
ccnsidorod in Example B has t.WO fl.l'hitrm:y functiona which depend on two

variables, and possesses an inflnlto number of Lio point, symmetrtes. '1'11('
methods \1s(I(1in this dU\p('.(ll' nrc not the same, although hot:h of them n1'<'

called preliminary gronp ('lussifico.t.ic>llmethods,

In ('hnpt<'l' four, the equivnlol1cc find t.1m principal Li(~1l1g(lbrllli of ('.}1(' HYSt('1l\

we ('inssify aro found. To find the cqntvalonee alg(lhl'a wo follow Aldmtov,

Gnzizov and Ibraglmov (HlOl) and to find the prlncipnl LiC' alg(~hl'!\we uso

1'11(1 proposltlons stated in Ibragtrnov and 'Ibll'isi (W92), '1'1W80 algebras

nrc nt.ilizC'ct ill ('hapt.el' IiV(1. By mling the pr('limiumy group ('lnssifi('I~tioll

dis(ttlss~~d in ('11npl:(11' 1:111'(,("we C'lmlllifyOut' s;rst:elll, nH.llOllgh it~h(I('ouws ('1('!\1'

f1'(11), tho l'C8nlts wo obtain Umt, tho dt\SsHi<'nl'.ion is not, complete,

Chnpt;{'l' Bvo is concerned wit:h tho ('}{\ssifi(~nt.iol1of the systom (1.5). In elas-

sifying [;hi8 systC'lrl we lISOtho IJio nlgohl'tls whieh W(11'O lntroducod in <'hn.pt.(ll'

0110. W(1find tlmt. tIlis syst.em udmits (\ Iour-dlmcnsionnl (l(ltlivnloll('(1ulg<,bl'n

of symmot:ri(lS and (),tbl'(I(Hliull'IlSionnl Pl'indpl\l Lie nlgl'lll'a of symuwtl'iNl,

Hence, wo use the mothed whkh ('lnssifi(1s according to low·rlinwfulianal Lie
al.fJrlnyul.

'1ho int.('t('sl'.('cll'('I\tic'l' is l'('f(lrl'ed to Ibragimov (1005) fOl' nioro nPIlli('lttiollS

on tiw ('l!\ssifh a('.iem of IHtrtinl dHf(11'(luMnl ('(lI1MiollS, The IlHlI:hod ntilhwd in

('lmpt.('l' slx is I'll oxtonslon of tImt used in VI1Wc]I\ and r..rnhom(ld (W{H).

{<,lunUy, in th(1 eoucluston wo montlon til<' 1'('SnH8 ohtaiuod nnd HOUW (If tho
(111<'11qlt(':.ltioIlIl t.1ml ('1\11 ful'!'.}wl' bo (lxpl()l'(lc], In £1\('1, 1.11(\maill l'{'snlt 01' (l11l'

wnrlt iH t}mt. 1'11('mbih'ltl'j 1'nU('(joll V!(n) ('(\11 only bo of t.ho f(lnn ;;~bl whero
(l ltucl h nrc' ('(lIlHf:aul'ii.
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1.2 Scope and objective of the study

System (1.5) lms its mens in plasma phYIlh's. We' I\l'(~coneorncd hero wil:h 1:11(1

matlH'lUfLti<'al 1\8p(,(~t. of this pro1>1(111\,although Uw rosulta ('!\11 bo !\lll\lYlwd

physi('ally and can bo of lntwh \lSO in plasma llllYHi('R,

Tho above syatom (Ui) ill n IlOW 1)1'oh1<'111from tho vimv"l)oinh of P;I'OUp rlus ..

sllicntlon. Tho method w(' \1S(1 1'0 dnssify this system is ('\}I:IO 110W (soc ('hllpt('l'

flv«).

Om aim is 1',0 e111ssify systom (1.5) {\('('ordiup; to tho !~l'()ut>it, admits and show

how t.his now llwtllOd of dmmifying pnrt.ial tli{f('rt'uthll ('<llll\tiollS works. This
method dnssifies 1'.11(\ syst(·Ul of t'<1\mtiolls Il('(~ordillg to low..dtmonsiono! Li('
nlg(lbrns it admits, B('foro (llnlmrldng UpOI\ this mothcd, wo Hhmfrnl:(l Hw
('xis(:inp; methods of group C'lnssifiml:ioll of pnl't:illl diff(ll'('utial (lqunl:iOllR hy

InC.'IlIlS of oxamplos,

1.3 Content

In dml)t(ll' two W(I glvo 1\ bl'i('f revlow of Vo 1'}!(,Ol'Y ()f diff('l'('nUul ,<'Clulttious

('sl)(ll'inUy pl\l'H!\l diIf"l'('nl'ial (lqn(L\'ions, 'I'ho llWlllliug of inval'imll~ fUlWtiollH

and lnvarlant. <Uff"l'('nl'.inl ('quntiOIUl 1\1'(\ doflnod. P\U'I}wl'mol'l" Llo nl!\('bl'l\H
m'(' lntrodneod ill this t'}mj)tC'l'(!l(l(l, ('.g., St(ll)lmni 1080 I\nd Ihl'm~itn()V'1(05).

Clmpt('t· 1'h1'(,('dmls with 1.11(1 dnssifient.ion of lll\l'tial dUf(Il'('utial ('q\\l\I:ious

wit.h mhitl'l\l'Y Iunetlcns, Tho only dUr(ll'(lll('(' in I'll(' ('Xmup!<'H dis('\lHlWd In
t.his (·}mpt.(l\,is tIm!', the' pl\l'tinl (Uff<'l'(lut.inl (Iquli.tion ('ollHili('l'('d in I~xl\lnpl(' A

hl\H mwmhH'l'ltl'Y function whieh d('lWlltb on one vatlubl« and admH.s It fiuite'
nnmhor of Lit' lwiill HymtlH'(.ri(IS, w11('1'(lII.'I 111(1 pa1'tial (lili'('l'mf.ial ('Cllmf.iOll

G



In tho (,I\H(~of largo thermal aproud of tlw oloctron Vl'lot'iti('H nr-d a llC'gligibly

WN\k thonnnl motion of ions, tho colllalonloss plasma cau bo dNl('l'ilwti hy

tho eomblnod system of the' solf-<'onsis('.('llt', Hokl equations and (,,;1(1 hydl'ocly ..

namieal ('qul\tiOl1H for ions with tho vclo<'it.y u (1;, ;t:) and 1'.11<' d(IUSil'.y 'n (;I' t).

This Hystmn ill tho cne-dlmoualcnnl coso 1mB tho form (SN' Ibragunov 1905)
(1It + 1J/:t + -Bit. Q 0,rn

fit + (illL);!) :::: 0, E.1: a 41l'{J,

II :;:;::<,m L~'XJdl,J+ (!fl,

(1.3)

If t}Hl !'.lwl'llml monon of 1'.11(\t'l('et:l'ol1s is sh'ouV; enough and if !.ll(lil'dlstrlbu-

tlou is of Mnx.w('ll~no1t:zmnll I;ypo with tho dC'llSit;y n (t, a:) and f'('m})(,l'nt1ll'o

T eonstent, Hi(' above syst(,lll reduces to tho syatem of dHl()l'<'utinl ('quatiolls

c'
1lt ... 1LUx ::.. -=::-E,

11t

fit + (i:u),c DO,
~ !E!:.Enx- T I

l!,';r Q oi1l'cn + ·11l'f'71.

TIlt' flymmC'tl'i('s of t.his syseom 1\1'(1 found in gulp!" 8\:('(I\) and f\·fnhwr (1901,

(lA)

1992). '1'1l<'UlltlU'ul ~('ll<'l'l\lizl\t,ionof Hysl'l\m (lA) is tho l'ollowinp: Hysl"('Ill

it
1 I + 1I.ll;r Q ",,,-:,,E,

m
111 + (ilu)x 0 0,

('

1/' (n) 11", ~-:::J rEt,
B.r ,::1 ,111'/'11 + 41l'i'l1,

(1.5)

whoro (<',71, rn) and (t\ 71,iii.) IU(I dml'r;('H. dPllHitiNI nnd lllflHHPS of lous and
t'l(,(·tl'OUIl, l'('sP('('I,lWlYi 7l iN f:llt' How w}()C'ily of Ion», T t11(l f(lmpl'l'nl'.ul'(l, E

tIll' flll'c'i'.l'i<' Iiokl und 1/1 (n) 1\11 m'bitrm'y Iunction,
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problem is not only of PIll'O mathomntieal illt('l'('st; bur 1\IS0 htl!! pnwl'knl

slgnlflcanco. rrlw difl'(Il'('utial <'quat.ions of mll.t'.}ll'InIlt.it'al physi('H, ill many

eases ('ontain pal'mno{:C'rHor Iunctlons t',hat. are dotormlnod ('Xlwtimmtnlly

and hence {WO not. st.l'kt.1y fixed (thoso mo called Iil'hil'.nwy ('1(1111(111ls).

Lio (1881) WI~ tho first. to work in UlOproblem of group 1'1nss1fi('nt.ioll of

<liffor('ntinl equaelons by t'!nssifyillg !'.lw Ihwttr equatlon

R (XI Y) Z.r.r +,8 (x, 11)t:.rv+ T (m, 1/) ,":I/Y

+J> (:c, y) ;:.r + tJ (x,?/) ::" + Z (a:, y) :: c:; 0,

when! R, 8, T, 1',Q and Z am arbitrary (8(,(\ Ibrngimov 199(1). Subs('quout.1y,

(1.1)

many l'<!tll\UOtlH wore dnssified, not; only by L10 but. also by Ot.h('l'8.

1.1. Statement and analysis of the problem

Tho oll(~dim('IlSi0lU\1IlOnrd!\tivist.ie olcetron..ion plasma with 1\ weak thorrnal
morton of Ol('(1I',rolls and ions, <1('H('I'l1>('(1by Uw hydrodYllmni('(\l mo dol , iH

basod on Iho foUclwing (''1ul\.t'imm(sec, o.g., Ibraglrnov lODn)

11t + lJ.Ue c ill} = i)(,j))l1.1:"Tn . (1.2)

Horo, l' Iludit nro I,ll!'Vl'lodlit\~l of t11(\ (lh't't,l'on nnd inn eomponont» of t.hl\

plasmn, tho Iuncuon !l (11) and !I (1i.) tako into I\(·(·nltllt. tho (lIt'd,wn nnd ion
til('I'mlll !)l'(I!lH\l1'(1 d('l)('wlillp' 011 tIll' 1\t'IlHitit'!l n and '11 of tho "l(,<'t.l'OllH and

i01l.1, l'{'HlwNiwly '1'11(1 {'('mlWl'l\t!U'(l of ('I't'h plasmn ('OlnllOlwnt', ill l\('ls\llllC'd

to 1)(' ennstunt,



Chapter 1

Introduction

Tho gt'('!\\', N01'W('l'girm In!ltileInl\tkiml Soplms Lie (18(12 1Bn!)) init'.iltt('d tho

sl:udy of ccntlnnous (:rnllsfol'uml:ioll(!l'OUPS in the serond half of 1:}1('provloua

('(lntul'Y. '10 (ltW, these groups nrc called Lio groups. IIis alm wns to ('l'C'nto

n theol'Y of in\',('gl'atil1g Ol'dilHWY (liff(,l'(mt.inl equations similar to tho Abelian

t,}w(Jl'Yof solving al~(\hl'!\k equn!:iol1s, !.it' groups bocam« well-known, but,

Uwil' ol'il\hml 11e1dof fl'Uitful npplkaUoll to a largo ('xtm!', rornninod 111dd(\11

in tho llternturo, U(\U('O Il1nny people who could haw pl'oIiI:{l(l from 1:11is

method simply W('1'(\ not; nwaro of itH oxlstoneo,

It is only in 1:111s('('ut,my in which Ulis thoOl'Y has become wldC'H})l'('lt<l. '1b=

day, tlWl'(\ 1\1'(\ many books ('olltltining I',his tlWOl'Y, Sill('(' Lip's works \V('1'('

in o omuui , most of tho hooks t\l'O tnl'l'(lly t.1'I\l1s1!\Uous and do IlO('. contnhr

Hi~{uiIi('mlf,}ynew lnformatlon,

OIU' of Ul(' main 1l1'0hl<\llIs of ~rO\\l) IUmlYHis of <Uff<'l'(\utial oqnnnlona is to

Mtmly 111(1 uctlon of Hl<' ~l'O\1p admittod hy 1\ 1J,iV<'1l\'(11\l\tio11 (HYHf',(llH of

('qunt.ious) ill a st'l, of Hollltimm to this ('<illation. Auot}wl' illt.(\l'Nllillg and

1l1'lwti('I\Uy iml101't.Hnt, problem ('OllHiHts of \tHin!!. 1:11<'gnlllp IUlalYlliH t('dmiql1<'

for tho gl'0111) dnHl1iJit'al,iou (If (Ufft'l'<'ut1al <'<IllationH. 'I'ho solution tn I'hlH
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ABSTRAC'1~

In this work we give a brief overview of tho existing group clasailication methods

of partial dlflorential equations by means of examples. On top of these methods

we introduce another new method which classify according to low-dimensional Lie

elgebras, One can ask: What is tho aim of Introducing a new method whilst thoro

are existing methods? TIlls question is answored in the follov Ing paragraph.

Firstly we classify our system of non-linear partial differential equations using the

preliminary group elaaslfication method (one of the existing methods). The results

am not diflerent from what; Euler, Steeb and Mulsor have obtained in 1991 and 1992.

That is, this method docs not yield now information.

This new method which classlfles according to low-dimensional Lie algebras is used

1.0 classify a general system of equations from plasma physics. Finally, using ("his

method we completely olasslfy O\1l' system for four-dimensionnl algebras. For a partial

differential cquntion to be completely olasslflod using this method, it, must admlt !t

low-dimensional Lie algebra.
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If a diflerontlal <''lMtioll admits tho voetor fi(lldl-l Xl and X').! then it. also

admita their commntutor [XlIX:.!] (Sll(' Ovsyannlkov 1982). Tho Inl'/l.<'lltada

mitt(ld Lto algohl'll. is called tho full Lip nlgrhrn of 1:11(1('(lt1I~I:i{m. In I:his ,,('c1:iou

we nrc coueorned only with finite! dlmonsionul 1'('1\1Lie nlgoh1'lI..'i,1)(1('I\\1H(' in

applie!ttions OlW mainly encounters real diffc'routial (I(l\ll\('.iOlls.

Ono and two-dlmonsionul al/l.un'ns both have tho same st.l'uetnl'l'H OWl' tho

1'(101 and OWl' the complex numbers. In Sl1it(\1>I(1 basos, t.ll('~l(Ican ht' taken

to be [XII X2J ;,,, 0 and [Xl. X2J CJ Xl for two.dinwllsinnnl nlg<,hl'IlS, and

[X. Xl ::::J () for ltll"V X fot' a Olw.clinwllsionalulgohm.

Wel next I!OllSi<iPl' tho t.hl'('()odiuwllSiol1n11'(ml nlgC'hl'ml. T: "l' aro olovon !.it'
ftlgdmlli of dlmension l;hl'{1()(doeomposablo and ind('Pomp()so.bh') two of whirl;

depend on pnl'm1l(~t('l'S.
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If It (um'l'('ut.ial equation ndrnlts 1:}1(\V(I(tOl' Hokls Xl and X2. 1'11('11 it. alao

adn.titB 11wi1'commututor [Xb .\2) ([';pl'Ovsyennlkov 1!)82). TIll' Img(\st'. mlA

mitted Llo alp~(\bl'o.is called t.}w flLll Lie algehra of f:h(l(lqUl\tiou. In Htis S('('{'.iOll

W(l 1\1'0 concerned only with finite dlmn donal roal Llo nlg(lbl'US, h('('l\l1H(I in

npplkntions one mainly oneountors 1'('(\1cliO.'('l'{'ut.iull'<ltmtiolls,

One and two-dlmenaiona] algebres both havo tho HI\TlW H!,rnt't,Ul'('H ()V('l' 111<'

1'(,0.1and OV('!' t;}w complex numbers Tn suil:uhl(1 1lIlS('H , thrs(1 can 1)(' t:111wu
to 1)(' [Xl! X2] Cl () and {Xl! ,,\"2] C'l Xl fol' tw()·diuwmliollo.} nlp;ebrllli. and

[X. Xl Cl 0 for nny X for n one-dlmonalonul algcbm,

Wo tWX I'. conskler tho throe-dlmenaloncl roal ulgobrnH. '1'h(11'(' ut'{' eleven r~itl
nlg(lbrns of dimension threo (cl(I('omposnbl(I nnd lndecemposablo) t.WOofwhlch

c1, '11(111<1 on pal'nnwt.(ll'H.

18



whoro tho 1)lC1ongo.tion formulae, (Ill ell and (2ll 1\1'(> as given in (2.19), (2.21)

and (2.23) I l'(lsI)(leMv('ly. Substituting 1'tt CJ "':r1'x;r +11;+a:, ~:.?29)has tho {01*

Iml'i~lglndcponelent vl\l'io.bl{'s i,X, V,1'" 1'J."llU,1'1;r mid 1';r,n and tho unknown
£nnet.iolls e1; e~and 71 depending only on i,;v and 1·1, Equating all 1'J1O ('00("

Ii('i('nt of ",t1';rx,1';r;r,1'xtt 1'xi to Z('l'O and sf)lving tho resulting equation», on«

ends up with tho gonernl solution

(2.30)

whero Ou i q 1,2, ..,,1, aro arbitrary constenrs. Solutions (2.aO) for I:hod(1..
t('rmining cqnatlon (2.29) g<'1l<'mtoa Iour-dlmenalonnl Lio alp;C'br(\ L...spmmod

by t.lw following opol'utm's

(2.31)

2.2 Lie algebras

A Lio nlp;obrn. is a vcetor S!)l\('{1 L endowed with 1\ hiliuCl\l' llrodtwt [Xl, XllJ
11'1<'hthat. tho follc~\llng holds: Tho I.i(I l\lp;(lbm iH ,',kCUl ,qymm('trit'. 1,(1. I

aml sa('.isfi(\s tIln ,'acmbi identity,

In P;l'Olll' mmlYHi of (Ufi('l'(lntinI ('ClllI\tHnlH one <innis mOHUy wltl; 1'(11\1 IJic'
!\lI~('b1'I\Aof Olwratl'I1'l nnd Ilt'll<'(' h(I1'(' wo mUllid('l' onlv w<'i'ol' Sl)1\<'(IH OWl' I'll<'
flold of l'pal numbers,

W(I t{(IIhlt' tho Lh' hm('k(,t, [t) (Ill a Hc't II of VC'('tfu'fi(,ldH of I'.Iw form (2,7) nil

1'.lw comunmuor
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The diffot'())l('O between Dollnitlon 2.2 and Dofinltlon 2,2' is tlmt. 2.2' does not

assume t.110 knowledge of solutions and tho lnverian«; can 1)(' tostod on nny

given dHfol'('lltinl equation using ('.11(' following

(2.27)

WhPl'O XCII) is HlO .'11:11pl'olongl1t.ion of the' g<'lwrnt.Ol' X of the group G and tho

notation 1(2.5) mcaus evaluatod on the Irame, Eqm~t:i()ns (2.27) nrc ('1\11(·(1

{'.llc d('t('rminillg equations of tho g(llwrnt.Ol' X of the SjlllUllOl.l'jI group O.

1'11(1dotcnntnlng oqnntlona arc a sjlstc'm of lill(lOl' homogonoou» 1'(11'I:iI\1 (Uf·

fel'('utinl ('<Illations fol' Uw unknown V(I('t.Ol'X. In most pl'lU'ti(l{tl Inatanccs,

1'.11(1S(1 O(ltmt.ions can be solved by t'l('llWlltl\l'Y moehods and Um g<'lwl'nlllOlUa
nlou d('t<'l'mlu(ls t.h(\ most F,('ll(,l'nl itlfinit;(lsiIlml symuwtl·y of tl1<1Hystmll. TIl('

solnl'.iclUs of Hw dotormlnlng equation gencrato l\ S('!: of V(I("'.Ol' Ii('ldB donotod

by L"I w11(11'(1 l' 'S 1'11(\ number of 1'11(1olcmcnts ill Uw H(I{;, which ('1\11 1)(1 Inllnlte,

and L; P;l'll(ll'!\I'(IS 1\ Lio algobru of dimension 1'. Wo HI',ndy I~i(' n}p;('hl'lUl ln moro

dnt.ail in tho ll<'Xt~ soerion.

1\) Illustrat« Um 1\1>0\'(', 101,us ('(lllsidt'l' tho sernnd-orelor pm'l'it\l difl'('l'<ml',inl
(Iqun,lioll

POI' moro iufol'Ilmti()u nhol1l. I'll(' nhovo ('(l\ll\(ioll 11('(1 Ihl'H[dm(lv, TOl'l'iHi und

Vni<'ilti (1O!1l). 1"01' tho iIwIUinm'(' ('oudhiollN of (2.21-1) W(, nso (2.1H) whore
W(' l'('phw(lll hy 1', whkh l'(IChW(\H tho d(ll(ll'lllillillg (Itl\U\lioll (2,27) tn 111<'Ionn

(.t) tlCI)
.. u·,,\.
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As is well-known, l:hi8 problem (11tIl bo solved by conatructlng soluelon» of tho

syst.em of 01'(lill1WY <lWcI'c'ntini C'lUIl.t.i('Ill'l

liZl J:;'l. dz9

111(::) ::=J 112(::) :;:::... c:: 198(:;)'

Solutions of (2.25) tnlm tho form

(2.25)

in whkll C11'''' 0.,=1 are ('(mstnnts of illt,<'gml:iou anrl tho ,Tt(~) aro Iunetlons
ill<i(11Wnd(lul: of I'.ho(;s. 011(1 can nO\:(1 t.lmt if Pi(e), ,,,, .Is 1(z)) 19 1\ busis of

invurillnts of It group of t.l'l\llsfol'lnntiolls ti, then ,J(:::) t:." P(J) (::), .." J,~=l(z))

is also 1111 invariant., WhOI:(1 P is 1\ smooth Iunotlon of Its argument" (seo also

Ovsyannlkov 1002, Olver l'J80). 1"01' example, :; ::::::(ir:,1t) , thon P C;:l F (:t:,1L)

in (2,2{1) and wc luwo all (I,Wl'n.tOl' of t.ho form (2.8),

'ro illnst,mto !'.l1(l for('going, ('ollsid('l' tho l'o1:I\UOngt'O\\P which ha8 illlinit<'simn.l
v 0 0 Tl I' 1 I" I •generator .1. t::l .1)=0 ,= 1J~O' 10 ('Ol'l'(lSPOIl( mg c ml'lLt' :('1'181',1('S HyS '('lll IH

,r: 1I

IIN'C' ;: ::::J (;1\ 1/) and n t::J 2, i.O'1 we hnvo only ono lnvarlunt, ,1(:;) ::::J ;rl! C:l 0,

whore C iH 1\11 Iwbit.1'I\1'Y ('onsl',IlIlI'..

Deflmtion 2.2'
Tl)(l l;ys(,('m of difl'('l'Nlt.ll\l Nl\mUOl1S (2,5) 111sald to lw illvadnut, under tll('

Arml!) G if tIl<' Iram« of the' HyHt<'lU 1H1\11lnvarlruit ..S\11'£I\(,(\ with l'('HI)tl('t'. to tlw
lll'OlollP;(I(l !~l'tmp a(~),

15



and operator (2.8) has tho f01'111

x::::.: e1(m, 1/, u)f + e2(,zJ,1/. 1l) aD oj. 'rl(a:,1I11t)-OD • (2,lG)(I.r. y It

Tho first and second pmlongat.iolls of (2,16) [\1'(\ giV<'ll by

V v I"{) 1"0
,'-L(I) t::: ". + '>l-{) + '>2r-) ,

Ilx ( uy
(2.17)

(2,18)

l'('sP('('I',iV<'ly, whore

(2.10)

(2.20)

(2.21)

(2.22)

(1m:::;; Dy(':.l) = 1l.ruDlI(e1) = 'Ul/1I[)u(e2).

(tWO also S\opl1(\11i 108U).

(I) 1)1»)
.'&:oIt)

Them'om 1.1

'I'll<' function .P(:::) iH an invminut, Iunetion of I'}l<' (,;l'O\ll) G with symbol X if
and only If it, Hnj',iHlkB the' liU(ll~l'part,iul cliff<'r('utll\l ('quatian

(2,2,1)



ujl a (~
~i ~ ()a Inco ! 71'~:::. -!fa 1(1::0 •

'1'110 firs!'. prolongation of tho g<'1Wl'!1.I:Ol' (2.8) it; given by

(2.D)

(2.10)

or

(2,11)

WIWl'C ~i I\n<17]n arc I\S given in (2JJ) m1<1

(2.12)

with D, !\S in (2.2). 'rho second prolongation of tho g<'lwmt:Ol' X is donotod

by X(2) and is given by

(2.1a)

whore

(~'J CJ Di:lW~) = 1tJ~lDjaW)·
Following (2.12) und (2.111), tho high<'lo prolongati()n is d(ltlU('d {\s

(2.1<1)

W(' now look al'. Uw sltuntiun when ,l\ 11 IW(I lndopondonf Vl\l'ilthll's, nnel '1J, It

d(\lWml<'llt varinble. In thh, ,'n8(.' 1:}1('d(\rivn,Hv(' OIWl'n.tOl' (2.2) jl\1\<'s tho form

{} (:) 0 0
})J! '.' a:;: + 1/,( Ott + llJ!,r7)'U; + 11.ryTJU;; + ...



f(;I:, v) CCl x - v,

is an Invnriant function of G(] since

and the function

f(m,lI) :=; :v + U

is no!', an illVmio.ut: of' Gr slnco

(sco Olver 1986).

Dofhlitioll 2.2

Tho sysr,('m of dim'l'(luUnl ('<1Uo.(:io118 (2.5) is said 1:0 he invnrinnt under tho

group G of (2.7) if a ('Oll\'('rts (lVC'l'Y solution of (:110sysf;Nu under c'ollsidl'm·

tlon into l\ solunon of I:}w same syst.em.

This d('!inition assumea tIm!: tho solutlon of j'.}w syst(\tn is known It p1'iol'i ('f.

Ddinit.ioll 2.2').

A gl'OUp of tl'allsfol'mM.iolls of Uw ahovo form (2.7) is called It group a of
point, tl'lUlHforumtiol\s ill tho apnee of d<'l)(lUd(lut. and in<ic'IWndC'll!', variable 'H.

Cm'l'{,HpOllclillg to t.h(1 gmnp (i Own' is un iufinH·('siml\l g('ll('l'l\\:()l'

(2.8)

12



'·'Oi :¥( ) Oil Oiu == g x, U, a., g a=O = U • (2.7)

These transformations form a one-parameter group G if tho snccessive actlon

of two transformations is equivalent to tho action of another of tho form (2.7),

i.o., if tho function f :::::(j1, ...,r) and {j = (gl, ...,gffi) sat~sfy tho property:

Ji (f (x,'IJ"a) ,g (x,u,a) ,b) == l (m,u,c) Ii:::: 1, '''In,

whore

is n smooth functlon defined for small a and b. In the e1l80 defined I\1>OV(',

G is referred to as a local one-parameter group ((t and b small ), otherwlse

G is iallcd a global group (0, and II can take 011 vahlcs from a fixed inrorval

of roals). Here, Wl) mainly usc loenl one-parameter groups because of i'Jl(lil'

itnportanc« in tho applien.tion of group analysis.

Definition 2.1

Lot G be ,'I. local gronp of trnllSfOl·tllH!',ions net:ing on a manifold At, A fllll<'t.ioll

P : At -) N, whore N ill another manifold, is culled I\, 0 invnrhmt; fllll<:UOll if

for all ,0: E M and 1\11[J E (i suoh t.hat. g.:: is defined

L(lt 11S oonsidor t1ll example of I:lw abovo d(lfinit.ioll. L(1I: Or })(I 1:1w group of
1,l'mulll'l,t,iouH

whoro (' Is somo Ilxod eonstant, Then 1]1(' Iunctlon

11



'I'hen (2.3) is tho s-ordor partial diflorentlal equation. Suppose X, U, H{l) , 1l(2) , •••

nrc functionally Independent variabk: .onncotcd only by (2.1), then (2.3) de-

termines a surface In tho space of independent variables :v, 'li, 'li(l), 7L(2), ... , 'li(a).

In Ibragimov (1092) this surface is called the jmm(l of the dilferontiul oqna-

t;i011 under conslderadon, Tho frame of tho e'1\1at;1011wo have considered Is

accompanied by its differential conseqnoncesr

(2.4)

where
OF OF OF

DiP::::.: !l..• t + 1l~!l ~ + ...+ U~l,,,I.~·
v.ll au VUjl."i.

All the points (m, u, 1t(1),1L(:':)1 n.) Sltt;isfying UlOcqnatlons (2.3) and (2.<1)uro

denoted by [F] and called tho extended frame,

Let us sec what; happens when we have a system of equations. C011side1'tho

following system

(2.0)

whr;e F1 E A and .9 is tho maxlmum ordor of tho k (liffol'olltinl equntlons

Fk c;: O. it is assumed t.lHtt

on UlO fm1Ue of the equaelons under consldoration, In t.his ('ItHO [;}1(1 extended

£1'1\1110 is glven by

(2.6)

COllHhl<'l' tho following iU\,('1'(',11>1<, t.t'I\llSfol'mo.t,iollB on tho (a~,11.)HPlWl'

(1'\ ~ fi('l' t' (1) j,j I "~...i'-' ~ \ll'.($J' * (l":::{) -.v,

10



whore

7L? = Di(UQ
), Uij == Dj(uf) == DjDi(71::"), ...

D, is called the operator of total dlfferentlation and is given by

(2.1)

D a a: a Q () • 1
i == ~ + Ui -a v + 1~'ij{) ~ + ..., ~== ''''j n.v~t:~ UC, ' Uj'

(2.2)

In group analysis i1; is expedient to consider all variables x, U, U(l), U(2'1 ... as

fUll(~tionally independent connected only by the clifferentiall.'clations (2.1).

As a result, tho variables u are referred to fiS differential variables. We dono to

by z the sequence

z == (m,u, U(l), 'u(2J, ... ),

with elements

e, IJ ~ 1,

where

l111d tho remaining elements represent tho dOl'ivativ('s of 11.

A locally n.llalYI:i<~ function f(x, 'tt, 1/,(1),U(~), .H, 11(9»), S < 00, is eallcc1a dif~

fol'tmtinl function of ardor ,s. Tho set of 1\11diffor(ltlt:ini funetions of l\11finito

()l'do1's is demoted by A. The Spl.WO A is closed under tho derivation given by

(2.2). L(lt, [<'" e A be I\, clifi('l'<'1lt.inlfunction of order s. Considor the eqnation

(2.3)

where 7L dOpC'tlds on :r:, 1.<'.,



Chapter 2

Lie theory of differential

equations

In this ehaptcr we) give a brief review of Lie theory as applied to tho study

of Invariance properties of pania! differential equations, Tho OSSOI1(,O of this

r!mpt;or is takon from Ibragimov (1095), Most, of tho Information in this

chapter is of groat nso in tho following chapters,

2.1 Differential equations

Firstly, we coneldor 1;110universal space A of diffC'l'eIltial functions Introduced

in Ibragimov (1995). Lot;

." - {'''l} ,i - 1 ~l'V- llJ. 1 r,- ,t",tl,

'U, ~ {1{'} I 0:=: I•...,1n,

t:lw dopoudont variabloe. Tho Sl1C(~C'SSjvodorivaHV(ls of 'U, aro

8



(equatlon of motion ) (<l.a)

(t.he Poisson ('<Ina(,jou) .

Wo denote by (C\ n1m) and (1',11,fh) !'.lw l'{'spC'(~tiv(' ehargea, denaitlos 1\11(1

masses of Ions and electrons: 1L iH tho flow wio(·H.yof iOllH, T tIl(' t(lll)p('mtut'<'

whlcl; is ('Ollstnut, and B is 1'.Ill' ('}(I('h'1<' Ilokl, All 111<1q\ll\1ltiU('s art' dimon-

HioIll<'SS. Tho symull't.ry Li<' l\lg(~brniof C'qlu\('.ions (4.2)1 (<i.3), (.104) and (,1.5)

is spanned by

Comparing (:110 two syst:('IllS (,1.1) and (,1.2) (.1.5), we' lind Umt. 1'1111 Iunctlon

'1/1 (n) must 1)(11. in (,1.1) in ordnr for it~to he' Nlnivhh'nt to (4.2 (Ui), 'I'll!'
11, •

phYHll-nlronson for tho Iuelnaion of tho p;(,lwml in{'.('l'!wl',iOll 1/1 (tI) lnatoad of

just 1, can 1)(' iut<'l'PI'M('d in Ih!' t.l'nppinl~of (lh'(~t:r()llS by plesmn Jlo(llll'inln
W!W(,S (1-1('(\ ('.g., lhmgimo\' 1005),

4.2 Equivalence and the principal algebras

so



Chapter 4

Equivalence and the prlncipal

Lie algebras

III this (~hl\pt(ll" wo find oqulvalonre 'llld l)l'itwij)nl Licl nlgobt'{\s for I'lw S~IHt('Ul

of ('qUI\t.iOllS

(.

UI.+UU;r t::! "",:,:,E,
ui

'ilt + (jiU);)' c; 0,
{'

1/' (n) rliI' t::! 'TE.
B:c c ·111'('TI "I' ,l1rhl.

('1.1)

whore 1/' (n) Is au I\l'hitl'nt'~' fml('tion. This work ~S now ruul W(I tnol'ivat(1 thill
in tho lWXt. N('('tiOl\.

4.1 Introduction

In lOtH and W02, Euler, SI'\'(\b I\mI tInt,c'l' ('OllHicl(Il'(I(l tho I:lYl4tc'IUof pat'-

tlul (liif(ll'<'lltinl (lq1Uttiolls rm' f\ ('olliflioukHI:l plusmn of rnld ions und warm

71t of> (fiu),r ,~J() (t'(l\\1\tiOll of ('OlltiUUity) ('1.2)

20



dimensional aubalgebrns, soc Clmpakhln (199;1). Wc' uso tho allow method

of prellminary dnssifkatioll in tho next dmpt.('r 1',0 dussify our sysf,('m.

3.4 Discussion

Tho disll.dvantago of tho 1111thods diseussed above is tIml; tlwy ~\l'(' not. (lI1S-

ily applkablC! (:0 all plU't;ial difi'ol'enl;ial oqnutlons. EspC'('inlly for tho method

illustrated in Exomplo A, you rannof stat,(1 a priori which diITor<'llt.inloqua ..

tiona can 01' canuot bo dn..'lsified using ih. l'lw Example 131 it; is obvlons UlIt{',

eho equatlon consldored thoro is not completely elasslliod 11.', 011<1 is uncortnln

whether (;ho cqulvalenco algebre, used for Us group dnssHkat.ion is t.ho largest',
snlmlgobm of tho Influite-dimonaional eqnlvalone« algebrl'..
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1, f) l' o l' t cJ~l ::::l ~f)" ~2 r::::~, !"l r:::: =
I 011' , cJlI'

" l), U D o" \ -~ 'l'~ ""~, t- .1. .,,__ I, <)11_
1,',/, ~."., ') , Id.1 - . nt r' ""0 -1" () ,

(II (,I, .1) (II

(3.7)

r;' 1,0 T-'''! 0
J,'Jp Q .I.' 7Jj; = .I.' DU'

This bocamo 11,problem as U.is known thn.t. pr(llimillUl'Y ~r(lnp ('l!lHHifit'nUOll is

slrnpl« only whon the dHf(ll'('IlI'.in.l rquatton under eonakloratlon 11m;It Iinltv ..
dlmouslonnl (lquivnl(1ll("\ !\lg(llll'lt, Tho above problem WlUi solved by (lil(l()Hing

It finit< ...dlmonslonn! (lquivol(1ll(l(l 1\1p;('bmL10 from 1:11<' inlilli!.(' ono L,x.' Prorli
I';hls Ilntto-dimonslcnnl ('(lnivnloll<'(l nlp;(lbl'l\, 01<' f()ll()wi1l[~ oxtonslons \V<'1'(1 ob-

talnod

}"1 ~

l~) -_,

1~ ~--~,I

17 ~

Aft-N' th(l optlmul l'l,Yl'ltr"\ (If Hllhllltwhrn!l fol' tht\lW N{t('llHiOll!l WlUi ohtnitwli,

C'('rt'aill lU'Ol)()sitiolls W(l1'(' invoked to ('omlllt't(1 I'll(' l~l'Oltll ('llUlBifi(·llt.iou with

l'('SP('(\t: It) tm("'(UUl('llhiounl Hull1\lf~dll'!\sonly. 1<'n1'optunnl HYH!t'm of two~
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l'('sp(·(·tivdy. All ehe abov« aymuwl:ri('s arC' t:lw I1dclitimml symuwt,l'i(ls 1:0 tho

pl'iIl<'ipl\l Li(~nllwhm which in glvon by

(3.13)

'I'hus, (3.1) hits boon SIl('('(ISHf)l11~' C'inssifiCld using I:hls method,

3.8 Example B

(S('(I Ihl'ugiluov, Tonini and Vulmti 1001)

COllsid(ll' I'h(1<'qnation

(3.G)
An equlvalonco t:l'Il.llnfOl'U1[\t,iou for (3.0) is doflned lUi n llomkgoJl('l'a.I'{1 ('lmug<'

of tho viU'labl('s t, W llJ'cl 11 taking !\uy ('<ltmtiou d the form (3.6) in\'.() au

('qlmtiou of I',h(' sam« form, with dlfi'(ll'(lUt. f (:1:,1'.1') und !J (a:, 1'.1')'

For 1'1111>1equation, nn illfinit,{'·dinwllBioual oqnlvalonco Itlp;('hm hils b(I(IU found.
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Tho following equation hUB boon found through tho inv('sl',ign{'.ionof the do-

tormlning equation of (3.1), vlz.,

(3.3)

whore a, b, c and d arc constants, Solving (3.3) with tho nso of (3.2), difi('l'(\nt.

forms of If havo boon found, 'fo solve this t.ypo of equation is not; alwaYH(,!lSY

as it, tuma ant: here (see, o.g., Ibmgimov 1995). '1'ho.l; is why many dlflerentlul

equationa cannot be classified using this method. For certain flluel',jolls 11,

more symmol',rios lnwo boon found, 'fhal; is, for

tho following symmetry is I1n addiU01H\1 syuunol:l'Y (to tho principnl Lie 1\1-

gobl'a of symmetdoa)

a ()Z - 2t· ,,,2
-"0 - n.! - ." n'

VI, OW

For other forms of 11, we jusl; stl\t.e Um fmw{'.ioll II aud tho ('ol'l'('spomling

additional symmol:l'y(ies). Ono hus

II:=; hlWu,e ()Zo ::::::r.-{).. ~ 2t7)
.1: vW

and
11,..::w1xI

() a
Zo::::: (1 <~ (1') t i)t: +- W Dw'

wh: .. ' (1' i ~l:~.FOt' (1' ccc: ~ and (1' ::,c:: -~ I 1:11('udelitlonal syuuu('l'.ri('s aro

Z [)
,,"( t:J W'i'j"'"

(hI!

aut!
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and Valontl 1991). To lllustrat« this method we take an example from this

paper.

3.2 EXa111ple A

(Sec Akhatov, Gazizov and Ibraglmov 1991)

Consider tho following equation

(3.1)

For this example, an equlvalonco tl'ntlsfol'mo.t.ioll is a nondogonemte change

of vatiables t, m and w talking any equatlon (3.1) with all nrbitl'l\1'Y II into

an equation (3.1) with in genoral a different. funotlon II (W.l.:r,) •

As wo have mentioned before, tho first; stop before pel'fol'ming tho group

clessiflcutlon is to find tho equivalence algebra. Tho equivalence (\lg(lbro, of

(3.1) is

ED E D D 1~ 0
~7 ::::.;vDw' ~8 ~ tDw -I- Dli' !,o r::: Ow'

It follows from the {\hovo thl\t tho oqulvalonco transfot'maf'.ion is (soc PI\P(ll'

cited)

t CJ nt + 'I'll if, t:::: 111a~-I' 'I':ll

eX! ::::~ {ilW + {i2:1~2+ h;\;r + fi.it + blh ii tee.' h1 If + />'1.
It

(.3.2)



uso experiments to find these nrbit.l'lU·Yfunctions. Tho Lie group appr()lwh

illV01Vl'S uslng 1\ group classifienUoll 11l1'UlOdto solve this problem,

3.1 Introduction

The most Important first; step before ('arrying out group elasalfleation is to

lind the equivalence algebru of the equation under conakleratlon. 'rhe method

used to find oqnivolence algebra is similar to tIm one of finding tho pdndtml

Li0. o.1gebt'o.,aWhough it; is not. exactly the same (soo next chapter, sec also

Akhatov, Gazizov and Ibraglmov 1001).

Ono of the mothods of group dnssifi('at;ioll of difi'cl'cntial ('qua(;iol1s is (,H(I(·ted

by Inspecting tho determining equations of tho equation under conetderatlon.

Using t;his, hand-ln-lmnd wleh t;hc eqttlvalcnco transfol'mation whirh is ('asily

found fron. ''<ll1ivalcnco algobl'as by using the Lie equation (S(\l', n.g., 11>1'ug-

imov 1094), UlO equation illV('st;igo.t:cld can bo <'lassHkd. This method works

woll when applied to N'ltnin classes of different,lul equation», We illustrate

this method by using one of Ule examples giV('ll in Akhatov I Gnziz(w and

Ibraglmov (1091).

It has \)0('11 observed (S(lO Ibl'agimov and ffunisi 1902) 1:111\(;somo of tho prlnel-

pal 1,io I\lgohl'l\ oxtonslons aro sllbnlg(lbl'HS of tho ('quivnl('ll('(1algohl'lIs. Some

of UW8(1('x('.(,11s10n81\1'(1slmllar to eaeli other, To ('ollsickI' only non-simllar (IX"

tonelons, 0110 lies to find t:}w opl'.imnl syst',(lm of th('St' oxtonalcns (S('l' Ovsynn ..

nlkov 1982). Findlng t',lw lnvarlnuta of t.bis optimnl syst(llU and iuvoldng

('('1't:l\illproposltlons, solve tho problem of group <'ln8sUim\'.ion for UWS(I ox-

tension». It, is this method which iH ('1\11(1<111l'('lhlliult1'y p;rOllI> dmlSi!imt:ioll.
It; has \W(Ill found that this method works well Wl1('l1 1:11(1oquatlon iuY<'s-

tigltt',('d has 1\ Ilnito-dlmonsional equivalonee ulg<,hm (H('(I Ibmgimov, Torrisi
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Chapter 3

On group classification of

differential equations

Hem wo discuss UlO dnssifkat.ioll of non-linear part.inl dHf(ll'outial oquationa

by moans of two examples. Tho system W(l <'lassify in dmpt('t' four is n. syatcm
of non-linear pattinl <liffm'('ntinl oquatlone. This group dnssifkation of pnl't.inl

diffol'put-.inl equl'I.t;ions lllnstmted here is not: nnw work. S Lio (1881) init.int('d

Uw group dnssifkl1t.iolt of Imttinl diff('l'{Ill(',ial ('<llmt.ions, although his foeml

was on linenl' pattin1 diffcr<'llt.inl (lqunt;iolls. Moreover, mlOtiWl' method for

Al'Otll)dussifi<'o.tion ofpnrt.ial diff('l'(lnl~inl equations whiolr works own for non-

Ilnoar nmtinl difi'<'l'('nl:iI\l <'<1ul\l:io11Shas b('('11 Intrcducod m~d is known I\S thl'

pnlimilH\l'y Al'onp C'!nHsUi('I\UOU mothod (soo Akhatov, Gnzizov and Ibmgi ..
1110VUm1). Wo ilhlHh'n\:o how \'.11(1 pl'(llimiunry group dnssili<'al'ioll method

worka, WI' do lwt; CliH('l1SH tho lll(lt:llOC 1 nsod by Lie. II<'l'(, 0111' main aim is

to ll111Ht.mt<' how j'.(l dnssify non-llnoar part'inl di{f(ll'C'tlt,ial (ICltmt'ions. This ifl

dono by monns of two oxnmplo»,

!\C(lst, of llllrtini tlUf<Il'(lutinl ('qIHtl:i()ns wlrleh ImV<' 11hysiml appliC'ltt:iollS llOH-

Ilt'SH !\l'hill'!\l'y fuuet.imul or C'OllHt.ItUt.S. gngilw(ll's and 11hysi<'il'tH in !WtH'l'al

22



The labeling is tho same as in 'Iable 2.1. Tho above Table 2.2 is of groat

ut.ilit;y ill chap tor six. We do not dismISS five and higher dlmenslonal Lie

algebras as they do not arise in our work.
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appearing as u superscript is to separate those which depend on pammotcrs.

Thus, L~,(jdenotes tho sixth algebra of dimension threo which depends 011

parameter a.

In tho case of Iour-dlmonsional real Lie algebras we have l;w('nty four Lie

algebras (decomposable and Indecomposable). The lndecomposnble roul Lie

algebras of dimension four arc classlfled into twelve tYl1('s(see, o.g., Mahomet!

1986) with five depending 011 parameters, Wo consider only six types, with

lonl' of tho standard types incorporsted in tho two nlgobrns which dopond on

pm'amotol's. The reason for t:his will become apparc'n!'. in dmpt:el' six.

Table 2.2

Algebra, Non-zero commutation relatlons

[Xl,X4] r.:: 2Xl1 [XIl,X,t] t<-: X2,

[X;i,X.i]:= X2 + X31 [X2,Xa]:::.: x,

L*.3 CO <: 1111 <: 1} ,
(b :::::-1, OJ1)

. ,X3] = '\1, [Xl,X<t] = (1 +b)Xll

J:4] := X21 [X31 Xi] = bX3

r,J~,<1 (a 2! 0) [X~hXsJ = Xl. [Xl! X<1J ::::: 2aX11

[X2,X<t] =:: a:\.'2 - X3, [Xal.\4J :7.;':.\2+ nX3
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Table 2.1

Non-isomorphic structures of real three ..dimensional Lie algebras (see, o.g.,

Mahomed 1986)
Algebr«

L3,l

L3,2

1.3,3

La,li

Lft,o (0 < lal < 1) ,
(a # 0.1), (it ~ -1)

L!i,7 (b?! 0)

[Xl1X2] =X11 [X2IXs] ~Xa I

[Xa,X1] = -2X2

rX11X2] =: Xa I [X21X's] = XII [Xal Xl] ;:;;:X2

Labeling: Most of (:110 tim« we will usn mor- thnn ono Llo nlgohl'o, of tho

samo dlmonslon, 1\,0.; W() hnve dono ill Table 2.1. W(' distingnish 0110 from

I\llo('.lwl' by (',WO indicea, (:110, flrst l'C'ferr.ing to the dlmonsion and t.ho second

I.() 1:110number of 1;11(' nlgobl'll.in an Iwhit:l'l\l'Y chasm ordering, The alphabot



whoro (' iH 11constaut, Tho HYHI'I'm

d~
11/ cr Utl;r ::::: ,

rn
71t + (tiu)x :::::0,

en ,enx Q '1,I'i,
Ex c ,111'('71 + 411'('fi

admits Uw fonr-dimensional nlg(·hl·U L4, t;oIl('l'nt.cd by tho OIWl'ut01'H (.1.23)

and

,>"iL - 2'1'1iL. = 1.,J2_
.. 'n. ':l··' "')1."uti vn tus

II('w W(~ ha\'(~ ('Xtwtly th(l Ramp HO}U('iOU us tIlt' H1)('('iI\1 ('ml(', tl ~::::1, (l()llHid(ll'(ld

by Eulur, St(l(lb und Mnh:i(ll' (lOOlnUll 1092).

·4,,4 Discussion

In thiH dlllPI,(ll' \V(\ 111\voIllustrntod how tho Im%ulnnt'Y gl'OUp dnssiiit'Mioll
('nn \)(1 simpl« when 1'11(1(lquival<'ll(I(I nll-wlm\ is flnlto, WIm!'. i:1 Hlll'T>1'ininp;

is thflt ul1:}wllnh it. works in 1\ slmplo mnnner, om' dcw!)not gI't IH'W infot'd

mation, Tllli pl'indpnl Lit' nllwhm ohtnhll'd in thiH I'}ml)tpl' is tull'ci ill tho

twx!'. dmllt<'l' l )obtain 1\ I \lmpl<·t{' ('lmlHifi('nt,ioIl of ('tlltlttioll (·1.1) in t('rmH of
•
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'I'1lC'l'!'is no 11(1('(1for 111i 1',0 find tho oplhIlllll'lyst(lm of 8ulmlg('hms ns has boon

81lg~(,HI',('d in Uw pl'e1viol1s dmll{:t't' wl1('1'O ("hill method was <1iHl'1188(1<1. Usinp;

01(' following Pl'OPOBiUOll wo t'ln8Hify (4.1).

Proposition 11.2
L('t Y be all l'<ll1iVlti<'ll('O 0IwrI\t.Ol'. 'I'11(\Opl'l'ator

,x: C! lW(t,;r,tI,fI,fl,B) (1') •

is It symmol:ry OlWl'o.t.()l'for tIl(' Hyn\'.(,Ill (,1.1) with fmwtion

iff '1/' (n) ill invl\l'il\ut. under tho group P;(lll(\l'I\I'('(l by

(SC'CI Ihl'l\l~im{)v and '1'onllli 1002).

'Ib lind I:ho invariants of (11.2.1) W(I ('Illllll'gl(l('j; tllt' ('Ousf.mlt 2C1• 1.(1.,WC' IIH!'

Following I1wwell-known method, we huvo

z ('I/' ~ !(11.») k~/(tl) ;::]n.
Prom this we' obtnin the Iil\il'. ol'ci('r Ol'(Ullnry (liIT(,l't'utinl oquntlon

!+- nf' 8 D.

Solution (If thiH (IQnnl'iOll ill

1/' '::J !(n) c·
11
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This proposition has been taken from Ibragimov and Torrisi (1002). Prom
(t1.20) 1:110('C!l1ival{'lW{loperator Y for syHI om (,1.1) is

SnhHtit.nt:illg 01 ::::0 in (4,22) we have

'l'h(ll'('fOl'Oour prilldpn} algehra is

1"1 D
::::::: "a7.'

1'2 t:P D~ + -,ch {)u

Vii D
:::::J _'="'t

D.l~,

4.3 Preliminary group classification

As W(I !i(I{' from nbove, tlm!', ('.}1('1'(\ is only O1W non-trivinl Pl'oj(I('t:ioll !U'(ll,t;'·) (1')

for om' (l(lHivnl('1W(' ()l)('mttH' Y whleli iH p;iv<'U hy

·10



e~ ~'-4 Olm +O(jt+Cr.,

?}1 :::;: 0.1!

" =20l1t,71" ,._,_.,

1}:1 :::3: -2C\H,

714 ~ -OlE,

'1/1 ......... 2011$1,

(4.20)

Hence WO lllW<l tho following g(\l\(.·mj:Ol'R

also yMd an ('qnivak'!w<' t.rnl1sfOrmn{',iclU.

To find tho l)ritwipal Lto alp;<,bl'!\,wo use tho following pl'oll(Jsit.ion.

Proposition 4.1
An {)~)('t'nt(ll'X h(\longs to tho pl'iIwilln.l Up nlg('hm fot' tho Hysl'pm (iLl) iff

with an l''lllivlllt'llI'(' g(\lWral',()l' 1', mwh 1:111\1:



Af('.(,l' snbst.it;ut.ing tho above equatione ill t.Im thlrd oqnatlon of (,1.8), wo

olitaln

[,/4 :.\ 2]/J, ::::: '1/1 E + ex = rln .

DUrm'(lllt.iat.ing Um above equation with f('SlWt't, to t and x W(1 have

.1 [111 :.\ :.\ ]Jlt -~ 'I' E + e;rt - lInt !

[
1I~ ., II ]/Lx "'" 1/, E ,+. e;x - 71n:r •

From (,1.12), 1:110 l\hoV{1(·quntiolls become

fIt + Be'rlr c;; 0,

7/~+Eeia: C::) O.
I3ettl'ing ill mind tho,t: e2 is ill<i(\pl.'ud(lut of E, wo deduce

(1.18)

Solving t:l1<1first (Iqunt.ioll of (.1.10) by using (.1.18), wo gC't,

Thus far our (,O('!fit'i('llt.S aro

.1':1\1 0

e2 k~

Clt; + Cal

Cla] + (!2 (I) I

1/1 CJ 711 (t, ;1:, 11, il.) ,

7/2 ~ ?JIl (n) I

11' ,~ 111 (t. ;t~,H, 7l.) I
1/4 0 114 (B) .

UHiu~ (.1.HI) to Holw ('q\mtimm (/1.1·1) 1\U(1(·1.10), wo ohtain tlu- 1\1'1 ('1'1\1HO~

lntton
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aft or tho substltutlon of tho prolOllg(\t,iou formulae and (4,6), Decomposlng

the ahov« eqnatlnn with respect to 'UX1 7!;rl Btl ~ and lltl tll<' following system

1'C'1:1111h!

e1 == e1(t, :v) I e:! El e2 (t, :C,71) ,

-n1Ja +net + 2utlei + 7i,71~- i1e~+ ,,a := 0,
uel - e~+ u2ei - uei + 771+ r177A ~ 0,

'Y]3 := 7,3 (t, X, '11,n) ,

m,~+ n71~"'"0,
. . fE tl1'E

1}r + 1t7}~+ fl.7]1+ 71, (4ncn + 41l'C'fi.) 71},'+ ~7]~ - -::-ei 0= O., tn. Tn

Solving «1.13) togohher with (11.1,1), we obtaln

'l'he first: cquution of (4.8), vlz.,

1 1· 1 fi.J.
(1 + uC2 + 'U:t1[ •• -::-1/ = 0 I.. 'Tn

becomes

1Jl+ (c1.!!J - nux) 1J~+ ntr7~.~ (fi:c1J, + 'Uxt1,) 11A + Et7}1., - (!!!£. ... Utl;t.) elm .' m .
-11;r, (er - (fl ....u+ 1l;.!lfl.) efi) + u [r}; + u:c'f/~+ ~71~, + nJ'71~]
1£ ('incn + 'i'tirrl,) r/J.;= tLUx (e~ 't- rl'xeff) + 'tiJ)1}1 - :i"r/4 C''::; n.

Equ{l,tillg the ('oefIkiouts of UtI lit find Bt to zero, we obtain 1',11(1 systom

Solving 1'11(' third ('<Illation of ('l.la) by llsing tho third (lqunUoll of (·1.Hl), W(I

cl(l(hw(' I'hl\l.
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/1;): :::: ILt:Z:: J1u c.:! lin C.:! fLU =: 0 :.co> It =: It (n,1fl) (4.12)

1/; :::0:: r/~ =: r/~ ~ 11fi = rll~ = 0 ::;> 7}2 :::: 112 (n,) •

Aftpl' subst,it.ut.illg the prolongation Iormulao and invoking (4.6), tho fourth

('qlU .on of (4.8) yields

'1 <'l cE ,1 ., 01 ( 1 4 ~-) <'l E'~(1!'1 1!'1 cB I!'l)11J!+ 1L;r1Iu+ '1/)7,1111 + 1',"C1/n + {11'cn + 11'cn 77/~ - 'I, ..:r + 'll.r .. u +Vlf ..n
-EI1l;r~h ....E, (411'cn + 411'81/,) e}~....(411'cn + 411'('7).) (e;+ 'll.te~ + ~~e~)

- (411'('11.+ 411'Ufi) HJ!~fi- (rJ.11'cn +- 411'im)2 e1~_. 1111'e112- 411'ii1]3 :;:; O.

Wo sot; ('1\('11of tho ('o('flkiollt.S of tl:fI fix,~; and Et equal to :.1('1'0 in turn and
split; tho (kt;orminillg equatlon into t.l fqllowing system

e1:= e1 (t,:v,E) I

r/~ - (tl'lt'cn + ,111'cn) e~=: 0,
'lJft .~ (<111'Cl'n+- 4'lt'1!71,)~fi.:::::0,
?7;~_, (411'l'n + l!11'i]j),) ~~ := 0, «1.13)

ei + (411'cn + 411'C'(1) e}~.-;"0,
7]~+ (.111'('7/,+ ti11'tln) ['lJI~ - e~ - (411'cn 4. ,111'61/.) erd

-411'C7]2 => 411'tl7]3 = D.
'I'ho second ('(1111\1:10n of (4,8) b<'('0111(1S

tIl,' of> (~ = 1'U,r) 71l + r1t71R - (il;ru + i).,t.r) rl~ + Bt11~';+ (r/.r'll + flux) ~t
4" (1i,ru + 1111.1") Ete}~~· rim [er + (f/!; -1W,r) et~+ nle~= (il.1'1t + jl.ll;r) el1]

=11;rEle~ +, n [rl~ +. '1l.r71;!+ f!f.71~1,; + ii,r11il "" (11rcn + thri;il.) 11~~]

+n (1l;ru + 71.11;r)e~+ n (i1.r1L+ fitta') (.l11'cn + 'l11'i'ii.) ~h+ i1.r111

'Hi'Jl.~ + il;I·11~+ ~~11;t+ ii;r11A] + 71 (il1rrn + ,1'lt'f'H) 11}~

""11 (!!}. =, Ill/.r) re; +- (171'C'rI + 111'('71,)~lJ 1111J'ce; + U,re~)

.,,",::[~~7: ;. if ,e,l;. (<I~"n ;. 4~i'f!)~1,1;. U"I" ~ II,

aG



Dw a 0
= ax -I-'l/Ja:a1/1 + "'j

1)11
() a- au -I- '1/11101/1 + "',

btl () ()
- a- + '1/Jn'DV + .."n I

1)fI a D
== 7F + 'l/IU01j + ..,'n ,

DE o ()-- DE + 1/IE7J¢ + ...

(4.10)

In viow of (itO), (4.10) becomes

Dt b1
a- ::'.: at'

Va) D2 a
t.::: - am'

Du D3 a- - au'
Dn 1\ D {)

::s :=: a- + 'V!ttDl/ 'n ,

L)n Dn o-- _M
Dn'

J)B Do lJ
.- ::::

lJE'

('1,11)

TIlt, last five CqUl\l;iOllS of (4,8) bocom«
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Furthermore

/~1 ._ VI (It) -1//tD1 (e') -1//XVl (e2) -1//uIh (TIl)
-1/lnV1 (7}2) -1/lfi)l (713) -1/IBV1 (rl'l)

-- rLt - 1/1!!7]r ,

Il\! := V\! (rt) -1/ltD2 (e1) -1/lruD2 (e) -WIt!)2 (rll)
-1/ltlV2 (rI2) -1/),/)2 (r]3) -WEb\! (7]4)

_. M:JJ - 'lj1n1/;,

M:l ~- D3 (M) - 'ljltDa (e1) - 'r/lai}a (e2) - 'Ij)uDa (7]1)
-1/lnbs (1}2) -1/1I1bs (7]3) -1/IRDa (r]'l)

- tLu - 1/Jr~rl~,

itfj :::;: [)tj (p,) - 'ljltf}n (e1) -1/'mDn (e2
) - 'l/luDu (rll)

-'l/J,J'Jn (r/2) -1//r.Dn (7J3) -1/ll~j)fj (1/4)

~- llf'l, -l,bn'IJfi

and

flu ::;;}1)0 (/.L) - '1/'tDo (e1) -1/1.1)1)0(ell) = '1/',,1)0 (1,1)
-'l/InI)o (712) - 'if'niJo (rl') ~ 'l/IBf)O (7/4)

.~ //1'; - 11'lI7}1~·

In tho uhovo



- 1+ 1 1 L" 1+ E 1 (C1+ cl + J!'l I •• .c1 L 1" c1)= 71;r, UJJ7111 + llJJ71n. "r n.;c7ln ';r,"'1~ - Ut ':I:n 1L;t':lu n;r':ln -r 7lx'>n 'r !lx"J~

;:;,;;11~+ t/le?/;! -l- r1;rl/;! + 11I'rl~ + EJ)rl?~,_ tit (e~ + U:cet + nxe~ + 'i/.r,eA+B;re}~)
''''fi;r, (e; + 1LJ'e~+ 71,,~;.,. fl.re~+ E;re¥~),
cg c D;r, (1/4) - EtD;v (e1) - E,rJ),r (e:1)

Tho oporatora D, and D,"C 1\1'(' given by

1"'1 () {) {) '. {) L l' ()
" :;:;J 'It ~~'llt7\ + 71tn-+ 71,,,),, " ~t'i)'1"( . (In (In ( 11 (/ ...tt

1) I) () (), () r., ()
.r - -:-') + 1.l,r'O- + 71x-O + 'I'x";)':':'''' l!l,r I)'"(.r lL n (In o:....
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System (,1.7) can be rOWl'it;ton as

i'(f +~'(J+ U;r1/1 - -::'11'1 "" 0,
ni

,~+ U'~ + ifi.;rrJl + il(J + U;r7/:I ::= 0,

""'~ -l- 71;r/J. - fr7/4 = (l,

ea - IJ1I'('1}2 - 471'[:71:1 ::::: 0,

ui= 0,

/12 :c;'~ 0,

J13 ::::: 0,
{L5 :;::::0,

(,1.8)

J10:=: O.

Tho prolongat.ion fonnulae of (4.8) nrm

.~ 1 L 1+ 1+ " 1 f E" 1 (-"1 -I.. /:1+ /:1 _I '" cl I l' cl )::c: lit Or 1L/1/u nt7}n 71/,71;1 .' • t1}B .= llt ...t ,'1l1'>11 7lt ...n " 11t...n "3 ~I"'B

ci1:::J o, (7/1) .,~litD (~1) - jl,rDt (~\l)
s, 7/;' + !lt7/;! + nlr/~ ,+ tit7/;l + BJ':'~':' lit (~; + t:i~!.9' II I e!l, ,~, lIrel~+ ItJten

(ll" ." ," . l!'" l' "')=11.1' "i'·f 1l{~;1 'I' lIt~ii + jll"'~ + "f~J.; •



of the <,qniw\lollCll group from tho condition of invarinnce of (4.1) written as

tho following system

Ut == 13E' -'UU;JlI~!Im
tit .- - ',lxU + fi,u..:) I

oE
11x :::::

1/JT'
Ex ~-47l'cn + 47ff:fl.,

(4.6)

Horo ~t,n, 71" E and 1/1 moo considered aa dHferC'lltin.lvarlabl<'s: U, 71, il.,E in

t;11(1Hpl\CO of (1, x) and 1/1 in tho SplWO of (t, X,1L, n, n,l~). Tho eoordinate«

~1, e2, 111, .. ,' r]'l of the operator Y arc sOllghti (\8 Iunctions of t, x, U, 71, fl and

E, whorcaa the ccordinate u as !\ function of i,X,1L, 11, fi,l!J, '1/1, Th(\ inv{\l'io.n(~o

conditions of eystem (4.6) aro

i} (11t + UU;r, - ;,~ E) :;:::0,
}" (il·t + fl;r'tt + 7i.tlx) ::::::0,

( CE)}I' 1/mx - T :=: 0,

li' (E~ - .17ren - .17l'HfI,) :;::;:0,

}; (1fit) :;::;:0,

y (ifltc) ~ 0,

Y (1/'11) r..-:: 0,
1; ('if'a) t:} 0,

17' (1/"1::) ::;:: ()

provided (d.6) holds. ); is ,.!w pl'olougatii,,)ll of Y and is

,~. 'p -1 () ,..1 a ,..2 a ,..') a -s 0
l Cl l' + ~1.,... + ",~,.,=- + "'1""- + ",~-;=-. + ~ii""-aUt ClUJ' an t (hIT d" t

,..:l l) I'lL {) ,..4 a {) 0
+"'2 DiiJ~ + "1 D:i7" + "'2Ob~+ I~l{Nt + Il275ij:;o DOc?'

+11;1,.)-:1 + IL,11),,- '1> Ilr,7l:J' + Il(ln-'
( 'Itn V<jlft (i'lln VV'l~

(4.7)



[Xli XaJ c:: ()

[Xl' X:JJ ::::0

rX~l!Xfl] ,,:1 0

[X:'IIX3] c ()

[X3, X4J :;:OJ X:J'

Aft,(ll' manipulations W(~find HUtf',Xl is au Op<'l'ntOl' of tilt' Ionu

Xl :::: equ[Ch (rl,,1l,B) ft. + C~(11,11, B) ':"JD_]
(I. ( .C

"II [(1 ( '" l' 0 i: (. 1') [)]+t~ 'a 1I,n, ~} 1")' + '<1 71,11, ~ !l ~
( U uti

+n"u [en (n,ii.,E)!h -l- Co (l1,H,E) ~~] .

Solving ihl' tho unknown (~{)l'm<'i('Ut8 of Xl! wo end up with

Our OP(ll'{\tOl'H lU'O I\S fOUOWH

o . 0 I

Xi l).I~I .\:1 ('::)01'
'V 'V ,. 1 to 0 {] 1.i2 ~ ..'\.4 ,\. (',I., W 1('1'(' ,{"I. ':::1 f'7l 1';j" all( (I: n ('OtlHI'!\llt,

~/.l' till

nn<1

v. ...1 {t '!' 'I 11 11"1;'\!" r,2 (t "·1 11 ,', If') iL
•\" Ii " I'" I I 11 Of " '" I" , 'I , I 'if i),r

+1/1 (t"l',ll, '11,11,R) ~l..;1/'J (I. ,r, U,TI, 7'., B),t)!.,
(lU (n

+,{' (t"I', It, lI"1i,I~) .rJ'l + li1 (1",1',11,71,11, B) 'F}L]J.,.
( 11 ( ~



Wo doduro that tho 01)('1'1\1'01' .\1 whiel; sntistic's til(' above cornumtators is of

Uw form

"'X'4 t::1 (at +n+ Or, (71" H, E)) ~ + (2a:l! = i:2 + U;l 'r C'l (11.71, m 1L) fh
('f ( " 1~) 0 (t Pf ( "' 1")) () .,( '. l') {)<4' '0 11" 71" 11 'if'" + =s«. + em + '-'1 1I,ft,·~ ~O.. + rt 11, ?I, J.'J ';"""'}

. (l.l~ It ( n
a ( }") {) t, ( ... 1') {)+1/ n,?I,.lt "i'f7 9' 1/ TI,7I • .lt ')1'"em (. ...

Solving tho {i<'t,Ol'millinp; l'qU(\UtlllH W(1 end up wit:h an hwompatibilil'.y problem

IlBin CaBO 13. IImw(\ onr syst(IUl rloos llot, mlmit L~i.'lfor I\ny Vtlhw of it •

.c1 (t . ., }") a .t!':J (t, . .. 1') ().. ",I·,1L,lI,n,.:t '1)"'+ .. '!.r,u,n,tI-, ~ =0'~t X
'0' J

1 (t· " 1') 'J (t . . I') (+1/ ".!',U, 11., 11, .... '}= + 1} ••1\ u, 71, 11, ~ ';"""'}
( It til

'I( " J ') () 1(.. .' 1') 0,eo,,",}, t ;1:,1', 71,71, ~ ';"""'J eo + 7/ ',.1\ fL,lI,71,.~ ')"1"( n ( ~

I\nd

Tll(' above OIH'l'lit(lt'!1 !1.~tMytho eommumtor«



and

'\' t 0 () 2 () 2 . () T;1 ()
./,\4:;;;: '!.~t + ;r.-{)- - n'fl- ""'" nO····- ~nl"u' x on. n u ~

and
(f1/10-.
11

'I'his is the spoelnl caao which was consklerod hy gul(,l\ St('<,h and MulsPl'
(1991) and (1992), for a t:1 1 {S(If' ('}mpt.('l'four).

Oaso CS. 1"01'b Q 1,

v t o '2' () () '2' a 2' a..\,10 '-at. + ,c-a+Un. ~ nn ..•• n fl", .t! uU uti un

nnd
a

'lj)d ""'1:,
71."

II(lll('P (.1.l) admH.s rho nlg('hm D!b,

D. Algobra L~,4

Our l)rint'ipnl alp;ohm ('og(1t:h(11'with tho unknown ol)('rn('()l' XI Hnt.i~lfi(\HIlw

following ('Olumut:ltt01'H
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We) Iind that, Uw unknown op(lmtor X/It which slll',isficls tho abovo commuta-

tot'S t:ogot:lwl'with 1'11(\ pl'hwipal algebra, is of the form

...\."4 c:::J (t + C2 (n,1/"E)) ~ + ((1 + b) ,l) + C'}, (n,n,EJ)u+ Ca {n, ti,E)) !x
I (l + r1 ( "" r,c,)) {) I '}. ( '" E) D

~n IU 1..'4 11" 'n,.L'I n <,"1/ n,71,.!. n
uU on.

La( "n,)D~1 4('''E)D<,-7} n 1/" ,ttl 'lffi'" 71 n,1/.,' DE'

Aft.or solving tl,o determining equations wo hav« Uw following g<'ll<'l'nlsolu-
!'.ion

~1 ~ i; ~2 rn (1+ b) m + C3,

711 Dint, 7/2 t::J '~2n, 1111CJ -,271,

1}4 CJ (b = 1) E, '1/1 t::J -:;/m,
whore (f and C,I aro arbil'.l'nry constants. Wo igUOl'(1 t.llC' oporntol' X t::1 C:I'O!L,.l~

ns it, is n IhlC'!\l'ccmhlnation of Xl' H(111('(\

C~nS(i 01. 1<'01' II;:::J=1,

,. 0 ()') D II" 0 .w (),\4 C'J f.'~ CC> 1L<~ =, ...71.- =" ..1/.= '" ,"J~~{}/ un On 01/ OB
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(5,31)

wbkh constltut« (',}W nlv;dmt L<I.'J,In !\ similar manner to &1\,1 W(' find eho

opvrators that satisfy the abovo commutators whleh has tho prlnelpal 1,10

nlgchl'u L'P as n. subalgobr«, The operator X4 turns out to bo of the f01'111

Wo use tho method dlacusaed in Case A to find the unknown ('odlkkllt:S of

X<I in (5.32), Starting with the foul't.h equation of (5.18) wohave

cE 4 ·1 (4 A <"~) <I E1j1f7Jn + lI;rl1n + "rrcn + 'J.mm, l1H - fltU;r

= (1mm + 4rrFn) [2 + 2u.u.r. +~~C411 + 11.rC.w]

~, (4rrcn + .trrun) 2 CIIB = (lrrC1}2 = .1rrlI113 e:: (I,

'1'hiH syst:(Ill), gives rise to au iucompnt.ibility (S('(1 th« torm ('(ml'aining Bt),

W<, eoneludo thl\t. 0\11' HYlltmu doe:'! nOI: IHlmit, tho nlgchl'a L4,2'

C. Algebl.·u L~,a
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Using (5.21), (5.20) giV<'s11S tho solution

(13.!H)

From (5.21), (5.22), l5.23) and (5.2.1) ,",'(\arrive' at

~l CJ 0, ~2 -, C~ ,"11

7]1 ~ '112 c:J rp c:: '1/4 c:J o!
1/1 ~ O.

(5.25)

Subsl:il:uting (5.25) into (5.l5) woobtain tho 0p('l'l\l:01'

'rbis OPC'l'!\tOl' if'! eqniVI\klllt, to X 1. W(" ('011<'ln<1(1 that our HYHt<'ll1 tI()('S not.

mhnit, I;Jl(\ l\l!~(lbm 1JI\,1'

B. AIgcbl.'n LI\,2

Wo censldor tIle sumo OP('l'utOl'S In (5.1) and (1i.2). 'rho only dilf<'l'{'fl('(' is
t.lU\t~ 11(11'(' eheso op('l'ntOl'H aro ).'(lqnir('d to satisfy tIl(' following ('ommnl:ntol's

(5,20)

(5.27)

(5,2R)

(5.20)

(5,:lO)

ilD



nt?}~ ~. (t1w1L + fi·'Ux) 11R+ Etrl~~ + (fi.;r'U+ rl.U;r)2 eA+ (fi;r1L + fiUi/.') ('TIter,)

+ (fieU + ii·7Lx) bi.et; - fix [C~LJ?J - WLx) e1 + 7ltueA - u. (tl':~k+ fi,U.r)eAJ
-1!,E,~! +u~~a +U [fI"I~ + (4ffCn,+4.Eil) Ilk - ii, (~~e~+ ii,~A)1
+u (il11'cn + 411'Eii.) e1- un;)) ['U.re1+~~:eA + 11:t'tteA + 1L (·111'r:n+ 411'Fn) elJ

+fl..r711+ ?I.t~~~,-fi,~~+ (411'cn +_411'i;n) ~h,_(;i,E - uu,) (~~el)1
-fi, ~E - uUJ:) fi';r:eA - n (4E - 1W:c) (411'cn + {brim) e}~m m

~ftuJJ [VJ e1 +~~:eA+ fi;eueA] L,"" nU;r:u (411'(m,+ 411'ml,) el~+ 1t;c113 ::::l O.

W(, se(: HlC coofllclonts Of'tt:tl Etl n" fi.;c and U equal to zero and split. tho

dotermlnlng oqnution into 1:11(\ following f.ystem

neA - ei :::::! 0,

-fl71~+ flrtLe~ + rlEte}~ - nUrl;reA + 'f}3 c.:! 0,
eP
~j.j;71~ + (.111'cn + 411'cn) 71~c 0, 'f}2~ :::: 7}~ ::;:;J 0,

111 + fI.71A ::::. O.

Solving this sylltt'm we have

(0.21)

w11(11'('G11 [(a and 1((1 aro m'hi!',rary constents. Using 1:110 above solutions I:ho

bhlrd oquntlon of (5.18) b(l('otn{'S

cB .) I rd~ <) ., II( _'-')I)]1FTttv' + '1/.) tv;T11n + 71;r:7Jii. -l- 1m'll + (in!!7/. "/f: t::l ()

Tho fOlll'th ('t!UI\\'.iOll of (l3.18) boeomoa

(5.22)

B(IIl1'illg in mind 1:111\1: 'T/2 ill inclop(lud(,lll: of 'ii, we have!



The prolongation formulae !W(I as given In dmptC't' four (soetlon ,1.2). From

tho first: equation of (5.18) W(I deduce

nt77~ - (flx1L + flux) r7~+ Bt77h - ( ~ B - UlIx) [llte~ - (ri.c'lL + 'iI.ru) ell]
n [ Tn- C;LE -1WX) Etel~- U.r .c:~~E -llUx) el + 11/ (eA1L + (\n)]

+UJ; (fi..rU + 71.xU) (ehu + Ow) - U.r [I~t (e}~1J,+Om)] + u [~~rl~ -l- iiJ'11h]

+U (t17l'CTl.+ 47l'Cn) 71}.; - u G:tE - UU,r) [~I~:e,~I, iI.teA+ (t17l'('n + 47l'C,jl) el~]
-UU.'!: [e1ux + 1~'~ (eA1t+ OIn) + ri.t (eA1! + Ow)]

-mix [(41rrn + 47l'i~i1) (ekl.L +OW)] + UJ'7]1 = *,114 :::: O.

Sot·,t.ingtho ('O(lffki(lul's of ux, tltl BI and 'U N!UI\l (',0Z('l'O, W(I obtain tho

following systmn

Solving tho nbovo (lqunt.iollH we find t.1tnt.



Substit.uting the (~oQnki('nts (5.1(1)into (ti.2), wn lkl'.t'rmine

Our unknown eO(lifiri{'llt,s depend on 11, fi'l B. Does (.1.1) admit X<1" Wt'

('01181do1' this. 1"01' the det.(lrminillg equation wo use

which is t:he prolonged operator of X<1. The illvnl'imH'o eondltlons of om

system oro given by

"\"<1('Ilt + tWx - ?~/C)1(4.1) :::!(),

,,'Y4 (fit + (t1'u).'C) ",1.1) :::: 0,
.rY<1('1/1 ('ll) 'Tl,r =~B) k1.1) CJ 0,

"\"4 (It ~·11l'cr ._ ,11l'('1'1,)k1.1) 0 O.

'1'11<'8(' iuvnl'imwe ('011(1I(',ion8ylekl

(5.17)

('
Cll + l1C,~+ 'UJ1111t~ ~114 0 0,

N m
,..3 + t'{ I'~ 1 L·,..1 I '1 ()"i - u..~·· n;rtl -r- 7".;1 <' U,l(t::::: !

11,r1}2V/ (n) + 1/1 (71) c& '= ;.1/4 ::::;0,
~a~.,1111'('t/\1 "'" <i1l'i'ri1 :::; O.

(0,18)

(1'i.1O)

·iG



(5.8)

Prom (5.1) and (5.2), (5.3) becomes

[x,. X!'1"" J!'l D 2 D 1 D 2 D .3 () <1 ()
1, 4 ='>t{)b +~XD;r. +r1a:Du +fJocDn +7}a:DH +7IX{)E =0.

The above equatlon (5.9) ylolds

(5.9)

~1-_ 0 => ~j:::: ~l (t,1L,n!n,!~) Ii:::: 1,2

11~ :::'.l 0 ~ 1/:;:: 1}; (t,u,n, H,E), .1:;;;:: 1, ... ,i1.
(5.10)

gllull,{:ions (0.4), (lUi) and (5.7) are idcnti('ally SlL!"islicd. SuhstH,ntillp; (5.1)

and (0.2) Into (I:i.O)and making use of (5.1.0), we ohtaln

From I,his equation W() havo tho f(',Bowing

~i r::: ~it1Lln,jj"E), iol,2

1]' c:; 711 (u, 11,71" E) , i= 1, ... ,4.

(5.12)

Eqn!\t.ion (5.8) giV(ls

[~"l :t.".] ,--: .cl~q.o,"t2!l.<l'rl1_t_J~112.!!__Jo'T13.!}_.+.'I1<1_Q. _tl~l}_ ~ () (r.-Il'l)
.. 1.. , ,,\.'. ~"'11 ')! I '>11 fl r II f). .. 1If) .., "f).' '/11 ')7:' .., ') ~ • ,.•• ){ (I;I~ It n I/, ( .l~ ( ,r

This equation lmpllos 1'.110 following

e1 "'.... e1 (11., 'it,B) ,
c:l :::::J e1u + C'l (n,H, B) ,Ii

7]1 ..~, 1}j (n, 7i, B) .

(5.H)



A. Algebra Lrl,l

Tho prlnelpnl Lie algebra £1'1 of system (.1.1) has the following basis goner ..

ntot's

"'1 a 'V' a"" - D,v' ""2::::: ui'
a a

Xa ::::: ta + -a-'x u

(5.1)

This basis snnlaflca Um commntation l'clatioU!i of £3,2' Wo impose Itlgobl'lt

L4,l on our syst.(,m (4.1) whlel; according to OUl' Iabollng' dcnotrs UlC fil'Ht~

algebra of dilllcm,'\,'l four. COnSC'llWlll;ly we assnmo I;hnt; I;lwl'o IS allol;}lel'

element )(4, n.p!ll'l~from those in (5,1) which constltute £~,1'viz"

e1 (t, iV, U, ,I, fi, E) aUt+e2 (i;, ;v,~ltn, fit IS) aa" ,v
+1]1 (t, tV, 11, 71, f)., E) -aa + 112 (t, :V, U, 71, il, E) aau n

:J (t ' - E) {1 rl (t ," 1'" a
, 'I ,I'ttL, 71.,n, ' -a" -I- 1/ ,X,1l, 7h n, tI) -a t,"

II, .L!!

A('('(U'Cling to 'Iable 2,2, (5.1) togol',lwl' with (5.2) satisfy tho ('ommlltlttOlS

(5.2)

(5.3)

(5..t)

(5.5)

(n.6)

(ti.7)



Chapter 5

Classification according to

low-dimensional Lie algebras

In j,his dlO,pl:('l' W(\ ('.ompl<'(',('ly dnssify sYBi'.mu(4,1) accordlng ('.0 tll(' 10w-

dlmonsionul Llo algobl'a it, admits, Wo do not use the methods of elasslll-

('ation dis('us!'Nl in ehnptor throe because of tlwit· Inhorcnt dUnl'ult.i(,H find

diso.dvHu(:l\ges. Tho method wo 11S0 11('1'(\ has its own ndvnlltnp;os and diHl\d-

vlmtng<'s. This method shows no disndvnlltngl" in I:}lo group ('lnssUkat!oll of

system (4.1). Unlike oUwJ: methode, w() know wl1(111t.ho SYS\(\Ul 01' {'qllatioll

is pmt:inlly 01' totally C'lu..'lsifl('d using this method,

'I'h(l prlncipnl Ili(, nlgdU'l\ Lp of sys('.(lm (d.I) satisfy ["[1,2 of'1\\hl(\ 2.1. La,2 is

It subnlgobm of (\{wh of tho four-dlmonaional nlgobl'l'lH llstod in Tnblo 2,2 (fWO

o.g., 1:InhoIlwd 1U8G). TlwH(' m:<'1',h(\only alp;(\hl'llH of dnnonsion Iour tlml'. has
(~:l.1las a Huhnlg('hl'n. (S(I(' Maliomod 1080). AI{ 1\ 1'(lH111t{If t.hiN, \w us!' 'Iublo

2.2 to dUHsify our HJ'Il(,('m (d.l). L('(; us show now this method works, Tho

Wlll'k Pl'('l'I'.'llt"<i IlC'l'(1 is 11(,W.

:13
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C. For 1',(II) == 1+n, the program reads as follows

ECHo:'rn:m

NDEP#:4 $

NIND#:2 $

OV#:OEI~:{} s
DE#[1J :U(1,1)+U(1)*U(1)2)~(B/D)*U(4) $

DE#C2J :U(3,1)+U(3)*U(1,2;+U(3,2)*U(1) $

DE#(SJ :(1+U(2»*U(2,2)~«A/T)*U(4» $

DE#[4J:U(4,2)"4*ffPI*A*U(2)"4*#PI*B*U(S) $

DVtH1JtU(1,1) $

DWfC2J :U(3,1) $

DV#[3J :U(2,2) $

DV#C4J :U(4,2) $

ECHO:FALSE $

RDSe) $

We find the symmatl'ics
VBC# (1) CCl ,:;:: ·n~f(X2)
VEC~/~(2) := '::::-D~F (Xl)
VEC# (a) <::: <:::: -xr *!)# (X2) - D# (tIl)

Th« above results confirm UlO annlytieall'{'snll:s we have ohtainod.
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VF:C# (1) ,:;:;:= -1),# (X2)

VBC#; (2) C::~ ::: -Difo tXl)

VEe#: (:3) ,:; -Xl *D# (X2) - D# (Ul)

B. For 1/' (n)

ECHO:TR.UE
NDEP#:4 $

NIND#:2 $
DV#:OE#:{} $

DE#tl];U(1.1)+U(1)*U(1,2)-(D/D)*U(4) $

DE#(4J:U(3,1)+U(S)*U(1,2)+U(312)*U(1) $
DE#(S):C*U(2,2)-«AIT)*U(4)*U(2)"(P+1» $

DEtl:r4):11(4,2)-4*#PHMU(2)"4*1tPI*B*U(3) $

DV#tl):tJ(1.1) $

OV#(2):U(3,l) s
DV1t(SJ:U(2,2) $
DV1t(4:):U(4,2)$
ECHO: r:ALSE $

ROSO $

VBGI/: (1) ,=:: :c-; ]>1<1)# (Xl) / (-I' + P'2)

VEt'1/: (2) L~ ,:c~P*D# (X2) I (-P + P'2) - P'2*D1f; (X2) I H) + P"2)

VEC/fo (3) ,:;.::::;Xl*P*J):jf (X2) / (-I> + P"2) - Xl*P·2D# (X2) / (-P +
P'2) +, P*DII CUl) / (1 ~P) .1)# (tTl) I (1 - P)

VBC:jfo (i1) ,:-" Ul*D# (Utl) / P • xi*Difo (Xl) I (-P + P"2) • X2*r>*D1fo
(X2) / H} + 1"2) • X2*D:{fo (X2) / (-I' -l- P'2)

GO



Appendix

We,find the symmeeries of LIlt' system

C
Ut +11,UIl1 = 7:'E,

m
ilL -1- (fl,U):r, == 0,
oj ( ) cE</) n. nll1=~T'

E:r. == 47l'C)'n+ 'hrim,

by using the program LIE version 4.1 (e). We conskler dHfcl'cnt forms of

~I (r;) for implemenning the program.

A. For tP (n) nrbltrary, the program gives

ECHO:TRUE
NOEPt~:4 s
NINO#:2 $

DV#:DE#:{} $

DE#f1J :U(1,1)+U(1)*U(1,2)-(13!D)*U(4) $

DE# (2J :U(3,1)~·U(3)*U(1 ,2)+U(3,2)*U(1) s
D1W[3J :H(U(2»*U(2,2)-«A/T)*U(4» $

OE#C4J :U(4,2)~4*#PI*A*U(2)-4*#PI*B*U(3) $
OV#(1J :U(1,1) $
OV#[:.n:U(3,1) s
OV#[3J :U(2,2) $

OV#[4J :U(4,2) $

ECHO:FALSE $

ROSO $

Tho symmet,ri('s arc
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alenco symmetry is finite, For th~ equation utilized, the problem of group
dassificaf;ion reduces to the construotion of optimal system of Li(1subalge-

bras. This method can bo tedious, as it was in thls example. As the name

Implies, it is also a partial group classification method.

In '1hapter four, the equivalence and principal Lie algebras of the sytlt;om of

equations (4.1) were found. 'I'hese symmetries became useful in the following

ohepter, We used a now method to classify our system, Before uslng this

new method, the preliminary group elasslficadon method was used to dassify

system (4.1) and the results showed that '1/) (n) = .sI where c is a conatant,71,
This now method classifies according to low-dlmesional principal Lie algebras
and our system (4.1) had 0, thtee dimensional Lie algebrn, We invoked the

Lio algebras of dimension foiu listed ill chapter two (Table 2.2) to completely

classify t;110 system (4.1). Accordingly, we extended previous results 011 t;}lO

symm()r.t'y group of (l1.1) obtained by Euler, Steeb and Mulser (1991) and

(1992). The method we have utilized is a vat'it\l1(i of (;}lomethod used by Vawde,

and Mahoned (1994) and has been used for dlO first: time in the classiftcatlon

of 1'll.rt;ial rlUfcrol1t;ia1equatlons. Om results show (;imt, '1/) (71,) == n~:o: I where
A and Q: arc urbHa'm'y ccnstants, ill order for the system (4.1) to admit; 1\

Iour-dlmenslcnol algel)p).. For 7/) all arbUral'Y function of Tt, (4.1) ndmlta

the principal Lin algebra Lp $ L3,2. Unlike 1;110 other methods we have
considered, h. is not; a partinl group clasalflcaeion method,

Tho method wo have Introduced in dll1ptOl' five can also be used to clas-
sify U1Cequaticna of chapter three, so as to confirm tho dasslikn.~;ion which
was caniod ouf by tho prellminary group olu...ssiflcation methods, For fntau'o

works, the symmetries of tho syetem (4.1) we hnvo classtflod can 1>0 US(~<l to

find invarlant solutlons and also optimnl sysbcm of illvariu.nt. solutions.
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Chapter 6

Conclusion

In our work we have Illustrated dlffercllt methods of group classification of

partial differential equations. We have Illustrated each method by an exam-

plo. Along with this, we have Introduced a now method of grnnp clasalflcnnlon

which classifies according to Iow-dlmensional Lie algebras.

The partinl differential equation we have used in Example A HS an illnstra-

tion has nine equivalence symmesrloe and five Lie symmetries, The method

discussod in this C}1t\pliCl' works with the knowledge of the determining equa-

tions and tho equivalence group of the equatlon (systen; of equations) under

consideration. This method worked perfectly fot' tho example used. Slnco
this method is a !'rl,l'Uol dassHkation method, one is not. sur« if it. eomplct.cly
classifies tho equation. This is one of it;s disadvantages. Tho other is that;

yon cm.no!: atato a priori which equation (system of equations) can or cannot

be classlfied using it"

'1'110 pr(llimillm'y group dn,qsifieo.t;ion method <1iS('l1S8('(1 in ('hapl:er threo was

Illustrated by a partial diff(11'(1llt.inl equation which 1>08S('8S('8 infinite number

of eqnlvaloncc symmetries and three Lie eymmotriea, vlz., example B. This

method works with equivalenoe symmetrirs and is simple when t.110 equiv-
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5.1 Discussion

The method used above is now. It, is only applicable to equations 01' systems

which pOS8e[lSlow-dimensional Lie algebras, as the one considered above. Us-

ing this method we have completely classified system (4.1) for four-dlmensional

algebras. We find tha.t VI can only be a function of the form n~IJ I where (1'

and IJ are eonatants. Thus, we have achleved a generalisation of the result of

Euler, Steeb and Mulser (1001) and (1992).

Some oomputatlonal work, using the program LIE by A I( Head (1003), 110.'1

been dono to confirm tho above analyUcal work for SOlUefl1netional forms of

VI. We show this in the Appendix.

"
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The commutators satisfied by the above operators are

(5.3/1)

[X1,X3] = 0

[X1,X2] == 0

(5.35)

(5.36)

(5,37')

(5.38)

(5.39)

Substituting OUl' operators in the above commutators, starting' from (5.34.)

to (5.39), we obtain

Solving the dotonnining equations, wo find

~l (n,ii., E) +C (n,ii,E) + 3!:. + (\! = O.
0:

The above equaniou gives

(\! :f: 0, u == 0,
e1 (n,,,,,,E) +C (n, fl" E) := -(1:.

The equation 1J, == 0 is lrnposslblo, Hence our system dews not; admit. tho

algobm wo havo L1,0.
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