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Abstract

This work details findings of an analytical, numerical and experimental investigation into the phys-
ical nature of three-dimensional shock reflection transition. Steady flow shock reflections comprise
two types: regular reflection and Mach reflection. Reflection studies have previously been con-
ducted using double-wedge symmetrical test piece configurations. It had been found by previous
researchers that the expansion waves resulting from the side edges of the wedges would influence
the reflection plane. The three-dimensional nature of real experimental flows gives rise to there
generally being a coexistence of regular reflection (at the central portions) and Mach reflection
(towards the outer peripheral portions) in between which transition occurs. It is the object of this
work to understand three-dimensional transition for flow fields in which edge effects do not in-
fluence the reflection plane. Specially modified test piece geometry was developed for this purpose.

Experimental tests were required for validation of the numerical models of the flow field. This was
achieved by obtaining oblique shadowgraphs with optical orientation in both yaw and roll to assist
in visualising the three-dimensional features of the flow field. These were compared with numeri-
cally reconstructed images at the same oblique orientations using a novel reconstruction technique.

The main objective of this work was to identify the degree of correspondence of the three-
dimensional transition conditions to those of two-dimensional flows. This was facilitated by means
of reducing the three-dimensional analysis to an effective two-dimensional one. It was found that
the three-dimensional transition points occur at a higher effective angle than predicted by two-
dimensional criteria, and tend towards two-dimensional criteria at reduced free-stream Mach num-
bers and increased model geometrical spreads.

Another important aspect of this work was the nature of the intersection line in the vicinity
of the transition point, i.e., the point of impingement of the incident wave and its Mach surface
on the horizontal symmetry plane in between the test pieces. Here it was found that a cusp ex-
ists in the sweep profile of the intersection line at the transition point. This was proved from a
theoretical standpoint based on a model developed for the analysis of the flow in the vicinity of
transition. Evidence of this from the numerical and experimental results is given as well. Higher
geometrical spreads and lower free-stream Mach numbers were found to create flatter intersection
line profiles at the horizontal symmetry plane on which the transition points were located further
forward towards the apex of this line and which gave rise to greater transverse deflections for the
streamlines passing through the regular reflection portions.

Further discussion revolves around the nature of the shear and Mach surfaces. The Mach surface
heights (representative of the triple line trajectories) are shown to increase monotonically. The
shear layer edge trajectory, which originates at the sweep cusp, was found to show considerable
transverse divergence but in keeping with the nature and extent of the transition cusp sweep dif-
ferential, which in some cases was found to be large enough to cause a strong shock solution for
the Mach reflection portion. In this case the shear surface edge trajectory diverted from trends

il



seen for other models. The nature of the shear surface as a whole revealed interesting insights
into the negative triple configuration of the Mach reflection portions which comprised of convex
Mach surfaces. This is in contrast to the geometry obtained for the Mach surface for full Mach
reflection numerically studied with a highly-spread geometry. Here, the flat Mach surface was
found to increase monotonically towards the periphery in contrast to what was found for flows
with edge influences on the Mach surface. It is suggested that this is what precludes complex
reflection (central Mach reflection, transitioning to regular reflection further out, with a further
transition to Mach reflection at the periphery) from being obtained in such flow fields.
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Scope and contribution

This work presents novel physical findings resulting from the study of three-dimensional shock
wave reflection transition. These have contributed to the field in the following ways:

e A novel analytical model has been developed which fully describes the physical conditions of
the flow field at the three-dimensional transition point which is free from the influence of edge
perturbations. This has led to the discovery of a cusp in the profile on the intersection line of
the incident shock surface with the horizontal symmetry plane. Further confirmation of this
has been obtained by way of a number of numerical and experimental results. In addition,
the developed model is shown to be amenable to resolution of the transition cusp by way
of an inverse solution method using measurements from numerical results. The existence of
the transition cusp is therefore justified by analytical, numerical and experimental evidence.

e The systematic and controlled study of three-dimensional flow fields and transition has con-
tributed to the understanding of the extent to which three-dimensional transition conditions
correspond with that of two-dimensional flows. This has been investigated for a variety
of shock and intersection line profiles as well as for free-stream Mach number variations
from M; = 2.8 to M; = 3.4. Shock geometry variation has been achieved by further mod-
ification to the test pieces in terms of altering their transverse spread. These test pieces
have successfully facilitated this study by eliminating the influence of edge effects on the
three-dimensional transition points.

e The resolution, extraction, and detailed examination of the shear and Mach surfaces for cases
exhibiting transition as well as those with full Mach reflection represents the first time this
is carried out for flows without edge influences. This aspect has shown interesting results in
the way of triple line trajectories, convex orientations of the Mach surfaces (as opposed to
concave ones for two-dimensional cases), as well as notable physical conditions and spatial
trajectories pertaining to the shear surfaces.

e A novel validation technique has been developed and successfully applied within this work for
direct comparison of numerical data with experimental images. The latter was obtained from
oblique shadow photography by orientating the optics and optical path in three-dimensional
space. The technique that has been developed allows the computational re-construction
of shadow and schlieren images from the numerical data for any arbitrary optical path
orientation in three-dimensional space (i.e., for roll, yaw, pitch and any combination of these).
This represents a useful tool for future experimenters involved with three-dimensional flows.
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Chapter 1

Introduction

1.1 The formation of shock waves in steady flow

Steady fluid low about an arbitrarily-shaped body placed in its path exhibits considerably different
characteristics depending on whether the free-stream flow speed is subsonic (lower than the local
sound speed) or supersonic (above local sound speed). The distinction between the two regimes
relies on the fact that the obstructing body transmits pressure signals to the fluid upstream of it,
this transmission occurring at the local sound speed. In the former case of a subsonic flow regime,
the pressure signals reach the oncoming flow streams well before the body is encountered by the
fluid. This causes the flow to undergo a gentle local directional change and adjust its path to
follow that of the body - in as far as other effects such as boundary-layer growth do not further
alter the approaching flow. The directional adjustment is made some distance upstream of the
body. A schematic of this is shown in Figure 1.1a.

shock front

subsonic streamlines

supersonic free-stream

(a) Subsonic flow past a wedge-body obstruc-
tion. Body pressure signals shown with dotted (b) Supersonic flow past a wedge-body obstruc-
lines. tion.

Figure 1.1: Comparisons between free-stream steady flow speed regimes.

In the latter case concerning a supersonic steady flow free-stream, the pressure signals emitted by
the body are transmitted at a speed slower than that with which the oncoming flow approaches.
By virtue of the flow being compressible, the natural phenomenon is for there to be a coalescence
of the fluid at some finite distance from the body, and not necessarily at the same distance from
all body surfaces. The locus of this coalescence forms a shock wave, and allows for an abrupt
change of direction after which the flow is locally parallel to the body. This situation is shown
schematically in Figure 1.1b. Steady flow shock waves, in general, also give rise to sudden property
changes through them, always resulting in a decrease in velocity and an increase in static pressure.



The schematics of Figure 1.1 show a two-dimensional flow field, wherein the analysis is constrained
to within the plane of the page. In reality, however, shock waves are actually shock surfaces, as
shown in Figure 1.2b. But this is again somewhat of an idealisation, as planar shock surfaces
would theoretically only be realisable if the body about which they form is infinitely long in the
transverse direction. For finite aspect-ratio bodies the shock surfaces are swept backwards and
downstream as shown in Figure 1.2c. Furthermore, due to the three-dimensional nature of the
shock wave, the post-shock flow velocity vectors are also comprised of three components. The
additional dimension can be thought of as an additional degree-of-freedom by which an arbitrary
streamline may have its local properties altered thus leading to vastly different flow conditions
than those realisable in two-dimensional flows, as will be shown in this work.

/ :

(b) A planar shock wave (sur-
(a) A shock wave in a two- face) in a three-dimensional (c) Swept shock surface about a finite aspect-
dimensional flow. flow. ratio body.

Figure 1.2: Representations of two- and three-dimensional shock waves - the arrow shows the flow
direction for the free-stream.

1.2 Background

Numerous works have been undertaken to investigate the physics of two-dimensional supersonic
flow fields. Of particular interest is the phenomenon of reflection and interaction of shock waves,
and these phenomena are relevant to, amongst other things, aircraft engine intakes. A brief
overview of shock reflection is required to put the current research into context. First, reflection
phenomena are introduced for two-dimensional flows which enables the extension of those concepts
to three-dimensional cases.

Consider a two-dimensional wedge-body placed in the vicinity of a wall surface, as shown in
Figure 1.3a. This wall is idealised to be rigid, smooth and adiabatic, to preclude boundary layer
and thermal effects. The idealised wall surface is equivalent to a symmetry plane present in exper-
imental setups in which wedge bodies are located symmetrically about a horizontal image plane
in a wind tunnel test section. Upon encountering the wedge and wall the free-stream is required
to deflect through a shock wave and move towards the wall. The flow here is also supersonic,
and upon nearing the wall a second shock wave naturally occurs thereby returning the flow to be
parallel to the wall in the same way that the free-stream was turned to be parallel with the wedge.
The second shock is called the reflected shock and there are two main configurations for shock
reflections in steady flows. Regular reflection produces shock configurations of the type shown
in Figure 1.3a, whilst Mach reflection is shown in Figure 1.3b. Further details regarding these
reflection types, and the physics of transition between them, can be found in Chapter 2.
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Figure 1.3: Schematics of regular and Mach reflection configurations in steady flow.

Tl Mach reflection portion

Regular reflection portion

Incident shock surface

Figure 1.4: Dual existence of reflection types in a three-dimensional flow field with transition
points indicated as T} and T5.

For most three-dimensional flows investigated at the time of writing, both regular reflection and
Mach reflection types occur in the same flow field, as shown in Figure 1.4. There is a physical
transition mechanism occurring between one reflection type and the other as one considers span-
wise stations moving progressively outwards in a transverse direction. It is important to note that
this is in addition to the transition conditions relevant to the reflection in the vertical mid-plane
of the flow domain, as would be envisioned in a two-dimensional study. The study of the physical
processes and fluid dynamics of the transition mechanisms in a three-dimensional flow is an im-
portant step towards elucidating further information on real flow fields, in which such a transition
is usually present. This is the main concern of this work.

1.3 Motivation

Interest in three-dimensional supersonic flows, in which there is a dual-existence of the different
reflection types, arose from earlier studies of the three-dimensional fields produced by wedge mod-
els. It was first found by Skews [7] that the transition of the reflection pattern at the vertical
mid-plane was influenced by edge Mach cones. These comprise edge signals transmitted to the
flow field in the vicinity of the Mach cone, as shown in Figure 1.5a. The effect of these signals
on the wedge surface flow is to divert the streamlines towards to the wedge edge, which occurs
at the locus of the intersection of the Mach cone with the wedge surface and the streamlines.
This results in the formation of edge vortices shown in blue in Figure 1.5a. Additionally, the
edge Mach cones were found to envelop the transition point 7" separating the regular and Mach
reflection portions of the three-dimensional interaction (Figure 1.5b). The effect of these trans-
mitted signals on the transition point 7" is to communicate body aspect ratio information to this
point, as well as to exact an expansion effect on the flow in and around this region. A study of
three-dimensional transition under the influence of such edge-effects would be unrepresentative



of the true physical nature of transition. The current research is thus motivated by the require-
ment to eliminate edge effects from influencing the transition point 7" in order for a proper study
of the associated physical conditions at transition to be made. Also, it is necessary to reduce
any further effects due to model geometry which could be communicated to this transition point
by way of information paths opening up, if for example, there are subsonic pockets in the flow field.

Three-dimensional fields exhibiting transition of the nature dealt with in this work are readily
realised regarding aircraft stores attached to the underside of a wing of a supersonic aircraft [1, 2,

3).

Edge Mach cone

(a) Mach cone and its effect on the flow in its vicinity. Intersection of the Mach cone with the wedge
surface shown with a red dotted line along the wedge surface. Edge vortices shown in blue.

Horizontal symmetry plane

Mach reflection portion

\ Incident shock surface

(b) Edge effects influencing three-dimensional transition points (single wedge half-span shown here).
Intersection of the Mach cone with the incident shock surface shown with a red dotted line after which
the regular reflection portion starts to sweep back.

Figure 1.5: Formation and effects of the edge Mach cone.



Chapter 2

Literature review

2.1 Introduction

This Chapter first presents introductory details related to two-dimensional shock reflections, for
which regular and Mach reflection types exist in a steady flow. These flows are generally exper-
imentally studied using double-wedge configurations, in which wedges are placed symmetrically
opposite each other in a wind tunnel test section. The symmetry plane between them is thus an
idealised rigid, adiabatic, perfectly smooth wall surface.

Various transition criteria are explored for the physical conditions permitting a certain reflec-
tion type to exist in a two-dimensional flow. The reflection hysteresis phenomenon is also briefly
considered, which makes applicable different transition criteria depending on whether the domain
for shock reflection transition is being entered with an initial configuration of Mach reflection, or
regular reflection. These topics are all for two-dimensional flows, but are very relevant for the
three-dimensional ones. Three-dimensional edge effects are next considered, which result from the
finite aspect ratio wedges used in experiments. The edge signals are crucial to understanding the
reasons for certain experiments not producing the hysteresis phenomenon, whilst two-dimensional
numerical simulations do. Lastly, the details regarding three-dimensional regular intersection of
planar shock surfaces is examined, which elucidates certain relevant flow physics.

2.2 Two-dimensional shock interaction

In order to understand the transition between different shock interaction configurations, a physical
interpretation needs to be made of the different types of shock interactions in steady flow. As
such, only regular and Mach interactions will be considered. The theoretical foundation for the
gas flows about these shock configurations is developed from two- and three-shock theories. These
will be presented for the two-dimensional case, together with their governing equations, for which
flow is constrained to exist in a single plane (i.e that of the paper). The reflection transition
criteria will also be presented. These provide the physical basis for the existence of the different
reflection configurations given certain free-stream states, and discriminate between which type(s)
are physically able to exist at the reflection line. This section forms the basis for the application
of the principles explained here to the interaction of shock waves in three-dimensional space.

2.2.1 Regular reflection

Consider a supersonic free-stream, at a Mach number of M;, as shown in Figure 2.1. The flow
is made to turn in on itself by means of a wedge body and an idealised wall surface which we



Figure 2.1: Regular reflection configuration.

will assume to be perfectly rigid, smooth, and adiabatic. Due to the condition that disturbances
from the wedge cannot propagate upstream in a supersonic flow, a shock wave is formed from
the leading edge of the wedge. As a result of the wedge in the flow field, the gas must change
its direction and turn to follow the wedge contour, which happens to be straight in this case. It
does so once it passes through the shock attached to the leading edge, termed the incident shock
hereafter. Through the incident shock, flow properties are altered discontinuously in space, and
the flow direction abruptly changes. The Mach number of the fluid is now M,. The gas has been
turned by an angle equivalent to that of the wedge angle, . Note that the shock wave is formed
at an angle 6; with respect to the free-stream.

Upon passing through the incident shock, and becoming inclined to the horizontal, the gas starts
to approach the wall surface in the same way as it approached the wedge surface in region 1.
Therefore, since the flow is supersonic, again the same idea applies here and the flow must be
turned parallel to the wall through another shock wave. The shock here is termed the reflected
wave hereafter, and is not at the same angle to the wall as the incident shock is relative to the
free-stream. That is to say, reflection is generally not specular, as 6; # €1,., because My < M; and
the reflected shock is weaker than the incident shock [18].

In experimental flows where the incident shock wave is formed by a wedge-body, the trailing
edge of the wedge serves as a means of expanding the flow. In certain instances this is not desired,
especially in studies involving investigation of the reflected wave, although this is difficult to avoid.
The reason that the reflected wave is affected by the trailing edge expansion is that the expansion
fan characteristics springing from the trailing edge serve to weaken the reflected wave along the
segment subtended by the characteristics. This is due to the pressure drop it induces along the
wave, and as a result it develops a curved shape. In figure 2.1, the leading and trailing expansion
characteristics are shown by the bold dotted lines, and those in the region between these two
characteristics are shown as solid lines. It should be noted that the flow in region 3, behind the
reflected shock, is somewhat distorted due to the presence of the curvature of the reflected wave.
This region also experiences an expansion effect to some extent because of the refraction of the
expansion characteristics though the reflected wave. The region is consequently not uniform far
away from the interaction point, as is often assumed by most theories on reflection [21, 27, 31].

Governing equations of regular reflection

In order to describe the states in front and behind each of the shock waves in regular reflection,
the two-dimensional gas dynamic relations for oblique shocks must be invoked. Since the govern-
ing equations relate the gas properties on either side of a shock wave, the same relations apply



irrespective of whether one is considering the incident or the reflected shock. In their most general
form, these equations are

Di + plufsznZ(el) = Pi+1 —+ pi+1u142+152'n2<91 — (5) (22)
pitan(0;) = p;y1tan(f; — 9) (2.3)

1 1
hi + ~uisin®(0;) = hiyq + Eu?+1sin2(0i —9) (2.4)

2 K2
where i = 1,2 for initial states before and after the incident wave respectively [27]. In addition,

there is a compatibility relation that constrains the above governing equations to return permissible
states characteristic of regular reflection, namely

M?sin?6; — 1
— -119 1 1
o =tan™ [t e o3|

for which 0 is constant for regular reflection, since the flow turned by the wedge must be turned
back through the same angle to be parallel with the wall [27]. Flow deflection angle § in Equation
2.5 is a function of free-stream Mach number M; and the shock angle required for the given
deflection, #;. However, not all combinations of M; and #; permit physically realisable solutions
for regular reflection. Transition criteria are given further attention in a later section, however
it is enough to state here that in these instances the shock configuration is altered. This new
configuration is termed Mach reflection.

(2.5)

2.2.2 Mach reflection

Certain constraints on the inclination of the shock waves and conditions of the free-stream exist
such that regular reflection is not always realisable for an inviscid supersonic flow bounded by a
wedge and a wall. Such constraints will be dealt with in the next sections, but for now suffice it
to state that the system of shock waves will change its configuration to that shown in Figure 2.2.
Certain angles shown in Figure 2.1 are omitted here for clarity, but still apply.

Figure 2.2: Mach reflection configuration.

Once again, there is an incident shock wave formed by the presence of the wedge. There is also
a reflected wave, along which expansion characteristics impinge, which attenuate this wave to a
certain extent. However, unlike in regular reflection, the reflected wave does not cause a flow
deflection fully opposing that induced by the incident wave. Instead, it is only able to turn the
flow back by an angle d, where d; — d; = 03 > 0 [27]. An important feature of Mach reflection
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is that the incident and reflected wave meet at a point away from the wall surface. The distance
between this point and the wall is bridged by a Mach stem. All three shocks meet at a point termed
the triple point. The Mach stem shock separates the free-stream from the region behind it, with
the effect that the free-stream flow processed by this shock, and that processed by the combined
system of incident and reflected waves are at different states. These regions are separated by a
slipline, shown in the figure as a dotted line emanating from the triple point. For the local flow
close to the triple point, the pressures in regions 3 and 4 are required to be identical, as are the
flow directions. These boundary conditions are to be satisfied in order to permit the solution of
the flows in the various regions to be physically realisable. However, various theoretical solutions,
such as those relating to the prediction of Mach stem height, relax these conditions somewhat in
the interests of practical computation of the required solution [31, 27].

Governing equations of Mach reflection

As with regular reflection, two-dimensional gas dynamic relations across oblique shock waves are
invoked as follows,

piwisin(6;) = piy1ui1sin(0; — 6;) (2.6)
pi + piursin®(0;) = piy1 + pisrui g sin®(0; — &) (2.7)
pitan(0;) = pyoatan(f; — 6;) (2.8)
1 1
h; + iu?smg(ﬁi) =hit1 + iu?HSinQ(Qi — ;) (2.9)

for i = 1,2 i.e across the incident and reflected shock waves [27]. Across the Mach stem in the
region close to the triple point the oblique relations also hold [27].

pruisin(fs) = pyuygsin(s — o3) (2.10)

p1+ pruisin®(0s) = py + pauisin®(0s — &) (2.11)
pitan(0s) (2.12)

(65) (2.13)

It should be noted that the Mach stem is not a straight oblique or normal shock. Its local
curvature varies along it, and it is generally accepted that it is perpendicular to the wall at the
foot of the stem, as shown in Figure 2.2. It is due to this curvature that the flow in region 4 is
not uniform, in the same way that the flow is not uniform in region 3 due to the effect of the
expansion characteristics in this region. Therefore, the compatibility conditions

P3 =D (2.15)

apply only in the vicinity of the triple point. Certain analytical solutions have simplified the
situation somewhat by taking the Mach stem to be a normal shock wave, but still preserving the
direction condition of Equation 2.14 [21]. Others [31] have taken the Mach stem to be a nor-
mal wave, but with a post-shock pressure computed as the average pressure of that for a normal
shock and that at the sonic throat behind the Mach stem (see below). Both approaches lead to
inconsistency in the solution, foregone in the interest of a practically computable solution which
approaches that of a real Mach reflection situation. Nevertheless, the Mach stem is everywhere a
strong shock, even in the immediate vicinity of the triple point. Immediately behind the stem the
flow is therefore subsonic in a two-dimensional planar flow field. Hence, we see that the approxi-
mation of the Mach stem shock as a normal shock is not unreasonable.



Additionally, the expansion characteristics also have the effect of interacting with the slipstream.
As stated in [5], this interaction serves to accelerate the flow in the subsonic patch behind the
Mach stem due to the induced pressure-drop in this region. In addition, the slipline starts to curve
upwards at the sites of impingement of the expansion characteristics. The overall effect is that the
slipline is shaped into a nozzle, in which the flow behind the Mach stem is accelerated, becomes
sonic, and is expanded to supersonic speeds once more. However, of importance is the subsonic
pocket which exists behind the Mach stem and before the throat. This is susceptible to down-
stream influences affecting the triple point, and has been a region of interest for studies looking
at the transition from one type of reflection to another. It should be noted, as stated in [21], that
the subsonic patch is only susceptible to influences that directly affect the gas flow in this patch.
Downstream influences that ostensibly affect the supersonic region behind it would clearly not
have an influence on the subsonic patch. It is clear then, that another source of disturbance to the
subsonic region behind a Mach stem could readily be propagated through transverse information
paths in a three-dimensional situation where Mach reflection exists in the core, central region,
especially in experimental configurations in a wind tunnel test section. This has been an area of
interest due to its relevance in understanding the stability (or lack thereof) of one reflection type
versus another, and will be discussed in detail in later sections.

2.3 Two-dimensional reflection transition

Reflection transition has been a topic of great interest and importance for the last four decades. A
great number of works have been produced regarding the physical mechanism of transition. This
was spurred on by the apparent disagreement between numerical models and experimental data
regarding the conditions of the flow at which transition occurs, as well as the associated hysteresis
phenomenon, which was realisable in numerical two-dimensional models but not to the same ex-
tent in experimental investigations. It is not the aim of this section to review each contribution to
the understanding of two-dimensional transition phenomena, but rather to explain the underlying
physical principles which are necessarily taken forward in this study in an effort to understand
three-dimensional transition.

The two criteria governing the transition from regular to Mach reflection (and vice versa) originally
proposed by von Neumann in 1943 are the detachment and von Neumann criteria.

2.3.1 Detachment Criterion

The detachment criterion for the transition in oblique shock reflection is based on the mode of
detachment of an oblique shock from the leading edge of a wedge. In this basic case, either the
free-stream Mach number or wedge deflection angle do not permit an attached shock solution (see
Figure 2.3). In the same way, if the Mach number M; or flow deflection angle ¢ after the incident
shock would not permit an attached shock solution required for the flow to turn itself parallel
with the wall by an angle §, then Mach reflection would ensue. This can be better illustrated
with the use of a shock polar as in Figure 2.4, in which the red polar (labelled D) indicates the
detachment condition. The fact that the reflected polar becomes tangent to the pressure-ratio axis
is indicative of this polar curve being the limiting case in which there can be regular reflection at
the condition indicated RR on Figure 2.4. Any further flow deflection through the incident shock
produces a polar that does not cross or become tangent to the pressure ratio axis. In this latter
case, we would obtain Mach reflection as there would be a non-zero deflection after the reflected
wave, indicating a finite deflection angle near the triple point. At detachment, if an infinitesimal



Figure 2.3: Shock detachment from a wedge.

p
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Figure 2.4: Shock polars for transition conditions.

increase in flow deflection after the incident wave is considered, there would occur Mach reflection
(MR) as indicated in Figure 2.4 at the intersection of the incident and reflected polars to the right
of the pressure-ratio axis. This would be accompanied by a distinct drop in the pressure ratio for
the MR solution as the reflection transitions from RR.

It is also worth mentioning here that if one were to increase the flow deflection angle behind
the incident shock in an effort to realise Mach reflection, there would come a point where the
flow behind the reflected wave is first sonic before detachment occurred. This is known as the
sonic condition [27] which is very close to the detachment condition in terms of free-stream Mach
number and flow deflection angles that define it. Hence, this condition is omitted from Figure 2.4
for the sake of clarity.

2.3.2 von Neumann condition

The blue polar curve (labelled v — N) drawn in Figure 2.4 shows the point at which the reflected
polar coincides with the highest pressure-ratio obtainable across an incident shock with the same
free-stream conditions. This corresponds to a normal shock solution as the post-reflected shock
net deflection is zero and gives rise to the suggestion that Mach reflection can also occur at this
intersection point. This can be realised if one imagines a polar just to the right of the von-Neumann
condition polar, shown as a dotted line in Figure 2.4, where there is an intersection with the upper
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part of the incident polar. In the limit of an infinitesimal increase of the flow deflection behind
the incident wave beyond that of the von-Neumann condition, it is seen that there is a smooth
pressure transition between regular and Mach reflection. The state behind the reflected wave is
now located on the reflected polar intersection with the incident polar, off the pressure ratio axis
for Mach reflection to occur. In light of the smooth pressure transition, this condition has also
been termed the mechanical equilibrium condition. This fact is one of the main arguments for
this condition being readily obtainable in experimental flows, as the detachment condition does
not allow this smooth pressure transition - there is a rather large pressure jump between states on
the detachment polar permitting regular and Mach reflection, and transition at the detachment
condition would require this to happen. It is mentioned here that the von Neumann criterion does
not apply for M; < 2.2 for y = 1.4 (ratio of specific heats) as this is at the upper free-stream
Mach number limit at which a normal shock would have a downstream pressure equivalent to that
downstream of a regularly reflected shock at the same free-stream conditions [27].

2.3.3 Dual-solution domain

As has been shown in [27], in the region between the von-Neumann and detachment polars there
exist states along every intermediate polar on which both regular and Mach reflection would be
possible. On each such polar, states which lie on the pressure-ratio axis correspond to regular
reflection, whilst those at the intersection of reflected and incident polars correspond to Mach
reflection. In this dual-solution domain both reflection types are theoretically possible. As men-
tioned, the von-Neumann condition has been favoured in certain experimental studies, but both
types have been observed in later numerical and even experimental works such as [20].

In terms of flow deflection, shock angles and free-stream Mach numbers, the dual solution do-
main can be seen in Figures 2.5 and 2.6. These show the flow deflection § and shock angles 6
at a given Mach number for which the von-Neumann and detachment conditions apply. Above
the detachment condition, only Mach reflection is possible, and below the von-Neumann line only
regular reflection is possible. Between the two curves lies the dual-solution domain for which
dun < 0 < dp for the flow deflection angle, and 6, < 6 < 0p for the shock angle.

The fact that there are limiting conditions that permit either one or the other reflection type to
occur leads to a concept of hysteresis regarding the reflection types. This depends on whether the
Mach number or flow deflection angle is increased or decreased from a point in either of the regions
in Figures 2.5 or 2.6 at which only one reflection type is possible. The physical principle behind
this was originally proposed by Hornung et al. (1979) [4], and re-iterated in a later related work
[5] in which an experimental investigation of this hypothesis was done. It relies on the fact that
in an already-established Mach reflection, independent of the process by which it is established,
an information path is opened up between the wedge and the subsonic patch downstream of the
Mach stem. This means that a length scale (i.e the wedge surface length) is communicated to
the reflection point by means of the expansion signals at the trailing edge. These signals have
been shown in Figure 2.2. Therefore, for a deflection angle which is decreased from above the
detachment line to within the dual-solution domain, d,5 < d < dp, Mach reflection is expected
to persist up until 6 = d,, after which any further decrease in 6 would give RR. The reverse is
true when considering an increase in deflection angle from below the von-Neumann transition line.
Here, no such information path is established as ¢ is increased to within the dual-solution domain,
since the flow is everywhere supersonic and there is no physical basis for which an information
path between the wedge and the reflection point can exist. This gives rise to the persistence of
RR up until § = dp. This difference in transition states depending on the initial reflection type
gives rise to the hysteresis phenomenon discussed in the next section.
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Figure 2.5: 2D transition criteria based on flow deflection angle.

2.4 Introducing three-dimensional flows and edge effects

This section is mainly informed by the conceptions of Skews in [7, 8] who contributed significantly
to discussions around the differences between experimental and numerical results for the reflec-
tion transition of what were ostensibly two-dimensional studies of shock reflection. First, a brief
overview of the progress made to understand the true nature of double wedge experimental flows
is given.

2.4.1 Hysteresis discrepancy

The hysteresis phenomenon mentioned in Section 2.3 underwent significant experimental and nu-
merical investigation since its conception by Hornung et al. [4], and certain contributions are
mentioned here. The experiments carried out by Hornung and Robinson [5] were specifically in an
attempt to demonstrate the existence of Mach reflection up until the von-Neumann condition with
decreasing wedge angle, and the persistence of regular reflection up until the detachment criterion
with increasing wedge angle. Interestingly, despite numerous tests, transition was consistently
obtained at the von-Neumann criterion regardless of whether the wedge angle was increased or
decreased from above or below the detachment and von-Neumann conditions. Other studies were
in agreement with these findings, and it remained to find out the physical reasons for hysteresis
not being obtained in the experimental setups.

A most thorough work by Fomin et al. (1996) [10], postulated that, of the numerous factors

investigated for being the cause of the aforementioned discrepancy, hysteretic behaviour was most
dependent on wind tunnel noise and wedge aspect ratio, as explained in [7]. That wind tunnel
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Figure 2.6: 2D transition criteria based on shock angle.

noise was the main cause for the discrepancy was favoured, this being well-founded on numerical
simulations done at the time wherein reflection conditions were intentionally tripped by introduc-
ing disturbances into the flow field. This is in the same vein as those carried out relatively recently
by Mouton [20] who investigated reflection transition by way of laser energy deposition onto the
surfaces of wedge models. The effect of noise reduction also underwent significant investigation,
and tunnel start-up-induced noise was eliminated by varying wedge angles during a test rather
than shutting the tunnel down before changing the wedge angle. Interestingly, hysteresis was not
obtained in such experiments done by Hornung and Robinson [5], but were present to a limited
extent as found by Chpoun et al. [22] in an open jet continuous facility. However, the experiments
by Ivanov et al. [11] carried out in a low-noise wind tunnel demonstrated hysteresis to the extent
that transition from regular reflection to Mach reflection was obtained at the detachment condi-
tion. This marked the first set of results which demonstrated persistence of regular reflection to
such an extent, and credited reduced free-stream perturbations as one of the governing factors for
the realisation of such results. Ivanov et al. [11] also showed the persistence of Mach reflection as
the wedge angle was reduced from above the detachment criterion, through the dual-solution do-
main until slightly below the von-Neumann condition, thus successfully demonstrating hysteresis.
It is emphasised that the wedge geometries were made to adhere to inlet aspect ratio constraints
(discussed below) which precluded interference from three-dimensional edge effects, these playing
a key role in tripping transition to Mach reflection prematurely at the von-Neumann condition.
Much later, tests conducted by Mouton [20] obtained hyteresis to a certain extent within the
dual-solution domain as a means for demonstrating the extent of flow quietness in the free-stream.

The experimental works carried out were informed by two-dimensional numerical results which

indicated that hysteresis is indeed possible [13, 23]. These studies were performed in an idealised
two-dimensional domain in which the flow field was constrained to within a single plane. This is
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not the case for experiments, the discriminating factor being that the wedges used are always of
finite aspect ratio. This gave rise to questions concerning the effect of the finite aspect ratio on the
flow field and whether this has any effect on the hysteresis discrepancy. This idea was borne out
of results obtained in double wedge studies [9] which showed flow features that were unexpected
for a purely two-dimensional symmetric flow.

2.4.2 Finite aspect ratio edge effects

A schematic of the three-dimensional flow field is given in Figure 2.7, which is drawn for a quarter-
model i.e the half-span of a single wedge is shown, with the far side being terminated at the vertical
symmetry plane. The incident wave surface I is shown in orange, and is seen to diffract around the
side edge of the wedge, as well as to sweep backwards. These changes occurring on the incident
wave are shown in yellow and start from the locus of the intersection of the edge Mach cone with
the incident shock surface. The central core of undisturbed flow is shown in orange and this region
thus narrows towards the horizontal symmetry plane. The reflected wave R is shown uncoloured.
The line of reflection (termed the intersection line from here onwards and shown in green) changes
from regular reflection near the central portion to a Mach reflection at the periphery which is
characterised by the Mach surface M shown in blue. The slipstream surface S, previously drawn
as a line for the two-dimensional case, is coloured red. The wedge finite aspect ratio gives rise to

. Intersection line

Wedge

Figure 2.7: Schematic of the three-dimensional flow field existing for a quarter-model of the double
wedge configuration, adapted from [7]. Line of intersection of shock surfaces with the horizontal
symmetry plane shown in green.

a centred Mach cone along the side edge of the wedge, as shown in Figure 2.8. Within the Mach
cone, signals are propagated in the same way as with a centred expansion fan at the trailing edge
of a wedge. This causes a decrease in pressure, and an associated diffraction of the incident shock
around the wedge edge, which is shown as the yellow translucent surface in Figure 2.8. Here, the
incident shock surface is drawn up until it lines up with the reflection line of the planar orange
shock surface over the wedge. The incident shock surface is drawn up until it intersects with the
symmetry plane a distance h above the wedge leading edge. Importantly, the dimensions of the
wedge and its proximity to the reflection (symmetry) plane dictate the degree to which the Mach
cone influences certain regions of the flow field, as given in [7].

In particular, the intersection point P of the Mach cone with the incident shock surface is a
distance p from the leading edge along the wedge surface, which is formulated by

b
~ tan? i — tan2(6 — 9)

p

14



Figure 2.8: Influence of the Mach cone on the incident wave surface shown for a quarter-model.
Shock surfaces drawn up until intersection with the horizontal symmetry plane. Intersection of
the Mach cone with the shock surface is shown with the thick red line. Intersection with the wedge
surface shown with the thick blue line.

where b is half of the wedge span, 6 is the shock angle, 6 the wedge angle and p the Mach angle
for the flow between the shock surface and wedge. This leads to the definition of a minimum
inlet aspect ratio, of wedge half-span to leading edge distance from the reflection plane, which
precludes edge influences on the vertical mid-plane reflection point. A higher inlet aspect ratio
would allow a two-dimensional core flow to exist all the way up until the shock intersection point
at the mid-plane, free of edge influences and three-dimensional effects. The limiting minimum

inlet aspect ratio is given by
b _ bcos(0 —6)
h) . in p  sind

Therefore, it is seen that the classification of a flow as being two-dimensional is not exclusively
dependent on wedge span, but is also a function of wedge spacing because large-span wedges may
still permit the mid-plane reflection point, QQ in Figure 2.8, to be enveloped by the edge Mach
cones thereby creating a three-dimensional flow situation in the central regions.

The above discussions have assumed a reflection configuration that locates regular reflection in the
central portion, with Mach reflection outwards at the periphery. Further consideration is given to
cases in which there is Mach reflection all along the intersection line.

2.4.3 Three-dimensional Mach reflection regions

A different set of flow conditions exist when there is Mach reflection at the central portion of a
three-dimensional flow field. In terms of the shock configurations, the case in which there is a full
Mach surface covering the entire intersection line is considered.

Firstly, it is well-known that in two-dimensional flows with Mach reflection, there is subsonic
flow immediately downstream of the Mach stem. Although a number of works have shown the
stem to be curved [28, 29, 30] such that it has an oblique portion nearest to the shear layer (or
slipstream), the strong shock solution is generally applicable to all portions along the stem [21,
32]. It was pointed out by Hornung and Robinson [5] that expansion characteristics impinging on
the shear layer, after being refracted through the reflected wave, cause a streamiwse pressure-drop
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in region between the shear layers (Figure 2.9). This happens to the extent that the flow behind
the Mach stem is re-accelerated, and by virtue of the formation of a throat between the shear layer
and the symmetry line, to sonic conditions after which the flow becomes supersonic once more.
It is in the subsonic region between the Mach stem and the throat that any influences, by way of
pressure signals, could directly affect the Mach stem. Conversely, there can be no propagation of
information upstream to the subsonic region should the signal originate downstream of the throat.

Wedge body

Incident shock Reflected shock

-~
-~
~
-
~

> slipstream
______________ 4 “'Ir“"“""/
T
: Sonic throat
» slipstream
Wedge body

Figure 2.9: Two-dimensional Mach reflection schematic with sonic throat as shown.

Considering a three-dimensional situation, a top view of the Mach reflection is given in Figure
2.10. In this case, there is the addition of the edge Mach cones, within which corner signals from
the wedges are present. It can be seen that such edge signals, unlike those of a two-dimensional
expansion fan, may penetrate into the central core flow, thus affecting the subsonic region behind
the central Mach surface portion. Consequently, such signals are able to influence the Mach surface
height and it is because of this that Ivanov et al. [11] proposed that the Mach stem height at the
central vertical plane for a flow with three-dimensional influences differ from that of an essentially
undisturbed core in a three-dimensional flow. In other words, should the Mach stem height at the
central plane be similar to that for a two-dimensional numerical simulation, then the core region
of the experimental flow can be taken to be free of edge influences.

An initial concept of a shock configuration with a complete Mach reflection was given by Skews
in 7], and was further refined following the experimental and numerical work by Ivanov in [12].
Interestingly, it was found that the Mach stem height varied non-monotonically, with undulations
in the transverse direction along the sweep of the intersection line (Figure 2.11a). The Mach
stem was found to be largest at the central plane, decreasing further outwards, before increasing
in height at the periphery. An even more complex reflection was obtained by Ivanov [12, 13],
where the Mach stem in the vertical symmetry plane was lowered such that the transverse height
decrease noted earlier for full Mach reflection transitioned to a regular reflection portion, before
once again transitioning to a Mach stem surface at the periphery as shown in Figure 2.11b. These
studies were carried out with test piece dimensions to intentionally have edge effects influence the
reflection plane. It still remains to study such flow fields in the complete absence of such effects
at the horizontal symmetry plane.
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Figure 2.10: Top view of fully three-dimensional Mach reflection with subsonic patch affected by

(a) Front view of three-dimensional full Mach reflec-

tion from Ivanov’s numerical calculations showing
undulating Mach surface [12].

Central MR RR
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(b) Front view of three-dimensional complex reflec-

tion from Ivanov’s numerical calculations [12].

Figure 2.11: Three-dimensional numerical results obtained with finite aspect-ratio wedges showing
full Mach reflection and complex reflection configurations [12].
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2.5 Fully three-dimensional flows

An overview of the details concerning the governing principles of three-dimensional edge effects has
been covered. Attention is now given to situations in which there is fully three-dimensional flow
throughout the flow field with a regular reflection central portion transitioning to Mach reflection
further outwards. In such situations, the edge Mach cones envelope the intersection line and the
three-dimensional transition points. Some of the points discussed here are directly applicable to
further analyses of general three-dimensional flows, regardless of whether they occur due to dou-
ble wedge configurations or some other body shapes for which the flow field contains a symmetry
plane existing as an idealised reflecting surface.

The general three-dimensional flow field is as shown in Figure 2.7. The situation in which Mach
reflection exists at the central vertical plane has been previously considered in subsection 2.4.3.
Here, the situation is that of a central portion of regular reflection which transits to Mach reflec-
tion along the intersection line. The intersection line is the locus of shock interaction points on
the horizontal symmetry plane, with a certain portion being that of regular reflection and others
being formed by intersection of Mach surfaces.

Early numerical evidence of a flow field of this nature was given by Marconi [6], but in the
absence of an edge for the axisymmetric bodies considered in that work. Axisymmetric bodies
were numerically studied as being located in close proximity to each other, thus creating a idealised
plane of symmetry in between them, or equivalently, an idealised flat plate surface as in Marconi’s
study. It was shown that the shock interaction indeed changed from regular to Mach reflection
along a swept intersection line, as shown in Figure 2.12. It was suggested that the increasing angle
of the incident shock at stations further outwards in a transverse direction caused the transition to
Mach reflection. This work postulated the use of an analysis plane to reduce the flow conditions
to the familiar two-dimensional effective situation. This reduction as applied to the analysis of
three-dimensional regular reflection is discussed in a separate section (Section 6.2). Consideration
was also given to the trajectory of the triple point after transition. It was found that the initial
slope never exceeded 4° relative to the symmetry plane as shown in Figure 2.13 of Marconi’s
results, thus leading him to suggest difficulty in experimental validation of the transition points.
This was not to be, however, as oblique shadow photography [7, 8, 24], such as the examples
given in Figure 2.15, and laser vapour screening visualisation [13, 14, 15] (see examples in Figure
2.14) enabled well-resolved location of these three-dimensional transition points for double wedge
configurations. This is despite the difficulties associated with three-dimensional re-construction of
images obtained from oblique shadow photography experiments.

Oblique shadowgraphs are shown in Figure 2.15 for a general case of fully three-dimensional reflec-
tion obtained with a double wedge configuration. Further image results of this type are studied in
more detail in [8]. From Figure 2.15a, the incident and reflected waves are clear to see. Although
the images of these mask the fact that they are swept surfaces, higher yaw and roll angles of the
optics show these waves as being curved, as can be seen for the reflected waves. This is because
the image of these waves show as that portion to which the oblique line-of-sight is tangent along
the wave surfaces. The interaction of the shock surfaces is at the symmetry plane of these images,
which displays a number of interesting features. The first is the Mach surface, which starts off at
the wall (labelled as “Wall MS” in Figure 2.15a) and is seen by the irregular vertical structure run-
ning along the height of the image. This sweeps round to the forward portions of the interaction
i.e. to the left of the image. The foreshortening of the image shows the Mach surface continuing
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Figure 2.12: Schematic of flow field obtained with Sears-Haack body in proximity with symmetry
plane [6] with transition point labelled as T7.
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Figure 2.13: Initial slope angle (x;) of triple line at transition as per the results of Marconi [6].
The transition point is as shown in Figure 2.12

z=4mm

Figure 2.14: Laser vapour screening results of Ivanov [12] for which vapour sheet was generated
parallel with the free-stream flow. Locations on z-coordinates gives the transverse distance of the
vapour sheet from the central vertical symmetry plane.
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(a) Oblique shadowgraph showing transition points
(indicated with arrows) and incident (I) and reflected
(R) waves.

(b) Full reflection pattern seen in the context of
wedges as photographed at an oblique angle.

Figure 2.15: Oblique shadowgraphs of the kind used in the current work [16].

to sweep forwards, this time towards the right of the image, and it appears behind the interaction
of the tangent incident and reflected waves as a bubble-like structure. The Mach surface termi-
nates at the left-most arrow (77) in an interesting manner. If the Mach surface is tracked from
the leftmost green dot to the red dot to the right of it, the Mach surface seems to decrease in
height and subsequently plateau for a short distance after which there is an abrupt drop in height
until the transition point 77 is reached at the left-hand arrow. Next, regular reflection ensues
until the second transition point 75 is reached at the right-hand arrow. The regular reflection
line is clearly shown as the white horizontal line bridging the two transition points. Figure 2.15b
shows the reflection with optical yaw and roll and it is seen that the three-dimensional transition
points exhibit some kind of instability as noted in [8]. The presence (or absence) of these features
at transition would be of interest in the current work for which the three-dimensional transition
points are free of edge influences. These are the types of images and features to be interpreted in
the current work and which clearly resolve the transition points.

The work by Marconi examined the pressure conditions on either side of the three-dimensional

transition points, with it being revealed that there is no pressure jump across the three-dimensional
transition points for interactions without the double Mach reflection seen in that work. This is
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in contradiction to what is expected for purely two-dimensional flows at the detachment condi-
tion, where there is a considerable and abrupt pressure adjustment between regular and Mach
reflection. The two-dimensional von-Neumann condition permits a smooth pressure change for
two-dimensional transition, a defining factor causing it to be considered the favourable criteria
from a physical standpoint, especially in light of numerous experimental works showing transition
to occur at this point.

The full influence of wedge edge effects was examined in [7, 8] which gave insight into the im-
portance of such three-dimensional effects in hastening transition at the von-Neumann criterion.
Consider Figure 2.16, which shows the shock intersection line for a three-dimensional interaction
created by a double wedge configuration. As before, there is a central regular reflection region
incorporating the intersection line apex which is defined as the forward-most portion FE of the
intersection line. It should be noted that the intersection line apex is straight due to the presence
of the wedge and that swept bodies would create a fully swept intersection line profile with an
apex at a single point. Also indicated are peripheral Mach reflection portions, with transition
points labelled as T} and 75 in between the peripheral Mach reflection and central regular reflec-
tion portions. The points at which the primary Mach cones (shown as fine dotted lines) intersect
the shock intersection line are labelled as E, and points T are enveloped by the Mach cones, as
shown. It should be noted that the regular reflection portion (shown with the thick dotted lines)
can persist even whilst under the influence of the edge Mach cones.

Figure 2.16: Top view of three-dimensional transition enveloped by edge Mach cones for a general
double wedge setup.

There are various mechanisms which may be implemented to shift points T and 75 inwards along
the intersection line towards the central portion of the flow. It should be noted that since this
work focuses on steady flow, this so-called inward trajectory of the transition points is in refer-

21



ence to the differences in their spatial location for correspondingly different boundary conditions.
Consider one such mechanism to be in the form of an increasing wedge angle, as used in previous
transition experiments. For a two-dimensional case, it would be expected from the theory that
transition would occur at the detachment criteria. It is suggested in [7, 8] that propagation of
points T inwards is physically feasible up until they reach points E. During this inward trajectory,
the pressure downstream of the shock interaction in the central two-dimensional portion of the
flow is continually increasing due to the increasing wedge angle. This is seen by considering a
shock polar’s intersection with the pressure axis being moved upwards along the axis as the wedge
angle is increased, the intersection point moving closer to that of the von-Neumann polar and the
highest point of the incident polar (see Figure 2.4 if needed). This pressure increase is of course
being matched on the Mach reflection side in order for there to be pressure compatibility on both
sides of the transition points along the intersection line. As the wedge angle is increased further
still, there comes comes a point when the pressure compatibility can no longer be preserved across
the transition point 7', this situation being reached just as the core flow reaches the von-Neumann
condition. The converse of this example is given in [8] where a flow in the dual solution domain in
considered, and which has a regular reflection in its core flow (i.e. the flow region not influenced by
edge Mach cones) hypothetically obtained after a wedge angle increase. It is concluded there that
no physical mechanism exists for which the pressure jump from the Mach reflection side to the
regular reflection side can be sustained. Therefore, core flow transition (i.e. the shock reflection
transition within the core flow region) must occur at the von-Neumann condition and the spatial
limit of the inward three-dimensional transition point trajectory is the point at which the edge
Mach cone meets the incident shock surface at E. It thus remains to be seen the spatial behaviour
and changes of the transition points in the absence of edge effects - one of the aims of the current
work.

In order to understand three-dimensional shock interactions, further analytical developments
will be described in Section 6.2. This will additionally describe an analytical model of three-
dimensional transition points in the absence of edge effects.

2.6 Conclusions

A variety of aspects surrounding the nature of shock wave reflection and transition are examined in
this Chapter, for both two-dimensional and three-dimensional flow fields. In addition, an overview
of the various works done gives an idea of the current state of research regarding three-dimensional
transition. It can be seen that three-dimensional flows have undergone extensive conceptual,
numerical and experimental investigation, but all in the presence of edge influences from finite
aspect-ratio wedge bodies. The current work aims to eliminate such effects from influencing the
reflection plane at all and to subsequently understand certain physical aspects of three-dimensional
transition.
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Chapter 3

Research objectives

The primary objective for this work is to examine three-dimensional reflection transition in the
absence of the influence of edge effects and to ascertain the extent to which three-dimensional
transition corresponds to that for two-dimensional flows.

Further work required for the study of three-dimensional shock reflection is to involve:

1. Numerical computations of the flow field for various geometrical configurations of models
(located symmetrically) which preclude edge effects from influencing three-dimensional tran-
sition points, in order to obtain different types of shock reflection configurations. Specifically,
it is required to investigate:

e The orientation of the streamlines, particularly in the vicinity of the transition points.

e The proportion of reflection types along the intersection line and the orientation of the
streamlines aft of the Mach surface.

e The possibility of obtaining a Mach surface region in the central portion of the flow
field, transitioning to regular reflection further outwards and again to Mach reflection
at the periphery. This will be termed a complex reflection pattern.

2. Experimental tests for the validation of the numerical data, and visualisation of the shear
surfaces using oblique shadow photography.
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Chapter 4

Experimental facilities

4.1 Introduction

All experimental tests were run in the supersonic wind tunnel at the Flow Research Unit (FRU) at
the University of the Witwatersrand. The wind tunnel is equipped with a variable-contour sliding
block nozzle, which allows a continuous variation of the test section Mach number in the range
M; = 1.1 to M; = 3.4. The details of this facility and the associated devices and apparatus used
will be discussed in this section. Further details regarding technical specifications of the various
devices used during wind-tunnel operation can be found in the Appendix.

4.2 Supersonic wind tunnel layout and operation

4.2.1 Air supply and storage vessel refill

The supersonic wind tunnel (SSWT) used was a blow-down type. Operating specifications of the
wind tunnel are given in Table 4.1.

Table 4.1: SSW'T specifications.

Type Blow-down
Calibrated Mach range 1.1-34

Test section dimensions 101.6 mm x118 mm
Operational stagnation pressure | 250 kPa

The wind tunnel is directly coupled to a supply pressure vessel, which stores the supply air for a
number of blow downs. The vessel is filled with air that is drawn into a compressor from atmo-
sphere. Air is made to flow from the compressor outlet into a drier chamber containing silica sand
pellets. This acts to extract moisture from the air, prior to it being stored within the air supply
pressure vessel. A schematic of the compressor and drier is shown in Figure 4.1.

Ball valves 1 and 2 are closed during operation of the compressor when the supply tank is being
filled. Air lines from the compressor outlet direct the supply air to oil and water filters, which
remove unwanted dust or entrained species in the air. The air is then directed to the silica sand
drier chamber, which itself becomes pressurised during the time in which the compressor is oper-
ating. This further extracts moisture in the air, and is necessary in order reduce the possibility
of there being condensation during expansion of the air at the wind tunnel nozzle section. After
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Figure 4.1: Air supply valve diagram.

this, the air is directed to the inlet of the pressure vessel, which is fitted with a check-valve. This
ensures that pressurised air in the vessel does not reverse and hinder the compression process
during vessel refill periods. The compressor is automatically shut down once supply tank pressure
is at approximately 14.2 bar. This is a safety feature used to prevent the vessel pressure from
reaching or exceeding its rated pressure of 17 bar.

Once the compressor is shut down, valve 2 is opened prior to opening valve 1. Opening valve
2 vents the pressurised air in the silica sand drier chamber to atmosphere. Having performed its
function of moisture extraction from the supply air, the silica sand pellets need to be dried. This
occurred at the conclusion of each day of testing by switching on the drier unit. For this process,
air is drawn in via the inlet duct fan, heated and directed into the silica sand drier chamber.

4.2.2 Supersonic wind tunnel facility

The supersonic wind tunnel main facility comprises of the components shown in Figure 4.2.

As discussed in the previous subsection, the pressure vessel is supplied with air from the com-
pressor and a few associated devices. Once pressurised, the supply air is kept within the tank by
means of a check-valve between the vessel inlet and the silica sand chamber, as well as by means
of a pressure-relief valve (PRV) connected at the outlet of the vessel. The PRV is normally closed,
thus no air is able to vent from the vessel.

When the tunnel is in operation during a test, the PRV serves the purpose of providing a constant
pressure supply to the settling chamber. The way in which this is accomplished is by means of
a pneumatic control system, the details of which are discussed later. Air is discharged from the
pressure vessel at a pressure sufficiently reduced to that required in the settling chamber. This
is taken to be the stagnation conditions for the flow upstream of the wind tunnel nozzle. Upon
reaching the settling chamber, the flow is made to encounter baffles, which are screens used to
smooth out large-scale eddies in the flow field. Next, the air is accelerated through the convergent
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Figure 4.2: Overview of supersonic wind tunnel facility layout.

part of the nozzle section, and upon becoming sonic at the region of minimum area, is expanded
to supersonic speeds through the divergent part of the nozzle.

The nozzle throat area can be steplessly adjusted to provide the desired Mach number in the
test section. This is done by means of a Veeder counter, which is a chain-driven mechanism at-
tached to the floor beam of the test section (see Figure 4.3). As the Veeder wheel is rotated, the
floor beam is horizontally moved. This in turn causes the bottom block of the nozzle section to
translate either towards or away from the top nozzle block, thus decreasing or increasing the nozzle
throat area, respectively. The expansion of the nozzle is necessary in order to allow a conversion of
the energy of the air, built-up during the convergent nozzle section, into kinetic energy for further
acceleration beyond Mach 1. Such an energy conversion is that of the thermal energy of the air
into kinetic energy - in fact this could be felt when the tunnel test section was opened.

Upon reaching the test section at the desired Mach number, the flow area of the air is reduced
due to the presence of the test model in the test section. This area reduction should never be too
great, as this would cause the tunnel to become blocked, and a promote a disgorge of supersonic
test section flow such that a normal shock would form upstream of the test section causing sub-
sonic test section flow. It is generally accepted that an area reduction of not more than 9% of the
nominal test section cross-sectional area is acceptable for this wind tunnel.

After flowing past the test models, air flows through the diffuser section where it is made to

converge to sonic speeds, and then made to diverge to subsonic speeds. The subsonic air flows
through an exhaust duct and vents out on the roof of the laboratory building.
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Figure 4.3: Operation of Veeder counter mechanism and nozzle throat area variation.

4.2.3 Wind tunnel pneumatic control system

A pneumatic control system is installed in the supersonic wind tunnel control room to allow for
safe and reliable operation of the wind tunnel. A schematic of this is shown in Figure 4.4, with
associated components and their respective functions listed in Table 4.2.

The main auxiliary components of the wind tunnel (see Figure 4.4) are the pressure supply tank
and the compressor (not shown in Figure 4.4). The compressor supplies the tank with pressurised
air and shuts down once the tank reaches the operating pressure of 14.2 bar. Once pressurised,
the air in the tank is contained because the main pressure relief valve is normally closed. However,
some of the pressurised air is tapped off from this valve through Line A.

This air passes through a strainer on (A) after which some of it is fed through to the pilot
valve, and some is fed through to the control board pressure regulator on Line 1. During the start
of a test, the standard procedure is to adjust the regulating dial on the control board to pass the
air on Line 2 to the pilot valve diaphragm. Once the pressure on the diaphragm is high enough,
the pilot valve opens. This causes the air that has already passed through Line A into the pilot
valve to pass out into Line 3. Air is contained in this line until the actuating solenoid valve (SV 1)
is activated. This is made possible by pressing a button on the interface of the computer control
program. This sends an electrical signal to the data acquisition system (DAQ), which in turn is
transmitted to a solid state relay (SSR) switch, which, upon closure, activates SV 1. Thus, Line
4 is opened for air to pass through it and into the diaphragm chamber at the bottom of the main
valve (Line B). The air in Lines 3 and 4 is termed the control air. The main valve opens under a
sufficiently high pressure threshold, and the internal mechanisms of the main valve allow air at a
pressure reduced compared to the supply tank to exit at the main valve outflow port and into the
settling chamber.

This air is monitored a feedback mechanism. First, some of the pressurised air is fed back to
the underside of the pilot valve diaphragm. When the pressure in this line (and thus the pres-
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sure in the settling chamber) is equal to the pressure on the pilot valve diaphragm, the pilot valve
throttles, and sustains its extent of opening. This means that the pressure set at the control board
is what is realised in the settling chamber and is the stagnation pressure for the test section flow.
The feedback mechanism is what allows for a constant pressure supply to the settling chamber.
If, for example, the settling chamber experiences an increase in pressure, the pilot diaphragm will
close, meaning air at a lower pressure will pass through Lines 3, 4 and B; this will have the effect
of slightly closing the main valve and lowering the pressure at the settling chamber thus offsetting
the initial increase. The opposite happens when the settling chamber experiences a decrease in
pressure to that lower than the set stagnation pressure condition.

An emergency shutdown mechanism was introduced into the wind tunnel control system. This is
realised by a pressure switch attached to the test section. Should the test section pressure increase
abnormally, the switch causes SV 1 to close, whilst SV 2 is opened to atmosphere. Thus, no air
is passed from Line 3 to Line 4 across SV 1, and the air in Lines 4 and B is vented to atmosphere
due to SV 2 being open.

28



T AS 03 aul[ umop Jnys AduoSIouwe IoquIeyd Sul[}10S

OV 0} UOI0UU0D IedNPSURI) UOIIIS ISI],

(OV) weysAs uoryismboe vyep 03 UOIPIIUUOD ISONPSURI) IO(UIRYD SUI[}10S

Z AS USnoxy) auif Ire [013U0))

OAJRA UTRW IOJ SUI[ Ile [0IU0))

amnssoxd wigeryderp jorid perjruy

10%e[NFo1 preoq [01yuod o} Ajddns urewr go padder,

wigergderp oAfeA urewr Suraedo I0j Ire [0I3U0))

< | |— || |<r o o |-

oATeA jorid 03 Ajddns urewr o poddey,

uorjoun g "ou aul]

"SUOIIOUN] QUI[ dIjeWNOUJ 7§ O[qR],

“WRISRIP 9ATRA T,ASS F°f 9InSIq

1 'HO
0% YAIGNVHD IATVA
THD ONITLLES ;) CAS ATy
v
NOILOAS LSAL v\ .
o A1ddNS
] L ANSSTAL

W @é —
9 NITDvVddddd

(©)

YANIVYILS

HATVA LOTId
AHGNVHD ONITLLAS

(0

&~— worwvinoau (1
TANSSTAL

aQavod
“““ TOYLNOD




4.3 Flow visualisation and optical system

Visualisation of the flow field in a manner such that three-dimensional features are observed
required the use of oblique shadowgraphy and schlieren photography. Each of these methods
employed in this investigation are briefly described in this section, as well as the equipment
required to reliably orientate the optics to observe three-dimensional flow features with a quality
that allows insight into the nature of the flow fields to be discussed later.

4.3.1 Flow visualisation through a compressible gas medium

Air-generated shock waves are not visible to the naked eye under the conditions present in the wind
tunnel test section. Therefore, optical techniques are used to render such flow features observable
under a specific set of camera and lighting conditions. In general, when light is passed from one
medium to another that have different refractive indices, the light rays are refracted. Regarding
the visualisation of compressible gas flows, light is passed from the air outside of the test section,
into the test section and out the other side. The test section contains compressible flow features,
and as such, contains regions of variable density. This causes a change in the refractive index of
the medium through which the light passes, hence causing the light rays to be deflected depending
on where such changes occur in the flow field. Therefore, a camera placed opposite the light source
on the side of the test section out of which the light emerges would construct a final image in which
shock waves (and other compressible flow features) appear as dark (or lighter) regions, depending
on how light rays are deflected through the test section.

This is the basic principle which underpins schlieren and shadowgraph photography, each hav-
ing their own merits based on the type of flow features to be visualised. Thus, a brief outline of
each is given next.

Schlieren photography

The final result of schlieren photography is the visual representation of density gradients in a
specific direction i.e %, or g—z etc. Use of the knife-edge and the way in which the final schlieren

image is generally formed is shown in Figure 4.5. As rays are deflected through the test section due

Condensing lens

................. }‘_—:»—Da’;'--- .I Camera

Knife-edge _/_\'

Viewing screen

yvyy

~— N—/

Test section

Figure 4.5: Schematic of a typical schlieren setup.

to the flow compressibility, some are prevented from reaching the camera lens due to the presence
of the cutoff. These are rays that are deflected in a sense normal to the knife-edge, and the ray
deflection is a function of the density gradient in the test section. Therefore, the final image shows
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density gradients normal to the knife-edge. Should the knife-edge be placed horizontally, then one
would obtain a final image depicting 3_57 and g—i if the knife edge were placed vertically. The result
is that a schlieren image may not allow one to clearly observe all flow features because the image
appears with large dark portions due to the sensitivity of schlieren imaging to resolve first order
density gradients. An example of what is meant by this is shown in Figure 4.6.

Figure 4.6: Example of a schlieren image taken with optical yaw with a free-stream Mach number
of M1 = 3.0.

Shadowgraph photography

This photography method is very similar to schlieren outlined above. However, shadowgraph im-
ages depict the second derivative of density in the final image. This is because, unlike schlieren,
the knife-edge cutoff is omitted from the arrangement of optics equipment. Therefore, the shad-
owgraph is sensitive to flow density changes in all directions. The result is that flow features with
a small spatial variation of density gradients are not vividly depicted in the shadowgraph. This is
especially true for features such as expansion fans and downstream portions of shear layers arising
during Mach reflection of shock waves. However, an important advantage of shadowgraph imaging
is the clarity with which the flow field is depicted in the final image. An example is shown in Figure
4.7, with the same optical orientations for comparison with the schlieren equivalent of Figure 4.6.
Clearly, a lot more of the details of the flow field are made visible in the shadowgraph than in
the schlieren image. Further details become clearer with image cropping and zooming, together
with contrast and light adjustments as will be seen later. This is an especially important attribute
of shadowgraphs which meant it was used almost exclusively throughout this study in order to
properly visualise the three-dimensional nature of shock reflection and transition, in preference to
schlieren photography. It was also important to maintain image clarity when obtaining images
with the optical equipment having been yawed and rolled with respect to the tunnel axis. This
was important to allow proper interpretation of the flow field in three-dimensions. This was also
made possible through the use of a moveable optical gantry system, discussed next.

4.3.2 Optical system with moveable gantry

The optical system used was specifically modified from the typical configuration in Figure 4.5 to
make use of mirrors rather than lenses, the resolution loss of the former being of less concern
than that of the latter. The resulting implementation is a U-type configuration shown in Figure
4.8, and has been used very reliably for numerous flow visualisations for supersonic steady flow
studies in the Flow Research Unit in the past. Each change of direction of the primary optical
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Figure 4.7: Example of a shadowgraph image taken with optical yaw with a free-stream Mach
number of M; = 3.0.

Figure 4.8: Optics gantry showing primary light ray trace.

path (shown in green in Figure 4.8) denotes the location of a component of the optics system.
The light source used was a Xenon flash lamp, positioned at (a). The light from here was focused
through a condensing lens onto a slit (in the same way as shown in Figure 4.5). Thereafter, it
is made to fall on a first parabolic mirror at (b), which is placed at its focal length away from
the slit. This allows the light reflecting off the parabolic mirror to be collimated upon reaching a
planar mirror located at (c). Thus, this same collimated light is passed through the test section
perpendicularly to the free-stream flow with the gantry in its datum configuration (i.e, no yaw
or roll). The test section is located in the middle of the gantry. Having passed through the test
section windows and exiting the test section, the light reaches a second planar mirror (c), and
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is reflected onto a second parabolic mirror (b). This focuses light onto another smaller planar
mirror at (d), which re-directs the light into a focusing lens positioned between (d) and (e). This
focusing lens is used to aid image capture by the digital camera at (e). Single shot photography
was used for all experiments in order to obtain high-resolution images. Use of a high-speed camera
may have allowed a significantly higher frame rate, however, this would have been at the cost of
low-resolution as shown in [7].

As mentioned, in order to visualise three-dimensional features of the flow-field, the optics gantry
was rolled and yawed with respect to the tunnel axis. Roll (¢) and yaw (\) motions of the gantry
are depicted in Figure 4.9.

For highly three-dimensional flows, the orientation of the optics is clearly integral to the final
image captured by the camera. Images obtained with yaw and roll look considerably different
due to the different portions of the shock surfaces through which the light rays pass at different
gantry orientations. This is an important consideration for three-dimensional reconstruction and
validation of the computational models. It was therefore a priority to implement a sensing system
that could work with the optics gantry in order to give a clear indication of the true orientation
of the optics. The details of the implementation of the gyroscope and accelerometer chip used for
this is discussed next.

4.3.3 Inertial measurement unit (IMU)

The MPU-6050 IMU is a chip containing a combination of a three-axis MEMS gyroscope and
accelerometer. This model specifically had been frequently used in robotic self-righting and home-
made drone applications and so it was decided that it would be well-suited for indicating the
orientation of the optics gantry in both yaw and roll. The IMU chip was interfaced with an Ar-
duino UNO as shown in Figure 4.10. This was in turn connected to a laptop in order to retrieve
and display the IMU data. The sensor follows the convention of having its x— and y—axes in the
plane of its board, with the z—axis being out-of-plane. ~ The MPU-6050 unit outputs data from
the gyroscopes and the accelerometers for each of the three axes (x, y and z). The gyroscope
senses angular velocity (or change in angle in the time interval from one reading to the next).
For a sample rate of approximately 25 Hz, the gyroscope outputs would not have been of any use
when adjusting the optics gantry to the desired orientation. Therefore, the gyroscope readings are
effectively integrated step-wise over the time interval for which the sensor is operational. Numeri-
cally, this translated to the addition of each change in angular position multiplied by the sampling
rate. However, it is well-known that this method of numerical integration results in systematic
errors that increase with time. This issue was addressed when the outputs from the accelerometers
together with the gyroscopes were combined.

The accelerometers are thus also required in order to compute the angular orientation of the
IMU chip, and thus the optics gantry. The IMU chip outputs three acceleration readings which
are the axis-components of acceleration. These are combined to give the yaw and roll of the sensor.
Based on the way in which the sensor was mounted on the optics gantry, the gantry yaw angle
was calculated from accelerometer data as

A= tan"! _Ax (4.1)
NZE
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(c) Optics gantry rolled (¢ > 0°) with yaw A = 0°.

Figure 4.9: Roll (¢) and yaw (\) of optics gantry for visualisation of three-dimensional flow fields.
Primary light ray trace shown as the green dotted line.

and the pitch angle as

. (4.2)

VAY + A

¢ = tan~! ( X Y
with Ay, Ay and Az being the component accelerations along the three axes of the sensor. It is
important to note that this formulation of angular orientation relies on the assumption that the
net force experienced by the sensor is created by a net acceleration of 1g downwards (i.e equivalent
to its weight). Therefore, perturbations to this caused by moving the gantry would in turn cause
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Arduino”

Figure 4.10: Connection diagram for the IMU sensor and Arduino UNO micro-controller.

fluctuations in the sensor output. However, these fluctuations would last for a relatively short
time-scale compared with the gyroscope integration errors.

Thus, it is seen that there are two calculations performed on the sensor outputs to obtain the
gantry angular orientation. One result exhibits drift over time (gyroscope data) and the other is
highly sensitive to short-term perturbations (accelerometer data). Filtering and combining the two
results yields a generally acceptable reading of absolute angular position relative to the position
at which the sensor was when it was first switched on. This combination was achieved with the
use of a complementary filter, the general form of which is given by

where i = x,y, z for each axis, and ©; is the filtered absolute angle about the i axis, ¥; and A,
are the gyroscope and accelerometer data for the it axis. The constant « is given by

g
o =
o+ At

in which o is some time constant greater than the period of accelerometer noise (approximately
0.96 s) and At is the sampling rate (0.04 s) of the sensor.

The implementation of the IMU sensor for optics orientation measurement was highly success-
ful. The sensor is able to read to 0.01 of a degree, although some output drift was not entirely
unavoidable and the final angular orientations of the optics is estimated to be within 4+0.1° of
the nominal quantity used for image processing and validation. This small uncertainty margin is
what distinguishes use of the current IMU sensor over manual measurement techniques used in
past work at the FRU supersonic wind tunnel facility with oblique flow field imaging.

4.4 Test model geometry development

This section describes the development of the the test model geometry. An important aspect of
model development was the need to be able to computationally generate the G-code toolpaths
for the CNC machine used to fabricate the test pieces. This was in addition to ensuring that the
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models would eliminate edge perturbations from influencing the reflection plane and transition
points.

4.4.1 Main geometrical properties

The test model geometry was based on two main requirements:

1. Edge effects, involving expansion signals influencing the plane of reflection, were required to
be necessarily reduced.

2. The presence of a known geometrical boundary condition for the purposes of generating flow
fields with varying intersection line profiles along which the various reflection configurations
should occur.

The test model geometry developed addressed each of the above two requirements by being curved
along the length of the model, and by having a sweepback along the lower surface of the model,
respectively. This sweepback had a known profile, and thus the streamline direction along this
profile was based on the geometry of the model, thus creating a known boundary condition. The
sweep also directly influenced the shape of the incident bow wave, as will be seen later. The main
geometrical features of a typical model are shown in Figure 4.11. It should be noted that all model
geometries bear resemblance to the front portion of an aircraft fuselage.

Back surface with S

\ curvature along model \

length ~

\[‘ \(.0,78)
_ S

Lower surface sweepback

60

Figure 4.11: Typical model with construction surfaces labelled. Dimensions in mm for lengths
and degrees for angles.

4.4.2 Surface construction

As a result of the required characteristics of a typical test model, the model geometry was inher-
ently complex. It was therefore necessary to develop a basic geometry template of these models
in such a way that this could be conveniently manipulated and altered for subsequent models. In
addition, the entire geometry was required to have an algebraic definition, in order for the points
along the relevant surfaces to be extracted using a scripting language. This was so that a variety
of models could be generated with desired geometrical properties, and so that the coordinates of
each point on the model surfaces could be extracted using a self-developed script for Computer
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Numerical Control (CNC) machining.

The two main surfaces of the models were the back surface (viewed in the y — z plane) and
the lower surface (viewed in the z —y plane). These are shown in Figures 4.12a and 4.12b respec-
tively. These were created using non-uniform rational B-splines, which will be explained below. A
loft feature was created between these two surfaces in the Computer Aided Design (CAD) package
used. This means that the shape of the back surface was blended into that of the lower surface
to create a model such as that in Figure 4.11. It is thought that this is made possible by surface
interpolation algorithms used in the CAD software package used. These software-specific algo-
rithms are not publicly available.

An important feature of the types of models developed is that at each transverse section plane,
there is a planar wedge body formed by the section edges (for example, see Figure 4.13).

This wedge body formed on the section plane varies in apex angle for each transverse sectioning
station. However, an important general observation, also noted in the work done in reference [17],
was that the resulting shock configuration did not conform to the two-dimensional configuration
generated from a planar wedge with the same apex angle as the wedge in the section-planes of the
models developed here. This is to be discussed in later sections of this work.

The model and relevant surfaces shown in Figures 4.11 and 4.12 were further developed and
modified. Such modifications included the increase of the spread of the back face of the models
to investigate the effect of this on reflection transition phenomena. As a result of this, the back
surfaces were modified to be of the form shown in Figure 4.14, where there are six control vertices
(indicated by small circles) which control the geometry of the curve forming the back surface. The
lower surface remained unchanged in formulation, and was formulated with three control vertices.
A larger number of control vertices allows local control of the curve to a greater extent [33]. The
control points form a polygon, the outline of which can be seen in Figures 4.12a and 4.12b in
dotted lines for each of the respective surfaces.

4.4.3 Surface algebraic formulation

The formation of the model geometry was required to be easily given to a generalised algebraic
definition. This was so that generation of the machining codes could be automated. Within the
context of this definition, any number of model shapes could be generated, the CNC codes for
which could be automatically formulated by way of functions written in MATLAB.

Non-uniform rational B-splines (NURBS) were used to create the shapes of the back and lower
surfaces. However, the lower surface formulation required a bounding curve that could be defined
by three control vertices. The simplicity of using three control vertices on the lower surface allowed
for the tool paths to be analytically determined using the algebraic Beziér formulations. For the
lower surface, the order of the B-spline formulation matched the number of control points, and
the NURBs creation of the lower surface therefore degenerated into a Beziér curve. The CNC jig
used required the mounting of the models in such a way that the tool would traverse the shape
of the lower surface, in successively smaller arcs until it reached the apex of the back face. The
tool-path used is schematically shown in Figure 4.15. Every alternate curve was traversed by the
tool in the opposite y— direction to the previous curve. This means that the tool moved in a
weaving motion across the face of the part, successively traversing the Beziér curves formed at
each station. It can be seen that there is a collection of points below each tool path curve. These
were additional points to which the tool would be fed, in order to complete the profile and which
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Figure 4.12: Main surfaces used in model geometrical construction. Dimensions in mm for lengths
and degrees for angles.

ensured that the lower surface edge would be correctly formed and separated from the material
block during the machining process.

Firstly, a coordinate system was required to be defined. The CAD coordinates were chosen in

order to conveniently create the models in the software package used. The CNC coordinates were
based on the way in which each model would be orientated during machining. The two coordinate
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. Wedge body at central
section plane

e
Figure 4.13: Central section plane showing planar wedge body.

.

Figure 4.14: Geometry after further development - six back-face control vertices. Dimensions in
mm for lengths and degrees for angles.

systems (CAD and CNC) are shown in Figure 4.16. The transformation equations used to adjust
the frame of reference to that of the CNC coordinate system were derived as

TCNC = ZCAD
YocNC = YCAD 4.5
2cNC = TCAD — T (4.6

where 1z is the distance from the back surface to the apex of the lower surface (i.e the origin of
the CNC coordinate system). x is obtained because the distance from the back surface to the
lower surface apex control vertex (hey) is known and is specified as an input for calculating zp. It
should be mentioned here that heay was chosen based on the requirement for the mid-section wedge
of the model to have an apex angle for which only Mach reflection was theoretically possible in
the two-dimensional double wedge setup for the same flow deflection angle. The mid-plane wedge
angle was 24.20° for all models.
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Figure 4.15: Representation of CNC tool path (some path curves excluded for clarity). General
machining direction indicated with blue arrow.

In order to create the surface of the models, the lower face was blended into the back face. This
was done by starting with the Beziér formulation of the lower face. Next, each successive control
vertex polygon was formed, each being geometrically similar to the previous one. The base control
points (points 2 and 3 in Figure 4.16) were moved along the curve of the back face. The apex
control point (point 1) was located in space by constraining it to have the same x—coordinate as
the base control points. Its y—coordinate was constrained to be at the mid-point between the base
points. The z-coordinate was calculated by using a linear trajectory of the apex point 1 to the
back surface apex as shown. It is important to note here that the formulating polygons were not
interpolated nor blended into each other. This algorithm relies heavily on the location of the base
points of each formulating polygon, from which the apex control point is obtained. A CAD-based
macro was used to extract numerous points along the bounding curve of the back face with a
spacing interval of at most 0.01 mm in order to satisfactorily resolve the curvature of this face.

Formulation of each successive Beziér curve

A Beziér curve defined each succesive tool path as the tool moved in the x—direction relative to
the CNC reference frame. Each Beziér curve was progressively smaller in shape, until the tool
reached the apex of the back face of the model. The formulation of each curve (i.e tool path)
primarily required that the location of the three control vertices were specified. The location of
the two base control vertices were obtained from the points extracted from the back face. The
apex control vertex was initially located as per the construction of the lower face. Its subsequent
trajectory was defined (as above) as a linear interpolation from its initial location to the apex of
the back face (see Figure 4.16). Here, the algebraic formulation of these Beziér curves is shown.

Of primary importance is that Beziér curves are parametric (parametrised by a variable ¢ here),

and they have their start and end points at the base control vertices. If we consider the general
case of a curve to be formulated from n 4+ 1 control points, each of which is located at p; in space,
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Figure 4.16: Model coordinate systems and Beziér polygons.

then we define a blending function as

Pt = D pina(t) (4.7)

Jni = Cpit' (1 —1)"" (4.8)
N N!
Cni= <Z> = m (4.9)
with ¢ € [0, 1].

This equation set gives the formulation of a single Beziér curve for a set of control points. The
geometric interpretation of this is explained from Figures 4.17a and 4.17b.

Here, it can be seen that the control vertices are located at points 1, 2 and 3 (as before) and
connecting lines join each pair of adjacent points. A line AB is drawn with endpoints on each
adjoining line (lines 1 — 2 and 1 — 3). Now, we imagine line AB to have started as line 12, and
then move itself such that point A moves from point 2 to point 1, and likewise point B moves
from point 1 to point 3. Along line AB, there is another point C'. As AB rotates itself, point C'
traverses the length of line AB, such that it starts off at point A, and ends up at point B. Point
C locates itself along line AB such that it is ¢ x 100 percent of the way along line AB. This means
that as parameter t is varied, so does the location of point C. The path along which point C'

41



(a) Single point formulation. (b) Completed Beziér curve.

Figure 4.17: Construction of a Beziér curve as from [33].

traverses forms the Beziér curve, as shown in Figure 4.17b.

This process of generating Beziér curves is repeated for each successive set of control vertices
until the entire model surface is complete.

4.4.4 Geometry of test models

As mentioned in subsection 4.4.2, various models were developed, each with a successively greater
back-face spread. This was achieved by moving the back-face NURBS control vertices further
apart. Larger back-face spreads were found to create increasingly flatter central portions on the
model, meaning that the larger central regions of the flow would be exposed to test piece geom-
etry approaching that of a flat wedge but without edge effects influencing the reflection plane.
Initially, an initial model geometry concept was developed in [17] based on three control vertices
for both the back- and lower-faces of the model, resulting in a very low spread surface geometry.
To illustrate the increasing spread used for subsequent models developed, Figure 4.18 shows two
models each with six control vertices, the latter of which has the lowest back-face spread of the
models used in this work. The pieces developed here were chosen to be symmetrical about the
vertical symmetry plane such that h; = hy and hy = hy.

Five test pieces were originally intended to be tested in the wind tunnel. The geometrical specifi-
cations for each are shown in Table 4.3. x refers to the chord length of each model. The model
numbers denote the design iteration as further modifications were introduced starting from the
original concept model. Increasing model numbers also refer to an increased geometrical spread.
The measure of model surface spread was not exclusively determined by the span of the model,
as seen by the fact that Model 8 had a larger span than the rest of the models but also had a

Table 4.3: Test model geometric parameters. All lengths in mm, angles in degrees.

Model no. | zg | =1 hy | hs | Span | Vertical symmetry angle | LE spacing
8 13.6 | 30.3 | 30 | 24 | 60.0 | 24.20 38
10 13.6 | 30.3 | 20 | 14 | 50.0 | 24.20 38
11 11.0 | 24.5 [ 20 | 8 | 50.0 | 24.20 38
12 11.0 | 245 | 15| 4 | 50.0 | 24.20 38
13 11.0 | 245 | 10 | 4 | 50.0 | 24.20 38
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Figure 4.18: Comparison of back-face spread variation of test models.

high back-face apex curvature whereas the other models had back-faces with greater degrees of
flatness at their tops and larger back-face areas. The geometrical differences between the test
pieces can be seen in Figure 4.19, which contains photographs of the models after manufacture.
The original model was an initial concept [17] from which further modifications for Model 8 and
onwards were developed. As shown in Figure 4.19 for Model 11, the test pieces were mounted
on a sting assembly which was secured in place within the tunnel test section. This assembly is
demonstrated next.

A

Model 10 Model 11 (as mounted)

Figure 4.19: Photographs taken of test pieces after manufacture. Model 11 is shown as mounted
on the sting assembly for placement in the wind tunnel test section.
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4.5 Test model sting assembly

The full sting assembly is shown in Figure 4.20. The test pieces (brass) are shown at the foremost
part of the assembly. They are attached to support rods which have an extended length in order
to facilitate a highly yawed line-of-sight for oblique photography. The consequence of a short
pair of support rods is that the line-of-sight of the camera would be obscured by the test section
window frames. Due to the extended length of the support rods, the stiffener was necessary to
reduce the bending and flexing of the rods which had been observed to occur on such types of
assemblies in previous tests run in the supersonic wind tunnel facility at the FRU. The assembly
was attached to the test section using the mounting slots as shown in Figure 4.20. In order to
mount the assembly in the test section, the sliding section on the wind tunnel had to be opened,
the assembly bolted into the test section and finally the sliding section had to be bolted closed
onto the rear of the assembly. This ensured that the assembly would remain firmly in place for
the duration of each test.

Mounting slots ~_

Support rods

Test pieces
Stiffener

Figure 4.20: Test model sting assembly.

4.6 Conclusions

An overview of the experimental facilities used for this work has been given. The use of the
supersonic wind tunnel at the FRU has evolved to an established practice, with standard operating
procedures, precautionary checks and test log documentation to be followed and completed. The
configuration of the optical instrumentation was vital to this work as this was the single method
available for collecting oblique photographs to image the three-dimensional nature of the flow
field. Also of importance was the IMU instrumentation in order to obtain accurate and precise
measurement of optical orientation for further image processing techniques over a large quantity
of experimental tests. Finally, a number of test model geometries were developed, together with
an automated system for obtaining the CNC G-code for the complex NURBS-based lofted surface
geometries used for the test pieces.
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Chapter 5

Numerical modelling of experimental
conditions

5.1 Introduction

Numerical modelling and solution of the flow field realised in experiments proves invaluable for the
investigation of flow features and flow physics. Sufficient comparison between numerical results
and experimental images must be made in order to validate the numerical model procedures and
solutions. This having been completed to an extent that allows one to utilise the numerical models
with confidence that it represents the experimental flow field conditions, further investigations can
be carried out using both the numerical and experimental data.

The process of validating the numerical models of the flow field will be examined in Section
6.1. For now, attention is given to the procedures followed to configure the computational flow
field domain geometry, its discretisation, and thereafter, its solution. A commercial computational
fluid dynamics (CFD) package, ANSYS Fluent 17.2, was used to model the flow field.

5.2 Domain geometry

The layout of the computational domain was based on considerations of the two-plane symmetry
of the test model configuration. In addition, it was decided to model the full-scale width of the
test section in order to capture as much of the flow field and as many of its features, as well as
to aid in numerical shadowgraph reconstruction. Both aspects rely on a domain geometry that is
representative of the experimental flow domain to as great an extent as is computationally feasible.
However, due to the above-mentioned symmetry of the domain, half of the wind tunnel test sec-
tion span was used for the CFD domain which was 50.8 mm (2 in.) in width. Approximately one
characteristic length, taken to be the chord of the test piece, was added upstream of the leading
edges of the test pieces, and three characteristic lengths added downstream behind the test pieces.
The length of the final domain slightly exceeded that which could be viewed in the wind tunnel
test section. The domain was thus 110 mm in length along the streamwise direction. The domain
height was taken to be half of that used as the leading edge spacing between the test pieces. This
was fixed at 38 mm, and due to horizontal symmetry the CFD domain was given a height of 19 mm.

The domain geometry used for numerical simulation is shown in Figure 5.1. This Figure also

shows the coordinate system (placed at the leading edge where z = +19 mm) used for all post-
processing operations. The domains were generated in Autodesk Inventor Professional 2016 and
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exported in STEP format to the ANSYS geometry package. The half-span of the upper test piece

Vertical symmetry Pressure far-field

Horizontal symmetry

Pressure far-field

Figure 5.1: Quarter-model domain geometry with coordinate system at z = 419 mm.

was included in the domain as a wall-type boundary (i.e., with no inflow/outflow). The shape
of this boundary was altered corresponding to the particular test piece under investigation. The
same boundary-type was selected for the planar surface on which the test piece sits, as well as
for the vertical plane (in the x — z plane) parallel to the free-stream flow adjacent to the two
green-coloured surfaces. These green-coloured surfaces were designated pressure far-field bound-
aries, for which the absolute pressure was set at 101325 Pa, the temperature at 300 K, and the
free-stream flow speed set to M; to match experimental free-stream conditions. The pressure
far-field boundaries were used to initialise the flow field. It was ensured that at the back face of
the domain the flow was supersonic, so as to preclude any influence of the placement of the back
face on the flow field ahead of it, by virtue of signal propagations upstream. The lower horizontal
and far-side vertical surfaces were set to be symmetry planes. This allowed a dramatic reduction
in computation time.

For clarity on visualising the domain geometry, Figure 5.2 is included, after the quarter-model
of Figure 5.1 has been reflected once about one of the symmetry planes (resulting in a half-model)
and this half-model reflected about the other symmetry plane.

5.3 Domain discretisation and adaptive refinement

Given the complex and three-dimensional nature of the flow field, the discretisation (meshing) of
the domain required as uniform a mesh as could be practically generated for each model. This was
to avoid highly skewed cells being located in regions of interest in the flow field. A hex-dominant
mesh was selected, whilst ensuring that severely skewed cell faces resulting from conversion from
tetrahedrons to hexahedrons were located a considerable distance away from the main regions
of interests in the domain. Meshing was carried out in ANSYS Mechanical. Settings used for
the meshing process are given in Table 5.1. Further explanations are given in the subsections
thereafter.

5.3.1 Adaptive mesh refinement and coarsening

Adaptive refinement of the starting grid of the domain involves dividing up the cells in which the
gradients of certain flow properties are are greater than a certain threshold. This is the refine-

46



Flow domain (grey)

,-/

Full model geometry

(a) Full computational domain with full model ge-
ometry coloured. (b) Top view of domain.

Figure 5.2: Additional views of the full computational domain after reflection about symmetry
planes.

Table 5.1: Settings for meshing process in ANSYS Mechanical.

Setting Configuration
Advanced sizing functions Oft

Cell control Hex-dominant
Cell size (starting grid) [1.0,1.2,1.5] mm
Variables for adaption p, T, p,V
Adaption thresholds (refine, coarsen) 1.0%,0.75%
Adaption interval 1000 iterations
Max. no. cells Unlimited

ment threshold. The same principle is used for coarsening, but cells are then combined together
when property gradients are lower than the coarsening threshold. The flow properties used here
were static pressure, static temperature, local density, and local velocity. Cells in which property
gradients were greater than 1.0% of the maximum were allocated to be refined, whilst those less
than 0.75% were allocated for coarsening.

Coarsening and refinement was automatically carried out by the software package until prop-
erty gradients in each cell did not warrant the need for further refinement/coarsening based on the
respective thresholds. However, in the interests of achieving practical compute times, the maxi-
mum refinement level was capped at that for which the smallest resulting cell size would be of the
order of 10~*m in order to capture the shock waves properly. Final adapted mesh configurations
are shown in Figure 5.3 for an external view of the entire domain, as well as for a sample of x—,
y— and z— slices extracted from the domain. As can be seen in Figure 5.3, it is important to note
that not only was the mesh around the shock waves refined, but so were cells within expansion
waves, the wake of the test pieces, as well as shear layers. This resulted in the necessary resolution
of these features.

5.3.2 Mesh independence

The process of ensuring that the computed results of the numerical model can be confidently used
for further investigation is largely determined by grid convergence or mesh independence studies.
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(b) Vertical slice at y = 0 mm.

(c) Horizontal slice at z = 0 mm. (d) Vertical slice at = 80 mm.

Figure 5.3: Final mesh configurations after adaption.

This process was largely based on the considerations outlined in [25, 26]. It should be made clear
here that this process in no way ensures correlation/correspondence to any degree of the compu-
tational results to experimental ones. It only permits one to minimise the uncertainty associated
with the computational models.

An initial grid is generated with a cell size that is an initial guess. The grid is solved and the
results of convergence monitors stored. The monitors used were the volume-weighted average of
static pressure and velocity for the entire domain. These values were compared with the next
grid, obtained from a starting grid that was coarser/more refined. The desired outcome of such
a process is to reach a point at which any further refinement of the starting grid would be su-
perfluous, and that the coarsest starting grid that returns an acceptable solution should be used
for all further CFD cases. Clearly, one requires the definition of exactly what an “acceptable”
computed solution is, especially during cases when preliminary computational runs were carried
out in order to develop test model geometry (as was done during this work), with no experimental
data available for comparison and validation.

It was decided to refine the starting grids and continue generating solutions for each until the
convergence monitors for the previous grid were within 1% of the following grid. Three starting
grid cell sizes were chosen (1.50 mm, 1.20 mm and 1.00 mm). The results for the grid convergence
study undertaken are given in Table 5.2. The fact that Mesh 0 diverged shortly after the first
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Table 5.2: Results of grid convergence study.

Mesh no. 0 1 4

Cell size [mm] 1.50 1.20 1.00
Pressure (vol. avg.) [Pa] | Diverged | 139447.31 | 140242.64
Velocity (vol. avg.) [m/s] | Diverged | 971.66 971.08

mesh adaption illustrated that the starting grid could not be allowed to be too coarse, as the
adaptive refinement resulted in severely skewed cell faces. This same effect was noticed for the
intermediate meshes not shown in Table 5.2 (i.e Meshes 2 and 3). These were unstructured grids,
the cells of which were free to conform to the body shapes of the domain. In doing so, these cells
became heavily skewed with the result that upon adaption the solution diverged. The two finer,
structured starting grids reduced this skewness effect (i.e Meshes 1 and 4).

The percentage difference between monitors of Mesh 1 and 4 were 0.57% and 0.06% for pres-
sure and velocity monitors respectively. The finer Mesh (Mesh 4) was used because during its
solution the refinement levels could be lowered (as it was a finer starting grid) in order to resolve
the flow features, and thus refinement was expected to occupy less time during solution.

5.4 Solver settings

A three-dimensional density-based steady state solver was selected for all CFD cases for this
research. A summary of the solver settings is shown in Table 5.3. The pressure far-field boundary

Table 5.3: Solver settings used in Fluent.

Viscous model

Type Density-based
General Time Steady
Models Energy equation Enabled

Inviscid/k — w (SST)

Boundary conditions

Pressure Far Field

P, = 101325Pa; T, = 300K

Formulation Explicit
. Flux type Roe-FDS
Solution Methods Gradient Least squares cell-based
Flow Second order upwind

0.5
Full domain
Full domain

Courant number
Pressure volume-weighted average
Velocity volume-weighted average

Solution controls

Volume monitors

Mach numbers were set to be those particular to the case to be run. In this research, Mach numbers
in the range M; = 2.8 — 3.4 were used, in Mach 0.2 increments. An inviscid (Euler) model was
selected because inertial effects were dominant over viscous effects in this high-speed flow setup.
Also, boundary layer effects and wall interactions were not of concern in these investigations.
However, it became evident later that the discovery of novel phenomena at the transition points
warranted further numerical investigation in order to check their existence in viscous, real flows. A
r —w model was set up and solver independence was checked in a similar way to grid independence
by comparing convergence monitor values between the standard formulation and the shear-stress
transport (SST) model. Of particular interest was the resolution of the transition point in the
horizontal symmetry plane and the shock geometry and streamline trajectories in the vicinity
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of this point. Convergence criteria were set to ensure monitors were converged to within 107°
tolerance after a single mesh adaption at 1000 iterations for inviscid models and 4000 iterations
for viscous models. Models were solved using the Fluent parallel solver across 7 cores, with
approximately 1.8 x 10 cells per core. This resulted in significantly faster compute times of 36 to
72 hours compared to using the serial solver for which simulations would run for up to 170 hours
and more.

5.5 Conclusions

This Chapter has elaborated on the procedures used for configuring the numerical models in
the commercial CFD package ANSYS Fluent 17.2. The establishment of grid independence and
applicable refinement levels and thresholds were important precursors to facilitating numerous
further CFD simulations to be run once the procedures detailed in this Chapter were sufficiently
validated by experimental data. The CFD results proved extremely useful in elucidating physical
aspects of the flow field which would not have otherwise been possible.
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Chapter 6

Results and Discussion

6.1 Numerical schlieren/shadowgraph reconstruction and
validation

The validation of three-dimensional flow fields by way of comparison between experimental images
and CFD data requires techniques that are considerably different than those applicable to two-
dimensional studies. The main consideration of three-dimensional flow fields is the difference in
shock configuration at each transverse slice of the flow field, which means that there is no single
plane that accurately compares the CFD solution with the images obtained from experiments.
This requires the use of techniques to visualise the entire integrated CFD domain.

6.1.1 Introduction

Implementation of shadowgraph /schlieren photography in an experimental study of a three-dimensional
flow results in a two-dimensional image formed by light traversing the transverse dimension of the
test section. Furthermore, for optics that are yawed/rolled, so is the trajectory of the light path
through the test section (as described in subsection 4.3.2) resulting in a marked variation in visible
flow features for various optical orientations. However, regardless of optical orientation, the final
image is the result of an integration of density gradients and second derivatives in space along the
optical path through the tunnel test section.

Current bundled CFD post-processing tools permit shadowgraph and schlieren visualisation in
a single plane within a domain. In a lot of cases, the mid-plane of the computed flow field is
compared with that obtained from experiment, even though the computational domain is three-
dimensional. Single plane visualisation has merit for axisymmetric and two-dimensional flows, as
shown in [41, 42]. However, this is clearly unrepresentative of the experimental image obtained
when there are significantly different flow features and topologies along the light path and a single
plane would not be able to account for these. In specific relation to the visualisation methods used
in this research, the problem remains to arrive at a suitable visualisation of the three-dimensional
CFED data so as to validate it with yawed /rolled points-of-view corresponding to those used in the
experiments. A method of doing this is developed in this section, with the aim of direct compari-
son with experimental images for validation of the numerical models.

Various methodologies have undergone staggered development regarding image construction from
CFD solution data and comparison with images obtained from experiments. Attention to these
have arisen in conjunction with CFD software development [38, 39|, particularly that regarding
post-processors, or else with relevance to modelling of an optical setup by way of simulating each
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of the components [40]. In the latter work ray-tracing is used to model light ray paths thoughout
an optical system and through a test section, even though the test data is two-dimensional and
is taken to be an infinitesimal thickness in the transverse direction. Emphasis was placed on
modelling other aspects of a shadowgraph optical system in order to assess the effects of type and
placement of equipment in the surrounds of the test section for setup optimisation.

In earlier works regarding numerical image construction, emphasis is placed on numerical integra-
tion of various properties across the domain of a CFD solution for both two-dimensional and three-
dimensional flow domains. This was necessitated by the need for more effective post-processors
at the time. From the publicly available literature on this aspect, the early attempts to construct
shadowgraph and schlieren images from CFD data consisted of numerical integration of density
gradients and second derivatives across terahedra inserted within the domain [38]. Rays of light
are traced through these tetrahedra and density gradients are integrated along a straight-line light
path. However, dependencies of the final image quality on the size and spatial density of the tetra-
hedra is unclear. The technique was advanced by Yates [39] which involved a simplified straight
line ray-tracing method combined with more complex line integration of functions of the flow
refractive index. The straight line approximation considerably reduced computational resources
required, whilst allowing good comparisons with experimental data. However, to the author’s
knowledge, no work has been undertaken concerning the combination of shadowgraph/schlieren
visualisation of three-dimensional CFD data for validation purposes with an oblique line-of-sight
(i.e with a yawed/rolled optical axis). Hence the need to take the above-mentioned solutions a
step further in order to validate the current numerical models used in this research.

The current approach draws from previous attempts to re-create the visualisation used in the
experimental setup. It is also based on numerical line integration used in ray-tracing, but with the
simplification of approximating the integration paths as straight and collimated through the test
section along the optical path. It also involves integration of density derivatives, and not func-
tions of local refractive indices. The result is a much more simplified approach to shadowgraph
and schlieren image reconstruction, which is applicable to any optical orientation in yaw and roll.
It would be a simple matter to extend the applicability of this approach to images formed with
pitched optical configurations. In addition, the variety with which the resulting integrated density
derivatives may be combined allows a large variation of images to be generated for a single test
case to selectively emphasise certain regions or flow features. This ensures sound interpretation
of the flow field and when used with other aspects of CFD post-processing tools (such as volume-
rendering) allows features to be easily identified in the experimental images.

It should be noted that the solution described here can be thought of as the inverse of those
dealing with tomographic reconstruction [43], which is primarily concerned with obtaining the
density field from images of the flow. The approach taken here is to generate integrated images
based on a known density gradient field.

6.1.2 Problem setup

Consider the full CFD domain shown in Figure 6.1, with length in the streamwise direction as [,
width w and height h. The domain is discretised into slices as shown, and the first derivatives of
the density in each planar direction at each point of the grid are extracted. The locations of the
density derivatives correspond to the grid nodes, and are unevenly spaced due to mesh adaption
used during numerical simulation. In addition, these slices of the flow field vary in dimensions
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based on their transverse location in the domain - for example, a slice in the mid-plane is very
differently sized to one taken from the extremities of the domain width.

Figure 6.1: CFD domain with slice discretisation.

6.1.3 Numerical integration along an arbitrary three-dimensional op-
tical path

Given the non-uniform spatial locations of the extracted density derivatives and differences in slice
dimensions, the task of integration along an arbitrary path in three-dimensional space in order
to form an accurate image requires interpolation of the slice data onto a secondary grid. The
secondary grid was chosen to have elements of the same size as the smallest cell from the final
adapted mesh of the CFD solution. This ensured that interpolation of refined features (which are
features of interest) onto the secondary grid occurred with minimal loss of visual information so
that these features would be properly visible on the final image.

The first slice of the domain is thus interpolated onto a larger slice, of the same length [ and
height A of the domain. A top view of the domain with this initial slice is shown as the black line
at the top of Figure 6.2 for the case of an optical axis yawed by A and no roll. Furthermore, there

i ! <~ Initial slice
SRR Nk
\\\ Y ' '/Test piece Side 9
N
\ . Side 1

Final slice

Figure 6.2: Top view of domain showing integration scheme. Side 1 refers to the region on the
side of the vertical symmetry plane (horizontal dotted line) closest to the camera, Side 2 refers to
that region closest to the light source.

is an additional portion that is appended to the left of the initial slice, shown in red in Figure
6.2. This extra portion accounts for optical yaw and allows each subsequent slice to be of the
same dimensions, thus simplifying the method of integration whilst covering the entire domain.
Its length is given by

r; = wtan A
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and for the case of having optical roll

21 = htan¢

where ¢ is the angle of roll (see Figure 4.9 for roll orientation of the optics).

Each subsequent slice is interpolated onto a secondary grid of the same dimensions as the ini-
tial slice and its appended length x; or z;. Its streamwise location is shifted to maintain the yaw
and /or roll angles used. This is shown with the dotted lines in Figure 6.2. The integration assumes
a linear variation of density gradients between slices [38] along the line-of-sight, and the sum of
these integrals gives the schlieren intensity:

Yh+1 8p dp dp Ay
]Schx Z/ ((8x> (%)]ﬁ_l) o5 \ (61)

where Ay is the inter-slice spacing between the k™ and (k + 1)" slice, and s is the integration
path in space across n slices. Integration of 2 corresponds to having a vertical knife-edge in the
experimental setup. A similar formulation apphes for the integration of the density gradients in
the z-direction for schlieren intensity Is.,., corresponding to a horizontal knife-edge. For inte-
grated shadowgraph images, the Laplacian of the density field is calculated for each slice, and
interpolated onto the secondary grid. Integration is carried out in the same way as above to arrive
at the integrated shadowgraph image.

Integration is carried out for each node on the secondary grid, across all slices, resulting in a
matrix of intensity values with dimensions that match the secondary grid of each slice. Therefore,
the more refined the secondary grid, the higher the resolution of the constructed image. A num-
ber of secondary grid sizes were sampled to explore their capability to resolve features of interest,
before arriving at the final resolution used in this study. This also allowed a good compromise
between CPU time and the final resolution, with run times of approximately 90 minutes on an ¢3
processor with 8 GB RAM.

6.1.4 Technique evaluation in conjunction with volume-rendering
Image formation and discretisation study

Once schlieren and /or shadowgraph intensity values are obtained, they may be further combined in
various functions in order to visualise different aspects and features of the flow field. Of particular
relevance to the images generated here, this included “bright-field schlieren”, as used in [44, 45],

given by
¢(g>2(gy 62)

Shadowgraph formulation resulted in images for which strong features, such as shock waves, were
readily displayed. Weak features, such as expansion fans and shear layers, were more readily dis-
played on schlieren-type images.

The effect of slice discretisation and secondary grid sizing was also investigated to assess such
effects on feature visibility of the constructed images. Nominal resolution settings for the formula-
tion of constructed images from the CFD data comprised approximately one slice per 1 mm along
the transverse direction of the flow domain, and a secondary grid cell size of 0.1 mm. Further
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cases were generated using higher resolutions of both slice discretisations and secondary grids in-
creased by a factor of 1.5 for each subsequent case. The resolution improvements were negligible
for the validation purposes for which the technique is used in this study as improved clarity of
flow features was not readily discernible. However, the global Structural Similarity image (SSIM)
quality assessment measure (detailed in [46]) was monitored during the comparison of the various
resultant images at different slice discretisation settings. Finer slice discretisations resulted in
SSIM values of approximately 0.75 for a range of optical angles in yaw and roll combinations with
slice discretisations set at 150, 240, and 360 slices across the domain. This indicated good overall
correlation with the initial discretisation setting of approximately one slice per 1 mm. Secondary
grid refinements were found to have a greater impact on images (observable at a glance at the
resultant images), with best results seen for grid cells of the same size as the smallest of the CFD
cells obtained after grid adaption.

Furthermore, volume rendering of shock surfaces in CFD post-processing provided another useful
tool with which to interpret both the integrated numerically-constructed images, as well as those
obtained from experiment. It was with the aid of volume rendering that features seen in the con-
structed and experimental images could be correlated with the corresponding three-dimensional
surfaces as observed in space.

The general flow field that was visualised is shown schematically in figure 6.3. The oncoming
free-stream deflects about the specially-designed test pieces (see Section 4.4) to produce central
regular reflection and peripheral Mach reflection, which are the shock structures indicated in figure
6.3a. In between the two reflection patterns is the transition point T. Shear layers emanate from
the upper and lower edges of the Mach surface (called triple lines) as indicated in figure 6.3b. The
shock surfaces and shear layers are the main features in this study, and hence their visualisation
is of interest.

Shear surfaces = —cccccc-aa----

jﬁ““ —_— Shear edge
RR portion

lar reflection Mach reflection T MR portion
» (b) Schematic representation of shear surfaces with
edge emanating from transition point 1. Lower shear

(a) Overview of shock surface with regular and Mach surface is coloured orange and the edges of the upper
reflection portions shown. surface are dotted as shown.

Figure 6.3: Overview of flow field.

Feature visibility in constructed images

An instance in which image construction and volume-rendering techniques were used is now ex-
amined for the case in which the optics were yawed by A = 40°, and rolled at ¢ = 0°. From here
on, feature labels on images will have subscripts 1 for features on the side of the vertical symmetry
plane closest to the camera, and 2 for features on the other side of the vertical symmetry plane.
Figure 6.4a shows the image obtained from the experiment. The validation process (discussed
later on) demonstrates good correspondence of the computational data with the image from the
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experiment. It can be seen that the line of sight is such that the shock wave configuration is viewed
through a portion of the Mach surface. This is the reason for the narrowing triangular feature at
the middle of the vertical distance between the test pieces. There is the narrowing portion of the
Mach surface nearest to the camera, narrowest at the transition point 77, after which the regular
reflection line extends to the right. This extends as far as the second transition point 75, which
is more clearly shown in Figure 6.4b and in the accompanying sketch of Figure 6.4c. Attached
to both transition points are shear layers, identified by the blurry structures emanating from the
transition points. Figure 6.5a shows the volume-rendering of the density iso-surfaces which puts
certain features in context with the entire numerically-solved flow field including the test pieces by
making the iso-surfaces translucent. This is also done for the same orientation as the experimental
image at A = 40°, ¢ = 0° in Figure 6.5b. Figure 6.6 shows the numerically-constructed schlieren
and shadow images, resulting from implementation of the methods previously discussed.

The main point here is that certain structures are afforded more clarity depending on how the
integrated density gradients and shadowgraph variables are combined. The integrated shadow-
graph (figure 6.6a) shows the strong features of the flow field, these being the incident and reflected
waves. Transition points are observed by virtue of the inception of shear layers from each transition
point, however their exact location is not readily seen especially regarding the far-side transition
point. Shear layers are observed as the slightly darker patches near the symmetry line of the
image. The slanted lines between the incident and reflected waves as well as those representing
multiple Mach stems of a lighter shade straddling the symmetry line result from the integration
(effectively superposition) of each shadowgraph slice of discrete transverse locations to form the
final image. However, the near side Mach surface appearing as the central narrowing triangle
due to foreshortening in figure 6.4b is not seen in the shadowgraph. Rather, it is visible in the
image computed from integrated density gradients in the streamwise direction (z) i.e, a vertical
knife-edge numerical schlieren (figure 6.6b). This is an important feature to be able to visualise, as
it correlates the view orientation of both the camera used in the experiment and the line-of-sight
used for computationally constructing this image, which were nominally set to the same orienta-
tion. This credits the IMU system implemented during experiments with being able to properly
measure optical system orientation. Visualisation of the shear layer is an important visual cue to
the location of transition points in the flow field. This is made possible by the use of horizontal
knife-edge schlieren images, formed with integrated density gradients in the z-direction (figure
6.6¢). Here, the nature of the shear layers (appearing as the blurry structures) is accentuated by
invoking a smaller range of intensity values (see figure 6.6d). Pixels with intensities exceeding the
scale are saturated and become either fully black or white. The scale used to observe the shear
layers was an order of magnitude lower than that used in figure 6.6c, and therefore resulted in
large portions of the rest of the image being saturated. Here, however, the inception of the shear
layers and transition points are visible and are as indicated. The correlation of experimental and
constructed images are good but the blurred nature of the shear surfaces obscures visualisation of
the transition points necessitating further image processing on both image sets.

Thus it is seen that the numerically-constructed images from the CFD data provide good in-
sight into the flow field due to their selective enhancement of certain flow features. It now remains
to demonstrate validation of the numerical models by using the constructed images and comparing
them with those obtained from experiment.

6.1.5 Validation results and observation of flow features

Validation of numerical CFD solutions required direct comparison of the constructed images with
those obtained from experiment. For each case of optical orientation used in the experiment,

56



(a) Image obtained from experiment for Model 8 at M; = 3.0, A = 40°, ¢ = 0°. Ty and Ty refer near-
and far-side transition points respectively.

(b) Detail-view of (a) zoomed in on boxed region to show transition points. Shear surface from T} and
the regular reflection (intersection) line lies horizontally between 77 and T5.

Test piece

(c) Sketch of features.

Figure 6.4: Depiction of relevant flow features for M; = 3.0, A = 40°, ¢ = 0°.

corresponding images were constructed using the techniques described above for the same camera
orientations. Scaling of integrated intensity values of the images was done in order clarify features
and to aid in the comparison process, however, the final images shown here are a result of a
compromise between image clarity and visibility of all flow features. For example, visibility of the
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(b) Volume-rendering with line-of-sight corre-
sponding to A = 40°, ¢ = 0°. T, corresponds
(a) Isometric view of volume-rendering. to far-side transition point.

Figure 6.5: Volume-rendered images of CFD with density iso-surfaces.

shear layers diminished rapidly with increased scaling thresholds. However, it was necessary to
have a scale as broad as possible in the interest of smaller and fewer regions of saturation which
appeared as blotchy black or white regions obscuring other flow features such as peripheral Mach
surfaces.

It was also found that schlieren images computationally constructed with a parallel knife-edge
were associated with greater contrasting of the various flow features and enhanced clarity. These
were overlaid onto the images from the experiments, and their opacity progressively adjusted in
order to compare the spatial locations of corresponding flow features in each image. Results are
shown here for Model 8 in a free-stream flow of M; = 3.0. Here, the images from experiment
and those computationally constructed are shown above one another vertically, as the overlaid
comparison would make it difficult to distinguish between each image individually. The image
from the experimental test is shown on top of the constructed image at the bottom. Furthermore,
the white dotted line in each Figure shows the spatial correspondence of the interaction point of
the shock waves. The opportunity is taken here to explain the interpretation of the images based
on identification of the flow features with yawed and rolled optics. This demonstrates the ability
of the image construction technique to display features in an integrated density field.

The first image to be considered is shown in Figure 6.7, taken with zero optical yaw and roll.
It is clear to see that there is a difference between the images behind the interaction point. The
image from the experiment shows two similar flow structures on top of each other, whilst that
constructed from the CFD solution shows the same structures singularly in the middle of the
image. The reason for this is that there was a slight optical roll for the experiment, obtained from
the fact that the datum orientation of A = 0°, ¢ = 0° was set by sight and the IMU sensor was
to provide the change in angle from this point for subsequent orientations. However, regardless
of this slight roll, which was estimated to be approximately 0.02° based on the geometry of the
optics, spatial correlation of the various features are excellent, and the slight roll offset is taken to
be negligible in determining the orientations of the camera for further tests.

Just after the interaction point, there is a line that extends to the right, prior to it diverging.
Its horizontal extension corresponds to the line of regular reflection on the symmetry plane. Its
divergence indicates the growth of the Mach surface on either side of the vertical symmetry plane.
Given that there is a slight roll in the image from the experiment, the features on both sides 1
and 2 are visible. Transition points 1} and 75 are also visible and are indicated at the points at
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(a) Computationally constructed shadowgraph.
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(b) Vertical knife-edge schlieren (computationally constructed).
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(c) Parallel knife-edge schlieren (computationally constructed) with arrow showing shear layer
inception on far-side.

(d) Detail view of (c) at narrow scale range zoomed in on red boxed region showing transition
points and shear surfaces.

Figure 6.6: Images numerically constructed for Model 8 at M; = 3.0, A = 40°, ¢ = 0° using
different methods for flow field interpretation and validation.
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Figure 6.7: Images obtained from experiment and computationally constructed for Model 8 at
M; =3.0,A=0° ¢ =0°.

which the regular reflection line starts to diverge and transition to Mach reflection. This is seen
in the constructed image for a single transition point. The blurred structure emanating from the
transition point(s) in both the experiment and constructed images is the shear surface S formed
due to the existence of the Mach reflection portion at the peripheral stations of the flow field.
Both regions 1 and 2 have separate shear surfaces corresponding to the respective Mach reflection
portions. There is a more gradual density gradient across a free shear flow than with a shock
wave, which is reflected in the way that the constructed schlieren imparts a blurred effect to the
shear layers. These are not as easy to visualise in the shadowgraphs from the experiment. Their
observed widening is due to their inclination to the optical axis as well as mixing. There are ad-
ditional waves downstream of the transition points with a steeper angle than the incident waves.
These are expansion waves resulting from the trailing edge of the test pieces and do not further
impede visualisation of the flow field for the oblique images discussed further. For now, attention
is given to those images produced with oblique camera orientations.

Figures 6.8 to 6.9 shows images from experiments and corresponding constructed ones at two par-
ticular angles of yaw (A = 10°,20°) with ¢ = 0°, notwithstanding the small roll offset. Although
these images are obtained with small variations in optical yaw, they provide an understanding
as to how the various flow features are transformed in spatial location and appearance from one
orientation to the next.

Figure 6.8 shows very similar flow features and locations to Figure 6.7, save for the extended
regular reflection line on side 2 extending downstream from the interaction point (indicated by
the blue braces in the image). This is seen in both the experiment and constructed images and is
expected due to the increased optical yaw. Conversely, the regular reflection line on side 1 of the
domain (indicated by the red braces in the image) appears to have shortened in length and the
transition point T} is located closer towards the interaction point. It should be emphasised here
that the “interaction point” is actually that portion of the intersection bow wave whose tangent
is collinear with the optical path through the test section. This appears to be a so-called point at
which the incident and reflected waves meet. However, the portion of these waves that are observed
in the images are also those portions along the wave surfaces whose tangents are collinear with
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Figure 6.8: Images obtained from experiment and computationally constructed for Model 8 at
M, = 3.0, A = 10°, ¢ = 0°. Red and blue braces bound the regions along which the regular
reflection lines exist for sides 1 and 2 respectively.

LRR line
G pisdddded

Figure 6.9: Images obtained from experiment and computationally constructed for Model 8 at
My =3.0, A =20° ¢ =0°.
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the optical path. In all figures showing comparison of experimental and numerically-constructed
images, the vertical white dotted line on each image pair is included to show alignment of the
interaction points on each image.

This explains the gradually increasing curvature of the incident waves as optical yaw is increased.
This is seen for as small an optical yaw as A = 20° (Figure 6.9). Images obtained here show
features in a more exaggerated way than Figure 6.8. The image obtained from experiment clearly
shows a considerable difference in the horizontal location of the transition points, but this is aided
by virtue of the roll offset which clarifies the transition points. For the constructed image below
it with no such offset, this difference in transition point location is seen because of the way in
which the shear surfaces show up on the final image. Close behind the interaction point, there
is a blurry structure which is the shear layer resulting from 7j. This is also seen for the image
from the experiment (labelled). Looking back at the constructed image, this shear layer appears
to dissipate, which is why its visibility attenuates downstream of the interaction point in the final
image and it is overridden by the visibility of the regular reflection line on side 2 of the vertical
symmetry plane. Once again, this line extends to the right of the image and diverges at T, to
form the far-side Mach surface and also gives rise to the far-side shear surface, which is seen as the
secondary blurry structure widening from the middle of the image. This diffusion and widening
of the shear surface is also seen in the images from the experiment. In addition, the Mach surface
edge (i.e triple line) on the near side is seen clearly in the experimental images, labelled as M S,
however the same cannot be said of that on side 2 of the flow field as its visibility is impeded by
the features in front of it along the optical path. M.JS; is visible on the constructed image, but
barely so due to the dark patches obstructing it from the test piece expansion features. M S is
seen in the constructed images as the central diverging portion starting at the termination of the
regular reflection line (at T3), but this is due to the contrast provided by the parallel knife-edge
schlieren setting with which the images were constructed. Having compared the computational
and experiment images by overlaying them on one another, it can be said that the Mach surface
growth rate seen in the experiment is also present to the same extent in the CFD data.

The features discussed above are made clearer by obtaining images with optical roll, for which
two orientations were used: ¢ = 5° and ¢ = 9° for various yaw angles. The images obtained
from experiment and the numerical construction method are shown in Figures 6.10 to 6.14.

The use of optical roll allows for better distinction between features on either side of the verti-
cal symmetry plane. Higher roll angles also allow for observation of features at or close to the
intersection line on the horizontal symmetry plane. This is clear to see from Figure 6.10, which
gives a much clearer impression of the features of the flow field behind the interaction point. The
widening of the Mach surface labelled M S}, transition point 7T} and shear surface S; are all made
clearly visible in the image obtained from the experiment. The corresponding features are also
seen in the computationally constructed image below it, these agreeing very well with those from
the experiment in terms of spatial location. The same features on the opposite side of the vertical
symmetry plane are less clear to see in the experiment image as well as in the constructed one.
The experiment image, being a shadowgraph, attenuates the visibility of these features rapidly
with distance from when they first occur. For example, the spatial trajectory of shear surface S,
was unable to be tracked very much further from the transition point 75, which may also be due
to mixing occurring along it. The same can be said of the Mach surface M S5 in terms of reduced
visibility along its path. The constructed schlieren image does not attenuate such features to as
great an extent as the experimental shadowgraph as seen by the features visible on side 1 of the
constructed image. This credits the proposed technique as a useful means of providing further
insight into the trajectory and tracking of such features over and above available experimental
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Figure 6.10: Images obtained from experiment and computationally constructed for Model 8 at
My = 3.0, A = 0° ¢ = 5°. Triple lines of Mach stem surfaces denoted by M.S; and M.S,, shear
surfaces labelled as S7 and S5 for near-and far-side features respectively.

___ > MSy,

Figure 6.11: Images obtained from experiment and computationally constructed for Model 8 at
My = 3.0, A =15° ¢ = 5°. Near- and far-side triple lines of Mach stem surfaces denoted by M S
and M .S, respectively, with subscripts ¢ and b for bottom and top triple lines respectively.
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Figure 6.12: Volume-rendering at orientation A = 15°, ¢ = 5°. Far-side triple lines of Mach stem
surfaces denoted by M .S;, with subscripts ¢ and b for bottom and top triple lines respectively.

Figure 6.13: Images obtained from experiment and computationally constructed for Model 8 at
M; =30, A =15° ¢ =9°.
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Figure 6.14: Images obtained from experiment and computationally constructed for Model 8 at
My = 3.0, A = 30°, ¢ = 9°. Shear surfaces labelled as S; and S, for near- and far-side features,
respectively.

data. However, on side 2 the density gradients along the shear surface are accentuated to the
point that it impedes visibility of the triple line and transition point.

In Figure 6.11, in the region between M Sy and the reflected wave there is a dark patch which
is easily misinterpreted as the shear surface. This is also seen to various extents in subsequent
images with both yaw and roll. The volume-rendering shown in Figure 6.12 was a useful aid in
interpreting the images for the location of shear surface S5. The white lines show the approximate
locations of the initial portions of the upper (MSs) and lower (A Sy,) triple lines and thus are
the boundaries of the Mach surface on side 2. The lower triple line is visible in the experiment
images as well as in some of the constructed ones at higher angles of yaw and thus the shear
surface S5 is seen between the upper and lower triple lines. Confirmation was needed of this, as
it may be that at very high roll orientations, the shear surface may appear to be below the lower
triple line. From the volume-rendering, it can be concluded that the dark patches are due to the
confluence of multiple phenomena along the optical path, which gives rise to a large second-order
density gradient. These features are the expansion fans and their interaction with the reflected
wave surface resulting in image saturation as a result of second-order density gradient field ex-
ceeding the range provided by the experimental optics. The same is noted in the constructed
images to a more exaggerated extent as this image accounts for first-order density gradients and
the final intensity values exceeds the scale range applied. Although an unfortunate consequence
of expansion-reflected wave interaction, the fact that the features on side 1 could be favourably be
compared with those seen in the experiment image gives confidence that side 2 constructed from
the CFD data would match the experimental flow.

The usefulness of higher roll angles is seen when comparing Figure 6.11 to Figure 6.13, the latter
obtained with ¢ = 9°. This is with regards to the shear layer trajectories especially on side 1 of
the images. Increasing the yaw angle to A = 30° (figure 6.14) depicts a larger portion of the shear
layer trajectory and it is clearer to visualise this on side 1 for the constructed image. However,
an important difference between the experimental and constructed images is the extent to which
the shear layers are represented. On the near-side, the shear layers are better represented than
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those on the far-side. The latter is hindered by the superposition of multiple features leading to
poorer visibility for the constructed schlierens. The shear layers are only faintly visible on the
shadowgraphs on side 2 after zooming. On side 1, the constructed schlierens are free from this
confluence effect and hence a larger portion of the shear layer trajectory is able to be inferred from
the constructed images than from the experimental ones. This is also aided by the better contrast
with which the constructed schlierens depict the shear layers than with the experimental shad-
owgraphs, which is expected given the order of the density fields that each type of imaging resolves.

A final comment must be made as to the representation of the shock surfaces and spatial lo-
cations of interaction points for which excellent agreement between constructed and experimental
images is noted. The accuracy of the construction technique to replicate shock profiles can give
rise to applications in studies of three-dimensional shock curvature.

6.1.6 Conclusions

This section has detailed the development of a method to computationally construct images of
integrated density gradients for a three-dimensional flow field viewed with an oblique line-of-sight.
It combines ideas used in both ray-tracing and numerical integration of density fields, both of
which in past works have been applied to two-dimensional numerical flow solutions, or, when used
on three-dimensional flow fields, have assumed the datum configuration of the optical path with
A = 0° and ¢ = 0° only. The method of image construction was able to show both strong features,
such as shocks, as well as those along which density gradients are generally low, such as shear
surfaces, on the final constructed images. The methods developed were successfully applied to
numerous cases of optical yaw and roll and the combination of both for a numerically-solved fully
three-dimensional flow field in order to construct images which were compared with those obtained
from experiment for validation purposes.

In the majority of cases, comparisons were easily made using a method of overlaying the con-
structed images on top of the ones from the experiments, and adjusting opacities to observe spatial
correlation between features. In other cases, additional techniques, such as volume-rendering, were
required in order to interpret the location of the shear surfaces. Excellent agreement between CFD
solutions and experimental image data was demonstrated using the image construction technique,
and this was due to the latter being easily given to image scaling and also because of the simple
combination of the integrated variables allowing different insights into the nature and appearance
of the flow features shown.
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6.2 Three-dimensional shock interaction in the immediate
vicinity of transition

6.2.1 Introduction

In practice, the three-dimensional intersection of shock wave surfaces with a symmetry plane
produces a flow field topology with a swept incident shock surface such as that shown in Figure
6.15. The test model shown here is of the type used in this study in particular, however, this
flow topology and shock surface configuration is typical of all three-dimensional steady flow shock
reflections investigated at the time of writing. As noted in [6], the three-dimensional formation and
intersection of shock waves leads to an increasing incident wave angle along the sweep of the waves.
There comes a point when this results in the reflected shock surface being unable to deflect the
flow to be parallel with the symmetry plane and the incident shock surface becomes detached with
a Mach surface forming. Although this mechanism of transition is analogous to the detachment
criterion for two-dimensional flows, it remains to be investigated whether the von-Neumann and
detachment transition criteria are applicable in the analysis plane for a three-dimensional flow.
Viewed in three dimensions, transition can be seen at points T} and 75 in Figure 6.15, and further
outwards in a spanwise direction it can be seen that there is the growth of the Mach surface. In this
section, first the regular intersection of planar three-dimensional shock surfaces will be examined,
after which further analysis regarding the shock systems on either side of the three-dimensional
transition point will be undertaken.

Horizontal symmetry plane

See

Mach disk reflection portion

Wedge body test piece Incident shock surface

Figure 6.15: Incident shock surface intersection with horizontal symmetry plane.

6.2.2 Regular three-dimensional shock interaction

Three dimensional shock interaction is based on the consideration of two opposing shock surface
segments the width of which are sufficiently small to approximate them as being plane waves.
These represent only a portion of the entire respective shock surfaces, which in general are swept
backwards around the object placed in a supersonic steady flow. The standard configuration for
this analysis is shown in Figure 6.16. Much of the foundation for the three-dimensional regular
interaction of swept shock planes has been laid in the works of Keldysh [34], Emanuel [35], and
Migotsky and Morkovin [36]. A recent paper by Domel [37] explores the three-dimensional relations
for a single swept shock surface and presents some interesting findings regarding the effects of sweep
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on the nature of the shock surface and the flow directions downstream of such a surface. The
associated complexities of the relations between various parameters was consolidated by Domel
into a new relation for the shock geometry and post-shock parameters as a function of sweep,
deflection angle and shock angle. This is analogous to the theta-beta-Mach relation for two-
dimensional oblique shocks, suitably extended to three-dimensional wave surfaces. In relation to
the current work, such a relation is valid for an infinitesimal portion along the continuously swept
incident wave surface so that such a portion may be analysed as being planar. The interaction
analysis which follows based on Figure 6.16 applies to an infinitesimal portion of a fully-swept
wave surface for the interaction of both the incident and reflected waves (such as in Figure 6.15).

Intersection line

Reflected wave

Incident wave

Figure 6.16: Schematic of plane shock wave intersection in space.

In this section, it will be assumed that the free-stream flow is orientated at an angle g to the inter-
section line of the incident and reflected shocks i.e that the shock planes are swept relative to the
free-stream. This is the main parameter that differentiates three-dimensional shock interactions
from those in two-dimensional flows. Flow vectors are not constrained to within a two-dimensional
flow plane, and this is accounted for by the sweep angle 3. It is crucial to note that the definition
of the sweep of the shock surfaces used in this work is contrary to that used for the aeronautical
definition of sweep. Here, the sweep angle is between the shock surface and the incoming flow
vector, as shown in Figure 6.16. The sweep angle is therefore complementary to the way it is
defined in, for example, the sweep of a wing.

Upon reaching the incident shock plane, the free-stream is deflected in three directional com-
ponents, two of which are considered here: one projected onto plane P4 and another onto plane
Pg, which are perpendicular to one another, shown in red and green respectively in Figure 6.16.
Plane P4 lies parallel to a line drawn normal to the intersection line of the shock planes. Plane
Pg lies perpendicularly to P4, such that it contains the free-stream vector M; and is parallel to
the reflecting plane at which the incident and reflected shock surfaces intersect. The two com-
ponent angles of the post-shock streamline are measured relative to a line parallel to and within
each plane. Plane P, is of importance, and will be termed the analysis plane. This is because
the two-dimensional oblique relations for shock waves and their interaction apply in Plane Py,
as long as all relevant quantities are projected onto this plane. Thus, an ostensibly complex
three-dimensional interaction can be suitably reduced to an equivalent two-dimensional one. The
corresponding Mach number component in this same plane is M| = M;sin 8. It is important to
note that in the analysis the effective shock angle is defined as

sin 6,
0, =sin! 6.3
=i (220 (63)
where 6; is the incident shock angle obtained as seen in an x — 2z plane slice of the flow field. Note
that the prime superscripts refer to effective quantities in the analysis plane. Calculations carried
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out in the analysis plane are similar to the standard approach used to analyse two-dimensional
oblique shocks in which vector components normal to the shock are considered to effect changes
across the shock [18, 19].

Once the effective Mach number and either the effective incident shock angle or effective flow
deflection angle §; are obtained, one can proceed with a standard two-dimensional consideration
of the flow field in the analysis plane. In this study, reflection transition is the primary concern,
but first the regular reflection of shocks in the analysis plane is considered (see Figure 6.17).

Symmetry line

Figure 6.17: Reduction to equivalent two-dimensional reflection configuration in the analysis plane.

Once the flow field and shock wave configurations are viewed from the analysis plane, the
two-dimensional two-shock equations can be used for resolving the flow field:

piw; sin(0;) = pip1u, sin(0; — 6;) (6.4)
pi + pauil sin® (6;) = piry + piaui sin(6; — &) (6.5)
Pi tan(@i) = P1+1 tan(@i - (52) (66)
1 1
hi + —u? sin®(0)) = hip1 + =u, sin®(0; — &) (6.7)

2

for 1 = 1,2 i.e across the incident and reflected shock waves. Note that this the formulation of
these equations are identical to those applied to a two-dimensional flow, which means that the
underlying assumptions apply here in the analysis plane. Regarding uniformity in each region, it
will be seen that this is a significant simplification, as in three-dimensional flows regions of uniform
flow properties are reduced in size as compared with two-dimensional flows due to transverse flow
components impinging from other parts of the flow field. However, this assumption is considered
reasonable when considering a localised region, especially very close to the symmetry plane and
to the reflection point of the shock waves, as will be seen later on. Therefore, no account is taken
of the effective expansion effects in this analysis as shown in Figure 6.17, although they do exist.

It is important to note that, because of sweep, the analysis-plane component of the free-stream
Mach number normal to the incident shock in this same plane (i.e the effective normal Mach
number M sin @) is necessarily required to be high enough for the shocks in the analysis plane
to exist. This puts limits on the extent of the sweep angle, or on the minimum free-stream Mach
number M7, which reduce to

m S sin 91 S sin Him(w (68)
where 6],,,, is to be defined as that wave angle beyond which Mach reflection is formed in the

analysis plane, and is analogous to the detachment criterion for two-dimensional reflection tran-
sition. From the preceding inequality, two things are important: first, the normal Mach number
component in the analysis plane is what governs the reflection transition and determines whether
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or not the shocks in the analysis plane exist or are so weak as to reduce to Mach waves. Secondly,
theoretically the same transition criteria (i.e von-Neumann and detachment) apply to the analysis
plane as with a purely-two-dimensional interaction. The important difference here is that 67, .
is additionally dependent on (8 and thus varies all along the intersection line of shock waves in
space irrespective of the free-stream Mach number M; being constant prior to any incident shock

surface segment.

The criteria for existence and transition between regular and Mach reflection in the analysis plane
are shown in Figure 6.18 for a free-stream Mach number M; = 3.0. Higher Mach number flows are
given to a broader range of effective incident shock angles in which the shock waves both exist and
are configured in a regular reflection pattern. The incident wave angles of the von-Neumann and
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Figure 6.18: Minimum existence criteria and transition criteria for three-dimensional shocks, M; =
3.0

detachment criteria are denoted by 6}, 5 and 61,,,. respectively. It is apparent that these criteria

in the analysis plane are not clearly distinguishable for most of the range of sweep angles from the
Mach angle (19.47°) to approximately 50°, at M; = 3.0. The largest difference in effective shock
angle is approximately 2°, occurring near a sweep of § = 90°. This represents a situation in which
the free-stream is perpendicular to the intersection line of the shock planes.

In order to complete the analysis of spatial phenomena by virtue of three-dimensional shock
intersections, attention is given to flow deflections as viewed from a plan elevation view of the top
of the intersection. This is shown in Figure 6.19. Although the intersection is viewed from the
top, the vectors on this diagram are not the components in the plane of the intersection line and
still possess their out-of-plane components where applicable. Again, all quantities with a prime
superscript denote the vector component in the analysis plane. The velocity vector emerging from
the reflected wave is not parallel to the free-stream vector when viewed in the plan view as in
Figure 6.19; however, both vectors are parallel to the symmetry plane (containing the line of
intersection) when viewed in the analysis plane or in an x — z plane slice of the flow field. The
angular difference between the two vectors is given by 7 = 8 — v, where 7 is the angle between
the emergent velocity vector and the line of intersection in the horizontal symmetry plane (i.e., in
the plane of the intersection line). From Figure 6.17, the velocity ratio across the entire system
of shocks in the analysis plane can be derived based on the fact that the tangential velocity com-
ponents w; for ¢ = 1,2, 3 for each region in Figure 6.17 are equal. If the velocity in each region in
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Figure 6.19: Top view of the intersection of the shock planes.

the analysis plane is denoted as V; for i = 1,2, 3 then the tangential components are expressed as

wy = V] cos ] (6.9)
Wy = V; cos 6 (6.10)
wsy = Vy cos(#] — 61) (6.11)

wg = V5 cos(fy — 01) (6.12)

where wq; is the tangential velocity component of V; relative to the incident wave, and wss is the
tangential component of Vj relative to the reflected wave. Equating Equation 6.9 with 6.10, and
Equation 6.11 with 6.12, and solving for Vj results in

/
cos 0]

Vil S 1
V2= cos(#) — o) (6.13)
vy = oot — 0 (6.14)

/
cos 05,

Next, equating Equations 6.13 and 6.14 results in the velocity ratio across the entire system of
shocks in the analysis plane
V3 cos 0] cos 0,
2= — — (6.15)
Vi cos(0] — 61) cos(0y — o)
Denoting the velocity tangent to each of the waves as viewed in Figure 6.19 as wp;, for i = 1,2, 3,
we obtain

/

tanf = M (6.16)
wr1
M/

tany = —> (6.17)
wrs3

Noting that all tangential velocity components are equal across the shock system, it can be seen

that
tany Mg

tan3 M{
It is worth mentioning that the two Mach numbers on the right-hand side of Equation 6.18 are in
the analysis plane, as are quantities V; and V3. Therefore, it can be deduced that
Mz Mssiny V3
M;  Msing V|

(6.18)

(6.19)
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This is an important equation as it related the analysis plane Mach and velocity ratios to the
actual Mach numbers in the three-dimensional flow field, which further gives the result

V/

v =tan! (—3, tan ﬁ) (6.20)
Vi

Of importance is the fact that the foregoing analysis can be used to relate the flow conditions and

flow geometry in the analysis plane to those found in the top view of Figure 6.19. As such we have

‘/’1/
tan 8 = — tan~y (6.21)
&
o o
= tanf = cos(th — 01) cos(f; — &) tany (6.22)
cos 6] cos &),

which is of clear significance to the understanding of regular reflection in three-dimensional space,
while not being limited to any one plane. Thus, the fundamentals of regular reflection have been
introduced. This requires extension to consider the flow phenomena in the presence of a transition
point, on one side of which there is regular reflection in the analysis plane and on the other, Mach
reflection.

6.2.3 Model development in the vicinity of transition

The main focus for this section is the flow field in the vicinity of transition, and so attention is
given to the regions in the immediate vicinity of the transition points. Observing the shock system
from above, the shock intersection in the symmetry plane is as is shown in Figure 6.20. When

Shear layer
4

MR portion

TMR

®

Intersection bow wave

RR portion

@ @

M,

Figure 6.20: Top view of three-dimensional transition at the symmetry plane.

viewed from above, the shock intersection depicts transition at the point from which a shear layer
emanates from the intersection line, shown as the dotted line in Figure 6.20. To one side of the
shear layer there is regular reflection and on the other there is Mach reflection. In the immediate
surrounds of the shear layer there should theoretically be compatibility between pressure and flow
deflections such that

YRR = VMR (6.23)
— TRR — TMR (624)
D3RR = P4MR (6.25)
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Subscripts RR and MR denote quantities specific to the respective reflection type along the inter-
section bow wave. It is important to note that Equation 6.24 is obtained due to the fact that the
sweep angle 8 for the RR and MR portions on the intersection bow wave are initially assumed
identical, and in general, v = f—7. The assumption of identical sweep angles for the two reflection
portions is now examined further in light of the fact that the compatibility relations should hold
for the flows behind both the Mach reflection and the reqular reflection portions. This is the main
thrust of this work which, as will be discussed later, has important consequences for the shock
geometry and physical conditions in the surrounds of the transition points.

The flow fields in the analysis planes for the MR and RR configurations need to be considered
in the immediate vicinity of their respective interaction points, and the situations considered are
shown in Figures 6.21 and 6.22.

Symmetry plane

dz

Figure 6.21: Schematic of analysis plane slice of flow field on RR side of transition point.

Symmetry plane

Figure 6.22: Schematic of analysis plane slice of flow field on MR side of transition point.

On the regular reflection side of the transition point 7', the flow field analysis is constrained to a
small vertical distance Az away from the symmetry plane in the limit Az — 0.

Along the entire Mach reflection portion, we consider the finite Mach stem height in the anal-
ysis plane to be of arclength As. Note that it is accepted that the Mach stem will have some
variation of curvature from where it protrudes at the triple point until where it reaches the sym-
metry plane at its foot. At this point it is perpendicular to the symmetry plane. Specifically,
at the point immediately next to the transition point 7', the Mach stem height is taken to be
infinitesimally small, and so the situation considered at transition is that in the limit As — 0.

Since the boundary condition of the Mach stem foot being perpendicular to the symmetry plane is
still required to hold, it is reasonable to assume that the Mach stem is a normal shock in the anal-
ysis plane on the MR side of transition point 7'. The Mach surface just after transition is therefore
modelled as an oblique shock relative to the oncoming flow when viewed in three-dimensional space.
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The analytical procedures for resolving the flow field in Figures 6.21 and 6.22 and the transi-
tion between them are now discussed. For the RR section near transition, two-shock theory is
applied in the analysis plane, with the boundary condition that the flow deflection across each
of the shocks (incident and reflected) is identical but in an opposite sense in order to satisfy
symmetry. The net flow deflection 7zr across the RR side of the transition point is obtained by
manipulation of Equation 6.22 to that of

/ /
cos 0} cos 65,

B —tan™! (cos(@’l ~ 5, cos(Bh — 07) tanﬁ) (6.26)

The overall pressure ratio relating free-stream pressure to that just after the reflection point is
given by

(p_> B P (6.27)
b1 RR b2 b1

where the pressure ratio terms on the right-hand side can be generally obtained [18] using

- 2
Pt _q %(Mf sin? @, — 1) (6.28)

for i = 1,2, where yx is the specific heats ratio for the fluid used (air in this case). M} is obtained
from the standard oblique shock theory equations [18], applied within the analysis plane as

(x — 1)M]sin? 0, + 2
My ==, T (6.29)
sin” 0] (2xMj sin“ 0] + 1 — x)

For the MR portion near T, only the region at the Mach stem foot is considered and so this
portion can be treated as an oblique shock normal to the symmetry plane (or equivalently a
normal shock in the analysis plane), which deflects the free-stream flow by

M?2sin? 3 —1 )
M2(x + cos(283)) + 2

tanyyr = 2cot 8 ( (6.30)

The model used here thus specifies the flow deflection through the Mach stem near the transition
point as being a function of only the free-stream Mach number and the sweep angle.

The pressure ratio relating free-stream pressure with post-Mach stem pressure is obtained as

9
(]2) =1+ (- (6.31)
y4i MR X+1
P4 2x 2 .. 2
= | = =14+ —-(M;sin“ -1 6.32
(pI)MR 2 ) (6.32)

In order for the compatibility relations about the transition point to hold for the RR and MR
portions at the same sweep angle, the following conditions must be satisfied; for the flow deflection
condition of Equation 6.24 the following is obtained:

" cos 0] cos 0, . M?2sin® B — 1
B — tan (005(9’1 —5,) cos(l, — 3, tanﬁ) = tan (2 cot 8 (Mf()( T eos(29)) 72 (6.33)
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and for the pressure condition of Equation 6.25
1+ 2—X(Mg’ sin?@, — 1)| |1+ 2—X(Mf’ sin?6) —1)| =1+ 2—X(M12 sin? 3 —1) (6.34)
x+1 X+ 1 X+ 1
with (22)rr being determined as the left-hand side of Equation 6.34.

Considering sweep and effective shock angles (8 and #]) at the detachment transition criterion
being those used as inputs for Equations 6.33 and 6.34, plots of net flow deflection through the
shock system viewed from above (i.e 7) and the post-shock-to-free-stream pressure ratio for each
of the RR and MR portions can be investigated for various transition sweep angles. That for net
flow deflection is shown in Figure 6.23 whilst that for the pressure ratios is depicted in in Figure
6.24.
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Figure 6.23: Net flow deflection at various sweep angles for RR and MR portions on either side of
transition point, M; = 3.0.

The computations for generating these plots were restricted to a sweep domain above the Mach
angle for the free-stream Mach number used, with an upper bound of g = 90°. It is worth noting
that near the Mach angle (which is 19.47° for M; = 3.0) the flow deflections tend to zero, as is
the case in Figure 6.23. This makes sense as regardless of whether one considers the RR or MR
portion of the intersection bow wave, as the flow in the symmetry plane effectively passes through
a Mach wave - the lower limiting case of strength of an oblique shock. Associated with this is the
pressure ratio which is unity at a sweep angle equal to the Mach angle. At the opposite end of
the sweep domain at § = 90°, the net flow deflections are also zero for both RR and MR portions.
This also makes physical sense, as in this case the situation is that of a reflection pattern which
is fully equivalent to its effective analysis-plane configuration. The corresponding pressure ratios
are not equal for # = 90°, but rather the two values for the RR and MR solutions are those for
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Figure 6.24: Pressure ratio at various sweep angles for RR and MR portions on either side of
transition point, M; = 3.0.

two-dimensional regular reflection and one-dimensional normal shock configurations respectively.
The maximum flow deflection for the MR solution is the maximum deflection angle for an oblique
shock of the same strength and orientation.

Both of these Figures depict the important result that for the same sweep on the RR and MR
portions, the net flow deflections and pressure ratios are both not equivalent on either side of the
transition point, and that this is generally the case for all transition sweep angles and all shock
configurations conforming to the detachment criterion. This important result means that there
must be some physical mechanism by which the compatibility equations can be satisfied. These
are fundamental to the existence of the transition point along the intersection line. The solution
to this is based on reviewing the fundamental assumption that the sweep angle 3 is common to
both the RR and MR portions on either side of the transition point. If the sweep of one portion
could be different to the other, there would be some leeway for the compatibility equations to be
satisfied across the transition point. A review of the numerical analysis results, two of which are
shown in Figures 6.25a and 6.25b, indicate the intersection line to develop a sweep cusp at the
transition point. This is more clearly evident from measurements and analysis presented in Figure
6.27 onwards. This means that the sweep angle does not monotonically decrease along the inter-
section bow wave - at transition the cusp momentarily increases the sweep for the MR portion
after which the sweep resumes its monotonic decrease again towards the periphery. Numerical
results for all model geometries and for all free-stream Mach numbers (M; = [2.8,3.0,3.2,3.4])
show the existence of this cusp.

Further inspection of the horizontal symmetry plane streamlines demonstrates the flow deflection
compatibility across the transition point, as shown in figure 6.26. Another important point is the
sudden change in streamline deflection before and after the transition point, resulting in a com-
pression of the streamlines along the Mach reflection portion. The divergence of the streamlines
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(b) Model 10 with M; = 3.0.

Figure 6.25: Evidence of sweep cusp in numerical model results. Contour floods and lines depict
flow density.

just after transition within the Mach reflection portion is due to the increase in sweep angle of
the intersection line, owing to there being a cusp at transition. The oblique shock solution to the
Mach reflection portion necessitates highly deflected flow downstream of the cusp and gives rise to
divergence from the RR streamlines as seen in figure 6.26. Post-transition compression of the flow
in the MR portion is an important consideration for aircraft applications should the transition
point location be able to be controlled by model geometry or other means. It is also worth noting
that the flow streamlines reduce their deflections along the intersection line towards the periphery,
reverting to becoming straight at the wall at the bottom of the Figure. This is as a result of the
finite width of the domain which constrains the flow to the space within it and does not permit
outflow. This boundary condition was chosen as it accurately represents the reality of the wind
tunnel test section. However, real external three-dimensional flows would be unbounded in the
peripheral direction, and perhaps the flow streamlines would show an increased net flow deflection
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all along the intersection line as opposed to the bounded flow shown here. Further evidence of
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Figure 6.26: Streamlines along symmetry plane showing considerable divergence after the inter-
section bow wave at transition.

the sweep cusp is now demonstrated by solving the above equations for the inverse problem, this
being to obtain the sweep angle for discrete segments along the intersection line given that the net
flow deflection 7 and Mach numbers M; and M3 could be measured from numerical results. The
analysis is carried out for a case in which the sweep cusp is not immediately evident from exam-
ining the intersection line shape. This was done in order to verify the capability of the analytical
three-dimensional transition model developed to resolve gentle sweep cusps. Transition cusps for
all test cases were resolved using the analytical model. The solution to this inverse problem is
based primarily on Equation 6.20, for which the sweep angle § can be solved for as:

M/
S =tan"! (M’ tan fy) (6.35)

The analysis plane velocity ratlo I has been replaced by the equivalent Mach number ratio. The
analysis plane Mach number ratlo is can be related to the to the actual Mach number ratio with

%{ _ M, sin 3 (6.36)
M} M;ssiny '
_ M1 sin ﬂ
1= (o) 01
for which, additionally,
y=8—-1 (6.38)

with 7 being the net deflection of the emergent streamline from the streamwise (horizontal) z—
axis after it passes through the entire shock system (regardless of whether this system is a Mach
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surface or regular reflection).

The Mach number of the emergent streamline M3 was directly obtained from the CFD data
for the test model in question. The net deflection of the emergent streamline, 7, was readily mea-
sured from images similar to Figure 6.26 with streamlines drawn in the vicinity of the transition
point. The deflection angles were measured thrice in an image processing software, and an average
was taken together with the associated uncertainty. Within the uncertainty of the measurement
technique used, the flow deflection on either side of the transition point was found to be quite
similar, as should be expected for flow deflection compatibility to hold. Uncertainty ranges were
small enough for the subsequent analysis to take consideration only of the nominal values.

This leaves the two equations, 6.37 and 6.38, with two unknown variables, namely v and f.
The system of equations was thus solved iteratively, with initial guess values of § ranging from
30° to 90°, as it was clear that the sweep angle did not exceed this range. Equivalently, one may
solve for the explicit solution of the sweep angle, obtainable from equations 6.37 and 6.38 as

Mo COST
= tan”! (—M3 (6.39)

sin 7

The solution for the sweep angle at various span stations on the intersection line for Model 8
are shown in Figure 6.27a for points along the intersection line in space. Figure 6.27b shows the
sweep angle variation plotted against a y—coordinate that has been non-dimensionalised with the
half-span of the intersection line.

This exercise gives important evidence of the intersection bow wave cusp for which the sweep
difference is as small as approximately 2.5°. It credits the analytical model developed in the
immediate vicinity of transition with the capability of solving the inverse problem of obtaining
sweep angles from parameters that are readily measurable from numerical model results. More
exaggerated sweep cusps are visually evident for other cases, especially so for higher free-stream
Mach numbers and wider geometrical spreads. The physical principles of such differences will be
discussed in later sections.

However, upon realising the capability of the analytical model to depict the transition cusp,
further numerical models were configured to be further refinements of the initial solutions. The
aspect of interest here was the geometrical nature of the sweep cusp to be measured by applying
the new model to solving the inverse problem at stations closer to the transition point. Further-
more, corresponding viscous simulations were undertaken in order to assess the effect of viscosity
on the cusp measurements. A selection of results are shown in Figure 6.28 for measurements taken
from inviscid and viscous cases.

The decision to investigate the cusp at a higher resolution showed some important geometrical
aspects related to transition. It is interesting that the cases shown here depict the regular and
Mach reflection curves tending to merge towards each other. It is also notable that the viscous
cases contain transition points that are consistently stationed further outwards along the span of
the intersection line compared to inviscid cases. However, this difference is at most approximately
2 mm. These figures also show the transition points consistently occurring at higher sweep angles
for viscous cases than for the corresponding inviscid ones with a maximum 8° difference. This,
together with the transition points being located further outwards along the intersection line span
leads to the conclusion that the viscous cases contain intersection lines that are slightly more
spread out in the transverse direction than the corresponding inviscid cases, albeit by a small
margin. Overall, there is good correlation between the viscous and inviscid cases to the point
that the viscous measurements look as if they are offset from the inviscid ones in most cases of
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Figure 6.27: Evidence of sweep cusp using measured data from numerical models.

Figure 6.28. Perhaps the most important fact of these additional cases is that the addition of fluid
viscosity reduces the extent of the sweep discontinuity. This points to the fact that the inclusion
of viscosity in these numerical models leads to a more gentle sweep discontinuity as evidenced by
the smaller jump between the regular and Mach reflection curves of Figure 6.28 compared to the
inviscid cases.

6.2.4 Experimental evidence of sweep cusps

Oblique shadow photography techniques employed to visualise the above flow fields experimentally
were found to show important information regarding the swept shock configurations. In specific
relation to the sweep cusps, evidence of a slight perturbation along the intersection line was noted.
This is seen in Figure 6.29 for optical orientations in both yaw and roll.

Figure 6.29a shows a highly yawed point of view and the optical path passes through the Mach
reflection portion on the near side of the tunnel so that it seems that there is Mach reflection at
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Figure 6.28: Sweep angle at non-dimensionalised spanwise locations for a selection of viscous and
inviscid results.

the interaction point on the image centreline. In fact, the Mach stem surface is viewed almost
head-on along its trajectory around the intersection line. As the Mach surface is swept around
the near-side portion of the flow field towards the apex of the intersection line, it decreases in
height towards the downward-pointing arrow seen in the image. It is important to note that the
image is foreshortened due to optical yaw which, in this context, means that certain features are
depicted over a shorter spatial distance than in reality. The height decrease of the Mach surface
therefore takes place over a much larger distance than this image depicts. The Mach surface then
transitions to a regular reflection line towards the right, and this line continues further backwards
along its sweep until it too transitions once more to the Mach reflection portion on the far-side
at the point indicated by the arrow towards the right-hand side of the image. A better view of
the near- and far-side transition points is shown in the zoomed-up and enhanced images of Figure
6.30 which correspond to the optical orientation of Figure 6.29a.

It is in the vicinity of the near-side transition from Mach reflection to regular reflection (see left-
hand side of Figure 6.29a) that a small bulge is seen as also shown in Figure 6.30a. This indicates
some sort of disturbance in that region, and is attributed to the sweep cusp. Further evidence
is seen in Figure 6.29b which is at a lower yaw angle but with the optics system rolled by 5° in
order to slightly elevate the point-of-view. Here, the intersection line is seen as the white line
just above the reflected wave (labelled as RR line in the sketch below it). As it is swept round
towards the transition point on the near-side (indicated by the arrow) there appears to be a slight
disturbance resembling the cusp. The fact that such a feature is located at the point from which
the shear surface edge emanates is further justification of experimental evidence of the sweep cusp.
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Figure 6.29: Evidence of sweep cusp from oblique shadowgraphs (sketches included at the bottom)
with yaw (A) and roll (¢) for M; = 3.4. (a) A = 40°, ¢ = 0% (b) A = 25°, ¢ = 5°. The white

arrows on each image indicate the observed transition points.

The intersection line visualised as a numerical shadowgraph is isolated from the rest of the CFD
solution data and is shown in Figure 6.31 at the same optical orientation as Figure 6.29b.

The slight distortion on the intersection line can thus be seen in the numerical shadowgraph
(circled). However, there is no clear evidence of the cusp on the far-side transition point 75 in the
experimental images for example, at the right-hand arrow on Figure 6.29a. This may be due to
interference from the shear surfaces being superimposed onto the image and thus obscuring the
field of view. It would be an interesting exercise to rotate the test model configuration by 90°
about the longitudinal axis of the tunnel and view the intersection line with the optical system in
the datum configuration (A = 0°,¢ = 0°). This may provide clearer evidence of the sweep cusp.
It should be noted that the cusp feature was not clear to see in the orthogonal shadowgraphs of
double-wedge experiments taken by Skews in [8], for which edge effects were intentionally allowed
to envelope the the three-dimensional transition points as well as the central core regions of the
flow field. However, the bulge at the near-side transition point was very clearly depicted as shown
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in Figure 6.32 [16] which provides tentative evidence of the cusp in this type of double-wedge flow
field with edge effects.

6.2.5 Conclusions

The three-dimensional transition point has been investigated from an analytical, numerical and
experimental standpoint. In particular, the analytical flow model has shown that the same sweep
angle for the regular and Mach reflection portions on either side of transition is not a physically
tenable situation. This results in a sweep cusp in order for the flow compatibility conditions to
be satisfied across the transition point. This has been further examined by solving the inverse
problem using the model developed - that is, to obtain the sweep along the intersection line based

(a) Zoomed view of near-side transition point (b) Zoomed view of far-side with transition
with bulge indicated with an arrow. point indicated with an arrow.

Figure 6.30: Zoomed views of transition points for Model 8, M; = 3.4, A = 40°, ¢ = 0°. White
dotted lines indicate the intersection line on both images.

Figure 6.31: Numerical shadowgraph of intersection bow wave viewed at A = 25°, ¢ = 5°.
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Figure 6.32: Oblique shadowgraph (with M; = 3.1 and optical yaw A\ &~ 45° inferred from the
work of Skews in [8], » = 0°) for a finite aspect ratio double wedge configuration with transition
points enveloped by edge Mach cones depicting the bulge (indicated with an arrow) at transition
more dramatically than for the current results. Image provided by B.W. Skews [16].

on measured net streamline deflections and post-interaction Mach numbers on the horizontal
symmetry plane. This has been carried out for all test cases and verified the capability of the
model to solve for the sweep cusp. Further evidence of the cusp was given from the experimental
images in the form of an optical disturbance at the transition point as well as a bulge for highly-
yawed views of the flow field. The latter observation was also noted for finite aspect ratio double
wedge setups and points to tentative evidence of a cusp in the presence of edge effects to a greater
extent than in flows without them.
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6.3 The nature of the transition points and intersection
line profiles

6.3.1 Introduction

This section is dedicated to the analysis of a number of aspects of the three-dimensional flow
fields investigated. Consideration is given to the shapes of the intersection lines, the points of
transition along them, and the manner in which these vary in shape and location, respectively, for
different test model geometries and free-stream Mach numbers. Discussion around the sweep cusp
is furthered here as well with a view to understanding its effects on the transverse flow deflections
in the vicinity of the transition point downstream of the intersection line. It is the intention of this
section to also investigate certain geometrical aspects of the shock system, these being primarily
focused on the spread and sweep of the intersection line.

The intersection line is formed by the reflection of the incident bow wave surfaces with the hori-
zontal symmetry plane, as shown in Figure 6.33. The intersection lines considered here are also
formed by the intersection of the Mach surfaces with the horizontal symmetry plane, as shown.
The reflected waves are omitted here for clarity.

(b) Translucent isosurface with full extent of intersection line shown,
Model 8, M; = 3.0.

Figure 6.33: Hlustration of intersection line as formed by reflection of incident bow wave surfaces.
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There are two main reasons for paying special attention to the intersection line. Firstly, the point
at which the reflection configuration undergoes transition is located on this line at the horizontal
symmetry plane. It is therefore instructive to obtain the flow properties and investigate the flow
physics surrounding this region. This idea was used as the basis for demonstrating the existence
of the sweep cusp in Section 6.2, and can be further used to understand other physical aspects of
transition based on the fact that it is an idealised surface free of viscous effects and is perfectly
smooth, rigid and adiabatic. Secondly, the intersection line provides an indication as to the geo-
metrical nature of the incident shock configurations as a whole as the intersection line sweep and
overall form is similar to the rest of the incident bow wave. Having established the usefulness
of considering the intersection line, its overall shape and the points of transition along it is next
investigated.

6.3.2 Effect of free-stream Mach number on intersection line geometry

Figure 6.34a shows the extracted intersection lines for Model 8 at four different Mach numbers in
the range M; = 2.8 to M; = 3.4. Below this in Figure 6.34b is a zoomed-in region of Figure 6.34a
for clear illustration of the difference in transition point locations and intersection line shapes for
the different free-stream Mach numbers.

It is seen that higher free-stream Mach numbers shape the incident bow waves such that they
sweep downstream to a greater extent than for lower Mach numbers. To understand the physi-
cal nature of this, consider Figure 6.35 taken from the CFD data for the cases shown in Figure
6.34. Half of the domain is shown here, with the quarter model having been reflected about the
horizontal symmetry plane for each case. The intersection line is shown by the black line density
contours on the horizontal symmetry plane. A few z-plane slices of the dataset volume are also
shown with a reduced opacity for clarity to view the slices further downstream. The location of
all slices in space is the same for all datasets shown.

The fact that a the intersection lines are swept further downstream at higher Mach numbers is
relevant in that it is not exclusively the shock angles in the vertical  — z planes (termed “actual”
shock angles here) that reduce, as will be discussed in Section 6.4, but so do the sweep angles f.
The result is that the weaker nature of the shock surfaces (incident and reflected) for higher Mach
numbers gives rise to higher compression of the flow, as evidenced in Figure 6.35 by the higher
post-reflection densities for increasing free-stream Mach numbers.

In addition, the net streamline deflection through the intersection line is shown to increase with a
decrease in Mach number as per Figure 6.36, which was formulated using the data for streamlines
drawn on the horizontal symmetry plane along the regular reflection portion prior to transition.
The fractional half-span coordinate y; is zero at the apex of the intersection line (at the vertical
symmetry plane) and unity at the transverse periphery of the domain (the tunnel windows in this
case).

The measured data shown in this figure was terminated at the transition point at the left-most
point on each curve, after which deflections corresponding to oblique shock theory are relevant for
the Mach reflection portion following transition. There is a significant difference in the net deflec-
tion for each case, suggesting that the net deflection of the streamlines through a three-dimensional
regular shock interaction is highly Mach number-dependent: the extent of the transverse compo-
nent (y-component) of this post-interaction flow is markedly larger for lower free-stream Mach
numbers. It can be seen that there is a considerable increase in the deflection angle for the
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Approximate transition points (TP) indicated with unfilled circles.

12 |———Model 8, M; = 2.8
Model 8, M; = 3.0
11+ ——— Model 8, M; = 3.2 |
T Model 8, M; = 3.4
£ O TP: Model 8, M; = 2.8
8 10+ TP: Model 8, M; = 3.0 .
£ O TP: Model 8, M, = 3.2
8 O TP: Model 8, M; = 3.4
S 9r ]
—
o
Qo
[}
z
5
> 7r 7]
B
[9p]
6r ]
5 L 1 1 1 1 1 1 1 i

14 15 16 17 18 19 20

Span coordinate y[mm]

(b) Zoomed-in image of Figure 6.34a showing difference in transition point (TP) locations.

Figure 6.34: Shape of intersection line and transition point locations for different Mach numbers
tested on Model 8.

streamlines approaching the transition point from the regular reflection side, as much as a 15°
change in net deflection leading up to the transition points. The actual shock angles measured for
the same regions along the incident shock surface (shown in the next Section) show that there is
not as dramatic a change in such measurements as the transition points are approached as there
is for streamline net deflections. This suggests that the net deflection parameter is largely depen-
dent on the sweep of the shock surface, and additionally on the free-stream Mach number, both
of which seem to influence the transverse low components to a greater extent than the shock angles.
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Figure 6.35: Mechanism of weakening of intersection line for higher free-stream Mach numbers.
Flooded density contours for z—plane slices along the streamwise direction, line density contours
on the horizontal symmetry plane depicting the intersection line.

Thus the flow deflections on the regular reflection side have been considered for a variation in
Mach number. The deflections on the Mach reflection side following transition are now consid-
ered. This is most clearly illustrated by considering the y-components of velocity in the plane of
the intersection line, as shown in Figure 6.37.

These images are taken for half of the intersection line, with negative velocity components indi-
cating flow in the downwards direction as these images are viewed, meaning transverse defection
towards the periphery. The central regions (in the vicinity of 8 ~ 90°) are relatively unaffected
by sweep and present negligible transverse flow components. Moving outwards along the inter-
section line, the transverse components gradually increase as the sweep of the intersection line is
encountered by the free-stream flow. This continues until transition is reached, at which point
interesting effects are noted. There is clearly a large and abrupt increase in the transverse ve-
locity component, starting at the transition points and propagating downstream within a certain
bounded region. This region is extended both in downstream length and in span for higher Mach
numbers, and is also shown to contain flow with a larger transverse flow component. This sudden
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Figure 6.36: Streamline deflection on the horizontal symmetry plane with variation in free-stream
Mach number for Model 8. Curves progress from right to left in going from the central regions
towards being terminated at transition at the left-most point.
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Figure 6.37: Horizontal symmetry plane with flood contours of y-component of velocity across the
Mach number range for Model 8. Regular and Mach reflection portions are labelled on either side
of the transition points, with transverse flow regions as indicated.
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change in behaviour corresponds with the change in the nature of the reflection configuration
and demonstrates the relevance of the reflection configuration to the nature of the post-reflection
flow further downstream. It was shown in Section 6.2 that, for the same sweep angle, the Mach
reflection oblique solution and that for the regular reflection portion resulted in significantly dif-
ferent net deflections. This was accounted for by the sweep cusp, existing so as to correct the net
deflection on the Mach reflection side to match with that on the regular reflection portion. The
extent to which this occurs is seen here in Figure 6.37. At the lowest Mach number of M; = 2.8,
the deflection adjustment is localised to be in the near vicinity of the cusp and transition point,
as evidenced by the elongated blue region emanating from the intersection line. This is compared
with the case shown for M; = 3.4 where there is a more severe spike in the transverse velocity
component as transition is reached, and this is propagated downstream for a markedly larger dis-
tance.

There are two further aspects to consider here. The first is to do with the manner in which
the transverse component of velocity increases at transition, and that the extent to which it does
demonstrates dependence of the transverse components on free-stream Mach number for the cases
shown here. This has a lot to do with the transition cusp, the cusp itself being an adjustment
mechanism to the transition in reflection. This aspect will be discussed in a later section dealing
with the Mach number and intersection line geometry influences on the nature of the cusp (see
Section 6.5). The second aspect, considered here, is the way in which the transverse components
vary just after transition and along the Mach reflection region. It is clear that there are greater
transverse deflections for higher free-stream Mach numbers behind the Mach reflection portion.
This seems to be in contradiction with the aforementioned model of the Mach reflection portion
as an oblique shock because the associated lower sweep angles along the intersection line should
theoretically give a lower transverse flow deflection behind the intersection line for higher Mach
numbers. The physics of this is gleaned from the images shown in Figure 6.37 which shows a
sudden increase in the transverse deflection component at transition, which is exacerbated for
higher Mach numbers. However, what is important is the recovery rate of the net deflection along
the span of the intersection line within the Mach reflection portion, as seen in Figure 6.37. It
is clear that this recovery rate is retarded for the higher Mach number cases, as evidenced by
the extended blue portion behind the intersection line for the M; = 3.4 image, whilst for the
M, = 2.8 case, the recovery seems to be almost as sudden as the increase in net deflection at the
cusp. It should be emphasised that this is not to say that the net deflection does not coincide
with oblique shock theory for the Mach reflection portion, as there is certainly agreement with
oblique shock deflections just behind the Mach surface. However, the contours shown in Figure
6.37 do not clearly show this small region in which the initial transverse components immediately
behind the Mach surface decrease in going from M; = 2.8 to M; = 3.4 in agreement with oblique
shock theory. However, when examining a plot of the streamlines in these regions (such as Figure
6.26 in Section 6.2) it was noted that the net deflection along the Mach reflection portion would
continue to increase downstream of the intersection line, especially for the higher Mach numbers,
thus conforming to what is plotted for the contours of Figure 6.37.

The physical basis for the increased net deflection with an increase in free-stream Mach num-
ber is traced back to the deflection adjustment occurring at the transition point. As seen in
Figure 6.38 for the same sweep angles on both the regular and Mach reflection sides, the necessary
adjustment increases with Mach number, with the sweep cusp becoming a lot more visible for
these cases. It is important to state that although the cusp is of greater visibility, and the sweep
adjustment increases with Mach number, the intersection line is swept downstream to a greater
extent with increases in Mach number nonetheless. The plots of Figure 6.34a show this peripheral
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sweep variation with Mach number to a high level of accuracy and the curves narrow with Mach
number as expected. The flow emanating from the transition point is highly biased towards the
periphery of the domain in Figure 6.37, and whilst the flow passing through the oblique portions of
the Mach surface undergo a net deflection predicted by oblique shock theory, the highly deflected
flow from closer to the transition point acts to deflect this flow more than it already is, so as to
cause a region of elevated post-interaction transverse flow deflection. These regions are labelled
and indicated in Figure 6.37. That such regions are larger in size and exist along a more extended
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Figure 6.38: Effect of Mach number on net deflection discrepancy for regular and Mach reflection
portions with the same sweep angle, illustrating the requirement for a greater sweep adjustment
with an increase in Mach number.

portion of the intersection line for higher Mach numbers results from the sweep cusp increasing
the deflection at transition in these cases. This means that the divergence of the flow at the
transition point is greater, which in turn compresses the flow passing through the more peripheral
portions of the Mach surface to a greater extent, thus leading to higher deflections further along
the intersection line for higher Mach numbers. It is interesting that the weakening of the incident
shock surface does not fully counteract the compression effect occurring behind the intersection
line. This is an illustration of the post-reflection physical conditions that can occur when there
is no clear boundary condition that constrains the flow on the horizontal symmetry plane, thus
leading to the transverse components being so strong in the vicinity of transition. It would be
interesting to see just how the transition points would be affected should there be a geometrical
boundary condition that is directly linked with the generation of an intersection line as discussed
here, and along which there is a transition of reflection. This could be a vertical plane surface
located closer to the apex of the intersection line than the tunnel walls are in the current setup.
It may be that there are other adjustment mechanisms which may be seen in such configurations.

6.3.3 Mach number effect on transition point location

An important point to take from the previous discussion is that the three-dimensional nature of
the flow field allows for an extra degree-of-freedom by which the flow topology may be altered
compared to two-dimensional situations. It is seen that the increase in free-stream Mach number
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results in not only a reduction of shock angles in a streamwise direction, but also in the transverse
direction by virtue of the intersection lines being swept further downstream in such cases. These
effects shall comprise what will be termed the weakening of the three-dimensional shock system,
in the same way as an attached oblique shock on a wedge is weakened by virtue of it being an-
gled closer to the wedge surface for higher free-stream Mach numbers with a constant wedge angle.

This dual-nature of weakening of the shock system is relevant to the locations of the transition
points along the intersection lines of each case indicated in Figure 6.34a. This shows the transition
points themselves are swept further downstream in accordance with an increase in Mach number.
The explanation for this is obtained from Figure 6.39, which shows the various relationships among
the shock angles (actual and effective) and the sweep of the intersection line. These are helpful in
interpreting the relationships between the three-dimensional shock geometrical parameters.
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Figure 6.39: Inter-dependencies of actual shock angle, effective shock angle,and sweep.

The weakening of the shock system results in both a lower actual shock angle and a lower sweep
angle. It makes understanding the effect of Mach number on the transition point locations more

92



convenient if each mode of weakening of the shock system is considered separately and in succes-
sion. As seen in Figure 6.39, the effect of a lower shock angle for a given constant sweep angle, is
to obtain a reduction in the effective shock angle. If there is next a decrease in the sweep angle,
this counters the previous shock angle effect and acts to increase the effective angle. As previously
shown, it is the increase in effective angle that brings about transition. The effect of an increase
in Mach number is to reduce the actual shock angle, but the fact that transition is seen to occur
at lower sweeps (Figure 6.34a) then this must mean that the sweep is reduced to the extent that it
is able to trip the reflection condition and cause transition. This illustrates the dominance of the
sweep angle parameter over the shock angle in creating physical conditions that favour transition,
and the variation in free-stream Mach number readily shows this.

It is therefore very relevant to investigate the way in which the intersection line sweep angle
may be altered in order to address the effects that it may have on the flow field. This was
achieved to a limited extent by varying the free-stream Mach number. Larger sweep variations
were made possible by testing different models each with a successively wider geometrical spread,
which therefore altered the sweep profile of the incident bow wave and the intersection line. The
effect of model geometry is discussed next.

6.3.4 Effects of model geometry spread

As shown in Section 4.4.4, the back face NURBS formulation for the test pieces gave a measure of
spread to the frontal surfaces. The idea behind this was to have the central vertical plane of the
model deflect the central flow at the same angle that would theoretically produce Mach reflection
in a two-dimensional wedge-type flow field. Therefore, the vertical plane flow deflection angle
was set at 24.2° which is well beyond the dual-solution domain for a two-dimensional setup. It
was initially expected that the flow over the models with a lower spread would produce a greater
relieving effect, such as the flow field over a cone as opposed to a wedge set at the the same
half-angle as the cone [18]. It was thought that this relief effect would hinder transition to Mach
reflection in the centre-most portions and result in regular reflection for test pieces producing a
high degree of relief for the flow between it and the incident shock surface. Hence, the idea of
testing models with a wider spread in order to reduce the relief effect in an effort to obtain Mach
reflection in the vertical mid-plane.

The dimensions of the test section put an upper limit on the extent to which the models could
be spread out in the transverse direction, as a higher spread increased the back face area of the
test pieces. This contributed significantly to the blockage effect of both the test pieces and the
sting assembly to which the models were attached in the test section. The test pieces used were
Models 8, 10, and 11 in order of increasing spread. Two further models were intended to undergo
testing and were close but within the area limits for preventing blockage. Unfortunately, blockage
effects were encountered with these models due to real flow effects, such as the slight boundary
layer growth on the tunnel walls that decreased the effective test section area and thus promoted
blockage. Nevertheless, the models that were able to be tested in the wind tunnel gave a good
indication of the effects of an increase in geometrical spread. Furthermore, the back face spread
increase led to a lower face that was also spread outwards. This meant that the geometrical bound-
ary condition on the incident bow wave surface was altered in a controlled manner. This section
gives some indication as to how the intersection line was thus affected as well as the resulting
reflection configurations.

The general profiles of the intersection lines for the different models are shown in Figures 6.40a
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and 6.40b for M; = 3.0 and M; = 3.4 respectively. The coordinate axes are transposed to be fixed
to the leading (apex) portion of the intersection line.
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Figure 6.40: Intersection line profiles for various model geometries at M; = 3.0 and M; = 3.4.
Approximate transition points (TP) indicated with unfilled circles.

It is clear that the effect of a greater spread is to widen the intersection line, this effect being
independent of the Mach numbers shown here. This means that the effect of increasing the spread
of the lower face of the test pieces increases the spread of the incident bow wave to the extent that
the spread of the intersection line is affected in the same way. This illustrates the effect of the
change in geometrical boundary condition for the flow field at the lower face of the model. This
is expected in the same way that a two-dimensional oblique shock angle is expected to increase
upon encountering an object that imparts a greater flow turning effect to the free-stream. The
details concerning the implications of this are now examined from a physical standpoint using Fig-
ure 6.41 which shows coloured contours of the transverse velocity component (in the y-direction)
along the incident shock surface for various cases. A very clear trend is that there is an overall
increase in the transverse flow components when models with a higher spread are used. There
is also a change in the region containing a transverse component close to zero (i.e. the central
flow region), which increases with model spread as seen by the red central region in each figure.
This shows that the idea to reduce central flow divergence by introducing a spread for the test
models was successfully realised from these results. What is even more notable is the encroaching
of a highly divergent region from the peripheral sections of the incident wave surface (i.e sections

94



Central
flow

Central
flow

Central
flow

Y Velocity: -250 -200 -150 -100 -50 0 [m/s]

Figure 6.41: Transverse flow components at M; = 3.0 on shock iso-surfaces for Models 8, 10, and
11 (top, middle, and bottom respectively). Negative values of velocity depict flow moving away
from the vertical symmetry plane towards the periphery. Shock intersection at vertical symmetry
plane shown with solid black lines on incident wave surfaces. Central and peripheral flow regions

are as indicated.
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on the incident wave below the Mach surface portions) for the images of Figure 6.41. These are
labelled as peripheral regions. Their encroachment is a consequence of the overall flattening ef-
fect of the incident wave relative to the free-stream with increased spread. The reasons for the
encroachment of regions of highly diverted flow towards the central portions are attained by ex-
amining Figure 6.42. It is first important to note that the regions in which the flow experiences

60
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w
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Sweep angle 0

Figure 6.42: Relationship between sweep angle and net flow deflection angle with variation in
velocity ratio across the incident and reflected wave surfaces.

higher transverse components are located towards the periphery, which are regions in which the
sweep angle change is relatively small. Another important point to mention is that the peripheral
regions possess significantly higher actual shock angles than those regions in the centre and more
so for models with a larger spread. This, together with the lower influence (and variation) of the
sweep angle in these regions, results in a higher effective shock angle in such regions for models
with a larger spread. The analysis can thus be reduced to an effective two-dimensional one by
considering only effective quantities. A higher effective shock angle would result in a reduction in
the post-interaction Mach number M}, as per two-shock and three-shock theory. This means that
/
the effective Mach number ratio M‘f is reduced accordingly, and from Section 6.2 it was shown
1
!/
that this results in a reduction in the effective velocity ratio 73, = R. From Figure 6.42, it can be

seen that a reduction in R returns an increase in net flow deﬂeclztion 7 independent of sweep angle.
Figure 6.42 was formulated without regard for transition from a regular shock intersection to that
of a Mach interaction, and the relationships among the various parameters in that Figure may
be taken to hold (albeit only qualitatively) even for the Mach reflection portion where only the
incident and reflected wave surfaces are concerned (and not the Mach surface nor the shear surface).

The converse of the above line of reasoning can be used to understand the mechanisms behind
the transition points being located towards the apex of the intersection line for increased model
spreads (Figure 6.40). Figure 6.43 shows the streamline deflections for Models 8 and 10 at two
different Mach numbers (M; = 3.0 and M; = 3.4).

As mentioned in relation to Figure 6.36, it is also evident here that there is quite a large net
deflection variation as the transition points are approached, this being more accentuated for Model
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Figure 6.43: Streamline net flow deflections along regular reflection portion prior to transition
on the intersection line (same data as Figure 6.36 with Model 10 data added). Curves progress
from right to left in going from the central regions towards being terminated at transition at the
left-most point.

10 than for Model 8. Additional information about Figure 6.43 is obtained from that provided by
Figure 6.44, which shows the spanwise sweep derivative for each of the cases in Figure 6.43.
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Figure 6.44: Absolute spanwise sweep derivative for Models 8 and 10 at M; = 3.0 and M; = 3.4.
Curves progress from left to right showing sweep derivative from the central to the peripheral
regions.

The fact that the intersection line is swept further downstream for cases with a higher free-stream
Mach number is shown clearly in Figure 6.44, where such cases for M; = 3.4 have a higher rate
of change of sweep in the spanwise direction than those cases at M; = 3.0. Specifically related to
transition, however, is the observation that the sweep derivative for the low-spread cases (Model
8) reduces leading up to the transition points and is slightly lower than that in the correspond-
ing regions for the high-spread cases (Model 10). This means that the high-spread cases have a
reducing sweep angle that is monotonically decreasing at a higher rate near transition than the
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low-spread cases. Referring to Figure 6.42, this higher sweep reduction is what causes an increase
in the net deflection of the streamlines, with this happening for high-spread cases as seen in Figure
6.43.

Now that the deflection increase for high-spread cases has been identified, its relevance to transition
can be explained. The effect of an increase in net flow deflection through the regular intersection
of shock surfaces is a decrease in the effective velocity ratio R. As pointed out previously, this
results in the decrease of the analysis-plane Mach number ratio and since an effective two-shock
theory analysis is valid within this plane, this would mean an increase in the effective shock angle.
This happens at an accelerated rate for high-spread cases and since the effective angle governs
transition, transition is thus hastened for the high-spread cases. This explains the fact that the
transition points for each case of increasing spread is located closer towards the intersection line
apex as seen in Figure 6.40.

The consideration of the Mach reflection regions in the context of changes in model spreads is
very similar to that for free-stream Mach number variations. The net effect on the Mach reflection
regions of an increase in spread is the same as that for a reduction in Mach number, which was
discussed previously. This illustrates similarity in the effects of the two methods of control (geo-
metrical spread and Mach number changes) over the kinds of three-dimensional flows discussed in
this study.

6.3.5 Conclusions

Aspects related to the geometry and physical nature of transition have thus been investigated,
and it was seen that their underlying phenomena are responsible for an increase in the effective
shock angle to the extent that conditions in favour of transition are suitably created. The effect
of increasing the free-stream Mach number was shown to elucidate two modes of weakening of
the shock system related to the decrease in sweep angle and shock angle. An important finding
was the dominance of the sweep angle parameter over the shock angle in determining transition
phenomena related to the locations of the transition points and the central flow deflections. Ef-
fects of geometry spread were analysed in order to better understand the impact of controlled
variation of the test piece geometrical boundary condition. It was seen that the intersection line
varied in a similar way to this, with it having a wider spread in accordance with an increase in
geometrical spread. It was found that the transition points were located closer towards the inter-
section line apex for higher spread cases, in addition to an increase in the transverse components
of the post-interaction flow with increasing intersection line spread. The results for this section
show consistency with the effects of free-stream Mach number on the intersection bow waves and
transition points. A clear extrapolation from the observed tendency for the transition points to
be located further inwards along the intersection line with an increase in model spread leads to
the idea that there is possibly a full Mach reflection pattern that could be brought about with an
even greater spread. This is to be discussed in a later section.

In the following section, the increase in effective angle is studied more closely, and in particu-
lar its correspondence with two dimensional transition criteria.
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6.4 Three-dimensional transition and shock geometry

6.4.1 Introduction

The primary purpose of this section is to examine the geometry of the shock system at transition,
particularly in terms of sweep angle 5 and shock angle ¢;. These parameters are combined to
give an effective shock angle 6. With this effective parameter, the visualisation of the three-
dimensional shock system is reduced to that within a two-dimensional analysis plane normal to
the line of intersection, as described in [6, 34, 37]. Initially, however, the incident shock surface
geometry is studied based on the way in which the actual shock angles #; vary along the swept
surface profile. Next to be considered is the variation of effective shock angle with sweep. Effects
of model geometry spread as well as free-stream Mach number are considered throughout the
analyses. Finally, the degree of correspondence of the three-dimensional transition points, to
two-dimensional transition criteria is considered with particularly interesting discrepancies found.

6.4.2 Incident shock surface angles

Angular orientation is an important aspect of the shock surfaces studied in this work as the an-
gles of the incident shock surface are closely related to the physical mechanisms involved with
transition. It is known that the incident shock surface exhibits an increasing angle of incidence in
the vertical streamwise planes as it sweeps backwards and downstream. This plays an important
role in the transition of the reflection configuration. It is instructive to find out the extent of this
angular increase and to assess the effect of model geometry and free-stream Mach number on the
configuration of the incident wave. The processing procedures used for the CFD solution data is
next described, after which the extracted data is discussed.

Vertical slices were extracted from the CFD data obtained for each of the three models used.
These were Models 8, 10 and 11 (in order of increasing spread, respectively). Typical slices ex-
tracted are shown in Figure 6.45. Next, a MATLAB Canny edge-detection script was implemented
in order to extract the shock waves as white pixels, with the rest of the image shown with black
pixels. Edge detection is well-suited to shock geometry extraction as such methods are designed
to mask regions of an image for which there is a significant change in image intensity. For the
slices obtained from the CFD, these intensity changes coincided with the various shock fronts.
The resulting binary image is of the same dimensions and size as the original, but with the regions
of large intensity changes marked with white pixels (with a value of 1), and the rest of the image
blacked out (with zero-value pixels). Examples of the binary images after edge detection are also
shown in Figure 6.45 in the right-hand column corresponding to the slices with filled density con-
tours in the left-hand column.

The incident shock surface appears to weaken for slices further outwards along its span. In these
regions the density jump across the incident wave is not as great as that for the central slices. As
will be seen later, this is attributed to the reduced peripheral sweep angle, leading to a lower effec-
tive incident Mach number which reduces the effective shock strength. Nevertheless, the incident
wave shape in this region is readily detected in the binary image which was critical to obtaining
important insight into the extent to which the incident wave may have its shock angle increased
- far beyond that which would be realisable for weak two-dimensional attached shocks in double
wedge experiments.

Tecplot macro scripts were used to extract up to 50 slices per CFD model in order to give approx-
imately one slice per millimetre along the half-span of the flow domain. Each slice was imported
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(f) Binary image y = 45 mm.

Figure 6.45: Left-hand column - typical examples of vertical slices for shock extraction from
dataset for Model 8. Right-hand column - images after Canny edge detection.
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into MATLAB and the Canny edge detection algorithm applied to each. The software was written
so that the edge detection threshold could be adapted for each slice in order that the relevant
flow features would be visible in the binary image. This was especially important for the weaker
features seen in the peripheral slices. Following this, the start and end pixels of the shock front
were obtained and used as inputs for an edge-following algorithm which traced out the shock front.
This was loosely based on the Moore boundary tracing algorithm, which incorporates additional
statements to point out when the start point is reached for a second time, thus indicating that
a closed boundary has been traced. This is not necessary for tracing a shock wave, and so the
algorithm was modified based on the knowledge that only right-running waves were considered
and the start and end pixels along the shock were known. Once the shock front was extracted,
a power-law curve was fitted and differentiated in order to obtain the angle near the interaction
point of the shock front on each specific slice. The results are shown in Figure 6.46 for three cases
with M; = 3.0, plotted for fractional locations of the domain half-span 0.5w.
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Figure 6.46: Actual shock angles for three different models with a free-stream Mach number
M; = 3.0 measured along the domain half-span. Points of transition marked in black.

It is immediately apparent from these Figures that there is a steep increase in the shock incident
angle along the Mach reflection regions. In fact, the incident angles for the regular reflection
portion show only a slight increase from that near to the central plane at y; = 0. There is some
limiting criteria on the increase in shock incidence angle before transition occurs and, for the
cases presented here, this is reached only after a small increase after which Mach reflection ensues.
The models with a greater spread show a more pronounced shock incidence angle increase in the
regions following transition than those with lower spreads. A consequence of the increased spread
of Model 10 relative to 8 and 11 relative to 10 is that the entire incident shock surface is spread
out to a greater extent in the transverse direction compared to models with a lower spread (as
discussed previously). This in turn increases the transverse flow deflections for larger spreads and,
as such, a large quantity of the flow near the central portions is turned towards the periphery.
The increasing transverse deflection brought about by the bow waves of the models with a higher
spread is counteracted by the steeper angle increase of the shock orientations at the interaction
locations. This acts to deflect the oncoming flow to a greater extent in the z— direction for in-
creasing incident shock angles and into the regions in which there is a build-up of flow having been
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deflected transversely from the central regions.

One final point to mention regarding the shock angle measurements along the incident bow wave
is the effect of Mach number. This is shown in Figure 6.47. It is evident that a higher free-
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Figure 6.47: Actual shock angles as measured along the domain half-span for Model 8 at different
free-stream Mach numbers. Points of transition marked in black.

stream Mach number results in a lower measured shock angle independent of span location. This
phenomenon is analogous to that occurring with two-dimensional oblique shocks but it is inter-
esting to find that the same phenomenon holds in a fully-three-dimensional situation. As noted
above, the actual shock angles alone are not enough to fully understand the physical aspects of
the three-dimensional flows investigated here. This is further justified by the inconsistencies seen
when considering transition angles and their correlation with two-dimensional reflection theory,
the former as shown in Figures 6.46 and 6.47. As an example, at M; = 3.0 the two-dimensional
detachment criterion is 39.5° whilst transition at the von-Neumann condition is 37.4°. Therefore,
the bow shock sweep angle must necessarily be coupled to the analysis of transition when consid-
ering shock angles. It is because of the variation in intersection line profiles of the various cases
that the sweep angle needs to be accounted for. This is the foundation for the use of the effective
angle, as defined in Chapter 2, Section 6.2.2, Equation 6.3, which reduces the three-dimensional
situation into an effective two-dimensional one with sweep and actual shock angles taken into
consideration. This is considered in the next subsection.

6.4.3 Effective analysis of three-dimensional transition

The measured actual shock angles from the vertical plane slices are transformed to effective shock
angles using Equation 6.3. Here, the sweep angle for the intersection line of each model was ob-
tained using the same edge-detection and shock front curve-fitting method used on the vertical
slices. These methods were applied to the horizontal symmetry plane. Although each of the cases
processed showed evidence of the sweep cusp, this did not alter the bow wave shape severely
enough to render the curve fits beyond use for extracting sweep angles along it.
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Figure 6.48: Effective shock angles at various sweep locations along intersection line for Models
8, 10, and 11 at M; = 3.0. Open circles show the points at which reflection transition occurs.

For each set of points shown on Figure 6.48, which includes open circles at the points of transition,
it is clear that the effective shock angle increases with a decreasing sweep angle. This was seen for
all models at all Mach numbers. Noting that the sweep angle is defined as the angle between the
intersection line and the free-stream flow vector, the decreasing sweep along the bow wave acts
together with the increasing actual shock angle to result in the increased effective angle. Plots
such as these consider the incident bow wave with the central portions located to the top, near a
sweep of 90°, decreasing along the sweepback with a corresponding increasing effective shock angle.

What is pertinent here is the effect that model geometry has on the effective angles and the
manner in which these angles vary along the sweep of the bow waves. A higher spread of model
is seen to increase the rate at which the effective angle increases with sweep along the bow wave.
This gives a set of points that form shallow locus for high-spread cases (such as Model 11) in
comparison with low-spread cases (such as Model 8). A higher geometrical spread creates a bow
wave that is shallow, and increases its sweep angle compared to lower-spread models, for corre-
sponding transverse locations. Importantly, this demonstrates that the sweep angle has more of
an influence than the shock angle in determining the effective angle for large sweep angles near
the central portions of the flow fields. This has also been indicated previously, where the spatial
rate of change of the sweep angle affected the shock interaction to the extent that the transition
points were shifted in space when comparing models of different spread. In the peripheral portions
where the sweep angle is fairly unchanging, it must be the actual shock angle that comes to the
fore in determining the effective shock angle.

It is suggested that the change in the degree to which one parameter has the majority of in-
fluence on the effective shock angle occurs at the transition points. These points are circled on
Figure 6.48 and for each case there is evidence of the reduced dependence on sweep of the effective
shock angle following transition, seen by the way in which the points flatten towards the right of
the Figure. This suggestion is also based on the fact that the sweep of the intersection line does
not change considerably along its latter peripheral portions, whilst the effective angle does. The
fact that the sweep angle along the Mach reflection portions does not exhibit a large variation was
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shown by the way in which the sweep derivative decreased in a spanwise direction (Figure 6.44,
Section 6.3). However, whether the change in influence occurs exactly at the transition point is
unfortunately not clearly discernible in Figure 6.48, but does seem to be well-founded considering
the points raised in Section 6.3.

A further comparison is shown for Model 8 at different Mach numbers ranging from M; = 2.8 to
M, = 3.4 in Figure 6.49. Here, unlike for a variation of geometrical spread, the rate of effective
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Figure 6.49: Effective shock angles at various sweep locations along intersection line for Models 8
for a range of free-stream Mach numbers.

shock angle increase with bow wave sweep is approximately constant across the range of Mach
numbers shown - all curves are similar to one another. However, corresponding points for each
dataset are located at an increasingly lower sweep and lower effective shock angle. The fact that,
on the whole, a lower sweep angle is realised for an increase in free-stream Mach number is in
keeping with what was discussed previously regarding the greater extent to which the intersection
line is swept downstream for high Mach number cases. It is worthwhile to understand the reasons
behind the reduced effective angle that an increase in Mach number produces given that this
delays transition to occur further along the intersection line when comparing between the various
cases of Figure 6.49. This is fundamentally due to the weakening of the incident bow wave surface
as a whole. It is primarily the steep initial sweep reduction occurring for the central regions,
more accentuated with Mach number increase, that results in an effective angle offset for the loci
of points for each case in Figure 6.49. This is in accordance with what is expected for a two-
dimensional oblique reflection study with an increase in free-stream Mach number: the incident
shock angle would be expected to decrease in a similar manner to the way in which the effective
angle is shown to be offset and reduced as higher free-stream Mach numbers are used in Figure 6.49.

A further important observation from Figure 6.48 is that the transition points do not match
up with the criteria suggested by the theory for planar wave surfaces. This is not particular to
these set of results, and was noted for all cases with varying extents of discrepancy. In order
to display the following results more economically, the two-dimensional transition criteria were
transposed onto the (M7, 0]) plane. The effective quantities at transition were calculated from
the measured shock and sweep angle data at the transition points for all cases of geometry and

104



free-stream Mach number. The transition points on these data sets were marked as those points
just before Mach reflection was first noticed in the image stacks of vertical slices for each case.
The transition points given in effective quantities, as well as the corresponding two-dimensional
transition criteria are shown in Figure 6.50. The original model point is based on the initial low-
spread geometry trial described previously in Section 4.4.4 dealing with model geometry creation.
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Figure 6.50: Comparison of transition points within an (M7, ;) map with two-dimensional tran-
sition criteria shown. Results from the original model concept (see Section 4.4.4) are included.

It is clear that the three-dimensional transition points, although mapped onto effective quantities,
exceed the range of the two-dimensional dual-solution domain at the corresponding effective Mach
numbers at which transition occurs. This is an important phenomenon as it shows that regular
reflection persists even beyond effective detachment, and the effective shock angle increases to the
point where transition conditions are favourable, although delayed to various degrees depending
on Model geometry and free-stream Mach number. The latter dependency is examined first.

The effect of an increase in free-stream Mach number seen in Figure 6.50 is twofold. The first is
the increase in the analysis plane Mach number. The fact this occurs shows that the increase in
Mach number for the range tested here is unable to alter the sweep profile of the incident bow
wave to the extent that the effective Mach number at transition is affected to a large extent.

It is the effective shock angle at transition that undergoes a larger change with Mach number
that is more pronounced for high-spread cases. This clarifies the reason behind the downstream
spatial shift in transition point locations when comparing between the various cases discussed in
Section 6.3 in relation to increases in free-stream Mach number. The parameter relations examined
in Figure 6.39 in the previous section showed that it required a relatively small change in actual
shock angle to effect a significant change in the effective angle for a given sweep orientation, or
in regions where sweep variation was not significant. The changes in Mach number for the cases
presented here did little to alter the pre-transition sweep profile for each case (i.e., within the
regular reflection portion). Sweep angle changes could be considered not to play a major role in
shifting the transition points for Mach number variation tests, and therefore transition conditions
are brought about by the rate at which the actual shock angle increases along the incident bow

105



wave. The rate of increase of the shock angle with distance from the central regions of the flow
field is a lot slower for the higher Mach number cases. This is due to the weakening of the incident
bow wave and the location of its surface closer to the test models themselves, in the same way as
a two-dimensional oblique shock is weakened in the presence of a high-Mach number free-stream.
Therefore, the incident actual shock angle has to increase over a larger span distance in order for
there to be conditions conducive to transition to be realised. This is the reason for the down-
stream shift of the transition points with increase in Mach number. This is also the reason for
the higher effective shock angle at transition for the cases of increased Mach number in Figure 6.50.

Th effects of geometry are clear to distinguish in Figure 6.50, which show well-defined clusters of
points for each Model. Note that the results for the original low-spread concept model are included
for comparison purposes. The increase in spread seems to return an increase in the effective Mach
number at transition and a reduction in the effective shock angle. There are clearly significant
differences regarding the effective angle and Mach number for each case of spread, with Models
10 and 11 located relatively close together due to the change in back face spread for these models
being less drastic compared to that for Models 8 and 10. As shown previously, the change in
geometrical boundary condition affects the incident bow wave profile to a large extent, to the
point where the intersection line was seen to also differ significantly for the various cases of spread
assessed. Therefore the sweep parameter is most directly affected by the geometry changes under-
taken for the models used in this work.

The effect of an increase in geometrical spread (and thereby sweep angle) is a reduction in the
effective transition angle, as seen in Figure 6.50, such that higher spread cases seem to have their
effective transition points tend towards the two-dimensional detachment line shown. An important
aspect of shock reflection is thus demonstrated through the controlled spread increase method-
ology used in this work. It is thus suggested that, in the absence of edge effects influencing the
reflection plane, and with the opening up of the incident bow wave surface to tend towards pla-
narity with increased geometrical spread, the shock system analysed permits transition to occur
in the immediate vicinity of detachment. It will be discussed in a later section that, if the incident
bow wave is spread to the extent that the spatial rate of incident wave sweep change is low enough
along the transverse direction, transition can be made to occur in the vertical mid-plane at the
centre of the flow field such that Mach reflection is obtained for all portions along the horizontal
symmetry plane.

For now, however, attention must be given to the physics behind the fact that the effective transi-
tion angles for the three-dimensional cases significantly exceed those governed by two-dimensional
analyses (i.e., the von-Neumann and detachment criteria). This was also noted for the three-
dimensional studies in [8] in which the wedge angle (and thus effective shock angle at the vertical
mid-plane) was required to be increased to 5° above the detachment condition in order to effect
transition to Mach reflection in the central region. The situation encountered here is slightly dif-
ferent in that transition occurs such that it is coupled to the sweep of the incident wave surface,
which itself terminates at the reflection plane with an increasing actual shock angle as transition
is approached from the regular reflection portion.

The fact that the two-dimensional criteria are exceeded by the conditions in existence at the
three-dimensional transition points requires a closer look at the ways in which the effective angle
could be increased and yet permit the incident shock to remain physically attached to the re-
flection plane beyond those angles predicted by two-dimensional theories. This is brought about
by a transverse relieving effect. This has to do with the way in which the flow in the central
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regions is deflected transversely upon encountering the incident swept shock. The deflected flow
from the center is then able to compress the flow passing through more peripheral regions of the
incident shock surface. The result is a relief effect due to an increase in the transverse deflection
of the streamlines passing through the incident wave surface. Note that these considerations are
not in reference to what is happening at the horizontal symmetry plane, but rather at horizontal
planes away from the symmetry plane and closer to the test model geometry. The result is the
weakening of the incident shock surface such that the actual shock incident angle (especially near
the horizontal symmetry plane) is reduced compared to what it would be in the absence of these
relieving effects. Since the lower face geometrical boundary condition dictates the sweep profile of
the incident bow wave to a large extent, the sweep angle is continually decreasing leading up to
transition. This, coupled with the relatively small increment of the actual shock angle at succes-
sive transverse locations along the incident bow wave from the centre outwards, means that the
effective angle increases well beyond that predicted by two-dimensional analyses. The discrepancy
with two-dimensional theories is even more pronounced for bow wave surfaces that are further
closed, as opposed to being flatter and open for high-spread and low Mach number cases. This is
what accounts for the transition conditions for Model 11 at M; = 3.0 to tend towards being in
agreement with the detachment condition.

6.4.4 Conclusions

Three-dimensional shock geometry has undergone further consideration in this section with par-
ticular emphasis on shock orientations along the incident shock surface. Effects of Mach number
and geometrical spread were considered, both of which provide important free-stream and bound-
ary conditions on the resulting shock configurations respectively, as well as those realised in the
analysis planes. Further to this, it was important to investigate the extent to which the three-
dimensional transition points differed in effective shock orientation and effective Mach number to
those predicted by standard two-dimensional theories (using the von-Neumann and detachment
criteria). An important realisation was that the cases tested in this work tended to return transi-
tion points which approached the detachment condition when there was an increase in geometrical
spread and a decrease in Mach number. This was identified to be caused by a transverse relieving
effect occurring behind the incident shock surface.
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6.5 Flow structures in the surrounds of the transition points

6.5.1 Introduction

Shear surfaces are physical phenomena that result from a difference in thermodynamic states of a
fluid in the regions on either side of such a surface. In the more common two-dimensional situation,
a shear layer or slipline is seen to form in the Mach reflection configuration (Figure 6.51). This is
due to the state of the emergent gas processed by the incident and reflected shocks being different
to that processed by the Mach stem alone. As shown in Figure 6.52, the three-dimensional case

Figure 6.51: Two-dimensional Mach reflection configuration with shear layer emanating from the
triple point (shown as a dotted line).

is also seen to give rise to two shear surfaces on either side of the symmetry plane and the region
of Mach reflection extends over a significant portion of the intersection line. The triple point,
as it is named for two-dimensional cases, is therefore termed a triple line in three-dimensions
and it is along this line that each shear surface is generated. For reflection configurations that
incorporate both regular and Mach reflections, the initial edge of the shear surface (see Figure
6.52) is propagated from the confluence of two different reflection types on the intersection line.
The point at which the edge of the shear surface starts corresponds to the transition point 7" as
previously defined. From previous sections it is known that there is a sweep difference across this

Shear surfaces @  —cc-------=----"~

Shear edge
RR portion

T MR portion

Figure 6.52: Schematic representation of shear surfaces with edge emanating from transition point
T. Lower shear surface is coloured orange and the outlines of the upper surface are dotted as shown.
The shear surface edge is as indicated.

point, leading to the existence of the sweep cusp. After this point Mach reflection ensues along
the intersection line, and the shear surface forms with it being attached to the triple lines all along
the Mach reflection portion. From its inception at the triple line, the shear surface may have a
variation of curvature along it, depending on the the physical conditions of the fluid on either side
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of it. In this subsection, the nature of the edge of the shear surface will be explored, after which
attention will be turned to the nature of the shear surface as a whole in conjunction with the
Mach surfaces in the next subsection.

6.5.2 Shear surface edge trajectory

The edge of the shear surface gives an idea of the conditions on either side of the transition point,
that is, for the different reflection configurations in the vicinity of transition. This is the portion
of the shear surface that is simultaneously located at the horizontal symmetry plane as well as on
the border of the Mach reflection region. This edge therefore gives a good idea as to the variation
of streamline deflection and other physical conditions on the horizontal symmetry plane in the
vicinity of transition in the absence of edge influences. The shear layer edges were extracted from
the CFD solution data using the streamline that followed this edge most closely. Positional data
for the shear layers for various cases are shown in Figure 6.53, grouped based on free-stream Mach
number and geometry spreads. These figures do not necessarily depict the direct influence of free-
stream Mach number and geometry on the shear layer edge trajectory. Rather, the effect of the
intersection line profile and the sweep differential around the transition cusp is what is relevant to
the nature of the shear surface edges.

The first aspect to consider is the effect of free-stream Mach number on the intersection line and
the resulting shear layer edge, as shown in Figure 6.53a for Model 8. It is clear that there is a con-
siderable divergence (in the transverse direction) of the shear layer edge from the central vertical
plane. This is seen for all cases in Figure 6.53, and was also noted for double wedge experiments
with pitched optics showing a top view of the intersection line in [8]. Some results from oblique
shadowgraphs taken during experiments conducted for this work are shown in Figure 6.54 which
also show the edge of the shear surfaces having a strong tranverse component on their respective
trajectories.

There are two important aspects linked with the compatibility conditions on either side of the
shear layer that influence the shape and trajectory of the shear layer edge, and these give insight
as to the reasons for the divergence of the shear layer from being straight and to the varying
extents to which its trajectory diverges for various cases. The first aspect is the natural tendency
for the flow passing through the intersection line on the regular reflection side, and that passing
through the oblique Mach surface to deflect transversely due to the sweep of the wave system and
in accordance with the model outlined in Section 6.2. In this regard, the shear layer is required
to possess a transverse divergence in order to sustain equivalent thermodynamic states across the
transition point 7. This would clearly be impossible should the shear surface edge be straight,
for example, due to the unsustainable pressure difference across this shear edge. This brings up
the next aspect to consider - that of static pressure equivalence on either side of the shear sur-
face edge. The pressure increase associated with three-dimensional regular reflection is shown in
Figure 6.55 for a number of free-stream Mach numbers and for a range of sweep angles. Also
shown in this figure is the Mach reflection solution for various sweep angles on the other side of
the transition point 1. The central region containing regular reflection is seen to result in a con-
siderable pressure increase, given that this region has a large sweep angle. For regular reflection
configurations at high sweep angles towards the right of Figure 6.55 there is no point on the Mach
reflection curve that can result in the same post-reflection pressure for the same sweep. From
the foregoing discussions, it is concluded that at such sweep angles equal to that on the regular
reflection side transition is not permissible. Only when the post-reflection pressure resulting from
regular reflection is able to be matched by an equivalent increase on the Mach reflection curve is
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(c) Edge trajectories for various intersection line geometries at M; = 3.4.

Figure 6.53: Shear surface edge trajectories for various free-stream Mach numbers and test models
plotted for a short distance behind the respective transition points on the intersection lines. These
plots are shown with the horizontal symmetry plane being observed from a top view. x¢ is the z—
coordinate normalised with the length of the domain (110 mm for all cases) and is zero at the start
of the domain 20 mm upstream of the model leading edge. y; is the y— coordinate normalised
with the half-span of the domain (50.8 mm for all cases) and is zero at the vertical symmetry
plane.
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(a) Oblique shadowgraph taken at A = 15°, ¢ = (b) Oblique shadowgraph taken at A = 15°, ¢ =
5° for Model 8 at M; = 3.2. 5% for Model 8 at M; = 3.4.

Figure 6.54: Strong transverse components of shear surface edge (indicated with arrows) noted in
experiments.
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Figure 6.55: Pressure ratio for regular and Mach reflection portions on a three-dimensional swept
wave system.

three-dimensional transition permitted. It is clear from Figure 6.55 that matching of pressures on
either side of a transition point is not possible without a sweep cusp so that the sweep angle on
the regular reflection side is different (and importantly, lower) than that on the Mach reflection
side.

Particularly relevant to the shear layer edge trajectories is the situation following the sweep cusp
on the Mach reflection side. Here, the sweep angle is again monotonically decreasing, and as per
Figure 6.55, so is the post-Mach surface pressure. This therefore demonstrates that the reasons
for the transverse shear surface edge trajectory are twofold: first, the pressure increase resulting
from three-dimensional regular shock reflection which is coupled with the transverse deflection of
the flow due to sweep; and secondly, the pressure drop in the flow on the Mach reflection side away
from the sweep cusp which results in additional bias downstream along the shear edge towards
the periphery.
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An important detail that all plots of Figure 6.53 show is the varying extents to which the different
shear surface edges are deflected transversely just after passing through the intersection line. This
is an indication of the degree to which the shock systems on either side of the transition point differ
in the conditions they create for the post-reflection flow. As seen from Figure 6.55, an increase
in free-stream Mach number results in an increased pressure along the regular reflection portion.
The implication for the shear surface edge is that it is highly deflected as seen in Figure 6.53a.
Furthermore, the higher the central region pressure build-up is, the greater the sweep difference
would be between the regular and Mach reflection portions which results in a more exaggerated
sweep cusp. The implications of the large sweep difference and the associated deflection of the edge
of the shear surface is straightforward to understand when the Mach reflection side is considered.
The Mach surface is an oblique shock at the horizontal symmetry plane, and an increase in sweep
angle (3 is accompanied by in increase in deflection of the streamlines through this wave. This
holds right up until just next to the transition point, and in the limit as the transition point is
approached from the Mach reflection side, the deflection through the Mach surface and the edge
of the shear surface would be identical for deflection compatibility to hold. Therefore, because
a large sweep difference implies a high sweep angle for the initial portion of the Mach surface,
this ensures a large divergence in the shear surface edge trajectory. Higher sweep differentials are
required at high free-stream Mach numbers, and hence the large divergence of the shear layer edge
(especially for M; = 3.4) seen in Figure 6.53a.

An interesting situation was found for results obtained using Model 11 (see Figure 6.56) for which
the required sweep difference was large enough for there to be subsonic flow behind the transition
point. For the case of placing Model 11 in a free-stream flow at M; = 3.4, the flow in the subsonic
patches behind the sweep cusp reached Mach numbers as low as 0.90.
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(a) Flooded Mach number contours for horizon-  (b) Flooded density contours with contour lines
tal symmetry plane. for M < 1 located just after transition.

Figure 6.56: Phenomenon occurring when the required sweep difference at transition is large
enough to render the post-interaction flow subsonic, as shown for Model 11, M; = 3.4.

The significance of this is that the required sweep difference between the regular and Mach reflec-
tion portions across the transition point is large enough to cause the sweep of the Mach surface just
after transition to be a strong oblique shock, after which the flow is subsonic. Another important
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aspect is that the flow deflection on either side of such a transition point, as well as the shear sur-
face edge itself, has a reduced transverse deflection as seen in Figure 6.53c as expected for a strong
oblique shock. The strong shock solution persists along the sweep of the intersection line for a
short distance before switching back to a weak shock solution with supersonic post-interaction flow.

Figures 6.53b and 6.53c show the effect of intersection line spread on shear surface edge tra-
jectories. Due to the fact that the cases with test models of lower geometrical spread have an
intersection line that is swept back further downstream than those of higher geometric spreads,
there is not as great an increase of regular reflection portion pressure for low-spread intersection
lines (as seen in Figure 6.55 for lower sweep angles). This gives rise to the shear edges for these
cases having a shallow trajectory. From these figures, it can also be deduced that these cases
have lower sweep differences across their transition points, and that the deflection through the
initial portion of the Mach surface following transition is lower for Model 8 compared to Model
10. Model 11 presents a special case in terms of there being a strong shock solution for the Mach
surface, and therefore it is seen that the shear edge trajectories for these cases are not as shallow
as for Model 8 and not as divergent as for Model 10 at the same free-stream conditions.

6.5.3 Nature of the shear and Mach surfaces

The relation between the shear and Mach surface is clear: the geometry of the triple lines which
bound the Mach surface is determined by the extent of the the Mach surface height, with the
shear surface emanating from the triple lines. In this subsection, focus will be shifted to those
regions further towards the periphery of the flow field and within the Mach reflection portion of
the shock interaction domain. It is clear from the physical relation between Mach surface and
shear surface that the conditions behind the Mach surface would be predicative of the nature of
the shear surface. The converse seems to also hold merit by virtue of the fact that the conditions
below the shear surface for the flow passing through the incident and reflected waves would have
a bearing on the shear surface itself. The geometry of the shear surface therefore influences the
nature of the flow behind the Mach surface because of compatibility of flow direction and pressure
across the shear surface.

It is important to mention at the outset that the Mach surface was observed to be oriented convex
relative to the free-stream flow as shown in Figure 6.57. This is of importance when considering
the orientation of the shear surface along the triple lines (discussed later on in this section), but
this also gives an overview of the type of surface geometry of the Mach reflection portion on which
the following discussion is based.

For two-dimensional flows, the geometry of the slipline is what determines the location of a sonic
throat [5], which in turn limits the subsonic patch behind the Mach stem and the region in
which transverse influences may affect the Mach stem [8, 11]. The same cannot be said for three-
dimensional flows (where there is central regular and peripheral Mach reflection) in terms of the
shear surface being responsible for the location of a sonic throat because the flow behind the
oblique Mach surface is supersonic.

Plots for the extents of the various Mach surfaces is shown in Figure 6.58 for a number of different
cases as projected to be viewed along the span of the intersection line.

The main point about these figures is to show the trajectory of the triple lines which bound the
Mach surfaces at the top and bottom, and from which the shear surfaces originate. From Figure
6.58a, it is clear that the higher free-stream Mach numbers resulted in a more gentle (i.e. shallower
and flatter) trajectory of the triple lines towards the periphery and consequently a reduced area
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Figure 6.57: Overview of shock surfaces showing the convex curvature of the Mach surface, par-
ticularly noticeable to the left of the figure.

of the Mach surface as a whole. This is due to the weakening of the shock system as discussed
previously, which in relation to the Mach surface manifests as a reduction in height of this surface
compared to cases with lower free-stream Mach numbers.

However, the increase in Mach number does not do as much to alter the nature of the Mach
surface compared to the geometry changes of the intersection line, which results from using dif-
ferent model spreads. There is a considerable difference in the triple line trajectory for Model 10
compared to Model 8 in Figures 6.58b and 6.58c. In both cases the intersection line for Model 10
was further spread out than that for Model 8. The difference in Mach surface height shows the
extent to which Mach reflection is established on the intersection line. For Model 8 this region is
delayed in being established and is so only further outwards and downstream of the apex of the
intersection line than for Model 10. The growth rate of the Mach surfaces in the spanwise direc-
tions also corresponds with the strength of the peripheral shock system as a whole, with that for
Model 8 being notably lower than for Model 10, regardless of free-stream Mach number. In fact,
further towards the outermost regions of the domain, the triple lines appear to have a non-linear
increasing trajectory which is more exaggerated for intersection lines with a wider spread. This is
a consequence of the flatter nature of the incident bow wave. The higher effective Mach number
for a larger sweep angle obtained from a wider spread of the intersection line thus leads to a more
established Mach surface which accommodates for the increase in divergent flow from the central
regions by deflecting more of the oncoming peripheral flow through it.

An interesting aspect to point out from Figure 6.58 is the manner in which the Mach surfaces for
Model 11 do not follow the expected trend of an increased height associated with a wider spread
of the intersection line. These results indicate that the Mach surface, whilst taller and the triple
lines more divergent than those for Model 8, are less so when compared with Model 10. The
reason for this is linked to what was observed to happen at the transition points for Model 11
related to the high sweep difference on either side of the transition point such that part of the
Mach surface close to this point forms a strong oblique shock. Following this, the Mach surface
transitions to a weak oblique shock along the horizontal symmetry plane. The extent to which
the peripheral regions are required to accommodate the transverse flow from the central regions is
therefore reduced because of the subsonic patch around the transition point which relieves some
of the compression experienced by the peripheral flow due to central flow divergence. Therefore,
there is not as great a need for a tall Mach surface and therefore the Mach surface heights are
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Figure 6.58: Mach surface height comparisons along the respective bow waves for various cases.
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reduced for the Model 11 cases.

Having examined the Mach surfaces and the various trajectories of the triple lines, it is the next
logical step to turn attention to the orientations of the shear surfaces which originate along the
triple lines. Again, such surfaces are visualised by extracting the streamlines which travel through
points along the triple lines. Their three-dimensional visualisation is made possible by displaying
the streamtraces as volume lines (streamtubes) along which z-velocity contours are plotted. This
is shown in Figure 6.59 for the cases as labelled at the top of each image.

Model 8, M, = 3.0 Model 10, M; = 3.0 Model 11, M; = 3.0

Model 8, M, = 3.4 Model 10, M, = 3.4

BN T 4

ZVelocity: 0 15 30 45 60 75 90 105 120 135 150 (/5]

Figure 6.59: Qualitative nature of the shear surface as approximated with z-velocity-contoured
streamtubes travelling through the triple lines. Horizontal symmetry plane shown with filled
density contours. Free-stream flow is from the top right of each image.

The streamtubes are shown for their entire trajectory until they reach the end of the low domain,
that is, the streamwise extent of the domain which is three test model chord lengths downstream of
the trailing edge of the model. For each of the streamtubes located towards the central regions and
which are unaffected by the peripheral reflected shock, it is clear that the z-velocity component
increases along them. Upon reaching approximately 50% of the distance between the apex of the
intersection line and the end of the domain, this velocity component is then decreased accompanied
by a flattening of the streamtube in the streamwise direction. This is due to the expansion effects
which cause a streamwise drop in pressure along the streamtubes, as in [5] for two-dimensional
flows. This results in a curvature of the opposite sense that causes the flattening of their trajectory.

It is clear that conditions on the horizontal symmetry plane permit the streamtube of the shear
surface edge to sustain its initial deflection over a prolonged distance, to the point that it is seen
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to propagate underneath those originating at points higher up along the triple line. It is important
to emphasise that the shear surface edge starts to attenuate and diffuse by mixing into the flow
regions on either side of it, quite a short distance downstream of its inception at the transition
point, more so than for any other streamtube along the shear surface. This was also noted from the
experimental images for the shear surface edge. Therefore, the fact that this streamtube undergoes
a sustained deflection (i.e. a prolonged extent of transverse deflection) for so large a distance after
the transition point may demonstrate roll-up of the shear surface beginning from this edge.

The contours of the z-component of velocity plotted along the streamtubes demonstrates ini-
tial curvature of the shear surface about the y-axis such that the flow behind the Mach surfaces
is initially deflected away from the horizontal symmetry plane. This is an interesting feature
that is not typical of direct Mach reflection (DMR) configurations for which, in steady flows, the
shear layer has an initial deflection towards the symmetry plane as shown in Figure 6.60a for
two-dimensional situations. It has been thought that in steady flows only direct Mach reflection
with a concave Mach stem was permissible. The case for which there is a convex Mach stem is
termed a triple configuration (TC) of the first type i.e. TC-1 [47]. The experimental evidence
of the TC-1 pattern in three-dimensional steady flow was made known by the work of Skews [§]
which served to confirm earlier numerical results by Ivanov [48]. Important differences between

Symmetry plane Symmetry plane

(a) Direct Mach reflection (DMR). (b) Triple configuration of the first type (TC-1).

Figure 6.60: Schematics illustrating the differences in shock configurations for DMR and TC-1
reflection patterns.

TC-1 and DMR configurations comprise the orientation of the Mach stem, as well as the trajectory
of the slipline originating from the respective triple points for each configuration. These aspects
are well-known for the DMR case, and there are interesting implications of the convex Mach stem
and divergent shear layer for the TC-1 configuration. In the latter case, the Mach stem is also a
strong shock everywhere along it, just as with DMR, with it possessing a curvature that results
in it being perpendicular to the symmetry line at its foot. However, its left-running orientation
means that streamlines closest to the triple point deflect away from the symmetry plane as seen
in Figure 6.60b. In order for deflection compatibility across the shear layer to be satisfied, the
net deflection through the incident and reflected waves must also be orientated in the same manner.

The same type of deflection is noted in Figure 6.59 in which the streamtubes plotted diverge
upwards and away from the horizontal symmetry plane. Based on the the TC-1 configuration
discussed and the fact that it is known to exist in three-dimensional flows, this is expected. How-
ever, it is important to note that the z-velocity component of the streamtubes, just after passing
through the respective points on the triple line, increases from the central regions towards the
periphery. A large z-velocity component is not only indicative of a high curvature of the Mach
surface near the triple point, but because this happens symmetrically on either side of the Mach
surface, this alludes to an increase in curvature of the entire Mach surface in the transverse direc-
tion. The increasing z-velocity component for stations further out at the periphery also shows that
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the Mach surface curvature increases for all cases investigated here. This means that the Mach
surface has a low curvature near the transition point 7" which increases towards the periphery.

With regards to drawing comparisons between the different cases of Figure 6.59, this is restricted
to that of a qualitative nature based on the extent to which high z-velocity initial deflections of
the streamtubes are realised when passing through the triple lines. It can be seen that stronger
vertical deflections of the shear surface away from the horizontal symmetry plane are achieved
with an increase in Mach number and an increase in spread of the intersection line, the latter
observed to happen for Models 8 and 10. This is due to an accommodation of the deflected flow
from the central portions by virtue of vertical deflections at the periphery. These effects for Model
11 are less pronounced perhaps owing to the fact that the relieving effect of the post-interaction
flow due to the presence of the sweep cusp does not make it necessary for there to be large vertical
deflections of the flow behind the Mach surface. For Model 11 cases, any larger vertical deflections
due to a higher Mach surface curvature could drop the pressure on the horizontal symmetry plane
to the point where the transition cusp itself could exhibit instability. This demonstrates the effect
that transverse influences could have on three-dimensional transition points after which there are
subsonic patches. Therefore the vertical deflections for Model 11 are somewhat limited as shown
in Figure 6.59.

6.5.4 Conclusions

This section has elaborated on the trajectory of the shear surface edge and the geometry of the
Mach and shear surfaces. It was seen that the shape and orientations of the shear surfaces are
dependent on the flow conditions created by the incident and reflected shock systems, as well as the
sweep orientation of the intersection lines. The edge of the shear surface was found to be closely
associated with the nature of the transition sweep cusp. An interesting phenomenon was observed
to exist for the flow system created by Model 11 in that the required sweep difference on either
side of the transition point was large enough to cause a strong oblique portion close to transition
along the Mach surface with subsonic flow behind it. The influence of such a situation was also
found to be far-reaching in that the Mach surface for this case diverted from trends seen for Models
8 and 10. All cases were found to have convex Mach surfaces with a type 1 triple configuration
(TC-1), which, although noted in the works of previous researchers, is an important result for
three-dimensional steady flows free of edge effects. A notable conclusion is that the existence of a
TC-1 configuration is not dependent on the presence of edge effects as such a pattern was found to
exist for all cases presented here. An examination of the shear surfaces was undertaken which was
in agreement with expected orientations for a TC-1 reflection, and which was able to qualitatively
demonstrate curvature of the convex Mach surface which increased in the transverse direction to
a greater extent for wider spreads of the intersection lines and higher free-stream Mach numbers.
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6.6 Full reflection transition and special cases

6.6.1 Introduction

This section revolves around situations in which there is transition to full Mach reflection all along
the intersection line. First, a set of experimental results for Model 11 is discussed in which full
transition to Mach reflection was observed, which does not agree with results from the numerical
simulations. Reasons for this shall be elaborated which provides good insight as to the flow
conditions for this case. Secondly, full transition to Mach reflection was obtained for numerical
calculations for a highly spread model concept which was beyond the size of the wind tunnel test
section used at the Flow Research Unit. Nevertheless, some interesting flow physics was noted
and is discussed further here. Finally, attempts at obtaining a complex reflection configuration
are demonstrated. Such configurations consist of central Mach reflection transitioning to regular
reflection at the sides further outwards with a further transition to Mach reflection at the periphery.

6.6.2 Full transition: experimental results

Experimental test results for Model 11 at M; = 3.0 and M; = 3.4 are given in Figure 6.61. These
showed that Mach reflection was obtained all throughout the reflection plane. The type of reflec-
tion obtained in the vertical mid-plane is shown by way of a standard shadowgraph taken with
a datum configuration of the optical system (i.e A = 0° and ¢ = 0°). Downstream of the Mach
stem in these images, it is interesting to note the trajectories of the shear surfaces, which appear
to have a high curvature at the triple line resulting in them approaching the horizontal symmetry
plane at S..,, as shown. This is unlike with two-dimensional flows, and for the current results
there is no clear divergence of the shear surfaces and distinct formation of a nozzle-like geometry
as they project downstream. Mixing effects seem to have a greater influence on their structure
further downstream and eventually the central portions of these surfaces mix with each other.
Indications of the swept Mach surface along the interaction line can be observed as the dark line
just below the upper reflected wave (labelled as the line between points AB in Figure 6.61a). A
more complete idea of the flow field is gained by observing images taken at higher yaw and roll
angles as shown in Figures 6.61c to 6.61f.

The shear surfaces are clearly depicted in these images and it is important to note their ini-
tial converging nozzle-like configuration, after which divergence occurs for the peripheral sections
of the shear surfaces as for a two-dimensional situation. This shows that mixing is quite dominant
in the central portions and the central shear surfaces converge so close together that the mixing
effects cause confluence. Further outwards, the top and bottom shear surfaces are further apart,
and therefore their divergence can be visualised for images of higher optical yaw and roll. There
seem to be subsequent undulations of the shear surfaces, which are especially evident in Figure
6.61f and were noted to a lesser degree for the M; = 3.0 cases at corresponding optical orienta-
tions. Whether this is Mach number-dependent or is typical of instability along the shear surfaces
due to mixing requires further investigation.

The shape of the intersection line for the full Mach reflection cases appears to be quite differ-
ent to those discussed previously with regular reflection transitioning to Mach reflection further
out along the span. Figure 6.62 shows an image taken with zero optical yaw and with the optics
set at the highest roll configuration of 9°. This enabled an oblique view of the intersection line,
which is aided by the shear surfaces seen as the two lines above the reflected wave at the bottom
of Figure 6.62 (as labelled), and rather faintly as the two below the reflected wave at the upper
part of the image. It can be seen that there is a sudden increase in the extent to which the Mach
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surfaces are swept backwards. This is attributed to the largely flat central portion of reflection
configuration (labelled in Figure 6.62) which is typical of full Mach reflection configurations, as will
be discussed further in the next subsection with the numerical model results for a case of full Mach
reflection. These experimental results show that, because of a relatively narrow model geometry
with full Mach reflection, the flatter central portion can only be sustained to a certain extent,
after which an abrupt decrease in sweep angle 3 ensues for the more peripheral reflection portions
further downstream. The dark line just underneath the upper reflected wave is the triple line (edge
of the Mach surface) and is only faintly visible in Figure 6.62. It is seen to grow monotonically
to its full height at the tunnel walls. This is also seen in Figure 6.61 and is depicted clearer in
those images. Comparisons with the numerical models reveal that these are not in agreement with
the experimental results. These are shown in Figure 6.63. The numerical results show central

(a) Datum configuration shadowgraph, A = 0°, ¢ = (b) Datum configuration shadowgraph, A = 0°, ¢ =
0° at M7 = 3.0. 0° at M7 = 3.4.

(c) My =3.0, A =20° and ¢ = 0° (d) My =34, A =10° and ¢ = 0°.

(e) My = 3.0, A = 40° and ¢ = 0°. (f) My = 3.4, A =40° and ¢ = 5°.

Figure 6.61: Some experimental results for Model 11 at M; = 3.0 and M; = 3.4.
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Figure 6.62: Model 11, M; = 3.0, A = 0°, and ¢ = 9°.

regular reflection transitioning to Mach reflection. The quantity of experiments done using Model
11 and the consistency of the flow features visualised over the range of optical configurations used
shows that the shock system was indeed at steady state when all the images were captured. The
difference in results is thus attributed to tunnel free-stream noise, for which turbulent eddies are
responsible. Although the effect of these is reduced by baffle cones and screens in the settling
chamber, numerical results by Mouton as well as observations made during experiments [20] in-
dicate that tripping of transition from regular to Mach reflection is indeed plausible in this case.
The mechanism of such a transition should comprise an inward motion of the transition points,
and the transient nature of these situations would be interesting to investigate. The lower-spread
models (8 and 10) also had central regular reflection but the experimental results were in good
agreement with the numerical models. Since this is not the case for Model 11, it is suggested that
the subsonic patches (shown in Figures 6.63c¢ and 6.63d) may have an influence on the inwards
transverse propagation of the effect of disturbances in the free-stream to the point that full tran-
sition occurs.

In order to gain more insight into cases with a full Mach reflection, very highly spread numeri-
cal model geometry was processed until this was obtained. This is the subject of the following
subsection.

6.6.3 Full transition: numerical results

In order to achieve full transition to Mach reflection all along the intersection line, increasingly
wider model spreads were used for the numerical calculations. In the end, after several geometries
were tested and at different Mach numbers, full transition was achieved for Model 15 at M; = 3.0
shown in Figure 6.64.

The Mach surface height is shown to increase monotonically in height from the centre outwards,
which was not seen for the full Mach reflection configuration obtained by Ivanov [12, 13|, in which
the decrease in Mach surface height coincided with the influence of the edge Mach cones on the
reflection plane. This is an important realisation of the implications of the absence of edge effects
on the final geometry of the Mach surface all along the intersection line.
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(a) Incident shock front surface, M; = 3.0.

(c) Horizontal symmetry plane, Mach contours for (d) Horizontal symmetry plane, Mach contours for
M; = 3.0. M; = 3.4.

Figure 6.63: Numerical results for Model 11 for M; = 3.0 and M; = 3.4.

)

Figure 6.64: Shock surface for full Mach reflection, M; = 3.0.
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The horizontal symmetry plane shown in Figure 6.65 shows some interesting details. First, the
wide and spread-out shape of the intersection line is noted, which is a consequence of the highly
spread model geometry which affects the incident bow shock and intersection line likewise. The
next is the subsonic flow behind the Mach surface all along the reflection regions. This is expected
for the central regions in which the sweep angle is 90°, but further outwards this is indicative
of strong shock solutions all along the Mach surface. The sonic line coincides with the central
regions of highly compressed flow (with high density), and extends the subsonic regions up until
the point that the expansion effects from the test pieces trailing edges begin to drop the pressure
and re-accelerate the flow to supersonic conditions. Looking at the vertical slices taken along the

Figure 6.65: Horizontal symmetry plane for full Mach reflection with dotted sonic line (white).

span of the domain (Figure 6.66) reveals that the Mach surface is straight and not convex in shape
as was noted for the cases with regular reflection in the middle transitioning to Mach reflection
further outwards. Finally, one last point is that concerning the Mach reflection region at the span-
wise edges of the domain. This is due to the designation of the side walls of the domain, which
themselves act as a reflecting surface. Due to the high incidence angle with which the peripheral
Mach surface encounters the side walls, the Mach surface itself being an oblique shock surface, it
gives rise to it detaching from the side wall thus producing the secondary Mach reflection seen in
Figures 6.64 and 6.65. It is interesting that this reflection is continued further towards the bottom
of the incident shock surface, which points to the fact that this surface is very close to being fully
planar in this region. This is compared with the previously discussed cases where the peripheral
regions exhibit a highly double-curved geometry which acts to cause the side wall interaction to
be regular. This is also consistent with the fact that high spreads of the incident shock surface is
one of the pre-requisites for the shock system being more likely to produce Mach reflection at the
central regions, as shown for the case of Model 15, because the curvature component arising from
sweep is reduced in the centre.

Having obtained Mach reflection for Model 15, the next step was to attempt at obtaining the

complex reflection configuration shown by Ivanov [12, 13] with a central Mach reflection portion
which transitions to regular reflection further out and again to peripheral Mach reflection. Several
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) Vertical slice y¢ = 0.0. ) Vertical slice y¢ = 0.5.
) Vertical slice y; = 0.75. ) Vertical slice y¢ = 1.0.

Figure 6.66: Vertical slices along domain half-span for Model 15 showing Mach surface shape.

attempts were made at obtaining such a configuration in the absence of edge effects for the types
of models used throughout this work. These are elaborated briefly in the following subsection.

6.6.4 Complex reflection attempts

Several attempts were made at obtaining complex reflection with central Mach reflection tran-
sitioning to regular reflection outwards along the spanwise direction, and again transitioning to
Mach reflection at the periphery. Table 6.1 shows details of the different geometry types used for
the back faces of the test models. The lower face was always formed using three control vertices,
and the chord length of the lower face is given in Table 6.1 as x. The height of the back face
is denoted zy, and h; and hz are the distances from the outer model edge to the inner control
vertices as shown in Figure 4.18 in Chapter 4, Section 4.4.4. Following the methods of Ivanov
[12, 13], it was decided to aim to obtain full Mach reflection after which either the free-stream
Mach number or geometry could be altered in ways to achieve complex reflection. However, hav-
ing found that the full Mach reflection result did not produce a non-monotonically varying Mach
surface height along the span, it was concluded that Mach number variation would do little but
to alter the entire reflection configuration to the standard central regular and peripheral Mach
reflection patterns, as seen previously, or else to increase the Mach surface height. It was thus
decided to test further geometries with spread-out wave-like back faces to control the degree to
which the flow was constrained or relieved in order to produce conditions favourable to each type
of reflection. Models 17 and 18 had slightly different geometrical parameters than the previous
ones. That for Model 17 is shown in Figure 6.67. The red control vertices have the same desig-
nation as in Table 6.1, and the central control vertex is located halfway along the back-face span.
The idea behind using a double wave-like geometry for the back-face of Model 17 was to limit
the transverse flow components with the two crests acting to confine the central flow to an extent
that a central Mach surface was forced to form. Then, it was anticipated that peripheral relieving
effects would induce regular reflection after which the swept nature of the intersection line would
be cause for peripheral Mach reflection to exist. The fact that this complex reflection did not
occur was most probably due to the relieving effect provided by the central trough of the model,
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Table 6.1: Test model geometric parameters. All lengths in mm, angles in degrees. Initial test
models 8 - 11 included for comparison.

Model no. | zyg | =1 hq hs | Span | Vertical symmetry angle | LE spacing
8 13.6 | 30.3 | 30 24 1 60.0 | 24.20 38
10 13.6 | 30.3 | 20 14 | 50.0 | 24.20 38
11 11.0 | 24.5 | 20 8 |50.0 | 24.20 38
12 11.0 | 245 |15 |4 |50.0 |24.20 38
13 11.0 | 24510 |4 |50.0 |24.20 38
14 13.6 | 293 | 5 2 | 80.0 |24.8 38
15 16.5 | 30.3 | 5 2 | 80.0 | 28.57 58
16 16.5 | 30.3 | 5 2 160.0 | 28.57 58
17 152 13031392 | 100 | 26.64 58
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Figure 6.67: Model 17 back-face configuration with NURBS control polygon shown with dotted
lines. Red control vertices are corresponding points referenced in Table 6.1, as shown.
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Figure 6.68: Model 18 back-face configuration with model length z; = 30.3 mm and dimensions
as indicated. Leading edge spacing is 68 mm.

which did not in fact constrain the central flow as much as it did reduce the incident shock angle
below that required for Mach reflection to occur. This led to the development of the geometry of
Model 18 shown in Figure 6.68. Here, the back-face geometry can be thought of as the spatial
inverse or “negative” of Model 17. The central crest of the wave-like profile had an increased
height so that the central vertical symmetry plane angle was 29.27°, significantly higher than any
previous test cases. This was done to help induce a central Mach reflection given that this was
achieved for Model 15. The reduced height of the outer plateaus were in an attempt to introduce
relief effects such that regular reflection would arise just prior to the sweep of the intersection
line causing a second transition to a peripheral Mach reflection. Unfortunately, complex reflection
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was not realised for this case due to relief effects from the side plateaus inducing central regular
reflection. For the results obtained by Ivanov [12, 13], a reduction in the Mach surface height
coincided with the influence of edge Mach cones impinging on the reflection plane. It was due
to this height reduction that there could be a small further adjustment in wedge geometry that
was able to further reduce the Mach surface height to the point that regular reflection could be
obtained next to the central Mach reflection region after which the swept nature of the intersection
line caused a second transition to Mach reflection and hence the complex reflection. The problem
thus remains to obtain such a configuration where edge effects are eliminated from influencing the
reflection plane.

6.6.5 Conclusions

This section has explored full Mach reflection cases under a number of circumstances from both
an experimental and numerical viewpoint. Certain experimental results showed there to be full
Mach reflection for Model 11 which contradicted the numerical results. This was attributed to
noise in the flow field that was shown to be capable of tripping the reflection configuration from
one of central regular and peripheral Mach reflection by way of disturbances propagating via
subsonic patches in the flow field. Further numerical investigation of full Mach reflection was
carried out numerically by varying the test model geometry without regard for wind tunnel test
section dimensional constraints. This resulted in a highly-spread model geometry being conceived
which resulted in a full Mach reflection configuration. It was shown that the strong shock solution
existed all along the span of the intersection line with secondary Mach reflections occurring at the
periphery of the domain. It is also important that Mach surface undulations were not present in
this case unlike for double-wedge setups in which edge effects are present. The Mach surface for
full Mach reflection showed a monotonic height increase in the transverse direction. Further model
geometry test cases were numerically trialled with the intention of realising complex reflection.
This was not obtained with the cases tested here, even with more convoluted back-face geometries
with greater transverse spreads than for previous cases discussed. This was primarily because the
Mach surface for full Mach reflection could not be made to reduce in height to the point that it
closed up on itself producing regular reflection in between central and peripheral Mach reflections.
It thus remains to be seen whether complex reflection is indeed possible in the absence of edge
effects.
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Chapter 7

Conclusions and Recommendations

An experimental and numerical investigation into multiple physical aspects of three-dimensional
shock reflection transition was completed. This involved the development of lofted NURBS surface
geometry of varying lateral spreads which allowed the study of reflection transition that was free
of edge effects influencing the reflection plane. These models also established a known geometrical
boundary condition that allowed controlled variation of the shape of the intersection line. As a
result, a number of aspects of three-dimensional reflection could be systematically studied based
on effects of intersection line geometry and free-stream Mach number on the resulting configura-
tions. Three models (8, 10, and 11) of increasing spread were tested in the supersonic wind tunnel
and the Flow Research Unit at the University of the Witwatersrand. The tunnel test section size
placed an upper limit on the spread of the models that could be used. Oblique shadow photogra-
phy was used extensively to visualise the three-dimensional flow fields. Precise orientation of the
optics was made possible with the use of an inertial measurement unit (IMU), the implementation
of which combined and integrated output from the three-axis accelerometers and gyroscopes to
give absolute angular orientation of the optics gantry.

Conclusions from the various Sections of Chapter 6 are given here, with each section exploring a
separate aspect of three-dimensional shock reflection transition. Thereafter, a few recommenda-
tions will be given.

7.1 Conclusions

Section 6.1 - Numerical schlieren/shadowgraph reconstruction and validation: Ob-
taining an accurate and precisely known optical orientation with the IMU for the optical system
used during experiments was a crucial step towards developing a novel validation method for com-
paring the CFD solution data with the experimental images. This method consisted of numerically
reconstructing the oblique shadowgraphs by integrating the CFD datasets along any line-of-sight
used. It was shown that this methodology is applicable to any optical configuration in yaw, roll and
pitch. The variety of combinations of the integrated density spatial derivatives that this method
permits was instrumental in proper visualisation of flow features because different combinations
selectively enhanced certain features over others when applying the reconstruction technique. As
such, it was found that all of the flow features seen in the experimental images were successfully
able to be visualised with the numerical data. By overlaying the constructed image over the
experimental one and adjusting opacities to confirm spatial correspondence between various flow
features across numerous optical configurations, it was concluded that the numerical models were
successfully validated by the experimental results. As such, the numerical results were able to be
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used extensively in conjunction with the experimental images to derive further interpretations of
the flow physics.

Section 6.2 - Three-dimensional shock interaction in the immediate vicinity of transi-
tion: Both experimental and numerical results revealed the existence of the two distinct reflec-
tion portions (regular and Mach reflection) along the intersection line at the horizontal symmetry
plane. These reflection configurations exist next to each other with a three-dimensional transition
point in between them. By considering an infinitesimal section of the flow field on either side of
the transition point, an analytical model was developed that gives insight into the flow physics
of the coexistence of both reflection types in a three-dimensional flow field. An important find
was the that the compatibility conditions would not be simultaneously satisfied for both reflection
portions on either side of transition having the same sweep angle. This gave rise to the existence
of a sweep cusp, which is a physical mechanism that equilibrates the pressure and flow deflections
on either side of the transition point so that the coexistence of regular and Mach reflection types
is physically tenable. This was confirmed by the numerical results and to a certain extent by the
experimental results by virtue of a region of optical disturbance at the point of transition along the
intersection line. This has important implications for the study of three-dimensional transition.

Section 6.3 - The nature of the transition points and intersection line profiles: This
section involved taking a closer look at certain aspects related to transition, namely the geomet-
rical variation of the intersection line, the associated implications for transition point locations
and proportion of reflection configurations realised, as well as the streamline deflections at the
horizontal symmetry plane on either side of the transition point for each reflection type. It was
found that higher free-stream Mach numbers and lower geometrical spreads gave rise to intersec-
tion lines that were narrow and swept to a greater extent than those for lower free-stream Mach
numbers and higher spreads. It was also suggested that a dual mode of weakening of the shock
system is present for certain flow free-stream conditions and geometrical boundary conditions.
This is by way of a decreasing shock angle in the vertical streamwise planes and a lower sweep
angle 8 for flows with a high Mach number and low geometrical spread. This illustrates the idea
of an additional degree of freedom by which three-dimensional shock waves may alter the the flow
passing through them. This led to the idea of the dominance of certain parameters, such as the
sweep angle over the shock angle, in determining the transition point locations. Transverse flow
deflections were found to increase for the same modes of weakening of the shock system, with
interesting compression effects on the horizontal symmetry plane, particularly in the vicinity of
transition. The transition cusp was found to play an important role associated with transverse
deflections. This section provided important insights into the physical mechanisms, particularly
at the horizontal symmetry plane, underlying transition.

Section 6.4 - Three-dimensional transition and shock geometry: In this section, atten-
tion was paid to the variation of shock geometry along the incident shock surface. This variation,
when coupled with the sweep angle along the intersection line, provided useful insights into the
conditions and shock geometry existing in the analysis plane normal to the line of intersection.
Reflection in the analysis plane was characterised by the normal Mach number component and the
effective shock angle. The physical mechanisms were elucidated which necessitated the increase
of the effective angle prior to transition. Examination of the correspondence of three-dimensional
transition, as viewed in the analysis plane, with two-dimensional criteria for transition revealed
interesting discrepancies. It was found that the transition points approached the two-dimensional
detachment condition with a reduction in free-stream Mach number and an increase in geometrical
spread.
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Section 6.5 - Flow structures in the surrounds of the transition points: In this section,
consideration was given to the nature of the shear and Mach surfaces. Initially, attention was
focused on the edge of the shear surface. This feature is significant as it is the singular point for
which the shear surface meets the horizontal symmetry plane. Its form was found to be dependent
on the nature of the transition point from which it originated. In certain cases, such as for
Model 11, the sweep differential across the transition point was large enough for there to a be a
strong shock solution along the initial parts of the Mach reflection portions just after transition,
causing there to be post-reflection subsonic flow in this region. This was shown to have important
implications for the trajectory of the shear surface edge which deviated from trends observed for
Models 8 and 10. The Mach surface heights were found to be influenced by both intersection
line spread and Mach number, but perhaps the most interesting aspect of the Mach surfaces is
their convex nature noted for configurations with central regular reflection and Mach reflection
further outwards. It is an important result that this was found to occur in a flow field with no
edge effects influencing the reflection plane, as it was for flows with edge influences by previous
researchers. This gave rise to a triple configuration of the first type (TC-1) which seems to have a
large domain of existence for three-dimensional flows with dual reflection types (i.e both regular
and Mach reflection) given that they have been noted to be readily realisable for such flows. The
shear surfaces were found to be influenced to a large extent by the convex nature of the Mach
surfaces, with the shear surfaces diverging away from the horizontal symmetry plane and flattening
out further downstream due to trailing edge expansion effects. Data from the shear surfaces were
found to demonstrate an increasing convex curvature of the Mach surface from transition towards
the periphery, and even more so for higher intersection line spreads and free-stream Mach numbers.

Section 6.6 - Full reflection transition and special cases: The final section contained three
aspects regarding special cases of reflection configurations. The first was the discrepancy between
experimental and numerical results, the former of which showed Mach reflection for Model 11
cases all throughout the horizontal symmetry plane. The numerical results did not show this,
the reflection configuration appearing as a central regular and peripheral Mach reflection type.
As was demonstrated by previous researchers, this was attributed to tunnel noise which tripped
transition to full Mach reflection. This tripping mechanism is also credited by the fact that
subsonic patches may exist for a short time in the experimental flow field as the transition points
are propagating inwards along the intersection line, and the disturbances caused by turbulent
eddies are very likely to trip the reflection configuration to full Mach reflection. Further attempts
to obtain full Mach reflection for the numerical calculations resulted in a highly-spread conceptual
model being developed. It was interesting that the central portions of the reflection were extremely
flat and did not exhibit extensive curvature due to sweep nor convexity of the Mach surface. A
secondary Mach reflection was found to exist at the side-walls of the domain, and which extended
further down the incident shock pointing to the very low curvature of these surfaces necessary to
produce such a reflection pattern. Finally, numerous attempts were made at obtaining complex
reflection consisting of central Mach reflection, transitioning to regular reflection at the sides and
further out transitioning to Mach reflection at the periphery. Unfortunately, this was not able to
be obtained, and it remains to investigate this possibility given that the required closure of the
central Mach surface was found, by previous works, to coincide with the influence of edge effects
on the horizontal symmetry plane.
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7.2 Recommendations

A number of recommendations are briefly outlined which would facilitate further study on three-
dimensional shock wave reflection transition based on the work carried out here.

1.

The sweep cusp was an important finding in this work, and was shown to account for in-
teresting physical phenomena regarding transition. It would be an important step to obtain
more conclusive experimental evidence of the sweep cusp. In addition, it would be worth-
while to investigate the existence of the sweep cusp in the presence of edge effects, which
would enable determination of the extent to which edge effects influence three-dimensional
transition depending on whether or not the sweep cusp was found to exist in such flows
as well. Three-dimensional numerical simulations like the ones used in this work would be
required for this latter aspect.

. An interesting find of Section 6.4 was the discrepancy of three-dimensional transition points

with two-dimensional transition criteria. It was found that this discrepancy was able to be
significantly reduced. However, it remains to be found specifically at which criterion/criteria
transition occurs for flows which do not comprise of edge effects influencing the reflection
plane. It may be necessary to obtain a free-stream at a higher Mach number so that the
difference between the von-Neumann and detachment criteria are large enough to preclude
measurement, uncertainty of the effective angles and Mach numbers at transition. It would
also be interesting to investigate if any hysteresis effects exist for such flows and the transient
nature of transition occurring due to inwards propagation of the three-dimensional transition
points.

The convex Mach surfaces shown in this work are particularly interesting, as well as the
associated shear surface geometry. Whist the existence of the convex Mach surface in a con-
figuration with transition points was explained, it is important to understand the reasons
for the flat Mach surface obtained for full Mach reflections.

The complex reflection configuration was not able to be obtained for the cases and geometry
tested in this work. The problem remains to obtain central Mach reflection, transitioning
outwards to regular reflection, and again to Mach reflection at the periphery in a flow field
that precludes edge influences on the horizontal symmetry plane of reflection. This could
be extended to furthering a deeper understanding the physical mechanisms that permit or
inhibit this reflection configuration.

The experimental tests consisted of images obtained from single-shot photography. It is
recommended to observe the flow field for transient phenomena, particularly during the
establishment of the steady shock configurations which may be preceded by changes in
position of the transition points. This would be useful for understanding the mechanisms
behind obtaining full Mach reflection for Model 11 cases due to free-stream disturbances.
Perhaps these results are a consequence of the existence of a three-dimensional dual-solution
domain, and further work on this is recommended.

Finally, some interesting reflection configurations may be obtained with asymmetrical test
piece configurations which do not permit edge influences to affect reflection. It may be that
complex reflection is realised in these arrangements.
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Appendix A

.1  Manufacturing drawings

The following pages contain the manufacturing drawings of the test models and the model support
rods for the sting assembly in that order. The G-code files generated for the CNC machine operator
are included in the digital appendices.
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.2  Wind tunnel facility specifications

Specifications of the various equipment and instruments used in this research are tabulated in this
section (Tables 1 to 7). A schematic of the layout of the various facilities interfaced with the wind
tunnel and necessary for its operation was given in Figures 4.1, 4.2 and 4.4.

Table 1: Compressor specifications.

Company Reavell

Model CompAir

Type CSA GE

Machine no. 226092

Speed 1000 rpm

Pressure 450 psi

Oil Shell Turbo Oil T 78

Table 2: Induction motor specifications.

Company Englisl} Electric
Benoni Works
Serial no. PC5927/18
Size C286
Power 25 hp
Speed 1455 rpm
Voltage 380 V
Connection 3-phase delta
Current 36.3 A, 50 Hz
Standard 2613
Bearings DE: SKF 6310
NDE: SKF 6308
Insulation B
class
. Shell Alvania no. 2
Lubricant (Li-base grease)
L.H Marthinusen (ref:
Overhaul co. 92.6630)

Table 3: Programmable time delay unit specifications.

Company ElectroDi
Trigger 3.0V
Exposure

time 3300 us
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Table 4: Settling chamber pressure transducer specifications.

Kyowa Electronic In-

Company struments Co. Ltd.
Type PG - 10KU
Capacity 10 kg.f/cm?
Serial no. YB9330137

Table 5:

Test section pressure transducer specifications.

Company Kyowa Electronic In-
struments Co. Ltd.

Type PG - 2KU

Capacity 2 kg.f/cm?

Serial no. YP9468

Table 6: Supply pressure vessel specifications.

Year of manu-

1968
facture
Code BS 1515, 1965
Design temp. | 122 °F
Capacity 319 cuft
Radiography | Spot
Test pressure | 146 psi
Vessel no. 53/1
Company Kies & Travers Ltd.

Table 7: Air drier specifications.

Arlec Engineering
Company Works CC
Makers no. J38996
Working pres- 9136 kPa
sure
Test pressure | 2777 kPa
Working 100 °C
temp.
Design temp. | 100 °C
.CUbIC capac- | g jas
1ty
Code ACIF8101A02
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Digital Appendices

Th digital appendices are contained on a USB drive the contents of which is detailed in Table
8. For the naming conventions, place holders have been used in place of numbers specific to the
version number or creation date of the files. Hence, “X” is used in place of a version or model
number and “DD” or “MM?” is used for day or month of creation. MATLAB scripts were used
throughout and the relevant .m file names are given.
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