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Two-dimensional and axisymmetric turbulent thermal jets

by Erick MUBAI

In this dissertation, the two-dimensional and axisymmetric turbulent thermal jets
are studied. The closure problem in the Reynolds averaged Navier-Stokes equations
is resolved by introducing the eddy viscosity while the closure problem in the av-
eraged energy balance equation is resolved by introducing the turbulent thermal
conductivity. The kinematic eddy viscosity and turbulent thermal conductivity are
modelled using the mixing lengths formulation. The governing equations are then
written in terms of the stream function to give a non-linear system of a third order
partial differential equation coupled with a second order partial differential equa-
tion for the temperature difference. The governing system of two partial differential
equations is reduced to two ordinary differential equations using the associated Lie
point symmetry approach.

The associated Lie-point symmetry approach is very powerful when dealing
with partial differential equations. If a system of partial differential equations has
a conserved vector, the Lie point symmetry associated with that conserved vector
can be used to reduce the system of partial differential equations to a system of or-
dinary differential equations. This system of ordinary differential equations can be
integrated at least once, according to the double reduction theorem [10,11].

The associated Lie point symmetry is derived using conserved vectors from con-
servation laws of the governing partial differential equations. The conserved vectors
are obtained from the multiplier method. The conservation laws are used to obtain
conserved quantities by integrating the conservation laws along the axis perpendic-
ular to the centreline of the jet from the centreline to the boundary of the jet.

The reduced ordinary differential equations for the invariant solutions can only
be solved analytically when the kinematic viscosity and the thermal conductivity
are both zero for the two-dimensional jet and for other cases they are solved numer-
ically. The conserved quantities are used to supplement the homogeneous boundary
conditions to fully solve the jet problem. The shooting method is used to obtain the
numerical solution.
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Nomenclature

Beta function
Boundary of the jet

T
Del vector operator, (%, ai, )

Y
Density of the fluid
Eddy viscosity of the flow
Euler operators
Difference between the temperature at position (x,y) and the tem-
perature at (x, yg(x)), where yp(x) is the boundary of the jet.
Difference between the temperature at position (x,y) and the tem-
perature at (x, yp(x)), where yp(x) is the boundary of the jet.
Fluctuations of the variable F
Gamma function
Fluctuations of the variable F
i-th component of the conserved vector
i-th component of fluid velocity
i-th independent variable
i-th multiplier
Kinematic eddy viscosity of the flow
Kinematic viscosity of the fluid
Lie point symmetry generator
Lie point symmetry generator extension containing all derivatives.
Lie point symmetry generator extension containing up to n-th order
derivatives.
Mean operator
Momentum boundary constant
Momentum conserved quantity
Momentum mixing length
Momentum mixing length constant
Partial differentiation with respect to the i-th independent variable.
Partial differentiation with respect to the i-th independent variable
applied to the dependent variable F.
Prandtl’s number
Pressure
Stream function
Specific heat capacity of the fluid
Temperature
The Reynolds number
Thermal boundary constant
Thermal conserved quantity
Thermal conductivity
Thermal mixing length
Thermal mixing length constant
Total derivative with respect to the i-th independent variable.
Turbulent thermal conductivity
Vector containing all independent variables.
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Chapter 1

Introduction

In this dissertation, we study the two-dimensional and axisymmetric turbulent ther-
mal jets with the surrounding fluid at rest and constant temperature. The conduit
for the two-dimensional jet is rectangular with infinite width and the conduit for the
axisymmetric jet is small and circular and the fluid flow is axially symmetric. In prac-
tical terms, infinite width means that the width of the conduit is very large compared
to the height. Some real-world jet examples include a wastewater discharging from
pipes into rivers and gas exiting an aircraft nozzle. For both the two-dimensional
and axisymmetric free jets, the flow is laminar close to the conduit and transitions
from laminar to turbulence as the distance from the conduit increases [1]. The analyt-
ical solution for the laminar region of the jet is not easily accessible [1]. A numerical
solution in [2] and an analytical solution in [3] have been presented for laminar jets.
However, the solution for the laminar jets is not stable farther downstream.

The Navier-Stokes and the energy balance equations are averaged by splitting
every variable into the mean and fluctuations. The turbulence closure problem is
resolved by relating the Reynolds stresses and covariances between the velocity
components and temperature to the eddy viscosity and the turbulent thermal con-
ductivity. The coupled system of governing equations is further simplified using
the boundary layer theory. The eddy viscosity and turbulent thermal conductivity
are modelled using mixing length hypothesis. The associated Lie point symmetry
theory is used to reduce these coupled system of governing equations to ordinary
differential equations.

In recent decades, there has been a growing interest in Lie point symmetries
due to their powerful ability to reduce non-linear partial differential equations to
ordinary differential equations. Lie point symmetries were first discovered by So-
phus Lie and pioneered by Emmy Noether who applied them to differential equa-
tions. Noether then uncovered a relationship between the conservation laws and the
Noether symmetries giving rise to the Noether theorem [4]. The formula relating the
conserved vector of the partial differential equation and the Lie-Backlund symmetry
associated to the conserved vector was provided in [5].

Conserved quantities are essential when determining constants or arbitrary func-
tions which cannot be found by the homogeneous boundary conditions of the jet. A
direct method for obtaining these conserved quantities is by integrating the coupled
system of governing equations along the axis perpendicular to the centreline of the
jet from the centreline to the boundary of the jet. This method is however not system-
atic. A systematic method for finding conserved quantities is by using conservation
laws.

Conservation laws are obtained using various methods, which include: the Noether’s
approach [3], the direct method [6] and the multiplier method [7]. Naz et al [8] com-
pared all these methods and concluded that the multiplier method was more sys-
tematic and easier compared to its counterparts. Hence, in this work, we use the
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multiplier method. This method was first introduced by Steudel et al [9] and in-
voked by Anco and Blumann [7] and Naz, Mohammed and Mason [9]. From the
conserved vectors, we obtain the associated Lie point symmetries, which are then
used to reduce the coupled system of governing partial differential equations to or-
dinary differential equations. Therefore by the double reduction theorem [10,11], we
can integrate the ordinary differential equations at least once. Obtaining the associ-
ated Lie point symmetries has advantages over the direct methods of obtaining the
Lie point symmetries. By using the conserved vectors to obtain associated Lie point
symmetries, the calculations become less tedious.

Schlichting [1] assumed a similarity solution for the two-dimensional laminar jet
and successfully reduced the governing equations to ordinary differential equations.
The assumed similarity solution can be shown to be a scaling transformation. Hence,
scaling transformations work for two-dimensional laminar jets. It is shown in this
work that the coupled system of governing equations for the turbulent thermal free
jets admits a scaling transformation.

The ordinary differential equations obtained by reducing the coupled system of
governing partial differential equations using the Lie point symmetry method can
be solved analytically under special conditions. For the two dimensional free jets,
when the kinematic viscosity and the thermal conductivity are zero, the reduced or-
dinary differential equation for the mean momentum is a second order autonomous
differential equation. However, when the kinematic viscosity and the thermal con-
ductivity are non-zero, the reduced ordinary differential equations are highly non-
linear and hence have to be solved numerically. For the axisymmetric jet, there are
no special cases where the reduced ordinary differential equations can be solved
analytically. Hence, we resort to numerical techniques. The ordinary differential
equations combined with the boundary conditions and conserved quantities form
a complete system. This system will be solved using the shooting method adapted
from [13].

The analytical results obtained for the special cases can be used to validate the
numerical techniques.

This dissertation is structured in the following manner: In Chapter 2 we give a
review of the methods that will be used in this dissertation. In Chapter 3 we derive
the coupled system of governing equations for the two-dimensional and axisymmet-
ric turbulent thermal jets. In Chapter 4 we solve the coupled system of governing
equations for the two-dimensional jet. In Chapter 5 we find solutions to the coupled
system of governing equations for the axisymmetric jet. In Chapter 6 we give the
conclusions.



Chapter 2

Methods: Lie point symmetries,
conservation laws and invariant
solutions

2.1 Introduction

Sophus Lie first introduced Lie point symmetries at the end of the nineteenth cen-
tury. He realised that a symmetry generator admitted by a differential equation may
be used to reduce a partial differential equation to an ordinary differential equa-
tion [14], to reduce the order of an ordinary differential equation by one, and to
linearize and transform an ordinary differential equation to a simpler simpler dif-
ferential equation [15]. Emmy Noether took the subject further by relating Noether
symmetries to conservation laws giving rise to the Noether theorem [4]. Kara et al
[5] later gave a formula relating conserved vectors of a differential equation and the
Lie-Backlund symmetry associated to the conserved vector.

Conservation laws are essential when dealing with free jet problems since they
provide conserved quantities. There are various methods for obtaining conservation
laws. Naz, Mahomed and Mason [8] comprehensively compared these methods and
showed that the multiplier method is simpler and more systematic than its counter-
parts. Conserved quantities allow for the governing partial differential equations
for the free jet problem to be fully solved after they have been reduced to ordinary
differential equations using a Lie point symmetry. In this chapter, we review the
methods that will be used in this dissertation to solve the two-dimensional and ax-
isymmetric turbulent thermal jets.

This chapter is organized in the following manner. In Section 2.2 we discuss
conserved vectors. Then, in Section 2.3 we discuss associated Lie point symmetries.
Finally, we provide conclusions in Section 2.4.

2.2 Conserved vectors

Conserved vectors give a less tedious process for obtaining Lie point symmetries
than the standard procedure. In this section we show how these conserved vectors
are found.

Consider system of two partial differential equations

Fi(L 1,0, S, lp(l),S(l),lP(z), ) = 0, i= 1,2 (221)

for the two unknown functions ¢(x) and S(x) where ;) and Sy, are all k-th order
derivatives with respect to x. The conserved vector (T!, T?,...), written in Einstein’s
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4 .
solutions
summation notation, is defined by
DiTi =0, (2.2.2)
Fi=0 for all j
where 2 SRR 2 2

and is called the conservation law for the system with components (2.2.1).
The multiplier method assumes that the divergence of the conserved vector can be
written as

AF = DT, (2.2.4)

where A; is a multiplier and
Al' = Ai(g,lp, S, l/)(l)/ S(l),l/)(z),) (225)

The standard Euler operators defined by

) )
Ey=—+ Y (-1)Dj, ---D;, —— (2.2.6)
P oY s;( ) i 2 i, i,
and 3 3
Es = o< +S§1(—1) D - Dism (2.2.7)

annihilate the right hand side of equation (2.2.4) to give

E, <A1-Fi> —0, (2.2.8)

Es (A,P') —0. (2.2.9)

Equations (2.2.8) and (2.2.9) are used to find determining equations for multipliers
A;. The multipliers are then substituted into (2.2.4) to obtain the conserved vector,
(TY, T?,..).

Example

Consider the partial differential equation

ou ou  du

=t U = . 2.2.10

ax dy  Iy? ( )
When dealing with conservation laws and Lie point symmetries the partial deriva-
tives are written using the subscript notation in order to indicate that u and its partial
derivatives are independent variables. Using the multiplier method we need to find
scalar A(x,y, u) such that

A(x,y, 1) (ttx + utty — uyy) = DyT' 4 D, T2, (2.2.11)
for all functions u(x,y). Applying the Euler operator

) d ) , 9
5u = Deg,0 ~Dyg,m +Dig,— o+ (2.2.12)

E, =
" duy, y duyy
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to (2.2.11) we obtain
oA 0JA OA  O’A ’A 2 °A oA
A TP T — () S — a2 =0, (21
S PR P dy  Iy? 2y dyou (1) gz Mgy =0 (2219)

Splitting equation (2.2.13) into coefficients of independent partial derivatives of u
we obtain

COA
" =0, (2.2.14)
2A oA

My : W +u au O, (2215)

s 0%A
(Lly) : W = O, (2216)

oA oA 0*A
i — — 4+ == =0. 2.2.17
Remainder 9x +u 3y + a7 0 ( )
Equations (2.2.14) to (2.2.17) reduce to

A=c (2.2.18)

where c is a constant. Hence equation (2.2.11) can be written as
1
¢ (uy + uuy — uyy) = Dy (cu) 4+ Dy (Zcu2 - cuy> , (2.2.19)
for arbitrary u(x,y). When u(x, y) is a solution of (2.2.10) then (2.2.19) becomes

Dy (u) + D, (;u —cuy>

Thus the conserved vector is

—0. (2.2.20)
E2.10)

<u, %uz — uy> . (2.2.21)

2.3 Associated Lie point symmetries
A Lie point symmetry generator of the system is of the form
X=C’i(MLS)i+nl(z,lp,5)i+n2(glp,5)i. 2.3.1)
ox; oY dS
It is associated with the conserved vector T = (T?, T2, ...) provided [5]

XI¥N(T7) + T'Dy (&%) - T*Dy(&") = 0, (232)

where the prolongation X! is defined by
d 10
[ee] — =
N + Z Chyei aull =12 (2.3.3)

and

¢i =D (17"‘ - Cju]”-‘) +¢luf, (2.3.4)
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° solutions
iy = Diy - Dy, (11"‘ —¢ uj-‘) + ¢l (2.3.5)
and
ut =1y, 2 =8. (2.3.6)

Example continued
Continuing with the example in the previous section, we find the Lie point symme-
try
X=2¢'(xy u)iﬂfz(xy u)i+11(xy u)i (2.3.7)
r Y, ax 7Y ay 'Y, au

associated with the conserved vector (2.2.21) in order demonstrate the methods de-

scribed above. The associated Lie point symmetry condition (2.3.2), with i = 1 and
using the conserved vector (2.2.21), becomes

X(T") + T'D,&* — T°D,¢' =0, (2.3.8)
which expands to

82
17+u£—

12080 (08 9gl 1,08 200! _
o ok oy + (u - u uy + (uy) =0. (2.3.9)

ou Jdy 2 Jdu ou
Splitting equation (2.3.9) into coefficients of derivatives of # we obtain

o2 3t 1,98 _

uy . uw + @ - E ou y (2310)
2, %
()" 5 = 0. (2.3.11)
N 0g 1,05
Remainder: # + u@ — U T 0. (2.3.12)
Equation (2.3.11) implies
& =&(x,y). (2.3.13)
Substituting (2.3.13) into (2.3.10) we obtain
o¢? ogt

The second term of equation (2.3.14) is independent of u. Hence, the first term
should also be independent of u, that is

bl o¢!
u% = A(x,y), ny = —A(x,y), (2.3.15)

where A(x,y) is an arbitrary function of x and y. Hence integrating the first equation

of (2.3.15) we obtain
& = A(x,y) Inu+ B(x,y), (2.3.16)
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where B(x,y) is an arbitrary function of x and y. Substituting equation (2.3.16) and
the second equation of (2.3.15) into equation (2.3.12) we obtain

B 9A 9B 1,
n= —ulnu@ - u@ — 5l A(x,y). (2.3.17)

The associated Lie point symmetry equation (2.3.2), with i = 2 and using the
conserved vector (2.2.21), becomes

XU(T?) + 12D, &' — T'D,&2 = 0, (2.3.18)
which expands to
1 ,9¢ ag'  ag? ag>
un — gy + Eu > uyg — ua — uuxﬁ =0, (2.3.19)
where the prolongation ¢, using (2.3.4), is
ly = Dy — uyDy¢" — uy Dy & (2.3.20)

The prolongation g, can be further expanded to

_opop 08 9t 92 20¢
Ty = Fllys i oy lly - = iy oy (uy) = (2.3.21)

Substituting the prolongation (2.3.21) into (2.3.19) we obtain

1 2 1 2
dy 2 ox 0x ay ou
(2.3.22)
Y\ 9y du ox Yoou
Substituting equations (2.3.15), (2.3.16) and (2.3.17) into (2.3.22) we obtain
0A 0B 1 0?A B 1 ,0A
) oA ,0b L1 3 g 2y T2
u lnuay u 3y Tk A+ulnuay2 +u8y2 —|—2u ay—l—
1 ,0¢! 0A 0B
Y s S =2 2.3.23
SIS ulnuax Ly 2u A(x,y)+ ( )
0A OB ¢l 9A 2 A(x,y)
2Inu— +2— - B Wk —0.
Uy < nu 5 +28y +uA(x,y) 3 T 3y (x,y)) + (uy) ., 0
Splitting equation (2.3.23) into coefficients of derivatives of u we obtain
uy: A(x,y) =0, (2.3.24)
) 0A _OB ol 0A
u .Zlnu@%—Z@#-uA(x,y)—g%—@ =0, (2.3.25)
(uy)* : Alx,y) =0, (2.3.26)
2 2
Remainder : —u? lnua—A — uza—B — 1u3A + ulnua—A + ua—B + 1uza—A
dy dy 2 ay? ayr? 2 dy (2.3.27)
1
—|—1 2% _ lnua—A—ua—B =0
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It can be shown that equations (2.3.24) to (2.3.27) reduce to
g =2'(x), (2.3.28)
A=0, (2.3.29)
231; _ ‘ifxl _o, (2.3.30)
?)2; — g—]j =0, (2.3.31)
Differentiating equation (2.3.30) with respect to y we obtain
gzylf =0. (2.3.32)
Therefore, the first term of equation vanishes to give
B = B(y). (2.3.33)
Solving equation we obtain
B=ciy+cy, (2.3.34)
where ¢; and ¢ are constants. From equation we obtain
&l =2c1x +c3, (2.3.35)
where ¢3 is a constant. From equations (2.3.16) and (2.3.17) we obtain
F=ay+o (2.3.36)
and
N = —ciu, (2.3.37)
respectively. The symmetry generator then becomes
X = (2c1x +¢3) 9 + (c1y + c2) 9 clui. (2.3.38)
ox ay ou

We consider only the general case when c; # 0. The case when c; = 0 may lead
to another reduction, but it is not considered in this example. Hence, the Lie point
symmetry generator (2.3.38) may be divided by ¢; to give

o 0 o 0 0
X = (2x+c3)£—|—(y+cz)@—u@, (2.3.39)
where c; = c2/c1 and ¢; = c3/cq. For further calculations, we will omit * to simplify
notation.
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2.4 Invariant solutions of differential equations

Once the symmetry generator X is found using (2.3.2), the invariant solutions i =
f(x) and S = g(x) can be obtained using the following invariance conditions:

X(p—f (x))‘ =0, (2.4.1)
p=£(x)

=0. (2.4.2)
S=g(x)
This expands to first order linear partial differential equations for ¢ and S and they
are solved for i and S by integrating the differential equations of the characteristic
curves of the partial differential equations.

X(S—g(x))

Example continued

We continue with the example in the previous two sections by finding the invariant
solution. For this example with one dependent variable, the invariant solution u =
f(x,y) satisfies

X(u—f(xy)) =0. (24.3)
u=f(xy)
Equation (2.4.3) expands to
of of _
(2X+C3)$ + (]/—f—Cz)@ =—f. (2.4.4)

The characteristic equations for the linear partial differential equation (2.4.4) are

dx __ _dy _ df (2.4.5)
2x+c Y+ —f
The equation consisting of the first and second terms of (2.4.5) gives
y+c
— =1, (2.4.6)
4 9)"

where [; is a constant. The equation consisting of the first and third terms of (2.4.5)
gives

c3 1/2 _
(x + E> f=Dh, (2.4.7)
where I is a constant. Therefore the general solution of the partial differential equa-

tion (2.4.4) is
L = F(L), (2.4.8)

where F is an arbitrary function. Since f = u(x, y) it follows that the general solution
for u is

-1/2
uxy) = (x+5) @), ¢ = (xy:;;m (2.49)
2
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solutions

Substituting (2.4.9) into the partial differential equation (2.2.10) gives the ordi-
nary differential equation

1 1_dF dF  d’F

which may be rewritten as
A?F 1d 2
Fr + 2dE (EF—F*) =0. (2.4.11)

Therefore, we have reduced the partial differential equation (2.2.10) to the ordinary
differential equation (2.4.11) using the method of associated Lie point symmetry. The
ordinary differential equation (2.4.11)) can be integrated to give

dr 1 1,

9z + ECF - EF =k, (2.4.12)
where k is a constant of integration. This demonstrates the double reduction theo-
rem of Sjoberg [10,11] which states that if a partial differential equation is reduced
to an ordinary differential equation using a Lie point symmetry associated with a
conserved vector of the partial differential equation then the ordinary differential
equation can be integrated at least once.

2.5 Conclusions

In this chapter, we have demonstrated the associated Lie point symmetry method
through an example. The solution using an associated Lie point symmetry will be
derived for the two-dimensional and axisymmetric turbulent thermal jets in Chap-
ters 4 and 5, respectively.
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Chapter 3

Reynolds averaged Navier-Stokes
and averaged energy balance
equations applied to turbulent
thermal jets

3.1 Introduction

When a fluid with a larger momentum than the ambient intrudes through a conduit,
ajetis formed. Examples of such flow include gas exiting an aircraft nozzle. For this
dissertation, the intruding and the ambient fluids have the same intrinsic properties.
The line containing the center of the conduit and perpendicular to the conduit is
called the centreline of the jet. The mean velocity along the flow changes rapidly
with the axis perpendicular to the centreline. Hence the Prandtl boundary layer
theory apply for mean momentum. The mean temperature also changes rapidly
with the axis perpendicular to the centreline. Therefore boundary layer theory can
also be applied to simplify the energy balance equation.

The jet can be separated into three stages, the initial stage, the transitional stage
and the fully-developed turbulent stage [16]. The flow is laminar in the initial stage
and turbulent in the fully developed stage. The analytical solutions to the initial
and transitional stage are not easily accessible. The velocity profiles in these regions
depend on the geometry of the nozzle. In the fully developed stage, the jet can be
simply modelled by a fictitious point source ejecting heat and momentum into the
ambient fluid [16]. This point is close to the conduit. This dissertation considers the
fully-developed turbulent stage.

The irregular nature of turbulence makes it difficult to model mathematically.
Reynolds [17] proposed the idea of splitting every variable in the Navier-Stokes
equations into mean and fluctuations. The fluctuations are supposed to model the
irregular nature of turbulence. The problem with this approach is that the aver-
aged Navier-Stokes equations now contains more unknowns than the number of
equations. The additional quantities are called the Reynolds stresses which are pro-
portional to the covariances of velocity components. The Boussinesq approximation
writes these Reynolds stresses in terms of the mean velocity gradients by introduc-
ing the eddy viscosity. The eddy viscosity can be interpreted as an additional drag
to the mean flow. The eddy viscosity is the property of the flow not of the fluid.
The averaged Navier-Stokes equations with the Boussinesq approximation are sim-
plified using boundary layer theory. The eddy viscosity is modelled using Prandtl’s
mixing length hypothesis.
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The energy balance equation is also averaged by splitting the temperature and
the velocity components into mean and fluctuations. We also encounter the clo-
sure problem which is resolved by introducing the turbulent thermal conductivity.
Similar to eddy viscosity, the turbulent thermal conductivity is a property of flow,
not of the fluid. The averaged energy balance equations with the turbulent ther-
mal conductivity are simplified using boundary layer theory. The turbulent thermal
conductivity is modelled using the thermal mixing length.

In this chapter, the governing equations for the two-dimensional turbulent ther-
mal jet are derived in Section 3.2 and the governing equations for the axisymmetric
turbulent jet are derived in Section 3.3. The derivations for both the two-dimensional
and the axisymmetric jet follows the six steps:

(1) Derive the average the Navier-Stokes equations by splitting every variable except
for density into mean and fluctuations (subsections 3.2.1 and 3.3.1),

(2) Average the energy balance equation by splitting every variable in the energy
balance equation into mean and fluctuations (subsections 3.2.2 and 3.3.2),

(3) Introduce the eddy viscosity and the turbulent thermal conductivity in order to
resolve the closure problem (subsections 3.2.3 and 3.3.2),

(4) Apply the boundary layer approximation on both the averaged Navier-Stokes
equations and the energy balance equation (subsections 3.2.4 and 3.3.3),

(5) Derive the formula for the eddy viscosity and turbulent thermal conductivity in
terms of the momentum mixing length and thermal mixing length (subsections 3.2.5
and 3.3.4),

(6) Derive jet boundary conditions (subsections 3.2.6 and 3.3.5). A summary of the
governing equations is given in Section 3.4 and the conclusions are given in Section
3.5.

3.2 Two-dimensional thermal jets

In this section, we derive the governing equations for the two-dimensional turbulent
thermal jet. The two-dimensional jet assumes that the width is very large when
compared with height of the conduit. Therefore the jet flow is symmetrical along the
width of the conduit and the only axes considered are the axis perpendicular to the
cross-sectional area of the conduit and the axis along the height of the conduit.

3.2.1 The Reynolds averaged Navier-Stokes equation

The cartesian coordinate axes are constructed in a such a way that the point source
resembling the conduit has the coordinates (0,0) and the jet flows parallel to the
positive side of the x-axis. Hence, for the region we are studying, x is positive. Time
is represented by t. The velocity components vy, v, and v, represent velocities along
the x, y and z axes, respectively. Pressure and density of the fluid are represented by
p and p, respectively.

The Navier-Stokes equations in cartesian coordinates are

X
@—HJZ 9z  pox

00Uy 00y v 00y 1ap %v,  9%*v, 9%,
5 + Uy o + oy v Fy) + 8y2 + 522 ) (3.2.1)

vy dvy vy dv,  1dp , <azvy N 9%, N azvy> (322)
e

ot T Ty T T Tody a2 Ty
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00, du

. 90, dv,  1ap 0%v, 0d%v, 0%,
B Ty Ty T T e TV e T T )r 629
where v is the kinematic viscosity. For an incompressible fluid the continuity equa-
tion is

90y + % % —
dx  Jdy 9z

But for a two-dimensional jet, v, and % are zero. Thus, equations 1D to 1)

(3.2.4)

become 5 5 5 5 52 52
Uy Uy vy  lop Uy Ox
? + ng + ’U]/@ = Ea 1% <ax2 + ‘ayz > ’ (325)
vy dvy dvy  1ap *v, v,
j_}_vxg‘i_vy@ — _E@ 1% W aiyz 7 (32.6)
_ 9
0= F (3.2.7)
vy duy
o oy 0. (3.2.8)
We introduce an averaging operator, defined when applied to F as
— ) 1 (N P
F(x,y,z) = 1\111310 N /0 F(x,y,z,t)dt, (3.2.9)

The averaging operator, (-), gives the time average of F. The averaging operator is
linear, that is

F+G=F+gG, (3.2.10)

kF = kF, (3.2.11)

where k is a constant. The averaging operator is idempotent, that is

|

=F, (3.2.12)
In general o -
FG#FG. (3.2.13)
The averaging operator commutes with spatial differentiation:
oP 0P
— =, 2.14
axi axi (3 )

We can write the velocity components and the pressure as the sum of a time average
and fluctuations. Thus

vi(x,y,t) = Bi(x,y) + 0}(x,y,t), (32.15)

p(x,y,t) =p(x,y) +p'(xyt), (3.2.16)

where the prime represents the fluctuations. Applying the averaging operator, (-),
on both sides of the system of the partial differential equations (3.2.5), (3.2.6) and
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we obtain

aavx * xaa +o yaav; = ;gZ+v<%2;" f;;‘) (3.2.17)

aavty”x%vy+ yaavyy —;ggﬂ (%234%2;5), (32.18)

a;; + aavyy =0. (3.2.19)

In order to show that the averaged time derivatives in (3.2.17) and (3.2.18) vanish we
make the following assumptions:

1. v; and % are continuous with respect to ¢,
2. limn_0 0i(N,x,y) /N = 0 for all (x,y) in the jet,

where i = x,y. Assumption 2 is reasonable since the velocity of the jet does not grow
to infinity as time increases. Instead, we expect the velocity to fluctuate about the
steady state mean velocity. Hence

20 B N 801
o -t
hm —v;(t, x, y) (3.2.21)
N t=0
= lim lv»(N X,Y) — lv'(O X, Y) (3.2.22)
- N—soo N 1 7 /]/ N 1 7 /y Rl
=0+0=0. (3.2.23)

Substituting equations (3.2.15) and (3.2.16)) into (3.2.17) and (3.2.18) and using the

fact that averaged time derivatives vanish we obtain

_ 9 ,_ _ 90 10p %0, 9%,
AR / 1\ ry — - F
(0x + U")ax (O +0y) + (0y + vy)ay (0x + V) 5 3x +v ( 332 + 3y ) ,
(3.2.24)
_ 0 [ _ 9 /_ 19p 20%t, 0%0
(@ o) (@) + o) g (o oh) == 50+ v (ay g
(3.2.25)

Using the averaging operator properties (3.2.10) to (3.2.14) to simplify (3.2.24) and
(3.2.25), we obtain

_ J0y % oY, ovh _lop %0,  0%7,
Ux o +7 Y3y + v} 5 % 3y~ pax V3 + 32 (3.2.26)
_9dv, _ 99, v, 9v,  19p °vy, azvy
ng‘*'vy ay "‘ng“—vy@ = _E@—{_V axz + ay (3227)
Using the product rule
dv; 0 00;
] _ i
Z)iafxi = 3 1 (vivj) U]'afxi, (3228)



3.2. Two-dimensional thermal jets 15

equations (3.2.26) and (3.2.27) become

_ 00y  _ 00y _, (00, 07 0, , , . 0, . 1dp
vxg%—vy@—vx <ax 8y> +@(vxvy)+a(vxvx) = _E$+
(3.2.29)
, %7, N 0%7,
ox?2 a2 )’
9, _ o, ov, 0N ., a,,,. 19p
Uxm -+ 0y 3y -0l (ax +8y> +£(vay) + @(vyvy) =03y
- (3.2.30)
azvy N azvy
awra ay?
Subtracting equation (3.2.19) from (3 we see that
v, av'y
ety =0 (3.2.31)

Hence the third terms under the operator (-) in equations (]3.2.29[) and (]3.2.30[) vanish
to give

_ 00y _ 00y O m d—— 10p %0, 9%,
ng + Oy—— ay @( y) + a(?]xvx) = Ea +v 9x2 + ayz ’ (3232)

aﬁy 59 s s 19p %7, %7y
Ur s @ + 87( Loy) + @(vyvy) ~ ooy TVl T Ea (3.2.33)

From above, we see that we have a system of three partial differential equations

(13 2. 19[} (13 2. 32[) and (13 2. 33[) with six unknowns p, v, 7y, vgcv’y, 0.0 and v’ v’ This

problem is called the turbulence closure problem. The covariances pv}v

“Uys pv’ v’ and

pvy vy, are called the Reynolds stresses and will be related to the mean velocity gra-

dlents aaz’y", aaz;" and y in Subsection 3.2.3.

In summary:
The Reynolds averaged Navier-Stokes equations are

00y 00 _ 10p Ty | 00\ 90—~ 90—
Vx5 + 7y 3y 0dx v(ax2 a2 3 (vl.0h) ay(vxvy), (3.2.34)

Jvy duy,  1dp 82@ azﬁy 0 — 07—
Tt Y13 yay p8y+v<axz+8y2 —a(vxv)——(vv), (3.2.35)

Ty 0. (3.2.36)
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3.2.2 The averaged energy balance equation

The energy balance equation, with the viscous terms neglected, in cartesian coordi-

nates is 5 5 5 52 52
T T T T T

PCy |:at+’0xax+vyay:| =K <ax2+ ay2>/ (3237)
where T represents the temperature of fluid at time t and position (x,y), « is the

thermal conductivity of the fluid and c, is the specific heat capacity of the fluid at a
constant volume. The thermal conductivity and the specific capacity of the fluid are

assumed to be constant. Taking the averaging operator, (-), on both sides of li

we obtain
aT aT BT *T  9’T

As we have seen above for velocity, the averaged time derivative vanishes. We also
write the temperature as the sum of a time average and fluctuations:

T(x,y,t) =T(x,y)+ T'(x,y,t). (3.2.39)

Substituting equations (3.2.15) and (3.2.39) into (3.2.38) we obtain

0

_ *T 9T
P (vx—i—v;)g :K(

Frear

— B 9 _
(T+T)+ (oy +v’y)@(T—|— T')

> . (3.2.40)

Using the averaging properties (3.2.10) to (3.2.14) to simplify (3.2.40) we obtain

oT , _oT , oT'  ,oT o*T  o*T
PCy (Ux +0y=— +v + U{ > =K ( + 2) : (3241)

ax T oy T ax Ty a2 " oy

Using the product rule

0T 9, ,00;

Zaxl axz( uT) = T ot o5 (3.2.42)
equation (3.2.41) becomes

_oT _dT ov,  dvj, 0=~ , 0770
0Cy <vxax—|—vyay—|—T (8 + ay)—l—ax(vxT)—i—ay(vyT) =
(3.2.43)

axz  oy? )’

Again, using (3.2.31) the third term under the averaging operator (-) in equation

(3.2.43) vanishes to give
o’T 9T
Hence, in summary:

50T - 9OT\ _ 9 (T I 9 (9T I
0Co (vx py + 7y 8y> =30 (Kax pco (V)T )> 3y <K 3y pcy (0, (0, T') ). (3.2.45)

T 0T 0o 0
peo (335 + 305, + 35 @RT) + 5T




3.2. Two-dimensional thermal jets 17

3.2.3 Eddy viscosity and turbulent thermal conductivity

Joseph Valentin Boussinesq in 1877 related the covariances v;v; with the mean veloc-

ity gradients by introducing the eddy viscosity, ji1, defined by

Jv;  d0;
— ovlv! = ha A}
pUV; = pr <8xj + axi> . (3.2.46)

Dividing equation (3.2.46) by p gives

Jv;  Jy;
where
vy = P‘pT (3.2.48)

is called the kinematic eddy viscosity. The Reynolds averaged Navier-Stokes equa-

tions (3.2.34) and (3.2.35)), written in terms of (3.2.47), become

5xaﬂ+ﬁy%:_laj+i (V—f—VT)aﬁ _|_i (1/—|—1/T)%
ox ay pox  o0x ox ay ay
L (3.2.49)
ox \ '\ox "oy ))’
v v 1dp 0 v 0 v
@% +ﬁy% = —fa—p t55 ((1/ + VT)z;);) +ta, ((v+vT)avy>
y oo Y Y (3.2.50)

_|_i v J0x 4 @
oy \ T \ox "oy /)
Using the continuity equation (3.2.36)) for the mean velocity the last terms of (3.2.49)

and (3.2.50) vanish to give
_ 00y _d0y  1ldp 0 J0y ) d0y
'Uxa + Uy@ = 0 ox + x ((V > + <(V +VT) > , (3251)

_ 9y, _ vy, 19p 9 9,\ 9 v,
ng + Uy@ == _E@ + a ((V + VT)ax) + = <(V + VT>ay> 7 (3252)

where v + vt is the effective kinematic viscosity.

The covariances T'v; are related to the mean temperature gradient by
= oT
pc, T'v! = _KTBTC/ (3.2.53)
where k7 is turbulent thermal conductivity. Substituting (3.2.53) into (3.2.45) gives

_oT _dT d oT d oT
0Co (vxax —H)yay) =35 ((K—l—KT)ax> + 3y ((K+KT)ay> , (3.2.54)

where x + «t is the effective conductivity.
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3.2.4 Boundary layer approximation

Boundary layer theory does not require a solid boundary to be applicable. It applies
to jets, wakes and plumes, as well as boundary layers, in which there is a region
of rapid change. In the two-dimensional jet 7, (x,y) changes rapidly with y in the
region of the centreline of the jet.

Let

e characteristic thermal conductivity be xy,

e characteristic dynamic viscosity be vy,

o characteristic pressure be P,

e characteristic distance in the x-direction be L,
o characteristic temperature be Ty,

e characteristic velocity in the x-direction be U,
o thickness of velocity boundary layer be dy,

e thickness of thermal boundary layer be J7,

e characteristic velocity in the y-direction be V.

The boundary layer approximation must still satisfy the continuity equation. Hence
the continuity equation
00y JUy

= = 3.2.55
ox "oy 0 (3:2:55)
gives
@] o] (3.2.56)
[ Y]
which after substituting characteristic lengths and velocities becomes
V= (%V : (3.2.57)

We note the following;:
e when differentiating T with respect to y, y is scaled with d7.
e when differentiating v, and v, with respect to y, y is scaled with éy.

Hence we define dimensionless variables

= T . P R _. L
T =1, =15 o= 15 %= 5ot (32.58)
«  K+KT « VT «_ X x_ Y Yy
— — == = 2.59
K p— v — X' =1 Vo=, % e (3.2.59)
which when substituted into the momentum equations (3.2.51) and (3.2.52) gives
_,00% _,J0% P op* vy 9 ov; L2y 0 ov
U T Ovay T pPax T uraxw \"av) T @uray \" ay)r G0
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G (s ) < o2 ()

Pz \ %o Tay | T o TP o \V an
- (3.2.61)
4 Vopll d 1/* avy
LP oJy* ay* |-
For the pressure gradient to balance with the inertia term in (3.2.60) we take
P = pU> (3.2.62)
The Reynolds number,
Re = E, (3.2.63)
Vo

which is the ratio between inertial and viscous forces, is an important dimensionless
number for predicting the flow patterns of the jet. For turbulent flow the Reynolds
number is very large. Writing equations and in terms of the Reynolds
number (3.2.63) we obtain

. [ i p* 1 0 T 1 /L\* o oT"
* 27X KX — X — = X 3.2.64
Orgpr T Iy* 9 | Reoxr (V 8x*> T Re <5v> Iy* (V By*> a )

2 ( o7, av, 7" 2 o7,

Sv Tyt + T S VA N P

L ax*  Yoy* dy*  Re \ L) oy* ay*

N 19 J o,

Re dy* ay* |-
The rapid change of 7, with y in the region of the centreline should be just sufficient

to prevent the viscous term in (3.2.64) to be the same order of magnitude as the
pressure gradient and inertial terms we require that

(3.2.65)

1 /L\?
— | — ~ 1. 2.
Re < 5v> (3.2.66)
We take L 1
— = . 3.2.67
v +/Re ( )
Equations (3.2.64) and (3.2.65) become
_, 00y 00y  Odp" 1 0 L 00% 0 L 00
Ry + 7, By = ax + Reo \V 3x0 + 3y v 3y ) (3.2.68)

1 ([ 85; B 85; op* 1 9 85; 1 9 85;
. k % — - * _ * . .2.
Re (v" axr % Iy Iy* T Re2 Iy* Y Iy T Re Iy Y Iy (3.2.69)

In boundary layer theory, v is small and Re is large. In turbulent flow Re is large. We
assume that

VRe >> 1, (3.2.70)
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which reduces equations (3.2.68) and (3.2.69) to

_,0uy _, 00y ap” d L 00
vxax* +7, 3y = a3 + 3y (1/ ay*> , (3.2.71)

ap*
ay*
Writing equations (3.2.71) and (3.2.72)) in terms of original variables we obtain

(3.2.72)

__lp 3 <(1/ +VT>BUX> , (3:273)

P _ (3.2.74)

This implies that the mean pressure is constant along the y-direction. The main-

AY _ laminar flow
Vx (va} =0

FIGURE 3.1: Schematic diagram of the turbulent jet

stream flow is steady and laminar and the Euler equation applies. Thus

au dp
—_— = . 2.7
dx dx (3.2.75)
But for jet flow ‘fi—lj. Therefore equation (3.2.73) reduces to
9P vy = 0 (3.2.76)

dx

at the boundary of the jet. However, equation (3.2.76)) is applicable inside the bound-
ary layer since the mean pressure was shown to be the same along the y direction.

Hence, equation (3.2.73) becomes

9, _ o 0 95,
Ui+ Ty 2y oy ((v +vr) 3y ) . (3.2.77)
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Writing the energy balance equation (3.2.54) in terms of dimensionless variables

we obtain
v o [ T v (L\* 9 [ ,oT
2 K +— (= K .
UL ox* ox* UL \ér/) oy* oy*

(32.78)

—x BT* (571/6*87?* . Ko
Yox*  or Yoyt pcyvp

Now the turbulent Prandtl number is

viscous diffusion rate 10
Pr = = . 2.7
"~ thermal diffusion rate (r0/ (pcv)) (3.2.79)

In (3.2.79) the characteristic vy and xo for v 4+ vt and « + x7 were used. Equation
(3.2.78) becomes

T é6y_oT 1 9 [ ,oT 1 (L\*> o ( ,oT

Orgxr T or Y dy*  PrReox* (K 8x*> T Prre ((57) ay* (K 8y*> - (3:280)
Now we will consider PrRe to be large. The rapid change of T with y in the region
of the centreline should be just sufficient to prevent the thermal conduction term on
the right hand side of (3.2.80) from being negligible, even though PrRe is large. For

the thermal conduction to be the same order of magnitude as the conduction term
on the left hand side we require that

1 [/6r\°
PrRe <L> ~ 1. (3.2.81)
We take 5 .
T
— = . 3.2.82
L \/PrRe ( )
From (3.2.67) and (3.2.82)
)
51 = Pr. (3.2.83)
T

Equation (3.2.80) becomes

_ T _OT _|Pr o ( 0T o ([ ,oT
et \/ﬁvya?f = [Re e <;< 8x*> T oy <K 3y*)] : (3.2.84)

We consider
Pr ~1. (3.2.85)

Then from (3.2.83), 67 ~ Jdy and the thickness of the thermal boundary layer is the
same order of magnitude as the magnitude of the momentum boundary layer. Since

VvV Re >> 1, equation (3.2.84) reduces to

_oT" T 9 [ ,oT
O35 + VP, S = 3y (K ay*>’ (3.2.86)

which, when written in original variables, gives

_oT _aT 0 oT
PCy <Uxax +Uyay> = @ ((K‘l‘KT)ay) . (3287)
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3.2.5 Mixing lengths for the momentum and heat transfer

The mixing length for the momentum transfer and heat transfer has been considered
by Schlichting and Gerstern [1].

Consider first the mixing length for the momentum transfer. Consider mean flow
particles parallel to the x-axis illustrated in Figure 3.2:

Ex - Ex(x, y), Ey - 0, 62 - O. (3-2.88)
Thus 95 9% .
N Uy Uy [

Tr = Toy = —PUVy = YT < 3y + W) Hr = 3y (3.2.89)

>
Vx.y)

FIGURE 3.2: Demonstration of the mixing length for the momentum
transfer.

Ludwig Prandtl approximated the Reynolds stresses in terms of the characteristic
length I called the momentum mixing length, which is the average distance travelled
by a fluid lump before mixing with the mean flow. As the fluid lump shown in
Figure 3.2 travels from level y + I’ to y it retains its momentum in the x-direction
and therefore retains its velocity in the x-direction. Thus

v = —Oy(x,y +1") + 0x(x,y). (3.2.90)

Expanding 7, (x,y + I') using the Taylor series expansion to first order equation

(3.2.90) becomes
v, = —1'=—. (3.2.91)

Prandtl assumed that v, and v/ are of the same order of magnitude. Fluid lumps
which arrive at level y downwards from above have v, > 0 and v} < 0 while the
fluid lumps which arrive at level y upwards from below have v;, < 0 and v} > 0.
Hence v}, and v}, always have opposite sign and

z/y(x,y) = _CZIW’ c>0 (3.2.92)
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where c is a positive constant. Thus

=\ 2
= —pvlv), vy = ol? (aavyx> (3.2.93)

where o
1> = cI'l. (3.2.94)

But the sign of 77 must change with the sign of % and it is therefore correct to write

d7, | 0T
N V) Rl il
T = pl 3y | 3y (3.2.95)
where [ is the momentum mixing length and
UT 2 E)vx‘
vp=1— =1 (3.2.96)
P dy

The constant c is absorbed into the mixing length I. Substituting equation (3.2.96))
into (3.2.77) we obtain
> av") . (3.2.97)

7,20 g, _ O v+ 13(x)
Tox Yoy oy oy

The mixing length | will be assumed to be a function of the x only.

Consider next the mixing length for the heat transfer. We require an expression
for the turbulent thermal conductivity, 7.

From the y-component of the turbulent heat flux vector h satisfies

o,
Y

T S
hr = —KT@ = pch’v]’/. (3.2.98)
We use dimensional analysis to obtam . The heat flux, p <, is assumed to depend
on |Tg| , 9T | and Iy to give the relation

hr (1]
pcv_< ) <’ ) ke (3.2.99)

where the exponents 4, b and c will be determined using dimensional analysis. The
notation used for dimensions is:

e dimension of temperature is 0
e dimension of time is T
e dimension of length is L

Square brackets indicate the dimension of the quantity enclosed by them. Therefore

hrl = L8
[Pcv] — [77] = = (3.2.100)

o B B O
[p] =[] = = (3.2.101)
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oT] 6
—| == 3.2.102
ElR 3:2.102)
[lg) = L. (3.2.103)
Substituting these dimensions into (3.2.99) we obtain
L2\ 6\’
=) (+) L~ 2.104
or-t = (2)' (9 o208
Equating the exponents of L, T and 6 we obtain
L:1=2a—b+c, (3.2.105)
T:-1=—2a, (3.2.106)
0:1=0b, (3.2.107)
which gives
1
a= 3, b=1, c=1. (3.2.108)

Substituting equations (3.2.108) into (3.2.99) we obtain

oT

hr oT
Iy

- <rrﬂ>5
0PCy Y

The temperature is the highest at the centreline of the jet and decreases as we move
away from the centreline. Hence

Iy, (3.2.109)

oT
— 211
3y <0 3 0)
in the upper half, y > 0, of the jet. Therefore for the upper half of the jet
1 _—
2
b _ —Ip ('TT'> T (3.2.111)
PCo p ) 9y
But from (3.2.95)
— |2
el _ 2|90 (3.2.112)
P %y
and therefore o
b |90 9T (3.2.113)
pco dy | dy
Hence from (3.2.98)
a@_x
KT = PColgl . (3.2.114)
P dy
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The thermal mixing length Iy is assume to be a function of x only. Substituting equa-

tion (3.2.114) into (3.2.87) we obtain

_oT _doT 0 K dvy |\ T
Ura s —I—ZJy@ =3 [(,OCU + pcolg(x)1(x) 3y > ay] . (3.2.115)
3.2.6 Boundary conditions
The jet is symmetrical about the centreline, y = 0. Hence
3,(x,0) = 0. (3.2.116)

The x-component of the mean velocity is maximum at y = 0. Hence

@(x,o) =0. (3.2.117)

The temperature at the boundary of the jet is ambient. i.e.
T(x,yrp(x)) = T, (3.2.118)

where y7,(x) is the thermal boundary of the jet in the region y > 0 and T3 is the
ambient temperature. The temperature is maximum at the centreline of the jet, y = 0.
Hence

oT
@(x,O) =0. (3.2.119)
ANY laminar flow
Ts y=yx)
jet
|
0)=0 v’f
v x,0)=
—> T i >
|
|
A

FIGURE 3.3: Schematic diagram for the mean velocity profile

The mean velocity flux through the jet boundary with normal 7 is zero (see Fig-
ure 3.4). Thus
vy =yp(x) : Uycosa — Uy sina = 0, (3.2.120)

where « is the angle between the tangent of the jet boundary and the x-component

of the mean velocity. Writing this equation in terms of dimensionless variables gives

*

5
y=yp(x) : 77, cota —7; =0, (3.2.121)
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FIGURE 3.4: Schematic diagram of the boundary of the jet.

which, since va is very small, reduces to
oy (x,yp(x)) = 0. (3.2.122)

The flow is laminar at the boundary. Hence

-
vr(x,yp(x)) = avyx (x,y8(x)) =0, (3.2.123)
which gives
90, B
@(x, yp(x)) =0. (3.2.124)

FIGURE 3.5: Schematic diagram of the boundary of the jet.

Let _
oT

hx = — (K + KT) a, (32125)
oT

The heat flux through the jet boundary with normal 7 is zero (see Figure 3.5). There-
fore
v =yrp(x) : hysina — hycosa = 0, (3.2.127)
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which, after substituting (3.2.125) and (3.2.126), becomes
. oT oT
Yy =yrp(x) : sin (o —cos a@ =0. (3.2.128)

Writing (3.2.128) in terms of dimensionless variables gives

Sy . oT oT"
_ oV _ - 2.12
Y =yrp(x) [ Sinas - —cosa oy 0, (3.2.129)
which, since
oy
T << 1, (3.2.130)
reduces to _
L (32.131)
y = yTb : ay = U. L.

3.3 Axisymmetric thermal jets

In this section, we derive the governing equations for the axisymmetric thermal jet.
The conduit for the axisymmetric jet is circular and the flow is axially symmetric.

3.3.1 The Reynolds averaged Navier-Stokes equations with eddy viscos-
ity

The cylindrical polar coordinate axes are constructed in a such a way that the point
source resembling the conduit is at the origin and the jet flows in the positive side of
the z-axis. Hence, for the region we are studying, z is positive. Time is represented
by t. The velocity components v;, vy and v, represent velocities along the 7, ¢ and z
base vectors, respectively.

The Navier-Stokes equations written in cylindrical polar coordinates are

00, Ué 1ap » v, 2 0vy
(o V)o, - L= -8 i ) 3.1
o T Vo -~ par+v[Vz; " rza(l)] (3.3.1)

dvy vevy 1 dp » vy 2 0v,
W+(QZ)U¢+ ; ——ma(l)+V|:V U¢_7’2+1’286P:|’ (332)

v, _lop ’
o +(v-V)ou, = piaz + vV, (3.3.3)
and the continuity equation for incompressible fluids is
d

9 o 190, oz _ (3.3.4)

o9 oz

or 7
where
0 U¢ 0 d

Q-Z:vrng?%Jrvzg, (3.3.5)

72 19 1 92 02

2_7 — — PR
Vi = or2 + r8r+r28¢2 + 022

(3.3.6)
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For the axisymmetric jet with vanishing azimuthal velocity

vy =0, (3.3.7)
)
Fr 0, (3.3.8)
which reduces equations (3.3.1) to (3.3.4) to
vy ~1op 2
g + (Q : Z)vr — _Eg + I/V Oy, (339)
v, _lop ’
at + (Q Y)Uz - p az —"_Vv Oz, (3310)
v, v,  0Uy
where
v-V 9 + 9 (3.3.12)
R o
2 19 9

V2 = (3.3.13)

T rar T e
The averaging operator (-) defined by 1b also apply for cylindrical coordinates.

The averaged time derivative vanishes. Applying the averaging operator (-) on the
system of partial differential equations (3.3.9) to (3.3.11) we obtain

’Ury + Uzg = Ea + vV Oy, (3314)

00, du,  1dp 2
UVW + vzg = Eg + vV, (3.3.15)
o | T, 0 _
or r 9z
We write velocity components and pressure as the sum of a time average and fluc-
tuations. Thus

0. (3.3.16)

vi(z,1,t) = 0i(z,7) + vi(z,1,1), (3.3.17)
p(z,1,t) =D(z,7) + p'(z,7,1). (3.3.18)
Substituting equations (3.3.17) and (3.3.18) into (3.3.14) and (3.3.15) we obtain

) __
(0, + v;)§(@ +0)) + (0, + U;);Z(vr +0l) = _;‘;’: + V25, (3.3.19)
d d 10p

The averaging operator properties listed in (3.2.10) to (3.2.14) apply to cylindrical
polar coordinates as well. Using the averaging operator properties (3.2.10) to (3.2.14)

to simplify (3.3.19) and (3.3.20) we obtain

+ 0, 52 + 0, 5 + vl 5z = por +vV-<o,, (3.3.21)
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5,99 15,90 0% 9% 1P g2y
Uy P + 7, 5 + vl 5 + vl s 09z +vVo,. (3.3.22)
Using the product rule
Jdv; 9 9v;
] 1) — it
v; 5%~ ox, (viv;) — vj T (3.3.23)

equations (3.3.21) and (3.3.22) become

_dv, _ Jv, v, Jvl d d 1dp 2
_ _ L ml _r _z _ ! 79! /o)y — "

Uro -+ 0o 0 ( 5 T, ) + ar(vrvr) + az(vzvr) 59 +vV7o,, (3.3.24)

*@ *@_l % % i// 2//__382 25

U -+ o U < 5 T )t az(vyvz) + ar(vsz) = o0 +vV-D,. (3.3.25)

Subtracting equation (3.3.16) from (3.3.11) and using (3.3.17) we obtain

v,  dv, v,
— == 3.2
or 0z r (3:3.26)

Substituting equation (3.3.26) into (3.3.24) and (3.3.25) for the third terms of the left
hand sides we obtain

00,  _ 00, VW, 075 O0——  10p 2
Ors + Ui + . + g(vrvr) + E(v,vz) = oor +vV<o,, (3.3.27)
avz . avz @ a e a 7 / o 1 a? 27
e E(vrvz) + ﬁ(vzvz) = o +vV<o,. (3.3.28)
Hence in summary:
_d0, _do,  1dp e UL 0 0
s + Ui = ~oor +vV, — P g(vrvr) — a—z(vzvr), (3.3.29)
_J0,  _ 00, 10p e UL 0 0
’UrW + ’Uzg = _Eg +vV U7 — p — E(U},Uz) — $(UZ'UZ), (3330)
9o, T 00,
=y Tz 3.31
8r+r+8z 0, (3.3.31)
where 5 )
d 19 0
2
o 3.32
v 2 T rar T oz (3:3.32)

The Reynolds stresses are pv,v;, pviv, and pv.v,, which can be written in terms of
the mean velocity gradients using the Boussinesq closure model (3.2.47) as

v — dv, Jv — v
vl = —ZVT—U Lo, = —vr (UZ + w> , Lol = —21/T&. (3.3.33)

ar’ ar oz Jz
Hence
o % _ 195, 2 AW LI ] o,
“or o 0z  por + or ((V+VT) 87) + ror (v +vr)or) + 0z <(U+VT) 82)

O, (%,
or VT or T 0z !
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v, _9dv,  10p 00, 10 .9 97,
——+7 = +<(”+VT>ar>+rar(<“+VT)vZ)+az((”+VT)az>

L[, (0 T,
oz \ "\or v "9z ))"
(3.3.35)
Using equation (3.3.31)) the last terms of (3.3.34) and (3.3.35) vanish to give
a7, 19
Ur) +-=— ((v+v1)7y)

5% 5,90 Lop | o <(v+v)
r_ z N — T S, e T) .
or 0z por  or or ror (3.3.36)

~|—i (v+v)@
r)5. )

0z
J0. J0. 1dp 9 J0. 10
5z 4t = P O ) ZE) S (v ur)Es)
0 ) poz  or or ror
~ (3.3.37)
+i (v+v )%
0z oz )

3.3.2 Energy balance equation with turbulent thermal conductivity

The energy balance equation written in cylindrical polar coordinates is

2 2
oT E)T} _ <8 T 10T o T>. (3.3.39)

oT o°T 10T 0T
or2  rar 072

0Cy [é)t + Ura + Uzg
Writing equation (3.3.38) in terms averages and the fluctuations (3.3.17) and (3.3.18)
and using the fact that the averaged time derivative vanishes we obtain
o | (T +v/)i(T+T/)+(5 +z/)i =K OT 19T T
peo |00, ° oz o \or2 ror  9z2)°
(3.3.39)
Using the averaging properties (3.2.16) to (3.2.14) to expand the equation (3.3.39) we

(T+T)

QO

obtain
oT oT oT’ oT’ *T 10T 9°T
= - / / — _ __
=x <872 + - + 622) . (3.3.40)

Peo [”r TOg T Ty

or

Using the product rule
9oi (3.3.41)

T’ d
12 Yy PV
vi axi Bxi (UZT) T Bxi’

equation (3.3.40) becomes

7@ 7@_ ! % % i ! T/ 2 / ] —_
Peo lvrar “’Zaz T <8r + 82> +8r(vrT)+az(va) -

K(aZT 19T 82T>

(3.3.42)

R e
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Substituting equation (3.3.26) into (3.3.42) for the third term of the left hand side we
obtain -

0T | _oT T, | 0—=r O mr| _

0Cy [v,ar—i—vzaz—i— p +§(UTT)+$(UZT) =

o o B (3.3.43)
T 10T | 9T
a2 ror 922 )’
Hence in summary:
oc {v i +0 E)T} =
or oz (3.3.44)

2 i_ 1T 1 i_ 1T/ 3 @_ ! T
5 (Kar Pcv(vrT)>+r<K8r pco(vLT") +az K pco(0LT7) | .

But equation (3.2.53)), which is expressed in cartesian coordinates, becomes in cylin-
drical polar coordinates

— oT S— oT
pc, T'v) = —KTg, pc, T'v, = —KTE. (3.3.45)

Thus equation (3.3.44) becomes
_oT _ oT 0 oT 19 _
0Cy [v,ar + vzaz] = ((K + %) 81’) + e ((k+x7)T) +
9 (x +x7) i
0z 9z )

3.3.3 Boundary layer approximation

Let

(3.3.46)

e characteristic thermal conductivity be

e characteristic dynamic viscosity be vy

e characteristic pressure be P

e characteristic distance in the z-direction be L
e characteristic temperature be Tj

e characteristic velocity in the z-direction be U

e thickness of velocity boundary layer be v

thickness of thermal boundary layer be ér
e characteristic velocity in the r-direction be V.

From the continuity equation for the mean velocity,

9, v 00,
we have _ _
o] [o]

[z [l

, (3.3.48)
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which gives
oy
V= TU. (3.3.49)
As with the two-dimensional boundary layer we make the following scaling:
e when differentiating T with respect to r, r is scaled with Jr.
e when differentiating 7, and v, with respect to r, r is scaled with dy .

We define dimensionless variables

— T . P [ _ L o,
T g -, * g -, * = -, * = ~ T/ e
T p P AT, U, 5, U (3.3.50)
X K+ KT " V4T « Z X r r
= , — i = -, = — or —. 3.3.51
K . v ” z i r 5 or 5 ( )

Substituting these dimensionless variables into the momentum equations (3.3.36)

and (3.3.37) we obtain

1 <*av;‘ *av;‘> ap* 1 0 (*Bv;‘> 1190, ..,
— |7 +7; = + v + v'oy) +

Re or* oz* ~ort | Reor* or* Re r* or* (

L5 o (3.3.52)
Re? 9z* <V 82*) ’

_, 00} +5*85;‘ __dp L J V*a@ +l 0 (v*5!) + 1 9 v*85§
"ort ozt 9z Orx or* r* or* #/ " Reoz* oz )’
(3.3.53)
where
P = pU?, (3.3.54)
Re = ut (3.3.55)
v
and
by = L (3.3.56)
V \/Rie/ . .
which, for large Reynolds number, reduce to
ap”
5 0, (3.3.57)
_,00; _,00;,  OJp" ) , 002 19, .,
U5 + 7, S = s + 5 \V 5 + pgwn (v'o%). (3.3.58)
Writing equations (3.3.57) and (3.3.58) in terms of original variables we obtain
op
5 0, (3.3.59)

5, _ 0. 105 9 5.\ 19 _
[ 7 +027 = ———=+ 7 (<V+VT)> + ;§ ((V+VT)UZ). (3360)
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It follows from (3.3.59) that p = p(z). The flow outside the jet is laminar with 2 = 0
for the mainstream velocity U. The Euler equation outside the jet gives

_op
0=—3" (3.3.61)

and since p = p(z), equation (3.3.61) applies inside the jet. Therefore equation
(3.3.60) becomes

_9dv, _d0, 0 07, 10 _
5,0 4.0 = 0 <(V+VT)81’> o2 (). (3:3.62)
Ar laminar flow

v

FIGURE 3.6: Schematic diagram for the mean velocity profile of the
axisymmetric jet

Writing the energy balance equation (3.3.44) in terms of dimensionless variables
we obtain

—t —t

P,*@+5*3T ) K*aT* +li(K*T*)+ 19 (.oT
"0 o Z9z* o or* r* or* PrRe 9z* azx |’

(3.3.63)
where
(5T = (5v\/ Pr. (3364)
We again consider Pr ~ 1. Since v/ Re >> 1, equation (3.3.63) reduces to
oT" oT 9 oT" 10 [
Prof— 470 = — | x* —— (x"'T" ). 3.
ﬁv’ or* T 0z*  or* <K or* ) + r* or* (K ) (3.3.65)

Writing (3.3.65) in terms of the original variables we obtain

oT oT 0 oT 19 =
Up=—+0;— | = — — —=— . 3.3.66
0Cy [vr 5 +vzaz} 5 ((K—I-KT) 8r> + o ((x +xr)T) ( )
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3.3.4 Mixing lengths for the momentum and heat transfer

In Section 3.2.5 we found that the kinematic eddy viscosity and the turbulent ther-
mal conductivity are related to momentum mixing length I and the thermal mixing
length Iy. The same calculation for the axisymmetric jet gives

vr = I2 % , (3.3.67)
KT = PColpl aavrz . (3.3.68)
Substituting equations (3.3.67) and (3.3.68) into (3.3.62) and (3.3.66) we obtain
@% +vzaazz = %% [r <v+12 % ) aaﬂ : (3.3.69)
0Co [vraa]; +vzgz] = 15; [r <K+pcvlgl aavrz ) aE)Z] . (3.3.70)

3.3.5 Boundary conditions
The axisymmetric free jet is symmetrical about the centreline. Hence it follows that
,(z,0) = 0. (3.3.71)
The mean velocity along the jet is maximum at the centreline of the jet. Hence
J7;,

= (2,0 =0. (3.3.72)

The temperature at the boundary of the jet is ambient, that is
T(z,rrp(z)) = Tg (3.3.73)

where r = rry(z) is the thermal boundary of the jet and Ty is the ambient tempera-
ture. The temperature is maximum at the centreline of the jet. Hence
oT
—(z,0) = 0. 3.3.74
. (z,0) (3374

The fluid flux through the jet boundary with normal n is zero (see Figure 3.9).
Thus the component of the velocity normal to the boundary is zero:

r=rg(z) : Uy cosa — T, sina = 0, (3.3.75)

where « is the angle between the z-component of the fluid velocity and the tangent
of the boundary of the jet. Writing (3.3.75) in terms of dimensionless variables we
obtain

0
r=rp(z): TVE;‘ cotae —v; =0, (3.3.76)

which, since %‘/ << 1, gives
0,(z,rp(z)) = 0. (3.3.77)
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Z\ laminar flow
Ty rer o)
Vizo=0 %
—> 1 i >,
|
|
|
v
FIGURE 3.7: Schematic of the mean velocity profile of the axisymmet-
ric jet.
FIGURE 3.8: Schematic of the boundary of the jet showing the velocity
components.
Since the flow is laminar at the boundary we have
Ju
=== =0, 3.3.78
vr or ( )
which gives
95
%(z, rg(z)) = 0. (3.3.79)
The z and r components of the heat flux vector are
oT
h, = —(x+ KT)a—Z, (3.3.80)
oT
hy = —(x +x7) (3.3.81)

E.

The heat flux through the jet boundary with normal 7 is zero (see Figure 3.10). There-

fore
r=rrp(z) s hysina — h, cosa = 0.

(3.3.82)
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FIGURE 3.9: Schematic diagram for the showing the components of
the heat flux vector.

Substituting equations (3.3.80) and (3.3.81) into this equation we obtain

. dT oT
r=rrp(z): sina—~ —cosao - = 0. (3.3.83)

Writing (3.3.83) in terms of dimensionless variables we obtain

— *

oT

r=rmp(z): _fT sin vy + cos o 5 = 0, (3.3.84)
which, since ‘STT << 1, gives
r=rrp(z): ?;: =0. (3.3.85)
3.4 Summary
The coupled system of governing equations for the two-dimensional turbulent ther-
mal jet are
_d0y _ 00y 0 2, | 90x |\ 0T
x g —&-vy@ =3y [(v—i—l (x) 3y ) ay] , (34.1)
_oT _9oT 0 K 9vy |\ 0T
J0, 9y
T 4.
o 3y 0 (3.4.3)
with boundary conditions
JUy _ JUy _
a—(x,O) =0, Ox(xyp(x)) =0, —==(xyp(x))=0, 77y(x,0)=0 (3.44)
y 9y
oT

BE0=0  Liyn) =0  Tun()=Te  (G45)
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The governing equations for the axisymmetric turbulent thermal jet are

_do, _do, 10 2 00, |\ 07,
Uyy + Uzg = ;5 |:7’ (V ‘Jl‘l (Z) W > ar:| , (34:6)
_oT _ 90T 19 K 97, |\ oT
'Ury + vzg = ;g |:r (pcv + lg(Z)l(Z) a}/’) ar:| , (34:7)
Jw, 1_  Jo,
=, + ;Ur T 5 = 0, (3.4.8)
with boundary conditions
aﬁz — aﬁz —
ﬁ(z,O) =0, Uy(z,rp(z))=0, y(z, rg(z)) =0, 7©,(z,0)=0, (34.9)
oT oT —
E(ZI 0) =0, g(zl rTb(‘Z)) =0, T(Z, rTb(Z)) = TB' (3410)

3.5 Conclusions

In this chapter, we derived the governing equations for both the axisymmetric and
the two-dimensional turbulent thermal jets which will be analysed further in Chap-
ter 4 and 5.
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Chapter 4

Two-dimensional turbulent jet:
conservation laws and Lie point
symmetries and group invariant
solutions

4.1 Introduction

In this chapter, we apply the Lie point symmetry method to reduce the coupled sys-
tem of governing partial differential equations derived in Chapter 3 to ordinary dif-
ferential equations. The conserved vectors of the coupled system of governing par-
tial differential equations are used to find the associated Lie point symmetry. Hence,
we first derive the conserved vectors and conservation laws for the system of partial
differential equations. The conservation laws are used to find conserved quantities
which are necessary to solve for the undetermined constants or arbitrary functions
contained in the Lie point symmetry and to completely solve the jet problem since
the homogeneous boundary conditions of the jet are not sufficient.

Naz et al [8] compared different methods for obtaining conservation laws and
found that the multiplier method, first introduced by Steudel et al [9] and invoked
by Anco et al [4], to be simpler and more systematic compared to its counter parts.
Hence, in this chapter, the multiplier method is used to obtain conserved vectors
and conservation laws.

When v = 0 and x = 0 the associated Lie point symmetry contains an arbitrary
function. The invariant solution for this case can thus be obtained using two meth-
ods: (1) letting v — 0 and ¥ — 0 in the invariant solution for v # 0 and x # 0; (2)
using Prandtl’s hypothesis [16] which states that the momentum mixing length is
proportional to the half-width of the jet and the conserved quantity for the momen-
tum to find the arbitrary function in the associated Lie point symmetry. The results
for these two methods will be compared.

The differential equations for the invariant solution are solved analytically only
when v = 0 and ¥ = 0. Otherwise they are solved numerically using the shooting
method. The numerical solution for v = 0 and x = 0 will be compared with the
analytical solution. This is done to validate the numerical solution.

This chapter is structured in the following manner: In Section 4.2, we derive the
conservation laws which are then used to determine conserved quantities in Section
4.3. In Section 4.4, we find the associated Lie point symmetries to the conservation
laws derived in Section 4.2, which are then used to reduce the model partial differ-
ential equations to ordinary differential equations in Section 4.5. In Section 4.6 we
give the analytical solution for the invariant solution for when v — 0 and x — 0. In
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Section 4.7 we give the analytical solution for when v = 0 and k¥ = 0 using Prandtl’s
hypothesis [18]. In Section 4.8 we give the numerical solution for the invariant solu-
tions. We conclude the chapter by providing a general discussion on the results in
Section 4.9 and concluding remarks in Section 4.10.

4.2 Conservation laws

The coupled system of governing partial differential equations for the two-dimensional
turbulent thermal jet is (3.4.1), (3.4.2) and (3.4.3);

A N VPN NN
_oT _ dT 0 K 00, |\ oT
ooy oy e |5 ) 3 22
and - ¥
90x | 9y _
e =0 423)

The jet is symmetrical about the centreline, y = 0. Therefore, it suffices to find the
solution for the coupled system of governing partial differential equations (4.2.1),
(4.2.2) and (4.2.3) for the y > 0 region. For this region (see Figure the mean
velocity gradient is negative, that is

aﬁx
ay

< 0, wheny > 0. (4.2.4)

The solution obtained for the y > 0 region can be reflected about the centreline,
y = 0, in order to obtain the solution for the y < 0 region.

"

W (o)

% (%)

FIGURE 4.1: Schematic diagram of the mean velocity profile of the
free jet.

We introduce the stream function ¢ defined by

5, = ¥ 5, — ¥ (4.2.5)

Z)x_ay/ vy__ax,
which identically satisfies the continuity equation (4.2.3).
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The momentum boundary conditions for the two-dimensional turbulent thermal

jet are (3.4.4),
0Ty _ 0T, _
@(X,O) =0, U«(x,yp(x)) =0, @(x,yg(x)) =0, vy(x,O) =0, (4.26)

where yp(x) is the boundary of the jet in the region y > 0. Rewriting the boundary
conditions (4.2.6) in terms of the stream function (4.2.5) we obtain

P 2 P 2

aylf(x,o) —0, af(x, yp(x)) =0, aylf(x, yp() =0, (x0) =0 @27)
We let B B

5 = T(x,y) — T(x,yn(x)), 428)

where yr;,(x) is the boundary of jet in the y > 0 region. Writing the thermal bound-
ary conditions (3.4.5) for the two-dimensional turbulent thermal jet in terms of S we
obtain

aS aS

@(x,o) =0, @(x/yTb(x)) =0, S(x,yrp(x)) = 0. (4.2.9)

Substituting equations (4.2.5) and (4.2.8) into (4.2.1) and (4.2.2) we obtain the third-
order partial differential equation

oy O’y Iydy 0 TR ANA S
v—17(x) (4.2.10)

dy 0xdy  0x dy2 Oy a2 ) oy?
and oY o oY o 0 aZ )
opoS _poS 9 [ K Py as
dyox oxay  dy |\ pco 1(x)lp(x) 52 ) 3y (4.2.11)

as the governing equations in terms of the stream function.

When working with Lie point symmetries and conservation laws, x, y, 1, S and
all the partial derivatives of ¢ and S with respect to x and y are regarded as inde-
pendent variables and the suffix notation is used for partial differentiation. Thus,

X, Y, ll)z S/ ll)x; lpy; Sx/ Sy; l/)xxz l/ny, lpyyz Sxx/ Sxy/ Syyz

are independent variables. The notation g—lﬁ, aa;—asy,... is used when ¢ and S and the
partial derivatives of ¢ and S are regarded as functions of independent variables x
and y. Expanding equations (4.2.10) and (4.2.11) and writing them in terms of partial

derivatives with the subscript notation, we obtain

Pyhry — PxtPyy — VPyyy + 212 (X) Py Pyyy = 0 (4.2.12)

and

e — xSy — p"cvsyy +1(x) o () Py Sy + 1(x) g (X) Py Sy = O. (4.2.13)

In this section, we seek conservation laws for the system (4.2.10) and (4.2.11),
which are defined by

D,T'+ D,T? =0, (4.2.14)

EZT0), @21
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where
0 0 0 0 0 0 0
Dy =— — — — — — — ... 4.2.1
X ax+l)’)x84]+sx85 +11Uxx81px +SxXan +1)nyalpy +SxyaSy + 7 ( 5)

d d d d d d d
Dy =75y T¥igy torgs T Yoz, Syy@ T gy TS T (4216)

are total derivatives with respect to x and y, respectively, and T!, T? are the compo-
nents of the conserved vector (T!, T?). Using the multiplier method, we need to find
scalars A and Aj; such that

Ax (Yythxy — Pxtpyy — vipyyy + 212 (X) Py hyyy) +
Ao (1PySy — Sy — P’;syy 1) (X)Pyy Sy + L(x) Lo (X)PyyySy) = DT + D, T2,

(4.2.17)
for all functions ¥(x,y) and S(x,y) where
A =M(xy,9,5), (4.2.18)
Az = Ao(x,9,9,5). (4.2.19)
When the standard Euler operators defined by
d d d d d d d
Ey=— —Dy=— —Dy— +D*— +D,D + D? - D3 — ..
PUop s Tope Yoy T 0k T Oy Oy 0y
(4.2.20)
and
d d d d d d d
Es=--—Dy=— — Dy=— + Di=—— + DD D;—— —D} —
S T T T T T T T T
(4.2.21)

are applied to equation (4.2.17) the right hand side vanishes. Hence, by applying the
Euler operators (4.2.20) and (4.2.21)) on equation (4.2.17), we obtain
Ep (A1 (Yyihxy — Pty — vibyyy + 212 () Py hyyy) +

4222
Aa(ySs — 925y — p"cvsyy 1) ()P Suy + 1) PyySy)) =0 22D

and

Es (A1 ($ythxy — Pxtpyy — vipyyy + 21 (X) Py hyyy) +

42.23
Aa(pySe — 25, — p’zvsw 1T () Py Sy + 1) (x) PyySy)) = 0. 22
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Expanding equation we obtain
aa/;l’a”y’a”xy - aa/;l'ubﬂbyy on 11/Jyyy +2(x) 5;1 PyyPyyy — Egsyfr
1<x>ze<x>"’g§2¢yysw + 25 () G Sy — G2+ 52+ ) 52
+1(x)lg(x ) 2y 29y Py — - a;;\Z .01; gj//a\; v~ ;Cv;jg\lzll’y_;%a;é\zz( v)?

pi 3218\; yPy — pi aa;\zz (¢y) I(x )19<x)882/;2¢yy +2l(x)le(x)gz[a\;syl/’yy

%A, 2A 2N,
+21(x)lp(x )awa Yytpyy + 21(x)lp(x )8881; yPyPyy + Fra ( )%/

7(1Py)21/’yy =0.

(4.2.24)
The multipliers A1 and A; are independent of all partial derivatives of ¢ and S.
Equation (4.2.24) is a polynomial in partial derivatives of ¢ and S, which means this
equation may be split into coefficient equations. This leads to

Pyy EZ\; =0, (4.2.25)
PyPyyy - 881;2 =0, (4.2.26)
Py % =0, (4.2.27)
Py aaAyz =0, (4.2.28)
PyySyy aa/; =0. (4.2.29)

The system of partial differential equations (4.2.25) to (4.2.29) gives

A =M(xy,9), (4.2.30)

Az = (2, (4.2.31)

where c; is a constant. It can be verified that the coefficients of the other partial

derivatives and the remainder in (4.2.24) are zero when (4.2.30) and (4.2.31)) are sat-
isfied.
Expanding equation (4.2.22) we obtain

oA oA a oA
lpl Yy Py — ¢1 Patpyy — I %yy +21%(x) all)l PyyPyyy

=24y Dy Ay — PxDZ A1 + pyDxDy Ay + Py Dx Ay 4+ vDJ Ay — 21%(x)ipy, Dy Ay
Y y ¥

—412(x) Dy Aagpyyy — 217 (x)hyy Dy Ag — 217 () Dy A tpyyyy = 0.
(4.2.32)
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The last term of equation (#.2.32) is the only term which depend on t,,,. Hence, by
taking Wam on equation (4.2.32) we obtain

DyA; =0, (4.2.33)
which expands to
oA oA
- - =0. 4.2.34
5y (0 9) Sy ) =0 (42.34)
Splitting equation (4.2.34) into coefficients of ¢, and the remainder we obtain
A1 _ 91 _ 0, (4.2.35)
dy 9y
which gives
A = A (x). (4.2.36)

Substituting (4.2.36)) into (4.2.32) equation (4.2.32) reduces to

oA

which gives
A1 = (1, (4238)

where c; is a constant.

Substituting equations (4.2.31) and {#.2.38) into (4.2.17) we obtain
c1 (Yytpay — xthyy — Vipyyy + 202 (X) Py yyy) +
K
€2 (l/Jny — xSy — ESW 1001 (x)pyy Syy + l(x)le(x)%yysy)

=D, [Clll)ﬁ + cztpyS}

+Dy [cl (—lpxlpy — vy, + lz(x)¢§y) +c <_chUSy — S+ l(x)lg(x)gbyysyﬂ
(4.2.39)

for arbitrary ¥(x,y) and S(x,y). When ¢(x, y) and S(x, y) are solutions of the system
of equations (4.2.10) and (4.2.11) then (4.2.39) reduces to

Dy [cﬂbﬁ + CzllJyS} + Dy [Cl <—1Px¢’y — Vipyy + lz(x)¢§y>
(4.2.40)
0.

+c2 <—K5y — PS5+ l(x)le(x)lpyysy)] =
Peo E210), E217)

Thus any conserved vectors of the system of partial differential equations (4.2.10)
and (4.2.11) with multipliers A1(x,y,¥,S) and Ax(x,y, ¥, S) is a linear combination
of the following two conserved vectors:

cg=1andc, = 0:

T = (9,)°, (4.2.41)

T? = —upy — vipyy + 1P (x) (¢yy)2 (4.2.42)



4.3. Conserved quantities 45

ci=0and ¢, = 1:

T! = 4,5, (4.2.43)

T? = —pisy — xS+ 1(x) g (x) 1y Sy- (4.2.44)

4.3 Conserved quantities

Having derived conservation laws in the previous section, we are now able to find
conserved quantities by integrating the conservation laws with respect to y from

y=0toy = yp(x) or yrp(x).

4.3.1 Conserved quantity derived from the momentum flux conserved vec-

tor (4.2.41) and (4.2.42)

Firstly, we deal with the case when ¢; = 1 and c; = 0. The conserved vector compo-
nents for this case are

T = (p,)°, (4.3.1)

T2 = —py — vipyy + 12 (x) (9yy)° (4.3.2)

We now treat T! and T? as functions of the independent variables x and y. Then

oT! oT?
1 2
DT +D,T" = r (x,y) + 3y (x,y). (4.3.3)

Therefore conserved vectors with x and y regarded as independent variables satisfy

oT! oT?
ox (x,y) + En (x,y) =0. (4.34)

Hence the conserved vector with components (4.3.1) and (4.3.2) satisfies

o [rop\2] o | opop 2y P\’
S E R RS )

Integrating equation (4.3.5) with respect to y from the centreline of the jet to the
boundary, yp(x), we obtain

w® 3 [ /ap\> dpap oty L, (%P’
) a[(ay) dy*(‘axay“’ayz*“x) ()

Using boundary conditions (4.2.7) of the jet all terms except the first of equation
(4.3.6) vanish. Hence, we obtain

() 9 | fap\?|
[ [(ay) ]dy—o. (437)

Using differentiation under the integral sign [19], equation (4.3.7) expands to

d ) (op\* o dys (9y L
%/o (ay> dy_dx(ay(x/yB(x))> =0, (4.3.8)

yp(x)
—0. (43.6)

0
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which, when imposing boundary conditions (4.2.7), becomes

d rvs(x) P 2
» /0 <By> dy =0 (4.3.9)

and yields the conserved quantity

yp(x) oY 2 )
J=2p / (ay(x,y)> dy = constant independent of x, (4.3.10)
0
which is the total momentum flux along the jet.

4.3.2 Conserved quantity derived from thermal conserved vector (4.2.43]
and (4.2.44)

Now, we turn to the case when ¢; = 0 and c; = 1. The conserved vector components
for this case are

= 1,8, (4.3.11)
T2 = I(x)1(x) 1y Sy — p’Zsy — sS. (4.3.12)
The conservation law is then
oY azlp S k9SS _oPp\ _

Integrating equation (4.3.13) with respect to y from zero to the thermal boundary
y1p(x) we obtain

) 3 (Y PYas kS oy
I ax< aﬂ‘”’*(“ P >ayzay‘pcvay‘5ax>

Using boundary conditions (4.2.7) and (4.2.9) the terms outside the integral sign in

equation (4.3.14) vanish. Hence,

Yo (%) all)
/0 o ( ay> dy = 0. (4.3.15)

The partial derivative with respect to x inside the integral sign can be moved outside
by using the differentiation under the integral sign formula [19] to obtain

y=y1p(x)
=0. (4.3.14)

y=0

d ) oy, dym 9 _
Hh S5 gy Gy (S (oym(x) =0 (4:316)

Using boundary conditions (4.2.7) the second term of equation (4.3.16) vanishes.

Hence,
d yrp(x 81/1
" /0 55,1 =0 (4.3.17)
Therefore
Yo (%) oY .
K = 2pc, / @(x,y)S(x,y)dy = constant independent of x. (4.3.18)
0
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The constant K is the power per unit length of the jet.

4.4 Associated Lie point symmetry

In this section, we find the Lie point symmetry of the coupled system of govern-
ing partial differential equations (4.2.10) and (4.2.11), which is associated with the
conserved vectors derived in Section 4.2.

A Lie point symmetry of the system and is of the form

d d d d
X =80y S)g, +E @y, S +1'(xy p Sz, +1°(xy,¢.5) 5. (441)

L4

It is associated with the conserved vector T = (T!, T?) provided

XH(TH + T'D(8%) — T*Di (&) = 0, (4.4.2)
where the prolongation X! is defined by
9 ;0

.0
Xl = =yl +1 + e+ +
(: axl all) g alI)x g aSXI Cll all)qu €12 al/)xl}Cz (4 A 3)
+3 J + 72 J + 72 J + 73 J h
2 alpxzxz H a5761361 12 asx1x2 2 asxzxz

where .
é?‘ = Di<7’]“) — M?‘Dl(g]), (444)
= D;(g}) — ugD;(g") (4.4.5)

and

ul = P, u? = S, X1 =X, X2 =Y. (4.4.6)

4.4.1 Associated with the momentum flux conserved vector (4.2.41) and
(4.2.42)

We begin by considering the conserved vector (T', T?), from (4.2.41) and (4.2.42),
given by

T' =y, (4.4.7)
_ 2 2
= —xpy — vipyy +1 (x)gl)yy. (4.4.8)
Equation (#.4.2), with i = 1, becomes
X1 + T'D,¢? — T?D, &' = 0. (4.4.9)
Expanding equation (4.4.9) we obtain
2¢y€; + (l/’y)szCZ + (lpxlljy +vipyy — lz(x)(lpyy)z) Dygl =0. (4.4.10)

Substituting the prolongation term gy defined by into equation 1) we

obtain 1

on! 817 )
lP/ ( + ll)y a¢ y aS ll)x yg lI)yDyg > + (4'4'11)
(y)°Dy& + (Yatpy + vipyy — P (9y)*) DyE" =0,
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which expands to the determining equation

a 1 a 1 a 2 a 1 a 1 a 1 a 1
za’;% + <za’jp - ai) Y3+ 25,5, — iwxwy afp Px(py)* - fs PxtpySy—
oF2 oC2 0 1 oc!
ai] (py)° — i(%) Sy+v aC ¢yy+Va§IJ %%ﬁ‘/agssy%y
oc! oc! oc!
—12<x>.fy<¢yy>2— () fpwy(m 20 %S, (9 =0

(4.4.12)
Splitting equation (4.4.12) into the coefficients of the independent partial derivatives
of ¢ and S we obtain

ot
Wy : F 0, (4.4.13)
Lo 98 _
() W ~ oy 0, (4.4.14)
ot
Sy 55 =0, (4.4.15)
Jogt
(T F e 0, (4.4.16)
2. 05
x(ipy)” 20 0, (4.4.17)
PPy Sy agl =0, (4.4.18)
3. 862 _
Py - W 0, (4.4.19)
Sy - agZ =0. (4.4.20)

When (4.4.13) to (4.4.20) are satisfied the coefﬁcients of the remaining partial differ-
ential derivatives are zero. From equations (4.4.13), (4.4.15) to (4.4.20) we obtain

g =2'(x), (4.4.21)
& =2(xy), (4.4.22)
nt=n'(x,¢). (4.4.23)

Differentiating (4.4.14) with respect to y and using the fact that 7! is independent of
y by (4.4.23) we obtain

8252
e 0, (4.4.24)
which gives
& =a(x)y +a(x), (4.4.25)

where a;(x) and ay(x) are arbitrary functions of x. Differentiating equation (4.4.14)
with respect to i and using the fact that &2 is independent of i by (4.4.22) we obtain

82171



4.4. Associated Lie point symmetry 49

which gives
' = as3(x)y + as(x), (4.4.27)
where a3( ) and a4( ) are arbitrary functions of x. Substituting equations (4.4.25)

and (4.4.27) into (4.4.14) we obtain

az(x) = %m(x). (4.4.28)
Therefore,
1

7' = S ()P + as(). (4.4.29)

In summary, the first determining equations therefore gives, for v # 0 and v = 0,
gt =¢'(x), 2(x,y) = a1 (x)y + az(x), (4.4.30)
' (x, ) = fm()¢+adﬂ, (4.4.31)
n”* =n*(x,y,¢,5). (4.4.32)

Equation (4.4.2), with i = 2, becomes
Xl=l(1?) + 1D, &' — T'D,&* = 0. (4.4.33)

Now expanding equation (4.4.33) we obtain

1, , 3 1
Ay — () v (—2a1< D+ O ) bt

4l (4.4.34)
2
(~3m + P@ %+ 210 5 )51) (#)* =0.
Splitting equation (4.4.34) into coefficients of derivatives of ¢ we obtain
Pyt S (Y +d4(x) =0, (4.4.35)
3 dgt
Py v < 54 a(x) + d> =0, (4.4.36)
2 2 2.4 dl 1
(Pyy)” : =317 (x)ay (x) + 17 (x) == Fra 21(x )dx( x)¢ = 0. (4.4.37)
Splitting equation (4.4.35) into coefficients of i and the remainder we obtain
P :aj(x) =0, (4.4.38)
Remainder : aj(x) = 0. (4.4.39)
Therefore a; and a4 are constants. Thus for v £ 0 and v = 0,
& =¢'(x), (4.4.40)
& = my+ay(x), (4.4.41)

1
7t =sap+ta, (4.4.42)
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=1 (x,y,9,95), (4.4.43)

”fol + Z(i)ji(x)gl(x) = 3ay, (4.4.44)

v (—gal + ciil) = 0. (4.4.45)

Case (i): v # 0
When v # 0 equation (4.4.45) becomes

3 dg
— S+ =0, (4.4.46)
which gives
gl = galx + as, (4.4.47)

where a5 is a constant. Substituting equation (4.4.47) into (4.4.44) we obtain

dl (3 3
Za <2ﬂ1x + QS) — Eall(x), (4:.4:.4:8)

2(15
l = loy | —— 444
(.X) 0 x+3ﬂ1’ ( 9)

where [j is a constant. The flow is laminar close to the nozzle, meaning that the
mixing length at x = 0 is zero. Hence

as =0, I(x) = lpv/x (4.4.50)

and the Lie point symmetry associated with the conserved vector described by (4.2.41)
and (4.2.42), with v # 0, is

which gives

3 0 d 1 d » d
X = FMX5 - + (my +a2(x)) 3y + (21p + a4> T +717°(x,y, 1,0,5)%. (4.4.51)

Case (ii): v =0

When v = 0, equation (4.4.45) is identically satisfied and &' remains an arbitrary
function of x. Hence, the Lie point symmetry associated with the conserved vector
described by (4.2.41) and (4.2.42)), with v = 0, becomes

9 9 1 9 )
X = él(x)a + (a1y + az(x)) EM + <2a1¢ + a4> 5 +7%(x,y, 1/;,5)% (4.4.52)

and &!(x) and I(x) are related by .

4.4.2 Association with thermal conserved vector (4.2.43) and (4.2.44)

In the previous subsection we saw that ¢! remained an arbitrary function of x or
3a1x depending on whether v is zero or non-zero. To accommodate both cases, we
leave ¢! as an arbitrary function of x.
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Expanding equation (4.4.2), with i = 1, using the conserved vector described by
(4.2.43) and (4.2.44) and the associated Lie point symmetry (4.4.51) we obtain

py1* + ST} + Sy, =0, (4.4.53)
which simplifies to
('12 + ;mS) iy =0. (4.4.54)
Therefore
= —%MS- (4.4.55)

The associated Lie point symmetry then becomes

) 0 1 o 1 _0
X = é‘l(X)g + (a1y +az(x)) 3y + <2a1¢ + a4> o E“lsﬁ' (4.4.56)

Expanding equation (4.4.2), with i = 2, using the conserved vector described by
(4.2.43) and (4.2.44) and the associated Lie point symmetry (4.4.56) we obtain

d
Cla (1(x)lo(x)) PyySy + %ﬂls% —SZy+ <_chU + l(x)le(x)%y) Zy

) (4.4.57)
H)la(x)Sy2y + 2 (=5, — S+ 1(x)1 5y) — 25, g
+1(x)lp(x)SyCyy + ax \ oo, P+ 1(x)lp(x)yy Sy o =0
which simplifies to
1
e, (55 ) s
o peo ) (4.4.58)
+ (dxl(xﬂe(x) 3l ()l (x) + £ (x) o (l(x)le(x))> PuySy = 0.
Splitting equation (4.4.58) into coefficients of S, and ¢S, we obtain
kK (3 det! -
ag’ Lo d
PyySy : %l(x)lg(x) —3a1l(x)lp(x) + ¢ (x)% (I(x)lg(x)) = 0. (4.4.60)
Case (i): v #0and x # 0
From equation (¢.4.51) for v # 0, we have
&= %mx (4.4.61)
and (4.4.59) is therefore identically satisfied and from (4.4.50)
I(x) = lpv/x. (4.4.62)

We assume that a; # 0. When a; = 0, we might have another reduction, but this is
not considered in this dissertation. Substituting equations (4.4.61) and (4.4.62) into
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(4.4.60) we obtain

% (Vxlp(x)) = (%) (4.4.63)

B

which gives
lo(x) = VX, (4.4.64)

where [ is a constant. The associated Lie point symmetry generator (4.4.51) then
becomes

X = %uw% + (my + az(x)) ;y + (;aﬂp + a4> aall) — ;alsaas. (4.4.65)
Case (ii): v #0and k =0
From equation we have
&= %alx (4.4.66)
and from
I(x) = lpv/x. (4.4.67)

We assume that a; # 0. When a; = 0, we might have another reduction, but this
is not considered in this dissertation. Since x = 0, equation is identically
satisfied. The mixing length /(x) and &' are the same as in Case (i). Hence, the
calculation for Ip(x) remains valid and

Zg(x) = l1\/§, (4468)

where /1 is a constant.

Case (iii): v =0and « # 0
When x # 0, equation (4.4.59) becomes
—a;— ——=0. (4.4.69)

Solving the ordinary differential equation (4.4.69) we obtain

3
¢l =Jmx+as, (4.4.70)

where a5 is a constant. We assume that a; # 0. When a; = 0, we might have an-
other reduction, but this is not considered in this dissertation. Substituting equation
(4.4.70) into the ordinary differential equation (4.4.37) we obtain

dl (3 3
2% <2u1x + a5> = Eall(x), (4.4.71)

which gives

I(x) = lpy [x+ ==, (4.4.72)
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where [j is a constant. The mixing length must be zero at x = 0, since the jet flow is
laminar close to the nozzle. Hence

I(x) = lpv/x, (4.4.73)
as =0 (4.4.74)

and 3
¢l =S, (4.4.75)

The mixing length I(x) and ¢! are the same as in Case (i). Hence, the calculation for
lg remains valid and

lo(x) = I1v/x, (4.4.76)

where [; is a constant.

Case (iv):v=0and x =0

When k¥ = 0 equation (4.4.59) is identically satisfied and ¢! remains an arbitrary
function of x. Hence, the Lie point symmetry, with v = 0 and « = 0, remains (4.4.51):

o 1 0

J 3 /1
X = (x) 55 + (ay+ m2(x) 51 + <a1¢+a4> - gmSys  @47)
and I(x) and ly(x) satisfy (4.4.44) and (#.4.60),
dgl 2 di B
i I(x) dx —&(x) = 3ay, (4.4.78)
1dll d13lz—o 4.4.79
) g (G (0) + (G —3m ) Kxlo(x) = 4479

We assume that a; # 0. When a; = 0, we might have another reduction, but this

is not considered in this dissertation. Now replacmg in 1; using 1 ,
equation (4.4.79) reduces to

i (4.4.80)

and therefore
lo(x) = DI(x), (4.4.81)

where D is a constant.

4,5 Invariant solution

In this section we derive the invariant solution for the coupled system of govern-
ing partial differential equations in terms of the stream function (4.2.10) and (4.2.11)

using the Lie point symmetry generators (4.4.65) and (4.4.77).

Case (i): v and/or ¥ non-zero

The solutions ¢ = f(x,y) and S = g(x,y) are invariant if

X —f(x,y)) =0 (4.5.1)
p=f(xy)
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and
X(S—g(x,y)) =0. (4.5.2)
S=g(xy)
Expanding equation (¢.5.1) using the Lie point symmetry generator (4.4.65) we
obtain
of of

3 1
S5 + (my +a2(x)) 3y = (Ealf +ay). (4.5.3)

The characteristic equations for the differential equation (4.5.3) are

ax_ 4y _ 4 (4.5.4)
Smx (my+ax(x))  laf+ay
The equation consisting of the first and second terms of (4.5.4) gives
dy 2 2 ap(x)
2= < . 4.5.
dx 3x 307 «x (4.5.5)
The integrating factor for this differential equation is
2 [*dx
I= > = =x? 45.
ol -24]
Thus p )
a (23 _ 2 ~5/3
I (x y) 30, ap(x)x (4.5.7)
and 2. .2/3 (X 5/3
yo g ) e (4558)
X
where k; is a constant. Let
X
H(x) = §a1x2/3/ ap(x)x "% 3dx. (4.5.9)
Thus H(x)
y—nolx)
W — k]. (4:.5.10)

The pair equation consisting of the first and third terms of equation (4.5.4) gives

+23
2 ka, (4.5.11)

where k; is a constant. The general solution for the differential equation (4.5.3) is
then
ko = F(ky), (4.5.12)

where F is an arbitrary function. Since f = ¢(x,y)

plxy) = xR —22, 4.5.13)
1
where .
¢= y_xz/gs(x) (4.5.14)
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Substituting the invariant solution (4.5.13) and (4.5.14) into the conserved quantity

(4.3.10) we obtain
Lot (dF\?
] = 2p/ " () de (4.5.15)
me \dg
and | is independent of x if
X
lower limit: Zz(/xg) = %al / 1y (x)x =% 3dx = k, (4.5.16)
.. X
upper limit: yjz(/s) —k =P, (4.5.17)
But (4.5.16) is satisfied for all values of x provided a>(x) = 0. Thus H(x) = 0 and
k = 0. Hence
=2 /’31 (dP>2d§ (4.5.18)
and the boundary of the jet and the similarity variable are
yp(x) = pr1x*°, g = % (4.5.19)

Now substituting the invariant solution (4.5.13) with ¢ given by (4.5.19) and the mix-
ing length (4.4.50) into equation (4.2.10) we obtain

d A2F\ d*F] 1d (_dF
7 [<v—z§d€2> ng} + 34 <Fd€> =0. (4.5.20)

Expanding equation (4.5.2) using the Lie point symmetry generator (4.4.65) with
a3(x) = 0 we obtain

3 0d¢g odg 1
The differential equations of the characteristic curves for this equation are
dx _dy _ 43 (4.5.22)
2 Y =38
The equation consisting of the first and second terms of (4.5.22) gives
Yk, (4.5.23)

where kj is a constant. The equation consisting of the first and third terms of (4.5.22)
gives

x1Bg =ky, (4.5.24)

where k4 is a constant. Therefore the general solution of the partial differential equa-

tion (4.5.21) is, since g = S(x,y),

S(x,y) =27 3G(§), £ =2 (4.5.25)
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where G is an arbitrary function. Substituting invariant solutions (4.5.25) and (#.5.13)
into equation (4.2.11) with (4.4.62) for I(x) and (4.4.64) for ly(x) we obtain

d K A2F\ dG] 1d
i [(pc — zolldgz> dg} + 3% (FG) = 0. (4.5.26)

Expressed in terms of the invariant solution the conserved quantity (4.3.18) be-
comes

yrp(x)

K= 2,000/ o ‘Zc(g)dg = constant independent of x. (4.5.27)
0
Hence (x)
X
Y JTCZ =P (4.5.28)

where 37 is a constant and therefore

B> dF
ag
Writing boundary conditions ([71.2.7) and (4.2.9) in terms of the invariant solutions

(4.5.25) and (4.5.13) gives

d’F d’F dF
wO=0 Ko =0 SaB)=0  G(e)=0  @530)

K = 2pc, ; G(¢)d¢. (4.5.29)

dG dG
FO=0 282 =0 G(B2) =0, (4.5.31)

where B, is a constant defined by (4.5.28)).

Case (ii): v and x both zero

When v = 0 and « = 0 the associated Lie point symmetry is (4.4.77) and &'(x), I(x)
and lg(x) are related by (4.4.78) and (4.4.81).
The solution i = f(x,y) is an invariant solution provided

X(p—flx,y)) =0. (4.5.32)
p=Ff(xy)

Expanding this equation using the Lie point symmetry generator (4.4.77) we obtain

él(x)gir + (my +az(x)) gjy( = %alf + ay. (4.5.33)

The differential equations of the characteristic curves are

SWx)  my+ar(x)  lafta (4.5.34)

Solving the equation consisting of the first and second terms of (4.5.34) we obtain

dy _ _m y:”Z(x) (4.5.35)

dx  (x)7  El(x)
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which gives

Yy
— H(x) =k, (4.5.36)
o ("¢
where kq is a constant and
X ap(x) < /x dx >
H(x) = exp | —a — | dx. (4.5.37)
=] dwme ™) awm
The equation consisting of the first and third terms of (4.5.34) gives
+ 27
jlr Zl — = ko, (4.5.38)
o (10" oty
where kj is a constant. The general solution is
ko = F(ky), (4.5.39)

where F is an arbitrary function, which gives, since f = (x,y),

¥(x,y) = exp <;a1 ' gld(’;)> F(&) — 2%, (4.5.40)

where

Y
g = — H(x). (4.541)
o (1" 4ty
Substituting the invariant solution (4.5.40) into the conserved quantity (4.3.10) we

obtain ) )
B1(x)—H(x dF
=2 — | dé, 4542
=2 /H<x> (dé ) ¢ ( )
where
Bi(x) = ye(¥) (4.5.43)

o (1" )
Now ] is independent of x provided the lower and upper limits in the integral in
(4.5.42) are constant, that is provided

H(x) = Hy, (4.5.44)
Bi(x) = B, (4.5.45)
where Hj and pB; are constants. Differentiating (4.5.37) with respect to x gives
dH  a(x) ¥odx o\
i () exp ( ap Zl(x)> =0, (4.5.46)
provided
ap(x) = 0. (4.5.47)

Hence H(x) = 0 and from (4.5.42)

-B1 dF 2
J=20 /O <d§> d¢ (4.5.48)
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and from (4.5.43)
X odx
yB(X) = ‘Bl eXp (al ?(x)) . (4549)

Also, S = g(x,y) is an invariant solutions generated by the Lie point symmetry
X provided that

X(S-glxy)) =0, (4.5.50)
S=g(xy)
which, using (4.4.77) with a,(x) = 0, expands to
0 0 1
1(x) 28 9% _ -
¢ (x)5 . +ay o 58 (4.5.51)

The differential equations of the characteristic curves are

dx dy dg

= =L _ . (4.5.52)
¢Hx)  my  —aigg
The first pair of terms gives
Y
= k3, (4.5.53)
exp (a1 [ %)
where k3 is a constant. The first and last terms give
1 X odx
geXp (2ﬂ1 é’l(x)) - k4. (4.5.54)
The general solution is
ky = G(ks), (4.5.55)
where G is an arbitrary function. Thus since g = S(x, y)
1 X odx
S(x,y) = (—Zal ) (x>) G(&). (4.5.56)

The invariant solution still contains the arbitrary function ¢!(x) and I(x) and
lo(x) which are still to be determined. The three functions are related by the two
equations and (4.4.81). In order to obtain a third equation we use Prandtl’s
hypothesis [18], which relates the boundary of the jet and the momentum length by

yp(x) = Cl(x), (4.5.57)

where C is a constant. Therefore,

X odx
B1exp <a1 M) = Cl(x). (4.5.58)

Differentiating (4.5.58) with respect to x gives

M X odx o dl
ﬁlm exp <a1 M) = CE (4.5.59)
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Eliminating C from (4.5.59) using (4.5.58) gives
dl I(x)

oM ) (4.5.60)
Substituting {#.5.60) into {#.4.78) gives
o¢!
al — g (4.5.61)
and therefore
&'(x) = mx +as, (4.5.62)

where 45 is a constant. Substituting (4.5.62) into (4.5.58) gives
zu):m<x+5), (4.5.63)

a
a1

where [y = % is a constant. The mixing length is zero at x = 0, since the jet flow is

laminar close to the nozzle. Therefore

I(x) = lyx, &(x) = arx (4.5.64)

and, by (4.4.81),
lg = llx, (4565)

where [; = Dlj is a constant. The Lie point symmetry generator (4¢.4.77) on dividing
through by a; becomes

0 0 1 o 1.0
The invariant solutions (4.5.40) and {4.5.56) become
Iﬂﬁy%=¢”F@)—2%y (4.5.67)
1
S(x,y) = x~V2G(E) (4.5.68)
where from (4.5.41),
g=Y (4.5.69)

X

From (4.2.5) we see that the fluid velocity depends only on the spatial derivative of
P(x,y). We can therefore take a4 = 0. Substituting the invariant solutions (4.5.67)

and (4.5.68) into the partial differential equations (4.2.10) and (4.2.11)), with v = 0

and x = 0, gives

d [(PF\*] 14 (_dF
g (i) | 2z () = (570
d [d*FdG 1d
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Expressed in terms of the invariant solutions the thermal conserved quantity (4.3.18)
becomes

yrp(x)
K =2pc, / ’ ((j) aF i d¢ = constant independent of x (4.5.72)
0
and therefore
Y T”x(x) = Ba (4.5.73)
where B, is a constant. Hence
yu(x) = pax, (4.5.74)

B2
K = 20¢, / G(o) d(:dg (4.5.75)

ertlng boundary conditions (4 and (4.2.9) in terms of the invariant solution

4.5.67) and (.5.68) gives (4.5.30 and 14.5.3 ).

4.6 Analytical solution withx — 0Oand v — 0

Integrating (4.5.20) and utilising boundary conditions (4.5.30) at either { = 0 or ¢ =
B1 in order to obtain the constant of integration gives

2 2
(1/ 22 F)‘” Lpdf (4.6.1)

[ Pl Il ) nhisl
04z ) a2 T3 ag
and integrating (4.5.26) and using the boundary conditions (4.5.30) at { = p; to

obtain the constant of integration we find that

K d’F\ dG 1
(pcv ol d€2> % T3re=0 (4.6.2)

This is an example of the double reduction theorem of Sjoberg [10,11] which states
that if a partial differential equation is reduced to an ordinary differential equation
using an associated Lie point symmetry with a conserved vector of the partial dif-
ferential equation then the ordinary differential equation can be integrated at least
once.

Letting v — 0 in (4.6.1) gives

PEN? 1 _dF
-— | =-=F==. 46.3
(@) ~wm' o
Now o JE
— 2t — 13T 4.6.4
Uy 3y X i >0 (4.6.4)
and taking the square root on both sides of equation (4.6.3), we obtain
d°F 1 dF\'/?
—— =+—TF'? < ) : 465
@~ @ e
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But since we are considering the upper half of the jet

00,  1d°F

and the negative sign is taken in (4.6.5). Thus,

@2F 1, (dF\'?
=) o7

Equation is an autonomous second order differential equation. Multiplying

1/2
both sides by (‘;—g) and integrating with respect to ¢ gives

dF\'/* &2F 1 (¢, ,,dF
= FY22_4d¢. 4.6.8
(%) o=y, P (469
But P ey
F F )
d—gzdg X d(’ij dF (4.6.9)
and (4.6.8) becomes
F' 1/2 - 1 F
AP = — / F)V/24F. 4610
/) ~ ] ® (4:6.10)
Thus 32
dF 1
all = ——— 324 p*, 4.6.11
(%) -~ ot
where b* is the constant. Writing
b3/2
L 46.12
N ( )
equation (4.6.11) becomes
dF 1 \*? 2/3
—=(— b2 —F¥2)" ,0<F<b 46.13
e () ) 0sFs N

Substituting the boundary condition F/(;1) = 0 from (4.5.30) into equation (4.6.11),
one verifies that

F(By) = b. (4.6.14)
Equation (4.6.13) is variable separable. Thus

g = (\/510)2/3 ar (4.6.15)

(b3/2 — F3/2)?/3

and therefore

/dg \f lo /F aF (4.6.16)

F(0) (b3/2 — F3/2)*/3
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and using the boundary condition F(0) = 0 from (4.5.30) we find that

2/3 F dF
— < < .6.
¢ = (V3h) /0 A 0<F<b, (4.6.17)
which becomes
& = (V3l)?/? /f 4 (4.6.18)
0 (1_f3/2)2/3'
where .
f= (b(:)’ 0< <1, (4.6.19)
which can be rewritten as
F(&) =bf, 0< f<1. (4.6.20)

Equations (4.6.18) and (4.6.20) form a parametric solution for F(&) where the param-
eter is f with 0 < f < 1. For each value of f in the range, 0 < f < 1, there is a value

for F and ¢.
The constant b is obtained from the conserved quantity | given by equation

(4.5.18) which can be written as
F(B1) dF
=2 / —=dF, 4621
J=2p o) dE ( )

where F(B1) = b and, from the boundary condition (4.5.30), F(0) = 0. Substituting
Z—g from equation 44.6.13[) into q4.6.21|) we obtain

_ 2p b 3/2 3/272/3
]_W/O(b — P3/2)2/34F (4.6.22)

and writing equation (4.6.22) in terms of the variable f, we obtain

_ 20 2 1 _ £3/2\2/3
]_(\/310)2/31?/0(1 15 0df. (4.6.23)
But
1 2 1
/(1—f3/2)2/3df:7/ 31— x)?dx, (4.6.24)
0 3 Jo

where x = f32. Equation (4.6.24) can be expressed in terms of beta and gamma
functions defined by [19]

1
B(m,n) = / x"(1—x)"dx, n>0,m >0 (4.6.25)
0

and .
T(n) = / ¥ le~%dx, n > 0. (4.6.26)
0

The gamma function satisfies

I'n)=n-1)I'(n—1), n > 1. (4.6.27)
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Beta and gamma functions are related by

_ D(m)I(n)
B(m, n) —_— W. (4.6.28)
Using these results it can be shown that
! (T (3))?
1— f3/2)283qf = 223 4.6.29
Jy @ = (46.29)
and hence from .6.23),
1/2
T (3) 1 1/3
= 31 4.6.30
( %) T (v3h) (4:630)

The constant 8; which determines the boundary of the jet,

yp(x) = prx*’?, (4.6.31)
is obtained with f = 1 and ¢ = 1. Equation (4.6.18) becomes

B = (V3lo)*? /O 1 (1—;‘1{/2)2“' (4.6.32)

Making the transformation x = f3/2, we obtain

= (A [ 0 ) ax = 2 (VA (; ;) (46.33)

where B(} 3, 3) is a beta function. The integral in 1} is convergent. Hence the jet
is bounded in the y-direction. But

B (; §> _ ”%}(E@ _ 3/7; (4.6.34)
where we used
r(1) =1, T(p)T(1-p) = smz;n) 0<p<l (4.6.35)
Thus,
B1 = 4‘[ t(v/319)%/3. (4.6.36)

We now turn our attention to G Wthh satisfies equation (4.6.2). We let x — 0 in

(4.6.2) which reduces to

d’F dG 1
and using (4.6.7) for F”(¢) we obtain
1/2
1ac 1 F (4.6.38)

ET@ - _\[Tll (5%)1/2'
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Equation (4.6.38) is written in variable separate form by first writing it as

dG 1 FY2
— = (dF 4.6.39
G \/gll (di)3/2 ( )
¢
and using (4.6.13),
G Iy F1/2
— =———— (F. 4.6.4
C = L mr_pR) (4.6.40)
Hence

G dG lo [F VE
~ = 77 ——>——a5 dF. 4.6.41
/G(O) G I /F(O) (b3/2 — F3/2) ( )

Now G(0) is unknown and is obtained later from the conserved quantity (4.5.75).
Using the boundary condition (4.5.30), F(0) = 0, the integral on the right hand side
of (4.6.41) can be calculated by making the substitution

w=b¥?—F32, (4.6.42)

Thus

1

S

2
G = G(0) (1 - f3/2) o (4.6.43)
where f is defined by (4.6.20). Therefore G(0) > G(&) > 0 for all values of  satisfy-
ing 0 < ¢ < B1 and G(B1) = 0. Thus By = Bp. That is, the thermal and momentum
boundaries are equal when v = 0 and x = 0.
The constant G(0) can be found by utilising the conserved quantity (.5.75). Sub-
stituting equation (4.6.43)) into (4.5.75) we obtain

b 1 2l
K = 20¢,G(0) / GAdF = 2pc,bG(0) / (1-£272) " af (4.6.44)
0 0
since F(0) = 0 and F(B1) = b. But
1 ] 1 I
/ (1— f2)50df = 2/ 31— x)ihax = 2p (2,14 2k (4.6.45)
0 3 /o 3°\3 " "3y

and using (4.6.25) and (4.6.26) for beta and gamma functions we find that

I 2\ 21
/ (1— f2)iigp = 2 n TEIGH) (4.6.46)
0 3<1+lo)r<2(1+h))
1 3 L
and therefore l ) l
sk (1+ ) TG+ 7)) (4.6.47)

where b is given by (4.6.30).
Equations (4.6.20) and (4.6.43) form a parametric solution for G(¢) where the
parameter is f with 0 < f < 1.

We now summarise the analytical solution for v — 0 and ¥ — 0. The parametric
solution for F(&) and G(¢&) is
F =bf, (4.6.48)



4.7. Analytical solution with v = 0 and x = 0 using Prandtl’s hypothesis 65
2k
G = G(0) (1 - f3/2) h (4.6.49)
f d
= (VAP [T 8, 4650
&= (V3l)¥* | 1 (4.6.50)
where the parameter, f, satisfies
0<f<1 (4.6.51)
The physical variables at a given value of
x>0 and 0<y< B3 (4.6.52)
are
P(x,y) = bx'/3f (4.6.53)
2l
S(x,y) = G(0)x~1/3 [1 f3/2} h (4.6.54)
b ~1/3 3/21%/3
ox(X,y) = 1 , 4.6.55
() = 1] (4.6.55)
= _b oy 32y2/3 [F dg
oy (x,y) = 3¥ [2(1 =) /0 A—g7773 -l (4.6.56)
f d
— 2 2/3x — 2/3,2/3 g
y=x""¢= (\@ZO) X /0 H’W’ (4.6.57)
where
0<f<L (4.6.58)
The boundary of the upper half of the jet and the mixing lengths are
= ﬁ I(x) = lx'/2, lo(x) = Ix/2 (4.6.59)
and
By — 4\9@7r(\/§zo)2/3, (4.6.60)
1/2
T (3) 1 1/3
b= 3l , 4.6.61
( ) IO (v3h) (4.6.61)
1/2
3K [ 2p 1\ U+ TE+1)
G(0) = ; - T T (4.6.62)
peo \JT (3) V3lo I I'(31)

4.7 Analytical solution with v = 0 and ¥ = 0 using Prandtl’s

hypothesis

Uy

Inequalities (4.6.3) and (4.6.4), since 5= < 0 and v, (x,y) > 0for 0 < y < yp(x):

Y

d’F
T(?<O,O<€<IB],

4.7.1)
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dF
—>0,0<¢ < B (4.7.2)
dg
remain valid even when v = 0 and « = 0. The differential equations (4.5.70) and
(4.5.71) obtained using Prandtl’s hypothesis and (4.5.26) and (4.5.20) with v = 0 and

k = 0 differ only by the coefficient of d% (F ‘Zl—g) and d% (FG). The boundary condi-

tions and the two conserved quantities for the two problems are the same. Hence
the two problem can be solved using the same method. Using the same approach as
in Section 4.6 we find the solution of (4.5.70) to be

_ 25 (8 dg
C:— (\ﬁ10> /0 W, (4.7.3)

with f defined by
F
f=3 4.7.4)
and satisfying
0<fF<1, (4.7.5)
where 2
T (3) 1 1/3
b=F(B) = ( V2l (4.7.6)
2 (3) (v2h)
and
4/3 2/3
pr=—g T (\@lo) : 4.7.7)
We also find that the solution for (4.5.71) to be
2lg
G(&) = G(0) (1 - f3/2> o (4.7.8)
where
I
sk 1T (314 1))
G0) = S ETae (4.7.9)
peb i T (3T (38)
The physical variables at a given value of
x>0 and 0 <yp(x) < pBix (4.7.10)
are
p(x,y) = bx'/*f, (4.7.11)
S(x,y) = G(0)x~1/2 (1 - f3/2) o (4.7.12)
B b o 2/3
Tu(2,y) = gy} (1 - f3/2) , (4.7.13)
(v2h)
= _b__p 32 2/3 f dg .
0,(x,y) = 5 [2 (1-£72) /O e . (4.7.14)

The boundary constant 1 was shown to be finite when v and « are zero. Hence,
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the boundary is finite in this case. However, it will be argued in Section 4.8 that
the boundary constant f; is infinite when v # 0. In this section, we derived the
analytical solution by assuming Prandtl’s hypothesis [18] and obtained a different
solution by letting v and « tend to zero.

4.8 Numerical solution

In this section we give a numerical solution to the differential equations (4.6.1) and

(4.6.2) subject to the boundary conditions (4.5.30) and (4.5.31) and the conserved

quantities (4.5.18) and (4.5.29).
Expanding the differential equation (4.6.1) we obtain the quadratic equation

27\ 2 2
<d F) _vdE 1 pdE (4.8.1)

dg2)  12d@2 3R dE
Hence
#F v v\? 1 dF
— =—== — —F(¢)—=. 4.8.2
iz = 2 \/ <2zg> Taef @ (482)
The is discriminant in (4.8.2) is real because
Ux(x,y) = By x i > 0. (4.8.3)

We will consider the numerical solution for the upper half of the jet. Then

00,  1d°F
2y~ xdi <0. (4.8.4)

We therefore take the negative sign in (4.8.2)), which becomes

d*F v v\? 1 dF
= = — —F(&)—. 4.8.5
AT % <2z§> Tarf @)z (4:85)
From the differential equation (4.6.2) we obtain
4G _ 1 F(©)G() w56
—. 8.
g 35— 1011%

The denominator in is non-zero because of (4.8.4).

The boundary conditions (4.5.30) and (4.5.31)) are not sufficient to obtain a unique
solution for the system of the ordinary equations (#.8.5) and (4.8.6). Hence, we im-
pose conserved quantities (4.3.10) and (4.3.18), written in terms of the invariant so-

lutions (4.5.13) and (¢.5.25):
B (dF\?
=2 / — | dé, 4.8.7
=2 (%) (487)

dr
dg

B2
K = 20¢, /0 G(&)“Lae. (4.8.8)
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In order to convert this problem to an initial value problem (IVP), consider

F({)=AZ"as{ —0 (4.8.9)
where A is a constant. Now
Uy (x,y) is positive and finite as y — 0. (4.8.10)
Now since
p(x,y) = x'PF(g), £ = ﬁ 4.8.11)
we have
Te(x,y) = x11/3;”§: = :1‘;‘35”—1 as & — 0. (4.8.12)
Thusn =1and
F(g) = AC as ¢ — 0. (4.8.13)
The boundary condition ‘;%T(O) = 0in (4.5.30) is satisfied.
From (4.5.31)
il(g(O) =0, (4.8.14)
but the boundary condition on G(0) is not specified. Consider
G(&) =Bi"as¢ — 0, (4.8.15)
where B is a constant. Thus
”;(g =mBE" las¢é—0 (4.8.16)
and is satisfied by m = 1 and any m > 1. We choose m = 0 so that
il;; =B, as¢ — 0. (4.8.17)

The initial value problem in the shooting method can be summarised as follows.
Initial conditions

F(0) =0, Zlg(o) = A, G(0) = B. (4.8.18)
Differential equations
d°F v v\? 1 dF
— == — — —F(C)—=, 4.8.19
12 2B \/(213) T3 O % (4:8.19)
fz(g - —;F(C)G(% (4.8.20)
pes ~ gz



4.8. Numerical solution 69

The targets
B (dF\?
J=2p / <d> dg, (4.8.21)
P2 dF
K =2pc, | dgc(g)dg (4.8.22)

The conserved quantities | and K are prescribed and also p and ¢, and the mixing
lengths Iy and /1. The shooting method determines the constants A and B, the upper
limits 81 and B; and the solution for F(¢{) and G(§).

Initially, we guess values for constants A and B and use the solution correspond-
ing to these constants to calculate the conserved quantities. If equations and
for the conserved quantities are not satisfied then we modify the values of A
and B and try again. This process is repeated until equations and for
the conserved quantities are satisfied.

Let

F(¢, A, B), G(¢, A, B)

be the solution of the system of ordinary differential equations (4.8.19) and (4.8.20)
with the initial conditions (4.8.18) and corresponding constants A and B. Assume
that these solutions yield conserved quantities

2
J(A, B) —Zp/ < (@ A, B)> dg, (4.8.23)
K(A, B) = 20c, /0 6@ a8 Gz (© A B (4.8.24)
We require that
J—T(A,B) =0, (4.8.25)
K—R(A,B) =0, (4.8.26)

that is, equations (#.8.21)) and (4.8.22) for the conserved quantities are satisfied.

Suppose (Ayg, By) is the current best guess of A and B that satisfy and
(4.8.26). To update (Ay, Bx) we need steps d; and &, which get us closer to the solu-
tion, that is

J = J(Ax + 61, By + 62) = 0, (4.8.27)
K — K(Ax + 61, B+ 62) = 0. (4.8.28)
Expanding equations (#.8.27) and (#.8.28) using the Taylor series expansion we ob-

tain

I (Aw By) 2 (Ay By) (@) ( T~ T(Aw By) )

= B . (4.8.29)
(A, Br) (A, Br) 92 K — K(Ag, By)

S

Hence, the updated guess for constants A and B become
A1 = Ax+ 91, (4.8.30)

Bii1 = By + 0o (4.8.31)
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We use the secant method to compute the partial derivatives in equation (4.8.29). For
example:

d] TJ(Ax, Be) — J(A;_1,B
I (a By = J(Ax, B) = J(Ax1, Br)
JdA A — A4

This suggests the numerical algorithm to calculate A and B:

1. Choose (Ay, Bg) and (A1, B1) (Initial guess).

(4.8.32)

2. Setk=1.

3. Compute F(&, Ax, Bx), G(&, Ak, Bx), F(&, Ax—1, Bx—1) and G({, Ax_1, Bx_1) using
the system of differential equations (4.8.19) and (4.8.20) with initial conditions
(4.8.18). For this we use the Runge-Kutta scheme.

Compute derivatives %, %, % and % using the secant method 1}
Compute steps ¢ and 6, using equation (4.8.29).

Update Axy1 = Ax + 61, Bxy1 = Bx + 62, Ay = Ay—1 and By = By_1.

N o g

If | — J(Aks1, Bey1)| < € and |K — K(Agy1, Brks1)| < € then stop, else continue
to step 3 with k — k41 (increment k), where € is the tolerance of the numerical
method.

Once the values of A and B are found we use the Runge-Kutta scheme to solve the
resulting IVP.

Table 4.1 shows the results of the shooting method when v and « are equal to 0.1.
It can be seen from this table that the method converges just after six iterations.

Ag By | = J(Ax, By)| |K — K(Ag, By)|

0.2 0.2 0.885520838931 0.885520768116
1.32877480037 1.99327115373 2.74136184438 4.61235055957
0.475595792714 | -5.4722581264 0.464300111173 7.16382495535
0.599168119926 | -3.1011766543 0.178009505226 5.25446298219
0.676002805976 | 2.30537871804 0.03040319706 2.51399478108
0.664794179652 | 0.422622679809 0.00145233503741 0.365203495493
0.665305195468 | 0.660684694495 | 1.07933631134e — 05 0.00695534388078
0.665309021635 | 0.665313156217 | 3.8893215315e — 09 | 6.52955836777¢ — 06

TABLE 4.1: Shooting method results with v = 0.1 and « = 0.1.

For the numerical results presented in Figures to ] =1,K=1p=1,
lp =1,1; =1, ¢, = 1 and the values of v and x are varied from zero to one.

Case (i): v #0and x # 0

It can be shown that

dF
Uy = xT1/3Z

¢
Figure4.2)shows the numerical results for Z—g plotted against ¢ for different values of
kinematic viscosity, v. As the kinematic viscosity increases the mean velocity along

(4.8.33)
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the centreline of the jet decreases. It can be seen that Z—Ig gets closer and closer to
zero as ¢ becomes large. When ‘;—g is sufficiently small we cannot reliably determine

whether g—g is zero or non-zero since we limited by the accuracy of the numerical
scheme. When v = 0 and x = 0, Figure the value of F(&) becomes a non-
real number when ¢ is greater than some value we assume to be the boundary B,
but when v # 0 and « # 0 Z—g remains real for all considered values of ¢. This

suggests that Z—Ig remains positive for all values of ¢, which leads us to conclude that
the momentum boundary B is infinite when v # 0 and « # 0.
It can also be shown that - 1 dF
Ty
-— =—-=. 4.8.34
dy  xd¢ ( )
Figure 4.3| shows the numerical results for % plotted against ¢ for different values
of v. The region where % is most negative is called the shear layer of the jet. As the
kinematic viscosity increase the shear layer region becomes wider.
The temperature difference is given by

S(x,y) = x13G(¢). (4.8.35)

Figure4.4{shows the numerical results for G(&) plotted against ¢ for different values
of the thermal conductivity, x, and kinematic viscosity, v. Similar to the numerical
solution for ‘;—g, Figure G(¢) gets closer and closer to zero as ¢ increase but never
becomes non-real for all considered values of ¢. This leads us to conclude that §; is
infinite.

v=0.01
0.7 4
\ v=0.1
0.6 1
0.5 4
v=1
0.4 1
Sl
0.3 4
0.2 1
0.1+
0.0 4
T T T T T T
0 2 4 6 8 10
£

FIGURE 4.2: Graphs of Z—g versus ¢ forv =0.01,v=0.1andv = 1.
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—0.05 A
v=1
—0.10 A
;“%.— —0.15 1
—0.20 A
—0.25 A v=0.1
v=0.01
—0.30
T T T T T T
0 2 4 6 a8 10
£

d’F

FIGURE 4.3: Graphs of @z Versus ¢forv=0.01,v=01landv =1.

k=10.01,v=0.01
0.7 4 \
Kk=0.1,v=0.1
0.6
0.5 4
k=1,v=1
0.4 1
)
1G]
0.3 4
0.2 1
0.1+
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T T T T T T
0 2 4 6 8 10
£

FIGURE 4.4: Graphs of G(&) versus ¢ for varying values of v and .

Case (ii): v #0and xk =0

Figure4.5|shows the numerical results for G(¢) plotted against ¢ when v = 0.01,x =

Oand v = 0.1,k = 0. The numerical results for % for this case are the same as in

Figure 4.2/ since F is independent of G. The numerical results for G(¢) are approx-
imately flat when ¢ is between 3.2 and 4.8 which then become unstable when ¢ is
larger than 4.8.
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0.8
[ v=01k=0

v=0.01,k=0
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0.4 4
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0.0 T

FIGURE 4.5: Graphs of G({) versus ¢ for v = 0.01 and v = 0.1 with
x = 0.

Case (iii): v =0and x # 0

When v = 0 and x # 0 the numerical algorithm described above cannot accurately
determine F and G. Suppose the initial guesses for A and B are 0.71 and 0.9, respec-

tively, giving the numerical results for % and G(¢) plotted against { shown in Figure

It can be seen that ; for this initial guesses is about 3.5 and G(B1) is positive.
Therefore B, > B1. The value of F cannot be determined when ¢ > B4, because F is
required when calculating G using (4.8.6). Thus G cannot be calculated when ¢ > B,
which also means that the conserved quantity cannot be computed accurately.
This conserved quantity is needed when updating the values of A and B. In order to
obtain values for G for 1 < ¢ < B, we thus need a different model. This is outside
the scope of this dissertation.
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Gl(&) |

1
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1

1
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0.4 1
0.2 4
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

FIGURE 4.6: The initial guesses A = 0.71 and B = 0.9 of g—g and G(¢)
forv=0and x = 1.

Case(iv): v=0andx =0

It can be seen in Figures [4.7] and [4.§] that the numerical solution perfectly matches
the analytical solution, for the limit v — 0 and ¥ — 0, that was obtained in Section
4.6. Calculating the boundary 1 from equation (4.6.60) we obtain

By = 4\/ (\f lo) = 3.4879351

which agrees with the numerical result
B1 = 3.49

seen in Figure It can also be seen that the boundaries f; and B, are finite and
equal when v = 0 and ¥ = 0. This was proven analytically in Section 4.6. In Figure
the numerical result for j; is

B2 = 3.49.

Figures to show numerical results when v = 0,k = 0, p = 1, ¢, =
1,Ip = 1,11 = 1 and the values of conserved quantities | and K are varied. As
the conserved quantity | increases the mean flow velocity increases at each point
except the boundary of the jet while the mean temperature difference decrease. The
conserved quantity K has no effect on the mean velocity but as K increases the mean
temperature difference at each point except the boundary increases. The analytical
solution, v — 0, x — 0 gives the boundary

B1 = \[ m (V3 lo> — 3.4879351



4.8. Numerical solution 75

which verifies that the boundary of the jet does not depend on | or K and agrees well
with the numerical result

By = 3.49.

Figures to show the numerical results whenv = 0,k = 0,0 = 0,¢, = 1,
J =1, K = 1 and the values of mixing lengths Iy and /; are varied. As the momen-
tum mixing length [ increase the boundary of the jet increase, but the mean velocity
at the centreline decrease. This is because an increase in [y means an increase in
the effective viscosity which slows the mean flow at the centreline and entrains the
fluid farther from the centreline. The thermal mixing length of /1 has no effect on the
boundary of the jet. This fact was shown analytically, (4.6.60), in Section 4.6. As the
thermal mixing length, /1 increase the mean temperature difference at the centreline
decrease while the temperature difference increases close to the boundary of the jet.
An increase in the thermal mixing length means an increase in the effective conduc-
tivity which means the mean temperature difference can then be easily transferred
from the centreline to the boundary of the jet.

e numerical
1.0~
0.8
0.6
) analytical
[l
0.4
0.2
0.0 A
T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

£

FIGURE 4.7: Comparison of the analytical solution for v — 0 and
x — 0 with the numerical solution for F(¢) for v = 0.
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FIGURE 4.8: Comparison of the analytical solution for v — 0 and
% — 0 with the numerical solution for G(¢) for v = 0.
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FIGURE 4.9: Graphs of the numerical solution for v = 0 and ¥ = 0 for
Z—Ig versus ¢ for varying values of the conserved quantity J.
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FIGURE 4.10: Graphs of the numerical solution for v = 0 and x = 0
for G(¢) versus ¢ for varying values of the conserved quantity J.
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FIGURE 4.11: Graphs of the numerical solution for v = 0 and x = 0
for G(¢) versus ¢ for varying values of the conserved quantity K.
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FIGURE 4.12: Graphs of the numerical solution for v = 0 and x = 0
for % versus ¢ for varying values of the mixing length Iy.
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FIGURE 4.13: Graphs of the numerical solution for v = 0 and « = 0
for G(¢) versus ¢ for varying values of the mixing length I.
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FIGURE 4.14: Graphs of the numerical solution for v = 0 and x = 0
for G(§) versus ¢ for varying values of the mixing length I;.

4.9 Discussions of the results

In this chapter, we reduced the coupled system of governing partial differential
equations in terms of the stream function, (4.2.10) and (4.2.11)), to ordinary differ-
ential equations. We achieved this by first obtaining conservation laws to the model
partial differential equations (4.2.10) and (4.2.11). We found that the conserved vec-
tor space for multipliers of the form A;(x,y,¢,S) and Ax(x,y,¢,S) is spanned by
the conserved vector with components and and the conserved vec-
tor with components and (4.2.44). The conserved quantities were obtained
by integrating the conservation laws with respect to y from the centreline to the
boundary of the jet. From the basis of conserved vectors, we obtained the associated
Lie point symmetry. In the associated Lie point symmetry ¢!(x) was an arbitrary
function of x when v = 0 and « = 0. To solve for this arbitrary function, we invoked
Prandtl’s hypothesis [18].

For the analytical solution for v = 0 and x¥ = 0 and Prandtl’s hypothesis that the
motion perpendicular to the flow are mechanically and geometrically similar, it was
found that

I(x) = lpx, lo(x) = I1x, yp(x) = Bix,
while for the analytical solution obtained by letting v — 0 and ¥ — 0,
I(x) = lox*/?, lo(x) = I1x1/2, yp(x) = p1x¥/3.

For both solutions the momentum and thermal mixing lengths are proportional to
each other. Prandtl’s hypothesis is not satisfied for the analytical solution for v — 0
and ¥ — 0, but the mixing lengths lie within the boundary for sufficiently large
values of x. The functional dependence for the two solutions of I(x), l(x) and yp(x)
are different which could be tested experimentally.
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410 Conclusions

For a two-dimensional turbulent jet, Prandtl’s hypothesis that the mixing length and
the half-width of the jet are proportional is not satisfied by the analytical solution
obtained by letting v — 0 and ¥ — 0. The mixing length lies within the boundary of
the jet for sufficiently large x.

The numerical results match perfectly with the analytical solution when v — 0
and k¥ — 0. It was shown both analytically and numerically that the momentum
and thermal boundaries are finite and equal when v = 0 and ¥ = 0 and are infinite
when v # 0 and x # 0. The thermal mixing length does not affect the boundary
of the jet when v = 0 and x = 0. As the momentum mixing length increased the
entrainment of the mean flow also increased. As the momentum mixing length con-
stant Iy increased the boundary ; also increased. The shooting method presented
in this Chapter could not accurately determine the invariant solution when v = 0
and x # 0. The values of G when B; < { < B, were required but could not be
found since F is only determined when 0 < § < 1 and is needed when calculating
G. This means we need a different model to calculate G when p; < ¢ < B, perhaps
matching the to an exterior flow which is outside the scope of this dissertation. The
numerical solution was unstable for G when ¢ > 4.8 when v # 0 and ¥ = 0. This
may indicate that there is no solution for G(¢) for { > 4.8 and that there is a finite
boundary for G(¢) in the y—direction.
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Chapter 5

Axisymmetric turbulent jet:
conservation laws, Lie point
symmetry and group invariant
solutions

5.1 Introdution

In this chapter, the governing equations (3.4.6), (3.4.7) and (3.4.8) for the axisymmet-

ric turbulent thermal jet, written in terms of the stream function, are investigated.
These equations are reduced to ordinary differential equations using the associated
Lie point symmetry. The associated Lie point symmetry is found using conserved
vectors and depends on whether v and «x are zero or non-zero. The formula for find-
ing associated Lie point symmetries from conserved vectors was discovered in [5].

There are various methods for finding conservation laws and were compared in
Naz et al [8], which concluded that the multiplier method is more systematic and
simpler than its counterparts. Hence in this chapter, the multiplier method is used
to obtain conservation laws and are also used to find conserved quantities. This
is done by integrating the conservation law with respect to the radial coordinate r
from the centreline to the boundary of the jet. This method for obtaining conserved
quantities is more systematic than directly integrating the governing equations.

For the special case, v = 0 and ¥ = 0, the associated Lie point symmetry gen-
erator contains an arbitrary function of z. The conserved quantities do not assist in
solving for this arbitrary function. Hence Prandtl’s hypothesis [18] which hypoth-
esise that the mixing length is proportional to the half-width of the jet is used to
determine this arbitrary function.

This chapter will be structured in the following manner: In Section 5.2 we derive
the conservation laws which are then used to determine conserved quantities in Sec-
tion 5.3. In Section 5.4, we find the associated Lie point symmetry to the conserved
vector derived in Section 5.2 for v and x non-zero and v and x zero, which is then
used to reduce the governing partial differential equations to ordinary differential
equations for the invariant solution in Section 5.5. The numerical solution for the
invariant solution is given in Section 5.6. We end the chapter by giving concluding
remarks in Section 5.7.
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5.2 Conservation laws

The governing equations for the axisymmetric turbulent thermal jet are (3.4.6), (3.4.7)

and (3.4.8);
_do, _do, 19 2, |07z [\ 972
Uia o T U5 = o [r (V+l (z) o ) ar] ,
_9dT _oT 10 K 00, |\ 0T
Uzg +Ur§ = ;g |:T (pcv +pCz;l(Z)lg(Z) ? ) 1":|
and 13 -
_ 0,
;g (T’(’Jr) + g = 0/
with boundary conditions (3.4.9) and (3.4.10),
aﬁz _ — _ aEZ _ =y I
ﬁ(z,O) =0, 70.(zrp(z)) =0, W(z,rg(z)) =0, 70,(z0)=0
and
oT oT -
y(zl 0) =0, y(zl rTb(Z)) =0, T(Zz rTb(Z)) =Ts,

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)

(5.2.5)

where rp(z) is the boundary of the jet. For a free jet, the mean velocity gradient is

negative (see Figure5.1). i.e.
¥
& < 0.
or

Vy(rz)

>
Vy(r,z)

FIGURE 5.1: Schematic diagram for the mean velocity profile

The stream function 1 is defined by

1oy 1y

U, = — Uy = .
E T ror’ ’ r oz

Let B
S=T-T(zrp(2)),

(5.2.6)

(5.2.7)

(5.2.8)

where r7;(z) is the boundary of the jet. In order to simplify notation we omit bars
on S for the rest of the chapter. The boundary conditions (5.2.4) and (5.2.5), written
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in terms of the stream function ¢ and S, become

2 <1 alp) (2,0) =0, aa—lf(z,rB(z)) =0, % C?rb) (z,78(z)) =0, (529)

r or
13‘5 (2,0) =0 (52.10)
and
aS aS
5(2,0) =0, a(z, rrp(z)) =0, S(z,rmp(z)) = 0. (5.2.11)

Substituting the stream function (5.2.7) and equation (5.2.8) into the governing equa-
tions (5.2.1) and (5.2.2) we obtain

BEE) <1aw) L lapay

r or 72 or dzor

2 Or 9zor
10 2 19y 19y
- [7’ <1/—l (Z)ar <r ar>> or (7’ 81’)]

1993S 199as 19 K 19y
varaz razar rar [r (pc ~pel(2)h(2) <r 8r>> ar} - 6219

(5.2.12)

When working with Lie point symmetries and conservation laws, z, r, 1, S and all
the partial derivatives of ¢ and S with respect to z and r are regarded as independent
variables and the suffix notation is used for partial differentiation. Thus,

zZ,r, IIJ/ S/ ¢z; wr; Sz; Sr/ ll)zz; lpzrz wrw Szz; Szr/ Srr/

are independent variables. The notation %—f, %,... is used when ¢ and S and the
partial derivatives of i and S are regarded as functions of independent variables z
and r. Expanding equations (5.2.12) and (5.2.13) and writing them in terms of partial
derivatives with the subscript notation we obtain

1 1 1 1 1 I2(z) )
_;lpzlprr + ;lIJﬂ/er +v 72%% + ;lprr - 1721/]7’ - ll]rrr - 37(#)7’1‘)
(5.2.14)
l2 z 12(z 12(z
( ) ¢rr (4 ) (Ebr)z +2 5 ) ) 7,(2 )¢r¢rrr =0,
K K
Yoz — Sy — 5, — 1Sy — 1(2)lo(z) Sy + 1(2lo(2) 5 S,
peo P (5.2.15)
+1(2)lo(2)Prrr Sy + 1(2)1g(2) P1rSir — 1(2) 19 (z);gbrsrr =0.
We introduce the standard Euler operators which are defined by
~9Jd - 9d d , 0 d b 0 3 0
v =5y " Doy, ~ Pray, T Peay T PPy T 05y, ~ Prag,, ~
(5.2.16)

J +D? J -D? 9 ., (5.2.17)

) ) ) d
D D, D?>— +D,D
+ T PDrag T Pigg - ~Prag

Es =35 ~DPrgg; ~DPrgg tPi55
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where
a a 8 0 a d a
D, = — + 250 + z=—— + Sz + r—— + Sy + 5.2.18
a a d d d d
D, + tpr ¢ + Yrp=— 0, + Srr + Yoy 3. + Szr + (5.2.19)

A conservation law for the system of part1al differential equatlons (5.2.14) and
(5.2.15) is defined by
D.T' + D,T? =0 (5.2.20)
£z 6219
where T! and T2 are the components of the conserved vector (Tl, Tz). The conserved
vector can be found by the multiplier method. We need to find multipliers A; and

A5 such that
AL1 4+ AyLy = D, T! + D, T? (5.2.21)

for all functions ¥(z,r) and S(z,r) where

1 1 1 1 1 ( )
- _;l/«’zl/)rr + ;lprl/«’zr +v rj¢r¢z + *wrr - 7’72170? - ¢rrr <¢rr)
[ z z
+6 7(32) lprr - 34}/4 (lpr)Z +2 lpf?’lprﬂ 72 wrlprrw

K K
Ly = 5. — -5, — ——8, — 218, — 1(2)ly(2)~ ~YrrSr - 1(2)lo(2 ) S,
Plo PCo r (5.2.23)

+1(2)lo(2)rre Sy + 1(2)lo(2) Pre Sy — 1(2) 16 (2 ) ¢’r rr

are the left hand sides of equations (5.2.14) and (5.2.15) respectively. we consider
multiplier of the form
AL = Mi(z1,9,S), (5.2.24)

Az = Aa(z,1,,S). (5.2.25)

We find that multipliers of the form (5.2.24) and (5.2.25) are sulfficient to solve the
problem of the turbulent thermal jet. Further conservation laws could be investi-
gated by considering multipliers which depend on the partial derivatives ¢, ¥, S;,
Sz, Yrr, ..., but calculations become complicated and are best done using Software.

It can be shown that the Euler operators (5.2.16) and (5.2.17) annihilate the right
hand side of (5.2.21)). Hence,

Ep(AiLy + AsLy) =0, (5.2.26)

Es(A1L1 + A2Ly) = 0. (5.2.27)
Expanding equation (5.2.27)) using the Euler operator definition (5.2.16) we obtain

OB (L) + aaA;@z) D. (Aap)
~D, [A2< tpz—f—l() 0(2) ¢rr+l() 0(2) 2¢,+z() (z)%)] (5.2.28)

+D? {Az (—pcvm 12l (=)t — Z(Z)lg(z)il[)r>] 0.
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Equation (5.2.28)) can be split into coefficients of powers and products of the deriva-
tives of i and S to give

Pripyz aaAsl =0, (5.2.29)

Prrr - —VaaASl +1(z)lp(z )aa/: 2 -0, (5.2.30)
(9 )? —3EE R () 52 = 5231
PrSer ag\sz =0, (5.2.32)

(5.2.33)

From the system of partial differential equations (5.2.29) to (5.2.33), it can be con-
cluded that

Al = Al (Z/ r, l/))r (5234:)
Ny = ¢, (5.2.35)

where c; is a constant. Equations (5.2.34) and (5.2.35) are satisfied for v # 0, x # 0
and v = 0, x = 0. It can be verified that the coefficients of the other partial deriva-

tives and the remainder in (5.2.28) are zero when and are satisfied.

Now expanding equation 1) using the Euler definition (5.2.16) we find that
the second term, Ey (c2Ly), of vanishes. Hence we are left with just expand-
ing the first term, Ey (Aq1(z,7,9)) of m ) to obtain

oA
a¢1 (L1)
12( )

1 %(z I?
-D, [Al (rtprz 2tpz——+6 ()wrr -2 (f)tpmﬂ

e )

+D,D, [Al(iw,)} - D3 [Al (—vr + zlz(rz) Py — zlzr(zz) quﬂ =0

(5.2.36)
Equation (5.2.36) is a polynomial in the powers which are independent and products
of the derivatives of ¢ and S and hence can be split into coefficients of the powers
and products of the derivatives of i and S to give

Yrrrr aa/>1 =0, (5.2.37)
1% 8A1 12( ) 8A1 1 8A1 1 8A1 12 (Z) 82A1
Prr 2 r oY - 3 or +; or | r oz 6 r2  or? (5.2.38)
2 3 2 -
_21 (Z)aA1+3 8A1:0,

ro ord Jroy
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0N
lPrrﬂPrr : W = 0. (5-2-39)

From equations (5.2.37) to (5.2.39) we obtain

A1 = (1, (5240)

where c; is a constant. This results is satisfied for both v # 0, x # 0and v = 0, x = 0.

Using it can be verified that all the coefficients of the powers and products of

the other partial derivatives of i and also the remainder in vanish identically.
Returning to the definition of multipliers

AL+ ALy = D, T + D, T?, (5.2.41)

and substituting equations (5.2.35) and (5.2.40) into (5.2.41) we obtain

1
c1L1 + 2Ly = D, Cl;(lIJr)2 — C2¢Sr:|

2 2 2
+D; |:C1 (-14%02 + 1/%1,1]7 - 1/lprr - zﬂlpﬂpﬂ + l (Z) (IP”)Z + l (Z) (¢r)z>]

r2 r r3

+D, [CZ <¢sz - P;::rSr - 1(z)zg(z)%¢,sr + Z(Z)lg(z)lprrsr)]

(5.2.42)
for arbitrary functions ¢(z,r) and S(z,r). When ¢(z,r) and S(z,r) are solutions of
the system of partial differential equations (5.2.14) and (5.2.15) then equation (5.2.43)
becomes

Dz [—C1i(llﬁr)2 - C2¢Sr:| +

1 1 12 12 12
D, [Cl <_rlprl/)z + V;lpr — VP — Zr(zz)wrllfrr + 5,2)(47#)2 + 1’<32>(l/)r)2>]
D, [Cz (wsz s~ (2 (2) S, + z<z>ze<z>lprrsr)] o,
" r G262 (5.2.43)

Therefore any conserved vector of the system of partial differential equations (5.2.14)
and (5.2.15) with multipliers Ai(z,7,¢,S) and Ax(z,7,¢,S) is a linear combination
of the following two vectors

Momentum flux conserved vector: ¢c; = 1 and ¢, = 0:

T = %(%)2, (5.2.44)

12— Lyt (=) + G (5 00+ () - 20900 ) (65245)
and

Thermal flux conserved vector: c; = 0 and ¢, = 1:

T = —yS,, (5.2.46)
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T2 — s, — p’zrsr +1(2)lg(2) (wrrs, - 1¢rsr> . (5.2.47)

5.3 Conserved quantities

Conserved quantities are useful in solving for constants or arbitrary functions con-
tained in the associated Lie point symmetry generators obtained in the next section.
The conserved quantities are obtained by integrating the conservation law with re-
spect r from the centreline to the boundary of the jet.

The conserved vector components T! and T? are now treated as functions of the
independent variables z and r. Then

D, T'+ D, T>=0 (5.3.1)
can be written as ) )
oT oT

g(z, r)+ W(z,r) = 0. (5.3.2)

5.3.1 Momentum flux conserved quantity

Substituting the momentum conserved vector (5.2.44) and (5.2.45) into equation (5.3.2)

we obtain
9 [1/ap\?| , 9| 1ayoy
9z r(&r) T | Trezor
199 29\ o (1 (ap\> 203wy 1 /%\’)] _
+V(r8r_8r2>+l<z><r3<ar>_1~28r81’2+r<8r2> =0

Integrating equation (5.3.3) with respect to 7 = 0 from the centreline of the jet, 0, to
the boundary of the jet, ¥ = rp(z), we obtain

wz) 9 [ 1 [ap\? 19y 0P 19y 0%y
L e <_r <8r> >dr+ [_VE)ZZ%’+V<rE)1f_ar2)
1 (op\> 20992y 1 /%p\*\]|*®
2 —_ (=) _ 277 ¥v - (21X
+(z) <r3<8r> r2 or 8r2+r(8r2)
Using the formula for differentiation under the integral sign [19]

w@ 9 (1 g\t o d e (1 o\ L drp
/O = <_r (E’r) )dr_ ?Z/() <_r (ar> dr+@¢r(z,rg(z))£,

(5.3.5)

(5.3.3)

(5.3.4)
=0.

0

and simplifying the second term in equation (5.3.4) we obtain

19:1V4 2

dz r \ or dz r 0z Or ror  or?

oo (1 (g2 209ty 1 [Pp\°
) (1’3 <8r> _r2r1’2+r(8r2>

rg(z)

=0.

0
(5.3.6)
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All terms outs1de the integral sign in equation (5.3.6) vanish when boundary condi-

tions (5.2.9) are imposed. Hence

d d
1z / P (alf (z, r)) dr =0, (5.3.7)
which gives
9y :
/0 3 (z,7) dr = constant independent of z. (5.3.8)

Equation (5.3.8) can be multiplied by 27tp to give the total momentum flux in the
direction of the jet. Thus the conserved quantity becomes

2
=2mp / ( (z, r)) dr = constant independent of z. (5.3.9)

5.3.2 Thermal flux conserved quantity

Substituting the thermal flux conserved vector (5.2.46) and (5.2.47) into (5.3.2) we

obtain
p) aS
9z [“”ar]

o[ 39S «x dS ?Y 10y B
+ar[¢az pcz,81’+l()l()<8r2_r8r)8r}_

(5.3.10)

Integrating equation (5.3.10) with respect to r = 0 from the centreline of the jet, 0, to
the boundary of the jet, r = r1;,(z), we obtain

rrp(z) 9 o) P r(z) 9 dS J
/0 az<_lpar> ’*/0 ar<‘/’az> ’
x9S Py 19y rm(2)
+ [‘pcvrar”(z)’e@ (arz - rar) ar} .

Using boundary conditions (5.2.11) equation (5.3.11) becomes

) 9 ary [ dr =0, 5.3.12
/0 az< ar> +/ ar( ) (5:3.12)

which simplifies to

(5.3.11)

m(G) ( 9PpaS 9y dS
/0 <_azar + = or az> dr = 0. (5313)

Using integration by parts on the first term inside the integral sign of (5.3.13), equa-

tion (5.3.13) becomes

_ 9%

r=rp(z r(z) /22
= + / " <a¢s Lo as> dr = 0. (5.3.14)
0

0 ozor or d
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The first term of equation (5.3.14) vanish when boundary conditions (5.2.9), (5.2.10)
and (5.2.11) are imposed. Hence equation (5.3.14) simplifies to

rrp(z 81/)
A 82(8 )d._o (5.3.15)

Using the formula for differentiation under the integral sign [19] we obtain

rrp(z ] d (@) /9 d d
/0 az (alf ) dr = E/O <alf > dr — alf (Z/ rTb(Z))S(Z/ rTb(Z))%/
(5.3.16)

The second term on the right hand side of (5.3.16) vanishes when the third boundary
condition (5.2.11)) is imposed. Hence

d e ()
EA <&>m»0 (5.3.17)

which gives that

r7p(z) 84] .
K = 2mpcy / 5(2’ 1r)S(z,r)dr = constant independent of z. (5.3.18)
0

5.4 Associated Lie point symmetry
In this section, we obtain associated Lie point symmetries for conserved quantities

obtained in Section 4.3.
An associated Lie point symmetry to the conserved vector (T!, T?) is defined by

d d d d
X =g zry,S)o-+ 3z y,8)o +n@r¢5>¢ P(z7,9,8) s (541)
which can prolonged to contain all derivatives and satisfy

X1 + T'D,&? — T?D, &' =0, (5.4.2)

XI*l(T?) + T?D,¢! — T'D,&* = 0. (5.4.3)
The prolongation X! is defined by

) L0 a 0 0
Xolh=g = 4 +17 55+ + +7 +
é’ axi 81/) éz alpx gl 85 gll all)qu €12 a¢x1x2
(5.4.4)
+23 I + 72 J +22 J + 73 J
2 alpxzxz H aSX1X1 12 asx1xz 2 asxzxz
where ‘
i = Di(") —uj Di(&), (5.4.5)
g% = Dj(¢F) —uiDj(g") (5.4.6)
and

ul =, u* =S, X1 =1z, Xy =t (5.4.7)
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5.4.1 Associated with the momentum flux conserved vector, (5.2.44) and

(5.2.45)
Substituting the momentum flux conserved vector, (5.2.44) and (5.2.45), into (5.4.2)
we obtain

1 2 1
2 2+ ;4153 + ;lP%DrCZ

1 v I2(z) 12(z)
- _;lpzlpr — v + ;Il’r - ZVTlprlPrr + 3

(lPr)Z + l(:> (l/’rr)zl Dr(?l =0.

(5.4.8)
Splitting equation (5.4.8) into coefficients of derivatives of ¢ and S we obtain

R

2
¥z (¢r)° E 0, (5.4.9)
Jogt
P2y Sy 59 =0, (5.4.10)
2,05
()" : 5= =0, (5.4.11)

3. 1022 PP(z)og' 203*

(r)” v P oap rap (5.4.12)
() S, : —185 . lzr(f) aagsl —0, (5.4.13)
Py - iaaqu = jaag; —0, (5.4.14)

PrSr - iaansl — v?fsl =0, (5.4.15)

, 20pt 1022 1, [PP(z)og' wvoZ'
()" -5 — —= — ¢ _Tﬁ—*f—& (5.4.16)

rop ror 12 r oyP
The system of partial differential equations (5.4.9) to (5.4.16) gives
&' =2'(2), & =(zr), 7t =n'(z, ) (5.4.17)
and equation (5.4.16) reduces to
ot 9gt 1,
2@ — =0 (5.4.18)

A/ — (5.4.19)

giving
7' = a1(2)y + a(2), (5.4.20)
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where a1(z) and a,(z) are arbitrary functions of z. Again, differentiating equation
(5.4.18) with respect to r gives the Euler equation

P22 192 1.,
T =0 (642D

with the solution 1
& =a3(z)r + u4(z);, (5.4.22)

where a3(z) and a4(z) are arbitrary functions of z. Substituting (5.4.20) and (5.4.22)
back into (5.4.18) gives

a3(z) = ay(z). (5.4.23)
The Lie point symmetry generator (5.4.1) becomes

X =8+ (m@r +a) ) 5+ @E@P+ () 57+ 126 15) 55
(5.4.24)
Substituting the momentum flux conserved vector and and the
Lie point symmetry generator (5.4.24) into then the following prolongations
are needed:

det da;  1day dul daz
1_ _ a6 _ (%% | laay aa; | aay
0= <a1(2) 7 > P ( el U e (5.4.25)
;1
0= ﬁa4(z)¢r, (5.4.26)
1 2 2
T = — 04Dy + ( 504(2) — a1(2) ) Y. (5:4.27)
Separating (5.4.3) by powers and products of the partial derivatives of i we obtain
érl
Prr 2 vV [ 1 + 2 a4(z) - al(z)] =0, (5.4.28)
day day et 2
o _ -z - = 4.29
Py 1z P 1z +v [ 1 72a4(z) a1(z) 0, 5 )
d det

(tpr)z:—Slz(z)al(z)+3}2a4(z>+g(12(z>)§1()+12<) =0, (5430

P —32(2)ar(2) + 3sas(2) + - (2(2) 212) + P()IE =0, (543D
rY¥rr - 1’2 dz dZ ,

(¢rr)” + =31%(2) a1 (2) +3r12a4(z) +;Z(12(z))é (z) +I2(z )d =0. (54.32)

There two cases to consider, v = 0and v # 0
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Case (i) v =0

Equations (5.4.32) can be separated in powers of r and (5.4.29) in powers of . We
find that 41 and a, are constants,

a5 =0 (5.4.33)
and &!(z) and I(z) satisfy
Il 2 dl .y,

Thus
¢'=¢'(z), C@=mr, p)=myp+a, 7=1(zr$S) (5435
and therefore
X='(0)2 v arl + (ap+a) + P (ar9,5) (5.4.36)
= Z pye ai ar myP +a ne(z,r, 1, 35 4.

Case (ii): v # 0

From (5.4.28), (5.4.29) and (5.4.30) we again have a; and a, are constants, a4 = 0 and
(5.4.34) but in addition

1
% = (5.4.37)

we find that

E=mz+as, FE)=ar, () =ap+a, 1n*=1n*zr9,S), (54.38)
I(z) = A(ayz + as) (5.4.39)

where a5 and A are constants. Thus

d d
X =(mz+as) — 7 (z, 7,9, S)ﬁ‘ (5.4.40)

. + @y +a2)

+a1r—

ar aq;

5.4.2 Association with thermal conserved vector

It has been shown so far that the associated Lie point symmetry is of the form

d d d 9
X =g (2o +arrs + (mp+a2) 5 T *(2,7,,5) 55 (5.4.41)
where
1 _Jmz +as, vV 7& 0
¢ (z) = { A, v=0 (5.4.42)
and
_ JA(mzH4as), v#0
I(z) = {l ), o (5.4.43)
and when v = 0, &!(z) and I(z) satisfy
dél 2_dl —&(z) = 3ay. (5.4.44)

dz 1(z) dz
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Substituting the thermal flux conserved vector (5.2.46) and (5.2.47) and the sym-
metry generator (5.4.41)) into (5.4.2) we obtain for v = 0and v # 0

—St —9ZZ —a1pS, =0 (5.4.45)

which expands to

2 2 2
-5 <¢ <aa;75 + a1> + az> — t/zaair —~ qnpraa'zp = 0. (5.4.46)

Splitting this equation into coefficients of S, and ¢, and the remainder we obtain

. on?
Remainder : 5 = 0, (5.4.47)
on?

Sr : ll) a + g “+ar = 0, (5448)

/-
Pr: E i 0. (5.4.49)

From equations (5.4.47) and (5.4.49) we obtain
n* =1%(z,9). (5.4.50)

Splitting equation (5.4.48) into coefficients of ¢ and the remainder we obtain

on?
: - = 4.51
Y:a+ 53 0, (5.4.51)
Remainder : a; = 0. (5.4.52)
Equation (5.4.51) gives
n? = —a1S + as(2) (5.4.53)

where a5(z) is an arbitrary function z. Hence the Lie point symmetry generator

(5.4.41) becomes

d 9 9 d
_ 1 _ —
X =(2)5; +arg, Fag+ (caS +as(2) 5, (5.4.54)
where ¢!(z) and [(z) are given by (5.4.42) and (5.4.43) and when v = 0, (5.4.44) is

satisfied.

Substituting the thermal flux conserved vector (5.2.46) and (5.2.47) and the Lie
point symmetry generator (5.4.54) into (5.4.3) then the following prolongation coef-
ficients are needed

da dcl
2 = 726 - (m + di) S, (5.4.55)
73 = —2a,S,, (5.4.56)
=0, (5.4.57)

03 = —m . (5.4.58)
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Splitting equation (5.4.3) into coefficients of powers and products of the partial deriva-
tives of ¢ and S we obtain

L _
Sy PTv <dz — al) =0, (5.4.59)
act  d
P, Sy : l(z)lg(z)E + e (1(2)lg(z)) = 3ml(z)lg(z), (5.4.60)
act  d
P Sy l(z)lg(z)E + 7 (1(2)lg(z)) = 3m1(z)lg(z), (5.4.61)
Remainder : % =0. (5.4.62)

dz
Therefore, from equation (5.4.62), a5 is a constant. The Lie point symmetry generator

(5.4.54) becomes

J d d d
_xl _ _—
X=¢ (z)aZ +a1rar +tz11,ba¢ + (—a1S +as) 55’ (5.4.63)
where .
Kk (d¢ B
pC; <dz — a1> =0 (5464)

and ¢! is related to the momentum mixing length /(z) and the thermal mixing length
lo(z) by
gt d
1(z)lp(z) == + — (I(2)lp(z)) = 3m1l(z)lg(z). (5.4.65)
dz = dz
Also ¢!(z) and I(z) are given by (5.4.42) and (5.4.43) and depend on whether v = 0

orv # 0 and when v = 0, ¢!(z) and /(z) satisfy a further condition, (5.4.44).

Case (i): v #0and x # 0
When v # 0and x # 0,

1(z)lg (Z)E + I (I(z)lp(z)) = 3m1l(z)lp(z), (5.4.66)
ag —ay = (5.4.67)

and
¢'(z) = mz+a3,1(z) = Az + ). (5.4.68)

Equation (5.4.67) is identically satisfied. Substituting (5.4.68) into (5.4.65) gives

dl
(a1z + ap) dize =mly(z) (5.4.69)
and therefore
lo(z) = B(a1z +ap), (5.4.70)

where B is a constant. But the mixing lengths /(z) and lg(z) must be zero atz = 0
since turbulent effects are absent close to the nozzle of the jet. Thus from (5.4.66) and



5.4. Associated Lie point symmetry 95

(5.4.70),
a, =0, I(z) = lyz, lo(z) = hhz, (5.4.71)

where [y = Aa; and [; = Baj are positive constants. We assume that a; # 0. When
a1 = 0, we might have another reduction, but this is not considered in this disserta-
tion. The Lie point symmetry generator (5.4.63) becomes

X:zi+r;+¢£l]+(—5+a§);g, (5.4.72)
where as = as/a;. The star is suppressed.
Case (ii): v #0and x =0
We have seen in Case (i) that when v #£ 0,
gl =mz (5.4.73)
and
I(z) = lpz. (5.4.74)

Equation (5.4.64) is now identically satisfied. Substituting equation (5.4.74) into
(5.4.65) we obtain
dlg
- = 4.7
2 lo(2) (5.4.75)
which gives
lg(Z) = llz, (5.4.76)

where [; is a constant. We assume that 2; # 0. When a; = 0, we might have another
reduction, but this is not considered in this dissertation. The Lie point symmetry

generator is given by (5.4.72).

Case (iii): k Z#0and v =0

Sincev = 0,

& =7l(z), 1=1(z) (5.4.77)
and from (5.4.44)
det 2 .dl 4,
E + @EC (Z) = 3(11. (5.4.78)
Also from (5.4.59), since x # 0
A&t
d—i —a = (5.4.79)
and from (5.4.65)
gt d
l(z)le(z)E + (1(2)lg(z)) = 3a11(2)lg(z). (5.4.80)

From (5.4.79)
&= a1z +aq, (5.4.81)
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where 44 is a constant. Substituting (5.4.81) into (5.4.78) we obtain

1 dl ai
- 4.82
I(z)dz az+ae’ (5.4.82)

which gives

1(z) = I <z + Zf) , (5.4.83)

where [y is a constant. But the mixing length is zero at z = 0 since the jet flow is
laminar close to the conduit. Therefore s = 0 and equations (5.4.81)) and (5.4.83)
become

1(z) = loz, (5.4.84)
&(z) = a1z (5.4.85)
Substituting (5.4.84) and (5.4.85) into we obtain
ZZZ; = lg(2) (5.4.86)
which gives
lo(z) = I1z, (5.4.87)

where [; is a constant. We assume that a; # 0. When a; = 0, we might have another
reduction, but this is not considered in this dissertation. The Lie point symmetry

generator is again given by (5.4.72).

Case (iv): v =0andx =0

Whenv =0and x = 0,

& =7l(z), I =1(2) (5.4.88)
and from (5.4.44),
d—cl+iﬂgl(z) = 3a (5.4.89)
dz = 1(z)dz - -
Equations (5.4.59) is identically satisfied since ¥ = 0 but from (5.4.65)
gt d
l(z)lg(z)E + (I(z)lp(z)) = 3a11(2)lp(z2). (5.4.90)

Now replacing % in (5.4.90) using (5.4.90), equation (5.4.90) reduces to

1dly 14l

hdz  ldz (5.4.91)
and therefore

lo(z) = DI(z), (5.4.92)

where D is a constant. We assume that a; # 0. When a; = 0, we might have another
reduction, but this is not considered in this dissertation. Substituting (5.4.92) back

into (5.4.90) we find that (5.4.90) reduces to (5.4.89).
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Thus when v = 0 and « = 0, the Lie point symmetry generator is

X = §*1<z)aaz + ’aar + wip + (=S +a3) aas (5.4.93)
where
&(z) = §1a(12) , ai = as/m (5.4.94)
and
lo(z) = DI(z), (5.4.95)
dgj - l(zz)jig*l(z) =3. (5.4.96)

5.5 Invariant solutions

In this section we reduce the governing partial equations and in

terms of the stream function to ordinary differential equations using the Lie point

symmetry generators obtained in the previous section. These are the two cases:
Case Av#0,x 20, v #0,k=0,v=0,xk #0

X:Zaaz“aarwzip“L (—s+a5)aas, (5.5.1)

I(z) = loz, lo(z) = hz. (5.5.2)
CaseBr=0,x=0

XZCl(z)i+r;+lP£/}+(—5+“5) aas (5:53)

lo(z) = DI(z), (5.5.4)

%, i tE =3 (555)

In Case B there are two equations for the three unknowns &'(z), (z), I3(z). On fur-
ther equation is required. This remaining equation is obtained using the conserved
quantity and Prandtl’s hypothesis [18].

Case A:v#0,k #0;v#0,k=0v=0,k#0
We first deal with the case when v or/and x are non zero. In Section 7.4.2 the Lie

point symmetry generator for this case was shown to be

0 0 0 0

The Lie point symmetry generator (5.5.6) will be used to find invariant solutions for
the system of governing partial differential equations (5.2.12) and (5.2.13).
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The invariant solutions f(z,7) and g(z, r) are defined by

Xp-fen)| =0 657)
p=f(z1)
and
X(S—g(z1)) =0. (5.5.8)
S=g(zr)
From equation (5.5.7) we obtain
_,of | of
f= 5 + e (5.5.9)

The characteristic equations for the differential equation (5.5.9) are

d
af _dz _dr (5.5.10)
f z r
The equation consisting of the second and third terms of (5.5.10) gives
r
S = k1, (5.5.11)

where k; is a constant. The equation consisting of the first and second terms of

(5.5.10) gives
]Zc = ko, (5.5.12)

where k; is a constant. The general solution is
ko = F(kq), (5.5.13)
where F is an arbitrary function. Thus since f = ¥(z,r)

¥(r,z) = zF(Q), (5.5.14)

where
¢=-. (5.5.15)

Substituting invariant solution (5.5.14) into the governing partial differential equa-
tion (5.2.12) we obtain

d (1dF d d (1dF d (1dF
it () e £ (%2 () ) e (5)| -0 oom0
From equation we obtain

_,9% %
The characteristic equations for the differential equation (5.5.17) are
_ g _dz_dr
—(g—as5) z r

(5.5.18)
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The equation consisting of the second and third terms of (5.5.29) gives (5.5.11). The
equation consisting of the first and second terms of equation (5.5.29) gives

z(g—as) = ks (5.5.19)
where ky is a constant. The general solution is
ky = G(k1). (5.5.20)

Thus since ¢ = S(z,7)
S(z,1) =z 'G(&) + as. (5.5.21)

Substituting the invariant solutions (5.5.21)) and (5.5.14) into the thermal partial dif-
ferential equation (5.2.13) we obtain

d K d (1dF aG d
di(:f I:‘: <Pcv — lOll& (Cdé)> dg:| + dfg (FG) = 0. (5.5.22)

Writing the boundary conditions (5.2.9), (5.2.10) and (5.2.11) in terms of the in-
variant solutions (5.5.14) and (5.5.21) gives

o (LAFY (L Py d(LdFy
%li‘cbié(cﬁlc)‘o’ %1355< F*“fdc) O dC(CdC)(ﬁl) O 652
1dF
g%(’gl) =0, (5.5.24)
dG dG
%(0) =0, Tg(ﬁZ) =0, G(B2) =0, (5.5.25)
where
B2 = r”z(z) (5.5.26)

is a constant.

CaseB:v=0andx =0

We now consider the case when v and « are both zero. For this case ¢! is an arbitrary
function of z and the associated Lie point symmetry is

o 9 )
X:é‘l(z)——i—rg—ﬂbﬁ

0z
Now ¢ = f(z,r) is an invariant solution generated by X provided (5.5.7) is satisfied
which expands to

0
+ (—S + 615)

5 (5.5.27)

of = of _
&l (z)g +rs-=0. (5.5.28)

The differential equations of the characteristic curves are
dz _dr _df
¢tz v f

(5.5.29)
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Solving the differential equation consisting of the first and second terms of equation

(5.5.29) we obtain
r

where kj is a constant. Solving the d1fferent1al equation consisting of the first and
third terms of equation (5.5.29) we obtain

=k, (5.5.30)

f = ko, (5.5.31)

exp [ J 4 2z }
where k; is a constant. The general solution is
ko = F(ky), (5.5.32)

where F is an arbitrary function, which gives
P(z,7) = ex </ Az ) F(¢) (5.5.33)
' P\ & -

where ,

Also, S = g(z,r) is an invariant solution generated by the Lie point symmetry X
provided (5.5.8) is satisfied. Using (5.5.27) this gives

¢ = (5.5.34)

&l (z)gf +r gf — (g —as). (5.5.35)

The differential equation of the characteristic curves are

dz dr dg
- = =__"° (5.5.36)
¢lz) v —(g—as)
The first pair of terms gives again (5.5.30). The first and last terms give
7 s (5.5.37)
exp [ f 2 }
The general solution is
ks = G(kp) (5.5.38)
where G is an arbitrary function. Thus since ¢ = S(z,r)
S(z,7) = ex —/Zdz G(&)+a (5.5.39)
4 = exp 51 (Z) 5- 0.

Substituting the invariant solution (5.5.33) and (5.5.34) into the conserved quan-

tity (5.3.9) we obtain
J=2 /ﬁll <dF)2d§ (5.5.40)
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where

rg(2)
pr=— "~ (5.5.41)
exp ([ #55)
Therefore, p
rp(z) = B1 exp < / = (‘ZZ )> . (5.5.42)

Using Prandtl’s hypothesis [18] which relates the momentum mixing lengths with
the height of the boundary of the jet by

rg(z) = Cl(z), (5.5.43)
where C is a positive constant, results in the integral equation

dz

Brexp ( / ; gl(z)> — Cl(2). (5.5.44)

Differentiating equation (5.5.44) with respect to z gives

op (J745)

———— =C—. 5.4
1 72) C 7 (5.5.45)
Dividing equation (5.5.45) by (5.5.44) gives
dl 1(z)
&z A0 (5.5.46)
Substituting (5.5.46)) into (5.5.5) we obtain
o¢t
1= o (5.5.47)
which gives
F(z) =z +aq, (5.5.48)

where 45 is a constant. Now substituting equation (5.5.48) into (5.5.44) we obtain

1(z) = o <z + ”6) , (5.5.49)
i
where [y = % is a positive constant. However, the mixing length is zero at z = 0,
since turbulent effects are absent close to the conduit. Hence the momentum mixing
length becomes
I(z) = lyz (5.5.50)

and, by (5.5.4) and (5.5.48),

lo(z) = hhz, &(z) =z, (5.5.51)

where Iy = Dl is a constant. The associated Lie point symmetry generator (5.5.1)
becomes

o 0 ) )
X=z—+r—+(P+a) =+ (—S+as)

s 3 5¢- (5.5.52)
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The invariant solutions (5.5.33) and (5.5.39) with ¢ defined by (5.5.34) reduce

¥(z,r) = zF({) (5.5.53)
and
S(z,1) =2""'G(?), (5.5.54)
where .
6= (5.5.55)

Substituting invariant solutions (5.5.53)) to (5.5.55) with the mixing lengths (5.5.50)
and (5.5.51) into the governing equations (5.2.12) and (5.2.13), withv = 0 and x = 0,

we obtain )
d (1dF d d (1dF
# (%) =% [@5 (7 (c7e)) ] : (5550
d d d (1dF\ dG

Writing the boundary conditions (5.2.9), (5.2.10) and (5.2.11) in terms of the invariant
solutions (5.5.53) to (5.5.55) gives (5.5.23), (5.5.24) and (5.5.25) with

Bi = r';(z) By = r”’z(z) (5.5.58)

5.6 Numerical solution

Integrating both equations (5.5.16) and (5.5.22) and imposing boundary conditions
(5.5.23), (5.5.24) and (5.5.25) at ¢ = B; to determine the constant of integration we

obtain
Ry (D)AGE) B0 oo
¢ (p’; - lol1;€ (2%)) ‘fi(g + F(&)G(Z) = 0. (5.6.2)

This is another example of the double reduction theorem of Sjoberg [10,11] that if
a reduction from a partial differential equation to an ordinary differential equation
is performed by an associated Lie point symmetry with a conserved vector of the
partial differential equation then the ordinary differential equation can be integrated
at least once.

Expanding equation (5.6.1) we obtain

d (1dF\\> v d [1dF 1 _dr
(i (e%)) e (cie) e =© 63

which is a quadratic equation for d% <%%) . Hence

d (1dF v v \? 1\? _dF
i) :zzgi\/ (i) +(e) T o4
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The discriminant in (5.6.4) is real because

199  1dF

0(z,1) = ror T @ > 0. (5.6.5)

Writing the inequality (5.2.6) in terms of the invariant solution (5.5.21) we obtain

07, ~1d (1dF
W(Z,r) - Zizdié <€d(§> < 0. (5.6.6)
Hence, since also %% > 0, we take the negative sign in 1) and obtain
d (1dF v v \? 1\? dF
— === = = - — — | F—, 5.6.7
i ¢) 27 \/(213) *(zge:) i 667)
which expands to
E—ldi_‘_g_ <V>2+<1>2Fd1: (568)
ez Fd¢ 21(2) 21(% l%g ac’ e
Making ‘fi—g the subject of li gives
dG _ F(¢)G(¢)

—_— = . (5.6.9)
d d (1d
i =)

The system of ordinary differential equations (5.6.8) and (5.6.9) cannot be solved
analytically and therefore is solved numerically.

Because of the factor % in (15.6.8|) and (15.6.9[) the numerical solution cannot start at
¢ = 0. The initial values F(¢) and ‘;—g (6) have therefore to be obtained.

Consider

F(§) = Ad"as§ — 0, (5.6.10)

where A is a constant. From the schematic mean velocity profile of the jet (Figure
B.1), it can be seen that

0, is positive and finite as r — 0. (5.6.11)
Writing (5.6.11) in terms of the similarity solution (5.5.21) we obtain

1dF  An(n—-1)

U, = ¥ . &"~2 is positive and finite as  — 0. (5.6.12)
Therefore,
n=2 (5.6.13)
and (5.6.10) becomes
F(¢) = A% as & — 0. (5.6.14)

The initial conditions at ¢ = § become
F(8) = Ad?, (5.6.15)

F'(8) = 2A6. (5.6.16)
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The value of A is found by the shooting method, with the target being the conserved
quantity (5.3.9) written in terms of the invariant solution (5.5.21):

B 1 (dF\?
] =2mp /O g(dg) dé. (5.6.17)

The upper limit B; is not known and is to be determined during the numerical solu-
tion. We can now check that the boundary conditions (5.5.23), (5.5.24) are satisfied

at ¢ = 0 when (5.6.15)) holds:

U.(z,7) = i:, [—F+ Cflg = % =0,as¢ —0, (5.6.18)
d7, 1d [1dF] 1d B
> EN =5 [é’dé} = zRAI=0 g0 (5.6.19)

The boundary conditions (5.5.23), (5.5.24) are therefore satisfied.
From (5.5.25) the boundary condition on G(&) at § = 0is

0;(;(0) =0. (5.6.20)
The boundary condition on G(0) is not known. Consider
G(¢) = B¢™, as ¢ — 0. (5.6.21)
Then G
e mBE™ 1, as & — 0 (5.6.22)

and is satisfied by m = 0 or any m > 1. We take m = 0 so that
G(Z) =B, as ¢ — 0. (5.6.23)
The initial condition for G at ¢ = J is therefore
G(6) = B, (5.6.24)

where B is a constant. Similarly, the value of B is found by the shooting method with
the target being the conserved quantity (5.3.18), written in terms of the invariant

solution (5.5.14) and (5.5.21)),

P2 dF
K=2 ST 5.6.25
mpeo [ G(&) Gl (56.25)
The initial value problem in the shooting method can be summarised as follows:
Initial conditions

F(5) = Ad?, (5.6.26)
dF
%(5) =2A9, (5.6.27)

G(5) = B. (5.6.28)
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Differential equations

d*F  1dF ¢ v\? [ 1\*_.dF
@it zzg‘V (zz> () "o o

(5.6.30)

The targets

1 2
270 /ﬁ ( >d§, (5.6.31)

P2
<=2 [ G0

The conserved quantities | and K are prescribed as well as p, ¢, and the mixing
lengths Iy and /1. The shooting method determines the constants A and B, the upper
limits B1 and B, as well as F(&) and G(¢).

Initially, we guess values of A and B and find the corresponding solution in order
to calculate the conserved quantities (5.6.3T) and (5.6.32). If equations and
for conserved quantities are not satisfied then we modify values of A and B
and try again.

Let

dg (5.6.32)

F(¢, A,B), G(&, A,B)

be the solution for the system of ordinary differential equations (5.6.29) and (5.6.30),
with corresponding constants A and B. Assume these solutions yield conserved
quantities

2
7(A, B) :27Tp/0 : ( @A B)> dc, (5.6.33)
K(A, B) = 27poc, /O " 6 a8)% (A B (5.6.34)
We require that
J—J(AB) =0, (5.6.35)
K —K(A,B) = 0. (5.6.36)

Suppose (Ag, Bi) is the current best guess of A and B which satisfy and
. To update (A, Bx) we need steps 41 and J, which get us closer to the solu-
tion, i.e

J— T(Ak +01,Br+d) =0, (5.6.37)

K— K(Ak + 61, B + (52) =0. (5.6.38)
Expanding equations (5.6.37) and (5.6.38) using the Taylor series expansion we ob-

tain

I (A By) L (Aw By) ( o1 ) ( ] — J(Ax, By) )

) - — . (5639
9 (Ar Br) 95(Ax Br) 02 )

S
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Then, the updated guess of constants A and B becomes

Agi1 = A+ 61, (5.6.40)

Byxi1 = By + 0. (5.6.41)

We use the secant method to compute the partial derivatives in equation (5.6.39). For
example:

o] J (A, Bi) _T(Ak—erk).

9 I
a4 Ak Br) = Ar— A 4

This suggests the numerical algorithm to calculate A and B:

(5.6.42)

1. Choose (Ay, By) and (A1, By).
2. Setk =1.

3. Compute F(é, Ak, Bk), G(g, Ak, Bk), F(g, Ak—l/ Bk—l) and G(C, Ak—l/ Bk—l) using
the system of differential equations (5.6.8) and (5.6.9) with initial conditions
(5.6.15), (5.6.16) and (5.6.24). For this we used the Runge-Kutta scheme.

Compute derivatives %, %, % and % using the secant method (5.6.42).
Compute steps 41 and J, using equation (5.6.39).

Update Axy1 = Ax + 61, Bxy1 = Bx + 62, Ay = Ag—1 and By = By_1.

N g

If ‘] — J(Aks1, Bes) ‘ < eand ‘K — K(Ags1, Brg1) ] < € then stop, else continue
to step 3 with k — k 41 (increment k), where € is the tolerance of the numerical
method.

Once the values of A and B are found, we use the Runge-Kutta scheme to solve the
resulting IVP.

Table 5.1 shows the results for the shooting method when v and « are 0.1. It can
be seen that the shooting method converges just after four iterations.

Ay By ] = J(Ax By)| |K — K(Ay, By)|

0.2 0.2 0.208729225733 0.604365803881
0.239783187898 | 0.634127641884 0.07501439799 0.421480030115
0.229265552819 | 0.428104169707 | 0.00416678339063 | 0.0702507669816
0.229819026591 | 0.458403513182 | 7.46862339684e-05 | 0.00276368176197
0.229829128226 | 0.459662841124 | 7.7089337136e-08 | 6.7417674583e-06

TABLE 5.1: Shooting method results for v = 0.1 and ¥ = 0.1.

For Figuresp.2Jtop.8|]] =1, K=1,p=1,1 =1,1; =1, ¢, = 1 and the values of

v and x are varied from zero to one.

Case (i): v #O0and x # 0

It can be shown that

0.(z,7)

_11dF
~z¢dg

(5.6.43)
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Figure 5.2/ shows the numerical results for %% plotted against ¢ for different values

of the dynamic viscosity, v. It can be seen that %% gets closer and closer to zero as ¢

increases. When %% is sufficiently small we cannot reliably determine whether 1 %"

is zero or not since we are restricted by the accuracy of the numerical scheme. When

v = 0 and x = 0 the value of %‘;—g becomes a non-real number when ¢ is greater than
some value which we assume to be 1, but when v # 0 and « # 0 the value of %%:

is real for all values of ¢ considered. This suggests that %% remains a real number

close to zero for all values ¢ sufficiently large, which leads us to conclude that the
momentum boundary f; is infinite when v # 0 and x # 0.
It can be also shown that

J7; 1d (1dF
= = [Z=. .6.44
Figure 5.3 shows the numerical results for d% (%%) plotted against ¢ for different

values of v. The region where 27, is largest is called the shear layer of the jet. As
the kinematic viscosity increases the shear layer region increases in width due to the
increase in viscous diffusion.

The temperature difference is given by

1
S(z,r) = EG(@' (5.6.45)
Figure 5.4/ shows the numerical results for G(¢) for different values of thermal con-
ductivity, x, and dynamic viscosity, v. Similar to the numerical results for %% the
value of G(¢) gets closer and closer to zero when ¢ gets sufficiently large but never
becomes a non-real value. Hence we conclude that j; is infinite.

k=0.01,v=0.01
0.5 + \
k=0.1,v=0.1
0.4 +
0.3 1
s A
il 1
i \
0.2 1 \
k=1,v=1
0.1 1
0.0
T T T T T T
0 2 4 6 8 10
13

FIGURE 5.2: Graphs of %‘;—g versus § forv =0.01,v =01and v =1.
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Case (ii): v #0and x =0

Figure |5.5 shows the graphs of the numerical solution for G(¢) plotted against ¢
when v = 0.01, x = 0 and v = 0.1, k = 0. These numerical results for G(¢) are stable
when ¢ < 6 but unstable when ¢ > 6. This suggests that there is a boundary for

G(Z)at& = 6.
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Case (iii): v =0and x # 0

We have seen in Chapter 4 that when v = 0 and « # 0 the numerical scheme pre-
sented for the two-dimensional jet could not accurately determine F and G. Figure
5.6/shows the graphs of the numerical solution of %% and G(¢) plotted against ¢ for
when v = 0, x = 1 with A and B set to 0.27 and 0.6, respectively. In order to update
guesses of A and B we must compute conserved quantities and (5.6.32). It
can be seen that p; is finite and B, > Bi. Therefore G cannot be determined when
B1 < ¢ < B2 and hence we cannot compute the conserved quantity (5.6.32). Thus the
guesses for A and B cannot be updated using the above numerical scheme. There-
fore the shooting method presented in this chapter cannot accurately determine the
invariant solution when v = 0 and k¥ # 0. In order to obtain an accurate solution
a different model must be applied to find G when B; < ¢ < B>. This model may
require matching to an outer solution in the region ¢ > p; and is beyond the scope
of this dissertation.
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FIGURE 5.6: The initial guesses of %% and G(¢).

Case (iv): v=0andx =0

Figures and show the graphs of the numerical solution for %% and G(¢)
plotted against ¢ for v = 0 and ¥ = 0. It can be seen in these figures that the
boundaries §; and f; are finite and equal. This was also shown to be the case for the
two-dimensional jet.

Figures to show numerical results whenv = 0, x =0, p =1, ¢, = 1,
lo = 1,11 = 1 and varying values of the conserved quantities | and K. As | increases
the mean velocity increases while the mean temperatures decrease at every point
except the boundary of the jet. As K increases the mean temperature increases at
every point except the boundary. The conserved quantity K has no effect on the
mean velocity.

Figures to show numerical results whenv = 0,k = 0,0 =1,¢, = 1,
J] =1, K = 1 and varying values of the mixing lengths [y and /. As the momentum
mixing length increases the boundary of the jet increases and the centreline mean
velocity decrease. This is because an increase in Iy means an increase in the effec-
tive viscosity which slows the fluid at the centreline of the jet and entrains the fluid
farther from the centreline. It can be seen from Figure that, unlike the momen-
tum mixing length, the thermal mixing length does not affect jet boundary width.
This fact was also shown to be true for two-dimensional jets. As the thermal mix-
ing length increases the mean temperature at the centreline decreases while close
to the boundary of the jet the mean temperature difference increases. An increase
in the thermal mixing length means an increase in the effective conductivity which
increases the transfer of heat from the centreline to the boundary of the jet.
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FIGURE 5.14: Graphs of G(&) versus ¢ for varying values of the mix-
ing length Iy with v = 0 and x = 0.

5.7 Conclusions

In this chapter, we reduced the governing partial differential equations and
to ordinary differential equations (5.5.16) and (5.5.22) using the associated
Lie point symmetry which was derived using the conserved vectors for the partial
differential equations. These ordinary differential equations were integrated once,
further illustrating the double reduction theorem of Sjoberg [10,11].
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We found the form for the momentum and thermal mixing lengths for an invari-
ant solution to exist. When v = 0 and « = 0 the jet is bounded in the radial direction
and the mixing lengths were obtained from Prandtl’s hypothesis that the length is
proportional to the half-width of the jet. The numerical solution showed that the
width of the momentum and thermal jets were equal. The invariant solution for
v — 0, x — 0 agreed with the invariant solution for v = 0, x = 0 which was not the
case for the two-dimensional jet.

From the numerical results, we can conclude that when v # 0 and « # 0 the
widths of the jet are infinite. The numerical results also showed that the thermal
mixing length does not affect the boundary thickness when v = 0 and x = 0. Hence
l1 can be increased without affecting the boundary of the jet, but keeping in mind
that /; < B; since the fluid flow outside the boundary is laminar. The momentum
mixing length does, however, affect the boundary of the jet. An increase in the mo-
mentum mixing length constant [y resulted in an increase in the width of the jet. An
increase in [y also resulted in a decrease in the mean velocity along the centreline
but an increase in the mean velocity farther from the centreline. This means that the
drag on the fluid on the centreline increased and the entrainment of the mean flow
also increased.

We were not able to find the numerical solution when v = 0 and « # 0 since G(¢)
could not be determined for f1 < ¢ < B2. A different model is therefore needed for
the laminar flow and mean temperature when rg(z) < r < rp,(x). This is beyond the
scope of this dissertation. An interesting fact to note is that there the flow is laminar
in this region and the boundary conditions on T(z,75(z)) can be determined from
the current model and T(z, r1,(z)) = Ts.






117

Chapter 6

Conclusions

In this dissertation, we investigated the two-dimensional and axisymmetric turbu-
lent thermal jets using the associated Lie point symmetry approach to reduce the
coupled system of governing partial differential equations to ordinary differential
equations which were then integrated once, further demonstrating the double re-
duction theorem [10,11]. The ordinary differential equations for the invariant solu-
tions could only be solved analytically for the two-dimensional jet when v = 0 and
x=0.

The associated Lie point symmetries were obtained from conserved vectors which
were derived from conservation laws. The conservation laws were again used to ob-
tain conserved quantities. The conserved quantities were essential in ensuring that
the system of ordinary differential equations for the invariant solution had a unique
solution. The conserved quantities were also used to find arbitrary functions in the
Lie point symmetry when v = 0 and « = 0.

For the two-dimensional free jet and when v = 0 and x = 0, the solution obtained
using Prandtl’s hypothesis [18] was inconsistent with the solution obtained by let-
ting v and « tend to zero in the solution for v # 0 and x # 0. The correct solution
can only be determined through experiments. The solution for the axisymmetric jet
when v = 0 and x = 0 obtained using Prandtl’s hypothesis was consistent with the
solution obtained by letting v and « tend to zero in the solution for v # 0 and « # 0.

The solution obtained numerically perfectly matched the analytical solution when
v — 0 and x — 0 for the two-dimensional jet. The momentum boundary B and the
thermal boundary B, were shown to be equal in the two-dimensional and axisym-
metric jets when v = 0 and x = 0. The thermal mixing length was shown not to
affect the width of the jet for both the two-dimensional and axisymmetric jets. This
means the thermal mixing length can be increased without affecting the width of the
boundary, but cannot be greater than the width of the boundary since the jet is lam-
inar outside of the boundary. However, as the momentum mixing length increases
the width of both the momentum and thermal boundaries, 81 and B», increase.

The numerical solution for G({) when v # 0 and k = 0 was shown to be unstable
when ¢ is greater than some value for both the two-dimensional and axisymmetric
jets. This may indicate a finite boundary for the turbulent thermal effects and could
be investigated in future work.

The numerical solution when v = 0 and « # 0 could not be accurately deter-
mined since G(¢) was undefined when ;1 < ¢ < B.. Hence a different model is
required for G(¢) when 1 < ¢ < B, which is outside the scope of this dissertation.
This may require matching with a laminar flow in the region f; < ¢ < B2 and could
also be considered in future work.
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