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Abstract

In this dissertation, we propose and study two relaxed inertial methods for solving equi-
librium problems. In our first proposed method, we establish that the generated sequence
of our proposed method weakly converges to a solution of the equilibrium problems. We
apply this proposed method to variational inequality and fixed point problems. Further-
more, a modification of the first method leads us to our second iterative method. Again,
we established that the sequence generated by this method converges strongly to a solution
of the equilibrium problems. Our proposed methods involve self-adaptive stepsizes and
hence, do not require the fore knowledge of the Lipschitz constants for implementation.
In each of our proposed methods, the convergence is established when the associated cost
bifunction is pseudomonotone and satisfies the Lipschitz-type condition.
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Chapter 1

Introduction

1.1 Background of the Study

Throughout this dissertation, we will let H denote a real Hilbert space furnished with the
inner product function, (-,-), and induced norm || - ||. We will also let C denote a closed
convex nonempty subset of H. Suppose f(+,-) : C x C — R is a bifunction in such a way
f(s,s) =0,Vs eC.

The equilibrium problem (briefly, EP) for the bifunction f is defined as:

find 7 € C such that f(7,s) £ 0 Vs eC. (1.1.1)

Mathematical programming problems can be viewed as variational inequality problems
and optimization problems, but interestingly, both models are special realizations of an
abstract equilibrium problems. In the algorithms that solve the mathematical program-
ming, one thing stands out—the convexity of the objective function. This is in no any
way disregarded for bifunctions of equilibrium problems as monotonicity correspondingly
replaces the classic convexity assumption, though this classical assumptions are sufficient
but not necessary [8]. This shows, as we shall see subsequently, that equilibrium problems
have earlier been in existence.

In the early study, in 1969 and 1972, Zukhovitskii et al. [95] and Brezis et al. [15] respec-
tively studied the general model, that is, inequality (1.1.1). Also, in 1972, Ky Fan [28]
in his work made some great remarkable contributions to inequality (1.1.1), hence, this
inequality is some times referred to as Ky Fan inequality. In 1991, at the 57th Annual Con-
ference of the Indian Mathematical Society held at Aligarh, Blum and Oettli [14] presented
their work, "From Optimization and Variational Inequalities to Equilibrium Problems,”
and the term ”Equilibrium Problems” was mentioned. They extensively explained that
equilibrium problem is a unification of variational inequality, fixed points, Nash equilib-
rium, complementarity, saddle points, optimizations, convex differentiable optimization
problems. It is, of course, important to also note that EP(1.1.1) generalizes problems like
image restoration, financial analysis in Economics and other problems in Physics, thus,
making equilibrium problem an interesting aspect of Mathematics.



Earlier before the publication of the work of Blum and Oettli, equilibrium problem was
not a well known path in mathematical programming and optimization, but after the
publication, it began gaining the real interest of many researchers. Thus, many authors
have devoted efforts in studying EP(1.1.1), thereby developing and analyzing several ef-
fective iterative methods of approximating its equilibrium point. In fact, nowadays, there
is a good theory for equilibria and a rapidly increasing number of methods for finding
them. These methods, not in any order, include: the projection method [61, 66, 85];
The proximal point methods (PPM) [13, 62, 63, 64]; The extra-gradient methods (EGM)
with or without line search (such as: The hybrid projection-type extra-gradient method
(HPEGM), The shrinking projection-type extra-gradient method (SPEGM), The extra-
gradient-viscosity method(EGVM) [51], The Halpern-type exra-gradient method (HEGM)

) [4L, 45,70, 77, 91, 93]; The methods using the Bregman distance [13, 80]; The gap func-
tion methods [13, 60, 76]; The sub-gradient extra-gradient methods [18, 35, 37, 86, 88];
The descent methods [10, 12]; and The inertial type methods [22, 36, 11, 47, 69, 78, &6].

Each method is formulated for a class of equilibrium problems. In all these methods, the
methods of relaxed inertial type sub-gradient extra-gradient for approximating the solu-
tions of EP(1.1.1) are our total focus in this dissertation and will be handled in details in
chapters 3 and 4.

1.2 Research Motivation

In the early years, methods like conjugate gradients, Abramov’s, Lysternik’s, Faddeyev’s
general three-term iteration process, etc. were widely used in Linear Algebra for speeding
up the convergence of iterative methods for obtaining the solutions to the Linear equations,
but an intriguing thing is that these methods involved the extrapolation term. There was
a strong desire to improve this extrapolation term which led Frankel [30] to observe that
there would be an improvement in convergence rate of iterative process of solving the
second order differential equations using the second-order Richardson method over the
Liebmann extrapolation method. This improvement was as a result of one not only using
% ko (j', k" are points all through the neighbourhood of j, k), but as well use ;{gl in the

calculation of gzﬁ?',gl. This is a modification brought by the formal equivalence between the

0
Richardson method and the solution of the time-dependent equation, _gb = L¢, where

the modified iteration method is similar to the solution of the second order differential
equation in time £,

¢
0%t ot
which can be written as

Ot = O+ a9y — ¢ ) + 8L, (interior points),

bik (boundary points). (1.2.1)



And the solution of the equation L¢;; = 0 satisfying the included boundary condition is
denoted by ¢; . Polyak [71] replicated (1.2.1) by studying the iterative method

Tpp1 = T + alzp — 24-1) — Bp(an), (1.2.2)
whose continuous analogue form is
B(t) = 1 (t) + cop(x(t)) (1.2.3)

and observed that the two-step methods in relation to the corresponding one-step methods
indeed speed up the rate of convergence. He was the first to call (1.2.2) the inertial type
extrapolation algorithm.

Attouch and Cabot [1] assumed ¢; = ¥(t) as a function of ¢t and used an explicit finite
difference discretization of the dynamical system (1.2.3) in time ¢ with a time step size
hi > 0 and by setting t; := Zf hj, x = x(ty), V) = U(tx) obtained

1 0
ﬁ@k“ — 2{L‘k + ZEk_l) + h—:(l'k — ZL’k_l) + vp(wk) = O, (124)
k

where, for each k£ > 1, wy is a point belonging to the line passing through the points x;_
and zy.
Expanding (1.2.4) and setting 6y = 1 — ¥ hy > 0, gives

Trp1 = T + Op(wp — 21) — YhID(WY), (1.2.5)

where 6. is called the inertial coefficient.

(1.2.5) which is a modification of (1.2.1) that uses the constants a and § is more practicable
since it involves a variable inertial coefficient, ). Nesterov [65] obtained faster convergence
when he introduced the first formal inertial algorithm in which his extrapolation choice
is wy = xp + Ok(z, — x4—1). This is a part of what our algorithms seek to incorporate.
Moudafi [64] proposed a method that combines the relaxed proximal point method and
the extrapolation term.

Attouch and Cabot in their work [3], obtained weak convergence for the proximal algorithm
for maximally monotone operators through the relaxed inertial technique.

Shehu et al. [36] studied the sub-gradient extra-gradient type of EPs and achieved strong
convergence through the introduction of inertial and relaxation parameters.

Thong et al. in [39] introduced a relaxed inertial Tseng’s method for finding the solutions
set of a variational inequality and fixed point problem, and used the on-line rule and
the assumptions that f satisfies the Lipschitzness and pseudomonotonicity conditions to
obtain the strong convergence of their scheme.

Izuchuckwu et al. [11] examined the split monotone variational inclusion problems in two
real Hilbert Spaces and combined the inertial and relaxation techniques with the proximal
contraction algorithm to obtain the strong convergence of their proposed algorithms.

Going in the same direction, this work is motivated by the works of Attouch and Cabot
[3], Izuchuckwu et al. [11], Shehu et al. [306] and Thong et al. [389]. We study the sub-
gradient extra-gradient equilibrium problems by introducing the extrapolation effect and
the relaxation techniques.



1.3 Statement of Problem

Let H be a real Hilbert space, and C C H a closed convex nonempty subset of H. Let
f(-,+) : CxC — R denote a pseudomonotone bifunction in such a way f(s,s) =0, Vs € C.
Then, the general model of our problems is

find 7 € C such that f(7,s) £ 0 Vs eC. (1.3.1)

Where EP(f,C):={reC | f(r,s) >0 Vs € H} is the solutions set.
Solving for a solution point (7 € EP(f,C)) of (1.3.1), we use the following methods for
evaluating x4 :

Algorithm 1.3.1.
Condition on the inertial and relaxation factors.
Suppose that 0,, € [0,1), a,, € (0,1) and liminf o, > 0. Assume for n sufficiently large

n—0o0

enough, there is € € (0,1) for which

1— Qp—1

(1—¢) (1—6,-1)

2Oénfl
1—a,

2051171

Z entn—i-l (1 + en + |:
20,

(1= 6,) + 1 On=tg _ 9n_1>L) |

Let xg, v1 € H, A1 >0, 0 < pu < 1.
STEP 1: Start with the present iterates x,_1, x, and
evaluate

Wy = Ty + ‘gn(xn - xn—l)

) 1
Yn = argmiin {)‘nf(wmy) + §||wn - y||2} :

yeC

Stop the computation if y, = w,, and y, becomes a solution, otherwise, move to step 2.
STEP 2:

Choose v, € Of (wy,.)(yn) in such a way there is

Gn € Ne(yn) satisfying

Gn = Wy — AU, — Yp, and construct a half space

T,={z€H: (w, — M\Vn — Yn, 2 — yn) < 0}.

FEualuate
& = argmin S Yo y) + 3w — yl1?} -
ye n

STEP 3: Compute



Tpr1 = (1 — ap)wy, + a2y, and

/ _ 2 _ 2
min {4 e B b ) ~ S

>\n+1 = _f(yTw Zn) > 07

[ An,  otherwise.

Set n 4+ 1 <— n and continue again from step 1.

Algorithm 1.3.2.
Let o, € (0,1) and liminfa,, > 0. Assume that {&,} is any positive sequence such that

n—oo

& = o(on), that is, lim S 0, where {o,} C (0,1) in a way

n—o0 g,

o0
lim o, = 0, E o, = 00.
n=1

n—oo

Let g, 1 € H, A\ > 0, ) 6]0, 1[
STEP 1: B
Given the current iterates x,_1 and x,, choose 0,, such that 0 < 6, <60,,, where

min{@ 5—”} if Ty # Ty,
6, —

’ |20 — Zn]

0 otherwise.

STEP 2:
Set w, = (1 — o) (xy + Op (2, — 1)) and calculate
Yo = arg min{ . f (wa,y) + Hlw, — |12}

e

Stop the computation if y, = w,, and vy, becomes a solution, otherwise, move to step 3.
STEP 3:

Choose v, € Of (W, .)(yn) in a way there is

dn € Nc(yn) satisfying

Gn = Wy — ApUp — Yn, and construct a half space

T,={z€H: (W, — NVn — Yn, ¥y — Yn) < 0}

FEvaluate
zp = argmin{ A, f (Yn,y) + %Hwn —y|I?}.
yETn

STEP 4: Compute



xn+1

/\n+1

= (1 — ap)w, + ayzy,, and

r _ 2 _ 2
min{/“‘ | wn = yall* + 1120 — yall

§f(wn, Zn) — f(wn,yn) _ f(yn; Zn)’ )\n} 5 Zf f(wn, Zn) — f(wn’ yn)

= _f(yTw Zn) > 07

[ An,  otherwise.

Set n 4+ 1 <— n and continue again from step 1.

In this dissertation, these are our proposed methods for solving problem (1.3.1).

1.4 Objectives

The major aims of this dissertation are to:

(1)
(i)
(i)
(iv)

review some already existing and important outcomes on equilibrium problems,

introduce and study iterative methods for finding the approximate solutions of the
EPs,

establish weak and strong convergent results for EP using our suggested schemes,

use our achieved results in some mathematical programming problems.

The remaining of this dissertation is presented thus:

Chapter 2: We revisit some important fundamental concepts, definitions, proposi-
tions and theorems that played vital roles in the formulation and the analysis of our
main results. This chapter also captures some good examples to aid in better under-
standing of some concepts. Extensive literature review on equilibrium problems is as
well presented. More so, comprehensive relationships between EP and other convex
problems are introduced and finally, the chapter ended with existence of solution
theorem for EPs in H.

Chapter 3: We presented and analyzed our first proposed method for finding a real
approximate solution of an EP with applications to variational inequality and fixed
points problems.

Chapter 4: Our second iterative method for solving Ep was analyzed in this chapter.

Chapter 5: In this chapter, we present our conclusion, contribution to knowledge
and possible time ahead research.



Chapter 2

Literature Review

We aim to highlight some important fundamental concepts, definitions, propositions and
theorems that play vital roles in the formulation and the analysis of our main results.
This chapter also captures some good examples to aid in better understanding of some
concepts. Extensive literature review on equilibrium problems is as well presented. More
so, comprehensive relationships between EP and other convex problems are introduced
and finally, the chapter ended with existence of solution theorem for EPs in H.

2.1 Preliminaries and Definitions

2.1.1 Space of Interest

Our space of interest is a special type of Banach spaces called the real Hilbert space, and
this is because of its simple geometric structure when compared to other Banach spaces.
Some unique features make working in Hilbert spaces relatively easy which we are going
to explore in this chapter and thereafter use them in the subsequent chapters.

Now, we give definition of Hilbert spaces and our adapted notations.

Definition 2.1.1. Suppose V is a linear space, the single-valued function (-,-) : VXV —
K defined from YV xV to K =R or C is called an inner product on V if for each s,w,z € V
and v,0 € KC the following are true:

Ci: (s,s) >0 and (s,s) =0 if and only if s = 0;
Cy: (s,w) = (w,s), where Z indicates complex conjugation of z;
CS : <’}/8 + 5’[1}, Z) = 7<87 Z> + 5<w7 Z>

If the pair (V, (-,-)) called an inner product space is complete, then it becomes a Hilbert
space. Keeping in mind that (V,(:,-)) is complete, we therefore define H = (V, (-,")).
Hence, as earlier mentioned in chapter 1 except otherwise stated, H denotes a real Hilbert
space endowed with the inner product (- , -) and induced norm || - ||. We will let {z,} — 7

7



and {z,} — T to respectively mean strong and weak convergence of z, € H. While R
represents the extension of real numbers, R to 4o0.

2.1.2 Set Convexity

Definition 2.1.2. Let s,z € H, then, the set of points of the form [s,z] = (1 =A)s+ Xz =
s+ Az—s), VYA eRis called the line segment, while a set € is called a flat (or an affine
set) if (1= N)s+ Az €& Vs,ze & and A € R.

Definition 2.1.3. Let sq,...,5, € £; a vector s = A\1S1 + ... + A\, S, with ZLI N =1 1isan
affine combination of s;, 1 =1,2,...,n. Thus an affine set €& contains affine combination
of any set of points from &.

Geometrically, affine sets which contain the origin are subspaces of H.

Definition 2.1.4. A subset C of H is called a convex set if the line segment [s,z] =
(1 = X)s+ Az is in C whenever s and z are in C and 0 < A < 1.

This shows that all affine sets (including () and H itself) are convex but conversely this is
not generally true.

Example 2.1.5. Solid ellipsoid and cubes in H = R3 are convex but not affine.

Definition 2.1.6. A nonempty convex set T is said to be a halfspace if for any non-zero
s€H and any o € R

T ={s: (s, k) <9}, {s:(s,k) >0},
{s:(s,k) <6} or {s: (s k) > d}.

Definition 2.1.7. A point zy € C is known as an algebraic interior point of C if every
straight line through zo has an open segment centered at zy, while the collections of algebraic
interior points of C is known as the algebraic kernel Ai(C) of C.

It is important we note that whenever H is finite dimensional, then every convex subset
of H contains algebraic interior points. It is not always true if H is infinite dimensional,
however, a particularly important class of convex bodies called the convex a—bodies or
convex algebraic bodies are formed by those infinite dimensional spaces which have at
least one algebraic interior.

Definition 2.1.8. A set C is a cone whenever we have A\s € C for each s € C and A > 0,
and it is a convex cone only when it is convex and a cone. A point s =" | N;s; is called
a conic combination or weighted sum of si,...,s, if Ay > 0 for each i > 1. Hence, a set
becomes a convex cone if and only if it contains all conic combinations of its elements.

Definition 2.1.9. Let C denote a convex cone, then the conjugate cone is given by
C'={veH:(vs)#0 foreih secC}.

Example 2.1.10. Given a halfspace C = {s € R" : {(a,s) # 0}, a # 0; obviously C is a
conver cone , and its conjugate cone is given by

C'={veR":v=2Mxa, \>0}

8



Definition 2.1.11. Suppose C C H is a convex set, with z € C, then

Ne(z) ={ueH : (u,s—2) <0 forany seC}

18 called the normal cone to C at z.

Remark 2.1.12. [t is easily verified that the normal cone N¢(z) is a closed convex cone,
and also, given w € int(C), then Ne(w) = 0.

2.1.3 Bifunctions

Definition 2.1.13. Let f : C — R be a mapping. Then

a.

b.

C.

f s called a convex function if:

i. C is a conver set, and
1. YA € R for which 0 < XA <1 and for each s,w € C, then

flwn) = f(L=Nw+As) < (1-A)f(w)+Af(s)
= Af(s) = f(w)) + f(w);

f s concave if:

i. C is a convex set, and
1. YA € R for which 0 < A <1 and for each s,w € C, then

flwy) = F(L=MNw+Xs) > (1=N)f(w)+Af(s)
= Af(s) = f(w)) + f(w);

f is said to be proper if there is at least one wy € C for which f(wy) # +oc;

d f s a strictly convex function if < is replaced with < .

Remark 2.1.14.

0.

0.

114,

7.

The intuitive geometric interpretation of definition (a.) is that the graph of f lies
below the chord that joins the points (w, f(w)) and (s, f(s)).

The function f :H — R is convex provided the function p(v) = f(w+vd) is convex
Yw,d € H.

A function f is concave whenever —f is convex.

Convex functions are continuous at every interior point, satisfy Lipschitz conditions
and are differentiable at any given direction.

A strictly convex function has a unique minimum. In fact, a strictly convex function
defined on a convex set has at most one global minimizer, and the only local minimizer
or stationary point (if the function is differentiable) is, in fact, the global minimizer
if it exists.



Example 2.1.15. The quadratic function f(w) = 3(w, Tw) 4+ (w,b) + o, where T is an

n—square symmetric matriz, 1s convexr on H if and only if T is positive semi-definite, i.e.,
(2,Tz) >0 for each z € H.

Definition 2.1.16. Suppose C C H is a closed convex nonempty subset of H. For any
gwen function f:C CH — R, its effective domain is described by

dom f:={se€C: f(s) < o0}

and function f is proper if dom f # ().
Definition 2.1.17. The epigraph of the function f is the set denoted by

epi(f) :={(s,5) e H xR | s €dom f and f(s) < B}.

Definition 2.1.18. If H denotes a real normed space and N(sg) the set of all neighbour-
hoods of sg, then a function f:H — R s said to be lower semi-continuous function at
so if for any z < f(so), there exists N(so) such that f(s) > z for each s € N(sp).

Equivalently, f is lower semi-continuous at sqo if and only if

f(s0) < liminff(s).

S—S0

It follows that if f is lower semi-continuous at sy € H and given a sequence {s,} C H for
which s,, — sg, then

hygr_l}glff(sn) > f(s0).

Definition 2.1.19. Let f : H — R, then f is said to be upper semi-continuous at a
point sg € H if for all z > f(sg), there is a neighbourhood N of sy for which f(s) < z for
every s € N(so). Or f is upper semi-continuous at so if and only if

limsup < f(so).

S—S0o

We quickly point out that the function f is upper semi-continuous if and only if —f is
lower semi-continuous. Also, a function is continuous if and only if it is both upper and
lower semi-continuous.

Definition 2.1.20. According to Blum and Oettli [1/], a function of a pair of values,
f(,):CxCCHxH—R, is called a bifunction if f(z,z) =0 for each z € C.

Definition 2.1.21. As a set valued function, Rockafellar [51] defined a bifunction from
R™ to R™ to be a mapping G that assigns to each s € R™ a function G(s) on R™ with values
in RU{—o0}, where the value of G(s) at a point z € R" is described by (Gs)(z) = f(s, z).

However, a bifunction can therefore be simply regarded as the first stage of a function
broken down into two stages:

G:s—G(s):z— (Gs)(z) = f(s, 2).

10



Definition 2.1.22. A convex bifunction is said to be closed or proper whenever its graph
function, (s,z) — (Gs)(z) for each (s,z) € R™*™ is either closed or proper, respectively.

Example 2.1.23. [51] Let G : R*> — R™ be given by

( 1
( ><w,Tw>+(a,w> if 1>—1 and w € B+ ze,
1+21

(Gz)(w) = 0 of z21=—1 and w € B+ ze,

| +00  otherwise,

where z = (z1, 29), T is an n—positive semi-definite symmetric matriz, B is the Fuclidean
unit ball of R™ and a,e € R™ with |le|| = 1. Therefore, G is a closed proper convex
bifunction.

Definition 2.1.24. For any bifunction G from R™ — R" G : z — Gz : w —
(Gz)(w), the adjoint of G is defined as the bifunction G* : w* — G'w* : 2* —
(G*w*)(2*) from R™ to R™ given by:
inf{(Gz)(w) — (w,w*) + (z,2%)} if G is convezr and,
(GTw")(2") =
sup{(Gz)(w) — (w,w*) + (z,2*)} if G is concave.

zZ,w

Remark 2.1.25. In order to express the dependence of the objective function in a mini-
mazation problem on a vector z corresponding to a perturbation, the concept "bifunction”
1s conveniently introduced as a generalization of a multivalued mapping.

Definition 2.1.26. Let C C H be a closed convexr nonempty subset of H and f be a
bifunction defined from C to R, f :C x C — R. Then, for each s,w,z € C, f is said to
be:

i. monotone on C whenever
0= f(s,2) + f(z,9);
i1. strongly pseudomonotone on C whenever there is a positive constant p for which
f(s,2) >0 implies f(z,s)+ ulls — 2||* <0;
114. pseudomonotone on C whenever
f(s,2) £ 0 implies f(z,s) % 0;

w. satisfying Lipschitz-type condition on C whenever there are two constants 61 > 0 and
9o > 0 such that

f(S,Z) - f(S,’LU) - f(wa'Z) < 51H8 - wH2 + 52Hw - 2”2;
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v. strictly pseudomonotone on C whenever for each s,z € C,s # z,

f(s,2) >0 = f(z,8) <0;

vi. quasimonotone on C whenever

f(s,2) >0 = [f(z,5) <0;

vii. strictly quasimonotone on C whenever f is quasimonotone and, for each s,z € C,
s # z, there is w in the open line segment between s and z such that either

fw,z) #0 or f(w,s)#0.
Remark 2.1.27.

i. The convexity of a function is analogous to its monotonicity.
ii. The pseudomonotonicity of f automatically implies that f(z,z) =0 Vz € C.

1i. Clearly, one can easily obtain the following relationships: monotonicity implies pseu-
domonotonicity; strong pseudomonotonicity implies pseudomonotonicity, strict pseu-
domonotonicity implies pseudomonotonicity; strict quasimonotonicity implies quasi-
monotonicity; pseudomonotonicity implies quasimonotonicity; monotonicity implies
quastmonotonicity; strong and strict pseudomonotonicities imply quasimonotonicity.
But in general, the converse statements are not always true, as can be seen as follows:

Example 2.1.28. Let f : R x R — R be the bifunction given by

v iz —v)3, v#0

0, v=20.

Clearly, one can see that f(v, z) is quasimonotone in R x R but not pseudomonotone. In
fact, f(v,z) > 0 implies v # 0, z > v, and then

flz,v) =2%(v—2)* <0 Vz€R,
and thus, f is quasimonotone. However, f is not pseudomonotone, since
f(0,-1)=0 and f(-1,0)=1>0.
Example 2.1.29. Suppose H =R, C =[3,1] and f : C x C — R is given by
f(s,2) =s(s—2z) foreach s,z €C.

Then f is pseudomonotone but not monotone.

To see this, let f(s,z) = s(s —z) > 0.

But s > %, this implies that (s — z) > 0.

Similarly, z € C — z > %, thus, f(z,s) = z(z — s) < 0, showing that f is therefore
pseudomonotone.

However, f is not monotone since for s # z, f(s,z) + f(z,5) = (s — 2)? > 0.

12



2.1.4 Differentiability of Convex Bifunctions

Non-smooth convex functions are very crucial in optimization, and it is important we note
that every convex function has a sub-gradient at each z € domf. The sub-gradient of
the non-smooth (non-differentiable) functions is not unique while the sub-gradient of a
smooth (differentiable) convex function at each point z € domf is then the gradient of f,
V f, which is unique. We shall see more of sub-gradient in the subsequent chapters as it
forms a basis of our study.

In this section, we present a few basic definitions of differentiability of functions which in
specific terms are applicable to convex bifunctions.

Definition 2.1.30. A scalar function f : H = R" — R is differentiable at z € domf if
there is a vector V f(z) € H, known as the gradient of the function f at z, such that for
each w € H, then

f(w) = f(2) + (V[ (2),w = z) + o([lw = 2]), (2.1.1)
or . %),

ceey

21 Zn

where V f(z) = <

In other words, f is differentiable at z whenever we can find a linear approximation

~f(z) = f(z2)+ (Vf(2),w—2) for which
|fw) = f(w)] = oflw—2)] (2.1.2)

Remark 2.1.31. A function is only differentiable at zy if it can be approximated at the
netghbourhood of zy by an affine function.

Definition 2.1.32. A vector function g : R" — R™ 1is said to be differentiable at z € R"
whenever there is a matriz Vg(z) € R™*™ known as the Jacobian of the vector g at z € R",
such that for each w € R™, we have

g(w) = g(2) + Vg(2)(w — 2) + o([[w — =]}, (2.1.3)

and Vg(2)i; = ag;(j), 9(z) = (91(2), ...,gm(z))T.

In other words, a vector function g is differentiable at z whenever we can find the following
linear approximation at z :

lg(w) = g(2) = Vg(z)(w = 2)[| < offlw — z]). (2.1.4)

Definition 2.1.33. A scalar function f : R® — R is said to be twice differentiable at
z € R™ whenever there is a symmetric matriz V2 f(z) € R™", known as the Hessian of f
at z € R™, such that for each w € R™, we have

flw) = f(z) +(Vf(z),w—2) + %(VQf(z)(w —2),w—z)+of||w—z||*), (2.1.5)
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or f is twice differentiable at z € R™ whenever it admits the following quadratic approxi-
mation:

flw) = £) + (VHE)w = 2+ 5V ()0 = )0 = 2),
so that |f(w) — f(w)| = of[Jw — =|1?). (2.1.6)

Definition 2.1.34. Suppose s € int domf, then the bifunction f : H x H — H 1is
differentiable at s = (z,y) in the direction of d = (dy,ds) if the following limit

t—0 —0

V(s d) = lim%[f(z + ity + dot) — f(z,9)] = Pm%[f(s i) - f(s) (217)

exists, where the value V f(s;d) is known as the directional derivative of f at s in the
direction d and it always exists for convex function, though it may be 400 or —oo,

domf ={ueH: f(u) <+oo}.

Remark 2.1.35. We note here that the limit in the definition above always exists, to see

1
this, we make use of the fact that the ratio ;[f(s+td) — f(s)] is non-decreasing in t. Thus,

t
for 0 <ty <ty, we have 0 < X\ < 1, where A = t—l, and
2

fls+td) = f(s) _ [IAs+tad) + (1 = A)s] = f(s)

tl tl
M(s+tad) | (L= NF(5) = f(5)
- t1 131
_ f(5+t2d)_f(3) (218)
t , .

hence, the limit exists.

Definition 2.1.36. A wvector g is called a sub-gradient of a convex function f at vy €
int domf whenever

fw) > f(vo) + (g,v —vg) for each v € domf. (2.1.9)

The set of sub-gradients g of f at vy is known as the sub-differential 0f(vg) of f described
by:

0f (vo) ={g : f(v) = f(vo) + (g,v —vo) Vv € domf}.

Thus, the sub-differential of a function f at vy is the set valued mapping 0f : H — 2%
described by

Of(vg) ={g€H: f(v)— f(vy) > (v—19,9) YveEdomf}. (2.1.10)

A function is said to be sub-differentiable at v whenever there is at least one sub-gradient
of f at v.

14



Remark 2.1.37. The sub-differential of f at any point vy € int domf is a convex
nonempty bounded set.
This is because sub-differential is the intersection of an infinite set of halfspaces

Of(vo) = () {g: f(v) = f(vo) + {g,v = w0)}, (2.1.11)

vEdom f

and since halfspaces are closed convex set, hence, Of(vy) is also a closed convex set even
when f is not convex. More so, suppose f is continuous at vy, we have that the sub-

differential Of (vy) is bounded.
Example 2.1.38. Suppose f : R — R s described by

v v <0,

flw) = (2.1.12)

v, v>0.
Then, at v = 0, the right derivative is 1 while the left derivative is 0. So, df(0) = [0, 1].
Example 2.1.39. Define f : R — R by
f(z) = max(z, —z) = |z|, (2.1.13)

then, at x = 0, the right and left derivatives are 1 and —1 respectively. Therefore, at
x = 0, the sub-differential is defined by the inequality |u| > gu for all w which is satisfied
if and only if g € [—1,1], and so, Jf(0) = [—1, 1].

Example 2.1.40. Suppose f:H — H is a convex function and h(s) = f(As +b), then
Oh(s) = ATOf(As +b). (2.1.14)
Example 2.1.41. [81] Consider the function f defined by
lw| =21 —w)z if —3<w<1,

Flw) = (2.1.15)

400 otherwise,
then, f is a closed proper convex function on R while
(0 if w>1,
{1+(1-w)2} if 0<w<1,
0,2] if w=0,
Of (w) = < (2.1.16)

{(-1+(1-w)"2} if —3<w<0,

(—o0, —3] if w=-3,

L0 if w< =3
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Definition 2.1.42. Suppose f : & — U is a function. Let h # 0 and v be vectors in .
The Gateaux differential df (v;h) of f at v € € in the direction h € £ is given by

afos ) = g/ OEEV =IO L iy gy (2.1.17)
or equivalently
f(v+ oh) = f(v) + odf (v; h) + o(0). (2.1.18)

Remark 2.1.43.

i. The Gateaux differential is the generalization of the classical directional derivative.

it. A discontinuous linear functional in an infinite dimensional space £ is Gateauz dif-
ferentiable, but at the origin O, its Gateauz differential is linear and discontinuous.

1. The theorem on differentiation of a composite function is not valid for the Gateaux
deriwative if the derivative is allowed to be discontinuous.

iv. A function is Gateauz differentiable provided the sub-differential Of(v) contains only
one element f'(v) =V f(v), [21].

Definition 2.1.44. Suppose A and B are normed vector spaces. f : A —> B is called a
Fréchet differentiable function at w € B whenever it is Gateauz differentiable and there is
a bounded linear mapping Df : A — B for which

o 1@+ 1) = f(w) = (DKl

k]| —0 1%

— 0, (2.1.19)

or equivalently,
flw+k) = f(w) + (Df)k+o(||k])- (2.1.20)

Remark 2.1.45.

i. If k = oh, then we have f(w+oh) = f(w)+o(Df)h+o(o)h, and with o — 0, we have
(Df)h = df (w; h) which is the Gateaux differential, and Df =T if df (w; h) has the
form Th. Therefore, any Fréchet differentiable function is also Gateauz differentiable,
but the converse is not generally true, since the Gateaux derivative may fail to be
linear or continuous which is analogous to the fact that the existence of all directional
derivatives at a point does not guarantee total continuity or differentiability at that
point.

it If a function f is continuously Fréchet differentiable in a neighbourhood of a point
vo, and if the Fréchet derivative D f(vg) at vy is a homeomorphism of the Banach
spaces A and B, then the inverse mapping theorem holds.

iti. The Fréchet derivative defines a tangent hyperplane.
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2.1.5 Metric Projection on Hilbert spaces

Definition 2.1.46. Suppose s € H, and C C H is a closed conver nonempty set. The
metric projection or the proximal mapping of s onto C is the closest point in C to s defined

by

1
Pe(s) :argmin{—Hs—zHQ} (2.1.21)
zeC 2
and satisfies
s — Pe(s)l] = minfs — =]. (2.1.22)

Pe(s) always exists and is unique.

Notice that the function f(s) = 3||s — z||? is continuous in z and is strongly convex, hence

the minimizer Fe(s) is unique. Again, whenever s € C, we have Pg(s) = s.
We give some examples on metric projection as follows:

Example 2.1.47.

(a) Suppose that z € H such that z # 0 and o € R. Define C by C .= {s € H : (s,z) =
a}. Then for each s € H, the projection of s onto C is

a— (s, z)

- (2.1.23)
1212

Pe(s) =s+

Observe that if we define C = {s € H : (s,z) < a} and z € H has no restriction,
thus, exactly one of these statements is true:
i 2=0 and a >0, then C =H and Pe = Id.
ii. z=0 and a <0, then C = 0.
iii. z # 0, then C # (0 and for each s € H,

s, if (s,2) <«
Pe(s) = (2.1.24)

s+ Ozﬂ—<||52’z>z, if (s, z) > a.
z

(b) Given that z € H with z # 0, set C :== R, z. Then for each s € H,

(s, 2) if (s,2) >0

Z?
) =P
Pes = (2.1.25)

0, otherwise.

(c) Let C = B(0,1), then for all s € H

1

Pes = ————s.
max{||s]|, 1}

(2.1.26)
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Proposition 2.1.48. [0/ Suppose C is a closed nonempty convex subset of H. The projec-
tion Pes of a point s ¢ C is characterized by

Pes€C and (z— FPes,s — Pes) <0 Vz e, (2.1.27)
or equivalently by

s— FPrs e Nc(Pcs). (2128)
From proposition (2.1.48), we obtain the following consequences:

i. ||Pes — Pez||? < (s — z, Pes — Pez) for all s,z € H; that is, the metric projection is
firmly non-expansive map.

i, ||s— Pes||* + ||z — Pes||* < ||s— 2||* Vs € H and 2 € C.

iii. If C is a closed subspace, then P, coincides with the orthogonal projection from H
onto C. That is, for any s € H and z € C, (2,5 — Pes) = 0.

It is very crucial to note that both closeness and convexity of C cannot be dropped in
proposition (2.1.48).

Proposition 2.1.49. [0]
Let C be a closed affine subspace of H. then the following holds:

a. The projection Pz onto C is a weakly continuous affine operator.
b. s— Pes is orthogonal to C, that is, for any s € H and w,z € C, (s — Pes,w — z) = 0.
c. For everys € H and z € C, ||s — Pes||* = (s — 2,5 — Pes.).

Remark 2.1.50. Weak continuity of projectors may fail to exist as can be seen in a case
where H is an infinite-dimensional space and C = B1(0,1), a unit ball centered at the
oTigIn.

Proposition 2.1.51. Let C be a nonempty closed convexr cone in H, then

Pe(0s) =6Pes Vs€ M and § € Ry. (2.1.29)

The following are basic properties inherited by projectors:

Proposition 2.1.52. [(] Suppose C C H is a nonempty closed convezr subset of H and
z € H. Then the following are true:

If:

i. K=s+C, where s € H, then Pcz = s+ FPe(z — s).
it. K =0C, where § € R — {0}, then Pcz =0F (%).
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2.1.6 Basic Identities and Inequalities in Real Hilbert Spaces.

Let s,v, 2z € H, then the following are true:

(a)
|(s,v)] < |Is|||lv]] (Cauchy-Schwarz inequality). (2.1.30)
Moreover, (s,v) = ||s||||v] provided there is o € Ry such that s = av or v = as.
(b)
Is +vl1* = [IsI* + 2(s, v) + [l]|*, (2.1.31)
thus,
s — av|]* — ||s]|* = a(aljv]|* = 2(s,v)) Va €R. (2.1.32)
()
s +v]|* + ||s — v||* = 2||s||* + 2||v||* (Parallelogram identity). (2.1.33)
(d)
1
(s,v) = 1 [lIs+vl]* = |ls = v||*] (Polarization identity). (2.1.34)
(e)

(s +v,8 —0v) = |s]|* = ||v]|*. (2.1.35)

2

(s +v) (Apollonius’s identity).

() ||s—v||2:2||z—s|\2+2||z—v||2—4Hz—

(g) [1Bs+ (1= B)w|* = Bls*+ (1 = B)llv]* = B(L = B)|ls —v|* VB ER.
(h) [[8s — (1= B)v||> = Blls|I” + (1 = B)||v]I* = B(L = B)[[s +v[|* VB ER.
Proof.

(a) It is trivial.

(b)
s +o||> = (s+wv,s+0v)
= (s,s+v)+ (v,s+v)
(s,8) + (s,v) + (v,s) + (v, v)
511 + 2(s, v) + [Jv]|*.
Hence, Va € R,
Is — av||? = [Is]|* = 2a(s,v) + a*[[v]*.

This implies

Is — aw||* = |ls[|* = aalv]* = 2(s, v)).
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(c) Adding together the expansions of ||s + v||* and ||s — v]||* gives the result.

(d) Subtracting the expansion of ||s — v||? from the expansion of ||s + v||? gives the
required result.

(e) Using the points s = x +y and z = x — y in (2.1.34) gives the desired result.

(f) Applying (2.1.33) to the points (%) and (z ; U) gives the result.

(g) From (2.1.32), take a = +1 and use the result in the expansion of ||8s+ (1 — 8)v]|%.

(h) Again, from (2.1.32) take & = —1 and use the result in the expansion of ||3s — (1 —
Bvll*.

2.2 Equilibrium Problems

The concept of equilibrium problem (shortly EP), as mentioned earlier, is a unification of
several mathematical problems such as variational inequalities, fixed point problem, op-
timization problems and a lot of other nonlinear convex problems which can be found in
sciences and engineering (example, see [11, 14, 39, 53, 65] and references quoted therein).
Recall that an EP in H is defined thus:

Suppose f(-,-) : C' x C'— R is a bifunction such that f(z,z) =0 for all z € C.
An equilibrium problem for the bifunction f, is defined by:

obtain 7 € C for which f(7,z) £0 Vz €. (2.2.1)

Where EP(f,C) :={reC | f(F,z) >0 Vz € H} is the solutions set.

Now, in what that follows, we give some examples of EP, thus:

2.2.1 Examples of Equilibrium Problems

Example 2.2.1. Suppose C = [—1, 1], and for each s,z € C, define the equilibrium bifunc-
tion f :C xC — R by

Fs:2) = ls1 + s2l[ (2 = s1) + (23 = 53)]

where s = (s1,82) and z = (z1, 22).
Then, the set of solutions of EP(2.2.1) is

EP(f,C)={a(l,-1) | —1<a <1},
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Observe that the bifunction f is not pseudomonotone.

Example 2.2.2. Find s € H = R? such that f(s,z) := (Bs,z — s) > 0 for each z € H,
where
0 1
o- (1

Now, for each s,z € H, we have

f(s,2)+ f(z,8) = (B(s—2),z—s)
(82— 22)(21 — 51) — (81 — 21)(22 — 82)
0.

Thus, f is a monotone bifunction on H. Also, it is easily verified that 7 = (0,0)" is the
only unique solution to the equilibrium problem since f(7,z) = 0 for any z € H.

Example 2.2.3. [70] Suppose f:C x C — R is an equilibrium bifunction defined by

5
f(s,2) = (2 —s;)llsll, for each s,z € R,
j=1
where C C R® is defined by C = {(s1, S2,...,85) : 81 > —1, s; > 1, j=2,..5}
s=1(81,...,85) and z = (21, ...25).

Then,
EP(f,C) ={(s1,1,1,1,1) : 5 > —1}.

Notice that f is pseudomonotone and satisfies the Lipschitz-type conditions with the
Lipschitz constants d; = 6y = 2.

Example 2.2.4. Consider H =R and let C = [—10, 10]. Define an equilibrium bifunction
f:CxC—R by
f(s,2) =42* + 52 — 5s*, Vs,z€C.

Then, f(s,2)+ f(z,8) = —(s—2)* <0 for each s,z € C, thus f is a monotone bifunction,
and EP(f,C) = {0}.

2.2.2 Previous Works on Equilibrium Problems in Real Hilbert
Spaces

Much progress has been made in the study of equilibrium problems both in finite and
infinite dimensional spaces by numerous researchers but has yet to be fully exploited.
Thus, equilibrium theory has yet to take advantage of some of the recent progress in
optimization, where much has be learned about how to handle very general classes of set
C directly, without necessarily relying on excursions through convex analysis.

Equilibrium problem became a well known path in nonlinear convex analysis after the
work of Blum and Oettli [11]. Since then, EP(2.2.1) has been studied by many authors
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who have developed and analyzed several effective schemes for finding an approximate
solution in the solutions set, EP(f , C), we refer you to [2, 37, (3, 84, 77]. Early in the
study of EP(2.2.1), proximal point method (PPM) gained more interest as it was the first
successful scheme for finding an approximate solution to the EP. Moudafi in [63] proposed
the Proximal Point Method (PPM) defined by 11 = Ty, (zn), n € N, X > 0, x € C.
The map 7Ty, : H — C is described by

1
Ti(x) ={se€C: f(s,u) + X(u —s,s—x) >0, YueC}. (2.2.2)
One more effective scheme is the extragradient method (EGM), [29]. This method helps to

overcome the challenges faced in computing the value of 7;, in PPM. The EGM involves
the solving of two optimization programs over each iteration. Thus, the algorithm is simply
defined by:

Y, = argmin {)\f(xn, s)+
seC

(2.2.3)

Tpy1 = argmin {)\f(yn,s) + } , with xg € C and A\ > 0.

seC

This method was further studied and extended to bifunctions that are pseudomonotone
and satisfy the Lipschitz-type condition, see [77]. The authors in [I7] modified and im-
proved the Korpelevich’s extagradient methods, also known as the proximal-like algorithm,
by proposing the subgradient extragradient method. According to them, if given the cur-
rent iterate {z,} and a starting point {z¢} € C, with A > 0, the next iterate {z,+1} is
computed as follows:

_ 2
yn:argmin{)\f(xn, HS x””
seC ;
Tpr1 = argmin Af(yn, s) + H (2.24)
s€Ty 2

where T), = {u € H : (¥, — Avy, — Y, u — Yp) < 0}

Under the conditions that the function f is monotone and Lipschitz continuous, they
obtained weak convergence. It is notable here that the stepsize used throughout their
work is a constant stepsize that depends on the Lipschitz constant. Hieu [37] in his
scheme avoided the challenge of constant stepsizes by replacing it with variable stepsizes
and obtained strong convergence under the assumptions that the cost bifunction satisfies
the Lipschitz-type condition and as well is pseudomonotonic.

It is worth noting that without additional conditions, EGM and PPM give weak conver-
gence. In order to have strong convergence of (2.2.2) and (2.2.3), Vuong et al. in 2012
(93, Algorithm 1] proposed a successful algorithm which is the hybrid projection-type ex-
tragradient method (HPEGM). The sequence {z,} generated by this method converges
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strongly to Pgp(y, ¢)(20). Their algorithm is of the form:

(

2
In :argmin{)\nf(xn,s) —i—% 1S € C},

2
Zn :argmin{)\nf(qn,s) —i—% : s GC},

B, ={vel:|z—v| <z, —ol},
T,={veC:{(v—ux,xy—x,) <0}
Tpt+1 = PBann(*rO)a

(2.2.5)

\

1 1
where g € C, 0 < Mnin < Mgz < Min {ﬁ’ ﬁ}’ and 0, > 0, 6o > 0 are Lipschitz-type
1 202
constants of f.
Nguyen et al. [70, Algorithm 1] proposed another projection-type scheme for solving

EP(2.2.1) called the shrinking projection-type extragradient method (SPEGM). These
authors proved that the generated sequence by the scheme converges strongly. Also, the
authors in [94, Alorithm 1] proposed an extragradient-viscosity method (EGVM) and
proved that it converges strongly, and to overcome the tough challenge of computing the
Lipschitz-type constants, the authors incorporated the Armijo-backtracking linesearch in
the extragradient iteration. This is another setback since many computations are required
in order to obtain a nearly optimal step-size. The algorithm for solving EP(2.2.1) as
proposed by the authors states, thus:

{6,} € (0,1), {an}C0,1), {A} C(0,00), x0€ H.

(

2
Uy = argmin{)\nf(xn,u)—l—w ju € C},

- Ju— sl
Zp = argmin § A, f(u,, u) + 5 cueCy, (2.2.6)
Ln+1 = (1 - Hn)tn + QnStn7

\tn = ZnanFZna

where F' : C — H is a given strongly monotone and Lipschitz continuous operator. It is
important to note that the advantage of EGVM over HPEGM and SPEGM is the easier
computation of the next iterate, z,, 1. Hieu et al. in [1], Section 1] remarked that in a
unique special situation where F' = [ — z(, with x( a given point in C, EGVM becomes the
Halpern-type extragradient method (HEGM) and the sequence {z,} generated by HEGM
strongly converges to Pgp(scy(o).

Recently, the quest to obtain faster convergent algorithms of EP(2.2.1) with mild condi-
tions has been of great interest, researchers discovered that the introduction of inertial
and relaxation factors to algorithms accelerates their convergence. On this note, Moudafi
(64, Algorithm 1.5] proposed an inertial-proximal method for solving EP(2.2.1), thus:
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Given the initial iterates z,,_1, x, € C and «,, € [0,1), A, >0,
1

F(@ni1,0) 4 3= (Tt = @0 = @V = Tp1), 0 = npr) 2 —a,
Yvel, &,>0, VnelN. (2.2.7)
Also, Attouch and Cabot in their work [3], proposed a relaxed inertial proximal algorithm
for maximally monotone operators. In a Similar way, Shehu et al. [30] constructed a relax

inertial modified subgradient extragradient method for EP(2.2.1). According to them,
ZTpa1 is computed thus:

/

Wy, = anto + (1 — ap)zn + 0, (2, — 1),
1
—CLT’gIIllIl{)\nf wn’y §||y_wn||2}a
Tn={z € H | (Wn — AUn — Yn, 2 — Yn) < 0},
1
_argmln{ nf Yn, Y 5“3/—1%“2},
€Ty
Tpr1 = (1 — T)wy, + T2, (22.8)
. pllwn = yall® + 1120 — ynll*) } :
min An s if f(wn, 2n)
A\ _ {Q(f(wm zn) = F(Wny Yn) = f(Yns 20))
il _f(wna yn) - f(yTu Zn) > 07
An otherwise,
\Where T € (0, %}, 6, € [0, %) i, € (0,1) zg, 21 € H, N > 0.
More so, Thong et al. in [$9, Algorithm 1] proposed a relaxed inertial Tseng’s method-

based algorithm for finding the solutions set of a variational inequality and fixed point
problem as follows:
Given, for n > 1, the current iterates x,,_1, x,, the next iterate z,,, is computed thus,

= (1 — Oén)(xn + Qn(xn - xn—l))7
) 1
o = argmin {5 f(w) + Jlhoa — ol

yeC

(

Tntl1 = (1 - Bn)zn + ﬁnsznv

(2.2.9)

: | wn — ynl| } .
" )\n f L - ny ;
oy = mm{Hf(yn,y)—f(wn,y)H’T + it f(Yn,y) = f(wn,y) # 0

Tn + An otherwise,

where Zn = Yn — Tn(f<yn>y) - f(wmy))
land 0 >0, 7 >0, zo,21 €H, pe(0,1).
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The authors using the on-line rule

i min{@,g—n} i [z — 20 1)) £ 0,
Qn = ||.I'n - ZL‘n_1||
0 otherwise,

and the assumptions that f satisfies the Lipschitzness and pseudomonotonicity conditions,
were able to establish the strong convergence of their method.

Several other inertial type algorithms for solving equilibrium problem (2.2.1) have been
constructed and analyzed by many different authors, (see, [31, 30, 38, 44, 69, 86], and the
quoted references therein). In this dissertation, as we shall see in the subsequent chapters,
we present two new methods of approximating the real solutions of EP(2.2.1).

2.2.3 Equilibrium Problem as a Generalization of Other Convex
Problems

As earlier mentioned that equilibrium problem unifies other mathematical programming
problems, in here, we present the relationship between equilibrium problem and other
related problems (for more details, please check [11]). For C C X, a nonempty convex
subset of the Banach space, X', we have the following:

1. Optimization problem:
Let 7 : C — R. Optimization problem is defined as:

find s* € C such that 7(s*) < 7(z) Vz €C, (2.2.10)
written as min{7(s) : s € C}.
Set f(s,z):=7(z)—7(s), then (2.2.10) coincides with EP(2.2.1), and f is a monotone
bifunction.

2. Saddle point problem:
Let I' : D; x Dy — R. Then s* = (s}, s3) is said to be a saddle point of I" if and
only if

(ST,S;) € Dl X DQ, F(S;ZQ) < F(ZhS;) \V/(ZhZQ) € Dl X DQ. (2211)
Set C := Dy x Dy and define f : C x C —> R by
f(S,Z) = F(ZhSQ) - F<Sl722)7

where s = (s1,82), 2 = (21,22). Then s* = (s}, s3) is a solution of EP(2.2.1) if and
only if (s, s) satisfies (2.2.11). Notice that f is monotone.
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3. Nash equilibria in non-cooperative games problem:
Let I be a finite index set denoting the set of players. For every ¢ € I, let C;, the
strategy set of the i — th player, be given. Let C := [],., C;. For each i € I, let the
function f; : C — R, which is the loss function of the ¢ — th player depending on
the strategy of all players, be given. For s = (s;);c; € C, we define s' := (s;)jer, ji-
The point s* = (s});cr € C is called a Nash equilibrium if and only if

fi(s*) < fils™, 2) (2.2.12)

holds for every i € I, z; € C. (Le., no player can reduce his loss by varying his
strategy alone).
Define f : C x C — R by

fls,2) =Y (fi(s',z) = fils)).
iel
Then, s* € C is a Nash equilibrium if and only if s* satisfies EP(2.2.1). This is true,

since EP(2.2.1) is fulfilled whenever (2.2.12) holds for each i € I. Also, if for some
i € I we select z € C in such a way that s** = 2%, therefore, we have

0< f(S*, Z) = fi(s*iv Zl) - f1<8*>

Thus, EP(2.2.1) implies (2.2.12) for any ¢ € I. Notice that f is not automatically
monotone.

4. Convex differentiable optimization problem:
Suppose [': X — R is a convex and Gateaux differentiable function with Gateaux
differential at s € C denoted by dI'(s;h) € X'*.

Consider the optimization problem

min{l'(s) : s € C}. (2.2.13)

Recall from convex analysis that s* is a solution of (2.2.13), if and only if s* satisfies
the variational inequality of finding s* € C, such that (dI'(s*;h),z —s*) > 0Vz € C.
Set f(s,z) :=(d['(s;h),z — s), then the problem is now an EP(2.2.1).

Notice that dI' is monotone. That is,

(dI'(z;h) —dI'(s;h),z—s) >0 Vs,ze€C

—(dI'(z;h),s — z) — (dI(s;h),z — s) > 0

—f<Z,S> - f(S,Z) >0

f(s,2)+ f(z,s) <O0.

Hence, f inherits the monotonicity of dI".

Ll

5. Fized points problem:
Let X = X* be a Hilbert space and 7 : C — C be a given mapping. The fixed
point problem is described as:

obtain s* € C such that s* = Ts". (2.2.14)
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Set f(s,z) := (s — Ts,z — s), therefore s* solves EP(2.2.1) if and only if s* is a
solution of (2.2.14).
It is obviously clear that (2.2.14) implies EP(2.2.1). Also, suppose that EP(2.2.1) is
fulfilled, then select z := T s* to have
0< f(s"2) = (s"=Ts",Ts" —s)
= —|s" =T
< 0,

hence, s* = T s*. Therefore, EP(2.2.1) implies (2.2.14). In this case, f is a monotone
bifunction if and only if 7 is non-expansive, that is

(T(s—2),s—2)<|s—z|>, Vs,zeC.

Definition 2.2.5. The mapping T : C C H — C C H is said to be a—strict
pseudo-contractive if there is a constant o € (0,1) for which

ITs = T2 < s — 2|2+ o (= T)(s = 2)IP, Vs,ze€C,  (2:2.15)

or, equivalently,

l—«
I

(Ts—2)s—2) <ls—2" ——

(I-T)(s—2)|? Vs,zeC. (22.16)

Theorem 2.2.6. Let C be a nonempty closed convex subset of a real Hilbert space H.
If T : C — C is a—strict pseudo-contractive, where o € (0,1), then f: CxC — R,
defined by f(s,z) := (s —Ts,z—s) Vs,z €C, is a pseudomonotone bifunction.

Proof.
Given that f(s,z) = (s —Ts,z—s) Vs, z €C.
Using (2.2.16) we have

flz,8) = (¢—=Tzs—2)
(z—s+s—Ts+Ts—=Tzs—2z)
—|ls — z|I* + (s = Ts,5 —2) + (T (s — 2),5 — 2)

< —ls—z|P+(T(s—2),s—2) Vs,z€C
= s 2l s 2P - - Ts - )
= =Ty )P
< 0.
Thus, f is pseudomonotone. O

Moreover, using Cauchy-Schwarz and triangle inequalities, and letting
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Q@
—Lipschitz continuous, we have that,

2
b
Te1

f(s,2) = (s—Ts,z—5s)
(s =Ts,w—s)+(w—Tw,z—w)+{(s—Ts+Tw—w,z—w)

= f(s,w)+ flw,2) + (s —w+Tw—"Ts,z—w)
< fls,w)+ flw, 2) + (s —wl + [Tw = Ts|)]| 2 — wll
2 -«
< f(sw)+ fw,2) + s = wlllz — wll + =2 + s = w2 ~ w]
3 — 2«
-2
< flow) + flw.2) + g (s = wl + 2= w).
. . : o . 3 — 2«
Hence, f satisfies Lipschitz-type condition on C with constants §; = d = m,
-«

where a € (0, 1).

. Variational inequality problem:
Let B : C — X* be a given mapping. A variational inequality problem is a convex
problem defined as follows:

find s* € C so that

(Bs*,z —s") >0 VzeC. (2.2.17)

Set f(s,z):= (Bs,z — s), then, it is easily verified that s* is a solution of EP(2.2.1)
if and only if it is a solution of (2.2.17).

If B: C = &X* is a multivalued mapping with B(s) compact, convex and nonempty for
each s € C. Then (2.2.17) becomes a varitional inequality with multivalued mapping
problem defined as:

obtain s* € C, r* € T's™ such that

(r',z—s") >0VzeC. (2.2.18)

If we set f(s,z) := miTn(r, z—s), then s* solves EP(2.2.1) if and only if together with
recl's

some 7* € C it is a solution of (2.2.18).

. Complementarity prolems:
Complementarity problem is a special case of variational inequality problem. Sup-
pose C is a convex cone such that

Cr:={s"eX":(s"2)>0 Vze(C}
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denotes its polar cone. Let T : C — X* be any given operator. The complemen-
tarity problem is asked as:

obtain all 7 € C for which

Tr € C* and

(Tr,7) = 0. (2.2.19)

Observe that (2.2.19) is equivalent to (2.2.17). In fact, it is obvious that (2.2.19)
implies (2.2.17). Suppose (2.2.17) is true, then putting z = 27 and z = 0 respectively
into (2.2.17) gives that (7'7, 7) = 0, so that (T'7, z) > 0 for each z € C. Hence, (2.2.17)
implies (2.2.19), thus 7 solves EP(2.2.1) if and only if it is a solution to (2.2.19).

2.2.4 Existence of Solutions for Equilibrium Problems

An ill-posed equilibrium problem may cease to have equilibria, hence, it is crucial to know
when an equilibrium problem has solutions. We dedicate this part of our work to provide
with some important facts that guarantee the existence and characteristics of solutions to
EP(2.2.1).

Suppose C is a closed convex nonempty subset of a Banach space X and f:C xC — R
is a bifunction defined such that f(s,s) = 0 for each s € C.

Define EP((f,C))(z):={z€C| f(s,2z) > 0}.

Assume

ii.
111.

1v.

vi.

f(+, 2) is hemicontinuous for every z € C,

f(s,+) is semi-strictly quasiconvex and lower semi-continuous for every s € C,
f(s, z) is quasimonotone on C x C,
I

$,2) =0, f(5,2) >0 = f(s,2) >0 Var=tz+ (1 —t)z, 0<t <1,

. C is a convex a—body, that is, the algebraic kernel of C Ai(C) is nonempty.

Furthermore, if C is not compact, we assume the following coercivity condition:

there exists a compact subset D C X and a vector zy € CN D such that f(s,zp) <0
for every s € C\ D.

Theorem 2.2.7. If Assumptions (i)—(vi) hold, then a vector ¥ € C solves the EP(2.2.1)
for all z € C, if and only if T € (Y EP(f,C)(2), i.e., [VEP(f,C)(2) # 0.
zeC

zeC

A detailed proof of this Theorem 2.2.7 can be found in [9]
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Remark 2.2.8.

a. If Assumptions (i), (ii), (vi) hold and f is a pseudomonotonic bifunction, then the
solutions set EP(f,C) is nonempty, convex and compact.

b. If Assumptions (i), (i), (vi) are satisfied and f is strictly pseudomonotonic, then
the solution of EP(2.2.1) is unique.

c. Pseudomonotonicity is a sufficient condition for the existence of a solution of EP.
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Chapter 3

Relaxed Inertial Algorithm for
Solving Equilibrium Problems

3.1 Introduction

In this chapter, we study the equilibrium problems defined as follows:
Let ‘H be a real Hilbert space, and C a convex nonempty subset of H. Let f:CxC — R
be an equilibrium bifunction defined such that f(z,z) =0, Vz € C. It is required to

obtain 7 € C for which f(r,z) £ 0, Vz € C. (3.1.1)
Let EP(f,C):={se€C| f(s,z) >0, Vze C} denote the solutions set.

In what that follows, we present a new iterative scheme of obtaining 7 € C for which
7 € EP(f,C) and achieve weak convergent result. Finally, the applications of our result
will be extended to some variational inequality and fixed point problems.

3.2 Preliminaries

Now, we introduce some fundamental definitions and lemmas that are necessary for the
convergence analysis of our proposed method. The notations “—” and “—” will be used
respectively to mean the strong and weak convergence.

Suppose that for each n > 1, the sequence {x,} recursively satisfies x,, 1 = =, + 0, (2, —
Tn-1), (see [3]).
Then, for n =1,
To = X+ 01(1’1 — Ig).
This implies

To — 1 = 91([[’1 — 330).
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For n =2

T3 — T2 = 92($2 - 131)
= 92 . 91(.171 — .To).

Forn=3
Ty — T3 = 93@3 - $2)
= ‘93 . 02 . 61(131 — .Io)
Tny1 — (H 9]> T1 — To),
J=1
and gives

=+ (ZH@) 1 — Tp). (3.2.1)

Hence, the sequence {z,,} will converge if and only if 2; = x¢ or whenever Y °, ngl 0, <
0o. Thus, for the convergence analysis of our scheme, we will subsequently assume that

Z <H9 ) < oo foreach i>1, (3.2.2)

and we define the real sequence {t;} by
) l
=) <H9j>_1+z<ﬂe>. (3.2.3)
I=i—1 \j=i i \j=
Let {t;»} be a sequence defined, for each i,n > 1, by
o (I 6y) =1+ 2005 (TTmi0), i<m

0 otherwise,

conventionally, for [ =7 — 1, we take H;;i 0; = 1.
One can obtain from (3.2.4) that

tin=1+0itiy1, foreach i>1n>i+1 (3.2.5)

For every ¢ > 1, the sequence {t;,} converges increasingly to {t;}. That is, t;, = lim¢,,,
n—o0

hence, (3.2.2) guarantees that we can have from (3.2.5) a well defined sequence,

t;=140;t;;; foreach 7> 1. (3.2.6)

Using ‘~’ to mean the asymptotic equivalence, the proposition below provides a condition
for ensuring that assumption (3.2.2) is true.
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Proposition 3.2.1. ([3, Proposition 3.1/, [//, Proposition 2.3]) Let {0,} be a real
sequence such that 6,, € [0,1) for each n > 1. Suppose, for some ¢ € [0,1), that

! 1 1
1m — = C.
nsoo \1—6,,1 1—6,

Then

(i) the assumption defined in (3.2.2) is true, and

1
ty ~ 3
S s v gy as m — oo

(ii) the equivalence 1 — 0, ~ 1 — 0,41 holds true as n — oco. Hence, t,11 ~ t,io as
n — oo.

Remark 3.2.2. (see also [//])

One can see that the sequence 0,, = 1——, 0 > 1, is a good example of a sequence satisfying
n
assumption (3.2.2). In fact, we can get that

" 1 1 = i (Y o L
i\ T, "12g,) — Am (gt -gn

1
= =¢€|0,1
S,

satisfies the assumption of Proposition 3.2.1. Therefore, by proposition 3.2.1(i), assump-
tion (3.2.2) indeed holds.

Definition 3.2.3.

i. Let Of(s,t) denote the sub-differential of f(s,.) at t, then,

Of(s,t) == {ueH: f(s,v) > f(s,t)+ (u,v—t) Yo € H}. Thus,
Of(s,s) == {ueH: f(s,v) > {u,v—3s) YveH}

ii. The normal cone N¢ of C at s is defined by:
Ne(s)={veH:(v,t—s) <0 VteC(C}

Lemma 3.2.4. ([7, Lemma B.1]) Let {c,}, {d,} and {0,} be sequences of real numbers
satisfying

Cnr1 < Opep +d, for each n > 1,

suppose 0, > 0 Vn > 1.
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(i) For each n > 1, we have

n n—1

Z ¢ <tipc + Z tit1,nd;

i=1 i=1
where the double sequence {t;,} is defined by (3.2.4);

(i1) Under assumption (3.2.2), suppose the sequence {t;} defined by (3.2.3) satisfies
Yo tis|di]+ < oco. Then the series > oo [ci]4+ converges, and

Z[Cz’]Jr < tifer]y + Z tiva[di]+,
=1 =1

where [t], := max{t,0} Vt € R.

Lemma 3.2.5. [0] For each x € H, y € C and positive constant A, the following inequality
18 true

AMg(y) — g(proxyg(x))) = (x — proxag(z),y — proxyg(z)),

where = i —Hx—sz
proxyg(x) ;= argmin § Ag(y) + :
yeC 2

Lemma 3.2.6. [51] Let g : C — R be a convez, lower semicontinuous and subdiffer-
entiable function on C. Suppose int(C) # 0, then 7 is a solution of the convexr problem,
min{g(x) : x € C} if and only if Og(T) + Nc(7) > 0, where 0g(7) and N¢(T) respectively
denote the subdifferential of g and normal cone of C at 7.

Lemma 3.2.7. The following is true for each x,y € H and f € R,

182 + (1 = B)yll* = Bllzl* + (1 = B)llyll* = B(1 = B)ll= — yl*

Lemma 3.2.8. (Opial 1967)[73] Let C C H be nonempty and, {x,} a sequence in H such
that:

(i) lim ||z, — 7|| exists for each 7 € C;
n—oo
(i1) every sequentially weak cluster point of {x,} is found in C.

Then the sequence {x,} weakly converges to a point in C.

3.3 Main Results

We will assume the following conditions are true for the bifunction f :

Assumption 3.3.1.

34



(A1) For each s € C, f(s,s) =0 and f is pseudomonotone on C;

(A2) with two positive constants 61 and 8z, [ satisfies the Lipschitz-type conditions on H,;
(A3) f(s,.) is convex, lower semicontinuous and subdifferentiable on C, Vs € C;

(A4) f is weakly and jointly continuous on C x C. That is, whenever s,z € C and s, — s,

Zn — 2 as n — oo, then we have imsupf (s, z2,) — f(s,2). Particularly, in other
n—oo

words, imsupf(sp, z,) < f(s,z) for each fized s,z € C and {s,},{z.} € C;

n—oo

(A5) EP(f,C) # 0.

Now, we present our proposed method as follows:

Assumption 3.3.2. Condition on the inertial and relaxation factors.

Suppose 0, € [0,1), a,, € (0,1) and liminfa,, > 0. Assume for n sufficiently large enough,
n—oo
there is € € (0,1) for which

1— QOp—1
(1- G)Tm(l — On—1)

1- n
Z entn—i-l <1+9n+|: a

(1—0,)+ %=1 _ en_l)} +> . (33.1)

20én 2057171

Algorithm 3.3.3.
Let xg, x1 € H, A\ >0, i 6]0, 1[
STEP 1: Start with the present iterates x,_1 and x,,

Wy, = Ty, + en(xn - xn—l)

compute
Yn = argmin {)\nf(wmy) + %”wn - ?/HQ} .
yeC
Stop the computation if y, = w,, and y, becomes a solution, else, move to the next step
which is step 2.
STEP 2:
Choose v, € Of(wy,.)(yn) for which there is
qn € Nc(yn) satisfying
Gn = Wy — AUy — Yp, and construct a half space
T,={z€H: (W, — M\Vn — Yn, 2 — yn) < 0}

FEvaluate
Zn = argmin {)\nf(ymy) + %Hwn - ZIHQ} :
’yGTn

STEP 3: Compute
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Tpr1 = (1 — ap)wy, + a2y, and

4 _ 2 _ 2
win {5 e Suef E R mB b ) =

Ani1 = —f(Yns 2n) >0,

[ An,  otherwise.

Set n + 1 <— n and continue again from step 1.

The following proposition provides validation for Assumptions (3.2.2) and 3.3.2.

Proposition 3.3.4. (see [3, Proposition 3.3], [//, Propostion 3.8]) Let o, € (0,1)
and 0,, € [0,1) Vn > 1. Suppose there is ¢ € [0,1) and ¢* € [¢,1) for which

i 1 1
1m — =C
nsoo \1—6,.17 1-—6, ’

. ¢n+1 - ¢n *
lim L o
(1 —6y) ¢
and
0,(1+6,
lim inft), (1 — 6,,)* > lim sup(——'—*),
n—00 n—00 —C

1 - n . .
where 1, = 5 U Then Assumptions (3.2.2) and 3.53.2 are satisfied.

n

Lemma 3.3.5. Suppose {x,,} is a sequence in H, and {0, } a real positive sequence. Given
7 € H, define the sequence {®,} by ®,, := %Hxn —7|* and w, = x, + 0, (v, — 2,_1). Then,

1
CI)nJrl - (I)n - en(q)n - (I)nfl) = 5(911 + 6727,)“3771 - :Unfl”z
1 =12 1 =112
e =7l = S~ (332)

Proof.
Using the definition of w,, = x,, + 0,(z, — x,_1), we have,

Hwn_FHQ = |on + 0p(2n — T01) _FHZ
= |z — T+ Onl2p — 2p1)]]?
= lzn = 71* + O3 llzn — 2o |* + 200 (20 — 7, 20 — Tp1)

=l =717+ On + O) |20 — 20t |* + On(llzn — 7II* = ll2n—y — 7II)

= 20, + (0, + )|z — 0 a]|® +2(P, + Ppy). (3.3.3)
Rearranging and adding ®,,41 = 3| /z,1 — 7|* to both sides we have,
1 1
D1 — P — 0 (P — Ppy) = 5(971 +00) |0 =z [* + §||xn+1 — 7
1 _
—éHwn — 7. (3.3.4)

]
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Lemma 3.3.6. Let {x,} be a sequence formed by Algorithm 5.3.3 ssuch that Assumption
3.3.1 holds. Then, for ¥ € EP(f,C), we have

An
/\n+1

s =72 < fwn =712 = an <1—u )(Hwn—ynll2+llzn—yn|!2)

-«
Napgpr —wa|* Vo> 1

n

Proof.
Using the definition of y,, and Lemma 3.2.6, we have that

€0 (uflom) + 5=l ) ) + Nelon),

From Step 2, we obtain

<wn —Yn,Y — yn> = </\nvn + qn, Y — yn)
= >\n<1)n, Y- yn> + <Qn7 Yy — yn> (335)

But ¢, € Ne(y,) implies that (g,,y —y,) <0 Vy € C.
Thus we obtain from (3.3.5) that

Also, v, € 0f(wy,y,) implies that
f(wn, y) = f(Wn, yn) = (Un,y — yn) Vy €C. (3.3.7)

Using (3.3.6) and (3.3.7), we have

A (f (Wi, y) = f(WnyYn)) = (Wn — Y,y — yn) Yy €C. (3.3.8)
Putting z, = y in (3.3.8), we see that
An(f(Wns 2) = [(Wny Yn)) 2= (Wi = Yns 20 — Yn)- (3.3.9)
Again, using the definition of 2, and Lemma 3.2.5 give us
Al f W y) = f(ny 20)) 2 (W = 20,y — 20) Yy €C. (3.3.10)
Let y=7 € EP(f,C).
Then,
M (f Wy ™) — [ (Yns 20)) > {wp — 20, 7 — 2,,) VT € EP(f,C). (3.3.11)

But 7 € EP(f,C), implies f(7,y,) > 0. This further implies by pseudomonotonicity of f
that

f(yn,7) <0.
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Therefore, (3.3.11) becomes,

_Anf(yna Zn) Z <wn — Zn, T — Zn> (3312)
Combining (3.3.9) and (3.3.12) implies that
2)‘n(f(wn> Zn) - f(wna yn) - f(yna Zn)) 2 2<wn — Yny Zn — yn>
+2(wy, — 2p, T — 2p).- (3.3.13)
Note that:
1 2 2 2
(Wi = s 20 = Ya) = S (l[wn = yall* + 120 = yall” = llwn = 2a]%). (3.3.14)
Also,
_ 1 2 2 2
(W — 2, T — 2n) = §(||wn — zoll” + |20 = 7|I° = |Jwn — 7||7)- (3.3.15)
Using (3.3.14) and (3.3.15) in (3.3.13), we get
2200 (f (Wi, 20) = f(Wny Yn) = fWUns 20)) = |lwn — yn“2 + llzn — yn||2
+|2n = 7| = [Jwn — 7% (3.3.16)
By the definition of \,, we have
2 2
P W = Ynl||” + [|Zn — Yn
2ot 20) — F ) — F g, 7)) < P03 1” 1) 3a1m
n+
Using (3.3.17) in (3.3.16), we obtain
iy (lwn =9l + 120 = 9al”) = 1w =gl + 120 = gall”
n+1
|2 = 7|1* = Jwn — 7. (3.3.18)
This further implies
112 _1n2 /\n 2
oo =712 < = 7P = (1= 052 ) =
n+1
An 9
L Gy [ (3.3.19)
n+1
Moreover, with «,, € (0,1), we have
[Tt — 77”2 = (1 — ap)|lw, — 77”2 + a ||z — 77”2 — (1= ayn)anlz, — wn||2' (3.3.20)
1
Using (3.3.19) and the definition of {x,1}, that is z, — w, = — (2,11 — w,) in (3.3.20),
we establish the desired result. ! [
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Lemma 3.3.7. Let {®,} be as defined in Lemma 5.3.5, and {x,} a sequence formed by
Algorithm 3.3.3. Therefore, V7 € EP(f,C), we have

1
Qi1 — P — 00 (Py — Pp1) < i(wn + 9121) — (1 - en)2)”xn - xn—IHQ

o A
- ]-_ = n - n2 n - n2
5 ( ”AnH) (lwn = yull® + [[20 — yall®)

1
—5¥n(1 = ) (i1 = 2all* = fl2n — 20a ),

l1—a,

where 1, = 5
(7%

Proof.
Using the definition of w,, = =, + 0,(x, — z,_1), we have

”xn—I—l - wn”2 = ”xn—I—l — Ty — Op(T0 — xn—l)HQ

= |lwnp — 20— (¥0 —2n1) + (1= 0n) (7, — xn71)|’2
= #ns =220 + 20 |+ (1= 0,)? |20 — 2 |

+2(1 = 0,){(xpy1 — 200 + Tp1, Ty — Tp—1). (3.3.21)
But
2<xn+1 — 2z, + Tp—1,Tn — xn71> = Hanrl - an2 - Hxn - :CnleZ
—||ps1 — 22 + 2| (3.3.22)

Putting (3.3.22) into (3.3.21) therefore gives

[Zni1 —wall® = Opllzngr — 220 4+ 2o || + (1 = 0,)° |20 — 2 ||?
+(1 = 0) ([ 2041 — anQ — [|zn — xnfluz)
> (1 - Hn)QHxn - xn—1||2
+(1 = 0p) ([|2ns1 — 2nll* = [0 — 20a||?). (3.3.23)

—an> 1—a,

Notice that ! , Vn>1.
20, 4oy,
Thus, we have from (3.3.23) that

1—a, 1—a,
- 2an ||l’n+1 _wnH2 < - 4(1/” (1_8n)2‘|xn_xn—1||2
1—a,
- o, (1 - Qn)(Hxn—l—l - $n||2 - ||xn - xn—1||2>'
That is,
1
~ V|| — wn”2 < _57/’71(1 - 9n)2||$n - xn—IHQ

1

—5Un(L = ) (|2nsr = 2all* = 2 — @aa]*). - (3:3.24)

Hence, the desired result follows immediately from Lemmas 3.3.5, 3.3.6, and inequality
3.3.24. "
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Lemma 3.3.8. Suppose that assumptz’on (3.2.2) holds and the sequence {t;} is as defined
by (3.2.3). Let ¢, =
Algorithm 5.5.3, then for each n > 1, we have

= for {a,,} C (0,1). Given a sequence {x,} generated by

n—1
Z (i1 (1 = 0i1) = Oitiga (1 + 0; + [0(1 — 0;) — i1 (1 = ;1)) 1)) s — aia ||?
=1

S 2(1)0 + 2t1|q)1 - (I)(]| + t1¢0(1 - 00)”1}1 - JIQHQ.

Proof.
From Lemma 3.3.7, we have

1
q)n—H - q)n S Hn(cbn - q)n—1> + 5 ((en + 0?1) - 1/}71(1 - en)2) ||an - xn—1||2
1
= Ut = Oa)([2nps = 2all® = llon = na[°)- (3.3.25)

Let ¢y := @ — Py, dy 1= 5((0n +07) = n(1 = 00)) |l — zna|* = 500 (1 = On) (|01 —

anQ - Hxn - xn—IHQ)-

Thus, (3.3.25) now shows the form ¢,41 < 0,¢, + d,,, and applying Lemma 3.2.4(i), we
obtain

n

q)n—q)o = ZCZ'

=1

n—1
1
t1,n(®1 — o) +th+1n 5 ((0; +92) %‘(1—91‘)2)”%—%—1”2
i=1

IA

1
— Uil = 0)([lisn = wll® = [l = zia|]*))

~ me( =0 = 0+ )~ s |P)
—th+1n ( (1= 8 = i = s = i ]P))

This implies that
1 n—1
B [Z tiv1n(i(1 — 91')2 — (0 + 912))H33'z - xi%HQ
i=1

n—1
+ Ztiﬂ,nwi(l —0;)(||wis1 — 5UzH2 — | — iUlle)]
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Note that ®,, > 0, t;, <t; Vn € N. Thus

n—1
D tisin (01 = 00 = (0 + 67)) [l — @i
=1

n—1
+ ZtiJrl,nwi(l - 91) (HfEiH - szQ - Hsz - 331'71H2)
i=1

S Qtl, TL((I)l — (I)()) + 2@0
< 2t1| Dy — P + 2Po. (3.3.27)

Again, notice that

n—1
Y tisanti(l = 05) (lzivn — @il = |z — zia]|*)
i=1

n—1 n—1
= tirati(l = 0) |z — @ill* = Yt nthi(1 = 0,) ||z — s |
i=1 i=1

n—1 n—1
+Zti,n¢i—1(1 - 6i—1)||xi - 33i—1||2 - Zti,n¢i—1(1 - 92’—1)”% - l‘z‘—1||2
i=1 i=1

n—1
= Z (tinthi1(1 = 0;1) — tivanthi(1 = 60) |lzi — zi1]]® + tnnn(1 = Opy) |20 — 2o ||?
i1

—t1nto(1 = 6oz — o]
Since t, 0 Un(1 = Op_1)||2n — xp_1]|> > 0 and t;,, < t; Vn > 0, it follows that

n—1
Ztiﬂ,n@/h‘(l —0;) (lzisr — zill® = |z — 2ia|]?)
=1

n—

> (tini1(1 —0;21) — tiv1ni(1 —6;)) ||z — zi 1|

1

—_

(2

—t1ho(1 — Op) |71 — ol (3.3.28)
Putting (3.3.27) and (3.3.28) together gives us
n—1
Z [ti+1,n(¢z’(1 —0,)° = (0; + 07)) + tinthima (1 — 0;1) — tis1 (1 — 91)] | — @]
i=1
S 2t1‘(b1 — q)0| -+ 2(1)0 + tlw()(l — 60)“%1 — .fL'0”2. (3329)

On the other hand, from the definition of ¢;,, = 1 + 0;t;11, for each ¢ > 1 and n > i +1
in (3.2.5), we have

tisin (Vi(1 = 6,)% — (6; +67)) + tinthicr (1 = 0;-1) — tig10i(1 = 6))
= tir1n(Wi(1 = 0;)* — (0; +07)) + i1 (1 + tigrn) (1 — 0i-1) — tiv1ntbi(1 — 6;)
= i1(1 = 0i-1) = Oitiy1,0(1 +0; + (1 — 0;) — i1 (1 —0;_1)). (3.3.30)
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But t;, <t; Yi>1, n>i+1and [t]; >t Vte H. It follows that
tivin(Vi(1 = 0,)% — (0; 4+ 67)) 4 tintima (1 — 0;21) — tis1nthi(1 — 6;)
The combination of (3.3.31) and (3.3.29), therefore, establishes the desired result. O

Lemma 3.3.9.
Assume that Assumptions (3.2.2), 3.3.1 and 3.3.2 hold. Let {t;} be the sequence defined
by (3.2.3) and {x,} the sequence formed by Algorithm 3.3.5. Then,

n—1 1—ai

a. () nlLHJO Yoict gay (L= Oia)llzi — 2| < o0,

and as such lim Y2771 0ty ||z — 24| < oo;
n— oo

(ii.) For each v € EP(f,C), lim |x, — 7| ezists, and hence {x,} is bounded;
n—oo

b. (i.) lim ||w, — yo| =0, lim ||z, — yu|| = 0;
n—oo n—o0
(i) Jim e, = w, | = 0
(ii.) lim [|w, — z,|| = 0.
n—oo
Proof.

a. (i.) Assumption 3.3.2 is true for n sufficiently large enough, thus, we may assume with-
out any loss of generality that it is also true for n > 1.

1 —
Now, using inequality (3.3.1) and Lemma 3.3.8, noting that 1, = 5 an, we have
0,
that:

(€= Dia(1=0i1) < =0Oitiya (14 0; + [thi(1 = 0;) + i1 (1 — 0;-1)] 1)

This implies

n—1

> ey (1= i)z — 2|

i1
n—1

< (Vic1(1 = 0;1) — Oitia (14 0; + [0i(1 — 0) + i1 (1 — 0,_10)] ) ||z — zia|?
i1

<20 + 2t1| Py — Po| + t1900(1 — Op) |1 — 2o
This implies that

n—1

1
Z¢z‘—1(1 — 0 )||wi —ziq])? < - (2®g + 2t1|P1 — Pyl

=1

+ tiho(1 — o) ||z — zol?) . (3.3.32)
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Taking the limit of (3.3.32) as n — oo, we arrive at
Zwi—l(l — 91_1)HI’Z — .I‘Z‘_1||2 < 0. (3333)
i=1

Since liminfa,, > 0, (3.3.33) further implies that

. n—oo
lim ||z,41 — x| = 0.
n—oo

More so, using inequality (3.3.1) again, we have

Oitivr < im1(1—0;20) — Oitia (0i + [W0i(1 — 0;) + i1 (1 — 6,21)]1).

This implies that

n—1

n—1
Zez’tiﬂuﬂfi — flfz’—l“2 < Z(@Dz (1 —621) — 0;ti1(6; + [i(1 —6;)
i=1

A

+w 1(1 = 0i)]4) i — s |1®

S Z¢z 1_ i—1 ||$7,_x1 1” (3334)

Taking the limit of (3.3.34) and using (3.3.33), we conclude that:

S it || — 2i4]|* < oo. Thus, completing item a. (i)

Using Lemmas 3.3.5 and 3.3.6 gives us that

1 1— Oy,
Cbn-{—l - q)n - 071((1)71 - (I)n—l) S _<0n + 92)”1‘” - xn—1||2 - ||mn+1 - wn||2
2 20,
Note that 62 <6, «a, >0, Vn>1.
Thus,
Py — P <O (P), — @) + Oul|zn — T0a | (3.3.35)

Let ¢, := ®, — ®, 1, d,:= 0,7, — z,_1]|?, then, making use of Lemma 3.2.4(ii)
and item a. (i.) of Lemma 3.3.9, we obtain

Z[‘I)n - <I>n_1]+ < t1[<I>1 - (I)O]Jr + Ztn+1[6’n\lﬂcn - In—le]+ < o0.
n=1 n=1

That is, En 1@, — D,1]4+ < o0. In addition, this implies that for each 7 € C,
lim &, = lim ||z,, — 7|| exists. Thus, as claimed, {z,} is indeed bounded.
n—o0 n—oo

Using Lemma 3.3.7,
Qp An 1

define 6, == — | 1 — p (||wn_yn||2+||zn_yn||2)__¢n(1_0n>(||xn+l_xn”2_
2 )‘n—‘rl 2
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||xn - xn—lHQ);
then we have

1
Q1 — P — 0,(Py, — Ppq) < 5((071 + 6721) — (1 - en)Q)Hxn - xn—1||2 — 0

IA

1
5 O + Ol = 2o = .
Therefore,

Opi1 — Py <O (P, — Ppy) + Onlln — 21 ||* — 00 (3.3.36)

Again, applying Lemma 3.2.4(i) to (3.3.36), then

n

Oy~ Do = ) (B~ Diy)
=1

n—1

< (P — Do) + Ztiﬂ,n(ez’HiEi —zia|® = 6).

i=1
This implies that

n—1 n—1

Zti+l,n5i S CI)O + tl(q)l — q)o) + thﬂez“% — CL’Z‘_1||2. (3337)

i=1 i=1

Taking the limit as n — oo and by Lemma 3.3.9 item a. (i.), this implies that

Zti‘f'lﬂéi S CI)O + tl(q)l — @0) + th-&—leznxz — I’Z‘_1|l2 < Q. (3338)

i=1 =1
But {t;,} tends increasingly to ¢;, as n — oo, and by monotone convergence theorem
Z;.il ti+15i < Q.
This implies that lim ¢,,.16,, = 0.
n—oo
Butt,>1Vn>1,

Qay, 1
b= S (1= 2 ) (= gill? + 2 = ll?) = 560 (1= ) (lnss — 2l = 1 —
Tn-1?).

n An 1
Thus, lim 2 (1 A) (leon = 90l + 120 = 901 = 581 =) s — 20l -

|zn — xn—1||2) = 0.

An
Using the facts that liminfa,, > 0, lim (1 — W ) =1—p>0,and
n—00 n—00 Ant1
lim ||z, — x,_1]| = 0, we conclude that
n—oo
lim ||w, — y,|| = 0 and lim ||z, — y,|| = 0.
n—oo n—oQ
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(ii.) With the definition of w, = z, + 6,(z, — z,-1) and Lemma 3.3.9 item a. (i.),

(iii.)

therefore:

|2n = wall®> = [|0n(zn — z01)]?

= 9721||95n - xn—1||2

A

Onl|zn — xn_1||2.

This implies that
o0 o
> tuallon = wnll* <Y tniaOllen =z | < oo,
n=1 n=1

Hence, >0 | by [|@n — wn|)* < oo,

giving us that
lim ¢, 1|2, — w,|* = 0.
n—oo

Since t,, > 1 Vn > 1, then lim ||z, — w,|| = 0, establishing (ii.).
n—oo

Recall that x,.1 = (1 — an)wy, + a2y,

This implies

anllzn = wnll = flzns1 — wnll

< “mn — Wl| + || Tns1 — xn”

That is, 0 < an |20 — wnll < |20 — wall + [[2n41 — za]-

(3.3.39)

(3.3.40)

Taking limit as n — oo and, using items a. (i.), b. (ii.) of Lemma 3.3.9 and

the fact that liminfa,, > 0, we conclude that lim ||z, — w,| = 0.
n—oo n—oo

]

Theorem 3.3.10. Assume that Assumptions (3.2.2), 3.3.1, 5.3.2 hold. Then, the sequence
{z,} generated by Algorithm 3.3.3 converges weakly to to an element of EP(f,C).

Proof.
Since {z,} is bounded, there exists a subsequence {x,, } of {z,} that converges weakly to
recC.
From items b. (i.) and (ii.) of Lemma 3.3.9, it follows that ||z, — y,|| — 0, n — oo.
This further implies that y,, — 7 € C.

Moreso, we have that {w,, } converges weakly to 7 € C.

Now,

from (3.3.8) and since liminf),, > 0, we have
n—00

1
f(wnj,?/) > f(wanynj) + /\_<wn] — Yn;» Y _ynj> Vy eC.
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Taking the limit of (3.3.41) as j — 400, and using conditions (A1), (A4), we obtain that
f(r,y) >0 Vy € C. Hence, 7 € EP(f,C). Therefore, by Lemma 3.2.8, we conclude that
{z,} weakly converges to 7 € EP(f,C). O

Remark 3.3.11.
Note that the main role of Assumption 5.3.2 is to guarantee the summability condition

Z@JZHH:)Q — 1};1“2 < 0 (3342)

i=1
obtained in Lemma 3.3.9 a. (i.). Hence, Lemma 3.3.9 holds true undoubtedly if we assume
(3.3.42) directly.

3.4 Applications

3.4.1 Variational Inequality Problem

In relation to the variational inequality problem defined in (2.2.17) where the cost bifunc-
tion is f(s,z) = (Bs,z — s), Vs,z € C and the operator B : C — H has the Lipschitz
constant L = 20; = 202. The sequences {y,} and {z,} of Algorithm 3.3.3 can be respec-
tively translated into

Assumption 3.4.1. Assumption on the operator B.

B1. For some L > 0, B is L—Lipschitz continuous, that is ||Bs — Bz| < Ll|s — z||
Vs, z € C.

B2. B is pseudomonotone on C, meaning (Bs,z —s) >0 — (Bz,s—2z) <0 Vs, z € C;
and the solutions set VI(B,C) is nonempty.

B3. limsup(Bs,,z — s,) < (Br,z —T) for each z € C and {s,} C C satisfying {s,} — T.

n—o0

Theorem 3.4.2. Let B : C — H satisfy Assumption 3.4.1. Assume that Assumptions
(3.2.2), 3.3.2 hold. Let {t;} be the sequence defined by (3.2.3). Iteratively generate the

sequences {xp}, {yn}, {wn}, {2z} as follows:

Let xg,x1 € H, Ay >0, u €]0,1].
Start with the current iterates x,_1 and x,, construct a half space

Tn:{ZGH:<wn_>\nvn_ymz_yn> SO}

Wy, = Ty, + gn(xn - xn—l)
Yn = PC(wn - )\ann)

Tni1 = (1 — ap)w, + apz,.

Compute
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Update the stepsize \,+1 as follows:

: fllwn = yall® +llzn — 9l * 1
>\na_ Bn_Bnan_n>O7
X mm{ SR T— if (Bw Yny Zn — Yn)
n+1 —

An otherwise.

Therefore, the sequences {x,}, {w,} and {y,} weakly converge to ¥ € VI(B,C).

3.4.2 Fixed Points Problems

From (2.2.14) where the cost bifunction f(s,z) = (s — Ts,z — s), the strongly convex
programs one needs to solve in algorithm 3.3.3 are as follows:

. 1
Y, = argmin {§||y —wy|? + )\nf(wmy)}
yeC

1
= argmin {—||y —wy||* 4+ AWy — Twy,y — wn>}
yeC 2

~ argumin { lly — (un — dun — Tw )}

yeC
= Pe((1 = \)w, — A\ Twy,)
= (1 —=X)w, + \Tw,.

And,

. 1
2p, = argmin {§Hy — wy|? + )\nf(ymy)} ;

IS0

which using similar argument as above gives

z2n = Pa, (wn - )‘n(yn - Tyn))'

Theorem 3.4.3. Let C be a closed conver nonempty subset of H and T : C — C be

weakly continuous a—strict pseudo-contractive mapping with Fix(T) # (). Suppose that
Assumptions (3.2.2) and 3.3.2 hold. Let {t;} be the sequence defined by (3.2.3). Itera-
tively generate the sequences {x,}, {yn}, {wn}, {z.} as follows:

Let xg,x1 € H, Ay >0, pn €]0,1].
Start with the current iterates x,_1 and x,, construct a half space

Qn:{ZGH:<wn_/\nvn_yn7z_yn>§0}'

(wn =T, + Hn(xn - xnfl)

Yn = (1 — /\n)wn + A\ Tw,
FEvaluate Zn = Pa, (Wn — Xy (Un — T Yn))
Tptr1 = (1 — ap)w, + 0, Po, (uy)




Update the stepsize \,+1 as follows:

. 1% ||wn_yn||2+||zn_yn”2 . . _ _
min {/\nu § <(I— T)(wn _ yn)’ 2 — yn> Zf <(I T)(wn yn)a Zn yn> > 07

/\n+1 =

A otherwise.

Then the generated sequences {x,}, {wn}, {yn} converge weakly to 7 = Ppiy1(0).
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Chapter 4

Relaxed Inertial Sub-gradient
Extra-gradient Method for Solving
Equilibrium Problems.

4.1 Introduction

Again, throughout this chapter, our attentions will be focused on another new method
of finding a real approximate solution of an equilibrium problem (3.1.1). This proposed
method will seek to incorporate the on-line rule condition into the relaxed inertial technique
to obtain a strong convergent result.

4.2 Preliminaries

It is important that we present in this section some definitions and lemmas that are
crucial in the analysis of our proposed method. The notations “—” and “—” will be used
to denote strong and weak convergence respectively.

For easy referencing, we present the following:

Definition 4.2.1.

i. Let Of(s,z) denote the subdifferential of a convex function f(s,.) at z, then,

0f(s,z) = {ueH: f(s,w) > f(s,2)+ (u,w—2z) Ywe H}. Thus,
0f(s,s) == {ueH: f(s,w) > {u,w—3s) Ywe H}.

ii. The normal cone N¢ of C at s is denoted by:

Ne(s)={weH: (w,z—5) <0 VzeCl}.
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Lemma 4.2.2. [0] For each s € H, z € C and positive constant X, the following inequality
18 true

AMg(2) = g(prowag(s))) = (s — proxag(s), z — proxay(s)),

2
where proxy,(s) := arg min {)\g(z) + M} :
zeC

Lemma 4.2.3. [5]] Let g : C — R be a convez, lower semicontinuous and subdiffer-
entiable function on C. Suppose int(C) # 0, then 7 is a solution of the convexr problem,
min{g(s) : s € C} if and only if Og(7) + Ne(7) > 0, where dg(7) and Ne(F) respectively
denote the subdifferential of g and normal cone of C at 7.

Lemma 4.2.4. [52] Let {t,} be a nonnegative sequence in H, {o,} C (0,1) such that
Yoo on =00, and {d,} be any sequence of real numbers.
Assume that

trr1 < (1 —op)tn + opd, ¥Yn > 1.

If limsupd,, < 0 for each subsequence {t,,} of {t,} satisfying lilgn inf (zfn,c+1 — tnk) > 0,
k—oo —00

then limt, = 0.

n—oo

Lemma 4.2.5. The following is true for each x,y € H and € R :

i 1Bz + (1= B)yll* = Bll=l* + (1 = B)llyll* = B(1 = B)llx — ylI*;

ii. ||Br = (1= Byl = Bllzl* + (L= B)llyll* = B(L = B)ll= + yl*.

Lemma 4.2.6. [9] Let {t,}, {0,} C Ry such that

tnr1 < (1= 0p)ty + My + v, V0 > 1,

where 6, € (0,1) and {m,} are real sequences. Suppose Y ", < 0o and m, < 0,0 for
some (3 > 0, therefore {t,} is a bounded sequence.

4.3 Main Results

Suppose the following conditions hold for the bifunction f :

Assumption 4.3.1.

(A1) For each s € C, f(s,s) =0 and f is pseudomonotone on C;
(A2) with two positive constants §, and dz, [ satisfies the Lipschitz-type condition on H;

(A3) f(s,.) is convex, lower semicontinuous and subdifferentiable on C, Vs € C;
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(A4) [ is weakly and jointly continuous on C x C. That is, if s,z € C and s, — s,

Zn — z as m — oo, then limsupf(s,, z,) — f(s,2), particularly, in other words,
n—oo

limsup f(sp, zn) < f(s, 2) for each fized s,z € C and s,, z, € C;

(A5) EP(f,C) # 0.

Assumption 4.3.2.
Let o, € (0,1) and liminf oy, > 0. Assume that {&,} is any positive sequence such that

n—oo

& = o(oy), that is, lim S 0, where {o,} C (0,1) such that

n—00 g,
[e.e]

lim o, = 0, E Op = 00.
n—oo 1
-

Now, we are ready to present and analyze our algorithm as follows:

Algorithm 4.3.3. Let zq, ©1 € H, A\ >0, p €]0,1].
STEP 1: B
Given the current iterates x,_1 and x,, choose 0,, such that 0 <6, < 0,, where

min {(9, g—n} Zf Tn 7& Tn—1,
|20 — Tn-al|

0, = (4.3.1)

0 otherwise.

STEP 2:
Set wy, = (1 — 0,) (v + Opn(xy, — x4—1)) and evaluate

_ 1
o = argmin {3 ) + S~}
yeC

Stop the computation if y, = w,, and y, becomes a solution, else, move to the next step
which 1s step 3.

STEP 3:

Choose v, € Of (wp,.)(yn) in such a way there is
dn € Nc(yn) satisfying

Gn = Wy — A\pUp — Yn, and construct a half space
T,={z€H: (W, — MNVn — Yn, ¥y — Yn) < 0}

FEvaluate ]
Zn = argmin 4 A f (gn, y) + 5 flwn - Z/HQ} :
yGTn

STEP 4: Compute

ol



Tpr1 = (1 — ap)wy, + a2y, and

(e wa = yall? + 20 =yl .
e {Ef(w”’ Z”) - f(wmyn) - f(ym Zn)’ )\n} ’ fo(wn’ Zn) - f(wm yn>

>\n+1 = < _f(ynazn) > 07

( An,  otherwise.

Setn + 1 <— n and continue again from step 1.

Remark 4.3.4.
From (4.3.1), the line rule condition, one can easily see that
, <0, < —"
|7 — T

This implies that

011 n

0< —|lzp —zp] < f_ (4.3.2)
o, on

Also, since &, = o(ay,), there is v > 0 such that

tn <~ for eachn > 1. (4.3.3)

On

Lemma 4.3.5. Suppose the bifunction [ satisfies Assumption 4.5.1, then the sequence
{z,} produced by Algorithm 4.5.3 is bounded.

Proof.
Using the definition of y,, and Lemma (4.2.3) gives us that

1
0.0 () + 30 =l ) (o) + N
From Step 2, we obtain

<wn —Yn, Y — yn> = <)\nvn + qn,Y — yn)
= An(”m Yy — yn> + <Qn7 Yy — yn>~ (434)

But ¢, € N¢(y,) implies that (g,,y — y.) <0 VyeC.
Thus we obtain from (4.3.4) that

Also, v, € Of(wy, y,) implies that
S, y) = f(Wn; yn) = (Un, ¥y — yn) Yy €C. (4.3.6)

Using (4.3.5) and (4.3.6), we have
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M (f (W, y) = f(wn, yn)) = (Wn — Y,y — Yn) Yy €C.
Putting 2z, = y in (4.3.7), we see that
An(f (Wns 2n) = f(Wns Yn)) = (Wn = Yn, 20 = Yn)-
Again, using the definition of z, and Lemma 4.2.2, we obtain
M fWnoy) = f(Wny 20)) = (Wi — 20,y — 20) Yy €C.

Let y =7 € EP(f,C).
Then,

/\N(f(ynaf) - f(yn’zn)) > <wn — Zp, T — Zn> Vr € EP(f,C)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

But 7 € EP(f,C), implies f(7,y,) > 0. This further implies by pseudomonotonicity of f

that

Therefore, (4.3.10) becomes,

_Anf(ynu zn) Z <wn — Zn, r— Zn>-

Combining (4.3.8) and (4.3.11) implies that

2)\n(f(wn7 Zn) - f(wna yn) - f(yn> Zn)) Z 2<wn —Yn,Zn — yn>

+2(wy, — 2p, T — 2p).

Note that:

2<wn — Yn, Bn — yn> = “wn - yn||2 + ||Zn - yn||2 - Hwn - Zn||2‘

Also,

2<wn — Zn, T — Zn) = ||wn - ZnH2 + Hzn - fHZ - Hwn - fHQ'

Using (4.3.13) and (4.3.14) in (4.3.12), we get

20 (f (wn, 2n) = f(wn, yn) = f(Uns20)) = |Jwn — yn“Z + [|2n — yn||2
Hzn = 7 = JJw, — 7.

By the definition of \,, we have

2(f (Wn, 20) — F(Wn, Yn) — F(Yn, 20)) < plllwn = yall® + [[2n — ynH2)‘

)\nJrl
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(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)



Using (4.3.16) in (4.3.15), we obtain

n

~(lfon = Ul + lzn = wall®) = llwn = yall® + 120 — wall®

Hlzn = 717 = flun — 7%

This further implies that

n

An+1

20 = 7II* < flwn = 7I* = (1 — p

Moreover, with {a,,} C (0, 1), we have

Mwn = yall* = (1= 4

n

An+1

lnr = 71" = (1 = aw)llwn = FII* + anllz = 71* = (1 = an)anllzn — wal*

Using (4.3.18) and the definition of {x, 1}, that is, z, — w,
we establish that

n

An+1

lZner = 7" < Jwn =7l = an(l = p

1—oa,

|Zns1 — wnl® Yo > 1.
Define h,, := x,, + 0, (x, — Tp_1).
From (4.3.20), using the facts that lim inf cv, > 0, and

n—oo
. An
lim (1—pu =1—p>0,

so, there is Ny € N for which

1

n

)([[wn = yall* + 120 = yall*)

An
liman(l—u )>O Vn > Ng.

n—o0 ’I’L+1
Therefore,
[Znir =7 < [Jwn — 7
= (1 = 0on)hn — 7
= (1 = 0n)(hn —T) — 07|
< (L=o)|lhn —=7| +onl|7]]  Vn > No.
But
”hn _fH = Hxn‘l'en(xn_xn—l) _77”

= Hxn — 7+ Op(2, — xn—l)H

< oy =7l + Onl|lzn — 20a]|-
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Mz = yall®.

(4.3.17)

(4.3.18)

(4.3.19)

= —(xn+1 — wn) n (4319),
(0%

(4.3.20)

(4.3.21)

(4.3.22)



Putting (4.3.22) in (4.3.21), and using (4.3.2) and (4.3.3) of Remark 4.3.4 we have

[Znr =7l < (I =on)llzn =7l + (1 — 00)0ullzn — 2o || + 0|7l
_ &n
< (=alle =7+ o (1= 4 17
< (1= o)l — 7l + oaly + 17l
(1-00)

1 — o)z, — 7| + onb, (4.3.23)

where 8 = (v + ||7||) > 0.
Therefore, by Lemma 4.2.6, we have that {||z,, — 7||} is bounded which implies that the
sequence {x,} is bounded. Thus, as a consequence, {w,}, {y,} are also bounded. O

Lemma 4.3.6. Let {0,}, {a,} C (0,1), p € (0,1) and {\,} be a real sequence. If {z,}
is a sequence generated by Algorithm /.3.5. Then for each n > Ny, we have

An _ _
Qp (1 - M)\ +1) ([[wn — yn||2 + [l2n — yn||2) < ||z, — THQ — ||Zn1 — THQ +0,P1.

Proof.

[ = 71* = (1 = an)wn + anzy — 72
= [[(1 = an)(wn = 7) + an(z, — 77)”2
= (1 —ap)?[Jwn — 7| + 2|20 — 7)|* + 20 (1 — @) (wy, — 7, 2 — T)
(1 = an)?[lw, = 7I* + aqllz — 71
tan(l = an)(wy = 7I* + [z = 7II* = lwn — 2a]1*)
< (1= a)|fwn —7||* + anl| 20 — 7|2 (4.3.24)

On the other hand, from (4.3.21)—(4.3.23) also shows that
[wn — 7| < (1= on)lan =7 +0onf.
This implies that
lwn = 7lI* < (1= 0on)*lzn = 7* + 2008(1 = on)l|l2n — 7| + 0,57

= (1= 00)*|zn = 7| + 0u[28(1 = 0) |2 — 7| + 04 57]

< g = 7P + 0,1, (4.3.25)
for some ®; > 0, where ®; := ma§{0n2ﬁ(1 —op)||lzn — 7| + 0087}

ne

Substituting (4.3.18), (4.3.25) in (4.3.24) gives

_ _ An
Huﬂ—mWSH%—wW—anQ—ﬂ )(Wm—%W+ﬂ%—%ﬂ%+m@r

)\nJrl
Therefore,
1— /\” _ 2 . 2
Qn ,u)\ ([lwn = yull* + Iz — ynll®)
n+1
< wn = 711 = |Zng1 — 7II° + 00 D1 (4.3.26)
as required. H
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Theorem 4.3.7. Suppose Assumption 4.5.1 is true, therefore, the generated sequence {z,}
of Algorithm J.3.5 strongly converges to ¥ = Pgp(s.¢)(0).

Proof.
lwa =71* = (1 = 00)(@n + On(n — 20m1)) = 7

= A —on)(@n —7) + (1 — 00)0n(T0 — Tn-1) _UanQ

< ||(1 _0n>(xn ) (1 _Un)en(xn Tp— 1)||2+20n<7:7f_wn>

< (L= ou)llzn = 7IIP + O3 llwn — 2aa|* + 205 ][z — 7|20 — 2]
+20, (7, 7 — wy)

< (1 =on)llen =7l +2(1 = 0)bnllzn — 7l |20 — Tpa || + O3 l2n — 20|
+ 20, (F, Tpy1) + 20, (F, T — Tpi1)

< (I—=on)llwn — 77“2 +2(1 = 00) 0|70 — 7|70 — Tpa || + ‘972z||xn - xn—1”2
+ 20,7 ([[|wn — T || + 200 (F, 7 = Zni1)

< (T—=on)llwn — 77“2 +0,2(1 = 0p)||zn — f||0—n||:)3n |

n

0 2
; (U—"nxn—xn_n@ 2 lwn = o

n

+(F, 7 — Tpy1)] (See[39], step 5). (4.3.27)

2
Define dy = 2(1 = 02) [ = 712120 = 2| + (2 llen = 2acall)” + 27 wn = Tl +
(F)T — Tpg1)-

Since lim v, <1 — ,u/\i‘il

n—oo

in (4.3.20) and substituting 4.3.27, we arrive at

) > 0 for each n > Ny, thus, neglecting the nonpositive terms

|Zns1 — 7)> < (1 = 0,) || — 7||* + 0nd,, for any n > Np. (4.3.28)

Now, we show that {||z,, —7||} — 0, and to do that, we use (4.3.28) and Lemma 4.2.4 and

show that limsupd,, < 0, for any subsequence {||z,, — 7||} of {||z,, — 7||} which satisfies
k—o0

liminf (||zn,,, =7l = 2n, = 7[) > 0.

For this purpose, let {||z,, — 7|} be a subsequence of {||z,, — 7||} for which
1il£r_1>(i;1f ([[#n,, — 7l = lzn, — 7]1) > 0 holds.

Then,

liminf (|2, = 7[* = 20, —71P)

= liminf (([lzn,, =7l = lon, = PN, =7l + llon, = 71)) = 0.

o6



From Lemma 4.3.6, we have

) A
0 < limsup [ank (1 - u)\ "k ) (Hwnk - ynkH2 + Hznk - ynng)

k—ro0 Nk+1

< limsup (|2, — 7> = [|@n,,, — 711? + 00, P1]
k—o0

< limsup — [||zn,,, — 7| = [|#n, — 7||*] + limsupo,, P;
k—o00 k—o0

= —liminf [z, =7 = [0, — 7]

< 0.

An
But liminfa,, > 0 and lim {1 —pu ):1—,LL>O.

Thus, from the above observations, we have

lim ||wp, — yn, || =0, and as well lim ||z,, — yn, || = 0. (4.3.29)
k—o0 k—o0
This further implies that klim |wn, — 2n, || = 0.
— 00

Using the definition of z, 1 = (1 — ay,)w, + @, 2,, we obtain the following:
lim ||z, ,, —wy, || = lim oy, ||wn, — 2n, || = 0. (4.3.30)
k—o00 k—o0

Again, the definition of w,, and Lemma 4.2.5ii give us that
[ anQ = |lowzn — (1 = 04)0n (0 — xn71)|’2

= UonnH2 + (1 - Un)93\|93n - 377"0—1H2 —on(1— Un)“hnHz'

Thus
0
||wnk - $nk||2 < Unk||‘rnk||2 + Gnk(l - O-nk)a_ﬂnxnk — Tny_y ||6nk||xnk - Inkfln'
ng

Taking the limit as &k — oo, noting that khm opn, =0, and lim —* ||z, — xp,_,|| =0,

—00 n
we obtain *

|wn, — @, || = 0, k— oo. (4.3.31)

Again,

0 S H'Tnk+1 - xnkH S Hxnk+1 - wnkH + Hwnk - xnkH
Taking the limit as £k — oo, we have
|Tngsy — Tl = 0, &k — o0.

Since the sequence {x,, } is bounded, then there is a converging subsequence
{xn, } C{xn,} which converges weakly to some r* € H, in such a way
J

limsup(r, 7 — z,,) = Um(r,7 —x,,_ )
k—o0 J—0o0 J
= (r,r—1").

(4.3.31) and (4.3.29) show that w,, — r*, y,, — r*, as k — oc.
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Remark 4.3.8.
Recall that C C H is closed and convex. This also means that it is weakly closed, hence,
r* € C.

We now show that r* € EP(f,C).

From (4.3.7) and since liminf)\,, > 0, we obtain
n—oo

1
ng

Taking the limit of (4.3.32) as k — oo, and using conditions (A1), (A4), we obtain that

fr*,y) > 0 Yy € C. Thus, showing that r* € EP(f,C).

By metric projection property, with 7 = Pgps¢)(0) € C, and r* € EP(f,C) C C, we have
limsup(r — 0,7 — x,,) = (F—0,7—7r")

k—o0

< 0. (4.3.33)

On

Combining (4.3.30), (4.3.33) and using the fact that —* ||z, — =y, || = 0, & — oo, we
On

have limsupd,, < 0 for any subsequence {|x,, — 7|} c {l|#, — 7||}. Thus, by Lemma

k—o0
4.2.4, lim ||z, — 7|| = 0, that is, z,, — 7, n — oo as asserted. O
n—o0

o8



Chapter 5

Conclusion, Contribution to
Knowledge and Future Research

5.1 Conclusion

Systematically, this dissertation introduced a comprehensive study of the methods of ap-
proximating a real solution of an EP in the real Hilbert spaces. The study was presented
in a coherent manner, where firstly, we gave a brief knowledgeable background of our
study. We recalled some important definitions, propositions, lemmas, theorems and re-
marks that form the backbone to the convergence results obtained in chapters 3 and 4, and
thereafter, reviewed some great works that have been done in the literature. The inertial
and relaxation technique introduced in our method in chapter 3 helped us to obtain weak
convergence while the incorporation of the line rule condition to the method presented in
chapter 4 allowed us to achieve a strong convergent result. The result of the method in
chapter 3 was extended to the variational inequality and fixed point problems.

5.2 Contribution to knowledge

Our study done in this direction has contributed the following to the knowledge of equi-
librium problems and convex analysis in finite and infinite dimensional Hilbert spaces:

e introduced and analyzed more manageable modified methods of solving equilibrium
problem using the relaxation techniques and inertial parameters.

e involved self-adaptive step-sizes that update at every iteration and do not require
the prior awareness of the Lipschitz-type constants nor use the Armijo linesearch to

obtain them as was done in [14, Algorithm 3.3] [4, 24, 42, 56, 94]. Also, our self-
adaptive step-sizes are more practically applicable when compared with the proposed
scheme in [92] which uses constant stepsize.

e under mild condition, obtains weak and strong convergence algorithms to a solu-
tion of the EP(3.1.1) without the condition of strong pseudomonotonicity of the
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bifunction f as it was done in [36, Theorem 4.1], [78, Algorithm 1].

e used the nonnegative sequence {6,,} reflecting the inertial part to be in [0, 1) which
is quite different from what is obtainable in [30], where 6,, € [0, 3).

5.3 Future Research

There is a good number of research works of many scholars that discussed the equilibrium
problems in Hilbert spaces, though more works are still needed to be done in this direction
as equilibrium problems have not been fully exploited.

In future study, it is our desire to extend some of the results achieved for the problem
considered in this dissertation, and other convex problems to an interesting space known
as the Hadamard space. Also, one may attempt to achieve similar results as they are in
chapter 4 without the line rule condition. Let us briefly describe the Hadamard space:

Definition 5.3.1. Let the pair (€,d) be a metric space with the metric d. For each s,z € £,
an operator ¢ : [0,d(s,z)] — & is called a geodesic with end endpoints s,z if ¢(0) =
s, ¢(d(s,2)) =z and d(¢(t), p(w)) = |t —w| for every t,w € [0,d(s, 2)].

The image of ¢ is known as a geodesic (or metric) segment joining s to z. If the geodesic
is uniquely determined for each s,z € &£, then the image of the geodesic segment or the
geodesic with endpoints s,z € £ is denoted by [s,z]. (€,d) is called a geodesic space
whenever there is a geodesic for each endpoints in £, and & is said to be uniquely geodesic
if there exists exactly one geodesic joining s and z for any s,z € £.

Definition 5.3.2. Suppose & is a uniquely geodesic space and C C E. Then C is called a
convez subset of € if [s,z] C C for every s,z € C.

A geodesic triangle A(sq, s9,83) in a geodesic metric space £ consists of three points
s1, 82,83 € &€ (the vertices of A), and a geodesic segment between each pair of vertices
(the edges of A). A comparison triangle for A(sy, s, 53) in £ is a triangle A(s, so, 83) =
(81,52, 83) in the Euclidean plane R? such that dg2(5;,2;) = d(s;, 2;) for each i,j €
{1,2, 3}, where dg: is the usual metric in R?. A geodesic metric space £ is called a C AT(0)
space if all geodesic triangles satisfy the following axiom:

Let A be a geodesic triangle in £, and let A be its comparison triangle in R2. Then, A s
said to satisfy C'AT'(0) inequality if for each s,z € A and all comparison points 3, Z € A

d(s, z) = dga (3, 2).

A complete CAT(0) space is called a Hadamard space.

Definition 5.3.3. A point w € CAT(0) denoted by w = (1 — X\)s @ Az is called a unique
point in CAT(0) if d(s,w) = Ad(s,2) and d(z,w) = (1 — N)d(s, z) for all X € [0, 1].

An interesting thing that draws our attention to the Hadamard spaces is the fact that any
real inner product space (not necessarily complete) is a CAT(0) space and conversely, if
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a real normed vector space is a C AT (p) space for some real p, then it is an inner product
space. Thus, in this space, we intend to study the equilibrium problem defined by

obtain 7 € C, a convex subset of the geodesic metric space &,

for which f(7,s) £ 0, VseC.

Where f:C C € xC C £ — R is a bifunction such that f(u,u) = 0 for each u € C.
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