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Abstract

The advent of quantum computation and information science has seen the re-
emergence of squeezed states of light being of critical importance in the field of
quantum metrology. The generation of the squeezed states of light in circuit QED
has proven to achieve quantum measurement in a faster way than conventional opti-
cal methods. The Jaynes-Cummings physics is used to study the degree of squeezing
generated in a dissipative atom-cavity system by computing the master equation of
the interacting atom-cavity quantum system. The collapse-revival oscillations of the
dynamical process in the Markovian and non-Markovian regime are observed to be
dependent on the coupling strength g of the two-level atom-cavity quantum system
including those of the Bohr frequency.

By transforming the original Rabi Hamiltonian to a dispersive Hamiltonian, sig-
nificant squeezing can be observed through sudden qubit flips via the squeezing
protocol scheme presented. The degree of squeezing is calculated after N cycles of
the protocol are carried out at certain frequency jumps. A comparison of the degree
of squeezing generated by the dispersive model and the Rabi model carried out by
the frequency-shift protocol proves that the degree of squeezing in the Rabi model
is higher.

We implement the generation of light squeezing in a quantum circuit environment by
first developing a hybrid quantum system consisting of superconducting flux qubits
and an ensemble of nitrogen-vacancy centers (NVE). Within such an architecture
one of the most important thing to measure is the entanglement between the flux
qubits and NV ensemble. This we will measure using a metric called concurrence C.
An ideal quantum circuit should be able to effectively store quantum memory and
have long coherence times through spin ensembles. We measure bipartite, residual
and dissipative entanglement dynamics using concurrence.

We conclude the thesis by introducing a novel technique to genearate squeezed states
of an NVE within a hybrid quantum system by making use of the superconducting
qubit which couples the resonator to the NVE so that we can generate single-mode
squeezed states of an NVE from the entangled states of the bosonic mode with the

NVE.
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Chapter 1

Introduction

In the year 1982, Richard Feynman posed a question of what kind of computer will
be able to simulate the behaviour of quantum systems since classical computers are
meant to compute classical mechanics [1, 2]. This led to the birth of quantum sim-
ulation. Figure 1.1 shows a schematic representation of the mapping of a quantum
system to its quantum simulator. The quantum system is initially in the state |¢(0))
and this corresponds to the state [¢/(0)) on the simulator. The prepared state |1(0))
evolves through the unitary operator U = e~it to the state |1(t)) that can be
measured. Unlike the simulated system, the simulator can be controlled through
the preparation of the initial state |[4)(0)), engineering of the evolution operator U’
and measurement of |¢)(t)).

Quantum system

6(0)) = 1&(1))

Quantum simulator

-
- ----->

1(0)) B8 1y/(0)

Evolution

Preparation Measurement

Figure 1.1: A mapping of an evolution of a quantum system and its
corresponding quantum simulator [3].



What should a universal quantum simulator be made of?

The simulator should be able to emulate a quantum system and perform quantum
computation.It should be able to simulate single particle states with the occupation
of each state being either 0 or 1 and mapping it to a quantum bit (qubit) [4]. A qubit
is analogous to a computer’s bit that stores information. Similarly a qubit stores
and processes quantum information. The physical implementation includes that of
trapped ions, photons in optical cavities (QED) and nuclei spins [5, 6]. The first
experimental work performed by Li et al. in 7] and Peng et al. in [8] used Nuclear
Magnetic Resonance (NMR) to implement a quantum algorithm. Simulations of
quantum information processes using electron spins in quantum dots [9] has proved
to be successful because of the scalability of qubits using quantum dot arrays [10].

(a) Optical image showing the superconducting resonator and transmon qubit with the
magnified view of the qubit at the bottom [11].

(b) An array of superconducting flux qubits shown in blue color coupled to other qubits
through green circuits and brown readout circuits [12].

Figure 1.2: Superconducting circuits



New technology that uses coherent nano-scale systems allows for the development of
superconducting circuits [13, 14]. Superconducting circuits consists of elements that
have superconducting properties [15] such as flux qubits and resonators as shown in
Figure 1.2a,1.2b. These have an advantage of simulating quantum systems better
than other methods presented above. The circuit geometry can be constructed to
meet tailored specifications characteristic to the circuit. In Chapter 6 we study and
measure the entanglement of a hybrid quantum system.

Within a quantum circuit, operations on qubits are done by elements called quantum
gates. These are analogous to classical logical gates of computers. Figure 1.3 shows
a quantum state |[¢pr(n — 1)) of one electron occupying n orbitals and is used to
generate vacuum states. The quantum gates involved are the X gate commonly
known as bit-flip mapping |0) to |1) and |1) to |0), cNOT where one or more qubits
acts as control and then three unitary operators Q(n — 2, 1), H, H.

@ H— |0)
vr(n, 1)) b 7 0)
Q(n-2,1) 10)("=2)

Figure 1.3: Quantum Circuit consisting of quantum gates that transform the
|tr(n, 1)) into vacuum states [16].

The scalability of quantum circuits to having more than 200 qubits has been fab-
ricated in a single chip from the work of Houck et al. in [17]. The scalability of
circuits has been of particular interest to the field of condensed matter, in particular
that of lattice structures and models such as Jaynes-Cummings lattice [18] (Figure
1.4) and the Anderson-Kondo model [19]|. Experimental simulations of the quantum
Hall effect has been demonstrated in Ref.[20] using superconducting qubits.

Nitrogen-vacancy centers in diamond have received great attention [3, 21-23] as they
prove to be a promising platform for implementing quantum information processing
because of the electron vacancy center that acts as a quantum memory or storage.
In Chapter 6 we study a quantum system consisting of NV center ensemble.

In this thesis we critically study the use of squeezed states of light [24] in quantum
information processes such as quantum computing, quantum metrology and quan-
tum entanglement.Over the years squeezed states have been theoretically treated
in the field of optics [25]. Pure quantum states are squeezed states developed in a
quantum model framework that effectively generates and achieves squeezing of light.
We work within the Jaynes-Cummings model [26], an approximation to the Rabi
model. The first use of the model was in the study of spontanecous emission [27] and
how to achieve superradiant light emission known as Dicke superradiance. One of
the things that quantum systems suffer from is the perfect isolation of the system
from the rest of the environment. The work done by Zou et al. in [28] on generat-
ing the squeezed states in an open quantum system took an approach of using the

3



time-convolutionless master equation to generate squeezed states of light. We follow
their approach in this thesis and perform a different measurement by utilizing and
varying the limit of the degree of squeezing in which we are certain to improve the
degree of squeezing achieved.

—c . X
/ x X
NG ) - ‘ e e - J’/
| \ \
l/ 9 T “ o ‘ o o -
= e : e ¢
] Y
y i\ ~microwave
’K "\ [ resonator
A } ! V‘A e
4 L N \ /e
\ “—sc qubit

Figure 1.4: Jaynes-Cummings photon lattice consisting of superconducting qubits
coupled to microwave resonators [18].

Following the study and work of Joshi et al. in [29] we provide an alternative
method to the generation of squeezed states inspired by the experimental work in
the dispersive readout of qubits [30] and performing a transformation on the Jaynes-
Cummings model to effectively extract apparent features of the dispersive regime.
A very common experimental measure used to quantify the degree of squeezing is in
the unit of decibels (dB) (details in Chapter 5). We note that the protocol used is
limited to the decoherence and noise errors that result from photon loss due to cavity
imperfections. Nonetheless the degree of squeezing generated proved to be better
compared to other experimental methods such as nonlinear parametric amplifiers.

Having generated squeezing of light in two different ways, we move towards com-
bining different quantum systems in a single geometry known as a quantum circuit.
We study such a circuit in order to compute entanglement measurements of interest
(details in Chapter 6). The purpose of the investigation stems from the study done
by Liao et al. in [31] using the Jaynes-Cummings model and calculated the concur-
rences of the system as a quantifiable measure of entanglement that is commonly
used. We apply the same measure in our circuit and determine concurrences of dif-
ferent systems. We apply an alternative calculation to the one used in the original
work by using single entropy of the system other than concurrence as mentioned in
the conclusion of the chapter. We further explore how to realize squeezed states in
the above quantum system by coupling a transmission line resonator (TLR) to the
NVE and induce a collective excitation in an NVE resulting in entangled squeezed
states of the bosonic mode and the NVE.



This thesis is organized as follows: Composed of five chapters with the first two
being the introductory chapters and the remaining three chapters containing main
results of the study.

In Chapter 2, we introduce the Jaynes-Cummings Model by deriving the model
Hamiltonian and analyze model features including the experimental observation of
some of the model features.

In Chapter 3 we extend the Jaynes-Cummings model to include the dissipative
features, this is done by introducing the mathematics involved in deriving the dis-
sipative Jaynes-Cummings model including the description of the density matrices,
the derivation of the quantum master equation which is used in the main results of
the subsequent chapters. We then conclude the chapter with an example that shows

the dynamics of the master equation for an atom-cavity system with one excitation
of the field.

In Chapter 4 we introduce the non-Markovian master equation which is used to
generate the squeezed states in the dissipative model. We review the squeezing
properties of the light field and plot the squeezing factor of dissipative Jaynes-
Cummings model. We further discuss the results of the study and their potential
impact in various fields.

Chapter 5 introduces an alternative technique that ensures we achieve greater
amounts of squeezing. We work with the approximated Rabi model and derive the
dispersive regime of it before we develop the protocol to generate the squeezed states
through qubit flipping and frequency jumps. We discuss the results of the chapter
and conclude by noting implications of the work.

Finally in Chapter 6 we look at the hybrid quantum circuit and systems that
consists of superconducting flux qubits coupled to an NV center ensemble. We
perform a calculation that will give the overall density matrix of the physical system
and then the concurrence measure in the first section. We also look at the impact of
dissipation on the bipartite and residual entanglement concluding with the shortfalls
of the study under the discussion section. In the second section we introduce a novel
way generate single-mode squeezed states of NVEs within a similar type of hybrid
system, we construct an effective Hamiltonian that describes the interacting system
and observe the system’s total variance under dissipation.

The overall summary and conclusions of the thesis are detailed in the last chapter.



Chapter 2

Jaynes-Cummings Model

The Jaynes-Cummings Model was originally developed in the field of quantum op-
tics by Edwin Jaynes and Fred Cummings [32] in 1963 on the investigation of spon-
taneous emission of electromagnetic radiation interacting with a two-level atomic
system, with the first experimental demonstration in 1984 by Rempe et al. in [33].
The model that described the interaction of a cavity field with the atom was a semi-
classical Rabi model in which the electromagnetic field frequency was at the atom’s
resonant frequency. A quantum model needed to be developed to fully understand
phenomena such as the spontaneous emission. In 1936, Rabi came with a quantum
model that discussed the effects of a magnetic field on an atom’s nuclear spin. It was
not exactly solvable [34] in which Jaynes and Cummings added an approximation
known as rotating wave approximation (RWA) that excludes counter-rotating terms
in the Rabi Hamiltonian and results in the Hamiltonian given in Eq. (2.34). In this
chapter we derive the Jaynes-Cummings model, discuss and analyze the features of
model that include the dressed states of the model, the Jaynes-Cummings Ladder,
the Rabi oscillations and lastly the collapse-revival phenomena.

2.1 Derivation of Jaynes-Cummings Model

2.1.1 Quantization of Electromagnetic field

In order to quantize the single-mode free electromagnetic field, we consider in Figure
2.1 a 1-dimensional cavity along the z-axis with perfectly conducting walls located
at z = 0 and z = L with the electric field polarized in the x-direction i.e E(r,t) =
E.(z,t)x.

From Maxwell’s equations in free space

V.E-0, (2.1)
0B
VxE= -2, (2.2)
V.-B=0, (2.3)
OE
VxB= /L()GOE, (24)



D

Figure 2.1: Cavity with perfectly conducting walls
at z=0to z = L [35].

we can then derive the wave equation by taking the time derivative of Eq. (2.4)

0 0’E
av x B = ,LL()G()—atQ s (25)
0B O’E
— V x —E = [L()EOW, (26)
O’E
= —V X (V X E) = [L()EOW. (27)
Then using the vector identity V x (V x A) = V(V - A) — V?A we have
1 0?°E
== 2.

1

. . . . 2 _
which is the standard wave equation with ¢* = NITR

With the electric field polarized in x-direction the wave equation then becomes
0*E, 1 0*°E,
022 2 0t
Solving this differential equation using separation of variables with E,(z,t) = P(2)7T(t)
we obtain the following solution

Ey(2,t) = 4| i}i;q(t)sin(k:z). (2.10)

From Maxwell’s equation Eq. (2.4)

(2.9)

OE
B = —
V X Ho€o at ;
the magnetic field is
oF,
By(z,t) = —pueo 5 dz
> (2.11)
_ Ho¢€o we .
== —eovq(t)cos(kz),



where V is the effective volume of the cavity, ¢ is a time-dependent amplitude with
units of length, and k = ** for m > 0.
The energy of the electromagnetic field is given by

_1 2 1 po
H_2/dV(eoE +“OB)

= %/dV(eoEi(z,t) + iBz(Z’t)) (2.12)
= S + ),

where the volume integral is over the z domain. The Hamiltonian in Eq. (2.12) is
similar to that of a harmonic oscillator with unit mass. To quantize the field we
promote the Hamiltonian into an operator and rewrite ¢ = p giving us

1

H = S[p*(t) +w?q(t)]. (2.13)

Introducing the creation and annihilation operators in terms of p and ¢

il(t) = @[wq@)—m(m. (2.14)
i(t) = —[wd(t) + ip(1)]. (2.15)

hwe
eV’

Using the commutation relation [, p| = ih, the Hamiltonian of the field becomes

where Ey =

N 1
Hfield - h(.d [&(t)dT(t) + §:|

~ hwal (1)a(t) (2.18)

= hwa'a.

The time dependence in Eq. (2.18) is dropped since H field 1S time independent as
total energy in closed system.



2.1.2 Hamiltonian of the two-level atom

The two-level system consists of a ground state |g) and the excited state |e) with

energy F = hwy as shown in Figure 2.2.

-y
9>
Figure 2.2: Two-level system energy structure.

The Hamiltonian is given by

~

Hatom = th |€> <€| +0 |g> <g| )

with
0 1
0= (1) 1= ()
Thus,
Flatom = Fso (-) (1 0) 40 0 (0 1)
atom 0 O 1
~ (hwy O
L0 0
_1 hwog 0O —i—l fuwg 0
2\ 0 hAw 2\ 0 —hw
1 ~ 1

The Hamiltonian of the two-level atom is

Hatom - hWOO-z~

(2.19)

(2.20)

(2.21)

(2.22)



2.1.3 Interaction Hamiltonian

The interaction Hamiltonian is given by

H=-i-E
= —fi- Ey(a + al)sin(k2)x (2.23)
= Bj(a +a'),

with § = ——sm(kz)

We expand the dipole moment operator in terms of the basis states {|g) , |e) }

fr=plg) (el +p"le) (g]- (2.24)

Recalling the Pauli spin matrices

. 01 R 0 —1 R 1 0
ax—<1 O)’ O'y—(l. 0), O'Z—(O _1>. (2.25)

And their combinations
1 . 01 1 . 0 0
/\+ _ A~ A — A — I A _ A —
ot = 2(050 +i6,) (O O) : o 2(% iGy) (1 O) : (2.26)
We have,

= (g ) =" 2.27)
<0 O) — 6 (2.28)

Then Eq. (2.24) becomes

i =pé~ +po’

o 45, (2.29)

in which we assumed that p is real thus making the interaction Hamiltonian to be

ﬁinteraction = hg(&i + a.Jr)(d + &T)7 (230)

where g = —&,/ —sm(kz)

Under the interaction picture the operators can be written as

a(t) = a(0)e ™", a'(t) = a'(0)e ™, 6% = 6%(0)et w0t (2.31)

10



Eq. (2.30) then becomes

f{interaction - hg (5__d ‘I’ 6_&T + 6’+CAL + 5‘+dT>
= Iig (&*ae*“wo*wﬁ + 6 afemilwow)t (2.32)

1 saeiwo—wt | &+&Tei(wo+w)t>_

Before we can further simply Hineraction it EQ. (2.32) we first define the concept of
rotating wave approximation. The rotating wave approximation is an approximation
to find an approximate solution to the Schrodinger equation with the rapidly oscil-
lating terms in ]:Imte'raction7 eFHwotw)t heing neglected. The approximation is valid
when the field frequency is near resonance with the atomic transition frequency.

Invoking the rotating wave approximation, we see that wy — w < wp + w with the
exponentials rapidly oscillating. These oscillations will average to zero and thus,

~

Hinteraction = h9(5+d + a'iéT) . (233)

The Jaynes-Cummings Hamiltonian is then,

1 .
Hjc = wa'a + w00 + gla'6™ +aot), (h=1). (2.34)

2.2 Features of the Jaynes-Cummings Model

Now that we have fully derived the Jaynes-Cummings Hamiltonian (Eq. (2.34)), we
can now analyze the features given by the model. In order to analyze the properties
of the JC Hamiltonian we further simplify the Hamiltonian by introducing the num-
ber operator N = ata + 6t6~. The Jaynes-Cummings Hamiltonian in the rotating
wave approximation

Hjyo = wa'a +wi6t6™ +glac™ +ale™), (2.35)

is transformed into a simpler Hamiltonian by introducing the number operator N
and the detuning parameter A = wy — w between the field frequency and atomic
transition frequency. The Hamiltonian now reads

Hjo =wN + A6t 6— + glact +afe7). (2.36)

We can now explore the properties of the above Hamiltonian for example, its eigen-
states and eigenvalues, but first, we investigate the commutation relation between
the number operator N and the Hamiltonian H ;- given by

[N, Hc] = w[N,N]+ A[N,6767] + g([N,a6"] + [N, a'67)), (2.37)
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with [N, N] =0
[a',67]=[a,67)=[a',6%] = [a,6] = 0. (2.38)

Since all operators act in their respective subspaces the commutator between op-
erators acting in different subspaces becomes zero (See Appendix A). This implies
that

[N,6767] =[N, afa) = 0. (2.39)
From the commutation relations in Appendix A we find that
[N,a6*]) = [N,af6] = 0. (2.40)
Thus
[N, Hjc] = 0. (2.41)

The number operator commutes with the Jaynes-Cummings Hamiltonian. The re-
sult of this commutation is a conserved quantity of the number operator called
the polariton, which is a coupled excitation of photonic and atomic system. Both
operators N and H ¢ share common eigenstates between subspaces as such we pro-
pose the basis |¢1,) = |n,g) and |¢)9,) = [n — 1,¢e). Then the Hamiltonian can be
diagonalized as

H™ = (i| Hyc |j) . (2.42)
where in matrix form

g — (<¢1n|f:ch|l/)1n> <1/)1n|]:{JC|¢2n>)
<w2n| HJC' |77Z)1n> <77Z)2n| HJC |7/)2n>

— ( <nvg|]:]JAC|n7g> <n,g|ﬁjp|n_1,e> )
<n_17€|HJC|nag> <n_176|HJC'|n_1ae>

(2.43)

Using the ladder operators and spin operators acting on the eigenstates we find the
following eigenstates

dT&lnvg>:n|n7g>v de|n—1,e>:(n—1)|n—1,e>,
6767 |n,g) =0, 667 In—1,€e) =|n—1,¢), -
a6+ n,g) = Vil —Le), a6t In—1,e) =0, (244)
'™ n,g) =0, a'6"|n—1,e) = /n|n,g).

The Hamiltonian in the bare basis is written as

Fr(n) _ [ W gv/n
HY = <g\/ﬁ wn+A>' (2.45)
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We can now find the eigenstructure of the system Hamiltonian H™ by evaluating
the characteristic polynomial H™ which is given by

1(E%)=ckt<H“——E%[)
- det( (g‘% wz\fA) - (% ;3)) (2.46)
= (wn — En> (wn + A — En> — ¢°n.
The eigenvalues F,, are roots of the characteristic polynomial i.e
p(En) =0, (2.47)
which gives the eigenvalues as
E,+ =wn+ = (A:l:R) (2.48)

where

R, = /A% +4¢’n,n > 1, (2.49)

is the generalized Rabi frequency.

The eigenstates are calculated by solving the following eigenvalue equation

+ +
wn  gyn i\ vy
<g\/ﬁ wn + A) (1/2*) = Bns <1/2i) ' (2.50)
The coefficients of the eigenstates satisfy the relation
(i) + (v)? = 1. (2.51)

The dependence of the coefficients on each other means we can use one of the
equations in Eq. (2.50)

wv + gvnvy = E, vy (2.52)

Using Eq. (2.51)

(wn — B )vf + gV /1 — () = 0

SO+ R = gy /1 - ()2 (253)

(A+Ry)*(v))* = 4g™n[l — ()7,

results in

2
‘= v (2.54)
V(A + R,)?+4¢%n

12
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i A+ R,
> VTR

Using the parametrization

sinf, == v, cos b, == vy,

and the trigonometric identity

(A+ R,)? —4¢*n

2. ) — 2 o2 _
cos (26,,) = cos0,,* — sin b, (AT R+ gt
2A(A + R,) A

T AT AR, +R2+R2-A’ R,

And similarly for the sine:

4gv/n(A + Rn)
(A+ R,)?+4g°n
4gy/n(A + Rn)
" A+ 2AR, + R2 +4¢g°n
29v/n

R,
Dividing Eq. (2.58) by Eq. (2.57) we find

sin (260,,) = 2sin 6, cosb,, =

2
tan (20,) = gV

A
For the other amplitudes we find the coefficients to be
2
- gv/n

1 =

V(A =R+ 4g’n

A-R,
V(A =R, +4g’n

VQ—

Thus,
P = g (At R.)
! (A —R,)2+4¢>n  4¢°n+ (A + R,)?
(v5)? = (A - R,)? _ 4g°n
2 (A —R,)2+4¢>n  4¢°n+ (A+ R,)?
We find that

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)



Thus we find the corresponding eigenstates to be

n, +) =sin b, n, g) + cos by, [n —1,¢). (2.66)
|n7_> :Cosenlnag> _Sin0n|n_ 1;6>7 (267)

with

0, = %arctan(2gxﬁ>. (2.68)

Figure 2.3 shows the polariton branches of the model with the frequency scaling
in a nonlinear scale of 2y/ng which comes with the splitting of the energy levels in
the strongly coupled case (dressed states) as shown in the energy level structure in
Figure 2.4.

Energy spectrum of Jaynes-Cummings Model

[n, +)
100

S © Zovn

70

Figure 2.3: Energy eigenvalues of the Jaynes-Cummings model with states being
split by 2¢g rad/s.
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Dressed
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Figure 2.4: Energy level Structure of the Jaynes-Cummings model. Energy
levels of the atom and photon/field are equally spaced as opposed to those of the
atom-cavity system in which there is degeneracy in the levels.
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Figure 2.5: Vacuum Rabi Splitting of the energy levels of transmon qubit coupled
to a coplanar waveguide with the states being split by g/ms™1 [11].

Figure 2.5 shows the experimental observation of the vacuum Rabi mode splitting for
transmon superconducting qubit coupled to a superconducting coplanar waveguide.
Measurements of the transmission spectrum of the cavity, transition frequency of
the qubit and the magnetic flux bias of the qubit. Observed in (c) is the groundstate
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splitting of the energy levels to two polariton branches or the lowest doublet |1, +)
with the corresponding peak separation.

Figure 2.6 shows the dressed states energy levels of the experiment on the transmon
qubit. The energy levels were reconstructed from the probe measurements conducted
in Figure 2.5. It is evident from the figure that the y/n nonlinearity of the energy

levels is observed for single and two photons in the cavity.

Figure 2.7 shows the collapse-revival oscillations for an atom in a superposition and
the field in a coherent state given by

1 o0
(0 atom = —5(19) + le)), ¥(0)) pieta = Zc ). (2.69)

(2.70)

The initial atom-field is given by

[9(0)) = 1¥(0)) atom @ [$(0)) picta (2.71)

Solving the Schrodinger equation we obtain the state
) =Y On{ cos gtv/n + 1 Je) [n) — isingtv/m 1 1|g) n + 1) } (2.72)
n=0
The transition probabilities are given by
2~ v N
P.(t) = [(e[T() P = e — cos (gtv/n +1). (2.73)
n=0 )
>~ NN,
Py(t) = {gl¥ @) =D e —sin (gtv/n+ 1). (2.74)
n=0 ’

The atomic inversion is,
W(t) = Fe(t) — Py(t)

= N" (2.75)
=N Z — cos (2gtvn + 1),
n=0

where n = average photon number.
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Figure 2.6: Experimental Dressed states of the transmon qubit coupled to a
coplanar waveguide resonator [11].
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Figure 2.7: Collapse-revival oscillations of the quantized radiation field inter-
acting with the two-level atom.
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Chapter 3

Dissipative Jaynes-Cummings Model

In Chapter 2 we introduced the Jaynes-Cummings model that describes the dy-
namics of a two-level atom interacting with a quantized radiation field in which we
assumed the system to be closed and not interacting with the rest of the environ-
ment. Quantum systems are never isolated, as such they lead to decoherence of the
system affecting the ability to make accurate measurements of a quantum system.
We need a complete description of the dynamics of open systems that take into
account, the full environmental interaction. To do this we consider the use of the
master equation of the density operator of the system [36] for Markovian and non-
Markovian dynamics. The dynamics are difficult to analyze and solve analytically
hence the reason most dissipative cavity QED experiments are analyzed by per-
forming numerical simulations [37]. In this chapter we review the formalism used to
describe the dissipative processes from the density operator to the derivation of the
quantum master equation and application of the of it to the one excitation problem.
These will lay foundation for the applications of the model in processes of quantum
information that we will study in subsequent chapters of this thesis.

The governing Hamiltonian for the interaction of a two-level atom (qubit) with a
cavity coupled to a bosonic bath is given by

H=Hg+ Hp + Hj. (3.1)
where
1
Hg = wata + @00 + gla'6™ +a6™). (3.2)
Hp = wiblb. (3.3)
k
Hy = (a'+a) ) gr(b] + br), (3.4)
k
and

Z;,Tcl;k being the creation and annihilation operators associated with the environment
with following commutation relations

i, 1) = B — i, — . 35
(b}, 0] = [b;,b;] = 0 3.6
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Before studying the dynamics of the model we need to describe a formalism that
will enable us to fully understand the total system and extract information from it
and that is through the density matrix.

3.1 Density Matrices

The density matrix or density operator for a pure state |¢) is given by

p =) (] (3.7)
and has the following properties:
p*=p  projection. (3.8)
p>0  positivity. (3.9)
p=p' hermiticity. (3.10)
Trp=1 normalization. (3.11)

For an ensemble of mixed states (collection of systems that are not in the same
state) the density operator takes the form

p= Zpi i) (il (3.12)

with
pi = (Wil p i) , (3.13)

being the probability to find an individual system of the ensemble. The density
operator can be written in matrix form (density matrix) with the diagonal ma-
trix elements representing population states and off-diagonal entries the coherences.
These terms are sensitive to the relative phases of mixed states.

(Pn /)12> —p= Zpi [03) (5] = prm = <n = M(population)). (3.14)

P21 P22 n # m(coherences)

To find the equation of motion of the density matrix p we differentiate Eq. (3.12)
with respect to time

d d
%P = i ;Pi Wz> (%\

d d (3.15)
= ZPZKE |77Z)z>> (il + i) <E (i )]
And using the time-dependent Schrodinger equation
o, 3
) = 19, (3.16)
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we have that Eq. (3.15) becomes

d - .
E = —sz%(H |?/h> <¢z| - |¢z> <¢z| H)7 (3'17)
where £ |¢);) = —%ﬁ |t;) with A =1 Thus,
d X
op =il p), (3.18)

the density matrix p, obeys the von Neumann equation.

3.2 Derivation of the Quantum Master Equation

Open quantum systems are stochastic in nature, in other words their dynamical
evolution is probabilistic as the predictions of quantum mechanics are probabilistic.
In such a case, the Schrédinger equation of motion can no longer be used to study the
dynamics of open quantum systems. A master equation describes the non-unitary
dynamics between the system interacting with its environment. Both the system
denoted S and the environment denoted F are different quantum system with S+ F
being a closed system [38|. The density matrix describes a probability distribution
of quantum states |¢;) which is used to obtain the reduced density matrix of the
system were the environment degrees of freedom have been traced out.

The first point of our derivation involves rewriting the total Hamiltonian in the
Heisenberg interaction picture.

Transforming the Hamiltonian in Eq. (3.1) into the interaction picture we have
H(t) = eWsHHe)t e =i(HstHe)t (3.19)

Within the interaction picture the density operator evolves according to

9 p(t) = —il(1), (o). (3.20)
The solution of Eq. (3.20) takes the form
i) = =i [ 1). s s + 0). 3:21)
Substituting back to Eq. (3.20) gives
570 == [ L0, [i(5) e )ds — il p0). (32)

We then trace over the environment to get the reduced density operator which
describes the dynamics of the system

giis(t)=— | T ([0 ). )] ) s — T ([0, p0))). (328
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In the second step of the derivation, we make the following assumptions [39]:

Separability At the initial time ¢=0 the total density matrix can be written as a
tensor product of the system and environment. At this time we assuming there is
no correlation between the system and the environment.

p(0) = ps(0) © pp(0). (3.24)

We make the assumption that Trg[H(t), p(0)] = 0 with Eq. (3.23) becoming

O pslt) = - / T ([0, (). ()] ds. (3.25)

Performing the Born approximation which assumes that the coupling between the
system and the environment is weak, the environment is much larger than the system
such that the environmental state does not change remarkably as its interaction with
the system. The Born approximation further assumes that the total density matrix
p(t) is separable and approximated by

pt) = ps(t) @ pp. (3.26)

Eq. (3.25) is now given by

Gios(0 == [ Tre({f0.1Fnts). ps( 9 pell)as. (320

At this stage the master equation is still difficult to solve and thus we make another
approximation. In the Markov approximation we assume that the bath is mem-
oryless and replace the lower limit of the integral by -oo and s— ¢t — 7 then

9 pslt) = - / " e ({0, [t~ 7). s © pll)dr. (329

To perform the Rotating-Wave approximation we redefine the interaction Hamil-
tonian in terms of the system and environment operators

H =AQE, (3.29)

where A and E are the operators acting on the system and environment. We then
decompose H; into eigenoperators of the system Hamiltonian Hg by the defining
the following expansions of the operators

A= Z A®), (3.30)

where

A@) = > [IeAT]E©), (3.31)

e/ —e=w
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where [](¢) is the projection onto the eigenspace corresponding to the eigenvalue €
of the operator Hg and the sum is taken over the Bohr frequencies with respect to
Hg. The following commutation relations hold

[Hg, A(@)] = —0A(®). (3.32)
[Hg, AT (2)] = QAT (). (3.33
The corresponding interaction picture for the operators is given by
e st A(D)e st = e A(@). (3.34)
st AT (@)e st = T AT (). (3.35)

Summing over all energy differences in Eq. (3.31) the new interaction Hamiltonian
is written as

Hi(t) = Z et A(D) @ E(t). (3.36)

We then expand the commutators [38] in Eq. (3.28) to get

%[35@) S /OOO treH;(t)H;(t — 7)ps(t) ® pp
— H;(t)ps(t) @ ppH;(t — ) (3.37)
— Hy(t — s)ps(t) ® ppH(t)
+ ps(t) ® ppH;(t — 7)H(t)}dr.

Substituting Eq. (3.36) into the master equation Eq. (3.37) and defining the Fourier
transformed environment correlation function as

+oo .
V@)= [ e (BN OEW). (3.39)
and transforming back to Schrodinger picture we have the master equation as
(1) = ~ilHs. 7] + 3 1(@) [A@)()A'@) — 5{A'@)A@), o(1)}]
w0 . (3.39)
+ Y (=@) [A(@)p()A@) - S{A@AT@), p(t)}].

&>0
For the Jaynes-Cummings system,the operator A = (a + a') defined in Eq. (3.30)
and Eq. (3.31) is given by
A(@) = |Enm) (Enml| (@ + @) [Exig) (Enl (3.40)

where @ is the energy difference of combined atom and cavity system, |Ey 1) =
75(IN.g) £|N — 1 ¢)) with [, m taking values 1.
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Using the definition of the ladder operators
atln) =vn+1|n+1). (3.41)
aln) =+vnln—1). (3.42)
The operator A(w) becomes

- 1
A@) = gonna (VN + 1+ ImV'N) | Ex ) (Exi1] (3.43)

for N > 1, where dn n/—1 is the Kronecker function defined

0 N£AN —1
T . 3.44
AT L (N=N'—1);l=m (3.44)

From Eq. (3.39) the Markovian master equation for the Jaynes-Cummings Model
interacting with a bath is

) . Y(E — B 1
pt) = —i[Hc.p) + B =~ Fo) 5 ) (|Ey) (Br, 1 p| v, 1) (Bl — 5 LB (Bul . 0})
I==*1
~ Y(Ent11— Enm) IV
IS 1 (VN +1+1mVN) " (|Exm) (Ens1, 1 p|Exs1, 1) (Exml
I,m=+ N=1
1 Y(Ey — F 1
2 1Exen) Bvad o)) + 3 B (1) (1 p ) (Bl L 1B0) (ol o)
l=%1
 Y(Ent11— Enm) IV
IS 4 (VN + 1+ imVN) (|1 Exm) (Eni1al p BN, 1) (Enml
I,m=+ N=1

— S4B} (Bl s }).
(3.45)

For systems with enviroments satisfying the conditions (string of approximations)
made above, the Markovian master equation governs the time-evolution of the sys-
tem density matrix, giving an ensemble average of the system dynamics.

24



3.3 Dynamics of the master equation with one ini-
tial excitation

The initial state of the atom-cavity system is |0e). For a closed system there is a

continuous exchange of energy between the atom and the cavity which is character-

ized by Rabi oscillations shown in Figure 3.1. Allowing the atom-cavity system to

interact with the environment the atom and cavity occupation probabilities decrease
as a result of dissipation (Figure 3.2).

)

0.6 4

Vacuum Rabi oscillations

e

P-(t)

0.4 4

R

0 2 4 6 8 10
time
Figure 3.1: Vacuum Rabi oscillations at a coupling strength of g = 1.15.
Vacuum Rabi oscillations
10 4 atom excitation probability
- cavity photon number
> 0.8 1
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Figure 3.2: Occupation probabilities of the atom and cavity photon as a result
of the dissipation.
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For the initial state at zero temperature the excitation number of the atom-cavity
system cannot increase. Neglecting the terms in Eq. (3.45) that have no contribu-
tion to the evolution state of the system, Eq.(3.45) reduces to the following master
equation

0) = ~ilH o, p) + 2w +9) (5 | Bo) (Bul | v (ol
— 1B (Bual o))
(e — ) (510 (B1 1B ) (Bl

B (B L),

(3.46)

The dynamics of the ground state population P ,(t) at the decay rate v = g/5 ( g
is coupling strength) are shown in Figure 3.3. The populations are given by (See
Appendix B)

164>

2(169% —~?) '
V= V? — 1697 i,
20167 =17 |

Due to cavity losses, the ground state population of the atom-cavity system increases
in time at an exponential rate. The state |0e) indirectly decays to the state |1g). The
oscillatory behaviour of F, signifies the Rabi oscillations that induce the system
decay when the state |0e) to coupled to the state |1g). The coupling between the
states |1g) and |Oe) is weak (Rotating Wave Approximation (RWA)) as such, the
decay rate v(wp + g) = Y(wp — ¢) is the same for the two states inducing a non-
oscillatory behaviour in the evolution of the population of |0g) as shown in the
longer time behaviour on the insert in Figure 3.3. Different system dynamics arise
when a measuring the atomic ground state population for example, the population

Py(t) = {0gl p(t) [0g) + (1g] p(t) [1g) , (3.48)

in which using Eq. (3.46) one finds (See Appendix B)

8g? N 272 4 2v1/~2 — 1692 — 1692€’”+ /Tzflﬁgzt

5
5t

+

+

P(t)=1— ——— 3.49
o) 1697 — 72 4(16g° — 7°) (349
292 — 27y4/7? — 16g% — 16g® —v+v27-1657, (3.50)
(& 2 . .
4(16g* —~?)
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0.27

Figure 3.3: Population of ground state F,, as a function of 7 = 2gt for the
system starting at an initial state |0e) with v/2¢ = 0.1.

The below Figure 3.4 shows the evolution of the atomic ground state population
P, (t), decaying presence of Rabi oscillations are observed with more of an oscillatory
behaviour.
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Figure 3.4: Population of ground state P,(¢) as a function of 7 = 2¢t.
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Chapter 4

(Generation of squeezed light in a
dissipative Jaynes-Cummings Model

In chapter 2 and 3 we introduced the Jaynes-Cummings Model a quantum model
that describes atom and light interaction in a cavity. In order to investigate open
quantum systems it was imperative to derive an equation that fully describes the
dynamics of open quantum systems i.e Quantum Master Equation by taking into
account the imperfect isolation of such systems from the rest of the environment.
We applied the equation to understand the dynamics at one initial excitation. In
this chapter we consider the application of the dissipative Jaynes-Cummings model
to generate squeezed states of light which are central to quantum information pro-
cesses. Squeezed states of light are purely quantum states that have been widely
investigated and observed first in the field of quantum optics [40] with the revolution-
ary experiment of atomic vapour Sodium atoms and recently in the field of cavity
QED [28] which has shown that squeezing can be generated from atomic transi-
tions in a two -level system (qubit). The Heisenberg uncertainty relation states that
the minimum uncertainty for pairs of noncommuting operators i.e z, p must satisfy
(Ax)?*(Ap)? > h?/2. For states exhibiting squeezing the variance of one operator is
reduced below the standard quantum limit (SQL) at the expense of the other oper-
ator that does not commute with x such as p [28, 41-43|. This means that squeezed
states have less quantum fluctuations or quantum noise as such they of interest to
the fields of quantum information processing [44], quantum computing [45| and for
performing precision measurement in quantum metrology [46]. Figure 4.1a,b show
some of the properties of squeezed states. We will employ the non-Markovian master
equation in the dissipative Jaynes-Cummings model to investigate the generation of
squeezed states and analyze the influence of the initial atomic state, the atom-cavity
coupling strengths, the non-Markovian effects on the squeezing of the light field as
well as the collapse-revival phenomenon.

28



(a) coherent  (b) phase (c) amplitude (d) QMFS
state squeezing squeezing setup

(a) Wigner function of squeezed vacuum (b) Phase space representation  of
state [47]. squeezed states [48].

Figure 4.1: Properties of squeezed states

4.1 Non-Markovian Master Equation
We consider the non-Markovian dynamics of the atom-cavity system at one-initial

excitation and in the dressed-state basis {|Ey) , |E1,—) ,|E1+)}. From Eq. (3.46) the
non-Markoviann master equation [39] is given by

(0) = —ilH e p(0)] + e + 9.0 (3 [Eo) (B o] o(0) B ) (Bl
~ 1B (Bl o(0))
(e — .0) (510} (81| olt) 1By, ) (o

— 1B (B ] p(0)}),

(4.1)

with the time-dependent decay rates for |E; ) and |E) ;) being vy(wy + g,t) and
v(wo — g,t) respectively.
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The dressed state basis are the eigenstates of H;c where |Ey) = |0g), |E1-) =
—(|1g) — |0e)), |E14) = 2=(|1g) + |0¢)) with decay rate of v(wy & g,t) for |Ey 4).
V2 V2

We model the environment by the Lorentzian spectral density [49]

1 ’70)\2

(W) = 2 (wy — w)2 4+ A2

(4.2)

where:

A = spectral width of the coupling.

Yo = % is related to the time scale on which the system changes (relaxation time).

When the spectrum is peaked on the frequency of the state |E;_) where (w; = wy—g)
the decay rates reduce to

Y(wo — g,t) = (1l —e ™)

Y

and

A2 29 .
Y(wo + g,t) = zlgzoﬁ{l + [Tg sin 2gt — cos 2gt]6_’\t}.

The initial density matrix for the system

p(0) = p11(0) | Eo) (Eo| + p12(0) | Eo) (E11| + p13(0) | Eo) (E1-|
+ p21(0) [E14) (Eo| + p22(0) [ By ) (Ery| + p23(0) | Ery) (B | (4.3)
+ p31(0) | E1-) (Eo| + p32(0) |E1-) (B | + ps3(0) [ Er-) (B
Using the damping basis method (Appendix B) we can evaluate the density matrix
at time ¢
p(t) = "2 | Eg) (Eo| + e~ 29t 2hath) | Bo) (B | + e i@ot9te=3h2 | B) (B |
+ e | Byy) (B | + e 709t | By (By_| (4.4)
+3 - €_h2 — G_hl ’E1_> <E1_| R

where

I 1

m=3 [ = g0 =5 (0t + e - 1), (15)

2 Jo 2 A

and
I Vo2 4ge~Msin(2gt)
hy = = tdt' = - —
2 2/0 ’Y(WO +9, ) 2492 + A2 492 A2

(4.6)

N (A2 — 4g%)(e M cos 2gt — 1)
A4g% + 22) '
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4.2 Squeezing Properties of the light field

Squeezing properties of light are studied by analyzing the quadrature components
of the light field. The quadrature operators are related to the field amplitudes with
a phase difference of 7 to each quadrature operator [50],

1 1
X, = 5(&4— ah), Xy = 5(& —a'), (4.7)
1

with their variances given by

(AX))? = (X}) — (X1)?, (AXy)? = (X3) — (X,)°. (4.8)
For the uncertainty principle to hold the variance of the quadrature operators must
obey the following relation

(AX0)? (M%) > oo (4.9)

The quadrature operator is said to be squeezed if X; satisfies the condition

or in terms of the squeezing factor .S;
1

Rewriting Eq. (4.4) in terms of the light field and atomic operators we find

p(t) =e7"10) <0| @ l9) (gl + e~ e 202 (J0) (1] @ |g) (g] + 10) (0] @ |g) (e)
+ e ntalem32(J0) (1] @ [g) (9] — 10) (0] @ |g) {g)
+e ™ (|1) <1|®|9> (gl + 1) (0] @ |g) {e[ +10) (1] @ [e) (g] + |0} (O] & [e) {e])
+ e om el (1) <1| ® 1g) (g = [1) (0] @ [g) (e] + 10} (1] @ [e) (4]
—10) (0] ® [e) (e]) +3 — e — ™" (|1) (1] @ |g) (9| — [1) (0] @ |g) (]

—10) (1| @ [e) (9| — |0> (0] ®e) {el)-
(4.12)
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Figure 4.2 depicts how the expectation values and variances of the quadrature op-
erators X; and X evolve in time when initially in different kinds of squeezed states.

X1 X2

00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40
time time

Figure 4.2: Expectation values of X; and X, with an envelope that describes the
operators variance for the initial state [¢)(0)) = (cos & |e) + e?sin £ |g)) 4 |0) s where

A indicates the atom, f describes the cavity field, = 27“ is an amplitude parameter
and ¢ = 0 is the phase parameter.

Tracing out the atom to get the reduced density matrix for the field ps(t) we have,

pi(t) = Trap(t) = e |0) (0] 4 =2t 3t |0y (1] — e~ileotalte=3R2(0) (1] — |0) (0])

+ e (1) (1] +[0) 0] ) + e 0m9te=2m (1) (1] — |0) (0] )
+3—e " —e (1) (1] —10)(0])

B e—he _ efi(woJrg)te—%hz + et _ e*i("-’O*g)t@_%hl — p33(t) 0
= o—2igt o~ 4 (hat+ha) + e i(wotg)t o—3h2 e 4 e~ iwo—g)t =3 + pss(t)
(4.13)

where p33(t) =3 —e 2 — e,

We can now get the quadrature operators to analyze the squeezing factor. The
expectation value of the X; and X, quadrature operators are given by

(X1) = Tr(Xaps(1)), (XT) =Tr(Xips(t)). (4.14)

(Xo) = Tr(Xops(1)), (X3) = Tr(X3ps(1))- (4.15)
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We analyze numerically the squeezing properties of the light field by inserting Eq.
(4.14) or Eq. (4.15) into Eq. (4.11).

We consider an initial atom-cavity state

9(0)) = (cos(G) le) +e®sin (3)1g) ) 10), (4.16)

where 6, ¢ denote the amplitude and phase parameters.

Normal squeezing can occur in presence of small dissipation in an atom-cavity system
(Figure 4.3). Initially, we observe slow oscillations of S} for the state [1(0)) due to
the dependence of the squeezing on the atom-cavity coupling g, this property will
be discussed in detail in the Discussion section. In the results section we describe

squeezing in a regime of strong atom-cavity coupling and dissipation rate.
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Figure 4.3: Normal Squeezing of the state |¢(0)).

4.3 Results and Discussion

In this section of results we analyze the following effects on the squeezing of the light

field: the initial atom-cavity state, the atom-cavity coupling, the non-Markovian
effects and the atomic frequency.

In Figure 4.4a, the squeezing factor S; is shown as a function of ¢ and ¢ for the
Markovian regime where the spectral width of the coupling A = 5vy. A Markovian
regime is one were the relaxation time of the system is greater than the reservoir
correlation time. This is for A > 27y in Eq. (4.2). If A < 27, the reservoir correlation

time is greater than the relaxation time and thus the often the dynamical evolution
of the system is non-Markovian.
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Figure 4.4: Dynamics of the initial atomic state on the squeezing factor S; in
the Markovian regime (A = 5v).

At certain values of the phase parameter ¢ we can observe that S; values vary from
zero and then oscillate with time. As time increases we can observe greater amounts
of squeezing that is due to the atomic transitions since initially there is no squeezing.
Figure 4.4b shows a 2-dimensional representation of the Wigner function of the state

[4(0)).

In Figure 4.5 we show the influence of the atom-cavity coupling g on the squeezing
of the light field in the Markovian regime (A = 57p)(solid blue line). It can been seen
that S is clearly dependent on the atom-cavity coupling. Figure 4.5a.b displays
the fast oscillations of Sy as t increases due to the dissipative cavity interaction with
the atom. The collapse-revival S; oscillations of the model are clearly observant
for yot € [0, 8] and for periods 7/g. Furthermore these collapse-revival oscillations
are joined by the decay and re-population of the excited atom this is shown by the
dotted-dashed red line with the dashed green line showing the modulation of the
Sy oscillations. The light field achieves its maximal squeezing (greatest degree of
squeezing) when the population of the excited atom P, reduces to zero. In this
manner, S; oscillations collapse to the value zero when the population of the excited
atom ascends from this value. The collapse-revival oscillations of S; will vanish due
to the dissipative coupling with the Markovian environment. A comparison between
Figure 4.5a and 4.5b, we can realize that their squeezing dynamics is comparable
for a distinct g.

The distinction is in the collapse-revival recurrence of S; oscillations for the maxi-
mal squeezing acquired.The frequency of the collapse-revival oscillations of Sy in the
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Figure 4.5: The effect of the atom-cavity coupling g on the squeezing factor
Si(solid blue line) and on the population of the excited atom(dotted-dashed red line)
as function of 7y in the Markovian regime (A = 5vy) for (a) g = 7o, (b) g = 27.

Additional parameters 6 = %’T, = 0,wy = 107g.

latter case is half as in the former. It is clearly obvious that the maximum squeezing
acquired is smaller than the previous. Henceforth, by weakening the atom-cavity
coupling g we can increase the frequency of the collapse-revival oscillations of S;.

Physically this means squeezing light can be produced when the atom de-excites to
the ground state, the interaction between the atom and its cavity allows for pho-
tons to be exchanged between the atom and its cavity making the collapse-revival
oscillations of S; to occur in a short period. Contrast to the coupling with the envi-
ronment, the photon number decreases resulting in the collapse-revival oscillations
of S; vanishing for a longer-time period as depicted by Figure 4.5a and 4.5b.

In Figure 4.6 we show the dynamics of the squeezing factor S; for generation in
the non-Markovian regime A < 27,. For an equivalent atom-cavity coupling g =
7o the collapse-revival oscillations of S; are the same regardless of the regime of
interest. The non-Markovian effects on S; are epitomized in the maximal value of
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the squeezing. In Figure 4.6a where A\ = 37, the cavity dissipation is pronounced
as such, the revival oscillations of S; tend to zero. In Figure 4.6b where A = 0.3,
(non-Markovian effects) squeezing increases to S; = —0.2 from the minimal point
at 7ot = m/2 it then collapses to the minimal point at 79t = 7 and revived to
S; = —0.04 at vt = 37/2. This demonstrates that the maximal degree of squeezing
in the non-Markovian regime is greater than the Markovian regime as shown in
Figure 4.6¢c when A\ = 0.037p where maximum squeezing is reached at S; = 0.21
for a short period of time. The collapse-revival oscillations are remarkable in the
non-Markovian regime. A special characteristic of the non-Markovian regime is
the feedback effect where the number of photons returned to the cavity from the
environment increase. At longer time periods the S; oscillation decay to the minimal
point of squeezing in the Markovian and non-Markovian regimes. Therefore, the
stronger the non-Markovian effects are the greater revived are the Si-oscillations
after decreasing to the minimal point.

In Figure 4.7 we show the effect of the resonant frequency w, on the squeezing
factor S;. A dependence of the Si-oscillation on the atomic frequency can be clearly
observed from Figures 4.7a and 4.7b. As the magnitude of the frequency doubles
so does the squeezing and the collapse-revival oscillations of S7. Maximal squeezing
is achieved in Figure 4.7b, in terms of the description of a resonant cavity the more
intense are the Rabi oscillations.

36



—— P.

— S

2 3 4 5 6 7 8 9
Yot
(b)
04 () A=0.03ys — 5
0.3 — P
0.2 . ———= Sy
\ A l/ \ i / \ r'\' |)| - ' A ’ ’
o i ! i, A il “1 i i ‘Ir i1 10
NS f . . i Yoyl | IRy 0
o A e O S A
011 \ g I
0.2 !
2 3 3 5 6 7 8 9
Yot
(c)

Figure 4.6: (a) The influence of the non-Markovian effects on the squeezing
factor Sy (solid blue line) and on the population of the excited atom(dotted-dashed
red line) at A = 37p. (b) At A = 0.3, and (c) at A = 0.03.

37



0.4
— Sl
0.3 (@) wo =5yo —— P,
0.2, PN o - Syeny
N s -~ \\
0.17 \\ i ~ / \ ~
0 b |- ~ ’ ~i_4- -
0.1] )
.0'2- \\\\\— "’/ \\\“--’// ‘\\‘- _/”
2 3 a 5 3 7 8 9

(b) wa =10ya

Figure 4.7: (a) The effect of the resonant frequency wy, on the squeezing factor
S1 (solid blue line) and on the population of the excited atom (dotted-dashed red
line) in the non-Markovian regime (A = 0.017,).

4.4 Conclusion

By applying the non-Markovian master equation to analyze squeezing properties of
an atom-cavity system interacting with the bosonic environment as a bath many as-
pects of the dissipative Jaynes-Cummings model and the original Jaynes-Cummings
model were recovered from the Rabi oscillations to the collapse-revival phenomena
oscillations. This was done to capture the decoherence effects that cannot be avoided
when doing measuring for such systems. We have shown that squeezing of the light
field can be generated when the atom transits from an excited state to a ground
state this was shown by the influence of the initial atomic state [1(0)) (Eq. (4.16))
on the squeezing factor S;. We noted that the frequency of the collapse-revival
S oscillations initially increased and then decreased at longer times ¢ showing the
depends of squeezing on the atom-cavity coupling g. Maximal squeezing occurs for
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a smaller atom-cavity strength coupling. Significant squeezing and collapse-revival
phenomena was observed in the non-Markovian regime where A < 27,. From the
results it can be concluded that the smaller the A the greater the S; oscillations.
Comparison of the Markovian and non-Markovian effects show that the collapse re-
vival frequency oscillations of S; do occur in both regimes. We also showed that the
atomic resonant frequency influences the squeezing factor S; and the collapse revival
oscillations. The greater the frequency the more the collapse-revival oscillations of
S1. These findings are of interest to the experimental work in cavity QED for the
generation of squeezed states for quantum communication and information process-
ing. A shift from the optical technique to generate such states to superconducting
nanoscale is what motivated the study. Although the degree of squeezing was max-
imal in certain regimes of the model for example, the non-Markovian regime degree
of squeezing can be achieved by using the strongly coupled regime of the Jaynes-
Cummings which explore in the next chapter.
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Chapter 5

(Generation of squeezed states in

dispersive regime of quantum Rabi
Model

In chapter 4 we introduced a way to generate squeezed states of light from atomic
transitions when an atom transits to the ground state from an excited state. The ap-
proach that was followed was based on the quantum master equation in a dissipative
Jaynes-Cummings model. We showed that significant amount of squeezing of the
light field was generated in the non-Markovanian limit of the system. In this chapter
we introduce a different protocol to generate squeezed states beyond RWA in the
dispersive limit of the quantum Rabi model proposed by Joshi et al. in [29], where
by applying frequency changes using the control state of the qubit and the dispersive
energy shift the quantum noise of the states is significantly increased. Instead of
the using the solvable Jaynes-Cummings we revert to the original quantum Rabi
model containing "counter-rotating" light field and atomic terms as this introduces
interesting physics in the strong coupling regime. The dispersive regime is where the
detuning parameter (A) between the the qubit and cavity is greater than the cou-
pling g between them (A > ¢), a non-resonant interaction of the Jaynes-Cummings
model. In experimental settings the detuning is used to control the frequency pulses
that go in the qubit and resonator as well as the readout states of the qubit. One
particular characteristic of the dispersive limit is the cavity frequency shift [51] that
is introduced as we shall see this is because of the transformation applied to the
model Hamiltonian and disperive approximation in the coupling strength. We con-
sider the original quantum Rabi Hamiltonian as opposed to the Jaynes-Cummings
to derive the effective dispersive Hamiltonian that is used to bring the squeezing
property of the Hamiltonian. A comparison between the groundstates of the Rabi
Hamiltonian and dispersive Hamiltonian is investigated to see how they influence
the degree of squeezing.
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5.1 Dispersive Rabi Hamiltonian

In the dispersive limit the qubit and the resonator are considered to be far detuned
such that ¢ < |wyp —w| [51, 52]. The beyond RWA theory involves keeping the
counter-rotating terms when simplifying the Rabi Hamiltonian H gy,

W e
HRabi=waTa+§Oaz+g(aT+a)(0++0 ). (5.1)

We decompose Hpgqp into the the diagonalizable part and the pertubation part
Hpapi = Ho + g(Ky + L) where

Hy = wila + 56..
K,=¢6a"+s"a (5.2)
L.=6"a"'+o0"a
We define the unitary transformation
U = - (5.3)

A ot [53]. We have that A > A, a small

where the small parameter A\ = 4,
X thus, A\, A are of the same order.

g

A

value of \ implies a small value of

Applying the unitary transformation to Hpgu, to get the dispersive Hamiltonian
Hdisp = UTHRabiU

— (1 — (AK_+AL_)+ %(AK YL - )HRabi
(1 + (AK_ +AL_) + %(AK_ F AL+ .. )
= Hai + M Hai, (K1) + 532 [ (K 20)] (K, 20).

The unitary transformation can be seen as an interaction picture transformation.
This allows us to the solve the system dynamics in a simpler manner. Using the
commutation relations, we find Eq. (5.4) to be

ata o WO 1 92 92 PN A\2

Hyisp = wa'a + =26 —(— —)O‘ al +a)% 9.5
disp %t AT A (@' +a) (5:5)

We next introduce the parameter 2n = % + zwf)’—iA and rewrite Hg;gp, as
w
Hyiop = (w4 2nd.)a a + (?O +1)6, +n6.(a* +a'?). (5.6)

In Figure 5.1 we show the energy levels of the dispersive Hamiltonian. Eq. (5.6)
clearly represents the cavity frequency shift which is the form used in dispersive
qubit readout experiments [54]. Working with this form of Hamiltonian we do a
comparison of the groundstates of the dispersive Hamiltonian and the quantum
Rabi model and quantify the degree of squeezing in the groundstates.
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10 Energy spectrum of dispersive Rabi Model
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Figure 5.1: Spectrum of dispersive Rabi model.

In order to determine the eigenstates of the dispersive Hamiltonian and the quantum
Rabi model we first rewrite the dispersive Hamiltonian in terms of the qubit states
|0) ,|1) which are the + and - eigenstates of &,

Hiisp = Hyiyp 19) (9] + Hygp le) (el (5.7)

where |g) = |1) = |1), angular momentum state with z-component up.
le) = |}) =]0), angular momentum state with z-component down.
and

disp —

HE = (w=2p)ata+ (% + ) £ (@ + at?). (5.8)
We then make use of the unitary squeezing operator S(r-.) [55] defined to be
S(Ti) = e(ri&w_ri&2)/27 (59)

to diagonalize H=_ . Some properties of S (ry) are

disp®

ST(ry)aS(re) = acoshry + al sinhry.

. . (5.10)
St(ry)atS(ry) = a' coshry + asinhrs.
with the squeezing parameter r
w
=-1 . 5.11
T E 4n ( )
The resulting diagonal form of H ), is
gdiSP = f{c—lzsp ‘g> <g| + j:Id_isp |€> <€| ) (512)
where
~ ~ N N wo
Hy,, = S'(re)Hy,,S(re) = w(w + 4n)afa + (7 + n). (5.13)
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The Hamiltonian in Eq. (5.13) is of a harmonic oscillator with the shifted frequency
of the cavity corresponding to the qubit state |0) or |1).
The newly dispersive Hamiltonian Hyg;,, eigenstates are given by

W) =) lg) (5.14)
Wiis) = ) le) (n=0,1,2,..), (5.15)

while those of desp being
|Waip) = S(re) W53 (5.16)

This indicates that the groundstate is already in a squeezed vacuum state. In terms
of the eigenvalues, H, disp €igenvalues are approximated to eigenvalues of the quantum
Rabi model since the unitary transformation leaves eigenvalues unchanged. The
dispersive Hamiltonian Hjﬁsp is related to the quantum Rabi Hamiltonian (Eq. (6.1))
by two unitary transformations so do the eigenstates that is to say,

Wk = U W55 = US WE2) (5.17)
Expanding the U operator in Eq. (5.17) to first order in A, A we have
(W) = (14 AKLAL)S W) (5.18)

For the groundstate of Hy,,, we have \@}le; = 10) [{g,e}) and the corresponding

groundstate eigenstate of the quantum Rabi model to be
(W%~ ) = S(r_)[0)|e) + S(r_)(Acoshr_ — Asinhr_)|1) |g). (5.19)
W95 = (i) [0 |g) + S(4) (Aeoshry, — Asinhr) [1) ). (5.20)
The above states are entangled states of the qubit and the field unlike the separable
dispersive eigenstates. The groundstates are a superposition of qubit and cavity
states, a squeezed vacuum state is apparent in the first term and squeezed number
states are observed in the second term representing highly nonclassical state. Both

the dispersive eigenstates and the quantum Rabi model eigenstates provide different
elements for generation of squeezed states.

5.1.1 Degree of Squeezing in the Groundstates

In order to measure the degree of squeezing we review the quadrature operators for
position and momentum namely,

X = (a"+a). (5.21)
P=i(a" —a). (5.22)

Using the results from the last chapter we find that for the groundstate in the qubit
space S0) |0, 1) the variance is

((AX)2) = {e,g] (0] ST(AX)IS [0) |g, e) (5.23)

where AX = X — <X>
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Figure 5.2: Degree of Squeezing S as a function of the coupling constant ¢ for
the dispersive Hamiltonian groundstates |\112;jp> (solid black line) and|lllggp> (solid
red line), the quantum Rabi model groundstates |¥%7, ) (pink crosses) and [¥%.,.)

(dotted blue) with the detuning at (a) A/w = 2, (b)A/w =5, (¢)A/w= 10.

and
((AP)*) = e 7=, (5.24)

The above variance equations imply that for a positive detuning (A > 0) the squeez-
ing parameter value results in reduction of noise below the quantum limit in the
momentum quadrature and increased fluctuations in the position quadrature. Ex-
perimentally the degree of squeezing is measured in decibels (dB) using the following

formula
S = max (0, —101log;, (min ( (AX?), (AP?) ) )) (5.25)

Figure 5.2 shows the degree of squeezing in the groundstate of the dispersive Hamil-
tonian and that of the quantum Rabi model as a function of the coupling constant
g. The degree of squeezing increases with the coupling strength and decreases as
the detuning increases. Enhanced squeezing is observed for the ground state of the
dispersive Hamiltonian compared to that of the quantum Rabi model.

5.2 Strong squeezing using sudden frequency jumps

In the last section we observed that both the disperisve Hamiltonian and the quan-
tum Rabi model did not generate a significant amount of squeezing in the ground-
states of the oscillator mode. In this section we consider a different approach to
generate strong squeezing of the light field in a dispersive Hamiltonian. The basis
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this approach uses follows from the work by Janszky et al. in [56] on generating
squeezed states using repeated frequency jumps. The model Hamiltonian is that of
a harmonic oscillator with unit mass. The scheme presented is based on the protocol
developed in by Joshi et al. in [29] that generates strong squeezing using sudden
changes in frequency with the dispersive Hamiltonian.We first rewrite the dispersive
Hamiltonian (Eq. (5.7)) in terms of the field’s creation and annihilation operators.
The operators are expressed in position and momentum coordinates

Q= % (J%X + i\/gﬁ) : (5.26)
af = %(@X — z'\/gjf’). (5.27)

Haisp = Hyiy 19) (91 + Haigy €) (el

1 4o, P2 1 4o, P2
— <§wix2 + 7) 0) (0] + <§w2X2 + 7) 1) (1] (5.28)

= wialay]0) (0] +w_ala_|1) (1].

From Eq. (5.7) we have

The resultant new potential is frequency shifted with

1 . [ 2 .

di = — (\/QWiX +1 —P) . (529)
2 W+
1 5 2 -

al = —< 2w X — iy /—P), (5.30)
2 W+

being the creation and annihilation operators associated with the frequency shifted
potential.
To apply the protocol we initialize the system to be in the dispersive groundstate

|\I/2;;p> = 50Y]g). For a qubit to be suddenly flipped we have

(1)) = lg) .t <O. (5.31)

(1)) = le) .t > 0. (5.32)

The way the field evolves is that at time t=0, w_al a_ acts on the field and at ¢ >
0 w+did+ acts on the field. Thus the qubit flip results in the change in frequency
of the harmonic oscillator.
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The steps of the protocol are discusses below (Figure 5.3 )

e At t < 0 the system is in groundstate |\I/2;;p> = 10_) |g), where |0_) is the
T

groundstate of the frequency-shifted oscillator potential w_a'a_.
e At ¢t = 0 the qubit is flipped to an excited state with frequency shifted potential

w+a1a+. The excited state is also squeezed.

e The newly squeezed excited state is evolved under the Hamiltonian w,.a’.a, |e) (|
at time AT, .

e The qubit is then flipped back to |g) with the frequency change from w; — w_

in which the squeezed state is produced in respect to the potential w_ala_.

e A time evolution of AT_ is applied to the groundstate |g) with the frequency
shifted potential w_a' a_ |g) (g| as it completes the first cycle.

The field operators evolve over time as such they are represented in the following
manner

a_(AT_,AT,) = a_(AT,)e =21 (5.33)
al (AT_,AT,) = a' (AT, )e™-2T- (5.34)
with
a_(AT,) = cos (wy AT, )a_(0) — isinw, AT, [ua_(0) +u?al (0)]. (5.35)
al (AT, ) = cos(w AT )al (0) — isinw ATy [ual (0) + u*al (0)]. (5.36)

The quadrature operators take the following form

X_(AT_,AT,) = (a'(AT_, AT,) + a_(AT_, AT})). (5.37)

P_(AT_,AT,) = i(al(AT_, AT,) — a_(AT_, ATY)). (5.38)

(%) . (5.39)

<AJ5,(AT,, AT+)2> - (”—‘) 2. (5.40)

We have the variances to be

<AX_(AT_, AT+)2>
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Figure 5.3: Schematic diagram of the squeezing protocol with the circle and
ellipses representing the field states.
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Substituting Egs. (5.39) and (5.40) into the squeezing formula Eq. (5.25) we can
analyze numerically the degree of squeezing that occurs for a full cycle of the pro-
tocol.

It is clearly seen that implementing qubit flips greatly enhances the degree of squeez-
ing. More squeezing can be achieved by repeating the protocol for N cycles with

. N R N
the variances scaling up as <AX_ (AT, AT+)2> and <AP_(AT_, AT+)2>

The above protocol was applied to the dispersive Hamiltonian it can be extended
to the quantum Rabi model to analyze the degree of squeezing. It is worth to note
that the state of the Rabi Hamiltonian after one cycle is

W paps (AT, AT, )) = e HraiB=g o= Hranide g 19y (5.41)

Figure 5.4 shows the comparison of the degree of squeezing generated in the ground-
state |\Ilggp) with that of obtained after one cycle of the protocol. It can be clearly
seen that the protocol using sudden frequency flips can significantly increase the
degree of squeezing of the field mode over that naturally present in the groundstate.
(In Figure 5.6 we show the comparison of the degree of squeezing S for the dis-
persive Hamiltonian and the Rabi Hamiltonian. Significant squeezing is achieved in

the approximate Rabi Hamiltonian than the dispersive Hamiltonian). Illustrated in
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Figure 5.4: Degree of squeezing S present in the ground state |¥ ;) versus that

obtained after one cycle of the protocol.

disp

Figure 5.5 are the Wigner functions of the field states using the Rabi Hamiltonian
for (a). |g) and (b). |e) qubit states. The Wigner function used is defined in the
following form

W(a) = 27 [ D) praD(a) (—1)714] (5.42)

where D(a) = e(®d'=2"8) (displacement operator), pray is the density matrix of the
field, o = «a, + iy, (complex parameter).

The component of the field along |g) qubit state is similar to the Wigner function
of a squeezed state as in Figure 4.1a, and the component of the field along |e) state
shows peaks in the negative region an indication of a highly nonclassical state.
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Qr -2 -4 2 dm

Figure 5.5: (a) Wigner function of the field along the |g) component of the qubit
for 15 cycles of the protocol using the Rabi Hamiltonian. (b) Wigner function of
the field along the |e) component with g/w = 0.1,A/w = 2.

49



g - Aw=2,g/w=0.1 Rabi
-4~ Dispersive

S(dB)

Figure 5.6: Degree of squeezing S for the dispersive and Rabi version of the
squeezing protocol.
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Figure 5.7: Cavity photon losses on the average degree of squeezing (.S) produced
by N cycles of the Rabi protocol.

5.3 Discussion

In this section we discuss the errors arising from fully implementing the above pro-
tocol. In a physical setting the protocol will suffer from cavity imperfections that
are prone to photon losses, dephasing of the qubit and qubit relaxation which affect
the protocol outcome. The photon loss is integrated into the model by making use
of the master equation at time intervals of ATy with a decay rate of I". A simulation
of the master equation at I' = 0.01/AT, is shown in Figure 5.7. The degree of
squeezing becomes non-linear in the cycle number N due to photon loss in the cavity
and saturates for an increases cycle number N at an additional round of protocol.
To achieve maximum squeezing we introduce time delays of random offset ¢ to ac-
count for inaccuracies in the protocol. The choice of the € is taken from a normal
distribution of mean zero and standard deviation Ao.

Within the dispersive version of the protocol, the qubit is often in one of its eigen-
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states which means that dephasing does not affect the protocol and solely the energy
relaxation time 7) should be considered. In the Rabi case qubit dephasing might
contribute to noise and as such it is difficult to know exactly which eigenstate is the
qubit is in. In the time evoultion interval AT, the qubit remains coherent through-
out the total N cycles of the protocol.

By selecting a cavity frequency w ~1GHz and coupling strength ¢ = 0.1w offers
ATy relevance to superconducting circuit QED experiments. Qubit losses should
not be a limiting factor for the protocol in the experimental implementation given
that superconducting qubits are routinely achieving dephasing and relaxation times
of tens of microseconds [57-60]. Thus, the degree of squeezing that may be achieved
cannot be hindered by the protocol.

The cavity photon loss incorporates an additional effect in the protocol imperfec-
tion as a result of the field state made up over sequential cycles and so should retain
coherence over the total N cycles of the protocol. To include the cavity photon
losses in the protocol for squeezing generation we use the master equation [55|, pre-
sumptuous that the bosonic mode couples to zero temperature reservoir under the
damping rate I' in the interval AT}.

The master equation simulation with I' = 0.1/AT) is shown in Figure 5.7, where
the degree of squeezing within the presence of photon loss is not any longer linear
within the range of N cycles. As N increases, the additional squeezing generated
begins to saturate. However, a considerable increase in squeezing over that present
within the initial state will still be obtained.

To ensure maximum squeezing of the bosonic mode the protocol needs rigorously
designed time delays. Modeling the inaccuracies in timing means we have to add a
random offset €, chosen from a standard deviation with the mean centered at zero
and variance Ao to every time delay ATy. The mean degree of squeezing of the
bosonic mode is calculated by taking an ensemble average over multiple runs of the
N-cycle protocol as shown in Figure 5.7 where the mean degree of squeezing for
cavity photon losses and random time delays are included in the protocol. Once
the error in timing is on the order of 1%, the timing noise has very little impact
on the degree of squeezing. However, larger timing errors dramatically scale back
the degree of squeezing generated. Therefore the flexibility to manage the timing
of qubit flips to a fairly precise degree are vital for experimental implements of the
protocol.

The preceding calculations have relied on the idea of instant qubit state flips that
result in sudden changes within the frequency of the oscillator. Ideally finite how-
ever small change ¢ is required for sudden frequency change this is when ¢ <
min(ws,w_)/|w} — w?| with the change from w; — w_ being a good approxi-
mation.

Modification of the sudden frequency shift [56] have been mentioned in literature.
The sinusoidal modulation has been studied extensively in [61, 62]. Both above
schemes are less hard from an experimental position but don’t seem efficient as the
sudden jump protocol
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5.4 Conclusion

Squeezed light has been traditionally generated through optical interactions, how-
ever over the years completely different physical systems are presently pursued in
this direction together with superconducting microwave cavities. Experimental de-
velopments achieved significant squeezing in optical oscillators [63, 64].

In this chapter we presented a new technique of generating squeezing of the light
field in a dispersive regime interacting with the qubit under the Rabi model. Be-
neath this interaction, the dispersive frequency shift allows the frequency of the
cavity mode to be modified by flipping the state of the qubit. In absence of noise ,
significant squeezing is produced from the frequency shifts of the sudden frequency
jumps. Even within the presence of a protocol level noise and experimental imper-
fection, the degree of squeezing made beneath this protocol is similar to the degree of
squeezing studied in [65, 66] and thus, our methodology of squeezed state generation
could have possible applications in ultra-precise sensing and measurements.
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Chapter 6

Hybrid Quantum Circuits

In this chapter we combine the idea of squeezed light into feasible quantum circuit
geometry that enables quantum computation and measurement. We consider hybrid
systems (Figure 6.1 ) because of their distinguished properties such as coherence of
qubit states and better experimental implementation than other systems. One of
the ways to quantify or observe squeezed states of light it is through entangled states
[67] as shown in the previous chapters although within a hybrid quantum system is
important to fully understand the entanglement dynamics of the interacting systems.
Thus, in the first section of this chapter we study the entanglement dynamics of a
hybrid system consisting of flux qubits together with NVE and measure entangle-
ment of the system. We then use the results of this section to build and understand
the generation of squeezed states within such hybrid structure in the second section.
A single-mode squeezed state of NVE is generated through entangled bosonic mode
of the transmission line resonator (TLR) [68, 69].

Figure 6.1: (a) Experimental circuit design where NV,Q and CPW denote the
NV center ensemble in diamond (with its zoomed in image on the right), transmon
qubit and the coplanar wavequide resonator.
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6.1 Entanglement dynamics of flux qubits and a
nitrogen-vacancy-center ensemble

Quantum entangled states are crucially important in quantum information processes
[70, 71|. Extensive research has been done on pure bipartite entangled states [72]. A
real quantum system is subjected to decoherence through its environment (dissipa-
tion) and is generally in a mixed state. To effectively build a quantum circuit that
has long coherence times and structural design that allows for scability of the circuit,
tunability of the superconducting qubit devices and large couplings of the quantum
processor for fast manipulation [73, 74| requires combing two worlds, that of su-
perconducting flux qubits and microscopic systems (spin systems) together termed
"hybrid’ quantum system as proposed by Xiang et al. in [74] and experimentally
achieved [75, 76]. A hybrid quantum system that will be studied in this thesis is
that consisting of an NVE (nitrogen-vacancy center ensemble) acting as a quantum
memory together with a superconducting flux qubit that acts as a quantum proces-

sor. NV centers in diamond have long coherence times of approximately 1 s at 77
K [77].

In this section we study a hybrid bipartite and three-qubit quantum systems to in-
vestigate dynamical properties of maximally entangled states, whether they are pure
entangled states or mixed states. The measure of entanglement used is concurrence
C(t) as one of the quantifiable measure and entropy of states |78, 79]. We further
investigate whether the hybrid entanglement is of geometric nature [80].

6.1.1 Model

The hybrid quantum system that is studied consists of two flux qubits Qubit M
and Qubit C (Figure 6.2) together with an NV ensemble. Qubit C is the quantum
processor with the NV center ensemble coupled to Qubit M as a spin quantum
memory. Qubit C is tunably coupled to Qubit M with coupling strength J. It is
important to mention that the quantum processing (computing) part of the above
system and the quantum memory system (NV center ensemble) influence each other
thus making it difficult to effectively store a quantum state on single NV center as
well as to perform quantum computation. The external magnetic field I.,; induces
a splitting between m = 0 and m = —1 sublevels [73].

The flux Qubit C is considered to be in an initial state |¥), = sin#0), + cos 6 |1),
with both the flux Qubit M and NVE in a groundstate |¥),,y, = [0),, 10) 5y~ The
initial state of the system in a coherent superposition

[W(0)) = sin00)c [0}, 10) yy + cos O [1)[0) [0}y - (6.1)
At time ¢,

(W (1)) = a0]0) ¢ 10) 5 [0) v + a1 [1) 6 10) s [0) s

£ 0210} 12) 3 10}y + 310} 10} 1) (62)
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Flux qubit M Flux qubit C

Tunable I;

NV center
ensemble
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Figure 6.2: Physical quantum system consisting of two superconducting flux
qubits and an NV center ensemble.

The time evolution of the state is given by |[¥(t)) = e~ |¥(0)) where H is the
resonant-interaction Hamiltonian

H = g(b* 6y, +boy,) + J(656% +6864), (6.3)
where g, J represent the coupling between the flux Qubit M and NVE, the tunable
coupling between flux Qubit C and flux Qubit M. The NVE system is considered as
a bosonic mode because of the collective excitations [81] of the electron cloud with

b, b* obeying the commutation relations, 64(6¢) and 63,(6,;) represent the atomic
spin operators.

Working in the following basis set

{06 100 a7 [0) 3y 16 10)ar [0) v 5 1006 (1) ag [0) v+ 1006 10D g [1) v 3

The Hamiltonian H in Eq. (6.3) can be represented in terms of this basis

H = (| H1j), 5710} 10) a1 [0) w55 (006 [0 g 1) oy - (6.4)

In matrix form H,

R~ O
MmI Y T
N >3 2
3T >

95



where

a = (0] (0], Onv| H[0)10) 1, 10) s

(Olc: (Ol )¢ 10)11 10) g = M c
= <0|C <1|M <0NV| H |0>(J |1>M |0>NV , 0= <O|C <0|M <1NV| H |O>C |0>M |1>NV :
€ = (0l (Ol Onv | H 1) [0) 5, 10) vy s €= (L O]y (Onv | H (1) [0) 5 [0) vy
t= (Ol Ol OnvI H [0) (1) 100y 5 & = (L O]y (Onv | H [0} [1) 5 10) vy
A =0l (L OnvIH [0} [1)ar 10) v s 1= {0l (Ol (Ivv | H [0} 1) 31 [0) oy
v = (Olg (Olp Onv| H |0} [0)ps [y s €= (L (Olyy Onv ] H[0)¢ 10} 5 [1) s
7= (Ol (Uar Onv H0)o [0)af [V vy s ™= {0l (Oly (Avv [ H [1)¢ [0} [1) vy -

6.6)

Using the ladder photonic and atomic spin operators defined in Eq. (2.44) we can
simplify H to be

co oo
oL oo
Q@ o o
o o o

The eigenvalues of matrix H in Eq. (6.7) are

)\0:0, )\120, /\2:—\/g2+<]2, )\3:\/92+J2. (68)

The corresponding normalized eigenvectors are

[ 1
g = 3
i J\/1+\J] \/1+|%|
x1:[1000
J g+ J? 1
72 = |0, 2 2 T 2 2 ’ 2 2
-g\/%Jerrl g\/% §+1\/M+§+1
i _o J VET T2 1
3= 5 5 s
2 2 2 2 2 2
L g*+J2 J g>+J2 J g2 +J? J
g\/g +g+1g\/ +g+1\/g +|Z| +1
(6.9)

eTH/N — e_i’\otxoxg + e_mtxlﬂ + e_i)‘thgx; + e_i’\3tx3x£

0 0

0 0 (6.10)
b 0]’

0 ¢
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where
[ 2 J2
a = cosf g +

)

(ei\/QQJr—ﬁt 4 e*i\/mt)’

2
+

g2+J2
g

J
g

2
+1)

b= cosf JvVg+ T2 (e*i\/92+J2t _ ei\/g2+J2t>7
2 2
L 92+J2 i
ayflz 42 o
c = cosf g + 2‘] : (eﬂg /g2 +J2¢ 1 et /g2+_ﬂt>.
'J(1+ |_79|2) g(\/ e +1>

(6.11)

Using the trigonometric identities sinf = % and cosf = % we find the

coefficients of the system’s state at time ¢ to be

ag(t) = siné,
cos (0)(g* + J%cos /g% + J?t)
a’l(t) = 2 2 )
g +J
iJ cos (0)siny/g? + J%t 6.12
a(t) = — (0)sin \/g (6.12)

/2 + J2 ’
_gJcos (0)[—1+cos/g? + J?t]
B g%+ J2

as (t)

To determine the entanglement dynamics of the system we first evaluate the density
matrix of the system at time ¢

(W (£)) (L(t)] = aoag |0ar)(0[,; @ [0c)X0]c @ |08y )O[ vy + aoa [0ar)(0[,, @ [0 )1
® |08V X0l yy + aoaz [0a )15 @ [00)0] ¢ @ [0nv XO| vy + aoas [0ar)XO]
® |0c)X0]¢ @ [0nv X1y + arag |04 )0, ® [1e X0l @ [Onv KOy
+ aray [0 )(0] 5 ® [LeX o ® [0nv X0|yy + a1as [0ar )15, ® [0c)0]
® [0y X0[ vy + araz [0ar )05, @ [1o)0] @ [Onv XL yy + azag [1ar X0,
® [0c)0]o @ [0y XO| vy + azal [0ar)X0],; @ [1e)X0]c @ [OnvXO]
+ aza; [1a )1 ® [0 X0[c ® |08y X0|yy + a2asz [1ar)0]5, ® [0c)0|
@ [0nv X1 py + azag [0a)0]5, @ [00)0] @ [1nv 0| yy + azai [0a X0,
@ [0c)1]o @ [1nvXO0| py + azaz [0a)1],, @ [0c)0]e @ [1nvX0]

+ azaz [0ar)X0]5; @ [0c)0]o @ [Invv X1y -
(6.13)

57



Entanglement between Qubit C and NVE is calculated by tracing out Qubit M in Eq.
(6.13) to give the reduced density matrix pony. Using the basis [1) = |1¢) [1nv),
12) = 1) |Onv), |3) = [0c) [1nv), [4) = |0¢) [Ony) we find the density matrix to be

ponv = T'ry |\I’(t)> <\Ij(t)|
= aopag |0c)0] @ [0nv X0y + aoay [0c)1| e @ [Ony X0y

+ a0z [00)X0]¢ ® [Onv X1y + 105 [1e)0]o @ 0xy X0] vy (6.14)
+arat [1o)1]¢ ® [Onv )0lyy + a1a3[1e)(0]c @ Oy X1y
+a203 [00)0] ¢ @ [0nv )0l vy + asag |00)0lo @ [1nv )XO| vy
+azay [0c)1]¢ ® [Lav )0l + asa3[00)0]o @ [Txy X1y, -
In the standard basis term defined above we find Eq. (6.14)
penv = aoag [4) (4] + agat [4) (2] + aoaz |4) (3] + arag [2) (4]
+ arai |2) (2| + a1aj |2) (3] + agaj |4) (4]
+ azag |3) (4| + asai |3) (2] + azaj [3) (3]
0 0 0 0 (6.15)
10 aia] aiaz ayay
0 aza] agaj asay

* * * *
0 apa] apa; apay+ azaj

To measure the quantity of entanglement of a two-particle system or bipartite system
we turn to the definition introduced by Wootters |78, 79] of Concurrence C'(t) defined
as

O(t) = max|0, M () — Aa(t) — As(t) — Aa(t)], (6.16)

where the \;(t) are eigenvalues of the matrix in decreasing order

VPP P p=(0y®0y)p"(0y @ 0y). (6.17)

The Concurrence values range from 0 to 1 with 1 being the maximally entangled
states and 0 having no entanglement.

Evaluating the matrix in Eq. (6.17) for the reduced density matrix of the flux Qubit
C and NVE peny and the concurrence we get the following expression

oS (9)29J[(92 — J?)(cos /g2 + T2t — 1) + L (cos2\/g? + TPt — 1)}
(9% + %)

Cony(t) =2
(6.18)

Using Eq. (6.13) we can find the reduced density matrix of the flux Qubit M and
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the NVE by tracing out the flux Qubit C

punv = Tro [V(t)) (V(t)]
= aoag [0a )05 ® [Onv X0y + aoaz * [0ar)1] 5 @ [Ony X0y
+ aoagz [0aX0]y; ® |Onv X1y, + a1a7 |00 X0[ ¢ @ [Ony )XO| v
+ a1a3 [0a X1y @ [Onv X0 yy + azag [1ar)0] 5 @ [OnvXO[ vy (6.19)
+ azaz [1y 1], ® [Onv 0|y + azaz [1ar)0[y; @ [Ony X1y
+ azag |00 0]y ® [Lvv XO[ yy, + azaz [0n X1 @ [y X0l v
+ azag x [0 0[5 @ [Inv X1y

Wthh n the basis ’1> = ‘1M>’1NV>7 ‘2) = ’1M> |0NV>; |3> = ’0M>‘1NV>> ’4> =
|0a7) |Ony) reduced density matrix py vy

pony = aoag [4) (4] + agaz [4) (2| + aoaz |4) (3] + aray [4) (4]

+ aray |4) (2| + asag |2) (4] + agas |2) (2| + aqaj |2) (3]
+ azag |3) (4] + azal|3) (2| + azaj |3) (3]

|0 aga; asaz asay
0 asa; asas asas;

0 apa agay apa;+ araj
The concurrence expression of the flux Qubit M and the NVE is

cos (0)?gJ? (% sin24/¢? + J%t — sin /g% + J2t>

_ 6.21
(9> + J?)2 (021

Cunv(t) =2

For a three-particle system or we measure the ’3-way’ entanglement of the flux Qubit
C, flux Qubit M and the NVE using the three-tangle measure defined as [82]

T(Yeunv) = 7o) = Cém = Conv, (6.22)
where the first term is the linear entropy defined as
Tee) = 2[1 — Troz). (6.23)

The reduced density matrix pc in Eq. (6.23) is found by taking the partial trace of
the flux Qubit M of the reduced density matrix pcas

pc = Trypon = aray |1) (1] + arag |1) (0] 4 azas [0) (O]

6.24
+ agai |0) (1| + (apag + azay) |0) (0] . ( )

In which,

Trpt = (aya?)? + (azal + apal + asal)? + 2a,aaoa}. (6.25)
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Within the three-qubit interaction of the system we also interested in dissipation
that the total system undergoes. For this we consider the Lindblad master equation
for j qubits

dp . Vi - -
a = A+ 3 3 (2500 ~{ofoy.0)) (6.26)
j=C,M

wth the density matrix p is denoted by

P11 P12 P13 P14

P21 P22 P23 P24
t) = 6.27
p( ) P31 P32 P33 P34 ( )

P41 P42 P43 P44
where the basis 1) =(000),|2) = |100),|3) = |010), |4) = |001).

The corresponding matrix elements of the time evolution of the density matrix p in
Eq. (6.26) are
P11 = YoP22 + VM P33,

. . M
pi2 = tJp13 — 7P337

pis = i(gp1a + Jp12) — fYTMPlz,

P14 = 19143,
. . Yo
pa1 = —iJp31 — 5 P21
P22 = 1J(paz — p32) — Yo paas

) . 1
P23 = i[gpaa + J(pa2 — p3s)| — 5(70 + Yar) pas,

p2a = 1(gpas — Jp3s) — 7—0024,

2 (6.28)
Pz = i(gpa + Jpa1) — 5 Psu
P32 = —i[gpaz + J(p22 — ps3)| — fYTM,O:w - ’%Cpsz,

P33 = 1[g(p3a — pas) + J(ps2 — pa3)] — Ympss,
. . Ym
p3a = 1[g(p33 — paa) — Jpaa] — ——p3u,

2
pa1 = 19pat1,
. . el
P42 = 19pP23 — 7/)42;
. . M
piz = i[g(paa — p3s) + J paz] — 7P43>

pus =1i[(g + J)pazs — Gpsa.
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6.1.2 Results and Discussion

In this section we present and discuss the results of concurrences C(t) for the bipar-
tite and residual entanglement of the flux Qubit C, flux Qubit M and NVE in the
absence and presence of dissipation as calculated from the last section.

Bipartite Entanglement - Without Dissipation

—_ 6=0
o 8=n/6
0.9] —- §=n/4

0.8

07
06
C(t) os
04 il

03

o2f ij

0.1 ]

0.0

Figure 6.3: Concurrence C(t) measure between the flux Qubit C and NVE at a
tunable coupling of J = 2.4¢g with 0 = 0,7/6, /4.

Figure 6.3 shows the time evolution of the concurrence of the flux qubit C and the
21

NVE.The periodic time of the concurrence of Qubit C and NVE is \/W.It can be

seen that for different 6 the oscillation frequency of the entanglement remains the
same. Increasing the initial entanglement degree from 6 = 0, the entanglement gets
smaller this is only for a bipartite system. The concurrence measures the degree of
entanglement of a system. A maximal entangled state of the flux Qubit C and the
NVE can be can be obtained from the concurrence Eq. (6.18) and takes the following
form |U(t)) = %(|1>c 10) yvv + 10) o |11) Nyr)- The initial paper [31] did not address
whether the degree of entanglement has an influence or not on the quantum memory
unit(NV ensemble) and the computing unit(Qubit C). This question can possibly be
addressed by a study on whether current preferred geometry of the hybrid quantum
system does influence the degree of entanglement within a bipartite system.
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0.9

C(t) o

Figure 6.4: Concurrence C(t) measure between the flux Qubit C and NVE at
6 =0 with J = ¢,2.4¢, 5g.

In Figure 6.4 the periodic time of the flux Qubit C and NVE is 22:]2 .By keeping
g

the coupling strength g between the NVE and flux Qubit C fixed, the oscillation
frequency becomes larger with the increase of the coupling strength J this is because
the exchange of energy between the flux Qubit C and NVE becomes faster with the
increase of the coupling strength. The amount of entanglement is firstly increased
and then decreased with the increase of the coupling strength J . In this case the
amount entanglement can be controlled by adjusting the coupling strength Jand g.

In Figure 6.5, the oscillation frequency of the flux Qubit M and the NVE does not
change. With the increase of the initial entanglement degree of the flux Qubit C
, the amount of entanglement is smaller. At initial entanglement degree 6 = 0 we
have a maxima, a maximally entangled state |¥(¢)) = \%(H}M 10) vy =+ 10) 7 11) 3 )-

Increasing the coupling strength Jin Figure 6.6, the exchange of energy between the
flux qubit M and the NVE becomes faster contributing to the increase of the oscilla-
tion frequency. The amount of entanglement is firstly increased then decreased. At
a coupling strength J= 1.42¢ the maxima can be achieved implying that by chang-
ing the magnetic field we can effectively control and manipulate the entanglement
between the flux qubit M and NVE.
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Figure 6.5: Concurrence C(t) measure between the flux Qubit M and NVE at a

/6, /4.

)

tunable coupling of J = 1.42¢ with § =0

0.5g,1.42¢, 3g.

Figure 6.6: Concurrence C(t) measure between the flux Qubit M at § = 0 with

J
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Three-tangle - Without Dissipation
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Figure 6.7: Three-tangle 7 measure between the flux Qubit C, flux Qubit M and
NVE at a tunable coupling of J = 2.4¢ with § = 0,7/6,7/4.

In Figure 6.7 we show the time evolution of the three-tangle measure of the flux
Qubit M, flux Qubit C and the NVE at the coupling strength J = 2.4¢ for entan-
glement degree 6 € [0,7/6,7/4]. The three-tangle is of a periodic function with
period T' = 27/4/¢? + J? and an invariable oscillation frequency between the en-
tanglement degrees. By increasing the initial entanglement degree of flux Qubit C
the residual entanglement of the system gets larger. Maximum three-tangle of the
flux is achieved with entanglement degree 6§ = /4.

Keeping the entanglement degree # = 0 and varying the coupling strengths Jin Fig-
ure 6.8 results in the oscillation frequency that varies rapidly for J = 5g, increasing
the coupling J results in the oscillation frequency becoming smaller and decreased
residual tangle of the three-qubit system. We have kept the coupling ¢ constant
during the system’s evolution.
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Figure 6.8: Three-tangle 7 measure between the flux Qubit C, flux Qubit M and
NVE at an entanglement degree § = 0 with J = 0.5g, 2.4¢g, 5g

Bipartite and Residual Entanglement - With Dissipation
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Figure 6.9: Concurrence C(t) measure of the flux qubit C and NVE at a tunable

coupling of J = 2.4¢
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Figure 6.10: Concurrence C(t) measure of the flux qubit M and NVE at a tunable
coupling of J = 1.42¢g, decay rate vy, = 0.8G

0 5 10 15 20 3

gt

Figure 6.11: Three-tangle measure of the flux qubit C, flux qubit M and NVE at
a tunable coupling of J = 3¢ and decay rates 7o = 0.5g, y,,=0.5¢g
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The bipartite entanglement of the flux Qubit C and NVE is evolved in presence of
dissipation. Shown in Figure 6.9 is the concurrence of the flux Qubit C and NVE
for the decay rate y¢ = 0.3g. For 8 = 0 the concurrence follows the time evolution
of a typical dissipative dynamical system with the periodic oscillations in Figure 6.3
now decreasing and tending to zero with the entanglement between the flux qubit
C and NVE decreasing over time.

Figure 6.10 shows the time evolution of the concurrence of the flux Qubit M and NVE
under dissipation with the tunable coupling J = 1.42¢g and at § = 0. Comparison
with Figure 6.5 the decay rate ), affects the frequency oscillations and thus weaken
the rapid decay of the entanglement this is known as the sudden death effect. The
entanglement strength tends to zero. There is also not much difference between the
concurrence measure of the flux Qubit C with NVE and flux Qubit M with NVE
under dissipation for different decay rates between the two. The reason for this is
because of the similar design and structure the superconducting flux qubits.

We lastly measure the residual entanglement under dissipation of the system. In
Figure 6.11 the oscillation frequency decreases and eventually tends to zero for
the coupling strength J = 3¢ and decay rates v¢ = 0.5g,vy = 0.5g. Three-
tangle measure decreases compared with the ideal case where constant frequency
oscillations were observed and thus the entanglement did not change over time.

6.1.3 Conclusion

In this section we calculated and analysed concurrence as a quantifiable measure
of entanglement of quantum systems including hybrid ones. From entanglement
dynamics we are able to construct quantum systems that are suitable for quantum
information processes. It is where in the next section we will use entanglement mea-
sures of the flux qubits and NVE to generate squeezed states of NVE, we will be
specifically looking at an entangled squeezed state with the modes of the resonator,
since we know how qubits are entangled with spin ensembles we therefore can inves-
tigate those with bosonic modes and perform another form of entanglement measure
through what is known as logarithmic negavitity.
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6.2 Single-mode squeezed state of NVE coupled to
resonator

We propose a method of generating a single-mode squeezed state of an NVE coupled
to transmission line resonator (TLR) through a flux qubit (Figure 6.12a,b). External
driving field is applied to induce the Raman transitions of the groundstate of the
NVE and the dissipative process allows the resonator to be entangled with the NVE
state and thus generate a squeezed state of the NVE.

6.2.1 Model

|0) =] %4, my =-1) A
20000
A L)
Q
|g):|3A,m: :0)
NVE

(b)

Figure 6.12: (a) Schematic of the CBJJ qubit and NVE coupled to the trans-
mission line resonator (TLR) [76]. (b) The NVE level structure consisting of the
groundstate and first two excited states with vacuum Rabi frequency g, driving field
Q2 and detuning ¢ [83].

The TLR is made of conductors with lateral ground plates of capacitance C and
evenly distributed inductor L with the model Hamiltonian given by

1
Hgpps = Ewrd* a, (6.29)
_ 27
where w, = T
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The current-biased Josephson junction (CBJJ) qubit model Hamiltonian is given by

1
Ho = 5w,0-. (6.30)

Figure 6.12b shows the energy level structure of the NVE. It has a groundstate that
is a spin triplet |mgs = 0,41) with degenerate sublevels |m, = 4+1). By inducing
an energy splitting Dp = X.|Be.| brought by an external magnetic field B., the
degeneracy of the levels can be lifted resulting in in the three level system |my = 0) =
lg), |ms =—1) = |0) and |ms=+1) = |1). The model Hamiltonian governing a
single NVE center is given by,

N

Hyve =) wolg); (9] +w, [0), (0] +we 1), (1], (6.31)

j=1
where j denotes the jth NV center in the NVE.
The total Hamiltonian describing the hybrid quantum system is
Hr=Hy+ Hy, (6.32)
with

Hy= Hg+ Hrps + Hyvg.

N r o ) iy
[P Q Qga (6.33)
Hy = Z {Zam 10), (0], + AA 1), (1, + BN 10), (1], + H.c|,

i=1
where (2 is the Rabi frequency with of the driving field and A is the detuning.
H7 describes the interaction of the NV centers with the resonator mode in an inter-
action picture.

We use the Holstein-Primakoff transformation [84-86] to map the collective spin
operator ST into boson operators b'b,

& = 5t/ N — ith = VA,

S~ =b\/N —bth ~ V/Nb, (6.34)

A o N
T=(bb—— ).
(3

Applying the above transformations and neglecting the constant energy terms in H;
we have the effective Hamiltonian to be

Q A N
Hypp = Wﬁ (a*b + ab ) + He. (6.35)

Single-mode squeezed states can be generated from the entangled bosonic mode b
in the NVE with the TLR. Due to imperfections of the cavity we take into account
the resonator photon decay by evolving the density matrix p through the master
equation

b _

dt _i[Hefﬁ p] + /{D[a]pv (636)
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where D[O]p = QOpOT — OTOp — pOTO, k is the decay rate of the resonator.

We define a unitary squeezing operator S (2) = e(x0*=2a") where 2 = arctan ( is the
squeezing parameter. Under the action of this transformation the density operator
transforms as

~

p=57(2)pS(z). (6.37)
After the transformation S is applied, the master equation (Eq. (6.36)) becomes

dp O i1~

i —i[Hcss, p] + £D]alp. (6.38)
For any dissipative dynamical process it will eventually reach a stationary state
where C—é? = 0 . The stationary states of the resonator and NVE are represneted by

[1V) = |p) @ |p), where |p) is that of NVE and |¢) is of the resonator. Both states
are in a vacuum state. We thus have the stationary state of the total system to be

262 —2za12
|“I’>s = ¢ ) |0>NVE ® |0>RES (6.39)

Eq. (6.39) represents the single-mode squeeze state of the collective excitations of
the NVE generated by the resonator decay.

To analyze the squeezed state of the NVE we define the position and momentum
quadrature operators

1 ~ .
X =—(b+0b),

\/E o (6.40)
P=—(b- b

V2

We investigate the time evolution of the variance of the system in presence and
absence of the decay rate of the spin ensemble (NVE) and the collective coupling
strength in the Results section.

6.2.2 Results and Discussion

To quantify the single-mode squeeze state of the NVE we analyze the variance,
((AX)? + (AP)?) as the function of xt in Figure 6.13 with decay rates of the spin
ensemble . We assume that the system is in the initial groundstate |0) -, z®10) ps-
In lack of the decay of NVE, the Variance deviates from the ideal case at ¢ < 1. In
presence of the decay rate v = 0.1k the ideal case is achieved for a squeezed state.
From the squeezing parameter z = arctan ( with ( = 0.4 and z = 1.01 the squeezing
degree becomes 4.25 dB tuned by the external driving field 2. We can measure the
squeezing degree to a larger amount by adjusting or varying the €2 parameter from
0.4 to 0.520.
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Figure 6.13: Time evolution of Variance ((AX)? + (AP)?) as a function of xt
for the NVE decay rate v = 0,0.1.

For various values of the decay rate x of the transmission line resonator (TLR) we
plot the variance of the system as a function of time in Figure 6.14. The variance
is less than the value 2.5 satisfying the entanglement criterion [87] for the system.
We take note that when k is a unit value, one of the respective interactions of
Hamiltonian H (Eq. (6.35)) takes importance, namely the parametric amplification.
We can conclude that the entangled state does not stay for a long period at most t <
1.5. By introducing a parametric amplification mechanism we expect the degeneracy
of the eigenstates of the effective Hamiltonian (Eq. (6.35)) to be represented by the
dotted dashed thin curves in the Figure 6.14. Essentially these will be the polaritons
brought by the Holstein-Primakoff transformation that was mentioned above.
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Figure 6.14: Variance ((AX)? + (AP)?) as a function of ¢ for the resonator decay
rates k = 0.2,0.4,0.6,0.8.

In Figure 6.15 we plot the effect of two dynamic processes on the entangled squeeze
state of NVE. Two of these dynamics include the collective excitation of NVE, (pur-
ple curve) and the other of local excitation (blue dashed curve) for the initial state
10) vy e @10) - In both cases, we see that the maximally entangled squeezed state
of NVE (thin curve) can be obtained under the parametric amplification mecha-
nism and a larger entangled state time for such a state (thick curves). This is in
accordance with a study performed in [88] and [89].
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Figure 6.15: Time evolution of the Variance ((AX)? + (AP)?) as a function of
time for two different dynamical processes of the NVE.

Logarithmic Negativity

We introduce and compute another quantifiable measure of entanglement - logarith-
mic negativity defined as Ly = log ||p|| [90] where p is the density matrix of the total
system. In Figure 6.16, 6.17 we show that the time evolution of Ly of the NVE with
two different decay rates . In the first figure the standard negativity is observed
when the system is driven by a constant field €2, in absence of the dissipation in
the spin ensemble the logarithmic negativity takes a constant 0.60 value, the high-
est entangled state. For v = 0.1x the logarithmic negativity shows an unentangled
squeeze state of the NVE.

For a single collective excitation process the Ly takes a value below zero in the ideal
case and -1.0 for v = 0.1k shown in Figure 6.17. Similar with the collective excitation
in Figure 6.16 there is emergence of distinct dynamical processes happening when
dissipation of the spin ensemble is turned on.
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Figure 6.16: Logarithmic negativity Ly as a function of time for the decay rates
v = 0,7 = 0.1k of the NVE through the collective excitation of the spin ensemble.
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Figure 6.17: Logarithmic negativity Ly as a function of time for the decay rates
v = 0,7 = 0.1k of the NVE through a single excitation of the spin ensemble.
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6.2.3 Conclusion

We have studied the generation of single-mode squeezed states of spin ensemble
(NVE) in a hybrid system consisting of a qubit, transmission line resonator and
NVE. The dissipation of the resonator is used to realize a single-mode squeeze state
through the dissipative dynamical process at hand. We note that two of these
processes were in effect and as a result influenced the degree of produced by the
amount and period of the entangled squeezed state produced. The current model is
in line with experimental feasibility as well as design scalability.
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Chapter 7

Conclusion

The rudimentary single-mode generation of squeezed states of NVE is the first step
towards hybrid quantum systems being used in quantum information applications
especially within circuit QED systems. By capturing the full dissipative dynamics in
a single qubit-cavity system we are then able to scale that up to lattice cavities thus
simulating many-body interaction physics. The dissipativeness of quantum systems
is a resource in the developments of quantum states used in quantum computing
and quantum information processing. Dissipative processes capture the full infor-
mation that a quantum system has whether this is loss of information to reservoir
or environment or whether feedback to the system of interest as it can influence the
outcomes of the measurements, hence the motivation to do a formal derivation of
the JC model in this thesis. We were able to show the generation of exotic quan-
tum states known as squeezed states by solving the the time-convolutionless master
equation in a dissipating atom-cavity system. The basic light-matter interaction
Hamiltonian of the Jaynes-Cummings model and the use of open quantum system
dynamics enables us to reproduce these fundamental states of quantum mechanics.

Advancements in the field of experimental design of superconducting qubits meant
that different quantum systems can be tested for their coherence and effective use
in quantum information processing. The once unsolvable Rabi model Hamiltonian
forms the basis of generating squeezed states of light under the protocol presented
in this work. By applying a mathematical transformation onto the original Rabi
Hamiltonian and limiting the interaction of atom (qubit) with the light field to a
dispersive regime where the detuning is much greater than the coupling between
the atom and the cavity (A >> g), we were able to construct a protocol that
generates squeezed states of light in a cavity system. We simulated the process and
analyzed the exact measurements such as frequency shifts in the scheme that indicate
the degree of squeezing produced. This work was prompted by the possible full
experimental implementation of the frequency based qubit flips protocol presented
because it suffers less decoherence of the qubits and noise as compared with squeezing
generation experiments in literature |65, 66].
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To realize quantum computing or better yet perform quantum mechanical simu-
lations a need for an architecture that hosts individual components of quantum
systems is required. Quantum circuits offer the ability to realize computation of
hybrid quantum systems. Using superconducting qubits together with microwave
bus resonators a basic computing system is produced. However, many research stud-
ies have indicated that basic circuit components of quantum systems including only
qubits and resonators suffer from decoherence and memory loss. The solution to this
is the incorporation of spin systems in the circuit structure because of the amazing
properties of the spin systems. Since entanglement is crucial to every quantum sys-
tem that is based on communication with subsystems we then studied all possible
entanglement dynamics that a quantum system will possess. Out of this beautiful
mathematics emerge the density matrices that we used to describe the measure of
entanglement through concurrence. Through bipartite and residual entanglement
measurements we were able to reveal the behaviour of a real quantum circuit made
up of multi-partite entangled quantum systems

Squeezed states of light being the theme of this thesis we incorporate them in a hy-
brid quantum system through the generation of single-mode squeeze state of the spin
ensemble (NVE). This is a novel technique that requires a mathematical transfor-
mation of the interacting Hamiltonian of the flux qubit, transmission line resonator
(TLR) and the NVE provided necessary framework to realize squeezed states of
the NVE in a form of an entangled state with the resonator (bosonic) mode. Even
though most of the results showed a short lived entangled squeeze state of the NVE,
a much longer lived state would put the above scheme out of the confines of ex-
perimental implementation and realization although Ref [91] have taken a similar
approach.

Some of the simulations in this thesis especially those of dissipative processes and
systems were based on an open quantum system software tool called QuTiP [92].
At the heart of the software is quantum object called Qobj representing quantum
objects such as states and operators. We higly recommend this tool for any open or
closed quantum systems work.

The goal of this thesis is to provide elementary introduction to simulations of con-
densed matter models. From this work simulations on models such as the Dicke
Model, Anderson Model and the famous Kondo Problem Model [19] on many-body
physics can be implemented. In fact, it was the initial study and interest in the Dicke
Model that motivated the study of the Jaynes-Cummings physics and its applica-
tions in the field of quantum information processing. Our group at the Nano-Scale
Transport Physics Laboratory (NSTPL) is currently working on the study of quan-
tum phase transitions that occur in spin-boson systems [93, 94| this also includes
the simulation of the Jaynes-Cummings lattice [18|. This theoretical work should
culminate in a practical quantum device that emulates these systems as part of the
quantum technology research of the group.
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Digital quantum simulations of circuit QED are gaining attention from researchers
[95] with a major study conducted on the weak localization phenomena [96]. Digital
quantum simulation is now very much possible to implement thanks to devices
made available by IBM, Rigetti, Alibaba and others online. The IBM Q flagship
project has availed various quantum device architectures which are open for access by
researchers and quantum enthusiasts. The future research direction of my work will
entail using software such as these to study and digitise quantum phase transitions in
spin systems as these platforms will offer the ability to first test models/ algorithms
on real quantum system on the cloud before experimentally being carried out.
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Appendix A

Commutation relations

Using the following commutation relations [97-100],

[AB,CD] = A[B,C|D + [A,C|BD + CA[B, D] + C[A, D|B,

we find that
lcT07 a0 =0"[07,alo" +[0F,alo" 0" —act o7, 07| +alot, 0T |0
=—aoc"[o7,07"] (A1)
= —ao™.
[a'a,a'o™] = a'[a,a'lo™ + [al,a')ac™ + a'a'[a,07] + a'[al, 07 ]a

= a'la,a'lo™ + [a',aJac™ + a'a'[a, 0] + al[a’, 07 ]a (A.2)
— aqls
=ao”.

[a'a, a0™] = a'la, alo™ + [a', alac™t + aa'[a,o7] + ala’, 0T ]a

=ao™.

(A.3)

cto,a'o) =0c"[o7,a'lo” +[oF,alo"0 +aloT[o7, 07| +al[oT, 07 )0

= —alo™.

(A4)
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Appendix B

Damping Basis Method

To solve the master equation, Eq. (3.46) we apply the damping basis method [101].

For a master equation
p=Lp, (B.1)
the corresponding eigenvalue problem
Lpy = Apa, (B.2)

where L is the superoperator, p is the right eigenoperator with eigenvalue A. The
right eigenoperator p, constitute a basis set of linear operator that act on the Hilbert
space of vectors. So, any state (density operator p) can be expanded in terms of
this basis

p(0) = Z CAPA- (B.3)
By
At time ¢ the initial state p(0) will be given by the state

p(t) = Zc,\e’\tp,\, (B.4)

with the coefficients of expansion given by

ex = Tr{pp(0)}, (B.5)

where p) is the left eigenoperator with eigenvalue equation

PAL = Apy. (B.6)

For a finite n dimensional Hilbert space L is represented by an n? x n? matrix
of the right and left eigenoperators. For Eq. (3.46) these left and right eigen-
operators are given by the off-diagonal elements of the density matrix p in Eq.
(3.46) also known as coherences |Ey) (Ey 4|, |Eo) (E1—|, |E1—) (E1 4| with eigenval-

ues i (wo — Q)—=7a/2,1 (wo + Q)—75/2,i(22) — (74 + ) /4. The remaining three right
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cigenoperators are given by |Eo) (ol (1E1_) (Eu—| — |Eo) (ol), (1Eus) (B —
|Eo) (Eo|) with eigenvalues of 0, —v,/2 and -7,/2.

We then expand the initial state with respect to these eigenoperators. The initial
state density matrix p(0) = |0e) (Oe| is defined as

p(0) = %( |Ey4) (B4 |+ B o) (B | — |Ers) (B | — | Er2) <E17+|> (B.7)
= %( |Eo) (Eo| + |Ev+) (E1+] — | Eo) (Eo| + | Eo) (Eol (B.8)

+ By ) (By | = [Eo) (Eol = [Evy) (By-| = [Er-) (B gl ) (B.9)

where |0e) = \%( |FE14) — |E1-) )
At a later time ¢, using Eq. (B.4), we have that

1 —Ja 1 ~—b
plt) = (11— 5e3 = 5 | Bo) (ol (B.10)
1 —Ya 1 b
5 B ) B |4 e = By ) (B (B.11)
]_ —YaTv .
— 5 (B | By ) (Busl + He)), (B.12)

The population of the ground states given in Eq. (3.49) can now be determined
where,

1 o, 1 =,

(Oglp(t)[0g) =1 — g™ — ce=, (B.13)
and
1 —Ya ~b (21 _*’Ya‘i’"/b )t
(1g|p(t)|1g)=1[e 2 tte2 t—etT T (B.14)
O ﬁ]‘ (B.15)

Adding Eq. (B.13) and Eq. (B.14) we get Eq. (3.49).
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Appendix C

Partial Trace

Given two systems A and B with density matrix ps and pg

pPaA X pB.

Partial trace over A

tTA

P12
P22
P32
P42

P13
p23
P33
P43

P14
P24
P34
P44

Partial trace over B

P11
P21
P31
P41

P12
P22
P32
P42

P13
p23
P33
P43

P14
P24
P34
Paa

r P11
P31
t,',, p21
P41
r <P11
P21
tr P31
P41

P13 r P12
P33 P32
P23 o P22
P43 P42
P12> o (,013
P22 P23
032) tr P33
P42 P43
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P14

P34 _ <,011 + p33

P24 P21 + Pa3

P44

Pl4>

P24 _ (,011 + p22
P31+ P42

P34
P44

and composite space

P12 + P34
P22 + P44

(C.1)

P13+ P24>
P33 + Paa

(C.2)



	Declaration
	Abstract
	Acknowledgements
	List of Figures
	Introduction
	Jaynes-Cummings Model
	Derivation of Jaynes-Cummings Model
	Quantization of Electromagnetic field
	Hamiltonian of the two-level atom
	Interaction Hamiltonian

	Features of the Jaynes-Cummings Model

	Dissipative Jaynes-Cummings Model
	Density Matrices
	Derivation of the Quantum Master Equation
	Dynamics of the master equation with one initial excitation

	Generation of squeezed light in a dissipative Jaynes-Cummings Model
	Non-Markovian Master Equation
	Squeezing Properties of the light field
	Results and Discussion
	Conclusion

	Generation of squeezed states in dispersive regime of quantum Rabi Model
	Dispersive Rabi Hamiltonian
	Degree of Squeezing in the Groundstates

	Strong squeezing using sudden frequency jumps
	Discussion
	Conclusion

	Hybrid Quantum Circuits
	Entanglement dynamics of flux qubits and a nitrogen-vacancy-center ensemble 
	Model
	Results and Discussion
	Conclusion

	Single-mode squeezed state of NVE coupled to resonator
	Model
	Results and Discussion
	Conclusion


	Conclusion
	References
	Commutation relations
	Damping Basis Method
	Partial Trace

