup and let ) # A C S. Consider
A:={I CS|Iisanideal and A C I} and (A) := ﬂA.

Then, (A) is the smallest ideal of S containing A. We call (A) the ideal
generated by A.

For any a € S, we call ({a}) the principal ideal generated by a. In a similar
way we obtain the left ideal generated by A and the right ideal generated
by A. Note that for any a € S, the principal left ideal generated by a
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is Sa U {a}, the principal right ideal generated by a is aS U {a} and the
principal ideal generated by a is Sa U aS U SaS U {a}. If S is a monoid,
then SaUaS U SaSU{a} = SaS. If a € E(S), then a € Sa and a € aS,
in particular, Sa U {a} = Sa and aS U{a} = aS. Let I be a left ideal of a
semigroup S. [ is said to be a proper left ideal of S if I # S. Similarly, we
define a proper right ideal and a proper ideal of S.

1.3 The structure of a completely simple semi-
group

Definition 1.3.1. Let S be a semigroup, let L be a left ideal of S, let R be
a right ideal of S, and let I be an ideal of S.

(a) L is a minimal left ideal of S if whenever J C L for some left ideal J
of S, then J = L. R is a minimal right ideal of S if whenever J C R
for some right ideal J of S, then R = J.

(b) S is left simple if S has no proper left ideal. S is right simple if S has
no proper right ideal. S is simple if S has no proper ideal. If S has a
zero 0, then S is called 0-simple if its only ideals are S itself and {0},
and S? # {0}.

(c) I is a minimal ideal of S if whenever J C I for some ideal J of S, then

I=J.

As we will see later in Theorem 1.3.21, a semigroup S can have at most one
minimal ideal and, as mentioned in the introduction, it is denoted by K (S).

Remark 1.3.2. Let S be a semigroup and let L and J be left ideals of S
and let R be a right ideal of S. We have the following.

(i) S(LNJ)C LNJ. In particular, if LN J # (), then LN J is a left ideal
of S.

(ii) LR is an ideal of S.
(i) RL C LN R. In particular, LN R # 0.

Note that every left, right or two sided ideal of S is a subsemigroup of S but
the converse is false.



1.3 The structure of a completely simple semigroup 21

Remark 1.3.3. Let S be a semigroup and let e € E(S5).

(a) Se={zreS|re=uz}

(b) eS={x €S |er=ux}

(c) eSe={re€S|re=12=cx}
In particular, e is a left identity for eS, a right identity for Se and an identity
for eSe. Note that in this case Se is a subsemigroup of S with a right identity,
eS is a subsemigroup of S with a left identity and eSe is a monoid. If S is

left simple then e is a right identity for S and, if S is right simple, then e is
a left identity for S.

Remark 1.3.4. Let S be a semigroup and let e € E(S). Se is the smallest
left ideal of S containing e.

Proof. Since e = ee, e € Se. Now let L be a left ideal of S with e € L. Then,
Se CSL C L. O

Definition 1.3.5. Let S be a semigroup. We define the relations <, <p
and < on E(S) as follows.

(1) f <peifandonlyif f= fe.
(2) f<geifandonlyif f=ef.
(3) f<eifandonlyif f <;eand f <ge.

Proposition 1.3.6. Let S be a semigroup and let e, f € E(S5).

(a) f <p e if and only if for any left ideal L withe € L, f € L.
(b) f <ge if and only if for any right ideal R with e € R, f € R.
(c) f < e if and only if for any ideal I withe € I, f € I.

Proof. (a) Suppose f = fe and let L be a left ideal with e € L. Then
f = fee SL C L. Conversely, suppose for any left ideal L with e € L,
feL. Take L={x € S:xz=uxe}. Sinceee =e, e € L Thus L # (. Let
x € Landlet a € S. Then ax = a(ze) = (ax)e. Therefore ax € L. It follows
that L is a left ideal. Since e € L, f € L;i.e f = fe. Thus f <y e.

(b) This is similar to (a).
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(c) This follows easily from (a) and (b), using the fact that an intersection
of a left ideal and a right ideal is nonempty, and it contains an ideal (see
Remark 1.3.2 (iii)). O

Remark 1.3.7. Let S be a semigroup, let L be a minimal left ideal of S and
let e, f € E(S). If e, f € L, then Se = L = Sf. In particular, if e, f € L,
then e <, f and f <y e. The converse is also true but obvious.

Proof. Suppose e, f € L. Then Se C SL C L. Since Se is a left ideal and
L is a minimal left ideal, L = Se. Similarly, Sf = L. Now let J be a left
ideal with f € J. Then Se=L = S5f C J. Since e = ee € Se, e € J. Hence
e <r f. Similarly, f <y e. O

Remark 1.3.8. Let S be a semigroup. The relations <;, <g and < on E(S5)
are reflexive and transitive. In addition, < is antisymmetric.

Definition 1.3.9. Let S be a semigroup, let < be a relation on E(S) and
let e € E(S). We say that e is minimal with respect to =< if and only if for
every f € E(S),if f < ethene < f.

Proposition 1.3.10. [/29], Theorem 1.36] Let S be a semigroup and let
e € E(S). Then e is minimal with respect to <y, if and only if e is minimal
with respect to <g if and only if e is minimal with respect to <.

Proof. Suppose e is minimal with respect to <; and let f <e. Then f <y e
and f <g e. Since e is minimal with respect to <;, e <, f. We obtain:
e=cef =elef) = (ee)f =ef = f. Hence f = e. Hence e is minimal with
respect to <. Now suppose e is minimal with respect to < and let f < e,
ie. f = fe. Let g =-ef. Then g9 = efef =e(fe)f =eff =ef =g, ie.
g € E(S). Also g =ef = efe. Therefore ge = efec = efe = g = eefe = eg.
So, g <e. Hence g =e; ie. ef = g=e. Thus e <; f. Therefore that e is
minimal with respect to <. It follows that e is minimal with respect to <
if and only if e is minimal with respect to <;. By a left-right switch in the
above arguments we obtain: e is minimal with respect to < if and only if e
is minimal with respect to <g. [

We will say that an idempotent is minimal if it is minimal with respect to
any of the three relations defined above. As a corollary to Remark 1.3.3 and
Proposition 1.3.6, we have the following.

Corollary 1.3.11. Let S be a semigroup and let e € E(S). If e € L for
some minimal left ideal L of S (equivalently, if Se is a minimal left ideal of
S), then e is a minimal idempotent.
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Proof. Suppose Se is a minimal left ideal of S. Let f € FE(S) such that
f <p e. Then f € Se. Since Se is minimal, Sf = Se. Then, ef = e and,
thus, e <, f. It follows that e is minimal. O

Definition 1.3.12. A semigroup S is called completely simple if S is simple
and contains a minimal idempotent. A semigroup S with a zero 0 is called
completely 0-simple if S is O-simple and has a minimal idempotent different
from 0.

Theorem 1.3.13. Let S be a semigroup and let L C S be a left ideal. L is
a munimal left ideal of S if and only if Sa = L for every a € L.

Proof. Suppose L is a minimal left ideal. Let a € L. Since Sa is a left ideal
and Sa C L, Sa = L. Conversely, suppose Sa = L for every a € L. Let
J C S be a left ideal with J C L. Let a € J. Then L = Sa C J. Hence
J = L. It follows that L is a minimal left ideal. O

Corollary 1.3.14. Let S be a semigroup. Minimal left ideals of S are exactly
left ideals of S of the form Sa, for some a € S, satisfying the property: for
every b € S, Sba = Sa.

Proof. Let L be a minimal left ideal of S and let a € L. By Theorem 1.3.13,
L = Sa. Let b€ S. Then ba € L. Therefore, Sba C SL C L. Since Sba is a
left ideal of S, Sba = L.

Conversely, let a € S such that Sba = Sa for every b € S. Let z € Sa.
x = ba for some b € S. Then Sz = Sba = Sa. By Theorem 1.3.13, Sa is a
minimal left ideal of S. O

Note that in a right zero semigroup every left ideal of the form Sa is minimal
and it is a singleton. Since left ideals, right ideals and ideals are semigroups,
we can apply to them what we already know about semigroups.

Theorem 1.3.15. [[29], Theorem 1.42] Let S be a semigroup and assume
that there is a minimal left ideal L of S which has an idempotent e. Then
X = E(L) is a left zero semigroup, G := el = eSe is a group and L =
XG =X xG.

Proof. Since Le = L, e is a right identity for L. To see that eL = eSe, let
x € L. Then ex = e(ze) € eSe. Therefore, e C eSe. Conversely, let = € S.
Then xe € L and, therefore, exe € eL.. Thus eSe C eL.

Let x € L. Since Lz = L, there exists y € L such that yz = e. Thus, L is a
semigroup with a right identity e and every element of L has a left e-inverse.
Therefore, by the right-left switch, Theorem 1.2.20 is applicable. O]
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It is routine to show that maximal subgroups of X x G are of the form
{z} x G, where x € X.

Proposition 1.3.16. Let S be a semigroup and let L be a left ideal of S. L
is a minimal left ideal of S if and only if L is left simple.

Proof. =: Suppose L is a minimal left ideal of S and let T be a left ideal
of L. Let t € T. Then Lt is a left ideal of S, Lt C T C L. Therefore,
L =Lt CT. It follows that L = T. Hence L is left simple.

<: Suppose L is left simple. Let T" be a left ideal of S with 7" C L. Then T
is a left ideal of L. Hence L = T. It follows that L is a minimal left ideal of
S. m

Recall that we remarked that in a given semigroup S, a left ideal of a small
subsemigroup is not necessarily a left ideal of a bigger subsemigroup. For
example, a subsemigroup of S'is a left ideal of itself but not necessarily a left
ideal of S. However the following proposition gives a sufficient condition for a
left ideal of a small subsemigroup to be a left ideal of a bigger subsemigroup.

Proposition 1.3.17. Let S be a semigroup, let L be a left ideal of S and let
T be a minimal left ideal of L. Then T is a left ideal of S.

Proof. Let t € T. Then Lt is a left ideal of L and Lt C T. Since T is
minimal, Lt = T. Then, ST = S(Lt) = (SL)t C Lt C T. Hence T is a left
ideal of S. O

Lemma 1.3.18. Let S be a semigroup and let L be a minimal left ideal of
S. Then, L is contained in every ideal of S.

Proof. Let I be an ideal of S. Then IL is a left ideal of S and IL C I N L.
Since L is minimal, /L = L. Hence, L = IL C I. n

Theorem 1.3.19. Let S be a semigroup and let L be a minimal left ideal of
S. Then the minimal left ideals of S are exactly members of the family

{La|ae€ S}.

Proof. Let a € S. We already know that La is a left ideal of S. Now, let
T be a left ideal of S with 7" C La. Consider A = {s € L | sa € T'}. Since
T C La, A# (. If sa € T, then tsa € T for any t € S. Hence A is a left ideal
of S. Since A C L and L is minimal, A = L. Thus La C T. It follows that
La is a minimal left ideal of S. Conversely, let T' be a minimal left ideal of S.
Let a € T. Then, La is a left ideal of S and La C T'. Therefore, T'= La. [
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Corollary 1.3.20. Let S be a semigroup. If S has a minimal left ideal, then
every left ideal of S contains a minimal left ideal.

Proof. Let L be a minimal left ideal of S and let J be a left ideal of S. Pick
a € J. Then La is a minimal left ideal of S and La C J. O

Theorem 1.3.21. [/29], Theorem 1.51] Let S be a semigroup. If S has a
minimal left ideal, then K (S) ezists and K (S) = \J{L : L is a minimal left ideal of S}.

Proof. Let I = |J{L : L is a minimal left ideal of S}. Then, by Lemma
1.3.18, I C J for every ideal J of S. Therefore it suffices to show that [ is an
ideal of S. By assumption I # (). Let x € I and let a € S. Pick a minimal
left ideal L of S such that x € L. Then ax € L C I. Also, by Theorem
1.3.18, La is a minimal left ideal of S. Therefore, La C I. It follows that [
is an ideal of S. O

Similarly, one can show that if K(S) exists, then

K(S) = U{R : R is a minimal right ideal of S}.

Some examples of semigroups which do not have a smallest ideal are (N, +)
and (N, .).

We note that any two distinct minimal left (right) ideals are disjoint, see
Remark 1.3.2 (i). We also note that the semigroups of the form K(S) are
exactly the completely simple semigroups. Therefore we have the following.

Corollary 1.3.22. Every completely simple semigroup is a disjoint union of
its minimal left ideals and a disjoint union of its minimal right ideals.

Lemma 1.3.23. Let S be a semigroup, let L be a left ideal of S, and let I
be an ideal of S.

(1) L is minimal if and only if Lx = L for every x € L.

(2) 1 is the smallest ideal of S if and only if [zl = 1 for every x € I.

Proof. (1) Suppose L is minimal. Let x € L. Then, by Theorem 1.3.19, Lz
is a minimal left ideal of S. Since L is a left ideal, Lz C L. It follows that
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L = Lx. Conversely assume that Lz = L for every x € L. Let J be a left
ideal of S with J C L. Let y € J. Then L= Ly C LJ C J. Thus L = J. It
follows that L is minimal.

(2) Suppose [ is the smallest ideal of S. Let « € I. Since I is a left ideal of
S, Izl C I. Since Izl is an ideal of S, it follows that [xl = I. Conversely
suppose Ixl = I for every x € I. Let J be an ideal of S, with J C I. Let
y € J. Then I = Iyl C IJI C J. Thus I = J. It follows that I is the
smallest ideal of S. O

Theorem 1.3.24. [[29], Theorem 1.53] Let S be a semigroup. If L is a
minimal left ideal of S and R is a minimal right ideal of S, then K(S) = LR.

Proof. 1t is clear that LR is an ideal of S. Let x € LR. By Lemma 1.3.23,
it suffices to show that LRxLR = LR. Now LRzL is a left ideal of S which
is contained in L. So LRxL = L and, thus, LRxLR = LR. O

Theorem 1.3.25. [[29], Theorem 1.54] Let S be a semigroup and assume
that K(S) exists and e € E(S). The following statements are equivalent.

(a) e € K(S).
(b) K(S)= SeS.

Proof. (a) = (b): Since SeS is an ideal, then K(S) C SeS. Since, by
assumption, e € K (), then SeS C K(S).

(b) = (a): By assumption, e = eee € SeS = K(5). Thus, e € K(S) as
required. O

Theorem 1.3.26. [[29], Theorem 1.56] Let S be a semigroup and assume
that there is a minimal left ideal of S which has an idempotent. Then every
manimal left ideal of S has an idempotent.

Proof. Let L be a minimal left ideal with an idempotent e and let J be a
minimal left ideal. J = La for some a € S. Then, by Theorem 1.3.15, eL =
eSe is a group. Let b € L such that b = ebe is the inverse of eae in eSe, i.e.
(eae)(ebe) = e = (ebe)(eae). Then (ba)(ba) = (be)a(eb)a = b(eae)ba = ba.
Hence ba is an idempotent of J. O

Let S be a semigroup and let e € E(S). It can be shown that Se is left
simple if and only if S is right simple, see for example [[29], Theorem 1.48].
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Lemma 1.3.27. [[29], Theorem 1.57] Let S be a semigroup and assume that
there is a minimal left ideal of S which has an idempotent. Then there is a
manimal right ideal of S which has an idempotent.

Proof. Let L be a minimal left ideal of S with an idempotent e. Then Se = L
is a minimal left ideal of S and, thus, €S is a minimal right ideal of S and e
is an idempotent of eS. O]

Theorem 1.3.28 ([29], Theorem 1.58). Let S be a semigroup and assume
that there is a minimal left ideal of S which has an idempotent. Let T' C S.

(1) T is a minimal left ideal of S if and only if there is some e € E(K(S))
such that T' = Se.

(2) T is a minimal right ideal of S if and only if there is some e € E(K(S))
such that T = eS.

Proof. Let L be a minimal left ideal with an idempotent f € L.

(1) Necessity. Since Sf is a left ideal contained in L, Sf = L. Therefore, by
Theorem 1.3.15 fSf is a group with identity f. Pick any a € T". Then faf €
fSf. Pick x € fSf such that z(faf) = f. Then zazxa = (xf)a(fr)a =
(xfaf)xa = fra = za. Hence za is idempotent. Since za € T C K(S),
za € E(K(S)). Since Sza is a left ideal with Sxa C T and T is a minimal
left ideal, Sza = T.

Sufficiency. Since e € K(5), there is a minimal left ideal I of S with e € .
Then T'= Se = I. Therefore T is a minimal left ideal of S.

(2) By Lemma 1.3.27, there is a minimal right ideal of S which has an
idempotent. The result then follows from (a) by left-right switch. O

The following theorem summarizes some of the results we have so far in this
section.

Theorem 1.3.29. [[29], Theorem 1.59] Let S be a semigroup, assume that
there is a minimal left ideal of S which has an idempotent, and let e € E(S).
The following statements are equivalent.

(1) Se is a minimal left ideal.
(2) Se is left simple.

(3) eSe is a group.
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(4) eSe = H(e).

(5) €S is a minimal right ideal.
(6) eS is right simple

(7) e is a minimal idempotent.
(8) e e K(S).

(9) K(S)= SeS.

Proof. See [[29], Theorem 1.59] O

Theorem 1.3.30. [[29], Theorem 1.60] Let S be a semigroup, assume that
there is a minimal left ideal of S which has an idempotent, and let e be an
tdempotent in S. There is a minimal idempotent f of S such that f < e.

Proof. Se is a left ideal of S. Pick a minimal left ideal L of S and an
idempotent g such that ¢ € L C Se. Since e is a right identity for Se,
g = ge. Let f = eg. Then ff = egeg = egg = eg = f. Thus f is an
idempotent. In addition, ef = eeg =eg = f and fe = ege = eg = f. Hence
f<e. O]

Theorem 1.3.31. Let S be a semigroup and assume that there is a minimal
left ideal of S which has an idempotent. Given any minimal left ideal L of S
and any minimal right ideal R of S, there is an idempotent e € RN L such
that RN L = RL = eSe and eSe is a group.

Proof. See [[29], Theorem 1.61] O

Lemma 1.3.32. Let S be a semigroup and assume that there is a minimal
left ideal of S which has an idempotent. Then all minimal left ideals of S are
1somorphic.

Proof. See [[29], Lemma 1.62] O

Definition 1.3.33. Let G be a group. Let I and A be non-empty sets and
let P be a matrix with entries in the O-group G° which is ‘regular’ in the
sense that each row and each column contains at least one non-zero entry.
The I x A Rees matriz semigroup over G° with sandwich matriz P, which
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we denote by M(G, I, A, P), is the set I x G x AU {0}, together with the
binary operation given by:

0(i,9,A) =0=(i,9,A)0 and

(4, gpajh, i) if py; #0
(1,9, N)(J, h,p) =
0 if DPx; = 0,

for every (i,g,A), (4, h, ) € I x G x A.

We define a Rees matrix semigroup without 0 simply by deleting all reference
to 0 in the above definition, dropping the insistence on P being regular and
defining multiplication simply by (i, g, \)(J, h, ) = (2, gpajh, ).

Theorem 1.3.34. Let S be a Rees matrixz semigroup over a 0-group with a
reqular sandwich matriz. Then S is completely 0-simple. Conversely, every
completely 0-simple semigroup is isomorphic to such a Rees matriz semi-

group.

Proof. See [33]. O

For clarity, we state the completely simple version of this theorem separately.

Theorem 1.3.35. Let S be a Rees matriz semigroup without 0. Then S is
completely simple. Conversely, every completely simple semigroup is isomor-
phic to such a Rees matrix semigroup.

Proof. See [33]. O

Theorem 1.3.36. Let X be a left zero semigroup, let Y be a right zero
semigroup, and let G be a group. Let e be the identity of G, fir u € X and
veY andlet|, ]:Y xX — G be a function such that [y,u| = [v,z] = e for
ally €Y and allz € X. Let S = X x G XY and define an operation - on S
by (z,9,y) - (2',¢,y) = (x,gly,2'|¢',y'). Then S is a simple semigroup (so
that K(S) =S = X X G xY ) and each of the following statements holds.

(a) Idempotents of S are exactly elements of the form (x, [y, x|, y), where
(x,y) € X x Y. In particular, the idempotents in X x G x {v} are of
the form (x,e,v) and the idempotents in {u} x G XY are of the form

(u,e,y).
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(b) For everyy € Y, X x G x {y} is a minimal left ideal of S and all
manimal left ideals of S are of this form.

(c) For every x € X, {x} x G XY is a minimal right ideal of S and all
manimal right ideals of S are of this form.

(d) For every (x,y) € X XY, {z} x G x {y} is a mazimal group in S and
all maximal groups in S are of this form.

(e) The minimal left ideal X x G x {v} is the direct product of X, G and
{v} and the minimal right ideal {u} x G XY is the direct product of
{u},G and Y.

(f) All maximal groups in S are isomorphic to G.

(9) All minimal left ideals of S are isomorphic to X x G and all minimal
right ideals of S are isomorphic to G X Y.

Proof. See [[29], Theorem 1.63] O

Therefore, we have the following result.

Theorem 1.3.37. (The Structure Theorem) Let S be a semigroup and as-
sume that there is a minimal left ideal of S which has an idempotent. Let R
be a minimal right ideal of S, let L be a minimal left ideal of S, let X = E(L),
let Y = E(R), and let G = RL. Define an operation - on X x G XY by
(x,9,y)- (2,9, y) = (x,9y2'g",y'). Then X x G XY satisfies the conclusions
of Theorem 1.8.36 (where |y, x] = yz) and K(S) ~ X xGXY. In particular,

(1) The minimal right ideals of S partition K(S) and the minimal left ideals
of S partition K(S).
(2) The maximal groups in K(S) partition K(S).

(8) All minimal right ideals of S are isomorphic and all minimal left ideals
of S are isomorphic.

(4) All maximal groups in K(S) are isomorphic.

Proof. See [[29], Theorem 1.64] O

Theorem 1.3.38. Let S be a semigroup and assume that there is a minimal
left ideal of S which has an idempotent. Let T' be a subsemigroup of S and
assume also that T' has a minimal left ideal with an idempotent. If K (S)NT #
0, then K(T)=K(S)NT.
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Proof. See [[29], Theorem 1.65] O

Theorem 1.3.39. Let S be a semigroup and assume that there is a minimal
left ideal of S which has an idempotent. Let e, f € E(K(S)). If g is the
inverse of efe in eSe, then the function ¢ : eSe — fSf defined by ¢(x) =
frgf is an isomorphism.

Proof. See [[29], Theorem 1.66] O

1.4 Right topological semigroups

Definition 1.4.1. Let S be a semigroup. Each a € S gives two functions
Aa, Pa @ S — S defined as follows.

Ao(z) :=ax | po(z) ;= za for every x € S.

Ao is called the left shift (by a) and p, is called the right shift (by a). Shifts
are also called translations.

Definition 1.4.2. Let S be a semigroup and let 7 be a topology on S.
(S,7) is called a right topological semigroup if for every a € S, the right
shift p, is continuous. (S, 7)) is called a left topological semigroup if for every
a € S, the left shift A\, is continuous. We often write S instead of (S, 7)) if it
is understood which topology we are referring to.

Remark 1.4.3. Let S be a semigroup.

(a) If S is commutative, then A\, = p, for every a € S.
(b) For any a € S and U C S, we will often write a~'U for A;*(U). Thus
a'U={r€S|ax U}

One should note that in this case a=! is simply a notation, it is not
necessarily the inverse of a. In fact the inverse of a need not exist.

Similarly, we will often write Ua™! for p; ' (U).
(¢) Let a € S and let U C S. If a is invertible, then we have the following.
MNU)=a'U = {z€S|areU}
= {a'u|ueU}
= a'U
= A\1(U)
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where a~! is the last three expressions stands for the inverse of a. Thus

At = A4—1 and our notation in (b) is consistent with the invertible
case. Similarly, if a is invertible, then p;! = p,-1.

(d) Let S be a left (respectively, a right) topological semigroup. If S is a
group, then we also call S a left (respectively, a right) topological group.

Definition 1.4.4. Let T be a right topological semigroup. The topological
center of T', denoted A(T), is defined as

A(T) :={a € T | A\, is continuous}.
Similarly, one defines the topological center of a left topological semigroup.

Remark 1.4.5.

(a) Since for an invertible a, A\;! = A,-1, A, is continuous if and only if
Ag—1 is open. Similarly, p, is continuous if and only if p,-1 is open.
Thus we have the following.

(b) A group G (equipped with a topology) is right (respectively, left) topo-
logical if and only if for each a € G, p, (respectively, A,) is open.

(c) Let T be a right topological semigroup. If A(T) # 0, then A(T) is a
subsemigroup of 7.

Of particular importance in our study are compact right topological semi-
groups.

Theorem 1.4.6. (Ellis’s Theorem)[[29], Theorem 2.5] Every compact Haus-
dorff right topological semigroup has an idempotent.

Proof. Let T be a compact Hausdorff right topological semigroup. Let
A={ACT:AAC A, A#(, and A is compact},

i,e. A is the family of all compact subsemigroups on 7. Since T' € A,
A # 0. Let C be a chain in A. Let z,y € (|C. Then xy € C for every
C € C. Therefore, xy € (C. Thus (NC) - ((NC) € (C. Since C is a chain
of nonempty sets, C has the finite intersection property. Since T' is compact,
N C # (. Since M C is closed and T is compact, (| C is compact. It follows
that (C is a lower bound for C in A. By Zorn’s Lemma, A has a minimal
element A. Let x € A and let B = Az. Then B # () and B = p,(A). Since
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pz - T — T is continuous and A is compact, B is compact. In addition,
BB = AzAx C AAAx C AAr C Ax = B. Therefore B € A. Since
B=Ar C AA C A and A is minimal in A, B = A. Hence A = Ax for every
€A Let D={ye€ A:yx ==z} Sincex € Aand Az = A, x = yx for
some y € A. In particular, D # (). Since D = AN p;'({x}), D is compact.
For any y,z € D, (yz)x = y(zz) = yr = x. Therefore, DD C D. It follows
that D € A. Since D C A, D = A. Thus Az = {z}. In particular, zz = z.
Hence z is an idempotent of T O

Corollary 1.4.7. Let T be a compact Hausdorff right topological semigroup.
Fvery left ideal of T contains a minimal left ideal. Minimal left ideals are
closed, and each minimal left ideal has an idempotent.

Theorem 1.4.8. [[29], Theorem 2.7] Every compact Hausdorff right topo-
logical semigroup has a smallest ideal.

Proof. This follows from Corollary 1.4.7 and Theorem 1.3.21. [

Theorem 1.4.9. [[29], Theorem 2.9] Let T be a compact right topological
semigroup and let e be an idempotent in T'. Then e is minimal with respect

to any (and hence to all) of the orders <g,<p or < if and only if e belongs
to the smallest ideal of T.

Proof. We know that K(7T') = J{L : L is a minimal left ideal of T'}.
Necessity. Since Te is a left ideal of T, there exists a minimal left ideal L
of T"with L C Te. By Corollary 1.4.7, L is closed. Therefore there exists
an idempotent f € L. Since f € Te, f = ge for some g € T. Then
fe = gee = ge = f. Thus, f <; e and, hence, f = e. It follows hat
ee K(T).

Sufficiency. This follows from Corollary 1.3.11. O]

Theorem 1.4.10. Let T' be a compact right topological semigroup and let e
be an idempotent in T. There is a minimal idempotent f such that f < e.

Proof. As in the proof of “necessity” of Theorem 1.4.9, pick a minimal left
ideal L of T' with L C Te and pick an idempotent f € L. Then f = fe.
Take r = ef. Then r € L and we have rr = efef = eff = ef = r.
Therefore r is a minimal idempotent. In addition, er = eef = ef = r and
re=efe=ef =r,sor <e. O

Theorem 1.4.11. Let T be a right topological semigroup and let R be a right
ideal of T. Then cl(R) is a right ideal of T
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Proof. Let z € c¢l(R), let a € T and let U be an open neighborhood of
xa. Since p, is continuous, there exists an open neighborhood V' of x such
that Va C U. Since z € ¢/(R), VNR # 0. Pick y € VN R. Then,
ya € Van Ra C U N R. Therefore UN R # (). Thus za € ¢/(R). Tt follows
that c/(R) is a right ideal of T O

Remark 1.4.12. Let T be a right topological semigroup and let L be a left
ideal of T. The closure of L need not be a left ideal, as illustrated by the
following example.

Example [[4], Example V.1.1]: Let X be a compact Hausdorff space with a
non-closed subset D C X such that ¢/D # X. Define a binary operation on

X as follows. ;
_Jy ityeD,
xy—{ x ifyé¢ D.

Let z,y,z € X. If z ¢ D, then (zy)z = zy = z(yz). If 2 € D, then
(xy)z = z = vz = z(yz). Therefore, X with this binary operation is a
semigroup. Let z € X and let U be an open subset of X. If 2 ¢ D, then
p. (U) =U. Ifx € UND, then p,'(U) = X. If z € DN (X \ U), then
p. (U) = 0. Therefore p, : X — X is continuous. Thus X with this binary
operation is a right topological semigroup. In addition A(T) = (.

Since XD = D, D is a left ideal. Let x € D and let y € X. If y € D, then
xy=y € D. If y ¢ D, then xy = x € D. Therefore D is also a right ideal.
Hence D is an ideal. Given any ideal J of X, D = JD C J. It follows that
D is the smallest ideal of X.

Let I be a proper ideal of X and suppose I # D. Pick x € I \ D and pick
y € X\ I. Then y = yz € I, a contradiction. It follows that I = D. Hence
D is the only proper ideal of X. Since D # ¢f(D) # X, then ¢/(D) is not
an ideal. By Theorem 1.4.11, ¢f(D) is a right ideal. Therefore, ¢/(D) is not
a left ideal.

However, we have the following theorem.

Theorem 1.4.13. Let T be a right topological semigroup such that the topo-
logical center A(T') is dense in T'. Then, the closure of every left ideal of T
15 a left ideal of T.

Proof. Let L be a left ideal of T, let « € ¢l(L), let a € T and let U be an
open neighborhood of axz. Then V := Uz™! is an open neighborhood of a
with Va C U. Since A(T) is dense in T, there exists b € V N A(T'). Then
br € U. Since ), is continuous, W := b~'U is a neighborhood of x with
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bW C U. Then WNL # (). Pickce WnNL. Then, bc € bW C U and
be € L. Therefore, U N L # (). Hence ax € cf(L). It follows that ¢/(L) is a
left ideal of T ]

Definition 1.4.14. A topological semigroup is a semigroup S equipped with
a topology T such that multiplication

SxS—=S, (r,y)—~xy
1S continuous.

Definition 1.4.15. A topological group is a group G equipped with a topol-
ogy T such that multiplication and inversion are continuous functions, i.e.
the functions

GxG—=G, (r,y)—ay and G =G, v+ 2!

are continuous. In particular every topological group is a topological semi-

group. If (G,7T) is a topological group, we say that T is a group topology.

Note that continuity of the group multiplication implies continuity in each
variable separately. Therefore, every topological group is a left(right) topo-
logical semigroup.

We recall that a topological space X is homogeneous if for every z,y € X,
there is a homeomorphism f : X — X such that f(z) =y.

Proposition 1.4.16. Fvery topological group is homogeneous.

Proof. Let G be a topological group and let a,b € G. Consider the homeo-
morphism Ag-1 : G — G. Then, A\y-1(b) = (ab™1)b = a(b~'b) = a. O

In the next proposition and in the next theorem the topological groups are
assumed to be Hausdorff.

Proposition 1.4.17. Let G be a topological group and let F be the neigh-
borhood filter of the identity e € G. For every x € G,

xF ={a2U : U € F}

1s the neighborhood filter of x. Thus, the topology is completely determined
by the neighborhood filter of the identity.
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Proof. Let © € G. Let U € F. There exists an open set V' such that
e € V CU. Then 2V is open, x = xe € zV and zV C zU. Hence zU
is a neighborhood of x. Conversely, let W be a neighborhood of x. Then
7 'W € Fand W = x(xz~'W). Thus, the first statement holds. Since a
topology is determined by the neighborhood filters at all the points of the
space, the second statement holds. O

The next theorem characterizes the neighborhood filter of the identity of a
topological group.

Theorem 1.4.18. Let G be a group and let e be the identity of G. Then for
every group topology T on G, the neighborhood filter F of e in T satisfies
the following conditions.

(1) NF = {e},

(2) for very U € F, there exists V € F such that V? C U,

(3) for every U € F, there exists V € F such that V= C U,

(4) for every U € F and for every x € G, there exists V. € F such that
aVa~t CU.

Conversely, for every filler F on G satisfying conditions (1)-(4), there is a
unique group topology T on G in which F is the neighborhood filter at e.

Proof. Necessity: (1) follows by the Hausdorff property. (2) follows from the
fact that for every U € F, ee € U. (3) follows from the fact that for every
UeF,eteU. (4) follows from the fact that for every x € G, A\, o A\,-1 is
continuous and A\, o A,-1(e) = e.

Sufficiency: Consider the system of filters F, := xF, v € G. We have

() NFe = {z},

(ii) for every U € F,, there exists V' € F, such that U € F, for ally € V.

Therefore, (F,).cq determines a topology on G with F, being the neighbor-
hood filter at x. O



1.5 The Stone-Cech compactification of a discrete semigroup 37

1.5 The Stone-Cech compactification of a dis-
crete semigroup

Definition 1.5.1. Let D be a discrete topological space. We define the
following.

(a) BD :={p CP(D) : p is an ultrafilter on D}.

(b) Given AC D, A:={pepBD :Acp}.
We have a function e : D — 3D defined by e(x) = {AC D : x € A}, ie.
e(x) is the principal ultrafilter generated by z. It is clear that e is injective.

Lemma 1.5.2. [[29], Lemma 3.17] Let D be a discrete topological space. For
any A, B C D the following statements hold.

(1) ANB=ANB.
(2) AUB=AUB.

(3) D\ A
(4) A
(5) A= BD if and only if A = D.

8D\ A,

0 if and only if A = 0.

(6) A= B if and only if A = B.

Proof. The statements follow easily from the definition of A and properties
of ultrafilters. |

As a consequence of Lemma 1.5.2 (1), the set B :={ A : A C D } forms
a basis for a topology 7 on SD. From now on, unless otherwise stated, we
will always assume that 5D is equipped with this topology. In addition, for
cach x € D, we will identify e(z) with x.

Theorem 1.5.3. [[29], Theorem 3.18] Let D be a discrete topological space.

(1) BD is a compact Hausdorff space.
(2) For every A C D, A is a clopen subset of BD.
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(3) For every A C D, A= clgp e(A) or, which is the same, for any A C D
and any p € BD, p € clsp e(A) if and only if A € p.

(4) e(D) is a dense subset of BD whose points are precisely the isolated
points of BD.

(5) If U is an open subset of 5D, then clgp U is also open.

Proof. Verification of these statements is an easy common routine. See for
example [[29], Theorem 3.18.] O

In particular, it follows that e : D — 8D is an embedding. Since we identify
e(x) by x, we will often write clsp A instead of clgp e(A), where A C D.
Sometimes, to avoid confusion, we use ep instead of e.

Lemma 1.5.4. Let D be a discrete topological space. For every p € (D,
lim e(x) = p.

T—p

Proof. The statement to be proven is equivalent to the statement: For any
p € D, and for any U C 8D, if U is a neighborhood of p then e~ (U) € p.
So, let U be a neighborhood of p. There exists A C D such that p € A C U,
ie. A€ pand for any q € D if A € q then q € U. Therefore e(z) € U for
all x € A and, thus, A C e *(U). Since p is a filter, e7*(U) € p. O

Lemma 1.5.5. Let D be a discrete topological space and let f: D —Y be a
function into a compact Hausdorff topological space. For every p € BD, let

A, ={cly f(A): A€ p}. Then,
ﬂA {hmf x) }.

In particular for every t € D,

lim f(z) = f(t).

x—e(t)

Proof. Let p € D and let y € (].A,. Let W be an open neighborhood of y.
Since W N f(A) # 0 for all A € p, f72(W)N A # 0 for all A € p. Since p
is an ultrafilter, f~'(W) € p. It follows that y = lim,_,, f(z). To show that
NA, # 0, it suffices to show that A, has the finite intersection property.
Let Ay, -+, A, € p for some n € N. We have cly f(A)) N---Ncly f(A,) D
cly (f(A) NN f(A)) 2 ely(f(AN--NA)) 2 f(Ain---NA,) #

(). Therefore A, has the finite intersection property. Since Y is compact,
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A, # 0. Hence the equality follows (see also Theorem 1.1.14 (2)).
For any t € D we have (| Aqq) C cly f({t}) = cly {f(t)} = {f(t)}. It follows
that () A — {/(1)} .

Theorem 1.5.6. Let D be a discrete topological space. 5D is the Stone-Cech
compactification of D.

Proof. It remains to show that for any function f from D into a compact
Hausdorff topological space Y there exists a unique continuous function f :
BD — Y such that the diagram

D(—8>5D
XV]C
Y

commutes, i.e. foe= f.

Let Y be a compact Hausdorff space and consider a function f : D — Y.
Define f : 3D — Y by

f(p) = lim f(2).

If follows from Lemma 1.5.5 that f(e(t)) = f(t) for all t € D. For continuity
of f, let p € BD and let U be a neighborhood of f(p). Since Y is regular,
pick a neighborhood V of f(p) such that cfy V C U and let A = f~1(V).
Suppose D\ A € p. Then f(p) € cly f(D\ A). Then VN f(D\ A) # 0,
contradicting the fact that A = f=*(V). Thus A is a neighborhood of p. Let
q € A and suppose that f(q) ¢ U. Then Y \ ¢fy V is a neighborhood of f(q)
and f(q) € cly f(A). Then, (Y \ cly V)N f(A) # 0, again contradicting the
fact that A = f~'(V). Hence f is continuous. The uniqueness of f follows
from its definition. O

As mentioned earlier, we will identify principal ultrafilters on D with points
of D, and D* := D \ D, i.e. the elements of D* are the free ultrafilters on
D.

Lemma 1.5.7. Let D and E be discrete topological spaces and let f: D — E
be a function. For every p € D, {A C E : f~Y(A) € p} € BE. If, in
addition, f is injective, then for everyp € D*, {AC E: f~1(A) € p} € E*.

Proof. Let p € BD and let q = {AC E: f~!(A) € p}. Since f~10) =0 & p,
0 ¢ q. Since fTY(E)=D €ep, E€q. Let A€ gandlet BC E with A C B.
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Since f7(B) 2 f7*(A) € p, f1(B) € p. Therefore B € q. Let A,B € ¢
Since f"YANB) = f~Y(A)Nf(B) €p, AN B € q. It follows that ¢ is
a filter on F. Let G be a filter on E such that ¢ C G and assume ¢ # G.
Pick B € G\ ¢. Then f~'(B) ¢ p. Pick U € p such that f~1(B)NU = .
Since U C f~Y(f(U)), f~f(U)) € p and, therefore, f(U) € q. On the
other hand f(U) N B = (). This is not possible since f(U), B € G. Therefore
g = G. It follows that ¢ € SE. Now suppose f is injective. Let p € D*
and assume {A C E : f~1(A) € p} € E. Then f~!(B) € p for some
finite subset B of E. Since f is injective, |f~'(B)| < |B| and, therefore,
f~Y(B) is finite. This contradicts the fact that f~*(B) € p € D*. Therefore,
{ACE: fY(A)ep}ekF. O

Proposition 1.5.8. Let D and E be discrete topological spaces and let f :
D — E C BE be a function. The continuous extension f : D — [BE of
ego f: D — BE is given by

flp)={ACE: f'(A) ep}
for every p € BD.

Proof. Let g : BD — BE, g(p) := {A C E : f~}(A) € p}. It remains to
show that ¢ is a continuous extension of eg o f. Let x € D. g(egp(z)) =
{ACE: fY(A) eepg(x)} ={ACE:x € YA} = ep(f(x)). Therefore,
gp = ego f. Now to show that g is continuous. Let A C E and consider the
basic open subset A C BE. g"Y(A) ={p € BD :g(p) € A} ={pepBD:Ac
g(p)} ={peBD: f1(A) € p} = f"1(A) is open in D. It follows that g is

the continuous extension of eg o f and, hence, g = f. O

Note that in Proposition 1.5.8 we used f but, formally, the correct notation
is eg o f, as one can see from the following diagram.

DL 8D
v

B e BE
Furthermore, since (8 is a functor, one usually use the notation g f instead of
egof.
Proposition 1.5.9. Let D and E be discrete topological spaces and let f :
D — E C BE be a function. The continuous extension f : D — BE 1is
injective if [ is injective, surjective if f is surjective and a homeomorphism
if s bijective.
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Proof. Suppose f is injective. Let p,q € D with p # ¢. There exists
A €p\g Since A= f7(f(A) € p\q, f(A) € f(p)\ f(q). Therefore,
f(p) # f(q). Hence, f is injective. Suppose f is surjective. Let r € SE and

consider
p:={ACD: f1X)C Afor some X €r}.

It is easy to see that p is a filter on D and, therefore, p is contained in some
ultrafilter ¢ on D. Let X € r. Then, f~1(X) € p C ¢q. Therefore, r C f(q).
Conversely, let X € f(g) and let Y € r. Then, f7Y(XNY) = f~4(X)N
f~YY) # 0. Therefore, X NY # (). It follows that X € r. Thus f(q) C r.
It follows that f(q) = r. Hence, f is surjective. Now, suppose f is bijective.
It remains to show that f ~' is continuous or, equivalently, that f is open.
Let A C D . It is easy to see that f(A) = f(A), where f(A) C f(A), follows
from injectivity while f(A) D f(A) follows from surjectivity. Therefore, f is
open.

]

Definition 1.5.10. Let D be a discrete topological space and let F be a
filter on D. We define

F:={pepD : FCp}

equivalently

?::ﬂ{ﬁ : Ae F}.
F is called the subspace (or subset) induced by F.
Remark 1.5.11. Note that

ﬂ p={S} and, hence, S = m
pEBS

Theorem 1.5.12. Let D be a discrete topological space. Given a filter F on
D, F is a nonempty closed subset of BD. Conversely, any nonempty closed
subset of BD can be uniquely represented as F for some filter F on D. In
particular, for any two filters F and G on D, G C F if and only if F C G.

Proof. Let F be a filter on D. Since every filter is contained in an ultrafilter,
F # 0. Let ¢ € BD\ F. There exists A € F such that A ¢ ¢. Then
g€ D\ Aand D\ AC BD\ F. Thus 8D \ F is open and F is closed.

(One can also see that F is closed from F = ({A |A € F}, since X is closed
for any X C D.) Conversely, let ) # § C fD. Put F = ()§. Since F is an
intersection of filters, F is a filter. It then follows, from the first part, that
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F is closed and, hence, F D clgpT. Now, let ¢ € F and let A € ¢q. Then
D\ A ¢ q. There exists p € § such that D\ A ¢ p. Then A € p. Thus
p € ANGF. Therefore q € clgps§. Hence F C clgp§. It now follows that
F = clgp$. In particular, if § is closed then § = F,ie §= m’

For uniqueness let F and G be filters on D with F = G and assume F Zg.
Pick A € F\G. Then GU{D \ A} C U for some U € BD. But then
A € F C U, a contradiction. It follows that / C G. Similarly, G C F.
Hence F =¢.

To prove the last part, suppose G C F. Then F = NF € NG = G.
Conversely, suppose F C G. Then it is clear that G C F.

m
Now we would like to extend a binary operation on a discrete topological
space D to fD.

Theorem 1.5.13. [/29], Theorem 4.1] Let D be a discrete topological space
and let - be a binary operation on D. There is a binary operation x on D
satisfying the following conditions.

(a) % extends - ; i.e. sxt=s-t forall s,t € D.

(b) For each q € BD, the function from 5D into BD, p — p*q is contin-
UOUS.

(c) For each s € D, the function from D into 5D, p — sxp is continuous.

Proof. Given s € D, s defines the function \; : D — D C D, \(t) = st.
By the universal property of 8D, there exists a unique continuous function
ls : BD — BD such that [ 0 e = Ag, i.e. such that the diagram

D(—e>ﬁD

l
N

8D

commutes.
For s € D and p € 8D, we define

sxp:=ls(p) :%i_rgst:{AgD:s_lAEp}.

Then for every B C D we have

(s%(=)"'(B) = ;'(B) = 5 'B.
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In particular condition (c) is satisfied. Since l[yoe = A;, s*xt = [,(t) =
As(t) = st for every t € S. Therefore, condition (a) is satisfied. Since D is
dense in SD and I, is a continuous extension of Ay, [ is unique. Now, we
would like to extend * to SD x 8D. Given ¢ € 3D, define R, : D — D
by R,(s) = s*q = ls(g). Then, there is a unique continuous extension
rq: BD — BD, such that r,0e = R,.

DC—€>BD

\ Tq
Ry v

8D

For p € 8D\ D we define p x ¢ := r,(p). Note that if ¢ € D, then r,(t) =
R,(t) = t % q. Thus, for all p € 5D, ry,(p) = p * q. Hence condition (b) is
satisfied. By the uniqueness of a continuous extension of a function defined

on a dense subset, 7, is unique. Hence we have the required binary operation
*. L

For any binary operation on a discrete topological space D we adopt the
custom of denoting its extension to SD by the same symbol.

Remark 1.5.14. Let - be a binary operation on a discrete topological space
D.

(a) For every s € D and every q € 8D, sq = Iltim st.
—q

(b) For every p,q € 5D, pg = limlim st.

s—p t—q

Proof. For s € D and for ¢ € 8D let the functions Ay, I R, and 7, be as in
the proof of Theorem 1.5.13

(a) Let s € D and let ¢ € 8D.

D(_fz)ﬁD

Yt

DC—6>5D

Let U be an open neighborhood of sq. Since [ is continuous, [;1(U)
is an open neighborhood of q. Therefore, there exists A C .S such that
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q€ ACI;HU). Then, A € g and for any t € A, I,(e(t)) € U. Since
lsoe=MAso0e, forany t € A, (\,o0e)(t) € U, i.e. st € U. Hence A C
{te D:steU}. Since A € qand ¢ is a filter, {t € D : st € U} € q.

(b) Let p,q € BD and let U be an open neighborhood of pq.
D C €. BD

8D
Recall that R,(s) = l5(¢). By (a), Pm st = sq. Therefore, we would
—q
like to show that pg = limsq. So, let U be an open neighborhood
S—p

of pg(= ry(p)). Since ry is continuous, there exists A C D such that
p€ACr, (U). Then A € p and for every s € A, sq = r,(s) € U.
Therefore, A C {s€ D : sq€ U}. Since p is a filter, {s € D : sq €
U} €p.

Statement (b) in Remark 1.5.14 can be generalized as follows.

Remark 1.5.15. Let D be a discrete topological space and let p,q € BD.
Let P € p and let () € q. The following statement holds.
=p-li -1i .
pg = p-lim(¢-lim st)

In particular, for any compact Hausdorff topological space Y and for any
function f: D — Y,

lim f(y) = p-lim f(s).

Proof. Let U be an open neighborhood of pq. We would like to show that
{seP : {teQ:steU}eq}ep From the previous remark we obtain
the following;:

{teQQ:stelU}=QnN{teD:stelU} eq
and
{seP:{teQ:steUteq}=Pn{seD:{teQ: :steU}ecq}ep.

Thus the first statement holds. Now let f : D — Y be a function into a
compact Hausdorff space Y, let z = lim,_,, f(s) and let U be a neighborhood
of z. Then f~}(U) € p and, therefore, {s € B: f(s) e U} = BNf~*(U) € p.
Thus the second statement follows. ]
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As a result of the last two remarks above, we have the following corollary.

Corollary 1.5.16. Let D be a discrete topological space endowed with a
binary operation and let p,q € BD. The following statements hold.

(i) For every U C D,
Uepg <= {seD:{teD:steU}eq}enp.

(i1) pq has a base consisting of subsets of D of the form

U{:ch cx € A},

where A € p and B, € q.

Proof. (i) Let U C D. Since %im st = sq and, hence, pg = limlim st =
—q

s—=pt—q

lim sq,
S—p

selU < {teD:steU}eq.

Therefore,

Ucpg < {s€D:sqelU}ep < {seD:{teD:steU}€q}ep.

(ii) Let p,q € BS, let A € p and, for each z € A, let B, € q. For each
s € S define V; by

Vi={teS:ste UxB:E},
€A

and let

W={seS:V;eq}
We would like to show that W € p. Let s € S. Then B, C V..
Since B, € q, Vi, € q. Therefore, A C W. Since A € p, W € p. It
follows that (J,., 2B, € pg. Now let U € pq and let B € ¢q. Then
Vi={reA:{ye B:zyecU} € q}e€p. Inparticular, V # (). Pick
x€Vandlet B, ={y€ B:a2y € U}. Then, B, € ¢ and 2B, C U.
Hence |J B, C U. It follows that the family

€z E“ AEp

form a base for pq.
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Remark 1.5.17. In Corollary 1.5.16 (7) if we take p to be a principal ultra-
filter x, then the statement becomes

Ucuaxq < {teD:atecU} eq.

On the other hand, if we take ¢ to be a principal ultrafilter y, then the
statement becomes

Uepy < {seD:syeU}€p.

Now we would like to look at the extended binary operation on S where S
is a semigroup, regarded as a discrete space (we will call such a semigroup
a discrete semigroup). So, let S be a discrete semigroup. As we have seen
above, the binary operation on S can be extended to 85 as follows. For

p,q € BS

pq = lim lim st,
s—p t—q

where s, t € S.
Lemma 1.5.18. [[29], Theorem 4.5] Let S be a discrete semigroup, let f :

S — X be a function into a Hausdorff space, and let p,q € BS. If all limits

involved exist, then lim f(v) = limlim f(st).
v—pq s—pt—q

Proof. Suppose all limits concerned exist. Let zy = lim Pm f(st) and let U
s—p t—q

be a neighborhood of zy. Then, {s € 5 : Pm f(st) € U} € p. On the other
—q
hand,

Ilti_r};f(st)eU = {teS: f(st)eU}eq

& {teS:ste fHU)}eq
s {teS:tes ' (fHU))) eq
& sTH(fHU) eq.

Therefore,
{sES:%i_r)r;f(st)EU}Ep s {seS:s (' (U)eqtep
< f7IU) epg.

It follows that zo = lim f(v). O

v—=pq
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Theorem 1.5.19. Let S be a discrete semigroup. Then, with the extended
binary operation, £S is a semigroup.

Proof. Let p,q,r € 5S.

(pg)r = lim lim zy

T—pq Yy—r

= limlim (lim(st)y)

s—=pt—q \y—r

= limlim (lim s(ty))

s—=pt—q \y—r

= lim (| lim sv
s—p \v—qr

= plqgr)
0

For any semigroup S, unless otherwise stated, when we refer to the semigroup
BS, we are considering the extension of the binary operation of S.

Theorem 1.5.20. Let S be a discrete semigroup. Then, 5S is a compact
right topological semigroup, with S contained in its topological center.

Proof. 1t remains to show that 3S is right topological and that S C A(BS),
but these follow from Theorem 1.5.13 (b) and (c) respectively. O

Remark 1.5.21. Let S be a discrete semigroup. Let p,q € BS and let
ACS.

(a) Recall that 27 'A = {y € S: zy € A}. Therefore, using these notations,
we have the following.

Acpg <= {zeS:x'Acq}ep.

In particular for any p € 55 and for any x € S,
Aczp < az'dep

and
Acpr < Az 'ep,

where Az™!'={y € S :yx € A}.
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(b) A € zq for every x € S if and only if A € rq for every r € 5S. To see
this, suppose A € xq for every x € S. Then 27 *A € ¢ for every x € S.
Let r € 8S. Since {z € S: 27 'A € q} =S €r, A€ rq. The converse
is obvious.

(c) We will use A*(p) to denote the set {z € A : z7'A € p}. Thus, if
A*(q) € p then A € pq. In particular, for A € p, A*(¢q) € p if and only
if A € pq.

(d) Tt follows that pp = p if and only if {A*(p) : A € p} C p.

Lemma 1.5.22. [[29], Lemma 4.1/] Let S be a semigroup, let p € 5S such
that pp = p, and let A C S. For each x € A*(p), v~ 1(A*(p)) € p.

Proof. Let ©# € A*(p). Then B := 7 'A € p. Since pp = p, B*(p) € p.
We show that B*(p) C =z~ '(A*(p)). So let y € B*(p). Then y € B, i.e.
ry € A, and (zy)™! =y~ Y(z7'A) = y ' B € p. Therefore, ry € A*(p) and,
hence, y € x71(A*(p)). Tt follows that B*(p) C 2~ *(A*(p)). Since B*(p) € p,
x~H(A*(p)) € p.

]

Theorem 1.5.23. Let S be a discrete cancellative semigroup. Then, S* is
an ideal of BS.

Proof. Let p € fS and let ¢ € S*. Suppose pg € S,saypg={AC S:a€ A}
for some a € S. Since {a} € pg, {s € S : s7'a € ¢} € p. In particular,
{s€ S:staeq} #0. Pick s € S such that s7'a € ¢. Then, the equation
sb = a has infinitely many solutions. This is a contradiction, since S is
cancellative. Therefore pg € S*. It follows that S* is a left ideal of (5.
Similarly, S* is a right ideal of 3S. It follows that S* is an ideal of 3S. [

Theorem 1.5.24. [[29], Theorem 4.20] Let S be a discrete semigroup and
let A C P(S) such that A has the finite intersection property. If for each
A e A and each x € A, there exists B, € A such that xB, C A, then

A
AcA

s a subsemigroup of 3S.

Proof. Let T = (\4c4 A. Since A has the finite intersection property, there
is p € BS such that A C p. Then p € T and, therefore, T # (). Let p,q € T
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and let A € A. By assumption, for each x € A there exists B, € A such
that xB, C A. Since |J{zB, : © € A} belongs to a base for pg, A € pq. It
follows that pg € T'. Therefore, T is a subsemigroup of 8S. [

Example 1.5.25. Let S be a discrete semigroup and let (z;);en be a sequence
in S satisfying the distinct finite products property. For each m € N, let

Since A,11 C A, and A, # 0 for all n € N, the family (A, ),ey has the finite
intersection property (see page 2). Let m € N, let F' C N be finite with
min(F) > m, and let x = [l;cp ;. Let n € N such that n > max (F'). Let
E C N with min(F) > n and let G = FFU E. Then, G is a finite subset of
N, min(G) > m and z - g x; = Wiep 2 - iep x; = ieq x;. Therefore,
x-A, CA,,. Itfollows that

T:= () clps FP((x:)izm)

meN

is a subsemigroup of 5.

1.6 K(BS5) and its closure

It follows from Theorem 1.4.8 that for any semigroup S, #S has a smallest
ideal K(S), which is a completely simple semigroup, and that ¢ K(5S5) is
also an ideal of 5S. We would like to present the combinatorial characteri-
zations of these ideals.

Definition 1.6.1. Let S be a semigroup and let A C S.

(a) A is called syndetic if there exists a finite subset G of S such that for
every x € S, tx € A for some t € G, i.e.

G A= U t1A=28.

teG

(b) A is called piecewise syndetic if there exists a finite subset G' of S such

has the finite intersection property.
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Remark 1.6.2. Let S be a semigroup and let A C S.

(1) It is clear that every syndetic subset of S is piecewise syndetic.

(2) Let A,G C S and let z,y € S.

rey ! (U t1A> < yx € U t 1A < tyr e Aforsomet € G.
te@ teG

Therefore, (y‘l (UteG t‘lA))y s has the finite intersection property if

and only if for any finite subset {y;, - - ,y,} of S there exists z € S such
that © € 41" (Ujeat ™' A4) N Nyt (Ueg t71A), if and only if there
exists a finite subset {¢1,--- ,t,} of G such that tyy,z, -+, t,y,z € A .

(3) It follows easily from (2) that the following statement holds. A subset
A of a semigroup S is piecewise syndetic if and only if there is a finite
G C S such that for every finite F' C S there is some z € S with

Fx C U tLA.
teG

Elements of K(3(S)) are characterized by the following theorem.

Theorem 1.6.3. [[29], Theorem 4.39] Let S be a semigroup and let p € 5S.
The following statements are equivalent.

(a) p € K(BS).
(b) For every Acp, {x € S:a7'A€p} is syndetic.

(c) For every q € BS, p € BSqp.

Proof. (a) = (b): Let p € K(8S) andlet Acp. Put B={z € S:z'A€
p}. Let L be the minimal left ideal of 84S with p € L. For every ¢ € L, we
have p € $Sq = clss(Sq). Since A is a neighborhood of p in 35, tqg € A
for some ¢ € S and so ¢ € t—1A. Thus the sets of the form t—1A cover the
compact set L and hence L C UteGm for some finite subset G of S. We
show that S C |J,cqt™'B. Let a € S. Then ap € L. Pick t € G such that
ap € t=1A. Then t'A € ap so that (ta)"'A =a"'(t"*A) € p and so ta € B
and thus a € t7!B.

(b) = (c): Let g € pS and suppose that p ¢ 5Sgp. Pick A € p such that
ANSgp=0. Let B={x € S :27'A € p} and pick G € P;(S) such that
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S = Ut 'B. Pick t € G such that t7'B € ¢. Then B € tq. That is,
{reS:x'Aep}etq So A € tqp, a contradiction.
(¢) = (a): Take ¢ € K(BS). Then 5Sqp C K(5S). Hence p € K(5S). O

Theorem 1.6.4. [[29], Theorem 4.40] Let S be a semigroup and let A C S.
Then, -
A is piecewise syndetic <= AN K(BS) # (.

Proof. <: Let p € ANK(BS) and let B = {z € S : 27'A € p}. Then
B is syndetic. Pick a finite subset G of S such that S = (J,.,t"'B. For
each a € S pick t € G such that a € t7'B, i.e. ta € B. Then a !(t71A4) =
(ta)'A € p. Then a™ ' (U,eqt™4) = Uega ' (t71A) € p. It follows that
{a (U,egt™'A) : a € S} has the finite intersection property. Hence A is
piecewise syndetic.

=: Suppose A is piecewise syndetic. Pick a finite subset G C S such that
{a " (U,ect™'A) - a € S} has the finite intersection property. Pick ¢ € 35
such that {a ' (U,cqt™'4) : @ € S} C ¢. Then J,.t™'A € ag for every
a € S and, hence, |J,.t7'A € pq for every p € S, ie. (85)q C U,cqt A,
Pick y € K(BS) N (BS - q). Then, y € t=1A for some t € G and so ty €
AN K(BS). Hence AN K(BS) # 0. O

Corollary 1.6.5. Let S be a semigroup and let A C S. Then,
pecl K(BS) <= every A € p is piecewise syndetic.

Definition 1.6.6. Let S be a semigroup and let A C S. A is said to be
central in S if there is some idempotent p € K(8S) such that A € p.

Theorem 1.6.7. [[29], Theorem 4.43] Let S be a semigroup and let A C S.
The following statements are equivalent.

(1) A is piecewise syndetic.

(2) The set {x € S:x 1A is central} is syndetic.

(3) There is some © € S such that x™'A is central.
Proof. (a)=-(b): Since A is piecewise syndetic, there exists p € K(5S5) such
that A € p. Pick a minimal left ideal L of S with p € L and pick an
idempotent ¢ € L. Then A € p =pe. So{y € S:y A ce} €p In

particular {y € S : y~'A € e} # 0. Pick y € S such that y7*A € e. Since e €
K(BS), B:={2z€ S : 2"y 'A) € e} is syndetic. Pick a finite G C S such
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that S = J,cqt™'B. Let D = {x € S : 27" Ais central}. We claim that S =
Mieyat ' D. Let x € S. Pick t € G such that tx € B. Then (tz)~'(y'A) €
e. Thus (tz)~'(y~'A) is central. But (tx)~!(y~'A) = (ytz) ' A. Thus ytz €
D. Hence z € (yt)~'D. It follows that S = ¢, t ' D.

(b)=-(c): Since @ is not syndetic, {x € S : 1A is central} # ().

)=>(a): Pick z € S such that 27'A is central and pick an idempotent
€ K(BS) such that 27'A € p. Then A € xp and zp € K(BS). Thus
N

(c
p
ANclK(BS) # 0. Hence A is piecewise syndetic. O



Chapter 2

Ultrafilter semigroups and local
homomorphisms

Let G be an infinite group with identity e and let 7 be a left invariant
topology on GG. We obtain a very important subsemigroup Ult(T) of G
consisting of all nonprincipal ultrafilters on G converging to e in 7. In par-
ticular, Ult(T) carries a lot of information about 7. In Section 2.1 we present
the basic information about Ult(7). In Section 2.2 we look at left invariant
topologies on a group G determined by idempotents in SG. In Section 2.3
we look at local homomorphisms. These give rise to homomorphisms of ul-
trafilter semigroups. In Section 2.5 we prove that for any two homeomorphic
direct sums X and Y, Ult(X) and Ult(Y') are isomorphic. In Section 2.4 and
in Section 2.6 we present two very important ultrafilter semigroups.

2.1 Definition and basic properties

Although some concepts in the following definition have been defined before,
we state them again here for easy reference.

Definition 2.1.1. Let G be a group and let 7 be a topology on G. T is
said to be left invariant (respectively, right invariant) if for every a € G,
and every U € T, aU € T (respectively, Ua € T ). T is said to be inverse
invariant if for every U € T, U~ € T. T is said to be invariant if it is left
invariant, right invariant and inverse invariant. A group endowed with a left
invariant topology is called a left topological group.

33
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We have the following easy observation.

Remark 2.1.2. Let G be a group and let 7 be a topology on G. The
following are equivalent.

T is left invariant.

(a
(b

Aq 1s open for every a € G.

)
)
(¢) A, is continuous for every a € G.
(d) G is a left topological (semi)group.
)

(e) A4 is a homeomorphism for every a € G.

Proof. The implications follow directly from the definitions and the fact that
for any a € G, \;' = A\ O

Remark 2.1.3. Let G be a group.

(a) Since G is a cancellative semigroup, G* is an ideal of SG (see Theorem
1.5.23).

(b) For any A C G and for any z € G,

' A={yeG ayc A} ={z'a:a € A},

1

where 7! in 2~ 'a stands for the inverse of z in G.

Note that a left topological group is homogeneous. Also note that a homo-
geneous space X is regular if and only if there exists a point x € X such
that the neighborhood filter at x is closed. In particular, a left topological
group is regular if and only if the neighborhood filter at the identity is closed.
Unless otherwise stated, we will be using e to denote the identity of a group.
In addition, unless otherwise stated, all topologies are assumed to satisfy the
T separation axiom.

Proposition 2.1.4. Let G be a group, let T be a left invariant topology on
G and let F be the neighborhood filter of e in T. F satisfies the following
conditions:

(1) N F ={e}, and
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(2) for every U € F, there exists V. € F such that for every x € V,
U e F.

Conversely, suppose there is a filter F on G satisfying conditions (1) and
(2). Then, there is a left invariant topology T on G such that F is the
neighborhood of e in T .

Proof. Condition (1) follows from the 7} property. We show (2). Note that
for every y € G, y.F is the neighborhood filter of y in 7. Let U € F. There
exists V' € F such that U € oF for every z € V. One then notices that
U € o F if and only if 271U € F.

Conversely, let F be a filter on G satisfying conditions (1) and (2). Then,
for every x € G, xF is a filter on G with (zF = {z}. In particular, x € U
for every U € oF. Let v € G and let U € xF. Then, 27U € F. Therefore,
there exists V' € F such that 27U € F for every 2 € V. Then, 2V € xF. Let
y € V. Then 27 'y € V. Then y U = y~lza U = (z7'y) Y (z7'U) € F.
Hence U € yF. Therefore U € yF for every y € xzV. It follows that there
is a topology 7 on G such that xF is precisely the neighborhood filter at x
for each © € G. To see that T is left invariant, let a,x € G and let U be a
neighborhood of ax. U can be written as U = axU, for some Uy € F. Then
xUy € o F and a(xUy) = U. It follows that the left shift A, is continuous. [

Remark 2.1.5. Condition (2) of Proposition 2.1.4 can be restated in the
following stronger form:

(2) For every U € F, thereis a V € F such that V C U and for all z € V,
'V eF.

Proof. Assume (2) holds. For every U € F, let
U={zeU:27'Uc F}

Then U° C U. By (2), there exists A € F such that z7'U € F for all x € A.
Then ANU € F. Since ANU C U° U° € F. We claim that for every
reU% z7'U% € F,ie (U 2 U and, hence, (U°)? = U° Let z € U°.
Then 27U € F. Let V =27'U. ThenV € Fand 2V C U. By (2), V° € F.
So, it suffices to show that xV°? C U°. Let y € V° and let W = y~'V. Then
W e F and yW C V. Consequently, xyW C xV C U, which implies that
W C (zy)~'U and, thus, (zy)"'U € F. Hence, xy € U°. It follows that
xVO C U,

Conversely, it is easy to see that (2)" implies (2). O
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Definition 2.1.6. Let G be a group, let 7 be a left invariant topology on
G and let e be the identity of G. The wltrafilter semigroup of T, denoted
Ult(T), is defined as follows.

Ult(T) := {p € G* | p converges to e in T }.

Remark 2.1.7. Let G be a group, let 7 be a left invariant topology on G
and let F be the neighborhood filter of the identity in 7. It is clear that

Ul(T) = F\ {e}.

Since F is a closed subset of 3G and e is an isolated point of 3G, F \ {e} is
a closed subset of G*. Sometimes we will also write Ult(G) for Ult(T) if it
is clear which topology we are referring to.

Remark 2.1.8. Let G be a group. If 7 and 7' are distinct left invariant
topologies on G, the ultrafilter semigroups Ult(7) and Ult(T’) are distinct.

Proof. Let F and F” be the neighborhood filters of e in 7" and 7" respectively.
Since F # F, F # F' (see the proof of Theorem 1.5.12). Therefore, Ult(T) =
F\{e} #F\{e} =Ul(T. O

Proposition 2.1.9. [[62], Proposition 2.5] Let G be a group, let T be a left
invariant topology on G and let S = Ult(T). Then, T is Hausdorff if and
only if for every a € G\ {e}, aSNS = 1.

Proof. Let F be the neighborhood filter of e, i.e. S* = F, where S* denotes
Ult(T) U {e}. Note that the topology T is Hausdorff if and only if for every
a € G\ {e}, there exists U € F such that aU N U = .

Suppose T is Hausdorff. Let a € G\ {e} and let U € F such that aUNU = 0.
Since aU = aU and BG is extremally disconnected, all N U = (). Hence,
aS'NS*=0 and soaSNS =10.

Conversely, suppose aSNS = () for every a € G\ {e}. Let a € G\ {e}. Then
aS'NS' = 0. Hence, aUNU =  for some U € F, and so aUNU = . Thus,
T is Hausdorff. O

Lemma 2.1.10. /[62], Lemma 2.9] Let G be a group, let T be a left invariant
topology on G and let U C G. Then U is open if and only if U-Ult(T) C U.

Proof. Suppose U is open. Let p € U and let ¢ € Ult(T). It suffices to
show that U contains a subset of the form |J{zB, : + € A} for some A € p
such that B, € ¢ for each x € A. Take A = U. Since the left shifts
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G > y+— xy € G are continuous and x = ze € U, for each x € U choose an
open neighborhood B, of e such that B, C U. Then | {zB, : 2 € U} CU
and B, € q for each x € U, as ¢ converges to e. Hence U € pq. It follows
that pq € U. Therefore U - Ult(T) C U.

Conversely, suppose U - Ult(T) € U and let + € U. By continuity of the
left shift G > q — zq € PG, for every q € Ult(T) pick B, € ¢ such that
zB, CU. Put V = Uyes Bg U {e}. Then V' is a neighborhood of e and
2V C U. Therefore U is a neighborhood of z. It follows that U is open. [

Corollary 2.1.11. Let G be a left topological group with the neighborhood
filter F of e and let R be a filter on G with a base of open sets such that
FCR. ThenR-F CR.

Proof. Let B be a base of R. Then

If B is open, then
R-FC(1U=R.
UeB

]

Proposition 2.1.12. [[6//, Lemma 2.4] Let G be a group and let T be a left
invariant topology on G. Then Ult(T) is a closed subsemigroup of G*.

Proof. It remains to show that Ult(7) is a subsemigroup of G*. Let p,q €
Ult(T). Since G* is an ideal of G, pg € G*. Let U be an open neighborhood
of e. Then, Ult(T) - Ult(T) C U - Ult(T) C U. Therefore, U € pq. Since pq
is a filter, pg contains all neighborhoods of e. It follows that pq € Ult(T).
Thus Ult(T) is a subsemigroup of G*. O

Proposition 2.1.13. [[62], Proposition 2.4] Let G be a group and let S be
a finite subsemigroup of G*. Then there is a left invariant topology T on G
with S = Ult(T).

Proof. Let F =[S, so that S* = F. By proposition 2.1.4 it suffices to show
that F satisfies the following conditions (noting that condition (2) implies
condition (2) of Proposition 2.1.4):

(1) NF ={e}, and
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(2) for every V € F there exists W € F and W 3 z — W, € F such that
W, CV.

Since F C e, ¢ € [ F. Conversely, suppose x € (.F for some x € G. Then
F C z. Therefore x € F = St = SU {e}. Since S C G*, x = e. It follows
that {e} = F.

Let V € F. For every p,q € S', V € pq, i.e. pg € V. Since p, : BG — BG is
continuous, there exists A4,, € p such that A,,q C V. Let

A, = ﬂ Ay

qeSt

Then A, € p (since S! is finite) and A,S* C V. Put

W= ] 4,
peS?!

Then W € F and WS C V_. Next, for every x € W and ¢ € S', there exists
B, , € g such that B, , CV,so 2B, , C V. Put

W, =|Jg€ ' By
Then W, € F and zW, C V. ]

Lemma 2.1.14. [[64], Lemma 2.6]Let (G, T) be a left topological group. If
Ult(T) has only one minimal right ideal, then T is extremally disconnected.

Proof. Assume Ult(7T) has only one minimal right ideal and that 7 is not
extremally disconnected. Then there are two disjoint open subsets U and V'
such that

eeclU)ncl(V).

But then, by Lemma 2.1.10, U N UIt(T) and V N UI(T) are two disjoint
right ideals of Ult(T), which gives a contradiction. O

Lemma 2.1.15. [[64], Lemma 2.8] Let (G,T) be a left topological group and
let S=UI(T). If T is reqular, then S* is left saturated in SG.

Proof. Tt is clear that S* is a subsemigroup of 3G. Let p € SG \ S'. There
is a neighborhood U of e such that U ¢ p. Since T is regular there exists
a closed neighborhood V of e with V' C U. Then V ¢ p. Let C = G\ V.
Then C is open and C' € p. Since every element of S contains V, none of
the elements of S! contains C, i.e. C N S' = (. Since C is open, we have
C-S'=(C-S)u(C-{e})) cCuC =C. Since, pS* € C-S' C C,
pSt NSt = 0. Hence S* is left saturated in BG. O
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Since S C S, for any p € G we have pSN S C pS' N St Therefore, if S* is
left saturated in G then S is left saturated in G*. In particular, by Lemma
2.1.15, if T is regular, then S is left saturated in G*.

Proposition 2.1.16. [[6/], Proposition 2.10] Let G be an infinite group and
let S be a closed subsemigroup of G*. Suppose that S is left saturated in
BG and that S has a finite left ideal. Then there is a reqular left invariant
topology T on G with S = Ult(T).

Proof. Since {e} = {e} is closed, S* = S U {e} is a union of two closed sets
and, hence, closed. Therefore S' = F for some filter F on G (specifically,
F = (S'). We will show that F satisfies the conditions for generating
(defining) a left invariant topology on G (in which F will be a system of
neighborhoods of e). It will then follow automatically that S = Ult(T), and
we will have to show that 7T is regular.

(i) Since F Cee, e € [|F. Conversely, suppose x € [|F for some = € G.
Then F C . Therefore v € F = St = S U {e}. Since S C G*, z =e.
Therefore {e} = F.

(i) Now we show that for every U € F, there exists V' € F such that for
alz eV, 27U e F.
Let U € F and let L be a finite left ideal of S. Then G\ U C G\ S*.
Since S is left saturated in 8G, G\ U - S*N S = (. For every q € L,
choose W, € F such that G\ U - ¢ W, = 0, and put

W= (W,

qeEL

Then W € F, as L is finite, and (G\ U - L) N W = (). Next, since L
is a left ideal of .5, it follows that S L. . C L. For every q € L, choose
V, € F such that V- ¢ C W (This is possible since p, is continuous),

and put
V=V

qeL
Then VeFand V- -LCW.
We claim that for all x € V, 27'U € F. Indeed, otherwise zp € G \ U
for some x € V and p € S. Take any ¢ € L. Then, on one hand

wpg=xp-q€ G\U-LC BG\W,
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and on the other hand,
tpg=x-pg eV -LCW,

which is a contradiction.

It follows from (i)-(ii) that there is a left invariant topology 7 on G in which
F is the neighborhood filter of e, and so Ult(T) = S. We now show that
T is regular. Assume the contrary. Then there is a neighborhood, U, of e
such that for every neighborhood V of e, ¢/(V)\ U # (). For every open
neighborhood V' of e, choose zy € ¢/(V) \ U. Since xy € cl(V), there is an
ultrafilter on G containing V' and converging to xy. Consequently, there is
a py € S such that V € xypy. Take ¢ € L. By Lemma 2.1.10, V' € zypyq,
and pyq € L, as L is a left ideal. Since L is finite, it follows that there exists
q € L and p € G\ U such that for every neighborhood V of e, V' € pq, and
so pg € S. We have obtained that S! is not left saturated in AG, which is a
contradiction. O

2.2 Left invariant topologies defined by idem-
potents

In this section we will present two ways of generating left invariant topologies
on an infinite group G using idempotents of G*. To give a complete picture,
in [40], A.Markov asked whether every infinite group admits a non-discrete
Hausdorff group topology. For Abelian groups and many other groups (see
[6]) the answer is positive, but the problem for general groups was eventually
solved in the negative in [58], [44]. On the other hand, for every infinite group
G and for every idempotent p € BG, the largest topology on G in which p
converges to the identity e € G is zero-dimensional and Hausdorff. In [71],
it was shown that in fact every infinite group admits a non-discrete zero-
dimensional Hausdorff topology with continuous left and right translations
and inversion.

Definition 2.2.1. [51] Let G be a group with identity e, let ¢ be a filter on
G, and let A C G. The subset

(A, p)={xeG:aFNA#for every F € ¢}

is called the closure of A in the direction of ¢ (or the closure of A by ).
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The subset
int(A,p) ={r € G:xF C Afor some F € ¢}

is called the interior of A with respect to .

Note that int(A, ¢) C cl(A, p) for every A C G.

Remark 2.2.2. Let G be a left topological group with the neighborhood
filter 7 of the identity. Then cl(A,T) = cl(A) and int(A, ) = int(A).

Lemma 2.2.3. [[51], Lemma 1.1] Let G be a group, let A C G and let
p € BG. Then,

cl(A,p) ={x € G:Acap}=int(ADp).

Proof. This is obvious from the definitions, recalling that A € xp if and only
if x71A € p. O

Lemma 2.2.4. [55] Let G be a left topological group with identity e, let A C
G and let x € G. Then x € cl(A) if and only if there exists p € Ult(G) U {e}
such that tF C A for some F' € p. Thus

cl(A) = | J{ct(A,p) : p € UI(G) U {e} }.

Proof. Necessity. Let © € cf(A). Then for every neighborhood U of =z,
UN A # (. Since neighborhoods of x are exactly sets of the form xW where
W is a neighborhood of e, there exists an ultrafilter ¢ on GG such that

{zW : W is a neighborhood of e} U {A} C q.

Then 7 '¢ = {z7'B : B € ¢} is an ultrafilter on G converging to e. In
addition, z7'A € 27'¢q and z(27'A) = A. Therefore we take p = !¢ and
F=a1A.

Sufficiency. Let U be a neighborhood of z. Since F' € p and p € Ult(G)U{e},
F NV #{ for every neighborhood V of e. Therefore, xF N'W # () for every
neighborhood W of z. In particular xtF NU # ). Since zF C A, ANU # 0.
Therefore, x € cl(A). O

Lemma 2.2.5. [[55], Lemma 2.1] Let G be a group, let A C G and let ¢ be
a filter on G. Then

cl(A, ) = (]{AF_1 : F e g}
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Proof. Let x € G.

reEcAp) < zFNA#) forall F €y
< z¢€ AF! forevery F € o.

O

Lemma 2.2.6. [[55], Lemma 2.2] Let G be a group, let A C G and let
p € BG. Then

cl(A,p) C AA 'z for every x € cl(A,p).

Proof. Let © € cl(A,p). Pick a subset I} € p such that xF} C A. Let
y € cl(A,p). Let Fy € psuch that yFy C A. Take F' = Fy N F;. Then F € p,
FCF and yF CyF, CA Wehavey € AF~' C AF;' C AA n. O

Lemma 2.2.7. [[51], Lemma 1.1] Let G be a group and let ¢ be a filter on
G. The following statements hold.

(i) cl(AU B, ) = cl(A, ) Ucl(B, ) for all subsets A, B C G.
(ii) ct(®, ) =0 and int(0, ) = 0.

(iii) cl(A, @) = U{ct(A, p) : p € BG with ¢ C p} for every A C G.
(iv) int(A, @) = N{int(A,p) : p € BG with p C p} for every A C G.

Proof. (i) 2: Let x € cl(A,p)Ucl(B,p) and let F € ¢. Then xF N A # ()
or zF N B # (). Hence ztF N(AUB) = (xFNA)U(zF N B) #0. It follows
that cl(AU B, ) D cl(A, o) Ucl(B,p).

C: Let x € (AU B, p) and let F € ¢. Then 2F N (AU B) # (). Therefore
xFNA#QorxFNB # (. We claim that if /N B = () then 2 ENA # () for
any other E € . This will imply that x € c¢l(A, ). So suppose zF N B = ()
and let ' € . Since z € cl(AUB, p) and ENF € ¢, x(ENF)N(AUB) # 0.
Therefore ) # 2(ENF)N(AUB) = (zx(ENF)NA)U(xz(ENF)N B). Since
r(ENF)NBCxFNB=0,2(ENF)NB = (. Therefore x(ENF)NA # .
Since s(ENF)NACzENA, xEN A # (). Tt follows that if x ¢ cl(B, ¢),
then x € c¢l(A, p). Hence cl(AU B, p) C cl(A, o) Ucl(B, )

(ii) Since zFF N = @ for any F € ¢ and for any = € G, cl(D, ) = 0
and int(0, p) = 0.
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(iii) C: Let @ € cl(A, ). For every F € ¢, xF'N A # ). It follows that the
family {«F : F' € p} U{A} has the finite intersection property. Pick ¢ € G
such that {zF : F € p}U{A} C q. Then 27 'q € 3G and pU{z tA} C 27 1q.
Forany FF € p, 2(FNaztA)=2FNACAand FNz A € x71q. Hence
r €int(A,x7tq) = cl(A, z71q).

D: Let p € BG with ¢ C p and let x € ¢l(A,p). Let F € ¢. Since ¢ C p,
F € p. Therefore zF N A # (). Thus z € cl(A, p).

(iv) C: Let z € int(A, ) and let p € fG with ¢ C p. There exists F' € ¢
such that 2F" C A. Since ¢ C p, F' € p and hence z € int(A, p).

D: Let # € G such that for every p € G with ¢ C p, xF N A # () for any
F € p. Suppose x ¢ int(A,¢). Then for every E € ¢, xEN (G \ A) # 0.
Pick ¢ € BG with pU{z7'(G\ A)} C ¢. Then z(z (G \ A))NA#0. We
obtain § # z(z7'(G\ A)NA=(G\ A)NA={, a contradiction. O

Definition 2.2.8. [51] Let G be group with identity e and let ¢ be a filter
on G. ¢ is called pointed if e € F for every F' € ¢.

Lemma 2.2.9. [[51], Lemma 1.1] Let G be a group, let A C G and let ¢ be
a pointed filter on G. Then A C cl(A, ) and int(A, p) C A.

Proof. It A = (), then ¢/(A,p) =0 = A and int(A,p) = 0 = A. So, we
may assume that A # (). Let a € A and let F' € . Since ¢ is pointed,
a € aF. Therefore, since A # 0, aFF N A # (). Hence A C cl(A,p). Now
let © € int(A, ). Pick F' € ¢ such that zF° C A. Then x = ze € 2 F C A.
Hence int(A, p) C A. O

Lemma 2.2.10. [[55], Lemma 2.3] Let G be a left topological group, let
ACG and let p € BG. Then cl(A,p) is a neighborhood of the identity of G
if and only if A € qp for every q € Ult(G) U {e}.

Proof. Suppose cl(A, p) is a neighborhood of the identity and suppose A ¢ ¢p
for some ¢ € Ult(G) U {e}. Then G\ A € gp. Choose a subset B € ¢ and
for each b € B choose C}, € p such that (J{bC) : b € B} C G\ A. Then
bCy, N A = () for every b € B. Since q € Ult(G), cl(A,p) € q and, therefore,
cl(A,p) N B # (. Pick b € c¢l(A,p) N B. Since b € cl(A,p), bC, NA#D, a
contradiction.

Conversely, suppose A € pq for every g € Ult(G) U {e} and suppose that
cl(A,p) ¢ Ult(G) U {e}. Then in each neighborhood of the identity we may
choose an element x such that xF N A = () for some F' € p. Consequently,
there is an ultrafilter ¢ € Ult(G) U {e} such that G\ A € pg. Then () =
(G\ A)N A € pq, a contradiction. O
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Definition 2.2.11. [51] Let G be a group and let ¢ and v be filters on G.
We define the product ¢ * ¢ as follows. For every A C G,

A€ px) < int(A,Y) € p.

The following lemma shows that this product generalizes the product on 8G.

Lemma 2.2.12. Let G be a group. For every p,q € PG, p*q = pq.

Proof. Let A € pq. It suffices to show that A € pxq. Put C' = int(A,q) =
{r € G:2F C Afor some F € q} and put B={x € G:27'A € q}. Then
Bep. Let x € B. Then 27 'A € q. Put F =27 'A. Then oF = z(z7'A) =
A. It follows that x € C. Therefore, B C (. Since B € p, C' € p. Hence
A € pxq. Since A was an arbitrary element of pg, pg C p * ¢ and, thus

Pg=p*q. L
Remark 2.2.13. [51] The family

{U tH,: F € ¢, H, €1 for every z € F'}

zeF

forms a base for the filter ¢ * 1.

Proof. Let A € ¢ % 1. Then int(A,¢) € p. Take F' = int(A,). For each
x € F, there exists H, € ¢ such that xH, C A. Therefore |J 2H, CA. O

zeF

Lemma 2.2.14. [[51], Lemma 1.2] Let G be a group, let 1 and ¢ be filters
on G and let A C G. The following statements hold.

(1) int(int(A, ), ) = int(A, o x ).
(11) cl(cl(A ), ) = cl(A, @ *1).

Proof. (i) Let y € int(int(A, ), p). Take F' € ¢ such that yF' C int(A, ).
For every x € F pick H, € 1 such that yzH, C A. Put P = J,.p2H,.
Then P € ¢ x1p and yP C A. Therefore y € int(A, ¢ * ). It follows that
int(int(A, ), @) Cint(A, o * ).

Conversely, let y € int(A, ¢ * ¥). Choose F' € ¢ and for each x € F
choose H, € 1 such that yrH, C A. Then yF C int(A,¢) and so y €
int(int(A, ), ¢). It follows that int(int(A, ), ) 2 int(A, p * ).

(ii) D: Let = € cl(A, px1) and assume that x ¢ cl(cl(A, 1), ). There exists
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F € ¢ such that xF N ¢l(A, ) = 0. For every y € F take H, € v such that
ayH,NA=0. Put B=,pyH, Then B € p*¢ and 2BN A= (. This
implies that x & cl(A, ¢ x 1), a contradiction.

C: Let x € cﬁ(c@(A,zb) ©). Let F € ¢. Then xF Ncl(A, ) # (). Therefore,
there exists y € F such that for every F € ¢, xyE N A # (). For each z € F
pick H, € 9. Then x(|J,.p 2H.) N A # (). Since F was an arbitrary element
of 1, BN A # () for every basic element B of ¢ * v in the base described in
Remark 2.2.13. Hence xC' N A # () for every C € ¢ x 1). O

Corollary 2.2.15. Let G be a group. For any filters ¢, and ¢ on G,
¢x (px ) = (¢ x @) x .
Proof. Using Lemma 2.2.14 (a), we have the following.

A€ox(pxy) <= nt(A pxy)co
< nt(int(A, ), ) € ¢

= mt(A V) EPxyp

=

€ (¢ * ) * 1.
0

Definition 2.2.16. Let G be a group and let 7 be a filter on G. 7 is called
left topological if T is the filter of neighborhoods of the identity of GG for some
left invariant topology on G.

Lemma 2.2.17. Let G be a group with identity e and let ¢ be a filter on G.
Then {int(A, ) : A € ¢} is a filter base on G.

Proof. Let A € ¢. Then e € int(A,p). Therefore int(A,p) # (). It is easy
to see that for any A, B C G, int(A, p) Nint(B, p) = int(AN B, ). O

Definition 2.2.18. Let GG be a group. Given any filter ¢ on G,

(i) we denote by int(p) the filter with the base {int(A,y): A € ¢}, and
(ii) we denote by C?, the mapping determined by the rule
Cl,(A)=cl(A ), ACG.

Remark 2.2.19. Let G be a group and let ¢ be a filter on G. The following
statements hold.
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(i) int(p) is pointed.

(ii) If ¢ is pointed, then ¢ C int(p).

Proof. (i) Let A € ¢. Then e € int(A,p). It follows that e € F for every
F € int(p).

(ii) Suppose ¢ is pointed. Then, by Lemma 2.2.9, int(A,p) C A for every
A C G. In particular, ¢ C int(p). O

Theorem 2.2.20. [[51], Theorem 1.3] Let G be a group and let ¢ be a filter
on G. The following statements are equivalent.

(i) ¢ is left topological,
(i1) @ is pointed and p * v = ¢,
(iii) int(p) = ¢,

() Cl, is a closure operator.

Proof. (i) = (ii): Suppose ¢ is left topological. Then clearly ¢ is pointed.
Let A € ¢ * p. Then int(A,p) € p. Since ¢ is pointed, by Lemma 2.2.9,
int(A,p) C ¢. Therefore, A € ¢ and, hence, ¢ x ¢ C ¢. Now let A € ¢.
Choose an open neighborhood of the identity in (G, ¢) such that U C A. For
each x € U, pick V,, € p with 2V, CU. Put V = UerxVx' Then V € px
and V' C A. Therefore A € ¢ * ¢ and, hence, ¢ C ¢ * ¢. It follows that

Y =@*p.

(17) = (4i1): Suppose @ is pointed and ¢ * ¢ = . Then for every A C G,
int(A,p) C A. Hence ¢ C int(p). Now let B € int(p). Pick A € ¢ such
that int(A, ) C B. Since ¢ x ¢ = ¢ and A € ¢, int(A,¢) € ¢. Therefore
B € ¢ and, hence, int(y) C . It follows that int(yp) = ¢.

(14i) = (i7): Suppose int(p) = ¢. Since int(yp) is pointed, ¢ is pointed.
Let A € ¢. Then int(A, ) € int(p) = ¢. Therefore A € ¢ x . Thus
¢ C ¢ . Conversely, let A € ¢ * p. Then int(A, ) € p. Since ¢ is
pointed, int(A, ) C A. Therefore A € . Thus ¢ *x ¢ C ¢. It follows that

prp=e.
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(i1) = (iv): Suppose ¢ is pointed and ¢ * ¢ = ¢. By Lemma 2.2.9,
A C cl(A,p) = cl,y(A) for every A C G. It follows from the definition that
cly(A) = cl(A, p) C cl(B,p) = cly(B) for every A, B C G with A C B. By
Lemma 2.2.14 (ii), since ¢ * ¢ = ¢, we have cl,(cl,(A)) = cl(cl,(A),p) =
cl(cl(A, @), p) = cl(A,p*xp) = cl(A p) = cl,(A). It follows that cl, is a
closure operator.

(iv) = (i): Let T be the topology on G determined by the closure oper-
ator cl,. Let FF C G with ¢/, (F) = F and let + € G. We show that
cly(zF) = xF. Solet y € cl,(xF) and let E € ¢. Then yE N zF # 0.
Then 2~ 'yE N F # (). Since E was an arbitrary element of ¢, we conclude
that 7'y € F. Therefore y € zF. Hence c/,(zF) C xzF. Since cl, is a
closure operator, cl,(zF) D xF. Thus cl,(zF) = xF. It follows that T is
left invariant.

We now show that ¢ is the neighborhood filter of the identity e € G in T.
Let F' C G such that cl,(F) = F ande ¢ F. Put U =G\ F. Sincee € U
and int(U, p) = U, we get U € . Therefore, every open neighborhood of e
is an element of ¢. Hence, every neighborhood of e is an element of ¢. Let
V € . Since eV N (G\ V) =0, we have e ¢ cl(G\ V,p). Hence, V is a
neighborhood of e in 7. It follows that ¢ is the neighborhood filter of e in
the topology T. ]

Given a group G and a filter ¢ on G, one can construct two left topological
filters on G using ¢. We now look at these two left topological filters.

Lemma 2.2.21. [[51], Lemma 1.4] Let G be a group and let ¢ be a filter on
G. Then

int(p) ={p € BG : ¢ Cp*p}.

In particular, if p € BG, then int(p) = {q € BG : p = qp}.

Proof. Let p € BG such that int(p) C p. Since {int(A, ¢) : A € ¢} C int(p),
{int(A,¢) : A € v} Cp. It follows that ¢ C p * ¢.

Conversely, let p € G with ¢ C px . Let A € p. Then A € p* ¢ and,
therefore, int(A, ¢) € p. Hence int(yp) C p. O

Theorem 2.2.22. [[51], Theorem 1.5] Let G be a group. For every filter ¢
on G, int(p) is left topological.

Proof. We will show that int(int(¢)) = int(p). Since int(p) is pointed,
int(p) C int(int(p)). For the other inclusion, let B € int(y) and choose
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A € p such that int(A, ¢) C B. We have the following

int(int(A, ), int(p)) = ﬂ{int(int(A, ©),p) : p € BG with int(p) C p}
= ﬂ{z’nt(int(A, ©),p) : p € BG with ¢ C p x p}
= [N(int(A,p =) :p € BG with ¢ C ¢ * p}

By Lemma 2.2.21, int(A, ¢) C int(A,p * ¢) for every p € fG with ¢ C p.
Hence,
int(A, p) Cint(int(A, @), int(¢)) Cint(B,int(p))

and int(B,int(p)) € int(p). O

Theorem 2.2.23. For every ultrafilter p on a group G, the left topologi-
cal group (G,int(p)) is Hausdorff and zero-dimensional. If pp = p, then
(G,int(p)) is extremally disconnected.

Proof. [[29], Theorem 9.13] O

Let G be a group and let p € G* be an idempotent. In addition to Theorem
2.2.23, the topology of (G, int(p)) is the same as the topology on G induced by
the restriction of the mapping p, : G — G* C G to G, see [[29], Lemma
7.6 and Theorem 9.13]. These functions can be seen in the commutative
diagram

BG LG*

G oo GP

where 7 is the set inclusion function.

Let G be a group with identity e and let ¢ be a filter on GG. Let ' be the
family of all left invariant (respectively, invariant) topologies on G in which
¢ converges to e. Since {),G} € I', T' # (). Let G = T and let T be the
topology generated by G on G. Then, clearly, 7 is left invariant (respectively,
invariant) and ¢ converges to e in 7. In addition, 7 is the largest left
invariant (respectively, invariant) topology on G in which ¢ converges to e.
In particular, the following definition is justified.
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Definition 2.2.24. Let GG be an infinite group with identity e and let ¢ be a
filter on G. We denote by 7;(¢) (respectively, T(¢)) the largest left invariant
(respectively, invariant) topology on G in which ¢ converges to e.

Definition 2.2.25. Let GG be a group and let ¢ be a filter on G. We denote
by hull(yp) the finest left topological filter on G contained in .

It is clear that hull(y) is the neighborhood filter of e in 7;(¢).

Definition 2.2.26. [[71], Definition 3] Let G be a group. For every map
M : G — P(G) and every zg € G, define [M],, € P(G) by

(Mo =A{xoz1- -0 ¢+ Tiy1 € M(xo---2;), 1 <n <wh.

The following lemma gives an explicit description of hull(y).

Lemma 2.2.27. [[71], Lemma 1] Let G be a group with identity e and let
@ be a filter on G. The subsets of the form [M],,, where M : G — ¢, are
precisely the open neighborhoods of xq in T;(p).

Proof. Let U be a neighborhood of zg € G in T;(¢). Define M : G — ¢ by

U ifzel,
M(z) = { G otherwise.

Then clearly [M],, = U.
Conversely, the subsets [M],, form a base of open neighborhoods of z, for a
topology 7 on G since

(1) if y € [M],, then [M], C [M],,, and
(2) [M]zy N [Nze 2 [K]zy, where K : G — ¢ is defined by
K(z) = M(x) N N(z).

The topology T is left invariant as

(3) for every a € G, a[M],, = [Nlaz,, where N : G — ¢ is defined by
N(z) = M(a 'z).

The filter ¢ converges to e in T since M(e) € p and M(e) C [M].. Tt follows
that 7 C Ti(¢), and so T = T,(¢). O
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We recall that a topological space X is said to be strongly extremally discon-
nected if for every open nonclosed subset U C X, there exists x € X \ U such
that U U {z} is open. Notice that every strongly extremally disconnected
space is extremally disconnected.

Theorem 2.2.28. For every infinite group G and every ultrafilter p on G,
the left topological group (G, hull(p)) is strongly extremally disconnected.

Proof. [[51], Theorem 4.12] O

Theorem 2.2.29. [[29], Theorem 9.14] Let G be an infinite discrete group
with identity e and let p € G*. Let

N={Au{e}:Aecptand T={UCG : forallac U, a'U € p}.

The following statements hold.

(i) T is a left invariant topology on G.
(ii) N contains the neighborhood filter of e in T.
(i1i) T is the finest topology on G satisfying (i) and (i7).

(iv) The neighborhood filter of e in T is equal to N if and only if p is
idempotent. In this case T is Hausdorff.

Proof. (i) It is clear that §,G € T. Let U,V € T. Since for any a € G,
a ' (UNV)=aUNa'V,UNV €T. Let (U;)icr be a family of elements
of T. Since for any a € G, a™ " (U;c; Ui) = Uje;a Uiy Ui, Ui € T, It
follows that 7 is a topology on G. Now let U € T and let z € G. Let
a € x7'U. Then za € U. Therefore a ' (z7'U) = (za)~'U € p. Tt follows
that 71U € T. Hence T is left invariant.

(ii) Let W be a neighborhood of e in 7. There exists U € T such that
e € UCW. Then U = ¢ U € p and thus W € p. Since e € W,
W =WU{e} eN.

(iii) Let T’ be a topology on G satisfying (i) and (ii). Let U € T' and let
a € U. Then e € a~'U. Since T is left invariant, a=*U € T'. Therefore,
a~'U is a neighborhood of e in T". It follows that a='U = A U {e} for some
A € p. Therefore, a U € p. Hence U € T and thus 7' C T.

(iv) Let M be the neighborhood filter at e in 7. Suppose M = N. Let A € p.
Pick U € T such that e € U C AU {e}. Since a~'U € p for any a € U,
U=e'U€ep. Nowlet a € U. Since a™'U Ca'(AU{e}) =atAU{a"!}
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and ¢ 'U € p, a7t AUa e} € p. Since p € G*, a='A € p. Therefore
UC{a€eG:atAe€p}and, hence, {a € G:a'A e p} € p. It follows that
pp = p.

Conversely, assume pp = p. Let V.€ N. Then V € p. Let B={z €V :
W ept=Vn{xreG:z7'V ep}. Thene € B. Since pp = p, B € p.
It follows (see Lemma 1.5.21) that = 'B € p for every z € B. Therefore
ec BU{e}=Be€T.Sinceec BCV,V & M. Hence N = M.

Finally, assume pp = p and let a # e. Then, by [[29], Lemma 6.28], ap # ep.
Pick B € p\ ap. Let A= B\{a'BU{a,a"'}}. Then aAU{a} and AU {e}
are disjoint neighborhoods of a and e respectively. O

Corollary 2.2.30. Let G be an infinite discrete group with identity e and
let p € G* such that p is idempotent. Put ¢ = {AU{e} : A € p}. Then
© = hull(p).

Proof. This follows directly from Theorem 2.2.29. O

Corollary 2.2.31. Let G be an infinite discrete group with identity e and
let p € G* such that p is idempotent. Put ¢ = {AU{e} : A € p}. Then ¢
satisfies the following conditions:

(1) N ={e}, and

(i1) for every A € p, there exists B € p such that for every x € B,
(AU {e}) € .
Proof. This follows directly from Proposition 2.1.4 and Theorem 2.2.29. [

Given an infinite group G and an idempotent p € G*, we denote (G, int(p))
by G[p] and we denote (G, hull(p)) by G(p).

Lemma 2.2.32. Let G be an infinite discrete group with identity e and let
p € G* be an idempotent. Then Ult(G(p)) = {p}.

Proof. Tt is clear that p converges to e. Let ¢ € Ult(G(p)). Since {AU {e} :
AeptCqgand ge G, ANB # () for every A € p and every B € ¢q. It
follows that ¢ = p. m
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2.3 Local homomorphisms

Definition 2.3.1. A topological space X with a partial binary operation -
and a distinguished element e is called a local left topological group if for
every x € X there is an open neighborhood U, of e such that

(1) x -y is defined for all y € U,, x - e = z, 2U, is an open neighborhood
of z, and the mapping U, > y — x -y € zU, is a homeomorphism, and

(2) (z-y)-z=x-(y-2) whenever y € U, z € U, NU, and y - z € U,.

For a local left topological group, from this point on, when we write = - y we
assume that y € U, and when we write U, where U is a neighborhood of e,
we assume that U C U,. We will write xy for x - y. The definition of a local
left topological group includes the following important basic example.

Example 2.3.2. Let GG be a left topological group. Every open neighborhood
X of e in GG is a local left topological group. To see this, for every z € X take
an open subset W of G such that x € W C X and take U, = 27'W N X.

Given a local left topological group X with a distinguished element e, as for
left topological groups, we let Ult(X) be the set of all nonprincipal ultrafilters
on X converging to e. We recall that a partial semigroup is a nonempty
set S equipped with an associative partial binary operation (i.e. zy is not
necessarily defined for all z,y € S, but (xy)z = x(yz) whenever the products
that are involved are all defined).

Definition 2.3.3. A mapping f : X — S from a local left topological group
X into a partial semigroup S is called a local homomorphism if for every
x € X \ {e}, there is a neighborhood U, of e such that f(xy) = f(x)f(y)
for all y € U, \ {e}. In case when S is also a local left topological group,
we in addition assume that f(ex) = es. A bijection f : X — Y such that
both f and f~! are local homomorphisms is called a local isomorphism. By a
topological local homomorphism (isomorphism) between local left topological
groups we will mean a local homomorphism (isomorphism) f: X — Y such
that f is continuous (a homeomorphism).

Example 2.3.4.

1. Let B = € Z, be the countable Boolean group endowed with the
topology induced by the product topology on II,Zs, i.e. the topology
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on B having the neighborhood base at zero consisting of the subgroups
H, ={z €B:supp(z)Na =0}

where o < w. As usual, for any b = (a,,) € B, supp(b) = {n <w: a, #
0}. Observe that each nonzero element b € B has a unique canonical
representation in the form b = by + - - - 4+ b, where

(a) for every | < k, supp(b;) is a nonempty interval in w.

(b) for every | < k — 1, max supp(b;) + 2 < min supp(byy1).

If supp(b) is a nonempty interval in w, we say that b is basic. It follows
that a mapping f, from the set of basic elements of B into a semigroup
S can be extended to the mapping f : B — S by

f(b) = f(bo) -+ f(br),

where b = by + - - - + by, is the canonical representation of b.
Let z,y € B such that max supp(z) + 1 < min supp(y) and let

r=x9+ - -+axrandy=yo+ -+ Ynm
be the canonical representations of x and y respectively. Then,
rTHy=zot - +Ttyot- -t Un

is the canonical representation of x + y. Therefore,

flz+y) flro+ -+ zpe+yo+ -+ Ym)
= fxo) - flar)f(yo) -~ f(ym)
(f(wo) - F(@))(f (o) - f(ym))
= f@)f(y).

It follows that f is a local homomorphism.

2. Let k be an infinite cardinal. For every ordinal a < k, let G, be a
nontrivial group and let
G =G

a<k

Let Ty denote the group topology on G with the neighborhood base of
e consisting of the subgroups

H, = {x € G :supp(z) Na = 0},
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where o < k. Let
D = {z € G : |supp(x)| = 1}.

It is clear that every nonzero = € GG has a canonical representation x =
xy---x, where xy,--- ,x, € D are such that if supp(z1) = {1}, -,
supp(z,) = ap, then ay < -+ < a,. It is then clear that if z = zy - - - x,,
and y = y; -+ - ym are such representations with max supp(z) < min
supp(y), then x + y has the representation x +y = z1 - T 41+ * Y-
Therefore, every mapping fo : D — S into a semigroup S can be
extended to the local homomorphism f : G — S defined by

floy-mn) = flza) - flan).

Remark 2.3.5. (1) Let X be a local left topological group. The partial
operation on X can be extended naturally to X by

pq = lim lim xy,

where xz,y € X, making X a compact right topological partial semi-
group. The product pq is defined if and only if
{r € X :{y € X : zyis defined} € ¢} € p.

To see the necessity, suppose pq is defined. Since pq is a filter on X,
X € pq. By the definition of pgq,

Xepg <= {reX:27'Xeqtep
— {reX:{yeX:ayisdefined } € ¢} €p

Conversely, suppose {x € X : {y € X : zy is defined } € ¢} € p. Let
F={ACX : {zeX: a'Acq}€p}.

It is clear that @ ¢ F. The equality z7'X = {y € X : xy is defined}
together with the hypothesis implies that X € F. Let A, B € F. Since
forany r € X, 27 (ANB) =a2"'ANnz~'B, ANB € F. Forany A € F
and any B C X with A C B, 27 'A C 27! B. Since p is a filter, B € F.
It follows that F is a filter. Hence, pq is defined.

In particular, let p € X and let ¢ € Ult(X). Then for every x € X,
U, € q. Since zxy is defined for every y € U,,

U, C{y € X : zy is defined}.



2.3 Local homomorphisms 75

Therefore {y € X : zy is defined} € ¢. It follows that
{re X :{ye X :xyisdefined} € ¢} = X €p.

Hence pq is defined. In particular, Ult(X) is a (closed) subsemigroup
of X*.

Recall that for any topological space X and any nonempty subset Y of
X, there is a bijective correspondence between filters on X containing
Y and filters on Y (see Theorem 1.1.17). This correspondence sends
ultrafilters to ultrafilters and principal ultrafilters to principal ultra-
filters. Now, let G be a left topological group and let X be an open
neighborhood of e in G. Let p € Ult(G). Then X € p. Therefore, for
every neighborhood U of e in G, X NU € p. The sets X N U, where
U is a neighborhood of e in G, are exactly the neighborhoods of e in
X. It follows that pN X := {ANX : A € p} € Ult(X). Thus Ult(X)
can be identified with Ult(G). In particular, if a local left topological
group X is an open neighborhood of the identity in a left topological
group G, then we will identify Ult(X) with Ult(G).

Theorem 2.3.6. [[29], Theorem 4.21, [64], Lemma 3.2] Let S be a discrete
semigroup and let A C P(S) have the finite intersection property. Let T be
a compact right topological semigroup and let ¢ : S — T be a function such
that o(S) C A(T'). Assume that there is some Ay € A such that for each
x € Ay, there is B, € A such that p(zy) = p(z)p(y) for each y € B,. Then,

for every p € BS and every q € (4e4 A, B(pq) = P(p)@(q). In particular,

p* = Pl aead ﬂ A—=T
AcA

is a homomorphism. Furthermore, if for every A € A p(A) is dense in T,
then ¢* is surjective.

Proof. Let p € S and let ¢ € ﬂAEAE Then for each z € Ay, B, € q.
Therefore,

lim p(zy) = ¢- lim p(zy) = ¢- lim p(x)e(y) = lim ¢(z)e(y).
yEBz yEBz

y—q Yy—q
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Therefore, we obtain the following.

P(pq) = @(lim lim zy)

T—pYy—q

= lim lim p(zy)

TP Y—q

= lim lim ¢(z)¢(y)

T—pYy—q

= lim p(2)7(g) because ¢(z) € A(T)
= 2)p(a)-

Now suppose for every A € A, ¢(A) is dense in T. Let ¢t € T. Then, for
each neighborhood V' of ¢ and for each A € A, V N p(A) # () and, therefore,
© 1 (V)N A # . This implies that the family

B:={o"Y(V)N A:V is a neighborhood of t and A € A}

has the finite intersection property. Therefore, B C p for some ultrafilter p
on S. It is clear that A C B. Therefore A C p,ie. p € (\eu A. In addition
since for every neighborhood V of t and every A € A, o 1 (V) D o 1 (V)N A,
e 1 (V) € p. Tt follows that B(p) = t. Hence, ¢* is onto. O

Corollary 2.3.7. Let S be a discrete semigroup and let ¢ : S — T be
a homomorphism into a compact right topological semigroup T such that
©(S) € A(T). Then, the continuous extension @ : S — T is a homo-
morphism.

Proof. Let A= {S}. Then A = {S} = S and the result follows easily from
Theorem 2.3.6. O

Corollary 2.3.8. Let f : X — T be a local homomorphism from a local
left topological group into a compact right topological semigroup such that
f(X) C A(T) and let f : BX — T be the continuous extension of f. Then
= ﬁwt(X) : Ult(X) — T is a homomorphism. Furthermore, if for every
neighborhood U of e f(U \ {e}) is dense in T, then f is surjective.

Proof. The first part is obtained by taking
A ={U\{e} : U is a neighborhood of e}

in Theorem 2.3.6 and noting that in that theorem it suffices if xy is defined
for x € Ag and y € B,. The second statement follows easily from the last
part of Theorem 2.3.6. O
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Example 2.3.9. Consider the topological group G and D C G in Example
2.34 (2). Let X be a cardinal such that |G,| > A for all & < x and let
= max{k, \}. Let H be the ultrafilter semigroup of 7y, i.e.

H= ﬂ clpc{r € G\ {e} : min supp(z) > a}.

a<k

Let T" be a compact right topological semigroup containing a dense subset
A such that |A] < pand A C A(T'). Choose a partition D = {D, : v < u}
of D such that D, " H # ) and choose any surjection g : u — A. Define
fo: D — Aby

fo(x) =g(v) ifx € D,,

and let f : G — T be a local homomorphism extending f,. Then f*: H — T
is a surjective homomorphism.

Corollary 2.3.10. Let f : X — T be a local homomorphism from a local
left topological group into a finite discrete semigroup and let f : X — T
be the continuous extension of f. Then f* = 7|Ult(X) cUlt(X) = T is a
homomorphism.

Proof. A finite discrete semigroup is a compact right topological semigroup
which is equal to its topological center. O

Corollary 2.3.11. For every local homomorphism f : X — S from a local
left topological group into a partial semigroup, the continuous extension f :
BX — BS induces a homomorphism f* = f i x) : Ult(X) = BS.

Proof. The composition “f followed by the embedding of S into £S5 7 is a
local homomorphism into the compact right topological semigroup S, and
the image of X is contained in the topological center. O

Theorem 2.3.12. Let X and Y be local left topological groups and let f :
X =Y be a topological local isomorphism. Then, f(Ult(X)) = Ult(Y') and

F=Flou : U(X) — ULt(Y)

15 a topological isomorphism.

Proof. It remains to show that f(UIH(X)) = Ult(Y) and that f is a home-
omorphism. Let p € Ult(X) and let V' be a neighborhood of ey. Since f is
continuous and f(ex) = ey, f~1(V) is a neighborhood of ex and, therefore,
fY (V) € p. Hence V € f(p). It follows that f(p) € Ult(Y). Therefore,
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f(UIt(X)) C UIt(Y). Conversely, let ¢ € Ult(Y). Since f is surjective,
q = f(p) for some p € BX. Let U be a neighborhood of ex. Since f(U)
is a neighborhood of ey, f(U) € ¢. Then, U = f~1(f(U)) € p. Hence,
p € Ult(X). Therefore, Ult(Y) C f(UIt(X)). Thus f(UIt(X)) = UIL(Y).
Since zis bijective, fis a bijective. Let A C X and B C [Y be open.
Then, f(UIt(X)NA) = f(UR(X)NA) = FUIHX))Nf(A) = Ult(Y)N f(A)

is an open subset of Ult(Y) and f~(Ult(Y)NB) = f 1(Ulli(Y)) nf '(B) =

Ult(X)n 7_1(3) is an open subset of Ult(X). Therefore, f is a homeomor-
phism. O

The induced homomorphisms f* : Ult(X) — T and f : Ult(X) — UIL(Y)
in Corollary 2.3.10 and Theorem 2.3.12, respectively, are called proper. In
particular, in Theorem 2.3.12, we say that Ult(X) is proper isomorphic to
Ult(Y).

Theorem 2.3.13. [[62], Theorem 3.1] Let X be a countable nondiscrete
reqular left topological group, let S be a partial semigroup, and let f : X — S
be a local homomorphism. Then there is a continuous local isomorphism
g: X — B such that g(xy) = g(x)g(y) and f(xy) = f(z)f(y) whenever max
supp(g(x)) + 2 <min supp(g(y)). If X is first countable, g can be chosen to
be a homeomorphism.

Proof. Let F be the set of words on the letters 0 and 1 with empty word
(). For any w = ag---a, and v = by---b,,, define w +v = cq--- ¢ by
k = max{n,m} and
{ a;, ifl <n,
C =

b;, otherwise.

Notice that each nonempty w € F' has a unique canonical representation in
the form = wg + - - - + wy, where

(a) for every | <k, w; = 0%17 with 4;, j; < w and 7; + j; > 0,
(b) for every I <k —1, 7 >0,

(c) forevery I <k — 1,4+ 5; <41

Words of the form 0917 | where i, < w and j > 0, are called basic. Words
of the form 0° , where i < w, are called zero. From now on when we write
w = wgy + - - - + wg, we mean that this is the canonical representation. For
any w € I, Jw| denotes the length of w. Since X is countable, enumerate X
as {e, 1,2, }. We shall assign to each w € F a point z(w) € X and a
clopen neighborhood X (w) of z(w) such that
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(1) z(0") = e and X(0) = X,
(2) X(w0)NX(w"1l) =0 and X(w"0)U X (w"1) = X(w),

(3) z(w) = x(wp) - z(wg) and X(w) = x(wp) - - - x(wg—1)X (wy), where
w=wy+ -+ W,

(4) fz(w)y) = flz(w))f(y) for all y € X(0"*!)\ {e} (for nonzero w),
(5) x, € {z(w) : |w| =n}.

We take as X (0) a clopen neighborhood of e such that x; ¢ X(0). Put
X(1) = X\ X(0), (0) = e and x(1) = x;. Fix n > 1 and suppose that
X (w) and z(w) have been constructed for all w with |w| < n such that
conditions (1)-(5) hold. Notice that the subsets X (w), |w| = n — 1, form a
partition of X. So, one of them, say X (u), contains z,,. Let u = ug+---+u,
. Then X(u) = z(up) - x(ur—1)(X(w,)) and z, = z(ug) - x(u,—1)y, for
some y, € X(u,). If y, = z(u,), we take as X (0") a clopen neighborhood
of e such that for each basic w with |w| = n — 1, X(w) \ z(w)X(0") # 0
and f(x(w)z) = f(xz(w))f(z) for all z € X(0™)\ {e}. For each such w, put
z(w™0) = z(w), X(w0) = z(w)X(0") and X(w"1) = X(w) \ X(w™0), and
take as x(w™1) any element of X(w™1). If y, # x(u,), we take X(0") in
addition such that vy, ¢ z(u,)X(0"), and put z(u,1) = y,. For all nonba-
sic nonzero w with |w| = n, we define X (w) and z(w) by condition (3). Then

z(w) = z(wp) - - - x(wy) € x(wp) - - x(wr—1) X (wy) = X (w),
for all y € X (0" \ {e},

fla(w)y) = flz(wo)- - z(wi)y)
= fla(wo) - - w(wp—1)) f(z(wk)y)
= f(@(wo)) - f@(wp—1) f(2(wr))f(y)
= flz(w)f(y),

and if z,, ¢ {z(w) : |lw| =n -1}, x, = x(ug) - - - x(up_1)z(u 1) = z(u"1) €

{z(w) : |w| =n}.
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To check (2), let |w| =n — 1. Then

z(w™0) = z(wy+---+w,+0")
= x(wp) - z(wg)z(0")
= x(wp) - x(wg)
= z(w),
X(w™0) = z(w)X(0")
= xz(wp) - x(wg) X (0")
— (w) -+ wlwn1) X (w]0),
X(w™1) = x(wy) - x(wp—1)X(w,1),
X(w 0)UX(w™l) = z(wp)- - x(wy—1)[X(w,0) UX(w,1)]
= z(wp) - w(wr—1) X (wy)
= X(w),
Xw0)NnX(w™1) = 0

Now for every x € X, there is w € F with nonzero last letter such that
r=uxz(w),so{veF: :z=uz}={w0":n<w} Itfollowsthat we can
define g : X — B by putting for every w =ag---a, € F,

g(x(w)) =w = (ap, -+ ,a,,0,0,---).

It is clear that g is a bijection with g(e) = 0. Since for every w =ag---a, €
F, X (w) consists of all elements x € X such that g(z) = (ag, -+ ,an, -+ ), gis
continuous. To check that g(zy) = g(z)g(y) and f(zy) = f(x)f(y) whenever
max supp(g(z)) + 2 < min supp(g(y)), let w and v be words with nonzero
last letters such that x = z(w) and y = z(v), and let w = wy + - - - + wy, and
v =vy+---+v,. Wehavey € X(0"HY) sow+v = wy+- - -+ wp+vg+- - -+,
and zy = x(w) - - - x(wg)x(vo) - - - (vy) = z(w + v). Hence,

g(zy) = g(x(w+v)) =w+v=w+v = g(x(w)) + g(x(v)) = g(x) + g(y)

and
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f(zy)

|
s S s s
~ N~~~
\_/Ai/\/—\
S
\_/\o_/\_/

If X is first-countable, we can choose {X (0") : n < w} to be a neighborhood
base of e, and then ¢ will be a homeomorphism.

O

Corollary 2.3.14. For every countable nondiscrete reqular left topological
group X, there is a continuous local isomorphism g : X — B. If X is first
countable, then g can be chosen to be a homeomorphism.

Proof. Take S = X and f = idx in Theorem 2.3.13 m

Corollary 2.3.15. Let X be a countable nondiscrete reqular local left topo-
logical group, let T and Q) be finite semigroups, let g : ' T'— @) be a surjective
homomorphism, and let f : X — Q be a local homomorphism. Then there is
a local homomorphism h : X — T such that f = go h.

Proof. Let k: X — B be a local isomorphism guaranteed by Theorem 2.3.13.
For every basic b € B, choose [(b) € g~'o fok™'(b) C T . Extend the mapping
b — 1(b) to the local homomorphism [ : B — T by I(b) = I(bg) - - - {(by), where
b =by+ -+ by is the canonical representation. Then gol = fo k™! Put
h=1lok. O

Corollary 2.3.16. All countably infinite nondiscrete reqular left topological
groups are locally isomorphic.

Corollary 2.3.17. Let X and Y be countably infinite nondiscrete reqular
local left topological groups. Then Ult(X) is proper isomorphic to Ult(Y').

Proof. This follows immediately from Theorem 2.3.12 and Corollary 2.3.16.
m

Corollary 2.3.18. For every countable nondiscrete reqular left topological
group X, there is a proper injective homomorphism f : Ult(X) — Ult(B). If
X is first countable, f can be chosen to be an isomorphism.
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Corollary 2.3.19. Let X be a countable nondiscrete reqular local left topo-
logical group and let S = Ult(X). Let T and Q be finite semigroups, let
g : T — Q be a surjective homomorphism, and let f : S — ) be a proper
homomorphism. Then there is a proper homomorphism h : S — T such that

f=goh.

We have the following strengthened version of Theorem 2.3.13.

Theorem 2.3.20. [[65], Theorem 2.1] Let G be a countable nondiscrete reg-
ular left topological group and let D be a discrete subset of G such that e ¢ D
and ¢t D\ D C {e}. Then there is a continuous bijection h : G — B with
h(e) = 0 such that

1. h(zy) = h(x)h(y) whenever maz supp(h(z)) + 2 < min supp(h(y)),

2. for every x € D, h(x) is basic.
If G is first countable then h can be chosen to be a homeomorphism.

Proof. Let W be the set of words on the letters 0 and 1 with empty word
(). For any w = ag---a, and v = by---b,,, define w +v = cq---¢; by
k = max{n,m} and
{ a;, ifl <n,
Cc; =

b;, otherwise.

Notice that each nonempty w € W has a unique canonical representation in
the form = wg + - - - + wy, where

(a) for every | < k, w; = 0417 with i;, j; < w and 4, + j; > 0,
(b) for every I < k—1, 5; > 0,

(c) forevery I <k —1,i;+ j; <41

Words of the form 0717 | where i,j < w and j > 0, are called basic. Words
of the form 0° , where i < w, are called zero. From now on when we write
w = wy + - -+ + wg, we mean that this is the canonical representation. For
any w € F, |w| denotes the length of w. Since G is countable, enumerate
G\ {e} as {z, : n < w}. We shall assign to each w € W a point z(w) € G
and a clopen neighborhood X (w) of x(w) such that

(1) z(0™) =e and X (0) = G,
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(2) X(w0)NX(w"1) =0 and X (w™0)U X (w"1) = X (w),

(3) z(w) = x(wp) - z(wg) and X(w) = x(wp) - - - x(wg—1)X (wg), where
w=wy+- - +wg,

(4) X(w~0)N D C {z(w)} for nonzero w,

(5) z, € {z(w) : |w| =n+ 1}.

We take as X (0) a clopen neighborhood of e such that z0 ¢ X(0). Put
X(1) =G\ X(0), 2(0) = e and z(1) = xy. Fix n > 1 and suppose that X (w)
and z(w) have been constructed for all w with |w| < n such that conditions
(1)-(5) hold. Notice that the subsets X (w), |w| = n, form a partition of X.
So, one of them, say X (u), contains x,,. Let u = ug++--+u, . Then X (u) =
x(ug) + - x(ur—1)(X(u,)) and z, = x(ug) - - - x(up_1)y, for some y, € X(u,).
If y, = x(u,), we take as X (0") a clopen neighborhood of e such that for
each basic w with |w| = n, X(w) \ z(w)X(0") # () and, following (4), for
each nonzero w with |w| = n, z(w)- X (0"™)ND C {x(w)}. For each such w,
put z(w™0) = z(w), X(w"0) = z(w)X(0") and X(w"1) = X(w) \ X (w"0),
and take as x(w"~1) any element of X (w™1). If y, # x(u,), we take X (0") in
addition such that vy, ¢ z(u,)X(0"), and put x(u, 1) = y,. For all nonbasic
nonzero w with |w| = n+1, we define X (w) and z(w) by condition (3). Then

z(w) = x(wp) - - - w(wg) € x(wp) - - - x(wr—1) X (wg) = X (w),
and if z,, ¢ {z(w) : Jw| = n}, then
T, = x(ug) - x(up—1)x(u,1) € {z(w) : lw| =n+1}.

To check (2), let |w| =n — 1. Then

r(w™0) = x(wy+ -+ wp+0")

= x(wo) - - w(we)2(0")

= @(wp) - - w(wg)

= z(w),
X(w™0) = z(w)X(0")

= x(wo) - x(wg)X(0")

= z(wp) - x(wr—1) X (w},0),
X(w™1) = z(wo) - x(wr—1)X(w, 1),
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S0,

X(w 0)UX(w™l) = z(wp)- - x(wk—1)[X(w,0) UY (w,1)]
= x(wp) - - x(wg—1) X (wy)

Xw0)NnX(w"1) =

Now for every € G'\ {e}, there is w € W with nonzero last letter such that
r=ux(w),so{veW:z=2z@)}={w0":n<w} Itfollows that we can
define h : G — B by putting, for every w =ag---a, € W,

h(x(w))ZEZ(ao,"' 7%’070’...)‘

It is clear that h is a bijection with h(e) = 0. Since for every w =ag - - - a, €
W, X (w) consists of all elements = € G such that h(z) = (ag, -+ ,an, ), h
is continuous. To check that h(zy) = h(z)h(y) whenever max supp(h(z)) +
2 < min supp(h(y), let z = z(w) and y = z(v) € X (0*+1). Then

Wa(w)z(v)) = h(z(w +v)) = w+v =1 +V = h(z(w)) + h(z()).

To check that h(z) is basic for every z € D, let x = x(w) € D with w =
wo + -+ wg. Then

z € z(we) X (0™ and z(wo) X (0N D C {z(wo)},
so x = x(wyp). Hence h(z) = wy is basic.

If G is first countable, we can choose {X(0") : n < w} to be a neighborhood
base of e, and then h will be a homeomorphism. O]

Corollary 2.3.21. Let G be a countable regular left topological group and let
D be a discrete subset of G such that e ¢ D and ¢ D\ D C {e}. Then every
mapping from D into a semigroup S can be extended to a local homomorphism
f:G—S.

Proof. Let h : G — B be a local homomorphism guaranteed by Theorem
2.3.16 and let fy be a mapping from D into S. Define a local homomorphism
g:B — S as follows. Let z € B. If h™'(z) € D, put g(z) = fo(h™'()).
For any other basic x € B, pick g(z) arbitrarily. If x is nonbasic, put g(z) =
g(xg) - - - g(zg), where x = xg + - - - + xy, is the canonical representation of .
We then define f = g o h. Obviously, fijp = fo. To see that f is a local
homomorphism, let x € G \ {e}. Put

U, = {y € G : minn supp(h(y)) > max supp(h(x)) + 2} U {e}.
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Then U, is a neighborhood of e because h is continuous, and for every y €

U\ {e},
f(zy) = g(h(z) + h(y)) = g(h(z)) - g(h(y)) = f(x)f(y).

]

Corollary 2.3.22. Every countable reqular left topological group containing
a discrete subset with exactly one accumulation point admits a local homo-
morphism onto N.

Proof. Let G be a countable regular left topological group and let D be a
discrete subset of G with ¢/ D\ D = {e}. For every z € G, put fo(z) =1 € N.
By Corollary 2.3.17, the mapping fy : D — N can be extended to a local
homomorphism f : G — N. Since e € ¢/ D and f(D) = {1}, f is onto. [

Corollary 2.3.16 suggests the question whether any two homeomorphic zero-
dimensional local left topological groups are locally isomorphic. The follow-
ing example shows that the answer to this question is negative.

Example 2.3.23. The topological groups G = [[ Zs and H = []Z; are
homeomorphic but not locally isomorphic.

To show this, assume on the contrary that there is a local isomorphism
f: G — H. Construct inductively a decreasing sequence (U, )<, of clopen
neighborhoods of 0 € G and a sequence (z,),<, of nonzero elements of G
such that

(i) {U,:n <w} is a neighborhood base at 0,
(ii) for every n < w, x, + Upy1 C U, \ Upys, and

(iii) for every n <w and y € Upyq, f(xo+-+xp+y) = flxo+-- 4+ 2,)+
f(y).

Then whenever m < w, one has z, + -+ + Ty € U, \ Upyq. Since G is
compact, it follows that the series Y , is convergent. For every n < w,

let -

Note that y,, € U, \ Uny1. Pick n > 0 such that f(yo+y) = f(vo0) + f(y) for
all y € U,. Then

(o +yn) = f(yo) + f(yn)-
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Since also

fyo) = flao+ -+ an1+yn) = f(@o+ -+ 2n1) + f(yn),

we obtain that

f<90+yn) :f(x0+"'+xn—1>+f(yn)+f(yn) 7éf($0+"'+$n—1)-
But on the other hand

fo+uyn) = flwo+ -+ Tng +Yn+un) = fl@o+ -+ 201),

- a contradiction.

2.4 The ultrafilter semigroup H,

Given a semigroup S, certain important subsemigroups of 35S depend very
little on the algebraic structure of S. In fact, they can be defined in terms
of direct sums of sets with a distinguished element [56] (see also [29], p.
111). Let A be an infinite cardinal and for every ordinal @ < A, let A,
be a set with a distinguished element 0, € A,. Let X be the direct sum
X =@, As- We recall that the direct sum (strong direct sum) topology
on X is generated by taking as a neighborhood base at z € X the subsets of
the form {y € X : y(a) = x(«) for all & € F'} where F' is a finite subset of
A (respectively, {y € X : y(a) = z(«a) for all @ < v} where v < \). There
is a natural partial semigroup operation + on X: for any z,y € X with
supp(z) Nsupp(y) = 0, = + y is defined by

z(a) if o € supp(x)

supp(x + y) = supp(x) Usupp(y) and (z + y)(a) = { y(a) if a € supp(y).

Lemma 2.4.1. (X, +) equipped with the direct sum (strong direct sum) topol-
oqy 1s a local left topological group.

Proof. We prove the case of the direct sum topology. The strong direct sum
topology case is similar. For every z € X, let

U: = {ye X :yla)=0,forall o €supp(x)}
{y € X : supp(y) Nsupp(z) = 0}.

Then U, is a neighborhood of 0 € X, x + U, is defined, with z + 0 = z,
and the mapping U, > y — x +y € x + U, is clearly surjective. From the
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definition of +, it is easy to see that the mapping U, > y— x+y € x + U,
is injective. It is also clear that the associative rule z + (y+2) = (z +y) + 2
holds whenever the sums involved are defined. To see that this mapping is
continuous, let 2 = x + y for some y € U, and let W C X be open with
z € (x+ U,) N W. We may assume that there is a finite subset F' of A such
that W ={w € X : w(a) = z(«a) for alla € F'}. Take V ={v € X : v(a) =
y(a) for all @« € F'}. Then V is open and y € U, N V. In addition, for every
velU,NV, (x+v)(a) =z(a) for every a € F,ie. z+v € (x+U,)NW.
It follows that the mapping U, 2 y — z+y € x + U, is continuous. Now let
V C X be open and let z = x + y for some y € U, NV. Since U, NV C X
is open, there is a basic neighborhood W of y with W C U, NV. Since W
is a basic neighborhood of y, there exists a finite subset E of A such that
W={we X :wla)=yla)foralla € E}. Thenzcz+W Cz+ (U,NV)
and (z+w)(«a) = z(«) for every @ € EUsupp(x). Therefore, x + (U, NV) is
open. It follows that the mapping U, > y — x +y € x + U, is open. Hence
U2y~ x+y € x+ U, is a homeomorphism. n

Corollary 2.4.2. The operation + on X can be extended to SX.
Proof. This follows from Remark 2.3.5 (1). O

We will denote the ultrafilter semigroup of X with respect to the discrete sum
(respectively, the strong discrete sum) topology by Ulty(X) (respectively,
Ult(X)). It is easy to see that Ult(X) C Ulty(X).

Corollary 2.4.3. For every p € 58X and q € Ulto(X), p + q has a base
consisting of subsets of the form \J,., v + By where A € p and for every
x € A, B, € q with supp(z) Nsupp(y) =0 for all y € B,.

Proof. This follows from Remark 2.3.5 (1). O

Alternatively, for each o < A, pick a semigroup operation on A, with identity
0., and let - denote the corresponding semigroup operation on X. Then for
all z,y € X with supp(z) Nsupp(y) =0, x +y = x -y, and for all p € X
and g € Ultg(X), p+q=p-q.

Remark 2.4.4. Let D = {z € X : |supp(x)| = 1}, and let S be a semigroup.
Then any mapping fo : D — S can be extended to a local homomorphism
f: X —=Shy

f@)= 11 fole(a).

a€supp(z)
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It follows that if min{[D,< ) Aal : v < A} > |S], then Ult(X) admits a
continuous homomorphism onto £5.

Remark 2.4.5. If for each o < A, A, is a group, then the direct sum topology
and the strong direct sum topology on X are group topologies (with respect
to the componentwise group operation on X).

Proof. We consider the direct sum topology. The case for the strong direct
sum topology is similar. Let f : X xX — X, f(z,y) = zy. Let (a,b) € X xX
and let U be a basic neighborhood of ab. There is a finite subset F' of A such
that U = {z € X : z(«a) = ab(«) for all @ € F}. Consider V = {z € X :
z(a) =a(a) foralla € F}and W ={z€ X : z(a) = b(a) for all « € F'}. V
is a basic neighborhood of a and W is a basic neighborhood of b and for any
(x,y) € V. x W and for any a € F, zy(a) = z(a)y(a) = a(a)b(a) = ab(a).
Therefore, f(V x W) C U. It follows that f is continuous.

Now let h: X — X, h(z) = 27!, Let a € X and let U be a basic neigh-
borhood of a'. Then U~! is a basic neighborhood of a with h(U™1) C U.

Hence, h is continuous.

]

Note that in Section 2.3 the direct sums were equipped with the strong direct
sum topology. Again, from now on, unless otherwise stated, all direct sums
are assumed to be equipped with the strong direct sum topology.

Recall that for each n € N, the support of n is a finite subset of w defined by
the unique expression of n as
n= Z 2t

i€supp(n)
For each n € w, consider the set 2"N. Note the following.
(i) = € 2"N if and only if min supp(z) > n.
(ii) The family A := (2"N),c, has the finite intersection property.
(iii) For any n,m € N with n < m and for any = € 2"N, = + 2™N C 2"N.

Therefore, the set
H = () elpn(2"N)

new
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is a subsemigroup of SN. Now let T" be a compact right topological semigroup
and let ¢ : N — T with @[N] C A(T). Assume that there is some k£ € N
such that whenever z,y € N and max supp(z) + k£ < min supp(y), one has
oz +y) =p(x)e(y). Let n € N and let A = 2"N. For each = € A, take

Bz _ 2(max supp(z)+k+1) N.
Then, for each y € B,, min supp(y) > max supp(z)+k-+1 > max supp(z)+
k. Therefore, for each n € N and each x € 2"N, there is m € N, such that for

all y € 2N, ¢(xy) = p(z)p(y). Therefore the restriction of the continuous
extension @ : SN — T to H is a homomorphism.

Remark 2.4.6. Recall that T = (), . ¢/gn(nN). Note the following.

(a) As in the case of H, it can easily be verified that T is a subsemigroup
of SN.

(b) Since for any n € w, 2"N € {mN : m € N}, it follows that T C H.

Proposition 2.4.7. [[29], Lemma 6.6] All idempotents of BN are in T.

Proof. For each n € N, let ¢,, be the natural homomorphism from N to the
group of integers modulo n:

©n N = Zy, pn(x) =2x(modn).

Since Zj, is finite, p(N) = Z,, = A(Z,,) and, therefore, the continuous exten-
sion ,, : BN — Z,, is a homomorphism. Let p € SN. Then,

p € ker(,,) < @,(p) = 0(mod n) < lim ¢, (z) = 0(modn) < nN = [0] € p,
T—p

where [0] is the equivalence class of 0 modulo n. It follows that the kernel of

P is clgn(nN). Let p € SN be any idempotent. Since &, (p) = @n(p + p) =

Pn(p) + Pn(p), then B, (p) = 0(mod n). Therefore, p € clgn(nN). Since this
holds for every n € N, p € (), .y ¢/sn(nN) = T. O

neN

Lemma 2.4.8. Define ¢ : N — w and 0 : N — w by ¢(n) = max(supp(n))
and (n) = min(supp(n)). Then, for any p € BN and any q € H,

o(p+q) = d(q) and 6(p+q) = 0(p).
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Proof. Let p € SN and let ¢ € H. Given any m € N, choose r € N such that

¢(m) <r. Let n € 2"N. Then ¢(m) < r < 0(n). Therefore, supp(m +n) =

supp(m) Usupp(n), ¢(m +n) = ¢(n) and 8(m + n) = 6(m). Since 2'N € g,
¢(m+q) = q lim ¢(m+n)

= ¢ li
¢ lim é(n)

= 4(q).

It follows that ¢(p + q) = ¢(q). Similarly, 8(p + q) = 0(p). O

Using Lemma 2.4.8, one can show that N is the center of (SN, +) and of
(BN, ). It is known ( see [[27], Theorem 3.9]) that if p is an idempotent
in K(BN), then (p + BN + p) N H contains a copy of the free group on 2%
generators. It is also known (see [[29], Theorem 6.32]) that copies of H can
be found in S* for any infinite cancellative semigroup S.

Proposition 2.4.9. [[29], Theorem 6.4] Any compact right topological semi-
group T with a countable dense topological center is an image of H under a
continuous homomorphism.

Proof. Enumerate A(T) as A(T) = {t; : ¢ € I}, where I is either w or
{0,1,2,--- k} for some k € w. We then choose a disjoint partition {A4; :
i€ I} of {2" : n € w}, with each A; being infinite. We define a mapping
7:N — T by first defining 7 on {2" : n € w} by

We then extend 7 to N by

T(n) = Hz'esupp(n) T(Qi)7

with the terms in this product occurring in the order of increasing i. It
is easy to see that for any m,n € N, if maxsupp(z) < minsupp(m), then
7(n +m) = 7(n) + 7(m). Therefore, the continuous extension 7 : SN — T
is a homomorphism on H. Now let ¢ € I and let x € A. Then = € H and
7(z;) = t;. It follows that 7(H) O A(T") and thus 7(H) 2 c¢/(A(T)) =T.

]

Corollary 2.4.10. Every finite discrete semigroup is the image of H under
a continuous homomorphism.
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Proof. A finite discrete semigroup is a compact right topological semigroup
which is equal to its topological center. O

Definition 2.4.11. Given any cardinals A > w and pu > 2,

Hy, = Ult(ED ) and Hy = H, .
A

Given A > w, we will often denote the group @,_, 2 by B, and for each
a < A\, e, is that member of B, such that supp(e,) = {a}. Note that
B, = B, one of the groups we have seen in section 2.3, and H, = Ult(B).
Therefore, from Section 2.3, we make the following conclusion.

Proposition 2.4.12. Let X be a countably infinite nondiscrete reqular local
left topological group. Then, Ult(X) is isomorphic to H,,.

Proposition 2.4.13. H, and H are topologically and algebraically isomor-
phic.

Proof. Define ¢ : N — B by

0, ifi ¢ supp(x)
Plr) = { 1, ifi € supp(x).

Clearly, for every z,y € N with maxsupp(xz) < minsupp(y), ¢(x + y) =
e(x)p(y). It is easy to see that ¢ is injective and that for any nonzero
a € B, a = p(z), where x € N with supp(z) = supp(a). Hence ¢ maps N
bijectively onto B\ {0}. It is also easy to see that supp(p(z)) = supp(z).
In particular for every n € N, since x € 2"N if and only if min supp(z) > n,
©(2"N) = H,.Therefore the continuous extension @ satisfies p(H) = H,,.
Since, ¢ is injective, so is p. Thus Py is a homeomorphism onto H,. Now
let p,q € H. Then
Plp+q) =P(p-lim ¢-lim(z +y)) = p-lim ¢-lim oz +y).

Given any = € N, in n = max(supp(x)) + 1, then for all y € 2"N, p(z +y) =
@(z)p(y), so that, since ¢ € H and A, () and @ are continuous,

q- ggNl o(r+y)=q- yggle(x +y) =q- yleiggN(sO(x)w(y)) = o(7)p(y).

Thus B(p + q) = p-lim(p(2)7(9)) = Z(P)7(q). —~
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Indeed this proposition is an example of the general statement as stated in
[[29], Theorem 6.15].

Proposition 2.4.14. Let S be a countably infinite discrete group. Then
BS\ S contains a topological and algebraic copy T of H such that K(T) =
K(pBS)nT.

Proof. [[30], Theorem 2.3]. O

Proposition 2.4.15. [[30], Theorem 2.5] Let X be an infinite cardinal. Every
compact right topological semigroup T containing a dense subset A such that
Al < X and A C A(T) is a continuous homomorphic image of H,.

Proof. Enumerate A as {t, : & < A}, with repetition if |A| < A. Let {I, :
7 < A} be a partition of A into subsets of size A\. Define h : By — T by first
agreeing that for each a < A, h(e,) = t,, where a € I,. Then for a finite

F C )\, define
h (Z eoz) - HaEF ]’L(@a),

acF

where the product is taken in increasing order of indices. Define h(0) arbi-
trarily. Let h : By — T be the continuous extension of h and let h* be
the restriction of h to Hy. To see that h(H,) = T, it suffices to show that
A C h(H,). Given v < A we have that |I,| = A. Pick a A-uniform ultrafilter
pon{e, : o€ L,}. Then p € Hy and h(p) = t, because f is constantly
equal to t, on {e, : @ € I, }. It is easy to see that whenever x,y are nonzero
elements of B, with max supp(z) < min supp(y), then h(z +y) = h(x)h(y).
Therefore h* is a homomorphism. O]

Proposition 2.4.16. [[30], Theorem 2.7] Let X\ be an infinite cardinal and
let S be an infinite cancellative discrete semigroup with cardinality A. Then
BS\ S contains a topological and algebraic copy of H.

Proof. Choose a A-sequence (t)x<x in S with distinct finite products. Let
T = FP((ty)x<nr). For each v < A, let T, = FP((ts)y<x<r). Put

T =) elss(Ty) = (T

<A F<A

T is a subsemigroup of 5S. Define # : T — B, by taking, for each finite

FCA
0 (Meer te) = > en.

keEF
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Since (tx)xer has distinct finite products, 6 is well defined. Since the op-
eration on T is that given by concatenation, it follows that the restric-
tion §* of the continuous extension 0 : T :— bB, to T is a homomor-
phism. It is clear that 6 and, hence, # are injective. Since for each v < A,
0(T,) = {x € By : min supp(z) > 7}, § maps T onto H,. O

2.5 Local isomorphisms of direct sums

Let A be an infinite cardinal and for every ordinal o < A let A, be a set
with a distinguished element 0,, and let k= min{| D, oy Aol 7 < A}
In this section we show that Ult(€D,,_, Aa) is topologically and algebraically
isomorphic either to H,; or to H ,. Furthermore, we show that H , and H,
are topologically and algebraically isomorphic if either p < A\ = k = w or
p<A=ror\<p=randcf(A) =cf(k) < k. This section forms the main
part of [61].

Definition 2.5.1. Let X =, _, As. Then

a<k

(1) A(X) = min{[ D, <o Aal 17 <A},

(2) X is narrow if there is 7 < A such that |
0 <A,

A, < A(X) for all

y<a<d

(3) X is broad if for every 7 < X there is § < A such that |
A(X), and

y<a<d | =

(4) X is reduced if A(X) = |X| and either [P,
or for every v < A there is § < A such that |

Al < |X| for all y < 0
Aol = |X].

y<a<d

Lemma 2.5.2. For every X =
D <acr Aa is reduced.

o there is v < X such that Y =

OL<H

Proof. Let k = A(X). Pick 79 < A such that [, <,y Aol = k. If for every
€ [0, A) there is 6 < A such that [P .5 Aal = £, Put v = 7. Otherwise
pick v € [0, A) such that [P, ,s Aa| <k for all 6 <A. O
Note that for every v < X, Ult(6D
isomorphic to Ult(P,, .\ Aa)-

H<a<A A,) is topologically and algebraically
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Lemma 2.5.3. Let X = @, _, As, let v = cf(N), and let (Ae)ecy be an
increasing cofinal sequence in A such that \g = 0 and A¢ = sup, A, if §
1s a limit ordinal. Then X is locally isomorphic to Y = @5@ ke where

/{:E = | @/\ESOL</\§+1 Aa|
Proof. For every £ < v, let
Xe = {w € X : 04 supp()  [he, Aest)}

and pick a bijection fe : X — k¢ \ {0}. Define f : X — Y as follows.
Put f(0) = 0. Now let 0 # x € X. Then x can be written in the from
r =z + -+ + x, where, for each i € [1,n], z; € X, for some § < v and
& < -+ <&, Define y = f(z) by

Supp(y) = {517 T 7571} and y(ﬁl) - f&,(xz)

Clearly, f is bijective. Furthermore,

(i) if z,y € X \ {0} and max supp(z) < A¢ < min supp(y) for some £ < v,
then f(z +y) = f(z) + f(y), and

(i) for every £ < v,
f({e € X min supp(e) = A}) = {y € Y : min supp(y) > ¢}.

Hence, f : X — Y is a local isomorphism.

[]

Proposition 2.5.4. Let X = @, _,. Aa be a reduced and let k = |X|. Then
X is locally isomorphic to @, 2 if Kk = w or X is narrow and to @, k
otherwise.

Proof. If kK = w, then X is locally isomorphic to @, 2 by Corollary 2.3.14.
Suppose £ > w and let v = cf(\). Consider two cases.

Case 1: X is narrow. Then cf(k) = v. Construct inductively increasing
cofinal sequences (A¢)e<, in A and (k¢)e<, in & such that

(1) )\0 = Ko = O,
(ii) if &€ < v is limit, then A¢ = sup, ¢ A, and k¢ = sup, ¢ iy, and

(iii) for every & < v, |®/\5Sa</\5+1 A = |@n§§,8<n5+1 2.
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Then by Lemma 2.5.3, both X and €, 2 are locally isomorphic to
@§<l/ KE—H .

Case2: X is broad. Construct inductively an increasing cofinal se-
quence (A¢)e<, in A such that

(1) )‘0 = 07

(ii) if € < v is limit, then \¢ = sup, ¢ A, and

(ili) for every & < v, |@)\§§a</\£+l Al = k.

Then by Lemma 2.5.3, both X and €, x are locally isomorphic to

@V K.

]

Corollary 2.5.5. Let X = @, _, Aa and let £ = A(X). Then Ult(X) is
topologically and algebraically isomorphic to Hy if Kk = w or X is narrow and
to H, . otherwise.

It follows from the next lemma that if & > w is regular, then @, 2 and P, x
are not homeomorphic.

Lemma 2.5.6. Let k > w be reqular. Then every family of pairwise disjoint
nonempty open subsets of @, 2 has cardinality < k.

Proof. Let {U, : a < k} be a family of nonempty open subsets of @, 2. For
every a < R, pick z,, € U,. Applying the A-system lemma [[36], Chapter II,
Theorem 1.6], we obtain a subset S C k of cardinality x and a finite subset
F C k such that for any distinct o,y € S, one has supp(z,) Nsupp(z,) = F
and x,(6) = z,(9) for each 6 € F. Now let o € S. It then follows that
{y e S:a, ¢ Uy} < k. Consequently, there is § € S distinct from o such
that zg € U,, and so U, N Us # 0. O

We now come to the main result of this section.

Theorem 2.5.7. Let \,k > w and let p > 2. Then the following statements
are equivalent:

(1) @, i and P, 2 are locally isomorphic,
(2) D, p and @, 2 are homeomorphic, and
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(3) either uy < A=rk=worpu<A=r orA<pu=r and cf(\) = cf(k) <
K.

The crucial moment in the proof of Theorem 2.5.7 is contained in the follow-
ing proposition.

Proposition 2.5.8. If A < k and cf(\) = cf(k) < &, then @, k and P, 2
are locally 1somorphic.

The proof of Proposition 2.5.8 involves some auxiliary constructions. First
of all, by Lemma 2.5.3, one may suppose that X is regular, and so

A =cf(k) < k.

Pick a cofinal A-sequence (K4)a<x in £ such that

(1) Ko > A, and

(2) for every a > 0, ko > supg., fig.

Then €, 2 is locally isomorphic to @, _, ka. To see this, define inductively
a v-sequence (A¢)e<, in K by

(i) Ao =0,

(ii) Ae = sup, ¢ A, if € is limit, and

(iii) Aes1 = Ae + e,
and apply Lemma 2.5.3. We shall prove that €, x and @, _, r, are locally
isomorphic.
Definition 2.5.9. (a) X =@, k.

(b) For every a < A\, X, o = {x € X :supp(z) = {a} and z(«) € K, }.

(c) For every v < v < A, X, is the subset of all z € X such that

(i) supp(z) C [a; ],
(ii) for each B € supp(x), z(f) € k4, and
(iii) for each § € [, ), there is 8 € [«, d] such that x(5) ¢ ks.

(d) For every o« <y < Xand z € X,,, [(z) =« and r(z) = 7.
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Lemma 2.5.10. Every nonzero x € X can be uniquely written in the form
r=x1+- -+,

where for each i € [1,n|, x; € X, for some o < v < A, and for each

i€ [l,n—1], r(x;) < lzi)-

Proof. Let a = min supp(z) and v = min{d > «a : x(f) € ks for all § < §}.
If supp(z) C [a, 7], then z € X, ,. Otherwise define 1,y € X by
supp(z1) = {8 € supp(z) : B < v}, supp(y) = {f € supp(z) : B > 7},

x1(B) = z(B) for all 5 € supp(xy), and y(5) = x(p) for all B € supp(y). Then
z1 € Xo, r(21) < min supp(y) and = 1 +y. Continuing this process, in
< |supp(z)| steps we obtain the required decomposition.

To see the uniqueness, let © = 2 +- - -+x] be another such decomposition. It
suffices to show that 2] = x1. We have that 2} € X/ for some o <" <A\
Then o = min supp(z) = a and 7' = min{d > «a : z(f) € ks for all g <
0} = . Consequently, ] = x;. O

Definition 2.5.11. (a) Y =&, _, Ka-
(b) For every o < A, Yoo ={y € Y :supp(y) = {a} and y(a) € k, \ A}
(¢) For every a < A and nonzero £ < A,

Yoe={y €Y :supp(y) C [a,a + & and y(a) = &}.

(d) For every o, & < Aand y € Yo, l(y) = a and r(y) = a+ &
Lemma 2.5.12. Every nonzero y € Y can be uniquely written in the form
Y=yt
where for each i € [1,n], y; € Y, ¢ for some o, < A, and for each i €
[1,n—1], r(y;) < U(yiz1)-

Proof. The proof is similar to that of Lemma 2.5.10. We restrict ourselves
to showing the existence of such a decomposition.

Let a = min supp(y). If y(a) € ko \ A, put & = 0. Otherwise £ = y(a). If
supp(y) C [a, e + &, then y € Y, o1¢. Otherwise define y1,z € Y by

supp(y1) = {8 € supp(y) : B < a+&}, supp(z) = {B € supp(y) : B > a+},

y1(B) = y(B) for all 5 € supp(y1), and z(B) = y(B) for all 8 € supp(z). Then
Y1 € Yo ate, r(y1) < min supp(z) and y = y; + 2. Continuing this process, in
< |supp(y)| steps we obtain the required decomposition. O]
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As in Example 2.3.4, we call the decompositions in Lemma 2.5.10 and Lemma
2.5.12 canonical.

Proof of Proposition 2.5.8. We show that X and Y are locally isomorphic.
For every a,& < A, both | X, atel = Kate and |Yo | = Kaqe, so there is a
bijection fa¢ : Xaate — Yae. Define f: X — Y as follows. Put f(0) = 0.
Now let 0 # x € X and let

rT=x1+- -+ 2Ty

be a canonical decomposition. For each i € [1,n], let o; = I(z;), vi = r(x;),
and write 7; as v; = a; + & for some & < A. Put

f(2) = fara (1) + -+ fane,(Tn).

Note that this is a canonical decomposition. It then follows that f is a
bijection. Furthermore,

(i) if z,y € X\ {0}, x = 21 + - - - 4+ x, is the canonical decomposition and
r(zn) < min supp(y), then f(z +y) = f(z) + f(y), and

(ii) for every a < A,

f({z € X : min supp(z) > a}) = {y € Y : min supp(y) > a}.
Hence f: X — Y is a local isomorphism. O

Now we are in a position to prove Theorem 2.5.7.

Proof of Theorem 2.5.7. (1) = (2) is obvious.

(2) = (3): If k =w, then p < A =w. Let kK > w. If p < A, then A\ = .
Suppose that g > A. Then p = k and clearly cf(\) = cf(k). Since @, k can
be partitioned into x nonempty open subsets, it follows from Lemma 2.5.6
that cf(k) < k.

(3) = (1): If either p < A =K = wor p < X\ = K, then @, pr and
@, 2 are locally isomorphic by Proposition 2.5.4. And if A < p = k and
cf(\) = cf(k) < K, then they are locally isomorphic by Proposition 2.5.8. [J

Corollary 2.5.13. Let \,x > w and p > 2. Suppose that either p < X\ =
K=worpu<A=#korA<p=k and cf(\) = cf(rk) < k. Then H, , and
H,. are topologically and algebraically isomorphic.
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2.6 The ultrafilter semigroup 0"

Unless, otherwise stated, we consider the semigroup (R, +).

Definition 2.6.1. [25] Let S be a subsemigroup of (R,+). We define the
following, where R is equipped with the usual topology.

1. a: BS — [—00,00] is the continuous extension of the identity function.
2. B(S) = a (—o0, ).

3. Given x € R,
" =aY(z)N(r,00)N S and 2~ = a~(z) N (—o0,z) N S.

4. U=U,ere" and D =, gz~

It follows that an ultrafilter p on S is in B(S) if and only if there is some
n € N such that [-n,n| NS € p.

Lemma 2.6.2. [25] Let S be a subsemigroup of R.

(a) Let x € R and let p € BS. Then p € x* if and only if for every
€e>0, (z,x+e)NS €p. Alsop € z~ if and only if for every e > 0,
(x—e,x)NS €p.

(b) Let x € R. Then a™ # 0 if and only if x € clr((z,00)NS) and = # ()
if and only if x € clr((—o0,2) N S).

(c) Let p,q € B(S), let x = a(p), and let y = «a(q). If p € x™, then
ptqge(x+y)t. Ifpex, thenp+q€ (x+y) .

(d) B(S)\ S =UUD. IfU and D are nonempty, they are disjoint right
ideals of B(S). In particular, B(S) is not commutative.

(e) If OF £ 0, then 0% is a compact subsemigroup of B(S).

(f) If t € S andp € BS, then x+p=p—+ x.

Proof. (a) Let p € " and let € > 0. Then (z — €,z + €) is a neighborhood
of  in R and, therefore, (z — €,z +¢€) NS € p. It follows that (z,z +
NS =((zr—ex+e)NS)N((xr,00)NS) € p. Conversely, suppose
(x,x+¢€)NS € p for every € > 0. Since (z,z+¢€)NS C (x,00) NS,
(x,00) NS € p. In addition, since for every neighborhood U of = in
[—00,00], UNS D (z,x + €) NS for some € > 0, a(p) = x. Therefore,
p € xt N (x,00)NS. Similarly the second statement follows.
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(b)

Let 2 € R. Suppose 27 # (). Pick p € 2T and let U C R be a neighbor-
hood of z in R. Then, (z + ¢,z —¢€) C U for some € > 0. Then, (x,z +
€)NS € p. In particular (z, z4+€)NS # 0. Therefore, ) # (x, z+€)NS C
UN(z,00)NS. It follows that x € clr((—o0,x) N .S). Conversely, sup-
pose x € clg((—o0,x)NS). Then, there exists an ultrafilter p on S con-
taining the family {UN((z,00)NS) : U is a neighborhood of z in R}.
It then follows that a(p) = x and, for example taking U = (z — €, 00)
for some € > 0, we see that (x,00) NS € p. Similarly one establishes
the second statement.

Assume first that p € 2. To see that p+ ¢ € (x +y)™, let € > 0 be
given and let A = (z4+y,z+y+e¢)NS. T see that A € p+ ¢, we show
that (z,2+e)NS C{z€ S : —z+A€q}. Solet z € (x,z+€)NS. Let
0 = min{z—x,z+e€—z}. Since a(q) =y, we have (y—46,y+5)NS € q
and (y—6,y+0)NS C —z+ A, so —z+ A € q as required. The proof
that p+ ¢ € (z + y)~ is nearly identical.

Let p € B(S)\ S. Let x = a(p). Then x € (—o0,00) and = ¢ S. Since
p is an ultrafilter, (—oo, x) € p or (z,00) € p. Assume that (z,00) € p.
Then p € x*. Suppose p € y~ for some y € R. Then, x = a(p) =y
and (—oo,z) NS = (—o0,y) NS € p. This implies that ) € p, which
is a contradiction. It follows that D N U = (). It follows easily from
(c) that D and U are right ideals of B(S). In particular, B(S) is not
commutative.

Suppose 07 # . Tt follows easily from (c) that 0" is a subsemigroup of
B(S). Since 07 = a~(0) N (0,00) N S is closed in 45, 0" is compact.

It suffices to note that the left shift A\, and the right shift p, are con-
tinuous functions agreeing on S, hence on £.5;.

]

0" is a subsemigroup of SR, while for any other x € R, 2" and z~ are not
subsemigroups of SR. In addition, the following theorem shows that 0 holds
all of the algebraic structure of B(R) not already revealed by R.

Theorem 2.6.3. [25] Let S = R.

(a) 0T and 0~ are isomorphic.

(b) The function ¢ : Ryx ({0}U0TU0™) — B(R) defined by p(x,p) = x+p

is a continuous isomorphism onto B(R).
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Proof. (a) Define 7 : 07 — 0~ by 7(p) = —p, where —p = {—A : A € p}.

Let p,q € 07 with 7(p) = 7(¢). Then, p = —(—p) = —(—¢q) = q¢.
Therefore 7 is injective. Since S =R, p € 07 if and only if a(p) = 0
and (0,00) € p if and only if a(p) = 0 and (—o00,0) € p. Since 0 has
the neighborhood base

{(—e€,¢) : e>0}

and since —(—¢,¢€) = (—¢,€), i.e. 0 has a neighborhood base consisting
of symmetric subsets of R, a(p) = 0 if and only if a(—p) = 0. It follows
that p € 07 if and only if —p € 0~. Hence 7 is surjective. It follows
that 7 is bijective.

Let p,q € 07. To see that 7(p+q) = 7(p)+7(q) it suffices, since 7(p+q)
and 7(p)+7(q) are both ultrafilters, to show that 7(p+¢q) C 7(p)+7(q).
Solet Ac 7(p+¢q). Then —Aep+gsoB={reR : —z+(-A) €
q} € pand hence —B € 7(p). Then —BC {z € R : —z+ A€ 7(¢)}
so A € 7(p) + 7(q) as required.

To see that ¢ is a homomorphism, let (z,p) and (y, ¢) be in Ry x ({0} U
0TU07). Since p+y = y+p, we have p(x,p)+¢(y,q) = (z+y, p+q).
To see that ¢ is injective, assume we have ¢(x, p) = ¢(y, q). By Lemma
2.51 (¢c) we have z = a(z +p) = a(ly+q) =y. Thenx+p=1x+¢q
sop=—x+x+p=—x+x+q=q. To see that ¢ is surjective, let
q € B(R) and let = a(q). Let p= —2+¢q. Then ¢ =z +p = p(z,p).
To see that ¢ is continuous, let (x,p) € Ry x ({0} U 0T U07) and let
A€ x+p. Then —z+ A € pso {z} x (clgs(—x+ A)) is a neighborhood
of (x,p) contained in v~ (clzgA).

[]

0" has yielded useful combinatorial results. Therefore the algebra of 07 is of
great interest. Since {x € R : z < 0} does not contribute to 01 at all, we will
assume that 07 is defined in terms of some semigroup S C (0, 00). Since we
want 07 # (), we need 0 € ¢lrS. In addition, this suffices to imply that S is
dense in (0,00). Furthermore, 0" is far from being an ideal of B(S). In fact,
07 is the inverse image of 0 under the homomorphism 85 — [0, oo] and, thus,
0" is a prime subsemigroup of 5S. It follows that no general results apply
to 0T beyond those that apply to any compact right topological semigroup.
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Remark 2.6.4. Let 7 be the translation invariant topology on (R, +) with
the following neighborhood base at 0:

B:{[O,%):neN},

i.e. T is the Sorgenfrey topology. Let S be a dense subsemigroup of (0, c0).
Let us still denote by T, the topology induced on S by the Sorgenfrey topol-
ogy. Then 07 is the ultrafilter semigroup of ((0,00) NS, T), i.e.

0F = UI(T) = () I,

neN

where I, = (0, 1) N S.

Proof. Let p € 0. Then a(p) = 0 and (0,00) NS € p. a(p) = 0 implies
that for every neighborhood U of 0 in 7, U N (0,00) N S € p. In particular,
(0,£) NS € p for every n € N. Therefore 07 C Ult(T). Conversely, let
p € Ul(T). Since {(0,2) : n € N} is a base for the neighborhood filter at
0, it follows easily that p € 0. O

Remark 2.6.5. It is worth noting that (H,-) is an ideal of (8N, -) (see for
example [[23], Theorem 7.5]) and, similarly, ((07),-) is an ideal of (5(0, 1), -).
Therefore, much is known about the structures of (H,-) and ((0%),-).



Chapter 3

The smallest ideal and its
closure

3.1 Combinatorial characterizations of K(T)
and its closure

In this section we present the extension of the combinatorial characteriza-
tions of K(4S) and its closure to K (T) and its closure. Most of the materials
in this section come from [22].

Let S be a semigroup. Recall the following.

(a) A subset A C S is said to be syndetic if there exists a finite G C S
such that S = G~ A.

(b) A subset A C S is said to be piecewise syndetic if there exists a finite
G C S such that for every finite F' C S there exists x € S such that
Fx C G A.

(¢) K(BS) can be characterized as :

K(B3S)={pepS:foral Acp, {vre€S:2'Ac p}issyndetic}.

(d) ¢l K(8S) can be characterized as:

cl K(BS)={pe pS:forall Acp, Ais piecewise syndetic}.

103
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Considering the semigroup (N, +) we observe that statements (a) and (b) can
be written as follow.

(a") A subset A C N is syndetic if and only if there exists [ € N such that
for every x € N there is t € N with 1 < ¢ <[ such that t + z € A if
and only if there exists [ € N such that N = Ufa:1(_t + A).

(b') A subset A C S is piecewise syndetic if and only if there exists [ € N
such that for each n € N there exists x € N with {x +1,--- ;z+n} C

Uzlle(_t + A)-

In statement (') sufficiency follows easily from the fact that for every nonempty
FePiN)andeveryzr e Nz + FC{x+1,2+2,--- 2+ max F}.

Proposition 3.1.1. For every discrete semigroup S, ¢l K(BS) is an ideal.

Proof. Since S is a right topological semigroup and K (5S) is a right ideal,
cl K(BS) is a right ideal (see Section 1.4). Since 35 is a right topological
semigroup with a dense topological center, ¢/ K(55) is a left ideal. It follows
that ¢/ K(5S) is an ideal. O

T is a compact right topological semigroup and, therefore, T has the smallest
ideal K(T). We would like to present the characterizations of K(T) and its
closure and then show that ¢y K(T) is not an ideal.

Lemma 3.1.2. [/27], Lemma 1.5] If A is a left ideal, right ideal, a minimal
left ideal, a minimal right ideal, or the smallest ideal of BN, then ANT is
the corresponding object in T.

Proof. Let A be a left ideal or right ideal of SN. Then A contains an idem-
potent. Therefore, ANT # (. It is clear that AN T is a left ideal or a right
ideal of T. Observe that if p € T, g € N\ N, and p+qg € Tor g+ p € T,
then ¢ € T. Consequently, ANT is minimal in T if A is minimal in SN. [

As a consequence of Lemma 3.1.2, we have the following description of K (T).

Corollary 3.1.3. K(T) = K(5N)NT.

In fact, K(H) = K(SN) N H, see [[29], Theorem 1.65]
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Definition 3.1.4. [[22], Definition 2.1 (b)] Let A C N. A is said to be
piecewise T-syndetic if there exists a sequence (I,,,)y in N such that for each
n € N there exists x € N such that whenever m € N with m < n,

lm

{r+1,--- ,:E—I—n}QU(—t—i—(AﬂmN)).

t=1

Remark 3.1.5. Let A C N.

(a) If A is piecewise T-syndetic, then A is piecewise syndetic.

(b) The converse of (a) is false.

Proof. (a): Suppose A is piecewise T-syndetic. Pick a sequence (/,,)y in N
satisfying the condition in Definition 3.1.4 and take [ = ;. Let n € N. By
assumption, there exists z € N such that

l l
{14z, n+a} S J—t+(ANIN) = (-t +4).

t=1 t=1

Thus A is piecewise syndetic.

(b):  Let A be a set of odd positive integers, which is syndetic in N. Since
AN2N = (), then A can not satisfy the condition in Definition 3.1.4 for
any sequence (l,,)ny in N. Hence A is piecewise syndetic but not piecewise
T-syndetic. 0

The following lemma gives a stronger version of Definition 3.1.4.

Lemma 3.1.6. [[22], Lemma 2.6] Let A C N. A is piecewise T-syndetic if
and only if there exists a sequence (l,)n in N such that for each n € N there
exists x € n!N such that whenever m € N with m < n, then

lm

{z+1,- z+n} S J(—t+ ANmMIN)).

t=1

Proof. (<) Suppose A satisfies the given condition. Since k!N C N and
k'N C kN for every k € N, it follows easily that A is piecewise T-
syndetic.
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(=)

Suppose A is piecewise T-syndetic. Pick a sequence (I,,)y such that for
each n € N there exists © € N such that whenever m € N with m < n,
then {z +1,---,x +n} C U, (~t + (AN mN)). Form a sequence
(I’ )n in N by taking I/, = [,y for each m € N. Let n € N be given and
let » = n! 4+ n. Pick y € N such that form <r, {y+1,--- ,y+r} C

Im (=t 4+ (ANmN)). Pickz € {y+1,---,y+n!}NnIN. Let m <n
so that m! <n! <n!+n =r. Then

{z+1,---,x4+n} C {y+1,---,y+nl+n}
= {y—i_laay—i_r}

lm!
U=t + (AnmIN))
t=1
U

= J(=t+ (AnmN)).

t=1

N

Lemma 3.1.7. [[22], Lemma 2.7] The following statements hold.

(a) N is piecewise T-syndetic and () is not piecewise T-syndetic.

(b) If A C B C N and A is piecewise T-syndetic, then B is piecewise

T-syndetic.

(c) If A, B C N such that AUB is piecewise T-syndetic then, A is piecewise

T-syndetic or B is piecewise T-syndetic.

Proof. (a) For every n € N and every x € N, {z +1,--- ;2 +n} #0. On

the other hand, for every ¢t € N and every m € N, —t + () N mN) =
—t+ 0 = 0. Tt follows that @ is not piecewise T-syndetic.

It is very easy to see that for every m € Nand everyn € N, {2,3,--- | 1+
n} C Ui, (=t + mN). Therefore, take (I,,)y = (m)y and given any
n € N, take x = 1. It follows that N is piecewise T-syndetic.

Since A C B implies AN mN C B NmN, the statement follows.

Let A, B C N such that AU B is piecewise T-syndetic. Pick a sequence
(Im)n as guaranteed by Lemma 3.1.6. Since the union | J, (—t + ((AU
B) N mN)) does not depend on the order of the terms ly,--- [, we
may assume that [,, < [,,.1 for every m € N. For each n € N pick
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x, € nIN such that whenever m € N with m <n, {z, +1,--- 2, +
n} C Ui’;l(—t + (m!NN A)). As in [[24], Lemma 3.4] we may obtain a
subsequence (y,)n of (z,)y such that

(1) If t <r < ntheny,+te€ Aif and only if y, +t € A.

(2) yo € nIN and {y, +1,-- ,yn +n} C U (=t + (m!NN (AU B)))
whenever m € N with m < n.

Let F={neN:y,+ne A}. Then
(3) fort e {1,2,--- ,n}, y, +t € Aif and only if t € F.

We assume first that there is some a € N such that for each £k there is
some z with {z+1,2+42--- ,z+k}NFNa!N = (. In this case we define
kym = 1, if m > a and k,, =1, if m < a. Let s € N be given. We will
produce z € N such that {z+1,z+42, -, z+s} C U™ (—t+(BNm!IN))
whenever m € N with m < s. This will mean that B is piecewise T-
syndetic.

Let b = ks+s and pick r € N such that {r+1,--- ,r+b}NFNa!N = .
Let n = max{r+b,a} and let x = y,,+r. Let m € {1,2,--- | s}. To see
that {z+1,2+2,--- ,2+s} C U™ (—t+(BNm!N)), leti € {1,2,--- , s}
and note that r +i =y, +r+i <y, +r+b <y, +n.

Case I: m<a. Thenx+i € {y,+ 1,y +2, -+ ,y,+n} and n > a so
z+iec U (—t+ ((AUB)NalN)). Pick t € {1,2,---,1,} such that
r+it+te (AUuB)NalN. Nowt <l, =k, and x +i+t € alN C m!N
so it suffices to show that x +¢+1¢ € B. Suppose instead x +i+t € A.
Theny,+r+i+te Aandr+i+t <r+s+l, <r+s+ks=r+b<n
so, by (3), r+i+t € F. But also y,, € n!N C a!N and y,+r+i+t € a!N
sor+it+tealN Buti+t <s+l, <s+ks=bsor+i+t¢ FnalN,
a contradiction.

Case2: m > a. Sincem < s <nandz+i € {y,+1,yn+2, - ,yn+n},
we have z+i € ", (—t+((AUB)NmIN)). Pick t € {1,2,--- ,1,,} such
that t +i+t € (AUB)Nm!N. Thent <1, =k, and x + i+t € mIN
so it suffices to show that z +i+t¢ € B. Suppose instead x +1+t € A.
Then y,+r+i+t € Aandr+i+t <r+s+k, <r+s+k;,=r+b<n
sor+i+te F. Alsoy, € n'lNCalNandy,+r+i+t € m!N C a!Nso
r+i+t € alN. But i+t < s+k; = bsor+i+t € FNa!N, a contradiction.

Now assume that for each a, there exists k such that for each z, {z +
Lz+2--, 2+ k}NFnalN # (. Pick for each m some k,, such
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that, for each r € N, {r + 1,7 +2,--- ,r + kyn} N FNm!N # @, and
iftm > 1, ky,, > ky_1. Let s € N be given. We will produce x € N
such that {z + 1,z + 2,---z + s} C U™ (—t + (AN mIN)) for all
m e {1,2,---,s}. Let n = s+k;andlet x = y,,. Let m € {1,2,--- ,s}.
To see that {z + 1,z 4+ 2,---, 2 4+ s} € U (=t + (A N m!N)), let
i€ {1,2,---,s}. Pickt e {1,2,- - ky} such that i +t € F Nnm!N.
Then i +t < s+ k, < s+ ks =mn. Thus y, +i+¢t € m!N. Thus
Yo +i+t € A by (3). But also y, € n'lN C m!Nsoy, +i+t € m!N
sox+i+te ANm!IN as required.

]

Corollary 3.1.8. Let G C P(N) such that G is closed under finite inter-
sections and for every A € G, A is piecewise T-syndetic. Then there exists
p € BN such that G C p and for every B € p, B is piecewise T-syndetic.

Proof. This follows immediately from Lemma 3.1.7. O]

Lemma 3.1.9. [[22], Lemma 2.2]

K(T) C{p € BN : for all A € p, A is piecewise T-syndetic}.

Proof. Let p € K(T) and let A € p. Then given m € N, AnmN € p, since
peT. Let
F,={reN:—z+4+ (AnmN) € p}.

Since p € K(PN), F,, is syndetic. Therefore, pick [, € N such that

lm

N=J(—t+F.).

t=1

For each y € N and m € N pick t(y,m) € {1,2,--- [,,} such that y +
t(y,m) € F,,. Now let n € N . Then for any y,m € {1,2,--- ,n}, —(y +
t(y,m)) + (AN mN) € p. Pick

n n

re()[)-+ty.m)+ (AnmN).

y=1m=1

Let m < n be given. To see that {z + 1,---,x + n} C 7, let y €
{1,2,--- ,n}. Then z+y+t(y,m) e AnNmN. Soz+y € (—t(y,m)+ (AN
mN)) C U, (—t + (AN mN)). O
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Theorem 3.1.10. [/22], Theorem 2.3]
cly K(T) ={p € BN : for all A € p, A is piecewise T-syndetic}.

Proof. Let H = {p € SN : for all A € p, A is piecewise T-syndetic}. Let
q € SN\ H and let B € ¢ such that B is not piecewise T-syndetic. Then
BNH =0. Therefore ¢ € B C BN\ H. It follows that  is closed. Since
K(T)CH,cl K(T) Ccl H=H.

For the other inclusion, let p € H and let A € p. We would like to show that
ANK(T) = (. Choose a sequence (l,,)y in N such that for each n € N there
exists x € N such that whenever m € N with m <n,

lm

{r+1,--- ,:E—I—n}QU(—t—i—(AﬂmN)).

t=1
For each n € N choose x,, € N such that whenever m € N with m < n,

l m

{2n+1,-+ 2n+n} C | J(—t + (ANmN)).

t=1

Let D = {x,+i:4i,n € Nwith 2i <n} andlet £ = {x,+i:i,n € Nwithi <
n}. We observe that for every m € N, {z9,, + 1, , 22, + m} C D and,
therefore, nNND # (). In addition, m;NN---NmN = my - - - myN for every
my, Mg, -+ ,my € N. Therefore the family DU{mN : m € N} has the finite
intersection property. Pick ¢ € SN such that DU{mN : m € N} C ¢. Then
qeT.

Next we observe that ¢ + SN C E. Indeed, let r € BN. To see that F €
q+ r, we show that {r € N: —z + F € ¢} = N. Let m € N. To see
that —m + E € ¢, we show that {z, +i : i,n € N,;2i < n, and 2m <
n} € —m + E. (Since all but finitely members of D are in —m + E, we
then have —m + E € ¢.) Let i,n € N with 2i < n and 2m < n. Then
t+m < mnsox,+i+m € F as required. Now ¢ + T is a right ideal of
T so (¢ + T) N K(T) # . Pick r € (¢+ T) N K(T). Since ¢+ T C F,
E € r. We claim that {{zx e N: —x + A € r}} U{mN : m € N} has the
finite intersection property. As before, it suffices to let m € N and show that
{r e N: —x+A € r}nmN # (. Now E € r so, since it includes all but finitely
members of E, {x,,+i:i,n € Nand i <n and m < n} € r. By the choice of
the al,s, {x, +i:4,n € Nand i <nand m < n} C |J.2, (=t + (ANmN)), so
U, (—t+(AnmN)) € 7. Pickt € {1,2,---,1,,} such that —t+(ANmN) € r.
Now r € T so mN € r so pick x € (—=t+ (ANmN))NmN. Then 2 € mN and
z+t € mNsot € mN. Also —t+A € r. Thus{z € N: —z+A € r}nmN # (.
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Pick s € BN such that {{r e N: —x + A€ r}} U{mN:m € N} C 5. Then
s € Tand A € r+s. Sincer € K(T), r+s € K(T) and hence r+s € K(T)NA
as required. O]

Corollary 3.1.11. Let G C P(N) such that G is closed under finite inter-
sections and for every A € G, A is piecewise T-syndetic. Then there exists
p € LK (T) such that G C p.

Proof. This follows immediately from Corollary 3.1.8 and Theorem 3.1.10.
O

Theorem 3.1.12. [[22], Theorem 2.8] cly K(T) is not a left ideal of T.

Proof. Take any bijection 7 : N — N x N and define a doubly indexed
sequence (U(qp))(a,p)enxn Tecursively as follows.

Ur(nyy) = 1+ max{ugp +al+b+a : (a,b) = 7(k) for some k < n}.

Then (w(ap))(a,p)enxn 1S @ one-to-one sequence and for each (a,b) € N x N we
have
Uap) + al + b+ a < minfu(c,d) : u(c,d) > u(a,b)}.

For each a € N let

E, = | J{u(a,b) + 1,U(a,b) + 2, ,u(a,b) + b} N alN

beN

and for each k£ € N let

Ay = | Ea.
a>k
Since Ay D Agyq for every k € N, {Ay : k € N} is closed under finite
intersections. We claim that for every k € N, Ay is not piecewise T-syndetic.
Let k € N be given. Define a sequence (I,,)y in N as follows.

L m! ifm>k
™ k! ifm <k

Let n € N be given and let d = max{n, k}. Let = u(;a1q) and let m < n be
given. We would like to show that {z+1,--- ,z4+n} C ", (—t+(ANmN)).
We look at two cases.

Case 1: m < k. Pick t € {1,2,--- [ k!} such that z + i + ¢ € kIN. Then
r+i+temN Alsoi+t <n+kl <d+dsor+it+te {upira) +
L gkayay 2, s Udray +d+d' } NEIN. Thus 2 474t € mN as required.
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Case 2: m > k. Pick t € {1,2,--- ,m!} such that z + i+t € m!N. Then
r+i+temNNEIN. Alsoi+t<n+m!<d+d sox+i+te A, NmN
as required.

Therefore we can pick p € ¢l K(T) such that {A; : k€ N} Cp. Pickqe T
such that {k! : k€ N} € ¢. Let B = (J,cny(—(k—1)!+A). Then B € ¢+p.
We show that B is not piecewise T-syndetic, so that ¢+p ¢ ¢/ K(T). Suppose
instead that B is piecewise T-syndetic. Pick a sequence ([,,)n in N such that
for each n € N there exists € n!N such that whenever m € N with m < n,
then {z+1,--- ,z+n} C U, (~t+(BNm!N)). Pick m > [, and pick a« € N
such that a! — (o — 1)! > [1. Let n =, + (& — 1){; + m. Pick x € n!N such
that, for each r € N withr <n, {x+1,--- ,x+n} C Ui;l(—t—i- (BNrIN)).
Pick tg € N with tq <, such that z + 1 4+ t; € BN m!N. Recursively given
ie{1,2,---,a}, to € {1,2,--- I}, and {t; : j € {1,2,---,i—1}} C
{1,2,---,1;}, we have

1—1
x+1+2tj§x+1+lm+(a—1)l1§x+n.

J=0

Therefore pick ¢; € {1,2,--- {1} such that x + 1 + Z;:o t; € B. For each
i€{0,1,--- ,a} pick k; € N such that = + 1+ z;zotj € Ay, + (ki —1)! and,
since x + 1 + Z;:o t; — (ki — 1)l € Ay, pick a; > k; and b; € N such that

r+1+ th - (kl — 1)‘ S {u(ai,bi) + 1>u(ai,bi) + 2, s W(ay,by) T bl} N a!N.

Jj=0

We show first that ag > m. Suppose instead ag < m. Then since z+1+1y €
m!N, ag! divides x + 1+ ty. But also x + 14ty — (ko — 1)! € ao!N so that a!
divides (k — 1)! while ay > ko, a contradiction.

We now show that each i € {1,2,---,a}, (a;,b;) = (ag,bp). Suppose not
and pick the first 4 such that (a;,b;) # (ao,bo). Since (w(ap))@ap)enxy s a
one-to-one sequence, U(q, ) 7 U(ag,bo)-
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Case 1: (g, p,) < U(ag,po)- Lhen

U(ag,bo) = U(azb;) T a;!' +b; +a; > U(azb;) T b; + (kl — 1)!

> <x+1+i:tj—(k;i—1)!> + (k; — 1)!

Jj=0

= 1’+1+th>1’+1+t0>$+i+t0—(k’0—1)!>U(a0,b0),
=0

a contradiction.

Case 2: U(q, p;) > U(ag,bo)- Note that ag > m > 1. Thus

H(aisbi) = U(ao,bo) + aO! + bo +ap > U(ag,bo) + bo + (lo! + ll
= U(aj—1,bi-1) + bifl + ll -+ 04;1!

i—1
> <x +14 )ty — (ki — 1)!) +t;+ (ki — 1)!
=0

%

a contradiction.

Let (a,b) = (ag,by), so that for all i € {0,1,--- ,a}, (a,b) = (a;,b;). We
have established that a > m. Let i be any member of {1,2,---,a}. Then a!
divides x+ 1+ " ot; — (k; —1)! and a! divides z +1 +Z;;10 tj— (kiop — 1)
Therefore, a! divides ¢t; — (k; — 1)! + (k;—1 — 1)!. Pick an integer d such that
da! =t; — (ki = D)! + (ki1 — 1)!. Then da! < t;+ (kioy —1)! <t;+ (a—1)! <
L4 (ai— 1) <m+(a—1)! <2(a—1)!. Thus (a—1)!(da—2) < 0so da < 2.
Since a > m > I, a > 2sod < 0. But also da! = t; — (k; — 1)! + (ki1 — 1)! >
—(ki—1)!' > —(a—1)!. Thus (a—1)!(da+1) >0soda+1>0sod >0 and
hence d = 0.

Consequently, for each i € {1,2,...,a}, t; = (k; — 1)! — (ki1 — 1)!. Since
tz‘ Z 1, l{iz Z ki—l- Since ]{?0 Z 1, kl Z 1+ 1. Thus ta = (ka—l)!—(ka_l—l)! Z
(ko — D)= (ko —2)! > a!l = (o — 1)! > [} > t,, a contradiction.

[]
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Corollary 3.1.13.
K(T) is not closed. In particular, cly K(T) # (clgy K(BN))NT.

Proof. Since ¢l K(T) is not an ideal of T, ¢l K(T) # K(T). In particular
K(T) is not closed. Since clgy K(PON) is an ideal of SN, by Lemma 3.1.2
clgy K(BN)NT is an ideal of T. It follows that cly K(T) # (clsy K(BN)) N
T. O

3.2 Combinatorial characterizations of K(0")
and its closure

In this section we present the extension of the combinatorial characterizations
of K(8S) and its closure to K (0%) and its closure. Most of the materials in
this section come from [25].

Since 07 is a compact right topological semigroup, K (0") exists. However,
since 07 is not an ideal of SR, a description of K(0") does not follow from
known results about arbitrary discrete semigroups. We would like to present
the characterization of the members of K(07) and its closure.

Definition 3.2.1. Let S be a dense subsemigroup of (0, 00). A subset A C S
is said to be syndetic near 0 if and only if for every € > 0 there exist some
finite F' C (0,¢) NS and some ¢ > 0 such that SN (0,0) C J,cp(—t+ A).

The following theorem characterizes K (0F).

Theorem 3.2.2. [[25], Theorem 3.3] Let S be a dense subsemigroup of (0, co)
and let p € 0F. The following statements are equivalent.

(a) p € K(07).
(b) Forall A€ p, {x € S:—x+ A€ p} is syndetic near 0.

(c) Forallr € 07, pe 0" +r+p.

Proof. (a) = (b). Suppose p € K(0"),let Aep let B={zreS:—ax+Ac
p} and suppose B is not syndetic near 0. Pick € > 0 such that for all
F e P;((0,e)NS) and all 6 > 0, (SN (0,0)) N (S\ F'B) #0.

Let G = {(SN(0,0)N(S\F'B) : F € Pi((0,e)nS) and § > 0}.
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Then G has the finite intersection property. Pick » € S with G C r. Since
{SN(0,6) : 6§ >0} Cr we have r € 07. Pick a minimal left ideal L of 0F
with L C 0% + 7. Since K(0") is the union of all the minimal right ideals of
0", pick a minimal right ideal R of 0T with p € R. Then L N R is a group.
Let ¢ be the identity of LN R. Then R=¢q¢+ 0", sopeq¢+0"sop=q+p
and therefore B € ¢q. Also ¢ € 0" + r so pick w € 0" such that ¢ = w + 7.
Then (0,e)NS c€wand {t € S: —t+ B er}ewsopickt e (0,6) NS such
that —t + B € r. But (SN (0,1)) \ (=t + B) € G C r, a contradiction.

(b) = (c¢). Let r € 0*. For each A € p,let B(A) ={x € S: —x+ A € p} and
let C(A) ={te S:—t+ B(A) € r}. It is easy to see that for any A;, Ay € p
, one has B(A1 N AQ) = B(Al) N B(Ag) and O(Al N AQ) = O(Al) N O(AQ)
We claim that for every A € p and every € > 0, C(A) N (0,¢) # 0. To see
this, let A € p and let € > 0 be given and pick F' € P¢((0,e) N.S) and > 0
such that (0,6) NS C F~'B(A). Since (0,0) NS € r we have F"'!B(A) € r
and hence there is some t € ' with —t + B(A) € r. Then t € C(A) N (0,¢)
and, therefore, C'(A) N (0,€) # 0.

Thus {(0,¢) NC(A) : ¢ > 0 and A € p} has the finite intersection property
so pick ¢ € 58S with {(0,e)NC(A) : e >0and A € p} C ¢q. Then g € 07. We
claim that p = ¢ + r + p. It suffices to show that p C ¢+ r+p. Let A€ p
be given. Then {t € S : —t+ B(A) € r} = C(A) € ¢so B(A) € ¢+ r, so
A € g+ r + p as required.

(¢) = (a). Pick r € K(07). O

Definition 3.2.3. Let S be a dense subsemigroup of (0, 00). A subset A C S
is said to be piecewise syndetic near 0 if and only if there exist sequences
(Fn)nen and (9,,)y such that

(a) For each n € N, F, is a finite subset of (0,2)N S and 0 < §,, < + and

(b) for all finite G C S and all p > 0 there is some = € (0, ) NS such that
for all n € N, (GN(0,0,)) + 7 C Uep, (—t + A).

Theorem 3.2.4. [[25], Theorem 3.5] Let S be a dense subsemigroup of (0, co)
and let A C S. The following statements are equivalent.

(a) K(0YV)NA#D9.

(b) A is piecewise syndetic near 0.
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Proof. (a) = (b): Suppose K(0*)NA # 0. Let p € K(0F) N A and let
B={xe€S:—x+Ae€p}. Then B is syndetic near 0. Inductively for n € N
pick F, € P;((0,1)NS) and &, € (0, 1) (with 8, < 8,_y if n > 1) such that
Sn(0,6,) € —F, +B.

Let G € Py(S) be given. If GN(0,0,) = 0, the conclusion is trivial, so
assume G N (0,d1) # 0 and let H = G N (0,0;). For each y € H let m(y) =
max{n € N:y < d,}. Foreach n € {1,2,--- ,m(y)}, we have y € —F,, + B
so pick t(y,n) € F, such that y € —t(y,n) + B. Then given y € H and
n € {1,2,--- ,m(y)}, one has —(t(y,n) +y) + A € p. Now let px > 0 be
given. Then (0, 1) € p so pick

2 € (0.0)N () () (~(tly,n) +y) + 4)).
Then given n € N and y € GN(0,6,), one has y € H and n < m(y) so
t(y,n)+y+2x € Aso

y+xe—tlyn)+AC—-F,+A

(b) = (a): Suppose A is piecewise syndetic near 0. Pick sequences (F,)nen
and (J, )y such that

1. For each n € N, F, is a finite subset of (0,2) N S and 0 < §, < * and

2. for all finite G C S and all ;1 > 0 there is some = € (0, ) NS such that
for all n € N, (GN(0,4,)) +x C —F, + A.

Given G € Py(S) and p > 0, let
C(G,p) ={z e (0,u)n S :foralln e N, (GN(0,0,)) +x C —F, + A}.

By assumption each C(G, p) # 0. Further, given G; and Gs in P¢(S) and
W1, o > 0, one has

C(Gl U G27 min{/"’l; MZ}) g C(G17 ,LLl) N C<G27 ,LLQ)

Therefore, {C(G,u) : G € P¢(S) and g > 0} has the finite intersection
property. Pick p € S with {C(G,p) : G € Ps(S) and p > 0} C p. Since
C(G, ) € (0, ), one has p € 07. We claim that

0t +pC () (=Fu+ A).

neN
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Let n € N and let ¢ € 0. To show that —F,, + A € ¢ + p, we show that
0,0,)NSC{yeS:—y+(—F,+A) € p}.

So let y € (0,6,)NS. Then C({y},d,) € pand C({y},0,) € —y+(—F,+A).
Now pick r € (07 + p) N K (since 07 + p is a left ideal of 0%). Given n € N,
—F, + A € r so pick t,, € F, such that —t,, + A € r. Now for each n € N,
t, € F, C (O,%) so lim, ,o t, = 0 so pick ¢ € 0" N {t, :n € N}. Then
g+re KO0t and {t,:neN}C{teS:—t+AecrfsoAcqg+r. O

Therefore we have the following characterization of c/K(07).

Corollary 3.2.5. Let S be a dense subsemigroup of (0,00) and let p € 5S.
The following statements are equivalent.

(a) p € clK(0T).

(b) Every A € p is piecewise syndetic near 0.

It follows that:
clo+ K(0T)={p e pS:forall A€ p, Ais piecewise syndetic near 0}.

Definition 3.2.6. Let S be a dense subsemigroup of (0, co).

(a) A subset A C S is said to be central near 0 if and only if there is some
idempotent p € K(0%) with A € p.

(b) A collection A C P(S) is said to be collectionwise piecewise syndetic
near 0 if and only if there exist functions

and

such that for every p > 0, every G € Py(S), and every H € Ps(A),
there is some ¢t € (0,u) NS such that for every n € N and every
FePr(H),

(GNOF))+tC |J (—z+[)F)
2€F(F)n

Theorem 3.2.7. Let S be a dense subsemigroup of (0,00) and let A C P(S).
There exists p € K(0%) such that A C p if and only if A is collectionwise
piecewise syndetic near 0.
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3.3 Generalization of combinatorial charac-
terizations

At this stage we would like to generalize even further the definitions of synde-
tic and piecewise syndetic subsets of a semigroup. This time we will consider
an arbitrary closed subsemigroup of 5S. Recall that every closed subsemi-
group T of 3S is of the form F for some filter F on S. The materials in this
section and in the next section are the contents of [60].

Definition 3.3.1. Let S be a semigroup and let F and G be filters on S. A
subset A C S is (F,G)-syndetic if for every V € F, there is a finite FF C V
such that F7'A € G. If F = G, we say F-syndetic instead of (F,G)-syndetic.

Remark 3.3.2. Let S be a semigroup, let F and G be filters on S and let
ACS.

(a) If F C G and A is either F-syndetic or G-syndetic, then A is (F,G)-
syndetic.

(b) A is syndetic if and only if A is {S}-syndetic. Hence, (F,G)-syndetic
is a generalization of syndetic.

Proof.

(a) Suppose F C G. Let V € F. Since F C G, V € G. If A is F-syndetic,
there exists a finite F© C V such that F7'A € F C G. If Ais G-
syndetic, there exists a finite £ C V such that £~'A € G. In both
cases A is (F, G)-syndetic.

(b) Suppose A is syndetic. Let V € {S}. Then V = S. By assumption,
there exists a finite /' C S such that F~'A = S € {S}. Therefore, A
is {S}-syndetic. The converse is clear.

]

Lemma 3.3.3. Let S be a semigroup, let T be a closed subsemigroup of BS,
let L be a minimal left ideal of T', let F and G be filters on S such that F =T
and G = L, and let A C S. The following statements are equivalent.

(1) ANL#0.
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(2) A is G-syndetic.
(3) A is (F,G)-syndetic.

Proof. (First note that since L is a nonempty closed subset of 7" (being a
minimal left ideal), L is a nonempty closed subset of 4S. In particular G
such that G = L exists.)

(1) = (2): Suppose ANL # (). Pick p € AN L. For every ¢ € L, one has
p € L = Lqg. Thus for each ¢ € L, there exists r, € L such that p = r,q.
Now to show that A is G-syndetic, let V € G. Since L = G, V € r, for all
q€ L. Since Aep=ryq, {zreS 2 'A€q} €r,for each ¢ € L. Since
ryis afilter, VN{z € S:a27'A € ¢} # 0 for every ¢ € L. For each q € L,
choose z, € V such that w;lA € q, i.e. such that q € a:;—lA. Then the set

{x;'A:q € L } is an open cover of L. Since L is compact, there exists a
finite {q1,- -+ , g} C L such that

-1 1A = -1 1A = -1
LCz AU---Ur A=z AU ---Ux 1A= F1A,

where F = {z,,,- , 24} CV. G C F-1A implies that F~'A € G. It follows
that A is G-syndetic.

(2) = (3): Suppose A is G-syndetic. Since G = L CT = F, F C G. By
Remark 3.3.2 (a), A is (F, G)-syndetic.

(3) = (1): Suppose A is (F,G)-syndetic. Pick ¢ € L. For every V € F,
take a finite F = {xy,---,x,} C V such that F7'A € G C ¢q. Then,
v PAU--- Uz A= F7'A € ¢. Since ¢ is an ultrafilter, z; 'A € ¢ for some
1 < i < n. Therefore, for every V € F choose xy € V such that A € zyq.
Pick 7 € TNelgs{zy : V € G}. Since{t € S: t7'Ae€q} D {ayv:V €G} €,
{teS:t71A € q} € r. Therefore A € rq. Since L is a left ideal of T', rq € L.
It follows that AN L # (. O

The next theorem characterizes ultrafilters from K(7'), where T is a closed
subsemigroup of 5.

Theorem 3.3.4. Let S be a semigroup, let T be a closed subsemigroup of
BS, let F be a filter on S such that F =T, and let p € T. Then p € K(T)
if and only if for every A € p, {x € S : x7'A € p} is F-syndetic.

Proof. Suppose that p € K(T). Let L = Tp. Then L is a left ideal of T
and, since T is a subsemigroup of S, L is a left ideal of S. Since K(T') C T'p,
p € Tp. Let G be a filter on S such that is L = G. Now let A € p, let
B={reS:z'Aep}andlet Ve F. Thenpe AN L. It follows that
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A is G-syndetic. Pick a finite subset ' C V such that F~'A € G. Since
L = Tp, there is W € F such that Wp C f~1A. We claim that W C F~'B.
Indeed, let y W. Then there is « € F such that yp € z=1A. Tt follows that
(ry) A € p. Hence, xy € B, and then y € 271 B.

Conversely, suppose that p ¢ K(T'). Pick ¢ € K(T'). Then T'qp C K(T') and,
therefore, p ¢ Tqp. It follows that there is A € p such that ANTqp = (). Now
let B={x €S :27'A € p}. We claim that B is not F-syndetic. To show
this, pick a minimal left ideal L of T" contained in T'p and let G be the filter
on S such that G = L. Assume on the contrary that B is F-syndetic. Then
B is also (F,G)-syndetic. Hence by Lemma 3.3.3, BN L # (). Consequently,
B € rq for somer € T,and so {x € S: 2 'A € p} € rq. But then A € rqp,
which is a contradiction. O]

Let S be a dense subsemigroup of ((0,00),+), let F be the filter on S with
F =0%and let A C S (equivalently let (R, 7) be the Sorgenfrey topological
space, let F denote the neighborhood filter at 0 and let A C R.). It follows
form Theorem 3.2.2 and Theorem 3.3.4 that A is syndetic near 0 if and only
if A is F-syndetic.

Now we characterize ultrafilters from ¢f K(T)).

Definition 3.3.5. Let S be a semigroup and let F be a filter on S. A subset
A C S is piecewise F-syndetic if for every V' € F, there is a finite Fy, C V
and Wy € F such that the family

{(z'F' ANV Ve F,zeWy}
has the finite intersection property.
Remark 3.3.6.
1. Let S be a semigroups and let A C S. A is piecewise syndetic if and

only if A is piecewise {S}-syndetic. Therefore piecewise F-syndetic is
a generalization of piecewise syndetic.

2. The family {(z7'F,'A)NV : V € F,x € Wy} has the finite intersec-
tion property if and only if whenever V;,--- .V, € F and Hy,--- ,H,
are finite subsets of Wy, , - -- | Wy, , respectively, thereisy € ViN---NV,
such that H;y C F‘Z_IA foreachi=1,--- ,n.

Proof.
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1. This is clear from the definitions.

2. The necessity is easy to see, by taking each H; to be a singleton.
Now to prove the sufficiency. Note that we may assume that each H;
is nonempty. For each 1 <1¢ <4, pick x; € H; C Wy,. Pick

ye (@ Kl AnVy).
=1

Then z;y € F‘Z_IA for every i € {1,2,--- ,n}. Since z; was an arbitrary
element of H;, we conclude that H;y C FY, LA,

]

Theorem 3.3.7. Let T be a closed subsemigroup of 5, let F be a filter on
S such that T = F, and let A C S. Then ANK(T) # 0 if and only if A is

piecewise JF-syndetic.

Proof. Suppose ANK(T) # 0. Pickpe ANK(T) # 0. Let L = Tp and let
G denote the filter on S such that G = L. Then by Lemma 3.3.3, A is (F, G)-
syndetic. Consequently, for every V € F| there is a finite Fy, C V such that
F;'A € G. Since L = Tp, it follows that for every V € F, there is Wy € F

such that Wyp C F‘;IA, and so :L"*lF‘;lA € p for all z € Wy. Hence, the
family {(z71F,,'A)NV : V € F,x € Wy} has the finite intersection property.
It follows that A is piecewise F-syndetic.

Conversely, suppose that A is piecewise F-syndetic. Then for every V &
Fthere is a finite Fyy € V and Wy, € F such that {(z 7' F;'A) NV : V €
F,x € Wy} has the finite intersection property. Pick an ultrafilter ¢ on
S. extending this family. Then ¢ € T and for every V € F and x € Wy,
Ty € F‘ZIA. It follows that for every V € F, Tq C F‘;IA. Let L be the
minimal left ideal of 7" contained in T'q¢ and let G denote the filter on S
such that G = L. Then for every V € F, one has F‘;lA € G. Hence, A is
(F,G)-syndetic. Therefore, by Lemma 3.3.3, AN L # (.

]

Corollary 3.3.8. Let T' be a closed subsemigroup of BS, let F be a filter on
S such that T = F, and let p € T. Then p € ¢/ K(T) if and only if every
A € p is piecewise F-syndetic.

From Theorem 3.1.10, Theorem 3.2.5 and Theorem 3.3.7 we can see that
“piecewise T-syndetic” and “piecewise syndetic near 07 are examples of
“piecewise F- syndetic”.
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3.4 ¢ K(T) is not an ideal

We have seen that in a right topological semigroup the closure of a right ideal
is a right ideal, while the closure of a left ideal is not necessarily a left ideal.
In this section we present our main result: ¢/ K(UIt(T)) is not a left ideal
for any nondiscrete regular left invariant topology 7 on an arbitrary infinite
group G satisfying some extra condition as stated in Lemma 3.4.1 below. So,
throughout this section G is an arbitrary infinite group.

Recall the following, where X is a topological space.

(1) Let x € X. The character of x, denoted x,(X), is the minimum of
cardinalities of neighborhood bases at x.

(2) The character of X, denoted x(X), is defined as

X(X) =sup{x.(X) : z € X}.

It is easy to see that for a left topological group (G,7T) and any = € G,
Xz(G) = xe(G) = x(G), where e is the identity of G.

Lemma 3.4.1. Let T be a left invariant topology on G and let k denote the
character of T. Then the following conditions are equivalent:

(1) there is a neighborhood base {W, : a < k} at the identity of (G, T)
such that Wo, C W, if v < a < k, and Wy = (),_, W, if  is a limit
ordinal,

<o

(2) there is a neighborhood base {W, : a < k} at the identity of (G, T)
such that Wo, C W, if y < o < K, and

(3) for every family A C T of cardinality less that k, (VA€ T.
If T satisfies these conditions, then k is reqular.

Proof. suppose k < w. Let N = {Uj,--- ,U.} be a neighborhood base at
the identity of G. Then U := U; N---NU, € N and, hence, {U} is a
neighborhood base at the identity. It follows that x = 1 and, in this case,
all three statements are clearly equivalent. Therefore we may assume that
K> W.
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(1) = (2): This implication is clear, since condition (2) is part of condition
(1).

(2) = & is regular: Suppose (2) holds. Let v be an ordinal such that there
exists an order-preserving function f : v — s with sup{f(n) : n < v} = k.
Then, for each a@ < k there exists n < « such that o < f(n) and, therefore,
Wao 2 Wyey. It follows that {Wy., : n < v} is a neighborhood base at the
identity. Therefore, v = [{Wyq) : 7 < v}| > . Hence & is a regular cardinal.
(2) = (3): Suppose (2) holds. Let A C T be a family of cardinality less than
kandlet W = A. Let x € W. Then {zW,, : @ < k} is a neighborhood base
at x. Therefore for every V' € A choose a(V) < & such that W,y C V.
Let v = sup{a(V) : V € A}. Then v < &, since  is regular, and W, C W.
Hence W € T.

(3) = (1): Suppose (3) holds. Let {V,, : @ < K} be a neighborhood base at
the identity of (G, 7). For every o < k, put

MN,<a V5 if a is not limit
W, =
Ny Vo if ais limit.

By (3), {W, : @ < k} C T. Hence {W, : a < k} is the required neighbor-
hood base at the identity. O]

Therefore, our main theorem is as follows.

Theorem 3.4.2. Let T be a nondiscrete reqular left invariant topology on
G and let T = Ult(T). Suppose that T satisfies the conditions from Lemma
3.4.1. Then ct K(T) is not a left ideal of T

As an immediate consequence we obtain that

Corollary 3.4.3. Both ¢l K(0") and cf K(H,) are not left ideals.

In the rest of this section we prove Theorem 3.4.2. Let |G| = X and let &
denote the character of T.

Lemma 3.4.4. There is a function ¢ : G — X such that

(a) for every X C G with | X| =\, |¢(X)| = A,

(b) if X = w, then for every x € G, there is a neighborhood V' of e € G
such that ¢(xy) = ¢(y) for ally € V' \ {e},
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(c) if A\ > w, then for every x € G, there is a subset Y C G with |G\Y| < A
such that ¢(xy) = ¢(yzx) = ¢(y) for ally € Y, and

(d) if k < X, then for every a < X, e € clyd (a + 1).
Proof. Consider two cases.

Case 1 : X = w. Then k < w. Since our topologies are assumed to
satisfy the 77 separation axiom and 7 is nondiscrete, kK £ w. Therefore
k = w. In particular, G is first-countable. Recall that we denote by B
the countably infinite Boolean group @ Z, endowed with the topology
with a neighborhood base at zero consisting of the subgroups H, =
{r € @,Zs : x(m) = 0 for all m < n}, where n < w (see Example
2.3.4). By Theorem 2.3.13, there is a homeomorphism h : G — B such
that h(e) = 0 and h(xy) = h(z)+h(y) whenever max supp(h(z))+2 <
min supp(h(y)). Define ¢ : G — w by

max supp(h(z)) ifz #e
¢(x) =

0 ifxz=e.

Since for any x € G and for any 0 < ¢ < max supp h(x), (h(x))(i) has
only a finite number of possible values (two in this case), ¢ is a finite-to-
one function. In addition, h is injective. Therefore, for any X C G with
|X| =w, |¢(X)| =w. Thus (a) is satisfied. To check (b), let x € G. If
x = e, then xy = ey = y and, therefore, ¢p(xy) = ¢(y) for all y € G.
Therefore, we may assume that x # e. Let m = max supp(h(x)) + 2
and let
V ={y € G:m < min supp(h(y))} U {e}.

Then V = h™'(H,,) U{e} = h ' (H, U{0}) € T. Tt follows that V is

an open neighborhood of e. Furthermore, for every y € V'\ {e} one has

¢(ry) = max supp(h(zy))
= max supp(h(z) + h(y))

= max supp(h(y))
= o(y).

Case 2 : A > w. Construct inductively a A-sequence (Gg)a<x of sub-
groups of G with Gy = {e} such that

(i) for every a < A, |Go| < A,
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(i) for every a < A\, G4 C Gay1,

(iii) for every limit ordinal @ < A\, G, = U,Ka G,

(iv) UperGa = G, and

(v) if kK < A, then for every a < A, € € el (Goy1 \ Ga).

Note that G = J, . (Gas1\ Ga) UGy is a disjoint union of sets. Define
¢:G — X\ by

a+1 ifxeGor\Ga

o(x) =

Clearly ¢ satisfies (a) and (d). To check (¢), let z € G. One may assume
that © # e. Then x € G,41\ G, for some o < A. Now let Y = G\ Goaq
andlety € Y. Theny € G,41\G, for somey > a+1. Assume zy € G,,.
Then y = 27 (xy) € G,, a contradiction. Therefore zy € G141 \ G,.

Similarly, yx € G141\ G,. Hence, ¢(zy) = ¢(yx) = v+ 1 = ¢(y).
O

Let ¢ : G — X be a function guaranteed by Lemma 3.4.4 and let ¢ : BG — BA

denote the continuous extension of ¢. Recall that for any p € G, ¢(p) =
{ECX:o7!(E) €p}.

Corollary 3.4.5.

(1) If \ = w, then ¢(qp) = é(p) for all ¢ € BG and p € T.
(2) If X > w, then ¢(qp) = ¢(p) for all ¢ € BG and p € U(G).

Proof. (1) Let ¢ € BG. To see that ¢(gp) = ¢(p), let R € p. For every
x € G, there is a neighborhood V. of e € G such that ¢(xy) = ¢(y) for
all y € Vi \ {e}. Since p € T, Vi \ {e} € p. Put P, = RNV, \ {e}.
Then J,.o 2P, € qp and, whenever z € G and y € P,, one has
o(zy) = o(y) € ¢p(R). It follows that for every A € ¢, every x € A and
every y € Py, ¢(xy) = ¢(y). Therefore, for every A € ¢, (| J,c 4 2 P:) C
¢(R) € ¢(p). Since the sets |J,., Py, where A € ¢, form a base for gp,
the sets ¢(|J,c4 Fs), where A € ¢, form a base for o(gp). Tt follows

that ¢(qp) C ¢(p) and, hence, ¢(gp) = ¢(p).
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(2) Let ¢ € G and p € U(G). To see that ¢(gp) = ¢(p), let R € p. For

every x € G, there is Y, C G with |G\ Y| < A such that ¢(zy) = ¢(y)
for all y € Y,.. Since p is a uniform ultrafilter, Y, € p. Put P, = RNY,.
Then J, .o 2P € qp and, whenever z € G and y € P,, one has

o(zy) = ¢(y) € ¢(R). Asin (1), it follows that ¢(gp) = H(p).
O

Corollary 3.4.6. There is D C X with |D| = || such that whenever Dy C D
and |Dy| = ||, a_l(U(DO)) NT is a left ideal of T.

Proof. Consider two cases.

Case 1: k = A. Let {V, : @ < A} be a decreasing neighborhood
base at e in 7. Inductively, for each a < A, pick z, € V, \ {e}
such that ¢(z,) ¢ {¢(z,) : v < a}. We have that (z,)a<r is & A-
sequence converging to e and such that ¢(z,) # ¢(z,) if @ # v. Put
D = {¢(x,) : @« < A}. To see that D is as required, let Dy C D and
|Do| = A. Then {z, : ¢(z,) € Do} is a A-subsequence of (4)a<x, and
so is converging to e. It follows that L = 5_1( U(Dy))NT is nonempty.
To check that L is a left ideal of T', let p € L and ¢ € T. Since T is
a subsemigroup of G, qp € T. By Corollary 3.4.5, é(qp) = ¢(p) €
U(Dy). Hence, gp € L.

Case 2: Kk < A. Put D = {a+1: a < A}. To see that D is as required,
let Dy C D and |Do| = \. For every a € Dy, e € clrd (). Tt follows

that L = a_l(U (Dy))NT is nonempty. Then, applying Corollary 3.4.5,
we obtain that L is a left ideal of T'.

O

Construct inductively an open neighborhood base {W, : o < k} at the
identity of G and a r-sequence (ag)a<, Of elements of G such that Wy = G
and for every a < k, the following conditions are satisfied:

(ii

(i) an € Wy,

(11 CKTWOH—l - Waa

1

1

i

a+1 C W \Wa—‘rl)

(iv) for every y € Woiq \ {e}, one has ¢(ay) = ¢(y), and
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(v) Wo =, W, if a is a limit ordinal.

Let D be a subset of A guaranteed by Corollary 3.4.6. Pick any family
{D, : a < k} of pairwise disjoint subsets of D of cardinality A. For every
a < A\, put

Eo= |J Dy, Aa=¢""(Do)NWaand B, = | ] A4,

alvy<k aly<k

Define N C G\, L CT and M C L by

N=(E., L=¢ (N)NT, and M = ) B..

a<k a<k

Lemma 3.4.7. M Net K(T)) # 0.
Proof. 1t follows from Corollary 3.4.6 that for each a < &, Efl(U (Do) NT

is a left ideal of 7. Consequently, there is p, € a_l(U(Da)) N K(T), so
Pa € Au N K(T). Let

pE ﬂcﬁ/gg{pvza§’y</<c}.

a<k

Then p € M N (ctK(T)). O
Lemma 3.4.8. For every q € 3G\ {e} andr € L, qr ¢ By.

Proof. Tt suffices to show that for every x € G\ {e}, ar ¢ By. There is
a < Kk such that z € W, \ Wyq. gnce r € T and clrW,yyo Q_WQH,
xr € Wy \ Waqo. Assume that ar € By. Then zr € (., 4y, 50 ¢(r) =

o(xr) € U,<as1 D4 Hence, o(r) & B2 , a contradiction. O

Corollary 3.4.9. MNT? =0 and so M N K(T) = (.

Proof. Assume on the contrary that p = ¢r for some p € M and ¢,r € T.
Then ¢(p) = ¢(qr) = ¢(r), sor € & (N)NT = L. But by Lemma 3.4.8,

p = qr ¢ By, which is a contradiction. Therefore, M NT? = (. Since
K(T)Y?=K(T)CT? MNK(T)=1. O

Let A = {ay : @ < k}. Since (an)a<x converges toein T, {W, : a < k}U{A}
has the finite intersection property. Therefore there exists p € SG with
{W, :a < k}U{A} Cp. It follows that p € ANT and, therefore, ANT # ().
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On the other hand, whenever ¢ € U(A), one has {x € G : z7'A € ¢} = {e},
consequently by Theorem 3.3.4, AN K(T) = 0.
Now let

C= U aaBa+1.

a<K

Note that ¢(C NT) C ¢(M). Indeed, if x € C N W, then x = a,y for some
v > aand y € Wy, so ¢(z) = ¢(a,y) = ¢(y) € Wosq. It is clear also
that AM C C. Since M N (¢! K(T)) # () (Lemma 3.4.7), it follows that
(T(ct K(T)))NC # 0. Therefore (since C is open) in order to prove that
¢/ K(T) is not a left ideal, it suffices to show that C N K(T) = (). To this
end, let ¢ € K(T') and let r be the identity of the maximal subgroup in K (7')
containing ¢. Then ¢ = ¢r and, since K(T)N A = (), ¢ ¢ A. Consequently
by the next lemma, ¢ ¢ C.

Lemma 3.4.10. Let qr € C for some ¢, € T. Then ¢ € A and r € M.

Proof. Since (1) = ¢(qr) € ¢ and ¢(CNT) C ¢(M), one has r € L. To see
that ¢ € A, assume the contrary. Then there is # € G'\ (AU {e}) such that
xr € C. Tt follows that zr € (o Bay1 for some a < k, and so a;lwr € m,
which contradicts Lemma 3.4.8. Now to see that » € M, pick ) € ¢ such
that Q C A and Qr C C. Then for every o < s such that a, € Q, one has
B,41 € r, and the set of all such « is cofinal in k. Hence r € M. O



Chapter 4

Finite ultrafilter semigroups

Given a (left) topological group G, Ult(G) is either finite or of cardinality
greater than or equal to 227, In fact, this is true for any closed subsemigroup
of G*. Ult(QG) reflects quite good topological properties of G. In [66] it was
shown that every countable regular homogeneous space admits a structure
of a left topological group. This allows us to define Ult(X) for any countable
regular space X. In [19], Hewitt studied maximal spaces. He gave a general
way of constructing them and he used this construction to produce irresolv-
able spaces. If the topology of a (left) topological group is maximal, then
Ult(@) is finite. Projectives in the category of finite semigroups were studied
in [67, 73, 62]. It turned out that for every countable regular left topological
group G, if Ult(Q) is finite, then Ult(G) is projective. In Section 4.1 we look
at resolvable spaces, maximal spaces and spaces X satisfying the condition
that for every x € X, there is only a finite number of ultrafilters converging
to z. In Section 4.2, we look at projectives. In section 4.3 we present results
on topological groups G with Ult(G) finite. We denote by FinS the category
of finite semigroups and semigroup homomorphisms between them, and we
denote by KHausRS the category of compact Hausdorff right topological
semigroups and semigroup homomorphisms between them.

4.1 Almost maximal spaces and almost max-
imal left topological groups

Definition 4.1.1. Let X be a topological space and let z € X. The disper-
sion character A(x, X) of X at the point x is the minimum of the cardinalities

128
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of open subsets of X containing . The cardinal number
A(X) :=min{A(z, X) : z € X}
is called the dispersion character of X.

Lemma 4.1.2. Let X be a topological space.

(1) If A(X) is infinite, then X is dense-in-itself (i.e. X has no isolated
point).

(2) If X is Ty and dense-in-itself, then A(X) is infinite.

Proof. (1) Suppose A(X) is infinite. Then every nonempty open subset of
X is infinite. In particular X has no isolated point.

(2) Suppose X is Ty and dense-in-itself. Assume A(X) is finite. Pick a
subset U C X such that |U| = A(X) and pick a € U. Since X is dense-
in-itself, there exists © € U \ {a}. Pick an open subset V' C X such that
VN {a,xz}| = 1. Then, UNV is an open subset of X with [UNV| < A(X),
a contradiction. It follows that A(X) is infinite. O

We call two subsets, A and B, of a set X complementary if AN B = () and
AUB=X.

Definition 4.1.3. Let X be a nonempty topological space. X is said to be
resolvable if X can be partitioned into two dense subsets.

If X = AU B where A and B are disjoint dense subsets of X, we say that
{A, B} is a resolution of X.

Remark 4.1.4. Let X be a topological space with an isolated point ¢ and
let A and B be dense subsets of X. Then ¢ € AN B. Therefore AN B # ().
In particular X has no resolution. Therefore, when we want to know which
spaces are resolvable, we need only to consider spaces without isolated points.

Theorem 4.1.5. [[19], Theorem 19] The following statements about a topo-
logical space X are equivalent.

(a) X is resolvable;
(b) X contains two disjoint dense subsets;

(c) X contains a dense set with empty interior;
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(d) X contains two complementary subsets with empty interiors.

Proof. These implications are obvious. O

Definition 4.1.6. Let X be a topological space which is dense-in-itself. X
is called irresolvable if X is not resolvable.

Remark 4.1.7. It is clear from Theorem 4.1.5 (c) that a space X which
is dense-in-itself is irresolvable if and only if every dense subset of X has a
nonempty interior.

Lemma 4.1.8. Let X be a topological space. Let S be the family of all ordered
pairs {A, B} of disjoint subsets of X. S has the partial order < defined by
{A1, B} < {As,Bo} if and only if Ay C Ay and By C Bs, and mazximal
elements of S are ezactly the pairs {A, X \ A}, where A C X.

Proof. Tt is clear that < is a partial order. Since {X,0} € S, S # ). Every
chain ({A4;, B;i})ier is S has an upper bound {{J,.; 4i,U,c; Bi}- By Zorn’s
Lemma S has a maximal element. It is easy to see that maximal elements

of § are of the form {A, X \ A}, where A C X. O

Corollary 4.1.9. Let X be a resolvable space. The mazimal resolutions of
X with respect to the order in Lemma 4.1.8 are exactly pairs of the form

{A, X\ A}, where AC X withcl A=X =cl (X \ A).
Proof. Immediate from Lemma 4.1.8. O

Let X be a nonempty topological space. Following the concept of Hewitt
[19] , we will call a dense subset of X whose complement is also dense a
C D-set. Thus a maximal resolution of X is a pair consisting of a CD-set and
its complement.

Theorem 4.1.10. [[19], Theorem 21] A topological space X containing a
dense subset A which is resolvable in its relative topology is also resolvable.

Proof. Let A be a dense subset of X which is resolvable in its relative topology
with a resolution of CD-sets {B,C}. It is easy to see that {B,C' U (X \ A)}
is a resolution of X. O

Theorem 4.1.11. A topological space X is resolvable if and only if every
nonempty open subset of X contains a nonempty subset which is resolvable
in its relative topology.
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Proof. Necessity. Suppose X is resolvable. Let U be a nonempty subset of
X and let {A, B} be a resolution of X. It is easy to see that {ANU, BNU}
is a resolution of U.

Sufficiency. Let U, be an arbitrary nonempty open subset of X and let Ay
be a subset of U, which is resolvable in its relative topology with a pair
of CD-sets {Dy, Ep}. Let Uy = X \ ¢l(Ag). If Uy = 0, then cl(Ay) = X
and {Dy, Ey U (X \ Ap)} is a resolution of X. If Uy # (), it must, as an open
subset of X, contain a set A; which has a resolution of CD-sets { Dy, E1 } in its
relative topology. Suppose that sets Ag with resolutions of CD-sets {Dg, Eg}
have been selected for every ordinal 5 < «, « also being an ordinal. Take
Us = X \ ¢l (Ugey Ap)- Then U, is an open subset of X. If U, # 0, we
select a subset A, of U, with a resolution, in its relative topology, of CD-sets
{D., E,}. By induction, it follows that there is some ordinal number
such that c¢f (J,.,, Aa) = X. It can then be shown that the sets |J,.,, Da
and (J,.,, Pa are disjoint and dense in X. By Theorem 4.1.5 (b), X is
resolvable. O]

Proposition 4.1.12. [[62], Lemma 2.3] If a homogeneous space X has a
resolvable subspace, then X itself is also resolvable.

Proof. Suppose X has a resolvable subspace Yy. Let {Ag, By} be a partition
of Yj into dense subsets. Consider the family S of all pairs { A, B} of disjoint
subsets of X such that Ay C A, By C B, and ¢/ A = ¢l B. Since {Ag, By} €
S, § # (). Define a relation < on S by {A;, B1} < {As, By} if and only if
A; C Ay and By C B,. It is easy to see that < is a partial order on §.
Let ({A;, Bi})ier be a chain in S. Let A = (J,.; A; and let B = {J,.; Bi.
Then {A, B} is an upper bound for ({A;, B;})ier. By Zorn’s Lemma S has
a maximal element.

Let {A, B} be a maximal element of S. We claim that {A, B} is a partition
of X into dense subsets. Already AN B = (). It is clear that Y = AU B is
closed. Assume that Y # X. Pickz € X\Yandy €Y. Let f: X - Y
be a homeomorphism with f(y) = x. Choose an open neighborhood U of y
such that f(U)NY =0. Put Ay = AU f(UNA) and B, = BU f(UN B).
Then {Ay, B;} € S and {A, B} < {A1, B1}, a contradiction. It follows that
Y=X. Sinced A=cl Band AUB=X,dd A=cd B=cl AU B =
cl (AUB)=cl X = X. O

Theorem 4.1.13. [[19], Theorem 7] Let X be a set. Any family of topologies
on X 1s partially ordered by inclusion. The family of all topologies on X form
a complete lattice under this partial order.
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Proof. 1t is fairly obvious that inclusion is a partial order. Let (7;);c;r be
a nonempty family of topologies on X. Let G = (J,.; 7i and let T be the
topology on X generated by G. Then T; C T for every i € I and T is the
smallest topology on X with this property. Thus 7 is the least upper bound
for (7;)ier. Now let 7 = (,.; Ti. Then 7 is the greatest lower bound for
(Ti)ier- ]

Let X be a set and let 77 and 75 be topologies on X. We will call 75 an
expansion of Ty (and T; a contraction of T ) if T3 is finer than 7y, i.e.
Ti € T3 . An expansion or contraction is said to be proper or improper as
the inclusion 77 C 75 is proper or improper.

Lemma 4.1.14. [[19], Theorem 2] Let X be a set and let Ty and Ty be
topologies on X with Ty C Ty. Let A C X and let € X. Then inty (A) C
intr;(A) and clr,(A) C clr; (A). If x is an accumulation point of A in Ts,
then x is an accumulation point of A in Ty.

Proof. The statements follow immediately from the fact that 7; C 7Ts. O

It is also an easy observation that any expansion of a Tj, T}, Hausdorff, or
Urysohn topological space satisfies the same separation axiom.

Lemma 4.1.15. Every nonempty finite open set in a Ty space contains an
isolated point. In particular, every nonempty finite Ty space has an isolated
point.

Proof. Let X be a T} space. It is clear that any open singleton contains an
isolated point. Let n € N and suppose every nonempty open subset consisting
of at most n elements contains an isolated point. Let U = {1, -+ , 2,11} C
X be open. Pick an open subset V' C X such that |V N {zy, 20} = 1.
Then U NV is an open subset of X consisting of at most n elements. By
assumption, U NV contains an isolated point. Hence U contains an isolated
point. By induction, every nonempty finite open subset of X contains an
isolated point. The second statement follows at once. O

It follows from Theorem 4.1.15 that every Tj-space has dispersion character

infinite or equal to 1.

Theorem 4.1.16. [[19], Theorem 9] Every Ty-space X has an expansion Y
which is a T space and which has the same dispersion character as X.
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Proof. Let (X,T) be a Ty-space and let
T ={UCX:|X\U|<w}U{d},

i.e. the cofinite topology on X. Let T” be the topology generated by T UT".
Since T is a Ty-space, T" is a Tj-space. Suppose A(X,7) = 1. Since
T C 7" A(X,7”) = 1. On the other hand, if A(X,7) is infinite, the
intersection of any open set U € T with an open set V € T’ must have the
same cardinal number as U, since the removal of a finite number of points
from an infinite set does not change the cardinal number of that set. Hence

A(X,T) = AX, T"). O

Theorem 4.1.17. Every Hausdorff space X has an expansion Y which is
a Urysohn space, whose isolated points are exactly the isolated points in X,
and which has the dispersion character equal to the dispersion character of

X.

Proof. [[19], Theorem 10]. O

Theorem 4.1.18. Let X be a set and let (T;)icr be a nonempty family of
topologies on X completely ordered by inclusion. If T; is Ty, Tv, Hausdorff
or Urysohn, for some j € I, then the least upper bound of (T;)icr satisfies
the same separation property. If T; is reqular (completely regular) for every
i € 1, then the least upper bound of (7T;)icr is reqular (completely regular).

Proof. [[19], Theorem 11]. O

Definition 4.1.19. Let s be a cardinal number and let P be a property
intelligible for topological spaces. Let (X, 7T) be a topological space. (X, T)
is called k-mazimal with respect P if T is maximal among topologies on X
satisfying the following properties.

(a) AX,T) = &,
(b) (X, T) has the property P.

Definition 4.1.20. Let k be a cardinal number and let (X,7) be a topo-
logical space. (X, 7)) is called k-mazimal if T is maximal among topologies
on X with dispersion character greater than or equal to k. An w-maximal
space is simply said to be mazximal.



4.1 Almost maximal spaces and almost maximal left topological groups 134

Let P be a property intelligible of topological spaces. If every expansion of
a space with the property P has the property P, then P is called expansion-
invariant. In [[19], Theorems 12-16], Hewitt showed that certain topolo-
gies has xk-maximal expansions with respect to some properties. Further, he
proved that every maximal space is irresolvable. In [14], van Douwen proved
that there exists a countable regular maximal space in ZFC. In [38], Ma-
lykhin proved, under Martin’s Axiom (to be stated later), that there exists a
nondiscrete Hausdorff topological group whose underlying space is maximal.
In particular, maximal spaces exist.

In the sequel our maximal topological spaces are Hausdorff. The follow-
ing lemma gives two characterizations of maximal spaces among Hausdorff
spaces.

Proposition 4.1.21. [[62], Proposition 2.1] Let (X, T) be a Hausdor(f topo-
logical space. The following statements are equivalent.

(1) X is mazimal,

(2) X is without isolated points, extremally disconnected and has no resolv-
able subspaces and no nonclosed nowhere dense subsets,

(3) for each x € X there is exactly one nonprincipal ultrafilter on X con-
verging to x.

Proof. Let X = (X, T).

(1) = (2): It is clear that X has no isolated points. Assume that X is not
extremally disconnected. Let V' be an open subset of X with a nonopen
closure ¢/ V. Then TU{U Necl V : U € T} is a base for a topology Ty
on X which refines 7. Notice that ¢/ V' C X has no isolated points in 7.
Consequently, if UNcl V 2 (), then U N el V is infinite. Hence, (X, 77) has
no isolated points, a contradiction.

Assume that X has a resolvable subspace Y. Let A be a subset of Y such
that A and Y\ A are dense in Y. Then A C X is a nonopen subset without
isolated points. Hence, one can refine 7 to the topology 7; without isolated
points by taking as a base T U{UNA: U € T}, a contradiction.

Assume now that X has a nonclosed nowhere dense subset B. Let z €
¢l B\ Bandlet Z = (X \ ¢ B)U{z}. Then Z C X is a nonopen subset
without isolated points. Hence, one can refine 7 to the topology 7; without
isolated points by taking as a base T U{U N Z : U € T}, a contradiction.
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(2) = (3): First we prove that every nonprincipal ultrafilter p on X con-
verging to a point x € X has a base of open subsets. To this end, let A € p
and suppose that int A ¢ p. Let B= A\ ((int A)U{z}). Then B € p and
int B=10. Put U = int ¢/ B. We claim that U = (). Indeed, otherwise B
is nowhere dense and, since x € ¢/ B, nonclosed. Put C = U N B. Then C
is dense in U and int C' = (), hence U \ C' is also dense in U, so U is resolv-
able, a contradiction. Now suppose that there are two different nonprincipal
ultrafilters p and ¢ on X converging to a point x € X. Choose disjoint open
subsets U, € p and U, € ¢. Then x € ¢l U, Ncl Uy, so X is not extremally
disconnected, a contradiction.

(3) = (1) Let X = (X,7) and let 7; be any refinement of 7. Then there
exists a nonprincipal ultrafilter p on X which is convergent to a point x € X
in 7 but is not convergent in 7. But then z is an isolated point in 77. Hence,
T is maximal. O

Corollary 4.1.22. A homogeneous space is maximal if and only if it is
nondiscrete, extremally disconnected, irresolvable and has no nonclosed nowhere
dense subsets.

Proof. 1t is immediate from Proposition 4.1.21 and Proposition 4.1.12. [

Definition 4.1.23. A topological (left topological) group G is called mazimal
if its underlying space is maximal.

Proposition 4.1.24. Let G be an infinite group with identity e and let p €
G* be an idempotent. Then G(p) is mazximal.

Proof. Recall that the topology T of G(p) is
T={UCG:a'Ucp foreverya € U}

with the neighborhood filter at e equal to the family {A U {e} : A € p}, see
Section 2.2. Since pp = p, T is Hausdorff. Suppose there exists a topology T~
on G such that 7 C 7’ and G has no isolated points in 7. Pick V € T'\ T
and pick a € V such that a™'V ¢ p. Then G \ a='V € p. Therefore
(G\ a~'V)U{e} is a neighborhood of e in T, and thus a((G\a 'V)U{e}) =
(G\V)U{a} is a neighborhood of @ in 7. Then (G\V)U{a} is a neighborhood
of ain 7'. But then (G\ V)U{a}) NV = {a} is a neighborhood of @ in T,
a contradiction. O

Conversely we have the following.
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Proposition 4.1.25. Let (G, T) be an infinite mazimal left topological group.
There exists an idempotent p € G* such that (G, T) = G(p).

Proof. [[53], Theorem 1.1] O

Corollary 4.1.26. Let G be an infinite group. There is a bijection between
the mazximal left invariant topologies on G and the idempotents in G*.
We recall that in a semigroup .S, an idempotent p € S is said to be strongly
right maximal if the equation xp = p has the unique solution x = p.
Theorem 4.1.27. Let G be an infinite group with identity e and let p € G*.
Let T be the topology for G(p). Then the following are equivalent.

1. T 1is regular.

2. The idempotent p is strongly right maximal in G*.

3. The map (py)|c is a homeomorphism from G(p) onto Gp.
4. T is reqular and extremally disconnected.
5

. T is zero dimensional.

Proof. [[29], Theorem 9.15] O

Corollary 4.1.28. Let G be an infinite group with identity e and let p €
G*. The topologies of the groups G(p) and G[p| coincide if and only if the
underlying space of G(p) is reqular.

Corollary 4.1.29. Let G be an infinite group with identity e and let p € G*
be an idempotent. If p is strongly right mazimal, then G(p) is homogeneous,
zero dimensional, Hausdorff, extremally disconnected, and maximal among
all topologies without isolated points. Distinct strongly right mazimal idem-
potents q and r give rise to distinct topologies G(q) and G(r).

Proof. [[29], Corollary 9.17] O

Definition 4.1.30. A topological space X is called almost mazimal if it is
without isolated points and for every z € X there are only finitely many
nonprincipal ultrafilters on X converging to z.



4.1 Almost maximal spaces and almost maximal left topological groups 137

Note that as a consequence of Proposition 4.1.21, every maximal space is
almost maximal. By an almost maximal topological (left topological) group
we will mean a topological (respectively, left topological) group whose un-
derlying space is almost maximal.

Note that every almost maximal left topological group G gives a finite semi-
group Ult(G). Conversely, by Proposition 2.1.13, if every finite semigroup
can be realized as a subsemigroup of G* for some left topological group G,
then every finite semigroup is an ultrafilter semigroup. We will return to this
remark in the next section.

Proposition 4.1.31. [[62], Proposition 2.6] Let G be an Abelian torsion free
group. Then every almost maximal left invariant topology on G is Hausdorff.

Proof. Let T be an almost maximal left invariant topology on G and let
S = Ult(T). Then S is finite. Assume on the contrary that 7 is not
Hausdorff. Then there is a € G \ {0} such that (a +5) NS # 0. It follows
that {¢ € S :a+ g € S} is a nonempty and, obviously, a subsemigroup of S
(and even a right ideal), and consequently, as any finite semigroup, has an
idempotent. Thus, there is an idempotent p € S with a +p € S. Since p is
an idempotent and G is Abelian, (a+p) +---+(a+p) = (a+---+a) +p.
Hence na + p € S for all n € N. Since G is torsion free, all elements na are
different. But then all elements na + p are different as well, so S is infinite,
a contradiction. It follows that 7 is Hausdorff. m

Corollary 4.1.32. Let G be an Abelian torsion free group and let T be an
almost mazimal left invariant topology on G. Then |Ult(G)| =1 if and only
if (G, T) is mazimal.

Proof. By Proposition 4.1.31, (G,T) is Hausdorff. Suppose |Ult(G)| = 1.
Since (G, T) is homogeneous, for every x € G there is exactly one nonprinci-
pal ultrafilter on G converging to x. Therefore, by Proposition 4.1.21, (G, T)
is maximal. The converse follows directly from Proposition 4.1.21. O

In [63] it was proved that there are no nontrivial finite groups in SN. In fact,
it was proved that for any countable group G and any finite group F' in G,
if the subgroup {z € G : *F = F} is trivial, the group F is trivial as well.
The following theorem follows from this result and Proposition 2.1.9.

Theorem 4.1.33. [[62], Proposition 2.7] For every countable Hausdorff left
topological group G, the ultrafilter Ult(G) has no nontrivial finite subgroups.
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Corollary 4.1.34. Let GG be a countable Abelian group and let T be an almost
mazimal left invariant topology on G. Then T is Hausdorff if and only if
Ult(T) has no nontrivial subgroups.

Proof. =: This implication follows directly from Theorem 4.1.33.

<: Let S = Ult(T). Suppose S has no nontrivial finite subgroups and
assume that 7 is not Hausdorff. Then there exists a € G\ {0} such that
(a+S)NS # 0. Then, as in the proof of Proposition 4.1.31, there is an
idempotent p € S such that (a) +p C S, where (a) = {na : n € N}. Clearly
(a) + p is a subsemigroup isomorphic to (a). Since S is finite, (a) + p is a
finite subgroup, a contradiction. O

Let ¢ be a filter on a topological space X. We recall the following. ¢ is called
open (respectively, closed) if ¢ has a base consisting of open (respectively,
closed) subsets. We will denote by ¢ ¢ the largest closed filter on X con-
tained in ¢ and by ¢° the largest open filter (possibly improper) containing

@Y.

Lemma 4.1.35. [[62], Lemma 2.10] Let G be an almost mazimal left topo-
logical group, let S = Ult(G), and let ¢ be a filter on G. Then

(a) ) is closed if and only if for every p € BG \ 1, pS N = 0,

(b) 1 is open if and only if S C 1p.

Proof. (a) Suppose ¢ is closed. Let p € G\ 1. Then 1) € p. Pick a closed
Fey\pandlet U =G\ F. Then p € U and U N+ = (). Since U is
open, U-S CU. Since pSNYy CU-SNyY =0, pSNy = 0.
Conversely, assume for every p € G \ ¢, pS N1 = () and assume that
¥ is not closed. Then there is U € v such that U is not closed. Given
V € 4, pick 1y € ¢ V\U. Then e € ¢/ zy,'V. Then the family
{N : N is a neighborhood of the identity } U {z},'V} has the finite in-
tersection property and, therefore, is contained in some ultrafilter gy .
Then ¢y € S and x‘le € gy, or equivalently, V' € zyqy. Since S is
finite, one may suppose that ¢ = ¢ is the same filter. Pick an ultrafil-
ter p on G such that for every V € ¢, {zw : W € pand W C V} € p.
Then pg € ¢ and G\ U € p, so p € BG \ ¥.

(b) Suppose ¢ is open. Then by Corollary 2.1.11, S C . B
Conversely, suppose 1S C ¢ and let U € 9. For every p € ¢ and
q €S, U € pq, so there exists A,, € p such that A,,-¢ C U. Denote
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Vo =U,e5 Apg- Then V, € Ypand V,-qCU. Let V = MNyes Va- Then
VeyandV-S CU. Finally, put W = {x € U : 25 C U}. Clearly,
W is open and, since VC W, W € 1. Hence, ¢ is open.

]

Corollary 4.1.36. Let G be an almost mazximal left topological group, let
S =Ult(G), and let 1 be a filter on G. Then

(a) clp =y U{p € BG:pSni 0},
(b) v°={pep:pSCi}.

Proposition 4.1.37. [[62], Proposition 2.12] Let (G,T) be an almost maz-
imal left topological group and let S = Ult(T). Then

(1) T is regular if and only if S* is left saturated in SG,
(2) if T is Hausdorff, T is reqular if and only if S is left saturated in G*.

Proof. (1) (=): This implication is Lemma 2.1.15.

(=): Note that T is regular if and only if the neighborhood filter of the
identity is closed. Now suppose S! is left saturated in SG. Let N be the
neighborhood filter at the identity, so that S* = . Let p € BG\N. Since G
is cancellative, pS C G*. Therefore, pSNN = pSNS! = pSNS C pS'NS! =
0. It follows that pS NN = (). By Lemma 4.1.13 (a), N is closed. Hence T
is regular.

(2) Assume T is regular. Then, by (1), St is left saturated in SG and, thus,
S is left saturated in G*. Conversely, suppose S is left saturated in SG. By
(1) it suffices to show that S! is left saturated in BG. Let p € BG \ S
If p¢ G, then pS*'N St = (PSUS)NSt = PSUS)NS = 0. Suppose
p € G. Since T is Hausdorff, pS NS = 0 by Proposition 2.1.9. Then
pStNSt = (pSu{ph) NSt =pSNSt=pSnNS=0. O

The following is a stronger version of Proposition 4.1.37.

Proposition 4.1.38. [[62], Proposition 2.13] Let G be an almost mazximal
left topological group, let X be an open neighborhood of the identity, and let
S =Ult(G). Then

(a) X is regular iff for every x € X and p € X \ S, pSNazS =10,
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(b) if G is Hausdorff, X is reqular iff for every x € X and p € X*\ xS,
pSNxS =0, where X? =X\ X,

(c) if G is Hausdorff and X is a subsemigroup such that for every x € X,
le7 X\ X| < w, then X is reqular iff S is left saturated in X*.

Proof. First we note the following. For every x € GG, the neighborhood filter
at x is given ¢, = N, where N is the neighborhood filter at the identity.
Thus ¢, = 25'. X is regular if and only if for every x € X, ¢, is closed.

(a) =: Suppose X is regular. Then zS' is closed. Let z € X and let
p € X\ zS'. By Lemma 4.1.35 (a), pSNzS* = (). Since pSNaS C pSNaS?,
pSNazS = 0.

<: Conversely, suppose the condition is satisfied. Let z € X and let p €
BG \ ¢,. By assumption, pS N xS = @. It remains to show that = ¢ pS.
Since G is cancellative, G* is an ideal of SG. Therefore, pS C G* and, thus,
x ¢ pS. It follows that ¢, is closed and, hence, X is regular.

(b) Suppose G is Hausdorff. Then for every z € G \ {e}, xtSN S = 0. Then
the result follows from (a).

(c) We can rewrite condition (b) as follows: for every z € X and g € 71 X*\
S, ¢SNS = 0. Note that in this case z7'X* = X*. Then the results
follows. O

Corollary 4.1.39. Let S be a finite subsemigroup in N* C Z* and let T be a
left invariant topology on Z with Ult(T) = S. Then X = NU{0} is an open
neighborhood of 0 € Z in T and X is reqular if and only if S is left saturated
in N*.

Proof. Let ¢ be the neighborhood filter of 0 in 7. Then ¢ = S'. Since S C
N*, N € p for every p € S. It follows that X is a neighborhood of 0 in 7. For
everyxz € X, 2+X ={n € N:n >z} C X and z+X is a neighborhood of .
Therefore, X is open. Since (Z,+) is Abelian, T is Hausdorff, by Proposition

41.31. Forany z e N, [(—z+ X))\ X|={—-2,—2+1,--- -1} =2z < w
and [(—=0+ X)\ X| =|X \ X| =0 < w . Therefore, the remaining statement
follows from Proposition 4.1.38 (c). O

Proposition 4.1.40. [[62], Proposition 2.15] Let (G, T) be an almost max-
imal left topological group and let S = Ult(G). Then

(a) T is extremally disconnected if and only if K(S) consists of only one
manimal right ideal,

(b) T is irresolvable if and only if K(S) is a left zero semigroup,
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(c) for every p € S, p does not contain nowhere dense subsets if and only
if p € K(S5),

(d) (G, T) has no nonclosed nowhere dense subsets if and only if S = K(S).

Proof. (a) We note that the implication from the right to the left is Lemma
2.1.14, but we give a complete proof here.

T is extremally disconnected if and only if there are no two disjoint open
sets having e as an accumulation point, consequently by Lemma 4.1.35 (b),
if and only if there are no two disjoint right ideals in S, so if and only if
K(S) has only one minimal right ideal (since distinct minimal right ideals
are disjoint).

(b) T is irresolvable if and only if there is an open ultrafilter on G' converging
to e, consequently, by Lemma 4.1.35 (b), if and only if there is a singleton
right ideal in S, so if and only if K(S) is a left zero semigroup.

(¢) p does not contain nowhere dense subsets if and only if (¢/ p)° # (. By
Corollary 4.1.36, cfp = {p} U {q € BG : p € ¢S} and (¢l p)° = {q € cl p :
qS Cclp}. Ifp ¢ K(S), cl p NK(S) =0 and then (cf p)° = 0. If p € K(S),
¢l p D pS and then p € ( ¢/ p)°.

(d) (G, T) has no nonclosed nowhere dense subsets if and only if for every
p € S, p does not contain nowhere dense subsets (if A € p is nowhere dense,
then A\ {e} is nonclosed nowhere dense), consequently, by (c), if and only
if §=K(9). O

4.2 Projectives in the category of finite semi-
groups
We will call an object S in some category a projective if for every morphism

f S — @ and every surjective morphism ¢ : T" — () there exists a morphism
h:S — @ such that the diagram

T—>Q

commutes, i.e. goh = f. We will call S an absolute coretract if for every
surjective morphism f : 7" — S there exists a morphism g : S — 7" such that
fog=1idg. It is clear from the following diagram that if S is a projective,
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then S is an absolute coretract.

S
g /
Pl J{ids
¥
T—>5
!
In some categories these notions coincide.

Theorem 4.2.1. For every countable regular almost mazimal left topological
group G, Ult(G) is a projective in the category of finite semigroups.

Proof. Proof. Let S = Ult(G), let @ be a finite semigroup, and let f : S — @
be a homomorphism. Since S is finite, it suffices to prove that f is proper
by Corollary 2.3.15. For each p € S, choose C, € p such that C, N C, = 0 if
p # ¢, and choose A, € p such that A, C C,, X = UpeU A, U {e} is open in
G, and A, -q C Cpq for all p,q € S. Then for every p € S and z € A,, there
exists a neighborhood V,, of e € X such that z(V, NA4,) C A,, forall ¢ € S.
Define fy : X — @ putting for every p € S and z € A,, fo(x) = f(p). Then
fo is a local homomorphism inducing f, i.e. %‘S =f. O

Projectives in FinS were described in [67, 73, 62]. In [67] the author came to
projectives in FinS from projectives in KHausRS. As we remarked in the
previous section, if every finite semigroup can be realized as a subsemigroup
of G* for some left topological group G, then every finite semigroup is an
ultrafilter semigroup. The absolute coretracts in KHausRS arose in solving
the following two questions. The first question is: Which finite semigroups
are ultrafilter semigroups of topological groups? The second question is con-
cerned with the semigroup SN. Until now it is not known whether SN has
elements of finite order other than idempotents. Which finite bands exist in
ON? It is well known that SN contains closed subsemigroups admitting a
continuous homomorphism onto any finite semigroup. Hence, SN contains
isomorphic copies of any finite absolute coretract in KHausRS.

In [67] the author described finite idempotent absolute coretracts in KHausRS
and proved that these are precisely idempotent absolute coretracts in FinS.
All projectives in FinS turned out to be bands decomposing into a certain
chain of rectangular components.

Denote by W the semigroup of words of the form a ---a,u, ---u;, where
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ag, up € w, 1 <k <n < w, with the operation

A Qplly, ** - Uy if n=m,
a/l"'anvn"'vl'bl"'bmvm"'vl: a/l...anun...um+1fvm...'v1 1fn>m’
ay - Qpbpiy - by -o-vyp i n<m.

It is clear that W is a band. In fact, it is clear that W is a rectangu-
lar band. For every n € N, denote by W, the subset of W consisting
of all words of length 2n. Then W, is clearly a rectangular band. Let
T = a1 AUy ---uy € W, and let y = by - b0, - - - v; for some m # n.
Then zy # ay - ayv, ---v1. In particular W, is not contained in another
proper rectangular subsemigroup of W. Hence W, is a rectangular compo-
nent. In addition, it is easy to see that for any n € N, W,y C W,, . W,,.
Hence W decomposes into a decreasing chain of the rectangular components
W,. (See the paragraph just after the proof of Remark 1.2.13 for the partial
order on the set of rectangular components of a band).

Next denote by M the set of all matrices M = (m;;)};_, without the main
diagonal (m;;), where n € N and m; ; € w, satisfying the following conditions
for every k € Nwith 1 <k <n:

(@) mor <myg-- <my_1p € Nand myo <mpy < - <myy_1 €N,

(b) either my_1 4, =1 and my_1 441 = -+ = Mp_1, = 0 or my 1 = 1 and

Mpy1 -1 =+ = My -1 = 0.

These are precisely matrices of the form:
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B 1 0 0
+ W1 0 0
* + W 0 0 0 0 0
H 1
+ B 4+ x *
« 1 W + * %
0O 1 1| *
0 . 0 0
0 0 O H -
0 0 0 1 1 0 --- O
x + W 1 0 0
* + N 0 O
0 0 . . 0
* m 1
* % + B + x
* x 1 W +
0O 1 |
0 0 0

and their transposes, where + is a positive integer, * is a nonnegative integer,
and all rows and columns are nondecreasing up to the main diagonal.

For every M = (m;;)i;—g € M, denote by W (M) the subsemigroup of
U?IlVVi which consists of all words ay---agug---u; € Wi, 1 < k < n,
satisfying the following conditions:

(a) both ag # 0 and uy # 0,
(b) forevery j <i<k,ifa;y; =---=a;_; =0, then a; < m;;, and dually,

if Ujp1 = =" = Uj—1 = O, then U; S mg .

It can be shown that for different matrices M € M, the semigroups W (M)
are nonisomorphic. The following theorem has been obtained.

Theorem 4.2.2. [[62], Theorem 4.2] For every finite semigroup S the fol-
lowing statements are equivalent.

1. S is isomorphic to W(M) for some M € M,

2. S is a projective in FinS,
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3. S is an absolute coretract in FinS,
4. S is a projective in KHausRS,,

5. S 1s an absolute coretract in KHausRS.
Proof. See [62, 73] O

As we will see in the next section, under Martin’s Axiom each of the state-
ments in Theorem 4.2.2 is equivalent to the following statement.

S is isomorphic to Ult(G) for some countable almost maximal topolog-
ical group G.

Corollary 4.2.3. For each countable reqular almost maximal left topological
group G, the semigroup Ult(G) is isomorphic to W (M) for some M € M.

Proof. This is immediate from Theorem 4.2.1 and Theorem 4.2.2. O

Theorem 4.2.4. Let G be a countable group and let S be a finite subsemi-
group in G* such that S* is left saturated in SG. Then S is isomorphic to
W (M) for some M € M.

Proof. Since S is a finite subsemigroup of G*, S = Ult(T) for some left
invariant topology 7 on G. Since Ult(T) is finite and (G, T") is homogeneous,
(G, T) is almost maximal. Since S! is left saturated in 3G, T is regular.
Therefore, by Theorem 4.2.1, S is a projective in FinS. The result follows
by Theorem 4.2.2. O]

4.3 Almost maximal topological groups

We start this section by stating Martin’s Axiom (MA) and some related
concepts.

Definition 4.3.1. Let (P, <) be a partially ordered set.

(a) Two elements a,b € P are said to be compatible if there exists ¢ € P
such that ¢ < a and ¢ < b. Otherwise a and b are incompatible.



4.3 Almost maximal topological groups 146

(b) P is called a c.c.c. partially ordered set if whenever D is a subset of P
consisting of pairwise incompatible elements (i.e. D is an antichain),
one has that D is countable.

(¢) A subset D C P is dense in P if for every a € P, there exists d € D
with d < a.

(d) A filter on P is a nonempty subset G C P satisfying the following
conditions.
(i) For every elements a,b € G, there is ¢ € G with ¢ < a and ¢ <.
(ii)) For every a € Gand b€ P, if a <b, then b € G.

(c.c.c. stands for countable chain condition.)

When we say that a topological space X is c.c.c., we mean the topology on X
with set inclusion is a c.c.c. partially ordered set. Thus a topological space
is c.c.c. if and only if there is no uncountable family of pairwise disjoint
nonempty open subsets of X.

Lemma 4.3.2. Every separable topological space is c.c.c.

Proof. Let X be separable. Pick a countable dense subset D of X. Let G be
a family of pairwise disjoint nonempty open subsets of X. For each U € G,
pick xy € UN D. Then xy # xy for U # V. Therefore, the correspondence
G > U — zy € D is injective. It follows that G is countable. O]

Theorem 4.3.3. Let (X;)ier be a family of c.c.c. topological spaces such that
for any finite F C I, the product [[,cp X; is c.c.c.. Then [[;; X; is c.c.c.

Proof. [[36], Theorem 1.9]. O

Definition 4.3.4. Let sk be an infinite cardinal.

(a) MA(k) is the assertion that whenever P is a c.c.c. partially ordered set
and D is a family of at most x dense subsets of P, there is a filter GG
on P such that G N D # () for all D € D.

(b) Martin’s Axiom is the assertion that for all cardinals x with w < K < 2%,

MA (k).
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(¢) P(k) is the following assertion: Whenever A is a family of subsets of
N such that |A| < k and |AgN---NA,| =w for any Ay, -, A, € A,
then there is an infinite subset I C N such that |I \ A| < w for every
Ae A

Theorem 4.3.5.

(a) If Kk < K" and MA(K') is true, then MA(k) is true.
(b) MA(w) is true.
(¢c) P((2)") is false.

Proof. (a) This statement is obvious.

(b) Let P be a c.c.c. partially ordered set and let D be a family of at most
w dense subsets of P. Enumerate D as D = {Dy, Dy, Ds,---}. Pick any
dy € Dy. Since D; is dense, we can pick d; € D such that d; < dy. Since Dy
is dense, pick dy € D, such that dy < d;. Continuing in this way, we obtain
a decreasing sequence (d,),<, with d,, € D,, for all n < w. Let

G={beP:d, <bfor somen < w}.

Then G is a filter and G N D # () for all D € D.

(c) This is obvious, consider any nonprincipal ultrafilter A on N. O]

Theorem 4.3.6. MA(2¥) is false.

As a proof to this theorem, we look at the following example.

Example 4.3.7. Let P = {p Cw x 2: |p| < w and p is a function}. Define
a partial order < on P by p < ¢ if and only if ¢ C p. Then p and ¢ are
compatible if and only if they agree on dom(p) N dom(q). If p and ¢ are
compatible, then p U ¢ is a function and it is the greatest lower bound of p
and ¢. Since |P| = w, P is a c.c.c. partially ordered set. Let G be a filter
on IP. Since elements of G are compatible, we can form f; = (JG. For each
n€w,let D, ={p€P:n¢&dom(p)}. It is clear that any function in P can
be extended to a function in D,,. Therefore D,, is dense. If G N D,, # () for
all n € w, then dom(fg) = w.

Given any function h : w — 2, let

Ep={p €P:p(n)# h(n) for some n € dom(p)}.
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Then E}, is dense. If GN Ey, # 0, then fg # h.
Let
D={D,:n€w}tU{E,: his a function from w to 2}.

Then |D| =2%. If GN D # () for every D € D, then f¢ is a function from w
to 2 which is different from every function from w to 2, which is impossible.
Hence MA(2¥) is false.

We can then observe that MA can be stated as follows: For every x, MA(k)
if and only if kK < 2“. One of the important consequences of MA is the
following result, known as the combinatorial principle: For any cardinal k,
P(k) if and only if Kk < 2%.

Theorem 4.3.8. For any k > w, the following statements are equivalent.

(a) MA(k).
(b) If X is a compact c.c.c. Hausdorff space and (Uy)a<r s a family of
dense open subsets of X, then (., Us # 0.

Definition 4.3.9. Let X be a topological space and let z € X. z is called a
P-point if the intersection of any family of open neighborhoods of z is a (not
necessarily open) neighborhood of z.

Definition 4.3.10. Let X be a set and let A C P(X).

(a) A is called an almost disjoint family if whenever A and B are distinct
members of A, |[ANB| < w.

(b) A is called a maximal almost disjoint family if it is an almost disjoint
family which is not properly contained in any other almost disjoint
family.

We list some main results about almost maximal topological groups. These
results solved several questions in general topology. In particular the question
of whether every irresolvable topological group is extremally disconnected.

(1) As mentioned earlier, under Martin’s Axiom, a countable maximal
topological group has been constructed, [38].

(2) Every maximal topological group contains a countable open Boolean
subgroup, [39].
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(3) The existence of a maximal topological group implies the existence of
a P-point, [52].

(4) In [72], under Martin’s Axiom, there were constructed some almost
maximal topological groups.

(5) In [70] it was proved that every almost maximal Abelian topological
group contains a countable open Boolean subgroup and its existence
implies the existence of a P-point in N*.

Next we present an exhaustive construction of countable almost maximal
topological groups, which was initially done in [62].

Lemma 4.3.11. [[62], Lemma 5.1] Let G be an infinite group and let S =
{pi : 1 <m} =79 be a finite semigroup in G*. Then for any pairwise disjoint
A; € pi, it < m, and for any G 2 © — B, € ¢, there exists a sequence
(Tn)n<w in G such that

(a) x, € A;, where i, =n(mod m),

(b) for every Kk < w and ng < --- < Ny < w, one has Tp, -+ - Ty, € A,
where i is defined by p; = pi, - Pin,

(c) for every 0 < k < w, FP((xy)k<n<w) C[W{Bz:x € FP((xn)n<k)}-

Proof. We will construct a sequence (z,)n<. satisfying (a)-(c) and, in addi-
tion,

(d) forall k <w,ng<---<np<wandpe€S, onehasmno---xnkpgzi,
where p; = Piny " Din, P,

() forall 0 < k < wand p € §, FP((n)i<ncw)p C [(VBs : 7 € FP((mnner)}.

Choose Cy € po such that Cy C Ay and for all p € S, Cop C A;, where
pop = pi- Then fix 0 < | < w and assume that we have constructed a
sequence (z,)n<; satisfying (a) - (e). Let j < m and j = l(mod m). Choose
C; € p; such that the following conditions are satisfied.

(1) G C A;.

(2) For all k < wand ng < --- < ny, < I, one has x,,---x,, C C; C A,
where p; = Piny * Diy, Pj-
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(3) For all 0 < k < I, FP((2n)k<n<t)Ci € ({Ba : © € FP((n)n<k)}-
(4) For all p € S, Cip C A;, where p; = p;p.

(5) Forallk <w,ng < --- <mng <landp € S, one has z,,, - - 2, Cip C A,
where p; = pi,, * Pi,, DiD-

6) Forallpe S, Cip C (B : 2 € FP(2n)na)}

(7) Forall0 <k <w andp S Sa FP((xn)k§n<l)€lp - m{Bﬂc HES FP((xn)n<k)}

Then choose z; € C;. O

Theorem 4.3.12. [[62], Theorem 5.2] Under MA, for each finite absolute
coretract S in KHausRS, there is a group topology T on the countable
Boolean group B with Ult(T) isomorphic to S.

Proof. Enumerate subsets of B as {Z, : @« < 2} and let Y = {y, : n < w}
be the standard base for B, that is

() = 1, if n=m,
YnJm =1 0, if n#m.

and let

U= m FS((yn)m§n<w>
m<w
Then U is the ultrafilter semigroup for the strong direct sum topology on B.
Take any mapping fo: Y — S with |f; ! (p)| = w for all p € S. Extend f; to
the local homomorphism f : B — S by f(yny+- - +Ynr) = fo(Yno) =+ fo(Uny)s
where ng < --- < ng. Let 7 : U — S be the proper homomorphism induced
by f. For every p € S, put

sz{yn0+"'+ynk:k<w7 ng < - <ng <w, f(yn0>f(ynk):p}

We will call a sequence (z,),<, in B correct if for every n < w, n # 0
and max supp(x,) < min supp(z,41). For every a < 2*_ we shall construct
a correct sequence (Top)n<w 0 B with X, = {24, : n < w} and V,, =
FS((an)n<w) such that

(1) for every 8 < a, | Xo \ V3| < w,

(2) for every p € S, | X, N B,| =w, and
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(3) for every p € S, either V, N B, C Z, or V, N B, C B\ Z,.

Since S is an absolute coretract in KHausRS, there is an embedding ¢ :
S — U such that m o ¢y = idg. For every p € S, choose Ay, € £o(p) such
that either Ayg, C Zy or Ag, C B\ Zy, and put 4y = Upes Ap,. Using
Lemma 4.3.11, choose a correct sequence (Z, 0)n<, such that for every p € S,
| XoN B,| =w and V; C Ay.

Fix a < 2¥ and assume that we have constructed sequences (23, )n<w, 8 < @,
satisfying conditions (1)-(3). Using the combinatorial principle, choose a
correct sequence (Yo n)n<w such that for every 5 < a, |Y, \ V3| < w and for
every p € S, |Y, N By| = w, where Y, = {yo, : n < w}. Put

Ua = ﬂ FS((ya,n)mﬁnQu)

m<w

and let ¢, : S — U, be an embedding such that m o e, = idg. For every
p € S, choose A, , € €,(p) such that either A,, C Z, or A,, CB\ Z,, and
put A, = UpES Aqap. Then, using Lemma 4.3.11, choose a correct sequence
(Tan)n<w satisfying (2) and with V,, C A,.

The subgroups V,, U {0}, @ < 2¥, form a neighborhood base of 0 in a group
topology 7 on B. For every p € S, the subsets V, N B,, a < 2¥, form a
base of an ultrafilter p’ on B. Put S’ = {p' : p € S}. Then S' = Ult(T) and
mg :S' 3 p' — p €S is an isomorphism. H

Recall from the previous section that for every M = (m;;)7,—o € M, W (M)
denotes the subsemigroup of | J;_, W; consisting of all words a; - - - apuy - - - uy €
Wi, 1 < k < n, satisfying the following conditions:

(a) both ay # 0 and uy # 0,

(b) forevery j <i<k,ifa;y; =+ =a;_; =0, then a; < m;;, and dually,
if Ujp1 = " = Uj—1 = O, then U; S mi .

Applying Theorem 4.3.12 and Proposition 4.1.40, for each combination of
the properties of being extremally disconnected, irresolvable and having no
nonclosed nowhere dense subsets, besides the combination (-,-,4), we indicate
under MA the corresponding almost maximal topological group.

|1
1 |
orem 4.3.12, W (M) is isomorphic to the ultrafilter semigroup for some

(1) Let M = . Then W(M) is a 1-element semigroup. By The-
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group topology 7 on B. In particular 7 is maximal. By Proposition
4.1.40, T is extremally disconnected, irresolvable and has no nonclosed
nowhere dense subsets.

. . . m 1 .

(2) The semigroup determined by the matrix M = oom ) B2 2-
element right zero semigroup. It is an ultrafilter of a topological group
satisfying the combination (+,-,+).

. . . H 2 .

(3) The semigroup determined by the matrix M = L om) e 2-
element left zero semigroup. It is an ultrafilter of a topological group
satisfying the combination (-,-+,+).

10

1 B 1

0 1 .
element chain of idempotents. It is an ultrafilter of a topological group
satisfying the combination (+,4,-).

(4) The semigroup determined by the matrix M = is a 2-

B 1 0
1 |1

0 2 N
3-element semigroup consisting of two components. Its second compo-
nent is a 2-element right zero semigroup. W (M) is an ultrafilter of a

topological group satisfying the combination (+,-,-).

(5) The semigroup determined by the matrix M = is a

10
1 B 2

0 2 N
3-element semigroup consisting of two components. Its second compo-
nent is a 2-element left zero semigroup. W (M) is an ultrafilter of a

topological group satisfying the combination (-,+,-).

(6) The semigroup determined by the matrix M = is a

(7) The semigroup determined by the matrix M = is a
5-element semigroup consisting of two components, where the second
component is the 2 x 2-rectangular semigroup. W (M) is an ultrafilter
of a topological group satisfying the combination (-,-,-).

For the combination (-,-,4), there is not even a corresponding countable
regular homogeneous almost maximal space.
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