
R

T
p
C
a

b

A

M
4
4
4
9

K
S
T
M

1


i

T
a

P
a
p
d
i
a
O

m

h
R

Commun Nonlinear Sci Numer Simulat 141 (2025) 108461 

A
1

Contents lists available at ScienceDirect

Communications in Nonlinear Science and Numerical
Simulation

journal homepage: www.elsevier.com/locate/cnsns

esearch paper

wo-step inertial accelerated algorithms for solving split feasibility
roblem with multiple output sets
.C. Okeke a,∗, K.O. Okorie a, C.E. Nwakpa a, O.T. Mewomo b

School of Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg 2050, South Africa
School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Durban, South Africa

 R T I C L E I N F O

SC:
7H09
7H10
9J53
0C25

eywords:
plit feasibility problem
wo-step inertial
ultiple output set

A B S T R A C T

In this paper, we present and study two new two-step inertial accelerated algorithms for finding
an approximate solution of split feasibility problems with multiple output sets. Our methods
are extensions of CQ algorithms previously studied in the literature. In contrast to the related
iterative methods for solving SFP, our methods incorporate a two-step inertial technique that
speeds up the convergence rate of the generated sequences to the unique solution of SFP studied
in this work. Furthermore, we present weak and strong convergence results where the strong
convergence result of our method is obtained without the on-line rule, a feature absent in
related algorithms in the literature. Finally, we demonstrate the applicability and performance
of our algorithms through numerical experiments. Our numerical results reveal that our methods
perform better than existing related methods in the literature.

. Introduction

Let 𝐶 and 𝑄𝑖 be nonempty, closed, and convex subsets of real Hilbert spaces 𝐻 and 𝐻𝑖, 𝑖 = 1, 2,… , 𝑁 , respectively. Let
𝑖 ∶ 𝐻 → 𝐻𝑖(𝑖 = 1, 2,… , 𝑁) be bounded linear adjoint operators. The split feasibility problem (SFP) with multiple output sets
s the problem of finding 𝑘∗ such that

𝑘∗ ∈ 𝛤 ∶= 𝐶 ∩

( 𝑁
⋂

𝑖=1
 −1
𝑖 (𝑄𝑖)

)

. (1.1)

he problem (1.1) has been studied by Reich et al. in [1]. We note that when 𝑁 = 1 in (1.1), we obtain the classical SFP defined
s the problem of finding

𝑘∗ ∈ 𝐶 such that  𝑘∗ ∈ 𝑄. (1.2)

roblem (1.2) was first presented and studied by Censor and Elfving [2] for modelling certain inverse problems emerging from
reas such as signal processing and image reconstruction (see [3,4]). Other important applications of SFP (1.2) are in breast cancer
rognosis treatment using Dantzig selectors (see [5]), intensity-modulated radiation therapy treatment (IMRT) planning (see [6]),
ose-volume constraints in inverse planning of intensity-modulated photon or proton therapy (see [7]), gene regulatory network
nference (see [8]), and in medical image reconstruction (see [4]). Some of these interesting applications have led to the introduction
nd analysis of several iterative algorithms for approximating a solution of (1.2). See, for example [2,3,9–17] and references therein.
ther generalizations of (1.2) include the split common null point problem (SCNPP) [9,18–21], the split common fixed point

∗ Corresponding author.
E-mail addresses: chibueze.okeke@wits.ac.za (C.C. Okeke), 2710937@students.wits.ac.za (K.O. Okorie), 2713235@students.wits.ac.za (C.E. Nwakpa),

ewomoo@ukzn.ac.za (O.T. Mewomo).
ttps://doi.org/10.1016/j.cnsns.2024.108461
eceived 14 June 2024; Received in revised form 11 October 2024; Accepted 12 November 2024
vailable online 21 November 2024 
007-5704/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
mailto:chibueze.okeke@wits.ac.za
mailto:2710937@students.wits.ac.za
mailto:2713235@students.wits.ac.za
mailto:mewomoo@ukzn.ac.za
https://doi.org/10.1016/j.cnsns.2024.108461
https://doi.org/10.1016/j.cnsns.2024.108461
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2024.108461&domain=pdf


C.C. Okeke et al.

1

t

t

c
c

s

Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461 
problem(SCFPP) [22,23]and the split variational inequality (SVIP) [24,25] . Also, we note that when 𝐻 = 𝐻1, 𝐶 = 𝐶1, 𝑄𝑖 = 𝐶𝑖+1,
≤ 𝑖 ≤ 𝑁 − 1, 1 = 1, 2 = 21,…, and 𝑁 = 𝑁−1𝑁−2 ⋯1, where 𝑖, 𝑖 = 1, 2,… , 𝑁 − 1 are bounded linear operators, then

(1.1) reduces to the generalized split feasibility problem studied by Reich and Tuyen in [26].
CQ algorithm, which was introduced by Byrne in [3], is a popular iterative method for finding an approximate solution of

he SFPs. Since then, many scholars have extended and applied it in solving multiple-set split convex feasibility problem (MSSFP)
(see [2,22,27]). Quite recently, Reich et al. in [1] introduced and studied two iterative CQ algorithms for solving (1.1). The authors
in [1] showed that the iterative sequences generated by the two iterative CQ algorithms introduced and studied in their work
converge weakly and strongly to the unique solution of (1.1). These results were achieved using the following condition on {𝛾𝑛}:

0 < 𝑎 ≤ 𝛾𝑛 ≤ 𝑏 < 2
𝑁 max𝑖=1,𝑁−1{‖𝑖‖

2}
. (1.3)

However, it is difficult to calculate operator norm when it is unknown. Very recently, Reich et al. in their work [28], modified the
two methods studied in [1] by removing the rule governing the norms of the transfer operators 𝑖 and also replacing the full set
of indices {1, 2,… , 𝑁} in the sums on the right-hand sides of the methods in [1] with a proper subset. This adjustment results to
methods that are more cost-effective and efficient than related existing CQ algorithms in the literature.

Inertial extrapolation in algorithms have been justified by several authors as means of accelerating optimization algorithms. The
inertial techniques are derived from a discretization of a second order dynamical system for minimizing a smooth convex function
known as the heavy ball with friction (HBF):

𝑑2𝑥
𝑑 𝑡2 (𝑡) + 𝛾 𝑑 𝑥

𝑑 𝑡 (𝑡) + ∇𝑓 (𝑥(𝑡)) = 0,

where 𝛾 > 0 is a damping or friction parameter. The inertial extrapolation 𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) is the most popular means for achieving
his purpose. The HBF was first traced to Polyak [29], Alvarez and Attouch [30] modified and applied it to a general maximal

monotone operator.
Motivated by the work of Reich et al. in [28], Okeke et al. [31] modified the CQ algorithms studied in [28] by incorporating

inertial extrapolation term. They aim to accelerate the convergence rate of the iterative sequences generated by their methods,
which they justified through numerical experiments presented in their work. They authors in [31] obtained the weak and strong
onvergence results of their algorithms with similar conditions as in the methods studied in [28]. We remark that the strong
onvergence result of their method was achieved by the condition lim𝑛→∞

𝜖𝑛
𝜎𝑛

= 0. This condition is called the on-line rule and we
remark that on-line rule is a stringent condition and not always desirable in practical problems since it leads to slow convergence,
especially for large-scale problems.

However, it was shown in [32, Section 3] that the iterative sequences generated by the one-step inertial fixed point iteration
tudied in [32] may fail to provide acceleration. But, as shown in [33, Section 4], incorporating the multi-step inertial, like the

two-step inertial term 𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2), 𝜗 > 0, 𝛽 < 0 could resolve the issue of not providing acceleration. Recently,
several authors have studied multi-step inertial algorithms and showed that multi-step inertial term (for example, the two-step
inertial term) improves the convergence rate of optimization algorithms (see [33–38]).

Motivated by ongoing research in this direction, we introduce and study two new two-step inertial accelerated algorithms for
approximating a solution of (1.1) and show that the iterative sequences generated by these algorithms converge weakly and strongly
to the unique solution of (1.1). We remark that the authors achieved strong convergence result without the application of on-line
rule, a feature which is absent in related algorithms in the literature.
The rest of this paper is organized as follows: Section 2 contains fundamental results, concepts and lemmas that are instrumental
in establishing the main results of this work. In Section 3, we introduce our first method and prove its weak convergence result;
moreover, we present and study the strong convergence result of our second algorithm in Section 4. Finally, in Section 5, we show
the performance of our methods in relation to other already established methods in the framework through numerical experiments.

2. Preliminaries

Throughout this work, ⟨⋅, ⋅⟩ and ‖ ⋅ ‖ represent the inner product and norm of a real Hilbert space 𝐻 , respectively.

Definition 2.1. Let 𝐶 be a closed, convex and nonempty subset of real Hilbert space 𝐻 . For each 𝑥 ∈ 𝐻 , there exists a unique
point 𝑃𝐶𝑥 ∈ 𝐶 such that

‖𝑥 − 𝑃𝐶𝑥‖ = inf
𝑢∈𝐶

‖𝑥 − 𝑢‖. (2.1)

The operator 𝑃𝐶 ∶ 𝐻 → 𝐶 defined in (2.1) is the metric projection of 𝐻 onto 𝐶 which is characterized by (see [39,40])

⟨𝑃𝐶𝑥 − 𝑥, 𝑦 − 𝑃𝐶𝑥⟩ ≥ 0, ∀𝑦 ∈ 𝐶 , ∀𝑥 ∈ 𝐻 . (2.2)

The metric projection 𝑃𝐶 has the following well-known properties

Proposition 2.2 ([1]). For any 𝑥, 𝑦 ∈ 𝐻 , it holds that:
(i) ⟨𝑥 − 𝑦, 𝑃 𝑥 − 𝑃 𝑦⟩ ≥ ‖𝑃 𝑥 − 𝑃 𝑦‖2;
𝐶 𝐶 𝐶 𝐶

2 
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(ii) ⟨𝑥 − 𝑦, (𝐼 − 𝑃𝐶 )𝑥 − (𝐼 − 𝑃𝐶 )𝑦⟩ ≥ ‖(𝐼 − 𝑃𝐶 )𝑥 − (𝐼 − 𝑃𝐶 )𝑦‖2.

Definition 2.3.  ∶ 𝐶 → 𝐶 is called a nonexpansive operator if ‖𝑥 −𝑦‖ ≤ ‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈ 𝐶.
We represent the set of fixed points of  by 𝐹 (), that is 𝐹 () = {𝑥 ∈ 𝐶 ∶ 𝑥 = 𝑥}.

Lemma 2.4 ([41]). Let  be a nonexpansive operator on a real Hilbert space H. Then the operator 𝐼 − is demiclosed, that is, whenever
𝑥𝑛} is a sequence in 𝐻 which weakly converges to some 𝑥 ∈ 𝐻 and the sequence {(𝐼 −)(𝑥𝑛)} strongly converges to some 𝑦, it follows
that (𝐼 −)(𝑥) = 𝑦.

Lemma 2.5. The following identities are true
(i) ‖𝑥 ± 𝑦‖2 = ‖𝑥‖2 ± 2⟨𝑥, 𝑦⟩ + ‖𝑦‖2 ∀𝑥, 𝑦 ∈ 𝐻 .

(ii) 2⟨𝑥, 𝑦⟩ = ‖𝑥‖2 + ‖𝑦‖2 − ‖𝑥 − 𝑦‖2 = ‖𝑥 + 𝑦‖2 − ‖𝑥‖2 − ‖𝑦‖2 ∀𝑥, 𝑦 ∈ 𝐻 .
(iii) ‖(1 + 𝑟)𝑥 − (𝑟 − 𝑞)𝑦 − 𝑞 𝑧‖2 = (1 + 𝑟)‖𝑥‖2 − (𝑟 − 𝑞)‖𝑦‖2 − 𝑞‖𝑧‖2 + (1 + 𝑟)(𝑟 − 𝑞)‖𝑥 − 𝑦‖2

+ 𝑞(1 + 𝑟)‖𝑥 − 𝑧‖2 − 𝑞(𝑟 − 𝑞)‖𝑦 − 𝑧‖2 ∀𝑥, 𝑦, 𝑧 ∈ 𝐻 , 𝑟, 𝑞 ∈ R.

Lemma 2.6. If 𝑢 and 𝑣 are non-negative numbers, then
(i) uv ≤ 𝑢2

2𝑝 + 𝑝𝑣2

2 ∀𝑝 ≥ 0,
(ii) (𝑢 + 𝑣)2 ≤ (2 +

√

2)𝑢2 +
√

2𝑣2.

Lemma 2.7 ([42]). Let {𝑢𝑛} be a sequence of non-negative real numbers, {𝑒𝑛} be a sequence of numbers in (0,1) such that
∑∞

𝑛=1 𝑒𝑛 = ∞,
and let {𝑣𝑛} be a sequence of real numbers. Assume that

𝑢𝑛+1 ≤ (1 − 𝑒𝑛)𝑢𝑛 + 𝑒𝑛𝑣𝑛 ∀ 𝑛 ≥ 1.

If lim sup𝑖→∞ 𝑣𝑛𝑖 ≤ 0 for every subsequence {𝑢𝑛𝑖} of {𝑢𝑛} satisfying lim inf 𝑖→∞(𝑢𝑛𝑖+1 − 𝑢𝑛𝑖 ) ≥ 0, then lim𝑛→∞ 𝑢𝑛 = 0.

Lemma 2.8 ([43]). Suppose that {𝑢𝑛}, {𝑟𝑛} ⊂ R+ such that
𝑢𝑛+1 ≤ (1 − 𝑒𝑛)𝑢𝑛 + 𝑠𝑛 + 𝑟𝑛, for each 𝑛 ∈ N,

where {𝑒𝑛} is a sequence in (0, 1) and 𝑠𝑛 is a real sequence. Let
∑∞

𝑛=1 𝑟𝑛 < ∞ and 𝑠𝑛 ≤ 𝑒𝑛𝑁 for some 𝑁 ≥ 0. Then, {𝑢𝑛} is bounded.

Proposition 2.9 ([28]). An element 𝑘∗ ∈ 𝐻 is a solution to problem (1.1) if and only if

𝑘∗ = 𝑃𝐶

[

𝑘∗ − 𝛾
∑

𝑖∈𝐼(𝑘∗)
𝜆𝑖 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑘∗

]

,

where 𝜆𝑖 ≥ 0 for all 𝑖 ∈ 𝐼(𝑘∗), ∑𝑖∈𝐼(𝑘∗) 𝜆𝑖 = 1, and 𝛾 is an arbitrary positive real number.

3. Weak convergence result

We establish our main results based on the following conditions:

Assumption 3.1.
(C1) Let 𝐻 , 𝐻𝑖, 𝑖 = 1, 2,… , 𝑚 be real Hilbert spaces.
(C2) Let 𝑖 ∶ 𝐻 → 𝐻𝑖, 𝑖 = 1, 2,… , 𝑚 be bounded linear operators with adjoint  ∗

𝑖 ∶ 𝐻𝑖 → 𝐻𝑖.
(C3) Let 𝐶 and 𝑄𝑖 be nonempty, closed, and convex subsets of 𝐻 and 𝐻𝑖, 𝑖 = 1, 2,… , 𝑚, respectively.
(C4) Suppose that the solution set 𝛤 of the SFP with multiple outputs sets is nonempty. That is,

𝛤 ∶= 𝐶 ∩

( 𝑁
⋂

𝑖=1
 −1
𝑖 (𝑄𝑖)

)

≠ ∅.

Assumption 3.2. Assume that the following conditions on 𝛽 and 𝜗 hold:
3 
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(a) 0 ≤ 𝜗 < min
{

1
2 ,

1−𝜌
1+𝜌

}

,

(b) max
{

𝜗(1+𝜌)
1−𝜌 − 1, 𝜗𝜌 − (1−𝜌)(1−𝜗)2

1+𝜗

}

< 𝛽 ≤ 0,

(c) 𝜌𝜗(2𝜗 − 1) + 2𝜌𝛽2 − (1 − 𝜗)2 − (1 + 𝛽)2 − 𝛽(2𝜗 − 𝜌) + (1 + 𝜌) ≤ 0.

Algorithm 3.3. Weakly convergent two-step inertial algorithm

Step 0: Choose parameters 𝜌 in (0, 1), 𝛽 and 𝜗 such that Assumption 3.2 holds. For arbitrary starting points 𝑥−1, 𝑥0, 𝑥1 ∈ 𝐻 , set
𝑛 ∶= 1 and

Step 1: Compute

𝑥𝑛+1 = (1 − 𝜌)𝑦𝑛 + 𝜌𝑤𝑛 ∀𝑛 ≥ 1. (3.1)

Compute
⎧

⎪

⎨

⎪

⎩

𝑦𝑛 = 𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)

𝑤𝑛 = 𝑃𝐶

[

𝑦𝑛 − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛
]

,
(3.2)

where 𝐼(𝑦𝑛) = {𝑖 ∶ ‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = max𝑖=1,2,⋯,𝑁 ‖𝑖𝑦𝑛 − 𝑃𝑄𝑖

𝑖𝑦𝑛‖}, 𝜆𝑖,𝑛 ≥ 0 for each 𝑖 ∈ 𝐼(𝑦𝑛),
∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛 = 1, and {𝛾𝑛} is
a sequence of nonnegative real numbers defined by

𝛾𝑛 =

⎧

⎪

⎨

⎪

⎩

𝜒𝑛𝑑2𝑛
‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼−𝑃𝑄𝑖 )𝑖𝑦𝑛‖

2 , if ‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖2 > 0

0, otherwise;
(3.3)

where 𝑑𝑛 = max𝑖=1,2,⋯,𝑁 ‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ and {𝜒𝑛} ⊂ [a, b]⊂ (0, 2).

Remark 3.4.
1. If 𝜗 = 𝛽 = 0, and 𝜌 = 1, our method recovers the well-known CQ algorithm (Eq. (4.1)) studied by Reich et al. in [28],

however, our method adopts two-step inertial technology, which accelerates the iteration efficiency; hence our method is an
improvement of the method in [28]. Moreover, our method eliminates the need for operator norm in contrast to the method
studied in [1] since it is difficult to calculate or even unknown.

2 If 𝛽 = 0 and 𝜌 = 1, our method recovers Algorithm 3.3 studied by Okeke et al. in [31]. The authors in [31] adopted the on-line
rule; on-line rule is very restrictive and not always desirable in practical problems since it leads to slow convergence, especially
for large-scale problems. Our method eliminates the need for this condition. In addition, our method provides acceleration
using two-step inertial term unlike method in [31], hence our method improves their method since one-step inertial term may
fail to provide acceleration for some practical problems as noted in [32, Section 3].

Lemma 3.5. Suppose that Assumptions 3.1 and 3.2 hold. Let {𝛾𝑛} be a sequence of nonnegative real numbers given by (3.3). Then
Algorithm 3.3 generates a bounded sequence {𝑥𝑛}.

Proof. Let 𝑘∗ ∈ 𝛤 . Using the fact that 𝑃𝑄𝑖
𝑖𝑘∗ = 𝑖𝑘∗, Propositions 2.2(ii)and 2.9, and 𝑤𝑛 in (3.2), we obtain

‖𝑤𝑛 − 𝑘∗‖2 =
‖

‖

‖

‖

‖

‖

𝑃𝐶

[

𝑦𝑛 − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

]

− 𝑃𝐶

[

𝑘∗ − 𝛾
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑘∗

]

‖

‖

‖

‖

‖

‖

2

≤
‖

‖

‖

‖

‖

‖

𝑦𝑛 − 𝑘∗ − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

= ‖𝑦𝑛 − 𝑘∗‖2 − 2𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛⟨𝑦𝑛 − 𝑘∗,  ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛⟩ + 𝛾2𝑛

‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

≤ ‖𝑦𝑛 − 𝑘∗‖2 − 2𝛾𝑛𝑑2𝑛 + 𝛾2𝑛

‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

(3.4)

We now turn our attention to the following possibilities.
Case I: Suppose 𝛾 = 0. In this case, 𝑤 = 𝑃 𝑦 and ∑

𝜆  ∗(𝐼 − 𝑃 ) 𝑦 = 0. By Proposition 2.2(ii), we get
𝑛 𝑛 𝐶 𝑛 𝑖∈𝐼(𝑦𝑛) 𝑖,𝑛 𝑖 𝑄𝑖 𝑖 𝑛
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0 =
⟨

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛, 𝑦𝑛 − 𝑘∗

⟩

=
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛⟨𝑖𝑦𝑛 − 𝑃𝑄𝑖

𝑖𝑦𝑛, 𝑖𝑦𝑛 − 𝑖𝑘∗⟩

≥
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛‖𝑖𝑦𝑛 − 𝑃𝑄𝑖

𝑖𝑦𝑛‖2

≥ 𝑑2𝑛 ≥ 0.

Therefore, 𝑑𝑛 = 0. This further implies that

‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = 0, ∀𝑖 ∈ 𝐼(𝑦𝑛). (3.5)

It can be deduced from the definition of 𝐼(𝑦𝑛) that

‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = 0, ∀𝑖 = 1, 2,… , 𝑁 . (3.6)

Additionally, from 𝑤𝑛 = 𝑃𝐶𝑦𝑛 we obtain

‖𝑤𝑛 − 𝑘∗‖ = ‖𝑃𝐶𝑦𝑛 − 𝑃𝐶𝑘
∗
‖

≤ ‖𝑦𝑛 − 𝑘∗‖.

So, from Case I, we obtain

‖𝑤𝑛 − 𝑘∗‖ ≤ ‖𝑦𝑛 − 𝑘∗‖. (3.7)

Case II: Suppose 𝛾𝑛 = 𝜒𝑛
𝑑2𝑛

‖

∑

𝑖∈𝐼(𝑦𝑛 ) 𝜆𝑖,𝑛
∗
𝑖 (𝐼−𝑃𝑄𝑖 )𝑖𝑦𝑛‖

2 . It follows from (3.4) that

‖𝑤𝑛 − 𝑘∗‖2 ≤ ‖𝑦𝑛 − 𝑘∗‖2 − 𝛾𝑛
⎡

⎢

⎢

⎣

2𝑑2𝑛 − 𝛾𝑛
‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2
⎤

⎥

⎥

⎦

= ‖𝑦𝑛 − 𝑘∗‖2 − 2𝜒𝑛
𝑑4𝑛

‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖2

+𝜒2
𝑛

𝑑4𝑛
‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖4
‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖2

= ‖𝑦𝑛 − 𝑘∗‖2 − 𝜒𝑛(2 − 𝜒𝑛)
𝑑4𝑛

‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖2
. (3.8)

Since 𝜒𝑛 ∈ (0, 2), we obtain

‖𝑤𝑛 − 𝑘∗‖ ≤ ‖𝑦𝑛 − 𝑘∗‖. (3.9)

Combining (3.7) and (3.9), we obtain

‖𝑤𝑛 − 𝑘∗‖ ≤ ‖𝑦𝑛 − 𝑘∗‖. (3.10)

From (3.1), we obtain the following:

‖𝑥𝑛+1 − 𝑘∗‖2 = (1 − 𝜌)‖𝑦𝑛 − 𝑘∗‖2 + 𝜌‖𝑤𝑛 − 𝑘∗‖2 − (1 − 𝜌)𝜌‖𝑤𝑛 − 𝑦𝑛‖
2. (3.11)

and

‖𝑤𝑛 − 𝑦𝑛‖
2 = 1

𝜌2
‖𝑥𝑛+1 − 𝑦𝑛‖

2. (3.12)

Substitute (3.10) and (3.12) in (3.11), we get

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜌)‖𝑦𝑛 − 𝑘∗‖2 + 𝜌‖𝑦𝑛 − 𝑘∗‖2 −
(1 − 𝜌)

𝜌
‖𝑥𝑛+1 − 𝑦𝑛‖

2

= ‖𝑦𝑛 − 𝑘∗‖2 −
(1 − 𝜌)

𝜌
‖𝑥𝑛+1 − 𝑦𝑛‖

2. (3.13)

By Lemma 2.5(iii), we obtain the following

‖𝑦𝑛 − 𝑘∗‖2 = ‖𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2) − 𝑘∗‖2

= ‖(1 + 𝜗)(𝑥𝑛 − 𝑘∗) − (𝜗 − 𝛽)(𝑥𝑛−1 − 𝑘∗) − 𝛽(𝑥𝑛−2 − 𝑘∗)‖2

= (1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+(1 + 𝜗)(𝜗 − 𝛽)‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖

2 − 𝛽(𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.14)

Using Lemma 2.5(i), it follows that
5 



C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461 
‖𝑥𝑛+1 − 𝑦𝑛‖
2 = ‖(𝑥𝑛+1 − 𝑥𝑛) − (𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2))‖2

= ‖𝑥𝑛+1 − 𝑥𝑛‖
2 − 2⟨𝑥𝑛+1 − 𝑥𝑛, 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)⟩

+‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖2

= ‖𝑥𝑛+1 − 𝑥𝑛‖
2 − 2𝜗⟨𝑥𝑛+1 − 𝑥𝑛, 𝑥𝑛 − 𝑥𝑛−1⟩ − 2𝛽⟨𝑥𝑛+1 − 𝑥𝑛, 𝑥𝑛−1 − 𝑥𝑛−2⟩

+𝜗2‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 2𝜗𝛽⟨𝑥𝑛 − 𝑥𝑛−1, 𝑥𝑛−1 − 𝑥𝑛−2⟩ + 𝛽2‖𝑥𝑛−1 − 𝑥𝑛−2‖

2. (3.15)

Observe that

− 2𝜗⟨𝑥𝑛+1 − 𝑥𝑛, 𝑥𝑛 − 𝑥𝑛−1⟩ ≥ −2𝜗‖𝑥𝑛+1 − 𝑥𝑛‖‖𝑥𝑛 − 𝑥𝑛−1‖

≥ −𝜗‖𝑥𝑛+1 − 𝑥𝑛‖
2 − 𝜗‖𝑥𝑛 − 𝑥𝑛−1‖

2, (3.16)

− 2𝛽⟨𝑥𝑛+1 − 𝑥𝑛, 𝑥𝑛−1 − 𝑥𝑛−2⟩ ≥ −2|𝛽|‖𝑥𝑛+1 − 𝑥𝑛‖‖𝑥𝑛−1 − 𝑥𝑛−2‖

≥ −|𝛽|‖𝑥𝑛+1 − 𝑥𝑛‖
2 − |𝛽|‖𝑥𝑛−1 − 𝑥𝑛−2‖

2, (3.17)

2𝜗𝛽⟨𝑥𝑛 − 𝑥𝑛−1, 𝑥𝑛−1 − 𝑥𝑛−2⟩ ≥ −2|𝛽|𝜗‖𝑥𝑛 − 𝑥𝑛−1‖‖𝑥𝑛−1 − 𝑥𝑛−2‖

≥ −|𝛽|𝜗‖𝑥𝑛 − 𝑥𝑛−1‖
2 − |𝛽|𝜗‖𝑥𝑛−1 − 𝑥𝑛−2‖

2. (3.18)

Substituting (3.16), (3.17), (3.18) in (3.15), we get

‖𝑥𝑛+1 − 𝑦𝑛‖
2 ≥ ‖𝑥𝑛+1 − 𝑥𝑛‖

2 − 𝜗‖𝑥𝑛+1 − 𝑥𝑛‖
2 − 𝜗‖𝑥𝑛 − 𝑥𝑛−1‖

2

−|𝛽|‖𝑥𝑛+1 − 𝑥𝑛‖
2 − |𝛽|‖𝑥𝑛−1 − 𝑥𝑛−2‖

2 + 𝜗2‖𝑥𝑛 − 𝑥𝑛−1‖
2

−|𝛽|𝜗‖𝑥𝑛 − 𝑥𝑛−1‖
2 − |𝛽|𝜗‖𝑥𝑛−1 − 𝑥𝑛−2‖

2 + 𝛽2‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

= (1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖
2 + (𝜗2 − 𝜗 − |𝛽|𝜗)‖𝑥𝑛 − 𝑥𝑛−1‖

2

+(𝛽2 − |𝛽|𝜗 − |𝛽|)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.19)

Substituting (3.14) and (3.19) in (3.13) gives the following:

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+(1 + 𝜗)(𝜗 − 𝛽)‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖

2

−𝛽(𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

−
(1 − 𝜌)

𝜌
[

(1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖
2 + (𝜗2 − 𝜗 − |𝛽|𝜗)‖𝑥𝑛 − 𝑥𝑛−1‖

2

+(𝛽2 − |𝛽|𝜗 − |𝛽|)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2]

≤ (1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 𝜗 − |𝛽|𝜗)
]

‖𝑥𝑛 − 𝑥𝑛−1‖
2

−
[

𝛽(𝜗 − 𝛽) + (1 − 𝜌)
𝜌

(𝛽2 − |𝛽|𝜗 − |𝛽|)
]

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

−
(1 − 𝜌)

𝜌
(1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖

2. (3.20)

From the inequality above, we obtain

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 +
(1 − 𝜌)

𝜌
(1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖

2

≤ ‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 +
(1 − 𝜌)

𝜌
(1 − 𝜗 − |𝛽|)‖𝑥𝑛 − 𝑥𝑛−1‖

2

+
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1)
]

‖𝑥𝑛 − 𝑥𝑛−1‖
2

−
[

𝛽(𝜗 − 𝛽) + (1 − 𝜌)
𝜌

(𝛽2 − |𝛽|𝜗 − |𝛽|)
]

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.21)

Take 𝑢𝑛 = ‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + (1−𝜌)
𝜌 (1 − 𝜗 − |𝛽|)‖𝑥𝑛 − 𝑥𝑛−1‖2, we can rewrite (3.21) as follows:

𝑢𝑛+1 ≤ 𝑢𝑛 +
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1)
]

‖𝑥𝑛 − 𝑥𝑛−1‖
2

−
[

𝛽(𝜗 − 𝛽) + (1 − 𝜌)
𝜌

(𝛽2 − |𝛽|𝜗 − |𝛽|)
]

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.22)

Next, we show that 𝑢 ≥ 0, for all 𝑛 ≥ 1.
𝑛

6 
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𝑢𝑛 = ‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 +
(1 − 𝜌)

𝜌
(1 − 𝜗 − |𝛽|)‖𝑥𝑛 − 𝑥𝑛−1‖

2

≥ ‖𝑥𝑛 − 𝑘∗‖2 − 2𝜗‖𝑥𝑛−1 − 𝑥𝑛‖
2 − 2𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+
(1 − 𝜌)

𝜌
(1 − 𝜗 − |𝛽|)‖𝑥𝑛 − 𝑥𝑛−1‖

2

= (1 − 2𝜗)‖𝑥𝑛 − 𝑘∗‖2 +
[

(1 − 𝜌)
𝜌

(1 − 𝜗 − |𝛽|) − 2𝜗
]

‖𝑥𝑛−1 − 𝑥𝑛‖
2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

≥ 0, (3.23)

since 𝜗 < 1
2 , 𝛽 ≤ 0, 𝜗(1+𝜌)

1−𝜌 − 1 ≤ 𝛽 and 0 ≤ 𝜗 ≤ 1−𝜌
1+𝜌 .

We get from (3.22) that

𝑢𝑛+1 − 𝑢𝑛 ≤
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1)
]

‖𝑥𝑛 − 𝑥𝑛−1‖
2

−
[

𝛽(𝜗 − 𝛽) + (1 − 𝜌)
𝜌

(𝛽2 − |𝛽|𝜗 − |𝛽|)
]

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

= −
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1)
]

[

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 − ‖𝑥𝑛 − 𝑥𝑛−1‖

2]

+
[

(1 + 𝜗)(𝜗 − 𝛽) − (1 − 𝜌)
𝜌

(𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1) − 𝛽(𝜗 − 𝛽)

−
(1 − 𝜌)

𝜌
(𝛽2 − |𝛽|𝜗 − |𝛽|)

]

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.24)

Take 𝑐1 = −
[

(1 + 𝜗)(𝜗 − 𝛽) − (1−𝜌)
𝜌 (𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1)

]

and 𝑐2 = −
[

(1 + 𝜗)(𝜗 − 𝛽) − (1−𝜌)
𝜌 (𝜗2 − 2𝜗 − |𝛽| − |𝛽|𝜗 + 1) − 𝛽(𝜗 − 𝛽)

− (1−𝜌)
𝜌 (𝛽2 − |𝛽|𝜗 − |𝛽|)

]

. Since 𝜗𝜌 − (1−𝜌)(1−𝜗)2
1+𝜗 < 𝛽, we have that 𝑐1 > 0. Also, by Assumption 3.2(c) 𝑐2 > 0. Moreover, we obtain

from (3.24) that

𝑢𝑛+1 − 𝑢𝑛 ≤ 𝑐1
[

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 − ‖𝑥𝑛 − 𝑥𝑛−1‖

2] − 𝑐2‖𝑥𝑛−1 − 𝑥𝑛−2‖
2.

The inequality above implies

𝑢𝑛+1 + 𝑐1‖𝑥𝑛 − 𝑥𝑛−1‖
2 ≤ 𝑢𝑛 + 𝑐1‖𝑥𝑛−1 − 𝑥𝑛−2‖

2 − 𝑐2‖𝑥𝑛−1 − 𝑥𝑛−2‖
2. (3.25)

Take 𝑢̄𝑛 = 𝑢𝑛 + 𝑐1‖𝑥𝑛−1 − 𝑥𝑛−2‖2, then 𝑢̄𝑛 ≥ 0 ∀𝑛 ≥ 1. So, we deduce from (3.25) that

𝑢̄𝑛+1 ≤ 𝑢̄𝑛. (3.26)

(3.26) implies that 𝑢̄𝑛 is a decreasing sequence that is bounded from below. Therefore, lim𝑛 → ∞𝑢̄𝑛 exists. As a result, we obtain
rom (3.25) that

lim
𝑛→∞

𝑐2‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 = 0.

Therefore,

lim
𝑛→∞

‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 = 0. (3.27)

Also,

‖𝑥𝑛+1 − 𝑦𝑛‖ = ‖𝑥𝑛+1 − 𝑥𝑛 − 𝜗(𝑥𝑛 − 𝑥𝑛−1) − 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖

≤ ‖𝑥𝑛+1 − 𝑥𝑛‖ + 𝜗‖𝑥𝑛 − 𝑥𝑛−1‖ + |𝛽|‖𝑥𝑛−1 − 𝑥𝑛−2‖ → 0, 𝑛 → ∞, (3.28)

and

‖𝑥𝑛 − 𝑦𝑛‖ = ‖𝑥𝑛 − 𝑥𝑛 − 𝜗(𝑥𝑛 − 𝑥𝑛−1) − 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖

≤ 𝜗‖𝑥𝑛 − 𝑥𝑛−1‖ + |𝛽|‖𝑥𝑛−1 − 𝑥𝑛−2‖ → 0, 𝑛 → ∞. (3.29)

Combining (3.12) and (3.28), it ensues that

‖𝑤𝑛 − 𝑦𝑛‖ → 0, 𝑛 → ∞. (3.30)

And

‖𝑤𝑛 − 𝑥𝑛‖ ≤ ‖𝑤𝑛 − 𝑦𝑛‖ + ‖𝑦𝑛 − 𝑥𝑛‖ → 0, 𝑛 → ∞.

By (3.27) and the existence of lim𝑛 → ∞𝑢̄𝑛, it follows that lim𝑛→∞ 𝑢𝑛 exists and hence {𝑢𝑛} is bounded. Since lim𝑛→∞ ‖𝑥𝑛+1 −𝑥𝑛‖ = 0,
we obtain from the definition of 𝑢𝑛 that

lim
𝑛→∞

(‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2) (3.31)

exists. Using the fact that {𝑢𝑛} is bounded, then, it ensues from (3.23) that the sequence {𝑥𝑛} is bounded. Hence, 𝑦𝑛 and 𝑤𝑛 are also
ounded. This completes the proof. □
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Lemma 3.6. Suppose that Assumption 3.1 holds. Let {𝛾𝑛} be a sequence of nonnegative real numbers given by (3.3). Then every sequential
weak cluster points of sequence {𝑥𝑛} generated by Algorithm 3.3 is in 𝛤 .

Proof. Observe that (3.8) can be rewritten as follows:

𝜒𝑛(2 − 𝜒𝑛)
𝑑4𝑛

‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖2
≤ ‖𝑦𝑛 − 𝑘∗‖2 − ‖𝑤𝑛 − 𝑘∗‖2

= ‖𝑥𝑛 − 𝑘∗ + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖2 − ‖𝑤𝑛 − 𝑘∗‖2

≤
[

‖𝑥𝑛 − 𝑘∗‖ + ‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖
]2

−‖𝑤𝑛 − 𝑘∗‖2

= ‖𝑥𝑛 − 𝑘∗‖2 + 2‖𝑥𝑛 − 𝑘∗‖‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖

+‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖2 − ‖𝑤𝑛 − 𝑘∗‖2

= 2‖𝑥𝑛 − 𝑘∗‖‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖

+‖𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)‖2

+‖𝑥𝑛 − 𝑘∗‖2 − ‖𝑤𝑛 − 𝑘∗‖2

≤ 2𝜗‖𝑥𝑛 − 𝑘∗‖‖𝑥𝑛 − 𝑥𝑛−1‖ + 2|𝛽|‖𝑥𝑛 − 𝑘∗‖‖𝑥𝑛−1 − 𝑥𝑛−2‖

+2𝜗2‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 2|𝛽|2‖𝑥𝑛−1 − 𝑥𝑛−2‖

2

+
[

‖𝑥𝑛 − 𝑘∗‖ − ‖𝑤𝑛 − 𝑘∗‖
] [
‖𝑥𝑛 − 𝑘∗‖ + ‖𝑤𝑛 − 𝑘∗‖

]

≤ ‖𝑥𝑛 − 𝑥𝑛−1‖𝑁1 + ‖𝑥𝑛−1 − 𝑥𝑛−2‖𝑁2 + 2𝜗2‖𝑥𝑛 − 𝑥𝑛−1‖
2

+2|𝛽|2‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 + ‖𝑥𝑛 −𝑤𝑛‖𝑁3 → 0, 𝑛 → ∞,

where 𝑁1 ∶= sup𝑛≥1(2𝜗‖𝑥𝑛−𝑘∗‖), 𝑁2 ∶= sup𝑛≥1(2|𝛽|‖𝑥𝑛−𝑘∗‖) and 𝑁3 ∶= sup𝑛≥1(‖𝑥𝑛−𝑘∗‖+‖𝑤𝑛−𝑘∗‖). We obtain from the condition
𝜒𝑛} ⊂ [a, b]⊂ (0, 2) that

𝑑4𝑛
‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖2
→ 0, 𝑛 → ∞. (3.32)

For each 𝑖 ∈ 𝐼(𝑦𝑛), we get

𝜆𝑖,𝑛𝑑𝑛‖ ∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖ ≤ 𝜆𝑖,𝑛𝑑
2
𝑛‖

∗
𝑖 ‖,

which implies that

𝑑𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛‖ ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖ ≤ 𝑑2𝑛

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛‖ ∗

𝑖 ‖ ≤ 𝑑2𝑛 max
𝑖∈𝐼(𝑦𝑛)

{‖ ∗
𝑖 ‖}. (3.33)

Using the following inequality
‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

≤
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛

‖

‖

‖

 ∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛
‖

‖

‖

in (3.33) gives

𝑑𝑛
‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

≤ 𝑑2𝑛 max
𝑖∈𝐼(𝑦𝑛)

{‖ ∗
𝑖 ‖},

which implies

𝑑𝑛 ≤ max
𝑖∈𝐼(𝑦𝑛)

{‖ ∗
𝑖 ‖}

𝑑2𝑛
‖

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛‖
. (3.34)

Combining (3.32) and (3.34), show that 𝑑𝑛 → 0. Hence

lim
𝑛→∞

‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = 0, ∀𝑖 ∈ 𝐼(𝑦𝑛). (3.35)

From the definition 𝐼(𝑦𝑛), it follows that

lim
𝑛→∞

‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = 0, ∀𝑖 = 1, 2,… , 𝑁 . (3.36)

Combining (3.6) and (3.36), then

lim
𝑛→∞

‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = 0, ∀𝑖 = 1, 2,… , 𝑁 (3.37)

for the both Case I and Case II. Additionally, (3.5) and (3.35) imply that for all 𝑖 ∈ 𝐼(𝑦𝑛),

‖ ∗(𝐼 − 𝑃𝑄 )𝑖𝑦𝑛‖ ≤ max {‖ ∗
‖}‖ ∗(𝐼 − 𝑃𝑄 )𝑖𝑦𝑛‖ → 0, 𝑛 → ∞.
𝑖 𝑖 𝑖∈𝐼(𝑦𝑛)

𝑖 𝑖 𝑖
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Therefore,

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖ ≤

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛‖ ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖ → 0, 𝑛 → ∞. (3.38)

Furthermore,

‖𝑤𝑛 − 𝑃𝐶 (𝑦𝑛)‖ =
‖

‖

‖

‖

‖

‖

𝑃𝐶

[

𝑦𝑛 − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

]

− 𝑃𝐶 (𝑦𝑛)
‖

‖

‖

‖

‖

‖

≤ 𝛾𝑛‖
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖ → 0, 𝑛 → ∞. (3.39)

Observe that

‖𝑦𝑛 − 𝑃𝐶 (𝑦𝑛)‖ = ‖𝑦𝑛 −𝑤𝑛 +𝑤𝑛 − 𝑃𝐶 (𝑦𝑛)‖

≤ ‖𝑦𝑛 −𝑤𝑛‖ + ‖𝑤𝑛 − 𝑃𝐶 (𝑦𝑛)‖.

By (3.30) and (3.39), we conclude that

‖𝑦𝑛 − 𝑃𝐶 (𝑦𝑛)‖ → 0. 𝑛 → ∞. (3.40)

By Lemma 3.5 we have that {𝑥𝑛} and {𝑦𝑛} are bounded, hence, there is a subsequence {𝑥𝑛𝐾 } of {𝑥𝑛} such that 𝑥𝑛𝐾 converges
eakly to 𝑞 ∈ 𝐻 , 𝑘 → ∞. Also, by (3.29), there is a subsequence {𝑦𝑛𝐾 } of {𝑦𝑛} so that 𝑦𝑛𝐾 converges weakly to 𝑞. By Lemma 2.4

and (3.40) we have that 𝑞 ∈ 𝐹 (𝑃𝐶 ) = 𝐶. Also, since 𝑖 is a bounded linear operator, we have 𝑖𝑦𝑛𝐾 converges weakly to 𝑖𝑞 for each
𝑖 = 1, 2,… , 𝑁 . Using Lemma 2.4 again and (3.37), we deduce that 𝑖𝑞 ∈ 𝐹 (𝑃𝑄𝑖

). That is, 𝑖𝑞 ∈ 𝑄𝑖 for each 𝑖 = 1, 2,… , 𝑁 . As a result,
we have that 𝑞 ∈ 𝛤 as required. □

We prove the main result of this paper as follows:

Theorem 3.7. Suppose that Assumption 3.2 holds. Then the sequence {𝑥𝑛} iteratively generated by Algorithm 3.3 converges weakly to a
unique point in 𝛤 .

Proof. We show that {𝑥𝑛} converges weakly to 𝑘∗ ∈ 𝛤 . We have already shown that every sequential weak cluster point of {𝑥𝑛} is
n 𝛤 . Since lim𝑛→∞ ‖𝑥𝑛+1 − 𝑥𝑛‖ = 0 and lim𝑛→∞ 𝑢𝑛 exists, we obtain from definition of 𝑢𝑛 that

lim
𝑛→∞

(‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2)

exists for all 𝑘∗ ∈ 𝛤 . Suppose that there exists {𝑥𝑛𝑗 } ⊂ {𝑥𝑛} and {𝑥𝑛𝑚} ⊂ {𝑥𝑛} such that 𝑥𝑛𝑗 ⇀ 𝑞 , 𝑗 → ∞ and 𝑥𝑛𝑚 ⇀ 𝑘∗, 𝑚 → ∞.
e show that 𝑘∗ = 𝑞. Observe that

2⟨𝑥𝑛, 𝑘∗ − 𝑞⟩ = ‖𝑥𝑛 − 𝑞‖2 − ‖𝑥𝑛 − 𝑘∗‖2 − ‖𝑞‖2 + ‖𝑘∗‖2; (3.41)

2⟨𝑥𝑛−1, 𝑘∗ − 𝑞⟩ = ‖𝑥𝑛−1 − 𝑞‖2 − ‖𝑥𝑛−1 − 𝑘∗‖2 − ‖𝑞‖2 + ‖𝑘∗‖2;

and

2⟨𝑥𝑛−2, 𝑘∗ − 𝑞⟩ = ‖𝑥𝑛−2 − 𝑞‖2 − ‖𝑥𝑛−2 − 𝑘∗‖2 − ‖𝑞‖2 + ‖𝑘∗‖2.

Therefore,

2⟨−𝜗𝑥𝑛−1, 𝑘∗ − 𝑞⟩ = −𝜗‖𝑥𝑛−1 − 𝑞‖2 + 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 + 𝜗‖𝑞‖2 − 𝜗‖𝑘∗‖2. (3.42)

and

2⟨−𝛽 𝑥𝑛−2, 𝑘∗ − 𝑞⟩ = −𝛽‖𝑥𝑛−2 − 𝑞‖2 + 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 𝛽‖𝑞‖2 − 𝛽‖𝑘∗‖2. (3.43)

Addition of (3.41), (3.42) and (3.43) gives

2⟨𝑥𝑛 − 𝜗𝑥𝑛−1 − 𝛽 𝑥𝑛−2, 𝑘∗ − 𝑞⟩ = (‖𝑥𝑛 − 𝑞‖2 − 𝜗‖𝑥𝑛−1 − 𝑞‖2 − 𝛽‖𝑥𝑛−2 − 𝑞‖2) − (‖𝑥𝑛 − 𝑘∗‖2

−𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2) + (1 − 𝜗 − 𝛽)(‖𝑘∗‖2 − ‖𝑞‖2). (3.44)

Observe that by (3.31), we know

lim
𝑛→∞

(‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2)

exists and

lim
𝑛→∞

(‖𝑥𝑛 − 𝑞‖2 − 𝜗‖𝑥𝑛−1 − 𝑞‖2 − 𝛽‖𝑥𝑛−2 − 𝑞‖2)

also exists. Thus, from (3.44) it follows that lim𝑛→∞⟨𝑥𝑛 − 𝜗𝑥𝑛−1 − 𝛽 𝑥𝑛−2, 𝑘∗ − 𝑞⟩ exists. Consequently,

⟨𝑞 − 𝜗𝑞 − 𝛽 𝑞 , 𝑘∗ − 𝑞⟩ = lim ⟨𝑥 − 𝜗𝑥 − 𝛽 𝑥 , 𝑘∗ − 𝑞⟩

𝑗→∞ 𝑛𝑗 𝑛𝑗−1 𝑛𝑗−2
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= lim
𝑛→∞

⟨𝑥𝑛 − 𝜗𝑥𝑛−1 − 𝛽 𝑥𝑛−2, 𝑘∗ − 𝑞⟩

= lim
𝑚→∞

⟨𝑥𝑛𝑚 − 𝜗𝑥𝑛𝑚−1 − 𝛽 𝑥𝑛𝑚−2, 𝑘∗ − 𝑞⟩

= ⟨𝑘∗ − 𝜗𝑘∗ − 𝛽 𝑘∗, 𝑘∗ − 𝑞⟩.

Hence,

(1 − 𝜗 − 𝛽)‖𝑘∗ − 𝑞‖2 = 0.
Since 𝛽 ≤ 0 < 1 − 𝜗, we obtain that 𝑘∗ = 𝑞. Hence, {𝑥𝑛} converges weakly to a point in 𝛤 . This complete this proof. □

4. Strong convergence result

Assumption 4.1. The following assumptions will be used in the convergence analysis.

(a) Choose 𝜗 ∈
(

0, 13
]

, 𝜂 ∈ (0, 1) and 𝛽 such that max{− 𝜗
2 ,

2𝜗− 2
3−8𝜗

2𝜏
3+5𝜗 , 3𝜗−1−6𝜏3 } < 𝛽 ≤ 0, where 𝜏 = − 1

𝜂 ;

(b) with the choices of 𝜗, 𝛽 and 𝜏 in (a) above, compute 3𝛽 𝜗+2𝛽+4𝛽2𝜏
𝜗−2𝜗𝛽−𝛽−4𝜗2𝜏− 2

3
.

Now choose {𝜎𝑛} in
(

0, 1 − 3𝛽 𝜗+2𝛽+4|𝛽|2𝜏
2𝜗−2𝜗𝛽−𝛽−4𝜗2𝜏− 2

3

)

such that lim𝑛→∞ 𝜎𝑛 = 0, ∑∞
𝑛=1 𝜎𝑛 = ∞.

Remark 4.2. Observe that by the choices 𝜗 ∈
(

0, 13
]

, and max{− 𝜗
2 ,

2𝜗− 2
3−8𝜗

2𝜏
3+5𝜗 , 3𝜗−1−6𝜏3 } < 𝛽 ≤ 0, we have

0 <
3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏

2𝜗 − 2𝜗𝛽 − 𝛽 − 4𝜗2𝜏 − 2
3

< 1.

Now, we introduce the following algorithm:

Algorithm 4.3. Strongly convergent two-step inertial accelerated algorithm

tep 0: Choose parameters {𝜎𝑛}, 𝛽, 𝜗, and 𝜂 such that Assumption 4.1 holds. For arbitrary 𝑥−1, 𝑥0, 𝑦0 ∈ 𝐻 , set 𝑛 ∶= 1 and
tep 1: Compute

𝑥𝑛+1 = 𝑃𝐶 [𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛] ∀𝑛 ≥ 1, (4.1)

Compute
{

𝑦𝑛 = 𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2)
𝑤𝑛 = 𝑦𝑛 − 𝛾𝑛

∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛
∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛,
(4.2)

where 𝐼(𝑦𝑛) = {𝑖 ∶ ‖𝑖𝑦𝑛 − 𝑃𝑄𝑖
𝑖𝑦𝑛‖ = max𝑖=1,2,⋯,𝑁 ‖𝑖𝑦𝑛 − 𝑃𝑄𝑖

𝑖𝑦𝑛‖}, 𝜆𝑖,𝑛 ≥ 0 ∀𝑖 ∈ 𝐼(𝑦𝑛),
∑

𝑖∈𝐼(𝑦𝑛) 𝜆𝑖,𝑛 = 1, and {𝛾𝑛} is a
sequence of nonnegative real numbers.

tep 2: Set n = n+ 1, and go to Step 1.

Remark 4.4.
1. If 𝜗 = 𝛽 = 0, and 𝜎𝑛 = 0, our method recovers the well-known CQ algorithm (Eq. (4.1)) studied by Reich et al. in [28], and

if 𝛽 = 0 and 𝜎𝑛 = 0, our method recovers Algorithm 3.3 studied in [31]. In contrast to the methods in [31], [1, Equation
1.5], [28] and our method generates iterative sequences that converge strongly to the unique solution of the problem studied
in this paper. Another unique feature of our method is its ability to perform without prior knowledge of the operator norm
in constraint to method in [1], since operator norm might be difficult to calculate or even unknown. Moreover, our method
adopts two-step inertial technology without on-line rule unlike the methods in [1,28] with no inertial terms, and [31] with a
single inertial term and performs with on-line rule. Hence, our method improves the methods in [1,28,31].

Lemma 4.5. Suppose that Assumptions 3.1 and 4.1 hold. Let {𝛾𝑛} be a sequence of nonnegative real numbers given by (3.3). Then the
sequence {𝑥𝑛} generated by Algorithm 4.3 is bounded.
10 
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Proof. Let 𝑘∗ ∈ 𝛤 then, using (2.2) and (4.1), we have

⟨𝑥𝑛+1 − [𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛], 𝑘∗ − 𝑥𝑛+1⟩ ≥ 0.

Thus,

0 ≤ 2⟨𝑥𝑛+1 − [𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛], 𝑘∗ − 𝑥𝑛+1⟩. (4.3)

Take 𝑏𝑛 = 𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛, so that (4.3) becomes

0 ≤ 2⟨𝑥𝑛+1 − 𝑏𝑛, 𝑘∗ − 𝑥𝑛+1⟩

= ‖𝑏𝑛 − 𝑘∗‖2 − ‖𝑥𝑛+1 − 𝑏𝑛‖
2 − ‖𝑥𝑛+1 − 𝑘∗‖2. (4.4)

From (4.4), we have

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ ‖𝑏𝑛 − 𝑘∗‖2 − ‖𝑥𝑛+1 − 𝑏𝑛‖
2. (4.5)

By Lemma 2.5(ii), we have

‖𝑏𝑛 − 𝑘∗‖2 = ‖𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛 − 𝑘∗‖2

= ‖𝑤𝑛 − 𝑘∗ − 𝜎𝑛(𝑤𝑛 − 𝑥0)‖2

= ‖𝑤𝑛 − 𝑘∗‖2 + 𝜎2𝑛‖𝑤𝑛 − 𝑥0‖
2 − 2𝜎𝑛⟨𝑤𝑛 − 𝑘∗, 𝑤𝑛 − 𝑥0⟩

= ‖𝑤𝑛 − 𝑘∗‖2 + 𝜎2𝑛‖𝑤𝑛 − 𝑥0‖
2 − 𝜎𝑛‖𝑤𝑛 − 𝑥0‖

2 − 𝜎𝑛‖𝑤𝑛 − 𝑘∗‖2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2. (4.6)

Similarly,

‖𝑥𝑛+1 − 𝑏𝑛‖
2 = ‖𝑏𝑛 − 𝑥𝑛+1‖

2

= ‖𝑤𝑛 − 𝑥𝑛+1‖
2 + 𝜎2𝑛‖𝑤𝑛 − 𝑥0‖

2 − 𝜎𝑛‖𝑤𝑛 − 𝑥0‖
2 − 𝜎𝑛‖𝑤𝑛 − 𝑥𝑛+1‖

2 + 𝜎𝑛‖𝑥0 − 𝑥𝑛+1‖
2. (4.7)

Using (4.6) and (4.7) in (4.5), then

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)‖𝑤𝑛 − 𝑘∗‖2 − (1 − 𝜎𝑛)‖𝑤𝑛 − 𝑥𝑛+1‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2 − 𝜎𝑛‖𝑥0 − 𝑥𝑛+1‖

2

≤ (1 − 𝜎𝑛)‖𝑤𝑛 − 𝑘∗‖2 − (1 − 𝜎𝑛)‖𝑤𝑛 − 𝑥𝑛+1‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2. (4.8)

We estimate ‖𝑤𝑛 − 𝑘∗‖2 as follows:

‖𝑤𝑛 − 𝑘∗‖2 =
‖

‖

‖

‖

‖

‖

𝑦𝑛 − 𝑘∗ − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

= ‖𝑦𝑛 − 𝑘∗‖2 − 2𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛⟨𝑦𝑛 − 𝑘∗,  ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛⟩ + 𝛾2𝑛

‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

≤ ‖𝑦𝑛 − 𝑘∗‖2 − 2𝛾𝑛𝑑2𝑛 + 𝛾2𝑛

‖

‖

‖

‖

‖

‖

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

.

Following similar argument from (3.4) to (3.10), we obtain

‖𝑤𝑛 − 𝑘∗‖ ≤ ‖𝑦𝑛 − 𝑘∗‖. (4.9)

Also, the estimation of ‖𝑤𝑛 − 𝑥𝑛+1‖2 is as follows:

‖𝑤𝑛 − 𝑥𝑛+1‖
2 =

‖

‖

‖

‖

‖

‖

𝑦𝑛 − 𝑥𝑛+1 − 𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

= ‖𝑦𝑛 − 𝑥𝑛+1‖
2 − 2⟨𝛾𝑛

∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛, 𝑦𝑛 − 𝑥𝑛+1⟩ +

‖

‖

‖

‖

‖

‖

𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

≥ ‖𝑦𝑛 − 𝑥𝑛+1‖
2 − 2

[

‖𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖‖𝑦𝑛 − 𝑥𝑛+1‖

]

+
‖

‖

‖

‖

‖

‖

𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛

‖

‖

‖

‖

‖

‖

2

≥ ‖𝑦𝑛 − 𝑥𝑛+1‖
2 −

[

𝜂‖𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖2 +

‖𝑦𝑛 − 𝑥𝑛+1‖2

𝜂

]

+
‖

‖

‖

‖

𝛾𝑛
∑

𝜆𝑖,𝑛 ∗
𝑖 (𝐼 − 𝑃𝑄𝑖

)𝑖𝑦𝑛
‖

‖

‖

‖

2

. (4.10)

‖

‖

𝑖∈𝐼(𝑦𝑛) ‖

‖

11 
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where the last inequality was obtained from Lemma 2.6(i). Now, since 𝜂 ∈ (0, 1) it implies that 𝜂 < 1, which further implies that
𝜂 > −1. Using this in (4.10), (4.10) reduces to the following inequality:

‖𝑤𝑛 − 𝑥𝑛+1‖
2 ≥ (1 + 𝜏)‖𝑦𝑛 − 𝑥𝑛+1‖

2, (4.11)

where 𝜏 = − 1
𝜂 < −1. Now, using (4.9) and (4.11) in (4.8), we obtain

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)‖𝑦𝑛 − 𝑘∗‖2 − (1 − 𝜎𝑛)(1 + 𝜏)‖𝑦𝑛 − 𝑥𝑛+1‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

= (1 − 𝜎𝑛)‖𝑦𝑛 − 𝑘∗‖2 − (1 − 𝜎𝑛)‖𝑦𝑛 − 𝑥𝑛+1‖
2 − 𝜏(1 − 𝜎𝑛)‖𝑦𝑛 − 𝑥𝑛+1‖

2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2. (4.12)

Now, we estimate −𝜏(1 − 𝜎𝑛)‖𝑦𝑛 − 𝑥𝑛+1‖2.

‖𝑦𝑛 − 𝑥𝑛+1‖
2 = ‖𝑦𝑛 − 𝑥𝑛 + 𝑥𝑛 − 𝑥𝑛+1‖

2

≤ 2‖𝑦𝑛 − 𝑥𝑛‖
2 + 2‖𝑥𝑛 − 𝑥𝑛+1‖

2. (4.13)

Observe that

2‖𝑦𝑛 − 𝑥𝑛‖
2 = 2‖𝑥𝑛 + 𝜗(𝑥𝑛 − 𝑥𝑛−1) + 𝛽(𝑥𝑛−1 − 𝑥𝑛−2) − 𝑥𝑛‖

2

≤ 4𝜗2‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 4|𝛽|2‖𝑥𝑛−1 − 𝑥𝑛−2‖

2. (4.14)

Therefore, using (4.13), (4.14) and the fact that −𝜏 > 0, we obtain the following

− 𝜏(1 − 𝜎𝑛)‖𝑦𝑛 − 𝑥𝑛+1‖
2 ≤ −4𝜗2𝜏(1 − 𝜎𝑛)‖𝑥𝑛 − 𝑥𝑛−1‖

2 − 4|𝛽|2𝜏(1 − 𝜎𝑛)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

−2𝜏(1 − 𝜎𝑛)‖𝑥𝑛 − 𝑥𝑛+1‖
2. (4.15)

Substituting (3.14), (3.19) and (4.15) in (4.12), we have

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)
[

(1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+(1 + 𝜗)(𝜗 − 𝛽)‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖

2

−𝛽(𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2]

−(1 − 𝜎𝑛)
[

(1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖
2 + (𝜗2 − 𝜗 − |𝛽|𝜗)‖𝑥𝑛 − 𝑥𝑛−1‖

2

+(𝛽2 − |𝛽|𝜗 − |𝛽|)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2]

−4𝜗2𝜏(1 − 𝜎𝑛)‖𝑥𝑛 − 𝑥𝑛−1‖
2 − 4|𝛽|2𝜏(1 − 𝜎𝑛)‖𝑥𝑛−1 − 𝑥𝑛−2‖

2

−2𝜏(1 − 𝜎𝑛)‖𝑥𝑛 − 𝑥𝑛+1‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

≤ (1 − 𝜎𝑛)
[

(1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2
]

+(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − (𝜗2 − 𝜗 − |𝛽|𝜗) − 4𝜗2𝜏] ‖𝑥𝑛 − 𝑥𝑛−1‖
2

−(1 − 𝜎𝑛)
[

𝛽(𝜗 − 𝛽) + (𝛽2 − |𝛽|𝜗 − |𝛽|) + 4|𝛽|2𝜏] ‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

−(1 − 𝜎𝑛) [(1 − 𝜗 − |𝛽|) + 2𝜏] ‖𝑥𝑛 − 𝑥𝑛+1‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

+(1 − 𝜎𝑛)𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖
2. (4.16)

Now, estimate (1 − 𝜎𝑛)𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖2.

‖𝑥𝑛 − 𝑥𝑛−2‖
2 = (‖𝑥𝑛 − 𝑥𝑛−1 + 𝑥𝑛−1 − 𝑥𝑛−2‖)2

= (‖𝑥𝑛 − 𝑥𝑛−1 − (𝑥𝑛−2 − 𝑥𝑛−1)‖)2

≥ (‖𝑥𝑛 − 𝑥𝑛−1‖ − ‖(𝑥𝑛−2 − 𝑥𝑛−1)‖)2

= ‖𝑥𝑛 − 𝑥𝑛−1‖
2 − 2‖𝑥𝑛 − 𝑥𝑛−1‖‖(𝑥𝑛−2 − 𝑥𝑛−1)‖ + ‖(𝑥𝑛−2 − 𝑥𝑛−1)‖2

≥ ‖𝑥𝑛 − 𝑥𝑛−1‖
2 −

‖𝑥𝑛 − 𝑥𝑛−1‖2

2
− 2‖𝑥𝑛−2 − 𝑥𝑛−1‖

2 + ‖𝑥𝑛−2 − 𝑥𝑛−1‖
2

= 1
2
‖𝑥𝑛 − 𝑥𝑛−1‖

2 − ‖𝑥𝑛−2 − 𝑥𝑛−1‖
2. (4.17)

From (4.17) and the fact that 𝛽 < 0, we obtain

(1 − 𝜎𝑛)𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖
2 ≤

𝛽(1 + 𝜗)(1 − 𝜎𝑛)
2

‖𝑥𝑛 − 𝑥𝑛−1‖
2

−(1 − 𝜎𝑛)𝛽(1 + 𝜗)‖𝑥𝑛−2 − 𝑥𝑛−1‖
2. (4.18)

Now, using (4.18) in (4.16), we obtain the following:

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2

≤ (1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2
]

+(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − (𝜗2 − 𝜗 − |𝛽|𝜗) − 4𝜗2𝜏] ‖𝑥𝑛 − 𝑥𝑛−1‖
2

−(1 − 𝜎𝑛)
[

𝛽(𝜗 − 𝛽) + (𝛽2 − |𝛽|𝜗 − |𝛽|) + 4|𝛽|2𝜏] ‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

−(1 − 𝜎 ) (1 − 𝜗 − |𝛽|) + 2𝜏 ‖𝑥 − 𝑥 ‖

2 − 𝛽 𝜎 ‖𝑥 − 𝑘∗‖2 − 𝜗𝜎 ‖𝑥 − 𝑘∗‖2
𝑛 [ ] 𝑛 𝑛+1 𝑛 𝑛−1 𝑛 𝑛
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+
𝛽(1 + 𝜗)(1 − 𝜎𝑛)

2
‖𝑥𝑛 − 𝑥𝑛−1‖

2 − (1 − 𝜎𝑛)𝛽(1 + 𝜗)‖𝑥𝑛−2 − 𝑥𝑛−1‖
2

≤ (1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2
]

+(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − (𝜗2 − 𝜗 − |𝛽|𝜗) − 4𝜗2𝜏] ‖𝑥𝑛 − 𝑥𝑛−1‖
2

−(1 − 𝜎𝑛)
[

3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏] ‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

−(1 − 𝜎𝑛) [(1 − 𝜗 − |𝛽|) + 2𝜏] ‖𝑥𝑛 − 𝑥𝑛+1‖
2 + (−2𝛽 𝜎𝑛 − 𝜗𝜎𝑛)‖𝑥𝑛 − 𝑘∗‖2

+
(

−2𝛽 𝜎𝑛 +
𝛽(1 + 𝜗)(1 − 𝜎𝑛)

2

)

‖𝑥𝑛 − 𝑥𝑛−1‖
2. (4.19)

Observe that

lim
𝑛→∞

(

−2𝛽 𝜎𝑛 +
𝛽(1 + 𝜗)(1 − 𝜎𝑛)

2

)

=
𝛽
2
(1 + 𝜗) ≤ 0.

Therefore, there exists 𝑛0 ∈ N such that
(

−2𝛽 𝜎𝑛 +
𝛽(1 + 𝜗)(1 − 𝜎𝑛)

2

)

≤ 0, ∀𝑛 ≥ 𝑛0.

And, since − 𝜗
2 ≤ 𝛽, we get

(−2𝛽 𝜎𝑛 − 𝜗𝜎𝑛) ≤ 0.

So that (4.19) becomes

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2

−𝛽‖𝑥𝑛−2 − 𝑘∗‖2
]

+ (1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − (𝜗2 − 𝜗 − |𝛽|𝜗) − 4𝜗2𝜏] ‖𝑥𝑛 − 𝑥𝑛−1‖
2

−(1 − 𝜎𝑛)
[

3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏] ‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

−(1 − 𝜎𝑛) [(1 − 𝜗 − |𝛽|) + 2𝜏] ‖𝑥𝑛 − 𝑥𝑛+1‖
2, ∀𝑛 ≥ 𝑛0.

The inequality above is equivalent to the following

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛+1‖

2

≤ (1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2
]

+(1 − 𝜎𝑛)(2𝜗 − 2𝜗𝛽 − 𝛽 − 4𝜗2𝜏 − 2
3
)‖𝑥𝑛 − 𝑥𝑛−1‖

2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

−
[

(1 − 𝜎𝑛)[1 − 𝜗 − |𝛽| + 2𝜏] − 2
3

]

‖𝑥𝑛 − 𝑥𝑛+1‖
2

−(1 − 𝜎𝑛)(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2, ∀𝑛 ≥ 𝑛0. (4.20)

Observe that

lim inf
𝑛→∞

[

(1 − 𝜎𝑛)[1 − 𝜗 − |𝛽| + 2𝜏] − 2
3

]

= 1 − 𝜗 − |𝛽| + 2𝜏 − 2
3
> 0.

Since −|𝛽| = 𝛽, and 3𝜗−1−6𝜏
3 < 𝛽. Therefore, there exists 𝑛1 ∈ N such that for all 𝑛 ≥ 𝑛1 > 𝑛0, we have

(1 − 𝜎𝑛)[1 − 𝜗 − |𝛽| + 2𝜏] − 2
3
> 0.

Hence, (4.20) becomes

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛+1‖

2 ≤

(1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2
]

+(1 − 𝜎𝑛)(2𝜗 − 2𝜗𝛽 − 𝛽 − 4𝜗2𝜏 − 2
3
)‖𝑥𝑛 − 𝑥𝑛−1‖

2 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2

−(1 − 𝜎𝑛)(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 ∀𝑛 ≥ 𝑛1, (4.21)

which implies

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛+1‖

2

−(1 − 𝜎𝑛)(2𝜗 − 2𝜗𝛽 − 𝛽 − 4𝜗2𝜏 − 2
3
)‖𝑥𝑛 − 𝑥𝑛−1‖

2 ≤

(1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2
]

+𝜎𝑛‖𝑥0 − 𝑘∗‖2 − (1 − 𝜎𝑛)(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 ∀𝑛 ≥ 𝑛1. (4.22)

Since 𝜎𝑛 < 1 − 3𝛽 𝜗+2𝛽+4|𝛽|2𝜏
2𝜗−2𝜗𝛽−𝛽−4𝜗2𝜏− 2

3
, we have that

−(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏) < −(1 − 𝜎 )(2𝜗 − 2𝜗𝛽 − 𝛽 − 4𝜗2𝜏 − 2 ).
𝑛 3
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We get from (4.22) that

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛+1‖

2

−(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛 − 𝑥𝑛−1‖
2 ≤

(1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2
]

+𝜎𝑛‖𝑥0 − 𝑘∗‖2 − (1 − 𝜎𝑛)(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 ∀𝑛 ≥ 𝑛1. (4.23)

Define for each 𝑛 ≥ 𝑛1,

𝑠𝑛 ∶=
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2 − (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2
]

. (4.24)

Next, we prove that 𝑠𝑛 ≥ 0, ∀𝑛 ≥ 𝑛1. Notice that

‖𝑥𝑛−1 − 𝑘∗‖2 ≤ 2‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 2‖𝑥𝑛 − 𝑘∗‖2.

So,

𝑠𝑛 = ‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2 − (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

≥ ‖𝑥𝑛 − 𝑘∗‖2 − 2𝜗‖𝑥𝑛 − 𝑥𝑛−1‖
2 − 2𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2 − (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2

= (1 − 2𝜗)‖𝑥𝑛 − 𝑘∗‖2 + ( 2
3
− 2𝜗)‖𝑥𝑛 − 𝑥𝑛−1‖

2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

−𝛽(3𝜗 + 2 + 4𝛽 𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 ≥ 0, (4.25)

since 0 ≤ 𝜗 < 1
3 , 𝛽 ≤ 0, and 𝜏 < −1. We obtain from (4.23) that

𝑠𝑛+1 ≤ (1 − 𝜎𝑛)𝑠𝑛 + 𝜎𝑛‖𝑥0 − 𝑘∗‖2.

Hence, using Lemma 2.8, we have that {𝑠𝑛} is a bounded sequence. Consequently, we deduce from (4.25) that {𝑥𝑛} is bounded. □

Theorem 4.6. Suppose that Assumptions 3.1 and 4.1 hold. Let {𝛾𝑛} be a sequence of nonnegative real numbers given by (3.3). Then the
sequence {𝑥𝑛} generated by Algorithm 4.3 converges strongly to a unique point 𝑃𝛤 (𝑥0).

Proof. Suppose 𝑘∗ = 𝑃𝛤 (𝑥0). Then by Lemma 2.5, we get

‖𝑏𝑛 − 𝑘∗‖2 = ‖𝜎𝑛(𝑥0 − 𝑘∗) + (1 − 𝜎𝑛)(𝑤𝑛 − 𝑘∗)‖2

= 𝜎2𝑛‖𝑥0 − 𝑘∗‖2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑘∗‖2 + 2𝜎𝑛(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩. (4.26)

And,

‖𝑥𝑛+1 − 𝑏𝑛‖
2 = ‖𝜎𝑛(𝑥0 − 𝑥𝑛+1) + (1 − 𝜎𝑛)(𝑤𝑛 − 𝑥𝑛+1)‖2

= 𝜎2𝑛‖𝑥0 − 𝑥𝑛+1‖
2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑥𝑛+1‖

2 − 2𝜎𝑛(1 − 𝜎𝑛)⟨𝑥0 − 𝑥𝑛+1, 𝑤𝑛 − 𝑥𝑛+1⟩

≥ 𝜎2𝑛‖𝑥0 − 𝑥𝑛+1‖
2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑥𝑛+1‖

2 − 2𝜎𝑛(1 − 𝜎𝑛)‖𝑥0 − 𝑥𝑛+1‖‖𝑤𝑛 − 𝑥𝑛+1‖

≥ 𝜎2𝑛‖𝑥0 − 𝑥𝑛+1‖
2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑥𝑛+1‖

2 − 2𝜎𝑛(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖, (4.27)

where 𝑀1 ∶= sup𝑛≥𝑛1 ‖𝑥0 − 𝑥𝑛+1‖ < ∞, since {𝑥𝑛} is bounded. Using (4.26) and (4.27) in (4.4), we obtain

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ 𝜎2𝑛‖𝑥0 − 𝑘∗‖2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑘∗‖2 + 2𝜎𝑛(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩

−
[

𝜎2𝑛‖𝑥0 − 𝑥𝑛+1‖
2 + (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑥𝑛+1‖

2 − 2𝜎𝑛(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
]

≤ (1 − 𝜎𝑛)‖𝑤𝑛 − 𝑘∗‖2 + 𝜎𝑛
(

𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩

+2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
)

− (1 − 𝜎𝑛)2‖𝑤𝑛 − 𝑥𝑛+1‖
2. (4.28)

Now, using (4.9) and (4.11) in (4.28), we obtain the following:

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)‖𝑦𝑛 − 𝑘∗‖2 + 𝜎𝑛
(

𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩

+2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
)

− (1 − 𝜎𝑛)2(1 + 𝜏)‖𝑦𝑛 − 𝑥𝑛+1‖
2

= (1 − 𝜎𝑛)‖𝑦𝑛 − 𝑘∗‖2 + 𝜎𝑛
(

𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩

+2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
)

− (1 − 𝜎𝑛)2‖𝑦𝑛 − 𝑥𝑛+1‖
2

−(1 − 𝜎𝑛)2𝜏‖𝑦𝑛 − 𝑥𝑛+1‖
2. (4.29)
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Using (3.14), (3.19) and (4.15) in (4.29), we get

‖𝑥𝑛+1 − 𝑘∗‖2 ≤ (1 − 𝜎𝑛)
[

(1 + 𝜗)‖𝑥𝑛 − 𝑘∗‖2 − (𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2

+(1 + 𝜗)(𝜗 − 𝛽)‖𝑥𝑛 − 𝑥𝑛−1‖
2 + 𝛽(1 + 𝜗)‖𝑥𝑛 − 𝑥𝑛−2‖

2 − 𝛽(𝜗 − 𝛽)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2]

+𝜎𝑛
(

𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩

+2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
)

− (1 − 𝜎𝑛)2
[

(1 − 𝜗 − |𝛽|)‖𝑥𝑛+1 − 𝑥𝑛‖
2

+(𝜗2 − 𝜗 − |𝛽|𝜗)‖𝑥𝑛 − 𝑥𝑛−1‖
2 + (𝛽2 − |𝛽|𝜗 − |𝛽|)‖𝑥𝑛−1 − 𝑥𝑛−2‖

2]

−4𝜗2𝜏(1 − 𝜎𝑛)2‖𝑥𝑛 − 𝑥𝑛−1‖
2 − 4|𝛽|2𝜏(1 − 𝜎𝑛)2‖𝑥𝑛−1 − 𝑥𝑛−2‖

2

−2𝜏(1 − 𝜎𝑛)2‖𝑥𝑛 − 𝑥𝑛+1‖
2,

the inequality above implies the following:

‖𝑥𝑛+1 − 𝑘∗‖2 − 𝜗‖𝑥𝑛 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−1 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛+1‖

2

−(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛 − 𝑥𝑛−1‖
2 ≤

(1 − 𝜎𝑛)
[

‖𝑥𝑛 − 𝑘∗‖2 − 𝜗‖𝑥𝑛−1 − 𝑘∗‖2 − 𝛽‖𝑥𝑛−2 − 𝑘∗‖2 + 2
3
‖𝑥𝑛 − 𝑥𝑛−1‖

2

−(3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)‖𝑥𝑛−1 − 𝑥𝑛−2‖
2] − 𝜗𝜎𝑛‖𝑥𝑛 − 𝑘∗‖2 − 𝛽 𝜎𝑛‖𝑥𝑛−1 − 𝑘∗‖2

+
[

(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

]

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏) − (1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏)
]

×‖𝑥𝑛 − 𝑥𝑛−1‖
2 + (1 − 𝜎𝑛)

[

3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏 − 𝛽(𝜗 − 𝛽) − (1 − 𝜎𝑛)(𝛽2 − |𝛽|𝜗 − |𝛽| + 4|𝛽|2𝜏)]

×‖𝑥𝑛−1 − 𝑥𝑛−2‖
2 +

[ 2
3
− (1 − 𝜎𝑛)2(1 − 𝜗 − |𝛽| + 2𝜏)

]

‖𝑥𝑛+1 − 𝑥𝑛‖
2

+𝜎𝑛
(

𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩ + 2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖
)

. (4.30)

Define

𝑟𝑛 ∶= 𝜎𝑛‖𝑥0 − 𝑘∗‖2 + 2(1 − 𝜎𝑛)⟨𝑥0 − 𝑘∗, 𝑤𝑛 − 𝑘∗⟩ + 2(1 − 𝜎𝑛)𝑀1‖𝑤𝑛 − 𝑥𝑛+1‖,

then (4.30) reduces to
𝑠𝑛+1 ≤ (1 − 𝜎𝑛)𝑠𝑛 + 𝜎𝑛𝑟𝑛 + (−2𝛽 𝜎𝑛 − 𝜗𝜎𝑛)‖𝑥𝑛 − 𝑘∗‖2

+
[

(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

]

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏) − (1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) − 2𝛽 𝜎𝑛
]

×‖𝑥𝑛 − 𝑥𝑛−1‖
2 +

[2
3
− (1 − 𝜎𝑛)2(1 − 𝜗 − |𝛽| + 2𝜏)

]

‖𝑥𝑛+1 − 𝑥𝑛‖
2

+(1 − 𝜎𝑛)
[

3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏 − 𝛽(𝜗 − 𝛽) − (1 − 𝜎𝑛)(𝛽2 − |𝛽|𝜗 − |𝛽| + 4|𝛽|2𝜏)] ‖𝑥𝑛−1 − 𝑥𝑛−2‖
2, (4.31)

Since − 𝜗
2 ≤ 𝛽, we have that

− 2𝛽 𝜎𝑛 − 𝜗𝜎𝑛 ≤ 0 ∀𝑛 ≥ 𝑛1. (4.32)

Observe that

lim
𝑛→∞

[2
3
− (1 − 𝜎𝑛)2(1 − 𝜗 − |𝛽| + 2𝜏)

]

= 2
3
− (1 − 𝜗 − |𝛽| + 2𝜏) ≤ 0,

since 3𝜗−1−6𝜏
3 < 𝛽. Observe that

lim
𝑛→∞

[

3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏 − 𝛽(𝜗 − 𝛽) − (1 − 𝜎𝑛)(𝛽2 − |𝛽|𝜗 − |𝛽| + 4|𝛽|2𝜏)]

= 𝛽(1 + 𝜗) ≤ 0. (4.33)

Furthermore,

lim
𝑛→∞

[

(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

]

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏) − (1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) − 2𝛽 𝜎𝑛
]

= (1 + 𝜗)(𝜗 − 𝛽) − 2
3
− (3𝛽 𝜗 + 2𝛽 + 4𝛽2𝜏) − (𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) < 0, (4.34)

since
2𝜗− 2

3−8𝜗
2𝜏

3+5𝜗 < 𝛽, 𝜏 < −1, and −𝜗 ≤ 𝛽, which implies 𝛽2 ≤ 𝜗2. Using (4.32)–(4.34) in (4.31), there exists 𝑛2 ≥ 𝑛1 ∈ N such that
for all 𝑛 ≥ 𝑛2 ≥ 𝑛1,

𝑠𝑛+1 ≤ (1 − 𝜎𝑛)𝑠𝑛 + 𝜎𝑛𝑟𝑛

+
[

(1 − 𝜎𝑛)
[

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

]

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏) − (1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) − 2𝛽 𝜎𝑛
]

×‖𝑥𝑛 − 𝑥𝑛−1‖
2. (4.35)

To conclude the proof, it is sufficient to prove in view of Lemma 2.7 that lim sup𝑖→∞ 𝑟𝑛𝑖 ≤ 0 for each subsequence {𝑠𝑛𝑖} ⊂ {𝑠𝑛} such
that lim inf 𝑖→∞(𝑠𝑛𝑖+1 − 𝑠𝑛𝑖 ) ≥ 0. To this end, let {𝑠𝑛𝑖} be a subsequence of {𝑠𝑛} such that lim inf 𝑖→∞(𝑠𝑛𝑖+1 − 𝑠𝑛𝑖 ) ≥ 0. From (4.35), we
have
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lim sup
𝑖→∞

−
[

(1 − 𝜎𝑛)
(

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

)

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)

−(1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) − 2𝛽 𝜎𝑛
]

‖𝑥𝑛 − 𝑥𝑛−1‖
2

≤ lim sup
𝑖→∞

[(𝑠𝑛𝑖 − 𝑠𝑛𝑖+1) + 𝜎𝑛𝑖 (𝑟𝑛𝑖 − 𝑠𝑛𝑖 )]

= − lim inf
𝑖→∞

(𝑠𝑛𝑖+1 − 𝑠𝑛𝑖 ) ≤ 0.

Since

lim sup
𝑖→∞

−
[

(1 − 𝜎𝑛)
(

(1 + 𝜗)(𝜗 − 𝛽) − 2
3

)

− (3𝛽 𝜗 + 2𝛽 + 4|𝛽|2𝜏)

−(1 − 𝜎𝑛)2(𝜗2 − 𝜗 − |𝛽|𝜗 + 4𝜗2𝜏) − 2𝛽 𝜎𝑛
]

≥ 0.

We get

lim
𝑖→∞

‖𝑥𝑛𝑖 − 𝑥𝑛𝑖−1‖ = 0.
From (3.38) and (4.2), we obtain

‖𝑤𝑛 − 𝑦𝑛‖ = ‖𝛾𝑛
∑

𝑖∈𝐼(𝑦𝑛)
𝜆𝑖,𝑛 ∗

𝑖 (𝐼 − 𝑃𝑄𝑖
)𝑖𝑦𝑛‖ → 0, 𝑛 → ∞.

And

‖𝑤𝑛 − 𝑥𝑛+1‖ ≤ ‖𝑤𝑛 − 𝑦𝑛‖ + ‖𝑦𝑛 − 𝑥𝑛+1‖ → 0, 𝑛 → ∞. (4.36)

Also,

‖𝑥𝑛+1 − 𝑃𝐶 (𝑦𝑛)‖ = ‖𝑃𝐶 [𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛] − 𝑃𝐶 (𝑦𝑛)‖

≤ ‖𝜎𝑛𝑥0 + (1 − 𝜎𝑛)𝑤𝑛 − 𝑦𝑛‖

= ‖(𝜎𝑛(𝑥0 −𝑤𝑛)) + (𝑤𝑛 − 𝑦𝑛)‖

≤ 𝜎𝑛‖𝑥0 −𝑤𝑛‖ + ‖𝑤𝑛 − 𝑦𝑛‖ → 0, 𝑛 → ∞. (4.37)

From (3.28) and (4.37), that we obtain

‖𝑦𝑛 − 𝑃𝐶 (𝑦𝑛)‖ ≤ ‖𝑦𝑛 − 𝑥𝑛+1‖ + ‖𝑥𝑛+1 − 𝑃𝐶 (𝑦𝑛)‖ → 0, 𝑛 → ∞. (4.38)

By Lemma 4.5 we have that {𝑥𝑛} is bounded. We have also shown that {𝑦𝑛} and {𝑤𝑛} are bounded, thus there exists a subsequence
𝑥𝑛𝐾 } of {𝑥𝑛} such that 𝑥𝑛𝐾 converges weakly to 𝑞 ∈ 𝐻 , 𝑘 → ∞. Also, by (3.29), there exists a subsequence {𝑦𝑛𝐾 } of {𝑦𝑛} such that
𝑛𝐾 converges weakly to 𝑞. By Lemma 2.4 and (4.38) we have that 𝑞 ∈ 𝐹 (𝑃𝐶 ) = 𝐶. Also, since 𝑖 is a bounded linear operator, we
ave 𝑖𝑦𝑛𝐾 converges weakly to 𝑖𝑞 for each 𝑖 = 1, 2,… , 𝑁 . Using Lemma 2.4 again and (3.37), we deduce that 𝑖𝑞 ∈ 𝐹 (𝑃𝑄𝑖

). That
s, 𝑖𝑞 ∈ 𝑄𝑖 for every 𝑖 = 1, 2,… , 𝑁 . Consequently, we have that 𝑞 ∈ 𝛤 .

Since 𝑘∗ = 𝑃𝛤 (𝑥0), we have that

lim sup
𝑖→∞

⟨𝑥0 − 𝑘∗, 𝑥𝑛𝑖 − 𝑘∗⟩ = ⟨𝑥0 − 𝑘∗, 𝑞 − 𝑘∗⟩ ≤ 0.

Also,

lim sup
𝑖→∞

⟨𝑥0 − 𝑘∗, 𝑦𝑛𝑖 − 𝑘∗⟩ ≤ 0,

therefore,

lim sup
𝑖→∞

⟨𝑥0 − 𝑘∗, 𝑤𝑛𝑖 − 𝑘∗⟩ ≤ 0, (4.39)

By (4.39) and (4.36), we have that

lim sup
𝑖→∞

𝑟𝑛𝑖 ≤ 0.

Since ∑∞
𝑛=1 𝜎𝑛 = ∞, we obtain by Lemma 2.7 in (4.31) that lim𝑛→∞ 𝑠𝑛 = 0. Using (4.25), it follows that {𝑥𝑛} converges strongly to

𝑃𝛤 (𝑥0). This completes the proof. □

5. Numerical examples

We now give some numerical examples to validate our results and illustrate the performance of our Algorithm 3.3 (Proposed
Alg. (1)) and Algorithm 4.3 (Proposed Alg. (2)) with (Reich et al. Alg. (1)), (Reich et al. Alg. (2)) proposed by Reich et al. in [1],
(Okeke et al. Alg. (1)) and (Okeke et al. Alg. (2)) Proposed by Okeke et al. [31]. We use ‖𝑥𝑛+1−𝑥𝑛‖ < 10−4 as the stopping criterion
and the results are shown in Tables 2, 4 and Figs. 1–8.

The first example is in finite-dimensional spaces. Here, we compare the weak convergent algorithms, that is, (Proposed Alg. (1))
ith (Reich et al. Alg. (1)) and (Okeke et al. Alg. (1)).
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Table 1
Methods parameters for Example 5.1.

Reich et al. Alg. (1) 𝜆𝑖,𝑛 =
1
𝑁

𝜒𝑛 =
1

𝑛 + 3
Okeke et al. Alg. (1) 𝜆𝑖,𝑛 =

1
𝑁

𝜒𝑛 =
1

𝑛 + 3 𝜗 = 0.95 𝜖𝑛 =
1

(𝑛 + 3)2
Proposed Alg. (1) 3.3 𝜆𝑖,𝑛 =

1
𝑁

𝜒𝑛 =
1

𝑛 + 3 𝜌 = 0.20 𝜗 = 0.30 𝛽 = −0.20

Table 2
Numerical results for Example 5.1.

𝑚 = 5 𝑚 = 10 𝑚 = 20 𝑚 = 40
Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time

Reich et al. Alg. (1) 194 0.0091 100 10.0177 54 0.0179 31 0.0171
Okeke et al. Alg. (1) 106 0.0068 117 0.0064 104 0.0072 102 0.0079
Proposed Alg. (1) 3.3 28 0.0061 29 0.0060 28 0.0068 30 0.0071

Fig. 1. Example 5.1 𝑚 = 5.

Example 5.1. Let 𝐻 = R𝑚 and 𝐻𝑖 = R𝑚 for 𝑖 = 1, 2,… , 𝑁 . Suppose 𝐶 = {𝑥 = (𝑥1, 𝑥2,… , 𝑥𝑚) ∈ R𝑚 ∶ −5 ≤ 𝑥𝑘 ≤ 5, 𝑘 = 1, 2,… , 𝑚}.
For 𝑖 = 1, 2,… , 𝑁 , let

𝑄𝑖 = {𝑦 ∈ R𝑚 ∶ 𝑞𝑖(𝑦) ≤ 0},

where 𝑞𝑖(𝑦) = 1
2 𝑦

𝑇𝐵𝑖𝑦 + 𝑏𝑇𝑖 𝑦 + 𝑐𝑖, 𝐵𝑖 is a Hessian matrix, 𝑏𝑖 and 𝑐𝑖 are vectors generated randomly in R𝑚 for 𝑖 = 1, 2,… , 𝑁 . The
projection onto 𝑄𝑖 can effectively be calculated using Optimization Toolbox solver ‘‘quadprog’’ in MATLAB. Let 𝑇𝑖 ∶ R𝑚 → R𝑚 be
andomly generated matrices of which the elements of the representing matrices are randomly distributed in the interval [−5, 5].

We consider the following problem: Find 𝑥∗ ∈ 𝐶 such that

𝑥∗ ∈ 𝐶 ∩

( 𝑁
⋂

𝑖=1
 −1
𝑖 (𝑄𝑖)

)

.

The starting points 𝑥−1, 𝑥0 and 𝑥1 are generated randomly in R𝑚 for 𝑚 = 5, 10, 20, 40 and 𝑁 = 6 (see Table 1).

The second example is in infinite-dimensional spaces. Here, we compare the strong convergent algorithms, that is, (Proposed
Alg. (2)) with (Reich et al. Alg. (2)) and (Okeke et al. Alg. (2)).
17 
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Fig. 2. Example 5.1 𝑚 = 10.

Fig. 3. Example 5.1 𝑚 = 20.

Example 5.2. Let 𝐻 = 𝐻𝑖 = 𝐿2([0, 1]) (𝑖 = 1, 2, 3) with norm ‖𝑥‖ =
(

∫ 1
0 |𝑥(𝑡)|2𝑑 𝑡

)1∕2
and the inner product ⟨𝑥, 𝑦⟩ = ∫ 1

0 𝑥(𝑡)𝑦(𝑡)𝑑 𝑡.
et 𝐶 , 𝑄1, 𝑄2, 𝑄3 be defined by

𝐶 =

{

𝑥 ∈ 𝐿2([0, 1]) ∶ ∫

1
3𝑡2𝑥(𝑡) = 0

}

,

0

18 
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Fig. 4. Example 5.1 𝑚 = 40.

Fig. 5. Example 5.2 Case 1.

𝑄1 =

{

𝑥 ∈ 𝐿2([0, 1]) ∶ ∫

1

0

𝑡𝑥(𝑡)
3

𝑑 𝑡 ≥ −2

}

,

𝑄2 =
{

𝑥 ∈ 𝐿2([0, 1]) ∶ ‖𝑥(𝑡) − sin(𝑡)‖2 ≤ 16
}

,

19 
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Fig. 6. Example 5.2 Case 1.

Fig. 7. Example 5.2 Case 3.

𝑄3 =
{

𝑥 ∈ 𝐿2([0, 1]) ∶ ‖𝑥‖2 ≤ 1
}

, (5.1)

and 𝑇𝑖 ∶ 𝐿2([0, 1]) → 𝐿2([0, 1]) is defined by 𝑇𝑖𝑥(𝑡) = 2𝑖𝑥(𝑡)
3 for 𝑖 = 1, 2, 3. The projections onto 𝐶 and 𝑄𝑖 are explicitly given as follows:

𝑃𝐶𝑥(𝑡) = 𝑥(𝑡) − 3𝑡2 ∫
1
0 3𝑡2𝑥(𝑡)𝑑 𝑡

1 2
,

∫0 3𝑡 𝑑 𝑡

20 
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Fig. 8. Example 5.2 Case 4.

Table 3
Methods parameters for Example 5.2.

Reich et al. Alg. (2) 𝜆𝑖,𝑛 =
1
𝑁

𝜒𝑛 =
1

𝑛 + 3 𝜎𝑛 =
1

𝑛 + 1 𝑓 (𝑥) = 𝑥
3

Okeke et al. Alg. (2) 𝜆𝑖,𝑛 =
1
𝑁

𝜒𝑛 =
1

𝑛 + 3 𝜗 = 0.95 𝜖𝑛 =
1

(𝑛 + 3)2 𝜎𝑛 =
1

𝑛 + 1 𝑓 (𝑥) = 𝑥
3

Proposed Alg. (2) 4.3 𝜆𝑖,𝑛 =
1
𝑁

𝜒𝑛 =
1

𝑛 + 3 𝜌 = 0.20 𝜗 = 0.30 𝛽 = −0.20 𝜎𝑛 =
1

𝑛 + 1

𝑃𝑄1
𝑥(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑥(𝑡) − 𝑡
∫ 1
0

𝑡𝑥(𝑡)
3 𝑑 𝑡

3 ∫ 1
0

𝑡
3 𝑑 𝑡

if ∫ 1
0

𝑡𝑥(𝑡)𝑑 𝑡
3 < −2,

𝑥(𝑡) otherwise,

𝑃𝑄2
𝑥(𝑡) =

{

𝑥(𝑡) if ‖𝑥(𝑡) − sin(𝑡)‖ ≤ 4,
sin(𝑡) + 4 𝑥(𝑡)−sin(𝑡)

‖𝑥(𝑡)−sin(𝑡)‖ otherwise,

𝑃𝑄3
𝑥(𝑡) =

{ 𝑥(𝑡)
‖𝑥(𝑡)‖2 if ‖𝑥(𝑡)‖2 > 1,

𝑥(𝑡) otherwise.

For this example, take 𝜆𝑖,𝑛 =
1
𝑁 with 𝑁 = 3, 4 cases of the starting points 𝑥−1, 𝑥0 and 𝑥1 are selected in 𝐿2([0, 1]) as follows:

Case 1: 𝑥−1 = exp(2𝑡), 𝑥0 = 𝑡 + 3, 𝑥1 = sin(𝑡);
Case 2: 𝑥−1 = sin(𝑡), 𝑥0 = exp(−2𝑡), 𝑥1 = cos(𝑡);
Case 3: 𝑥−1 = exp(𝑡)

5 , 𝑥0 = 9 cos(3𝑡)
10 , 𝑥1 = sin(2𝑡)

2 ;
Case 4: 𝑥−1 = exp(−4𝑡), 𝑥0 = cos(2𝑡), 𝑥1 = sin(3𝑡) (see Table 3).

Remark 5.3. We noted from the numerical Examples 5.1–5.2, Tables 2, 4 and Figs. 1–8, that in terms of number of iterations and
CPU time, our proposed algorithms (Proposed Alg. (1)) and (Proposed Alg. (2)) perform better than the existing ones. Thus, our
roposed methods are more efficient for solving the split feasibility problem with multiple output sets than the existing ones.

6. Conclusion

We presented and studied two new two-step inertial accelerated algorithms. Our algorithms are modification and extension of
C-Q algorithms studied by Reich et al. in [28] and Okeke et al. in [31]. We adopted the two-step inertial technique and prove the
21 
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Table 4
Numerical results for Example 5.2.

Case 1 Case 2 Case 3 Case 4
Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time

Reich et al. Alg. (2) 183 6.2595 183 6.2680 183 6.4824 183 6.2630
Okeke et al. Alg. (2) 183 5.5316 183 5.6436 183 5.6696 183 5.6371
Proposed Alg. (2) 4.3 43 1.2617 45 1.3157 43 1.2555 44 1.2870

weak and strong convergence of the introduced algorithms; moreover, we achieved strong convergence result without the application
f on-line rule, which is in contrast to the method studied in [31]. Finally, we show the applicability and efficiency of our methods
hrough numerical experiments.
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