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Abstract

In this dissertation, we propose and study two relaxed inertial methods for solving equi-
librium problems. In our first proposed method, we establish that the generated sequence
of our proposed method weakly converges to a solution of the equilibrium problems. We
apply this proposed method to variational inequality and fixed point problems. Further-
more, a modification of the first method leads us to our second iterative method. Again,
we established that the sequence generated by this method converges strongly to a solution
of the equilibrium problems. Our proposed methods involve self-adaptive stepsizes and
hence, do not require the fore knowledge of the Lipschitz constants for implementation.
In each of our proposed methods, the convergence is established when the associated cost
bifunction is pseudomonotone and satisfies the Lipschitz-type condition.
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Chapter 1

Introduction

1.1 Background of the Study

Throughout this dissertation, we will let H denote a real Hilbert space furnished with the
inner product function, ⟨·, ·⟩, and induced norm ∥ · ∥. We will also let C denote a closed
convex nonempty subset of H. Suppose f(·, ·) : C × C −→ R is a bifunction in such a way
f(s, s) = 0, ∀s ∈ C.
The equilibrium problem (briefly, EP) for the bifunction f is defined as:

find r̄ ∈ C such that f(r̄, s) ≮ 0 ∀s ∈ C. (1.1.1)

Mathematical programming problems can be viewed as variational inequality problems
and optimization problems, but interestingly, both models are special realizations of an
abstract equilibrium problems. In the algorithms that solve the mathematical program-
ming, one thing stands out—the convexity of the objective function. This is in no any
way disregarded for bifunctions of equilibrium problems as monotonicity correspondingly
replaces the classic convexity assumption, though this classical assumptions are sufficient
but not necessary [8]. This shows, as we shall see subsequently, that equilibrium problems
have earlier been in existence.

In the early study, in 1969 and 1972, Zukhovitskii et al. [95] and Brezis et al. [15] respec-
tively studied the general model, that is, inequality (1.1.1). Also, in 1972, Ky Fan [28]
in his work made some great remarkable contributions to inequality (1.1.1), hence, this
inequality is some times referred to as Ky Fan inequality. In 1991, at the 57th Annual Con-
ference of the Indian Mathematical Society held at Aligarh, Blum and Oettli [14] presented
their work, ”From Optimization and Variational Inequalities to Equilibrium Problems,”
and the term ”Equilibrium Problems” was mentioned. They extensively explained that
equilibrium problem is a unification of variational inequality, fixed points, Nash equilib-
rium, complementarity, saddle points, optimizations, convex differentiable optimization
problems. It is, of course, important to also note that EP(1.1.1) generalizes problems like
image restoration, financial analysis in Economics and other problems in Physics, thus,
making equilibrium problem an interesting aspect of Mathematics.

1



Earlier before the publication of the work of Blum and Oettli, equilibrium problem was
not a well known path in mathematical programming and optimization, but after the
publication, it began gaining the real interest of many researchers. Thus, many authors
have devoted efforts in studying EP(1.1.1), thereby developing and analyzing several ef-
fective iterative methods of approximating its equilibrium point. In fact, nowadays, there
is a good theory for equilibria and a rapidly increasing number of methods for finding
them. These methods, not in any order, include: the projection method [61, 66, 85];
The proximal point methods (PPM) [43, 62, 63, 64]; The extra-gradient methods (EGM)
with or without line search (such as: The hybrid projection-type extra-gradient method
(HPEGM), The shrinking projection-type extra-gradient method (SPEGM), The extra-
gradient-viscosity method(EGVM) [54], The Halpern-type exra-gradient method (HEGM)
) [41, 45, 70, 77, 91, 93]; The methods using the Bregman distance [48, 80]; The gap func-
tion methods [13, 60, 76]; The sub-gradient extra-gradient methods [18, 35, 37, 86, 88];
The descent methods [10, 12]; and The inertial type methods [22, 36, 44, 47, 69, 78, 86].
Each method is formulated for a class of equilibrium problems. In all these methods, the
methods of relaxed inertial type sub-gradient extra-gradient for approximating the solu-
tions of EP(1.1.1) are our total focus in this dissertation and will be handled in details in
chapters 3 and 4.

1.2 Research Motivation

In the early years, methods like conjugate gradients, Abramov’s, Lysternik’s, Faddeyev’s
general three-term iteration process, etc. were widely used in Linear Algebra for speeding
up the convergence of iterative methods for obtaining the solutions to the Linear equations,
but an intriguing thing is that these methods involved the extrapolation term. There was
a strong desire to improve this extrapolation term which led Frankel [30] to observe that
there would be an improvement in convergence rate of iterative process of solving the
second order differential equations using the second-order Richardson method over the
Liebmann extrapolation method. This improvement was as a result of one not only using
ϕn
j′,k′ (j

′, k′ are points all through the neighbourhood of j, k), but as well use ϕn−1
j,k in the

calculation of ϕn+1
j,k . This is a modification brought by the formal equivalence between the

Richardson method and the solution of the time-dependent equation,
∂ϕ

∂t
= Lϕ, where

the modified iteration method is similar to the solution of the second order differential
equation in time t,

∂2ϕ

∂2t
+ A

∂ϕ

∂t
− Lϕ = 0,

which can be written as

ϕn+1
j,k = ϕn

j,k + α(ϕn
j,k − ϕn−1

j,k ) + βLϕn
j,k ( interior points),

bj,k (boundary points). (1.2.1)

2



And the solution of the equation Lϕj,k = 0 satisfying the included boundary condition is
denoted by ϕj,k. Polyak [74] replicated (1.2.1) by studying the iterative method

xk+1 = xk + α(xk − xk−1)− βp(xk), (1.2.2)

whose continuous analogue form is

ẍ(t) = c1ẋ(t) + c2p(x(t)) (1.2.3)

and observed that the two-step methods in relation to the corresponding one-step methods
indeed speed up the rate of convergence. He was the first to call (1.2.2) the inertial type
extrapolation algorithm.

Attouch and Cabot [4] assumed c1 = ϑ(t) as a function of t and used an explicit finite
difference discretization of the dynamical system (1.2.3) in time t with a time step size
hk > 0 and by setting tk :=

∑k
j hj, xk := x(tk), ϑk := ϑ(tk) obtained

1

h2k
(xk+1 − 2xk + xk−1) +

ϑk

hk
(xk − xk−1) + γp(wk) = 0, (1.2.4)

where, for each k ≥ 1, wk is a point belonging to the line passing through the points xk−1

and xk.
Expanding (1.2.4) and setting θk = 1− ϑkhk ≥ 0, gives

xk+1 = xk + θk(xk − xk−1)− γh2kp(wk), (1.2.5)

where θk is called the inertial coefficient.

(1.2.5) which is a modification of (1.2.1) that uses the constants α and β is more practicable
since it involves a variable inertial coefficient, θk. Nesterov [68] obtained faster convergence
when he introduced the first formal inertial algorithm in which his extrapolation choice
is wk = xk + θk(xk − xk−1). This is a part of what our algorithms seek to incorporate.
Moudafi [64] proposed a method that combines the relaxed proximal point method and
the extrapolation term.

Attouch and Cabot in their work [3], obtained weak convergence for the proximal algorithm
for maximally monotone operators through the relaxed inertial technique.

Shehu et al. [86] studied the sub-gradient extra-gradient type of EPs and achieved strong
convergence through the introduction of inertial and relaxation parameters.

Thong et al. in [89] introduced a relaxed inertial Tseng’s method for finding the solutions
set of a variational inequality and fixed point problem, and used the on-line rule and
the assumptions that f satisfies the Lipschitzness and pseudomonotonicity conditions to
obtain the strong convergence of their scheme.

Izuchuckwu et al. [44] examined the split monotone variational inclusion problems in two
real Hilbert Spaces and combined the inertial and relaxation techniques with the proximal
contraction algorithm to obtain the strong convergence of their proposed algorithms.

Going in the same direction, this work is motivated by the works of Attouch and Cabot
[3], Izuchuckwu et al. [44], Shehu et al. [86] and Thong et al. [89]. We study the sub-
gradient extra-gradient equilibrium problems by introducing the extrapolation effect and
the relaxation techniques.
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1.3 Statement of Problem

Let H be a real Hilbert space, and C ⊂ H a closed convex nonempty subset of H. Let
f(·, ·) : C×C −→ R denote a pseudomonotone bifunction in such a way f(s, s) = 0, ∀s ∈ C.
Then, the general model of our problems is

find r̄ ∈ C such that f(r̄, s) ≮ 0 ∀s ∈ C. (1.3.1)

Where EP (f, C) := {r̄ ∈ C | f(r̄, s) ≥ 0 ∀s ∈ H} is the solutions set.
Solving for a solution point (r̄ ∈ EP (f, C)) of (1.3.1), we use the following methods for
evaluating xn+1 :

Algorithm 1.3.1.
Condition on the inertial and relaxation factors.
Suppose that θn ∈ [0, 1), αn ∈ (0, 1) and lim inf αn > 0

n→∞
. Assume for n sufficiently large

enough, there is ϵ ∈ (0, 1) for which

(1− ϵ)1− αn−1

2αn−1

(1− θn−1)

≥ θntn+1

(
1 + θn +

[
1− αn

2αn

(1− θn) +
1− αn−1

2αn−1

(1− θn−1)

]
+

)
.

Let x0, x1 ∈ H, λ1 > 0, 0 < µ < 1.
STEP 1: Start with the present iterates xn−1, xn and
evaluate


wn = xn + θn(xn − xn−1)

yn = argmin
y∈C

{
λnf(wn, y) +

1

2
∥wn − y∥2

}
.

Stop the computation if yn = wn, and yn becomes a solution, otherwise, move to step 2.
STEP 2:
Choose vn ∈ ∂f(wn, .)(yn) in such a way there is
qn ∈ NC(yn) satisfying
qn = wn − λnvn − yn, and construct a half space
Tn = {z ∈ H : ⟨wn − λnvn − yn, z − yn⟩ ≤ 0}.

Evaluate
zn = argmin

y∈Tn

{
λnf(yn, y) +

1
2
∥wn − y∥2

}
.

STEP 3: Compute

4



xn+1 = (1− αn)wn + αnzn, and

λn+1 =


min

{
µ

2

∥wn − yn∥2 + ∥zn − yn∥2

f(wn, zn)− f(wn, yn)− f(yn, zn)
, λn

}
, if f(wn, zn)− f(wn, yn)

−f(yn, zn) > 0,

λn, otherwise.

Set n+ 1← n and continue again from step 1.

Algorithm 1.3.2.
Let αn ∈ (0, 1) and lim inf

n→∞
αn > 0. Assume that {ξn} is any positive sequence such that

ξn = o(σn), that is, lim
n→∞

ξn
σn

= 0, where {σn} ⊂ (0, 1) in a way

lim
n→∞

σn = 0,
∞∑
n=1

σn =∞.

Let x0, x1 ∈ H, λ1 > 0, µ ∈]0, 1[.
STEP 1:
Given the current iterates xn−1 and xn, choose θn such that 0 ≤ θn ≤ θ̄n, where

θ̄n =


min

{
θ,

ξn
∥xn − xn−1∥

}
if xn ̸= xn−1,

θ otherwise.

STEP 2:
Set wn = (1− σn)(xn + θn(xn − xn−1)) and calculate
yn = argmin

y∈C
{λnf(wn, y) +

1
2
∥wn − y∥2}.

Stop the computation if yn = wn, and yn becomes a solution, otherwise, move to step 3.
STEP 3:
Choose vn ∈ ∂f(wn, .)(yn) in a way there is
qn ∈ NC(yn) satisfying
qn = wn − λnvn − yn, and construct a half space
Tn = {z ∈ H : ⟨wn − λnvn − yn, y − yn⟩ ≤ 0}.
Evaluate
zn = argmin

y∈Tn

{λnf(yn, y) + 1
2
∥wn − y∥2}.

STEP 4: Compute

5



xn+1 = (1− αn)wn + αnzn, and

λn+1 =


min

{
µ

2

∥wn − yn∥2 + ∥zn − yn∥2

f(wn, zn)− f(wn, yn)− f(yn, zn)
, λn

}
, if f(wn, zn)− f(wn, yn)

−f(yn, zn) > 0,

λn, otherwise.

Set n+ 1← n and continue again from step 1.

In this dissertation, these are our proposed methods for solving problem (1.3.1).

1.4 Objectives

The major aims of this dissertation are to:

(i) review some already existing and important outcomes on equilibrium problems,

(ii) introduce and study iterative methods for finding the approximate solutions of the
EPs,

(iii) establish weak and strong convergent results for EP using our suggested schemes,

(iv) use our achieved results in some mathematical programming problems.

The remaining of this dissertation is presented thus:

� Chapter 2: We revisit some important fundamental concepts, definitions, proposi-
tions and theorems that played vital roles in the formulation and the analysis of our
main results. This chapter also captures some good examples to aid in better under-
standing of some concepts. Extensive literature review on equilibrium problems is as
well presented. More so, comprehensive relationships between EP and other convex
problems are introduced and finally, the chapter ended with existence of solution
theorem for EPs in H.

� Chapter 3: We presented and analyzed our first proposed method for finding a real
approximate solution of an EP with applications to variational inequality and fixed
points problems.

� Chapter 4: Our second iterative method for solving Ep was analyzed in this chapter.

� Chapter 5: In this chapter, we present our conclusion, contribution to knowledge
and possible time ahead research.

6



Chapter 2

Literature Review

We aim to highlight some important fundamental concepts, definitions, propositions and
theorems that play vital roles in the formulation and the analysis of our main results.
This chapter also captures some good examples to aid in better understanding of some
concepts. Extensive literature review on equilibrium problems is as well presented. More
so, comprehensive relationships between EP and other convex problems are introduced
and finally, the chapter ended with existence of solution theorem for EPs in H.

2.1 Preliminaries and Definitions

2.1.1 Space of Interest

Our space of interest is a special type of Banach spaces called the real Hilbert space, and
this is because of its simple geometric structure when compared to other Banach spaces.
Some unique features make working in Hilbert spaces relatively easy which we are going
to explore in this chapter and thereafter use them in the subsequent chapters.

Now, we give definition of Hilbert spaces and our adapted notations.

Definition 2.1.1. Suppose V is a linear space, the single-valued function ⟨·, ·⟩ : V×V −→
K defined from V×V to K = R or C is called an inner product on V if for each s, w, z ∈ V
and γ, δ ∈ K the following are true:

C1 : ⟨s, s⟩ ≥ 0 and ⟨s, s⟩ = 0 if and only if s = 0;

C2 : ⟨s, w⟩ = ⟨w, s⟩, where z indicates complex conjugation of z;

C3 : ⟨γs+ δw, z⟩ = γ⟨s, z⟩+ δ⟨w, z⟩.

If the pair (V , ⟨·, ·⟩) called an inner product space is complete, then it becomes a Hilbert
space. Keeping in mind that (V , ⟨·, ·⟩) is complete, we therefore define H = (V , ⟨·, ·⟩).
Hence, as earlier mentioned in chapter 1 except otherwise stated, H denotes a real Hilbert
space endowed with the inner product ⟨· , ·⟩ and induced norm ∥ · ∥. We will let {xn} → r̄

7



and {xn} ⇀ r̄ to respectively mean strong and weak convergence of xn ∈ H. While R
represents the extension of real numbers, R to +∞.

2.1.2 Set Convexity

Definition 2.1.2. Let s, z ∈ H, then, the set of points of the form [s, z] = (1−λ)s+λz =
s+ λ(z− s), ∀λ ∈ R is called the line segment, while a set E is called a flat (or an affine
set) if (1− λ)s+ λz ∈ E ∀s, z ∈ E and λ ∈ R.

Definition 2.1.3. Let s1, ..., sn ∈ E ; a vector s = λ1s1 + ...+ λnsn with
∑n

i=1 λi = 1 is an
affine combination of si, i = 1, 2, ..., n. Thus an affine set E contains affine combination
of any set of points from E .
Geometrically, affine sets which contain the origin are subspaces of H.

Definition 2.1.4. A subset C of H is called a convex set if the line segment [s, z] =
(1− λ)s+ λz is in C whenever s and z are in C and 0 < λ < 1.
This shows that all affine sets (including ∅ and H itself) are convex but conversely this is
not generally true.

Example 2.1.5. Solid ellipsoid and cubes in H = R3 are convex but not affine.

Definition 2.1.6. A nonempty convex set T is said to be a halfspace if for any non-zero
s ∈ H and any δ ∈ R

T = {s : ⟨s, k⟩ ≤ δ}, {s : ⟨s, k⟩ ≥ δ},
{s : ⟨s, k⟩ < δ} or {s : ⟨s, k⟩ > δ}.

Definition 2.1.7. A point z0 ∈ C is known as an algebraic interior point of C if every
straight line through z0 has an open segment centered at z0, while the collections of algebraic
interior points of C is known as the algebraic kernel Ai(C) of C.

It is important we note that whenever H is finite dimensional, then every convex subset
of H contains algebraic interior points. It is not always true if H is infinite dimensional,
however, a particularly important class of convex bodies called the convex α−bodies or
convex algebraic bodies are formed by those infinite dimensional spaces which have at
least one algebraic interior.

Definition 2.1.8. A set C is a cone whenever we have λs ∈ C for each s ∈ C and λ ≥ 0,
and it is a convex cone only when it is convex and a cone. A point s =

∑n
i=1 λisi is called

a conic combination or weighted sum of s1, ..., sn if λi ≥ 0 for each i ≥ 1. Hence, a set
becomes a convex cone if and only if it contains all conic combinations of its elements.

Definition 2.1.9. Let C denote a convex cone, then the conjugate cone is given by

C∗ = {v ∈ H : ⟨v, s⟩ ≯ 0 for each s ∈ C}.

Example 2.1.10. Given a halfspace C = {s ∈ Rn : ⟨a, s⟩ ≯ 0}, a ̸= 0; obviously C is a
convex cone , and its conjugate cone is given by

C∗ = {v ∈ Rn : v = λa, λ ≥ 0}.
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Definition 2.1.11. Suppose C ⊂ H is a convex set, with z ∈ C, then

NC(z) := {u ∈ H : ⟨u, s− z⟩ ≤ 0 for any s ∈ C}

is called the normal cone to C at z.

Remark 2.1.12. It is easily verified that the normal cone NC(z) is a closed convex cone,
and also, given w ∈ int(C), then NC(w) = 0.

2.1.3 Bifunctions

Definition 2.1.13. Let f : C −→ R be a mapping. Then

a. f is called a convex function if:

i. C is a convex set, and

ii. ∀λ ∈ R for which 0 ≤ λ ≤ 1 and for each s, w ∈ C, then

f(wλ) = f((1− λ)w + λs) ≤ (1− λ)f(w) + λf(s)

= λ(f(s)− f(w)) + f(w);

b. f is concave if:

i. C is a convex set, and

ii. ∀λ ∈ R for which 0 ≤ λ ≤ 1 and for each s, w ∈ C, then

f(wλ) = f((1− λ)w + λs) ≥ (1− λ)f(w) + λf(s)

= λ(f(s)− f(w)) + f(w);

c. f is said to be proper if there is at least one w0 ∈ C for which f(w0) ̸= +∞;

d f is a strictly convex function if ≤ is replaced with < .

Remark 2.1.14.

i. The intuitive geometric interpretation of definition (a.) is that the graph of f lies
below the chord that joins the points (w, f(w)) and (s, f(s)).

ii. The function f : H → R is convex provided the function φ(v) = f(w+ vd) is convex
∀w, d ∈ H.

iii. A function f is concave whenever −f is convex.

iv. Convex functions are continuous at every interior point, satisfy Lipschitz conditions
and are differentiable at any given direction.

v. A strictly convex function has a unique minimum. In fact, a strictly convex function
defined on a convex set has at most one global minimizer, and the only local minimizer
or stationary point (if the function is differentiable) is, in fact, the global minimizer
if it exists.
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Example 2.1.15. The quadratic function f(w) = 1
2
⟨w, Tw⟩ + ⟨w, b⟩ + α, where T is an

n−square symmetric matrix, is convex on H if and only if T is positive semi-definite, i.e.,
⟨z, Tz⟩ ≥ 0 for each z ∈ H.

Definition 2.1.16. Suppose C ⊂ H is a closed convex nonempty subset of H. For any
given function f : C ⊂ H −→ R, its effective domain is described by

dom f := {s ∈ C : f(s) < +∞}

and function f is proper if dom f ̸= ∅.

Definition 2.1.17. The epigraph of the function f is the set denoted by

epi(f) := {(s, β) ∈ H × R | s ∈ dom f and f(s) ≤ β}.

Definition 2.1.18. If H denotes a real normed space and N(s0) the set of all neighbour-
hoods of s0, then a function f : H −→ R is said to be lower semi-continuous function at
s0 if for any z < f(s0), there exists N(s0) such that f(s) > z for each s ∈ N(s0).

Equivalently, f is lower semi-continuous at s0 if and only if

f(s0) ≤ lim inf
s→s0

f(s).

It follows that if f is lower semi-continuous at s0 ∈ H and given a sequence {sn} ⊂ H for
which sn → s0, then

lim inf
n→∞

f(sn) ≥ f(s0).

Definition 2.1.19. Let f : H −→ R, then f is said to be upper semi-continuous at a
point s0 ∈ H if for all z > f(s0), there is a neighbourhood N of s0 for which f(s) < z for
every s ∈ N(s0). Or f is upper semi-continuous at s0 if and only if

lim sup
s→s0

≤ f(s0).

We quickly point out that the function f is upper semi-continuous if and only if −f is
lower semi-continuous. Also, a function is continuous if and only if it is both upper and
lower semi-continuous.

Definition 2.1.20. According to Blum and Oettli [14], a function of a pair of values,
f(·, ·) : C × C ⊂ H ×H −→ R, is called a bifunction if f(z, z) = 0 for each z ∈ C.

Definition 2.1.21. As a set valued function, Rockafellar [81] defined a bifunction from
Rm to Rn to be a mapping G that assigns to each s ∈ Rm a function G(s) on Rn with values
in R∪{−∞}, where the value of G(s) at a point z ∈ Rn is described by (Gs)(z) = f(s, z).

However, a bifunction can therefore be simply regarded as the first stage of a function
broken down into two stages:

G : s −→ G(s) : z −→ (Gs)(z) = f(s, z).

10



Definition 2.1.22. A convex bifunction is said to be closed or proper whenever its graph
function, (s, z) −→ (Gs)(z) for each (s, z) ∈ Rm+n is either closed or proper, respectively.

Example 2.1.23. [81] Let G : R2 −→ Rn be given by

(Gz)(w) =



(
1

1 + z1

)
⟨w, Tw⟩+ ⟨a, w⟩ if z1 > −1 and w ∈ B + z2e,

0 if z1 = −1 and w ∈ B + z2e,

+∞ otherwise,

where z = (z1, z2), T is an n−positive semi-definite symmetric matrix, B is the Euclidean
unit ball of Rn and a, e ∈ Rn with ∥e∥ = 1. Therefore, G is a closed proper convex
bifunction.

Definition 2.1.24. For any bifunction G from Rm −→ Rn, G : z −→ Gz : w −→
(Gz)(w), the adjoint of G is defined as the bifunction G∗ : w∗ −→ G∗w∗ : z∗ −→
(G∗w∗)(z∗) from Rn to Rm given by:

(G∗w∗)(z∗) =


inf
z,w
{(Gz)(w)− ⟨w,w∗⟩+ ⟨z, z∗⟩} if G is convex and,

sup
z,w
{(Gz)(w)− ⟨w,w∗⟩+ ⟨z, z∗⟩} if G is concave.

Remark 2.1.25. In order to express the dependence of the objective function in a mini-
mization problem on a vector z corresponding to a perturbation, the concept ”bifunction”
is conveniently introduced as a generalization of a multivalued mapping.

Definition 2.1.26. Let C ⊂ H be a closed convex nonempty subset of H and f be a
bifunction defined from C to R, f : C × C −→ R. Then, for each s, w, z ∈ C, f is said to
be:

i. monotone on C whenever

0 ≥ f(s, z) + f(z, s);

ii. strongly pseudomonotone on C whenever there is a positive constant µ for which

f(s, z) ≥ 0 implies f(z, s) + µ∥s− z∥2 ≤ 0;

iii. pseudomonotone on C whenever

f(s, z) ≮ 0 implies f(z, s) ≯ 0;

iv. satisfying Lipschitz-type condition on C whenever there are two constants δ1 > 0 and
δ2 > 0 such that

f(s, z)− f(s, w)− f(w, z) ≤ δ1∥s− w∥2 + δ2∥w − z∥2;
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v. strictly pseudomonotone on C whenever for each s, z ∈ C, s ̸= z,

f(s, z) > 0 =⇒ f(z, s) < 0;

vi. quasimonotone on C whenever

f(s, z) > 0 =⇒ f(z, s) ≤ 0;

vii. strictly quasimonotone on C whenever f is quasimonotone and, for each s, z ∈ C,
s ̸= z, there is w in the open line segment between s and z such that either

f(w, z) ̸= 0 or f(w, s) ̸= 0.

Remark 2.1.27.

i. The convexity of a function is analogous to its monotonicity.

ii. The pseudomonotonicity of f automatically implies that f(z, z) = 0 ∀z ∈ C.

iii. Clearly, one can easily obtain the following relationships: monotonicity implies pseu-
domonotonicity; strong pseudomonotonicity implies pseudomonotonicity; strict pseu-
domonotonicity implies pseudomonotonicity; strict quasimonotonicity implies quasi-
monotonicity; pseudomonotonicity implies quasimonotonicity; monotonicity implies
quasimonotonicity; strong and strict pseudomonotonicities imply quasimonotonicity.
But in general, the converse statements are not always true, as can be seen as follows:

Example 2.1.28. Let f : R× R −→ R be the bifunction given by

f(v, z) =


v2(z − v)3, v ̸= 0

0, v = 0.

Clearly, one can see that f(v, z) is quasimonotone in R× R but not pseudomonotone. In
fact, f(v, z) > 0 implies v ̸= 0, z > v, and then

f(z, v) = z2(v − z)3 ≤ 0 ∀z ∈ R,

and thus, f is quasimonotone. However, f is not pseudomonotone, since

f(0,−1) = 0 and f(−1, 0) = 1 > 0.

Example 2.1.29. Suppose H = R, C = [1
2
, 1] and f : C × C −→ R is given by

f(s, z) = s(s− z) for each s, z ∈ C.

Then f is pseudomonotone but not monotone.
To see this, let f(s, z) = s(s− z) ≥ 0.
But s ≥ 1

2
, this implies that (s− z) ≥ 0.

Similarly, z ∈ C =⇒ z ≥ 1
2
, thus, f(z, s) = z(z − s) ≤ 0, showing that f is therefore

pseudomonotone.
However, f is not monotone since for s ̸= z, f(s, z) + f(z, s) = (s− z)2 > 0.
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2.1.4 Differentiability of Convex Bifunctions

Non-smooth convex functions are very crucial in optimization, and it is important we note
that every convex function has a sub-gradient at each z ∈ domf. The sub-gradient of
the non-smooth (non-differentiable) functions is not unique while the sub-gradient of a
smooth (differentiable) convex function at each point z ∈ domf is then the gradient of f,
∇f, which is unique. We shall see more of sub-gradient in the subsequent chapters as it
forms a basis of our study.
In this section, we present a few basic definitions of differentiability of functions which in
specific terms are applicable to convex bifunctions.

Definition 2.1.30. A scalar function f : H = Rn −→ R is differentiable at z ∈ domf if
there is a vector ∇f(z) ∈ H, known as the gradient of the function f at z, such that for
each w ∈ H, then

f(w) = f(z) + ⟨∇f(z), w − z⟩+ o(∥w − z∥), (2.1.1)

where ∇f(z) =
(
∂f

z1
, ...,

∂f

zn

)
.

In other words, f is differentiable at z whenever we can find a linear approximation

f̃(z) = f(z) + ⟨∇f(z), w − z⟩ for which

|f(w)− f̃(w)| = o(∥w − z)∥. (2.1.2)

Remark 2.1.31. A function is only differentiable at z0 if it can be approximated at the
neighbourhood of z0 by an affine function.

Definition 2.1.32. A vector function g : Rn −→ Rm is said to be differentiable at z ∈ Rn

whenever there is a matrix ∇g(z) ∈ Rm×n, known as the Jacobian of the vector g at z ∈ Rn,
such that for each w ∈ Rn, we have

g(w) = g(z) +∇g(z)(w − z) + o(∥w − z∥), (2.1.3)

and ∇g(z)i,j =
∂gi(z)

∂zj
, g(z) =

(
g1(z), ..., gm(z)

)T
.

In other words, a vector function g is differentiable at z whenever we can find the following
linear approximation at z :

∥g(w)− g(z)−∇g(z)(w − z)∥ ≤ o(∥w − z∥). (2.1.4)

Definition 2.1.33. A scalar function f : Rn −→ R is said to be twice differentiable at
z ∈ Rn whenever there is a symmetric matrix ∇2f(z) ∈ Rn×n, known as the Hessian of f
at z ∈ Rn, such that for each w ∈ Rn, we have

f(w) = f(z) + ⟨∇f(z), w − z⟩+ 1

2
⟨∇2f(z)(w − z), w − z⟩+ o(∥w − z∥2), (2.1.5)
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or f is twice differentiable at z ∈ Rn whenever it admits the following quadratic approxi-
mation:

f̃(w) = f(z) + ⟨∇f(z), w − z⟩+ 1

2
⟨∇2f(z)(w − z), w − z⟩,

so that |f(w)− f̃(w)| = o(∥w − z∥2). (2.1.6)

Definition 2.1.34. Suppose s ∈ int domf, then the bifunction f : H × H −→ H is
differentiable at s = (z, y) in the direction of d = (d1, d2) if the following limit

∇f(s; d) = lim
t→0

1

t
[f(z + d1t, y + d2t)− f(z, y)] = lim

t→0

1

t
[f(s+ td)− f(s) (2.1.7)

exists, where the value ∇f(s; d) is known as the directional derivative of f at s in the
direction d and it always exists for convex function, though it may be +∞ or −∞,
domf = {u ∈ H : f(u) < +∞}.

Remark 2.1.35. We note here that the limit in the definition above always exists, to see

this, we make use of the fact that the ratio
1

t
[f(s+ td)−f(s)] is non-decreasing in t. Thus,

for 0 < t1 ≤ t2, we have 0 ≤ λ ≤ 1, where λ =
t1
t2
, and

f(s+ t1d)− f(s)
t1

=
f [λ(s+ t2d) + (1− λ)s]− f(s)

t1

≤ λf(s+ t2d)

t1
+

(1− λ)f(s)− f(s)
t1

=
f(s+ t2d)− f(s)

t2
, (2.1.8)

hence, the limit exists.

Definition 2.1.36. A vector g is called a sub-gradient of a convex function f at v0 ∈
int domf whenever

f(v) ≥ f(v0) + ⟨g, v − v0⟩ for each v ∈ domf. (2.1.9)

The set of sub-gradients g of f at v0 is known as the sub-differential ∂f(v0) of f described
by:

∂f(v0) = {g : f(v) ≥ f(v0) + ⟨g, v − v0⟩ ∀v ∈ domf}.

Thus, the sub-differential of a function f at v0 is the set valued mapping ∂f : H −→ 2H

described by

∂f(v0) = {g ∈ H : f(v)− f(v0) ≥ ⟨v − v0, g⟩ ∀v ∈ domf}. (2.1.10)

A function is said to be sub-differentiable at v whenever there is at least one sub-gradient
of f at v.
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Remark 2.1.37. The sub-differential of f at any point v0 ∈ int domf is a convex
nonempty bounded set.
This is because sub-differential is the intersection of an infinite set of halfspaces

∂f(v0) =
⋂

v∈domf

{g : f(v) ≥ f(v0) + ⟨g, v − v0⟩}, (2.1.11)

and since halfspaces are closed convex set, hence, ∂f(v0) is also a closed convex set even
when f is not convex. More so, suppose f is continuous at v0, we have that the sub-
differential ∂f(v0) is bounded.

Example 2.1.38. Suppose f : R −→ R is described by

f(v) =


v2, v ≤ 0,

v, v ≥ 0.

(2.1.12)

Then, at v = 0, the right derivative is 1 while the left derivative is 0. So, ∂f(0) = [0, 1].

Example 2.1.39. Define f : R −→ R by

f(x) = max(x,−x) = |x|, (2.1.13)

then, at x = 0, the right and left derivatives are 1 and −1 respectively. Therefore, at
x = 0, the sub-differential is defined by the inequality |u| ≥ gu for all u which is satisfied
if and only if g ∈ [−1, 1], and so, ∂f(0) = [−1, 1].

Example 2.1.40. Suppose f : H −→ H is a convex function and h(s) = f(As+ b), then

∂h(s) = AT∂f(As+ b). (2.1.14)

Example 2.1.41. [81] Consider the function f defined by

f(w) =


|w| − 2(1− w) 1

2 if − 3 ≤ w ≤ 1,

+∞ otherwise,

(2.1.15)

then, f is a closed proper convex function on R while

∂f(w) =



∅ if w ≥ 1,

{1 + (1− w)− 1
2} if 0 < w < 1,

[0, 2] if w = 0,

{−1 + (1− w)− 1
2} if − 3 < w < 0,

(−∞,−1
2
] if w = −3,

∅ if w < −3.

(2.1.16)
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Definition 2.1.42. Suppose f : E −→ U is a function. Let h ̸= 0 and v be vectors in E.
The Gâteaux differential df(v;h) of f at v ∈ E in the direction h ∈ E is given by

d(v;h) = lim
ϱ→0

f(v + ϱh)− f(v)
ϱ

=
d

dϱ
f(v + ϱh)|ϱ=0, (2.1.17)

or equivalently

f(v + ϱh) = f(v) + ϱdf(v;h) + o(ϱ). (2.1.18)

Remark 2.1.43.

i. The Gâteaux differential is the generalization of the classical directional derivative.

ii. A discontinuous linear functional in an infinite dimensional space E is Gâteaux dif-
ferentiable, but at the origin O, its Gâteaux differential is linear and discontinuous.

iii. The theorem on differentiation of a composite function is not valid for the Gâteaux
derivative if the derivative is allowed to be discontinuous.

iv. A function is Gâteaux differentiable provided the sub-differential ∂f(v) contains only
one element f ′(v) = ∇f(v), [21].

Definition 2.1.44. Suppose A and B are normed vector spaces. f : A −→ B is called a
Fréchet differentiable function at w ∈ B whenever it is Gâteaux differentiable and there is
a bounded linear mapping Df : A −→ B for which

lim
∥k∥→0

∥f(w + k)− f(w)− (Df)k∥B
∥k∥A

= 0, (2.1.19)

or equivalently,

f(w + k) = f(w) + (Df)k + o(∥k∥). (2.1.20)

Remark 2.1.45.

i. If k = ϱh, then we have f(w+ϱh) = f(w)+ϱ(Df)h+o(ϱ)h, and with ϱ→ 0, we have
(Df)h = df(w;h) which is the Gâteaux differential, and Df = T if df(w;h) has the
form Th. Therefore, any Fréchet differentiable function is also Gâteaux differentiable,
but the converse is not generally true, since the Gâteaux derivative may fail to be
linear or continuous which is analogous to the fact that the existence of all directional
derivatives at a point does not guarantee total continuity or differentiability at that
point.

ii If a function f is continuously Fréchet differentiable in a neighbourhood of a point
v0, and if the Fréchet derivative Df(v0) at v0 is a homeomorphism of the Banach
spaces A and B, then the inverse mapping theorem holds.

iii. The Fréchet derivative defines a tangent hyperplane.
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2.1.5 Metric Projection on Hilbert spaces

Definition 2.1.46. Suppose s ∈ H, and C ⊂ H is a closed convex nonempty set. The
metric projection or the proximal mapping of s onto C is the closest point in C to s defined
by

PC(s) = argmin
z∈C

{
1

2
∥s− z∥2

}
(2.1.21)

and satisfies

∥s− PC(s)∥ = min
z∈C
∥s− z∥. (2.1.22)

PC(s) always exists and is unique.
Notice that the function f(s) = 1

2
∥s− z∥2 is continuous in z and is strongly convex, hence

the minimizer PC(s) is unique. Again, whenever s ∈ C, we have PC(s) = s.

We give some examples on metric projection as follows:

Example 2.1.47.

(a) Suppose that z ∈ H such that z ̸= 0 and α ∈ R. Define C by C := {s ∈ H : ⟨s, z⟩ =
α}. Then for each s ∈ H, the projection of s onto C is

PC(s) = s+
α− ⟨s, z⟩
∥z∥2

z. (2.1.23)

Observe that if we define C = {s ∈ H : ⟨s, z⟩ ≤ α} and z ∈ H has no restriction,
thus, exactly one of these statements is true:

i z = 0 and α ≥ 0, then C = H and PC = Id.

ii. z = 0 and α < 0, then C = ∅.
iii. z ̸= 0, then C ̸= ∅ and for each s ∈ H,

PC(s) =


s, if ⟨s, z⟩ ≤ α

s+
α− ⟨s, z⟩
∥z∥2

z, if ⟨s, z⟩ > α.

(2.1.24)

(b) Given that z ∈ H with z ̸= 0, set C := R+z. Then for each s ∈ H,

PCs =


⟨s, z⟩
∥z∥2

z, if ⟨s, z⟩ ≥ 0

0, otherwise.

(2.1.25)

(c) Let C = B(0, 1), then for all s ∈ H

PCs =
1

max{∥s∥, 1}
s. (2.1.26)
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Proposition 2.1.48. [6] Suppose C is a closed nonempty convex subset of H. The projec-
tion PCs of a point s /∈ C is characterized by

PCs ∈ C and ⟨z − PCs, s− PCs⟩ ≤ 0 ∀z ∈ C, (2.1.27)

or equivalently by

s− PCs ∈ NC(PCs). (2.1.28)

From proposition (2.1.48), we obtain the following consequences:

i. ∥PCs− PCz∥2 ≤ ⟨s− z, PCs− PCz⟩ for all s, z ∈ H; that is, the metric projection is
firmly non-expansive map.

ii. ∥s− PCs∥2 + ∥z − PCs∥2 ≤ ∥s− z∥2 ∀s ∈ H and z ∈ C.

iii. If C is a closed subspace, then PC coincides with the orthogonal projection from H
onto C. That is, for any s ∈ H and z ∈ C, ⟨z, s− PCs⟩ = 0.

It is very crucial to note that both closeness and convexity of C cannot be dropped in
proposition (2.1.48).

Proposition 2.1.49. [6]

Let C be a closed affine subspace of H. then the following holds:

a. The projection PC onto C is a weakly continuous affine operator.

b. s−PCs is orthogonal to C, that is, for any s ∈ H and w, z ∈ C, ⟨s−PCs, w− z⟩ = 0.

c. For every s ∈ H and z ∈ C, ∥s− PCs∥2 = ⟨s− z, s− PCs.⟩.

Remark 2.1.50. Weak continuity of projectors may fail to exist as can be seen in a case
where H is an infinite-dimensional space and C = B1(0, 1), a unit ball centered at the
origin.

Proposition 2.1.51. Let C be a nonempty closed convex cone in H, then

PC(δs) = δPCs ∀s ∈ H and δ ∈ R+. (2.1.29)

The following are basic properties inherited by projectors:

Proposition 2.1.52. [6] Suppose C ⊂ H is a nonempty closed convex subset of H and
z ∈ H. Then the following are true:
If:

i. K = s+ C, where s ∈ H, then PKz = s+ PC(z − s).

ii. K = δC, where δ ∈ R− {0}, then PKz = δPC
(
z
δ

)
.
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2.1.6 Basic Identities and Inequalities in Real Hilbert Spaces.

Let s, v, z ∈ H, then the following are true:

(a)

|⟨s, v⟩| ≤ ∥s∥∥v∥ (Cauchy-Schwarz inequality). (2.1.30)

Moreover, ⟨s, v⟩ = ∥s∥∥v∥ provided there is α ∈ R+ such that s = αv or v = αs.

(b)

∥s+ v∥2 = ∥s∥2 + 2⟨s, v⟩+ ∥v∥2, (2.1.31)

thus,

∥s− αv∥2 − ∥s∥2 = α(α∥v∥2 − 2⟨s, v⟩) ∀α ∈ R. (2.1.32)

(c)

∥s+ v∥2 + ∥s− v∥2 = 2∥s∥2 + 2∥v∥2 (Parallelogram identity). (2.1.33)

(d)

⟨s, v⟩ = 1

4

[
∥s+ v∥2 − ∥s− v∥2

]
(Polarization identity). (2.1.34)

(e)

⟨s+ v, s− v⟩ = ∥s∥2 − ∥v∥2. (2.1.35)

(f) ∥s− v∥2 = 2∥z − s∥2 + 2∥z − v∥2 − 4

∥∥∥∥z − (s+ v)

2

∥∥∥∥2 (Apollonius’s identity).

(g) ∥βs+ (1− β)v∥2 = β∥s∥2 + (1− β)∥v∥2 − β(1− β)∥s− v∥2 ∀β ∈ R.

(h) ∥βs− (1− β)v∥2 = β∥s∥2 + (1− β)∥v∥2 − β(1− β)∥s+ v∥2 ∀β ∈ R.

Proof.

(a) It is trivial.

(b)

∥s+ v∥2 = ⟨s+ v, s+ v⟩
= ⟨s, s+ v⟩+ ⟨v, s+ v⟩
= ⟨s, s⟩+ ⟨s, v⟩+ ⟨v, s⟩+ ⟨v, v⟩
= ∥s∥2 + 2⟨s, v⟩+ ∥v∥2.

Hence, ∀α ∈ R,

∥s− αv∥2 = ∥s∥2 − 2α⟨s, v⟩+ α2∥v∥2.

This implies

∥s− αv∥2 − ∥s∥2 = α(α∥v∥2 − 2⟨s, v⟩).
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(c) Adding together the expansions of ∥s+ v∥2 and ∥s− v∥2 gives the result.

(d) Subtracting the expansion of ∥s − v∥2 from the expansion of ∥s + v∥2 gives the
required result.

(e) Using the points s = x+ y and z = x− y in (2.1.34) gives the desired result.

(f) Applying (2.1.33) to the points

(
z − s
2

)
and

(
z − v
2

)
gives the result.

(g) From (2.1.32), take α = +1 and use the result in the expansion of ∥βs+ (1− β)v∥2.

(h) Again, from (2.1.32) take α = −1 and use the result in the expansion of ∥βs− (1−
β)v∥2.

2.2 Equilibrium Problems

The concept of equilibrium problem (shortly EP), as mentioned earlier, is a unification of
several mathematical problems such as variational inequalities, fixed point problem, op-
timization problems and a lot of other nonlinear convex problems which can be found in
sciences and engineering (example, see [11, 14, 39, 53, 65] and references quoted therein).
Recall that an EP in H is defined thus:

Suppose f(·, ·) : C × C → R is a bifunction such that f(z, z) = 0 for all z ∈ C.
An equilibrium problem for the bifunction f, is defined by:

obtain r̄ ∈ C for which f(r̄, z) ≮ 0 ∀z ∈ C. (2.2.1)

Where EP (f, C) := {r̄ ∈ C | f(r̄, z) ≥ 0 ∀z ∈ H} is the solutions set.

Now, in what that follows, we give some examples of EP, thus:

2.2.1 Examples of Equilibrium Problems

Example 2.2.1. Suppose C = [−1, 1], and for each s, z ∈ C, define the equilibrium bifunc-
tion f : C × C −→ R by

f(s, z) = |s1 + s2|
[
(z21 − s21) + (z22 − s22)

]
,

where s = (s1, s2) and z = (z1, z2).
Then, the set of solutions of EP(2.2.1) is

EP (f, C) = {α(1,−1) | − 1 ≤ α ≤ 1}.
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Observe that the bifunction f is not pseudomonotone.

Example 2.2.2. Find s ∈ H = R2 such that f(s, z) := ⟨Bs, z − s⟩ ≥ 0 for each z ∈ H,
where

B =

[
0 1
−1 0

]
.

Now, for each s, z ∈ H, we have

f(s, z) + f(z, s) = ⟨B(s− z), z − s⟩
= (s2 − z2)(z1 − s1)− (s1 − z1)(z2 − s2)
= 0.

Thus, f is a monotone bifunction on H. Also, it is easily verified that r̄ = (0, 0)t is the
only unique solution to the equilibrium problem since f(r̄, z) = 0 for any z ∈ H.

Example 2.2.3. [50] Suppose f : C × C −→ R is an equilibrium bifunction defined by

f(s, z) =
5∑

j=1

(zj − sj)∥s∥, for each s, z ∈ R5,

where C ⊂ R5 is defined by C = {(s1, s2, ..., s5) : s1 ≥ −1, sj ≥ 1, j = 2, ..., 5},
s = (s1, ..., s5) and z = (z1, ...z5).

Then,
EP (f, C) = {(s1, 1, 1, 1, 1) : s1 ≥ −1}.

Notice that f is pseudomonotone and satisfies the Lipschitz-type conditions with the
Lipschitz constants δ1 = δ2 = 2.

Example 2.2.4. Consider H = R and let C = [−10, 10]. Define an equilibrium bifunction
f : C × C −→ R by

f(s, z) = 4z2 + sz − 5s2, ∀s, z ∈ C.
Then, f(s, z)+ f(z, s) = −(s− z)2 ≤ 0 for each s, z ∈ C, thus f is a monotone bifunction,
and EP (f, C) = {0}.

2.2.2 Previous Works on Equilibrium Problems in Real Hilbert
Spaces

Much progress has been made in the study of equilibrium problems both in finite and
infinite dimensional spaces by numerous researchers but has yet to be fully exploited.
Thus, equilibrium theory has yet to take advantage of some of the recent progress in
optimization, where much has be learned about how to handle very general classes of set
C directly, without necessarily relying on excursions through convex analysis.

Equilibrium problem became a well known path in nonlinear convex analysis after the
work of Blum and Oettli [14]. Since then, EP(2.2.1) has been studied by many authors
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who have developed and analyzed several effective schemes for finding an approximate
solution in the solutions set, EP(f , C), we refer you to [2, 37, 63, 84, 77]. Early in the
study of EP(2.2.1), proximal point method (PPM) gained more interest as it was the first
successful scheme for finding an approximate solution to the EP. Moudafi in [63] proposed
the Proximal Point Method (PPM) defined by xn+1 = Tf λ(xn), n ∈ N , λ > 0, x0 ∈ C.
The map Tf λ : H → C is described by

Tf λ(x) = {s ∈ C : f(s, u) +
1

λ
⟨u− s, s− x⟩ ≥ 0, ∀ u ∈ C}. (2.2.2)

One more effective scheme is the extragradient method (EGM), [29]. This method helps to
overcome the challenges faced in computing the value of Tf λ in PPM. The EGM involves
the solving of two optimization programs over each iteration. Thus, the algorithm is simply
defined by:

yn = argmin
s∈C

{
λf(xn, s) +

∥s− xn∥2

2

}
,

xn+1 = argmin
s∈C

{
λf(yn, s) +

∥s− xn∥2

2

}
, with x0 ∈ C and λ > 0.

(2.2.3)

This method was further studied and extended to bifunctions that are pseudomonotone
and satisfy the Lipschitz-type condition, see [77]. The authors in [17] modified and im-
proved the Korpelevich’s extagradient methods, also known as the proximal-like algorithm,
by proposing the subgradient extragradient method. According to them, if given the cur-
rent iterate {xn} and a starting point {x0} ∈ C, with λ > 0, the next iterate {xn+1} is
computed as follows:

yn = argmin
s∈C

{
λf(xn, s) +

∥s− xn∥2

2

}
,

xn+1 = argmin
s∈Tn

{
λf(yn, s) +

∥s− xn∥2

2

}
,

where Tn = {u ∈ H : ⟨xn − λvn − yn, u− yn⟩ ≤ 0}.

(2.2.4)

Under the conditions that the function f is monotone and Lipschitz continuous, they
obtained weak convergence. It is notable here that the stepsize used throughout their
work is a constant stepsize that depends on the Lipschitz constant. Hieu [37] in his
scheme avoided the challenge of constant stepsizes by replacing it with variable stepsizes
and obtained strong convergence under the assumptions that the cost bifunction satisfies
the Lipschitz-type condition and as well is pseudomonotonic.

It is worth noting that without additional conditions, EGM and PPM give weak conver-
gence. In order to have strong convergence of (2.2.2) and (2.2.3), Vuong et al. in 2012
[93, Algorithm 1] proposed a successful algorithm which is the hybrid projection-type ex-
tragradient method (HPEGM). The sequence {xn} generated by this method converges
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strongly to PEP (f, C)(x0). Their algorithm is of the form:

qn = argmin

{
λnf(xn, s) +

∥s− xn∥2

2
: s ∈ C

}
,

zn = argmin

{
λnf(qn, s) +

∥s− xn∥2

2
: s ∈ C

}
,

Bn = {v ∈ C : ∥zn − v∥ ≤ ∥xn − v∥},
Tn = {v ∈ C : ⟨v − xn, x0 − xn⟩ ≤ 0},
xn+1 = PBn ∩ Tn(x0),

(2.2.5)

where x0 ∈ C, 0 < λmin ≤ λmax < min

{
1

2δ1
,
1

2δ2

}
, and δ1 > 0, δ2 > 0 are Lipschitz-type

constants of f .

Nguyen et al. [70, Algorithm 1] proposed another projection-type scheme for solving
EP(2.2.1) called the shrinking projection-type extragradient method (SPEGM). These
authors proved that the generated sequence by the scheme converges strongly. Also, the
authors in [94, Alorithm 1] proposed an extragradient-viscosity method (EGVM) and
proved that it converges strongly, and to overcome the tough challenge of computing the
Lipschitz-type constants, the authors incorporated the Armijo-backtracking linesearch in
the extragradient iteration. This is another setback since many computations are required
in order to obtain a nearly optimal step-size. The algorithm for solving EP(2.2.1) as
proposed by the authors states, thus:
{θn} ⊂ (0, 1), {αn} ⊂ [0, 1), {λn} ⊂ (0,∞), x0 ∈ H.

un = argmin

{
λnf(xn, u) +

∥u− xn∥2

2
: u ∈ C

}
,

zn = argmin

{
λnf(un, u) +

∥u− xn∥2

2
: u ∈ C

}
,

xn+1 = (1− θn)tn + θnStn,

tn = znαnFzn,

(2.2.6)

where F : C −→ H is a given strongly monotone and Lipschitz continuous operator. It is
important to note that the advantage of EGVM over HPEGM and SPEGM is the easier
computation of the next iterate, xn+1. Hieu et al. in [41, Section 1] remarked that in a
unique special situation where F = I−x0, with x0 a given point in C, EGVM becomes the
Halpern-type extragradient method (HEGM) and the sequence {xn} generated by HEGM
strongly converges to PEP (f,C)(x0).

Recently, the quest to obtain faster convergent algorithms of EP(2.2.1) with mild condi-
tions has been of great interest, researchers discovered that the introduction of inertial
and relaxation factors to algorithms accelerates their convergence. On this note, Moudafi
[64, Algorithm 1.5] proposed an inertial-proximal method for solving EP(2.2.1), thus:
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Given the initial iterates xn−1, xn ∈ C and αn ∈ [0, 1), λn > 0,

f(xn+1, v) +
1

λn
⟨xn+1 − xn − αn(v − xn−1), v − xn+1⟩ ≥ −ξn,

∀v ∈ C, ξn ≥ 0, ∀n ∈ N. (2.2.7)

Also, Attouch and Cabot in their work [3], proposed a relaxed inertial proximal algorithm
for maximally monotone operators. In a Similar way, Shehu et al. [86] constructed a relax
inertial modified subgradient extragradient method for EP(2.2.1). According to them,
xn+1 is computed thus:

wn = αnx0 + (1− αn)xn + θn(xn − xn−1),

yn = argmin
y∈C

{
λnf(wn, y) +

1

2
∥y − wn∥2

}
,

Tn = {z ∈ H | ⟨wn − λnvn − yn, z − yn⟩ ≤ 0},

zn = argmin
y∈Tn

{
λnf(yn, y) +

1

2
∥y − wn∥2

}
,

xn+1 = (1− τ)wn + τzn,

λn+1 =


min

{
µ(∥wn − yn∥2 + ∥zn − yn∥2)

2(f(wn, zn)− f(wn, yn)− f(yn, zn))
, λn

}
, if f(wn, zn)

−f(wn, yn)− f(yn, zn) > 0,

λn otherwise,

where τ ∈ (0, 1
2
], θn ∈ [0, 1

3
) µ, αn ∈ (0, 1) x0, x1 ∈ H, λ1 > 0.

(2.2.8)

More so, Thong et al. in [89, Algorithm 1] proposed a relaxed inertial Tseng’s method-
based algorithm for finding the solutions set of a variational inequality and fixed point
problem as follows:
Given, for n ≥ 1, the current iterates xn−1, xn, the next iterate xn+1 is computed thus,

wn = (1− αn)(xn + θn(xn − xn−1)),

yn = argmin
y∈C

{
τnf(wn, y) +

1

2
∥wn − y∥2

}
,

xn+1 = (1− βn)zn + βnSzn,

τn+1 =


min

{
µ∥wn − yn∥

∥f(yn, y)− f(wn, y)∥
, τn + λn

}
if f(yn, y)− f(wn, y) ̸= 0,

τn + λn otherwise,

where zn = yn − τn(f(yn, y)− f(wn, y))

and θ > 0, τ1 > 0, x0, x1 ∈ H, µ ∈ (0, 1).

(2.2.9)
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The authors using the on-line rule

θ̄n =

min

{
θ,

εn
∥xn − xn−1∥

}
if ∥xn − xn−1∥ ≠ 0,

θ otherwise,

and the assumptions that f satisfies the Lipschitzness and pseudomonotonicity conditions,
were able to establish the strong convergence of their method.

Several other inertial type algorithms for solving equilibrium problem (2.2.1) have been
constructed and analyzed by many different authors, (see, [34, 36, 38, 44, 69, 86], and the
quoted references therein). In this dissertation, as we shall see in the subsequent chapters,
we present two new methods of approximating the real solutions of EP(2.2.1).

2.2.3 Equilibrium Problem as a Generalization of Other Convex
Problems

As earlier mentioned that equilibrium problem unifies other mathematical programming
problems, in here, we present the relationship between equilibrium problem and other
related problems (for more details, please check [14]). For C ⊂ X , a nonempty convex
subset of the Banach space, X , we have the following:

1. Optimization problem:
Let τ : C −→ R. Optimization problem is defined as:

find s∗ ∈ C such that τ(s∗) ≤ τ(z) ∀z ∈ C, (2.2.10)

written as min{τ(s) : s ∈ C}.

Set f(s, z) := τ(z)−τ(s), then (2.2.10) coincides with EP(2.2.1), and f is a monotone
bifunction.

2. Saddle point problem:
Let Γ : D1 × D2 −→ R. Then s∗ = (s∗1, s

∗
2) is said to be a saddle point of Γ if and

only if

(s∗1, s
∗
2) ∈ D1 ×D2, Γ (s

∗
1, z2) ≤ Γ (z1, s

∗
2) ∀(z1, z2) ∈ D1 ×D2. (2.2.11)

Set C := D1 ×D2 and define f : C × C −→ R by

f(s, z) := Γ (z1, s2)− Γ (s1, z2),

where s = (s1, s2), z = (z1, z2). Then s
∗ = (s∗1, s

∗
2) is a solution of EP(2.2.1) if and

only if (s∗1, s
∗
2) satisfies (2.2.11). Notice that f is monotone.
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3. Nash equilibria in non-cooperative games problem:
Let I be a finite index set denoting the set of players. For every i ∈ I, let Ci, the
strategy set of the i − th player, be given. Let C :=

∏
i∈I Ci. For each i ∈ I, let the

function fi : C −→ R, which is the loss function of the i − th player depending on
the strategy of all players, be given. For s = (si)i∈I ∈ C, we define si := (sj)j∈I, j ̸=i.
The point s∗ = (s∗i )i∈I ∈ C is called a Nash equilibrium if and only if

fi(s
∗) ≤ fi(s

∗i, zi) (2.2.12)

holds for every i ∈ I, zi ∈ C. (I.e., no player can reduce his loss by varying his
strategy alone).
Define f : C × C −→ R by

f(s, z) :=
∑
i∈I

(fi(s
i, zi)− fi(s)).

Then, s∗ ∈ C is a Nash equilibrium if and only if s∗ satisfies EP(2.2.1). This is true,
since EP(2.2.1) is fulfilled whenever (2.2.12) holds for each i ∈ I. Also, if for some
i ∈ I we select z ∈ C in such a way that s∗i = zi, therefore, we have

0 ≤ f(s∗, z) = fi(s
∗i, zi)− fi(s∗).

Thus, EP(2.2.1) implies (2.2.12) for any i ∈ I. Notice that f is not automatically
monotone.

4. Convex differentiable optimization problem:
Suppose Γ : X −→ R is a convex and Gâteaux differentiable function with Gâteaux
differential at s ∈ C denoted by dΓ (s;h) ∈ X ∗.

Consider the optimization problem

min{Γ (s) : s ∈ C}. (2.2.13)

Recall from convex analysis that s∗ is a solution of (2.2.13), if and only if s∗ satisfies
the variational inequality of finding s∗ ∈ C, such that ⟨dΓ (s∗;h), z− s∗⟩ ≥ 0 ∀z ∈ C.
Set f(s, z) := ⟨dΓ (s;h), z − s⟩, then the problem is now an EP(2.2.1).
Notice that dΓ is monotone. That is,

⟨dΓ (z;h)− dΓ (s;h), z − s⟩ ≥ 0 ∀s, z ∈ C
=⇒ −⟨dΓ (z;h), s− z⟩ − ⟨dΓ (s;h), z − s⟩ ≥ 0

=⇒ −f(z, s)− f(s, z) ≥ 0

=⇒ f(s, z) + f(z, s) ≤ 0.

Hence, f inherits the monotonicity of dΓ.

5. Fixed points problem:
Let X = X ∗ be a Hilbert space and T : C −→ C be a given mapping. The fixed
point problem is described as:

obtain s∗ ∈ C such that s∗ = T s∗. (2.2.14)
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Set f(s, z) := ⟨s − T s, z − s⟩, therefore s∗ solves EP(2.2.1) if and only if s∗ is a
solution of (2.2.14).
It is obviously clear that (2.2.14) implies EP(2.2.1). Also, suppose that EP(2.2.1) is
fulfilled, then select z := T s∗ to have

0 ≤ f(s∗, z) = ⟨s∗ − T s∗, T s∗ − s∗⟩
= −∥s∗ − T s∗∥2

≤ 0,

hence, s∗ = T s∗. Therefore, EP(2.2.1) implies (2.2.14). In this case, f is a monotone
bifunction if and only if T is non-expansive, that is

⟨T (s− z), s− z⟩ ≤ ∥s− z∥2, ∀s, z ∈ C.

Definition 2.2.5. The mapping T : C ⊂ H −→ C ⊂ H is said to be α−strict
pseudo-contractive if there is a constant α ∈ (0, 1) for which

∥T s− T z∥2 ≤ ∥s− z∥2 + α∥(I− T )(s− z)∥2, ∀s, z ∈ C, (2.2.15)

or, equivalently,

⟨T (s− z), s− z⟩ ≤ ∥s− z∥2 − 1− α
2
∥(I− T )(s− z)∥2, ∀s, z ∈ C. (2.2.16)

Theorem 2.2.6. Let C be a nonempty closed convex subset of a real Hilbert space H.
If T : C −→ C is α−strict pseudo-contractive, where α ∈ (0, 1), then f : C×C −→ R,
defined by f(s, z) := ⟨s− T s, z − s⟩ ∀s, z ∈ C, is a pseudomonotone bifunction.

Proof.
Given that f(s, z) = ⟨s− T s, z − s⟩ ∀s, z ∈ C.
Using (2.2.16) we have

f(z, s) = ⟨z − T z, s− z⟩
= ⟨z − s+ s− T s+ T s− T z, s− z⟩
= −∥s− z∥2 + ⟨s− T s, s− z⟩+ ⟨T (s− z), s− z⟩
≤ −∥s− z∥2 + ⟨T (s− z), s− z⟩ ∀s, z ∈ C

= −∥s− z∥2 + ∥s− z∥2 − 1− α
2
∥(I− T )(s− z)∥2

= −1− α
2
∥(I− T )(s− z)∥2

≤ 0.

Thus, f is pseudomonotone.

Moreover, using Cauchy-Schwarz and triangle inequalities, and letting
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T be
2− α
1− α

−Lipschitz continuous, we have that,

f(s, z) = ⟨s− T s, z − s⟩
= ⟨s− T s, w − s⟩+ ⟨w − T w, z − w⟩+ ⟨s− T s+ T w − w, z − w⟩
= f(s, w) + f(w, z) + ⟨s− w + T w − T s, z − w⟩
≤ f(s, w) + f(w, z) + (∥s− w∥+ ∥T w − T s∥)∥z − w∥

≤ f(s, w) + f(w, z) + ∥s− w∥∥z − w∥+ 2− α
1− α

+ ∥s− w∥∥z − w∥

= f(s, w) + f(w, z) +
3− 2α

1− α
∥s− w∥∥z − w∥

≤ f(s, w) + f(w, z) +
3− 2α

2(1− α)
(
∥s− w∥2 + ∥z − w∥2

)
.

Hence, f satisfies Lipschitz-type condition on C with constants δ1 = δ2 =
3− 2α

2(1− α)
,

where α ∈ (0, 1).

6. Variational inequality problem:
Let B : C −→ X ∗ be a given mapping. A variational inequality problem is a convex
problem defined as follows:

find s∗ ∈ C so that

⟨Bs∗, z − s∗⟩ ≥ 0 ∀z ∈ C. (2.2.17)

Set f(s, z) := ⟨Bs, z − s⟩, then, it is easily verified that s∗ is a solution of EP(2.2.1)
if and only if it is a solution of (2.2.17).

If B : C ⇒ X ∗ is a multivalued mapping with B(s) compact, convex and nonempty for
each s ∈ C. Then (2.2.17) becomes a varitional inequality with multivalued mapping
problem defined as:

obtain s∗ ∈ C, r∗ ∈ Ts∗ such that

⟨r∗, z − s∗⟩ ≥ 0 ∀z ∈ C. (2.2.18)

If we set f(s, z) := min
r∈Ts
⟨r, z−s⟩, then s∗ solves EP(2.2.1) if and only if together with

some r∗ ∈ C it is a solution of (2.2.18).

7. Complementarity prolems:
Complementarity problem is a special case of variational inequality problem. Sup-
pose C is a convex cone such that

C∗ := {s∗ ∈ X ∗ : ⟨s∗, z⟩ ≥ 0 ∀z ∈ C}
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denotes its polar cone. Let T : C −→ X ∗ be any given operator. The complemen-
tarity problem is asked as:

obtain all r̄ ∈ C for which

T r̄ ∈ C∗ and

⟨T r̄, r̄⟩ = 0. (2.2.19)

Observe that (2.2.19) is equivalent to (2.2.17). In fact, it is obvious that (2.2.19)
implies (2.2.17). Suppose (2.2.17) is true, then putting z = 2r̄ and z = 0 respectively
into (2.2.17) gives that ⟨T r̄, r̄⟩ = 0, so that ⟨T r̄, z⟩ ≥ 0 for each z ∈ C. Hence, (2.2.17)
implies (2.2.19), thus r̄ solves EP(2.2.1) if and only if it is a solution to (2.2.19).

2.2.4 Existence of Solutions for Equilibrium Problems

An ill-posed equilibrium problem may cease to have equilibria, hence, it is crucial to know
when an equilibrium problem has solutions. We dedicate this part of our work to provide
with some important facts that guarantee the existence and characteristics of solutions to
EP(2.2.1).

Suppose C is a closed convex nonempty subset of a Banach space X and f : C × C −→ R
is a bifunction defined such that f(s, s) = 0 for each s ∈ C.

Define EP ((f, C))(z) := {z ∈ C | f(s, z) ≥ 0}.

Assume

i. f(·, z) is hemicontinuous for every z ∈ C,

ii. f(s, ·) is semi-strictly quasiconvex and lower semi-continuous for every s ∈ C,

iii. f(s, z) is quasimonotone on C × C,

iv. f(s, z) = 0, f(s, z̄) > 0 =⇒ f(s, zt) > 0 ∀zt = tz̄ + (1− t)z, 0 < t < 1,

v. C is a convex α−body, that is, the algebraic kernel of C Ai(C) is nonempty.

Furthermore, if C is not compact, we assume the following coercivity condition:

vi. there exists a compact subset D ⊂ X and a vector z0 ∈ C ∩D such that f(s, z0) < 0
for every s ∈ C \D.

Theorem 2.2.7. If Assumptions (i)—(vi) hold, then a vector r̄ ∈ C solves the EP(2.2.1)
for all z ∈ C, if and only if r̄ ∈

⋂
z∈C
EP (f, C)(z), i.e.,

⋂
z∈C
EP (f, C)(z) ̸= ∅.

A detailed proof of this Theorem 2.2.7 can be found in [9]
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Remark 2.2.8.

a. If Assumptions (i), (ii), (vi) hold and f is a pseudomonotonic bifunction, then the
solutions set EP (f, C) is nonempty, convex and compact.

b. If Assumptions (i), (ii), (vi) are satisfied and f is strictly pseudomonotonic, then
the solution of EP(2.2.1) is unique.

c. Pseudomonotonicity is a sufficient condition for the existence of a solution of EP.
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Chapter 3

Relaxed Inertial Algorithm for
Solving Equilibrium Problems

3.1 Introduction

In this chapter, we study the equilibrium problems defined as follows:
Let H be a real Hilbert space, and C a convex nonempty subset of H. Let f : C ×C −→ R
be an equilibrium bifunction defined such that f(z, z) = 0, ∀z ∈ C. It is required to

obtain r̄ ∈ C for which f(r̄, z) ≮ 0, ∀z ∈ C. (3.1.1)

Let EP (f, C) := {s ∈ C | f(s, z) ≥ 0, ∀z ∈ C} denote the solutions set.

In what that follows, we present a new iterative scheme of obtaining r̄ ∈ C for which
r̄ ∈ EP (f, C) and achieve weak convergent result. Finally, the applications of our result
will be extended to some variational inequality and fixed point problems.

3.2 Preliminaries

Now, we introduce some fundamental definitions and lemmas that are necessary for the
convergence analysis of our proposed method. The notations “→” and “⇀” will be used
respectively to mean the strong and weak convergence.

Suppose that for each n ≥ 1, the sequence {xn} recursively satisfies xn+1 = xn + θn(xn −
xn−1), (see [3]).

Then, for n = 1,

x2 = x1 + θ1(x1 − x0).

This implies

x2 − x1 = θ1(x1 − x0).
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For n = 2

x3 − x2 = θ2(x2 − x1)
= θ2 · θ1(x1 − x0).

For n = 3

x4 − x3 = θ3(x3 − x2)
= θ3 · θ2 · θ1(x1 − x0)

... =
...

xn+1 − xn =

(
n∏

j=1

θj

)
(x1 − x0),

and gives

xn = x1 +

(
n−1∑
l=1

l∏
j=1

θj

)
(x1 − x0). (3.2.1)

Hence, the sequence {xn} will converge if and only if x1 = x0 or whenever
∑∞

l=1

∏l
j=1 θj <

∞. Thus, for the convergence analysis of our scheme, we will subsequently assume that

∞∑
l=i

(
l∏

j=i

θj

)
<∞ for each i ≥ 1, (3.2.2)

and we define the real sequence {ti} by

ti :=
∞∑

l=i−1

(
l∏

j=i

θj

)
= 1 +

∞∑
l=i

(
l∏

j=i

θj

)
. (3.2.3)

Let {ti,n} be a sequence defined, for each i, n ≥ 1, by

ti,n :=


∑n−1

l=i−1

(∏l
j=i θj

)
= 1 +

∑n−1
l=i

(∏l
j=i θj

)
, i ≤ n

0 otherwise,

(3.2.4)

conventionally, for l = i− 1, we take
∏i−1

j=i θj = 1.
One can obtain from (3.2.4) that

ti,n = 1 + θiti+1,n for each i ≥ 1, n ≥ i+ 1. (3.2.5)

For every i ≥ 1, the sequence {ti,n} converges increasingly to {ti}. That is, ti = lim
n→∞

ti,n,

hence, (3.2.2) guarantees that we can have from (3.2.5) a well defined sequence,

ti = 1 + θiti+1 for each i ≥ 1. (3.2.6)

Using ‘∼’ to mean the asymptotic equivalence, the proposition below provides a condition
for ensuring that assumption (3.2.2) is true.
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Proposition 3.2.1. ([3, Proposition 3.1], [44, Proposition 2.3]) Let {θn} be a real
sequence such that θn ∈ [0, 1) for each n ≥ 1. Suppose, for some c ∈ [0, 1), that

lim
n→∞

(
1

1− θn+1

− 1

1− θn

)
= c.

Then

(i) the assumption defined in (3.2.2) is true, and

tn+1 ∼
1

(1− c)(1− θn)
as n→∞,

(ii) the equivalence 1 − θn ∼ 1 − θn+1 holds true as n → ∞. Hence, tn+1 ∼ tn+2 as
n→∞.

Remark 3.2.2. (see also [44])

One can see that the sequence θn = 1− θ̄
n
, θ̄ > 1, is a good example of a sequence satisfying

assumption (3.2.2). In fact, we can get that

lim
n→∞

(
1

1− θn+1

− 1

1− θn

)
= lim

n→∞

(
1

θ̄
(n+ 1)− 1

θ̄
n

)
=

1

θ̄
∈ [0, 1),

satisfies the assumption of Proposition 3.2.1. Therefore, by proposition 3.2.1(i), assump-
tion (3.2.2) indeed holds.

Definition 3.2.3.

i. Let ∂f(s, t) denote the sub-differential of f(s, .) at t, then,

∂f(s, t) := {u ∈ H : f(s, v) ≥ f(s, t) + ⟨u, v − t⟩ ∀v ∈ H}. Thus,

∂f(s, s) := {u ∈ H : f(s, v) ≥ ⟨u, v − s⟩ ∀v ∈ H}.

ii. The normal cone NC of C at s is defined by:

NC(s) = {v ∈ H : ⟨v, t− s⟩ ≤ 0 ∀t ∈ C}.

Lemma 3.2.4. ([3, Lemma B.1]) Let {cn}, {dn} and {θn} be sequences of real numbers
satisfying

cn+1 ≤ θncn + dn for each n ≥ 1,

suppose θn ≥ 0 ∀n ≥ 1.
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(i) For each n ≥ 1, we have

n∑
i=1

ci ≤ t1,nc1 +
n−1∑
i=1

ti+1,ndi

where the double sequence {ti,n} is defined by (3.2.4);

(ii) Under assumption (3.2.2), suppose the sequence {ti} defined by (3.2.3) satisfies∑∞
i=1 ti+1[di]+ <∞. Then the series

∑∞
i=1[ci]+ converges, and

∞∑
i=1

[ci]+ ≤ t1[c1]+ +
∞∑
i=1

ti+1[di]+,

where [t]+ := max{t, 0} ∀t ∈ R.

Lemma 3.2.5. [6] For each x ∈ H, y ∈ C and positive constant λ, the following inequality
is true

λ(g(y)− g(proxλg(x))) ≥ ⟨x− proxλg(x), y − proxλg(x)⟩,

where proxλg(x) := argmin
y∈C

{
λg(y) +

∥x− y∥2

2

}
.

Lemma 3.2.6. [81] Let g : C −→ R be a convex, lower semicontinuous and subdiffer-
entiable function on C. Suppose int(C) ̸= 0, then r̄ is a solution of the convex problem,
min{g(x) : x ∈ C} if and only if ∂g(r̄) + NC(r̄) ∋ 0, where ∂g(r̄) and NC(r̄) respectively
denote the subdifferential of g and normal cone of C at r̄.

Lemma 3.2.7. The following is true for each x, y ∈ H and β ∈ R;

∥βx+ (1− β)y∥2 = β∥x∥2 + (1− β)∥y∥2 − β(1− β)∥x− y∥2.

Lemma 3.2.8. (Opial 1967)[73] Let C ⊂ H be nonempty and, {xn} a sequence in H such
that:

(i) lim
n→∞
∥xn − r̄∥ exists for each r̄ ∈ C;

(ii) every sequentially weak cluster point of {xn} is found in C.

Then the sequence {xn} weakly converges to a point in C.

3.3 Main Results

We will assume the following conditions are true for the bifunction f :

Assumption 3.3.1.
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(A1) For each s ∈ C, f(s, s) = 0 and f is pseudomonotone on C;

(A2) with two positive constants δ1 and δ2, f satisfies the Lipschitz-type conditions on H;

(A3) f(s, .) is convex, lower semicontinuous and subdifferentiable on C, ∀s ∈ C;

(A4) f is weakly and jointly continuous on C × C. That is, whenever s, z ∈ C and sn ⇀ s,
zn ⇀ z as n → ∞, then we have lim sup

n→∞
f(sn, zn) → f(s, z). Particularly, in other

words, lim sup
n→∞

f(sn, zn) ≤ f(s, z) for each fixed s, z ∈ C and {sn}, {zn} ∈ C;

(A5) EP (f, C) ̸= ∅.

Now, we present our proposed method as follows:

Assumption 3.3.2. Condition on the inertial and relaxation factors.

Suppose θn ∈ [0, 1), αn ∈ (0, 1) and lim inf
n→∞

αn > 0. Assume for n sufficiently large enough,

there is ϵ ∈ (0, 1) for which

(1− ϵ)1− αn−1

2αn−1

(1− θn−1)

≥ θntn+1

(
1 + θn +

[
1− αn

2αn

(1− θn) +
1− αn−1

2αn−1

(1− θn−1)

]
+

)
. (3.3.1)

Algorithm 3.3.3.
Let x0, x1 ∈ H, λ1 > 0, µ ∈]0, 1[.
STEP 1: Start with the present iterates xn−1 and xn,

compute


wn = xn + θn(xn − xn−1)

yn = argmin
y∈C

{
λnf(wn, y) +

1
2
∥wn − y∥2

}
.

Stop the computation if yn = wn, and yn becomes a solution, else, move to the next step
which is step 2.
STEP 2:
Choose vn ∈ ∂f(wn, .)(yn) for which there is
qn ∈ NC(yn) satisfying
qn = wn − λnvn − yn, and construct a half space
Tn = {z ∈ H : ⟨wn − λnvn − yn, z − yn⟩ ≤ 0}.

Evaluate
zn = argmin

y∈Tn

{
λnf(yn, y) +

1
2
∥wn − y∥2

}
.

STEP 3: Compute
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xn+1 = (1− αn)wn + αnzn, and

λn+1 =


min

{
µ

2

∥wn − yn∥2 + ∥zn − yn∥2

f(wn, zn)− f(wn, yn)− f(yn, zn)
, λn

}
, if f(wn, zn)− f(wn, yn)

−f(yn, zn) > 0,

λn, otherwise.

Set n+ 1←− n and continue again from step 1.

The following proposition provides validation for Assumptions (3.2.2) and 3.3.2.

Proposition 3.3.4. (see [3, Proposition 3.3], [44, Propostion 3.8]) Let αn ∈ (0, 1)
and θn ∈ [0, 1) ∀n ≥ 1. Suppose there is c ∈ [0, 1) and c∗ ∈ [c, 1) for which

lim
n→∞

(
1

1− θn+1

− 1

1− θn

)
= c,

lim
n→∞

ψn+1 − ψn

ψn(1− θn)
= c∗

and

lim inf
n→∞

ψn(1− θn)2 > lim sup
n→∞

θn(1 + θn)

1− c∗
,

where ψn =
1− αn

2αn

. Then Assumptions (3.2.2) and 3.3.2 are satisfied.

Lemma 3.3.5. Suppose {xn} is a sequence in H, and {θn} a real positive sequence. Given
r̄ ∈ H, define the sequence {Φn} by Φn := 1

2
∥xn− r̄∥2 and wn = xn+ θn(xn−xn−1). Then,

Φn+1 − Φn − θn(Φn − Φn−1) =
1

2
(θn + θ2n)∥xn − xn−1∥2

+
1

2
∥xn+1 − r̄∥2 −

1

2
∥wn − r̄∥2. (3.3.2)

Proof.
Using the definition of wn = xn + θn(xn − xn−1), we have,

∥wn − r̄∥2 = ∥xn + θn(xn − xn−1)− r̄∥2

= ∥xn − r̄ + θn(xn − xn−1)∥2

= ∥xn − r̄∥2 + θ2n∥xn − xn−1∥2 + 2θn⟨xn − r̄, xn − xn−1⟩
= ∥xn − r̄∥2 + (θn + θ2n)∥xn − xn−1∥2 + θn(∥xn − r̄∥2 − ∥xn−1 − r̄∥2)
= 2Φn + (θn + θ2n)∥xn − xn−1∥2 + 2(Φn + Φn−1). (3.3.3)

Rearranging and adding Φn+1 =
1
2
∥xn+1 − r̄∥2 to both sides we have,

Φn+1 − Φn − θn(Φn − Φn−1) =
1

2
(θn + θ2n)∥xn − xn−1∥2 +

1

2
∥xn+1 − r̄∥2

−1

2
∥wn − r̄∥2. (3.3.4)
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Lemma 3.3.6. Let {xn} be a sequence formed by Algorithm 3.3.3 ssuch that Assumption
3.3.1 holds. Then, for r̄ ∈ EP (f, C), we have

∥xn+1 − r̄∥2 ≤ ∥wn − r̄∥2 − αn

(
1− µ λn

λn+1

)
(∥wn − yn∥2 + ∥zn − yn∥2)

−1− αn

αn

∥xn+1 − wn∥2 ∀n ≥ 1.

Proof.
Using the definition of yn and Lemma 3.2.6, we have that

0 ∈ ∂
(
λnf(yn, y) +

1

2
∥y − yn∥2

)
(yn) +NC(yn).

From Step 2, we obtain

⟨wn − yn, y − yn⟩ = ⟨λnvn + qn, y − yn⟩
= λn⟨vn, y − yn⟩+ ⟨qn, y − yn⟩. (3.3.5)

But qn ∈ NC(yn) implies that ⟨qn, y − yn⟩ ≤ 0 ∀y ∈ C.
Thus we obtain from (3.3.5) that

⟨wn − yn, y − yn⟩ ≤ λn⟨vn, y − yn⟩ ∀y ∈ Tn. (3.3.6)

Also, vn ∈ ∂f(wn, yn) implies that

f(wn, y)− f(wn, yn) ≥ ⟨vn, y − yn⟩ ∀y ∈ C. (3.3.7)

Using (3.3.6) and (3.3.7), we have

λn(f(wn, y)− f(wn, yn)) ≥ ⟨wn − yn, y − yn⟩ ∀y ∈ C. (3.3.8)

Putting zn = y in (3.3.8), we see that

λn(f(wn, zn)− f(wn, yn)) ≥ ⟨wn − yn, zn − yn⟩. (3.3.9)

Again, using the definition of zn and Lemma 3.2.5 give us

λn(f(yn, y)− f(yn, zn)) ≥ ⟨wn − zn, y − zn⟩ ∀y ∈ C. (3.3.10)

Let y = r̄ ∈ EP (f, C).
Then,

λn(f(yn, r̄)− f(yn, zn)) ≥ ⟨wn − zn, r̄ − zn⟩ ∀r̄ ∈ EP (f, C). (3.3.11)

But r̄ ∈ EP (f, C), implies f(r̄, yn) ≥ 0. This further implies by pseudomonotonicity of f
that

f(yn, r̄) ≤ 0.
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Therefore, (3.3.11) becomes,

−λnf(yn, zn) ≥ ⟨wn − zn, r̄ − zn⟩. (3.3.12)

Combining (3.3.9) and (3.3.12) implies that

2λn(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≥ 2⟨wn − yn, zn − yn⟩
+2⟨wn − zn, r̄ − zn⟩. (3.3.13)

Note that:

⟨wn − yn, zn − yn⟩ =
1

2
(∥wn − yn∥2 + ∥zn − yn∥2 − ∥wn − zn∥2). (3.3.14)

Also,

⟨wn − zn, r̄ − zn⟩ =
1

2
(∥wn − zn∥2 + ∥zn − r̄∥2 − ∥wn − r̄∥2). (3.3.15)

Using (3.3.14) and (3.3.15) in (3.3.13), we get

2λn(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≥ ∥wn − yn∥2 + ∥zn − yn∥2

+∥zn − r̄∥2 − ∥wn − r̄∥2. (3.3.16)

By the definition of λn, we have

2(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≤
µ(∥wn − yn∥2 + ∥zn − yn∥2)

λn+1

. (3.3.17)

Using (3.3.17) in (3.3.16), we obtain

µ
λn
λn+1

(∥wn − yn∥2 + ∥zn − yn∥2) ≥ ∥wn − yn∥2 + ∥zn − yn∥2

+∥zn − r̄∥2 − ∥wn − r̄∥2. (3.3.18)

This further implies

∥zn − r̄∥2 ≤ ∥wn − r̄∥2 −
(
1− µ λn

λn+1

)
∥wn − yn∥2

−
(
1− µ λn

λn+1

)
∥zn − yn∥2. (3.3.19)

Moreover, with αn ∈ (0, 1), we have

∥xn+1 − r̄∥2 = (1− αn)∥wn − r̄∥2 + αn∥zn − r̄∥2 − (1− αn)αn∥zn − wn∥2. (3.3.20)

Using (3.3.19) and the definition of {xn+1}, that is zn − wn =
1

αn

(xn+1 − wn) in (3.3.20),

we establish the desired result.
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Lemma 3.3.7. Let {Φn} be as defined in Lemma 3.3.5, and {xn} a sequence formed by
Algorithm 3.3.3. Therefore, ∀r̄ ∈ EP (f, C), we have

Φn+1 − Φn − θn(Φn − Φn−1) ≤
1

2
((θn + θ2n)− ψn(1− θn)2)∥xn − xn−1∥2

−αn

2

(
1− µ λn

λn+1

)
(∥wn − yn∥2 + ∥zn − yn∥2)

−1

2
ψn(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2),

where ψn =
1− αn

2αn

.

Proof.
Using the definition of wn = xn + θn(xn − xn−1), we have

∥xn+1 − wn∥2 = ∥xn+1 − xn − θn(xn − xn−1)∥2

= ∥xn+1 − xn − (xn − xn−1) + (1− θn)(xn − xn−1)∥2

= ∥xn+1 − 2xn + xn−1∥2 + (1− θn)2∥xn − xn−1∥2

+2(1− θn)⟨xn+1 − 2xn + xn−1, xn − xn−1⟩. (3.3.21)

But

2⟨xn+1 − 2xn + xn−1, xn − xn−1⟩ = ∥xn+1 − xn∥2 − ∥xn − xn−1∥2

−∥xn+1 − 2xn + xn−1∥2. (3.3.22)

Putting (3.3.22) into (3.3.21) therefore gives

∥xn+1 − wn∥2 = θn∥xn+1 − 2xn + xn−1∥2 + (1− θn)2∥xn − xn−1∥2

+(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2)
≥ (1− θn)2∥xn − xn−1∥2

+(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2). (3.3.23)

Notice that
1− αn

2αn

≥ 1− αn

4αn

, ∀n ≥ 1.

Thus, we have from (3.3.23) that

−1− αn

2αn

∥xn+1 − wn∥2 ≤ −1− αn

4αn

(1− θn)2∥xn − xn−1∥2

−1− αn

4αn

(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2).

That is,

−ψn∥xn+1 − wn∥2 ≤ −1

2
ψn(1− θn)2∥xn − xn−1∥2

−1

2
ψn(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2). (3.3.24)

Hence, the desired result follows immediately from Lemmas 3.3.5, 3.3.6, and inequality
3.3.24.
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Lemma 3.3.8. Suppose that assumption (3.2.2) holds and the sequence {ti} is as defined
by (3.2.3). Let ψn =

1− αn

2αn

for {αn} ⊂ (0, 1). Given a sequence {xn} generated by

Algorithm 3.3.3, then for each n ≥ 1, we have

n−1∑
i=1

(ψi−1(1− θi−1)− θiti+1(1 + θi + [ψi(1− θi)− ψi−1(1− θi−1)]+)) ∥xi − xi−1∥2

≤ 2Φ0 + 2t1|Φ1 − Φ0|+ t1ψ0(1− θ0)∥x1 − x0∥2.

Proof.
From Lemma 3.3.7, we have

Φn+1 − Φn ≤ θn(Φn − Φn−1) +
1

2

(
(θn + θ2n)− ψn(1− θn)2

)
∥xn − xn−1∥2

− 1

2
ψn(1− θn)(∥xn+1 − xn∥2 − ∥xn − xn−1∥2). (3.3.25)

Let cn := Φn−Φn−1, dn := 1
2
((θn+ θ

2
n)−ψn(1− θn)2)∥xn−xn−1∥2− 1

2
ψn(1− θn)(∥xn+1−

xn∥2 − ∥xn − xn−1∥2).

Thus, (3.3.25) now shows the form cn+1 ≤ θncn + dn, and applying Lemma 3.2.4(i), we
obtain

Φn − Φ0 =
n∑

i=1

ci

≤ t1, n(Φ1 − Φ0) +
n−1∑
i=1

ti+1,n(
1

2
((θi + θ2i )− ψi(1− θi)2)∥xi − xi−1∥2

− 1

2
ψi(1− θi)(∥xi+1 − xi∥2 − ∥xi − xi−1∥2))

= t1, n(Φ1 − Φ0)−
n−1∑
i=1

ti+1,n

(
1

2
(ψi(1− θi)2 − (θi + θ2i ))∥xi − xi−1∥2

)

−
n−1∑
i=1

ti+1,n

(
1

2
ψi(1− θi)(∥xi+1 − xi∥2 − ∥xi − xi−1∥2)

)
.

This implies that

1

2

[
n−1∑
i=1

ti+1,n(ψi(1− θi)2 − (θi + θ2i ))∥xi − xi−1∥2

+
n−1∑
i=1

ti+1,nψi(1− θi)(∥xi+1 − xi∥2 − ∥xi − xi−1∥2)

]
≤ t1, n(Φ1 − Φ0) + Φ0 − Φn. (3.3.26)
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Note that Φn ≥ 0, t1,n ≤ t1 ∀n ∈ N. Thus
n−1∑
i=1

ti+1,n

(
ψi(1− θi)2 − (θi + θ2i )

)
∥xi − xi−1∥2

+
n−1∑
i=1

ti+1,nψi(1− θi)
(
∥xi+1 − xi∥2 − ∥xi − xi−1∥2

)
≤ 2t1, n(Φ1 − Φ0) + 2Φ0

≤ 2t1|Φ1 − Φ0|+ 2Φ0. (3.3.27)

Again, notice that

n−1∑
i=1

ti+1,nψi(1− θi)
(
∥xi+1 − xi∥2 − ∥xi − xi−1∥2

)
=

n−1∑
i=1

ti+1,nψi(1− θi)∥xi+1 − xi∥2 −
n−1∑
i=1

ti+1,nψi(1− θi)∥xi − xi−1∥2

+
n−1∑
i=1

ti,nψi−1(1− θi−1)∥xi − xi−1∥2 −
n−1∑
i=1

ti,nψi−1(1− θi−1)∥xi − xi−1∥2

=
n−1∑
i=1

(ti,nψi−1(1− θi−1)− ti+1,nψi(1− θi)) ∥xi − xi−1∥2 + tn,nψn(1− θn−1)∥xn − xn−1∥2

−t1,nψ0(1− θ0)∥x1 − x0∥2.

Since tn,nψn(1− θn−1)∥xn − xn−1∥2 ≥ 0 and t1,n ≤ t1 ∀n > 0, it follows that

n−1∑
i=1

ti+1,nψi(1− θi)
(
∥xi+1 − xi∥2 − ∥xi − xi−1∥2

)
≥

n−1∑
i=1

(ti,nψi−1(1− θi−1)− ti+1,nψi(1− θi)) ∥xi − xi−1∥2

−t1ψ0(1− θ0)∥x1 − x0∥2. (3.3.28)

Putting (3.3.27) and (3.3.28) together gives us

n−1∑
i=1

[
ti+1,n(ψi(1− θi)2 − (θi + θ2i )) + ti,nψi−1(1− θi−1)− ti+1,nψi(1− θi)

]
∥xi − xi−1∥2

≤ 2t1|Φ1 − Φ0|+ 2Φ0 + t1ψ0(1− θ0)∥x1 − x0∥2. (3.3.29)

On the other hand, from the definition of ti,n = 1 + θiti+1,n for each i ≥ 1 and n ≥ i + 1
in (3.2.5), we have

ti+1,n

(
ψi(1− θi)2 − (θi + θ2i )

)
+ ti,nψi−1(1− θi−1)− ti+1,nψi(1− θi)

= ti+1,n(ψi(1− θi)2 − (θi + θ2i )) + ψi−1(1 + ti+1,n)(1− θi−1)− ti+1,nψi(1− θi)
= ψi−1(1− θi−1)− θiti+1,n(1 + θi + ψi(1− θi)− ψi−1(1− θi−1)). (3.3.30)
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But ti,n ≤ ti ∀i ≥ 1, n ≥ i+ 1 and [t]+ ≥ t ∀t ∈ H. It follows that

ti+1,n(ψi(1− θi)2 − (θi + θ2i )) + ti,nψi−1(1− θi−1)− ti+1,nψi(1− θi)
≥ ψi−1(1− θi−1)− θiti+1(1 + θi + [ψi(1− θi)− ψi−1(1− θi−1)]+). (3.3.31)

The combination of (3.3.31) and (3.3.29), therefore, establishes the desired result.

Lemma 3.3.9.
Assume that Assumptions (3.2.2), 3.3.1 and 3.3.2 hold. Let {ti} be the sequence defined
by (3.2.3) and {xn} the sequence formed by Algorithm 3.3.3. Then,

a. (i.) lim
n→∞

∑n−1
i=1

1−αi

2αi
(1− θi−1)∥xi − xi−1∥2 <∞,

and as such lim
n→∞

∑n−1
i=1 θiti+1∥xi − xi−1∥2 <∞;

(ii.) For each r̄ ∈ EP (f, C), lim
n→∞
∥xn − r̄∥ exists, and hence {xn} is bounded;

b. (i.) lim
n→∞
∥wn − yn∥ = 0, lim

n→∞
∥zn − yn∥ = 0;

(ii.) lim
n→∞
∥xn − wn∥ = 0;

(iii.) lim
n→∞
∥wn − zn∥ = 0.

Proof.

a. (i.) Assumption 3.3.2 is true for n sufficiently large enough, thus, we may assume with-
out any loss of generality that it is also true for n ≥ 1.

Now, using inequality (3.3.1) and Lemma 3.3.8, noting that ψn =
1− αn

2αn

, we have

that:

(ϵ− 1)ψi−1(1− θi−1) ≤ −θiti+1(1 + θi + [ψi(1− θi) + ψi−1(1− θi−1)]+).

This implies

n−1∑
i=1

ϵψi−1(1− θi−1)∥xi − xi−1∥2

≤
n−1∑
i=1

(ψi−1(1− θi−1)− θiti+1(1 + θi + [ψi(1− θi) + ψi−1(1− θi−1)]+)∥xi − xi−1∥2

≤ 2Φ0 + 2t1|Φ1 − Φ0|+ t1ψ0(1− θ0)∥x1 − x0∥2.

This implies that

n−1∑
i=1

ψi−1(1− θi−1)∥xi − xi−1∥2 ≤
1

ϵ
(2Φ0 + 2t1|Φ1 − Φ0|

+ t1ψ0(1− θ0)∥x1 − x0∥2
)
. (3.3.32)
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Taking the limit of (3.3.32) as n→∞, we arrive at

∞∑
i=1

ψi−1(1− θi−1)∥xi − xi−1∥2 <∞. (3.3.33)

Since lim inf
n→∞

αn > 0, (3.3.33) further implies that

lim
n→∞
∥xn+1 − xn∥ = 0.

More so, using inequality (3.3.1) again, we have
θiti+1 ≤ ψi−1(1− θi−1)− θiti+1(θi + [ψi(1− θi) + ψi−1(1− θi−1)]+).

This implies that

n−1∑
i=1

θiti+1∥xi − xi−1∥2 ≤
n−1∑
i=1

(ψi−1(1− θi−1)− θiti+1(θi + [ψi(1− θi)

+ψi−1(1− θi−1)]+))∥xi − xi−1∥2

≤
n−1∑
i=1

ψi−1(1− θi−1)∥xi − xi−1∥2. (3.3.34)

Taking the limit of (3.3.34) and using (3.3.33), we conclude that:∑n−1
i=1 θiti+1∥xi − xi−1∥2 <∞. Thus, completing item a. (i.)

(ii.) Using Lemmas 3.3.5 and 3.3.6 gives us that

Φn+1 − Φn − θn(Φn − Φn−1) ≤
1

2
(θn + θ2n)∥xn − xn−1∥2 −

1− αn

2αn

∥xn+1 − wn∥2

Note that θ2n ≤ θn, αn > 0, ∀n ≥ 1.
Thus,

Φn+1 − Φn ≤ θn(Φn − Φn−1) + θn∥xn − xn−1∥2. (3.3.35)

Let cn := Φn − Φn−1, dn := θn∥xn − xn−1∥2, then, making use of Lemma 3.2.4(ii)
and item a. (i.) of Lemma 3.3.9, we obtain

∞∑
n=1

[Φn − Φn−1]+ ≤ t1[Φ1 − Φ0]+ +
∞∑
n=1

tn+1[θn∥xn − xn−1∥2]+ <∞.

That is,
∑∞

n=1[Φn − Φn−1]+ <∞. In addition, this implies that for each r̄ ∈ C,
lim
n→∞

Φn = lim
n→∞
∥xn − r̄∥ exists. Thus, as claimed, {xn} is indeed bounded.

b. (i.) Using Lemma 3.3.7,

define δn :=
αn

2

(
1− µ λn

λn+1

)
(∥wn−yn∥2+∥zn−yn∥2)−

1

2
ψn(1−θn)(∥xn+1−xn∥2−
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∥xn − xn−1∥2),
then we have

Φn+1 − Φn − θn(Φn − Φn−1) ≤
1

2
((θn + θ2n)− ψn(1− θn)2)∥xn − xn−1∥2 − δn

≤ 1

2
(θn + θ2n)∥xn − xn−1∥2 − δn.

Therefore,

Φn+1 − Φn ≤ θn(Φn − Φn−1) + θn∥xn − xn−1∥2 − δn. (3.3.36)

Again, applying Lemma 3.2.4(i) to (3.3.36), then

Φn − Φ0 =
n∑

i=1

(Φi − Φi−1)

≤ t1,n(Φ1 − Φ0) +
n−1∑
i=1

ti+1,n(θi∥xi − xi−1∥2 − δi).

This implies that

n−1∑
i=1

ti+1,nδi ≤ Φ0 + t1(Φ1 − Φ0) +
n−1∑
i=1

ti+1θi∥xi − xi−1∥2. (3.3.37)

Taking the limit as n→∞ and by Lemma 3.3.9 item a. (i.), this implies that

∞∑
i=1

ti+1,nδi ≤ Φ0 + t1(Φ1 − Φ0) +
∞∑
i=1

ti+1θi∥xi − xi−1∥2 <∞. (3.3.38)

But {ti,n} tends increasingly to ti, as n→∞, and by monotone convergence theorem∑∞
i=1 ti+1δi <∞.

This implies that lim
n→∞

tn+1δn = 0.

But tn ≥ 1 ∀n ≥ 1,

δn :=
αn

2

(
1− µ λn

λn+1

)
(∥wn− yn∥2+ ∥zn− yn∥2)−

1

2
ψn(1− θn)(∥xn+1−xn∥2−∥xn−

xn−1∥2).

Thus, lim
n→∞

αn

2

(
1− µ λn

λn+1

)
(∥wn− yn∥2+∥zn− yn∥2)−

1

2
ψn(1− θn)(∥xn+1−xn∥2−

∥xn − xn−1∥2) = 0.

Using the facts that lim inf
n→∞

αn > 0, lim
n→∞

(
1− µ λn

λn+1

)
= 1− µ > 0, and

lim
n→∞
∥xn − xn−1∥ = 0, we conclude that

lim
n→∞
∥wn − yn∥ = 0 and lim

n→∞
∥zn − yn∥ = 0.

44



(ii.) With the definition of wn = xn + θn(xn − xn−1) and Lemma 3.3.9 item a. (i.),
therefore:

∥xn − wn∥2 = ∥θn(xn − xn−1)∥2

= θ2n∥xn − xn−1∥2

≤ θn∥xn − xn−1∥2. (3.3.39)

This implies that

∞∑
n=1

tn+1∥xn − wn∥2 ≤
∞∑
n=1

tn+1θn∥xn − xn−1∥2 <∞.

Hence,
∑∞

n=1 tn+1∥xn − wn∥2 <∞,

giving us that
lim
n→∞

tn+1∥xn − wn∥2 = 0.

Since tn ≥ 1 ∀n ≥ 1, then lim
n→∞
∥xn − wn∥ = 0, establishing (ii.).

(iii.) Recall that xn+1 = (1− αn)wn + αnzn.
This implies

αn∥zn − wn∥ = ∥xn+1 − wn∥
≤ ∥xn − wn∥+ ∥xn+1 − xn∥. (3.3.40)

That is, 0 ≤ αn∥zn − wn∥ ≤ ∥xn − wn∥+ ∥xn+1 − xn∥.

Taking limit as n → ∞ and, using items a. (i.), b. (ii.) of Lemma 3.3.9 and
the fact that lim inf

n→∞
αn > 0, we conclude that lim

n→∞
∥zn − wn∥ = 0.

Theorem 3.3.10. Assume that Assumptions (3.2.2), 3.3.1, 3.3.2 hold. Then, the sequence
{xn} generated by Algorithm 3.3.3 converges weakly to to an element of EP (f, C).

Proof.
Since {xn} is bounded, there exists a subsequence {xnj

} of {xn} that converges weakly to
r̄ ∈ C.
From items b. (i.) and (ii.) of Lemma 3.3.9, it follows that ∥xn − yn∥ −→ 0, n −→∞.
This further implies that ynj

⇀ r̄ ∈ C.
Moreso, we have that {wnj

} converges weakly to r̄ ∈ C.

Now, from (3.3.8) and since lim inf
n→∞

λn > 0, we have

f(wnj
, y) ≥ f(wnj

, ynj
) +

1

λnj

⟨wnj
− ynj

, y − ynj
⟩ ∀y ∈ C. (3.3.41)
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Taking the limit of (3.3.41) as j → +∞, and using conditions (A1), (A4), we obtain that
f(r̄, y) ≥ 0 ∀y ∈ C. Hence, r̄ ∈ EP (f, C). Therefore, by Lemma 3.2.8, we conclude that
{xn} weakly converges to r̄ ∈ EP (f, C).
Remark 3.3.11.
Note that the main role of Assumption 3.3.2 is to guarantee the summability condition

∞∑
i=1

θiti+1∥xi − xi−1∥2 <∞ (3.3.42)

obtained in Lemma 3.3.9 a. (i.). Hence, Lemma 3.3.9 holds true undoubtedly if we assume
(3.3.42) directly.

3.4 Applications

3.4.1 Variational Inequality Problem

In relation to the variational inequality problem defined in (2.2.17) where the cost bifunc-
tion is f(s, z) = ⟨Bs, z − s⟩, ∀s, z ∈ C and the operator B : C −→ H has the Lipschitz
constant L = 2δ1 = 2δ2. The sequences {yn} and {zn} of Algorithm 3.3.3 can be respec-
tively translated into

yn = PC(wn − λnBwn)

zn = PTn(wn − λnByn).
Assumption 3.4.1. Assumption on the operator B.

B1. For some L > 0, B is L−Lipschitz continuous, that is ∥Bs − Bz∥ ≤ L∥s − z∥
∀s, z ∈ C.

B2. B is pseudomonotone on C, meaning ⟨Bs, z − s⟩ ≥ 0 =⇒ ⟨Bz, s− z⟩ ≤ 0 ∀s, z ∈ C;
and the solutions set VI(B, C) is nonempty.

B3. lim sup
n→∞

⟨Bsn, z − sn⟩ ≤ ⟨Br̄, z − r̄⟩ for each z ∈ C and {sn} ⊂ C satisfying {sn}⇀ r̄.

Theorem 3.4.2. Let B : C −→ H satisfy Assumption 3.4.1. Assume that Assumptions
(3.2.2), 3.3.2 hold. Let {ti} be the sequence defined by (3.2.3). Iteratively generate the
sequences {xn}, {yn}, {wn}, {zn} as follows:

Let x0, x1 ∈ H, λ1 > 0, µ ∈]0, 1[.
Start with the current iterates xn−1 and xn, construct a half space

Tn = {z ∈ H : ⟨wn − λnvn − yn, z − yn⟩ ≤ 0}.

Compute


wn = xn + θn(xn − xn−1)

yn = PC(wn − λnBwn)

zn = PTn(wn − λnByn)
xn+1 = (1− αn)wn + αnzn.
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Update the stepsize λn+1 as follows:

λn+1 =


min

{
λn,

µ

2

∥wn − yn∥2 + ∥zn − yn∥2

⟨Bwn − Byn, zn − yn⟩

}
if ⟨Bwn − Byn, zn − yn⟩ > 0,

λn otherwise.

Therefore, the sequences {xn}, {wn} and {yn} weakly converge to r̄ ∈ VI(B, C).

3.4.2 Fixed Points Problems

From (2.2.14) where the cost bifunction f(s, z) = ⟨s − T s, z − s⟩, the strongly convex
programs one needs to solve in algorithm 3.3.3 are as follows:

yn = argmin
y∈C

{
1

2
∥y − wn∥2 + λnf(wn, y)

}
= argmin

y∈C

{
1

2
∥y − wn∥2 + λn⟨wn − T wn, y − wn⟩

}
= argmin

y∈C

{
1

2
∥y − (wn − λn(wn − T wn))∥2

}
= PC((1− λn)wn − λnT wn)

= (1− λn)wn + λnT wn.

And,

zn = argmin
y∈Ωn

{
1

2
∥y − wn∥2 + λnf(yn, y)

}
,

which using similar argument as above gives

zn = PΩn(wn − λn(yn − T yn)).

Theorem 3.4.3. Let C be a closed convex nonempty subset of H and T : C −→ C be
weakly continuous α−strict pseudo-contractive mapping with Fix(T ) ̸= ∅. Suppose that
Assumptions (3.2.2) and 3.3.2 hold. Let {ti} be the sequence defined by (3.2.3). Itera-
tively generate the sequences {xn}, {yn}, {wn}, {zn} as follows:

Let x0, x1 ∈ H, λ1 > 0, µ ∈]0, 1[.
Start with the current iterates xn−1 and xn, construct a half space

Ωn = {z ∈ H : ⟨wn − λnvn − yn, z − yn⟩ ≤ 0}.

Evaluate



wn = xn + θn(xn − xn−1)

yn = (1− λn)wn + λnT wn

zn = PΩn(wn − λn(yn − T yn))
xn+1 = (1− αn)wn + αnPΩn(un)

un = wn − λn(yn − T yn).
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Update the stepsize λn+1 as follows:

λn+1 =


min

{
λn,

µ

2

∥wn − yn∥2 + ∥zn − yn∥2

⟨(I− T )(wn − yn), zn − yn⟩

}
if ⟨(I− T )(wn − yn), zn − yn⟩ > 0,

λn otherwise.

Then the generated sequences {xn}, {wn}, {yn} converge weakly to r̄ = PFix(T )(0).
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Chapter 4

Relaxed Inertial Sub-gradient
Extra-gradient Method for Solving
Equilibrium Problems.

4.1 Introduction

Again, throughout this chapter, our attentions will be focused on another new method
of finding a real approximate solution of an equilibrium problem (3.1.1). This proposed
method will seek to incorporate the on-line rule condition into the relaxed inertial technique
to obtain a strong convergent result.

4.2 Preliminaries

It is important that we present in this section some definitions and lemmas that are
crucial in the analysis of our proposed method. The notations “→” and “⇀” will be used
to denote strong and weak convergence respectively.

For easy referencing, we present the following:

Definition 4.2.1.

i. Let ∂f(s, z) denote the subdifferential of a convex function f(s, .) at z, then,

∂f(s, z) := {u ∈ H : f(s, w) ≥ f(s, z) + ⟨u,w − z⟩ ∀w ∈ H}. Thus,

∂f(s, s) := {u ∈ H : f(s, w) ≥ ⟨u,w − s⟩ ∀w ∈ H}.

ii. The normal cone NC of C at s is denoted by:

NC(s) = {w ∈ H : ⟨w, z − s⟩ ≤ 0 ∀z ∈ C}.
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Lemma 4.2.2. [6] For each s ∈ H, z ∈ C and positive constant λ, the following inequality
is true

λ(g(z)− g(proxλg(s))) ≥ ⟨s− proxλg(s), z − proxλg(s)⟩,

where proxλg(s) := argmin
z∈C

{
λg(z) +

∥s− z∥2

2

}
.

Lemma 4.2.3. [81] Let g : C −→ R be a convex, lower semicontinuous and subdiffer-
entiable function on C. Suppose int(C) ̸= 0, then r̄ is a solution of the convex problem,
min{g(s) : s ∈ C} if and only if ∂g(r̄) + NC(r̄) ∋ 0, where ∂g(r̄) and NC(r̄) respectively
denote the subdifferential of g and normal cone of C at r̄.

Lemma 4.2.4. [82] Let {tn} be a nonnegative sequence in H, {σn} ⊂ (0, 1) such that∑∞
i=1 σn =∞, and {dn} be any sequence of real numbers.

Assume that

tn+1 ≤ (1− σn)tn + σndn ∀n ≥ 1.

If lim sup
k→∞

dnk
≤ 0 for each subsequence {tnk

} of {tn} satisfying lim inf
k→∞

(
tnk+1

− tnk

)
≥ 0,

then lim
n→∞

tn = 0.

Lemma 4.2.5. The following is true for each x, y ∈ H and β ∈ R :

i. ∥βx+ (1− β)y∥2 = β∥x∥2 + (1− β)∥y∥2 − β(1− β)∥x− y∥2;

ii. ∥βx− (1− β)y∥2 = β∥x∥2 + (1− β)∥y∥2 − β(1− β)∥x+ y∥2.

Lemma 4.2.6. [59] Let {tn}, {δn} ⊂ R+ such that
tn+1 ≤ (1− δn)tn +mn + γn, ∀n ≥ 1,
where δn ∈ (0, 1) and {mn} are real sequences. Suppose

∑∞
n=0 γn <∞ and mn ≤ δnβ for

some β ≥ 0, therefore {tn} is a bounded sequence.

4.3 Main Results

Suppose the following conditions hold for the bifunction f :

Assumption 4.3.1.

(A1) For each s ∈ C, f(s, s) = 0 and f is pseudomonotone on C;

(A2) with two positive constants δ1 and δ2, f satisfies the Lipschitz-type condition on H;

(A3) f(s, .) is convex, lower semicontinuous and subdifferentiable on C, ∀s ∈ C;
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(A4) f is weakly and jointly continuous on C × C. That is, if s, z ∈ C and sn ⇀ s,
zn ⇀ z as n → ∞, then lim sup

n→∞
f(sn, zn) → f(s, z), particularly, in other words,

lim sup
n→∞

f(sn, zn) ≤ f(s, z) for each fixed s, z ∈ C and sn, zn ∈ C;

(A5) EP (f, C) ̸= ∅.

Assumption 4.3.2.
Let αn ∈ (0, 1) and lim inf αn > 0

n→∞
. Assume that {ξn} is any positive sequence such that

ξn = o(σn), that is, lim
n→∞

ξn
σn

= 0, where {σn} ⊂ (0, 1) such that

lim
n→∞

σn = 0,
∞∑
n=1

σn =∞.

Now, we are ready to present and analyze our algorithm as follows:

Algorithm 4.3.3. Let x0, x1 ∈ H, λ1 > 0, µ ∈]0, 1[.
STEP 1:
Given the current iterates xn−1 and xn, choose θn such that 0 ≤ θn ≤ θ̄n, where

θ̄n =


min

{
θ,

ξn
∥xn − xn−1∥

}
if xn ̸= xn−1,

θ otherwise.

(4.3.1)

STEP 2:
Set wn = (1− σn)(xn + θn(xn − xn−1)) and evaluate

yn = argmin
y∈C

{
λnf(wn, y) +

1

2
∥wn − y∥2

}
.

Stop the computation if yn = wn, and yn becomes a solution, else, move to the next step
which is step 3.

STEP 3:
Choose vn ∈ ∂f(wn, .)(yn) in such a way there is
qn ∈ NC(yn) satisfying
qn = wn − λnvn − yn, and construct a half space
Tn = {z ∈ H : ⟨wn − λnvn − yn, y − yn⟩ ≤ 0}.
Evaluate

zn = argmin
y∈Tn

{
λnf(yn, y) +

1

2
∥wn − y∥2

}
.

STEP 4: Compute
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xn+1 = (1− αn)wn + αnzn, and

λn+1 =


min

{
µ

2

∥wn − yn∥2 + ∥zn − yn∥2

f(wn, zn)− f(wn, yn)− f(yn, zn)
, λn

}
, if f(wn, zn)− f(wn, yn)

−f(yn, zn) > 0,

λn, otherwise.

Set n+ 1←− n and continue again from step 1.

Remark 4.3.4.
From (4.3.1), the line rule condition, one can easily see that

θn ≤ θ̄n ≤
ξn

∥xn − xn−1∥
,

This implies that

0 ≤ θn
σn
∥xn − xn−1∥ ≤

ξn
σn
. (4.3.2)

Also, since ξn = o(σn), there is γ > 0 such that

ξn
σn
≤ γ for each n ≥ 1. (4.3.3)

Lemma 4.3.5. Suppose the bifunction f satisfies Assumption 4.3.1, then the sequence
{xn} produced by Algorithm 4.3.3 is bounded.

Proof.
Using the definition of yn and Lemma (4.2.3) gives us that

0 ∈ ∂
(
λnf(yn, y) +

1

2
∥y − yn∥2

)
(yn) +NC(yn).

From Step 2, we obtain

⟨wn − yn, y − yn⟩ = ⟨λnvn + qn, y − yn⟩
= λn⟨vn, y − yn⟩+ ⟨qn, y − yn⟩. (4.3.4)

But qn ∈ NC(yn) implies that ⟨qn, y − yn⟩ ≤ 0 ∀y ∈ C.
Thus we obtain from (4.3.4) that

⟨wn − yn, y − yn⟩ ≤ λn⟨vn, y − yn⟩ ∀y ∈ Tn. (4.3.5)

Also, vn ∈ ∂f(wn, yn) implies that

f(wn, y)− f(wn, yn) ≥ ⟨vn, y − yn⟩ ∀y ∈ C. (4.3.6)

Using (4.3.5) and (4.3.6), we have
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λn(f(wn, y)− f(wn, yn)) ≥ ⟨wn − yn, y − yn⟩ ∀y ∈ C. (4.3.7)

Putting zn = y in (4.3.7), we see that

λn(f(wn, zn)− f(wn, yn)) ≥ ⟨wn − yn, zn − yn⟩. (4.3.8)

Again, using the definition of zn and Lemma 4.2.2, we obtain

λn(f(yn, y)− f(yn, zn)) ≥ ⟨wn − zn, y − zn⟩ ∀y ∈ C. (4.3.9)

Let y = r̄ ∈ EP (f, C).
Then,

λn(f(yn, r̄)− f(yn, zn)) ≥ ⟨wn − zn, r̄ − zn⟩ ∀r̄ ∈ EP (f, C). (4.3.10)

But r̄ ∈ EP (f, C), implies f(r̄, yn) ≥ 0. This further implies by pseudomonotonicity of f
that

f(yn, r̄) ≤ 0.

Therefore, (4.3.10) becomes,

−λnf(yn, zn) ≥ ⟨wn − zn, r̄ − zn⟩. (4.3.11)

Combining (4.3.8) and (4.3.11) implies that

2λn(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≥ 2⟨wn − yn, zn − yn⟩
+2⟨wn − zn, r̄ − zn⟩. (4.3.12)

Note that:

2⟨wn − yn, zn − yn⟩ = ∥wn − yn∥2 + ∥zn − yn∥2 − ∥wn − zn∥2. (4.3.13)

Also,

2⟨wn − zn, r̄ − zn⟩ = ∥wn − zn∥2 + ∥zn − r̄∥2 − ∥wn − r̄∥2. (4.3.14)

Using (4.3.13) and (4.3.14) in (4.3.12), we get

2λn(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≥ ∥wn − yn∥2 + ∥zn − yn∥2

+∥zn − r̄∥2 − ∥wn − r̄∥2. (4.3.15)

By the definition of λn, we have

2(f(wn, zn)− f(wn, yn)− f(yn, zn)) ≤
µ(∥wn − yn∥2 + ∥zn − yn∥2)

λn+1

. (4.3.16)
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Using (4.3.16) in (4.3.15), we obtain

µ
λn
λn+1

(∥wn − yn∥2 + ∥zn − yn∥2) ≥ ∥wn − yn∥2 + ∥zn − yn∥2

+∥zn − r̄∥2 − ∥wn − r̄∥2. (4.3.17)

This further implies that

∥zn − r̄∥2 ≤ ∥wn − r̄∥2 − (1− µ λn
λn+1

)∥wn − yn∥2 − (1− µ λn
λn+1

)∥zn − yn∥2. (4.3.18)

Moreover, with {αn} ⊂ (0, 1), we have

∥xn+1 − r̄∥2 = (1− αn)∥wn − r̄∥2 + αn∥zn − r̄∥2 − (1− αn)αn∥zn − wn∥2. (4.3.19)

Using (4.3.18) and the definition of {xn+1}, that is, zn −wn =
1

αn

(xn+1 −wn) in (4.3.19),

we establish that

∥xn+1 − r̄∥2 ≤ ∥wn − r̄∥2 − αn(1− µ
λn
λn+1

)(∥wn − yn∥2 + ∥zn − yn∥2)

−1− αn

αn

∥xn+1 − wn∥2 ∀n ≥ 1. (4.3.20)

Define hn := xn + θn(xn − xn−1).
From (4.3.20), using the facts that lim inf αn

n→∞
> 0, and

lim
n→∞

(
1− µ λn

λn+1

)
= 1− µ > 0,

so, there is N0 ∈ N for which

lim
n→∞

αn

(
1− µ λn

λn+1

)
> 0 ∀n ≥ N0.

Therefore,

∥xn+1 − r̄∥ ≤ ∥wn − r̄∥
= ∥(1− σn)hn − r̄∥
= ∥(1− σn)(hn − r̄)− σnr̄∥
≤ (1− σn)∥hn − r̄∥+ σn∥r̄∥ ∀n ≥ N0. (4.3.21)

But

∥hn − r̄∥ = ∥xn + θn(xn − xn−1)− r̄∥
= ∥xn − r̄ + θn(xn − xn−1)∥
≤ ∥xn − r̄∥+ θn∥xn − xn−1∥. (4.3.22)
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Putting (4.3.22) in (4.3.21), and using (4.3.2) and (4.3.3) of Remark 4.3.4 we have

∥xn+1 − r̄∥ ≤ (1− σn)∥xn − r̄∥+ (1− σn)θn∥xn − xn−1∥+ σn∥r̄∥

≤ (1− σn)∥xn − r̄∥+ σn

(
(1− σn)

ξn
σn

+ ∥r̄∥
)

≤ (1− σn)∥xn − r̄∥+ σn(γ + ∥r̄∥)
= (1− σn)∥xn − r̄∥+ σnβ, (4.3.23)

where β = (γ + ∥r̄∥) > 0.
Therefore, by Lemma 4.2.6, we have that {∥xn − r̄∥} is bounded which implies that the
sequence {xn} is bounded. Thus, as a consequence, {wn}, {yn} are also bounded.

Lemma 4.3.6. Let {σn}, {αn} ⊂ (0, 1), µ ∈ (0, 1) and {λn} be a real sequence. If {xn}
is a sequence generated by Algorithm 4.3.3. Then for each n ≥ N0, we have

αn

(
1− µ λn

λn+1

)
(∥wn − yn∥2 + ∥zn − yn∥2) ≤ ∥xn − r̄∥2 − ∥xn+1 − r̄∥2 + σnΦ1.

Proof.

∥xn+1 − r̄∥2 = ∥(1− αn)wn + αnzn − r̄∥2

= ∥(1− αn)(wn − r̄) + αn(zn − r̄)∥2

= (1− αn)
2∥wn − r̄∥2 + α2

n∥zn − r̄∥2 + 2αn(1− αn)⟨wn − r̄, zn − r̄⟩
= (1− αn)

2∥wn − r̄∥2 + α2
n∥zn − r̄∥2

+αn(1− αn)(∥wn − r̄∥2 + ∥zn − r̄∥2 − ∥wn − zn∥2)
≤ (1− αn)∥wn − r̄∥2 + αn∥zn − r̄∥2. (4.3.24)

On the other hand, from (4.3.21)—(4.3.23) also shows that
∥wn − r̄∥ ≤ (1− σn)∥xn − r̄∥+ σnβ.
This implies that

∥wn − r̄∥2 ≤ (1− σn)2∥xn − r̄∥2 + 2σnβ(1− σn)∥xn − r̄∥+ σ2
nβ

2

= (1− σn)2∥xn − r̄∥2 + σn[2β(1− σn)∥xn − r̄∥+ σnβ
2]

≤ ∥xn − r̄∥2 + σnΦ1, (4.3.25)

for some Φ1 > 0, where Φ1 := max
n∈N
{σn2β(1− σn)∥xn − r̄∥+ σnβ

2}.
Substituting (4.3.18), (4.3.25) in (4.3.24) gives

∥xn+1 − r̄∥2 ≤ ∥xn − r̄∥2 − αn

(
1− µ λn

λn+1

)
(∥wn − yn∥2 + ∥zn − yn∥2) + σnΦ1.

Therefore,

αn

(
1− µ λn

λn+1

)
(∥wn − yn∥2 + ∥zn − yn∥2)

≤ ∥xn − r̄∥2 − ∥xn+1 − r̄∥2 + σnΦ1 (4.3.26)

as required.
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Theorem 4.3.7. Suppose Assumption 4.3.1 is true, therefore, the generated sequence {xn}
of Algorithm 4.3.3 strongly converges to r̄ = PEP (f,C)(0).

Proof.

∥wn − r̄∥2 = ∥(1− σn)(xn + θn(xn − xn−1))− r̄∥2

= ∥(1− σn)(xn − r̄) + (1− σn)θn(xn − xn−1)− σnr̄∥2

≤ ∥(1− σn)(xn − r̄) + (1− σn)θn(xn − xn−1)∥2 + 2σn⟨r̄, r̄ − wn⟩
≤ (1− σn)[∥xn − r̄∥2 + θ2n∥xn − xn−1∥2 + 2θn∥xn − r̄∥∥xn − xn−1∥]

+2σn⟨r̄, r̄ − wn⟩
≤ (1− σn)∥xn − r̄∥2 + 2(1− σn)θn∥xn − r̄∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

+ 2σn⟨r̄, xn+1⟩+ 2σn⟨r̄, r̄ − xn+1⟩
≤ (1− σn)∥xn − r̄∥2 + 2(1− σn)θn∥xn − r̄∥∥xn − xn−1∥+ θ2n∥xn − xn−1∥2

+ 2σn∥r̄∥∥wn − xn+1∥+ 2σn⟨r̄, r̄ − xn+1⟩

≤ (1− σn)∥xn − r̄∥2 + σn[2(1− σn)∥xn − r̄∥
θn
σn
∥xn − xn−1∥

+

(
θn
σn
∥xn − xn−1∥

)2

+ 2∥r̄∥∥wn − xn+1∥

+⟨r̄, r̄ − xn+1⟩] (See[89], step 5). (4.3.27)

Define dn := 2(1− σn)∥xn − r̄∥ θnσn
∥xn − xn−1∥ +

(
θn
σn
∥xn − xn−1∥

)2
+ 2∥r̄∥∥wn − xn+1∥ +

⟨r̄, r̄ − xn+1⟩.
Since lim

n→∞
αn

(
1− µ λn

λn+1

)
> 0 for each n ≥ N0, thus, neglecting the nonpositive terms

in (4.3.20) and substituting 4.3.27, we arrive at

∥xn+1 − r̄∥2 ≤ (1− σn)∥xn − r̄∥2 + σndn for any n ≥ N0. (4.3.28)

Now, we show that {∥xn− r̄∥} → 0, and to do that, we use (4.3.28) and Lemma 4.2.4 and
show that lim sup

k→∞
dnk
≤ 0, for any subsequence {∥xnk

− r̄∥} of {∥xn − r̄∥} which satisfies

lim inf
k→∞

(
∥xnk+1

− r̄∥ − ∥xnk
− r̄∥

)
≥ 0.

For this purpose, let {∥xnk
− r̄∥} be a subsequence of {∥xn − r̄∥} for which

lim inf
k→∞

(
∥xnk+1

− r̄∥ − ∥xnk
− r̄∥

)
≥ 0 holds.

Then,

lim inf
k→∞

(
∥xnk+1

− r̄∥2 − ∥xnk
− r̄∥2

)
= lim inf

k→∞

(
(∥xnk+1

− r̄∥ − ∥xnk
− r̄∥)(∥xnk+1

− r̄∥+ ∥xnk
− r̄∥)

)
≥ 0.
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From Lemma 4.3.6, we have

0 ≤ lim sup
k→∞

[
αnk

(
1− µ λnk

λnk+1

)
(∥wnk

− ynk
∥2 + ∥znk

− ynk
∥2)
]

≤ lim sup
k→∞

[
∥xnk

− r̄∥2 − ∥xnk+1
− r̄∥2 + σnk

Φ1

]
≤ lim sup

k→∞
−
[
∥xnk+1

− r̄∥2 − ∥xnk
− r̄∥2

]
+ lim sup

k→∞
σnk

Φ1

= −lim inf
k→∞

[
∥xnk+1

− r̄∥2 − ∥xnk
− r̄∥2

]
≤ 0.

But lim inf
n→∞

αn > 0 and lim
n→∞

(
1− µ λn

λn+1

)
= 1− µ > 0.

Thus, from the above observations, we have

lim
k→∞
∥wnk

− ynk
∥ = 0, and as well lim

k→∞
∥znk

− ynk
∥ = 0. (4.3.29)

This further implies that lim
k→∞
∥wnk

− znk
∥ = 0.

Using the definition of xn+1 = (1− αn)wn + αnzn, we obtain the following:

lim
k→∞
∥xnk+1

− wnk
∥ = lim

k→∞
αnk
∥wnk

− znk
∥ = 0. (4.3.30)

Again, the definition of wn and Lemma 4.2.5ii give us that

∥wn − xn∥2 = ∥σnxn − (1− σn)θn(xn − xn−1)∥2

= σn∥xn∥2 + (1− σn)θ2n∥xn − xn−1∥2 − σn(1− σn)∥hn∥2.

Thus

∥wnk
− xnk

∥2 ≤ σnk
∥xnk
∥2 + σnk

(1− σnk
)
θnk

σnk

∥xnk
− xnk−1

∥θnk
∥xnk

− xnk−1
∥.

Taking the limit as k →∞, noting that lim
k→∞

σnk
= 0, and lim

k→∞

θnk

σnk

∥xnk
− xnk−1

∥ = 0,

we obtain

∥wnk
− xnk

∥ → 0, k →∞. (4.3.31)

Again,

0 ≤ ∥xnk+1
− xnk

∥ ≤ ∥xnk+1
− wnk

∥+ ∥wnk
− xnk

∥.

Taking the limit as k →∞, we have

∥xnk+1
− xnk

∥ → 0, k →∞.

Since the sequence {xnk
} is bounded, then there is a converging subsequence

{xnkj
} ⊂ {xnk

} which converges weakly to some r∗ ∈ H, in such a way

lim sup
k→∞

⟨r̄, r̄ − xnk
⟩ = lim

j→∞
⟨r̄, r̄ − xnkj

⟩

= ⟨r̄, r̄ − r∗⟩.

(4.3.31) and (4.3.29) show that wnk
⇀ r∗, ynk

⇀ r∗, as k →∞.
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Remark 4.3.8.
Recall that C ⊂ H is closed and convex. This also means that it is weakly closed, hence,
r∗ ∈ C.

We now show that r∗ ∈ EP (f, C).
From (4.3.7) and since lim inf

n→∞
λn > 0, we obtain

f(wnk
, y) ≥ f(wnk

, ynk
) +

1

λnk

⟨wnk
− ynk

, y − ynk
⟩ ∀y ∈ C. (4.3.32)

Taking the limit of (4.3.32) as k → ∞, and using conditions (A1), (A4), we obtain that
f(r∗, y) ≥ 0 ∀y ∈ C. Thus, showing that r∗ ∈ EP (f, C).

By metric projection property, with r̄ = PEP (f,C)(0) ∈ C, and r∗ ∈ EP (f, C) ⊂ C, we have

lim sup
k→∞

⟨r̄ − 0, r̄ − xnk
⟩ = ⟨r̄ − 0, r̄ − r∗⟩

≤ 0. (4.3.33)

Combining (4.3.30), (4.3.33) and using the fact that
θnk

σnk

∥xnk
− xnk+1

∥ → 0, k → ∞, we

have lim sup
k→∞

dnk
≤ 0 for any subsequence {∥xnk

− r̄∥} ⊂ {∥xn − r̄∥}. Thus, by Lemma

4.2.4, lim
n→∞
∥xn − r̄∥ = 0, that is, xn → r̄, n→∞ as asserted.

58



Chapter 5

Conclusion, Contribution to
Knowledge and Future Research

5.1 Conclusion

Systematically, this dissertation introduced a comprehensive study of the methods of ap-
proximating a real solution of an EP in the real Hilbert spaces. The study was presented
in a coherent manner, where firstly, we gave a brief knowledgeable background of our
study. We recalled some important definitions, propositions, lemmas, theorems and re-
marks that form the backbone to the convergence results obtained in chapters 3 and 4, and
thereafter, reviewed some great works that have been done in the literature. The inertial
and relaxation technique introduced in our method in chapter 3 helped us to obtain weak
convergence while the incorporation of the line rule condition to the method presented in
chapter 4 allowed us to achieve a strong convergent result. The result of the method in
chapter 3 was extended to the variational inequality and fixed point problems.

5.2 Contribution to knowledge

Our study done in this direction has contributed the following to the knowledge of equi-
librium problems and convex analysis in finite and infinite dimensional Hilbert spaces:

� introduced and analyzed more manageable modified methods of solving equilibrium
problem using the relaxation techniques and inertial parameters.

� involved self-adaptive step-sizes that update at every iteration and do not require
the prior awareness of the Lipschitz-type constants nor use the Armijo linesearch to
obtain them as was done in [44, Algorithm 3.3] [4, 24, 42, 56, 94]. Also, our self-
adaptive step-sizes are more practically applicable when compared with the proposed
scheme in [92] which uses constant stepsize.

� under mild condition, obtains weak and strong convergence algorithms to a solu-
tion of the EP(3.1.1) without the condition of strong pseudomonotonicity of the
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bifunction f as it was done in [36, Theorem 4.1], [78, Algorithm 1].

� used the nonnegative sequence {θn} reflecting the inertial part to be in [0, 1) which
is quite different from what is obtainable in [86], where θn ∈ [0, 1

3
).

5.3 Future Research

There is a good number of research works of many scholars that discussed the equilibrium
problems in Hilbert spaces, though more works are still needed to be done in this direction
as equilibrium problems have not been fully exploited.
In future study, it is our desire to extend some of the results achieved for the problem
considered in this dissertation, and other convex problems to an interesting space known
as the Hadamard space. Also, one may attempt to achieve similar results as they are in
chapter 4 without the line rule condition. Let us briefly describe the Hadamard space:

Definition 5.3.1. Let the pair (E , d) be a metric space with the metric d. For each s, z ∈ E ,
an operator ϕ : [0, d(s, z)] −→ E is called a geodesic with end endpoints s, z if ϕ(0) =
s, ϕ(d(s, z)) = z and d(ϕ(t), ϕ(w)) = |t− w| for every t, w ∈ [0, d(s, z)].

The image of ϕ is known as a geodesic (or metric) segment joining s to z. If the geodesic
is uniquely determined for each s, z ∈ E , then the image of the geodesic segment or the
geodesic with endpoints s, z ∈ E is denoted by [s, z]. (E , d) is called a geodesic space
whenever there is a geodesic for each endpoints in E , and E is said to be uniquely geodesic
if there exists exactly one geodesic joining s and z for any s, z ∈ E .

Definition 5.3.2. Suppose E is a uniquely geodesic space and C ⊂ E . Then C is called a
convex subset of E if [s, z] ⊂ C for every s, z ∈ C.

A geodesic triangle △(s1, s2, s3) in a geodesic metric space E consists of three points
s1, s2, s3 ∈ E (the vertices of △), and a geodesic segment between each pair of vertices
(the edges of △). A comparison triangle for △(s1, s2, s3) in E is a triangle △(s1, s2, s3) =
△(s̄1, s̄2, s̄3) in the Euclidean plane R2 such that dR2(s̄i, z̄j) = d(si, zj) for each i, j ∈
{1, 2, 3}, where dR2 is the usual metric in R2. A geodesic metric space E is called a CAT (0)
space if all geodesic triangles satisfy the following axiom:

Let △ be a geodesic triangle in E , and let △ be its comparison triangle in R2. Then, △ is
said to satisfy CAT (0) inequality if for each s, z ∈ △ and all comparison points s̄, z̄ ∈ △

d(s, z) = dR2(s̄, z̄).

A complete CAT (0) space is called a Hadamard space.

Definition 5.3.3. A point w ∈ CAT (0) denoted by w = (1− λ)s⊕ λz is called a unique
point in CAT (0) if d(s, w) = λd(s, z) and d(z, w) = (1− λ)d(s, z) for all λ ∈ [0, 1].

An interesting thing that draws our attention to the Hadamard spaces is the fact that any
real inner product space (not necessarily complete) is a CAT (0) space and conversely, if
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a real normed vector space is a CAT (p) space for some real p, then it is an inner product
space. Thus, in this space, we intend to study the equilibrium problem defined by

obtain r̄ ∈ C, a convex subset of the geodesic metric space E ,
for which f(r̄, s) ≮ 0, ∀s ∈ C.

Where f : C ⊂ E × C ⊂ E −→ R is a bifunction such that f(u, u) = 0 for each u ∈ C.
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