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ARTICLE INFO ABSTRACT

MSC: In this paper, we present and study two new two-step inertial accelerated algorithms for finding
47H09 an approximate solution of split feasibility problems with multiple output sets. Our methods
47H10

are extensions of CQ algorithms previously studied in the literature. In contrast to the related

32252:; iterative methods for solving SFP, our methods incorporate a two-step inertial technique that
speeds up the convergence rate of the generated sequences to the unique solution of SFP studied
Keywords:

in this work. Furthermore, we present weak and strong convergence results where the strong
convergence result of our method is obtained without the on-line rule, a feature absent in
related algorithms in the literature. Finally, we demonstrate the applicability and performance
of our algorithms through numerical experiments. Our numerical results reveal that our methods
perform better than existing related methods in the literature.

Split feasibility problem
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1. Introduction

Let C and Q; be nonempty, closed, and convex subsets of real Hilbert spaces H and H;, i = 1,2,..., N, respectively. Let
7, : H - H;(i = 1,2,...,N) be bounded linear adjoint operators. The split feasibility problem (SFP) with multiple output sets
is the problem of finding k* such that

N
kK*el:=Cn <ﬂ T,-"l(Qi))- (1.1)
i=1

The problem (1.1) has been studied by Reich et al. in [1]. We note that when N =1 in (1.1), we obtain the classical SFP defined
as the problem of finding

k* € C such that Tk* € Q. (1.2)

Problem (1.2) was first presented and studied by Censor and Elfving [2] for modelling certain inverse problems emerging from
areas such as signal processing and image reconstruction (see [3,4]). Other important applications of SFP (1.2) are in breast cancer
prognosis treatment using Dantzig selectors (see [5]), intensity-modulated radiation therapy treatment (IMRT) planning (see [6]),
dose-volume constraints in inverse planning of intensity-modulated photon or proton therapy (see [7]), gene regulatory network
inference (see [8]), and in medical image reconstruction (see [4]). Some of these interesting applications have led to the introduction
and analysis of several iterative algorithms for approximating a solution of (1.2). See, for example [2,3,9-17] and references therein.
Other generalizations of (1.2) include the split common null point problem (SCNPP) [9,18-21], the split common fixed point

* Corresponding author.
E-mail addresses: chibueze.okeke@wits.ac.za (C.C. Okeke), 2710937 @students.wits.ac.za (K.O. Okorie), 2713235@students.wits.ac.za (C.E. Nwakpa),
mewomoo@ukzn.ac.za (0.T. Mewomo).

https://doi.org/10.1016/j.cnsns.2024.108461
Received 14 June 2024; Received in revised form 11 October 2024; Accepted 12 November 2024

Available online 21 November 2024
1007-5704/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
mailto:chibueze.okeke@wits.ac.za
mailto:2710937@students.wits.ac.za
mailto:2713235@students.wits.ac.za
mailto:mewomoo@ukzn.ac.za
https://doi.org/10.1016/j.cnsns.2024.108461
https://doi.org/10.1016/j.cnsns.2024.108461
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2024.108461&domain=pdf

C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461

problem(SCFPP) [22,23]and the split variational inequality (SVIP) [24,25] . Also, we note that when H = H;, C = C|, Q; = C;,,
I1<iSN-1,T1=A, T, =AA,..,and Ty = Ay_; Ay_, - Ay, where A;,i =1,2,..., N — 1 are bounded linear operators, then
(1.1) reduces to the generalized split feasibility problem studied by Reich and Tuyen in [26].

CQ algorithm, which was introduced by Byrne in [3], is a popular iterative method for finding an approximate solution of
the SFPs. Since then, many scholars have extended and applied it in solving multiple-set split convex feasibility problem (MSSFP)
(see [2,22,27]). Quite recently, Reich et al. in [1] introduced and studied two iterative CQ algorithms for solving (1.1). The authors
in [1] showed that the iterative sequences generated by the two iterative CQ algorithms introduced and studied in their work
converge weakly and strongly to the unique solution of (1.1). These results were achieved using the following condition on {y,}:

0<a<y,<b< 2 1.3)

Nmaxizw—_]{llT,-llz}'

However, it is difficult to calculate operator norm when it is unknown. Very recently, Reich et al. in their work [28], modified the
two methods studied in [1] by removing the rule governing the norms of the transfer operators 7; and also replacing the full set
of indices {1,2,..., N} in the sums on the right-hand sides of the methods in [1] with a proper subset. This adjustment results to
methods that are more cost-effective and efficient than related existing CQ algorithms in the literature.

Inertial extrapolation in algorithms have been justified by several authors as means of accelerating optimization algorithms. The
inertial techniques are derived from a discretization of a second order dynamical system for minimizing a smooth convex function
known as the heavy ball with friction (HBF):

d?x dx
ﬁ(t) + J’E(l) +V/x@®) =0,

where y > 0 is a damping or friction parameter. The inertial extrapolation x, + 8(x, — x,_;) is the most popular means for achieving
this purpose. The HBF was first traced to Polyak [29], Alvarez and Attouch [30] modified and applied it to a general maximal
monotone operator.

Motivated by the work of Reich et al. in [28], Okeke et al. [31] modified the CQ algorithms studied in [28] by incorporating
inertial extrapolation term. They aim to accelerate the convergence rate of the iterative sequences generated by their methods,
which they justified through numerical experiments presented in their work. They authors in [31] obtained the weak and strong
convergence results of their algorithms with similar conditions as in the methods studied in [28]. We remark that the strong
convergence result of their method was achieved by the condition lim,,_, z—: = 0. This condition is called the on-line rule and we
remark that on-line rule is a stringent condition and not always desirable in practical problems since it leads to slow convergence,
especially for large-scale problems.

However, it was shown in [32, Section 3] that the iterative sequences generated by the one-step inertial fixed point iteration
studied in [32] may fail to provide acceleration. But, as shown in [33, Section 4], incorporating the multi-step inertial, like the
two-step inertial term x, + 9(x, — x,_;) + f(x,_; — x,_), 9 > 0, § < 0 could resolve the issue of not providing acceleration. Recently,
several authors have studied multi-step inertial algorithms and showed that multi-step inertial term (for example, the two-step
inertial term) improves the convergence rate of optimization algorithms (see [33-38]).

Motivated by ongoing research in this direction, we introduce and study two new two-step inertial accelerated algorithms for
approximating a solution of (1.1) and show that the iterative sequences generated by these algorithms converge weakly and strongly
to the unique solution of (1.1). We remark that the authors achieved strong convergence result without the application of on-line
rule, a feature which is absent in related algorithms in the literature.

The rest of this paper is organized as follows: Section 2 contains fundamental results, concepts and lemmas that are instrumental
in establishing the main results of this work. In Section 3, we introduce our first method and prove its weak convergence result;
moreover, we present and study the strong convergence result of our second algorithm in Section 4. Finally, in Section 5, we show
the performance of our methods in relation to other already established methods in the framework through numerical experiments.

2. Preliminaries
Throughout this work, (-,-) and || - || represent the inner product and norm of a real Hilbert space H, respectively.

Definition 2.1. Let C be a closed, convex and nonempty subset of real Hilbert space H. For each x € H, there exists a unique
point P-x € C such that

llx = Pexl = inf [|x —u]l. @1

The operator P, : H — C defined in (2.1) is the metric projection of H onto C which is characterized by (see [39,40])
(Pex—x,y—Pcx) 20, VyeC, Vxe H. (2.2)
The metric projection P, has the following well-known properties

Proposition 2.2 ([1]). For any x,y € H, it holds that:

(D) (x =y, Pcx—Pcy) 2 | Pcx — Pcyllz;



C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461

(D) (x=y.(I = Po)x = (I = Po)y) 2 (I = Po)x = (I = Poyll™

Definition 2.3. A : C — C is called a nonexpansive operator if || Ax — Ay|| < ||x - y||, Vx,y € C.
We represent the set of fixed points of A by F(A), thatis F(4) = {x € C : Ax = x}.

Lemma 2.4 ([41]). Let A be a nonexpansive operator on a real Hilbert space H. Then the operator I — A is demiclosed, that is, whenever
{x,} is a sequence in H which weakly converges to some x € H and the sequence {(I — A)(x,)} strongly converges to some y, it follows
that (I — A)(x) = y.

Lemma 2.5. The following identities are true

@ llx =12 = IxI? £ 2¢x, ¥y + IylI*> Vx,y € H.
Gi) 2¢x,y) = IxI? + Iy = llx = ¥II* = lIx + ylI> = lIx]I> = 1> Vx,y € H.
@) 11+ rx = = @)y — qzlI> = L+ NIIxI? = ¢ = lIYI? = glizl? + (L + 1) = @llx — ylI?
+q(+0lx—zl> = qr = lly — zI* Vx,y.z€ H, r.qeR.

Lemma 2.6. If u and v are non-negative numbers, then

. u? pv?
(l) uy < Z’+T VpZO,

G) w+ov <2+ \/E)u2 + \/51}2.

Lemma 2.7 ([42]). Let {u,} be a sequence of non-negative real numbers, {e,} be a sequence of numbers in (0,1) such that 3> e, = oo,
and let {v,} be a sequence of real numbers. Assume that

.y < (1—eu, +e,v, Vnx>1.
If limsup;_, o, v,, <O for every subsequence {u, } of {u,} satisfying liminf, ,(u, | —u,) > 0, then lim,_, u, = 0.
Lemma 2.8 ([43]). Suppose that {u,}, {r,} C R, such that

Uy < (L —eu,+s,+r, foreachneN,

where {e,} is a sequence in (0, 1) and s, is a real sequence. Let }, | r, < o and s, < e,N for some N > 0. Then, {u,} is bounded.

Proposition 2.9 ([28]). An element k* € H is a solution to problem (1.1) if and only if

k* =P |k*—y Z AT = Py)Tik" |
ieI(k*)

where 4; 2 0 for all i € I(k*), ¥,,c;4+y 4 = 1, and y is an arbitrary positive real number.

3. Weak convergence result
We establish our main results based on the following conditions:

Assumption 3.1.

(C1) Let H,H;,i =1,2,...,m be real Hilbert spaces.
(C2) Let7; : H— H;,i=1,2,...,m be bounded linear operators with adjoint 7.* : H; — H,.

(C3) Let C and Q; be nonempty, closed, and convex subsets of H and H;,i = 1,2, ..., m, respectively.
(C4) Suppose that the solution set I" of the SFP with multiple outputs sets is nonempty. That is,

N
r:=cn <ﬂ T;‘(Q,-)) #9.

i=1

Assumption 3.2. Assume that the following conditions on g and 9 hold:
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inl 1l 1=
(a)0519<m1n{2,1+p ,

2
(b) max{%—lﬂp—%}<ﬂ§0,

(© P9I = 1) +2pp* = (1 = 9> = (1 + p)* = f2I = p) + (1 + p) < O.

Algorithm 3.3. Weakly convergent two-step inertial algorithm

Step 0: Choose parameters p in (0,1), # and 9 such that Assumption 3.2 holds. For arbitrary starting points x_;, x,, x; € H, set
n:=1and
Step 1: Compute

Xy =0 =py, +pw, Vnx>1. (3.1)

Compute

Yn = Xy + 19(xn - xn—l) + ﬂ(xn—l - xn—2)

. (3.2)
w, = Pc [Yn ~Vn Zie[(yn) AT = PQ[)Tiyn] >

where I(y,) = {i : |T;y, — PQ[T‘-ynH =maX;_y 5. n 1TV, — PQ,T,-V,;”}, Aip 20 for each i € I(y,), Z,.e,(yn)ﬂ,-,,, =1, and {y,} is
a sequence of nonnegative real numbers defined by

2y i e An T = P Ty, |12 > 0
Y, = I Ziel(y,,)Ai‘nT,»*(I_PQ,»)T!ynHZ, i€l(y,) %in’i Q;77iVn

0, otherwise;

(3.3)

where d, = max,_y .. x 177y, — PQ[T,»y,,H and {y,} c [a, blc (0,2).

Remark 3.4.

1. If 9 = p = 0, and p = 1, our method recovers the well-known CQ algorithm (Eq. (4.1)) studied by Reich et al. in [28],
however, our method adopts two-step inertial technology, which accelerates the iteration efficiency; hence our method is an
improvement of the method in [28]. Moreover, our method eliminates the need for operator norm in contrast to the method
studied in [1] since it is difficult to calculate or even unknown.

2 If p=0and p = 1, our method recovers Algorithm 3.3 studied by Okeke et al. in [31]. The authors in [31] adopted the on-line
rule; on-line rule is very restrictive and not always desirable in practical problems since it leads to slow convergence, especially
for large-scale problems. Our method eliminates the need for this condition. In addition, our method provides acceleration
using two-step inertial term unlike method in [31], hence our method improves their method since one-step inertial term may
fail to provide acceleration for some practical problems as noted in [32, Section 3].

Lemma 3.5. Suppose that Assumptions 3.1 and 3.2 hold. Let {y,} be a sequence of nonnegative real numbers given by (3.3). Then
Algorithm 3.3 generates a bounded sequence {x,}.

Proof. Let k* € I'. Using the fact that PQ,ﬂk* = T;k*, Propositions 2.2(ii)and 2.9, and w, in (3.2), we obtain

2
llw, = k*I* = || Pc [yn ~Va D AT - PQ,.)Tiy,,] - Pc [k* - Y AT - PQI)T,-k*]
i€1(y,) i€l(y,)
2
< Yn — k* — Yn Z j'i,nT[*(I - PQi)Tiyn

i€l(y,)
2

=y =K 12 =270 Y Ay — KT = Po)Ti,) +72
i€l(y,)

Y AT = Py Ty,
i€l(y,)

2
<My =K1 =2,d2+ 72 || Y, 4,77 = Py)Toy,
i€l(y,)

3.4

We now turn our attention to the following possibilities.
Case I: Suppose v, = 0. In this case, w, = Pcy, and Y, ) 4.,7;"(I = Py )T;y, = 0. By Proposition 2.2(ii), we get



C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461

o
Il

< > AT = Po)T v v, —k*>
i€l(y,)

> hnlTivn = Po, Ty Tivy — TiK")
i€l(y,)

> AiallTiv = Po, Tyl

i€l(y,)

>d>>0.

\%

Therefore, d, = 0. This further implies that
Ty, = Po,Tiyull =0, Vi€ I(y,).
It can be deduced from the definition of I(y,) that
17y, — Po,Tivull =0, Vi=12,..,N.
Additionally, from w, = Pcy, we obtain
llw, = k*Il = lIPcy, — Pck™|l
< ly, = &I
So, from Case I, we obtain
llw, = k1l < lly, = K"l
d2
= In N : — a
| Zieriyy) 4inTEU=Po)Tiyy

lw, = kI < lly, = K12 =7, |27 = v, || D, AT = Po)Toy,

Case II: Suppose y,

7 It follows from (3.4) that
2

i€10,)
d4
= |ly, — K*II* = 2% -
" ) Liet, AinT U = Po )Ty,
+1; i I Y% AT = Po)Toy, I
in?i i
"N e, AiaT T = Po)Tiy,l1* i€l(y,) l o

4
dn

) - .
I Ziercs,y 4T, = Po )Ty, |12

= Iy, = K*IP = 2,2 = 2

Since y, € (0,2), we obtain
llw, = k*1l < lly, = "I
Combining (3.7) and (3.9), we obtain
Nlw, = &Il < My, — K*II.
From (3.1), we obtain the following:
%01 = K*17 = (1 = p)lly, = K*1I° + pllw, = K*I1> = (1 = ppllw, = y,II*.
and

2 _
lw, = yull~ =

1
p_z ”xﬂ+l - ynllz-
Substitute (3.10) and (3.12) in (3.11), we get

d-»
I%pe1 = K517 < (1= Py = K5I + plly, = K11 = T”anrl -yl
a-»
= Iy, = KII” = T”xn+1 =l

By Lemma 2.5(iii), we obtain the following
1y = KX 112 = lx, + 8(x, = x,_1) + B, — X,_p) — k*II?
= I(1+9)(x, — k%) = (9 = P)(x,_y — k*) = Blx,y — KD
= 1+ lx, — k12 = O = Blix, — k117 = Bllx,_o — k*II

+A+ 9@ = Plix, = x, 117+ A+ Dlx, = x, 5117 = B = Bllx,_y — x, 51

Using Lemma 2.5(i), it follows that

(3.5)

(3.6)

3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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(st = ¥all® = 1Gesr = x,) = (90, = X, ) + B,y — X,
= lIxp41 — x,l* = 2(x 1 = X, 9(x, — X)) + Xy — X,0))
HI9Ce, = x,-1) + Bx,my — X, )1
= %1 = X117 = 200,51 = X, X, = X,01) = 2B(X,4 1 = X, X1 — X,)
+9711,, = Xt 17+ 208(x, = Xu_1s Xy = Xum2) + BHIXmt = Xl (3.15)

Observe that

- 219<xn+l = Xy Xy — xn—l) > _28”xn+1 - xn”llxn — Xp—1 ”
> =9lIx,py — X, )17 = 9llx,, — x,_1 I, (3.16)
- 2ﬂ(xn+1 = Xy Xp—1 _xn—2> > —2|ﬂ|||Xn+1 - xn”“xn—l - xn—2”
> =1B1x g1 = Xl = 1B11x,y = X117, (3.17)
2«9ﬂ(x,, = Xp_1>Xp—1 — xn—2> > _zlﬂllgllxn - xn—l””xn—l - xn—Z”
> —[BI911x, = x,_1 11> = [BI91x,_; — %, ]I (3.18)

Substituting (3.16), (3.17), (3.18) in (3.15), we get
%051 = Yall® = x50 = X1 = Ollx,gy = x, 117 = Ollx, — x|
=18 %ns1 = %ulI* = 1B11%mt = X lI* + 913, = x, 411
=181911x, = x, 1 1> = 1B18M1x,_ 1 = X, o lI* + fPlIx,_y — x, I
= (1= 9= 18Dlxppy = x,117 + (9% = 9 = 1BIDx, — x,_, 17
+(B = 1819 = 18DlIx,—y = X0l (3.19)
Substituting (3.14) and (3.19) in (3.13) gives the following:
Xt = K*N1% < A+ Dllx, = k517 = 9 = Blixy = k51> = Bllx,_n — K¥I17
1+ 9O = Plix, = x,1 I + AU + 9)lIx,, — x, 11
—B@ - B)lix,_ l—xHuz
_d-p 2, 92 9 9 2
> [(1 =8 = 18DNx,g1 — X, 17 + (9% = 8 = 1BIDIx, — x,_y
+(B2 = 1819 = 18Dlx,—y — x,01%]
< L+ 9x, = K511 = O = Pllx,_y — K*I1* = Bllx,_o — k*|1?
+la+ow-p-4 p”) |ﬂ|8)] l1x, = X, 117
(1-p)

[ﬂ(& p+—L
_U=n),
p

- 1819 - Iﬂl)] [

= 1BDIxpe1 = %I (3.20)
From the inequality above, we obtain

d-»
11 = K¥I17 = llx,, = K11 = Bllx, g = K*II* + T(l

9= 1ADIX1 = x4l

. . (1-p)
< ey = K517 = Ollx,my = K517 = Bllx,—g — k¥ + ——=(1 =9 = [BDIIx, — x,,|I”

+[<1+&>(8—ﬂ)—“—;”)(192—219—|ﬂ|—|ﬁ|19+1) 1%, = %, 1P
[ﬂ(8 p+ =2 . - 1819 - Iﬂl)] %1 = X2l (3.21)
Take u, = [lx, = k*[I* = 8llx,_ = k*II = Bllx, 5 = kK*I* + 21 = 8 = |BDllx, = x,_1]I%, we can rewrite (3.21) as follows:
Upyy < U, + (1+8)<8—ﬂ)—(1—;”)<&2—2&—|ﬁ|—|ﬂ|&+1)] 112, = %1112
~|po-p+ L2 . - 119 - Iﬂl)] l1%-1 = %42 (3.22)

Next, we show that u, > 0, for all n > 1.
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. (I=p)
= lIx, = K51 = 9llx,_y — k¥ = Bllx,_p — K*|1* + ——=(1 =9 = |BDIIx, — x,_, I

> lIx, = K517 = 2811x,_y — x,II> = 2811x, — k*II* = Bllx,_ — k*|I
(1 p)
= = 18DlIx, — x4 117

1_
= (1-29)llx, — K| + [%(1 9 161) 2&] et = X012 = Bllxy_s — K1

> 0, (3.23)
since 9 < 2, f <0, ‘9%;)—1 gﬂandogyg%’;
We get from (3.22) that

A+NEI-p) -

Upp) — Uy <

1_
(—p”)wz 29— |5 - 1p19 + 1)] 1, = %, 12

—|po-p+ L2 . —1p19 - Iﬂl)] l1%,-1 = %,
[(H@)(s—ﬂ) (p"’( —20- Iﬂl—|ﬂ|19+1)] [0t = %poalI? = 1% = %p_1 1]

+ [(1 +o9—p- 4 ; Q=P 2 o9 1p1= 1819+ 1) = pO—p)
_(-p)
> —1819 - Iﬁl)] 1%, = Xl (3.24)

Take ¢; = = [(1+8)® - p) - CL@ 20151~ 119+ D] and ¢ = = [(1+90 = p)— L@ =20~ o] = 1919+ D)~ O = p)
—(1;”)([32 — 1819 —|B])|. Since 9p — % < f, we have that ¢; > 0. Also, by Assumption 3.2(c) ¢, > 0. Moreover, we obtain
from (3.24) that

Uppy — Uy < < [”xn—l - Xn—2||2 - ”xn — Xn-1 ”2] - CZHXn—l - xn—2||2~
The inequality above implies

Ut + 111X, = %, 17 S uy +pllx,mg = Xl = o llx,mg = x,0001% (3.25)

Take i, = u, + ¢, ||x,_; — x,_,||?, then @, > 0 Vn > 1. So, we deduce from (3.25) that
gy <, (3.26)

(3.26) implies that i, is a decreasing sequence that is bounded from below. Therefore, limn — ooii, exists. As a result, we obtain
from (3.25) that

nanolo e llx,—y — xn_2||2 =0.
Therefore,
lim lx,_y = x,_[I> = 0. (3.27)
n—00
Also,
”xn+l - yn” = ”xn+1 — Xy~ '9(xn - xn—l) - ﬁ(xn—l - xn—Z)”
< xpgr = xull + 9 x,, = x,y  + 1B1IX,— — X420l = 0, 1= oo, (3.28)
and
[1x, = yull = llx, = x, = 8(x,; = x,1) = BXymg — X0l
< Ollx, = xugll + 1BHIX,—1 — X211 > 0, 1> oo, (3.29)

Combining (3.12) and (3.28), it ensues that

llw, = y,ll = 0, n— oo. (3.30)
And

60, = X, 1l < 10, = ¥l + 1y = %, = 0, 1= oo.

By (3.27) and the existence of limn — ooii,,, it follows that lim,
we obtain from the definition of u, that

u,, exists and hence {u,} is bounded. Since lim,,_,  ||x,,; —x,| =0,

n— 00

JTim (flx, = K*112 = O,y = K117 = Bllx,a = K*11%) (3.31)

exists. Using the fact that {u,} is bounded, then, it ensues from (3.23) that the sequence {x,} is bounded. Hence, y, and w, are also
bounded. This completes the proof. []
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Lemma 3.6. Suppose that Assumption 3.1 holds. Let {y,} be a sequence of nonnegative real numbers given by (3.3). Then every sequential
weak cluster points of sequence {x,} generated by Algorithm 3.3 isin I.

Proof. Observe that (3.8) can be rewritten as follows:
) dﬁ
Il Ziel(yn) AT - PQ,-)Tiynl

22— Ay B < Nyw = K1 = llew, = k¥

llx, = k* + 9Cx, = X,_1) + B,y = X, DII* = llw,, — k|17
[l = K1+ 19, = X, + A,y = x, )]
—llw, — k*|I?
llx, = K112 + 2113, = K* 119G, = X,1) + B,y = X,
H9Ce, = x,21) + B,y — XN = N, — k|17
201x, = K9, = X,2p) + Bxmg = X2l
H9Cx, = x,_1) + Alx,_1 — X, DI
+HIx, = k|17 = llw, — k||
2911x, — k¥, = X,y 1L+ 218111, = K* 1%,y — X, 2l
+28%|Ix, — x, 17 + 2081 11x,_1 — X, 217
+ [llx, = K5l = llw, = &*11] [1x, = &1l + llw, — k"]

2 2
< llxp = %01 [IN7 + 11y = X [IN2 + 2871, = x4 |

IN

IA

2 2
2PN X0 = X I” + llx, —wyIN3 =0, 1 — co,

where Ny :=sup,5;29|x, —k*|), Ny :=sup,5;2|Alllx, —k*|) and N3 := sup,,(l|x, —k*|| + [lw, —k*||). We obtain from the condition
{x,} C [a, blc (0,2) that
d,
- e
” Ziel(yn) )’i,nle*(I - PQ,)TLyn”2
For each i € I(y,), we get
A IT5I = Po )Tyl < li,ndfllTi*ll,

0, n—- co. (3.32)

which implies that
dy Y, AT = )Tyl S a2 N 4,771 < 2 max (1771} (3.33)
€10, €10, 10
Using the following inequality

Z Ai,n’ri*(l - PQi)Tiyn
i€l(y,)

S Z Ai,n

iel(y,)

T,-*(I - PQi)Tiyn

in (3.33) gives
d, || Y AT - Py )Ty,

< d?* max {||T*||},
| < a2 max (7]
i€l(y,)

which implies

42

dy < max {17711} S /L-,J,-:(I P Tl (3.34)
Combining (3.32) and (3.34), show that d, — 0. Hence

Jim |17;y, = Po,Tivall = 0, Vi € 1(y,). (3.35)
From the definition I(y,), it follows that

1im 17,3, = Po, Ty, =0, Vi=12,...,N. (3.36)
Combining (3.6) and (3.36), then

1im (17,5, = Po, Tyl =0, ¥i=12....N (3.37)

for the both Case I and Case II. Additionally, (3.5) and (3.35) imply that for all i € I(y,),
175U = Po )Tyl < iét}fl;(){||7,.*||}||7i*(1 = Po)Tiy,ll =0, n— oo.

8
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Therefore,
Y, 4T A= Po)Twall € ) Al T = Po)Tiy,ll =0, n— oo, (3.38)
i€l(y,) i€l(y,)
Furthermore,
[lw, = Pcy)Il = ||Pc [J’n —7n 2 A T - PQi)Tiyn:| = Pc(yy)
i€1(,)
<l D) AT = P Tl = 0, n— co. (3.39)
i€10,)
Observe that
1y, = Pc)Il = N1y, — w, +w, = Pc@p)l

< ”yn - wn” + ”wn - PC(yn)”
By (3.30) and (3.39), we conclude that
1y, = Pl = 0. n = co. (3.40)

By Lemma 3.5 we have that {x,} and {y,} are bounded, hence, there is a subsequence {x,, } of {x,} such that X,, converges
weakly to ¢ € H, k > 0. Also, by (3.29), there is a subsequence { Vg ) of {y,} so that Vnj, COTVErges weakly to ¢g. By Lemma 2.4
and (3.40) we have that ¢ € F(P¢) = C. Also, since 7; is a bounded linear operator, we have 7y, converges weakly to 7;q for each
i=1,2,...,N. Using Lemma 2.4 again and (3.37), we deduce that 7;q € F(Py)). That is, 7;q € Q; for each i = 1,2, ..., N. As a result,
we have that g € I' as required. []

We prove the main result of this paper as follows:

Theorem 3.7. Suppose that Assumption 3.2 holds. Then the sequence {x,} iteratively generated by Algorithm 3.3 converges weakly to a
unique point in I'.

Proof. We show that {x,} converges weakly to k* € I'. We have already shown that every sequential weak cluster point of {x,} is
in I'. Since lim,,_, , ||x,,; — x,|l = 0 and lim,_, , u, exists, we obtain from definition of u, that

Jim (I, = K512 = 911,y = K¥ 112 = Bllx,s = K¥I1%)

exists for all k* € I'. Suppose that there exists {xn,} c {x,} and {x,, } C{x,} such that Xy, = 4 j — o and X, — k¥ m— co.
We show that k* = g. Observe that

2%, k" = @) = lIx, = qll* = llx, = k11> = llqll* + 1K1 (3.41)

2 2 2 2.
20,1, k" = @) = lIx,oy = qll® = llx,y = &5 = llgll= + 116711

and

2. k" = q) = l1x,m0 — gl = l1x,-0 = K*II* = llqll* + [lk*[1*.
Therefore,

2(=8%x,_1. k* = q) = =8l1x,_; — qlI* + Olix,_; — k*II* + llqll* — 9lIk*||>. (3.42)
and

2A=Px,0. k" = q) = =Plix,_o — qlI* + Bllx,_o — K*II* + Bllall* = BllE*|1*. (3.43)

Addition of (3.41), (3.42) and (3.43) gives

2%, = 9%,_y = Bx,_0 k" = q) = (lIx, — all® = 9lIx,_; — qll* = Bllx,_p — all>) = (llx,, — k*|I?
=OlIx,_y — K11 = Bllx,_o — K17+ (1 = 8 = B)IK*1I* = lIg]1®). (3.44)

Observe that by (3.31), we know
Jim (llx, — KA = 91,y = K11 = Bllx, o = K11
exists and
lim ([l = glI> = 9llx,1 = qlI* = Bllx, 2 = qlI*)
n—oo
also exists. Thus, from (3.44) it follows that lim,_, (x, — 9x,_; — fx,_,, k* — q) exists. Consequently,

(4= 9q=Pa.k" —q) = lim(x, —8x, = fx, 2.k" —q)
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”li_glo<xn - 19Xrlfl - ﬁxn72’ k*— q>

. *
Jim (x, = 8x,,, ) = fx,, 2. K" =)

(k* = 9K* — Bk*, k* — g).

Hence,
(1-9-plk* —qlI* =0.

Since f# <0 < 1 -9, we obtain that k* = g. Hence, {x,} converges weakly to a point in I'. This complete this proof. []

4. Strong convergence result

Assumption 4.1. The following assumptions will be used in the convergence analysis.

2
9 219—5—8821 39—1—-67
207 3459 3
3p9+2p+42 ¢
9-20p—p—4927-%"

. 3p9+2p+41p1%¢ - _ o _
Now choose {c,} in (0, 1- m) such that lim,_, 6, =0, X 0, = co.

1

(a) Choose 9 € (O, %], n € (0,1) and g such that max{— } < B <0, where 7 = _Z;

(b) with the choices of 9, # and  in (a) above, compute

2 g2
20-2-80%c 39_1_¢;

Elind iy <
T3 } < B <0, we have

Remark 4.2. Observe that by the choices 9 € (0, %], and max{—g,
389 + 28 + 4%t

2&—23ﬁ—ﬁ—4&2r—§

<1

Now, we introduce the following algorithm:

Algorithm 4.3. Strongly convergent two-step inertial accelerated algorithm

Step 0: Choose parameters {c,}, §, 9, and n such that Assumption 4.1 holds. For arbitrary x_;, x(, yy € H, set n :=1 and
Step 1: Compute

X1 = Pelo,xg + (1 =0, )w,] Vnx1, 4.1
Compute

{yn =X, + 19()6" - xn—l) + ﬂ(xn—l - Xn—Z)

% (4.2)
Wy =Yyn~"n Ziel(yn) Ai,nT[' - PQ,)T[yﬂ’

where I(y,) = {i : [Ty, — PQ,-Tiyn” = maX—j5.. N 1Ty, — PQ,-Tiyn”}’ Ain 2 0 Vi € 1(y,), Zl.e,(y”) Aig = 1, and {y,} is a
sequence of nonnegative real numbers.

Step 2: Set n = n+ 1, and go to Step 1.

Remark 4.4.

1. f 9 = =0, and 6, = 0, our method recovers the well-known CQ algorithm (Eq. (4.1)) studied by Reich et al. in [28], and
if p = 0 and o, = 0, our method recovers Algorithm 3.3 studied in [31]. In contrast to the methods in [31], [1, Equation
1.5], [28] and our method generates iterative sequences that converge strongly to the unique solution of the problem studied
in this paper. Another unique feature of our method is its ability to perform without prior knowledge of the operator norm
in constraint to method in [1], since operator norm might be difficult to calculate or even unknown. Moreover, our method
adopts two-step inertial technology without on-line rule unlike the methods in [1,28] with no inertial terms, and [31] with a
single inertial term and performs with on-line rule. Hence, our method improves the methods in [1,28,31].

Lemma 4.5. Suppose that Assumptions 3.1 and 4.1 hold. Let {y,} be a sequence of nonnegative real numbers given by (3.3). Then the
sequence {x,} generated by Algorithm 4.3 is bounded.

10
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Proof. Let k* € I' then, using (2.2) and (4.1), we have
(X1 = Loy x0 + (1 = 6,)10, 1, k* = x,41) 2 0.

Thus,
0 < 2xpq1 — loyxg + (I =0 )w, ], k* = x,,1).

Take b, = 6,xy + (1 — 6,)w,, so that (4.3) becomes

0

IN

2<xn+1 - bn’ k* — xn+1>

2 2 2
15y = K* N7 = lIxpr = bull™ = llxppy — K117

From (4.4), we have
X1 = K512 < 1B, = K112 = llx,41 — byll.

By Lemma 2.5(ii), we have

16, = K17 = lloyxo + (1 = 0,)w, = k*|1>
= llw, = k* = 0, (w, = xp)II”
= |w, - K% + 62||w,, — x0||2 - 20,{w, — k*,w, — xq)
= llw, = K*I* + o, llw, = xolI* = 6,llw, = xoI* = 6, llw, = K*II* + 0,,llxo — K*|I*.
Similarly,
%01 = bull* = 11B, = X1 I

2 2 2 2 2 2
= ”wn_xn+1” +o-n||wn_x0” _Gn”wn_XOH _O-n”wn_xn+l” +6n||x0_xn+l|| .

Using (4.6) and (4.7) in (4.5), then
X, = k5117 < (L= ollw, — k*IF = (1 = ollw, — x4, 11 + 6,l1x0 = k* 12 = 6, l1x0 = X, 17
< (I =op)llw, — K 1> = (1 = o )llw, = x4t 1> + 0,0 — K*II.

We estimate ||w, — k*||* as follows:

2
lw, = kI = ||y, =K* =7, Y, AT = Po)Toy,
i€l(y,)
=y, =K NP =270 D Anlyn = KT = Po)Tiy )+ 72| D AT U = P )Tiy,
i€l(y,) i€l(yy,)
2
<My =KW =2, ds + 72 || Y, 4T = Po)Toy,

i€l(y,)
Following similar argument from (3.4) to (3.10), we obtain
llw, = kIl < N1y, = kI

Also, the estimation of ||w, — x,.,|? is as follows:

Yn = Xp41 —Vn Z /11-,"71.*(1 - PQ,-)Tiyn
i€l(y,)

2
llew, = X1l

”yn — Xpt1 ”2 - 2<yn 2 Ai,nT;*(I - PQ‘),’;yn’ Yn — Xn+1> +

i€l(y,) i€l(y,)

> Iy, = X l* =2 [ll}',1 Z AT = Po)Tiyulllly, — X,,ﬂll]

i€l(y,)

2
+ "n Z }'i,nT[*(I - PQi)Tiyn
i€l(y,)
2 * 2 ”yn _xn+1”2

>y, = Xt 12 = [1llre Y, AT = P )Ty, |17 + ———

€10, n

2

+lra Y, AT = Po)Ty,

i€l(y,)

11

2

Yn Z }'i,nT[*(I_PQl),I;yn

(4.3)

(4.4)

(4.5)

(4.6)

“4.7)

(4.8)

(4.9

(4.10)
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where the last inequality was obtained from Lemma 2.6(i). Now, since 5 € (0, 1) it implies that < 1, which further implies that
—n > —1. Using this in (4.10), (4.10) reduces to the following inequality:

lw, = %41 112 = A+ Dlly, = X 1%, (4.11)
where 7 = —$ < —1. Now, using (4.9) and (4.11) in (4.8), we obtain
%01 = K*I1* < (1= 0)ly, — k5117 = (1 = 0,)(1 + DIy, = X1 I + 0,10 — k|17
= (L=o)lly, = kI = (1 = 0,)lly, = Xt 17 = 2(1 = 0Dy = Xt 1> + 0,150 = k¥ (4.12)
Now, we estimate —z(1 — a,)||y, — X411
19, = Xt 112 = 11y = %, + %, = X 17
< 201y, = %, 17+ 211%, = X 117 (4.13)
Observe that
20y, = %l = 2013, + x, = Xm1) + By = X,20) = X1
< 48%|Ix, = X, 1 + 4181 1%,y = x, 011 (4.14)
Therefore, using (4.13), (4.14) and the fact that —z > 0, we obtain the following
— (1 =01y, = % I < =48%2(1 = 0,)llx, = X,y I = 418171 = 6,)lI1x,—; = X,
=2¢(1 = 6,)l1%, — X I (4.15)
Substituting (3.14), (3.19) and (4.15) in (4.12), we have
%541 = K517 < (1=0,) [+ Dllx, = k*[17 = @@ = Pllx,y — k11> = Bllx, — k|17
+(1+ ) = PlIx, = X, 11> + AU+ Dlix,, — x, 17
=B = P)lIx,1 — %, 1]
(1 =0,) [(1 =9 = 1BDIIx,e1 = X, 1> + (9% = 9 = 1BIO)lIx, — x, 1 I
+(B* = 1819 = 1BDIIx,—1 — %, 1]
—49%2(1 = 0,)lIx, = x,1 11> = 4181 2(1 = 6,)l1x,-1 — %,
=2¢(1 = 0,)l1x, = X1 > + 0, lIx0 = K*II
< (=0, [A+Dlx, = K12 = @ = BlIx,_y — kI = BlIx,—o — k1]
+(1=0,) [(1+ 9O = p) = (9% = 9 — |B19) — 48%7] [Ix, — x4 I
—(1=0,) [B@ = B+ (B = 1819 = 1B + 4181 7] l1x,-1 — %,
(1=, [(1 =9 = B + 271 [|x,, = X1 > + 0]l 0 — K*[|?
+(1=0,)p(1 +9lx, — x, 5% (4.16)
Now, estimate (1 — ,)5(1 + 9||x, — x,_, 1.
[, = Xpall* = (Ul = Xmq + %0y = %, 1)
= (1%, = Xpot = (g = X, DID?
> (IIx, = x| = 1Gepmg = x,-DID?
= 1%, = Xy 17 = 2015, = X Gz = % DI+ Gz = X, DI
I, = X, 112
2
1% = 5t 2 = % = X P (4.17)

2 2
= 2|lxp—p = Xy 17+ x50 = X, I

\%

2
llx, = X117 =

From (4.17) and the fact that < 0, we obtain

A +9)d -0,)
2

(1= 6,)B +Dx, — x> < llx, = x,_1 11

(1= 0,)B(1 + 9)l1x,_5 — x,_[I*. (4.18)
Now, using (4.18) in (4.16), we obtain the following:
11 = K¥1I12 = Ollx,, = K* 11 = Bllx,—y — K*II”
<=0, [lIx, = K17 = Ollx,_y = k*11* = Bllx,_p — k*|7]
+(1=0,) [(1 + 9B = p) = (9% = 9 — |B19) — 48°7] [Ix, — x,_, |I?
—=(1=0,) [BW = B+ (B> = B19 = |B) + 4181°7] 1x,_1 — X, 211> + 0, lIxg — K¥|I?
—(1=0,) [(1 =8 = |B) + 2711, = X1 II* = Boy, lIx,-y — K* 11 = 93,1, — K*|I?

12



C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461

1+ -
PO 1P = (1= 0,080+ 8), 2 — %, I

<=0, [lx, = K517 = Ollx,y = K*117 = Bllx,_p — k*|I7]
+(1=0,) [(1+9H@P = p)— (9 = 9 — |B19) — 48°7] lIx, — x,_ I
—(1=0,) [389 + 28+ 4117] lIx,_1 — X, |1 + 0, lIxg — K*1?
—(1 =) [(1 =8 = |B]) + 271 [|x,, = X1 > + (=2B5, — I5,,)lIx,, — K*||?

+ (—Zﬂan n w> llx,, — x,_ 1% (4.19)

Observe that

lim <—2ﬁon +

n—oo

PU+ N1 =0)\ B
f) = 5(1+19)§0.

Therefore, there exists n, € N such that

<—2ﬁo,, L pa+ 19)2(1 -0,

) <0, Vn>ng
And, since —g < B, we get
(=2f0, — 95,) < 0.
So that (4.19) becomes
01 = K* 117 = Sllx, = K* 11> = Bllx,—y — k*I1* < (1 = 0,) [llx, = k¥ = OlIx,; — k¥
—Blix,s = K] + (1 = 0,) [(1 + 9O = B) — (97 = 9 — | B|9) — 48%] ||x,, — x,,_4 |1
—(1=0,) 369+ 28 + 411°7] lIx,_1 — X, lI* + 0, llxg — K*II?
—(1=0,)[(1 =9 =B +27] l|x, = X, >, Vn>ng.
The inequality above is equivalent to the following
‘ 2
x40 = K*II* = Ollx, — K*II* = Bllx,_y — k|1 + §I|xn = X lI?
2
< (U=, [l = K12 = Bl = K7 = Bllyca = kI + S, = 12
2 *®
+(1 - 0,)29 —29p — p— 4% — M = Xy 1 + o,llx0 — K*[I

2
— [ = ot =8 =181+ 201 = 3| lx, = 1 I
—(1=6,)3BI + 28 + 4|12 D)X,y — Xpmall®s V2 g, (4.20)
Observe that
lim inf [(1 — o[l =8~ || +27] - 2] —1—9—|fl+2c—2 0.
n—oo 3 3
Since —|8| = B, and @ < . Therefore, there exists n; € N such that for all n > n; > n,, we have
(I—0o)[1—9—|f] +27] - % > 0.
Hence, (4.20) becomes
2
X1 = K*N1% = Ollx,, — k*11? = Bllx,_; — k*II* + §I|xn —xl? <
‘ 2
(1= 0,) [l = K12 = 8llx, -y = K112 = Bl = K1+ 3, = 1P
+(1 —06,)29 — 298 — p — 487 — z)||x —x,_ 1?7 +0,llxg — k¥]12
n 3 n n—1 nll*0
(1= 06,)3B9+ 2B + 411 DlIx,_1 — X, 0lI>  Vn>n, (4.21)
which implies
* , . 2
et = K717 = 1, = K12 = By = K117 + 510 = X 17
2 2 2
—(1=06,)29 =29 — p— 48°7 — §)||x,, = Xpll” <
2
(1= 0,) [l = K12 = 8llx, - = K112 = Bl = K1+ S, = 112
+0,l1x0 = K112 = (1 = 6,)3BI + 28 + 4|12 )X,y — xpal> V> ny. (4.22)
39+25+4161%¢

-~—, we have that
29-29f—p—48%c3

—(3p9+28 +4|B1%7) < —(1 — 6,)(29 — 298 — B — 49°7 — %).

Since 5, < 1 —

13
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We get from (4.22) that
1 = k¥ 1% = Sllx, = K*I1* = Bllx,_y — K*I1* + §||x,, =Xl
—(3B9+28 + 411> D)lIx, — x,II* <
(1= ) [l = K1 = 911%,c1 = K1 = Bllx, s = K1+ Z i, = 3,117
+0,llxo = K*II* = (1 = 6,)39 + 28 + 4B D)lIx,_, — X, 5l>  Vn>n,. (4.23)

Define for each n > n,

S = [l = K112 = Ollx,my = K*I1* = Bllx,—o — k¥
2
21, = Xyt I = 399 + 26+ 41PNy = %, (4.24)

Next, we prove that s, >0, Vn > n;. Notice that
11 = K* 17 < 2l1x, = X 17+ 211x, = K*11%.
So,
s = 1 = K5 I1P = llx,_g = K*I1* = Bllx,_p — K*II?
20, = Xt I = 39+ 20+ PP,y = 0ol
> [Ix, = k*[1* = 2811, — X, II* = 291Ix, — k*[I* = Bllx,o — K*II?
20, = Xt I = 3O+ 20+ PP,y = ool
= (1= 20)l%, = K 1P+ G = 20113, = %, [P = Bllx, o = K°I1P
—B(BI +2+4p0)|x,_ — x,5]1> >0, (4.25)
since 0 <9 < %, f <0, and 7 < —1. We obtain from (4.23) that
St < (1= 0,)5, +0,llxg — K*|I.

Hence, using Lemma 2.8, we have that {s,} is a bounded sequence. Consequently, we deduce from (4.25) that {x,} is bounded. []

Theorem 4.6. Suppose that Assumptions 3.1 and 4.1 hold. Let {y,} be a sequence of nonnegative real numbers given by (3.3). Then the
sequence {x,} generated by Algorithm 4.3 converges strongly to a unique point P(x).

Proof. Suppose k* = Pr(x;). Then by Lemma 2.5, we get

16, = K117 = llo,(xo = k*) + (1 = 0,)(w0, — k*)II?
= o2llxg = K* 1> + (1 = 6, lw, — k*|I* +26,(1 = 6,)(xg — k*, w, — k*). (4.26)
And,
%041 = ball* = llo (X0 = Xpp) + (1 = 6,00, = X, DI

2 2 2 2
o, ”XO — Xnt1 ” +(- O-n) ”wn ~ Xn41 ” - 20'"(1 - Gn)<x0 = Xpgl> Wy — xn+l>

\%

2 2 2 2
o, l1%0 = X1 17 + (A = 0,)" lw, = %, 1117 = 20,(1 = o)X = Xy M0, — %41l

\%

2l1xg = Xppt 12 + (1 = 6,)% lw, = X, 1> = 20,1 = 6, )M 1w, — X, I, (4.27)
where M| := SUPz, Ixg = x,41 Il < 0, since {x,} is bounded. Using (4.26) and (4.27) in (4.4), we obtain
%1 = K*I1> < onllxg = K*II* + (1 = 6,) |, = K*II* +26,,(1 = 5,)(xq — k*, w,, — k*)
= [onllxo = X1 I + (1 = 0,07 1w, = x4 1> = 20,1 = 0,) M, |, = X1 1]
(1 = ollw, = K + 0, (0,l1x0 = K*II> + 21 = 6,)(xo = k*,w, = k*)
21 = 0,) My [lw, = X1 11) = (1 = 0, 1w, = x4 1. (4.28)

IN

Now, using (4.9) and (4.11) in (4.28), we obtain the following:
%541 = K* 1P < (1= 0,1y, = K*II* + 0, (0,llx0 = K*II* +2(1 = 6,)(x0 — k*, w0, — K*)
+2(1 = 0, )M |10, = x,1[1) = (1 = 6,)* (1 + DIy, = x4 I
= (L =o)lly, = K*I1* + 0, (0,llxg = K*II* + 21 = 5,)(xq — k*, 10, — k*)
+2(1 = o, )M |, = X1 1) = (1 = 6,)% 1y, = X, 17
(1 = 6,7y, = X1 I (4.29)

14



C.C. Okeke et al. Communications in Nonlinear Science and Numerical Simulation 141 (2025) 108461

Using (3.14), (3.19) and (4.15) in (4.29), we get
%41 = K517 < (1 =0,) [A+Dllx, = K*[17 = @@ = Pllx,y = K117 = Bllx,p — k|17
+(1+9)O = Pllxy = 2,1 2+ A+ Dllx, = x, 2l = BO = Pllx,y = x,211]
+0, (a,llxg = K*[1* +2(1 = 6,)(xg — k*, w, — k*)
+2(1 = o) M, |w, = X1 1) = (1= ,)% [(1 =9 = [ADl1x01 = x, I
(O = 9 = 1B19IIx, = x,_ 1 II* + (B = 1819 = 1BDIIX,—1 — X, 117
—48%2(1 = 0, lIx, = %, > = 4Bz (1 = 6,)* 1,1 = X, I”
=2t(1 = 6, [Ix, = %1 %
the inequality above implies the following:
%1 = K17 = Ollx,, = k11> = Bllx,—y = K*II* + %len =Xt lI?
~(3B9+28 + 411> D)lIx, — x4 II* <
(1-0,) [len — K = Ol = K11 = Blix,—o — K*I1 + %nxn — Xt I
—(3p9+ 28 + 4B D)lIx,_1 — %217 = 90, lIx, — K*II* = BoylIx, — K*II?
+ [(1 -5, [(1 + 90— p) - %] — 3B+ 2B +41B1P0) — (1 — 6,29 — 9 — |5l + 419%)]
Xllx, = x,_1 1> + (1 = 0,,) [369 + 28 + 4Bt = B — p) — (1 — 5,)(B* — |19 — || + 418I*7)]
Xt = %,all* + [ 3 = (1= 0,20 = 8 = 1814 20)] Iy = %,
+0, (0,4llx0 = K*II* +2(1 = 6,)(x — k*, w,, — k*) + 2(1 = 6, )M lw, = x4, 1l) - (4.30)
Define
ry 1= 0,llxg = K5 I1P 421 = 0,)(xg = k¥, w, = k) +2(1 = 6,) M |0, = X111l
then (4.30) reduces to
St < (1= 0,)5, + 0,1, + (=2f0, = 90,)|Ix, — k*||>
+ [(1 -5, [(1 +9WO—p) - %] — (B3PI +2p +41B127) — (1 — 5, 2(9% — 9 — | p19 + 48%7) — Zﬂ(fn]
Xl = 0t [P+ [ 3 = (1= 0,020 = 8= 1914 20)] 101 = 3,7
+(1=0,) [389+ 28 + 418>t — B — ) — (1 = 6,)(B* — 1819 — | B + 4181 D)] lIx,-1 — X, (4.31)
Since —g < f, we have that
—2f6, -9, <0 Vn>n,. (4.32)
Observe that
lim %—(1 -0’ (1-9- |ﬁ|+2r)] = % —(=9—1pl+27) <0,

39-1-67
3

Jim [39+25 + 41517 = O = ) = (1 = 6,)(B* = 1519 = |B| + 415 *7)]
=p(1+9) <0. (4.33)

since < p. Observe that

Furthermore,
Tim [(1 —3,) [(1 F9WO—-p) - %] — (3B9+ 28 +41B120) — (1 — 6,)2(9% — 9 — | 5|9 + 48%7) — 2/35"]
=(1+9I-p) - % — BRI+ 20 +4p%T) — (92 — 9 — |9 +49%7) < 0, (4.34)
since 29_3—;2921 < p, v < -1, and -9 < f, which implies 2 < 92. Using (4.32)-(4.34) in (4.31), there exists n, > n; € N such that
for all n > n, > n,
Sur1 S (L =0,)s, + 0,1,
+ [(1 -0, [(1 + 9O —p) - % — BRI+ 26 +416171) — (1 — 6,)°(9% — 9 — | B9 + 49%7) — 20,
Xlx, = X111 (4.35)

To conclude the proof, it is sufficient to prove in view of Lemma 2.7 that limsup;_,, r,,, <0 for each subsequence {s, } C {s,} such
that liminf;_, (s, 41 — s,,) 2 0. To this end, let {s,, } be a subsequence of {s,} such that liminf; (s, 4+ — s,) > 0. From (4.35), we
have
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lim sup — [(1 -5, ((1 +9)O =) — %) — (3B9 + 25 + 41520

i—»o0
~(1 = 0,8 = 8 = 1919 + 49%7) = 20, | I, — x,1 I
< lir_n sup[(s,,l - Sn,»+1) +o0, (r,,i - s,,i)]
1—00

= —lll_n_lglf(snr_ﬁ_l = 5,)<0.

Since
lim sup — [(1 ~5,) ((1 + 9O —p)— %) — (BP9 +28 +418*7)
(1= 0, 2(8% — 8 — |BI9 + 48%7) — 2/30,,] >0.
We get

lim [|x,, = x,, || = 0.
1—00
From (3.38) and (4.2), we obtain

lw, =yl =y, D% 4, T = Po)Tiy,ll = 0, n— .

i€l(y,)
And
llw, = X1l < Nlwy = yull + 11yy = Xyl > 0, 17— o0, (4.36)
Also,
1xp41 = Pl = 1 Pclo,xg + (1 = o,)w,] = Pe(y)ll

< loyxg + (1 = o, )w, — y,ll

ll(e,(xg — wp) + (w, — ¥l

IA

o,llxg — w,ll + llw, —y,ll = 0, n— . (4.37)
From (3.28) and (4.37), that we obtain
1y, = Pell < vy = Xy Il + I1x,00 = Pl = 0, 1 — oo. (4.38)

By Lemma 4.5 we have that {x,} is bounded. We have also shown that {y,} and {w,} are bounded, thus there exists a subsequence
{xp, ) of {x,} such that Xy, converges weakly to ¢ € H, k — oo. Also, by (3.29), there exists a subsequence (Ve ) of {y,} such that
Vu, converges weakly to g. By Lemma 2.4 and (4.38) we have that g € F(P¢) = C. Also, since 7; is a bounded linear operator, we
have 7}y, converges weakly to 7;q for each i = 1,2,..., N. Using Lemma 2.4 again and (3.37), we deduce that T;q € F(Pyp,). That
is, T;q € Q; for every i = 1,2, ..., N. Consequently, we have that g € I".

Since k* = Pp(x(), we have that

lim sup(xo — k", x, — k™) =(xq — k*,q - k*) < 0.

i—oo
Also,
lim sup(xo — k.3, — k%) <0,
i>co
therefore,
lim sup(xg — k*, Wy, — k*) <0, (4.39)
i—oo

By (4.39) and (4.36), we have that
limsupr, <0.
i—oo !
Since Y | 6, = oo, we obtain by Lemma 2.7 in (4.31) that lim,_,, s, = 0. Using (4.25), it follows that {x,} converges strongly to
Pp(xg). This completes the proof. []

5. Numerical examples

We now give some numerical examples to validate our results and illustrate the performance of our Algorithm 3.3 (Proposed
Alg. (1)) and Algorithm 4.3 (Proposed Alg. (2)) with (Reich et al. Alg. (1)), (Reich et al. Alg. (2)) proposed by Reich et al. in [1],
(Okeke et al. Alg. (1)) and (Okeke et al. Alg. (2)) Proposed by Okeke et al. [31]. We use ||x,,; —x,]l < 10~* as the stopping criterion
and the results are shown in Tables 2, 4 and Figs. 1-8.

The first example is in finite-dimensional spaces. Here, we compare the weak convergent algorithms, that is, (Proposed Alg. (1))
with (Reich et al. Alg. (1)) and (Okeke et al. Alg. (1)).
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Table 1
Methods parameters for Example 5.1.
. 1 1
Reich et al. Alg. (1) Aip = N 0=
1 1 1
Okeke et al. Alg. (1) Aip = N = 9=095 €, = wiar
1 1
Proposed Alg. (1) 3.3 Aig = ~ = p=020 9=0.30 p=-020
Table 2
Numerical results for Example 5.1.
m=35 m=10 m=20 m =40
Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time
Reich et al. Alg. (1) 194 0.0091 100 10.0177 54 0.0179 31 0.0171
Okeke et al. Alg. (1) 106 0.0068 117 0.0064 104 0.0072 102 0.0079
Proposed Alg. (1) 3.3 28 0.0061 29 0.0060 28 0.0068 30 0.0071

—¥— Reich et al. Alg. (1)
—A— Okeke et al. Alg. (1)
—A— Proposed Alg. (1)

107 . !
10° 10° 102
Iteration number (n)

F

=

g. 1. Example 5.1 m=35.

Example 5.1. Let H =R"” and H; = R" for i = 1,2,..., N. Suppose C = {x = (x;,X;,...,X,) ER" : -5 <x, <5,k=1,2,...,m}.
Fori=1,2,...,N, let

0, ={yeR": gy <0},

where ¢;(y) = % y'Biy+ by +¢;, B; is a Hessian matrix, b, and c; are vectors generated randomly in R for i = 1,2,..., N. The
projection onto Q; can effectively be calculated using Optimization Toolbox solver “quadprog” in MATLAB. Let 7; : R™ — R" be
randomly generated matrices of which the elements of the representing matrices are randomly distributed in the interval [-5,5].
We consider the following problem: Find x* € C such that

N
x*eCn <ﬂ T;'(Q,)).

i=1

The starting points x_;, x, and x, are generated randomly in R” for m = 5,10,20,40 and N = 6 (see Table 1).

The second example is in infinite-dimensional spaces. Here, we compare the strong convergent algorithms, that is, (Proposed
Alg. (2)) with (Reich et al. Alg. (2)) and (Okeke et al. Alg. (2)).
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—¥%—— Reich et al. Alg. (1)
—&A— Okeke et al. Alg. (1)
) —&A— Proposed Alg. (1)

10° ' '
10° 10" 102
Iteration number (n)
Fig. 2. Example 5.1 m = 10.
101 -

—¥— Reich et al. Alg. (1)
4 —A— Okeke et al. Alg. (1)
\ —A— Proposed Alg. (1)

107

10°® ' '
10° 10’ 102
Iteration number (n)

Fig. 3. Example 5.1 m = 20.

1/2
Example 5.2. Let H = H; = L*([0,1]) (i = 1,2,3) with norm ||x|| = (/01 |x(t)|2dt> and the inner product (x,y) = /01 X(Oy0dr.
Let C,Q;,0,, 03 be defined by

1
C = xGLZ([O,l]):/ 32x(1) =0 p,
0
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—¥— Reich et al. Alg. (1)
—&A— Okeke et al. Alg. (1)
—A— Proposed Alg. (1)

10° ' J
10° 10" 10?
lteration number (n)
Fig. 4. Example 5.1 m = 40.
10%f

—¥— Reich et al. Alg. (2)
4 —A— Okeke et al. Alg. (2)
—A— Proposed Alg. (2)

10"4

! !

10
10° 10" 102
Iteration number (n)

Fig. 5. Example 5.2 Case 1.

0,

1
xeLz([O,l]):/ 045 o\
, 3

{x € L2([0,1]) : ||x(r) - sin@®)||> < 16},

Q
3
]
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05 = {xe L2(0.1]) : [IxlI* < 1},

and T, : L*([0,1]) — L2([0
Pex(t) = x(1) = 31

107"

103
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!

—¥— Reich et al. Alg. (2)
—A— Okeke et al. Alg. (2)
—A— Proposed Alg. (2)

107

10'

Iteration number (n)

Fig. 6. Example 5.2 Case 1.

!

—¥— Reich et al. Alg. (2)
—A— Okeke et al. Alg. (2)
—A— Proposed Alg. (2)

10"
10°

10’

Iteration number (n)

Fig. 7. Example 5.2 Case 3.

(5.1)

,}]) 3iszd(ef)i‘?ed by T;x(r) = @ for i = 1,2,3. The projections onto C and Q; are explicitly given as follows:
o St x(@)dt 7

Jil3edr
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—¥— Reich et al. Alg. (2)
—A— Okeke et al. Alg. (2)
—A— Proposed Alg. (2)

10°
107
4
2 102
wi
10°°
10
10° ' '
10° 10" 102
Iteration number (n)
Fig. 8. Example 5.2 Case 4.
Table 3
Methods parameters for Example 5.2.
. 1 1 1 x
h Alg. (2 - L - _x
Reich et al. Alg. (2) din =y = 0E3 o w1 I0=3
1 1 1 1 x
kek Alg. (2 = — =0. e, = ———— = ==
Okeke et al. Alg. (2) hin= e 9=095 ‘T rap o T uEl f@=3
1 1 1
Proposed Alg. (2) 4.3 Aip = ~ 0= p=020 9=0.30 p=-020 W=
1 1x(1)
x(0) _t/o = U ix@dt o
Po,x(1) = 3 fy Lar 03
x(t) otherwise,
P x() = x(t) if ||x(¢) —sin(r)|| < 4,
o sin(t) + 4207800 oiherwise,

[Ix(®)=sin(@)l|

it lx@I* > 1,

x(t) otherwise.

x(1)
Po,x(t) = {Hx(t)ll2

For this example, take 4, , = L with N =3, 4 cases of the starting points x_,, x, and x, are selected in L, ([0, 1]) as follows:
Case 1: x_; = exp(2t), xo =1+ 3, x| = sin(®);
Case 2: x_; =sin(t), xy = exp(—21), x; = cos(t);

Case 3: x_;

_ sin(21) ,

— exp(®)
==

_ 9cos(31)

5

Case 4: x_; = exp(—41), xy = cos(21), x; = sin(3r) (see Table 3).

Remark 5.3. We noted from the numerical Examples 5.1-5.2, Tables 2, 4 and Figs. 1-8, that in terms of number of iterations and
CPU time, our proposed algorithms (Proposed Alg. (1)) and (Proposed Alg. (2)) perform better than the existing ones. Thus, our

proposed methods are more efficient for solving the split feasibility problem with multiple output sets than the existing ones.

6. Conclusion

We presented and studied two new two-step inertial accelerated algorithms. Our algorithms are modification and extension of
C-Q algorithms studied by Reich et al. in [28] and Okeke et al. in [31]. We adopted the two-step inertial technique and prove the
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Table 4
Numerical results for Example 5.2.
Case 1 Case 2 Case 3 Case 4
Iter. CPU time Iter. CPU time Iter. CPU time Iter. CPU time
Reich et al. Alg. (2) 183 6.2595 183 6.2680 183 6.4824 183 6.2630
Okeke et al. Alg. (2) 183 5.5316 183 5.6436 183 5.6696 183 5.6371
Proposed Alg. (2) 4.3 43 1.2617 45 1.3157 43 1.2555 44 1.2870

weak and strong convergence of the introduced algorithms; moreover, we achieved strong convergence result without the application
of on-line rule, which is in contrast to the method studied in [31]. Finally, we show the applicability and efficiency of our methods
through numerical experiments.
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