
Master of Science Dissertation

The Genus of a Nilpotent R-Powered
Group

Author: Supervisors:

Carl Ginster - 1606558 Dr. R. Kwashira

Dr. J. C. Mba

A dissertation submitted to the Faculty of Science, University of the Witwatersrand, in partial

fulfilment of the requirements for the degree of Master of Science in Mathematics.

October 5, 2022



i

Declaration

I declare that this dissertation is my own work. It is being submitted for the degree of Master of Science

in Mathematics at the University of the Witwatersrand, Johannesburg. It has not been submitted before

for any degree or examination at any other University.

Signed:

Date:
06/10/2022



ii

Acknowledgements

I would like to thank my supervisors Dr. R. Kwashira and Dr. J. C. Mba for their support, suggestions

and corrections. In addition, I would like to thank my supportive supervisors in Fluffy, Buddie, Dr

Anne Ginster and Mr Martin Ginster.

Many thanks to the School of Mathematics, University of the Witwatersrand, Johannesburg and Na-

tional Research Foundation for financial support.



iii

Abstract

In [14], Mislin define the genus G(N) of a finitely generated nilpotent group N to be the set of iso-

morphism classes of finitely generated nilpotent groups M such that the localizations Mp and Np are

isomorphic at every prime p. In [6], Hilton and Mislin define an abelian group structure on the genus set

G(N) of a finitely generated nilpotent group N with finite commutator subgroups. Let χ0 be the class of

finitely generated groups with finite commutator subgroup. For a χ0-group G, the non cancellation set

of G, denoted by χ(G), is the set of isomorphism classes of groups H such that G×Z ∼= H×Z. Warfield,

in [19], proved that, if N is a nilpotent χo-group, then G(N) = χ(N). In [20], the author showed that,

for a χo-group G the non- cancellation set χ(G) has a group structure similar to the group structure on

the Mislin genus of a nilpotent χo-group. Let R be a binomial ring. The nilpotent R-powered group,

first introduced by P. Hall in [5], is a nilpotent group G extended by a binomial ring R. Many results

that are found in the theory of nilpotent groups carry over to the class of nilpotent R-powered groups.

In particular, Majewicz and Zyman in [13], showed that the P -localization of a nilpotent R-powered

group G, for a set of primes P in R can be obtained. We study the genus of a finitely R-generated

nilpotent R-powered group. We show that the for any two finitely R-generated nilpotent R-powered

groups G and H and some finitely R-powered abelian group A, if G(G×A) = G(H ×A) then we have

G(G) = G(H).
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Chapter 1

Introduction

In this study, we will investigate and expand on the studies of a genus of a group. In particular, we

study the genus of a nilpotent R-powered group. We first give a brief history:

Let P be a set of primes and let P ′ be the set of all primes not in P . The authors, in [7], studied the

P -localization of a nilpotent group. A group G is called P -local if for every product n = pc11 p
c2
2 . . . pckk

of primes p1, p2 . . . pk ∈ P ′, the mapping φ : G → G defined by φ(g) = gn is a bijective mapping. A

mapping e : G→ GP is called a P -localization mapping if GP is P -local and e is universal, in the sense

that, for any P -local group K and a homomorphism φ : G→ K, there exists a unique homomorphism

α : GP → K such that φ = α ◦ e. We call GP the P -localization of G. If P = {p}, we write GP as

Gp and call it the p-localization of G. The main result from [7], is the Fundamental Theorem on the

P -Localization of nilpotent groups, which states that, for every nilpotent group G and for any set of

primes P , the P -localization GP exists.

For a finitely generated nilpotent group N , the Mislin Genus G(N) is defined in [14] to be the set

of all isomorphism classes of finitely generated nilpotent groups M such that they have the same p-

localization, that is, Np
∼= Mp for every prime p. Let M and N be finitely generated nilpotent groups.

The author, also in [14], showed that if G(N×A) = G(M×A) for some finitely generated abelian group

A, then G(M) = G(N). In addition, if M and N have finite commutator subgroups then G(M) = G(N)

if and only if there exists a finitely generated abelian group A such that M ×A ∼= N ×A.

Let χ0 be the class of finitely generated groups with finite commutator subgroups. In [6], Hilton and

Mislin describe the structure of G(N) for a χ0 group N . The non cancellation set of any group G,

denoted by χ(G), is the set of isomorphism classes of groups H such that G × Z ∼= H × Z. Warfield

showed in [19], that, if N is a Nilpotent χ0 group, then G(N) = χ(N).

Let R be a binomial ring. The nilpotent R-powered group, first introduced by P. Hall in [5], is a

nilpotent group G extended by a binomial ring R, to define a unique R-exponentiation gα for each

g ∈ G and α ∈ R. Many results on nilpotent groups carry over to nilpotent R-powered groups.

In [9], Majewicz defined what is meant by a nilpotent R-powered group of finite type. In particular,

the author explored a nilpotent R-powered group for the case when R is the ring Q[x], the set of all

polynomials with rational coefficients. The author showed that these nilpotent Q[x]-powered groups

have similar properties to the usual nilpotent groups.

In [11] and [12], Majewicz and Zyman explore the root extraction of a nilpotent R-powered group.

In particular, the authors investigate the case when a nilpotent R-powered group contains unique

1
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roots, or when each element of a nilpotent R-powered group has at least one root. In addition, they

also considered root extraction on the set of elements created by a set of primes P in R, called P -

members.

Let G be a finitely R-generated nilpotent R-powered group. In [13], Majewicz and Zyman explored the

localization of a nilpotent R-powered group G. The authors, show that the Fundamental Theorem on

the P -Localization holds for nilpotent R-powered groups if the binomial ring is a unique factorization

domain. In addition, the authors showed that, if there is an extra requirement on R, that R is a

principal ideal domain with a subring isomorphic to the rational numbers, then every P -localization

map is a P -isomorphism.

Since, for a nilpotent R-powered group G we can get the p-localization of G, similarly, we can define

the genus of a finitely R-generated nilpotent R-powered group and investigate its properties.

This work is subdivided as follows:

∗ In Chapter 2, we give preliminaries on groups and rings.

∗ In Chapter 3, we introduce and explore some basic results on nilpotent R-powered groups.

∗ In Chapter 4, we investigate P -localization of a nilpotent R-powered group.

∗ In Chapter 5, we define and give results on the genus of a nilpotent R-powered group.



Chapter 2

Preliminaries

In this chapter, we give some preliminaries on groups and rings. We begin by exploring groups by

giving definitions and results on groups and subgroups. In Section 2.2, we recall when a subgroup is

said to be normal and explore the quotient group and in Section 2.3, we explore homomorphism and

the Isomorphism Theorems. In Section 2.4, we introduce the commutator subgroup and from this, we

investigate nilpotent groups in Section 2.5.

In the second half of this chapter we recall notions on rings. In Section 2.6, we start by giving the

definition of a ring and some basic results. Then, we recall principal ideal domains and unique factor-

ization domains. In Section 2.8, we recall the definition of prime elements of a ring and show that the

greatest common divisor and the lowest common multiple can be defined in a principal ideal domain.

Lastly, we give a quick overview of R-modules and in conclusion we introduce the binomial ring.

The definitions and results for groups can be found in [3], [4], [15] and [17], while the definitions

and results for rings can be found in [3], [4] and [8].

2.1 Groups and Subgroups

In this section, we define what is meant by a group and a subgroup. We prove some results that follow

immediately from them. Some of the basic proofs can be found in [3], [4], [15], and [17].

Firstly, we state the definition of a group and subgroup.

Definition 2.1.1 (Group)

A non-empty set G is called a group under the binary operation ∗ : G × G → G if for any x, y, z ∈ G
the following properties hold:

(i) x ∗ y ∈ G, (Closure)

(ii) x ∗ (y ∗ z) = (x ∗ y) ∗ z, (Association)

(iii) there exists a specific element called identity denoted by e with property x∗e = e∗x = x, (Identity

element)

(iv) for each x ∈ G, there exists a unique element x−1 ∈ G such that x−1 ∗ x = x ∗ x−1 = e. (Inverse)

(v) Further, if x ∗ y = y ∗ x for any x, y ∈ G, then G is called an abelian group.

3



2.1. GROUPS AND SUBGROUPS 4

Definition 2.1.2 (Subgroup)

Let G be a group under a binary operation ∗ and let H be a non-empty subset of G. Then H is called

a subgroup of G, denoted by H ≤ G, if H is a group under ∗.

Notation 2.1.3 • If multiple groups are involved, we take caution in specifying which group the

identity element is from by using subscript eG.

• Special attention is given to a group G if its binary operation is addition. In particular, we call

G an additive group, and denote eG = 0 and x−1 = −x for any x ∈ G.

• However, if group G is not an additive group, we will write the product x ∗ y as plainly xy for

ease of notation.

Next, we prove that the direct product of groups is also a group.

Proposition 2.1.4

Let n ∈ N and let Gi be a group with binary operation ∗i for all i = 1, 2, . . . , n. The direct product

G1 ×G2 × · · · ×Gn is a group under the binary operation ∗ defined as component-wise:

(x1, x2, . . . , xn) ∗ (y1, y2, . . . , yn) = (x1 ∗1 y1, x2 ∗2 y2, . . . , xn ∗n yn), with

(a) the identity element given by e = (eG1 , eG2 , . . . , eGn) and

(b) the inverse of (x1, x2, . . . , xn) is given by (x−11 , x−12 , . . . , x−1n ).

Proof. We will show that the four axioms of Definition 2.1.1 hold.

Let (x1, x2, . . . xn), (y1, y2, . . . , yn), (z1, z2, . . . , zn) ∈ G1 ×G2 × · · · ×Gn.

(i) We have that (x1, x2, . . . , xn) ∗ (y1, y2, . . . , yn) = (x1 ∗1 y1, x2 ∗2 y2, . . . , xn ∗n yn). Since each Gi

is a group, we have xi ∗i yi ∈ Gi for i = 1, 2, . . . , n and any xi, yi ∈ Gi. Thus, (x1, x2, . . . , xn) ∗
(y1, y2, . . . , yn) = (x1 ∗1 y1, x2 ∗2 y2, . . . , xn ∗n yn) ∈ G1 ×G2 × · · · ×Gn.

(ii) Since each Gi is associative, we have the following:

[(x1, . . . xn) ∗ (y1, . . . , yn)] ∗ (z1, . . . , zn) = ((x1 ∗1 y1), . . . , (xn ∗n yn)) ∗ (z1, . . . , zn)

= ((x1 ∗1 y1) ∗1 z1, . . . , (xn ∗n yn) ∗n zn)

= (x1 ∗1 (y1 ∗1 z1), . . . , xn ∗n (yn ∗n zn))

= (x1, . . . xn) ∗ [(y1 ∗1 z1, . . . , yn ∗n zn)]

= (x1, . . . xn) ∗ [(y1, . . . , yn) ∗ (z1, . . . , zn)].

Thus, [(x1, . . . xn) ∗ (y1, . . . , yn)] ∗ (z1, . . . , zn) = (x1, . . . xn) ∗ [(y1, . . . , yn) ∗ (z1, . . . , zn)].

(iii) We have that (eG1 , eG2 , . . . , eGn)∗(x1, x2, . . . xn) = (eG1∗1x1, eG2∗2x2, . . . , eGn∗nxn) = (x1, x2, . . . xn).

Furthermore, (x1, x2, . . . xn)∗(eG1 , eG2 , . . . , eGn) = (x1∗1eG1 , x2∗2eG2 , . . . , xn∗neGn) = (x1, x2, . . . xn).

Thus, (eG1 , eG2 , . . . , eGn) is the identity.

(iv) We observe that (x−11 , x−12 , . . . , x−1n ) ∗ (x1, x2, . . . xn) = (x−11 ∗1 x1, x
−1
2 ∗2 x2, . . . , x−1n ∗n xn) =

(eG1 , eG2 , . . . , eGn). Also, (x1, x2, . . . xn) ∗ (x−11 , x−12 , . . . , x−1n ) = (x1 ∗1 x−11 , x2 ∗2 x−12 , . . . , xn ∗n
x−1n ) = (eG1 , eG2 , . . . , eGn).

Thus, (x1, x2, . . . , xn)−1 = (x−11 , x−12 , . . . , x−1n ).

Therefore, G1 ×G2 × · · · ×Gn is a group under the binary operation ∗.
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Notation 2.1.5

For sake of notation we will omit the operations in the direct product G1 ×G2 × . . . Gn and just write:

(x1, x2, . . . , xn)(y1, y2, . . . , yn) = (x1y1, x2y2, . . . , xnyn).

Theorem 2.1.6

A subset H of G is a subgroup of G if and only if

(a) H is non-empty and

(b) xy−1 ∈ H for all x, y ∈ H.

Proof. For the forward implication, assume H is a subgroup of G.

By Definition 2.1.2, we have H is non-empty group. Thus, for any element y ∈ H, there exists y−1 ∈ H.

In addition, by closure, we have xy−1 ∈ H, for any other element x ∈ H. Therefore, xy−1 ∈ H for any

x, y ∈ H.

For the converse, assume H is a non-empty subset of a group G such that xy−1 ∈ H for all x, y ∈ H.

We show that H is a group under the same operation as G.

• Firstly, since H is non-empty, there is at least one element h ∈ H. Furthermore, since xy−1 ∈ H
for all x, y ∈ H, we have e = hh−1 ∈ H. Hence, we have the identity element e ∈ H.

• Thus, we have h, e ∈ H and h−1 = eh−1 ∈ H. The inverse element exists.

• Further, for any x, y ∈ H, y−1 ∈ H and x(y−1)−1 ∈ H. Therefore, xy ∈ H as x(y−1)−1 = xy.

Hence, we have closure.

• Lastly, since G is a group, the elements of G are associative. Thus, all elements in H are

associative, since H is a subset of G.

Therefore, H is a group and H is a subgroup of G.

Next, we give the conditions for when the intersection and union of subgroups of a group is also a

subgroup.

Proposition 2.1.7

Let G be a group and let {Hi : i ∈ I} be a family of subgroups of G for some index set I. Then, the

intersection H =
⋂
i∈I

Hi is also a subgroup of G.

Proof. Let G be a group and let {Hi : i ∈ I} be a family of subgroups of G, for some index set I.

Let H =
⋂
i∈I

Hi. Since, Hi ≤ G for all i ∈ I, then e ∈ Hi for all i ∈ I and e ∈ H =
⋂
i∈I

Hi. Thus, H is

non-empty.

Let g, h ∈ H =
⋂
i∈I

Hi. Then, g, h ∈ Hi, for all i ∈ I and Hi ≤ G for all i ∈ H. By Theorem

2.1.6, gh−1 ∈ Hi for all i ∈ I.

Therefore, gh−1 ∈ H, for any g, h ∈ H and H =
⋂
i∈I

Hi is a subgroup of G, by Theorem 2.1.6.
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Proposition 2.1.8

Let G be a group and let H0 ≤ H1 ≤ H2 ≤ H3 ≤ · · · be a sequence of non-empty subgroups of G. We

have
∞⋃
i=0

Hi is a subgroup of G.

Proof. Let G be group and let H0 ≤ H1 ≤ H2 ≤ H3 ≤ · · · be a sequence of subgroups of G.

Let H =

∞⋃
i=0

Hi.

Since H0 is a subgroup of G, we have e ∈ H0. Therefore, e ∈ H and H is non-empty.

Let x, y ∈ H. We have x ∈ Hj and y ∈ Hk for some j, k ∈ I = {0, 1, 2, . . . }.
Let m = max{j, k}. Then, Hj ≤ Hm, Hk ≤ Hm and x, y ∈ Hm. Since Hm is a subgroup of G, by

Theorem 2.1.6, we have xy−1 ∈ Hm and xy−1 ∈
∞⋃
i=0

Hi = H, for any x, y ∈ H. By Theorem 2.1.6, we

have H =
∞⋃
i=0

Hi is a subgroup of G.

Lastly, we recall when a group is said to be finitely generated and explore the generated subgroup of a

subset S of a group G.

Definition 2.1.9 (Finitely Generated Group)

Let G be a group. The group G is said to be finitely generated, if there is a finite subset S of G such

that G = 〈S〉. The set 〈S〉 is the intersection of all subgroups of G containing S.

Proposition 2.1.10 (Generated Subgroup)

Let G be a group and let S ⊆ G. Then the intersection of all subgroups containing S, denoted by 〈S〉,
is a subgroup of G. Moreover, 〈S〉 is the smallest subgroup of G containing S.

We call S the set of generators of 〈S〉.

Proof. Let G be a group and let S ⊆ G.

Let H = {H |H ≤ G such that S ⊆ H} be the set of all subgroups of G containing S. By Proposition

2.1.7, we have that 〈S〉 =
⋂
H∈H

H is a subgroup of G and by Definition of 〈S〉, we have 〈S〉 contains S.

Assume 〈S〉 is not the smallest subgroup of G containing S.

Let Q be the smallest subgroup of G containing S. Then, Q ∈ H and 〈S〉 =
⋂
H∈H

H
⋂
Q. Therefore,

〈S〉 ⊆ Q, a contradiction.

Thus, 〈S〉 is the smallest subgroup of G containing S.

Proposition 2.1.11

Let G be a group and let S ⊆ G.

Then we have 〈S〉 = {sα1
1 sα2

2 . . . sαkk | si ∈ S where αi ∈ {1,−1} and i = 1, 2, . . . , k}.

Proof. Let G be a group, S ⊆ G and let C = {sα1
1 sα2

2 . . . sαkk | si ∈ S ; αi ∈ {1,−1} and i = 1, 2, . . . , k}.
Let H = {H |H ≤ G ; S ⊆ H} be the set of all subgroups of G containing S. Then 〈S〉 =

⋂
H∈H

H.

For any H ∈ H, we have S ⊆ H and H is a subgroup. Let x ∈ C such that x = sα1
1 sα2

2 . . . sαkk for some

si ∈ S where αi ∈ {1,−1} for i = 1, 2, . . . , k. Since S ⊆ H, we have that each si ∈ H for i = 1, 2, . . . k.
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Since H is a subgroup, H is closed and x = sα1
1 sα2

2 . . . sαkk ∈ H. Therefore, C ⊆ H.

Since H ∈ H was arbitrarily chosen, we have C ⊆ H for all H ∈ H and C ⊆
⋂
H∈H

H = 〈S〉.

For the reverse containment, we will show that C is a subgroup of G that contains S.

Firstly, note that e = s−1s ∈ C and C is non-empty.

Let x, y ∈ C where x = aα1
1 aα2

2 . . . aαkk , y = bβ11 b
β2
2 . . . bβkm for some ai, bj ∈ S and αi, βj ∈ {1,−1} for i =

1, 2, . . . , k and j = 1, 2, . . . ,m.

We have that xy−1 = (aα1
1 aα2

2 . . . aαkk )(bβ11 b
β2
2 . . . bβkm )−1 = aα1

1 aα2
2 . . . aαkk b−βkm · · ·−β22 b−β11 . However, βj ∈

{1,−1}, so −βj ∈ {1,−1} for j = 1, 2, . . . ,m. Consequently, xy−1 = aα1
1 aα2

2 . . . aαkk b−βkm · · ·−β22 b−β11 ∈ C.

Therefore, by Theorem 2.1.6, C is a subgroup of G.

Furthermore, for any s ∈ S, s = s1 ∈ C and S ⊆ C. Hence, C is a subgroup of G containing S and

C ∈ H.

Since 〈S〉 =
⋂
H∈H

H, we have 〈S〉 ⊆ C and 〈S〉 = {sα1
1 sα2

2 . . . sαkk | si ∈ S where αi ∈ {1,−1} and i =

1, 2, . . . , k}.
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2.2 Normal Subgroup

In this section, we recall when a subgroup is said to be normal and we recall the quotient group. The

section was adapted from [3], [15] and [17].

Firstly, we need to define the left and right cosets of a subgroup and when a subgroup is said to be

normal.

Definition 2.2.1 (Cosets)

Let G be a group, H a subgroup of G and let g ∈ G.

(i) The set gH = {gh |h ∈ H} is called the left coset of H generated by g.

(ii) The set Hg = {hg |h ∈ H} is called the right coset of H generated by g.

Definition 2.2.2 (Normal Subgroup)

A subgroup H of a group G is called a normal subgroup, denoted by H E G, if gH = Hg for all g ∈ G.

Now, we define the centre of a group G and take note that, by [15, 1.5.3], the centre of G is always a

normal subgroup of G.

Definition 2.2.3 (Centre)

Let G be a group. The centre of G, denoted by Z(G), is defined as Z(G) = {g ∈ G | gh = hg for all

h ∈ G}.

The next theorem, called the Test for Normality, gives equivalent condition for a subgroup to be

normal.

Theorem 2.2.4 (Test for Normality)

Let G be a group and let N be a subgroup of G. Then, N is a normal subgroup of G if and only if

gNg−1 ⊆ N for all g ∈ G.

Proof. Assume, N is a normal subgroup of G. By Definition 2.2.2, we have gN = Ng for all g ∈ G.

However, gNg−1 = (gN)g−1 = (Ng)g−1 = Ngg−1 = Ne = N and by definition of equality of sets we

have gNg−1 ⊆ N .

For the converse, assume gNg−1 ⊆ N for all g ∈ G. Let x ∈ G. By assumption, xNx−1 ⊆ N

and xN = xNx−1x = (xNx−1)x ⊆ Nx. Therefore, xN ⊆ Nx. In addition, since x−1 ∈ G, we have

x−1N(x−1)−1 ⊆ N ⇒ x−1Nx ⊆ N . Then, Nx = xx−1Nx = x(x−1Nx) ⊆ xN and Nx ⊆ xN . Conse-

quently, Nx = xN . Since, x was arbitrarily chosen, by Definition 2.2.2 we have N is a normal subgroup

of G.

Given a normal subgroup N of G, we can consider the set of all cosets of N generated by elements of

G. The next proposition tells us this set is actually a group and is called the quotient group.

Proposition 2.2.5 (Quotient Group)

Let G be a group and let N be a normal subgroup of G. The set of all cosets of N in G, {xN |x ∈ G},
is a group under the binary operation (xN)(yN) = (xy)N with

(a) the identity element being N and

(b) (xN)−1 = x−1N .
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In particular, this group is called the quotient group of G modulo N and is denoted by G/N = {xN |x ∈
G}.

Proof. We will show that the four axioms of definition of a group hold.

(i) Let aN, bN ∈ G/N . Then, ab ∈ G and (ab)N ∈ G/N .

Therefore, (aN)(bN) = (ab)N ∈ G/N and G/N is closed.

(ii) For any aN, bN, cN ∈ G/N , since G is associative, we have (aNbN)(cN) = ((ab)N)(cN) =

(ab)cN = a(bc)N = (aN)((bc)N) = (aN)(bNcN). Therefore, (aNbN)(cN) = (aN)(bNcN) and

G/N is associative.

(iii) For any aN ∈ G/N , we have NaN = eNaN = (ea)N = aN and aNN = aNeN = (ae)N = aN .

Also, (aN)N = aN .

Therefore, NaN = aNN = aN , and N is the identity element of G/N .

(iv) For any aN ∈ G/N we have aNa−1N = (aa−1)N = eN = N and a−1NaN = (a−1a)N = eN =

N .

Therefore, aNa−1N = a−1NaN = N and (aN)−1 = a−1N . Thus, any aN ∈ G/N has an inverse.

Therefore, G/N is a group under the binary operation (xN)(yN) = (xy)N .

Lastly, we give a relationship of how equal cosets relate to each other.

Proposition 2.2.6

Let G be a group, N a normal subgroup of G and let gN, hN ∈ G/N . Then gN = hN if and only if

there exists n ∈ N such that g = hn.

Proof. Let G be a group, N a normal subgroup of G and let gN, hN ∈ G/N .

Assume gN = hN . Then, gN = hN ⇒ (hN)−1(gN) = N ⇒ (h−1N)(gN) = N ⇒ (h−1gN) = N ⇒
h−1g ∈ N ⇒ h−1g = n for some n ∈ N and g = hn.

For the converse, assume there exists n ∈ N such that g = hn. Let gn1 ∈ gN . Then, gn1 = (hn)n1 =

h(nn1) ∈ hN and gn1 ∈ hN . Therefore, gN ⊆ hN .

In addition, h = gn−1 since g = hn. Therefore, for any hn2 ∈ hN , we have hn2 = (gn−1)n2 =

g(n−1n2) ∈ gN and hN ⊆ gN . Thus, gN = hN .
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2.3 Isomorphism Theorems

In this section we recall group homomorphisms and group isomorphisms. We will state the three

Isomorphism Theorems.

The definitions and results for this section can be found in [3], [15] and [17].

We start by stating the definition of a group homomorphism and giving some characteristics that follow

immediately from the definition.

Definition 2.3.1 (Group Homomorphism)

Let G and H be groups. A mapping θ : G → H is called a group homomorphism if θ(gh) = θ(g)θ(h)

for any g, h ∈ G. Further, we have:

(i) If θ is injective then, θ is called a group monomorphism.

(ii) If θ is surjective then, θ is called a group epimorphism.

(iii) If θ is a bijection then, θ is called a group isomorphism and we denoted G ∼= H.

Note 2.3.2

We take note of the fact that the homomorphism θ : G→ G/N , defined by θ(g) = gN is usually called

the canonical epimorphism.

Proposition 2.3.3

Let G and H be groups and let ϕ : G → H be a group homomorphism. Then the following properties

hold:

(a) ϕ(eG) = eH ,

(b) ϕ(g−1) = ϕ(g)−1, for any g ∈ G.

Next, we introduce the kernel and image of a group homomorphism.

Definition 2.3.4 (Kernel and Image)

Let G and H be groups and let ϕ : G→ H be a group homomorphism.

(i) The kernel of ϕ, denoted by Kerϕ, is defined as Kerϕ = {x ∈ G |ϕ(x) = eH}.

(ii) The image of ϕ, denoted by Imϕ, is defined as Imϕ = {ϕ(x) |x ∈ G}.

We state the three Isomorphism Theorems, of which the proofs of them can be found in [17, Chapter

2] and [3, Section 34].

Theorem 2.3.5 (1st Isomorphism Theorem)

[17, Theorem 2.24] Let G and H be groups. If θ : G→ H is a group homomorphism, then we have:

(a) Kerθ is a normal subgroup of G,

(b) G/Kerθ ∼= Imθ and

(c) if θ is a group epimorphism, then G/Kerθ ∼= H.

Theorem 2.3.6 (2nd Isomorphism Theorem)

[17, Theorem 2.26] Let G be a group, H a subgroup of G and let N be a normal subgroup of G. Then

we have the following:
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(a) HN is a subgroup of G,

(b) N is a normal subgroup of HN ,

(c) H ∩N is a normal subgroup of H and

(d) HN/N ∼= H/(H ∩N).

Theorem 2.3.7 (3rd Isomorphism Theorem)

[17, Theorem 2.27] Let G be a group, N a normal subgroup of G and let K be a normal subgroup of N .

Then, we have the following:

(a) N/K is a normal subgroup of G/K and

(b) (G/K)/(N/K) ∼= G/N .

Now we recall the definition of an equivalence relation as given in [3].

Definition 2.3.8 (Equivalence Relation)

[3, Definition 0.18] A relation ≈ on a set S is called an equivalence relation if the following properties

hold for any x, y, z ∈ S:

(i) x ≈ x (Reflexive),

(ii) x ≈ y, if and only if y ≈ x (Symmetry) and

(iii) if x ≈ y and y ≈ z, then x ≈ z (Transitive).

We have that group isomorphisms on the set of all groups is an equivalence relation (see [15, Chapter

1.1]). We can define equivalence classes and by [3, Theorem 0.22] we have that the set of all groups

can be partitioned into equivalence classes.

Definition 2.3.9 (Equivalence Classes For Group Isomorphism)

Let G be the set of all groups. The equivalence class for G ∈ G, denoted by [G], is defined as [G] =

{H ∈ G : G ∼= H}.
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2.4 Commutators and Commutators Subgroups

In this section, we recall the concept of the commutators in a group. We will prove some identities

of a commutators. Next, we recall the concept of the commutator subgroup and the lower central

series.

The definitions and results for this section can be found in [1].

We start by introducing the commutator of two elements and prove some useful identities.

Definition 2.4.1 (Commutator)

Let G be a group and let x, y ∈ G. The commutator of x and y, denoted by [x, y], is defined as

[x, y] = xyx−1y−1.

Lemma 2.4.2

Let G be a group. For any x, y, z ∈ G, the following identities hold:

(a) [x, y] = [y, x]−1,

(b) [xy, z] = x[y, z]x−1[x, z],

(c) [x, yz] = [x, y]y[x, z]y−1,

(d) [x−1, y] = x−1[x, y]−1x,

(e) [x, y−1] = y−1[x, y]−1y and

(f) z[x, y]z−1 = [zxz−1, zyz−1].

Proof. Let G be a group and let x, y, z ∈ G.

(a) [x, y] = xyx−1y−1 = ((y−1)−1(x−1)−1y−1x−1)−1 = (yxy−1x−1)−1 = [y, x]−1. Thus, [x, y] =

[y, x]−1.

(b) [xy, z] = (xy)z(xy)−1z−1 = xyzy−1x−1z−1 = xyzy−1(e)x−1z−1 = xyzy−1(z−1x−1xz)x−1z−1 =

x(yzy−1z−1)x−1(xzx−1z−1) = x[y, z]x−1[x, z]. Thus, [xy, z] = x[y, z]x−1[x, z].

(c) [x, yz] = x(yz)x−1(yz)−1 = xyzx−1z−1y−1 = xy(e)zx−1z−1y−1 = xy(x−1y−1yx)zx−1z−1y−1 =

(xyx−1y−1)y(xzx−1z−1)y−1 = [x, y]y[x, z]y−1. Thus, [x, yz] = [x, y]y[x, z]y−1.

(d) [x−1, y] = x−1y(x−1)−1y−1 = x−1yxy−1(e) = x−1yxy−1(x−1x) = x−1(yxy−1x−1)x = x−1[y, x] =

x−1[x, y]−1x by (a). Thus, [x−1, y] = x−1[x, y]−1x.

(e) [x, y−1] = xy−1x(y−1)−1 = xy−1xy = (e)xy−1xy = (y−1y)xy−1xy = y−1(yxy−1x)y = y−1[y, x]y =

y−1[x, y]−1y by (a). Thus, [x, y−1] = y−1[x, y]−1y.

(f) z[x, y]z−1 = z(xyx−1y−1)z−1 = zx(e)y(e)x−1(e)y−1z−1 = zx(z−1z)y(z−1z)x−1(z−1z)y−1z−1 =

(zxz−1)(zyz−1)(zx−1z−1)(zy−1z−1) = (zxz−1)(zyz−1)(zxz−1)−1(zyz−1)−1 = [zxz−1, zyz−1].

Thus, z[x, y]z−1 = [zxz−1, zyz−1].

The next lemma gives a relationship between commutators and exponentiation.
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Lemma 2.4.3

[1, Lemma 1.13] Let G be a group and let x, y ∈ G such that [x, y] ∈ Z(G). Then, [xα, y] = [x, yα] =

[x, y]α for any α ∈ Z.

We recall the commutator subgroup and state a proposition that follows immediately.

Definition 2.4.4 (Commutator Subgroup)

Let G be a group and let M and N be subgroups of G. The commutator subgroup generated by M and

N , denoted by [M,N ], is defined as [M,N ] = 〈[m,n] |m ∈M,n ∈ N〉.
If G = M = N , then [G,G] is called the commutator or derived subgroup of G, denoted by G′.

Proposition 2.4.5

Let G and H be groups, G1 a subgroup of G and let H1 be a subgroup of H. Then, [G1×H1, G×H] =

[G1, G]× [H1, H].

Proof. Let u ∈ [G1×H1, G×H]. Then, u = [(x1, y1), (x, y)] for some x1 ∈ G1, y1 ∈ H1, x ∈ G and y ∈
H. However, u = [(x1, y1), (x, y)] = (x1, y1)(x, y)(x1, y1)

−1(x, y)−1 = (x1, y1)(x, y)(x−11 , y−11 )(x−1, y−1) =

(x1xx
−1
1 x−1, y1yy

−1
1 y−1) = ([x1, x], [y1, y]).

Hence, u ∈ [G1, G]× [H1, H] and [G1 ×H1, G×H] ⊆ [G1, G]× [H1, H].

Next, we will show the reverse containment.

Let w ∈ [G1, G]× [H1, H]. Then, w = ([v1, v], [z1, z]) for some v1 ∈ G1, v ∈ G, z1 ∈ H1 and z ∈ H. We

can rewrite w as follows, w = ([v1, v], [z1, z]) = (v1vv
−1
1 v−1, z1zz

−1
1 z−1) = (v1, z1)(v, z)(v

−1
1 , z−11 )(v−1, z−1) =

(v1, z1)(v, z)(v1, z1)
−1(v, z)−1 = [(v1, z1), (v, z)].

Hence, w ∈ [G1 ×H1, G×H] and, [G1, G]× [H1, H] ⊆ [G1 ×H1, G×H].

Thus, [G1 ×H1, G×H] = [G1, G]× [H1, H].

Lastly, we introduce the lower central series.

Definition 2.4.6 (Lower Central Series)

Let G be a group. The decreasing sequence {γi(G)} of subgroups of G of the form:

(i) γ0(G) = G,

(ii) γ1(G) = [G,G] and

(iii) γi+1(G) = [γi(G), G],

is called the lower central series of G.
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2.5 Nilpotent Groups

In this section, we state the definition of a nilpotent group. There are many different definitions of

a nilpotent group which are found in the literature, however our study will depend on the definition

defined using the lower central series. The information of this section can be found in [15, Chapter 5]

and [1, Chapter 2].

Definition 2.5.1 (Nilpotent Group)

Let G be a group. The group G is called a nilpotent group if γc(G) = {e}, for some c ∈ Z+. The

smallest such c is called the nilpotency class of G.

We state a theorem, which can also be found in [1]. The theorem relates the nilpotency class of a

nilpotent group to its lower central series.

Theorem 2.5.2

[1, Theorem, 2.1] Let G be a group. The following conditions are equivalent:

(a) G is nilpotent of nilpotency class c,

(b) γc(G) = {eG} but γc−1(G) 6= {eG}.

Note 2.5.3

Every abelian group G is nilpotent of nilpotency class 1, since its commutator subgroup is trivial.

Next, we recall that every subgroup and every homomorphic image of a nilpotent group is also a

nilpotent group. We will show the quotient group of a nilpotent group is also a nilpotent group.

Finally, we will show that the direct product of nilpotent groups is again a nilpotent group.

Proposition 2.5.4

Let G be a nilpotent group of nilpotency class c. Every subgroup of G is nilpotent with nilpotency class

of at most c.

Proof. Let G be a nilpotent group of nilpotency class c and let H be a subgroup of G. Since G is

nilpotent, we have, by Definition 2.5.1, that γc(G) = {eG}. We will show γc(H) ≤ γc(G) by induction

on c.

For c = 0, we have, by Definition 2.4.6, γ0(H) = H and γ0(G) = G and by assumption H ≤ G.

Thus, γ0(H) = H ≤ G = γ0(G).

Assume that the statement is true for c = j, that is, γj(H) ≤ γj(G).

We prove that the statement is true for j + 1. Firstly, by Definition 2.4.6, we have that γj+1(H) =

[γj(H), H] = 〈[x, y] : x ∈ γj(H), y ∈ H〉. However, by the assumption that H ≤ G and by inductive hy-

pothesis γj(H) ≤ γj(G). Then, 〈[x, y] : x ∈ γj(H), y ∈ H〉 ≤ 〈[x, y] : x ∈ γj(G), y ∈ G〉 and γj+1(H) =

[γj(H), H] = 〈[x, y] : x ∈ γj(H), y ∈ H〉 ≤ 〈[x, y] : x ∈ γj(G), y ∈ G〉 = [γj(G), G] = γj+1(G).

Thus, γj+1(H) ≤ γj+1(G) and the inductive step holds.

By the principle of mathematical induction, we conclude that γc(H) ≤ γc(G) for any c ∈ N. Thus,

γc(H) ≤ γc(G) = {eG} and γc(H) = {eG} = {eH}. By Definition 2.5.1, H is nilpotent. Since

γc(H) = {eH}, H can only have a nilpotency class that is at most c.

Proposition 2.5.5

Let G be a nilpotent group of nilpotency class c and let H be a group. If there exists a group epimorphism
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θ : G→ H, then H is also nilpotent with nilpotency class of at most c.

Proof. Let θ : G → H be a group epimorphism. Since G is nilpotent, then, by Definition 2.5.1,

γc(G) = {eG}.
We will show θ(γc(G)) = γc(H) using induction on c.

For c = 0, we have by Definition 2.4.6, that γ0(G) = G. Since θ is a group epimorphism, then θ(G) = H

and θ(γ0(G)) = θ(G) = H = γ0(H).

Assume that the statement is true for c = j, that is, θ(γj(G)) = γj(H).

We prove that the statement is true for j + 1. Firstly, by Definition 2.4.6, we have that γj+1(G) =

[γj(G), G]. In addition, θ(γj+1(G)) = θ[γj(G), G] = [θ(γj(G)), θ(G)] = [γj(H), H] = γj+1(H). There-

fore, θ(γj+1(G)) = γj+1(H) and we conclude that θ(γc(G)) = γc(H), for any c ∈ N.

Consequently, θ(γc(G)) = θ({eG}) = {eH} and γc(H) = {eH}. Now, γc(H) = {eH}, thus H can only

have a nilpotency class that is at most c.

Corollary 2.5.6

Let G be a nilpotent group and let N be a normal subgroup of G. Then, the quotient group G/N is a

nilpotent group.

Proof. Let G be a nilpotent group and let N be a normal subgroup of G.

Consider the mapping ϕ : G→ G/N given by ϕ(g) = gN . For any g, h ∈ G, we have ϕ(gh) = (gh)N =

(gN)(hN) = ϕ(g)ϕ(h). Thus, ϕ : G → G/N is a surjective group homomorphism. By Proposition

2.5.5, we have G/N is a nilpotent group.

Proposition 2.5.7

Let G and H be nilpotent groups. Then G×H is also a nilpotent group.

Proof. SinceG andH are nilpotent, then, by Theorem 2.5.2, there exist k, j ∈ Z such that γk(G) = {eG}
and γj(H) = {eH}.

Let c = max{k, j}. We will show γc(G×H) = γc(G)× γc(H) using induction on c.

For c = 0, we have, by Definition 2.4.6 that, γ0(G) = G and γ0(H) = H.

Then, by Definition 2.4.6, γ0(G×H) = G×H = γ0(G)× γ0(H).

Assume that the statement is true for c = j, that is, γj(G×H) = γj(G)× γj(H).

We prove that the statement is true for c = j+1. Firstly, by Definition 2.4.6, we have that γj+1(G×H) =

[γj(G×H), G×H]. By induction hypothesis, γj(G×H) = γj(G)× γj(H) and hence γj+1(G×H) =

[γj(G)× γj(H), G×H].

In addition, γj(G) ≤ G and γj(H) ≤ H. Then, by Proposition 2.4.5, we have [γj(G)×γj(H), G×H] =

[γj(G), G]× [γj(H), H].

However, [γj(G), G] = γj+1(G) and [γj(H), H] = γj+1(H). Then, γj+1(G ×H) = γj+1(G) × γj+1(H)

and we conclude that γc(G×H) = γc(G)× γi(H), for any c ∈ N.

Then, γc(G×H) = γc(G)× γc(H) = {eG} × {eH} = {(eG, eH)} = {eG×H}.
Therefore, by Theorem 2.5.2, G×H is nilpotent.
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Corollary 2.5.8

Let n ∈ N such that n ≥ 2 and let G1, G2, . . . Gn be nilpotent groups. Then the direct product G1×G2×
· · · ×Gn is also nilpotent.

Proof. Proof by induction on n.

For n = 2, we have, by assumption, that G1 and G2 are nilpotent, hence, by Proposition 2.5.7, G1×G2

is nilpotent.

Assume the statement is true for n = k, that is if G1, G2, . . . Gk are nilpotent groups, then G1 ×G2 ×
· · ·×Gk is also nilpotent. We prove that the statement is true for n = k+1. Let G1, G2, . . . Gk, Gk+1 be

nilpotent groups. By induction hypothesis, we have G1×G2×· · ·×Gk is a nilpotent group. Therefore,

G1×G2×· · ·×Gk and Gk+1 are nilpotent groups. By Proposition 2.5.7 we have G1×G2×· · ·×Gk×Gk+1

is nilpotent and thus G1 ×G2 × · · · ×Gn is also nilpotent, for any n ≥ 2.

Following [1], we show that for any nilpotent group of nilpotency class c, we can construct a subgroup

which has nilpotency class that is strictly less than c. This, will prove useful later on for induction

proofs that rely on the nilpotency class of a group.

Lemma 2.5.9

[1, Lemma 2.9] Let G be a nilpotent group of nilpotency class c ≥ 1 and let g ∈ G. The group

H = 〈γ1(G), g〉 is a nilpotent group of nilpotency class that is strictly less than c.

Proof. Let G be a nilpotent group of nilpotency class c ≥ 1, g ∈ G and let H = 〈γ1(G), g〉.
Firstly, {g, γ1(G)} ⊆ G since γ1(G) ≤ G. Consequently, by Proposition 2.1.10, we have that H =

〈γ1(G), g〉 is a subgroup of G.

Since every subgroup of nilpotent group is nilpotent too, we have that H is a nilpotent group.

Now, we show that H has nilpotent class that is less than c. We will do this by showing that γi(H) ≤
γi+1(G) for every i ≥ 1, using induction on i ∈ N.

Consider the case for i = 1. Firstly, we note that, for any [x, y] ∈ γ1(G), we have (using Lemma 2.4.2

(f)) that g[x, y] = g[x, y]g−1g = (g[x, y]g−1)g = [gxg−1, gyg−1]g = h∗g for some h∗ ∈ γ1(G).

Thus, every element h ∈ H, can be rearranged to a form h = h∗g
m for some h∗ ∈ γ1(G) and m ∈ Z.

Therefore, γ1(H) = [H,H] = 〈[x, y] : x, y ∈ H〉 = 〈[hgm, kgn] : h, k ∈ γ1(G) and m,n ∈ Z〉.
However, for any h, k ∈ γ1(G) and m,n ∈ Z, we can rearrange [hgm, kgn] in the following way:

[hgm, kgn] = h[gm, kgn]h−1[h, kgn] by Lemma 2.4.2 (b)

= h([gm, kgn])h−1[h, kgn]

= h([gm, k]k[gm, gn]k−1)h−1[h, kgn] by Lemma 2.4.2 (c)

= h[gm, k](kgmgng−mg−nk−1)h−1[h, kgn]

= h[gm, k](kgm+n−m−nk−1)h−1[h, kgn]

= h[gm, k](kg0k−1)h−1[h, kgn]

= h[gm, k](kek−1)h−1[h, kgn]

= h[gm, k](e)h−1[h, kgn]

= h[gm, k]h−1[h, kgn]

= [hgmh−1, hkh−1][h, kgn] by Lemma 2.4.2 (f).
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Since h ∈ γ1(G) and kgn ∈ G, we have [h, kgn] ∈ [γ1(G), G] = γ2(G) and hkh−1 ∈ G. By construction

of γ1(H), we have hgmh−1 ∈ γ1(G) and [hgmh−1, hkh−1] ∈ γ2(G).

Therefore, [hgmh−1, hkh−1], [h, kgn] ∈ γ2(G), for every h, k ∈ γ1(G) and m,n ∈ Z. Thus, γ1(H) ≤
γ2(G).

Assume the statement is true for i = j ≥ 2, that is γj(H) ≤ γj+1(G).

Consider the case when i = j + 1. By definition of the lower central series, we have γj+1(H) =

[γj(H), H]. By induction hypothesis, γj(H) is a subgroup γj+1(G) and H is a subgroup. Therefore,

γj+1(H) = [γj(H), H] ≤ [γj+1(G), G] = γj+2(G) and we conclude that γi(H) ≤ γi+1(G) for every i ≥ 1.

Since, G has nilpotent class c, by Theorem 2.5.2, we have γc(G) = {eG} and γc−1(G) 6= {eG}.
Therefore, γc−2(H) ≤ γc−1(G) 6= {eG} and γc−2(H) 6= {e}. However, γc−1(H) ≤ γc(G) = {eG}. There-

fore, γc−1(H) = {e} and γc−2(H) 6= {e}. By Theorem 2.5.2, H has nilpotency class that is strictly less

than c.
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2.6 Rings and Subrings

In this section, we recall the definitions of ring and a subring. We prove some results that follow

immediately from them. Lastly, we will recall the definition of integral domains and some results

relating to them. Some of the basic proofs can be found in [3] and [4].

We start by recalling the definition of a ring.

Definition 2.6.1 (Ring)

A ring 〈R,+, ·〉 is a set R together with two binary operations + : R→ R (called addition) and · : R→ R

(called multiplication) such that the following hold for any a, b, c ∈ R:

(i) 〈R,+〉 is an abelian group,

(ii) multiplication is closed and associative, that is ab ∈ R and a · (b · c) = (a · b) · c and

(iii) the distribution law holds:

• left distribution law: a · (b+ c) = a · b+ a · c and

• right distribution law: (b+ c) · a = b · a+ c · a.

Notation 2.6.2

For a ring R we write the multiplication product a · b as ab and we will indicate addition as a+ b, for

any a, b ∈ R.

The proof of the following characterizations of rings can be found in [3, Theorem 18.8].

Proposition 2.6.3

Let R be a ring with the additive identity 0. Then for any v, w ∈ R we have the following hold:

(a) v0 = 0v = 0,

(b) (−v)(w) = (v)(−w) = −(vw) and

(c) (−v)(−w) = vw.

Now, we recall the concept of a subring and state a theorem which serves as a test for a subring. The

proof is basic and can be found in [4, Theorem 12.3].

Definition 2.6.4 (Subring)

Let R be a ring with binary operations + and ·. A non-empty subset S of R is called subring if S is a

ring under the operators + and ·.

Theorem 2.6.5 (Test For Subring)

Let R be a ring with binary operations + and ·. A non-empty subset S of R is a subring of R if and

only if the following holds for all v, w ∈ S:

(a) v + (−w) ∈ R and

(b) vw ∈ R.

Next, we recall integral domains. We will state the cancellation theorem in an integral domain. Lastly,

we will conclude this section by recalling the concept of a field and state that every field is an integral

domain.
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Definition 2.6.6 (Commutative Ring)

A ring R is called a commutative ring if multiplication is commutative.

Definition 2.6.7 (Ring with Unity)

A ring R is called a ring with unity if it contains a multiplicative identity.

Notation 2.6.8

We take note of the following:

(i) We call the multiplicative identity of a ring the unity and we will denote it by 1.

(ii) For the sake of notation, additive inverse will be represented as −a and multiplicative inverse will

be represented as a−1 for any a ∈ R where R is a ring with unity.

Definition 2.6.9 (Unit)

Let R be a ring with unity 1 6= 0. An element u ∈ R is called a unit if it has a multiplicative inverse in

R.

Proposition 2.6.10

Let R be a ring with unity 1 6= 0. If u, v ∈ R are units, then uv is also a unit.

Proof. Since u, v ∈ R are units, then u−1 ∈ R and v−1 ∈ R. Firstly, uv(v−1u−1) = u(vv−1)u−1 =

u(1)u−1 = uu−1 = 1. In addition, we have (v−1u−1)uv = v−1(u−1u)v = v−1(1)v = v−1v = 1. Hence,

uv(v−1u−1) = 1 = (v−1u−1)uv and (uv)−1 = v−1u−1. Therefore, uv is a unit in R.

Definition 2.6.11 (Divisors of 0)

Let R be a ring and let a, b ∈ R be non-zero elements. The elements a and b are called divisors of 0 if

ab = 0.

Definition 2.6.12 (Integral Domain)

Let R be a commutative ring with unity 1 6= 0. Then R is called an integral domain if R contains no

divisors of 0.

Proposition 2.6.13 (Cancellation in Integral Domain)

[3, Theorem 19.5] Let R be an integral domain. The cancellation laws hold in an integral domain, that

is:

(a) if ab = ac for some a, b, c ∈ R such that a 6= 0, then we have b = c and

(b) if ba = ca for some a, b, c ∈ R such that a 6= 0, then we have b = c.

Proposition 2.6.14

Let R be an integral domain and let a, b ∈ R. If ab is a unit, then we have a and b are units.

Proof. Let R be an integral domain with unity and additive identity 0 and let a, b ∈ R, such that ab

is a unit. Since ab is a unit, we have that ab has a multiplicative inverse. Let u be the multiplicative

inverse of ab. Then, u(ab) = (ab)u = 1.

We have 1 = u(ab) = (ua)b. Consequently, ua = 1(ua) = ((ua)b)(ua) = (ua)(b(ua)), since multiplica-
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tion is associative in R. Therefore, ua = (ua)(b(ua)) and

ua− (ua)(b(ua)) = 0⇒ ua+ (ua)(−b(ua)) = 0 by Proposition 2.6.3

⇒ ua(1) + (ua)(−b(ua)) = 0

⇒ ua(1− b(ua)) = 0 by left distribution in R.

Thus ua(1− b(ua)) = 0. Since R is an integral domain we have R contains no divisors of 0. We must

have that either ua = 0 or 1− b(ua) = 0.

If ua = 0, then 1 = (ua)b = 0b = 0, a contradiction. Hence, 1− b(ua) = 0 and b(ua) = 1.

Consequently, (ua)b = b(ua) = 1, b−1 = ua and b is a unit. In a similar manner, one can show a

is a unit.

Definition 2.6.15 (Division Ring)

Let R be a ring with unity 1 6= 0. Then R is called a division ring if every non-zero element is a unit

in R.

Definition 2.6.16 (Field)

Let R be a division ring. Then R is called a field if R is commutative.

Proposition 2.6.17

[3, Theorem 19.9] Every field F is an integral domain.
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2.7 Principal Ideal Domain (PID) and Unique Factorization Domain

(UFD)

In this section, we will recall the concepts of principal ideal domains (PID) and unique factorization

domains (UFD). We begin with principal ideal domains, by firstly recalling the concept of an ideal for

a ring, which is analogous to a normal subgroup of a group. Then, we recall the quotient ring and state

the definition of a principal ideal and a principal ideal domain. Lastly, we recall a unique factorization

domain and how it relates to a principal ideal domain. The concepts recalled in this section can be

found in [3] and [4].

Definition 2.7.1 (Ideal)

Let R be a ring and let N be an additive subgroup of R. Then, N is called an ideal of R if the following

hold for all a, b ∈ R:

(i) aN ⊆ N and

(ii) Nb ⊆ N .

Similarly to quotient groups, we can create quotient rings using ideals of a ring. The proof of the

following can be found in [3, Corollary 26.14].

Proposition 2.7.2 (Quotient Ring)

Let R be a ring and let N be an ideal of R. Then, the additive cosets of N form a ring R/N = {a+N :

a ∈ R} with binary operation defined as follows: For (a+N), (b+N) ∈ R/N

(i) addition: (a+N) + (b+N) = (a+ b) +N and

(ii) multiplication: (a+N)(b+N) = (ab) +N .

We call the ring R/N the quotient ring (or factor ring) of R by N .

The next proposition tells us that the set of multiples of an element a in a ring R is an ideal of R.

Proposition 2.7.3 (Principal Ideal Generated by a)

Let R be a commutative ring with unity 1 and let a ∈ R. The set {ra : r ∈ R} of all multiples of a is

an ideal of R. We call this the principal ideal generated by a and we denote it by 〈a〉.

Proof. Let R be a commutative ring with unity 1 and let a ∈ R.

Let N = {ra : r ∈ R}. We will show that N is an additive subgroup of R.

Since, 1 ∈ R, we have a = 1a ∈ N , thus, N is non-empty.

Let x, y ∈ N such that x = r1a and y = r2a for some r1, r2 ∈ R. We have:

x− y = r1a− (r2a)

= r1a+ (−r2)(a) by Proposition 2.6.3 (b)

= (r1 + (−r2))(a) by right distribution in R.

Then, x− y = (r1 + (−r2))(a) ∈ N since r1 − r2 ∈ R.

Therefore, x− y ∈ N for any x, y ∈ N . By Theorem 2.1.6, we have, N is an additive subgroup of R.

Now, we show that the two conditions of Definition 2.7.1 hold to conclude that N is an ideal.

Firstly, let q ∈ R and let x′ ∈ qN . Then x′ = qn for some n ∈ N . Since, n ∈ N , we have n = ra for
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some r ∈ R. Thus, x′ = q(ra) = (qr)a ∈ N and qN ⊆ N .

If y′ ∈ Nq, then y′ = nq for some n ∈ N . Now, n ∈ N , we have n = ra for some r ∈ R. Thus,

y′ = (ra)q

= r(aq) since multiplication is associative

= r(qa) since R is a commutative ring

= (rq)a since multiplication is associative.

Hence, y′ = (rq)a ∈ N since q, r ∈ R and rq ∈ R. Therefore, Nq ⊆ N .

Consequently, N = {ra : r ∈ R} is an additive subgroup of R, qN ⊆ N and Nq ⊆ N for any

q ∈ R. By Definition 2.7.1, we have N = 〈a〉 = {ra : r ∈ R} is an ideal of R.

We recall the definitions of a principal ideal and a principal ideal domain.

Definition 2.7.4 (Principal Ideal)

Let R be a commutative ring with unity 1. An ideal N of R is called a principal ideal if N = 〈a〉 for

some a ∈ R.

Definition 2.7.5 (Principal Ideal Domain)

An integral domain R is called a principal ideal domain (PID) if every ideal of R is a principal ideal.

Now, we will recall the definition of a unique factorization domain. We start by recalling the definition

of an irreducible element in R and the definition of associative element.

Definition 2.7.6 (Irreducible Element)

Let R be an integral domain. A non-zero non-unit element a ∈ R is called an irreducible element if

whenever a = bc we have that either b or c is a unit.

Definition 2.7.7 (Associative Element)

Let R be an integral domain and let a, b ∈ R. The elements a and b are associative if a = bu for some

unit u ∈ R. We denote two associative elements a, b by a ∼ b.

Proposition 2.7.8

Let R be an integral domain. For any a, b ∈ R, the relation:

a ∼ b if and only if a = bu for some unit u ∈ R

is an equivalence relation.

Proof. Let R be an integral domain and let a, b and c ∈ R. We will show the conditions of an equivalence

relation (Definition 2.3.8) hold.

(i) Since 1 is a unit in R, then a = a1 and a ∼ a for all a ∈ R.

(ii) Assume a ∼ b. By Definition 2.7.7, a = bu for some unit u ∈ R. Since u is a unit, then u−1 ∈ R
and b = au−1. Since u−1 is a unit in R, we have b ∼ a.

Assume b ∼ a. By Definition 2.7.7, b = av for some unit v ∈ R. Since v is a unit, then v−1 ∈ R
and a = bv−1. Since v−1 is a unit in R, we have a ∼ b. Thus, a ∼ b if and only if b ∼ a.
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(iii) Assume a ∼ b and b ∼ c. By Definition 2.7.7, a = bu and b = cv for some units u, v ∈ R. Then,

a = (cv)u = c(vu) and by Proposition 2.6.10, we have vu is a unit and a ∼ c.

We conclude that the associative relation in Definition 2.7.7 is an equivalence relation.

We state the definition of a unique factorization domain.

Definition 2.7.9 (Unique Factorization Domain)

Let R be an integral domain. Then R is called a unique factorization domain (UFD) if the following

conditions hold:

(i) for every non-zero element a ∈ R which is not a unit, we have a = b1b2 . . . bk for some irreducible

elements b1, b2, . . . , bk ∈ R and

(ii) if b1, b2, . . . , bk ∈ R and c1, c2, . . . , cl ∈ R are irreducible elements such that b1b2 . . . bk = c1c2 . . . cl,

then we have k = l, and for all bi ∈ {b1, b2, . . . , bk}, there exists some cj ∈ {c1, c2, . . . , cl} such

that bi ∼ cj.

We state the following result that every principal ideal domain is also a unique factorization domain

and the proof can be found at [4, Theorem 18.3].

Proposition 2.7.10

Every principal ideal domain (PID) is a unique factorization domain (UFD).
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2.8 Primes, Greatest Common Divisor and Lowest Common Multi-

ple

In this section, we recall prime elements of a ring. In particular, we show that an element of unique

factorization domain (UFD) is prime if and only if it is irreducible. Furthermore, we define the set

Pmembers, for a set of primes P in R. We show that Pmembers is closed under multiplication. Lastly,

we show that the greatest common divisor and lowest common multiple can be defined in a principal

ideal domain.

The definitions and results on primes can be found in [2], [4] and [12].

Firstly, we recall the definition on division of elements in an integral domain and show how this related

to the associativity property.

Definition 2.8.1 (Divides)

Let R be an integral domain and let a, b ∈ R. We say that a divides b if b = ac for some c ∈ R. If a

divides b, we write a | b.

Proposition 2.8.2

Let R be an integral domain and let a, b ∈ R. We have that a ∼ b if and only if a divides b and b divides

a.

Proof. Let R be an integral domain and let a, b ∈ R.

Assume that a ∼ b. By Proposition 2.7.8, we have that ∼ is an equivalence relation, so we have b ∼ a.

Since a ∼ b, we have, by Definition 2.7.7, that a = bu for some unit u ∈ R. Since a = bu, then b divides

a.

In addition, b ∼ a and by Definition 2.7.7, b = av for some unit v ∈ R. Since b = av, then a divides b.

Hence, a divides b and b divides a.

For the converse, assume a divides b and b divides a. Since a divides b, we have b = ac for some

c ∈ R. Since b divides a, we have a = bd for some d ∈ R. Then,

a = (ac)d⇒ a = a(cd)⇒ a− a(cd) = a(cd)− a(cd)⇒ a(1)− a(cd) = 0⇒ a(1− cd) = 0.

Since R is an integral domain (thus, R does not have zero divisors) we must have either a = 0 or

1− cd = 0.

• If a = 0 then b = ac = 0c = 0. Therefore, a = 0 = b1 and we have a ∼ b.

• If 1 − cd = 0 we have cd = 1. Hence c and d are units. Thus, d is a unit since a = bd. We have

a ∼ b.

Now, we define a prime element of an integral domain and we show that every prime element is

irreducible in any integral domain.

Definition 2.8.3 (Prime Element)

Let R be an integral domain and let p ∈ R be a non-zero element and p is not a unit. The element p

is called a prime element of R if whenever p divides bc then either p divides b or p divides c.
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Proposition 2.8.4

Let R be an integral domain. If p ∈ R is a prime element in R, then p is an irreducible element in R.

Proof. Let R be an integral domain and let p ∈ R be a prime element in R.

Let p = bc for some b, c ∈ R. Since, (bc) = p1 we have p | bc and p | b or p | c since p is prime.

In addition, b | p since p = bc. We will consider the following cases:

Case I: If p | b then, p | b and b | p. Thus, by Proposition 2.8.2, p ∼ b and p = bu for some unit

u ∈ R.

Consequently, bc = p = bu and c = u since primes are non-zero. Therefore, c is a unit and p is

irreducible.

Case II: If p | c, then p = bc and p = cb since R is commutative. Therefore, c | p. Now, p | c and

c | p. By Proposition 2.8.2 we have p ∼ c and p = cu for some unit u ∈ R. Then cb = p = cu and

b = u. Thus, b is a unit and p is irreducible.

We conclude that prime elements in an integral domain are irreducible elements.

The converse of Proposition 2.8.4 is not true in general. However, in a unique factorization domain, it

is true. The proof of the following proposition can be found at [4, Theorem 18.2].

Proposition 2.8.5

Let R be a unique factorization domain (UFD). Then every irreducible element is a prime element.

Thus, we can think of decompositions in a UFD as prime decompositions. Now, we consider a set of

primes and elements created by products of primes.

Definition 2.8.6 (P -members)

[12, Definition 3.1] Let R be a unique factorization domain (UFD) and let P be a set of primes in R.

Let a ∈ R be a non-zero and non-unit element of R. Then a is called a member of P , or a P -member,

if all prime divisors of a are in P up to associativity.

We will denote the set of P -members in R by Pmembers.

Lemma 2.8.7

Let R be a unique factorization domain (UFD) and let P be a set of primes in R. If a, b ∈ Pmembers,

then ab ∈ Pmembers.

Proof. Let R be a unique factorization domain (UFD) and let P be a set of primes in R.

Let a, b ∈ Pmembers, then a = p1p2 . . . pk, b = q1q2 . . . qr with each pi, qs primes from Pmembers for all

i = 1, 2, . . . k and s = 1, 2, . . . r.

Since ab ∈ R and R is a unique factorization domain, we have that the decomposition ab = d1d2 . . . dt

with each dj being irreducible for all j = 1, 2, . . . , t. By Proposition 2.8.5, dj is prime for all j =

1, 2, . . . , t, since in a unique factorization domain, irreducible elements are prime elements.

Then, d1d2 . . . dt = ab = (p1p2 . . . pk)(q1q2 . . . qr). By the uniqueness of decompositions in a unique

factorization domain (Property (ii) of Definition 2.7.9), we have that for every j = 1, 2, . . . , t either

dj ∼ pi or dj ∼ qs for some i = 1, 2, . . . , k, j = 1, 2, . . . , r. Therefore, each prime divisor of ab is in

Pmembers up to associative elements. Hence, ab ∈ Pmembers.
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Now, we define the greatest common divisor and lowest common multiple in a principal ideal domain

(PID). Furthermore, we show that for any two non-zero elements a and b of a principal ideal domain

(PID), the greatest common divisor of a and b exists. We will also show that, the lowest common

multiple of a and b exists in a PID. The results on greatest common divisor can be found at [8, Chapter

4 Section 2].

Definition 2.8.8 (Greatest Common Divisor)

Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. The greatest common

divisor of a and b, denoted by gcd(a, b), is an element gcd(a, b) ∈ R such that:

(i) gcd(a, b) divides a,

(ii) gcd(a, b) divides b and

(iii) if d ∈ R divides a and b then d also divides gcd(a, b).

Theorem 2.8.9

Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. Then, there exists a

greatest common divisor of a and b which is unique up to associativity. Furthermore, there exist s, t ∈ R
such that gcd(a, b) = as+ bt.

Proof. Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. Let I = {ap+bq :

p, q ∈ R}. We show I is an ideal of R. Firstly, 0 = a0 + b0 ∈ I and I is non-empty. For any ap1 + bq1,

ap2 + bq2 ∈ I, we have:

(ap1 + bq1)− (ap2 + bq2) = ap1 + bq1 − bq2 − ap2
= ap1 − ap2 + bq1 − bq2 since R is abelian under addition

= a(p1 − p2) + b(q1 − q2) ∈ I by left distribution law.

Thus, by Theorem 2.1.6, we have I is an additive subgroup of R.

Let x ∈ R. For any x(ap3 + bq3) ∈ xI, we have x(ap3 + bq3) = xap3 + xbq3 = axp3 + bxq3 =

a(xp3) + b(xq3) ∈ I.

Hence, xI ⊆ I. Furthermore, for any (ap4 + bq4)x ∈ Ix, we have (ap4 + bq4)x = ap4x + bq4x =

a(p4x) + b(q4x) ∈ I.

Hence, Ix ⊆ I. Thus, by Definition 2.7.1, we have I is an ideal of R.

Since R is a principal ideal domain (PID), then there exists d ∈ R such that 〈d〉 = I, where 〈d〉 = {rd :

r ∈ R} = {dr : r ∈ R}. We show that d is the greatest common divisor of a and b.

Firstly, d ∈ 〈d〉 = I so there exist s, t ∈ R such that d = as+ bt.

In addition, a = a1 + b0 ∈ I = 〈d〉. Thus, a = dr1 for some r1 ∈ R and d divides a.

Similarly, b = a0 + b1 ∈ I = 〈d〉. Thus, a = dr2 for some r2 ∈ R and d divides b.

Let h ∈ R such that h divides a and b. Then, there exist c1, c2 ∈ R such that a = hc1 and b = hc2.

Then, we have that d = as+ bt = (hc1)s+ (hc2)t = h(c1s) + h(c2t) = h(c1s+ c2t).



2.8. PRIMES, GREATEST COMMON DIVISOR AND LOWEST COMMON MULTIPLE 27

Then, h divides d, d divides a and d divides b. If h divides a and b then h divides d. By Definition

2.8.8, we have d is the greatest common divisor of a and b.

Now, assume there are two greatest common divisors of a and b, say d1 and d2. By Definition 2.8.8, we

have d1 divides a and b. Thus, d1 divides d2. Similarly, by Definition 2.8.8, we have d2 divides a and

b. Therefore, d2 divides d1. By Proposition 2.8.2, d1 ∼ d2 and the greatest common divisor is unique

to up associativity.

Now, we recall the lowest common multiple of two elements of principal ideal domain (PID). Definition

2.8.10 and Theorem 2.8.11 is taken from [2] and [18].

Definition 2.8.10 (Lowest Common Multiple)

Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. The lowest common

multiple of a and b, denoted by lcm(a, b), is an element lcm(a, b) ∈ R such that:

(i) a divides lcm(a, b),

(ii) b divides lcm(a, b) and

(iii) if there exists l ∈ R such that a divides l and b divides l, then lcm(a, b) also divides l.

Theorem 2.8.11

Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. Then there exists a

lowest common multiple of a and b which is unique up to associativity.

Proof. Let R be a principal ideal domain (PID) and let a, b ∈ R be non-zero elements. Let I = 〈a〉∩〈b〉
where, 〈a〉 = {ra : r ∈ R} = {ar : r ∈ R} and 〈b〉 = {rb : r ∈ R} = {br : r ∈ R}. We show that I

is an ideal of R. By Proposition 2.7.3, we have 〈a〉 and 〈b〉 are ideals. Thus, 〈a〉 and 〈b〉 are additive

subgroups of R and by Proposition 2.1.7, 〈a〉 ∩ 〈b〉 is an additive subgroup of R.

Let x ∈ R. Since, 〈a〉 is a ideal of R, we have x 〈a〉 ⊆ 〈a〉 and 〈a〉x ⊆ 〈a〉. Similarly, x 〈b〉 ⊆ 〈b〉 and

〈b〉x ⊆ 〈b〉. Therefore, x 〈a〉∩x 〈b〉 ⊆ 〈a〉∩ 〈b〉 and 〈a〉x∩〈b〉x ⊆ 〈a〉∩ 〈b〉. By Definition 2.7.1, we have

〈a〉 ∩ 〈b〉 is an ideal of R.

Since, R is a principal ideal domain (PID), then there exists c ∈ R such that 〈c〉 = I = 〈a〉 ∩ 〈b〉. Since

c ∈ 〈c〉 = 〈a〉 ∩ 〈b〉, we have that c ∈ 〈a〉 and c ∈ 〈b〉. Thus, c = ar1 and c = ar2 for some r1, r2 ∈ R
and, by Definition 2.8.1, a divides c and b divides c.

Now, assume that there exists l ∈ R such that a | l and b | l. Then, l = as1 and l = bs2 for some

s1, s2 ∈ R. Then, l ∈ 〈a〉 and l ∈ 〈b〉 and l ∈ 〈a〉 ∩ 〈b〉 = 〈c〉. Consequently, l = ct for some t ∈ R and c

divides d.

Therefore, c divides a, c divides b and if there exists l ∈ R such that a divides l and b divides l, then c

also divides l. Hence, by Definition 2.8.10, we have c is the lowest common divisor of a and b.

Assume there are two lowest common multiples of a and b, say c1 and c2. By Definition 2.8.10, a and b

divides c1, thus c2 divides c1. Similarly, by Definition 2.8.10, a and b divides c2, thus c1 divides c2. By

Proposition 2.8.2, we have c1 ∼ c2 and the lowest common multiple is unique to up associativity.
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2.9 Ring Isomorphisms

In this section, we define homomorphisms for rings. There are equivalent Isomorphism Theorems for

ring homomorphism. However, we will only need the First Isomorphism Theorem, to prove the main

result of this section, which states that a ring with characteristic 0 has a subring which is isomorphic

to the set of integers Z. The information in this section can be found in [3] and [4].

We begin by stating the definitions of a ring homomorphism and ring isomorphism.

Definition 2.9.1 (Ring Homomorphism)

Let R and S be rings. A mapping ϕ : R→ S is called a ring homomorphism if for all a, b ∈ R we have:

(i) ϕ(a+ b) = ϕ(a) + ϕ(b) and

(ii) ϕ(ab) = ϕ(a)ϕ(b).

Definition 2.9.2 (Ring Isomorphism)

Let R and S be rings. A mapping ϕ : R→ S is called a ring isomorphism, denoted by R ∼= S, if ϕ is a

bijection and a ring homomorphism.

We also note without proof that the image of a ring homomorphism ϕ : R→ S is a subring of S.

Proposition 2.9.3

Let R and S be rings and let ϕ : R → S be a ring homomorphism. Then Imϕ = {ϕ(a) | a ∈ R} is a

subring of S.

We state without proof the 1st Isomorphism Theorem For Rings. We refer the reader to [3, Theorem

26.17] for the proof.

Theorem 2.9.4 (1st Isomorphism Theorem For Rings)

Let R and S be rings. If ϕ : R → S is a ring homomorphism with Kerϕ = {a ∈ R : ϕ(a) = 0S}, then

we have:

(a) Kerϕ is an ideal of R,

(b) G/Kerϕ ∼= Imϕ and

(c) if ϕ is a ring epimorphism, then R/Kerϕ ∼= S.

Now, we recall the characteristic of a ring and we prove that a ring of characteristic 0 has a subring

isomorphism to the set of integers Z

Definition 2.9.5 (characteristic of a Ring)

Let R be a ring. A positive integer n is called the characteristic of R if n is the smallest positive integer

such that n · a = a+ a+ . . . (n-times) · · ·+ a = 0 for all a ∈ R.

If there is no positive integer n such that n · a = 0 for all a ∈ R, then R is said to be of charac-

teristic 0.

Note 2.9.6

In a ring R with unity 1, if n · 1 6= 0 for any n ∈ Z+, then R has characteristic 0.

Proposition 2.9.7

Let R be a ring with unity 1R and has characteristic 0. Then R has a subring Z which is isomorphic
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to the set of integers Z.

Proof. Let φ : Z→ R be defined as: φ(n) = n · 1R =


1R + 1R+

n−times· · · +1R, if n > 0.

(−1R) + (−1R)+
|n|−times
· · · +(−1R), if n < 0.

0R if n = 0.

It can be shown that φ is a ring homomorphism. By the 1st Isomorphism Theorem for rings (Theorem

2.9.4), we have Z/Kerφ ∼= Imφ.

However, Kerφ = {m ∈ Z : φ(m) = 0R} = {0R} since R is of characteristic 0.

Hence, Z/Kerφ = Z/{0R} = {z + 0R : z ∈ Z} ∼= Z and Z ∼= Z/Kerφ ∼= Imφ. By Proposition

2.9.3, Imφ is a subring of R.

Thus, by letting Z = Imφ we have shown R has subring Z which is isomorphic to the integers Z.
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2.10 R-Module

In this section, we give a quick overview of module theory and state a few propositions needed for this

study. For a more in-depth study of R-modules, interested readers can consult [18].

We start by recalling the definition of a left R-module.

Definition 2.10.1 (Left R-Module)

Let R be a ring. A left R-module is an additive abelian group M with a binary operation · : R×M →M ,

called scalar multiplication, such that the following hold for all r, s ∈ R and a, b ∈M :

(i) r · (a+ b) = r · a+ r · b,

(ii) (r + s) · a = r · a+ s · a,

(iii) r · (s · a) = (rs) · a and

(iv) if R has unity 1, then 1 · a = a.

If property (iv) holds, then M is called a unitary left R-module.

Note 2.10.2

Right R-module can be defined in a similar manner, but for sake of simplification we will refer to a left

R-module as a R-module.

Similar to groups and rings, one could define submodules and quotient modules.

Definition 2.10.3 (Submodule)

Let R be a ring and let M be a R-module. A subset N ⊆M is called a R-submodule of M , if N is an

additive subgroup of M .

Proposition 2.10.4 (Quotient Module)

Let R be a ring, M be a R-module and let N be a R-submodule of M . The quotient group of cosets of N

in M , defined as M/N = {m+N : m ∈M} is an R-module with scalar multiplication · : R×M/N →
M/N defined as r · (m+N) = (r ·m) +N .

The following is taken from [18]. We recall when a R-module is called a torsion module.

Definition 2.10.5 (Torsion Module)

Let R be a ring and let M be a R-module.

(i) An element m ∈M is called a torsion element if there exists a ∈ R with a 6= 0, such that a·m = 0.

(ii) If all elements of M are torsion elements, then M is called a torsion module.

(iii) If the only torsion element of M is 0, then M is called a torsion-free module.

Below, we give some results that will be noted later. We refer the readers to [18] for the proofs.

Proposition 2.10.6

[18, Proposition 9.1] Let R be an integral domain and let M be a R-module. Then the set of all torsion

elements in M , denoted by τ(M), is a submodule of M .

Proposition 2.10.7

[18, Proposition 9.2] Let R be an integral domain and let M be a R-module. Then the quotient module

M/τ(M) is torsion-free.
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Definition 2.10.8 (Free Module)

[3, Definition 38.2] Let R be a ring and M be a R-module. Then M is called a free module, if there

exists a subset X ⊆M such that the following conditions hold:

(i) For any non-zero m in M , we can express it as a finite sum of distinct xi ∈ X as m = n1x1 +

n2x2 + · · ·+ nrxr for non-zero n1, n2, . . . nr ∈ R. The expression is unique up to ordering.

(ii) n1x1 + n2x2 + . . . nrxr = 0 for x1, x2, . . . xr ∈ X if and only if n1 = n2 = · · · = nr = 0.

The set X is called the basis of M and the number of elements in X is called the rank of M .

Theorem 2.10.9

[18, Theorem 9.3] Let R be an principal ideal domain and let M be a R-module. If M is a finitely

generated torsion-free R-module, then M is a free module.
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2.11 Binomial Ring

Lastly, we explore the binomial ring, we state the definition of a binomial ring. We also take note that

every binomial ring has a subring isomorphic to the set of integers. Finally, we prove some identities

of the binomial coefficients. The information for this section was taken from [21].

Definition 2.11.1 (Binomial Ring)

Let R be an integral domain of characteristic zero. We call R a binomial ring, if R has unity 1 such

that for any r ∈ R and k ∈ Z+, we have that:(
r

k

)
=
r(r − 1) . . . (r − k + 1)

k!
∈ R.

Note 2.11.2

We note that every binomial ring contains a subring which is isomorphic to the set of integers Z, since

a binomial ring has characteristic 0 (by Proposition 2.9.7). We will denote this subring by Z and we

will denote Z+ the subring isomorphic to the positive integers.

Proposition 2.11.3

[21, Theorem 2] Let R be a binomial ring and let Z be the subring of R isomorphic to Z. Then we have

the following identities:

(a)
(
a
1

)
= a for any a ∈ R.

(b)
(
1
n

)
=

1 if n = 1

0 if n ≥ 2.

(c)
(
z
z

)
= 1 for all z ∈ Z+.

(d)
(
z
k

)
= 0 for all z ∈ Z+ and k ∈ Z+ such that k > z.

Proof. Let R be a binomial ring and let Z be the subring of R isomorphic to Z.

(a) Let a ∈ R. Then
(
a
1

)
= (a−1+1)

1! = (a)
1 = a. Hence,

(
a
1

)
= a for any a ∈ R.

(b) For n = 1, we have by (a) that
(
1
1

)
= 1. Now, for n ≥ 2, we have

(
1
n

)
= (1)(1−1)...(1−n+1)

n! =

(1)(0)...(1−n+1)
n! = 0

n! = 0( 1
n!) = 0. Therefore, we have

(
1
n

)
=

1 if n = 1

0 if n ≥ 2.

(c) Let z ∈ Z+ and let q =
(
z
z

)
. We will show q = 1. We have q =

(
z
z

)
⇒ q = (z)(z−1)...(z−z+1)

z! ⇒ q =
(z)(z−1)...(1)

z! ⇒ q(z!) = (z)(z − 1) . . . (1) ⇒ q(z!) = z ⇒ 0 = z! − q(z!) ⇒ 0 = (1 − q)(z!). Thus,

0 = (1 − q)(z!). Since R is a binomial ring and thus, is a integral domain, we have that either

(1− q) = 0 or z! = 0. We have z! > 0 and we must have (1− q) = 0. Hence,
(
z
z

)
= q = 1.

(d) Let z ∈ Z+ and let k ∈ Z+ such that k > z. We have z− k < 0 and z− k+ 1 < 1, hence we have(
z
k

)
= z(z−1)...(z−k+1)

k! = z(z−1)...(z−k)(z−k−1)...0...(z−k+1)
k! = 0

k! = 0. Hence,
(
z
k

)
= 0 for all z, k ∈ Z+

such that k > z.

This concludes our collection of preliminaries on groups and rings. We are now ready to begin our

investigation on the nilpotent R-powered group.



Chapter 3

Nilpotent R-Powered Group

In this chapter, we explore the nilpotent R-powered group that was first introduced by P. Hall in [5].

The nilpotent R-powered group extends a nilpotent group G by a binomial ring R, to define a unique

R-exponentiation gα for each g ∈ G and α ∈ R. We will define the nilpotent R-powered group in

section 3.1.

In section 3.2, we will be following [1] and [9] to introduce notions like R-subgroup, R-generated and

some basic properties related to these concepts. We will also show that the quotient of a nilpotent

R-powered group is also a nilpotent R-powered group.

In section 3.3, we will prove that the Isomorphisms Theorems also hold in the class of nilpotent R-

powered groups.

In Section 3.4, we will show that abelian R-powered groups are just R-modules and restate some classic

results relating to R-modules. Lastly, in Section 3.5, we will explore exact R-sequences.

3.1 Nilpotent R-Powered Group

We give the definition of a nilpotent R-powered group, which was first given by P. Hall in [5]. We will

prove some basic properties that can be derived from the definition of a nilpotent R-powered group.

We conclude with two lemmas that use the Hall-Petresco axiom and showing the direct product of

nilpotent R-powered groups is again a nilpotent R-powered group.

The definition of a nilpotent R-powered group was first given by P. Hall in [5]. We will however, adopt

ours from the definition given in [1].

Definition 3.1.1 (Nilpotent R-Powered Group)

[1, Definition 4.11] Let R be a binomial ring with unity 1. A nilpotent group G is called a nilpotent

R-powered group or a NR-group if the R-exponentiation xα is uniquely defined for all x ∈ G and α ∈ R,

such that the following properties hold for any x, y ∈ G and α, β ∈ R:

(i) x1 = x,

(ii) xαxβ = xα+β,

(iii) (xα)β = xαβ,

(iv) y−1xαy = (y−1xy)α and

33
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(v) each product of the form xα1x
α
2 . . . x

α
n, for some x1, x2, . . . , xn ∈ G, can be expressed as the follow-

ing product of Hall-Petresco words τi(x1, x2, . . . , xn):

xα1x
α
2 . . . x

α
n = τ1(x1, x2, . . . , xn)ατ2(x1, x2, . . . , xn)(

α
2) . . . τk(x1, x2, . . . , xn)(

α
k), where k is the nilpo-

tent class of the group 〈x1, x2, . . . , xn〉.

Note 3.1.2 • Traditionally, R-exponentiation is defined as an R-action (or ring action) from R

onto G. However, we note that Properties (i), (ii) and (iii) are the three properties of a ring

action.

• Property (v) of Definition 3.1.1 is called the Hall-Petresco axiom. This property tells us that

all products of the form xα1x
α
2 . . . x

α
n can be rewritten in a particular ordering scheme. Interested

reader may consult Chapter 4.1 in [1].

The next proposition shows that some results that can be deduced immediately from the definition of

NR-group.

Proposition 3.1.3

[1, Lemma 4.6] Let G be a NR-group. Then the following hold for any x ∈ G and α ∈ R:

(a) x0 = 1 and

(b) (xα)−1 = x−α.

Proof. Let G be a NR-group, x ∈ G and let α ∈ R.

(a) Since, 0 = 0+0, we have x0 = x0+0 = x0x0 by property (ii) in Definition 3.1.1. Therefore, 1 = x0.

(b) Using property (ii) in Definition 3.1.1, we get xαx−α = xα+(−α) = x0 = 1. In addition, using

property (ii) in Definition 3.1.1, we also get x−αxα = x−α+α = x0 = 1.

Therefore, xαx−α = x−αxα = 1 and (xα)−1 = x−α.

The next lemmas, Lemma 3.1.4 and Lemma 3.1.5 use the Hall-Petresco axiom. The first one shows

that the Hall-Petresco words τ1(x1, x2, . . . , xn) can be calculated by substituting α = 1 in the Hall-

Petresco axiom. Lemma 3.1.5, shows that if two elements x and y commutes then we can distribute

the R-exponentiation in the product (xy)α.

Lemma 3.1.4 is given as note without proof in [1]. Here, we give a formal proof.

Lemma 3.1.4

Let G be a NR-group and let x1, x2, . . . , xn ∈ G. Then τ1(x1, x2, . . . , xn) = x1x2 . . . xn.

Proof. Let G be a NR-group and let x1, x2, . . . , xn ∈ G. By the Hall-Petresco Axiom we have that,

for any α ∈ R, xα1x
α
2 . . . x

α
n = τ1(x1, x2, . . . , xn)ατ2(x1, x2, . . . , xn)(

α
2) . . . τk(x1, x2, . . . , xn)(

α
k), where k is

the nilpotency class of the group 〈x1, x2, . . . , xn〉.
Setting α = 1, we get x11x

1
2 . . . x

1
n = τ1(x1, x2, . . . , xn)1τ2(x1, x2, . . . , xn)(

1
2) . . . τk(x1, x2, . . . , xn)(

1
k). By

Proposition 2.11.3 (d), we have
(
1
r

)
= 0 for all r > 1.

Thus, x1x2 . . . xn = τ1(x1, x2, . . . , xn)1τ2(x1, x2, . . . , xn)0 . . . τk(x1, x2, . . . , xn)0 = τ1(x1, x2, . . . , xn).
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Lemma 3.1.5

[11, Lemma 2.1] Let G be a NR-group. If x, y ∈ G such that xy = yx, then we have by the Hall-Petresco

axiom that (xy)α = xαyα for any α ∈ R.

Proof. Let G be a NR-group and let x, y ∈ G such that xy = yx. Let H = 〈x, y〉. Since, xy = yx we

have H is abelian and hence has nilpotency class 1.

By the Hall-Petresco axiom we have that xαyα = τ1(x, y)ατ2(x, y)(
α
2) . . . τk(x, y)(

α
k) for any α ∈ R.

Since H has nilpotency class 1, we have k = 1 and thus, xαyα = τ1(x, y)α. By Lemma 3.1.4 we have

that τ1(x, y) = xy. Therefore, xαyα = (xy)α.

Corollary 3.1.6 is deduced from Lemma 3.1.5 and gives an alternative to the direct proof given in [1,

Lemma 4.6].

Corollary 3.1.6

Let G be a NR-group. Then for any α ∈ R, we have 1α = 1.

Proof. For any x ∈ G we have, x1 = 1x. Thus, by Lemma 3.1.5, (x)α = (x1)α = xα1α for any α ∈ R
and 1 = 1α for any α ∈ R.

In [1, Definition 4.16] and [9, Section 2.4], the authors give the definition of a direct product of NR-

group. We will expand on this and prove in Proposition 3.1.7 and Corollary 3.1.8 that the direct

product of NR-groups is again a NR-group.

Proposition 3.1.7

Let G and H be NR-groups. Then the direct product G × H is a NR-group, with R-exponentiation

defined as (g, h)α = (gα, hα).

Proof. Let G and H be NR-groups.

Firstly, since G and H are nilpotent, then by Proposition 2.5.7, that the direct product G×H is also

nilpotent.

Now, we show that the R-exponentiation defined as (g, h)α = (gα, hα) is uniquely defined for each

(g, h) ∈ G×H and α ∈ R.

Let (g1, h1), (g2, h2) ∈ G ×H such that (g1, h1) = (g2, h2) and let α ∈ R. Then, (g1, h1) = (g2, h2) ⇒
g1 = g2 and h1 = h2 ⇒ gα1 = gα2 and hα1 = hα2 ⇒ (gα1 , h

α
1 ) = (gα2 , h

α
2 )⇒ (g1, h1)

α = (g2, h2)
α.

Therefore, (g1, h1) = (g2, h2) implies (g1, h1)
α = (g2, h2)

α. Thus, each (g, h)α is uniquely determined.

Now, we show that the axioms of Definition 3.1.1 hold for any (g1, h1), (g2, h2) ∈ G×H and α, β ∈ R.

(i) We observe that, (g1, h1)
1 = (g11, h

1
1) = (g1, h1) since G and H are NR-groups. Hence property

(i) in Definition 3.1.1 holds.

(ii) We have (g1, h1)
α(g1, h1)

β = (gα1 , h
α
1 )(gβ1 , h

β
1 ) = (gα1 g

β
1 , h

α
1h

β
1 ) = (gα+β1 , hα+β1 ) = (g1, h1)

α+β, since

G and H are NR-groups.

We conclude that property (ii) in Definition 3.1.1 holds.

(iii) Now, [(g1, h1)
α]β = (gα1 , h

α
1 )β = ([gα1 ]β, [hα1 ]β) = (gαβ1 , hαβ1 ) = (g1, h1)

αβ, since G and H are

NR-groups. We conclude that property (iii) in Definition 3.1.1 holds.
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(iv) Now,

[(g2, h2)
−1(g1, h1)(g2, h2)]

α = [(g−12 , h−12 )(g1g2, h1h2)]
α

= (g−12 g1g2, h
−1
2 h1h2)

α

= ((g−12 g1g2)
α, (h−12 h1h2)

α)

= (g−12 gα1 g2, h
−1
2 hα1h2) since G and H are NR-groups

= (g−12 , h−12 )(gα1 g2, h
α
1h2)

= (g2, h2)
−1(gα1 , h

α
1 )(g2, h2)

= (g2, h2)
−1(g1, h1)

α(g2, h2).

We conclude that property (iv) in Definition 3.1.1 holds.

(v) For any (g1, h1), (g2, h2), . . . (gn, hn) ∈ G×H and α ∈ R, we can express the product

(g1, h1)
α(g2, h2)

α · · · (gn, hn)α as follows:

(g1, h1)
α(g2, h2)

α · · · (gn, hn)α = (gα1 , h
α
1 )(gα2 , h

α
2 ) · · · (gαn , hαn)

= (gα1 g
α
2 . . . g

α
n , h

α
1h

α
2 . . . h

α
n)

=
(
τ1(g)ατ2(g)(

α
2) . . . τk(g)(

α
k), τ1(h)ατ2(h)(

α
2) . . . τk(h)(

α
k)
)

=
(
τ1(g)α, τ1(h)α

) (
τ2(g)(

α
2), τ2(h)(

α
2)
)
. . .
(
τk(g)(

α
k), τk(h)(

α
k)
)

=
(
τ1(g), τ1(h)

)α (
τ2(g), τ2(h)

)(α2) . . . (τk(g), τk(h)
)(αk)

where g = {g1, g2, . . . , gn} and h = {h1, h2, . . . , hn}.

Therefore, each product of the form (g1, h1)(g2, h2) . . . (gn, hn), can be expressed a product of

Hall-Petresco words
(
τi(g), τi(h)

)
. Hence, property (v) in Definition 3.1.1 holds.

Thus, G×H is a NR-group.

Corollary 3.1.8

Let {Gi : i ∈ I} be a family of NR-groups for some non-empty index set I. Then the direct product

G =
∏
i∈I

Gi is also a NR-group.

Proof. Let {Gi : i ∈ I} be a family of NR-groups for some non-empty index set I. We will proceed by

induction on the size of the index set |I|.

If |I| = 2, then, by Proposition 3.1.7, G1×G2 is a NR-group. Assume the statement is true for |I| = k,

that is the direct product
k∏
i∈I

Gi is a NR-group. We show that the statement is true for |I| = k + 1.

We have,
k+1∏
i∈I

Gi =
k∏
i∈I

Gi ×Gk+1. By, induction hypothesis,
k∏
i∈I

Gi is a NR-group and by assumption,

Gk+1 is a NR-group. Thus, by Proposition 3.1.7,
k+1∏
i∈I

Gi =
k∏
i∈I

Gi ×Gk+1 is a NR-group and G =
∏
i∈I

Gi

is a NR-group.
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3.2 R-Subgroups and Normal R-Subgroups

In this section, we will explore R-subgroups and normal R-subgroups of NR-groups, which are analo-

gous to the usual subgroups and normal subgroups of a regular nilpotent group.

Firstly, we state the definition of a R-subgroup taken from [9].

Definition 3.2.1 (R-Subgroups)

[9, Definition 2.1.2] Let G be a NR-group and let H be a subgroup of G. Then, H is called a R-subgroup

of G, denoted by H ≤R G, if gα ∈ H for all g ∈ H and α ∈ R.

Now, we prove, via a lemma, that the intersection of R-subgroups is again a R-subgroup. This will be

needed to verify that the R-generated group 〈S〉R is the smallest R-subgroup that contains S, for any

S ⊆ G.

Lemma 3.2.2

[9, Lemma 2.1.1] Let G be a NR-group and let {Hi : i ∈ I} be a family of R-subgroups of G for some

index set I. Then, the intersection H =
⋂
i∈I

Hi is also a R-subgroup of G.

Proof. Let G be a NR-group and let {Hi : i ∈ I} be a family of R-subgroups of G for some index set I.

Let H =
⋂
i∈I

Hi. Since, each Hi is a R-subgroup of G, we have, by Definition 3.2.1, that each Hi is a

subgroup of G for all i ∈ I. Thus, by Proposition 2.1.7, H =
⋂
i∈I

Hi is a subgroup of G.

Furthermore, since each Hi is a R-subgroup of G, then xα ∈ Hi for each x ∈ Hi, α ∈ R and i ∈ I.

Therefore, xα ∈ H =
⋂
i∈I

Hi for each x ∈ H and α ∈ R. By Definition 3.2.1, H =
⋂
i∈I

Hi is a R-subgroup

of G.

Proposition 3.2.3 is mentioned and explained as a note in [1]. Here, we give a formal statement and its

proof.

Proposition 3.2.3 (R-Subgroup R-Generated by S)

Let G be a NR-group and let S ⊆ G. Then, the intersection of all R-subgroups containing S, denoted

by 〈S〉R, is a R-subgroup of G. Moreover, 〈S〉R is the smallest R-subgroup of G containing S. We call

S the set of R-generators of 〈S〉R.

Proof. Let G be a NR-group and let S ⊆ G.

Let H = {H |H ≤R G such that S ⊆ H} be the set of all R-subgroups of G containing S. By Lemma

3.2.2, we have 〈S〉R =
⋂
H∈H

H is a R-subgroup of G.

Assume 〈S〉R is not the smallest R-subgroup of G containing S.

Let Q be the smallest R-subgroup of G containing S. We have that Q ∈ H and thus,

〈S〉R =

( ⋂
H∈H

H

)⋂
Q. Consequently, 〈S〉R ⊆ Q, which contradicts the assumption that Q is the

smallest R-subgroup of G containing S.

Therefore, 〈S〉R is the smallest R-subgroup of G containing S.
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Definition 3.2.4 (R-generated)

[9, Definition 2.1.5] Let G be a NR-group. A group G is said to be R-generated if there exists S ⊆ G

such that G = 〈S〉R.

We say that G is finitely R-generated if |S| is finite.

The next proposition is from a note (without a proof) given in [1], relating R-generation by S, to the

usual group generated by the subset S. Here, we give a formal proof.

Proposition 3.2.5

Let G be a NR-group and let S ⊆ G.

Then, 〈S〉R =
∞⋃
i=0

Si where:

(a) S0 = 〈S〉 and

(b) Si+1 = 〈gα : g ∈ Si, α ∈ R〉.

Proof. Let G be a NR-group, S ⊆ G, I = {0, 1, 2, . . . } and let a ∈ Si.
By Proposition 3.1.3, a = a1 ∈ Si+1, therefore, Si ⊆ Si+1. We have an increasing sequence S0 ⊆ S1 ⊆
· · · ⊆ Si ⊆ · · · .
We will show that each Si is a subgroup of G for all i ∈ I, using induction on i.

For i = 0, we have, by Proposition 2.1.10, that S0 = 〈S〉 is a subgroup of G.

Assume that the statement is true for i = k, that is, Sk ≤ G.

We need to show that the statement holds for i = k+ 1. We have that each Sk+1 is generated by a set

S′k+1 = {gα : g ∈ Sk, α ∈ R}. By the definition of Sk, we have g ∈ Sk ≤ G for each element gα in S′k+1.

By the inductive hypothesis, Sk ≤ G. Thus, g ∈ G. However, gα ∈ G since G is a NR-group.

Therefore, S′k+1 = {gα : g ∈ Sk, α ∈ R} is a subset of G. By Proposition 2.1.10, Sk+1 =
〈
S′k+1

〉
is a

subgroup of G.

Therefore, by principle of mathematical induction we have Si ≤ G for all i ∈ I.

Since Si ≤ G for all i ∈ I and S0 ⊆ S1 ⊆ S2 ⊆ S3 · · · we have, by Proposition 2.1.8, that

∞⋃
i=0

Si ≤ G.

Now, we show that
∞⋃
i=0

Si ≤ G is closed under R-exponentiation. Let x ∈
∞⋃
i=0

Si and let α ∈ R.

Since x ∈
∞⋃
i=0

Si, then x ∈ Sk for some k ∈ I. By the definition of Sk+1, x
α ∈ Sk+1.

Therefore, xα ∈
∞⋃
i=0

Si for any x ∈
∞⋃
i=0

Si and α ∈ R. By Definition 3.2.1,

∞⋃
i=0

Si is a R-subgroup of G.

Hence,

∞⋃
i=0

Si is a R-subgroup of G which contain S ⊆ 〈S〉 = S0 ⊆
∞⋃
i=0

Si and 〈S〉R ⊆
∞⋃
i=0

Si, since

〈S〉R is the intersection of R-subgroups of G containing S.

For the reverse containment, let x ∈
∞⋃
i=0

Si.

Since x ∈
∞⋃
i=0

Si, we have that x ∈ Sk for some k ∈ I. We will prove that if x ∈ Sk then x ∈ 〈S〉R by

using induction on k.
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If k = 0, then x ∈ S0 = 〈S〉. Since 〈S〉R is the smallest R-subgroup of G containing all elements

of S, then x ∈ 〈S〉R.

Assume the statement is true for k = t, that is, if x ∈ St, then x ∈ 〈S〉R.

Consider the case for k = t + 1. If x ∈ St+1, then x = gα1
1 . . . gαrr for some g1, . . . , gr ∈ St and

α1, . . . , αr ∈ R, where r ≥ 1.

By the inductive hypothesis, g1, . . . , gr ∈ St implies that g1, . . . , gr ∈ 〈S〉R.

However, 〈S〉R is a R-subgroup of G, so gα1
1 , . . . , gαrr ∈ 〈S〉R.

Therefore, x = gα1
1 . . . gαrr ∈ 〈S〉R, since 〈S〉R is closed as 〈S〉R is a R-subgroup of G.

Therefore, by the principle of mathematical induction, we conclude that if x ∈ Si for some i ∈ I

then x ∈ 〈S〉R.

Thus,

∞⋃
i=0

Si ⊆ 〈S〉R and 〈S〉R =

∞⋃
i=0

Si.

We can deduce Corollary 3.2.6 from Proposition 3.2.5 and Proposition 2.1.11. Firstly, using Proposition

3.2.5, we represent a R-subgroup R-generated by a subset S in terms of the regular generated subgroups.

Next, we use Proposition 2.1.11 to evaluate an explicit formulation of the R-Subgroup R-generated by

S.

Corollary 3.2.6

Let G be a NR-group and let S ⊆ G.

Then, 〈S〉R = {sα1
1 sα2

2 . . . sαkk | si ∈ S, αi ∈ R, i = 1, 2, . . . , k}.

Proof. Let G be a NR-group and let S ⊆ G.

By Proposition 3.2.5, we have that 〈S〉R =

∞⋃
i=0

Si where:

(a) S0 = 〈S〉 and

(b) Si+1 = 〈gα : g ∈ Si, α ∈ R〉.

By Proposition 2.1.11, we have:

• S0 = 〈S〉 = {sr11 s
r2
2 . . . srkk | si ∈ S and ri ∈ {1,−1}, i = 1, 2, . . . , k},

• Si+1 = 〈gα : g ∈ Si, α ∈ R〉 = {(gα1
1 )r1(gα2

2 )r2 . . . (gαkk )rk | gi ∈ Si, αi ∈ R and ri ∈ {1,−1}, i =

1, 2, . . . , k}.

However, G is a NR-group, so, (gαii )ri = gαirii . Since R is a binomial ring and ri ∈ {1,−1}, so αiri ∈ R
and we have the following:

• S0 = 〈S〉 = {sr11 s
r2
2 . . . srkk | si ∈ S and ri ∈ {1,−1}, i = 1, 2, . . . , k},

• Si+1 = 〈gα : g ∈ Si, α ∈ R〉 = {gζ11 g
ζ2
2 . . . gζkk | gi ∈ Si and ζi ∈ R, i = 1, 2, . . . , k}.

Let x ∈ 〈S〉R, then, by Proposition 3.2.5, x ∈ Sm for some m = 0, 1, 2, . . . and by above, x =

gζ11 g
ζ2
2 . . . gζkk for some gi ∈ Si and ζi ∈ R. Then, x ∈ {sα1

1 sα2
2 . . . sαkk | si ∈ S and αi ∈ R, i = 1, 2, . . . , k}.

Thus, 〈S〉R ⊆ {s
α1
1 sα2

2 . . . sαkk | si ∈ S and αi ∈ R, i = 1, 2, . . . , k}.

Now, let y ∈ {sα1
1 sα2

2 . . . sαkk | si ∈ S and αi ∈ R, i = 1, 2, . . . , k} such that y = gζ11 g
ζ2
2 . . . gζkk for

some gi ∈ Si and ζi ∈ R for i = 1, 2, . . . k. We have y = gζ11 g
ζ2
2 . . . gζkk = (gζ111 )(gζ212 ) . . . (gζk1k ) =

(gζ11 )1(gζ22 )1 . . . (gζkk )1.
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Consequently, y ∈ Sm for some m = 0, 1, . . . , and y ∈
∞⋃
i=0

Si = 〈S〉R.

Therefore, {sα1
1 sα2

2 . . . sαkk | si ∈ S and αi ∈ R, i = 1, 2, . . . , k} ⊆ 〈S〉R and 〈S〉R = {sα1
1 sα2

2 . . . sαkk | si ∈
S and αi ∈ R, i = 1, 2, . . . , k}.

We define the commutator R-subgroup of a NR-group and show that it is a normal R-subgroup.

Definition 3.2.7 (Commutator R-Subgroup)

[9, Definition 2.1.6] Let G be a NR-group and let M and N be R-subgroups of G. The commutator R-

subgroup generated by M and N , denoted by [M,N ]R, is defined as [M,N ]R = 〈[m,n] |m ∈M,n ∈ N〉R.

If G = M = N , then [G,G]R is called the commutator R-subgroup of G.

Note 3.2.8

By Corollary 3.2.6, [G,G]R = 〈[x, y] |x, y ∈ G〉R = {[x1, y1]α1 [x2, y2]
α2 . . . [xk, yk]

αk : xi, yi ∈ G, αi ∈
R, i = 1, 2, . . . , k}.

Notation 3.2.9

For sake of simplicity, we will denote [G,G]R as just [G,G] for the remainder of our study.

Lemma 3.2.10

Let G be a NR-group. The commutator R-subgroup [G,G] is a normal R-subgroup of G.

Proof. Let G be a NR-group and let [G,G] be the commutator R-subgroup of G. By definition 3.2.7,

[G,G] is a R-subgroup of G.

Let g ∈ G and let gug−1 ∈ g[G,G]g−1. Then, gug−1 = uu−1(gug−1) = u(u−1gug−1) = u[u−1, g] ∈
[G,G].

Therefore, [G,G] is a normal R-subgroup of G.

In a similar manner to ordinary groups, we define when a NR-group is said to be cyclic.

Definition 3.2.11 (Cyclic R-powered group)

Let G be a NR-group. Then, G is called a cyclic NR-group, if there exists g ∈ G such that G = 〈g〉R.

Next, we now introduce the concept of normal R-subgroup as it is presented in [9].

Definition 3.2.12 (Normal R-Subgroups)

[9, Definition 2.1.4] Let G be a NR-group and let H be a R-subgroup of G. Then H is called a normal

R-subgroup of G, denoted by H ER G, if H is a normal subgroup of G.

The following lemma is extracted from the proof of Theorem 4.16 in [1] where the authors showed

that the quotient of a nilpotent of R-powered group is again a NR-group. We extracted this part of

the proof, as we will need this lemma again in the proof of the Second Isomorphism’s Theorem for

R-homomorphisms.

Lemma 3.2.13

Let G be a NR-group and let N be a normal R-subgroup of G. Then, for any h ∈ G, n ∈ N and α ∈ R,

hαnα = (hn)αn′ for some n′ ∈ N .

Proof. Let G be a NR-group, N a normal R-subgroup of G and let h ∈ G, n ∈ N , α ∈ R.
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From the Hall-Petresco Axiom, hαnα = τ1(h, n)ατ2(h, n)(
α
2) . . . τk−1(h, n)(

α
k−1)τk(h, n)(

α
k) where k is

the nilpotency class of the group 〈h, n〉. From Lemma 3.1.4, τ1(h, n) = hn. Therefore, hαnα =

(hn)ατ2(h, n)(
α
2) . . . τk−1(h, n)(

α
k−1)τk(h, n)(

α
k).

We obtain the equation:

(hn)−αhαnα = τ2(h, n)(
α
2) . . . τk−1(h, n)(

α
k−1)τk(h, n)(

α
k). (3.1)

We will show that each τi(h, n) ∈ N for all i = 2, . . . k, by using induction on i and showing that

(hn)ihini ∈ N for all i = 2, . . . k.

For i = 2, equation (3.1) becomes (hn)−2h2n2 = τ2(h, n) since
(
2
2

)
= 1 and

(
2
s

)
= 0 for all s >

2. Also, (hn)−2h2n2 = [(hn)2]−1h2n2 = [hnhn]−1h2n2 = n−1h−1n−1h−1h2n2 = n−1h−1n−1hn2 =

n−1(h−1n−1h)n2.

However, h−1n−1h ∈ N since N is normal in G. Therefore, n−1(h−1n−1h)n2 ∈ N and τ2(h, n) =

(hn)−2h2n2 = n−1(h−1n−1h)n2 ∈ N .

Assume the following is true for j ≤ i < k:

(a) τj ∈ N and

(b) (hn)−jhjnj ∈ N .

We will show that τi(h, n) ∈ N holds for i = j + 1. Firstly, we note that:

(hn)−(j+1)hj+1nj+1 = (hn)−j−1hj+1nj+1

= (hn)−j(hn)−1h1+jnj+1

= (hn)−jn−1h−1h1hjnj+1

= (hn)−j(1)n−1hjnj+1

= (hn)−j(h0)n−1hjnj+1

= (hn)−j(hj−j)n−1hjnj+1

= (hn)−j(hj1h−j)n−1hjnj+1

= (hn)−j(hjn0h−j)n−1hjnj+1

= (hn)−j(hjnj−jh−j)n−1hjnj+1

= (hn)−j(hjnjn−jh−j)n−1hjnj+1

= ((hn)−jhjnj)n−j(h−jn−1hj)nj+1.

By the inductive hypothesis, we have (hn)−jhjnj ∈ N . Furthermore, h−jn−1hj ∈ N since N is normal

in G. Therefore, (hn)−(j+1)hj+1nj+1 = ((hn)−jhjnj)n−j(h−jn−1hj)nj+1 ∈ N .

Applying equation (3.1), we obtain the following:

(hn)−(j+1)hj+1nj+1 = τ2(h, n)(
α
2) . . . τj(h, n)(

j+1
j )τj+1(h, n). This can be rewritten as:

τj+1(h, n) = τj(h, n)
−(j+1

j ) . . . τ2(h, n)−(α2)(hn)−(j+1)hj+1nj+1.

By the inductive hypothesis, we have τj(h, n) ∈ N for all j ≤ i.
Then, τj+1(h, n) = τj(h, n)

−(j+1
j ) . . . τ2(h, n)−(α2)(hn)−(j+1)hj+1nj+1 ∈ N and τi(h, n) ∈ N for all i =

1, 2, . . . , k.
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We recall equation (3.1):

(hn)−αhαnα = τ2(h, n)(
α
2) . . . τk−1(h, n)(

α
k−1)τk(h, n)(

α
k).

Each τi(h, n) ∈ N for all i = 1, 2, . . . , k and we have τ2(h, n)(
α
2) . . . τk−1(h, n)(

α
k−1)τk(h, n)(

α
k) = n′ for

some n′ ∈ N .

Therefore, (hn)−αhαnα = n′ and hαnα = (hn)αn′.

Now, we are ready to prove that the quotient of a NR-group is again a NR-group.

Proposition 3.2.14

[1, Theorem 4.16] Let G be a NR-group and let N be a normal R-subgroup of G. The quotient group

G/N is a NR-group with R-exponentiation defined as (gN)α = gαN .

Proof. Let G be a NR-group and let N be a normal R-subgroup of G. By Corollary 2.5.6, G/N is a

nilpotent group.

Firstly, we show that the R-exponentiation defined as (gN)α = gαN is uniquely defined for each

gN ∈ G/N and α ∈ R.

Let gN, hN ∈ G/N such that gN = hN and let α ∈ R. By Proposition 2.2.6, g = hn for some n ∈ N ,

so, gα = (hn)α.

From Lemma 3.2.13, we have hαnα = (hn)αn′ for some n′ ∈ N , so, we can rearrange the equation as

follows:

hαnα = (hn)αn′ ⇒ hα = [(hn)αn′]n−α right multiplication by n−α

⇒ hα = (hn)α(n′n−α)⇒ hαN = (hn)αN by Proposition 2.2.6

⇒ hαN = gαN since gα = (hn)α.

Therefore, gN = hN implies (gN)α = gαN = hαN = (hN)α and each (gN)α is uniquely determined.

We need to show the axioms of Definition 3.1.1 hold for any xN, yN ∈ G/N and α, β ∈ R, by making

use of the fact that G is a NR-group.

(i) We observe that, (xN)1 = x1N = xN .

(ii) (xN)α(xN)β = (xαN)(xβN) = (xαxβ)N = (xα+β)N = (xN)α+β.

(iii) ((xN)α)β = (xαN)β = (xα)βN = xαβN = (xN)αβ.

(iv) [(yN)−1(xN)(yN)]α = [(y−1N)(xyN)]α = [(y−1xy)N ]α = (y−1xy)αN = (y−1xαx)N

= (y−1N)(xαN)(yN) = (yN)−1(xN)α(yN).

(v) For any x1N, x2N, . . . xnN ∈ G/N and α ∈ R, we can express the product (x1N)α(x2N)α · · · (xnN)α
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as follows:

(x1N)α · · · (xnN)α = (xα1N) · · · (xαnN) = (xα1 · · ·xαn)N

=
(
τ1(x1, . . . , xn)α . . . τk(x1, . . . , xn)(

α
k)
)
N

= (τ1(x1, . . . , xn)αN) . . .
(
τk(x1, . . . , xn)(

α
k)N

)
= (τ1(x1, . . . , xn)N)α . . . (τk(x1, . . . , xn)N)(

α
k) .

Therefore, each product of the form (x1N)α · · · (xnN)α, can be expressed a product of Hall-

Petresco words τi(x1, x2, . . . , xn)N .

Thus, G/N is a NR-group.

Lastly, we show that if a NR-group is finitely R-generated, then the quotient is also finitely R-generated.

This has been done for ordinary nilpotent groups and their quotients, which can be found at [16, Result

368 (i)].

Lemma 3.2.15

Let G be a NR-group and let N be a normal R-subgroup of G. If G is finitely R-generated then, G/N

is also finitely R-generated.

Proof. Let G be a NR-group and let N be a normal R-subgroup of G.

Assume G is finitely R-generated. Then, there exists a finite subset X = {x1, x2, . . . , xr} ⊆ G such

that G = 〈X〉R.

Let X ′ = {x1N, x2N, . . . , xrN}, we will show G/N = 〈X ′〉R.

From Corollary 3.2.6, we have:

• 〈X〉R = {xα1
1 xα2

2 . . . xαrr |xi ∈ X, αi ∈ R, i = 1, 2, . . . , r} and

• 〈X ′〉R = {(x1N)α1(x2N)α2 . . . (xrN)αr |xiN ∈ X ′, αi ∈ R, i = 1, 2, . . . , r}.

Let yN ∈ G/N . We have y ∈ G. Since G = 〈X〉R, then y = xβ11 x
β2
2 . . . xβkk for some βj ∈ R, j =

1, 2, . . . , k. Then, yN = (xβ11 x
β2
2 . . . xβkk )N = (xβ11 N)(xβ22 N) . . . (xβkk N) = (x1N)β1(x2N)β2 . . . (xkN)βk .

Therefore, yN = (x1N)β1(x2N)β2 . . . (xkN)βk ∈ 〈X ′〉R and G/N ⊆ 〈X ′〉R.

For any g ∈ 〈X ′〉R, we have g = (x1N)α1(x2N)α2 . . . (xrN)αr , for some αi ∈ R for i = 1, 2, . . . , r.

Since, G/N is a NR-group, by closure we have g = (x1N)α1(x2N)α2 . . . (xrN)αr ∈ G/N .

Hence, 〈X ′〉R ⊆ G/N and G/N = 〈X ′〉R. By construction, X ′ is a finite subset of G/N , so, G/N is

finitely R-generated.
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3.3 Isomorphism Theorems for R-Homomorphisms

In this section, we introduce the concept of R-homomorphisms, R-injections, R-surjections and R-

isomorphisms. We prove that the three Isomorphism Theorems still hold in the context of NR-groups

and R-homomorphisms. Furthermore, we state and prove the universal property of quotient groups

in the context of NR-groups. We explore the concepts of R-characteristic subgroups and when a R-

subgroup is R-complement of another R-subgroup. Lastly, we give some lemmas which will be needed

for Section 3.5 on exact R-sequences.

First, we define a R-homomorphism.

Definition 3.3.1 (R-Homomorphism)

[1, Definition 4.15] Let G and H be NR-groups. A homomorphism ϕ : G → H is called a R-

homomorphism if ϕ(gα) = (ϕ(g))α for all g ∈ G and α ∈ R. Further, we have:

(i) If ϕ is injective then, ϕ is called a R-monomorphism or R-injective.

(ii) If ϕ is surjective then, ϕ is called a R-epimorphism or R-surjective.

(iii) If ϕ is a bijection then, ϕ is called a R-isomorphism and we denoted G ∼=R H.

The author in [9] makes note that the kernel and image can be defined in the usual way. We thus

introduce the kernel of a R-homomorphism and show that a R-homomorphism is R-injective if and

only if its kernel is trivial.

Definition 3.3.2 (Kernel of a R-Homomorphism)

Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. The kernel of ϕ, denoted by

Kerϕ, is defined as Kerϕ = {x ∈ G |ϕ(x) = 1H}.

Lemma 3.3.3 follows similarly to [3, Corollary 13.18], but re-contextualized it in terms ofR-homomorphisms.

Lemma 3.3.3

Let G and H be NR-groups and let ϕ : G→ H be a R-homomorphism. Then ϕ : G→ H is R-injective

if and only if Kerϕ = {1}.

Proof. Let G and H be NR-groups and let ϕ : G→ H be a R-homomorphism.

If ϕ : G→ H is R-injective, then by Definition 3.3.1, we have ϕ : G→ H is injective.

Thus, for any x ∈ Kerϕ, we have ϕ(x) = 1 = ϕ(1) and x = 1 since ϕ is injective.

Thus, Kerϕ = {1}.

For the converse, assume Kerϕ = {1}.
Let x, y ∈ G such that ϕ(x) = ϕ(y). Then we have that ϕ(x) = ϕ(y) ⇒ ϕ(x)ϕ(y)−1 = 1 ⇒
ϕ(x)ϕ(y−1) = 1⇒ ϕ(xy−1) = 1⇒ xy−1 ∈ Kerϕ = {1} ⇒ xy−1 = 1⇒ x = y.

Therefore, ϕ is injective and a R-homomorphism. Thus, ϕ is R-injective.

Next, we introduce the image of a R-homomorphism ϕ : G→ H and show that it is a R-subgroup of H.

Furthermore, we prove ifG is finitely R-generated then, the image of ϕ is also finitelyR-generated.

Definition 3.3.4 (Image of a R-homomorphism)

Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. The image of ϕ, denoted by

Im(ϕ), is defined as Im(ϕ) = {ϕ(x) |x ∈ G}.



3.3. ISOMORPHISM THEOREMS FOR R-HOMOMORPHISMS 45

Lemma 3.3.5 is also a re-contextualization of Theorem 13.12 in [9].

Lemma 3.3.5

Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. Then Im(ϕ) is a R-subgroup

of H.

Proof. Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. Since, 1H = ϕ(1G) ∈
Im(ϕ), we have Im(ϕ) is non-empty.

Let x, y ∈ Im(ϕ) such that x = ϕ(g) and y = ϕ(h) for some g, h ∈ G. We have that xy−1 =

ϕ(g)ϕ(h)−1 = ϕ(g)ϕ(h−1) = ϕ(gh−1) since ϕ is a R-homomorphism.

Thus, xy−1 = ϕ(gh−1) ∈ Im(ϕ). By Theorem 2.1.6, we have Im(ϕ) is a subgroup of G.

Furthermore, for any α ∈ R, we have xα = ϕ(g)α = ϕ(gα).

Since gα ∈ G, we have xα = ϕ(gα) ∈ Im(ϕ). Thus, by Definition 3.2.1, we have Im(ϕ) is a R-subgroup

of H.

Now, we prove that the image of a finitely R-generated NR-group is again finitely R-generated.

Lemma 3.3.6

Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. If G is finitely R-generated

then Im(ϕ) is also finitely R-generated.

Proof. Let G and H be NR-groups and let ϕ : G → H be a R-homomorphism. In addition, assume

that G is finitely R-generated, that is, there exists a finite subset S ⊆ G such that G = 〈S〉R.

We will show that Im(ϕ) = 〈ϕ(S)〉R, where ϕ(S) = {ϕ(s) : s ∈ S}.
If x ∈ Im(ϕ) then, x = ϕ(g) for some g ∈ G. By Corollary 3.2.6, we have g = sα1

1 sα2
2 . . . sαkk for some

si ∈ S, αi ∈ R and i = 1, 2, . . . , k.

Then, x = ϕ(g) = ϕ(sα1
1 sα2

2 . . . sαkk ) = ϕ(sα1
1 )ϕ(sα2

2 ) . . . ϕ(sαkk ) = ϕ(s1)
α1ϕ(s2)

α2 . . . ϕ(sk)
αk since ϕ is

a R-homomorphism. Thus, by Corollary 3.2.6, we have x = ϕ(s1)
α1ϕ(s2)

α2 . . . ϕ(sk)
αk ∈ 〈ϕ(S)〉R.

Hence, Im(ϕ) ⊆ 〈ϕ(S)〉R.

Now, let y ∈ 〈ϕ(S)〉R. By Corollary 3.2.6, we have y = zα1
1 zα2

2 . . . zαkk for some zi ∈ ϕ(S), αi ∈ R

and i = 1, 2, . . . , k.

Since, each zi ∈ ϕ(S), we have that each zi = ϕ(si) for some si ∈ S. Therefore, y = zα1
1 zα2

2 . . . zαkk =

ϕ(s1)
α1ϕ(s2)

α2 . . . ϕ(sk)
αk = ϕ(sα1

1 )ϕ(sα2
2 ) . . . ϕ(sαkk ) = ϕ(sα1

1 sα2
2 . . . sαkk ) since ϕ is a R-homomorphism.

Thus, y = ϕ(sα1
1 sα2

2 . . . sαkk ) ∈ Im(ϕ) and 〈ϕ(S)〉R ⊆ Im(ϕ). We conclude that Im(ϕ) = 〈ϕ(S)〉R.

In addition, S is finite, so ϕ(S) is also finite.

Therefore, we have a finite subset ϕ(S) of Im(ϕ) such that Im(ϕ) = 〈ϕ(S)〉R and, by Definition

3.2.4, we have Im(ϕ) is finitely R-generated.

The authors in [1] and [9] state without proof the three Isomorphisms Theorem for R-homomorphisms.

Here, we will give their proofs.
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Theorem 3.3.7 (1st Isomorphism Theorem for R-homomorphisms)

[9, Theorem 2.2.1] Let G and H be NR-groups and let ϕ : G→ H be a R-homomorphism. Then,

(a) Kerϕ ER G,

(b) G/Kerϕ ∼=R Imϕ and

(c) if ϕ is a R-surjective, then G/Kerϕ ∼=R H.

Proof. Let G and H be NR-groups and let ϕ : G→ H be a R-homomorphism. Denote Kerϕ as K.

(a) By the First Isomorphism Theorem for groups (Theorem 2.3.5), we have K E G. For any x ∈ K
and α ∈ R, we have:

ϕ(xα) = (ϕ(x))α since ϕ is a R-homomorphism

= (1H)α since x ∈ K = Kerϕ

= 1H by Corollary 3.1.6.

Therefore, xα ∈ K and K ≤R G.

Since K ≤R G and K E G, then, by Definition 3.2.12, K ER G.

(b) Let θ : G/K → Im(ϕ) be defined as θ(gK) = ϕ(g). By the First Isomorphism Theorem (Theorem

2.3.5), we know that θ is a well defined group homomorphism that is a bijection. We only need

to show that θ is a R-homomorphism.

For any gK ∈ G/K and α ∈ R, we have θ((gK)α) = θ(gαK) = ϕ(gα) = (ϕ(g))α = (θ(gK))α

since ϕ is a R-homomorphism.

Thus, since θ is a bijection and R-homomorphism, we have that θ is a R-isomorphism. We can

write G/Kerϕ ∼=R Im(ϕ).

(c) Now, ϕ is a R-surjective and Im(ϕ) = H. Using (b), we get G/Ker(ϕ) ∼=R H.

In the following, we prove the 2nd and 3rd Isomorphism Theorems for R-homomorphisms with both

proofs relying on the 1st Isomorphism Theorem for R-homomorphisms.

Theorem 3.3.8 (2nd Isomorphism Theorem for R-Homomorphisms)

[9, Theorem 2.2.2] Let G be a NR-group. Let H be a R-subgroup of G and let N be a normal R-subgroup

of G. Then we have the following:

(a) HN = 〈H,N〉R is a R-subgroup of G,

(b) N is a normal R-subgroup of HN ,

(c) H ∩N is a normal R-subgroup of H and

(d) HN/N ∼=R H/(H ∩N).

Proof. Let G be a NR-group. Let H be a R-subgroup of G and let N be a normal R-subgroup of G.
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(a) We show HN = {hn : h ∈ H and n ∈ N} is a R-subgroup of G.

Firstly, by the Second Isomorphism Theorem for groups (Theorem 2.3.6), HN is a subgroup of

G. Now, for any α ∈ R, we have, by Lemma 3.2.13, that hαnα = (hn)αq for some q ∈ N .

Therefore, (x)α = (hn)α = (hαnα)q−1 = hα(nαq−1) ∈ HN .

Thus, by Definition 3.2.1, HN is a R-subgroup of G.

In addition, for any h ∈ H and n ∈ N , we have h = h(1N ) ∈ HN and n = (1H)n ∈ HN . So,

H ⊆ HN and N ⊆ HN . Therefore, HN is a R-subgroup of G containing H and N . Thus,

〈H,N〉R ⊆ HN , since 〈H,N〉R is the intersection of all R-subgroup of G containing H and N .

In addition, by Proposition 3.2.5, we have:

〈H,N〉R =

∞⋃
i=0

Si with S0 = 〈H,N〉 and Si = 〈gα : g ∈ Si−1, α ∈ R〉 for i ≥ 1.

Let x ∈ HN such that x = hn for some h ∈ H and n ∈ N . Then, hn ∈ 〈H,N〉 = S0 and

x = hn ∈
∞⋃
i=0

Si = 〈H,N〉R.

Therefore, HN ⊆ 〈H,N〉R and HN = 〈H,N〉R is a R-subgroup of G.

(b) For any n ∈ N , n = (eH)n ∈ HN , so, N ⊆ HN .

However, N is a R-subgroup of G and we have that N is a group under the same operators as

HN since HN is also a R-subgroup of G. Hence N is a R-subgroup of HN .

By the Second Isomorphism Theorem for groups (Theorem 2.3.6), N is a normal subgroup of HN

and by Definition 3.2.12, N is a normal R-subgroup of HN .

(c) By the Second Isomorphism Theorem for groups (Theorem 2.3.6), H ∩N is a normal subgroup

of H. In addition, for any α ∈ R and x1 ∈ H ∩N , we have:

x1 ∈ H ∩N ⇒ x1 ∈ H and x1 ∈ N

⇒ xα1 ∈ H and xα1 ∈ N since H and N are R-subgroups of G

⇒ xα1 ∈ H ∩N.

Therefore, by Definition 3.2.12, H ∩N is a normal R-subgroup of G.

(d) By (a) and (b), we have N is a normal R-subgroup of HN and by Proposition 3.2.14, we have

HN/N is a NR-group.

Let ϕ : H → HN/N be defined as ϕ(h) = hN . We will show that ϕ is a R-surjective R-

homomorphism.

For any h1, h2 ∈ H, we have that ϕ(h1h2) = h1h2N = (h1N)(h2N) = ϕ(h1)ϕ(h2). Hence, ϕ is a

group homomorphism.

Also, for any h ∈ H and α ∈ R we have ϕ(hα) = hαN = (hN)α = ϕ(h)α. Therefore, ϕ is a

R-homomorphism.

Furthermore, for any (hn)N ∈ HN/N , there exists h ∈ N such that (hn)N = h(nN) = h(N) =

ϕ(h).

Hence, ϕ is surjective and ϕ : H → HN/N is a R-surjective R-homomorphism. By the 1st

Isomorphism Theorem for R-homomorphisms (Theorem 3.3.7), we have thatH/Kerϕ ∼=R HN/N .

We can calculate Kerϕ as follows:
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Kerϕ = {h ∈ H : ϕ(h) = 1HN/N} = {h ∈ H : ϕ(h) = N} = {h ∈ H : hN = N} = {h ∈ H : h ∈
N} = H ∩N.

Therefore, H/H ∩N ∼=R HN/N .

Theorem 3.3.9 (3rd Isomorphism Theorem for R-Homomorphism)

[9, Theorem 2.2.3] Let G be a NR-group and let H and N be normal R-subgroups of G such that

H ≤R N . Then, (G/H)/(N/H) ∼=R G/N .

Proof. Let G be a NR-group and let H and N be normal R-subgroups of G such that H ≤R N .

Since H and N are normal R-subgroups of G, then, by Proposition 3.2.14, we have that G/H and

G/N are NR-groups.

Let φ : G/H → G/N be defined by φ(gH) = gN . We will show that φ is a R-surjective R-

homomorphism.

For any aH, bH ∈ G/H, φ((aH)(bH)) = φ(abH) = abN = (aN)(bN) = φ(aH)φ(bH).

Hence, φ is a group homomorphism.

In addition, for any α ∈ R and aH ∈ G/H, φ((aH)α) = φ((aαH)) = aαH = (aH)α = φ(aH)α

and φ is a R-homomorphism.

Furthermore, for all gN ∈ G/N there exists gH such that φ(gH) = gN . Therefore, φ is surjective

and φ : G/H → G/N is a R-surjective R-homomorphism. By the 1st isomorphism theorem (Theorem

3.3.7), (G/H)/Kerφ ∼=R G/N .

We have Kerφ = {xH ∈ G/H : φ(xH) = 1G/N} = {xH ∈ G/H : xN = N} = {xH ∈ G/H :

x ∈ N} = {xH : x ∈ N} = N/H.

Therefore, (G/H)/(N/H) ∼=R G/N .

The next theorem (Theorem 3.3.10) is adapted from [16, Result 3.24] where we will give a proof in

the context of NR-groups. Theorem 3.3.10 has many names in the literature such as the Fundamental

Theorem on Homomorphisms or the Universal Property of Quotient Groups, we have picked the latter

as it is more adapted to our context.

Theorem 3.3.10 (Universal Property of Quotient Groups)

Let G and H be NR-groups and let ϕ : G→ H be a R-homomorphism. Let K be a normal R-subgroup

of G such that K ⊆ Ker(ϕ). Then, there exists a unique R-homomorphism ϕ : G/K → H defined as

ϕ(gK) = ϕ(g) such that ϕ = ϕ ◦ π, where π : G→ G/K is the canonical map π(g) = gK.

The map ϕ is called the map induced by ϕ.

Proof. Let G and H be NR-groups, ϕ : G→ H a R-homomorphism and let K be a normal R-subgroup

of G such that K ⊆ Ker(ϕ).
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Let ϕ : G/K → H be defined as ϕ(gK) = ϕ(g) and let π : G→ G/K be the canonical map π(g) = gK.

The above information can be represented in the following commutative diagram:

G G/K

H

π

ϕ
ϕ

Consider for gK, hK ∈ G/K with gK = hK. By Proposition 2.2.6, g = hk for some k ∈ K. Then

ϕ(gK) = ϕ(g) = ϕ(hk)

= ϕ(h)ϕ(k) since ϕ is R-homomorphism

= ϕ(h)1 since k ∈ K ⊆ Ker(ϕ)

= ϕ(h) = ϕ(hK).

Therefore, gK = hK implies that ϕ(gK) = ϕ(hK) and ϕ is well-defined.

For any xK, yK ∈ G/K, ϕ((xK)(yK)) = ϕ((xy)K) = ϕ(xy) = ϕ(x)ϕ(y) = ϕ(xK)ϕ(yK). Further-

more, for any α ∈ R we have ϕ((xK)α) = ϕ(xαK) = ϕ(xα) = ϕ(x)α = [ϕ(x)]α. Therefore, ϕ is a

R-homomorphism.

In addition, for any g ∈ G, we have that ϕ ◦ π(g) = ϕ(π(g)) = ϕ(gK) = ϕ(g). Thus, ϕ = ϕ ◦ π.

Lastly, assume there are two R-homomorphisms ϕ1 and ϕ2 such that ϕ = ϕ1 ◦π and ϕ = ϕ2 ◦π. Then,

ϕ1 ◦ π = ϕ2 ◦ π. Since π : G→ G/K is R-surjective, then ϕ1 = ϕ2.

Hence, there exists a unique R-homomorphism ϕ such that ϕ = ϕ ◦ π.

We define R-characteristic R-subgroups and state when a R-subgroup is a R-complement of another

R-subgroup. Definition 3.3.11 is an adapted version of Definition 3.1 in [16] and Lemma 3.3.12 is a test

for R-characteristic.

Definition 3.3.11 (R-Characteristic R-Subgroup)

Let G be a NR-group. A R-subgroup H of G is called a R-characteristic R-subgroup of G, denoted by

H R-char G, if φ(H) = H for all φ ∈ AutR(G) = {φ : G→ G |φ are R-isomorphism}.

Lemma 3.3.12

Let G be a NR-group and let H be a R-subgroup of G. Then H is a R-characteristic R-subgroup of G

if and only if φ(H) ⊆ H for all φ ∈ AutR(G).

Proof. Let G be a NR-group and let H be a R-subgroup of G.

Assume H is a R-characteristic R-subgroup of G. By Definition 3.3.11, we have φ(H) = H for all

φ ∈ AutR(G). Thus, φ(H) ⊆ H for all φ ∈ AutR(G).

Conversely, assume φ(H) ⊆ H for all φ ∈ AutR(G). For any φ ∈ AutR(G), we have φ−1 ∈ AutR(G).

Thus, by assumption, we have that φ−1(H) ⊆ H and φ(φ−1(H)) ⊆ φ(H).

Then, H = IG(H) = (φ ◦ φ−1)(H) = φ(φ−1(H)) ⊆ φ(H) ⊆ H. Therefore, we have H ⊆ φ(H) ⊆ H and

φ(H) = H. Since, φ was arbitrarily chosen, then φ(H) = H for all φ ∈ AutR(G). Consequently, H is

a R-characteristic R-subgroup of G.



3.3. ISOMORPHISM THEOREMS FOR R-HOMOMORPHISMS 50

Definition 3.3.13 restated Definition 9.11 in [16], in the context of NR-groups and R-subgroups.

Definition 3.3.13 (R-Complement R-Subgroup)

Let G be a NR-group and let H and K be R-subgroups of G. The subgroup H is called the R-complement

R-subgroup of K if the following hold:

(i) H ∩K = {1} and

(ii) G = HK = {hk : h ∈ H and k ∈ K}.

Corollary 3.3.14 is a result of the Second Isomorphism Theorem for R-homomorphisms (Theorem 3.3.8)

and Definition 3.3.13.

Corollary 3.3.14

Let G be a NR-group, N a normal R-subgroup of G and let K be a R-subgroup of G. If K is the

R-complement R-subgroup of N , then G/N ∼=R K.

Proof. Let G be a NR-group, N a normal R-subgroup of G and let K be a R-subgroup of G. Assume K

to be the R-complement R-subgroup of N . By the Second Isomorphism Theorem for R-homomorphisms

(Theorem 3.3.8), we have KN/N ∼=R K/(K ∩N). By Definition 3.3.13, KN = G and K ∩N = {1}.
Thus, G/N ∼=R K/{1} ∼=R K.

Lastly, Lemma 3.3.15, Lemma 3.3.16 and Lemma 3.3.17 are needed for our exploration of exact R-

sequences.

Lemma 3.3.15

Let G, H and K be NR-groups. If ϕ : G→ H and θ : H → K are R-homomorphisms, then θ◦ϕ : G→ K

is also a R-homomorphism.

Proof. Let G, H and K be NR-groups and let ϕ : G→ H and θ : H → K be R-homomorphisms.

Since the composition of two group homomorphisms is a homomorphism, we have that θ ◦ ϕ : G→ K

is a homomorphism.

In addition, for any g ∈ G and α ∈ R, we have the following:

θ ◦ ϕ(gα) = θ(ϕ(gα))

= θ(ϕ(g)α) since ϕ is a R-homomorphism

= θ(ϕ(g))α since θ is a R-homomorphism

= [θ ◦ ϕ(g)]α.

Therefore, θ ◦ ϕ : G→ K is a R-homomorphism.

Lemma 3.3.16

Let G, H and K be NR-groups. If ϕ : G→ H and θ : H → K are R-injective R-homomorphisms then,

θ ◦ ϕ : G→ K is also a R-injective R-homomorphism.

Proof. Let G, H and K be NR-groups and let ϕ : G → H and θ : H → K be R-injective R-

homomorphisms.
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By Lemma 3.3.15, we have θ ◦ ϕ is a R-homomorphism. In addition, for any g, h ∈ G we have the

following:

θ ◦ ϕ(g) = θ ◦ ϕ(h)⇒ θ(ϕ(g)) = θ(ϕ(h))

⇒ ϕ(g) = ϕ(h) since θ is R-injective

⇒ g = h since ϕ is R-injective.

Thus, θ ◦ ϕ : G→ K is R-injective.

Lemma 3.3.17

Let G, H and K be NR-groups and let ϕ : G → H and θ : H → K be R-homomorphisms. If

θ ◦ ϕ : G→ K is R-injective, then ϕ : G→ H is also R-injective.

Proof. Let G, H and K be NR-groups and let ϕ : G → H and θ : H → K be R-homomorphisms

such that θ ◦ ϕ : G → K is R-injective. We have the following for any x, y ∈ G that ϕ(x) = ϕ(y) ⇒
θ(ϕ(x)) = θ(ϕ(y)) ⇒ θ ◦ ϕ(x) = θ ◦ ϕ(y) ⇒ x = y since θ ◦ ϕ is R-injective. Thus, ϕ : G → H is

R-injective.
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3.4 Abelian R-powered group

Motivated by the fact that every abelian group is nilpotent, in this section, we will explore abelian R-

powered groups. We will show that abelian R-powered groups are just R-modules. Thus, all properties

that hold for R-modules also hold for abelian R-powered groups. We will define a poly-R-cyclic series

of an abelian R-powered group A and show that the rank of A is equal to the length of this series if

A is finitely R-generated abelian group. This will be needed in our investigation of the free centre in

Section 5.2.

The author in [1], mentioned how abelian R-powered group is related to be a R-module. We start by

defining an abelian R-powered group and showing it is a R-module.

Definition 3.4.1 (Abelian R-powered group)

A NR-group A is called an abelian R-powered group if for any g, h ∈ A, we have gh = hg.

Proposition 3.4.2

Let A be an abelian R-powered group. Then A is a R-module with usual addition and multiplication

· : R×A→ A defined as α · x = xα for α ∈ R and x ∈ A.

Proof. Let A be an abelian R-powered group. For any x, y ∈ A and α, β ∈ R, by Definition 3.1.1 (ii),

(iii) and (i), we have:

(i) Since xy = yx, thus, by Lemma 3.1.5, α · (x+ y) = (x+ y)α = xα + yα = α · x+ α · y.

(ii) (α+ β) · x = xα+β = xα + xβ = α · x+ β · y,

(iii) α · (β · x) = (β · x)α = (xβ)α = xβα = xαβ = (αβ) · x and

(iv) 1 · a = a1 = a.

Therefore, A is a R-module.

Lemma 3.4.3

Let A be an abelian R-powered group and let N be a normal R-subgroup of A. We have the quotient

A/N is an abelian R-powered group.

Proof. Let A be an abelian R-powered group and let N be a normal R-subgroup of A.

By Proposition 3.2.14, A/N is NR-group.

In addition, for any aN, bN ∈ A/N , (aN)(bN) = (ab)N = (baN) = (bN)(aN).

Hence, A/N is an abelian R-powered group.

Now, we give the definition of a free R-module, as taken from [18, Chapter 7.4]. We restate it in the

context of an abelian R-powered group.

Definition 3.4.4 (Free Abelian R-Powered Group)

An abelian R-powered group A is called free if there exists a subset X ⊆ A such that the following

conditions hold:

(i) For any non-zero a ∈ A, we can express it as a finite sum of distinct xi ∈ X, a = n1 · x1 + n2 ·
x2 + · · ·+nr ·xr = xn1

1 +xn2
2 + · · ·+xnrr for non-zero n1, n2, . . . nr ∈ R. This expression is unique

up to ordering.
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(ii) For any x1, x2, . . . xr ∈ X, n1 · x1 + n2 · x2 + . . . nr · xr = 0 if and only if n1 = n2 = · · · = nr = 0.

The set X is called the basis of A and the number of elements in X is called the rank of A and is

denoted by rankR(A).

Lastly, we define a poly-R-cyclic series for an abelian R-powered group A and show the length of this

series is equal to the rank of A if A is finitely R-generated.

Definition 3.4.5 (Poly-R-Cyclic)

[1, Definition 4.19] Let A be an abelian R-powered group. A subnormal R-series

0 = A0 ER A1 ER A2 ER · · · ER An = A

of A is called a poly-R-cyclic series, if each Ai+1/Ai is a cyclic R-powered group.

Theorem 3.4.6

[1, Theorem 4.22] Let A be an abelian R-powered group. If A is finitely R-generated then A has a

poly-R-cyclic series.

Definition 3.4.7 (Hirsch-R-Length)

[1, Definition 4.20] Let A be a finitely R-generated abelian R-powered group. The minimal length of all

poly-R-cyclic series of A is called the Hirsch-R-length and is denoted by hR(A).

The following result was used in [14] and [6] in their discussion of the free centre of finitely gen-

erated nilpotent groups. We prove it in the context of finitely R-generated free abelian R-powered

groups.

Proposition 3.4.8

Let A be a finitely R-generated free abelian R-powered group. Then, the rank of A is equal to the

Hirsch-R-length of A.

Proof. Let A be a finitely R-generated free abelian R-powered group and let h = hR(A).

Let 0 = A0 ER A1 ER A2 ER · · · ER Ah = A be the minimal poly-R-cyclic series of length h = hR(A).

By Definition 3.4.5, each Ai/Ai−1 is cyclic. By Definition 3.2.11, Ai/Ai−1 = 〈ai +Ai−1〉R for some

ai ∈ Ai for each i = 1, 2, . . . , h.

We will show, by induction, that Aj = 〈a1, a2, . . . , aj〉R for j = 1, 2, . . . , h.

For j = 1, 〈a1〉R = 〈a1 + 0〉R = 〈a1 +A0〉R = A1/A0 = A1/0 = A1 and A1 = 〈a1〉R. Assume that the

statement is true for j = k ≤ h, that is, Ak = 〈a1, a2, . . . , ak〉R. Consider the case when j = k + 1 ≤ h.

Let x ∈ Ak+1. We have x+Ak = (ak+1+Ak)
α for some α ∈ R and x+Ak = aαk+1+Ak. By Proposition

2.2.6, x = ak+1 + q for some q ∈ Ak.
By inductive hypothesis, Ak = 〈a1, a2, . . . , ak〉R and by Corollary 3.2.6, q = (a1)

α1 +(a2)
α2 + . . . (ak)

αk ,

for some α1, α2, . . . , αk ∈ R. Therefore, x = aαk+1+[(a1)
α1 +(a2)

α2 + . . . (ak)
αk ] ∈ 〈a1, a2, . . . , ak, ak+1〉R

and Ak+1 ⊆ 〈a1, a2, . . . , ak, ak+1〉R.

Since 0 = A0 ER A1 ER A2 ER · · · ER Ak ER Ak+1, then ai ∈ Ak+1 for all i = 1, 2, . . . , k+1. Therefore,

{a1, a2, . . . , ak, ak+1} is a subset of Ak+1 and by Proposition 3.2.3, 〈a1, a2, . . . , ak, ak+1〉R ⊆ Ak+1.

Therefore, Ak+1 = 〈a1, a2, . . . , ak, ak+1〉R and Aj = 〈a1, a2, . . . , aj〉R for j = 1, 2, . . . , h.

Consequently, A = Ah = 〈a1, a2, . . . , ah〉R and we conclude that A can be generated by h elements.

Hence, rank(A) = h = hR(A).
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3.5 Exact R-sequences

In this section, we explore exact sequences of NR-groups. We start by giving the definitions of exact

R-sequences and short R-sequences. Furthermore, we will show that there exist short R-sequences

involving the direct product of any two NR-groups. Lastly, we will show in a specific commutative

diagram that if we have two R-isomorphisms, then the third one should also be a R-isomorphism.

This section was inspired by previous studies on exact sequences of groups and R-modules in [15,

Chapter 11], [2, Section 10.5] and [18, Section 7.1]. In particular, we have taken some results and prove

that they also hold true in the context of NR-groups.

Firstly, we give the definition of a exact R-sequence and short R-sequences.

Definition 3.5.1 (Exact R-Sequence)

Let k be a positive integer greater than 3. The sequence:

G1
φ1−→ G2

φ2−→ G3
φ3−→ . . .

φk−1−−−→ Gk−1
φk−→ Gk

of NR-groups G1, G2, . . . , Gk, with R-homomorphisms φi : Gi → Gi+1 for all i = 1, 2, . . . , k − 1, is

called an exact R-sequence if Im(φi) = Ker(φi+1) for all i = 1, 2, . . . , k − 1.

Definition 3.5.2 (Short Exact R-Sequence)

An exact R-sequence is called a short exact R-sequence if it is of the form:

1
γ−→ G1

ϕ−→ G2
ψ−→ G3

φ−→ 1

where G1, G2, G3 are NR-groups and ϕ and ψ are R-homomorphisms.

The following proposition gives a test when a R-sequence is exact and is an adpated version of [2,

Corollary 23].

Proposition 3.5.3

Let G1, G2, G3 be NR-groups. The R-sequence

1
γ−→ G1

ϕ−→ G2
ψ−→ G3

φ−→ 1

is exact if and only if the following hold

(a) ϕ is R-injective,

(b) Im(ϕ) = Ker(ψ) and

(c) ψ is R-surjective.

In this case we can omit the R-homomorphisms γ and φ and just write the sequence as:

1 −→ G1
ϕ−→ G2

ψ−→ G3 −→ 1.

Proof. Let G1, G2, G3 be NR-groups.

If 1
γ−→ G1

ϕ−→ G2
ψ−→ G3

φ−→ 1 is an exact R-sequence, then, Im(γ) = Ker(ϕ), Im(ϕ) = Ker(ψ) and

Im(ψ) = Ker(φ).
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(a) Since, γ is a trivial inclusion, then, Ker(ϕ) = Im(γ) = {1}. By Lemma 3.3.3, we have ϕ is

R-injective.

(b) By definition of exact R-sequences, we have Im(ϕ) = Ker(ψ).

(c) Since all R-homomorphisms are well-defined, then φ(x) = 1 for all x ∈ G3 and Ker(φ) = G3.

Consequently, Im(ψ) = Ker(φ) = G3 and ψ is R-surjective.

Hence, ϕ is R-injective, Im(ϕ) = Ker(ψ) and ψ is R-surjective.

Conversely, assume ϕ is R-injective, Im(ϕ) = Ker(ψ) and ψ is R-surjective.

(a) Since, ϕ is R-injective, we have by Lemma 3.3.3, that Ker(ϕ) = {1}. In addition, Im(γ) = {1}.
Therefore, Im(γ) = Ker(ϕ) = {1}.

(b) By assumption, Im(ϕ) = Ker(ψ).

(c) Since, ψ is R-surjective, we have that Im(ψ) = G3. Now, since φ : G3 → {1} is a well defined

R-homomorphism, we have that φ(x) = 1 for all x ∈ G3. Therefore, Ker(φ) = G3 and Im(ψ) =

Ker(φ) = G3.

Thus, Im(γ) = Ker(ϕ), Im(ϕ) = Ker(ψ) and Im(ψ) = Im(φ) and the R-sequence 1
γ−→ G1

ϕ−→ G2
ψ−→

G3
φ−→ 1 is exact.

In the following, we show that there exists an exact R-sequence involving the direct product of any two

NR-groups. This was given as an example in [2, Example (1), page 379] for the case of R-modules.

Proposition 3.5.4

Let G and H be NR-groups. The following R-sequence

1 −→ G
i−→ G×H π−→ H −→ 1

is exact with

• i : G→ G×H defined as i(g) = (g, 1) and

• π : G×H → H defined as π(g, h) = h.

Proof. Let G and H be NR-groups and let 1 −→ G
i−→ G × H

π−→ H −→ 1 be a R-sequence with

i : G→ G×H defined as i(g) = (g, 1) and π : G×H → H defined as π(g, h) = h.

By Proposition 3.5.3, we need to show that

(a) i is R-injective,

(b) π is R-surjective and

(c) Im(i) = Ker(π).

Firstly, we show that i is R-injective.

(a) For any g1, g2 ∈ G we have i(g1) = i(g2)⇒ (g1, 1) = (g2, 1)⇒ g1 = g2. Thus, i is R-injective.

(b) Secondly, for any h ∈ H, there exists (1, h) ∈ G×H such that π(1, h) = h. Thus, π is R-surjective.
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(c) Thirdly, we show that Im(i) = Ker(π). Let x ∈ Im(i) such that x = i(g) for some g ∈ G. Then,

π(x) = π(i(g)) = π((g, 1)) = 1 and x ∈ Ker(π). Hence, Im(i) ⊆ Ker(π).

Let y ∈ Ker(π) Then, y = (g, 1) = π(g) for some g ∈ G. Thus, y ∈ Im(i), Ker(π) ⊆ Im(i) and

Im(i) = Ker(π).

Therefore, 1 −→ G
i−→ G×H π−→ H −→ 1 is a short exact R-sequence, for any NR-groups G and H.

Finally, we show that in the following commutative diagram if two homomorphisms are R-isomorphisms

then the third is also a R-isomorphism. This is an adaptation of the Short Five Lemma given in [2,

Proposition 24].

Proposition 3.5.5

Let

1 K1 G1 Q1 1

1 K2 G2 Q2 1

θK

ϕ1

θG

ψ1

θQ

ϕ2 ψ2

(3.2)

be a commutative diagram with each row being a short exact R-sequence.

If θG and θQ are R-isomorphisms, then θK is also a R-isomorphism.

Proof. We need to show that θK is R-injective and R-surjective.

Using Proposition 3.5.3 and Definition 3.3.1, we have by Diagram (3.2):

• ϕ1, ϕ2, θG and θQ are R-injective R-homomorphisms,

• ψ1, ψ2, θG and θQ are R-surjective R-homomorphisms and

• Im(ϕ1) = Ker(ψ1) and Im(ϕ2) = Ker(ψ2).

Let k, k∗ ∈ K1 such that θK(k) = θK(k∗). Since θG and ϕ1 are R-injective, then, by Lemma 3.3.16,

θG ◦ ϕ1 is R-injective and

θK(k) = θK(k∗)⇒ ϕ2(θK(k)) = ϕ2(θK(k∗))

⇒ ϕ2 ◦ θK(k) = ϕ2 ◦ θK(k∗)

⇒ θG ◦ ϕ1(k) = θG ◦ ϕ1(k∗) by commutative diagram (3.2)

⇒ k = k∗ since θG ◦ ϕ1 is R-injective.

Thus, θK(k) = θK(k∗)⇒ k = k∗ and θK is R-injective.

Now, we show that θK is R-surjective. Let k2 ∈ K2. We have that ϕ2(k2) ∈ G2. Since θG is R-surjective,

then there exists g1 ∈ G1 such that

ϕ2(k2) = θG(g1). (3.3)
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Further,

θQ ◦ ψ1(g1) = ψ2 ◦ θG(g1) by the commutative diagram (3.2)

= ψ2(θG(g1))

= ψ2(ϕ2(k2)) by Equation (3.3)

= 1 since Im(ϕ2) = Ker(ψ2)

= θQ(1).

Since, θQ is R-injective, then ψ1(g1) = 1 and g1 ∈ Ker(ψ1) = Im(ϕ1). Therefore, there exists k1 ∈ K
such that:

g1 = ϕ1(k1). (3.4)

Then, we have the following

ϕ2(k2θK(k1)
−1) = ϕ2(k2)ϕ(θK(k1)

−1)

= ϕ2(k2)ϕ2(θK(k1))
−1

= θG(g1)ϕ2(θK(k1))
−1 by Equation (3.3)

= θG(g1)[ϕ2 ◦ θK(k1)]
−1

= θG(g1)[θG ◦ ϕ1(k1)]
−1 by the commutative diagram (3.2)

= θG(g1)θG(ϕ1(k1))
−1

= θG(g1)θG(g1)
−1 by Equation (3.4)

= 1.

Therefore, k2θK(k1)
−1 ∈ Ker(ϕ2). By Lemma 3.3.3, Ker(ϕ2) = {1}, hence, k2θK(k1)

−1 = 1 and

k2 = θK(k1). Since, k2 ∈ K2 was arbitrarily chosen, θK is R-surjective and θK is a R-isomorphism.

This concludes our introductory investigation on NR-groups. We began with an investigation on R-

subgroups and normal R-subgroups and then observed that the Isomorphism Theorem still holds true

in the context of NR-groups. Lastly, we explored abelian NR-groups as R-modules and concluded

by investigating the exact sequence of NR-groups. Now, we move on to explore the P -localization of

NR-groups.



Chapter 4

P -localization of a Nilpotent R-powered

Group

To continue towards our study of the genus, we will need to take a tour of P -localization of NR-groups,

as outlined in [13], for some set of primes P in R. The work done in [13] relies on root extraction of

NR-groups done in [1], [11] and [12]. We will follow in a similar manner, by firstly investigating root

extraction in Section 4.1, Section 4.2 and Section 4.3, before investigating P -localization of NR-groups

in the later Sections. In particular, we will work towards proving the Fundamental Theorem of P -

localization in Section 4.7 and in Section 4.8, we prove that, in a specific ring, a map P -localize if and

only if it is a P -isomorphism. Lastly, in Section 4.9 we prove some results which will be needed in our

study of the genus of a NR-group in Chapter 5.

4.1 R-Torsion, UR-Groups and R-Radicable

Firstly, we state the definition of a αth-root of a NR-group and a UR-group G. We define when a

NR-group is called R-torsion, R-torsion-free and said to be of finite type. We will give a proof when

a NR-group is a UR-group. Lastly, we state some results relating to abelian R-powered groups and in

conclusion we define a R-radicable group.

This section is based on [11] and [12] which explores root extraction for NR-groups and [1, Section

2.3.2] which is an exploration of root extract of ordinary nilpotent groups.

Definition 4.1.1 (αth root)

[11] Let G be a NR-group and let α ∈ R. An element g ∈ G is said to have an αth root in G, if there

exists h ∈ G such that g = hα.

Definition 4.1.2 (UR-group)

[11] Let G be a NR-group. The group G is called a UR-group if every element g ∈ G has a unique αth

root (if it exists) for every α ∈ R.

Proposition 4.1.3

[1, Theorem 4.26] Let G be a NR-group. Then G is a UR-group if and only if gα = hα, for some α ∈ R,

implies that g = h for all g, h ∈ G.

Proof. Assume that G is a UR-group. Let g, h ∈ G such that gα = hα for some α ∈ R. Since G is a

58
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NR-group, then gα ∈ G and there exists x ∈ G such that x = gα. Then x has an αth-root. However,

x = gα = hα, so, g = h since G is a UR-group and each element has a unique αth-root, if it exists.

Then, for every g, h ∈ G such that gα = hα for some α ∈ R, we have g = h.

Conversely, assume that for every g, h ∈ G and some α ∈ R such that gα = hα, we have that g = h.

Let x ∈ G. Assume x has two αth-roots g∗, h∗ ∈ G. Then, x = gα∗ , x = hα∗ and gα∗ = x = hα∗ . From the

assumption, we have g∗ = h∗ and x has a unique αth-root if it exists. Therefore, G is a UR-group.

Now, we state the definition of R-torsion and when a group is R-torsion-free. We also prove that a

subgroup of a R-torsion-free group is also R-torsion-free.

Definition 4.1.4 (R-Torsion)

[11, Definition 2.3] Let G be a NR-group.

(i) An element g ∈ G is called a R-torsion if there exists α ∈ R such that gα = 1.

(ii) If all elements of G are R-torsion elements, then G is called a R-torsion group.

(iii) If the only R-torsion element of G is 1, then G is called a R-torsion-free group.

Lemma 4.1.5

Let G be a R-torsion-free NR-group. Every R-subgroup of G is also R-torsion-free.

Proof. Let G be a R-torsion-free NR-group and let H be a R-subgroup of G.

Let g ∈ H be a R-torsion element. Since H is a R-subgroup of G, then g ∈ G. Furthermore, G is

R-torsion-free, so g = 1.

Therefore, the only R-torsion element of H is 1 and H is R-torsion-free.

The next proposition tells us that the set of all R-torsion elements in G is a normal R-subgroup of G

and the proof of this proposition can be found in [1, Theorem 4.24 (ii)]

Proposition 4.1.6 (R-Torsion Subgroup)

[1, Theorem 4.24 (ii)] Let G be a NR-group. The set of all R-torsion elements in G, denoted by τ(G),

is a normal R-subgroup of G.

Now, we give the definition of a finite type NR-group.

Definition 4.1.7 (Group of Finite Type)

[12, Definition 2.6] A NR-group G is said to be of finite type if

(i) G is finitely R-generated and

(ii) G is a R-torsion group.

We are now ready to prove the main result of this section, that a NR-group is R-torsion-free if and

only if it is a UR-group.

The proof of Proposition 4.1.8 is based on [1, Theorem 2.7], which is the case on ordinary nilpotent

groups.

Proposition 4.1.8

[1, Theorem 4.26 (ii)] Let G be a NR-group. Then G is a R-torsion-free group if and only if G is a

UR-group.
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Proof. Let G be a NR-group of nilpotency class c.

Assume that G is a R-torsion-free group. We will show that G is a UR-group by using induction on

the nilpotency class of G. We show that, for every g, h ∈ G such that gα = hα for some α ∈ R we have

g = h.

If c = 1, we have, by Note 2.5.3 that G is an abelian group. Assume g, h ∈ G are such that gα = hα

for some α ∈ R. Then

gα = hα ⇒ gαh−α = 1⇒ gα(h−1)α = 1

⇒ (gh−1)α = 1 since G is abelian and using Corollary 3.1.5

⇒ gh−1 = 1 since G is R-torsion-free

⇒ g = h.

Hence, gα = hα implies that g = h and G is a UR-group.

Assume that the statement is true for c = k > 1, that is, if G is a R-torsion-free group with nilpotency

class of at most k then, G is a UR-group.

Let G be a NR-group which is R-torsion-free and of nilpotency class of k + 1. Let g, h ∈ G such that

gα = hα for some α ∈ R and consider H = 〈g, γ1(G)〉R. By Proposition 3.2.5, H is a R-subgroup of G

and by Lemma 2.5.9 H has nilpotency class that is less than or equal to k.

Also, by Lemma 4.1.5, H is a R-torsion-free, since H is a R-subgroup of G.

Thus, H meets the requirements of the inductive hypothesis. We note that the product hg−1h−1 =

g−1[g, h] ∈ H, since H = 〈g, γ1(G)〉R. Then,

gα = hα ⇒ gα = (hhh−1)α

⇒ gα = hhαh−1 by Definition 3.1.1 (iv)

⇒ gα = hgαh−1 since gα = hα

⇒ gα = (hgh−1)α by Definition 3.1.1 (iv)

⇒ g = hgh−1 by induction hypothesis since g, hgh−1 ∈ H

⇒ gh = hg ⇒ ghg−1h−1 = 1⇒ [g, h] = 1

⇒ gαhα = (gh)α by Lemma 3.1.5.

We have that [g, h] = 1 and by Lemma 2.4.3, we have [g, h]−1 = [g, h−1] = 1. Then, since [g, h−1] = 1,

by Lemma 3.1.5, we have gα(h−1)α = (gh−1)α and

gα = hα ⇒ gαh−α = 1⇒ gα(h−1)α = 1

⇒ (gh−1)α = 1⇒ gh−1 = 1 since G is R-torsion-free

⇒ g = h.

Hence, gα = hα implies that g = h. By Proposition 4.1.3, G is a UR-group.

Conversely, if G is a UR-group and g is an R-torsion-element, then by Definition 4.1.4, there exists

α ∈ R such that gα = 1. By Corollary 3.1.6, 1α = 1 and gα = 1α. Since G is UR-group, then, by

Proposition 4.1.3, g = 1.

Therefore, the only R-torsion element in G is 1 and G is a R-torsion-free group.

An abelian R-powered group is just a R-module so, one can use results proven for R-module. We now

recall a few results from [18] proven for R-modules. Here the results are adpated to abelian R-powered
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groups.

Proposition 4.1.9

[18, Proposition 9.2] Let R be a integral domain and let A be an abelian R-powered group. Then the

quotient module A/τ(A) is R-torsion-free.

Theorem 4.1.10

[18, Theorem 9.3] Let R be a principal ideal domain and let A be an abelian R-powered group. If A is

finitely R-generated and R-torsion-free, then A is a free abelian R-powered group.

Lastly, we state the definition of a R-radicable group.

Definition 4.1.11 (R-Radicable Group)

[11] A NR-group G is called a R-radicable group if each g ∈ G has at least one αth-root in G for every

α ∈ R.

Note 4.1.12

A group is R-radicable UR-group if and only if every element g ∈ G has a unique αth-root for each

α ∈ R.
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4.2 P -Torsion, UP -Groups and P -Radicable

In this section, we recall the concept of P -members from Section 2.8 for a set of primes P in a binomial

ring R. However, we need to put an extra constraint on the ring R. We will require that the binomial

ring R to be a unique factorization domain (UFD). This is needed so that each non-zero and non-unit

element of R has a decomposition of prime elements which is unique up to associativity.

We define a P -torsion element and when a NR-group is said to be of finite P -type. In addition, we

define a UP -group and show that a NR-group is P -torsion-free if and only if G is a UP -group. Next, we

will state the definition of a P -radicable group and explore the p-primary components of a NR-group,

which are analogous to p-subgroups for regular nilpotent groups.

Definition 4.2.1 (P -members)

[11, Definition 2.4] Let R be a UFD binomial ring, P be a set of primes in R and let α ∈ R be a

non-zero and non-unit element of R. The element α is called a member of P or a P -member if α = 1

or all prime divisors of α are in P up to associativity.

We will denote the set of P -members in R by Pmembers.

For the remainder of this section, R is a unique factorization domain (UFD) binomial ring, unless

otherwise stated and P is a set of primes in R.

Definition 4.2.2 (P -Torsions)

[12, Definition 3.1] Let G be a NR-group.

(i) An element g ∈ G is called a P -torsion if there exists α ∈ Pmembers such that gα = 1.

(ii) If all elements of G are P -torsion elements, then G is called a P -torsion group.

(iii) If the only P -torsion element of G is 1, then G is called a P -torsion-free group.

The next proposition tells us that the set of all P -torsion elements in G is a normal R-subgroup of G.

The proof of this proposition can be found in [1, Theorem 4.24 (i)].

Proposition 4.2.3 (P -Torsion Subgroup)

[1, Theorem 4.24 (i)] Let G be a NR-group. The set of all P -torsion elements in G, denoted by τP (G),

is a normal R-subgroup of G.

We state the definition of a finite P -type NR-group.

Definition 4.2.4 (Group of Finite P -Type)

[12, Definition 3.2] A NR-group G is said to be of finite P -type if

(i) G is finitely R-generated and

(ii) G is a P -torsion group.

Definition 4.2.5 (UP -group)

[12] Let G be a NR-group. The group G is called a UP -group if every element g ∈ G has a unique αth

root (if it exists) for every α ∈ Pmembers.

The following results are similar to the results in Section 4.1. Proofs to Proposition 4.2.6, Corollary

4.2.7 and Proposition 4.2.8 follow similarly to the ones done in Proposition 4.1.3, Lemma 4.1.5 and

Proposition 4.1.8 respectively.
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Proposition 4.2.6

[1, Theorem 4.26 (i)] Let G be a NR-group. Then, G is a UP -group if and only if for every g, h ∈ G
with gα = hα for some α ∈ Pmembers, we have that g = h.

Corollary 4.2.7

[12, Lemma 4.1]. Let G be a NR-group. Every R-subgroup of UP -group is also a UP -group.

Proposition 4.2.8

[12, Theorem 4.5] Let G be a NR-group. Then, G is a P -torsion-free group if and only if G is a

UP -group.

Now, we will state the definition of a P -radicable group.

Definition 4.2.9 (P -Radicable Group)

[12] A NR-group G is called a P -radicable group if each g ∈ G has at least one αth-root in G for every

α ∈ Pmembers.

Note 4.2.10

We have that a NR-group is P -radicable UP -group if and only if every element g ∈ G has a unique

αth-root for each α ∈ Pmembers.

Lastly, we define the p-primary component of G. In [12], the authors show that if a NR-group is of

finite type, then it is R-isomorphic to a direct product of all its p-primary components. We will also

prove a lemma relating the P ′-torsion subgroup and the p-primary component of a NR-group, where

P ′ is a set of all primes in R not contained in P .

Definition 4.2.11

[12, Definition 2.7] Let G be a NR-group and let p be a prime in R. The p-primary component of G,

denoted by G(p), is the set G(p) = {g ∈ G : gα = 1 for some α ∈ {p}members}.

Proposition 4.2.12

[12, Theorem 2.13] Let G be a NR-group and let p be a prime in R. The p-primary component of G,

G(p), is a normal R-subgroup of G.

Theorem 4.2.13

[12, Theorem 2.14] Let G be a NR-group and let PR be the set of all prime elements of R. If G is of

finite type, then G ∼=R

∏
p∈PR

G(p).

We prove Lemma 4.2.14 as will use it to show that the p-localization of a NR-group of finite type is

R-isomorphic to the p-component of G.

Lemma 4.2.14

Let R be a PID binomial ring and let G be a NR-group of finite type. Let p be a prime in R, P = {p}
and let P ′ be the set of primes in R not contained in P . Then, G(p) ∼=R G/τP ′(G).

Proof. Let R be a PID binomial ring and let G be a NR-group of finite type. Let p be a prime in R,

P = {p} and let P ′ be the set of primes in R not contained in P .

We will that show G(p) is a R-complement R-subgroup of τP ′(G). Let x ∈ G(p) ∩ τP ′(G). Then, there

exist α ∈ Pmembers and β ∈ P′members such that xα = 1 and xβ = 1. Since gcd(α, β) = 1, so, there exist
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µ, ω ∈ R such that 1 = αµ+ βω.

Then, x = x1 = xαµ+βω = xαµxβω = (xα)µ(xβ)ω = (1)µ(1)ω = 1 and G(p) ∩ τP ′(G) = {1}.

We need to show that G = G(p)τP ′(G). Now, G(p) and τP ′(G) are R-subgroups of G, so G(p)τP ′(G) ⊆ G.

Let g ∈ G. Since G is of finite type, there exists υ ∈ R such that gυ = 1. We have the following cases:

Case I: If υ ∈ Pmembers then g = g1 ∈ G(p)τP ′(G).

Case II: If υ 6∈ Pmembers then, υ ∈ τP ′(G) and g = 1g ∈ G(p)τP ′(G), since 1α = 1 for any

α ∈ {p}members and gυ = 1 .

Hence, G ⊆ G(p)τP ′(G) and G = G(p)τP ′(G).

By Definition 3.3.13, G(p) is a R-complement of τP ′(G).

By Proposition 4.2.3, τP ′(G) is a normal R-subgroup. Therefore, by Corollary 3.3.14, G(p) ∼=R

G/τP ′(G).
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4.3 Residually of Finite P -Type

This section was adapted from [1, Section 5.2.12], which is a study on the residual properties for regular

nilpotent groups. We will expand on this and show that the residual properties hold for NR-groups.

In particular, we will show that a NR-group is residually of finite P -type if it is a subdirect product

of groups that are all of finite P -type. Further, we take note of a result from [13], that a NR-group is

residually of finite P -type if and only if G is P ′-torsion-free.

In this section, R is a unique factorization domain (UFD) binomial ring, unless otherwise stated and

P is a set of primes in R.

Firstly, we define residually of finite P -type NR-group and prove an equivalent property.

Definition 4.3.1 (Residually of Finite P -Type)

[1, Definition 5.14] A NR-group G is said to be residually of finite P -type if for every g ∈ G, with

g 6= 1, there exists a normal R-subgroup Ng of G such that

(i) g 6∈ Ng and

(ii) G/Ng is of finite P -type.

Proposition 4.3.2

[1, Lemma 5.32] Let G be a NR-group. Let I be a non-empty index set. Then G is residually of finite

P -type if and only if there exists a family {Ni : i ∈ I} of normal R-subgroups of G such that:

(a) G/Ni is of finite P -type, for each i ∈ I and

(b)
⋂
i∈I

Ni = {1}.

Proof. Let G be a NR-group.

Assume that G is of residually of finite P -type. By Definition 4.3.1, we have that, for each 1 6= g ∈ G,

there exists a normal R-subgroup Ng of G such that:

(i) g 6∈ Ng and

(ii) G/Ng is of finite P -type.

Consider the family of normal R-subgroups of G, {Ng : g ∈ G}. By (ii), G/Ng is of finite P -type for

each g ∈ G. We need to show that
⋂
i∈I

Ni = {1}.

Assume
⋂
g∈G

Ng 6= {1} and let x ∈
⋂
g∈G

Ng such that x 6= 1. Since each Ng is a normal R-subgroup of G,

then x ∈ G with x 6= 1. Since G is of residually of finite P -type, then there exists a normal R-subgroup

Nx of G such that x 6∈ Nx and x 6∈
⋂
g∈G

Ng, which is a contradiction. Therefore, we must have that⋂
g∈G

Ng = {1}.

Conversely, assume there exists a family {Ni : i ∈ I} of normal R-subgroups of G such that:

(a) G/Ni is of finite P -type, for each i ∈ I and

(b)
⋂
i∈I

Ni = {1}.
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Let g ∈ G such that g 6= 1 and let Nk ∈ {Ni : i ∈ I} for some k ∈ I. We have the following cases:

Case I: If g 6∈ Nk, then there exists a normal R-subgroup of G such that g 6∈ Nk and G/Nk is of

finite P -type.

Case II: If g ∈ Nk, by assumption we have that
⋂
i∈I

Ni = {1}. Then, g 6∈ Nj for all j ∈ I with

j 6= k. Let l ∈ I such that l 6= k. Then, there is a normal R-subgroup Nl of G such that g 6∈ Nl

and G/Nl is of finite P -type.

Since g ∈ G with g 6= 1 was arbitrarily chosen, then, for any g ∈ G with g 6= 1, there exists a normal

R-subgroup Ng of G such that g ∈ Ng and G/Ng is of finite P -type. Therefore, by Definition 4.3.1, we

have G is of residually of finite P -type.

Now, we define a subdirect product and show that a NR-group which is residually of finite P -type is

just a subdirect product of NR-groups of finite P -type.

Definition 4.3.3 (Subdirect Product)

[1, Definition 5.15] Let {Gi : i ∈ I} be a family of NR-groups for some non-empty index set I.

(i) The map πi :
∏
j∈I

Gj → Gi, defined as πi(g1, g2, . . . , gi, . . . ) = gi is called a projective map (which

is R-surjective).

(ii) Let H be a R-subgroup of
∏
i∈I

Gi. Then the restriction map πi |H : H → Gi is called the projection

of H to Gi.

(iii) Let H be a R-subgroup of
∏
i∈I

Gi. Then H is called subdirect product, if πi(H) = Gi for all i ∈ I.

Lemma 4.3.4

[1, Lemma 5.32] Let G be a NR-group. If G is residually of finite P -type, then G is a subdirect product

of NR-groups of finite P -type.

Proof. Let G be a NR-group.

Since G is residually of finite P -type, by Proposition 4.3.2, there exists a family {Ni : i ∈ I} of normal

R-subgroups of G such that:

(i) G/Ni is of finite P -type for each i ∈ I and

(ii)
⋂
i∈I

Ni = {1}.

Let ϕ : G→
∏
i∈I

(G/Ni) be defined as ϕ(g) =
∏
i∈I

(gNi) = (gN1, gN2, . . . , gNi, . . . ).
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For any g, h ∈ G, we have:

ϕ(gh) =
∏
i∈I

(gh)Ni = ((gh)N1, (gh)N2, . . . , (gh)Ni, . . . )

= ((gN1)(hN1), (gN2)(hN2), . . . , (gNi)(hNi), . . . )

= (gN1, gN2, . . . , gNi, . . . )(hN1, hN2, . . . , hNi, . . . )

=

(∏
i∈I

gNi

)(∏
i∈I

hNi

)
= ϕ(g)ϕ(h).

In addition, for any α ∈ R, we have:

ϕ(gα) =
∏
i∈I

(gα)Ni = (gαN1, g
αN2, . . . , g

αNi, . . . )

= ((gN1)
α, (gN2)

α, . . . , (gNi)
α, . . . )

= (gN1, N2, . . . , gNi, . . . )
α by Corollary 3.1.8

=

(∏
i∈I

gNi

)α
= ϕ(g)α.

Therefore, ϕ : G→
∏
i∈I

(G/Ni) is a R-homomorphism. Furthermore

ϕ(g) = ϕ(h)⇒
∏
i∈I

gNi =
∏
i∈I

hNi ⇒ gNi = hNi for all i ∈ I

⇒ (gNi)(h
−1Ni) = Ni for all i ∈ I

⇒ gh−1Ni = Ni for all i ∈ I

⇒ gh−1 ∈ Ni for all i ∈ I

⇒ gh−1 ∈
⋂
i∈I

Ni = {1} by assumption

⇒ gh−1 = 1⇒ g = h.

Therefore, ϕ : G→
∏
i∈I

(G/Ni) is R-injective.

By the First Isomorphism Theorem for R-homomorphisms, G/Ker(ϕ) ∼=R Im(ϕ).

Since ϕ is R-injective, by Lemma 3.3.3, Ker(ϕ) = {1} and G ∼=R G/{1} ∼=R Im(ϕ). By Lemma 3.3.5,

Im(ϕ) is a R-subgroup of
∏
i∈I

(G/Ni) and G is a R-subgroup of
∏
i∈I

(G/Ni).

Lastly, πi(G) = {πi(g) : g ∈ G} = {gNi : g ∈ G} = G/Ni. By Definition 4.3.3, G is a subdirect

product of {G/Ni : i ∈ I}. By assumption, each G/Ni is of finite P -type and G is a subdirect product

of NR-groups of finite P -type.

The next theorem is taken from [13] and will play an important role in our proof of Theorem 4.8.2, one

of the major result needed in our work. Also, we take note that the main constraint on the binomial

ring R in Theorem 4.8.2 can be traced back to this theorem.
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Theorem 4.3.5

[13, Theorem 5.9] Let R be a principal ideal domain (PID) which has a subring isomorphic to the set of

rational numbers and let G be a finitely R-generated NR-group. Then, G is residually of finite P -type

if and only if G is P ′-torsion-free.
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4.4 P -Local Groups

Let P be a set of primes in R. In this section, we define a P -local NR-group. We will show that a

NR-group is P -local if and only if it is a P ′-radicable UP ′-group, where P ′ is the complementary set of

P . We show that a direct product of P -local groups is again P -local. We give a proposition that gives

conditions on when a R-subgroup of a P -local NR-group is P -local. Lastly, we show that a NR-group

of finite P -type is P -local.

Firstly, we define the complement set of a set of primes and state the definition of a P -local group. The

notation in this section is adapted from [12] and [13].

Definition 4.4.1 (Complementary Set of P )

Let R be a UFD binomial ring and let P be a set of primes in R. The complementary set of P , denoted

by P ′, is the set of all primes in R that are not in P .

For the remainder of this section, R is a unique factorization domain (UFD) binomial ring and P is a

set of primes in R.

Definition 4.4.2 (P -local Group)

[13, Definition 3.1] A NR-group G is called P -local if for every α ∈ P′members, the mapping φα : G→ G

defined by φα(g) = gα is a bijective mapping.

Next, we show that a group is P -local if and only if it is a P ′-radicable UP ′-group. The authors in [13,

Remark 3.2] make note of this result as a remark. However, we state and prove the result.

Proposition 4.4.3

[13, Remark 3.2] Let G be a NR-group. Then, G is P -local if and only if G is a P ′-radicable UP ′-group.

Proof. Let G be a NR-group. Assume that G is a P -local group and let α ∈ P′members. The group G

is a P -local group so for α ∈ P′members, there exists a bijection φα : G→ G defined by φα(x) = xα.

The map φα : G → G is surjective (since it is a bijection), so for any g ∈ G, there exists h ∈ G such

that hα = φα(h) = g. Hence, g has a αth-root.

Suppose that g has two αth-roots s and t. Then, g = sα = φα(s), g = tα = φα(t) and φα(s) = g = φα(t).

Therefore, t = s since φα is injective.

Thus, every element g ∈ G has an unique αth-root for any α ∈ P′members and G is a P ′-radicable

UP ′-group.

Conversely, assume G is a P ′-radicable UP ′-group and let α ∈ P′members.

We will show that the map φα : G→ G defined by φα(x) = xα is a bijection.

For any g, h ∈ G such that φα(g) = φα(h) we have that φα(g) = φα(h)⇒ gα = hα ⇒ g = h since G is

UP ′-group. Therefore, φα is injective.

In addition, G is a P ′-radicable group and we have that, every g ∈ G has at least one αth-root.

Therefore, g = kα = φα(k) for some k ∈ G and φα is surjective. Consequently, φα is a bijective. Since

α ∈ P′members was arbitrarily chosen, then φα : G → G defined by φα(x) = xα is a bijection for any

α ∈ P’members.

Therefore, by Definition 4.4.2, G is a P -local group.

The next corollary follows immediately from Proposition 4.4.3 and Proposition 4.2.8.

Corollary 4.4.4

Let G be a NR-group. If G is P -local then G is P ′-torsion-free.
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Proof. If G is P -local, then, by Proposition 4.4.3, G is a UP ′-group. Using Proposition 4.2.8, we

conclude that G is a P ′-torsion-free group.

Now, we show that a direct product of P -local groups is again P -local. The result and its proof can be

found in [13, Lemma 5.2]. Here we present a more elaborate proof of the result.

Lemma 4.4.5

[13, Lemma 5.2] Let {Gi : i ∈ I} be a family of P -local NR-groups for some index set I. Then the

direct product G =
∏
i∈I

Gi is also a P -local NR-group.

Proof. Let {Gi : i ∈ I} be a family of P -local NR-groups for some index set I and let G =
∏
i∈I

Gi. By

Corollary 3.1.8, G is a NR-group. We only need to show that G is P -local.

Firstly, each Gi is P -local. By Proposition 4.4.3, each Gi is a P ′-radicable UP ′-group, so, for any

gi ∈ Gi and α ∈ P′members, there exists a unique αth-root hi.

Therefore, for any (g1, g2, . . . , gk, . . . ), there exists a unique (h1, h2, . . . , hk, . . . ) such that

(h1, h2, . . . , hk, . . . )
α = (hα1 , h

α
2 , . . . , h

α
k , . . . ) = (g1, g2, . . . , gk, . . . ). Hence, G is a P ′-radicable UP ′-group

and G =
∏
i∈I

Gi is P -local.

We recall the following definition from [12, Definition 3.3]. We restate a remark from [13, Remark 3.3]

as a proposition and give its proof.

Definition 4.4.6 (P -isolated)

[12, Definition 3.3] Let G be a NR-group. A R-subgroup H of G is said to P -isolated in G if for every

g ∈ G and α ∈ Pmembers such that gα ∈ H we have that g ∈ H.

Proposition 4.4.7

[13, Remark 3.3] Let G be a NR-group. A R-subgroup H of G is P -local if and only if H is P ′-isolated

in G.

Proof. Let G be a NR-group.

Assume that H is P -local. Then, by Proposition 4.4.3, H is a P ′-radicable UP ′-group.

Let g ∈ G such that gα ∈ H for some α ∈ P′members. We will show that g ∈ H.

Since H is a P ′-radicable, then each element in H has an αth-root. Thus, gα ∈ H has an αth-root, say

x ∈ H. Then, gα = xα implies g = x ∈ H since H is a UP ′-group.

Therefore, for any g ∈ G such that gα ∈ H for some α ∈ P′members, we have g ∈ H and H is P ′-isolated

in G.

Conversely, assume H is P ′-isolated in G. We will show that H is P ′-radicable UP ′-group.

Firstly, G is P -local, so G is a P ′-radicable UP ′-group. By Corollary 4.2.7, we have that every R-

subgroup of a UP ′-group is a UP ′-group. Thus, H is UP ′-group.

We show that H is P ′-radicable. Let g ∈ H and let α ∈ P′members. Since G is P ′-radicable and

g ∈ H ⊆ G, then, there exists x ∈ G such that g = xα and xα = g ∈ H. Therefore, x ∈ G and xα ∈ H.

Using the assumption that H is P ′-isolated in G, we have x ∈ H.

Thus, for any g ∈ H and α ∈ P′members, there exists x ∈ H such that g = xα and each g ∈ H has at



4.4. P -LOCAL GROUPS 71

least one αth-root for any α ∈ P′members and H is a P ′-radicable UP ′-group. By Proposition 4.2.6, H

is P -local.

Lastly, we show that a NR-group of finite P -type is P -local. This result and its proof can be found in

[13, Theorem 3.14]. Here we present a more elaborate proof of the result.

Lemma 4.4.8

[13, Theorem 3.14] Let G be a NR-group. If G is of finite P -type then, G is P -local.

Proof. Let G be a NR-group of finite P -type.

Firstly, we show that G is a UP ′-group. Let g, h ∈ G such that gα = hα for some α ∈ P′members. Since, G

is of finite P -type, it is a P -torsion group. Therefore, there exist β1, β2 ∈ Pmembers such that gβ1 = 1 and

hβ2 = 1. Set β = β1β2, then, gβ = gβ1β2 = (gβ1)β2 = (1)β2 = 1 = (1)β1 = (hβ2)β1 = hβ2β1 = hβ1β2 = hβ.

However, α and β are relatively prime since α ∈ P′members and β ∈ Pmembers, so, gcd(α, β) = 1.

Then, there exists µ, ω ∈ R such that 1 = αµ + βω and g = g1 = gαµ+βω = gαµgβω = (gα)µ(gβ)ω =

(hα)µ(gβ)ω = (hα)µ(hβ)ω = hαµhβω = hαµ+βω = h1

= h since gα = hα and gβ = hβ.

Therefore, gα = hα implies g = h and G is a UP ′-group.

Let α∗ ∈ P′members and let x ∈ G. Since G is a P -torsion group, then there exists β∗ ∈ Pmembers

such that xβ∗ = 1. Since gcd(α∗, β∗) = 1 then 1 = α∗µ∗ + β∗ω∗ for some µ∗, ω∗ ∈ R and x = x1 =

xα∗µ∗+β∗ω∗ = xα∗µ∗xβ∗ω∗ = xα∗µ∗(xβ∗)ω∗ = xα∗µ∗(1)ω∗ = xα∗µ∗ = xµ∗α∗ = (xµ∗)α∗ .

Therefore, x = (xµ∗)α∗ and x has a αth∗ -root. Thus, every element in G has at least one αth∗ -root for

any α∗ ∈ P′members and G is a P ′-radicable group.

We conclude that G is a P ′-radicable UP ′-group and G is P -local.
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4.5 R-Generated P -Local Group

In this section, we study R-subgroups generated as P -local groups. The material is needed for the

proof of the Fundamental Theorem of P -localization of a NR-group. Furthermore, we will give some

results, which can be found in [13], relating the R-subgroups generated as P -local groups to the P -

isolator.

Firstly, we will prove that an intersection of all P -local R-subgroups containing a subset S is also a

P -local subgroup. Following [13], we define what is meant for a group to be called R-generated as a

P -local group.

Proposition 4.5.1 (R-Subgroup Generated by S as a P -Local Group)

Let G be a P -local NR-group and let S ⊆ G. Then, the intersection of all P -local R-subgroups containing

S, denoted by 〈S〉P -local
R , is a P -local R-subgroup of G. Moreover, 〈S〉P -local

R is the smallest P -local R-

subgroup of G containing S.

Proof. Let G be a P -local NR-group and let S ⊆ G.

Let H = {H |H ≤R G, S ⊆ H, H P -local} be the set of all P -local R-subgroups of G containing S.

By Lemma 3.2.2, 〈S〉P -local
R =

⋂
H∈H

H is a R-subgroup of G.

Since 〈S〉P -local
R =

⋂
H∈H

H is a R-subgroup of G, we have, by Proposition 4.4.7, that 〈S〉P -local
R is P -local

if and only if 〈S〉P -local
R is P ′-isolated in G.

Let x ∈ G such that xα ∈ 〈S〉P -local
R =

⋂
H∈H

H for some α ∈ P′members. We will show that x ∈ 〈S〉P -local
R .

Now, xα ∈ 〈S〉P -local
R =

⋂
H∈H

H implies that xα ∈ H for all H ∈ H and this implies x ∈ H for all H ∈ H

since each H ∈ H is P -local (and in particular is P ′-isolated in G). Therefore, x ∈
⋂
H∈H

H = 〈S〉P -local
R .

We have x ∈ G such that xα ∈ 〈S〉P -local
R =

⋂
H∈H

H for some α ∈ P′members and x ∈ 〈S〉P -local
R . Therefore,

〈S〉P -local
R is P ′-isolated in G and by Proposition 4.4.7, 〈S〉P -local

R is P -local.

We conclude that 〈S〉P -local
R is a P -local R-subgroup of G.

Now, we show that 〈S〉P -local
R is the smallest such P -local R-subgroup of G. Assume that 〈S〉P -local

R is

not the smallest P -local R-subgroup of G containing S.

Let Q be the smallest P -local R-subgroup of G containing S. Then, Q ∈ H and 〈S〉P -local
R =

⋂
H∈H

H
⋂
Q.

Consequently, 〈S〉P -local
R ⊆ Q, which contradicts the assumption that Q is the smallest P -local R-

subgroup of G containing S.

Therefore, 〈S〉P -local
R is the smallest P -local R-subgroup of G containing S.

Definition 4.5.2 (R-Generated as a P -Local Group)

[13, Definition 3.7] A NR-group G is said to R-generated as a P -local group if there exists S ⊆ G such

that G = 〈S〉P -local
R .

We say that G is finitely R-generated as a P -local group if |S| is finite.
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Lemma 4.5.3

If G is a P -local NR-group, then,
〈
〈S〉P -local

R

〉P -local

R
= 〈S〉P -local

R , where S ⊆ G.

Proof. Let G be a P -local NR-group and let S ⊆ G.

By Proposition 4.5.1, we have that
〈
〈S〉P -local

R

〉P -local

R
is the smallest P -local R-subgroup of G containing

〈S〉P -local
R and 〈S〉P -local

R ⊆
〈
〈S〉P -local

R

〉P -local

R
.

Let x ∈
〈
〈S〉P -local

R

〉P -local

R
and let H = {H |H ≤R G, 〈S〉P -local

R ⊆ H, H P -local} be the set of all

P -local R-subgroups of G containing 〈S〉P -local
R . Then, x ∈ 〈〈S〉R〉

P -local
R =

⋂
H∈H

H and x ∈ H for each

H ∈ H. However, S ⊆ 〈S〉P -local
R , so, S ⊆ 〈S〉P -local

R ⊆ H for any H ∈ H.

Therefore, H ⊆ H∗ = {H |H ≤R G, S ⊆ H, H P -local} and x ∈ 〈S〉P -local
R .

Therefore, 〈S〉P -local
R =

〈
〈S〉P -local

R

〉P -local

R
.

Furthermore, we define the P -isolator of a subset of a NR-group. The next Theorem taken from [13]

gives an explicit equality of a P -isolator of a R-subgroup H of G. We state a corollary that relates the

R-subgroup generated as a P -local group by a R-subgroup H, with its P -isolator. We refer the reader

to [12] and [13] for the proofs of the results that follow.

Definition 4.5.4 (P -isolator)

[12, Definition 3.4] Let R be a UFD binomial ring, G a NR-group and let P be a set of primes in R. Let

S be a subset of G. The P -isolator of S in G, denoted by IP (S,G), is the intersection of all R-subgroup

of G containing S which are P -isolated in G.

Theorem 4.5.5

[13, Theorem 3.9] Let R be a UFD binomial ring, G a NR-group and let P be a set of primes in R.

If H is a R-subgroup of G, then IP (H,G) = {g ∈ G : gα ∈ H for some α ∈ Pmembers}.

Corollary 4.5.6

[13, Corollary 3.10] Let G be a P -local NR-group, let H a R-subgroup of G and let P be a set of primes

in R. Then 〈H〉P -local
R = IP ′(H,G) = {g ∈ G : gα ∈ H for some α ∈ P′members}.

Lemma 4.5.7

[13, Lemma 3.12] Let G be a P -local NR-group and let H be a R-subgroup of G. If G = 〈H〉P -local
R ,

then G and H have the same nilpotency class.

Lemma 4.5.8

[13, Lemma 3.13] Let G and H be P -local NR-groups and let ϕ : G → H and ψ : G → H be R-

homomorphisms. If N is a R-subgroup of G such that G = 〈N〉P -local
R and ϕ(x) = ψ(x) for all x ∈ N ,

then ϕ = ψ.

Proof. Let G and H be P -local NR-groups and let ϕ : G→ H and ψ : G→ H be R-homomorphisms.

Let N be a R-subgroup of G such that G = 〈N〉P -local
R and assume that ϕ(x) = ψ(x) for all x ∈ N .

For any g ∈ G = 〈N〉P -local
R , we have, by Corollary 4.5.6, that 〈N〉P -local

R = {g ∈ G : gα ∈ N for some α ∈
P′members}. Then, there exists some α ∈ P′members such that gα ∈ N .
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Then,

ϕ(g)α = ϕ(gα) since ϕ is a R-homomorphism

= ψ(gα) since ϕ(x) = ψ(x) for all x ∈ N

= ψ(g)α since ψ is a R-homomorphism.

Thus, ϕ(g)α = ψ(g)α. Since H is P -local, then, H is UP ′-group (by Proposition 4.4.3). Therefore,

ϕ(g) = ψ(g) and ϕ = ψ.
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4.6 P -Injective, P -Surjective and P -Isomorphism

In this section, we introduce the concepts of P -injective, P -surjective and P -isomorphism for a set of

primes P in R. Firstly, we define when a R-homomorphism is P -injective. We will show that for a

R-homomorphism between two P -local NR-groups that, being P -injective is equivalent to being R-

injective. We will follow the same procedure for P -surjection. This section is based on work done in

[13].

In the following, R will be consider to be a UFD binomial ring and P to be a set of primes in R.

Definition 4.6.1 (P -injective)

[13, Definition 4.1 (i)] Let G and H be NR-groups and let φ : G→ H be a R-homomorphism.

The R-homomorphism φ is called a P -injective, if Kerφ = {g ∈ G : g is a P ′-torsion element } = {g ∈
G : gα = 1 for some α ∈ P′members}.

The following lemma was given in [13, Proposition 4.2] without proof. Here we give its proof.

Lemma 4.6.2

[13, Proposition 4.2] Let G, H and K be NR-groups. If ϕ : G → H and ψ : H → K are P -injective

R-homomorphisms, then, ψ ◦ ϕ : G→ K is also P -injective.

Proof. Let G, H and K be NR-groups and let ϕ : G → H and ψ : H → K be P -injective R-

homomorphisms.

Since ϕ : G→ H and ψ : H → K are P -injective, we have:

(?) Kerϕ = {g ∈ G | g is a P ′-torsion element} and

(??) Kerψ = {h ∈ H |h is a P ′-torsion element}.

We will show that Ker(ψ ◦ ϕ) = {g ∈ G | g is a P ′-torsion element}.
If x ∈ Ker(ψ ◦ ϕ), then ψ ◦ ϕ(x) = 1 and hence, ϕ(x) ∈ Kerψ.

By (??), ϕ(x) ∈ Kerψ and ϕ(x) is a P ′-torsion element.

Then, there exists α ∈ P′members such that ϕ(x)α = 1 and ϕ(xα) = ϕ(x)α = 1, since ϕ is a R-

homomorphism. Therefore xα ∈ Kerϕ.

By (?), xα ∈ Kerϕ and xα is a P ′-torsion element.

Then there exists β ∈ P′members such that (xα)β = 1 and αβ ∈ P′members with xαβ = (xα)β = 1.

Therefore, x is P ′-torsion element and x ∈ {g ∈ G | g is a P ′-torsion element}. Hence, Ker(ψ ◦ ϕ) ⊆
{g ∈ G | g is a P ′-torsion element}.

If y ∈ {g ∈ G | g is a P ′-torsion element}, then y ∈ G and is a P ′-torsion element. By (?), y ∈ Kerϕ =

{g ∈ G | g is a P ′-torsion element}.
In addition, ϕ(y) ∈ H. Since y is a P ′-torsion element, then, there exists ω ∈ P′members such that

yω = 1. Since ψ is a R-homomorphism, we have ψ(y)ω = ψ(yω) = ψ(1) = 1. Therefore, ϕ(y) ∈ H and

ϕ(y) is a P ′-torsion element. Consequently, we have, by (??), that ϕ(y) ∈ {h ∈ H |h is a P ′-torsion

element} = Kerψ.

Since ϕ(y) ∈ Kerψ, then ψ ◦ ϕ(y) = ψ[ϕ(y)] = 1.

Therefore, y ∈ Ker(ψ ◦ ϕ) and {g ∈ G | g is a P ′-torsion element} ⊆ Ker(ψ ◦ ϕ).

Thus, Ker(ψ ◦ ϕ) = {g ∈ G | g is a P ′-torsion element} and ψ ◦ ϕ is P -injective.

The following lemma was given in [13, Lemma 4.5 (i)] without proof. Here we give its proof.
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Lemma 4.6.3

[13, Lemma 4.5 (i)] Let G and H be P -local NR-groups. A R-homomorphism φ : G→ H is P -injective

if and only if φ : G→ H is R-injective.

Proof. Let G and H be P -local NR-groups and let φ : G→ H be R-homomorphism.

If φ : G→ H is P -injective, then Kerφ = {g ∈ G | g is a P ′-torsion element}.
Since G is P -local, we have by Corollary 4.4.4, that, G is a P ′-torsion-free group.

Therefore, the only P ′-torsion element is 1, Kerφ = {1} and by Lemma 3.3.3, φ : G→ H is R-injective.

Conversely, assume that φ : G → H is R-injective. We need to show that Kerφ = {g ∈ G | g is a

P ′-torsion element}.
Firstly, φ is R-injective and by Lemma 3.3.3, Kerφ = {1}. However, 1 is a P ′-torsion element. Hence,

Kerφ ⊆ {g ∈ G | g is a P ′-torsion element}.
If x ∈ {g ∈ G | g is a P ′-torsion element}, then, there exists α ∈ P′members such that xα = 1 and we

have φ(x)α = φ(xα) = φ(1) = 1 = 1α = φ(1α) = φ(1)α.

Since H is P -local (in particular a UP ′-group), we have φ(x) = φ(1) and φ is a R-injective. Therefore,

x = 1 and x ∈ Kerφ = {1}. Consequently, {g ∈ G | g is a P ′-torsion element} ⊆ Kerφ, Kerφ = {g ∈
G | g is a P ′-torsion element} and φ is a P -injective.

Similarly, we define a P -surjective R-homomorphism and show that the composition of two P -surjective

R-homomorphisms is still P -surjective. We show that for a R-homomorphism between two P -local NR-

groups that, being P -surjective is equivalent to being R-surjective.

Definition 4.6.4 (P -Surjective)

[13, Definition 4.1 (ii)] Let G and H be NR-groups. A R-homomorphism φ : G → H is called P -

surjective if, for every h ∈ H, there exists α ∈ P′members such that hα ∈ Im(φ).

The following lemma was given in [13, Proposition 4.2] without proof. Here we give its proof.

Lemma 4.6.5

[13, Proposition 4.2] Let G, H and K be NR-groups and let ϕ : G → H and ψ : H → K be R-

homomorphisms. If ϕ : G → H and ψ : H → K are P -surjective, then ψ ◦ ϕ : G → K is also

P -surjective.

Proof. Let G, H and K be NR-groups and let ϕ : G → H and ψ : H → K be P -surjective R-

homomorphisms.

For any k ∈ K, there exists α ∈ P′members such that kα ∈ Im(H) since ψ : H → K is P -surjective.

Now, kα ∈ Im(ψ) and kα = ψ(h) for some h ∈ H.

Since ϕ : G → H is P -surjective, there exists β ∈ P′members such that hβ ∈ Im(ϕ) and hβ = ϕ(g) for

some g ∈ G.

Using the above and the fact that the product of two P -members is again a P -member (Lemma 2.8.7),

we have kα = ψ(h) ⇒ (kα)β = ψ(h)β ⇒ (kα)β = ψ(hβ) ⇒ (kα)β = ψ(ϕ(g)) ⇒ kαβ = (kα)β =

ψ(ϕ(g)) = ψ ◦ ϕ(g) ⇒ kαβ ∈ Im(ψ ◦ ϕ) ⇒ kω ∈ Im(ψ ◦ ϕ) for some ω ∈ P′members. Hence, for any

k ∈ K, there exists ω ∈ P′members such that kω ∈ Im(ψ ◦ ϕ). Thus, ψ ◦ ϕ is P -surjective.

The following lemma was given in [13, Lemma 4.5 (ii)] without proof. Here we give its proof.



4.6. P -INJECTIVE, P -SURJECTIVE AND P -ISOMORPHISM 77

Lemma 4.6.6

[13, Lemma 4.5 (ii)] Let G and H be P -local NR-groups and let φ : G → H be a R-homomorphism.

Then φ : G→ H is P -surjective if and only if φ : G→ H is R-surjective.

Proof. Let G and H be P -local NR-groups and let φ : G→ H be a R-homomorphism.

Assume that φ : G→ H is P -surjective.

Since G and H are P -local, we have by Proposition 4.4.3, that G and H are P ′-radicable UP ′-groups.

For any h ∈ H, there exists α ∈ P′members such that hα ∈ Im(φ) and hα = φ(x) for some x ∈ G, since

φ is P -surjective. Since G is a P ′-radicable, then x has an αth-root, say, x = yα for some y ∈ G and

hα = φ(x) = φ(yα) = φ(y)α. Now, H is a UP ′-group and by Proposition 4.2.6, we have h = φ(y).

Therefore, there exists y ∈ G, such that h = φ(y) and φ : G→ H is R-surjective.

Conversely, assume that φ : G→ H is R-surjective and let h ∈ H. We need to show that hα ∈ Im(φ)

for some α ∈ P′members. Since, h ∈ H and φ : G→ H is R-surjective then, there exists g ∈ G such that

h = φ(g). Then, hα = φ(g)α = φ(gα) ∈ Im(φ) for any α ∈ P′members since φ is a R-homomorphism.

Therefore, φ : G→ H is P -surjective.

We take note of the following lemma that, if a composition of two R-homomorphisms is P -surjective,

then one of the R-homomorphisms is also P -surjective.

Lemma 4.6.7

[13, Proposition 4.4] Let G, H and K be NR-groups and let φ : G → H and ψ : H → K be R-

homomorphisms. If ψ ◦ φ : G→ K is P -surjective, then ψ : H → K is also P -surjective.

Proof. Let G, H and K be NR-groups and let φ : G → H and ψ : H → K be R-homomorphisms.

Let ψ ◦ φ : G → K be P -surjective. Since, ψ : G → K is P -surjective, for all k ∈ K, there exists

α ∈ P′members such that kα ∈ Im(ψ ◦ φ).

Since, kα ∈ Im(ψ ◦ φ), then, kα = ψ ◦ φ(x) for some x ∈ G.

Therefore, kα = ψ ◦ φ(x) = ψ(φ(x)) ∈ Im(ψ) = {ψ(h) : h ∈ H}.
Thus, for any k ∈ K, there exists α ∈ P′members, such that kα ∈ Im(ψ). Hence, ψ is a P -surjective.

Lastly, we define P -isomorphisms and collect some results to conclude that for a R-homomorphism

between two P -localNR-groups that, being P -isomorphism is equivalent to being R-isomorphism.

Definition 4.6.8 (P -Isomorphism)

[13, Definition 4.1 (iii)] Let G and H be NR-groups. A R-homomorphism φ : G → H is called a

P -isomorphism, if it is both P -injective and P -surjective.

Corollary 4.6.9

[13, Proposition 4.2] Let G, H and K be NR-groups. If ϕ : G→ H and ψ : H → K are P -isomorphisms,

then ψ ◦ ϕ : G→ K is also a P -isomorphism.

Proof. Follows from Lemma 4.6.2 and Lemma 4.6.5.

Corollary 4.6.10

Let G and H be P -local NR-groups. A R-homomorphism φ : G → H is a P -isomorphism if and only

if φ : G→ H is a R-isomorphism.

Proof. Follows from Lemma 4.6.3 and Lemma 4.6.6.
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4.7 Fundamental Theorem of P -localization

In this section, we will show that every NR-group has a P -localization map which is unique up to

R-isomorphisms. This section follows the work done in [13] on the P -localization of a NR-group and

the inspiration is taken from [7] where P -localization of ordinary nilpotent groups was discussed.

Firstly, we start by defining the P -localization map of a NR-group.

Definition 4.7.1 (P -localization)

[13, Definition 5.1] Let R be a UFD binomial ring, G and GP be NR-groups and let P be a set of primes

in R. A R-homomorphism e : G→ GP is called a P -localization map of G, if

(i) GP is a P -local NR-group and

(ii) for any P -local NR-group K and a R-homomorphism ψ : G → K, there exists a unique R-

homomorphism α : GP → K such that ψ = α ◦ e.

Note 4.7.2

Property (ii) is called the universal property of a P -localization map and is pictorially represented in

the following commutative diagram:

G GP

K

e

ψ
α

Now, we prove the Fundamental Theorem of P-localization of a NR-group. The proof is an expanded

version of the one given in [13, Theorem 5.3].

Theorem 4.7.3 (Fundamental Theorem of P -Localization)

[13, Theorem 5.3] Let R be a UFD binomial ring and let G be a NR-group. For any set of primes P in

R there exists a P -localization map of G. In addition, we have the following:

(a) the P -localization map of G is P -surjective,

(b) if G has nilpotency class c, then GP has nilpotency class of at most c and

(c) if G is finitely R-generated, then GP is also finitely R-generated.

Proof. Let G be a NR-group with R being a UFD binomial ring.

First, we define the pair Si = (Hi, ψi) as follows:

(i) Hi is P -local and

(ii) ψi : G→ Hi is a R-homomorphism such that Hi = 〈Im(ψi)〉P -local
R .

Let S = {Si : i ∈ I} = {(Hi, ψi) : i ∈ I} be the set of pairs as defined above. We show that S is

non-empty. We will do this by showing that H1 = {1} and ψ1 : G→ {1} defined as ψ1(g) = 1 satisfies

the condition above.

By Corollary 3.1.6, 1α = 1 for any α ∈ P′members and H1 = {1} is a P ′-radicable group. In addition, if 1

had two αth-roots we would have xα = 1 = yα for some x, y ∈ H1. However, H1 = {1} thus, x = y = 1

and H1 is a UP ′-group. Since H1 = {1} is P ′-radicable UP ′-group, we have, by Proposition 4.4.3, that

H1 = {1} is P -local.
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Now, ψ1(gh) = 1 = 1 · 1 = ψ1(g)ψ1(h) and ψ(gω) = 1 = 1ω = ψ(g)ω, for any g, h ∈ G and ω ∈ R, so,

ψ1 is a R-homomorphism.

By Corollary 4.5.6, we have 〈H1〉P -local
R = {g ∈ G : gα ∈ H1 for some α ∈ P′members}. However,

gα ∈ H1 = {1} implies that gα = 1 = 1α. Since H1 is a UP ′-group, we have g = 1.

Therefore, 〈H1〉P -local
R = {g ∈ G : gα ∈ H1 for some α ∈ P′members} = {1} = H1.

Consequently, there exists at least one S1 = (H1, ψ1) for any NR-group and S is non-empty.

We define H =
∏
i∈I

Hi to be the direct product of each Hi and let e : G → H be given by e(g) =

(ψ1(g), ψ2(g), . . . , ψk(g), . . . ).

We show that e : G→ H is a R-homomorphism. For any g, h ∈ G

e(gh) = (ψ1(gh), ψ2(gh), . . . , ψk(gh), . . . )

= (ψ1(g)ψ1(h), ψ2(g)ψ2(h), . . . , ψk(g)ψk(h), . . . ) since each ψi are R-homomorphisms

= (ψ1(g), ψ2(g), . . . , ψk(g), . . . )(ψ1(h), ψ2(h), . . . , ψk(h), . . . )

= e(g)e(h) = φ(g)φ(h).

In addition, for any g ∈ G and α ∈ R, we also have:

e(gα) = (ψ1(g
α), ψ2(g

α), . . . , ψk(g
α), . . . )

= (ψ1(g)α, ψ2(g)α, . . . , ψk(g)α, . . . ) since each ψi are R-homomorphisms

= (ψ1(g), ψ2(g), . . . , ψk(g), . . . )α

= e(g)α.

Hence, e : G→ H is a R-homomorphism.

LetGP = 〈Im(e)〉P−LocalR . We will show that e : G→ GP , defined as e(g) = (ψ1(g), ψ2(g), . . . , ψk(g), . . . )

is a P -localization map.

By Proposition 4.5.1, GP is P -local, since GP is R-generated as a P -local group. We only need to

show that the universal property of a P -localization map hold for e : G→ GP . We will show that, for

any P -local NR-group K and R-homomorphism ϕ : G → K, there exists a unique R-homomorphism

α : GP → K such that ϕ = α ◦ e.

Let K be a P -local NR-group and let ϕ : G→ K be a R-homomorphism.

Note that (〈Im(ϕ)〉P−LocalR , ϕ) ∈ S, so, there exists k ∈ I such that (〈Im(ϕ)〉P−LocalR , ϕ) = (Hk, ψk).

Define µ : GP → K as µ(g1, g2, . . . gk, . . . , ) = gk. Then, we have (µ·e)(g) = µ(e(g)) = µ((ψ1(g), ψ2(g), . . . , ψk(g), . . . )) =

ψk(g) = ϕ(g).

Therefore, for any P -localNR-groupK andR-homomorphism ϕ : G→ K, there exists aR-homomorphism

µ : GP → K such that µ · e = ϕ.

For the uniqueness, assume that there is another map ζ : GP → K such that ζ · e = ϕ. We show that

µ = ζ.

For any g ∈ G, µ · e(g) = ϕ(g) = ζ · e(g) implies that µ(e(g)) = ζ(e(g)). Therefore, µ(x) = ζ(x) for all
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x ∈ Im(e). In addition, GP = 〈Im(e)〉P−LocalR and we have µ = ζ, by Lemma 4.5.8.

Therefore, for any P -local NR-group K and R-homomorphism ϕ : G → K, there exists a unique R-

homomorphism µ : GP → K such that µ · e = ϕ.

Thus, e : G→ GP defined as e(g) = (ψ1(g), ψ2(g), . . . , ψk(g), . . . ) is a P -localization map of G.

Lastly,

(a) We will show that the P -localization map e : G → GP is P -surjective. Since, Im(e) is a R-

subgroup of GP = 〈Im(e)〉P−LocalR , we have, by Corollary 4.5.6, that 〈Im(e)〉P -local
R = {g ∈ GP :

gα ∈ Im(e) for some α ∈ P′members}. Then, for any g ∈ GP , there exists α ∈ P′members such that

gα ∈ Im(e). Hence, e : G→ GP is P -surjective.

(b) Assume that G has nilpotency class c. Let φ : G→ Im(e) be defined as φ(g) = e(g). Now, φ is a

surjective R-homomorphism and by Proposition 2.5.5, we have Im(e) is a nilpotent group with

nilpotency class of at most c. In addition, GP = 〈Im(e)〉P−LocalR , so, by Lemma 4.5.7, GP and

Im(e) have the same nilpotency class.

Thus, GP is of nilpotency class of at most c.

(c) Assume that G is finitely R-generated. Since e : G → GP is a R-homomorphism, we have by

Lemma 3.3.6, that Im(e) is finitely R-generated as a P -local group. Therefore, there exists a

finite subset S ⊆ Im(e) such that Im(e) = 〈S〉R. Then, GP = 〈Im(e)〉P -local
R = 〈〈S〉R〉

P -local
R .

By Lemma 4.5.3, we have 〈〈S〉R〉
P -local
R = 〈S〉P -local

R . Thus, GP = 〈S〉P -local
R and GP is finitely

R-generated, since S is finite.

Now, we prove that the P -localization map is unique up to R-isomorphisms. We will do this by showing

that if there exist two localization maps on the same NR-group, then the P -localizations must be R-

isomorphic. Further, if there is a group which is R-isomorphic to the P -localization, then it also a

P -localization.

For the remainder of this section, R is a unique factorization domain (UFD) binomial ring and P is a

set of primes in R.

Proposition 4.7.4

Let G be a NR-group. If ϕ : G→ A and ψ : G→ B are P -localization maps of G then, A ∼=R B.

Proof. Consider the following diagram:

G A

B

ϕ

ψ
αβ

Let ϕ : G→ A and ψ : G→ B be P -localization maps of G. By Definition 4.7.1, we have that A and B

are P -local. Since B is P -local and ψ : G→ B is a R-homomorphism, then, by the universal property

of ϕ, there exists α : A→ B such that ψ = α ◦ ϕ.

Similarly, since A is P -local and there is a R-homomorphism ϕ : G→ A, then, by the universal property

of ψ, there exists β : B → A such that ϕ = β ◦ ψ.

Thus, ψ = α ◦ ϕ = α ◦ (β ◦ ψ) = (α ◦ β) ◦ ψ. Since ψ = (α ◦ β) ◦ ψ, we conclude that α ◦ β = IA.

Similarly, ϕ = β ◦ ψ = β ◦ α ◦ ϕ = (β ◦ α) ◦ ϕ. Since ϕ = (β ◦ α) ◦ ϕ, then β ◦ α = IB.
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Therefore, α ◦ β = IA and β ◦ α = IB and α and β are invertible.

Consequently, α and β are bijections. Therefore, α : A→ B is a R-isomorphism and A ∼=R B.

The, next proposition informs us that if any P -local NR-group is R-isomorphic to another NR-group’s

P -localization, then we can construct a new P -localization map. This, together with Proposition 4.7.4

allow us to conclude that a P -localization is unique up to R-isomorphisms.

Proposition 4.7.5

Let G be a NR-group. Let e : G→ GP be a P -localization map of G.

If there exists a P -local NR-group Q such that Q ∼=R GP , then there exists a P -localization map

φ : G→ Q.

Proof. Let G be a NR-group and let e : G→ GP be a P -localization map of G.

Let σ : GP → Q be a R-isomorphism. We will show that the map given by σ ◦ e : G → Q is a

P -localization map.

By assumption Q is P -local, so we only need to show the universal property of a P -localization map.

Let K be a P -local NR-group and let ψ : G → K be a R-homomorphism. Since e : G → GP is a

P -localization map of G, then, there exists a unique R-homomorphism θ : GP → K such that ψ = θ◦e.
We define θQ = θ ◦σ−1 and we have θQ ◦ (σ ◦ e) = (θ ◦σ−1) ◦ (σ ◦ e) = θ ◦ (σ−1 ◦σ) ◦ e = θ ◦ e = ψ. Since

θ and σ−1 is unique and the composite of two unique maps is unique, then we must that θQ = θ ◦ σ−1

is unique.

Therefore, for any P -local group K and ψ : G → K R-homomorphism, there exists a unique R-

homomorphism θQ, such that θQ ◦ (σ ◦ e) = ψ and σ ◦ e : G→ Q is a P -localization map of G.

We have shown that the P -localization map e : G→ GP of a NR-group is unique up to R-isomorphisms.

Since GP is unique up to R-isomorphisms, we call GP the P -localization of G and if P = {p}, we write

GP as Gp.
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4.8 P -Localization in a PID

In this section, we relate P -Localization and P -Isomorphism. We will show that, in a unique factoriza-

tion domain, if a map is P -isomorphic, then it is a P -localization map. However, the converse is only

true in a principal ideal domain which has a subring isomorphic to the set of rational numbers.

Proposition 4.8.1

Let R be a UFD binomial ring, G and Q be NR-groups and let P be a set of primes in R. If Q is

P -local and φ : G→ Q is a P -isomorphism, then φ : G→ Q is a P -localization map of G.

Proof. Let G and Q be NR-groups, Q be P -local and let φ : G→ Q be a P -isomorphism.

By the Fundamental Theorem of P-localization of a NR-groups, there exists a P -localization map

e : G→ GP . We show that Q ∼=R GP and use Proposition 4.7.5 to conclude that φ is a P -localization

map. Since Q and GP are both P -local, by Corollary 4.6.10, we only need to show that Q and GP are

P -isomorphic in order to conclude that Q and GP are R-isomorphic.

Now, Q is P -local and φ : G→ Q is a R-homomorphism, so, by the universal property of e : G→ GP ,

there exists a unique R-homomorphism θ : G→ GP , such that φ = θ ◦ e.
By the Fundamental Theorem of P -localization, we have e is P -surjective, since the P -localization map

is always P -surjective.

Since, φ : G→ Q is a P -isomorphism, then φ is P -injective and P -surjective.

Now, φ = θ ◦ e is P -surjective, so, by Lemma 4.6.7, we must have that θ is P -surjective.

In order to show that θ : GP → Q is P -injective, we need to show that Ker(θ) = {v ∈ GP : v is a

P ′-torsion element}. If x ∈ Ker(θ), then, θ(x) = 1. Since e : G → GP is P -surjective and x ∈ GP ,

then there exists α ∈ P′members such that xα ∈ Im(e). Therefore, xα = e(g) for some g ∈ G and we

have the following:

θ ◦ e(g) = θ(e(g)) = θ(xα) = (θ(x))α since θ is a R-homomorphism

= 1α since x ∈ Ker(θ)

= 1.

Therefore, g ∈ Ker(θ ◦e). However, θ ◦e is P -injective, then, we must have g ∈ Ker(θ ◦e) = {y ∈ G : y

is a P ′-torsion element}.
Since g is a P ′-torsion element, then, there exists β ∈ P′members such that gβ = 1.

Therefore,

xαβ = (xα)β = (e(g))β since xα = e(g)

= e(gβ) since e is R-homomorphism

= e(1) = 1.

In addition, α, β ∈ P′members, so αβ ∈ P′members and x is a P ′-torsion element and Ker(θ) ⊆ {v ∈ GP : v

is a P ′-torsion element}.

Let y ∈ {v ∈ GP : v is a P ′-torsion element}. Since y is a P ′-torsion element, then there exists

ω ∈ P′members such that yω = 1 and we have θ(y)α = θ(yα) = θ(1) = 1 = 1α.

Therefore, θ(y)α = 1α. However, Q is P -local, so Q is a UP ′-group and by Proposition 4.2.6, we have
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θ(y)α = 1α implies that θ(y) = 1.

Thus, y ∈ Ker(θ), {v ∈ GP : v is a P ′-torsion element} ⊆ Ker(θ) and θ is P -injective.

Consequently, θ : GP → Q is P -injective and P -surjective and θ : GP → Q is a P -isomorphism.

However, GP and Q are P -local groups, so, by Corollary 4.6.10, GP ∼=R Q and by Proposition 4.7.5,

θ : G→ Q is a P -localization map.

The converse of Proposition 4.8.1 is still an open problem for a general UFD ring R and a general NR-

group and is given as a conjecture in [13, Conjecture 6.1]. For the case when the ring R is a principal

ideal domain which has a subring isomorphic to the set of rational numbers and the NR-group G is

finitely R-generated, we have that the converse is true. This extra constraint is needed as the authors in

[13] needed this constraint to prove that if G is finitely R-generated P ′-torsion-free then it is residually

of finite P -type.

Theorem 4.8.2

[13, Theorem 5.10] Let R be a principal ideal domain (PID) which has a subring isomorphic to the

set of rational numbers and let G be a finitely R-generated NR-group. Then the P -localization map

e : G→ GP is a P -isomorphism.

Proof. Let G be a finitely R-generated NR-group.

Let e : G → GP be the P -localization map. By Definition 4.7.1, GP is P -local, thus, we only need to

show that e is a P -isomorphism.

By the Fundamental Theorem of P -localization (Theorem 4.7.3), e is P -surjective.

We need to show Ker(e) = {g ∈ G : gα = 1 for some α ∈ P′members}.

Let x ∈ {g ∈ G : gα for some α ∈ P′members}. Then, there exists α ∈ P′members such that xα = 1.

Then, e(x)α = e(xα) = e(1) = 1 = 1α and e(x) = 1 since GP is P -local. Therefore, x ∈ Ker(e) and

{g ∈ G : gα = 1 for some α ∈ P′members} ⊆ Ker(e).

Let T = {g ∈ G : gα = 1 for some α ∈ P′members}. Since T ⊆ Ker(e), we have, by the Universal

Property of Quotient Groups (Theorem 3.3.10), that there exists a R-homomorphism e : G/T → GP ,

defined as e(gT ) = e(T ) such that e = e ◦ π where π : G→ G/T is the canonical map.

Let gT ∈ G/T be a P ′-torsion element. Then there exists α ∈ P′members such that (gT )α = T and we

have gαT = (gT )α = T . Therefore, gα ∈ T = {g ∈ G : gα = 1 for some α ∈ P′members} and there exists

β ∈ P′members such that gαβ = (gα)β = 1. By Lemma 2.8.7, αβ ∈ P′members, so, g ∈ T and gT = T .

Since gT was arbitrarily chosen, the only P ′-torsion element in G/T is the identity T . Therefore, by

Definition 4.2.2, G/T is P ′-torsion-free.

Now, G/T is P ′-torsion-free and, by Theorem 4.3.5 we have that G/T is residually of finite P -type.

Then, by Lemma 4.3.4, G/T is a subdirect product of NR-groups of finite P -type, say {Hj : j ∈ I}.
So, by Definition 4.3.3, G/T is a R-subgroup of H1 ×H2 × · · · ×Hk × . . . such that for each j ∈ I:

(i) Hj is of finite P -type and

(ii) πj(G/T ) = Hj .

By Lemma 4.4.8, each Hj is P -local and by Lemma 4.4.5, H1 ×H2 × · · · ×Hk × · · · is P -local.
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Let H = H1×H2×· · ·×Hk×· · · . Let i : G/T → H be the inclusion map (since G/T is a R-subgroup of

H). Then, we have a R-homomorphism i◦π : G→ H from G to a P -local group H and by the universal

property of the P -localization map e (Definition 4.7.1), there exists a R-homomorphism φ : GP → H

such that i ◦ π = φ ◦ e.

However, e = e ◦ π so, i ◦ π = φ ◦ e ◦ π and i = φ ◦ e.

Since, i is R-injective, we have φ ◦ e is R-injective. By Lemma 3.3.17, we have e is R-injective and by

Lemma 3.3.3, we have Ker(e) = {T}.

If y ∈ Ker(e), then, e(yT ) = e(y) = 1 and yT ∈ Ker(e) = {T} so, yT = T and y ∈ T . Therefore,

Ker(e) ⊆ T , e is P -injective and e is a P -isomorphism.

The following diagram is a visual representation of the proof:

G GP

G/T H

e

π φ
e

i

The following theorem is a combination of the results from Proposition 4.8.1 and Theorem 4.8.2.

Theorem 4.8.3

Let R be a principal ideal domain (PID) which has a subring isomorphic to the set of rational numbers

and let G be a finitely R-generated NR-group. Let θ : G→ Q be a R-homomorphism. Then, θ : G→ Q

is a P -localization map if and only if Q is P -local and θ : G→ Q is a P -isomorphism.

Proof. The proof follows from Proposition 4.8.1 and Theorem 4.8.2.
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4.9 Applications of P -Localization

In this section, we give some applications of P -localizations that will be needed in Chapter 5, where

we give our major results on the description of the genus of a NR-group. Firstly, we will look at how

the property of finite type affect the P -localization of a NR-group. We investigate the P -localization of

a direct product of two finitely R-generated NR-groups. Lastly, we evaluate the P -localization of the

commutator R-subgroup of a finitely R-generated NR-group.

For this section, R will be considered as a principal ideal domain (PID) with a subring isomorphic to

the set of rational numbers and P is a set of primes in R.

Firstly, we show that, if G is of finite type then, GP is also of finite type and the P -localization map is

R-surjective.

Lemma 4.9.1

Let G be a NR-group. If G is of finite type then, the P -localization GP is also of finite type.

Proof. Let G be a NR-group of finite type. By Definition 4.1.7, G is finitely R-generated and is a

R-torsion group.

Let e : G→ GP be the P -localization map. Since G is finitely R-generated, by Fundamental Theorem

of P -Localization (Theorem 4.7.3 (c)), we have GP is also finitely R-generated.

Now, e : G → GP is a P -localization map, then, by Theorem 4.8.3, e is P -isomorphism and for any

x ∈ GP there exists α ∈ P′members such that xα ∈ Im(e), since e is P -surjective. Hence, xα = e(g) for

some g ∈ G.

Furthermore, G is a R-torsion group, so there exists β ∈ R such that gβ = 1 and xαβ = (xα)β =

(e(g))β = e(gβ) = e(1) = 1.

Therefore, for any x ∈ GP there exists αβ ∈ R such that xαβ = 1 and GP is a R-torsion group.

Since GP is finitely R-generated and a R-torsion group, then, by Definition 4.1.7, we have that GP is

of finite type.

We have shown in the Fundamental Theorem of P -localization that the P -localization map is P -

surjective. In the next proposition, we prove that the P -localization map of a NR-group of finite type

is actually a R-surjective map.

Proposition 4.9.2

Let G be a NR-group and let e : G → GP be the P -localization map. If G is of finite type, then,

e : G→ GP is R-surjective.

Proof. Let G be a NR-group of finite type and let e : G→ GP be the P -localization map.

By Lemma 4.9.1, we have that GP is of finite type so, GP is a R-torsion group. For any x ∈ GP there

exists α ∈ R such that xα = 1 since GP is a R-torsion group.

Now, e : G → GP is P -surjective so, there exists β ∈ P′members such that xβ ∈ Im(e). Consequently,

there exists g ∈ G such that xβ = e(g).

We have the following cases:
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Case (I): If α 6∈ P′members then, gcd(α, β) = 1 and by Theorem 2.8.9, there exists µ, ω ∈ R such

that 1 = αµ+ βω. So, x = x1 = xαµ+βω = xαµxβω = (xα)µ(xβ)ω = (1)µ(e(g))ω = e(g)ω = e(gω)

and there exists gω ∈ G such that x = e(gω).

Case (II): If α ∈ P′members then, αβ ∈ P′members and we have that xαβ = (xα)β = (1)β = 1 =

1αβ = e(1)αβ. Since GP is P -local then, xαβ = e(1)αβ implies x = e(1).

Therefore, for any x ∈ GP there exists g ∈ G such that x = e(g) and e is R-surjective.

In the next corollary, we will show that for any NR-group of finite type G and prime p in R, the

p-localization Gp is R-isomorphic to the p-primary component of G.

Corollary 4.9.3

Let G be a NR-group of finite type and let p be a prime in R. Then, G(p) ∼=R Gp, where G(p) is the

p-primary component of G.

Proof. Let G be a NR-group of finite type. Let e : G→ Gp be the p-localization map. By Proposition

4.9.2, e is R-surjective and by the First Isomorphism Theorem for R-Homomorphism (Theorem 3.3.7),

G/Ker(e) ∼=R Gp.

Let P ′ be set the primes in R which are not p. By Theorem 4.8.3, we have e is P -injective and

Ker(e) = {g ∈ G : gα = 1 for some α ∈ P′members} = τP ′(G).

Hence, G/τP ′(G) ∼=R Gp and by Lemma 4.2.14, G/τP ′(G) ∼=R G
(p) and G(p) ∼=R Gp.

Now, we investigate the P -localization of a direct product of two finitely R-generated NR-groups.

Proposition 4.9.4

Let G and H be finitely R-generated NR-groups. Then, (G×H)P ∼=R GP ×HP .

Proof. Let G and H be finitely R-generated NR-groups.

By the fundamental theorem of P -localization of NR-groups, there exists P -localization maps eG : G→
GP and eH : H → HP . By Theorem 4.8.3, eG and eH are P -isomorphisms.

We define e : G×H → GP ×HP by e(g, h) = (eG(g), eH(h)). We will show that this a P -localization

map.

Let (w, z) ∈ GP × HP . Since, eG : G → GP and eH : H → HP are P -surjective, then, there exists

α, β ∈ P′members such that wα ∈ Im(eG) and zβ ∈ Im(eH). Then, wα = eG(g) and zβ = eH(h)

for some g ∈ G and h ∈ H. Therefore, (w, z)αβ = (wαβ, zαβ) = (wαβ, zβα) = ((wα)β, (zβ)α) =

((eG(g))β, (eH(h))α) = (eG(gβ), eH(hα)) = e(gβ, hα) ∈ Im(e). Hence, for any (w, z) ∈ GP ×HP , there

exists αβ ∈ P′members such that (w, z)αβ ∈ Im(e) and e : G×H → GP ×HP is P -surjective.

Now, we will show that e is P -injective, by showing that

Ker(e) = {(x, y) ∈ G×H : (x, y) is a P ′-torsion element}.
Let (g, h) ∈ Ker(e). Since e(g, h) = (1, 1), then, (eG(g), eH(h)) = (1, 1) and eG(g) = 1 and eH(h) = 1.

Since, eG and eH are P -injective, we have that there exists α, β ∈ P′members such that gα = 1 and

hβ = 1.

Then, (g, h)αβ = (gαβ, hαβ) = ((gα)β, (hα)β) = ((1)β, (1)β) = (1, 1) and (g, h) is a P ′-torsion element.

Hence, (g, h) ∈ {(x, y) ∈ G × H : (x, y) is a P ′-torsion element} and Ker(e) ⊆ {(x, y) ∈ G × H :

(x, y) is a P ′-torsion element}.
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Let (g1, h1) ∈ {(x, y) ∈ G ×H : (x, y) is a P ′-torsion element}. Then, (g1, h1) is a P ′-torsion element

and there exists α ∈ P′members such that (g1, h1)
α = (1, 1). Then,

(g1, h1)
α = (1, 1)⇒ (gα1 , h

α
1 ) = (1, 1)

⇒ gα1 = 1 and hα1 = 1

⇒ g1 is a P ′-torsion element and h1 is a P ′-torsion element

⇒ g1 ∈ {g ∈ G : g is a P ′-torsion element } = Ker(eG) and

h ∈ {h ∈ H : h is a P ′-torsion element } = Ker(eH)

⇒ eG(g1) = 1 and eH(h1) = 1

⇒ e(g1, h1) = (eG(g1), eH(h1)) = (1, 1)

⇒ (g1, h1) ∈ Ker(e).

Therefore, {(x, y) ∈ G×H : (x, y) is a P ′-torsion element} ⊆ Ker(e) and Ker(e) = {(x, y) ∈ G×H :

(x, y) is a P ′-torsion element}. Thus, e is a P -injective. By Lemma 4.4.5, GP ×HP is P -local.

Since GP × HP is P -local and e : G × H → GP × HP is a P -isomorphism, then, by Theorem 4.8.3,

e : G×H → GP ×HP is a P -localization map.

Now, G×H is a NR-group so, by the fundamental theorem of P -localization of NR-groups, there exists

a P -localization map e′ : G×H → (G×H)P .

Consequently, by Proposition 4.7.4, we have that (G×H)P ∼=R GP ×HP .

Lastly, we investigate the P -localization of the commutator R-subgroup of finite type.

Proposition 4.9.5

Let G be a finitely R-generated NR-group with a commutator R-subgroup [G,G]. If [G,G] is of finite

type then, [G,G]P = [GP , GP ].

Proof. Let G be a finitely R-generated NR-group such that the commutator R-subgroup [G,G] is of

finite type. Let e′ : G → GP be the P -localization map of G and let e : [G,G] → [G,G]P be the

P -localization map by restriction e′. By Lemma 4.9.1, [G,G]P is of finite type.

In addition, by The Fundamental Theorem of P -localization (Theorem 4.7.3), [G,G]P = 〈e([G,G])〉P -local
R =

〈[e′(G), e′(G)]〉P -local
R = 〈[GP , GP ]〉P -local

R .

By Lemma 3.2.10, [GP , GP ] is normal R-subgroup of GP . Therefore, by Corollary 4.5.6, we have

〈[GP , GP ]〉P -local
R = IP ′([GP , GP ], GP ) = {g ∈ GP : gα ∈ [GP , GP ] for some α ∈ P′members}. Let

V = {g ∈ GP : gα ∈ [GP , GP ] for some α ∈ P′members}.

Then, [G,G]P = V . Since [G,G]P is of finite type, then V is also of finite type.

Now, we show that [GP , GP ] = V .

Let x ∈ V . Then, x ∈ GP and xα ∈ [GP , GP ] for some α ∈ P′members. Since V is of finite type, then,

there exists β ∈ R such that xβ = 1. We have the following cases:

Case (I): If β 6∈ P′members, then gcd(α, β) = 1 and by Theorem 2.8.9, there exists µ, ω ∈ R such

that 1 = αµ+ βω. Then, x = x1 = xαµ+βω = xαµxβω = (xα)µ(xβ)ω = (xα)µ(1)ω = (xα)µ = (h)µ

for some h ∈ [GP , GP ]. Since, [GP , GP ] is a R-subgroup of G, we have hµ ∈ [GP , GP ].

Hence, x ∈ [GP , GP ] and V ⊆ [GP , GP ].
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Case (II): If β ∈ P′members, then αβ ∈ P′members.

We show that [GP , GP ] is P -local. Firstly, by Proposition 4.4.7, [GP , GP ] is P -local if and only

if [GP , GP ] is P ′-isolated.

Let g ∈ GP and α ∈ P′members such that gα ∈ [GP , GP ]. Assume that g 6∈ [GP , GP ]. Then, g 6∈
[GP , GP ] ⇒ g[GP , GP ] 6= [GP , GP ] ⇒ (g[GP , GP ])α 6= ([GP , GP ])α ⇒ gα[GP , GP ] 6= [GP , GP ] ⇒
gα 6∈ [GP , GP ]. This ia a contradiction, so, g ∈ [GP , GP ]. Therefore, [GP , GP ] is P ′-isolated in

GP and [GP , GP ] is P -local.

Then, xαβ = xβα = (xβ)α = 1α = 1 = 1βα = 1αβ. Since [GP , GP ] is P -local (in particular a UP -

group), we have xαβ = 1αβ implies that x = 1. Therefore, x = 1 ∈ [GP , GP ] and V ⊆ [GP , GP ].

Let y ∈ [GP , GP ]. We have, y ∈ GP and y1 ∈ [GP , GP ] since [GP , GP ] is a R-subgroup of GP .

Therefore, y ∈ V and [GP , GP ] ⊆ V . Consequently, [G,G]P = V = [GP , GP ].

This concludes our chapter on P -localization of NR-groups. We gave a more detailed proof of the

Fundamental Theorem of P -localization on NR-groups and we showed that in a specific ring a map

P -localize if and only if it is a P -isomorphism. Lastly we proved some results which will be needed in

our next chapter on the genus of a NR-group.



Chapter 5

Genus of a Nilpotent R-Powered

Group

Finally, in this chapter, we study the genus of a finitely R-generated NR-group G. In Section 5.1,

we define the genus of G and give some results that follows immediately from the definition of the

genus G(G). Then, we show that, if G(G × A) = G(H × A) for some finitely R-generated abelian R-

powered group A, then G(M) = G(N). Furthermore, we show that, if G and H are finitely R-generated

NR-groups with commutator R-subgroups of finite type, then their commutator R-subgroups are R-

isomorphic.

Lastly, in Section 5.2, we show that the free centre can be defined for a finitely R-generated NR-group.

This definition will be crucial for further studies on the genus of a finitely R-generated NR-group.

The results we present here, are a generalization of results proven by Mislin in [14] for the case for

finitely generated nilpotent groups.

In this chapter, R is a principal ideal domain (PID) binomial ring with a subring isomorphic to the set

of rational numbers. The set of prime elements of R will be denoted by PR.

5.1 Genus of a Nilpotent R-Powered Group

Firstly, we define the genus of a finitely R-generated NR-group G.

Definition 5.1.1 (Genus)

Let G be a finitely R-generated NR-group. The genus of G, denoted by G(G), is the set of all R-

isomorphism classes of finitely R-generated NR-group H such that Gp is R-isomorphic to Hp for all

p ∈ PR.

Proposition 5.1.2

Let G and H be finitely R-generated NR-groups. Then, the following hold:

(a) [G] ∈ G(G) and

(b) if [H] ∈ G(G), then Hp
∼=R Gp for all p ∈ PR.

Proof. Let G and H be finitely R-generated NR-groups.

89
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(a) Since the P -localization of G is unique up to R-isomorphisms, then Gp ∼=R Gp for any p ∈ PR
and [G] ∈ G(G).

(b) Follows immediately from Definition 5.1.1.

Next, we prove a result on the genus of two finitely R-generated NR-groups. In the subsequent,

we will show that if two finitely R-generated NR-groups are R-isomorphic then they have equivalent

genus.

Proposition 5.1.3

Let G and H be finitely R-generated NR-groups. Then, G(G) = G(H) if and only if Gp ∼= Hp for all

p ∈ PR.

Proof. Assume G(G) = G(H). Then, G(G) ⊆ G(H) and if [M ] ∈ G(G), then, [M ] ∈ G(H). Since

[M ] ∈ G(G), then Gp ∼=R Mp for any p ∈ PR. Similarly, if [M ] ∈ G(H), then, Mp
∼=R Hp for any

p ∈ PR.

Therefore, Gp ∼=R Mp
∼=R Hp for any p ∈ PR.

Conversely, assume that Gp ∼= Hp for all p ∈ PR and let [M ] ∈ G(G). Then, Gp ∼=R Mp for all p ∈ PR
and Mp

∼=R Gp ∼=R Hp for all p ∈ PR. Therefore [M ] ∈ G(H) and G(G) ⊆ G(H).

Similarly, if [N ] ∈ G(H), then Np
∼=R Hp

∼=R Gp and [N ] ∈ G(G) for all p ∈ PR.

Thus, G(H) ⊆ G(G) and hence G(G) = G(H).

Corollary 5.1.4

Let G and H be finitely R-generated NR-groups. If G ∼=R H, then G(G) = G(H).

Proof. Let G and H be finitely R-generated NR-groups such that G ∼=R H. By Proposition 5.1.2 (a),

we have [G] ∈ G(G). Since G ∼=R H, then [G] = [H]. Therefore, [H] = [G] ∈ G(G). Consequently, by

Definition 5.1.1, we have that Gp ∼=R Hp for all p ∈ PR.

Therefore, Gp ∼=R Hp for all p ∈ PR and G(G) = G(H) by Proposition 5.1.3.

Now, we show that for any finitely R-generated abelian R-powered group A, if G(G×A) = G(H ×A),

then G(G) = G(H) for any finitely R-generated NR-groups G and H. This is a generalization of [14,

Theorem 1] in the context of NR-groups.

Theorem 5.1.5

Let G and H be finitely R-generated NR-groups and let A be a finitely R-generated abelian R-powered

group. If G(G×A) = G(H ×A) then G(G) = G(H).

Proof. Let G and H be finitely R-generated NR-groups and let A be a finitely generated abelian group

such that G(G × A) = G(H × A). Since, G(G × A) = G(H × A), then, we have by Proposition 5.1.3,

that (G×A)p ∼=R (H ×A)p for all p ∈ PR.

Let p ∈ PR. By Proposition 4.9.4, (G × A)p ∼=R Gp × Ap and (H × A)p ∼=R Hp × Ap. Consequently,

Gp ×Ap ∼=R Hp ×Ap.
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By Proposition 3.5.4, we have the following two exact sequences:

1 −→ Gp
i−→ Gp ×Ap

π−→ Ap −→ 1 (5.1)

1 −→ Hp
i−→ Hp ×Ap

π−→ Ap −→ 1 (5.2)

We can combine the exact sequences (5.1) and (5.2) to get the following commutative diagram:

0 Gp Gp ×Ap Ap 0

0 Hp Hp ×Ap Ap 0

i

∼=R

π

∼=R
i π

(5.3)

By Proposition 3.5.5, we have Gp ∼=R Hp. Since, p ∈ PR was arbitrarily chosen, then Gp ∼=R Hp for all

p ∈ PR and by Proposition 5.1.3, we have G(G) = G(H).

Lastly, we show that if G and H are finitely R-generated NR-groups with commutator R-subgroups of

finite type and have the same genus, then their commutator R-subgroups are R-isomorphic. This is a

generalization of [14, Lemma 2] in the context of NR-groups.

Theorem 5.1.6

Let G and H be finitely R-generated NR-groups with commutator R-subgroups of finite type. If G(G) =

G(H), then [G,G] ∼=R [H,H].

Proof. Let G and H be finitely R-generated NR-groups with commutator R-subgroups of finite type.

Assume G(G) = G(H). Then, Gp ∼=R Hp for all p ∈ PR. By Proposition 4.9.5, we have [G,G]p ∼=R

[Gp, Gp] and [H,H]p ∼=R [Hp, Hp]. Therefore,

[G,G] ∼=R

∏
p∈PR

[G,G](p) by Theorem 4.2.13

∼=R

∏
p∈PR

[G,G]p by Corollary 4.9.3

∼=R

∏
p∈PR

[Gp, Gp] by Proposition 4.9.5

∼=R

∏
p∈PR

[Hp, Hp] since Gp ∼=R Hp for all p ∈ PR

∼=R

∏
p∈PR

[H,H]p by Proposition 4.9.5

∼=R

∏
p∈PR

[H,H](p) by Theorem 4.2.13

∼=R [H,H]

Hence, [G,G] ∼=R [H,H].
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5.2 Free Centre

In this section, we show that the free centre, as defined in [14] for regular finitely generated nilpotent

groups, can be defined for a finitely R-generated NR-group. Firstly we take note, from [1], that all

R-subgroups of a finitely R-generated NR-groups (where R is a PID) are also finitely R-generated. This

will allow us to conclude that the R-subgroup τ(Z(G)) is of finite order if G is a finitely R-generated

NR-group. Furthermore, following [9], we can define the exponent of a NR-group of finite type. We

define the free centre using the exponent of the R-subgroup τ(Z(G)). Lastly, we will prove some

properties of the free centre.

Firstly, we define when a NR-group is said to be R-max and state a result, taken from [1], that G is

Max-R if G is a finitely R-generated NR-group and R is a PID.

Definition 5.2.1 (Max-R)

[1, Definition 4.18] A NR-group G is said to be Max-R if every R-subgroup of G is finitely R-generated.

Theorem 5.2.2

[1, Theorem 4.21] Let R be principal ideal domain (PID) and let G be a NR-group. If G is finitely

R-generated group, then G is a Max-R group.

In [10], the authors introduce the concept of the order of an element of a NR-group of finite type.

Firstly, we consider the set Ig = {α ∈ R : gα = 1} and show that it is an ideal of R. This is needed,

because the definition of the order of an element depends on the set Ig. After this, we will give the

definition of the exponent of a NR-group of finite type.

Proposition 5.2.3

Let G be a NR-group of finite type and let g ∈ G. The set Ig = {α ∈ R : gα = 1} is an ideal of R.

Proof. Let G be a NR-group of finite type and let g ∈ G. Since, G is of finite type, then, there exists

β ∈ R such that gβ = 1. Hence, β ∈ Ig and thus Ig is non-empty.

Further, for any α, β ∈ Ig, we have gα−β = gαg−β = gα(gβ)−1 = (1)(1)−1 = 1.

Hence, for any α, β ∈ Ig, α− β ∈ I and by Theorem 2.1.6, Ig is an additive subgroup of R.

Let µ ∈ R and let µω ∈ µIg. Then gµω = gωµ = (gω)µ = 1µ = 1. Therefore, µIg ⊆ Ig.

Similarly, for ζµ ∈ Igµ, we have gζµ = (gζ)µ = 1µ = 1 since ζ ∈ Ig.

Therefore, ζµ ∈ Ig and Igµ ⊆ Ig.

Hence, µIg ⊆ Ig and Igµ ⊆ Ig for any µ ∈ R. By Definition 2.7.1, we have that Ig is an ideal of R.

Note 5.2.4

If R is a principal ideal domain (PID), then Ig = {α ∈ R : gα = 1} is an ideal of R and we have

that there exists σ ∈ R such that 〈σ〉 = Ig. Therefore, we may define the order of g as any elements

associative with σ.

Definition 5.2.5 (Exponent)

[10, Definition 2.21] Let R be a binomial ring which is a principal ideal domain and let G be a NR-group

of finite type. The exponent of G is the lowest common multiple of all the orders of elements in G.
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Now, we take note that the R-subgroup τ(Z(G)) is of finite order if G is a finitely R-generated NR-

group. For the remainder of the section, we let R be a principal ideal domain (PID) binomial ring

which has a subring isomorphic to the set of rational numbers and we let the set of prime elements of

R be denoted by PR.

Proposition 5.2.6

Let G be a finitely R-generated NR-group. Then, the R-subgroup τ(Z(G)) is of finite type.

Proof. Let G be a finitely R-generated NR-group. By Theorem 5.2.2, the R-subgroup τ(Z(G)) is

finitely R-generated. Further, by Proposition 4.1.6, τ(Z(G)) is a R-torsion group. Thus, by Definition

4.1.7, τ(Z(G)) is of finite type.

Since τ(Z(G)) is of finite type, we can get the exponent of τ(Z(G)). The exponent of τ(Z(G)) is

needed for the definition of the free centre. The definition is adapted from [14], where the free centre

of ordinary nilpotent group was given.

Definition 5.2.7 (Free Centre)

Let G be a finitely R-generated NR-group. Let η be the exponent of τ(Z(G)). The free centre of G,

denoted by FZ(G), is defined as

FZ(G) = {x ∈ Z(G) : x has a ηth-root in Z(G)} = {x ∈ Z(G) : x = yη for some y ∈ Z(G)}.

Lastly, we give some properties relating to the free centre. These properties are inspired by Mislin in

[14].

Proposition 5.2.8

Let G be a finitely R-generated NR-group and let FZ(G) be the free centre of G. Then, we have the

following

(a) FZ(G) is a R-characteristic R-subgroup of G,

(b) FZ(G) is a free abelian R-powered group and

(c) FZ(G) has rank that is equal to the Hirsch-R-length of G.

Proof. Let G be a finitely R-generated NR-group and let FZ(G) be the free centre of G. Let η be the

exponent of τ(Z(G)). By Definition 5.2.7, FZ(G) = {x ∈ Z(G) : x has a ηth-root in Z(G)} = {x ∈
Z(G) : x = yη for some y ∈ Z(G)}.

(a) We show that FZ(G) is a R-characteristic R-subgroup of G.

Firstly, we show that FZ(G) is a R-subgroup. By Corollary 3.1.6, we have 1 = 1η. Hence

1 ∈ FZ(G) and FZ(G) is non-empty. Let x, y ∈ FZ(G), then x, y ∈ Z(G) with x = gη and

y = hη for some g, h ∈ Z(G). Then, xy−1 = gη(hη)−1 = gη(h−1)η = (gh−1)η, by Lemma 3.1.5

and the fact that g and h commute.

Therefore, xy−1 has a ηth-root in Z(G) and xy−1 ∈ FZ(G).

By Theorem 2.1.6, FZ(G) is a subgroup of G.

Now, for any α ∈ R, xα = (yη)α = (yα)η.

Since y ∈ Z(G) and Z(G) being a R-subgroup of G, then yα ∈ Z(G).

Therefore, xα has a ηth-root in Z(G) and xα ∈ FZ(G).

Thus, FZ(G) is a R-subgroup of G.
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Now, we show that FZ(G) is a R-characteristic subgroup of G.

Let φ ∈ AutR(G) = {ψ : G→ G |ψ is a R-isomorphism}.
If z ∈ φ(FZ(G)), then z = φ(z∗) for some z∗ ∈ FZ(G). We need to show that z ∈ Z(G) and z

has a ηth-root in Z(G).

Let n ∈ G. Since φ is a R-isomorphism (and thus is R-surjective), then, there exists n∗ ∈ G such

that n = φ(n∗).

Therefore, we have nz = φ(n∗)φ(z∗) = φ(n∗z∗) = φ(z∗n∗) = φ(z∗)φ(n∗) = zn, since z∗ ∈
FZ(G) ⊆ Z(G). Thus, z ∈ Z(G).

Since, z∗ ∈ FZ(G), then, there exists t ∈ Z(G) such that z∗ = tη and we have z = φ(z∗) =

φ(tη) = φ(t)η.

Similarly, as above, we have nφ(t) = φ(n∗)φ(t) = φ(n∗t) = φ(tn∗) = φ(t)φ(n∗) = φ(t)n, since

t ∈ Z(G). Then, φ(t) ∈ Z(G), z ∈ Z(G) and z = φ(t)η for some φ(t) ∈ Z(G). Consequently,

z ∈ FZ(G) and φ(FZ(G)) ⊆ FZ(G). Since, φ was arbitrarily chosen, then φ(FZ(G)) ⊆ FZ(G)

for all φ ∈ AutR(G) and by Lemma 3.3.12, FZ(G) is a R-characteristic R-subgroup of G.

(b) Now, we show that FZ(G) is a free abelian R-powered group.

Let ψ : Z(G)→ FZ(G) be defined by ψ(x) = xη. For any x, y ∈ Z(G), we have, by Lemma 3.1.5,

that ψ(xy) = (xy)η = xηyη = ψ(x)ψ(y). Also, for any α ∈ R, ψ(xα) = (xα)η = xαη = xηα =

(xη)α = ψ(x)α. Therefore, ψ is a R-homomorphism.

In addition, for any x ∈ FZ(G), we have, by Definition 5.2.7, that there exists y ∈ Z(G) such that

x = yη = ψ(y). Consequently, ψ is a R-surjective R-homomorphism and by the First Isomorphism

Theorem for R-homomorphisms (Theorem 3.3.7), we have Z(G)/Ker(φ) ∼=R FZ(G).

However, Ker(φ) = {x ∈ Z(G) : ψ(x) = 1} = {x ∈ Z(G) : xη = 1} = τ(Z(G)), since η is the

exponent of τ(Z(G)). Therefore, FZ(G) ∼=R Z(G)/τ(Z(G)).

Now, we show that Z(G)/τ(Z(G)) is free. Since G is finitely R-generated NR-group and R is a

principal ideal domain we have, by Theorem 5.2.2, that G is max-R. Hence, all R-subgroups of

G are finitely R-generated. Consequently, Z(G) is finitely R-generated.

By Lemma 3.2.15, we have Z(G)/τ(Z(G)) is finitely R-generated.

Now, Z(G) is an abelian R-powered group, so, by Lemma 3.4.3, that Z(G)/τ(Z(G)) is an abelian

R-powered group. Further, by Proposition 4.1.9, Z(G)/τ(Z(G)) is R-torsion-free and we have

Z(G)/τ(Z(G)) is a finitely R-generated R-torsion-free abelian R-powered group. Using Theorem

4.1.10, we conclude that Z(G)/τ(Z(G)) is a free and FZ(G) ∼=R Z(G)/τ(Z(G)) is free.

(c) From above, FZ(G) is a finitely R-generated free abelian R-powered group. Thus, by Proposition

3.4.8, rank(FZ(G)) = hR(FZ(G)).

Notation 5.2.9

We will denote the quotient G/FZ(G) as Q(G).

Thus, we have shown the genus can be defined for a NR-group. We have also shown that some classical

results on the genus can be carried over to context of NR-groups. Moreover, we showed that the free

centre FZ(G) and the quotient Q(G) can be defined for NR-groups, with both of these playing a critical
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role in further studies of the genus of ordinary nilpotent groups. This indicates that further studies on

the genus of nilpotent R-powered groups are possible.



Chapter 6

Conclusion and Further Work

In [1], [9], [11] and [13], many results of ordinary nilpotent groups are shown to carry over to nilpotent

R-powered groups. This leads us pose a question, ”Do the results proven on the genus for ordinary

nilpotent groups carry over to nilpotent R-powered groups?”.

Mislin’s exploration of the genus of a finitely generated nilpotent group, in [14], relies heavily on the

P -localization of a nilpotent group and later on a subgroup called the free centre.

Thus, we firstly studied and investigated P -localization of nilpotent R-powered groups G, guided by

the work done by Majewicz and Zyman in [13]. We give more detailed proofs to many results given

in [13] for understanding and completeness. This includes a proof to the Fundamental Theorem of

P -Localization (Theorem 4.7.3). We prove, in Theorem 4.8.3, that in the case when R is a principal

ideal domain with subring isomorphic to the set of rational numbers, a map P -localizes if and only

if it is a P -isomorphism. This allowed us to prove some new results on P -localization of a nilpotent

R-powered groups.

In Lemma 4.9.1, we have shown that for a nilpotent R-powered group of finite type G, the P -localization

of G is also of finite type. Furthermore, we showed, in Proposition 4.9.4, that P -localization of a direct

product G × H is R-isomorphic to the direct product of the P -localizations of G and H, GP × HP .

Lastly, in Proposition 4.9.5, we showed that if the commutator R-subgroup [G,G] is of finite type, then

we have [G,G]p ∼=R [Gp, Gp] for any prime p in R.

In Chapter 5, we define the genus of a finitely R-generated nilpotent R-powered group. We prove some

results on the genus.

Our main results are Theorem 5.1.5 and Theorem 5.1.6. Theorem 5.1.5 states that for any two finitely

R-generated nilpotent R-powered groups G and H, if G(G × A) = G(H × A) for some finitely R-

powered abelian R-powered group A, then we have G(G) = G(H). Theorem 5.1.6 states that if G and

H have commutator R-subgroup of finite type and have the same genus, then we have their commutator

R-subgroups are R-isomorphic.

Lastly, in Section 5.2, we have shown that the free centre can be defined for nilpotent R-powered groups.

This will assist in further studies on the genus of nilpotent R-powered groups, as the free centre played

a critical role in further studies of the genus of ordinary nilpotent groups. In particular, we give a

conjecture:

96
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Conjecture 6.0.1

Let G and H be finitely R-generated nilpotent R-powered groups with commutator R-subgroups of finite

type. If G ∈ G(H), then we have FZ(H) ∼=R FZ(G) and Q(H) ∼=R Q(G).

Since we have the free centre FZ(G) and the quotient group Q(G) can be defined in a nilpotent R-

powered group, a similar approach could be taken to prove that there is an abelian group structure on

the genus of a finitely R-generated nilpotent R-powered group with commutator R-subgroup of finite

type, as undertaken in [6]. Thus, we give the following conjecture:

Conjecture 6.0.2

Let G be finitely R-generated nilpotent R-powered group with commutator R-subgroup of finite type. Let

σ be the exponent of the quotient Q(G)/[Q(G), Q(G)]. Then, we have G(G) ∼=R (R/ 〈σ〉)∗/{1,−1} .
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