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Abstract

Common compression techniques typically do not exploit the underlying structure

and dimensionality of the data being processed. However, queries on multidimen-

sional data are already enhanced through the use of spatial data structures and

d-dimensional restructuring. Space-Filling Curves (SFCs) are one such technique,

mapping the data to the one-dimensional space such that the spatial locality is

somewhat preserved. Their application to data compression is not as extensively

researched, especially given that such work must be conducted within the context

of the type of data being compressed. In this research, the application of SFCs to

the compression of Digital Elevation Model and Radio-Astronomy data is evaluated.

This has not been extensively researched before, for these types of data. Datasets

from the Shuttle Radio Topographical Mission (SRTM) and Square-Kilometre Array

telescope (SKA) projects are used in this work. An analysis and discussion of metrics

quantifying locality preservation of these curves is provided, to allow for the analysis

of how these curves impact the performance of compression schemes for the two

aforementioned datasets. It is found that SFCs improve compression ratios in certain

cases, the extent to which is dependent on the curve, the data’s statistical model,

the preprocessing steps, and the metric performance of the curve. Compression and

decompression speeds are not as significantly improved, with some combinations of

curve and compression scheme giving a reduction in speeds. However, as is predicted

by the locality preservation metrics and the data models, the SFCs do contribute

to a significant increase in compressibility as measured by the information entropy.
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3.1.3 Reciprocal Hölder Continuity Ratios and EdgeSums . . . . . 37

3.1.4 Description and Irregularity Vectors . . . . . . . . . . . . . . 42

3.2 Region Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45



vi

3.2.1 Bounding Region Metric . . . . . . . . . . . . . . . . . . . . . 45

3.2.2 Clustering Metric . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Metric Performance for SFCs . . . . . . . . . . . . . . . . . . . . . . 50
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Chapter 1

Introduction

The way in which multidimensional data is stored is important to the functioning

of certain algorithms as the number of dimensions has a significant impact on data

access and computational performance. Some algorithms are explicitly defined for

multidimensional data; such as k-Nearest Neighbour searches, database queries, and

much of scientific computing. In most of these scenarios, the method by which

the data are mapped to and stored in memory is the driving factor behind the

performance of an algorithm, resulting in multidimensional specific data structures

such as R-Trees. The mapping from d dimensions to one dimension is an important

part of this process as high-dimensional datasets have to be stored in the one-

dimensional memory address space. There are multiple techniques for carrying out

this mapping process, with one such method being the focus of this dissertation:

Space-Filling Curves (SFCs).

These curves are mappings between the one-dimensional space and any number

of dimensions d [1]. In their true mathematical form, they are infinitely refined

curves that fill the d-dimensional space in its entirety. Multidimensional algorithms

have benefited through the use of finite variants of these SFCs [2]–[4]. In many of

these cases, the SFCs are used to better traverse the d-dimensional space on which

these algorithms are applied. Given that the curves fill the space, they typically

traverse local contexts before those farthest away. This property is referred to as

locality preservation: keeping points that are nearby in the d-dimensional space

nearby in the one-dimensional space. For multidimensional algorithms, that work

within the d-dimensional space, having neighbouring values be nearby in memory

can improve performance by reducing the computational cost [5] and increasing

hardware e�ciencies through cache hits [6], [7]. Much research has been conducted

on how to apply SFCs to these algorithms [8]–[11].

Utilizing the same concept of spatial data structures — storing locally correlated

data together — one can assume that restructuring multidimensional data using
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SFCs should increase its compressibility. For compression techniques that use local

contexts to reduce the size requirements, this increase in compressibility can be

exploited. This concept has been explored before, with varying results and limited

types of datasets [12]–[15]. However, compression is always within the context of

the data. Though the literature is extensive, there are still areas where the concept

of SFC-based compression has not been extensively researched; specifically Digital

Elevation Model (DEM) and Radio-Astronomy data. This is the core contribution

of the work presented here.

An additional focus of this work is in the analysis and discussion of metrics to rank

these curves based on their locality preservation, for specific applications. These

metrics are important in identifying how di↵erent properties arise from various

SFCs and how they are best matched with applications. If there is an appropriate

metric for a given application, it can be used to find an optimal SFC mapping to

improve the performance of the computational problem. Many metrics quantifying

locality preservation are found in the literature, but they have not been extensively

compared. Such an analysis is given in this dissertation. The compression of DEM

and Radio-Astronomy data presented here utilizes the accompanying contributions,

related to these metrics, in the analysis of which SFCs perform best for the two

types of data.

1.1 Problem Statement and Research Questions

There is a gap in the application of SFCs to data compression for DEM and Radio-

Astronomy data. Furthermore, existing research on SFC-based compression methods

for other sources of data typically do not compare the same compression scheme

with di↵erent SFCs. This methodology does not explore the e↵ect of SFCs on data

compression but instead shows that a bespoke compression scheme, incorporating

SFCs, can outperform other non-SFC based compression techniques. Conclusions

made in the literature indicate that the type of data being compressed is a driving

factor behind the e↵ect of SFC reorderings on compression performance. Two such

types of data to which SFC-based compression has not been extensively applied
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are Digital Elevation Model (DEM) and Radio-Astronomy Data. This leads to the

following three research questions, which are addressed by this dissertation.

What metrics can be used to rank SFCs for a specific computational task?

Given that there are numerous SFCs, with their own properties, it is natural to

ask if there is a way of choosing one over another for a specific computational

application.

What is the impact of SFC reorderings on the compressibility of DEM and

Radio-Astronomy data? The di↵erence between compression performance

and compressibility is important as the former may not be able to eliminate

the redundancies indicated by the latter.

What is the impact of SFC reorderings on compression performance

for DEM and Radio-Astronomy data? Given that these types of data

have not been extensively researched before, within the context of SFC-based

compression, it is necessary to understand their impact on compression per-

formance to further the understanding of SFC-based compression methods.

Compression performance includes compression ratios and compression and

decompression speeds.

1.2 Research Contribution and Significance

The work presented here contributes to the overall picture of SFC reorderings,

methods to compare them, and their application to the compression of DEM and

Radio-Astronomy data. As previously mentioned, SFCs are appropriate for multidi-

mensional and spatial algorithms as they have the property of locality preservation.

However, this is not a well-defined term and thus is up for interpretation. In this

dissertation, an investigation and comparison of metrics that quantify locality preser-

vation for specific applications is given. Though these metrics come from research

published in the literature, an analysis comparing di↵erent types has not been

made before. In covering these metrics, the relevance of their definitions to specific
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applications is made. More specifically, this contribution is in the structuring and pre-

sentation of existing locality preservation metrics, the identification of relationships

between and classification of metrics and their measurements, the discussion of the

performance of di↵erent SFCs for various metrics, and the discussion of appropriate

applications for each metric.

The core contributions of this work are in the application of SFC reorderings to the

compression of DEM and radio-astronomy data. Though other datasets have been

compressed using SFCs under similar scenarios, these types of data have not been

covered to this extent before. DEM data has applications in environmental research

[16], [17] and urban planning [17], [18]. Therefore, the compression of such data is

important in reducing the storage and transfer costs for a broad range of fields and

contexts. Better compression schemes for DEM data can reduce the storage and

transfer costs — both financial and computational — for these applications. The

prevalence of such data makes the impact of better DEM compression significant.

In contrast to DEM data, radio-astronomy data is not as common place. The specific

dataset utilized in this work is from the Square-Kilometre Array (SKA) project, soon

to be the largest radio-telescope in history [19]. The quantity of data produced by

this array is of the order of petabits-per-second, creating a problem of transport

and storage [19]. Any method that can reduce the data storage requirements of this

process would greatly benefit the operation of the array. This data is inherently

multidimensional and thus a good candidate for SFC-based preprocessing.

The work presented here shows that the extent to which DEM and radio-astronomy

data can be compressed, and the impact of di↵erent orderings on the compression

performance, is highly dependent on the underlying statistics of the data. Further-

more, any method that exposes highly redundant components of the data improves

the compressibility of the datasets.
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1.3 Scope and Research Objectives

The work presented here focuses on SFC reorderings for the compression of DEM

and Radio-Astronomy data. The aim of this research is to evaluate the e↵ect of these

curves on the compression performance within this context. A system to compress

and measure certain compression performance metrics is presented, which is then

used to achieve this aim.

The first objective of this research is the identification, comparison, and analysis

of metrics to rank SFCs for a specified application. Alongside this objective is

the development of a methodology to compare these metrics: the measurement-

aggregate-metric method. Achieving this objective enables further research into

locality preservation for multidimensional computational problems. The knowledge

produced here is used to analyse results produced by later objectives.

A number of objectives are necessary to achieve the primary aim of SFC-based

compression. The first of these is the identification and analysis of two DEM and

Radio-Astronomy datasets. The data are sourced from the Shuttle Radio Topo-

graphical Mission (SRTM) and Square-Kilometre Array (SKA) project. A statistical

analysis of both datasets is conducted to determine how the underlying values behave

in the d-dimensional spaces. Their data types and spatial correlations, along with

the labelling of each dimension, are identified in this analysis. The identification of

these datasets and their analysis is given in Section 2.4.

The third overall objective is the development of a system to transform the two

datasets using SFCs, compress and decompress the resulting data, and measure

the compression ratio and speed achieved. This takes the form of a C++ program

developed for this research, which allows for any combination of SFC, BitShu✏e

(a preprocessing step), and compression scheme. These combinations are param-

eterized to allow the analysis to fully evaluate the e↵ect a given component has

on compression performance. This is to avoid the situation in some literature on

SFC-based compression, where the impact of SFCs on compression cannot be sepa-

rated from the compression scheme used. The initial compression performance for

the SKA dataset was insu�cient. Therefore, BitShu✏e — a bitwise preprocessing
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step — was incorporated into the research scope to increase compression ratios [20].

Given that the implemented software was designed with good software practices

and object-oriented programming methodologies, BitShu✏e was integrated for both

datasets.

To ensure that the objectives were attainable, the SFCs implemented in the com-

pression program were limited to those that are most popular in the literature:

the Z-Order, Gray-Code, and Hilbert Curves, and the standard Raster Curve/Scan.

Within tools that manage the chosen datasets, being DEM file formats and HDF5

[21], lossless compression schemes are the most common. Therefore, to limit the

scope of this research, only lossless compression schemes are covered in this research.

For more on the compression schemes used and BitShu✏e, see Section 2.5.

The research questions explicitly state compressibility and compression performance

as separate components of the analysis. The fourth and fifth objectives of this

research are in the analysis of these components, respectively. The compressibility

of the two datasets is determined using the SFC-mapped and preprocessed data,

without the final compression step. The principal method to evaluate compressibility

is the information entropy of the processed dataset files. Given that the total entropy

of a file is independent of the ordering of its values, the block-entropy is used to

determine how the restructuring of the data impacts the local information entropy.

The compression performance is evaluated using the compression ratio and compres-

sion and decompression speeds obtained through the use of the third objective’s C++

program. This is important as the performance of a compression scheme is not only

in by how much it reduces the storage requirements of a dataset, but also in how

fast it can achieve this. By analysing the impact of di↵erent combinations of SFCs

and compression schemes on the performance achieved, relationships between the

statistical behaviour of the datasets, the locality preservation of the curves, and the

underlying techniques used by the compression schemes are identified. The results

of this analysis inform those applying SFCs to a computing system on how well the

mapped data may be compressed, as well as the potential impact on computational

performance.
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1.4 Structure of the Dissertation

This document is structured using a paper format, with two publications resulting

from this research in Chapters 3 and 4 respectively. The paper given in Chapter 4

has been published in the IEEE Access journal as of the 28th of May 2021 [22]. The

literature review and background content for this research is given in Chapter 2.

The fundamentals of Space-Filling Curves, their mathematical definition, and their

application to compression and computing are given in Sections 2.1, 2.1.1 and 2.1.3

respectively. Section 2.2 contains an explanation of locality preservation, how it

di↵ers from order and distance preservation, and why it is used to evaluate SFCs.

Background on metrics, and the measurement-aggregate-metric methodology used

to compare them, is provided in Section 2.3. The two datasets used to evaluate the

e↵ect of SFC reorderings on compression are discussed and analysed in Section 2.4.

This includes a statistical analysis of the data, fulfilling the second objective from

Section 1.3. The identification and setup of the chosen compression schemes and the

preprocessing scheme BitShu✏e are given in Section 2.5. The compression algorithms

and preprocessing schemes that make up each scheme are also provided.

Chapter 3 contains an analysis of locality preservation metrics for SFCs, constituting

the first publication from this work. The metrics are grouped into types and subtypes

(Sections 3.1 and 3.2), associated SFC rankings are analysed utilizing analytical

and empirical bounds on metric values (Section 3.3), and the relationship between

applications and the metrics’ definitions are analysed (Section 3.4).

The core contribution of this dissertation, the compression of DEM and radio-

astronomy data with SFCs, is given in the second paper in Chapter 4. The third,

fourth, and fifth objectives are achieved through the analysis presented in this paper.

The methodology by which results are obtained is given in Section 4.1, with their

analysis in Section 4.2.

Lastly, Section 5.1 summarizes the contribution of this research, with Sections 5.2

and 5.3 covering recommendations and topics future research, and the conclusion to

the three research questions respectively.
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Chapter 2

Background

2.1 Space-Filling Curves

The first Space-Filling Curve (SFC) was discovered by Peano [23] in 1890 after

Cantor proved that the cardinality of a d-dimensional unit-hypercube is the same

as the unit-interval: |I| = |Id| [24]. Cantor’s result shows that a continuous curve

can fill a hypercube in its entirety using a surjective mapping [1], [25]. Hilbert

[26] later found a second SFC, now referred to as the Hilbert Curve, which is more

common in literature on the topic of SFCs. Lebesgue discovered the Lebesgue curve

by interleaving the bits of d integer coordinate values resulting in an observable

zigzag pattern [27]. It was popularized by Morton in his work applying it to geodetic

databases [28] and has been referred to as the Morton Curve. We refer to is as the

Z-Order Curve [29]. After Peano [23] and Hilbert’s [26] discoveries, other curves have

been identified; such as the Gray-Code [29], �⌦ [30], AR2W2 [31], H-Order [32], and

Onion [33] curves.

These curves wrap around themselves and their local contexts before traversing into

further regions of the d-dimensional space. This property implies that d-dimensional

neighbouring points are likely to be close in the one-dimensional SFC-mapped space.

Depending on the SFC used, the distance to a d-dimensional neighbour in the one-

dimensional space may be less than with the Raster Scan on average or in the

worst case [34]. This is not always the case as each curve has its own characteristics

and structure. Significant research exists on evaluating which SFCs are best at this

locality preservation process (see Chapter 3) [2], [35], [36].

The Gray-Code Curve is created by treating the Z-Order one-dimensional index as

a Gray Code, converting it to a Gray Code index, and then conducting the Z-Order

Curve mapping on the resulting value [37]. The Raster Scan is technically an SFC;

however, as it is used as the ordering for most data on disk and in memory, it is a
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trivial example and is instead used as the reference curve in this and other research.

All SFCs discussed in this work are illustrated in Fig. 2.1 with the covering of the

general definition of SFCs.

A true SFC S is defined as a surjective mapping from the unit-interval I = [0, 1] to

the unit-hypercube Id = [0, 1]d in d dimensions. This is a direct result of Cantor’s

work [24] in 1878 showing that the cardinality of the set of real-numbers R is the

same in one dimension as well as d dimensions (|R| = |Rd|) [25]. An SFC is a curve

that passes through all d-dimensional points within Id and is defined as the ordering

of points by the mapping S : I ! Id. Such a mapping can be bijective but cannot

also be continuous, as shown by Netto [38]. Therefore, most SFCs are surjective to

maintain the continuous constraint. For computational purposes, we must take a

finite solution of S to apply it to data, giving a bijective mapping whether the true

SFC is continuous or not. The following definition describes an SFC appropriate for

computation with an illustration of how their surjective variants can be obtained.

2.1.1 Definition

Let M be an arbitrary finite subset of the set of natural numbers N0, with d-

dimensional variants Md and Nd
0 respectively. We define a finite SFC mapping S

as

S : Mx 7! Md

K , (2.1)

where Mx is the set of all one-dimensional indices {xi, xj , . . .} and Md

K
is the set

of all d-dimensional points {Ki,Kj , . . .}. The cardinalities of the two sets are equal

by definition: |Mx| = |Md

K
|. This is also the case for the surjective true SFCs. We

define the size of these sets NT as follows:

|Mx| = NT = Nd = |Md

K |. (2.2)
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(a) Raster (R) (b) Snake (K) (c) Z-Order (Z)

(d) Gray-Code (G) (e) Hilbert (H) (f) H-Order (H)

(g) Mitchison (M) (h) Onion (O) (i) AR2W2 (A)

(j) �⌦ (k) Peano (P)

Figure 2.1: Two-dimensional 3rd-order illustrations of some popular Space-Filling Curves.

The markers represent points in the SFC-space with the solid marker indicating the first

point along the SFC. Symbols denoting each respective SFC are given in the sub-captions.
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Many SFCs are constrained to a hypercube, and thus NT = Nd. However, this need

not be the case, as with the Balanced-GP Curve by Haverkort and van Walderveen [2].

Some curves are Recursive Space-Filling Curves (RSFCs), with their true definitions

being at the limit as their recursion depth or order m tends to infinity. An RSFC

will subdivide into B subregions for each incremental increase in the order m. The

true surjective RSFC is obtained with limm!1Bm = NT .

This definition for an RSFC is not as strict as some in the literature, where the B new

subregions must be equivalent to the same RSFC at a lower order [31]. However, the

idea of an SFC being recursive is important as the self-similarity between quadrants

can assist the analytical process, as is seen in the literature [1]. Moreover, RSFCs fill

the entire subregion before traversing to other regions of the SFC space, a property

identified by Lempel and Ziv in their work on the compression of two-dimensional

data using the Hilbert Curve [39].

The SFC mapping S transforms the index 0  xi  NT � 1 to a point Ki =

(0,1, . . . ,d�1) where 0  i  NT �1. The SFC index is sometimes referred to as

an SFC distance though this is only geometrically applicable in the one-dimensional

SFC space; however, the SFC index and distances have the same values.

The number of regions B is called the base-of-recursion and is dependent on the

number of dimensions d. The depth-of-recursion m is also referred to as the SFC

order, allowing us to refer to a specific finite SFC as an mth order d-dimensional

SFC. The SFCs shown in Fig. 2.1 are 3rd-order (m = 3) two-dimensional (d = 2)

SFCs. The Z-Order, Gray-Code, Hilbert, H-Order, AR2W2 , �⌦, and Peano Curves

are recursive. Though the Mitchison and Onion Curves may appear recursive in

nature, they are not. Therefore, the Raster, Snake, Mitchison, and Onion Curves

illustrated are not the 3rd-order variants but instead the variants which encompass

an equivalent space to the others. Additionally, the Peano Curve has a di↵erent

base-of-recursion to the other RSFCs illustrated here. Whereas the rest have B = 4,

the Peano Curve has B = 9; for two-dimensions.

For an RSFC constrained to a hypercube, we can define the sidelength N as

N = B
m
d = 2m, (2.3)
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implying that
��Md

K

�� = |Mx| = 2md. As is obvious, the Peano Curve would replace 2

with 3. However, in some cases the base-of-recursion cannot be easily split by the

number of dimensions, as is the case with the Balanced-GP Curve [2]. Each increase

in the order m divides a di↵erent dimension of the Balanced-GP Curve into three

(B = 3). This is unlike other RSFCs shown here, where division into B regions is

irrespective of the dimension, i.e., the Hilbert Curve divides its d-dimensional space

in two for each dimension. Furthermore, the Balanced-GP Curve is constrained to

a hyperrectangle, indicating that a sidelength is not always an appropriate measure

of the size of the SFC space. Therefore, the total number of points on the curve NT

is important as it is independent of the shape of the SFC.

Regardless of whether the SFC is recursive or constrained to a hypercube, or neither,

the resulting finite SFC mapping transforms the set of NT one-dimensional positive-

integer indices to the set of d-dimensional coordinates. The final SFC mappings are

shown below in (2.4) and (2.5).

S : Mx 7! Md

K (2.4)

S�1 : Md

K 7! Mx (2.5)

It is useful to define functions that apply this mapping to input values. For a given

index x and its corresponding d-dimensional pointK, the functions that map between

them are given as

S(x) = K = (0, . . . ,d�1) (2.6)

and

S�1(K) = x, . (2.7)

In some instances, equations in this document do not explicitly denote the usage

of these SFC mapping functions, to reduce typesetting space requirements. In all

cases, the subscript variable for indices xi and points Ki identify index-point pairs

obtained through the use of (2.6) and (2.7). The constraints on x and , for a given

SFC, are
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0  i <

8
>>><

>>>:

B
m
d S is an RSFC in a hypercube

N S is in a hypercube

Ni otherwise

(2.8)

and

0  x <

8
<

:
Bm S is an RSFC

NT always
(2.9)

There are also continuous SFCs, which have di↵erent properties to non-continuous

SFCs [40]. By the strictest of definitions, all SFCs are continuous as this is a re-

quirement to be a curve [1]. Though non-continuous curve representations, such as

the Z-Order Curve, can be made to be continuous through a change of sets [1, p.

97], this is not the same usage of continuous as with continuous SFCs. For a given

SFC to be continuous, each adjacent point-pair must be separated by a Manhattan

Distance of 1:

kKi+1 �Kik1 = 1, 0  i < NT . (2.10)

Note that k · k1 denotes the Manhattan distance between points Ki and Kj . This

is equivalent to the p-norm with p = 1, though more on this is given in Chapter 3.

Using (2.10), the Raster, Z-Order, Gray-Code, Mitchison, and AR2W2 Curves are

not continuous SFCs. Some curves are cyclic, which is when their first and last

indices are adjacent in the d-dimensional space [32]. The condition for an SFC to

be cyclic,

kKNT�1 �K0k2 = 1, (2.11)

uses the Euclidean Norm and not the Infinity Norm, implying that a cyclic SFC

may also be continuous [32]. Cyclic SFCs allow one-dimensional distances or index-

di↵erences to be computed with modulo NT , as is the case with the H-Order Curve

in the work by Niedermeier, Reinhardt, and Sanders [32].
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2.1.2 Applications to Compression

In 1986, Lempel and Ziv [39] showed that the compressibility of an image is lower-

bounded by the same image when ordered using the Hilbert Curve [26]. They

describe this behaviour using their encoder published in 1978, commonly referred

to as LZ78 [41], [42]. However, their conclusion is not universal as it is dependent

on the type of encoder defined in their work, one that is derived from LZ78. There

are a few published cases where the use of SFCs are used to e↵ectively compress

data, and in some cases outperform the standard Raster Scan. Pinciroli et al. use

the Hilbert Curve to compress angiocardiographic images to a compression ratio

of approximately Rc = 6, though lossy in nature [13]. Another application, also to

medical images, is the work by Liang et al., where Run-Length Encoding (RLE)

[43], LZW [44], LZ77 [41], and Hu↵man Encoding (HFF) [45] are applied to CT

Scan images with di↵erential coding and reordering using the Hilbert Curve [14].

They achieve a maximum compression ratio of 3.42 utilizing LZW and HFF, with

di↵erential coding and Hilbert Curve reordering as preprocessing steps.

An application of SFCs to the compression of colour images is shown by Abdollahi

et al. [15] where they combine Move-to-Front Encoding with various SFCs as their

compression technique. They quantify the e↵ect on compressibility, assuming an

entropy-encoder such as HFF, using the entropy-ratio instead ofRc: the ratio between

the resulting image and input image’s entropies. For all images they investigated,

Abdollahi et al. achieved the lowest entropy-ratios when the Hilbert Curve was

applied. Provine and Rangayyan compress greyscale images mapped with the Hilbert

and Raster Curves using HFF, Arithmetic Coding, Predictive Coding, and LZW [46].

The highest compression ratios they achieve, of approximately Rc = 5, are obtained

with HFF combined with di↵erential coding, a form of predictive coding.

In some cases, bespoke SFCs have been designed to assist with the compression

of data. Ouni, Lassoued, and Abid develop a gradient-based SFC (GSFC) for the

compression of two-dimensional images [47], [48]. When used in conjunction with

the Graphics Interchange Format (GIF) [49], which uses LZW, their vote variant

of the GSFC achieves better compression than with the Raster or Hilbert Curves

[47]. However, with the PNG format [50], which uses DEFLATE [51] (a combination
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of LZ77 and HFF), all SFCs are approximately the same: the Hilbert Curve and

GSFC achieve similar compression ratios [47]. When compared to other compression

schemes, the lossless JPEG compressor JPEG-LS nearly always achieves better com-

pression than GIF, PNG, and their Di↵erential Pulse Code Modulation (DPCM) [52],

GSFC, and HFF based technique [48]. Nevertheless, their GSFC-based compression

technique achieves compression ratios just above those for JPEG-LS, indicating that

further work may result in superior performance.

Scarmana and McDougall apply SFCs to the compression of Digital Terrain Models

(DTMs), with results showing the fastest and best compression when the Hilbert

Curve is used with DPCM [12]. They compare the compression performance of the

Hilbert Curve and DPCM to LZW, JPEG2000, JPEG-LS, and DEFLATE with the

Raster Scan. However, they do not compare the results to DPCM with any other

orderings or SFCs. Furthermore, they only investigate three DTM files.

Even though Pinciroli et al. [13], Liang et al. [14], Abdollahi et al. [15], and Scarmana

and McDougall [12] achieve larger compression ratios and lower entropies when

utilizing the Hilbert Curve compared to the standard Raster Scan, they do not

compare SFCs to the Raster Scan within the same compression schemes. Provine

and Rangayyan do compare two SFCs, but one is the base-line Raster Curve [46].

Ouni, Lassoued, and Abid do compare the Raster Scan with two SFCs, but not all

combinations of SFCs and compression schemes are explored [47], [48]. Additionally,

literature covering the theoretical performance of SFCs, within the context of data

compression, di↵er in their conclusions on the benefit of using SFCs for d-dimensional

data reordering. Quin and Yanagisawa show analytically that for images made of

artificial random ellipses, the use of SFC-reorderings — before a subsequent RLE

compression step — does not improve the compressibility of the data [53]. They

come to this conclusion by measuring the length of runs when using RLE, with longer

lengths being preferable. For generic images and lossless context-based compression

techniques, Memon, Neuho↵, and Shende calculate the theoretical predication gains

when utilizing di↵erent ordering techniques and conclude that there is no significant

prediction gain when utilizing the Hilbert Curve over the Raster Scan [54]. They

conjecture that the Raster Scan may result in better compression performance

over SFCs because common compression schemes are either explicitly or implicitly
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designed for row-major order structured data. Whether focusing on empirical results

or theoretical results, it is easily argued that existing literature does not contain the

full picture on compression performance with SFC-based reorderings.

For compression of DEM data without the use of SFCs, Rane and Sapiro achieve an

average compression ratio of Rc = 11.7 with JPEG-LS [55]. The DEM data they use

contains 1201⇥ 1201 16-bit integer pixels. They find that the bit-level redundancies

in DEM integer data can be exploited by compression techniques, specifically JPEG-

LS, if the elevation values are restructured. For example, they show that treating a

24 bit integer as two separate two and one byte integers results in better compression

when using JPEG-LS; owing to the higher redundancy of the most significant two

bytes.

Compression of astronomy data is dependent on the data type used, as is also the

case with DEM data. Masui et al. develop a bit-level reordering scheme to compress

radio-astronomy data [20]. Their final compression scheme BitShu✏e restructures

values into groups of bits by their underlying significance, resulting in higher compres-

sion ratios with compression schemes that operate on multi-byte symbols. Though

they refer to BitShu✏e as the preprocessing step and the subsequently applied

LZ4 [56] compression scheme, it is more appropriate at times to refer to only the

preprocessing step as BitShu✏e [57]. Though they apply the technique to integer

data, it is also applicable to floating-point data. Zheng et al. implement a lossless

compression technique for integer astronomy data also by reformatting low-level

bit representations of values [58]. Instead of grouping bits by their significance, an

e↵ective bit-width is used alongside DEFLATE to achieve better compression than

the combination of BitShu✏e and LZ4 (Rc = 3.36 vs Rc = 2.49) on an integer

dataset from the Five Hundred Meter Aperture Spherical Radio Telescope (FAST)

[57].

2.1.3 Other Applications

Given their mapping abilities, SFCs have been used in numerous spatial and mul-

tidimensional applications other than compression. There are many such curves,
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and many applications requiring these mappings; with di↵erent access requirements,

computational behaviour, and parameters over which to optimize. The property of

SFCs that is utilized in these scenarios is called locality preservation, the ability to

keep nearby points close when mapping between one and d dimensions. Many of

these applications involve improving the performance of data access in databases or

storage. SFCs have been used to cluster multi-attribute objects together so that sim-

ilar attribute values are grouped together, an important factor in the performance of

database engines [3], [59], [60]. This clustering has also been used to reduce the I/O

time to retrieve data from magnetic storage [59] as well as improving disk address

prediction in certain contexts [61].

Common spatial data structures have benefited from the use of SFCs to map the

d-dimensional data and generate optimized versions of the data structure itself [4],

[10], [62]–[64]. This is particularly useful for k-Nearest Neighbour queries. These

curves have even been used to improve the performance of machine-learning algo-

rithms. Instances of this in the literature include the classification of schizophrenia

and normal patients’ 3D fMRI scans [65], gesture recognition of Surface Electromyo-

graphy (sEMG) signals represented as images [66], [67], and malware detection and

classification using Support Vector Machines [68].

2.2 Locality Preservation

Given a mapping f , there are numerous properties that can be identified. The

mapping could be continuous, bijective, or di↵erentiable. All of these properties deal

classify functions and how they operate on input parameters. One such property is

whether f is order preserving, or monotonic, in which case the following condition

must be met.

f(xi)  f(xj), 8xi, xj 2 X, xi  xj (2.12)
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A distance-preserving mapping has the property defined in (2.13), where the distance

measure, appropriate to the value-space, between values ↵ and � is d(↵,�). A

distance-preserving transformation is an isometry [69].

d(xi, xj) = d(f(xi), f(xj)), 8xi, xj 2 X (2.13)

Order and distance-preservation deal with the relationship between point-pairs for

a given mapping. They are conditions that must be met for a mapping f to be

classified as such. However, known SFCs are neither order nor distance preserving.

Therefore, the concept of locality preservation is needed to quantify how well these

mappings translate between one and d dimensions. Though it is not a well-defined

term, locality preservation deals with the extent to which a mapping maintains the

neighbourhood of points: points that are close by in the one-dimensional space are

also close by in the d-dimensional space. There are multiple interpretations of this

property, leading to di↵erent metrics and measures to quantify locality preservation.

This introduces the possibility for conflicting definitions, but allows one to interpret

locality within the context of its application. The work presented here principally

deals with these interpretations and the research on their properties. However, there

are certain mappings which are not constrained to a singular number of dimensions.

Cantor shows that the cardinality of the set of all real numbers |R| is the same as

the d-dimensional set of all real numbers |Rd| [24]. This implies that a mapping

f : R 7! Rd may be bijective, but Netto shows that it cannot be bijective and

continuous [38]. In this case, the mapping from one-dimension to d-dimensions

cannot be an isometry as that would imply it is both bijective and continuous.

Order-preserving and distance-preserving deal with the relationship between point-

pairs and a mapping. However, locality-preserving deals with neighbouring points

and the degree to which that neighbourhood is preserved. This may appear to be

a generalization of the distance-preservation properties, but it is more flexible in

its definition, allowing for interpretation by the reader and those applying it to a

specific use-case. This is evident in the discussion and analysis of metrics quantifying

locality preservation in Chapter 3.
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2.3 Metrics, Measurements, and Metric Types

Metrics are quantitative representations of properties from certain systems or models

that allow for their ranking and analysis. Without metrics, it is di�cult to compare

multiple parameters as either they are di↵erent quantities and thus a comparison

is not well-defined, or there are too many to practically make such a comparison.

Therefore, parameters and measurements on the system are typically aggregated into

fewer representative values called metrics. In this work metrics quantifying locality

preservation are compared not only in how they rank SFCs (the system or model),

but also how they are related to each other based on their definitions. To carry out

this analysis, it is important to define the methodology by which to evaluate all

metrics covered here.

A metric M is a method by which measurements mi on a system are aggregated into

a singular value. For a given SFC S, there may be multiple measurements mi(S),
but for a given metric, there is only one metric value M(S). Each measurement

extracts information about underlying properties of the SFC. By aggregating over

all or a subset of the measurements, the metric can be tuned to represent certain

general properties of the SFC. For the metrics covered here, the choice of which

measurements to include impacts how well the metric ranks these curves. Applying

this methodology to the example of a computational experiment, the system is

a combination of the software being tested, the algorithms, and the hardware on

which the experiments are executed. Measurements made on this system may include

the execution time and the memory usage of the software for a single run of its

program. One may choose to conduct these measurements on a subset of possible

input parameters for the software and algorithm, thus constraining the scope of the

final metric. With a certain number of measurements and experiments completed,

an average or maximal metric may be taken. Instead of comparing all measurements,

the aggregation process summarizes all measurements into a singular value suitable

for comparison. This process is shown below, where agg is an aggregating operator

(such as max or avg).
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M(S) = agg
i

{mi(S)} (2.14)

In some instances, one cannot necessarily find an exact analytical representation for a

given metric and SFC, as is the case with many of the metrics discussed in this work.

However, it is sometimes possible to identify bounds on the metric values, showing

that a metric M falls within a specified range for a given SFC. The metric may

never reach these limits, which is why so much research is conducted on identifying

tighter bounds for popular metrics and SFCs. Using the aforementioned example, a

possible lower bound could be that the memory usage is always above a minimum

required to launch the program. The program may never reach this lower-bound

as the algorithm could consume a non-zero quantity of memory. Note that these

bounds are proven to be correct, in that the metric can never exceed them. Similar

upper bounds are used in the analysis of algorithms, with the worst-case and average

time-complexities.

For the rest of this document the notation for metrics and measurements used

is as shown in this subsection. Upper-case symbols denote metrics M , which are

aggregates over measurements denoted using the lower-case of the same symbol m.

In cases where metrics and measurements inherit from a generalized type, they are

parameterized by superscript and subscript notation.

There are multiple metrics quantifying some form of locality preservation, with dif-

ferent applications giving rise to di↵erent measurements. They can be categorized

into two types: point-pair metrics and region metrics. The former deals with mea-

surements on pairs of points along the curves. The latter deals with measurements

on points encompassed by a given d-dimensional region, such as a hyperrectangle.

Both types focus on di↵erent properties of SFCs and are ways of quantifying how

appropriate these curves are for di↵erent applications. These applications are dis-

cussed further in Sections 3.1, 3.2 and 3.4. Within each type there are multiple

subtypes, parameterized to allow for the extraction of di↵erent properties of the

curves. One such parameter is p, which denotes the type of d-dimensional distance

used: the p-norm. Given that this is foundational to one’s understanding of metrics,
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the definition of the p-norm and some notation for subsequent metrics are given

here.

Following from the notation in Section 2.1, the distance between two indices xi and

xj is equivalent to the absolute di↵erence between their values, the index-di↵erence:

|xi � xj |. The distance between two d-dimensional points is measured using the

p-norm kKi � Kjkp and is defined as the pth root of the sum of the coordinates

to the power of p, where p is a positive real number. This is given below in (2.15)

where Ki = (i,0, . . . ,i,d�1).

kKi �Kjkp =
 

dX

l=0

{(i,l � j,l)
p}
! 1

p

(2.15)

The above definition is somewhat di↵erent for the infinite norm,

kKi �Kjk1 = lim
p0!1

 
dX

l=0

n
(i,l � j,l)

p
0
o!

1
p0

= max
l

{(i,l � j,l}.

(2.16)

To maintain the same nomenclature for the p-normed distance throughout this

work, we abuse the notation and say that the infinite norm has p = 1. For the

purpose of computation, points are treated as d-dimensional vectors containing

coordinate values. Special cases of the p-norm are where p 2 {1, 2,1}: k · k1 is

the Manhattan Distance, k · k2 is the Euclidean Distance, and k · k1 is the Infinity

Norm or Chebyshev Distance (equivalent to the maximum component). In some

literature, these are indicated with L-1, L-2, and L1 respectively. However, some

metrics utilize L as the metric symbol, resulting in conflicting notation. In this work,

unambiguous notation is used to avoid confusion to the reader. Notation used in

the literature is included where it would not cause ambiguity or where it is useful

to the reader.

2.4 Datasets

Two separate datasets were identified as appropriate for evaluating the impact of

SFC reordering on compression schemes: Digital Elevation Model (DEM) data and
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radio-astronomy correlator data. Their properties are summarized in Table 2.1. The

former is a selection of files from the Shuttle Radio Topographical Mission (SRTM)

sourced through the United States Geological Survey (USGS). The dataset files have

a spatial resolution of 1-arc second or 30 metres per pixel [70], [71]. When Memon,

Neuho↵, and Shende conclude that the Hilbert Curve does not improve prediction

gains for context-based predictive lossless encoders, they do so under the assumption

that the data can be modelled as an Isotropic Gaussian Random Field (IGRF) [54].

Existing literature indicates that DEM data can be simulated using IGRFs [16],

[72], making the SRTM dataset a good real-world candidate for the model chosen by

Memon, Neuho↵, and Shende [54]. Empirical evidence for the SRTM data following

this model is given in Section 2.4.

The SRTM dataset is significantly larger than the three files used by Scarmana and

McDougall [12] and the hundred files used by Rane and Sapiro [55]: three 8MB

files versus one hundred 2.75MiB files versus nine hundred and twenty 8MiB files.

Their data and the SRTM dataset have the same data type (signed 16 bit integers)

though only that used by Scarmana and McDougall and the SRTM dataset have

similar extents per file (2000⇥ 2000 versus 2048⇥ 2048 pixels). The DEM files used

by Rane and Sapiro measure 1201⇥ 1201 pixels in size.

The second dataset is sourced from the South African Radio Astronomy Observa-

tory (SARAO) archive [73], which is the South African component of the Square-

Kilometre Array (SKA) radio-astronomy project [19]. Once completed, the SKA

will be the largest radio-telescope in history. Originally created in 2018, this specific

SKA dataset stores electromagnetic interference measurements in an HDF5 file [21].

The SKA measures the electromagnetic power-spectrum from hundreds of dishes,

positioned around both Southern Africa and Australia, which is then correlated and

processed to filter out noise and amplify low-power emissions from distant sources.

The resulting data are three-dimensional in nature, with components time, channel,

and correlator products [74]. Each channel is a fixed band of the frequency spectrum

while the correlator products encode the measurements’ distribution throughout the

physical array. The data are stored as IEEE-754 standard single-precision floating-

point values [75], presenting di↵erent bit-level behaviour to the SRTM integer data.

Though typically two floating-point values are stored, representing the complex
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power-spectrum, the specific dataset acquired has large regions where only the real

power-spectrum is present. Other datasets from the SKA and SARAO contain the

full complex power-spectrum though permission could not be acquired to utilize

them. For this reason, the imaginary component was removed to not bias the results

presented in this research. As is discussed in Section 2.4, the SKA dataset does

not present the same locality correlation and isotropic behaviour as the SRTM files,

which is one of the reasons the dataset was chosen. By comparing datasets with

di↵erent data types and models, the impact of the SFCs on compression performance

can be investigated in more detail.

Data Preparation

The SRTM and SKA datasets were sourced in the GeoTIFF [76] and HDF5 [21]

formats respectively. To maintain a common format from which to apply the SFCs

and compression techniques, a custom binary file-format called SFCC was created

to store the same values as those stored in the original dataset files. Each SFCC

file contains a nine-byte header storing metadata to assist subsequent processing

steps. This includes the number of bytes in the data type, number of dimensions,

the sidelength of the data extents, the current SFC ordering applied, the current

Table 2.1: Properties of the Two Investigated Datasets. Data Type Names are from the

C/C++ Language Standards in Little-Endian. The File Properties Shown Here are for the

Processed and Prepared Files Acquired from the Original Datasets. The Names and Labels

for Each Dimension in the Given Datasets are Provided.

Processed Datasets

SRTM (A) SKA (B)

Total Size 7.72GB 7.28GB
File Size 8 388 617B 8 388 617B

Data Type int16 float32
File Shape 2048⇥ 2048 128⇥ 128⇥ 128

# Files 920 868

Dim. 1 Longitude Time
Dim. 2 Latitude Channel (frequency)
Dim. 3 — Correlator Products
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compression scheme applied, whether BitShu✏e is applied or not, and a four-byte

magic-word to identify SFCC files. Each dataset was split into standalone files which

maintained the same dimensionality as the original data but with di↵erent file extents.

The sidelengths were kept as powers-of-two, given the mathematical constraints on

the chosen SFCs, such that files from both datasets have the same total file-size of

8.38MB.

Each SRTM GeoTIFF file was divided into four overlapping quadrants to translate

the 3601⇥ 3601 data extents into four 2048⇥ 2048 SFCC files (extents is measured

in pixels or values). The SKA data were chunked into cubes of sidelength 128 with

no overlap. Owing to the data types being two and four bytes for the SRTM and

SKA datasets respectively, the resulting SFCC files all measure just over 8.38MB.

The final processed datasets contain 868 SKA and 920 SRTM SFCC files, where the

values are stored in row-major order.

Dataset Models

The autocorrelation data plotted in Fig. 2.2 support the pre-existing assumptions

that the SRTM data, being a DEM dataset, can be modelled as an Isotropic Gaussian

Random Field. The X and Y plots in Fig. 2.2 show that elevation-values are highly

correlated when they are close in the d-dimensional space. The similarity between X

and Y indicates that the SRTM data are not biased to either dimension and can be

classified as isotropic. The SKA data show di↵erent characteristics, with a sharper

reduction in the autocorrelation, more so given the smaller sidelength used (128

versus 2048). The discrepancies between the time, channel, and correlator dimensions

indicate that the SKA data may be anisotropic, though the lack of significantly high

correlation means this conclusion cannot be confirmed in its entirety. However, it is

important to note that unlike the SRTM data, the SKA data reach a noticeable floor

of zero correlation for the correlator dimension, indicating a finite range of non-zero

correlation in its direction. The bias towards the time dimension is hypothesized to

originate from EMI sources measured by the instruments, where the electromagnetic

spectrum channels used are fixed and the duration of interference is sustained,

creating characteristic FFT waterfall patterns in the data [77].
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Figure 2.2: Autocorrelation for both datasets along all dimensions. The distance is mea-

sured as a fraction of the d-dimensional SFC-space sidelength N . X and Y are longitude

and latitude in the SRTM data. Time, Channel, and Correlator are the three dimensions in

the SKA data. Note that the sidelength for the SKA data is a 16th of that of the SRTM

data: 128 versus 2048.

2.5 Compression Schemes

Compression schemes can be split into multiple categories, with each individual

scheme potentially being comprised of multiple preprocessing steps and compression

algorithms. As an example, BZIP2 is a combination of Run-Length Encoding (RLE),

the Burrows-Wheeler Transform (BWT), Move-to-Front Encoding (MTF), and Hu↵-

man Encoding (HFF) [78], [79]. Compression algorithms are typically defined by the

general technique used to reduce the size of dataset. Entropy Encoding, Dictionary

Compression, Arithmetic Compression, and Predictive Coding are a few examples

of such general techniques. Table 2.2 marks which preprocessing techniques and

compression algorithms make up the compression schemes and data-formats iden-

tified in the aforementioned literature and sources of the chosen datasets. HDF5 is

not listed as a standalone format and instead compatible compression schemes are

marked with a footnote marker.

Four standalone algorithms were chosen as good candidates for this work as they

are used as components of many of the schemes and formats identified: Hu↵man
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Table 2.2: Composition of Compression Schemes and File-Formats Split into Preprocessing

Steps (Preproc.) and Compression Algorithms. Arithmetic Coding (ARITH.) and Predictive

Coding (PRED.) are Truncated to Reduce Space Requirements. Schemes have their own

Software and Tools that can Compress Files Whereas Algorithms are Standalone Methods

for Compressing. The DEFLATE Algorithm is Indicated by 51. Instances where the Im-

plementation of a Given Algorithm Di↵ers from the Canonical Definition are Marked with

52. Schemes3 Denote Compression Tools that are Supported by HDF5. Algorithms and

Schemes Investigated are Underlined.

Preproc. Compression Algorithms

Schemes B
W

T

M
T
F

S
T

A
R
IT

H
.

H
F
F

JP
E
G

L
Z
77

L
Z
W

P
R
E
D
.

R
L
E

BZIP23 5 5 5

GZIP3 51 51

LZ43 52

LZO3 52

SZIP3 5 5

Unix Comp. 5

ZSTD3 51 51

Formats

GeoTIFF 52 5 5 52

IMG 52

JPEG-LS 5

PNG 51 51

SRTM DTED
USGS DEM

Encoding (HFF), LZ77, LZW, and Run-Length Encoding (RLE). BZIP2 and GZIP

were included as they are commonly found in popular Linux distributions [80]. LZ4

[56] and LZO [81] were chosen as they are modifications of LZ77 that are supported

by HDF5, the format for the SKA dataset.

The implementations of HFF [82], LZW [82], RLE [82], and LZ77 [83] di↵er from other

implementations as their canonical definitions do not define file-format requirements

and other implementation details. For example, the Hu↵man encoding software

used employs canonical variable-length codes, a static tree, and stores the tree in

the first 256 bytes of the compressed data-block. The HFF implementation used

in GZIP/DEFLATE can use either fixed or dynamic codes [51]. As is discussed in
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Section 4.2, the implementation of RLE used is somewhat naive as runs of 1 are not

encoded di↵erently to longer runs, thus increasing file sizes where run lengths are

short and/or infrequent. Technical parameters for the compression methods used

are given in Table 2.3.

Table 2.3: Configuration Parameters for Compression Schemes Used. Block Size Refers to

the Size of Independently Compressed Sections of Data. Symbol Size is the Number of Bytes

from the Data that are Treated as a Standalone Value for Dictionary Creation and Encoding

Purposes. Some Values are not Listed as they are Implied by the Compression Level of

the Given Tool. 1The RLE Symbol Size Shown is for int16 and float32 Data Respectively.
2Some Values are the Maximum Sizes to which that the Metric is Allowed to Expand.

Comp. Block Dictionary Symbol Comp.
Type Size Size Size (bytes) Level

BZIP2 900 kB 9

GZIP 1 9

HFF 1

LZ4 4MB 9

LZ77 64KiB2 1

LZO 256KiB 9

LZW 6KiB2 1

RLE 2,4 bytes1

Of the eight schemes used in this research, half are provided by external tools

within the Linux testing environment. The internal schemes are integrated directly

into the compression testing software as they are canonical algorithms without a

standard tool or program. Preliminary testing did not significantly compress the SKA

dataset. To explore the lack of compressibility in these data and enhance compression

performance, the BitShu✏e process is implored as an extra preprocessing step for

both datasets and all compression schemes.
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2.5.1 BitShu✏e

BitShu✏e is a bit-wise preprocessing technique designed to enhance the subsequent

compression of radio-astronomy data, specifically for HDF5 [20]. It extends the

foundational premise of shu✏e, a preprocessing filter integrated into HDF5, where

bytes are reordered into groups by their significance in their higher-level data type

[21], [84]. BitShu✏e reorders the data by bit instead of byte and, when combined with

lossy precision reduction and LZ4, has been shown to achieve a compression ratio of

about 3.58 on radio data [20]. In the published definition of BitShu✏e, Masui et al.

found the next best compression ratio at 3.30 with DEFLATE at a compression level

of seven but with an order-of-magnitude slower speeds [20]. Of the other compression

schemes they cover, the one with speeds closest to the aforementioned BitShu✏e

combination achieves a compression ratio around 40% worse. As this work only

covers lossless techniques, the variant of BitShu✏e used here does not employ the

precision reduction or LZ4 compression step covered by Masui et al. [20]. Instead,

here and for the rest of this document, BitShu✏e refers to only the preprocessing

bit-level restructuring. Applying BitShu✏e to dataset D,

D = {v0, v1, v2, . . . , vN},

where vi has the binary structure

vi = vi0 vi1 vi2 · · · vib,

results in the BitShu✏ed output

D BitShuffle! {v̄0, v̄1, v̄2 . . . , v̄b},

where v̄i has the binary structure

v̄i = v0i v1i v2i · · · vNi .

If N is divisible by eight, then v̄i is byte-aligned. The BitShu✏e process does not

increase the file-size. The metadata indicating that BitShu✏e has been applied to

an SFCC file is encoded in the most significant bit of the header data type byte.
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2.5.2 Compression Notation

Given that a dataset D is most likely stored in a one-dimensional representation,

it must first be transformed into the d-dimensional space for the subsequent SFC

mapping S to be applied. As most multidimensional data are in either row or column-

major order, the Raster Scan SFC R is used: R(D) = Dd. By reordering a given

dataset Dd using an SFC, S�1�Dd
�
, the locality of the points is somewhat preserved:

i.e. neighbouring points in the d-dimensional space are close in the one-dimensional

space. Note that the inverse of the SFC mapping S is taken as the reordering must

output a one-dimensional array. The full process, from row-major order to the SFC

mapped array is defined as S�1(Dd) = S�1(R(D)).

Part of the contribution of this work is in the evaluation of how e↵ectively this

reordering improves the compression performance of some compression techniques.

The initial hypothesis was, given the evidence in the literature, that a compression

scheme C would reduce the total size of a dataset more if an SFC mapping is used.

The hypothesis is shown in (2.17) where |D| denotes the total size of the dataset D
and C(D) is the application of compression technique C 2 C to the same dataset.

���C
⇣
S�1

⇣
Dd

⌘⌘��� <
���C
⇣
R�1

⇣
Dd

⌘⌘��� (2.17)

The compression ratio Rc is defined as the ratio between the uncompressed dataset

and the compressed dataset as shown in (2.18), with larger ratios indicating better

compression. As is discussed in Section 4.2, the extent to which the compression

performance is improved is heavily dependent on the dataset and whether BitShu✏e

is applied.

Rc =
|D|

|C(D)| (2.18)
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Chapter 3

A Review of Metrics Quantifying

Locality Preservation of Space-Filling

Curves and their Applications

The paper covering the investigation, comparison, and analysis of metrics quanti-

fying locality preservation of Space-Filling Curves, to be submitted to the IEEE

Transactions on Computational Imaging, is given here. Within this chapter metrics

in the literature are identified and categorized into types and subtypes. Variations

on the type parameters are discussed, generalizing the metrics as much as possible.

The metric values for di↵erent SFCs are analysed, identifying which curves are best.

Finally, an analysis is given into how the metrics and measurements relate to the

operations used in certain applications. In this analysis, metrics appropriate for

scientific and parallel computing, and data compression are identified; applications

in line with the aim and objectives of this dissertation. The measurement-aggregate-

measurement methodology in Section 2.3 is used to conduct this analysis. This paper

and chapter form one of the contributions of this work; addressing the first research

question and objective for this research in Sections 1.1 and 1.3 respectively. The

current reference for this paper, until accepted by the peer-review process, is

C. J. Haupt, E. J. Otoo, and L. Cheng, “A review of metrics quantifying

locality preservation of Space-Filling Curves and their applications,” To

be Submitted to the IEEE Transactions on Computational Imaging,

2021.

Sections relevant to this paper, whose content is included in the paper manuscript,

are Sections 2.1 to 2.3. The core of the research in this paper was conducted by C.J.

Haupt, under the guidance and supervision of Prof. E.J. Otoo and Prof. L. Cheng.

The associated analysis and discussion was conducted by C.J. Haupt. The paper



31

was written by C.J. Haupt under the supervision of Prof. L. Cheng, ensuring the

quality and standard necessary for international publication was achieved.

3.1 Point-Pair Metrics

Point-Pair metrics quantify locality preservation by making measurements on points

Ki and Kj in either or both of the SFC spaces: one and d dimensions. In certain

cases, such as with Hölder Continuity Ratios, the ratio of the distance between the

points in both SFC spaces is taken. No matter how the point-pairs are used, there

are two components to all of these metrics: which points pairs are selected and how

the measurements are aggregated. The following subsections cover four Point-Pair

metrics, where the first three are closely related and, in certain cases, can be said to

be measuring the same quantities. These are the Hölder Continuity Ratio, Reciprocal

Hölder Continuity Ratio, and Partition Ratio. These metrics are variants of each

other and have been referred to as locality ratios in the literature [2]. However, they

can easily be separated into three distinct categories, as is done here.

3.1.1 Hölder Continuity Ratio

The Hölder Continuity, or Hölder Condition, is used to analyse functions in d di-

mensions, their derivatives, and to what extent they are continuous. A function

f(x) 2 Rd, 8x 2 R is Hölder Continuous with exponent q if and only if the following

Hölder Condition is satisfied [85]:

sup
x1,x22R
x1 6=x2

kf(x1)� f(x2)k2
|f(x1)� f(x2)|q

 +1 (3.1)

The Hölder Continuity can be further refined, as is done by Bader, such that a

finite non-zero real coe�cient C can be used to describe an SFC S(xi) [86]. This

refactoring results in the following equation,

kS(xi)� S(xj)k
|xi � xj |q

 C, (3.2)
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for all unique pairings of curve indices xi and xj . The coe�cient C is applicable for

all point-pairs and is thus an upper-bound on what we call the Hölder Continuity

Ratio (HCR), the left-hand-side of (3.2). Therefore, most metrics based on (3.2)

treat the left-hand-side as the measurement over which they aggregate to rank a

given curve. Of the form illustrated here, Gotsman and Lindenbaum were the first to

publish a formal definition and analysis on its use [34], [87]. Their definition is given

in (3.3) with two variants L1 and L2. The former is as given in the aforementioned

equation while the latter is the minimum over all points instead of the maximum.

L1 (S) = Gmax
GL (S) = max

xi,xj2Mx
xi<xj

(
kS�1(xi)� S�1(xj)kd2

|xi � xj |

)
(3.3)

Though Chochia, Cole, and Heywood applied the Manhattan Distance to (3.3) [88],

it was Alber and Niedermeier that generalized the definition to any p-norm [89].

To denote such metrics and their parameters, we extend (3.2) and (3.3) further,

utilizing similar definitions by Alber and Niedermeier [89]. The generalized HCR

measurement is given in (3.4) where p, q, and r are positive non-zero real parameters

that alter the behaviour of the measurements. Variants of the HCR in the literature,

along with the parameter values used, are given in Table 3.1. Their subtypes are

given in Fig. 3.1 where the literature are grouped by parameter values.

gp,q,r(S, xi, xj) =
kS�1(xi)� S�1(xj)krp

|xi � xj |q
. (3.4)

Metrics aggregating over gp,q,r measurements typically include all unique point-pairs.

We denote such metrics as Gp,q,r.

However, there are further constraints made in the literature which we can use

to refine Gp,q,r. All twelve of the identified papers investigating the HCR define

their metrics as the maximum of the gp,q,r measurements. The only exception is the

work by Gotsman and Lindenbaum where they use the minimum and maximum, as

described in (3.3). However, they do di↵er in which p-norm is taken. In combining

their works into a succinct description for the HCR metric, we define Gmax
p and
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gp,q,r(S, xi, xj) =
kS(xi)�S(xj)krp

|xi�xj |
q

Hölder Continuity Ratio

p = p, q = q, r = r

Bader [86]

Fiorenza [87]

q = 1

r = d

Dai et al. [48]

Alber et al. [91]

Haverkort et al. [2]

Haverkort [46], [47]

Niedermeier et al. [45]

p 2 [1, 2]

Dai et al. [49]

p = 1

Chochia et al. [88]

p = 2

Gotsman et al. [42], [43]

Bauman [89]

p = 1
Korneev et al. [90]

r = d

q 2 {1, 1/2}
r 2 {2, 1}

Gpart

Wierum [56]

Hungershöfer et al. [92]

Zumbusch [93]

Figure 3.1: Hölder Continuity Ratio Subtype-Tree illustrating the inheritance of param-

eters and constraints within metrics from the literature. Parameters used are p, q, and r.

Inheritance of constraints is explicitly for the operand g and not for the method of aggre-

gating the point-pair values.
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Gmin
p as the maximum and minimum of gp,1,d respectively. These metrics fix the

second and third parameters, q = 1 and r = d, to ensure that measurements do not

diverge as the size of the SFCs increase, such as with the limit as their sidelengths

N tends to infinity. If q and r are not chosen appropriately, the limit limN!1 gp,q,r

would diverge owing to incompatible orders for the numerator and denominator in

(3.4): gp,q,r scales with order O(Nr)

O(Nqd)
= O

�
N r�qd

�
. To ensure this limit converges,

the exponent r � qd must be zero. All literature identified have q = 1 and r = d.

Bader highlights how the ratio can converge with q = 1/d and r = 1, though none

of the cited literature on the HCR use this method [86]. However, it is encountered

with the Partition Ratio in Section 3.1.2. As q = 1 and r = d are fixed, the only

other tunable parameter is p, with p 2 {1, 2,1} being the most popular values. Six

papers cover more than one value for p, with two of those investigating values other

than 1, 2, and 1, both by Dai and Su: p 2 R � 2 [93] and p 2 [1, 2] [91]. The other

three papers are authored by Alber and Niedermeier [89], Niedermeier, Reinhardt,

and Sanders [32], and Haverkort and van Walderveen [2].

3.1.2 Partition Ratio

The Partition Ratio (PR) metric resembles the Hölder Continuity Ratio in Sec-

tion 3.1.1, but instead measures over ranges of indices called partitions P [30], [95],

[96]. Where only indices xi and xj are used by the HCR, the PR investigates all

indices bounded by them: P (xi, xj) = {xl|xi  xl  xj}. Given that the norm of

a sequence of points is not well-defined, the PR replaces the numerator in (3.4)

with the partition’s diameter diam(S, xi, xj) and surface area surf(S, xi, xj). The
diameter of a given partition is defined in (3.5), while the surface area is the d-

dimensional surface area of the partition in the multidimensional space. Note that

the d-dimensional surface area is equivalent to the perimeter in the two-dimensional

case.

diam(S, xi, xj) = max
xix1<x2xj

{kK1 �K2k2}. (3.5)
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The PR’s measurements are the diameter gdiam(S, xi, xj) and surface gsurf(S, xi, xj)
ratios for a given partition constructed by indices xi and xj . Their definitions are

given in (3.6) and (3.7).

gdiam(S, xi, xj) =
diam(S, xi, xj)2

|xi � xj |
(3.6)

gsurf(S, xi, xj) =
surf(S, xi, xj)
4⇥

p
|xi � xj |

(3.7)

The denominator has a di↵erent meaning in the context of partitions, having the same

mathematical definition as in g but instead being the size or volume of the partition.

There are three subtleties to the PR metric. Firstly, the diameter is measured as the

Euclidean Norm and not parameterized. Secondly, equivalent parameters exist for r

and q in (3.6) and (3.7). They serve the same purpose, of ensuring the measurements

do not diverge as the sidelengths of the SFC-space increase. Given that the surface

area of a partition scales di↵erently to the diameter, the Partition Surface Ratio

(PSR) requires di↵erent values for r and q to ensure convergence. The values q = 1
2

and r = 1 are used, as well as a 1
4 multiplier, as seen in (3.7) [96].

As is the case with many of the other metrics discussed in this paper, the average

and maximum over all partitions is taken as the metric aggregating function. The

Partition Diameter Ratio (PDR) metrics are given in (3.8) and (3.9) and the PSR

metric are given in (3.10) and (3.11). The maximum PDR is the same as the

maximum HCR in (3.3).

Gdiam
avg (S) = avg

xi,xj2Mx
xi<xj

n
gdiam(S, xi, xj)

o
(3.8)

Gdiam
max (S) = max

xi,xj2Mx
xi<xj

n
gdiam(S, xi, xj)

o
(3.9)
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Gsurf
avg (S) = avg

xi,xj2Mx
xi<xj

n
gsurf(S, xi, xj)

o
(3.10)

Gsurf
max(S) = max

xi,xj2Mx
xi<xj

n
gsurf(S, xi, xj)

o
(3.11)

The PDR indicates the locality preservation of a given SFC whereas the PSR is a

measure of the partition quality [30], [95], [96]. The PSR is also called the Quality

Coe�cient, with lower values being of a higher quality. This is because the such

partitions are used in Finite Element Modelling analysis where the quality of the

partitions is important [96]. An SFC with a low PSR is well suited for these parallel

compute-intensive applications.

3.1.3 Reciprocal Hölder Continuity Ratios and EdgeSums

Before Gotsman and Lindenbaum published their analysis on the Hölder Continu-

ity Ratio; Perez, Kamata, and Kawaguchi analysed the Hilbert curve using what

is equivalent to the inverse of the Hölder Continuity Ratio [97], which we call the

Reciprocal Hölder Continuity Ratio (RHCR). Their work quantifies locality preser-

vation by defining a metric that penalizes neighbouring points, in d dimensions,

that are far apart along the curve. They achieve this by stating that an ordering of

coordinates, using an SFC, should minimize the weighted sum of one-dimensional

distances, where the weights are inversely proportional to the d-dimensional distance

[97]. Using the same parameters, and notation as with the HCR gp,q,r, we define the

Reciprocal Hölder Continuity Ratio as

fp,q,r(S, xi, xj) =
|xi � xj |q

kS�1(xi)� S�1(xj)krp
. (3.12)

The weighted sum used by Perez, Kamata, and Kawaguchi, which is to be minimized,

is given as
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FPKK
p (S) =

X

xi,xj2Mx
xi<xj

{fp,1,1(S, xi, xj)}. (3.13)

fp,q,r(S, xi, xj) = |xi�xj |
q

kS(xi)�S(xj)krp

����
k · kp=�

Reciprocal Hölder Continuity Ratio

p = 1

q 2 {< 1, 1, > 1}
r = 0

� = 1

Mitchison et al. [99]

q = 1

Xu et al. [102]

Fishburn et al. [101]

Wierum [28] (log )

q = 1

� = �

Dai et al. [100]

p 2 {1, 2,1}
q = 1

r = 1

Perez et al. [96]

Figure 3.2: Reciprocal Hölder Continuity Ratio Subtype-Tree illustrating the inheritance

of parameters and constraints within metrics from the literature. Parameters used are p, q,

r, and �. Inheritance of constraints is explicitly for the operand f and not for the method of

aggregating the point-pair values. The middle-right node with Pérez, Benavent, and Olanda

does not take into account �. Square-edged nodes are also referred to as EdgeSum metrics.

Note that Perez, Kamata, and Kawaguchi do not utilize q and r to mitigate divergence

at the limit as is the case with gp,q,r. This is observed in the SFC performance

discussed in Section 3.3. Literature that utilizes and investigates the RHCR are not

immediately identifiable, as many instead cover the EdgeSum metric: an unweighted

sum of edges [99], [100]. Details on this literature is collated in Table 3.2. The

EdgeSum metric does not utilize the d-dimensional distance in the measurement as

is the case with the RHCR. Instead, the d-dimensional distance is used to constrain

which point-pairs over which to measure.
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This can be seen in Fig. 3.2, where, for three of the metric tree nodes, r is set to

zero. The EdgeSum metric is typically defined for graphs, and thus assumes explicit

edges between points. For the RHCR-based EdgeSum used here, an edge between

points Ki and Kj implicitly exists if and only if the following condition is satisfied:

kKi �Kjkp = �. (3.14)

The weight of each edge is the numerator in the RCHR measurement equation, (3.12).

Setting � = 1 implies that the d-dimensional points of an SFC form a rectilinear

lattice with axis-aligned edges between neighbouring points. Of the five sources in

the literature that investigate the EdgeSum metric, only one does not assume � = 1,

by Dai and Su [101]. Of the same five sources, four assume q = 1 [101]–[104]. The

fifth work covers both q = 1 and q � 1. The EdgeSum metric’s measurement is given

below.

f edge
q,�

(S, xi, xj) =

8
<

:
f1,q,0(S, xi, xj) kKi �Kjk1 = �

0 otherwise
(3.15)

Some of the EdgeSum metric definitions in the literature represent (3.15) di↵erently,

but they are equivalent in their application [100], [102]. Equation (3.15) is a restruc-

tured form of their definitions to match the HCR measurement equations. Similarly

to the goal of minimizing FPKK
p (S), as stated by Perez, Kamata, and Kawaguchi,

the EdgeSum metric is a summation over all valid measurements. A curve achieves

better locality preservation the lower the value of this summation. This aggregation

is given in (3.16). Definitions (3.15) and (3.16) can be restructured such that the

summation limit only covers valid point-pairs, instead of setting the measurements

f edge
q,�

to zero if an edge does not exist between said points.

F edge
q,�

(S) =
X

xi,xj2Mx
xi<xj

n
f edge
q,�

(S, xi, xj)
o
. (3.16)

Two of the five EdgeSum metrics alter the definition, even though the same mea-

surements are made. The first is by Wierum, called the Logarithmic EdgeSum [104].
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As with F edge
q,1 , only neighbouring points construct valid point-pairs. The measure-

ment f log is defined as the logarithm of the edge distance, as shown in (3.17). The

Logarithmic EdgeSum employs two aggregations, the maximum and average, shown

in (3.18) and (3.19).

f log(xi, xj) =

8
<

:
log2 (|xi � xj |+ 1) kKi �Kjk1 = 1

0 otherwise
(3.17)

F log
max(S) = max

xi,xj2Mx

xi 6=xj

n
f log(xi, xj)

o
(3.18)

F log
avg(S) = avg

xi,xj2Mx

xi 6=xj

n
f log(xi, xj)

o
(3.19)

Wierum employs f log(xi, xj) to determine how appropriate a grid ordering is for

searching and sorting, such as with finite-element simulations [104]. As the number

of operations for these queries is often described as O(c log d), it is logical to use the

Logarithmic EdgeSum as an appropriate measurement for such a metric as it scales

with the same order [104].

The second altered EdgeSum metric is utilized by Xu and Tirthapura [103]. Though

it uses the same edge weights as the EdgeSum f edge
q,�

, it does not aggregate over the

weights themselves but instead over the average and maximum weights for each point

[103]. They call this metric the Nearest-Neighbour Stretch (NNS), as it indicates

how much stretch there is from d-dimensional neighbouring points to their one-

dimensional indices. The associated measurements are made on individual points

and their respective neighbours. For a given point Ki, the neighbouring points

are those connected to Ki by an implicit edge. The NNS measurement extends

(3.15) by aggregating over these neighbours. The average-NNS and maximum-NNS

measurements are given in (3.20) and (3.21) respectively.
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fnns
avg (S, xi) = avg

xi,xj2Mx

kKi�Kjk1=1

{f1,1,0(S, xi, xj)} (3.20)

fnns
max(S, xi) = max

xi,xj2Mx

kKi�Kjk1=1

{f1,1,0(S, xi, xj)} (3.21)

The NNS metrics aggregate these measurements over all points, giving the average-

average NNS F nns
avg and average-maximum NNS F nns

max in (3.22) and (3.23) respectively.

This di↵ers from the EdgeSum metric F edge
q,�

as individual edge weights may be

counted twice, once for each point connected by a given edge. This is guaranteed for

the average-average NNS but not necessarily for the average-maximum.

F nns
avg (S) = avg

xi2Mx

�
fnns
avg (S, xi)

 
(3.22)

F nns
max(S) = avg

xi2Mx

{fnns
max(S, xi)} (3.23)

3.1.4 Description and Irregularity Vectors

Mokbel, Aref, and Kamel have published multiple works on analysing locality and

order preservation quality of SFCs, called the Description Vector [36], [105] and

Irregularity Vector [106], [107] respectively. Both vectors classify point-pairs into

di↵erent types based on the kind of traversal between the points in each dimension.

The Description Vector V deals only with point-pairs constructed from adjacent

indices whereas the Irregularity Vector VI encompasses all point-pairs. Each vector

classifies pairs with respect to each dimension and then totals the number of pairs in

each category, or segment type. There are four published papers on the Description

and Irregularity Vectors, which are listed in Table 3.3 alongside the metric bounds

identified by Mokbel, Aref, and Kamel. The Description Vector along dimension l

contains five segment types; represented by the number of jump Jl, contiguity Cl,

reverse Rl, forward Fl, and still Sl pairs. A specific point-pair may only fall in to a

maximum of two of the segment types for a given dimension, such that the following

equation holds true:
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Table 3.3: Description and Irregularity Vector Metrics, Their Associated Arguments, and

Relevant Literature. Specifics of the Bounds on the Metric Values are also Given.

Source d m Bounds Curves

Mokbel, Aref, and Kamel [36], [105] 2-12  8 exact R,K,Z,G,H
Mokbel and Aref [106], [107] 2-128  10 exact R,K,Z,G,H

Jl + Cl + Sl = Rl + Fl + Sl. (3.24)

Given that a d-dimensional pointKi is composed of d coordinate values (i,0,i,1, . . . ,i,d�1),

the number of point-pairs under each specific segment type, along dimension 0 
l < d for a given SFC, are given as

Jl(S, N, l) =
X

xi,xj2Mx
xi+1=xj

8
<

:
1 |i,l � j,l| > 1

0 otherwise
, (3.25)

Cl(S, N, l) =
X

xi,xj2Mx
xi+1=xj

8
<

:
1 |i,l � j,l| = 1

0 otherwise
, (3.26)

Rl(S, N, l) =
X

xi,xj2Mx
xi+1=xj

8
<

:
1 i,l > j,l

0 otherwise
, (3.27)

Fl(S, N, l) =
X

xi,xj2Mx
xi+1=xj

8
<

:
1 i,l < j,l

0 otherwise
, (3.28)

and Sl(S, N, l) =
X

xi,xj2Mx
xi+1=xj

8
<

:
1 i,l = j,l

0 otherwise
(3.29)

Mokbel, Aref, and Kamel further define the total counts for each segment type

— JT , CT , RT , FT , and ST — as the sum over all dimensions. The Description

Vector for a given dimension l is Vl(S) = (Jl, Cl, Rl, Fl, Sl) and the Total Description
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Vector is VT (S) = (JT , CT , RT , FT , ST ). For continuous SFCs, such as the Hilbert

and �⌦ curves, the number of jump segments will always be zero; and non-zero for

non-continuous SFCs, such as the Z-Order curve.

The Irregularity Vector is similar to the Description Vector in that it groups point-

pairs into types; however, it is computed over all point pairs, not just those with

adjacent indices. Furthermore, there is only one type: an irregularity [106], [107].

An irregularity exists, in dimension l, where the point corresponding to the largest

index in the point-pair has a smaller coordinate value for the given dimension. The

number of irregularities for a given dimension is defined as:

Il(S, N, l) =
X

xi,xj2Mx
xi<xj

8
<

:
1 j,l < i,l

0 otherwise.
(3.30)

The Total Irregularity Vector VI contains the number of irregularities along each

dimension — VI = (I0, . . . , Id�1) — while the Total Irregularity IT is the sum of the

irregularities in each dimension. The Irregularity and Description Vectors allow the

analysis of SFC orderings within the context of dimensional bias: to what extent a

given SFC favours one dimension over the other. The opposite is fairness, where the

number of each segment type across all dimensions is similar. Given that VI and V

deal with the dimensional ordering of point-pairs as opposed to their locality, they

are more suited to quantifying order-preservation. However, the ability to compare

SFCs based on their fairness can be argued to be necessary for locality preservation.

Therefore, the Irregularity and Description Vectors play a key part in evaluating

locality preservation of a given d-dimensional ordering. Understanding dimensional-

bias is important as some multidimensional SFC applications, such as with database

indexing, require one dimension to take priority over the other. For real-time data,

queries are typically bounded first by time, indicating that an SFC that biases

towards one dimension may be better suited for such applications [107].
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3.2 Region Metrics

Region metrics quantify locality preservation but measuring how tightly an SFC

fills a given region. This di↵ers from Point-Pair metrics in that points are grouped

together based on their position within the d-dimensional space. There are two

metrics covered in this section: Bounding Box metrics and the Clustering metric.

The former can be said to be both a Point-Pair and Region metric as it operates

on regions constructed from point-pairs. However, the measurements are made on

the regions themselves and is thus categorized as a Region metric in this review.

The Clustering metric measures the number of consecutive runs of indices contained

within predefined regions, with each run being a cluster. The regions, types of

measurements on said regions, and other parameters for both metrics and their

associated literature are given in Table 3.4.

3.2.1 Bounding Region Metric

Many spatial data structures, such as R-Trees, use regions to group the underlying

values. Haverkort and van Walderveen quantify how appropriate SFCs are for or-

dering these data structures by defining bounding regions around point-pairs along

a given curve [2]. These bounding regions are representative of the regions used in

spatial data structures, and improve query performance the smaller their surface

area and volume, as this reduces the number of intersecting regions for a given query.

Haverkort and van Walderveen investigate the two-dimensional case [2] whereas

Haverkort later extends this to the three-dimensional case [62], [94].

For a given point-pair Ki and Kj , the associated bounding region is the smallest

region of a given shape such that the partition between xi and xj is enclosed by

said region. If between the two points, an SFC traverses far from the local context,

then the bounding-region would be large as it must include all points within the

partition. There are three types of regions covered by Haverkort and van Walderveen:

the bounding-box bbox, bounding-octagon boct, and p-normed bounding-ball bballp.

A bounding-box is the same as a hyperrectangle and a bounding-ball is the same

as a p-normed n-sphere or hypersphere. A bounding-ball of size rs encompasses
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all points at a distance, from the centre Ki, of at most kKi � Kjkp. Therefore, a
bounding-ball using the Euclidean Norm is the same as a canonical hypersphere.

The surface area and volume of these regions are the measurements used by the

Bounding-Region metric. Note that the two-dimensional surface area and volume

are equivalent to the perimeter and surface area respectively. In fact, Haverkort refer

to the two measurements as the perimeter and area in their work from 2010 [2], but

later change to the surface area and volume in 2011 [62]. To be consistent with other

definitions of area and volume in this review, we use the later terminology.

Haverkort and van Walderveen define the Bounding-Region metrics as both the

worst-case/maximum and average of the given measurements [2]. The Worst-Case

Bounding-Box Surface Area WBS and Volume WBV Ratios are defined below,

where |bbox | denotes the volume of a given region and surf(bbox ) its surface area.

In the two-dimensional case, Haverkort define the Worst-Case Bounding-Box Surface

Area WBA and Perimeter WBP Ratios. Though the previous two metrics could be

used for d = 2, their definitions di↵er slightly for the two-dimensional [2] and three-

dimensional [62], [94] cases. The same metrics for di↵erent regions require replacing

bbox in the numerator with their associated bounding-region notation, as well as

changing the acronym on the left-hand-side of Eqs. (3.31) to (3.34). All Bounding-

Region metrics are taken at the limit limN!1, which is why the definitions below

employ the limit superior.

WBS(S) = lim
m!1

sup
xi,xj2Mx
xi<xj

(
surf(bbox(Ki,Kj))

d
d�1

2d
d

d�1 ⇥ |xi � xj |

)
(3.31)

WBV (S) = lim
m!1

sup
xi,xj2Mx
xi<xj

⇢
|bbox(Ki,Kj)|

|xi � xj |

�
(3.32)

WBP (S) = 1

16
· lim
m!1

sup
xi,xj2Mx
xi<xj

(
per(bbox(Ki,Kj))

2

|xi � xj |

)
(3.33)
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WBA(S) = lim
m!1

sup
xi,xj2Mx
xi<xj

⇢
|bbox(Ki,Kj)|

|xi � xj |

�
(3.34)

The average metrics are not simply the average over all point-pairs for the given

measurements. Haverkort and van Walderveen suggest that the average of the above

metrics be the average over a uniformly sampled set of partitions [2]. However, they

find that the number of samples impacts the resulting average metric in a periodic

manner. Therefore, the average of the above metrics is the average, for di↵erent

numbers of samples, of the average Bounding-Region measurements. These average

metrics are only defined for the two-dimensional case (ABA and ABP [2]) as they

are “much more di�cult to compute e�ciently and accurately for large numbers

of curves” [94, p. 52]. However, Haverkort and van Walderveen does state that the

average-case of the metrics may be more relevant in practice than the worst-case

[2].

Haverkort also investigates other metrics which are equivalent to those described in

Section 3.1 [62], [94]. They refer to the Hölder Continuity Ratio as the Li-dilation

or Worst-case WLp, the Partition Diameter Ratio as the Li-diameter ratio or WDp,

and the Partition Surface Ratio as the Surface Ratio or WS. In fact, the Worst-

Case Bounding-Box Surface Ratio WBS is the Partition Surface Ratio where the

partition is replaced with its bounding box. Technically, there can be as many variants

of the Bounding-Region metric as there are region shapes and measurements on

the bounding regions. An example of this is how Haverkort and van Walderveen

investigate the Worst-case Bounding-Octagon Area WOA in two dimensions, which is

the same as the Worst-case Bounding-Box Area in two dimensions WBA, Worst-case

Bounding-Ball Volume in three dimensions WBBp, and Worst-case Bounding-Box

Volume in three dimensions WBV ; other than a change of region shape. The two

consistent components of the Bounding-Region metrics is the usage of the volume

and surface area of the bounding regions. Haverkort and van Walderveen utilize

these measurements as their metrics are intended to reduce the number of buckets

retrieved for a range query on a bounding-region hierarchical data structure, such

as an R-Tree [2].
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3.2.2 Clustering Metric

The Clustering metric quantifies the number of continuous runs of indices within

a given region. Initially this was to predict the I/O requirements for a given d-

dimensional range query, as data organized using an SFC would require ⌘ � 1 hard-

disk seeks for ⌘ clusters [11], [59]. In some cases, the SFC is used to traverse a

database where each dimension is a di↵erent field or index [59], [108], [109]. The

measurements are made for a region R of a given size rs. In the literature, as shown in

Table 3.4, there are four region types that are investigated: square ⇤, rectangular <=,

circular �, and line regions. Square and circular regions can easily be defined using

a single region-size parameter rs, being the sidelength and diameter respectively. In

this section, as well as Section 3.3, the region-size parameter rs is the maximum

sidelength of a rectangular region, where all other sidelengths are a fraction of rs.

A line region is equivalent to a partial-match query, where some coordinates or

fields are already known [59]. This is done to improve the readability of the sections.

In practice, some literature identifies exact formulae based on all sidelengths of a

rectangular region [40].

The measurement equation used by the clustering metric is defined as the number

of clusters ⌘(S, Ri) for a given region shape R, position, and SFC S. A unique

position of a region R in the SFC space is notated as Ri 2 R. Of the seven sources

investigating the Clustering metric, two aggregate with the maximum and six with

the average. One source investigates both the Maximum and Average Clustering

metric [35]. These metrics are defined as

Hmax(S, R) = max
Ri2R

{⌘(S, Ri)} (3.35)

and

Havg(S, R) = avg
Ri2R

{⌘(S, Ri)}. (3.36)

Note that the set of all regions, for a given region shape, is denoted as R whereas a

unique position for the region within the SFC space is denoted as Ri. The number of

regions in the set depends on the SFC space and the region size. Xu and Tirthapura
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extend this further by considering axis-aligned rotations of the regions [40]. The rota-

tion � of a region R is equivalent to the permutation of the regions sidelengths as the

rotation � maintains the region’s axis-aligned properties, at least for the rectangular

<= and line regions. The square ⇤ and circular � regions are symmetrical and thus

rotations do not a↵ect their Clustering metric. Xu and Tirthapura investigate the

clustering metric under the constraints of all possible rotations � 2 ⇤⇤ and a subset

of rotations � 2 ⇤ ⇢ ⇤⇤ [40].

Xu, Nguyen, and Tirthapura also extend the Clustering metric, by normalizing the

measurements over the hypothetical optimal Clustering for the given SFC-space

[33]. In this scenario, the resulting measurements are not the number of clusters,

but a scaling factor indicating how many more clusters are encountered by an SFC

compared to the optimal. However, much of their contribution is in identifying

bounds on the same clustering metric in (3.36).

Asano et al. investigate the Clustering metric as defined here, for square regions;

however, they add one assumption to their analysis: that the number of clusters for

a given region allows for the access of a constant multiple of extra regions [31]. This

implies that a square region ⇤ of size |⇤| = r2s can include Cr2s points. Asano et

al. include this assumption as their application of the Clustering metric is to disk

access patterns, where it is fast to continue reading data than seek to a new position

if the extra data read is su�ciently short.

3.3 Metric Performance for SFCs

Much research has been conducted into the performance of specific SFCs for the

aforementioned metrics. In many cases, this involves analytical bounds on a metric

M for a given SFC S. In some cases, metric values are found empirically, utilizing

computational methods to calculate the metric within specific conditions. This

section shows some results from the literature covering metrics from Sections 3.1

and 3.2. Values for the metrics fall under three types: lower, exact, and upper bounds.

The first and last define a range outside which the metric for a specific SFC cannot

fall. Exact bounds are the exact analytical equations for the metric, sometimes under
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certain conditions. The types of bounds for each source in the literature is already

listed in Tables 3.1 to 3.4. However, in this section the bounds are given for specific

SFCs and sources. For a given metric M and SFC S, the bounds are as follows:

Mlow  Mexact  Mupp

where Mexact = M(S)
(3.37)

Bounds that are found empirically are denoted as such, indicating that the metric

may di↵er somewhat in situations outside the parameters used in the computation. In

most of the cases where empirical results are used, these parameters are appropriate

to make a conclusion about the metric and SFC for all practical purposes. However,

some cases, as with Faloutsos and Roseman in Section 3.3.1 [11], the empirical results

are too limited.

Given the vast variety of SFCs, only a few key curves are discussed in this section.

They include the Z-Order, Hilbert, AR2W2 , Mitchison, �⌦, H-Order, and Onion

Curves, as well as generic and recursive SFCs. Where the metric values are plotted

and the lines are horizontal (i.e. constant vs the sidelengthN or region-size parameter

rs), the source in the literature identifies this as a bound at the limit as the parameter

tends to the maximum possible: infinity for N and N for rs.

One conclusion from this section is that many of the best or optimal SFCs are

bespoke, having been designed for a given metric. Examples are the H-Order [32],

�⌦ [30], Mitchison [100], [102], AR2W2 [31], and Balanced Peano [2] Curves.

3.3.1 Hölder Continuity Ratio and Partition Ratio Metrics

Bounds identified in the literature for the Hölder Continuity Ratio (HCR) and

the Partition Ratio (PR) metrics are shown in Fig. 3.3. These metrics have very

similar definitions, with the maximum Partition Diameter Ratio (PDR) Gdiam
max and

maximum HCR Gmax
GL being the same [30], [62]. The Partition Surface Ratio (PSR)

is included here given its relationship to the PDR.
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Gotsman and Lindenbaum show that the upper bound of the Hilbert Curve for Gmax
2

is much higher than the lower bound for generic SFCs [34]. They conclude that there

must be a better SFC for Gmax
2 , given the large di↵erence. Niedermeier, Reinhardt,

and Sanders [32] utilize work by Alber and Niedermeier [89] to define H-Indexing,

or the H-Order Curve, an SFC based on the Sierpiński-Knopp curve [1], with better

Gmax
p locality than the Hilbert curve with p 2 {1, 2,1} [32]. In fact, Haverkort

and van Walderveen show, in their extensive work from 2010, that the H-Order

Curve has the best Gmax
p locality amongst twelve other SFCs [2]. They conjecture

that the H-Order Curve’s metric values of Gmax
1 = 8 and Gmax

2 = Gmax
1 = 4 are

optimal for two dimensions [2]. Haverkort identifies metric values for three-dimension

dimensional Hilbert-like SFCs [62]. Korneev and Shchepin identify bounds on Gmax
1

for the Hilbert curve in three dimensions, but not for p 6= 1 [92]. Work by Wierum

on the PR led to the development of the �⌦ curve, which they show has a maximum

PDR better than the Hilbert Curve [30], but the empirical work by Haverkort and

van Walderveen shows that the H-Order Curve is better than both [2]. In comparing

HCR metric bounds, Wierum shows that the �⌦ curve lies between the Hilbert and

Z-Order curves for the maximum PSR metric Gsurf
max but beats them both for the

average PDR metric Gdiam
avg . However, the �⌦ Curve has better average PSR than

the Hilbert and Z-Order Curves [30].

Utilizing Fig. 3.3 as a guide for analysing the HCR and PR metrics, one can see

that worse curves can achieve better (lower) metric values for small sidelengths.

Obviously, these conclusions are made given the information available, and are not

guarantees that a better curve may be identified or that better bounds are found in

the future. For p = 1 and N < 24, the Hilbert Curve appears to be better than the

H-Order Curve. However, for N > 24, the H-Order Curve is the best. The bounds

for the �⌦ and H-Order Curves are at the limit, and therefore a comparison with the

Hilbert Curve for finite sidelengths cannot be made with only this data. Some plots

of Gmax
1 for the Hilbert Curve have exact equations [88], [93]. In fact, Dai and Su

show that the exact bound for Gmax
1 [93] is the same as the lower bound identified

by Niedermeier, Reinhardt, and Sanders [32]. What is clear is that for large SFCs

(N >> 24), the H-Order Curve achieves better Gmax
1 values than the Hilbert Curve.

Similar conclusions can be made for Gmax
3 in two dimensions. However, the �⌦ Curve

does outperform the Hilbert Curve for large sidelengths [2], [30].
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Figure 3.3: Some bounds for the Hölder Continuity Ratio and Partition Ratio metrics. The

subfigures are for di↵erent combinations of parameters: (a) p = 1, d = 2, (b) p = 2, d = 2,

(c) p = 3, d = 2, and (d) p = 2, d = 3. The exact plot for Dai and Su (Hilbert) is drawn

underneath the lower-bound plot for Niedermeier et al. (Hilbert) in subfigure (a) and the

lower-bound plot for Gotsman and Lindenbaum (Hilbert) in subfigure (b). 1Plots are for the

Partition Surface Ratio metric. 2Plots are for the Partition Diameter Ratio metric. 3Bounds

are hypothetical as they were found empirically. 4Bounds are for the Tokarev Curve, a

variant of the Hilbert Curve.
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There are many more sources investigating Gmax
2 than for p = 1 and p = 1, in

two dimensions. The maximum and average PSR values for the Hilbert, Z-Order,

and �⌦ Curves are between 1.4 and 2.1 [30], [95]. Similarly to Gmax
1 with the lower

bound by Niedermeier, Reinhardt, and Sanders [32], Dai and Su show that the lower

bound for the Hilbert Curve [34] is in fact the exact metric value [93]. Comparing

the Hilbert Curve to the H-Order and �⌦ Curves, as with the previous p values, the

Hilbert Curve is the worst of the three for N < 25 as the exact and lower bounds

for Gmax
2 [87], [93] exceeds the upper bounds on Gmax

2 for the H-Order [32] and �⌦

[30] Curves.

Bounds from the literature, for the HCR and PR in three dimensions in three

dimensions, are only identified for the Hilbert Curve and its variants, as seen in

Fig. 3.3. Korneev and Shchepin identify the exact bound for the Tokarev Curve, an

SFC based on the Hilbert Curve [92]. However, this variant of the Hilbert Curve

has di↵erent Gmax
p values compared to other Hilbert Curves. Haverkort, Haverkort

identifies bounds for all Hilbert-like SFCs in three dimensions: 2.653  Gmax
2 

4.33. Note that the upper bound on Gmax
2 for the canonical Hilbert Curve is 23

[87], significantly lower than the upper bound for all Hilbert-like Curves found by

Haverkort [62], [94].

Though some results shown are empirical [2], [30], [62], [94], analytical results from

other literature [32], [34], [87], [88], [93] confirms the hypothesis that the conclusions

made from the computational results appear accurate, even at the limit. This is also

the case for analytical results at the limit [90] compared to analytical results as a

function of the sidelength [34], [87], [93].

3.3.2 Reciprocal Hölder Continuity Ratio Metrics

Bounds identified in the literature for the Reciprocal Hölder Continuity Ratio

(RHCR), Nearest-Neighbour Stretch (NNS), and EdgeSum metrics are shown in

Fig. 3.4. Perez, Kamata, and Kawaguchi defines the RHCR, which utilizes the d-

dimensional distance between points to normalize the metric measurements fp,q,r

[97]. However, as discussed in Section 3.1.3, most of the literature either utilizes the
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HCR or an EdgeSum metric, where r = 0. Therefore, none of the bounds plotted

in Fig. 3.4 are for the RHCR FPKK
p . Instead, the EdgeSum F edge

q,�
[100]–[102], NNS

F nns
avg and F nns

max [103], and Logarithmic EdgeSum F log
avg and F log

max [104] metrics are

shown.

Though they do not refer to their ordering as a curve, Mitchison and Durbin identify

an SFC that is optimal for the EdgeSum metric in a square SFC space [100]. Fishburn,

Tetali, and Winkler independently identify the same curve, though they generalize it

to a rectangular SFC space [102]. Fishburn, Tetali, and Winkler and Mitchison and

Durbin obtain the same analytical equation for their bounds in Fig. 3.4(b), except

for an extra term generalized as O
�
N2

�
.

In the work presented here, this curve is called the Mitchison Curve M. The specific

variant of the curve shown in Fig. 2.1(g) is optimal for q = 1, with the curve having

to be modified to be optimal for q < 1 and q > 1 [100]. Mitchison and Durbin

identify a lower bound for the EdgeSum and Mitchison Curve [100], with Fishburn,

Tetali, and Winkler finding that the exact EdgeSum metric matches the lower bound

closely [102]. The optimality of the Mitchison Curve is seen in Fig. 3.4(b), where the

Hilbert and Z-Order Curves have higher F edge
q,�

metric values. Dai and Su find that

the Z-Order Curve outperforms the Hilbert Curve for F edge
1,� where � is an integral

power-of-two [101]. They further define this by stating that the ratio between the

metric values is approximately constant. For � << N the Z-Order is superior with

the EdgeSum metric,

F edge
1,� (Hd

m)

F edge
1,� (Zd

m)
⇡

8
<

:
1.2143 d = 2

1.0806 d = 3,
(3.38)

but loses to the Hilbert Curve if the edge distance � is set to the sidelength (� = N),

F edge
1,� (Hd

m)

F edge
1,� (Zd

m)
⇡ 0.9682. (3.39)
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Figure 3.4: Some bounds for the EdgeSum, Nearest-Neighbour Stretch, and Logarithmic

EdgeSum metrics. The subfigures are for di↵erent combinations of parameters: (a) q < 1, d =

2, (b) q = 1, d = 2, (c) q > 1, d = 2, (d) q = 1, d = 3, (e) q = 1, d = 2, and (f) q = 1, d = 2.

Subfigures (e) and (f) are for the Logarithmic EdgeSum and Nearest-Neighbour Stretch

metrics respectively. 1Literature covers the Logarithmic EdgeSum. 2Literature covers the

Nearest-Neighbour Stretch. Bound Types without any parenthesis are for the EdgeSum. The

aggregation denoted in the parenthesis is referenced in the notation by F⇤.
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All plots in Fig. 3.4 are with � = 1. In Section 3.1.3 it is stated that the EdgeSum

and NNS metrics do not normalize in the same way as the Hölder Continuity Ratio,

utilizing q and r to ensure the numerator and denominators scale with the same

order. This statement is verified in Fig. 3.4 where F edge
q,�

diverges as the sidelength

increases. This divergence is also present for the Logarithmic EdgeSum f log
⇤ and

NNS F nns
⇤ . However, they do not diverge in an exponential or polynomial manner.

The Logarithmic EdgeSum scales, as is obvious, logarithmically. The NNS metric

scales linearly, owing to the double aggregation process used: F nns
avg is the average of

the average NNS measurement fnns
avg .

Unfortunately, none of the literature calculates the Logarithmic EdgeSum or NNS

for the Mitchison Curve. However, as with the EdgeSum metric, the Z-Order Curve

outperforms the Hilbert Curve for F log
max [104]. A more interesting result for the

Logarithmic EdgeSum is that the H-Order and �⌦ Curves are worse than the Hilbert

Curve, and have the same exact maximum Logarithmic EdgeSum F log
max = log(N)

[30]. However, the best SFC is di↵erent for the average Logarithmic EdgeSum F log
avg,

with the �⌦ Curve being the best and the Z-Order Curve being the worst [104]. The

H-Order Curve is not as good in the average case compared to the maximum, being

worse than the Hilbert Curve for the average Logarithmic EdgeSum metric. Values

for the average Logarithmic EdgeSum metric found by Wierum are shown below

[30].

F log
avg(Z2

m) = 2.7455± 0.0005 (3.40)

F log
avg(H

2
m) ⇡ 2.58 (3.41)

F log
avg(H2

m) = 2.533± 0.018 (3.42)

F log
avg(�⌦

2
m) = 2.514± 0.011 (3.43)

Bounds on the Nearest-Neighbour Stretch (NNS), identified by Xu and Tirthapura,

show that the Raster and Z-Order Curves have the same average-average NNS F nns
avg

[103]. However, these bounds are at the limit as the sidelength tends to infinity.

More specifically, the analytical equations for the average-average NNS found by Xu

and Tirthapura is
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F nns
avg (Hd

m) ⇠ 1

d
N

1� 1
d

T
(3.44)

and

F nns
avg (Zd

m) ⇠ 1

d
N

1� 1
d

T
(3.45)

where

f(x) ⇠ g(x)

if lim
x!1

f(x)

g(x)
= 1.

(3.46)

Therefore, the NNS plots in Fig. 3.4 are not necessarily the real bounds for the

given sidelength. The lower bound for F nns
avg , with generic SFCs, is also a lower bound

for the average-maximum NNS F nns
max [103]. This is a trivial lower bound as the

maximum of a function will always be greater than or equal to the average. Xu and

Tirthapura do not calculate the NNS for the Hilbert Curve [103]. However, Deford

and Kalyanaraman compute the average NNS for the Hilbert and Gray-Code Curves,

finding that the latter is the worst and the former is slightly worse than the Z-Order

and Raster Curves [110]. They extend the Nearest-Neighbour Stretch metric to any

Manhattan Distance �, implying that larger areas form part of the measurements

fnns
avg and fnns

max. With their extended version of the metric, they show that the Hilbert

and Z-Order Curves are better than the Gray-Code and Raster Curves. Therefore,

one can conclude that the Z-Order and Raster Curves are beneficial for very close

neighbouring points, as opposed to those further away; at least with the NNS metric.

From the bounds shown here, it appears that the Z-Order and Mitchison Curves are

the best, depending on the specifics of the RHCR-based metric used.

3.3.3 Irregularity and Description Vectors

Mokbel, Aref, and Kamel investigate the Raster, Snake, Z-Order, Gray-Code, and

Hilbert Curves for the Description Vector [36], [105] and Irregularity Vector metrics

[106], [107]. There are three methods with which they analyse the metrics: Scalability,

Fairness, and Intentional Bias. The first pertains to how the percentage contribution

of each vector element changes as a function of the number of dimensions d and the
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SFC sidelength N . Fairness and Intentional Bias are opposite methods, with fair

SFCs having no intentional bias. Fairness is measured as the standard deviation of

a given vector segment type (such as a jump segment or irregularities in a given

dimension) over all dimensions. If the standard deviation is low, then all dimensions

are treated similarly by the SFC, and thus it is fair. Intentional Bias is also related

to how the vector metric values vary between dimensions. However, the focus is on

having all dimensions behave similarly, with one dimension containing significantly

higher metric values.

Description Vector

For all curves investigated, Mokbel, Aref, and Kamel find that the percentage of

still segments increases with the number of dimensions [36], [105]. However, the

proportion of each segment type remains relatively constant as a function of the

SFC sidelength N . The Gray-Code, Hilbert, and Raster Curves have similar scaling

for the Reverse R, Forward F , and Still S segments; though the Gray-Code Curve

has slightly more Jumps J and fewer Contiguity C segments. The Peano Curve has

the highest number of Contiguity and Reverse segments and the lowest number of

Still segments. Therefore, choice of a curve based on scalability is dependent on what

segment type must scale better.

The Hilbert Curve is the fairest of the curves, with each segment type having low

standard deviation for all number of dimensions covered by Mokbel, Aref, and Kamel

[36]. However, they do note that the standard deviation for the Hilbert Curve does

increase slightly as a function of d while the Peano and Gray-Code curves’ decrease.

Therefore, it may be that for d >> 12, the Hilbert Curve is not the fairest.

Given that the Hilbert Curve is the fairest, it cannot be that with the best inten-

tional bias. As the Raster and Snake Curves fill an entire dimension, or row, before

traversing to another; they have the highest intentional bias of the SFCs investi-

gated by Mokbel, Aref, and Kamel [36]. The Gray-Code and Peano Curves have

some intentional bias, definitely more so than the Hilbert Curve. The Gray-Code

Curve has more intentional bias than the Peano Curve.
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Irregularity Vector

The Raster and Peano Curves have the same scalability as a function of d for the

Irregularity Vector metric, with the Gray-Code and Hilbert Curves having similar

scalability [106], [107]. The former two have the best scalability, at least for d < 64,

above which all SFCs achieve similar scaling. As a function of the SFC sidelength,

the Raster and Peano Curves still achieve the best scaling. However, for N > 128

only the Raster, Peano, and Snake Curves converge to similar irregularity. The

Gray-Code and Hilbert Curves always have worse scaling as a function of the SFC

sidelength. Therefore, for d < 64, the best RSFC for scaling is the Peano Curve.

The Peano also beats the Gray-Code and Hilbert Curves in fairness, for d < 10. For

more than ten dimensions, the latter two curves are fairer than the Peano Curve.

The Gray-Code and Hilbert Curves maintain 50% irregularity in all dimensions

except the first. This impacts the fairness as a function of d as the impact of the first

dimension is reduced as the number of dimensions increases. As a function of the

sidelength, the fairness does not change above N = 128 similarly to the scalability.

However, the best SFC does not change as a function of N , only d.

Any bias to a given dimension for the SFCs and the Irregularity Vector metric is

constant above d = 10. The Raster and Snake Curves have the greatest bias, as all

dimensions have an irregularity of 0%, except for one with 50%. Of the RSFCs, the

Peano Curve has the best intentional bias as the least and most irregular dimensions

have 32% and 50% irregularities respectively, a di↵erence greater than the Gray-

Code or Hilbert Curves’.

The Description and Irregularity Vector metrics have di↵erent best SFCs, as is

indicated in this section. For example, the fairest SFCs for two metrics are the

Hilbert and Peano Curves respectively. This is not to say that these two curves

are not good for the other metric, only that they are the best. As can be expected,

non-recursive SFCs are good at biasing towards a single dimension as they are not

restricted to subquadrants within the d-dimensional SFC space. The reason the

Peano Curve is the fairest and most biased for the Irregularity Vector has to do with

how it scales: it is fairest for low dimensions and small sidelengths, but becomes the
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most biased for high dimensions and large sidelengths. The Hilbert Curve fill the

gaps where the Peano Curve is insu�cient, being the fairest for high dimensions and

large sidelengths. This is excluding non-recursive SFCs. For high dimensions and

large sidelengths, all RSFCs achieve the same intentional bias.

3.3.4 Bounding-Region Metrics

Given the large number of subtypes for the Bounding-Region metric — being the

combinations of two and three dimensions; box, octagon, and ball regions; and volume

and surface area measurements — only a few important types and SFCs are discussed

here [2], [62], [94]. The Worst-case and Average-case Bounding-Box Surface Area and

Volumes are important for predicting the performance of hierarchical bounding-box

data structures, like R-Trees. Computed metric values, for two-dimensional SFCs

already discussed in this work, are given in Table 3.5 [2].

Table 3.5: Bounding-Region Metric Values in the Two Dimensional Case, for the Z-Order,

Hilbert, H-Order, AR2W2 , �⌦, Peano, and Balanced Peano Curves. Results are Taken From

the Work by Haverkort and van Walderveen, where more extensive results are given [2].

WBA WBP ABA ABP

Z 1 1 2.92 2.40
H 2.400 2.400 1.44 1.19
H 3.000 3.000 1.78 1.42
A 3.055 3.125 1.49 1.22

�⌦ 2.222 2.250 1.42 1.17
P 2.000 2.722 1.44 1.28

Balanced Peano 2.000 2.155 1.44 1.19

For the three-dimensional case, Haverkort shows how there are various Hilbert-

like SFCs that have better properties than the canonical Hilbert Curve [62], [94].

Furthermore, the Hilbert-like SFCs have di↵ering Bounding-Region metric values.

For all Hilbert-like curves, they show computationally that the Worst-case Bounding-

Box Volume WBV and Surface Area WBS fall within the following ranges:

3.11 / WBV / 14.11 (3.47)
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and

2.54
3
2 ⇡ 4.048 / WBS / 15.96 ⇡ 6.34

3
2 . (3.48)

They further refine these bounds for a subset of Hilbert-like curves, called Symmetric

Face-Continuous SFCs, which are symmetric along a given dimension and have each

adjacent sub-hypercube share a two-dimensional face. The equivalent bounds for

these Hilbert-like curves are

3.11 / WBV / 3.73 (3.49)

and

2.99
3
2 ⇡ 5.170 / WBS / 6.436 ⇡ 3.46

3
2 . (3.50)

One should notice that the bounds for WBS are to the power of 3/2. Though not

explicitly stated by Haverkort [94], these exponents are used to counteract the

e↵ect of r in the three-dimensional Bounding-Box Surface Area definition (3.31).

In the definition provided in Section 3.2.1, r is used to normalize the scaling as a

function of the sidelength N : r = d

d�1 . However, the scaling of WBS as a function

of the number of dimensions results in higher values for three dimensions than for

two dimensions. Therefore, Haverkort calculates WBS
2/3, WS

2/3, and WBV . The

Bounding-Box Volume scales similarly to the denominator |xi � xj | in (3.32) and

thus no additional exponent is necessary. Even though they utilize this extra scaling

method, given that the definitions provided by Haverkort in [62], [94] do not utilize

these exponents but only in their computational solutions, they are not utilized here.

Table 3.6: Bounding-Region Metric Values in the Three Dimensional Case, for the Alfa

and Beta Curves. Results are Taken From the Work by Haverkort, where more extensive

results are given [94].

Alfa Beta

WBV 3.11 3.14
WBS 4.41 4.05

WBS
2
3 2.69 2.54
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Haverkort concludes that there are two Hilbert-like SFCs with good locality pre-

serving properties: the Alfa and Beta curves [94]. Their metric values are given

in Table 3.6. Comparing their metric values to the bounds shown in Eqs. (3.47)

to (3.50), it is seen that the Alfa Curve achieves the best Worst-case Bounding-

Box Volume WBV and the Beta Curve achieves the best Worst-case Bounding-Box

Surface Area WBS [94].

Even though Haverkort investigate SFCs in three dimensions [62], [94], they do not

apply the same metrics to the non-Hilbert Curves covered in the two-dimensional

case [2]. In their work on the Bounding-Region metric for two dimensions, Haverkort

and van Walderveen find that the Balanced Peano Curve has the best WBA and

WBP values of 2.000 and 2.155 respectively [2]. This is better than the canonical two-

dimensional Hilbert Curve which has WBA = 2.400 and WBP = 2.400. This leaves

open the possibility that there may be a three-dimensional variant of the Balanced

Peano Curve that performs better than any of the Hilbert-like SFCs covered by

Haverkort. Of the SFCs covered by the other metrics in Sections 3.1 and 3.2, the

�⌦, H-Order, and Peano Curves do reasonably well. However, the Z-Order Curve

has infinite Worst-Case and much higher Average-case metric values; indicating it

is not a well performing SFC for this type of metric.

3.3.5 Clustering Metric

The Clustering metric entails two aggregations: the maximum and average of the

number of clusters for all region queries on an SFC. Bounds on these metrics are

shown in Fig. 3.5, with respect to the SFC sidelengthN and the region size parameter

rs. Asano et al. show that RSFCs can resolve square region queries with at most 4

clusters, if a constant multiple of extra d-dimensional values can be accessed [31]. In

this case, for a square region of rs⇥rs elements, Cr2s actual points would be retrieved.

They make this modification as they utilize the Clustering metric to quantify how

many disk-seeks are required to resolve a range query on SFC-mapped data stored

on a magnetic medium, such as a hard-disk. They define the AR2W2 Curve, which

they prove has the optimal number of clusters for any RSFC of Hmax
�
A2

m,⇤
�
= 3

[31].
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Figure 3.5: Some bounds for the Clustering metric. The subfigures denote di↵erent param-

eters and variables against which the metric is plotted: (a),(b) plotted against the region

size parameter rs, (c) plotted against the sidelength N , (a), (c) d = 2, and (b) d = 3. Plots

for rectangular regions have rs/4 sidelengths except for one which is equal to rs. Xu et al.

plots in subfigure (c) have rs = 2 for square regions. Rectangular regions in subfigure (c)

have rs = 4 and rs/2 for all region sidelengths except for one which is rs. Faloutsos and

Roseman plots in subfigures (a) and (b) are for all possible region queries in the given SFC

space. 1Bounds are found empirically.
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It is evident in Fig. 3.5 that the average number of clusters for a fixed-sized region

query converges to a finite non-unity number as the sidelength of the SFC increases.

The divergent empirical results by Faloutsos and Roseman di↵er as they are com-

puted for all possible region sizes rs [11]. The exact bounds for the average Clustering

metric Havg in the two-dimensional case for fixed-sized regions shows two things: the

performance of the Hilbert and Onions Curves are similar for rs << N . Jagadish

shows this for square regions, rs 2 {2, 3}, and the Hilbert Curve [59]. Xu, Nguyen,

and Tirthapura define the Onion curve which they claim has better clustering than

the Hilbert curve, which is not immediately evident in Fig. 3.5 [33]. Firstly, one

must observe that the Onion Curve plot for square regions in Fig. 3.5(c) di↵ers for

small sidelengths. The principle property of the Onion Curve that leads Xu, Nguyen,

and Tirthapura to make this claim is that the average number of clusters for the

Onion Curve decreases as the region-size is increased beyond rs >
N

2 . This can be

seen in Fig. 3.5(a), where the Xu, Nguyen, and Tirthapura (Onion, Rectangle) and

(Onion, Square) plots are the same as those from Moon et al. (Hilbert, Rectangle)

and (Hilbert, Square) but deviate slightly around rs = 26. The number of clusters

for a given region on the Hilbert Curve increases with increasing sidelength [33], [35],

[108] whereas the number of clusters for the Onion Curve peaks at around rs =
N

2 .

Given that the plots use the logarithmic scale, this is not as visible.

A major contribution by Xu and Tirthapura and Moon et al. is that the number

of clusters for a given region query is proportional to the surface area of the region

itself [35], [40]. In fact, the analytical results plotted in Fig. 3.5 are at times the

surface area of the region exactly. Another contribution by Xu and Tirthapura is in

identifying the lower bound of the average Clustering metric, for any SFC. As can

be seen in Figs. 3.5(a) and 3.5(b), there is still a significant di↵erence between the

exact average Clustering metric for the Hilbert [35] and Onion [33] Curves and the

lower bound for all SFCs.

Furthermore, Xu and Tirthapura identify the relationship between the number of

clusters and rotating the query regions [40]. Rotations are defined as the permutation

of the region sidelengths or any axis-aligned rotation. The lower bound they identify,

for any SFC for rectangular regions, assumes that no rotations are used [40], whereas

the work by Moon et al. on the Hilbert Curve and rectangular regions implicitly



66

assumes all rotations are used [35]. If only continuous SFCs are taken, this lower

bound is the exact bound, a guarantee that the curve is optimal for all rotations of

rectangular regions [40].

The Onion Curve is continuous, and therefore the advantage it has over the Hilbert

Curve is restricted to regions with no rotations. The step-changes or oscillations

in Figs. 3.5(a) and 3.5(b) are caused by the plotting method used. Given that a

rectangular region cannot have real sidelengths, the ceiling had to be taken. For a

given region size parameter, the rectangular regions used to plot have sidelengths

rs ⇥ d rs4 e ⇥
rs
4 . For the sidelength plot, the denominator is set to 2 and rs is set to 2

and 4 for square and rectangular regions respectively.

Whether one SFC achieves better clustering, using the Clustering metric, is dependent

on three components: whether more points may be retrieved for the query, if the

region size parameter is fixed or not, and whether all rotations of the region are

included. The AR2W2 Curve appears to be the best if you only have the first of

these components [31]. If the application utilizes a fixed-size region, then the Hilbert

Curve may be the best for rs << N [35] and the Onion Curve for rs > N

2 [40]. If

the region is fixed in size, but all rotations are taken, then any continuous SFC is

optimal.

3.4 Applications of Locality Metrics

Some important applications of these metrics and SFCs are discussed here, with a

focus on how the metric measures a property relevant to the computational problem.

Though there are far more applications than those covered here, these are selected

from the metric literature directly.

3.4.1 Warehouse Logistics

There are two applications in logistics where locality preservation metrics are appli-

cable, both being how to place items in a warehouse to be retrieved in the shortest
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timeframe. Hua and Zhou investigate using SFCs to order a circuit board assembly

kitting area, which stores components for electronic devices [111]. The application

involves a picker traversing throughout the warehouse to retrieve certain components

on a bill-of-materials. Only a certain number of components can be carried at a

time and some components come in reels which must be returned to their original

location within the warehouse after the correct quantity is dispensed. They identify

a clustering type metric to quantify the SFC performance. However, it is useful to

understand this problem with respect to the other logistics application.

Some warehouses store items far larger than those used in circuit boards. In some

of these instances, overhead cranes are used to transport these items. In the first

application, a picker must travel along the SFC to retrieve the components. The

crane, however, may have a motor for each axis and thus the time it takes to travel

between two points is the maximal distance k · k1. The distance a picker has to

travel is equivalent to the length of the curve between their start and end points,

which is equivalent to the partition along the SFC. However, the optimal distance

for a picker to retrieve an item is the Euclidean Distance: i.e. when there is no

prescribed path within the warehouse.

Therefore, the Hölder Continuity Ratio is the best metric for evaluating the perfor-

mance of an SFC for the retrieval of items in a warehouse. Where a picker must

travel along the curve to acquire each item, the p = 2 variant should be used: Gmax
2 .

Where an overhead crane is used, the p = 1 variant should be used: Gmax
1 . This

metric only evaluates the worst-case impact of the SFC traversal, and not the average.

Modifying the aggregation to include the average of the Hölder Continuity Ratio

would give some insight into the overall performance of the SFC for the application.

3.4.2 Scientific Computing

In many multidimensional computational problems, the data are stored in a file

mapped using Row-Major Order. An SFC may be applied, in which case the values

of the data are still stored in a single dimension in the file, but now in an order

defined by the curve. For certain multidimensional algorithms, a local context is
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needed. An example of this is a di↵erential operator. The distance in the file it must

traverse before retrieving the values is equivalent to the EdgeSum for the operator’s

context [100]. However, if it is known that the operator requires a given region of data

from the file, then multiple values can be retrieved. In this scenario the Clustering

metric is more appropriate than the EdgeSum, depending on the method with which

the operator is applied.

The application of SFCs to numerics goes further, with research being conducted

into how they can improve the performance of Finite Element Modelling analysis

(FEM) [95], [104] and Computational Geometry [96]. The Logarithmic EdgeSum

and the Partition Ratio metrics are appropriate for this application. The former can

be used to quantify the search time-complexity for a candidate SFC, as many search

algorithms scale with an order of O(log n). For FEM, it is not the search time that

is the issue, but more the ability to partition the model into regions. The Partition

Surface Ratio metric is the most appropriate in this scenario as the surface area of a

partition in the FEM space is a key factor in the performance of the associated FEM

algorithms [95], [96]. Dividing a FEM system into partitions, to compute in parallel,

requires communication between each thread or device assigned to each partition.

Therefore, to reduce the overhead of this communication step, the boundary area of

all partitions should be reduced. The Partition Surface Ratio metric quantifies this

property exactly [95], [96].

These aforementioned applications deal with the ability to divide the computational

problem into separate sets which can be executed in parallel. Chochia, Cole, and

Heywood state that the performance of a Parallel Random-Access Machine, utilizing

SFCs, can be predicted using the Hölder Continuity Ratio [88]. For a given com-

puting system, the communication pathways are very important in determining the

performance of parallel algorithms. Korneev and Shchepin show how the partitioning

of a multidimensional lattice, for a parallel computing system, is best done using

the Maximal Norm Hölder Continuity Ratio Gmax
1 [92]. The choice of p = 1 is

dependent on how the lattice is partitioned, how partitions can be accessed, and the

networking infrastructure used by the computing system.
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Though the HCR metric appears best for these applications, the best metric for

predicting performance is highly dependent on the algorithms used. For example,

Deford and Kalyanaraman define the Average Communicated Distance (ACD) metric

from the Nearest Neighbour Stretch (NNS) to quantify the impact of SFCs for N-

Body problems [110]. The NNS is used as the basis for the ACD metric as the authors

choose to measure the distance a parallel processor must communicate, rather than

the ratio of the same distance and the SFC index-di↵erence (which would be the

HCR metric).

Another application of the EdgeSum metric is to the Minimum Linear Arrangement

(MinLA) problem, or Wire Length problem, which involves ordering the nodes of a

graph. Very Large-Scale Integration design involves solving this problem to optimize

the layout of subcomponents [112].

3.4.3 Data Storage and I/O

As is discussed in Sections 3.2.2 and 3.3.5, the Clustering metric is meant to measure

the number of disk seeks to retrieve a given region query [11], [31], [35], [59]. If data are

mapped to disk using an SFC, then a region query in the d-dimensional space would

require multiple contiguous regions of the storage medium to be accessed. These

clusters require the physical storage medium to seek to subsequent clusters. For

magnetic hard disks, this is done by moving the read-write head to di↵erent sectors.

This is process is also applicable for other non-random-access storage technologies.

3.4.4 Multidimensional Data and Algorithms

Processing multidimensional data typically requires special spatial data structures,

such as R-Trees [113] or Quad-Trees [114]. The former stores point data in buckets

constrained by bounding boxes, which may overlap. The latter stores point data in

similar buckets, which do not overlap and are defined as subquadrants of the full

d-dimensional space. One spatial computational problem that utilizes these data

structures is the Nearest Neighbour Search. Given that R-Trees have bounding boxes
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of di↵erent sizes that may overlap, the Bounding-Region metric [2], [62], [94] is the

most appropriate for quantifying the locality preservation of an SFC-mapping applied

to the data structure [4], [64]. The Bounding-Region metric is not appropriate for

the Quad-Tree, as the bucket-regions do not di↵er in size or overlap [114].

The Irregularity Vector is a good metric for applications where some degree of sorting

is required [106], [107]. Examples of this are QoS Routing and some multimedia

databases. This metric has the added benefit of identifying SFCs that best suit any

intentional bias to a given dimension in the application. Where sorting is not needed,

the Description Vector metric is a suitable replacement for the Irregularity Vector

as it can also be used to match the intentional bias and fairness of SFCs and the

application [36], [105].

One scenario where these metrics are useful is in the compression of multidimensional

grid data. Some compression schemes encode the data as the di↵erence between

adjacent values [52]. Others compress by removing repeated values or sequences [41],

[42]. In both cases, compression is improved if similar values are in close proximity to

each other along a given traversal of the data. However, any given multidimensional

dataset has its own statistical properties that define how similar values are in each

dimension: a dimensional bias in the correlation of values. Some datasets are isotropic,

and thus have no dimensional bias [72]. Using the Description and Irregularity

Vectors’ notions of fairness and intentional bias, the degree of isotropic behaviour for

a dataset and the intentional bias of an SFC can be matched. This should increase

the correlation of values, and thus increase compressibility. A similar technique is

used by Ouni, Lassoued, and Abid where they develop a Gradient-based SFC to

increase the data correlation when mapped, which they show improves compression

performance [47].

3.5 Conclusion from Analysis of Metrics

This paper reviews locality preservation metrics utilizing a measurement-aggregate-

metric methodology. Six broad metric types are covered, categorized, and compared;

with relationships identified between their definitions and usage in the literature.
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Metrics are grouped into two overarching types, Point-Pair and Region metrics, with

four and two subtypes each. Alongside this categorization of locality preservation

metrics, an analysis of analytical and empirically bounds — from the literature

— on metric values for specified SFCs is given. Through this analysis, scenarios

where certain curves are best are identified: either as confirmation of conclusions

from the literature or as a comparison of said conclusions. A further contribution of

this work is in the analysis of applications where the locality preservation metrics

can be appropriately used, alongside SFC mappings. Through this, it is shown

how the measurements for each metric are related to specific properties of the

applications. Appropriate applications for the use of these metrics include warehouse

layout optimization, scientific and parallel computing, data storage optimization and

performance evaluation, spatial data manipulation and retrieval, search and sort

operations, and multidimensional data compression.
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Chapter 4

E↵ect of d-Dimensional Re-orderings

on Lossless Compression of

Radio-Astronomy and Digital

Elevation Data

A paper from this research, covering the empirical experiments and quantitative

analysis of SFC-based compression methods, was published in the IEEE Access

journal on the 28th of May 2021 and is given here. Within this chapter the DEM

and radio-astronomy datasets are analysed, the compression pipeline from which

results are obtained is discussed, and an analysis of the performance of SFC-based

compression schemes are given. This paper and chapter form the core contribution

of this work; addressing the second and third research questions in Section 1.1 and

second through fifth objectives in Section 1.3. The citation for this paper is

C. J. Haupt, E. J. Otoo, and L. Cheng, “E↵ect of d-Dimensional Re-

orderings on Lossless Compression of Radio-Astronomy and Digital Ele-

vation Data,” IEEE Access, vol. 9, pp. 80 415–80 433, 2021, issn: 2169-

3536. doi: 10.1109/ACCESS.2021.3084838. [Online]. Available: https:

//ieeexplore.ieee.org/document/9443202.

Sections relevant to this paper, whose content is included in the paper manuscript, are

Sections 2.1, 2.4 and 2.5. The core of the research in this paper was conducted by C.J.

Haupt, under the guidance and supervision of Prof. E.J. Otoo and Prof. L. Cheng.

The principle research idea was identified in a joint e↵ort between C.J. Haupt and

Prof. E.J. Otoo. The data preparation, software implementation, experiments, and

results analysis was implemented/conducted by C.J. Haupt. The paper was written

by C.J. Haupt under the supervision of Prof. L. Cheng, ensuring the quality and

standard necessary for international publication was achieved.

https://doi.org/10.1109/ACCESS.2021.3084838
https://ieeexplore.ieee.org/document/9443202
https://ieeexplore.ieee.org/document/9443202
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4.1 Methodology

To apply the SFCs, BitShu✏e, and compression schemes to the two datasets, the

C++ program sfccompress was developed with an accompanying Python script,

sfcc compress.py, for automation. Both facilitate the reordering of SFCC input

data using either the Raster Scan, Z-Order, Gray-Code, or Hilbert Curves, the ap-

plication of BitShu✏e, and the compression of the resulting preprocessed data.

BZIP2, GZIP, LZ4, and LZO — being external tools — are applied separately

to the sfccompress program. The sfcc compress.py script acts as an umbrella,

executing the appropriate tools to apply a given configuration to a dataset file. The

full compression process is illustrated in Fig. 4.1. The sfccompress program oper-

ates on SFCC files which contain raw data from the two datasets and metadata to

facilitate compression, as discussed in Section 2.4.

S�1 � BitShu✏e

Compress1 �

Compress2

1

0

C1

C2

Df

CS,�,� (Df )

sfccompress

Figure 4.1: Compression process utilizing sfccompress and external compression tools.

Internal and external compression methods/tools are labelled as C1 and C2 respectively.

� = 1 when BitShu✏e is applied and 0 otherwise. � indicates which compression scheme

is to be used. The compressed output for an input file Df is CS,�,� (Df ). Decompression is

carried out in the reverse order.

The process is parametrized using S, �, and �, representing the chosen SFC re-

ordering, whether BitShu✏e is applied (1 for yes, 0 for no), and the compression

scheme to use, respectively. The compressed version of an SFCC file Df , for a given

configuration, is given as CS,�,� (Df ). As an example, compressing a file with the

Hilbert Curve, BitShu✏e, and GZIP gives CH,1,GZIP (Df ). Execution of the compres-

sion and decompression processes is conducted using GNU Parallel [115] with four



74

threads, the number available on the computing hardware used. An input list of

parameters and filenames is supplied to GNU Parallel which passes them on to

sfcc compress.py where the appropriate tools are called. Timing is measured in

milliseconds by GNU Parallel. The ordering of parameters and filenames is such

that decompression jobs cannot occur before the compressed output is created in

a previous job. As the process is lossless, the validity of each step was verified by

reversing the process and confirming the final output matches the initial input using

a SHA256 hash-sum. The full compression and decompression process was conducted

over two days on a desktop computer with an Intel Core i5-2500K CPU, 16GB of

1333MHz DDR3 memory, a 500GB Seagate Barracuda SSD with EXT4 partitions,

the GNU C Compiler (GCC) version 9.3.0, and Ubuntu 20.04 with version 5.4.0-47

of the Linux kernel.

Storage requirements for each file is measured in bytes using the du Linux tool.

Compression and decompression speed is calculated as megabytes-per-second (MB/s)

by dividing the size of each dataset, uncompressed, by the sum of execution times

for a given configuration. The uncompressed size is used for both the compression

and decompression speeds. The runtime is measured as the number of milliseconds

elapsed from the start of the sfcc compress.py script execution to the return of an

exit code. Compression ratios are calculated as the ratio of the uncompressed size

and the compressed size (see (2.18)). Other measurements made include statistical

properties of the preprocessed files using Python. File entropy is measured on a byte

level, normalized between zero and one. The block-entropy of each preprocessed file

is calculated with a blocksize of 16KiB, also normalized between zero and one.

4.1.1 Implementation Details

The Raster Scan mapping in sfccompress is implemented using modulo arithmetic

on integer variables. For the Z-Order and Gray-Code Curves, libmorton is used [116].

Unfortunately, the CPU used does not support the BMI2 or AVX2 instruction sets,

which libmorton can use to improve mapping speeds. However, this did not appear

to be an issue with the given dataset sizes. The Gray-Code Curve mapping imple-

mentation uses the same libmorton calls but with six bitwise operations to translate
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Figure 4.2: Mapping Rate for the four SFCs on the benchmarking computer. The side-

lengths for the 2D SRTM dataset is 2048 (211) and the 3D SKA dataset is 128 (27).

between the Gray-Code index and value. The mapping algorithm by Chenyang, Hong,

and Nengchao [117] is used for the Hilbert Curve components of sfccompress by

integrating the libhilbert library [118]. The SFC mapping rates from sfccompress

are shown in Fig. 4.2. The Hilbert mapping is the slowest by a significant margin

while the other three SFCs achieve similar mapping rates. Furthermore, the Raster,

Z-Order, and Gray-Code mappings are not a↵ected by the increase in sidelength.

This is because the algorithm by Chenyang, Hong, and Nengchao iterates through

every recursive subregion of the Hilbert mapping and is thus dependent on the SFC

order m and the sidelength N = 2m [117]. However, the other three SFC mappings

are not dependent on the sidelength while Nd  264 as their mapping algorithms

operate on 64-bit integer variables in the same manner irrespective of the actual

value of N . For significantly larger sidelength values, more integer variables would

be needed by the algorithms, incurring a small runtime penalty.
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The implementation of BitShu✏e only conducts a bit-level reorganization of the

underlying values, as described in Section 2.5.1, and not the lossy precision reduction

defined by Masui et al. [20]. This BitShu✏e implementation is coded in C++ and

integrated into the sfccompress program. It is important to note that the BitShu✏e

process is dependent on the data type being used but not the number of dimensions.

For the SRTM and SKA datasets, the values are 16 bit signed integers and single-

precision floating-point values respectively, corresponding to two and four bytes each.

For an n bit data type, blocks of n values are shu✏ed at a time, packing their bits

into the output array based on their bit-level significance. Therefore, a single block

processes 2⇥n
2

8 bytes at a time: 64B for int32 and 256B for float. The performance

of this process is shown in Fig. 4.3. The shu✏e rate quantifies how many n bit input

values are shu✏ed per second while the size of the SFC space is the size of a given

data file, excluding all metadata (n8 ⇥Nd).

21 25 29 213 217 221

Size of SFC Space (KiB)
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Figure 4.3: BitShu✏e implementation shu✏e rate vs the size of the data being mapped. All

files compressed in this paper have a 213KiB sized SFC space. Note that the SRTM dataset

values are 16 bit integers and the SKA dataset values are single-precision floating-point

values. The L1, L2, and L3 cache sizes are shown in blue: 32KiB, 256KiB, and 6144KiB

respectively. The shu✏e rate is measured in values per second.
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The sizes of the L1, L2, and L2 caches for the Intel i5 CPU used are shown in Fig. 4.3

in blue. The shu✏e rate for both the forward and reverse mappings decreases when

the SFC Space exceeds the L1 Cache size but settles at a floor after the L3 Cache size.

All four cores in the i5 2500K CPU share the L3 Cache whereas there are dedicated

L1 and L2 Caches for each of the four cores. However, the BitShu✏e implementation

is not parallel and therefore only one L1 Cache and one CPU core are used. The

float data type has a shu✏e rate of about a quarter of the 16 bit integer data type.

Normalizing for data type size, BitShu✏e on single-precision float data is still half as

fast as with the smaller data type. For a given size of the SFC space, di↵erent data

types result in di↵erent access patterns for the input and output arrays. Therefore,

it is hypothesized that the slower shu✏e rate for the float data type is primarily

caused by cache misses in the BitShu✏e C++ implementation used. Secondly, the

greater decrease for the reverse mapping compared to the forward mapping may

also be attributed to cache misses and out-of-cache memory accesses. The memory

read access pattern for the forward mapping is the memory write access pattern for

the reverse mapping, and vice versa.

4.2 Experimental Results

Results are separated into three categories — compression ratios, compression and

decompression speeds, and information entropy — where both datasets are covered.

There are two important baseline configurations for the compression ratio and speed

results. The most common in real-world applications is that without SFC reordering

and without BitShu✏e — equivalent to compressing the data without any prepro-

cessing: this is the default scenario. We refer to this as the unpreprocessed data as

no preprocessing has been carried out on the dataset values. The second baseline is

when the Raster Scan is used, as is the case with the former, but with BitShu✏e

applied. This scenario is mostly applicable to the SKA dataset as BitShu✏e is com-

patible with HDF5, the format in which the data were acquired, and was designed

for the type of data present in the SKA dataset. Therefore, it is likely that BitShu✏e

is already incorporated into other radio-astronomy datasets. However, none of the

DEM file-formats support BitShu✏e, and it is less likely that BitShu✏e would be
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applied to such datasets. In each of the following subsections the key observations

are identified and important comparisons raised. A discussion of the results is given

in Section 4.3. Empirical compression ratio and speed results for all configurations

are given in Tables 4.1 and 4.2.

Table 4.1: Empirical Results for all Combinations of Compression Schemes, BitShu✏e,

and SFC Reorderings with the SRTM Dataset. Measurements Shown are Compression

Ratio Rc, Compression Speed, and Decompression Speed. The Highest Result for a Given

Combination of BitShu✏e �, Compression Scheme, and Dataset is in Bold and Underlined.

Where all Values are the Same, None are in Bold or Underlined. Note that � Denotes

Whether BitShu✏e [20] is Applied (� = 1) or not (� = 0). All Results are Shown to Three

Significant Figures. Compression Schemes Shown are BZIP2 [78], GZIP (DEFLATE) [51],

[119], Hu↵man Encoding (HFF) [45], LZ4 [56], LZ77 [41], LZO [81], LZW [44] (a Variant of

LZ78 [42]), and Run-Length Encoding (RLE) [43].

SRTM Dataset

BZIP2 GZIP HFF LZ4 LZ77 LZO LZW RLE

C
o
m
p
.
R
a
ti
o
(R

c
)

�
=

0

Raster 6.54 3.52 1.44 3.18 2.70 2.96 2.39 1.13
Z-Order 5.25 3.52 1.44 2.94 2.52 3.04 3.09 1.05

Gray 5.04 3.45 1.44 2.88 2.46 3.00 3.03 1.05
Hilbert 5.94 3.76 1.44 3.13 2.68 3.21 3.28 1.11

�
=

1

Raster 4.02 4.06 1.98 3.67 3.51 3.70 3.21 2.13
Z-Order 4.40 4.31 2.05 3.97 3.99 3.97 3.42 2.41

Gray 4.38 4.29 2.05 3.94 3.95 3.96 3.41 2.40
Hilbert 4.47 4.33 2.04 4.02 4.06 4.03 3.45 2.46

C
o
m
p
.
S
p
e
e
d

(M
B
/
s)

�
=

0

Raster 7.43 6.05 24.7 6.58 15.6 3.00 7.07 40.0
Z-Order 7.34 3.16 17.7 5.65 11.9 1.74 6.86 29.1

Gray 7.48 3.24 17.3 5.78 11.6 1.79 6.83 27.0
Hilbert 3.56 2.09 4.99 3.02 4.63 1.36 3.45 5.49

�
=

1

Raster 8.88 4.81 22.9 10.8 9.39 2.79 7.20 30.8
Z-Order 7.93 5.36 16.7 11.0 8.83 3.22 6.84 22.2

Gray 7.63 5.11 16.2 10.4 8.90 3.11 6.89 23.0
Hilbert 3.71 2.89 4.81 4.27 4.14 2.19 3.42 5.23

D
e
co

m
.
S
p
e
e
d

(M
B
/
s)

�
=

0

Raster 7.43 6.01 23.4 6.58 15.5 2.98 7.10 30.4
Z-Order 6.91 3.07 17.6 5.29 11.3 1.71 6.88 21.5

Gray 6.51 3.04 17.0 5.17 11.2 1.73 6.70 21.1
Hilbert 3.51 2.08 4.89 2.98 4.62 1.36 3.40 5.29

�
=

1

Raster 7.58 4.40 20.2 8.94 9.20 2.64 7.19 26.8
Z-Order 6.71 4.81 14.6 8.92 8.66 3.00 6.73 21.7

Gray 6.69 4.61 15.8 8.67 8.71 2.91 6.89 21.3
Hilbert 3.46 2.74 4.79 3.92 4.13 2.11 3.37 5.19
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Table 4.2: Empirical Results for all Combinations of Compression Schemes, BitShu✏e, and

SFC Reorderings with the SKA Dataset. This caption is equivalent to that for Table 4.1.

SKA Dataset

BZIP2 GZIP HFF LZ4 LZ77 LZO LZW RLE

C
o
m
p
.
R
a
ti
o
(R

c
)

�
=

0

Raster 1.06 1.10 0.941 1.03 1.03 1.03 0.822 0.800
Z-Order 1.07 1.12 0.941 1.03 1.03 1.03 0.834 0.800

Gray 1.07 1.12 0.941 1.03 1.03 1.03 0.835 0.800
Hilbert 1.06 1.10 0.941 1.01 1.01 1.01 0.840 0.800

�
=

1

Raster 1.20 1.19 0.915 1.16 1.17 1.16 0.884 0.820
Z-Order 1.23 1.25 0.952 1.22 1.24 1.22 0.905 0.882

Gray 1.23 1.24 0.952 1.22 1.24 1.22 0.905 0.868
Hilbert 1.21 1.20 0.948 1.19 1.21 1.19 0.891 0.876

C
o
m
p
.
S
p
e
e
d

(M
B
/
s)

�
=

0

Raster 4.14 10.4 18.7 12.1 2.44 6.31 3.21 35.9
Z-Order 4.25 11.4 15.9 14.3 2.41 6.86 3.16 32.5

Gray 4.36 11.5 14.8 14.4 2.41 6.75 3.10 33.3
Hilbert 3.39 6.50 7.79 7.48 2.17 4.67 2.62 10.9

�
=

1

Raster 4.16 6.68 14.4 10.8 2.81 3.68 3.23 24.3
Z-Order 4.07 5.93 12.6 9.84 2.86 3.34 3.19 19.2

Gray 4.14 5.83 12.6 9.66 2.85 3.42 3.20 21.5
Hilbert 3.36 4.19 6.95 6.16 2.52 2.78 2.64 9.20

D
e
co

m
.
S
p
e
e
d

(M
B
/
s)

�
=

0

Raster 4.07 10.0 15.2 9.80 2.41 6.03 3.10 20.9
Z-Order 4.22 9.94 13.4 11.4 2.37 5.98 3.03 23.2

Gray 4.26 10.5 12.7 12.0 2.35 6.24 3.05 19.2
Hilbert 3.37 6.11 7.75 6.56 2.15 4.41 2.59 9.68

�
=

1

Raster 3.93 5.85 11.8 8.44 2.80 3.40 3.17 17.9
Z-Order 4.08 5.81 11.1 9.01 2.88 3.31 3.14 14.4

Gray 4.09 5.73 10.3 8.81 2.86 3.41 3.07 16.4
Hilbert 3.28 4.04 6.54 5.72 2.51 2.71 2.57 8.75

4.2.1 Entropy Analysis

The SKA dataset has high entropy, with all unpreprocessed and preprocessed files

being above 0.9. The SRTM dataset has a broader range of file-entropy values,

with the majority lying between 0.25 and 0.65. As the order of values does not

play a role in file entropy, the SFCs do not have any e↵ect on their own. When

BitShu✏e is applied, the byte values used to calculate the file entropy are changed,

resulting in di↵erent file-entropies. Under this scenario, the Raster Scan results in

higher entropy values for the SRTM dataset compared to all three SFCs. The Z-

Order, Gray-Code, and Hilbert Curves all achieve similar file-entropy values for the
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SRTM dataset whereas the Hilbert Curve deviates from the other two with the SKA

dataset. Applying BitShu✏e to the SKA dataset, without SFC reordering, increases

file-entropies by approximately 0.05. The similarity in file entropy observed between

each SFC with the SRTM dataset is not entirely present in the SKA dataset, as the

Hilbert Curve with BitShu✏e deviates slightly to higher entropy values compared

to the Z-Order and Gray-Code Curves. Given that the BitShu✏e process reorders

by bit and the file entropy is measured on the byte level, the deviation between the

three SFCs with the SKA dataset and not with the SRTM dataset can be attributed

to two factors.

Firstly, the three dimensions in the SKA dataset have significantly lower autocorrela-

tions compared to the SRTM dataset. Given that the three SFCs traverse subquad-

rants in di↵erent orders, the bit-level statistics of the BitShu✏e values di↵er more

with lower autocorrelation values. Secondly, the Z-Order and Gray-Code Curves

traverse the least-significant dimension first whereas the Hilbert Curve traverse the

most significant first (see Fig. 2.1). Given that the three SFCs are recursive, it is

also important to note that each subquadrant of the Hilbert Curve has a di↵er-

ent orientation but the other two SFCs do not. Furthermore, Mokbel, Aref, and

Kamel show that the Z-Order and Gray-Code Curves have dimensional bias whereas

the Hilbert Curve does not [36]. The combination of dimensional-bias in the SKA

data, indicated by the autocorrelation and the dimensional bias of the Z-Order and

Gray-Code Curves, causes the resulting BitShu✏e values to di↵er from the Hilbert

Curve. This is not observed for the SRTM dataset as it is isotropic and thus the

dimensional-bias of the curves cannot significantly influence the BitShu✏e values

and thus the file-entropy.

However, total file entropy is not a good indicator of the underlying file structure.

To analyse the impact of SFC reordering and BitShu✏e further, the block-entropies

for all files are plotted in Fig. 4.4. The similarity between all orderings without

BitShu✏e for file-entropies is not present in the block-entropies as each block includes

di↵erent values. The blocksize is of the form 2dm (for d 2 {2, 3}), equivalent to a

subquadrant in the SFC mappings. Without BitShu✏e, the block-entropies for both

datasets are lower with SFC reorderings, though negligible for the SKA dataset

(⇡0.05 lower). The SFCs reduce the block-entropy for the SRTM dataset without
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Figure 4.4: Median block-entropy for both datasets, all SFCs, and with and without

BitShu✏e. The top and bottom rows contain results for the SRTM dataset and SKA dataset

respectively. Shaded-areas denote the inter-quartile ranges. The block-size used is 16KiB.

The entropy is calculated using byte-sized symbols and normalized to between 0 and 1.

BitShu✏e, compared to the Raster Scan, by approximately 0.15. However, all three

SFCs have equivalent block-entropies as they have the same subquadrant extents

(all are recursive with B = 2d). Chunking the datasets into blocks with the same

extents as the SFC subquadrants (assuming a block-entropy blocksize larger than

the chunk size) would result in the same block-entropy results regardless of the SFC

used. However, the block-entropies are more useful in understanding the impact of

BitShu✏e. By showing where the original datasets are the most redundant.

As the block-entropy for the SRTM dataset with BitShu✏e is zero for the last 30%

of each file, we can conclude that the most significant 4 bits of the int16 values

are mostly redundant (b30%⇥ 16 bitc = 4bit). With SFC reorderings, the median

block-entropy is e↵ectively zero for the last half of each file. This implies that at
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least half of the SRTM files only require one byte instead of two to represent most of

their values when using an SFC and BitShu✏e. This would require some metadata

to store the actual value of the upper bits for specified blocks of values. With the

Raster Scan, the median block-entropy reaches zero approximately one-bit later and

thus would require 9 bits when BitShu✏e is used.

A similar claim cannot be made for the SKA dataset as the block-entropies never

drop to zero. However, the bits in the floating-point values have distinctly di↵erent

entropies based on their location in the binary representation. Each IEEE-754 single-

precision value in the SKA data consists of 32 bits split into a mantissa (21 bits),

exponent (8 bits), and sign (1 bits). The first 71.9% of the BitShu✏ed SKA files

contain the mantissa, with the least-significant bits first. Even though the block-

entropy begins to drop at about 60% through the SKA files, this only accounts

for the three most significant bits of the mantissa. The exponent bits are far more

redundant, achieving a median block-entropy below 0.5. However, even though SFCs

had little e↵ect without BitShu✏e, and on the mantissa bits with BitShu✏e, the

block-entropy for the exponent bits is 0.2 lower with SFC reorderings than with the

Raster Scan. As the block-entropy for the mantissa bits is the maximum possible

(1.0), it can be assumed that the majority of compression gains on the SKA data

are concentrated in the exponent and sign bits.

Not all compression schemes would be able to exploit the lower entropies present in

the preprocessed files as they use other non-entropy based algorithms. However, the

file-entropies and block-entropies shown are indicative of the restructuring carried

out by the SFCs and BitShu✏e. Secondly, the significant reduction in block-entropy,

for the SRTM dataset without BitShu✏e, when SFCs are applied shows that they

e↵ectively exploit the high local-correlations of Gaussian Random Fields.

4.2.2 Compression Ratios

For nearly all compression schemes and SFCs, the use of BitShu✏e always improves

compression ratios. The only two instances where this is not the case is for BZIP2

with the SRTM dataset and Hu↵man Encoding with the SKA dataset and the Raster
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Scan. Compression Ratios are more than 30% smaller for BZIP2 and the SRTM

dataset when BitShu✏e is applied. Even though BitShu✏e improves compression

ratios for the SKA dataset with Hu↵man Encoding and SFC reordering, the com-

pression scheme always results in larger dataset sizes for the SKA data. LZW and

RLE also fail at compressing the SKA dataset to above-unity compression ratios.

RLE only achieves Rc values above two for the SRTM dataset if BitShu✏e is used,

between 1.05 and 1.13 if not.

Without BitShu✏e, RLE has the worst compression ratios for the SRTM dataset

whereas it is the worst for SKA dataset with and without BitShu✏e. For � = 0

and all SFCs, RLE has a compression ratio of 0.8 for the SKA dataset owing to

the low local correlation of the data and the specific byte encoding used by the

RLE implementation. As the SKA dataset uses IEEE-754 single-precision floats,

each RLE encoded symbol requires five bytes: a run length and the run value. If

there are no runs with lengths greater than one, we would expect a compression

ratio of Rc = 0.8, the Rc achieved for the SKA dataset with RLE and no BitShu✏e.

This shows that RLE, with this naive encoding scheme, is wholly unsuitable for

compressing the SKA dataset. Even with BitShu✏e, RLE ratios are only increased

by up to approximately 10% yet still sub-unity (Rc < 1).

Compression Ratios for the SKA dataset never exceed Rc = 1.3. HFF, LZW, and

RLE all expand the dataset size — in all cases — rather than reducing it. However,

without BitShu✏e, the largest compression ratio for the SKA dataset is 1.12 when

using GZIP with either the Z-Order or Gray-Code Curves. For the SRTM dataset, all

compression schemes achieve Rc > 1, under all configurations. When it comes to the

e↵ect of SFC reordering versus the Raster Scan, the curves nearly always improve

compression for both datasets when BitShu✏e is also applied. Without BitShu✏e,

the only schemes improved through the use of SFC reorderings are GZIP, LZO,

and LZW for the SRTM dataset and BZIP2, GZIP, and LZW for the SKA dataset.

Interestingly, the Hilbert Curve gives the biggest improvement of all the SFCs for

the SRTM data, when SFCs do improve Rc values. The Z-Order and Gray-Code

Curves do decrease compression ratios by more than 5%, without BitShu✏e, in

some cases: BZIP2, LZ4, LZ77, and RLE for the SRTM dataset. The only situation
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where the Hilbert Curve reduces Rc more than 5% is with BZIP2, no BitShu✏e,

and the SRTM dataset.

With BitShu✏e, compression ratios are increased through the use of SFC reordering

anywhere between 3% and 15.5% for the SRTM dataset and 0.79% and 7.56%

for the SKA dataset. These ranges are expanded further when comparing SFC

reordering with BitShu✏e to the Raster Scan without BitShu✏e. The largest increase

in compression ratio over the default unpreprocessed row-major ordering is with

RLE, BitShu✏e, and the Hilbert Curve on the SRTM dataset; increasing Rc from

1.13 to 2.46, an increase of 117.7%.

For the SKA dataset, the largest percentage is 20.39% for both the Z-Order and Gray-

Code Curves with BitShu✏e and LZ77. Without BitShu✏e, the biggest percentage

increase using an SFC reordering is 37.24% and 2.19% with the Hilbert Curve and

LZW for the SRTM and SKA datasets respectively. Interestingly, the Hilbert Curve

loses this lead to the other two SFCs when BitShu✏e is applied to the SKA dataset.

In general, the best SFCs for increasing Rc are the Hilbert Curve for the SRTM

dataset and the Z-Order Curve for the SKA dataset. For the SKA dataset with

BitShu✏e, the Z-Order Curve improves Rc by an average of 4.73% compared to

the Raster Scan. For the SRTM dataset, where the Hilbert Curve does improve the

compression ratio, Rc is increased on average by 13.13% through its use.

The Z-Order and Gray-Code Curves consistently achieve the highest compression

ratios for the SKA dataset with BitShu✏e, exceeding Rc = 1.2 for BZIP2, GZIP,

LZ4, LZ77, and LZO. The Hilbert Curve achieves between 1.19 and 1.21 ratios for

the same compression schemes. The largest compression ratio for the SKA dataset

with BitShu✏e, of 1.25, is achieved with GZIP and the Z-Order Curve. However, the

largest absolute increase in Rc when applying SFC reorderings, for the SKA dataset,

is with LZ77 and the Z-Order and Gray-Code Curves, not GZIP; increasing from

Rc = 1.03 (� = 0) and Rc = 1.17 (� = 1) to 1.24 (� = 1). The largest absolute

increase in Rc for the SRTM dataset is also for LZ77, but instead with the Hilbert

Curve, increasing from 2.96 (� = 0) and 3.7 (� = 1) to 4.03 (� = 1). Without

BitShu✏e, compression ratios are increased by less than 0.2 for the SKA dataset.
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However, the largest equivalent increase for the SRTM dataset is with LZW, from

Rc = 2.39 to Rc = 3.28.

For both datasets, the Lempel-Ziv based compression schemes perform similarly.

Hu↵man Encoding and RLE perform the worst while BZIP2 performs the best for

the SRTM dataset and on par with the Lempel-Ziv schemes for the SKA dataset.

The Burrows-Wheeler Transform (BWT) exploits strong local correlation between

adjacent values by implementing a reversible pseudo-sort. If the local correlation is

weak, the BWT would be less e↵ective. This is most likely why BZIP2, in which

BWT is the core component, performs worse for the SKA data.

The aforementioned literature for DEM data achieves higher compression ratios than

those shown here. Scarmana and McDougall achieve compression ratios similar to

those in the work presented here with LZW and GZIP/DEFLATE but their Hilbert

Curve based compression scheme using DPCM achieves compression ratios above

Rc = 7, higher than BZIP2 for the SRTM dataset [12]. None of the compression

schemes investigated in this paper use predictive coding, the primary technique in

DPCM. Furthermore, the dataset used by Scarmana and McDougall is not the same

as the SRTM dataset, indicating that the two results are not entirely comparable. The

average compression ratio found by Rane and Sapiro for the JPEG-LS compression

scheme on DEM data isRc = 11.75 [55]. This is significantly higher than compression

ratios achieved here and in the work by Scarmana and McDougall [12]. Rane and

Sapiro investigate only JPEG-LS, the lossless and near-lossless JPEG encoding

scheme [55]. Scarmana and McDougall also investigate JPEG-LS with their dataset,

but only achieve an average compression ratio of Rc = 5.97 [12], a value much lower

than that achieved by Rane and Sapiro for 16 bit integer DEM data [55]. This raises

the question of how these approaches to compressing DEM data would perform on

a common dataset.

For the SKA dataset, the lossy BitShu✏e technique defined by Masui et al. attains

compression ratios of approximately Rc3.58, higher than that attained through

lossless compression of the SKA dataset [20]. Though, this significant performance

is achieved with lossy compression, which is outside the scope of this work. But it

does highlight that radio astronomy data is far more redundant when some precision
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is lost for the sake of size requirements. The work by Zheng et al., in compressing

astronomy data using an e↵ective bit-width transform with GZIP, shows that there

is still room for lossless compression schemes for similar datasets [58]. Even so, their

dataset, and that used by Masui et al., contains integer data and not floating-point

data as is the case with the SKA dataset. Regardless of the comparative performance

between previous works and the results conveyed here, it is evident that astronomy

data requires some bit-level manipulation to compress e↵ectively. Whether this is

BitShu✏e, an e↵ective bit-width, or an alternative scheme, compression is dependent

on the underlying bit-level statistics of the data type and dataset.

4.2.3 Compression and Decompression Speeds

The compression and decompression speeds observed are somewhat correlated with

the compression ratios achieved. This relationship is evident in Fig. 4.5, where lower

Rc values have higher compression and decompression rates. The numerical results

in Tables 4.1 and 4.2 also show how di↵erent configurations change processing

speeds. Decompression is generally slower than compression by about 20%, for

all compression schemes except RLE, while decompression is up to 26% and 42%

slower for the SRTM and SKA datasets respectively. However, RLE is the fastest

compression scheme in all cases, as no dictionary or encoding table is needed to

process the data. Compression speeds are predominantly slower for the SRTM dataset

when some preprocessing is applied (SFCs and/or BitShu✏e). The application of

SFC reordering to the SRTM dataset only improves compression and decompression

speeds for GZIP and LZO with BitShu✏e. When compared to the unpreprocessed

configuration, their improvements are significantly diminished, if not negated entirely.

Without BitShu✏e, the Raster Scan always performs faster than the other three

SFCs for the SRTM dataset.

Nearly all compression schemes, applied to the SKA dataset, are slowed down through

the use of BitShu✏e. The impact is di↵erent for the SRTM dataset where it some-

times benefits the overall speed. In many cases, it has very little impact on compres-

sion and decompression speeds for the SRTM dataset. It is possible that the reduced

shu✏e rate for three-dimensional floating-point data shown in Fig. 4.3 is the cause
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for the lower speeds in the SKA dataset when BitShu✏e is applied. However, the

time elapsed to conduct BitShu✏e is a few milliseconds at most and is independent

of the compression scheme used. Therefore, any di↵erence in compression and de-

compression speed between compression techniques, for a given dataset and �, must

be because of the compression scheme and its interaction with BitShu✏e and the

SFCs, and not the BitShu✏e implementation itself.

Though SFC reorderings do not positively impact compression speeds without Bit-

Shu✏e for the SRTM dataset, the SKA dataset does benefit from their usage. When

applying the Gray-Code Curve without BitShu✏e to the SKA dataset, the compres-

sion and decompression speeds of LZ4 are increased by 19% and 22.5% respectively.

This benefit is diminished when BitShu✏e is applied, improving decompression

speeds by under 10% but slowing compression down by 10.6%. However, the intro-

duction of BitShu✏e to any configuration for the SKA dataset nearly always reduces

speeds. The only exceptions are LZ77 and LZW which are approximately 0.4MB/s

and 0.04MB/s faster respectively. For all compression schemes and configurations,

the Hilbert Curve is always the slowest. This can be partially attributed to the

significantly slower mapping rate shown in Fig. 4.2. The total runtime for each

compression scheme has a roughly-constant delay when using the Hilbert Curve

compared to the Raster Scan and other two SFCs. For the SKA and SRTM datasets,

this o↵set is 400 s to 500 s and approximately 1000 s respectively. The shorter delay

when using the Hilbert Curve for the SKA dataset is caused by the approximately

1.5⇥ 105Hz higher mapping rate for the three-dimensional Hilbert mapping with a

sidelength of 27 compared to the two-dimensional Hilbert Mapping with a sidelength

of 211.

For both datasets, the second fastest compression scheme is Hu↵man Encoding with

the Raster Scan. This may be owing to the generation and processing of the Hu↵man

tree but further research is required to identify the cause. Hu↵man Encoding is slowed

down through the application of BitShu✏e for both datasets, even with the Raster

Scan. LZ77 is the third fastest scheme for the SRTM dataset but the slowest for

the SKA dataset. This may be owing to the lack of an optimized dictionary search

algorithm in the LZ77 implementation used, as the other LZ77-based schemes (GZIP,

LZ4, and LZO) are faster. Of the compression schemes that achieve greater than
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unity compression ratios for the SKA dataset, the fastest is LZ4 with BitShu✏e

and the Z-Order Curve. In fact, the Z-Order and Gray-Code Curves improve the

compression and decompression speeds of BZIP2 and LZ4 for the SKA dataset, when

compared to the Raster Scan.

When compared to the unpreprocessed configurations, the biggest percentage in-

crease in speeds for the SRTM and SKA datasets are for LZ4 with the Z-Order Curve

(� = 1) and the Gray-Code Curve (� = 0) respectively. This is also the case for the

biggest absolute increase in compression and decompression speeds, ignoring RLE

for the SKA dataset as it does not achieve a reduction in dataset size. With LZ4,

BitShu✏e, and the Z-Order Curve, the SRTM dataset is compressed at 11MB/s

and decompressed at 8.92MB/s. With LZ4 and the Gray-Code Curve, the SKA

dataset is compressed at 14.4MB/s and decompressed at 12MB/s. However, LZ4

only achieves a compression ratio of 1.03 for the SKA dataset without BitShu✏e.

With BitShu✏e, the Z-Order Curve is better, with compression and decompression

speeds of 9.84MB/s and 9.01MB/s respectively. This is slower than if the Raster

Scan was used without BitShu✏e. If BitShu✏e is to be used on the SRTM dataset,

the benefit of SFC reordering on the speed of LZ4 is lost, indicating that the ma-

jority of the speed improvement comes from the usage of BitShu✏e and not SFCs.

However, the speeds of GZIP and LZO (� = 1) are increased anywhere between 5%

and 15% by applying the Z-Order or Gray-Code Curve, with the former introducing

the biggest improvement.

The speed of LZ77 on the SKA dataset is increased by 15% to 20% by using

BitShu✏e, with no substantial improvement through the use of SFC reorderings.

The accompanying speeds never reach 3MB/s. Without BitShu✏e, LZ77 is slower,

more so when SFCs are applied. However, when LZ77 is used on the SRTM dataset,

BitShu✏e has the opposite e↵ect, slowing down speeds with the Raster Scan always

achieving the fastest compression and decompression. The significant improvement

to compression ratios for LZW by using SFC reordering on the SRTM dataset does

not translate to increases in speed. Compression and decompression speeds are 2%

to 6% slower without BitShu✏e and 4% to 7% slower with BitShu✏e than when

using the Raster Scan.
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Within the same literature covered at the end of Section 4.2.2, only three explore

compression speeds. The Hilbert Curve and DPCM-based compression scheme by

Scarmana and McDougall has a compression speed of approximately 4MB/s [12],

which is around the middle for all compression schemes in Fig. 4.5 for the SRTM

dataset. Their compression speeds for LZW and DEFLATE are comparable to those

achieved in this work, though GZIP (DEFLATE) is slightly slower for the SRTM

dataset. This may be because the results for GZIP in Table 4.1 and Fig. 4.5 use

the highest compression level and thus take longer than with the default DEFLATE

parameters from PNG, used by Scarmana and McDougall.

Comparing compression speeds for the SKA dataset, with the results obtained by

Zheng et al. [58] and Masui et al. [20], is not appropriate as they use hardware

configurations that di↵er greatly from that used here. Masui et al. execute their tests

on data files stored entirely in memory, removing any I/O overhead of a permanent

storage medium such as an SSD [20]. This is why they are able to achieve a write-

speed of 749MiB/s. Zheng et al. do not store their data files in memory, but they

do use an FPGA as an external accelerator [58]. They do experiment with executing

their technique on a CPU alone, but it is nearly seven times slower than BitShu✏e

with LZ4.

4.3 Discussion

SFC reordering has a significant impact on file-entropy and block-entropy for the

SRTM dataset, without BitShu✏e. Block-entropy values are on average 0.1 lower

with SFCs than with the Raster Scan. When BitShu✏e is applied, this impact is

significantly reduced as BitShu✏e is the primary reason for the reduction in entropy.

However, the block-entropy for the most significant bits is e↵ectively zero for at least

half of the files when SFC orderings are used. The block-entropy with BitShu✏e is

about 0.15 lower with SFCs than with the Raster Scan. The high redundancy in the

most significant bits of the SRTM data is caused by its high local-correlation and

the integer representation used. The opposite e↵ect is observed in the SKA dataset,

with SFCs having a greater e↵ect with BitShu✏e than without. SFC reordering
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has little to no e↵ect on block-entropies for the SKA dataset when BitShu✏e is

not applied, with block-entropies just above 0.9. One reason for this is the low

local-correlation in the SKA data, indicating that values are more dissimilar than

alike within a small neighbouring region. The floating-point values are compact in

their structure, but there are redundant sections within the binary representation.

BitShu✏e allows the components of the single-precision floating-point values with

the smallest variation to be compressed: the exponent and sign bits. With BitShu✏e

and the Raster Scan, the block-entropy for the exponent and sign bit regions of the

SKA dataset is around 0.4 lower than without BitShu✏e. SFC reordering lowers this

by a further 0.2, a massive reduction over the block-entropy without preprocessing.

However, the mantissa makes up 72% of each BitShu✏ed SKA file, resulting in

file-entropies above 0.85 with SFC reordering and above 0.9 with the Raster Scan.

Of the three SFCs, the Hilbert Curve achieves the best compression ratios for the

SRTM dataset without BitShu✏e. However, the Raster Scan has the largest Rc for

all compression schemes except for GZIP, LZO, and LZW. With BitShu✏e applied to

the SRTM dataset, the Raster Scan always has the smallest compression ratio while

the Hilbert Curve has the largest; though it misses out by 0.01 to the Z-Order and

Gray-Code Curves for Hu↵man Encoding. For the SKA dataset, the Hilbert Curve

only achieves the largest compression ratio with LZW and no BitShu✏e but lands

up increasing the dataset size anyway (Rc = 0.84). Regardless of whether BitShu✏e

is used, the Z-Order and Gray-Code Curves consistently achieve compression ratios

larger than if the Raster Scan was used. Without BitShu✏e, the largest Rc value

is 1.12 with GZIP and either of the Z-Order or Gray-Code Curves. None of the

other compression schemes achieve more than Rc = 1.1 without BitShu✏e. The top

compressors for the SKA dataset — with BitShu✏e — are BZIP2, GZIP, LZ4, LZ77,

and LZO (all within compression ratios of 1.22  Rc  1.25). Without BitShu✏e,

the same compressors achieve maximum compression ratios of 1.07, 1.12, 1.03, 1.03,

1.03 respectively. The top compressors for the SRTM dataset are BZIP2 and GZIP

with BitShu✏e (Rc = 4.47 and Rc = 4.33) and without BitShu✏e (Rc = 6.54 and

Rc = 3.76).

Even though SFC reorderings have a generally positive impact on compression ratios,

in only a few cases are the compression or decompression speeds also increased. The
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time requirements of the Hilbert Curve algorithm and implementation used [117]

results in impractical speed reductions, for both compression and decompression,

across the board. Given that DEM data are not found in file-formats that support

BitShu✏e, the best compression configuration does appear to be BZIP2 with the

Raster Scan and without BitShu✏e: achieving a compression ratio of 6.54 and

compression and decompression speeds of 7.43MB/s. Of the compression schemes

investigated, only Hu↵man Encoding, LZ77, LZW, and RLE are in the DEM file-

formats identified in Table 2.2. Of these four schemes, LZW is improved the most

by SFC reordering (Z-Order Curve), increasing the compression ratio from 2.39 to

3.09 while e↵ectively maintaining compression and decompression speeds within a

margin of 0.24MB/s.

If a faster Hilbert Curve mapping implementation were to be integrated, a compres-

sion ratio of 3.28 could be obtained without the substantial speed penalty present in

these results. Interestingly, GZIP is improved in all regards through the use of the

Gray-Code Curve when applied to the SKA dataset without BitShu✏e. The fastest

scheme for the SRTM dataset is RLE followed by Hu↵man Encoding. In fact, RLE

achieves faster compression and larger compression ratios than Hu↵man Encoding,

when BitShu✏e is used. The general lacklustre speeds with preprocessing are more

than likely because of implementation specific details as is the case with the Hilbert

Curve and BitShu✏e on three-dimensional floating-point data. Further research in

this regard is needed to determine how the speeds can be brought to be on par with

the Raster Scan while maintaining the better compression ratios measured. If the

Hilbert Curve and BitShu✏e implementations are optimized for faster computation,

then the compression ratio advantages they provide can be exploited without the

speed penalty found in this work.

The SKA dataset is highly incompressible, as shown by the low compression ratios

in Table 4.2. As is evident in the literature, BitShu✏e has a significant impact

on compression ratios, achieving a maximum of Rc = 1.25 with GZIP and the

Z-Order Curve compared to the maximum without BitShu✏e of Rc = 1.12 with

the same scheme and SFC. Unlike for the SRTM data, the Hilbert Curve is never

the best compressor for the SKA Dataset, with or without BitShu✏e. Secondly, the

Raster Scan is never the best compressor by itself, always tied with the Z-Order



93

and Gray-Code Curves. Furthermore, the Raster Scan is always the worst ordering

for compression with BitShu✏e for both datasets. This shows that the best SFC

reordering scheme is di↵erent for these two types of datasets. The strong di↵erences

in their autocorrelations, coupled with their data types, is the clearest reason behind

why the Hilbert Curve is best for the SRTM data and the Z-Order and Gray-Code

Curves are best for the SKA data. As is shown by Mokbel, Aref, and Kamel, the

Hilbert Curve has no bias to any given dimension whereas the Raster Scan, Z-Order,

and Gray-Code curves have strong biases towards specific dimensions [36]. Given

the SKA data’s strong correlation in the time-dimension, compared to the channel

and correlator dimensions, it is natural to ask whether a variant of the Raster Scan

that traverses the dimensions in a di↵erent order would result in better compression

performance than the orderings investigated here.

4.4 Conclusion from Experimental Results

The application of SFC reordering to DEM and radio-astronomy data gives varying

results that are dependent more on the compression scheme than the curve used

and whether BitShu✏e is applied. SFCs are shown to reduce file-entropy and block-

entropy for the SRTM dataset (without BitShu✏e) and the SKA dataset (with

BitShu✏e). However, there is little di↵erence between the Z-Order, Gray-Code,

and Hilbert Curves, as they are all Recursive Space-Filling Curves with the same

subquadrants and thus data extents. BitShu✏e is shown to improve compression

ratios across the board with varying speeds. The Z-Order and Gray-Code Curves

improve compression ratios and maintain compression speeds for both datasets, when

compared to the Raster Scan. However, the Hilbert Curve gives larger compression

ratios for the SRTM dataset. Using the three curves, the compression ratio of the

SRTM dataset using LZW is increased from 2.39 to 3.09 while maintaining a speed

of around 7MB/s using the Z-Order Curve.

GZIP and LZ4, combined with BitShu✏e and the Z-Order Curve, achieve compres-

sion ratios of 1.24 and 1.22 for the SKA Dataset, with average speeds of 5.87MB/s

and 9.43MB/s respectively. In fact, the compression performance of GZIP on the
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SKA dataset, without BitShu✏e, is improved in all regards by using the Gray-Code

Curve (Rc from 1.1 to 1.2 and speeds from approximately 10MB/s to approximately

11MB/s). The Hilbert Curve consistently achieves higher compression ratios for the

SRTM data with and without BitShu✏e but loses to the Z-Order and Gray-Code

Curves for the SKA dataset. However, compression speeds are significantly biased

towards the standard Row-Major Order for the SRTM dataset, with the fastest

configuration on the SKA dataset varying between Row-Major Order, the Z-Order

Curve, and the Gray-Code Curve. Furthermore, the Hilbert Curve mapping imple-

mentation introduces a significant runtime penalty — compared to the Row-Major,

Z-Order, and Gray-Code Curves — making its usage in these contexts impractical

unless a faster mapping algorithm is identified and integrated.

The Z-Order and Gray-Code Curves show consistent improvement to compression

ratios and varying improvement to processing speeds over the Raster Scan, for

the SKA dataset with BitShu✏e, indicating that alternative orderings do benefit

compression performance for radio-astronomy data. If a faster Hilbert Mapping

algorithm is identified, its use as a reordering scheme for DEM data shows significant

promise for improving already existing compression schemes. Some additional speed

improvements may be gained by further optimizing the BitShu✏e implementation

similarly to the Hilbert Curve implementation.
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Chapter 5

Conclusion

5.1 Summary of Research

The work presented here centres around the problem of a lack of knowledge on

the e↵ect of SFC reorderings on compression performance for Digital Elevation

Model and Radio-Astronomy data. Firstly, background information and a literature

review is presented. Definitions for SFCs, locality preservation, and the measurement-

aggregate-metric methodology are given, with a review of the applications of these

curves to compression and otherwise. The two datasets used to answer the three

research questions posed— the SRTM (DEM) and SKA (Radio-Astronomy) datasets

— are analysed to identify the behaviour of their underlying values. A discussion of

compression schemes and BitShu✏e is also given.

The contributions made in this research are presented as two papers in Chapters 3

and 4. The second paper was published in the IEEE Access journal on the 28th

of May 2021 [22]. The first paper (Chapter 3) contains an in-depth investigation

into and comparison of metrics quantifying the locality preservation ability of SFCs.

This addresses the first research question, which is given below. The second paper

(Chapter 4) contains the core contribution of this work: the compression of DEM

and Radio-Astronomy data. This includes a description of the methodology used

and software implemented to carry out the compression process. Following this is a

detailed analysis of the entropy and compression performance of the SFC reordered

datasets.
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5.2 Recommendations and Future Work

The compression of data mapped using SFCs is highly dependent on the behaviour of

the data. For DEM data, it is recommended to use the Z-Order or Gray-Code Curve as

it should give an adequate improvement to compression ratios without significantly

reducing speeds. The Hilbert Curve can be used, but it will negatively impact

compression and decompression speeds unless an optimized mapping algorithm is

developed and utilized. Most Lempel-Ziv type compression schemes investigated had

improvements to compression performance for DEM data through the use of SFC

reorderings.

If BZIP2 is used, SFCs are not recommended as compression performance is not

improved through their use. BitShu✏e is absolutely necessary to e↵ectively compress

floating-point Radio-Astronomy data, with the Z-Order and Gray-Code Curves being

the recommended SFCs. BZIP2 has no advantage over Lempel-Ziv type compression

schemes for this type of data. As with all software and computing design decisions,

changes to compression ratios and compression and decompression speeds must be

balanced within the context of the application.

As discussed in Sections 4.2 and 4.3, the implementation of the Hilbert Curve map-

ping is the biggest opportunity for improvement as its usage improves compression

ratios for the SRTM dataset but is significantly slower owing to the slow mapping

rate. The mapping implementation for the Z-Order and Gray-Code Curves exploits

AVX2 and BMI2 x86 instruction sets [116] whereas the Hilbert Curve implementa-

tion does not [118]. As is previously highlighted, the Z-Order and Gray-Code Curves

perform best for the SKA dataset. However, given the stronger autocorrelation in

the time-dimension, there is the possibility that a variant of the Raster Scan or

another SFC would result in better compression performance if it can exploit this

dimensional bias. The Description Vector metric, developed by Mokbel, Aref, and

Grama, is an appropriate tool to evaluate the compression performance for a given

SFC [36].

If further work is conducted on reordering radio-astronomy data for the purpose

of compression, the description vector is an appropriate and necessary tool. The
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compression ratios achieved are good, but comparing these results to those in the

literature indicates that there may be other compression schemes that are better

suited for the datasets with SFC reorderings [12], [20], [55], [58]. Applying the follow-

ing methodology to other compression schemes would expand upon the knowledge

of how such reorderings e↵ect compression performance. The most interesting can-

didates, in the author’s opinion, are arithmetic encoding, predictive coding (such as

DPCM), and domain-specific lossy compression schemes. Furthermore, compressing

floating-point DEM data using this methodology would help identify the impact of

di↵erent data types on similar IGRF data-models.

5.3 Conclusion

Through the work presented here, the three research questions posed in Section 1.1

have been answered. In achieving this, a number of contributions are made, the

core of which is in the application SFCs to the compression of two types of data

that have not been extensively researched before: DEM and Radio-Astronomy data.

The results from this contribution expand the knowledge of SFC-based compression

methods in an extensive and exhaustive manner. Another significant contribution

of this research is in the analysis and discussion of locality preservation metrics

for SFCs. Conclusions made in this analysis are used in the former contribution,

illustrating that an understanding of these metrics is important when applying SFCs

to a computational problem. The answers to each of the three research questions

originally posed are as follows.

What metrics can be used to rank SFCs for a specific computational task?

Numerous methods quantifying locality preservation were identified from the

literature. In doing so, they were categorized into two types (point-pair and

region metrics) and size subtypes (the Hölder Continuity Ratio, Reciprocal

Hölder Continuity Ratio, Partition Ratio, Description and Irregularity Vec-

tors, Bounding-Box Metrics, and Clustering Metric). It was shown that these

metrics give rise to di↵erent best SFCs, which are also dependent on the size
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of the SFC. Appropriate computational applications were identified by match-

ing the algorithms, data structures, and metric-measurements. Through this

analysis, the Description Vector metric is used to complement and analyse the

compression performance achieved in Chapter 4.

What is the impact of SFC reorderings on the compressibility of DEM and

Radio-Astronomy data? SFCs can improve compressibility by a respectable

margin, but the degree of this improvement is based on the properties of the

data. Utilizing DEM and Radio-Astronomy datasets, which present di↵erent

spatial properties, it was shown that SFCs can improve compressibility when

the curve traversal and the data correlations match. SFCs reduce block-entropy

values; as was hypothesized. However, the data type (integer or floating-point)

is a significant driving factor on the compression performance. BitShu✏e, the

bit-wise preprocessing step, allows SFCs to increase compressibility signifi-

cantly more than without. The Z-Order, Gray-Code, and Hilbert Curves all

improve the compressibility similarly.

What is the impact of SFC reorderings on compression performance

for DEM and Radio-Astronomy data? Improvements to compression

performance vary more than with compressibility. The Z-Order and Gray-Code

Curves improve compression ratios for both datasets, but the Hilbert Curve

only contributes such an improvement for the DEM data. This is attributed

to the IGRF behaviour of the DEM data, a property that cannot be assigned

to the SKA data. Though SFCs do contribute to larger compression ratios

in some cases, the impact on compression and decompression speed is not as

beneficial. Overall, SFCs do not reduce the execution time of compression.

However, in many cases the speeds are maintained. The Hilbert Curve has a

significant negative impact on compression and decompression speeds, owing

to the higher computational cost and poor scaling of the Hilbert mapping

algorithm compared to that of the Raster, Z-Order, and Gray-Code Curves.

BitShu✏e is necessary to e↵ectively compress the SKA dataset, with SFCs

providing an improvement to compression performance with and without it.
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52. R. Pračko and J. Polec, “DPCM application to images scanned by SFC

method,” Journal of ELECTRICAL ENGINEERING, vol. 58, no. 3, p. 4,

Nov. 3, 2007.

53. A. Quin and Y. Yanagisawa, “On data compaction of scanning curves,” The

Computer Journal, vol. 32, no. 6, pp. 563–566, Dec. 1, 1989, issn: 0010-4620.

https://doi.org/10.1109/JRPROC.1952.273898
https://doi.org/10.1117/12.171928
https://www.spiedigitallibrary.org/journals/journal-of-electronic-imaging/volume-3/issue-2/0000/Lossless-compression-of-Peanoscanned-images/10.1117/12.171928.short
https://www.spiedigitallibrary.org/journals/journal-of-electronic-imaging/volume-3/issue-2/0000/Lossless-compression-of-Peanoscanned-images/10.1117/12.171928.short
https://www.spiedigitallibrary.org/journals/journal-of-electronic-imaging/volume-3/issue-2/0000/Lossless-compression-of-Peanoscanned-images/10.1117/12.171928.short
https://doi.org/10.1109/ICCAIE.2011.6162175
https://doi.org/10.1007/s11760-013-0435-4
https://doi.org/10.1007/s11760-013-0435-4
https://doi.org/10.1007/s11760-013-0435-4
https://www.w3.org/Graphics/GIF/spec-gif89a.txt
https://www.w3.org/Graphics/GIF/spec-gif89a.txt
https://www.rfc-editor.org/info/rfc2083
https://www.rfc-editor.org/info/rfc2083
https://doi.org/10.17487/RFC1951
https://www.rfc-editor.org/info/rfc1951


106

doi: 10.1093/comjnl/32.6.563. [Online]. Available: https://academic.oup.

com/comjnl/article/32/6/563/341695.

54. N. Memon, D. L. Neuho↵, and S. Shende, “An analysis of some common

scanning techniques for lossless image coding,” IEEE Transactions on Image

Processing, vol. 9, no. 11, pp. 1837–1848, Nov. 2000, issn: 1057-7149. doi:

10.1109/83.877207.

55. S. D. Rane and G. Sapiro, “Evaluation of JPEG-LS, the new lossless and

controlled-lossy still image compression standard, for compression of high-

resolution elevation data,” IEEE Transactions on Geoscience and Remote

Sensing, vol. 39, no. 10, pp. 2298–2306, Oct. 2001, issn: 0196-2892. doi:

10.1109/36.957293.

56. Y. Collet, LZ4, version 1.9.2, lz4, Jan. 13, 2020. [Online]. Available: https:

//github.com/lz4/lz4.

57. R. Nan, D. Li, C. Jin, Q. Wang, L. Zhu, W. Zhu, H. Zhang, Y. Yue, and

L. Qian, “The five-hundred-meter aperture spherical radio telescope (FAST)

project,” International Journal of Modern Physics D, vol. 20, no. 06, pp. 989–

1024, Jun. 5, 2011, issn: 0218-2718. doi: 10 . 1142 / S0218271811019335.

[Online]. Available: https ://www.worldscientific .com/doi/abs/10.1142/

S0218271811019335.

58. Y. Zheng, Y. Zhu, Y. Song, T. Nan, and W. Li, “A Lossless Astronomical

Data Compression Scheme with FPGA Acceleration,” in 2019 32nd IEEE

International System-on-Chip Conference (SOCC), Sep. 2019, pp. 45–49. doi:

10.1109/SOCC46988.2019.1570562786.

59. H. V. Jagadish, “Linear clustering of objects with multiple attributes,” in

Proceedings of the 1990 ACM SIGMOD International Conference on Manage-

ment of Data, ser. SIGMOD ’90, New York, NY, USA: ACM, 1990, pp. 332–

342, isbn: 978-0-89791-365-2. doi: 10.1145/93597.98742. [Online]. Available:

http://doi.acm.org/10.1145/93597.98742.

60. OSGeo Project, PostGIS 3.0.1dev manual, Feb. 8, 2020. [Online]. Available:

https://postgis.net/stu↵/postgis-3.0.pdf.

https://doi.org/10.1093/comjnl/32.6.563
https://academic.oup.com/comjnl/article/32/6/563/341695
https://academic.oup.com/comjnl/article/32/6/563/341695
https://doi.org/10.1109/83.877207
https://doi.org/10.1109/36.957293
https://github.com/lz4/lz4
https://github.com/lz4/lz4
https://doi.org/10.1142/S0218271811019335
https://www.worldscientific.com/doi/abs/10.1142/S0218271811019335
https://www.worldscientific.com/doi/abs/10.1142/S0218271811019335
https://doi.org/10.1109/SOCC46988.2019.1570562786
https://doi.org/10.1145/93597.98742
http://doi.acm.org/10.1145/93597.98742
https://postgis.net/stuff/postgis-3.0.pdf


107

61. J. Qi, G. Liu, C. S. Jensen, and L. Kulik, “E↵ectively learning spatial indices,”

Proceedings of the VLDB Endowment, vol. 13, no. 12, pp. 2341–2354, Jul. 1,

2020, issn: 2150-8097. doi: 10.14778/3407790.3407829. [Online]. Available:

https://dl.acm.org/doi/10.14778/3407790.3407829.

62. H. Haverkort. “An inventory of three-dimensional Hilbert space-filling curves.”

arXiv: 1109.2323 [cs]. (Sep. 11, 2011), [Online]. Available: http://arxiv.org/

abs/1109.2323 (visited on 06/13/2018).
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