
production, finite-element analysis c~~puter model. Predictions
of failure loads and bracing b~haviour are reasonably good with
both procedures, in spite of the fundamental diffprences in
tueir approach to '.heproblem, some of whIch an listed below.

- Tlw PANEL model is a two-dimensional frame, where the
conditions at the connections are simulated by in- Bnd
out-of-plane Moments, which are equ ivaLent; to thc actions of
the eccentric forcrs. 8y contrast, the ABAQUS model is a
three-dimensional frame, where the connections between main
legs and bracing are given by beam-elements, which hyve
le~gths equivalent to the actual eccentricit!es.

- The PANEL model is supported at the four nodes connecting
the main legs and the diagonals, while the ABAQUS model is
supported at the bottom of the main legs, as in the test
cases.

- PANEL assumes that the connections Bustaia ela~tic
detormations about the strut's x-axis, which are represented
by a spring coefficient SxS. By contrast, AlIAQUS assumes
that the bolt elements have infinite flexural stiffness,
thus simulating a fixed condition about the ;trut's x-axis.

- l-bolt connections are given in both mcdels by a pin-ended
condition. For 2-bolt connections, PANEL assume s full
restraint about the strut's y-axis, while the ABAQUS model
aimulares this condition through d,e torsional stiffness 0':

tht'bolt elements.

Notwithstanding the above , a comparison of both .ncdels could be
con&iderp~ a~ a validation of PANEL by ABAQUS. More importantly,
examination of predicted results from botb models under similar
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Table 6.03: PRAQUS and PANEL - Comparison of results

I
I f- --
I I
I To;t ,lD~~"" "_' S,;
I 1 I
I--'--~- +-~
I 102 I 1.' "61
I 602 I 12.GGI
I 801 3.61~
I eOl 12.061

PANEL

-T'--

I

,.1 X s

Test
ABAQUS resultsl

"T -~ ·_---1-'- .------r-'"--~

~1;tL~~B_L~~~~J-~it~-_j
6 I 7 I B I 9 I 10 I

.,-- ---+-- -- --1--~-+- --+-- ----1
1.0E I 0.511 I F I 0.577 I 0.491 I
l.n: I 0.446 I 0.458 I 0,431 I
1,OE- I D.Z!4 r I 0.274 I O.~88 I
1.OE 1 0.148 F I O.4~1 I 0.336 I
l.OE 1 0.343 F I 1),431 I 0.364 I

___ _l__._ __ ••• I ~_~.L_ ---~___L.___ J

.. ,
'IJ"

+
I

I

(1 4:' 1 i
0.391•
O. : 80
0.3.11

'.
F I r • ~)~~7 ~
F O. ~1o i)

F o 1 b I

F C) • 1-436

F O. 430801i : 2',~_~58 0.348
L ,~ ______l_ ." _ _l_

conditions may improve confidence on the use of either PANEL or
ABAQUS as an alternative theoretical design procedure.

Results of such a comparison are given in Table 6.03 for a few
cases representing various test alternatives. where conditions
in the two models are equivalent after the following changes:

al For 1- Bnd 2-bolt connections. the spring coefficient SxS
in PANEL was given a large value, thus simulating full
restraint about the strut's x-axi~. which is the default
condition of the ABAQUS model. Failure loads and the spring
coefficients fnr the initial and modified conditions are
given in in Columns 2-5.

h) For 2-bolt connection •• the bolt-elements in the ABAQUS
model were given a largt torsional stiffness, thus
slmulating full restraint about the strut's y-axis, which il
the default ('ondition of the PANEL m0del. Failure loads and
thr- torsional constants for t he Lr. i t ial and modified
,'(In,li.tions a r e f!ivl'ni n in Co lurnns 6-9,

Thl' rest of the assumptions being similar, the following
rorrrlusion s can I'l' drawn from Table 6,03, Columns 3, 5, 7, I},
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Exclpt for Test 801 with ABAQUS, all calculated failure loads
are higher in both models for the new equivalent conditions.
The rate of increase of failure load is similar for both
models at higher levels of slenderness (Tests 802, 804), while
it becomes more uncertain at lower levels of slenderness
(Tests 102, 602).

- The mechanism of failure (i.e. yielding 0f the extreme fibre
at the heel of the angle in the longest suuspan of the strut)
is unchanged for Tests 801-804 with ABAQUS, and for Tests
802-804 with PANEL. For Test 801 (I-bolt connection) with
PANEL, first yi~ld occurs dt t~e lon~est subspan in the strut,
but at the horizontal to~ of the angle instead.

- The mechanism of failure is also different for the case of
lower slenderness, but with further implications I for Test 102
wl~h L/r=IOO, both models predict yielding of the extreme
fibre at the shortest subspan of the strut. According to the
ABAQUS model, this i3 followed by yielding of the tie at the
cross-over joint. and finally yielding of the strut at the
longest Dubspan.

This behaviour is not necessarily incorrect, in view of the
increaaed 8tiffneas • the bracing imposed by the new
conditions. At low levels of slenderness and with increased
rotational res~rictions, the axicl force and the torsional
effect in t he diagonals become domLnan t over the berid Lng
effect, which may well induce failurE' of the struts at the
shortest Rubspan by a more complex mode of buckling.

- In all CUSPS, the above f a i Lut e 'haractpris' 1"8 are

a cromp an ied hy a ge:1eral r xduc ti on of in- end out-of-plane
deflect ions, and also (If nodal ro t a t ions.

{;. ~H, _



It can bs concluded, r here f cre, that the flexibility model PANEL
can be used, within the range of parameters defined in the
present investigatiun, for design of cross-bracing with 2-bolt
connections. The model for l-bolt connections requires further
investigation.

6.S - Use of ABAQUS for alternative analyses

Ie reMains to perform analyses on B tupical frame with
cross-bracing in order to = st abLish the behaviour and max i ..lllllI

resistance of the diagonals unde r several c ond i t Lor.s . l1any of
these conditions were not included in the set of tests and in
the computer analyses of this investigation, but are commo11y
found in most frames of actual steel transmission towers.

ABAQUS was selected to model these alternatives, for the
following reasons:

- It is easier to introduce changes to the ABAQU3 models. For
example, the positions of th- bracings can be changed simply
by modifying the direction cosines of the oection's minor
axis, or hy inverting the end eccentricity. PANEL. on the
other hand. wa3 pr OrammE'r''1nly for the pOSition of the !'lain
l!'gs and bracings shown in Figure 5.01 of Chapter S. Any
important changes to t he model will require reprogramming of
Et least ~ome of itq ~Idules and/or subroutines.

It is o f '_oterest r o «x am i ne t h : rs s p on s e of t hv rnodo l s f o r

various a Lt ernu ti ves, and evaluate the a pplrcab i li t y of ABAQl:')

as a tool for future uesign of steel transmission towers .
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Several cases are Examined in the following Sections, therefore,
making use of ABAQUS finite-element models.

6.5.1 - Cases A and B: Conditions at the ends of the main legs
for 1- and 2-boJL connections

As see~ in the previous Chapters, the main leg supports of the
frames in the present investigation were simulated, by
definition, as pin ended in both the expe.~mental and computer
models. This, of course, is not the case on actual tower frames,
where t he se msmbe rs are connected either to foundations or r.o

other parts of the structure. Tests by Behncke [1lJ and GIGRE
[631 have simulated this, by connecting the main legs to
transve~se beams, or to rigid plates, see Figures 1.08 and 2.01.

Th~EC condit nns have been simulated with ABAQUS, and the
results are included in Tat-If'6.04, where Case Al in Colwnn 2
indicates the base case (Test 801). The yield stress and maximwn
calculated torsional rotation of the main leg are given in
Columns :?- and 4 respectively. The calculated failure loads are
given in Colunm 5.

Case A2 indicates a frame with transvers~ beams at the top and
bottom sections of the structure, as in Figure 1.08. The beams
are rigidly connected to the main legs, and also pr~vent
nut-oi-plane displa(·ements of the outside cross-over joints. The
main legs are not, howevpr, con s t r a i.ned aga in st t o rs ional
rot at ions by t he suppo rts . It is seen that the failure load
inc reuses by 12% with respect to the base case.

- 6. ;'/ -



Table 6.01,: ABAQUS . Ca s e A: End cnnd i t i on , 1-bolt
r -----r------.-- ---··--·---·-·~i

1 1 ABAQUS 1 Test
1 1 ! results

It::~:tionl Case l' fy I 0zL -rlfult I :ult I-t-- (HPa) ~.) !y ~ fy
1 -;_-- 1 --;_-- 1 -3--: :'-1 '-5- 1--6 1

1--------+---- -+---+----+---+----1
1 801 1 Al I 333 I 2.420 1 0.274 1 0.288 :
1 1 A2 1 333 1 1.034 1 0.30, 1 ,
1 I A3 1 333 1 2.262 1 0.281 1 1

Table 6.05: AB~QUS - Case B, End condition, 2-bolt
-,------,

1 Test I

1 results I
I Tf'st f-----,-----,-- ----j

ID"Bignati:t=_nCase 1 fy fult I !ul~ i
(HPa) fy fy I-----,

1 2131415161
~---+---+---t--+----t--- --1
1 802 B1 1 321 1 2.951 1 0 148 1 0.336 1
1 B2 1 321 1 1.281, 0.406 1 1
1 83 1 321 I 2.026 0.351, 1 J
L__. -'- L ..L.. __ --l -'-__

ABAQUS

Case A3 corresponds to a frame without transverse beams, but the
main legs are restrained againqt torsional rotations at the
supports. The outside cross-over joints are frre and can thus
displace out of the plane, at the rate 0stablished in Chapter 3

for these tests. Column 5 of Table b.04 shows an increment of
failure load of less than 3% for Case A3.

Fo: 2-bolt connections, the results of these analyses are given
in Table 6.05, where Case B1 is the base case (Test 102), Case
B2 indicates a frame with transverse heams, and Case B3

indicates main legs with full rot.nt ionl'd r est ram t . It is seen
that thE failure load increases by 17% for Case 82, and by a
lower 2% for Case B3.
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Observing the main leg rotations in Column 4 of Tables 6.04 and
6.05, it can be seen that the transverse beams (and thus fixed
cross-over joints in the outside panels of bracing in Cases A2
and B2) imp0s€ considerable tcrsional restraint on the main
legs, re~~lting in an increase of failure load.

Cases A3 and B3 for 1- and 2-bolts, on the other hand, in which
the main legs qre fixed at toe supports (hut the outbide
bracings are able to move out of the plane), result in almost no
increase of faIlure load.

The above deductions highlight the importanc? of the
out-of-plane deflections of the cross-over joints in the outside
panels of bra.cing. ~ince the tranSV2rse beams canno':. Impose a
torsional restraint to the main legs higher than the
fixed-support rondition, it is concluded that the reduced
rotations h .. t.he main leg-diagoml connection (and thus the
improv~d strength of the bracing) are induced by the effect of
out-of-plane deflections of the outside cross-over joints. This
effect should be evaluated in future research.

6.5.2 - Case C: Inverted diagonals

Test 807, with inVErted diagonals in the outside panels of
bracieg, is simulated with ABAQUS and compared wlth Test 801 in
Table 6.06, where zb i.n Column 4 ind ica t es l-bolt. connection.
These frames ar. shown in Figurps 3.06-a and 3.06-b of Chap'er
3.

The calculated failure 10.H15 in Colwnn . show that thp model can
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Table 6.J6: ABAQUS - Cssp c: Invp~teJ diagonals

r~-'- ~-------,....-
I ~BA~Uo Test I
I I results I
I Te s t > - -----,.----------,----- T --------+--- -j

DeSignatlO~l~:_I (:~a)I Zb I ~ ~_J
I i 2 I 3 I 5 6 I
f--- :-----+--------+---+--

801 I Cl 333 1 0.274
807 C2 329 1 0.301

0.28C
0.324 I

I
L-- .-----L L --'- .l.- __ -'- __ _____j

predict, with a good approximation, the increase of bracing
strength produced by the change of positicn of the outside
diagonals. An increase of 10% of failure lo~d is anticipated,
against an increaJc or 13% recorded in the test.

The experimental and calculatvd deflections at midspan Bnd at
the cross-over joint in the strut are shown in Figure 6.l0-a.
Note tha" the predicted in- and out-of-plane deflections are
correct.

The st ru t vend rotations 'it nor.e 16 in Figure 6.0l-b are depicted
in Figure 6.l0-b, which shows that the calculated rotations are
considerably smaller than the experimental records. Similarly.
the main leg'3 torsional rotntio~~ at node 14, Figure 6.0l-b,
are smaller than in the tests, Bee Figure 6.l0-c.

It is concluded that the \BAQUS model can be used to simulate
this particular bracing ar;angement. openi"~ the way to further
investigations on this interesting bracing arrangement.
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Co m p r e s s io n Lpg RoLat.i o n
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6.5.3 - Case D: Variable ratio of tension to compression forces
in the diagonals

The experimental frames described in Chapter 2 were assembled
with careful detail. in order to secure, at least in principle,
E'qual and opposite forces in the diagor.als. Fig " 3.22 in
Chapter 3 shows a typical distribution of forces in the ·.ieand
the strut for the present tests. where it can be seen that these
forces were nearly equal (and of opposite sign) throughout thE'
loading history. thus eliminating one unknown effect. Similarly.
all the models. including PANEL and ABAQVS, were analyzed on the
basis of B condition of equal-bracing-forces.

Evidence from tests of prototype towerJ exists [1]. however.
where the magnitude of diagonal forces was found t~ be
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non-equal and the bracing forces were of the same sig~ (i.e.
both members in compression). This is a troubling situation,
since the conditions of support to the strut at ~ne cross-over
joint, and therefore the stability of the bracing, depend on
this ratio of tension to compression forces.

Conse~uently, an exercise was conductea on a typical frame
modelled w i th ABAQUS, in which the ratio of tension to
compression forces in the brucing was varied between 60Z and
120% with respect to the base case, and the results are
presented in Table 6.07 below.

Column 4 of Table 6.07 Lndi cat.es 2-bolt conne ct i ons in all
cases, and the rat.io of tie (PT) to strut (PC) forces is
given in Column 5. Column 6 indicates the tor.aI horizontal force
at ~he cross-over joint at the point of first yield in the strut.
for Bach case, and the failure loads are given in
Column 7.

When the axial force in the tie is 204 h.i.gherthan in the st rt.t
the strut's failure load decreases, as shown i.nTable 6.07,
CoLurnn 7. However, the total force capacity of the bracing
increases, as shewn by the cross-over horizontal force in COlUflUl
6.

The out-of plane deflections at midspan and at the cross-over
joint in the strut are shown in Figure 6.11-a. Note that both
deflectirns are larger than in the base case, which explains the
reduction of strength of the strut.

When the axial force in the tie is 15% less t.han the axial force
in t.he strut, the strut's failure load decreases, and so does
the total fo~ce capacity of the bracing. If the force ratio is

- 6.33 -
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Table 6.01: ABAQUS - Case D: Variable ratio of tension to
compression forces In the diagonals

,------~
I
I
I Te s t

--,-- -----,
I Test I
1 results I

I
I~----r --,-----~---

Case I ,,~; z I ~ i l:H I fult I flllj

1------1--- ~a-)---l_-b--lI--2--_+~~ fY+2
213141'\ 1 e 1718 I

f----.+----+ +---+-- .--t--.---l-----+-----l
I 2 -1,00 I 40.391 0.348 0.136 I

2 -1.20 1 43.836 0.346 I

-O.S' ! 31.135 0.345 I
2 -[).;O 35.130 0,347 1

2 -0.60 32.073 0.357 1
____ -L. _ ________L_.

ABAQUS

1

802 1 01
I 02
I D3
1 D4
I ;;5

t__ __ ---L

321
321
321
321
321

reduced again. say to 70 and 60% of t! e base case. the strength
of the strut reduces to a !'Lnlmum and then increases. while the
total strength of the bracing con t Lm.e « t o decrease.

The ou·-of plane deflections at midspan and at the cross-over
joint iu the strut are shown in Figure 6.11-b for the case of
f orce ra tIo of PT/PC=-O.6. Note t.hat bo t l. deflections are
smaller than in the base case, which explains the increase of
strength of t.r.: st.rut ,

The computer model shows. therefore, thar reductions of the
force ratio may increase the load capacity of the strut. through
smaller out-of-plane deflections of the bracing. The opposite
result is produced ~ .ncreaSBS of the :orce ratio. These
results. however. need experimental confi'-"'''·.ion.

6.5.4 - Case E: Sensitivity analysis of conditiops at the bolted
connections

The jmportdnt conditions at the bolted connections in frames
~ith cross-bracing are simulated with AB·QUS through four

- 6.34 -
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pa rame te rs , as inuict.tpd bplow:

- In-plane ecre n t ri c i t v PxB, qep Figurp 6.03,
- Out-of-plane eccentricity PyE, also shown Jn Figure 6.03,

- Flexural stiffness of ttl:' bnlt e lernen t s , IxB, and
- I'o rsi orial s ci f f ne ss of t h e bolt e Lorne n t.s, Izll.

A sensitivity analysis was conducted on a typical ABAQUS
cross-hracing caRP (Test 804), varying each of the above
variables, one at a time, between 50 and 150% of the value
celibrated for the analyses of tests in the p~eviou8 Sections.
The results can bp summarized as follows:

- Failurp loads arp plotted in Figure 6.12-a against variation&
of the in-plane eccentricity exB. spe also ~igure 6.03, It
can be spen that a [eduction of eccentricity results in higher
failure Lo ad s . Th(' opposite occurs when the f'ccentricity eleB
is increas"d.

- Failure loads for variations of the out-of-plane eccentricity
eyB, see Figure 6.03: ar& given in FigufP 6.12-b. As in the
p rev i ou s c a se , increment. o f eyB result in lowe r failure
lnads, and higher failurq laadR [eBuiL tram reductions of
eccentricity.

These results are not 8urprj~ing, since increments of end
e rc en t rLc i t y Indur e La rge r in- and n'lt-of-plane deflections in
r h e b ra c ing s and larger nodal r o t a t it.n s , which In turn
inc r ea ss the bending pi fe( t, t hu s; r v dur- in g thp ,1\ rsng t h of tlH>

d La gon a ls . Also, note that t h: ('('('~ntri('ities assumed for t.h«

an a lv se s in ttw p re re nt Lnv e s t 19ation aIP rh« no rma I
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framing eccent.rici ti es, namely the distances bet.ween the
section's centroidal axis and the design axis. or axis at
which the bolts are lO~dted, see Figure 6.03.

Failure loads are given in Figure 6.12-c for the case of
variations of the bolt elements' flexural stiffness. The curve
in Figure 6.12-c shows that there is virtually no change in
the s~rength of the bracings for thes! variations. Again, this
is consistent, given the short length of these bolt members.
The stiffness of 1.OE5 mm4 given to these members clearlY
represents a fully-fixed condition about the x-axis, see
Flgure 6.03.

Finally, failure loads are given in Figure 6.12-d for
variations of the bolt members' torbional stiffness. The curve
shows that failure loads increase for increments of the
torsional stiffness of the bolts. This effect is consistent
with the higher in-plane end restraint given by more rigi~
connections.

The problem of torsional stiffness of the bolt elements in the
ABAQUS model, however, deserves further a~tention, 8S explained
in the next Section.

6.5.5 - Further comments on bolted connections

Fa i l.ure lnaux are indicated in Table 6.08, Column 5, for various
in-plane end conditions Himulatpd with ABAQUS. In the case of
Test 801, with l-bolt connections, the bolt elements were given
a very small torsional st i f Ene ss, see Column 3, thus
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r--~'---'--~-'-r---'--'--- .------,.----------r--.----.,
I ABAQUS I Test
: Analysis of connection restraint I re9ults I

I Test . f----__,---·-1----r-----!-----j

IiDe"l,;nationj rX~ lIZ!! j Hz» .1 ~ult I ~~: I
(m:n' ) (mm'") (.) ty fy

f------- ---. --.--- ---
III 1314 5161
--------_.-f---- -1----1 1
I 801 i 1.0E 5 I 1.0E-2 1 9.7£-1 1 0.27' I 0.280 1
I 802 I 1.0E ~ : 1.0E 5 I 8.6E-3 I 0.431 i 0.336 I
I 80Z I 1.OE 5 I 1.OE 3 I 6.GE-1 I 0.348 I 0.336 I
l~ ---L. .J._ · ..J._.___._.... _ ___L.._ __..l~·~ _ ____;

represea t ing a p~n-e'ld condi t ion about the y-axis. see Figure
6.03.

This might bf' a conservative assumption. since the ac tua I l-bolt
connection may. depending on the torque given to the bolts. have
a higher torsional restraint. But, from the design point of
view. it is a safe condition. as shown by the calculated and
experimental failure loads. Columns 5-6. Also. the angle rotated
by the connection (betwe~n the strut a~d the main leg. nodes 14
and 16 in F.!.gure6.01-a) about the y-axis is given in Column 4
of Table 6.08.

The case of 2-bolt connections was originally modelled as a
fixed-end condition. as in the second line of Table 6.08 for
Test 802. by giving to the bolt elements a very large torsional
stiffness. see Colunm 3. However. t hs ceLcu In t ed failure loads
which resu Lre d were considerably higher than the expe riment.al
resu lts , see Columns 5 and 6. Also. note in Column 4 that the
angle tototed bv the connection is practically equal to zero.

As Il con seque nc.e , t.hs t o r sionaI stiffness of thl' bolt element!'
was raLibra t ed using the reco rdr-r! experimental failure load', and
he"aviollI of the frames. obtaining a reduced torsional
stiffness. sP.' Column 3 for Te s t tl02 in the third lim' "f Table
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6.08. Note that t~w connection also rotates about the y-axis,
see Culwnn 1,.

The ABAQUS model lndicates, throuRh the ahove results, the
lnfluence of vet another variable of bolted connections: bolt
91 ippage. Transr1ission tower assembly and erection commonly
ta~es place in the field, with the help of sometimes untrained
crews and rudimentary tools. Precise detailing and specification
For bolt tensioning of the towers may render the field
operations expensive or even impossible. The connections are
therefore detailed with ge~erous tolerances, in which the
diameter of the holes is usually larger than the diameter of the
fasteners, by 1. 5 mm or more.

Also, the bolt-tightening operation is very difficult to
control, and each bolt is likely to be given a different torque,
even within the same connectioll. As a result of these particular
characteristics of steel tower detailing and construction, the
bolts and the connected memberq move at increasing loads, until
they settle into a new position.

\--.~.
(d)

I-* "

(b)

Figure 6.13: Bolt slippage: relative movements at the
bolted connections, jue to deSign tolerances, T,e holes ar~

as a rule 1.5 to 2.0 rnm bigger than the diameter of the bolts.

,,;..}
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As an exomple, a connE>ction is shown in Figure 6.13-a, where it
is assumed thot t he bolts and the holes are initially
concentr.ic. The t oLerance of the holes is 1. '; mm, therefore the
total relative displacement of the connected m.mbers can be a
minimum of 0.0 rnm, and a maximum of 3.0;run. Ar surning an average
relative <lisplacement of 1.5 mrn , as in Figure 6.13-b, the
additional rotation of the member respect to the joint is about
2.5 c •

It is apparent that these displacements of the connected members
have a significant influence on the behaviour and resistance of
the struts. It is generally accepted in industry that the
resistance of the towelS has, in the best oi cases, a 10%
dispersion due to design Bnd construction tolerances.
Bolt-slipping may explain. in no small amoun t , many of t',e

differences oboerved in the experimental results.

6.6 - Summary

A non-linear model of cross-bracing, developed using the finite
elements code ABAQUS, has bepn discussed in the previous
Sections. Unlike most other standard packages for structural
design. ABAQUS allows for the use of non-symmetric beam elementn
about non-orthogonal axes for non-linear frame analyses. This
represents a significant development in structural design, Bnd
opens the way to the simulation cf more complex bracing
arrangements. with a minimum of sirnplifying assumptions.

Most of Lhg design conditions of the test frames are included in
the ABAQUS models. In particular. the bolted connections are
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represented by beam elements, with lengths defined by the normal
framing eccentricities of the diagonals. The end conditions are
introduced through the flexural and torsional stiffnesses of
thes", elements.

Various alternative cases Ere studied, which show the behaviour
of the frames under conditions not included in the experimental
research. These additional studies show the importance of the
out-of plane displacements of the cross-over jcintq of the
adjacent panels of bracing. It is demonstrated that the strength
of the b~acing increase~ considerably when these nodes are
fixed.

Similarly, variations of the ratio uf forces ie the diagonals
influence the buckling capacity of the struts, ,lililealso
affecting the total amount of force in the bracing. measured as
the total horizontal load at the central cross-over joint. These
results have been anticipated by Elmes [51).

Most importantly. the effect of bolt slippage due to typjcal
steel tower bolt-hole clearan~es has been iemonstrated by the
ABAQUS models. It is apparent that in-plane rotations of the
connections are part ially due t o this effect. wh i ch has an
important influence on the behaviour of the struts. The
formulation of these problems is relatively simple. although
further investigation is required before being able to model
these random variables for design purposes.

The predictions of failure load. and also de;iections and nodal
rotations, are fairly accurate, in view of the above
u,certainties. As 1s the case of the flexibility model PANEL.
however. there are problems associated with modelling the
behaviour of the main legs. It is apparent that the simulation
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of the main leg requires further analysis. Howev~r·. the
conditions at the connections are already complex. re~er to
Figure 6.03, before introducing addition.l eccentricities about
the main leg's prinripal axes.

The above analyses close the present in~estigation on
cross-bracing in steel tran~mission towers. A final discussion
and evaluation of result~ are included in the following Chapter.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 - Introduction

Experimental and theoretical investigations on cross-bracing
typical of steel transmlssion towers have been presented.
Transmission towers are amongst the simplest of steel
structures. Their designs are simple because assembly and
erection usually take place in remote a~e~s. Also, members and
connections are detailed so as to ease manufacturing, transiort
and delivery op~rations, thus reducing the costR.

However, many years of international experience on tower design
and testing at various levels of voltage demonstrate that the
behaviour of these structures is complex and diffi:ult to
predict with analytical models. The interactions between the
tower members, usually steel angles connected eccentrically,
induce non-linear effects at all levels of load. Further, as
most of the members are critically loaded in com?ression, the
sec0ndary effects have considerable influence on the ultimate
capacity of the bracings.

This complexiLY, as an analysis of existing research shows,
means that Edequate resolution of design problems for
three-dimensional arrangements is unlikely to be achieved,
especially if material, geometric and boundary non-linearities
are considered together. Therefore, the major part of research
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in the past has concentrated on sing~c angles unier uniaxial or
biaxial bending, with simulation of various boundary cond~tions.

Other investigations on simplifierl structures, as well as the
accumulated experience of full-scale tower tests, have resulted
in the development of design curves and design equations which
are applied [": different loading and end conditions of the
tower members. These are, however, general folutions and for
some conditions in the structures the models ate unreliable.
Studies reported by Kempner [72J, for example. show dift~rences
between test results anu ptedictions of buckling load from the
ASCE [S] design curves for critical tower members. Similar
differences have been observed by Behncke [11]. and are also
apparent from results of the present investiga·ion, for the =ase
of cross-bracing.

Accordingly, the objectives of the present investigation were to
identify and quantify the effects of eccentricity ofaxia: load
and end restraint from connections on the behaviour of steel
angle crossed-diagonals.

Of the possible bracing ar~angement~ in wer panels, the
cross-bracing system is the most interesting alternative from
the research point of view, ~~cause of the interaction between
the two diagonals at t~e cross-over joint, loaded with
approximately equal and opposite forces. Thus in addition to the
end-connection details the behaviour of the strl·t and, indeed,
the stability of the system. depend on the distribution of
forCeS in the racing.

As it has been observed in this and other 1nvpstigations
[11.20-22]. steel angle members fail shortly after yielding of
the extreme fibre. As a consequence, the btacings were analyzed
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within the elastic range. and it was A limed in all models that
failure occurs at tho axial load which causes the initiation of
yielding in the extreme fibres.

,] No attempt was made tu determine the influence of initial
imperfections (e.g. residual s t ro ss , scatter of yield stress)
on the mechanical properties of the material. Because of the
predominance of end eccentricities in typical connections
between steel angle members in transmission towers (reflected bv
the observed in- and off- InB deflection patterns of the
bracing), the effects of these random facturs were included in
the models by means of empirical equivalent eccentricities, see
(6.33.34).

The principal results of the experimental and analytical
investigations 1n this thesis are summarized in the following
Sections. The results are also applicable to other types of
steel latticed-tower structures with angle members.

7.2 - Ex:perimental resen rch

A series of tests was carried out on various i.r nc Ing and frame
arrangements. The maj~ variables were the slenderness ratio Llr
(between 100 and 160), the length !ftio L~/Lg (between 0.7
and 1.0), and the end conditions of the diagonals (1- and 2-bolt
connections, and two sizes of main legs).

The experimental results in this thesis yield the following
observations:
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- The <rr e inv de rl ec tIon ch a ra. re- ri s t ics of the bracings are
typical of s i ng lrv angLe ,:1 r t r ! : biaxial loading. as
follows, The deL.' i on of t he bracing r-c cur s initially in tile
out-of-p!ane direction due to end eccentricilY. Before
failure. how~ver. ptpdominant dpflections are about lhe minor
axis of thp ~ection. The deflection patterns are further
influenced by vari~tion~ of thp slendprneEs ratio L/r. the
length coefficient Ls/Lg. and thp end conditions.

- In all cases failure of the strut occurs at a load within 10%
of the load causing yi~lding of the pxtreme fibre. thus
indicating inelastic cc llap ss . At this I1H)mE'ntthe strains in
the tie a re wpll below t.ho yield limi t :»r d La gon a Ls with
slpndprnPBs of 130 and 160. At slenderness of 100. however.
yielding in the tie at the (~08S-lvpr joint occurs first. and
the subSEquent loss of strength in the bracing (und reduced
out vo f vp Iun» s uppo rt from the tie a t the Ln ts rconne c t.Lug
joint) Jeads to premature failure of the strut.

- Variations of the bracing length ratio rcLs/Lg have
influence on th~ behaviour of the di8~onals. It is apparent
that dlsu0nals with low length ratio r Hr~ RuLJPct to a higher
r e s tr a In Lng action from the sho rt.es t sub span Le. while
diagonals with ~cl arp Gubjpct to bIfurcation bptween
symmetrical and a svmme t rica I budding Loa d s .

- Thp r~sistancp of the brR('ing incrersPR when the end
lest ra Lr.ts a re Lnrr ea sv d . Lnrre a n Lng t he numbe r of conrH'C· ing
holts from one ttl two p rov i dv s addit jonnl rr-s rra Int ahout 'II'

v is. The s anu- ptfel'! is ol,,;prvp(\ ,\I'OUI t h» y-!lxis f o r
1i11f/."1 s i ze of rna i n Ipg t v Ia t ivr- to br.acinl'. (and thpn>i'IH'

pnhanct·d t le xu ra I s r t t t ne ss i t o t ;'-h<11' l·onliPctionn.
C()n!H'Cjupntlv. t he high!'l t o s i s t nncv of t h« struts 5£'1'0\[; to!lp



re la t ed to lower 'lending pffects about the minor axis at the
critical secLion, through larger in-plane deflections.

- The rotation readings at the nodes indicate, for the
conditions of the bracings in this investigation, that therH
is little or no torsional restraint froru the main legs. More
importantly, it is demonstrated that the actual nodal
rotations are always smaller than the recorded strut-end
rotations about the x-axis. thus indicating elastic
deformation of the connections. These can he cauled by local
bending o i.- the connected fl ang e of t h e main l eg s . Bolt
d i s t o i rLon s and bolt s Li pps g e could alsu be significant
factors.

- Addition of r edund ai.v mernb e rs to the cross-bracing gpnec111y
r e su lt.s in Imp rovvment.s of the fa Ll ure loads. However, the
deflection and rotation rpadings are uncertain, and are not
s u i ta b le for u se in dpvelopmpnt of th eo re tLc a I or smp i r i ra I
mo d» 1s .

- It wa s not p o ss ib le to l','rfnun cnIlll'lp\p tf'st, on systems of
lo c k e d v i n diagnnillf, with tlw existinr, ro s r rig. Results from
many r~ial tests are un~errain, and thus cannot be uspd to
d e srr il.e t.h» main ch a ra.te r i s r ics of t11P b rar Ing s .

Thesp nrob lems hav o IWPll id on tLf aed during previous r e sea rch
by ,pmp [SO] and ~ln~s (~ll, whfre it was dpmonstratpd that
s ome o t UlP I"/HI ra r ri e r' l-v t'l" 1<>1',s is rran s t e rrs.d ro t he

d i a p 0 n a 1sin t 11(' 1q (' k f~d - in (' r Cr~~S - b ra.: in g I S P P F i Flll!' t) ". 0 7. As

,~ l~)~"llt I tilt) ti)l'l't.l in t h» \l!lll'lI-'<·;<;i()H diagnn,{l i s l.-Jl~'.(.)l than

t !1 \' ! 'l - , -, ~' t j \', in t

hl' k ling ,,1 Ill,' ,;t ru t

rna v l·t.l~'i.llt i t om t h» ad(!it ion a l = x ia l it'll ~~ and t hr: t+'du( t ion

o I Ia t o t a l ';U!'I.)lltt,



Th,' tlll<"'tt,lin d i s t ribu t ion ilL f"rc(' in rhe bracing and the

,educed ',tn'!lgtll of '11" strut of lork e dv in s y s terns have been

high1 ightpd in this invl'stip,atiot\.

TIll' Pl1d t' (,pnl riri ty of t h« bo l t vd connections relative to tho

""l1t ro id (·f ttl!' illlf!,lpS rau s e s ttlf' rro s s=ove r joint of ~)oth

din)1,"I,.ll" to d o fl e ct. in thp same (lqt-nf-plane d l i e c t Lon . While
till' ,'[(1S"-(Wf'l" j o in t in tlIP cpntral panel of bracing was

nlw3Y~ irp!, to deflect, the deflHc·ions of the cross-over
\UU1t" in t h» ou ts i du p anr- l s of bracing I"f're s Imu l a re d in the

"I)<'! "!llnl l nve s r ignt, 1"11, bPI' Figures 2.06-11 and". 06-c o f

~:I1" l'1o r

.1.:,,,<;u":1\ t",;t,; on f rame s with 111('kpd-in d La goria l s

,I"rn(l!l,;t! .i t "d 'hilt the H,'Slll1lpd ra t.« "f (lut-()f-planl~ dc fLe c ti on s

o I Ih,' 'tl";'l,()VI'l.' j,>in\<; in tilt> uu t.s id o p ann l s of b rac iug was

inc o t [',·ct. !loW"V<>l', it was found t.h a t th e s e d e f Le c r.Lon s have

an imp o i r.ari t pi f", .:t' on t lw bo huv iou r of th» main diagonals.

TIll' S',lut h,,,... 11-p1,,\ ptnc('<\\1lt' ;Intl r h .. s e c anr formula can be

\1;;1',1 t u d,·tt'rlllitH' t h- "nd "('("'tlt rirt ry of ttl!' s r ru r s , th.'

I,L[,:t i,' L\\d~l in,', 1";1'.1 .lilt! a n .'tf"",t iv « ].,'ngt\l ('opffi,'i,'l1t,

S i!I<'I' t h« d I • 1.' ( t, i(111 It' ad ing!l j II ;; r I'r I " r t (l t irs t y i (> 1d a ro In

Rom!' cas,,!: unro rr n In duo to mov ome nr s of tilt' : 'sttLlml'nt8 or

t h .. i i SlIl'l'orts, t h .. S()llthwt>11-pll1t. is mnd Lf ie d , nnd is

,'xrlL.,,,,",,d illl a function o f a x Jn l LH(PS and lH'nding mo.nenrs ,

vh i ch il\t> n\1\.lin"ti t rorn ; t lain It'ac1inf',';'
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7.3 - Design considerations

~ased un results of the experimental investigation. a parametric
study within the elastic range was conductHd to determine
,,[teerlvt> Lo n g rh factors s u i t a.i le f o r design of diagonal struts.
Ernp irLcn l = que ti.on s a re gi\en for these factors, incorporating
the .mportant variables which Influence cross-bracing hehaviour,
as f 0 l low s ,

Relativp size~ of diagonals and ~ain legs,
- En d ('(1ndit ions of t h e d f.agon a Is,

- Direction of tll" plane cllntaining the main restraint,
- !.fJngth rat in ),,;/Lg, and

T1H' p ropo s e d s o l u r inn is s imp l e , .uid Lnrl uds s non v l Ln e a r effects

a t Lnc re s s Lng Loa d s t.h rough t h e trigonometric factor in the

s e c an t fo rmu l a ,

.irnp a r in g t e s t re su l t s and p re d i c t e d results f rom the proposed

mo d e L with n sua l d,'sil;n (,UIV"~; from t h» ASCF. ['1J and ECCS [7J

df3sign m.ir.u.r ls , ihfl rol l .«..,ing l'uncl'.lsiuIl all' d rawn :

- 'lh e Ascr; and. fo:CCS design «u rve s a r...inc re a s iug Ly conservative

at high"r slptldt'rnpsil rs ti o s , while at I owe r s Le n d e rn e s s

ra rLo s t ho so c u rv e s givt> op tim i s r it' t a i lu re loads (as shown in

F'igUl" ·,,1.14 (11 Cllaptpr 'd. Ttl''';!' d i ft e re nro s h av» cl('atl,d

i , I



The proposed solution giv"s acceptablp predictions of failure

l.o a d s t or all r.h e t.e s t. a Lt e rn a t Lve s . Whpn tb,~ frsme and bracing

a rrang emen rs art> too d i f I e re n t 110m the models in this

Lnv e u t Lg a t .on, the errors in r h» calculated results are 'JE the

same o rdu r of those ob t a i nt-u wi r h the ASCE and ECeS c u rv e s .

It is the re f o r e COIll rude d that tilt' p ro po s e d equations can be

u s e d fen d e s ign of s t.e e l ang1., <,[055 bracing with slenderness

ratios between qO and 160, 3nd fOl l- and 2-bolt connections.

7.4 - Computf'l" analyses

A complHf'1- rtIp<]"l o r 1,lllnar flam"" with r ro s sv b rac Lng , PANEL, was

til'vp\pp .. d \1'1<;,'d (111 tl exi h i 1 i r y l'qual io n s which do not re qu Lze an

i r.e r a t iv o an a l y s L pUl('''dul·P. The non-linear effpcts a re given

r h rou gh HlP Ln c l u s ion of BI'rrv stability f unc ti on s . TIH'mcupls

Q'1)[-oduL't' the conditions of t hu bl-al'iL\~S in t h« expe rImen ta I

f rim« S .

'I'he r o l Lowi n g roncLu s ion s ,-up d.'d.vpd b-um till'se flexibility

anH.ly[1~l~~ ~

- Th., models "IV" r e a s ona h l e p re d i rr ion s of f a lure l o a d s for

all test nltprnntives.

Th" ,'oml,<ltpd in- and ou: ,'I plallt' <.1,,11<,< t ion s .i r- simi l a r tn

htl tP{ {)ldlld dpi'lp!,tit)n:; at 11()t h mid';r ~1. and at rh« ('["(l~!;,·(lVI'}r

i (\in rx .

l . ~,~



_ Similarly. the calculated nodal rotations are very close to
the recorded rotations. enpecially ~n frames with parallel
Ipgs.

- Tlw p ro d i rte d failure [allll" is in all c a se s correct for frames
with inclined legs. For frames with parallel legs. however.
failure of the struts oc('urs ~heo[etically almost
simultan~ously at both sides of the cross-over joint. which is
possibly porrect for the conditions in the model. but is not
in agreement with the experimental results.

Two p rob lems are nut c.omp le re Ly resolved in t h i s mod e Lr

- The llredicted behaviuur of bracings with I-bolt connections is
not a ccu ra t.e I'nollgh (although t h» l v ho Lt test results are
equally uncertain). Results arp llncprtain or incurrect for
alternative frame configurationJ, It is apparent that the
propo ssd modelling of I-bult. c onr.ec r ions be r.ween thp main legs
and the diagonals. in wh ich it is 1s5l'med that t.he re is no
restraint from the main lAg about the Y-Ixis. iq not the best

- 'I'h e computed torsional rotations of r. 11(> main l(~gs a re
ron s l.dera b Ly Large r than tiw test reco rd s , particularly f o r
the casp of I-holt connections. These differences are
a tt ribu r.ed to the modelling of t ho main leg s , in which no
eccpntricities were considered ahout any of the leg's
prinvi pa l or lon girud ina l axv s , Th ov may a ls o bl> to la t r- d to
the p roh lerns [111'nti<1[ll'd ai1!1vI'[.11' l v- b o lr I oun= rt ion s .

In ~;rdt.l I,I{ r l.. :ll'llvP, f)AIJ!·~l, m,]lr,.,; ,t '.',\lu:1hlfl ({lnt 1 i l-u t t,ll) to"~

r e so l v in g rno s r (,1 t h« l_'ol1lpll)x pr\lbl'-'!Tl'i I'l't"spntpti hy

',oJ in-
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~nd out-of-plane conditions at the connections about orthogonal

axp, can be mod e l l e d in conjunction with conditions about the

p r i n. il'll "",e, at midspan in the diagonals. The diagonals'

I nr.e ra c t i on at 'hl' vr os s= ov e r joints and eva l.ua r ions of t he

c ro s s= ov e r for ,'S in ,!aeh of the panels are also successfully

modplled.

An additional ~odel was developed using the finite-element code

ABAQUS. Like PANEL, this model incorporatps most sf thp

irr.po rt an t characteristics of c r o s s vb ra c Lng in transmission

towers, allowing. perhaps for the firqt time for this type of

genpral de s i gn cod». f o r non-linear ana l y s i s of asymmetric

member-s.

Till' pretlictpd fail\lrp loads and bracing behaviour with ABAQUS

an' gellPtallv ..o rr e c t. 'l'or s i on a l rotations of the legs in frames

with i-bolt ','onnect ion s also show d i f f e re nc e s with respect to

the ~xrerimental results. It is apparent that modelling of the

main leg conditions at the connections deserves further

att.ention

A ('('l11p;l[i:-;on ,,1 ""th ;\['1\1;1I'; ,1t1,l PANEL c ro s s vb rac t ng models s h

that t.h e y predict. under similar conditions, slmilar behaviour

and failure Loa.I s of va r t ou s bracing a rr ang emen t s . These results

thus validate trw PANELmodels for 2-bl)lt c onne c t Loris , and

ron fi im th« observed differences t o r rhs cases with l-bc'lt

C~'IlIll~\: t ion-. .

Fu rt he r analyses w i t h ABAQUS,~h"w t h» i rnpor t anc e of t h«

t o ll ow inj; p a rarne t.e r s .
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- The out-"f-pldIJP deflectiuns of CIOSS""{JVel" joints in t.he

adjccent panels of cross-hracing influence the torsional

rotations of the main legs, and thus affect the resistance at

thp main diagonals.

The ratio of tie-t.o-strut io rr e s affects the buckling

reslstance of the struts, and also the total amount of force

in the bracing, measured as the transverse in-plane force at

the cross-over joint.

Additiunal strength to the bracing is obtained when the

diagonals in the outside panels pf bracing are inverted with

ro s pe c t to their normal po s i t ion s , It is apparent, by doing

this, that. momo: t s at the ends of two connected diagonals have

a balancing eff!'( t (g,'<, for example Figure 5.07-a in Chapter

5, wh e re it is SlWWl1 that the e nd mome n t s Mjxs and Mjxt

p r o j e c t.e d I'll t h e leg's longitudinal axis w i Ll have opposite

directiuns if one uf the diagonals is inverted). This effect

induces Lowe r l eve l s o f n od.i ' r o t a r ion s and midspan

deflections in the b r ac ina s , which re sv Lrs in higher failure

i \",

~10!;t of the a lov e alternatives, how= ve r , need fu rth e r

"xpe t" i rnen t.a I con f i irna t. ion.

Finally, th» u11l",nancp of bolt mov emen ts duo t.o design

to l s r anc e s and clearances a r e highlighted by the ABAQUSmodels.

It emerges th a t bolt. slippage has '""1\siderable influence on the

in-plane l'l1d r cr a t i on s of rh« dia},()l1a Is, which in t u r n have an

l-~tt¥-~f't on tllt-l li)':Hiing Lapa('it~' lIt tht~ hra('ing~;, B..i l : 'llippagf!

may \.:(lJ 1 t'xIJlain many o t thl:-' ditt-f1tl'l1; p~; l)h~;PIV~d in rh~·

pXlwlim,'ntal 1Il"dl'ls, and wh i rh ill" ',,' l i t fi ru l t t o < imnl a t e' \'Y

lhpnl't-~t ic,'~l ji)~·?ns.
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In conclusion, these studies show that no matter which approach,
theory or procedure is used, the analysis of cross-bracing
diagunals under aXIal load and bending effects is an extremely
complex issue. The proposed solutions have been formulated as
functions of boundary conditions, size and strength of the
members and loading. A more sophisticated approach would require
a., . "d methodology such as based 011 beam-column theory.

It is possible, however, that a general, unique solution to
these problems, even after considerable simplifications, should
not be expected.

7.5 - Conclusion

Cross-braCing in panels of steel transmission towers have been
examined in this thesis. The importance of thB end
eccentricities and restraints at the bolted connections have
1',-0'1 ~":"tl-:':1 tl"r!1(I'l t\~l'(\':\'h 1.~\ t-lxpp!-i_~nt:lnta.l inve s t i i ...ri on , a

s imp li Li ed d.,";i~n mode I and rornpu tu r analyses. The p r,, tpal
c on tr Lbu t ion s c' r h i s th e s i s a r e 1: .'" l .>LclW:

- Very high quality data were obtained through an plahorate
sy srem of supports, assembly and adjustments of the test
f ac i Li t Le s , and data reco rd Lng p rocedu ro . It was t he re f o re
possible to isolate the varlOllS parameters and their effects
on t he brae i ru; I::; :t'1" ·,J"'t--'tal (t';1,1it i cn s .

End tlt'('pntrl("itips and t.lffp,·ti',:,) It.ln.~th t avt o r « \Vprp o b r a i n e d

ri om pxp'>rilD'ntal r"';t:115 u s im: t h» '~"llthv.,pll-jll.,t .m d till'

s,','ant toi mu l a ,
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- A simplified design model is introduced, which takes into
aCI'ount the parameters which influenc~ cross-bracing
behaviour. Many of these conditions are not considered in
buckling curves given in design manuals currently in use. The
proposed design model can be used to design steel angle
cross-bracing of typical tower panels.

A flexibility analysis demonstrates that it is p0ssible to
model non-linear cross-bracing systems inclusive of the
interactions between th· diagonals and the main legs, between
the tie and strut diagonals, and the conditions of in- and
out-of-plane restraint and biaxial loading at the bolted
connectionG.

An additional model is de~eloped using a finite-element code,
demonstrating that non-linear analysps can now be performed
for more complex trames including asymmetric members.

Through this investi~ation, it has been noted that the following
,.j.' ". lO'l<jearch:

- Experimental data are required on the behaviour of the
diagonals in the outside panels of bracing in terms of
deflections and nodal ro_ations.

- It i~; r'''' ,,';:1;;;":" ',I ','1.1r !!w +n-ji lan- b=h av io-r r (',f thp diagonals
and the main leg s IIp »xarniue d mo r» ca re f u l ly , ir.rLud Ln g
eccentricitip~ in the mnin leg~. This will possibly require
that the t e sr tram-s l'e asspmldt'd vel t 1, dl ly in sroad of

- 7.13 -



horizontally. due to the rero ru ing po s i t ion s of the rotation
trdnsducers.

_ The effects of tJolt s lipp age should be exam ine d . :1owevcr. it
is anticipated that modeJ.ling this variable accurately will be
almost impossible, because of the random characteristics of
these bolt movements.

The effects of transverS2 beams between the main legs. and
consequently the out-of-plane defl2crions of the outside
I racings. should be examined. These conditions c£n be modelled
\<J i t 11 ABA::(US.

- Future investlgations should be performed OD full-scale
frames. The effects of initial material imperfections in
larger steel ~ngle sections should be assessed.

- The effects of eccentricity of load and end restraint on the
behavivul' of t"lL'-dimensicnal frames made of steel angles
shuilid he examined separately. This will require simulation of
main legs with reduced flexural and torsional st'ffne~s .

•t is suggested that further research be conducted on bracings
with :verted diagonals. Huwever. the design of adjacent
late: ,l panels of the t owe rs must be considered carefully .

.- . ,r



APPENDIX A

Calculation of axial force and bending moment from strain
readings

Strain gauges are located on the SpE~tmens in sets of three, as
indicated in Figure A 01 Lelow. Within the elastic [ange, stress
at each gauga location can be calculated as follows:

PIA + MuVl/1u - MVl'.I./Iv

EkE2 PIA ~ MuV2/Iu + Mvuz/lv

03 EkE3 c PIA - MUV3/Iu - Mvu3/lv

where -E is the modulus of elasticity,
-k is a strain gauge factor,
-Ei ~s the recorded st~ain at points i=1,2,3,
-p i8 the axial force in the diagonal,
-A iR the cross sectional area,
-Mu. Mv ar the moments about the principal u- and
v-axis,

-Iu, Iv are the moments of inertia about the u- and
v-axis, und

-Ui, vi are the distances indicated in Figure A.Ol for
iol,2,3.

The solution is given by solving the a~ove systfm of
sirnuLt.aneous equations, '~her!' t ho unknowns art' p, Mu and Mv,
In mat~ix form, thes!' equations are as indirsted below:
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Ek l/A vziIu «z t i»
I 1/ A p

s i.l t; -v3/Iu -u3/lv

find finally:

Ek {q} ~ [MJ {Pi} .... (2.01)

v

Figure A.Ol: Location of straln gauges
in the angle section
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APPENDIX B

Calcula':.Jonof bracing deflections from test readings

Fig~re B.01-8 shows the original (I) and d~flected (II)
poaitions of a section of an angle diagonal, where three
La strume nt.s are used to measure the movements of the heel of the
angle section: a) one rotation transducer (twisting ~), bl one
displacement transducer (horizontal displacement xl-xO), and
c) one displacement transducer :vertical displacement
Yl-YOI. A detail of the Lns t rumen ts ' assembly is shown in
Fif.l':re2.13 in Chapter 2.

An Buxilinry beam is used to support the dlBplocewent
transducers. The beam is connected tn the main legs Bt nodes a
and d, see Figure 2.13 in Chapter 2, through a system of hinges
and rollers, thUR reducing interferences and distortions.

The displacement transducers are thus fixed, Bnd their relative
positions with respect to the diagonal cannot change during the
test. Observing the detail in Figure B.Ol-b, the deflections of

the heel of the angle can bf.E'xpressed in terms of the measured
twist and vertical and horizontal dLspLacemen t s 113 follows I

Xg c A sin~ • B cos~
Yg c A (OS~ - B sine

A h ~inojo
B (Xl-xO: (0,. + 1· sin.

.. B. 1 -



where ~ is the width of the angle s~ction. which is consistent
with the tnilial positions of the transducers displayed in
Fig'II'en. 01-a. see also F'Lgurv 2.13 in Chapter 2.

Figure B.Ol: a) Original (I) and deflH~ted (II) positions
o f an angle d iagcn a L. 7h(, vertical and horizontal transducers
are placed perpendicular to the legs of the angle. b) Datail

of the total movement of the heel of the nngle.
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Note that the heel of thp anglp is used [0 monitor the
deflections, instead of the shear csn t re of the section.
However, given the small size uf th~ specimens, the error
incurred is negligible. It is also e ssurned that the diagonals
deflect at the cross-over joint only in the out-of-plane
direction, and without twiRting.

- B.3 -
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APPENDIX C

The Southwell-plot procedure

Actual structural members are not perfectly straight. They
usually have initial deformations, or initial eccentricities,
which increase the bending effect when axial loads are applied,
thus increasing the stress at the extreme fibre.

Initial eccentricity and elastic buckling load of such members
can be determined from deflection and strain readings obtained
experimentally. The following load-deflection expres8ion can be
written for a member under compressive load:

u u
+ .... (c.Ol)

p

Equation (C.Ol: is an exp res sion of t.h« form:

y ~ a + bx

thUH representing a straight line which best fits the points
determined from experimental readings of deflection and load, as
in Figure C.Ol. The terms in Equation (C.OI) are 6S follows:

- u is the recorded deflection,
P iR the rtcorded axial load.

- BO is the initial deformation. given bv the intercept or
initial ordinate in Flgure C.Ol. and

- PE is the Euler load. pI/en hv the rec iprocaI of the slope>
in Figure C.lIl.

_ r:. l _
.'
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S ()\I t 11,v (' II - P lot pro (' pd u r ('
Test 40~

o.s
u/P

0.4 ,

•

·1 () 8 10

u

T(,9t I'l'ndlllgs Lme a r rcgl' esxi on

Flgul'l' C.O 1: Eulr-r e lust u- iond a nd
"IHI e c-r-c n t r rr-rtv cal c ulut ed f rorn

Sou t hwr-l l+p lo t .

The above p rocedure is known as the Sout.hwell-plot, and the
background theory is well d-icument.ed in Allen (70).

For the case of cross-bracing diagonals, deflectim u in
Equation (C.Ol) is the absolute deflection at midspan, including
in-plane and ollt-of-plane deformations between the strut-leg
connection and the cross-over joint, as indicated in Figure
C.02-a. If it is ElSSUUleuthat the cross-over joint moves only in
the out-of-plane direction, the deflection u about the minor
axis in Equation (e. 01) can be obt aLned from the following
exprpssion:

\I c- ((yg" ~ Ve) + xgJI\2 ... (C. 02)

'~ which Yg, Xg and Yc are calculated from test readingd,
as indicated in Appendix B and are shown in Figul'£>C.Oi-h.
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The Southwell-plot can als bl'expressed in a different. format,
as described next, If the strut has an initial deflection equal
to ao, the maximum deflection at midspan (Lg/2 in Fdgu re
C,021 can be calculated for any load P as follows:

1 -

I ~i Zie, a----r~ ----/x;----- - --7
v
x(a)

( b)

Figure C.02: al In- and out-0f-plane strut deflections,
recorded during tests and uned with tne Southwell-plot
procedure to determ~ne experimental buckling loade,
b) Detail of deflections at node g. see Appendix B,

- C,3 -
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and the measured displacement is u = umax - .0' from which:

ao P
u = -----

The b nding moment at midspan of the strut can be written as:

P Umax
1 -

from which:

u '" MVmax/PE

Replacing the new value of displacement u in Equation (C.Ol),
th€ Southwell-plot equati0n becomes:

P
••.. (C. 03)

This i6 a modified expression of the Southwell-plot, in which:

- ao is t.h» i.ni ti a I amplitude, or init _,,,! ,>ccentricity,
given by the initial ordinate in the plot.
Mvmax is the bending moment about the minor axis of the
sertion, and is obtained from strain readings.

- P is thp rero rde d axial force, arid is also obtained t rum
strain readings.
PE is the Euler load, calculuted as the inverse of the
slope in the plot.
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Modified So u lh wo l l-v p l o t. p ro r-o d ur e
Tt"·;f 1(12

Mv/l'
10

6

4 • •~-_ ...--
~_J..-

::: f dO
I() .:io--. .,_ •. _._ ..__ ~ __ ...L .. _ .._ .._~ .....,......l... __ . .•_.. .. J.._._ ... -1. . ~_._ .....!

o 50 100 150 200
Mv

Tr-st re ad mg s Lin ear r cg rr-xsron

Figure ( 1'1: Eulr-r e l a st ir- l o ad and
e nd pc, I'lltriclty c a Ic u la t e d Ir-orn

m od if'i ed S01lthwell-plot.

Equation (C.03) is solved for moment ana axial force readings at
and directly prior to firat yield of each test, and the initial
amplitudes and buckling elastic loads are obtained from the
best-fit linear regression of these values. as indicated in
Figure C.03.
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APP':NDD D

7heory for frame a~alysis

The analytical Appro~ch used iI, this investigation (Chapters 4
and 5) for modelling cross i brac ing systems, Lnvo lvss solution o f
equilibrium ~nd compatihility equations. For example, to solve
for n unkr.own momsn t s at the ends of the n members meeting 't.

joint j, see Figure 0.01, the following cond Lti.or.sare required:

a) One equilibri~~ equation:

/n-l

n

Figure D.OI: Gene~ic member ij in a structure. Rotations
at nodes i Bnd j can be expressed as functions of the end

moments in the adjoining members.
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b) (n-1) compatibility equations,

Bj 2 3j i Bjn

in which:

- Mj i a ze the ith member p,;..] moments at r: ie j, and
- Bji arE the rOlations of the different rrembera at joint j.

Nodal rotations eji at the jth node of structural members,
such as ji in Figure D.D1, can ex~ressed LS a function of the
end moments as follows:

Bji = f(Mji.Mij) ....(D.01\

Definitions and basic theory for flexibil.ty relationships such
as (0.01) above can be found in Timoshenko [35]. Pipard [62J, or
Chen [71).

Similar equations relating end momenta and nodal rotations are
written in this jnvestigation for all nodes in the structure as
a function of memher geometry. applied loads and restra'nt
conditiuns. These expreS&iO~8 are not dependent on the material
properties.

To illustrate the rationale behind this approach, consider a
generic element ij o f length L, such as shown In FigHt. D.Ol
Following the not.ation and sign conve n t i on 01 Figure )).02, t hc
rotations at nodes i and j can be expresse~ as indicated below:

-R2/']
(

8ij L Bl/3 I ~lv' .
J 1J

c;
() .. Elv -B2/6 Bl/3 I HVji.)1

.... (D. 02)
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III (fl) [F I (~1)

Equations (1).02) a r e f undamen rn l in ·he p ro po s ed analysis. The

mat.ri c e s 'n Equations (0.02) re l a t.« th e p"1 r o t a t ior.s {8} to the

enu morne l' (M, of frame elements and are B generalized form of
the flexibility pqtlatiolls, Tlw fl e x ib i l I r y matrix [FJ of the

inemhpr Ii in c lud e s the t unc ti on s 81 and 82, commonly known
dS Berry fLnctions [35,62,66,71J, which allow for lhe
d~5ta~iliz~ng and moment magnification pffpet of axial
vornp r e s s ive f o rce s acting on a beam-column through midspan
deflect.ions.

~,v..
1 J ~,vj i

.-----)

(a)

~-- ... -.-.--- .-.. -J.-

(b)

Figure D.02: Notatinn and sign convention adopted
for the present investigation. a) Ferces and moments.

b) Detlections and nodal rotatiJns.
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Functions 8
1

lind B
Z

ar« nOll-llnpar t ri goriomet ri r factors, o r
stability functions, and arp dppendpnt on th~ ratio of forces
PIPE. TiH'Y a rr- . t nere f ore , rJ1~() rr- lu t ed t.o the strut'r,
slenderness ratio L/r. Figure D. 1 shows B1 and B2 plotted
against the ratio PIPE, from which we can derive the following

- w'hen the axial f orcv P is very small the stability f unc t ion s
approach unity. and the relationship Letween the rotations e
and the end moments M become linear. since the flexibility
coefficients in the matrix IF] are unaffected by P,

depending only on the ratio L/EIv. Equation (D,02) then
tak es the form o f t.he linear flexibility equation.

- l/he!l the axial Iorce a,1proHches the e La st ir buckling load
PE, on the other harid , the stab ll i t y functions tend to
infinity. At thiR paint, pven the smallest end moment or
lateral disturbance will induce considerable deflections apd
end rotations in the member ij.

It iR clear, therpfore, that the coefficients in the flexibility
matrix (F) change with the axial looJ, resulting in B non-linear
effect for in~reaBing valueR of load. The relationship between
rotations and moments, however, remain6 linear for a particular
value of P and. as 8 result, the non-linear b~ha~iour of the
memlie r ij due to this effect is calculated by Il succession of
lineal analyeps through incrpmentR of the axial force P.

In a t igorouu Hecond order" analysis t.h» ax iaI torcAs are also
unknowns, and ha 'I t' t II l'p "51 ima t ed t or PHdl 1 t vra t ion. Hows vo r ,
f o i the lnari ng pair under con sidr-ra t inn, it will be su f f ic en t
t o ca lvu lat.e th e rnemb=r axial t orces, at any load level. by
l on s idv :ing equilibrium at thp ioIn t s o f th" truss s t ruc t ure

- D.4 -
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without incurring significant error.

Extending this analysis to include a member ij having lateral
joint deflection or s....lay, as shown in Figure D.02-b, Equations
(D.021 can be extended simply to include the effect of these
sways as follows:

MVij l
MVjiJ +

1 -1

1

1

-1

or (P) [F)(H) + [f]{d} .... (D. 03)

whep' [f) is 0 compatibility ma tr i x reLa t i n.: f'nd rotation to
relative end deflection or sway (d), see Figure D.02-b. Similar
analytical expressions can be dl'veloped tur a membpr iJ

subjPctt'd to tensile forces.
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A particular example (If the above geneEDi CDse Lccurs when the
beam-column jJ Ol Figure P.Ol is subj ect.e d to equal and opposite
end moments, such as in the eventuality of equally eccentric
Lo ads. The maximwn bending ITlOITa>nt at half-span of element ji is
given by the secant formula, see Chen [71], as indicated be low r

Hvmax ~ P Pu sec(w) .... (D.04)

in which eu is the eccentricity of load in the plane uz, see
Figure D.Ol, P is the axial load. and the factor w is given as
f o Ll ow s i

2
w

wher' PE is the Euler critical load. The moment Mvmax is
plo"ted against the ratio PIPE in Figure D.04. Examination of
Figure D.04 results in the following conclusions:

- When the axial force P is small, the factor sec{w) is equal
to unity. In this case the bending moment 1S constant along
the member ji, and equal to P eu.

- wnen P app roache s the elastic buckling load PE, on the
other hand, w becomes equal to n/2 and the bending moment at
half-span of the member ij increases indefinitely. At this
point, even the smallest end e~centri~ity eu will induce
instability and, consequently, large la t eral deflections.

A~; in the case o f the B"rry t unrt ions B1 and B2, the
trigonometric function sec(w) is related to the slenderness
ratio L/r, and also a.t.s as an amplification factor, thus
allowing for non-linear effect at Inrreesing loads.

- D.6 -
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One 13st important expression ron be developed based on the
pquation of bendlng moment given by the secant formula. The
stress at the extreme fibre .Inelement ji of Figure D.01 can be
ralculatec ,om axial force and uniaxial bending as followsl

wh s r s :

(max is the stress in the extreme fibres of member ji.
- IIis the cross-sen ion area of memhe r ii .
- l~ is the moment of inertia.
- h is the distance from neutral axis to extreme fibres.

Substituting the value of Mvmax gi ·en by Equ ati on (D.OI,) into
the expression of stress. Wl can nlW write:

- D.7 -



F h
A

- P eu sec(w)
IV

Finally. considering that Iv~A(rv)2 and assurr.ing that the
maximum s tr ess in the extreme fi b res is equ aI to rh« yield
stress fy. the following expression rp"~ltsl

fv
[_'--- ~ 1J

full
cos ('r) en .. " (D. 05\

h

where fult is the nominal axial stress at the moment of first
yield. This equation gives an expression for the eccentricity
based on the known value of yield stress and the measured vnlue
of PE from the Southwell-plot, as explained in Appendix C.
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