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Abstract

In this dissertation we study some of the fundamental concepts and results
of Riemannian geometry. In particular we look at Riemannian manifolds
and their curvature with an emphasis on the Riemannian manifolds that
have constant sectional curvature. Starting with the fundamental concepts
of Riemannian geometry: the Riemannian metric, the Riemannian connec-
tion, geodesics and curvature, this dissertation goes on to cover deep results
such as the fundamental theorem of Riemannian geometry, the Hopf-Rinow
theorem, the Hadamard theorem and the classification theorem for Rieman-
nian manifolds of constant sectional curvature. Along the way we also cover
useful tools such as Jacobi fields. In [3: p. 159], M. P. do Carmo consid-
ers a diffeomorphism h : P → Q between Riemannian manifolds (P, g) and
(Q, g̃) which preserves the corresponding (0, 4)-Riemannian curvature ten-

sors R and R̃. Referring to R. S. Kulkarni [44] and S. T. Yau [46], he poses
a problem of deciding whether h is an isometry. Accordingly, at the end
of this dissertation, we look at the problem of deciding if a diffeomorphism
between two Riemannian manifolds which preserves the sectional curvature
is an isometry.
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Introduction

Riemannian geometry, named after the great German mathematician Bern-
hard Riemann (1826–1866), is the branch of differential geometry that studies
n-dimensional differentiable manifolds endowed with Riemannian metrics,
which are, broadly speaking, rules for computing lengths of tangent vectors
and angles between them. It is the most “geometric” branch of differential
geometry. A great part of the study of differential geometry is aimed at
attempting to comprehend what curvature is and what it tells us about a
space. Thus the notion of curvature is one of the focal ideas of differential
geometry. One could contend that it is the focal one, distinguishing the ge-
ometrical core of the subject from those aspects that are analytic, algebraic,
or topological. To quote Marcel Berger [47, p. 9], curvature is “the N◦ 1
Riemannian invariant and the most natural. Gauss and then Riemann saw
it instantly.” The word curvature corresponds to our everyday understand-
ing of what it means for something to be curved: balloons, tubes, cans, soap
films, the surface of our planet earth are all physical models of spaces that
have a lot of curvature, where as floors, ceilings, and cardboard boxes are all
physical models of spaces that do not have a lot of curvature.

Being able to measure curvature of non-flat objects has many real world
applications. Engineers frequently use curvature to add strength to struc-
tures and save on material used to build the structures. For example, the
hyperbolic shape of a nuclear power plant cooling tower incorporates curva-
ture not only to strengthen the structure but also to minimize the amount
of material required to build it. Curvature also plays an important role in
physics. The magnitude of a force required to move an object at constant
speed along a curved path is, according to Newton’s laws, a constant multiple
of the curvature of the trajectory. The motion of a body in a gravitational
field is determined, according to Einstein, by the curvature of space-time. All
sorts of shapes, from soap bubbles to red blood cells, seem to be determined
by various curvatures.

Given the vastness of the subject and the limited time and space available,
we decided to restrict ourselves mainly to the core concepts and results of
Riemannian geometry and to the study of manifolds (spaces) of constant cur-
vature. The manifolds of constant curvature are on the one hand the simplest
Riemannian manifolds and yet on the other hand are sufficiently complicated
to present a fascinating object of study. They provide the simplest examples
of curvature in its purest form and they can also provide us with a launching
point in our quest to understand what types of spaces we should expect from
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positive curvature, from negative curvature and so on. Constant curvature
has also played an important role in the history of geometry. Spaces with
constant curvature supplied the first examples of non-Euclidean geometries,
putting an end to the quest to prove Euclid’s parallel axiom from the other
geometric axioms. So, these are the spaces that represent the first level of
study beyond Euclidean space, and it is by reference to these spaces that the
general Riemannian manifolds are studied.

The study of spaces of constant curvature is made very manageable because of
a few simplifying properties these spaces have. The first such property is the
fact that normal neighborhoods in spaces of the same dimension and the same
constant curvature are isometric. So any space with constant curvature is
locally the same as any other space with the same curvature. The second dis-
tinguishing property is that every complete, simply connected manifold with
constant sectional curvature is isometric to one of the frame-homogeneous
model spaces Sn, Rn or Hn; the next theorem, due to W. Killing and H.
Hopf, illustrates this fact.

Theorem (A). [2, Theorem 4.3] Let (M, g) be a complete, simply connected,
n-dimensional Riemannian manifold with constant sectional curvature K,

n ≥ 2. Then M is isometric to Rn if K = 0, to Sn
(

1√
K

)
if K > 0, and

to Hn
(

1√
−K

)
if K < 0.
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Overview of the Chapters

The main reference that was used for this dissertation is the book by Man-
fredo Perdigão do Carmo titled Riemannian Geometry [3]. We follow closely
the style of presentation from this book. The only exception is Section 7
which is an exposition of the work done by Ravindra Shripad Kulkarni in
the paper titled Curvature and Metric [44]. Most of the books listed in the
reference section were used as a supplement to the book by do Carmo-to
help with a better understating of some of the concepts and proofs of this
dissertation.

We now briefly describe the contents: The first section is a brief review
of the theory on n-dimensional differentiable manifolds which we make use
of throughout this dissertation. The next four sections present in some detail
the basic but fundamental concepts of Riemannian Geometry (Riemannian
metrics, Riemannian connections, geodesics and curvature). In particular, in
Section 2 we prove the fundamental theorem of Riemannian Geometry and in
Section 3 we prove the Hopf-Rinow Theorem which states the fact that given
any two points on a complete Riemannian manifold there exists a minimizing
geodesic joining these two points. Section 4 addresses the notion of curvature
on a Riemannian manifold. Specifically, Section 4 addresses the various char-
acterizations of curvature such as the Riemannian curvature tensor, sectional
curvature, the Ricci curvature tensor and the scalar curvature. A good part
of the study of Riemannian Geometry consists of understanding the relation-
ship between geodesics and curvature. Jacobi fields, an essential tool for this
understanding, are introduced in Section 5. In Section 5 we also prove one
of the main theorems of this dissertation, namely the Theorem of Hadamard
which states that there is a homeomorphism of complete simply connected
manifolds of dimension n, whose sectional curvature K ≤ 0, onto Rn. In
Section 6 is where we begin to deal with Riemannian manifolds of constant
sectional curvature; we describe, in some detail, the model spaces (Sn, Rn

and Hn) of constant sectional curvature and prove one of the main theorems
of this dissertation which is Theorem A stated in the introduction. Finally,
in Section 7, we question if a sectional curvature preserving diffeomorphism
is an isometry or not? We answer this question by proving the following the-
orem, due to R. S. Kulkarni [44], which shows that the only exceptional case
is a diffeomorphism between two manifolds of the same constant curvature.

Theorem (B). If P is an analytic Riemannian manifold with dimension
≥ 4, then either P has constant sectional curvature or a sectional curva-
ture preserving diffeomorphism between P and another analytic Riemannian
manifold Q (h : P → Q) is an isometry.

viii



0 Differentiable Manifolds

0.1 Introduction

The main purpose of this section is to introduce the necessary tools needed
for an adequate study of Riemannian geometry. We define the fundamental
concepts which we deal with throughout this dissertation. However, we will
not be going into a lot of detail and we will not prove any of the results so
that we do not detour from our main objectives. Much of the theory and the
proofs for this section can be found in any standard differential geometry text.
We begin with the important notion of differentiable manifolds. Riemannian
geometry is usually developed on differentiable manifolds.

0.2 Differentiable Manifolds

A manifold, roughly, is a topological space that locally looks like the Eu-
clidean space Rn. A differentiable manifold M is a manifold for which this
resemblance with the Euclidean space is sharp enough to allow the establish-
ment of partial differentiation-in fact, all the essential features of calculus-on
M . We may also say, at least intuitively, that a differentiable manifold is a
generalization of curves in R2(R3) and surfaces in R3 to arbitrary dimensions.

We now give the precise definitions.

Definition 0.2.1. An n-dimensional topological manifold M (or simply an
n-manifold) is a topological space with the following properties:

1. M is Hausdorff, that is, for every pair of distinct points y, x in M there
are neighborhoods Ũ of y and U of x such that Ũ ∩ U = ∅, in other
words, Ũ and U do not intersect.

2. Every point y ∈ M possesses a neighborhood U homeomorphic to an
open subset A of Rn.

3. M satisfies the second countability axiom, that is, M has a countable
basis for its topology.

Differentiable manifolds are topological manifolds equipped with an extra
structure that permits us to differentiate functions and maps.

Definition 0.2.2. An n-dimensional differentiable manifold M is a is a topo-
logical manifold of dimension n together with a collection of homeomorphisms
fα : Aα ⊂ Rn → M defined on open sets Aα of Rn into M (for α in an at
most numerable set of indices I) satisfying the following three conditions:

1



1.
⋃
α∈I fα(Aα) = M .

2. For every pair of indices α, β such that O := fα(Aα)∩fβ(Aβ) 6= ∅, the
sets f−1

α (O), f−1
β (O) are open sets in Rn and the overlap (or transition)

maps f−1
β ◦ fα : f−1

α (O) → f−1
β (O), f−1

α ◦ fβ : f−1
β (O) → f−1

α (O) are
differentiable.

3. The family F = {(Aα, fα) | α ∈ I} is maximal with respect to conditions
1 and 2, meaning that if f0 : A0 → M is a homeomorphism such that
f−1

0 ◦ f and f−1 ◦ f0 are C∞ for all f in F, then (A0, f0) is in F.

The pair (Aα, fα) (or the map fα : Aα ⊂ Rn →M) with the point y in fα(Aα)
is called a local coordinate system (or a parametrization) of M at y. fα(Aα)
is then referred to as a coordinate neighborhood at y. A family {(Aα, fα)}
which satisfies conditions 1 and 2 is called a differentiable structure on M .

Remark 0.2.1. We have placed the Hausdorff and the countable basis re-
strictions on the topology of M to avoid it from being too peculiar. The
natural topology of a differentiable manifold can be fairly peculiar because it
can occur that the Hausdorff condition or the countable basis condition or
indeed both these conditions not be satisfied by M . However, such exam-
ples are bizarre and useless. We need both these conditions to be satisfied
by M . Specifically, we need the Hausdorff condition to guarantee that the
limit of a convergent sequence is unique. This, along with the countable basis
condition, ensures the existence of partitions of unity (Cf. Subsection 0.7),
which is an indispensable tool in differential geometry. Differentiable mani-
folds that satisfy the Hausdorff and the countable basis conditions are said to
be sufficiently topologically well-behaved. We are making the class of objects
of study (differentiable manifolds) as general as it can be, while still staying
significant for geometry.

Remark 0.2.2. We will use n or d to denote the dimension of M whenever
either one is more convenient.

0.3 Differentiable Maps between Manifolds

We will now broaden the notion of differentiability to mappings among dif-
ferentiable manifolds.

Definition 0.3.1. Let P be a differentiable manifold of dimension n and let
Q be another differentiable manifold of dimension d. We say that a continu-
ous map g : P → Q is differentiable at a point y ∈ P if there are local coor-
dinate systems (A, f) of P around y (i.e. y ∈ f(A)) and (B, f̄) of Q around
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g(y), with g(f(A)) ⊂ f̄(B), such that the map g̃ := f̄−1◦g◦f : A ⊂ Rn → Rd

is differentiable at f−1(y).

The map g is said to be differentiable on an open subset of P if it is differen-
tiable at each and every point of this open subset. We obtain, from Definition
0.2.1 part 2, that the definition above is not dependent on the choice of the
local coordinate systems. The mapping g̃ := f̄−1 ◦ g ◦ f : A ⊂ Rn → Rd

is referred to as a local representation of g and is the expression of g in the
local coordinate systems f and f̄ .

Remark 0.3.1. In this dissertation, unless otherwise stated, either explicitly
or by unequivocal context, the words differentiable and smooth will be used to
mean infinitely differentiable (C∞).

Definition 0.3.2. Let P , Q be a pair of differentiable manifolds. A mapping
h between P and Q is referred to as a diffeomorphism if it is differentiable,
bijective, and its inverse h−1 : Q → P is also differentiable. h is named a
local diffeomorphism at a point y in M if there are open neighborhoods A of
y and B of h(y) such that h|A : A→ B is a diffeomorphism.

Two differentiable manifolds are considered to be the same if they are diffeo-
morphic, that is, if there is a diffeomorphism h between them. So, Definition
0.3.2 is the equivalent notion of an isomorphism but for manifolds.

0.4 Tangent Spaces and Differentials

We wish to expand the concept of tangent vectors to differentiable manifolds.
But first, we recall, from classical differential geometry of regular surfaces in
R3, that a vector r ∈ R3 is said to be tangent to a surface Z ⊂ R3 at a point
y ∈ Z if there exists a differentiable curve ψ : (−ε, ε) → Z ⊂ R3 such that
ψ(0) = y and dψ

dt

∣∣
t=0

= r. The set TyZ of all these vectors is a 2-dimensional
vector space, called the tangent plane to Z at y and can be identified with
the plane in R3 which is tangent to Z at y. To generalize this to an abstract
n-dimensional manifold we need to find a description of r which does not
involve the ambient Euclidean space R3. Without going into detail on how
this is achieved we have the following definition:

Definition 0.4.1. Let ψ : (−ε, ε)→M be a differentiable curve on a differ-
entiable manifold M and let D be the set of all functions g : M → R that
are differentiable at ψ(0) = y ∈ M . The tangent vector to the curve ψ at y
is the operator dψ

dt

∣∣
t=0

: D → R defined by

dψ

dt

∣∣∣∣
t=0

(g) =
d(g ◦ ψ)

dt

∣∣∣∣
t=0

.
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So, a tangent vector to a differentiable manifold M at a point y ∈ M is a
tangent vector to some differentiable curve ψ : (−ε, ε)→M with ψ(0) = y.

Definition 0.4.2. The set of all tangent vectors at the point y in M is
referred to as the tangent space at y, and is denoted by TyM .

In a local coordinate system f : A ⊂ Rn → M around the point y = f(0),
the curve ψ is given in local coordinates by the curve in A:

ψ̃(t) := (f−1 ◦ ψ)(t) = (x1(t), . . . , xn(t)),

and
dψ

dt

∣∣∣∣
t=0

(g) =

(
n∑
η=1

ẋη(0)

(
∂

∂xη

)
t=0

)
(g).

In other words, the vector dψ
dt

∣∣
0

in the local coordinate system f can be given
by

dψ

dt

∣∣∣∣
t=0

=
n∑
η=1

ẋη(0)

(
∂

∂xη

)
t=0

.

Proposition 0.4.1. The tangent space to M at y is an n-dimensional vector
space.

With the concept of a tangent space at hand, we are now able to also extend
the concept of the differential of a differentiable mapping to differentiable
manifolds .

Proposition 0.4.2. Let P be a differentiable manifold of dimension n, let Q
be another differentiable manifold of dimension d and let ρ be a differentiable
mapping between P and Q. For each point y in P and for each tangent vector
r in TyP , select a differentiable curve ψ : (−ε, ε) → P such that ψ(0) = y,
dψ
dt

∣∣
t=0

= r. Take φ = ρ ◦ ψ. The mapping dρy : TyP → Tρ(y)Q defined by

dρy(r) = dφ
dt

∣∣
t=0

is a linear mapping that is independent of the choice of ψ.

Definition 0.4.3. The linear mapping dρy as defined by Proposition 0.4.2
is referred to as the differential of ρ at y.

0.5 Vector Fields and Lie Brackets

Classically, a vector field J on Rn is a differentiable map J : Rn → Rn. In
this subsection, we take a look at vector fields over differentiable manifolds.
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Definition 0.5.1. Let M be a differentiable manifold. If we examine the
disjoint union of all tangent spaces TyM at every point of M , we acquire a
space denoted by TM ,

TM =
⋃
y∈M

TyM = {(y, Jy) | y ∈M,Jy ∈ TyM}.

TM admits (we won’t verify this here) a differentiable structure naturally
induced by the one on M . With this differentiable structure, TM is a differ-
entiable manifold of dimension 2×dim M which is called the tangent bundle
of M . We shall denote by π : TM → M the projection of this bundle, with
π(v) = y, where y ∈M and v ∈ TyM .

Definition 0.5.2. Let M be a differentiable manifold. A vector field J on
M is a correspondence that assigns to every point y ∈ M a tangent vector
Jy ∈ TyM . In terms of mappings, J is a mapping of M into the tangent
bundle TM satisfying the property π ◦ J = idM . The vector field is called
differentiable if the map J : M → TM is differentiable. The set of all
differentiable vector fields on M is denoted by X(M).

In a local coordinate system f : A ⊂ Rn →M we can express J by

Jy = a1(y)

(
∂

∂x1

)
y

+ · · ·+ an(y)

(
∂

∂xn

)
y

=
n∑
η=1

aη(y)

(
∂

∂xη

)
y

,

where every aη : A → R is a well-defined differentiable function on A and{
∂
∂xη

}
1≤η≤n is the basis associated to f . And so we notice that J is differen-

tiable if and only if the functions aη are differentiable for some and, thus, for
any local coordinate system.

We now take a pair vector fields J,K ∈ X(M). Generally, the operators
JK and KJ will contain derivatives of the second order, and thus will not
correspond to vector fields. Nonetheless, the commutator JK − KJ does
give us a vector field.

Proposition 0.5.1. Let J,K ∈ X(M) be a pair of differentiable vector fields
on a differentiable manifold M , then there is a unique differentiable vector
field L ∈ X(M) satisfying

Lg = (JK −KJ)g,

for each differentiable function g ∈ D(M), where D(M) is the set of differ-
entiable functions defined on M .

5



The vector field L is referred to as the Lie bracket of J and K, and is denoted
by [J,K]. In a local coordinate system, L is expressed by

[J,K] =
n∑
η=1

(JKη −KJη)
∂

∂xη
.

If [J,K] = 0 then we state that the vector fields J,K ∈ X(M) commute. We
list the properties of the Lie bracket in the next proposition.

Proposition 0.5.2. If J,K, L ∈ X(M), then we obtain:

1. Bilinearity: for all b, c ∈ R,

[bJ + cK,L] = b[J, L] + c[K,L]

[J, bK + cL] = b[J,K] + c[J, L];

2. Antisymmetry:
[J,K] = −[K, J ];

3. Jacobi identity:

[[J,K], L] + [[K,L], J ] + [[L, J ], K] = 0;

4. Leibniz rule: for all g, h ∈ D(M),

[gJ, hK] = gh[J,K] + g(Jh)K − h(Kg)J.

0.6 Orientability

Definition 0.6.1. Let M be a differentiable manifold. We call M an ori-
entable manifold if M is equipped with a differentiable structure {(Aα, fα)}
such that:

(a) for each pair α, β, with O = fα(Aα) ∩ fβ(Aβ) 6= ∅, the differential
of the change of coordinates (or the Jacobian of the overlap maps)
fβα = f−1

β ◦ fα has positive determinant at every point in the domain.

M is referred to as non-orientable if the above does not hold. A selection of a
differentiable structure which meets condition (a) from the definition above
is called an orientation of M . We say that M is oriented if M is orientable
together with a choice of an orientation. If M is equipped with two separate
differentiable structures that meet condition (a), then they give the same ori-
entation to M if condition (a) is again met by their union. There is exactly
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two different orientations on M if M is orientable and connected.

Now, we let h be a diffeomorphism between two differentiable manifolds
P and Q. It is not difficult to check that P is orientable if and only if Q is
orientable. Furthermore, if P and Q are connected and are oriented, h in-
duces an orientation on Q which may or may not be the same as the original
orientation of Q. If it is the same then we call h orientation preserving and
if it is not the same we call h orientation reversing.

0.7 Partitions of Unity

Partitions of unity are a fundamental tool in differential geometry. They
can assist in breaking down a global object into a sum of local objects or
they can also assist in piecing together locally defined objects into a global
object. For example, we will use partitions of unity to prove existence the-
orems which we will come across in the upcoming sections of this dissertation.

We need some preliminary definitions before we can define what a parti-
tion of unity is. Let M be a differentiable manifold. We call a collection of
open sets {Uα}α∈I ⊂ M with

⋃
α Uα = M (i.e. Uα covers M) locally finite

if all points y in M have a neighborhood O satisfying O ∩ Uα 6= ∅ for only
finitely many indices α. The support of a real-valued function g : M → R,
denoted supp g, is the closure of the set of points where the value of g is not
equal to zero, that is, supp g = {y ∈M | g(y) 6= 0}.

Definition 0.7.1. A collection {gα}α∈I of differentiable functions gα : M →
R is called a differentiable partition of unity subordinate to the covering {Uα}
if the following three conditions are satisfied:

(i) For each α ∈ I and y ∈M , gα(y) ≥ 0 and the support of gα is contained
in a coordinate neighborhood Uα = fα (Aα) of a differentiable structure
{(Aβ, fβ)} of M .

(ii) The collection {Uα} is locally finite.

(iii)
∑

α gα(y) = 1, for every point y in M .

Theorem 0.7.1 (Existence of Partitions of Unity). A differentiable
manifold M has a differentiable partition of unity if and only if every con-
nected component of M is Hausdorff and has a countable basis.
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1 Riemannian Metrics

1.1 Introduction

The study of Riemannian geometry begins in this section. Whilst in the
previous section we looked at manifolds from the point of view of differen-
tiability, here we start to address questions of a geometric sort, for example,
the length of a vector (and of a curve), the angle between two vectors (and
between two intersecting curves) and area of a region on an n-dimensional
differentiable manifold. In this section and in many of the sections to come,
we will draw intuition and give most examples from surfaces in Euclidean
space; for these-together with curves on the plane and in space-were the
original objects of study in classical differential geometry and are the source
of much of the current theory.

In the theory of regular surfaces Z ⊂ R3, the mathematical tool that al-
lows for the calculation of the length of a vector tangent to Z and the angle
between two vectors tangent to Z, is the first fundamental form. The first
fundamental form on Z is defined as the restriction of the usual Euclidean
dot product in R3 to the tangent space TyZ at every given point y ∈ Z. More
accurately, there is an induced inner product on TyZ coming from the the
standard inner product (the dot product) in R3. This induced inner product
is what is referred to as the first fundamental form and is denoted by Iy( , )
or 〈 , 〉y. So for tangent vectors r, s ∈ TyZ, Iy(r, s) is equal to the standard
inner product of r, s thought of as vectors in R3, that is, Iy(r, s) = r · s. It
is this definition of the first fundamental form along with integration that
permits for geometric measurements such as the length of a curve on Z, the
angle between two intersecting curves on Z, the area of a region on Z, and
all other metric properties of Z.

Everything discussed in the paragraph above is to do with surfaces which
are embedded in R3, that is, with reference to the ambient space in which
the surface sits in. In general, an n-dimensional differentiable manifold M
is defined without reference to a specific embedding (without reference to
the ambient space), so we don’t instantly have a first fundamental form as
defined above. Moreover, it is not clear from the definition of M whether it
has a metric or not. But we would still like to calculate lengths, angles, areas
and volumes on M . To achieve this we must add an extra structure on M ,
namely, a Riemannian metric.
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1.2 Riemannian Metrics

Before we define what a Riemannian metric is, we first recall the definition
of an inner product on a real vector space W . Inner products are a natural
generalization of the dot product to arbitrary vector spaces.

Definition 1.2.1. An inner product or scalar product on W is a map

〈 , 〉 : W ×W → R

which satisfies the following three properties:

(i) 〈 , 〉 is Symmetric, that is,

〈r, s〉 = 〈s, r〉,

for all r, s ∈ W .

(ii) 〈 , 〉 is Positive Definite, that is,

〈r, r〉 ≥ 0,

for all r ∈ W . The equality holds only when r = 0.

(iii) 〈 , 〉 is Bilinear (linear in each argument), that is,

〈ar + bs, t〉 = a〈r, t〉+ b〈s, t〉

〈r, cs+ dt〉 = c〈r, s〉+ d〈r, t〉,
for all r, s, t ∈ W and a, b, c, d ∈ R.

We call such a map a symmetric, positive definite, bilinear form.

Definition 1.2.2. A Riemannian metric on an n-dimensional differentiable
manifold M is a mapping that assigns to every point y ∈M an inner product
gy( , ) : TyM×TyM → R on the tangent space TyM . Furthermore, gy( , ) is
required to vary differentiably, that is, if J and K are any two differentiable
vector fields on M , then the function g(J,K) : M → R defined by y 7→
gy(Jy, Ky), should be differentiable on M .

Hence, the extra structure that we have added to M , is an inner product
assigned to each tangent space at each point that varies differentiably from
point to point. We can look at it as a natural generalization of the inner
product between two vectors in Rn to an n-dimensional differentiable mani-
fold. This concept was presented by Riemann in his 1854 habilitation lecture
[48].
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Remark 1.2.1. We will often use the same notation as the first fundamental
form and write 〈 , 〉y instead of gy( , ). The subscript y is dropped whenever
the point y is implied by context, hence we write 〈 , 〉 or g( , ) with the
understanding that it is to be calculated at every point y.

Definition 1.2.3. A differentiable manifold M of dimension n equipped with
a Riemannian metric 〈 , 〉 is called a Riemannian manifold, and is denoted
by the pair (M, 〈 , 〉).

In order to perform computations and to better comprehend the notion of a
Riemannian metric, it is helpful to express it in terms of a local coordinate
system.

Let (M, 〈 , 〉) be a Riemannian manifold, let f : A ⊂ Rn → M be a local
coordinate system on M , let y be any point on the coordinate neighborhood
f(A), let J,K be vector fields on M and let { ∂

∂x1
, ..., ∂

∂xn
} be the standard

basis vector fields of TyM induced by f . As seen in subsection 0.5, with
respect to this basis, J and K can be expressed as:

J =
n∑
η=1

Jη
∂

∂xη
, K =

n∑
ω=1

Kω
∂

∂xω
,

where the Jη and Kω are differentiable functions on A.

Then, in this local coordinate system f , we can write the Riemannian metric
〈 , 〉 as

〈J,K〉 =

〈 n∑
η=1

Jη
∂

∂xη
,

n∑
ω=1

Kω
∂

∂xω

〉

=
n∑

η,ω=1

JηKω

〈
∂

∂xη
,
∂

∂xω

〉

=
n∑

η,ω=1

gηωJηKω,

where we have set

gηω =

〈
∂

∂xη
,
∂

∂xω

〉
.

It can be shown that 〈 , 〉 is symmetric and positive definite iff the ma-
trix gηω has the same properties, that is, 〈 , 〉 is symmetric iff gηω = gωη and
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〈 , 〉 is positive definite iff gηω is a positive definite matrix. Therefore, in a lo-
cal coordinate system, the Riemannian metric is represented by a symmetric,
positive definite matrix gηω.

Remark 1.2.2. In a local coordinate system, for gy( , ) to vary differentiably
as in Definition 1.2.2, means that, if f : A ⊂ Rn → M is a system of
coordinates for M near y, such that f(x1, x2, ..., xn) = u ∈ f(A) and ∂

∂xη
(u) =

dfu(0, ...1, ..., 0), then gu(
∂
∂xη

(u), ∂
∂xω

(u)) = gηω(x1, ..., xn) is a differentiable

function on A.

Example 1.2.1. The manifold M = Rn, where TyM = Rn for every point
y, is naturally equipped with a Riemannian metric: the usual dot product.
Specifically,

gηω =

〈
∂

∂xη
,
∂

∂xω

〉
=

{
1, if η = ω,
0, if η 6= ω.

Such a metric is called the Euclidean metric.

M = Rn together with

〈r, s〉 = r · s =
n∑
η=1

rηsη

is a Riemannian manifold.

The Riemannian metric enables us to define numerous common notions in
geometry on a differentiable manifold, just as the dot product does in Eu-
clidean geometry of Rn.

Definition 1.2.4. Let (M, 〈 , 〉) be a Riemannian manifold and let r, s be
vectors in TyM .

1. The length of r, ‖r‖, is given by ‖r‖ =
√
〈r, r〉.

2. The angle between r and s is given by cos θ =
〈r, s〉
‖r‖‖s‖

.

3. r and s are orthogonal if 〈r, s〉 = 0.

We now give the definition(s) of when we can regard two Riemannian mani-
folds as being the same.
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Definition 1.2.5. Let P and Q be a pair of Riemannian manifolds. A
diffeomorphism h : P → Q is called an isometry if for every q ∈ P and every
r, s ∈ TqP ,

〈r, s〉q = 〈dhq(r), dhq(s)〉h(q).

Two Riemannian manifolds are said to be isometric if there is an isometry
between them.

Definition 1.2.6. Let P and Q be a pair of Riemannian manifolds. A
differentiable map h : P → Q is a local isometry if for every point y ∈ P
there is a neighborhood A ⊂ P of y such that h|A : A→ h(A) is an isometry
onto an open subset of Q.

Intuitively, an isometry is a transformation that bends one manifold into
another without stretching, shrinking or cutting it. In other words, isome-
tries are a class of maps (diffeomorphisms) that preserve the metric (the
first fundamental form). Thus, geometric quantities such as the distance be-
tween two points, are preserved by an isometry. Riemannian geometry, is
concerned primarily with properties of Riemannian manifolds that are pre-
served by isometries.

The next proposition shows that any differentiable manifold can be equipped
with at least one Riemannian metric.

Proposition 1.2.1. Every differentiable manifold M has a Riemannian met-
ric.

Proof. Let M be a differentiable manifold with a differentiable structure
{(Aα, fα)}α∈I . For every α ∈ I, we can define a Riemannian metric 〈 , 〉α
by 〈J,K〉α =

∑
η JηKη (the usual dot product) with respect to the coordi-

nate basis over fα(Aα). This Riemannian metric is the metric induced by
the local coordinate system. To construct a Riemannian metric on M one
needs to piece together the Riemannian metrics from the various coordinate
neighborhoods of a differentiable structure. The standard tool to do this is
partitions of unity. And so we let {gα}α∈I be a partition of unity on M that
is subordinate to the covering {fα(Aα)}α∈I . Now, for each y ∈ M and for
each J,K ∈ TyM , we define the bilinear form 〈 , 〉y on TyM by

〈J,K〉y
def
=
∑
α∈I

gα(y)〈J,K〉αy .

We have to verify that this construction defines a Riemannian metric on M .
Since for each y ∈M , only a finite number of α ∈ I have gα(y) 6= 0, then the
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sum in the equation above is finite. It is clear by construction that 〈J,K〉y
is symmetric. To prove that 〈 , 〉y is positive definite, we note that each
〈J,K〉αy is. Let Ĩ be the set of all indices α ∈ I such that gα(y) 6= 0. By
definition of a partition of unity, 0 < gα(y) ≤ 1. Thus, for all J ∈ TyM ,
clearly 〈J, J〉y ≥ 0. Furthermore, if 〈J, J〉y = 0, then at least one summand
in ∑

α∈Ĩ

gα(y)〈J, J〉αy

is 0. (In fact, all summands are 0). Thus, there exists an α ∈ I with
〈J, J〉αy = 0. Since 〈 , 〉αy is positive definite, then J = 0. Hence, 〈J, J〉y itself
is positive definite. Therefore the construction above does indeed define a
Riemannian metric. �

1.3 Lengths and Volume on Riemannian Manifolds

In this subsection we present some of the most key ideas from classical geom-
etry into the Riemannian setting. In particular, we will look at the length of
a curve, the distance between a pair of points and the volume of a region on
a Riemannian manifold M . Using integration, the Riemannian metric allows
for formulas that measure the length of a curve and volume of a region on a
manifold. We start with the length of a curve on M .

Let ψ : [b, c] → M be a differentiable curve on M , where [b, c] is a closed
interval in R. At every point ψ(t) (t ∈ [b, c]) in M , the vector ψ′(t) = dψ

dt

is a tangent vector to M at ψ(t), referred to as the velocity vector. We can
therefore use the Riemannian metric g( , ) to compute its length

∥∥dψ
dt

∥∥ =√
gψ(t)

(
dψ
dt
, dψ
dt

)
(Definition 1.2.4, part 1), which we call the speed. The length

of ψ is then obtained by integrating the speed.

Definition 1.3.1. Let M be a Riemannian manifold and let ψ : [b, c] → M
be a differentiable (of class C∞) curve on M . Then the length `(ψ) of the
curve ψ is defined as:

`(ψ) =

∫ c

b

∥∥∥∥dψdt
∥∥∥∥dt =

∫ c

b

√
gψ(t)

(
dψ

dt
,
dψ

dt

)
dt.

In terms of a local coordinate system (or a parametrization) f : A ⊂ Rn →
M , `(ψ) is given by

`(ψ) =

∫ c

b

√√√√ n∑
η,ω=1

gηω
duη

dt

duω

dt
dt,
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where ψ̂ = f−1 ◦ ψ : [b, c]→ A ⊂ Rn, ψ̂ = (u1(t), ..., un(t)). Then ψ = f ◦ ψ̂,
hence, ψ(t) = f(u1(t), ..., un(t)) and thus duη

dt
, du

ω

dt
are the components of the

velocity vector with respect to the basis { ∂
∂x1
, ..., ∂

∂xn
}.

If ψ is a piecewise differentiable curve, we define its length as follows:

Definition 1.3.2. Let ψ : [b, c] → M be a curve and let b = t0 < t1 < ... <
tn−1 < tn = c be a finite subdivision of the closed interval [b, c] such that the
restrictions ψ

∣∣
[ti,ti+1]

are differentiable for i = 0, ..., n − 1. The length of ψ

from b to c is given by

`(ψ) =
n−1∑
i=0

∫ ti+1

ti

∥∥∥∥dψdt
∥∥∥∥dt =

n−1∑
i=0

∫ ti+1

ti

√
gψ(t)

(
dψ

dt
,
dψ

dt

)
dt.

Example 1.3.1. We consider M = R2 with Cartesian coordinates (x, y) and
with the standard Euclidean metric on R2. For a regular parametrized curve
ψ : [b, c]→ R2 represented by ψ(t) = (x1(t), x2(t)), we get

gψ(t)

(
dψ

dt
,
dψ

dt

)
= gψ(t)

((
dx1

dt
,
dx2

dt

)
,

(
dx1

dt
,
dx2

dt

))

=

(
dx1

dt

)2

+

(
dx2

dt

)2

,

thus

`(ψ) =

∫ c

b

√(
dx1

dt

)2

+

(
dx2

dt

)2

dt.

As expected, this is the standard calculus formula for the arc length of a
parameterized curve.

One of the key properties of the length of a curve is that it does not dependent
on the choice of a parametrization.

Definition 1.3.3. A reparametrization of a differentiable curve ψ : [b, c] →
M is a curve of the form ψ̃ = ψ ◦φ : [a, d]→M , where φ : [a, d]→ [b, c] (the
reparametrization) is a diffeomorphism (differentiable map with differentiable
inverse).

Proposition 1.3.1. Let (M, g) be a Riemannian manifold and let ψ : [b, c]→
M be a differentiable curve on M . If ψ̃ : [a, d]→M is any reparametrization

of ψ, then `(ψ) = `(ψ̃).
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Proof. Because ψ and ψ̃ are two paths with an identical image curve, we
have a diffeomorphism φ : [a, d] → [b, c] such that ψ̃ = ψ ◦ φ. Since a
diffeomorphism is one-to-one and continuous, we have that either φ′ > 0 (φ
is increasing) or φ′ < 0 (φ is decreasing), and also endpoints must map to
endpoints. We start with the case for when φ′ > 0. Using the bilinearity of
g, the chain rule for curves and the change of variables formula for integrals,
we obtain:

`(ψ̃) =

∫ d

a

∥∥ψ̃′(s)∥∥ds =

∫ d

a

∥∥(ψ ◦ φ)′(s)
∥∥ds

=

∫ d

a

∥∥ψ′(φ(s))φ′(s)
∥∥ds =

∫ d

a

∥∥ψ′(φ(s))
∥∥∣∣φ′(s)∣∣ds

=

∫ d

a

∥∥ψ′(φ(s))
∥∥φ′(s)ds =

∫ φ(d)

φ(a)

∥∥ψ′(t)∥∥dt
=

∫ c

b

∥∥ψ′(t)∥∥dt = `(ψ).

For φ′ < 0, the computation is the same except for two sign changes: (1)
|φ′(s)| = −φ′(s) since φ′ < 0, and (2) after we change the variable, the sign
changes again because φ reverses the limits of integration. So these two sign
changes cancel each other out:

`(ψ̃) =

∫ d

a

∥∥ψ̃′(s)∥∥ds =

∫ d

a

∥∥(ψ ◦ φ)′(s)
∥∥ds

=

∫ d

a

∥∥ψ′(φ(s))φ′(s)
∥∥ds =

∫ d

a

∥∥ψ′(φ(s))
∥∥∣∣φ′(s)∣∣ds

=

∫ d

a

∥∥ψ′(φ(s))
∥∥(−φ′(s))ds = −

∫ b

c

∥∥ψ′(t)∥∥dt
=

∫ c

b

∥∥ψ′(t)∥∥dt = `(ψ).

If ψ turns out to be a piecewise differentiable curve, then on each subinterval
on which ψ is differentiable we apply the same procedure as above. �

Now that we have covered the notion of length of a curve, we can define the
distance between two points on a Riemannian manifold.

Definition 1.3.4. Let u, y be any pair of points on a connected Riemannian
manifold M . The distance between u and y, denoted by d(u, y), is defined as

d(u, y) = inf{`(ψ) | ψ : [b, c]→M is a piecewise differentiable

curve with ψ(b) = u and ψ(c) = y}.
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So to obtain the distance between two given points on a Riemannian man-
ifold, we consider all the piecewise differentiable curves joining these two
points and take the infimum of all its lengths. d( , ) is also referred to as the
Riemannian distance.

Remark 1.3.1. Since M is connected, any two points in M can be joined
by a piecewise differentiable curve. Therefore d( , ) is always defined.

The proofs of the next two propositions shall be presented in Section 3 as we
need some concepts from there.

Proposition 1.3.2. With the distance d( , ), M is a metric space, that is,
d( , ) satisfies the three defining properties of a metric on a metric space:
for all u, y, w ∈M ,

(i) Symmetry: d(u, y) = d(y, u);

(ii) Positive Definiteness: d(u, y) ≥ 0, the equality holds iff u = y;

(iii) Triangle Inequality: d(u,w) ≤ d(u, y) + d(y, w).

Proposition 1.3.3. [3, Proposition 2.6] Let (M, g) be a connected Rieman-
nian manifold. With the Riemanian distance function, M is a metric space
whose metric topology is the same as the original manifold topology.

To end this section, we are going to demonstrate how a Riemannian metric
allows us to define the concept of volume on an orientable n-dimensianal
manifold M .

First we require a few preparatory facts. Let y be a point in M , let gηω =〈
∂
∂xη

, ∂
∂xω

〉
and let f : A ⊂ Rn → M be a parametrization around y which is

a member of a group of parametrizations with the same orientation as that
of M . Such parametrizations are considered to be positive. Next we write
Jη(y) = ∂

∂xη
(y) in a positively orientated orthonormal basis {e1, ..., en} of the

tangent space TyM : Jη(y) =
∑

ηω aηωeω. Then

gην(y) = 〈Jη, Jν〉(y) =
∑
ωξ

aηωaνξ〈eω, eξ〉 =
∑
ω

aηωaνω.

The parallelepiped formed by the vectors J1(y), ..., Jn(y) in TyM has volume
equal to the the determinant of the matrix (aηω) multiplied by the volume
of (e1, ..., en). Thus we obtain

vol(J1(y), ..., Jn(y)) = vol(e1, ..., en) · det(aηω) =
√

det(gηω)(y),
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where in the last equality we used the fact that vol(e1, ..., en) = 1.

Now if f̄ : B ⊂ Rn → M is another positive parametrization around y
with Kη(y) = ∂

∂yη
(y), hηω(y) = 〈Kη, Kω〉(y) (which is the metric for this

parametrization f̄) and X = det(∂xη
∂yω

) = det(df̄−1 ◦ df)(y) > 0, the determi-
nant of the derivative of change of coordinates, we get√

det(gηω)(y) = vol(J1(y), ..., Jn(y))

= Xvol(K1(y), ..., Kn(y)) = X
√

det(hηω)(y).

We then define the volume of a region R (an open connected subset of M)
contained in a coordinate neighborhood f(A) of a positive parametrization
f : A ⊂ Rn →M by the integral in Rn:

vol(R) =

∫
f−1(R)

√
det(gηω)dx1 . . . dxn.

This definition is well-defined, in other words, it is independent of the parametriza-
tion. To show this we suppose that R is contained in another coordinate
neighborhood f̄(B) with a positive parametrization f̄ : B ⊂ Rn → M and
then use the change of variable theorem for multiple integrals:∫

f−1(R)

√
det(gηω)dx1 . . . dxn =

∫
f−1(R)

X
√

det(hηω)dx1 . . . dxn

=

∫
f̄−1(R)

√
det(hηω)dy1 . . . dyn

= vol(R),

and therefore this shows that the definition given above is independent on
the choice of the coordinate system.
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2 Connections

2.1 Introduction

Let J and K be vector fields on an n-dimensional differentiable manifold M .
The goal of this section is to show how to define a new vector field ∇JK
on M whose value at each point y is the vector rate of change of K in the
Jy direction. In other words we would like to define differentiation of vector
fields with respect to other vector fields on M . ∇JK is commonly known as
the directional (or covariant) derivative of K in the direction of J .

Given an n-dimensional differentiable manifold M , there is a natural way
of differentiating functions on the manifold, but we do not have a naturally
determined method of differentiation of vector fields on the manifold. So in
order to get an idea of how to define ∇JK on M we start by looking at
differentiation of vector fields on submanifolds of Rn, for which we do have a
naturally determined method. This is not the most direct way of approach-
ing the subject of differentiation of vector fields on manifolds but it helps our
geometric understanding.

Suppose that M is a submanifold of Rn. Let Jy ∈ TyM be a tangent vector
for any point y ∈ M . Let ψ : (−ε, ε) → M be a curve on M of class C1

or higher with initial point y and initial vector Jy, that is, ψ(0) = y and
ψ′(0) = Jy. Let K be a differentiable tangent vector field on M , that is,
Ky ∈ TyM for every y ∈M , which is defined everywhere on M and let K(t),
t ∈ (−ε, ε), be the restriction of the vector field K to the curve ψ. Since
every vector tangent to M is also a vector in Rn we can ignore M and dif-
ferentiate K(t) as a vector field along a curve in Rn obtaining dK

dt
, another

vector field along the curve. Even though both Jy and K are tangent to
M , in general, dK

dt
, will not be tangent to M . This would leave the realm

of intrinsic geometry of the submanifold M and thus will not have meaning
for M . To fix this we consider, instead of the usual derivative dK

dt
, the or-

thogonal projection of dK
dt

on Tψ(t)M . This orthogonally projected vector we
call the directional (covariant) derivative at y of the vector field K in the
direction of (relative to the vector) Jy and denote it by ∇JyK or DK

dt
. The

covariant derivative of K is the derivative of K as seen from the viewpoint
of M . The intuition here is that all the geometry defined on M should be
defined relative to the tangent space TyM , in this way it only depends on
the first fundamental form of M and therefore the concept of the covariant
derivative is a concept which can be considered within Riemannian geometry.
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It can be shown, although we will not show it here, that ∇JyK being de-
fined as above, satisfies the following properties:

1. ∇JyK is linear over R in K:

∇Jy(aK + bL) = a∇JyK + b∇JyL.

2. ∇JyK is linear over C∞(M) in J :

∇mJy+nJ̄yK = m∇JyK + n∇J̄yK.

3. ∇ obeys the following product rule:

∇Jy(mK) = (Jym)K(y) +m(y)∇JyK.

4. Agreement with the metric:

∇Jy〈K,L〉 = 〈∇JyK,L(y)〉+ 〈K(y),∇JyL〉.

5. Symmetric property:

[K,L] = ∇KL−∇LK.

Where K,L are differentiable vector fields on M ; Jy, Jy are vectors in TyM ;
m,n are differentiable functions on M and a, b ∈ R.

Both K and ∇JyK are tangent vector fields and thus have meaning for an
arbitrary manifold M . However, the way by which ∇JyK is obtained from
K and ψ makes use of the embedding of M in Rn. In other words, it was
possible to define ∇JyK because M was a submanifold in Rn and one already
has a notion of derivative in Rn and one also has the notion of orthogonal
projection into the tangent space TyM in Rn. On an arbitrary manifold M ,
which is not embedded in a Euclidean space in which to differentiate, we
cannot define the directional derivative of a vector field on M in the same
way as above. Our ultimate aim is to obtain for an arbitrary manifold M a
definition of the directional derivative of a vector field along a curve which
does not make use of an embedding but is intrinsic to the Riemannian and
differentiable structure of M itself.

This is where, a connection comes in: it will be a new extra structure on
a manifold that will help us overcome the difficulty mentioned above. Intu-
itively, a connection on a manifold will be a rule for computing directional
derivatives of vector fields on the manifold.
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2.2 Affine Connections

We will now study the general case. Let M be an n-dimensional differen-
tiable manifold. As we mentioned in the introduction, there is no natural
rules for the derivation of vector fields on M . So we shall introduce such rules
axiomatically, as operations satisfying some of the key properties (1 − 5) of
the directional derivative of vector fields on submanifolds of Rn. We do this
because we are interested in having as much similarity to the standard dif-
ferential calculus in Rn as possible and by having an axiomatic definition we
obtain a more general mathematical structure on a domain which is inde-
pendent of the metric.

In all that follows we shall denote X(M) to be the space of all differen-
tiable vector fields on M , D(M) to be the space of real-valued differentiable
functions on M and Γ(Tψ(t)M) to be the space of all differentiable vector
fields along the curve ψ(t).

Definition 2.2.1. Suppose M is a differentiable manifold. An affine con-
nection on M is an R-bilinear map ∇ : X(M)× X(M)→ X(M) denoted by
(J,K) 7→ ∇JK that satisfies for all J,K, L ∈ X(M), all m,n ∈ D(M) and
all a, b ∈ R:

(∇1) ∇JK is linear over D(M) in J :

∇mJ+nKL = m∇JL+ n∇KL.

(∇2) ∇JK is linear over R in K:

∇J(aK + bL) = a∇JK + b∇JL.

(∇3) ∇ satisfies the following product rule:

∇J(mK) = J(m)K +m∇JK.

∇JK is called the covariant derivative of K in the direction of J .

Remark 2.2.1. We defined ∇JK in Definition 2.2.1 for a pair of vector
fields J,K instead of ∇JyK for a single tangent vector Jy and a field K as
done in the introduction of this section. This is fine since as y varies over
M we have that ∇JyK = (∇JK)y. Thus ∇JK consists of all the covariant
derivatives of K with respect to the vectors of J .

Now we can address the question that originally motivated us to define a
connection: How can we make sense of the directional derivative of vector
fields along a curve on an arbitrary manifold?
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Proposition 2.2.1. Let M be a differentiable manifold, let ψ : I →M be a
differentiable curve, let R, S be differentiable vector fields along ψ that are
tangent to M along ψ, let m : I → R be a differentiable function, and let ∇ be
an affine connection on M . Then there exists a unique map D

dt
: Γ(Tψ(t)M)→

Γ(Tψ(t)M) which associates to a vector field R along the differentiable curve
ψ : I → M another vector field DR

dt
along ψ, called the covariant derivative

of R along ψ, characterized by the following three properties:

(i)
D(R + S)

dt
= DR

dt
+ DS

dt
;

(ii)
D(mR)
dt

= dm
dt
R +mDR

dt
;

(iii) If R is induced by a vector field K ∈ X(M), that is if R(t) = K(ψ(t))
for all t, then DR

dt
= ∇ dψ

dt
K (= the covariant derivative of K in the

direction of the velocity vector of ψ).

Proof. We prove uniqueness first and then existence. Suppose that there
exists a map D

dt
which satisfies the properties (i)-(iii). Let f : A ⊂ Rn → M

be a local coordinate system for M and let (x1(t), x2(t), ..., xn(t)) denote the
coordinate functions of ψ(t) over f(A), t ∈ I. Then the vector field R(t)
along ψ can locally be written uniquely as a linear combination:

R(t) =
n∑

ω=1

rω
∂

∂xω
,

where r1, ..., rn are unique C∞ real valued functions on R (or an appropriate
subset of R such as I), and ∂

∂x1
, ..., ∂

∂xn
are the basis vector fields on the co-

ordinate neighborhood f(A).

If (i)-(iii) are to hold, then we must have:

DR

dt
=

n∑
ω=1

D

dt

(
rω

∂

∂xω

)
by (i)

=
n∑

ω=1

{
drω
dt

∂

∂xω
+ rω

D

dt

∂

∂xω

}
by (ii)

=
n∑

ω=1

{
drω
dt

∂

∂xω
+ rω∇ dψ

dt

∂

∂xω

}
by (iii) (1)

So (1) proves that if there does exist a map D
dt

satisfying properties (i)-(iii),
then the map is unique.

21



To prove existence, we define DR
dt

for a curve ψ in a coordinate neighbor-
hood f(A) by (1). It is easy to verify that (1) satisfies the three properties
(i)-(iii). Thus, for curves in f(A), D

dt
does exist. If f̄(Ā) is another coordinate

neighborhood which overlaps with f(A), that is, f̄(Ā)∩ f(A) 6= ∅, we define
R(t) =

∑n
ω=1 r̄ω

∂
∂x̄ω

and we define D̄R
dt

in f̄(Ā) by (1):

D̄R

dt
=

n∑
ω=1

{
dr̄ω
dt

∂

∂x̄ω
+ r̄ω∇ dψ

dt

∂

∂x̄ω

}
.

By the uniqueness of DR
dt

in f(A) we have that DR
dt

= D̄R
dt

in f̄(Ā) ∩ f(A).
Thus when we define DR

dt
by the formula in (1) we can extend it over all of

M , and this concludes the proof. �

Remark 2.2.2. Proposition 2.2.1, in particular property (iii), illustrates the
fact that we do not need to know the vector field K everywhere on M to
compute (∇JK)y. It is enough to know Jy ∈ TyM and K at the points of a
curve ψ : (−ε, ε) → M such that ψ(0) = y and ψ′(0) = Jy. In other words,
one way to compute (∇JK)y is to take a curve curve ψ : (−ε, ε) → M with
ψ(0) = y and ψ′(0) = Jy, and to calculate R′(0), where R(t) = K(ψ(t)). So
the notion of affine connection is actually a local notion.

We shall now describe affine connections in local coordinates. Let (x1, x2, ..., xn)
be a local coordinate system defined on a coordinate neighborhood f(A) of
M , let ∂

∂x1
, ..., ∂

∂xn
be the corresponding standard basis vector fields on f(A)

and let J,K ∈ X(M). Then J and K on f(A) can be expressed as:

J =
n∑
η=1

Jη
∂

∂xη
, K =

n∑
ω=1

Kω
∂

∂xω
,

and by using the properties listed in Definition 2.2.1, ∇JK on f(A) can be
expressed as:

∇JK = ∇∑n
η=1 Jη

∂
∂xη

( n∑
ω=1

Kω
∂

∂xω

)
=

n∑
η=1

Jη∇ ∂
∂xη

( n∑
ω=1

Kω
∂

∂xω

)

=
n∑
η=1

Jη

( n∑
ω=1

Kω∇ ∂
∂xη

(
∂

∂xω

)
+

∂

∂xη

( n∑
ω=1

Kω

)
∂

∂xω

)

=
n∑

η,ω=1

JηKω∇ ∂
∂xη

(
∂

∂xω

)
+

n∑
η,ω=1

Jη
∂

∂xη

(
Kω

)
∂

∂xω
.
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Now, there exists n3 differentiable functions Γνηω : f(A) → R, for η, ω, ν =
1, .., n, called the Christoffel symbols of the connection ∇ or the coefficients
of the connection, such that:

∇ ∂
∂xη

(
∂

∂xω

)
=

n∑
ν=1

Γνηω
∂

∂xν

on f(A). We then have:

∇JK =
n∑

η,ω=1

JηKω

n∑
ν=1

Γνηω
∂

∂xν
+

n∑
η,ω=1

Jη
∂

∂xη

(
Kω

)
∂

∂xω
.

By changing the the variable of summation in the last term from ω to ν we
obtain the following formula:

∇JK =
n∑
ν=1

( n∑
η,ω=1

JηKωΓνηω + J(Kν)

)
∂

∂xν
.

In particular,

(∇JK)y =
n∑
ν=1

( n∑
η,ω=1

Jη(y)Kω(y)Γνηω(y) + Jy(Kν)(y)

)
∂

∂xν

∣∣∣
y
.

This formula proves that (∇JK)y depends only on the values of the Jη, Kν at
y, and the directional derivatives of the Kν in the direction of Jy. Moreover,
Jη(y) and Kν(y) depend only on Jy and Ky, and (JKν)(y) = d

dt
Kν(ψ(t))|t=0

depends only on the values of Kν (or K) along a curve ψ whose tangent
vector at y = ψ(0) is Jy, so what we wrote in Remark 2.2.2 is indeed true.

Definition 2.2.2. Let M be a differentiable manifold with an affine connec-
tion ∇ and let R be a vector field defined at each point of a curve ψ : I →M .
Then we shall say that R is a constant or parallel vector field if DR

dt
(t) = 0,

for all t ∈ I.

2.3 Riemannian Connections

Using a partition of unity, it can be shown that every differentiable manifold
admits an affine connection and that, in fact, there are an infinite number of
distinct affine connections on any differentiable manifold. To narrow down
the number of affine connections on a manifold, we impose additional prop-
erties on a connection and define such a connection not just on any manifold
but on a Riemannian manifold.
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Definition 2.3.1. An affine connection ∇ on a Riemannian manifold M is
said to be compatible (consistent) with the metric 〈 , 〉 iff for every J,K, L ∈
X(M) :

J〈K,L〉 = 〈∇JK,L〉+ 〈K,∇JL〉.

Definition 2.3.2. An affine connection ∇ on a differentiable manifold M is
said to be symmetric iff for any J,K ∈ X(M) :

[J,K] = ∇JK −∇KJ.

It turns out that the properties to be compatible with metric and to be
symmetric uniquely define a connection on a Riemannian manifold as the
following theorem shows.

Theorem 2.3.1 (Fundamental Theorem of Riemannian Geometry).
[3, Theorem 3.6] For a given Riemannian manifold M , there is a unique
affine connection ∇ on M which satisfies for all J,K, L ∈ X(M) the following
two conditions:

(∇4) ∇ is compatible with the Riemannian metric:

J〈K,L〉 = 〈∇JK,L〉+ 〈K,∇JL〉;

(∇5) ∇ is symmetric :
[J,K] = ∇JK −∇KJ.

This connection is called the Riemannian connection or the Levi-Civita con-
nection with respect to the metric 〈 , 〉 on M .

Proof. First, we show uniqueness. Let J , K, L ∈ X(M). If such a connection
∇ exists then by cyclically permuting J,K, L in (∇4) we must have the
following compatibility conditions:

J〈K,L〉 = 〈∇JK,L〉+ 〈K,∇JL〉; (2)

K〈L, J〉 = 〈∇KL, J〉+ 〈L,∇KJ〉; (3)

L〈J,K〉 = 〈∇LJ,K〉+ 〈J,∇LK〉, (4)

and by (∇5) we must have the following symmetry conditions:

[J,K] = ∇JK −∇KJ ;

[K,L] = ∇KL−∇LK;

[L, J ] = ∇LJ −∇JL.

(5)
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Adding equations (2) and (3) and subtracting equation (4), using the bi-
linearity and symmetric properties of 〈 , 〉, we obtain:

J〈K,L〉+K〈L, J〉 − L〈J,K〉 =〈∇KL−∇LK, J〉+ 〈∇JL−∇LJ,K〉
− 〈∇JK −∇KJ, L〉+ 2〈∇JK,L〉.

(6)

Applying the symmetry conditions from (5) to (6) yields:

J〈K,L〉+K〈L, J〉 − L〈J,K〉 =〈[K,L], J〉+ 〈[J, L], K〉
− 〈[J,K], L〉+ 2〈∇JK,L〉.

(7)

Finally, solving for 〈∇JK,L〉 in (7), we get:

2〈∇JK,L〉 =J〈K,L〉+K〈L, J〉 − L〈J,K〉
− 〈[K,L], J〉 − 〈[J, L], K〉+ 〈[J,K], L〉.

(8)

Thus if we are given the restrictions (∇4) and (∇5), the formula in (8) proves
that a Riemmanian connection is unique (because of the non-degeneracy of
the metric), if it exists. This completes the proof of uniqueness.

To show that such a connection ∇ exists, we define ∇ by (8) and verify
that ∇ satisfies conditions (∇1) − (∇5). We begin by verifying that ∇ sat-
isfies conditions (∇1) − (∇3), this will show whether ∇ is a well-defined
connection to begin with.

We note that functions can be factored out of the metric 〈 , 〉 and from the
properties of Lie brackets we have, for example, [gK,L] = −(Lg)K+g[K,L],
for every g ∈ D(M).

(∇1) Let J, J ∈ X(M). ∇J+JK = ∇JK + ∇JK follows from the fact that
2〈∇J+JK,L〉 = 2〈∇JK,L〉+2〈∇JK,L〉. So to prove (∇1) it suffices to show
that ∇gJK = g∇JK, g ∈ D(M). By (8) we have:

2〈∇gJK,L〉 =gJ〈K,L〉+K〈L, gJ〉 − L〈gJ,K〉
− 〈[K,L], gJ〉 − 〈[gJ, L], K〉+ 〈[gJ,K], L〉

=gJ〈K,L〉+ (Kg)〈L, J〉+ gK〈L, J〉 − (Lg)〈J,K〉 − gL〈J,K〉
− g〈[K,L], J〉 − 〈g[J, L]− (Lg)J,K〉+ 〈g[J,K]− (Kg)J, L〉

=gJ〈K,L〉+ (Kg)〈L, J〉+ gK〈L, J〉 − (Lg)〈J,K〉 − gL〈J,K〉
− g〈[K,L], J〉 − g〈[J, L], K〉+ (Lg)〈J,K〉+ g〈[J,K], L〉
− (Kg)〈J, L〉

=2g〈∇JK,L〉.
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Thus ∇ is linear over differentiable functions in J .

(∇2) Let L be arbitrary, V,H ∈ X(M) and a, b ∈ R. From the bilinear-
ity of both the Lie bracket and the metric we have by (8):

2〈∇J(aV + bH), L〉 =J〈aV + bH,L〉+ (aV + bH)〈L, J〉 − L〈J, aV + bH〉
− 〈[aV + bH, L], J〉 − 〈[J, L], aV + bH〉
+ 〈[J, aV + bH], L〉

=aJ〈V, L〉+ bJ〈H,L〉+ aV 〈L, J〉+ bH〈L, J〉
− aL〈J, V 〉 − bL〈J,H〉 − a〈[V, L], J〉 − b〈[H,L], J〉
− a〈[J, L], V 〉 − b〈[J, L], H〉+ a〈[J, V ], L〉
+ b〈[J,H], L〉

=2a〈∇JV, L〉+ 2b〈∇JH,L〉
=2〈a∇JV + b∇JH,L〉.

Thus ∇ is linear over the reals in K, that is, ∇J(aV + bH) = a∇JV + b∇JH.

(∇3) For an arbitrary L and g ∈ D(M), we have:

2〈∇J(gK), L〉 =J〈gK,L〉+ gK〈L, J〉 − L〈J, gK〉
− 〈[gK,L], J〉 − 〈[J, L], gK〉+ 〈[J, gK], L〉

=(Jg)〈K,L〉+ gJ〈K,L〉+ gK〈L, J〉 − (Lg)〈J,K〉 − gL〈J,K〉
− g〈[K,L], J〉+ (Lg)〈K, J〉 − g〈[J, L], K〉+ g〈[J,K], L〉
+ (Jg)〈K,L〉

=(Jg)〈K,L〉+ g2〈∇JK,L〉+ (Jg)〈L,K〉
=2〈JgK + g∇JK,L〉.

Thus we have shown that ∇J(gK) = JgK+g∇JK which is (∇3) as required.

So ∇ does satisfy conditions (∇1)− (∇3) and thus defines a connection.

(∇4) We compute:

2〈∇JK,L〉+ 2〈K,∇JL〉 = J〈K,L〉+ J〈L,K〉 = 2J〈K,L〉,

Therefore ∇ is compatible with the metric.

(∇5) Finally, we compute:

2〈∇JK −∇KJ, L〉 = 2〈∇JK,L〉 − 2〈∇KJ, L〉
= 〈[J,K], L〉 − (−〈[J,K], L〉) = 2〈[J,K], L〉,
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Hence ∇ is symmetric. �

We conclude this section by obtaining the formula which defines the Christof-
fel symbols for the Riemannian connection in terms of local coordinates. Let
(A, f) be any local coordinate system on the Riemannian manifold M and
let J,K, L be given respectively by the tangent vector fields ∂

∂xη
, ∂
∂xω

, ∂
∂xν

. In

a local coordinate system, the fact that ∇ is symmetric implies that for all
η, ω, ν = 1, ..., n:

∇ ∂
∂xη

∂

∂xω
−∇ ∂

∂xω

∂

∂xη
=

[
∂

∂xη
,
∂

∂xω

]
= 0 ⇐⇒ Γνηω = Γνωη.

We recall that the Christoffel symbols and the metric coefficients are defined
respectively in local coordinates by:

∇ ∂
∂xη

(
∂

∂xω

)
=

n∑
ν=1

Γνηω
∂

∂xν
, gηω =

〈
∂

∂xη
,
∂

∂xω

〉
.

Therefore (8) yields:

2

〈
∇ ∂

∂xη

∂

∂xω
,
∂

∂x%

〉
=

∂

∂xη
gω% +

∂

∂xω
g%η −

∂

∂x%
gηω

⇔
〈 n∑

ν=1

Γνηω
∂

∂xν
,
∂

∂x%

〉
=

1

2

(
∂

∂xη
gω% +

∂

∂xω
g%η −

∂

∂x%
gηω

)
⇔

n∑
ν=1

Γνηωgν% =
1

2

(
∂

∂xη
gω% +

∂

∂xω
g%η −

∂

∂x%
gηω

)
.

Multiplying both sides by gν% (the inverse of the matrix gν%), we get:

Γνηω =
1

2

n∑
%=1

gν%
(

∂

∂xη
gω% +

∂

∂xω
g%η −

∂

∂x%
gηω

)
.

The last formula defines the Christoffel symbols for the Riemannian connec-
tion. In the latter sections of this dissertation we will see that this formula
is very useful for computations and makes some results easier to prove.
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3 Geodesics

3.1 Introduction

Having presented two key thoughts of Riemannian geometry, the Riemannian
metric and the Riemannian connection, we can now analyze some geometric
ideas past those of length and angle introduced in section 1. Specifically, in
this section, we will take a look at geodesics. Geodesics are curves in ar-
bitrary manifolds that play a role analogous to that of straight lines in the
plane. They are, in a sense, the straightest possible curves on a manifold.
In classical Euclidean geometry, straight lines assume an essential role as the
reason for most constructions and for the formation of most figures studied.
The goal of this section is to look for curves on arbitrary manifolds, in partic-
ular on Riemannian manifolds, that assume an analogous role. This notion
will depend massively on the concept of the covariant derivative presented in
the previous section.

In classical Euclidean geometry, straight lines on a plane have three im-
perative properties:

1. For every pair of distinct points, there is exactly one straight line con-
taining both of them.

2. The shortest distance between two points is a straight line.

3. It is a curve where its tangent vectors are all parallel, or equivalently,
the second derivative always vanishes. This could be restated less pre-
cisely by saying that a straight line ”does not bend to the left or right
as we travel along it”.

In order to generalize the notion of a straight line on a plane to the setting
of Riemannian manifolds, we first need to have a sense of what properties of
a straight line we hope to generalize, in light of the fact that, albeit each of
the three of these properties hold at the same time for straight lines in the
plane, things are not all that straightforward on Riemannian manifolds.

To help our intuition and geometric understanding we first deal with how
to generalize the straight line in a plane to a submanifold of Rn such as the
surface of the Earth, which to a good approximation is a perfect sphere. From
the point of view of a resident (that is, from the perspective of a creature who
lives on Earth and has no impression of the third dimension) driving a car
(which is very small compared to the size of the Earth) on a road that is part
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of a great circle on Earth, that is, a circle with the biggest conceivable diam-
eter, such as the equator or a line of longitude, it would feel as though you
were traveling in a straight line, since with respect to Earth you would not
be turning the wheels of the car to the left or the right. Consequently, great
circles intuitively satisfy property 3. Between antipodal points (for example,
the North and South poles) there are infinitely many lines of longitudes be-
tween them, therefore great circles do not satisfy property 1. Now, if we take
two neighboring points on a sphere, and join them by the portion of the great
circle that goes around ’the long way’, such a great circle still doesn’t veer
to the left or to the right, but it is unquestionably not the shortest distance
between the two points. Therefore great circles do not satisfy property 2 as
well. Hence, properties 1-3 will not always hold simultaneously. The idea is
that whatever curve is analogous to a straight line is one where you never
have to steer.

So from the discussion above we see that, intuitively, the most useful property
needed for the generalization of a straight line in the plane to the setting of a
Riemannian manifold is property 3, in other words, we will generalize prop-
erty 3 thus forming the basis for our definition of geodesics on a Riemannian
manifold.

3.2 The Definition of a Geodesic

We now turn to a more precise look at property 3. What does ”a curve where
its tangent vectors are all parallel” actually mean? From the viewpoint of
a Riemannian manifold M , a tangent vector field dφ

dt
appears to be parallel

to itself along a curve φ(t) on M if it has covariant derivative equal to zero.
This motivates the following definition:

Definition 3.2.1. Let M be a Riemannian manifold together with its Rie-
mannian connection ∇ and I an open, closed, or half-open interval in R. A
parametrized curve φ : I →M is a geodesic if the covariant derivative D

dt
(dφ
dt

)

of its tangent vector field dφ
dt

is identically zero. That is, if

D

dt

(
dφ

dt

)
= ∇ dφ

dt

dφ

dt
= 0, (9)

for all t ∈ I.

We can think of φ(t) as the trajectory of a particle moving in M . dφ
dt

is then

the velocity and d2φ
dt2

the acceleration of φ. The covariant derivative D
dt

(dφ
dt

) of

the velocity vector field dφ
dt

is the tangential component of the acceleration
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d2φ
dt2

. Intuitively D
dt

(dφ
dt

) is the acceleration of the point φ(t) as seen from M .
Then φ is a geodesic if the acceleration of the particle is zero, that is, if
d2φ
dt2

= 0.

In particular, if φ is a geodesic, then the speed (or the length of the tan-

gent vector dφ
dt

) ‖dφ
dt
‖ =

√
〈dφ
dt
, dφ
dt
〉 is constant, since

d

dt

〈
dφ

dt
,
dφ

dt

〉
= 2

〈
D

dt

dφ

dt
,
dφ

dt

〉
= 0.

Therefore, ‖dφ
dt
‖ = a 6= 0, for some constant a.

So geodesics are curves that have zero acceleration, or equivalently, a geodesic
is a constant-speed curve.

3.3 Existence of Geodesics

To analyze properties of geodesics it is helpful to write (9) in a local coor-
dinate system. Suppose M is a Riemannian manifold with a Riemannian
connection ∇. Let f : A ⊂ Rn → M be a local coordinate system, let
φ : [a, b]→M be a differentiable curve and let Γνηω, η, ω, ν = 1, .., n be given

by ∇ ∂
∂xη

(
∂
∂xω

)
=
∑n

ν=1 Γνηω
∂
∂xν

, as it was in section 2. In the local coordinate

system (A, f) the curve φ has coordinate functions φ(t) = (φ1(t), ..., φn(t)).
Then the tangential vector field dφ

dt
on f(A) can be expressed uniquely as:

dφ

dt
=
dφ1

dt

∂

∂x1

+ ...+
dφn
dt

∂

∂xn

=
n∑
η=1

dφη
dt

∂

∂xη
.

Therefore, we obtain:

∇ dφ
dt

dφ

dt
= ∇∑n

η=1
dφη
dt

∂
∂xη

( n∑
ω=1

dφω
dt

∂

∂xω

)
=

n∑
ν=1

( n∑
η,ω=1

dφη
dt

dφω
dt

Γνηω(φ(t)) +
d2φν
dt2

)
∂

∂xν
.

So, by (9), φ(t) is a geodesic iff

d2φν
dt2

+
n∑

η,ω=1

dφη
dt

dφω
dt

Γνηω(φ(t)) = 0, ν = 1, ..., n.

30



We sum up the discussion above in the subsequent theorem.

Theorem 3.3.1. [3, pp.61-62] Let M be a Riemannian manifold equipped
with its Riemannian connection, let f : A ⊂ Rn → M be a local coordinate
system for M and let φ : [a, b] → f(A) be a parameterized curve on M .
Then φ is a geodesic of M iff relative to any local coordinate system, the
coordinate components of φ(t) = (φ1(t), ..., φn(t)) satisfy the following system
of differential equations:

d2φν
dt2

+
n∑

η,ω=1

dφη
dt

dφω
dt

Γνηω(φ(t)) = 0, ν = 1, ..., n. (10)

Equation (10) is a system of ordinary, non-linear, second order differential
equations on the real line, called the geodesics equations. Among other
things, we will use this equation to prove the existence and uniqueness of
geodesics.

Example 3.3.1. Let (R3, geuclid) be the 3-dimensional Euclidean space to-
gether with its standard metric. In local coordinates we have

gηω =

 1 0 0
0 1 0
0 0 1


and by using the formula which defines the Christoffel symbols for the Rie-
mannian connection in terms of local coordinates

Γνηω =
1

2

n∑
%=1

gν%
(

∂

∂xη
gω% +

∂

∂xω
g%η −

∂

∂xl
gηω

)
we see that Γνηω = 0 ∀ η, ω, ν. Therefore (10) yields

d2φν
dt2

= 0, ν = 1, ..., n

whose solutions all have the form

φ(t) = a+ bt

for arbitrary constants a, b. This can obliviously by generalized to n-dimensional
Euclidean space. Hence in the Euclidean case, geodesics are straight lines with
the usual linear parametrization.

Standard theorems on ordinary differential equations give rise to the following
result.
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Theorem 3.3.2 (Existence and Uniqueness of Geodesics). Let M be a
Riemannian manifold with Riemannian connection ∇. For any point y ∈M ,
any tangent vector r ∈ TyM , and any t0 ∈ R, there exits an open interval
I ⊂ R with t0 ∈ I and a geodesic φ : I →M with initial conditions φ(t0) = y
and dφ

dt

∣∣
t0

= r. The geodesic φ is unique in the following sense: if the curve

φ̄ : Ī →M is another geodesic satisfying the same initial conditions φ̄(t0) = y

and dφ̄
dt

∣∣
t0

= r, then φ̄(t) = φ(t) for all t in the intersection of the domains of
the two curves.

In short, Theorem 3.3.2 says that there exists a unique geodesic through any
given point of a Riemannian manifold in any given tangent direction.

Proof. To prove this we will apply the existence and uniqueness theorem
for the solutions of ordinary differential equations with initial conditions to
Equation (10). Let f : A ⊂ Rn → M be a local coordinate system such
that y ∈ f(A). If we introduce new variables dφη

dt
= rη we can rewrite the

second-order system of differential equations (10) as the following first-order
system of differential equations:

dφν
dt

= rν(t)

drν
dt

= −
n∑

η,ω=1

rη(t)rω(t)Γνηω(φ(t)), ν = 1, ..., n.

By the existence and uniqueness theorem for first-order ordinary differen-
tial equations, there exists a number ε > 0 and a differentiable function
C : (t0 − ε, t0 + ε) → A × Rn, written C(t) = (φη(t), rη(t)) such that the
functions φη(t), rη(t) are solutions of (10) with initial conditions C(t0) = y
and C ′(t0) = r. Thus it easily follows that the curve φ(t) = (φ1(t), ..., φn(t))
in f(A) will be a geodesic with φ(t0) = y and φ′(t0) = r. Existence is proved.

To prove the uniqueness condition, we suppose that there exists t1 ∈ I ∩ Ī
such that φ(t1) 6= φ̄(t1). Without loss of generality we may assume t1 > t0.
Thus the set U = {t ∈ I ∩ Ī : t > t0 and φ(t) 6= φ̄(t)} is non-empty and
bounded below and so it has a greatest lower bound b, that is, b = inf U . We
want to show that φ(b) = φ̄(b) and dφ

dt

∣∣
b

= dφ̄
dt

∣∣
b
. This is trivial for b = t0. If

b > t0 then φ = φ̄ on the interval (t0, b) then by continuity φ(b) = φ̄(b) and
dφ
dt

∣∣
b

= dφ̄
dt

∣∣
b
. Now, since t 7→ φ(t+ b) and t 7→ φ̄(t+ b) are also geodesics and

since they have the same initial conditions, the existence part of Theorem
3.3.2 implies that φ = φ̄ on some interval J around b, but this contradicts the
definition of b. The argument for t0 > t1 is analogous, therefore φ̄(t) = φ(t)
for all t ∈ I ∩ Ī. �
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The preceding theorem shows the existence of the geodesic φ by solving
the system of differential equations (10) over a coordinate neighborhood.
For this situation, the interval I might be restricted by virtue of the fact
that φ(I) ⊂ f(A), that is, equation (10) is for geodesics with image in a
fixed coordinate neighborhood f(A). By covering arguments we can extend
geodesics over other coordinate neighborhoods. We just let I be the union
of all the intervals on which such a geodesic is defined, then the various
geodesics agree where they overlap. So, if φ(t1) for some t1 ∈ I is in another
coordinate neighborhood f̄(Ā), then we can uniquely extend the geodesic

over f̄(Ā) as going through the point φ(t1) with tangent vector dφ̄
dt

∣∣
t1

. The
geodesic is said to be maximal or geodesically in-extendible if its domain
interval I cannot be extended to a larger interval.

3.4 The Exponential Map

For some fixed point y of a Riemannian manifold we would like to look at
the set of every geodesic going through y in all directions, in other words, we
would like to study the collective behaviour of geodesics. In order to achieve
this, one is lead to the exponential map. The exponential map depicts the
behavior, at least for a small quantity of time, of every geodesic starting at a
solitary point of a manifold. The definition and properties of the exponential
map are used to prove many fundamental results in Riemannian geometry,
some of which we will prove in this dissertation.

The existence and uniqueness of geodesics (Theorem 3.3.2) allows for the
next definition.

Definition 3.4.1. Let M be a Riemannian manifold, let y be a point on M ,
and let Dy ⊂ TyM be the set of all tangent vectors n ∈ TyM such that the
unique maximal geodesic φn, with φn(0) = y and dφn

dt

∣∣
0

= n, is defined at least
over the interval [0, 1]. Then, the exponential map of M at y is the function
expy : Dy →M such that

expy(n) = φn(1), ∀ n ∈ Dy.

In words, the function expy : Dy → M assigns to every tangent vector
n ∈ TyM a point on M and expy(n) = φn(1) says that the image of n under
the exponential mapping is defined to be that point on the unique geodesic
determined by n at which the parameter takes the value of +1.

Since the length of the tangent vector dφ
dt

along the geodesic φ(t) is constant,

33



we have that the length ` of dφ
dt

from φ(0) to φ(1) is:

` =

∫ 1

0

∥∥∥∥dφdt
∥∥∥∥dt =

∫ 1

0

‖n‖dt = ‖n‖.

Therefore, expy(n) is the point on the unique geodesic φ(t) that starts at y,
has tangent vector n at y and whose distance from y along the geodesic is
the length of n.

The next lemma shows that we can increase the initial vector of a geodesic
by decreasing its interval of definition, or, we can increase the interval of
definition of the geodesic to the detriment of shortening the initial vector.

Lemma 3.4.1. If φn is the maximal geodesic with φn(0) = y and dφn
dt

∣∣
0

=
n ∈ TyM , then for any real number a, we have that,

φan(t) = φn(at),

as soon as either side is defined.

Proof. If a = 0 we have nothing to show. If a 6= 0 we begin by showing that
φan(t) = φn(at) holds whenever φn(at) is defined. First, we recall from the
previous subsection that for a point y in M and a tangent vector n in TyM ,
there is a unique geodesic φn : I → M , defined on a maximal open interval
I ⊂ R, with 0 ∈ I, φn(0) = y and dφn

dt

∣∣
0

= n. We now set a new curve

φ̂ : J → M given by φ̂(t) = φn(at), where J = {t : at ∈ I}, that is, J is the
inverse image of I by the map t 7→ at. From the chain rule we obtain:

dφ̂

dt
= a

dφn
dt

(at),

and as a result we have,

∇ dφ̂
dt

dφ̂

dt
= ∇a dφn

dt

(
a
dφn
dt

)
= a2∇ dφn

dt

dφn
dt

= 0.

Thus φ̂ is a geodesic with initial conditions φ̂(0) = φn(0) = y and dφ̂
dt

∣∣
0

=

adφn
dt

∣∣
0

= an. So φ̂ is the unique geodesic with initial velocity an ∈ TyM .

Then it follows by uniqueness that φ̂(t) = φan(t), for every t in I. Therefore,
we see that if φn(at) is defined then so is φan(t) and we have equality.

Conversely, we assume that φan(t) is defined and let u = an, s = at, b = 1
a
.

Then φan(t) = φu(bs) is defined and it is identical to φbu(s) = φn(at). And
so we deduce that if either side of φan(t) = φn(at) is defined then so is the
other. �
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Lemma 3.4.1 gives us a different and somewhat easier characterization of the
exponential map:

expy(tn) = φtn(1) (by the definition of expy)

= φn(t) (by Lemma 3.4.1).

Geometrically we interpret this as follows: geodesics t 7→ φn(t) in M through
y are the images under the exponential map expy of straight lines t 7→ tn
through the origin in TyM and, as the next proposition demonstrates, this
is done in a diffeomorphic way.

Proposition 3.4.1. Let y be a point in a Riemannian manifold M . There
is a neighborhood V of 0 ∈ TyM and a neighborhood U of y ∈ M such that
the exponential map expy : V → U is a diffeomorphism.

Proof. The exponential map expy is well-defined and differentiable on some
neighborhood of 0 ∈ TyM . One can verify this by utilizing results concerning
the smooth dependence of the solutions of an ordinary differential equation
on its initial conditions. Now, as TyM is a vector space, the tangent space
of TyM at 0 ∈ TyM , denoted by T0(TyM), can be canonically identified with
TyM , that is, T0(TyM) = TyM . The differential at the origin of expy then
turns into a map from TyM onto itself:

d(expy)0 : TyM → TyM.

To calculate d(expy)0(n) for an arbitrary vector n ∈ TyM , we pick a curve

ψ(t) in TyM which satisfies ψ(0) = 0 and dψ
dt

∣∣
0

= n. A clear choice for such
a curve is ψ(t) = tn. Consequently,

d(expy)0(n) =
d

dt
expy(ψ(t))

∣∣∣
t=0

=
d

dt
expy(tn)

∣∣∣
t=0

=
d

dt
φn(t)

∣∣∣
t=0

= n,

where φn(t) is the unique geodesic such that φn(0) = y and dφn
dt

∣∣
0

= n.
Hence the differential map d(expy)0 : TyM → TyM of expy at 0 is just the
identity map id|TyM : TyM → TyM and so it is invertible and by the inverse
function theorem there is a neighborhood of 0 ∈ TyM which is mapped
diffeomorphically onto a neighborhood of y ∈M . �
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Definition 3.4.2. If V is a neighborhood of 0 ∈ TyM and U is a neighborhood
of y ∈ M such that expy : V → U is a diffeomorphism as in the proposition
above, then the image expy(V) = U is called a normal neighborhood of y.

We can transfer coordinates from the tangent space TyM to the Riemannian
manifold M by using the exponential map. Let (e1, ..., ed) be an orthonormal
basis for TyM , where d = dimM , and let y ∈M with expy(V) = U a normal
neighborhood of y. An orthonormal basis for TyM induces an isomorphism
ϕ : TyM → Rd by ϕ(x1, ..., xd) =

∑
xηeη. We can merge the exponential map

with this isomorphism to set up a system of coordinates ρ : V ⊂ Rd → M
around the point y on M defined by ρ(x1, ..., xd) = expy(x

1e1 + ...+ xded) =
expy(

∑
xηeη). This local coordinates (x1, ..., xd) are referred to as the normal

coordinates on U centered at y. The normal coordinate system (x1, ..., xd) at
y with respect to (e1, ..., ed) associates to every point w ∈ U the coordinates
of the vector relative to (e1, ..., ed) of the corresponding point:

exp−1
y (w) ∈ V ⊂ TyM.

In summary,

exp−1
y (w) =

∑
xη(w)eη.

Therefore, if (f 1, . . . , fd) is the dual basis to (e1, . . . , ed) then xη = f η(exp−1
y )

on V .

Theorem 3.4.2. If (x1, ..., xd) is a normal coordinate system defined on U
and centered at y ∈ M , then the components of the Riemannian metric gηω
reduce to δηω, all the first partial derivatives of gηω and all the Christoffel
symbols Γνηω vanish at y. That is, for all η, ω, ν we have:

1. gηω(y) = δηω;

2. Γνηω(y) = 0;

3.
∂gηω
∂xν

(y) = 0.

Proof. 1. Let n ∈ V ⊂ TyM . In normal coordinates, the geodesics φn(t) =
expy(tn) that go through y for n =

∑
aηeη have a notably elementary coor-

dinate expression:

xη(φn(t)) = f η(exp−1
y (φn(t))) = f η(tn) = tf η(n) = taη.

We may write this expression as (x1, . . . , xd) = (a1t, . . . , adt). Then for the
initial velocity we get:

n =
dφn
dt

∣∣∣∣
0

=
∑ d(xη(φn))

dt

∣∣∣∣
0

∂

∂xη

∣∣∣∣
y

=
∑

aη
∂

∂xη

∣∣∣∣
y

.
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For fixed index η, if we let aη = δηω, then eη = ∂
∂xη

∣∣
y
, this is due to the fact

that n =
∑
aηeη was arbitrary. Thus:

gηω(y) =

〈
∂

∂xη
,
∂

∂xω

〉
y

= 〈eη, eω〉 = δηω.

2. Let (x1, . . . , xd) = (a1t, . . . , adt) be a geodesic that goes through the point
y. Then, it satisfies the geodesic differential equations:

ẍν +
∑
η,ω

Γνηωẋ
ηẋω = 0, ν = 1, . . . , d.

Since xη(φn(t)) = taη, the geodesic equation above for φn(t) reduces to:∑
η,ω

Γνηω(φn(t))aηaω = 0, ∀ ν.

Plugging in t = 0 we see that
∑

η,ω Γνηω(y)aηaω = 0 for every (a1, . . . , ad) in

Rd. Now, letting (a1, . . . , ad) = (0, . . . , 1, 0, . . . , 0, 1, . . . , 0) such that aη =
aω = 1 and all the other entries are equal to zero, we obtain

Γνηω + Γνωη = 0.

And so Γνηω is identically zero at the point y by the symmetry of the connec-
tion ∇.

3. By the compatibility of the connection ∇ on a Riemannian manifold
M with the metric we obtain:

∂gηω
∂xν

=
∂

∂xν

〈
∂

∂xη
,
∂

∂xω

〉
=

〈
∇ ∂

∂xν

∂

∂xη
,
∂

∂xω

〉
+

〈
∂

∂xη
,∇ ∂

∂xν

∂

∂xω

〉
.

From property 2 we have that ∇ ∂
∂xν

∂
∂xη

= 0 at y and ∇ ∂
∂xν

∂
∂xω

= 0 at y.

Therefore, ∂gηω
∂xν

(y) = 0. �

Remark 3.4.1. As a result of properties 1 − 3 listed in the preceding theo-
rem, a number of computations in Riemannian geometry may be simplified
by working in normal coordinate systems. So normal coordinate systems are
very useful. Although, we should take note that properties 1−3 are only guar-
anteed to hold at the point in which the coordinates are centered. In general
properties 1− 3 fail to hold even for points arbitrarily close to y.
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3.5 Minimizing Properties of Geodesics

The way in which we defined geodesics in subsection 3.2 is not unique. A
different way to defining geodesics on a Riemannian manifold is to define it as
a curve of shortest length between a pair of distinct points. However, as we
discussed in the introduction of this section, this definition poses a problem.
To recap, we used the example of great circles on the sphere to show that in
general we can’t find a unique geodesic joining any two distinct points, this
is because on a sphere you can have two curves which are geodesics joining
two distinct points but one geodesic is shorter than the other. But what we
hope is that points which are sufficiently ’close to each other’ would have a
unique ’short’ geodesic joining them. The objective of this subsection is to
show that the shortest curves between any pair of points on a Riemannian
manifold are geodesics, and that the converse is also true but only locally.

We begin with some preliminary definitions which are needed for what is
to come:

Definition 3.5.1. We call a continuous curve φ : [b, c] → M piecewise dif-
ferentiable if there exists a finite subdivision b = t0 < t1 < ... < td−1 < td = c
of the closed interval [b, c] such that the restrictions φ

∣∣
[ti−1,ti]

are differentiable

for i = 1, ..., d. We say that the point y ∈M is joined to the point x ∈M by
φ if φ(b) = y and φ(c) = x.

For most applications, it is useful to restrict the exponential map, expy, to
an open subset of the tangent space TyM , that is,

expy : B(0, ε) ⊂ TyM →M,

where B(0, ε) is an open ball with radius ε and center 0 ∈ TyM .

Definition 3.5.2. For ε > 0 such that the closed ball B(0, ε) is contained in
V, that is, B(0, ε) ⊂ V = exp−1

y (U), we define the normal ball (or the geodesic
ball) centered at the point y and with radius ε as the open set expy(B(0, ε)) =
B(y, ε). The geodesics that start at y and lying in B(y, ε) are called radial
geodesics.

Definition 3.5.3. A normal neighborhood W of a point x ∈ M is totally
normal if there exists some ε > 0 such that for all y ∈ W, W is contained in
a normal ball of radius ε and center y, that is, W ⊂ B(y, ε) ∀y ∈ W.

We now state and prove the theorem which says that geodesics are locally
the shortest curves.
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Theorem 3.5.1. [2, Theorem 4.5] Let M be a Riemannian manifold, let
y ∈M be a point, let U be a normal neighborhood of y and let B(y, ε) ⊂ U be
a normal ball of center y. Then, there exists a geodesic φ : I → M joining
y to x for every point x ∈ B(y, ε). Furthermore, we have that `(φ) ≤ `(ψ),
where ψ : J → M is any other piecewise differentiable curve joining y to x,
and `(φ) = `(ψ) iff ψ is a reparameterization of φ.

To prove this theorem we need Gauss’ lemma. The proof and details sur-
rounding this lemma can be found in M. do Carmo [3, p. 67].

Lemma 3.5.2 (Gauss). Let y ∈ M and let n ∈ TyM such that expy n is
defined. Let m ∈ TyM ≈ Tn(TyM). Then

〈(d expy)n(n), (d expy)n(m)〉 = 〈n,m〉.

Proof of Theorem 3.5.1. Without any loss of generality we may suppose that
I, J = [0, 1] and that, initially, ψ([0, 1]) ⊂ B. Since, on U , the exponential
map expy is a diffeomorphism, we may express the curve ψ(t), for t 6= 0,
as expy(s(t) · n(t)) = q(s(t), t), where s : (0, 1] → R is a positive piecewise
differentiable function, t→ n(t) is a curve in TyM satisfying |n(t)| = 1, and
q is a parametrized surface. It follows that, with the exception of a limited
number of points (the singularities),

dψ

dt
=
∂q

∂s

ds

dt
+
∂q

∂t
.

Now,
〈
∂q
∂s
, ∂q
∂t

〉
= 0, this follows from the Gauss lemma. As

∣∣∂q
∂s

∣∣ = 1, we have
that, ∣∣∣∣dψdt

∣∣∣∣2 =

∣∣∣∣dsdt
∣∣∣∣2 +

∣∣∣∣∂q∂t
∣∣∣∣2 ≥ ∣∣∣∣dsdt

∣∣∣∣2,
and so, ∫ 1

ε

∣∣∣∣dψdt
∣∣∣∣dt ≥ ∫ 1

ε

∣∣∣∣dsdt
∣∣∣∣dt ≥ ∫ 1

ε

ds

dt
dt = s(1)− s(ε).

We get that `(ψ) ≥ `(φ) by taking ε→ 0. If either of the inequalities in the
two equations above is strict then `(ψ) > `(φ). If `(ψ) = `(φ), then

∣∣∂q
∂t

∣∣ = 0,
that is, n(t) is equal to a constant and

∣∣ds
dt

∣∣ = ds
dt
> 0. It follows that ψ is a

monotonic reparameterization of φ, and therefore ψ([0, 1]) = φ([0, 1]).

If ψ([0, 1]) 6⊂ B, we take the first point t̃ in the open interval (0, 1) for
which ψ(t̃) resides in the boundary of B. If ϕ is the radius of B, we obtain,

`(ψ) ≥ `[0,t̃](ψ) ≥ ϕ > `(φ).

�
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Next we turn to the converse of Theorem 3.5.1 which shows that although a
geodesic may not be the shortest path between two points but the shortest
path between two points must be a geodesic. Intuitively, this implies that
there is no turning in the shortest road between two points, since doing as
such could probably increase the length of the road.

Theorem 3.5.3. [2, Theorem 4.6] Let M be a Riemannian manifold and let
y, x ∈ M be points. If a piecewise differentiable curve φ : I → M joining
y to x, has length less or equal to the length of any other piecewise differ-
entiable curve ψ : J → M joining y to x, that is, `(φ) ≤ `(ψ), then φ is a
reparameterized geodesic.

To prove this theorem we use the following result which shows that totally
normal neighborhoods always exist. The proof can be found in M. do Carmo
[3, p. 72].

Theorem 3.5.4. For each point x ∈M there is a neighborhood W of x such
that for each point y ∈ W, W is a normal neighborhood of y as well.

Proof of Theorem 3.5.3. Let I = [b, c], let to ∈ [b, c] and let W be a totally
normal neighborhood of φ(to). Then, there is an interval E ⊂ [b, c] which
is also closed and which its interior is not empty, such that φ(E) ⊂ W , for
to ∈ E. The restriction of the curve φ to this closed interval E, φE : E →W ,
is then a piecewise differentiable curve connecting a pair of points of a normal
ball. From Theorem 3.5.1 and from the hypothesis of Theorem 3.5.3, the
length of the curve φE, `(φE), is the same as the length of a radial geodesic
connecting these pair of points, this is due to the fact that `(φE) lies in
a normal ball. Again, from Theorem 3.5.1, φE must be a reparameterized
geodesic in each totally normal neighborhood it intersects, in other words,
φE is a geodesic on E and hence at to, since to is arbitrary. �

3.6 The Hopf-Rinow Theorem

In the previous subsection we saw that an essential consequence of Gauss’
lemma is that points which are close enough together can always be joined
by a unique minimizing geodesic. We also saw from the existence of totally
normal neighborhoods that if a piecewise differentiable curve φ is minimizing,
then φ is geodesic. These are both local properties. A local property is a
property which relies upon the behavior of the manifold in the neighborhood
of a point. The goal of this subsection is to study these results globally. A
global property is a property that relies upon the behavior of the manifold
taken as a whole.
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To start with, we define a special kind of manifold which is the natural
setting for global properties, viz., a complete Riemannian manifold.

Definition 3.6.1. A Riemannian manifold M is said to be (geodesically)
complete if for each point y ∈ M , the exponential map, expy, is defined
on all of TyM (i.e., Dy = TyM), or, in other words, if the domain of all
the geodesics in M can be extended to the entire real line R, that is, if any
geodesic φ(t) in M such that φ(0) = y is defined for every t in R.

Intuitively, a complete Riemannian manifold M , is a manifold which does
not have any boundaries or holes, thus you can walk forever along a geodesic
and not worry about falling off the manifold. In general, given any pair of
distinct points on an arbitrary manifold which are not sufficiently close to one
another, there does not necessarily exist a minimizing geodesic connecting
these two points. What ends up being valuable on complete manifolds is that
there does exist a minimizing geodesic connecting any two distinct points in
M . This is the essence of the Hopf-Rinow Theorem. But first we look at
some examples.

Example 3.6.1. The Euclidean space Rn is geodesically complete.

Example 3.6.2. The sphere S2 is geodesically complete.

Example 3.6.3. The plane with the origin removed or, in other words, the
punctured plane R2 \ {(0, 0)} is not geodesically complete, since the domain
of the geodesic φ(t) = (t, t), 1 < t <∞, cannot be extended to −∞ < t <∞.

Theorem 3.6.1 (Hopf-Rinow). [3, Theorem 2.8] Let M be a Riemannian
manifold and let y ∈ M be a point. Then the statements (a), (b), (c) and
(d), stated below, are equivalent:

(a) M is complete as a metric space.

(b) M is geodesically complete, i.e., for every point y ∈M , the exponential
map, expy, is defined on all of TyM .

(c) M is geodesically complete at y, i.e., there exists some point y ∈ M
such that, the exponential map, expy, is defined on all of TyM .

(d) The closed and bounded subsets of M are compact.

Moreover, any of the statements (a)− (d) also imply (but are not equivalent
to):
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(e) For any two points y, x ∈ M there exists a geodesic φ joining y to x
with length `(φ) = d(y, x), i.e., any two distinct points of M can be
joined by a length minimizing geodesic.

Proof. This theorem was first proved by W. Rinow and H. Hopf. However,
the proof that we are going to present here follows a simpler proof that was
provided by G. de Rham. The main point of the proof lies in the implication
that if expy is defined on all of TyM , then any x ∈M can be connected with
y by a shortest geodesic. In particular, this is the implication (b) ⇒ (e).
To prove this implication, we first need to find a candidate for the tangent
vector r ∈ TyM giving the minimal geodesic, that is, we need to produce a
minimizing geodesic from y to a given point x ∈ M . Roughly speaking, the
idea of the proof is to start from y with a geodesic in the “right direction”,
and then prove that this geodesic eventually reaches x. To this end, let
d(y, x) = v, let δ > 0 be such that B(y, δ) is a normal ball centered at y,
let S = ∂B(y, δ) denote the boundary of B(y, δ) and let p0 ∈ S be a point
such that d(p0, x) = min{d(p, x)|p ∈ S} which exists by the continuity of the
distance function and by the compactness of S. Then, by the definition of
the exponential map, we have that expy(δr) = p0, for some unique vector
r ∈ TyM with ‖r‖ = 1. We consider the geodesic φ : R → M defined by
φ(s) = expy(sr), which by assumption is defined on the whole of R. We want
to show that φ(v) = x. For that, we consider the set

A := {s ∈ [0, v] | d(φ(s), x) = v − s},

and show that v ∈ A. We will do this by showing that A is non-empty,
closed, and open, and thus that it contains all of [0, v]. First, 0 ∈ A, since
d(φ(0), x) = d(y, x) = v − 0, hence A is non-empty. Also, it’s closed, since
both sides of d(φ(s), x) = v−s are continuous in s (so the condition commutes
with limits). It’s more challenging to show that it’s open. We want to prove
that if s0 ∈ A with s0 < v then s0 + δ′ ∈ A, where δ′ > 0 is sufficiently small.
Similar to the above, at a given s0, we consider a normal ball Bδ′(φ(s0))
around φ(s0) with S ′ = ∂Bδ′(φ(s0)) as its boundary. Thus, the distance
function again has a minimum at p′0 on S ′, so It suffices to show that p′0 =
φ(s0 + δ′), because if so, then d(φ(s0), x) = v − s0 and

d(φ(s0), x) = δ′ + d(p′0, x) = δ′ + d(φ(s0 + δ′), x),

so d(φ(s0 + δ′), x) = v − (s0 + δ′), and so s0 + δ′ ∈ A. Thus, all we need to
do is show p′0 = φ(s0 + δ′). To show this we observe that, by the triangle
inequality and by the first equality of the equation above,

d(y, p′0) ≥ d(y, x)− d(x, p′0) = v − (v − s0 − δ′) = s0 + δ′,
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and, since the piecewise differentiable curve which connects and y to p′0 via
φ(s0) has length s0 + δ′, we conclude that this is a minimizing curve, hence
a (reparameterized) geodesic. Thus, as promised, p′0 = φ(s0 + δ′).

Now, the rest of the proof of the Hopf-Rinow theorem is straight forward:

(c) ⇒ (d) For a closed and bounded set K ⊂ M we can always find a
metric ball B(y, ε) containing K, that is, K ⊂ B(y, ε), for some ε > 0. By
what we have shown in the beginning, any point in B(y, ε) can be connected
with y by a geodesic (of length ≤ ε). Hence, B(y, ε) is the image of the
compact ball in TyM of radius ε under the continuous map expy. Hence,
B(y, ε) is compact itself. Since K is assumed to be closed and shown to be
contained in a compact set, it must be compact itself.

(d) ⇒ (a) Let (pn)n∈N ⊂ M be a Cauchy sequence. It then is bounded,
and, by (d), its closure is compact. It therefore contains a convergent subse-
quence, and being Cauchy, it has to converge itself. This shows completeness
of M .

(a) ⇒ (b) We suppose M is not geodesically complete. Then there exists
a normalized geodesic φ that is defined for values s < s0 but not for s0. Let
(sn)n be a sequence such that sn → s0 with sn < s0. For sufficiently large
indices we have |sn − sm| < ε. This tells us that

d(φ(sn), φ(sm)) ≤ |sn − sm| < ε,

and hence that {φ(sn)} is Cauchy. Because M is complete there is y0 ∈M :
φ(sn) −→ y0. Let (W , δ) be a totally normal neighborhood of y0. Let N be
big enough such that |sm − sn| < δ, φ(sn), φ(sm) ∈ W whenever m,n > N .
Then by definition there is a unique geodesic g connecting φ(sn) and φ(sm)
with length less than δ. Wherever φ is defined it is obvious that g = φ. Since
we know that expφ(sn) : B(0, δ) −→ M is a diffeomorphism on its image
which contains W , we see that g extends φ for values beyond s0.

(b)⇒ (c) Follows from definition, so it is trivial. �

Remark 3.6.1. The length minimizing geodesic from the theorem above is
not unique. For example, there are an infinite number of length minimizing
geodesics joining the antipodal points of the sphere.

Remark 3.6.2. The converse of the Hopf-Rinow theorem is false. As an
example, if we take the open canonical half-sphere, we observe that any pair of

43



distinct points in it can be connected by a unique length minimizing geodesic,
but this manifold is not geodesically complete.
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4 Curvature

4.1 Introduction

The aim of this section is to define the curvature of Riemannian manifolds.
The definition of curvature that we are going to present in this section has
many different geometric interpretations. We will describe at least two of
them. The first interpretation is that curvature measures to which extent a
Riemannian manifold is different from a plane, or, in other words, curvature
measures the amount by which a Riemannian manifold deviates from being
flat (having no curvature). For the second interpretation we take a look at
the parallel transport of a vector along a curve. If we parallel transport a
vector along a closed curve in the plane (R2) then when it comes back to the
starting position we wind up with an indistinguishable vector from the one
we began with, that is, in a non-curved space the orientation of the vector
is preserved along the transport. However, for a curved surface such as the
sphere, this not the case. If we parallel transport a vector along a closed
curve on a sphere it might alter its orientation. Hence, we can decide if
a Riemannian manifold is curved or not by transporting a vector around a
closed curve and measuring the difference of the orientation at start and the
end of the transport. So, intuitively, curvature also measures the failure of
a vector to return to its starting position with the same orientation after it
got parallel transported around a closed curve.

4.2 Curvature

Definition 4.2.1. Let M be a Riemannian manifold with Riemannian con-
nection ∇. The curvature R of M is a correspondence that associates to each
pair of vector fields J,K ∈ X(M) the map

R(J,K) : X(M)→ X(M)

defined by the formula

R(J,K)L = ∇K∇JL−∇J∇KL+∇[J,K]L, L ∈ X(M).

Now, if M = Rn, then for each J,K, L ∈ X(Rn), we have that R(J,K)L = 0.
To check this we plug the vector field L = (`1, ...., `n) ∈ Rn into the formula
given in the above Definition. Therefore, we see that, as mentioned in the
introduction of this section, R adequately measures the amount M varies
from being flat (Euclidean).
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Another way of writing the formula in Definition 4.2.1 is to use local co-
ordinates. Let (x1, x2, ..., xn) be a local coordinate system of M at y and let
∂
∂x1
, ..., ∂

∂xn
be the corresponding standard basis vector fields. Then

R
(

∂

∂xη
,
∂

∂xω

)
∂

∂xν
= ∇ ∂

∂xω
∇ ∂

∂xη

∂

∂xν
−∇ ∂

∂xη
∇ ∂

∂xω

∂

∂xν
+∇[

∂
∂xη

, ∂
∂xω

] ∂

∂xν

=

(
∇ ∂

∂xω
∇ ∂

∂xη
−∇ ∂

∂xη
∇ ∂

∂xω
+∇[

∂
∂xη

, ∂
∂xω

]) ∂

∂xν

=
(
∇ ∂

∂xω
∇ ∂

∂xη
−∇ ∂

∂xη
∇ ∂

∂xω

) ∂

∂xν
,

where the last equality follows from the fact that [ ∂
∂xη

, ∂
∂xω

] = 0.

Again, if we let M = Rn, we get that

∇ ∂
∂xω
∇ ∂

∂xη
= ∇ ∂

∂xη
∇ ∂

∂xω
.

So, in a sense, curvature measures the non-commutativity (the noninter-
changeability of order of differentiation) of second-order covariant derivatives.
In general, ∇K∇JL 6= ∇J∇KL. We can consider this as another interpreta-
tion of curvature, but this one is more of a formal interpretation and less of
a geometric one.

In the next four propositions we study some useful algebraic properties of R.

Proposition 4.2.1. Let M be a Riemannian manifold, let J, J1, J2, K,K1, K2,
L,L1, L2 ∈ X(M) and let g1, g2 ∈ D(M). The curvature R of M satisfies the
following properties:

(a) Bilinearity in X(M)× X(M):

(i) R(g1J1 + g2J2, K)L = g1R(J1, K)L+ g2R(J2, K)L,

(ii) R(J, g1K1 + g2K2)L = g1R(J,K1)L+ g2R(J,K2)L.

(b) Linearity in R(J,K) : X(M)→ X(M):

(iii) R(J,K)(g1L1 + g2L2) = g1R(J,K)L1 + g2R(J,K)L2.

Proof. We prove these properties in the same manner in which we proved
Theorem 2.3.1.
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(i)

R (g1J1 + g2J2, K)L =∇K∇g1J1+g2J2L−∇g1J1+g2J2∇KL+∇[g1J1+g2J2,K]L

=∇K (g1∇J1 + g2∇J2)L− (g1∇J1 + g2∇J2)∇KL

+∇[g1J1,K]+[g2J2,K]L

=g1∇K∇J1L+ (Kg1)∇J1L+ g2∇K∇J2L+ (Kg2)∇J2L

− g1∇J1∇KL− g2∇J2∇KL+∇g1[J1,K]−(Kg1)J1L

+∇g2[J2,K]−(Kg2)J2L

=g1∇K∇J1L− g1∇J1∇KL+ g1∇[J1,K]L+ g2∇K∇J2L

− g2∇J2∇KL+ g2∇[J2,K]L

=g1R (J1, K)L+ g2R (J2, K)L.

(ii) Similar to (i).

(iii) It is enough to show that R satisfies

R(J,K)(L1 + L2) = R(J,K)L1 +R(J,K)L2

and
R(J,K)(gL) = gR(J,K)L.

R(J,K) (L1 + L2) =∇K∇J (L1 + L2)−∇J∇K (L1 + L2) +∇[J,K] (L1 + L2)

=∇K (∇JL1 +∇JL2)−∇J (∇KL1 +∇KL2)

+∇[J,K]L1 +∇[J,K]L2

=∇K∇JL1 −∇J∇KL1 +∇[J,K]L1 +∇K∇JL2 −∇J∇KL2

+∇[J,K]L2

=R(J,K)L1 +R(J,K)L2.

R(J,K)(gL) =∇K∇J(gL)−∇J∇K(gL) +∇[J,K](gL)

=∇K (g∇JL) +∇K((Jg)L)−∇J (g∇KL)−∇J((Kg)L)

+ g∇[J,K]L+ [J,K](g)L

=g∇K∇JL+ (Kg)∇JL+ (Jg)∇KL+ (K(Jg))L

− g∇J∇KL− (Jg)∇KL− (Kg)∇JL− (J(Kg))L

+ g∇[J,K]L+ [J,K](g)L

=g∇K∇JL− g∇J∇KL+ ((KJ − JK)g)L+ g∇[J,K]L

+ [J,K](g)L

=g∇K∇JL− g∇J∇KL+ [K, J ](g)L+ g∇[J,K]L+ [J,K](g)L

=gR(J,K)L.
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The proposition above shows that R(J,K)L is multilinear over C∞(M) in
each of the three vector fields. Hence, R is a tensor field of type (1, 3).

R satisfies the first Bianchi identity when the connection is symmetric as
in the case of the Riemannian connection. In short, the Bianchi identity says
that a certain combination of derivatives of the curvature vanishes.

Proposition 4.2.2 (First Bianchi Identity). The curvature R of a Rieman-
nian manifold M with Riemannian connection ∇ satisfies:

R(J,K)L+R(K,L)J +R(L, J)K = 0.

Proof.

R(J,K)L+R(K,L)J +R(L, J)K

=∇K∇JL−∇J∇KL+∇[J,K]L+∇L∇KJ −∇K∇LJ +∇[K,L]J

+∇J∇LK −∇L∇JK +∇[L,J ]K

=∇K (∇JL−∇LJ) +∇J (∇LK −∇KL) +∇L (∇KJ −∇JK)

−∇[K,J ]L−∇[L,K]J −∇[J,L]K.

Applying the symmetric property of the Riemannian connection ,we obtain:

R(J,K)L+R(K,L)J +R(L, J)K

=∇K [J, L] +∇J [L,K] +∇L[K, J ]−∇[K,J ]L−∇[L,K]J −∇[J,L]K

=[K, [J, L]] + [J, [L,K]] + [L, [K, J ]]

=0

The last equality comes from one of the properties of Lie brackets, namely,
the Jacobi identity. �

By using the Riemannian metric, it will be useful to change the tensor field
of type (1, 3) from Definition 4.2.1 to a tensor field of type (0.4) as follows:

Definition 4.2.2. The Riemannian curvature tensor, also denoted by R, is
the tensor of type (0, 4) defined by

R(J,K, L,H) = 〈R(J,K)L,H〉.

Proposition 4.2.3. Let M be a Riemannian manifold equipped with Rie-
mannian connection ∇ and let J,K, L,H ∈ X(M). Then the Riemannian
curvature tensor satisfies the following symmetry properties:
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1. R(J,K, L,H) +R(K,L, J,H) +R(L, J,K,H) = 0;

2. R(J,K, L,H) = −R(K, J, L,H) = −R(J,K,H,L);

3. R(H, J,K, L) = R(K,L,H, J).

Proof. 1. It is simply the Bianchi Identity once more, which we have already
proved.

2. From Definition 4.2.1 we have that R(J,K)L = −R(K, J)L, hence
R(J,K, L,H) = −R(K, J, L,H). To prove R(J,K, L,H) = −R(J,K,H,L)
it is equivalent to proving that R(J,K, L, L) = 0. Using (∇4) we get:

R(J,K, L, L) =
〈
∇K∇JL−∇J∇KL+∇[J,K]L,L

〉
= 〈∇K∇JL,L〉 − 〈∇J∇KL,L〉+

〈
∇[J,K]L,L

〉
=K 〈∇JL,L〉 − 〈∇JL,∇KL〉 − J 〈∇KL,L〉+ 〈∇KL,∇JL〉

+
1

2
[J,K]〈L,L〉

=K 〈∇JL,L〉 − J 〈∇KL,L〉+
1

2
[J,K]〈L,L〉

=K

(
1

2
J〈L,L〉

)
− J

(
1

2
K〈L,L〉

)
+

1

2
[J,K]〈L,L〉

=− 1

2
[J,K]〈L,L〉+

1

2
[J,K]〈L,L〉

=0.

3. First we write property 1 four times with indices cyclically permuted:

R(H, J,K, L) +R(J,K,H,L) +R(K,H, J, L) = 0;

R(J,K, L,H) +R(K,L, J,H) +R(L, J,K,H) = 0;

R(K,L,H, J) +R(L,H,K, J) +R(H,K,L, J) = 0;

R(L,H, J,K) +R(H, J, L,K) +R(J, L,H,K) = 0.

Adding up all four equations and using the second equality of property 2,
R(J,K, L,H) = −R(J,K,H,L), we obtain:

R(K,H, J, L) +R(L, J,K,H) +R(H,K,L, J) +R(J, L,H,K) = 0.

Applying both equalities of property 2 to the equation above we get:

2R(K,H, J, L)− 2R(J, L,H,K) = 0,

and, thus,
R(K,H, J, L) = R(J, L,H,K).

�
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There is one more identity that is satisfied by the covariant derivatives of the
Riemannian curvature tensor on every Riemannian manifold. It is called the
second Bianchi identity.

Proposition 4.2.4 (Second Bianchi Identity). Let M be a Riemannian man-
ifold of dimension n. The total covariant derivative of the Riemannian cur-
vature tensor R satisfies the following identity:

∇R(J,K, L,H, T ) +∇R(J,K,H, T, L) +∇R(J,K, T, L,H) = 0,

for all J,K, L,H, T ∈ X(M).

Proof. Since the objects involved are all tensors, it is enough to show the
equality at a point y ∈ M . To show this we will use a geodesic frame at y.
Let U ⊂ M be a neighborhood of y. A geodesic frame at y is a family of
vector fields e1, . . . , en ∈ X(U) which are orthonormal at every point of U
and, at y, ∇eηeω(y) = 0. So by choosing a geodesic frame {eη} based at y,
and cyclically permuting the vector fields eν , e%, eκ, we obtain

∇R(eη, eω, eν , e%, eκ)(y) = eκ〈R(eη, eω)eν , e%〉(y) = eκ〈R(eν , e%)eη, eω〉(y)

= 〈∇eκ∇e%∇eνeη −∇eκ∇eν∇e%eη +∇eκ∇[eν ,e%]eη, eω〉(y),

∇R(eη, eω, e%, eκ, eν)(y) = eν〈R(eη, eω)e%, eκ〉(y) = eν〈R(e%, eκ)eη, eω〉(y)

= 〈∇eν∇eκ∇e%eη −∇eν∇e%∇eκeη +∇eν∇[e%,eκ]eη, eω〉(y),

∇R(eη, eω, eκ, eν , e%)(y) = e%〈R(eη, eω)eκ, eν〉(y) = e%〈R(eκ, eν)eη, eω〉(y)

= 〈∇e%∇eν∇eκeη −∇e%∇eκ∇eνeη +∇e%∇[eκ,eν ]eη, eω〉(y).

Adding the three equalities above, we find that

∇R(eη, eω, eν , e%, eκ)(y) +∇R(eη, eω, e%, eκ, eν)(y) +∇R(eη, eω, eκ, eν , e%)(y)

= 〈R(e%, eκ)∇eνeη −∇[e%,eκ]∇eνeη +R(eκ, eν)∇e%eη −∇[eκ,eν ]∇e%eη

+R(eν , e%)∇eκeη −∇[eν ,e%]∇eκeη +∇eκ∇[eν ,e%]eη +∇eν∇[e%,eκ]eη

+∇e%∇[eκ,eν ]eη, eω〉(y)

= 〈R(e%, eκ)∇eνeη +R(eκ, eν)∇e%eη +R(eν , e%)∇eνeη +R([eν , e%], eκ)eη

−∇[[eν ,e%],eκ]]eη +R([e%, eκ], eν)eη −∇[[e%,eκ],eν ]]eη +R([eκ, eν ], e%)eη

−∇[[eκ,eν ],e%]]eη, eω〉(y)

= R(e%, eκ,∇eνeη, eω)(y) +R(eκ, eν ,∇e%eη, eω)(y) +R(eν , e%,∇eκeη, eω)(y)

+R([eν , e%], eκ, eη, eω)(y) +R([e%, eκ], eν , eη, eω)(y) +R([eκ, eν ], e%, eη, eω)(y)

− 〈∇([[eν ,e%],eκ]+[[e%,eκ],eν ]+[[eκ,eν ],e%])eη, eω〉(y).
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Since ∇eηeω(y) = 0 and R is a tensor, the first six terms all vanish at y (we
note that [eν , e%](y) = ∇eνe%(y)−∇e%eν(y) = 0− 0 = 0, etc.). The last term
vanishes identically because of the Jacobi Identity:

[[eν , e%], eκ] + [[e%, eκ], eν ] + [[eκ, eν ], e%] = 0,

identically in the chosen neighborhood of y where the geodesic frame at y is
defined.

By linearity, for any J,K, L,H, T ∈ X(M) we have

∇R(J,K, L,H, T )(y) +∇R(J,K,H, T, L)(y) +∇R(J,K, T, L,H)(y) = 0.

Since ∇R : X(M) × X(M) × X(M) × X(M) × X(M) → D(M) is a tensor,
the identity above is preserved under change of coordinates (the invariance
under change of frames follows from linearity). Finally by the arbitrariness
of y ∈M , we conclude the second Bianchi identity

∇R(J,K, L,H, T ) +∇R(J,K,H, T, L) +∇R(J,K, T, L,H) = 0,

for all J,K, L,H, T ∈ X(M). �

We shall now express the Riemannian curvature tensor in local coordinates.
Let (M, g) be a Riemannian manifold with associated Riemannian connection
∇, let (A, f) be a local coordinate system of M at y and let ∂

∂x1
, ..., ∂

∂xn
be

the corresponding standard basis vector fields. If J =
∑n

η=1 α
η ∂
∂xη

, K =∑n
ω=1 β

ω ∂
∂xω

and L =
∑n

ν=1 γ
ν ∂
∂xν

are vector fields, we can then write, by the
linearity of R:

R(J,K)L = R

(
n∑
η=1

αη
∂

∂xη
,

n∑
ω=1

βω
∂

∂xω

)
n∑
ν=1

γν
∂

∂xν

=
n∑

η,ω,ν=1

αηβωγν
(
R
(

∂

∂xη
,
∂

∂xω

)
∂

∂xν

)

=
n∑

η,ω,ν,κ=1

αηβωγνRκ
ηων

∂

∂xκ
,

where by Rκ
ηων we mean the components of the vector field R

(
∂
∂xη

, ∂
∂xω

)
∂
∂xν

expressed in the local coordinate system (A, f), i.e.,

R
(

∂

∂xη
,
∂

∂xω

)
∂

∂xν
=

n∑
κ=1

Rκ
ηων

∂

∂xκ
.
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Our aim is now to express these components in terms of the Christoffel
symbols Γνηω of the Riemannian connection. Using the fact that [ ∂

∂xη
, ∂
∂xω

] = 0,

∇ ∂
∂xη

(
∂
∂xω

)
=
∑n

ν=1 Γνηω
∂
∂xν

, the definition of R and the properties listed in

Definition 2.2.1, we obtain:

R
(

∂

∂xη
,
∂

∂xω

)
∂

∂xν
= ∇ ∂

∂xω
∇ ∂

∂xη

∂

∂xν
−∇ ∂

∂xη
∇ ∂

∂xω

∂

∂xν

= ∇ ∂
∂xω

(
n∑
%=1

Γ%ην
∂

∂x%

)
−∇ ∂

∂xη

(
n∑
%=1

Γ%ων
∂

∂x%

)

=
n∑
%=1

(
∂

∂xω
Γ%ην −

∂

∂xη
Γ%ων

)
∂

∂x%
−

n∑
κ,%=1

(
Γ%ηνΓ

κ
ω% − Γ%ωνΓ

κ
η%

)
∂

∂xκ

=
n∑
κ=1

(
∂

∂xω
Γκην −

∂

∂xη
Γκων +

n∑
%=1

Γ%ηνΓ
κ
ω% −

n∑
%=1

Γ%ωνΓ
κ
η%

)
∂

∂xκ
.

Therefore,

Rκ
ηων =

∂

∂xω
Γκην −

∂

∂xη
Γκων +

n∑
l=1

Γ%ηνΓ
κ
ω% −

n∑
l=1

Γ%ωνΓ
κ
η%.

Using the fact that in local coordinates gηω = 〈 ∂
∂xη

, ∂
∂xω
〉 and using the bi-

linearity of 〈 , 〉, we get the components of the Riemannian curvature tensor:〈
R
(

∂

∂xη
,
∂

∂xω

)
∂

∂xν
,
∂

∂xκ

〉
=

〈
n∑
µ=1

Rµ
ηων

∂

∂xµ
,
∂

∂xκ

〉

=
n∑
µ=1

Rµ
ηων

〈
∂

∂xµ
,
∂

∂xκ

〉

=
n∑
µ=1

Rµ
ηωνgµκ

= Rηωνκ.

We can then rewrite the symmetry properties from Proposition 4.2.3 using
local coordinates:

Rηωνκ +Rωνηκ +Rνηωκ = 0;

Rηωνκ = −Rωηνκ = −Rηωκν ;

Rηωνκ = Rνκηω.
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4.3 Sectional Curvature

The Riemannian curvature tensor is an intricate object which is difficult to
work with directly and whose full geometric interpretation is still not easily
understood. Thus, we look for notions of curvature of Riemannian manifolds
which are simpler and have a more explicit geometric interpretation. One
of the simpler notions is sectional curvature. Sectional curvature is an im-
portant one because it is the natural generalization of Gauss curvature for
surfaces in R3 and we can recover the Riemannian curvature tensor from it,
in other words, none of the information carried by the Riemannian curvature
tensor is lost by considering only sectional curvatures.

Sectional curvature is defined on plane sections (tangent planes).

Definition 4.3.1. Let (M, 〈 , 〉) be a Riemannian manifold and let y ∈ M
be a point. A plane section or tangent plane at y, denoted by P, is defined
to be the 2-dimensional subspace of the tangent space TyM . The set

G2(TyM) = {P | P is a section of TyM}

of sections is called the Grassmannian of 2-planes at y.

Definition 4.3.2. Let (M, 〈 , 〉) be a Riemannian manifold, let y be any point
on M and let P ⊂ TyM be a 2-dimensional subspace of the tangent space
TyM spanned by the linearly independent tangent vectors Jy, Ky ∈ TyM .
Then, the sectional curvature of P, denoted K(P), is given by

K(P) = K(Jy, Ky) =
R(Jy, Ky, Jy, Ky)

〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2
. (11)

The term in the denominator of equation (11) represents the square of the
area of the parallelogram in TyM generated by the vectors Jy, Ky ∈ TyM . It is
needed as a normalization factor so that the definition of sectional curvature
above is independent of the choice of the linearly independent vectors Jy, Ky.
It must only depend on the plane section in TyM spanned by Jy, Ky. The
following proposition demonstrates all of this.

Proposition 4.3.1. Let {Jy, Ky} and
{
J̄y, K̄y

}
be two distinct pairs of lin-

early independent vectors on the tangent space TyM such that the two plane
sections span(Jy, Ky) and span(J̄y, K̄y) are equal. Then

K(Jy, Ky) = K(J̄y, K̄y).

Hence the sectional curvature is not dependent on the the choice of spanning
vectors.
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Proof. First we write
{
J̄y, K̄y

}
in terms of {Jy, Ky}:

J̄y = aJy + bKy, K̄y = cJy + dKy, where a, b, c, d ∈ R with ad− bc 6= 0.

Then we must compute 〈J̄y, J̄y〉〈K̄y, K̄y〉 − 〈J̄y, K̄y〉2 and R(J̄y, K̄y, J̄y, K̄y).
These computations are very easy to do but are very lengthy and so we will
skip it right to the very last steps. Using the bilinearity of 〈 , 〉 we get:

〈J̄y, J̄y〉〈K̄y, K̄y〉 − 〈J̄y, K̄y〉2 = (ad− bc)2(〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2).

Using the symmetric properties of R we get:

R(J̄y, K̄y, J̄y, K̄y) = (ad− bc)2R(Jy, Ky, Jy, Ky).

Therefore,

K(J̄y, K̄y) =
R(Jy, Ky, Jy, Ky)

〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2
= K(Jy, Ky).

�

Remark 4.3.1. Since Jy, Ky ∈ TyM are linearly independent vectors we
have that 〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2 6= 0 and so we are dealing with a non-
degenerate plane section. We also note that if (Jy, Ky) is an orthonormal
basis then 〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2 = 1.

As referenced in the introduction of this subsection, the significance of sec-
tional curvature originates from the fact that knowing K(P), fol all plane
sections P of TyM , completely determines the Riemannian curvature tensor
R at y, that is, the knowledge of K is equivalent to that of R. This is a
purely algebraic fact:

Lemma 4.3.1. Let W be a vector space of dimension ≥ 2 with an inner
product 〈 , 〉. Let R1 : W ×W ×W → W and R2 : W ×W ×W → W be
tri-linear mappings such that properties 1, 2 and 3 of Proposition 4.2.3 are
satisfied by

R1(Jy, Ky, Ly, Ty) = 〈R1(Jy, Ky)Ly, Ty〉,

R2(Jy, Ky, Ly, Ty) = 〈R2(Jy, Ky)Ly, Ty〉.

If for every pair of linearly independent vectors Jy, Ky ∈ W ,

R1(Jy, Ky, Jy, Ky)

〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2
=

R2(Jy, Ky, Jy, Ky)

〈Jy, Jy〉〈Ky, Ky〉 − 〈Jy, Ky〉2
,

then R1 = R2.
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Proof. It is enough to show that R1(Jy, Ky, Ly, Ty) = R2(Jy, Ky, Ly, Ty) for
all Jy, Ky, Ly, Ty ∈ W . Now, since K1(Jy, Ky) = K2(Jy, Ky) by hypoth-
esis, we must have that the first line holds, that is, for all Jy, Ky ∈ W ,
R1(Jy, Ky, Jy, Ky) = R2(Jy, Ky, Jy, Ky). Then

R1(Jy + Ly, Ky, Jy + Ly, Ky) = R2(Jy + Ly, Ky, Jy + Ly, Ky).

Using linearity of R1 and R2 to expand the above equation and then using
property 3 of proposition 4.2.3, we get:

R1(Jy, Ky, Jy, Ky) + 2R1(Jy, Ky, Ly, Ky) +R1(Ly, Ky, Ly, Ky)

= R2(Jy, Ky, Jy, Ky) + 2R2(Jy, Ky, Ly, Ky) +R2(Ly, Ky, Ly, Ky),

therefore, for all Jy, Ky, Ly ∈ W ,

R1(Jy, Ky, Ly, Ky) = R2(Jy, Ky, Ly, Ky).

Using what we have just proved and using properties 2 and 3 from proposition
4.2.3, we apply the same procedure as above but now in the second and forth
argument:

R1(Jy, Ky + Ty, Ly, Ky + Ty) = R2(Jy, Ky + Ty, Ly, Ky + Ty)

⇒ R1(Jy, Ky, Ly, Ty) +R1(Jy, Ty, Ly, Ky) = R2(Jy, Ky, Ly, Ty) +R2(Jy, Ty, Ly, Ky)

⇒ R1(Jy, Ky, Ly, Ty)−R2(Jy, Ky, Ly, Ty) = R1(Ky, Ly, Jy, Ty)−R2(Ky, Ly, Jy, Ty).

So we see that, the expressionR1(Jy, Ky, Ly, Ty)−R2(Jy, Ky, Ly, Ty) is invari-
ant under cyclic permutations of the first three arguments, namely Jy, Ky,
and Ly. But, by property 1 of Proposition 4.2.3, the cyclic sum is zero, thus
we have

3[R1(Jy, Ky, Ly, Ty)−R2(Jy, Ky, Ly, Ty)] = 0,

hence, for all Jy, Ky, Ly, Ty ∈ W ,

R1(Jy, Ky, Ly, Ty) = R2(Jy, Ky, Ly, Ty).

�

In the case of a 2-dimensional manifold, that is, a surface Z in R3, Definition
4.3.2 takes a special form. The tangent space TyZ of Z is 2-dimensional.
This implies that in this situation there is just a single section P at y ∈ Z
namely the entire 2-dimensional tangent plane TyZ. Hence, for surfaces in
R3, the number K(P) is equal to its Gaussian curvature.
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4.4 Ricci Curvature and Scalar Curvature

Albeit sectional curvature is simpler to work it than the Riemannian curva-
ture tensor, it is still reasonably complex since it determines the latter and
thus it has an identical number of components. In this subsection we intro-
duce, two easier and weaker notions of curvature, namely Ricci curvature and
scalar curvature. We will see that, in some sense, Ricci and scalar curvature,
curtail the information encrypted in the Riemannian curvature tensor, in
other words, Ricci and scalar curvature has less information in general than
the Riemannian curvature tensor but they are more manageable.

Definition 4.4.1. The Ricci curvature tensor of a Riemannian manifold
M at a point y ∈ M , denoted by Ric or Rc, is the bilinear map Ricy :
TyM × TyM → R given by

Ricy(Jy, Ly) = trace(Ky 7→ Ry(Jy, Ky)Ly),

where J, L is any pair of tangent vectors in TyM .

So the Ricci curvature tensor associates to any pair of tangent vectors Jy, Ly
in TyM at the point y, the trace of the linear endomorphismKy 7→ Ry(Jy, Ky)Ly.
The components of the Ricci curvature tensor relative to a local coordi-
nate system are described by: Ricηω = Rν

νηω = gνκRνηωκ, where gηω =

〈 ∂
∂xη

, ∂
∂xω
〉 and gνκ is the inverse matrix of gνκ. Choosing any orthonormal

basis {e1, . . . , en} of TyM , we obtain:

Ricy(Jy, Ly) =
n∑
η=1

〈Ry(Jy, eη)Ly, eη〉.

Lemma 4.4.1. The Ricci curvature tensor is a symmetric tensor of type
(0,2).

Proof. Using the definition of Ric and the symmetric properties of R we get
the desired result:

Ricy(Jy, Ly) =
n∑
η=1

〈Ry(eη, Jy)Ly, eη〉

=
n∑
η=1

〈Ry(Ly, eη)eη, Jy〉

=
n∑
η=1

〈Ry(eη, Ly)Jy, eη〉

= Ricy(Ly, Jy).

�
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Therefore we observe that the Ricci curvature tensor is a symmetric bi-linear
form. Ric can likewise be defined as the symmetric tensor of type (1, 1):

Ric(J) =
n∑
η=1

R(J, eη)eη.

Definition 4.4.2. The scalar curvature of a Riemannian manifold M , de-
noted by Sc or just S, is defined as the trace of the Ricci curvature tensor
with respect to Riemannian metric g:

Sc = trace(Ric).

Scalar curvature is a function Sc : M → R, since it depends only on the point
y in M . So in summary we see that sectional curvature depends on a point
and a 2-dimensional subspace of that point’s tangent space, Ricci curvature
depends on a point and on a tangent vector and scalar curvature just relies
upon a point.

The components of the scalar curvature relative to a local coordinate system
are given by: Sc = gηω Ricηω = gηωRηω. Choosing any orthonormal basis
{e1, . . . , en} of TyM , we obtain:

Sc = trace(Ric)

=
n∑

ω=1

〈Ric(eω), eω〉

=
n∑

η,ω=1

〈R(eη, eω)eω, eη〉.

Corollary 4.4.1. Let M be an n-dimensional Riemannian manifold of con-
stant sectional curvature k. Then the Ricci curvature tensor and the scalar
curvature are given by the following formulas:

1. Ric = (n− 1)k;

2. Sc = n(n− 1)k.

We shall prove the above Corollary in Section 6, where Riemannian manifolds
with constant sectional curvature are dealt with, in thorough detail.
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5 Jacobi Fields

5.1 Introduction

In this section we study how curvature influences the conduct of nearby
geodesics. Generally speaking, a manifold with positive curvature makes
nearby geodesics converge with time, while manifolds with negative curva-
ture makes nearby geodesics move away from each other with time. Jacobi
fields supply tools to study this impact of curvature on the behavior of nearby
geodesics. They can likewise be utilized to identify points where the exponen-
tial map expy fails to be a local diffeomorphism. At the end of this section,
we prove one of the main results of this dissertation, namely, Hadamard’s
theorem.

5.2 The Jacobi Equation

Definition 5.2.1. Let M be a Riemannian manifold and let φ : [0, b] → M
be a geodesic in M . A vector field J along φ is said to be a Jacobi field if,
for all t ∈ [0, b], it satisfies the following equation:

D2

dt2
J (t) +R(φ′(t),J (t))φ′(t) = 0. (12)

Equation (12) is called the Jacobi equation. The existence and uniqueness
of Jacobi fields is assured by the next proposition.

Proposition 5.2.1. Let M be a Riemannian manifold, let y be a point in
M and let φ : [0, b] → M be a geodesic in M with φ(0) = y. Then, for any
given pair of tangent vectors Jy, Ky ∈ TyM , there exists a unique Jacobi field
J along φ satisfying the initial conditions J (0) = Jy and DJ

dt
(0) = Ky.

Proof. First, we pick any orthonormal basis (eη)1≤η≤n of TyM such that
e1 = φ′(0)/‖φ′(0)‖. Next we parallel transport the vectors eη along φ to
obtain parallel orthonormal vector fields e1(t), . . . , en(t) along φ. Then, we
can express any arbitrary vector field J along φ as a linear combination of
the eη(t):

J (t) =
n∑
η=1

qη(t)eη(t),

for some C∞ real-valued functions qη. By definition, J is a Jacobi field if
and only if it satisfies equation (12). Since the eη(t) are parallel along φ, we
have

D2

dt2
J (t) =

n∑
η=1

q′′η(t)eη(t). (A)
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For the Riemannian curvature tensor we have

R(φ′,J )φ′ =
n∑
η=1

〈R(φ′,J )φ′, eη〉eη =
n∑
η=1

(
n∑

ω=1

qω〈R (φ′, eω)φ′, eη〉

)
eη.

(B)
Substituting (A) and (B) into (12), we conclude that J is a Jacobi field if
and only if

q′′η +
n∑

ω=1

qω〈R(φ′, eω)φ′, eη〉 = 0 for all η = 1, . . . , n. (C)

And so we see that if we localize the Jacobi equation by using a local coor-
dinate system, the Jacobi equation is locally equivalent to a linear system
of second-order ordinary differential equations (C). By the existence and
uniqueness theorem for solutions of second-order ordinary differential equa-
tions, for each pair of vectors, Jy, Ky in TyM , there exists a unique Jacobi
field such that J (0) = Jy and DJ

dt
(0) = Ky. �

5.3 The Form of Jacobi Fields

One systematic method of constructing a Jacobi field along a geodesic is
to use the exponential map in the following way: Let M be Riemannian
manifold, let y ∈ M , let n ∈ TyM so that expy is defined at n ∈ TyM
and let m ∈ Tn(TyM). We can construct a Jacobi field along the geodesic
φ : [0, 1]→M , defined by φ(t) = expy tn. For that, we define a parametrized
surface q : [0, 1]× [−ε, ε]→M by q(t, u) = expy tn(u), where n(u) is a curve

in TyM such that n(0) = n, n′(0) = m, and take J (t) = ∂q
∂u

(t, 0). More
details on this can be found in M. do Carmo [3, p. 110]. In this subsection,
we are going to prove that this is fundamentally the only method of building
Jacobi fields along the geodesic φ such that J (0) = 0. More accurately, we
have the subsequent proposition which essentially says that J is a Jacobi
field satisfying J (0) = 0 if and only if J (t) = ∂

∂u
expy(tn(u))|u=0 where

n : (−ε, ε)→ TyM such that n(0) = φ′(0).

Proposition 5.3.1. Let J be a Jacobi field along a geodesic φ : [0, b] →
M such that J (0) = 0. Set φ′(0) = n and DJ

dt
(0) = m. Regard m as a

constituent of Tbn(Tφ(0)M) and build up a curve n(u) in Tφ(0)M satisfying
n(0) = bn, n′(0) = m. Set q(t, u) = expy(

t
b
n(u)) with y = φ(0), and define a

Jacobi field J̃ by J̃ (t) = ∂q
∂u

(t, 0). Then J̃ = J on [0, b].

Proof. Proposition 5.2.1 suggests that it will suffice to prove that J (0) =

J̃ (0) = 0 and that DJ
dt

(0) = DJ̃
dt

(0) = m. From the hypothesis of the
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Proposition, we have,

J̃ (t) =
∂q

∂u
(t, u)

∣∣∣∣
u=0

,

so,

J̃ (t) =
∂q(t, u)

∂u

∣∣∣∣
u=0

=
∂

∂u

(
expt(tn(u))

)∣∣∣∣
u=0

= (d expy)tn(u)

(
t
Dn

du

) ∣∣∣∣
u=0

= (d expy)tn

(
t
Dn

du

)∣∣∣∣
u=0

= (d expy)tn(tm).

For t = 0, this yields J̃ (0) = (d expy)0(0) = 0 = J (0). Where we have used
the fact that (d expy)0(m) = m for all m. We obtained this fact in the proof
of Proposition 3.4.1. Moreover, again for u = 0, we have

D

dt

∂q

∂u
(t, 0) =

D

dt
((d expy)tn(tm)) =

D

dt
(t(d expy)tn(m))

= (d expy)tn(m) + t
D

dt
((d expy)tn(m)),

thus, for t = 0,

DJ̃
dt

(0) =
D

dt

∂q

∂u
(0, 0) = (d expy)0(m) = m =

DJ
dt

(0).

And so we have shown that J (0) = J̃ (0) = 0 and that DJ
dt

(0) = DJ̃
dt

(0) = m,
this concludes the proof. �

Corollary 5.3.1. Let J be a Jacobi field along the geodesic φ : [0, b] → M
such that J (0) = 0. Then, for t ∈ [0, b], we have

J (t) = (d expy)tφ′(0)(tJ ′(0)).

Proof. Follows immediately from the Proposition above. �

5.4 Effect of Curvature on Geodesics

As mentioned in the introduction of this section, Jacobi fields may be used as
a tool to acquire a relationship among the spreading of geodesics that start
from the same point and the curvature at this point. In this subsection we
see how this is done.
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Proposition 5.4.1. Let y be a point in the Riemannian manifold M , let
φ : [0, b]→M be a geodesic satisfying φ(0) = y, φ′(0) = n, let m ∈ Tn (TyM)
such that |m| = 1 and let J be a Jacobi field along φ given by

J (t) = (d expy)tn(tm), t ∈ [0, b]. (D)

Then the Taylor expansion of |J (t)|2 about t = 0 is given by

|J (t)|2 = t2 − 1

3
〈R(n,m)n,m〉t4 +O(t), (E)

where limt→0
O(t)
t4

= 0.

Proof. To show (E) we need to compute the first four coefficients of the
Taylor expansion. We start by computing the first three coefficients using
the fact that J (0) = (d expy)0(0) = 0 and that DJ

dt
(0) = m.

〈J ,J 〉(0) = 〈J (0),J (0)〉 = 〈0, 0〉 = 0,

〈J ,J 〉′(0) =

(〈
DJ
dt

,J
〉

+

〈
J , DJ

dt

〉)
(0)

= 2

〈
J , DJ

dt

〉
(0) = 2

〈
J (0),

DJ
dt

(0)

〉
= 2〈0,m〉 = 0,

〈J ,J 〉′′(0) = 2

〈
DJ
dt

,
DJ
dt

〉
(0) + 2

〈
D2J
dt2

,J
〉

(0)︸ ︷︷ ︸
=0

= 2 〈m,m〉︸ ︷︷ ︸
=1

= 2,

〈J ,J 〉′′′(0) = 6

〈
DJ
dt

,
D2J
dt2

〉
(0)︸ ︷︷ ︸

=0

+2

〈
D3J
dt3

,J
〉

(0)︸ ︷︷ ︸
=0

= 0,

where for the third coefficient we have also used the fact that J is a Jacobi
field and so D2J

dt2
(0) = −R(φ′(0),J (0))φ′(0) = 0. To compute the fourth

coefficient we must first prove the following:

D

dt
[R(φ′,J )φ′](0) = R

(
φ′,

DJ
dt

)
φ′(0). (F)

Since d
dt
〈K,L〉 = 〈DK

dt
, L〉+ 〈K, DL

dt
〉, for any H we have

d

dt
〈R(φ′, H)φ′,J 〉 =

d

dt
〈R(φ′,J )φ′, H〉

=

〈
D

dt
R(φ′,J )φ′, H

〉
+

〈
R(φ′,J )φ′,

DH

dt

〉
,
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so we get〈
D

dt
(R(φ′,J )φ′), H

〉
=

d

dt

〈
R(φ′, H)φ′,J

〉
−
〈
R(φ′,J )φ′,

DH

dt

〉
=

〈
D

dt
R(φ′, H)φ′,J

〉
+

〈
R(φ′, H)φ′,

DJ
dt

〉
−
〈
R(φ′,J )φ′,

DH

dt

〉
=

〈
R
(
φ′,

DJ
dt

)
φ′, H

〉
+

〈
D

dt
R(φ′, H)φ′,J

〉
−
〈
R(φ′,J )φ′,

DH

dt

〉
,

which for t = 0 gives us (F), since J (0) = 0 and the equality above is true
for every H. Differentiating the Jacobi equation J ′′ + R(φ′,J )φ′ = 0 we
obtain

0 = J ′′′ + D

dt
[R(φ′,J )φ′]

= J ′′′ +R(φ′,J ′)φ′,

at t = 0 this yields J ′′′(0) = −R(φ′(0), DJ
dt

(0))φ′(0) = −R(n,m)n. Finally
we are able to compute the fourth coefficient:

〈J ,J 〉′′′′(0) = 8

〈
DJ
dt

,
D3J
dt3

〉
(0) + 6

〈
D2J
dt2

,
D2J
dt2

〉
(0)︸ ︷︷ ︸

=0

+2

〈
D4J
dt4

,J
〉

(0)︸ ︷︷ ︸
=0

= −8

〈
DJ
dt

,R
(
γ′,

DJ
dt

)
φ′
〉

(0)

= −8〈R(n,m)n,m〉.

Putting these coefficients together, we obtain (E):

|J (t)|2 = 2
t2

2!
− 8

4!
〈R(n,m)n,m〉t4 +O(t)

= t2 − 1

3
〈R(n,m)n,m〉t4 +O(t).

�

Corollary 5.4.1. Let φ : [0, c]→M be a geodesic on the Riemannian mani-
fold M which is parametrized by arc length and let 〈m,n〉 = 0, then the term
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〈R(n,m)n,m〉 is the sectional curvature at y with respect to the plane section
π spanned by n and m. Thus, in this case, we have that

|J (t)|2 = t2 − 1

3
K(y, π)t4 +O(t) (G)

and that

|J (t)| = t− 1

6
K(y, π)t3 +O(t), lim

t→0

O(t)

t3
= 0. (H)

Proof. From the hypothesis, vectors n,m ∈ TyM are orthonormal, thus
〈R(n,m)m,n〉 = K(n,m), and hence (G) follows. So (G) is an immedi-
ate application of Proposition 5.4.1. For (H) we simply need to correlate
the coefficients of the Taylor expansion with the coefficients of the Taylor
expansion raised to the power of two. �

It is equation (H) which basically accommodates the relation between cur-
vature and geodesics. To see this we need first to make some observations.
Let q be a parametrized surface given by

q(t, u) = expy tn(u), 0 ≤ t ≤ λ, −ε < u < ε,

where λ is picked to be really small so that expy tn(u) is indeed defined and
n(u) is a curve in TyM such that |n(u)| = 1, n(0) = n, n′(0) = m and |m| = 1.

Firstly, we observe that the rays t 7→ tn(u), 0 ≤ t ≤ λ, originating from
the origin 0 ∈ TyM , diverge from the ray t 7→ tn(0) with velocity:∣∣∣∣( ∂

∂u
tn(u)

)
(0)

∣∣∣∣ =

∣∣∣∣t( ∂

∂u
n(u)

)
(0)

∣∣∣∣ = |tn′(0)| = |tm| = t.

Secondly, we observe from Equation (H) that the geodesics t 7→ expy(tn(u))
diverge from the geodesic φ(t) = expy tn(0) with a velocity that is distinct
from t by a term of the third order of t, given by −1

6
K(y, π)t3.

And so, specifically, we see that, locally, the geodesics spread apart more
than the rays in TyM for Ky(π) < 0 (negative curvature) and less apart for
Ky(π) > 0 (positive curvature) and that for small t the value K(y, π)t3 pro-
vides an approximation for the amount of this spread with an error of order
t3.

5.5 Conjugate Points

As also mentioned in the introduction of this section, Jacobi fields can also
be used to determine the singularities of the exponential mapping. In this
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subsection we look at this relation between Jacobi fields and the singularities
of the exponential map and then we will derive some additional properties
of Jacobi fields. We begin with the key definition of this subsection:

Definition 5.5.1. Let φ : [0, b] → M be a geodesic on the Riemannian
manifold M . Along φ, the point φ(t0), 0 < t0 ≤ b, is said to be conjugate
to the point φ(0), if there is, along φ, a non-zero Jacobi field J , satisfying
J (0) = 0 = J (t0). The maximum number of such linearly independent fields
is called the multiplicity of the conjugate point φ(t0).

Since M is a Riemannian manifold of dimension d we have that the dimension
of TyM is also d for every point y in M . Therefore, along any geodesic
φ : [0, b]→M there exists exactly d linearly independent Jacobi fields along
φ which are equal to 0 at φ(0). This follows from the next lemma which we
present without proof.

Lemma 5.5.1. Let φ : [0, b]→M be a geodesic and let J1, . . . ,Js be Jacobi
fields along φ such that Jη(0) = 0, η = 1, . . . , s. Then J1, . . . ,Js are linearly
independent if and only if DJ1

dt
(0), . . . , DJs

dt
(0) are linearly independent.

5.5.1 Conjugate Points and the Singularities of the Exponential
Map

The exponential map, expy, is defined on all of TyM and near to the point 0
it is a local diffeomorphism if M is complete Riemannian manifold. Never-
theless, at points that are not near to 0, the exponential map may fail to be
a local diffeomorphism. The next proposition is a significant result in that it
associates the singularities of the exponential map with conjugate points:

Proposition 5.5.1. Let φ : [0, b] → M be a geodesic on the Riemannian
manifold M . Set φ(0) = y. Along φ, x = φ(t0), 0 < t0 ≤ b, is a conjugate
point of y if and only if n0 = t0φ

′(0) is a critical value of the exponential map
exp. Furthermore, the multiplicity of x as a conjugate point of y is equal to
the dimension of the kernel of the linear map (d expy)n0.

Proof. From Definition 5.5.1, the point x = φ(t0) is conjugate to the point y if
and only if, along φ, there is a Jacobi field J that does not vanish identically,
but satisfies J (0) = 0 = J (t0). Let n = φ′(0) and let m = DJ

dt
(0). From

Corollary 5.3.1, we have that J is of the form

J (t) = (d expy)tn(tm), 0 ≤ t ≤ b,

specifically, we obtain that J does not vanish if and only if m 6= 0. Thus, x
is a conjugate point of y if and only if

0 = J (t0) = (d expy)t0n(t0m), m 6= 0,
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i.e., if and only if t0n is a critical value of the exponential mapping expy.
This proves the first part of the proposition.

For the second part, we know that the multiplicity of x is the same as the
number of linearly independent Jacobi fields J1, . . . ,Js which are 0 at t0
and at 0. From Lemma 5.5.1 and the construction above we have that the
multiplicity of x is identical to the dimension of the kernel of (d expy)t0n. �

5.5.2 Properties of Jacobi Fields

We conclude this subsection by giving some additional properties of Jacobi
fields which we will make use of in the sections to come.

Proposition 5.5.2. Let φ : [0, b] → M be a geodesic on the Riemannian
manifold M and let J be a Jacobi field along φ. Then, for 0 ≤ t ≤ b,

〈J (t), φ′(t)〉 = 〈J ′(0), φ′(0)〉t+ 〈J (0), φ′(0)〉.

Proof. From the Jacobi equation, we have, 〈J ′, φ′〉′ = 〈J ′′, φ′〉 = −〈R(φ′,J )φ′, φ′〉
= 0. And so we get that 〈J ′, φ′〉 = 〈J ′(0), φ′(0)〉. Furthermore, 〈J , φ′〉′ =
〈J ′, φ′〉 = 〈J ′(0), φ′(0)〉. We now integrate the last equation with respect to
t to get the desired result: 〈J , φ′〉 = 〈J ′(0), φ′(0)〉t+ 〈J (0), φ′(0)〉. �

From the proposition above we can get two immediate corollaries:

Corollary 5.5.1. 〈J , φ′〉 is independent of t if 〈J , φ′〉(t1) = 〈J , φ′〉(t2),
where t1, t2 ∈ [0, b], such that t1 6= t2. Specifically, if J (0) = 0 = J (b), then
〈J , φ′〉(t) ≡ 0.

Proof. 〈J (t), φ′(t)〉 = 〈J (0), φ′(0)〉 for every t in [0, b]. This follows from
Proposition 5.5.2. And if J (0) = 0 = J (b) we get 〈J (0), φ′(0)〉 = 0. �

Corollary 5.5.2. Let J (0) = 0. Then 〈J ′(0), φ′(0)〉 = 0 if and only if
〈J , φ′〉(t) ≡ 0. Specifically, the space of Jacobi fields J satisfying J (0) = 0
and 〈J , φ′〉 ≡ 0 has dimension equal to d− 1.

Proof. The first affirmation follows right away from Proposition 5.5.2. More-
over, when J (0) = 0 and 〈J , φ′〉 ≡ 0 we have d − 1 degrees of freedom for
J ′(0) and therefore we have that the dimension of the space of such Jacobi
fields is d− 1, by Lemma 5.5.1. �

Proposition 5.5.3. Let M be a Riemannian manifold, let φ : [0, b] → M
be a geodesic on M , let K1 ∈ Tφ(0)M and let K2 ∈ Tφ(b)M . Then, along φ,
there is a unique Jacobi field J satisfying J (0) = K1 and J (b) = K2, if φ(b)
is not conjugate to φ(0).
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Proof. Let J be the space of Jacobi fields such that J (0) = K1 and let
Υ : J→ Tφ(b)M be a map given by

Υ(J ) = J (b), J ∈ J.

Υ is an injection (one-to-one), this is due to the fact that φ(b) and φ(0) are
not conjugate. Certainly, if J1 6= J2 such that J1(b) = J2(b), then J1 − J2

would be a non vanishing Jacobi field satisfying (J1 − J2)(0) = K1 −K1 =
0 = J1(b)− J2(b) = (J1 − J2)(b), which would be a contradiction.

As Υ is a linear injection and dimTφ(b)M = dim J we also have that Υ is an

isomorphism. Thus, there is J̃ ∈ J such that J̃ (0) = K1 and J̃ (b) = K2.
Uniqueness is straightforward since Υ is an isomorphism. �

5.6 The Theorem of Hadamard

As an application of Hopf-Rinows theorem, we will prove the following local-
global theorem which is a characterization of simply connected Riemannian
manifolds of non-positive sectional curvature (K ≤ 0).

Theorem 5.6.1 (Hadamard). [3, Theorem 3.1] Let M be a simply con-
nected, complete Riemannian manifold whose sectional curvature K, at ev-
ery point y of M and at every plane section P ⊂ TyM , is ≤ 0. Then
expy : TyM → M is a diffeomorphism, that is, M is diffeomorphic to Rn,
where n = dimension of M .

Requiring a Riemannian manifold to have non-positive sectional curvature is
a restriction on the infinitesimal geometry of the space. Much of the power
and elegance of the theory of such manifolds stems from the fact that one
can use this infinitesimal condition to make deductions about the global ge-
ometry and topology of the manifold. One of the results which underpins
this passage from the local to the global context is a fundamental theorem
that is due to Hadamard which we have stated above. Hadamard’s theorem
is an example of the relation between local and global properties, in which a
local condition (K ≤ 0) together with weak global restrictions (complete and
simply connected) imply a strong global restriction (homeomorphic to Rn).

For the proof of Hadamard’s Theorem we will need the following two lemmas:

Lemma 5.6.2. Let M be a complete Riemannian manifold whose sectional
curvature K, at every point y of M and every plane section P ⊂ TyM , is ≤ 0.
Then y does not have a conjugate point along any geodesic φ starting from
y, for each y in M . Specifically, expy : TyM →M is a local diffeomorphism.

66



Proof. Let φ : [0,∞) → M be a geodesic with φ(0) = y and let J be a not
identically zero Jacobi field along φ with J (0) = 0. By our assumption that
the curvature is non-positive, we obtain, from the Jacobi equation

d2

dt2
〈J ,J 〉 = 2

〈
DJ
dt

,
DJ
dt

〉
+ 2

〈
D2J
dt2

,J
〉

= 2

〈
DJ
dt

,
DJ
dt

〉
− 2

〈
R
(
dφ

dt
,J
)
dφ

dt
,J
〉

= 2

∣∣∣∣DJdt
∣∣∣∣2 − 2K

(
dφ

dt
,J
)∣∣∣∣dφdt ∧ J

∣∣∣∣2 ≥ 0.

Hence we see that d
dt
〈J ,J 〉 is an increasing function, that is, if t2 > t1 then

d
dt
〈J ,J 〉(t2) ≥ d

dt
〈J ,J 〉(t1). Recalling that DJ

dt

∣∣
0
6= 0 and d

dt
〈J ,J 〉

∣∣
0

= 0,
it follows, furthermore, that for a sufficiently small t > 0, 〈J ,J 〉(t) >
〈J ,J 〉(0). Thus for every t > 0, 〈J ,J 〉(t) > 0. Therefore φ(t) is not conju-
gate to φ(0) along φ which implies that expy must be a local diffeomorphism
by the inverse function theorem. �

Lemma 5.6.3. Let h : M → Q be a local diffeomorphism between a complete
Riemannian manifold M and a Riemannian manifold Q. Suppose that h has
the following property: for every y ∈ M and for every u ∈ TyM , we have
|dhy(u)| ≥ |u|, that is, h is a local isometry. Then h is a covering map.

Proof. Since we already have a local diffeomorphism we only need to check
that h has the path-lifting property, that is, we need to check that given a
differentiable curve ψ : [0, 1] → Q and a point x ∈ M with h(x) = ψ(0),
there exists a curve ψ̂ : [0, 1] → M with ψ̂(0) = x and h ◦ ψ̂ = ψ. To show
this, we first observe that, since h is a local diffeomorphism around an open
neighborhood of x, ψ can be lifted to a small interval starting from x, that
is, we can uniquely define for some small enough ε > 0, ψ̂ : [0, ε] → M such
that ψ̂(0) = x and h ◦ ψ̂ = ψ. Because h is a local diffeomorphism over all of
M , the set of values B ⊂ [0, 1], such that ψ can be lifted on B starting from
x, is an open interval on the right, that is, B = [0, to). If we can show that
to ∈ B, we shall have B open and closed in [0, 1], therefore B = [0, 1] and ψ
can be lifted on the entire interval.

To prove that to ∈ B, we consider an increasing sequence {tn} in B with
lim tn = to, that is, {tn} is an increasing sequence converging to t0. Then the
sequence {ψ̂(tn)} must be contained in a compact set K ⊂ M . Otherwise,
if this were not true, since M is complete, the distance from ψ̂(tn) to ψ̂(0)
would be arbitrarily large, that is, d(ψ̂(tn), ψ̂(0))→∞ (This follows from a
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result in topology). However, by the hypothesis on |dh| we have

`(ψ|[0,tn]) =

∫ tn

0

∣∣∣∣dψdt
∣∣∣∣ dt =

∫ tn

0

∣∣∣∣∣dhψ̂(t)

(
dψ̂

dt

)∣∣∣∣∣ dt
≥
∫ tn

0

∣∣∣∣∣dψ̂dt
∣∣∣∣∣ dt

≥ d(ψ̂(tn), ψ̂(0)),

this implies that `(ψ|[0,to]) → ∞, that is, the length of ψ between 0 and to
is arbitrarily large. This is nonsensical and thus proves the affirmation we
made above.

And so, since {ψ̂(tn)} ⊂ K ⊂ M , there is an accumulation point (limit
point) w ∈ M of {ψ̂(tn)}. Let W be an open neighborhood of w with h|W
a diffeomorphism. Then ψ(to) ∈ h(W ) and, by continuity, there exists an
interval I ⊂ [0, 1], to ∈ I, such that ψ(I) ⊂ h(W ). Next, we select an index
n such that ψ̂(tn) ∈ W and study the lifting β of ψ on I going through the
accumulation point w. Since h|W is bijective, the liftings β and ψ̂ concur
on their common domain, [0, tn) ∩ I. Hence, β is an extension of ψ̂ to I,
therefore ψ̂ can be defined at to ∈ I and to ∈ B. �

The first lemma demonstrates that under the assumption of Riemannian
manifolds with non-positive sectional curvature, the exponential map is a
local diffeomorphism. The second lemma is an important one which we will
also make use of in the latter sections of this dissertation.

Proof of Theorem 5.6.1. For every point y in M , expy : TyM →M is defined
and is surjective. This is due to the fact that M is complete. We also
have that expy is a local diffeomorphism everywhere, by Lemma 5.6.2. This
permits us to add a Riemannian metric ĝ = (expy)

∗g on TyM in such a way
that expy : (TyM, ĝ) → (M, g) is a local isometry. Since the geodesics of
(TyM, ĝ) going through the origin (0 ∈ TyM) are straight lines, it follows
that exp0 : T0TyM → TyM is defined for every J0 ∈ T0TyM . (TyM, ĝ) is
then a complete manifold (Cf. Hopf-Rinows Theorem, (c) ⇒ (b)). And so,
from Lemma 5.6.3, expy is a covering map. As M is simply connected, expy
is a diffeomorphism. �
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6 Spaces of Constant Sectional Curvature

6.1 Introduction

In this section, we characterize an important class of Riemannian manifolds,
those with constant sectional curvature. They assumed an essential role in
the advancement of Riemannian geometry. We will study these manifolds in
some detail in this section.

6.2 Definitions and Important Results

We begin with the notion of an isotrpic Riemannian manifoldM . Isotropy is a
property which says that at every point of M , all directions are geometrically
identical. In other words, the geometry of M does not depend on directions.

Definition 6.2.1. A Riemannian manifold M is said to be isotropic at a
point y ∈M if its sectional curvature is the same constant k, k ∈ R, for every
plane section P ⊂ TyM , that is, if K(P) is not dependent on the particular
choice of plane section P at y. Additionally, M is said to be isotropic if it is
isotropic at all points y ∈M .

Example 6.2.1. Every 2-dimensional manifold is trivially isotropic as there
is only a single plane section through any point.

Since sectional curvature completely determines the Riemannian curvature
tensor R, we have an explicit formula for R when M is isotropic:

Proposition 6.2.1. Let M be a Riemannian manifold and let f : A ⊂ Rn →
M be a local coordinate system around any point y ∈M . Then M is isotropic
at y if and only if the coefficients of the Riemannian curvature tensor at y
are given by

Rηωνξ = k(gηνgωξ − gηξgων). (13)

Proof. One can easily verify by a direct computation that M is of constant
sectional curvature k at the point y if (13) holds. Conversely, suppose that M
is of constant sectional curvature k at y, that is, K(P) = k for all P ⊂ TyM .

We define a tri-linear mapping R̃ : TyM × TyM × TyM → TyM by

R̃(J,K,H,L) = 〈J,H〉〈K,L〉 − 〈K,H〉〈J, L〉,

for all J,K,H,L ∈ TyM . Then R̃ is a tensor of type (0, 4) which satisfies
properties 1, 2, and 3 of Proposition 4.2.3. We now wish to show that
R = kR̃, which will complete the proof. Since

R̃(J,K, J,K) = 〈J, J〉〈K,K〉 − 〈J,K〉2,

69



we have from Definition 4.3.2:

R(J,K, J,K) = k(〈J, J〉〈K,K〉 − 〈J,K〉2) = kR̃(J,K, J,K),

for all pairs of vectors J,K ∈ TyM . Lemma 4.3.1 implies that,

R(J,K,H,L) = kR̃(J,K,H,L), for all J,K,H,L.

Hence R = kR̃. �

Definition 6.2.2. A Riemannian manifold M is called a space of constant
sectional curvature or a space form if K(Jy, Ky) = const. = k for all linearly
independent vectors Jy, Ky ∈ TyM and all y ∈ M , that is, if it is isotropic
and k is the same constant value at all points of M .

It is clear that if a Riemannian manifold has constant sectional curvature
then it is isotropic. The converse is true in dimensions greater or equal to 3.
This is a result due to Friedrich Schur.

Theorem 6.2.1 (F. Schur, 1886). Let (M, 〈 , 〉) be a connected Rieman-
nian manifold of dimension ≥ 3. If the sectional curvature K(P), for each
y ∈M , does not depend on the plane section P ⊂ TyM , but only on the point
y at which it is calculated, then M has constant sectional curvature, that is,
K(P) also does not depend on the point y.

Proof. First, we define a tensor R̃ by

R̃(H,L, J,K) = 〈H, J〉〈L,K〉 − 〈L, J〉〈H,K〉.

By hypothesis, K(P) = k does not depend on P for any point y ∈ M , this

means that by Proposition 6.2.1, we have R = kR̃. By taking derivatives
and observing the fact that ∇V R̃ = 0, we obtain,

∇VR = (V k)R̃, for all V ∈ X(M).

We now want to prove that Jk = 0 for all J . By cyclically permuting the
arguments and using the second Bianchi identity:

∇R(H,L, J,K, V ) +∇R(H,L,K, V, J) +∇R(H,L, V, J,K) = 0,

we get, for all J,K,H,L, V ∈ X(M),

0 = (V k)(〈H, J〉〈L,K〉 − 〈L, J〉〈H,K〉)
+ (Jk)(〈H,K〉〈L, V 〉 − 〈L,K〉〈H,V 〉)
+ (Kk)(〈H, V 〉〈L, J〉 − 〈L, V 〉〈H, J〉).
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Fix y ∈ M . Because M is of dimension ≥ 3, it is feasible, fixing J at y, to
pick K and L at y such that 〈J,K〉 = 〈K,L〉 = 〈L, J〉 = 0, 〈L,L〉 = 1, that
is, J,K, L are linearly independent (orthogonal) at y. Put V = L at y. The
relation above gives us:

〈(Jk)K − (Kk)J,H〉 = 0, for all H.

Since J and K are linearly independent at y, we may conclude that Jk = 0
for all J ∈ TyM . Therefore k is locally constant, and since M is connected,
k is globally constant. �

Schur’s theorem tells us that the isotropy of a Riemannian manifold, im-
plies the homogeneity, that is, that all points are geometrically identical.
Specifically, a pointwise property infers a global one. In higher dimensional
manifolds isotropy forces the sectional curvature to be constant.

With the concept of Riemannian manifolds with constant sectional curva-
ture in hand, we are now able to prove Corollary 4.4.1 from Section 4.

Proof of Corollary 4.4.1. 1. Let {e1, . . . , en} be an orthonormal basis. Using
Proposition 6.2.1 we obtain:

Ric(eω, eω) =
n∑
η=1

〈R(eω, eη)eη, eω〉

=
n∑
η=1

〈k(〈eη, eη〉eω − 〈eω, eη〉eη), eω〉

= k

( n∑
η=1

〈eη, eη〉〈eω, eω〉 −
n∑
η=1

〈eη, eω〉〈eη, eω〉
)

= k

( n∑
η=1

1−
n∑
η=1

δηω

)
= (n− 1)k.

2. To acquire the formula for the scalar curvature we just have to multiply
Ric(eω, eω) by n. �

6.3 Jacobi Fields on Spaces of Constant Curvature

Before we move on to deal with the most important aspects of this section,
we detour slightly to take a look at Jacobi fields on Riemannian manifolds of
constant sectional curvature curvature. Let φ : [0, d] → M be a normalized
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(unit speed) geodesic on a Riemannian manifold M of constant sectional cur-
vature k and let J be a Jacobi field along φ, normal to φ′. Using Proposition
6.2.1 and using the fact that ‖φ′‖ = 1 as well as that 〈J , φ′〉 = 0 (J is
normal to φ′), we obtain, for each vector field T along φ:

〈R(φ′,J )φ′, T 〉 = k{〈φ′, φ′〉〈J , T 〉 − 〈φ′, T 〉〈J , φ′〉} = k〈J , T 〉 = 〈kJ , T 〉,

which then implies that R(φ′,J )φ′ = kJ . And so the Jacobi equation for
manifolds of constant curvature is of the form:

D2

dt2
J + kJ = 0. (∗)

Since (∗) asserts that the second covariant derivative of J is a multiple of J
itself, it is sensible to attempt to construct a solution by picking a parallel
normal vector field along the geodesic φ. So, next we let s(t) be this parallel
vector field along φ such that ‖s(t)‖ = 1 and 〈φ′(t), s(t)〉 = 0 for every
t ∈ [0, d]. Then

J (t) =


sin(t
√
k)√

k
s(t), if k > 0,

ts(t), if k = 0,
sinh(t

√
−k)√

−k s(t), if k < 0,

is a solution for Equation (∗) with initial conditions J (0) = 0 and DJ
dt

(0) =
s(0). One can verify this without difficulty. For instance, in the case k > 0
we get

D2

dt2
J (t) + kJ (t) =

D

dt

cos(t
√
k)s(t) +

sin(t
√
k)√

k

D

dt
(s(t))︸ ︷︷ ︸
=0

+ k
sin(t
√
k)√

k
s(t)

= −
√
k sin(t

√
k)s(t) +

√
k sin(t

√
k)s(t)

= 0,

for every t ∈ [0, d].

6.4 Spaces of Constant Sectional Curvature

In this subsection we look at examples of Riemannian manifolds of constant
sectional curvature. In particular, we will look at the three model spaces of
Riemannian geometry, Euclidean Rn, Spherical Sn and Hyperbolic space Hn.
We will show that they have constant sectional curvature K = 0, K = +1
and K = −1 respectively. In actual fact, these are the only possible values
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of the constant sectional curvature of a Riemannian manifold. To verify
this we rescale the Riemannian metric. By scaling one means the process
of multiplying a Riemannian metric by a positive constant λ. So we replace
〈 , 〉 by λ〈 , 〉. By doing this, it is easy to check that the Christoffel symbols,
the Riemannian connection and the Riemannian curvature tensor all remain
unchanged, but the sectional curvature is changed, with K̃ = 1

λ
K, that is,

the sectional curvature is multiplied by 1
λ
. As a result, If M is a Riemannian

manifold of constant sectional curvature, by rescaling the metric, we may
assume that either K = −1, or K = 0, or K = +1.

6.4.1 Euclidean Space

Let M = Rn with its standard inner product 〈r, s〉 = r · s =
∑n

i=1 risi,
r, s ∈ Rn. As we showed in section 4, the Riemannian curvature tensor
R(J,K)L = 0, for all J,K, L ∈ X(Rn). Therefore, by Definition 4.3.2, the
sectional curvature K(P) = 0 for any plane P ⊂ TyRn at any point y ∈ Rn.
Thus, Rn with its standard Rimeannian metric is flat, that is, it has constant
sectional curvature equal to 0.

6.4.2 Spherical Space

Let M = Sn ⊂ Rn+1 be the n-dimensional unit sphere. Let N(x) = −x ∈ Rn,
|x| = 1, that is, the orientation of Sn is given by the inward pointing unit
normal. Then all of the eigenvalues of the self adjoint operator associated to
HN (the second fundamental along the normal vector N) are equal to 1, this
is since the Gauss mapping (M. do Carmo [3, p.129]) is equal to (−i), where
i is the identity of Sn. And this means that for all y ∈ Sn, each r ∈ TySn is
an eigenvector. Using the following expression from [3, p.131],

K(eη, eω)−K(eη, eω) = ληλω,

where {e1, . . . , en} is an orthonormal basis of TyM and λ1, . . . , λn are the
eigenvalues, we conclude the sectional curvature of the unit sphere is a con-
stant equal to +1.

6.4.3 Hyperbolic Space

Let M = Hn be the n-dimensional hyperbolic space. There are several models
of hyperbolic space, here we will use the upper half-space of Rn, also referred
to as the Poincaré half-plane model:

Hn = {(y1, ..., yn) ∈ Rn : yn > 0},
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equipped with the metric:

gηω(y1, ..., yn) =
δηω
y2
n

.

Before we can begin with the calculations of the curvature of Hn, we need
the concept of when two metrics are conformal. This concept will be dealt
with in much more detail in Section 7.

Definition 6.4.1. Two metrics 〈 , 〉 and 〈〈 , 〉〉 on a differentiable manifold
M are conformal if there exists a positive differentiable function d : M → R,
such that for all y ∈M and all r, s ∈ TyM

〈r, s〉y = d(y)〈〈r, s〉〉y.

With the above definition in mind, we consider on Hn, the following metric
which is conformal to the usual metric of Euclidean space Rn:

gηω(y1, ..., yn) =
δηω
D2

,

where D is a positive differentiable function on Hn. To get the sectional
curvature of Hn we need to compute the coefficients of the Riemannian cur-
vature tensor R. But before we can compute R we need to compute the
Christoffel symbols. We put logD = d and let gηω = D2δηω be the inverse
metric of gηω. Under these conditions, we have:

∂gην
∂yω

= −δην
2

D3
Dω = −2

δην
D2

∂d

∂yω
.

The Christoffel symbols are then calculated as follows:

Γνηω =
1

2

n∑
ζ=1

gζν
(

∂

∂yη
gωζ +

∂

∂yω
gζη −

∂

∂yζ
gηω

)
=

1

2

(
∂

∂yη
gων +

∂

∂yω
gνη −

∂

∂yν
gηω

)
D2

= −δων
∂d

∂yη
− δνη

∂d

∂yω
+ δηω

∂d

∂yν
,

hence if two indices are equal, we have

Γηηω = − ∂d

∂yω
, Γωηη =

∂d

∂yω
, Γωηω = − ∂d

∂yη
, Γηηη = − ∂d

∂yη
,
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while if all three indices are different, we have:

Γνηω = 0.

The coefficients of the Riemannian curvature tensor are calculated as follows:

Rηωηω =
n∑
ξ=1

Rξ
ηωηgξω = Rω

ηωηgωω = Rω
ηωη

1

D2

=
1

D2

(
∂

∂yω
Γωηη −

∂

∂yη
Γωωη +

n∑
ξ=1

ΓξηηΓ
ω
ωξ −

n∑
ξ=1

ΓξωηΓ
ω
ηξ

)

=
1

D2

(
−

n∑
ξ=1

ξ 6=η, ξ 6=ω

∂

∂yω

∂d

∂yω
+

∂

∂yη

∂d

∂yη
+
∂d

∂yξ

∂d

∂yξ

+

(
∂d

∂yη

)2

−
(
∂d

∂yω

)2

−
(
∂d

∂yη

)2

+

(
∂d

∂yω

)2)
=

1

D2

(
−

n∑
ξ=1

∂

∂yω

∂d

∂yω
+

∂

∂yη

∂d

∂yη
+

(
∂d

∂yξ

)2

+

(
∂d

∂yη

)2

+

(
∂d

∂yω

)2)
,

hence if any three indices are different, we have:

Rη
ηων = − ∂d

∂yν

∂d

∂yω
− ∂

∂yν

∂d

∂yω
, Rω

ηων =
∂d

∂yη

∂d

∂yν
+

∂

∂yν

∂d

∂yη
, Rν

ηων = 0,

while if all four indices are different, we have:

Rηωνξ = 0.

Using Definition 4.3.2, we can finally calculate the sectional curvature of Hn

with respect to the plane section spanned by the orthogonal vectors ∂
∂yη

, ∂
∂yω

:

Kηω =
Rηωηω

gηηgωω
= RηωηωD

4

=

(
−

n∑
ξ=1

∂

∂yω

∂d

∂yω
+

∂

∂yη

∂d

∂yη
+

(
∂d

∂yξ

)2

+

(
∂d

∂yη

)2

+

(
∂d

∂yω

)2)
D2.

For the case D2 = y2
n (⇒ d = log yn), we have:

Kηω =

(
− 1

y2
n

)
y2
n = −1, if η 6= n and ω 6= n;

Knω =

(
∂

∂yn

∂d

∂yn
+

(
∂d

∂yn

)2

−
(
∂d

∂yn

)2)
D2 =

(
− 1

y2
n

)
y2
n = −1, if η = n and ω 6= n;

Kηn =

(
∂

∂yn

∂d

∂yn
+

(
∂d

∂yn

)2

−
(
∂d

∂yn

)2)
D2 =

(
− 1

y2
n

)
y2
n = −1, if η 6= ω and ω = n.
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Using the expressions we obtained on the previous page for the coefficients
of the Riemannian curvature tensor and Proposition 6.2.1, we may conclude
that the sectional curvature of Hn is a constant equal to −1.

Remark 6.4.1. Rn, Sn and Hn are, although we will not show it here, com-
plete and simply connected. The importance of these facts is made clear in
the next subsection.

6.5 Classification Theorem

We now prove the main theorem of this section, that Rn, Sn and Hn are
essentially the only simply connected, complete Riemannian manifolds, with
constant sectional curvature. But before we can prove it we need a few
results. We begin with a theorem by Cartan, which basically implies that
the metric is, in a certain sense, determined locally by the curvature.

Theorem 6.5.1 (É. Cartan). Let P , Q be two n-dimensional Riemannian

manifolds, let R, R̃ be the curvatures of P and Q respectively and let u, w be
points on P and Q respectively. We pick a linear isometry π : TuP → TwQ
and let V ⊂ P be a normal neighborhood of u such that expw is defined at
π ◦ exp−1

u (V ). Define a mapping h : V → Q by h(y) = expw ◦ π ◦ exp−1
u (y),

y ∈ V . Since V is a normal neighborhood of u there exist a normalized
geodesic φ : [0, t]→ P joining u and y, that is, with φ(0) = u, φ(t) = y. We

also consider the geodesic φ̃ : [0, t] → Q with φ̃(0) = w, φ̃′(0) = π(φ′(0)).

Denote by Tt and T̃t the parallel transport along φ from φ(0) to φ(t) and

the parallel transport along φ̃ from φ̃(0) to φ̃′(0) respectively. With all these

machinery we define γt : TyP → Th(y)Q by γt(J) = T̃t ◦ π ◦T−1
t (J), J ∈ TyP .

If for all y ∈ V and for all J,K, L,H ∈ TyM we have

〈R(J,K)L,H〉 = 〈R̃(γt(J), γt(K))γt(L), γt(H)〉,

then h : V → h(V ) ⊂ Q is a local isometry and dhu = π.

Proof. To show that h is an isometry in V it is sufficient to prove that for
every y ∈ V and every J ∈ TyP , |dhy(J)| = |J |, that is, we need to prove
that h preserves lengths. We pick any point y in V and any J in TyP . Let
φ : [0, b] → P be a normalized geodesic joining u and y. From Proposition
5.5.3 in Section 5, we can write:

J (t) =
n∑
η=1

qη(t)eη(t),
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where J is the unique Jacobi field along φ such that J (0) = 0 and J (b) = J ,
eη(t) is the parallel transported orthonormal basis {e1, ..., en} of TuP along φ
with en = φ′(0), qη is some differentiable function. From the Jacobi equation
at t = 0 (Cf. Section 5), we get:

q′′ω +
n∑
η=1

〈R(en, eη)en, eω〉qη = 0, ω = 1, ..., n.

Now we consider Q. Let J̃ (t) = γt(J (t)), t ∈ [0, b], where J̃ (t) is a vector

field along the normalized geodesic φ̃ : [0, b] → Q satisfying φ̃(0) = w,

φ̃′(0) = π(φ′(0)). Then from the linearity of γt, we obtain:

J̃ (t) =
n∑
η=1

qη(t)ẽη(t),

where we set ẽω(t) = γt(eω(t)). As consequence of the hypothesis of the

theorem we have 〈R(en, eη)en, eω〉 = 〈R̃(ẽn, ẽη)ẽn, ẽω〉. And so it turns out

that J̃ is a Jacobi field along φ̃ with J̃ (0) = γt(J (0)) = 0 since it satisfies
the Jacobi equation:

q′′ω +
n∑
η=1

〈R̃(ẽn, ẽη)ẽn, ẽω〉qη = 0, ω = 1, ..., n.

Since J̃ and J are Jacobi fields along φ and φ̃ respectively and J (0) = 0 =

J̃ (0), we have from Corollary 5.3.1 of Section 5 for t ∈ [0, b]:

J (t) = (d expu)tφ′(0)(tJ ′(0)),

J̃ (t) = (d expw)tφ̃′(0)(tJ̃
′(0)).

Computing J̃ (t) = γt(J (t)) at t = 0 we see that γ0 = π since there is no

parallel transport. And so we have that J̃ ′(0) = π(J ′(0)). Therefore:

J̃ (b) = (d expw)bφ̃′(0)bπ(J ′(0))

= (d expw)bφ̃′(0) ◦ π ◦ ((d expu)bφ′(0))
−1(J (b))

= dhy(J (b))

= dhy(J).

But as γt (parallel transport) is an isometry, we have that |J̃ (b)| = |J (b)| =
|J |. This proves that h is a local isometry. Finally:

dhu(J) = J̃ (b) = γ0(J (b)) = T̃0 ◦ π ◦ T−1
0 ◦ J (b) = T̃0 ◦ π ◦ T−1

0 (J) = π(J).

�
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We are particularly interested in the following two corollaries.

Corollary 6.5.1. Let P , Q be two n-dimensional Riemannian manifolds
with the same constant sectional curvature. Let u, w be points on P and
Q respectively. Let {eη}, {êη} be the orthonormal bases of TuP and TwQ
respectively. Then there exist a neighborhood I ⊂ P of u, a neighborhood
Î ⊂ Q of w, and an isometry h : I → Î such that dhu(eη) = êη.

Proof. We choose an isometry π : TuP → TwQ such that π(eη) = êη. The
condition on the curvature is easily verified. dhu = (d expu)0 ◦π ◦ (d expw)−1

0

and (d expu)0 is identity for all u, therefore dhu = π. �

The next Corollary shows that a Riemannian manifold with constant sec-
tional curvature has a lot of isometries.

Corollary 6.5.2. Let M be Riemannian manifold with constant sectional
curvature. Let u, y be points on M . Let {eη} be the orthonormal basis
of TuM and let {êη} be the orthonormal basis of TyM . Then there exist a

neighborhood I ⊂ M of u, a neighborhood Î ⊂ M of y, and an isometry
h : I → Î such that dhu(eη) = êη.

Lemma 6.5.2. Let P , Q be two connected Riemannian manifolds and let
h1, h2 be two local isometries between P and Q. If for some point y in P we
have h1(y) = h2(y) and (dh1)y = (dh2)y, then h1 = h2.

Proof. Let V be a normal neighborhood of y such that h1 and h2 are diffeo-
morphisms on V . We define τ = h−1

1 ◦ h2 : V → V . Then by the hypothesis
τ(y) = y and dτy = id (the identity). Pick a point u in V , then there exists
a unique vector J ∈ TyM with expy(J) = u as V is normal neighborhood
of y. Now, if we have that τ(u) = u, then h1 = h2 on V . To see that
τ(u) = u, we write φJ the geodesic satisfying φJ(0) = y and φ′J(0) = J .
Since τ is an isometry, τ ◦ φJ is a geodesic starting at τ(φJ(0)) = τ(y) = y.
Since (τ ◦ φJ)′(0) = dτy(φ

′
J(0)) = idy(φ

′
J(0)) = J , then τ ◦ φJ = φJ . Finally,

τ(u) = τ(expy(J)) = τ(φJ(1)) = φJ(1) = expy(J) = u. Any point w in M
can be joined to y by a path ψ : [0, 1] → M such that ψ(0) = y, ψ(1) = w.
This is possible since M is connected. Next we consider:

G = {t ∈ [0, 1];h1(ψ(t)) = h2(ψ(t)) and (dh1)ψ(t) = (dh2)ψ(t)}.

sup G > 0 since h1 = h2 on V . If t̃ = sup G 6= 1, we repeat the argument
above for the point ψ(t̃) but get a contradiction because then there is no
normal neighborhood around y. Therefore sup G = 1, hence h1(w) = h2(w),
for every point w in M . �
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We are now ready to state and prove the main theorem of this section.

Theorem 6.5.3. [3, Theorem 4.1] Let M be a complete Riemannian Mani-
fold with constant sectional curvature K. Then the universal covering M of
M , with the covering metric, is isometric to:

(i) Hn, if K = −1,

(ii) Rn, if K = 0,

(iii) Sn, if K = +1.

Proof. We start with case (iii). Select points u, w in M and M respectively
and select a linear isometry π : TuSn → TwM. Define a map h : Sn\{y} →M
by h = expw ◦ π ◦ exp−1

u , where y ∈ Sn is the antipodal point of u. It is clear
that, from Cartans Theorem, h is a local isometry. Next, we select a point
u′ in Sn such that u′ 6= u, u′ 6= y and let w′ = h(u′), π′ = dhu′ . Using the
linear isometry π′ : Tu′Sn → Tw′M , we are capable of defining an analogous
map h′ : Sn\{y′} → M by h′ = expw′ ◦ π′ ◦ exp−1

u′ , where y′ is the antipodal
point of u′. Since Sn\({y} ∪ {y′}) is connected and h(u′) = w′ = h′(u′),
dhu′ = π′ = dh′u′ , we have, from Lemma 6.5.2, that h = h′ on Sn\({y}∪{y′}),
that is, where h and h′ overlap, they must agree. Thus, we are able to define
a map m : Sn →M by

m(p) =

{
h(p), if p ∈ Sn\{y}
h′(p), if p ∈ Sn\{y′}.

m is local diffeomorphism since, by Cartans Theorem, m is a local isometry.
m is also a covering map since it is a local diffeomorphism between compact,
connected manifolds Sn and M . As M is simply connected, we have from
Algebraic Topology, that m is a diffeomorphism and therefore m is an isom-
etry. In other words, we obtain a globally defined local isometry, by putting
h and h′ together.

Now we consider the first two cases, (i) and (ii). These two cases can be
treated simultaneously and so to avoid repetition we will denote Rn as well as
Hn by♦. Pick points u, w on♦ andM respectively and pick a linear isometry
π : Tu♦ → TwM . Next, we define a map h : ♦ →M by h = expw ◦π ◦exp−1

u .
h is well defined. We verify this by first observing that since ♦ is a sim-
ply connected, complete Riemannian manifold with non-positive sectional
curvature, we have by Hadamards Theorem, that expu : Tu♦ → ♦ is a dif-
feomorphism and so exp−1

u is well defined on ♦. We also observe that expw
is defined on all of TwM , this is due to the fact M is complete. Hence it
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follows, that h is well defined. Applying Cartans Theorem, we see that h is
a local isometry and, for all J ∈ Tu♦, dhu(J) = π(J). As π is an isometry,
we obtain |dhu(J)| = |J |. Therefore, by Lemma 5.6.3 of Section 5, we can
conclude that h is diffeomorphism, and this completes the proof for case (i)
and case (ii). �
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7 Curvature Preserving Diffeomorphisms

7.1 Introduction

In this section we ask the following question: Let (P, g), (Q, g̃) be two Rie-

mannian manifolds with sectional curvatures K, K̃ respectively. We will refer
a diffeomorphism h : P → Q as sectional curvature preserving if and only if
for each point y in P and for each plane section Π of the tangent space TyP ,
we have

K(Π) = K̃(h∗Π).

What are we able to state regarding the metrics of P and Q? In other
words, we question if a sectional curvature preserving diffeomorphism is an
isometry? In general, the response to this inquiry is that it is not true.
For instance, a sectional curvature preserving diffeomorphism between two
Riemannian manifolds of the same constant sectional curvature does not need
to be an isometry, as any map will conserve their curvatures. However, in
R. S. Kulkarnis thesis in 1970 ([44], [45]), he demonstrated that Riemannian
manifolds of constant sectional curvature are very nearly the only exceptions
and proved the following theorem:

Theorem 7.1.1 (Kulkarni, 1970). If P is an analytic Riemannian mani-
fold with dimension ≥ 4, then either P has constant sectional curvature or a
sectional curvature preserving diffeomorphism h : P → Q is an isometry.

Essentially the theorem is saying that, when the sectional curvature is not
constant and the dimension is larger than 3, diffeomorphisms preserving the
sectional curvature are isometries. A different and simpler proof of the above
theorem was given in 1974 by S. T. Yau [46]. In this dissertation we are only
going to present Kulkarni’s proof, as Yau used techniques which are be-
yond the scope of this dissertation. For 2-dimensional Riemannian manifolds
(surfaces), Theorem 7.1.1 is a kind of conserve to the Theorema Egregium
of Gauss, and is completely false, since the notion of a non-isotropic point
does not make sense when the dimension is 2. Recalling Definition 6.2.1, a
point y ∈ M is said to be isotropic if K(Π) = const. for every 2-plane sec-
tion Π ∈ TyM , and is said to be non-isotropic otherwise. There are known
examples of 2-dimensional manifolds where there exists sectional curvature
preserving diffeomorphisms between them but they are non-locally isomet-
ric. One can find some of these examples in Kreyszig [41, p.164] and in do
Carmo [42, p. 237]. For 3-dimensional Riemannian manifolds, Yau in [46],
constructed a counter example for open 3-dimensional Riemannian manifolds
and proved the following theorem:
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Theorem 7.1.2 (Yau, 1974). Let h : P → Q be a sectional curvature
preserving diffeomorphism between two compact Riemannian manifolds of
dimension ≥ 3. Suppose that P is nowhere constantly curved, that is, the
sectional curvature function of P is not constant at each point of P . Then h
is an isometry.

For the 3-dimensional case, Kulkarni [44], had only limited results. He as-
sumed compactness and confined the sign of curvature (he assumed that the
sectional curvature of P is everywhere negative). So, under the dimension
restriction (≥ 4), Theorem 7.1.1 is the best possible. And so we observe that
the different behaviours of curvature preserving diffeomorphisms h : P → Q
obviously depends on the dimension n of P , namely n = 2, n = 3 or n ≥ 4.
To the reason for this appearance it should be mentioned that the higher the
dimension the more conditions the diffeomorphism has to satisfy. Kulkarni in
[44], also looked at stronger affirmations for Theorem 7.1.1, such as the case
when P has only a smooth metric. However, we will not go through that here.

In order to prove Theorem 7.1.1, some preliminary work will have to done.
In Subsections 7.2 and 7.3 we will go trough definitions and results needed
for an adequate proof of the theorem as done by Kulkarni [44]. The theorem
is then proved by considering independently the conformally non-flat case
(Subsection 7.4) and the conformally flat case (Subsection 7.5).

7.2 A General Theorem

First, we need to prove that if the dimension of P is ≥ 3, then a curvature
preserving diffeomorphism is conformal on the closure of the set of points
which are not isotropic. Essentially, we are proving that the curvature, in
general, determines the conformal class of a metric. We begin with a few
definitions.

Definition 7.2.1. Let (X, τ) be a topological space and let A be a subset of
X. We define the closure of A in (X, τ), which we denoted with A or cl(A),
by:

y ∈ A if and only if every open set U containing y contains a point of A.

Or in symbols:

A = {y ∈ X | ∀U ∈ τ such that y ∈ U, U ∩ A 6= ∅}.

Definition 7.2.2. Let (X, τ) be a topological space. The set A ⊆ X is said
to be dense in X if the intersection of every nonempty open set with A is
nonempty, that is, A ∩ U 6= ∅ for all U ∈ τ\{∅}.
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Intuitively, the closure can be thought of as all the points that are either in
A or “near/close” to A. The closure allows for “points on the edge of A”. A
dense set in one that is close to everything, in other words, for every point
in X, the point is either in A or arbitrarily “close” to A. So, A is dense in
X if and only if A = X (i.e. the closure is the entire space X).

Definition 7.2.3. Let W be real vector space equipped with an inner product
g. A “curvature tensor” with respect to g is a bilinear map R : W ×W →
EndW , which satisfies the same algebraic properties of a Riemannian cur-
vature tensor:

(i) R(J,K) = −R(K, J);

(ii) R(J,K)L+R(K,L)J +R(L, J)K = 0;

(iii) 〈R(J,K)L,H〉 = 〈R(L,H)J,K〉.

Remark 7.2.1. This “curvature tensor” above is also referred to as the
algebraic curvature tensor. Algebraic curvature tensors are introduced to put
things in an abstract setting. Essentially what we doing is developing the
notion of a curvature structure in a more general set up by replacing the
tangent bundle of P by an arbitrary vector space with an inner product.

Definition 7.2.4. We define the “sectional curvature” the same way we did
in Section 4: Let {J,K} be a basis for a non-degenerate 2-plane section
Π ⊆ W . The “sectional curvature” K(Π) is defined to be

K(J,K) =
〈R(J,K)J,K〉

〈J, J〉〈K,K〉 − 〈J,K〉2
.

Theorem 7.2.1. Let R : W × W → EndW , R̃ : W̃ × W̃ → End W̃ be
curvature tensors with respect to inner products g, g̃ respectively, where W ,
W̃ are real vector spaces of dimension ≥ 3 equipped with g, g̃ respectively.
Let K, K̃ be the corresponding sectional curvatures. Suppose that K is not
a constant, and that h : W → W̃ is a sectional curvature preserving linear
isomorphism. Then, g(h(u), h(w)) = k · g(u,w), where k is a constant. That
is, h is a homothety.

As an immediate consequence we have the following two theorems which are
essentially the same,

Theorem 7.2.2. Let h : (P, g)→ (Q, g̃) be a sectional curvature preserving
diffeomorphism between two Riemannian manifolds of dimension ≥ 3. Then
h is conformal on the closure of the set of non-isotropic points.
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Theorem 7.2.3. Let h : (P, g) → (Q, g̃) be a curvature-preserving diffeo-
morphism of two Riemannian manifolds with dimension ≥ 3. Suppose that
the set {y ∈ P | y is non-isotropic} is dense in P . Then h is conformal.

It is these theorems which generically reduces considerations about curvature-
preserving maps to those about conformal maps. In particular, we attempt
to answer the classical problem: when is a conformal map of Riemannian
manifold into itself necessarily an isometry (or a homothety)? We will deal
with the concept of conformal maps in detail in the next subsection.

Before we can prove Theorem 7.2.1, we need the following two lemmas. The
first Lemma (Cf. Eisenhart [40, p. 83]) is a result which is essentially equiv-
alent to Proposition 6.2.1:

Lemma 7.2.4. Let W be a vector space endowed with an inner product g
and curvature tensor R. The following are equivalent:

(i) The sectional curvature is constant.

(ii) R is given by

R(J,K)L = k · {〈J, L〉K − 〈K,L〉J}, where k is a constant.

Lemma 7.2.5. Under the hypothesis of Theorem 7.2.1, W admits an ac-
ceptable frame.

A frame is an orthonormal basis of the vector space W . If for each triple of
different indices η, ω, ν, we have that the values of K(eη, eω), K(eη, eν) and of
K(eω, eν) are all different, then an orthonormal set of vectors {eη} is referred
to as acceptable.

Proof of Lemma 7.2.5. (A) We begin the proof by first supposing that the
dimension of the vector space W is equal to 3. Let {eη, eω, eν} be any frame.
If K(eη, eω), K(eη, eν), K(eω, eν) are not all distinct, we have two cases:

(1) All equal to a constant K0. Using Lemma 7.2.4, we can observe that
the curvature would be constant if also the mixed components Rηνων · · · are
zero. So we are going to suppose that Rηνων 6= 0. Let g be an orthogo-
nal transformation which rotates the {eη, eω}-plane through an angle θ, and
leaves eν fixed. Then we obtain a new frame:

geη = ueη + weω

geω = −weη + ueω,
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where u = cos θ, w = sin θ. Using the formula in Definition 7.2.4, the prop-
erties of the Riemannian curvature tensor from Section 4 and some basic
trigonometric identities, we obtain the following

K(geη, geω) = K(eη, eω) = K0;

K(geη, geν) = u2Rηνην + 2uwRηνων + w2Rωνων

= K0 + sin 2θRηνων ;

K(geω, geν) = u2Rωνων + 2uwRηνων + w2Rηνην

= K0 − sin 2θRηνων .

And so we see that, since we supposed that the mixed components of R are
not equal to zero, the new frame is acceptable when sin 2θ is non-zero.

(2) For the second case we suppose that K(eη, eω) = K(eη, eν) 6= K(eω, eν).
Let |K(eη, eω)−K(eω, eν)| = ε. Using the same orthogonal transformation g
as in case (1) above, we obtain

K(geη, geω) = K(eη, eω);

K(geη, geν)−K(eη, eν) = sin2 θ(K(eω, eν)−K(eη, eν)) + sin 2θRηνων ;

K(geω, geν)−K(eω, eν) = sin2 θ(K(eη, eν)−K(eω, eν))− sin 2θRηνων .

We pick θ to be very small that each of the differences in the last two equa-
tions above do not vanish (using small angle approximations), but have ab-
solute value less than ε/2. It is easily seen that the new frame is acceptable.

(B) We now finally prove the general case. To every frame a = {e1, . . . , en} we
assign an integer p(a). This integer will reflect the number of distinct triples
{η, ω, ν} such that K(eη, eω), K(eη, eν) and K(eω, eν) are all distinct. Now,
a 7→ p(a) is a lower semi-continuous function. This fact follows from the con-
tinuity of curvature. a 7→ p(a) being a lower semi-continuous function means
that, there is a neighbourhood of the identity in the orthogonal group O(n),
such that by a variation via g belonging to this neighbourhood, the acceptable
triplets remain acceptable and so we have the inequality p(a) ≤ p(ga). Next,
we select a a such that p(a) is maximum. If a is not acceptable, then there will
be a triplet {eη, eω, eν} such that K(eη, eω), K(eη, eν) and K(eω, eν) are not all
distinct. Now, in a neighbourhood of the identity in O(n), variations of the
triplet {eη, eω, eν} by all elements do not always give a 3-dimensional space
of constant curvature. This is because otherwise, curvature itself would be
constant. Therefore, there exists amply small variations of {eη, eω, eν} such
that the resulting 3-dimensional space is not of constant curvature. So, by
part (A) of this proof, there is amply small variations of {eη, eω, eν} such
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that the triplet {eη, eω, eν} becomes acceptable, while the other acceptable
triplets remain acceptable. This is a contradiction on the choice we made for
a, and thus thereby proving the lemma. �

Proof of Theorem 7.2.1. Let {e1, . . . , en} be an acceptable frame. Set heη =
ẽη and g̃(ẽη, ẽω) = bηω. Since h is a sectional curvature preserving linear

isomorphism, we have that K (eη, eω) = K̃(ẽη, ẽω). Using Definition 7.2.4,

the components of R̃ with respect to the basis {ẽη} then becomes

R̃ηωηω =
(
bηηbωω − b2

ηω

)
Rηωηω. (14)

Let u, w ∈ R such that not both of them are allowed to be zero and let
{η, ω, ν} be distinct. Then, by using Definition 7.2.4, the properties from
Definition 1.2.1 and the properties from Proposition 4.2.1, we get the follow-
ing two equations

K(ueη + weω, eν) =
u2Rηνην + 2uwRηνων + w2Rωνων

u2 + w2
(15)

K̃(uẽη + wẽω, ẽν) =
u2R̃ηνην + 2uwR̃ηνων + w2R̃ωνων

(u2bηη + 2uwbηω + w2bωω)bνν − (ubην + wbων)2
. (16)

We obtain an identity in u and w by cross multiplying equations (15) and
(16). The next three equations are obtained by comparing the coefficients of
u3w, uw3 and u2w2 respectively.

R̃ηνων = Rηνων(bηηbνν − b2
ην) +Rηνην(bηωbνν − bηνbων); (17)

R̃ηνων = Rηνων(bωωbνν − b2
ων) +Rωνων(bηωbνν − bηνbων); (18)

R̃ηνην + R̃ωνων =Rηνην(bωωbνν − b2
ων)

+Rωνων(bηηbνν − b2
ην)

+ 4Rηνων(bηωbνν − bηνbων).
(19)

Next, to avoid the tedious exercise of re-writing the expressions from the
equations above, we let

M = (bηηbνν − b2
ην)− (bωωbνν − b2

ων),

N = bηωbνν − bηνbων ,
x = Rηνην −Rωνων ,

y = Rηνων .
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Equation (17) − Equation (18) = Nx + My = 0. Simplifying equation (19)
using equation (14) we get −Mx+4Ny = 0. Combining these two equations
we get M(y + x)−N(4y − x) = 0. Now, x 6= 0, this is due to the fact that
the frame is acceptable, and so we have that M = N = 0. Using property 2
from Definition 1.2.4, N = 0 amounts to

0 = bηωbνν − bηνbων
= g̃(ẽη, ẽω)g̃(ẽν , ẽν)− g̃(ẽη, ẽν)g̃(ẽω, ẽν)

= ‖ẽη‖‖ẽω‖ cos θ‖ẽν‖‖ẽν‖ cos γ − ‖ẽη‖‖ẽν‖ cosϕ‖ẽω‖‖ẽν‖ cosψ

= cos θ − cosϕ cosψ, (a)

where we let α = ∠ (ẽη, ẽη), β = ∠ (ẽω, ẽω), γ = ∠ (ẽν , ẽν), θ = ∠ (ẽη, ẽω),
ϕ = ∠ (ẽω, ẽν), ψ = ∠ (ẽν , ẽη). By symmetry, we also have,

cosϕ− cos θ cosψ = 0, (b)

cosψ − cos θ cosϕ = 0. (c)

Combining equations (a) and (b) we get

0 = cos θ − cos θ cosψ cosψ

= cos θ(1− cos2 ψ)

∴ cos θ = 0 or cosψ = ±1.

But, since cosψ can’t be equal to ±1, we just have that cos θ = 0. This
obviously means that ẽη and ẽω are orthogonal. Following the same method
above of combining equations (a), (b), (c) we also get cosϕ = 0, cosψ = 0,
which then implies that {ẽη, ẽω, ẽν} are all orthogonal to each other. Now,
for M = 0, we obtain

0 = (bηηbνν − b2
ην)− (bωωbνν − b2

ων)

= (g̃(ẽη, ẽη)g̃(ẽν , ẽν)− g̃(ẽη, ẽν)g̃(ẽη, ẽν))

− (g̃(ẽω, ẽω)g̃(ẽν , ẽν)− g̃(ẽω, ẽν)g̃(ẽω, ẽν))

= (‖ẽη‖2 cosα‖ẽν‖2 cos γ − ‖ẽη‖2‖ẽν‖2 cos2 ψ)

− (‖ẽω‖2 cos β‖ẽν‖2 cos γ − ‖ẽω‖2‖ẽν‖2 cos2 ϕ)

= (‖ẽη‖2‖ẽν‖2)− (‖ẽω‖2‖ẽν‖2)

= ‖ẽη‖2 − ‖ẽω‖2,

therefore
‖ẽη‖ = ‖ẽω‖.

By using the same procedure as above, expressions similar to M obtained by
cyclic permutations of {η, ω, ν}, demonstrate that {ẽη, ẽω, ẽν} all have equal
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length. As this is true for each triple {η, ω, ν}, we can observe that {ẽη} is
an orthogonal frame whose vectors are of equal length. In other words, h is
a homothety. �

7.3 Conformal Changes of Riemannian Metrics

In light of Theorem 7.2.1, we need to do a comprehensive study of a confor-
mal change of a metric. Let P be an n-dimensional differentiable connected
Riemannian manifold with metric tensor g. Since we consider several Rie-
mannian metrics on the same manifold P , in order to distinguish g from
other metrics on P , we shall denote by (P, g) the Riemannian manifold P
with metric tensor g. If g̃ is another metric on P , and there exists a pos-
itive real-valued function h ∈ C∞(P ) on P (i.e. h : P → R) such that
g̃(J,K) = hg(J,K), for all J,K ∈ X(P ), then g and g̃ are said to be con-
formally related, or to be conformal to each other, and such a change of a
metric g → g̃ is referred to as a conformal change of a Riemannian metric.

In the above discussion, what has been changed is the Riemannian met-
ric g at each point of the manifold P . We are now going to consider point
transformations which induce a conformal change of metric of the manifold.
Let τ : P → Q be a diffeomorphism between two Riemannian manifolds
(P, g) and (Q, g′). Then g̃ = τ−1g′ is a Riemannian metric on P which is
referred to as the induced metric. When g and g̃ are conformally related,
that is, when there exists a function h on P such that g̃ = hg, we call
τ : (P, g) → (Q, g′) a conformal transformation (or a conformal diffeomor-
phism). Another way of saying this is, a diffeomorphism τ : P → Q is called
a conformal transformation if it pulls g′ back to a metric that is conformal
to g:

τ ∗g′ = hg for some positive h ∈ C∞(P ).

Specifically, if h is a constant function (h = constant 6= 0), then τ is said to be
a homothetic transformation or a homothety (Cf. Subsection 7.2) and if h is
identically equal to 1 (h = 1), then τ is said to be an isometric transformation
or an isometry.

Remark 7.3.1. If (P, g) is a Riemannian manifold with Riemannian met-
rics g and g̃ conformally related on P , then the angles between two vec-
tors with respect to g and g̃ are always equal at each point of P , that is,
g(J,K)/[

√
g(J, J)·

√
g(K,K)] = g̃(J,K)/[

√
g̃(J, J)·

√
g̃(K,K)], for all pairs

of vectors J,K.
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If g and g̃ are conformal metrics on a differentiable manifold P , there is no
reason to expect that the curvature tensor, Ricci curvature, scalar curvature
of g and g̃ should be closely related to each other. In this subsection, we look
at how the curvature and these related quantities change under a conformal
transformation. We will omit most the proofs in these subsection as they are
tedious and are straightforward calculations. Most of the proofs can be found
in Eisenhart [40, p. 89]. First, we need to determine how the Riemannian
connection changes when a metric is changed conformally. We will denote
the covariant derivative of a vector field K with respect to a vector field J
and with respect to the metric g, just as we did in Section 2, that is, by ∇JK.
The corresponding quantities such as covariant derivatives, curvature tensors
and others with respect to the metric g̃ are denoted by a tilde overhead. We

will we abbreviate g(J,K) = 〈J,K〉, g̃(J,K) = 〈̃X, Y 〉 whenever convenient.

Proposition 7.3.1. Let P be a differentiable manifold, let g and g̃ be two
conformally related metrics on P and let ∇ and ∇̃ be the Riemannian con-
nections of g and g̃ respectively. Then, for any two vector fields J,K, we
have

∇̃JK = ∇JK + S(J,K),

where S(J,K) = 1
2h
{(Jh)K + (Kh)J − g(J,K) gradh} and grad h is the

gradient of h with respect to the metric g, that is, J(h) = g(J, gradh).

Remark 7.3.2. For each y ∈ P and for any J ∈ TyP , gradh is a vector
in TyP such that the inner product with J is the derivation of h by J . This
definition is compatible with the one in standard multi-variable calculus. The
interpretation of the gradient in a Riemannian manifold is analogous to the
one in Euclidean space: its direction is the direction of steepest ascent of h
and it is orthogonal to the level sets of h; and its length is the maximum
directional derivative of h in any direction.

Proof of Proposition 7.3.1. Since S(J,K) = S(K, J) by its definition, one
has

∇̃JK − ∇̃KJ = ∇JK −∇KJ + S(J,K)− S(K, J)

= ∇JK −∇KJ

= [J,K], for all J,K ∈ X(P ).

Hence, ∇̃ is symmetric. To see that ∇̃ is metric-compatible, we note that
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h[g(S(J,K), L) + g(K,S(J, L))] = h

[
g

(
1

2h
{(Jh)K + (Kh)J − g(J,K) gradh}, L

)
+ g

(
K,

1

2h
{(Jh)L+ (Lh)J − g(J, L) gradh}

)]
=

1

2
(Jh)g(K,L) +

1

2
(Kh)g(J, L)

− 1

2
g(J,K)g(gradh, L) +

1

2
(Jh)g(K,L)

+
1

2
(Lh)g(K, J)− 1

2
g(J, L)g(K, gradh)

= (Jh)g(K,L) +
1

2
(Kh)g(J, L) +

1

2
(Lh)g(K,L)

− 1

2
g(J,K)(Lh)− 1

2
g(J, L)(Kh)

= (Jh)g(K,L),

and hence

J(g̃(K,L)) = J(h)g(K,L) + hg(∇JK,L) + hg(K,∇JL)

= hg(S(J,K), L) + hg(K,S(J, L)) + hg(∇JK,L) + hg(K,∇JL)

= hg(∇JK + S(J,K), L) + hg(K,∇JL+ S(J, L))

= g̃(∇̃JK,L) + g̃(K, ∇̃JL).

Therefore we have shown that ∇̃ is compatible with g̃. By the uniqueness
of Riemannian connections on a Riemannian manifold (Cf. Theorem 2.3.1

in Section 2), we know that ∇̃ defined as ∇̃JK = ∇JK + S(J,K) is the
Riemannian connection of (P, g̃). �

Now, as h is a positive real-valued function we may represent it as h = e2ϕ

for ϕ = 1
2

lnh. ϕ is also a positive C∞ real-valued function. We simply
choose to work with the conformal factor in this form (e2ϕ) to make some
computations simpler. We now substitute h = e2ϕ into the formula for S
above. Since

Jh

2h
= Jϕ,

gradh

2h
= gradϕ,

we have
S(J,K) = {JϕK +KϕJ − 〈J,K〉G},

where we have denoted gradϕ, with respect to the metric g, by G and we
have abbreviated g(J,K) to 〈J,K〉.
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The Riemannian metric enables us to define a hessian of a function ϕ :
P → R,

Definition 7.3.1. Let (P, g) be a Riemannian manifold equipped by the Rie-
mannian connection ∇. Given a scalar field ϕ : P → R and any two vector
fields J,K ∈ X(P ), the Riemannian Hessian of ϕ is the covariant 2 -tensor
field hessϕ := ∇2ϕ := ∇∇ϕ, defined by

hessϕ(J,K) = (∇Jdϕ)K

= JKϕ− (∇JK)ϕ

= J〈K, gradϕ〉 − (∇JK)ϕ

= 〈K,∇J(gradϕ)〉 .

The Hessian is a (0, 2)-tensor field which is bilinear and symmetric.

For convenience, we use the function ϕ to define another (0, 2)-tensor field
which is also bilinear and symmetric:

V (J,K) = hessϕ(J,K)− JϕKϕ.

Next, we let T (P ) be the tangent bundle of P and T ∗(P ) be the cotangent
bundle of P . Since V is a symmetric (0, 2)-tensor field, it defines a bundle
map V0 : T (P ) → T ∗(P ) given by (V0(J))K = V (J,K), for any two vector
fields J,K. Now, V0 defines an endomorphism of the tangent bundle T (P ).
This is due to fact that, we are able to canonically identify T ∗(P ) with
T (P ), thanks to the Riemannian metric. We will again use V0 to denote this
endomorphism. If we let G = gradϕ, using the expression for the hessian and
using the expression for the tensor field V , we obtain the following expression
for V0:

V0(J) = ∇JG− JϕG.
The next few propositions illustrates the deformation of the Riemannian
curvature tensor, the Ricci tensor, the Scalar curvature and other tensors
under the conformal change of metric. All the formulas in these propositions
are classical and most of the proofs can be found in Eisenhart [40, p. 89],
where calculations are made in local coordinates.

Proposition 7.3.2. Let P be a differentiable manifold with Riemannian
metric g and let g̃ = e2ϕg. Then, for any three vector fields J , K, L, the
Riemannian curvature tensor of g̃ is related to that of g by the following
formula:

R̃(J,K)L = R(J,K)L+ T (J,K)L
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where

T (J,K)L =
{
V (K,L) + 〈K,L〉‖G‖2

}
J

−
{
V (J, L) + 〈J, L〉‖G‖2

}
K

+ 〈K,L〉V0(J)− 〈J, L〉V0(K), ‖G‖ = 〈G,G〉
1
2 .

In view of the proposition above, we are able to see why it was useful to
define the tensor field V .

Proof. We start by using the definition of the Riemannian curvature tensor,

R̃(J,K)L =∇̃J∇̃KL− ∇̃K∇̃JL− ∇̃[J,K]L

=∇̃J [∇KL+ S(K,L)]− ∇̃K [∇JL+ S(J, L)]

− {∇[J,K]L+ S([J,K], L)}
=∇J{∇KL+ S(K,L)}+ S(J,∇KL+ S(J, L))

−∇K{∇JL+ S(J, L)} − S(K,∇JL+ S(J, L))

− {∇[J,K]L+ S([J,K], L)},

where by definition

∇JS(K,L) := ∇J(S(K,L))− S(∇JK,L)− S(K,∇JL).

Substituting
S(J,K) = {JϕK +KϕJ − 〈J,K〉G}

into the expression for R̃(J,K)L above, we get the desired result after a
straightforward but tedious calculation. �

Using the expression for the conformal transformation of the curvature from
Proposition 7.3.2 we can find expressions for the Ricci curvature, the scalar
curvature etc. upon taking traces.

Recalling from section 4, the Ricci tensor is a symmetric bilinear (0, 2) tensor
field defined by: for y ∈ P and J, L ∈ Ty(P ), the tangent space at y,

Ric(J, L) = Trace{K −→ R(J,K)L}.

Proposition 7.3.3. For any two vector fields J , L,

R̃ic(J, L) = Ric(J, L) + T (J, L),

where

T (J, L) = −
{

(n− 2)V (J, L) + (n− 1)〈J, L〉‖G‖2 + 〈J, L〉TraceV0

}
.
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Ric defines an endomorphism of the tangent bundle:

Ric0 = T (P )
c−→ T ∗(P )

i−→ T (P )

where c is the canonical map defined by Ric and i is the identification T ∗(P )
with T (P ) via the Riemannian metric. Ric0 is the corresponding linear
transformation defined by 〈Ric0J,K〉 = Ric(J, L).

Proposition 7.3.4. For any vector filed J ,

R̃ic0J =
Ric0J

h
− n− 2

h
V0(J)

− 1

h

{
(n− 1)‖G‖2 + TraceV0

}
J.

Again, recalling from section 4, Scalar curvature is a function P
Sc−→ R

defined by Sc(y) = Trace Ric0(y).

Proposition 7.3.5.

S̃c =
Sc

h
− n(n− 1)

h
‖G‖2 − 2n− 2

h
TraceV0.

Proposition 7.3.6.

T (J,K)L =
1

n− 2
{T (J, L)K − T (K,L)J}

+
1

n− 2
{(〈J̃, L〉R̃ic0K − 〈J, L〉Ric0K)

− (〈K̃, L〉R̃ic0J − 〈K,L〉Ric0 J〉)}

+
1

(n− 1)(n− 2)
{(〈K̃, L〉S̃c− 〈K,L〉 Sc)J

− (〈J̃, L〉 Sc−〈J, L〉 Sc)K}.

From the proposition above we obtain a second order conformal invariant (we
explain how in the next paragraph) which is referred to as the Weyl conformal
curvature tensor, named after the German mathematician Hermann Weyl,
who was the first to consider it:

C(J,K)L = R(J,K)L

+
1

n− 2
{Ric(K,L)J − Ric(J, L)K + 〈K,L〉Ric0 J − 〈J, L〉Ric0K}

− Sc

(n− 1)(n− 2)
{〈K,L〉J − 〈J, L〉K}. (†)
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In mathematics, invariant means a function, quantity or property which re-
mains unchanged when a specified transformation is applied. So, by C being
a conformal invariant, we mean a quantity which remains invariant under the
conformal changes of metrics, that is, under changes of metrics which stretch
the length of vectors but preserve the angles between any pair of vectors.
To see that C is a conformal invariant we perform the simple computation
C̃(J,K)L− C(J,K)L = 0, where we use R̃(J,K)L−R(J,K)L = T (J,K)L
(Cf. Proposition 7.3.2) and for T we use the expression from Proposition

7.3.6. And so C̃(J,K)L = C(J,K)L. It is very easy to use C under the sec-
tional curvature preserving hypothesis as we will see in the next subsection.
As noted in Section 4, the Ricci and scalar curvatures contain only part of
the information encoded into the Riemannian curvature tensor. The Weyl
tensor, encodes all the rest.

There is a well known and very important result due to Weyl which we
will make use of in the next subsection. But before we can state this result,
we first need to look at the the notion of conformally flat Riemannian mani-
folds. Roughly speaking, a Riemannian manifold (P, g) is conformally flat if
it is taken to a flat manifold by a conformal transformation.

Definition 7.3.2. A Riemannian manifold (P, g) is said to be conformally
flat if every point of y of M , there exists a neighborhood U of y and a C∞ real-
valued function ϕ defined on U such that (U, e2ϕg) is flat (i.e. the curvature
of e2ϕg vanishes on U , R(e2ϕg|U) = 0). More specifically, (P, g) is called
conformally flat if it can be covered by neighborhoods {Uα} such that there
exists a conformal map τα : Uα → Rn.

In a conformally flat Riemannian manifold P , each point of P is contained
in a neighborhood on which the metric g can be written as g = f ·g0 where f
is a positive real-valued function defined on the neighborhood, and g0 is the
flat (i.e., Euclidean) metric. We note that we do not require f to be defined
on the whole of P .

We can now state the result due to Weyl. This result gives us an obvi-
ous necessary condition to detect conformal flatness. For a detailed proof
one can check Eisenhart [40, p. 92].

Theorem 7.3.1 (Weyl). Let (P, g) be a Riemannian manifold whose di-
mension is ≥ 4. Then P is conformally flat if and only if C ≡ 0.

This theorem essentially says that a necessary and sufficient condition for
a metric to be conformally flat is that its Weyl conformal curvature tensor
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vanishes everywhere. So, for n ≥ 4, the Weyl conformal curvature tensor is
the only obstruction to conformal flatness.

7.4 Conformally Non-Flat Case

The following proposition demonstrates, under the curvature preserving con-
dition, the relations between second order tensors associated to metrics g, g̃
respectively.

Proposition 7.4.1. Let W be a real vector space endowed with inner prod-
ucts g, g̃ and curvature tensors R, R̃ such that

1. g̃ = δg where δ ∈ R > 0 .

2. K̃ = K (equality of corresponding sectional curvatures).

Then

(a) R̃ = δR,

(b) R̃ic = δRic,

(c) R̃ic0 = Ric0,

(d) S̃c = Sc,

(e) C̃ = δC.

Proof. Using Definition 7.2.4, condition 2 means that for any two linearly
independent vectors J,K we have:

˜〈R̃(J,K)J,K〉

〈̃J, J〉〈̃K,K〉 − ˜〈J,K〉2
=

〈R(J,K)J,K〉
〈J, J〉〈K,K〉 − 〈J,K〉2

,

by using condition 1, the above equation becomes

δ〈R̃(J,K)J,K〉
δ〈J, J〉δ〈K,K〉 − (δ〈J,K〉)2

=
〈R(J,K)J,K〉

〈J, J〉〈K,K〉 − 〈J,K〉2
,

this reduces to
〈R̃(J,K)J,K〉 = δ〈R(J,K)J,K〉. (A)

Replacing K by K + L in (A) and then using property (iii) from Definition
1.2.1, we see that

〈R̃(J,K + L)J,K + L〉 = δ〈R(J,K + L)J,K + L〉
〈R̃(J,K + L)J,K〉+ 〈R̃(J,K + L)J, L〉 = δ〈R(J,K + L)J,K〉+ δ〈R(J,K + L)J, L〉
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Using property (a) from Proposition 4.2.1 on the equation above, we get

LHS = 〈R̃(J,K)J,K〉+ 〈R̃(J, L)J,K〉+ 〈R̃(J,K)J, L〉+ 〈R̃(J, L)J, L〉,
RHS = δ〈R(J,K)J,K〉+ δ〈R(J, L)J,K〉+ δ〈R(J,K)J, L〉+ δ〈R(J, L)J, L〉.

Now, using (A) and property (iii) from Definition 7.2.3, the above reduces
to

〈R̃(J,K)J,K〉 = δ〈R(J,K)J, L〉.

Since this holds for every L, we have

R̃(J,K)J = δR(J,K)J. (B)

Next, we replace J by J +L in (B) and again use property (a) from Propo-
sition 4.2.1 to get

R̃(J + L,K)(J + L) = δR(J + L,K)(J + L)

R̃(J,K)(J + L) + R̃(L,K)(J + L) = δR(J,K)(J + L) + δR(L,K)(J + L)

Then, by using property (b) from Proposition 4.2.1, we obtain

LHS = R̃(J,K)J + R̃(J,K)L+ R̃(L,K)J + R̃(L,K)L,

RHS = δR(J,K)J + δR(J,K)L+ δR(L,K)J + δR(L,K)L.

Using property (i) from Definition 7.2.3 and equation (B), we finally get

R̃(J,K)L− R̃(K,L)J = δ{R(J,K)L−R(K,L)J}. (C1 )

By symmetry we also have

R̃(K,L)J − R̃(L, J)K = δ{R(K,L)J −R(L, J)K}, (C2 )

R̃(L, J)K − R̃(J,K)L = δ{R(L, J)K −R(J,K)L}. (C3 )

And also, by property (ii) of Definition 7.2.3, we have

R̃(J,K)L+R̃(K,L)J+R̃(L, J)K = 0 = R(J,K)L+R(K,L)J+R(L, J)K.
(D)

Hence, by combining equations (C1 ), (C2 ), (C3 ), (D) we get

R̃(J,K)L = δR(J,K)L, R̃(K,L)J = δR(K,L)J, R̃(L, J)K = δR(L, J)K.
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This proves (a). The rest now obviously follows immediately. However, we
will show one more which we will make use of in the next theorem, namely
(e). So, using equation (†) with condition 1 and parts (a) to (d), we get

C̃(J,K)L = R̃(J,K)L

+
1

n− 2

{
R̃ic(K,L)J − R̃ic(J, L)K + 〈̃K,L〉R̃ic0J − 〈̃J, L〉R̃ic0K

}
− S̃c

(n− 1)(n− 2)

{
〈̃K,L〉J − 〈̃J, L〉K

}
.

= δR(J,K)L

+
1

n− 2
{δRic(K,L)J − δRic(J, L)K + δ〈K,L〉Ric0 J − δ〈J, L〉Ric0K}

− Sc

(n− 1)(n− 2)
{δ〈K,L〉J − δ〈J, L〉K}

= δC(J,K)L.

This proves (e). �

Definition 7.4.1. We shall call a Riemannian manifold (P, g) nowhere con-
formally flat, if there is no nonempty open subset ⊆ P which is conformally
flat (in the inherited Riemannian metric).

We will also need the following definition which is an equivalent definition of
a dense subset (Cf. Definition 7.2.2):

Definition 7.4.2. A is dense in X if, for any point y ∈ X, there is a
sequence {an} such that

lim
n→∞

an = y, with an ∈ A for all n.

Theorem 7.4.1. Let (P, g), (Q, g̃) be Riemannian manifolds such that there
exists a sectional curvature preserving diffeomorphism between them. Suppose
that P is nowhere conformally flat and that its dimension is ≥ 4. Then a
sectional curvature preserving diffeomorphism is an isometry.

Proof. Let h : P → Q be a sectional curvature preserving diffeomorphism.
We identify P with Q via h and by doing so we cut down to the following
scenario: P has two metrics g, h∗g̃ such that the identity map of

(P, g)
1P−→ (P, h∗g̃)

is curvature preserving. Now, C 6= 0 (Cf. Theorem 7.3.1) on an open dense
subset of P , this is due to the fact that, from the hypothesis of the theorem,
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P is not conformally flat and its dimension is ≥ 4. C = 0 when a point
is isotropic, this is easily verified by substituting the formula from Lemma
7.2.4 part (ii) and the formulas from Corollary 4.4.1 into the expression (†)
for C. Therefore, this means that the non-isotropic points are dense. So
we may apply Theorem 7.2.1 and we observe, from continuity studies (using
Definition 7.4.2 from above), that there is a positive real-valued function ρ
on P such that h∗g̃ = ρ · g. By Proposition 7.4.1 part (e) we then have that

C̃ = ρC. But since C is invariant under conformal changes to the metric we
also have that C̃ = C. As C 6= 0, on a dense subset, we must conclude that
ρ ≡ 1. Hence h is indeed an isometry. �

7.5 Conformally Flat Case

The conformally flat case necessitates a totally different reasoning which we
go through in this subsection. We wish to prove the following theorem:

Theorem 7.5.1. Let (P, g), (Q, g̃) be Riemannian manifolds such that there
exists a sectional curvature preserving diffeomorphism between them. Suppose
that P is conformally flat and that its dimension is ≥ 4. Furthermore, we
suppose that the set of non-isotropic points is dense. Then the sectional
curvature preserving diffeomorphism is an isometry.

Before we can prove the theorem above, we need to make some observa-
tions. Since (P, g) is conformally flat, then given a point y ∈ P , there exists
a neighborhood U of y such that g|U = e2αg0, where α : U → R and g0

is the flat metric. Also, since it is supposed that the set of non-isotropic
points are dense, then the sectional curvature preserving diffeomorphism h
between P and Q is conformal (C.f. Theorem 7.2.1), and so, as in the proof
of Theorem 7.4.1 we come down to the following scenario: P is endowed with
metrics g, h∗g̃, such that h∗g̃ = e2ϕg where ϕ : P → R, and the identity map

(P, g)
1P−→ (P, h∗g̃) is curvature preserving. Our task will be to show that

ϕ ≡ 0.

We are now going to derive some basic formulas for the curvature-preserving
diffeomorphism h. These formulas will be necessary for us prove Theorem
7.5.1 later on in this subsection. We have 3 metrics, namely g, h∗g̃ (which
from now on, for convenience, we will write simply as g̃) and g0. The quan-
tities associated to the metric g̃ will be designated by a tilde overhead. The
quantities associated to the metric g0 will be designated by a subscript0. As
g̃ = e2ϕg, from Proposition 7.4.1 part (a), we obtain

R̃ = e2ϕR. (20)
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Since g0 is the flat metric, its curvature tensor vanishes, and since g = e2αg0,
we get, for any 3 vector fields J , K, L, by Proposition 7.3.2:

R(J,K)L =
{
V (K,L) + 〈K,L〉0 ‖grad0 α‖

2
0

}
J

−
{
V (J, L) + 〈J, L〉0 ‖grad0 α‖

2
0

}
K

+ 〈K,L〉0V0(J)− 〈J, L〉0V0(K),

(21)

where V and V0 are defined with respect to the metric g0.

Specifically, if J , K, L are orthonormal vector fields with respect to g0,
then

R(J, L)L = V (K,L)J − V (J, L)K (22)

R(J,K)J = V (J,K)J −
{
V (J, J) + ‖grad0 α‖

2
0

}
K − V (K) (23)

Recalling the Bianchi Identity from Section 4, for any 3 vector fields J , K,
L:

(∇JR) (K,L) + (∇KR) (L, J) + (∇LR) (J,K) = 0. (24)

For any 4 vector fields J , K, L, H we have a (1, 3) tensor field F :

(∇JF ) (K,L,H) =∇J(F (K,L,H))− F (∇JK,L,H)− F (K,∇JL,H)

− F (K,L,∇JH) .

(25)

Using the formula for change of connection under conformal change (Cf.
Subsection 7.3) and using (25), we obtain

(∇JR̃)(K,L)H − (∇̃JR̃)(K,L)H

= −S(J, R̃(K,L)H) + R̃(S(J,K), L)H

− R̃(S(L, J), K)H + R̃(K,L)S(J,H)

= −{JϕR̃(K,L)H + 〈R̃(K,L)H,G〉J − 〈J, R̃(K,L)H〉G}
+ R̃(S(J,K), L)H − R̃(S(L, J), K)H

+ {JϕR̃(K,L)H +HϕR̃(K,L)J − 〈J,H〉R̃(K,L)G}
= −〈R̃(K,L)H,G〉J − {〈R̃(K,L)J,H〉G}

+ {R̃(S(J,K), L)H − R̃(S(L, J), K)H}
+ {HϕR̃(K,L)J} − 〈J,H〉R̃(K,L)G,

(26)

where we have used the exact same notation as in Proposition 7.3.1 and G
is again gradϕ with respect to the metric g.
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Next, we perform a cyclic sum over J , K and L while fixing H. Using
(20) and (24), the left hand side of (26) becomes

(∇JR̃)(K,L)H + (∇KR̃)(L, J)H + (∇LR̃)(J,K)H

= 2e2ϕ{JϕR(K,L)H +KϕR(L, J)H + LϕR(J,K)H}.

In a cyclic sum over the vector fields J,K, L, the terms in curly brackets on
the utmost right hand side of (26) vanish and we remain with

−e2ϕ{〈R(K,L)H,G〉J + 〈R(L, J)H,G〉K + 〈R(J,K)H,G〉L
+ 〈J,H〉R(K,L)G+ 〈K,H〉R(L, J)G+ 〈L,H〉R(J,K)G}.

Cancelling e2ϕ from the left and right side, we obtain the following relation

2{JϕR(K,L)H +KϕR(L, J)H + LϕR(J,K)H}
+ {〈R(K,L)H,G〉J + 〈R(L, J)H,G〉K + 〈R(J,K)H,G〉L
+ 〈J,H〉R(K,L)G+ 〈K,H〉R(L, J)G+ 〈L,H〉R(J,K)G} = 0.

(27)

Since the dimension of the Riemannian manifold P is ≥ 4, it is feasible to
let the vector fields J,K, L,H be orthonormal with respect to the metric g0.
Using (22) and taking the inner product of the left hand side of (27) with J ,
we get

〈first bracket, J〉0 = 2{V (K,H)Lϕ− V (L,H)Kϕ}
〈second bracket, J〉0 = 〈R(K,L)H,G〉

= V (L,H)Kϕ− V (K,H)Lϕ.

Thus, for any 3 orthonormal vector fields K,L,H,

V (K,H)Lϕ− V (L,H)Kϕ = 0. (28)

Let J,K,H be orthonormal vector fields with respect to the metric g0 and
let H = J in (27), then (27) becomes

2{JϕR(K,L)J +KϕR(L, J)J + LϕR(J,K)J}
+ {〈R(K,L)J,G〉J + 〈R(L, J)J,G〉K + 〈R(J,K)J,G〉L
+ ‖J‖2R(K,L)G} = 0.

(29)

Taking inner product of the left hand side of (29) with K and using (22),
(23) we obtain the following two expressions

〈first bracket, K〉0 = 2[V (J, L)Jϕ+ V (K,L)Kϕ

−
{
V (J, J) + V (K,K) + ‖grad0 α‖

2
0

}
Lϕ].
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〈second bracket, K〉0 = −〈R(J, L)J,G〉+ ‖J‖2〈R(K,L)G,K〉0
= −〈R(J, L)J,G〉 − 〈R(K,L)K,G〉
= −

[
V (J, L)Jϕ−

{
V (J, J) + ‖grad0 α‖

2
0}Lϕ

− 〈V0(L), G〉]−
[
V (K,L)Kϕ−

{
V (K,K) + ‖grad0 α‖

2
0}Lϕ

− 〈V0(L), G〉].

But, since G = gradϕ = e−2α grad0 ϕ, we have

〈V0(L), G〉 = 〈V0(L), grad0 ϕ〉0
= V (L, grad0 ϕ),

and so,

〈second bracket, K〉0 = −[V (J, L)Jϕ+ V (K,L)Kϕ

−
{
V (J, J) + V (K,K) + 2 ‖grad0 α‖

2
0

}
Lϕ

− 2V (L, grad0 ϕ)].

Now, with respect to the metric g0, we let {E1, E2, . . . , En} be orthonormal
vector fields, so that grad0 ϕ =

∑
y(Eyϕ)Ey. So, finally we have

V (J, L)Jϕ+ V (K,L)Kϕ− {V (J, J) + V (K,K)}Lϕ

+ 2
∑
y

V (L,Ey)Eyϕ = 0. (30)

The proof of Theorem 7.5.1 will follow by the following two lemmas. The
first lemma describes a space which is conformally flat among a space which
is of constant curvature. The second lemma is an observation which will
instantly give us Theorem 7.5.1.

Lemma 7.5.2. Let (P, g) be a conformally flat Riemannian manifold whose
dimension is ≥ 3. Let the curvature tensor R be expressed as in formula
(21). Then the following are equivalent:

(i) P is of constant curvature.

(ii) V (J,K) = 0, for all pairs of orthogonal vector fields {J,K}.

(iii) V = γg0, where γ : P → R.

(iv) V (Eη, Eω) = γδηω, where γ : P → R and {E1, . . . , En} are orthonormal
vector fields.

The proof of the lemma above can be found in Kulkarni [44, p. 324].
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Lemma 7.5.3. Suppose that (grad0 ϕ)y 6= 0, where y is a point on the Rie-
mannian manifold P . Then y is isotropic.

Proof. Let

E1 =
grad0 ϕ

‖grad0 ϕ‖0

,

and with respect to g0, we let {E2, . . . , En} be orthonormal vector fields
tangent to the level surface of ϕ in a neighbourhood of y. Then {Eη} are
orthonormal, (E1ϕ)(y) = ‖grad0 ϕ‖0 6= 0, and for η > 1, Eηϕ = 0. In
equation (28) we let K = E1, L = Eη, H = Eω, where {1, η, ω} are distinct
and η 6= ω, η > 1, ω > 1. We are then left with V (Eη, Eω) = 0. Next,
in equation (30) we let J = E1, K = Eη, L = Eω, where {1, η, ω} are
distinct and η > 1. We then get 3V (E1, Eη) = 0 or V (E1, Eη) = 0. Finally,
again in equation (30) we let J = Eη, K = E1, L = E1 where {1, η, ω}
are again distinct. Then V (Eη, Eη) + V (Eω, Eω) = 2V (E1, E1). Since the
dimension of the Riemannian manifold P is ≥ 4, this obviously implies that
V (Eη, Eη) = V (E1, E1). And so it follows that y is isotropic from condition
(iv) of Lemma 7.5.2. �

Proof of Theorem 7.5.1. First we observe that gradϕ ≡ 0 or ϕ ≡ constant.
This is due to the fact that, if gradϕ 6≡ 0, then the set of isotropic points
has non-empty interior, this follows from Lemma 7.5.3. But then we have a
contradiction on one of our hypothesis of the theorem which says that non-
isotropic points are dense. From Definition 7.2.2 we see that if the set of
non-isotropic points are dense then the set of isotropic points cannot have an
interior, so indeed gradϕ ≡ 0 or ϕ ≡ constant. Using Definition 7.2.4 and the
fact that g̃ = e2ϕg (Cf. Theorem 7.2.1), we now compute the corresponding

sectional curvatures K and K̃:

K(J,K) =
〈R(J,K)J,K〉

〈J, J〉〈K,K〉 − 〈J,K〉2
,

K̃(J,K) =
˜〈R̃(J,K)J,K〉

〈̃J, J〉〈̃K,K〉 − 〈̃J,K〉
2

=
e2ϕ〈R(J,K)J,K〉

e2ϕ〈J, J〉e2ϕ〈K,K〉 − (e2ϕ〈J,K〉)2
.

Therefore the corresponding sectional curvatures are associated by

K̃ =
K
e2ϕ

.

Since the value of the constant curvature of P is not zero, the curvature
preserving hypothesis gives us that ϕ ≡ 0. This completes the proof. �
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7.6 A Proof of the Theorem

We are now ready to present the proof of the fundamental theorem of this
section, Theorem 7.1.1. But before taking the proof of the theorem proper,
we need to recall a few concepts and make some observations which we will
make use of in the proof. First we recall Schur’s theorem from Section 6,
which said that, if the sectional curvature is a constant at every point of
a connected Riemannian manifold of dimension at least 3, this constant is
the same at all points. We also need to make a comment on the connected
components of a topological space.

Definition 7.6.1. A subset of a topological space X is said to be connected
if it is connected under its subspace topology. Given a point y ∈ X, we define

C(y) =
⋃
{C ⊂ X | C is connected and y ∈ C}

as the union of all connected subspaces of X that contain the point y. This
set C(y) is called the connected component of y. It is the maximal connected
subspace of X containing the point y.

And so, the maximal connected subsets of a topological space are called the
connected components of the topological space. Then, we may say that, the
sectional curvature K has no dependence on the 2-planes if and only if it is
a constant on each connected component of our Riemannian manifold.

Proof of Theorem 7.1.1. Simultaneously, subsections 7.4 and 7.5, demonstrate
that, if the dimension of the Riemannian manifold P is ≥ 4 and h : (P, g)→
(Q, g̃) is a curvature preserving diffeomorphism, then h itself is an isome-
try on the closure of the set of points which are not isotropic. Therefore,
a sufficient requirement for global isometry is that the set of points which
are not isotropic must be dense. When the metric is analytic, this is equiv-
alent to saying that there is one point which is not isotropic. In the event
that there is an interior on the set of isotropic points, that is, the set of
non-isotropic is not dense, then it follows from a Schur’s theorem type ar-
gument (Cf. Theorem 6.2.1), that if every point of an open subset of P is
isotropic, then the sectional curvature would be constant on every one of
the connected components of this open set of isotropic points. Specifically,
it is constant on an open subset of G2(P ) (the Grassman bundle of 2-plane
sections of P ), and thus, by means of analyticity, constant everywhere. This
obviously contradicts the hypothesis of the theorem, that if dim ≥ 4, then
sectional curvature preserving diffeomorphisms between two manifolds with
analytic metric are globally isometric except in the case of diffeomorphic but
not globally isometric manifolds of the same constant curvature. �
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