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Abstract

Generating, manipulating and sharing quantum states with maximal levels of entan-
glement are crucial steps when implementing quantum processes such as quantum key
distribution, quantum teleportation or quantum computation. In this quest, realising
entanglement in different degrees of freedom has opened avenues beyond the two-level
quantum bit (qubit). Spatial modes, particularly those carrying orbital angular mo-
mentum (OAM), allow one to exploit the spatial properties of photons to realise high-
dimensional entanglement. This is owing to their larger Hilbert space that allows one
to pack more information onto photons. Interestingly, the exploration of entanglement
in many degrees of freedom has led to a topical debate around the quantum nature of
entanglement itself. Non-separability is a fundamental property of quantum entangled
states. However it is not unique to quantum systems; classical states of light can exhibit
non-separability in their degrees of freedom which, can then be said to be entangled.
Due to the local nature of this entanglement, these classical correlations have come to
be known as classical entanglement. Entanglement correlations are, however, fragile
and susceptible to decay under the influence of external factors such as atmospheric
turbulence or imperfections in optical fibres. Here we provide a toolbox to character-
ise entanglement dynamics, mitigate photon loss, and compensate for errors. On the
characterisation aspect, we demonstrate for the first time, the equivalence of quantum
and classical entanglement in a one-sided turbulent channel. By performing a state
tomography of an entangled two-photon state and a classically entangled beam post-
perturbation, we show that the decay of entanglement for both systems is identical.
This opens the possibility for real-time measurement of the channel operator and mitig-
ation of errors on the quantum state, using bright laser sources. This is complemented
by a number of schemes to mitigate errors and losses incurred on the quantum state
through the perturbing channel. (1) In a simulated quantum key distribution protocol,
we demonstrate the effect of mode separation on the robustness of the protocol: the
larger the separation in state space, the more robust the link. (2) Turbulence causes
intermodal scattering and results in photon loss during post-selection of a particular
subspace. We show that information scattered in a larger state space as a result of
turbulence can be recovered by post-selecting higher-dimensional spaces. Using a theor-
etical model based on experimental observations, we provide bounds within which the
scheme is effective, as well as an estimation of the efficiency of photon recovery. (3)
We make use of the channel characterisation with bright classical light to implement
a Procrustean filtering on entangled photons; that is, we perform local operations on
the quantum state to increase its degree of entanglement. Unlike previous schemes, our
filtering only requires the local operations to be performed on a single party in the en-

tangled pair, as opposed to both. While this requires prior knowledge of the perturbed
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state, the next scheme does not. (4) We demonstrate the concentration of entanglement
by Hong-Ou-Mandel interference. We show that singlet Bell states can be distilled from
an ensemble of pure states with near-zero levels of entanglement. The robustness of the
filtering is such that the fidelities of the distilled states remain constant over a large
range of turbulence conditions. (5) Lastly, we address the issue of photon loss arising
from the nature of the detector in the context of quantum key distribution. We present
a novel scheme to deterministically measure single photons in a high-dimensional space
of classically entangled vector vortex modes. Our scheme, unlike common filter-based
ones, does not suffer from dimension-dependent losses, allowing the sorting of vector

vortex modes with, in principle, unit efficiency.
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Chapter 1

Introduction

Entanglement is one of the most acclaimed features of quantum theory. Exploiting
entanglement as a resource has enabled multiple quantum processes that are poised to
cause a leap in technological prowess in the field of communication, computing, imaging
and sensing. The concept of entanglement is intertwined with that of non-separability.
Through “spooky action at a distance” the states of two systems can be coupled in a non-
separable manner, such that they can no longer be described independently from each
other, regardless of how far apart they are located. The textbook example of entangled
spins of two particles has now taken flesh and stature: it is at the heart of quantum
information theory [1], and is driving progress towards a universal quantum computer
[2-4] and long distance quantum communication [5—7]. Novel avenues have been explored
to extend entanglement to more systems and higher dimensions. However, how does the
nature of the entangled parties come into the description of entanglement? Certainly
the textbook example of entangled spins of quantum particles describe entanglement
correlations as existing between two distinct systems that can be physically separated.
However, is there a physical requirement for it? Can non-quantum systems exhibit
entanglement correlations? These questions have become topical recently [8—11]. In this
section we will present our view on the issue and more interestingly, explain the origins

of a fascinating and controversial idea: classical entanglement.
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1.1 The quantum bit

The quantum bit (qubit) is the fundamental unit of quantum information. Unlike a
classical bit that assumes one of two distinct states, 0 or 1, the quantum bit is a weighted

superposition of two orthogonal states of a given degree of freedom, for example

[¥) =al0) +B1), (1.1)

with complex weighting factors o and 3 such that |a|? + |8|?> = 1. Spin states are the
most common example of qubits currently explored to realise quantum computation
and communication. For photons these spin states correspond to left- and right-circular

polarisation states [12]. In general, one can express the state of a polarisation qubit as
) = cos (6/2) |R) + exp(iy)sin (6/2) |L), (1.2)

where |R) and |L) represent the right- and left-circular polarisation states, respectively.
The parameter ¢ € [0, 2] is the phase difference between the polarisation states while
0 is the weighting factor. In the special cases of § = 0 and § = 7, the qubit state [¢)
corresponds to the polarisation eigenstates |R) and |L), respectively. By manipulating
both 6 and ¢, one can produce arbitrary polarisation states. For example, for § = /2,

one prepares the qubit in the linear polarisation states depicted graphically in Table 1.1.

TABLE 1.1: Linear polarisation states produced for § = /2.

phase ¢ 0 |m/2 |7 |3m/2
Qubit state [¢) | < | Ny | 3|

The definition of the qubit state in Eq. 1.2 has an intuitive representation as a point on
a sphere, commonly referred to as the Poincaré sphere. First let us look at the effect
of tuning the amplitudes, by varying 6. Normalisation of the quantum state requires
conservation of probability; that is, the probability of finding the qubit |¢)) in any of its
eigenstates must be 1 (the qubit must be in some state after all). Mathematically, this

is expressed as

(h|9p) = cos?(0/2) +sin?(6/2) = 1. (1.3)

By visual examination, one notices that Eq. 1.3 describes a circle of radius 1, where 6
parametrises the position on the circle, as shown in Fig. 1.1(a). Let us refer to this as

the amplitude circle.
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FIGURE 1.1: Intuitive description of the Poincaré sphere. (a) Control over the amp-
litude parameter 6 allows one to continuously change the position of the qubit (indicated
by the arrow) on the unit circle, resulting in a change of the relative amplitudes of left-
and right-circular polarisation states. (b) Control over the phase parameter ¢ allows
one to continuously rotate the qubit state at different positions around a circle at fixed
relative amplitude between the basis states (fixed ). This is demonstrated for § = /2.
(c) Simultaneous control of phase and amplitude results in a description of the general
qubit in Eq. 1.2 on a unit sphere where the poles are the basis polarisation states.

The phase term exp(ig) is an oscillatory function, whose variable ¢ can be bounded
in the interval [0,27]. By plotting this oscillatory function on the complex plane, one
realises that the angle ¢ maps to angular position on a circle. The polarisation state
rotates as the state vector precesses around the circle as a function of ¢. This is shown
in Fig. 1.1(b) for linearly polarised states (6 = 7/2). We will refer to this circle as the

phase circle.

The Poincaré sphere brings the description of amplitude and phase variation into a
single picture. Place a point on the amplitude circle by fixing 6, rotate it around the
phase circle by an angle ¢, and one has the recipe for describing a general qubit state
on the surface of the Poincaré sphere. Thus an arbitrary qubit state parametrised by a
unique set of coordinates (6, ¢) can be mapped to a point on the unit sphere as shown
in Fig. 1.1(c). In the Poincaré sphere representation, the qubit state lives on the surface
of a sphere, and motion on the sphere transforms one qubit state into another. This
description is, however, specific to pure states. A more general description of a qubit

state is provided through the density matrix formalism.

The density matrix description of quantum states is more general than the state vector
description of Eq. 1.2. This is because density matrices allow one to describe the actual
outcome of measurements, and pertinently, for both pure and mixed states. Imagine we
have an ensemble of K independent single photons, each prepared in the qubit state |1, )
with n = {1,2,..., K}. If all the photons are identical, that is, they are prepared in the
same state |, ) = [1), then every photon can be described using a single state vector
|t)) as in Eq. 1.2. The state of an arbitrary photon in the ensemble is then said to be

pure. Conversely, if some (or all) of the K photons are prepared in different states, the
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result is a statistical mixture of pure states. A photon randomly chosen in the ensemble
can be found to be in a given pure state |1, ) with a certain probability. Consequently,
the formalism in Eq. 1.2 cannot appropriately describe such a mixture. A density matrix

is a useful tool to overcome this hurdle.

Assume that the state of a single photon in the aforementioned ensemble can be described
by a 2 x 2 matrix, p, which we call the density matrix. In general, p can be decomposed

in terms of its eigenvectors and eigenvalues:
pzzcm‘¢m><¢m| (1.4)
m

In this description each ¢, is real, positive, and corresponds to the probability of meas-
uring a photon prepared in the eigenstate |1y, ). Conservation of probabilities requires
that >, ¢n = 1. By construction, density matrices must be Hermitian; that is, ol =p,
where superscript 1 (called “dagger”) refers to the complex conjugation + transpose
operation. This can be easily verified as (|tm) (¥m|)" = [¥m) (¥m]-

The density matrix in Eq. 1.4 describes a statistical mixture of pure qubit states [ty ) (¥m,].
Hence we refer to p as a mixed state density matrix. In the special case where all photons
are identically prepared (pure state), there exists only one eigenstate with unit eigen-
value. The pure state density matrix then reads p = 1|t,) (¢¥m| = [¥0)(¢|. For the pure

state in Eq. 1.2, the density matrix is expressed as follows:

p = [0) (] = cos?(6/2)|R) (R] + sin(6/2) L) {L |+
cos(6/2)sin(0/2) exp(—ip/2)|R)(L|+ (1.5)
cos(0/2)sin(0/2) exp(ip/2)|L)(R)|.

One can now provide a matrix representation of p by assigning coordinate vectors to the
basis states. For example, assume the following representation of the polarisation states:
|IR) = (10)" and |L) = (0 1) where the superscript T refers to matrix transpose. The

density matrix thus assumes the following matrix representation:

cos? coS sin
. (( (6/2) (6/2) (9/2)) | 16)

6/2)sin(6/2) sin?(0/2)

For density matrices, the conservation of probability in Eq. 1.3 is expressed as tr (p) = 1,

where tr is the trace operation:

tr (p) = cos?(A/2) + sin?(9/2) = 1. (1.7)
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This is a physical requirement for any density matrix. However one can decide whether

it corresponds to a pure or a mixed state by computing the purity

m

= 22D cmenl (mlun) (1.9)

m

tr(pQ) = tr (chmcn|¢m><¢m||¢n><wn|> (1.8)

It follows that | (¢,]1,) | < 1; this is because the probability of measuring a state |1, )
given that we prepared |1, ) is in general less than 1, except when |1, ) = |1, ), in which

case the overlap is 1. We can then bound Eq. 1.9 as follows

0 emen| (Wmltn) P <D em > en=1, (1.10)

where we have used the fact that ), ¢y, = 1. One then arrives at the following criterion

for purity:

tr (p?) =1 for ¢y, = ¢, =1 = pis pure
) m = Cn pisp 11)
0<tr (p2) <1 for ¢y, cn < 1= pis mixed.

In order to be useful in a quantum application, it is necessary to be able to manipulate
and characterise the qubit state. This requires locating the qubit on the sphere and
moving it to a different position. Given that the geometry is spherical, we simply
require a reference point on the sphere and a set of rotation transformations about the
origin. In 3 dimensions, one needs a set of rotations about the x-, y- or z-axis, as shown
in Fig. 1.2. If the initial state is known, the final state can be uniquely determined
by evaluating the amplitudes of the relative rotations. And that is the objective of a
quantum state tomography (QST) [13, 14]. Given that the motion of our qubit state is
restricted to rotations on the Poincaré sphere, the density matrix can thus be expressed
in terms of rotation operators about the z-, y- and z-axes. In two-dimensions, these

rotation operators are the Pauli matrices, o;, plus the identity

01 0 —1 1 0 1 0
o1 = ; 09 = ; 03 = ; I= :
1 0 1 0 0 —1 0 1

The Pauli matrices are traceless operators (tr(o;) = 0) that obey the following trace
relations

tr(oj05) = 20,5, fori,j=1,2o0r3. (1.12)
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FIGURE 1.2: Elementary rotations on the surface of the Poincaré sphere. The qubit
state, indicated by the position vector (red arrow), can be rotated on the surface of the
sphere about the (a) z-axis, (b) y-axis and (c) z-axis.

m

This is an expression of the completeness relation between the matrices. Unlike the

other Pauli matrices, the identity operator is not traceless, but obeys the trace relations

1 0
I[=o0p= (0 1> : tr (opop) = 2 ; tr (ogo;) = tr (o;00) = tr (o;) = 0.

That the o; matrices form a complete set means that one can express the density matrix

p as a linear combination of our four o; matrices

3

1
p= QZOpnan, (1.13)
n=

where p, are the expectation values of the matrices o, and are obtained as follows

3 3 3
1 1
tr (poy,) = itr < E pm0m0n> =3 E pmtr (omon) = g PmOm.n = Pn. (1.14)
m=0 m=0 m=0

Thus, determining the values p,, fully characterises an arbitrary qubit state p.

1.2 The spatial qubit

An alternative (to polarisation) and topical degree of freedom is the spatial mode of
photons [15-20]. The term spatial mode refers to transverse solutions of the wave equa-
tion in the paraxial limit; that is, when the variation in transverse momentum is negli-
gible when compared its longitudinal counterpart. In this regime, a family of solutions
arises: Hermite-Gaussian, Laguerre-Gaussian and Bessel-Gaussian modes, just to name
a few. Some of these modes carry discrete units of a fundamental quantum number:
the orbital angular momentum (OAM). Conserved at the single photon level [21], the

OAM degree of freedom is particularly attractive to quantum information and quantum
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a)

FIGURE 1.3: (a) Intensities and (b) phase-maps of OAM modes carrying, from left to
right, { = =3, —2,---, 42 and +3 units of OAM.

computation. Unlike polarisation, the state space of OAM modes is infinitely large,

allowing more information to be encoded in photons [22-26].

Recall the polarisation qubit state in Eq. 1.2. An analogous description can be provided

in terms of spatial modes that carry OAM:
|th) = cos (0/2) [¢1) + exp(ip)sin (0/2) |l2), (1.15)

where the ket |¢) refers to a paraxial field that carries ¢A units of OAM. The electric
field of a photon carrying OAM can be expressed in cylindrical coordinates (r, ¢, z) as

follows:

|0) = A(r, z) exp(ile), (1.16)

where A(r,z) is an amplitude term that varies transversally and longitudinally. The
intensity and phase distributions of some OAM modes of the Laguerre-Gaussian type
are shown in Fig. 1.3. The azimuthal phase creates a twisted wavefront with a central

discontinuity where the phase is undefined, resulting in a null intensity in the centre.

Observe that the field of the OAM mode is separable in both amplitude and azimuthal
phase; that is, the amplitude and azimuthal phase can be factorised. Thus it is trivial to
show the orthogonality of OAM modes at a given z-plane (say z = zg) may be expressed
by

2m

(3 |6s) = / T dr r AL (20 As(r, ) | dexpli(ls — £1)6)
0 0 (1.17)

o0
= 04, 0 277/ dr rAj(r, z9)A2(r, 20).
0

OAM modes form an orthogonal basis in which information can be encoded. Note that

the basis can be made orthonormal through appropriate choice of amplitude function A.

Similarly to polarisation, OAM qubits can be represented on the surface of a sphere, the
OAM Bloch sphere [27], as shown in Fig. 1.4 for £; = —¢5 = 1. Here the states at the
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a) b)

FIGURE 1.4: Bloch sphere description of an OAM qubit with ¢/; = —¢5 = 1. Con-
trol over the amplitude parameter § and phase parameter ¢ as shown in (a) and (b)
respectively, leads to (c) a description of an arbitrary OAM qubit on the OAM sphere.

poles are the OAM states. Observe that the superposition of two oppositely charged
OAM states leads to azimuthal fringes on the equator of the OAM Bloch sphere. These
fringes rotate with the intermodal phase ¢ in a similar fashion to the linear polarisation

states in Fig. 1.1.

The density matrix formalism we laid out for polarisation qubits can equally be applied
to spatial qubits, together with the method to characterise the qubit on the surface of
the sphere by computing the expectation values of the Pauli matrices. The Poincaré
and Bloch sphere description will be useful in describing multi-photon states, as we
do in the next section. In particular, going beyond the single qubit picture allows for

multi-particle correlations and thus, entanglement.
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1.3 Entangled spatial modes

We start by describing a general two-particle system with a density matrix p as
p= Zcm‘¢m><¢m|> (1.18)
m
where the pure states |1, ) are now two-particle qubit states, described by

Ym) = Zaz‘f;m@ 13) 5. (1.19)

The states |i) and |j) are eigenstates of the systems A and B respectively, with associated
complex coefficients o that define the m'™ state [t ). The symbol ® is a tensor product
operation which, in essence, is a way to multiply two state vectors of dimension d; and
ds respectively, to form a joint state vector that lives in a Hilbert space with dimension
di X do. In the case of a two-qubit state, the joint system is four-dimensional. The state
of each qubit can be characterised with the set of rotation matrices (Pauli matrices) plus
the identity matrix. The joint state, therefore, follows a tensor product construction as

follows:

3 3 3
p= (; Z pm0m> ® (; anan> = % Z Pmn Om Q Op. (1.20)
m=0 A n=0 B m,n=0

The above construction naturally leads to the description of the qubit pair on the surface
of a higher-order Bloch sphere, as shown in Fig. 1.5. In this description, the states on
the sphere follow the same tensor product construction as that in Eq. 1.19. While there
are many tensor product combinations of single photon qubit states that are allowed,
there is only one rule for constructing the higher-order Bloch sphere: The states at the
pole of the sphere must be orthogonal. For example, one cannot construct a higher-
order Bloch sphere with the states |¢)|—¢) and |¢) |¢) at the poles. This is because any
two-qubit pair formed as a linear superposition of these two qubit states factorises with

respect to each subsystem. This simply means that one can write the two-qubit state

as |¢) = ()4 ® (-)B:

[W) = cos(8/2)[€)a|—L)p + exp(ip)sin (0/2) [€)a|)p, (1.21)
=) = |0a4® (cos (0/2) |—£) + exp(iy) sin (8/2) ye>)B. (1.22)

Observe that the two-qubit state is parametrised by 6 and ¢, and can be entirely char-
acterised by single qubit rotation on subsystem B alone. We thus say that the two
subsystems are separable. The notion of separability will be treated in more detail a

little later. The higher-order Bloch sphere description is much richer because an arbit-
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F1GURE 1.5: Description of qubit pairs on the higher-order Bloch sphere. States on

the surface of the higher-order Bloch sphere are constructed from the tensor product of

qubit states from two Bloch sphere, each describing a subsystem (photon). Depending

on the way in which the eigenstates combine at the poles, one can construct two higher-
order Bloch spheres for a system of qubit pair.

rary state on the surface cannot, in general, be characterised by single qubit rotations
on one subsystem alone. In other words, the higher-order Bloch sphere describes states

that are in general non-separable, and that can be represented as follows
1) = cos (0/2) [€1) [€2) + exp(ip) sin (0/2) [—b1) [—L2). (1.23)

A bi-photon state described as in Eq. 1.23 is in general non-separable (except for § =
0 or 7) and one would say that the photons are quantum entangled. But does the

“quantumness” of entanglement naturally arises from Eq. 1.237

1.4 Is entanglement intrinsically quantum?

The quintessential property of entanglement is non-separability. The notion that two
systems cannot be described independently from each other, or put another way, that
a measurement on one system affects the outcome of the other. Mathematically we

say that the joint state does not factorise; that is, given two systems A and B, the
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joint density matrix pap cannot be expressed as the tensor product of the individual
density matrices p4 and pp. Thus any state that is not separable is said to be entangled.
Note at this point that we have not specified anything about the nature of the systems
A and B (whether they are classical or quantum). Yet, we have logically arrived at
a condition for separability and entanglement. So where does the ‘quantumness’ of
entanglement originate? The reason is none other than context. We believe the issue

lies in understanding what is entangled.

Suppose you were to deliver pairs of identically prepared entangled photons to two ex-
perimentalists, Alice and Bob, who are both tasked to test for violation of the Bell-CHSH
inequality. One way to test the ‘quantumness’ of entanglement correlations is through
the Bell-CHSH inequality, and this has successfully been demonstrated experimentally
[28-34]. However, Alice and Bob cannot agree on what to measure: Alice wishes to
perform her measurement in polarisation while Bob prefers to do it in the spatial degree
of freedom. They both proceed and return their result to a third party, Eve, as one of 2

possibilities: ”entangled” or "not entangled”. Eve can draw the following conclusions:

1. Both or None of Alice and Bob show violation of the CHSH inequality. In this case,

both experimentalists agree and Eve can logically confirm or rebuke entanglement.

2. FEither Alice or Bob shows wiolation of the CHSH inequality. Now Eve is in a
difficult position. Not knowing that Alice and Bob measured different degrees of

freedom, she is faced with conflicting results and thus cannot make a decision.

It is imperative that one specifies the degree of freedom in which the photons are en-
tangled. This brings us back to the question of what it is that is entangled: are the
photons entangled? or are the states of the photons entangled? From the mini game
earlier, it is clear that it is the latter, it is the states that are entangled and not the
objects that happen to carry those states. This is an important distinction because it
brings us to a current topical issue, that of classical entanglement: can a classical state
of light be entangled? We can now reformulate the question in terms of our criteria for
separability: can one construct a classical state of light that is non-separable? If yes
then the classical state can be said to be entangled in the non-separable degree(s) of

freedom.

1.5 Classical entanglement

Optical fields may be scalar or vector, with vector beams now topical classical states of

light [35-37]. The vector nature of these beams stems from the fact that they possess a
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FIGURE 1.6: (a) Intensity and polarisation map of some vector beams. The non-
separability of the space and polarisation degrees of freedom is reflected in the space
variant (inhomogeneous) polarisation. (b) The non-separability of the two degrees of
freedom manifests itself if one passes the beam through a rotating linear polariser and
measures the resulting spatial mode on a camera, as shown here for two vector beams.

spatially varying polarisation state across the transverse plane. This coupling of space
to polarisation can be expressed as a non-separable superposition of spatial modes and
polarisation. To see what this means, consider the sample of vector beams shown in
Fig. 1.6 (a). If one of them, say the first on the left (radially polarised light), was passed
through a linear polariser, the pattern of light seen on a camera would change as one
rotates the polariser. We understand this as filtering out only particular polarisation
directions from the field. Put into the language of quantum mechanics: a measurement
on one system affects the outcome of a measurement on the other. The measurement on
the spatial mode (with the camera) was affected by the prior choice of a measurement
on the polarisation. In contrast this does not happen with scalar beams, which are
completely separable. Here the camera may get more or less light according to the angle
of the polariser, but the pattern of light on the camera will not change. The vector

beams shown in Fig. 1.6 (a) can be conveniently expressed using braket notation:

1) = cos (0/2) [€)a |R)B + exp(ip) sin (0/2) |—£)a |L) . (1.24)

Note that this expression of a vector beam is reminiscent of that in Eq. 1.23, which we

used to describe an arbitrary state on the surface of the higher-order Bloch sphere. One
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F1GURE 1.7: Description of hybrid states on the HOPS. States on the surface of the
HOPS are constructed from the tensor product of OAM states from the Bloch sphere
and polarisation states from the Poincaré sphere. Here, each sphere describes a degree
of freedom. Depending on the way in which the eigenstates combine at the poles, one
can construct two HOPS for a system of hybrid qubit states. The equator represents
maximally entangled states whereas the poles represent non-entangled states.

of the conclusions we drew regarding the state in Eq. 1.23 was it was non-separable and
therefore entangled. Here we have only one intense beam of light that is non-separable
in two degrees of freedom, spatial mode and polarisation. Once again we highlight that
entanglement is a correlation between states. Thus we can conclude that vector beams
also carry a form of entanglement in their degrees of freedom, albeit local, and called

classical entanglement.

The state in Eq. 1.24 can be described as a point on the surface of a new sphere, the
higher-order Poincare sphere (HOPS) [38-40]. The sphere is constructed from the tensor
product of the eigenstates of the individual subsystems, as shown in Fig. 1.7. Analogous
to the higher-order Bloch sphere, we can express the density matrix of a state on the
HOPS as follows:

spin

1 3 orbit 1 3
= (33 nm) o (330m) -
m=0 n=0

| =

3
> o B @O (125
m,n=0

)
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spi

orbit and gye " refer to the Pauli and identity matrices, whose eigenstates corres-

where oo

pond to OAM and polarisation states, respectively.

Indeed entanglement between the quantum states of two particles exhibit non-locality:
it persists even when the particles are spacelike separated; that is, the particles are
sufficiently far apart that in the event of a joint measurement, a field would need to
propagate faster than light from one detector to the other in order to influence the
measurement outcome. It is because of this non-locality that entanglement cannot be
classified as exchange of information between the correlated particles; measuring the
OAM of one photon in the OAM entangled pair does not result in a signal travelling to
the other photon that tells it to assume a particular state. Such non-locality does not

exist in the classically entangled fields we are describing here.

The degrees of freedom of a vector beam are defined locally and thus cannot exhibit
non-local correlations. So can one still maintain that vector beams are entangled states?
Yes, because the definition of entanglement was linked to the separability of the state
and made no mention of non-locality. The issue of non-locality only arose when we
added additional constraints to the description of the system: we specified the nature
of the carriers of the entangled states. It is only after assigning the entangled states to
particles that emerged the non-local aspect of entanglement. When we did the same
with an inherently local system, there was naturally no chance of non-local correlations.
However, in both systems, entanglement correlations exist. It is thus useful to make a
distinction between these two flavours of entanglement. Because non-local correlations
are inherently quantum, we can logically refer to entanglement of quantum particles
as quantum entanglement and that of local classical systems, such as vector beams, as

classical entanglement.

1.6 Outline

In the following chapters, we will introduce the theoretical framework and experimental
tools that have been employed to produce the many contributions detailed thereafter.
In Chapter 2 we describe methods to generate non-separable states of light through
dynamic and geometric phase control. By reversing the generation step, we demonstrate
theoretically and experimentally the vector mode decomposition through inner product
measurement. This allows one expand an arbitrary field in a basis of non-separable states
of light. Finally, we borrow tools from the quantum realm and demonstrate quantum

state tomography adapted to classically entangled light.
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In Chapter 3 we apply the tools developed in Chapter 2 to demonstrate the equivalence
of quantum and classical entanglement in a one-sided turbulent channel. By performing
a state tomography of the classical and quantum systems after propagating through a
one-sided turbulent channel, we show the decay of entanglement correlations in both
systems to be identical. This would allow for real-time error correction on the quantum
state using bright classical sources. Furthermore we prove the existence of channel-state
duality in the form of the Choi-Jamiolkowski isomorphism for classical entanglement.
In particular we show that the entanglement decay of a quantum state with arbitrary
degree of entanglement can be predicted from knowledge of the decay of a classical

maximally entangled state.

In Chapter 4 we explore means to increase the robustness of quantum communication
links and mitigate errors and photon loss in the measurement process. Our premise is
a quantum key distribution protocol with entangled OAM modes through turbulence.
We show that the robustness of the link is increased as the separation on the modes in
state space increases. Given that turbulence leads to photon loss during post-selection,
we show that probing additional subspaces at the measurement stage increases both the
photon and information recovery. In addition, we demonstrate a Procrustean filtering
method whereby local operations on one party in the entangled pair increase the degree
of entanglement of the perturbed state. This method makes use of the characterisation
process presented in Chapter 3 to obtain the channel operator necessary to perform the

filtering.

In Chapter 5 we build on the concept of entanglement concentration introduced in
Chapter 4 in the form of Procrustean filtering. We introduce a process of entanglement
distillation that does not require prior knowledge of the channel operator. We use the
Hong-Ou-Mandel interference as a filer to distil singlet Bell states from a sample of pure
states with near-zero degree of entanglement. The result is total conversion of noise
from turbulence into loss of photon counts. An additional benefit of this scheme lies
in its robustness, as the fidelity of the distilled states does not decay with increasing

turbulence.

In Chapter 6 we address the issue of photon loss in high-dimensional quantum key distri-
bution with classically entangled states. We present a deterministic detector for vector
vortex modes that maps spatial modes to position. Unlike common detection schemes
for vector modes, our approach does not carry the penalty of dimension dependent losses
that result in lower sifting rates with increasing dimension. We illustrate our technique

by performing a four-dimensional quantum key distribution protocol.

Finally, we conclude by summarising the findings of our research and place them in

perspective with regards to current trends in the field.



Chapter 2

Tailoring and measuring

classically entangled states

This Chapter contains extracts from three publications by Bienvenu Ndagano et al.

1. “Creation and detection of vector vortex modes for classical and quantum communication”.
Journal of Lightwave Technology, 36:292, 2018.

2. “A review of complex vector light fields and their applications”. Journal of Optics, 20:123001,
2018.

3. “Concepts in quantum state tomography and classical implementation with intense light: a tu-
torial”. Advances in Optics and Photonics, 11:67, 2019

In this Chapter we describe methods to generate and measure classically entangled states
of light. We review some modern techniques to produce vector vortex beams through
dynamic phase control with spatial light modulators, and geometric phase control with
g-plates. Exploiting the linearity of the generation process, we explain and demonstrate
the measurement of vector beams by vector mode decomposition; that is, we expand
an arbitrary vector field in a basis of classically entangled modes. This provides the
means to quantitatively analyse and reconstruct arbitrary vector fields. Lastly we exploit
the similarities between quantum and classical entanglement and borrow tools from
the quantum realm to show quantum state tomography applied to classical light. We
build the approach from single to two-qubit state, before introducing the adaptation to

classically entangled light.
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2.1 Generation of classically entangled light

Vector vortex beams have long been created internal to lasers by exploiting gain compet-
ition in birefringent laser crystals [18] and more recently with geometric phase [41] and
with structured materials in on-chip solutions [42-46]. While we acknowledge that such
custom solutions exist, they are not common to most laboratories. Here we consider

more standard and accessible approaches to the creation of such modes.

2.1.1 Dynamic phase control

A general vector vortex beam can be expressed in the following manner:
1) = cos (0/2) 1€} |R) + explies) sin (6/2) | £} |L). (2.1)

From Eq. 2.1, one deduces that in order to generate a vector beam though dynamic phase
manipulation requires a device that can independently modulate the two polarisation
components. This can be achieved using a spatial light modulators (SLMs); These are
liquid crystal displays that can manipulate, through appropriate modulation, both the
amplitude and phase of light. Using SLMs, the optical phase of the incident light is
spatially controlled by adjusting the voltage across each pixel on the SLM display. This
in turn changes the orientation of the liquid crystals and hence the induced phase by
virtue of birefringence. For every pixel, the locally induced phase modulation is given
by [47]

B(V) = S dlne(V) = o), (2.2)
where A is the wavelength of the incident light and d is the thickness of the pixel. The
extraordinary refractive index, n., varies with the applied voltage V', while the ordinary
refractive index, n,, is constant. By spatially controlling the refractive index of the pixels
on the SLM display, one can spatially tailor the optical phase incurred on an incident
laser beam. Additionally, through appropriate modulation schemes, one can program
the SLM to shape the light not only in phase, but also in amplitude [48]. A review of
the techniques used to tailor optical fields in both phase and amplitude with computer
generated holograms encoded on SLMs is presented in Refs. [18, 49]. The birefringent
liquid crystals only allow phase modulation of one polarisation component and so special
tricks are needed to overcome this for vector beam generation [49]. Note that it has been

shown that spatial modes can also be generated with digital micromirrors [50-52].
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FIGURE 2.1: An incident polarised laser beam is spatially divided in horizontal and
vertical polarisation components using a polarising beam splitter (PBS), each of which
is modulated by a single hologram encoded on an SLM, placed inside a Sagnac inter-
ferometer. The dove prism (DP) ensured that the two OAM modes produced have
opposite charge ¢. BS: 50:50 beam splitter; HWP: half-wave plate; QWP: quarter-wave
plate. H, H’, V and V’ denote the polarisation paths before and after the SLM.

Early use of SLMs to tailor vector vortex beams involved placing them inside an interfer-
ometer, as first demonstrated by Neil et al. [53]. By splitting the beam into orthogonal
polarisations, one can align the polarisation axes of the two beams to match the SLM,
independently modulate the two beams before recombination at a later stage, as shown
in Fig. 2.1. Due to the difference in the number of reflections after the beam interacting
with the hologram encoded on the SLM, each polarisation component acquires opposite
OAM values. This approach was later generalised in [54]. Other variants of the gen-
eration of vector modes with SLMs involve a double pass on each of the two different
hologram [55]. In between each pass, the polarisation is rotated to allow modulation of

only one polarisation component.

Spatial light modulators have the inconvenience of high losses, since only the first dif-
fracted order contains the desired modulation. The independent modulation could be
realised with the use of spiral phase plates. However, they are non-trivial to manufacture
for optical wavelengths and are offer no versatility in terms of operating wavelength and

spatial mode produced (unlike an SLM).

2.1.2 Geometric phase control

From the early work of Beth it was known that spin angular momentum (circular po-
larisation) could be transferred to matter, which he demonstrated by passing circularly

polarised light through an anisotropic birefringent plate [12]. Much later it was shown
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that optical orbital angular momentum could be transferred to matter [56, 57]. Interest-
ingly, both spin and orbital angular momentum can be coupled in a medium that is both
anisotropic and inhomogeneous, inducing spatially variant polarisation transformations.
It was shown by Bomzon et al. that space-variant polarisation control can be achieved
using sub-wavelength gratings [58]. Since the period of the grating is smaller than the
wavelength of the incident light, each groove acts as a polariser where the transmission

axis varies across the profile of the beam.

Later, Biener et al. showed that the spatially varying polarisation transformations
are accompanied by an optical phase change resulting from the geometry of the sub-
wavelength structure [59]. This is a manifestation of the Pancharatnam-Berry geomet-
ric phase [60, 61]. Biener et al. expressed the electric field |Eyy:) at the output of the
subwavelength dielectric grating, given an input arbitrary polarised plane wave |E;, ),

as follows

|Eout) = /NE | Ein ) + Nr exp(i20(r,w)) |R) + /01, exp(—i20(r,w)) |L), (2.3)

where ng,nr and g are the polarisation order coupling efficiencies. Interestingly, the
right- and left-circular polarisation component acquire conjugate optical phase. Through
appropriate design of the grating structure it is possible to have ng — 0 and 0 = q¢,
where ¢ is the azimuthal angle. The resulting optical element becomes one that performs

the following polarisation-to-OAM coupling:

Ein |R> — Eip eXp(—’qugb) |L>a (2'4)
Ein ’L> — Eip eXp(-H;quf)) |R> (2'5)

Given an input (left-) right-circularly polarised state incident on such an optical element,
the result is a total polarisation conversion to an output beam that is (right-) left-
circularly polarised and carries a topological charge 2¢q. The design of such an element,
commonly known as a ¢-plate, was demonstrated by Marrucci et al. [62]. Instead of
sub-wavelength gratings, Marrucci et al. used birefringent liquid crystals that can be
dynamically aligned with an external electric, magnetic or optical field. A detailed

discussion on the manufacturing process is reported in Ref. [63].

Since their invention, g-plates have simplified the generation of vector beams. For ex-
ample, suppose one illuminates the g-plate with a field that is a superposition of the input

fields in Egs. 2.4 and 2.5: |Ey, ) = Ei (Va|R) + V1 — aexp(iy) |L)), with 0 < o < 1.
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The resulting field can be expressed as follows:
Eou = E;p, [\/& exp(—i2q¢) |L) + V1 — aexp(iy) exp(i2q¢) \R>] , (2.6)

Thus, by controlling the phase v and the charge ¢, one can generate a wide variety of
vector vortex beams. For a given ¢ value, the space of vector modes described by Eq. 2.6

can be mapped on a higher-order Poincaré sphere [38, 40].

Two of the limitations of the ¢-plate is that the spin-orbit coupling is only applicable
for input circular polarisation states, and the output spatial frequencies on the left-
and right-circular polarisation states are constrained to be conjugate of each of other.
Recently, these were overcome with the design of a metamaterial J-plate, that performs
arbitrary spin-orbit coupling independently of the input polarisation state [64, 65]. The
sub-wavelength structure allows for near continuous control of spatial phase shifts, bi-
refringence and the orientation of the fast axis. This results in the design of an optical

element capable of the following transformation

Eipn|loT) —  Epexp(img) |(c7)"), (2.7)
Einlo™) — Emexp(ing)|(c7)*), (2.8)

where |oF) are the eigenstates of polarisation in an arbitrary basis (linear or circular).
The fact that it is metamaterial-based also makes it attractive for integration onto small

scale devices. For a good review of vector beams and their applications, see Ref [66].

2.1.3 Vector mode decomposition

The modal decomposition of an arbitrary electric field has been extensively demonstrated
in the case of scalar (uniformly polarised) modes [18, 67-69]. An arbitrary electric field
can be represented as a superposition of any orthonormal and complete basis. Measuring
the coefficients in the expansion of the basis is the aim of modal decomposition. From
this all physical properties of the optical field can be inferred quantitatively, such as
the OAM density, Poynting vector, intensity, wavefront, phase and so on. In previous
work, this approach has been performed with scalar basis states (Laguerre-Gaussian
modes, vortex modes, etc). Given that vector modes combine both spatial modes and

polarisation, the basis states can naturally be constructed from the product of basis



Chapter 2. Tailoring and measuring classically entangled states 21

a)
m =D1
A/2ap  Bs qp PBSL‘N
LASER M2 'Bz
A/2qp PBS% 3
b H I »D
M1 t N 4
b)

FIGURE 2.2: Experimental Modal decomposition of vector vortex modes in the £ = +1

subspace. Vector modes produced with a half-wave plate(A/2) and g-plate (qp) are

analysed with a vector mode decomposition system. The measurement outcomes are

collected at detectors D; to Dy placed after polarisation beam-splitter (PBS). M1 and
M2 are mirrors.

states of the two degrees of freedom. One can write

Ein(r) = Z e ()6 + Z cnhn(r)6, (2.9)

m=—0oQ n=—oo

where 6+

are polarisation states and {t,,} is an orthonormal basis. By measuring the
coefficients ¢, and ¢,, one can reconstruct the input vector beam F;,. Alternatively,
one can take advantage of the superposition principle: if t,,(r)6= is an eigenstate of
FE;,, then a normalised superposition of these eigenstates also forms a basis for F;,. As

such, one can construct a basis where the eigenstates are vector modes W,:

1

V2

with v = {0, 7}. The input vector mode in Eq. 2.9 can thus be expressed as follows:

Wy (r) = —= [Ye(r)o™ + exp(iv)vy(r)e] (2.10)

o

Ein(r) = > conWin(r), (2.11)

{=—00
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where the magnitude of the coefficients in the expansion can be obtained through an
inner product measurement. This is performed by (i) passing the incident beam through
a modal filter \I/,Lq, (i) Fourier transforming the output and (iii) measuring the on-axis
intensity:
2
Ein — \IIL’,YE,-” — /dr Ein ()W} (r) exp(iK - ) — ‘/dr Ein(r)¥ (r)| = ek~ |2
(2.12)

This approach was reported in [70] and is shown in Fig. 2.2. In practice, the on-axis
position would correspond to a few pixels on a CCD camera. An alternative to the
camera would be to use a single-mode fibre to collect the light at the on-axis position.
This method was used by Milione et al. [71] to demonstrate 20 Gbits/s information

transfer over 4 multiplexed vector beams.

2.2 Quantum state tomography

Quantum state tomography (QST) as we know it was introduced in the late 80s to ob-
tain the Wigner distribution by tomographic measurements of quadrature amplitudes
[72], taking into account the direct correspondence between the Wigner function and
the density matrix of any desired quantum state [73, 74]. Other methods to determine
the quantum state were proposed [75, 76], studying also the open question of the im-
possibility to determine the probability distributions of a superposition quantum state

with a direct measurement [77].

The QST projective measurement has been vastly used to characterise a myriad of
quantum states [78-84]. Importantly, QST has become essential in the characterisation
of entanglement sources from a qualitative point of view, e.g. entanglement sources
using photons [85-91], atoms [92, 93], and even with molecular vibrational modes [94].
However, the polarisation of a photon is the most commonly known degree of freedom
(DoF) used to encode a quantum state, due to the great variety and availability of high
efficiency polarisation control elements. Consequently many experimental milestones in
quantum optics have been accomplished by using the polarisation degree of freedom
[95-98].

Although QSTs have been performed on many quantum systems, in this Thesis we
will consider photonic quantum states, exploiting the spatial mode and polarisation
DoFs of light. QSTs have been performed extensively on the latter (see for example
[87, 90, 99, 100]) while other DoFs are becoming more prevalent these days, e.g., en-
tangled spatial modes [101, 102] for improved communication security [25, 103, 104] and
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FIGURE 2.3: A QST attempts to reconstruct a potentially complex quantum state by
a series of simple projective measurements. This is analogous to trying to reconstruct
a complicated object by only considering its shadow from various angles.

high-dimensional entanglement [105, 106]. Although high-dimensional quantum state
generation is increasingly relevant nowadays, the characterisation of such systems is
extremely complex due to the exponential increase of projections with dimension. Nev-
ertheless, QSTs have been successfully demonstrated on high-dimensional spatial mode

entanglement using various projection approaches [107-109).

Examining an unknown quantum state is a tricky business [110-112], primarily due
to the measurement problem in quantum mechanics [113, 114]. First, a measurement
destroys the information of the state, or at the very least perturbs it [115], so multiple
measurements on the same state is not possible [116]. Second, it is not possible to
clone the state one wishes to study so that the measurements can be made on exact
copies [167]. Third, the state is in general unknown — it could be pure or mixed, high-
dimensional or low-dimensional — and so a choice of basis and measurement sequence is
not trivial [117-120]. The consequence is that we can infer only a little information at a
time by probing a particular aspect of a quantum state [121]: only one question can be
asked (a measurement) from which we get one piece of information (the measurement
outcome). The standard tool to do this, i.e., unravel some quantum state by multiple
measurements, is a quantum state tomography (see [14, 110] for good reviews). The so-
called projective measurements are very similar to the well-known computed tomography
“CT” scans in medicine [122]: once many measurements are made, each probing a

particular aspect of the possible state, the complete quantum state is built up through a
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tomographic process. In essence, each unknown quantum state is “sliced” and completely
characterised through a series of projective measurements in different bases, retrieving
the information of a new dimension for each measurement [123]. It is akin to building
up an image of a complex object by making only simple projections of its shadow, as
illustrated in Fig. 2.3. From all the shadows we see, we can work out the shape of
the object. In the quantum case the outcome is a complete set of observables whose
probabilistically weighted outcome fully describes the quantum state [13]. This then
becomes an inverse problem: knowing the outcome of every question (the outcomes of
our measurements), can we work out what the “object” is? In the quantum world this
often translates into determining a density matrix for the quantum state from which all

other required information can be inferred [123-125].

2.3 Quantum state tomography of a single qubit

The objective of a QST is to reconstruct the density matrix of an arbitrary state using
an appropriate set of measurements, regardless of whether the state is pure or mixed
[87, 117, 126, 127]. It is this broad applicability that makes QST such a powerful tool
in quantum information and communication. The procedure behind a QST for two-
dimensional quantum states consists of locating the qubit state on the Poincaré/Bloch
sphere; that is, as mentioned before, characterising the rotation angles about the z-,
y- and z-axes. Recall the expression of a single qubit density matrix in terms of Pauli

matrices:

3
1
P=3 Zopnan, (2.13)
n=

where p, are the expectation values of the matrices ¢, and are obtained from

3

3 3
1 1
tr (poy,) = itr < E pmaman> =5 E pmtr (omon) = E PmOm.n = Pn. (2.14)

m=0

Thus providing that one can obtain the expectation values, p,, it is then trivial to
reconstruct the density matrix of the system. However, one first needs to clarify the
measurement procedure that leads to the computation of p,. To do so, it is useful to
express the matrices o, in terms of eigenvalues and eigenvectors which, as we will show,

correspond to physical states that can be measured directly.

The matrices o, each have two eigenvectors, |/\9L> and ’)\}L>, with eigenvalues o and

o), and thus can be expressed as

on = | A (A0 + e An) (A (2.15)
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TABLE 2.1: Eigenvectors and eigenvalues of the identity and Pauli matrices in the
polarisation basis.

Matrices on a0 |>\0 ar L)
" 1 = () 1 =)
" » 5;5( Dl m=x()
- o fmw=g(l) ] 0 m=3())
o3 -1 L) = (‘f) 1 IR} = (é)

Based on this decomposition, we can express the expectation values in Eq. 2.14 as
pn = tr (po,) = a2 ( )\O‘p‘)\o + o Al‘p‘)\l (2.16)

The matrices |A,)(A\,| are called projectors; these are Hermitian and positive operators
that form a complete orthonormal set [1]. This is a rather dense description so let us go

through each property one by one.

1. Hermiticity: Projectors are self-adjoint operators, i.e., they are equal to their own
conjugate transpose, and have real expectation values. This is a fundamental re-

quirement for projectors to be physical observables.

2. Positivity: Positive operators have expectation values greater or equal to 0. This
is a natural requirement for projectors given that their expectation values corres-

pond to probabilities.

3. Completeness: . |A\7")(A)'| = o09. This is a requirement for conservation of

probability.

4. Orthonormality: [Ny (AT{|AL)(AL| = [A™)(A™(6;,,,. This is not a physical require-
ment but implies that the eigenstates of two projectors within a complete set have

no overlap.

From their definition, one can easily compute the eigenvalues of the matrices o, and
show that they are £1, as shown in Table 2.1. Interestingly, the eigenvectors correspond
to the polarisation states on the surface of the Poincaré sphere, previously shown in
Fig. 1.1. We now have the recipe to compute the expectation values of the g, matrices

in terms of direct measurement that can be performed on the quantum state, and it is
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as follows:

(poo) (LIp|L) + (R[p|R), (2.17)
pr=tr(por) = (H|p|H)—=(V]p|V), (2.18)
(po2) (Dlp|D) = (Al plA), (2.19)
(pos) (LIp|L) = (R|p|R). (2.20)

Observe however that the measurements required to compute pg are the same as that
of p3. In fact, tr (pog) is an expression of the conservation of probability. Given that
projectors of a given Pauli matrices form a complete set, the conservation of probability
is independent of the measurement basis. Thus one can deduce that pg can be obtained
in a similar manner from the projective measurements of p; and ps. Thus the state
tomography of a single qubit requires a total of 6 projective measurements: d(d + 1) as

mentioned in the introduction, for d = 2.

A QST of an OAM qubit follows the same procedure as that outlined for polarisation
qubit. The density matrix is expanded in terms of Pauli matrices and the identity,
however, the eigenvectors now take a different meaning; rather than polarisation states,

they now correspond to OAM modes and their superpositions, as shown in Table 2.2.

TABLE 2.2: Eigenvectors and eigenvalues of the identity and Pauli matrices in the

OAM basis.
Matrices o, al ‘A9L> o, ‘)\}L>

_ (0 _ (1
_ 1 1 _ (!
01 —1 = V2 <_1 —v2\1
1 =il = (:
o2 - =\ — V2 \i

0 1

Means to perform projective measurements on these spatial modes have been extens-
ively reported for quantum [128] and classical light [18, 68, 69, 129-131]. Progress in
liquid crystal technology and digital micromirror devices has made it possible to gen-
erate and detect arbitrary spatial modes using digital holograms (see [18] and [49] for
a comprehensive review and tutorial). This has opened avenues for an all-digital real-
isation of QST with spatial modes. The core idea is to consider the pattern creation
step but in reverse. If a particular hologram were to convert a Gaussian mode into
a desired pattern, then in reverse the same hologram will convert the pattern into a

Gaussian. As Gaussians are the only modes that couple into single-mode fibre (SMF),
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FIGURE 2.4: (a) Representation of polarisation states on the Poincaré sphere. (b)
Shows the normalised outcomes of projective measurements onto the eigenstates of the
Pauli matrices, for given horizontally polarised state. (¢) Representation of OAM qubit
states on the OAM Bloch sphere. (d) From projective measurement onto spatial modes,
one performs the quantum state tomography of an OAM state (|1) + |—1))/v/2.

we have the means of a “pattern sensitive” detector. Sample QST measurements are
shown in Fig. 2.4 for a left-circularly polarised qubit state and an OAM superposition
state (|t =1) + [ = —1))/V2.

Notice that we approximate the projective measurement of superposition states on the
equator of the OAM Bloch sphere as arg[|¢) + exp(ip) |—¢)], producing a binary phase
pattern rather than an amplitude function. This is why all the Pauli matrices in Table 2.2
are phase-only patterns. In general the OAM example can be replaced with arbitrary

modes by substituting [¢) — |M7) and |—¢) — |Ma) everywhere in the above analysis.
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2.4 Tomography of quantum entangled spatial modes

Recall the expression of a two-qubit density matrix in terms of Pauli matrices:

3 3 3
1 1 1
— (2 Z pm0m> ® (2 anan> =1 Z Prmn Om @ Op. (2.21)
m=0 A n=0 B m,n=0
Once again, the task of a QST is to realise direct measurements to compute the expect-
ation values pp,. We follow the same tensor product construction of the expectation
value to express pp, in terms of eigenvalues and eigenvectors of the basis operators for

the joint system, o, ® o, with
O @ 0 = (| Ap) A + am [ A) (Aml) @ (R W) O] + e A) ) (222)

By expanding the expression above, the measurements required in a QST can be directly

read:

T @ O =00 [ N0) (A @ ALY O]+ g [An) O © [A) (A |+

(2.23)
0 [Am) (Al @ DY+ af,aq A5 (A0 @ [AR) (A

The projectors |\, ) (A | have been discussed in the previous section and we have shown
that they can be realised through direct measurement on the quantum state. In the
case of two qubits, the tensor product |Ay,) (M| ®|An)(An| means that one must perform
joint projective measurements on the two photons of an entangled pair. Practically, this
implies that the projective measurements must be done in coincidence. This can be done
using single photon detectors and a counting module. The expectation values pp,, then

take the following form:

AR o |ADAD)

+ o (ALAL] P [ A A )+
A0 ] o |AAD) + o,

002 POALY. (2.24)
p

0
Pmn =CQp &

1

m

3" 3’—‘

0
n
0
Qy

In the above, we have used a compact notation for the projective measurement, where
|/\%L)\2) = ‘A%) ® ‘Ag). Note the order of the eigenstate in both the bra and ket in
the expression of the expectation value: the first ket (bra) refers to a state (projection)
of (on) particle A, while the second ket (bra) applies to particle B. For example, the
expectation value (A) A\l ‘ ) ‘/\0 AL} is obtained by projecting photons A and B on the
state |>\9n> and ‘)\}L ), respectively, and measuring in coincidence. The eigenvalues a,, and
eigenvectors |\, ) are known from the single qubit QST, we can thus write the expression
of the different expectation values py,, in terms of direct projective measurements. With
four measurements per expectation value, one would in principle perform a total of

64 measurements. However, upon close examination of the expectation values, one
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FIGURE 2.5: Quantum state tomography of a two-photon state. (a) shows an experi-
mental setup to generate entangled two-photon states through spontaneous parametric
down-conversion in a non-linear crystal (NLC). The down-converted photons travel to
two OAM analysers and their quantum states are measured in coincidence. (b) Shows a
two-qubit QST where the projected state of each photon in the entangled pair is indic-
ated by their phase map. The colour of each box represents the normalised coincidence
counts for a given set of projection on the two-photon state. Using the tomographic
data, the density matrix is computed and its real and imaginary components are shown
in (c) and (d). The sum of the measurements enclosed by the red squares define the
expectation value of the identity (probability conservation)

realises that only a total of 36 measurements are necessary. This is because some of the
expectation values share a common set of measurements. Recall from single qubit QST
that the projectors of the identity matrix are the same as that of any single Pauli matrix.
Therefore by measuring the expectation value pp,, for m,n > 0, one can compute pgo,
pmo and pon. This is what reduces the number of necessary projective measurements
from 64 to 36.

Experimental implementation is, however, not without its own set of challenges. FEn-
gineering quantum states is a probabilistic process. A standard method of generating
two-photon states that are correlated is through spontaneous parametric down conver-
sion (SPDC), where a non-linear crystal is pumped with photons from a laser, as shown
in Fig. 2.5 (a). An entangled pair is produced with a certain probability depending

on the type of non-linear crystal used. This results in fluctuations in photon number
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measured by the single photon detectors, resulting in experimental errors that affect the
reconstruction of the quantum state. Statistical techniques can be employed to mitigate
these errors, one commonly used being the maximum likelihood estimation [128]. The

principles of the method are as follows:

1. One performs the tomographic measurements on the quantum state.

2. Guess a physical density matrix for the state (Hermitian with unit trace and non-

negative eigenvalues).
3. Computationally perform a state tomography on the guessed density matrix.

4. Compute the difference between the guessed and experimental tomographic meas-

) A 2
2 36 Céxp_cgz;uess . . .th
urements: = o —SXB___guess where the superscript ¢ refers to the 4
X Y e ) perscrip

tomographic projections. The experimental tomographic measurements are la-
belled Céxp while those simulated based on the guessed density matrix are labelled
Ci

guess*

5. Update the guessed density matrix such that it minimises the y? difference.

This procedure ensures that the reconstructed density matrices meet the criteria required
to be physical; i.e., the density matrix is Hermitian with non-negative eigenvalues. An
example of a state tomography of OAM entangled photon pairs is shown in Fig. 2.5(b).
Using the maximum likelihood estimation, one reconstructs the real and imaginary com-

ponents of the density matrix shown in Figs. 2.5(c) and (d), respectively.

2.5 Classical implementation of quantum state tomography

Given the mathematical similarities between quantum entangled states and vector beams,
there has been an interest in using classical states of light to model local quantum en-
tanglement dynamics [132-135]. This requires some commonality between the quantum
and classical system in the way they are analysed in order to make a fair comparison.
In the previous section we have identified QST as the tool of choice for quantum state
reconstruction. Fortunately, the procedure behind QST of a bi-photon state can be
directly applied to the vector beam [37, 136, 137]. This is because of the mathematical
equivalence of the classical and quantum states. The only adaptation is in terms of the
projective measurements required: now in series on one classical beam rather than on
two photons. So let us go through the procedure of state tomography of a vector beam.

Recall the expression of a vector beam

|) =cos (0/2) |€)|R) + exp(ip)sin (0/2) |—£) |L). (2.25)
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FIGURE 2.6: State tomography of a classical vector beam. (a) Shows the projective
measurements on the polarisation and spatial mode degrees of freedom. (b) From these
projections, the density matrix is reconstructed.

We have shown previously that the above state can be described as a point on the surface
of a higher-order Poincaré sphere. We have demonstrated that the HOPS is constructed
from the tensor product of the eigenstates of the individual subsystems. Here, the two
systems correspond to degrees of freedom of a classical beam; these are hybrid states of

OAM and polarisation. Previously we expressed the density matrix of a vector mode as

spin

3
1 . 4
= Y o @ P (2.26)

L3 orbit L3
The projective measurements necessary for a QST of the classical vector beam are the
same as those of the bi-photon case, with the exception that the set of eigenstates
correspond to polarisation and spatial modes, as depicted in Fig. 2.6. Let us return
to the usual entanglement case, say bi-photons entangled in OAM: we have one degree
of freedom and two photons. The QST is then based on projections in one degree of
freedom on each of the two photons. In the classically entangled case we have two
measurements on one intense beam of light. In the former the measurements are in

general non-local, while in the latter they are local.

Consider the outcome of this process, shown in Fig. 2.6(a) for the classically entangled
state |0) = (|¢)|R) +|—£)|L))/v/?2. The joint measurements used to compute the
expectation value of the identity operator oy ® og are shown enclosed by one of the
red squares. From these tomographic measurements, one computes the density matrix,

whose real part is shown in Fig. 2.6(b).
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2.6 Conclusion

In this Chapter, we have presented tools to tailor and measure classically entangled states
of light. We have shown that one can produce arbitrary vector modes by manipulating
either the dynamic or geometric phase of light. Dynamic phase control involves tailoring
the spatial distribution of light by passing it through a material with either spatially
varying thickness or refractive index. However rather than designing a new material for
every application, we have discussed the dynamic phase control of light using birefringent
liquid-crystal spatial light modulators. These allow one to locally control the refractive
index across a pixelated display to produce arbitrary spatial modes, at the click of a
button, using digital holograms. While SLMs are polarisation sensitive, we have shown
that two orthogonal polarisation states can independently be tailored and superposed to
produce a vector beam. Furthermore, we have presented a recent and compact approach
to generate vector modes by manipulating the geometric phase of light through spatially
varying polarisation transformations. This was followed by the introduction of one such
geometric phase element, the g¢-plate, that maps circular polarisation to OAM. From
appropriate choice of input state impinging on the g-plate, one can produce either scalar

or vector vortex beams.

The generation of vector modes was complemented by means to quantitatively measure
them. The first approach is through vector mode decomposition; that is, an arbitrary
field is decomposed in an orthonormal basis of vector modes. We showed theoretically
that the projections on the basis vector modes can be realised using a g¢-plate. This
was demonstrated experimentally for vector modes carrying an OAM charge of |¢| = 1.
The second approach to measuring vector modes was through a state tomography. This
approach exploits the non-separability of vector modes and adapts tools from quantum
measurement of entangled states. Through a series of joint projections on the polarisa-
tion and spatial degrees of freedom, performed on the classical vector modes, one can
reconstruct the density matrix, thus fully characterising the state. We have built the
theory of quantum state tomography from the single to the pair of qubit and finally the
classically entangled vector mode. In the following Chapter, we will make use of both
classical and quantum state tomography to demonstrate the equivalence of quantum
and classical entanglement decay through a one sided turbulent channel, thus raising

awareness of the potential and the physical nature classical entanglement as a resource.



Chapter 3

Characterising quantum channels

with classically entangled light

This Chapter contains extracts from a publication by Bienvenu Ndagano et al. “Characterizing

quantum channels with non-separable states of classical light”. Nature Physics, 13:397, 2017.

Here we demonstrate a simple approach to characterise a quantum channel using clas-
sical light. We exploit the non-separability property of vector beams to show that the
state evolution of a classically entangled beam in a one-sided turbulent channel fol-
lows a one-to-one correspondence with that of an equivalent quantum entangled state.
This proves that beyond the mathematical resemblance to its quantum counter part,
classical entanglement does hold physical significance. Moreover, we show that the one-
to-one correspondence between one-sided channels and entangled states, the so called
Choi-Jamiolkowski isomorphism [138], is also valid for classical light fields with arbit-
rary degree of entanglement. Thus, a full characterisation of quantum channels can be
obtained via state tomography of a classically entangled beams. This new technique
enables one, for example, to determine the action of turbulence, and other channels, on
pairs of spatial modes for quantum and classical states of light, and replaces the usual
process tomography in both cases. Finally, we demonstrate the applicability of the
tools in a proof-of-principle communication experiment employing classically entangled
states, showing that the characterisation of the channel allows for information recovery

and robust data transfer.

33



Chapter 3. Characterising quantum channels with classically entangled light 34

3.1 The equivalence of classical and quantum entangle-

ment

Consider a typical scenario where quantum information is shared between two parties
(Alice and Bob), as shown in Fig. 3.1. Alice generates two photons entangled in their
spatial DoF, which we will take to be the OAM DoF. Her bi-photon state can then be
written as: [Wy)in = [€)a |—¢)p+|—¢)a|¢)p. She sends one photon to Bob, which passes
through the channel; in this study we will consider a free-space link through a turbulent
atmosphere as our example, but the concept is not restricted to this particular case and
can be adapted to different channels. It has been shown, theoretically and experiment-
ally, that perturbations due to such a channel negatively affect the correlations between
the photons, thereby decreasing the efficiency and security of the quantum communica-
tion link. In this scenario, photon A experiences the channel while photon B does not.
The resulting state |Uy)out of the photon pair carries the complete information about
the channel. This is due to the so-called Choi-Jamiolkowski isomorphism, and could be
experimentally verified by teleporting states of single photons using the photon pair in
state |Wy)out as an entanglement resource. The resulting teleportation channel would

reproduce the same state changes as the turbulence channel [139].

We claim that this quantum scenario has a classical equivalent, depicted in Fig 3.1.(b).
Here Alice prepares a classical beam that is non-separable in OAM and polarisation:
|[Wohin = [€)a|R)B + |—£)a|L)p, sending the entire beam to Bob through the same
channel. In this formalism A and B now refer to the two degrees of freedom in the non-
separable light field, and not to two photons in the entangled system. But polarisation
is not affected by turbulence, so the DoF that experiences the deleterious effects of the
channel is that of the spatial mode (A). In both cases only the states |¢)4 and |—¢)4

are affected.

The equivalence of the quantum and classical scenarios, together with the fact that the
outgoing state in the quantum case contains the full information about the channel,
strongly suggest that such non-separable states of light may be used to characterise the
effect of the channel on the quantum state, an idea which we later validate theoretically

and experimentally.
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FIGURE 3.1: Tllustration of the concept. (a) Alice generates two entangled photons us-
ing a SPDC process, and sends one photon (Photon A) to Bob through a free-space tur-
bulent channel, which affects the quantum correlations due to perturbations to photon
A. (b) Equivalently, Alice sends information to Bob using a classically entangled bright
light field (laser beam). The spatial DoF (DoF A) is affected by the channel, while
the polarisation (DoF B) is not. APD = avalanche photodiode, BBO = Beta Barium
Borate (non-linear optical crystal), SLM = spatial light modulator and CCD = charge
coupled device.

3.2 Channel tomography with classically entangled light

Our hybrid encoding space, described by the higher-order Poincaré sphere [38], is formed
from the tensor product of the infinite dimensional OAM and the two-dimensional po-

larisation Hilbert spaces. We are interested in states of the form
(We)in=call)a|-L)p+B|-L)all)p (3.1a)

Ue)in=all)a|R)p+B|—L)a|L)B , (3.1b)

where |a|?+|3|? = 1. Equation 3.1a defines a two-photon entanglement system expressed
in the OAM basis, {|—¢),|¢)}, with each photon carrying ¢ quanta & of OAM [140].
Equation 3.1b defines a vector vortex mode, which here will be the classical equivalent
to the system defined in Eq. 3.1a. The basis states {|L),|R)} correspond the left and

right circular polarisation states, respectively.

We choose the concurrence as our measure of entanglement, as it has been shown to

be effective in quantifying the degree of quantum and classical entanglement [136, 141].
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For qubit pairs defined as in Egs. 3.1a and 3.1b, the concurrence is given by:

C(|¥y)in) = 2|af]| . (3.2)

We consider an OAM state passing through turbulence which causes modal dispersion
and thus broadens the OAM spectrum. Here, for each instance of the stochastically
varying turbulence, the state evolution is a different unitary transformation that maps

pure states onto pure states and takes the form:
10) = e |, (3.3)
Z/

where py_p are the modal weightings. Thus, a given input vector vortex mode |Uy )i,

propagating through a turbulent channel will be transformed as follows:

’\I/g>in — Ckng_gl £/> |L>
El

= apo |€) [R) + apae| =) |R) + Bp—ac [€) L) + Bpo |-} [IL) + Y (). (34)

CYIR)+ B piv
e/

Note that we omit the subscripts A and B for simplicity of notation. Filtering for OAM

values —¢ and ¢ yields the un-normalised final state

[We)our = apo [€) |R) + Bp-o¢|€) |L) + apee | =€) |R) + Bpo | =€) |L).  (3.5)

Since in this state the polarisation serves as record of the original OAM value, (R, L) for
(¢, —2), we can now read off the operator M that describes the action [Uy )i, — [Uy)ous =
M ® I |¥y)in of the channel on the OAM DoF":

M = po [£) (€| +p—ae[l) (L] + p2e|—L) (€] +po|—€) (1. (3.6)

The one-to-one correspondence between the state (Eq. 3.5) of the vector beam and
the Kraus operator (Eq. 3.6) for the OAM channel established here for classical light
fields, is a manifestation of the Choi-Jamiolkowski isomorphism known to also connect
the quantum OAM channel (same operator M) and the state of the qubit pair obtained
from equation 3.1a. It follows that the matrix elements of the quantum channel operator,
M, typically determined by process tomography requiring many measurements on single
photons, can now be monitored by a state tomography of the classical output state

|Wy)out in real time (single measurement of many photons).
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3.3 Decay of classical entanglement in turbulence.

The entanglement of the final state (Eq. 3.5) is given by the concurrence C(|Wy)out) =
2|aB|[p? — p2ep—20|/p, Which, can be expressed in terms of the entanglement of the input
state by

C(I1%e)out) = Cen C(I¥e)in) (3.7)

where 0 < Ce, = [p2 — paep—20|/p < 1 equals the fraction of entanglement preserved by
the channel and is given by the output concurrence obtained from an initially maxim-
ally entangled state with probability p = (2|po|® + |p2¢|* + |p—2¢/?)/2. For example, in
relatively strong turbulence, where |pap_o¢| = [p3|, the concurrence C(|¥ )out) vanishes,
and with it all entanglement. The relation in Eq. 3.7 has been derived in [142] for en-
tangled pairs of two-level systems. Note that for the channel under present investigation,
the decay of the concurrence can be modelled as a function of the turbulence strength

according to the following relation [143]

SR

CUedom) = Sro SR 1

(3.8)

where SR is a measure of the turbulence strength known as the Strehl ratio.

The broadening of the OAM spectrum described by Eq. 3.4 leads to inter-modal coup-
ling among vector modes, resulting in a loss of entanglement with increasingly strong
perturbations. Within the subspace of vector modes with |¢| = 1, this coupling can be

analysed using the Bell basis [144], known as optical fibre modes in waveguide theory:

M) = (1) 1) +-1)ID) (3.9
TE) = —(1)1R) = -1)|L) (3.10)
HE) = (1)L} + -1} |R)) (3.11)
HE?) = —=(1)|L) — |-1)[R)). (3.12)

5

2

By way of example, consider a |[TM); propagating in a strong turbulence regime. In the

special case where pg = pay = p_os (strong coupling), the final state reduces to

W1 )out = \}ipo (1) [R) +[-1)|L)+[1)|L) +[-1)[R)], (3.13)
_ \2])0 (TM)s + [HE®)1] (3.14)
= L pe()+ -1 @ (R)+IL)) (3.15)

V2
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which is separable (not entangled) i.e., the spatial and polarisation DoFs can be fac-
torised. Equivalently in the quantum case, perturbations incurred by one of the two
photons (modal dispersion and projection onto a subspace) will transform an initial

entangled state into a final factorisable (separable) state.

3.4 Experimental realisation

3.4.1 Classical and quantum setup

Here we demonstrate experimentally the equivalence between the evolution of classical
and quantum entanglement in turbulence. Our classical experimental setup is illustrated
in Fig. 3.2 and comprises creation, propagation and detection stages. In the creation
step, the vector vortex mode is prepared either directly from a “spiral laser” [41], or
by using wave plates and g-plates [62] to transform a linearly polarised Gaussian beam
into a vector vortex mode. We passed our vector mode through a turbulent channel
(turbulence phase screen) that was made to vary with time, and analysed the output
beam with two detection systems: a vector mode sorter to uniquely detect each of the
maximally entangled modes, thus evaluating the amount of inter-modal coupling, and
a tomography detector [136]. Our two figures of merit here are the concurrence and

fidelity:

e In general, the concurrence of an arbitrary qubit state (pure or mixed) can be

computed from its density matrix p [141]

C(p) = max{0, VA1 = VA2 = VA3 — v/}, (3.16)

where ); are the eigenvalues in decreasing order of the Hermitian matrix R =

ploy ® 02)p* (02 ® 03), and o9 is the Pauli matrix o9 = [0 _Oi}.

i
e The fidelity is a measure of the degree of similitude between an arbitrary state

with density matrix p, and a target state with density matrix p;. It is defined as

Fio.p) = 1 mm}r- (3.17)

The quantum experiment was performed as presented in Fig. 2.5 in Chapter 2. A 3
mm BBO crystal was pumped with a picosecond laser with wavelength of 355 nm and
an average power of 350 mW to produce non-collinear, degenerate entangled photon
pairs with type I phase matching via SPDC. Each photon was directed onto a SLM

where the conjugate of the modes to be measured and the turbulence was encoded.
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FIGURE 3.2: Experimental setup. (a) The entangled qubits were encoded using
a g-plate and propagated through the turbulent conditions simulated with single
Kolmogorov phase screens. The output state was analysed using a vector mode sorter
that performs a decomposition into vector states. (b) Full state tomography of the per-
turbed state was performed by projecting polarisation states, selected with the quarter
or half-wave plate, onto OAM states encoded on a spatial light modulator. The out-
put of the projections were observed in the far-field using a camera. (c¢) Vector vortex
modes are (de)multiplexed using two Mach-Zehnder interferometers, with the ¢-plates
used to (de)encode hybrid qubits.

The modulated beams were then coupled into single mode fibres (SMF), which extract

the Gaussian profile from the beams. Avalanche photodiodes were used to register the

presence of photon pairs from the SMFs via a coincidence counter. A state tomography

of the two photons was performed to determine the evolution of the concurrence as

a

function of the turbulence strength. To simulate one photon going through turbulence,

we superimpose turbulence holograms on one of the SLMs used to analyse one of the

photons in the entangled pair.

3.4.2 Modelling atmospheric turbulence

We modelled turbulence based on Kolmogorov’s theory. We used the Strehl ratio (SR)

as our measure of the turbulence strength, and is defined as follows:

1
N 1 + 6.88(&)0/7’0)2,

SR

(3.18)
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where wg is the beam size, rg is Fried’s parameter, expressed in terms of the refractive

index structure C’%, wavelength \ and propagation distance z as

)\2 3/5

The above expression in Eq. 3.18 was obtained by applying the quadratic structure func-
tion approximation [145] to the general definition of SR presented in [146]. To generate
the turbulence phase screen, we multiply the Kolmogorov power spectral density with
a random complex function, then inverse Fourier transform the product following the

method detailed in [147].

3.5 Entanglement decay in turbulence

In Fig 3.3(a) we show the measured dependence of the concurrence of our quantum
and classical states as a function of the degree of turbulence in the channel, together
with the theoretical prediction from Eq. 3.8. We used a |[TM); vector mode and an
|| = 1 maximally entangled OAM state as our equivalent classical and quantum sys-
tems, respectively. The experimental results for both the classical and quantum cases
are in excellent agreement with the theory. Hence, the agreement between the classical
and quantum experiments validates the equivalence of the quantum and classical mod-
els depicted in Fig. 3.1. The inset in Fig 3.3(a) shows the variation in the measured
fidelity of a |[TM); vector mode in turbulence, computed with respect to a maximally
entangled state. Furthermore, by varying the concurrence of the input vector mode in
Fig 3.3(b), we experimentally confirmed for the first time for spatial modes, the decay
law of entanglement [142] as summarised for pure states in equation 3.7, i.e., that there is
a linear relationship between C(|Wy)out) and C(|Wy)in). This provides physical meaning
for the notion of entanglement at the classical level; that is, beyond the mathematical
non-separability of the DoF's, nature does not distinguish between classical and quantum

entanglement in one-sided channels.

The observed decay of entanglement with increasing turbulence, as predicted by Eq. 3.8,
is explained by examining the effects of turbulence on the mode spectrum: for example,
in the classical case, with increasing turbulence strength, the scattering among vector
vortex modes is increased, as seen in Figs 3.4(a)-(e). This is due to the spreading of
the OAM spectrum, as shown in Figs 3.4(f)-(g), which leads to crosstalk among vector

vortex modes, as described by Eq. 3.5, and similarly for the quantum case.

Having characterised the impact of the channel on the states to be propagated, we used

the setup to show a proof-of-principle data transmission over the channel. It has been
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FIGURE 3.3: Evolution of classical entanglement in turbulence. (a) The measured con-
currence variation after propagation through turbulence screens of various SR strengths
(increasing from high to low SR values) for the classical (red markers) and quantum
(blue markers) states, correctly follow the theoretical prediction for one of two entangled
photons going through a turbulent channel (green dashed line). The fluctuations in SR
arise from the statistical averaging of the turbulence screen for an encoded SR value.
The inset shows the decay in fidelity of the output state with respect to a maximally
entangled state, as a function of the turbulence strength. (b) The measured concur-
rence obeys the predicted linear mapping to the concurrence of the input state. Here
we have shown this for three channels with SR = 1.00, 0.70 and 0.45. The error bars
represent the standard errors in the averages over the multiple turbulence realisations.

recently shown that the non-separability of vector vortex beams can be used to encode
two bits of information simultaneously on the entangled DoFs [144]. In our scheme, we
(de)multiplexed the four maximally entangled vector modes as shown in Fig 3.2(c). This
allowed us to perform a four-bit encoding scheme based on these states. The encoded
image Fig 3.5(a) was transmitted through one particular instance of a turbulence channel
with turbulence strength SR = 0.3. Without any correction, the received image shows
significant amounts of distortion, resulting in a 64.2% correlation coefficient with respect
to the encoded image [Fig 3.5(c)]. This is due to the intermodal coupling corrupting the
encoded bits sequences, and resulting in state errors measured at the receiver’s end. A
practical advantage of studying the decoherence induced by a channel is the ability to

mitigate perturbations through pre- or post-processing of the data. After propagation
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FIGURE 3.4: Evolution of the mode spectrum in turbulence. (a)-(e) Show vector mode
dispersion for the four vector vortex modes of the |[¢| = 1 subspace for average SR values
of 1.0, 0.7, 0.5, 0.4 and 0.3 respectively. The matrices show the evolution of the power
distribution among the four vector detector for a given input mode. (f) and (g) Show
the effect of the turbulence on the spatial DoF, measured by modal decomposition of
the |=1)|L) and |1)|R) input qubit states, respectively. The scattering of the OAM
eigenstates is observed through a redistribution of energy between OAM modes with
increasing SR.

through a perturbing medium, the input and output states can be related by
We)ou = M Ty )in, (3.20)

where M is the channel operator of the system that contains all the information about
the crosstalk induced by the medium. The complete tomography data to determine the
matrix M ® I is graphically represented in Fig 3.5(b). Thus the perturbation can be
cancelled by correcting the final state, |¥;)out, with M~! @ I when processing the meas-
urement data, or by physically implementing a conjugate filter (details of this filtering
will be provided in the next Chapter). Using this correction technique, we obtained an

image with an increased correlation coefficient of 98.9%, as shown in Fig 3.5(d).

3.6 Conclusion

The characterisation of quantum channels is a sine qua non to the implementation

of practical quantum communication protocols. Using vector vortex modes, so-called
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FIGURE 3.5: Experimental results for data transmission over turbulent channel. (a)
Using a four-bit encoding technique with four multiplexed vector modes, a 425x513
pixels image of Maxwell was transmitted through a turbulent channel with SR = 0.3,
and demultiplexed at the receiver’s end. A threshold at 15% of the maximum received
signal was applied to the data to filter noise signals. By characterising the channel with
a full tomography of the classically entangled light, we obtained (b). (¢) The channel
perturbation resulted in a distorted image at the receiver’s end with a correlation coef-
ficient of 64.2%. (d) Correcting the image with the inverse channel matrix increased
the correlation coefficient to 98.9%.

classically entangled light, and a pair of entangled photons we demonstrated that the
evolution of two entangled DoF's, one of which is affected by atmospheric turbulence,
is the same for classical and quantum light. We have shown this for OAM in atmo-
spheric turbulence, but the approach can easily be generalised to other spatial modes

and perturbations.

The decay of classical entanglement we observed demonstrates that vector vortex modes
are not resilient to atmospheric turbulence. This is further supported by the meas-
ured decay in fidelity between the final and the original state, as shown in the inset of
Fig 3.3(a). Both results are not in contradiction with the possibility to recover qubits
encoded in two rotationally symmetric vector states [148] that was tested against the
influence of turbulence [149]. This method uses a filter (post-selection) to eliminate
all spatial crosstalk components generated by weak turbulence, resulting in the loss of
photons. However, it does not provide a measure of resilience to turbulence as all modes

can be recovered using this technique.

In the quantum realm, a channel tomography requires multiple measurements to be

performed on an ensemble of systems, in our case on photons consecutively passing the



Chapter 3. Characterising quantum channels with classically entangled light 44

stochastic channel over an extended period of time — this is what here gives rise to mixed
states despite the unitary evolution of each single photon. In fact, the unitary evolution
of a single photon cannot be detected directly, just as the state of a single photon
cannot. However, for classical light, these restrictions do not exist, allowing a channel
tomography and error correction in real-time, implemented in quantum links. The
resulting ability to detect the specific realisations of stochastic perturbations classically,
enables an unravelling of the otherwise mixed quantum state dynamics in terms of pure

states and to reinstall the original state of the photon.

We point out that this approach differs from the standard classical communications cor-
rection tools where multiple orthogonal modes are sent sequentially through the channel
to infer the cross-talk matrix. Rather, our approach allows a single maximally entangled
state to be sent, followed by a complete tomography measurement, in order to infer the

evolution of the quantum state in real-time.



Chapter 4

Mitigating information loss in
quantum key distribution with
entangled photons through

turbulence

This Chapter contains extracts from a publication by Bienvenu Ndagano and Andrew Forbes:
“Characterization and mitigation of information loss in a six-state quantum-key-distribution protocol
with spatial modes of light through turbulence”. Physical Review A, 98:062330, 2018.

Here we study how turbulence affects the secret key rate of a six-state quantum key
distribution protocol with OAM modes as the basis. We show theoretically and numer-
ically that when appropriately scaling the size of higher OAM modes, those with higher
OAM separation are more resilient to turbulence, enabling a more robust link. As a com-
parison, we simulated the decay of fidelity in turbulence in the context of the six-state
QKD protocol, using OAM modes with £ = 2, 4, 6, 8, 10 and 20. Next, we revisit the
fact that turbulence results in the spread of information into multiple subspaces through
modal scattering. During measurement, only a fraction of the total information content
is recovered because only pre-agreed subspaces are probed by the receiver, resulting in
a lower channel capacity. We show that more information can be recovered by increas-
ing the space of post-selected modes. We parametrise the expression of the detection
fidelity in the different subspaces as a function of OAM and turbulence strength, and
derive an expression for the limit to which the recovery is possible. Finally, we outline

a scheme whereby errors due to turbulence can be mitigated by probing the channel

45
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with a classical beam. Using a process tomography to obtain the channel matrix using
a bright classically entangled light source. The resultant conjugate channel operator is
then used to implement in real-time a Procrustean filter on the quantum state, result-
ing in a concentration of entanglement and a higher secure key rate in the quantum

transmission.
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4.1 Quantum key distribution with entangled photons

The appeal of QKD lies in the ability to securely exchange information between two
parties in the presence of external perturbations, solely by exploiting the laws of physics.
These perturbations reduce the ability of the receiver, Bob, to correctly measure the
states encoded by the sender, Alice. Some common sources of perturbations include
measurements from an eavesdropper, dark counts in the detectors, or noise that is present
in the quantum channel (atmospheric turbulence for example). The extent to which these

perturbations affect Bob’s measurements determine the secure key rate of the QKD link.

We considered a scenario where Alice generates a pair of entangled photons through
spontaneous parametric down-conversion, retains one photon (Photon A) of each pair

and sends the other (Photon B) to Bob through a turbulent channel, as shown in

FIGURE 4.1: (a) Alice generates a pair of entangled photons (A and B) using a pumped
non-linear crystal (NLC) and sends one of the photons to Bob through a turbulent
channel. Alice and Bob enact a quantum key distribution protocol, whereby they
perform joint measurements on the photon pair using spatial light modulators (SLMs)
in order to build the key. (b) Shows the experimental realisation where one SLM is
used to encode the spatial projections of both Alice and Bob. Turbulence is encoded
as a phase screen, superimposed on the tomography holograms as shown on the inset.
The plane of the BBO crystal was relayed onto the SLM and then the fibers using 4f
imaging systems. F = 10 nm bandpass filters; L1 = 10 mm; L2 = 750 mm; FC =
fiber coupler with 2 mm focal length lens integrated; SMF = single mode fiber; DM =
dichroic mirror.
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Fig. 4.1(a). In order to generate the secret key, Alice and Bob enact an entanglement-
based variant of the 1984 Bennett & Brassard protocol (BB84) [150]. For every photon
pair, Alice and Bob perform joint projective measurements onto states from a set of mu-
tually unbiased bases (MUBs). While BB84 with qubits states is traditionally performed
with two MUBs (four states in total), the six-state protocol uses three MUBs, a total of
six states, hence the name. On one hand, the six-state protocol carries higher inherent
losses compared to the original BB84, given that in the former, 2/3 of the photons are
lost during sifting as opposed to 1/2 in the latter. On the other hand, using more MUBs
enhances the tolerance to noise with a higher error rate threshold [151]. At the end
of the transmission, Alice and Bob broadcast the measurement bases for each of the NV
generated pairs. Upon comparison, Alice and Bob discard measurement outcomes where
the encoding and decoding bases disagree to distil a key that is further refined through

error correction and privacy amplification [152].

The secret key rate, R, is the amount of information that can be securely exchanged
between Alice and Bob in the presence of perturbations. The exact expression of R

depends on the QKD protocol used. In the six-state protocol it is given by [153]

R=1+ ngogg (g) + <1 - ;Q) log, (1 — gQ) (4.1)

where () = 1— F'is the qubit error rate and F' is the measurement fidelity, i.e., the ability
of Bob to correctly distinguish the states sent by Alice. The secret key rate reaches its
maximum Ry, = 1 for Q = 0 or F = 1. The QKD link between Alice and Bob is viable
so long as the secret key rate is positive; this is satisfied for () < 0.126 or F' > 0.874. By
comparison, the secret key rate in the original BB84 protocol is given by [153]

R=1+42Qlogy(Q) +2(1 - Q)logy(1 - Q), (4.2)

and admits a lower error threshold of () < 0.11 and a higher fidelity threshold F' > 0.89.
We use the six-state protocol to demonstrate the importance of mode order and size,
information retrieval and entanglement concentration schemes, with OAM as the spatial
mode of choice. Although we use OAM as a topical example, the framework provided

here can easily be extended to other spatial modes.
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4.2 Turbulence-induced decay of QKD fidelity

4.2.1 Theoretical model

In the scenario depicted in Fig. 4.1(a), the entangled photons are initially correlated
in OAM. Ideally Alice and Bob would like to share the following maximally entangled

two-photon state

1

V2

In the presence of turbulence, the correlations between the two photons are weakened,

|®7) B (It1)alla)s +[—t1)al—L2)B) - (4.3)

resulting in a lower photon detection probability [154—156] and loss of entanglement and
measurement fidelity with respect to the initial state [143, 147, 157]. This is because the
OAM spectrum of photon B is altered as it propagates through the turbulent channel.
From previous work it was found that the spectral broadening arising from turbulence
perturbations is peaked around the initially transmitted state [154, 156-161]. Thus for

simplicity we model the effect of turbulence as follows

w> turbulence Z b|g_m| |m>’ (44)

m
where 0 < b < 1. The spectral broadening is symmetric about the initially transmitted
OAM state [¢). The two-photon state in Eq. 4.3 is then modified due to the turbulent

channel acting on photon B, to produce

)4 = (00 )4 m)
+y b ), |n>B),

where

N = Z b2|€2—m| + Z b2|—€2—n‘ -9 Z b2|£2_m|. (46)

In the absence of turbulence, b — 0 and the distribution is sharply peaked around the
initial OAM state. Conversely, in very strong turbulence, the OAM spectrum flattens
and b — 1~ (the negative superscript is used here to refer to b approaching 1 from the
left).

To determine the effect of turbulence on the secure key rate of the QKD protocol, we
chose to focus on the decay of measurement fidelity as a function of the turbulence
strength; that is, the probability that, after turbulence, Alice and Bob measure their
photons in the correlated state described in Eq. 4.3. Given that the target state is a
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pure state, the fidelity takes the form [128]

F=(@t|p|ot) = |(87]2) > = (47)

1
Zm b2‘f2—m| ’
In the two-dimensional case where Alice and Bob use states |+££; ) and |+/2 ), respectively,

the measurement fidelity within the post-selected subspaces is given by

1 1
> mmap, V2127 C 14 bilel”

Fy= (4.8)
Note that the measurement fidelity is dependent on the turbulence strength: Fy decreases
as b increases. However, the fidelity is bounded below by Fy = 0.5. This is logical when
one considers the overlap in Eq. 4.7. In the specific case where | (®F|®) |? = 1/2, the
states |®) and |[®T) can be said to belong to mutually unbiased bases. Hence, no
information can be extracted from the projection of |®) onto |®*), and the mutual

information between Alice and Bob, I4p, vanishes.

4.2.2 Experimental realisation

The decay in fidelity is experimentally demonstrated in Fig. 4.2. Information is encoded

into OAM modes with a transverse electric field expressed as [16]

N -
Us(r, 6) = ¢ /W'leo (f) exp <—w3) exp(ile). (4.9)

For ease of notation, we will refer to the OAM state in Eq. 4.9 with the ket |¢). The
projections performed by Alice and Bob in the six-states protocol are made into the fol-
lowing bases: {|—€), £}, {(1€) + [~£))/V2, (1€) = |~£))/VZ} and {(|€) +i|~£))/V2,
(|¢) —i|—£))/v/2}. Interestingly, the joint measurements in the six-state protocol co-
incide with those required for an over-complete quantum state tomography [128, 162],
and are shown in Fig. 4.2(a). Projections in the same basis fully discriminate the states
prepared by Alice, while measurements in conjugate bases produce a uniform probabil-
ity distribution. These projective measurements can be used to reconstruct the density
matrix of the state after the turbulence and compute the fidelity. Note that the region
enclosed with red-dashed lines highlights a set of measurements that would be required
in BB84.

We generated entangled photons through type-I spontaneous parametric down-conversion
by pumping a 3 mm BBO crystal with a picosecond laser with wavelength 355 nm and
average power 350 mW, as shown in Fig. 4.1(b). For each down-converted pump photon,

a pair of entangled photons is emitted, each with a wavelength of 710 nm that were then
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F1GURE 4.2: Fidelity decay in turbulence. Alice and Bob perform joint measurements
on the two-photon state for an entanglement based six-state protocol with OAM states
carrying i of OAM per photon. These tomographic measurements are shown (a) in
the absence of turbulence (SR = 1) and (b) in the presence of turbulence with SR =
0.5 for a mode size wyg = 800 um. The regions enclosed by the red dashed lines (top
left corner) show the measurements required for the traditional BB84. (c¢) Shows both
the simulated and experimental measurements of the decay of fidelity as a function of
turbulence for OAM states with |[¢| = 1 and post-selected beam width wg = 200 pm.

directed onto a spatial light modulators (SLM). On one half of the SLM, we encoded
the spatial projections required for the six-state protocol. On the other half, the same
projections were superimposed with turbulence phase screens to simulate one photon
propagating through turbulence. The substitution of a turbulent channel by a single
phase screen is justified by the fact that we have assumed a weak scintillation regime,
i.e., phase-only perturbations. The down-converted photons were then passed through 10
nm bandpass filters and coupled into single-mode fibers connected to single-photon de-
tectors (Excelitas SPCM-AQRH-13-FC) with dark count rates of 250 counts per second
and a 70% photon detection efficiency. Using holograms encoded on the SLM, we per-

formed a state tomography of the two-photon state as a function of turbulence.
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We modelled turbulence based on Kolmogorov’s theory. We used the Strehl ratio (SR)

as our measure of the turbulence strength

1

SR=17 6.88(wo/70)2’

(4.10)

where wy is the beam size and r is Fried’s parameter, expressed in terms of the refractive

index structure C2, wavelength A and propagation distance z as

)\2 3/5
ro = 0.185 (C%) : (4.11)

The above expression in Eq. 4.10 was obtained by applying the quadratic structure func-
tion approximation [145] to the general definition of SR presented in [146]. To generate
the turbulence phase screen, we multiply the Kolmogorov power spectral density with
a random complex function, then inverse Fourier transform the product following the
method detailed in [147]. The effects of turbulence on the projective measurements are,
by means of example, graphically depicted in Fig. 4.2(b) for a single turbulence phase
screen with strength SR = 0.5. Note that here the Strehl ratio is defined with respect

to the Gaussian mode and only serves to define controlled turbulence conditions.

We chose to perform the experiment using two OAM states with ¢ = £1, as well as the
corresponding MUBs. The fidelity measurement results, averaged over a total of 50 single
turbulence phase screens per turbulence strength SR, are presented in Fig. 4.2(c). The
uncertainty in the turbulence strength arises from the prior calibration measurements we

performed to ensure the accuracy of the turbulence strength that was digitally encoded.

4.3 Effect of mode separation on the QKD fidelity

As predicted by Eq. 4.8, the measured fidelity decays with increasing turbulence strength.
Interestingly, the fidelity in Eq. 4.8 is also seen to depend on the OAM used to encode
the qubit information. For a given turbulence strength, states with higher helicity, /¢,
have higher fidelities, allowing for more robust quantum communication due to higher
tolerance to noise. To illustrate the advantage of using higher values of OAM for robust
QKD, we simulated the measurements that Alice and Bob would perform to build a key

in the six-state protocol, using OAM modes with different topological charges.

The intensities of the OAM modes used are shown in Fig. 4.3 for ¢ = {2,4,6, 8,10, 20}.
Each point on the graph corresponds to the fidelity of Bob’s measurements at a given
turbulence strength, averaged over 200 turbulence screens. Observe that the decay in

fidelity is faster when using OAM states with lower OAM values, compared to those
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FIGURE 4.3: a) Simulated measurement of fidelity decay as a function of turbulence
for OAM states with ¢ = 2, 4, 6, 8, 10 and 20. The minimum secure key rate Ry, = 0
is attained for a fidelity of 0.89, while the mutual information 145 vanishes for F' = 0.5.
b) Simulated measurement of fidelity decay as a function of turbulence for OAM states
with £ =2, 4, 6, 8, 10 and 20 with the modes all renormalised to the same size.

with larger OAM values. This is indeed consistent with the expected behaviour of the
fidelity deduced in Eq. 4.8. Note that the minimum fidelity for which the channel is still
secure, that is R > 0, is chosen here to be F' = 0.89. This is because for F' > 0.89 the

channel is viable for both the BB84 and the six-state protocol. The mutual information

I4p between Alice and Bob, given by

Tap =1+ Qlogy(Q) + (1 — Q) logy(1 - Q), (4.12)
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vanishes for ) = F = 0.5.

It could be argued that the comparison between these modes is not a fair one due to
the difference in mode size. Indeed, the size of an OAM mode depends on the OAM
value according to the relation w, = WO\/W [163]. The higher the OAM content,
the larger the mode size. However, note that the strength of turbulence SR in Eq. 4.10
is inversely proportional to the square of the the mode size; given fixed turbulence
conditions (that is we fix rg), larger beams would experience higher turbulence compared
to smaller beams, and hence will experience higher OAM scattering. The results shown
in Fig. 4.3 thus show that despite experiencing higher turbulence, higher OAM modes
still show more robustness compared to lower OAM modes due to their higher mode
separation. To remove the dependence on beam size, we ran a second simulation where
we normalised each OAM mode to the same size; that is, rather than encoding the same
scale parameter wg for all the modes, we assign each mode the OAM-dependent scale
parameter wy = wp/ \/m This way, all OAM modes have identical beam size wy.
The newly normalised states, together with the results of the simulation are shown in
Fig. 4.3(b). Observe that the rescaled modes now have a smaller radius. Hence they
would experience less turbulence that in the cases presented in Fig. 4.3(a). Indeed,
reducing the beam size has increased the robustness to turbulence as shown in Fig. 4.3.
Similarly to the previous simulation, modes with higher OAM content are even more

resilient to turbulence.

Though QKD with higher order modes is desirable due to the reduced crosstalk, there
are some design challenges that need to be considered. In the case of photon pairs
produced by parametric down-conversion, as is the case here, the OAM correlation
signal decays with increasing OAM index. This reduces the speed at which secure keys
can be generated. A possible avenue that has been explored involves shaping the down-
converted spectrum at the source. By changing the spatial profile of the pump laser, one
is able to change the nature and amplitude of the spatial (OAM) correlations [164, 165].
In this manner, one could engineer the OAM spectrum so that higher order modes have

higher correlation signals compared to the lower order modes.

4.4 Mitigating information loss

4.4.1 Recovery of information in additional subspaces

Atmospheric turbulence causes modal scattering, resulting in the broadening of the
mode spectrum, transforming the maximally entangled qubit state in Eq. 4.3 into a

high dimensional entangled state as described in Eq. 4.4. However, when implementing
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the BB84 or six-state protocol, Alice and Bob post-select on a given OAM subspace,
say |¢]. The consequence of this post-selection is the loss of information and therefore
the decay of entanglement. Could Bob extend the post-selected mode space to gain
more information? Consider the scenario depicted in Fig. 4.4, where a quantum router
that separates even and odd OAM modes [166] is placed after the turbulent channel but
before Bob’s detector. In this scenario, Alice projects her photon in the |¢| = 1 subspace,
while Bob makes his projections in both the |¢| =1 and |¢| = 2 subspaces. Let |®)ap,
and |®)ape be the two-photon state shared by Alice and Bob at the detectors for odd
and even |/| respectively, as depicted in Fig. 4.4. Then

1
@) aBo = (Y1) +[=1)|-1))
VM 2 (4.13)
+ m(ll>\—1>+\—1>\1>),
b
) aBe = (1) 12) +1-1)1-2))
VN2 3 (4.14)
+ (1) [=2) +[=1)]2)),

VN,

where N1 = 2(1 + b*) and N3 = 2b%(1 + b*) are normalisation constants.

One can compute the fidelity between Alice and Bob within the respective subspaces and
show that they are given by Eq. 4.8. Thus, for b sufficiently small (enough to guarantee
that the secret key rate is positive) Bob can extract useful information by probing
additional subspaces. However here the measurement in the higher OAM subspace will
only occur at a rate proportional to b?. The effect of turbulence on the photon detection
probability is shown in Fig. 4.4(c). As a quantitative illustration, the probabilities
were normalised with respect to the two measuring subspaces. Losses resulting from
turbulence in the primary channel |+1)4 ®|+1)p are accompanied by gains in the other
channel |+1) 4®|+2) B, up to a limit defined by the turbulence parameter b. In the range
of acceptable values for b (F' > 0.874), post-selecting on the additional OAM subspace
allows a fraction of the decohered information to be recovered. We highlight that while
we have normalised the detection probability to only the measured subspaces; that is,
we have assumed that scattering is limited to those two subspaces, one should expect a
lower fraction of photons recovered when accounting for the full high-dimensional space
after scattering. In the above, photon loss during sifting is not accounted for (1/2 in
BB84 and 2/3 for the six-state protocol). Nevertheless, post-selecting on additional
subspaces would allow Bob to extract more information from the QKD link, at a rate

inversely proportional to the turbulence strength.

We also considered the possibility that the quantum router in Fig. 4.4 could have been

introduced by an eavesdropper to extract the photons with |¢/| = 2 that would have
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FIGURE 4.4: Recovering information in higher OAM subspaces. (a) To increase photon
recovery during QKD, Bob uses a quantum router to separate photon states according
to their parity, and post-selects two OAM subspaces: |[¢| = 1 and |¢| = 2. (b) Shows
the measurement fidelity of Alice and Bob, normalised to each of the two subspaces
(dotted blue line). The range of turbulence parameter b for which information recovery
is still possible is shown as the green shaded region enclosed by the Riax, Rmin and
the fidelity curve. (c¢) Shows the impact of turbulence on the relative photon detection
probability in two measuring subspaces for Alice and Bob.

otherwise been discarded by Bob through post-selection. The eavesdropper, Eve, could
for example attempt an intercept-and-resend strategy. This approach would however

not be successful because of sifting losses: Eve would send photons to Bob with at least
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a 50% error in BB84, and over 66% in the six-state protocol. Hence, probing additional

subspaces would only benefit Bob and not the eavesdropper.

4.4.2 Conversion of noise to losses

The intermodal scattering incurred by an OAM state in the presence of turbulence can
be represented as
@) ap =1® M|2T)4p, (4.15)

where M is an operator acting on Bob’s qubit. In the context of QKD, it is not possible
to obtain an exact picture of M by quantum state tomography given that multiple
projections cannot be performed on a single photon. However, it has recently been shown
that in a one-sided channel, the decay of entanglement of a quantum state is identical to
the decay of non-separability in a classical vector beam [157]. As such, one could employ
a non-separable classical beam, sometimes called classically entangled, to reconstruct
the channel operator. Because of the abundance of photons in the classical beam, the
necessary projections for the quantum state tomography can be realised simultaneously
with high signal-to-noise ratio. This would allow for real-time measurement of the
channel, and mitigation of errors on the quantum states measured. Importantly, this

approach can be implemented optically as we outline next.

For a given realisation of turbulence, i.e., a single phase screen in this case, the channel

operator M admits the following polar decomposition:
M = U[M| = U (20){0] + A [1)(1]), (4.16)

where U is a unitary operator and \; are the eigenvalues of the positive operator \M l,
with corresponding eigenstates |i). Note that if Alice and Bob encode information as
shown in the previous sections, then the eigenstates |i) would correspond to superposi-

tion of the basis OAM states.

Given that )\; < 1, implementing an inverse transformation is in general not always
physically feasible; this is because the eigenvalues of [M|~!, 1/);, are larger than 1.
Thus, implementing the inverse channel transformation would imply adding identical
copies of the photons to the system, something that is prohibited by the no-cloning

theorem [167]. Alternatively, one can engineer a conjugate filter M, given by
M = [M|UT = (M]0){0] + Ao[1)(1]) U, (4.17)

such that MM = ML Alice and Bob can then distil the initial state |®1)4p at a
rate proportional to AgA1, thus increasing the measurement fidelity of the QKD link.
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Interestingly, the state measured after applying the conjugate filter will have higher
fidelity with respect to the initial state and, in our case, a higher degree of entanglement.
This concentration of entanglement by means of local operations was first proposed
in [168], where a set of maximally entangled singlet states could be filtered from an
ensemble of non-maximally entangled states. This process was later extended to mixed
states [169] and experimentally demonstrated in two and higher dimensions [106, 170
172]. In all these demonstrations, the entanglement concentration was achieved through
Procrustean filtering, performed on both photons from an entangled pair. However,
unlike the previous demonstrations, the method we present here achieves entanglement

distillation with local operations performed on only one of the entangled parties.

Let us demonstrate the scheme using a particular example from our simulation. Alice
prepares the entangled state |®1)4p and sends one qubit to Bob through a turbulent
channel. Simultaneously, Alice sends a vector beam |¥) through the same channel, as

shown in Fig. 4.5(a). The initial quantum and classical states are expressed as follows

)4 = \g<w>A|ﬂ>B+|—£>A|—e>B> (4.18)
W) = (0 R) +|-0)|LY), (4.19)

V2

where |R) and |L) are right- and left-circular polarisation states.

In the presence of turbulence, the classical beam is transformed by a unitary phase
screen, causing intermodal scattering. We assume that Alice and Bob post-select a
particular OAM subspace for both the classical and quantum state. As a result of

post-selection, Bob receives the following classical state

|Wout) = 0.53|0) |R) 4 0.18¢"™/3 |—£) |R)

in/5 —im/8 | (4.20)
+0.24e"™/°|€) | L) + 0.47e |—C)|L).

Note that the probabilities do not add to unity since we are projecting onto a particular
OAM subspace. While the state could easily be normalised, we have purposely not done

so to demonstrate the effect of post-selection. The channel operator then reads

0.47¢~"/8  (.18¢!™/3
M = . (4.21)

~\ 0.24¢i7/5 0.53
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FIGURE 4.5: Noise to loss conversion scheme with classical light. (a) Single photons,
together with a bright classical beam are sent through the same channel and analyzed
separately. A state tomography of the classical beam is performed to reconstruct the
channel operator. The classical data are subsequently used to perform a Procrustean
filtering on the quantum state in real-time. (b) The detection fidelity is computed from
the measured two-photon density matrix in the presence of turbulence (uncorrected
data). The channel matrix is reconstructed using a bright classical source and used to
engineer a filter that cancels out the effect of turbulence, increasing the fidelity to unit
(corrected).

We denote V' and D the matrix of eigenvectors and eigenvalues, respectively, of the

operator MTM. The positive operator |M]|, is computed as follows

M| = VDV — 0.5167 0.1069 + 0.0085:
0.1069 — 0.0085: 0.5494 '

One can then show that the positive operator |M| admits the following spectral decom-
position:
IM| = 0.4246|0)(0| + 0.6415|1)(1],

0) = 0.7584 1y = 0.6497 + 0.0519;
—0.6497 + 0.0519i )’ 0.7584 '

where
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Note that the above eigenvectors are represented in the OAM basis where |—¢) = (1 0)T
and |£) = (0 1)T.

The unitary matrix U is given by

(4.22)

. [0.8356 —0.4211i —0.0053 + 0.3527i
U=MM|!= ;

0.1836 +0.3012¢  0.9337 — 0.06151¢

such that UTU =1

One can then read off the expression of the positive conjugate filter to apply in the
correction

IM| = 0.6415[0)(0] + 0.4246|1)(1], (4.23)

and show that MM = (0.6415 x 0.4246) I. The result of the correction in this case is a
conversion of noise from crosstalk, into loss: the identity operator obtained by applying
the conjugate filter shows that the effect of turbulence can be completely removed from
the final quantum state, resulting in entanglement distillation. The corresponding con-
stant term quantifies the photon losses during the filtering process. A simulation of the
noise-to-loss conversion on the fidelity is shown in Fig. 4.5(b) for single phase screen at
various turbulence strengths. The observed increase in fidelity post-filtering comes at

the cost of reduced key generation rate, shown in Fig. 4.5(b).

4.5 Conclusion

Spatial modes have shown promising potential to realise high-bandwidth quantum com-
munication beyond the qubit. In free-space, spatial modes are adversely affected by
external perturbations during propagation, as a result of turbulence. Here we have con-
sidered a six-state protocol with OAM, showed the deleterious effects of turbulence on
the secret key rate, and proposed two approaches to mitigate errors and losses. Unlike
in previous studies, we have carefully accounted for mode-dependent size when com-
paring the decay in detection fidelity between OAM states. To mitigate the effects of
turbulence, we have proposed two novel schemes. On one hand, we have shown that
depending on the strength of turbulence, more information can be recovered by post-
selecting a state space larger than the encoding one. However, the frequency of a viable
detection in the additional subspaces increases with turbulence strength, a behaviour
not desired given that detection fidelity decreases with increasing turbulence strength.
On the other hand, we have introduced an entanglement concentration scheme based

on a classical measurement of the channel. We exploited the fact that entanglement
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dynamics of quantum and classically entangled states in a one-sided channel are in-
distinguishable to show that the classical beam can be used to probe the channel in
real-time. Reconstruction of the channel matrix in real-time can be performed through
a process tomography and used to perform Procrustean filtering on one party in the
entangled pair shared by Alice and Bob. It is our opinion that the tools presented here
will be useful in supplementing existing methods of turbulence mitigation for robust

quantum (and classical) communication.



Chapter 5

Entanglement concentration by

Hong-Ou-Mandel interference

This Chapter contains extracts from a publication by Bienvenu Ndagano and Andrew Forbes:
“Entanglement distillation by Hong-Ou-Mandel interference with orbital angular momentum states”.
Applied Physics Letters: Photonics, 4:016103, 2019.

In previous Chapters, we have demonstrated that spatial entanglement is susceptible
to decay in the presence of external perturbations such as atmospheric turbulence. In
Chapter 4, we have introduced methods to mitigate information loss, one of which in-
volved Procrustean filtering, a common method to realise entanglement distillation [168].
In this Chapter, we address the issue of entanglement distillation on an ensemble of OAM
entangled photons generated by spontaneous parametric down-conversion (SPDC), and
perturbed by a one-sided weak turbulent channel. One of the photons in the entangled
pair propagates through the turbulence, leading to a unitary scattering in a higher di-
mensional OAM space. As a result of post-selection on a particular OAM subspace, one
measures a decay of the degree of entanglement despite the unitary nature of the channel
operator. To distil entanglement, we interfere the non-maximally entangled photons in
a Hong-Ou-Mandel (HOM) configuration [173, 174]. It has been shown that the HOM
interference can be exploited to implement a filter for Bell states according to their in-
trinsic symmetry [175, 176]. By performing a state tomography of the quantum states
after implementing the HOM filter, we obtained distilled entangled singlet states with
fidelity F' > 0.90, up from as low as F' = 0.03.
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5.1 The concept

Consider the OAM entangled two-photon state |¥,) expressed as follows:

1
V2

where the subscripts A and B label each of the photons in the entangled pair carrying

o) (16)al—0)5 —~0)al0)5) . (5.1)

Lh quanta of OAM. Photon A is allowed to propagate through a turbulent channel that

is unitary, causing a scattering of OAM states:

turbulence
|€> —_— Z Co—y!

g/

oY, (5.2)

where ", |cp—¢|* = 1. While the scattering certainly leads to the formation of higher-
dimensional correlations, we will restrict the problem to a qubit subspace by projecting
on the initial OAM state space; that is, we will consider the terms ¢ = 4/ in Eq. 5.2.

The perturbed qubit state after turbulence then becomes

W) = é(co €0al=£)5 = co|=E)a1)5 + cae|~E0al=)p — ¢ 2|04 l0)5).  (5.3)

It is useful at this point to express |¥y) in the Bell basis. This can be done by realising
that the last two terms in Eq. 5.3 correspond to a state on a two-photon OAM Bloch
sphere [27], where the poles are the Bell states ‘@2’) and ‘@Z ), expressed as followed:

1
7

One then rewrites Eq. 5.3 in the Bell basis as follows:

0F) = —=(|-0)al—t)s £[0)alt)5) . (5.4)

(W) =co |¥, )+ 5y | OF ) + ey | @, ), (5.5)

where cé} = <<I>zt|‘lfg>.

After the turbulent channel, the photons enter a Hong-Ou-Mandel filter as show in
Fig. 5.1(a). The aim of this filter is to distil the singlet state |¥, ) from the per-
turbed state |¥y). The layout of the filter is shown as inset in Fig. 5.1(a), and con-
sists of two mirrors and a 50:50 beam-splitter (BS). A general entangled state |¥) =
(161)a]—l2)B £ |—t1)al2)B) /2 is transformed by the HOM filter as follows

—_

) BB, (1)1 )t 11602 )2 + 1) =) + 10 ) )+

-3

(G100 1) 10002 12)2 + |=0) 1£2)2 4 |~61)2 1£2)"). (5.6)

s

2
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F1cURE 5.1: Experimental setup for entanglement distillation. By pumping a 3 mm
thick, non-linear type-I BBO crystal with a 355 nm laser, we produced through SPDC,
pairs of entangled photons with wavelength 710 nm. The photons are sent down two
paths, one containing a delay line and another with two dove prisms (DP) to manipulate
the SPDC state symmetry. A turbulence phase plate (TPP) in path A perturbs the
state before the photon paths are recombined at a 50:50 beam-splitter (BS). Lenses L
(fi = 100 mm) and Lo (f2 = 750 mm) relay the plane of the BBO crystal onto the spatial
light modulator (SLM). The two photons are probed using digital holograms encoded
on the SLM, passed through 10 nm bandpass filters (F), and then coupled to single
mode fibres (SMF). (b) Shows the range of phase fluctuations across the turbulence
phase plate.

where the superscripts 1 and 2 label the output ports of the beam-splitter. One can

then show that the filter transforms the states in Eq. 5.5 as follows

|\I/€_> HOM filter ‘\I’e_>1’2, (57)
‘(I)Et> HOM filter %(‘(I)Zt>171 + |‘1>zt>2’2>- (5.8)

Note that the antisymmetric singlet state ‘\I’Z> exhibit anti-bunching; no two photons
are in the same output port. For the two symmetric states, however, photons bunch and
exit in the same port of the beam-splitter. Therefore, conditioning the photon detection
on coincidence between the two output ports automatically discards the contribution of

symmetric states in Eq. 5.5, leading to the following distillation result:

|‘IJK> HOM filter

co [T, )2 (5.9)
In this manner, noise arising from turbulence is converted to losses, with the probability
|co|? representing the fraction of singlets distilled. Given that only antisymmetric states
exhibit anti-bunching after the HOM filter, the choice of initial singlet state is logical
and necessary; that is because all symmetric states produce no coincidence signal after
the HOM filter [177]. One can then conclude that the HOM filter projects onto singlet

states.
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Note that the above treatment would also be valid in the case of two photons going
through two turbulence screens. This is because given a weak turbulence operator M;

acting on photon ¢ we have, within a given OAM subspace,
MA®MB|\IJZ_> —>C~0‘\II€_>+("')symmetric- (5'10)

However, one should expect the fraction of distilled states to be even lower than in the

case of one photon going through turbulence, with |co| > |¢p].

In the case of strong turbulence where scintillations are significant, the HOM filter would
distil singlets (at an even lower rate) but the nature of the original state before turbulence
would be unknown. That is because strong turbulence would allow symmetry-breaking
scattering that compromises the uniqueness of the two-photon interference peak signal;
both symmetric and antisymmetric could, in principle, cause a coincidence detection
after perturbation. It is this many-to-one mapping makes it impossible to deduce the

state before the turbulence.

5.2 Experimental realisation

5.2.1 Production of antisymmetric states

We experimentally demonstrated our distillation scheme using the setup in Fig. 5.1(a).
Pairs of entangled photons were produced through SPDC. We pumped a 3-mm type-I
BBO crystal with a 355 nm laser at 350 mW average power and 80 MHz repetition rate,
producing the symmetric SPDC state

[U)sppe = a0[0)410)5 + > ar | ¥ ) ag, (5.11)

>0
where [U/)ap = ([€)al—€)p+|—£)a|l)B) /V2. Using a pair of dove prisms in the
path of photon A, we controlled the symmetry of OAM subspaces by inducing an OAM-
dependent phase in the SPDC state: |[¢) — exp(2i€f) |¢), where 0 is the angle between

the two dove prisms:

DPs. exp(2il0) |0) |—C) + exp(—2ild) |—L() |C)
7 .
For § = (2n + 1)m/4¢ with n € N, one achieves the conversion to antisymmetric state

in all the OAM subspaces. We set § = w/4 and obtained, up to a global phase, the

v¢)

(5.12)
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following selection rules:

f=n/4 ‘\I/Z> for odd ¥,
—

|T7) (5.13)

|U) for even £.

Photon A then propagates through turbulence. We considered a turbulent channel with
weak scintillation, such that atmospheric perturbations can be summed to a unitary
transformation, i.e, a single turbulence phase screen [147], and thus does not lead to a
decay in purity. In our case, the turbulence phase screen was modelled based on the
Kolmogorov’s theory and printed on a glass plate with different zones of average phase
fluctuations, as shown in Fig. 5.1(b). In the path of photon B we placed a delay line,
consisting of a dove prism mounted on a piezo-controlled stage, to adjust the delay
in arrival time of the two photons at the BS in the HOM filter. Photons exiting the
HOM filter were then analysed using spatial filters encoded on a spatial light modulator

(SLM), coupled to single-mode fibres and measured in coincidence.

5.2.2 Calibration of the Hong-Ou-Mandel filter

Initially, we calibrated the HOM filter by scanning for the characteristic dip of coin-
cidence counts in the HOM interference. The aim is to demonstrate the efficacy of the
distillation scheme by performing a quantum state tomography at points of zero and
maximum visibility of the HOM dip; at zero visibility, the HOM filter is in the “OFF”
state (out of the HOM interference region) while at maximum visibility it is in the
“ON” state (lowest point in the HOM interference region). Using the digital holograms
encoded on the SLM, we post-selected the £ = 0 subspace (symmetric state) from the
SPDC state and show the quantum interference signal in Fig. 5.2(a), in the presence
and absence of turbulence. The visibility, V, was computed from the coincidence counts
inside (Cin) and outside the dip (Cout):

Cout - Ci

—_— .14
Cout + Cin (5 )

Viip =
We obtained, respectively, a visibility of 84.4% and 75.7% for the dip without and with
turbulence. The decay in visibility that we measured can be attributed to the decay
in signal-to-noise ratio resulting from turbulence-induced intermodal scattering that
reduces the coincidence rates. We will show further that this does affect the distillation

of singlet Bell states.

We extended the measurement of the HOM interference trace to the £ = £1 subspace

where the SPDC state has been made antisymmetric. This is done by projecting the
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photon pair on conjugate OAM states and scanning the piezo-controlled stage. Due to
anti-bunching effect after the HOM filter, one would expect a HOM peak rather than
a dip. This is because events with two-photons in one output port of the BS are in
theory non-existent when the filter is in the ON state. Indeed we measured, as shown
in Fig. 5.2(b), HOM peaks without and with turbulence with visibilities of 73.7% and
60.4%, respectively. In this case, the calculation of visibility was done differently and

we will argue the formula we used.

The standard formula in Eq. 5.14 is adequate for fringes with an ideal minimum of zero;
under this condition, the visibility is equal to unity. This is indeed the case for the
HOM dip. Due to the bunching effect with the HOM filter ON, symmetric states attain,
in principle, a minimum of zero coincidence counts. Therefore the visibility of the dip
can be computed as in Eq. 5.14. For antisymmetric states, coincidence counts should
in theory, increase two-fold when the HOM filter in ON, with no zero minimum. Under
Eq. 5.14, this would lead to negative visibility values with absolute maximum less than

unity. Rather, we choose to express the visibility of the HOM peak as follows:

C’out - (2Cout - Cin) o _Cout + Cin
C’out + (2Cout - Ci ) N 3Cout - Cin ’

Vpeak = (5.15)
This way of computing the visibility effectively inverts the HOM trace about the min-
imum (HOM filter OFF), turning the HOM peak into a HOM dip with zero absolute
minimum, whose visibility can be calculated as in Eq. 5.14. Assume a minimum of 1
for the HOM peak signal (Cout = 1). Switching the HOM filter to the ON state leads
to a maximum coincidence signal of 2 (Cj, = 2), resulting in a maximum visibility of

Vpeak = 1.

5.3 Tomography of the distilled states

Having established the reference point for the HOM filter (determination of the dip/peak
position), we demonstrated the effectiveness of the distillation process by performing a
quantum state tomography of the two-photon state with the HOM filter OFF/ON.
Figure. 5.3(a) graphically depicts the joint projective measurements performed within
the £ = =1 OAM subspace, to realise an over-complete quantum state tomography [128]
with the HOM filter in the OFF state. We selected 6 different locations on the surface
of the turbulence plate to implement our distillation scheme. The choice of location was
solely guided by our need to cover a range of turbulence conditions. With the HOM
filter still in the OFF state, we performed a tomography of the two-photon state at the
six different locations, as shown in Fig. 5.3(b). As expected, the measurement outcomes

wildly deviate in the presence of turbulence. We then repeated the measurement with
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FIGURE 5.2: Hong-Ou-Mandel interference signal for (anti)symmetric states. Delaying

one photon with respect to the other leads to (a) a dip and (b) a peak in coincidence

counts for the symmetric (¢ = 0) and antisymmetric £ = +1 states, respectively. In the

presence of turbulence, the visibility of the HOM interference decays in both subspaces,
together with the coincidence counts.

the HOM filter in the ON state. Observe that with respect to the reference shown
in Fig. 5.3(c), the tomographic measurements at the previous 6 locations [Fig. 5.3(d)]
are qualitatively similar, indicating that the HOM filter is indeed distilling maximally

entangled states.
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FIGURE 5.3: Quantum state tomography of two-photon state with HOM filter

OFF/ON. (a) Shows the normalised tomographic measurement performed with the

HOM filter OFF in the absence of turbulence. (b) We introduced the turbulence plate

in the path of photon A and show the effect of turbulence on the state tomography

measurement outcomes. We repeated the measurements, this time with the HOM filter

ON (c) in the absence of turbulence and (d) for the same locations across the turbulence
plate.

To each of these tomographic measurements, we can attach a quantitative measure to
numerically demonstrate the efficacy of the HOM filter. Our figure of merit here is
the fidelity, F', of the reconstructed two-photon density matrix p, with respect to the
maximally entangled singlet state pr = |, )(¥, |:

2
F = (\Vorovar) = w]ole). (5.16)

For each of the reference measurements in Figs. 5.3(a) and 5.3(c), the measured fidelity

was in excess of 99%

When post-selecting the antisymmetric space £ = +1, we show that with the HOM
filter OFF, the fidelity with respect to the maximally entangled singlet state decays as
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Fidelity

FicUure 5.4: Distillation of singlet states. With the HOM filter in the OFF state
(outside the dip) the fidelity of the measured state with respect to the singlet Bell state
decays with increasing perturbations of the turbulence phase plate. Switching the filter
to the ON state results in the distillation of states with high-fidelity with respect to the
singlet Bell state. This is shown within the (a) £ = +1 and (b) ¢ = +3 subspaces.

shown in Fig 5.4(a), from 0.90 down to 0.095. However, with the HOM filter ON, the
fidelity remains constant with F' > 0.85 and consistently above the results with the
filter OFF. We performed a similar set of measurements with the next antisymmetric
subspace ¢ = £3. States within this subspace are more resilient to turbulence due to
their larger separation in OAM space [178]. Using the same locations as before yielded
relatively high fidelities without any significant spread. Therefore we chose another set
of locations across the turbulence phase plate and compared the results with the HOM
filter OFF and ON as shown in Fig. 5.4(b). Similarly to the previous case, with the HOM
filter OFF we measured a decay of fidelity from 0.95 down to 0.032. When switching the
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filter to the ON state, the fidelity remained consistently high for the various locations,
with F' > 0.9.

The distillation scheme we have demonstrated enables current and future quantum tech-
nologies. Turbulence makes it impractical to employ spatial modes for long distance
quantum communication, with the measurement fidelity decaying with increasing tur-
bulence. Our scheme enables one to recover, with high fidelity, information that would
have otherwise been lost. The resilience of our scheme to a range of turbulence would
enable robust quantum communication over significant distances. Furthermore, high-
fidelity entangled states are critical resources to build a quantum repeater, a fundamental
building block of quantum networks [179]. Our distillation scheme can be readily im-

plemented with current technologies.

5.4 Conclusion

We have demonstrated an entanglement distillation scheme based on quantum inter-
ference of two entangled photons. The distillation process is realised by a Hong-Ou-
Mandel filter that causes symmetric and antisymmetric Bell states to respectively bunch
and anti-bunch upon exiting the filter through a 50:50 beam-splitter. By conditioning
the detection system on coincidence between the output ports of the HOM filter, we
have shown theoretically and experimentally the distillation of antisymmetric singlet
states. The entanglement concentration process was tested for a coherent superposition
of symmetric and antisymmetric state, produced by perturbing a singlet state with a
one-sided weak turbulent channel. We have illustrated our distillation scheme by fil-
tering OAM singlets carrying ¢ = +h and ¢ = £3h quanta of OAM from an ensemble
of non-maximally entangled pure states. When compared to a singlet Bell state, we
have experimentally demonstrated the distillation of states with average fidelity higher
than 90%, from an ensemble with average fidelity as low as 3%. The states distilled can

reliably be used further in other quantum processes.
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A deterministic detector for

vector vortex modes

This Chapter contains extracts from a publication by Bienvenu Ndagano et al. “A deterministic

detector for vector vortex states”. Scientific Reports, 7:13882, 2017.

Realising high-dimensional quantum communication remains challenging. One of the
important issues to address and which is crucial to QKD, is the efficient detection of
the prepared photon. It is well known that scalar spatial modes can be detected prob-
abilistically with holographic filters that can be encoded on a spatial light modulator
(SLM) [18], and deterministically with mode sorters [180]. In contrast, the detection
of vector vortex modes is rather more complex, with tools existing at the many photon
level [70, 71] but none to date for the deterministic detection at the single photon level.
Here we introduce a new detection scheme that, deterministically and without dimen-
sion dependent photon loss, can detect all basis elements in our high-dimensional vector
mode space. We achieve this through a two step process: using polarisation as a marker,
we first sort the vector modes in two paths according to their intramodal phase (0 or
7) through interference. The OAM carried by the photon in each path is then mapped
to position using refractive OAM mode sorters [180—-183]. The mapping of vector mode
to position allows for the deterministic detection of higher dimensional state spaces, a
feature particularly beneficial to QKD as it allows for high sifting rates. Likewise with
classical communication where an improvement to signal-to-noise ratio over existing de-
tection methods would be expected because the received signal is no longer distributed
across many detectors. To demonstrate the detector, we present a simple prepare-and-
measure QKD BB84 protocol using vector modes — and their mutually unbiased OAM

scalar modes — within the |[¢| =1 and [¢| = 10 subspaces.

72
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6.1 High dimensional encoding with vector vortex modes

Early QKD demonstrations were performed using the polarisation DoF, namely, states
in the space spanned by left-circular |L) and right-circular polarisation |R), i.e., Hy =
span{|L),|R)}, and later using the spatial mode of light as a DoF, e.g., OAM with
He = span{|l),|—¢)}. Using entangled states in both DoF's allows one to access a large
state space, Ho¢ = Ho ® Hy, described by the higher-order Poincaré sphere (HOPS)
[38, 40], as shown graphically in Fig. 6.1 (a)-(d). Employing multiple OAM values the

final state space is a direct sum of the subspaces H, ¢ for different ¢:

Hy = @ Hoys (6.1)
LeM

where M C N and the direct sum € of vector spaces A; is given by @, A; = {3, i |a;) :
la;) € A;,a; € C}. The dimension of Hjys equals the sum of the dimensions of the
subspaces Hy ¢, i.e. d = 4N, with N = |Q| being the number of different values of |/|
(the distinct subspaces or spheres). This opens the way to infinite dimensional encoding
using such hybrid states. For example, using only the |¢| subspace of OAM leads to a
four-dimensional space spanned by {|¢, L), |—¢,L),|¢,R),|—¢, R)}. It is precisely in this
four-dimensional subspace that, here, we define our vector and scalar modes: a vector
mode set, [¢))¢g, which forms four local Bell states with entangled internal degrees of

freedom, and a mutually unbiased scalar mode set, |¢ )¢, defined as

Wio = (R 1)+ L) =), (62)
6o = 5 (IR +e B L)) 1), (63)

where § = 0 or 7 is the intramodal phase. For a given |¢| OAM subspace, there exists a set
of four orthogonal modes in both the vector basis (Eq. 6.2) and its mutually unbiased
counterpart (Eq. 6.3), such that |(¢|¢)|* = 1/d with d = 4. Both mode sets can be
generated by manipulating the dynamic or geometric phase of light [18, 41, 157, 184].
Here we employ geometric phase control through a combination of g-plates [62, 63] and
wave plates to create all vector modes in the four-dimensional subspace defined by a fixed
|¢]. For the purpose of demonstration, we use vector and scalar modes in the £ = £1 and
¢ = £10 OAM subspaces, shown graphically in Figs. 6.1 (e) and (f) respectively. Table
6.1 details the combination of wave-plate and ¢-plates required to generate the vector
modes in Fig. 6.1, given an input, horizontally polarised, Gaussian laser beam. For
example, to produce a [1))_1 - state, the horizontally polarised Gaussian laser beam is
passed through HWP1 oriented at 7/4 radians, then a g¢-plate with ¢ = 5 and finally
through HWP2 oriented at 0 radian.
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FIGURE 6.1: High—order Poincaré sphere (HOPS). We show the HOPS for the cases:

(a) £ =1, (b) £ = -1, (¢) £ = 10 and (d) £ = —10. (e) and (f) show mutually

unbiased vector and scalar vortex modes from, the { = +1 and ¢ = 410 subspaces,

respectively. The insets show the azimuthally varying phase profile of the scalar/OAM

modes. Observe that the modes corresponding to the maximally entangled local local
Bell states occur on the equator of the HOPS.
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TABLE 6.1: Requirements for the generation of each of the four local local Bell states

in the two subspaces of [¢/| = 1 and |¢| = 10. The input state is a linearly polarised

Gaussian beam and all angles are defined with respect to the horizontal axis. The
experimental arrangements of the wave plates and g-plates is shown in Fig. 6.2(a).

Bell State ~ HWP1 angle (1) HWP2 angle (72) q

19)1,0 0 - 0.5
‘w>1,7r 77/4 - 0.5
[P)-10 0 0 0.5
)10 /4 0 0.5
19 ) 10,0 0 - 5
1Y) 10,7 m/4 - 5
19) ~10,0 0 0 5
1Y) 10,7 /4 0 5

6.2 Deterministic detection

We now introduce a new scheme to deterministically detect the vector vortex modes,
as detailed in Fig. 6.2(a), that has a number of practical advantages for classical and
quantum communication. Consider a vector mode as defined in Eq. 6.2. The sorting of
the different vector modes is achieved through a combination of geometric phase control
and multi-path interference. First, a polarisation grating [185] based on geometric phase
acts as a beam splitter for left- and right-circularly polarised photons, creating two paths
(a and b)

1 .
¥)e0 = 5 (R)altha+e? 1LY 1=00). (64)
where the subscript a and b refer to the polarisation-marked paths. The photon paths
a and b are interfered at a 50:50 BS, resulting in the following state after the BS:

1 4 ¢i0+6+3) 14 (i0+0-3)
[9)e0 = —— e IR)e +i————— |~t}a|L)a (6.5)

where the subscripts ¢ and d refer to the output ports of the beam splitter and ¢ is the
dynamic phase difference between the two paths. Note that the polarisation of the two
paths is automatically reconciled in each of the output ports of the beam splitter due to
the difference of parity in the number of reflections for each input arm. Also note that
at this point it is not necessary to retain the polarisation kets in the expression of the
photon state since the polarisation information is contained in the path. In our setup

we set 6 = /2, reducing the state in Eq. 6.5 to

1— ¢t 1+¢?
[0 ) 0o = +1i

|—£)a (6.6)
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FIGURE 6.2: Deterministic detection of vector vortex modes. (a) A vector beam is
generated by shaping attenuated light from a He-Ne laser with geometric phase optics:
half-wave plates (HWP1 and HWP2) and a g-plate (QP). A polarisation grating (PG)
maps circular polarisation to two paths, a and b, which are then interfered at a 50:50
beam-splitter (BS). Subsequently the OAM states are measured using mode sorters
(MS1 and MS2) that map OAM to position. The output ports (¢ or d) of the BS
and the lateral locations (|¢) or |—£)) deterministically indicate the Bell state being
measured by the detectors F1-F4. Experimental results from the spatial sorting of
vector modes are shown in (b) for £ = +1 and (c) for £ = £10, with crosstalk matrices
for these subspaces shown in (d) and (e). M1 and M2 are mirrors; L1 and L2 are lenses,
and F1-F4 are multimode fibers.

The measurement system is completed by passing each of the outputs in ¢ and d through
a mode sorter to path split the positive and negative ¢ states, and collecting these
photons using 4 fibres coupled to photodiodes F;. The mode sorters are refractive

(lossless) aspheres that map OAM to position [180-183]. The first optical element of the



Chapter 6. A deterministic detector for classically entangled light 77

sorter unwraps the OAM modes while the second acts a phase corrector by stopping the
unwrapping process. The result is a transformation from an azimuthal to linear phase
with a gradient proportional to the OAM charge incident on the sorter. The modes map

according to

[W)eo — il—L)a— Fa, (6.7)
[V)er = |€)e = Fo, (6.8)
W)—eo0 — ill)a — Fs, (6.9)
) —tr — L) = F1. (6.10)

where the indices ¢ and d label the output ports of the BS. For example, the Bell state
|¥))¢,0, which is known as radially polarised light at the classical level, is directed to path
d and detector F3 (|—¢)), thus making the detection deterministic, and likewise for all
the other states. This is shown in Fig. 6.2(b) and (c) for the two subspaces ¢ = +1
and ¢ = £+10, where all the vector modes under study are mapped to unique positions
at the detector plane. While it is trivial to measure such vector states at the classical
level with many photons [70, 71, 144], with our approach each single photon Bell state
is detected with, in principle, unit probability at the single photon level. Figure 6.2 (d)
and (e) shows the probability of detection of single photons for different HOPS local Bell
states (¢ = +1 and ¢ = £10). The depicted results validates our proposal as a highly
efficient method to sort local Bell states with in principle unit probability. Observe that
the detected states are in excellent agreement with the generated local Bell states for all
cases. In classical optics such non—separable states, also known as vector vortex beams,
have been widely studied. Under this regime our detection apparatus also works but
with a dx signal-to-noise as the incoming signal is not distributed across d detectors,

where d is the number of classical modes in the set.

Finally, Fig. 6.3 shows the results for the detection of photons in superpositions of
our vector basis. This task is performed by changing the angle +; of the HWP1 and
measuring the intensity in each output port of the setup. The experimental results (data
points) are in excellent agreement with theory (dashed curves), validating that arbitrary
superpositions may also be detected with high fidelity. Note that the detection of the
mutually unbiased scalar mode works in an analogous manner, with the exception that
the BS is removed since there is no need to resolve intermodal phases to recover the

vector nature of the mode.
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FIGURE 6.3: Detection of superpositions of vector states. The two graphs show de-

tection (normalised intensity) of superpositions of states from our vector basis. The

superpositions were created by changing the HWP angle ~; (cp. Table 6.1). Each

point was generated by averaging 30 measurements. The dashed lines represent the
theoretical curve.

6.3 Deterministic and filter based detection

The advantage of our approach is graphically depicted in Fig. 6.4(a), where we plot, as a
function of the dimension, the photon efficiency of the detection: defined as 1 — .S where
S is the fraction of photons whose information is lost due to measurement approach.
Since a filter can only probe one spatial mode at the time, the measurement of a d-
dimensional state will return a positive detection with an average probability < 1/d. In

two dimensions, and assuming unit detection efficiency for every input state, two modes
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FIGURE 6.4: (a) Photon efficiency as a function of dimension for a deterministic and

filter-based measurement scheme. (b) Effective key rate as a function of dimension

shown experimentally (data points) for two measurement approaches, namely, filtering

and deterministic detection. Data points show measurements in the subspaces of £ = +1

and £ = +10 for d = 2,3 and 4. The measurement fidelities for / = £1 and ¢ = +10 were

measured to be 0.96 and 0.97, respectively. The solid curves are theoretical bounds on
the effective key rate assuming a fidelity of 1.

can be detected using a single detector by inferring the detection probabilities; given
that the probability of a detection in detector A is p4, the probability of detection in
detector B is thus 1 — pa.

Our system on the other hand does not suffer any dimension dependent loss. This
would make it particularly beneficial to both classical communication through mode-
division multiplexing with higher signal-to-noise ratio, as well as high efficiency quantum
communication in the form of high-dimensional quantum key distribution. The latter
is graphically illustrated in Fig. 6.4(b) where we plotted theoretical and experimental
data of the photon information capacity as a function of the dimension. By photon

information capacity we mean the d-dimensional effective key rate as defined in [153],



Chapter 6. A deterministic detector for classically entangled light 80

taking into account detection efficiency. Note that the filter-based detection has key
rates well below the qubit (d=2) maximum of 1 bit per photon.

6.4 Application to quantum key distribution

We performed a four-dimensional prepare-and-measure BB84 QKD protocol [150] using
the mutually unbiased vector and scalar modes given earlier, namely, a vector mode set,
|Y¥)¢6, and a mutually unbiased scalar mode set, [¢)¢g. For a given [¢| OAM subspace,
there exists a set of four orthogonal modes in both the vector basis (Eq. 6.2) and its

mutually unbiased counterpart (Eq. 6.3). Our four vector modes for QKD then become:

1

00), = ﬁ(\RH@HLH—@), (6.11)
1

01), = E(IRH@—ILH—@), (6.12)
1

[10), = E(ILWHIRH—@), (6.13)

1)y = —=(L)]6) — [R) |-0)), (6.14)

5

2

with corresponding mutually unbiased bases (MUB)

where the subscripts s and v refer to, respectively, the scalar and vector mode basis,

while D and A are the diagonal and anti-diagonal polarisation states.

Light from our source was attenuated to an average photon number of p = 0.008 per
pulse. Note that while such weak coherent states cannot be used for QKD without
photon splitting strategies, it is a suitable demonstration of the detection scheme, which
is our aim here. Alice prepared an initial state in either the vector or scalar basis and
transmitted it to Bob, who made his measurements as detailed in the previous section
with deterministic vector and scalar mode detectors. Through optical projection onto
both the vector and scalar bases as illustrated in Fig. 6.5(a), we determined the crosstalk
matrices shown theoretically in Fig. 6.5 (b) and experimentally in (c) and (d), relating

the input and measured modes within, respectively, the subspaces £ = +1 and ¢ = £10.
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FIGURE 6.5: High dimensional QKD with vector modes. (a) Schematic of the inner
product measurements performed between the vector states and their mutually unbiased
counterparts, (b) theoretical scattering probabilities among the vector and scalar modes
following the measurement procedure in (a), and experimental results for the (c) £ = +1
and (d) £ = £10 subspaces. (e) Alice and Bob agree on bit values for the vector and
scalar modes. (f) Alice sends a random sequence of vector and scalar modes, which Bob
randomly measures using either a vector analyser (VA) or a scalar analyser (SA). Alice
and Bob, upon communication of the encoding and decoding bases through a classical
channel, discard bit values for modes prepared and measured in complementary bases.
(g) Shows a simple encryption/decryption of an image using a 98 bit long key, sifted
from a total of 200 transmitted bits. Photo courtesy photos-public-domain.com.

The average fidelity of detection, measured for modes prepared and detected in identical
bases, is F' = 0.965 4 0.004 while the overlap between modes from mutually unbiased
bases is | (¢[1)) |> = 0.255 4 0.004, in good agreement with the theoretical value of 0.25.

For each mode, Alice and Bob assign the bit values 00,01,10 and 11, as shown in
Fig. 6.5(e). During the transmission, Alice randomly prepares her photon and Bob
randomly measures the photon with either the vector or scalar analyser (the scalar
analyser is the vector analyser discussed earlier but without the beam splitter). At
the end of the transmission, Alice and Bob reconcile the prepare and measure bases
and discard measurements in complementary bases, as illustrated in Fig. 6.5(f). We
performed this transmission using a sequence of 100 modes and retained a sifted key of
49 spatial modes (98 bits), which was used to encrypt and decrypt a picture as shown
in Fig. 6.5(g).

From the measured crosstalk matrices in Fig. 6.5(c) and (d), we performed a security
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analysis on our QKD scheme in dimensions d = 4 for the two OAM subspaces (+1 and
+10). The results of the analysis are summarised in Table 6.2. From the measured
detection fidelity F', we computed the mutual information between Alice and Bob in

d-dimensions as follows [25]

1-F
The measured I4p for d = 4 is nearly double (1.7x) that of the maximum achievable
with only qubit states (1). Assuming a third party, Eve, uses an ideal quantum cloning
machine to extract information, the associated cloning fidelity, Fg, in d-dimensions is

given by [25]

FE:§+ (d_l)c(zl_F> +2\/(d—1é)iF(1—F)_ (6.20)

With increasing dimensions, the four-dimensional protocol reduces the efficiency of Eve’s

cloning machine to as low as 0.38 well below the maximum limit in a two-dimensional
protocol (0.5). Thus, increasing the dimensionality of QKD protocols does indeed have,
in addition to higher mutual information capacity, higher robustness to cloning based
attacks. We emphasise here that we take the case of cloning based attacks was used to
illustrate a proof-of-concept; that is, increasing the dimensionality of quantum protocols

provides added security benefits.

The mutual information shared between Alice and Bob, conditioned on Bob’s error —
that is, Bob making a wrong measurement is as a result of Eve extracting the correct
information — is computed in d-dimension as follows [186]

g = logy(d) + (F + Fis — 1) logy (F“;E_l> + (1= Fp)log, (&:fﬁj) . (6.21)

The consequent measured quantum error rate of ) = 1 — F = 0.04 is well below the
0.11 and 0.18 bounds for unconditional security against coherent attacks in two and four

dimensions [186], respectively. The lower bound on the secret key rate, given by [153]

1—-F
yields a value as high as 1.52 bits per photon, well above the Shannon limit of one bit per
photon achievable with qubit states. While the security of the protocol can be increased
with privacy amplification, the measured four-dimensional secret key rate demonstrates

the potential of such entangled modes for high bandwidth quantum communication.

We emphasise that the above demonstration serves to outline the benefits of this basis

set for QKD, which is now feasible given the deterministic detector proposed here. Our
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TABLE 6.2: Summary of the security analysis on the high dimensional protocol showing

the experimental and theoretical values of the detection fidelity (F'), mutual information

I4p between Alice and Bob, Eve’s cloning fidelity (F) and mutual information with

Alice I 4, as well as the quantum error rate () and information capacity per photon R
in bits per photon.

d=4((==%1) d=4 ({==+10)

Measures experiment experiment ideal
F 0.96 0.97 1.00
IAp 1.69 1.76 2.00
Fg 0.44 0.41 0.25
IAp 0.17 0.13 0.00

Q 0.04 0.03 0.00

R 1.39 1.52 2.00

work highlights that the deterministic detection of vector vortex modes would result in
higher sift rates when compared to filter based methods [104], crucial for maintaining
the benefits of increased dimensions in the state space. In the case where filters are
used to distinguish a single basis element from all others, the probability to choose the
filter that corresponds to the sent signal state is given by 2/d. As such, using a filter
based detection, the sifting loss grows with the dimension d, unlike with a deterministic
detector which would be unaffected by the larger state space. For example, in the
demonstration shown in Fig. 6.5, filtering one mode at the time would only yield a raw
key that is, on average, 50 bits long; that is because a maximum of two vector modes

can be distinguished in a single shot measurement using a g-plate as a filter [71].

6.5 Conclusion

In this work we presented a deterministic measurement scheme where many and single
photon local Bell states in the form of vector vortex modes were sorted and detected
with, in principle, unit detection probability. Since each mode maps to a unique position
in the spatial domain, such a detection will not suffer from any dimension-dependent
loss. In QKD, where photon loss as a result of the measurement procedure affects the ef-
ficiency of the transmission, our scheme makes it possible to increase the dimensionality
without compromising on the sifting rate. We point out that our scheme would likewise
increase the signal-to-noise of classical mode-division multiplexing communication sys-
tems: rather than distribute the signal across d modes, each with 1/d of the signal, we
can achieve full signal on each mode with a factor d greater signal-to-noise ratio [187].
A major advantage we offer is that all modes in our Hilbert space are eigenmodes of
free-space [149, 188] and optical fibre [70], thus facilitating long distance applications

outside the laboratory environment.
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Conclusion

The tools we have provided in the present Thesis were designed to realise the potential
of spatial modes in enabling quantum processes. It is however important to place our
findings in the context of current research trends. Figure 7.1 is a map of the major
advancements that have been realised in the context of entanglement engineering and
control using photons. The goal in the field is to realise multipartite entanglement in
high dimension. However, progress in meeting both criteria is scarce and non-trivial. To
date, much work has been aimed in realising either multipartite qubit entanglement or

high-dimensional bipartite entanglement.

In Chapter 1, we have introduced the concept of entanglement at both the quantum
and classical level. The central idea was that at the heart of entanglement lies non-
separability between the state that are said to be entangled. However this non-separability
is not unique to quantum systems. Indeed classical states of light can and do exhibit
non-separability in their degrees of freedom. Due to the local nature of these classical
correlations, such non-separable states are said to be classically entangled. The concept
of classical entanglement is fascinating and intriguing, as one ponders on the similarities
between quantum and classically entangled states within the domain of local processes.

Can we find analogies between these two flavours of entanglement?

The first affirmative answer was given in Chapter 2 where we provided means to generate
and measure classically entangled states. We showed that through dynamic and geomet-
ric phase control, one could tailor and quantitatively measure arbitrary non-separable
states of classical light. In addition, we presented the concept of quantum state tomo-
graphy applied to classical light. Quantum state tomography is, as its name suggests,
a technique traditionally associated with the measurement of quantum states and is a

particularly powerful tool to reconstruct the density matrix of entangled states. We

84
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FIGURE 7.1: Historical trends in photonic entanglement engineering and control.

applied the procedure to classical light and show the reconstruction of the density mat-
rix of classically entangled vector beams. This provided the tools to explore analogies

between classical and quantum entanglement in the next Chapter.

Though photonic entanglement with spatial mode is full of promises, such entangled
states are fragile and decay in the presence of external perturbations such as atmospheric
turbulence. And while a characterisation of the perturbations would assist in designing
error correction strategies, the sparsity of entangled photons pairs in quantum exper-
iments makes establishing a working link through the perturbations very difficult. In
Chapter 3, we circumvented this hurdle using bright classical light. We showed that the
decay of classical and quantum entanglement in a one-sided turbulent channel are equi-
valent and indistinguishable, opening the door to the characterisation of the quantum
link with bright classical sources. In addition, we show that the decay of entanglement
in the channel for an arbitrary input state can be predicted if one knows the dynamics of
the maximally entangled classical beam. The ability to predict bipartite entanglement
dynamics using classical light places our findings firmly in the bottom left of the plot in
Fig. 7.1.
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In Chapter 4 we explored means to mitigate the effects of turbulence on the quantum link
we studied in Chapter 3. Particularly, we showed that employing entangled states with
larger mode separation increases the robustness of the quantum link as they experience
less crosstalk. And while this has been shown for two-dimensional states, it can equally
be applied to high-dimensional ones to realise quantum communication with more bits
per photon. Furthermore we showed that by implementing a high-dimensional detection
on a perturbed qubit state, one is able recover photons and information that would
have otherwise been lost as a result of post-selection. Lastly, we demonstrated the
concentration of entanglement by Procrustean filtering on one party in the entangled
pair. This involved probing the perturbing channel with classically entangled light as
shown in Chapter 3 and performing local projections on one party in the entangled pair.
With regards to Fig. 7.1, the tools we present here further our ability to realise robust
quantum communication with entangled bipartite quantum states in two and higher

dimensions,

Chapter 5 further explored the idea of entanglement concentration after turbulence.
Unlike the Procrustean filtering presented in Chapter 4, we introduced a ‘blind’ passive
method to distil entanglement by quantum state interference. This approach uses the
Hong-Ou-Mandel effect to filter singlet Bell states from an ensemble of photons with
near-zero degree of entanglement. The distillation scheme we have demonstrated enables
current and future quantum technologies. Turbulence makes it impractical to employ
spatial modes for long distance quantum communication, with the measurement fidelity
decaying with increasing turbulence. Our scheme enables one to recover, with high
fidelity, information that would have otherwise been lost. The resilience of our scheme
to a range of turbulence strengths would enable robust quantum communication over
significant distances. Furthermore, high-fidelity entangled states are critical resources to
build a quantum repeater, a fundamental building block of quantum networks [179]. Our
distillation scheme can be readily implemented with current technologies. In distilling
singlet states in high-dimensions, our scheme (with respect to Fig. 7.1) would also allow

for high-dimensional state engineering and control in the presence of noise.

Finally in Chapter 6, we tackled the problem of dimension-dependent losses in the con-
text of quantum key distribution with spatial modes. In particular, we considered single
photons encoded in a vector vortex mode basis, for which only probabilistic vector mode
detectors were available. We introduced a detector that deterministically maps vector
modes to distinct positions at the detector plane with, in principle, unit efficiency. Unlike
probabilistic filter-based detectors, our scheme does not suffer from dimension-dependent
losses, allowing us to take full advantage of the larger Hilbert space of vector modes to

realise a four-dimensional quantum key distribution protocol. This was demonstrated



Chapter 7. Conclusion 87

with vector modes in the £ = £1 and £ = 10 OAM subspaces. An outdoor demonstra-
tion of this protocol has been realised by Sit et al. using a filter-based detection [24].
Using our approach would, in principle, have allowed Sit et al. to double their photon
sifting rates. With regards to Fig. 7.1, this presents significant advantages to efficiently
implement high-dimensional communication with two-photon entangled vector vortex

states [189].
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