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The focus of this paper is to investigate the exact solutions of a diffusive susceptible-infectious-recovered (SIR) epidemic model,
characterized by a nonlinear incidence. A four-dimensional Lie point symmetry algebra is obtained for this model. We utilize the
Lie symmetries to deduce the optimal system of one-dimensional subalgebras. The reductions and group-invariant solutions are
obtained with the aid of these subalgebras. We also derive new group-invariant solutions and reductions for the underlying model
via subalgebras that are related to the optimal system by adjoint maps. We developed the diffusive susceptible-infectious-
quarantined (SIQ) model with quarantine-adjusted incidence function to understand the transmission dynamics of COVID-19.

1. Introduction

Models of epidemiology have been of great interest, and
different mathematical approaches have been utilized for
their analysis and solutions. The SIR model, as presented in
Kermack and McKendrick [1], and its adaptations are often
used in multiple studies dealing with epidemiological
models. A natural extension of the classical Kermack and
McKendrick model involves understanding the spatial dy-
namics of disease spread. We present some works that are of
relevance here. The geographic and temporal expansion of
plagues investigated by Noble [2] provides the foundation
for subsequent research in this area. Reaction-diffusion
equations were employed to explore the diffusion of ra-
bies among red foxes across Europe [3-6]. We refer the
reader to comprehensive surveys [7, 8] and reference therein
for the pioneering works to understand the spatial dynamics
of disease spread.

Fu [9] established the traveling waves for a diffusive SIR
model with delay. The traveling wave solutions of different
variants of a delayed SIR model with diffusion were studied
by Yang et al. [10], Zhou et al. [11], and Zhen et al. [12].
Investigating a diffusive SIR epidemic model in a spatially

heterogeneous environment, the study [13] delves into the
dynamics, global stability, and impact of heterogeneity on
disease persistence, demonstrating that even with a basic
reproduction number less than 1, high initial infective
numbers could sustain the disease. Exploring time-periodic
traveling wave solutions in a periodic SIR epidemic model
with diffusion and nonlinear incidence, Wang et al. [14]
demonstrate the existence of these waves by examining fixed
points of a nonlinear operator on a set of periodic functions.
Moreover, utilizing comparison arguments and properties of
spreading speeds, the study establishes the nonexistence of
certain periodic traveling waves. The work of Zhou et al. [15]
demonstrates the novel achievement of obtaining a non-
trivial, positive, and bounded critical traveling wave solution
for a diffusive disease model with an infinite equilibrium
reaction system, resolving an open question as discussed in
Wang et al. [14]. The critical traveling wave is revealed as
a hybrid of both front and pulse types. Zhao et al. [16]
explored the existence and nonexistence of traveling waves
in a two-group diftusive SIR epidemic model. It was shown
that the system permits nontrivial traveling wave solutions
when the basic reproduction number is greater than 1 and
no nontrivial traveling waves are found for the case when the
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basic reproduction number is less than or equal to 1. Cao
et al. [17] studied a diffusive SIR epidemic model with
a saturated incidence rate. Thabet and Kendre [18] studied
the diffusive SIR model and a diffusive susceptible-exposed-
infected-recovered-deceased (SEIRD) model based on
conformable space-time PDEs to understand the trans-
mission dynamics of COVID-19.

We investigate the epidemic model previously ana-
lyzed by Wang et al. [14] and Zhao et al. [16] employing
the perspective of Lie point symmetries. The Lie symmetry
approach to a differential equation is systematic and re-
sults in reductions and solutions in an algorithmic
manner (see e.g., the books [19-24]). There are efficient
computer packages which have been developed for the
computation of Lie symmetries (see e.g., [25-31]). There
has been a paucity of investigations on the exact solution
to the epidemic models. The symmetry approach [32-35]
has been useful in the application to the spatio-temporal
epidemic models represented by partial differential
equations (PDEs) in order to obtain Lie symmetries as
well as exact solutions to these models. We utilize the Lie
symmetry method for the SIR model. For equal diffusion
rates, the Lie symmetry algebra is four-dimensional. This
leads us to derive symmetry reductions and group-
invariant solutions by utilizing an optimal system of
one-dimensional subalgebras. Further relevant group-
invariant solutions and reductions of the model are de-
rived by subalgebras that are adjoint maps from the op-
timal system. The newly obtained exact solutions
significantly differ from the traveling wave solutions
previously reported by Wang et al. [14] and Zhou et al.
[15]. To illustrate the implications of our findings, we
developed a diffusive SIQ model with a quarantine-
adjusted incidence function.

The outline of this paper is as follows. In Section 2, the
Lie point symmetry algebras for the epidemic model with the
same or equal diffusion rates are determined to be four-
dimensional. The optimal system of one-dimensional sub-
algebras is then deduced. We present the symmetry re-
ductions and group-invariant solutions of the model
understudy with equal diffusion rates obtained directly by
the optimal system of one-dimensional subalgebras. Section
3 deals with group-invariant solutions obtained by means of
other subalgebras related to the optimal system by adjoint
maps. The exact solutions for the diffusive SIQ model are
provided in Section 4. Section 5 contains the final con-
cluding remarks.

2. A Diffusive Susceptible-Infectious-Recovered
(SIR) Epidemic Model

Let t represents time and x is a spatial coordinate repre-
senting the position in a one-dimensional space. The vari-
ables S (¢, x), I (t, x), and R (¢, x) describe the densities of the
susceptible, infected, and recovered populations, re-
spectively, at different points in time ¢ and space x. The focal
point of the study [14] was the following diffusive SIR ep-
idemic model with nonlinear incidence:
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BSI

— _ 1

S =S -+ (1)
BSI

_ _ 2

It dZIxx+S+I YI) ( )

R, =d;R, +yI, (3)

where the positive constants f3, y, and d; denote the infection
rate, the recovery rate, and the diffusion rates, respectively.
Here, we consider the equal diffusion rate case
d, = d, = d, = §. Henceforth, we focus on the equal or same
diffusion rate 8. The total population is N=S+1+R.
Systems (1)-(3) for the equal diffusion cased, =d, =d, =6
take the following form:

BSI

= _—_— 4

St 6Sxx S+I’ ( )
SI

It=61xx+8ﬁ?_y1> (5)

N,=6N,,, (6)

and R = N — § — I. There are different approaches in finding
solutions of systems (4)-(6), qualitative, approximate, and
exact. We utilize the Lie symmetry method which is well
known in the vast literature with many recent applications
using this effective method. Since N does not appear in the
first two equations in systems (4) to (6), we can focus on the
subsystem of equations (4) and (5) in our analysis. The
solution for N results in a diffusion equation (6) which have
well-known solutions and R=N -S-1.

2.1. Optimal System of One-Dimensional Subalgebras. We
establish the Lie symmetries of the subsystem of equations
(4) and (5) by utilizing the Maple-based packages [27, 28]
which yield the following Lie symmetries:

X, =0,
X, =0,, 7
X3 = sas + Ial,

X4 =26t0, — xS0g — x10;.

It is worth mentioning here that the Lie algebra of in-
variance (7) for equations (4) and (5) is the classical Galilei
algebra, a common feature in equations found in real-world
applications, but here, it emerges in the context of the ep-
idemic model. All possible reaction-diffusion systems in-
variant under this algebra were described in [36]. Equations
(4) and (5) represent a specific case of the general form of
Galilei-invariant systems of PDEs presented in [36]. The
commutation relations of the four-dimensional Lie algebra
of the subsystem of PDEs (4) and (5) are presented in
Table 1.

To obtain the reduced system of ODEs using symmetries
and hence to construct classes of group-invariant solutions
for the system of PDEs (4) and (5) in a systematic manner,
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TaBLE 1: Commutation relations for 4-dimensional Lie algebra of
subsystems (4) and (5).

L] X, X, X, X,
X, 0 0 0 26X,
X, 0 0 0 -X;
X, 0 0 0 0
X, -20X, X, 0 0

one resorts to the optimal system of one-dimensional
subalgebras for the underlying system. The method
employed to construct an optimal system of one-

dimensional subalgebras is well known and detailed in
[19, 21], among other related works.

To compute the adjoint representation, we utilize the
commutation relations in Table 1 and the following well-
known Lie series (see e.g., [19, 21]):

Ad (exp (eX))Y =Y —¢[X,Y] +%e2 (X, [X, Y]] —%é (X, [X, [X Y]] +.... (8)

For example,

1
Ad (exp (eX,))X, = X, - €[ X}, X,] +_!€2 (X0 [X0, X)) -

= X, —26eX,.

Likewise, determining the remaining entries of the ad-
joint table is straightforward. Table 2 presents the complete
adjoint representation. The entry (i, j) gives the action of the
adjoint operator Ad(exp (eX;))X I Considering a nonzero
vector represented as

X=a,X,+a,X, +a;X; +a,X,, (10)

we aim to simplify X by annulling and setting the coefficients a;
to unity wherever feasible, through adjoint mappings. The
calculations are straightforward, leading to the derivation of an
optimal system of one-dimensional subalgebras spanned by

X,, X5, X, +AX ), X, +uX;, (11)

where A and p are constants. It is important to mention here
that our optimal system is equivalent to that given in [37]. We
mention the results without calculations as these are utilized.

Next, we present the reductions and solutions to the
above optimal system of subalgebras and those that map to
these by adjoint action in Section 3.

2.2. Exact Solution Using X,. The invariance surface con-
ditions, [19, 23], yield

(12)

Equation (12) provides the group-invariant solutions S =
f(y)and I = g(y), where y = t, which reduces the system
of PDEs (4) and (5) to the following system of nonlinear
first-order ODEs

2

9)
. Bfg _
f+m—0,
(13)
»_ Bfg _
g—f+g+yg—0,

where prime denotes differentiation with respect to y.
From the first equation of (13), we obtain

!
= ,f f . (14)
I +Bf
We substitute (14) and its derivative into the second

equation of (13), which results in the nonlinear second-order
ODE

9

B =28 ff+ By -BS S (15)

2.2.1. Case (y+2p) and (y # ). The solution of this second
order ODE is

-9\ B/ =B
f)= (Az()’ —ﬁ)ﬁ— Aef? ) Y »
and
- A <ﬁy)t(A2 y-P- Ale(ﬂ—y)t> B (r-P)
g(t) LGB-7) e ; |

(17)

Thus, S(t,x) = f (t) and I (t, x) = g (t) which is the same
as [39] for the model with no diffusion. The last equation is
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TaBLE 2: Adjoint table of Lie algebra of the subsystem of equations
(4) and (5).

Ad X, X, X, X,
X, X, X, X, X,-e26X,
X, X, X, X, X, +eX;
X, X, X, X, X,
X, X, +e26X,-€e*8X; X,-eX; X, X,

N, =6N,,, (18)

and R=N-S-1

222. (Case y=2f). Case 1 (y=2p). In this case,
equation (15) reduces to f' + (y/2)f = c,, where c; is an
arbitrary constant. The general solution of this equation is
given by

2 _
FO) =Tt e (19)

Substitution of the solution (19) into (14) yields the
following group-invariant solutions:

2
vt Y oYt (20)
€

(—y/Z)t, I

2c
S="Lice =c,e

2.2.3. (Case 1y =p). 2Case 2 (y = B). Here, equation (15)
reduces to ff"— f" =0. The general solution of this
equation is given by

() =cye, (21)

where ¢, and c, are arbitrary constants. By substitution of
the solution (21) into (14), we deduce the following group-
invariant solutions

2 cit
—CCye

—_—. 22
(e +y) =

t
S=ciceM, 1=

2.3. Reduction Using X5. The generator X5 does not provide
any nontrivial group-invariant solutions and reductions to
the system of PDEs (4) and (5) as is evident.

2.4. Reduction Using X, +uX;. The invariance surface
conditions, [19, 23], yield

S¢ = uS,
I, = ul

(23)

Equation (23) provides the group-invariant solutions S =
f(x)e! and I = g(x)e which yield the reduction of the
system of PDEs (4) and (5) to a coupled nonlinear system of
second-order ODEs
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(Sf"_ﬁ fg _”f:())
f+g
(24)
fg

. Wtylg=0
f+g
where prime refers to differentiation with respect to x.
Numerical solutions for the system of second-order ODEs
(24) can be obtained using appropriate numerical tech-
niques. Our main goal is to derive exact solutions, and we
avoid exploring approximate or numerical solutions in
this study.

89" +p

2.5. Reduction Using X, +AX,. The X, + AX,-invariant
solutions, S = e(—tx//\)+(2ut3/3/\2) f( y) and I = e(—tx/)t)+(2at3/3/\2)
g(y), where y = x — (at?/1), reduce the system of PDEs (4)

and (5) to the following system of nonlinear second-order
ODEs:

w, Y, Bfg _
5f +Xf—m— >
(25)
v (Y Bfg _
o9 (X_y>g+f+g_0’

where again prime denotes differentiation with respect to y.
One can use numerical techniques to find solutions for the
system of second-order ordinary differential equations (25).

3. Exact Solution for Lie Subalgebras Related to
the Optimal System

In this section, we consider other Lie subalgebras contained
in the optimal system through adjoint maps. Finding exact
solutions for the second-order nonlinear ODEs (24) and (25)
is a highly nontrivial problem. Thus, we look at such re-
ductions via Lie symmetries that result in the first-order
ODEs. We establish many relevant exact solutions.

3.1. Exact Solutions Using Lie Symmetries X, and Xj.
Here, we consider the group-invariant solution invariant
under X, + #,X;. These solutions are related to those in-
variants under X, via the adjoint map as
Ad (exp (-1, X)X, = X, + 1, X;. This combination of Lie
symmetries X, + 7, X5 then yields the following group in-
variant solution:
S(t,x) = F, (t)e™”,

I(t,x) = F, (t)e"", (26)

where F, (t) and F, (t) satisty the following system of or-
dinary differential equations:

(F, +F2)F{_6’I§F§_(8’ﬁ_ﬂ)FlF2 =0,

(F\ +F,)F; — (8n; —y)F; — (8 + B~ y)F,F, = 0.
(27)
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The exact solution of system of ODEs (27) is given by

» B/ (B-y))
F, (t) = e(‘s’ﬁ—ﬁ)t(Az - A;;e%ﬁ y)t)

F,(t) (5;12_y)t<A2 - Ale*ﬁv»)*ﬁ/ By
,(f) =—eX™ Ay — AT

>

(28)

P A/
where A, and A, are arbitrary constants of integration.
Upon substituting F, (t) and F, (t) from (28) into (26), we

arrive at the final form of the group-invariant solution for
S(t,x) and I(t,x)

S(t,x) = e(éﬂfﬁ)tmx(Az - Ale‘(ﬂ—y)t>(/3/ (B=v))
B

A2 _ Ale—(ﬁ—y)t)(/;/ (ﬁ*)’))Az

I(tx) = — (M%V)me(
(¢, x) e 3

The solutions of the diffusion equation for the total
population

N, =6N,, (30)

is well known and finally R = N — S — I. This completes the
exact solution for all the variables of the SIR model. It is
important to mention here that the group-invariant solution
(29) holds for 77, = 0 case as well. This is equivalent to solving
the system of PDEs via X, discussed in Subsection 2.2
wherein we considered special cases as well.

3.2. Exact Solutions Using Lie Symmetries X, and X,. The
exact solution invariant under X, + #,X, is recovered by
the adjoint action on X, by Ad(exp X,). The combination
X, + 1,X, yields the following group-invariant solution:

S(t,x) = F, (t)e_(’hx2/41125t+2),

A , (31)
1 09) I(t,x) = F, (t)e_('“x /4;726t+2)’
where F; (t) and F, (t) satisfy
1., 1 1 1
(F5 + F4)(;126t + 5>F3 + 58;12F§ + (6[3112t + 51126 + £ﬁ>F3F4 =0,
(32)

1\, 1 1 1 1 1
(F5 + F4)<1126t + 5)F4 + (y8;12t + 58172 + 5y>Fi + <5 01, — Bt + yon,t + EY - Eﬁ)F3F4 =0.

The exact solution of system of ODEs (32) is given by
_ B B=y)) (1 (B~
(P4, - 4,) I

Fy(t) = )
3 () 21,0t + 1
(e# 4, - A4)*ﬂ/ B9 B g BBy 4
F4 (t) = >

V21,0t + 1A,

(33)

S(t, x) =(

where A; and A, are arbitrary constants of integration.
Upon substituting F; (t) and F, (t) from (31) into (33), we
arrive at the final form of the group-invariant solution for
S(t,x) and I (¢, x)

_ B/ (B~ ) _—(17,x?
AL~ A,) FHETD (B By (3 n;0+2)

\21,0t + 1 ’

(e(ﬁ—y)t A - A4)‘(,B/(,B_V))e(ﬁ—y)t A, ﬂ(ﬁ/(ﬁ—y))e—(q2x2/4;726t+2)

(34)

I(t,x) =

The solutions of the diffusion equation for the total
population N, = 6N is again known and R=N-S-1.
This completes the exact solution for all the variables of the
SIR model.

\2n,0t + 1A,

3.3. Exact Solutions Using Lie Symmetries X5 and X,. The
following group invariant solution arises from the combi-
nation of Lie symmetries X, +#;X; (the adjoint map
Ad(expy;X,) X, = Xy + 113X5):
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S(t,x) = Fs (£)e (¥ (n=)/410), .
I(t,x) = Fg (t)e(x(%—x)/zus)’
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where F; (t) and F (t) satisfy the system of ODEs

1.1 1.1
0 (Fs + Fg)F1 + (51‘6 - zﬁ)F; +<t2[38 +t0- Z;1§)135P6 =0,

(36)
1 1 1 1
t*8(Fs + Fg)Fo + (tzéy +t0- Zqﬁ)Fﬁ + [(E - Bt + yt)@t - Zqi]FsFﬁ =0.
The exact solution of system of ODEs (36) is given by
. (e(ﬁfy)tAS _A6)—(ﬁ/(ﬁ‘}’))ﬁ(ﬂ/(ﬂ—y))ef(nglzlt(?)
t) = ,
5 (1) 7
(37)
- o (4801 ~aydt>=n2/at3) A BEED) ( B _ A6)—(ﬁ/(ﬁ—y))
L) = ,
6 A6\/t—
where A; and A, are arbitrary constants of integration.
Upon substituting F; (t) and F4 (t) from (35) into (37), we
arrive at the final form of the group-invariant solution for
S(t,x) and I(t,x)
. (e A, - Ae)_(ﬁ/ 1D g (81 (B (12 erac o)
t) = b
X) 7
(38)
e(4/381‘274))61‘27;1§+2113x—x2/4t5) Aq ﬁ(/ﬂ/(ﬁfy)) ( o Bt A - A6)%/5/(ﬂ—y))
I(t,x) =

Again, the solutions of the diffusion equation for the
total population are known and R = N — S — I. This com-
pletes the exact solution for all the variables of the SIR
model. It is important to mention here that the group-
invariant solution (38) holds for #; = 0 case as well. This
is equivalent to solving the system of PDEs via X,.

4. Analyzing COVID-19 Transmission
Dynamics through the Diffusive SIQ
Model with Quarantine-Adjusted Incidence

In this section, we relate the derived results to a real-world
scenario. The appropriate initial and boundary conditions
are considered. If we replace the compartment representing
recovered or removed individuals with a quarantine com-
partment denoted as Q(t,x), the system described by
equations (1)-(3) can be interpreted as a diffusive SIQ model
with a quarantine-adjusted incidence function. Specifically,
we assume no movement of individuals in the quarantine

AT

class between compartments, leading to d; =0, and we
consider the equal diffusion rate case d, =d, =4. The
resulting model is as follows:

BSI

= el 39

St 8Sxx S + Ia ( )
BSI

- £ 40

I, M"x+5+1 yI, (40)

Q =vIL (41)

where the parameters are defined as > 0 is the contact rate
of susceptible individuals with infected individuals, y >0 is
the isolation rate of infected individuals, and & is the dif-
fusion rate. The actively mixing population-representing
individuals with whom a susceptible person can come
into contact are defined as N — Q = S + I (see e.g., Hethcote
et al. [38] and Naz and Al-Raeei [39]). The quarantine-
adjusted incidence function, denoted as ((BSI)/S +1), is
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derived by substituting the denominator N in the standard
incidence formula ((BSI)/N) with the actively mixed
population N —Q =S+ I. Consequently, the force of in-
fection is expressed as (BI)/(S+1I). The reproductive
number for this model is p, = 3/y. Upon closer examination,
it becomes evident that the diffusive SIQ model (39)-(41) is
identical to (4)-(6) for d; = 0 case. We will utilize this model
to study the transmission dynamics of COVID 19.

A similar procedure, as outlined in Sections 2 and 3,
could be carried out to obtain reductions and exact solutions
for the variables S(¢, x) and I (¢, x) within the subsystem of
equations (39) and (40). Subsystems (39) and (40) are
identical to subsystems (4) and (5); therefore, the reductions
and exact solutions developed in Sections 2 and 3 for the
variables S and I remain applicable to the subsystem of
equations (39) and (40). For the diffusive SIQ model, the
variable Q from equation (41) is

Q(t,x) = ]/J;I(T, x)dt + F (x), (42)

where F (x) is an arbitrary function of x and 7 is the dummy
variable. We consider the appropriate initial and boundary
conditions to further analyze this model to study the
transmission dynamics of COVID-19.

4.1. Initial and Boundary Conditions. The initial conditions
are specified as follows:

S(0,x) =SyA(x), 0<x<L,
I(0,x)=I,A(x), 0<x<IL, (43)
Q(0,x) =QyA(x), 0<x<L,
where S, I,, and Q, are constants that scale the initial
distributions of susceptible, infected, and quarantined in-
dividuals, respectively. The function A(x) describes the
initial spatial distributions of susceptible, infected, and
quarantine individuals. We investigate a scenario with time-

dependent nonhomogeneous Dirichlet boundary conditions
at x=0and x = L:

S(t,0)=0Q,(t), 0<t<T,
I(t,0)=Q,(t), 0<t<T,
Q(t,0)=Q4(), 0<t<T

7
The following compatibility conditions must hold:
SoA(0) = Q,(0),I,A(0) = Q, (0), QuA(0) = Q4 (0),
SoA (L) = Q4 (0), I,A (L) = Q5(0), QuA (L) = Qg (0).
(45)

It is worth mentioning that the exact solution for var-
iables S(t,x) and I(t,x) provided in equations (29), (34),
and (38) involves both variables t and x. Is it possible to find
an exact solution subject to the initial conditions (43) and
boundary conditions (44)? We utilize the combination of Lie
symmetries X, — 7X; outlined in Subsection 3.1 with #, =
—# and establish the exact solution for variables S (t, x) and
I(t, x) subject to initial and boundary conditions. Applying
the initial conditions (43) to the group-invariant solution
(26) yields

F, (0) = So, Fp (0) = Iy, (46)

and

A(x) =e ™. (47)

The exact solution of the system of ODEs (27) subject to
initial conditions (46) is given by

>

F,(t) = soe(W—ﬁ)f(M

B (B-v)
So +1, )

(48)

X ~(B-y)t\ B/ (B-y)
F,(t) = Ioe(5’1 W)(M) )
So + 1,

By substituting F, (t) and F,(t) from (48) into (26), we
obtain the final form of the group-invariant for the variables

S(t,x) and I(t, x) as follows:

I +Soe,(/3,y)t ~(B1(B=y))
So + 1o )

>

S(t,x) = Se (‘W—ﬂ)t—qx(
(49)

I1(t,x) = Ie (O v)tnx Iy + Spe B\ HED)

,x) =1I,e e .
0 S, + 1,

The variable Q(t, x), as given in equation (42), takes the

following form:

44
S(,1)=0,(1), 0st<T, 49
I(t,L)=Q5(t), 0<t<T,
Q(t, L) =Q4(t), 0<t<T
t v on (I + S.e B\ FB) .
Q(t,x) = yj <Ioe(8’7 V)T nx(%) dr +Que ™™, (50)
0 o+ 1o
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with F(x) = Qye™™ ensures that Q(¢, x) satisfies the spec-
ified initial condition. Next, we apply the boundary con-
ditions (44) and arrive at the following expressions for Q; (t),
i=1,...,6

~(B-p)t
Q, (1) = soe(ﬁﬂz—ﬁ)t(IOJ“SOey
Sy +1,

0, (1) = hw(&f—y)t(

So + 1,

So + 1,

) (Bl (B-v))

I,+ 80645,),” >—(/3/ B-)

Journal of Mathematics

, 0<t<T,

, 0<t<T,

¢ . I 4§ e BV =B (B~y))
Qa(t):yj()(IOe(é” V)T(L) dr+Q, 0<t<T,

Q, (¢) = 5.eor-pn To+ Soe
4 0 So + 1,

s (1) = 1, 7Dt
s(D) = Ioe So + 1

)(ﬁ/ B=y)

Iy + Sye F 7t )*/3’ By

(51)

, 0<t<T,

, 0<t<T,

So + 1,

! s e [Ty + Sye Brr WD )
QG (t) = YJO<10€(6U Y) ’1L<% dT+Q06 qL) 0<t<T.

The final form of the exact solution for the diffusive SIQ
model (39)-(41), which satisfies the initial conditions (43),
boundary conditions (44), and compatibility conditions
(45), is given by

S(t, x) = Sye (O P (

I(t,x) = Ipe T (

I+ Soe,(ﬂ,y)t (B (B-y))
So + 1 > ’

I+ e Bt =B (B-y))
0T 9 T T : (52)
So + 1,

So + 1,

t ) I S —(B-p)t B/ (B-y))
Q(t, x) = yJ (106(&1 Y)Tﬂx<0+06> dr +Que ™.
0

Here, the boundary functions Q;,i=1,...,6 are pro-
vided in (51).

4.2. Transmission Dynamics of COVID-19. Now, we explore
the exact solution for the densities of susceptible individuals
S(t, x), infected individuals I(t,x), and quarantined in-
dividuals Q(t,x), as described in equation (52), to un-
derstand the transmission dynamics of COVID-19. We will
utilize parameter values taken from relevant literature (see
e.g., [17, 18, 39] and references therein): § = 0.2, = 0.09,
B=04,y=03,8, =10° - 200 - 50, I, = 200, and Q, = 50.

For visualization, we consider a spatial range of 0<x <10
and a time interval of 0 <t <100. We followed Thabet and
Kendre [18] and have provided the surface plots for S(t, x),
I(t,x), and Q(t,x). The two-dimensional (2-D) plots for
S(t,x), I(t,%), and Q(t, x) for some fixed value of x = X are
also included.

The exact solution (52) for the variables S(t, x), I (¢, x),
and Q(t, x) is visually presented in Figures 1-6. The surface
plots illustrate the densities of S(t,x), I(t,x), and Q(¢, x)
over a time interval 0 <t <100 and spatial range 0 < x < 10.
Additionally, 2-D plots illustrate the densities of susceptible,
infected, and quarantined individuals at fixed spatial
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F1GURE 1: The surface plot of S(t, x) with parameters § = 0.2, 7 = 0.09, B = 0.4, y = 0.3, S, = 10° — 200 — 50, I, = 200, and Q, = 50 over

a time interval 0 <t <100 and spatial range 0 < x < 10.
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FIGURE 2: The 2-D plots illustrating the densities of susceptible individuals at fixed spatial locations x over a time interval 0 <t < 100. The
plots correspond to x =0,x =4,x =8,x = 10, with specified parameters and initial conditions: § = 0.2, # =0.09, f=0.4, y =0.3,

S, = 10° =200 — 50, I, = 200, and Q, = 50.

locations x over the time interval 0 <t <100. The 2-D plots
illustrating the densities of susceptible, infected, and quar-
antined individuals at the spatial boundaries x = 0 and x =
10 over the time interval 0 < # <100 are provided as well. The
other fixed spatial positions considered here are x = 4 and
x = 8. It is worth mentioning here that at the boundary
x =0, the diffusive SIQ model behaves similarly to the
classical SIR model proposed by Kermack and
McKendrick [1].

The surface plot illustrating the density of S(¢, x), over
a time interval 0<t <100 and spatial range 0<x <10, is
provided in Figure 1. The 2-D plots illustrating the densities
of susceptible individuals at fixed spatial locations x over
a time interval 0 <t <100 are given in Figure 2. The plots in
Figures 1 and 2 illustrate the temporal and spatial dynamics
of the density of susceptible individuals. Over time,

a decreasing trend in susceptibility is observed, indicating
a decline in the density of susceptible individuals. However,
this trend varies across space, while susceptibility diminishes
rapidly in areas closer to the initial outbreak at x = 0, and the
decrease is less pronounced in locations farther from the
source. The highest susceptibility is consistently observed
near the initial outbreak, reflecting the intense transmission
dynamics in this region. As spatial distance from the out-
break increases, the rate at which susceptibility decreases
slows down.

Next, we shift our focus to the density of infected in-
dividuals I(t,x) presented graphically in Figures 3 and 4.
Figures 3 and 4 demonstrate an initial increase in the density
of infected individuals. This is followed by the attainment of
a peak, after which the cases gradually decrease, contributing
to the flattening of the curve over time. This observed pattern

8509017 SUOWILIOD A1) 8(edtdde ay) Aq peusenoB 8.2 S9pile VO ‘98N J0 Sa|NJ o} ARiq1T 8UIUO A1 UO (SUONIPUGD-PUR-SWLBILIY A8 1M Afe.q iUl juo//Sciy) SUONIPUOD pue SWLB | 841 89S *[7202/60/7T] Uo Afiqi]8uluO AB]IM * [1UN0D UoJesssy [EIIBIN PUY U} ESH [eUOTEN - PRWOLR N [eZed Aq TE8B6SY/720Z/SSTT OT/I0p/L0d Ao 1M Ateiq i puljuo//sdiy wouj pepeojumod ‘T ‘vZ0e ‘69rT



10

1(t,x)

12000 ~ |
10000 |
8000
4000
100 10
50 5
t 00 x

2000

6000

Journal of Mathematics

11000
10000
9000
8000
7000
6000
5000
4000
3000
2000
1000

FiGURE 3: The surface plot of I(t, x) with parameters § = 0.2, # = 0.09, = 0.4, y = 0.3, S, = 10° — 200 — 50, I, = 200, and Q, = 50 over
a time interval 0 <t <100 and spatial range 0 < x < 10.
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FIGURE 4: The 2-D plots illustrating the densities of infected individuals at fixed spatial locations x over a time interval 0 <¢ < 100. The plots
correspond to x =0,x =4,x =8,x =10, with specified parameters and initial conditions: §=0.2, #=0.09, f=04, y=0.3,
Sy = 10° — 200 — 50, I, = 200, and Q, = 50.
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F1GURE 5: The surface plot of Q (¢, x) with parameters § = 0.2, 7 = 0.09, f = 0.4, y = 0.3, S, = 10° — 200 — 50, I, = 200, and Q, = 50 over
a time interval 0 <t <100 and spatial range 0 < x <10.
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FIGURE 6: The 2-D plots illustrating the densities of quarantined individuals at fixed spatial locations x over a time interval 0 <t < 100. The
plots correspond to x =0,x =4,x =8,x =10, with specified parameters and initial conditions: § = 0.2, #=0.09, f=0.4, y =0.3,

Sy = 10° =200 — 50, I, = 200, and Q, = 50.
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Ficure 7: The surface plot of I(¢,x) to visualize the effect of the diffusion rate on epidemic peak.

is not limited to the source of the disease at x = 0 but extends
to various locations, reaching even areas more distant from
the initial outbreak. Figures 3 and 4 show a decreasing trend
in the density of infected individuals I (¢, x) as spatial dis-
tance increases, and this pattern is consistently observed at
each time point. The epidemic peak is highest at the source
x = 0 of the initial outbreak and is lowest in the farthermost
region x = 10.Finally, turning our attention to the density of
quarantine individuals, the surface plot illustrating the
density of Q(t, x), over a time interval 0 <t <100 and spatial
range 0 <x <10, is provided in Figure 5. The 2-D plots il-
lustrating the densities of quarantined individuals at fixed

spatial locations x over a time interval 0 <t < 100 are given in
Figure 6. When examining Figures 5 and 6, it is evident that
the density of quarantined individuals demonstrates an
increasing trend over time. This trend is evident not only at
the source of the disease at x = 0 but also in other locations
and even in areas farther from the initial outbreak. Q (¢, 0) is
consistently the highest which implies that quarantine
measures are implemented more rapidly in areas closer to
the initial outbreak, contributing to a higher density of
quarantined individuals. The graph of density of quaran-
tined individuals Q follows a lower trajectory for higher
values of x. The graphs 5-6 consistently demonstrate
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FIGURre 8: The 2-D plot of I (t,4) to visualize the

a decreasing trend in the density of quarantined individuals
Q(t,x) as spatial distance from the initial outbreak x =0
increases. The highest level of density of quarantined in-
dividuals is observed closest to the source, whereas the
lowest level is found at locations farther away.

This analysis helps us understand how COVID-19
spreads in different places and over time in the diffusive SIQ
model. It shows us the variations in densities of suscepti-
bility, infection, and quarantine individuals, giving us useful
insights into how the situation changes across diverse lo-
cations and time frames. One can compute the total number
of susceptible, infected, and quarantined individual over the
space interval [x,,x,] where x, < x, following the method
outlined by Cherniha and Davydovych [35]. This can be
achieved by utilizing the following formulas:

S(t) = J St x)dx,

X1

It = J It x)dx, (53)

X1

Q) = J Q(t, x)dx.

X1

4.3. Effect of Diffusion Rate on Epidemic Peak. In our analysis
of COVID-19 dynamics, we investigate the impact of dif-
ferent diffusion rates on the epidemic peak. This is illustrated
by plotting the surface representation of the density of in-
fected individuals, denoted as I (¢, x), in Figure 7, for three
distinct diffusion rates: § = 0.03, 0.2, 0.4. The figures clearly
depict that as the diffusion rate § increases, the magnitude of
the epidemic peak also rises. This trend holds consistently
across various time points ¢ and spatial locations x. To make
the visualization easier, we plot the 2-D graphs of I (t, 4) for
the three diffusion rates § = 0.03,0.2,0.4 in Figure 8. As §
increases, the graph I(t,4) shifts upwards.

effect of the diffusion rate on epidemic peak.

In the context of COVID-19 spread, varying values of §
influence the epidemic peak. A higher & = 0.4 is associated
with a larger epidemic peak compared to § = 0.2, while the
lowest peak occurs at § = 0.02. This highlights the sensitivity
of the model to spatial spread, with higher diffusion rates
leading to increased infection levels and a more pronounced
impact at specific time points. Understanding these dy-
namics is crucial for developing effective strategies to mit-
igate and manage the spread of COVID-19, emphasizing the
pivotal role of spatial factors in controlling transmission
dynamics. Spatial movements can be controlled by imple-
menting a border closure policy, a measure actually adopted
by many countries to curb COVID-19.

5. Concluding Remarks

Our exploration involved the investigation of the diffusive
SIR epidemic model, incorporating diffusion and nonlinear
incidence. We provided the reductions and established the
exact solutions by utilizing the Lie symmetry method. The
understudy model exhibited a four-dimensional Lie algebra.
The group-invariant solutions and reductions for the model
were established by means of the optimal system of one-
dimensional subalgebras of the algebra deduced from the
admissible Lie point symmetries. We also made use of the
subalgebras which are obtainable by adjoint maps from the
optimal system in order to deduce new group-invariant
solutions.

We applied the results to the diffusive SIQ model to
understand the transmission dynamics of COVID-19. The
temporal and spatial dynamics of the density of susceptible
individuals indicated a decreasing trend in susceptibility
over time. It diminished faster near the source of outbreak
and slows down in locations farther from the source. The
highest susceptibility was consistently observed near the
initial outbreak, and with an increase in spatial distance from
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the outbreak, the rate at which susceptibility decreased
slowed down. The temporal and spatial dynamics of the
density of infected individuals demonstrate an initial in-
crease in the density of infected individuals. This was fol-
lowed by the attainment of a peak, after which the cases
gradually decreased to the flattening of the curve over time.
A similar pattern was observed at the source of the outbreak
and other locations even more distant from the initial
outbreak. The epidemic peak was highest at the source of the
initial outbreak and was lowest in the farthermost region.
The density of quarantined individuals demonstrated an
increasing trend over time. This trend was evident at the
source of the initial outbreak and in other locations, in-
cluding the areas farther from the initial outbreak. The graph
of density of quarantined individuals was highest at the
source of the initial outbreak and followed a lower trajectory
in distant locations, indicating quicker implementation of
quarantine measures near the source. The highest density of
quarantined individuals was observed closest to the source,
while the lowest density was found farther away. We also
investigated the impact of different diffusion rates on the
epidemic peak. The higher value of diffusion rate resulted in
a higher epidemic peak. Our study suggests that the
implementation of measures such as border closure policies,
as seen in various countries, demonstrates the practical
application of spatial factors in controlling transmission
dynamics.
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