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ABSTRACT

The MIT bag model has been widely applied to l ig h t quark systems, but has 

ra re ly  been used to  study heavy quark systems. For the bag model to  be 

consistent For describing pa rtic les  composed o f quarks, 1t should be able 

to  p re d ic t the spectra o f heavy quark systems as w e ll . In th is  

d isse rtation, a no n -re la tiv is t ic  bag model is  developed, incorporating a 

so ft bag approach to  confinement through a phenomenological non-squarj 

w ell po ten tia l. The gluons are confined to  the same so ft bag as the 

quarks. This model is  then used to calculated the Jp-V  spectra o f the

of heavy quark systems permits the use of 

itions fo r the generation o f the single quark 

r. In addition, only the s ta tic  part o f the 

ed in the Hamiltonian.

The meson spectra are calculated using e ffe c tive ly  three free parameters, 

and are compared to  both experimental observations and the resu lts of 

po tentia l model ca lculations. The n o n -re la tiv is t ic  so ft bag model is  shown 

to  provide resu lts  tha t are o f an accuracy comparable to  that o f the 

po tentia l models, and are in  good agreement w ith experiment.
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NOTATION

it D ie lec tric  constant

it I Steps in  d ie le c tr ic  constant

w j Transverse gluon eigenvalue

yj; Longitudinal gluon eigenvalue

G jj Gluon propagator

32 Energy dependedent part o f  in te raction

Single p a rtic le  quark energy 

S1 Single pa rtic le  antiquark energy

2 l4 (32 S e lf energy part o f Interaction

Uj4 t32 S ta tic  part o f In teraction

S jj Kronecke delta

l6 Single quark/anti quark wave function

E Colour e le c tr ic  fie ld
B Colour magnetic f ie ld

Hlij i 32 Hamiltonian

gs Strong coupling constant

as Coupling constant

cs Speed o f l ig h t in  vacuum

V(r) Confining potentia l

Vt Steps in  confining potentia l



Mass scaling factor 

Bag radius

Step position w ith in bag 

Potential softening strength 

Radial quark/antiquark wave function 

Radial gluon wavefunctlon 
Spherical harmonic

Plari., s constant divided by Zn 

Bottom

Orbital angular momentum 

Spin angular momentum 

Total angular momentum

Meson energy

Single pa rtic le  component o f co lle c tive  

sta te ' • venvector



1. INTRODUCTION

o f the quark model fo r  hadrons in  the la te  1960s has led to 

ts  being made to  determine the theo re tica l background to 

re In terms o f quarks and gluons. The most favourable theory 

a description o f the strong In teraction Is that o f  quantum 

Lee[l] provides an Introduction to  th is  theory, 

complex theory, and phenomenological models have been 

the quark structure o f matter.

The two most Important groups o f these phenomenological attempts are the 

bag models (MIT[2] and SLAC[3]), and the po tentia l models { fo r  reviews see 

[1 8 j, [2 8 ]}. The two groups d if fe r  In tha t while the bag models are based 

odynamlcs, the po tentia l models have th e ir  grounding 1n 

s n -re la tlv ls t ic  quantum mechanics. The bag models 

to  be confined to a region o f space, and to  Interact 

ge o f gluons. The potentia l models, on the other hand, view 

Inement o f  the quarks and th e ir  In teraction as a single 

e Dirac or Schroedlnger equation.

models, however, do not prove to  be e n tire ly  satis facto ry  as 

Inscribing baryons or l ig h t mesons[4]. They have been widely 

In the study o f heavy quark systems, and have proved to 

>le and accurate resu lts fo r systems such as the J /j! and T 

[2 2 ], [2 3 ]. This Is the opposite o f the s itua tion  that has 

the hag models, which give good resu lts fo r the l ig h t quark 

have rare ly  been applied to  heavy quark systems. I t  Is



desirable tha t fo r the bag to  be acceptable as a general model, I t  should 

be consistent, and produce good resu lts fo r heavy m ark systems. I t  Is the 

Intention o f th is  d issertation to  show tha t the bag model can provide 

acceptable resu lts fo r the heavy J /#  and T systems.

The use o f heavy quarks allows certa in approximations to  be made to  the 

bag model used in the r.nalysls o f l ig h t quark systems [2 ], [5J, (5 i. The 

basis o f these approximations Is  the no n-reJH Jvlstlc nature o f the 

problem, which allows s im p lif ica tion  o f both the single p a rtic le  modes and 

the gluon-mndlated In teraction .

In th is  n o n -re la tlv ls t lc  approach to  heavy mesons we ultim ate ly use a 

pa rtlc le -ho le  model as In tra d itio n a l nuclear physics. Ue assume a 

reservoir o f quarks, w ith the vacancies In th is  reservoir being the 

antiquaries. Throughout th is  disse rtation, we shall consider the mesons to 

consist o f single quark - single antiquark states; a more complete 

treatment would have to  take m ultip le quark - m u ltip le  antiquark states 

Into account.

In Chapter 2, we give a b r ie f  review o f a single gluon mediated 

re la t lv ls t lc  bag theory using the formulism o f [5 ] and £6] ,  and then 

Introduce the approximations mentioned above to  th is  model to  obtain a 

n o n -re la tlv ls t lc  model fo r a quark-antiquark pa ir In a bag. The 

approximations also require us to  Introduce a scaling fa c to r on the mass 

to  obtain the correct rad ia l dependence o f the meson states.

We also Introduce the concept o f  a soft bag in th is  chapter. The bag model 

as o r ig in a lly  fo ra u la ted [l] makes use o f an " In f in ite  square w e ll" form o f 

bag. Various authors (see fa r  example [7 ))  have made use o f other
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confining po tentia ls, in  pa rticu la r potentia ls o f the form V(r) -  r 2 or 

V(r) ~r3. We propose a more f le x ib le  method o f softening the bag, which, 

while reta in ing the computational s im p lic ity  o f the square w e ll, allows us 

to  mimic the r 2 or r 3 bag used in the l ite ra tu re . The proposed method 

has a s im ila r e ffec t on state ordering as the r n bag when compared to 

the square well bag, I.e .  higher I  states are shifted up more than lower I 

states. In addition, we show that gluons can be treated in  the same bag as 

the quarks, which Is physically appealing, a lb e it phenomenological.

The n o n -re la tiv ls t ic  so ft bag model is  applied to  the J /tf and T systems in 

Chapter 3. A phenomenological confining po tentia l is  proposed, and the 

spectra fo r the J /p  and ? mesons calculated using th is  po ten tia l. The 

model is  dependent on only three parameters, namely the bag radius, the 

coupling constant and the mass scaling factor fo r  each meson, apart fTom 

the choice o f parameters fo r the po tentia l. In addition to the spectra, we 

fin d  the RMS ra d ii o f the mesons, as well as masses fo r the charm and 

bottom quarks from the best f i t  fo r  the spectra. The model resu lts are 

compared to  both experimental observations and the predictions o f 

potentia l models. In Chapter 4, we draw conclusions from the resu lts , and 

suggest improvements to  the model.



I t  is  useful to  s ta rt the description o f the model used in  th is  

d issertation by examining the bag model fo r re la t iv is t ie  systems with

single gluon exchange, before adapting the equations and formulism to  deal 

w ith  n o n -re la tiv is t ic  systems.

2.2 The bag model fo r single gluon exchange in  r e la t iv is t ie  systems

The bag model was o r ig in a lly  postulated by Chodas e t a l-[2J  as a

phenomenological approach to  the question o f the non-observability o f  free

quarks. I t  introduces the concept o f confinement o f the quarks. This is 

achieved by assuming that a strongly In teracting pa rtic le  is  confined to  a 

f in i te  region o f space with a constant energy density, w ith in  which the 

included fie ld s  (fermions or bosons) are constrained. The assumption o f 

constant energy density ensures tha t the confinement is  Lorentz-invariant.

An analogy fo r the bag model can be found In classical e lectro-

msgnetlsm[I]. Consider the case o f a normal d ie le c tr ic  medium with 

d ie le c tr ic  constant k>I, as is  required fo r a l l  physical media.

We now attempt to  iso la te  a charge e* w ith in the d ie le c tr ic , and to 

create a "bag" o f vacuum around the charge. As a resu lt o f  the positive 

charge In the cav ity , a negative charge Is induced on the inner surface o f 

the cavity. This Is known as the screening cha racte ris tic  o f d ie le c tr ic s .
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Owing to simple Coulomb forces, the "bag" w i ll  collapse onto the positive

charge. Thus i t  is  c lear tha t a d ie le c tr ic  medium cannot support a vacuum

w ith in  the structure.

He now assusre the xistence o f a d ia -e le c tr ic  medium; tha t is , an 

anti-screening m ateria l. This requires a d ie le c tr ic  constant k<1, to

ensure tha t the induced charge is  of the same sign as the charge the

centre o f the cavity. The repulsion o f the two like-signed charge

d is tribu tion s ensures that the bag does not collapse, but maintains a

f in i t e  size.

Quark confinement can be viewed in  s im ila r terms to  the above

anti-screening s itua tion . Me begin by replacing the idea o f e le c tr ic  

charge by tha t o f colour charge ec . We then view the QCD vacuum as a 

perfect colour d ia -e le c tr ic  medium. We then obtain the resu lt that 

whenever quarks or antiquarks are present, an Inhomogeneity must appear In 

the space surrounding the p a rtic le s . I t  1s th is  inhomogeneity that Is

called the bag. Within the bag, ie»I, while outside, *=0, o r at least Is

very much less than I .

Lee shows[l] tha t the to ta l energy o f the c lassica l electromagnetic system 

is  given by

« -  %  ( _ eL ) 3 /« ( * ; ) %  ID

where p is  a positive constant. I t  is  c lea r from the above descrip tion 

that fo r  e*0, the radius o f the bag R*0. Also, I t  is  obvious that the 

energy o f such a system becomes in f in ite  as tends to  D.



We now replace the single electromagnetic charge d is tr ib u tio n  by a dipole 

o f equal but opposite charges, spa tia lly  separated. Again the minimum 

energy state fo r Kmecj<<l  requires the existence o f a 'hole" in the

medium[l]. Thus, despite the fact tha t the to ta l charge is  zero in th is

case, the bag remains f in i te  due to  the separation o f the charge

d is tribu tion s .

The same argument can be applied to  colour charges. To obtain f in i te

masses fo r  the hadrons, i t  is  necessary to  have a colour s ing le t w ithin 

the bag composed o f separate colour charge d is tr ib u tio n s . In th is  case, 

ec-0 and the mass o f the bag may remain f in i te  fo r by the same

argument as tha t fo r the EM case above. We are thus in  a position to 

describe the mesons by q1q' states where i  is  a colour index.

I t  can also be shown[13 tha t the f lu x  lines w ith in  the bag fo r a colour

dipole o f the form encountered in  mesons must be p a ra lle l to the surface 

o f the bag at the surface sc tha t the flu x  outside the bag is

inden tica lly  G as is  appropriate fo r a d ia -e le c tr ic  medium. Also, in f in i te  

energy is  required fo r  the separation of the d ipole. This explains the 

confinement o f quarks and antiquarks w ith in  the bag.

The quark/antiquark in te raction is  mediated by gluon exchange. The actual 

form o f the inte raction is  not prescribed by the bag model[S], The

inte raction must, however, bring about c o lle c t iv ity  w ith in  the bag. For 

the purposes o f th is  d issertation, only sing le gluon mediation o f the 

inte raction w ill  be considered. I t  is  also assumed tha t the gluons are 

res tr ic ted  to  the same bag as the quark/antiquark p a ir. Gluon

se lf- in te rac tio n  is  not considered, as the assumption o f a bag supposedly 

includes th is  in te ra c tio n ^ ].



The assumption o f a confining po tentia l Introduces spurious centre o f mass 

motion. However, the e ffec t o f th is  motion is  small in  the case o f lig h t 

quark systems [6 ] ,  and neglig ib le in  heavy quark systems. In th is

d isse rta tion , centre o f mass motion is  thus not considered.

In the bag model the quark and antiquark energies and wavefunctions may be 

found from the positive and negative energy solutions respective ly, o f the 

Dirac equation fo r a bag o f radius R

(1-yd-m) 16=0, r<R (2)

with the boundary conditionfe j

- i ’T-fiil -  f! a t r=R.

He tre a t the gluons l ik e  photons in  QED. The gluon se lf- in te rac tio n

inherent in QCD is  le f t  out as discussed above. He choose to work in the 

Coulomb gauge to  obtain a s ta tic  in te raction in  the n o n -re la tlv is t ic  l im it

in  a natural way. He thus obtain the gluon modes from the solution of

Maxwell's equations in  a cavity fo r a Coulomb gauge:

l  vz * {u j )2] = 0

? . .  o

w ith the boundary conditions

(3)



f  x B -  0 at r=R,

where A gives r ise  to  the dynamic portion o f the gluon propagator

I VZ + IbJ )Z] * (n) - 0 

fo r  the s ta tic  pa rt * n, w ith boundary condition

i.e .  zero flu x  across the boundary. 

The gluon propagator is  given by[5]

Gik <

K M  -  -5 f * ! " )  I r )  l r >

For one gluon exchange there are three terms to the In teraction . The 

energy dependent part is  o f the form



wfiet-e f  anJ & are quark and anti-quark energies respective ly, [ } j  

Indicates coupling o f the angular momenta o f the channel considered to a 

to ta l J, and

r13("l J A  *[*(«) T #, (i) • *,n,Rl.

The s e lf energy terms are given by

n , j  n , j

The s ta tic  part o f the In teraction is

where sZ3(n  ̂ -  J dx ^  (x) -rQ tf3(x) 4 |n )(x).

The corresponding diagrams fo r the above terms are shown In Fig. 2.1.

The meson states can now be found by dlagonallzatlon o f the matrix

where as -  gsz/* i t  and the fac tor Ifi/3  Is due to the coupling to  a 

colour s ing le t s ta te [6].

The above procedure has been carried out fo r l ig h t  mesons [5 ],(6 j and 

found to  y ie ld  satisfactory resu lts . For heavy nesons, such as the 0/s& and 

T, certa in s im p lifica tions can be made to the above,



Frequency Dependent: (Eq 6) v.

1 ------— >3 1

2  ^  -4 ^ 4

Self Energy: (Eq 7)

1 ------»------- 3

2 —

Static: (Eq 8)

i — ; — 3

Fig. 2.1: Dlagrsras fo r contrtbutfons o f Eqs. (6 ), (7) and (B)

2.2 The non-reH tiv1stic  approximation for the q/q inodes

!n the case o f the heavy quarks (charm, bottom and top), U  Is possible to 

view the system as being non-relat1v1stic since the k in e tic  energy o f the 

quacks is  appreciably smaller than th e ir  mass, i.e .

where p is  the momentum o f the quark and nig i t s  rest mass. This means 

that instead o f solving Dirac equations(2) fo r the q/3 modes, we may 

solve the time-independent Schroedinger equation



v- '

[ - o :

V - A
with the boundary conditions * n(R) » 0 

and ty o )  f in i te .

This solu tion is  equivalent to  the no n -re la ttv is tlc  l im i t  o f  the Ofrsc 

equation Introduced In the previous section. Note tha t two boundary 

conditions are now necessary since the Schroedinger equation Is second 

order, while the Dirac 1s f i r s t  order.

In the no n -re la tlv ls tlc  equation (10). 

convenient to  parameterize th is  mass by

is  an e ffec tive  mass. I t  1s

where R 1s the bag radius and fi a constant, in  our attempts to  obtain a 

best f i t  to  the meson spectra, we vary the parameter p rather than the 

mass m. The motivation fo r th is  parameterization Is as follows; consider, 

fo r  s im p lic ity , an in f in ite ,  spherical well in  (10). The rad ia l solutions 

are then spherical Bessel functions jg (k r ) ,  where

kz .

Since the 

j ; ,  i t  Is

r

energies o f the solution are determined by the zeros o f the 

k -  V ri and thus tha t e -  V r2 i f  (H )  Is 

Is  well known that fo r solutions o f the Dirac



equation, « -  V r -  The parameterization ( J l)  thus ensures tha t the 

k ine tic  energy € scales lik e  the mass I ts e lf ,  I .e .  Inversely proportional 

to the bag radius, maintaining consistency with the r e la t lv is t lc  case. The 

procedure f r r  choosing $ w i ll  be described la te r.

2.3 The gluon modes

By making the no n -re la tiv ls tfc  approximation, we are also able to  s im plify 

the procedure fo r  generating the gluon modes. In the no n -re la tiv is tic  

l im i t ,  only the Integrals s W  Introduced in  Section 2.1 survive, while 

the r ( " )  vanish, since the non-diagonal matrices i  mix the upper 

and lower components o f the Dirac splnors. As a consequence, fo r l ig h t 

( re la t lv is t lc )  quarks, the vertex in tegra ls r ^  and s(") are o f

s im ila r order, while fo r the case In question, I.e .  that o f heavy quarks,

the r ( " )  Integrals are smaller than the by a factor |E-m)/(E+m). 

In the case o f the J/#  and T mesons, th is  ra tio  1s o f the order o f 0.3.

This can be seen from the results given below where we find  m -  0.6E.

Since both the energy-dependent and self-energy terms ar« dependent on the 

product o f two integra ls , both terms are to  good approximation less 

than 10% o f the s ta tic  term. I r e l r  exclusion from the Hamiltonian Is thus 

ju s t if ie d .

The resu lt o f the setting A = 0 is the disappearance from the model 
o f  transverse gluons. The longitudinal gluon modes are generated by (4), 

with only the G00 propagator being relevant.



2.4 The e ffec t o f the no n -re )a tiv is tlc  approximation 

on the Hamiltonian

The major e ffec t on the H am ilton ..i Is  brought about by the exclusion o f 

the dynamic inte raction from t..a model. As discussed above, both the 

energy dependent and self-energy terms disappear from the Hamiltonian (9) 

owing to the dynamic In teraction A being zero.

The n o n -re la tlv is lt lc  Hamiltonian, a fte r the exclusion o f the energy- 

dependent and self-energy terms. Is thus the sum o f an unperturbed 

Hamiltonian

C , *  -  " l  - V u ' M

and s ta tic  in te raction Hamiltonian

" l4 J Z  = °s "14,32 (14)

where is  given by (8 ), to  give

H14,32 "  <er V  ^13 S24 * t6 /3 as "14,32. (15)

i t  should be noted at th is  point that the use o f the Schroedinger equation 

to  generate the quark and antiquark modes without the addition o f 

spin-spin or sp ln -orb lt terms means tha t fo r  Hun the four p states

(Pl/2^/2'Pl/2P3/2'P3/2Pl/2'P3/2^3/2)

w ill  be degenerate and likew ise the four d states
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2.4 The e ffec t o f the non-relat1v1stlc approximation 

on the Hamiltonian

The major e ffec t on the HamiUonian 1s brought about by the exclusion o f 

the dynamic In teraction from the model. As discussed above, both the 

energy dependent and self-energy terms disappear from the Hamiltonian (9) 

owing to the dynamic in te raction A being zero.

The no n -re la tiv is ix ic  Hamiltonian, a f te r  the exclusion o f the energy- 

dependent and self-energy terms, is  thus the sum o f an unperturbed 

Hamiltonian

^14,32 ° ( ' l  " V  S13 S24 (13)

and s ta tic  in te raction Hamiltonian

HIM Z  "  ^  “ s U34,32 (14)

where 1s 9iven by (8), to  give

HM,32 "  *13 *24 + Qs ti14,32. (IS)

[ t  should be noted a t th is  po int tha t the use o f the Schroedinger equation 

to  generate the quark and antiquark modes without the addition o f 

spln-spin or sp in -o rb it terms means tha t fo r Hun the four p states

^i iih/ i 'Vi/zh/i 'Vyih/i 'Vyzh/z)

w ill  be degenerate and likew ise the four d states



(d3/2a3/2-d3/2a5/2’ d5/2a3/2>

d5/2a5/2>-

The addition o f the in te raction term, H 'n t, where the angular momenta of 

the constituents are coupled to  a to ta l angular momentum J , and spin 

effects are thus Included l i f t s  the degeneracy.

The diagrams corresponding to  the HamiltonUns(13) and (14)



The main problem o f softening the bag lie s  In choosing the functional form 

o f it ( r ) .  Obviously, the Form must be re a lis t ic ,  but in  addition must be 

eas ily  soluble computationally. The solution to  both these problems is  to 

construct ic{r) as a series o f steps, as shown In Fig. 2.5.

2 ---- <------4

H T  (Eq 13)

1 ------»--------3

H inl: (Eq 14)

Fig. 2.2: Diagrammatic form o f the Hami?ton1ans(I3) 

and (14) respectively
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Fig. 2.3: Radial

Fig. 2.4: Proposed radia l dependence o f n fo r a so ft bag

i '



Fig. 2.5 Stepped construction o f it( r)

The functional form o f th is  dependence is 

4 r ,  .  ^  , ,

where -  0 fo r r  < o r r  > fi1

1 fo r R j^s  r  $ R,

and itj are chosen to give a suitable p ro file .
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This form o f k can f 

varia tion  o f the numb! 

magnitudes o f the * ^ ’ s.

t forms o f softening by 

> o f the steps and the

In the solution o f the Schroedinger and Maxwell equations, however, U  Is 

the potentia l that is  required. I t  Js c lea r tha t the po tentia l must be 

in tim ate ly  related to  the d ie le c tr ic  constant, but the exact form o f the 

relationsh ip is  not obvious. In keeping w ith the essentia lly 

phenastenological formalism o f th is  d isse rta tion , we propose that the 

relationsh ip is  given by

where V0 1s a scaling factor which determines the "strength* o f  the 

softening process. We propose th is  equation as a physically plauslb'e 

re la tio n  which is  to  be understood whatever the form o f ic{r), continuous 

or discontinuous. For the proposed multi-stepped form o f i t ( r ) ,  i t  is  clear 

tha t V(r) has a s im ila r multi-stepped pattern;

%  ( 1 ; -

I t  is  th is  potentia l that we w ill  use in  the fo llow ing model.

We note at th is  point that the muittstepped form o f V(r) in (18) implies 

the existence o f an In f in ite  boundary at some f in i te  radius, which is  not
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the case fo r  tru ly  so ft po tentia ls o f  the form V(r) -  r 2 or r 3. 

However, with a suitable choice o f the K j's , R^'s and V0, the lower 

portion o f the spectrum and the corresponding wavefunctions produced from 

{16), should not be too d iffe re n t from that o f the genuinely so ft bag.

2.6 The quark, antiquark and gluon Bodes In  a so ft bag

We turn row to  the generation o f the modes fo r the various pa rtic le s  and 

a n ti-pa rtic le s  w ith in  the bag. The modes are described by equations (10) 

and (4) fo r  the quarks/antiquarks and gluons respective ly, (n the case of 

a spherically symmetric po ten tia l, such as ts the case In th is  model, I t  

Is  possible to  separate the variables 1n the equations so that the 

wavefunctions and *g (r ) ,  fo r quarks/antiquarks and

gluons respective ly, can be w ritten , w ithout spin dependence, as:

Rg(r) Y; (B) fo r quarks 
*  ^  -  ’  Rt ( r)  ( - i ) 6""1 Yjj™ (0) fo r antiquarks

* t ( f )  ■= ^  ( r )  Y™ (fi) fo r gluons

where (tl) are the usual spherical harmonics {see [9 ] fo r de ta ils ), 

and Rg(r) and sa tis fy  the equation



the o rb ita l angular momentum and

fo r quarks

fo r gluons

I t  1$ well known tha t fo r a potentia l o f square well form

(21)V (r) -  V0 fo r r<R

in  terms o f spherical Bessel and Neumanthe solutions o f ( 20) 

functions, i.e . j ( ( k r )  and n6(k r) , fo r k (r)  rea l, and modified Bessel 

and modified Neuman functions ig (k r)  and k^ (k r), fo r k (r) imaginary. 

Thus fo r a potentia l o f the form (21), the general so lution fo r  (20) may

mF f(r)  -  A fj(k r)  + Bge(kr)

9{(k r)

and A and B are constants tha t have yet to

I



At th is  stage, we consider the m ulti-step "so ft"  po tentia l (18). I t  is 

c lea r that the stepping o f the po tentia l makes the solution o f (20) 

considerably easier than would have been the case i f  the po tentia l had 

been continuous. Instead o f being forced to  solve fo r the modes

numerically, i t  is  possible to  formulate the en tire  problem an a ly tica lly . 

W ithin each step o f the po tentia l, one may w rite  down the solution fo r

(20) analogously to (22). Thus fo r the i ^  step, assuming a to ta l o f N

F * t(r) = Afff.Ck^r) + 8 ^ ( 1 ^ ) ,  i= l , . . .N  (23)

where -  C (c-V^)

with Vj -  V0 U  - J) from \:8 )
* i

We now Impose boundary conditions fo r  the case Fg(r) = Rg(r), i .e .  fo r 

the quark/antiquark modes. From the princ ip le  o f asymptotic freedom, i t  is 

clear tha t kj must be un ity, so that V% = 0. This means that 

f ( ( k jr )  w i l l  always be a spherical Bessel function, and gg(k^r) a

spherical Neuman function. However, we require the wavefunction Rg(r) to



^ { { k j r )  -  A ijg (k iP ), 05rsRv (24)

«*l(kn% l -  «H *  «W (!5)

fo r  Fe{ r )  -  The major

at r ^ .  In the quark

and to  enforce n u l l it y
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Turning to  the gluon case, we have stated above our in tention to  confine 

the gluons to  the same so ft bag as the quarts. Since, in  our treitm ent,

the gluons behave iik e  photons, we place constraints on the gluon flu x

xEP = ndtf/dr, where Ey- Is  the rad ia l component o f the colour e le c tr ic

F ield, in  a manner analogous to the e le c tr ic  f lu x  in  classical

e lec trosta tics . The continu ity o f the rad ia l e le c tr ic  f lu x  across the 

Interface o f two media o f d iffe re n t d ie le c tr ic  constants Is  weU known <fi 

electrodynamics (see fo r example [9 ]) .  Placing the same constraint on the 

colour e le c tr ic  f ie ld ,  we thus require continu ity o f the rad ia l gluon flux  

across each step in the d ie le c tr ic  constant o f the so ft bag, expressed by

“ i  4 , ♦ V v m i  ■ “ m  ' - z ..........« (»>

Furthermore, at r»Rjj, I .e .  at the outer boundary, the assumption o f a 

colour d la -e le c tr ic  medium surrounding the bag (see section 2.1) means 

tha t the rad ia l gluon flu x  must be zero outside the boundary, as is  the 

case e le c tro s ta tica lly  w ith a d ia -e le c tr ic  medium. The continu ity o f the 

radia l gluon flu x  across the outer boundary must thus imply

*« j k  A  i w  ■ °- ( » )

Once we have determined the boundary conditions, i t  1s c lear that fo r  an 

N-step po tentia l, we have a system o f 2N-] equations 1n the 2H-1 A j's  

and 8^ 's. (tie have used the boundary condition a t r-0  to elim inate Bj 

1n both cases.) tie may thus set up an equation o f the form

(29)
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whe*"e X is a yectof o f the A j's  and B^'s o f dimension ZN-I and M is  a 

(2N-1) x (2N-1) matrix with entries o f the form o f f^ 's  or ge's  and 

th e ir  corresponding derivatives ( fo r quarks/antiquarks) or fluxes ( fo r  

gluons). Me seek no n -tr iv ia l solutions fo r  X. This is  achieved by varying 

the energy t  in  the arguments o f the f^ 's  and gg's u n til the

determinant o f M Is zero, and then seeking the zero eigenvalue o f the 

resultant constant matrix. The energy < fo r which th is  occurs is  the eigen 

energy o f the mode. The eigenvectors o f th is  matrix then provide the 

constants Aj and B j, and the wave functions can thus be calculated. In

a l l  o f the above, the fg 's  and g / s  and th e ir  derivatives are

determined using the recursion re lations given in  [21].

2 .r The vertex integra ls s W  f or the so ft bag model

The construction o f the interaction Hamiltonian (14) requires the

calculation o f the vertex integra ls s W , given by (8). Once we have

solved fo r the quark/antiquark and gluon modes as described in  the 

previous section, we may set up these integra ls as follows:

‘ i s 1" ’ ■ J  #3 ( r |  A -  (30)

This integra l may be separated in to  rad ia l and angular parts. The radial 

part is  given by

(31)



For the soft bag, the radia l portion o f the integral can be w ritten  as

with -  0,

snd thus consists o f Integrals over products o f three Bessel, Neman, 

modified Bessel or modified Neuman functions. These are computed 

numerically.

The angular part can be done an a ly tica lly . The derivation given In the 

previous section produces angular wave functions fo r the quark and 

antiquark modes which are simply spherical harmonics These

take no account o f the apin wave function. To include the spin 

contribu tion , we can make use o f the expression fo r the angular portion of 

the s(n) Integrals derived fo r the r e la t lv ls t lc  case 1n [12]:

(-d ”3^  (J3 A A Jz>

x I  L i M U . ] (33)

where ■ the to ta l angular momentum o f the sta te,

A = o rb ita l angular momentum o f gluon,

mt = pro jection o f Jf ,

and -  / 2J^+1
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f c ;

The las t term in  (33) determines the pa rity  selection rules while the 

other terms govern the angular momentum selection.

2.8 The coupling o f the angular momenta

The Interaction term Is given by (8 '. Once the integra ls

have been carried out, i t  is  necessary to  couple the anguUr momenta o f 

the input and output states to the to ta l angular momentum o f  the meson 0.

both the -3/t and T meson, ,1=1. The f u l l  expression fo r the coupling,

V W ,

M j3  *  ^ i)  ^ 4  ^  [L tLM .11*  <3+ A] U i± d l * 2+£<l+A] ■ (34)

Details o f the coupling o f the angular momenta can be found in tlOJ. We 

are now in  a position to w rite  the inte raction as

U14,32 "  n̂ 0 sn !ra d  4 j! r a d  ** 

(»LJ 2

where wj; is  the gluon eigen energy fo r the nth  state.



3. THE STATES FOR J/» AND T MESONS

i .  

%

in th is  chapter, we apply the formalism o f the so ft bag to  the Jp -  V  

states fo r  the 0 /^  and T mesons. We should obtain a reasonable f i t  on the 

grounds tha t the no n -re la tiv is t ic  approximation is  expected to  be valid  

fo r the heavy c and b quarks which make up these mesons.

3.1 The parameters fo r the model

We have three parameters that may be used to  f i t  the data. These are the 

extent o f the confining potentia l RN, the coupling constant o$, and 

the mass scaling factor 0, introduced above. A ll o f these parameters have, 

in theory, unlimited ranges, but l im its  are imposed by the desire to 

obtain reasonable agreement with resu lts obtained both from other theories 

and experiment. We thus hope to obtain fin a l parameters w ith in the 

fo llow ing bounds:

0 < Ofs s 2.0

RN -  1 fm (36)

2 GeV.fm ( fo r O/yS)

/Jb -  5 GeV.fm ( fo r T).

condition shoo 

between 1.6 and

s to obtain va 

id values o f fc



Of the three conditions in  (36), the l im it  on »s is  the weakest. Th*re 

is  very l i t t l e  to  guide us in our choice o f as, other than the desire

th a t i t  should be "sm all", i.e .  the deviations from the unperturbed states

should not be enormous.

I t  should be noted tha t RN is not the size o f the meson. Once the states 

have been determined, a RMS radius o f the meson can be calculated, which 

gives a more re a lis t ic  estimate o f the meson's size. is  used to  set 

the energy scale o f the meson spectrum. The o rig ina l N .I.T . bag[l] does 

not use the radius as a parameter, but rather fixes i t  using the quadratic 

boundary conditionfBJ. However, the vacuum pressure B used in  the M.I.T. 

bag f u l f i l l s  the same ro le  o f overall scaling there as the radius RN

3.2 The method o f f i t t in g  the data

The data are f i t te d  using the same procedure as that used in [5) and [6 ],

The single p a rtic le  modes are generated using a radius o f 1 fm. These

modes are then substituted in  (13) and (14) to  obtain HunI4 )32 and

Hin t i 4i 32. The value o f o$ is  then varied and the meson states

calculated fo r  each value o f os. The choice o f as is  determined as

follows:

Consider a measured spectrum Tf and a calculated spectrum Ej. We 

choose ffs such that
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(37)

This value o f as Is then used in  the HJ4i32 m atrix to  generate the 

wave functions fo r the meson states.

Once the »s has been fixed , ere scale the whole spectrum using the radius 

Rfl. The parameterization (U ) o f the mass means tha t the eigenvalues 

Ej scale l ik e  the mass, i .e .  l ik e  the Inverse o f the radius. Ve thus 

choose Rn so that

This value o f %  is them used to  scale the whole spectrum, so tha t a new 

spectrum E \  is  obtained such that

The f i t t in g  o f the mass scaling parameter ^ is  more d i f f ic u l t .  Both i s 

and can be f i t te d  once the single p a rtic le  modes and the Hamiltonians

Hun and Hin t have been determined. On the other hand, the quark and 

anti-quark modes depend intim ately on the value o f j). Thus each value o f fl 

requires the generation o f the modes and Hamiltonians. This is 

computationally tedious, and so results are calculated fo r a few values o f 

fl only. This is  not viewed as a severe lim ita tio n , as we expect the theory 

to  be reasonably independent o f the mass scaling.

-  £ l  fo r a l l  1. 
RN

(39)

A comment is  in  order at th is  point concerning the accuracy o f the method 

o f f i t t in g  the parameters described above, i t  is  possible to obtain
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be tte r overall f i t s  by using, fo r example, a least squares method.

However, the essentia lly approximate and phenomenological nature o f the 

model weans that the additional work required by such a method is  out of 

a ll proportion to  the actual improvement shown In the fin a l resu lts , tn 

addition, using such a minimization scheme might well hide trends and 

shortcomings in the model which show through more c lea rly  with a simple 

f i t t in g  mechanism.

I t  Is  also worth noting at th is  stage that the coupling constant a$ is 

th eo re tica lly  flavour-independent[16]. I t  would thus be very g ra tify ing  to 

show that the same coupling can be used fo r both c and b quarks without

the use o f  un rea lis tic  values fo r RN and 0 fo r one or other o f  the quark 

flavours.

3.3 The choice o f the confining potential

Before we calculate the single quark/anti-quark and gluon modes, we must

choose the form of the bag with which we obtain confinement. In Section

2.5 we postulated a general form o f the potential which required a choice 

o f values fo r the steps in  the d ie le c tr ic  constant *  as well as the 

positions o f these steps, and a constant potentia l "strength" factor V0. 

We now propose values fo r these parameters.

We are free to choose any values we l ik e  fo r the parameters o f the

p o tentia l, w ith in the very weak and subjective constraint o f realism. 

However, the success o f the bag model using a hard-walled potentia l means

that we should consider only reasonably small perturbations o f th is  form.
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As we noted in  Chapter 1, we are attempting to mimic the r n bag used In 

the lite ra tu re . To th is  end, we choose values o f k that w lU  give a 

po tentia l that rises a t least as fas t as the harmonic o sc illa to r

po te n tia l. The number o f steps is  s t i l l  an open choice. C learly, the more 

steps we use, the more we may re fine  the po tentia l, but a t the cost o f 

increased computation time, fo r  th is  disse rtation, we have chosen a 4-step 

k function. Values chosen fo r  th is  function are given w ith th e ir  

corresponding positions in  Table 3.1.

Table 3,1 Step positions and values o f it

Step number ( i) Position (Rf) Magnitude

l 0.25

2 0.50

3 0.75

4 1.00 0.S7

These values should be viewed in  conjunction with Figure 2.3.

The choice o f the la s t step position R4 1s a rb itra ry  at th is  stage. 

Since we are going to scale the fin a l values by the radius R4, we can 

take R4 to be 1 fo r  convenience in  the calculations. This w i ll  provide 

resu lts In un its o f Vr> which can then be scaled using the procedure 

o f Section 3.2 to provide the fin a l radius.



The only parameter remaining to  completely determine the po tentia l Is the

softening strength V0. The choice o f th is  parameter is  determined by the

desire to  have a l l  the modes used w ith in the affected area. I t  is simple 

to  calculate the energies o f states fo r a square w e ll, since the zeros of 

the Bessel functions are well known. The lowest d-state energy, which Is 

the highest used in th is  model, is  o f the order o f 300 MeV. Since the 

softening o f the bag w ill  Increase th is  value, we would lik e  the fina l

po tentia l step to  be o f the order o f 1 GeV. This we achieve by

setting V0 to  a value o f 1.5 GeV.

The resu ltan t potential can be calculated from (IS ). The values are given 

in  Table 3.2 fo r  the same positions as for k in  Table 3.1.

Table 3.2 Step positions and values fo r the confining po tentia l V

Step Number (1) Position (R{) Magnitude (Vt )

0 25

2 0.50

3 0.75

4 1.00

The potentia l function V Is shown in  Figure 3.1.



V(r)

1.132

0.500 •-------------------- ,----------

0.167 ■ j----------

0 0.25 0.50 0.75 1.00 r

Mg. 3.1: The chosen confining po tentia l V{r)

He use the same potentia l fo r both the •!/» and I  systems. The consequences 

o f th is  choice w ill  be discussed la te r,

3.4 The single quark/antiquark states

The single quark/antiquark states fo r the so ft bag are calculated using 

the procedure described In Section 2.6 above. We include only the lowest 

f i v e  s in g le  p a r t ic le  s ta te s  P ]/2  •P3/2*d3/2>d5/2) • 'Taking

higher states in to account has l i t t l e  influence on the co lle c tive  modes. 

This Is In line  w ith  our ta c it assumption that the Schroedlnger energy e 

Is  small compared to the to ta l energy o f the quark (  + m0cs2, In 

keeping with the assumption o f no n -re la tiv is tic  quark behaviour. I t  is 

c lear that we have to  view the Schroedlnger energy as a correction to the



res t energy o f the quark, tie note th a t, due to  the lack o f  spin effects 1i 

n, the p1/2 and j>3/2 

d3/2 and ds/z states.■S:
le pa rtic le  statesthe Schroedinger

tfe calculate the sing le pa rtic le  states fo r three values o f the mass 

scaling /!; v iz . 1.8, 2.0, 2,2 GeVfm fo r the J/)i and 4.2, 4.5, 5.0 GeVfm 

fo r  the 1. Values obtained from these calculations using the po tentia l of 

Section 3.3 are tabulated in  Table 3.3 fo r the J/0 and Table 3.4 fo r the

Single quark/antfquark energies fo r the 0/i& 

i  po tentia l o f Table 3.2. Energies are in  GeV

I
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Table 3.4: Single quark/anti quark energies fo r  the T meson 

fo r the potentia l o f Table 3,2. Energies are in  ReV

IS

0.222 0.211 0.201

0.378 0.366 0.348

0.536 0.515 0.490

We also provide, fo r comparison, values fo r  the same range o f p fo r a bard 

bag. These values are tabulated in Table 3.5 fo r the J/i> and Table 3.6 fo r

Table 3.5: Single quark/antiquark energies fo r  the .)/# meson 

fo r a hard bag. Energies are in  GeV

J
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Single quark/antiqus,rk ene 

fo r a hard bag. Energies a

The e ffec t o f the softening on the me 

Tables .1.3 and 3,5 and Tables 3.4 

upwards by the potentia l, as would fc 

to  a greater degree than the <3/̂  modes 

In the bag. This Implies that they "s 

the J/» nodes do. In both cases the sfi 

than fo r the s states, as we expe

seen by comparing 

nd 3.6. A ll the modes are shifted 

xpected. The T modes are affected 

e to  the fact that they l i e  lower 

the potentia l more strongly than 

Is  larger fo r the p and d states 

d. There Is no re-ordering o f the

The modes are normalised so that 

J | t ( r ) l Z d3r  -  1.

Since the at normalised, we need only ensure that

J  % R ( r ) ]2 r 2dr -  I .



3.5 The gluon states

The gluon modes fc r  the so ft bag are determined In a s im ila r manner to the

single quark/antiquark states, also using the procedure o f Section 2.6. We 

include a to ta l o- nineteen longitudinal gluon states, up to the 5p, in

the calculation. The higher energy states contribute very l i t t l e  to  the

Uj4 ,32 term. This is due to both the osc illa to ry  nature o f the wave 

functions, which r’ ' • ases the s W  In tegra ls, and the factor 

(y{;)2 under the l i t . .  ,i (35), which together ensure that the sum 

over the gluon modes converges rap id ly . The gluon modes are calculated 

using the parameters fo r  it given 1n Table 3.1. Values fo r the lowest few 

modes are given in Table 3.7.

Table 3.7; Gluon modes fo r s as in  Table 3.1

Mode Energy (GeV)

lp

Id 1.445

Zp 1.695

i f 1.770
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For cos^arison, the sane gluon modes fo r a hard bag are given in Table 3.8

Table 3.8: Gluon modes in  a hard bag

Energy (GeV)

0.889

IP 0.413

2s 1.530

2p

I f

From Tables 3.5 and 3.6 i t  is  c lear tha t the gluon modes are dra s tica lly  

affected when the bag is  softened. This 1s due to the boundary condition 

o f continuous f lu x  across a step boundary. The modes with are affected 

to  a much greater extent than the s modes which resu lts in a re-ordering 

o f the modes. This is  in contrast to the quark case above, where the mode 

order remains the same.

I t  should be noted tha t the gluon modes are generally larger than the 

quark/antiquark modes. This is  in contrast to  the r e la t iv is t ic  case [6 ], 

where fo r  u and d quarks, the quark states are o f comparable jnergy to  the 

gluon states. The higher gluon energies once more ju s t i fy  the use o f a 

s ta tic  approximation, as they render the dynamic contribution unimoortant. 

This is  the opposite o f the case in  [6 ].
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The gluon modes are normalised in  a sim ilar fashion to the quark modes:

{ R|iW r ) ] Z r 2d r - l .  (42?

3.6 The calculation o f  the inte raction term UI4

Once the modes have been determined, we can calculate the Interaction term 

U n 32 using (35). The rad ia l integra ls are calculated using a

f i f t y  point Simpson routine. The coupling factor V (34) is  calculated 

using a standard routine fo r the 6-i3 coe ffic ien ts  and the packed storage 

method [11] fo r the i - J  coeffic ien ts  to  save memory space during

computations.

3.7 The J/6  spectrum

Once we have determined the single pa rtic le  states and calculated the 

In teraction term I t  is a simple matter to  diagonallze the

Hamiltonian given by (IS ). Me do th is  fo r various values o f the

coupling constant as. The diagonalization yie lds both the energies and 

wave functions o f the meson states.

In th is  mode? we obtain a 9-dimenslonal H]* 32. He use the following 

|qq> states in  the calculations:

l p3/2^V 2>> l pl/Z 63/2>’ lp3/253/2>’

ld3/2a3/2>’ ld5/2- d3/2>’ ^ f z h n >‘ l d5/2a5 /2>-



We thus determine the lowest nine Jp- i "  

such states are known a t present. While we f i

states the model is  surely 

calculate decays and corresponding widths.

as fo r  the J/t&. Only six 

states, our model a n  

r states. For the higher 

i  knowledge o f how to

We provide resu lts in  Table 3.9 fo r the lowest nine states fo r the sa 

values o f fi used in Section 3.4, v iz . 0 -  1.8, 2.0 and 2.2. SeVfm fo r  t  

potentia l o f Section 3.3. We also provide data fo r a hard bag fo r  the ca 

1.8 GeVfm. The experimental resu lts are shown In Table 3 .JO, and a 

from [15}. For each set o f calculated data, the value o f os us

3.9: J/*» states fo r various j9, f 

■gies in  GeV,

• the potentia l o f Table 3.2 

>derli»ing indicates input

» -  1.8 

‘  »■«

t  -  J.O » -  2.2

«s -  2.59

fi -  1.8 (hard bag) 

«* *  ° - 8

h i h i I A h i

IM L I M k h m . h m

3.861

3.910 3.935

4.038

4.324 4.297

4.352 4.330



Table 3.10: Experimental J /tf states from [15].

Energy (GeV) Width (GeV)

6.3.10"®

2.15.10"4

0.052

Frost the data given In Tables 3.9 and 3.10, we see that the best 

calculated data are those fo r £ = 2.0 GeVfm. These data give resu lts that 

are w ithin 3% o f the experimental data fo r a l l  the tabulated states. The 

higher states are consistently lower. However, in view o f the crud ity  o f 

the model, the agreement, even fo r the higher states, 1s surprisingly 

good. We also note tha t the data fo r & = 2.2 fieVfm are in  poor agreement 

w ith the measured data, deviations being up to  10% fo r the th ird  and f i f th  

states. In addition, i t  can be seen tha t the so ft bag offers some 

improvements over the hard bag fo r the lower states, in  pa rticu la r the $ 

(3770) where the so ft bag model yie lds a value only 1,8% above the 

experimental resu lt, while the hard bag calculation Is 4,6% above the 

experimental observation. For the higher states, the s im p lic ity  o f the
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We aUo note tha t the value o f os which corresponds to  the best mass 

scaling fi -  2.0 GeVfm, is  a$ «= 1.19. While th is  value is  higher than the 

values given in  [5 ] and [S3, i t  is s t i l l  reasonable. We note tha t Heiss 

and Quick[5] obtain as -  0.33, while Gering[63 has a:s = 0.757. These 

differences occur owing to  the use o f d iffe re n t l ig h t meson states to

obtain the f i t .  In the lig h t o f th is  i t  is  thus not surprising that the

use o f heavy quarks gives r ise  to  a somewhat d iffe ren t coupling constant 

than that obtained by the use o f l ig h t quarks. We find  i t  rather 

satisfy ing tha t we remain in  the same order r-f magnitude.

As can be seen from ' 3.9, we predict three states a t higher energies

than those observed rim entally. These three states l ie  a t 4.330 GeV,

4.394 GeV and 4.440 GeV. Assuming a 3% e rror, which is  consistent with the 

remainder o f th is  calculated spectrum, we obtain values o f 4.460 GeV,

4.526 GeV and 4.573 GeV. (We have assumed the model calculations to be low 

on the basis o f the values fo r the i6(4030), #(4160) and #(4415)). The 

id e n tifica tio n  o f these states in  spectroscopic zs+1L j notation 1s not 

possible in the bag model, as we have J as a good quantum number but not 

L. This is  in  contrast to the potentia l models, where we have both J and L 

as good quantum numbers, and such id e n tifica tio n  is  possible. In addition, 

these states a l l  l ie  above the char-1 threshold o f 3.73 GeV, so that in a 

potentia l model they may be considered to  be mixtures o f 3Sj and 

3Qj states rather than pure states.

On the other hand, in the lig h t o f the bunching o f the higher states, we 

suggest, a lb e it cautiously, tha t certa in o f these states overlap. I t  is 

known from experiment that the p states that l ie  above the charm threshold 

have fa ir ly  broad widths.
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We also note that the value o f as which corresponds to the best mass 

scaling 0 -  2.0 GeVfm, is  as « 1.19. While th is  value is  higher than the 

values given in  [53 and [63, i t  is  s t i l l  reasonable. We note that Heiss 

and Quick[5] obtain ns » 0.38, while fiering[6] has a% ■ 0.757. These 

differences occur owing to the use o f d iffe ren t l ig h t meson states to 

obtain the f i t .  In the l ig h t o f th is  i t  is  thus not surprising tha t the 

use o f heavy quarks gives r ise  to  a somewhat d iffe re n t coupling constant 

than that obtained by the use o f l ig h t quarks. We fin d  i t  rather 

satisfy ing that we remain in  the same order o f magnitude.

As can be seen from Table 3.9, we predict three states at higher energies 

than those observed experimentally. These three states l ie  at 4.330 GeV,

4.394 GeV and 4.440 Ge 'v -uming a 3% e rror, which is  consistent with the 

remainder o f th is  cal- , spectrum, we obtain values o f 4.460 GeV,

4.526 GeV and 4.573 Gt j  have assumed the model calculations to  be low

on the basis o f the values fo r the i6(4030), *>(4160) and ^(4415)). The 

ide n tifica tio n  o f these states in  spectroscopic ZS+1L j notation is  not 

possible in the bag model, as we have J as a good quantum number but not 

L, This is  in contrast to the potentia l models, where we have both J and L 

as good quantum numbers, and such ide n tifica tio n  is  possible. In addition, 

these states a ll l ie  above the charm threshold o f 3.73 GeV, so tha t in  a 

potentia l model they may be considered to  be mixtures o f 3Sj and 

30 i states rather than pure states.

On the other hand, in  the l ig h t o f the bunching o f the higher states, we 

suggest, a lb e it cautiously, tha t certa in o f these states overlap. I t  Is 

known from experiment that the # states that l ie  above the charm threshold 

have fa ir ly  broad widths.



We propose th a t, fo r example, tne calculated {3935) and 16 (4038) may 

both be ide n tifie d  with the experimental # (4030), as unresolved states 

w ith in the experimental peak. The same suggestion can be made fo r the 

calculated \6 (4297) and # (4330) ( Ide n tif ie d  w ith the experimental *  

(4I6C)) and fo r  the calculated 0 (4394) and V (4440) ( Ide n tif ie d  with the 

experimental $ (4415}).tfe must state, however, tha t th is  Is  speculative, 

as the no n -re la tlv ls tic  model used does not allow us to predict the widths 

o f the states, which appear as In f in ite ly  stable modes. Owing to the lack 

of fu rther information, a more quantita tive statement on th is  matter is 

not possible.

A lte rna tive ly , the grouping o f  the states may be due to  the lack o f a 

spin-dependent term in the radial portion o f the Hamiltonian. The 

inclusion o f such a term may increase the s p litt in g  o f these states and 

resolve the near-degeneracy o f the states. This explanation is  probably 

more lik e ly  than the overlapping o f the higher states.

3.8 The T spectrum

We calculate t.'ie T spectrum in a sim ilar manner to the J /* . We use the 

same confining potentia l fo r  the T as fo r the J /fi.  He again calculate only 

jP  -  r  states, and use the same |qq> states as fo r the J/%).

We thus predict nine T states, as was the case fo r the J/}&. Only six T 

states have been observed experimentally a t th is  stage [16]. Again, the

lack o f good L means that ide n tifica tion  o f the states is  not possible,

and the comments made In the previous section concerning states above the

chans threshold In t.m case o f the J/V* apply here to  states above the

bottom threshold o f 10.56 GeV.
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We provide calculated results In Table 3.11 and experimental data In Table 

3.12. In Table 3.12, Vie also Include values fo r two predicted states as 

calculated by Qu1gg[l6] using a potentia l model. These resu lts are close 

to  those obtained by other models, notably ( 20] and [ 21] ,  and so provide a 

reasonable basis fo r comparison. We provide results fo r /3 « 4.2, 4.5 and 

5.0 GeVfm. We also quote the «s value used, as fo r  the J /tf.

Table 3.11: T states fo r  various fo r the potentia l o f Table 3.2. 

Underlining Indicates input. Energies in fieV

. The small value o f bs fo r £ = 4.5 GeVfm is  also pleasing.

i



Above threshold, p « 5.0 GeVfn gives the closest f i t ,  except fo r I  (10578)

where p -  4,5 GeVfm is  s t i l l  better. The high value o f as necessary to

obtain th is  f i t  does, however, give cause f i r  concern. Me thus wnclude 

that p -  4.5 GeVfm is  probably the best spectrum to use fo r  future

comparisons, 8 -  4.2 GeVfm does not provide pa rticu la rly  noteworthy

resu lts e ither above or below threshold.

We predict only one excited state fo r  the I .  For fl « 4.5 GeVfm, th is  state 

is  obviously too low, so we use the f> -  5.0 GeVfm spectrum and predict a 

state o f 11.227 GeV.

Energy (GeV) Width (GeV)

, 4.3.10"5

2 3.0.10 '5

3*

4 2 .6 .10"5

5*

6 10.578

7 10.865

8 11.019
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Above threshold, fl = 5.0 GeVfn gives the closest f i t ,  except fo r I  (10578)

where 0 -  4.5 GeVfm is  s t i l l  be tte r. The high value o f as necessary to

obtain th is  f i t  does, however, give cause fo r concern. We thus conclude 

tha t fl -  4.5 GeVfm is  probably the best spectrum to  use fo r future

comparisons. 0 -  4,2 GeVfm does not provide pa rticu la rly  noteworthy

resu lts e ither above or below threshold.

We predict only one excited state fo r the T. Fov 0 -  4.5 GeVfm, th is  state 

is  obviously too low, so we use the 0 -  5.0 GeVfm spectrum and predict a

Energy (GeV) Width (GeV)

,
4.3.10'®

3.0.10-5

Z.6.1Q'5

5* 10.434

6

7 10.865 '

8 11.019
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As 1n the O/tf case, we may make the cautious suggestion o f  overlapping 

states above threshold. In a ll three calculated spectra, the four states 

above threshold can be formed into two pairs which have differences close 

to  the measured widths fo r  the I  (10578) and T (10865) states (Table 

3 .IZ ). As was noted fo r the J /tf, however, the no n -re la tiv is t ic  bag model 

does not allow fu rthe r investiga tion . Once again, however, the lack of

spin dependence in  the radia l Hamiltonian is  viewed as the more 

satisfactory explanation fo r the bunching o f the higher states.

We now consider the e ffec t o f using the same confining potentia l fo r the 

J/t6 and the T. We have seen above tha t none o f the three spectra provide 

e n tire ly  satisfacto ry results fo r the whole range o f available 

experimental data, I t  may be possible to  Improve the spectra by changing 

the form o f the po tentia l. In the case o f 5 = A.5 GeVfm, a potential that 

is  more constricting at higher energies would cause the higher q/q 

modes to increase in energy, which may Improve the f i t  above threshold. 

The form o f the potentia l also affects the RMS ra d ii o f the states. 

Further comments on the modification o f the potentia l in th is  regard fo r T

systems may be found in the next section. The phenomenological nature of

the so ft bag model, however, allows us considerable freedom in the choice 

o f parameters fo r the po tentia l, and "f in e  tuning* is  possible, although 

physically not too sensible,

3.9 The MIS ra d ii o f the mesons and the quark masses

The calculation o f the meson spectra is  carried out with set to

un ity , fo r ease o f calcu lation, and to obtain values that scale as 

V fy .  Once the spectrum fo r a pa rticu la r meson has,bien determined, 

the scaling procedure o f Section 3.2, in pa rticu la r Equation (36), 

provides us with the actual value o f RN.



I t  is  not surpris l ig to find tha t the extent o f the bag %  is  not

flavour Independent. I t  has been determined, both by the use o f p o te n tly  

models [16] and expa iment [17], that the T meson is  more deeply bound (in

the terminology o f potential models) than the J /tf. This implies that the

RMS radius o f the is less than tha t o f the J /# . In the bag p ictu re, we

thus expect the T to  1 e smaller than the J/t* bag.

The so ft bag model y ields RK values o f 1.147 fm fo r the J/V and 0.91 fm

fo r the T, fo r tb  best f i t  values o f 5 •  2.0 GeVfm and £ « 4.5 GeVfm

respectively. These values are in  accordance w ith expectations fo r heavy 

quark mesons, since they agree well with the values fo r RN obtained fo r

a hard bag In [5 ] (0 ./ < fm) and [6 ] (0.923 fm) fo r  l ig h t mesons.

Once we have determ ned R^, we may calculate the RMS radius fo r each

state 1n the spectrum. The RMS radius o f the j th sta te is  given by

r h> ) •

There are 

model.

cros terms due to  the lack o f mixed |qq> states in th is

Equation (43) is  solved using a Simpson's 

normalised quark radia l wave functions; t

le  tn tegratio i 

C jj are givei

over the

dlagonalization pr cedure, and are already normalized so that



tie l i s t  values fo r /<r^> fo r the {P -  2.0 GeVfm) in Tab!;. 3.13 fo r 

the T (4 -  4.5 GeVfm) In Table 3.14.

Table 3.13: RMS ra d ii fo r the J #  spectrum

State RMS radius (fro)

j 0.420

2 0.535

3 0.535

4 0.537

5 0.533

6 0.602

7 0.601

8 5.O00

9

He f i r s t  exaiMne the RMS rad ii fo r the J/t6. The radius o f the ground state 

(state 1 in Table 3.1) agrees well with the experimental value in  [17], 

However, the ra d ii o f the excited states are too small. The reason fo r 

th is  Is  found in  the use of an in f in ite  well type o f potentia l [6 j.  For 

th is  case the potentia l increases too fa s t fo r the higher modes. A more 

gently increasing po tentia l, such as a power law po tentia l, would give 

larger ra d ii fo r the excited states.
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no state

the O/v excited states.

ant w ith experiment [17] 

and the excited s ta tes' 

tte r  Is  the same as that 

a d iffe ren t explanation, 

d In the choice o f the potentia l in  th is  disse rtation, tie 

ed above that the T, 1n terms o f a potentia l model, is 

i  than the J/f>. This means that the softening should 

nto the T bag than In to the J/# bag. The choice made in 

model is s u ff ic ie n t ly  narrow fo r the J/# , but 1s s t i l l  too bro.i"* fo r 

T. This can be corrected by a d iffe re n t choice o f the step pos1‘ ,..i i.i 

d ie le c tr ic  constant fo r the T bag to  "squeeze" the lower states o f the
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:u1ate RMS ra d ii fo r the meson states, 

position to  f i t  the free quark masses 

( I V , We have seen tha t the best f i t s  

p = 2.0 SeVfm and fo r 4.5 GeVfm fo r the T.

these spactra being 1.147 to  and

[2 ], [25], [18], [19], [26], [28].

theoretical heavy 

re have been many 

■terns (see [ 18] -  [ 28]  fo r 

1 type o f terms included In the 

i o f the confining/ interaction 

ose range coulombic potential 

[27], or a universal power law
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   K .  V . -

wUh o -  0.1. Various forms o f spin d< 

{[213, [23], [25]} the spin 1s 1nclude< 

{[2 6 ], [2 7 ]), spin averaged wave function: 

are used In a flavour Independent manner, 

fo r  both J/# and I  systems.

Both these potentials 

i are usually produced

The results obtained fo r the J/j& using the so ft bag model are compared 

w ith those obtained using both the above groups o f potentia l models. We 

give the spectra in  Fig. 3.2 fo r power law models [19], [21], [27] and in 

Fig. 3.3 fo r coulomb + power law models [22], [23], [25].

The spectra show c lea rly  that the so ft bag model produces a J/tf spectrum

that is  comparable in  accuracy to  tha t o f the po tentia l model. The main 

deficiencies appear to  be fo r the higher states, although we note that the 

predicted # (4460) state is  close to  Richardson's predicted *  (4498) [22]. 

These deficiencies could possibly be corrected by expanding the 'bowl' o f 

the po tentia l, I .e .  moving the in f in ite  edge to a larger radius and

accordingly extending the steps. This would expand the region w ith in which

the stepped potential gives results close to those o f a V(r)~rn type o f

We now turn our attention to the T spectrum. Owing to  the n o n -re la tiv is tic  

character o f the bb system, the T meson is  easily modelled using a 

potentia l and solving the Schroedinger equation. Once again, there are 

many published resu lts, and we quote only a representative group fo r the 

power law, and the coulomb + power law models. The former are shown 

graphically in  Fig. 3.4, w ith results from [21] and [27], and the la t te r  

in  Fig. 3.5, with resu lts from [20], [22] and [25], together with soft bag 

resu lts.



Figure 3.2

Experimental, soft bag and power law potential model results 

fo r the J/tf meson spectrum

m e V )

D: Stanley and Robson ([21])

E: Barlk and Jena ([27])



Figure 3,3

Experimental, so ft bag and coulomb + power law potentia l model 

results fo r the J/|» meson spectrum

A: Experimental ([16])

B: Soft bag model

C: Richardson ([22])

D: Elchten et a l. ([23 ]j

E: 01 as do Deus ([25])
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' f4 Figure 3.

Experfmentsl, soft bag and power 1aw potentia l model resul 

spectrum



Experimental, soft bag and coulomb + power law potentia l model 

results fo r the T meson spectrum
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As 1n the case o f the 0/^, the soft bag results are o f an accuracy 

comparable to  tha t o f the predictions o f the potentia l models, although 

the higher states are low fo r $ -  4.5 GeVfm as noted In Section 3.8. This 

can probably be corrected by modification o f the bag in a s im ila r fashion 

to that suggested fo r the J/j6, On the other hand, i t  Is  g ra tify ing  to  note 

tha t the two lower predicted states (T (10174) and T (10333) In the soft 

bag model) l ie  close to  the potential model predictions fo r these states 

(T (10200) and I  (10500) [23], T (10149) and I  (10434) [16], T (10137) and 

X (10421) [22], and T (10285) [2»]).

3,11 The meson wave functions in  the so ft bag model

In addition to calculating the meson spectra, we are aUo able to 

calculate the wave functions in terms o f th e ir  components in the expansion

M r)  = ^  q  ^ ( r )  (43)

where ^ ( f )  is  the wavefunctlon fo r a pa rticu la r jijq> mode.

Since we have a to ta l o f nine |q$> states, we have nine components to 

each wave function. We l i s t  the wave functions corresponding to the nine 

calculated states in Appendix A fo r p = 2.0 GeVfm f t h e  J/|6, and p = 4.5 

GeVfm In the case o f the T.

The wave functions fo r both the W  and the T fo llow  expectations in that

the lowest state is  predominantly | s i / 2S i/2>. wh-'-ess the upper

states have s ign ifican t mixing o f Bodes. In both tas.es, however, vie have

the appearance o f what we w ill  term exclusive coupling, uhB,‘= certain

states have strong components o f certa in |qq> modes, and zero 

components fo r a ll others. For both the J/i> and T, the fourth and seventh



wavefunctions are exclusive couplings o f lP i /2^3/ 2>> 

lp3/2Pl/2>’ I d3/2a5/2:> and ld5/2a3/2>1 In a11 
o f the above cases, the two |piPj> components are equal and

likewise the two |d|0 j> components, although I t  is  to be expected

from the symmetry o f the pairs, and occurs fo r a l l  the meson states.

Examining the J #  case f i r s t ,  we fu rthe r note tha t the d components o f the 

seventh state are equal to the p components o f the fourth , and the p

components o f the seventh state are equal to  the d components o f the

fourth , apart from a change o f sign. The same situa tion occurs fo r the 

fourth and seventh states o f the T spectrum, except that the sign change 

occurs fo r  the d-components o f the seventh state and the p-components of 

the fourth.

I t  seems highly probable that th is  exclusive coupling Is  simply a

spurloslty o f the model used In th is  d issertation, In pa rticu la r the

degeneracy o f the p and d states at ffs=0 and the spin Independence of

the in te raction. Me thus do not believe th is  phenomenon to be of

p a rticu la r physical relevance.



4. CONCLUSIONS

7'he bag model is  generally accepted as a good phenomenological theory of 

the structure o f quark systems, but has been applied mainly to  l ig h t quark 

systems. In th is  d issertation, we show that the bag model can be used to 

provide an accurate description o f the 0P * 1* states o f the J/# and I  

mesons. This means tha t the bag model Is consistent, and makes 1t more 

acceptable as a general descriptive model o f quark system spectroscopy.

In calculating the meson spectra, we make use o f a n o n -re la tiv ls tic  

approximation fo r the quark systems. We thus use the Schroedlnger rather 

than the Dirac, equation fo r the single quark modes. This Is va lid  owing to 

the heavy c and b quarks that make up the J/tf and T systems. As would be 

expected, the model provides more accurate results fo r  the r  than fo r the 

J/t6. This Is understandable in  terms o f the heavier mass and lower 

Schroedlnger energies o f the b quark.

As discussed In Section 2.2, we Introduce a convenient scaling o f the mass 

to  obtain consistency with the r e la t iv ls t ic  case. This Is achieved by the 

use o f a mass scaling factor 0 with the property:



In the model used In th is  d issertation, I  is  one o f the free parameters

availaDle to  us, Instead o f the mass I ts e lf .

A fu rthe r modification made to the bag model is  the use o f a softened bag. 

The concept o f  a non-square well type o f bag has been used before (7), but 

in  th is  d issertation we confine the gluons to  the same so ft bag as the 

quarks, which is  a novel approach. We propose a functional form fo r the

soft bag in  terms o f both a colour d ie le c tr ic  constant and a confining 

po tentia l. The form is  en tire ly  phenomenological, but provides 

satisfactory resu lts.

We describe the observed i / f  and T systems w ith in th is  model. There are 

three adjustable parameters, namely the bag radius, the coupling constant 

and the mass scaling factor. We f i t  each spectrum separately, and thus

obtain d iffe re n t values o f R, os and $ fo r the J/0 and T. In both cases, 

the values obtained fo r these parameters are close to experimental values, 

as well as those obtained by other models. The e , values are larger than 

the MIT value and those obtained in  [5 ] and [6 ], while the quark masses 

calculated from the mass scaling factors and the ra d ii l ie  weV w ith in the

range o f l ite ra tu re  values. The bag ra d ii fi are physically appealing,

although the RMS ra d ii are not as close to  experimental values as could be 

hoped, owing to  the form o f the po tentia l. We also fin d  that the os 

value fo r the T is  w ith in 20% o f the coupling used fo r the J/i>. Within the

lim its  o f the model, we may conclude tha t the interaction is  reasonably

flavour independent, as we would hope.

Once the three adjustable parameters have been determined, we calculate 

the remainder o f the meson spectra. The f i t  is  remarkably good, w ith no
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state more than 5% from the experimental value. The W e r  states are often 

w ith in 1%, but the higher states are less precise. Modifications to  the 

potential at higher energies w ill  probably improve the agreement, as 

discussed in  Section 3.10. In addition, we must keep in mind that our 

model cannot reproduce the widths o f the observed states, which imposes a 

systematic l im ita tio n  on our theoretical resu lts.

We also deleraine the wave functions fo r  the calculated states in terms of 

th e ir  components. We find  that fo r both mesons, the ground state is 

predominantly j s ^  5i / 2>- while the upper states are strong

mixtures o f a ll the components. The appearance o f states that consist only 

o f certain |qq> modes is  spurious and is  probably due to  the spin 

Independence o f the in teraction used in th is  mode?.

We find  that the so ft bag model produces a spectrum that is  comparable to 

the spectra produced by potential models fo r both mesons. The lower states 

obtained from the so ft bag model are very close to those found using 

potential models. The higher states o f the spectrum calculated with the 

so ft bag model, however, are bunched, which does not occur in the 

potential models. This is  most probably due to the lack o f spin-dependent 

terms in  the radia l Hamiltonian fo r the so ft bag model.

We do not calculate decay widths fo r the heavy mesons in th is

dissertation. Although knowledge o f the heavy meson wavefunction alone

allows us to  calculate the leptonic portion o f the decay width, we have

not done so as th is  procedure is  not meaningful since the leptonic decay

nodes are strongly overshadowed by hadronic decay models. (In  many cases, 

upwards o f 90% of the to ta l decay width is  hadronic in nature [15]). To 

determine the hadronic portions o f the decay widths would require the



calculation o f the wavefunctlons o f a l l  the hadrons produced by these 

decay modes. For the J/i6 (3100) alone, there are more than f i f t y  hadronlc 

decays. We have thus not attempted to  calculate hadronic portions o f decay 

widths fo r the heavy mesons.

The major source o f uncertainty in  the so ft bag model lie s  In the choice 

o f  po ten tia l. There Is ver,y l i t t l e  to  guide the choice o f the potential 

parameters, and the form given In th is  d issertation must be regarded as 

purely ad hoc. In pa rticu la r, the re lationship between the potential and 

d ie le c tr ic  constant must be viewed as plausible rather than exact.

In conclusion, th is  dissertation shows that the bag model provides a 

consistent descrip tion of, and acceptable results fo r , heavy quark 

systems. We shew that a no n -re la tiv is tlc  approximation Is va lid  fo r these 

systems, although I t  lim its  the amount o f Information available from the 

calculations. We see tha t the dynamic inte raction 1s not important fo r 

heavy quark systems owing to the low single quark energies in  comparison 

to  the gluon modes. Moreover, we shew that the physically appealing, 

although phenomenological, idea o f trea ting the gluons in the same soft 

bag as the quarks, is  acceptable, accurately predicting the spectra o f the
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APPENDIX A

THE MESON WAVEFVNCTIONS

We l i s t  the spectra fo r the mesons and the wavefunctioi 

as the states appear 1n the spectrum.

A .l The 0/tf spectrum and veavefunctlons

SON eiGEN ENERGIES- 
3-5569707B163692626 
4.22666773237056383

4.967925484538815fl6 
5.04;G8S9S035250686 
6.09483172470322100

•SON El GEN VECTORS 
3.960393252037504183 
3.556195600185436695E-Q

0.534926625396060004E-02 
-0.579053780142938879£'01 
0 .119384707685-1605 89E-01 

-0.1193847076864606966-01 
0.1181087410995231216-02 
0.171634893768714061 

-0.305672987199054444 
0.386)47492099452898

...11499862S27547563E-C-0.134798222097067252 
0.134798222097067266 
0.3288189835395071226-0

3. 10000000000000051 3.68367714404413560 
3.86119247683769631 
3.93480523104187671 
4.03835375885059555 
4 .2966657341545'394 
4.32968667679439068 
4.39397361001097742

-0.368094292192917005 
-0.914535212841101758E-0 
0.120375766526357897 

-0.471010692044377113E-C
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