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ABSTRACT.

This research report describes the use of the Pear)’s algorithm in Bayesian belief '
networks to induce a belief network from a database. With a solid grounding in

“probability theory, the Pear] algorithm allows belief updating by propagating
likelihoods of leaf nodes (variables) and the prior probabilities,

The Pearl sigorithm was originally developed for binary variables and a
generalization to more tates is investigated,

The data used to test this new method, in a Portfolio Management context, are the
Retnrn and various attributes of companies listed on the Johannesburg Stock
Exchange ( JSE ).

The results of this mode! is then compared to a linear regression model. The

bayesian method is found to perform better than a linear regression approach.
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Chapter 1
INTRODUCTION
1.1 Goal:

The objective of the research waa to modify Pearl’s { Pearl(3) } algorithm fo be
appropriate for domains with large numbers of numeric variables, with low correlation
coefficients and then compare this empirically to Linear Regressic . to do this 1

developed a heuristic to generalize the number of status of variables.

1.2 Methed:

The tmain result of this veport is a modified version of the Pearl [ Peatl(3) ] algorithm to
extract generic models from data, The Pearl | Pearl(3) ] algorithm is a fast, O( niogn }
[ Ghinea (2), Peari(3) ], algorithm that give: a Bayesian {ree network characterizing the
probabilistic structure of the input data. |

This method gives us the Belief' and the probability distribution of the states of each
vatiable. We will use the discrete distributions (relative frequencies of discrete states) as
priox distributions. As an example, the posterior probability distributions can be used to
find the Expacted Return and the Risk (standard deviation of Return) of shares.

' In this research report Belief is the probakility that a vatiable is in a certain state, This is
synonymous to probability. Not to be confused with the belief function as used by
Dempsater-Shafer [ Shafer (8) ]. '




1.3 Motivation:

An essential part of intelligent behavior is the ability to learn from observations and
modify our undersianding of the world [ Lubinsky(4) 1.

The close relationship between Statistical Methods, specifically Multiple Regression, and
the Tree Method used by the Pearl algorithm [ Pearl(3) ] could lead to some points of
synergy. Both these methods estimate the vatue of a variable from data. The Pearl
algorithun estimates the discrete distribution of this variable, while Multiple Regr-csion
gives an estimave and under certain assumptions also the standard error.

The Multiple Regression model is an additive model. The model is given as: y=Xp +
e, where y is g vector of dependent variables, X is a matrix of independent (predictor)
variables (that we get from data), B a vector of param.eters, or indices, and e a vector of
error terms. It is usually assumed that the error, or random .itock terms have a normal
distribution, with mean of zero and a standard deviation of ¢ [ Elton and Gruber (5) ]. In
this research report, I compare this with the Pearl algorithm.

The Fearl algorithm uses the cotrelation between variables in order to find the latent
structure (hidden variables), by applying the law of Total Probability to factor a joint
probability distribution according to the Markov properties (d-sepuration) of a graph.
Using these graphs the algorithm predicts the distribution of the dependent variable.
Lazarfeld(1) calls the causal variable(s) the latent structure and shov s how to use a causal
variable to stratify the dependent variable to get significant dependencies. I explain the
algorithm in the next chapter,

I found no reference to any empirical comparison between the Pearl algorithm and Multi-
Regression models. This is surprising. Regression analysis is one of the core techniques
in the economic and social sciences. The implications of any method that could compete

with Regression analysis could have major implications on these sciences.




The Belief nets constructed by the Pear] algorithm have richer structures than n.ultiple
regression. Multiple Regression only aflows a single parent, whereas the Pear] algorithe
allows a free structure,

1.4 OQOverview of chapters:

Chapter 2, covers an overview of some of the literature on Bayesian decision trees.

Chapter 3, the main section is on the development of a heuristic to generalize the ‘ur er
of states.

Chapter 4, is on the sofiware developed.

Chapter 5, gives the results found by applying the adapted algotithm on real Stock
Exchange data.

Chapter 6, gives the conclusions,

1.5 Development during the research

When I started the research, I wanted to apply the Pear] algorithm to Stock exchange data.
This kind of Stock exchange data is notoriously difficuit to model, with a high degree of
acecuracy. [Elton and Gruber (5) ]

The Pearl Algorithm only works for binary variables. Lazarfeld [ Lazatfeld(1) ] proves
that the variables available are insufficient fo calculate the parameters, where each
variable has more than two states. The research then turned to finding a heuristic to
bypass this problem.

The main contribution of this research is a modification of the Pearl Algorithm to handle
more than two states. For this, I developed a heuristic io calculate the parameters of the
elements in the link matrices and tested the heuristic on Stock Exchange data. The

variables available all have low correlations to the dependent variable (Return).




The heuristic developed, works well in certain Belief nets. - Selecting Belief nets based on
the performance on a trammg set of data, eliminates the Belief nets where the heuristie did
not perform well. The heuristic perfertned similarly on both fhe training set and on the
testing set, but I could not find rules to explain why the heuristic sometimes performed
poorly in caloulating the link matrices.




Chapfter 2
LITERATURE STUDY

2.1 Literature on Bayesian Decision Trees.

2.1.1 First an explanation of Bmyes’ theorem:

Thig section starts with an elementary approach to the Bayesian theorem. As this section
develops, [ add more advanced concepts.

The discrete form of Bayes’ theorem

winion has probability one. These disjoint events form a partitioning of the set A, Assume
the prior probabilities p(Aj), for all the events, A;, known. Then event B occurs, for
which p(B | Aj) (the conditional probability B given A;) is known for each A;.

Bayes’ theorem states that:

The posterior distribution of A, p(A;1B) = p(BIA)P(ADN/ Y p(BIA I p(A)),
J=t

with the proviso that B is not empty, therefore p(B) » 0.

These probabilities reflect our revised opinions about the A,;, in light of the fact that B has
oceurred.

Berger [ (12) ] gives an excellent overview of hypothesis testing, risk functions and
robugtness of the Bayesian methods, The thesis by Musick[ (6)] also shows how beta
distributicns propagate through the. Bayesiar; formula from a-priori to a-posteriori
distributions. In this report we find the relafive frequencies in the different wiasses and
propagate them.

L5




Example:

Suppose we know that the prevalence of a certain discase A in the population is 1%.
Suppose that a screening test to test for this disease shows positit e in 96% of infected
individuals, but the test also shows positive in 7% of not infected individuals. After the
screening test, take individuals who show positive on the test for further, more detailed

observation.

Questions arising: Find the probability of an infected individual, if he shows positive in |
the test. How many ‘ndividuals will show positive on the test, out of a population of 30 -
000 0007

Solution:

Define p(T) as the prior probability that the test will show positive for an individual,
Therefore:

let A; stand for the event of an infected individual, and

let As stand for the event of a not infected individual.

p(T1AD =096, p(TlA)=0.07, p(A1)=0.01, p(Az)=0.99

This gives the probability that an individual will show positive on the screening test:

p(T)= z p(A) p(T | A,), where T is partitioned according to event i.

= 0,96 x 0.01 + 0.07 x 0,99
= (0,159

What aboutt  jrobability of an infected individual, if he shows positive in the test?




From Bayes’ theorem:

p(a: )= pADKT | A)/ T pA)R(T | A)

= 0.96%0.01/0.159
= 0.604

Matr’ . representation:
We will use capital letters, P, to represent matrix p. /babilities. in the above example:

Table 2.1 Matrix representation

Ay Ay

Hypothesis: Test positive | 0,604 | 0.3%5

Hypothesis: Test negative | 0.356 | 0.654

1

PAl T =

p(A; | Test negative) p(Az| Test negative)

» p(A1l Test positive) p(Ay!] Test positive) :‘

PAI T) =
r"‘ 0.604  0.396
L 0.346  0.654

P(A| T) is a Stochastic Matrix.

The second patt of the question: How many individuals will show positive on the test, out
of a population of 30 000 0007

The answer is 30 000 000 p(T) =30 000 000 x 0.159
= 4,77 million




-

- 2.1,2 Graphical models / Belief Networks:

Graphical representations offer a framework for representing and reasoning with
probabilities and independencies. The nodes in these graphs represent propositional
variables, and the arcs represent local dependencies [ Pearl(3) 1.

The basis for Graphical models is the notion of independence | Buntine(11) ]:

Definition 1:
Two events, A and B, are independent if p{A, B) = p(A) p(B),
where P(A, B) = P(A N B)%.

Definition 2:
A is independent of B given C if p(A, BICO)=p(A | C) p B C), whenever p(C) =0, for
all A, B, and C.

Figure 2.2  Graphical representation of definition 2

David and Pear] developed the theory of independence as a basic tool for knowledge
structuring [ Buniine(11), Peari(3) . W can equate a graphical modei with a set of
probability distributions that satisfy the implied constraints. Graphical models are

*To indicate that sets can be events, Pearl[ (3) ] and Musick[ (6) ] prefer to use the logical
AND, - instead of the intersection, M, In this report the intersection, M, will be used.




equivalent probability models if their corresponding sets of satisfying probability

distributions are equivalent.

Figure 2.3  Graphical representation of 2 simplified medical application

™
OGP~

-

N
g
The Figure above [ Buntine(11) ] s an example of a graj vical model of a simplified

medical problem. The variables Age, Occupation and Climate are variabies that cause
Disease. The Disease on the other hand causes the Symptoms. |

A directed graph is a graphical model, where eli the arcs have direction, Indicate
direction in the Figure above: if C is the parent of A and B, A directed graph without -
cycles is a directed acyclical graph (DAG).

Definitior of a belief network

Musick [(6)] defines a belief network or Bayesian network as: “A directed acyclical
graph consisting ofa  t of nodes i{; for i in 1...n, a conditional probability table T; for
each node, and a set of directed arcs between the nodes. Each node represents a random
variable, and has an associated, poss/bly infinite, domain xz e Dy. Anarc from X; to X;
tepresents a dependency between the 'wo, and establishes X; as the parent of its child X
The conditional probability table (CPT) {An example of a CPT given in the next
Section; of every node in the network represents the set of conditional probabilities
Pr(X{ I;), where IT; represents the set of patents of X;, Finally X; is conditionaily
independent of every other variable in the network given its parent instantiations (By




e

instantiation we mean that the variable is set Jo a given value), or Pr(XJ IT;, Xj) =
Pe(X{ L) for any X=X and X e IL.”

Example of a Conditional Prokability Table (CPT)
The eastest way to explain whe: a CP is, is with an example [ Musick(6) ]
Repres_ent “Parents Smoke” by P, “Smoker” by S and “Disease” by M.

P has the disjoint possibilities 0, that neither parent smokes, 1, that one of the parerts

smokes and 2 disit bath pareuts smoke,
S is the disjoint evens that the patient either smokes or does not smoke.

D stands for the event that the diseases bronchitis, halitosis is present or that neither is
present. In the example that follows assume that bronchitis and halitosis are disjoint

events.

10
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Table 2.2 Probability that the parents smoke

')
0 [0.62
P {1 [023
2 |0.15

Table 2.3 Probability of @ smoker given that the parents smoked
pS | P)

5
0 [T |2

S Jo o6l [057 [053
T 039|043 | 047

Table 2.4 Probability of disease given a smoker

D | 8)

S

0 1
bronchitis | 0.75 | 0.51
b halitosis 0.20 | 0.41
no disease | 0.05 | 0.18

Table 2.5 The joint Probability Table for the Smokers example
p(D, P, 8)

P, S

[0,0J0,1 1,0 ]1,1 2.0 |21
bronchitis | 0.28 | 0.13 | 0.10 | 0.05 | 0.06 | 0.04
D | halitosis | 0,08 |0.10 |0.03 | 0.04 | 0.02 | 0.03
no disease | 0.02 | 0,04 [0.01 |0.02 | 06.00 |0.01

Tables 2.2, 2.3 and 2.4 are examples of condiiional probability tables {CPTs). Table 2.5
is a join. probability table.

11
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Directad Acyclical Graphs (DAG)

A Bayesiau network is a graphical model that uses directed arcs exclusively to form a
directed acyclic graph (DAG).

The forvrard conditional probabilities give the strengths of the influences between nodes.

Fijure 2.4 A simple Bayesian network

The decomposition works as follows:
p(A, B, C,Dy=p(DI C) p(C| A, B)p(A) p(B)

If parent(x) is the set of variables with a directed arc into x
[ Buntine (11} :
pxl My= H plx | parent(x), M), where M is the conditioning context, and x e X.

xe

This is the interpretation of a belief network used in this research report.

2.1.3 Decision Trees

A Bayesian decision tree is a belief network, where every node has only one parent,
except the root node that does not have a parent.

12




Fipure 2.5. A tree showing the different levels

Level 0

Level

Level 2

In Figare 2.5 [ Turban{12) ], Nodes A, B, C,D,Eand F form a tree, Node A is the root
and is on level 0. Node A is the parent of Nodes B, C and D on level 1. Nodes E and F
are on level 2, "iae leaf nodes are E, F, C and D.

As can be seon from the section on evidence propagation below, it is convenient to use a
Bayesian tree rather than a network that can have multiple parents for nodes, Pear] gave
a few methods to deal with multiple-connected nets,

2.1.4 Pearl’s algorithm for evidence propagation

The belief of x, BEL(x), is defined as: P(x| ¢), where ¢ is the combined effect of all
instantiated variabies.

BEL(x) is a vector, where each component represents the belief that X is in that state.
Represent the belief that the weather tomorrow will be x; = sunny, X, = cloudy, x; =
raining by the vector

BEL(x) = ( BEL(x1), BEL(x), BEL(x3)), where x is the vector (x1, X3, X3).

The likelihood vector, or diagnostic support, A(x), is P(e] x). The likelihood vector is
the probability that the evidence, e, will occur given the state of the vector x,

13



If we have two nodes, x and y, with a single arc connecting x to y, such that x is the

parent of y, then from the Bayes rule:

Indicate the evidence going from the child, v, to the parent, x, by e, then
BEL(x) = P(x| ¢) = o B(x) Plel %) = a P(x) A(x),
where A(x) = P(e[ x),

P(x) = the prior probability of x

and = [P(y)]", a normalizing constant.

NOTE: Under multiplication of vectors we understand term by term multiplication and

ot the scalar product.

With a chain of three nodes {x, y, z}:
BEL(x) = P(x| ¢) = o P(x) Ax), as above, but
Mx) = Ple| x) = X Plel 3, %) Plx) = > PlelyPrl x = prpl x)Ap)

and  A(y) = P(z| ), the likelihood vector of the middle node,
P(y| %) is the transitional probability matrix.

This equation holds for a chain of any length, We can now propagate the likelihood
against the arc direction to get the belief of a node on a lower level, To propagate the

evidence in the arc direction we use a separate vector,

Figuee 2,6 A chain with evidential data at its head (e*)
and tail (e”)

(O IH)

In Figure 2.6, let e be the total evidence available. Jt is more convenient o separate the
impact of the evidence into ¢*, and €', Where " can be considered as the background
knowledge one has about T, in which case the prior probability P(f) will be identical to
Pt | .

14



If node u is the parent of node x:
mx) = Px| ¢ = ¥ Pl 4,e") Pul &) = n() Px| v)

which is a vector of prior probabilities propagated down fiom the parent, or the causal

support,

The belief now becomes:

BEL(x) = Px| e*,¢) = a P(e"| %, &) P(x| ¢) = a Pe'l x) P(x| &)
= o m(x) Ax)

Consider a node x, with m children yq, y3, ooy Ymy and parent u:

The rest of Section 2,1.4 considers a tree structure, where a typical node x, has m children
V1s Y25 vy ¥ms and parent u.

Belief updating:

As with the chain structure above; Using the causal support, n(x), and diagnostic support,
A(x), the belief distribution of x is:

BEL(x) = a P(e*] x) P(x] &) = a A (x) n(x),
The difference comes in the way that A (x) is calculated.

A(x) =P(e’| x) = P(evidence from the children] x) = [T Pyl x), because x

i

separates it§ children and the siblings are conditionally independent.

15
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Therefore,

2e0= T Mmi(n

i=1l

and a(x) = 3 Px | 1) m(w = nw) Px| )
and o is a normalizing constant to make ». BEL(x) = 1.

Bottom-up propagation:

Node x uses the A(x) message from the children fo compute & new message Ay(1) to send
to its parent u.
() = A0 P(x] w)

Top-down propagation:

The new n message sent by node x o its j-th child y; is:
a(y) = an(x) [T A

k#j

but,
BEL(x) = o A (x) n(x), therefore n(y;) = o BEL(X) / A(y;)

Readers interested in Belief propagation in more general singly connected networks are
referred to Pearl(3).

From the above it is evident that we only need the prior probabilities of the root and the
likelihood functions of the leaf nodes to calculate the belief of all the nodes.

16
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2.2 Structure

In this example, the Belief nel is the network that is induced by the data. The Belief net
will show associaﬁons, whic. may indicate cansality. Before evidence can be propagated
through the network, as discussed in the previous section, we must find the network. In
Section 2.2.1 Peart’s Algorithm to find the Structure is discussed. In Section 2.2.2
conditions limiting the application of the Pearl Algorithm are investigated, followed by an
alternative algorithm by Conper and Herskovits to bui'd and to evaluate a Belief Network
in Section 2.2.3., The Pear] algorithm uses the idea of hidden variables, or Latent
structare, to build a Belief Network, while the Cooper and Herskovis algorithm only
investigates causality of the variables that are actually found in a database.

2.2.1 Pearl’s Algorithm to find the Structure of the Belief net

We show below that if p(a, & ¢) = pla ¢} p(d {¢), (i.e. if a and b are conditionally

wndependent) with p(c)=0, then
Dab = Pac - fop, 'This meang that node ¢ lies between nodes @ and b,

Procf of the product rule for correlations

Morrison [ Morrison (8) ] gives the conditionai correlation between two variables a and b,

given ¢, by:

Pab = ParPse
V=220 - 2%

Pab.c =

but, the variables @ and b are independent.given ¢, therefore

Pabe = 0

therefore

17
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Pab = Pac « Pob.
This proves the product rule for correlations.

Figure 2.7 A star formation:

In Figure 2.7 the pre Juct rule for correlations gives:
Pad = Pab « Pod
Pac = P« Poc
and Ped = Peb . Prd

In other words any three nodes a, ¢ and d can be presented in a star formatio:: must have a

centre node, b with the true correlations as indicated.

Pod = pad - P | Prs
Pt = Pac « Paa! Poa
Poi = Pac  Pac! Pad

Lolving by substitution gives;

To link up a fourth node, e, in a star formation, and if the node links on to the,

ba- arc, then: puc. Oge = Pud - P
bo- arc, then:  puc . Pae = Ped - Pae
bd- arc, then: gy . e = Pod - Pas

If any two of these equations hold (then all three wiil hold) the common node will be the

same as the old centre node.

18



By following this reasoning any new node, that can be presented in a star formation, can
be linked onto the belief network. Note this will give an undirected network. To create a
tree structure, with direction, any node is selected as the root and all arcs are then directed

away from this root.

Musick [ {6) ] claims that our ability to make qualitative judgemants about which
variables affect the value or state of another is good. In his dissertation he makes the
assumption that the structure has already béen defined by knowledge engineers. domain
experts, or an automated structure discovery algorithm. Musick [ (6) ] wants to minimize
manval input and do the database mining as an automated process, but he then assumes
that a manual structure input must be given. The Pearl Algorithm can be used to find the

structure.
2.2.2 Condit. ons for Star-Decomposability

Assume W is the caniral + ariable between the binary nodes %, x2 and x;.

Figure 2.8 A star formation:

Let fi=px=1]|w=1)
and geEpx =1 w=0)

Define the probabilities as:

pi = plxi=1)
pie = pxi=1,55= 1, %=1}

19
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The standard deviation of a Bernoulli varisble is o; = [ (1 - p01*
and the correlation coefficients: oy = (g~ pi ;) oi

Theorem:

A necessary at sufficient condition for tlires binary random variables to be star-
decomposable is that they satisfy the inequalities:

Pik P/ Pi S Pk S PP/ P1 + 95 0u (O - 25 o)

foralli,j, k e {1,2,3} and i #j k. When theae conditions are satisfied, the parameters
of the star-decomposed distribution can be determined uniguely, up to a complementation
of the hidden variable W,

ie,, w2 (l-w), fi »g a1 -

Where w is the state of W and o is the prior probability that w is in state 1.

The proofis given by Pearl[ Pearl(3) ], following previous work done by Lazarfeld [ (1) |

A ssuming P is star decomposabie then the joint-occurrence probabilitics can be expressed

in terms of o, f; and g;, then:
pi = ofi + (1-0g, i=1,2,3
pi=oaff+(l-0)sg i#j,
P = o fi i fi+ (1 - o) gi g g i=j=k
By manipulation we can get:

pi-pipgTold-o)E-g) G-
PiPik - Pipk = a{l-o)figi(f-g) (k- )
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Solve f; - g, i=1, 2, 3, out of pj - pr p; to get:

fi-g = Sifa (-]
where

Si= & [(py - o) (o - mip)/ (o - Py PO
This gives

fi=p+Si{0-a)/al?

g=pi- S{{-0)/a]”

from p;pyx ~ Pi pi We can determine o = 2/ + )

where t is the solutionto £ + Kt - 1 = 0
and XK is
K =8/p - pi/Si + wi/ (5 p),
W = (pi P - Py i)/ {Pik - Py Pw)

It can be verified that K obtains the same value regardless of which index i provices the

parameters.

The resulting values of ¢, f; and g; determine whether P is star decomposable. We
require that; S; be real,
0<E£<1and0£gsL.

These teuns are related to the correlation coefficient via

pi = [pg = oupid I 1 - 007 oy (1 - 1™ = [y - pipil/oi o,

so the condition that S is reai is equivalent to requiring that all three of the correlation
coefiicients are non-negative. If two of them are non-negative we can tename two
variables by their complements; the newly defined triplet will have all its pairs positively
correlated.

fi can only be negative if' S; is negative, Choosing §; as the negative square root, will give

a symmetrical solution, £, g and o', of fj, g; and o, with the gi=1f}, fi =g/ and

o.= 1-a'. Assume S; non-negative.
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The condition fj £ 1, or equivalently t 2 S;/ (1 - py) gives:
Pik < Py P/ i + ox o)oK - oy Al

Similarly with g = 0: pu psi /pi § py This proves the theorem.

In this research report, I attempt to generalize to more than two states for each varigble,

2.2.3 The Cooper and Herskovits algorithm

This is a Bayesian msthod for doing a greedy search among possible network structuies in
an attempt to get the most likely structure, Musick [ (4) ] claims this method works very

weil.

To find the most probable belief structure By from & Database D of instances; This means
maximize p(B;| D). The number of possible structures is super-exponential in the number
of variabies, and there is no clear way of effectively pruning the search space as

synergistic effects might occur between any set of variables.
Assumptions made for the Cooner Herskovits algorithm:

1. The process that generated the database is representable by a belief network
containing only the discicte variables B,

2. Under the belief network model, cases occur independently,

3. Cases are complete, that is, there are no caseg that have variables with issing values.

4. The conditional probability is independent of a separate conditional distribution.
p(Xs=0 | X5 = 0) is independent of p(Xz = 0] X; = 0)

5. The density function f(Bp[ B,) is uniform, where By is the quantitative structure.
Therefore there is no initial preference as to what probabilities to place on the
structure B;.

The probability of a structure given a database, D is p(By | D) = p(B,, D) / p(D).




If we have two structures B, and By, then the ratio will be:
p(Ba| D)/ p(By | D) = p(Bs, D) / p(Bs, D).

The Cooper and Herskovits algorithm starts with a single node network, and repeats the
following steps:

1. Add anode to the set of parents of the current node.
2. Calculate the probability of the new structure and compare it to the old.
3. If'the new structure is noticeably better, then keep the newly added node and fry

another,

Musick [ (6) ] claims that this algorithm can reproduce models nearly equivalent to those
selectad by humans on small to medium sized problems, The probabilities p(B;| D) can
be estimated by relative frequencies from a database.

The Coopei and Herskovits algorithm can even handle cyclical networks. In this research
report we will restrict ourselves {.- the Pearl Algorithm (as discussed in Sections 2.1.4 and
2.2.1 for acyclical graphs).

2.3 Modern Portfoliv Theory:

Any new technique of portfolio management, necessitates a brief discussion of present
methods within the portfolio management field. This will also help in comparing this

technique to existing techniques.

Investors want maximum Retun, for minimum risk (standard deviation of Return). The
Pearl | Pearl(3) ] algorithm can be used to estimate the distribution of the Return,

For the Capital Asset Pricing Model (CAPM), analysts have 1o estimate expected Returns,
risk and correlations with the market index of the stocks that they follow. [ Elton and
Gruber(5) ]




™

The regression coefficient of each stock with the market portfolio, is called Beta.
Blume’s study showed that the historical Beta and the Beta for the next petiod had a
correlation of 0.6, for individual stocks. This gives an indication that the correlation
structure is reasonably stable over time (according to Elton and Gruber (5) ), if we take
into consideration the high volatility of this kind of data. We therefore expect that the
correlation estimates from the data and the subsequent Pear! Algorithm [Peari (3)] to
build the belief net to be reasonably stable over time.

The multi-index model:

Given a set of n economic indices, I, like Inflation Rate, the All Share index and some
other indices the Refurn on share i, is:

Ri=a + Z byI; +e;
Jel
which is a regression model, regressing the Return on the different indices I, The random

error term, ¢;, is then assumed to be normally distributed with mean zero and standard

deviation Ge. Assume that the indices are orthogonal. Reduce non-orthagonal indices to

orthogonal indices, with some extra calculations.

!
This method, used by Portfolio Managers, can be a standard to evaluate the new method .
developed in this research report.

The multi-Index model | Elton and Gruber(5) ] can be used for nassive or active
management, With passive management we structure a portfolio for a client to hedge
against certain market occurrences. With active management we take a gamble on the

market, based on betier forecasts of changes in the indices.

The Sharpe and Cooper research | Elton and Gruber(5) ] found that the Return, with
dividends ignored, had a coefficient of determination of 0.996 to the Returns with

dividends taken into account. For the purposes of this research report, Returns, without
dividends, will be used.




Notes:

The Multi-Index model assumes a linear model between the independent vatiables and
Return. The Pearl Algorithm does not make the linear assumption, but it does require
discretizing the variables (with a corresponding loss of information).

The Multi-Index model gives us a point estimate of the expected Return and, under
certain assumptions, the standard error(risk) of this Return, The Pearl Algorithm gives the
belief of the different siates of Return. We can then determine a point estimate.

For the purposes of analysis the raulti-index model! usually assumes that the error term has

a normal distribution,

Should the Pear] algorithm perform comparably to the Multi-Index model, it would
wartant further investigation to improve this method. Multi-Index models have been used

for a very long time, while the Pear] algorithm is & relative new concept. Econometrics

uses the multi-regression methods in many different ways. Macro-Economic as well as

Micro-Economic fields can benefit from any improvement on the Multi-Index models.
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Chapter 3
Finding the link matrices.
3.1 Imntroduction

In the previous chapter, Section 2.2.2, I discusscd the method by Lazarfeld to solve the
pararrzters of the link matrices for binary variables. As a portiolio management technique
we need more than two states. Most of the independent variables are rational numbers and
we lose too much information by limiting ourselves to two states. In this chapter, I
develop a heuristic to increase the number of states from two to four. The success of this

heuristic leads to the possibility to increase to even more sta‘es.

Section 3.2 gives Lazarfeld’s algorithm. This works well for binary variables, but the star
decompogition criteria, mentioned in Section 2.2.2, makes this infeasible for more states.
We would need seven leaf nodes, connected to the same hidden node, to estimate the
parameters for a four state modi - [Section 3,2.2). The Peatl algorithm to find the
structure (Section 2.2.1) only allows for more than three nodes to be linked to & hidden

node in exceptional cases,

3.2 The binary variable scenario

3.2.1 Latent Structure

A variable 9, that influences a number of measurable variables, y;, is calied a latent
variable. Therefore y; = $(6). 8 could be a vector of variables. ¢; is some function that
maps © onto the observable variable v;. The set of latent variables and the relationships to
the other variables is called the Iatent structure.

Lazarfeld [ Lazarfeld(1) ] defines latert structure as:

“Ays the first step in the definition of the latent dichotomy, we postulate the existence of
two latent classes. While there will be many situations in which the objects of our
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analysis are not individual people, we shall consider now, for the sake of clarity, that we
study a population of individuals. The division into two classes may be thought of as
éorrespondz‘ng 1o the presence or the absence of a latent atiribute or quality in these
individuals.

The relation between the latent classes and the vbservable items in defined by the axiom
of local independence, which states that within a class the ifems are all independent of
one another. This definition states mathemutically why the observed items are related to

one ariother,"”

3.2.2 Number of variables needed to solve the parameters

To find the latent structure (hidden variables) with two states, we need three leuf nodes.
To find the latent structure with four states, we necd seven leaf nodes to solve for the
parameters [ Lazarfeld (1) ].

By making full use of the implied structure [ Lazarfeld (1) ], using the ascending matrix
method we still need five nodes to solve the parameters of the latent structure.

The Pearl algorithm to create the structure, uses star decomposability of three variables.
To generalize the method, to use more states, we need to find a heuristic to calculate the
parameters of the latent structure, using only three variables.

We could also generalize the Pearl algorithm to create the structure to incorporate more

variables at the same node, but the restrictions for star decomposability of four, or tnore

vatiables are so stringent that they are unlikely to occur [ Pearl(3) 1.

3.2.3 The accounting Equations

In order to get the parameters of the hidden structure, we must solve the accounting
equations [Lazarfeld (1)]:
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Let w be the hidden variable, and the leaves be i, j and k, then the acconnting equations

are:

1= D0 pw)
p( = 3. pw) pd | w)
pG, j)y= ¥ pw) pl | wypG | wyand

pli. j k= D pw) pG | wypG | w)pck | w)

3.2.4 To solve the parameters for binary variables

We will start with & known model, expand the model to the frequency matrix (combined
frequency of the three leaf nodes), and show how Lazarfeld’s approach re-creates the
model from the frequency matrix.

Take three leafnodes i, j and k, and a hidden variable, w, in a star formation between the
three variables (Figure 3.1).

We have a method to solve the parameters, with binary variables [ Lazarfeld(1)]. The
parameters are all the entries in the three link matrices and the prior probability of the
hidden variable, w.

To give an example, we start with a known model,
1. fix the prior probability for each state of w and

2, initialize all the relationships, link matrices, with w,

In this section, we expand this model to get the frequencies in the different states of the
variables, F({, j, k).

From the frequencies, we then use Lazarfeld’s method to get back to the model.
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Example for binary variables

Assume the following model:
P(w)= [0.2 0.8]
and P | w) =

[ 02 08
‘L 33 07
PG | w) =
0.4 0.9
0.2 0.8
andP(k | w) =
0.1 0.9
0.3 0.7

The frequencies, if we assume 10 000 observations, are then calculated from the
accounting equations given at the beginning of Section 3.2, giving

Fg.j, k) =

i=1 i=2

148 372 |[ 352 928
612 1668 1488 4432
Use these frequencies fo get back to the model.
Lazarfeld then derives the following theorem:
The roots of the equation
& - {1 + (iksi] - [k:~]) / TiK]} t + [jksi] /jk] = O, where [jk] is the determinant of
P(j, k) and [jksi] is the determinant of PG, k | 1), [jk;~i] is the determinant of

P, k | not i),

This gives the components of the link mairices.
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[ik;i] = 2 800 %148 - 520x 760 = 19 200
[il;~i] =7 200x352 - 1 280x1 840 =179 200
- [ik] = 50010 000 - 1800x9600 = 320 000

therefore the root is
t=(0.5+0.1)/2

These are the values forp(i=1 | w=1)and p(i=1 | w=2), because the correlation
between w and 1 is negativ  (because the determinant of P(i [w) is negative), the smaller
solution will be the value o. pli=1 | w=1).
This Returns the model PG | w) =

02 08

0.3 0.7
which is the link matrix ui the model. Find the other link matrices the same method.

3.3 Finding the link matrices
In Section 3.2.2, | investigate a binary-variable example, following the method of

Lazarfeld, The problem is now to find a heuristic that will give acceptable results, when
using a model with four states instead of'two states.

3.3.1 The four state model

In this sectiva, we start with a known model and expand this model to the frequency
matrix (Figure 3.1). Scctions 3.3.2, 3.3.3 and 3.3.4 create models by simulation, and
evaluate the performance of different heuristics to get back to the known model.
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a wtion 3.3.1, I give an example of a four state model. From this model, I calculate the

frequency matrix and the correlation coefficients. The heuristic works, if it takes us from
the frequency matrix back to the parameters of the model.

In Section 3.3.2, I test the method suggested, but not implemented, by Pearl | (3) ]; The
‘method combines states to use Lazarfeld’s algorithmn. The tests do not give good results,
and we discus why this approach was not persued further,

" Section 3.3.3 gives the hewsistic, that I developed, after scalizing that 8; determines the

choice of the roots. For the simulation, in this section, I assume that all the correlations

are positive.

In Section 3.3.4, I address the problem of which root to choose, depending on the
calculated correlation.

Example of a four state model

Take a structure 1,if; three vuriables, connected by a hicdden variable, see Figure 3.1.
Figure 3.1 A star formation:

Let w be the hidden node and i, j and k be the leaf nodes:
Take, P(w)as [0.2 0.3 0.1 0.4]

PG| w) =

02 03 03 02
01 02 03 04
02 02 03 03
05 02 02 0.4

3

e i = T



PG| w)=

01 02 03 04
02 01 03 04
04 03 01 02
03 04 02 041

61 04 04 0.1
¢ 02 04 04

G 05 C& 0
03 03 02

Using the acconnting equation, p(i, j. k) = Z p() p(i | w)pG | w)plk | w), where the

stmmation is over ail the stafes of w. Multiply by 10 000 to get frequencies,

Fli,j, k) =
j= P= 2
124 248 260 148 | 54 160 184 102
188 308 314 180 76 188 198 100
82 198 214 128 50 186 202 122
56 188 192 104 ‘0 188 236 136
=3 T 1= 4 -
54 192 228 126 | | 28 160 208 124
78 207 225 112 40 140 173 88
50 189 243 158 28 158 231 172
AD 222 204 184 24 202 208 216

We can calculate the Pearson product moment correlation:, For the simulation, I

valculated this using the cells in the frequency matrix as grouped data.

Let  Gabl= S F(a.bb)

wl}

3 PO I
@y G(a,by and  b=3bY G(a,b)
u=l bl b= gz

k
3
then =

-




-

3 2
2,2, Gla.bYXa~aXs-b)

— =0 b
tab = o Y ok

13 N _
>3 Gla,b)a~-@).). 3 Gla.byb -5

a=0 b=0 b=y =0

=

where a and b are the numerical numbers of the states {0, 1, 2, 3}.
For the actual application in Chapter 5, I used the pre-discretized data from the companies

to calculate the correlation.

The correlation coefficients are:
rg = 0.1179, ry = 01148 and 1y = 0.0776.
From Pearl’s algorithm to find the structure (Section 2.2.1):
twi = 04176, ry; = 0.2823 and ryy = 0.2749,

The rest of this chapter discusses a series of heuristics to find the model, P(w), P(i | w),
P(j | wyand P(k | w), from the frequency mateix F(i, j, k).

3.3.2 Combine three states to get a binary situation

In Section 3.2.3, I described an algorithm that works for binary states. In this section I
attempt to re-use the same approach by combining three states, to calculate the zelavant
parameter for the fourth state. In order to calcniate parameters in the first row, I combine
states two, three and four by adding the frequencies in the frequency matrix. To calculate
the parameters in the second row, I add the frequencies of rows one, three and four in the
frequency matrix, then in this binary situation, calculate the patameters as in the previous

section.

Pearl suggested this method to handle more than two states.

A summary of this method:
1. Fix one state of i, one state of j and one state of k.
2. Add the other three states for each variable together, and solve for the chosen state.
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3. Do this for every combination of states of the variables i, j and k.

This gives a binary situation as the one deseribed in Section 3.2.3 for each combination of

the states of i, j and k. An example follows.

The combined frequency matrix for the four state example is:

F(, j, k) =
i = 1 P= 2
124 248 260 148" | 54 160 184 1027
168 308 314 180 76 186 168 100
92 106 214 128 50 188 202 122
5 168 192 104 40 188 236 136
) T i= T
[~ 54 192 228 126 | 28 160 208 1247
78 207 226 112 40 149 173 88
50 189 243 158 28 189 281 172
40 222 204 184 24 202 296 216

Takei=2, j=3 and k= ], the combined frequency matrix becomes:

i=2 i#2
50 490 | 170 1690
170 149 610 5330
0

Do this for each state of i, j and k. For each of these combinations cf states, i, j and k,
abtain a different combined frequency matrix, The Lazarfeld method gives two roots, call
them t; and t,, Compare these roots to the correct values of'the elements of the link

matrix:
Plilw) =

sy

02 03 03 02
01 02 03 0.4
02 02 03 03
05 02 02 01
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To give a single numerical value as an indication of how well this heuristic could work
take the average absolute deviation between the best root and the correct value. Let ¢, be

the root selected. In Table 3.1 #,, is chosen as the the root that is elosest to P | w) .

Yiealwy -1,

-, where the

AAD = Average absolute deviation = "

summation goes over all the rows and columns of P(i | w). I the heuristic works
pecfectly, the average absolute deviation will be 0.0, The two roots t; and t; of the
quadratic equation above from the binary matrices, as in Section 3.2.3, are in Table 3.1,

Table 3.1 The two roots and the correct value for each parameter, with the best
choice the AAD = 0.0524.

State of w Stﬁté ofi 4 t2 corréét vaiue
1 1 0.1229 | 0.6671 02
1 2 0.2000 | 0.2200 0.3
i 3 0.1400 | 0.3000 0.3
1 4 0.0314 | 0.3186 02
2 1 0.0056 | 0.3262 0.1
2 2 0.1954 | 0.2001 02
2 3 02727 | 0.3000 0.3
2 4 0.1801 | 0.5200 04
3 { 0.0883 ' 1.8117 0.2
3 2 6.2000 | 0.4000 0.2
3 3 | -0.3000 | 0.3000 0.3
3 4 | -08352] 03352 03
4 1 0.0385 | 0.3967 0.5
4 2 0.1706 | 0.2000 02
4 3 0.2412 | 0.3000 02
4 4 0.1564 | 0.4966 0.1
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The heuristically detexmined values of the elements in the link matrix give an indication

of how well this heuristic works. The estimates are not good, but they are not random
either.

In Section 3.2.3 Lazarfeld chose the parameter, by selecting the largest of the two roots
for the main diagonal of the link matrix, if the correlation is positive. If the correlation is

negative, the smallest of the two roots is the parameter on the main diagonal.

The roots as given in Table 3.1 still deviate too much from the real values. We must
improve the estimation of roots, before we need to resolve the problem of choosing which
root is relevant. Pear} does not give an indication on how to choose between the roots.

Because the roots do not give the correct values for the parameters, I did not persue this
matter further.

3.3.3 Heuristic with pair-wise grouping

Reasoning behind this heuristic,
Three variables i, j and k can only be star decomposable, if the correlations 1y, ry and v
are all positive, or two of themn are negative [ Pearl(3) |. If two of the correlations ate

negative, change them to all positive correlations by reversing the order of the states of
one of the variables.

When we calcuiate 1y, Twj and ry by the equations:

T’ =ty T/ Tk

' = Tyt / r

Tew *= T i/ Ty,
We get two sets of solutions, one ..« ositive and the other one all negative. Ta show this
is true:
Tiw Yw =T, because ry is positive, both ry and ry must be positive, or both negative.
The result follows by looking at variable k and variable J. So, 1y, 1w and 1y are all
positive or all negative.
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This is similar to the choice of S; in Section 2.2.2, that gives us two symmetrical

solutions.

By inter-changing states 1 and 4 and states 2 and 3 of the hidden variable, we get from
the positive to the negative correlations. This explains why the quadratic equation links
the two states in the binary state case. This shows that we must niot combine the siates of
w, but look at the states of w in pairs, namely states 1 and 4 and states 2 and 3,

Manual calcniation, using this heuristic.

To calculate the parameters P(i | w), we use Lazarfeld’s algorithm from Section 3.2.3. To
calculate row one, column one and row four column one in P(i | w), we look only at the
frequencies where j and k are in states one and four. The Frequency matrix from Section
3.3.1 becomes:

F(, j, k) =

i=1
124 148

86 104
=2 3ord
136 352
104 536
The rows fori = 1 are rows (states one and four of j) one and four of F(1, j, k) and the

rows for i =2, 3 and 4 are the total for F(2, j, k), F(3, j, k) and F{4, j, k). The columns
are caleulated it the same way (states one and four of k).

From the Lazarfeld algorithm:

[ksi=1] = 124x%104 - 56x148 = 4608
[ik;i not =1} = 136x536 - 104x352 = 36288
[jk] = 260x640 - 160x500 = 86400

The roots of the equation 2 - {1 + {[jksi] - [jks~i0) 7 [IK]} t + [jk:i] ik} = 0, or
- 0.63333t + 0.05333 = 0 are 0.5333 and 0.1000, From the model, Section 3.3.1
the correct vatues should be 0.2 and 0.5,
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To get the values for rows two and three, of column one of P( | w), we take F(1, j, k) and
the total of F(2, j, k), F(3, j, k) and F(4, j, k), looking only at states two and three of the

variables j and k.

To get the values for rows one and four, column two of P4 | w), we take F(2, j, k) and
the total of F(1, j, k), F(3, j, k) and (4, j, k), looking at states one and four of variables j
and k. The rest of the elements follow in the same way.

Repeating the calculation of the roots for each parameter of the model, for the time being,
take all correlations (Pearson product moment correlations) as positive, we get:

Pilw) =

0.53 0.20 0.18 0.09
0.40 0.21 0.23 0.16
0.10 0.20 0.30 0.40
0.10 0.19 0.30 0.40

PG| w) =

0.29 0.39 0.21 0.12
.20 0.30 0.256 0.25
0.20 0.10 0.20 0.40
0.20 0.10 0.30 0.40

Pk | w) =

T 0.19 0.32 030 0.19
0.20 0.33 0.29 0.18
0.00 0.10 0.39 0,52

0,02 0.24 0.40 0.33
Compare these matrices to the correct matrices as in Section 3.3.1, The maximum

deviation from the correct vabies is 0.21.
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{(Note the model that we started with has negative correlations with the hidden variable w.
Hrre we chose the positive correlation for each pair, according to the Lazarfeld method,
Section 3.2.3. To compate we have to compare row one of the model, with row four of
the estimation of the model, etc.)

Simulations using this heuristic,
Each iteration consists of all the sieps taken in the manual calculation.

The steps, for each iteration, are:

1. Create a model, with random numbers as prior probabilities and random numbers for
the elements of the link matrices (normalized to make them probabilities).

2. From the model, calonlate the (4 x 4 x 4) frequr .oy matrix.

3. From the frequency matrix calculate the Pearson correlation coefficients.

4, Apply the neuristic described above to calculate the parameters.

5. Compare the obtained values with the model of the specific iteration.

I ran a simulation, with 34 420 iterations and assumed that the correlations to the hidden
variables were positive, irrespective of whether the correlations of the hidden variables in

the models were positive:




T

PR

Table 3.2 Results of the first simulation, with an AAD = 0,082

Row | Column | Mesn error | Standard deviation 61' error
E 0.0810248 | 0.1627995
1 2 0.0827834 | 0.1633740
1 3 -0.0820516 | 0.1496301
1 |a -0.0817563 | 0.1499833
2 1 0.0814020 | 0.1637623
2 2 0.0821751 | 0.1630656
2 3 -0.0815376 | 0.1498768
2 4 -0.0820405 | 0.1499095
3 1 -0.0828858 | 0.1448113
3 2 -0.0832196 | 0.1496353
3 3 0.0834214 | 0.1605161
3 4 0.0809790 | 0.1603846
4 1 -0.0813898 | 0.1502567
4 2 00824145 | 0.1498112
4 3 0.0815357 | 0.1631894
4 4 0.0822888 | 0.1624199

This telis us that by selecting positive or negative correlations to the hidden variable, at
random, the average absolute error is about 0,082, with a standard deviation of 0.15, The
average ahsolute error can be reduced by an educated choice between the roots.

The pattemn of negative and positive errors, is an indication of an incorrect choice of the

sign of the correlation.
3.3.4 Selecting the root

To allocate the roots of, £ - {1 + ([iksi] - [jks~]) / 3k} t + [kl /] = 0,




to the states in their pairs, take the elements on the main diagonal of the pair in the link
mafrices as the largest of the two roots and the smaller root for the other elements.

For the simulation, I made the discriminants and probabilities that were less than zero,
are vt o gero, and probabilities of more than one, are set to one. This happened in about
5% of the parameters calculated.

For the simulation, each iteration consists of randomly creating 3 model, and calculating
the frequency matrix, Then apply the heuristic described above to calculate the

parameters and compare the obtained values with the relevant model,

The results of a simulation with 1185 iterations, using the heuristic are in Table 3.3.
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Table 3.3 Results of a simulation with the improved heuristic, with an AAD =
0.0633
Row | Column | Mean error | Stzndard deviation of
error
TR 0.0563405 | 0.1502446
1 2 1 0.0678629 | 0.1550100
1 3 -0.0666467 | 0.1428206
1 4 -0.0575959 | 0.1372334
2 1 0.0622232 | 0.1580924
2 2 0.0624152 0.1571103
2 3 -0.0633632 {0.1422067
2 4 -0.0612752 | 0.1462479
3 1 -0.0599822 1 0.1422875
3 2 «0.0690256 |0.1412494
3 3 -0,0668639 | 0.1570861
3 4 <0.0534771 {0,1568450
4 1 -0.0634986 | 0.1388671
4 2 -0.0687006 | 0.1453125
4 3 0.0632440 | 0.1581354
4 4 0.0689552 | 0.1607154

This reduces the average absolute error to 0.0633 and the standard deviation to about
0,145, This can nearly compete with the “best™ choice in Table 3.1, The absolute error
jmmproved, but the choice of the root is still not perfect. We see this from the pattern in the
sign of the errors. The error comes in due the binary choice ofthen Tt will not make
sense to adjust the values for the calculated error, because this will introduce errors in the

correctly calculated parameters.
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With randomly created models, the correlations tended to be very clrae to zero. Ichose
1000 cases from a simulation where the correlations between all the leaf variables were
more than 0,20 and found that the absolute mean error and the standard deviation of this
error were about the same.,

The heuristic consists of two steps. We already know that the choice of root is not perfect.
To determine the accuracy of the other step, namely the calculation of the roots, we can

assume the cotrect value known.

The enors, hetween the best root and the corrgct value, are either very close to cotrect, or
in about 10% of cases the heuristic failed and produced incorrect roots. There seems to be
a tendency that the heuristic fails when the [jk] determinant is close to zero, but often the
value is correct even when the [jk] determinant is nearly zero. Icould find ne clear
indication that would explain why game slements are accurate, while others are

completely incorrect.
3.3.5 Improving the heuristic

One improvement would be to identify the entries that are obviously incortect, when the
probability is less than zero, or more than one. These are the calculations where we know
that the heuristic failed, We can recalculate these obviously incorrect values (both values
of the incorrect pair} wsing the pairs states 1 and 3 and states 2 and 4,
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Table 3.4 Simulation sesults, when cbs .ous.y incotrect results are recalculated, using
3315 itexations, with an AAD = 0.0473
Row | Column | Mean error [ Standard deviation of error
1 1 0.0462413 0.1429633
1 2 0.6516833 0.1425864
1 3 -(.0433038 0.1384373
1 4 -.0546206 0.1310220
Z 1 0.0452210 0.1434841
2 2 0.0454919 0.1418247
2 3 00471896 | 0.1386019
2 4 -0.0435133 0.1344084
3 1 -0.0438793 0.1352575
3 2 -0,0473363 0.1390441
3 3 -0.0476626 0.1440521
3 4 ~0,0435531 (.1424507
4 1 -0.0543001 0.1326349
14 2 -0.0447070 0 1386045
4 |3 0.0552383 | 0.141v775
4 4 0.0437687 0.1421711

This gives a average absolute ertor of 0.0473, with a standard deviation of about 7.14,
The pattern of incorrect choices of the root, is stil evident. This is better than the best

that could be achieved by, .ae heuristic of Table 3.1.

Recalculating when the discriminant of the guedratic equation is less than zero, does not

make any noticeable improvement.

The values heuristically calculated for the parameters tended to be very close to correct,
within 0.0] of ;he corsect value, which indicated that the mode! worked, or e'se they were
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not even close. The numbers of errors with completely incorrect values were about 5% of
the iotal number of elements, Incorrect values due to the wrong choice between the roots

amounted to about 20% of the elements.
3.3.6 Identify the cause of the errors,

The heuristic containg two components: Firstly, the calculation of the values of the
elements of e7ch pair. Secondly, we allocate these values batween the two elements of the

pair according to the negative or positive correlation between the hidden node and the leaf

nodes. From ibe previous paragraph, we see that to further improve the heuristic, the

second component needs more attention.

If we select the best value, we can see how much we lose by agsuming all pairs must have
the correct correlation sign. (The global correlation could be positive, while some pairs

could have a negativs correlation)

From Table 3.5, we sec tat this gives a mean absolute error of about .03 with a standard
deviation of about 0.11. There is still a pattern in the errors, thorefore the choice of etrors

does no fully explain the pattern.

The hesristic in Section 3,3.5 compares favorably to the best choice of root in: this section,
The loss, that we make by assuming all pairs positively correlated, is only 0.02 on

average, for each element,




Selecting the best value of each pair, with 22 216 iterations (AAD=0.03)

Table 3.5
Row | Column | Mean error | Standard deviation of exrrox
1 1 0.0360689 | 0.1083372 |

1 2 0.0372258 | 0.1077500

i 3 -0.0260772 | 0.0895031

1 4 .0.0244026 | 0.0873792

2 1 0.0322831 | 0.1322003

2 2 0.0328441 | 0.1274338

2 3 -0,0233486 | 0.1085415

2 4 -0.0226206 | 0.1054089

3 1 00271116 | 0.1082862

3 |2 | .0.0231264 | 0.7055908

3 3 -0.0356498 | 0.1311579

3 4 00361977 | 0.1301298

4 1 0.0218543 | 0.0877087

4 2 -0,0224973 | 00892521

4 3 0.0328204 | 0.1050006

4 4 0.0320960 | 0.1028545

3.4 Conclusion for the chapter

In this chapter, I developed a heuristic to generali»: the n 'mber of states,  om two to four
states. The first atternpt in Section 3.3.2, of just combining states int» a binary scenario,

did not give acceptable results. We might use this heuristic to generalize to an uneven

number of states, or to recalculate the obviously incorrect values temaining afier the

adjustents to the heuristic in Section 3.3.5. The heuristic in Section 3.3.3 used the

possibility of positive and negative correlation structures to get better results, The
problem of which of the roots, for each of the elements of the link matrix to choose still

remained unresolved.
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Section 3 3.4 addresses the choice of roots, and in Section 3.3.5, 1 address the problem
where certain calculated values for the elements in the link matrices were obviously
incorrect.

The heuristic developed in this chapter is still not perfect. As the heuristic links more
nodes, the errors propagate further. Many Belief nets will give incotrect results. In
Chapter five, I select the Belief nets that give acceptable results and do an empirical study
'L of how well the beuristic works,
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Chapter 4
Data cleaning and Software Developed
4.1 Introduction

In Chapter three T developed a heuristic to generalize the Pear! algorithm from two to four
states. This chapter gives an overview of the software that I deveioped.

The McGregor database is o commercial database giving information on different
companies. This is & flat file database. The attributes are the financial variables of
companies for the past five years. Appendix B gives a list of the fields used in this

research report.

The MeGregor database [McGregor (7) ] does not give the variable Return. Retuimn is the
ratio between the prices on the last Friday in May 1995 and the Iast Friday in November
1995, I obtained both these values from the relevant newspapers. Iignored Dividend

income,

In Section 4.2 we look at the measures taken to clean the data and the reasoning why I

exclude certain variables.

In Section 4.3, I discuss the software, to create the tree strocture, and explain how to
implement the theory. The software developed uses the frequencies and correlations
between variables to build belief nets.

The method used, compares the incoming node to a selection of three leaf nodes in the
belief net,

The star decomposability restrictions allow, or do tiot allow, the linking on of the new

node. A different tree structure is possible, based on the evaluation order of nodes, The
choice of initial variables dramatically influences the calculation of the link matrices. The
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link matrices nan be substantially different for the belief n>ts that had different initial

variables. All possible sets of three initial variables were used to create belief nets.

In Section 4.4, I discuss the criteria used to evaluate and decide the effectiveness of

different Relief nets.

It Chapter five 1 give the empirical results, with this heuristic on the Stock Exchange

data, -
4.2 Data cleaning and reducing the number of variables.

I ignored all shares with incomplete data, irrespective of the reason why they were
incomplete. The purpose of this research report is to investigate a technique, and not to
make a statement regarding real investment opportunities (or any real-world causalities).
There is no claim that the results found in this research are relevant for a more general
population. Possible parallels between the Belief ntts and other Stock exchanges or over
other time periods may exist, but I make no claim to that effect in this research,

1 reverse the order of the states of the negatively corrélated variables. This makes the

correlation butween all variables and Return positive.

We know that | Curwin and Slater(13) ] for the correlation to be significant, at a 5% level

of significance,

rn =2 5196
1wy
Therefore 23812 > 1,962 (1 - r?),

or v > 0.126

[ ignored variables, with a correlation fo Return, of less than 0,05%, This left 65 vatiables.

¥*Fhese variables could be brought back if we suspect that they sipnificantly influence some of the variables that
are identificd s causal variables for the Retury,
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Comparing the best performing belief nets from chapter five with Appendix A, we see
that Sus..v vi'the variables used only marginally made it past the criterion above. This

makes an intelligent search difficult.
4.3 Software developed.

[ wrote a number of programs, during this research.

The main programs are:
1. A program to calculate the Pearson correlation coefficient and to convert the data into

z-values.

2. A simulation program that creates models, with three leaf nodes and a center node,
randomly, and then tests the effectiveness of the heuristic to determine the parameters
in the link matrices, '

3. A program . read in the z-values and correlations to construct the Belief nets, and
save the nets, (This program can run either on the training set, the test set or on all
companies) See an outline of the subroutine to create the Beliuvf net structure in Section
4.3.1.

4. A program that reads the belief nets, instantiates them for all the companies (for either
the training or the test set of companies) and calculates and stores the accuracy.

4.3.1 To develop the tree:

[ use three nodes to get the initial tree. Return has to be one of these nodes t force
Return into the structure. The other two nodes can be any other two variables. If the
initial three nodes are not star decomposable [ Pearl (3} 7 we have to start with a ew

selection.

For a new node to be added one of the star decomposition conditions g . O = fad - Pees
P+ Pae™ Ped Pre OF Pod « Pes ™ Pt » Pae 100SE be true. Because we are working with

data, and possible s _..pling variability, we must allow a certain variation, ¢,
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If we take |r.-j Tkm = Tik T | < &, we give variables with a small correlation an advantage.
By waking tyug / fihm between 1 £ &, we avoid this problem. In this research I
vsed § == 0,04, If we take a very smail g, we will get very small Belief nets. A large g will

allow for many-node Belief nets.
Algorithm fo link on a new node, k:

Using Section 2.2.1 to design an Algorithm to Yink on a new node, k, we ge. the
following rules to decide where the node must link on.

Given a star formation as in Figure 2.7, where we have a central node b and leaf nodes a,
cand d. To link up a fourth node, e, and if the node links on to the,

. FF R
if % _ Y < g then link onto arc ba.
Pt Foe

Telde 1| <4 then link onto arc be.

Feuloc

if

) r . .
if “atles 1< & then link onto arc bd.
rﬂirmz

If more than one of these rules is true, it means that the new node must link on at the
gentral node, b, In this research I used the first true rule encountered. The correlation
between the central node b and the new node (parent of ) will be one if it links on at
node, b, In the research I found that the correlation could be one, but that the link matrix,
from the heu.istic is not 2 unit matrix, This confirms tha: the heuristic is not infailible. In

these cases I decided not to remove the arc between the nodes.

Use the variable L to indicate the active node. Link the variable k ontp an: are, at a new
hidden node, called “Parent of k” in Figures 4.1 and 4.2,

1. Starting at the root we decide which of the three branches i3 anplicable, vsing the rules

above.
Set L as the root,
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2. Move down to the next node on the structure, set L equat to this node.
3. Case 1: Decide whether the incoming node, k, must link onto an arc o a leaf
node, refer to Figure 4.1.
Case 2: Decide whether the incoming node, k, must link onto the arc back towards

the root, Figure 4.2,
~ Case 3: Decide that the incoming node, k, must link onto a node towards a leat
node, but the next node lower down in the tree, is not & leaf node.
Go to step 2.

Use the variables i, j and m to indicate existing nodes in the beliefnet. Add the incoming
node (variable k) as well as its parent (variable “parent of k), to the correct position as
determined by the algorithin above.

Figure 4.1: Case 1, Adding k to an are to a leaf node.
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Use the heuristic developed in Chapter three to calculate the link matrices between
variables m, i and k. The new hidden variable is “Parent of k”. In the next section, I use

these matrices to caloulate the link mairices of the individual arcs.
4.3.2 Finding the internal link matrices of the structure:

Now we use the heuristics developed in Chapter three to solve for the link matrices
between any three variables in a beliefnet. The heuristics developed in Chapter three can
also be used to derive the link matrix to the incoming variable, k.

Case ] in Figure 4.1:

Find the link between “parent of k™ and L by solving:
PG |L) =P@ | “parent of k) P(“parent or'k* |L).

where

PG | L) is the link matrix of i to the old parent of the leaf node i, that we know, or can be
recaiculated by the methods from Chapter three.

P(i | “parent of k) is the link to the new parent of i,

Case 2, Figure 4.2:

The two link matrices,

o the link from L to “parent of k” and

a the link from “parent of k™ to the old parent of L,

must be calculated,

Find the link from L to “parent or' k” by solving:
P(i | “parent of &) = P(i L) P(L |“parent of k)
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P(i |L)is known, or can be recaloulated by multiplying all the link rnatrices
down the tree towards the leaf node i.
Calculate P(i | “parent of k) with the methods developed in Chapter three.

Find P(“parent of k”| old parent of 1), by solving:
P(L |old parent L) =P(L |“parent of k) P(“parent of k”| old parent of L).

P Jold parent of L.) was calculated when L was the incoming hidden node, and
P(L |“parent of k™) is the matrix calculated earlier in this section.

4.3.3 Internal correlations

Calculate the correlations, with the variables on all three arcs, to the hidden variable,
“parent of k”, using fhe equations given in Section 2,2.1. Caleulate these correlations as
we create the hidden variables. We need these correlations to decide where incoming
nodes must link onto the belief net, in Section 4.3.1.

44 Evaluating the belief networks,

All the variables were discritized into four states. We can split these variables in any
arbitrary marmer, without affecting the working of the heuristic, If too many classes were
empty we would be back to binary or three states,

To get a uniform way to discritize the variables, I decided to use the z-vaiue, the nhumber
of standard deviations fiom the mean. The z-values would be convenient to transform
back to the variables.

(This does not mean that the variables are normally uistributed. With hindsight, quantile

splitting could be better. Most of the variables are from very skew distributions, See
appendix B.)
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zZ = x;x . where the variables have their normal meanings.

State one is when z> 0.6

State two when 0 <z <0.6

State three when -0.6 <z <0 and
State four when z < -0.6.

P W

With normally distributed variables, the frequency would have been about equal for all

classes.

To initialize a belief network we have to specify three initial variables. Iforced Return
into the network by specifying this as one of the initial nodes. We have the option of
¢sC> different possibilities as initial variables. For each startin, riplet, I create a Belief

net, as described above.

Some of thess belief nets do not exist, because the initial variables are not star

decomposable,

Each Belief net is evaluated by instantiating the states of the leaf nodes and find Return by
propagating the likelihood through the net, If the true state of Retura is the same as the
state with the maximum belief of Return, then count it as a success. The accuracy of a
belief net is the proportion of successful predictions. I first did this by setting the
likelihood, of each state of Return, equal to the relative frequency of that state, I then
repeated this with the likelihood of each state of Return set equal to 0.25. Return is
assumed to have a normal distribution [Elton and Gruber(5) ]. - o the expected frequencies
for states, with the z-values split at zero and +0.6, shovld be about equal.

This gives the proportion of companies, for which the network gave the correct
prediction, Belief nets that give us an accuracy of more than 0.25, are better than random.
By using this accuracy, I identify the best nets for testing on the testing set of companies,

T.
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Chapter §
Results from Stock exchange data

5.1 Imtroduction:
Iz the previous chapter, T explained how to create and evaluate the Belief nets.

There are 2080 different pessible belief nets for the 65 variables, that will include Return,

To test the Belief nets, we must choose between different prior probabilities for Retuen.
The likelihoods of all the independent varia%les are instantiated to be eque’ to the
occurrence of the company, but set the dependent variable (Return) t

1. ali states have equal likelihood or
2. the states have likelihood equal to the observed prior frequencies of Return on the

- ~aining set, C,
These choices do not differ much, but the difference in4  results shows how sensitive

the heuristic is to minor changes in the prior probabilities.

None of the variables have & correlation, to Retura, significant on a 1% level, Thereis a
high level of co-linearity between the variables, The correlations between some of these
variables are as high as 0.97. I suspect that many of the 65 variables are linear

combinations of the other variables,

In Section 5.2 I give the results, using 240 companies to create the Belief natworks (the

Training set, C; and the remaining companies to test(the testing sot, ‘t).

Section 5.3 discusses the accuracy of the predictions as calculated by Linear Regression.
The hold-out sample shovs that the Pearl Algorithm is hetter at extrapolation to uifferent

companies.

Finally, 1 give the conclusions and recommendations for future research i Chapter 6.
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5.2 The Belief nets

1 analysed all the belief nets that T created. Section 5.2.1 gives Belief nets, with the best
re-substituted accuracy, using equal prior probabiidties for the states, Section 5.2.2 gives
t! e Belief nets with the best accuracy, when using the observed frequencies for the 240
companies as the prior probabilities for the states. |

I tested every belief net created, both on the Training set and on the testing set of
companies. For each of the nets the difference between the avcuracy between the sets was
not large. The biggest difference, 9%, occurred in the nets given in Figures 5.3 and 5.4.

5.2.1 Prior with equal probabilities for all states.

By taking the prior probability equal, for all the states of Return, seventeen Belief nets
have an accuracy of more than 50%, when measured on the 240 companies. Testing the
accuracy by looking af the rea.aining 117 companies, fourteen of the Belief nets still have

an accuracy of more than 50%.

Six Belief nets have accuracies of mors than 70% on the 240 companies. Six of these

stayed above 70% when tested on the remaining 117 companies. One Belief net dropped
from 73% to 69.57%.

The two belief nets that measured the best aceuracy on the 240 companies are: The
Audfees5-Currat3 Belief net and the Curliab2-Debtass2 Belief net, Both have an
accuracy of 79% when measured with on the 2440 compunies and both drop to 75% when
tested on the remaining 117 companies, The Belief nets are shown in Figure 5.1 and in

Figure 5.2, The correlation coefficients are indicated on the arcs.
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Figure 5.1 The Audfees5-Currat3 Belief net
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Table 5.1 The variables in Figure 5.1
Currat Current Ratio
Debtass Debt asset ratio
Audfees Audit Fees
Figure 5.2 The Carliab2-Debtass2 Belief net
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Table 5.2 The variables in Figure 5.2

Debtass Debt asget ratio

Aundfees Audit Fees

Currlieb Current Liabilities

Cashnear Cash and near cash

The accuracy of some of the belief netsy  vove when they are tested on the remaining
117 companies. The Diveovi2-Tatcovr! and the Intbrel5-Intcovr] Belief nets both
improve their accuracy from 72% to 81%. These Belief nets are in Figures 5.3 and 5.4,
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Figure 5.3 The Diveovr2-Inicovrl Belief net

2
0.21
Diveovt5
Table 5.3 The variables ir Sigure 5.3
Intcovr Interest Cover
Intberda Int. Bear. Debt/Ass Ratic
Divcovr Dividend cover
Figure 5.4 The IntbrelS-Intcovr] Belief net
Inibecls
1.00 ——
2
078
Cashnearl

Table 5.4 The variables in Figure 5.4

Intcovr Interest Cover

Diveovr Dividend cover ]
Intbrel Interest Bearing-Current Liabllities
Cashnear | Cash and near cash

This section shows that the accuracy when using the 240 companies to create the nets and
the remaining 117 companies to test the Belief nets, does not change substantially. The
Belief nets 4 not depend on the companies used to create them, but are valid for the

remaining conipanies es well,
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5.2.2 Prior as the observed frequencies for 240 companies

The observed relative frequencies for the states of Return are 0,267 for state one, 0.279
for state two, 0.246 for state three and 0.208 for state four.

By taking the observed frequencies as the prior probabilities for the states, on 240
companies, nineteen Belief nets have an accuracy of more than 50%. Testing these Belief
nets on the remaining 117 companies, five Belief nets still have an accuracy of mere than
50%.

None of the Belief nets have an accuracy of more than 70%, when measured on the 240

companies.

This shows how sensitive the Algorithm is to ch.siges in the prior probabilities.

5.3 Linear Regression

To compare the results of my research with another method, I used a standard Linear
Regression package. The data was first discritized into states. The package selected the
relevant variables from the 65 independent variables, by stepwise regression. The
estimates for the dependent variable, the state of Return, was then rounded of to the

nearest state,

An adapteg version of the program to measure accuracy, program four in Section 4.3,
calculated the accuracy of the rounded Linear Regression estimates,

J did the stepwise Linear Regression after the variables were converted to their respective
states (the discritized data). Idid this to be more comparable to the states of the belief
networks. Clearly this approach puts the Linear Regression at a disadvantage, Further
study miust be done to get a more complete comparison between Bayes nets and Linear

Regression.
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Using the sarne sets of companics for training and testing, the equation formd by Linear

Regression is |

Return = -1.4{06 - 0.6952Curasset2 + 0.8636Curassetd + 0.2007DiveovrZ +
0.2717Intbrel3 + 0.4810Mintrec5 + 0.1560Mdivyldp2

Table 5.5 The variables in the 240 company Linear regression

Currasset [ Current Assets

Diveovr | Dividend cover

Inttacl | Interest Bearing debt to curreat liabiiities
Mintrec | Intorest received (M for states in;eerted)
divyldp Dividend yield petcentage

| W

The accuracy for the Lineat Regression model mneasured 0.346 on the 240 company
Training set, C, On the 117 remaining companies, the accuracy was only 0.188.

When accuracy is measured as the ability to classidy Return into the four categories then,
all the Belief nets gave a better accwracy than stepwise linear regression. The Belief nets
given in Sections 5.2.1 gave an acouracy of more than 0.70 on the test set. To measure
accuracy, the penalty for miscalculation was equal, irregpective of the distance from the
correct classification. The accuracy is the proportion of ti .1es the correct state is
predicted.

In this case, the modified Pearl aigorithm clearly outperforms Linear Regression,

The fact that the adapted Pear] algorithin performs nearly the same on both sgts, confivns
the possibility that the adapted Pear] algorithm might model the underlying process better,

62




@

CHAPTER 6

Conclusion and recommendations for future Research

“The heuristic developed and tested in Chapter three of this research report opens up
possibilities to generalize to more than two states. This heuristic is an improveraent, but
still not perfect. If we can generailze the states of variables from binary to four states,
then we can generalize it further, This heuristic lends itself to generalization to any even
nuraber of s'ates. The number of data items tended to limit further generalization in this

cose, because some empty cells caused singular matrices.

Musick [ Musick{6) ] has an approach that approximates the vatiables by estimating the
probability density function as a Beta distribution. This makes the prior probability a
binaty probability density function of a given variable. It is possible to extend this
thiriking to the Pear] algorithm. With this approach, link matrices, that have elements that
are finctions with a stochastic variable as argument, can be found.

We need to do an in depth sensitivity analysis to find the robustness of the link matrices.

Before promoting the Pearl algorithun as a forecasting technique, we must evaluate the

method over different time periods.

To really use the Pear! algorithm as a portfolio rranagement technique, we must
qualitatively invastigate the statistical dependencies of the Belief networks, in Section
521

Some questions that still remain unanswered:

Which are the best values to take as the prior probabilities for the states of the root?
What are the best values to choose as likelihood of the states of the dependent variable?
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Appendix A:

Correlation Matrice between the 66 most relevant Variables

return
AUDFEES3
AUDFEES4
AUDFEESS
CASHNEAR1
CASHNEAR2
CASHNEAR4
CASHNEARS
CEFFTAX4
CFHFFTAXS
CURABSET2
CURASSETS
CURASSET4
CURASBETS
CURLIABY
CURLiAB2Z
CURLIAB3
GURLIAB4
CURLJARS
Nowrat1
Nourratd
DEBTASS1
DEBTASS2
DEBTASS3
DEBTASS4
DEBTASESS
Ndeceam4
Ndeceam5b
Ndeftaxb
DIREMOL3
DIREMOL4
DIREMOLS
DIVCOVR2
DIVCOVR3A
DIVCOVR4
DIVCOVRS
Ndivyldp1
Ndivyldp2
Ndivyidp3
Ndivpaidi
Ndivpaid2

E

=]

2
1.00
0.0
0.05
0,05
0.05
0.07
0.05
0.05
0.10
0.09
0.08
0.05
0.05
0.05
0.07
0.07
0.07
0.07
0.08
0.11
0.07
0.08
0.12
0.11
0.12
0.14
0.08
0.09
0.05
0.08
0.07
0.08
0.12
0.16
0.12
0.06
Q.11
0.08
0.12

AUDFEES3

0,81
0.10
0.10
0.17
0.17
617
0.19
0.19
Q.18
-0.13
-0.54
0.61
0.55
0.53
0.03
0.05
0.06
0.02
0.10
012
0.14

AUDFEES4

013

o
2 AUDFEESS

oo
D o
(=R

0.27
0.30
0.34
0.28
0.07
0.06
0.20
0.40
0.87
n.68
0.27
0.26
0.33
0.33
0.38
0.08
0.08
0.13
0.14
0.14
0.15
0.16
0,16
-0.14
-0.66
0.85
0.60
0.59
0.08
0.05
0.08
0.02
0.11
0.12
0.14

CASHNEAR1

0.1

ASHNEAR2

&)
0.0v
0.44
0.34
Q.20
0.24
1.00
0.86
0.76

-0.07
-0.03
0.74
0.77
0.76
0.80
0.93
0.93
0.90
0.92
0.83
0.12
0.10
0.22
0.22
0.24
0.26
0.25
~0.11
-0.09
-0.33
0.27
0.27
0.19
0.08
0.05
0.05
0.02
0.03
0.06
0.10

CASHNEAR4

010

0.09

0.08 -0.32 -0.29 -0.27 -0.38 -D.34 -0.40 -0.39
0.07 -0.41 -0.40 -0.39 -0.35 -0.35 -0.44 -0.41
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CEFFTAX4

0.10
0,05
0.07

-0.08
-0.07
-0.04
-0.02
1.00
0.73
-0,03
-0.02
-0.02
0.01
-0.06
-0.05
-0.05
-0.05
-0.03
-0.,02
0.02
.11
0.10

015 |

0.15
0.16
~0.07
-0.04
-0.04
0.10
0.10
0.06
0.05
0.11
0.00
-0.01
-0.04
0.02
0.07
-0.05
-0.02

© CURASSET2

0.10 0.07
0,06 -0.25
-0.02 -0.27

o
2 CURASSET3




Corrstation Matrice between the 66 most relevant Variables

AUDFEES3
AUDFEES4
AUDFEESS
CASHNEAR(
SASHNEAR4
CASHNEARS
CEFFTAXA
CEFFTAXS
CURASSET2
CURASSET3

Ndivpaid3 0.07 -D40 -0.39 -0.38 -0.33 -0.32 -0.44 -0.41 -0.04 -0.05 -0.23 -0.33
Ndivpaid4 0.09 -0,31 -0.28 -0.28 -0.31 -0.29 -0.43 -0.41 -0.04 -0.08 -0.21 -0.29
Ndivpaid5 0.11 -0.34 .0.34 -0.34 0.25 -0.25 -0.37 -0.37 -0.02 -0.06 -0.16 -0.26
Nemyldp2 005 006 00z 006 002 001 0.02 002 -0.01 -0.02 0.00 0.
Nfixasset? 0.12 -0.37 -0,30 -0.38 -0.25 -C.24 -0.24 -0.22 0.05 073 -0.22 -0.29
Nfixasset3 0.11 -0.55 -0.61 -0.61 -0.22 -0.23 -0.26 -0.23 0.04 D2 -0.1¢ -0.33
Nfixassetd 0.11 -0.55 -0.61 -0.61 021 -0.21 -0.25 022 0.03 €02 -0.19 -0.33
Nfixassets 011 -0.55 -0.81 -0.62 -0.19 -0.19 -0.24 -0.22 0.04 0.02 -015 -0.29
Nfundshrd 0.07 -0.16 -0,96 -047 -0.08 -0.08 -0.10 -0.11 -0.04 -0.02 -0.04 -0.08
Ngrincmb p.08 -0.62 -0.67 -0.68 -0.29 -0.30 -0.40 -0.3¢ -0.08 -0.10 -C.21 -0.37
INTBERDA4 0.08 019 013 0411 047 043 035 028 -0.09 -0.11 0.28 028
- INTBERDAS 0.08 0.19 014 012 046 043 035 028 -0.09 .D12 N28 028
b Nint_fint 0.06 .0.44 -0.50 -0.50 -0.14 -0.12 -0.15 -0.14 -0.03 -0.01 -0.15 -0.24
Nint_fin3 0.08 -0.56 -0.84 -0.65 -0.11 -0.12 -0.15 -0.14 -0.03 -0.02 -0.15 -0.29
INTBRCL1 0.07 044 028 022 085 092 075 062 -0.06 -0.03 072 074
INTBRCL3 0.07 043 028 .22 0583 092 074 061 -0086 -0.02 078 079
INTBRCL2 007 047 036 023 081 €89 076 064 -006 -0.03 0688 072
INTBRCL4 0.07 045 029 023 082 09, 076 064 -0086 -0.03 072 075
INTBRRCLS 007 052 033 027 0,76 0.82 080 074 -0.05 -0.03 0.41 049
Nintcovri 008 0.05 005 005 002 002 001 001 -0.01 008 G02 003
Nintcovr2 008 005 005 0.05 0.03 002 0.02 002 -0.03 -0.04 002 0.03
Nintoovrs 041 003 004 004 003 002 0038 002 006 004 002 0.02
Nintrec5 0.06 -0.31 -0.38 -0.38 -0.07 -0.09 -0.21 -0.25 -0.10 ~0.12 -0.09 -0.19
NMayprice 0.10 -0.20 -0.17 -0.16 -0.19 -0.14 -0.22 -0.20 -0.01 -0.04 -0.07 -0.10
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Correlation Matrice between the 66 most relevant Variables

~r w

b % 5 8§ 8 3 8

) = < = < < = 2

: ¢ 2 222 2 § ¢

O 8 3 0 8 3 8 = rd
refum .05 005 007 0.07 0.07 007 006 041 007
AUDFEES3 042 0.71 049 047 055 053 081 010 010
AUDFEES4 041 069 034 032 039 0.38 044 0.09 008
AUDFEESS 0,37 0.88 0.27 026 033 033 038 008 008
CASHNEART 065 071 086 085 082 083 076 0142 012
CASHNEARZ (.76 080 083 0.93 090 0582 0.83 012 0.10
CASHNEAR4 0,54 0.77 0.77 077 080 0.80 083 011 0.07
CASHNEARS (.36 056 0,85 0684 068 068 077 0.10 008
CEFFTAX4 -0.02 001 -0.n6 -0.05 -0.05 -0.05 -0.03 -0.02 0.02
CEFFTAXS 001 0.04 -0.02 -0.02 -0,02 -0.02 -0.02 -0.02 0.03
CURASSEYZ 0,97 0,73 073 077 068 071 041 007 0.06
CURASSETS 1.00 0.88 078 0.80 074 077 052 0.87 0.06
CURASSETS .00 0.85 072 0.77 071 074 047 007 0.06
CURASSETS 085 4100 073 0.75 076 078 068 010 0.08
CURLIAB1 073 073 1.00 41.00 0.99 099 091 €13 .12
CURLIAB2 077 075 100 1.00 099 09% 0288 0.3 011
CURLIARS 071 076 0.99 099 1.00 100 0.24 013 012
CURLIAB4 0.74 078 0ee 009 1.00 100 092 013 011
CLURLIABS 047 068 091 088 D94 082 1.00 013 011
Nourrat1 0.07 040 ©.43 043 043 043 0413 1.00 0.57
Nourrat3 0.08 008 0142 041 042 041 0141 057 1.00
DEBTASSI 018 017 025 024 024 024 022 034 024
DEBTASS2 0.16 017 0256 024 024 024 022 027 023
DEBTASSE 0.6 0.8 026 025 025 025 023 022 028
DEBTASS4 017 019 027 028 026 026 024 021 025
DERBTASSS (.18 048 026 025 025 025 024 023 025
Ndeceand  -0.09¢ -0.18 -0.07 -0.06 -0.07 -0.07 -0.00 -0.01 -0.02
Ndecearns  -0.08 -0.16 -0.04 -0.04 -0,05 -0.05 -0.07 0.083 003
Ndeftaxs -0.25 -0.48 -0.27 -0.25 -D.28 -0.29 -0.34 -0.09 -0,07
DIREMOL3 032 053 0.18 018 022 022 024 010 010
DIREMOL4 0.33 051 047 017 0.20 020 020 0.08 0,09
DIREMOLS 023 043 041 010 o0.14 044 0447 0.08 0.09
PIVCOVR2 003 0058 005 0.0% 0.05 0.05 005 0.08 012
DIVCOVR3 0.03 008 004 0.04 0.04 004 005 010 0.08
DIVCOVR4 0.04 007 003 003 003 003 004 0.11 0.08
DIVCOVRE 001 002 0.0t 001 001 0.01 0.04 -0.03
Ndivyldp1 002 008 002 002 0.03 0.02 0.04 -0.02
Ndivyldp2 0.0¢6 040 0.05 0.05 0.05 0.05 0.05 010
Ndivyidp3 0.08 013 008 ¢.07 007 007 0.08 0.1
Ndivpaid1 «0.30 -0.43 -0.27 -0.27 -0.27 -0.27 -0.27 -0.11
Ndivpaid2 -0,35 -0.51 -0.28 -0.26 -0.28 .0.28 -0.27 -0.10
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oceo
= = & HERTASS

0.13
0.23
0.22
0.17
0.12
011
0.05
0.16
0.17
0.16
017
0.25
0.24
0.24
0.24
0.22
0.34
0.24
1.00
0.90
0.80
0.77
D.76
0.08
012
-0.718
0.7
0.14
0.14
0.08
0.15
017

0.17

DCEBTASSS

0.11
0.17
0.14
0.14
0.24
0.24
0.17
0.13
0.15
0.08
0.17
0.17
0.16
0.18
0.26
0.25
0.25
0.25
0.23
0.22
0.28
0.80
0.90
1.00
0.94
0.88
0.05
0.10
-0.07
0.20
0.18
Q.17
0.14
0.15
0.17

-0.08 -0.03 -0.03 -0.03
0.08 -0.01 002 005
0.04 0.00 -0.04 -0.01
0.00 0.07 0.03 0.00
-0,08 008 012 012
-0.03 0142 013 Q.12




Correlation Matrice betwean the 66 most relevant Variables

| CURASSET4
CURASSETS
CURLIAB1
CURLIAB2
CURLIABS
CURLIAB4
CLURLIABS
Newrat!
Noumatd
DEBTASS1
DEBTASS2
DEBTASSE.’;

Ndivpaid3 .32 049 -0.22 -0.22 -0.24 -0.24 -0.256 -0.08 -0.02 0142 013 042 -
Ndivpaid4 -0.27 -0.44 -0.19 -0.19 -0.20 -0.20 -0.21 -0.08 -0.02 0.14 015 015
Ndivpaldd -0.25 -0.44 -0.15 -0.14 -0.16 -0.17 -0.19 -0.07 -0.01 015 0.16 0.16
Nemyldp2 0.01 002 001 0.1 001 091 001 002 -0.06 -0.07 -0.07 -0.11.
Nfixasset2  -0.27 -0.42 -0.19 -0.18 -0.19 -0.19 -0.20 -0.16 -0.11 0.01 0@1 003
Nfixasset3  -0.31 -0.53 -0.16 -0.15 -0.19 -0.19 -0.21 -0.13 -0.11 0,02 0.02 0.02
Nfixasset4  -0.31 -0,53 -0.15 -0.14 -0.18 -0,18 -0.20 -012 -0.10 0.03 003 0.02
Nfixassels -0.27 -0.81 0.2 -012 -0.16 -018 -0.19 -0.12 -0.10 0.05 0.04 0.03
Nfundshr -0.08 -0.16 -0.04 -0.04 -0.05 -0.05 -0.07 -0.03 -0.02 0.10 0.10 V.04
Ngiinem$ -0.35 -0.63 -0.18 -0.18 -0.22 -0.22 -0.26 -0.08 -0.05 0.08 0.08 005
INTBERDA4 0.28 0.20 044 043 042 043 038 014 0.5 052 058 064
INTBERDAS 0.27 0.28 043 042 041 042 038 014 015 052 058 062
b Nint_fim 022 -0.42 -0,08 -0.04 -0.08 -0.06 -0.08 -0.10 -0.04 -0.10 -0.08 -U.05
Nint_fin3 -0.26 -0.51 -0.05 -0.04 -0.08 -0.08 -0.10 -0.06 -0.04 -0.066 -0.07 -0.07
INTERCLA 072 069 100 099 098 088 089 012 011 024 024 025
INTBRCL3 0.76 071 029 1060 098 058 087 042 010 023 024 024
INTBRCL2 069 069 .09 090 099 082 092 012 011 024 024 025
INTBRCL4 072 071 0.99 099 098 0989 080 012 011 0.24 024 n2j
INTBRCLS 045 081 092 090 094 093 089 012 011 022 022 '23
Nintcovri 0.02 0.0 0.02 0.02 002 002 002 -0.02 008 014 016 017
Nintcovr2 0.03 0.04 002 002 002 C02 002 011 000 043 043 O
Nintcavr§ 002 0.0% 002 002 002 002 002 004 -0.06 010 040 0.11
Nintrecs -0.20 -040 001 -0.01 -0.04 -0.04 -0.06 -0.03 0.00 0.09 0.00 0.09
Nmayprice Q10 -0.20 -011 -0.00 -0.1¢ -G.10 -013 0.0%3 001 013 045 013
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Correlation Matrice between the 66 most relevant Variables

retum
AUDFEES3
AUDFEES4
AUDFEESS
CASHNEAR1
CASHNEARZ
CASHNEAR4
CASHNEARS
CEFFTAY4
CEFFTAXS
CURASSET2
CLIRASSETS
CURASSET4
CURASSETS
CURLIAB1
CURLIAB2
CURLIAB3
CURLIAB4
CURLIABS
Neurati
Meurrat3
DEBTASS
DEBTASS2
DEBTASSS
DEBTASS4
DEBTASSS
Ndecearnd
Ndacsarn5
Ndeftax5
DIREMOL3
DIREMOL4
DIREMOLS
DIVCOVR2
DIVGOVR3
DIVCCOVR4
DIVCOVRS
Ndivyidp1
Ndivyldp2
Ndivyldpa
Ndivpaid1
Ndivpaid2

copoee
B o3 2 2 DEBTASS4

0.286
618

0.14.

0.15
0.07
0.18
0.18
0147
0.18
0.27
0.286
0.26
0.26
u.24
0.21
0.28
0.77
0.87
0.04
1.00
0.94
0.03
0.08
-0.67
0.21
0.19
o.1¢
0.14
0.16
0.18
-0.03
0.05
0.00
0.03
0.12
0.11

DEBTAESS

0.19
0.16
0,186
0.26
0.25
0.19
0.15
0.18
0.08
0.16
017
0.16
0.18
c.26
0.25
0.25
0.25
0.24
0.23
0.25
0.75
0.84
0.88
0.94
1.00
0.04
0.08
-0.04
0.20
0.18
0.18
0.18
0.16
0.20
-0.02
0.03
-0.04
0.03
0.12

Ndecearn5

0,08 0.09
016 -0.13
-0.16 -0.13
-0.18 Q.14
-0.11 -0.10
0.11 -0.08
-0.15 -0.13
-0.15 -0.i3
-0.07 -0.04
-0.05 -0.03
-0.06 -0.05
-0.10 -0.08
-0.09 -0.08
-0.18 -0.18
-0.07 -0.04
-0.06 -0,04
-0.07 -0.05
-0.07 -0.05
0,09 -0.07
4.3 0,09
-0.02 0.03
0.08 012
0.08 013
0.05 0410
0.03 0.08
0.04 0.08
1,00 0.85
0.88 1.00
0.23 020
-0.14 -0.15
-0.16 -0.17
-0.13 -0.15
-0.09 -0.03
-0.21 -0.12
-0.21 -0.13
-0.04 -0.38
0.00 0.02
-0.08 -0.04
-0,10 -0.08

Ndeftax5

0.0
-0.54
0,57
-0.56
-0.31
-0.33
-0.35
-0.31
~0.04
-0.02
-0.18
-0.28
-0.25
-0.48
-0.27
-0.25
-0.28
-0.2¢
-0.34
-0.08
-0.07
-0.06
-0.08
-0.07
-0.07
-0.04

0.23

0.20

1,00
-0.35
-0.34
-0.33
-0.01
-0.02
-0.04
-0.01
-0.05
-0.07
-0.08

[ ]
2 DIREMOL3

oo
22

G.
g-}-u
.27
0.33
0.20
0.10
0.10
0.20
0.34
0.32
0.53
n.18
0.18
0.22
022
0,24
0.10
0.10
D17
0.14
0.20
0.21
0.20

-2.14 0,

-0.15
-0,35
1.00
0.94
0.83
0.54
0.08
0.12
0.03
0.17
0.16
0.23

0.17

0.20 0.24 0.38 -0.39 -045 -0.39
012 023 027 046 -0.53 -0.56 -0.46
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opoo
2 2 2 3 DIVCOVR3

0.04
n.05
0.L3
Q.04
0.11
0.08
0.03
0.04
0.03
0.06
0.04
0.04
0.04
0.04
0.05
0.10
0.06
0.15
0.14
0.15
0.16
0.18
~0.21
0,12
0,02
0.08
0.07
0.04
0.47
1.00
0.53
0.1
0.16
0.12
0.26
0.09
0.09

o o0
2 B 1 DIVCOVR4
o oD

< 2 8 DIVCOVRS

.08 0,02
0.04 0.04
0.05 0.02
093 0.01
0.04 .01
0.00 -0.01
0.02 -0.02
0.03 0.1
0.04 0,01
0.04 0.01
0.07 0.2
0.03 0.01
0.03 0.01
0.03 0.01
0.03 0.01
0.04 0,01
0.11 -0.03
6.08 -0.05
0.17 -0.03
047 -0.03
017 -0.03
0.18 -0.03
0.20 -£.02
-0.21 -0.04
-0.13 -0.38
-0.04 -0.01
042 0.03
0143 0.03
0.08 003
020 0.09
053 0.11
1.00 0.1
041 1.00
0.0 -0.01
0.10 -0.02
041 0.03
0.03 0.00
0.02 -0.01

=¥




Correlation MatriEe between the 66 most relevant Variables

DEBTASS4
Ndeceams4
MNdeceamb
UIP.EMOL_‘S
DIREMOLA
DIREMOLS
DIVCOVR2
DIVCOVRS
DIVCOVRA
DIVCOVRS

Ndshax5

DEBTASSS

Ndivpaid3 012 042 019 023 041 -1.52 -0.53 -045 006 0.11 0.03 -0.04
Ndivpaid4 014 014 018 024 038 -046 -049 040 0.07 012 005 000
Ndivpaids 045 2945 0.21 0.27 0.38 047 -0.51 -044 008 0.1 0.08 001
Nermyidp2 = -0.11 -0.42 0.03 0.01 -0.03 006 006 0.05 -0.37 -0.22 -0.09 -0.04
Nfixasset2 003 0.05 0.9 0.8 056 -0.30 -0.31 -0.20 001 003 0.00 0.00
Nfixassel3 0.01 0.04 020 020 067 -0.44 -0.44 -043 0.03 0.04 -0.01 0.00
Nfixasseid 002 005 0.9 019 068 -043 -043 -042 0.04 0.04 .001 0.00
Nfixasset5 0.0%3 0.06 022 022 084 -0.44 -045 044 0.04 004 -001 0.04
Nfundshr§ .03 0.04 086 08% 027 -01% -0.20 -D.15 -0.06 -0.17 -0.17 -0.03
Ngrinem5 0,04 0.05 028 030 056 -D.64 -066 061 -0.01 001 -0.04 -0.02
INTBERDA4 067 062 008 004 -010 009 008 008 042 011 C.08 -0.01
INTBERDAS 0.64 068 005 008 -0.08 008 D07 €¢05 012 011 040 -0.02
Nint_fint 0,05 -0.03 047 047 049 048 -0.51 -047 -0.03 -0.03 -0.06 -0.03
Nint_fii3 .07 -0.05 016 0.16 053 -0... -0.57 -0.53 .0.01 -0.02 -0.05 -0.02
INTBRC". 1 0.26 0.25 -0.05 -0.03 -0.23 0.43 012 008 0.05:004 005 0.M
INTBFCLS 0.25 0.24 -0.04 -0.02 -0.22 0.14 013 006 0.05 003 0.03 0.1
INTBRCL2 0,26 0.25 -0.05 -0.03 -0.23 015 043 007 005 0.04 0.0%3 0.1
INTBRCL4 0.28 0.25 -0.04 -0.03 -023 014 0.13 0.07 005 0.04 003 0.0
INTBRCLS 0.24 024 -0.08 -G.04 -0.28 015 012 0.09 0.05 0.04 093 0.01
Nintcovr1 015 015 [.08 0.06 -0.04 009 009 008 005 003 0.01 0.02
Nintcovr2 013 042 o 0.0Z -0.02 009 009 G008 007 005 005 0.03 ..
Nintcovrs 0.07 011 -0.01 001 -002 007 007 006 01F 003 0.07 0.01
Nintrec5 0.09 041 021 0.8 0.34 -0.27 -0.24 -0.22 -0.02 -0.05 -0.06 -C.02
NMayprice 012 0.2 063 064 0.22 -0.20 -0.22 0,17 0.U2 -0.02 -0.04 0.02
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Correlation Matrice between the 66 most relevant Variabies

retumn
AUDFEES3
AUDFEESY
AUDFEESS5
CASHNEAR
CASHNEAR2
CASHNEAR4
CASHNEARS
CEFFTAX4
CEFFTAXS
CURASSET2
CURASSET3
CURASSET4
CURASSETS
CURLIABA
CURLIAB2
CURLIAB3
CURLIAB4
CURLIABS
Neurratt
Nourrat3
DEBTASS1
DEBTASS2
DEBTASS3
DEBTASSS
DEBTASSS
Ndeceamd4
Ndecearn§
Ndeftaxs
DIREMOL3
DIREMOL4
DIREMOLS
DIVCOVRZ
DIVCOVR3
DIVGOVR4
DIVCOVRS
Ndivyldp1
Ndivyldp2
Ndivyldp3
Ndivpaidi
Ndivpald2

Ndivyldp1

0.11

0.10
0.1
0.03
0.03
0.05
0.05
-0.04
~0.03
0.01
0.02
0.02
0.06
0.02
0,02
0.03
0.02
0.04
-0.02
0.06
-0.01
0.02
0.05
0.05
0.03
0.00
0.02
-0.08
0.17
0.16
0.15
0.10
0.18
0.4
-0.01
1.00
0.26
0.29
0.07
-0.08

Ndivyldpz

0.08
0.12
oH
0.12
0.07
0.06
0.07
0.07
D.02
0.06
0.04
0.06
0.08
0.1a
0.05
0.08
0.05
0.08
0.05
0.10
0.04
0.00
-0.04
-0,01
0.00
-0.04
-0.08
-0.04
-0.07
0.18
0,14
012
0.06
0.12
0.10
-0.02
0.28
1.00
0.43

cp3

oo
7 o Ndivy

0.13
0.14
011
0.10
0.10
a.08
0.07
0.10
0.07
0.08
0.08
0.13
0.08
0.07
0.07
0.07
0.08
a1
0.00
0.07
0.03
0.00
0.03
0.03
-0.10
-0.08
-0.08
0.23
0.21
0.17
¢.12
0.26
0,11
0.03
D.29
0.43
1.00

-0.11
-0.14

0,12
0.11
0.12
0.23
0.27
0.48
0,63
(.56
0.46
0.06
0.09
(.02
~0.01
-0.08
.11
-0.14

Nedivpaid3

0.07
-0.40
-0.39
-0.38
0,33
-0.32
-0.44
-0.41
-0.04
-0.05
-0.23
-0.33
-0.32
~0.49
-0.22
-0.22
.24
-0.24
-0.25
~0.08
-0.02

012

013

0.13

012

012

018

0.23

o4
-0.52
-0.53
-0.45

0.06

0.1

0.03
-0.01
-0.08
-0.11
-0.12

-0.31
0.2
-0.43
-0.41
-0.04
.08
-0.21
-0.29
-0.27

Ndivpaids

-0.44 -0,

-0.19
-0.18
-0.20
-0.20
-0.21
-0.08
-0.02
0.14
0.18
0.i6
0.14
0.4
0.19
0.24
0.35
-0.46
-0.48
-0.40
0.07
0.12
0,05
0.00
-0.07
-0.10
-0.18

-0.11 0.4 1.00 988 0.86 0.88 0.85
-0.11 -0.14 0.88 1.00 083 092 0.0
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Nemyldp2

0.05
0.08
0.05
Q.08
0.02
0.01
0.02
0.02
-0.01
-0.02
0.00
D.01
0.1
0.02
0.0
0.
0.1
.01
0.1
0.02
~0.05
-0.07
-0.07
-0.11
0.1
«0.12
0.03
0.01
-0.03
0.06
D.08
0.05
-0,37
-0.22
-0,09
0,04
0.16
0.38
0.31

Nfixasset1

0.11
-0.44
-0.42
-0.42
-0.26
.25
-0.26
-0.25

0.06

0.03
-0,23
~0.29
-0.27
-0.43
-0.21
.20
- 20
(.20
~0.21
0,15
-0.11

0.00

0.01

0.03

0.03

0.04

0.24

0.21

0.35
«0.33
-0.34
-0.32

0.01

0.04
-0.01

0.00
-0.08
-0.10
«0.11

0.20
0.20
0.67
544
-0.44
<043
0.03
0.04
-0.01
0.00
-0.08
-0.10
-0.11

-0.08 059 084 060
-0.08 055 082 066




Correlation Matrice between the 66 most relevant Variables

Ndivyldpi
Ndivyldp2
Ndivpaidi
Ndivpald2
Hdivpaid3
Ndivpaid4
Ndivpaid5
Nemyldp2
Nﬁxaséet‘l

Nifxasset?

Nfizasset3

Ndivpaid3 -0,08 -0.11 -0.12 0.6 092 100 096 094 -008 054 060 062
Ndivpaid4 -0,07 -0.10 -0.13 ngs 0.92 0986 100 095 -0.09 055 061 0.59
Neivpaids -0.07 -0.10 -0.11 0,85 090 084 095 100 -0.08 059 083 087

harnyidp2 0.16 0.38 031 -0.08 -0.09 -0.08 -0.09 -0.08 1.00 -0.06
Nfixasset2 0.07 -0.09 -0.11 0B84 062 060 061 083 -0.05 0.87
Nfix. ssetd -0.08 -0.10 -0.11 0.60 086 082 050 067 -006 0280
Nfixassei4 -0.07 -0.40 0,08 059 064 080 0.57 066 -0.06 077
Nfixassets -0.07 010 0,09 056 063 058 054 085 -008 0.79
Nfundshrs -0.02 -0.08 -0.11 018 027 017 0.7 021 000 024
Ngrinem5 -0.10 0,13 -045 0,74 0.82 0.85 0.80 0.86 -0.07 0.86
INTBERDA4 001 -0.05 -0.01 0,03 0.01 0.03 005 0.06 -0.13 -0.05
INTBERDAS 0,00 -0.05 -0.02 0.03 002 004 006 008 -0.10 -0.08
Nint_fin1 -0.09 -0.08 012 053 054 054 054 055 -002 0.72
Nint_fin3 -0.09 -0.09 -0.12 043 055 053 050 0.56 -0.02 063
INTBRCLA1 0.01 0.04 008 -0.23 -0.22 -0.17 -0.14 -0.10 0.01 018
INTBRCL3 0.01 0.03 006 -0.22 -0.22 -0.18 -0.14 -0.1C 0.00 -0.14
INTBRCLZ 0.01 004 006 -0.22 -0.22 -0.18 -0.15 -0.11 0.01 -0.14
INTBRCL4 p.01 0.03 0.08 -0.22 -0.22 -0.18 -0.15 -0.11 0,00 0,14
INTBRCLS 0.02 0.04 008 -0.22 -0.21 -0.18 -0.15 -0.11 0.01 -0.14
Nintcovr1 0.05 -0.02 <001 008 005 002 003 004 -0.03 0.10
Nintuovr2 0.01 912 016 0.00 0.00 -0.02 -0.02 000 0.01 0.02
Nintcovr§ «0.08 -0.04 -0.04 -0.02 -0.03 -0.02 -0.02 0.00 -0.06 0.01
Nintrech -0.06 -0.08 -0.10 046 056 051 053 057 -0.08 045
NMayprice  -0.12 -0.14 -0.18 043 040 040 043 042 -0.08 032
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-0,05
1.00

0.02

0,89
0.86
0.21
0.70
-0.05
-0.02
0.76
0.72
-0.13
-0.13
-0.13
-0.13
0.13
0.09
0.02
0.01
0.44
0.27

0.08
0.92
1.00
0.99
0.97
0.26
0.81

-0.05

-0.02
0.74
0.82

-0.10

-0.10

(.10

0,10

-0.11
0.08
0.02
0.02
0.52
0.25




Correlation Matrice between the 66 most relevant Variables

-3 @ 8 3
T o8 9w i
2 £ B 2 B T ¢ 8 8 © ©
3 3] 1T} 1] &= 4= o i T4 =
g E g 2B £ £ E EEE
S &8 £ 2 2 z z z 2 z 2 2
return 0.41 011 0.07 0.08 008 0.08 0.08 0.08 007 007 007 0.07

AUDFEES3 -0.55 -0.56 -0.16 -0.62 019 0.19 .0.44 -0.56 0.44 043 045 047
AUDFEES4 -081 -081 -0.16 -087 013 0.14 -0.50 -0.64 028 028 029 030
AUDFEESS -0.61 -0.62 -0.17 -0.68 011 042 -0.50 085 022 022 023 0.23
CASHNEAR1 -0,21 -0.19 -0.08 -0.286 047 046 -0.14 -0.11 085 083 0.82 081
CASHNEARZ -0.21 -0.19 -0.08 -0.30 0.43 043 -0.12 -012 062 092 091 0.89
CASHNEAR4 -0.25 -0.24 -0.10 -D.40 035 035 -015 0.5 076 0.74 076 076
CASHNEARS -0.22 -0.22 -0.11 -0.39 0.28 0.28 -0.14 -0.14 062 061 064 0864
CEFFTAX4 0.03 0.04 -0,04 -0.08 -0.09 -0.08 -0.03 -0.03 -0.06 -0.06 -0.06 -0.06
CEFFTAXS5 0.02 002 -0.02 -0.10 -0.11 -0.12 -0.01 -0.02 -0.03 -0.02 -0.03 -0.03
CURASSETZ -0.1¢ -0.15 -0.04 -0.21 0.28 0.28 -0.15 -0.15 072 076 0.72 089
CURASSET3 -0.33 -0.20 -0.08 -0.37 0.29 0.28 -0.24 020 074 079 078 0.2
CURASSET4 -0.31 -0.27 -0.08 -0.35 0.28 027 -0.22 .0.26 072 076 072 069
CURASSETS -0.58 -0.51 -0.186 -0.63 0.29 028 -042 -0.5: 08° 071 0.71 0869

T IR R T i A R

e

R T T T

CURLIAEH -0,15 -0,12 -0.04 -0.18 0.44 0.43 .0.05 -0.05 1.00 089 0.89 0.99
CURLIAB2  -0.14 -0.12 -0.04 -0.18 043 042 -0.04 -0.04 098 1.00 D99 089
CURLIAB3  -0.18 -0.16 -0.05 -0.22 042 041 -006 -008 0.98 098 0.89 099
CURLIAB4  .0.18 -0.16 -0.05 -0.22 043 042 -0.08 -0.08 08, 098 098 .08
CURLIAB5  -0.20 -0.19 -0.07 -0.26 0,38 038 -0.08 -0.10 0,88 0.87 090 092
Nourratd -0.12 012 -0.03 -0.08 0.14 0.14 -0.10 -0.06 012 012 042 012
Nourret3 040 610 <002 -0.05 045 018 ~0.04 -0.04 041 040G 011 011
DEBTASS1 0,03 0,056 010 0.086 052 052 -0.10 -0.08 0.24 023 024 024
DEBTASS2 003 004 010 0.06 058 058 -0.08 -0.07 0.24 024 024 024
DEBTASS3 0.02 0.03 004 005 0.64 082 -0.08 -0.07 025 024 025 025
DEBTASS4 002 003 0.03 004 067 064 -0.05 -007 026 025 026 026
DEBTASSS 005 006 004 005 062 068 -0.03 -005 025 024 025 025
Ndeocearnd 019 022 086 028 003 005 017 016 -0.05 -0.04 -0.04 -0.05
Ndegceans 019 022 0871 030 .04 008 017 016 -0.08 -0.02 -0.03 -0.03
Ndeftaxs 088 D84 027 056 -0.10 -0.08 049 0453 023 ~0.22 .0.23 -0.23
DIREMOL3  -0.43 -0.44 -015 -064 009 008 -0.48 -0.57 0143 014 014 015
DIREMOL4 -0.43 -0.45 -0.20 -0.66 0.08 0.07 -0.51 -0.57 012 013 013 013
DIREMOLS -0.42 -0.44 -0.15 -0.61 0.09 005 -0#7 -053 008 006 007 0.07
DIVCOVR2 004 004 -0.06 001 012 0143 -0.08 -0.01 005 0,05 005 0r5
BIVCOVRS 0.04 004 -047 0.01 041 011 -0.03 -0.02 Q.04 0.03 0.04 0,04
DIVCOVR4 -0.51 -0.01 -0.17 -0.04 0.08 0.0 -0.08 -0.05 0.03 003 0.03 0.03
DIVCOVRS 000 001 -0.08 -0.02 -0.01 -0.02 -0.03 -0.02 001 001 001 0.01
Ndivyldpt -0.07 -0.07 -0.02 -0.10 001 000 -0.0¢ -0.09 0.01 0.01 001 0.0
Ndivyldp2 -0.10 -0.10 -0.08 -0.13 -0.05 -0.05 -0.09 -0.09 (.04 0.03 0.03 0.04
Ndivyldp3 -0.00 -0.00 -0.11 045 -0.04 -0,02 012 012 006 0.08 0.06 0.08
Ndlivpald1 058 056 018 074 003 003 053 043 -0.23 022 -0.22 -0.22
Ndlvpaid2 064 083 027 082 001 002 054 0.55 -0.22 -0.22 -022 022
ol
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Correlation Matrice between the 66 most relevant Variables

INTBERDA4

INTBRCL2
INTBFRCL4

INTBERDAS
Nint_fin3

Nfundshe?
INTBRCL1

Nfixassetd
Nfixasseth

Nint_fin1

Ndivpaid3 060 058 017 085 003 0.04 054 053 -017 -0.18 -0.18 -0.13
Ndivpaid4 0.57 0.54 0.7 0.80 0.05 0.06 054 050 -0.14 -0.14. -0.15 -0.15
Ndivpaids 066 065 021 0.86 0.06 0.08 055 0.56 -0.10 -0.10 -0.11 -0.11
Nernyidp2 -0.08 -C.b8 0©.00 -0.07 -0.13 -0.10 .0.02 -0.03 001 0.00 000 0.01
Niixesset2 0,89 088 0.24 070 -0.05 -0,02 076 0.72 -0.13 -0.43 -0.13 -0.13
Nfixasset3 0.9 0.87 0.26 081 -0.05 -0.02 074 082 -0.10 -G.10 -0.10 -0.10
Nfixasset4 100 098 026 0.80 -0.04 -00¢ 0.72 0.80 -0.09 -0.08 -0.10 -0.08
Nfixassets p.98 100 0.32 080 -0.03 -0.01 088 078 -0.67 -0.07 -0.08 -0.08
Nfundshrb 028 032 1.00 029 001 0.04 095 017 -5.03 -0.02 -0.08 -0.03
Ngriner.. 0.80 0.80 0.2¢ 1.00 000 002 071 075 -0.12 -0.12 -0.13 -0.13
INFBERDA4 0,04 -0.03 0.01 000 100 091 -0.05 -0.08 044 043 043 043
INTBERDAS -0.01 -0.01 €04 002 091 400 -084 -0.06 043 041 042 042
Nint_fim D72 088 0156 0.7% -005 -0.04 100 087 .02 002 0.02 0.02
Nint_fin3 080 0.78 047 0.7 -0.08 -0.05 087 100 0.02 0.0t 0.01 0.01
INTBRCL1 -0.08 -0.07 0,03 -0.12 0.44 043 002 002 100 1.00 089 099
INTBRCLZ  -0.08 -0.07 -0.02 -0.12 043 041 0.02 001 100 1.00 100 0.99
INTBRCL2  -0.08 -D.08 -0.03 -0.13 043 042 002 0.01 089 089 1.00 1.00
INTBRCL4  -0.10 -0.08 -0.03 -0.13 043 042 002 00t 088 100 100 1.00
INTBRCLS  -0.10 -0.09 -0.04 -0.15 039 039 001 000 091 089 092 084
Nintcovi1 0.09 011 006 001 O 011 -0.08 -0.06 002 002 002 0.02
Nintcovr2 0.02 003 0.04 -0.0M1 040 011 -0.08 -0.05 002 0.02 002 0.02
Nintcovrd 0.02 001 000 -0.32 001 040 -0.01 -0.02 002 0.01 001 0.02
Nintrech 052 053 019 081 0,06 008 032 043 003 002 002 0.02
NMayprice 0.26 026 052 036 004 006 020 0.6 -0.08 -0.07 -0.07 -0.08
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Correlation Matrice between the 66 most relevant Variables

d
S INTBRCLS
pNintcovri
“liptocovr2
intcovrd
Nintrec5
NMayprice

: return 006 0.06 0.1 0.08 010
AUDFEESS 052 005 0.05 003 -0.31 -0.20
i AUDFEES4 0.33 005 005 004 -0.36 -0.17
-‘ AUDFEESS 027 ¢J5 0.05 0.04 -0.38 -0.16
CASHNEAR1 0.76 002 0.03 00 -0.07 -0,1¢
CASHNEARZ 0.82 0.02 0.02 0.03 -0.09 -D.14
CAS INEAR4 0.80 001 0.02 003 -0.21 -0.22
CASINFARS 0.74 0.01 002 0.0z -0.26 -0.20
CEFFTAX4 -0.05 -0.01 -0.03 0.08 -0.10 -0.01
. CEFFTAXS -0.03 0.03 -0.04 0.04 -0.12 -0.04
, CURASSET2 041 002 0.02 0.02 -0.09 -0.07
CURASSET3 049 003 0.03 0.02 -0.19 -0.10
CURASSET4 045 002 0.03 0.02 -0.20 -0.10 :
CURASSETS 0.61 003 0.04 003 -0.40 -0.20 -
CURLIAB1  0.82 0.02 002 002 -0.01 -0.11
CURLIAB2  0.90 0.02 0.02 0.02 -0.01 -0.09
CURLIAB3  0.94 0.02 002 0.02 -0.04 -0.10 ¢
CURLIAB4 0.3 002 002 0.02 -0.04 -0.10
CURWIABS  0.88 002 002 0.02 -0.06 -0.13 :
. Neurrarl 042 -0.02 0.1 0.04 -0.03 003 k
Neurrats 0.11 0.08 000 -0.08 0.00 0.01
DEBTASS1 022 014 0415 040 009 0.13
DEBTASS2 0.22 016 043 010 008 0.5
DEBTASS3 023 017 041 049 009 013
DEBTASS4 024 0415 043 007 009 012
DEBTASSS 024 0415 042 011 011 0.12
Ndecsarnd  ~0.06 0.0¢ 0.01 -0.01 021 063 i
Ndecearnd  -0.04 0.08 0.02 0.01 0.18 0.64 L
Ndeftaxs ~ -0.28 -0.04 -0.02 -0.02 034 022 =
DIREMOLS  0.45 0.08 0.08 0.07 -0.27 -0.20
DIREMOL4 0.2 009 0.09 0.07 -0.24 -0.22
DIREMOLS 0.0 008 0.08 008 -0.22 -0.17
DIVCOVRZ 0,05 0.05 0.07 010 -0.02 0.02
DIVCOVR3  0.04 003 0.05 0.03 -0,05 -0.02
DIVCOVR4 0,03 001 0.05 0.07 -0.06 -0.04
DIVCOVRS 0.0 002 0.03 001 -0.02 0.02
Ndivyldpt 0.02 005 001 -0.03 -0.06 -0.12
Ndivyldp2 0.04 002 042 -0.04 -0.08 -0.14
Ndivyldp3 0.06 -0.01 0.18 -0.04 -0.10 -0.18
Ndivpaid  -0.22 0.08 0.00 -0.02 046 0.43
Ndivpaid2  -0.21 0.05 0.00 -0.03 0.56 0.40
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Correlation Matrice betwaen the 66 most relevant Variables

INTBRCLS
Nintcovri
Nintcovr2
Ninfcovrs
Nintrec5
NMayprice

Ndivpaid3 -0.18 0.02 -0.02 -0.02 0.51 040
Ndivpaid4 -0.15 0.03 -0.02 -0,02 053 043
Ndivpaids 041 0.04 000 0.00 0.57 042
Nermyidp2 001 -0.083 0.01 0.08 -0.03 D08
Nfixasset2 018 008 0.0z 0.01 044 037
Nfixasset3d 041 008 002 002 052 0.25
Nfixassetd 010 6,08 002 002 052 0.25
Nfixassetd 0,08 41 0.03 001 053 0.26
Nfundshrs  -0.04 8 0.04 000 0.19¢ 052 '
Narinom$5 045 0.01 001 -002 081 036
INTBERDA4 0398 041 0410 001 006 0,04
INTBERDAS 023% 0411 041 010 0.08 0.06
Nint_fin1 0.01 -0.06 -0.08 -0.01 039 0.20
Nint_find 0.00 -0.05 D05 -0.02 043 016
INTBRCLA 0981 0.02 0.02 002 0.0% -0.08
INTBRCL3 ¢80 002 002 001 0.02 007
INTBRCL2 094 0.02 .02 0.0z 002 -0.08
INTBRCLS p.e2 002 002 001 0.02 -0.07
INTBRCLS 1,00 002 0602 002 001 -0.09
Nir‘uvovri 0,02 400 025 000 0.02 0.08
Nintcovr2 0.02 025 400 G606 -0.02 001
Nintcrvers 0.02 0.00 006 1,00 -0.01 0.00
Nint.ecs 0.01 0.02 -0.02 -0.01 %00 020
NMayprice  -0.09 0.08 0.01 0.00 ¢20 1.00

e
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Appendix B:

Explanation of variable names and the Prior probabilities

Variable Expanded name CLASS
1 2 3 4

Retum Nov. Price divided by the May Price. | 0.28] 0.25] 0.24| 0.22]
AUDFEES3  Audif Fees 0.00| 0.81 0.12{ 0.q8
AUDFEES4  Audit Fees 0.00] 0.80( 0.i2] 0.09
AUDFEESS  Audit Fees 0.00! 0.79] 0.12] 0.08
CASHNEAR1 Cash and Near Cash 0.00f 0.85{ 0.09] 0.06
CASHNEAR2 Cash and Near Cash 0.00] 0.86] 0.08] 0.06
CABHNEAR4 Gash and Near Cash 0.00| 0.85 0.08| 0.07
CASHNEARS Cash and Near Cash 0.00{ 0.85] 0.09{ 0.05
|CEFFTAX4 Effective toy rate % 0.35| 0.13] 0.18] 0.33
[CEFFTAXS  Effective iux rate % 0.34| 0.15| 0.20{ 0.32
CURASSET2 Current Assets 0.00] 0.84) 0.12] 0.04
GCURASSET3 Current Asssts 0.00| 0.83} 0.11] 0.08
CURASSET4 Current Assels 0.00] 0.84| 0.10{ 0.08
CURASSETS Current Assets 0.00} 0.82{ 0.10{ 0.08
GURLIAB1 Current Liabilities 0.00| 0.91j 0.07| 0.03
CURLIAB2 Current Liabliities 0.00|] 0.90| 0.07] 0.03
CURLIAB3 Current Liahllities 0.00] 0.804 0.08] 0.02
CURLIAB4 Current Liabilities 0.00{ 0.90! 0.08] 0.02
CURLIABS Current Liabilities 0.00] 0.88] 0.10| 0.02
Neurrat] Current ratio, 0.14| 0.33| 0.48] 0.05
Neurrat3 Current ratio. 0.12] 0.20] 0.56| 0.12
DEBTASST Debt/Asset ratio 0.,32| 0.19} 0.23| 0.26
DEBTASS2 Debt/Asset ratio 0.32| 0.19] 0.22i 0.28
DEBTASS3 DebtfAsset ratio 0.33} 0.15{ 0.26{ 0.26
DEBTASS4 Deht/Asset ratio 0.33; 0.16] 0.23| 0.28
DEBTASSS Debt/Asset ratio 0.21] 0.18] 0.26f 0.26
Ndecearnd Declared Earnings per share 010} 0.17| 0.72| 0.00
Ndecsarn5 Daclared Earninge per share 0.08| f16| 0.74] 0.01
Ndeftax5 Defered tax 0.06) 0.08| 0.86{ 0.00
DIREMOL3 _ Directors Emoluments 0.26/ 0.38| 0.18| 0.17
DIREMOL4 Directors Emoluments 0.31| 0.37] 0.13] 0.18
DIREMOLS Directors Emaoiuments 0.21} 0.48] 0,17 0.15
DIVCOVR2 Dividend Cover 0.25] 0.26| 0.33| 0.16
DIYCOVR3 Dividend Cover 0.28{ 0.25| 0.31] 0.16
DIVCOVR4 Dividend Cover 0.201 0.31} 0.36] 0.13
DIVCOVRS Dividend Cover 0.00] 0.80| 0.37| 0.03
Ndivyldp1 Dividend yield % Q.15| 0.17] 0.53] 0.15
Ndivyldp2 Dividend vield % a.15{ 0.19] 053] 0.13
Ndivyldp3 Dividend yield % 0.17] 0.18! 0.40| 0.24
Ndivpaid1 Dividends Paid 0.13| 0.11] 0.76] 0.00
Ndivpaid2 Dividends Paid 0.13{ 0,09 0.78! G.00
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: 'EXpIanation of variable names and the Prior probabilities

* A capita! N before a variable indicates that the variable has been inveried to have a

positive correlation to retum,
** The number at the end of a variable indicates how many financial years age.

Appendix B - 2

Variable Expanded name CLASS

' ' 1 2 3 4
Ndivpald3 Dividends Paid 0.12| ¢.10] 0.78] 0.00
Ndivpaid4 Dividends Paid 0.12} 0.11| 0.77{ 0.00
Ndivpaid5 Dividends Pald 0.12| 0.10! 0.78} 0.00
Nemnyldp2 Earnings Yield % 0.08) 0.27| 062] 0.03
Nfixassetl Fixed Assets 0.13] 0,08l 0.79] 0.00
Nfixasset2 Fixed Asseis 0.12} 0.07| 0.81] 0.00
Nfixasset3 Fixed Assets 0.12! 0.07| 0.8t 0.00
Nfixasset4 Fixed Assets 0.11} 0.08! 0.81{ 0.00
Nfixassets Fixed Assets 0.12{ 0.07| 0.81] 0.00
Nfundshrs Fund flow per share(cents) 0.11] 0.14] 0.74] 0.1
Ngrincm5 Gross Income . 0.13] 0.10; 0.78| 0.00
INTBERDA4  Int Bear. Debt/Ass Ratio 0.34] 0.30] 0.18] 0.17
INTBERDAS  Int. Bear. Deb/Ass Ratio 0.35| 0.28} 0.21] 0.16
Nint_fin1 Interest and Finance charges 0.11] 0.09} 0.80f 0.00
Nint_fin3 Interest and Finance charges 0.09] G.12{ 0.79{ 0.00
INTBRCLA interest Bearting-Current Liabilities 0.00| 0.95 0.03; 0.02
INTBRGL2 Interest Bearing-Gurrent Liabifities 0.00f 0.86} 0.03] 0.02
INTBRCL3 interest Bearing-Current Liabllities 0.00! 0.98] 0.03| 0.01
INTBRCL4 Interest Bearing-Current Liabiities 0.00] 0.98| 0.03; 0.04
INTBRCLS Interest Bearing-Current Liabllities 0.00] 0.95| 0.04] 0.01
Nintcovr1 Interest Gover 0.02) 0.03] 0.84] 0.00
Nintcovr2 Interest Cover 0.03] 0.02| 0.94| 0.00
Nintcovrs Interest Cover 0.03] 0.03] 0.93] 0.00
Ninfrech Interest Received 0.08] 0.07] 0.84] 0.00
NMayprice End of May price 0.12) 0.15] 0.73] 0.00
MNotes:
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