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ABSTRACT

The MIT bag model has been widely applied to Vight quark systems, hut has
rarely been used to study heavy quark systems. For the bag model is be
consistent for describing particies composed of quarks, it should be able
to predict the spectra of heavy quark systems as well. In this
dissertation, a non-relativistic pag model 1is developed, incorporating a
soft bag approach te confinement through a phenomenological non-squar:
well potential. The gluons are confined to the same soft bag as the
quarks. This model is then used ta cateulated the 3Pa1- spectra of the

/¢ and T mesons.

The non-relativistic nature of heavy quark systems permits the use of
Schroedinger and Maxwell equations for the generation of the single guark
and gluon modes respectively. In addition, only the static part of the
interaction need to be included in the Hamiltonian.

The mesen spectra are calculated using effectively three free parameters,
and are compared to both experimental observations and the results of
potential model calculations. The non-relativistic soft bag model is shown
to provide results that are of an accuracy comparable to that of the

potential models, and are ia good agreement with experiment.
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1. INTRODUCTION

The postulate of the guark medel for hadrons in the late 1960s has Jed to

hadron  structure in terms of quarks and gluons, The most favourable theory
for providing a description of the strong interactian is that of quantum
chromodynamics (QCGj. Llee{2] provides an 1introduction to this theory.
However, Q0D 1s a complex theory, and phenomenological medels have been

developed to explain the quark structure of matter.

|

j
varfaus attempts being made to determine the theoretical background to I

|
The two most dmpariant groups of these phenomenological attempts are the 1
bag wmodels (MIT[2] and SLAC[3]}, and the potentia? models {for reviews see (
(18], {28]}. The twe groups differ in that while the bag medels are based ‘
an gquantum chromodynamics, the potential moedels have theiy grounding in
relativistic or non-relativistic quantum mechanics. The bag models
consider the quarks to be confined to a region of space, and to interact
via an exchange of gluons. The poteatial models, on the other hand, view
both the confinement of the quarks and their intevaction as a single

potential in the Dirac or Schroedinger equation.

The potential modeis, however, do not prove to be entirely satisfactory as :
a means of doseribing baryuns 60 Vight mesons[4). They have been widely ’
used, however, in the study of heavy quark systems, and have proved to

provide rveliable and accurate results for systems such as tha J/y and T H
mesens [20), [22), [231. This is the opposite of the situation that has i
cccurred with the bag models, which give good resuits for the 1ight quark i
systems, but have ravely been applied to heavy quark systems. It is §

e



desirable that for the bag to be acceptable as a general model, 1t should

be consistent, and produce good vesults for heavy nuark systems. It is the

intention of this dissertation to show that the bag mede} can provide
acceptable results for the heavy J/¢ and T systems.

The use of heavy quarks allows certain approximations to be made to the
bag model wused in the znalysis of Tight quark systems [2], (5], (6]. The
basis of these approximations is the nson-relativistic nature of the
problam, which allows simpiification of both the single particie mades and

the gluon-mndiated interaction.

In this nen-relativistic appraack to heavy mesons we Ultimately use a
particle<hole mode) as in traditional nuclear physfes. We assume a
reservoir of quarks, with the vacancies in this reservoir being the
antiguarks. Throughout this dissertation, we shall consider the mesons to
cansist of single quark - single antiquark states; a more complete
treatment would have to take multipie quark - multiple antiquark states

into account.

In Chapter 2, we give a brief rveview of a sirgle gluon mediated
relativistic bag theory using the formulism of [5) and [6], and then
1introduce the approximations mentioned above to this model to obtain «
non-relativistic model for a quark-antiquark pair in a bag. The
approximations alsp require us to introduce a scaling factor on the mass

to obtain the coreect radial dependence of the mesen states.

He also introduce the concept of a soft bag in this chapter. The bag model
as ariginally formulated{1] makes use of an "infinife square well® form of
bag, Various authors (se¢ far example [7)) have made use cof other

Y i e s
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confining patentials, in particular potentials uf the forn V(r) ~ rZ or
Vir) ~ri W propose a more fiexible method of softening the bag, which,
while retaining the computational simplicity of the square well, allows us
to mimic the rZ or r? bag used fs the Titerature. The proposed method
has a similar effect on state ordering as the r® bag when compared to
the square well bag, 1.e. higher & stales ars shifted up more than lower £
states. In addition, we show that gluons can be treated in the same bag as

the quarks, which fs physically sppealing, albeit phenamenclogical.

The nen-refativistic soft bag mode) is appiied to the J/p and T systems in
Chapter 3. A phenomenological confining potential is proposed, and the
spectra for the J/¢ and T mesons calculated using this potential. The
model 1is dependent on only three parameters, namely the bag radius, the
coupiing constant and the mass scaling factor for each wesom, apart from
the choice of parameters for the potential. In addition to the spectra, we
find the RMS vadii of the mesons, as well as masses for the charm and
bottom quarks from the best fit for the spectra. The model results are
compared to  both experimental observations and the predictions of
potential models. In Chapter 4, we draw conclusions from the results, and

suggest improvements to the model.




2. THE MODEL FOR g-§ SYSTEMS

It is useful to start the description of the model used in this

dissertation by examining the bag model for relativistic systems with

single gluon exchange, befure adapting the equations and formuYism to deal .. .

with non-relativistic systems.

|
2,1 T7The bag wodel for single gluon exchange n relativistic systems J 4
The bag mode} was originally postulated by Chedas et al.[2]) as a |
phenomenological approach to the question of the non-observability of free ;
quarks. It introduces the concept of confinement of the quarks. This is i
achieved by assuming that a strongly interacting particie is confined to 2 i
finite region of space with a constant emergy demsity, within which the
included fields {fermions or bosons} are constrained. The assumption of

constant energy density ensures that the confinement s Lorentz-invariant.

An  analogy for the bag model car be found 1in classical eleciro-

magnetismfl]. Consider the case of a normal dielectric medium with

dielectric constant k1, as is required for alY physical media.

We now attempt to isolate a charge e within the dielectric, and to
create a “bag" of vacuum around the charge. As a result of the positive
charge in the cavity, a negative charge is induced on the inmer surface of

the cavity. This is known as the screening characteristic of dielectrics.




Owing to simple Coulomb forces, the "bag* wi)l collapse onto the positive
charge. Thus it s clear that a dielectric medium cannot support 2 vacuum

within the structure,

We now assume the Yistence of a dia-electric medium; that is, an
anti-screentng materfal. This requires 2 dielectric constant K<l to
ensure that the induced charge is of the same sign as the charge ;s the
centre of the cavity. The vepulsion of the twe Yike-signed charge
aistributions ensures that the bag dves not collapse, but maintains &

finite size.

Quark confinement can be viewed 1in similar terms to the abave
anti-scresning situation. We begin by replacing the idea of electric
charge by that of colour charge e;. We then view the QCD vacuum as a
perfect colour dia-electric medium. We then obtain the result that
whenever quarks or antiquarks are present, an inhomogeneity must appear in
the space surrounding the particles. It is this inhomogeneiiy that is
callad the bag. Within the bag, keI, while outside, x=0, or at least is

very much less than 1.

Lee shows[1] that the total energy of the classica) electeomagnetic system

s given by

3 1
0ot G e e w
g
where p is a positive constant. It is ciear from the above description
that for esd, the radius of the bag R#D. Also, it is obviaus that the
energy of such a system becomes infinite as apey tends to 0.
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We now veplace the single electromagnetic charge distribution by a dipole
of equal but opposite charges, spatially separated. Again the minimum
energy state For kpeg<<l reguires the existence of a “hole” in the
medium{1}. Thus, despite the fact that the total charge is zere in this
case, the bag remains finite due to the separation of the charge

distributions.

The same argument can be applied to colour charges. To obtain finite
masses for the badrons, it is necessary to have a cotour singlet within
the bag compesed of separate colour charge distributions. In this case,
ec=0 and the mass of the bag wey remain finite For ku,q+d by the same
argument as that for the €M case above. We are thus in a position to

describe the mesons by q'a! states where i is a colour index.

It can alsc be shown[l} that the flux lines within the bag for a colour
dipole of the form encountered in mesons must be parallel to the surface
of the bag at the surface 20 that the flux outside the bag is
indentically © as is appropriate for a dia-electric medium. Also, infinite
energy is vrequired for the separation of the dipole. This explains the

confinement of quarks and antiquarks within the bag.

The quark/antiquark interaction is mediated by gluon exchange. The actual
form of the interaction 1is not prescribed by the bag moedei(5]1. The
{nteraction must, however, bring about collectivity within the bag. For
the purpases of this dissertation, omly single gluen mediation of the
interaction will be considered. It {s also assumed that the gluons are
vestricted to the same bag as the quark/antiguark pair. Gluon
self-interaction is not considered, as the assumption of a bag supposedly

includes this interaction{5].

e




The assumption of a confining potential introduces spurious centre of mass
motion. However, the effect of this motian is smal) in the case of light
quark systems [6], and negligible in heavy quark systems. In this

dissertation, zentre of mass motion ts thus not considered.

In the bag model the quark and antiquark energies and wavefunctions may be
found from the positive and negative emergy solut{ons respectively, of the

Dirac equation for a bag of radius R

{i78-mj =0, r<R (2}
with the boundary copdition[B}

~iF-FP = ¢ at reR.

We treat the gluons like photons in QED. The gluon self-interaction
inherent in QCD is left out as discussed above. We choose to work in the
Coulaubh gauge to obtain a static interaction in the non-relativistic Vimit
in a natural way. We thus obtain the gluon modes from the solution of

Maxwell’s equations in a cavity for a Coulomb gauge:

¥l Ko

[ (L @

with the boundary conditions
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at r=R,

where A gives rise to the dynamic portion of the gluon propagator

and
198+ @) & o

for the static part 3", with boundary condition
A0 &t r=R,
t.e. zerp flux across the boundary.

The gluan propagator is given by[5]

By o) =2 A " G Ry ® &)
" W (w:)z

“n) s o
Goolt) = ) iy 3l 7'y

For one gluon exchange there ara three terms to the intevaction. The

energy dependent part is of the farm

), ()

Y2y g Te

P T L )
37% "% 1 2"

N Lz U8 o “13(")]J

14,32

(4)

{5}

&)




where ¢ and & are quark and anti-quark enargfes respectively, [}
indicates coupling of the angular momenta of the channel considered to a

tatal J, and

vyg™ A IR ENCRERICE
»
n

The self energy terms are given by
(n)y, (0} (), i)
SRR TR LIRS PN S U A R T @
! nd u—zj+54-w" mi u-51+6J-M:

The static part of the interaction is

(n} ¢ {a)
Yoz ™ 3 £ Sy, {8}
0 wh?

3
where 5™ [ae e @) 1 v H VG,

The corresponding diagrams for the above terms are shown in Fig. 2.1.

The meson states can naw be found by diagonalization of the matrix

a (s 18
fig,32 = (617640 yafay = 75 a5 (g gpl0hiZyy ol 5p) (9]

|

where ag = gszjhr and the factor 15/3 is due to the coupling to a

colour singlet state(6].

The above procedure has been carried out for 1ight mesons [5],{6] and
found to yield satisfactory resuits. For heavy resons, such as the J/y and

T, certain simplifications can be made to the above.
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Frequency Dependent: (Eq 6) :
_=

1 3 1 3
2 4 24
Self Energy: (Eq 7} R
1—»—3 1-423 3
N
2 — 4

Slatic: (Eq 8) s

i

|

Fig. 2.1: Otagrams for contributions of Egs. {6), {7} and (8)
2.2 The non-relativistic approximation for the q/§ modes

In the case of the heavy quarks (charm, bottom and top), it is possible to
view the system s being non-relativistic since the kinetic energy of Lhe
quarks 1s appreciabiy smabler than their mass, i.e.

pleg? <@ mge?
where p is tha momentum of the quark and m, its rest mass. This means
that instead of solving Dirac eguations(2) for the q/q. modes, we may

solve the time-independent Schroedinger equation

T T T T T T T T T T T I
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with the boundary conditians Yn(R) = 0
and ¥, {0} finite.

This sotution is equivalent ta the non-retativistic Vimit of the Dirac
equation introduced in the oprevious section. Note that two boundary
conditions are now necessary since the Schroedinger equatfon fs second

order, while the Dirac is first order.

Tn the non-relativistic equation {10}, m §s an effective mass. It is

canvenient to parameterize this mass by
w = Brg [£13)

where R is the bag radius and B a constant. In our zttempts to obtain a
best it to the meson spscira, we vary the parameter p rather than the
mass m. The motivation for this parameterization s as follows: consider,
for simplicity, an infinite, spherical well in {10). The radial solutions
are then spherical Bessel functions Jg{krj, where

= e {2)

Since the energles of the solution are determined by the zeros of the
Jpp 1t 45 clear that k - /g, and thus that € - Yg2 i (11) 95
not used. However, it is well known that for solutions of the Dirac
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egquation, ¢ ~ ‘/R‘ The parameterization {11) thus ensures that the
kinetic energy e scales )ike the mass itself, i.e. jnversely praportional
to the bag radius, maintaining consistency with the relativistic case. The

procedure for choesing 8 will be described Ister.

2.3 The gluon modes

By making the non-relativistic approxtmation, we ave aiso able to simplify
the procedure for generating the gluen modes. In the non-relativistic
Vimit, only the integrals s{P introduced in Seciion 2.1 survive, white
the r(" vanish, since the non-diagomal wateices § mix the upper
and Tewer components of the Dirac spinors. As a consequence, for light
(relativistic) quarks, the vertex integrals vi® and s(0) are of
simijar order, while for the case in question, i.e. that of heavy quarks,
the i) integrals ave smaller than the siM) by a factor (E-m)/{Ewm).
In the case of the J/¢ and T mesons, this ratio is of the order of 6.3,
This can be seen from the results given below where we find m ~ 0.5%.
$ince both the energy-dependent and self-energy terms are dependent on the
product of two rln} integrals, both terms are to good approximatien Yess
than 10% of the static term. Treir exclusion from the Hamiltonian is thus

Justified,

The result of the setting A = Qs the disappearance from the model
af transverse gluons. The Jongitudinal gluon modes are generated hy (4),

with only the Gy, propagator being relevant.




The effect of the non-relativistic approximation
on the Hamiltonian

The major effect on the Hamilton..a is brought about by the exclusion of
the
snergy dependent and self-enargy terms disappear from the Hamiltonian (9)

dynamic interactjon from tus wmodel. As discussed above, bath the

e

owing to the dynamit interaction A being zevo,

The non-relativisitic Hamiitonfan, affer the exclusion of the energy-
dependent and self-energy terms, is thus the sum of an unperturbed

Hamiltonian

un

Fa,32 7 1 7 ) B3 8y 03)
and static interaction Hamiltanian

int

Miazz 7 1§ e Yim (14
where Yrg 3 Is given by (8), to give

[ o leg€p) b1q By + Bl a

14,32 760 413 854 3 % V14,32, (1)

1t should be noted al this point that the use of the Schroedinger equation
to generate the quark and antiquark modes without the addition of
spin-spin or spin-orbit terms means that for H4? the four p states

(p112Py /2101 2B3/2:P3/2P1 /203283 2}

wi}) be degenerate and likewise the four d states




2.4 The effect of the non-relativistic approximation

on the Hamiitonian

The major offect on the Hamiltonian is broughi aboui by the exclusion of
the dynamic interaction from the model. As discussed abava, both the
energy dependent and self-energy terms disappear fram the Hamiltanian (9)

owing ta the dynamic interaction A being zero.

The non-relativisitic Hamiltonian, after the exclusion of the energy-
dependent and self-energy terms, fis thus the sum of aa unperturbed

Ham§Ttonian

N "

g, = (6 - &) 81 By (a3)
and statfc interaction Haniltonian

int

Mg o 18 % Yz (14)
where \1“'32 1s given by {8), to give

1
Hig32 = l€576q) B33 80 * 73 % Yyg 30, (15)

It should be noted at this point that the use of the Schroedinger equation
to generate the quark and antiquark modes withaut the addition of
spin-spin or spin-orbit terms means that for HY? the four p states

(p1/2Py/2:P1/2Ra 2003201 /200 Pap2Pay 2}

will be degenerate and 1ikewise the four d states




(4342837293 /285/2:45 /98372,
ds/adsya)-

The addition of the interaction term, h'™, where the angular momenta of

the constituents are coupled to a total angular momentum J, and spin

effects are thus fncluded 7fts the degeneracy.

The diagrams carresponding to the Hamiltanians(13) and (14) are shown fn

Fig. 2.2,
2.5 The soft bag

In the literature, the hag fs often comsidered to be a spherical well
potential [2], [5], [6). This means that the quarks and giuons within the
bag move as free particles, but cannot extend outside the allotted bag
vadius R. Viewing the bag as such produces good results. It fs, however,
possible to soften the bag edge so that the transition from free movement
te prohibited motion i5 not as sharp as is the case in the hard bag. This
has been achfeved by the use of confining potentials ¥ ~ rZ or 3 {71,
In this dissertation, we suggest a computationally simple methad of
mimicking the v" behaviour using a step function, In addition, we
attempt the physically appealing, and novel, idea of treating the gluons

in the same soft bag as the quarks.

The simplest way te visualize this is by considering the E.M. analogy
introduced in 2.1, For the havd bag, the radial dependence of £ may be

vieved as in Fig. 2.3.

Softening of the bag edge would give a dependence similar to that shown in

Fig, 2.4.

7
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H™: (Eq 13)

H: (Eq 14)

The main problem of softening the bag lies in choosing the functional form
of k{r). Obviously, ‘the Form must be realistic, but in addition must be
easily scluble computationslly. The soiutfon to both these problems is to

construct x(r) as a series of steps, as shown in Fig. 2.5.

2 ———aq——4

2 ———a—— 4

©w

—_nt

Fig. 2.2: Diagrammatic form of the MamilTtonians(13)

and (14} respectively
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. Fig. 2.5 Stepped construction of x{r}

The functiona) form of this dependence is

f
Kr) = ,E’ “Rhl’ Ry Ky

where  B(Ry_jRy) = OferrcRiporr>Ry

1 for Rj s r < Ry

and &y are chosen to give a suitable profile.

{18}
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This form of & can be varied to give different forms of softening by
variation of the number of steps, the position of the steps and the

magnitudes of the x;'s.

In the solution of the Schroedinger and Maxwell equations, however, 1% is
the potential that 1is required. It Is clear that the potential must be
intimately related to the dielectric constant, but the exact farm of the
relationship is not obvious. In keaping with the essentially
phenomenological formalism of this dissertation, we propose that the

relationship is given by

1
yey - ¥, -1 17
{r) o (_.(” } a7

where V, 1s a scaling factor which determines the “strength* of the
softening process. We propase this equation as a physically plausible
velation whick is to be understood whatever the form of x{r), continueus
or discontinuous. For the proposed multi-stepped form of k(r), it is clear

that ¥(r} has a similar multi-stepped pattern:

W0y, 3 oom Ry (ka1
R A A S (18)

It is this potential that we wil) use in the following model.

We note at this point that the multistepped form of V(r} in (18) implies

the existence of an Infinite boundary at some finite radius, which is not




the case for truly soft potentials of the form V(r} ~ r¢ or ri.
However, with a suitable choice of the ky's, R;'s and V,, the Tower
portion of the spectrum and the corvesponding wavefunctians produced from

{18), should not be $oo different from that of the genuinely soft bag.
2,6 The quark, antiquark and gluon modes it & soft bag

We turn now to the generation of the modes for the various particles and
anti-particles within the bag. The modes are described by equations {10)
and (4} for the quarks/antiguarks and gluons respectively. In the case of
@ spherically symmetric potential, stch as is the case in this model, it
is possible to separate the wvarisbles in the equations so that the
wavefunctions PplF) and  #(P), for quarks/antiquarks  and

gluons respectively, can be written, without spin dependence, as:

Rylr) Yy (D) for quarks
R NORY Yyt Y3 (0) for antiquarks o

$y(F) = 9y (1) V] (@) for gluons

where Y, () are the usual spherical harmantcs {see [9] for details),
and Ry(r) and §4(r] satisfy the equation

124 tr%) - amn + KA 1R <0 (20)
w2 dr dr °

e ot g e



2
where Folr) = Rylkr) or gylkr)
and «3¢ry - C{e-V(r))

where £ is the orbita) angular momentum and

2 ) for auarks
c- F
sc. for gluons
s

It s well known thak for a potential of square well form
¥{r) = V, for r<R where ¥, is constant {21)

& far ro>k

the solutions of (20) are given in terms of sphericat Bessel and Neuman
for k{r) real, and modified Bessel
for kir) imaginary.

functions, f.e. dglkr) and mg{kr),
and modified Neumen functions ip{kr} and ke(kr),
Thus for a potential of the form (21), the gensral solution for (20) may

be writien as
Folr) = &fg{ke) + Bgglkr) {22)

where Falkr) = dglke) for kXr) 20
iglkr) for K2(r) <0

gplkr) = nglke) for k%) 2 0
kgtkr) for K¥(r) < 0

and A and B are constants that have yet to be determined.
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At this stage, we consider the multi-step "soft’ potential {18}, It is
clear that the stepping of the potentfal makes the solution of {20)
considerably easfer than would have been the case if the potential had
bean continwous. Instead of being forced to solve for the modes
numericaily, 1t is possidle to fornulate the entire problem analytically.
Within each step of the potential, one may write down the solution for
{20} analogously to {22). Thus for the ith step, assuming a total of ¥

steps,

Flo(n s AFlkyt) + Bigglkyr), 81 LN (23)
where  kqZ -~ C (V)
with v, -y (i, -1 from\lB)

We now impose boundary conditiuns for the case Fyg{r) = Rp{r), l.e. for
the quark/antiquark modes. From the principle of asymptotic freedom, it is
clear that sy must be unity, so that ¥y = 0. This means that
folkyr) will always be a spherical Bessel function, and gy(kyr} &
spherical MNeuman function. However, we require the wavefunction Rg(r} to

be finfte at r=0. Since

nl(x) w -f28-1 for smatl x [7)
<
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it 1s clear that nag{x) does not remain bounded as x -+ 0. Thus we must

set By=0, so that

Riglkyr) = Agdplkyr), OsreRp. @)

At the outer edge of the bag, 1.e. reRy, we require the wave function to

be zevo:

WylkyRy) = Ay FlkyRyl + By gqlkgRy) = 0. (25)

Furthermore, at each step edge Ry, we will require the wave function to

be Yogarithmically continuous:

Rlg(kiRi1) = R gke g Rigds 122 v
(26)

! 31
ang SRGWRRyp) = Rk R b 12 e N
dr dr

A simlar procedure Yo that described above can be carried out for the
gluon modes, Y.e. for Fg{r) = gg(r). The major differences between the
twp cases are, firstly, the boundary condition imposed on the derivative
of the wave function and, secondly, that imposed at reRy. In the quark
case, we have seen that {t is sufficfent to impase logarithmic continujty
of the wave function at the steps in the potential and to enforce nultity

on the wave function at r=Ry.
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Turning to the gluon case, we have stated above our intention to confine
the gluons to the same soft bag as the quarks. Since, in our trestment,
the gluons behave 7ike photons, we place constraints on the giuon fiux
%Ep = Kdg/dr, where Ey- 45 the radfal component of the colour electric
Field, 1in a manner analogous to the electric flux 1n classical
wlectrostatics. The continuity of the radial electric fiux across the
interface of two media of different dielectric constants is well knawn tn
elactrodynamics (see for example {9]). Placing the same constraint on the
calour electric fiedd, we thus require continuity of the radial gluar flux

across each step in the dielectric constant of the soft bag, expressed by

1 192 N2

‘ i1
3 KRy = «
14, #alkiRig) = R LT

Furtheymora, at rsRy, 4.e. at the outer boundary, the assumption of a
colour dfa-efectric medium surrounding the bag (see section 2.1} means
that the vadial gqluon flux must be zero outside the boundary, as is the
case electrostatically with a dia-electric medium. The continuity of the
radial gluon flux across the outer boundary must thus imply

Al oy = 0. (@)

Qnce We have determined the boundary conditions, it is clear that for an
R-step potential, we have a system of 2N-1 equations in the 2M-1 Ay's
and By's. (We have used the boundary condition at r~0 to eliminate B;
in both cases.) We may thus set up an equation of the form

W 0 (29)

I
t
|




where X 15 a vector of the Ay’'s and By's of dimension 2N-I and M §s a
(2N-1) % {(28-1) matrix with entries of the form of fy's or gy's and
their corresponding derivatives (for quarks/antiquarksj or fluxes {for
gluons). Me seek non-trivial solulions For X. This is achieved by varying
the energy ¢ I the argunents of the fy's and gy’s antfl the
determinant of M {s zero, and then seeking the zero eigenvalue of the
resultant constant matrix, The energy ¢ for which this cccurs is the eigen
energy of the mode. The eigenvectors of this matrix then provide the
constants A; and By, and the wave functions can thus be calcwlated. T
a1t of the above, the f¢'s and gp's and their derivatives are

determined using the recursion velations given in {11].
2.7 Vhe vertex integrals s for the soft bag model
The construction of the interaction Hamiltonian (I4) requires the
caiculation of the vertex integrals s("), given by (8). Once we have

solved for the quark/antiquark and gluon modes as described in the

previous section, we may set up these integrals as foilows:

* - "

s3™ = [ 00 #E vy ) dr (30)

This integral may be separated into radial and angular parts. The radial
part is gfven by

R
J Rt w50 #0 ar, @0

n
sla,rad
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For the soft bag, the radial portion of the integral can be written as

¥
sy = N T /g ety a0 6 e (32)
Ry

with By = 0,

and thus consists of integrals aver products of three Bessel, Neuman,
modified Bessel or modified Neuman functions. These are computed

numerically.

The angular part can be done analytically. The devivation given in the
previous section produces angular wave functions for the quark and
antiquark modes which are simply spherical harmonics VE"'(n). These
take no  account of the apin wave function. To inciude the spin
cantribution, we can make use of the exprassion for the angular poriion of

the siP) Integrals derived for the relativistic case in [12]:

stk AR
B L R o B
’ S -m:mml!; [
G £, + A
X u.u;uz‘_i__l (33)

where J; = the total angular mamentum of the state,
A& = orbital angular momentum af gluan,
W = grojection of Jy,

I
ad 3y = 2




?
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The Tast term in {33} determines the parity selection rules while the
other terms govern the angular momentum selection.

2.8 Yhe coupling of the angular momenta

The interaction term Upg sp 15 given by (8'. once the s integrals
have been carried out, it is necessary to couple the angular momenta of

the jnput and output states to the total angular momentum of the meson J.

Fov both the J3/¢% and T meson, J=1. The full expression for the coupling,

which tacludes the angular portions of the s{M) integrals, is

314 49, N
ie e TS M? de kY
Jydy 8

8o+ Lot A L+ 844 A
3 Ay P A Sy ey T T ) e Y 0]
Y s % 0.y 2

Details of the coupling of the angular momenta can be found in [1D}, We

are now in a position to write the nteraction Upy 3 as

Uy gy ® S o s
14,32 ° 5 Zlfirad “drad (35)

whi?

where wh is the gluon eigen energy for the nth state.

g

7




3. THE STATES FOR J/y AND T HESONS

in this chapter, we apply the Formalisw of the soft bag to the 3% ~ 1 i
states for the J/p and T mesons. We should obtain a reasonable Fit on the
grounds that the non-relativistic approximation is expected to be valid

for the heavy ¢ and b quarks which make up these mesons.

3.1  The parameters for the model

We have three parameters that may be used to fit the data. These are the

extent of the confining potential Ry, the coupling constant g, and

the mass scaling factor g, introduced above. A1l of these parameters have,

in theory, unlimited ranges, but 1limits are fmposed by the desire to

obtain reasonable agreement with results obtained both from other thesries

and experiment. We thus hope ta obtatn final parameters within the i .
following bounds: ; ' ’
0<ag2.0 | .
Ry~ 1 fm (35) I
B¢ ~ 2 GeV.fa (for 4/¥) -

By ~ 5 GeV.Fm [For T).

The Tast condition should allow us to obtain values for the wass of the ¢

guar%  of between 1.6 and 2.0 GeV and values of hetween 4.5 and §.5 GeV for

the mass of the b quark.

et A e



Of the three conditions in (36], the 1imit a5 &g is the weakest. There
is very little to guide us in our choice of ag, other than the desire
that it should be "small", i.e. the deviations from the unperturbed siates =

should not be enormous. »

It should be noted that Ry iz mot the size of the meson. Once the states i
have been determined, a RMS radius of the mesan can be calculated, which 4
gives 2 more realistic estimate of the meson’s size. Ry is used to set ;
the energy scale of the mesan spectrum. The original H.1.T. bag{1] dees i
mot use the radius as a parameter, but rather fixes it using the quadratic I
boundary condition[B). However, the vacuum pressure B used in the H.I.T. !
bag fulfills the same role of overal) scaling there as the radius Ry {
does in our case. %

)
3.2 The method of fitting the data (

]
The data are fitted using the same procedure as that used in [5] and [6]. §
The single particle modes are genarated using a radius of 1 fm. These {
modes are then substituted in (13) and (14) to obtain WMy g, and “ .
HBb, 3. The value of g fs then varied and the meson states
calculated for each value of w,. The choice of oy is determined as

follows:

Consider a measured spectrun T, and a calcylated spectrum Ey. Ve

choose g such that
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This value of @, is then used in the My gp matrix to generate the

wave functions for the meson states.

Once the @g has been fixed, we scale the whole spectrum using the radius
fy- The parameterization (11) of the mass means that the eigenvalues
scale Tike the mass, i.e. like the inverse of the radius. We thus

£

choose Ry so that
g -, @)
Ry

This value of Ry is then used to scale the whole spectrum, so that a new
spectrum E" is obtained such that

.

g - 5 for Tl 1. (39)
Ry

The fitting af the mass scaling parameter 8 is more difficult. Both ag
and Ry can be fitted once the single particle modes and the Hamiltonians
#9% ang BN have been determined. On the other hand, the uark and
anti-quark mades depend intimately on the value of . Thus each value of
vequires the generatitn of the modes and Hamiltonians. This is
computationally tedious, and so resulis are calculated for a few values of
P only. This fs not viewed as a severe )imitation, as we expect the theory

to be reasonably independent of the mass scaling.

A comment §s {n order at this point concerning the accuracy of the methed
of fitting the parameters described above. It is possible ta obtain

o et ey e

NE




Fits by using, for example, a Teast squares method.

better overal)
However, the essentially appraximate and phenomenological nature of the
mode} means that the additional work required by such a method is out of
al1 proportion to the actual improvement shown in the final results. Tn
addition, using such a minimization scheme wight well hide irends and
shortcomings in the model which show through more clearly with a sfmple

Fitting mechanism,

It s alse worth noting at this stage that the coupling constant ag is
theoretically flavour-independent[16]. It would thus be very gratifying to
show that the same coupling can be used for both ¢ and b quarks without
the use of unrealistic values for Ry and 4 for one or other of the quark

flavours,
3.3 TYhe choice of the confining potential

Before we calculate the single quark/anti-quark and gluon modes, we must
choose the form of the bag with which we obtain confinement. In Section
2.5 we postulated a gerera) form of the potential which required a choice
of values for the steps in the dfelectric constant & as well as the
pos{tions af these steps, and a constant potential *strength® factor ¥,.

We now propose vaiues for these parameters.

We are free to choose any values we like for the parameters of the
gotential, within the very weak and subjective constraint of realism,
However, the success of the bag medel using 2 hard-walled pofential means

that we should consider only reasonably small perturbations of this form.
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As we noted in Chapter I, we are sttempting to mimic the x™ bag used in
the literature. To this end, we choose values of & that will give 2
potentisl  that rises at least as fast as the harmonic oscillator
potential, The number of steps is stil} an open choice. Clearly, the more
steps we use, the more we may refine the potential, but at the cost of
increased computativn time. For this dissertation, we have chosen a 4-step
&  function. Values chosen for this function are given with their

corresponding pesitions in Table 3.1.

Table 3.1 Step positions and values of K

Step nupber (1) Position (R} Magnitude {#;)
1 0.2% 1
z 8.50 0.9
3 0.78 .75
4 1.00 0.57

These values should be viewed in conjunction with Figure 2.3.

The cheice of the last step position Ry is arbitrary at this stage,
Since we are going ta scale the fina) values by the radius Ry, we can
take Ry to be 1 for convenience in the caleulations. This will provide
vesults in units of L/, which can then be scaled using the procedure

of Section 3.2 to provide the final radius,




32

The anly parameter remaining to compietely determine the potential 4s the
softening strength V,. The choice of this pirameter is determined by the
desire to have all the modes used within the affected arez. 1 is simple
to calcylate the energies of states for a square well, since the zeros of
the Bessel functions are well known. The Towest d-state energy, which is
the highest used in this wodel, is of the order of 300 MeV. Since the
softening of the bag will dincrease this vajue, we would like the fimal
potential step V¥4 to be of the order of 1 GeV. This we achieve by

setting ¥, to a value of 1.5 GeV.

The vesultant potential can be calculated from (18). The values are given

1n Yable 3.2 for the same positions as For k in Tabla 3.1,

Table 3.2 Siep positions and vajues for the conftning potential v

Step Nunber (1) Pasition (R;) Magnitude (V)

1 0.25 0

2 6.50 0.167
3 0.75 0.500
4 1.00 1.132

The petentixl function ¥ §s shown in Figure 3.1,




0 025 050 075 1.40 :

Fig. 3.1: The chosen confining patential ¥{r}

We use the same potential for both the 1/% and T systems. The cansequences

of this choice will be discussed later.
3.4 The single quark/antiquark states

Yhe single quark/antiguark states for the soft bag are calculated using
the procedure described in Section 2.6 above. We include only the Towest
five single particle states (51/2,P]/2>P3/2’d3/21d5/2)' *Jaking
higher states into account has 1ittle influsnce on the collective modes.
This s in Tine with our tactt assumption that the Schroedinger energy ¢
s small compared to the total energy of the quark € + myeg?, in
keeping with the assumptfon of non-relativistic guark behaviour. It is

clear that we have to view the Schroedinger energy as a correction te the
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rest energy of the quark. We note that, due to the lack of spin effects in
the Schroedinger equatiocn, the P12 and P37z single particle states
are degenerate, as are the 43/2 and 05/1 states.

We calculate the single particle states for three values of the mass
scaling B; viz. 1.8, 2.6, 2.2 GeVim for the J/p and 4.2, 4.5, 5.0 GeVfm
for the T, Values obtained from these calcuTations using the potentia) of
Section 3.3 are tabulated in Table 3.3 for the J/Y and Table 3.4 for the

T
Table 3.3: Single quark/antiguark energies for the 3/ meson
for the potential of Tabla 3.2. Encrgies are in GeV
8
mode 1.8 2.0 2.2
s 0.348 0,327 0.312
P 0.591 0.556 0,530
d 0.840 0.794 0.754




Table 3.4; Single quark/antigquark energfes for the T meson
for the potential of Table 3.2. Energies ara in ReV

B
mode 4.2 4.5 5.0
3 0.22) 0.211 0.201
P 0.378 4.368 0.348
d 0.536 0.518 0.430

We also provide, for comparison, values for the same range of # for a hard
bag. These values are tahulated in Table 3.5 for the J/¢ and Table 3.6 for

the T,

Table 3.5: Single quark/antiquark energies for the )P meson

for a hard bag. Energies are in GeV

8
mode 1.8 2.0 2.2
s 0,109 0.094 0.089
] 0.221 2.1%5 0.180
d 0.358 0.322 0.202
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Table 3.6: Single quark/antiquark energies for the T meson

for a hard bag. Energies are in GeV

B
made 4.2 4.5 5.0
3 0.048 0.043 0.038
P 0.694 0.089 0.07%
d 0.158 0.148 0.128

The effect of the softening on the modes can clearly be seen by comparing
Tables 3.3 and 3,5 and Tables 3.4 and 3.6, A1} the modes are shifted
upwards by the potential, as would be expected. The T modes are affected
to & greater degree than the J/y modes due to the fact that they Vie Jower
in the bag. This imp)ies that they “see" the potential more strongly than
the J/% modes do. In both cases the shift §s larger for the p and d states
than for the s states, as we expected. There is fia re-ardering of the

statos.
The modes are normalised so that

J w2 ¢ -1 (40)
since the ¥,™a) ar norwalised, we need only ensure that

0}' R"m(r)]z 2y = 1. (1)
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3.6

The gluon states

The gluos modes for the soft bag are determined in a simiTar manner to the
single quark/antiquark states, alsc using the procedure of Section 2.6, We
include @ total or nineteen longitudinal gluon states, up to the 5p, in
the caiculation, The higher energy states contribvte very Tittle to the
Ugq,37 term. This s due to both the oscillatory mature of the wave
functions, which ¢« -ases the sim integrals, and the factor
(05)? under the Tin. -a (35), which together ensure that the sum
over the gluen modes converges rapidly. The gluon modes are calculated
using the parameters for x given in Table 3.1. Values for the Jowest few

modes are given in Table 3.7.

Table 3.7: Gluon modes for & as in Table 3.1

Hode Eneray {Gev)
Is 0.669
1 1.044
28 1.360
2] 1.445
2 1,695

i 1.770

L
|
F
!
4
i
1
{
|
1
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For comparison, the same gluon modes for & hard beg are given in Table 3.8 -

1
Table 3.8: Gluon sudes 0 3 hard bag ;
1.
Hade trergy (GeV) I
1s 0,889
1 0413 :
2 1.530 -
Il 0.663
2 1.174 4
1f 0.894

From Tables 3.5 and 3.6 it is clear that the gluon modes are drastically —
affected when the bag is softened. This is due to the boundary condition !

of continuous flux across a stap boundary. The modes with 740 are affected [
te a much greater extent than the s modes which results in a re-ordering
of the modes. This is in contrast to the quark case abovs. where the mode

order remains the same.

It shouid be noted that the gluon modes are generaily larger than the
guark/antiquark modes. This is in contrast to the relativistic case [63,
where for u and 0 quarks, the guark states are of comparable anergy to the
gluon states. The higher gluon energies once more justify the use of a
static approximation, as they vender the dynamic contribution unimportant. ,

This {s the opposite of the case in [6].
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The gluan modes are normaiised in a similar fashion to the quark modes:

R
T Momg? o -1, (42}
a .
3.6 The caleulation of the fnteraction term Uig 32

Once the modes have baen determined, we can calcylate the interaction ferm
Upg,3p using (38). The vadial (™ integrals are calculated using a
Fifty point Simpson voutine. The coupling factor W (34) is calculated
using a standard routine for the €-3 coefficients and the packed storage
method {11} for the u-J coafficients to save memory space during

computations.
3.7 The 3/9 spectrun

Once we have determined the single particle states and calculaced the
fnteraction term Upg gp 1t is @ simple matter to diagonalize the
Hamiltonian Hyp 3p given by (15). Ve do this for vardous values of the
coupling constant ag. The diagonalization yields both the emergies and

wave functions of the meson states.

In this medel we obtain a2 S-dimensional Myg 3p. Ve use the following

Ja@> states in the calculations:

Isigiiee oygdbyers 1pabyyess VPydbaes 1oygabyp

(dg/a8syr sypr dap>r lyyalsy Mspoase>

g e
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We thus determine the Towest nine JP=I" states for the J/¥. Only six
such states are known at present. While we find nine states, our model can
in any case only possitly describe some lower states. For the higher
states the model is surely insufficient withaut a knewledge of huw to

calcalate decays and corresponding widths.

We provide results in Table 3.9 for the Towest nine states for the same
values of # used in Sectjon 3.4, viz, § = 1.8, 2.0 and 2.2. GeVim for the
potential of Section 3.3. We also provide data for a hard bay for the case
B = 1.8 gGeVfm. The experimental vesults are shown in Table 3.10, and are
taken from [151. For each set of calculated data, the value of og used

is also given.

Table 3.9: J/p states for various g, for the potential of Table 3.2
and for a hard bag. Energies i GeV, Underlining indicates fnput

A~ 18 8=29 ge22 8= 1.8 (hard bag)
@ = 1.00 ag ~ 119 @ = 2,58 & = 0.8

3.687 2.68¢ 3.682 2,683

3,840 3,861 4.117 3.948

3.510 3.9% 4.264 4,065

3.981 4.038 4,55 4.199

4.324 4,297 4.909 4,345

3,362 1.33% 5.731 4.50

4.406 4,393 4.908 4.561

4.449 4.440 4,992 4.720

-




41

Table 3.10: Experinental 3/§ states from {15].

State Energy {GeV) Width (GeV)
1 3.007 6.3.10°%
2 3.686 2.15.1074
3 3.770 0.025
4 4.030 0.052
5 5,159 0.078
6 4.415 0.083

Frem the data given in Tables 3.9 and 3.10, we see that the best
calculated data are those for B = 2.0 GeVfm. These data give results that
are within 3% of the experimental data far a)l the tabulated states. The
higher states are consistently Tower. However, in view of the crudity of
the wmodel, the agreement, even for the higher states, is surprisingly
good. We also nele that the data for 8 = 2.2 GeVfm are in poor agreement
with the measured data, deviations being up to 10% for the third and Fifth
states. In additfon, it car be seen that the soft bag offers some
improvements over the hard bag for the Tower states, in particular the ¥
{3770} where the soft bag model yields a value only 1,8% above the
experimental result, while the hard bag calculation is 4,6% above the
experimental ohservation. For the higher states, the simplicity of the

modei means that a comparison weuld not be too meaningful.
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We also note that the value of ag which correspends to the best mass
scaling § = 2.0 GaVfm, is a; = 1.19. While this value is higher than the
values given in [5] and [6], it is sti]) reasonable. We note that Heiss
and Quick[5] obtain eg = 0,33, while Gering[6] has ag = 0.757. These
differences occur owing to the use of different light mesan states to
obtain the fit. In the light of this it is thus not surprising that the
vse of heavy quarks gives rise to a somewhat different coupling constant
than that obtained hy the use of Vight quarks. We find it rather

satisfying that we vemain in the same erder cf magnitude.

As can be seen from 3.9, we predict three states at higher energies
than those observed rinesitally. These three states Vie at 4.330 Gev,
4.394 GeV and 4.440 GeV. Assuming a 3% ervor, which is cansistent with the
remainder of this calculated spectrum, we obtain values of 4.460 eV,
4,525 eV and 4.573 GeV. (We have assumed the mode] calculations to be low
on the basis of the values for the ${4030), (4180} and $[4415)). The
fdentification of these states in spectroscopic Z3*IL; notation is not
possibie in the bag model, as we have J as 2 good guantum number but not
L. This is in contrast to the potential morels, where we have both J and L
as good quantum numbers, and such identification is pessible. In addition,
these states 411 lie above the char™ threshold of 3.73 GeV, so that in &
potential model they may be considered to be mixtures of 3§; and

301 states rather than pure states.

On the other hand, in the Tlight of the bunching of the higher states, we
suggest, albeit cautiausly, that certain of these states overlap, It is
known from experiment that the ¥ states that Tie above the charm threshold

have falrly broad widths.
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We also note that the value of oy which corresponds to the best mass
scaling # = 2.0 GeVfm, is ag = 1.19. While this value is higher than the
values given in (5] and {6}, it is 51311 reasonable. We note that Heiss
and Quick[51 abtain og = 0.38, while Gering{6] has &; = 0.757. These
differences occur owing to the use of different 1ight meson states to
abtain the fit. In the Tight of this 4% s thus not surprising that the
use of heavy quarks gives rise to a somewhat gifferent coupling constant
than that obtained by the use of 1light quarks. We find {1t rather

satisfying that we remain in the same order of magnitude.

As can be seen from Table 3.9, we predict three states at higher energies
than those observed experimentally. These three states lie at 4,330 GeV,
4,394 GeV and 4.440 Ge  “-uming a 3% error, Which is consistent with the
vemainder of this caly .:e! spectrum, we obtain values of 4.460 Ge¥,
4,526 GeV and 4.573 Ge ¢ have assumed the model calculations to be Yow
op the basis of the values for the Y(4030), ${4160} and ¥(4415)). The
identification of these states in spectroscopic 25t1L; notation is not
possible in the bag model, as we have J as a good guantum number but ot
L. This is in contrast to the poiential models, where we have both J and 1
as good quantum numbers, and such identification is pessible. In additfon,
these states all Tie above the charm threshold of 3.73 GeV, so that in a
potential model they may be considered to be wixtures of 351 and

301 states rather than pure states,

On the other hand, in the Vight of the bunching of the higher stales, we
suggest, albeit cautiously, that certain of these states overlap. It is
known from experiment that the ¢ states that 1ie above the charm threshold

have fairly broad widths.
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We propose that, for example, tna calculated y {3935) and ¥ {4038) may
both be identified with the experimental ¥ (4030}, as unresolved siates

within the experimental peak. The same suggestion can be made for the
calculated § (4297) and ¥ {4330) (identified with the experimental ¥
(4166]} and for the calculated ¥ (4394) and ¥ (4440) (identified with the

expevimental ¥ (4415}j.We must state, hewever, that this is speculative,
as  the non-velativistic model used daes not alfow us to predict the widths
of the states, which appear as infinitely stable modes. Owing to the Tack - .

of further informatfon, a more quantitative statement on this matter is

0t possible.

Alternatively, the grouping of the states may be due to the lack of a
spin-dependent  term in the radial portion of the Hamiltonian. The

inclusfon of such a $erm may increase the spiitting of these states and

resolve the near-degeneracy of the states. This explanation {is probably

more Tikely than the overlapping of the higher states.

3.8 The T spectrum

We calculate tie T spectrum in a similar menmer to the J/9. We use the i
same confining potential for the T as for the J/p. We again calculate only H .
9P < 1" states, and use the same Jq3> states as for the Jy.

]
We thus predict nine T states, as was the case for the J/p. Only six T i
states have been observed experimentally at this stage (16]. Again, the E
Jack of good L means that identification of the states is not possible, i
and the comments made in the previous section comcerning states above the !
charm threshold in toe case of the J/§ apply here to states above the !
bottom threshold of 10.56 GeV.
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We provide calculated results in Table 3.11 and experimental data in Table

.12,

In Table 3.12, we also include values for two predicied states as

calculated by Quigg{i6] using a potential medel. These results are close

to those obtatned by other madels, notably {20] and [21}, and so provide a

reasonable basis for comparison. We provide results for 8 = 4.2, 4.5 and

5.0 GeVfi. We also quote the e value used, as for the J/p.

Table 3.11: T states for various 8, for the potential of Table 3.2.

Underlining indicates input. Energies in GeV

& 8 =5.0

B =42 8 =4
a5 = 2.00 g = 0.98 g = 2.94
.460 2,450 2460
10.374 10.174 10,361
10.434 10.237 10.388
10.551 10,333 10.613
10,725 10,558 10,839
10.726 10.585 10874
10,820 10.641 11.063
10.957 10,680 11227

UnTike the situation with the J/¥, none of the calculated spectra are

appreciably more accurate than the athers. Fur the states below threshold,

£ =

4.5 GeVfm yields the best resy’

s, being accurate to within I% of the

neasured data, The small valus of mg for 8 = 4.5 GeVfm is also pleasing.

VN




Above threshold, g = 5.0 GeVfn gives the closest fit, excapt for T (10578)
where § = 4.5 GeVfm is sti11 better. The high value of &g necessary to

obtain this fit does,

however, give cause for concern. We thus vunclude

that g = 4.5 GeVfm 1s probably the best spectrum to use for future

comparisens, § = 4.2 GeVfm does not provide particularly noteworthy S

resulis either above or bejow threshald.

He pradict only one excited state for the T. For g = 4.5 GeVfm, this state .

is obviously too Tow, so we use the £ « 5.0 GeVfm spectrum and predict a 3

state of 11.227 Gev.

Table 3.12:

Experimental T states from [16)

State

Energy {GeV)

Width (8eV)

8.450
10.023
10,149
10,356
19.434
10.578
10.865
11,019

43,108
3.0.19°8
2.6.108
6.024
0.11
0.07%

* Predicted state 16} included for compartson.

I




Above threshold, § = 5.0 GeVfn gives the closest fit, excapt for T (10578)
where § = 4.5 GeVfm is still better. The high value of ag nmecessary to
obtain this fit does, fowever, give cause for concern. We thus conclude
that g = 4.5 GeVfm 1{s probably the best spectrum to use for future
comparisons. B = 4,2 GeVim does not provide parti-ularly noteworthy

vesults ejther above or below threshold.
We predict anly one excited state for the T. Foy § = 4.5 GeVfm, this state
15 abviously too low, 50 we use the § = 5.0 GeVim spectrum and predict a

state of 11,227 GeV.

Table 3.12: Experimental T states from [16)

State Energy {GeV) Width (GeV)
1 2 460 4.3.10%

2 10,023 3.0.20%
3% 10,148 -

4 10.356 2.6.10%
5 10,434 -

5 10.578 9.024

7 10,865 - 0.1

8 11,018 0.079

* Predicted state [16] included for comparisan.
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As dn the J/% case, we may make the cautious suggestion of everiapping
states ahove threshold. In all three calculated spectra, the four states
above threshold can be formed inte two pairs which have differences close
to the measured widths for the T (10578} anu T (10865} states {Table
3,12}, As was noted for the J/y, however, the non-relativistic bag mode?
does not allow further investigation. Once again, however, the lack of
spin  dependence in the radial Hamiltorian fis viewed ‘as the more

satisfactory explanation for the bunching of the higher states.

We now consider the effect of using the same confining potential for the
J/Y and the I. We have seen above that none of the three spectra provide
entirely satisfactory resulis for the whole range of avaflable
experimental data. It may be possible to impruve the spsctra by changing
the form of the potential. In the case of 8 = 4.5 GeVfm, a potential that
is more constricting at higher energies would cause the higher a/§
modes ta ingrease in energy, which may improve the fit above threshald.
The ferm of the patential alse affects the RMS radii of the states.
Further comments on the modification of the potential in this regard for T
systems may be found in the next section. The phenomenological nature of
the soft bag model, however, allows us considerable freedom in the choice
of parameters for the potential, and "fine tuning™ is possible, although
physically pot too sensible.

3.9 The RMS radii of the mesons and the quark masses

The calculatfon of the meson spectra is carried out with Ry set to
unity, for ease of calculation, and to obtain wvalues that scale as
/Ry, Once he spectrun for a particular meson has,bsen determined,
the scaling procedure of Section 3.2, In particular Equation (38),
provides us with the actual value of Ry.
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1t is not surprisiig to find that the extent of the bag Ry is not

flavour Tt has been determined, both by the use of potentii
models [16] and expe imest [17], that the ¥ meson is more deeply bound {in |
the terminology of potential models) than the /9. This implies that the
RHS radius of the " is Vess than that of the 3/, In the bag picture, we
thus expect the T to ' e swaller than the J/¢ bag.

The soft bag model yields Ry values of 1.147 fm for the J/¥ and 0.91 fa
for the T, for th bast Fit vajues of £ = 2.0 GeVfm and B = 4.5 GaVfm
respactively. These values are in accardance with expectations for heavy

quark mesons, since they agree well with the values for Ry obtained for

a hard bag in [5} (0.7: f) and (5] (0.923 fm} for ight mesons.

~
i -
Once we have determ ned Ry, We may calculate the RMS radius for each :
state in the spectrum. The RHS radius of the JiM state 3s given by 3
;
2 LA T ST '
Jarts = (3 0 et (43} ¢
i i=i 4 : .
L

There are no cros terms due to the Tack of mixed [qg> states in this

model.
Equation {(43) is solved using a Simpson’s Rule integratfon over the '

narmalised quark radial wave functions; the ¢y are given by the !

diagonalization pr cedure, and are already normalized so that

(44) .

e

2
¢y = N




Me  Vist values for <rd> for the J/¢ {# - 2.0 Ge¥fm) in Tably 3.13 for

the T {# « 4.5 GeVfm) in Table 3.14.

Table 3.13: RMS radii for the J/p spectrum
State RMS radius {fm)
1 0.420

2 0.535

3 0.535

4 €.537

5 0.533

6 0.602

7 9.601

8 G.000

9 0.802

We First exawine the RMS radii for the J/y. The radius of the ground state
{state 1 in Table 3.1} agrees well with the experimental value in {17],
However, the radii of the excited states are too small. The reasen for
this Js found in the use of an infinite well type of potential [6]. For
this case the potential increases tou fast for the higher medes. A more
gently increasing potential, such as a power law potential, would give

larger radii for the excited states.




Taple 3.14: RMS radii for the T spectrum

State RS vadius {Fm)

¢.495
6.626

0.627
0.629
6.623
0,678
0.677
G.676
0.678

P

Turning now to the T radii, we see that the agreement with experiment [17]
is poor. The ground state radius is too Targe and the excited states’
radii are too small. The explanation for the Tatter is the same as that
for the U/¥ excited states. The former requives a different explanation,
which can be found in the choice of the patential in this dissertation. We
have already noted sbove that the T, in terms of & potential model, is
more deeply bound than the J/¢. This means that the softening should
extend further into the T bag than into the J/# bag. The choice made in
this model is sufficiently narrow for the J/¢, but 1s still tao broa? for

i

the T. This can be corrected by a differant choice of the step posit o
the diejectric constant for the T bag to "squeeze” the tower states of the
T.
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In addition ta allowing us to calculate RMS radii for the meson states,
knowledge of By places us in a position to Fit the free quark masses
using the parameter £ and equation (11), We have seen that the best fits
for the J/# are obtained for § = 2.0 SeVfm and for 4.5 GeVfm for the T.
With the corresponding Ry values for these spactra being 1.147 fm and

0.91 fm respectively, we obtain:

B = 1746V and
Wy, = 4.9 Ge¥

Both these values are within the expected Jimits, and agree well with

Hterature values [i}, [16], {18}, [19], [26), (28].
3.10  Comparison of the soft bag model with potential models

As we noted i Chapter 1, the most popular approach to theoretical heavy
quark  spectroscopy has been that of potential models. There have been many
different potentiais propesed for ¢§ systems (see [18] - [28] for
examples) which differ in the number and type of terms included in the
Hamiltonian as wel) as the functional form of the confinfng/ interaction
potential. The majority use either a close range coulombic potential
matched to a long-range power law tetw {27], or a universsl power Yaw

potential of the form [26]

V(r} = A + Br® + spin dependent terms




with o - 0.1. Various forms of spin dependenca are used. In some cases v
{[21], (23], [25]1) the spin is included expticity in ¥, while in others
{[263, [271), spin averaged wave functions are used. Both these potentials .
are used §n a flavour independent manner, and spectra are usually produced

for both J/p and T systems.

The results obtained for the J/p using the soft bag medel are compared R
with those obtained using both the abave groups of potential models. We
give the spectra in Fig. 3.2 for power law models {19], [213, [27] and in
Fig. 3.3 for coulomb + power law modeis {22], [23], [25].

The spectra show clearly that the soft bag model produces a J/¥ spectrum A s

that {s comparable in accuracy to that of the potential mode?. The main
deficiencies appear to be for the higher states, althaugh we note that the
predicted y (4460) state is close to Richardson’s predicted ¥ (4498) [221.
These deficiencies could possibly be corrected by expanding the ‘bowl’ of
the potential, +i.e. moving the infinite edge to a larger radius and

accordingly extending the steps. This would expand the region within which : Y.
the stepped potential gives results close to those of a V(r)~r" type of '

bag. .

We now turn our attention to the T spectrum. Owing to the non-relativistic

character of the bb system, the T meson is easily modelled using a

potential and solving the Schroedinger equation. Once again, there are

many published resuits, and we quote only a representative group for the

power law, and the coulomb + power law models. The farmer are shown

graphically in Fig. 3.4, with results from [21] and [27], and the Tatter N N
in Fig. 3.5, with resdlts from [20], [22] and [25], together with soft bag ‘

results.




Figure 3.2

Experimental, soft bag and power law potential model results

for the J/¥ meson spectrum
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Figure 3.3
Experimenta, soft bag and coulomb + power law potential model
results for the J/¢ meson spectrum
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Figure 3.4

Expertmental, soft bag and power law potential model results

for the T meson spactrum
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Fi.ure 3.5

Experimental, soft bag and coulomb + power Jaw potentiat model

results for the T meson spectrum
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As in the case of the J/p, the soft bag results are of an aceuracy
comparable to that of the predictions of the potentia) models, although
the higher states are low for g = 4.5 GeVfm as noted in Section 3.8. This
can probably be corrected by modification of the bag in a similar fashion
ta that suggested for the J/¥. On the other hand, it is gratifying to note
that the two lower predicted states (T (10174) and T (10333) in the soft
bag model) e close to the potential model predictions for these states
{T {10200} and T (10500) [23], T (10149) and T (10434) [16], T (10137) and
T (10421) [22], and T (10285) [24)}.

3,11 The meson wava funckians in the soft bag model

In addition to calcelating the meson spectra, we are also able to

calculate the wave functions in terms of their components in the expansfon
W) = f o #y(P) (43)

where Py(F) Is the wavefunction for a particular fo@> mode.
Since we have a total of nine Iqﬁ,\ states, wa have nine components ta
each wave functfon. We Jist the wave functions corresponding to the nine
calewlated states in Appendix A for g = 2.0 GeVfm for the J/#, and B = 4.5
Se¥fm 9n the case of the I,

The wave fupctions for both the ¢/ and the T follow expectations in that

the ‘towest state s predominantly [sl/zil/?, wh:rees the upper
states have signiffcant wmixing of mades, In both cases, however, we have
‘the appearance of what we will term exclusive coupling, whe/> certain
states have strong components of certain !qi> modes, and zevy

components for ail others. For both the J/% and T, the fourth and seventh
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wavefunctions are exclusive couptings of Ip1y/2bzse>
Ipgpabry2os 1d3,/,85/2> and |d5/233/9>. In all

of the above cases, the two |pjpy> components are equal and
Tikewise the two |d|ad> components, although 1 145 to be expected

from the symmetry of the pairs, and occurs for all.the mesor states.

Examining the J/§ case first, we further note that the d components of the
seventh state are equal to the p components of the fourth, and the p
components of the seventh state are equal to the d components of the
fourth, apart from a change of sign, The same situation occurs for the
fourth and seventh states of the T spectrum, except that the sign change
occurs for the d-components of the seventh state and the p-components of

the fourth.

It seems highly probable that this exclusive coupling s simply a
spuriosity of the model used in this dissertation, tn particular the
degeneracy of the p and d states at ag=D and the spin independence of
the interactifon. We thus do not believe this phenomenon %o be of

particular physical relevance.




58

4. CONCLUSIONS

The bag medel 1is gensrally accepted a5 a gaod phenomenological theory of
the structure of guark systems, but has been applied mainly to light guark
systems. In this dissertation, we show that the bag model can be used to
provide an accurate description of the 3P = 17 states of the J/p and T
mesons, This means that the bag model is consistent, and makes it more

acceptable as a general descriptive model of quark system spectroscapy.

In calculating the meson spectra, we make use of a non-relativistic
approximation for the quark systems. We thus use the Schroedinger rather
than the Dirac equation for the single quark mades. This is valid owing to
the heavy ¢ and b quarks that make up the J/y and T systems. As would be
expected, the model provides more accurate results for the T thaa for the
9/, This 1s understandable §n terms of the heavier mass and lower

Schroedinger energies of the b quark.
As discussed in Sectiop 2.2, we introduce a convanient scaling of the mass
to obtain consistency with the relativistic case. This is achieved by the

use of a mass scaling factor 8 with the property:

0= P/




In the wodel used in this dissartation, £ is one of the free parameters

availavle to us, insteau of the masy itself.

A further modification made to the bag model is the use of a softened bag.
The concept of a non-square well type of bag has been used before [7], but
in this dissertation we confine the gluons to the same soft bag as the
quarks, which is a novel approach. We propose a functional form for the
soft bag in terms of both a colour dielectric constant and a confining
potential. The form 4s entirely  phenomenological, but provides

satisfactory results.

We describe the observed J/p and T systems within this model, There are
thres adjustable parameters, mamely the bag radius, the coupling constant
and the mass scaling factor. We fit each spectrum separately, and thus
obtain different values of R, ag and g for the J/% and Y. In both cases,
the values obtained for these parametars are close to experimental values,
as well as those obtajned by other models. The ag values are Jarger than
the MIT value and those obtained 1n 5] and [6], while the quark masses
calculated from the mass scaling factars and the radii Tie well within the
range of Yiterature vaiues. The bag radil R are physically appealing,
although the RMS radii are not as closa Lo experimental values as could be
hoped, owing to the form of the potential. We also find that the o
vaiue for the T 1s within 20% of the coupling used for the J/¥. Within the
Timits of the model, we may conclude that the imteraction is reasonably

flavour independent, as we would hope.

Once the three adjustable pavameters have been determined, we calculate

the remainder of the meson spactra. The fit is remarkably good, with no




state more than 5% from the experimental value. The lewer states are often
within 1%, but the higher states are less precise. Modifications to the
potential at higher energies will probably improve the agreement, as
discussed 1in Section 3.10. In addition, we must keep in mind that our
mode? cannot reproduce the widths of the observed states, which imposes a

systematic limitation on our theoretical resuits.

We also determine the wave functions for the calculated states in terms of
their components. We find that for both mesons, the ground state is
predominantly Ism 319> while the upper states are strong
mixtures of all the compenents. The appearance of states that consist oaly
of certain |q3> wmodes 1s spurious and is probably due to the spin

independence of the interactfon used in this mode?.

We find that the soft bag model produces a spectrum that is comparable to
the spectra produced by potentia) models for both mesons. The Tower states
sbtained from the soft bag model are very close to those found using
potential models. The higher states of the spectrum calculated with the
soft bag model, however, are bunched, which does not occur in the
patential models. This is most probably due to the lack of spin-dependent

terms in the radial Hamiltentan for the soft bag model.

e do not calculate decay widths for the heavy mesons in this
dissertation. Although knowledge of the heavy meson wavefunction alone
allows us to caleulate the leptonic portion of the decay width, we have
not dome so as this procedure is not meaningful since the leptonic decay
wodes are strongly overshadowed by hadronic decay models. (In many cases,
upwards of 90% of the tota) decay width is hadrontc in nature [15]). To

determine the hadronic poriions of the decay widths would require the
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calculation of the wavefunctions of all the hadrons produced by these
decay modes. For the J/p (3100} alone, there are more than Fifty hadrenic
decays. We have thus not attempted to calculate hadronic portians of decay

widths for the heavy mesans.

The major source of uncertainty in the soft bag model Vies in the chaice
of potentia). There is very little to guide the choice of the potential
parameters, and the form given in this dissertation must be regarded as
purely ad hoc. In particular, the relationship between the potential and

dielectric constant must be viewed as plausible rather than exact.

In conclusiom, this dissertation shows that the bag model provides a
consistent  description of, and acceptable results for, heavy quark
systems. We show that a non-relativistic approximation 3s valid for these
systems, although it Jimits the amount of information available from the
calcylatjons. We see that the dynamic interaction is not important for
heavy quark systems owing to the Tow single quark emergies in comparisen
to the gluon modes. Moreover, we show that the phystcally appealing,
although phenomenglogical, idea of treating the gluons in the same soft
bag as the quarks, is acceptable, accurately predicting the spectra of the

hieavy meson systems studied here.




APPENDIX A

THE MESON WAVEFUNCTIONS

We Tist the spectra for the mesons and the wavefunctions in the same order

as the states appear in the spectrum.

A1 The J/¥ spectrum and wavefunctions
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