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nique designed to address the sign problem in quantum field theories with complex actions.
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range of models, including zero- and two-dimensional systems, supersymmetric quantum me-
chanics and the IKKT matrix model, a candidate for nonperturbative string theory. Key
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computational methodologies.
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1. Introduction

A fundamental tool for investigating many nonperturbative aspects of quantum field
theory (QFT) is the Monte Carlo simulation of a lattice-regularized version of the
field theory path integral. The core idea behind path integral Monte Carlo is to
generate field configurations with probability weights derived from the exponential
of the negative of the action (in Euclidean space—time). The path integral is then
computed by statistically averaging this ensemble of importance-sampled field con-
figurations. However, when the action is complex, such as in finite-temperature
quantum chromodynamics (QCD) with baryon/quark chemical potential, QCD with
a theta term, Chern—Simons gauge theories, or chiral gauge theories, the fermion
determinant can also become complex. This introduces the well-known sign problem
or complex phase problem, which undermines the reliability of conventional Monte
Carlo methods.

In the context of string theory, for instance, the IKKT matrix model — viewed as
a promising nonperturbative formulation of superstring theory — also suffers from a
complex fermion operator. These complex entities within the theory pose significant
challenges for simulation algorithms based on path integral Monte Carlo.

Several methods have been developed to address complex actions in quantum field
theories, including analytical continuation, Taylor series expansion, and more re-
cently, approaches that involve the complexification of integration variables, such as
the Lefschetz thimble method and the complex Langevin method (CLM).

The CLM is a natural generalization of the real Langevin method, which extends
stochastic quantization techniques to scenarios where the action is complex. It
overcomes the sign problem by defining a stochastic process with complexified field
variables, allowing for the calculation of observables from this process. In recent
years, the CLM has been applied with notable success in a range of models.

This review presents a detailed exploration of stochastic quantization and the
CLM, with a particular focus on its application to supersymmetric field theories. The
central idea behind stochastic quantization is that the expectation values of obser-
vables emerge as equilibrium values of a stochastic process. In the context of
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Langevin dynamics, this is achieved by evolving the system in a fictitious time
direction, referred to as Langevin time, subject to stochastic noise. For complex
actions, the fields are naturally complexified during the Langevin evolution, which
presents new challenges in terms of proving convergence to the correct equilibrium
distribution.

This review is structured across nine sections. Section 2 introduces the reader to
the basics of quantum field theory (QFT), with a particular emphasis on the path
integral formalism and Monte Carlo methods. It examines various strategies to
overcome the sign problem, focusing on complex Langevin dynamics and providing a
broader context through nonperturbative methods. Section 3 delves into the sign
problem, a critical challenge in simulating quantum field theories with complex
actions. In traditional path integral Monte Carlo methods, a real Euclidean action
allows configurations to be weighted probabilistically using a positive Boltzmann
factor. However, in systems with complex actions — such as finite-temperature
QCD with chemical potentials, topological terms, or theories with fermions — the
Boltzmann weight becomes complex, precluding its interpretation as a probability
measure. This leads to oscillatory integrals, exponential noise and unreliable simu-
lations, particularly as the system size increases. This section sets the stage for
exploring specific applications and advancements of the complex Langevin method in
addressing the sign problem. In Sec. 4, we review the complex Langevin method.
Originating in the 1980s from Parisi and Wu’s work, the method extends Langevin
dynamics — traditionally used for real actions — to systems with complexified
fields. CLM evolves field configurations in a fictitious Langevin time under stochastic
noise, using a complexified version of the Langevin equation to simulate equilibrium
distributions. The method involves treating fields as complex variables and solving
their dynamics using stochastic differential equations. Observables are computed as
equilibrium averages over these complexified configurations, with the evolution
governed by a Fokker—Planck equation adapted for complex distributions. This
allows CLM to handle the oscillatory nature of integrals in systems with complex
actions, bypassing the sign problem encountered in conventional Monte Carlo
methods. CLM’s ability to manage complex actions and severe sign problems makes
it a promising tool for simulating strongly coupled quantum systems and super-
symmetric models, as further explored in subsequent sections. Section 5 focuses on
applying the CLM to zero-dimensional quantum field theory models, serving as a
simpler setting to study fundamental issues such as spontaneous supersymmetry
(SUSY) breaking and the reliability of CLM. These models allow detailed explora-
tion of the method’s dynamics and provide a testing ground for addressing the sign
problem in more complex systems. This section highlights the effectiveness of CLM in
tackling complex actions and its robustness in simpler settings, establishing a
foundation for its application to higher-dimensional and more intricate models in
subsequent sections. Section 6 explores the application of the CLM to supersym-
metric quantum mechanics (SUSY QM), focusing on its ability to address the sign
problem in systems with complex actions and to investigate SUSY-breaking
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dynamics. The section builds on foundational studies in zero-dimensional models and
extends CLM’s use to one-dimensional supersymmetric systems. In Sec. 7, we ex-
amine the application of the CLM to two-dimensional quantum field theory models,
focusing on scalar field theories and supersymmetric systems. This expansion from
zero- and one-dimensional settings allows the study of more complex interactions and
dynamics while addressing the notorious sign problem. It establishes the efficacy of
CLM in simulating two-dimensional quantum systems, showcasing its ability to
handle complex interactions and overcome computational challenges in these higher-
dimensional settings. Section 8 focuses on the application of the CLM to the Ishi-
bashi-Kawai-Kitazawa—Tsuchiya (IKKT) matrix model, a prominent candidate for
a nonperturbative formulation of superstring theory. This section explores how CLM
addresses the complex fermion determinant and other computational challenges
inherent to the IKKT model. This section also demonstrates the viability of CLM in
tackling the computationally demanding IKKT model, offering a promising tool for
exploring the nonperturbative regime of string theory and quantum gravity. In
Sec. 9, we end the review by providing conclusions and future directions.

2. Lattice Regularized Path Integrals

Quantum field theory (QFT), a theoretical framework that merges the principles of
special relativity and quantum mechanics, offers profound insights into the funda-
mental forces of nature. Specifically, the electromagnetic, weak and strong interac-
tions between elementary particles are described through quantum electrodynamics,
quantum flavordynamics and quantum chromodynamics (QCD), respectively. The
Standard Model of particle physics unifies these three interactions, excluding gravity,
and has been remarkably successful in explaining a wide range of experimentally
discovered particles.

While perturbative methods in QFT have produced highly accurate results for
weakly interacting systems — such as the anomalous magnetic moment of the elec-
tron, first computed by Schwinger in 1948 — these techniques have significant lim-
itations. Perturbation theory, though powerful, is ultimately an asymptotic expansion
with a divergent sum at higher orders. More critically, it fails entirely in strongly
coupled theories, like QCD at low energies, where non-Abelian gauge symmetry and
asymptotic freedom lead to the confinement of quarks and gluons within hadrons.
Confinement, along with phenomena such as chiral symmetry breaking, cannot be
captured by perturbative approaches, necessitating a nonperturbative framework.
Lattice regularized path integrals provide such a framework, enabling the study of
these complex, nonperturbative aspects of quantum field theories.

2.1. Path integral in Euclidean space-time

Feynman path integrals are functional integrals over the space of all possible
quantum mechanical trajectories that satisfy specific boundary conditions. One of
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the most effective ways to extract nonperturbative physics is through the exact
evaluation of these path integrals. To illustrate, let us consider a real scalar field,
¢(§, t), in four-dimensional Minkowski space—time. The action, S = S [¢(E, t)], of this
theory is the space-time integral of the Lagrangian density, £ = L[, 0,,¢], given by

S :/Tdt/ Bzl
/ dt /Q & ( D) — V(¢>) 1)

where T represents the time interval, €2 is the finite spatial volume and the potential
term is V().

In the path integral formulation, propagators — such as position space Green’s
functions — are central to deriving the physical properties of a system. The prop-
agator for transitioning from a field configuration ¢; = ¢ (Z:) to ¢y = gzﬁQ(E) over a
time interval T, denoted as G(¢o, ¢1;T) is given by the probability amplitude

G, ¢1;T) = (¢o(x)|e" |6, (2))

¢(x,T)=¢s(x) D)
Do e : )
#(z.,0)=¢,(7)

over the space of
continuous trajectories

Here, H is the Hamiltonian, and the integrand has a highly oscillatory nature,
expressed as exp (iS[4]). The oscillatory behavior presents challenges for defining a
sensible measure on the set of paths. To manage this, path integrals are often treated
in Fuclidean time via analytic continuation.

To understand this, we can draw an analogy with statistical mechanics, consid-
ering a canonical system at inverse temperature 3, with partition function

Z(B) = tr(e M) Z e =Pl (3)

Using the basis independence of the trace operation, the partition function in posi-
tion space is written as

/ Do) (6(2) e |6(3)). (4)

By performing a Wick rotation to Euclidean time, t — —iT, we express

b(2,8)=¢(<) .
(p(x)|e P |p(x)) = / - DpeSelo(a)]
#(7,0)=0(7)
= G((7), p(7); —if), ()
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where Sg[¢(z,7)] is the Euclidean action, and the Euclidean Lagrangian density £
is given by

1]
Spl6(@,7)] = /0 dr /Q PeLy(6,0,0)

_ /O "4 /Q B (%au¢aﬂ¢+ V(¢)). (6)

This leads to a partition function in Euclidean space

Z(B)= ¢ Doe 5, (7)
PBC

with periodic boundary conditions (PBC), ¢(z,0) = ¢(z,3). The observables in
Euclidean QFT's can now be computed as

(06) :% / DHO($)e 5+, (8)

and analytically continued back to real-time dynamics via inverse Wick rotation.
While this formulation improves mathematical behavior, the path integral remains
infinite-dimensional, making exact computation impractical. However, lattice regu-
larization and numerical simulations provide viable approaches to obtaining physi-
cally meaningful results in such cases.

2.2. Lattice discretization

Lattice regularization is a powerful method for quantizing field theories and
addressing divergences by discretizing space-time into a lattice and computing
Euclidean path integrals. This approach replaces continuous field variables with
those defined on discrete lattice points. Interestingly, the use of lattices in physics
predates the formal development of field variables, having been employed in con-
densed matter systems to model phenomena like electron behavior in crystalline
structures. In 1974, Wilson made a seminal contribution by applying lattice regu-
larization to gauge field theories, particularly in the context of QCD. His work not
only introduced lattice gauge theory but also led to the discovery of quark confine-
ment at strong coupling within QCD, a breakthrough that significantly enhanced our
understanding of the strong nuclear force.'

The basic approach to discretizing a four-dimensional space—time on a lattice
involves dividing space—time into discrete points, creating a grid-like structure:

/(]ﬂdT/f; 3z — at zn:, 9)

$(x,t) — by, (10)
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0,8(7 1) — ZM. (11)

a
I

In these equations, n denotes the four-dimensional lattice points and e, represents
the unit vectors in each direction. The field variable at a lattice point is ¢,, and a is
the lattice spacing. This discretization replaces the continuum integrals over time
and space with sums over lattice sites, where 8 = N,a and 2 = (N,a)?. Here, 3 and
) denote the temporal extent and spatial volume of the continuum theory, respec-
tively, and N, and N, represent the number of lattice sites in the temporal and
spatial directions. It is also possible to use different lattice spacings for different
directions.

The original infinite-dimensional continuous path integral can be represented by a
finite-dimensional lattice regularized form in the continuum limit. Specifically,

= /'D(be*S[@] = lim <H do, > =St @n (12)

where S),[¢,,] denotes the lattice action. Lattice regularization is a crucial method in
modern theoretical physics, enabling the computation of physical observables
through numerical techniques. By discretizing space—time coordinates, the lattice
framework facilitates practical simulations and calculations, making it an invaluable
tool for exploring and analyzing quantum field theories.

Traditionally, path integrals in Euclidean space are evaluated using the Monte
Carlo method, specifically through importance sampling.?> This approach transforms
the calculation of a Euclidean QFT into a problem of simulating a statistical system.
For a real-valued action S [gb(z, t)], a set of field configurations {¢, } are generated by
treating the normalized Boltzmann factor exp (=S, [#,])/Z as a probability weight.
The expectation values of observables are then computed as averages over a large
number of sampled configurations (N, y). Mathematically, this process is repre-
sented as

O = [ Do) (13
= lim (H das,) g,)eSulo] (14)
N, —
7\[ — 00
N — O(¢,.). 15
Mo 5 "

However, it is crucial to assess whether this method remains valid when the Euclidean
action is complex.
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3. Sign Problem in Complex Actions and Methods to Cure It
3.1. Sign problem and complex actions

Path integral Monte Carlo methods are effective for handling real-valued and non-
negative actions, but many physically significant systems present complex-valued
actions. Indeed, such systems are so prevalent that they are arguably more common
than exceptions. Notable examples of systems with complex actions include:

Field theories in Minkowski space: For field theories formulated in Minkowski
space, addressing the challenges posed by complex actions is crucial. Although a
Wick rotation typically converts the Minkowski action into a manageable form in
Euclidean space, there is value in developing techniques that tackle the com-
plexities inherent in the Minkowski signature itself.*

Systems with chemical potential: Low-energy studies of strongly interacting
systems at finite chemical potential pose significant challenges. Investigations
at nonzero chemical potential are crucial to comprehend the behavior of
QCD transition and locating the critical endpoint.” In general, for SU(N) gauge
theories with N > 3, in the presence of a nonzero chemical potential, the Dirac
operator loses key symmetries (such as v>-Hermiticity) leading to complex/non-
positive fermion determinant, complicating the effective action governing these
systems.” 10

Theories with external charges: Gauge theories with external static charges treat
these charges as fixed color sources rather than dynamical quarks. They do not
appear in the fermion determinant but instead as sources in the action, compli-
cating the Euclidean path integral. For instance, computing the string tension and
the charge separation with static-quark potential is vital for understanding quark
confinement, a fundamental aspect of strong interactions.'' '

Systems with fermions: Simulating fermions in quantum field theories is chal-
lenging due to the lack of a real-number representation in the conventional path
integral formalism.!*!®> Methods often rely on the fermion determinant or Pfaffian,
which introduces complex actions and negative probabilities. Addressing these
challenges requires advanced techniques and contributes to a deeper under-
standing of fundamental particle physics and applications in condensed matter
physics. 16718

Effective actions in the presence of topological 8-term or Chern—Simons theories:
Topological terms like the #-term, Chern—Simons term and Wess—Zumino—Witten
(WZW) term impact low-energy theories significantly. For instance, Chern—
Simons gauge theory generalizes compact Lie groups to complex Lie groups, and
these terms lead to complex phases that complicate the Boltzmann factor.'??° The
CP problem in theories with strongly interacting matter arises from the

*For physical quark masses, the critical endpoint marks a second-order phase transition boundary on the
QCD phase diagram between smooth crossover pseudo-phase transitions at low chemical potentials and
true first-order phase transitions at high chemical potentials.
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introduction of a topological charge through CP-violating angle 6. Although

expected to be extremely small (~ 1071%), nonzero 6 offers a rich structure and

introduces additional complex phases in the theory.?!=2%

o Nonequilibrium physics of quantum many-body systems: Investigating the non-
equilibrium dynamics of quantum many-body systems presents a significant
research challenge. Quantum Monte Carlo (QMC) methods, which are highly
effective for equilibrium studies, face severe sign problems when extended to
nonequilibrium scenarios due to oscillatory integrals in real-time formulations.?6:27
This complexity escalates exponentially with simulation time, making such
studies computationally demanding but essential for understanding quantum
phase transitions and the behavior of strongly correlated materials under external
perturbations.?%2?

o Condensed matter systems of strongly correlated electrons: In condensed matter
physics, several systems present complex actions that challenge both our theoretical
understanding and computational techniques. A prominent example is the repulsive
Hubbard model on bipartite or triangular lattices, where doping introduces a sig-
nificant sign problem.?*=3? Other intriguing systems, such as spin-polarized electron
gases, frustrated magnetic configurations and the Shastry—Sutherland antiferro-
magnetic spin model, also face similar complexities. These systems reveal fascinating
physical phenomena, prompting researchers to develop innovative computational
methods and theoretical frameworks to decode their complexities. Such efforts hold
the promise of uncovering exotic phases of matter and advancing the fields of

materials science and technology.?*36

Field theories with complex actions present significant challenges for non-
perturbative analysis due to the nonpositive or generally complex nature of the
Boltzmann factor. While the partition function remains well-defined, the Boltzmann
factor cannot be interpreted as a probability weight, leading to the notorious sign
problem in path integral Monte Carlo simulations. This issue is known by various
names across different areas of physics, including the numerical sign problem, complex
phase problem, complex action problem and negative sign problem. Recognized as
NP-hard, the sign problem is one of the most significant and infamous challenges in
modern computational physics, severely hindering the accurate analysis of both
equilibrium and nonequilibrium behaviors in diverse, cutting-edge physical systems.

The sign problem poses a major challenge for applying importance sampling, as it
complicates or even precludes the selection of a positive-definite probability distri-
bution. One of the most direct approaches to address this issue is the re-weighting
procedure,®” which integrates the complex phase of the Boltzmann weight into the
observable calculations. Specifically, we can express the complex Boltzmann weight
e 9l as |e=0l9)|eiv, where e represents the complex phase. Sampling is then per-
formed using the magnitude of the weight, or phase-quenched weight |e=5!|, as the
probability measure.
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The expectation values of observables are given by

‘ efs[o] eiw
(O(0)) :% /D¢O(¢)675[O] = fﬁ’féi)s[(ﬁuezl : (16)

We can multiply both the numerator and the denominator by the phase-quenched
partition function Z,, = [D¢|e~5l?)|. Then,

[ DoO(¢)e 5| [ Dgle519]

R e~ ()
O(¢)e
- P "

where (-) 7 denotes the expectation values with respect to the phase-quenched weight
le=51¢]|. This re-weighting approach effectively transforms the problem of computing
observables with a complex Boltzmann weight into one where the weight is real and
positive.

Although the procedure appears elegant, its practical implementation is hindered
by the highly oscillatory nature of €. Both the numerator and denominator of the
re-weighted expression become extremely small and decay exponentially as the
physical size of the space—time lattice increases. The severity of the sign problem is
quantified by the expectation value of the complex phase:

. Z
()5, = 5=, (19)
Pq qu

where 2 is the volume of the space-time lattice and Af = f — f,, represents the
difference in free energy densities between the original and phase-quenched theories.
Here, Z,, denotes a bosonic ensemble with sums over nonnegative real numbers,
while Z is a path integral that incorporates the phase. Consequently, Af, the dif-
ference in free energy density between the bosonic and fermionic systems, is neces-
sarily positive. For further details, see Refs. 38-41.

The small value of (¢™) is evident since Z < Z,, and it vanishes as Q — oo.
Furthermore, the statistical uncertainty o in Monte Carlo simulations, which
decreases as N¢*1/ 2 with N, samples, is overshadowed by the exponentially decaying
nature of ("), :

o _ (20)
€z, VN

This equation highlights the formidable challenge of addressing the sign problem
using straightforward methods like re-weighting. The sign problem represents an
exponential computational barrier, manifesting as memory constraints for non-
stochastic methods and as a signal-to-noise problem in statistical methods.

2530006-11
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3.2. Methods to tame the sign problem

Various strategies have been suggested for tackling systems with severe sign pro-
blems. While some of these approaches are recent and still evolving, each presents its
own set of advantages and challenges. Nonetheless, they hold considerable promise
for addressing the sign problem effectively. Below are a few notable and successful
methods.

o Meron cluster and fermion bag approaches: The Meron cluster and fermion bag
methods are notable advancements in addressing the fermion sign problem in
quantum Monte Carlo simulations. The Meron cluster approach, used in various
systems within the Hubbard model and for relativistic fermions, involves decom-
posing fermion world lines into clusters, each contributing independently to the
fermion permutation sign. A meron is a cluster whose flip alters the sign. By
expressing the partition function as a gas of clusters in the zero-meron sector, this
method mitigates the sign problem by shifting contributions from +1 to nonneg-
ative values of 0 and 1.%%

The fermion bag approach builds on the Meron cluster concept by segmenting
fermion degrees of freedom into smaller, entangled regions called fermion bags,
which are treated as largely independent. Each bag is analyzed by summing over
all quantum fluctuations within it, ensuring that the bag weights remain positive
for efficient Monte Carlo simulation. Applied to continuous-time Hamiltonian
formulations, this method has been particularly useful for describing interacting
two-dimensional massless Hamiltonian staggered fermions. By dividing the system
into fermion bags, the approach simplifies updates and observables calculations in
Monte Carlo simulations.*?

Both methods not only tackle the sign problem but also offer innovative insights
into fermionic systems, illustrating that the partition function of fermionic systems
can be framed in terms of classical statistical mechanics models of clusters or
fermion bags.*?44

e Majorana fermions algorithm: The Majorana Quantum Monte Carlo (MQMC)
algorithm represents a significant breakthrough in computational physics, par-
ticularly in tackling the fermion sign problem in interacting fermion models.*?
MQMC is especially effective for simulating spin-less fermion models on bipartite
lattices at half-filling. The technique involves expressing complex fermion opera-
tors ¢; using Majorana fermions v} and 42, with the relation ¢; = 1(vi+ iy?).40
This Majorana representation enables a novel formulation of the Hamiltonian,

;» which facilitates

Hubbard-Stratonovich transformations within Majorana hopping channels.*”

A key advantage of MQMC is its capacity to make the Boltzmann weight positive-

definite, effectively addressing the fermion sign problem. This is achieved through

incorporating hopping integrals ¢;; and density interactions V;

a time-reversal transformation that standardizes the Hamiltonians of different
Majorana species.'® Ensuring the positive definiteness of the Boltzmann weight is
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crucial for the stability and precision of QMC simulations. MQMC is also
adaptable to finite-temperature simulations and projector algorithms, which are
often more effective for studying ground-state properties. Projector MQMC
computes expectation values of operators in the ground state, thereby enhancing
the versatility and effectiveness of the method.!”

Moreover, the development of MQMC is guided by a broader principle that
leverages the inherent Lie group and Lie algebra structures in fermionic QMC
simulations. This principle, which includes time-reversal symmetry and the ap-
plication of the split orthogonal group O(n,n), expands the range of fermionic
models that can be simulated without encountering the sign problem. This ad-
vancement paves the way for exploring physical phenomena in systems that were
previously intractable due to computational constraints.!$:4®

Density of states: The density of states (DOS) method plays a pivotal role in
computational physics, particularly in Monte Carlo simulations and lattice QCD
studies. This approach involves calculating the density of states p(E), which
indicates the number of states available at each energy level and is essential for

49-51 Tn Monte Carlo simu-

determining the system’s thermodynamic properties.
lations, the DOS method entails performing random walks within specific energy
ranges to estimate p(F) efficiently, which is particularly useful for large systems.
This technique provides direct insights into free energy and entropy across dif-
ferent temperatures and is effective for investigating both first- and second-order
phase transitions.”?:%3

In the context of lattice QCD, the DOS method helps address the complex action
problem at nonzero chemical potentials by integrating thermodynamic obser-
vables over a fixed parameter, such as the plaquette expectation value. Accurate
calculations of physical observables depend on the density of states derived from
the constrained partition function. Nonetheless, this method is computationally
intensive and often plagued by significant corrections due to finite lattice spacing
and size constraints.??

Taylor expansion method: The Taylor expansion method is a widely accepted
framework in lattice QCD for studying fermions at finite temperature and nonzero
baryon density. Expanding thermodynamic observables in a Taylor series around
zero chemical potential, u = 0, circumvents the sign problem associated with real
chemical potentials. This approach involves calculating derivatives of the pressure
to w at u = 0, thereby constructing an approximate expression valid for small /T
ratios.” 7 Although it systematically includes higher-order terms to enhance
accuracy, the reliability of the method diminishes at larger chemical potentials due
to series truncation and convergence issues. Moreover, calculating higher-order
coefficients becomes increasingly complex, limiting its applicability near the an-
ticipated critical endpoint in the QCD phase diagram. Despite these limitations,
the Taylor expansion method remains one of the most effective tools for mapping
the QCD phase structure at low to moderate baryon densities and determining

thermodynamic properties through quark susceptibilities.?® 0!
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o Imaginary chemical potential method: The imaginary chemical potential method is

a key technique in lattice QCD for exploring fermions at finite temperature and
baryon density. This method addresses the sign problem encountered with real
chemical potentials by simulating the partition function at an imaginary chemical
potential, u = iv, where the fermion determinant remains real and positive under
certain conditions, thus allowing for standard Monte Carlo simulations.5626* The
grand canonical partition function Z(u) at imaginary p is linked to the canonical
partition function Zy at fixed baryon number N through a Fourier transform, and
the results are subsequently analytically continued to real p to obtain physical
observables. However, even at imaginary u, the theory has a rich phase structure,
exhibiting Roberge-Weiss symmetry.5® Notably, introducing the chemical potential
as a phase restricts its magnitude and renders the Fourier integrands highly oscil-
latory for large baryon numbers, thereby resulting in significant numerical chal-
lenges. Nonetheless, the imaginary chemical potential method has been effectively
applied in QCD, providing valuable insights into phase transitions.f¢7*

Complezification of space:

— Path optimization method: The Path Optimization Method (POM) represents a
significant advancement in addressing the sign problem in Monte Carlo simu-
lations for complex actions, commonly encountered in quantum many-body
theories and lattice QCD at finite densities.” "% POM operates by variationally
optimizing the integral path in the complex plane to improve the average phase
factor. It begins with a trial function to parameterize the integral path and uses
a cost function that measures the severity of the sign problem. This approach is
distinct from other methods, such as the Lefschetz-thimble method or the
complex Langevin method, because it does not require pre-determining the
fixed points of the action.”” ™
POM has proven effective in a one-variable toy model, where it outperforms the
complex Langevin method in scenarios with severe phase oscillations and fre-
quent cancellations. In this model, which involves a one-dimensional integral, the
phase oscillations under certain conditions can cause significant cancellations.
POM’s optimized path closely approximates the Lefschetz thimble at stationary
points of the action, allowing for accurate calculations of observables in regions
plagued by substantial sign problems. Additionally, POM’s adaptability to
complex systems, including its use of neural networks for optimization, indicates
its broad potential for various complex actions.”> %3

— Complex Langevin method: Originally introduced in the early 1980s, this
method extends conventional Langevin equations to the complex plane.®%° It
involves complex stochastic quantization, a technique for quantizing systems
with complex actions.®6:%” This approach addresses the sign problem and offers
new perspectives on the dynamics of quantum systems. In the next section, we
will review the complex Langevin method.
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— Lefschetz Thimble method: The thimble approach involves deforming the in-

tegration domain into the complex plane to ensure that the imaginary part of
the action remains constant along each thimble, thereby suppressing oscilla-
tions.%%9 Based on Morse theory, each thimble corresponds to the steepest
ascent path originating from a critical point of the action. This method replaces
the integration over real fields with integration over these complex thimbles.
Thus, by summing over the integrals of all relevant thimbles, one recovers the
integral over the original real domain.
The main challenges of this method include identifying the thimbles that
contribute to the integral and performing the integration over these complex
manifolds. A key advantage of the Lefschetz thimble method is its treatment
of the phase factor, which is a major source of the sign problem. By isolating
and controlling the fluctuations of the phase factor, the method improves the
efficiency of Monte Carlo sampling. Additionally, it allows for systematic
approximations by considering a finite number of thimbles, which is partic-
ularly useful when a single thimble dominates the contribution to the path
integral. The Lefschetz thimble method has been successfully applied to
various models with severe sign problems, offering new insights and compu-
tational techniques across diverse fields, from QCD to condensed matter
physics.?0-93

4. A Brief Review of Complex Langevin Method

The complex Langevin method is designed to address the sign problem by extending
the concept of stochastic quantization from systems with real actions to those with
complex actions.®* %7 This section will introduce the fundamental ideas behind
complex Langevin dynamics and stochastic quantization.

The two primary techniques for quantizing field theories are canonical and path
integral quantization. In the 1980s, Parisi and Wu established a link between Euclidean
field theories and statistical systems interacting with a heat bath,’* proposing an
alternative quantization method based on stochastic differential equations, known
as Langevin equations. This approach, referred to as stochastic quantization, treats
Euclidean field theory as the equilibrium state of a statistical system driven by a
stochastic process. The expectation values of observables in the original theory,
which involve complex weights, can be calculated by measuring the observables of
the complexified variables generated by the Langevin process and evaluating their
expectation values over sufficiently long simulation times.

4.1. Stochastic process: Basic concepts

A stochastic process describes the evolution of a random variable over stochastic
time 0. To illustrate the mathematical framework of these processes, we can examine
Brownian motion, or the Wiener process, in one dimension. The erratic motion of a
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particle suspended in a liquid is governed by the following stochastic differential
equation:

mi(0) = —yv(0) +1(0), (21)

where m is the particle’s mass, -y represents the friction coefficient due to the liquid’s
viscosity and the dot indicates a derivative with respect to 6. The term 7(6) repre-
sents the stochastic contributions — random forces from the surrounding liquid
particles. This equation is known as the Langevin equation for free Brownian motion,
assuming no external potentials like gravity or spring. The Langevin equation models
how a random variable evolves under the influence of random forces. By multiplying

0/m

the equation by an integrating factor e*/™  we can solve it, yielding:

I :
v(0) = v(0)e ™ 4 — / do'n(6)e10=0)/m, (22)
m Jo

To compute physical quantities like position, velocity, and their correlation
functions, we must account for the properties of the noise term 7(6). Let us consider
the simplest scenario where 7(¢) follows a Gaussian distribution over time and
satisfies the condition:

(n(0)) =0, ((O)n(¥)) = ac®y*5(0 — &), (23)

where o2 is the variance and « governs the strength of the noise correlations. Using
these properties, we can derive the following results:

(@(0)) = 2(0) + - (0)(1 — e Im), (24)
(v(8)) = v(0)e ", (25)
ao’y N N,
(v(B)v(#)) = (0(8))(v(8)) +—— (e =/ — e E)/m), (26)
For very large times, § = 6 — oo, (v?(#)) approaches % = kaT, which is consistent

with the equipartition theorem. To calculate higher-order correlation functions, we
require the higher moments of the probability distribution of 7(6). Instead of directly
specifying all moments, it is more convenient to use the probability distribution
itself. The generalized functional probability distribution for the noise is given by

Pl x exp (— / ~ ap 0 ) (27)

oo 200272

4.2. The prescription of Parisi and Wu

Let us consider a real scalar field ¢(z) in d dimensions with a real Euclidean action
S[¢(x)]. With the help of the path integral

©6) =5 [ Do@O@e s 2= [Doweel, ()
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we can compute the expectation values of physical observables O(¢). In stochastic
quantization, these expectation values are found as the equilibrium values of a sto-
chastic process. The system is updated according to Langevin dynamics in a fictitious
Langevin time 0, driven by a Gaussian noise.”! At any Langevin time 6, the evolution
of the field is described by

do(x;0)  0S[g(x;0)]

B 96 0) +n(x:0), (29)

where n(z; 0) is a Gaussian noise that satisfies the following properties:
(n(z;0)) =0, (n(x;0)n(x;0')) = 26(x — 2")6(6 — ¢"). (30)

This equation governs the stochastic evolution of the scalar field in Langevin time,
allowing the system to evolve towards equilibrium where physical observables can be
computed. Note that the noise has a variance of 2, chosen such that the diffusion
coefficient in the Fokker—Planck equation matches the standard convention. This
choice ensures that the equilibrium distribution of the Fokker—Planck equation
corresponds to the Boltzmann factor.

Let us denote ¢, (z;0) as the solution of the Langevin equation which is obtained
as the equilibrium field configuration. At large Langevin time O, the Langevin time
average of the observable O(¢,(z;6)) is expected to approach expectation value
given by the path integral:

1 0y+0

) d0O(¢,,(x;0)) 2= (O(¢(x))). (31)
)

Since the solution ¢, (z;6) depends on the noise 7(x;6), different noise realizations
generate a probability distribution P(¢;6) for the field configurations at Langevin
time 6. Therefore, the noise-averaged expectation value of O(¢,) can be expressed as

(O(éy(x:6)) / Do) P(¢; 0)0((x: ), (32)

where the left-hand side represents the noise-averaged expectation value. The evo-
lution of the probability distribution P(¢;6) follows from the Langevin dynamics,
satisfying the Fokker—Planck equation:

OP(¢;0
OPGO) e Plosb): P(20) = 8(6 — ), (33)
where Hpp is the Fokker—Planck Hamiltonian, given by
o (0 0§
Hypp / d'z <— + —) 34
=) o506 a0 oy

and ¢ is the initial field configuration. This equation governs how the probability
distribution evolves towards equilibrium over Langevin time.
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Applying a similarity transformation to the probability distribution P(¢;60), we
define a new distribution P(¢;6) as

P(¢;0) = eS02 P(g: 0). (35)
This transforms the Fokker—Planck equation into

OP(4;0)

ot = _I:IFPP(¢§ 9)7 (36)

where the new Hamiltonian Hpp is given by
Hyp =302 Hrpe 51012
o 108 0 108
:/ddx —w—+tz=7 Il (37)
0p 20¢p)\0p 20¢
For a real action S[¢], the operator Hypp becomes Hermitian and positive semi-
definite. The Langevin process, in the long-time limit, makes the field distribution

P((b; 6) to approach the expected Boltzmann distribution e 5%, ensuring that the
dynamics correctly reproduce the desired path integral

Jim P(¢;0) o< el (38)
This guarantees that the real Langevin dynamics converge as intended.

4.3. Generalization to complex actions

Shortly after Parisi and Wu’s introduction of stochastic quantization, it became
evident that this concept could be extended to complex actions. In 1983, both
Klauder and Parisi independently proposed a method to simulate a complex measure
involving an entire holomorphic action on a real manifold, M.3 87 They established
a stochastic process on the complexified version of the manifold, M., ensuring that
the expectation values of holomorphic observables O obtained from this process
would match those computed with the original complex measure. For such complex
actions, the solution to the Langevin equation naturally becomes complex as well.
Consequently, the field variables need to be extended into the complex plane. In the
simplest case (zero-dimensional), this is expressed as

¢(0) = 6.(0) + i9:(0), (39)

where ¢, and ¢, represent the real and imaginary parts of ¢(6), respectively. The
complex Langevin equation resembles Eq. (29), the equation for the real Langevin

do(0) , , oy 098(8(9))
WZK(%@*‘U(@), K(¢79)——Wa (40)

but now all quantities are complex, except for the stochastic noise 7(6), which
remains real. For a more detailed analysis involving complex noise, see Ref. 95.
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The relaxation dynamics of the complex Langevin equation can be understood by
counsidering a complex-valued density p(¢,;0) defined on M, parameterized by the
real variable ¢,. This density evolves according to

0

%p((br; 9) = Lgp((bm 9>a p(d)r; 0) = 6(¢r - ¢r0)a (41)

where LOT is the complex Fokker—Planck operator given by
L(JT = vr[vr - VTS(¢T)]’ (42)

with V, = 0%"
For a more general case involving any ¢; € M, the generalized complex Fok-

ker—Planck operator is
L = V,[V, = V,5(, + i¢)], (43)

which acts on a complex-valued density (or measure) on M, again parameterized by
the real variable ¢,.5” However, these operators do not preserve positivity, which
restricts their probabilistic interpretation.

In complex Langevin dynamics, although the trajectories may extend into com-
plex directions, the underlying process remains a real stochastic process. This can be
demonstrated by decomposing the process into its real and imaginary components:

do, _ do; _
where

For this real stochastic process, we can define a real and positive definite probability
density P(¢,,¢;;0) on M,. This density evolves according to the Fokker—Planck
equation:

0
%P(QSI) ¢L7 0) = LTP(d)I? ¢u 9)3 P(¢!7 ¢U 0) = 6(¢I - ¢r0)6(¢t)7 (46)
where the real Fokker—Planck operator L is given by
LT = Vr[v'r - K!‘] - ViKia (47)

with V, = 0%7 and V, = %

The crucial question is whether the real and complex Langevin evolutions yield
consistent results for the expectation values of holomorphic observables O. Specifi-
cally, we need to verify if

(O) p(o) (48)

2530006-19



Int. J. Mod. Phys. A 2025.40. Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 07/29/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Joseph € A. Kumar

and

_ [do.0(9,)p(4,;0)
(O)pio) = [ dopp(o,;0)

remain equal if they agree initially at # = 0. To establish this, we aim to demonstrate

(O)p) = (O) p0) (50)

(49)

given the initial condition
P(¢, ¢10) = p(¢,;0)6(d; — ) (51)

The question of whether real and complex Langevin evolutions yield identical
expectation values for holomorphic observables was formally addressed in Refs. 96
and 97. The authors demonstrated that this equivalence holds specifically for holo-
morphic observables, provided the action and its gradient are holomorphic functions
of the complex field ¢. This is an important point since only holomorphic observables
allow for the extension of the complex Langevin operator L, to the analytic con-
tinuation in the complexified space M..

The complex Langevin operator L is defined as

L' =V,[V, - V,8(9)l. (52)

The action of this operator on these analytic continuations aligns with that of the
real Fokker—Planck operator L, with the difference L — L vanishing due to the
Cauchy-Riemann (CR) equations.

To clarify, the Langevin operator L is derived as an analytic continuation of the
complex Fokker—Planck operator L., which acts on the real manifold M. The
operators L and L both act on functions defined on the complexified space M., but
they agree only for holomorphic functions.

To analyze the time evolution of holomorphic observables using the complex
Langevin method, we focus on how these observables evolve over time rather than
densities, leveraging the CR equations. We can use the operator L or L inter-
changeably to evolve holomorphic observables.

We have

090(¢;0) = LO(¢;0), (53)

with the initial condition given by O(¢;0) = O(¢). Once we solve this differential
equation, formally, we get

O(;0) = exp [IL]O(¢). (54)

To justify the method, we need to establish that, in the large Langevin time limit
© = 0 — oo, the expectation values of the real probability density (O)p(e) and the
complex density (O),e) are equal. To do this, we define a quantity F(©,6) for
0 <6 <0 as follows:

F(0,0) = / d6,dd Py, 6530 — 0)0(, + idy; ). (55)
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This quantity F(©, 0) interpolates between the expectation values:

F(0,0) = (O)pe) (56)
and

F(0,0) =(0)0)- (57)

The first equality is straightforward. The second can be understood as follows:
F(0,0) = [ d6,d0,P(0,,0,:0)0(6, + i6;:©)
— [[0,46.P(6.. 6:0)exp [BLIOG, + i05:0). (59)

In the above, we employed the property in Eq. (54) to evolve the observable.
We can use the initial condition, given in Eq. (51), to get

F(0,0) = / d6,dbip(,:0)8(6, — 6, )exp [OLIO(S, + idy: 0)
- / dé,p(6y: 0)exp [OL,]O(S, + i ;0)

- / d6,dd:0(, + idy; 0)exp [OLL(6,:0)
=(0)y0)- (59)

In the above, we used integration by parts in ¢,, and neglected the boundary terms at
oo and the poles coming from the drift term. Note that when F(O,0) is independent
of 0 these boundary terms vanish. To understand this, let us consider the derivative
of F(0,6):

0

G5 F0.0) = [46,06.P(6,.6:0 - )L, + i6,56)

- / A, dn (LT P(6,. 650 — 0))O(6, + idh; 0). (60)

At large Langevin time, in equilibrium, the condition for the stationarity of
observables in the stochastic process is

Jim 9,(0) = (L0) = [ d0,d0,P(6..6350) L0, +i90) =0.  (61)

Note that the above expression resembles the Schwinger—Dyson equations. This is
known as the consistency condition. Sometimes, the consistency condition, along
with additional criteria, is sufficient to test the correctness of the equilibrium measure
in the complex Langevin method.””

4.3.1. Correctness criteria for the complex Langevin method

After a sufficiently large Langevin time, the probability distribution associated
with the field configurations should ideally approach the Boltzmann factor.
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This convergence is well-established for real actions. However, no exact mathemat-
ical proof guarantees convergence for complex actions. Due to this unresolved issue,
the complex Langevin method has historically garnered limited attention from
physicists. The formal arguments discussed earlier highlight several significant
mathematical questions:

o Langevin/Fokker—Planck Operators: The question of whether the Langevin/
Fokker—Planck operators L, L, and L can be exponentiated remains unresolved.
Specifically, the existence of a unique stochastic process and the time evolutions
generated by these operators are not fully established. In practical terms, this issue
is mitigated by using an adaptive step size, as discussed in the following sections.’”

o Convergence to an Equilibrium Measure: There is no mathematical proof ensuring
that a positive density converges to the equilibrium measure. This issue is related
to the spectrum of Langevin operators.”® Klauder and Peterson (1985) noted the
conspicuous absence of a general theorem for nonself-adjoint operators.??:100

e Boundary Terms: The validity of various integrations by parts, which facilitate the
shifting of time evolution between measures and observables, remains uncertain.!%!

One must consider whether boundary terms need to be accounted for in this context.

Despite the lack of rigorous mathematical proof, physicists have continued to
develop the complex Langevin method with practical success. The method has
demonstrated its utility in numerous influential studies.!!-9%:1027112 Recently, there
has been renewed interest in proving the convergence of the probability distribution
P(¢,, ¢;;0) to the complex measure p = e~5%]. Several correctness criteria have been
proposed to assess the reliability of the method:

e Langevin-Operator Criterion: Revived in 2009 by Aarts et al.,” this criterion
requires that the Langevin operator acting on observables should vanish, i.e.

(LO) = 0. (62)

We can use this as a reliability criterion in numerical simulations to ensure the
convergence of the distribution P(¢,, ¢;; 0) to the equilibrium measure. Note that
this criterion needs to be satisfied for a complete set of observables, O[¢] in an
aptly chosen basis,”” resulting in an infinite series of identities similar to Schwin-
ger—Dyson equations.

o Probability Drift Criterion: Introduced in 2016 by Nagata et al.,''? this criterion
assesses the magnitude of the drift term in the probability distribution P(¢,, ¢;; ).
The presence or absence of boundary terms is linked to the growth of the holo-
morphic function and the associated drift term. We can define a magnitudes u as
the absolute value of the gradient of the action:

_ asm‘.

=5 (63)
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For reliable simulations, we need an exponential or faster decay of the probability
of the drift term, P(u) at larger values of u.

4.4. Stmulations using complex Langevin method

Let us briefly look at the complex Langevin method from the perspective of nu-
merical simulations. In the case of zero dimensions, for simplicity, the complex
Langevin equation is given by

() 95(¢(0))

——==K(¢;0) +n(0); K(¢;0) =———", 64

G = KO0 0 K60 =~ 0 (64

where 7(0) represents a real continuous noise function with a variance of 2. To
implement this equation numerically, we must discretize the continuous Langevin
equation. A straightforward discretization, where the Langevin time is represented
as 0 = ne (an integer multiple of the time step size ¢), results in the following discrete
update rule:

95[¢]
8@5 Py

where 7% denotes the discretized noise term.

Although the discretization of the complex Langevin equation may seem
straightforward at first glance, handling the noise function is somewhat intricate. To
illustrate this, consider a continuous noise function n(#) with variance o2. The re-
lationship between this continuous noise and the discretized noise vfé is given by

¢9+6 = (b& - e+ 77%67 (65)

discretized

((Om(0)) = 060 =) ——— (ngny) = cdow (66)
loveriggi%irr?iius 0 lover dizgll}eltized 0
discretized >
[do women) = EEEL Sy =0t (@)
continuous oy

From this procedure, we can determine the constant c:

e} 0_2

Sgp = 0° = c=—. 68
€ nz:; COpy = O c c (68)
Thus, the discretized Gaussian noise % satisfies
() =0, (ngny) = 0”6y /. (69)
By rescaling the noise

1y — 1/ Ve (70)

the dependence on the Langevin step-size € can be eliminated. For a variance
of 02 =2, ensuring consistency between Fokker—-Planck equation’s equilibrium
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Fig. 1. A schematic representation of the evolution of the complex field following the complex Langevin
dynamics.

solution and the Boltzmann distribution, the discretized complex Langevin equation

becomes
0S[o
Pyre = Py — 95191 €+ ngV/e, (71)
¢ ®o
where the discretized Gaussian noise 7y satisfies
(g) =0, (mgng) = 2649 (72)

Finally, we make use of the discretized version of the complex Langevin equation,
given in Eq. (71), to update the field configurations of the theory. In this process, the
fields evolve as the Langevin time progresses, following the Langevin dynamics,
guided by the drift term — %f] |6y

Figure 1 illustrates the evolution of a complex field under the Langevin dynamics
for a theory with a complex scalar field. Starting from an initial field configuration,
oo at Langevin time 6 = 0, the field evolves under the influence of the drift, with
arrows representing the direction of this drift. As the field progresses, it moves
towards the neighborhood of a stable fixed point. Due to the stochastic nature of the
process, the field does not simply converge to this fixed point but instead forms a
cloud around it.

After sufficient thermalization, at a large Langevin time 6, this cloud of field
configurations approximates a real probability distribution P(&,,®;;6), which is
expected to be the equilibrium solution of the Fokker—Planck equation. After the
equilibrium is achieved, the noise averaged expectation values of the observables are
obtained using the probability distribution P(¢,., ¢;;6). Specifically,

(©), = Jim (O@(O)), = lim [ d6,d6,0(0, + i6)P(6..0::0)

0—0o0
N

=5 D06, + i) (73)
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4.4.1. Numerical challenges and techniques for stabilization

The complex Langevin method gained significant attention when it was introduced in
the 1980s due to its potential to address models with severe sign problems, as it does
not depend on a probabilistic interpretation of the weight. Despite this promising
start, early studies faced substantial challenges. Numerical instability and incorrect
convergence posed significant hurdles, leading to difficulties in applying the method
effectively.!1!1147116 This section provides an overview of these numerical challenges
and the stabilization techniques developed to address them. Specifically, the issues
stem from the difficulty in achieving convergence of the probability distribution
P(¢,, ¢;; 0) to the equilibrium measure. The primary problems are runaways, where field
configurations fail to converge even after prolonged Langevin time, and convergence to
an incorrect limit, which represents a more severe numerical issue.

Recent advancements have led to a successful revival of the complex Langevin
method, demonstrating its ability to produce accurate results even in the presence of
severe sign problems. Although the classical flow often exhibits unstable fixed points,
the introduction of stochastic noise helps to prevent these trajectories from becoming
trapped, thereby maintaining stability in the dynamics.

However, the complexification of fields introduces additional degrees of freedom
that are typically unbounded, which can result in divergent trajectories and render
numerical simulations unstable. This instability can occur particularly when field
configurations approach unstable directions. Therefore, careful numerical integra-
tion of the Langevin equations is crucial.

To address these issues, several stabilization techniques can be employed, in-
cluding adaptive step size, gauge cooling and dynamical stabilization. These methods
help manage the challenges associated with unstable trajectories. A brief overview of
each technique is provided below.

Adaptive step size

Langevin trajectories can venture significantly into imaginary directions, and while
using a small step size might mitigate this issue to some extent, it does not univer-
sally prevent instabilities. This approach can result in very slow evolution, requiring
numerous updates to thoroughly explore the configuration space.''”

To address these challenges, an adaptive step size algorithm is often implemented
in the numerical integration of Langevin equations. In a basic implementation, the
maximum drift value, K, (), is computed at each Langevin step. The step size for

the subsequent evolution sweep is then determined by the formula

v

KID&X(G) ’ (74)

€ =

where the parameter 7y is chosen according to the specifics of the model.
An enhanced implementation of the adaptive step size algorithm involves moni-

toring the maximum drift K 1(1712)( at each discrete Langevin time step n, where 6 = ne.
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The maximum drift is defined as

K (i) = max| K ) = max \ /K2 y(n) + K2 (n). (75)

The step size ¢,, for the next Langevin evolution is then determined by placing an
upper bound on the product €K, ,:

€

—— (76)
K nmx/ K l(Trlla)X

€, =
where € is the desired average step size and K, is either precomputed or deter-
mined during the thermalization phase. This approach ensures that the step size is
adaptive to the local conditions of the simulation, becoming smaller near instabilities
and larger in more stable regions.
Alternatively, the step size can be adjusted to maintain the product €K, ,, within
a specified range relative to a reference value K, specifically:

%xkgeKmaxgpr, (77)
where p and K are predetermined constants. If €, falls outside this range, the
step size is adjusted by a factor of p, with the process repeated as necessary.''” This
method provides a more dynamic response to the behavior of the Langevin trajectory
and does not require fine-tuning, provided that regions with inappropriate behavior
are avoided.

Gauge cooling
The complex nature of the action in complex Langevin dynamics can cause fields to
drift into imaginary directions. For the case of Hermitian matrix fields X, the
dynamics can cause them to venture into anti-Hermitian directions. These excursions
can lead to an enlargement of the group space, for example, from SU(N) to SL(N, C).
The field configurations, when stray too far from SU(N), we encounter the so-called
excursion problem.

A solution to this problem, proposed in Ref. 118 is called gauge cooling. It
introduces a Hermiticity norm''” to quantify deviations from Hermitian configura-
tions. For example, for the IKKT matrix model, this norm is defined as

Ny = _ﬁ S (X, — X1J2), (78)

where D is the number of matrix fields X,. This norm measures how much the matrix
fields deviate from Hermitian configurations.

To address the excursions, the matrix fields X, are transformed under the en-
larged gauge symmetry:

X, —gX,9", geSL(N,C), (79)
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where ¢ is chosen as g = ¢=*Nn with a tuning parameter o, which is a real and
positive, and

Ny = % > X, X (80)

The norm Ay is not invariant under this gauge transformation. This noninvariance
allows for iterative application of the gauge transformation to progressively minimize
Ny and bring the matrix fields closer to Hermitian directions. The procedure of
gauge cooling has been shown to comply with the correctness criteria for complex
Langevin method.'"”

Dynamical stabilization

This method was recently introduced by Aarts, Attanasio, Jager and Sexty.!20:12! It

involves decreasing the unitary norm by adding a custom drift term to the complex
Langevin process, which vanishes in the continuum limit. Specifically, the drift term
K, at lattice site x is modified as follows:

K.T, _>I?T = Kr + Z.O‘DSJ\ITJ (81)

where apg is a control parameter and M, acts only in the imaginary direction,
orthogonal to the SU(N) manifold, and grows with the unitary norm. Although this
adjustment to the drift term is designed to vanish in the continuum limit, it is
manually incorporated into the process. As a result, it does not satisfy the complex
Langevin correctness criteria, making it challenging to assert that simulations using
this dynamical stabilization method yield correct results.

4.4.2. QOutline of the complex Langevin algorithm

The flowchart in Fig. 2 outlines the implementation process for the complex Lan-
gevin method, incorporating adaptive step size and stabilization techniques. Below
are the key components of the flowchart:

o Initialization: Start by initializing the field configurations, denoted as ¢ = ¢,. Set
key Langevin parameters: Ny, for the number of thermalization steps, N, for

the number of generation steps, N,, for the measurement interval, €., for the

a]
step-size cut-off and  for tuning thepstep size. Begin the Langevin iteration with
i=1.

o Langevin Evolution and Adaptive Step Size: Compute the action gradient 0,5 to
determine the adaptive step size €, given by € = ﬁ If € is less than or equal to
€cut, USE € as computed; otherwise, set € to €.,. Perform the Langevin evolution by
updating the field configuration to ¢’ = ¢ — €d,S + \/en, where 7 represents sto-
chastic noise. Increment the iteration counter .

e Stabilization: Apply a stabilization technique, such as gauge cooling, if applicable.

Check whether the current step i falls within the thermalization phase (i < Nyerm)
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INPUT/GENERATE INITIAL CONFIGURATIONS ¢ = ¢
INPUT LANGEVIN PARAMETERS Nyory Noew Noap €cur 7
LANGEVIN STEP ITERATION: i = 1

ACTION GRADIENT

9,5+ 19,51

ADAPTIVE STEP-SIZE

/4
€=
19,51

ELSE € = €,

IF € < €.y

A 4

A

LANGEVIN PARAMETERS

Nijeym: THERMALIZATION STEPS

Nyen : GENERATION STEPS

Ngqp : MEASUREMENT INTERVAL/GAP

€, : LANGEVIN STEP-SIZE CUT-OFF

cut
Y : LANGEVIN STEP-SIZE TUNE

STABILIZATION TECHNIQUE
GAUGE COOLING
(IF APPLICABLE)

A

OUTPUT
MEASURED OBSERVABLES
(0(¢))

Fig. 2. Flowchart for the complex Langevin algorithm.

or the generation phase (i < N,,), and if measurements should be taken at the
current step (i%N,,, = 0). If so, measure the observables (¢). The procedure
continues until the maximum number of generation steps is reached.

4.5. Complex Langevin method: Recent studies and results

This section briefly highlights some recent successful applications of the complex
Langevin method.

Since its inception, the complex Langevin method has undergone continuous
improvements to address its primary shortcomings: nonconvergence and the noto-
rious wrong convergence caused by zeros in the probability density within the
complex plane. The associated Fokker—Planck equation generally allows multiple
equilibrium solutions in the space of distributions, see Ref. 122. While violations of
the correctness criterion can help identify such scenarios, fundamentally under-
standing and resolving these issues remains a significant challenge.
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The underlying problems are typically attributed to either the insufficient decay
of the probability distribution in the complexified configuration space (at infinity or
the poles of the drift force) or to a failure of ergodicity. These shortcomings result in
boundary terms during integration by parts, as outlined in Eq. (60), and thereby lead
to slow decay, which undermines the formal proof of correctness as discussed in
Ref. 123. This was extensively studied in simple but pragmatic models, such as the
U(1) one-link model, where analytic results can be directly compared with numerical
simulations, see Ref. 124. Further efforts to address these issues'?”
plicitly computing boundary terms to test the convergence of the method and in-
vestigated the deconfinement phase transition in two-flavor Wilson fermion QCD.
Moreover, examining the boundaries at infinity at the cost of measuring higher-order
boundary term observables extended these investigations to various models, in-
cluding one-plaquette models, the Polyakov chain model, the 3D XY model and
heavy dense QCD.'?0 Despite these advances, debates around the persistence of
boundary-related issues continue as discussed in Ref. 127 and recent findings in
Ref. 128 advocated that boundary terms alone are insufficient as a correctness cri-
terion, with additional complications arising from unwanted integration cycles.
References 129-131 established that introducing a suitable complex holomorphic
kernel into the Langevin equation can effectively address boundary terms issues.
However, the integration cycle complications persist, necessitating ongoing research
to ensure correct convergence. See Ref. 132 for investigations in this direction using
toy models.

Another recent promising strategy to mitigate incorrect convergence leverages
insights from Lefschetz thimbles, employing weight regularization based on their
associated structures to correct biases.'?>!3* A new parameter-free gauge cooling
technique, the alternating descent method, was also proposed in Ref. 135 and suc-
cessfully illustrated on the one-dimensional Polyakov loop model and 4D heavy
quark QCD at finite chemical potential. The resurgence in interest has also driven
significant advancements. The efficacy of adaptive step-size methods in managing

focused on ex-

unstable complex Langevin trajectories in lattice QCD was first demonstrated in the
three-dimensional XY model, as detailed in Refs. 136-138. Further optimizations
and stabilizing techniques for simulations are discussed in Refs. 118, 121, 139
and 140. References 141 and 142 provide an update on dynamical stabilization
in the heavy quark limit and its application to the XY model at finite chemical
potential.

Complex Langevin simulations have significantly advanced our understanding of
the real-time formulation of quantum field theories. The original motivations arose
from systems that must be treated in real-time, such as out-of-equilibrium systems
that cannot be formulated using Euclidean techniques. Reference 111 provides a
detailed exploration of simulations of nonequilibrium quantum fields. Inspired by
these successes, applications were extended to scalar and non-Abelian gauge fields, as
discussed in Ref. 143, while gauge theories in Minkowski space—time, optimized for
efficient updating, were examined in Ref. 112. Later, Ref. 3 investigated finite-
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temperature field theory in the real-time formalism using stochastic quantization.
Recently, Ref. 144 explored the potential of modern implicit solvers for stochastic
partial differential equations in the context of real-time complex Langevin dynamics.
The implicit solvers can be shown to be unconditionally asymptotically stable,
preventing the occurrence of runaway trajectories, as long as the underlying complex
Langevin dynamics remain finite. They also allow for simulations at comparatively
large Langevin time steps, leading to lower computational cost. In Ref. 145, using the
Schwinger—Keldysh formalism for SU(N) gauge theories, the authors identified the
insufficiency of current stabilization techniques and introduced a novel anisotropic
kernel. This kernel enables complex Langevin simulations on discretized complex
time paths, applied to SU(2) Yang-Mills theory in (3 + 1) dimensions. This ad-
vancement could pave the way for an ab initio real-time framework for QCD in and
out of equilibrium. Real-time quantities, such as spectral functions and transport
coefficients, are crucial for understanding the quark-gluon plasma. In Ref. 146, the
authors achieved the first direct ab initio computation of unequal-time correlation
functions in (3 + 1)-dimensional real-time Yang—Mills theory in thermal equilibrium.
These unequal-time correlation functions, computed for the first time in non-Abelian
lattice gauge theory, are essential for extracting real-time observables. This work lays
the foundation for obtaining real-time quantities from lattice gauge theory using a
first-principles real-time framework.

Nonperturbative studies of QCD at finite chemical potential remain among the
most significant and notoriously challenging tasks due to the severe sign problem
associated with well-established path integral Monte Carlo methods. The application
of complex Langevin dynamics to finite-density lattice QCD has shown promising
potential to circumvent the sign problem, reigniting interest in this approach, as
demonstrated in Refs. 7, 147 and 148.

As discussed earlier in this section, complex Langevin extends the gauge group
from SU(3) to SL(3,C), where the noncompact nature of SL(3,C) can lead to run-
away configurations, necessitating optimizations and stabilization techniques to
ensure evolution remains close to the unitary manifold. Several works, including
Refs. 149-153, have explored the validity of complex Langevin dynamics to address
the sign problem in lattice QCD at nonzero baryon density, with a particular focus
on the overlap problem and the Silver Blaze problem, as well as high-temperature and
heavy dense regimes. For a comprehensive overview of the progress in complex
Langevin simulations of the QCD phase diagram, see Refs. 154-158. Complex
Langevin method, stabilized with gauge cooling, was extended to full QCD at
nonzero chemical potential in Ref. 159, with reliability compared to heavy quark
QCD (HQCD) in the large quark mass limit. Reference 160 compared complex
Langevin simulations of finite-density QCD with reweighting from positive
ensembles, discussing its applicability across the parameter space. In Ref. 161,
motivated by the successful application of complex Langevin methods at high
temperatures and in the heavy dense limit, the large p/T regime was investigated
using four-flavor staggered fermions on a finite lattice. The study encountered a
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singular-drift problem, which was circumvented using the mass deformation
technique initially developed in the context of matrix models.'%> In Ref. 163,
significant progress was made in studying QCD thermodynamics at finite chemical
potential using four-flavor staggered quarks with Symanzik improvement on the
bosonic sector. However, the study was limited to finite 163 x 8 lattices and
restricted to high temperatures and larger-than-physical pion masses,
m, € [500,700] MeV. Similarly, in Ref. 153, a heavy pion mass of ~ 1.3 GeV was
used with a two-flavor Wilson fermion action to compute the transition temperature
at finite p using third-order Binder cumulants. Building on these works, complex
Langevin simulations were performed on lattices 8 x 16 and 16% x 8 with four
flavors and a lattice spacing of a~! & 4.7 GeV, where the authors observed a plateau
in the quark number dependence on chemical potential, suggesting connections to
the Fermi surface and color superconductivity. Reference 164 used complex Langevin
simulations to explore the QCD phase diagram over a large range of chemical
potentials and temperatures. In the simulations the authors used two flavors of
dynamical Wilson fermions with a pion mass of approximately 480 MeV with a
spatial volume of 243. They found that at the lowest temperature the fermion density
remains zero until my/3, in line with the expectations from the Silver Blaze
phenomenon.

In Refs. 165-168, the authors first identified the T' — 1, validity region of complex
Langevin as y,/T = 5.2 — 7.2 on 8 x 16 lattices and p,/T = 1.6 — 9.6 on 16® x 32
lattices using four-flavor staggered quarks. They later explored the flavor number
dependence for Ny = 2,2 + 1, 3 using Wilson fermions, mapping the validity region
as an indispensable first step toward pragmatic calculations of QCD using the
complex Langevin method. In Ref. 169, ab initio finite lattice results for two-flavor
QCD thermodynamics were presented at finite p for pion masses larger than physical
values, with plans to incorporate strange quarks, improved actions and continuum
limits in future studies. The authors emphasize the significance of these investiga-
tions for understanding the hot QCD phase diagram and searching for the elusive
critical endpoint.

Exploring the QCD phase diagram to the extremes of the color superconductivity
phase in low-temperature and high-density QCD, Ref. 170 studied the diquark-
antidiquark operator on an 8% x 128 lattice using four-flavor staggered fermions. The
results exhibited violent fluctuations when the Fermi surface coincided with the
energy levels of the quarks.

Initially, with correct implementations only available in limited regions of the
QCD phase diagram, simpler models capturing aspects of QCD phenomenology were
explored. For example, the relativistic Bose gas at finite chemical potential, which
exhibits a Silver Blaze phenomenon and a sign problem similar to lattice QCD, was
studied in Refs. 101 and 171. Reference 172 provides a detailed comparison of various
algorithms designed to address the sign problem in the O(3) nonlinear sigma model
in (14 1) dimensions. Further insights into the complex Langevin method in lattice
QCD have been gained from detailed studies of spatially reduced low-dimensional
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QCD models, specifically in (0 + 1) dimensions®!731™ and (1 + 1)-dimensional
reweighting trajectories.”>!”™ 177 Thirring model was studied in Ref. 178 for (2 + 1)
dimensions at finite density, with comparisons in the heavy dense limit. Additionally,
random matrix theory, which shares critical features with QCD such as spontaneous
chiral symmetry breaking and the complex fermion determinant, has been employed
with stabilization techniques near the chiral limit in the cold and dense regimes of
QCD. Notable studies include Refs. 179-185. An excellent summary of the progress,
current challenges, and potential solutions in lattice QCD is provided by Nagata'®6
(translated into English by Hanada and Itou).

QCD matter under rotation is of particular interest in diverse systems such as
rapidly rotating compact stars, quark-gluon plasma in heavy-ion collisions and low-
energy nuclear physics. Recently in Ref. 187, the complex Langevin method was
applied to a rotating system at thermal equilibrium with a finite angular momentum
chemical potential, studying the U(N) matrix quantum mechanics, where rotations
affect the phase structure. Using the Langevin method, Ref. 188 studied that
Polyakov loop effective potentials in finite-temperature large- N gauge theories obey a
scaling relation, illustrated across various classes of Yang—Mills theories with lattice
and Fourier discretization under varying imaginary angular velocities. Rotating
systems are ubiquitous, and experimental realizations in condensed matter, such as
ultracold atomic systems with spin—orbit coupling, have opened exciting new
directions. However, nonperturbative characterizations require complex bosons,
leading to a numerical sign problem. References 32, 189 and 190 demonstrated the
implementation of interacting (2 + 1)-dimensional spin-orbit coupled bosons at fi-
nite angular momentum, revealing their thermodynamic properties. Reference 191
investigated the effects of artificial spin—orbit coupling on the density equation of
state for a bosonic system with two pseudo-spins, with potential future studies on the
interplay between spin—orbit coupling and rotation. In Ref. 192, the thermodynamics
of a unitary Fermi gas over a wide range of temperatures and spin polarizations was
studied using the complex Langevin method, focusing on the density equation of
state, magnetization and magnetic susceptibility. Recently, Ref. 193 applied complex
Langevin simulations based on the coherent-state, imaginary-time path integral
representation to rotating Bose-Einstein condensates, addressing the inherent sign
problem and paving the way for broader applications to rotating systems.

The quest to uncover the underlying topology of gauge theories, particularly in
addressing the strong CP problem in the Standard Model, continues. Non-
perturbative investigations of field theories with a purely imaginary topological
f-term have utilized the complex Langevin method to tackle this issue. Relevant
studies include Refs. 23, 24 and 194. For instance, in Ref. 24, the method was applied
to a two-dimensional U(1) theory with a topological f-term on a punctured torus in
Ref. 25. Building on this, the complex Langevin method was extended to a four-
dimensional SU(2) gauge theory with a topological 6-term. In this context, the to-
pology freezing problem was addressed using open boundary conditions. However,
CP symmetry remained broken at 6 = m, restricting investigations related to ’t
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Hooft’s matching condition. To overcome this, the authors proposed a novel ap-
proach involving stout smearing, which restored the topological properties required
for further study.

Traditionally, quantum theories require Hermitian Hamiltonians to ensure real
eigenvalues and unitary evolution. However, P7 -symmetric theories, despite having
positive spectra, are less studied due to the lack of a consistent probabilistic inter-
pretation in Monte Carlo. In the early 2000s, even before the advent of correctness
criteria, Refs. 195 and 196 explored P7-symmetric scalar theories by computing
equal-time one-point and two-point Green’s functions in zero and one dimension,
providing insights into the probabilistic interpretation of path integrals and paving
the way for future non-Hermitian complex Langevin studies. In Ref. 197, a con-
nection was established between various solutions of the Schwinger—Dyson equations
and stationary distributions of complex Langevin equations to study different phases
of such theories. Building on these studies, incorporating fermions into the action and
ensuring that the action remains invariant under the appropriate supersymmetric
transformations, dynamical supersymmetry breaking in low-dimensional quantum
field theories with complex actions was investigated in Refs. 198-202. These studies
included superpotentials featuring P7 -symmetry.

Matrix models provide an essential framework for studying nonperturbative
phenomena, including spontaneous symmetry breaking, but they often suffer from
the sign problem. Complex Langevin has emerged as an ideal method to address
these challenges. In Ref. 203, Gross-Witten-Wadia (GWW) phase transitions were
observed in large- N unitary matrix models through complex Langevin simulations.
In matrix models, the determinant or Pfaffian arising from integrating out fermions
becomes complex, and its phase plays a crucial role in determining the vacuum, but
investigation suffers from the singular-drift problem. In Refs. 162 and 204, the
authors proposed addressing the above problem by deforming the action with a
fermion bilinear term, with the original system recovered through extrapolations
with respect to the deformation parameter. They demonstrated the effectiveness of
this approach by applying it to a simple SO(4)-invariant matrix model, capturing
spontaneous symmetry breaking. Exploring the deformation dependence on the
vacuum, in Ref. 205 they later considered three different types of deformation in a
large- N matrix model, which undergoes spontaneous symmetry breaking due to the
phase of the fermion determinant, and compared these to ensure consistency. This
work was further extended to investigate spontaneous rotational symmetry breaking
in dimensionally reduced six-dimensional super Yang—Mills models with Euclidean
signatures in Refs. 206 and 207.

The above studies paved the way for extensive investigations into the sponta-
neous breaking of SO(10) rotational symmetry in the Euclidean IKKT/type IIB
matrix model, as reported in Refs. 208-210. The authors concluded that an SO(3)-
symmetric vacuum is consistent with studies using the Gaussian expansion method.
These investigations were extended to Lorentzian signatures, revealing an expanding
(3 + 1)-dimensional universe with exponential behavior at early times and power-law
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behavior at later times, as detailed in Refs. 211-215. Further studies in Refs. 216
and 217 explored scenarios where the space-time signature changes dynamically
from Euclidean at early times to Lorentzian at late times. Recently, Ref. 218
proposed the addition of a Lorentz-invariant mass term, leading to exponential
expansion consistent with a Lorentzian signature at late times. This study also
observed the expansion of only one of nine spatial directions, corresponding to
(1 + 1)-dimensional space—time, which was explained in terms of the bosonic sector
of the theory. Reference 219 provided an extensive review of progress in numerical
studies of the IKKT matrix model using both complex Langevin and Monte Carlo
methods. In Ref. 220, the dynamical breaking of SO(10) symmetry in the IKKT
matrix model was revisited using a class of supersymmetry-preserving mass
deformations, inspired by the BMN mass deformations.??!

Recently, efforts have been made to integrate complex Langevin with machine
learning optimization processes. In Ref. 222, it was proposed to systematically learn
optimal kernels by leveraging insights from boundary terms through reinforcement
learning, illustrating real-time dynamics in (1 + 1)-dimensional systems. Refer-
ence 223 reported comparisons between complex Langevin and mean-field methods
applied to effective Polyakov line models. Additionally, there has been significant
progress in comparing and potentially unifying complex Langevin and Lefschetz
thimble methods, as discussed in Refs. 91 and 224-232.

5. Complex Langevin Simulations of Zero-Dimensional Models

Supersymmetric quantum field theories in zero-dimensional space—time serve as an
elegant yet fundamental platform to explore spontaneous SUSY breaking and
other essential quantum phenomena. In this realm, the system simplifies the study
of probability distributions over single variables, with a nonpositive definite
weight reflecting the effects of SUSY. Since zero-dimensional theories lack
space—time extent, the field configurations evolve in Langevin time without
the complications introduced by space—time and its symmetries. As a result, the
dynamics of field configurations and their equilibration can be understood without
interference from more complex phenomena, making this framework an ideal
testing ground for probing foundational concepts like spontaneous symmetry
breaking (SSB).

The lack of spatial dimensions also eliminates many of the technical difficulties
encountered in higher-dimensional SUSY theories, such as renormalization, making
these systems easier to analyze numerically. Moreover, zero-dimensional SUSY
models often provide valuable toy models for gaining intuition about quantum field
theories in higher dimensions, particularly in regards to the behavior of their vacuum
structures, correlation functions and the nature of symmetry breaking. In this con-
text, spontaneous SUSY breaking in zero dimensions serves as a conceptual bridge to
understanding these phenomena in more complex settings.
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5.1. Bosonic models

The class of Euclidean scalar quantum field theories described in Ref. 233 is par-
ticularly intriguing due to its non-Hermitian Hamiltonian with P7 -symmetry. The
Lagrangian for these theories has the form

L= (0,00 +5m?6" + W(o). (52)
The potential
=——9 (i)t

introduces the non-Hermitian nature via the imaginary unit ¢, yet retains
PT -symmetry. Here, ¢ is a scalar field with mass m, ¢ is the coupling parameter and
6 is a real parameter.

The non-Hermitian aspect arises because the potential involves (ig)(
6 > —2. Despite being non-Hermitian, there is significant evidence that these theories
exhibit real and bounded energy spectra, which is one of the hallmarks of
PT -symmetric systems. In P7 -symmetric quantum mechanics, although the Ham-

2+9)  where

iltonian is not Hermitian, it is symmetric under the combined action of parity (P)
and time reversal (7), allowing for the possibility of a real spectrum.

These P7-symmetric field theories provide an interesting window into nontra-
ditional quantum field theories, particularly because they challenge the conventional
requirement of Hermiticity for ensuring real energy eigenvalues. The fact that these
theories can have real, stable spectra suggests that the requirement of Hermiticity
might be relaxed in certain contexts, provided P7 -symmetry is preserved. This leads
to a wider class of potentially physically meaningful models, especially when inves-
tigating phenomena that involve complex potentials, such as in quantum field the-
ories with nontrivial topological terms or in systems with a chemical potential, where
the action becomes complex.

The significance of these investigations extends beyond pure theory. They provide
a framework for understanding non-Hermitian systems, not just in elementary par-
ticle physics, but in fields such as condensed matter physics and even optics, where
PT symmetric systems have been experimentally realized.

In the context of zero-dimensional quantum field theories, the Lagrangian pre-
sented above reduces to

1
£=§m%ﬂwww, (84)
with W(¢) = — 4 (i¢)" and N = 2 + 6. This form allows for a direct computation of

the partition function and correlation functions due to the absence of space-time
coordinates.
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For the massless case, where m = 0, the Euclidean action reduces to the potential
term

g ,. 7
- Gio ()

This simplification leads to a partition function of the form

1 o0
Z=— -
o /_Ood¢e

= %K:d¢ exp ( {% (ZQS)A] ) (86)

This expression captures the non-Hermitian nature of the action, but the P7 -symmetry
may help ensure that the theory has a real, positive partition function, as previously
observed in such systems.

Similarly, the k-point correlation functions can be computed using

Gi= () =g 3= [ dootemn([£:G01]). (57)

These correlation functions provide valuable insights into the field dynamics and
structure of the zero-dimensional theory, especially regarding how the non-Hermitian
potential influences the behavior of the field.

The one-point correlation function, G, takes the form?3*

G =— % <%> M (% + %) cos (%) , (88)

while the two-point correlation function, G,, is given by

2N (L s of T
6= (M) T [ () - e ()] (59)

N

In a similar way, higher moments of ¢ can also be determined. Table 1 provides a
comparison between the results from complex Langevin simulations for G; and G,
and their respective analytical expressions. The analytical and numerical results
match excellently and give confidence in using CLM.

Table 1. The correlation functions G; and G, obtained from complex
Langevin simulations for zero-dimensional —(g/N)(i$)" theory for N = 3, 4.
The parameters are: coupling constant g = 0.5, adaptive Langevin step size
AT <0.002, thermalization steps Nyem = 10 and generation steps

Noen = 107. Measurements were taken with a gap of 1000 steps. Numerically
simulated values are compared with the exact results.

N=3 N=4
Gt 0.0 —40.9185 0.0 —41.1630
Gt 0.0112(121) — i0.9183(41) 0.0050(58) — ¢1.1651(28)
Gt 0.0 +140.0 —0.9560 + 0.0
G —0.0001(16) — 0.0237(286) —0.9587(45) — i0.0122(158)
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N

4

@

Fig. 3. A scatter plot of the complexified field configurations in the ¢ — ¢; plane for the zero-dimen-
sional —(g/N)(i¢)" theory with coupling g = 0.5 and N = 4. The field trajectories during complex
Langevin evolution are represented by black dots. After a large Langevin time, the field realizations form a
cloud averaging around the point (0.0, —1.163).

Figure 3 shows the complexified ¢ field configurations on the complex ¢p — ¢
plane as it evolves in Langevin time. Figure 4 shows the Langevin time history of G
and G, for the N = 4 case.

5.2. Ezxploring SUSY breaking

The Lagrangian in Eq. (82) can be made supersymmetric by introducing the ap-
propriate number of fermions. The two-dimensional supersymmetric Lagrangian

takes the form?33
1 1 1_ 1
L= S @0 + 5000+ 5 T (@) + 5 W), (90)
___ 9 -\ (246)
W0) = g i6), o)

ExactRe [®] ——
Exact Im [®] - - - -

02000 4000 6000 8000 10000 12000 14000 16000 18000 20000 020004000 6000 8000 10000 12000 14000 16000 18000 20000
Langevin Time Langevin Time

Fig. 4. Langevin time history of one-point (Left) and two-point (Right) correlation functions. The model
is —(g/N)¢* theory with g = 0.5 and N = 4. Simulations were performed with adaptive Langevin step size
A7 <0.002, generation steps Ny, = 107, and measurements were taken with a gap of 1000 steps. The
exact values are represented by solid and dashed lines.
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where v and ) are Majorana fermions. This supersymmetric Lagrangian also breaks
parity symmetry. We can ask if breaking of parity symmetry induces the breaking of
supersymmetry in this model.

This question was addressed in Ref. 233. Through a perturbative expansion in 9,
the authors demonstrated that SUSY remains unbroken in this model. A non-
perturbative exploration of SUSY breaking in this context, using the CLM, would be
an interesting direction of study. Note that such a nonperturbative investigation via
path integral Monte Carlo is not viable, as the action of this model can generally be
complex.

Let us consider a zero-dimensional version of the supersymmetric model. In this
case, we work with a general supersymmetric potential, W(¢). The action is given by

§ =5 B +iBW(0) + IW(9)0, (92)

where ¢ is the bosonic field, ¢ and 1) are fermionic fields and B is an auxiliary field.
The prime denotes the derivative of the superpotential with respect to ¢.

In this theory, SUSY transforms fermionic fields into bosonic fields. There are two
independent SUSY charges, @ and @ in the theory. They correspond to N =2
supersymmetry. We can obtain this action from dimensionally reducing one-di-
mensional SUSY QM with two supercharges.

The action is invariant under the following SUSY transformations.

For the @ charge

and for the @ charge
The supercharges Q and Q satisfy the following algebra:
{Q.Q}=0, {Q,Q}=0, {Q,Q}=0. (95)
Additionally, the action can be written in a Q- or QQ-exact form, specifically
S=Qy (%B - W )
/1 —
—QQ (v W), (96)

which demonstrates that the action is invariant under both SUSY charges
QS=0, QS=0. (97)

The auxiliary field B has been introduced for the off-shell completion of the SUSY
algebra. We can be eliminated it with the help of the equation of motion:

B =—iW(¢). (98)
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The partition function for this model is
1 =S
7 = o [ dBdpdydije
m

1 _ 1 _
=5 / dBdpdipdidexp [— (5 B* + iBW'(¢) + ww"(qs)w)]. (99)

After completing the square and integrating out /5 we can simplify the partition
function to

— L o) _ l ! 2 N
7= [ avavdi exp [ (2 W6 + TW (qsm)] (100)
Finally, integrating out the fermions yields
Z = \/1_ depW" (¢p)exp {;W’(gb)z]. (101)

If SUSY is broken, the partition function vanishes. In such cases, the expectation
values of observables, when normalized by the partition function, may become
ill-defined.

The expectation value of the auxiliary field plays a key role in investigating SUSY
breaking. It can be calculated as

1
Z 2w

_ Zm/ exp{——W’((zﬁ)] (102)

For SUSY broken case, the normalized expectation value of B becomes indetermi-
nate, leading to a form like 0/0, signaling issues in determining the value directly.
To address this, we can introduce an external field, which will allow us to detect
spontaneous SUSY breaking by lifting the potential ambiguity. This approach is
similar to detecting the spontaneous breaking of other symmetries: an external field
is applied to resolve ground-state degeneracy, and once the symmetry-breaking be-
havior is identified, the external field is set to zero in the thermodynamic limit.
For example, in the Ising model, a magnetic field is introduced as the external field
to detect spontaneous magnetization, with the spin operator acting as the order

(B) = dBdodipdpBe

parameter. In the same spirit, we can detect SUSY breaking by introducing an
external field in this model.

One method to introduce such an external field is by modifying the boundary
conditions for the fermions, replacing periodic or anti-periodic boundary conditions
with twisted boundary conditions. This external field approach offers a way to probe
spontaneous SUSY breaking.
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5.2.1. Theory on one-site lattice

We can interpret the zero-dimensional theory as the one coming from the dimen-
sional reduction of a one-dimensional SUSY QM model. The one-dimensional action
is integrated over a compactified time circle of circumference 3 in Euclidean space. It
has the form

s . .
S = / dr BBQ +iB(p + W) + () + W) |, (103)
0

where ¢ and 1) denote derivatives with respect to the Euclidean time 7 € [0, 3]. The
above action is invariant under @ but not under Q.

To discretize the theory on a one-dimensional lattice with N. sites, we use finite
differences for the derivatives. The lattice action then becomes

N,—1
s=% BBQ(”) +iBn)(6(n + 1) — 6(n) + W'(6(n))
n=0
+19(n)(d(n +1) = (n) + W(d(n)y(n))|, (104)

where n represents the lattice site. Note that the fields and coupling parameters have
been rescaled so that the action is expressed in dimensionless variables. This lattice
action preserves one of the supercharges, Q. The @ SUSY is not maintained when
N, >2.

For the simplest case with one lattice point, i.e. N, = 1, the action simplifies to

§ = 3 B(0) +iBO)(6(1) ~ 6(0) + W' (6(0)
+ TO)(1) — $(0) + W (6(0))6(0)), (105)

where ¢(1) and (1) are determined by the boundary conditions. For periodic
boundary conditions, we have

B(1)=6(0),  ¥(1) = 40, oo
¥(1) =v(0), B(1) =B(0).
The action reduces to
S = %BQ + iBW' + W (107)

Thus, we see that the action of the zero-dimensional supersymmetric model with
N =2 SUSY is equivalent to the dimensional reduction of a SUSY quantum me-
chanics model with periodic boundary conditions.

5.2.2. Boundary conditions with a twist

Instead of using periodic boundary conditions, we introduce twisted boundary con-
ditions for the fermions, to address the indefinite form of the expectation values
encountered previously. Twisted boundary conditions have been explored in the
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context of supersymmetric models by Kuroki and Sugino.?*>?3¢ Under twisted
boundary conditions, the field configurations satisfy

¢(1) = 6(0), ¥(1) = e(0), (108)
P(1) = e 9(0), B(1) = B(0). (109)

The action takes the form
1 .
S, = 582 +iBW' + (e — 1+ W) (110)

The introduction of the twist parameter « results in a soft breaking of SUSY, as
evidenced by

QS, = —iQ8, = P(e* — )¢ (111)

and SUSY is recovered in the limit o — 0.
The partition function for this twisted model is given by

Z, = 1 / dBd¢dipdp e 5

= d —14+W")ex [——W’Q] 112
- [aste Jexp (12)
The expectation value of the auxiliary field B with twisted boundary conditions is
given by
1

Z o [ dBddydgBe

(B)a =

Z m/dd)W’ —14+W") exp [—;W’Q} (113)

This expression is now well-defined, as the twist parameter « serves as a regulari-

zation parameter, resolving the indefinite form () = 0/0 encountered with periodic

boundary conditions. In the limit & — 0, a vanishing expectation value of (), would

suggest that SUSY is preserved, while a nonzero value indicates SUSY breaking.
The effective action with twisted boundary conditions is given by

.1 )

Su =5 WP —Infe =1+ W] (114)
and the gradient of this effective action, which is required for the complex Langevin
method is

osd o :
o W/2 o 1 WN
7= 05 (V" len -1+ w)
W/N
=WwWw"— 115
(em — 14+ Wl/) ( )
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We can explore various quantum mechanics models depending on the choice of
the potential. Examples include models with real or complex double-well potentials,
general polynomial-type potentials and scarf-type potentials. In the following sec-
tion, we will focus on models featuring P7 -symmetric potentials.

5.3. PT -symmetric models

Let us consider the superpotential

g9 .
W(p) = — i) 2+0). 116
(©) =~ ) (116)
This is the same as the one we looked at earlier, for the case of bosonic models.
The twisted partition function has the form

_ 1 x i 1" 7& 12
Z, = m/mdgb(e 1+W)exp{ 2W

= - [ st = 1k g1+ 90 e [y

The auxiliary field B has the following expectation value

<B>a =

1 1 > T/ 1o " 1 12
Zamlmd¢( iW')(e 1+W)exp[ 2W

- ZL% ~ ddg(ig) (e — 1+ (1 +6)(i9)")
X exp [;92@'@2(1%)} : (118)

Let us analyze this model for various integer values of § and investigate whether
SUSY is broken or preserved.

For the case 6 =0, we can easily perform analytical evaluations. The partition
function is

1 > . 1
- E _Ocd¢(€m —1+g)exp [—592(/)2}

e iafE n

Once we turn the external field off (¢ — 0) we obtain a nonzero value for the
partition function:

N
>
|

S,
|

Zool6 = 0] = ———g4 [ = = —1. (120)

This implies that SUSY is preserved in the system.

2530006-42



Int. J. Mod. Phys. A 2025.40. Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 07/29/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Complezx Langevin simulations of supersymmetric theories

We also have

(Balo =01 = 5= [ dsigote =1+ g)exp |~ 1 ]

_ Zg fECOC d¢¢(€7a -1 —+ g) exp [_% 2¢2}
(eia -1 +g)\/29:72r

g 5 dggexp [~ 1g%¢%]
\/ﬁ
7

implying that SUSY is preserved in the theory when 6 = 0.
When 6 = 2, we have the twisted partition function:

=0, (121)

Za[é = 2] = \/ﬁ/ d¢ o 1- 3g¢2) eXp |:_92¢6:|

g > 2 L, 6:|
+ — dog®exp | — = . 122
Tﬂ/_ooaﬁcﬁ p{ 59°9 (122)
Once the external field is turned off, « — 0, we get a nonzero partition function
Zuals =2 = [ " dogzex |- 5o 1. (123)
V2T

Again, suggesting that SUSY is preserved in this system. The expectation value of
the B field has the form

ig > 3( ia 2 L, 6]
B), 6 =2]=— / d e —-1-3 exp |—— =0. 124
Bluls =2 =~ [~ oo ) oxp |- 570 (121)
This value also confirms that SUSY is preserved when 6 = 2. We can perform similar
calculations for the case § = 4 and show that SUSY is preserved in the theory.

We can simulate this model with the é-potential using complex Langevin dy-
namics. The drift term coming from the -potential is

eff
= 5 [ W” ="~ 1+ W”)]
wm
R vaAv v/
=Ww (em — 14 W//)

igd(1 +8)(ip)""!
(e —1+g(1+6)(ig)")

The results from complex Langevin simulations are tabulated in Tables 2 and 3.
They clearly show that the expectation value of the auxiliary field, (), goes to zero
in the limit @ — 0. Thus, we can conclude that SUSY is unbroken in the model with a
b-potential for values of § = 1,2, 3, 4.

= —ig* (1 +6)(i)**" — (125)
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Table 2. The expectation values for the auxiliary field obtained
using complex Langevin simulations for models with superpotential
W' (¢) = —ig(ip)1+?), with coupling g = 0.5 and § = 1 and 3.

6 a (B)| SUSY
1.0 0.4 —0.2498(224) — 10.2109(487) Preserved
0.5 ~0.2580(202) — 0.2998(450)
0.6 —0.2617(186) — i0.3504(420)
0.7 —0.2726(172) — 40.3719(403)
0.8 —0.2858(160) — ¢0.3998(391)
0.9 —0.3113(149) — i0.3978(391)
a—0  —0.2433(2213) + i0.0742(5080)
3.0 0.3 0.0567(32) + i0.4452(566) Preserved
0.4 0.0738(32) + i0.4544(538)
0.5 0.0870(34) + i0.4387(475)
0.6 0.0961(43) -+ i0.4284(416)
0.7 0.1034(53) + i0.3946(441)
0.8 0.1027(64) + i0.3539(398)
a—0 0.0054(311) + i0.3625(4025)

Table 3. The expectation values (B), obtained using complex
Langevin simulations for the models with superpotential
W' ($) = —ig(ip) 1+, with coupling g = 0.5 and § = 2 and 4.

5 o (B« SUSY
2.0 0.05 0.0014(36) — 0.0609(1416) Preserved
0.1 0.0102(50) — §0.1986(1101)
0.2 0.0079(80) — 0.0679(1004)
04 0.0134(96) — i0.0627(701)
0.6 0.0079(120) — 40.0208(655)
0.8 —0.0068(126) + i0.0294(595)
a—0 0.0019(84) — 0.1423(1932)
40 0.05 —0.0005(20) — i0.0155(1257)  Preserved
0.1 —0.0017(37) — 0.0435(1043)
0.2 0.0059(48) + i0.0787(817)
0.4 0.0016(64) + 70.0108(648)
0.6 0.0132(70) + 0.0761(526)
0.8 0.0063(68) + i0.0258(418)
a—0  —0.0018(48) — 0.0092(1712)

5.4. How reliable are complex Langevin simulations?

In this section, we show how we can justify the simulation methods by introducing
two recent approaches for validating their accuracy. First method is based on the
Fokker—Planck equation as a criterion for correctness and the second exploits the
nature of the decay of the probability distribution of the magnitude of the drift term.

5.4.1. Justification using Fokker—Planck equation

In this section, we examine the validity of the simulations by applying criteria based
on the behavior of holomorphic observables and the Langevin operator.
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Fig. 5. The Langevin time history of LB for regularization parameter, o = 0.4. The simulations were
performed for superpotential W(¢) = —ig(i¢)1*9 with coupling g = 0.5. The delta values are: § = 1
(Top-Left), 6 =2 (Top-Right), § =3 (Bottom-Left) and § =4 (Bottom-Right). The simulations were
performed using adaptive Langevin step size A7 < 5 x 107, generation steps Nyen = 107 7~and measure-
ments were taken with a gap of 500 steps. The exact result at equilibrium distribution is LB = 0.

The evolution of holomorphic observables O[¢, 7] in the complex Langevin
method is governed by the equation

ao[d% T] T
where L is the Langevin operator defined as
~ 0 9] 0
L= [%%S[cb]} a—qﬁ (127)

At equilibrium, assuming that it has been reached, the observables become in-
dependent of 7, which implies
Co = (LO[g]) = 0. (128)

This condition serves as a criterion for the correctness of the complex Langevin
method. The efficacy of this criterion has been studied in various models, as detailed
in Refs. 95-97.
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Table 4. The simulated values of [iBu for models with
superpotential W’ (¢) = —ig(i$)!+%) and coupling g = 0.5.
The values of delta are: 6 = 1,3.

8 o (LB)|a
1.0 0.4 —0.6263(3592) + i0.0042(3062)
0.5 —0.1442(2127) + i0.0202(1752)
0.6 —0.0239(1517) + i0.0400(1375)
0.7 0.0198(1192) + 0.0387(1171)
0.8 —0.0107(1169) + 0.0494(988)
0.9 —0.0401(990) + i0.0104(915)
a—0 —1.2716(2.421) — i0.1173(2.122)
3.0 0.3 0.1846(5176) + 0.1366(3738)
0.4 —0.3282(1845) + i0.0443(3164)
0.5 —0.2215(1856) + i0.1869(2377)
0.6 —0.2046(1456) + i0.2870(1969)
0.7 0.0022(1476) + 0.2841(2076)
0.8 —0.0483(1412) + i0.1976(1960)
a—0 —0.3031(2.181) — i0.2210(2.335)

For the observable O corresponding to the auxiliary field B, the Langevin oper-
ator L acts as follows:
Z'W//W///

E :Z“/ — i ‘WIWNQ—.—.
(@ B iW" i (G — 1+ W7

(129)
Figure 5 shows the Langevin history of the correctness criterion, LB, with a regu-
larization parameter a = 0.4 for the superpotential W’ = —ig(i¢)' ™. The simulation
data fluctuates around the expected value, suggesting the correctness of the method.

Tables 4 and 5 present the simulated values of (LB), for the superpotential
W'(¢) = —ig(i)®) with coupling parameter g = 0.5 and various regularization
parameters a.

5.4.2. Drift term decay
Another method for validating the complex Langevin dynamics, as discussed in

Refs. 119 and 237, involves examining the probability distribution P(u) of the

Table 5. The simulated values of LB, for models with
superpotential W(¢) = —ig(i¢)'+* and coupling g = 0.5.
The values of delta are: 6 = 2, 4.

8 a (LB)],
2.0 0.05 0.0036(49) — i0.1572(1315)
0.1 0.0082(94) — i0.2145(1273)
0.2 0.0113(156) — i0.1480(1359)
0.4 0.0066(246) — 30.1409(1300)
0.6 —0.0014(312) — §0.1029(1280)
0.8 —0.0023(348) — 90.1132(1245)
a—0 0.0034(142) — i0.1906(2223)
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Table 5.  (Continued)

8 a (LB)la
4.0 0.05 —0.0086(127) -+ 0.3919(2944)
0.1 —0.0292(202) + i0.3050(2945)
0.2 —0.0127(310) + 0.5222(2910)
04 0.0295(503) + 0.4377(2889)
0.6 0.0497(595) + 0.3674(2690)
0.8 —0.0781(1796) + i0.1504(3194)
a—0 —0.0171(361) + i0.3794(5019)

magnitude of the drift term u at large values. The drift term magnitude is defined as

- ‘85 (130)

u = 8_¢ .
According to Refs. 119 and 237, the correctness of the complex Langevin method
is indicated if the probability of observing large drift magnitudes is exponentially

suppressed. This suppression ensures that large fluctuations do not dominate and the
method remains valid.
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Fig. 6. The probability distribution P(u) of the drift term magnitude u for the model with a super-
potential W(¢) = —ig(i¢)!*?, with coupling g = 0.5, and generation steps Ny, = 107, on a log-log plot.
The results are for 6 = 1 (Top-Left), § = 2 (Top-Right), 6 = 3 (Bottom-Left) and § = 4 (Bottom-Right).
The Langevin step takes adaptive values A7 < 5 x 107°.
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In some of the models described in this section, however, we observe that the
probability distribution P(u) falls off as a power law with respect to u, rather than
exponentially. Despite this, the simulations show excellent agreement with the cor-
responding analytical results wherever applicable. Figure 6 illustrates the probability
distribution P(u) of the drift term’s magnitude wu for the superpotential
W'(¢) = —ig(i)**). On a log-log plot, the distribution exhibits a power-law decay
for large u values.

6. Complex Langevin Method for SUSY Quantum Mechanics

In the early developments of supersymmetry, quantum mechanics models became a
crucial testing ground for examining the complexities of dynamical SUSY breaking.
These models provided a controlled setting to explore the mechanisms behind SUSY
breakdown, particularly highlighting the nonperturbative factors that are essential
in field theories. A landmark contribution came in 1981 from Witten, who introduced
the concept of the Witten index. This topological index became a key tool in inves-
tigating dynamical SUSY breaking.

Over the years, many researchers have explored nonperturbative mechanisms
that drive SUSY breaking in quantum mechanics. These studies have significantly
enhanced our understanding of how SUSY can be spontaneously broken, even in
relatively simple systems, contributing to a broader comprehension of the phenom-
enon. As research progressed, it became evident that supersymmetric quantum
mechanics was more than just a tool for testing field theory techniques — it evolved
into a fascinating and independent area of study with its own unique phenomena and
implications.

In this section, we delve into nonperturbative SUSY breaking in lattice-regular-
ized supersymmetric quantum mechanics with complex superpotentials, using
complex Langevin simulations to aid our investigation.

6.1. Supersymmetric quantum mechanics

Let us consider the action S[@, 1, 1] for a supersymmetric quantum mechanics with
two supercharges. The superpotential is denoted by W (¢). The degrees of freedom of
the model consist of a scalar field ¢ and two fermions, ¥ and 1. The action is
formulated over a compactified Euclidean time circle with circumference 3. Its ex-
plicit form is given by

.03 = [ ar[3 507 +iB(-00r) + £ W6 )

£ 50) (5 5 W) )ir)| (131)

Here, the derivatives with respect to ¢ and 7 are denoted by a prime and a dot,
respectively, and B is an auxiliary field.
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The action remains invariant under the following SUSY transformations

and
Qbo=-v, Q=0 Quv=-iB+20, QB=2iy. (133)
Here, Q and Q represent the two supercharges. They obey the algebra
{Q.Q}=20,, {Q.,Q}=0, {Q,Q}=0. (134)

Additionally, the action can be expressed in both Q-exact and QQ-exact forms

offarfe- (2w
~aq [ ar(Gov W) (135)

This formulation highlights the structure of the action in terms of the supercharges
and the role of the superpotential W(¢) in defining the dynamics of the model.
In the path integral formalism, we can write down the partition function as

7= / DBDGDYD e S0 ¥], (136)

It is assumed that periodic temporal boundary conditions are imposed on the fields.

In a system where SUSY is unbroken, we consider the Hamiltonian H, which
corresponds to the Lagrangian in Eq. (131), and has energy levels E, with
n=0,1,2,..., where the ground state energy is F; = 0. The bosonic and fermionic
excited states form a SUSY multiplet given by

Qlfa), 1fa) = (137)

|bn+1> \/m m@l n+1>
which satisfies the SUSY algebra from Eq. (134). The state |by) represents the ground
state of the system. Let us assume that |b,) and |f,) have fermion number charges
F =0 and F =1, respectively. Then, the partition function Z, under periodic
boundary conditions for both bosonic and fermionic fields, becomes equivalent to the
Witten index Ay, (3).238
We can express the partition function as

Z =Aw(f) = tr[(—1)Fe ]

= (bo|by) +Z Dt Busr) = (Fal £u))e B (138)

From above, we can see that the partition function does not vanish due to the
presence of a normalizable ground state. Consequently, the normalized expectation
values of observables in the theory are well-defined.

2530006-49



Int. J. Mod. Phys. A 2025.40. Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 07/29/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Joseph € A. Kumar

The auxiliary field has the following normalized expectation value:

1

(B) = An(B) {bo| Blbo) +;(<bn+l|8|bn+1> = (falBIfa))e P Fr | (139)

We can use this as an order parameter to detect SUSY breaking.??" It is important to
note that the unpaired state mentioned in Egs. (138) and (139) need not necessarily
be a bosonic state or a unique state.

The auxiliary field B was introduced to complete the off-shell SUSY algebra.
From the transformation properties of B under the @-supersymmetry in Eq. (132),
and the fact that the ground state is annihilated by the supercharges, it follows that
in a system with unbroken SUSY, the normalized expectation value of the auxiliary
field vanishes. However, in the case of SUSY breaking, the situation is more
complex.

When SUSY is spontaneously broken, the Hamiltonian H has a positive ground state

energy, i.e. 0 < Fy < Fy < Fy < ---, and the SUSY multiplets are now defined as

1 1
b,) = —— —
15n) V2E, V2E,
satisfying the algebra in Eq. (134). Unlike the unbroken case, when SUSY is broken, the
supersymmetric partition function

Z = Ay = t(=1)Fe 1] =3 [((bu[ba) — (ful fu))e ] (141)
n=0

vanishes as a result of bosonic and fermionic states canceling each other. Consequently,
the normalized expectation values of observables, such as the auxiliary field, become
ill-defined.

The normalized expectation value of the auxiliary field can be written as

Z?:O[(<bn|8|bn> — <fn|B|fn>)e_ﬂE”] ]

) = An(D)

(142)

However, in a SUSY-broken system, the numerator vanishes due to @-super-
symmetry, since (b,|B|b,) = (f,|B|f,). This results in a 0/0 indeterminate form,
making the normalized expectation of the auxiliary field ill-defined.

Kuroki and Sugino introduced a regulator,?3”
plicitly, but resolves the vacuum degeneracy by selecting a single vacuum state where
SUSY is broken. This regulator, denoted as « is implemented by imposing twisted
boundary conditions (TBC) on the fermions. Specifically, the boundary conditions
for fermions are modified as follows:

W(r+B) =eP(r) and (T + ) =e (7). (143)

that breaks supersymmetry ex-
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Kuroki and Sugino showed that for nonzero «, the partition function does not vanish,
and thus, the normalized expectation value of B becomes well-defined. It is easy to
see that when a — 0, the periodic boundary conditions (PBC) are recovered and
SUSY is restored. Hence, a acts as a regularization parameter, resolving the inde-
terminate form in Eq. (142). The behavior of the auxiliary field expectation value as
a — 0 provides insight into SUSY breaking: a vanishing value indicates unbroken
SUSY, while a nonzero value signals SUSY breaking. The twist parameter o will be
incorporated in the lattice regularized theory discussed in Subsec. 6.2.
The auxiliary field B can be integrated out using its equation of motion

B=-— @f + W’(¢)> (144)

leading to the on-shell form of the action:

5= / [( +W(¢))2+E<§T+W"<¢>)w} (145)

. . . . )
By applying the Leibniz rule and removing the total derivative term (% W'(#)), the
action simplifies to

sz/OBdTB <%>2+%[W'(¢)] +¢( +W”(¢)>w} (146)

This total derivative term, though omitted in the continuum theory, becomes
crucial when discretizing the theory on a lattice. Its inclusion is necessary to ensure
the exactness of @-supersymmetry on the lattice. Therefore, for the lattice analysis,
we will use Eq. (145) as the target theory in the continuum.

To verify the Q- and QQ-exact forms of the continuum action, given in Eq. (135),
we can use the on-shell action, obtained by integrating out B:

8= 4 wis). (147)

This results in the action

B _
5= —Q/ dfiw(%ww(@)

~aqf dT( B+ W(¢)) (148)

6.2. SUSY models on a lattice

Let us discretize the action given in Eq. (145) on a lattice with extent in one di-
rection. We define the lattice as A, consisting of N, equally spaced sites, and with
lattice spacing a. The total physical extent of the lattice is 8 = N,a, and the integral
over time is replaced by a Riemann sum, while derivatives are replaced by discrete
difference operators.
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The continuum action is discretized as follows:

The time integral is replaced by a sum over lattice points:

8 N,
/ dr—a) . (149)
0 i=1

The continuum derivative is replaced by a symmetric difference operator on the
lattice. For a scalar function f defined on the lattice sites, the symmetric difference
operator is

V=5V + V), (150)

N =

where the indices 4, j represent lattice sites and V: and V;,
forward and backward difference operators. They act on f; in the following way:

respectively, are the

Vit :é(fi-&-l —f;) and Vf; = %(fi — fiz1)- (151)

However, this symmetric discretization leads to the fermion doubling problem,
where extra unphysical fermionic states appear. To avoid this issue, we apply the
Wilson discretization. The Wilson term adds a correction to the difference operator
to suppress the extra modes responsible for the doubling problem. The modified
difference operator, including the Wilson term is

ra

w 5
Vij(r) = Vi — 7Dij7 (152)
where [;; = V;V[j is the lattice Laplacian and ris the Wilson parameter, typically
chosen from the interval r € [—1,1]\{0}.
For one-dimensional systems, a choice of r = +1 simplifies the Wilson difference
operator to
VI(£1) = V], (153)

757
indicating that using either the forward or backward difference operator alone can
resolve the fermion doubling problem in this case.

This prescription maintains lattice supersymmetry by adding appropriate im-
provement terms to account for the discretization of continuum surface integrals,
ensuring that the lattice theory preserves the symmetries of the continuum theory.?3*
Therefore, by carefully choosing the lattice difference operators and adding necessary
improvements, the lattice regularization can maintain manifest supersymmetry and
avoid the fermion doubling issue.

In this lattice regularization approach, we follow the symmetric derivative pre-
scription with a Wilson mass matrix as suggested in Ref. 241. The discretized action
in Eq. (154) is constructed to ensure that the fermion doubling problem is handled
effectively while maintaining supersymmetry on the lattice.
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The lattice action S is given by

N, -1 N,—1 2 N,—1
T 1 T _ Ve
S=ad la(z v§j¢j+Q;> + i Y (V4 Q) (154)
i=0 =0 =0
where V;gj is the symmetric lattice derivative operator, 2/ is defined as
N,—1
Of =Y K¢+ W/, (155)
=0

where K;; is the Wilson mass matrix and Q}; = K;; + W/’6;; is the derivative of ;.
The matrix K;; is constructed to mitigate the fermion doubling problem. It is
defined as

ra

where m is the mass parameter.
To simplify the analysis and obtain a dimensionless form of the action, we in-
troduce the following rescalings:

b=a1%p, V' =aVS, Q' =,a, Q" =a". (157)

After rescaling, the action becomes dimensionless:

N,-1 N,—1 2 No—1
Q T 1 C =S~ ~ ! — ~ S ~
§= Z lg(Z vij¢j+9i> + § (vij+Q;;)¢j : (158)
i=0 J=0 =0

This dimensionless action is more convenient for numerical simulations and an-
alytic calculations, as it eliminates the dependence on the lattice spacing a. The form
of the action maintains supersymmetry on the lattice by carefully including the
Wilson term and ensuring that the derivative operators are appropriately defined.

6.2.1. Lattice discretization

From now on, we will remove the tilde symbol on lattice variables and it is under-
stood that they are dimensionless. To accommodate the Wilson mass terms in the
lattice formulation, the SUSY transformations for the fields are modified accord-
ingly. The transformations for a given lattice site k are

Qe =, QYr=—Ni, Qyp=0 (159)
and
C_2¢k = _17}](:7 @wk = Nkv @17}14: = 07 (160)
where the variables N, and N, are defined as
N, =V, + Q) and N, = V¢, — Q}. (161)
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These expressions introduce the Wilson mass terms via 2}, which account for the
fermion doubling issue in the lattice theory.
The supercharges satisfy the following algebra:

{Q.Q} =0, {Q,Q}=0, and {Q.Q}=2V". (162)

This algebra holds on the lattice, but it is important to note that the discretized
derivative V° modifies the relationship between the supercharges compared to the
continuum case.

The lattice-regularized action is given by

N1y [Nl 2 N1
S=3_ lg(Zny‘ j+92> + 9 Y (V§+Q§’j)wj : (163)
=0 7=0 =0

However, a critical aspect of lattice regularization is the breakdown of exact
SUSY due to the failure of the Leibniz rule for lattice derivatives. This means that
although the action preserves the @Q-supercharge (i.e. QS = 0), the Q-supercharge is
broken for N. > 2. Therefore, the full lattice theory only retains @-invariance,
leading to

QS =0 but QS #0. (164)

This partial breaking of supersymmetry is a known issue in lattice formulations
of SUSY theories. Although the @-supercharge remains intact, maintaining full
supersymmetry on the lattice generally requires more intricate constructions, such
as adding improvement terms to recover the (Q-invariance, or employing other specialized
lattice formulations like twisted or topological lattices.

The @) supersymmetry is broken for a finite lattice size N, because it is impossible
to define a corresponding Q-invariant transformation on the lattice variables that
maintains the algebra {Q,Q} = 2V5.2%0 Nevertheless, Q-exactness is crucial and
sufficient to eliminate any SUSY-breaking counter-terms and mitigate lattice arti-
facts. For further discussion on this, see Refs. 235 and 241-243.

As discussed in Subsec. 6.1 for the case of the theory in the continuum, when
SUSY is broken, the partition function vanishes. Consequently, the expectation
values of observables, normalized by the partition function, can become ill-defined.
To tame this problem in the lattice regularized theory, we employ periodic boundary
conditions for bosons and twisted boundary conditions for fermions.?3%:236

Once we introduce the twist, we have

by, =do, Uy, =€y, Py =€ . (165)

When SUSY is dynamically broken in the theory, when « = 0, the Witten index
vanishes. This leads to the fermion determinant changing its sign depending on the
bosonic field configurations. As a result, we have a sign problem in models with
dynamical supersymmetry breaking.
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Upon using the twist, the partition function, given in Eq. (136), becomes

1 N, N,—1 .
Z, = (m) / ( H) dmdwkdwk)e-sm (166)

where S, is the lattice regularized action respecting the twisted boundary conditions.
Explicitly, S, is given by

N,—1
— 1

Sy = ; §(¢z — ¢t +me; + W)
N1
+ Y i — i1+ (m A+ W), (167)
=0

We can incorporate the mass term into the superpotential Wand introduce a new
potential = in the following way:

[1]

me? + W. (168)

N~

With this redefinition, the action, under twisted boundary conditions has the form

N,—1 1 N, -1 2 N-1 N1
Sa=. 3 ( Viid; +E;> +) wi<z Vi +E;’j>¢j. (169)
=0 =0 =0 =0
Here, the expressions for N; and N; are updated as
N,—1 N,—1
Ni= Y Vie+Qi= ) Vi, +Ei (170)
=0 Jj=0
- N,—1 N—1
Ni= Y Vie,-Qi=) Vi¢-Ei (171)
=0 =0

We can integrate out the fermions. Then, the fermionic contribution to the par-
tition function, as given in Eq. (166), becomes

N,—1
Zy = [ 0 +Ek) — €. (172)
k=0
It represents the determinant of the twisted Wilson fermion matrix WZ:

zZE = detWE]. (173)

For periodic boundary conditions (o = 0), this matches the expression found in
Ref. 241.
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The full partition function is then given by

z = (L\" Nﬁl dey. | exp[-SH, (174)
V2r i

where

S = 8B —In(det[WZ))

N1y N, -1 '
=3 S (66— b + 50 —1n( [T 0 +=k) —) (175)
k=0

k=0
For an observable O, its expectation value is computed as

(0) = 1im (0},

a—0

1N\
:iﬂza<\/ﬁ) / (kH_Odgbk)Oexp [—s;f] (176)

When we use the complex Langevin method, the gradient of the action must be
computed to update the field configurations. The drift term, being the negative
gradient of the action, includes the fermion determinant in the denominator, which
may have zeroes in the complexified space. This can lead to the singular-drift
problem, where the dynamical variables approach singularities in the drift term. A
recent study has shown that such problems are not limited to logarithmic singu-
larities but can arise generally where the stochastic process involves a singular-drift

term.244

6.2.2. Observables: Correlation functions

Correlation functions are fundamental to lattice field theory, providing essential
insights into the statistical and dynamical properties of quantum systems. They are
crucial for understanding mass and energy spectra in quantum field theories, which
are central to fields such as nuclear, particle and condensed matter physics.

In lattice QFT, we use high-dimensional lattice-regulated path integrals to
compute correlation functions. We define the correlation functions for bosonic and
fermionic fields at site k:

Gg (k) = (Do) (177)

and
G (k) = (Pote)a- (178)

These functions provide valuable information about the interactions and dy-
namics within the theory.
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For the fermionic correlation function, we have

(Do) = Zi (%) " / (AHO d@)
N1 N\ N1
x { / (H dzptdwt)wowkexpl > B+ Z 1}”

(Do) *
N1
< exp [— S Lo+ 2l (179
=0
11 Rt (Do) off
-+ (=) ( 1 @) ( v | e s (150)
—_———
(Yotn] &
where (1y1;,)"" is computed as
N,-1
Gy =— [ 01+=0. (181)
t=kt1

Comparing with Eq. (176), we can define the Langevin observable that corresponds
to the fermionic correlator as

N, -1 —
I1,5 [ + 57
Hz 0 [1+H"] — el

The computation of the bosonic correlation function is straightforward compared

[Dotbula = — (182)

to the fermionic case. In this scenario, the Langevin observable directly corresponds
to the bosonic correlation function itself.

The Langevin observable is simply the product ¢¢; for the kth lattice site. The
bosonic correlation function (¢y¢y), is given by

N, N, -1
(PoPk)a Zl (\/12—> /( H d¢i>¢o¢kexp [—Szf‘]. (183)
Q i=0

6.2.3. Observables: Ward identities

Ward identities are fundamental tools in lattice field theory for analyzing symmetry
properties, including the study of SUSY breaking. They emerge from the invariance
principles of quantum field theories and are crucial for understanding how lattice
formulations of SUSY theories behave, particularly regarding broken symmetries.
In lattice field theories, the introduction of a space-time lattice as a regulator
breaks continuous symmetries, such as Poincaré invariance and SUSY. For instance,
a nonzero gluino mass in supersymmetric Yang—Mills theory introduces additional
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soft SUSY breaking. Consequently, lattice-adapted SUSY Ward identities become
essential for examining the critical parameters where the broken symmetries might
be restored.?*®

For the supersymmetric variations of the fields given by Egs. (159) and (160),
demanding the invariance of the lattice action yields a set of Ward identities relating
the fermionic and bosonic correlators.

We can introduce source terms J, x and Y, to the partition function. Then,

-1

Z,(J,x: X) = <#) NT/ ( NkHo d¢kd¢k;d@k>

N1
=S+ Y (Judp + xa Vi + Ykﬂ/%)] . (184)

k=0

X exp

The invariance of the partition function under the Q-transformations implies that

1 N, N,—1 .
QZu(J,x. %) = (m) / ( d@dwtdwt)
t=0

N.—1
-8, + Z (Jipy + 0,90, + aﬂ/’f,)]
=0

X exp

N.—1
x (—QS(Y + Z (JiQéy + 9tQ¢t)>
=0
—0. (185)

Furthermore, the derivative of the partition function with respect to the source
terms J; and ; yields a set of supersymmetric Ward identities

(Pithy) + (Nig;) = 0. (186)
To investigate spontaneous SUSY breaking, we can use the following Ward identity:
Wi = (Potr) + (Nogw) = 0. (187)

6.3. Complex Langevin method for SUSY quantum mechanics
In simulations of quantum mechanics models, several key observables are crucial for
understanding dynamical SUSY breaking and verifying lattice SUSY. Here is a
summary of these observables and their significance:
(1) Ezxpectation Value of the Auziliary Field:
B, = —i(Vij¢; + Q) = —i(V 50, + E)). (188)
The expectation value of the auxiliary field (B) serves as an order parameter for

SUSY breaking. Studies have shown that a nonzero value indicates SUSY
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breaking, while a vanishing value suggests SUSY is preserved.!?%:23%236 However,

in some cases, a vanishing value might be accidental. To confirm SUSY breaking,
higher powers of B may be analyzed in addition to other observables.

(2) Bosonic Action: The expectation value of the bosonic action, S B provides in-
sight into the degrees of freedom on the lattice. For exact lattice SUSY, this
value is independent of interaction couplings.?*S In supersymmetric quantum
mechanics, we expect

75% SUSY broken,
(%) = m(sHe 2 (189)

=> SUSY preserved.

(3) Mass Gaps: The mass gaps can be extracted using fits to the correlation func-
tions, such as cosh[ma(t — %)] or exponential fits over specific time slices.?*3246
The equality of fermionic and bosonic mass gaps provides additional information
about SUSY breaking.

(4) Ward Identity: The Ward identity W, given by

Wi = (othy) + (Nogy) =0 (190)

is crucial for confirming exact lattice SUSY. For SUSY-preserved theories, this
identity should hold

lim W :

n {—<wk>u=<No¢k>a SUSY preserved, (191)

<@Owk:>u 7é <N0¢k>a SUSY broken.

In the limit a — 0, these observables help determine whether the system retains
exact lattice SUSY. For models with preserved SUSY, the partition function is well-
defined, allowing for meaningful numerical investigations of normalized expectation
values. However, for models with spontaneously broken SUSY, the partition function
vanishes, leading to ill-defined normalized expectation values.

6.3.1. Theories exhibiting PT -symmetry

Quantum mechanics and quantum field theory are traditionally framed using Hermitian
Hamiltonians and Lagrangians. Recently, however, there has been growing interest
in extending these theories to non-Hermitian contexts, especially those with
PT-symmetry, which can have real spectra. These non-Hermitian theories have
found applications in various fields, such as optoelectronics and phase transitions.
Furthermore, it has been demonstrated that concepts from Hermitian quantum
field theory, like spontaneous symmetry breaking and the Higgs mechanism, can be
adapted to P7-symmetric non-Hermitian theories. For instance, Ref. 247 explores
PT -symmetric N' = 1 supersymmetric quantum field theories in 3 + 1 dimensions,
revealing that these models, despite their explicit supersymmetry, introduce a
novel non-Hermitian channel for soft SUSY breaking.
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By imposing P7 -symmetric boundary conditions on the functional-integral for-
mulation of the four-dimensional —\¢* theory, it is possible to achieve a spectrum
that is bounded below. This interaction results in a quantum field theory that has a
real and bounded spectrum, in addition to exhibiting perturbative renormalizability
and asymptotic freedom. It also has potential utility in describing the Higgs sector of
the Standard Model.

Consider the following potential:

- g .
where Z/(¢) = —ig(i$)!*%) and § is a continuous parameter. The supersymmetric

Lagrangian for this P7-symmetric theory breaks parity symmetry, raising the
question of whether this parity breaking also leads to SUSY breaking. Reference 233
addressed this for a two-dimensional model and found that SUSY remains unbroken
despite perturbative expansions in §. Using the complex Langevin method, we ex-
plore the presence or absence of nonperturbative SUSY breaking in one-dimensional
analogs of these models. Path integral Monte Carlo methods are inadequate here due
to the generally complex nature of the action in these models.”

Even 6 case: When 6 = 0, the model reduces to the supersymmetric harmonic
oscillator.

Table 6 presents simulation results for 6 = 2 and 4 taken from Ref. 199. Simu-
lations, with physical parameter gy = 0.5, were conducted on lattices with
N, =4,8,12, and with twist & = 0. The expectation value of the auxiliary field (B)
vanishes, and the expectation value of the bosonic action (S?) is consistent with %NT
within errors. Additionally, (SP) is independent of the coupling g. These results
suggest that SUSY is preserved in these models.

Figures 7 and 8 show the Ward identities for § = 2 and 6 = 4, respectively, on an
N, = 8 lattice. The top panels show the complete Ward identity W, while the
middle and bottom panels display the real and imaginary parts of the bosonic and
fermionic contributions to this identity.

Table 6. The observables B, and SZ for the P7-symmetric SUSY QM models with § = 2, 4.

E'(¢) N, a=N;! (Ba) (82)

§=2 4 0.25 0.0000(0) + 0.0005(282) 2.0130(102) + 0.0000(0)
8 0.125 0.0000(0) + #0.0128(750) 4.0326(157) 4 i0.0000(0)
12 0.0833 0.0000(0) — 50.0071(263) 6.0354(58) + 0.0000(0)

s=4 4 0.25 0.0000(0) + i0.0167(679) 1.9975(47) + 0.0000(0)
8 0.125 0.0000(0) + i0.0142(567) 4.0058(54) + i0.0000(0)
12 0.0833 0.0000(0) — §0.0309(1022) 6.0018(74) 4 i0.0000(0)

" Reference 248 showed, using Monte Carlo simulations, that P7 invariance is intact in SUSY QM models
with 6 = 0,2,4. Also see Refs. 249-252 for other related work on SUSY QM on a lattice.
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Fig. 7. The PT-symmetric SUSY QM with 6 = 2. Top panel shows the full Ward identity, the middle
and bottom panels show, respectively, the real and imaginary parts of bosonic and fermionic contributions
to Ward identity. The lattices used are NV, = 4,8 and 12.

The simulations indicate that the bosonic and fermionic contributions effectively
cancel each other within statistical uncertainties. This confirms that the Ward
identities are satisfied, suggesting that SUSY is preserved in these models with
‘PT -symmetric 6-even potentials.
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Fig. 8. The PT-symmetric SUSY QM with 6 = 4. Top panel shows the full Ward identity, the middle
and bottom panels show, respectively, the real and imaginary parts of bosonic and fermionic contributions
to Ward identity. The lattices used are IV, = 4,8 and 12.

0dd 6 case: To address the singular-drift problem in these models, one can in-
troduce a deformation parameter, i, and extract results in the limit as this
parameter approaches zero.

In Ref. 199, simulations were conducted for various nonzero values of fi,.4, and
the = 1 model is recovered by taking the limit zi,,s — 0. The results suggest that
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Fig. 9. The P7-symmetric SUSY QM with 6 = 1. Left panel shows the expectation values of B, and the
right panel shows SZ, for various fphys and lim g — 0 on a N = 8 lattice. The simulations were
performed for gy = 3, Mpypys = 0 and o = 0.

when i, exceeds a certain threshold, the correctness criteria for the simulations are
satisfled, and the probability of absolute drift decreases exponentially. Only the
parameter space where complex Langevin method is reliable is considered and the
results are analyzed in the limit p,,s — 0.

Figure 9 shows the expectation values (B) (left) and (S?) (right) for a lattice with
N, = 8 across different values of p,,s. The filled data points show the results where
complex Langevin simulations are deemed trustworthy, while unfilled data points
indicate regions where the correctness criteria are not met. The lines show linear fits
for the reliable parameter space and solid squares denote the values of the respective
observables in the limit j,,s — O.

The simulation results demonstrate that (B) vanishes as p,,ys — 0, and the ex-
pectation value of the bosonic action, (§%) =1 N, is independent of the physical
parameters in this limit. Thus, SUSY is preserved in the § = 1 model.

For the § = 3 model, inspired by techniques from Ref. 162 (that have been suc-
cessfully applied in Refs. 206 and 208), we can introduce a fermionic deformation
term in the action to manage the singular-drift problem. The fermionic action then
becomes

N,—1 N,.—1
s'=Y" %(Z vm+d,f+agfj>¢.j, (193)
i=0 j=0

where dy is the deformation parameter. The values for d; are selected such that they
ensure the correctness of the complex Langevin method. The 6 = 3 model is recov-
ered in the limit as d; — 0. The simulations indicate that the correctness criteria
are met above a certain dy value, with the probability of absolute drift decreasing
exponentially.

Figure 10 shows the expectation values (B) (left) and (S?) (right) on a N, =8
lattice for various d; values. The filled data points (red triangles for the imaginary
part and blue circles for the real part) correspond to parameter ranges where the
complex Langevin method is reliable. Conversely, unfilled data points represent
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Fig. 10. The P7-symmetric SUSY QM with 6 = 3. The left and right panels show the expectation values
of B, and SZ, respectively, against mass deformation dy parameter on a N, = 8 lattice. The simulations
were performed for the parameters gpyys = 3, Mpypys = 0 and a = 0.0. Extrapolations to the dy — 0 limit
are represented using the dashed curves.

regions where the correctness criteria are not met. Dashed curves indicate linear fits
for (B) data and quadratic fits for (S?) data. Solid squares denote the values of the
observables in the limit d; — 0.

The simulation results suggest that (B) vanishes as d; — 0 and (S”) approaches
%NT, within error bars, in this limit. Additionally, the expectation value of S%
becomes independent of the physical parameters used in the model. These results
suggest that SUSY is intact in the 6 = 3 model.

6.4. Checking reliability of stmulations in SUSY QM models

To ensure the reliability of the simulations, here also, we can employ the recently
proposed methods: (i) the Langevin operator criterion and (ii) tracking the decay of
the probability distribution of the drift term’s magnitude.

6.4.1. Action of Langevin operator on observables

For monitoring the correctness of our simulations, we can consider the evolution of
observables O;[¢, 0] at the ith site, given by

807[(;559} _ 7T
T - Lioi[(ba 9]7 (194)

where L; is the Langevin operator for the ith site, defined as
i— (0 _ 95T\ 0

o \9¢ 96 ) 9o

Once equilibrium is achieved, we can eliminate the 6 dependence from the
observables. At this point, the condition Cp, = (L;0;[¢]) = 0 serves as a criterion for

the correctness of the simulations.
Considering B; as the observable at the ith site, we have

~ oSett
=/ —//

LZBZ = 1=y + (=7 .

0,

(195)

(196)
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Table 7. The observable LB, for the P7-symmetric potentials given
in Eq. (192) for the cases § = 2, 4. The parameters used in simulations
are 3 =1, gppys = 0.5 and a = 0.

=(¢) N, a=N;"' (LB,)
4 0.25 —0.0000(0) — i0.0104(72)
§=2 8 0.125 —0.0000(0) + 30.0006(59)
12 0.0833 —0.0000(0) — 0.0104(72)
4 0.25 0.0000(0) + 0.0403(244)
§=4 8 0.125 0.0000(0) 4 40.0027(91)
12 0.0833 0.0000(0) — i0.0098(64)

The observable LB respects the translational symmetry on the lattice. Thus, we
can monitor its averaged value across all lattice sites.

Table 7 presents the expectation values of LB for PT -symmetric SUSY QM with
6 =2 and 4.

Figure 11 (left) shows the expectation values of LB for the § = 1 model at various
Uphys values. The filled data points indicate simulation results that meet the decay-of-
the-drift-term criterion, while the unfilled data points represent results that do not.

Figure 11 (right), shows LB for the § = 3 model across different values of the de-
formation parameter d . Similarly, the filled data points correspond to simulation results
that satisfy the decay-of-the-drift-term criterion, whereas the unfilled points do not.

6.5. Decay of the drift terms

As indicated earlier, for the complex Langevin method to be reliable, the probability
distribution of the drift term magnitude should decay exponentially or faster as for
large values of the magnitude. For the models under consideration, we can define the
magnitude of the mean drift in the following way:

1= |asef |
w= | — : (197)
N, 2~ 34
i=0
1 : : : 1 : : :
[ 31 y=3.0. myy 0.0, T=8 | [ 33 =30, myy 0.0 T8 |-
[Rel<iLB>] —— iml<iB>] —— | [Re[<LB>] —*— Imi<iB>] —+— .
05t — 05t % ]
N N
,30%%§§§§}+*+ S ‘}“}‘§§§§§§,
RN
05 f — 05 f ]
1 ‘ ‘ ‘ ‘ ‘ P ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 0 05 1 15 2

Hphys

Fig. 11. The observable LB, for the PT symmetric SUSY QM on a N, = 8 lattice. Left panel shows the case
6 = 1 and right panel is for the case § = 3. The simulations parameters are gy, = 3, My = 0 and a = 0.0.
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Fig. 12. The decay of the drift terms for the P7 symmetric SUSY QM with § = 2 (left) and § = 4 (right).

The simulation parameters are g, s = 0.5 and o = 0.
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Fig. 13.  The decay of the drift terms for the P7 symmetric SUSY QM with odd § on N, = 8 lattice. The

simulation parameters were gyny =3, Mypy =0 and a = 0.0. The left panel shows the 6 =1 case.
Simulations were performed for various p,ys values. The right panel shows the 6 = 3 case. Simulations
were performed for several fermionic mass deformation parameter values dy.

To address the singular drift problem appropriate deformation parameters have
been introduced. The final results are then obtained after extrapolating to the limit
where these deformation parameters vanish.

The decay of the drift term for P7 symmetric models with 6 =2 and § =4
are shown in Fig. 12. When the twist parameter « = 0, the drift terms decay
exponentially or faster, confirming that the simulations in this parameter regime
are reliable.

Figure 13 (left) shows the drift term decay for the P7 symmetric model with
6 =1 for several values of p),. The results show decay of the drift terms at
exponentially or faster rate when p,,,s > 0.6, indicating that the simulations are
reliable in this parameter range. In Fig. 13 (right), the decay of the drift terms
for different values of the fermionic mass deformation parameter d; are shown in
the 6 = 3 case of the PT symmetric model. When d; > 1.0, the drift terms decay
exponentially or faster, suggesting that the simulations are trustworthy in this
regime of parameters.
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7. Complex Langevin Simulations of Two-Dimensional Models

In this section, we explore the application of the complex Langevin method to field
theories in two dimensions. We will focus on a two-dimensional model with minimal
supersymmetry, specifically the A/ =1 Wess—Zumino model. Lattice regularized
version of this model is examined in scenarios where the superpotential is represented
by a double-well potential.

7.1. Scalar field theories

In a two-dimensional Euclidean scalar field theory, the Lagrangian density is given by
1 1
L =50,00,6+5m¢ + W(6), (198)

where ¢ represents a dimensionless scalar field, m is the mass parameter and W (¢)
denotes the interaction potential.
The corresponding Euclidean action is then expressed as

Sy — /dzxgE‘ (199)

We want to simulate this model using the complex Langevin method. First, we
discretize it on a two-dimensional toroidal lattice with the following setup: The
temporal and spatial extents are 3, = 3, = La, where L is the number of lattice sites
in each direction and a is the lattice spacing. The continuous integral [d?z is
replaced by the discrete sum a2 _,.

For the discretized version of the Lagrangian, the Laplacian operator can be
expressed as

1
(au(b)Q = _¢8;2L¢) = _E [¢w¢x+u + ¢w¢x7u - 2¢?D]7 (200)

where ¢, denotes the field values at neighboring sites in the +yuth direction.
The complex Langevin update for the field configuration ¢, at lattice site z, at
Langevin time 0, with step size ¢, is given by

¢m,9+5 = qsm,(f + EU.T,,() + 77.%,0\/; (201)

where the drift term is v, g = — gfr” and 7, ¢ is a real Gaussian noise term.

7.1.1. Model with a ¢* term

As a straightforward example, we consider the potential W (¢) = A¢*. Classically,
this model exhibits discrete Zy symmetry, where ¢ — —¢. There is a possibility that
in quantum theory, this symmetry is dynamically broken. We can use the expecta-
tion value of the scalar field, (¢), as an order parameter to monitor this symmetry
breaking. If (¢) = 0, the theory is in the symmetric phase; if (¢) # 0, the theory is in
the symmetry-broken phase.
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We use this model to test our Langevin analysis, employing a lattice regulariza-
tion with dimensionless parameters mj = m2?a? and A\, = Aa?. Additionally, we in-
troduce new parameters  and A (see Ref. 253) defined by

mi — L=2% 4, (202)
A

AO — 6; and (203)

¢ — V2kP. (204)

The corresponding lattice action is
S==263 Y &0, + > PI+AY (D] 1) (205)
T z T

In our simulations, we track the following observables as a function of x: the
average field (®,.,), which is the order parameter, the energy E and the susceptibility
x. Figure 14 shows the simulation results for different lattice sizes with a fixed
A =0.5. They suggest a phase transition around x = 0.6. For x > 0.6, (®,,,) # 0,
indicating a Z, symmetry-broken phase.

7.1.2. Model with a PT -symmetric term

Let us look into the two-dimensional P7 -invariant scalar field theory with the po-
tential W (¢) = —A(i¢)**®). Here, A has dimensions of m? and § is a real parameter.
For these models, the spectrum is real and bounded below when 6 > 0 and the mass
parameter is nonzero. The theoretical reasoning behind this positivity can be illus-
trated with a specific example.

Consider the case where 6 = 1. The Lagrangian for this theory is given by

1 1 A
Lp= 3 (0,0)* + 5m2¢2 +iAgP. (206)

In a conventional real A¢3 theory, Green’s functions are expressed as a formal power
series in A\* within the weak coupling expansion. Although this series is real, it does
not alternate in sign, making it non-Borel summable. The lack of summability
indicates that the spectrum is not bounded below.

However, when the coupling A is replaced by i), the theory becomes P7 -sym-
metric. In this case, the power series remains real and alternating in sign, leading to a
summable perturbation series. This suggests that the theory indeed has a real and
positive spectrum.?33,254,255
For the § = 1 model, the lattice action is given by

2
§=- gj;%@w + (2 +";0) 20 +idd ol (207)

where m, and \; are dimensionless parameters for mass and coupling, respectively.
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Fig. 14. The two-dimensional model with ¢* potential. Expectation values of the order parameter Dyigs
energy E and susceptibility x against « are shown on the top, middle and bottom panels, respectively. The
coupling used is A = 0.5.

Figure 15 shows the simulation results for the bosonic P7 -symmetric theory with
potential 6 = 1.

On the top panel, the expectation values of the real and imaginary parts of the
average field ¢ versus the physical mass m? is shown for various lattice extents and
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Fig. 15. The two-dimensional bosonic P7 -symmetric model with §6 = 1 potential. Top panel shows the
expectation values of the real and imaginary parts of the order parameter ¢ against physical mass pa-
rameter m?. The bottom panel shows the energy E against physical mass parameter m?. Both the plots are
for different lattice extents and at coupling A = 10.0.

with the coupling A = 10.0. On the bottom panel, the ground state energy E versus
m? is shown for the same lattice extents and coupling.

Figure 16 shows the simulation results for the same model but with 6 = 2.

The simulation results indicate that (¢,,) # 0, signifying that parity is broken for
both 6 = 1 and é = 2. Furthermore, the expectation value of the energy is real and
positive, with Re [(E,,)] > 0 and Im [(E,,)] = 0, confirming a real and bounded
below spectrum for these interactions. These findings align with the analytical pre-
dictions (see Ref. 254).

7.2. N =1 Wess-Zumino model

In this section, we explore a supersymmetric extension of the model discussed earlier.
(The zero- and one-dimensional cousins of this model were studied in Refs. 198
and 199 and discussed in the previous sections.) We introduce fermions to the
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Fig. 16. The two-dimensional bosonic P7 -symmetric model with § = 2 potential. Top panel shows the
expectation values of the real and imaginary parts of the order parameter ¢ against physical mass pa-
rameter m?. The bottom panel shows the energy E against physical mass parameter m?. Both the plots are
for different lattice extents and at coupling A = 10.0.

framework and examine the two-dimensional N' = 1 Wess—Zumino model, which is
the simplest example of a supersymmetric quantum field theory.

The model comprises a scalar field ¢ and a two-component Majorana spinor .
The Euclidean action for this model is given by

Sp= [ a5 (0,00 + 5 Mu+ WG, (208)

where M = "0, +W'(¢) represents the fermion matrix and W(¢) is the super-
potential.
The action is invariant under supersymmetry transformations:

5 = e, (209)
o =["0,0 — W(9)le, (210)
5 = 0. (211)
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In this context, the Majorana spinor satisfies the relation
¥ =19"C, (212)

where C is the charge conjugation matrix in Euclidean space:

0 -1
C= . 213
oy (213
To perform a thorough, nonperturbative analysis of the model, we place it on a
symmetric toroidal lattice using a lattice formulation developed by Golterman and
Petcher.?°% This approach separates the Euclidean continuum action into distinct

bosonic and fermionic components, denoted S, and S, respectively.
The total lattice action is given by

S=25,+5, (214)

where
Sb = % (792574‘:' gr’gbr’ + WTQ)a (215)
S, = In[PE(M)] = —%tr[lnj\/l]. (216)

Here, ¢, represents the bosonic field at lattice site r and W, is the value of the
potential at that site. The fermion matrix M is defined as

M= M =1 D+ 6,5W e, (217)

where ~ ; are the Dirac gamma matrices in Euclidean space and W, is the deriv-
ative of the potential at lattice sites 7 and 7. The Pfaffian of M, denoted Pf(M), is
used in the fermionic part of the action.

The symmetric difference operators used are defined as

1
Dl = S Brve, e = Sree, ) (218)
1
?7" = 5 Z[éHne#,r’ + 67,,,”(,\"“74 — 267,7,/]. (219)

i

These operators help in discretizing the differential operators for the bosonic and
fermionic parts of the action on the lattice.

To study the theory with various superpotentials using the complex Langevin method,
we apply the Euler discretized Langevin equation for the field configuration at lattice site
s at Langevin time #. The drift term for the complex Langevin update is given by

oS
0 8¢5,0
af
= Dgr/(br/,(f - m’/W'VI‘/S + (gy) (M_l)ﬁ? (220)
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Here, (12, represents the lattice Laplacian operator acting on the field, W,, is the
potential, W/, is the derivative of the potential and M~! denotes the inverse of the
fermion matrix.

As discussed before, to ensure the reliability of the complex Langevin simulations
we analyze the distribution P(u) of the magnitude u of the drift term. At a given
Langevin time 6, the magnitude of the drift term is defined as

1
U= Uy = /ﬁ Z |vg.0]% (221)

By examining the decay of the distribution P(u), we can verify the reliability of our
simulations and ensure that the results are consistent with theoretical expectations.

Let us consider a double-well superpotential®®” 2> given by
m2
2 .

(Note that we have used a real potential for simplicity. It is possible to consider
simulations of a more general and complex superpotential.)

This potential has two classical vacua at ¢ = 4= 3. In the lattice formulation, we
use dimensionless couplings )\, and m, related to the continuum parameters by
Ao = Aa and my = ma. The potential and its derivative on the lattice are given by

2
1
W, = Xod] = = 5 0ndn (223)
P,
W, = 27)7“ = 2X0,6,, — 0L, (224)

where [}, is the Wilson mass operator, which eliminates the fermion doubling
problem at finite lattice spacing but does not vanish in the continuum limit. Due to
the introduction of the Wilson term, the lattice action loses parity invariance,
making the two vacuum states distinct. As a result, field configurations tend to reside
near one of the classical vacua. For large values of m?/),, the Z, symmetry is
spontaneously broken, and the field ¢ settles into a definite ground state.

In Fig. 17, we show the simulation results for the field (¢), the sign of the Pfaffian
(sign[PfM]) and the Ward identity (W) against lattice mass m3. Simulations were
performed for a fixed lattice extent L = 4 and lattice coupling A\g = 0.125.

For m§ = +1, the field configurations (blue squares) are confined with small
2m—/\‘;, indicating that the theory is
in the Z, broken phase. At m{ = +0.16, we observe the tunneling behavior: field
configurations (green triangles) exhibit large fluctuations, oscillating between the
two classical vacua at ¢ = + ;’—;?J This behavior is further illustrated by the change in
the Pfaffian sign, shown as black diamonds. For m§ = —1, the field configurations,
shown as red circles, undergo small fluctuations around a single vacuum state. This

behavior is consistent with the system having an Z, symmetry.

fluctuations around one of the classical vacua, ¢ =
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6 F Re [<0fm>]: mi>04  —5— <sign [Pfa] > —— |4
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<¢/|mg|>, <sign [PfM] >, <w>
. n

Fig. 17. Complex Langevin simulation results for A’ =1 Wess—Zumino model with a double-well

superpotential. The observables are (on the y-axis) the field (¢), the Pfaffian sign (sign[PfM]) and the

Ward identity (W). The lattice mass m?2 is on the z-axis. A fixed lattice extent, L = 4 and lattice coupling,

Ao = 0.125 are used in the simulations.

For the case of the continuum theory (infinite volume), for large m?/\, the scalar
field selects a single, unique ground state, signaling a broken Z, symmetry and
unbroken supersymmetry. The simulations show that for m3 > mg,c, where m%ﬁc isa
critical value, the scalar field (blue squares) adopts the ground state ¢ = %(;, and the
sign of the Pfaffian (black diamonds) approaches +1.

As m3 decreases below this critical value, tunneling effects become apparent, with
the scalar field (green squares) fluctuating between the two vacua and approaching
zero, (@) ~ 0. This behavior is directly linked to the Pfaffian flipping its sign,
reflected in (sign PfM) ~ 0. These observations suggest a restoration of Z, sym-
metry and potential dynamical SUSY breaking.

Plu]

0 5 10 15 20 25 30 35 40

Fig. 18. The decay of the absolute values of the drift terms for various lattice mass m2 are shown for the
N =1 Wess-Zumino model with a double-well superpotential. The simulations were done for a fixed
lattice extent L = 4 and lattice coupling Ay = 0.125.
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The Ward identity (yellow circles) provides further support for these findings. As
m? decreases, the Ward identity (V) no longer vanishes, indicating a transition from
an unbroken SUSY phase to a broken SUSY phase. When m? < 0, one can see a Z,
symmetric phase with the scalar field (shown in red squares) around zero, {¢) ~ 0,
and broken SUSY with (W) # 0.

The drift term decay is shown in Fig. 18 — there is an exponential or faster decay
for m3 > 0.42, while for m? < 0.42, the drift term exhibits a power-law behavior.
This power-law behavior could be indicative of the singular-drift problem, where the
drift term’s behavior changes due to critical phenomena or other underlying issues in
the simulations.

8. Complex Langevin Analysis of the IKKT Model

Nonperturbative investigations of ten-dimensional superstring theories are crucial
for understanding the emergence of space-time. We live in a four-dimensional
space—time. An explanation for how six extra dimensions are compactified is essential
for making these theories phenomenologically viable. Matrix models serve as pow-
erful tools for exploring the nonperturbative aspects of superstrings. One such model
is the IKKT (type IIB) matrix model, introduced in 1996 as a constructive definition
of type IIB superstring theory in ten dimensions.?’” This model, in the Schild
gauge,’S! provides a matrix regularization of the type IIB superstring action.

Formally, one can obtain the IKKT matrix model as the zero-volume limit of ten-
dimensional A/ = 1 super Yang—Mills theory with SU(N) gauge group. In the large-N
limit, this equivalence between the IKKT matrix model and type IIB superstring
theory is expected. The model accommodates ten-dimensional extended N = 2
SUSY, ensuring the inclusion of gravity. In this context, the NV x N bosonic matrices
represent the gravitational degrees of freedom, with their eigenvalues corresponding
to space-time points. Thus, space—time is dynamically generated from the matrix
degrees of freedom. In the large- N limit, one anticipates the emergence of a smooth
space—time manifold from these eigenvalues. As a result of the compactification of
the extra dimensions, the distribution of the eigenvalues should collapse to a lower-
dimensional manifold. In Euclidean signature, this process requires spontaneous
breaking of the ten-dimensional rotational symmetry of the model.

In this section, we explore the possibility of spontaneous symmetry breaking of
SO(10) symmetry in the IKKT matrix model with Euclidean signature. The model
faces a severe sign problem due to the inherently complex Pfaffian obtained after
integrating out fermions. The Pfaffian phase is crucial for determining the correct
vacuum state of the model. Complex Langevin simulations of the Euclidean IKKT
matrix model presents challenges, including the singular-drift problem. To address
this, we propose introducing mass deformations to the IKKT model, in a supersym-
metry preserving manner. Complex Langevin simulations can then be used to explore
the nature of SSB in this model, at finite values of the mass deformation parameters,
with a zero-mass extrapolation applied to recover the target IKKT matrix model.
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8.1. A brief overview of the IKKT model

The dimensional reduction of ten-dimensional maximally supersymmetric Yang—
Mills theory with gauge group SU(N) to a point yields the IKKT matrix model. The
action of the IKKT matrix model is given by

Skt = Sp + St (225)
1
Sb = _ngtr([XuaXuHXuaXV])v (226)
1 _
Sy = —Tthr(wF”[wa]). (227)

In the above, g is the Yang-Mills coupling in (0 4 0) dimensions, X, represents a
ten-dimensional vector with SO(9, 1) symmetry, and 1) is a sixteen-component spinor
in the Majorana—Weyl representation of Spin(9,1).

The matrices for the bosonic sector X, (where p ranges from 0 to 9) and the
fermionic sector 1, (where « ranges from 1 to 16) are both N x N traceless Hermitian
matrices.

The ten gamma matrices, denoted as I'#, serve as generators of the Clifford al-
gebra C/(9,1). Contraction of Lorentz indices is achieved using the Minkowski
metric n = diag(+, —, —, —).

The IKKT model is proposed as a constructive formulation of type IIB super-
string theory. To illustrate this connection, we start with the Green—Schwarz action
for the IIB superstring in the Schild gauge

o = [ ol Vaa (0030 ST ) +ava]

where o and (3 are constants related to the string tension. The worldsheet coordinates
are denoted by o = (7,0), with a = 0,1 corresponding to the worldsheet coordi-
nates, and o € [0,27). The target space coordinates are represented by X#(7,0),
where ©=0,1,...,9. For a closed string, the periodic boundary condition is
XH(r,0) = XH(T,0 + 27).

It is important to clarify that the worldsheet refers to the two-dimensional surface
traced by a moving string, while the target space denotes the space—time through
which the string moves. The Poisson bracket on the worldsheet, denoted by {, }, is
defined as

{(X(0),Y(0)} = %gabaaxaby, (229)

where g% is the worldsheet metric and g = det(g®).

To transition from the continuum description to a matrix formulation, we use the
Goldstone-Hoppe regularization scheme. In the large N limit, where N represents the
size of the matrices and acts as a regulator in this scheme, the correspondence

2530006-76



Int. J. Mod. Phys. A 2025.40. Downloaded from www.worldscientific.com

by INSTITUTE OF MATHEMATICAL SCIENCES on 07/29/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Complezx Langevin simulations of supersymmetric theories

between the continuum and matrix-regularized models is given by
—i[,] < {,} and tr< /d20'\/§. (230)

Applying this correspondence to the Green—Schwarz action in the Schild gauge,
the matrix version of the action becomes

Smatrix(ﬁ) = a(—itr[X#,X,,}Z - %tr(@l"“[X#,@[J])) + /Btr]le (231)

where 1 denotes the N x N identity matrix. The partition function for this matrix
model is

Z = Z/ddeeiSmatrix(ﬁ)_ (232)
N=0

This formulation captures the essence of the ten-dimensional type IIB superstring
theory in a matrix regularization framework.

The action presented in Eq. (231) is identical to that in Eq. (227), except for the
OGN term. In Ref. 260, the parameter [ in the matrix-regularized Schild action was
interpreted as the ‘chemical potential” associated with the N eigenvalues of X ,. The
IKKT matrix model, given in Eq. (227), provides a comprehensive framework for
describing a varying number of D-objects — such as instantons, strings, branes, and
their combinations — represented by block-diagonal matrices. The off-diagonal
blocks in this setup correspond to the interactions between these distinct objects.

To illustrate how these objects are naturally included in the model, consider a
background with a block-diagonal structure:

()

X 0

X,=\"" ) (233)
0 X!

The classical equations of motion for X, then separate into equations for two in-
dependent blocks:

[X(yl); [Xu(l)’ XI/(UH =0 and [X£2)7 [Xl‘(z),X”m]] = 0. (234)

This indicates the presence of two separate entities, X l(tl) and X ,(12). These entities
can be further decomposed as

7 1 (0

X0 =1+ X0, 2l = praX), w(x) =0 (235)
— 1 (2

X® =214+ xP, 2@ :Wtr(X/(f)), tr(X ) =o0. (236)

Here, x;(}) and x,(?) denote the centers of mass for the matrices X Ll) and X ;(f), re-

spectively. Extending this to an arbitrary number of objects is straightforward,
similar to a many-body configuration in second quantization. Interactions between
these blocks are analyzed by computing the effective action for the submatrices and
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integrating over the remaining degrees of freedom. The appearance of the § term in
the one-loop effective action of a single D-string in flat space—time points to the fact
that the matrix-regularized Schild action, as presented in Eq. (231), represents a low-
energy effective theory of a single D-string. Thus, the IKKT model, encoding mul-
tiple objects rather than a single D-string, strongly supports its role as a constructive
definition of type IIB superstring theory.

Let us briefly explore the symmetries inherent in the IKKT model:

o SU(N)Gauge Symmetry: The model, derived from ten-dimensional super Yang—
Mills theory, is invariant under SU(N) gauge transformations. Specifically, the
gauge transformations are given by

X, = U'X,U, o — UpU, (237)

where U is an element of SU(N).

e SO(9,1) Lorentz Symmetry: The IKKT model exhibits explicit Lorentz symmetry.
The invariance of both the bosonic and fermionic components of the action under
Lorentz transformations is straightforward to verify.

o N =2 Supersymmetry: The model has invariance under specific supersymmetric
transformations. These are

WX, = ie,T 1, (238)
sy = %F/“’[Xu, X,]e (239)
and
X, =0, (240)
8@ = ¢, (241)

where €; and ¢, are constant Majorana—Weyl spinors representing the supersym-
metric transformation parameters. The transformations §(!) are remnants of the
N =1 supersymmetry in ten-dimensional theory, after dimensional reduction.
However, due to the reduction to a point, the commutation relation of §() is
trivial, and thus it does not correspond to space—time supersymmetry.
Nonetheless, an additional supersymmetry, 62, along with a bosonic symmetry
emerges after reduction. By combining () and 62 as follows:

§W = 60 4+ 5, (242)
§@ = i(sM — 5@), (243)
we obtain the commutators:
60 67 x, = 2ier &6, (244)
8868w =0, (245)
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which form the A/ = 2 supersymmetry algebra. The commutator of two super-
symmetry transformations corresponds to a translation, which can be interpreted
as a space—time translation, with the eigenvalues of the bosonic matrices repre-

)

senting points in space—time. Thus, the transformations 6" and §® manifest ten-

dimensional N/ = 2 space—time supersymmetry.

8.2. IKKT model with FEuclidean signature

In the Euclidean IKKT model, obtained by Wick rotation from the Lorentzian
version, the transformation for the gamma matrices and coordinates is

FO — —7;].—‘107 X() — inO (246)

and the contractions are now performed using the Euclidean metric 6*” instead of the
Minkowski metric.

To work out the explicit representation of the I'*(u = 1,2,...,10) matrices in a
ten-dimensional Euclidean space-time, we use the Clifford algebra:
{TH TV} = 26" 13,. (247)

. . . N
In even dimensions d, the gamma matrices of size 27 x 27 can be chosen to be

off-block diagonal:
't = < ~Ou ’:)M)’ (248)
v

where y# are 2871 x 25~! matrices and 7# = (y#)'.
For d = 10, we have the chiral matrix I''! and the charge conjugation matrix C

1 0 0 1
rit— 716 > C= ( 16). 249
( 0 —ly/)’ g O (249)

Reference 262 provides an explicit representation of the ten 16 x 16 gamma

given by

matrices:
IMN"=i?02®c0c%, I?=i?sr1xd,
P=i?R0lee, M=o del,
IP=ir?®ccel, I'=ireled ®o? (250)
I"=ir?®R1RcRc%, IP=i0'lelwl,
M=irtlelel, TV=1911x1.

In the above, ¢’(i = 1,2,3) are the Pauli matrices and 1 represents the 2 x 2
identity matrix.

In the Euclidean representation of the IKKT model, the charge conjugation
matrix C satisfies

crect = (T and CT =cC. (251)
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In this specific representation, C becomes the identity matrix.

The structure of gamma matrices in even-dimensional space—time always allows
for an off-diagonal block form. In the Euclidean case, the Weyl projection corre-
sponds to applying the chirality projection operator, which is determined by the
highest-rank gamma matrix. Consequently, the SO(9, 1) Lorentz symmetry in the
Lorentzian version of the IKKT model transforms into the SO(10) rotational sym-
metry in the Euclidean signature.

For numerical studies of the IKKT matrix model, we use the relation between the
Yang—Mills coupling g, the number of colors N, and the t’Hooft coupling A:

A= ¢*N. (252)

Rewriting the action, Eq. (227), in terms of A we get

§ = — (X, X, (X5 X)) — L (B (X, ), (253)

To achieve a finite and well-defined partition function, we perform the following
field redefinitions:

X, = NX,, ¢— Ny (254)
This leads to the action:
Skt = Sp + St (255)
where
Sy = —iNtr([XH,XV]Q) (256)
and
St = =5 Ntr(a (CT)os X, 05 (257)

In this action, the N x N traceless Hermitian matrices X, (for p=1,2,...,10)
and the 16-component Majorana—Weyl spinors ¢, (for « = 1,2,...,16) transform as
vectors and spinors under SO(10) symmetry, respectively. The action is invariant
under SU(N) gauge symmetry, extended A/ = 2 supersymmetry and SO(10) rota-
tional symmetry.

It can be shown that the partition function

Z= / dXdapeSuacr (258)

is finite and well-defined.?¢3:264
After integrating out the fermionic degrees of freedom, the partition function is
given by

7 = / dXPfMe % = / dXe S, (259)
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where the effective action is
Scff = Sb — InPfM. (260)
Here, M is the fermionic operator, a 16(N? — 1) x 16(N? — 1) antisymmetric

matrix. To determine the explicit form of M, we expand X, and 1, in terms of the
N? — 1 generators {t*} of SU(N):

N2-1 N2-1
X, = > Xjt* and ¢, = > ot (261)
a=1 b=1

where X, are real and ¥? are Grassmann variables. The traceless, Hermitian gen-
erators are normalized by tr(t*t?) = §°.
Using the properties of SU(N) structure constants, the matrix M is given by

N a
Maap = 5 ot (X, [0 ¢]). (262)

The eigenvalues of the X, matrices can be interpreted as defining the ‘radial
extent’ of space-time in each direction:

() = (utxh). (263)

This quantity A, serves as an order parameter for SSB. In the large-N limit, if the
extents \, are not equivalent, meaning they vary along different directions, then SO
(10) symmetry is said to spontaneously break down to SO(d), where d < 10.

Numerical studies of the bosonic IKKT model using Monte Carlo methods and
1/D expansions have not observed any SSB.?%° Subsequent phase-quenched Monte
Carlo studies also failed to find evidence for SSB.?62:266 These findings suggest that
the complex phase of the Pfaffian might be crucial in SSB, with its fluctuations
indicating a severe sign problem. Therefore, phase-quenched approximations may be
inadequate.

8.3. Complex Langevin simulations of the IKKT model

This section explores the application of the complex Langevin method to the Eu-
clidean IKKT model. The update equation for the bosonic matrices X, at fictitious
Langevin time 6 is given by

d(X,); 08,
do __a(X:;ﬁJF("u)ij(@)v (264)

where 7,,(0) is a Hermitian Gaussian noise term following the probability distribu-
tion:

Pl @) ~ e (~3 [ wtio)). (265)
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The gradient of the effective action S, can be computed using the following

expressions:
85&{' _ 8Sb _ l a(tr[ln M]) ’ (266)
a(X#)ji a(Xu)ji 2 a(Xu)ji
where the contributions are
oSy
——— = —-N(|X,,[X,, X,]);: 267
X, (X0, [ X, XD (267)
and
1 9(tr[ln M]) 1 { 4 OM ]
—_—— = — —tr | M (268)
2 0(X,) 2 A(X,)ji
The derivative of the fermionic operator M with respect to (X,);; is
oM N
=T" ([t t]);;. 2
8(Xp)ji 92 aﬁ([ 9 ])7,] ( 69)

These equations provide the necessary components to implement the complex
Langevin method for numerical simulations of the Euclidean IKKT model.

To ensure the correctness of the complex Langevin method, it is important to
monitor the distribution of the magnitude of the drift term. The magnitude of the
drift term w is defined as

X OS.s

a(Xu)ji

g (270)

1 10
“=\[10N2 ;

Figure 19 shows the results from complex Langevin simulations for the bosonic
IKKT model. The top panel illustrates that the SO(10) symmetry remains unbroken
even for finite N and approaches the expected analytical result in the large- N limit.?%°
This suggests that the simulation is correctly capturing the symmetry properties of
the model. The bottom panel demonstrates that the probability of drift decreases
exponentially or faster, indicating that the simulations are reliable.

=1

However, while applying the complex Langevin method to the Euclidean IKKT
model, two significant issues are encountered?°!-220;

(1) Ezcursion Problem: This occurs when the field values move far from their typical
region of configuration space, potentially leading to nonphysical results or in-
stability in the simulations. This problem often manifests as fields taking on
unreasonably large values, which can affect the reliability of the simulation.

(2) Singular-Drift Problem: This problem arises when the drift term becomes very
large or singular, causing difficulties in the numerical integration of the Langevin
equation. A large drift term can lead to numerical instabilities and inaccurate
results.
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Fig. 19. The top panel shows the expectation value of order parameter ), for the bosonic IKKT model.
The bottom panel shows the probability of magnitude of drift term for various N.

In the following subsections, we discuss these issues in more detail and explore
strategies to address them effectively.

8.3.1. Taming the excursion problem with gauge cooling

The Pfaffian of the IKKT model is complex in general. In complex Langevin simu-
lations this can lead to excursions of the bosonic matrices X, into anti-Hermitian
directions, expanding the gauge group from SU(N) to SL(N, C). This results in the
excursion problem, where X, moves away from its expected SU(N) configuration.

A proposed solution to mitigate this issue is gauge cooling.''® Gauge cooling helps
to keep the matrices close to the Hermitian subspace by correcting the deviations
caused by the complex nature of the Pfaffian.

To monitor the deviation of X, from Hermitian configurations, we use the Hermiticity

norm'1:

1

Ny = ~ 10N ;tr([X# —- XP?). (271)

This norm quantifies how much X, deviates from being Hermitian.
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The matrix fields X, show invariance under an enlarged gauge symmetry:
X, —gX,9", ge€SL(N,C), (272)

where

1
g=e "N §Ny = ~ > X, X[, acR: (273)
yu

The norm N is not invariant under this transformation. Thus, applying the gauge
transformation iteratively at each Langevin step minimizes A’y and helps to keep X,
close to Hermitian configurations. Complex Langevin simulations show that after
applying gauge cooling, the Hermiticity norm ANy is well-controlled, indicating that
the issue of excursions is effectively managed.

8.3.2. Taming the singular-drift problem with mass deformations

The computation of the gradient of the effective fermionic action involves M ™1, the
inverse of the fermion operator. The singular-drift problem occurs when the eigen-
values of M cluster near zero. To address this issue, one approach is to shift the
eigenvalues of the fermion operator away from zero. This can be achieved by in-
troducing fermion bilinear mass deformation terms into the action.!%?
Generally, these deformations take the form

N N
AS = 7emﬂtr(XZ) + 7tr(wa(cft)w/ﬂpﬂ), (274)

where m,, represents the mass vector and A is a complex anti-symmetric 16 x 16
matrix. Due to the constraints imposed by Majorana—Weyl spinors in ten dimensions,
only bilinears of rank three and seven tensors (which are equivalent due to duality
relations) are viable.?” Specifically, A can be represented as imfe/,,,/(,FMFZFU, where
€0 18 a totally anti-symmetric 3-form. Here, € and my are the deformation parameters.

These deformations not only break the SO(10) symmetry but also lead to SUSY
breaking. The extended N = 2 SUSY is crucial for incorporating gravity into the
model. A recent study?’® examined similar deformations and found that the SO(10)
symmetry was spontaneously broken down to SO(3), consistent with results from the
Gaussian expansion method.?®® Investigating SSB with these deformations requires a
three-step extrapolation process (N — oo, € — 0 and m; — 0), which introduces
systematic errors. An alternative approach is to use SUSY-preserving deformations,
which reduces the number of extrapolation steps to just two.

8.4. SUSY preserving mass deformations

269-273

It is possible to introduce supersymmetry preserving deformations, including a

Myers term, to the original IKKT model Sikgr. The modified action is given by
S = Sxr + Sa,

. i— (275)
So = Ntr( M@ X, X, +iNmwX, (X, X))+ 2 DNy ).
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where N3 = I'"7N,,,,, with N**7 denoting a totally anti-symmetric tensor and M,

is the mass matrix. This deformed model was first introduced in Ref. 271. Recently it

became the subject of a recent study given in Ref. 274. There, this model was termed
as the polarized IKKT model.

The action of the model remains invariant under the following SUSY transformations:

1
OX = g E, (276)
1 i
6 = 7 [X" XVI0, e — = X4(D, Ny + 2N5T )e, (277)

subject to the mass/flux constraint:
[N3(TH Ny + 2N, + 43 M#T, Je = 0. (278)

To verify the invariance of the action, we first note that the variation arising from
the term [X,, X,]? is canceled by the variation of the term I"[X,,v] due to the
invariance of the undeformed IKKT model. We then examine the remaining terms,
which split into two components: one linear in X, and the other proportional to the
commutator of the bosonic fields. Both parts must vanish, leading to constraint
equations.

The linear part of the variation is

.

— 7 1—
ng (- 1_6XN(FMN3 + 2N3FM)€> + 2MMVXN (5 wFV€>
—(1
= (E N3(T* Ny + 2N;TH) + M“’”l",,) eX,, (279)
which yields the constraint equation:
N3(T# Ny + 2N;TH) + 43 M T, = 0. (280)

The commutator part of the variation is

N 1 v 1 v v 3 v,
68 comm = “/’(ENBFN —|—EF“(F N3 + 2N,TY) —|—§N“ ”Fp>5[XN,XV]. (281)

A particular choice of N3 and M that ensures the invariance of the action under
the SUSY transformations is

Ny = pI'™, (282)
Mz
M= Ve (1; @ 313). (283)

A specific solution to the constraint equations is given by

Ny = —QU3r9110, (284)
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NWV— — Z e, (285)
3! 1,0, y=8
Q?
M = 5 (I; & 3l3). (286)

This choice explicitly breaks the ten-dimensional SO(10) rotational symmetry to
SO(7) x SO(3). To recover the original IKKT model and study spontaneous sym-
metry breaking, one can take the limit 2 — 0 in the large- N regime.

For the supersymmetric deformed model, the gradient of the bosonic action
includes additional contributions as follows:

NMmo(X,X,) T
- = 2NM"X 287
o V (257)
o2N (XTI  foro=1,2,...,7,
= 3 (288)
4 3XT  for 0 =38,9,10,
iNO(NM X [X,, X)) =
e = ZQNV;8 (e X,X,) (289)
[Xg, Xlo]T fOI‘ g = 87
= Y,QN [X107X8]T fOI‘ g = 97 (290)
[XS,XQ]T fOI' g = 10
The fermion bilinear deformation alters the fermion operator as follows:
~ N " a QN 9T
Maaﬁb — Maaﬁb = 71—‘;{3131'()(#[15 ,tb]) — T (1"81” Flo)aﬁ(sab. (291)

The eigenvalue distribution of the fermion operator M for the SUSY-preserving
mass-deformed IKKT model are shown in Fig. 20 (taken from Refs. 201 and 220). For
the case where {2 = 0, corresponding to the original IKKT model, we observe the
singular-drift problem. However, as () increases, the eigenvalues of M shift further
from the origin. These observations suggest that the SUSY-preserving mass defor-
mations effectively mitigate the singular-drift problem.

8.4.1. Bosonic IKKT model with mass deformations

Introduction of bosonic Gaussian mass deformation terms and a Myers term into the
bosonic IKKT matrix model results in the following deformed model action:

Sy, = SpikkT + 5S¢ + Swyerss (292)

where

QQN (z?:X2+3ZX ) (293)
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Fig. 20. The scatter plot of real versus imaginary part of the eigenvalues of the fermion operator M for
the IKKT matrix model with SUSY preserving mass deformations. The mass deformation parameter (2
takes various values from 0 to 20. The simulations were performed for N = 6.

and
iON 0
SMycrs = T tr ;8 X [Xb, Xc] . (294)

The complex Langevin method is applied for various values of the mass defor-
mation parameter () to investigate whether the ten-dimensional rotational symmetry
remains intact in the limit 2 — 0. The order parameter \,(£2) shows an inverse
dependence on (2, leading to A,(€2) diverging as 2 approaches zero.

To address this, one can define the normalized extent values as

Au(€)
(@) = (255 ) (295)
! 2o M)
The normalized extents p, reduce the dependence on the deformation parameter
2, making it easier to identify whether the SO(10) symmetry is broken. If SO(10)
symmetry is indeed broken, the normalized extents will differ across directions.
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Fig. 21. The complex Langevin simulations results for the bosonic IKKT model with mass deformations
and a Myers term. On the top panel, the averaged extents, % [ i () andé 100 (€2) versus the mass
deformation parameter 2 are shown for N = 8,16. On the bottom panel, the bosonic action terms against
the mass deformation parameter {2 are shown for N = 16.

In this model, explicit symmetry breaking from SO(10) to SO(7) x SO(3) is
observed for sufficiently large values of 2. To quantify this, one can use the averaged
extents as order parameters:

| =

S and 3> p(@) (296)

The top panel of Fig. 21 shows the results for these averaged extents. The two
averaged extents converge as (0 — 0, indicating that the SO(10) symmetry of the
original bosonic IKKT model is restored. This suggests that the bosonic mass de-
formation and the Myers term do not contribute to the spontaneous symmetry
breaking of SO(10).
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Additionally, there is a phase transition around Q ~ 7.1 for N = 16. This tran-
sition is likely due to changes in the saddle point configurations introduced by the
Myers term. The bottom panel of Fig. 21 illustrates the dominance of the Myers term
beyond 2 ~ 7.1. As seen from the inset plot, as Q — 0, both the contributions from
the Gaussian deformation and the Myers term vanish, restoring the bosonic IKKT
model.

8.4.2. IKKT model with mass deformations

This subsection presents results from complex Langevin simulations of the IKKT
model with supersymmetry preserving mass deformations.?°’??° Due to the complex
nature of the action, the expectation values of the extent observables become complex.
To mitigate this issue and maintain the Hermitian nature of the matrices as closely as
possible, gauge cooling algorithm (outlined in Subsec. 8.3.1) can be employed.

N
6 4 3 2
: : :
Q=5
02 Bl
Py —B— Py —B— Py P10 —E—
P —S— p5 —O— Pg
p3 —a ps —aA Pg —A—
0.15 | ,
é ] g g ]
a o1} ]
v
0.05 | Bl
2] & & 'y
0 . . . . .
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Q

Fig. 22. Complex Langevin simulation results for the IKKT matrix model with supersymmetry pre-
serving mass deformations. The top panel shows the normalized extents (order parameter) p, against N for
fixed Q = 5. The bottom panel displays the normalized extents p, against €2 for fixed N = 6.
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Note that while discussing extents (or normalized extents), we focus exclusively
on their real parts, as the imaginary components are negligible.

The top panel of Fig. 22 shows the normalized extents p, for a fixed mass de-
formation parameter {2 =5 and various matrix sizes N. For sufficiently large 2,
explicit SO(7) x SO(3) symmetry breaking is evident. These finite- N results suggest
that the extents p, are nearly independent of N, though larger N computations are
necessary for a definitive analysis of the behavior.

Estimating M~! involves a computational time complexity of O(NN%), which poses
a bottleneck for the algorithm. In this study, N = 6 is used as a proxy for the large-N
limit. The © — 0 limit is examined on the bottom panel of Fig. 22. The complex
Langevin simulations are unreliable for Q < 2. As Q0 — 0, the original IKKT matrix
model is recovered. Even for N = 6, spontaneous breaking of SO(10) — SO(7) x SO(3)
symmetry is evident. Notably, SO(7) symmetry seems to further break down into
smaller subgroups as 2 — 0, suggesting a SO(d) symmetric vacuum with d < 7. To
fully understand the symmetric vacuum structure of the IKKT matrix model, large-N
extrapolations are required.

9. Conclusions and Future Directions

In this review, we have focused on using the complex Langevin method as a tool to
investigate systems with complex actions, especially supersymmetric theories in
various dimensions. Lattice regularization of field theories provides a robust foun-
dation for numerical investigations. However, in systems with complex actions, its
effectiveness is constrained by the sign problem. This limitation motivates the ex-
ploration of advanced methodologies and complex Langevin method is one of them.

We have explored several examples that make use of the complex Langevin
method. They are supersymmetric theories in zero, one and two dimensions, in-
cluding supersymmetric quantum mechanics and the IKKT matrix model.

After giving a brief overview of lattice regularized path integrals in Sec. 2 and
details on the sign problem in complex actions and methods to cure it in Sec. 3, we
gave a brief review and current status of the CLM in Sec. 4.

In Sec. 5, we demonstrated the utility of the CLM in addressing the sign problem
within the controlled environment of zero-dimensional quantum field theory models.
These simplified systems provide an ideal testing ground for the CLM. The section
explores various models, including bosonic systems, P7 -symmetric theories, and sce-
narios involving spontaneous supersymmetry (SUSY) breaking. Through these
examples, the section underscores the robustness of the CLM in overcoming severe sign
problems and producing reliable results, validated using criteria like drift term decay
and consistency with Fokker—Planck dynamics. The absence of spatial and temporal
dimensions allows detailed analysis of convergence properties, stability and numerical
performance, establishing confidence in the foundational principles of this method.

While zero-dimensional models simplify the mathematical and computational
challenges, they highlight key aspects of CLM’s behavior that inform its application
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to higher-dimensional systems. The findings from these studies validate CLM’s po-
tential to address complex systems with oscillatory integrals and emphasize the
importance of stabilization techniques in maintaining accuracy and convergence.

Section 6 highlighted the effectiveness of the CLM in addressing the sign problem
and exploring supersymmetry-breaking dynamics in supersymmetric quantum me-
chanics (SUSY QM). By extending the foundational work in zero-dimensional
models, this section demonstrated the CLM’s ability to tackle one-dimensional sys-
tems where the complexity of interactions and observables increases. The section
emphasizes the method’s utility in simulating lattice-discretized SUSY QM, with key
observables like correlation functions and Ward identities, providing critical insights
into dynamical SUSY breaking. P7-symmetric theories are also explored, offering
intriguing results on non-Hermitian dynamics and their interplay with SUSY.

Reliability tests, such as analyzing drift term behavior and verifying consistency with
Langevin dynamics, validate the accuracy of CLM in this setting. Despite numerical
challenges, CLM proves capable of managing oscillatory integrals and stabilizing
complexified field trajectories, underscoring its robustness for supersymmetric systems.

In Sec. 7, we demonstrated the capability of the CLM to tackle the challenges of
simulating two-dimensional quantum field theories, including scalar field models and
supersymmetric systems. By expanding the method’s application from simpler zero-
and one-dimensional cases, this section highlights its effectiveness in addressing more
intricate interactions and dynamics characteristic of higher-dimensional systems.

Key results include the successful application of CLM to scalar field theories with
¢* terms and P7-symmetric interactions and the A’ =1 Wess—Zumino model, a
cornerstone of supersymmetric field theory. These examples showcase CLM’s ability
to overcome the sign problem, handle oscillatory integrals and produce meaningful
results in systems with complex actions.

The section also emphasizes the robustness of CLM in managing numerical
challenges such as unstable trajectories and divergent field configurations, which
become more pronounced in higher dimensions. Techniques for stabilizing simula-
tions, combined with reliability checks such as drift term analysis, ensure the accu-
racy of results and bolster confidence in the method’s applicability.

Section 8 highlighted the application of the CLM to the IKKT matrix model, a
key candidate for the nonperturbative formulation of superstring theory. The IKKT
model presents significant challenges, including a complex fermion determinant and
computational difficulties related to large number of degrees of freedom. CLM proves
to be a promising tool for addressing these challenges, enabling simulations in oth-
erwise inaccessible regimes.

The section emphasizes the innovative techniques employed to stabilize CLM
simulations for the IKKT model. These include gauge cooling, which regulates large
excursions in field configurations and mass deformations, which mitigate singular
drift terms while preserving supersymmetry. These advancements ensure the reli-
ability and stability of simulations, allowing for accurate exploration of the rich
structure of this theory. Applications of CLM to the IKKT model demonstrate its
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ability to investigate spontaneous SUSY breaking and dynamics related to emergent
space—time. These results highlight the method’s potential to provide insights into
the nonperturbative behavior of quantum gravity and string theory.

This section underscores the transformative role of CLM in tackling the compu-
tationally demanding IKKT model. The success of these applications not only
advances the understanding of the IKKT model but also establishes CLM as a
powerful tool for exploring the frontiers of string theory and nonperturbative
quantum field theory. This work sets the stage for future studies into even more
complex models and broader applications in theoretical physics.

There are several future directions to address.

Improving convergence and stability: Developing rigorous mathematical frame-
works to ensure convergence of the CLM for complex actions remains an important
goal. This includes addressing issues with boundary terms, nonself-adjoint operators,
and unbounded trajectories that can lead to incorrect equilibrium distributions.

Higher-dimensional applications: Extending CLM to higher-dimensional quan-
tum field theories, particularly in the context of lattice gauge theories and super-
symmetric models, offers immense potential. Exploring its utility in strongly coupled
systems, finite-density QCD and condensed matter physics could provide ground-
breaking insights.

Benchmarking against quantum simulations: With advances in quantum com-
puting, benchmarking CLM results against quantum simulation techniques could
validate its reliability and highlight complementary strengths. This collaboration
between classical and quantum computational methods may unlock new avenues for
tackling the sign problem.

Refining stabilization techniques: Enhancing existing stabilization methods, such
as gauge cooling, adaptive step sizes and mass deformations, will be crucial for
improving the robustness of CLM. Tailored approaches for specific models, especially
those with severe sign problems, could further expand its applicability.

Ezxploring non-Hermitian systems: Investigating CLM’s application to non-Her-
mitian quantum mechanics and P7 -symmetric systems could open new research
frontiers, offering a deeper understanding of exotic phenomena and symmetry-
breaking dynamics.

Integrating machine learning: Employing machine learning techniques to opti-
mize paths in the complexified field space or enhance sampling efficiency could sig-
nificantly improve the accuracy and scalability of CLM.

Applications in cosmology and quantum gravity: Applying CLM to theories of
quantum gravity, such as the IKKT matrix model, and exploring its implications for
early universe cosmology or black hole physics could bridge computational tools with
fundamental theoretical questions.

Cross-disciplinary applications: Extending CLM beyond particle physics to areas
like condensed matter systems, financial modeling, and network theory could high-
light its versatility in addressing complex systems with oscillatory integrals.
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Addressing these directions will advance the theoretical and practical scope of
CLM and contribute broadly to fundamental physics, computational physics and
interdisciplinary problem-solving.
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