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Both equations a re  in agreement with equation  3 .8 . The Cg 
fa c to r  which Is c lo s e ly  re la te d  to  the  modulus o f e l a s t i c i t y  of 
th e  aggregate Is  h igher fo r a n d es ite  concre te  than f o '  g ra n ite  
co n c re te . This was expected as the  a rd e s lt*  aggregate has a 
g re a te r  e l a s t ic  modulus than I t s  g ra n ite  c o u n te rp a rt.

The Increase  In concre te  s tren g th  w ith th e  Increase  in modulus of 
e l a s t i c i t y  of th e  aggregate can be a t t r ib u te d  to  the e f f e c t  of 
aggregate r ig id i ty  on s t r e s s  d is t r ib u t io n  In the  concre te  during 
ex te rn a l load ing . I f  we assua* equal s t r a in s ,  th e  p o rtio n  o f th e  
load which Is  taken by 'h e  aggregate in crease s w ith I t s  r ig id i ty  
and consequently  th u t  taken by the p as te  decreases. The s tren g th  
of o rd inary  concre te  is  determ ined m ainly by the  s tre n g th  o f th_ 
p a s te , so a decrease In load ing  on th f  p as te  delays f ra c tu re  and 
thereby  in c rease s  concre te  s tre n g th . Tt should be noted th a t  a 
h igher modulus o f e l a s t i c i t y  u su a lly  involves a s tro n g er 
aggregate^*.

The graph of stone co n ten t a g a in s t s t a t i c  e la s t ic  moduli Is  shown 
in  f ig u re  3 .12 (a) fo r  g ra n ite  and a n d es ite  co n c re te . (The 
curve fo r  c/w « 1.8 fo r g ra n ite  Is  drawn fo r  only two lab o ra to ry  
re s u l t s  as the measurement fo r  c/w » 1.8 a t  stone co n ten t 700 
kg/*3 Is  In c o n s is te n t) . The curves show c le a r ly  th a t  
in c reas in g  stone co n ten t has a minor e f fe c t  fo r  g ra n ite  but an 
ap p reciab le  e f fe c t  fo r a n d e s ite . Obviously the lower g ra n ite  
aggregate modulus has a le s s e r  e f fe c t  on the  composite concre te  
modulus than the  corresponding e f fe c t  of th e  h igher an d es ite  
aggregate modulus. In the l im i t  when the  e la s t ic  modulus o f the 
aggregate i s  equal to  the e l a s t i c  modulus of the  m orta r, the 
e l a s t ic  modulus of the concre te  w ill be independent o f volume of 
aggregate (assuming proper bonding e tc . )

However, the  c/w r a t io  was » mart.-J e f fe c t  on both aggregate 
types e sp e c ia lly  the g ra n ite  co n cre te . Again in c rease  In c/w 
r a t io  and hence increase  In the e la s t ic  modulus of the m ortar
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would have a more marked e f f e c t  on the lower modulus g ran i te  
concrete  than the andes l te  concre te .  For both aggregate types 
the h i g h  stone content  mixes f i t  In with the general t rend of 
lower atone con ten t id x e : .  This show: th a t  the  aggregate 
I n te rp a r t ic le  c o n ta c t;  occurring  In the  h igher atone con ten t 
mlxea do not appear to  have adveraely  a ffe c te d  th e  a t a t l c  e la s t ic  
modulus of the  co n cre te . The concre te  f a i lu r e  loads for  each mlx 
were f a i r ly  c o n s is te n t In d ic a tin g  good experim ental technique.
The f a i lu r e  types are  shown In f ig u re  Z . lu a )  of ch ap te r  2 and 
f a i le d  concre te  specimens are  shown In f ig u re  3 .1 2 (b ).

F a ilu re  type A shows an In c lin e d  f a i lu r e  p lan e , and 8 I s  a 
te n s ile - ty p e  f a i lu r e  due to  v m r t lc l  s p l i t t i n g .  F a ilu re  tvpe C 
I s  an hour g la s s  type f a i lu r e ,  where u ltim a te  f a i lu r e  was by 
crush ing . No rea l p a tte rn  o f f a i lu r e  fo r  the  various stone 
co n ten ts  and ceam nt/w ater r a t io s  was observed. However, f a i lu re  
type 8 was predoahnantly  th e  f a i lu r e  p a tte rn  fo r  both g ra n ite s  
and a n d e s lte s . F a ilu re  type A seldom o ccu rred . Several 
specls*ns fo r  both aggregate  types f a i le d  due to  a com bination o f 
the  f a i lu r e  types snown.

As expected th e  a n d es lte  mixes gave h igher e l a s t ic  smdulus values
than th e i r  g ra n ite  co u n te rp a r ts . Values fo r  the g ra n ite  
concre tes ranged from an average of 23,46 to  33,24 GPa compared
to  3&,81 to  44,35 GPa fo r  a n d e s lte . The ta b le s  3 .9 (a )  and (b)
a lso  show the average P o lsso n 's  r a t io  values fo r  the  c o n c -e te s . 
The P o lsso n 's  r a t io ,  v ,  I s  a lso  com paratively con stan t f r  both 
s e ts  of co n cre te . On average "or g ra n ite  concrete  v  » 3,18 and 
fo r an d es lte  concre te  v ,  0 ,21 .

3 .9 .1 .1  S ta t ic  S tre s s /S tra in  P lo ts

S t r e s s / s t r a i n  p l o t s  w e r e  p r o d u c e d  a u t o g r a p h l c a l l y  f o r  t h e  

s p e c i m e n s  o n  t h e  X - Y  p l o t t e r .  I n  g e n e r a l  t h e  f i r s t  t h r e e  p l o t s  

u p  t o  t h e  ' E '  l o a d  f o r  g r a n i t e  m i x e s  t e n d e d  t o  b e  c o n c a v e  u p w a r d s  

c o m p a r e d  w i t h  t h e  a n d e s l t e s  w h i c h  t e n d e d  t o  b e  c o n c a v e  

d o w n w a r d s .  T h e  a n d e s l t e  c u n c r e t e s  p r o d u c e d  a  m o r e  l i n e a r  

s t r e s s / s t r a i n  c u r v e  t h a n  t h e  g r a n i t e s ,  p r o b a b l y  d u e  t o  t h e  h i g h e r
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would have a more marked e f f e c t  on the lower modulus g ran i te  
concre te  than the an d es lte  co n cre te . For both aggregate types 
the  hlgn stone con ten t mixes f i t  1n w ith the general trend  of 
lower stone con ten t mixes. This shows th a t  the  aggregate 
I n te rp a r t ic le  co ta c ts  o ccu rring  In the  h igher stone con ten t 
mixes do not appear to  have ad verse ly  a ffe c te d  th e  s t a t i c  e la s t ic  
modulus of the  co n c re te . The concre te  f a i lu r e  loads fo r each mix 
were f a i r ly  c o n s is te n t In d ica tin g  good experim ental technique.
The f a i lu re  types a re  shown In f ig u re  2 .1 7 (a ) o f ch ap te r 2 and 
f a i le d  concre te  specimens a re  shown In f ig u re  3 .1 2 (b ).

F a ilu re  type A shows an In c lin ed  f a i lu r e  p lan e , end B Is a 
te n s ile - ty p e  f a i lu r e  due to  v e r t l r ; !  g. F a ilu re  type C
I s  an hour g la s s  type f a i l u r e ,  whs re  a l lu r e  was by
crush ing . No rea l p a tte rn  o f f a i lu r e  various stone
co n ten ts  and cem ent/w ater r a t io s  was observed. However, f a i lu re  
type B was predom inantly the  f a i lu r e  p a tte rn  fo r  both g ra n ite s  
and a n d e s lte s . F a ilu re  type A seldom occurred . Several 
speclsmms fo r  both aggregate types f a i le d  due to  a com bination o f 
the  f a i lu r e  types shown.

As expected the  a n d es lte  mixes gave h igher e l a s t i c  modulus values 
than th e i r  g ra n ite  c o u n te rp a r ts . Values fo r the  g ra n ite  
concre tes ranged from an average of 23,46 to 33.24 SPa coapared 
to  30,81 to  44,35 GPa fo r a n d e s lte . The ta b le s  3 .9 (a )  and (o) 
a lso  show the average P o lsso n 's  t a t lo  values fo r  th e  c o n c re te s . 
The P o lsso n 's  r a t i o ,  v ,  1 s  a lso  com paratively c o n s tan t fo r both 
s e ts  o f co n cre te . On average fo r g ra n ite  concre te  v  « 0 , 1 8  and 
fo r an d es lte  concre te  v .  0 ,21 .

3 .9 .1 .1  S ta t ic  S tre s s /S t"  in  P lo ts

S t r e s s / s t r a i n  p l o t s  w e r e  p r o d u c e d  a u t o g r a p h l c a l l y  f o r  t h e  

s p e c i m e n s  o n  t h e  X - V  p l o t t e r .  I n  g e n e r a l  t h e  f i r s t  t h r e e  p l o t s  

u p  t o  t h e  ' E '  l o a d  f o r  g r a n i t e  n i x e s  t e n d e d  t o  b e  c o n c a v e  u p w a r d s  

c o m p a r e d  w i t h  t h e  a n d e s l t e s  w h l u i  t e n d e d  t o  b e  c o n c a v e  

d o w n w a r d s .  T h e  a n d e s l t e  c o n c r e t e s  p r o d u c e d  a  m o r e  l i n e a r  

s t r e s s / s t r a i n  c u r v e  t h a n  t h e  g r a n i t e s ,  p r o b a b l y  d u e  t o  t h e  h i g h e r
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aggregate t t i f fm e a i .  However, although the specimen; were only 
cycled up to  one th ird  o f the  j l t im a te  cube a treng th  and in a 
short-term  loading co n d itio n , th e  o lo ts  were a l l  somewhat 
c u rv i- l in e a r . The c u r v l - l in e a r i ty  may be due to the d if fe re n t ia l  
response of the paste  and aggregate as a r e s u l t  of the composite 
ac tion  of the  concrete and the cem ent-aggregate bond. A 
reduction in bond stren g th  leads to  an in crease  in 
n o n - l in e a r i ty * . H yste res is  e f fe c ts  were a lso  evident fo r 
both concrete types. However, the  g ra n ite s  ex h ib ited  g re a te r  
h y ste re s is  ind ica ted  by the area  enclosed by the loading and 
unloading curves which is  a measure o f the energy d iss ip a te d  in  
the specimen. H yste resis e f fe c ts  reduced from in i t i a l  p lo ts  
(p lo t 1) to  f in a l E' p lo ts  (p lo t  3 ).

The coagilete s tre s s  s t r a in  curves to  f a i lu re  showed th a t  when the 
in i t i a l  c u rv l- l in e a r  ascending branch exceeded 30% of the 
u ltim ate s t r e s s  level s ig n if ic a n t  ex te rn a l bond cracks were v 
observed. Upon Increasing  to  the  peak nr f a i lu re  s t r e s s ,  m atrix 
and external bond cracks propagated and f in a l ly  the curve 
exh ib ited  a descending branch. The an d eslte  mixes y ie ld ed  more 
extensive descending branches and the  g ra n ite  ex h ib ited  more 
rounded curves. The descending branch Ind ica ted  a cap ac ity  of 
carrying reduced s t r e s s  a t  h igher s t r a in  le v e ls .  However, as 
discussed In chapter 2, the envelope curve Is  not independent of 
the load regime e .g . type of te s t in g  machine.

The concrete p lo ts  were more c u r v i l in e a r  than the paste  or 
mortar curves shown In chap ter 2. This Is due tc  I t s  g re a te r  
in e la s t ic i ty .  There was no rea l tren d  w ith in  the th ree  stone 
contents with respec t to  the p lo ts .  R epresentative p lo ts  fo r 
g ran ites and an d es lte ; are s h e . . !  in  f ig u res 3 . 1 3  a n d  3 . I f  

re sp ec tiv e ly . The p lo ts  are  produced in  a form somewhat 
d if fe re n t from normal s t r e s s / s t r a in  o lo ts  since they were derived 
d ire c tly  from the X-Y p lo t te r  reco rds. The la te r a l  s t r a in  curve 
i s  not t o  t h e  same sc a le  as the long itud inal s t r a i n  curves. The 
la te ra l  s t r a in  curve s t r e s s / s t r a in  ax is are  a lso  om itted fo r 
c l a r i t y .
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F ig u re : 3 .13 (e) end (b) :how the p lo ts  fo r  a g ra n ite  concrete  
of 1300 kg/aP stone con ten t end a cem ent/w ater r a t io  of 1 .5 .
P lo t 1 In f ig u re  3 .13 (e) r le e r ly  he: g re a te r  h y s te re s is  e f f e c t :  
then the two successive curves. This 'bedding in ' cycle  cause: 
damage and hence the energy d is s ip a te d  I :  more ex ten siv e  then 
fo llow ing cy c le s . The s t r e s s / s t r a in  curve a c tu a lly  changes from 
a s l ig h t  concave downwards In p lo t  1 to  approxim ately l in e a r  In 
p lo t  2 to  concave upwards In p lo t  3. P lo t 3 suggests a 
s treng then ing  of the  m aterial and a g re a te r  re s is ta n c e  to  
deform ation . The coegilete s t r e s s / s t r a in  curve In f ig u re  
3 .13(b) 1 : a lso  ty p ic a l of th e  g r a n ite s ,  the  descending branch 
showing p ro g ressive  d e te r io ra t io n  of the concre te  by ex tensive  
crack ing . I t  Is  In te re s t in g  to  note th a t  th e  lo n g itu d in a l 
s t r e s s / s t r a in  curve and the l a te r a l  s t r e s s / s t r a in  curve follow  
th e  same form.

The eq u iv a len t a n d es lte  concrete  1: shown In f ig u re  3 .14 (a) 
and (b ) . The p lo ts  a re  more l in e a r  and e x h ib it  reduced 
h y s te re s l :  e f fe c ts  compared w ith the  g ra n ite  co n cre te . The p lo ts  
change from concave downward to  v i r tu a lly  l in e a r  from p lo t  1 to 
p lo t  3. F igure 3 .14(b) shows the s t r e s s / s t r a in  envelope fo r 
a n d e s lte s . In th i s  p a r t ic u la r  ca se , the a n d es lte  e l a s t ic  modulus 
1s approxim ately 61% g re a te r  than the g ra n ite  modulus and the 
f a i lu r e  load 1: 15% g re a te r . The curves a lso  show th a t  th e  lim it 
of the  an d es lte  s t r a in  In f ig u re  3 .14(b) 1s approxim ately 
3000.10"( w hile fo r g ra n ite  In f ig u re  3 .13(b) I t  Is 
approxim ately 6000.11-*. This could be a t t r ib u te d  to  the 
g re a te r  s t i f f n e s s  a n ' an g u la rity  of the a n d es lte  aggregate mixes 
I . e .  g re a te r  deform ation re s is ta n c e  under load.

Several of the  g ra n ite  mixes rendered f a i r ly  l in e a r  s t r e s s - s t r a ln  
p lo ts .  F igures 3 .15 (a) and (b) show the p lo ts  fo r  a g ra n ite  
concre te  having a stone con ten t of 700 kg/aP and cem ent/water 
r a t io  of 1 ,8 . H yste res is  and creep e f fe c ts  are ev id en t. The 
p lo ts  show th a t  creep Is  more ex tensive  In the lo n g itu d in a l 
d ire c tio n  (th e  d ire c tio n  of app lied  load) than the la te r a l
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d ire c tio n . In g en e ra l, the g ra n ite s  d isp layed  g r e . la r  creep
movement than the an d es ite s .

The corresponding a n d es ite  mix Is p lo t te d  In f ig u re  3.16 and 
d isp lay s s e re  uniform s t r e s s / s t r a in  curves than th e  g ra n ite s  and 
again reduced h y s te re s is .  These p lo ts  a re  concave downwards to  
l in e a r .  Although both mixes have coaqwrable prism s tre n g th s , 
(g ra n ite  f a i lu re  load 316,8 kN and an d es ite  313,2 kN), the 
an d esite  mix has a s t a t i c  modulus of 34,7 GPa compared to  the 
g ra n ite  modulus o f 26.63 GPa. Thus the  s t a t i c  modulus of the 
an d esite  Is  30$ g re a te r  than th a t  of the  g ra n ite  adx. This 
r e s u l t  shows the  importance o f  the  aggregate s t i f f n e s s  w ith 
re sp ec t to  the composite concre te  s t i f f n e s s  - a l l  o th e r  f a c to rs  
being equal. The g re a te r  th e  agy-egate s t i f f n e s s ,  th e  h igher the 
modulus c f  the  con cre te .

3 , 9. 2  Comparison of E la s tic  Moduli fo r  Concrete

The r e s u l ts  o f th e  electrodynam ic and u ltra so n ic  t e s t s  are given 
in  appendixes E and F re sp e c tiv e ly , .a b le :  3 .10 (a) and (b) 
give th e  average values fo r the above m oduli. From both ta b le s  
th e re  would appear to  be major in c o n s is te n c ie s  w ith resp ec t to  
tne  electrodynam ic e l a s t i c  modulus values . This could possib ly  
be due to  some In accu racies o r o v e rsig h ts  in  the experim ental 
method. Sometimes the fundamental frequency was not so c le a r ly  
d efined . Since the square of the fundamental frequency is  
p roportional to  the  dynamic modulus, su b s ta n tia l e r ro rs  can 
occur.

The u ltra so n ic  modulus i s  considerab ly  g re a te r  than  th? 
electrodynam ic modulus 'n  g en e ra l. A ty p ic a l p lo t Is shown In 
f ig u re  3.17 . The curves show c/w r a t io  a g a in s t s t a t i c ,  
electrodynam ic and u ltra so n ic  moduli fo r  an an d es ite  co n cre te , 
stone con ten t 1300 kg/m^. The p lo ts  show th a t the u ltra so n ic  
modulus is  approxim ately tw ice th a t  of the  s ta t i c  and 
electrodynam ic. However, the u ltra so n ic  t e s t  i s  s e n s i t iv e  to
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v a r ia t io n ;  In m oisture c o n ten t* ! . The p u lie  v e lo c ity  lucre*;#* 
w ith In creasing  m oisture c o n ten t. Therefore v a r ia tio n s  In
moisture content  would a f fe c t  the pulse ve lo c i ty  which would 
a f f e c t  the u l t ra so n ic  modulus considerably .

Comparing t a b le  3 .9  and 3.10 I t  Is ev iden t  th a t  the s le c t ro -  
dynemlc modulu; Is  approxim ately equal to  th e  s t a t i c  modulus. 
F igure 3.17 shows th a t  fo r  the case quoted the  s t a t i c  modulu; 
i s  s l ig h t ly  g re a te r  than th e  electrodynam ic modulus. However, In 
some o th er ca se ; th e  electrodynam ic modulus wa; about 30 percen t 
g rea te r  than the corresponding s t a t i c  modulus. This Is  t ru e  for  
both g ra n ite  and a n d es lte  mixes. I t  would appear th a t  the 
accuracy of the  electro^ynam lc t e s t s  performed fo r th i s  work Is  
n o t very good.

Table 3 .10 (a) and (b) a lso  : 'ws th a t  the  electrodynam ic and 
u ltra so n ic  dynamic moduli In crease  w ith Increasin g  stone 
c o n te n t. This has a s l ig h t  e f f e c t  on th e  electrodynam ic moduli, 
but a more pronounced e f f e c t  on the  u l tra so n ic  moduli. As 1; the 
case  with s t a t i c  ro d u lu s , th e  ar,d esites  e x h ib it  h igher 
e lectrodynam ic and u ltra so n ic  moduli than th e  g r a n ite s .  F igure
3.18 and 3.19 show p in ts  o f s t a t i c  e l a s t i c  modulus ag a in s t 
e lectrodynam ic m d u ltra so n ic  moduli fo r g ra n ite  and an d eslte  
concre te  re sp e c tiv e ly . A l in e a r  reg re ss io n  l in e  I s  f i t t e d  fo r 
each s e t  o f d a ta . F igure 3.18 fo r  g ra n ite  concre te  shows a 
g re a te r  s c a t te r  o f r e s u l ts  compared to  the  an d es lte  r e s u l ts  shewn 
*n f ig u re  3 .19 . From the l in e  o f e q u a lity  of f ig u re  2.18 i t  
Is  c le a r  th a t  the u l tra so n ic  dynaclc modulu; Is considerab ly  
g re a le r  than i t s  s t a t i c  c o u n te rp a rt. However the  electrodynam ic 
modulus r e s u l ts  arc  comparable to  th e i r  s t a t i c  modulus values for 
g ra n ite  con cre te . The same tren d  Is shown In f ig u re  3.19 fo r 
an d eslte  co n cre te , however, neg lec tin g  r e s u l t  * for  the 
electrodynam ic p lo ts  produces a reg re ssio n  lin e  very c lo se  to the 
l in e  of  eq u a lity  showing th a t for the a n d e s ite s , the s t a t i c  
modulu; value I :  very s im ila r  to the corresponding electrodynam ic 
modulus value.
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Table 3.10(a) Average Values of  Electrodj-naelc and Ultrasonic 
Dynamic Modulus fo r  Granite  Concrete

STONE
CONTENT

kg/m '

CEMENT/ 
WATER RATIO

ELECTROOYNAMIC
MODULUS

GPa

ULTRASONIC 
DYNAMIC MODULUS 

GPa

700 1.5 34.08 46,89
1.8 28.38 49.57
2.4 3 0 .6S 52.40

1000 1.5 28.92 50.05
1.8 35.53 54.17
2.4 32.79 56.14

1300 1.5 30,44 53.97
1.8 27.27 56.98
2,4 35.17 60.04

Table 3 .10(b) Average Values of ElectroAmamlc and Ultrasonic
Dynamic Modulus fo r A ndeslte Concrete

STONE CEMENT/ ELECTROOYNAMIC ULTRASONIC
CONTENT WATER RATIO MODULUS DYNAMIC MODULUS

kg/m ' GPa GPa

700 1.5 31,40 55,83
1.8 22.01 58.50
2.4 35.26 62,62

1000 1.5 34.07 62,70
1.8 34,97 65.73
2.4 39,89 68.75

1300 1.5 36.66 67.59
1.8 38,54 71.05
2.4 41,56 74.72
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I f  a l U t t i t l c a l l y  d g n l f lc a n t  number o f r e i u l t i  were taken , e more 
eccu re te  m le tlo n ih lp  could be o s ta b ll ih e d  between electrodynam ic, 
u ltra a o n lc  and a ta t lc  moduli fo: the two aggregate ty p e : . F igure
3.19 show: th a t  the  re la t io n sh ip  o f electrodynam ic and u ltra so n ic  
moduli to  s t a t i c  modulus fo llow : the same form. The p lo t  fo r  s t a t i c  
ag a in s t u l tra so n ic  sh w s a v t-y  d e f in i te  re la t io n s h ip  between the  two 
moduli. I f  such re la tio n sh ip s  were e s ta b lish e d  th is  would f a c i l i t a t e  
t e s t in g  p rocedures. The dynamic t e s t s  are  much r a s te r  and a lso  
no n -d estru c tiv e . This would be very b e n e f ic ia l to  measure age 
e f f e c t :  on mwdulus.

3.10 CONCLUSIONS

1. An Increase  In stone co n ten t leads to  an Increase  In s t a t i c  
e l a s t ic  modulus. The e f f e c t  1: minor fo r g ra n ite  concrete  
bu t co n siderab le  fo r  a n d e s lte  concre te .

2. Increasing  c/w r a t io  has a marked e f f e c t  fo r  both aggregate 
types on s t a t i c  e la s t ic  modulus.

3. The .n d e s l te  mines gave c o n s is te n tly  h igher moduli and 
h igher coagiresslve s tre n g th s  compared to th e i r  g ra n ite  
co u n te rp a r ts . For equal compressive s tre n g th , a n d e s 'te  
aggregate concrete  has a h igher e l a s t ic  modulus than g ra n ite  
aggregate co n cre te , the  percentage d iffe ren ce  In e la s t ic  
moduli Increasing  as the compressive s tren g th  of the 
concre te  In creases . Values of e l a s t ic  modulus fo r g ra n ite  
concre te  ranged from 2 3 .S to  33,1 GPa, 27.3 to  35.8 GPa and
46.9  to  60,0 GPa fo r s t a t i c ,  electrodynam ic and u ltra so n ic  
moduli re sp e c tiv e ly ; corresponding values fo r an d eslte  
concre te  were 30,8 to 44,4 GPa, 22.0 to  41.6 GPa and 55,8 to  
74.7 GPa.

4. The s t r e s s / s t r a in  p lo ts  fo r the concre tes were more curved 
the,i fo r the eq u iv a len t p as tes and m orta rs . The descending



branch of the  coeqiTete i t r e n / i t r a l n  curve a f t e r  f a i lu re  waa 
more pronounced and ex tensive  than th a t  of the  m orta rs , due 
to  th e  coeposlte  a c tio n  of the concre te  and I t s  a b i l i ty  to 
ca rry  reduced s tr e s s  a t  h igher s t r a in  le v e ls .

The u ltra so n ic  modulus was considerab ly  h igher then I ts  
s t a t i c  and alectrodynam ic co u n te rp arts  fo r  both aggregate 
types. The d if fe re n c e  was considerab ly  g re a te r  fo r  the 
an d es lte  mix.

The prism s tren g th  o f each mix was considerab ly  lower than 
the cube s tre n g th , probably due to  th e  e f fe c ts  o f aspect 
r a t io  and th e  s t i f f n e s s  of the te s t in g  machine. The 
In te rp a r t ic le  co n tac t occurring  In high stone con ten ts may 
a lso  have a reducing a f fe c t  on the c o # r e s t iv e  s tren g th  of 
the prism s.
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CHAPTER 4 THEORETICAL MODELS FOR ESTIMATING ELASTIC MODULUS 
OF CONCRETE

4.1 INTRODUCTION

Concrete Is  a mult i-phase composite m a te r ia l .  At the macroscopic 
le v e l I t  c o n s is ts  of p a r t ic le s  o f coarse  aggregate embedded In a 
mortar matrix , w h i ls t  the mortar  c o n s is t s  of sand g ra ins In a 
matrix of cement pas te .  At the microscopic l e v e l , cement pas te  
c o n s is ts  o f cesan t gel w ith an alm ost contlm u - system of w ater 
f i l l e d  o r dry c a p il la ry  pores. At th e  subei splc le v e l ,  
cement gel i s  b a s ic a lly  a mixture of  semi-amorphous Interwined 
f ib rous  p a r t i c l e s .  Combined w ith th in  crumpled sheets  I t  forms a 
continuous m atrix  having a more o r le s s  continuous system of 
minute w a te r - f i l le d  voids c a lle d  gel rn re s . Embedded In the gel 
a re  a lso  unhydrated cement g ra in  c o res . Most aggregates a re  a lso  
m ilt1 -phase composite m a te ria ls  w ith a pronounced p o ro s ity  and 
c o n s is tin g  o f d if fe r e n t  c r y s ta l l in e  o r  amorphous components^.

In sp i te  of the co # 1 ex l ty  of the  m ateria l s t ru c tu re , 
mathematical a n a ly s is  of th e  In fluence  of concre te  com position on 
the  physical behaviour o f the am teria l Is  p o ss ib le , provided the  
assum»t1ons a re  made th a t  c e r ta in  phases a re  is o tro p ic , 
hoamgeneous and d is c re te .  Concrete amy be analysed as a 
two-phase sm te rla l co n s is tin g  o f aggregate p a r t ic le s  embedded In 
m atrix  o f m ortar. I f  the aggregate phase and m ortar phase are 
considered  to  be homogeneous and I so tro p ic . The follow ing 
equations and mathematical a n a ly s is  follow s the m lcro-rheo log lcal 
approach described  by H ashing  This Is  In c o n tra s t  to 
m acro-rheologlcal an a ly s is  which Is based on the behaviour of 
models c o n s is tin g  of Ideal e l a s t ic ,  p la s t ic  and viscous elements 
which are  coupled In s e r ie s  o r p a ra l le l  to  behave l ik e  real 
m ate ria ls  when sub jected  to  load or deform ation. S im ila r to 
e la s t ic  a n a ly s is , macro-rheology assumes th a t  a l l  m a te ria ls  are 
I so tro p ic  and homogeneous, but l ik e  e la s t ic  a n a ly s is  does not 
exp la in  anything about the physical mecnanlsms responsib le  fo r 
the mechanical behaviour of m a te r ia ls .
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M icro-rheology 1; baw d on geom etrical model; which resemble the 
rea l : t in c tu re  o f the  m ateria l a* c lo ie ly  a ;  p o w lb le . I t  
provides an understanding of the c o r r e la t i o n  between material 
s t r u c tu re  and mechanical p ro p e r t ie s  and hence Is  a valuable  tool 
In  m ateria l ic itm ce . However, th i s  type o f a n a ly s is  Is  
ap p lic a b le  only when the  phases a re  taken to  be continuous 
media. Elementary adcro -rh eo lo g lca l p r in c ip le s  can lead  to  
approximate methods fo r  e s tim atin g  mechanical behaviour of 
concre te  from a knowledge of mix p ro portions and the mechanical 
p ro p e rtie s  o," the  re sp ec tiv e  components.

In th is  f in a l c h ap te r , I sh a ll compare the e la s t ic  moduli 
estim ated  from f iv e  re p re se n ta tiv e  th e o re t ic a l  equations w ith 
ac tu a l measured concre te  e l a s t ic  moduli. The equations p re d ic t 
e la s t ic  moduli from a knowledge of th e  mix p roportions and 
mechanical p ro p e rtie s  of the  agg reg a te , p as te  and m ortar. The 
o b je c t to  gtuge which equations render accu ra te  p re d ic tio n s  o f 
measured concre te  behaviour.

4 .2  F acto rs A ffec ting  C oaposite Behaviour

Before applying the  co aeo slte  approach to con cre te , l e t  us i r s t  
consider th e  behaviour of c o s fo s l te s  In g en e ra l. In o rder to 
d escrib e  a system w ith one o r more d ispersed  phases embedded In a 
continuous m atrix , the  follow ing param eters must be considered:

a) shape of p a r t ic le s
b) siz e  and s iz e  d l& trlbu tlon  o f p a r t ic le s
e) concen tra tio n  and co n cen tra tio n  d is tr ib u tio n  of

p a r t i c le :
d) o r ie n ta t io n  or p a r t i c le :
e) com position of the d isp e rsed  phase
f) composition o f continuous phase

y) hond between the continuous and d ispersed  phases

A c . ,  —



A; the m icro stru c tu re  o f c o rc re te  I :  very complex, a simple 
d esc rip tio n  of the geometry of the system In terms of the above 
would be d i f f i c u l t .  A lso, I t  I s  d i f f i c u l t  to  determine which 
phase Is continuous o r d isp e rse . To sim plify  m a tte rs , l e t  us 
consider the two extreme cases of phase arrangement; th a t  Is the 
se r ie s  and p a ra lle l  systems shown in  f ig u re  4 .1 . These systems 
are used to  c a lc u la te  th e  e la s t ic  parameters of a composite 
system i f  the e la s t ic  param eters of the ind iv idual phases are 
known.

I t  has been suggested by Hansen^ th a t a c o # o s1 te  m aterial lik e  
concrete can have two fundam entally d if fe re n t  s t ru c tu re * :-

1. S tru c tu re  of an ideal caaposit#  s o f t  m aterial

This has e la s t ic  p a r t ic le s  with a high modulus of e l a s t ic i t y  
embedded in a continuous m atrix  phase with a lower modulus of 
e l a s t ic i t y .

2. S tru c tu re  o f an ideal c o ^ o s i t e  hard m aterial

This has a continuous l a t t i c e  c f  an e la s t ic  phase w ith a high 
modulus of e l a s t i c i t y ,  w ith eebedded p a r t ic le s  having a lower 
modulus o f e l a s t i c i t y .

[n the fo i l  w in g  a n a ly s is  the symbol; used are :

«c " s t r a in  In concrete 0 " s tre s s in concrete

a * s t r a in  1m aggregate "a -  s tre s s in  aggregate

«m • s t r a in  In m atrix * s tr e s s 1 n m atrix

Ec • e la s t ic  modulus of concrete

a . e j s t i c  modulus of the aggregate

Em , e l a s t ic  modulus of the  m atrix

9 . volume concen tra tion  of the aggregate



I a I

where * « aggregate 

M 'n a t r l x

Ffgure 4.1 Models of the s tru c tu re  o f concre te

(a) s e r ie s  (constan t s t r e s s )  model
(b) p a r a l le l  (constan t s t r a in )  model 

( a f t e r  Mlndess*)



A se rie s  model can be used to c a lc u la te  the modulus of e la s t ic i ty  
of a composite s o f t  m a te r ia l. The assumption Is th a t  the s tre s s  
over any sec tio n  o f the m aterial Is  the same, while the s tra in s  
are  ad d itiv e . Using s t r a in  com patib ility  the s tr a in  In the 
concre te , sg , I s ,  fo r  u n it  area

'c - i  - "u-a + V i - g )    ( * . i )

Since [g -  a ,  - , "p "_!p   (4 .2 )
Ec E, Ep

We have.

5 ,1  * g.hg + (1 - g) _Op   (4 .3 )
&c Eg Ep

But * " "a " *m 

Therefore
1 " 8 + (1 - 9)   (4 .4 )

Ec Eg E ,

or expressed In general terms fo r a two phase model

Eg - 1 ......... (4 .5 )
g/E , * ( I - g l /E .

The s e rie s  system In which the phases are  subjected  to  uniform 
s tre s se s  provides the lower bound so lu tio n , i t  Is  sometimes 
re fe -red  to  as the  Ruess model.

The modulus of a composite hard m eter!el may be ca lcu la ted  on th e  
assim ptlon th a t  the s t r a in  I s  the same over any section  of the 
m aterial w h ils t the  s tr e s s e s  In the phases are  p roportional to 
the  modulus of e l a s t i c i t y  o f the phases. The p a ra lle l  system. In 
which the two phases are  subjected  to  uniform s t r a in s ,  provides 
the  upper bound so lu tio n  fo r  the  e la s t ic  parameter of In te re s t .  
Considering the p a ra lle l  model using s tra in  co m p atib ility , the 
s t r a in  In the  co n c re te , tg Is  equal to  the s t r a in  In the 
aggregate, c , and the  hardened cement paste ( h .c .p . ) , c* le

'c  a " :m   (4 .6)
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For eq u ilib rium  th e  to ta l  fo rce  eppH ed to  th e  model 1 : given by
the app lied  s t r e s a ,  » a c tin g  on u n it  a re a . Thu*

0 .1  " o g . g  ♦ {%(1 " g)   ( 4 . 7 )

Both co n a titu e n t amter ia l*  are  aaaumed e la a t lc  a* la  th e  co n cre te ,
th e re fo re

* " « c k :  "a  '  «a a «m '  afrn   (*-8)

S u b a tltu tln g  In equation  4 .7 from equation  4 .8  and then using 
equation 4.6

Ec " E*9 + Em (1-9)   (4 .9 )

The p a ra l le l  model la  s&aetlme* re fe rre d  to  aa th e  Voigt amde).

Hanaen^ found th a t  equation 4 .5  gives a b e t te r  approxlsiatlon of 
the  e la a t lc  modulus when the  aggregate la  s t i f f e n  than th e  m atrix
( le  E, » Ep), which la  g en era lly  the  case In concrete .
Equation 4 .9 la  more su ite d  fo r  condition* where the aggregate la  
so f te r  than the  m atrix  m ateria l ( le  E* < Ep). In fa c t  n e ith e r  
model la  a b so lu te ly  c o r re c t ,  sin ce  concre te  under load e x h ib its  
n e ith e r  uniform s t r e s s  nor uniform s t r a in  w ith in  the phases. F-'r 
concretes made w ith natu ra l ag g reg a tes , Mlndess and Young* s ta te  
th a t  the se r ie s  model underestim ates Eg by about ter, per c e n t, 
while the p a ra l le l  model overestim ate*  Eg by a g re a te r  amount.

Other models have been proposed to  p re d ic t  concrete behaviour. 
HlrschE suggested a model which Is the geometric sum uf equation 
4.5 and 4 .9 , given In equation  4.10:

1 -  (x) " 1 l + , l . x , ( k a )  + a _
Ec _(1-9) E* + gE, J J

where x and (1-x) are  the r e l a t i v e  proport ions of  material 
conforming with the upper and lower bound so lu t io n s .  I t  has been
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found fo r  *om* co*cr#t#* t i n t  % 1 ; approxim ately 0 ,55 . Note
•■hat when there Is no bond between the matrix and the aggregate 
(x*0) equation 4.10 reduces to equation 1.5 (the uniform stress 
model). For perfect bond (x-1) equation 4.10 reduces to equation
4.9 (the uniform s tra in  model). A)though H lrsch’ s model produces 
good r M u l t ;  ov#r a wide range of v a r ia b le : ,  (average dev ia tio n  + 
10% and a maximum deviation + 3 5 %)5 i t  has one l im ita t io n :  fa r
E* * 0 equation  4.10 (and equation 4 .5 )  p re d ic t  Eg -  0 which 
I* c le a r ly  erromeou*. I t  p red ic t*  the  modulu* of e la s  J c i t y  o f 
porous so lids . Irrespective  of pore content, to be zero. H lrsch's 
model Is shown dlagram atlcally In figu re  4 .2 (a ) .

Another physical model proposed by Counto* i i  :hown In 
f ig u re  4 .2 (b ) . Count*'* model can be expre**ed a*

J .  '  1 - g l/Z  + _ _ _ _ _ _ _ _ 1...................................................   (4.11)
Ec Em [ d - g l / Z ) / , l / ! ]  E , * E,

Thl* 1* I n tu i t iv e ly  more * a ti( fa c to ry  In th a t  i t  a c tu a lly  bear* :oa* 
retem blance to  co n cre te . Counlo found th a t  e itim ate*  made with th l*  
model agree f a i r ly  well w ith experim ental d a ta . He c a r r ie d  out a 
c o p e r a t iv e  *tudy of the above four model* fo r the p red ic tio n  o f the 
e la* t1 c  modulu* of co n cre te , u*1ng worl<W1de da*^ from varlou* 
la b o ra to rie*  covering an unusually  wide v a r ie ty  of aggregate and 
concrete  mlxe*. The study showed th a t  Ccunto'* model gave the be*t 
o v e ra ll approxim ation w ith an average d ev ia tion  of + 7,83$ and - 
8,86%*. However in many cases ther#  is  l i t t l e  v a r ia tio n  between 
estim ates of H lrsch 's  model and those of C ounto \

* r e a l i s t i c  model fo r concrete  has been proposed by Hobbs**. The 
model is  based on a phase arrangement of spherica l aggregate 
p a r t ic le s  embedded in a continuous m atrix . Hobbs's model can be 
expressed by:-

(Eg-E^)g + (Em+Em) , E*   (4.12)
(E,+E*) + (E ,-E ,)g



where * « aggregate 
M » m atrix

F igure 4.Z Model; of th e  S truct!
la )  H lrsc h ':  model*
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The equrtlon  1 | i tM c t ly  v a lid  wh*m :-

1) ther«  I :  no In te ra c tio n  between ad jacen t aggregate 
p a r t ic le *  and

2) th e re  1* p e rfe c t bond betwaen the  aggregate and the 
m atrix

The f l r i t  aw w aptlon 1; reasonab le , but th e  second a:*u»*t1on 1: 
not t o ta l ly  v a lid , and ex tensive  boAd f a i lu re  occur* a t  :tre**e«  
h igher than about *0 per cen t of concre te  s tre n g th . The d e jree  
o f bond f a i lu r e  between aggregate and m atrix  w ill govern the  
v a l id i ty  o f a p p lic a tio n  of the  mot^l to  rea l concrete* . In 
f a c t .  H o b b :m o d e l 1* Id e n tic a l to  H anien's^ model given In 
equation  4.13 below, which I* a rearrangem ent of equation  4.1Z. 
H an sen \ model can be w ritte n  as

( l -g )E , + (l+g)E ,
_(l+g)E. + ( l-g )E ,

  (4.13)

Hansen's and Hobbs's model I s  shown In f ig u re  4 .3 ( a ) .  The 
aggregate phase Is rep resen ted  by a sphere a t  the c en tra  of a 
sphere of co n cre te . The fra c tio n a l volume of the aggregate Is  the 
same as the  f ra c tio n a l volume of aggregate p a r t ic le s  In concre te . 
The equation g iving the  bulk modulus fo r the  model was developed 
by H ash in g . Hansen u t i l i s e d  H ash ln 's equ a tio n , at, assuming 
P o isso n 's  r a t io  of the p a s te , aggregate and concrete were e q v l  to 
0 .2  he derived equation 4.13 . T h e o re tic a lly , P o isso n 's  r a t io  may 
vary from -1 ,0  to  +0,5 hence th is  could be a source of e r ro r  In 
the equation . P r a c t i c a l ' / ,  P o isso n 's  r a t io  for sa tu ra te d  concrete  
l i e s  In the range +0,? '.o +0,3, but decreases on drying to  f a l l  In 
the  range 0,15 to  0 ,20 , with a mean value of at out 0 ,1 8 U . The 
dynamic P o isso n 's  r a t io  Is s l ig h t ly  h ig h er, averaging about 0,24 
and th is  Is probably more re p re se n ta tiv e  of e la s t ic  
b ehav iou ra l. v a l id i ty  of equation  4.13 Is  a lso  su b je c t to 
the two main assumptions made fo r equation  4 .12 .
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F urther model; have been proposed by P a u l^  and I s h a l13.
P a u l ';  model 1; shown In f ig u re  4 .3 (b ) and rep re sen ts  the 
aggregate '  cube which Is  placed a t  the  cen tre  of a concrete 
cube. Paul ;  model d if f e r s  from Counto's In th a t  Counto's model 
p o s tu la te s  a cy lin d er (o r prism) of aggregate located  c e n tra l ly  
In  a c y lin d e r (o" prism) o f  con cre te . Both cy lin d e rs  (o r prism s) 
have the same  ̂ o f h e igh t to  area of cro ss se c tio n . P a u l 's
model Is  one of a cubic aggregate w ith in  a cubic r s t r l x  su b jec t 
to  a uniform normal s tr e s s  a t  the  boundary. Counto's model 
assumes uniform s t r e s s  d is t r ib u t io n  which I s  Incom pn'lble w ith 
th e  physical boundary co nd itions l„  ax ia l loading o f a 
heterogeneous m a te r ia l. Assuming uniform  boundary s t r e s s ,  the 
modulus of e l a s t i c i t y  fo r  P a u l 's  siodel Is  given ^

I " ,a l ! 3  extended P a u l 's  wort and & owed th a t  th e  modulus of 
e l a s t i c i t y  of concre te  assuming a uniform boundary s t r a in  rasher 
than s t r e s s  was

I s h a l 's  model was found to  give b e t te r  agreement with 
experim ental r e s u lts  tnan Counto's when epoxy re s in  coeposltes 
con ta in ing  a high concen tra tio n  of q u artz  sand were com pared^.

Taychenne e t  a l l*  used Hobbs's equation to  c a lc u la te  moduli fo r 
a c u a fo s lte  (co n c r-te )  from a range of ty p ica l values of Ep 
(modulus of th e  " a s t e ) , E, and g. These values are  tab u la ted  
In ta b le  4 .1 . I t  Is apparent th a t  the  In fluence  o f the 
aggregate volume co ncen tra tion  when E, has a lower value Is 
com ra-a tlvely  small and the e f fe c ts  of the pas te  and aggregate 
moduli orednmlnate. However, fo r  aqgreo ' es w ith high moduli the 
e f f e c t  of aggregate volume concen tra tion  can have a s ig n if ic a n t  
e f f e c t .  The ta b le  a lso  show; th a t the nW ulus of the  aggregate 
has a considerab le  e f fe c t  on the modulus of the concre te .

1+ ( E ,/E .- l ) (g  3 -g )j
(4 .14)

. . . .  '4 .1 5 )
(E ,/E .) /(E ,/E .-1 )  -g l/3



*he;e A - aggregate 
M * m atrix

Igure 4 .3  Models of the  S tru c tu re  of Concrete
(a) Hansen's iaod;|l
( b )  P a u l ' s  m o d e l



Table 4.1 E la s t ic  Moduli of Concrete C o^:o;1 te C alculated  
using  Hobbs Equation ( a f te r  Teychenne e t  a l l* )

Aggregate
Volume

C oncen tratic
(Y.l

E la s t ic  Modulus (KN/maZ)

Cement
Paste

^m .

Aggregate E,

20 60 100

0.65 5 11 18 19
10 15 27 32
15 18 34 43
20 20 39 51

0.70 5 12 20 22
10 16 30 37
1 18 37 47
20 20 42 55

0.75 5 13 22 26
10 17 32 42
15 18 40 52
20 20 44 60

0.80 5
10
15
20

14
17
19
20

26
37
43
47

31
48
58
66
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I t  f* * mattmr o f debate a* to  which of the aforementioned 
equations 1: b a s ic a lly  more c o r re c t w ith resp ec t to  th e  actual 
behaviour of co n cre te . I t  can be seen from f ig u re  4 .4  th a t  
q u a n t i ta t iv e ly , w ith  the exception  o f the  se r ie s  and p a ra l le l  
models, the  o th e r  th re e  models H e  f a i r l y  c lo se  to  one ano ther. 
This I s  d e c i l te  th e  fa c t  t h a t  they are  a l l  based on d if fe re n t  
a ssu ag tlo n s . I t  may be concluded th a t  th e  aggregate a f fe c ts  the 
modulus o f  e l a s t i c i t y  of co n cre te , p rim a rily  by v ir tu e  o f I t s  
s t i f f n e s s  and secondarily  by I t s  c o n cen tra tio n . In g en era l, the  
modulus o f  e l a s t i c i t y  of concre te  in crease s w ith In crease  In 
modulus o f aggregate . In normal co n c re te , fo r which E, > Em, 
th e  modulus o f the  concrete  a lso  In creases with Increase  1n 
concen tra tio n  of aggregate . C onversely, In lig h tw eig h t aggregate 
co n c re te , fo r which E* * Ep, the modulus decreases w ith 
Increasin g  concen tra tion  o f  a g g re * a te ^ . However, as s ta te d  
above, th e  e f fe c ts  o f  aggregate co n cen tra tio n  a re  le s s  
s ig n if ic a n t  th a r the modulus of th e  aggregate I t s e l f .

4 ,3  Coaparlson o f T heore tica l Models w ith Measured 
Values f o r  E la s t ic  Modulus o f Concrete

In coafa rln g  the  various th e o re t ic a l  models, th e  follow ing p o in ts  
m ist be bom e In mind. The aggregates used In the  t e s t s  are not 
Ideat sp h e rica l shapes and do not a c t  com pletely Independently of 
each o th e r . As shown In chap ter 3 I n te r - p a r t ic le  co n tac t Is 
evident a t  the upper stone con ten t o f 1300 kg/m^ and to  a le s s e r  
e x te n t a t  1000 kg/m^. Although the a n d es lte  aggregate Is  a 
com paratively ' s t i f f  aggregate . I t  l i  not In o rd in a te ly  s t l f f e r  
than the 's o f t e r ' g ra n ite  aggregate . Although the g ra n ite  
concrete  (s  not as s t i f f  as the  an d es lte  concre te  I t  could not he 
s t r i c t l y  c lassed  as a concrete  made w ith a s o f t  aggregate . 
D ifferences between the two cone t? s  might be expected , but these 
d if fe re n c e s  wcull not be as s t r  tin g  as would occur I f  very lo t 
modulus aggregate ( fo r  e y * * f j  weathered g ra n ite )  had been used.



d 51 53 EZ 51 ifo
Aggregate Vaclon, Va

Figure 4 .4 E ffec t of Aggregate C oncentration  on Modulj* of 
E la s t ic i ty  ( a f t e r  Kameiwar* e t  a l l * )

1) S e r le ;  model (equation  4 .5 )
2) P a ra lle l  model (equation  4 .9 )
3) H lr ic h ';  mode) (equation  4.10)
4) C ounto '; model (equation  4.11)
5) llobDS 5 j a l  ( ttluA 11 Oil 4 . i t ;
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A* s ta te d  end commented on In chap ter 2 , the r e s u l t s  fo r  p as tes 
a n d  g ran i te  mortars w ith c e m e n t / w a t e r  r a t io s  of  1,5 a n d  1,8 must 
be viewed w ith cau tio n . The measured e la s t ic  moduli 1m these 
cases was somwwhat I w e r  than expected. The measured prism 
s treng ths  werp a l s o  below the e x p e c t e d  v a l u e s .  I t  I s  thought 
th a t  some d i f fe r e n t  kind of m aterial behaviour may have been 
tak ing  p lace . Although the prism stren g th s  measured In chap ter 3 
fo r  the  concre te  mixes were a lso  much lower than  the  cube 
s tre n g th s  ( a l l  expected s tre n g th s  being based on th a t  o f concrete 
tube s tren g th ! th e re  was no apparent adverse e f f e c t  on th e  
smasured moduli. Htnce I t  was thought Inadv isab le  to  use the  
'u n re p re se n ta tiv e ' smdulus values fo r the  abovememtloned pastes 
and m ortars In  the  model c a lc u la t io n s . T herefore , only 
re p re se n ta tiv e  c a lc u la tio n s  and curves were tab u la te d  and 
p lo tte d .

Frxm the mix design param eters In chap ter 3 . the  various volume 
fra c tio n s  of th e  components were c a lc u la te d . Using d if fe r e n t  
Components of the  concrete  as the m atrix  phase (eg th e  p as te  or 
m ortar phases) values o f e la s t ic  smdulus were c a lc u la te d  using 
th e  equations given above. Thus a comparison could be made 
between the th e o re t ic a l  estim ated  value derived from the  
equations and the  ac tu a l smasured e l a s t ic  modulus fo r  th a t  
concre te  mix. Various coW itnatlons were c a lc u la te d , nammly

a) coarse and f in e  aggregate In a p as te  m atrix
b) coarse aggregate In a m ortar m atrix
c) the p a s te  modulus was used to  p re d ic t the  m ortar 

modulus, which in  tu rn  was used to  p re d ic t the concrete  
e l a s t ic  modulus.

A fam ily of curves was p lo tte d  fo r each of the cases given above, 
and fo r each o f the th e o re tic a l models (with the exception o f the 
p a ra lle l  model which gave excep tio n a lly  high values fo r  e la s t ic  
modulus), according to  the  format given in  f ig u re  A.5 below :-



PARALLEL MODEL

0 1,0
g, voLum# Ifacfwm of uggrogofi

Figure 4 .5  The E ffe c t o f  Aggregate C oncentration  on Noduiue 
o f E la s t ic i ty  of Concrete

The p lo t ;  do not ;how the  e f fe c t  of aggregate on an Individual 
model, but comparison of models. The p lo ts  are  derived  1o the 
follow ing manner. For each th e o re tic a l model the measured E of 
th e  co n cre te  Is  divided by the measured E of the m atrix  and tk s 
in  tu rn  Is m u ltip lie d  by a fa c to r  Y:-

measured Ecn ^ ,o « jf ,  % y 

measured E ^ t r lx

Where Y i s  ,  f a c to r  - x 2u ( s a y )

^aggregate

The number 20 i s  j u s t  an a r b i t r a r y  numerical value which a l l  the 
model curves are  constrained  to pass through a t  g « 1. Clearly 

when g « 1,0 we have Ecomposlte " ^aggregate-



Therefore#* 1,0

measure 1 Eco g p o .l t ,  % ( m t r l x  x 20
measured ^matrix ^aggregate

E rn m n n .it ,  % 20
^aggregate

20

Therefore a l l  t f e  . r e t f c e l  model curves were constra in ed  to  
p * ;s  thrnugr rh- ' means o f th i s  fa c to r in g . T h is was
done In c rd r" :oa*are th e  p red ic tio n  e ffe c tiv e n e ss  of
th e  coagioslte mo» <1ng the m atrix  and volume f ra c tio n s ;  
th e  c lo s e r  each th e o re tic a l p lo t to  th e  experim ental p lo t ,  the 
more accu ra te  th e  model.

4 .3 .1  Coarse and Fine Aggregate In a P aste  M atrix

Table 4 .2 (a l  _n*«s the  r e s u l t s  fo r  g ra n ite  co n c re te s . Tne 
S eries node! (equation 4 .5 ) p re d ic ts  the e l a s t ic  modulus with 
remarkable accuracy g l.ln g  an overa ll percentage d if fe re n c e  of 
approxim ately 5%. The P a ra l le l  swdel g ro ss ly  o v e rp re d ic ts  the 
measured moduli. This was c o n s is te n tly  the case throughout the 
th e o re tic a l mouel c a lc u la t io n s . T herefore the  P a ra lle l  model was 
om itted from tn# p lo ts .  Hobhs's model a lso  o v e rp re d ic ts  the 
measured smduH (by an average of 201] as does H l- s rh 's  and 
Counto's models. This is  c le a r ly  seen from f ig u re  4 .6 (a )  with 
th e  S eries model c le a r ly  th e  n eares t p lo t to  the experim entally  
d e r ' ed p lo t  of measured values

* Series Model * H lrsc h 's  Model x Counto's Model
C  Hobbs's Model A  experim ental R esults

Ek » Calcula ted or measured e l a s t i c  modulus 
c/w » Cement/water r a t .o  
Y * 20





* S e r le : Model 
+ Hi re c h '*  Model 
x Counto'e Model 

Q  H obbs'; Model 
A  Experlmentel R e su lt:

o ,M  0 ,8 :
VOLUMt FRACTIO-I OF RDO8E0HTE

n o  4 , 6 a C 0 m R : E  A N D  F ' N E  R O O R E O A T E  I N  A F A 8 T E  M A T R I X
T H E O R E T I C A L  M O D E L  P R E O I C l . O N S  A N D  M E A S U R E O
V A L U E :  F O R  O A F " . T E  C O N C R E T E



The value* f""" m ndw lt# concr#t* #r# given In t#b1# 4 .2 (b ) and 
p lo tte d  tn  f ig u re  4 .6 (b ) . In t h l ;  c* :e  Hobbi'* model p re d ic t :  
th e  e ld i t l c  modului to  le w  then M percentage average 
d if fe re n c e . For the  two lower ito n e  c o n te n t: , the  model p r e d ic t :  
the  value with remarkable accuracy. Again, HI r i c h ':  and C ount* ': 
model: o v erp re d ic t the  modulu: by up to  1M  average d if fe re n c e . 
The S e r le : model u n d erp red lc t: the  moduli In t h l :  1n :tance on 
average by approxim ately 20%. For a normal concrete  with 
E aggregate > E m atrix , the S eries  mode) would be expected to  
underestim ate th e  ac tual concre te  moduli. T hl: 1: tru e  fo r  the  
an d M lte  concre tes but only p a r t i a l ly  tru e  fo r the g ra n ite  
co n cre te . For t h l :  p a r t ic u la r  combination I t  *eem* th a t  the 
S e r le :  model render* accu ra te  p re d ic tio n : fo r  the g ran ite  
co n c re te : and H obb:': model g iv e : th e  b e : t  p re d ic tio n : fo r  the  
ande*1te*.

4 .3 .2  Coarse Aggregate In a M ortar M atrix

Table 4 .3 (a )  g iv e : the r e : u l t :  fo r g ran lt*  concrete and 
f ig u re  4 .7 (a )  :how: the  p lo t :  of the  model: and the measured 
e l a s t ic  modulu: v a lu e :. In t h l :  ca*e a l l  th e  model: overestim ate 
the  measured e la : t1 c  moduli. Again, the S e r le :  model renders the 
d o * e x t  p re d ic tio n  to  the  actual r e s u l t : .  The H irsch , Counto and 
Hobb* model: y ie ld  ve*y s im ila r  r e s u l t : ,  *11 overestim ating  the 
value In exces* o f  30%. For the g ra n ite  m ortar w ith  cement/water 
r a t io  2,4 the  measured e l a ;  'c  modulu: 1: id e n tic a l to  the 
measured e l a s t ic  modulus vniu* fo r the concrete  of '/OO kg/m^ 
stone co n ten t, which is  somewhat In c o n tra s t  with model 
p re d ic t io n :.

Table 4 .3 (b ) and fig u re  4 .7 (b ) (c) and (d ' show: the r e s u l t ;  
and p lo ts  fo r  the  an d es lte  concrete re sp e c tiv e ly . It. th is  case 
a l l  th ree  cem ent/water r a t io s  were c a lc u la te d . C onsisten tly  
throughout a l l  cem ent/water r a t io s  the S e rie s  model p re d ic ts  the 
measured values with remarkable accuracy, e s p e c ia lly  a t  the
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lowest cem ent/water r a t io .  The average percentage d ifference 
between the measured and p red ic ted  r e s u lts  , s M . In genera?, 
th is  Is an underestim ate of the measured e la s t ic  moduli. Hobbs's 
equation renders a more accurate  p red ic tio n  a t  the high 
cement/water r a t i o  than the Series model, but on average only 
p re d ic ts  w ith a percentage d iffe ren ce  of approximately 11%.
Hlrsch s a/i T ounto's ro d e ls  r e n d 'r  very s im ila r  r e s u l ts ,  as 
evidenced by p lo ts .

For th is  perm utation , th e  Series c del renders the best overall 
p red ic tio n  fo r  bot: g ra n ite  a id  ande <te co ncre tes: however, fo r 
a high cem ent/water r a t i o ,  the Hobbs nn del renders the c lo se s t 
p red lc tlo n .

4 .3 .3  Paste  Modulus used to  P re d ic t Mortar Modulus,
the  r e s u lt in g  Modulus being used to  P red ic t the 
Final Concrete Modulus

The r e s u l ts  and p lo ts  fo r  g ran ite  and an d eslte  concretes are 
sh*m  In ta b le  4 .4 (a )  and (b) and f ig u re  4 .8 (a )  and (b) 
re sp e c tiv e ly . For the g ra n ite  concrete  the S eries model again 
p re d ic ts  the most accu ra te  value fo r  cement/water r a t io  of 2 ,4 . 
the percentage d if fe re n c e  being approxim ately 51. Excluding the 
p a ra l le l  model, the o th e r  models ov erp red ic t '  a :a * tlc  modilwi 
by between 25% and 35%. Counto's equation pr , i c ! t h e  e la s t ic  
modulus of the g ra n ite  m ortar to  le s s  than 1% d iffe ren ce  and 
H lrsch 's  equation  to le s s  than 5%. Even though the S eries model 
only p red ic ts  the  e la s t ic  modulus o f the  g ra n ite  m ortars to  2S% 
of the  measured value, the  model s t i l l  renders the most accurate 
p red ic tio n  of measured values fo r concre te . The S eries model's 
f in a l p red ic tio n  Is  a s l ig h t  underestim ate of the measured 
values . F igure 4 .8 (a )  shows the comparison of the models for 
g ra n ite  concre te .
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N o b b im o d e )  g iv e : the mo:t eccu re t,' velwe: fo r  the en d eslte  
c o n c re te :. I t  p r e d ic t :  the  modulus to  b e t te r  than 10 percen t 
accu ricy . The Hobb: mode) a ) :o  p red ic ted  the ande:1 te m ortar 
with the mi s t  accuracy. T,ie l e r l e :  K ' e l , and h l r : c h ':  and 
C ounto ': mode) p red ic ted  v alue: of approxim ately 20 percen t above 
th e  a*e:ured  v a lu e :, "or t h l :  combination the  S e r le : mode) gave 
the most c o n s is te n t r e s u l ts  f o r  the g ra n ite  co n c re te : and the  
,iobb: mode) fo r th e  a n d rs l te s .

Comparison of B ack-C alculated T heore tica l Value* 
of E la s t ic  Moduli fo r  P a s te : and M ortars w ltl 
U nrepresen tative Values

For the cem ent/water r a t io s  1.5 and 1 .8 fo r p a s te :  and g ra n ite  
m ortars ( fo r  which the  r e s u l ts  were deemed u n re p re se n ta tiv e ) , 
th e o re tic a l values of E* were b ack -ca lcu la ted , 'h e  back- 
c a lc u la te d  value: would give soaw In d ica tio n  o f the In fluence  of 
voids and o th er phenoamna which could have a ffe c te d  the 
experim ental r e s u l t s .  For each com bination, eg. coarv* and fin e  
aggregate p a r t i c le :  In a past*  m atrix , the  th e o re tic a l equation 
which gave the  c lo s e s t  approx lsu tlon  to  the  experim entally  
determined value of e la s t ic  modulus fn r cem ent/water r a t io  2 ,4  In 
th a t  p a r t ic u la r  combination was u t i l i s e d  to  b ack -ca lcu la te  E 
values from re p re se n ta tiv e  concre te  e la s t ic  modulus values fo r  
cem ent/water r a t io s  o f 1,5 and 1 .8 . The r e s u l ts  of these 
c a lc u la tio n s  are given In ta b le :  4 .5  and 4 .6  fo r the p a s te : and 
g ra n ite  m orta r: re sp e c tiv e ly . The g ra n ite  concretes were back- 
ca lcu la ted  using the  S eries model and the an d esltes  using the 
Hobbs model.

C learly  the experim entally  determined paste  e la s t ic  modulus 
values are  ^-oss underestim ates of the back -ca lcu la ted  values as 
ta b le  4 .5  In d ic a te s . The measured values a re  approxim ately 
h a lf  those of the th e o re tic a l b ack -calcu la ted  values. This seems



Tmble 4 .5  Cwqwrlion o f Back-C*1cu1*ted T heore tica l Values 
of Ep and Experimental Values

Type o '  
Concrete

Cement/
Water
R atio

Back- 
C alcu la ted  En 

GPa

Experimental Ep 

GPa

% D ifference

G ranlte 1.5 8.95 4.55 + 96.7

1.8 12.1 5.87 +104.6

AndesIts 1.5 8,75 4.55 + 92.3

1.8 10.47 5.87 + 78.4

Table 4.6 Comparison of B ack-C alculated T h eore tica l Valnes 
o f E*@rtar end Experimental Values, G ranite K ortar

Type of 
Concrete

Cement/
Water
Ratio

Back- 
C alcu la ted  E , 

j" a

Experimental E , 

GPa

4 01fference

G ranite 1.5 17,16 14.38 + 19.3

1,8 20 .7u 20,14 + 2.8



to Ind ica te  th a t  many voids were present  leading to un­
rep re sen ta t ive  values of e l a s t i c  modulus fo r  the pas te .  This 
a lso  could explain the lower compressive s t reng ths  as compressive 
strength  i s  even more s e n s i t iv e  to the presence of  voids than Is 
e l a s t i c  modulus. An in t e r e s t in g  point ; the c lose  p a r i ty  of the 
back-calcula ted  values fo r  the pas te  of cement/water r a t i o  1,5, 
bearing in  mind t h a t  they were back-ca lcu l» t2d by two d i f fe r e n t  
th e o re tic a l eq u a tio n ;.

However, the experim ental re» u lt$  o f the  g ra n ite  m ortar* a re  not 
Inord inate ly  d i f f e r e n t  from the back-calcula ted  values .  This 1s 
p a r t ic u la r ly  the case fo r the  g ra n ite  m ortar cem ent/water r a t io  
1,8 as ta b le  4 .6 shows. Therefore t h i s  value may not  be 
'u n re p re se n ta tiv e ' due to  th e  small percentage d iffe re n c e  between 
th e  th e o re tic a l back -ca lcu la ted  value and the  measured value. As 
s ta te d  In chap ter Z, the  m ortars were much more robust and not as 
many voids were in  evidence, as was the case w ith the  p a s te s . 
T herefor*, ev*,i though the g ra n ite  m ortars gave lower E values 
than th e i r  a n d es ite  co u n te rp a rts , a t  l e a s t  the  value fo r  cement/ 
w ater r a t io  of 1 ,8  could have been included as a re p re se n ta tiv e  
value fo r  the  g ra n ite  m ortar. However, since the back- 
ca lc u la tio n s  a re  taken from so few r e s u l ts  and a re  only an 
in d ic a tio n . I t  was decided to  d isreg ard  the  experim entally  
determined values o f cem ent/water r a t io  1,5 and 1,8 fo r  the 
g ra n ite  m ortars.

4 .5  D iscussion on T heore tica l Models

Almost w ithout exception fo r  a l l  the combinations examined, the 
S eries model renders the most accu ra te  p red ic tio n s  fo r the 
g ra n ite  concretes and the Hobbs model Is the most accu ra te  fo r 
the  an d esite  co n cre tes . I t  a lso  seems from the  r e s u l t s  th a t  the 
b es t p -ed lc tlo n  combination fo r both concretes Is  coarse and fin e  
aggregate In a pas te  m atrix . In s p red ic tio n  combination



u s i n g  t h e  r e s u l t s  for  2 , 4  c/w ra t io  concrete,  t h e  g r a n i t e  

c o n c r e t e  e l a s t i c  m o d u l u s  w a s  c a l c u l a t e d  t o  o n l y  4 , 9  p e r c e n t a g e  

d i f f e r e n c e  u s i n g  t h e  s e r i e s  m o d e l .  T h e  a n d e s l t e  c o n c r e t e  e l a s t i c  

m o d u l u s  w a s  p r e d i c t e d  t o  a  2,9 p e r c e n t a g e  d i f f e r e n c e  o f  t h e  

e x p e r i m e n t a l l y  d e t e r m i n e d  v a l u e .  H o w e v e r ,  w i t h  t h e  e x c e p t i o n  o f  

t h e  g r a n i t e  c o n c r e t e  c a l c u l a t e d  u s i n g  c o a r s e  a g g r e g a t e  i n  a  

m o r t a r  m a t r i x  ( t h e  S e r i e s  m o d e l  o n l y  p r e d i c t i n g  t h e  e l a s t i c  

m o d u l u s  t o  a  2 4 , 2  p e r c e n t a g e  d i f f e r e n c e ) ,  t h e  o t h e r  e q u a t i o n s  

p r e d i c t  t h e  m e a s u r e d  v a l u e s  t o  w i t h i n  1 0  p e r c e n t .  H o w e v e r ,  I  

f e e l  t h a t  i t  I s  m o r e  a c c u r a t e  t o  u s e  a  c o m b i n a t i o n  I n v o l v i n g  r n l y  

o n e  c a l c u l a t i o n  t o  a r r i v e  a t  t h e  t h e o r e t i c a l  v a l u e  o f  E c ,  e g .  

coarse and f in e  aggregate I n a p r  te  m atrix , o r coarse aggregate 
I n  a  m o r t a r  m atrix . T h e  r e a s o n  f o r  t h i s  I s  t h a t  a l l  t h e  m o d e l s  

h a v e  a n u m b e r  o f  s i m p l i f y i n g  a s s u m p t i o n s .  T h e  m o d e l s  a r e  

approximate and th e re fo re  c a lc u la tio n s  Involving th e  models should 
b e  s i m p l e  t o  p e r f o r m  f o r  p r a c t i c a l  p u r p o s e s .  T a b l e  4 . 4  ( a )  s h o w s  

th a t  fo r  g ra n ite  concrete  where *** used to  p re d ic t
E*@rtar, which In tu rn  was used to  p re d ic t Egppgypte, the  
S eries  model (om itting  th e  P a ra lle l  model) renders the  most 
i n a c c u r a t e  value f o r  E m o r ta r -  H o w e v e r ,  when t h e  Ec i s  

estim ated  from th is  v a lue . I t  renders the  c lo s e s t  approximation to  
the measured concrete  moduli. This Is  an apparent inconsistency .

In re tro sp e c t, the labo ra to ry  work and In p a r t ic u la r  the  paste
w o r k , s h o w e d  t h a t  t h e  m o s t  p r a c t i c a l  a n d  a c c u r a t e  p r e d i c t i o n  

combination 1s c o a r s e  aggregate i n  a  m o r t a r  m a t r i x ,  u t l l l s i n .  t h e  

S eries model fo r  g ra n ite  concre tes and the  Hobbs model fo r  The 
a n d e s lte s . The labo ra to ry  work cam onstrated the d i f f i c u l ty  In 
accu ra te ly  assessin g  E values fo r  p a s te s , p a r t ic u la r ly  a t  low 
cement/water r a t io s :  th e re fo re  E  ̂ p red ic tio n s  from these
v a l u e s  w o u l d  h a v e  t o  b e  viewed w i t h  cau tion  due t o  po ssib le  v o i d s  

in the p as tes used fo r  the  m atrix  e la s t ic  modulus values.



Con c lu s ion s

From the r e s u l t :  deemed to  be re p re se n ta tiv e , tne  S e r le ; 
model I* th« most accu ra te  fo r  th e  various p red ic tio n  
com blnaticn; examined fo r g ra n ite  co n cre tes . The Hobbs 
model Is  the  most accu ra te  model fo r  the  various 
p red ic tio n  combinations fo r  an d eslte  concre tes .

Coarse aggregate In a m ortar m atrix Is  the most 
p ra c tic a l and sim p lest p re d ic tio n  combination fo r  both 
types o f concre te  reviewed In th is  d is s e r ta t io n .

The Hlrsch and Counto models ren^ ' r  r e s u l t s  to
those o f the  Hobbs model. Howeve j r  1s more
c o n s is te n tly  accu ra te  In I t s  p red li ffe c tlv e n e ss .
The P a ra lle l  model g re a tly  overestim ates the  e la s t ic  
modulus fo r both concrete  types. The S eries model In 
general s l ig h t ly  underestim ates th e  measured e l a s t ic  
m o d u l 1 .

Provided accu ra te  es tim ates o f low cem ent/water r a t io  
p as tes could be ob ta ined , the e l a s t ic  modulus of 
concrete could be accu ra te ly  p red ic ted  employing a 
su ita b le  th e o re tic a l model.

The r e s u l t s  show th a t In co n sis ten c ie s occur In the 
a b i l i ty  o f the  various models to  p re d ic t moduli. For 
example, the  S eries  model p red ic ted  a very good concrete 
modulus fo r  the g ran ite  con cre te , but a ra th e r  ooo"- 
modulus fo r the g ra n ite  m ortar. These In co n sis ten c ies 
are  bound to  a r is e  due to  the  sim plify ing  assumptions 
Inheren t In the models, and th e ir  I n a b i l i ty  to  account 
fo r  physical fa c to rs  such as p a r t ic le  shape.
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