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Abstract

Let G be a countably infinite discrete group and let SG be the Stone-Cech com-
pactification of G. The group operation of G extends to SG making it a compact
right shift continuous semigroup. The semigroup SG has import applications to
Ramsey theory and to topological dynamics. It has long been known that re-
mainder G* = G \ G can be decomposed into 2° left ideals of SG (E. van Dowen
1980-s, D. Davenport and N. Hindman 1991). In 2005 I. Protasov strengthened
this theorem by proving that G* can be decomposed into 2° closed left ideals of
BG such that the corresponding quotient space is Hausdorff. Let Z denote the
finest decomposition of G* into closed left ideals of SG with the property that
the corresponding quotient space of G* is Hausdorff and let Z' denote the finest
decomposition of G* into closed left ideals of SG. If p € G* is a P-point then
(BG)p € Z. We show that it is consistent with ZFC, the system of usual axioms
of set theory, that if G can be algebraically embedded into a compact group, then
every I € 7 contains 2° maximal principal left ideals of G, in particular, neither
member of Z is a principal left ideal of SG. We also show that there is a dense
subset of points p € G* such that (8G)p € 7'\ Z, in particular, 7’ is finer than Z.
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Chapter 1
Introduction

Let G be a countable infinite discrete group and let G be the Stone-Cech com-
pactification of G. The operation of G extends to the Stone-Cech compactification
BG of G in such a way that for each a € G, the left translation

M G2 —a-x € PG
is continuous, and for each ¢ € 8G, the right translation
pg:BGox = x-q€BG

is continuous. We take the points of SG to be the ultrafilters on G and identify
the principal ultrafilters with the points of G.

For every A C G, let A= {p € 3G : A € p} and A* = A\ A. The subsets A where
A C G form a base for the zero dimensional topology on SG. For p,q € SG the
ultrafilter p- ¢ has a base consisting of subsets of the form |, , - B, where A € p
and B, € q.

Theorem 1.0.1. The compact space G with the operation - : BG x G — BG is

a compact right shift continuous semigroup.

The semigroup SG has important applications to Ramsey theory, topological
dynamics and topological group theory. The first example of applications was
provided by Hindman’s theorem. It says that whenever the set N of natural num-
bers is finitely coloured there is an infinite A C N such that the set of all finite
sums of distinct elements of A, denoted by F'S(A), is monochrome. Such A is de-
rived from a certain ultrafilter on N, an idempotent of the semigroup N* C Z*. See

[HS12, Zel11] for more information about the semigroup SG and its applications.



Definition 1.0.2. Ifp € G* then (BG)p is the principal left ideal of SG generated
by p.

A principal left ideal of G is maximal if it is not properly contained in any
other principal left ideal of SG. It is a remarkable fact that any two principal left
ideals of G are either disjoint or one of them is contained in the other ([HS12],
Corollary 6.20), and consequently any two distinct maximal principal left ideals
of BG are disjoint. An obvious example of a maximal principal left ideal of G
is that generated by a prime element, that is a point p € (G*)? \ G*. The next

argument shows that SG contains many such prime elements.

Definition 1.0.3. A subset A C G 1is called thin if for any distinct v,y € G,
(xA) N (yA) is finite.

Lemma 1.0.4. [Cho69]Every infinite subset of G contains an infinite thin subset.
Lemma 1.0.5. If A is a thin subset of G then every p € A* is prime.

Corollary 1.0.6. The set of prime elements of G contains a dense open subset

of G*.
The next question is one of the main open problems about SG (see [HS12] p.135)

Question 1.0.7. Does every point of G* lie in a maximal principal left ideal of
BG? Of special interest is the case G = Z.

Equivalently, do the maximal principal left ideals of G form a decomposition or
partition of G*? It has been known for a long time that G* can be decomposed
into 2° left ideals of SG (see [DHI91] and [HS12], Theorem 6.53). In [Pro05] this
was strengthened by showing that G* can be decomposed into 2° closed left ideals
of SG such that the corresponding quotient space of G*is Hausdorff. The proof
was complicated and based on balleans and slowly oscillating functions. It was
simplified in [FS07] and [TZ12] and another direct proof was supplied in [Zel13].

Considering the diagonal of the quotient mappings justifies the following definition

Definition 1.0.8. Let Z denote the finest decomposition of G* into closed left
ideals of BG with the property that the corresponding quotient space of G* is Haus-
dorff and let ' denote the finest decomposition of G* into closed left ideals of 5G.

The decomposition Z can be intrinsically characterized as follows (see [Zell3]):

Theorem 1.0.9. For every p € G* let F, denote the filter on G with the base
consisting of subsets of the form J, . - (A\ Fy) where F, is a finite subset of G
for eachx € G and Aep. If I, = ﬂBefPF then T = {I, :p € G*}.

2



It is clear that every maximal principal left ideal of SG is contained in a member
of Z. The next example shows that assuming additional set-theoretic assumptions,

some members of Z may be maximal principal left ideals of 8G.

Definition 1.0.10. A non principal ultrafilter p € w is a P-point if the inter-

section of countably many neighbourhoods of p € w* is again a neighbourhood of

D-

Equivalently p is a P-point if whenever {A,, : n < w} is a partition of w and A,, € p
for all n < w there exists A € p such that AN A, is finite for all n < w. Martin’s
Axiom (denoted by M A) implies the existence of P-points. It is however consistent
with ZFC, the standard axiomatic foundations of set theory, that there are no P-
points (see [She98|)

Lemma 1.0.11. Ifp € G* is a P-point then I, = (BG)p.
After these results the following two questions naturally arise:

Question 1.0.12. Can it be shown in ZFC that there is I € T which is a maximal
principal left ideal of BG.

Question 1.0.13. [Zel13] IsT =T1'?

The aim of this dissertation is to answer Question 2 and Question 3. We show that
it is consistent with ZFC that if G can be algebraically embedded into a compact
group then every I € 7 contains 2° maximal principal left ideals of G [BZ13]. We
also show that there is a dense subset of points p € G* such that (8G)p € '\ Z,
in particular Z' is finer than 7 [BZZ14].

We proceed as follows: In Chapter 2 we will rapidly cover the Set theoretic and To-
pological results needed to underpin our further investigation of SG. In Chapter 3
a review of the literature and the general construction of the Stone-Cech compac-
tification of a topological semigroup will be given and we will briefly investigate
why the ultrafilter construction on a discrete semigroup is the natural framework
for investigating semigroup compactifications. Topological and Algebraic proper-
ties required for the main results will also be given here. Finally in Chapter 4 the
results in [BZ13] and [BZZ14] will be given.



Chapter 2

Preliminaries and Ground Cover

2.1 Set Theory and Topology

In this section we will cover the set theoretic topology and pure set theory required
for the following chapters. We start by building the framework to describe Martin’s

Axiom.

Definition 2.1.1. Continuum Hypothesis: There is no set whose cardinality is

strictly between N and R.

Definition 2.1.2. A filter I’ on a partially ordered set X is a subset of X such
that

1. For all a,b € F there must exist ¢c € F' such that ¢ < a and ¢ < b.
2. Forallae Fandbe X,a<b = beF.

3. F 4.

Definition 2.1.3. A filter F' on a partially ordered set X is proper if F' # X.

Definition 2.1.4. Two elements a,b € X are incompatible if there is no element
c € X such that c < a and ¢ < b.

Definition 2.1.5. An anti chain on X is a subset of pairwise incompatible ele-

ments.

Definition 2.1.6. A partially ordered set has the countable chain condition if

every anti chain on X is countable.

Definition 2.1.7. A subset Y C X is dense in the partial order sense in X if for
all x € X there exist some element y € Y with y < x.
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Definition 2.1.8. Martin’s Axiom: If X is a partially ordered set which satisfies
the countable chain condition and D is a family of dense subsets of X with |D| < 2¥
then there must exist a filter F' on X with F N D # 0 for all D € D.

Martin’s axiom is not a natural set theoretic axiom and its origins arise from
proofs of theorems in ZFC+CH where the continuum hypothesis was used via a
combinatorial argument on the cardinality of some set. We can consider the family

of Martin’s axioms as follows

Definition 2.1.9. MA(k): If X is a partially ordered set which satisfies the count-
able chain condition and D is a family of dense subsets of X with |D| < k then
there must exist a filter F' on X with FND # 0 for all D € D.

Definition 2.1.10. A filter F is called D-generic if there exists a family D C 2%
consisting of dense subsets of the partially ordered set X such that F D # () for
all D € D.

Theorem 2.1.11 (Rasiowa-Sikorski Lemma). If X is a partially ordered set with
x € X and D is a countable family of dense subsets of X then there exists a
D-generic filter F on X such that x € F'.

Proof. Enumerate the set D = {D;} Define a sequence on X as follows:

ieN"
1. Choose p; € D such that p; < x, which exists as D; is dense in X

2. Assume we chosen {p;},., such that z > p; > p, > ... > p, with p; € D;

then since D,, ;1 is dense in X we can choose p,11 € D, 1 such that p,, > p,i1

Define a filter ¥ on X where F' = |J,.y{y € X : ¢ > p;}. It is easy to see that F
is a filter and by construction p; € FFN D; for all i € N O

This shows that MA(w) is true in ZFC. The set [0, 1] C R with the normal topology
is a counterexample in ZFC to MA(k) where k£ > 2%.

Theorem 2.1.12. The Continuum Hypothesis implies Martins Axiom.
Proof. See [Kunl4] O

Martins axiom’s full strength only comes into play in models of ZFC where we
have denied the Continuum Hypothesis as it can be shown that ZFC+-CH+MA
is still a consistent set theory. As a combinatorial set theoretic principal, Martin’s
axiom is used when we require that all cardinals less than 2 must behave as if
they are almost countable. The pseudo-intersection number is a classical example

of this behaviour.



Definition 2.1.13. A pseudo-intersection of a family of infinite sets is an infinite
set S such that each element of the family contains all but a finite number of

elements S.

Definition 2.1.14. A family of subsets has the strong finite intersection property

if the intersection of any finite subfamily is infinite.

Definition 2.1.15. The pseudo-intersection number p is the minimum cardinality
of a family of sets in 2% that has the strong finite intersection property but does

not have a pseudo-intersection.
Theorem 2.1.16. ZFC implies that w < p < c.

Proof. See [Halll] O

So in ZFC we know that countable families of subsets of N cannot have pseudo-
intersections while a continuum number of families definitely do have a pseudo-

intersections.
Theorem 2.1.17. Martins Axiom implies that p = c.

Proof. See [Fre88] O

This demonstrates the previously mentioned principal, that Martin’s axiom forces
countable like behaviour on all cardinals between w and ¢. Our set theoretic
adventure will revolve around assumptions or denials of Martin’s axiom and the
Continuum hypothesis and the implications there of regarding the existence of
certain types of filters on a set. We now proceed to the basic topological results

required in this thesis.

Definition 2.1.18. A topological space consists of a set X and a family of subsets
T C 2% such that

e ), XeT.
o ifOl,OQ S T then 01 ﬂOQ € T
® {Ou}oer €T implies that |J,c; Oa € T.

We call the elements O € T open sets and any subset C' = X \ A where O € T a
closed subset of X.



Definition 2.1.19. A base B for a topological space is a family of open subsets
B C 2% such that YU € T we can find a collection {B;}ic; C B such that U =

Uiel B;.
Definition 2.1.20. Let (X, Tx) and (Y, Ty) be topological spaces and let f : X —
Y be a function

1. The function f: X —Y is continuous if YOy € Ty, f~1(Oy) € Tx.

2. The function f : X — Y is an open (closed) map if for all U C X with U
open (closed) we have that f(U) is open (closed) .

3. The function f : X — Y 1is a homeomorphism if it is one-to-one, onto,

continuous and open .

We will make frequent use of the closure operator in the results that follow, some
basic results and definitions required are supplied below. From now on, if we say

that X is some topological space, the topology is implied but 7 will be supressed.

Definition 2.1.21. Let X be a topological space and let U C X. The closure of
U, denoted by U, is the smallest closed set containing U.

Definition 2.1.22. Let X be a topological space and let U C X. The subset U is
called dense in X if U = X.

Definition 2.1.23. Let X be a topological space and let x € X be some point in
X. A subset U C X is a neighbourhood of the point x if there exists an open
subset V' of X such that x € V C U C X.

Definition 2.1.24. Let X be a topological space and let A C X be some subset of
X. A subset U C X is a neighbourhood of A if there exists an open subset V' of
X such that ACV CcU C X.

Definition 2.1.25. Let X be a topological space then X has the separation prop-
erty:

1. Ty if Ve,y € X with x # y there exists U € T such that x € U and y ¢ U
oryeU andxz ¢ U.

2. Ty if Va,y € X with x # y there exists U € T such that x € U andy ¢ U .

3. Ty or Hausdorff if Vx,y € X with x # y we can find disjoint open subsets U
and V' such that x € U and y € V.
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4. Ty or regular if it is Ty and Vx € X and closed subsets Y C X withx ¢ Y
there exists open disjoint subsets U and V' such that x € U and Y C V.
Equivalently, a topological space is called T3 or regular if for all x € X
and open neighbourhoods U C X there exists an open set V. C X such that
reVcVcl.

d. T3% or completely regular if it is T} and Vo € X and closed subsets Y C X
with x €Y there exists a continuous function f : X — R with f(x) =0 and

FY)y=1.

6. Ty or normal if for all closed disjoint subsetsA and B of X there exists open
disjoint subsets U and V' such that AC U and BCV .

Theorem 2.1.26. If C' is a closed subset of a reqular space X and if for all
neighbourhoods U of C we have A C U then A C C.

Proof. Since X is regular and C' is closed we know that C' = (5. U. Thus if for
all U we have that A C U then A C C O

Theorem 2.1.27. A compact, T2 space is in fact T4, and is thus T'3.
Proof. See [GL13] O

Definition 2.1.28. Two subsets A and B of a topological space X are completely
separated if we can find a continuous function f : X — R with f(A) = 0 and

f(B) =1.

Theorem 2.1.29 (Urysohn’s Lemma). Suppose that X is a normal space and let
U and V be disjoint closed subsets then U and V' are completely separated.

Proof. See [CN74] O

Definition 2.1.30. o A subset A of a topological space X is a zero set if there
exists a continuous function f: X — (—1,1) with A= f~1(0).

e The collection of all zero sets of a topological space X is denoted by Z(X).
o If AC X such that X \ A € Z(X) then A is a cozero set.

Theorem 2.1.31. Two subsets A and B of a completely reqular space X are
completely separated in X if and only if A and B are contained in disjoint zero

sets.

Proof. See [Wal74] O



Definition 2.1.32. A topological space X is compact if every open cover contains

some finite subcover.

Definition 2.1.33. A topological space X is locally compact if at every point
x € X we can find an open neighbourhood U > x such that the closure of U is

compact.

Definition 2.1.34. A topological space X is pseudocompact if every every con-

tinuous function f : X — R is bounded.

Definition 2.1.35. A compactification of a topological space X is a pair <<X, 7’) , h)
where (X7 7A’) 15 a compact topological space and h : X — X isa homeomorphism

onto a dense subset of X.

Definition 2.1.36. 1. A topological space X is connected if X # UUV where
both U and V' are nonempty open subsets with U NV = (.

2. A connected component of a topological space is an equivalence class under
the equivalence relation x ~ y if and only if there exists a connected open
subset U such that {x,y} C U .

3. A topological space is totally disconnected if all its components are singletons

Definition 2.1.37. A topological space X is zero dimensional if there erists a
basis for that topology consisting of clopen (i.e. both closed and open) subsets of
X.

Theorem 2.1.38. A countable Ty space is zero dimensional.

Proof. See [Zelll] O
Theorem 2.1.39. A totally disconnected, Hausdorff, locally compact space is zero
dimensional.

Proof. See [HRT9] O

Theorem 2.1.40. If X is a discrete topological space, then X is Ty, locally com-

pact, totally disconnected and zero dimensional.

Proof. Since every subset of a discrete space is both open and closed it is easy to
see that it is locally compact, normal and thus Hausdorff and totally disconnected

and thus zero-dimensional. O



2.2 Filters, Ultrafilters and P-points

Filters on a set and their corresponding ultrafilters form the basis for the majority
of this line of study. For a more in-depth look into the theory of filters and
ultrafilters please see [CN74]

Definition 2.2.1. A filter F in a set X is a family of non-empty subsets of X
such that

1. if Aand B € F then ANB € F.
2. if Ae Fand AC BC X then B € F.

Definition 2.2.2. A family of subsets C of a set X has the finite intersection
property if for any finite collection of sets {A;}i=1..n we have that Ni=1. ,A; # 0.

Theorem 2.2.3. FEvery family of subsets C of a set X that has the finite inter-

section property is contained in some filter on X.

Proof. We build the required filter in two steps. Firstly we close the family C
under all finite intersections and then close the resulting family under supersets.

It is easy to see that the generated family of sets is in fact a filter O]

Definition 2.2.4. Let A C X and denote by (A) the smallest filter on X such
that A C (A).

Definition 2.2.5. An ultrafilter F in a set X is a filter on X which is mazimal

with respect to filter containment.
The following theorem is a standard application of Zorn’s lemma.

Theorem 2.2.6. If C € 22 s q family of subsets with the finite intersection
property then there exists an ultrafilter F such that C C F.

Proof. Since C is contained in some filter we know that F = {F : C C F} is non-
empty and it is easy to see that the union of any increasing chain of filters ordered
by set inclusion is also a filter. By applying Zorn’s lemma we immediately arrive

at a maximal element in F' which is the required ultrafilter O

An ultrafilter is a filter that cannot be properly contained in any other filter on X.
Ultrafilters can be characterised by the simple criteria that if A C X then either
A € F or X\A € F. This criteria suggests that an ultrafilter supplies a measure

of largeness to a family of subsets of X. For example either a set is large or its
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complement is large, the union of two large sets is large etc. In fact an ultrafilter
can be seen as a {0, 1} valued measure on 2%, by the characterisation, so that if a

property holds on the members of an ultrafilter then it holds almost everywhere.

Theorem 2.2.7. If F is a filter on a set X and ® is the set of all ultrafilters on
X which contain F then F = (\peg P.

Proof. We can easily see that F C (\p.q P since F C P for all P € ®. So let
A € (\pee P but assume A ¢ F. The family of subsets of X, F U {X \ A} has
the finite intersection property and is thus contained in some ultrafilter @ which
also contains F by construction. However, then A € Q and X \ A € Q which is a
contradiction. Thus F = (\p.e P O

Definition 2.2.8. An ultrafilter F is called principal or fixed if we can find some
x € X such that F = {A C X : x € A}. An ultrafilter is free if it is not fized.

As a consequence of Theorem 2.2.6 we have the following result:
Theorem 2.2.9. If X is an infinite set then there exists a free ultrafilter on X.

Proof. Consider the Fréchet filter F', consisting of all subsets of X with finite
complements. It is easy to see that this is indeed a filter and thus by Theorem 2.2.6
we know there must exist some ultrafilter F containing the Fréchet filter. Now if
F is principal then {z} € F and X \ {z} € FF C F which is a contradiction. [

The following theorem characterises the subsets of a set X which are elements of
an ultrafilter p. This theorem usually serves as the only leverage available when
working with free ultrafilters. This is due to the fact that in general free ultrafilters
are very hard to describe explicitly. For example any free ultrafilter on N would

give an explicit construction of a non-measurable subset of [0, 1].

Theorem 2.2.10. Let X be an infinite set and U C X. Let p be an ultrafilter on
X. Then U € p if and only if UNV £ for all V € p.

Proof. The necessity is easy, since filters are closed under intersection and the
empty set is never an element of a filter. For the sufficiency let U C X such that
X\U €epbutUNV #( for all V € p. But then U N (X \ U) # 0 which is a

contradiction. O

The number of ultrafilters on a set X is trivially bounded above by 22™! gince
every ultrafilter is a collection of subsets of the set X. We can show that this

bound is actually tight in the case of infinite sets X.
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Theorem 2.2.11. If X is a set then the number of ultrafilters on X is | X| if X
is finite, and 921! if X is infinite.

Proof. If X is finite then each ultrafilter on X is principal, and so there are exactly
| X| ultrafilters. In the rest of the proof we will assume that X is infinite.

Let F be the set of all finite subsets of X, and let ® be the set of all finite subsets
of F.

For each A C X define

Ba=A{(f,0) e Fx®[AN [ e}
and BY = (F x ®)\ By. For each S C 2% define
Bs={Ba|AeStU{B{|A¢ S}

Let S C 2%, and suppose Ay,..., A, € S and Dy,...,D, € 2%\ S, so that we
have By,,...,Ba, B ..., Bf € Bs. Forie {1,...,m} and j € {1,...,n} let
a;; be such that either a;; € A;\ D, or a;; € D; \ A;. This is always possible,
since A; # D;. Let

f=Hai;|1<i<m,1<j<n}

and put
p={ANf|l1<i<m}

Then (f,¢) € Ba,, fori=1,...,m. If for some j € {1,...,n} we have D;Nf € ¢
then D; N f = A;N f for some ¢ € {1,...,m}. But thus is impossible, as a; ; is in
one of these sets but not the other. So D; N f ¢ ¢, and therefore (f, ¢) € ng. S0

(f,¢) € Ba,N---NBa, NBG N---NBY

This shows that any finite subset of Bs has non-empty intersection, and therefore
Bs can be extended to an ultrafilter Us.

Suppose R, S C 2% are distinct. Then, relabelling if necessary, R\ S is nonempty.
Let A€ R\ S. Then B, € Ug, but B4 ¢ Us since BS € Us. So Ur and Us are
distinct for distinct R and S. Therefore {Us | S C 2X} is a set of 22 ultrafilters
on F' x ®. But |F x ®| = |X]|, so F' x ® has the same number of ultrafilters as X.
So there are at least 22" ultrafilters on X , and there cannot be more than 921!

as each ultrafilter is an element of 22" . O

Definition 2.2.12. The dispersion character of a filter F is A(F) = min{|A] :

12



Ae F}.
The following theorem is also an easy consequence of Theorem 2.2.6

Theorem 2.2.13. Let X be set with |X| = k and let w < f < k. Then there
exists an ultrafilter on X such that A(F) = (.

Proof. Let C ={U C X : |X \ U| < } which obviously has the finite intersection
property so by Theorem 2.2.6 there exists an ultrafilter F such that C C F.
Suppose A(F) < [ then there exists a U € F such that |U| < 5. However then
X\Ue€eCas | X\ (X\U)|=|U| <pand thus UNX\U =0 € F which is a

contradiction. O

Definition 2.2.14. Let k be a cardinal. An ultrafilter F is called r-uniform if
A(F) > k.

We are now ready to define the concept of a Ramsey Ultrafilter and a P-point.
P-points were first investigated when questions about the homogeneity of the

Stone-Cech compactification of the naturals were under scrutiny.

Definition 2.2.15. An ultrafilter p is Ramsey if for all k,r € N and [w]* = {Y C

w: |Y| =k} r-coloured there exists A € p such that [A]* is monochrome.

Ramsey ultrafilters are related to Infinite Ramsey theory which is a family of

combinatorial facts about random colourings of infinite sets.
Theorem 2.2.16. Martins Azxiom implies the existence of Ramsey ultrafilters.
Proof. See [Jecl3| O

Definition 2.2.17. A point x € X is a P-point if the intersection of countably
many neighbourhoods of p is still a neighbourhood of p.

Theorem 2.2.18. Fvery non-principal Ramsey ultrafilter on w is a P-point.
Proof. See [Zelll] O
Theorem 2.2.19. It is consistent with ZFC that there are no P-points in w*.
Proof. See [She98| O

Theorem 2.2.20. [t is consistent with ZFC' that there are not every P-point in

*

w* 15 a Ramsey ultrafilter.

Proof. See [Halll] O
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2.3 Topological Groups and Semigroups
Definition 2.3.1. A topological group is a pair (G, T) for which
1. (G,T) is a topological space .
2. G 1is a group .

3. the function g : G x G — G defined by g(x,y) = x -y~ ' is continuous.

For example, any group combined with the discrete topology on that group is a
topological group. Less trivially, the additive group of rationals Q with the subset
topology from R is a topological group. Not every group admits a non-discrete

group topology though.

Theorem 2.3.2. Assume CH. There exists a group G with |G| = wt such that
the only group topology on G is discrete. Furthermore, any finite subset of G is

contained in a topologizable subgroup of G.
Proof. See [She80] O

Topological groups tend to be well behaved when it comes to their topological
properties due to the restrictions placed on their topologies by the continuity of

the group operations.

Theorem 2.3.3. Any Ty topological group is in fact a completely reqular topolog-

ical group.
Proof. See [HR79] Theorem 8.2 and Theorem 8.4 O

A topological group is a homogeneous space and thus the family of open neigh-

bourhoods of the identity element characterize the topology on the group G

Definition 2.3.4. A base for a neighbourhood system is called countably decreas-
ing if it is of the form {V; :i € N} such that V3 2 Vo D ...

Definition 2.3.5. A base for a neighbourhood system is called symmetric if for
any element U of that base it is true that U = U™!.

Theorem 2.3.6. If G is a group with identity e € G then ¢ C 29\ {0} is the basis
of the neighbourhood filter at the identity of a Ty group topology T if and only if

1. N¢ = {e}.

14



2. YU,V € ¢ there exists W € ¢ such that W CcUNV.

3. YU € ¢ there exists V € ¢ such that V2 C U.

4. YU € ¢ there exists V € ¢ such that V- C U.

5. YU € ¢ and g € G there exists V € ¢ such that g-*Vg C U.

Furthermore, we may always assume that the base generated by ¢ is symmetric
and that if this topology is first countable then we can choose this base so that it

1s countably decreasing.

Proof. Suppose ¢ C 2 satisfies the conditions of the theorem, then by condition
(2) ¢ is a basis for a filter on G (as for all U,V € ¢ there exists a W € ¢ such that
W c UNV # (). Consider the family of subsets N, = {U C G : 2V C U, for
some V € ¢} where z € G. Let U C N,.. There exists a V' € ¢ such that 2V C U.
Let W € ¢ such that W2 C V and consider W € N,. Let y € 2W ie. y = zw
for some w € W then yW = zwW C 2W? C 2V and thus 2V € N, for all y € 2V
and thus N, is the neighbourhood filter at € G for some topology on G.

Now let z,y € G and U € ¢ so that zyU € N,,. Now there exist V.W € ¢
such that V2 C U and y'Wy C V but then zW € N, and yV € N, and
thus W - yV = zy(y'Wy)V C ayV? C xyU. Consequently, the function
-+ G X G — @ is continuous. It should be noted that for all g € G the function
Ay : G — G given by \,(z) = gz is a homeomorphism. Now z7'U € N,
and there exists V,WW € ¢ such that aWa=! C U and V-!' C W but then
(V) =2V e™t € Wzt C U and thus (zV)~' € z7'U. This implies

1

that © — x~' is continuous as well and thus ¢ is a base of the neighbourhood

filter at the identity of a group topology on G.

Now this topology is 77 as if x # y € G then there exists a U € ¢ such that
e € U but 71y € U (as if this was not true then N¢ # {e} but then z € U € N,
and y € zU. However, if U € ¢ C N, then there exists VW € ¢ such that
W2 c U, V' ¢ W. Butif z € W then 2V N W # ( which implies that
r=ww CWVLCW?2cCUie W CU but this implies that the topology is
in fact 73 and thus Hausdorft.

Now if ¢ is a base of the neighbourhood filter at the identity of a Hausdorff
group topology on G then both - : G x G — G and x — z~! are continuous at the
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1 = ¢ implies (4) and geg~! = e implies

identity and thus e* = e implies (3), e
(5). (1) is implied by the fact that the topology is Hausdorff and (2) is implied by

the fact that ¢ is a base for a filter.

Now by considering the subsets U = U N U~ if necessary, we can assume that
this neighbourhood basis is in fact symmetric. Now suppose the resulting topol-
ogy generated by ¢ is in fact first countable. We can then find a countable base
gg = {U; : i € N} of the neighbourhood system of identity which satisfies conditions
(1) to (5). Define V; as follows : V; = U; and assuming V; is defined for ¢ < k,
define V1 to be the first U; such that U} C V,NU;N...N U}, which is well-defined
since €® = e. This implies that V4, = €*Vjyq C Vk3+1 C Vi and furthermore that
the Vi’s form a base for the filter ¢. n

The general theory of topological groups is vast and deep and covers multiple areas

of amthematics. For a more general introduction I suggest [Pon66] or [HR79].
Definition 2.3.7. A topological semigroup is a pair (S,T) for which

1. (S, T) is a topological space.

2. Sis a semigroup.

3. the function m : S x S — S defined by m(a,b) — a - b is continuous.

We can weaken the definitions further by not demanding joint continuity in the

variables of the semigroup operator.
Definition 2.3.8. Let S be a semigroup endowed with a topology T .

1. S is a left topological semigroup or left shift continuous semigroup if the left
translations Ao : S — S defined by A\o(x) = « - x are continuous for all
aecsf.

2. S s a right topological semigroup or right shift continuous semigroup if the
right translations p, : S — S defined by p.(x) = x - a are continuous for all
aes.

3. S 1s a semitopological semigroup if it is both a left topological semigroup and

right topological semigroup.

There appears to be some confusion in the literature about what left and right

topological semigroup implies, with some papers referring to a left topological
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group as what another group would have defined as a left topological group. We
prefer to be explicit in our choice and will generally refer to groups as left shift or

right shift continuous as is appropriate.
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2.4 T-Filters on arbitrary groups

Theorem 2.4.1. Let X be a set and a € X. Let (z,,) be a non-trivial sequence
such that x,, # a for all n € N. Then there exists a Hausdorff topology on X such
that x,, — a.

Proof. Define A,, = {z, : n > m} Define a topology on X as follows: For all
z € X\{a} define N, ={U C X : x € U} and define N, = {U C X : A,,, C U, for
some m € N}. Now let U € N, for some x € X\ {a} then UN(X \ {a}) € N, and
UN(X \{a}) CUandforally € UN(X \ {a}) we have that UN(X \ {a}) € N,,.
Now if U € N, then A,, C U for some m € N but then A,, € N, for all y € A,,
and thus we have defined a topology on X such that x, — a. Obviously, this
topology is Hausdorff. O]

The situation is not as trivial for the case when X is in fact a group and we wish
for the resulting topology to be a group topology. In fact there exists a group G
and a non-trivial sequence (z,) which does not converge to the identity for any

non-discrete Hausdorff topology. Consider the p-quasicyclic group

2nim

Z(p>)={e»"

ne€Zmel"}

which is a subgroup of T and consider the sequence x, = i), Suppose
that z, — 1 i.e. e” — ™. Then ab = i) = e=2mie® 1 and thus
% — 1. But xi—zl = eQWi(%_l) = x; and so x; is in every neighbourhood of the
identity which contradicts the fact that the topology is Hausdorff. The discrete
topology is always available but it is only useful or interesting in certain cases. We
need to start from a more general position in an attempt to answer this question.
That starting point is that topological groups are homogeneous spaces and this
suggests another method of attack. Instead of trying to define an entire topology
in one go we could instead focus on one point and build something there, allowing
the homogeneity of the space to fill in the gaps. For starters that something has

to be more general then a sequence.

Definition 2.4.2. A filter ¢ C 2° is said to converge to a point v € G i.e. ¢ — x
if and only if the neighbourhood filter at that point N, C ¢.

The notion of a filter converging to a point is an extension of the standard notion of
a sequence converging to a point but is better behaved topologically. Many results
for convergent sequences extend to convergent filters, for example filter limits in a

Hausdorff space are unique and a space is compact if and only if every ultrafilter
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converges on that space. Now it is very easy to define a Hausdorff topology on

that set such that a given sequence converges to a given point in that topology.

Definition 2.4.3. A filter ¢ C 29 is called a T-filter if there exists a Hausdorff
group topology on G for which ¢ — e. The strongest group topology for which
¢ — e is denoted by T (G, ).

Let NV, denote the neighbourhood filter of identity of a group topology on a topo-
logical group G then it is the case that T (G, N,) is the original topology on G.

Definition 2.4.4. Let F be a filter on an arbitrary group G. F is called multi-
plicative if and only if for all U € F there exists a V € F such that V C U and
VicU.

For example, let A; = {n?:n > i} and F = ({A; : i € N}) be the filter generated
by the sequence of square natural numbers. Now if U € F then V = {k? (k +
1)?,...} C U for some k € N. However the set V2 = {(mn)? : m,n >k} C U and

thus F is a trivial example of a multiplicative filter.

Definition 2.4.5. Let G be a group and let (F,)

subsets of G. Let S,, denote the n-element permutation group. Define

nen e a sequence of non-empty

SPi<,F; = U Fo0)Fo1)--Fom)

0ESn+1

and
SPenF, = | (SP<nFy)

neN

The introduction of the permutation group is necessary as we are not guaranteed
that our group is Abelian. We wish to construct the maximal multiplicative filter

contained in a given filter F C 2¢.

Lemma 2.4.6. If F is a filter on a group G, then there exists a maximal multi-
plicative filter ¢ such that ¢ C F. The family of subsets

SP(F) = {SPyenF, : F, € F,n € N}

forms a basis for this multiplicative filter.

Proof. We need to show that SP(F) generates a multiplicative filter contained in
F. So let F,, and G,, be two sequences of elements from F. Then as F is a filter
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we know that F,, NG, € F for all n € N. Also it is easy to see that
SPnEN(FTL ﬂ Gn) C SPTLENFn ﬂ SPTLENGH

and thus SP(F) is a basis for some filter on G, say ¢. So let U € ¢ and let
(F,) C F be a sequence of subsets such that SP,enF, C U and F, ., C F, for
all n € N. We can construct the required sequence through induction. Let G,, be
a sequence in F such that SP,enG,, C U. Define Fy = Gy and F,.1 = G, N F,
then F), is a sequence with the required properties. Now define Vy = SP,enFo,
and V| = SPenFo,i1. Now V; € ¢ and since SP,enF), is defined using all the
permutations of the permutation group 5,1 we have that VyV; C U. Let V =
Vo N'Vy then
Vic ViU

i.e. ¢ is a multiplicative filter. Finally, since
FoF e SPiSOF’i C SPnENE cU

we have that U € F for all U € ¢. m

We can now prove the existence of a maximal multiplicative filter contained in
any filter F C 2¢

Lemma 2.4.7. Let F be a filter on a group G, then there exists a maximal mul-
tiplicative filter ¢ such that ¢ C F.

Proof. Let Z = {G C F : G is a multiplicative filter }. By Lemma 2.4.6, Z # ().
Let (Ga),ep be a chain in Z. We claim that UG, is a multiplicative filter. Now it
is easy to see that UG, must be a filter on G. For suppose U,V € UG, then there
exists a1,y € A such that U € G,, and V € G,,. Let a3 = max(ay,asy) then
U,V € G,, and so

Unv eg,, CUg,

Also if W ¢ G and U ¢ W with U € UG, then there must exist an «; € A such
that U € §,, which implies that

W e G, CUg,

Thus we have shown that UG, is a filter. Also if U € UG, then U € G, for some
a; € A. But as G,, is a multiplicative filter, there exists a V' € G,, such that
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V2 cU. But
V e G, C UG,

which implies that UG, is a multiplicative filter on GG which is trivially contained
in F. Thus the chain (G,),c, has an upper bound and thus by Zorn’s lemma,
Z contains a maximal element. Thus there exists a maximal multiplicative filter

o CF ]

We actually have constructed something stronger here, the filter constructed in
Lemma 2.4.6 is in fact the maximal multiplicative filter contained in a given filter

JF. This is the final step of our construction.

Theorem 2.4.8. If F is a filter on a group G, then the family of subsets
SP(F)={SP.,enFy: F, € F,n €N}

forms a basis for the maximal multiplicative filter contained in F.

Proof. Let G denote the filter generated by SP(F). By Lemma 2.4.6 we know
that this filter is in fact a multiplicative filter contained in F. Also, by Lemma
2.4.7, the maximal multiplicative filter ¢ contained in F exists. Let U € ¢. We
now construct a sequence of elements F), of ¢ such that SP,enF,, C U. This is
sufficient to prove the theorem as then U € G for all U € ¢ and thus G = ¢ since ¢
is the maximal multiplicative ultrafilter contained in F. We proceed by induction.
Let Uy = U = F_4 and let Uy € ¢ such that Ug C U_y. Let Vi € ¢ such that
Vi C Up. Define Fy = VN Uy then

FPcUlcU,,=F,
and
FcVi-UycUicU 1 =F,

Proceed by induction to define a sequence F, such that F,f C F,_;and Fs’ Cc F,_.
Now let (i)
that

m—o.n, D€ asequence in N and let 4; = min(io, 71, ..., i,). We now show

Eo 'El ""'En CE*—I

We proceed by induction. If n = 0 then by the construction of F;, we have that
F,, C F;,—1. So suppose that for all £ = 0...n — 1 we have that

Fy-Fy-..-F, C Fr_,
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where ¢; = min(ig, i1, ...,%;) . Now consider i, = min(ig,?1,...,4%,). If kK # 0 and
k # n then we can compute i, = min(ig, 1, ..., ix—1) and i, = Min(lgi1, g2, .o in)

and we know that i, < min(i,,i,). So we have that

(Fo Fo o Fo ) Fop (Fysy Foppor o F)) CFy o Fy  Fy CF2 CFyy

k41 k42

If & = 0 then we have that iy = i, < i, = min(iy, is, ..., %,) and thus
similarly for k = n and 4, = iy < i, = min(io, iy, ..., i,—1) We have that

in—1

)F’n CFip'F’ik Cin C Fy1
We have shown that for any o € S, 11 we have that
FO'(O) ’ Fo(l) C Fo’(n) C F,

and thus that SP,<,F; C F_; and finally that SP,enF, C F_; =U. O

Thus we have shown that every filter on a group admits a maximal multiplicative
filter contained in that filter. This maximal multiplicative filters are important
for the characterization of T-filters on countable groups and thus have a special

name.

Definition 2.4.9. Let F be a filter on a group G, we call the mazimal multiplica-
tive filter contained in F the multiplicative hull of F and denote it by 1.

Once again we wish to classify the T-filters on a given countable group. The
lack of commutability in a general countable group complicates the proceedings

considerably. The classification of a general T-filter requires three separate parts.

Definition 2.4.10. Let ¢ be a filter on a group G. Define ¢ = {F*|F € ¢} where
F*=FUF'uU{e}.

This first part of the construction is to extend the original filter to include the

inverse information of the group in question.
Lemma 2.4.11. If ¢ is a filter on a group G theng?) s a basis for a filter on G.

Proof. Let F,G € ¢ so that F*,G* € ¢. Also, since ¢ is a filter there exists a
H € ¢ such that H C FNG. We claim that H* C F* N G*. But this is easy to
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see as
FFNG = FNGAOUEFENGHUEFE'NGUEFEITNGHulel

and H C F NG implies that H~ ' € F1NnG™! O

To simplify notation, from now on ¢* will denote the filter generated by ¢E We
now introduce a trick (and the second part of the definition) which will be useful

for another section of the discussion.

Definition 2.4.12. Let G be a group and let ¢ be a filter on this group. Define

o={{Ja " fla)-alf: G- ¢}

z€G

This second part encodes the multiplicative information of the original group as it
pertains to the original filter, in particular it encodes the non commutative nature

of the group multiplication.
Lemma 2.4.13. If ¢ is a filter on a group G then ¢ is a basis for a filter on G.

Proof. Let f: G — ¢ and g : G — ¢ so that

and

Define h : G — ¢ by h(z) = f(z) Ng(x) € ¢ since ¢ is a filter. Then

Ux’1~h(x)~xC(U a:’1~f(x)~x)ﬂ(U xtg(x) - 2)

zeG zeG z€G

]

Once again, to simplify notation we will denote the filter generated by the basis
¢ as ¢¢. We now have enough basic definitions to state the final part of the

construction for the classification theorem.

Lemma 2.4.14. Let ¢ be a filter on a group G. Denote by 1 the filter generated
by the filter basis SP ((¢*)G) Then the following statements are true

1. Y is a multiplicative filter.
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2. if U €1 then U™t € 1.
3. ifU€y andy € G theny L -U -y €.

Proof. 1. By Lemma 2.4.11 and Lemma 2.4.13 we know that (¢*)¢ is a fil-
ter on G and thus, by Lemma 2.4.8 we know that SP ((gb*)G) generates a

multiplicative filter

2. Let U € SP ((¢*)“), so there exists a sequence of elements of (¢*), say
(F;) C (¢*)¢ such that

SPenFi = | J (SPi<nFy) C U

neN

recalling that
SPi<, Fiy = U Fo)Fr1y---Fom)

oESh+1

However, for all F; there exists a sequence of functions g; : G — ¢* such that

G—Ux ~gi(z)-x C F;

However, for all V € ¢* we know that V™! = V and thus G; C F'
where G; € (¢*)¢. This implies that SPi<,G; C SP<,F; ' and finally
that SP,enG; C SPieNFl-_l C U which was the claim we needed to show.

3. Similarly as before we can find a sequence G; of elements of (¢*)¢ such
that SP,enG; C U. Define a sequence of functions h; : G — ¢* so that
hi(x) = g;(x - y). Then

vy Hy=Jy ot hix) ey = @) gilay) - (y) = G

zeG z€G

and thus
T (SPenH)-ycy Uy

[]

We now have sufficiently many pieces to state and prove the promised classification
theorem. Recall that a filter ¢ is generated by a set A if and only if N = A

Theorem 2.4.15. If ¢ is a filter on a group G, then ¢ is a T-filter if and only if
the multiplicative hull of ¢ is generated by {e}. Also, if ¢ is a T-filter from some
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Hausdorff group topology T, then the multiplicative hull of ¢ is a neighbourhood
filter of the identity in that topology.

Proof. Firstly, let ¢ be a T-filter on a group G with Hausdorff topology 7 and let
7. denote a neighbourhood filter of the identity in topology 7. Now by Theorem
2.3.6 we know that 7, is a multiplicative filter and since ¢ — e we know that
Te C ¢. But the topology T is Hausdorff and so N7, = {e}. But since 7, is
multiplicative it must be contained in the multiplicative hull ) of ¢ and thus
Ny C N7, = {e}. Furthermore, e € U for all U € v and thus ¢ is generated by
the identity e € G. Also, by Lemma 2.4.14 and Theorem 2.3.6 we know that 1)
must also be a neighbourhood filter of the identity in the topology 7. Now let ¢
be a filter on a group G such that its multiplicative hull is generated by {e}. But
once again by Lemma 2.4.14 and Theorem 2.3.6 we know that 1) must also be a
neighbourhood filter of the identity for some Hausdorff topology 7. But ¢ C ¢
and so ¢ — e in that topology and thus ¢ is a T-filter O
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2.5 T-filters and T-sequences on Abelian Groups

Definition 2.5.1. Let ¢ C 2¢ and let (F,,) be a sequence in ¢. Then Y.,  F, =
Unen 2iey Fio  Denote the set of all such combinations by > ¢ ie. > ¢ =

{Donen Fn : (F) is a sequence in ¢}.

The sum sets are useful for simplifying the previous framework we developed for

T-filters on a general group. We start with a basic observation.
Lemma 2.5.2. Let ¢ be a filter on an Abelian group G. Then ) ¢* C SP (((b*)G)

Proof. Let U € > ¢* so there exists a sequence (F,) € ¢* such that U =
Yonen Fn = Unen iy i Define a sequence of functions f; : G — ¢* by
fi(x) = F; then SPien(Uzeq(—x + fi(x) + x)) C U since the group is Abelian
and thus the introduction of the permutations does not change the final product.
This implies that > ¢* C SP ((¢*)%) O

So we could apply all the theorems of the previous section and obtain the obvious
characterization of a T-filter of an Abelian group. In particular, we know that if
N> ¢* = {e} then ¢ is a T-filter by Theorem 2.4.15. However, simpler proofs can
be given for this case and the converse can also be proved. Some of the techniques

will be useful later so we reprove that which is useful in this regard.
Lemma 2.5.3. Let ¢ be a filter on a group G.
1. e€ A forall Ae o
2. if A€ " then —A € o*.
3. if A,B € Y ¢* then there exists a C € > ¢* such that C C AN B.
4. if C €Y ¢* then there exists A, B € Y ¢* such that A+ B C C.

Proof. 1. Since e € UU —U U {e} for all U € ¢ implies that e € > | F; for
any sequence (F;) C ¢* and thus e € ), Fi.

2. Since UU —=U U {e} = —(UU =U U {e}) for all U € ¢ we know that
— > " Fi =37 | F; for any sequence (F;) C ¢ and thus — >, F; € > ¢*.

3. Since A = > A; and B = ) B; and there exists C; C A; N B; then > ¢* >
C = ch Cc AnB.
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4. Let C € > ¢*s0oC => C;. Define A=> Cy € > ¢*and B—> Cyq €
>~ ¢* then obviously A+ B C C.
[

Lemma 2.5.4. Let G be a topological group and ¢ a filter on G such that ¢ — e.
Then for all U € N, there exists V € > ¢* such that V C U.

Proof. Now by Theorem 2.3.6 if U € N, then there exists W; € N, such that
Wi} =W, Cc U and Wy € N, such that Wy +Ws C U and thus W = Wi NW, € N,
satisfies W+W C U and W* = W. Define V; = W. Now suppose that V,, has been
defined for n < k then there exists a Vi, € N, such that Vi + Viyq C Vi and
Vi1 = Vig1. So by induction the sequence (V},) is well defined. Now since ¢ — e

we have that (V,,) CMN, Cgandso Y Vi=>V,€d ¢ andV =3V, CcU O
We come to the characterisation of a T-filter for an arbitrary Abelian group

Theorem 2.5.5. A filter ¢ on a group G is a T-filter if and only if (>_ ¢* = {e}.
If ¢ is a T-filter then > ¢* forms a basis for the neighbourhood filter at the identity
for the topology T (G, ¢).

Proof. 1f ¢ is a T-filter then (> ¢* = {e} since the topology T (G, ¢) is T} and
every neighbourhood of the identity is in ) ¢* by Lemma 2.5.4. Now suppose ¢ is
a filter on G such that (> ¢* = {e} then by Lemma 2.5.3 and Theorem 2.3.6 the
family of subsets > ¢* forms a basis for the neighbourhood filter at the identity
which generates the largest Hausdorff topology on G for which ¢ — e n

We return now to the question of sequences generating Hausdorff group topologies
on a given group G. Let (x,) C G be a sequence and define A, = {z, : n > m}
and AY = {z, :n>m}U{—x, :n>m}U{e}. Any sequence generates a filter
¢»={U C G: A, CU for some n € N} and we use this fact to define T-sequences

on a group.

Definition 2.5.6. Let (z,) C G be a sequence in a group G. Then (x,) C G is
a T-sequence if the corresponding filter ¢ = {U C G : A, C U is a T-filter on
G. We denote the strongest group topology on G for which the filter ¢ — e by

T(G, (n)).

Now Theorem 2.5.5 fully characterises T-sequences by there corresponding filters
on G. However, there exists a more natural characterising for the T-sequence case

that utilises the special structure of the filter ¢.
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Definition 2.5.7. Let (z,) C G be a sequence on a group G. Define

k
Alk,m) ={> gi: g € A3}
=1

Theorem 2.5.8. A sequence (x,) C G is a T-sequence on G if and only if for
every g € G\ {e} and k € N there exists a m € N such that g ¢ A*(k,m).

Proof. First suppose that (z,) C G is a T-sequence, then by Theorem 2.5.5 we
know that () ¢* = {e}. Now if g € G and g # e then there exists a sequence
(A;) € ¢* such that g & > A% . Let m = max{ny, ny, ...,n} then g &€ A(k,m) C
> A*. Now suppose that (z,,) C G is a sequence on G such that for all g € G\ {e}
and k € N there exists a m € N such that g ¢ A*(k,m). Now there exists n; € N
such that g ¢ Ay . We proceed by induction, suppose we have chosen ny, ny, ..., n
such that g & 25:1 Ay but for any ngi1 € N\ {ni,ng,...,n;} we have that
g e 25;1 A;*L],. Now by passing to sub-sequences if necessary we can assume that
there exists sequences (g;;) € Ay ,i=1...k+1 and j € N such that g = Zfill Gij

and one of the two following cases hold

Case 1 If (¢,;) C () or (gi;) C (—=z,) for all i < k then there exists a m € N
such that g & A(k-+1,m). However we have that g = 3" g, ; € A(k+1,m)

for sufficiently large j € N which is a contradiction.

Case 2 Otherwise there exists ¢ < k for which ¢;,; = b; # =*a, for all n € N.
Let J = {j1,...,J:} be the set of all indexes with this property. But then
e #g—Y1_ by = > szs 9ij furthermore there exists m € N such that
g—>1_,bj, & A*(k+1—t,m) which contradicts the definition of the b;’s.

]

Definition 2.5.9. A sequence (x,) is called trivial if there exists a m € N and
b € G such that x,, = e for all n > m.

Now as noted for the p-quasicyclic group, not every sequence on a group is a T-
sequence. Any trivial sequence is a T-sequence but the resulting topology is the
discrete topology which is not very interesting in this regard. In fact it is easy to
see that the discrete topology on a group G is generated by the trivial T-sequence

T, = €.

Lemma 2.5.10. Let A be an infinite subset of a countable Abelian group G such
that for every element g € G\ {e} the set {x € A : kx = g} is finite for every
integer k € Z. Then there exists a T-sequence (a,) C A.
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Proof. Let G\ {e} = {gn : n € N}. We wish to define a T-sequence on G through

the enumeration of G \ {e} and induction. Define
X(ag,a,...,a,) = {xoap + x1a1 + ... + Tpay : x; € {0, £1, ..., £(1 +1)},i < n}

where a; € G. Note that

ZA;'; = U X(ag,ay, ..., an)

neN neN

for any sequence (a;);eny C G. Now since the set {x € A: £x = go} is finite there
exists an ag such that gy € X(ag). Now suppose the sequence ag,ay, ..., a, has

been defined so that g, & X (am, @my1, ..., a,) for any m < n. Now the set
Xy Qs 1y ey Uy ©) = XAy Qa1 ooy ) + {kz : k€ {0, £1, ..., 2(n —m + 1)}

and is thus finite by the definition of X(a,,, ami1, ..., a,) and the finiteness of
the sets {z € A : kx = g,,} and thus there exists an a,.; such that g, ¢
X (@m, @1, -, A1) for m < n41. This is sufficient to show that g, > o, Ay =
Unen X (@m @yt .., G But by Theorem 2.5.5 this implies that (an)neN_is a T-

sequence in GG n

The next technical lemma allows us to extend the previous lemma to general
Abelian groups. Note this result requires some flavour of the axiom of choice and
thus we prefer to be explicit in its use as without the axiom the quotient space
generated by using some countable infinite subset as a basis for a set of group

words need not be countable.

Lemma 2.5.11. Let G be an arbitrary Abelian group and A C G an infinite set.
Then their ezists a countable subgroup H of G such that |H N A = V.

Proof. If G contains an element € G such that 2™ # e for all n € N (i.e. of
infinite order) then we are done with H = {z™ : n € Z}. So suppose that for all
x € G there exists an n € N such that z,, = e. Let (a,),en be any non-repeating
sequence of elements of G N A. Define H = {af’al”...al» : n € N,p; € N} then it
is easy to see that H is a subgroup of G' and that H, being the union of countably
many finite sets, is countable by the axiom of choice. Also since (a,)neny € G N A
we have that |H N A| = N,. O

We can now prove the result for general Abelian groups.
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Theorem 2.5.12. Let A be an infinite subset of an Abelian group G such that
for every element g & G \ {e} the set {x € A: kx = g} is finite for every integer
k € Z. Then there ezists a T-sequence (x,) C A.

Proof. If G is countable then we are can use Lemma 2.5.10. So suppose G is
uncountable, then by Lemma 2.5.11 there exists a countable subgroup H C G
such that |[A N H| = Xy. But then by Lemma 2.5.10 there exists a T-sequence
(@n)nen C |[AN H| C A for the group H. Now define a topology 7 with the base
{ACG:ANH e T(H,(an),y)} then (a,)nen is a T-sequence for the group G
with topology T . ]

For example the set A = (R\Q) C R obviously contains at least one T-sequence. In
fact, A contains an uncountable number of T'— sequences since we can continue to
remove countable collections of elements from A and still have an uncountable set.
The previous theorem admits a converse in the form that if A is an infinite subset
of G and there exists a T-sequence taking values in A then the {zr € A: kx = g}
must be finite for and k¥ € N and g € G\ {e}.

Theorem 2.5.13. For every infinite group G the following statements are equiv-

alent
1. For every infinite subset A C G there ezists a T-sequence (x,) C A.
2. For every g € G\ {e} and k € Z the set {x € A: kx = g} is finite.
Proof. (1) = (2) Follows from Lemma 2.5.12

(2) = (1) Suppose {x € A : kx = g} is infinite for some k € Z and g € G\
{e} but A contains a T-sequence (x,) then g € A(k,m) for every m € N
which implies e # g € NY_ ¢* which contradicts the characterisation of
T-sequences.

[

The previous theorem actually shows that there are 2% T-sequences on an infinite
group and thus the example on R mentioned previously is not a special case and

is in fact indicative of the general state of affairs, as the following corollary shows

Corollary 2.5.14. Fvery infinite group admits at least one non-trivial T-sequence

and thus admits at least 280 non-trivial T-sequences.

Proof. The second result follows from the fact that any subsequence of a T-

sequence is obviously also a T-sequence. Now if {x € A : kx = g} is finite
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then A C G contains a T-sequence. Let S, denote all elements of G with order p
for some prime p € N. Now if |S,| < oo for all p € N then if g € G \ {e} the set
{z € A: kx = g} is finite for A = G and thus G contains a T-sequence. Now if
|Sp| = oo for some prime p € N then {z € A : kx = g} is finite for A = S, and

thus G contains a T-sequence. n

The previous corollary also shows that every Abelian group is topologizable, as
every Abelian group admits at least one non-trivial T-sequence (x,,) and the group
topology T (G, (z,)) is Hausdorff by the definition of a T-sequence and is non-
discrete as () is not a trivial sequence. We have 2% non-trivial T-sequences to
utilize though, but we are not guaranteed that each one generates a unique group
topology. The next result, which we merely sketch, states that this is indeed the

case.

Definition 2.5.15. Two T-sequences (z,) and (y,) are called strongly incom-
parable if and only if there exist U € T(G, (z,)) and V € T(G, (yn)) such that
Unv ={e}.

Two strongly incomparable T-sequences cannot generate the same topology, for
suppose that they did generate the same topology then U and V would be two
open subsets of that topology and thus {e¢} = U NV would be an open subset of
that topology and thus the topology is discrete. This contradicts the claim that

these two sequences are in fact T-sequences.

Theorem 2.5.16. For every infinite group there exists 2% strongly incomparable

non-trivial T-sequences.

Proof. We call a non-trivial T-sequence (a,).en alternative if for every partition
of N into two infinite subsets N; and N, we have that (a,)nen, and (a,)nen,
are strongly incomparable. We first prove that every T-sequence contains an
alternative T-sequence and thus by corollary 2.5.14 that there exists an alternative
T-sequence (b,)n,eny on any infinite group G. Recall that any family of subsets
{W, C N: a < 2%} is called almost disjoint if [W, N Wj| < oo for all a # f3.
It can be shown that this non-disjoint family exists and thus the collection of
sequences {(bp)new, : @ < 2%} is the required family of strongly incomparable

T-sequences. ]

Thus every Abelian group admits 2% strongly incomparable, non-discrete group
topologies. This result can be considerably strengthened, for not only does an

Abelian group admit a continuum of strongly incomparable T-sequences but these
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resulting group topologies can be linearly ordered. Once again we merely sketch

the proof.

Theorem 2.5.17. Let G be an infinite Abelian topological group, then there exists
a family of strongly incomparable T-sequences with cardinality that of the contin-

uum such that the resulting group topologies can be linearly ordered.

Proof. Once again, we construct an alternative T-sequence (b,,)pen in G. Since Q

is countable, there exists a bijection f: N — Q. Denote by
W,={neN: f(n)>r}

Where r € R. These subsets of N are obviously non-empty. Now if r,t € R and
r < t then the group topology generated by (b,)new, is stronger then the one
generated by (b, )new, since W, C W,. O

It should now be evident that Abelian groups are strongly topologizable. This is
due to the nice nature of Abelian groups, in general the class of Abelian groups
is free of many of the pathologies a general class of groups could have which limit
the ability to generate group topologies for the members of that class. This can be
seen in how a whole level of complexity is lifted when trying to characterise a T-
filter on an Abelian group as compared to a general group. The whole framework
developed in this section can be focused onto one specific Abelian group as well,
Z being an obvious first port of call. There are many interesting results in this
field, mainly concerning what types of sequences in Z are in fact T-sequences. For

example

Theorem 2.5.18. Let (a,) C Z be a sequence such that == — 1 where r is a

transcendental number. Then (a,) is a T-sequence.

Proof. See [PZ99] theorem 2.2.3 O
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2.6 T-filters and T-sequences on Countable Groups

Definition 2.6.1. Let G be a countable group with some enumeration G = {g,|n €
N}. Let ¢ be an arbitrary filter on G and and let (F;) C ¢* be an arbitrary sequence.

Define a sequence by
Up= (g1 Fr-g)U(g5" Fi1 - g2) U ...

Then the subset SPyen(Uy) is called a standard element of the family SP((¢*)).

We can use these standard elements to give a different version of the T-filter

classification theorem which is better suited to the class of countable groups.

Definition 2.6.2. Let G be a countable group and let ¢ be a filter on that group.
Denote by [],cy @* the set of all standard elements of SP((¢*)%).

Define a function f; : G — ¢* where G = {g,} is a countable group by fi(g;) =
Fiij—1. Then U]‘eNgj_l - fi(95) - g; C U; and thus S Pren(Ux) € SP((¢*)¢). So once
again a sufficient condition that ¢ is a T-filter is that N[,y ¢* = {e}. We can

show that this condition is necessary as well.

Theorem 2.6.3. Let ¢ be a filter on a countable group G. Then ¢ is a T-filter if
and only if N[,y @* = {e}.

Proof. We have already shown the sufficiency of the claim, so all that is left is to
show that the condition is necessary for ¢ to be a T-filter. So let V € SP((¢*)%),
so there exists a sequence Vj, € (¢*)¢ such that SPyen(Vi) C V. But there exists
a function fi : G — ¢* such that Uieng; ' - fi(gi) - g C Vi. Define a sequence of
subsets U, € ¢* by

Uk = ﬂ fm(gn)

m+n=k+1
which is well-defined as ¢ is a filter. Now obviously, SPien(Ux) € [[;cn @* so all
we need to show is that U, C Vj, as then SPyen(Uy) C V. Now

Ukti1 = m fm(gn) C finl(gn)

m-+n=k-+i

For all m,n € N such that m +n = k + i but then Uyy; 1 C fi(g;) which is the
start of the union cascade we needed to prove. Thus SP((¢*)%) C [],.y¢* and
so if N[,cy ¢* = {€} then NSP((¢*)¢) = {e} and so by Theorem 2.4.15 we know
that ¢ is a T-filter. O
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There is a more algebraic version of the previous theorem, which will be important

for the next section.

Definition 2.6.4. Let X be a set and Y another set. Denote by X[Y] the group
of words generated by AU B.

So for example if X = {a,b,c} and Y = {t} then a®-t-b~' € X[Y]. The set Y
is called the set of variables while X is called the set of constants. We use these

group words to give an algebraic characterisation of T-filters.

Definition 2.6.5. Let X = {x;;]i,j € N} be a set of indeterminants and let G be a
countable group with some enumeration G = {g; : i € N}. Define f: X" — G[X]
by

f(x’il,j17 Lig,jos -+ xin,jn) = gjzl *Tiyg1 " 941 gj;1 * Lig,go * Gja
and F, = {f(xilzj17x7;27j27 "'7'rin7.jn)|ik + Jk <1 and ij =ik &= k}
Lemma 2.6.6. Let G = {g,|n € N} be a countable group and let ¢ be a filter on
G. Let (Fi)ren be a sequence in ¢* and let SPyenUy be the standard element of
SP((¢*)Y) generated by (Fy)ren. Then g € SPrenUy if and only if there exists a

n € N and an element f(Zi, ji, Tiyjos s Tin jn) € Fn sSuch that

g & f(E1+j17Fi2+j27 "'7En+jn>

Proof. If g € f(Fi 451, Figtjos s Fiptgn) then g € Uy - Us) - .. - Us(ny for some
o € S, and thus g € SP.enUg. So suppose that g € SPenUy and recall that
Ue= (97" Fr-91) U (95" Fry1 - go) U.... Now since g € SPyenUy there exists a
m € N and a permutation o € Sy, such that g € Uy(1) - Ug(2) * ... - U but then

there exists a sequence (j;)i=1..,» C N such that

9 € G Foy1 i1 ° 95 Fo@)y15292] o+ G Fo(m) 4o Gim

Define i; = o(l) for [ = 1...m and i; = [ for | = m+ 1... max(i; + j1, 92 + Jo, ., i +
Jm). Define j, = 0 for [ = m + 1...max(iy + 1,92 + J2, - im + Jm) and let
f($i1j1,$i2j2, ...,l‘injn) € F. Then

g e f(ﬂ1+j17 Ez+j27 L3} En+jn>

O

We use this lemma to give the obvious algebraic version of Theorem 2.6.3. Recall
that for any family of subsets {W,} of a set X such that z € W, for all a. We
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know that NW,, = {z} if and only if for all z € X \ {z} there exists a W, such

that x ¢ W,. This trivial observation forms the basis of the next theorem.

Theorem 2.6.7. Let G = {g,|n € N} be a countable group and let ¢ be a filter
on G. ¢ is a T-filter on G if and only if for all x € G\ {e} there exists a sequence
of elements of ¢* such that

g g f(EH-jl? E2+j27 ) En+jn>

for any n € N and f(x; ), Tiyjos s Tinjn) € Fun-

Proof. By Theorem 2.6.3 we know that ¢ is an ultrafilter if and only if N[, ¢* =
{e} but this is true if and only if for all x € G'\ {e} there exists a U € [];.y ¢*
such that x ¢ U but then by Lemma 2.6.6 this is true if and only if for all
F( @iy s Tigjos s Tin jn) € Fn and n € N,

g ¢ f(E1+j17 E2+j2’ ) En+jn)
]

We now return to the question of T-sequences on an arbitrary countable group.
Recall that a sequence is a T-sequence if the filter corresponding to that sequence
is a T-filter.

Definition 2.6.8. Let (x,) be a sequence in a group G. Define A%, = {e,xE!, xl ..}

These are the same star sets we encountered when we were studying Abelian

groups, just written in multiplicative notation.

Theorem 2.6.9. Let (z,) be a sequence in G = {g,|n € N}, a countable group.
(x) 1s a T-sequence if and only if for any group word f(x1, za, ..., x,) in Glxy, Ta, ..., Tp)
such that f(e,e,...,.e) = e and any g € G there exists a m € N such that

9 & f(AL, AL AL

Proof. The necessity of the statement follows directly from the fact that any
topological group is a Hausdorff space. For let f : G® — G be a group word
in Glxy, g, ...,x,] then f must be a continuous function. Let e # g € G then
there exists an open neighbourhood of the identity V' such that ¢ ¢ V and
g~' ¢ V. However, since f(e,e,...,e) = e we know that there must exist a sym-
metric open neighbourhood of the identity U C G such that f(U, U, ...,U) C V i.e.
g¢ f(UU,. U)and go' ¢ f(U,U,...,U). But z,, — e and thus there exists an
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integer m € Z such that x,, € U for all n > m. But this implies that g ¢ A* C U

which gives the required result. The sufficiency follows from Theorem 2.6.7. [

For example, consider the group G generated by the two element set {a,b} with
relation a - b-a = b. Consider the sequence, x, = a" for n = 1,2,.... We can
show that this sequence is a T-sequence and thus this group is topologizable. To
see this consider any group word f on G[zy, s, ...,x,] such that f(e,e,....,e) = e
then by iterating the group relation we can show that f(zy,xs,...,2,) = [[ 2] for
some sequence of a; € {—1,+1}. But then f(A%,, A% ..., A%) = (Af,)" and thus if
x € f(Ar, AL, ..., AL then z = a* for some k € N. This is sufficient to show that

Theorem 2.6.9 is applicable and thus the given sequence is in fact a T-sequence.
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2.7 Markov’s criteria

Definition 2.7.1. A group G is called topologizable if there exists a topology T
such that

1. (G, T) is a topological group.
2. T is a Hausdorff topology on G.

3. T is non-discrete.

Markov [Mar50] posed the following question in this regard : Is every infinite
group topologizable? It is a trivial fact of set theoretic topology that any group
endowed with the discrete or trivial topology is a topological group and the Haus-
dorff and non-discrete conditions are meant to exclude these two possibilities. A
topological space being Hausdorff is also a natural requirement as all but the
weakest separation axioms result in a topological group being Hausdorff anyway.
Furthermore, topological group theory has its genesis in analysis where Hausdorff
separation conditions allow for the uniqueness of limits etc. We start off by linking

the notion of a T-sequence with that of the topologiziablilty of a countable group.

Theorem 2.7.2. A countable topological group G = {g,} is topologizable if and

only if there exists a non-trivial T-sequence on G.

Proof. If there exists a non-trivial T-sequence on G then trivially G must be
topologizable. So suppose that G admits a non-discrete Hausdorff group topology
and define the following sequence of open subsets. Enumerate G such that g, = e.
Let Uy = G and choose V; such that V| = Vfl, V2 C Uy and g, € V;. Now since
the function & — gy - o - go is continuous we can find an open neighbourhood
U, C V; such that go_1 Ui - go C Uy. We can iterate this construction and thus
obtain a sequence U, of open subsets of G such that U,, = U, !, U,EH C U, gn €U,
and g[l - Upy1-9; C U, for i < n. By Theorem 2.3.6, the subsets V,, generate
the neighbourhood filter of the identity for some group topology on G. Since this
topology is first countable and G is a topological group it is metrizable, denote
this metric by p. Define a sequence a, by choosing a, € {g € G|u(g,e) < +}.

Then a,, converges to the identity in this topology and thus is a T-sequence. [

The next step is to link the existence of T-sequences on a countable group to some
algebraic property of that group. Recall that any function f : G — G that is

continuous must inverse map the identity to a closed subset of GG, provided that
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the topology on G is Ty. This observation serves as the spring board into the
classification. Before we begin, some clarification is required. There is confusion
in the literature around the concept of an algebraic set. Markov termed what
we will define as an algebraic set an additive algebraic set (see [Mar50]). This is
contradicted in the modern literature, with Zelenyuk et al using the next definition
(see [PZ99]) but Sipacheva using the original Markov terminology (see [Sip08]).
We choose to use the Zelenyuk terminology and will refer to Markov’s algebraic

sets as weakly algebraic.

Definition 2.7.3. A subset U of a group G is called algebraic if there exists a
finite collection of group words f; € Glz] such that

U=|J{g€Clfi(9) = e}

i<n

A subset U of a group G s called weakly algebraic if it is the intersection of some

family of algebraic subsets of G.

It is easy to see that an algebraic set and weakly algebraic set must be closed in any
Hausdorff group topology on G. For any group word on G|x] defines a continuous
function via the evaluation map on G, and thus the pre-image of {e}, a closed
subset of any Hausdorff group topology, must be closed. Since finite unions and
arbitrary intersections of closed sets are closed, we have the result. Secondly, both

the empty set and the entire group are trivially algebraic sets'.

Definition 2.7.4. A point g € G is called algebraically isolated if the set G\ {g}

1s algebraic.

Lemma 2.7.5. A point g € G is algebraically isolated if and only if G \ {g} is

weakly algebraic.

Proof. The necessity of the claim is trivial, since any algebraic set must be weakly
algebraic. So suppose that G \ {g} is weakly algebraic, so there exist a family of
algebraic subsets of G, say U, such that

G\ {g} = (Vs

Consider the subfamily of the U,’s which do not contain the point ¢ € G. Then it

is easy to see that every element of this subfamily must be the same set as G\ {g}.

!By considering the empty collection of group words we can see that the entire group is
algebraic

38



This implies the existence of a finite set of group words f; € G[x] such that

G\ {9} =y € Clfily) = ¢}

i<n
i.e. G\ {g} is algebraic. O

The concept of algebraic isolation is what is required to classify those countable

groups which admit group topologies.

Lemma 2.7.6. Suppose e € G is algebraically isolated, then any point of G is

algebraically isolated. Furthermore, any group topology on G must be discrete.

Proof. Firstly, if e € G is algebraically isolated then every point of G is alge-
braically isolated. To see this consider any point x € GG, now since e is algebraically

isolated we know that there exist group words f; such that

G\{e} = J{s € Glfil9) = ¢}

i<n

Define f;(g) = fi(z™' - g) then if g # & then 7' - g # e. But this implies the
existence of a i < n such that f;(g) = fi(z~'-g) = e which implies that G \ {z} is
algebraically isolated. But since any additively algebraic set is closed in a group
topology this implies that G'\ {z} is closed for all z € G i.e. {z} is an open subset
of G for all x € G. This implies that the topology is discrete. m

The theme of the next lemma is more important then the lemma itself, but it is

interesting in its own right.

Lemma 2.7.7. Let G be a group with a non-discrete Ty group topology and let
{fi : G — G} be a finite collection of continuous functions of this group such that
fie) # e for all i < n. Then there exists a g € G \ {e} such that fi(g) # e and

fi(g—1) #e.

Proof. Firstly, extend the finite collection of functions {f; : G — G} by including
all functions of the form f;(x) = fi(z~'). We then have that fi(e) = fi(e™!) =
fi(e) # e. Also, since G is a topological group we know that the function z — x~*
is continuous and thus each ﬁ is continuous, being the composition of two contin-
uous functions. So without loss of generality we may assume that the collection
{fi : G — G} contains all the required hat functions. Now consider the collection
of subsets A; = f; (G \ {e}). Since G is a T} space and each f; is continuous

we know that A; is an open neighbourhood of the identity. Thus NA; is an open
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neighbourhood of the identity and since the topology is not discrete there must
exist a g € NA; such that g # e. ]

Lemma 2.7.8. Let G be a group. If the identity is not algebraically isolated
then for any finite collection of group works f;(x) with f;(e) # e there exists a

g€ G\ {e} with fi(g) # e and fi(g™) #e.

Proof. Once again extend the collection of group words by defining fl(:c) = fi(z™h).
Without loss of generality we may assume that the collection {f; : G — G} con-
tains all the required hat functions. Now suppose that for all g € G \ {e} there
exists a ¢ such that f;(g) = e. This would imply that

G\{e} =|J{g €Glfilg) = ¢}

i<n
Which contradicts the fact that {e} is not algebraically isolated. O

Theorem 2.7.9 (Markov Criteria). Let G be a countable group. G is topologizable
if and only if the identity element e € G is not algebraically isolated.

Proof. The necessity of the claim has been shown in Lemma 2.7.6 so we only
require the sufficiency of the claim. So let G be a countable group such that its
identity is not algebraically isolated. Enumerate G as {g,} with gy = e. Since G is
countable, and the countable union of a countable family of sets is also countable,

we can enumerate the following subset of the set of all words on G

{fi} = U{f € Glry, xa, ..., ]| f(e,e,...,e) = e}

1€EN

Define a sequence in G as follows. Since gy € G satisfies fy(g0, 90, ---, 90) = 9o # g1
we know by Lemma 2.7.8 that there exists a z; € G \ {go} such that

fo{e, 5311} {e, xlil} 516 3711}) # 0

We can continue iterating Lemma 2.7.8 to form a sequence z; such that z;,; €

(G\{e}) \{zn}nsi and
et et et i) et i) £

But this implies that the sequence {x,,} is a non-trivial T-sequence, by Theorem

2.6.9 and thus the group G admits a non-discrete Hausdorff topology. O
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We can use this theorem to show once again that every countable Abelian group
is topologizable. For suppose that G is a countable Abelian group such that the
identity e of GG is algebraically isolated. Then there must exist a finite family of

group words f; such that

G\{e} = J{g € Glfilg) = ¢}

i<n

However, any group word on an Abelian group is of the form f;(z) = a; - 2% where
a; € G\ {e} and k; € Z \ {0}. Without loss of generality we may assume that k;

k

is positive for if k; < 0 we can consider the new group word a; ' - 275 = e where

L'is a solution to

—k; > 0. So y € GG is a solution to this equation if and only if y~
the original equation. So choose your favourite f;(x) = a; - ™ and consider two
cases. If G has an element of order n; for some i < n, say y then f;(y) # e for
fily) =a;-y" =a; #e. Ifforally € G\ {e} and i < n, y™ # e we have to argue

slightly more carefully. So suppose that

G\{e} = J{g €Glfilg) = ¢}
i<n
It is obvious that G'\ {e} is a countable set, thus one of the {g € G|f;(¢9) = e} must
be countable. Choose n; distinct elements of the countable set {g € G|fi(g) = e},
label them {y;} for &k = 1...n;. Then q; - y;* = e for k = 1...n;, but this implies

that Ny s y s
) i) -
i=1 j=1

But then a; - []7Z, y; is an element of order n; which is a contradiction. So the
identity e of the countable Abelian group G cannot be algebraically isolated, which
implies that G is topologizable.

Definition 2.7.10. A subset A of a group G is called unconditionally closed if it
is closed in any Hausdorff group topology on G.

The family of all unconditionally closed subsets of a group, as well as the set of
all weakly algebraic sets of a group define two topologies on that group. Since
the set of all weakly algebraic sets on a group G is closed under finite unions
and arbitrary intersections, its forms a base for a topology on GG. We call this
topology the Zariski topology. Similarly, since the family of all unconditionally
closed subsets is also closed under arbitrary intersections and finite unions, it to

generates a topology on GG. This topology is called the Markov topology.
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Definition 2.7.11. 1. The Markov topology Tys on a group G is the topology

generated by all unconditionally closed subsets of G.

2. The Zariski topology Tz on a group G is the topology generated by all weakly
algebraic subsets of G.

The Markov theorem can be rephrased as asking when these two topologies coin-

cide. Markov showed that this was true for an arbitrary countable group.

Theorem 2.7.12 (General Markov’s Theorem). Let G be a countable group. A
set A of G is weakly algebraic if and only if it is unconditionally closed.

Proof. We sketch a proof (for the full proof see [Mar50]). Since the arbitrary
intersection of weakly algebraic sets is once again weakly algebraic, and any subset
of a group G is contained in at least one weakly algebraic subset of G (namely G

itself) we can define a weak algebraic closure operator on the group. We define
clr, (A) = ﬂ{U C G:ACU and U is weakly algebraic}

Now since the weak algebraic closure of a subset of GG is a closed subset of G in any
group topology 7 on G, the weak algebraic closure must contain the topological
closure of that subset. Now using the theory of multi-norms on a group, as explored
in [Marb0], it is possible to define a group topology on G on which the weak
algebraic closure of a subset equals the topological closure of that same subset.
This step depends strongly on the countability of the group in question. Now
suppose the subset in question is in fact unconditionally closed, then it closed
in the group topology where the topological closure and weak algebraic closure

coincide, which implies that the subset must be weakly algebraic. O]

Taking A = G \ {e} shows that Theorem 2.7.9 is merely a special case of this
theorem. A reasonable question to ask is if this theorem extends to general infinite
groups, as this would serve as a characterization of topologizable groups. Sadly,
this is not the case. It was shown in [Sip06] that there exists a group, assuming

CH, which contains an unconditionally closed subset which is not algebraic.

Theorem 2.7.13. Let G be a non-topologizable group such that any finite subset of
G is contained in a topologizable subgroup of G. Then G\{e} is an unconditionally

closed subset of G which is not weakly closed.

Proof. Since G is non-topologizable, {e} is open in every Hausdorff group topology
on G and thus G \ {e} is unconditionally closed. Suppose that G \ {e} is also
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algebraic (and thus by Lemma 2.7.5 also weakly algebraic). This implies the

existence of a finite collection of group words {f;} on G such that

G\{e} = J{s € Glfilg) = ¢}

i<n

Consider the word fi(r) = [[;_, a;z" where a; € G and p; € Z. Since the set
{e;} is finite for any word fj, the collection of all the a;’s over all the words f; is
contained in some topologizable subgroup H of G. But then the restriction of the

words to this subgroup satisfies

H\ {e} = J{g € HIfi(g) = ¢}

i<n
which contradicts the fact that H is topologizable. O]

The existence of such a group will be expanded upon in the next section. Seeing
that the general characterization is beyond our grasp, we can ask for which class
of groups we can extend the Markov-Zariski equivalence and thus have a limited
characterization of topologizable groups. Markov mentioned in [Mar50] the fact
that his theorem can be extended to arbitrary infinite Abelian groups, this fact
was credited to Perel’'man but no proof was provided. Recently, Dikranjan and
Shakhmatov ([DSO08]) have given a complete characterization of the groups for
which the Markov-Zariski equivalence does hold. Let G<* denote the family of all
finite subsets of a group G' and G=* denote the family of all countable subsets of

a group G.
Definition 2.7.14. Let C be a family of elements of G= for some group G.
1. C is closed if for any increasing sequence of elements {C;} of C, UC; € C.

2. C is unbounded if for any element U € G=¥ there exists a V € C such that
ucv.

3. C 1s a club if it is both closed and unbounded.
Definition 2.7.15. Let G be a group. Define P(G) = {H € G=* : H is a subgroup of G}.

Since the union of an increasing family of countable subsets of a group G is still
a countable subgroup of GG and any countable subset of G is contained in the

countable subgroup it generates, we have shown the following lemma.

Lemma 2.7.16. P(G) is a club, for any group G.
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Recall that cly,(A) denotes the weak algebraic closure of a subset A of G. This
is the same as the topological closure operator of the Zariski topology (hence the
notation). Let H be a subgroup of G, then cly, {H}(A) denotes the topological
closure operator of the subspace topology inherited from the Zariski topology on
H. So clr,{G}(A) = clr,(A) Similarly, let clr,,{H}(A) denote the topological
closure operator of the subspace topology inherited from the Markov topology on
H.

Theorem 2.7.17. Let G be an arbitrary group. Then Ty = Tz if and only if for all
A C G, the family of subgroups {H € P(G) : clr, {H}(ANH) = clp {G}HA)NH}

contains a club of elements from G=*.
Proof. See [DS08] O

This theorem is sufficient to generalize the Markov criteria to arbitrary Abelian
groups and the direct product of a family of countable groups. Interested readers
are referred to [DS08] for the more set theoretic exposition of these ideas. Further-
more, with this theorem now in our arsenal we can extend the previous Markov-
type proof of the existence of group topologies on countable Abelian groups to
general Abelian groups. This is because that proof only required the countability
of the Abelian group in question to apply Markov’s criteria, and thus an extended

criteria is immediately beneficial. We thus have this general Markov criteria

Theorem 2.7.18. Let G be a group which is either the direct product of some fam-
ily of countable groups or an Abelian group. There exists a non-discrete Hausdorff
group topology on G if and only if the identity of that group is not algebraically

1solated.

Proof. 1f the subset G\ {e} is unconditionally closed, then it is in 7y;. But by
Theorem 2.7.17 we know that 7y, = Tz and thus G \ {e} is algebraic i.e. the
identity of G is algebraically isolated. Similarly if the identity of G is algebraically
isolated, then G'\ {e} € Tz = Ty and thus G \ {e} is unconditionally closed. [
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2.8 Examples of non-topologizable groups

Given the strict conditions a natural topology places on the algebraic structure
of a group it is surprising that many common classes of groups are topologizable.
In fact every infinite Abelian group is extremely topologizable, as was previously
mentioned. The general question of Markov regarding the existence of group
topologies of infinite groups was answered in the negative by Shelah [She80] when
he constructed an infinite group (assuming the continuum hypothesis) which only
admits a discrete group topology using the techniques of Small Cancellation theory.
The fact that all linear groups are topologizable vastly complicates the situation
here as one must introduce amalgams of groups and other more exotic construction
methods to find a counter example. His proof does not fall into the ZFC framework

as well since the Continuum Hypothesis must be assumed.

Theorem 2.8.1. Assume CH. There ezists a group G with |G| = w*t such that
the only group topology on G is discrete. Furthermore, any finite subset of G is

contained in a topologizable subgroup of G.
Proof. See [She80] O

This construction and Theorem 2.7.13 show the existence of groups whose topo-
logical nature cannot be determined solely on the finite algebraic structure of its
subsets. It is possible to extend the notion of an algebraic set so that we have
a partial strengthening of the equivalence between unconditionally closed and al-
gebraic sets. The idea is to extend the number of words allowed to define the
algebraic set from a finite limit to some cardinal number. The problem is that
this generalisation breaks the correspondence between normal topological closure
of a set and the algebraic nature of that set. Interested readers are directed to
[Sip08].

Shelah also gave a sufficient condition for an uncountable group G to be non-
topologizable. Since these conditions are much more tractable then the actual
construction he presented in connection with Kurosh groups and since this condi-
tions are easy to state it is worthwhile going through the short proof. The group
constructed in [She80] essentially satisfies these two criteria, and thus cannot be

topologizable.

Theorem 2.8.2. An uncountable group G is non-topologizable if the following two

conditions hold

1. There ezists m € N such that A™ = G for every A C G such that |A| = |G]|.
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2. If H is a subgroup of G such that |H| < |G| then there exists n € N and

elements x1, 2o, ..., x, € G such that ﬁizl,,nx;lei is a finite set.

Proof. Let T be a group topology on GG and let V' C G be an open neighbourhood
of e € G such that V # G. Now since there exists an m € N such that A™ = G
for every subset A C G such that |A| = |G| and T is a group topology there
exists an open neighbourhood W of e such that W™ C V and thus |[W| < |G].
Let H be the subgroup generated by W. Since H consists of all finite products of
elements of W we have that |H| < |G|. But then there exists an n € N such that
ﬁi:l..nf;leEi is a finite set, for some xq,xo,...,z, € G. But e € a:i_lei for all
¢t = 1...n and thus

e c mi:l..nxw;lei = {eaylay27 7yk}

Where the y; are distinct and & is some natural number. But 7 is a group topology
and is thus Hausdorff so is 77 and thus there exist open neighbourhoods Y; of e
such that y; ¢ T;. But then

{e} = ﬂ Y:N ﬂ r; ' Ha;

i=1.k i=1.m
and thus 7 is discrete. O

The second condition is not required if we wish to extend this result to countable
groups. This new sufficient condition should be compared with the characterisa-

tion theorem previously stated.

Theorem 2.8.3. Let G be a countable group. If there exists m € N such that
A™ = G for every countable A C G then G is non-topologizable.

Proof. Let T be a group topology on G and let V' C G be an open neighbourhood
of e € G such that V # G. Now since there exists an m € N such that A™ = G
for every subset A C G such that |A| = |G| and T is a group topology there exists
an open neighbourhood W of e such that W™ C V and thus |W| < |G|. But
this implies that W is a finite open neighbourhood of e and thus by the proof of
Theorem 2.8.2 we have that GG is non-topologizable. O]

The final demonstration of a countable non-topologizable group in ZFC' was ob-
tained by Hesse in [Hes79] and Ol'shanskii in [Ols80]. Hesse essentially showed
that the continuum hypothesis was not a necessary requirement for the Shelah con-
struction, at least in a special case sufficient to show the theorem. The Ol’shanskii

construction is something completely different. Once again this constructed group
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is of rather exotic structure, as was to be expected. We give a version of his con-

struction below, however we first require a ”technical” lemma.

Lemma 2.8.4. Let m,n € N such that n > 2 and m > 665, with m an odd
number. There ezists a group A(n,m) generated by n elements with the following

three properties
1. A(n,m) is a torsion free group.
2. The centre C of A(n,m) is an infinite cyclic group.
3. A(n,m)/C is an infinite group of period m.
Proof. See Adian and Novikov [NA68a], [NA68b] and [NA68c] O

This lemma is only technical in the sense that its construction does not illuminate
the question of topologizing arbitrary countable groups. The groups constructed
in the above lemma are called Adian groups. These groups are in fact the coun-
terexamples to the famous Bounded Burnside problem (Is every finitely generated
groups of finite exponent finite?) and takes up over 330 journal pages to construct.

We can now prove the existence of a countable non-topologizable group in ZFC.

Theorem 2.8.5. Let A(n,m) denote the Adian group and let C,, = {a™ : x € C'}.
The infinite group A(n,m)/C,, is not topologizable.

Proof. Firstly, C,, is a subgroup of A(n,m) for suppose x,y € C then y~! € C and
zy~' € C. Thus 2™ - (y )" = (z -y~ )™ € C,, since C is the centre of A(n,m).
Also since C'is the centre of A(n, m) we have that x71C,,x C C,, for all x € G and
thus we have that C,, is a normal subgroup of A(n,m) and so G = A(n,m)/C,,
is well-defined. Since the centre C of A(n,m) is an infinite cyclic group, we know
that C' = {¢" : n € Z} for some ¢ € C. Now if g € A(n,m) \ C then g # ¢" for
all n € Z. However, since A(n,m)/C' is an infinite group of period m we know
that ¢™ € C. But if ¢ € C,, then g™ = 2™ for some x € C. This implies that
(gr~1)™ = e with g~ # e which contradicts the fact that A(n,m) is a torsion
free group. Thus if g € A(n,m) \ C then g™ € C'\ C,,. Now let f: A(n,m) - G
be the natural homeomorphism. Let a; = f(c), as = f(c?),...,am_1 = f(c™ )
then for every a € G \ {e} we have that either a € {a,as,...,a;,—1} or a™ €
{ay,as, ...,am,_1}. For suppose that a € {ai,as, ..., am_1} then for all g € f~1(a)
we have that ¢ € A(n,m) \ C' which implies that ¢"™ € C\ C,, which implies
that a™ = f(g)™ € {ai,as,...,am—1}. Now let T be any Hausdorff topology on
G such that the mapping h : G — G where h(z) = 2™ is continuous. But then
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h='({ay,as,...,am_1}) = G\ {e, a1, as, ..., an, }. This implies that {e, ay, as, ..., an }
is an open subset and thus that {e} is an open subset i.e. T is discrete and thus

G is a non-topologizable group. O]

So not every group admits a non-discrete Hausdorff topology, even if we limit

ourselves to ZFC
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Chapter 3

The Stone-Cech compactification

of a Semigroup

3.1 The Stone-Cech compactification

In this section we will give the general construction of the Stone-Cech compac-
tification of a completely regular space using z-ultrafilters as the basis of that
construction. There are multiple ways of constructing the Stone-Cech compacti-
fication, see [GJ13]. We will then investigate the relationship between the topo-
logical properties of the compactification (namely certain separation properties)
and the original topology on the initial space. We close with some set-theoretic
topological properties that are important for later sections of this thesis. Recall
the definition of a zero set. It is easy to see that any zero set must be closed as it is
the inverse image of a closed set under a continuous function. However, not every
closed set of an arbitrary completely regular space need be a zero set. Topologies

that satisfy this criteria are called perfectly normal spaces.

Definition 3.1.1. A family of subsets F C 2% of a topological space X is a z-filter
of

~

0¢F

2. VAe F, Ae Z(X).

co

if Ae F and B € F then ANB e F.

+~

if A€ F and A C B with B € Z(X) then B € F.

5. F # Z(X).
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Definition 3.1.2. A mazimal z-filter is a z-ultrafilter.

Theorem 3.1.3. Let X be a topological space and let F C Z(X) have the finite
intersection property. There exists a z-ultrafilter p on X such that F C p.

Proof. Let C ={G € 22% . G be a z-filter and F C G}. We order this family by set
inclusion. Since finite intersections of open subsets are open we have that F € C
and so C # ). Let {Ga}acr C C be a chain, then Gs C UaerGo V3 € I and it is easy
to see that U,e;G, € C. This implies that the chain {G,}.e; has an upper bound
and thus by Zorn’s Lemma C has a maximal element. Let p be such a maximal
element of C. Now if p is not a z-ultrafilter then there exists a filter H such that
p C H. But then H € C and so p = H i.e. p is an z-ultrafilter. O

Lemma 3.1.4. Let p and q be z-ultrafilters on a topological space X.
1. if Be Z(X) and ANB # 0 for A € p then B € p.
2. if A,B€ Z(X) and AUB € p then A€ p or B € p.
3. if p# q then there are A € p and B € q such that AN B = 0.

Proof. 1. The family F = {ANB: A€ p} C Z(X) has the finite intersection
property and thus by Theorem 3.1.3 there must exist a z-ultrafilter r on X
such that F C r. Since AN B C B and AN B € Z(X) we have that B € r.
Similarly we have that A € r, for arbitrary A € p. But this would imply
that p C r and since p is a z-ultrafilter we must have that B € r = p.

2. Let A,B € Z(X) and assume that A € p and B ¢ p then there exists
C,D € psuch that ANC =0 =BnND. So (AUB)N(CND) =0 and thus
AUB ¢ p.

3. Now there exists B € ¢ such that B ¢ p so we can find some A € p such
that AN B = 0.
[

The previous results show that ultrafilters and z-ultrafilters are very close beha-
viourally. For example z-ultrafilters are also z-prime filters (property 2) the same
way that normal ultrafilters on a set are prime filters on that set. However since
in general B € Z(X) does not imply that X \ B € Z(X) we do not have that
B ¢p = X\ B € p and thus z-ultrafilters do not necessarily satisfy the
ultrafilter property on Z(X).
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Theorem 3.1.5. If x € X then {A € Z(X):x € A} is a z-ultrafilter.

Proof. Let A,B € {A € Z(X) : x € A}. So there exists continuous functions
f:X 5> Rand g : X — R such that A = f71(0) and B = g~ '(0). Define
h:X — R by

h(t) = f*(t) + g°(t)

then h™1(0) = ANB. Also # ANB € Z(X). Nowlet Ae {Ae€ Z(X):z e A}
and let A C B € Z(X). Sincex € AC Band B e {A e Z(X) :z € A} we
have that {A € Z(X) : x € A} is a zfilter. Now by Theorem 3.1.3 there exists a
z-ultrafilter p with {A € Z(X):x € A} Cp. Nowlet C e p\{A € Z(X):z € A}
and thus # ¢ C' € Z(X). However, X is Ty1 and so there exists a D € Z(X) such
that z € D and CN D = 0. O

Definition 3.1.6. If Y is a compact, Hausdorff topological space with a dense
subspace X such that any continuous function f : X — Z, where Z is a compact
Hausdorff space, uniquely extends to a continuous function f :Y — Z then Y is
the Stone-Cech compactification of X .

Lemma 3.1.7. Let X be a topological space and denote by BX the set of all z-
ultrafilters on X. Let B={{p € X : A¢p}: Aec Z(X)}. Definece: X — X
bye(z)={Ae€ Z(X):x € A} then

1. B is a base for a compact, Hausdorff topology on X .
2. e[ X\ Al =elX]N{pepX:A&p} for Ac Z(X).
3. e: X = BX s a topological embedding of X into fX.

4. e[Al={pepX:Aecp} for Ae Z(X).

5.

@

X] = 6X.

Proof. 1. Let A; € Z(X) and let B; = {p € X : A; & p} for i € {1,2}. Now
AfUA Epe Argpand Ay € pand thus BiNBy={pe X : A UA, &
p} € B and thus B is a topological base on X. Now let p,q € 5X such that
p # q so there exists A, B € Z(X) such that A € p, B € g and AN B # (.
Now since disjoint zero sets are actually completely separated there are co-
zero sets C, D C X and zero sets F, FF C X such that A ¢ C C E and
BCDCEwithENF =0. But thenp € {t € X : X\ C & t} and
ge{te X : X\D¢gt}andsof{te X : X\C&t}n{tepX : X\D¢
tyc{tepX: :EFetjn{te pX : :F et} =0 and thus B generates a
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Hausdorff topological space. Now let {A; : i € I} C Z(X) and suppose the
family {{p € BX : A; € p} : i € I} has the finite intersection property then
there exists ¢ € X such that {4, :i € I} C g and thus

qe ﬂ{peﬁX:Aiep}Cﬂ{pEﬁX:AiEp}#Q

Ai€q iel
and thus B generates a compact, Hausdorff topology

2.pe[X\A & Jdt e X\AC Xsuchthat p={B e B(Z):te B} &
peeX]and AdpasAec Z(X) e peeX|N{gefX:A&q}

3. e: X — BX is obviously well defined. Now if x # y then as {z} and {y} are
closed subsets of X there exist subsets A, B € Z(X) such that x € A,y € B
and ANB =0 but then {C € Z(X):2€C} #{C € Z(X):x2 € C} and
thus e : X — X is an injection. Also as e[ X\ A] = e[X]|N{p € X : A & p}
and base for X is carried onto a base for the subspace topology of e[ X] C X

4. {p € BX : A € p} is closed in X and obviously e[A] C {p € X : A € p}
and thus e[A] C {p € X : A € p}. Nowsuppose p € {p € X : A € p}\e[4]
then there exists B € Z(X) such that B ¢ p and e[A]N{t € X : B ¢ t} = 0.
However e[A] C e[X|N{t € X : B ¢t} = ¢[B] and thus B € p which is a

contradiction.

5. e[X]={pepX: :Xep}=pX
O

Lemma 3.1.8. Let X be a dense subset of a topological spaceY andlet f : X — K

be a continuous function where K is a compact space.

1. If for p € Y there is a continuous function f, : X U{p} — K such that
f C fp then there exists a continuous function g : Y — K such that f C f.

2. Ifp € Y and there is no continuous function g : XU{x} — K such that f C g
then there exists A, B € Z(K) such that ANB =0 andp € f~'(A)Nf-1(B).

Proof. 1. Define g = J{f, : p € Y}. Now let p € YV and let V and W be
open neighbourhoods of g(p) such that W C V (which is possible as X is
a compact, completely regular space and is thus 7;) and let U be an open
neighbourhood of p € Y such that f(q) € W for g € UN X. If ¢ € U then
q€UNX and thus g(q) = f,(¢) € LIUNX]=flUNX]CW CV
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2. The family F = {f[U N X] : U is a neighbourhood of p € Y} is a family
of closed sets with the finite intersection property and thus (| F # (). Now
| F| > 2 as else there exists a continuous extension of f. So there exists
s, t € (| F with s # ¢ and thus there exists A, B € Z(Y) with s € A, t € B
and ANB=0andsope f~1(A) N f1(B)

[
Definition 3.1.9. Let X be a topological space.
1. C(X)={f: X = R: [ is continuous}.
2. C*(X)={f: X = R: f(X) C (—a,a) for some a € R}.

3. Let A C X then A is C*-embedded in X if for f € C*(A) there exists a
g € C*(X) such that f C g.

Lemma 3.1.10. Let X be a dense subset of a compact space Y. The following

statements are equivalent

1. For f : X — K with f continuous and K compact there is a continuous

function g 1 Y — K such that f C g.
2. X is C*-embedded in'Y .
3. IfA,B€ Z(X)and ANB = then ANB = ).
4. IfA,B € Z(X) then ANB=ANDB.
5. The family {A € Z(X) :p € A} is a zfilter forp€ Y.

Proof. (1) = (2) This is essentially the definition of X being C*-embedded in
Y, as on a compact space C(Y) C C*(Y)

(2) = (3) Let A,B € Z(X) with AN B = (. Now we can find a continuous
function f : X — R such that A € f~!(0) and B C f~'(1). However as

X is C*-embedded in Y there exists a continuous g : ¥ — R with f C g.
However then g[A] = {0} and g[B] = {1} and thus AN B =

(3) = (4) Now ANB C AN B and suppose p € AN B then there exists a
f € C(Y) such that f(p) = 0 and f(AN B) = {1} and thus f(ANB) = {1}.
Now let C = {g €Y : f(q) < i} which is an open subset of Y as f € C(Y)
and also ANBNC =0. Now ANC € Z(X) as A€ Z(X) and A is a dense
subset of Y. Similarly, BNC € Z(X) and thus ANCNBNC = () and thus
pZANBandthus ANBC ANBso ANB=ANB
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(4) = (5) Let A,B € Z(X) such that p € Aand A C Bthenp € A C B
and thus B € {A € Z(X) : p € A}. Now let C € Z(X) with p € A then
p€ ANC = ANC and ANC € Z(X) and thus ANC € {A € Z(X) :p e A}
and so {A € Z(X) :p € A} is a zfilter on X.

(5) = (1) Now if we can find a continuous function f : X — K such that for any
g:Y — K, f ¢ gthen there must exist ap € Y and A, B € Z(K) such that
ANB =0andp € f~1(A)Nf~1(B). Butsince f1(A), f~1(B) € Z(X) (since
if g € C(K) such that g(A) = {0} then go f € C(X) and go f(f1(A)) C
g(A) = {0}) and f~H(A) N f~YB) = 0, the family {4 € Z(X) : p € A}

cannot be a z-filter on X.

O
Theorem 3.1.11. 38X is the Stone-Cech compactification of X.

Proof. By Lemma 3.1.7 the space X is compact and e[X] is a dense subset of
BX. Let K be a compact, Hausdorff space and let f : e[X] — K. Now let p € X

i.e. pis a z-ultrafilter on X and consider the family of subsets

(AcZ(X):peeA)={AcZ(X):pec{gcBX:Acq}) =p

This shows that {A € Z(X) : p € e[A]} is a zfilter on e[X]| and thus by Lemma
3.1.10 we can find ¢ € C(6X) such that f C ¢g. This implies that 5X is the
Stone-Cech compactification of e[X] which is homeomorphic to X and thus 8X is
the Stone-Cech compactification of X. O

Lemma 3.1.12. If A is a locally compact, dense subset of a Hausdorff space X
then A is an open subset of X.

Proof. For all x € A we can choose an open U, such that U, N A is compact. This
implies that the set A N U, must be closed in the subspace topology of U, which
in turn means that U, \ (A N U,) is open in the same subspace topology. This
implies that

T€EA z€EA

must be a closed subset relative to the subspace topology on |J,. 4 U,. But then
A=ANU,caUs = X NU,es Us = U,en U is open. O

Theorem 3.1.13. If X is a locally compact, completely reqular space then X \
e(X) is a compact subset of the Stone-Cech compactification of X .
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Proof. Since X is locally compact, we know that e(X) must also be locally com-
pact. However, e(X) is also a dense subset of the Hausdorff space fX and thus
e(X) is open. This implies that 5X \ e(X) is closed and thus compact. O

Definition 3.1.14. Let f : X — K be a continuous function and K a compact
Hausdorff space then the unique continuous function f : BX — K such that f C f

1s the Stone extension of f.

Corollary 3.1.15. If X is a discrete topological space then X = {p C 2% : p is

an ultrafilter on X} furthermore fX is a zero dimensional topological space.

Proof. As X is a discrete topological space it is locally compact and completely
regular and thus the Stone-Cech compactification exists. Let A C X and define
f: X —>Rby f(r) =0if x € A and f(x) = 1 otherwise. Now as X is discrete
this function is continuous and f~'(A) = {0} and thus A is a zero set. So any
z-ultrafilter is in fact a standard ultrafilter on X and so X = {p C 2% : pis an
ultrafilter on X }. Now the family of sets

B={{pepX :A¢gp}: AC X}
forms a base for the compact Hausdorff topology on SX. Let A C X and

U={pepX:Adgp}

then
BX\U={pepX:Aecpt={pepX : X\AdpleB

as p is an ultrafilter on X. This implies that B is a clopen base for the compact

topology on X and thus is zero dimensional. O]

Definition 3.1.16. A topological space X is strongly zero dimensional if X is

zero dimensional.

Lemma 3.1.17. Let X be a set and let f : X — X be a function such that
f(x) # x for all x € X. There exist subsets Ay, A1 and Ay of X such that

1. X =AoUA; U As.
2. ifi# j then A, N A; = 0.
3. AN flA] =0.
Proof. See [Kat67] O
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If X is a locally compact, Hausdorff topological space and f : X — X is a
continuous function then we can extend the codomain of f to a compact, Hausdorff
space by using the embedding e : X — X. The function eo h : X — SX is then
a continuous function from X to a compact, Hausdorff space and thus has a Stone

extension. We write f for the Stone extension of e o h.

Theorem 3.1.18. Let X be a discrete topological space, f : X — X a function
and let p € BX. f(p) = p if and only if {v € X : f(z) =z} € p.

Proof. Let A = {x € X : f(x) = x} and consider the set ¢[A] C fX. Now if
x € Athene(z) = {C C X : 2 € C} and f(e(z)) = e(f(x)) = e(x). Now let
p € X and suppose A € p then p € m and since f is continuous we have that
fp)=p.

Now if A & p then X \ A € p as p is an ultrafilter on X and so X \ A # ()
and if x € X \ A then f(x) # x. Now by Lemma 3.1.17 there exist subsets Ay, A;
and Ay of X \ A such that

1. X\A=AyUA UA,
2. ifi# j then A;NA; =10
3. AN flA] =10

Now if A; € p for i =0,1,2 then X \ A; € p but then

X \A=X\{JA=X \(X\A)=A€cp

which is a contradiction and so with out loss of generality we may assume that
Ay €p. If Ay € pthen ) = A; N Ay € p which is a contradiction, similarly As & p.

However, p € e[A;] and since f is continuous

f(p) € e[f[Ai]] C e[Aa U A3

as f[Al] NA = () and thus ?(p> 7& p ]

We have used the more subtle concept of a z-ultrafilter to build the Stone-Cech
compactification of an arbitrary completely regular topological space. We have
also noted that z-ultrafilters are awfully close in behaviour to the traditional ul-
trafilter on a set. This suggests the question, when does the Stone-Cech com-
pactification of an arbitrary completely regular topological space consist of the

ultrafilters on that space.
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Definition 3.1.19. A point € X s called isolated if {x} is open in the topology
of X.

Definition 3.1.20. A topological space X is called extremally disconnected if the

closure of an open set is still open.

These two topological properties are sufficient to characterize the types of topolo-

gies where the Stone-Cech compactification consists of ultrafilters on X.

Definition 3.1.21. A compact Hausdorff spaceX 1is called projective if for all
compact Hausdorff spacesY and Z and every continuous onto function f 1Y — Z
and continuous function g : X — Z there exists a continuous function h : X —'Y
such that g = f o h.

Theorem 3.1.22. Any projective space X is extremally disconnected.

Proof. Consider the product space X x {0,1} where {0,1} is given the discrete
topology. Being the finite product of compact spaces it is also compact, and thus
the set

Y =(X\G)x {0} UG x {1}

is also compact, where G C X is an arbitrary open subset. Also by construction
the subset G x {1} is open in the subset topology on Y. Define a continuous onto
function f : Y — X by using the first projection f(z,i) = x and another function
g : X — X by g(xr) = x. The projective property implies the existence of a
function h : X — Y such that g = foh. Now for x € G we have that h(x) = (y,i)
for some y € (X \ G)UG and i € {0,1} but foh(z) =z and so f((y,i)) =z € G
and thus h(x) = (z,1) for all # € G. However since G is closed and h is continuous
we must have that h(z) = (z,1) for all 2 € G and so G = h~}(G x {1}) and so G

is open O

Theorem 3.1.23. Let X be a completely reqular topological space and let 5X be
the Stone-Cech compactification of X. X is extremally disconnected and contains

a dense subset of isolated points if and only if the topology on X s discrete.

Proof. 1f the topology on X is discrete then by 3.1.7 we know that e(X) is a dense
subset of points in SX. We also have that for all x € X,

B, ={p e BX : X \{a} ¢p} ={pepBX:{a} cp}=e(z)

is a basic open set and thus e(X) is both dense and consists of isolated points.

Now let Y and Z be compact Hausdorff spaces and let f : Y — Z be a continuous
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onto function and g : X — Z be a arbitrary continuous function. Define a

function h : X — Y by choosing

h(z) € £~ (g(e(x)))

which is trivially continuous as X is discrete. By the Stone-extension property
3.1.10 we can extend A uniquely to a continuous function h : X — Y such
that ¢ = f o h and so X is projective and thus extremally disconnected. To
prove the opposite implication we proceed as follows. Let A be the dense set
of isolated points in SX and let X denote the set of all clopen subsets of AX.
Deﬁneamapf:QA%bef(B)zgforBCAandamapg:X%%by
g(Y) =Y NA. fis well defined by the extremally disconnected property of the
space fX and since A consists of isolated points we have that f o g(Y) =Y and
go f(B) = B. Finally both maps are onto since A is dense in fX. This implies
the existence of a bijection A from the set of all subsets of A and the set of all
clopen subsets of SX. We can use this bijection to create a bijection from the set
of all points of 5X and the set of ultrafilters on the subset A C X as follows, let
x € BX and define a filter base F, on A by including all sets of the form h(N)
where N is a clopen neighbourhood of z € X and extend that filter base to an
ultrafilter on A. Similarly every ultrafilter on A corresponds to a point of 5X since
the intersection of the closure of all subsets of the ultrafilter over a compact space
must be a singleton. By the universal property of the Stone-Cech compactification
we have shown that every z-ultrafilter on the base space X is in fact an ultrafilter
on the homeomorphic subset A which is only possible if the original space X was

in fact discrete. O

Definition 3.1.24. A subset A of a topological space X 1is called o-compact if it

15 a countable union of compact subsets of X .

Being extremally disconnected is a useful property for the Stone-Cech compacti-
fication to have, since it allows us to control the growth of the closure of certain

subsets.

Theorem 3.1.25. Let A and B be o-compact subsets of an extremally disconnec-
ted, compact Hausdorff space X. f ANB=ANB =0 then AN B = 0.

Proof. Let A = |JA, and B = |J B, where A, and B, are compact subsets of

X. Since any compact Hausdorff space is normal we know that for all A,, and B,
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there must exist open subsets T,,,U,,, V,and W,, such that
T,.NU, =V, NW, =10

and A, C T,, BC U,, ACV, and B, C W,,. Define
i=1

and

m:ﬁmmm
1=1

and let C' =JC,, and D = |J D,,. We can easily see that C' and D are both open
subsets of X and C N D = () with A € C' and B C D. But since X is extremally
disconnected we know that C N D = and thus AN B =0 O

Definition 3.1.26. A topological space X 1is called totally separated if for all
x,y € X with x # y there exist open subsets U and V such that

1.xeUandyecV.
2. X=UUV.
3. UNV =10.

Theorem 3.1.27. If X s an extremally disconnected Hausdorff space then X is
totally separated.

Proof. Since X is Hausdorff there exist disjoint open neighbourhoods U and V/
of x and y respectively. But since X is extremally disconnected we know that U
and X \ U are also open disjoint neighbourhoods of 2 and y and thus X is totally
separated O

We finally investigate the relationship between the closure of a z-filter on a topo-
logical space and the closure operator on SG if the completely regular topology

satisfies some stronger properties.

Definition 3.1.28. A topological space X satisfies Property C' if every zero set of

X is also a cozero set of X.

Trivially every discrete space satisfies property C. Similarly every perfectly normal

T, space which satisfies property C' is discrete.
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Definition 3.1.29. Let X be a topological space:

1. A subset A is a G5 set if there exists a countable family of open sets {O;},
in X such that A ={";cy Os-

2. A subset A is a F,, set if there exists a countable family of closed sets {C;}, o
in X such that A =J,cy Ci-

Theorem 3.1.30. Every zero set of a topological space X is a closed Gs set. If

X is normal then the converse s true.

Proof. Let A C X be a zero set then there exists a continuous function f : X — R
such that f=1(0) = A. Since f is continuous we have that A is closed. Define

and is open since (_71, %) is open in R we have that

A=) =o0.
ieN ieN
since if x € Moy fH((5F,2)) then =+ < f(z) < + for all n € N and thus A is
a Gs set. Now suppose X is a normal space and that A = (,.y O, is a closed
Gs space. Let A, = X \ (),-,, O; which is obviously also a closed subset of X
and AN A, = 0. Since X is normal we can find a family of continuous functions

fn: X —[0,1] such that f,(A) =0 and f,(X \ A,) = 1. Define f: X — R by

flay = Y2 1)

2n
€N

then z € f~1(0) implies that f,(z) = 0 for all n € N which implies that = € A
and thus f~1(0) = A O

Corollary 3.1.31. If X is a normal space then a subset is cozero if and only if

it 1s open F,.

Proof. Since the cozero sets are complements of the zero sets and the complement

of an open set is a closed one we have this result O

Let X be a completely regular space that satisfies property C such that every
singleton {x} is a zero set then X \ {z} is also a zero set and so {x} is open which

implies that the original topology had to be discrete.
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Definition 3.1.32. The cantor cube C'(\) = {0,1}" for all ordinals X is a topolo-
gical space where {0,1} is a discrete space and C(X) is endowed with the product
topology.

Since {0, 1} is compact and by Tychonoff’s theorem the product of compact spaces
is compact we have that C(\) is compact Hausdorff and thus normal. However,
for A > wy we have that the singletons of C'(\) cannot be G sets. Furthermore,
since {0,1} is zero-dimensional we have that C'()) is zero-dimensional. In fact
every compact, zero-dimensional group is homeomorphic to some Cantor Cube
(See [She81]). This suggests the existence of spaces that satisfy property C' but

are not discrete.

Theorem 3.1.33. Let X be a topological space which satisfies property C' and let
p be a z-ultrafilter on X. If B & p then X \ B € p.

Proof. We know that since B € Z(X) that X \ B € Z(X). Now suppose that
B ¢ p then there exists A € p such that AN B = () which implies that A C X \ B
and thus X \ B € p O

Corollary 3.1.34. If X is a topological space which satisfies property C' then X

18 strongly zero dimensional.

Proof. We know that if U € Z(X) then X\U € Z(X)andthenU = {p € X : U & p}
is a basic open set. But then X \U = {p € BX : X \ U ¢ p} is also a basic open

set and thus X is zero-dimensional n
We now assume that X has been given the discrete topology.
Definition 3.1.35. Let A C 2% be a filter on X and define A = (1,4 ¢lA].

Theorem 3.1.36. For every filter A of X the set A is a non-empty closed subset
of BX and A= {p € BX : A C p} further more every closed non-empty subset of
BX is of this form.

Proof. Since X is compact and any filter has the finite intersection property we

know that A must be closed and non-empty. Now

e[A] = {p€ X : Aep}

for A € Z(X) and so

A= (NelAl=({pepX:Acpt={pecpX: : ACp}

AcA AcA
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Let Z be a closed subset of X and consider the filter
F={Ue€2Z(X):ZcU}
then F = {p € BX : F C p} but then
peEZcU={pepX:UEcyp}

for all U € F and thus p € F. So assume there exists p € F such that p & Z then
there A € p such that AN Z = ) but then for all ¢ € Z we have that X \ A € ¢
which implies X \ A € F C p which is a contradiction O

There is a relationship between the filter closure operator A = aca€lA] and the

closure operator on SX.

Corollary 3.1.37. For every subset A of 3X we have that F = A where

F=({peBG:pc A}

Proof. Since {X} € p for all ultrafilters on X we know that F # (). It is easy to
see then that F must be a filter on the space X. By the previous result we also
know that F is a closed subset of 3X. Let p € F then F C p and let B C X with
B € p. We know that p € B and that B is a basic open set of 3X. Now suppose
that for all » € A we have that B ¢ r . Then we must have that X \ B € r
for all € A and thus X \ B € F. But then B € p and X \ B € p which is
a contradiction. Thus there exists 7 € A with B € r and so r € B and thus
BN A # ( for arbitrary basic open neighbourhoods of p i.e. F C A. Now let
p € A then we know by construction that F C p and so p € F. This implies that
AC Fand thus AC F m

We can give explicit constructions of the generating filters for the filter closure

operator.

Theorem 3.1.38. Let {F,} .4 be a family of filters on X such that (\Fo # 0
and let F be the filter generated by | Fo. Then

NF-7
acA

Proof. In general, the arbitrary union of a family of filters does not have the finite

intersection property (just consider the two filters generated by A and X \ A) so
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we first need to prove that F is well defined. Let p € (| Fa # () then p € F, for
all o € Aie. F, Cpforall o e A Let

{U}icn €U Fa

then U; € F,, C p for all i < n and so

(Ui #0

i<n

Thus | J F, has the finite intersection property and F is well defined. This also
shows that p € F since F is the smallest filter containing the family F, and
F,Cpforall o € A. Solet p € F then F C p but for all &« € A and A € F, we
have that

Ae F,CFCp

which implies that F, C p for all « € A and thus p € (| F, O

Lemma 3.1.39. Let {Fu},, be a finite family of filters on X and let p be an
ultrafilter on such (;_, F; C p. There exists i < n such that F; C p.

Proof. Suppose that for all ¢ < n there exists B; € F; such that B; € p then since
p is an ultrafilter we know that X \ B; € p and thus

B=(\X\B)=Xx\|JBiep

i<n i<n

ButB:U BjEEforalliSnandsoEEﬂ?zlﬁCp.So@zBﬂBE

Jj<n p
which is a contradiction O

Theorem 3.1.40. If {Fi},.,, is a finite family of filters on X then

Uz-N#

i<n i<n

Proof. Let p € |J,., F; then Fj; C p for some j < n. But

i<n

(FCFcp

i<n

and so p € (., Fi- Now suppose p € (., Fi then (.., Fi C p but we know that
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there must exist some j < n such that F; C p since p is an ultrafilter thus
reFfclUFxE
i<n
O

Corollary 3.1.41. Let {F,} be a family of filters on X . Then if for all ultrafilters
p on X with (\F. C p we can find an indexr o such that F, C p then |JF, is

closed.

Proof. 1f we follow the previous proof we see that this property is required to prove
that () F. C |JF. which shows that |JF, is closed. O
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3.2 The semigroup 5S

P-limits are the third way to study the idea of convergence in a general topological
space, the first two being that of filters and that of nets. Recall that an ultrafilter
encodes in some sense a choice of which subsets of a topological space X are large.
The p-limit of a sequence converges to a point in the base space X if the subset
of the index space where the sequence is close to the limit point is large. We can

formalize this idea as follows.

Definition 3.2.1. Let D be a set and p an ultrafilter on D. Let (xs) sep be an
indexed family in some topological space X and let y € X. We say that p—
limsepxs := p—lim (xs) sep := y if and only if for every neighbourhood U of y we
have that {s € D|zs € U} € p.

Theorem 3.2.2. Let D be a set and let p be an ultrafilter on D. Let (xs) sep be

an indexed family in a topological space X .
1. If X is Hausdorff and p—lim (x) scp exists then it is unique.
2. If X 1s compact then p—lim (xs) sep exists.

3. Let X and Y be Hausdorff topological spaces and let f : X — Y be a

continuous function. If p—lim (xs) sep exists then f(p—lim (x4)sep)) =

p—lim <f (xs» seD-

Proof. 1. Suppose p—lim (zs) sep = y1 and p—lim (x,) sep = yo With y; # yo.
Now as X is Hausdorff, there exist open neighbourhoods of y; and s, say
V and W respectively, such that VN W = (). But then {s € D]z, € V} €p
and {s € D]z, € W} € p and so {s € D]z, € V} N {s € D]z, € W} # 0,
since p is a filter on D. This shows that x;, € VN W for some s € D, which

is a contradiction.

2. Now suppose that p—lim (z4) sep does not exist. For each y € X choose
an open neighbourhood U, of y such that {s € D|z, € U,} & p. Since the
family {U,} ,ex forms an open cover of the compact space X, we can choose

{s € D|zs € Uy, } and

so we can find a n € {l..m} such that {s € Dz, € U,,} € p as p is an

ultrafilter. This contradicts the choice of U,, .

a finite subcover {Uy, }n=1..m . However D =J, _,

3. Let V' be a neighbourhood of f (p—lim (z4) sep) then there exists a neigh-
bourhood W 3 p—lim (x,) sep such that f(W) C V as f is continuous.
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Now {s € Dlzs; € W} € p and {s € D|z; € W} C {s€ D|f(zs) € V} so
{s€D|f(zs) eV}tep
[

P-limits are useful to investigate other properties of a topological space as well.

Definition 3.2.3. A topological space X is countably compact if every countable

open cover of X has a finite sub cover.

Not every countably compact space is a compact space, with the order topology on
the first uncountable ordinal ¢ being the standard textbook example of a countably
compact space which is not compact. This is not a compact space as the open
cover {(0,a) : a < ¢} admits no finite sub cover (as the finite union of countable
sets is countable). Since countably compact spaces are a generalization of compact
spaces, the question of a Tychonoff type product theorem is an interesting one.
The following theorem, stated without proof gives a characterisation of the product

of countably compact spaces.

Theorem 3.2.4. Let {X, : a € I} be a family of spaces. Then the product
space X = [[{Xa : « € I} is countably compact if and only if for every sequence
f N—=X, plimenmaofe X, forallael.

Proof. See [Ber70] O

We can use the Stone extension theorem to show that the binary operation of a
group extends continuously to the entire compactification of that group. However,
proving that the resulting operation is associative is rather difficult. Instead of

journeying down that route we consider the family of p-limits on the space.
Definition 3.2.5. Let S be a semigroup with binary operation - : S x S — S.
Define a binary operation - : S x S — BS as

p-q = p—limses (q—limsese (s - t))

where p € BS and q € BS.

Lemma 3.2.6. Let D be a set, X a compact Hausdorff space and (z4)sep be a D
indezed subset of X. Let p be an ultrafilter on D and let U C X be a subset of X
such that {s € D : x5 € U} € p. Then p—limsepxs € cl(U).

Proof. Suppose that p—limseprs ¢ U then for all neighbourhoods V' C X of
p—limseprs we have that {s€ D:z, €V} € p. But {s€ D:z, € U} € p and
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so{s€ D:x, € UNV} € pwhich implies that U NV # () for all neighbourhoods
V' 3 p—limgepxs i.e. p—limgeprs € cl(U) O

Theorem 3.2.7. Let D be a discrete space, X a compact Hausdorff space and
(x5) sep be a D indexed subset of X. Then the function f : fD — X defined by

f(p) = p—limgsepxs is continuous.

Proof. Since the space X is compact and Hausdorff, we have that f is well defined
by Theorem 3.2.2 and that X is in fact T3. All that is required is to show that
f: BD — X is in fact continuous. So let V' C X be an open neighbourhood of
f (p) for some fixed p € BD. Since X is T3 there exists an open U C X such that
f(p) €U CUCV. Now theset A= {s € D:x, €U} € p by the definition of a
p-limit and thus p € A, which is an open subset of 3D. But then f (X) CV as
if g€ Athen A€ qie {s€D:x, €U} € qwhich by Lemma 3.2.6 implies that
flq) €c(U)CV. O

Corollary 3.2.8. Let S be a semigroup endowed with the discrete topology. The

extension of the operator to 5S is right continuous on [3S.

Proof. Take X to be S and let ¢ € 5S. Define

pe(p) = f(p) =p-q=p—limsesr,
where z, = g—limycgs-t. Then by Theorem 3.2.7, f : 5.S — S is continuous. [

Lemma 3.2.9. Let S be a semigroup and let X be a Hausdorff space with <
Ty >ses an indexed family of elements of X. Let p,q € BS. Then if all the limits

involved exist then (p - q) —lim,es T, = p—limges(q—limyessy).

Proof. Let z = (p - q)—limyesx, and for all s € S let y, = (p — limaxs,). Now if
g—lim,ecg ys # 2 we can find two disjoint open neighbourhoods of z and ¢—lim,eg ys,

say U and V respectively. Let
A={veS: 2, eV}

and
B={se S:ys €U}

Then it can be easily shown that A € p-gand B € p. Let C = {s€ S:s-pc A}
but A is a neighbourhood of ¢—lim,cg s - p and so C' € p. But then there exists a
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s € BNC. Since s € B we know that p — limxs; € U so let
D={teS:z, €U} eq

Also since s € C' we know that s-p € A and so A is a neighbourhood of p—lims-t.
Define
E={teS:s-te A}

We know that ) # DN E € p so choose t € DN E. Since t € D we know that
Ter € U. But then s-t € A since t € E and so x,; € V which implies that
unv #£40. O

We can now prove the final theorem, that if S is a discrete topological semigroup
then it is possible to extend the operation on S to the Stone-Cech compactification
of S, BS in such a way that 55 is a right shift continuous, zero dimensional,
totally and extremally separated semigroup where the isolated points are exactly

the original semigroup S.

Theorem 3.2.10. Let S be a discrete topological semigroup. Then it is possible
to uniquely extend the operation on S in such a way that 58S is a right shift
continuous, compact, Hausdorff, zero dimensional, totally and extremally separated

topological semigroup such that the isolated points of 58S are S.

Proof. We have already shown that £S5 is a right shift continuous, compact and
Hausdorff, zero dimensional, totally and extremally separated space if the starting
topology on S is discrete. All that is required is to show that the extended shift
operation is in fact associative. For this we use Lemma 3.2.9. For starters, since
BS is compact we know that all p — lim's exist by Theorem 3.2.2. Now let p, ¢
and r € 3S then

p- (q : 7") = p—limses((q : T) — limyegs - w)
= p—limges(q—limyes(r — limyegs - (t-v)))
= p—hmses(q_hmtes(r - limveS(S ) t) : U))

= (p-a)-r

The uniqueness of the extension comes from 3.1.23 and 3.1.10 and the universal

property of the Stone-Cech compactification n

It is possible to give a more concrete description of the construction of the semig-

roup operator.
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Definition 3.2.11. For all A C S and q € S, let Q(A) ={x € S: a7 'A € ¢}
where 1P A={ye S:z-ye A}

Theorem 3.2.12. If S is a discrete semigroup and p,q € 5S then

p—lim(¢—lim(s-t)) =p-¢={AC S:Q(A) €p}

sES tes

Proof. Let U C S such that {A C S : Q,(A) € p} C U. This implies that:

QU) ep
& {s:s'Ueq}ep
& {s:{t:s-teU}eqlep

Now let a(s) denote the ultrafilter generated by the set {s- B : B € p}. We claim
that p—limeg s+t = a(s). For suppose a(s) € Vie. V € a(s) then VN (s-B) # ()
for all B € p which implies that {t € S :s-t € V}NB # () for all B € p and
thus {t € S :s-t € V} € p. This is sufficient to prove the first claim as well as
implying that

{s :p—%iergls-t ceVl={s:Vea(s)}

Now let s € {s: {t:s-t €V} e€q}tie {t:s-te€V} e qand suppose that
V & a(s) then as a(s) is an ultrafilter we have that X \ V' € a(s). This implies
that (X \ V) Ns-B #  for all B € q. However, {t : s-t € V} € ¢ and so
(X\V)ns-{t:s-teV}C(X\V)NV =0 which is a contradiction. So

{s:{t:s-teU}leqtC{s:Ueca(s)}
which implies that
{s:p—!tlenSl&tEU} €p
[

Theorem 3.2.13. If S is a discrete semigroup with A C S and p,q € S then
A € p-qif and only if there exists a U € p and a family of sets V. € q such that
Upev - Ve C A.

Proof. We know that
p-q={ACS:Q(A)€p}
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soif A€ p-qthen Q,(A) € p so there exists a U € p such that
UcCQA)={x:27'Aecq}
but then for each = € U there exists a V, € ¢ such that

V,Ca'lA = 2-V,CA = |Jz-V,CA

zeU

So suppose that we can find

Uw-VxCA — z-V,CA

zeU

for all z € U and so
V,Ca'A = 27'4Acq = UCQA) = QA ep = Acp-q

O

The Stone-Cech compactification of a completely regular topological semigroup
allows us to extend the semigroup operations on the space continuously to the
entire compactification. The space 55 is quite rich both algebraically and topolo-
gically if S has the discrete topology. For example even though N* contains many
topological copies of SN it does not contain any algebraic copies ([Str92]). We now
look into the question of which other group or semigroup topologies, other than
the discrete topology, on the space S would preserve the algebraic structure when
extended to the compact space SS. Recalling the left and right translations on
the semigroup A\, and p,, it is easy to see that they satisfy the semigroup identity
Aa(B) = pplar) for all o, B € S. This trivial identity is important as we would
require it to hold for the Stone extensions ), : S — 3S and pp: BS — BS if we
wish to preserve the semigroup operator on the space £S. It is possible to give a

partial answer to this question.

Definition 3.2.14. A semigroup S is said to satisfy the B-extension property if the
resulting Stone extensions A, : 3S — BS and pg : BS — BS satisfy M\a(B) = pp(Q)
forallae S and 3 € 5S.

Quite surprisingly, one of the simpler groups available to study is not S-extendable.

Theorem 3.2.15. The additive group R with the normal topology on R does not
satisfy the (-extension property.
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Proof. See [But75] O

There exists a partial characterization of the topologies that are S-extendable for

topological groups G.

Theorem 3.2.16. A locally compact Ty topological group G satisfies the B-extension

property if and only if it is either compact or discrete.

Proof. We have shown previously that any discrete topological semigroup satisfies
the p-extension theorem and trivially since G = G for any compact group we
trivially have that a compact group satisfies the [-extension property. So let us
suppose that G is not discrete nor is compact and let U be a compact, symmetric
neighbourhood of the identity e € G. Define a sequence of points {z,}, . as

follows:

1. Let 21 = e

2. Suppose that {x;},_, have been chosen such that the family {U - z;},_,, is
pairwise disjoint. Now since the continuous image of a compact space is
compact and the finite union of compact sets is compact andG is not a

U%z;. We claim that {U - z;}

is still a pairwise disjoint family. For if p € U - x, N U - z; for some i < n

compact space there must exit z, € UJ,_, i<n
then p = u -z, = v - x; for some u,v € U but then z,, =u=!-v-x; € U%- 25

since U is a symmetric neighbourhood.

Now there must exist a # € G such that the sequence {z,}, .y has r as a cluster
point since SG is a compact space. Suppose € G then there exists A C N such
that {zs},c4 C U-x. But then z, = u- and xg = v -z for some «, § € A which

1 1

implies that u™ -z, = v - 23 i.c.

U-zoNU-x5#0

and so ¢ € G\ G. Let {U,}
identity e and {s,}

nen be a family of open neighbourhoods of the

nen be a sequence of points constructed as follows:

1. Let U; be an open neighbourhood of e such that U? C U and let s; € Uy \{e}.
Now we can find Us an open neighbourhood of e such that s; € Us but
U, C Uy

2. Suppose that the sequence {s;},_, and {U;},., has been chosen such that
si € Ui\ {e} and s; € U;y1 and U;4y C U; then we can a s, € U, \ {e} and
U,+1 an open neighbourhood of e such that s, ¢ U, 1 but U, ; C U,
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The sequence {s,},y is contained in the compact set U by construction and thus

has a cluster point s € () _n U, # 0. Now since any Ty group is in fact completely

neN
regular we can find a family of continuous functions

{an : G — [07 1]}nEN
such that ¢,(s) =1 but ¢,(G \ U,) = 0 for all n € N. Define a function f : G —
[0,1] as
) =3 buly- 5
n=1

o [:G —[0,1] is well defined since if ¢, (y -z, ') # 0 implies that y-x,' € U,
and thus y € U, - x,, C U - x,, which is a pairwise disjoint family of subsets
of G.

o f: G — [0,1] is continuous since if y € U - x, for some n € N then
f(y) = én(u) where y = u-x,. Let € > 0 and choose a neighbourhood V' 3 u
such that V C U and |¢n(u) — ¢, (v)] < €. Then V -z, is a neighbourhood
of y and |f(y) — f(t)| <eforallt € V -z, If y €U,y U - zn then

U -ynU, -x,=10
for all n € N and so |f(y) — f(t)| =0 < e for all t € Uyy

Now let {z,, }
x € BG. Now

sy be a subsequence of {z,}, .y such that {z,, } .y converges to

f(As, () = lim f(Xg, (7)) = lim f(s,x,,) = C}LIIQIQ On, (snznax;}) = lim ¢, (s,) =0

a—00 a—00 a— 00

but we also have that

f(Pri(5)) = f(sn,) = dn(s) =1

Let {sn, } ey be a subsequence of {s,}, . such that {s,, } oy converges to s € G.
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Now since f is a continuous function if we have that \,(8) = pz(a) then

L= lim f(pr,(s)) = lim [\ (2n,)
= (@) = f(Px(s))
= lim f(pz(sn,) = lim f(X,,, (2))

=0
Thus G does not satisfy the S-extension property. n

Definition 3.2.17. A topological semigroup G is totally bounded if for every open
netghbourhood U of the identity e there exists a finite set F' C G such that G =
F-U.

Theorem 3.2.18. A totally bounded topological group G has the [3-extension prop-

erty if and only if it is pseudocompact.

Proof. See [FV*10] O
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3.3 Ideals and Identities of S

Definition 3.3.1. Let I be a subset of a semigroup S.
1. I is a left ideal of S if S-1 C 1.
2. I is a right ideal of S of I - S C I.
3. I is an ideal of S if it is both a left ideal and a right ideal.

Ideals form one of the basic structures when investigating the structure of an
arbitrary semigroup and this is especially true for 4S. We can characterize all
closed left ideals of on GG for example. Recall that every closed subset of G is
of the form F for some filter F on G.

Theorem 3.3.2. Let F be a filter on a discrete group G and let J = F. Then

the following statements are equivalent:
1. J is a left ideal of BG.
2. For everyx € G, xF = F.
3. For everyx € G, xF C F.

Proof. e (1) = (3) Let U € F. For every q € J, pick B, € ¢ such that
271B, C U. The subsets B,, where ¢ € J, form an open cover of J, so
there is a finite subcover By, :4 < n. Let V = J,_, By. Then V € F and
7'V CU,soV C zU, and consequently, U € F.

e (3) = (2) From 7 'F C F it follows that zF O F, and since also
xF C F, one has o F = F.

e (2) = (1) Let ¢ € J. Then for every x € G, z - q € J, and so for every
pepG p-qel.
[

So every left shift invariant filter on G' generates a closed left ideal in SG. We
are interested in determining when 35\ S is a closed left ideal of S and if it is
possible for us to generate new identities in S \ S which were not originally in
S. For example, it is easy to see that for any infinite left-zero semigroup S with
left zero z € S and the discrete topology that 55\ S cannot be a left ideal of 55
as z-p=zforallpe gS\ S
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Definition 3.3.3. An element e € S is an identity of S if for all s € S we have
that s -e = s and e - s = s. The element is a right (left) identity if only the first

(second) equation holds.

Definition 3.3.4. An semigroup S is left cancellative if a - x = a -y implies that

x=1y.

Definition 3.3.5. A semigroup S is weakly left cancellative if for all u,v € S the
set Ay, ={x € S:u-x=v} is finite.

Obviously every left cancellative semigroup is also a weakly left cancellative semig-
roup. We wish to know when the remainder of the Stone-Cech compactification

of a semigroup is itself a left ideal of 8S.

Theorem 3.3.6. If S is an infinite semigroup, then S* = 58S\ S is a left ideal of
BS if and only if S is weakly left cancellative.

Proof. Suppose there exist u,v € S such that A, , was infinite but that S* was
a left ideal of 8S. That implies that any free ultrafilter p generated by A, is
an element of S* and so e(u) - p € S* but by the definition of A, , we know that
e(u) - p € S which is a contradiction. So instead suppose that S*was not a left
ideal of 8S but S was weakly cancellative. This would imply the existence of
points u,v € S such that e(u) - p = e(v) for some p € S* which by the properties

of p-limits implies that A, , must be infinite, which is a contradiction. O

Theorem 3.3.7. Let S be a left cancellative discrete semigroup. If there exists a
right identity p € BS then p is an identity for S and thus for 3S.

Proof. Since a left cancellative group is trivially weakly left cancellative we have
that S* must be an ideal of 5S. But since p is a right identity we have that for
s€Ss-e=s¢ 85" and thus e € S* i.e. e € S. But since S is left cancellative
any right identity is also a left identity (since s-t = s-e-t and thus e-t = t) and
since S is a discrete semigroup all left and right shifts are trivially continuous and
thus by Theorem 3.1.18 extend to the entire space 55 n

The residual space S \ S is a closed left ideal of 5S when S is weakly left
cancellative, which is the case for any group G. Trivially, any non-finite left zero

semigroup is not weakly left cancellative and thus there do exist semigroups where

BS\ S is not a left ideal of 3S.
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3.4 Compact Right Shift Continuous Semigroups

Definition 3.4.1. An elementp € S of a semigroup S is an idempotent if p-p = p.

One of the more powerful results in the study of compact right topological groups

is that they contain idempotents.

Theorem 3.4.2 (Ellis). If S is a compact, right shift continuous, Hausdorff semig-

roup then S contains an idempotent.

Proof. Let
A={ACS:A*C A A+#0, and A is compact}

with set inclusion as a partial ordering on A. Now as S is compact, A # (). Let
C = {A,} be a chain in A. Now NC € A and so C has a lower bound and thus by
Zorn’s Lemma, A has a minimal element. Let B € A be a minimal element and
let x € B. Now consider the subset C = Bz # () as 22 € C. Also C C B% C B.
Now

C? = (Bx)(Bz) C B’ C Br =C

and since right shifts are continuous C' is a compact subset of S and thus C € A.

However, B is a minimal element of A and thus B = C. Finally, define
D={yeB:yr=x}#0

as C' = Bx = B. Also as right shifts are continuous we have that D is a compact
subset of S. Now let y,z € C' C B then yz € B and yzx = zx = x and thus
D? c Die. D € A. As B is a minimal element of A we have that x € B = D.
But this implies that € D and so 2% = z. O

A semigroup with identity can have more then one idempotent, as the following
example shows. Let X be an infinite Hausdorff, compact topological space and
consider the semigroup X* = {f : X — X} with the binary operation being
composition of functions. We can endow X with the product topology and thus
by Tychonoff’s theorem we know that X~ is a compact topological space. A basic
open neighbourhood of a function f is given as follows: Choose a finite number of
points {z;}i=1., C X and choose open neighbourhoods U; C X of f(x;). A basic

open neighbourhood of f is then of the form

V({l‘i}izlun, {Ui}izl..m f) = {h X = X h(l’z> - UZ}
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Now as

V({xi}izt., {Uitiz1m, f) 09 CV({Zitiztms {Uitizms f)

the right shift f — f o g is continuous and thus X* satisfies all the criteria of
Theorem 3.4.2 and thus contains idempotents. In fact, every constant function on
X is an idempotent and thus X% contains at least | X| many idempotents, one for

each constant function.

Definition 3.4.3. 1. P is a prime ideal of S if B-C C P where both B and
C are ideals of S implies that B C P or C' C P.

2. M 1s a minimal ideal of S if I C M with I an ideal on S implies that I = M.
3. M is a mazximal ideal of S if M C I with I an ideal on S implies that [ = M.

4. M is a minimal left/right ideal of S if I C M with I an left/right ideal on
S implies that I = M.

5. M is a mazimal left/right ideal of S if M C I with I an left/right ideal on
S implies that I = M.

Lemma 3.4.4. Let S be a semigroup and let L C S be a left ideal of S. The

following are equivalent:
1. L is a minimal left ideal of S.
2. L-x=1L forallx € L.
3. S-x=0L forallxe L.

Proof. e (1) = (2): Let x € L then since L is a left ideal we have L-x C L
but S-L-x C L -z and so L -z is a left ideal contained in L thus L = L -z

e (2) = (3):LetxeLthenL=L-zCS-xCLandsoS-x=1L

e (3) = (1): Suppose that S-x = L for all z € L and let I be a left ideal
with I C L then if x € L C I we have that S-2 C I. Then L=S-2 C [
sol =1L

O

Lemma 3.4.5. Let S be a semigroup and let R C S be a right ideal of S. The

following are equivalent:

1. R is a munimal right ideal of S.

77



2. x-R=R forall x € R.
3. x-S=R foral z € R.
Proof. The proof mimics the previous one almost exactly ]

Definition 3.4.6. An idempotent p € S is minimal if it belongs to some minimal
tdeal of S .

We first prove that the Stone-Cech compactification of a semigroup does contain

minimal left ideals.

Lemma 3.4.7. Let S be a compact, right shift continuous semigroup and let T be
a right ideal of S. Then T contains a minimal left ideal. Furthermore, this left

ideal is closed.

Proof. Let T be a left ideal and let x € T. Then Sz is a compact left ideal
contained in 7. The compactness follows from the continuity of right shifts in S
while S 2 C S-T CT. Let H={H : H is a compact left ideal , H C T} # ().
Let H, be a chain in H then by the finite intersection property of S we know
that NH, is a lower bound for the chain. So by Zorn’s Lemma we know that H

contains a minimal element i.e. Any left ideal contains a minimal left ideal.  [J

We know show the existence of minimal ideals in a right shift invariant compact

topological semigroup.

Lemma 3.4.8. Let S be a compact, right shift continuous semigroup. Then S

contains a minimal ideal.

Proof. We proceed by constructing a minimal ideal as the largest minimal left

ideal in the semigroup. So define
K= U{T : T is a minimal left ideal of S}

We can use this lemma to show the existence of minimal idempotents. By Lemma
3.4.7 we know that K # (. Let z € Sthenz-K =2-T, C T,, C K for some « and
thus IC is a left ideal. To show that K is a right ideal, let x € S and y € T which
implies the existence of an « such that y € T,,. We know that y- € T,, - x and that
T, - x is trivially a right ideal. However, it can be shown that T, - x is in fact a
minimal left ideal of S and so y-x € T,, -« € K and thus 7 is in fact an ideal of
the semigroup S. To show this claim, consider the set A ={z €T, :z2-y € H}

where H is a minimal left ideal contained in T}, - x. But then A is a trivially a left
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ideal which implies that H = T, - x. Finally, let I denote any other ideal in S.
We know that for any minimal right ideal 7" that TN I # () and that TN is a
left ideal contained in T" and so T' =T N I. But this implies that 7" C I and thus
TClI O

Theorem 3.4.9. Let S be a compact, right shift continuous semigroup. Then S

contains a minimal idempotent.

Proof. We know by Lemma 3.4.8 that S contains a minimal ideal, say /. By the
proof of Lemma 3.4.8 we know that we may assume that there exists a minimal
closed left ideal, say L, contained in this minimal ideal. The restriction of the
extended semigroup operations to this minimal closed left ideal are well defined
(since it is a right ideal) and are continuous (since it is closed). Also since the
minimal left ideal is a closed subset of a compact space we know that it is compact
too. So we can apply the Ellis theorem (theorem 3.4.2) to show the existence of
an idempotent in L C I O

This shows that S contains minimal idempotents and minimal ideals. Since
we have mentioned minimal ideals, the idea of maximal ideals of a semigroup is

natural. It can be shown that every maximal ideal of a semigroup is either a prime
ideal or is of the form S\ {z} where x € 5%\ S. (See [Gri69]).

Theorem 3.4.10. Let S be a semigroup. S can contain at most one minimal
1deal.

Proof. Suppose K is the minimal ideal of S, let I be some other ideal of S then
we have that K- I C Kand K- I ClTandso K-I C KNI C K but K -1 is also
an ideal of S and thus K C K - I which implies that K = KN/lie K CI O

Definition 3.4.11. Let S be an semigroup and denote by K(S) the smallest ideal
of S, if it exists
Lemma 3.4.12. Let S be a semigroup and let L be a minimal left ideal of S then:
1. L-a is a minimal left ideal of S for alla € S.
2. Fvery left ideal of S contains a minimal left ideal.

3. The minimal left ideals form a decomposition of K(S).
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Proof. 1. Let L be a left ideal contained in L - a and consider the set L' =
{xEL:x~aEf)} C L and if z € y - L'there exists x € L such that
z=y-zand x-a € L. But since L is a left ideal we have that z € L

and z-a=y-x-a € L and so L’ is an ideal of S contained in L and thus
L =L’ and thus L -a C L which shows that L - a is a minimal ideal of S

2. Let A be a left ideal of S and let a € A, since A is a left ideal we have that
L-aCS-ACAbut L-aisa minimal ideal

3. The non-empty intersection of left ideals is still a left ideal and thus if A, B C
S are minimal left ideals then C' = AN B # () is a left ideal contained in

both A and B and thus A = C' = B. So consider the set K = J,.qL - a
then
v K=|Jz Lac|JL-a=K
acsS acs
and

K-z=|JL-axc|JL-a=K

acsS acs
Thus K is an ideal of S. Let I be any other ideal of S then I - L C I and
I-LCcLthusl-LCINLC Lbut-Lisleftideal and thus L=1-L C I.

This shows that
KZUL@CUI@C[

ac€sS a€sS

thus K is the smallest ideal of S

Definition 3.4.13. Let S be a semigroup.
1. S is left [right] simple if it has no proper left [right] ideal.
2. S is simple if it contains no proper ideals.

3. Sis completely simple if it is simple and contains a minimal left ideal which

contains an idempotent.

It is easy to see that S being left simple implies that S -z = S for all z € S i.e.

the equation a - x = b has a solution for all a,b € S

Corollary 3.4.14. Let S be a compact, right shift continuous semigroup then S

contains a smallest ideal which is a completely simple semigroup.
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Proof. We know that S contains a minimal left ideal by Lemma 3.4.7 and thus
contains a smallest ideal K (S) by Lemma 3.4.12. It is easy to see that K(S5) is
a simple semigroup. But K(S) is made up of minimal left ideals of S which are
also minimal left ideals of K(S) and by Theorem 3.4.9 one of these minimal left

ideals contains an idempotent. O

Definition 3.4.15. Let S be a right shift continuous semigroup. The topological

center is the set
AS)={x€S: )\ :5— S is continuous}
Definition 3.4.16. Let S be a semigroup. The algebraic center is the set

Z(S)={zeS:Yyes,x-y=y-x,}

Lemma 3.4.17. If S is a right shift continuous semigroup then Z(S) C A(S).

Proof. Let x € Z(S) then x-y = y-z for all y € S but then \,(y) =z-y=y-x =
p(y) and is thus continuous so x € A(S) O

Theorem 3.4.18. If S is a commutative semigroup then Z(S) is dense in 3S.

Proof. Let p € S and q € BS. Now
p-q=p-lim(g—lim(s - 1))

= p—lim(g—lim(t - 5))

= (¢=lim?) - p

=q-p

Thus p € Z(S) and so S C Z(S) but then 3S =S C Z(S) C BS O

Lemma 3.4.19. Let S be a compact right shift continuous semigroup. The al-
gebraic center Z(S) of S is dense in S if and only if A(S) contains a dense

commutative subset.

Proof. If Z(S) is dense in S and since Z(S) C A(S) we have that A(S) contains a
dense commutative subset. So suppose that A(S) contained a dense commutative
subset A C S then for all x € A we would have that both the left shifts A,

and right shifts p, would be continuous and since A is commutative we have that
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A:(y) = po(y) for all y € A. But since A is in fact dense in S we have that

Ae(y) = pa(y) for all y € S and thus # € Z(S) and thus S= A C Z(S)c S O

Lemma 3.4.20. If S is a right shift continuous semigroup then the closure of any

right ideal is a right ideal.

Proof. Let R C S be a right ideal. Now the right shifts p, are continuous and

thus Rz = p,(R) C p,(R) = R-x C Rfor all z € S. This implies that R-S C S
and so R is also a right ideal O

It is not generally the case that the closure of an arbitrary left ideal in a right

shift continuous semigroup is a left ideal.

Lemma 3.4.21. If S is a right shift continuous semigroup such that A(S) = S
then the closure of any left ideal is a left ideal.

Proof. Let € L for some left ideal L C S and let y € S with U an open
neighbourhood of y-x. We can choose a neighbourhood V' of y such that V-x C U
and since A(S) is dense in S we can pick z € A(S) N V. Now A, is a continuous
function on S and so we can pick a neighbourhood W of x such that z- W C U.
Choose w € WNL then z-w € z-WNL C UNL # (). Thus every neighbourhood
of y -  has non-empty intersection with L ie. y -2 € L which implies that
S-LclL O

Definition 3.4.22. Let S be a semigroup. Denote by E(S) the set of all idempo-
tents on S.
Lemma 3.4.23. Let S be a left simple semigroup with E(S) # () and let e € E(S).
1. e is a right identity of S.
2. e- S is a group.

Proof. 1. Let x € S then since S is left simple there must exist y € .S such that

y-e=z. Butthenz-e=y-e2=y-e=2x

2. Let x € Sthene-r €e-Sande-e-x =e? -2 =e-x. So eis a left identity of
e-S and since it is also a right identity it is the identity element of e-S. Also
forz € S and y € S we have that (e-z)-(e-y) =e-(v-e)-y=e-(v-y) €e-S
and thus e - S is a semigroup. Now let x € S then there must exist z € S

such that z -2 =e. Lety =e-ztheny- -z =¢-2z-2 = €2 = e. Now there
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exists a w € S such that w-y=ethenw=w-e=w-y-xr=e-x =2z and
thusz-y=e
O

Theorem 3.4.24. Let S be a right shift continuous semigroup such that A(S) =S
then:

1. If R is a right ideal of S then R is a two sided ideal of S.
2. Ifee E(K(S)) thene-S-e=S8-e.

Proof. 1. We know that the closure of R is a right ideal of S. Let y € R then
for any z € Z(S) we have that p,(r) =z-y = y-x C R-z C R. This implies
that p,(S) = p,(Z(9)) C p,(Z(S)) C Rie. S-R C R and thus R is a two
sided ideal of .S

2. Since the continuous image of a compact space is compact and any compact
subset of a Hausdorff space is closed we know that S - e is closed. Thus
e-S-eC S-e Also

S-e=7(S)-eCZ(s)-eCe-Z(s)-eCe-S-e

[
Lemma 3.4.25. Let S be a left simple semigroup with E(S) # 0 and let e € E(S).
1. e is a right identity of S.
2. e-S 1s a group.

Proof. 1. Let x € S then since S is left simple there must exist y € S such that

y-e=x. Butthenz-e=y-e?=y-e=ux

2. Let v € Sthene-z €e-Sande-e-x =e? -2 =ec-x. Soeis a left identity of
e-S and since it is also a right identity it is the identity element of e-.S. Also
for z € S and y € S we have that (e-z)-(e-y) =e-(z-€)-y=e-(z-y) €Ee-S
and thus e - S is a semigroup. Now let x € S then there must exist z € §
such that z -2 =e. Lety =e-2theny-x =c-z-2 =% = e. Now there
exists a w € S such that w-y=ethenw=w-e=w-y-xr =e-x =2z and
thusz-y=e

[
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Lemma 3.4.26. Let S be a right simple semigroup with E(S) # () and let e €
E(S).

1. e is a left identity of S.
2. S-eis a group.

Proof. 1. Let z € S then since S is right simple there must exist y € S such
that e-y =2. But thene- 2 =e?-y=e-y=2

2. This proof is similar to the left simple semigroup case

]

Lemma 3.4.27. Let S be a semigroup and let e € E(S). If S - e is a minimal left

tdeal then e - S is a minimal right ideal.

Proof. Now S - e is a minimal left ideal and thus is a left simple semigroup con-
taining the idempotent e-e = e € E(S-¢e). But then e-S-e is a group with identity
e. So let R be a right ideal with R Ce-S. Nowify € R Ce-Stheny-ece-S-e
but then there must exist z € e- S - e such that y-e- 2z = e but since R is a right
ideal we must have that e € R. But thene-S C Randsoe-S =R O

Lemma 3.4.28. Let S be a semigroup and suppose that R C S and L C S are
manimal left and right ideals respectively. Then R-L =RNL and G=R-L is a

mazimal subgroup of S.
Proof. e Since R-L C Rand R-L C L we have that R-L C RN L.

e etz € R-LCRthenz-R-L=(x-R)-L=R-Landsincex € R-L C L)
we have that R- L-x = R-(L-xz) = R- L thus every equation a -z = b and
y-a = b has a solution z,y € R- L for any a,b € R - L which implies that
R - L is a group. Denote the identity of this group bye€ R- L C RN L

e Let € RNL. Now suppose -¢ = zthenz € R-Land z = z-e =z-e®> = x
thusz € R-Landso RNL=R-L
m

Definition 3.4.29. Let G be a group, let A and I be nonempty sets and let P =
(Pai)aensier be a possibly infinite matriz with py; € G. The Rees matriz semigroup
over the group G with A x I sandwich matriz P, M(G,I,A, P), is the set R =
I x G x A and the operation o : R x R — R defined by

(iaay /\) © (ja bnu) = (i,a'ij ’ b?lu)
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Lemma 3.4.30. The Rees matriz semigroup M(G, I, A, P) is a completely simple

SeEMigroup.
Proof. e We have to show that o: R x R — R is associative. Now
(i,&,)\)o((j,b,ﬂ)o(k’,C,V)) = (iaa'>/\)o<jab'puk'c7y)
= (iaa'p)\j 'b'puk'C:V)
and
((i,a,)\)O(j,b,,u))O(k,c,l/) = (ivg'ij bmu) © (kac>l/)
= (Iiaa"p)\j 'b'p,uk'cvy)
thus M(G, I, A, P) is a semigroup

e Suppose I C R is a proper ideal then R-1- R C I. Let (j,b,) € I and
(i,a,\) € R then (i, (pxj - b-pu)~ ", \) € R and

(i,a,2) 0 (4,0, 1) © (i, (prg - b pi) o A) = (dsa-paj -0 pui - (P -0 p) ™' )
= (i,a,\) € I
Thus I = R and R is a simple semigroup
e Let A € A and consider the set Jy, = I x G x {\} then if (i,a,\) € J\ and

(4,b,1) € R then

(jab7ﬂ)o<i7a7)\> = (jab'p,ui'ay)\) € J)\

and so J, is a left ideal of R. Now let (i,a,\) € Jy and (j,b,\) € J, and
consider the equation xo(i,a, \) = (4,b,\). Now x = (4,b-(pri-a)™ 1, \) € Jy

and

zo(i,a,\) = (4,0 (pri-a)"',N) o (i,a, \)
= (4,0 (pxi-a) ™" - pai- @, A)
= (5,0,

Thus Jy o (i,a,\) = J, for all (i,a,\) € Jy and thus J, is a minimal left

ideal of R. Now consider the general equation x o (j,b, 1) = (k, ¢,v) where
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(7,0, 1), (k,c,v) € J which is a minimal left ideal of R. Since

(iaaa >‘) © (]7 b,,u) = (iva'p)\j ' bnu)
= (k,c,v)

implies that y = v we have that the J, are the only minimal ideals of R

e Similarly it can be shown that the sets K; = {i} x G x A are the only minimal
right ideals of R

e Now R contains both left minimal ideals and right minimal ideals and thus
contains maximal groups of the form Jy, N K; = {i} x G x {\} .Now there
exists j € [ and p € A such that p,; = e and thus (j, e, 1) is an idempotent

since

(j?ealu) o (j)ealu) = (jae p/.t] : ealu)
= (j, ¢’ 1)
= (j,e; 1)

and since (j, e, ) € J, we have that R is completely simple
]

Theorem 3.4.31. Let S be a left simple semigroup. Let e € E(S). Define a
function f: E(S) xe-S — S by f(x,a) =z -a then f is an isomorphism.

Proof. Since every x € F(S) is a right identity on S we have that

f((z,a) x (y,0)) = f(z - y,a-b)
—z-y-a-b
=x-a-b
—x-a-y-b
= f(z,a)- f(y,b)

and thus we have that f is a homomorphism. Now let x € S then S-x = S we have

that there must exist a y € S such that y-x =ebut thenz-y-x-y=z-e-y =2z-y
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and thus z -y € E(S) thus

flz-yex)=z-y-e-ux

Now let f(z,a) = f(y,b) then z-a =y -b. Now

which shows that (z,a) = (y,b) and thus f is one-to-one.
[

Theorem 3.4.32. Let S be a completely simple semigroup. Let e € E(S) such
that S - e is a minimal left ideal. Let I = E(S-e), A=FE(e-S) andG=¢-S-e
and py; = A -i. Define a function f: R — S by f(i,a,\) =i-a- X then f is an

1somorphism.

87



Proof. Since

f((i,a,A)O(j,b,ﬂ)) :f<i7a'p>\j’b7:u)
—i-a-\-j by
=(i-a-A)-(j-b-p)
= f((ivaa /\))f((]v b, M))

we have that f is a homomorphism. Now since any idempotent u € E(S - €) is a
left identity for S'-e and similarly every idempotent v € E(e-S) is a right identity

for e - S and since e - S - e is a group we have that

E(S-e)-e-S-e-Ele-S)=E(S-¢e)-e-S-e-e-S-e-Ee-5)

Since S contains no proper ideals. This implies that f is an onto function. To prove

that f is also one-to-one requires a couple of steps. Suppose that i-a-\ = j-b-uthen
.a:e-a.e:e-i.a.A-e:e-‘j.b.M-e:e-b.e:b

1 1

e N=c-A=atla-dA=a'ti-a-AN=a .j.b.,u:a_ ca-p=p

This implies that f(i,a,\) = f(j,b, u) implies that (i,a, \) = (j, b, u) and thus f
is one-to-one

[]

Since S is a compact, right shift continuous semigroup we know that it contains
a minimal left ideal which is a completely simple semigroup and thus S contains

a copy of the Rees Matrix semigroup.
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3.5 Idempotent Orders and Green’s Relations

on Compact Semigroups

Definition 3.5.1. Let X be a set with some partial order < and let x,y € S.

e 1 is a minimal element with respect to the partial order < if y < x implies
that x < y.

e x is a maximal element with respect to the partial order < if v < y implies

y<zx.

If a semigroup contains idempotents we can place a partial ordering on the set of

idempotents E(S) as follows.

Definition 3.5.2. Let S be a semigroup that contains idempotents x,y € S.
e r<pyifx-y=nux.
e r <pyify-xr=u.
e r<yifr-y=y-xr=u.

So x <y y if y is a right identity for . Similarly x <g y is y is a left identity for

r and x < y if y is an identity for x.
Lemma 3.5.3. The relation < is a partial ordering on E(S).

Proof. 1t is easy to see that x < y if and only if z <, y and * < y. Now
since z is an idempotent we have that 22 = 2 and thus  <; 2 and z <z x and
sox <z Nowlet xr <yandy < zthenz-z=2x-y-2=2-y =2 and
z-x=z-y-x=y-x=zandsor <y zand y <g z and so z < z. Finally let

r<yandy<zthenrx=y-z=z-y=y O]

It should be noted that <; and <z are only pre-orders that Zorn’s lemma does
not directly apply to sets ordered by them. However, if < is a given pre-order on a
set X we can consider the equivalence relation x ¢y if and only if z < y and y < x
and thus define a partial order < on the equivalence classes of owhere A < B
if and only if there exists x € A and y € B such that z < y. It is easy to see
that this is a partial ordering and thus we can pass to this generated partial order
when wanting to invoke Zorn’s lemma and thus find a maximal equivalence class.
But then every element of that equivalence class is maximal under the original

pre-order.
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Theorem 3.5.4. If S is a semigroup and x € S is an idempotent then the following

statements are equivalent

1. z is a minimal element with respect to the pre-order <p i.e. y <, r —>

ngy

2. x 1s a minimal element with respect to the pre-order <g i.e. y <gp v —

TR < Y.

3. xis a mainimal element with respect to the partial-order<.

Proof. e (1) = (2):let x be a <y minimal element. Now let z <p x then
voz=z = (z-2)=z-0-2-x=z-2-T=2-7

and (z-x)-z = z-x. But then z-x <; x which implies that z-z-x = z. So

(L’:LU2:LU'Z'(L".T'Z'.%':ZE"Z'JI'Z'.’E:ZQ'ZL':Z'.T

and so r <p z

o (2) = (3):let 2 be a <x minimal element. Now let z < x then

but that implies that z <z x and so z - x = x then

$:{E2:Z'{E'Z'$Z£L"Z

thus

and z < z

e (3) = (1) :let x be a < minimal element. Now let z <, x then z -z = 2
then
(x-22=z-2z-2-2=0-2"=x-2
which implies (z - 2) -z =z -z and
2

x(x-z)=az=x-2
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so z -z < x and thus
r-(x-z)=(x-2)-z=x

ie.z-z=zand x <; 2

]

Since any minimal element is minimal under all three partial orderings we can

have a general catch all definition for the minimal elements of the semigroup S.

Definition 3.5.5. An idempotent of a semigroup is a minimal idempotent with

respect to < if it is minimal under < on E(S).

We have two competing ideas of minimal ideals, we now show that they actually

coincide for certain types of semigroups.

Definition 3.5.6. A semigroup S is abundant if every left ideal contains some

mainimal left ideal and every left ideal contains an idempotent.

We have already proven that any compact right continuous topological group is

abundant.

Lemma 3.5.7. If S is an abundant semigroup with idempotent e € S and L is a
left ideal contained in S - e then there exists an idempotent f € L such that f < e.

Proof. Suppose that e is an idempotent of S and that there is some left ideal
L of S such that L C S -e. We can find another idempotent f € L since S is
abundant. Now since f € L C S -e we can find s € S such that f = s-e. But
then f-e=5-€2= f. Let ¢ = e- f but then

g=efef=ef=cf=g
and so ¢ is also an idempotent. Similarly ¢ € L. Now e - g = g and
g.e:e-f-e:e-f:g

and thus g < e. O

Theorem 3.5.8. If S is an abundant semigroup then an idempotent is minimal

with respect to < if and only if it is contained in some minimal ideal of S.
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Proof. Now if e is an element of the minimal ideal K (.S) of S we know that it must
be a member of some minimal left ideal L of S. Let x be another idempotent such

that x < e and consider the left ideal S'- 2. Now x-e = e -z = z and thus
S-x=5-zrv-eCS-e=1L

but L is a minimal ideal and so S -2 = L. We can then find s € S such that

s-x = e and thus

and e < x. So suppose now that e is minimal with respect to the partial order
<and consider the left ideal S - e. Since S is abundant we know that there exists
another left ideal L C S - e but then there exists an idempotent f € L such that
f < e which implies that f = e and that L = S -e. But then S - e is a minimal
left ideal and thus e € S -e C K(95)

O
The partial orders are well behaved under the semigroup operation on S
Lemma 3.5.9. Let x,y,z € E(S).
o v <py andx <y z implies that v < y - 2.
o v <gpy andzx <g z implies that x <g y - 2.
o <z andy < z implies that x -y < z.
Proof. e Nowzr-y=zxandzr-z=xthenzx-y-z=x-z=ux
e Nowy-r=zxandz-z=xtheny-z-z=y-z=x
e Since it holds for both <; and <g it must hold for <
O

The existence of maximal left and right idempotents is an important area of study
in 4S. For example it can be shown that if p and ¢ are idempotents of SN then
p<qgorg<pifandonlyifp-qg=q-p.

Theorem 3.5.10. If S is a right continuous, compact, Hausdorff semigroup then

S contains a mazximal right idempotent.
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Proof. Now since S is a right continuous, compact and Hausdorff semigroup we

know that it contains some idempotent = € S. Consider the pre-ordered set
A={ye ES):x2<gpy}>odx
and is thus A # (). Let C be some chain in A and consider the sets of the form
By—{:eX:zp=p)

Now if x € Byand y € B, we know that p = z -p and p = y - p and thus
p=z-p=x-y-pand z-y € B,. Also

p,'(p)={z€X:2-p=p} =B,

and thus B, is a closed semigroup. Now if p <p ¢ and * € B, we have that

r-gq=qandg-p=pbutthenz-p=2x-q-p=q-p=pand thus z € B,. This

B=()B,

peC

implies that

is non-empty and thus is a closed semigroup contained in S. But § is also com-
pact and thus B is a compact right continuous semigroup and thus contains an
idempotent ¢ € B. We claim that ¢ is the upper limit of the chain C. For let
p € C then g € B, and so ¢ - p = p which implies that p <p ¢. But then by Zorn’s
lemma we know that A must contain an equivalence class of maximal element and

thus S contains maximal right idempotent.

]

Now there is a canonical way of investigating the algebraic structure of any semig-

roup and that is by the Green’s relationships.

Definition 3.5.11. Let S be a semigroup with identity that contains idempotents
x,y €8S.

e xLyif S-z=5-y.

xRy ife-S=y-S5.

zJyif S-x-S=85-y-S.

xHy ifx Ly and x Ry.

x Dy if 3z € S such that x Lz and z Ry.
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There is a clear relationship between the Green’s relations and the partial order on
the idempotents. For example if ¢ <p y then S-2=S-2-yC S-yandifx <gpy
then x-S=y-x-SCy-S. Now we can use the partial ordering on the idempotents to
discuss minimal and maximal ideals. Every Green’s relation generates a subset of

S x S and we will denote this subset by the operator of the relationship.

Theorem 3.5.12. If S is a compact first countable topological semigroup with
tdentity then L, R and J are closed subsets of S x S.

Proof. Now S x S is the compact and thus every sequence in S x S converges to
some element of S x S. Now suppose we have a sequence of points {(2n, ¥n)},cn
converging to (z,y) and that for all n € N we have that z, Ry, that is there
exist a sequence of points {u,}, .y and {v,}, oy in S such that z, - v, = y, and
Yn*Vn = T,. Now since S is compact we may assume that both sequences {un}neN

and {v,}, oy converging to u € S and v € S respectively. But since the operator
2 SxS—= S8

is continuous we know that x - v = y and y - v = x which shows that z- S =y - S
and thus x Ry. Similarly if x,, Ly, for all n € N we can find convergent sequences
{un},en and {v,} converging to w € S and v € S respectively such that u, -z, = y,
and v, -y, = x, but then u-x = y and v-y = x and thus x L y. Finally if x,, J y,, we
can find convergent sequences {t,},,cns {Un frens 1Vntneny a0d {wn },, o converging
tote S, ue S ve S and w e S respectively such that t, - z, - u, = y, and
Tp =Up Yo Wy, butthent-z-u=yand r =v-y-w and thus x Jy

[

Now since H is the intersection of L and R we also know that H is a closed subset.
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3.6 The Finite Sums and Products Theorem

Definition 3.6.1. Let S be an infinite semigroup with (zs)sen a sequence in S.
Let P;(N) denote the set of all finite subsets of N and let ]
product in increasing order of indices T, - Tpy - ... - Tp,, for all F € Pg(N). Then
the set of all finite products is FP(zn)nen = {]],cpn : F' € Py(N).

ner Tn denote the

Lemma 3.6.2. Let S be a discrete semigroup with p € 3S an idempotent and
A € p. Then there ezists a sequence (T,)nen such that FP(x,)nen C A.

Proof. Now p € 4S5 is an idempotent, so p-p = p. But by Lemma 3.2.12 we know
that {A C S : Q,(A) € p} = p therefore Q,(A) = {z € S: 271 A € p} € p.
Let By = A and define a sequence of B, € p such that B,,; = B, Nz, 'B,
where x, € B, N Q,(B,). Notice that this implies that z,'B,, € p and so B,;1 =
B, Nx,'B, € p as claimed. We claim that (z,,) is the required sequence. We
proceed by induction on the length of the finite product. If £ = 1 then

k
H =z, € B,
i=1

for some r € N. So suppose the claim is true for all products k£ < m, then consider
some finite product of elements of (x,) of length k& = m. Let F' denote the set
of all subscripts of that finite product with » = min(F) and H = F \ {r} and
s = min(H). Then

H rn € Bs C By C x;lBT
neH

But then
Hxn:xTHxanr-xqleTCBTCA

ner neH

]

Definition 3.6.3. A collection of subsets P of a set S is called Partition Regular
if for any finite partition {U;} of S there exists a n such that U, € P.

For example, any ultrafilter is partition regular. A partition regular collection is in
some sense a large collection of subsets of S. We call a set an IP set if it contains
any finite product of its elements. The Finite product theorem states that the
family of all 1P subsets of a semigroup are partition regular. We can now prove

the original Finite Product Theorem.
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Theorem 3.6.4 (Finite Product Theorem). Let S be a semigroup and let A;,
i =1...r be a collection of finite disjoint subsets of S such that S =|J A; i.e. The

A; form a finite partition of the semigroup. Then there exists a sequence (x,,) such
that FP(z,) C A, for some m € {1..r}.

Proof. Consider the Stone-Cech compactification of S when considered as a dis-
crete topological space. Then by the Ellis theorem (theorem 3.4.2) we know that
there exists an idempotent p € S such that A,, € p for some m € {1...r}. But
then by Lemma 3.6.2 we know that there must exist a sequence (z,) such that
FP(x,)nen C A [

If the semigroup in question is Abelian then this theorem is also known as the
Finite Sums Theorem (and was originally proved as such with N as the underly-
ing semigroup see [Hin74]). We now give one application of the Finite Product

theorem.

Theorem 3.6.5 (Van Der Warden). [Ber03] Let S be a discrete Abelian semigroup
with identity e and let p € S a minimal idempotent. If A € p then A contains

arbitrary long geometric sequences.

Proof. Consider the compact, left right invariant semigroup given by the direct
product of k € N copies of 3S. This is compact as a topological space since the
product of compact spaces is compact and the continuity of the operator follows
from the continuity of each projection onto the underlying space and the definition
of the product topology. Let p € 8S be any minimal idempotent of 35S, whose
existence is guaranteed by Theorem 3.4.9. Define P = (p,p,...,p) € (8S)* and

consider the subsemigroup
E=c({(a,a-b,...a- "1 :aecS\{e},be S}
and the two sided ideal
I=c({(a,a-b,...a-0*1) :a,be S\ {e}})

Now P € E since if Ay, Ay, ..., Ay, € p then P € A; x Ay x ... x Aj,. But then if
a € () A; then

(a,a,...,a) € (Ay x Ay x ... x Ap) N{(a,a-b,....,a- 0" :ae S\ {e},be S}

which is our claim. Now let R be the minimal left ideal of .5 such that p € R. But
P c E and so E - P is also a left ideal and thus their exists a minimal left ideal R
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such that R C E - P. Now since every minimal left ideal contains an idempotent,
we can find a such an idempotent ¢ € R such that ¢ = (¢, g2, ..., qx). But then
since ¢ € E - P there must exist s € E such that ¢ = s- P where s = (s1, $2, ..., Sk).
But then ¢; € R and since R is a minimal left ideal we know that 5S - ¢ = R.
This statement implies that P = t; - ¢; and thus

P-¢=ti-¢-a=t-¢=P

so P = P+ q. But then P € R and so P is in the smallest two sided ideal in
(BS)* and so P € I. Now suppose A € p and so P € (A)*. But then P € (A)*N1I
which shows that

AP0 {(a,a-b,...,a-b"Y) a,be S\ {e}} £0
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Chapter 4

Decompositions of G*

4.1 Maximal Principal Left Ideals

Definition 4.1.1. If S is a discrete semigroup and p € BS then (8S)p = {(BS) -
p} U{p} is the principal left ideal of 5S generated by the point p.

If G is a group or a semigroup with identity then trivially (5S)p = (8S5) - p.
After studying minimal left ideals in the previous chapter, we move onto a class

of maximal left ideal.

Definition 4.1.2. A principal left ideal (55) p is mazimal if and only if it cannot
be properly contained in any other principal left ideal of B.S.

Since the union of arbitrary principal ideals need not be a principal ideal we
cannot use the normal Zorn’s lemma argument to prove that every principal ideal
is contained in some maximal principal ideal. For example consider the semigroup
(Z,N) where m A n = min(m,n). Now the principal left ideals Zn = m:m <n
satisfy Zn C Zm for all m > n and thus there exists no maximal principal left

ideal in this semigroup.
Definition 4.1.3. An element p € 3S is called prime if p € S*\ (5*)2.

By fluke of history, the literature has resorted to calling an element prime when its
satisfies a irreducibility property. Now it can be shown that the algebraic center
of 85 is equal to the center of S for any weakly left cancellative semigroup which
implies that 55 can never be commutative for any weakly left cancellative semig-
roup. Thus we generally do not need to worry about the clash of nomenclature
between the concept of a prime element on 55 and the concept of a prime element
on a commutaive semigroup with identity as the interesting algebra in S only

really occurs when S is at least weakly left cancellative.
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Definition 4.1.4. Denote by P the set of all prime elements of S*.

The principal left ideals generated by prime elements of the semigroup 35 are the

canonical examples of maximal principal ideals on S.

Theorem 4.1.5. Let G be a discrete group and let p € SG be a prime element.

Then the principal ideal generated by p is mazximal.

Proof. Suppose there exists a principle left ideal I generated by some ¢ € G* such
that (BG)p € I but r € I\ (G)p. Then we know that there exists z; € G
such that » = z; - ¢ and z9 € BG such that p = 25 - q. However, since p is
prime we know that z3 € G and so its inverse exists and thus ¢ = z;' - p . Then
r = -7, -p € (BG)p which is a contradiction and thus (8G)p is a maximal
principal ideal. [

We wish to characterize the subsets of 55 which are in fact principal left ideals.

Definition 4.1.6. Let S be a semigroup and let p € BS. Define
C(p) = {A CcS:VeeSztA Ep}

It is easy to see that C'(p) is a filter base on S since z7'(ANB) = (z7'A)N (27 ' B)
and thus A, B € C(p) implies that AN B € C(p).

Theorem 4.1.7. If S is a semigroup and p € 5S then

pS-p={qe pS:Cp) Cq}

Proof. Let r € 3S and suppose that A € C(p). Since S =r e S: 2 'Aecp =
,(A) € r we have that A € r-p. Now let ¢ € 55 and suppose that C(p) C g. We
know that the family of subsets F4 = Q,(A) ,.
on S. But then r € 58S and by construction ¢ =17 -p ]

. form a base for some ultrafilter r

Recall that every closed subset of 8 is of the form ¢ € 85 : F C ¢ for some filter
F on S. In this case we can explicitly find the filter . Let F, be the filter
generated by C(p) then trivially g € 5S:F, Cq=qepS:C(p)Cqg=pS-p
and thus S - p is a closed subset of 3S5. Note that in general the right shift
operator on S is not a closed mapping and yet we have that the right shifts of
the closed set 55 are closed.

Lemma 4.1.8. If S is a semigroup and p € S then S -p =S5 -p.
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Proof. We know that S-p C S -psince S-p C S -p and 8S - p is closed. Now
the function 8S 3 z — = - p is continuous and so S-p C S - p but S = S and so
BS-pCS-p O]

If S is a semigroup with identity than the principal ideals of 3.S obviously cover the
entire space of 84S as p € 4S5 - p but they may be far from being pairwise disjoint.
For example, it was shown in [HVMS92] that Z contains a sequence {ay, },, . such
that 8Z-a, C BZ-a,,,1. However, if we limit our discussion to maximal principal
left ideals of the Stone-Cech compactification of a discrete groups G which are

countable than we do have a pairwise disjoint family of subsets of G

Theorem 4.1.9. Let G be a discrete group. If G is countable then any two distinct

maximal principal left ideals of BG are disjoint.

Proof. Let p,q € BG and suppose that the maximal principal ideals generated by
p and ¢ satisfy that

(BG)p N (BGq) # 0

with p # ¢. Then (6G)p and (SG)q are closed subsets of a compact space and are

thus o-compact and so with out loss of generality we may assume

Gp[\G-q) #0
However this implies r-p = s-q for r € 8S and s € S and thus ¢ = s7'-r-p and
so (BG)q C (BG)p which implies that (8G)q = (BG)p. O

Now every prime p € P generates a maximal principal left ideal. So the number
of maximal principal left ideals on a topological space is bounded below by |P].

In this regard we investigate the cardinality of the set P

Definition 4.1.10. A subset A of a semigroup S is called thin if x - ANy- A is
finite, for all z,y € S with x # y.

Lemma 4.1.11. Let A be a subset of a group G. Then the following are equivalent

1. A is a thin set.
2. x- AN A is finite for all x € G\ {e}.

3. if B is a finite subset G with e € B there exists a finite subset C C G such
that B-an A= {a} forallaec A\ C.

100



Proof. e (1) = (2) : This follows trivially by considering y = e and thus
r-ANy-A=x-AN A is finite

e (2) = (3): Let B be a finite subset of G with e € B and for all b € B\ {e}
let C, = b='AN A which is a finite set and thus

C:UCb

beB\{e}

is a finite set. Then if a € A\ C and b € B\ {e} then b-a =z € A implies
that a = b~'z € C}, which is a contradiction. So B-anNA = {e}-aNA = {a}

e (3) = (1) : Suppose that A is not a thin set then there exists z,y € G with
x # y such that z- ANy- A is infinite. Let B = {x} then there exists finite C'
such that B-aN A = {a} for all a € A\ C but then {z-a} N A = {a}which
implies that © = e similarly we can show that y = e which is a contradiction

[

Thin sets are important structurally for a group. For example it can be shown
that every infinite group is generated by some thin subset of itself (see [LP09]).
Also, the cardinality of the intersection x - A N A can be made arbitrarily large

and finite.

Lemma 4.1.12. Let A be a thin subset of a group G. Then every elementp € A\ A

18 prime.

Proof. Suppose that instead there exists ¢q,r € G* such that p = ¢r. But by
the construction of the operation on SG we know that there must exist distinct
x,y € G such that both zr € A and yr € A and so both 27'A and y~'A belong
to r which is a free ultrafilter on G and thus contains no finite sets. Thus p must

be an irreducible element. O

So every thin subset of a discrete group G generates a family of prime element
in SG. So the question becomes one of determining how many thin subsets an
infinite group G can have. It was shown in [Cho69] that every infinite subset of
an obviously infinite group G contains a thin subset of the same cardinality as
the original subset. So we do not have to remove too many points from any given

subset to make it thin and thus thin subsets are in a sense very close to any subset

in GG.

Theorem 4.1.13. Let S be an infinite subset of a group G then there exists a thin
set A C S with |A| = |S].
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Proof. Let x1 € S and define the subsets
Xo ={ai" a7 o v gk < a}

for every ordinal a < |S| and where z, € S\ X, can be chosen by transfinite
induction since | X,| < a < |S|. Let A = {z, : @ < |S|} then it is easy to see that
|A| = |S|. Let a,b € G, a # b and suppose aA N bA was countably infinite then
azx,, = bxg, for some ordinal sequences ay,, 5, < |S| but then z,,, xgnl = ba~! for
all n < w and by taking subsequences we can assume that both («,,) and (3,) are
increasing. But then

1 1 -1 _
Lan " Lg, = Tanyr " Lg, > Tan " Tg, " Tpppr = Tania

and xq,,,, - g, T, = xg,,,and since a # b we must have that either a, 11 > S,11

n an

or (11 < [Bpe1 which in both cases contradicts the definition of the subsets X, [

Theorem 4.1.14. Let G be a discrete group then G contains 22 mazimal prin-

ciple left ideals.

Proof. We know that G contains a thin set A such that |A| = |G|. But then every
p € A\ Ais a prime element of 3G and generates a maximal principle left ideal.
Furthermore |4\ A| = |G\ G| = 22 O

Now the space G has 22'°' members and 22“' maximal principal left ideals. Since
almost nothing in mathematics is a coincidence this suggests an important and to
date very difficult question to answer. Does every point in G* lie in some maximal
principal left ideal? This question was first asked to M. Rudin in the 1980’s with
regard to the maximal orbital closures of the shift function on SZ \ Z and was

asked in relation to dynamical system theory.
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4.2 Upper Semicontinuous Left Ideal Decompos-
itions

Definition 4.2.1. The decomposition F of some space X is finer than some other
decomposition G of X if for all B € G and for all b € B there exists A € F such
thatbe A C B.

Definition 4.2.2. Let G be a countable, infinite group. Denote by Z(G) the
finest decomposition of G* into closed left ideals of G with the property that the

corresponding quotient space of G* is Hausdorff.

Separation properties are in general not nice topological properties as in they are
not preserved by many of the operations one would like to make on the spaces
in question. For example the arbitrary product of normal spaces need not be
normal (or worse even, subspaces of a normal space need not be normal) and
the quotient spaces of a Hausdorff space need not be Hausdorff. The family of
compact Hausdorff topological spaces is in fact the natural category in which to
do topological analysis (at least according to the Category Theorists) , and it is in
this space that we find a reasonable characterization of when a quotient topology

inherits its separation properties from its parent space.

Definition 4.2.3. A decomposition D of a topological space X into closed subsets
15 called upper semi-continuous if for every open subset U C X we have that the

set
(J{AeD:acuUy
1S open.

Upper semi-continuous decompositions come from the work of R.L. Moore (See
[M0025]) where he proved that if D is a decomposition of the plane R? into compact
connected subsets such that the decomposition is upper semicontinuous and no
element D € D separates R? then R?/D is homeomorphic to R?. We can give two
slightly easier equivalent definitions of an upper semicontinuous decompositions

almost immediately.

Lemma 4.2.4. A decomposition D of a topological space X is upper semicon-
tinuous if and only if |J{A € D : ANC # 0} is closed for all closed C C X

Proof. 1t is easy to see that
X=|JAeD:AnC#0u|JAeD: AcX\C
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for any closed C' C X and that the two unions have to be disjoint. Now D being
upper semicontinuous implies that (JA € D : A C X \ C must be a open set but
then

JAaeD:anc#0=X\|JAeD:AcX\C

must be a closed set. Similarly if U C X is some open subset then C' = X \ U
implies that

JAeD:AcUu=|JAaeD:AcX\C=X\|JAeD:AnC#0

must be open and thus D must be upper semicontinuous. O]

Lemma 4.2.5. A decomposition D of a topological space X is upper semicontinu-
ous if and only if for all A € D and open U D A there exists an open VO A such
that if B€ D and V N B # () then B C U.

Proof. Let A € D and let U C X be an open subset with A C U. We know that
V=U{A € D:ACU} is an open non-empty subset of X and that A C V and
that if B € D and VN B # () then since D is a decomposition we must have B € A
and thus B C U. So suppose for all A € D and open U D A there exists an open
V D Asuch thatif B€ Dand VNB#0then BCUbut J{AeD:ACU}is
not an open subset from some open U C X. We know then that there must exist
a point
ve|J{AeD:AcU} #0

(since the empty set is open) such that for all neighbourhoods W' > =z,
WX\ J{AeD:AcU}#90

Let A € D be the element of the decomposition that contains this point x then
we know that there exists some V' D A 3 z such that if B € D and VN B # ()
then B C U. But then since

VNX\(J{AeD:AcU}#0

we can choose

yevnXx\|(J{AeD:AcU}

and B € D such that y € B. Then VN B # () but B ¢ U which is a contradiction.
O
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A classical example of an upper semicontinuous decomposition is the following.
Let f : R —]0,1] be a function and consider the decomposition D of Rx[0,1]
consisting of elements of the form A, = x x [0, f(z)] and the singletons (z,y).
It is easy to see that D is upper semicontinuous if and only if the function f is
upper semicontinuous in the classic sense (Ve > 0,30 > 0,t € [z, +0) —
|f(t) — f(x)] < €). Now consider the space R? and let D be the set of all vertical
parallel lines orthogonal to the x-axis line i.e. D = {z x R: z € R} then D is not

upper semicontinuous.

Definition 4.2.6. Let X and Y be spaces then a function f: X — Y is closed if
f(A) is closed for any closed A C X.

There is a very clear relationship between the quotient map being closed and the
resulting quotient space being Hausdorff. Any closed map preserves the T} nature
of the preimage space and since any Hausdorff space is T} this property is required

if we have any hope of the quotient space being Hausdorff.

Theorem 4.2.7. Let X be a topological space and D be a decomposition of X.
The natural quotient map m : X — X/D is closed if and only if D is upper

semi-continuous .

Proof. Let m : X — X/D be the natural quotient map (which is continuous by
the definition of the quotient topology). We claim that for arbitrary open U C X

we have that

T ((X/D)\m(X\U)) = J{A € D : x(A)
C (X/D)\m(X\U)}
=|[{AeD:AcU}

Since if a € A then 7(a) € 7(A) C (X/D)\ n(X \ U) and so
w(a) gn(X\U) = a¢ X\U = a€U

If C' C X is a closed subset of X then X \ C is an open subset and thus [J{A €
D:AcC X\ C} is open. But thus set is exactly the set

7 ((X/D)\7(C) =7 Ha(X\ ()

and thus (X/D) \ n(C) is open in X/D ie. w(C) is closed. Similarly if 7 is a
closed map then we can reverse all the steps and see that | J{A e D: AcC X\ C}
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is open for arbitrary closed C' C X i.e. D is upper semi-continuous. O]

Theorem 4.2.8. Let X be a compact space and Y be a Hausdorff space and

f: X =Y be a continuous function then f is a closed map .

Proof. Let A be a closed subset of X, then A is compact and thus f(A) is a com-
pact subset of the Hausdorff space Y. But any compact subspace of a Hausdorff
space must be closed and thus f(A) is closed ]

Theorem 4.2.9. Let X be a compact, Hausdorff space and D be a decomposition
of X. The quotient space X/D is Hausdorff if and only if D consists of closed

subsets and the quotient map m is closed.

Proof. Let m: X — X/D be the natural quotient map. If X/D is Hausdorff then
points y € X/D are closed and thus D must consist of closed subsets of X as each
D is the preimage of some point in X/D. Since the natural projection map is
continuous, we have by Theorem 4.2.8 that the quotient map must be closed. So
suppose that D only consists of closed subsets of X and that the quotient map is a
closed map. Let z and y be points of X/D then there exist closed elements D;and
Dyof D such that D; = 7=1(x) and Dy = 7= *(y). Since Hausdorff and compact
implies normal there exist disjoint open subsets U;and U, such that D; C Uyand
D, C U,. But then
Vi = (X/D)\ n(X\ Dy)

and
Vo= (X/D)\ (X \ D)

are disjoint open subsets of X/D with z € Viand y € V; O]

We now have sufficient technological machinery to investigate which decomposi-
tions of S result in Hausdorff topologies. Note that Hausdorff decompositions
are a careful balancing act between the number of new open sets generated and
the size of the resulting set. It was shown in [Arh69] that X being Hausdorff
implies that |X| < 25OX(X) where L(X) is the Lindeléf number and y(X) is the
character of the space. Since we are working in the quotient spaces of compact
sets we have that L(X) < w and so | X| < 2X(X). After our brief detour into the
decomposition theory we are ready to consider the question for closed left ideals

of 5S.

Definition 4.2.10. Let S be a discrete semigroup with identity e and let p € S*.
Denote by F, the filter on S generated by subsets of the form \J,cqz - (A\ Fy)
where A € p and F} is a finite subset of S for each x € S.
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Recall that p € S* implies that p contains the Fréchet filter and thus A\ F € p
for all finite F'. The generating sets look very similar to the standard left ideals
on S, in that we have the space S multiplied by the generator of the ideal on the
right. We will show that this does generate the closed left ideals of 5S. In fact
we will later show that the left ideals of SG are exactly generated by the left shift

invariant filters on G.

Theorem 4.2.11. If S is a discrete semigroup with identity e then for all p € S*
we have that F, C p .

Proof. The elements p of S* are the non-principal ultrafilters on S and thus A\ F' €
p for any finite family of points F. But then (A\ F.) C |J,cg2 - (A\ F;) for any
choice of F, and thus F, C p O

Definition 4.2.12. Let p € S* and denote by I, = ﬂBeFPE =7

The method being used here is surprisingly powerful in the study of S. If you
can find a filter that encodes the behaviour you want the closed subsets of 55 to

exhibit then you can use that filter to generate the required closed subsets.

Theorem 4.2.13. Let S be a discrete semigroup with identity e and let p € S*.
Then 1, is a closed left ideal of BS .

Proof. We know that I, = {q € 85 : F, C q} is a closed subset of 35. So we need
to show that if ¢ € 8S with F, C ¢ and r € 3S then F, C r-q. Let U € F, then
this implies the existence of a set A € P and a family of finite subsets F} such

that (J,cq2 - (A\ F) CU. Let V € r and for all y € V define the set

By=|Jz-(A\F.) e F,Cq
€S
We have then that
y-By = U(y'x)'(A\wa)C U$(A\Fw)
zeS zeS

and so
U y-B,CU
yev

for V € r and B, € ¢q. From this we see

Uver-q = F,Cr-q = r-qecl,
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for all r € G n

Now in general, a family of closed left ideals of a semigroup need not be a decom-
position. A left ideal chain semigroup is one in which the left ideals are linearly
ordered by set inclusion and is thus an example of a semigroup where attempts to
decompose them by left ideals can fail spectacularly. Once again, the semigroup 7Z
with the minimum operator and the discrete topology is the standard example of
such a semigroup as Zn is a closed left ideal but Zn C Zm if n < m. We require
a technical lemma to show that we in fact do have a decomposition in the case of

BG where G is a group.

Lemma 4.2.14. Let G be a countably infinite discrete group, let A C G be an
infinite subset and let F, be a finite subset of G for every x € G. If

B=G\|Jz (A\F,)
zeG
then there exists finite subsets H, and K, of G for every x € G such that

(Uz-A\H)N (- (B\EK,)) =0

zeG zeG

Proof. Since G is countably infinite we can enumerate it as G = {x, : n € N}.
Define

H, =|]JF,,,
<n '

and

K, = U x;l 'xiFl,T—llmi

i<n

thus

x; e, (A\ Hy, )N B =0
and

v AN (B\ K,,) =0

This implies that
zn(A\ Hy,)) Na;B =1

and
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and thus
xn(A\ Hy,) Nay(B\ K, ) =0

which shows that

(Jz- ANz (- (B\K.) =0

zeG z€G
]

Note that the previous lemma can be extended to work for all groups where |G|
is a regular cardinal but this is not necessary for the application at hand. We can

prove some basic results regarding the family {/, : p € G*}

Lemma 4.2.15. If G is a countably infinite discrete group, p € G*and q € I,
then 1, C I,.

Proof. 1f F,, C F, then for all x € I, we would have that 7, C F, C xie. z € I,
So let C' € F, and suppose that C' € F, C q. Since ¢ is an ultrafilter we have that
G\C € q. Since C' € F, there must exist an A € p and a family of finite subsets F},
such that | J, ., z-(A\ F;) C C but this implies that B = G\|J,ccz-(A\ F3) € q.
Now there exist finite subsets H, and K, such that

(Uz-aNH)n (- (B\EK,)) =0

zeG zeG
However, J,cq - (A\ Hy) € F, C g since q € lyand | J, .2z - (B\ K;) € F, Cq
since ¢ € I, and thus 0 = (U,cq @ - (A\ H2)) N (Upeq @ - (B\ K;)) € ¢ which is a
contradiction. Thus C' € F, and so F, C F, O

Lemma 4.2.16. If G is a countably infinite discrete group, p € G*and q € I,
then I, C I,.

Proof. If F, C F, then for all x € I, we would have that 7, C F, C z ie.
x € I,. Solet C € F, and suppose that C' ¢ F, C q as ¢ € F,. Since ¢ is an
ultrafilter we have that G\ C' € ¢. Since C' € F, there must exist an A € ¢ and a
family of finite subsets F, such that |J, .,z - (A\ F,) C C but this implies that
G\C CB=G\U,eqz(A\ F;) € q. However, |J,.qz-(A\ H;) € F; C q and
thus 0 = (G\ U,eq - (A\ F2)) N (U eq @ - (B\ F;)) € ¢ which is a contradiction.
Thus C € F, and so F, C F, O

For example, if p € Z* N {2" : n € N} then it is easy to see that ¢ = p+p €
BG -p C I, and also that ¢ € I,. But ¢ € I, implies that I, C I, and I, C I,and
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thus I, = I,. In fact since F, C F, for all ¢ € I, we must have that p € I, as
Fy C F, C p. Also if the point p is p-point then it can be shown that [, = 8G - p,
a principal left ideal. But since p ¢ B8G - ¢ we know that [, # BG - g ie. ifpisa
p-point that for all ¢ € G - p\ {p}, ¢ is not a p-point.

Theorem 4.2.17. Let G be a countably infinite discrete group and let p,q € G*.
Then I, N 1, # O implies that I, = 1,.

Proof. Let ¢ € G* and suppose that F, ¢ ¢ (i.e. ¢ € I,) then there must exist
A € p and F, finite such that

B=G\|Jz-(A\F,)€eq

zeG

but then we can find sets such that

(Jz-A\NHm)N (| (B\K.) =0
zeG zeqG
But this implies that F, ¢ r for all » € I since then F, C r and F, C r and so

could not have empty intersections as subsets of an ultrafilter and so I,Nl, =0 O

So we have constructed a family of closed left ideals of SG which form a decompos-
ition of the space if it is countable. We now proceed to investigate the relationship

between this ideal decomposition and any other left ideal decomposition on SG.
Theorem 4.2.18. If G is a countable discrete group then I(G) = {1l,:p € G*} .

Proof. We know that every I, is a closed left ideal of 3G and that p € I,,. Further

more we know that {I, : p € G*} forms a decomposition of G*.

e We claim that D ={I, : p € G*} is upper semi-continuous. Let I, be an
arbitrary member of D and let I, C W for some W C G. This implies that
for all € I, we have that W C r but each r € I, is generated by sets of the
form J, .7+ (A\ F;) where A € p and F is a choice of finite subsets of G
and thus with out loss of generality we can assume that W = |J, ., z-(A\ F;)
for some A € p and choice F, of finite subsets of G. But we know that there
exists finite subsets H, and K, of GG for every € (G such that

Q=Jz-(A\H,)

zeG
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and
R=|Jz (B\K,)
zeG
and Q@ N R = () where B = G\ U. Now suppose that I, N Q # () then we
know that for all » € I,, @ € r. Now suppose U ¢ r then B =G\ U € r.
But his implies that

NB\K)c@n|Jz- (B\K,) CQNR=1

and so Q N B C K, for some finite subset K, C G. But this contradicts the
fact that » € G* and thus U € rie. I, C U

We claim that {I,:p € G*} is the finest decomposition of G* into closed
left ideals of G such that the corresponding quotient space is Hausdorff.
For suppose that J is some other decomposition of G* into closed left ideals
such that the quotient space is Hausdorff. We want to show that I, C J for
all p e J € J. We know that J must be upper semicontinuous thus for all
J € J and open U D J there exists an open V D J such that if B € J and
V' N B # () then B C U. Without loss of generality we may assume V = U.
But then G - U C U since the decomposition J is made up of left ideals of
BG and since p € U there must exist a A € p such that A\ A C U and so
G- (A\ A) C U and thus

(G- (A\A) CT

A€ep

We claim that

I, (G- (A\A)

Aep

Let ¢ € I, which implies that F, C ¢ and let A € p then we know that |J, ., -

(A\ F,) € q for any finite choices F. So suppose

(G- (A\A)CB

Aep

for some B C G then there must exist an A € p such that

G-(A\A) cB
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But then we must have that z- (A\ A) C B for all # € G and thus we can choose
finite subsets F, such that = - (A \ F,) C B. This implies that B € F,, and thus

g€ )G (A\4)

Aep

Thus for all neighbourhoods U of J € J and points p € J we have that

I,c()G-(A\A)cU

Aep

However, J consists of closed sets and thus [, C J and so

I(G)={l,:pe G}
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4.3 Hausdorff topologies generated by Ideal De-

compositions

Definition 4.3.1. An ultrafilter p € X is called uniform if for all A € p we have
that |A| = | X]|.

Definition 4.3.2. Denote by U(X) the set of all uniform ultrafilters on the set
X.

If G is a group we know in fact that U(X) is a two sided ideal of fX. For countable
X it should be noted that U(X) = X* as every element of every ultrafilter in X*

is countable.

Theorem 4.3.3 (The left ideal theorem [DHOI1]). If S is a cancellative semigroup
with |S| = XA > w then there ezists a decomposition Z of U(S) into pairwise disjoint

subsets such that
o |Z| =27,
e For each I € I, I is nowhere dense in U(S) and
e For each I € I, I is a left ideal of 5S.

This theorem was strengthened in [Pro05], [FS07], [TZ12] and [Zel13] to show that
for any group G, the set G* can be decomposed into 2° closed left ideals of SG so
that the quotient space of G* is Hausdorff. The original proof for regular cardinals

was given in [Pro05] with the extension to all cardinals in [F'S07].

Definition 4.3.4. A topological group is mazimally almost periodic if it can be

continuously embedded into a compact topological group.

Now any Abelian or free group can be algebraic embedded into a compact group
and by endowing them with the discrete topology we can see that any Abelian or

free group is maximally almost periodic.

Definition 4.3.5. Let (my,)n<. be a sequence of integers > 2. Denote by By,
the direct sum of the finite groups Z,, with the topology induced from the product

topology on [1,,-., Zm, -

Recall that the direct sum of an infinite family of groups is defined to be the subset

of the product space [] .., Go where all but finitely many of the co-ordinates of

acA
any point in ®,cp G, are equal to the identities of the corresponding groups and

with the group operation defined component wise.
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Theorem 4.3.6. Let G be a countable mazimally almost periodic topological group.
There exists a sequence (My,)n<,, of integers > 2 and a bijection h : G — Byl with
h(e) = 0 such that
1. h(z-y) = h(z) + h(y) for r(x) +2 < l(y) where r(x) = maxsupp(h(z)) and
I(y) = minsupp(h(y)).

2. r(z'y’) <max{r(z),r(y)} +1 for alli,j € {1, -1}, and if |r(x) —r(y)| < 2,
then r(xy’) > max {r(z),r(y)} — 1.

3. if m > 1 and h(z)(n) = h(y)(n) for alln < m then l(x7'y) > m — 1 and
l(zy™) >m—1.

Proof. See [Zel07] O

This shows that the countable maximally almost periodic topological groups are
locally homeomorphic to the direct sum of additive group of the integers modulo

My,

Lemma 4.3.7. If G is a countably infinite group and p € G* is a P-point then
I, = (BG)p.

Proof. Choose A C G and suppose that (3G)p C A. For each z € G choose
A, € p such that x - A, C A. Since p is a P-point there must exist a B € p such
that |B \ A;| < oo for all x € G. Then if

C=Jo (B\(B\A)

zeG

we have that I, C C'. Since

ccljz4,cA

zeG

and I, C A we have enough to show that I, = (BG)p as the smallest ideal
containing p, (8G)p, must be a subset of I,. ]

So if p is a P-point then the decomposition ideal I, is in fact a principal left ideal.

We require a few technical lemmas before we can prove our first main theorem.

Lemma 4.3.8. Let x,y € G and suppose that there is n €supp((h(y)) with n >
r(z)+2. Then l(xy) <n.
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Proof. Let z = x -y. Assume on the contrary that {(z) > n. Then y = z7 'z

and r(z7') < n from 4.3.6. This implies that h(y) = h(z™') + h(z) and thus
n ¢supp(h(y)), which is a contradiction. O

Lemma 4.3.9. For everyp € G*, there is at most one a € G such that l(a-p) € w*.

Proof. Suppose that p can be written as p = bpy, where b € G, py € G*, and
I(po) € w*. Let a € G. If a =b""', then I(a-p) = I(py) € wk. Otherwise ab = 1
and l(a-p) = l(a-b) € w. Now suppose that we cannot write p this way. Then for
every m < w there are n > m and A € p such that n €supp(h(b)) for all b € A.
Let a € G. Pick n > r(a) + 2 and A € p such that n € supp(h(b)) for all b € A,
then I(ab) < n. Thus, I(a-p) € {0,1,...,n}. O

*

Lemma 4.3.10. Let (¢, )n<w be a sequence of prime elements in G* with 1(q,) € w

and let g € {q, : n < w}. Then q is prime and l(q) € w*.

Proof. Tt is clear that I(q) € w*. Suppose that ¢ = r - s for some 7, s € G*. Since

¢ € ({gn:n<wh)[)(G*)

we have that
(fan in <o) ()(Gs) =0

So either g, = r's for some n < w and r € G* or ¢ = b - s for some

qg€{qg,:n<w}

and b € G®. Since g, is prime, the first possibility implies that ¢, = c- s for
some ¢ € G* . And since I(g,),l(q) € w* and (b~ s),l(c-5) € w, we have a

contradiction. O

Lemma 4.3.11. Let I € I(G), let p € I , and let w = 7(p). Then either 7(I) C
{u,u+1} or7(I) C{u—1,u}.
Proof. We first show that 7(/) C {u—1,u,u+ 1}. Pick U € u such that U —
1,U,U + 1 are pairwise disjoint, and pick A € p such that 7(A) C U. For every
x e @G, let

Fo={yeG:r(y) <r(z)+1}

and let

C=Jz (A\F)

zeG
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Then I C C and
rc)ycw-n|JulJw+1)

Now if r(I) C {u,u+ 1}, we are done. Otherwise there is p € I such that
r(p) = u— 1, consequently r(I) C {u — 2,u — 1,u}, and so r(/) C {u—1,u}. O

Lemma 4.3.12. Letl € Z(G), let Q = {p€ I :p € PAl(p) €w*}, and let u €
7(I). If there is p € Q which is isolated in I and which is not a P -point in G*,
then |Q| = 2°.

Proof. Pick a decreasing sequence (A, )<, of members of p and a sequence (a,)n<w
in G such that

1. Agn I = {p},

2. nn<w An = Q)’

3. For all A € p, there is n < w such that A N B, is infinite, where B, =
A\ A+ 1,

4. The sets an A,,,n < w, are pairwise disjoint, and

5. l(apx) >n for all n < w and x € An.

Define f : G — G by f(z) = ayz if v € B, and f(x) = 1 if v € G\ Ap. Let
q = f(p), so q has a base consisting of subsets of the form Un<w @n(A N Bn),
where A € p. Clearly ¢ # p. Since I C G* has a neighbourhood base consisting
of subsets of the form | J, ., x(A\ F;), where A € p and F, C G is finite for each
x € G, and also that ¢ € I. But then 0(q) € w*. Now q is prime since if that

q=r-s for some r,s € G* and since
g€ (Gs)n (| anBn)

we must have that

(Gs)N (| anBn) =10

But then either b-s = ¢ for some b € G* and g € |J a,B, orr-s € a,B, for some

nw
r € G5 and n < w. Since I(bs) € w and I(q) € w*, the first possibility gives us a
contradiction. Also, since s € I , the second possibility implies that a;'rs € INB,.
But I N B,, = () which is also a contradiction. Now ever subsequences of (@) n<ws
one can construct infinitely (in fact a continuum’s worth) many prime ¢ € I with

l(q) € wxand thus |Q| = 2° O
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Lemma 4.3.13. Letl € Z(G), let Q = {p€ I :p € P Al(p) €w*}, and let u €
7(I). If I'\ Q is dense in I then u is a P-point.

Proof. Without loss of generality one may suppose that7(I) C {u,u+ 1}. Pick
U € u such that UN(U + 1) = 0, and let {U, : 1 < n < w} be a partition of U
such that U, € u for all n < w. Define 7 : w — w by 7(m) =nif m € U, | J(Up,+1)
and 7(m) = 0 if otherwise. For every p € I, choose A, € p such that

1. (A, CUUYU + 1), and
2. either m(r(x)) > l(z) for all z € A, or w(r(z)) <l(z) for all z € A4, .
Consider two cases.

e Case 1: thereis p € I such that 7(r(z)) < i(x) for all z € A,. Then for every
q € A, I, onehas(q) € w*. Indeed, assume on the contrary that [(q) = n
for some ¢ € A, I and n € w. Pick B € ¢ such that B C A, and I(B) = n.
Then for every z € B, n(r(z)) < l(x) = n. Thus, 7(7(q)) € {0,1,...,n}. But
7(q) € {u,u+ 1} and 7(u) = T(u + 1) € w*, a contradiction. Since I\ @ is
dense in I and I(A, () C w*, there is a non prime ¢ € A, 1. i.e. ¢ =rs
for some r, s € G* and pick x € G* such that 2 - s € A,. Then I(z - s) € w.
But since ¢ =7 - s that s € I, so x-s € A,()I and so I(z - ) € w*, another

contradiction.

e Case 2: for every p € I, m(r(z)) > l(z) for all z € A,. Let C = ,c; 4,
Then I C C. Pick q € I with 7(q) = u, and pick B € g and finite F, C F for
each x € G such that | J, ., z(B \ F;) € C. Assume that there exists n < w
such that r(B) [ U, is infinite. Then there must exist a sequence (Y )m<w C
B such that r(y,) < r(ym + 1) and 7(ym,) € U,, and thus 7(r(ym)) = n.
By using a suitable subsequence, we also have that h(y.,)(i) = h(yg)(i) for
all m,k < wand i < n+ 1. Define h(z)(i) = —h(y0)(i) if i < n+ 1 and
h(z)(i) = 0 otherwise. Since F) is finite, there exists a m < w such that
Ym € B\ F, and 7(y,,) > n+ 3. Then |r(zym) — r(ym)| < 1, 2ym € C, so
r(2ym) € UpJUnt1, and l(zy,,) > n. Hence, n = 7(r(ym)) = 7(r(xym)) >

l(xym) > n, a contradiction
0

We are now ready to give a partial answer to the question of whether it can be
shown in ZFC that every decomposition of G* into closed left ideals such that the

quotient space is Hausdorff contains a maximal principal left ideal.
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Theorem 4.3.14. [BZ13]1t is consistent with ZFC that, if G is a countably infinite
group which can be embedded algebraically into a compact group, then every I €

Z(G) contains 2° mazimal principal left ideals of BG generated by prime elements.

Proof. Any discrete group which can be algebraically embedded into a compact
group can be continuously embedded into that group and thus is maximally almost

periodic. This implies the existence of the bijection
h:G— ®ncwlm,
from 4.3.6. Let I € Z(G), let

Q:{pEI:pEP/\Z(p)Ew*}

and let w € 7(). Now if u is not a P-point then by Lemma 4.3.13 we have that
I'\ @ cannot be dense in I and thus interior V' of () cannot be empty. So let p
be an element of the interior of Q. If p is an isolated point then by Lemma 4.3.12
we have that |Q| = 2° so suppose that p is not an isolated point then we can pick
A € p such that AN C V which implies that F = AN I is an infinite closed
subset of G*with F' C V' C @ and thus |Q] > |F| = 2°. However it is consistent
with ZFC that there are no P-points in w* and thus it is consistent with ZFC that
every I € Z(G) contains 2° closed left ideals. But by construction each of those
ideals contains a prime element and thus contains the principal ideal generated by
that prime element. Finally since the principal ideal generated by a prime element
is maximal we have that each I € Z(G) contains 2° maximal principal left ideals

of G generated by prime elements. m

Any consistency result for ZFC raises the question if the result is actually inde-
pendent of ZFC. The properties of G and G* are extremely set axiom dependant
though, with J van Mill describing the space 5Z in [vM84] as a three headed hydra
with each head’s properties dependant on what set theoretic assumptions you are

prepared to make.
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4.4 General Decompositions of Countable Groups
by Left Ideals

To answer more questions about the decomposition structure of an the residual
of some arbitrary topological group G we are required to expand our previous

definitions.

Definition 4.4.1. Let X C G* be a closed left ideal of BG. Denote by T'(X) the
finest decomposition of X into closed left ideals of BG.

We proceeded previously in a much more constructive manner to prove the exist-
ence of a family of decompositions on G and thus arrived at an intrinsic definition
of the finest decompositions in question. Now that we are dealing with families of

decompositions are more extrinsic approach is required.

Lemma 4.4.2. Let X C G* be a closed left ideal of BG. Then the family T'(X)

18 non-empty.

Proof. Consider the family A of all decompositions of X into closed left ideals.
Since {X} € A we know that A # (). Now let

he : X = X/a
be the quotient map for every decomposition o € A and let
g: X — H X/a
acA

be the diagonal map which maps every point x € X to its corresponding equival-

ence class in each possible decomposition on X i.e.

g(z) = H ha ()

acA

We claim that
T'(X)={g'(y) :y € 9(X)}

So let y € g(X) then y = [[,c 4 Do Where D, C X is some closed left ideal. But
then ¢g7!(y) = () D, is the intersection of closed left ideals and is thus itself a
closed left ideal. Also if x € g7 '(y) N g '(2) then z € ((D,) N (N E,) which

implies that x € D, N E, and since we started of with decompositions we must
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have that D, = E, which implies that ¢g~'(y) = g~ (). Also for all z € X we
know that

z€g ' (g(x) € {97 () y € g(X)}

Finally let o € A be any other decomposition and let A € o and let p € A. We
claim that g7!(g(p)) C A. Let z € g~ *(g(p)) then g(z) = g(p) but by the definition
of the diagonal map we must have that m, o g(z) = A where 7, is the a-coordinate
projection function. But this implies that z € A and so g~ *(g(p)) € A. Thus
{97 (y) : y € g(X)} is the finest decomposition of X into closed left ideals. ]

Note that our definition of Z'(X) makes sense when X = G as G is a closed left
ideal if G is a group and Z' = 7'(G*)

Definition 4.4.3. Let X C G* be a closed left ideal of BG. Denote by Z(X) the
finest decomposition of X into closed left ideals of BG with the property that the

corresponding quotient space of X is Hausdorff.

Lemma 4.4.4. If X C G* is a closed left ideal of SG then the set T(X) is well-
defined.

Proof. We can proceed very similarly as the previous lemma. The set A is non-
empty since any finite decomposition into closed subsets generates a Hausdorff
quotient space (since it is Tjand finite and thus discrete and Hausdorff) and thus
once again {X} € A. Similarly we know that {¢g~'(y):y € g(X)} is a finer
decomposition of X into closed left ideals than any member of A. So what is
left to prove is that D = {g7'(y) :y € g(X)} is in fact upper semicontinuous
and thus since X is compact we know that the corresponding quotient space
must be Hausdorff. So let C C X be some closed subset and consider the set
U{AeD:ANC #0}. Nowifz € AND then A = g~ *(g(z)) and thus A = () A,
for some family of closed left ideals with A, € a. But then A, N C # () and since
each a € A is upper semicontinuous we must have that | J{A, € a: A, NC # 0}
is closed. But then

U{deD:Anc#0} =|J{Aa €a: AN C # 0}
and is thus closed. Thus {g~!(y) : y € g(X)} is the finest decomposition of X into
closed left ideals such that the corresponding quotient space is Hausdorff O]
Similarly here, our definition of Z(X) makes sense when X = G* and Z(G) = Z.
Definition 4.4.5. Let X C G* be a closed left ideal of G and let p € X. Denote
by Z(p, X) = Nae, G (ANX) .
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The sets Z(p, X) are in a sense the generators of the local ideal structure of SG.
Also Z(p, G*) = N4, G - (ANG*) = Nac, G- (A\ A).

Lemma 4.4.6. Let X C G* be a closed left ideal of G and let p € X. Then
Z(p, X) is a closed left ideal of BG contained in X .

Proof. Being the intersection of closed subsets it is easy to see that Z(p, X) =
Nac, G- (AN X) itself must be a closed subset. So let x € G then

v Ip,X)=(z-G-(ANX)
Aep
=()z-G-(AnX)
Aep
=[G (AnX)

=Z(p,X)

Thus Z(p, X) is a closed left ideal. Finally let 2 € Z(p, X) so

reG-(ANX)CcG-XCcX=X

since X is closed and thus Z(p, X) C X O

Lemma 4.4.7. Let X C G* be a closed left ideal of BG and let D be a decompos-
ition of X into closed left ideals of BG such that the corresponding quotient space
of X is Hausdorff. For all D € D and p € D we have that Z(p, X) C D

Proof. O]

We know that D must be upper semicontinuous thus for all D € D and open
X DU D D there exists an open VD D such that if B € D and V N B # () then
B C U. Without loss of generality we may assume V = U. But thenG - U C U
since the decomposition D is made up of left ideals of BG and since p € U there
must exist a A € p such that ANX CU and so G- (ANX) CU and thus

I(p,X)= ()G - (AnX)cU

Aep

For arbitrary open neighbourhoods U of the closed subset D. But this implies that
IZ(p,X)C D
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Definition 4.4.8. Let X C G* be a closed left ideal of G and let F be the
smallest filter of G with F = {q € G : F Cq} = X. For all p € X denote by
Fp the filter generated by subsets of the form \J . v - (ANU,) where A € p and
U, e F

Lemma 4.4.9. Let X C G* be a closed left ideal of 3G, B C G such that
Z(p, X) C B. Then there exists A € p such that

G- (AnX)CB

Proof. Now since G\ B = G\ B is a closed subset of 3G we have that it is
compact and thus since all y € G\ B there exist A, € p such that

y¢ G (A4,NX)
(for else Z(p, X) C G\ B). We can find some finite F' C G \ B such that

(G- A4,NX)CB

yeF

(since U, BG\ G - (A, N X) form a finite subcover over G \ B). Let

A=) 4,

yer

then

G-(AnX)c (G- (A,nX)CB

yeF

]

Lemma 4.4.10. Let X C G* be a closed left ideal of PG, A, B C G and such that
G-(ANX) C B. Then for allx € G there exists U, € F such that x-(ANU,) C B.

Proof. Once again since G \ B = G\ B is a closed subset of 3G we have that it
is compact and thus since all y € G\ B there exist V,, € F such that

We can find some finite ' C G'\ B such that

mx-(AﬁV;/)CB

yeF
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Let Uy =(),cp Vy then

yeF

z-(AnU,) CB

Theorem 4.4.11. If X C G* is a closed left ideal of 3G then I(p, X) = F,.

Proof. Let
C=Jz-(AnUy)

zeG

where A € p and U, € F then for every z € G we have that

r-(AnX)Cx-(ANU,) CC

and thus

G- (AnX)cC

and so

I(p.X)=()G-(AnX)cC
Aep
Which implies that Z(p, X) C F, . Now let B C G and suppose that Z(p, X) C B

then by the previous lemma we know that there exists A € p such that

G- (AnX)CB

But then we also know that since - (ANX) C B for all z € G there exists U, € F
such that - (ANU,) C B. Let

C=Jz-(AnTUy)

el
then C' € F, and C' C B and so F, C B and thus F, C Z(p, X) O

Now in the case that X = G* we have that Z, = F, where F,, is the filter generated
by subsets of the form J, ., z- (AN F;) where F, € F. Now F = ([{p:p € G*} is
the Fréchet filter and thus we can choose F, = A\ G, where G, is a finite subset.
But then .2 - (ANF,) = U,eq - (A\ G,) and thus the previous definitions
carry over smoothly to this new paradigm. We require a similar technical lemma

to show that we in fact have a decomposition.

Lemma 4.4.12. Let G be a countably infinite discrete group, let A C G be an
infinite subset and let Fy, € F for every x € G and some filter F such that F is a
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closed left ideal on BG. If

B=G\|Jz - (AnF,)

zeG
then there exists subsets H, and K, of G with H, € F and K, € F for every
r € X such that

(Jz-(AnH))N(|Jz- (BNEK,)) =0

zeG zeG

Proof. Since G is countably infinite we can enumerate it as G = {z, : n € N}.
Define

H,, = () Fy,,

1<n

which is an element of F by the finite intersection property and

-1
K, = ﬂ x, -:)singlxi

i<n
which is an element of F since F is a closed left ideal and thus z - F = F thus
v 'z, (AN H,, )N B =1
and
vl AN (BNK,,) =0

This implies that
r,(ANH, )Nx;B=10

and
v ANz, (BNK,, ) =10

and thus
v, (ANH,,) Nz, (BNK,, ) =10

which shows that

(Jz-AnH)n(|Jz- (BNEK,) =0

z€G z€G

O

We can know show that the closed left ideals I(p, X) form a decomposition of X.
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Theorem 4.4.13. If p,q € X then I(p, X) N I(q,X) # 0 implies that I(p, X) =
(g, X) .

Proof. Let ¢ € G* and suppose that F, ¢ ¢ (i.e. ¢ € I(p, X)) then there must
exist A € p and F, € F, such that

B=G\|Jz-(AnF,)

zeG

but then we can find sets such that

(Jz-AnH)Nn(|Jz-(BNEK,)) =0
z€G zeG
But this implies that F, ¢ r for all r» € I ;since then F, C r and F, C r and so

could not have empty intersections as subsets of an ultrafilter and so I,Nl, =0 O

We can now show that the closed left ideals as defined generate a upper semicon-
tinuous decomposition of X and thus the quotient topology on X, which is closed

and thus compact, is Hausdorff.
Theorem 4.4.14. Z(X) ={I(p,X) : p € X }.

Proof. We know that every I(p, X) is a closed left ideal of G and that p € I,,.
We also know that {/(p,X) : p € X} forms a decomposition of X and that
for any other decomposition D of X into closed left ideals of SG such that the
corresponding quotient space is Hausdorff we have that Z(p, X) C D for D € D.
We claim that D ={I(p, X) : p € X} is upper semi-continuous. Let I(p, X) be
an arbitrary member of D and let I(p, X) C W for some W C G. This implies
that for all r € I(p, X)) we have that W C r but each r € I(p, X) is generated by
sets of the form | J, = - (AN F,) where A € p and F, € F thus with out loss of
generality we can assume that W = (J, ., ® - (AN F,) for some A € p and choice
F, € F. But we know that there choices H, € F and K, € F for every x € GG
such that

Q=Jz (AnH,)
zeG
and
R=|)z - (BNK,)
zeG

and Q N R = () where B = G\ U. Now suppose that I(¢, X)NQ N X # () then
we know that for all r € I(q, X), @ € r. Now suppose U € r then B=G\U €.
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But his implies that
QN(BNEK)c@n|Jz - (BNK,) cQNR=90
ze€G

and so Q N BN K, = () and since Q N B # () we have that Q N K, = (). But this
contradicts the fact that 7 C r and thus U € r thus I(r, X) C U
O
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4.5 Closed left ideal decompositions

We now have all the pieces to prove the main theorem of this Thesis. We require
a special kind of ultrafilter trying together the concept of a set being thin with

the extended semigroup operations on SG.

Definition 4.5.1. An ultrafilter p € BG s called uniformly discrete if there exists
A € p such that the family of sets {x - (A\ A)}seq is pairwise disjoint.

Definition 4.5.2. Denote by U the set of all uniformly discrete ultrafilters on BG.

Since the set of uniformly discrete ultrafilters is closely related to the concept of
thins sets in G we know that every subset of G needs to be close to some thin
subset. Recall that A\ A is just another way of saying that we want to look at the

Fréchet filters on A and thus exclude finite subsets from the realm of discussion.

Lemma 4.5.3. The set of uniformly discrete ultrafilters is open in G*.

Proof. Let p € U. There exists A € p such that the family of sets
{z (A\ A)}oec
is pairwise disjoint. Then for all
g€ A={peBG:Acp}

we have that ¢ is uniformly discrete. Thus A C U and since p € A we have that

U contains an open neighbourhood of each of its points and is open. O
Lemma 4.5.4. The set of uniformly discrete ultrafilters is dense in G*.

Proof. Since every infinite subset S C G contains a thin set A C S we know that
xANyA is finite for all x # y € G and so

(z- (A\NA) N (y-(A\A) =0

Now we know that S is a basic open set in G and thus S N G* is a basic open
subset of G*. We claim that there exists some r € S N G* such that A € r. In
fact let r be any free ultrafilter on GG such that A € r then since r is a filter and
A C S we have that S € r and so r € SN G* and thus U is dense in G* O]
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The previous two lemmas clarify what was meant by the informal statement that
a family of subsets is close to all other subsets of a group, namely that we can
find ultrafilters with an element that satisfies the property in question. These
are called Z-ultrafilters (see [Bau95]) if the group g is countable and the study of
which properties and thus sets Z generate reasonable ultrafilters in ZFC is quite
advanced. Now the left ideals of uniformly discrete ultrafilters can be used to
separate the behaviour of the many different left ideals under investigation in this

section.

Theorem 4.5.5. Let p € G* be a uniformly discrete ultrafilter, X = I(p, G*), and
Y =1(p,X). Then

1. p s isolated in X,
2. Y = (BG)p,
3. X = (BG)p if and only if p is a P-point.

Proof. 1. Let A € p be such that

2(A\A) YA\ A) =0

for every z € G\ e. We claim that A() X = p. Indeed, let ¢ € X \ p. Choose
B € p such that B C A and ¢ ¢ B. Since

G-(B\B)=(G\{e})-(B\ B)|J(B\ B)

and
(G\{e})-(B\B) C BG\ A
thus
A(\G-(B\B)=A()B\B=(B\B)
Hence,

and so ¢ € AN X.
2. We know that there exists A € p such that A()X = p. Then
G- (AX)=G p=(BG)p
so Y = (BG)p.
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3. Suppose that p is a P-point. Let C' C G be such that (8G)p C C. For every
x € G, pick A, € psuch that x- A, C C. Since p is a P-point, thereis A € p
such that

A\NACA N\ A,

for all z € G. Then G- (A\ A) CC\ C,s0 X CC\C. Hence,X = (BG)p.
Suppose that p is not a P-point. Choose a decreasing sequence (A,,),<, of

members of p such that

(2 (A5 \ Ao) (@5 \ Ag) = 0

for all z € G\ e and [ _ (A4, \ A,) is not a neighbourhood of p € G*.

Enumerate G without repetitions as x, : n < w. For every n < w, let

n<w<

Fy =, ((za40) (| #:4))

<n

This implies that all F,, are finite, and the sets x,(Ag \ F,), n < w, are

pairwise disjoint. Let

V= U xn((AO\An)\Fn)

n<w

and

W= za(An \ F)

n<w

Then (8G)p € W and VW = ). Now for everyA € p, there is n < w such
that A((Ao \ A,) is infinite. Consequently, (z,A)(V is infinite, and so

(2, - (A\ ANV =0

Thus, for every A € p,
(G-A\A)(V =0

Since

X=[)G-(A\4)

Aep

and for every finite H C p, one has

() G- (A\A) 2 (G- ((NacuA) \ (NacuA)))

AeH
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It then follows that X (V = (. Hence, X # (B8G)p.
[

We wish to investigate the relationship between the decompositions Z'and Z. But
7' is a bit of a beast to work with so we weaken the decomposition slightly as

follows.

Lemma 4.5.6. The family Iy = Uy Z(X) is a decomposition of G* into
closed left ideals of BG.

Proof. Tt is easy to see that every element of Z, is a closed left ideal of G and
that Z, covers G*. Let U,V € Z, and suppose U NV # (). There must exists
X € Z(G) such that U € Z(X) and V € Z(X) (since the elements of Z(G) are
disjoint). But Z(X) is also a decomposition and thus U = V' O

We need to play off the availability of certain types of points, namely P-points
and non P-points in the final argument. In fact, in ZFC we know that there are

many non P-Points.

Theorem 4.5.7. If G is a countable infinite discrete group then G* contains a

dense set of 2° non-P-points.
Proof. See [Wal74] O

Theorem 4.5.8. The set of all points p € G* such that (BG)p € I, \ Z(G) is
dense in BG.

Proof. Let A C G be an infinite subset. We know that there exists an infinite
set B C A such that every point p € B\ B is uniformly discrete and thus dense
in G*. Furthermore we can suppose that none of the p € B\ B happen to be a
P-point. But then X = I(p,G*) €e Z and Y = I(p,X) € I, but Y = (BG)p and
X # (BG)p and so (BG)p € Ir \ Z(G) O

We can now give a negative answer to the second question of this thesis, namely
that Z # 7'

Theorem 4.5.9. If G is a countable infinite discrete group then I’ is finer then
Z(G).

Proof. Let D € Z(G) and let d € D. Let U C D be open with d € U. Now since
the set of all points p € G* such that

(BG)p € I, \ I(G)
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is dense in SG there must exist a p € U such that
de (BG)p e L, \ Z(G)

But since Z, is a decomposition of G* into closed left ideals of SG we have that
I’ is necessarily finer than Z, and so we can find V' € 7’ such that d € V and
V C (BG)p C D which shows that Z' is finer then Z(G) O
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Chapter 5
Conclusion

We have shown that it is consistent with ZFC, the system of usual axioms of set
theory, that if G is a group that can be algebraically embedded into a compact
group then every I € 7 contains 2° maximal principal left ideals of G [BZ13]
i.e. 7 need not consist of maximal principal left ideals. We have also shown that
there exists a dense subset of points p € G* such that the principal left ideals
(BG)p € T\ Z, in particular, Z’ is finer than Z [BZZ14]. We achieved these results
by first considering the construction of SG and then using p-limits to extend the
algebraic operations to the entire space. We then considered the topological and
algebraic structure of the left ideals of the semigroup SG sufficiently to show the
relationship between principal ideals of the space fG and uniformly discrete filters

on G* and P-points on SG. The main open question remains unsolved

Question 5.0.1. Does every point of G* lie in a maximal principal left ideal of

BG?
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