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Abstract 

Solid oxide fuel cells (SOFCS) are high-temperature devices, that operate from 800 

to 1000 °C. In this work, stabilized bismuth oxide (Bi2O3) is investigated as a 

potential solid electrolyte for SOFCs. When doping Bi2O3 with suitable metals, an 

unnatural phase known as the rhombohedral phase can form at intermediate 

temperatures between 450 and 650 °C. The overall aim of this study was to 

investigate the formation and conductive properties of the rhombohedral phase of 

doped Bi2O3. The dopants included lanthanum (La), samarium (Sm) and gadolinium 

(Gd) at concentrations between 15 mol and 25 mol%. The citric sol-gel method was 

used for synthesis of materials that were characterized using laboratory and 

synchrotron powder X-ray diffraction, Raman spectroscopy and Electrochemical 

impedance spectroscopy.  

Substitution of Bi2O3 with 25 mol% La, Sm or Gd confirmed that all three substituents 

predominantly formed the rhombohedral phase at this concentration. However, La 

has distinct conductive behaviour compared to the other two substituents with a 

significant conductivity jump at 700 °C. Varying the substituent concentration in 

Bi(1−𝑥)Sm𝑥O1.5 from 15 to 25 mol% revealed that the least substituted material had 

the highest conductivity, but was not stable and underwent a phase change at 

550 °C. Annealing duration of Bi0.75Sm0.25O1.5 was varied between 5 and 15 hours at 

750 °C, which revealed that the time-length of annealing does not have a significant 

influence on phase or conductivity behaviour. Annealing this same material at two 

different temperatures, 610 °C and 750 °C, formed different phase compositions at 

room temperature and had different conductive behaviour.  

This work provides further insight on how to leverage synthetic and structural 

conditions to successfully form the rhombohedral phase and improve its conductive 

behaviour.  
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Chapter 1 - Introduction 

1.1 General Overview 

The global energy crisis is a major driving force of alternative energy sources that 

are renewable and clean. Fossil fuels remain dominant due to high accessibility, 

convenience, and efficiency and this has hindered the widespread adoption of 

renewable energy. Between 2016 and 2022, South Africa was ranked 7th in the world 

in terms of overall coal consumption, with roughly 202 million tons being used per 

year.1 South Africa has large coal reserves, accounting for approximately 3% of the 

world’s total reserves.2 While international efforts have been aimed at addressing 

South Africa’s coal-driven energy industry, the continuous use of fossil fuel usage 

has placed South Africa as the 13th largest emitter of carbon globally in 2022.3 

Alternative renewable energy sources, with performance and efficiency comparative 

to that of fossil fuel-based sources, are urgently required. Consequently, energy 

storage and conversion devices have gained popularity as research on improving the 

efficiency of renewable energy sources has become widespread.  

Alternative energy sources can be compared using Ragone plots, which allow for a 

direct comparison of the performance of energy storage and conversion devices.4 A 

typical Ragone plot depicts the relationship between specific energy and specific 

power of several energy conversion and storage devices, as illustrated in Figure 1.1 
5 Specific energy quantifies the energy available per unit mass, while the specific 

power indicates the available power per unit mass.6 Figure 1.1 compares the 

performance of various energy devices, including batteries, fuel cells and internal 

combustion engines. Among these, fuel cells have relatively high specific energy, 

and solid oxide fuel cells (SOFCs) have both high specific power and high specific 

energy (Figure 1.1). SOFCs also produce comparatively less emissions depending 

on the fuel used, and can generate additional electricity via co-generation techniques 

that improves the overall device efficiency.6–8 The attractive qualities of SOFCs have 

drawn significant attention from researchers, and these devices will be further 

explored in this work.  
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Figure 1.1: Ragone plot comparing the specific energy and specific power of common 

energy conversion and storage devices.9 

 

1.2 Fuel Cells  

Fuel cells are electrochemical devices that convert chemical energy into electrical 

energy.10 Batteries and fuel cells are similar in that they convert chemical energy into 

electricity but these devices have fundamental differences.11 A battery is used to 

store energy, and requires recharging or disposal once the stored energy is 

consumed.11,12 In contrast, a fuel cell can function indefinitely, provided that the fuel 

cell is continuously supplied with fuel and atmospheric oxygen.13  

 

All fuel cells have the same basic design that comprises two electrodes separated by 

a solid or liquid electrolyte. The electrolyte facilitates the transport of charged 

particles between electrodes.14 Fuel cells can operate using a wide range of fuel 

sources such as natural gas and hydrocarbons provided that they contain 

hydrogen.10 Fuel cell operation is governed by a redox reaction so no combustion 

occurs during fuel cell operation.  

 

The fuel cell design varies across the different types of fuel cells. Fuel cells are 

classified structurally, based on the type of electrolyte material used.4 There are five 

main types of fuel cells and these are summarized in Table 1.1. The main 

characteristics of fuel cells are compared in Table 1.1, including the significant 

process of fuel reformation. Fuel reforming is the conversion of hydrocarbons to 

simpler fuels such as hydrogen and carbon monoxide. Hydrocarbons have become a 

desired feedstock for fuel cells as pure hydrogen poses challenges like safety, 

storage and distribution.4 This process can be performed externally, using a separate 

fuel processor or internally at the anode of the fuel cell.7 Internal reformation offers 
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several advantages such as lowered operational costs, less maintenance and 

decreased system complexity.5,7  

Fuel cells can be manufactured in various sizes, from small-scale devices producing 

a few watts of electricity to large-scale systems that can produce electricity up to 300 

megawatts (MW).8 Examples of devices that produce significant electricity are fuel 

cell electric and railway vehicles. The application of a fuel cell can be categorized as 

stationary, portable and transport.13 Examples of different fuel cell applications are 

presented in Table 1.1.  

Presently, the most widely used fuel cell is the hydrogen fuel cell.16The hydrogen fuel 

cell offers immense versatility and is used in various automotive and backup power 

applications.15 The hydrogen fuel cell can be classified as any fuel cell in Table 1.1, 

as long as hydrogen is used as the source of fuel. Several major automobile 

manufacturers have developed hydrogen fuel cell electric vehicles (HFCEVs), such 

as Toyota, Honda, Hyundai and BMW (Figure 1.2).18 Stationary fuel cells have been 

integrated into uninterruptible power supply (UPS) systems where continuous power 

supply is very important (Figure 1.3). Since 2020, Microsoft has employed hydrogen 

fuel cells as backup generators for data center servers (Figure 1.4)19 Various 

warehouses have also begun using hydrogen fuel cells to power forklifts and other 

heavy machinery which reduces carbon emissions and improves air quality.16 Fuel 

cell technology offers many benefits to various critical industries, such as locomotive 

transportation (Figure 1.5), and as a result fuel cell technology has experienced 

extensive development in recent years. 
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Table 1.1: Comparison of the structural characteristics and properties of the five main types 

of fuel cells. 13  

 Fuel Cells 

 PEMFC AFC PAFC MCFC SOFC 

Fuel cell 

type (FC = 

fuel cell) 

Proton 

Exchange 

Membrane 

FC 

Alkaline  

FC 

Phosphoric 

Acid  

FC 

Molten 

Carbonate 

FC 

Solid Oxide  

FC 

Electrolyte 

material 

Water-

based, 

acidic 

membrane 

Alkaline 

solution 

Matrix Porous 

ceramic 

matrix  

Solid 

ceramic 

Common 

Electrolyte 

Perfluoro 

sulfonic 

acid 

Potassium 

hydroxide  

Phosphoric 

acid  

Lithium, or 

potassium 

carbonates 

Yttria 

stabilized 

zirconia 

Fuel Pure 

hydrogen  

Pure 

hydrogen 

Pure 

hydrogen 

Methane, 

natural gas,  

Hydro-

carbons 

Fuel 

reformer  

Yes  Yes Yes No No 

Catalyst Platinum Nickel Platinum Various  

Non-

precious 

metals  

None 

By-products Water, heat Water, heat  Water, 

heat  

Water, 

heat, 

carbon 

dioxide 

Water, 

heat, 

carbon 

dioxide  

Operating  

Temperature  

50 - 100 °C 90 – 100 

°C 

150 - 200 

°C 

600 - 700 

°C 

700 –    

1000 °C 

Conversion 

Efficiencies 

(CHP )1 

60 % 60% 80 % 80% 80% 

Output 

capacity  

< 1 – 100 

kW 

10 – 100 

kW 

100 - 400 

kW 

300 kW – 3 

MW 

1 kW – 2 

MW 

Application  Portable 

Stationary 

Transport 

Stationary Stationary Stationary Portable 

Stationary 

Examples Vehicles Military 

Equipment 

(e.g. radar 

Large 

vehicles 

Power 

plants 

Distributed 

generation 

                                                 
1 CHP systems refer to combined heat and power systems 
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systems) 

 

Figure 1.2: Toyota Mirai electric vehicle which is powered by a hydrogen fuel cell.18 

 

Figure 1.3: Bloom Energy Server powered by SOFCs.18 
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Figure 1.4: The hydrogen fuel cells used by Microsoft as backup generators for data center 

servers.19 

 

Figure 1.5: The Coradia iLint train in Germany is the first passenger train powered by a 

hydrogen fuel cell.16 

 

1.3 Solid Oxide Fuel Cells  

 

SOFCs are electrochemical devices that convert chemical energy from fuel into 

electrical energy through electrochemical reactions.10 The redox reaction that occurs 

in SOFCs is illustrated in Figure 1.6. This reaction starts at the cathode, where a 

source of oxygen gas such as atmospheric air is supplied. This oxygen is reduced to 

form oxide ions (Equation 1.1) that travel through the electrolyte to the anode.10 

Once arrived at the anode, the oxide ions react with the fuel gas (Equation 1.2). This 

oxidation process produces water, as well as carbon dioxide if hydrocarbons are the 

fuel source (Equation 1.3). Oxidation of the fuel releases electrons that flow through 
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the external circuit, which produces electricity.17 The combined reduction and 

oxidation processes form the overall reaction occurring in SOFCs, shown in Equation 

1.4.  

  

Figure 1.6: Schematic diagram of a Solid Oxide Fuel Cell (SOFC) illustrating the typical 

working principle.27  

 

Cathode reaction (Reduction):  

Equation 1.1:  𝑂2 + 4𝑒− → 2𝑂2− 

 

Anode reaction (Oxidation):  

Equation 1.2: 𝐻2 + 𝑂2− → 𝐻2O + 2𝑒− 

Equation 1.3: 𝐶𝑂 + 𝑂2− → 𝐶𝑂2 + 2𝑒− 

 

Overall reaction:  

Equation 1.4:  𝑂2 + 𝐻2 + 𝐶𝑂 → 𝐻2O + 𝐶𝑂2 

The properties of a functioning SOFC have been summarized in Table 1.223 and 

serve as guidelines when investigating potential improvements to the current SOFC 

model. SOFC electrodes must be porous to facilitate the diffusion of fuel and oxidizer 

gases as well as ion mobility (Figure 1.7).22 The motion of ions also require 

electrodes that are ionically conductive.23 SOFC electrodes must be electronically 

conductive too so that electrons used in redox reactions can travel through the 
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external circuit. These electrodes can thus be referred to as mixed conductors. As 

each electrode facilitates a redox reaction, the electrodes should be able to catalyse 

their respective redox reaction if necessary, and the anode must also have a fuel 

processing ability in the case that it is required.24 

 

Table 1.2: The structural and chemical characteristics of cell components in SOFCs.23 

Properties of a SOFC 

Electrode Electrolyte 

Porous Impermeable 

Ionically conductive Ionically conductive 

Electronically conductive Electronic insulation 

Catalyzing ability  

Stable in air at high temperatures 

(700 – 1000 °C) 

Stable in air at high temperatures 

(700 – 1000 °C) 

Inert to other cell components  Inert to other cell components 

Comparable coefficients of thermal 

expansion  

Comparable coefficients of thermal 

expansion  

 

Unlike the electrodes, SOFC electrolytes need to be impermeable to prevent gas 

diffusion (Figure 1.7). Electrolytes must allow the motion of oxide ions from the 

cathode to the anode, and so need to be ionically conductive.23 Another difference to 

electrodes is that electrolytes require electronic insulation. Electrons travelling 

through the electrolyte instead of the external circuit will result in a short circuit of the 

cell, which prevents any useful work from being done.23 
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Figure 1.7: SEM image showing the cross section of a Scandium stabilized zirconia (ScSZ) 

and Ni supported film, ScSZ electrolyte, and Lanthanum strontium scandium manganate 

(LSSM) cathode of a SOFC.33  

The electrodes and electrolyte of a working SOFC share some characteristics. 

For example, all cell components are required to be stable and not decompose in 

air at elevated temperatures, as operation can occur in these conditions. For this 

same reason, the anode must also be stable in fuel at these conditions too.26 

These cell components must be inert toward each other and not react under any 

conditions, so that the fuel cell’s structural integrity is maintained.26 Additionally, the 

electrodes and electrolyte should have similar coefficients of thermal expansion, 

as the constant heating and cooling causes expanding and contracting of cell 

components.26 If this expansion and contraction does not occur at similar rates, 

delamination between adjacent components occur and results in device failure.12 

(Figure 1.8). While it is highly unlikely that the cell components will have the 

same coefficient of thermal expansion, these values should be comparable.  
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Figure 1.8: SEM image showing the cross section of a solid oxide fuel cell where layer 

delamination has occurred due to thermal expansion mismatch.35 

 

The operation of SOFCs are limited by several drawbacks. These disadvantages, 

mostly attributed to the high operating temperatures, include significant start-up 

times, costly high-temperature materials and chemical and mechanical 

degradation.13,24 However, SOFCs also have favourable properties that has gained 

attention by researchers. These fuel cells emit low levels of undesirable gases, such 

as SO𝑥 or NO𝑥, which is a result of the fuel used.15 The high operating temperatures 

of SOFCs results in a large amount of exhaust heat produced as a by-product.24 This 

heat can be used for cogeneration or combined heat and power (CHP) applications, 

adding to the overall efficiency of the fuel cell.28 Another advantage of high-

temperature operation is improved reaction kinetics, eliminating the need for a metal 

catalyst.24  

 

1.4 Solid oxide ion electrolytes  

Common solid oxide ion electrolyte materials are metal oxides that have a defect 

structure. This defect results in oxygen vacancies through a charge balance of the 

material, which facilitates the motion of oxygen ions throughout the electrolyte.14 For 

example, Bi2O3 with the Fm3̅m structure has oxygen vacancies as shown in Figure 

1.9. To explain the oxygen vacancies in this structure, the Bi4O6 formula will be used. 

The oxide ions occupy the tetrahedral sites in between the Bi3+ ions. Since there are 

8 tetrahedral sites in each unit cell and only 6 oxide ions in Bi4O6, 75% of the 

tetrahedral sites are occupied. There are four types of electrolytes that have gained 

significant attention for SOFC application; stabilized zirconia, doped ceria, doped 

lanthanum gallium oxide and doped bismuth oxide 12. The substitution of atoms in 

the solid state is referred to as doping when small amounts of the substituent are 

added to the system.14 On the other hand, stabilizing a material by atomic 

substitution involves larger amounts of the substituent in the system. 14 While noting 

cathode 
 

electrolyte 
 

anode 
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the accurate meaning of these concepts, the doped and stabilized terms are used 

interchangeably in literature sources and will be used in the same manner in this 

work.  

 

Figure 1.9: The defect fluorite structure of 𝐵𝑖2𝑂3 crystallized in the Fm3̅m structure. 

 

The most commonly used SOFC electrolyte is yttria stabilized zirconia (YSZ) 

(YxZr1−xO2) which contains 3 – 10 mol% Y2O3 substituted into the ZrO2 structure.30 

YSZ, has high mechanical strength (on the MPa scale) and presently the highest 

ionic conductivity reported at 1000 °C. Therefore, YSZ has emerged as the industry 

standard SOFC electrolyte material.11 As shown in Figure 1.10, the conductivity of 

YSZ decreases significantly with decreasing temperatures, compared to doped ceria 

and doped lanthanum gallate. The minimum ionic conductivity for a functional SOFC 

electrolyte is 0.3 S cm-1, which is the conductivity of YSZ at 500 °C within the 

intermediate temperature range (Figure 1.10). In efforts to improve the conductivity 

of a fluorite-type zirconia-based electrolyte, alternative materials were investigated 

that can be added as a substituent.31 Scandium doped zirconia (ScSZ) has shown 

higher conductivity than YSZ at lower temperatures, and has comparable thermal 

and mechanical properties to YSZ.25 The improved conductivity of ScSZ is clear 

when considering that the ScSZ conductivity at 780 °C is similar to that of YSZ at 

1000 °C.25 However, the high cost of scandium oxide and the aging phase 

transformation of ScSZ limits it’s practical use in SOFCs.  

 

Doped CeO2 with a fluorite-type structure is a strong candidate as an electrolyte 

material for operation at lower temperatures of approximately 600 °C.32 The ionic 

conductivity of Gadolinia doped ceria (10 mol% Gd2O3) at 600 °C is ~0.025 S cm−1 

which is similar to that of YSZ at 800 °C (Figure 1.10). Samarium oxide (Sm2O3) can 

also be used to dope ceria, which produces comparable ionic conductivities to the 

gadolinia doped system.33 The main challenge with doped ceria electrolytes is the 

reduction of Ce4+ to Ce3+ which occurs above 650 °C, and is a result of the formation 

of oxygen vacancies.34 This reduction leads to undesirable lattice expansion and 

75% occupancy  
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electronic conduction. Therefore, the successful application of doped CeO2 as a 

SOFC electrolyte can only occur at temperatures below 600 °C.  

 

Figure 1.10: Arrhenius plots comparing the conductivities of common electrolytes used in 

SOFCs over 350-1000 oC. YSZ = yttria stabilized zirconia, 𝐶𝑒0.9𝐺𝑑0.1𝑂1.95 = 10 mol% doped 

ceria, (La,Sr)(Mg,Ga)𝑂3 = LSGM = Strontium-Magnesium doped lanthanium gallium oxide.5 

 

Doped lanthanum gallium oxide is an attractive electrolyte material because of its 

reasonable ionic conductivity (0.01 to 0.08 S cm-1 ) at intermediate temperatures.12 

The most common material of this system is strontium and magnesium double 

doped lanthanum gallium oxide (LSGM or (La,Sr)(Mg,Ga)O3) that crystallizes in a 

perovskite structure (Figure 1.10).35 LSGM is chemically compatible with a range of 

cathodes, which contributes to its notable performance. However, the formation of 

single phase LSGM materials is challenging, as is the maintenance of chemical and 

mechanical stability.35  

 

Another fluorite-related structure that is a promising SOFC electrolyte is doped 

bismuth oxide (Bi2O3). Below 700 °C, the δ-phase of Bi2O3 has conductivity values 

that are significantly higher than that of stabilized zirconia (Figure 1.11).12 However, 
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the δ-phase is only stable within a narrow temperature range of 730 to 825 °C.24 As 

such, dopants are added to the system to stabilize the highly conductive δ-phase at 

lower temperatures. Common dopants include yttria, dysprosium oxide and erbium 

oxide.36 Like any electrolyte material, bismuth oxide also has several disadvantages. 

Above 500 °C and at low oxygen partial pressures, Bi2O3 has an electronic 

contribution to conductivity.37 The low chemical stability of Bi2O3 often results in 

decomposition.38 There have been numerous attempts to minimize the electronic 

conduction and decomposition of these materials by substituting Bi2O3 with a variety 

of dopants.27,39,40 

 

Figure 1.11: Arrhenius plots comparing the conductivities of bismuth oxide-based 

electrolytes with electrolytes commonly used in SOFCs; DWSB = Dysprosium-tungsten 

stabilized bismuth, 20ESB = 20 mol% erbium stabilized bismuth, SNDC= Samarium-

Neodymium doped ceria, 10GDC = 10 mol% gadolinium doped ceria, 8YSZ = 8 mol% yttria 

stabilized zirconia.8   

1.5 Pure Bi2O3  

The pure Bi2O3 system comprises of six polymorphs; the α, β, γ, ε, ω and δ-phases.13 

The α-phase is the thermodynamically stable phase of the system at standard 
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temperature and pressure (STP) conditions.41 The α-phase is monoclinic and 

crystallises in the P21/c space group with cell dimensions described in Table 1.3. The 

δ-phase of Bi2O3 forms from the α-phase at approximately 730 °C , and is often 

referred to as the high-temperature phase.38 The δ-phase is stable up to the melting 

point of Bi2O3, which is roughly 825 °C (Figure 1.12). δ-Bi2O3 is a face-centered cubic 

(fcc) phase that crystallises in the Fm3̅m space group (Table 1.3).42 The δ-phase 

structure has been shown to share great similarity with the fluorite-structure, but has  

defects in the oxygen sublattice.38 This defect nature of the oxygen sites contributes 

significantly towards the high ionic conductivity observed in δ-Bi2O3 materials.  

 

The high temperature δ-phase can transform into the metastable β and γ-phases 

upon cooling before returning to the thermodynamically stable α-phase (Figure 

1.12).43 The transition to the β-phase occurs at around 650 °C.39 The β-phase is 

tetragonal and crystallises in the P4̅21c space group, with cell parameters listed in 

Table 1.3. The γ-phase forms at 639 °C during the cooling of δ-Bi2O3 and exhibits a 

body-centered cubic (bcc) structure with space group I23.38  

 

The ε and ω-phases have recently been reported following very specific synthesis 

conditions.13 The ε-polymorph, with space group Pbnb, was prepared at 240 °C 

following a hydrothermal treatment of single crystals. The ε-phase was determined to 

exhibit a tetragonal unit cell. The continual heating of the Pbnb-phase resulted in a 

transformation into the monoclinic α-structure at 400 °C (Figure 1.12). The ω-phase 

exhibits a triclinic cell and crystallises in space group P1̅. At 800 °C, the ω-phase 

forms from the α-structure on a BeO substrate.13 The ω-structure is stable from 800 

to 900 °C, where it then transforms into the δ-phase (Figure 1.12). The melting point 

of this polymorph has yet to be reported. 
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Table 1.3: Crystal structure details of the pure Bi2O3 polymorphs. 41 

𝜶 𝜷 𝜸 𝜹 𝜺 𝝎 

Structure Monoclinic Tetragon-

al 

bcc fcc Orthorho-

mbic 

Triclinic 

Space 

group 

P21/𝑐 P4̅21𝑐 𝐼23 Fm3̅m 𝑃bnb 𝑃1̅

Tempera- 

ture 

range 

< 730 330 – 

650  

500 – 

639 

730 - 825 240 - 400 800 - 

900 

a (Å) 5.84 7.74 10.3 5.65 4.96 7.27 

b (Å) 8.16 - - - 5.59 8.64 

c (Å) 7.50 5.73 - - 12.73 11.97 

𝛼 (°) - - - - - 87.7 

𝛽 (°) 112.97(1) - - - - 92.2 

𝛾 (°)2 - - - - - 86.7 

2 The metastable 𝛾-structure can persist to room temperature, which is the temperature at which the 

cell dimensions for this phase are reported in Table 1.3.  
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Figure 1.12: Various phase change behavior of pure Bi2O3 during heating and cooling 
regimes.45 

 

1.5.1 The electrical properties of Bi2O3  

The 𝛼-Bi2O3 was found to exhibit p-type conductivity at room temperature.12 As holes 

are the mobile charge carriers, 𝛼-Bi2O3 has been characterized as being 

predominantly electronically conductive in the temperature range of 400-730 °C.44 

After 730 °C, a significant increase in the contribution of oxygen vacancies to 

conductivity was observed.42 This data indicates that oxide ions are now the main 

mobile charge carriers. Since this change coincides with the 𝛼-𝛿 phase transition, 

the 𝛿-phase can be described as having n-type conductivity. The conductivity of the 

metastable phases have been determined to be mainly ionic, as oxide ions are the  

main charge carrier.38  

 

Harwig and Gerards methodically measured the conductivities of the various Bi2O3  

polymorphs (Figure 1.13).41 The α-δ transition was marked by a conductivity 
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increase greater than 3 orders of magnitude. The transition of the δ-phase into the 

intermediate phases upon cooling resulted in significant decreases in conductivity 

(Figure 1.13). The significant ionic conductivity of the δ-structure results from the 

combined effect of several structural properties. These can be summarized as:  

(1) The partially occupied (75% filled) oxygen sublattice  

(2) The ability of the Bi3+ion to accommodate highly disordered structures 

(3) The presence of the 6𝑠2 lone pair electrons in the 𝐵𝑖3+ions which leads to 

significant cation polarizability, and in turn high anionic mobility.21 

 

Figure 1.13: Arrhenius plot comparing the conductivities of the pure Bi2O3 polymorphs from 

650 °C to 1100 °C.21 

 

1.6 Doped Bi2O3  

A significant shortcoming of the high-conductivity pure 𝛿-phase is its limited stability 

range of 730 to 825 °C. Additionally, the 𝛿 to 𝛼 transition is accompanied by a 

volume change that results in the cracking and structural decay of the material.36 

Pure Bi2O3 also tends to reduce into metallic bismuth in reducing atmospheres.14 As 

such, the high-temperature cubic (fcc) phase must be stabilized to room temperature 

to overcome these drawbacks. Many studies have shown that the 𝛿-phase of Bi2O3 
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can be stabilized at lower temperatures by the substitution of bismuth with metal 

dopants. This substitution, commonly referred to as doping, often results in reduced 

ionic conductivity and phase transformations.25  

 

The phase composition of doped Bi2O3 has been reported to largely depend on three 

main factors. These include dopant ionic radii, dopant mole fraction and thermal 

treatment of the material.45 Bismuth oxide materials have been doped with a range of 

different metals such as alkaline-earth metals, transition metals and rare-earth 

metals.46–48 Previous work has shown that in substituted Bi2O3 systems, the δ-phase 

can remain stabilised at lower temperatures (approximately 400 °C) for significant 

periods when two or more metals are added to the system.22 This simultaneous 

introduction of two or more dopant elements in the crystal lattice of the material is 

referred to as co-doping. Fung and Virkar reported success in 𝛿-phase stabilization 

with their co-doping approaches using calcia (CaO), strontia (SrO), zirconia (ZrO2) or 

thoria (ThO), in addition to yttria (Y2O3).40 The Y2O3𝑥
Bi2O3(1−𝑥)

 system is the most 

comprehensively studied of stabilized Bi2O3 materials.  

 

1.6.1 The Y2O3 - Bi2O3 system 

The Y2O3 - Bi2O3 phase diagram has been explored by many investigators. Several 

researchers have shown that the 𝑌2𝑂3(0.25)
𝐵𝑖2𝑂3(0.75)

 material is suitable for practical 

use as a bismuth-based electrolyte in a SOFC.49 This composition has the lowest 

yttria amount whereby no phase transformation occurs, shown by the gradual 

increase in conductivity from 500 to 700 °C.55 Datta and Meehan50 proposed that the 

𝛿-phase could be stabilized to room temperature with the addition of 21.5 to 23.5 

mol% Y2O3.  

 

However, further work by Watanabe and Kikuchi, and again Watanabe, showed the 

formation of a low-temperature phase within this composition range.49,51 This low-

temperature phase has hexagonal symmetry and transforms reversibly to the 𝛿-

phase at 720 °C.  

 

The thermochemical stability of yttria-stabilized bismuth oxide was investigated in 

materials containing 22 – 32.5 mol% yttria.31 Previously, investigators showed that 

materials containing less than 31.8 mol% Y2O3 are cubic only above ~840 °C.55 

Below this temperature, the cubic phase is metastable and undergoes a slow 

transformation to the hexagonal phase when annealed at 650 °C for more than 160 

hours.50  

 

Takahashi et al52  examined the conductivities of sintered Y2O3 - Bi2O3 solid 

solutions, containing 0-60 mol% Y2O3 in air. Significant observations can be made 

from the Arrhenius plots of these solid solutions (Figure 1.14). As expected, the pure 

Bi2O3 material exhibits low conductivity below 730 °C, until the α to δ transition 

occurs. The conductivity of solid solutions containing less than 25 mol% Y2O3 show 
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significant hysteresis between the heating and cooling cycles. Figure 1.14 also 

shows how the magnitude of the conductivity jumps decrease with increasing yttria 

content, mostly from curves 3 to 8. Watanabe and Kikuchi49 investigated the 

conductivity of the low-temperature hexagonal phase observed for 22.5 mol% Y2O3 

stabilized Bi2O3. The d.c. conductivity results revealed that the stable hexagonal 

phase exhibited conductivity that was one order of magnitude less than that of the 

metastable cubic phase.  

 

Figure 1.14: Arrhenius plots showing the conductivity of (Bi2O3 )1−x(Y2O3 )x materials 

measured in air. 1: x = 0.0 , 2: x = 0.05 , 3: x = 0.20 , 4: x = 0.25 , 5: x = 0.33 , 6: x = 0.425 , 

7:  x= 0.50, 8: x = 0.60.55 

 

The low temperature phase with hexagonal symmetry is commonly known as the 

rhombohedral phase. The aging of the highly conducting cubic phase into the less 

conducting rhombohedral phase is a common trait of Bi2O3 systems doped with less 

than 30 mol% of rare earth metals. Stabilized cubic phases are known to be 

metastable below 700 °C, which is a significant shortcoming of these materials.43 

There have been several approaches to improve the stability of stabilized Bi2O3 

materials at lower temperatures, such as using multiple metal oxides as co-dopants. 
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The stabilization of the high-temperature cubic phase has been extensively 

investigated and still requires further research to become a suitable electrolyte. The 

work presented in this dissertation focusses on understanding the low-temperature 

rhombohedral phase instead, with the general aim of enhancing its suitability as a 

SOFC electrolyte.  

 

1.7 The rhombohedral phase of doped Bi2O3  

1.7.1 Structure 

A relatively high conductivity phase within the intermediate temperature range (450 – 

700 °C) was first revealed in the Bi2O3 – MO (M = Ca, Sr) systems.48 The significant 

conductivity at a much lower temperature than that for stabilized zirconia attracted 

huge interest to this phase. As such, investigations were completed on this structure, 

commonly known as the rhombohedral phase of stabilized Bi2O3.  

 

The rhombohedral phase was identified in the Bi2O3 – SrO and Bi2O3 – CaO systems 

as a solid solution that exists as two polymorphic forms.54 The polymorphs represent 

the high-temperature and low-temperature forms named 𝛽1 and 𝛽2, respectively. 

Several researchers have also shown that a type of rhombohedral phase exists 

when substituting Bi2O3 with a range of lanthanide oxides (Ln2O3 where Ln = 

lanthanum to dysprosium).46 Many accounts of work on the lanthanide series have 

focused on a specific composition; Bi1−𝑥Ln𝑥O1.5. The structure of this material has 

been reported as having a hexagonal unit cell with lattice parameters a and c being 

approximately 4 Å and 28 Å, respectively.46,48,55  

 

The reported 𝛽1 and 𝛽2 polymorphs share great similarity, as shown by their 

comparable powder x-ray diffraction patterns. Therefore, it was suggested that the 

clear identification of polymorphism required a continuous recording technique, such 

as using a Guinier Lenné camera. This method was adopted when examining 

alkaline earth based systems to confirm the polymorphic nature of the rhombohedral 

phase, and later with rare earth based materials too 46,54, since both these systems 

exhibited two distinguishable polymorphic forms. The slight difference between the 

two polymorphs has been attributed to a difference in cationic ordering within the 

structures. The 𝛽2 form is the thermodynamically stable rhombohedral phase 

(present at room temperature) and has thus been the most examined form in Bi2O3 

rhombohedral phase investigations.  

 

The structural determination of the rhombohedral phase was first completed in 1989 

by Mercurio et al.56 This work focused on the 𝛽2 form of the Bi0.75Sr0.25O1.375 

material. The structure determination was conducted using single crystal neutron 

diffraction and subsequent refinements. The mixed oxide material was melted so that 

a single crystal could be obtained for structural analysis. Further structural studies on 

the material were completed using powder x-ray diffraction together with Rietveld 

powder structure refinements and TEM investigations.46,47,55,57 A structure of the 
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rhombohedral phase could be described by considering the several investigations on 

the doped Bi2O3 rhombohedral system (Figure 1.15).  

 

Figure 1.15: The 𝛽2 rhombohedral structure of lanthanide stabilized bismuth oxide, 

determined using x-ray diffraction.45 

 

The β1 and β2 forms crystallize in layered structures comprised of cationic slabs that 

are parallel to the c-axis in the β1 and β2 hexagonal cells (Figure 1.15).58 A cationic 

slab contains two Bi3+ layers separated by a mixed Bi3+/Ln3+ layer.55,59,60 The mixed 

and pure Bi3+ nature of the layers were determined using interatomic distances that 

were obtained from atomic positions in the unit cell. 55,59,60 These correspond to the 

cationic layers of the cubic δ phase along the (111) plane, as shown in Figure 1.16. 

These related structures show a similar slab organization, as a result of the repeated 

shearing of three layers of the cubic fluorite structure.56  

 

In the β2 rhombohedral form, two cationic sites have been observed. The external 

Bi3+ layer has 6c metal sites, while the middle Bi3+/Ln3+ layer contains 3a metal 

sites (Table 1.4). 46,55,57 There have also been several kinds of oxide ion sites 

identified in the rhombohedral structure. Fully occupied oxide ion sites have been 

located between the cationic slabs and contribute to the cohesion of these slabs 
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(Figure 1.15). These oxide ion sites are commonly referred to as O(1) in literature 

sources and occupy the 6c site. Partially occupied oxide ion sites are located near 

the interslab space in 6c sites, and are referred to as O(2) ions in the structure.60 

 

While the general features of the rhombohedral structure have been established, 

there are additional oxygen sites that are partially occupied in the unit cell. These 

sites can be O(3) ions according to x-ray diffraction data, however neutron diffraction 

reveals O(3) and O(4) ions present in the rhombohedral structure.46,55 The O(3) ions 

are located along the surface of the cationic slabs, and the O(4) ions have been 

identified near the middle of the interslab space (Figure 1.15). In the β2 phase the 

occupancy decreases from the O(2) to O(4) sites, with approximate occupancies of 

75%, 30% and 7% for O(2), O(3) and O(4) sites, respectively (Table 1.4). The 

occupancy of the O(3) and O(4) atoms allow one to distinguish between the 𝛽1 and 

𝛽2 rhombohedral forms. The 𝛽1 →  𝛽2 transition during cooling is evidenced by a 

decrease of oxygen ions in the interslab space and a corresponding oxygen ion 

increase within the slab.55 This essentially means that the O(4) ions decrease while 

the O(3) ions increase. While the transition is signaled by a change in anion 

occupancy, there have been no reported changes in the cation lattice from the 𝛽1 

to 𝛽2 forms. 

 

Table 1.4: The atomic sites and occupancies of rhombohedral Bi2O3 - Lni2O3 systems. 

Atoms Site  Occupancy* 

Bi 6c 1 

Bi/Ln 3a 0.3/0.7 

O(1) 6c 1 

O(2) 6c 0.7 

O(3) 6c 0.3 

O(4) 18h 0.07 

 

1.7.2 Crystallographic Structure 

The crystallographic properties of the rhombohedral phase is characterized by the 

R3̅m space group, having a 3-fold rotary inversion axis found at the intersection of 

three mirror planes.61 The rhombohedral structure system forms part of the 

hexagonal crystal family which comprises of two crystal systems; trigonal and 

hexagonal (Table 1.5). The trigonal and hexagonal systems are unique in that they 

can have either a rhombohedral or hexagonal lattice.62 Consequently, the crystal 

structure is usually referred to as its lattice type, which is determined by the 

characteristic symmetry elements present. Therefore, the rhombohedral phase of 

interest in this project is more formally known as the rhombohedral lattice with a 

hexagonal unit cell.  
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Stabilized bismuthate has a hexagonal unit cell with two equal axes (a = b) and a 

height (c) perpendicular to the other axes, as shown in the table below. The 

hexagonal unit cell in the rhombohedral lattice has a 3-fold axis of symmetry. The 

hexagonal unit cells are arranged in layers, and the stacking of the hexagonal layers 

along the c-axis produces the rhombohedral structure of interest.46,55,57  
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Table 1.5: The hexagonal crystal family and its crystal systems, bravais lattices and unit 

cells. Images adapted from.63 

Crystal Family  Hexagonal 

Crystal System Trigonal Hexagonal 

Bravais lattice 

  

Hexagonal unit 

cell 

  

Rhombohedral 

unit cell  
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1.7.3 Phase formation 

The 𝛽2 𝐵𝑖1−𝑥𝐿𝑛𝑥𝑂1.5 phase (Ln = La – Er, Y) has been isolated at room temperature 
using certain synthetic routes. The 𝛽2 phase can either be isolated when synthesizing 
in its stability domain (≤ 650 °C) or by solid state synthesis at high temperatures 
followed by annealing at appropriate lower temperatures.55,60,64 On the other hand, 
the 𝛽1 form can be obtained by quenching the high temperature product that forms 
between 650 and 850 °C. When the quenched 𝛽1 form undergoes low temperature 
annealing (≤ 200 °C), a transformation to the monoclinic 𝜀 phase can occur.60 The 
monoclinic 𝜀 phase is closely related to the 𝛽1 and 𝛽2 forms, as illustrated by Figure 
1.16 .It has been shown by previous researchers that the 𝜀 phase can undergo a 

phase transition to the 𝛽2 form during heating, from 445 to 545 °C.46,48,57 Thereafter, 
the 𝛽2 form can transform to 𝛽1 at approximately 650 °C. It has been confirmed that 
𝐵𝑖1−𝑥𝐿𝑛𝑥𝑂1.5 materials, whether in the 𝜀, 𝛽2 or 𝛽1 form, transforms to the 𝛿 phase at 
higher temperatures (from ~800 °C). The 𝛽1 and 𝛽2 hexagonal unit cells as well as the 
𝜀 monoclinic unit cell are structurally related to the 𝛿 cubic unit cell, also shown in  
Figure 1.16. 

Figure 1.16: The structural relationship between (a) the 𝜀-monoclinic, (b) 𝛽1 or 𝛽2-hexagonal 

and (c) 𝛿-cubic cells.44 

(a) (b) 

(
c

Caitlin Morrison
and Table 1.6.
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Table 1.6: Unit cell parameters and synthetic conditions for the 𝜀, 𝛽1/ 𝛽2 and 𝛿 phases.45  

 𝜺 𝜷𝟏/𝜷𝟐 𝜹 

Unit Cell Monoclinic  Hexagonal Cubic (fcc) 

a (Å) 9.492(2) 4.0253(1) 11.0488(1) 

b (Å) 7.951(2) ---- ---- 

c (Å) 7.028(2) 27.6004(9) ---- 

𝜶 (°) ---- ---- ---- 

𝜷 (°) 104.74(1) ---- ---- 

𝜸 (°) ---- ---- ---- 

Synthesis  

Conditions  

Quenching of the 

high-temperature 

𝛽1 form  

followed by final 

annealing  

(250 – 400 °C) 

𝛽2: synthesis in 

stability domain 

(<650 °C) or slow 

cooling of high 

temperature 

synthesis  

Reaction at 800 °C  

 𝛽1: synthesis in its 

stability domain 

(650 to 850 °C) and 

preserved by 

sample quenching  

 

 

As 𝛽2 is the thermodynamically stable form of rhombohedral doped Bi2O3 materials, 

it often coexists with the thermodynamically stable 𝛼 phase of pure Bi2O3 when 

bismuth is the predominant metal in Bi1−𝑥Ln𝑥O1.5.58,60,65 In this case, Ln can range 

from lanthanum across the period to erbium, as well as yttrium. A relationship 

between the 𝛽2 stability domain and lanthanide size has been shown, where a larger 

lanthanide generally results in a wider 𝛽2 compositional domain.50,58,66 This general 

trend is shown with selected lanthanide metals (and yttrium) in Table 1.7.  

 

Table 1.7: Relationship between lanthanide (and yttrium) ionic radii and rhombohedral 𝛽2 

composition domain.45 

Metals  Ionic Radii (Å) 𝜷𝟐 Composition domain 

in 𝐁𝐢𝟏−𝒙𝐋𝐧𝒙𝐎𝟏.𝟓 

La 1.16  15 – 35 % 

Y 1.019  21.5 – 23.5 % 

Ho  1.015  20.5 % - 24.5 %   

Er 1.004  ~ 22.2 % 

 

The ε phase of Bi1−xLnxO1.5 can also be thermodynamically stable at room 

temperature for certain compositions.60 The compositional domains of the β2 and ε 

phases versus lanthanide ionic radii are shown in Figure 1.17. The diagram reveals 
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the potential existence of related mixed oxide superstructures, namely Bi4Ln2O9 (or 

Bi1.33Ln0.67O3) for large rare earth metals and Bi7Ln2O13.5 (or Bi1.56Ln0.44O3) for 

smaller lanthanides.60 The β2 cell parameters of the Bi4Ln2O9 and Bi7Ln2O13.5 

materials show a linear dependence with average cationic radius, just like the widely 

studied Bi0.775Ln0.225O1.5 system.58 This figure shows the relative lanthanide amounts 

required to stabilize the β2 and ε forms in relation to lanthanide ionic size. It is clear 

from this figure that the β2 phase has a wider compositional domain while the ε 

phase tends to form when larger lanthanides are substituted in higher amounts in the 

Bi2O3 system.   

 

Figure 1.17: Relationship between the 𝜀- and  𝛽2-𝐵𝑖1−𝑥𝐿𝑛𝑥𝑂1.5 composition domains versus  

Ln3+ radius.44  

 

The compositional domain of the β2 rhombohedral phase can be further understood 

by describing its relation to that of the cubic (fcc) phase. As shown in Figure 1.18, 

the rhombohedral phase usually forms in lower dopant region of systems, where the 

cationic radii of added oxides are comparatively large.47 On the other hand, the fcc 

structure is promoted by a greater dopant content of metal oxides with relatively 

smaller size (Figure 1.18).67 Medium sized metal oxides can have a mixture of 

phases, the ratio depending on the composition of the dopant and bismuth oxide.49 
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Lastly, the thermal conditions during synthesis can also determine the phase that 

forms. The rhombohedral phase forms at lower temperatures (≤ 650 °C) while the 

cubic phase forms at higher temperatures (800 °C – 1000 °C).41 

 

Figure 1.18: Formation ranges of the rhombohedral and fcc phases related to ionic radius (of 

𝐿𝑛3+) versus 𝐵𝑖1−𝑥𝐿𝑛𝑥𝑂1.5  composition plot.47  

 

1.7.4 Properties 

The 𝜀 →  𝛽2 → 𝛽1 phase transitions in lanthanide substituted Bi2O3 occurs with an 

increase in cationic slab thickness along the c-axis of the cell.55 This expansion has 

been attributed to the evolution of the oxygen sublattice occupancy.68 The phase 

transitions are also accompanied by a conductivity jump on the Arrhenius plot. The 𝜀 

→ 𝛽2 transition is signaled by a conductivity increase of a decade, and the 𝛽2 → 𝛽1 

transition only has a third of decade conductivity jump.69 The relative magnitudes of 

the conductivity jumps are independent of the lanthanide substituent and 

composition, unlike the alkaline earth substituted materials that show a correlation 

between conductivity increase and sample composition.54,69  

 

Conflant et al.54 determined the structural evolution versus temperature dependence 

of 𝑂2− transport numbers using oxygen cell electromotive force measurements. The 

results revealed a pure anionic (oxide) conductivity for 𝛽1 and mixed 

anionic/electronic conduction for the 𝛽2 form. This faradaic output behaviour was 

further studied using the Bi0.7Ln0.3O1.5 material and an amperometric membrane, 

which revealed similar behaviours as shown in Figure 1.19 corresponds to the 
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theoretical value of anion (oxide) conductivity and thus has an output of 100%, while 

𝛽2 decreases in ionic Faradaic output from 90 to 30% within the temperature range 

of 650 to 500 °C. The 𝛽2 behaviour indicates the mixed oxide - electron conduction, 

and is followed by no response when converted to the 𝜀 phase below 470 °C. The 𝜀 

behavior is expected as this form is not oxide conducting.  

 

Figure 1.19: Faradaic outputs of the ε, β2 and β1 phases of Bi0.7La0.3O1.5.45 

 

The conductivity properties of the Bi0.775Ln0.225O1.5 series have been investigated by 

many researchers in efforts to understand the mechanism behind significant 

conductivity in 𝛽2-lanthanide substituted rhombohedral Bi2O3. Several studies have 

revealed that the highest conductivity of 𝛽2-lanthanum substituted Bi2O3 at moderate 

temperatures is obtained by materials that have the largest cationic slab.46,47,57,64 It 

appears that the greater cationic slab thickness results in lower electrostatic 

interactions between the slabs and oxygen atoms in the interslab space46, or that the 

oxygen atoms don’t protrude into the interslab space as significantly with a larger 

cationic slab. These are plausible explanations for the proportional substituent size 

and conductivity relationship of the rhombohedral material, shown in Figure 1.20. 

Faradaic output 
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Figure 1.20: Conductivities of various rhombohedral stabilized Bi2O3 systems that are 8% 

cation doped. (e.g. Ca8 represents 8% Ca doped Bi2O3) The conductivities were measured 

at 500 °C.70 

 

While considering the previous work of researchers, it has been established that the 

low-temperature rhombohedral phase holds great promise as an oxide ion conductor 

phase in SOFCs. However, there appears to be relatively few studies and even 

conflicting research focused on the rhombohedral structure of doped bismuth oxide. 

With that being said, the research that is available does provide a guide for further 

studies on the potential electrolyte phase. For example, do the proposed trends 

between structural parameters and phase formation overlook other elemental 

properties characteristic to a dopant? One may also critically discuss the previous 

structure determinations of the rhombohedral phase and investigate its 

reproducibility. There are several questions concerning the low-temperature phase, 

which presents the focus of this project. 

 

1.8 Aims and Objectives  

The overall aim of this project is to investigate the formation and conductive 

properties of the rhombohedral phase of doped Bi2O3. This will be done in efforts of 

gaining a deeper understanding of the phase as a potential SOFC electrolyte 

material. 

 

Objective 1  

Synthesize lanthanide substituted Bi2O3 materials that predominantly form the 

rhombohedral phase using the citrate sol-gel method, and thereafter characterize  
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materials with complementary techniques. The average crystalline structure of 

synthesized materials will be characterized using laboratory and synchrotron powder 

x-ray diffraction (PXRD). The local structure will be examined using Raman 

spectroscopy and the total scattering of the material by analysing the pair distribution 

functions (PDF). Characterization of the conductive properties of the stabilized Bi2O3 

samples will be conducted using Electrochemical impedance spectroscopy (EIS).  

 

Objective 2  

Examine the effects of substituent size by varying the lanthanide oxide added to the 

Bi2O3 system. The substituents selected for this study are lanthanum, samarium and 

gadolinium. Lanthanum is selected as it is the largest lanthanide (1.16 Å) and has 

been reported to have the best rhombohedral phase stability of the lanthanides. 

Samarium was chosen as an intermediate sized substituent (1.079 Å) that can also 

form the rhombohedral phase according to some researchers. Gadolinium is the 

smallest substituent (1.053 Å) added to Bi2O3 which tends to favor formation of the 

cubic (fcc) phase based on the ion’s size. However, there have been reports that 

gadolinium can also form the rhombohedral phase when added in small quantities.  

 

Objective 3  

Determine the influence of substituent concentration on phase formation and ionic 

conductivity. Each substituent was added to Bi2O3 in concentrations ranging from 15 

mol% to 25 mol%. According to literature sources, the desired rhombohedral phase 

tends to form within this composition domain in lanthanide substituted Bi2O3 systems. 

It has been proposed that the conductivity and substituent amount are inversely 

related, which can be investigated within the composition domain selected.  

 

Objective 4  

Determine the optimized synthetic conditions to form and stabilize the rhombohedral 

phase during synthesis. Using the sol-gel method, the prepared dried gel is first 

calcined and then annealed, where the later step is crucial in obtaining phase-pure 

products of desired crystallinity. Therefore, the annealing step is the focus of 

improving the synthetic procedure and temperatures of either 610 °C or 750 °C are 

to be used. These temperatures were selected by considering the cubic to 

rhombohedral transition that is proposed to occur at approximately 650 °C. Samples 

were also annealed for different durations, namely 5, 10 and 15 hours, in efforts to 

develop the most suitable thermal treatment.  
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Chapter 2 - Experimental Methodology 

In this work. materials were prepared using the citrate sol-gel method to form a fine powder. 

Thereafter, samples were characterised using laboratory and synchrotron powder X-ray 

diffraction to study the average structure and Raman scattering to investigate the material's 

local structure behaviour. Electrochemical Impedance Spectroscopy was also used as a 

characterisation technique to examine the conductive properties of samples as electrolyte 

materials. 

2.1 Sol-gel synthesis 

Inorganic materials, such as metal oxides and carbides, can be prepared by 

combining powder reactants and heating them to high temperatures (approximately 

1000 °C).1 This method is known as solid-state synthesis, which has attainable 

reaction conditions and leads to formation of large particle sizes.2,3 However, 

drawbacks of the method such as unreacted starting material and decomposition 

introduces additional processing like ball milling to the synthetic method.2,4 Also, 

controlling particle morphology while using solid-state techniques is often 

challenging.5  

Alternative methods to solid-state chemistry have been developed such as solution 

techniques that include coprecipitation, hydrothermal processing, solvothermal 

methods and sol-gel chemistry.1 Sol-gel chemistry refers to the synthesis of solid 

materials from solution-state precursors.6 The sol-gel method has several 

advantages, including the ability to transform a chemically homogeneous precursor 

to a solid-state material.1,7,8 The random order of the solution state is leveraged to 

ensure atomic level mixing of reagents, and subsequently produce complex 

inorganic materials at lower processing temperatures and shorter synthesis times.2  

In a standard sol-gel synthesis, aqueous metal salts and a chelating agent are 

combined to form a solution, that transforms to a colloidal suspension known as a sol 

with heat (Figure 2.1).1,3 Further heating of the sol thickens the solution and 

produces a network structure described as the gel.2 Thereafter, the gel is simply 

converted to a metal oxide by pyrolysis in air, at a temperature dependant on the 

specific system.3,9 Citric acid is a preferred chelating agent when preparing metal 

oxide powders, as it is a weak triprotic acid with three carboxylic acid moieties that 

easily dissociates.5,10 This results in metal-citrate bonds forming within the solution. 

While metal-citrate gels are heated, excess citric acid and solvent are driven off, as 

well as gaseous species such as carbonates.11  
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Figure 2.1: Schematic diagram showing the solution transformation during the Sol-gel 
method.2  

 

2.2 X-ray Diffraction  

X-rays are a form of high energy radiation or electromagnetic waves that lie in the 

high frequency end of the electromagnetic spectrum (Figure 2.2).12 X-rays have 

higher energy than ultraviolet radiation, but less than gamma rays with photon 

energies between 100 eV and 1000 keV and wavelengths from 10 nanometers to 10 

picometers.13 In 1985, Wilhem C Röntgen presented the discovery X-rays, that were 

labelled with the letter “X” to represent their unknown nature.13,14 The discovery of x-

rays occurred while Röntgen was investigating high tension electrical discharges in 

evacuated glass tubes. 

It was determined that X-rays are most effectively produced by accelerating 

electrons and colliding them with a suitable material.14 A strong electric potential can 

be created inside a vacuum tube between two electrodes, where electrons migrate 

from the cathode to the anode.  

 

Figure 2.2: Graphical representation of the electromagnetic spectrum.14   

 

 



 39 

2.2.1. Laboratory X-ray tubes 

In standard laboratory equipment, x-rays are generated within a sealed-tube source 

(Figure 2.3). Within this source, electrons are accelerated and released from a hot 

cathode and then bombard a metal anode inside a vacuum tube.12 As a result, the 

electrons prompt a series of electronic transitions within the atoms of the metal 

through the discharge of an electron from one of the metal atom’s inner electron 

shells. Different metal targets have different characteristic electronic transitions and 

therefore produce X-rays of different wavelengths. These transitions cause the 

atoms to emit radiation as they return to their ground state 13,16. Copper radiation is 

common in laboratory instruments, alternative x-ray sources include cobalt, 

chromium, molybdenum or silver (Table 2.1).  

Table 2.1: Characteristics of anode materials in x-ray diffractometers 17 

Anode Wavelength Beta 

Filter 

Range in d(Å) Kα1 

 Kα1 Kα2 Kβ 5° 2θ 150° 2θ 

Cu 1.54059 1.54443 1.39223 Ni 17.66 0.7975 

Cr 2.28973 2.29365 2.08489 V 26.25 1.1853 

Fe 1.93604 1.93997 1.75660 Mn 22.19 1.0022 

Co 1.78900 1.79283 1.62083 Fe 20.51 0.9261 

Mo 0.70932 0.71361 0.63288 Zr 8.13 0.3672 

 

Figure 2.3: Schematic diagaram of a sealed laboratory X-ray tube with key components 
indicated.12  



 40 

When the accelerated electrons have an energy greater than a specific threshold 

value that is dependent on the metal anode, an emission spectrum of x-rays is 

observed at discrete frequencies, sometimes referred to as spectral lines.18 This 

emission spectrum is referred to as the characteristic radiation and consists of 

distinct peaks (Figure 2.4). The energy (and subsequent wavelength) of these peaks 

are determined by the metal target and subsequent electron transitions.13,18 Two 

characteristic spectral lines are observed in the copper spectrum known as Kα and 

Kβ, however the Kα line can appear as a doublet at higher resolution (Figure 2.4).13 

Kα is a 2p to 1s transition and has a longer wavelength while Kβ is a 3p to 1s 

transition, and has a shorter wavelength. As the splitting of the 2p orbitals in copper 

is at a low value of 0.020 keV, the wavelengths of Kα1 and Kα2 are very similar at 

1.54056 Å and 1.54439 Å .13,18 The Kα spectral line is normally more intense than 

the Kβ line, and is thus preferred in diffraction experiments. The Kβ is removed with a 

filter, which is usually a metal having one proton less than the anode material (Figure 

2.4). 

 

Figure 2.4: Atomic levels involved in  Kβ and Kα emissions. 13 

A standard x-ray emission spectrum from a copper anode is illustrated in Figure 2.5. 

When electrons collide with atoms, they lose energy through multiple events.12 This 

results in a continuous spectrum of x-rays known as Bremsstrahlung radiation.12,19 
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The shortest wavelength is determined by the maximum energy lost, and can be 

calculated using Equation 2.1. 

 

Equation 2.1: E = eV = 
hc

λ
 

(where e =charge on electron, V = accelerating voltage)   

 

This equation can be simplified to Equation 2.2:  

 

Equation 2.2:  λ =
12.398

V
 

(where V is in kV and λ is in Å)   

Therefore, as shown by the equation above, as the accelerating voltage of the x-ray 

generator increases, the minimum wavelength that can be reached becomes shorter. 

Longer wavelengths can be obtained through multi-collision processes.13  

 

 

Figure 2.5: Typical x-ray emission spectra of a copper anode produced with with varying 
accelerating voltages.12 

 

Laboratory-based X-ray tubes do have some disadvantages. These include the 

relatively low intensity and poorly collimated tubes. Collimators are devices that can 

narrow or shape an x-ray beam, and may occur as slits, tubes or a set of parallel 

plates in a powder diffractometer 19,20. Also, laboratory-based tubes are not tunable, 

which refers to the very narrow range of X-ray wavelengths available and a different 

tube would be required to access wavelengths outside this narrow range.14 
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2.2.2. Synchrotron radiation 

 

A synchrotron is a particle accelerator that generates electromagnetic radiation 

across a wide spectrum, from far infrared to x-rays.14 Synchrotrons use an 

evacuated storage ring to mobilize high-energy electrons at highly relativistic 

velocities, which are close to the speed of light (2.99 × 108 m/s).19 These 

accelerated electrons emit synchrotron radiation tangential to their orbital path, by 

bending magnets and insertion devices within the storage ring. 

 

A storage ring is comprised of magnetic fields that accelerate and direct the flow of 

electrons (Figure 2.6).13,21 Storage rings are composed of multiple segments, 

including a straight section followed by a curved section.13 The curved section guides 

the electrons into the following straight section by a bending magnet, and it is in 

these curved sections where synchrotron radiation is emitted.22 The straight sections 

consist of arrays of magnets, known as insertion devices, which create alternating 

magnetic fields that cause oscillation of the electron paths.13,22 Each oscillation 

results in the emission of synchrotron radiation.20 When Synchrotron radiation is 

emitted, the electrons lose energy, so to compensate for their energy losses radio-

frequency generators or cavities are used to synchronously feed energy to the 

electron, hence the name Synchrotron.23 

 

Figure 2.6: Schematic illustration of a synchrotron storage ring.13 
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For powder diffraction, the relevant synchrotron x-ray sources are the bending 

magnets and the insertion devices, known as wigglers and undulators.12,13 These 

sources have their magnetic field oriented vertically, which causes the electron to be 

deflected horizontally.14,21 The radiation emitted by a single electron forms a narrow 

cone with a specific angular width, leading to the highly collimated x-ray beam in the 

vertical direction.19,20 In the case of bending magnets, the radiation is emitted 

tangentially across the entire curved section, resulting in the emission of a wide 

tangential fan of x-rays (Figure 2.7).13 On the other hand, insertion devices have a 

sinusoidally varying magnetic field, which causes the electrons to produce bursts of 

synchrotron radiation with a tangential direction.13,16 When considering wigglers, 

these bursts of radiation add together incoherently, increasing the flux in proportion 

to the number of magnetic periods (Figure 2.7).20 In the case of undulators, the 

deflection of the electrons is relatively small and similar to the natural opening angle 

of the emitted radiation (Figure 2.7).13,20 The radiation from different oscillations 

interferes, causing the beam to be collimated in the horizontal plane.21,24 Therefore, 

instead of spreading out in a horizontal fan like bending magnets or wigglers, the 

radiation is concentrated into a central cone on the axis, surrounded by additional 

weaker rings.24 The flux density from this central cone is therefore very high on a 

small sample.13 Synchrotron radiation is a continuous spectrum and in order to 

isolate radiation or X-rays of a specific wavelength, a monochromator is used.  

 

 

 

Figure 2.7: (a) Tangential fan of radiation emitted from a bending magnet (b) Fan of radiation 
emitted by a wiggler (c) Collimated beam emitted by an undulator.14 

 

(c) 

 

Undulator 

 

  

 

Bending magnet  
 

(a) 

 
(b) 

 

Wiggler   
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Normally, the electron energy in the storage ring is proportionally related to the 

energy of the emitted x-rays.13,18 In the case of bending magnets and wigglers, the 

energy of the emitted x-rays are directly influenced by the curvature of the ring, 

which can also be referred to as a larger magnetic field.25 While undulators have 

discrete peaks observed at integer multiples of a certain energy, bending magnets 

and wigglers have continuous spectra.18,25 The energy of the undulators depend on 

the strength of the magnetic field.18  

 

The application of synchrotron x-ray radiation offers several advantages compared to 

laboratory sources when conducting high-quality powder diffraction measurements. 

Synchrotron radiation is designed to be extremely intense as it is highly collimated 

vertically, which produces significantly improved 2θ resolution.13,14 The wavelength 

can be selected in accordance with the requirements of a specific measurement. 

Synchrotrons also produce tunable electromagnetic radiation, unlike laboratory-

based tubes. 

 

2.2.3. Single atom X-ray scattering  

 

Scattering of radiation is described as the process where radiation is deflected from 

its original path by interacting with matter. Scattering of radiation such as x-rays or 

neutrons by a material is caused by its interaction with atoms that compose the 

substance. The scattering process of x-rays in particular is caused by the interaction 

between a photon and the electrons surrounding the atomic nuclei ( 

Figure 2.8).13 

 
 

Figure 2.8: A schematic illustration of X-ray scattering by electrons of an atom.13 
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When an isolated atom scatters incident X-rays, the X-rays are scattered in all 

directions with decreasing intensity as the scattering angle increases. This is shown 

by the scattering factor curves in Figure 2.9. At θ = 0, the scattering factor f is equal 

to the number of electrons in the atom or ion.When there is more than one atom, the 

incoming X-rays are scattered in all directions by each atom. The scattered waves 

can interfere, either constrictively or destructively. The electron distribution around 

an isolated atom nucleus can be considered, according to quantum mechanical 

behavior, as an electron density that reaches its maximum at the nuclear position 

and gradually decreases as distance from the nucleus increases.13,19,20 Each unit of 

volume surrounding this nuclear position has the ability to scatter x-rays.20 The 

coherently scattered x-rays will interact with those scattered from other nearby 

volumes, depending on the angle of scattering.20,22 The interference results in a 

phase shift between the scattered waves originating from different unit volumes.  

 

Figure 2.9: X-ray Scattering factor for selection atoms as a function of 2θ and sinθ/λ.19 

 

The scattering of electrons around an atom is known as the atomic scattering factor 

or form factor.13,22,24 An isolated atom can be assumed to consist of a spherically 
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symmetric distribution of electrons.25 As the electron density is highest at the atomic 

nucleus and gradually decreases to zero at larger distances, the atomic scattering 

factor has a peak at forward scattering angles and smoothly decreases at large back 

scattering angles (Figure 2.9). The decrease in the atom scattering factor as the 

scattering angle increases is primarily responsible for the overall appearance of a x-

ray powder pattern.18 The peaks with the highest intensity are observed at small 

scattering angles, and intensities decrease with increasing scattering angle. If the 

atoms are in an ordered array, such as in a crystal, then constructive interference will 

only occur at the Bragg angles.  

 

2.2.4. Bragg’s Law and Ewald’s sphere  

X-ray diffraction occurs when a beam of monochromatic electromagnetic radiation is 

scattered by the electrons of atoms present in a crystalline material. Diffraction 

occurs when the atoms within a crystallite interacts with electromagnetic radiation of 

a comparable wavelength to the interatomic distances.12,13,20 This radiation could be 

X-rays, that have wavelengths of approximately 1 Å. An ideal crystal consists of an 

infinite arrangement of atoms that repeats periodically in three dimensions, while a 

crystallite can be described as a solid-state domain that shares the same structure 

as a single crystal.20 The three-dimensional arrangement of atoms is known as the 

crystal lattice, and it is characterized by the unit cell which is the basic repeating unit 

(Figure 2.10).13,26 The unit cell has dimensions a, b and c, and angles α, β and γ. 

The diffraction experiment can be described as exposing a single crystal to a 

monochromatic radiation beam which produces discrete diffracted beams that 

appear as spots in the single crystal XRD pattern (Figure 2.11a). The results 

produced include the intensity of the diffracted beam and the angle between the 

incident beam and the diffracted beam, known as the diffraction angle.12  

 

(a) 
 

(b) 
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Figure 2.10: Diagram illustrating (a) a unit cell and (b) a crystal lattice.12 

 

As crystals are 3D objects, single crystal diffraction produces 3D diffraction patterns 

containing each peak recorded individually.12 A powder consists of many crystallites 

oriented in randomly different directions. The X-rays scattered by these small 

randomly oriented crystals in the polycrystalline are rotated around the X-ray beam, 

producing rings for a random sample (Figure 2.11b).12 To obtain a powder diffraction 

pattern, a portion of the rings are integrated. The conversion of individual peaks to 

rings reduces the diffraction information from 3D to 1D, meaning that single crystal 

diffraction offers more information about a material than powder diffraction. However, 

not all materials exist as single crystals, and rely on powder diffraction for 

characterization. A diffraction pattern of a polycrystalline material contains sharp 

well-defined peaks, often referred to as Bragg peaks 12–14. 

 

Figure 2.11: (a) Single crystal diffraction and (b) powder diffraction.12 

 

In powder diffraction measurements, it is generally assumed that the sample is 

isotropic, meaning that there is a crystallite or powder particle in the beam with every 

possible orientation, that has equal probability of being sampled.14,19 Therefore, a 

powder produces scattering in specific discrete directions and intensities that are 

determined by the cell dimensions and cell components respectively.12 The scattered 

or diffracted beams of single crystal samples would appear as distinct spots on an x-

ray film or a two-dimensional detector. When considering a microcrystalline powder, 

there will be many crystallites in different orientations. The ideal powder would 

consist of individual crystallites of approximately 1 μm or less in size, in all possible 

orientations with equal probability.12,27 The different orientations of the crystallites 

would result in a single diffraction spot becoming spread out on the surface of the 

sphere.13,19,20 As a result, the orientation of the vector is lost and the three-

dimensional vector space is reduced to one dimension that is represented by the 

vector’s magnitude.12,13 

 

The Bragg equation, developed by W.L. Bragg in 1912, is the most well-known 

method for interpreting the peak positions in a diffraction pattern.13,16,20 The Bragg 
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equation is used to explain the concept of x-ray diffraction as a reflection of x-rays by 

sets of parallel lattice planes, which are classified by the Miller indices (hkl) (Figure 

2.12).13 All the planes in a set of a crystal lattice are the same, and are spaced apart 

by a distance d.  

 

Figure 2.12: Schematic diagram illustraring the Bragg equation.19    

 

With reference to the Bragg equation in Equation 2.3 

 

Equation 2.3: nλ = 2dsinθ 

 

n is the order of diffraction, λ is the wavelength of the radiation source, d refers to the 

spacing between specific crystal planes and 2θ is defined as the diffraction angle 

(Figure 2.12). The presence of Bragg peaks at discrete 2θ values satisfies the Bragg 

equation for each set of crystallographic planes within the crystal lattice.16 Each 

Bragg spot is identified by three integers, (hkl), which represents the Miller indices 

associated with the corresponding crystallographic planes.16,20   

 

Conventional electromagnetic waves are considered as sine waves that possess a 

periodic repetition every 2π radians.12,13,16 The spatial length of each period is 

referred to as λ. When X-rays are scattered by atoms, the various path lengths 

available in different planes results in a phase shift (Figure 2.13).12 A phase shift 

occurs when two identical waves are not coincident with respect to each other.19 This 

can either be quantified by a linear shift or a phase shift, using a length or angular 

scale, respectively.  

 

hkl 
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When two waves coexist, the overall amplitude is determined by the sum of 

individual amplitudes and the phase shift (Figure 2.13). The phase shift results in 

constructive interference when the wave separation is zero, or a multiple of the 

wavelength λ (nλ). If this is not satisfied, destructive interference occurs.  

 

Figure 2.13: The intereference of two sinusoidal waves in the lower diagarams that results in 
(a) constructive wave interference and (b) complete destructive wave interference.2 

 

The reciprocal lattice provides a framework for understanding the relationship 

between real-space structure of a crystal and its diffraction pattern.12 The real lattice 

is a periodic function in physical space and the reciprocal lattice exists in the 

mathematical space of spatial frequencies, known as reciprocal space. The 

reciprocal lattice emerges from the Fourier transform of the real lattice. 13 There is a 

correlation between the points within the reciprocal lattice and the vectors that define 

the crystallographic planes. Each crystallographic plane (hkl) corresponds to one 

point within the reciprocal lattice.12,14 Diffraction occurs when the magnitude of the 

scattering vector is a whole-number multiple of reciprocal lattice spacings (1/d).12  

 

Bragg’s Law and the Ewald Sphere are two different ways of understanding the 

conditions for diffraction in crystals. The Ewald’s sphere is a geometric construction 

that provides a visual interpretation of the diffraction conditions (Figure 2.14).13 A 

crystal can be described as a real lattice of atoms, but can also be described by a 

reciprocal lattice of points. The Ewald Sphere is constructed by selecting an origin in 

reciprocal space and drawing a vector from the origin in the direction of the incident 

wave. The length of the vector is 1/λ, where λ is the wavelength of the incident wave 

(Figure 2.14). The Ewald Sphere is constructed at the tip of the incident wavevector, 

with a radius of 1/ λ. The energy of the waves (electron, neutron or x-ray) depends 

upon the magnitude of the wavevector, so if there is no change in energy (elastic 

scattering) these have the same magnitude, that is they must all lie on the Ewald 

sphere.16 A diffraction peak occurs when a reciprocal lattice point intersects the 

surface of the Ewalds sphere. This geometric condition is equivalent to satisfying 

Bragg’s Law. The Bragg equation can be used to show that diffraction occurs when 

(a) (b) 
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the scattering vector is equal to the reciprocal lattice vector.13 The scattering vector 

is dependent on the experiment’s geometry, while the reciprocal lattice is determined 

by the crystalline sample, in particular its orientation and lattice parameters.13,20 

Ewald’s 

construction combines these two concepts in an approach that simply determines 

when the Bragg equation is satisfied (Figure 2.14).12  

 

Figure 2.14: Geometrical construction of the Ewald circle. The “0” marks the origin of 
recirpocal space. The vectors are defined in the text.13 

 

The intersection of the smeared reciprocal lattice with the Ewald sphere in the form 

of circles leads to the formation of diffracted x-rays with a reflection of hkl.12,14,16 

These x-rays form coaxial cones known as the Debye-Scherrer cones (Figure 

2.15).12 While the smearing of reciprocal space simplifies the measurement, it also 

results in a loss of valuable information. As the orientation of the vector becomes 

indiscernible, the three-dimensional reciprocal space is projected onto the 2θ axis.16  

 (a) 

(b) 
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Figure 2.15: Comaprison between the scattered beams originating from a single crystal (a) 
and a powder (b). For the latter, Debye-Scherrer cones are drawn.16 

2.2.5. Detectors  

The detector system has a huge role in any powder diffraction experiment. X-ray 

detectors can be distinguished as point, linear or area detectors depending on 

whether the diffraction pattern is measured in zero, one or two spatial 

dimensions.13,14 Point detectors require scanning in order to measure the diffraction 

pattern, while linear or area detectors can remain fixed.13 Linear and area detectors 

provide relatively fast data acquisition, but are generally more susceptible to 

detecting unwanted scatter from the air or sample environment due to their open 

system structure.20,27 Both linear and area detectors are classified as position-

sensitive detectors (PSD).20 Point detectors are not commonly used anymore.  

A typical laboratory instrument can have either a single point counter or a one-

dimensional linear position sensitive detector (LPSD).13 The LPSD is multichannel, 

and so the intensities of diffracted x-rays are recorded at different angles at the same 

time. Traditional lab-based measurements use a one-dimensional detector, that 

integrates measurements along a line across the diffraction rings. On the other hand, 

a 2D detector allows for integration over the whole ring, or the measured part of it 

which results in improved counting statistics.15 2D detectors also collect data more 

quickly than LSPDs and are favourable when studying granular or textured materials. 

The reason for this it that 2D detectors are able to integrate the effects of grain size 

and directly characterize the texture.12 

 

2.2.6. Bragg-Brentano and Debye-Scherrer  

The main laboratory diffractometers are the Bragg-Brentano (reflection) and the 

Debye-Scherrer (transmission) geometries (Figure 2.16).12,14 Bragg-Brentano 

geometry is more common in laboratory-based diffractometers, while Debye-

Scherrer geometry is generally used at synchrotrons. Both configurations include the 

x-ray source positioned on the incidence side of the instrument, and the x-ray 

detector mounted on the opposite side of the sample to measure diffracted x-rays.12 

A goniometer is an instrument that provides accurate and precise measurements of 

angles, and is added to the diffractometer set-up for precise control over the incident 

and diffracted angles in relation to the sample.19 The sample is placed in the center 

of the instrument. Bragg-Brentano systems contain physical slits that create a 

diverging x-ray beam to illuminate a flat sample (Figure 2.16).13,16 These samples 

are prepared by packing a powder into a cavity in a sample holder, which is then 

diffracted towards the detector. There are several Debye-Scherrer geometries that 

can be used, involving a collimated high energy X-ray beam being focused on a very 

small spot (significantly smaller than a capillary). A thin capillary is then placed in the 

path of the X-ray beam and the beam penetrates through the capillary completely, 
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while being diffracted by the material within the capillary. The high energy X-rays and 

small beam sizes at synchrotrons make Debye-Scherrer geometries more 

accessible.  

 

Figure 2.16: Schematic of (a) Bragg-Brentano and (b) Debye-Scherrer diffractometers. 
Photographs of a (c) Bragg-Brentano diffractometer and (d) Debye-Scherrer diffractometer, 
courtesy of Bruker.12 

 

2.2.7. Rietveld refinement 

Detectors only measure the intensity of the scattered wave and do not provide its 

phase information. This results in a great loss of information regarding the phases of 

structure factors.14,19 This is further complicated in powder diffraction (compared to 

single crystal) as individual reflections overlap to form a single peak in a powder 

pattern.20 Furthermore, the increasing peak density with increasing scattering angles 

makes it difficult to measure the amplitudes of structure factors. This is known as the 

powder problem.  

  

An approach to overcoming the powder problem is the intensity extraction method. 
16,27 This method aims to increase the peak separation in a powder diffraction pattern 

by either improving the diffractometer resolution or by using a multiple pattern 

approach.13,14 If consistent intensities can be extracted using any of these methods, 

solving the structure can continue in a similar manner to single crystal data. Another 

method to overcome the powder problem is the profile fitting method. This involves 

modeling the entire powder pattern and refining the model so that the model with the 

most accurate representation of the diffraction data can be identified.12,16  

 

(a) (b) 

(c) (d) 
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The Rietveld Refinement method is a least squares fitting method that is guided by 

the crystal structure and diffraction experiments.28 Hugo Rietveld recognized that a 

neutron powder diffraction can be interpreted as a smooth curve with Gaussian 

peaks over a smooth background.28  Rietveld created a mathematical expression to 

represent the observed intensity at each step of the scan, and thus extract significant 

information from the pattern. This equation is shown in Equation 2.4, where the 

calculated intensity (Yc) is the sum of the background intensity (Yb) and each of the 

Bragg reflections (Yh , h represents hkl). 

Equation 2.4: Yc = Yb+ ∑ Yh

This expression includes contributions from both the background and Bragg 

reflections that are close to the powder pattern step. Therefore, to analyze diffraction 

data, a method is required that includes parameters describing the Bragg peaks and 

the background of a powder pattern.20,28,29 Rietveld developed a widely used method 

that is considered as a whole-pattern approach.12,28 This approach involves a 

structural model that is used to calculate a powder pattern, and the calculated 

intensity at each step in 2θ is compared to the corresponding observed intensity.28 

Certain parameters are then adjusted to minimize the difference between calculated 

and observed intensities, in a process called least squares minimization.29 The 

quantity minimized is shown in Equation 2.5 where wi represents the weight, yobs,i is the 

observed intensity and  ycalc,i is the calculated intensity. 

Equation 2.5: ∑ wi
N
i=1 (yobs,i - ycalc,i)

2

This method has been named after its founder, and is known as a Rietveld 

refinement. This is an iterative process with the goal of improving the model at each 

iteration.28 The improved model is then used to start the next refinement. A Rietveld 

refinement involves the modeling of the complete powder pattern.19,20 This large task 

can be simplified by separating the content obtained from a powder pattern 

according to their origin.  

The peak positions are geometrically determined by the crystallographic lattice and 

space group symmetry of the sample.20 Instrumental factors also influence the peak 

positions such as the specimen displacement, that arises when the sample is not flat 
12,20. Sample height errors manifest as peak shifts along the 2θ scale.19  

Peak intensities are determined by the averaged crystal structure described by its 

atomic positions, occupancies and displacement parameters.20,28,29 The intensities 

are also influenced by several instrumental contributions such as absorption of 

radiation used, surface roughness and preferred orientation.20 The absorption of x-

ray beams results in a reduction of the diffracted intensity.13,19 Surface roughness, 

which is created by varying packing density as a function of depth, reduces the peak 
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intensities at low Bragg angles.12,13 Preferred orientation occurs when crystallites 

tend to align themselves in a non-random orientation, and this causes a strong 

increase in diffracted intensities.16,20 These are just a few instrumental contributions 

to the peak intensity. The peak profile of a Bragg reflection can be considered as a 

mathematical convolution of the instrument and sample microstructure.20,21 The 

instrument contribution, also known as the instrumental resolution function, includes 

the emission profile and various horizontal and vertical aberrations of the 

diffractometer.14,20 The emission profile describes the x-ray radiation source used. 

Laboratory x-rays can typically be characterized by a series of Voigt profiles that 

range from one to five profiles.16,19 These profiles demonstrate the wavelength 

distribution that is related to the level of monochromatisation.  

 

The sample’s microstructure contribution includes factors such as microstrain and 

domain size, commonly known as sample broadening.12,20 Microstrain broadening is 

a result of local variations in the d-spacings within crystallites of a diffracting 

specimen.20 Strain is the difference compared to a reference d-spacing, such as an 

average value. When the diffraction from different regions in the specimen with 

varying strain are combined, the coherent or incoherent superposition is called 

microstrain.12,29 Size broadening occurs due to the finite size of crystallites, 

specifically the coherently diffracting domains, that contribute to the diffraction 

pattern.16,20 Crystallites are normally not identical, but vary especially in size and 

shape. As the average size is an important parameter, this variation is often 

described in terms of a distribution of crystallite sizes.24  

 

It has been demonstrated how each part of the powder pattern is influenced by both 

the sample and the instrument. For a successful Rietveld refinement, is it essential 

that initial values for all parameters fall within a relatively narrow range of 

convergence.13 Different aspects of the pattern should be examined separately so 

that the starting values are compatible with the sample and instrumental details.  

 

The performance of this process can be monitored using various figures of merit. 

The most direct measure of inconsistency is the weighted profile R-factor (Rwp), 

which is obtained by taking the square root of the minimized quantity and scaling it 

with the weighted intensities.20,29 The mathematical expression of Rwp
2  is shown in 

Equation 2.6.  

 

Equation 2.6: Rwp
2  =  

∑ wii (yC,i - yO,i)2

∑ wii  (yO,i)2  

 

When an ideal model is considered for a Rietveld refinement, the average value of 

(yC,i - yO,i)
2 will equal σ2[yO,i], where σ2[yO,i] represents an uncertainty estimate for 

yO,i 
19. An ideal model will also be shown by the wi(yC,i - yO,i)

2 being equal to one.  
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Another discrepancy factor is the “best possible” Rwp quantity, which is known as the 

expected R factor (Rexp).16,28 If N represents the number of data points, the Rexp
2  

factor can be determined by Equation 2.7. 

 

Equation 2.7 :Rexp
2  =  

N

∑ wii  (yO,i)2 

 

A related statistical concept is known as “χ2”. This concept can be understood by 

again considering that when the model is ideal and the standard unit values are 

accurate, the expected value for (yC,i - yO,i)
2 / σ2[yO,i] is one.15,16 The average of 

these terms can then be defined as the χ2 term, expressed in Equation 2.8. 

 

Equation 2.8: χ2  = (
1

N
) 

∑ wii (yC,i - yO,i)2

 σ2[yO,i] 
 

 

The  χ2 value can also be determined using the Rexp and Rwp factors.29 The term 

“goodness of fit” (G) is also often used (Equation 2.9), and G2 = χ2. 

 

Equation 2.9: χ2  = (
Rwp

Rexp
)2 

 

While refining a structural model to the observed pattern, the χ2 value starts as large 

when the model is a poor fit and decreases as the agreement between model and 

data improves.19,29 In mathematical terms, a least-squares refinement should never 

result in an increase in the χ2 value. However, there are instances where small 

increases occur when parameters are correlated.20 The χ2 value should never go 

below one, in other words the smallest value Rwp can be is Rexp. If this does occur 

during a refinement, it may either mean that the standard uncertainties for the data 

are overestimated or so many parameters have been introduced that the model is 

adjusting to fit noise.12,20 When the χ2 value is close to one, it does not necessarily 

mean that the model is accurate. The least squares minimization process may tend 

to values that are not scientifically correct. It is thus important that the refined values 

are inspected and are reasonable within the context of the sample measured and 

instrument used.  

 

2.2.8. Pair Distribution Function 

X-ray and Neutron diffraction methods are commonly used to investigate the 

structure of materials. These techniques have been most effective when studying 

materials with long-range order, such as crystals.30 However, these diffraction 

methods do not incorporate the short-range order of materials, and valuable 

information on the structure at a local scale is lost. Bragg scattering is prominent in 

diffraction patterns as distinct Bragg peaks and is used to determine the average 

structure of materials.19 On the other hand diffuse scattering, which contains short-

range structural information, is either too weak to detect or removed from the 
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diffraction pattern during background subtraction.30 Total scattering includes both 

Bragg scattering and diffuse scattering, and its analysis can provide information on 

the short- and long-range order of relevant materials.32 The Fourier transformation of 

a material’s total scattering produces its pair distribution function (PDF).  

 

The diffracted intensity is measured as a function of the momentum transfer of the 

scattering particle (Q).33 Q is determined as the difference between the incident and 

scattered wavevectors, kinit and kfinal respectively (Equation 2.10). Consequently, Q 

is also known as the diffraction vector. As the intensity is a function of wavevector, 

the data primarily exists in the reciprocal space.34 However, a Fourier transform 

converts the data into real space which provides a representation of the real 

structure.31 The function can be studied in either the reciprocal or real space, but it is 

more common to determine the crystal structure in its real space equivalent.  

 

Equation 2.10: Q =  
4πsinθ

λ
 

 

The Debye scattering equation, that calculates the scattered intensity from a 

material, is the origin of the PDF method.35 While crystallography is based on the 

periodic repetition in a crystal structure, atoms still vibrate about their structural 

positions and thus produce disorder in the material.36 The Debye-Waller 

approximation was introduced into crystallographic analysis to incorporate the 

influence of lattice vibrations. The Debye-Waller factor decreases Bragg peak 

intensity as Q increases, to a point where the Bragg peaks disappear at certain Q 

values.37 The “lost” intensity appears in between the Bragg peaks as diffuse 

scattering, which are widely spread over Q space unlike Bragg peaks that are limited 

to specific reciprocal lattice points in Q space.38 As diffuse scattering is significantly 

weaker than Bragg peaks, it is understandable why is it usually removed with the 

background during analysis. PDF analysis carries significance by considering the 

total scattering (Bragg and diffuse scattering) of materials.39  

 

The total scattering structure function S(Q) is the normalized, measured scattering 

intensity from a sample in reciprocal space.30 The Fourier transform of the scattering 

intensity S(Q) produces the atomic pair distribution function g(r) in real space.19 The 

g(r) function is a probability distribution of finding two atoms separated by an 

interatomic distance, r.14 The closest distance that two atoms can approach one 

another is denoted as rnm, and relates to the first peak in a PDF.32 While there are 

no peaks before the rnm peak, small ripples may appear at shorter distances from 

noise contributions to the system. Every peak in a PDF corresponds to an atom-

atom relationship in the material.40 That is why a structure model that contains 

atomic positions in space can be converted to a PDF and compared with 

experimental functions.  
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A closely related function is the pair density function, p(r).30 The p(r) function is 

defined as the product between the average number density and the pair distribution 

function g(r), as shown in Equation 2.11.41 The g(r) and p(r) functions focus on the 

low-r short-range order. This is a consequence of the amplitudes and experimental 

uncertainties falling off like 1/r.14  

 

Equation 2.11: p(r) = ρ0 g(r) 

 

The reduced pair distribution function G(r) is the most widely used correlation 

function in PDF analysis.33 G(r) can be mathematically defined with Equation 2.12. 

The G(r) function offers advantages that are owed to this function’s preferred use. 

Firstly, the G(r) function is directly obtained from the Fourier transform of the 

scattering intensity S(Q).42 Therefore, it is most related to the data and unlike the g(r) 

and p(r) functions, an average number density ρ0 does not have to be assumed. The 

density information is already present in the slope of the G(r) function at low-r 

values.43  

 

Equation 2.12: G(r) = 4πρ0 

 

Another advantage of the G(r) function is that the experimental uncertainties are 

constant with r.44 This assists when examining the difference between a model curve 

and a measured one, as the difference curve will only reflect structural information. 

Fluctuations due to uncertainties are constant and can thus be ignored, unlike in g(r) 

and p(r) functions. Since the fluctuations are expected to fall off as 1/r in these 

functions, structural information can not be easily obtained from their difference 

curves.43 Complications may also arise in the g(r) and p(r) functions when fitting 

models to the measured data. The refinement will give greater weighting to the low-r 

data unless a statistically residuals function is used.42 On the other hand, the G(r) 

function fits the model equally as the statistical uncertainties are constant across the 

measured data.  

 

A feature of the G(r) function that should be noted are termination ripples that appear 

with a wavelength of approximately 2π/Qmax.45 Since the scattering intensity S(Q) is 

only measured over a finite Q range in a real experiment, these termination ripples 

occur in the function.30  

 

When a system contains more than one kind of atom, the interaction between 

specific atoms may be of interest. The functions discussed above are general and 

relate to the whole system, but the distribution of specific atom pairs can be studied 

using the partial pair distribution function.39 The partial PDF, gαβ(r) corresponding to 

atoms α and β, shows the distribution of atom pairs in the material from the atoms of 

interest.30 The total PDF can be mathematically defined as the sum of the partial 
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functions, as shown in Equation 2.13.41 The partial reduced PDF can be obtained as 

a Fourier transform of the partial structure function.30 

 

Equation 2.13: g(r) = ∑ ∑ g'αβ(r)βα  

A typical PDF pattern G(r) for a material contains structural information that can be 

directly obtained from inspection (Figure 2.17).46 The peak position indicates the 

interatomic distance between atoms.38 The first peak at rnm, denoting the shortest 

atom-atom distance, is normally a sharp peak. The following peaks are generally 

less defined and broader. However, all PDF peaks are sharp in crystals as a result of 

the long-range order. Peak width is related to disorder inside the material regarding 

either structural disorder, atomic disorder or a combination of both.34 Atomic disorder 

can occur as thermal and zero-point motion of atoms, and any fixed displacement of 

atoms from ideal lattice sites produce a distribution of atom-atom distances.43 The 

peak width and shape thus provide information regarding the real atomic probability 

distribution. Peak area is related to the abundance of relevant pairs weighted by their 

scattering power.39 The integrated peak intensity gives the coordination number of 

the origin atom.32 When more than one atom is present in a sample, a weighting 

factor needs to be added to extract the intensities from different chemical species.30 

The largest distance where peaks are visible shows the size of coherent domain.38  

 

Figure 2.17: A PDF pattern G(r) illustrating the structural information contained in the 
function.46 

 

The most significant criteria for an effective total scattering measurement is 

scattering data covering a large range of Q.31 Since Q is inversely proportional to 

wavelength, a short wavelength is required. A high flux of radiation source is also 

necessary as the atomic form factor and structural disorder can lead to dampening 

(significant intensity) in the high Q region.34 The conditions for a successful total 

scattering measurement means that PDF experiments needs to be completed at x-
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ray synchrotron or high flux neutron facilities. To achieve a wide Q range, a large 2D 

detector needs to be placed behind the sample in close proximity.14 The set-up for x-

ray PDF experiments is shown in Figure 2.18 below. The signal from the 2D image 

will be integrated into a 1D total scattering function S(Q).38 Once the total scattering 

experiments are completed, a background containing the air and sample container 

scattering is removed, and the diffuse scattering is preserved along with the Bragg 

and inelastic scattering.45 The inelastic scattering is automatically removed with a 

PDF processing software.42  

 

 

Figure 2.18: A schematic diagarm illustrating the experimental set-up for PDF 

measurements at a synchrotron.35 

 

2.3 Raman Spectroscopy  

 

Spectroscopy is the study of the absorption and emission of radiation with matter.47 

Raman spectroscopy occurs when monochromatic radiation is directed at a sample 

and results in reflection, absorption or scattering of incident radiation.47–49 When 

photons are scattered, their subsequent frequency differs from that of the incident 

photon.49 This is a result of the varying vibrational and rotational properties of a 

sample. This scattered light can be categorized into either Rayleigh or Raman 

scattering.47,50  

 

Rayleigh and Raman scattering can be distinguished by their different scattering 

strengths; the former is strong while the latter is very weak.48 On the other hand, 

scattered light is more commonly set apart according to its frequency difference to 

the incident beam. Rayleigh scattering has the same frequency of the incident beam, 

while Raman scattering is characterized by a frequency change between incident 

and scattered photons.49,50 The Raman shift is thus defined as the energy difference 

between the incident and scattered photon. Raman scattering can be further 

classified as either Stokes or anti-Stokes scattering As illustrated in Figure 2.19, 

Stokes scattering refers to the energy of the scattered photon that is less than that of 



 60 

the incident photon, while anti-Stokes scattering describes the scattered beam that 

has more energy compared to its incident beam.47–49 The reduced energy of the 

scattered photon is a result of energy transfer from the photon to the molecule, and 

the opposite is true when the scattered beam has more energy than its interaction 

with a sample. Raman spectroscopy measures the vibrational frequency shift from 

the incident beam frequency.47 Raman spectra are measured in the UV-visible 

region, where both the excitation and Raman are visible.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.19: Schematic diagram illustrating the Raman Principle where irradiated photons 
results in Rayliegh and Raman scattering. 47  

 

2.3.1 Factors determining vibrational frequencies  

The vibrational frequency (ṽ) of a diatomic molecule is determined using Equation 

2.14 below. 

 

Equation 2.14: ṽ = 
1

2πc
√

K

μ
 

 

The symbols K and μ represent the force constant and reduced mass respectively. 

Equation 2.14 shows that the vibrational frequency is proportional to √K (force 

constant effect) and is inversely proportional to √μ (mass effect).48  

 

2.3.2 Selection Rules for Infrared and Raman Spectra  

Selection rules allow one to determine if a vibrational mode is active in the IR and 

Raman spectra.48,51 The selection rules are different for these spectra, owing to their 

distinct origins. According to quantum mechanics, an IR-active vibration mode is 

characterized by a change in the dipole moment throughout the vibration. A Raman-

active vibration mode is indicated by changes in the polarizability during the 

vibration.48 Polarizability is a proportionality constant (α) in the relation between the 

electric dipole moment (P) and electric field strength (E) as shown in Equation 2.15.  



 61 

 

Equation 2.15: P = αE 

For Raman-active vibrations, the polarizability (α) can not remain constant with the 

vibration and therefore the rate of change of polarizability must not be zero.47,48 The 

nature of the polarizability can be explained by considering a molecule placed in an 

electric field (laser beam). This molecule undergoes distortion as the positively 

charged nuclei are attracted towards the negative pole, while the electrons are 

drawn towards the positive pole.48,50 This charge separation creates an induced 

dipole moment (P), shown in Equation 2.15. 

 

In actual molecules, such a simple relationship does not hold since both P and E are 

vectors consisting of three components in the x, y and z directions.48 The active 

modes are thus characterized by their symmetry in matrices that reflect the three-

dimensional nature of the P and E vectors.  

 

Classifying active modes can also be achieved by considering the symmetry of the 

molecule.48,52,53 This can be shown using the CO2 molecule and its vibrations (Figure 

2.20). Diagram A illustrates a vibration that is symmetric in relation to the center of 

symmetry (v1). This symmetrical vibration is Raman-active but not IR-active, unlike 

the vibrations in diagrams B and C. The antisymmetric vibrations, denoted v2 and v3 

in Figure 2.20, are IR-active but not Raman-active.48 This condition is referred to as 

the mutual exclusion principle and is applicable to any molecule with a center of 

symmetry, even if there is no atom at the center of symmetry. While the IR and 

Raman activities may be determined by inspection for a simple molecule such as 

CO2, this is not the case for more complex molecules. Group theoretical calculations 

provides a methodical approach to classifying IR and Raman active modes of normal 

vibrations for all types of molecules.48 

 

Figure 2.20: A mechanical model illustrating the stretching vibrations in a CO2 molecule.48   
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Group theory involves the study of symmetry, and the combination of symmetry 

elements present in a structure.54–56 Symmetry elements are operations performed 

on a molecule that produce a superimposable structure to the original. Examples of 

symmetry elements include rotation axes, planes of symmetry and centers of 

symmetry. Every molecule has a set of symmetry elements that collectively form a 

point group, which is represented by a character table, as shown in Table 2.2. A 

character table is the complete set of irreducible representations of a symmetry 

group.54 The final two columns of the character table provide information about IR 

and Raman activities of normal vibrations. In the linear rotation column, the 

symmetry species of translational and rotational motion along the x, y and z axes are 

listed as (Tx, Ty, Tz) and (Rx, Ry, Rz) respectively (Table 2.2). In the quadratic 

column, the symmetry species of the six components of polarizability are shown. A 

vibration is considered IR-active if it falls within a symmetry species that includes any 

translational components and is Raman-active if it belongs to a symmetry species 

that contain any polarizability components.48,54,56 Degenerate species are indicated 

by components in parentheses.  

Table 2.2: The character table of the D3d point group. 

D3d 

(3m) 

E3 2C3 3C2 i 2S6 3σd Linear, 

rotation 

Quadratic 

A1g 1 1 1 1 1 1 x2 +  y2, z2 

A1g 1 1 -1 1 1 -1 Rz 

Eg 2 -1 0 2 -1 0 (Rx, Ry) (x2- y2, xy) 

(zx, yz) 

A1u 1 1 1 -1 -1 -1

A2u 1 1 -1 -1 -1 1 z 

Eu 2 -1 0 -2 1 0 (x, y) 

2.3.3 Instrumentation 

A standard Raman spectrometer is comprised of four major components. These 

include the excitation source, a sample illumination and collection system, a 

wavelength selector and lastly a detection and computer control ( 

3Table 4.1 symbols: E = Identity, S = Improper rotation,  C = Symmetry axis, 𝑖 = center of inversion, 𝜎 = mirror 

plane  

Figure 2.21).48 
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Figure 2.21: Diagram of a standard Raman spectrometer.48 

Raman scattering requires a single wavelength of radiation with adequate 

power.48,57,58 The most commonly used radiation sources in Raman spectroscopy 

are continuous-wave (CW) lasers such as positively charged noble gases.48 These 

lasers are mostly Ar+ and Kr+ with wavelength ranges of 351.1 to 514.5 nm and 

337.4 to 676.4 nm respectively. Lasers are the preferred excitation sources for 

Raman spectroscopy because of their advantageous properties. Firstly, laser beams 

are mostly monochromatic and extraneous lines are significantly weaker.48,58 These 

undesired lines can easily be removed by using notch filters or pre-monochromators 

( Figure 2.21).
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 The basic components of a noble gas ion laser are illustrated in 

Figure 2.22. The argon or krypton gas is stored in the plasma tube and is ionized 

when a very high current discharge is passed through plasma tube.48,57 The 

ionization fills the excited state involved in the lasing. The laser emission generates 

photons of equal energy, phase, and direction, and this process continues until an 

equilibrium between excitation and emission is reached.57 

Figure 2.22: Diagram of the basic components of a noble gas ion laser.57 

A wavelength selector only allows a specific range of radiation with a certain 

wavelength to pass through.57,58 The simplest type is an interference filter, which 

relies on two flat surfaces to create a constructive interference and allow a certain 

number of wavelengths to be transmitted.48 Interference filters are designed for 

individual wavelengths, and any other wavelength that corresponds to this 

wavelength divided by an integer.48,58  

It’s been established that Raman scattering is inherently weak, and so sensitive 

detection techniques are required. Spectrometers that are equipped with 

monochromators and single detectors collect and focus scattered light on a 

photomultiplier tube and this tube converts photons into an electric signal.48,49 The 

electron pulses that give rise to the Raman signal are processed using the photon-

counting method.48 Photon-counting is the preferred method as it can electronically 

discriminate undesired signals from photon pulses and thus provide increased 

sensitivity.48  
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2.4 Electrochemical Impedance Spectroscopy 

Electrochemical impedance spectroscopy (EIS) is a technique that involves the 

perturbation of an electrochemical system that is in equilibrium or in steady state, by 

applying a sinusoidal signal over a range of frequencies.59–61 This signal can either 

be ac voltage or ac current and produces a corresponding sinusoidal response in the 

system, which is either current or voltage, respectively. This provides valuable 

information about the impedance of the system across the frequency range. The 

electrochemical system being studied must be linear and time-invariant, meaning 

that both the input and the output signals have the same frequency and the system’s 

behaviour remains constant over time.59,60 However, in real electrochemical cells, the 

current-voltage relationship is not linear (Figure 2.23). Therefore, to achieve a linear 

relationship between the applied signal and the response, the perturbation applied to 

the system needs to have a small amplitude.59 This ensures that the measurements 

fall within an approximate linear range. The resulting response is then measured 

over a wide range of frequencies.  

Figure 2.23: A plot representing a typical current-voltage relationship for an electrochemical 
cell.60 

The total opposition to current flow in an electric circuit containing resistors, 

capacitors, and inductors is known as impedance.59–61 Analysis of impedance can 

determine the underlying mechanisms of an electrochemical reaction. EIS stands out 

from other techniques in its ability to distinguish between electrical, electrochemical, 

and physical processes occurring in a real electrochemical system.59 When a 

complex electrochemical system is broken down into separate processes with 

different time constraints, each process can be individually analysed.59,61 Measuring 

the impedance at a range of frequencies enables this, as slow processes are probed 
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at low frequencies and fast processes are probed at high frequencies. The 

impedance of an electrochemical system can be represented by an equivalent 

electrical circuit, consisting of interconnected passive and distributed elements. The 

value of these elements can be determined and then used to interpret impedance 

data.  

2.4.1 The impedance of an electric circuit 

In efforts to determine the impedance of a circuit, a low amplitude alternating voltage 

may be applied to a system at a particular frequency, to produce a resulting current 

that is measured.62 The impedance of the circuit at this frequency is defined as Ζ(ω) 

in Equation 2.16, which is also expressed as a complex number. The real part of 

Ζ(ω) is Ζ’, which represents resistance on the x-axis, and Ζ’’ is the imaginary part 

which indicates reactance on the y-axis.59,62 The magnitude of impedance denoted 

as |Ζ|, and the phase represented as φ = ωt, can also be derived from these 

measurements.59,63 The impedance spectrum is generated by measuring the 

impedance over a range of excitation frequencies, and this is known as an 

Electrochemical Impedance Spectroscopy experiment.59,61,63  

Equation 2.16: Ζ(ω) = |Ζ|ejφ = |Ζ|(cosφ + j sinφ) 

Equation 2.17: Ζ(ω)= Ζ’ + j Ζ’’ 

Once an EIS data set has been collected over a range of excitation frequencies, it 

can be modelled using an equivalent electrical circuit. Before fitting data to an 

equivalent circuit, the validity of impedimetric data must be assessed. The Kramers-

Kronig equations (Equation 2.18 and Equation 2.19) allow one to calculate the real 

component of the impedance from the imaginary part and vice versa.59,63  

Equation 2.18: Ζ’(ω) = R∞ + 
2

π
 ∫

x Z (x) - ωZ(ω)

x2- ω2

∞

0
dx 

Equation 2.19: Ζ’’(ω) = 
2ω

π
 ∫

x Z (x) - ωZ(ω)

x2- ω2

∞

0
dx 

These empirical relations enable the identification of errors in impedance 

measurements of the relevant electrochemical system.64 A reliable data set is 

generally determined by the following properties:  

1. Linearity: A system’s linearity is demonstrated by the input and output signals

having the same frequency.

2. Causality: This characteristic shows that the input signal and the system’s

response have an exclusive cause-and-effect relationship.

3. Stability: A stable system should be able to recover to its initial condition once the

perturbation ends and remain stable until another external stimulus is applied.

4. Finiteness: Both the real and imaginary parts of the system must have finite

values over the whole frequency range. This implies that the impedance must

tend to a constant value when the frequency approaches zero or infinity.
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2.4.2 Graphical representations of EIS data  

The Nyquist and Bode plots are the most frequently used formats when plotting 

impedimetric data. A Nyquist plot has the imaginary component (- Ζ’’) of the 

impedance plotted against the real impedance (Ζ’) at each excitation frequency 

(Figure 2.24Figure 2.24: (a): A typical Nyquist plot. (b): Typical Bode plots separated into 

the modulus of impedance and phase plots.59a). The Nyquist plot allows one to model 

the data using a physically meaningful equivalent circuit, but it has some 

disadvantages. Since the large impedance values at low frequencies determine the 

scale of the axis, the plot at high frequencies may be less clear and zooming into 

that region will be necessary.62 The most significant limitation of this plot is that it 

does not show the direct relationship between frequency and impedance.59  

 

The Bode plot is also used when interpreting data, as its display of impedance data 

over a wide frequency range is clear (Figure 2.24). This is possible because the 

modulus of impedance and frequency are presented in a logarithmic scale.59 The 

scale of the axes thus allows matching of the excitation frequency with the modulus 

of impedance and the phase values.  

 

Figure 2.24: (a): A typical Nyquist plot. (b): Typical Bode plots separated into the modulus of 
impedance and phase plots.59 

 

2.4.3 Electric circuit components   

The opposition to current flow is known as either resistance or reactance.62 In dc 

circuits, resistance occurs where current is only opposed by resistors (Figure 2.25) 

according to Ohm’s Law. On the other hand, reactance is present in ac circuits 

where current flow is impeded by resistors as well as capacitors (Xc) and inductors 

(XL).59,63 All these elements are measured in Ohm, and the impedance of a resistor 

is denoted as ZR, which only includes the real component.59 Since resistors have 

voltage and current waveforms that are in-phase with each other, a resistor’s 
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impedance is independent of frequency and has only a real component (Figure 

2.26). 

 

 

 

 

Figure 2.25: (a) and (b) resistor symbols as represented in electric circuits diagrams. 

 

 

Figure 2.26: Phase diagram for v(t) and i(t) sinusoidal waveforms when an alternating 
voltage is applied to a resistor.59 

 

The different characteristics of ZR, Xc and XL in ac circuits allow the possibility to 

distinguish between the responses of the individual passive elements. Unlike the 

resistor impedance which only has a real component and is independent of 

frequency, 59,64, capacitor reactance only contains an imaginary component and is 

inversely related to frequency. Inductor reactance also contains only an imaginary 

part, but it is proportional to the excitation frequency.  

 

A capacitor is used to store electricity electrostatically in an electric field (Figure 

2.27).59 An ideal capacitor (C) has real impedance that is zero and imaginary 

impedance that is inversely proportional to the capacitance and frequency.59,63 

Capacitors have a 90° phase shift of the imaginary impedance as the voltage and 

current waveforms are “out-of-phase” with respect to each other (Figure 2.28).62 

However, in real electrochemical cells the phase shift between voltage and current 

due to a capacitive element is typically lower than 90°. So, to sufficiently model the 

impedimetric data, a constant phase element (CPE) is used instead of an ideal 

capacitor.59,60  

 

Figure 2.27: Capacitor symbol as represented in electric circuit diagrams.59 

 = 0  
phase shift 
 

 

(a) 
 
(a) 
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Figure 2.28: Phase diagram for v(t) and i(t) sinusoidal waveforms when an alternating 
voltage is applied to a capacitor.59 

 

The constant phase element (CPE) is an imperfect capacitor that is mostly used in 

equivalent circuit modelling of impedimetric data (Figure 2.29).60 The cause of CPE 

can be attributed to the surface roughness of solid electrodes when dealing with 

solutions and/or non-ideal materials when dealing with solid state cells. This leads to 

an uneven distribution of properties such as resistance and capacitance within the 

cell.59 Alternatively, it has also been proposed that the CPE is a result of the 

combined effects of fast diffusion and slow kinetics in the adsorption of ions or 

impurities from a solution electrolyte onto the electrode surface.59,64 The CPE 

impedance is also inversely related to the frequency like an ideal capacitor.  

 

 

 

 

Figure 2.29: A constant phase element symbol as represented in electric circuits diagrams.59 

 

When the circuit contains a resistor and a capacitor connected in parallel, the 

Nyquist plot is represented by a semicircle (Figure 2.30).59 In this circuit, the 

capacitive reactance tends to zero at very high frequencies and so all the current 

passes through the capacitor. The circuit then acts as a short circuit and the 

impedance is zero.62,63 The capacitive reactance tends to infinity at very low 

frequencies, and then all the current passes through the resistor.59,63 There is a 

constant current flow when the frequency is low, as a constant current can flow 

through a resistor but not a capacitor. The current passes through both the capacitor 

and resistor when the system is at intermediate frequencies. 

 

 

 

 

 

   

 = -90 
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Figure 2.30: (a) The Randles equivalent circuit and (b) the corresponding Bode and Nyquist 
plots of the Randles circuit.59 

 

The measurement of an electrochemical cell’s impedance in the presence of a redox 

couple is referred to as faradaic EIS.59,60 This is done by applying a small sinusoidal 

voltage perturbation in addition to a dc potential that matches the standard potential 

(E°) of the redox reaction.59 The faradaic process can be represented as a general 

impedance (ZF) that combines the effects of the redox reaction’s kinetics and the 

diffusion of the redox species to the working electrode’s surface.59,61 This is 

mathematically represented by Equation 2.20.  

 

Equation 2.20: ZF = Rct + ZW 

 

The kinetics of the faradaic process is related to the charge transfer resistance (Rct) 

in a heterogeneous electrochemical process.63 This relation assumes that the redox 

species are not absorbed on the electrode surface. Meanwhile, the mass transport of 

the redox species towards the electrode surface is represented by the Warburg 

impedance (ZW).59,62,63 The Warburg impedance assumes that this diffusion is linear 

and extends semi-infinitely.59 The charge transfer resistance and Warburg 

impedance is modelled with one of the most used equivalent electrical circuits; the 

Randles circuit (Figure 2.31).59,60  

(a) 
 

(b) 
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Figure 2.31: (a) The Randles equivalent electric circuit over a wide frequency range;  (b) the 
Bode and Nyquist plots of the Randles equivalent circuit.59 

 

The different components of the faradaic process can be identified in its 

corresponding Nyquist plot. The semicircle models the charge transfer process in 

such a way that the diameter is equal to the charge transfer resistance (Figure 

2.32).59,63 This is true in the case of ideally polarizable electrodes where the 

capacitance is reflected by an ideal capacitor,59 obtained experimentally only in the 

case of perfectly flat electrodes.60 The straight line represents the mass transfer 

process that is described by Warburg impedance.59,62  

 

 

Figure 2.32: The labelled Nyquist plot in correlation with the Randles equivalent circuit over a 
wide frequency range.62 

The Warburg impedance (ZW) is an electrical element that represents the mass 

transport of redox species and is illustrated as a 45° line at the low frequency portion 

of the Nyquist plot (Figure 2.32).59,63 This mass transport describes the time-

(a) 
 

(b) 
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dependent diffusion of chemical species, instead of a steady state.60,65 However, in 

several electrochemical systems, the impedimetric response cannot be explained 

using the Warburg impedance of the linear diffusion model that assumes unlimited 

length, but rather by a diffusion region with finite boundaries at steady state.59  

 

The finite diffusion of species can be categorized into two types. Firstly, a permeable 

(or transmissive) boundary occurs when the finite-diffusion region allows the 

diffusing species to pass through (Figure 2.33). This forms a concentration gradient 

over time, resulting in current flow in the electrochemical cell.59,63,65 On the other 

hand, an impermeable (or reflective) boundary results in the finite diffusion region 

becoming impermeable to the diffusing species after a certain time (Figure 

2.33).59,60,65 At this point, charge transfer is no longer possible, and the concentration 

gradient of the diffusing species decreases until it is zero.65  

 

At low frequencies, the impedance profile of a permeable boundary resemble that of 

Warburg impedance until the species have diffused completely across the film.59 As 

the frequencies decrease further a semicircle forms, indicating that the diffusing 

species have left the finite diffusion layer and a dc current flows within the film 

(Figure 2.33).59,64 It is worth mentioning that the impedance spectrum curvature is 

observed at lower frequencies for thicker films. Solid oxide fuel cells are a common 

example of systems that have finite length. 
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Figure 2.33: A representative Nyquist plot representing different mass transfer 
mechanisms at low frequencies. 60 
 

2.5 Experimental Procedure 

 

2.5.1 Synthesis Method 

The starting materials for this experiment were bismuth nitrate pentahydrate 

(Bi(NO3)3.6H2O, 99.9% purity, Sigma Aldrich), lanthanum nitrate hexahydrate 

(La(NO3)3.5H2O, 99.9% purity, Sigma Aldrich), samarium nitrate hexahydrate  

(Sm(NO3)3.5H2O, 99.9% purity, Sigma Aldrich), gadolinium nitrate hexahydrate 

(Gd(NO3)3.5H2O, 99.9% purity, Sigma Aldrich) and glacial acetic acid (98% pure, MK 

Chemical). The metal precursors were accurately weighed according to the reaction 

stoichiometry to produce 5 grams of the final product. The precursors were then 

dissolved in the acetic acid solvent (300 mL) and placed on continual heat and 

stirring until the metal salts dissolved. While heating and stirring was continued, 

excess citric acid monohydrate (C6H8O7.H2O, ACS reagent, Sigma Aldrich) was 

added to the solution as a chelating agent (5 times more than the reaction 

stoichiometry). At this point, a sol was formed that contained complexed metal ions 

and was heated for approximately 3 hours until a thick gel was produced. The gel 

underwent the first heat treatment, known as calcination, at 500 C for 12 hours. The 

calcination step drove off unreacted citric acid, acetic acid solvent and carbonates as 

mentioned above. During this step, rearrangement of the solid structure and 

crystallization also occurred. Once calcination was completed, the sample was a soft 

yellow powder that was ground using a pestle and mortar until a fine, homogeneous 

powder formed. At this stage the second heating step, annealing is completed. The 

calcined powders were reheated at a higher temperature, which was either 750 C or 

610 C depending on the desired final product. Annealing of the fine powders 

resulted in agglomeration and thus an increased crystallize size. The annealing step 
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also converted impurities to the desired phase, to form a phase-pure product. Once 

cooled, the yellow powder was ground again so that the final powdered sample was 

smooth homogeneous (Figure 2.34). The synthetic method is summarized in Figure 

2.35. 

 

 

Figure 2.34: Final powders after the annealing step: Bi0.75Sm0.25O1.5 and Bi0.85O1.5Sm0.15O1.5 
from left to right.   
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Figure 2.35: A schematic representation of the citrate sol-gel synthesis method.   
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2.5.2 Laboratory X-ray diffraction  

Laboratory X-ray powder diffraction measurements were made using the Bruker D2-

Phaser desktop diffractometer at ambient temperatures (Figure 2.36). The sealed 

tube contains the Co Ka1/ Ka2 X-ray source with wavelengths of 1.78900/1.79283 Å 

and radiation power of 30 kV and 10 mA was used. The instrument is comprised of a 

0.6 mm divergent slit, 2.5° primary and secondary beam Söller slits and a Lynxeye 

linear position sensitive detector, that enables an effective angular range of 5° 2θ. 

Powder diffraction patterns were collected from 20° to 120° 2θ, at a step size of 

0.026° 2θ for durations that varied between 15 minutes, 30 minutes and an hour. All 

X-ray powder diffraction patterns were quantitatively analysed using the Rietveld 

method, as implemented in Bruker AXS TOPAS software (Version 7, 2020).  

 

 

 

 

Figure 2.36: Bruker D2-Phaser desktop diffractometer at the School of Chemistry, University 
of the Witwatersrand. 

 

2.5.3 Synchrotron X-ray diffraction and total scattering  

High-resolution synchrotron X-ray diffraction and total scattering measurements were 

conducted at beamline ID31 of the European Synchrotron Radiation Facility (ESRF) 

(Figure 2.37).Cylindrical slots of approximately 1 mm contained the sample powders, 

and were secured with Kapton windows within a sample holder, having 16 slots per 

hold, that allowed high-throughput. Transmission measurements were made with an 

incident X-ray energy of 75.00 keV (λ = 0.1653 Å). The intensities were captured by 
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a Pilatus CdTe 2M detector with 1679  1475 pixels. The sample-to-detector 

distance was about 1.5 m for the high-resolution measurement and 0.3 m for the 

total scattering measurement. Empty slots with secured windows were also 

measured and the data subtracted from the sample measurements as part of the 

background. Geometry calibration was done using the NIST SRM 660b (LaB6) and 

the pyFAI software, that also incorporated polarization corrections.  

 

Initial PDF data were automatically processed using the PDFgetX3 software, with a 

Qmax value of 28 Å-1. The data underwent reprocessing with a Lorch modification 

function to minimize termination effects and the influences from high frequency 

noise. The intensities of small-angle scattering were extrapolated from a Qmin value 

of 0.3375 Å-1 to 0. Material compositions were estimated using atomic proportions 

provided to beamline scientists.  

 

 

Figure 2.37: Beamline ID31 at ESRF.13 

 

2.5.4 Raman Spectroscopy  

Raman spectroscopy measurements were completed using the Horiba LabRAM HR 

(Evolution) Raman spectrometer (Figure 2.38). The system was comprised of an 

argon ion excitation laser with a wavelength of 514.532 nm and a Symphony CCD 

detector that was filled with liquid nitrogen and had a grating of 600 lines per mm. 

Calibration of the instrument was completed with a silicon standard.  

 

In-situ variable temperature measurements were done using an Olympus optical 

microscope attachment with a 50 LWD objective lens and a Linkham TS1500 

sample stage that was purged with argon gas. The sample was heated at a rate of 
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10 °C per minute from 23 °C to 750 °C, and measurements were taken every 50 °C. 

Two sets of 90 second collections were measured and then combined to produce the 

final Raman spectrum.  

 

 

Figure 2.38: Horiba LabRAM HR (Evolution) Raman spectrometer at the Biology School, 
University of the Witwatersrand.  

 

2.5.5 Electrochemical Impedance Spectroscopy 

2.5.1 Pellet Preparation  

Approximately 1 gram of the powdered sample was weighed and then pressed into a 

pellet using a 13 mm die and a hydraulic press set to 6 tons for 10 minutes. This 

produced a pellet around 2 mm thick. The pellets were then sintered in a tube 

furnace. The ends of the tube furnace were closed with fiberglass insulating material 

to prevent heat loss during operation. Prior to sintering, the accuracy of the tube 

furnace temperature was investigated. The actual temperature of the tube furnace 

was recorded by inserting a thermocouple into the middle of the tube furnace, where 

the sample boat would be placed. The comparison showed the actual temperature 

was 60 °C lower than the selected temperature. Using this information, the tube 

furnace temperature was set so that the desired temperature was reflected on the 

thermocouple.  

 

Pellets were placed in the sample boat and then inserted into the tube, such that the 
boat was at the center of the tube (Figure 2.39). The pellets were sintered at the 
annealing temperature (750 °C or 610 °C) for 12 hours after heating at a ramp rate of 

10 °C per minute. The pellets were analysed using Lab XRD to examine if any 
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crystallographic changes had taken place during sintering, to ensure the desired 
phase and structure had been maintained.  

 

Pellets were sputter coated using a Quorum Q15OT ES coater. The instrument 

bleed gas was argon, the chamber pressure was 1 x 10-2 mBar and the current was 

set to 20 mA. The pellets were sputtered with a gold coating of 9.9 nm of gold on 

either side, while the pellet edges were covered with masking tape to prevent being 

sputter coated too. 

 

 

Figure 2.39: 13 mm Bi1-xLnxO1.5 pellets in a boat before sintering at 750 °C for 12 hours. 

 

2.5.2 Electrochemical Impedance Measurements 

Impedance was measured with a Bio-Logic MTZ-35 impedance analyzer, running 

MT Lab software, and in conjunction using an HF-1100 furnace and an HT-1100 

sample holder (Figure 2.40). The quartz tube was removed from the sample holder 

before it was placed in the furnace. Measurements were then preceded by an open 

and closed circuit cell compensation to account for the contributions of 

miscellaneous impedances recorded by the instrument. The instrument was set up to 

measure the impedance of materials from 200 °C to 750 °C (or 610 °C) in 50 °C 

increments. A heating and cooling rate of 10 °C per minute was used and a 30-

minute soak period was set at temperatures of measurement to ensure stabilization 

at each measurement point.  

 

The frequency range was 10 MHz to 0.1 Hz with an AC amplitude of 10 mV. The 

pellet was placed in between the platinum electrodes of the sample holder that are 

12 mm in diameter. The sample holder was placed into the furnace and connected 

using a two-terminal connection. Temperature was monitored for both the furnace 

and sample holder using their integrated thermocouples. All impedance data were 

evaluated using the Bio-Logic EC Lab software (version 11.47). 

 

The pellets were sintered in a tube furnace. Prior to sintering, the accuracy of the 

tube furnace temperature was investigated. The actual temperature of the tube 

furnace was recorded by inserting a calibrated external thermocouple into the middle 

of the tube furnace, where the sample boat would be placed. The set temperature 

and the actual temperature showed a 60 °C difference, where the actual temperature 
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was lower. Using this information, the tube furnace temperature was set so that the 

desired temperature as was reflected by the external thermocouple.  

 

Pellets were placed in a Coors sample boat and then inserted into the tube such that 

the boat was at the centre of the tube. The furnace temperature was ramped at a 

rate of 10 °C per minute and the pellets were sintered at 750 °C for 12 hours. The 

pellets were analysed using the Bruker D2 XRD to examine the crystallographic 

changes (if any) that took place during pelletisation and sintering, to ensure the 

desired phase and structure had been maintained.  

 

Figure 2.40: Bio-Logic MTZ-35 impedance analyzer coupled with a HF-1100 furnace and 
HT-1100 sample holder at the School of Chemistry, University of the Witwatersrand. 
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Chapter 3 - An X-ray diffraction study of the average and local structure of 

rhombohedral bismuth oxide 

Powder X-ray diffraction serves as the primary technique for characterizing materials 

and phase formation in this dissertation. A large part of this research focuses on 

understanding the structural properties of various Bi2O3 materials which is achieved 

by investigating the influence of four key variables: substituent size, substituent 

concentration, annealing duration, and annealing temperature. These variables are 

examined from an average crystalline structure perspective at an atomic scale using 

X-ray diffraction. Furthermore, the phase formation and stability of selected samples

were also studied to gain a deeper understanding of phase behaviour. To further

investigate the total scattering behaviour of rhombohedral Bi2O3 materials, PDF 

analysis was conducted on selected samples. 

Two in-depth reviews are presented concerning the structural characterization of 

Bi0.775Ln0.225O1.5 materials, employing either x-ray diffraction or neutron diffraction 

techniques. The findings from these studies, extensively reviewed in the following 

section, have been widely adopted as reference structural models in prominent 

research 1–3. 

3.1 Literature Review 

Drache and coworkers 4 investigated the Bi0.775Ln0.225O1.5 materials where Ln varied 

as La, Pr, Nd, Sm, Eu, Gd, Tb and Dy. The aim of this work was to explore the 

possible rhombohedral polymorphism behavior of the R3̅m phase with hexagonal 

structure. Previous work has reported that the room temperature rhombohedral 

phase (β2) can transform to a closely related rhombohedral β1 form at high 

temperatures 5,6. Therefore, different bismuth lanthanide materials were examined 

with respect to their structural and conductivity properties to gain further insight into 

the relevant phase behaviour.  

It has been proposed that bismuth lanthanide oxides transform from the β2 low 

temperature form to different phases depending on the Ln3+ size 4. Larger 

lanthanides (ionic radii between 1.17 and 1.079 Å), such as La, Pr, Nd and Sm 

transform to the β1 form upon heating. Intermediate sized lanthanides (ionic radii 

from 1.066 to 1.053 Å), including Eu and Gd, transform to a phase mixture of the β1 

and Fm3̅m δ - cubic Bi2O3 forms. As heating continues, these lanthanides may 

transform further to a single cubic phase. The smaller lanthanides (ionic radii 

between 1.04 and 1.004 Å), such as Tb, Dy and Er, change directly to the δ - cubic 

structure. The relationship between the β2 and β1 polymorphic forms in the R3̅m 

phase has been attributed to cation and/or anion ordering in substituted bismuth 
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oxides by several researchers. The possible disordering at high temperatures is 

further explored in the work of Drache et al. 4 to explain the structural transition.  

 

Bi0.775Ln0.225O1.5 samples were prepared by the solid state reaction of Bi2O3 and 

Ln2O3. The synthesis method started with an initial prefiring of the oxides at 600 – 

700 °C in air, followed by stoichiometric amounts being ground in an agate mortar. 

Thereafter the mixture underwent two thermal treatments at 650 °C for 15 hours 

each. Synthesis of the powder sample was complete once the exclusive presence of 

the hexagonal phase was measured by x-ray diffraction (Cu Ka radiation).  

 

The starting model for refinements was the rhombohedral R3̅m Bi – Sr - O structure 

with a hexagonal unit cell (Z = 9). The lattice parameters of a and c are 4.024 Å and 

27.60 Å respectively, and further structural data is summarized in Table 3.1.  

 

Table 3.1: Structural information of the rhombohedral R3̅m Bi – Sr - O structural model  

 Wyckoff Position Fractional 

Coordinates 

Occupancy 

M1 3a (0;0;0) 1  

M2 6c (0;0;0.22) 1 

O1 6c (0;0;0.33) 1 

O2 6c (0;0;0.09) 0.7 – 0.8 

O3 6c (0;0;0.44) 0.4 – 0.5  

 

The Bi 6c site was refined with a full occupancy while the mixed Bi,Ln 3a site was 

occupied according to the stoichiometric ratio of the metals (Table 3.1). The oxide 

ions were spread across three kinds of 6c sites, referred to as O(1), O(2) and O(3). The 

lattice parameters were refined. The refinement of the cation positions involved 

refining the atomic coordinates (specifically the z coordinate of the Bi 6c site) and the 

thermal parameters. The anion refinements involved refining the atomic coordinates 

and their respective thermal parameters. The occupancy factors of sites with partial 

occupancy were also refined with constraints added according to the composition. 

The most relevant findings from refinements have been listed in Table 3.2 below.  
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Table 3.2: The refined parameters of Bi0.775Ln0.225O1.5 materials reported by Drache and co-
workers 4. 

Ln a (Å) c (Å) z Bi z O(1) z O(2) z O(3) Occupancy 

O(2) 

Occupancy  

O(3) 

La 4.024 27.60 0.2243 0.300 0.092 0.441 0.82 0.43 

Pr 3.998 27.51 0.2244 0.302 0.095 0.445 0.81 0.44 

Nd 3.992 27.46 0.2247 0.303 0.097 0.445 0.77 0.48 

Sm 3.978 27.39 0.2248 0.305 0.093 0.445 0.70 0.55 

Eu 3.974 27.35 0.2253 0.300 0.090 0.450 0.81 0.44 

Gd 3.972 27.34 0.2252 0.299 0.091 0.446 0.78 0.47 

Tb 3.965 27.32 0.2252 0.303 0.088 0.447 0.78 0.47 

Dy 3.955 27.30 0.2252 0.300 0.091 0.452 0.72 0.53 

 

The “a” and “c” cell parameters were examined as a function of lanthanide (Ln3+) 

radius, which revealed two different linear domains present (Figure 3.1). The first 

was observed for the larger lanthanides including La, Pr, Nd, Sm and Eu. The 

second linear range was present for the smaller lanthanides such as Gd, Tb and Dy. 

The presence of these two linear domains support the hypothesis of two kinds of 

bismuth-lanthanide ordering in the mixed layer.  

 

Figure 3.1: Correlation between Bi0.775Ln0.225O1.5 lattice constants and Ln3+ radii at room 
temperature.4  

(a) 
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The variable-temperature structure of Bi0.775Ln0.225O1.5 materials showed that the 

lattice parameters of all samples exhibited pseudolinear behavior between 20 °C and 

700 °C (Figure 3.2). Between 700 °C and 750 °C an abrupt increase of both cell 

parameters in the larger lanthanides (La, Pr, Nd, Sm and Eu) was characterized as 

the β2to β1 transition. This was supported by the refined diffraction data at elevated 

temperatures, which showed that the materials maintained the hexagonal structure 

of the rhombohedral phase but with significantly larger cell parameters and a linear 

expansion behavior (Figure 3.2).  

 

The structural change of smaller lanthanides (Gd, Tb, Dy) at 700 °C represents the 

formation of the cubic δ - phase which is present from 700 °C to 900 °C. The δ - 

phase is preserved to room temperature upon quenching.  
 

 

Figure 3.2: The variable temperature evolution of Bi0.775La0.225O1.5 lattice parameters from 0 
to 900 °C. 4 

 

The occupancy factors of the O(2) and O(3) ions show an interesting trend across the 

range of lanthanides. There is a decrease in the O(2) occupancy factor from La to 

Sm, followed by a sharp increase in the Eu O(2) occupancy factor. Thereafter, the 

O(2) occupancies decrease again Eu to Dy. This decreasing O(2) occupancy is 

mirrored by an increase in O(3) occupancy in the same two domains. Since the O(2) 

site is closer to the mixed Bi,Ln layer, the decrease in its occupancy can be 
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correlated to the decrease in the lanthanide ion size. The break in the linear 

relationship between lanthanide ion size and occupancies again support the 

proposed theory that different ordering exists in the bismuth-lanthanide layer for the 

β2 to β1 phases. The final proposed rhombohedral structure after refinements is 

illustrated in Figure 3.3. 

Figure 3.3: The R3̅m rhombohedral crystal structure of Bi0.775Ln0.225O1.5 materials presented 
in a ball and stick model, determined using powder x-ray diffraction by Drache et al. 4 

The crystal structure of bismuth lanthanide mixed oxides was investigated using 

powder neutron diffraction and TEM measurements by Obbade and coworkers.7 

Bi0.775Ln0.225O1.5 materials where Ln = La, Pr, Nd, Sm, Tb and Dy were previously 

:M2 (Bi) 

:M1 (Ln/Bi) 

:O1 

:O2 

:O3 

Atom Legend 
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studied in a crystal structural investigation using x-ray diffraction by Drache et al 4. 

While this study provided further insight in the R3̅m structure, there was a major 

limitation concerning the analysis of oxygen sites. Due to the presence of heavy 

atoms in the material, such as bismuth and rare earth metals, x-ray diffraction fails in 

the localization of all oxygen sites. The accurate analysis of these oxygen sites are 

required to understand the oxide conduction mechanism in these materials.  

 

The Bi0.775Ln0.225O1.5 compounds were synthesized by the solid-state reaction of 

Bi2O3 and Ln2O3. Stoichiometric amounts of the oxides were heated with two 15-

hour treatments at 815 °C, with grinding in between heating. Thereafter, the samples 

were annealed at 610 °C for 60 hours. An indication that the synthesis process was 

complete is the presence of the single hexagonal β2 phase according to x-ray 

diffraction. 

 

Lanthanides were selected according to scattering lengths that would not potentially 

hinder the neutron diffraction measurement. The coherent scattering lengths of the 

elements in the materials are listed in Table 3.3 below. The neutron powder patterns 

were refined using a range of methods such as Rietveld, FullProf and a revised 

Young and Wiles program. The peaks were best represented by a Gaussian 

function. The profile parameters and background were refined simultaneously, where 

the background was described by a fifth-order polynomial. The profile parameters 

such as the peak shapes, zero-point correction and scale factors were refined 

independently from the cell dimensions and crystal structure parameters. Thereafter, 

the refinement of the average crystal structure was performed in the 

centrosymmetric R3̅m space group. The selected starting model was from the 

powder x-ray crystal structure investigation of Bi0.775Ln0.225O1.5 by Drache and 

coworkers 4. The main results of the crystal structure refinement are described in 

Table 3.4. The Bi0.775Pr0.225O1.5 compound was selected for the first refinement, as Bi 

and Pr have the largest difference between their coherent scattering lengths and 

thus produces the best resolution. The refinement of this crystal structure model 

combined with a subsequent Fourier difference analysis led to the proposal of an 

additional fourth oxygen site.  

 

Table 3.3:Neutron coherent scattering lengths of selected elements 8. 

Elements  Atomic scattering lengths (fm)  

La 8.240  

Pr 4.580 

Nd 7.690 

Tb 7.380 

Bi 8.526 

O 5.805  
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Table 3.4: Summarized information from the Rietveld refinements of Bi0.775Ln0.225O1.5 

materials. Displacement parameters and site occupancies are included for the 
representative Pr substituted material.  

Atoms Site  Atomic coordinates Beq* Occupancy* 

Bi 6c 0,0, z 1.59 1 

Bi/Ln 3a 0,0,0 1.80 0.3/0.7 

O(1) 6c 0,0, z 2.27 1 

O(2) 6c 0,0, z 4.46 0.7 

O(3) 6c 0,0, z 4.40 0.3 

O(4) 18h x, 2x, z 5.37 0.07 

 

 

 

Once refinements were all complete, a comparison between the calculated and 

observed patterns showed strong correlation as shown by the minimal difference 

curve (Figure 3.4). As expected, the average crystal structure of the Bi0.775Ln0.225O1.5 

system was described as a hexagonal cell in the R3̅m rhombohedral space group. 

The structure is comprised of hexagonal layers stacked along the c-axis with 

alternating slabs and inter-slabs (Figure 3.5). The slab appeared to be made up of 

three metal layers; the middle layer that is mixed with bismuth and a lanthanide, and 

two external bismuth only layers. The more precise determination of oxygen sites 

using neutron diffraction resulted in the localization of four oxygen sites. The 

proposed structure comprises O(1) and O(2) present in the slab near the external Bi 

only layers , and O(3) on the periphery of the cationic slab (Figure 3.5). The O(4) 

atoms occur in the inter-slab space. The atom displacement parameters showed that 

O(2), O(3) and O(4) atoms have relatively higher displacements than other atoms.  

 

 

 

  

* Bi0.775Pr0.225O1.5 compound 
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Figure 3.4: Rietveld refinement of the neutron diffraction pattern of Bi0.775Pr0.225O1.5 .7 

 

The interatomic distances in the mixed bismuth-lanthanide layer generally increased 

as the lanthanide size (from terbium to lanthanum) increased, as shown by 

interatomic distances between metal and oxygen sites in Table 3.5. These results 

support the idea of a mixed bismuth-lanthanide layer in the middle of the cationic 

slabs. The lanthanum compound differs from the others in that it’s O(3) atoms are 

located inside the metal slabs, unlike the other compounds where it is located along 

the periphery of the slabs.   

 

Table 3.5:Interatomic distances between metal and oxygen in the mixed bismuth-lanthanide 
layer and the bismuth only layer for selected lanthanides. 

 Ln 

 La (Å) Pr (Å) Nd (Å) Tb (Å) 

(Bi, Ln) – O(1) 2.50 2.48 2.47 2.44 

(Bi, Ln) – O(2) 2.58 2.51 2.50 2.40 

Bi – O(1) 2.07 2.10 2.09 2.13 

Bi – O(2) 2.36 2.36 2.36 2.36 

Bi – O(3) 2.33 2.31 2.31 2.30 

Bi – O(4) 2.66 2.73 2.62 2.71 
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It was also found that the partial occupancies of the sites O(2), O(3) and O(4) remain 

constant across the range of lanthanides substituted in the mixed layer. The oxygen 

sites close to the bismuth environments are strongly occupied with O(1) and O(2)

having occupancies of 100% and 75%, respectively. On the other hand, the oxygen 

sites that are on the periphery of these cationic slabs (Figure 3.5), have significantly 

lower occupancies of approximately 30% and 7% for O(3) and O(4), respectively. 

These observations suggest that the ionic conductivity within this structure is due to 

the motion of O(3) and O(4) between the cationic slabs. 

Figure 3.5: The proposed R3̅m rhombohedral crystal structure of Bi0.775Ln0.225O1.5 materials 
presented in a ball and stick model determined using powder neutron diffraction by Obbade 
et al.7
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Previous research has provided valuable context to guide experimental work. X-ray 

and neutron diffraction measurements revealed rhombohedral phase behaviour 

when substituting certain lanthanides in bismuth oxide at a substitution rate of 

22.5%. The accuracy of the neutron diffraction technique provides confidence in the 

structure measured, which has thus been used as the model structure for x-ray 

diffraction and PDF refinements. This informed the selection of lanthanide 

substituents for further investigation. Based on previous studies, neutron diffraction 

proved more reliable due to its sensitivity to oxygen atoms and will therefore serve 

as the starting model for refinements. 

The selection of substituents was guided by structural considerations. Literature 

suggests a correlation between rhombohedral phase stability and dopant size, with 

larger dopant ions favouring rhombohedral phase formation 2,9. Lanthanum (La3+), 

having an ionic radius of 1.17 Å compared to bismuth (Bi3+) with an ionic radius of 

1.16 Å, is expected to exhibit high rhombohedral phase stability. Lanthanum was 

thus chosen to provide a stable rhombohedral structure for detailed characterization, 

including room temperature powder X-ray diffraction and total scattering. Although 

gadolinium (Gd3+), with an ionic radius of 1.053 Å is smaller than Bi3+ and typically 

stabilizes the fcc cubic phase, numerous studies suggest that it can also stabilize the 

rhombohedral phase in Bi2O3 systems within a specific dopant concentration range 

(10-30% Gd2O3) 9,10. Some studies even propose that the rhombohedral phase can 

be the sole phase at 20% Gd2O3 doping 11. The selection of Gd3+ allows for 

investigating this apparent exception to the general trend between rhombohedral 

phase stability and dopant size. Samarium (Sm3+), with an intermediate ionic radius 

of 1.079 Å between La3+ and Gd3+, is expected to exhibit significant rhombohedral 

phase stability. However, Sm3+ doped systems often show lower rhombohedral 

phase compositions than anticipated 3. This unexpected behaviour warrants further 

investigation to gain a better understanding of its influence on the rhombohedral 

phase stability. The inclusion of Sm3+ will also provide valuable insights into the 

relationship between dopant size and rhombohedral phase stability by comparing the 

three dopants (La3+, Gd3+, and Sm3+). Once examining the three dopants at a fixed 

composition to gain further understanding of their structural properties, suitable 

samples were selected to study the other key variables; substituent concentration, 

annealing duration and annealing temperature.  

The materials characterized in this chapter were synthesized using the citrate sol-gel 

method 12 described in Chapter 2 (Experimental methodology). This method involves 

metal salts dissolved in glacial acetic acid and heated to form a thick gel. Unless 

otherwise stated, the sample then underwent a calcination step at 500 °C for 12 

hours followed by an annealing step at 750 °C at 5 hours, with sample grinding in 

between heat treatments. 
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3.2 Results and Discussion  

3.2.1 Laboratory powder X-ray Diffraction 

3.2.1.4. Substituent Type  

The effects of substituent type were investigated using powder XRD. Selected 

materials with composition Bi0.75Ln0.25O1.5 were measured using laboratory XRD as 

well as at the synchrotron. In this composition, Ln was varied as lanthanum, 

samarium and gadolinium. The XRD patterns of the three materials are compared in  

Figure 3.6. From inspection, it is clear that the La substituted material is quite distinct 

from the Sm and Gd-substituted material. While the patterns largely display the 

same peaks, the 25 mol% La-substituted sample produced a downward shift in its 

pattern (to lower 2θ values). While this was expected due to lanthanum’s large size, 

this shift is quite significant. A possible contributing factor to the downward shift may 

be effects of the zero-background holder. The peaks in the La substituted material 

are not as well resolved as the other two materials, which may indicate peak overlap 

of multiple phases. The La substituted material also has a noisier background signal, 

and so this material shows the need for high-resolution synchrotron data. The La-

substituted materials seem to have minor additional peaks that are not present in the 

Sm and Gd-substituted material, such as peaks just before 70°. The data were thus 

analysed quantitatively.  

Figure 3.6: Superimposed laboratory XRD patterns for Bi0.75Ln0.25O1.5 materials where Ln = 
La, Sm or Gd.  

Rietveld refinement of the diffraction patterns was used as a tool for a detailed, 

quantitative analysis of the XRD results. First a calibration using a LaB6 standard to 

characterize the instrument profile was done in TOPAS. A model structure (R3̅m 
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phase obtained from the work of Obbade et al.51) was then fitted to the experimental 

pattern by refining certain parameters. The refined  parameters included the lattice 

parameters, crystallite size and isotropic displacement parameters (IDPs). The metal 

IDPs were all constrained to refine to the same value (since the metals behave 

similarly with regards to their vibrations in their lattice), and the same was applied to 

the various oxygen sites. All other structural parameters remained fixed, such as 

atomic coordinates and site occupancies, where the lanthanide substituent 

occupancy was set according to the sample composition. In Rietveld refinement 

guidelines82 it is stipulated that IDPs and occupancies cannot be refined 

simultaneously, and so the IDPs were selected for refinement. These guidelines also 

propose that that non-special positions may be refined, but attempted refining of 

these positions produced unreasonable values. The crystallite size was refined and, 

while it is common practice to refine both crystallite size and strain simultaneously, 

the refined strain values were not realistic and therefore not refined. The 

conservative approach taken to the Rietveld refinements were completed with the 

aim of producing reliable values that could be quantitatively examined.  

Analysis of the three lanthanide-substituted bismuth oxide samples revealed distinct 

structural and phase behaviour. The 25 mol% La-substituted sample exhibited a 

rhombohedral phase with evidence of an underlying phase, indicated by unresolved 

peak bases in the XRD pattern (Figure 3.7). This sample also had a significantly 

larger unit cell volume compared to the other two samples. The Lanthanum sample, 

with the largest ionic radius (1.16 Å), had a unit cell volume of 447 Å³. On the other 

hand, gadolinium, the smallest substituent (ionic radii of 1.053 Å), had a unit cell 

volume of 428 Å³. These results showed a proportional trend between unit cell 

volume and substituent size, which was expected. In contrast to the La-sample, the 

25 mol% Sm-substituted sample (ionic radii of 1.079 Å) demonstrated exceptional 

crystallinity with a crystallite size of 182 nm (Table 3.6), which was the highest 

among the three materials. This high crystallinity is evident in the sharp, well-

resolved Bragg peaks that match the rhombohedral R3̅m phase (Figure 3.7b). 

Notably, the Sm-substituted sample showed a minimal intensity mismatch and no 

evidence of additional phases. The 25 mol% Gd-substituted sample shared many 

structural similarities with the Sm-substituted material (Figure 3.7c), correlating with 

the minor difference in their ionic radii. The Rietveld refinement of the laboratory 

XRD pattern for Bi0.75Gd0.25O1.5 revealed the sample was mostly characterized by the 

rhombohedral phase (97%), but the material also contained minor traces of the 

Fm3̅m cubic phase (3%) (Figure 3.7c). The Sm size thus appears optimal for 

stabilizing the rhombohedral phase, as the La- and Gd-substituted samples did not 

display single-phase formation as observed in the Sm-substituted sample. The metal 

and oxygen isotropic displacement parameters (IDPs) were quite similar across all 

three samples, with the metal IDPs ranging between 3.86 and 4.31 Å2and the 

oxygen IDPs falling between 5.28 and 5.60 Å2.All three materials displayed a 

significant intensity difference, 
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where the observed pattern has greater intensity than the calculated pattern. This is 

mostly shown in the difference curve of the La-substituted sample (Figure 3.7c). 

Common parameters for intensity correction, such as surface roughness, absorption, 

multiplicity or an overspill effect, are used to compensate for lower intensities in the 

observed patterns, so these are thus not applicable in this case.  

The only intensity correction factor that does account for increased intensities is 

preferred orientation which describes the tendency of crystallites to align themselves 

in a certain direction. However, there was no correlation between preferred 

orientation and equivalent lattice planes, and so preferred orientation was not 

considered for these samples. The layered nature of the rhombohedral structure may 

be a source of stacking faults in the samples. Stacking faults is a possible 

explanation for the heightened intensities, but this requires a thorough analysis uch 

as extensive calculated modelling for confirmation. Nevertheless, all materials with 

lanthanide substituents ranging in ionic radii from 0.01709 to 0.116 Å successfully 

stabilized the rhombohedral phase as the dominant phase. 

Figure 3.7: Rietveld Refinement of the laboratory XRD patterns of (a) Bi0.75La0.25O1.5, (b) 

Bi0.75Sm0.25O1.5 and (c) Bi0.75Gd0.25O1.5. 

(c) 

(b) (a) 
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Table 3.6 Parameters obtained from Rietveld refinements for the Bi0.75Ln0.25O1.5 materials.  

Sample  a lattice 

parameter 

(Å) 

c lattice 

parameter 

(Å) 

Unit cell 

volume  

(Å3) 

Metal 

IDPs 

(Å2) 

Oxygen 

IDPs 

(Å2) 

Crystallite 

size (nm)  

Bi0.75La0.25O1.5 4.03198(2) 27.539(4) 447 4.15 5.38 56.8(5) 

Bi0.75Sm0.25O1.5 3.9721(2) 27.3689(9) 432 3.86 5.60 116(2) 

Bi0.75Gd0.25O1.5 3.959(3) 27.285(3) 428 4.31 5.28 98.2(2) 

 

3.2.1.2 Substituent Concentration 
The results shown above by varying substituent type have indicated that the Sm-

substituted material has the best rhombohedral phase formation and crystalline 

properties. The Sm-substituted Bi2O3 system was thus selected to study the effects 

of substituent concentration. The samarium concentration was ranged from 15 mol% 

to 25 mol% in bismuth oxide. The XRD patterns of the Sm-substituted system are 

shown alongside in Figure 3.8 for varying concentrations. From visual inspection it is 

clear that the 15 mol% Sm sample clearly consists of a phase mixture while the 20 

mol% and 25 mol% Sm appear to mostly comprise of the rhombohedral phase. The 

pattern for the 15 mol% substituted material also shows a slight shift to higher 2θ 

values compared to the other two materials. A smaller unit cell would account for the 

shift in this direction, but this is not expected in the 15 mol% Sm sample. Sm3+ has 

an ionic radii of 1.079 Å and Bi3+has a radii of 1.17 Å, so the sample with the lower 

samarium content should have a larger unit cell. The size of the shift suggests a 

probable influence of sample packing in the zero-background holder. All three 

materials were quantitatively analysed using Rietveld refinement to gain further 

insights.  

 

Figure 3.8: Superimposed laboratory XRD patterns of Bi(1-x)Smx O1.5 where x ranges from 15 

to 25 mol%  
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Rietveld analysis of the 15 mol% Sm-substituted Bi2O3 sample (Figure 3.9a) 

revealed a phase mixture consisting of 77% rhombohedral and 23% Fm3̅m cubic 

phases as the average structure, indicating that this substitution level may be 

insufficient for stabilizing a single rhombohedral phase. In contrast, the 20 mol% Sm-

substituted sample shows a predominantly rhombohedral phase (Figure 3.9b), with 

Rietveld refinement suggesting the presence of a minor cubic phase. This is 

supported by the observation of a broad peak base in the most intense peak of the 

XRD pattern, which suggests the possible presence of an underlying phase. A small 

peak is observed at approximately 33° just before the most intense peak. This peak 

grows when decreasing the Sm concentration into a cubic Fm3̅m peak, as seen in 

the Bi0.85Sm0.15O1.5 material. While the refinement of the 20 mol% Sm-substituted 

sample could not definitively detect cubic traces at the current detection limit, the 

presence of a minor cubic phase in the sample seems likely. These results suggest 

that 20 mol% lanthanide substitution in Bi2O3 can lead to the formation of a 

predominantly rhombohedral phase, but achieving a phase-pure material might 

require a higher lanthanide content. The 25 mol% Sm-substituted sample formed the 

desired rhombohedral phase with no detectable impurity phases based on laboratory 

XRD measurements, as shown above (Figure 3.7b). 

The refined parameters showed that the unit cell volume decreased in size with 

increasing Sm concentration (Table 3.7). The 15 mol% Sm-substituted sample 

exhibited a larger unit cell volume of 437 Å³ compared to the 20 mol% and 25 mol% 

samples, which have volumes of 432 Å³. Furthermore, the 15 mol% sample 

displayed broader and less resolved peaks in the diffraction pattern, indicative of 

lower crystallinity which was supported by a crystallite size of 68.9 nm compared to 

the other two materials. These refined values confirmed that 15 mol% Sm 

substitution is too low to form the pure rhombohedral phase with good crystallinity.  

Figure 3.9: Rietveld Refinement of the laboratory XRD patterns of (a) Bi0.85Sm0.15O1.5 and (b) 

Bi0.85Sm0.20O1.5. 
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Table 3.7: Parameters obtained from Rietveld refinements for the Bi1-xSmxO1.5 materials.

Sample a lattice 

parameter 

(Å) 

c lattice 

parameter 

(Å) 

Unit cell 

volume 

(Å3) 

Metal 

IDPs 

(Å2) 

Oxygen 

IDPs 

(Å2) 

Crystallite 

size (nm) 

Bi0.85Sm0.15O1.5 3.968(2) 27.66(2) 437 1.83 4.37 68.9(4) 

Bi0.80Sm0.20O1.5 3.9737(0) 27.425(8) 432 1.54 5.60 131.(3) 
Bi0.75Sm0.25O1.5 3.9721(2) 27.3689(9) 432 3.86 5.60 116.(2) 

3.3.1.3 Annealing Duration 

The 25 mol% Sm-substituted Bi2O3 material was selected for further investigation 

due to its tendency to form the rhombohedral phase and desired structural 

properties. The Bi0.75Sm0.25O1.5 material was subjected to heating treatments of 

different durations to examine its effects on phase formation and crystallinity. The 

comparative XRD patterns for 5-, 10- and 15-hour annealing regimes at 750 °C on 

the Bi0.75Sm0.25O1.5 material show all form a single rhombohedral phase (Figure 

3.10). The 10- and 15-hour samples were highly crystalline, as indicated by their 

sharp Bragg peaks, while the 5-hour sample had lower intensities which is a 

probable result of sample packing in the zero-background holder. Besides this 

distinction, there appears to be no significant difference between the materials, 

which was confirmed by their refined lattice parameters that are almost identical 

(Table 3.8). It was proposed that longer annealing durations improve the crystallinity 

of the material, however this was not the case for the Bi0.75Sm0.25O1.5 material. 

Rietveld refinement showed that the crystallite size decreased as annealing time was 

increased, which suggests that there are other factors to also consider when 

studying this parameter. The crystallite size decreased from 116 nm to 72.8 nm as 

annealing time increased from 5 hours to 15 hours. The atom displacement 

parameters did not show any trend with increasing annealing time and have small 

differences between samples. The Rietveld refinement of these materials are further 

examined to characterize the samples.  

Figure 3.10: Superimposed laboratory XRD patterns of Bi0.75Sm0.25O1.5 subjected to 5-, 10- 

and 15-hour annealing treatments. 
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Table 3.8: The refined lattice parameters of Bi0.75Sm0.25O1.5 subjected to 5-, 10- and 15-hour 
annealing treatments. 

Annealing time 

(h) 

a lattice 

parameter 

(Å) 

c lattice 

parameter (Å) 

Unit cell 

volume 

(Å3) 

Metal 

IDPs 

(Å2) 

Oxygen 

IDPs 

(Å2) 

Crystallite 

size (nm) 

5 3.9721(2) 27.3689(9) 432 3.86 5.60 116.(2) 
10 3.9737(7) 27.362(2) 432 3.64 4.38 110.(9) 
15 3.976(9) 27.3669(1) 434 4.24 4.73 72.8(2) 

Rietveld analysis of the 10-hour annealed sample (Figure 3.11a) revealed a strong fit 

to the rhombohedral R3̅m phase with minimal intensity mismatch, supporting its 

rhombohedral phase formation properties. Interestingly, the 10-hour annealed 

sample showed high similarity to the 5-hour annealed samples, with comparable 

crystallite sizes of 110 nm and 166 nm and identical unit cell volumes of 432 Å³ 

(Table 3.8). This suggests that longer annealing times may not significantly alter the 

crystal structure or unit cell dimensions in this specific system. 

Rietveld refinement of the 25 mol% Sm-substituted Bi2O3 sample annealed for 15 

hours (Figure 3.11b) revealed a predominantly rhombohedral phase, with a good fit 

to the R3̅m structure. However, the presence of unidentified peaks in the diffraction 

pattern, such as those observed near 40° and 60°, indicated the presence of impurity 

phases. Attempts to identify these impurities using Rietveld refinement with potential 

phases such as monoclinic (P21/c), cubic (Fm3̅m), and tetragonal (P421/c) were 

unsuccessful. The 15-hour annealed sample also exhibited lower crystallinity 

compared to samples annealed for shorter durations (5 and 10 hours). The presence 

of impurity phases in a sample annealed for an extended period is unexpected and 

suggests a potential issue during sample preparation or with the furnace and heat 

treatment. To confirm the origin of these impurity phases, repeating the 

measurement would be necessary. These measurements could not be repeated 

during this project, which would be a suitable starting point for future work. With that 

being said, the experimental results propose that annealing duration may not have a 

significant influence on desired phase formation and crystallinity, which would reduce 

the long hours of uninterrupted electricity supply required for this synthetic method. 

Therefore, this finding could be advantageous in a country like South Africa that 

experiences regular power outages.  
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Figure 3.11: Rietveld Refinement of the laboratory XRD pattern of Bi0.85Sm0.25O1.5 annealed 
for (a) 10 hours and (b) 15 hours 

 

3.2.1.4 Annealing temperature  

The final parameter examined using laboratory x-ray diffraction is the annealing 

temperature. Two different annealing temperatures were selected to assess its 

suitability to produce the rhombohedral phase specifically. According to various 

literature sources, the desired rhombohedral phase forms around 650 °C during 

cooling from the cubic (Fm3̅m) phase. Therefore, temperatures were selected above 

and below the proposed phase transition temperature to confirm this phase behavior. 

The laboratory diffraction patterns of Bi0.75Sm0.25O1.5 that were annealed for 5 hours 

at 610 °C and 750 °C are compared in Figure 3.12. The XRD pattern of the 750 °C 

annealed material is characterized by sharp, well-resolved peaks that were assigned 

to the rhombohedral phase using Rietveld analysis. On the other hand, the pattern 

for the 610 °C annealed material has broad, overlapping peaks and contains more 

peaks which indicates a phase mixture.  

 

Figure 3.12: Superimposed laboratory XRD patterns of Bi0.75Sm0.25O1.5 subjected to 

annealing at 610 °C and 750 °C 

(a) (b) 
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Rietveld refinement of the XRD patterns revealed that both 610°C and 750°C 

annealed 25 mol% Sm-substituted Bi2O3 samples form substituted oxides with 

identical unit cell dimensions of 432 Å³ (Table 3.9). However, a significant difference 

lies in their crystallinity. The sample annealed at 610°C exhibited low crystallinity with 

a crystallite size of 27.2 nm, while the sample annealed at 750°C demonstrated high 

crystallinity with a crystallite size of 116 nm. 

This suggests that increasing the annealing temperature from 610°C to 750°C 

promotes the formation of larger, more crystalline domains in the 25 mol% Sm-

substituted Bi2O3 material. 

Table 3.9: The refined lattice parameters of Bi0.75Sm0.25O1.5 subjected to annealing 
temperatures of 610 °C and 750 °C 

Visual inspection of the 610 °C annealed sample alongside the 750 °C annealed 

sample (that is purely rhombohedral) shows that the material is mostly rhombohedral 

in phase composition (Figure 3.13). The refinement of the XRD data for the 610 °C 

annealed material confirmed the mixture of rhombohedral and cubic phases. 

Although a single rhombohedral phase was not obtained at this annealing 

temperature, it is interesting to note that the rhombohedral phase did form below 650 

°C. Lower temperature formation of the desired phase contributes to its suitability as 

a potential solid electrolyte as lower temperatures would require less energy. The 

annealing treatment could be modified by annealing for longer durations to possibly 

remove impurity phases and improve its crystalline nature.  

Sample a lattice 

parameter 

(Å) 

c lattice 

parameter 

(Å) 

Unit cell 

volume 

(Å3) 

Metal 

IDPs 

(Å2) 

Oxygen 

IDPs 

(Å2) 

Crystallite 

size (nm) 

610 °C 

annealed 

3.973(3) 27.428(4) 432 1.83 4.37 27.2(2) 

750 °C 

annealed 

3.9721(2) 27.3689(9) 432 3.86 5.60 116.(2) 
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Figure 3.13: Rietveld Refinement of the laboratory XRD pattern of Bi0.75Sm0.25O1.5 

annealed at (a) 610 °C and (b) 750 °C 

3.2.2 Synchrotron powder X-ray Diffraction 

Synchrotron X-ray diffraction (at ESRF Beamline ID31) was used to measure the 

diffractions patterns of materials having the composition (Bi0.75Ln0.25O1.5), where the 

lanthanide substituent (Ln) was varied as lanthanum, samarium and 

gadolinium.These three materials were studied in the laboratory and synchrotron X-
ray diffraction sections. However, freshly prepared samples were used for the 
synchrotron measurements, thus it was not the exact same sample that was 
analysed using the two techniques. 

Although their diffraction patterns (compared in Figure 3.14) are similar to each other 

having the same peaks with comparable peak widths, the pattern for the La-

substituted material is downward shifted on the 2θ axis as compared to that for the 

Sm- and Gd-substituted materials. This shift is indicative of larger lattice parameters 

for the La-substituted material, which is expected when considering the relative 

lanthanide sizes that are substituted in the bismuth oxide materials. The pattern for 

the La-substituted sample also contains minor peaks that are not observed for the 

Sm- and Gd-substituted materials. Examples of these peaks can be found at 

approximately 1 and 10° (Figure 3.14). The Sm- and Gd-substituted materials have 

mostly the same XRD patterns, despite a difference in intensities. These materials 

were analysed further using Rietveld refinement to confirm these structural 

properties. 

The relative lattice parameters show that the lattice expands slightly with 

increasing substituent size, as expected (Table 3.10). The IDPs had reasonable 

values, as the metal IDPs varied from 1.5 to 2 which are acceptable as metal 

IDPs should have values of approximately 1 (Table 3.10). The same can be said 

for the oxygen IDPs that are roughly 5, which is expected according to Dinnebier et 

al.13 The refinements of the synchrotron XRD data are thus reliable, and all 

three materials are very similar. 

(b) (a) 
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Figure 3.14: Superimposed synchrotron XRD patterns of Bi0.75Ln0.25O1.5 materials where Ln 

= La, Sm or Gd  
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Table 3.10: Parameters obtained from Rietveld refinements for the Bi0.75Ln0.25O1.5 materials. 

Sample a lattice 

parameter 

(Å) 

c lattice 

parameter 

(Å) 

Unit cell 

volume 

(Å3) 

Metal 

IDPs 

(Å2) 

Oxygen 

IDPs 

(Å2) 

Crystallite 

size (nm) 

Bi0.75La0.25O1.5 4.0342(5) 27.5392(5) 447 2.35 4.58 157.(1) 

Bi0.75Sm0.25O1.5 3.9770(0) 27.351(8) 434 1.54 5.46 182.(2) 
Bi0.75Gd0.25O1.5 3.965(7) 27.3136(5) 430 2.16 5.25 125.(1) 

Synchrotron XRD analysis of the 25 mol% La-substituted Bi2O3 sample revealed a 

predominantly rhombohedral phase, with all Bragg peaks fitting well to the R3̅m 

structure (Figure 3.15a). However, a significant intensity mismatch is observed, 

resulting in a notable difference curve. Nevertheless, the phase formation aligns with 

literature reports on the rhombohedral phase formation in La-substituted Bi2O3 at this 

composition. However, the most intense peak just after 3° shows an unresolved 

peak base, which may indicate peak overlap (Figure 3.15a). Despite this, the sample 

displays high crystallinity, characterized by sharp Bragg peaks and a crystallite size 

of 157 nm, as determined by synchrotron XRD. The unresolved peak base is most 

prominent in the La-substituted material, suggesting the potential presence of 

additional phases not detected with the current instruments or sample composition. 

While the unit cell volumes of Sm- and Gd-substituted samples differ by only 4 Å 

between each other (Figure 3.14), the La-substituted sample exhibited a significantly 

larger unit cell volume, 17 Å greater than the Gd-substituted sample. 

Rietveld analysis of the 25 mol% Sm-substituted Bi2O3 sample measured at a 

synchrotron revealed a well-defined rhombohedral phase with no evidence of 

additional phases (Figure 3.15b). The sample displayed the highest crystallinity 

among the three materials studied, with a crystallite size of 182 nm. This high 

crystallinity is reflected in the sharp, well-resolved Bragg peaks at the detection level 

of synchrotron radiation. The sample shows a significant intensity mismatch, as seen 

in all materials discussed above. The 25 mol% Sm-substituted material displays 

many structural similarities with the 25 mol% Gd-substituted material, with a minor 

difference in their ionic radii (0.026 Å). 

The Rietveld refinement for the Bi0.75Gd0.25O1.5 sample showed that most of the 

Bragg peaks in the diffraction pattern are owed to the R3̅m rhombohedral phase 

(Figure 3.15c). No other peaks were detected in the material, even at the low 

detection limit of the synchrotron. However, there was a significant intensity 

mismatch between the observed and calculated patterns, where the observed 

pattern had greater intensities than the structure model. With that being said, the 

average structure of the 25 mol% Gd material can be confidently described as purely 

rhombohedral. This was not expected as the laboratory diffraction data of the same 

material appeared to form a phase mixture of rhombohedral and cubic on an 

average length scale. The laboratory XRD pattern was measured within a day after 
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(c) 

(b) (a) 

completed synthesis, while the synchrotron XRD pattern was measured weeks after 

the materials were prepared. This may suggest that the minimal cubic phase (3%) 

present converted to the more stable rhombohedral phase over time. Since the 

resolution of synchrotron x-ray diffraction is higher than that for lab instruments, it is 

certain that some phase conversion must have occurred, indicating that the cubic 

phase is only metastable at room temperature.  

Despite this discrepancy in the Bi0.75Gd0.25O1.5 material, there is a significant 

similarity between the synchrotron and laboratory XRD data for all three samples, as 

indicated by the refined lattice parameters. This provides confidence in the 

subsequent refinements of laboratory XRD data. 

 

 

Figure 3.15: Rietveld Refinement of the synchrotron XRD patterns of (a) Bi0.75La0.25O1.5, (b) 

Bi0.75Sm0.25O1.5 and (c) Bi0.75Gd0.25O1.5. 

 

3.2.3 Pair Distribution Function (PDF) 

 

Selected samples underwent total scattering measurements and synchrotron XRD 

measurements at the ESRF. Materials with composition Bi0.75Ln0.25O1.5 were 

subjected to PDF measurements, where Ln was varied as lanthanum, samarium and 

gadolinium. Laboratory and synchrotron XRD measurements shared many 
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similarities, as all measurements revealed the rhombohedral phase as the dominant 

phase on an average scale. Certain samples did show distinct differences, such as 

the Bi0.75Gd0.25O1.5 measured by laboratory XRD that contained a phase of mixture of 

rhombohedral and cubic. However, this sample’s composition was quantified as 97% 

rhombohedral phase, showing that all the materials of interest predominantly formed 

the rhombohedral phase. The PDFs of the 25 mol% substituted materials are 

compared in Figure 3.16 to examine their local structure. A qualitative inspection 

shows similarity between the three functions, with mostly similar peak positions and 

peak intensities. Notably, an upward shift is observed in the La-substituted material 

at high.r values, and less so in the Sm-substituted sample. Nevertheless, the similar 

PDFs suggest that all 25 mol% substituted materials have comparable atom-atom 

pairs in the same unit cell for both the local and average structure. The proposed 

structure is the R3̅m rhombohedral phase, as the phase accurately describes the 

materials average structure. The rhombohedral unit cell is comprised of atoms on its 

corners, so the unit cell lengths should be the simplest interatomic distances to 

identify in a PDF. The a and c lattice parameters in 25 mol% lanthanide substituted 

bismuthate are approximately 4 and 27 Å, respectively. Inspection of the PDFs 

reveal an intense peak at approximately 4 Å (Figure 3.16), which would correspond 

to metal – metal distances between corners in the rhombohedral unit cell. The high 

intensity of this peak supports the possibility of its origin as metal – metal distances, 

as the high scattering of the bismuth metal would explain the significant peak 

intensity. Less intense peaks occur for metal – oxygen distances, as oxygen has 

relatively low scattering lengths compared to bismuth and the lanthanides. There is 

also a peak around 27 Å (Figure 3.16), which could account for the metal – metal 

distance along the c-axis of the rhombohedral cell. The experimental PDF of 

Bi0.75Sm0.25O1.5 has been compared to partial PDFs to confidently associate atom 

pairs with peaks in the function.  

 

Figure 3.16: Superimposed PDFs of Bi0.75Ln0.25O1.5 materials where Ln = La, Sm and Gd  
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The experimental PDF of Bi0.75Sm0.25O1.5 was compared to the calculated partial 

PDFs of the R3̅m rhombohedral structure (Figure 3.17). The calculated structure was 

obtained from the powder neutron diffraction study by Obbade et al. 7. The 

experimental PDF is compared to the calculated partials in the low-r range from 1 to 

10 Å to confidently associate atom pairs with peaks in the function (Figure 3.17). The 

metals in the structure were generalized to the dominant metal, bismuth. The intense 

peak around 4 Å is clearly owed to Bi – Bi atom pairs. The most intense peaks in the 

low-r range are all owed to the Bi – Bi pairs as indicated by the partial functions. The 

peak around 2.4 Å represents Bi – O atom pairs, and it can be seen that all Bi – O 

distances produce low intensity peaks. The O – O atom pairs may also contribute to 

the peaks that have been associated to other atom pairs, but the low scattering 

power of oxygen makes this correlation difficult to confirm. Nonetheless, the partial 

functions of the rhombohedral pattern suggest the local structure of 25 mol% 

substituted materials is rhombohedral.  

Figure 3.17: Experimental PDF of Bi0.75Sm0.25O1.5 superimposed on the calculated partial 

PDF functions of the R3̅m rhombohedral structure.  

Since all three 25 mol% substituted materials have very similar PDFs, the refinement 

of one representative sample has been included for discussion. The refinement was 

preceded by a calibration of silicon and LaB6 reference standards using PDFGui. 

The refinement of the standards verified the real-space data quality and provided 

instrumental parameters that are required for experimental data refinements. These 

instrumental parameters include Qdamp and Qbroad effects. The Qdamp parameter is 

introduced in modeling to account for the exponential dampening of the PDF peaks, 

which is a result of limited Q-resolution. The Qbroad parameter accounts for peak 

broadening at high Q, because of increased intensity noise. These parameters are 

refined during the standard calibration and used in the experimental refinements. 

The Qmax value is an experimental parameter that is determined during the Fourier 
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transformation of the PDF data. The finite data range used in the Fourier transform 

may introduce termination ripples in the PDF. In this experiment, the Qmax was 

determined as 22 Å2 which accounts for the ripples in the function. The parameters 

that were refined during the calculation include the lattice parameters, scale factor, 

delta2 and anisotropic thermal displacement (ATP) factors. The delta2 parameter is 

a coefficient for the 1/r2 contribution to peak sharpening in the function. The 

delta2/r2 factor describes the low temperature behavior, while the delta1/r factor 

defines the high temperature component. These two parameters are strongly related 

so only one factor needs to be refined.  

 

The refined PDF of Bi0.75Sm0.25O1.5 is shown in Figure 3.18 against the R3̅m 

rhombohedral pattern. In good agreement between the observed and calculated 

PDF is observed, providing a Rw value of 17%. In PDF refinements, an indicator of a 

strong fit is a Rw value of 10%. In Figure 3.18 there are minor peaks in the observed 

PDF, at 12 and 16 Å for example, where the intensities were not well-matched by the 

rhombohedral pattern used. This could suggest a very minor impurity phase, such as 

the Fm3̅m cubic phase noted in some XRD patterns, is present on the local scale. It 

could also simply be some disorder in the structure that will only be picked up at a 

local level. Irrespective of the cause, it can be confidently proposed that the 25 mol% 

samarium substituted material predominantly formed the rhombohedral phase on a 

local scale.  

Figure 3.18: Refinement of the PDF data for Bi0.75Sm0.25O1.5. 

  

𝑹𝒘 = 17% 
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3.3 Conclusion  

 

In summary, this study has comprehensively investigated the structural properties of 

Bi0.75Ln0.25O1.5 materials with varying lanthanide (Ln) substitutions (La, Sm, Gd) 

using a combination of experimental techniques, including X-ray diffraction (XRD) 

and pair distribution function (PDF) analysis. The results have demonstrated that 

while all materials predominantly adopt the desired rhombohedral phase, subtle 

variations in structural parameters and the presence of minor impurity phases are 

observed depending on the nature and concentration of the lanthanide substituent. 

This study provides valuable insights into the structure-property relationships of 

these materials, which are crucial for understanding their functional properties and 

guiding future materials design efforts. 

 

The influence of lanthanide (Ln) substitution on the structural properties of 

Bi0.75Ln0.25O1.5 materials was investigated using laboratory and synchrotron X-ray 

diffraction (XRD) and pair distribution function (PDF) analysis. Lanthanum, 

samarium, and gadolinium were selected as substituents to examine their effects on 

phase formation and structural parameters. Laboratory XRD analysis revealed that 

all materials predominantly crystallized in the rhombohedral phase, with minor 

variations observed between compositions. Interestingly, laboratory XRD 

measurements of the gadolinium-substituted sample indicated the presence of an 

impurity phase corresponding to the Fm3m cubic structure. This observation 

contradicted the synchrotron XRD data for the same material, which showed a single 

rhombohedral phase. Given the lower detection limits of synchrotron XRD, the 

presence of an additional phase would have been detectable if it existed. 

Considering that the laboratory XRD data was collected shortly after synthesis and 

the synchrotron XRD data was measured several weeks later, it is hypothesized that 

the cubic phase may have transformed into the more stable rhombohedral phase 

over time. The lanthanum-substituted sample exhibited poorly resolved peaks and 

significant peak overlap in the laboratory XRD pattern, suggesting the potential 

presence of multiple phases. While the high-resolution synchrotron XRD data did not 

reveal any additional peaks, the broad peak bases still hints at the possibility of 

underlying impurity phases in this material. In contrast, the samarium-substituted 

material demonstrated the best fit to the calculated rhombohedral pattern in both 

laboratory and synchrotron XRD. Additionally, the samarium-substituted sample 

exhibited high crystallinity compared to the other two materials. Based on these 

findings, the samarium-substituted sample was selected for further in-depth 

investigation. 

 

The influence of samarium substituent concentration on the phase formation in Bi₂O₃ 

was investigated within the range of 15 mol% to 25 mol% using laboratory X-ray 

diffraction (XRD). XRD analysis revealed that a 15 mol% Sm substitution was 

insufficient to form the single rhombohedral phase. The 15 mol% Sm sample 

produced a predominantly rhombohedral phase (77%), with a minor cubic phase 
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(23%) alsopresent. On the other hand, samarium substitution levels between 20 

mol% and 25 mol% appeared to successfully format the single rhombohedral phase. 

 

To optimize the synthetic route towards the desired phase, the annealing treatment 

of the samples was investigated using laboratory X-ray diffraction (XRD). Initially, the 

annealing duration was varied between 5, 10, and 15 hours. While longer annealing 

times are typically expected to improve crystallinity and remove impurity phases, 

XRD analysis revealed a contrary trend where crystallinity decreased with increasing 

annealing duration. This unexpected observation suggests the presence of other 

factors influencing the impact of annealing time. Subsequently, the annealing 

temperature was varied to examine its effect on phase formation. Two annealing 

temperatures were selected: 610 °C and 750 °C. Both temperatures resulted in the 

formation of the desired rhombohedral phase, however, only the samples annealed 

at 750 °C were free of impurity phases. Furthermore, the 750 °C annealed material 

exhibited sharp, well-defined peaks in its diffraction pattern, indicative of high 

crystallinity. In contrast, the 610 °C annealed samples displayed broad peaks and 

additional peaks characteristic of the cubic phase. These results suggest that 

heating at the lower annealing temperature (610 °C) would require significantly 

longer annealing durations to achieve comparable levels of crystallinity and eliminate 

the cubic phase. 

 

To determine the local atomic structure of selected materials, pair distribution 

function (PDF) analysis was conducted on materials with the composition 

Bi0.75Ln0.25O1.5. In this compound, Ln represents lanthanum, samarium, or 

gadolinium. The PDFs of the 25 mol% lanthanide-substituted materials revealed 

comparable peak profiles, with the most notable difference being an upward shift in 

peak positions for the La-substituted sample, and to a lesser extent, for the Sm-

substituted sample. Given that the average structure of these materials was 

determined to be rhombohedral using X-ray diffraction, a rhombohedral model 

structure was used for PDF refinement. The experimental PDF of the samarium-

substituted material showed strong agreement with the rhombohedral model 

structure, as confirmed by the figures of merit. However, minor discrepancies were 

observed, suggesting the presence of an impurity phase or localized regions with 

oxide formation. Despite these minor deviations, it is evident that the 25 mol% 

lanthanide-substituted materials predominantly adopt the desired rhombohedral 

phase on both local and average length scales. 
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Chapter 4 – The local structure of rhombohedral substituted bismuth oxide 

using Raman Scattering 

 

Raman spectroscopy provides valuable insights into the local structure of solid 

solutions, such as lanthanide-substituted bismuth oxide, by probing the vibrational 

modes of the material.1 This technique is highly sensitive to changes in bond 

lengths, bond angles, and local environments of atoms within the crystal lattice.1,2 

While X-ray diffraction (XRD) provides average crystallographic information, Raman 

spectroscopy offers a complementary perspective by revealing subtle structural 

distortions and local disorder that may not be readily apparent from diffraction data.3 

By combining Raman spectroscopy with XRD, researchers can gain a more 

comprehensive understanding of the structural intricacies within these complex 

materials, including the effects of lanthanide substitution on the local atomic 

arrangements and the resulting impact on their functional properties. 

 

4.1 Literature Review  

This review explores the various methods available for interpreting Raman data. 

Furthermore, it investigates Raman spectroscopy studies based on materials related 

to the rhombohedral phase of bismuth oxide. This provides essential background 

information for the results section, where the Raman scattering of rhombohedral 

R3̅m substituted bismuth oxide will be interpreted.  

 

4.1.1 Group Theory and Selection rules 

Richter et al.4 studied solid solutions with R3̅m symmetry using Raman and infrared 

active modes to assess the accuracy of a lattice dynamical model. The materials 

studied were Bi2Se3, Bi2Te3, Sb2Te3, prepared using the solid-state reaction to form 

solid solutions. These materials have gained interest due to their thermoelectric and 

topological insulator properties. The Raman activity of these materials was assigned 

using Group Theory and is the focus of this review.  

 

These crystalline materials belonging to the R3̅m space group, have an atomic 

arrangement described by hexagonal close-packed layers along the c-axis. Atoms 

are arranged according to their group number, in the pattern described below:  
 

AVI
(1) – BV – AVI

(2) – BV - AVI
(1) 

 

In this pattern, A and B represent different atoms, and the subscripts VI and V refer 

to the group in the periodic table in which the atom is found. This notation is shown 

in relation to the materials being studied in Table 4.1. The superscripts 1 and 2 

correspond to the position of the atom within the five-atom layer, where 1 represents 

atoms on the external parts of the layer and 2 indicates the middle atom.  

 



 116 

Table 4.1:Key to the representative pattern arrangement for the materials studied by Richter 
et al. 4   

 Bi2Se3 Bi2Te3 Sb2Te3 

AVI Se Te Te 

BV Bi Bi Sb 

 

The Raman spectra of Bi2Se3, Bi2Te3 and Sb2Te3 were examined according to the 

point group (D5
3d) deduced from its space group (R3̅m). According to the point 

group, the twelve optical modes are classified into 2A1g, 2Eg, 2A1u and 2Eu modes. 

As the rhombohedral structure has a center of inversion, these modes are 

exclusively either Raman or IR active according to selection rules. A1g and Eg are 

Raman-active modes, due to their change in polarizability, and their frequencies 

were determined using a lattice dynamical model shown in Figure 4.1. 

 

 

Figure 4.1: Linear chain model illustrating the Raman and FTIR modes.4  

 

The Raman spectrum, measured under polarizing conditions, for the binary 

compound Bi2Se3 is shown in Figure 4.2. The upper curve is the 𝑥𝑥 component of 

the Raman tensor, and the lower curve is the 𝑥𝑦 component. The upper curve has 

three peaks, while the lower curve only has one. Using the polarization conditions 

showed that the peak present in both components is an Eg mode, while the other two 

peaks in the upper curve are consequently assigned as A1g modes. Group theory 

predicts 2A1g and 2Eg modes, so one of the Eg modes is missing from the spectrum. 

This observation is also present in the Raman spectra of the mixed Bi-Sb-Te and Bi-
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Te-Se systems, which suggests that this scattering behaviour is inherent with related 

materials of the same space group. 

 

 

Figure 4.2: Raman spectrum, measured under polarizing conditions, of pure Bi2Se3. The 
upper trace is the 𝑥𝑥 Raman tensor component and the lower trace is the 𝑥𝑦 Raman tensor 
component. 4 

 

While the study by Richter et al.4 focuses on the space group of interest in this 

project, the unit cells between the two structures vary significantly. Firstly, the unit 

cell of this paper has five atoms, while the structure of interest in this project has 

nine. Additionally, this study in the paper has a five-atom layer in the unit cell, and 

this project the structure has three-metal layers with anions occupying interstitial 

sites. A comparison of atomic sites could not be directly conducted as the paper 

does not provide information on the atom positions. 

 

Nevertheless, the study by Richter et al.4 has contributed valuable insights into the 

Raman scattering of the R3̅m structure. It showed that Group Theory is a reliable 

method to assign the Raman-active bands their respective Mulliken symbols in the 

D5
3d point group. This work also compared the observed phonon frequencies in 

Raman spectra to calculated values obtained from a lattice dynamical model. This 

provides valuable guidance when examining Raman scattering data in this project. 
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4.1.2 Empirical relation – Raman stretching frequencies and bond lengths 

A method was developed by Hardcastle and Wachs5 that determined Raman 

stretching frequencies using bond lengths. An empirical relation between bismuth – 

oxide (Bi – O) bond lengths, bond strengths and Raman stretching frequencies were 

developed to characterize Raman spectra.  

 

Firstly, the empirical relations between the metal – oxygen bond lengths and Raman 

stretching frequencies were found for several transition metal oxide systems such as 

vanadium, molybdenum, and tungsten-oxygen bonds. The exponential relation is 

expressed by Equation 4.1, where 𝜐 is the Raman stretching frequency (cm-1), A and 

B are fitting parameters and R are metal – oxygen bond lengths (Å). It was found that 

this equation could also fit the relation for bismuth oxide reference compounds. The 

fitting parameters for bismuth – oxide bonds were determined from a nonlinear least-

squares function, using 38 Bi – O stretching frequencies. The resulting equations 

relating Bi – O bond lengths to Raman stretching frequencies are shown in Equation 

4.1 and Equation 4.2 and illustrated in Figure 4.3. 

 

Equation 4.1: 𝜐 = 𝐴(𝐵𝑅) 

Equation 4.2: 𝜐 = 92,760(−2.511𝑅) 

Figure 4.3: The empirical correlation between bismuth – oxygen bond lengths and Raman 
stretching frequencies.5 

 

Brown and Wu6 developed a general relationship between the metal – oxygen bond 

valence (s) to its bond length R, shown in Equation 4.3. The Pauling bond strength, 

measured in valence units, indicates the relative distribution of valence electrons 

among the covalent bonds of a metal oxide species. By combining the bond valence 

and bond length empirical relationship of Brown and Wu 6, with the relation between 
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Raman stretching frequency and bond lengths, a correlation is established between 

the Pauling bond strength and Raman stretching frequency. This relation is 

expressed in Equation 4.4 and plotted in Figure 4.4.  

 

Equation 4.3: s(Bi2O3) = (R/2.010)-5.0 

Equation 4.4: s(Bi2O3) = {0.198 ln(
92,760

𝜐
)}−5.0

 

 

Figure 4.4: The empirical correlation between Pauling bond strength and Raman stretching 
frequencies.6  

 

These empirical relations can be applied to an ideal BiO𝑥 unit that has an even 

valence distribution throughout the 𝑥 Bi – O bonds. In a Bi3+O6 octahedron, each Bi – 

O bond has 3.0 valence units per six Bi – O bonds or 0.5 valence units per Bi – O 

bond. This valence can be used to determine the bond length (2.309 Å) and a 

stretching frequency (281 cm-1) using Equation 4.3 and Equation 4.4 above. It should 

be noted that these estimated stretching frequencies for the perfect BiO𝑥 polyhedra 

represent the lowest frequency values for a given coordination. The Bi – O stretching 

mode shifts to higher wavenumbers as the structure becomes increasingly distorted. 

 

Even though these empirical relations represent ideal polyhedra, the structure of the 

material can still be confirmed while the amount of distortion in the structure is 

inferred. These empirical relations have advanced the analysis of Raman spectra 

beyond qualitative methods and may be applied to the bismuth oxide material in this 

project to gain a deeper understanding of the structure probed with Raman 

scattering.  
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4.1.3 Raman scattering of bismuth oxide materials  

Rubbens et al.7 characterized doped Bi2O3 structures using ambient Raman 

scattering spectrometry. This work investigated the orthorhombic, triclinic and 𝛿-

cubic structures of bismuth oxides that are doped with various lanthanides. 

 

In Bi𝑥Ln(1−𝑥)O1.5  systems, the face-centered cubic (fcc) 𝛿-phase is metastable and 

progressively transforms into various room temperature stable phases, which include  

the R3̅m rhombohedral 𝛽1/𝛽2 layered form, the monoclinic 𝜀-phase, and the 

orthorhombic and triclinic phases. The Raman spectra of orthorhombic and triclinic 

phases are shown in Figure 4.5 and Figure 4.6, respectively. For both phases a 

slight shift to greater stretching frequencies was seen when substituting with smaller 

lanthanides, such as lutetium, however, the spectra are mostly similar for the same 

phase. The more notable differences are observed between the orthorhombic and 

triclinic phases. For example, the bands are better resolved for the triclinic structure 
7, even for the external lattice modes located in the low frequency range (> 200 cm-

1). The intense band close to 600 cm-1 (597 cm-1 for the orthorhombic phase and 639 

cm-1 for the triclinic phase) has been attributed to the Bi – O bond in both cases in 

previous studies 5,8. These values reflect the difference in Bi – O bond lengths in the 

two phases; the triclinic has a shorter bond than the orthorhombic form. 

 

Figure 4.5: Raman spectra of orthorhombic Bi17Ln7O36 (Ln = Tm, Yb, Lu). 7  
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Figure 4.6: Raman spectra of triclinic BiLnO3 (Ln = Tm, Yb, Lu). 7 

 
The cubic phase is characterized by broad, intense bands in the Raman spectrum 

that reflect the disorder in the crystalline cell. This is seen in the Raman spectrum in 

Figure 4.7, as well as the characteristic band at 635 cm-1 for a Bi – O bond. 

Figure 4.7: Raman spectrum of cubic Bi0.7Yb0.3O1.5. 7 

 

As previously mentioned, the orthorhombic and triclinic structures are closely related 

to the 𝛿-cubic form. The broad bands in the low frequency region (0 to ~350 cm-1) of 

the cubic system were deconvoluted to examine this relation (Figure 4.8). This 

region shows the lattice vibration modes and internal vibration modes. In the cubic 
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spectrum there are two main maxima at 55 and 108 cm-1, also present in the triclinic 

structure at ~77 and ~123 cm-1. While this structural relationship between these 

phases has been established, one can also clearly distinguish between the cubic 

and triclinic Raman spectra. There is an upward frequency shift by 15 to 20 cm-1 in 

the triclinic spectra and improved there band resolution as compared to the cubic 

form. 

 

Figure 4.8: Raman spectra showing the low frequency range (0 – 350 cm-1) for ytterbium 
substituted bismuth oxides. 7 

 

The Raman scattering analysis of mixed bismuth oxides provided insight into the 

vibrational modes of Bi𝑥Ln(1−𝑥)O1.5 systems. While this study did not focus on the 

desired rhombohedral (R3̅m) phase, background information on the mixed bismuth-

lanthanide oxides was gained regarding their vibrational spectra. Deconvolution of 

the less resolved cubic phase revealed correlations between this metastable phase 

and the room temperature forms.  
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4.2 Results and Discussion  

 

A comprehensive review of literature relevant to the experimental work on Raman 

spectroscopy was conducted. This review highlighted the expected Raman 

scattering behaviour from rhombohedral (R3̅m) materials, providing a theoretical 

context to the experimental observations. Furthermore, the literature survey 

extensively explored the various methods available for analysing Raman 

spectroscopy data, offering a valuable guide for interpreting the experimental results 

and forming meaningful conclusions. 

 

Like the previous chapter that studied X-ray diffraction (XRD), the current section 

investigates the phase formation and stability of substituted Bi2O3 materials by 

systematically varying four key parameters: substituent size, substituent 

concentration, annealing duration, and annealing temperature. XRD analysis 

revealed the average structure of the materials, providing key insights into phase 

formation. For example, XRD data indicated the phase mixture of rhombohedral and 

cubic phases in 25 mol% Gd- and 15 mol% Sm-substituted Bi2O3. Interestingly, the 

25 mol% Sm-substituted material exhibited significant rhombohedral phase 

formation, which was unexpected given its relatively low size. While XRD provides 

valuable information about the average crystal structure, Raman spectroscopy offers 

a complementary perspective by probing the local atomic arrangements and 

vibrations within the material. These techniques will be compared, to provide a more 

comprehensive understanding of the structural properties and phase behaviour of 

these substituted Bi2O3 materials. 

 

Samples were prepared using the citrate sol-gel method described in the 

Experimental Methodology chapter. Heating treatments comprised of calcination at 

500 °C for 12 hours and annealing at 750 °C for 5 hours. Once the powdered 

samples were pressed into pellets, the pellets underwent sintering at 750 °C for 12 

hours. 

 

4.2.1 Substituent Type 
The effects of substituent type on the structure of 25 mol% substituted Bi2O3 were 

investigated by examining the Raman scattering of materials that differed only in 

lanthanide substituent (Figure 4.9). These materials were subjected to the 

preparation method described above. General inspection of the spectra of the 

different lanthanides, indicates that mostly the same characteristic peaks are present 

in their respective Raman spectra. Furthermore, the peaks were fitted using a least 

squares minimization that showed the best fit with a Gaussian-Lorentzian function. 

These results confirmed the different peak characteristics of the La- substituted 

sample compared to that for the Sm- and Gd-materials. In the low frequency range, 

there are two peaks at approximately 90 and 116 cm-1 in the Sm and Gd spectra 

(Table 4.2). Unlike the other two substituents, the peak around 116 cm-1 in the La- 
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substituted sample could not be fitted using the Gaussian-Lorentzian function due to 

it’s significantly lower intensity. The broadest band of the spectra is present in the 

Sm- and Gd- substituted materials around 270 cm-1, while it is present at 254 cm-1 in 

the La sample. This upward shift in the Sm- and Gd-substituted material is observed 

again when comparing lanthanum’s band around 355 cm-1 to very low intensity 

bands between 390 and 400 cm-1 in samarium and gadolinium. A characteristic peak 

around 620 cm-1 is present in all three materials, and each have a shoulder located 

around 570 cm-1. The La- substituted material is once again set apart from the other 

two materials in that the spectra for the Sm- and Gd- substituted materials have an 

additional shoulder located around 650 cm-1. 

Figure 4.9: Raman Spectra of 𝐵𝑖0.75𝐿𝑛0.25𝑂1.5 where Ln = La, Sm, Gd. 

Table 4.2: Positions of Raman bands of the spectra in Figure 4.9 that were determined by 
fitting with a Gaussian-Lorentzian function.  

Raman bands (cm-1) 

Lanthanum-doped Samarium-doped Gadolinium-doped 

1. 92.04 89.98 89.6 

2. (not fitted) 

~117.0 

116.0 116.1 

3. 254.5 271.6 278.1 
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4. 355.1 (not fitted) 

~390.0 

(not fitted) 

~395.0 

5. 566.3 577.8 571.3 

6. 627.8 620.6 623.0 

7. (not fitted) 647.9 650.4 

 

The R3̅m space group falls under the D5
3d point group, and its character table is 

shown in Table 4.3. As shown in the character table, the Raman active modes are 

A1g and Eg. Based on their multiplicity, there are 7 Raman-active modes for this point 

group. The Raman spectra above (Figure 4.9) shows a maximum of seven bands for 

a spectrum except for the La-sample, and two of those are classified as external 

lattice vibration modes. The external lattice vibration modes are usually located 

around 100 cm-1 and so are classified as the peaks at 90 and 116 cm-1 in the 

spectra. This means five bands are left to be assigned to the seven Raman-active 

modes of the relevant point group. There may be additional bands below 100 cm-1, 

however the spectrometer can not detect below this frequency because of the filter 

used. The broad bands could also be deconvoluted into overlapping peaks that are 

not currently visible. Two very low intensity peaks were identified by visual inspection 

between approximately 450 and 510 cm-1, that also could be the missing 2 bands. 

While these may be plausible explanations, the experiment would require lower 

detection levels to confirm the position of the additional bands. 

 

Table 4.3:Character table of the D3d point group. 

𝑫𝟑𝒅 

(𝟑𝒎) 

E 2C3 3C2 𝒊 2S6 3𝝈d Linear, 

rotation 

quadratic 

A1g 1 1 1 1 1 1  𝑥2 +  𝑦2, 𝑧2 

A2g 1 1 -1 1 1 -1 𝑅𝑧  

Eg 2 -1 0 2 -1 0 (𝑅𝑥 , 𝑅𝑦) (𝑥2 −  𝑦2, 𝑥𝑦) 

(𝑧𝑥, 𝑦𝑧) 

A1u 1 1 1 -1 -1 -1   

A2u 1 1 -1 -1 -1 1 𝑧  

Eu 2 -1 0 -2 1 0 (𝑥, 𝑦)  

 

The peaks can be assigned to Raman-active modes according to their response to 

polarization conditions 1. However, this could not be completed during this project as 

the instrumentation required was not available, so the corresponding results in 

literature will be referred to instead. Richter and co-authors 4 studied the Raman 
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scattering of Bi2Se3 that belongs to the relevant space group (R3̅m) and the 

consequent Raman spectra had three assigned peaks 4. The bands at 72 cm-1, 

131.5 cm-1 and 174.5 cm-1 are assigned to the A1g, Eg and A1g modes, respectively.  

The interatomic distances of Bi2Se3 are slightly larger than those of the structure 

being investigated here, but the largest difference in interatomic distance between 

the two structures is relatively small at less than 1 Å. Larger interatomic distances 

would translate to lower stretching frequencies, so the bands for Bi2Se3 would occur 

at lower frequencies compared to those in this work. Despite accounting for the 

frequency shift, none of the peaks in Figure 4.9 could be readily assigned to the work 

of Richter and co-authors. Consequently, the Raman active bands could not be 

assigned using a combination of Group theory and previous studies.  

 

One could also assign the Raman-active bands by using the empirical relation of 

bond length and stretching frequency developed by Hardcastle and Wachs 5. The 

direct correlation between Raman stretching frequency, bond valence and bond 

length was established for ideally symmetric bismuth oxide polyhedra. This empirical 

method was applied to a rhombohedral R3̅m reference model 9, where the Bi – O 

bond lengths were used to estimate the stretching frequencies (Table 4.4).  

 

Table 4.4:The estimated stretching frequencies for the R3̅m rhombohedral phase determined using 

the empirical relation of Hardcastle and Wachs 5. 

 Bond length (Å) Estimated frequency (cm-1) 

Bi1/Ln – O1 2.5025 173 

Bi1/Ln – O2  2.5779 143 

Bi2– O1 2.0686 515 

Bi2– O2 2.3615 247 

Bi2– O3 2.3246 270 

Bi2– O4 2.6541 118 

 

The distortion in the real structure must be considered, as the empirical relation 

holds the assumption that the BiO𝑥 polyhedral are ideal. An upward frequency shift 

is consequently expected in the actual frequencies. The comparison of the estimated 

and actual stretching frequencies is shown in Table 4.5, and no direct correlation is 

shown. The limitation of the empirical relation is highlighted here, as this method was 

not really relevant for interpreting Raman spectra. By employing various techniques, 

it has been established that interpreting Raman spectra of the rhombohedral 

structure is quite complex. Group theory, limited relevant literature and the empirical 

relation methods could not provide a reliable analysis. A better approach to analyse 

Raman spectra could be comparing experimental results to a calculated spectrum, 

that would be determined using structural data of a reference R3̅m model structure. 
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Comparison to XRD results of the 25 mol% substituted samples showed similar 

behaviour when comparing the La-sample to the Sm- and Gd-sample. While 

samarium and gadolinium had very similar Bragg rhombohedral peaks, La had an 

underlying phase that could not be detected. This difference could account for the 

non-fitting or non-detecting of expected Raman bands (Figure 4.9). It must be noted 

that Gd had 3% of the cubic phase present in it’s XRD results, however the presence 

of cubic was not detected in the representative Raman measurement. The cubic 

phase is characterized by broad Raman bands, however the Gd sample has sharper 

bands than Sm (Figure 4.9). While some of the data between XRD and Raman 

measurements correlate like the distinct behaviour of the La-sample, the different 

scale of measurements is highlighted when interpreting the Gd-sample.  

 

Table 4.5:Comparison of the actual stretching frequencies in the Raman spectra to the 
estimated frequencies from the empirical relation. 

 Actual frequencies (cm-1) Estimated frequencies (cm-1) 

1. 89 – 92   

2. 116 118, 143, 173 

3. 254 – 278 247, 270 

4. 355  

5. 566 – 577 515 

6. 620 – 627  

7. 647 – 650  

 

4.2.2 Substituent concentration and annealing duration 
The influence of substituent concentration and annealing time (at 750 °C) was 

investigated with Raman spectroscopy under the same preparation conditions as the 

samples described above. It was found that the Bi𝑥Sm(1−𝑥)O1.5  system has the best 

rhombohedral phase formation and stability on an average scale using XRD, and this 

system was thus selected for further investigations. As shown in Figure 4.10(a) and 

(b), there are notable changes observed for both parameters. The Raman spectra 

have the characteristic peaks that were identified and listed in Table 4.5. However, it 

is shown in Figure 4.10a that Sm concentrations lower than 25 mol% have additional 

Raman bands, that are labelled with a star. These results correspond with powder 

XRD work, which showed evidence of impurities in the 20 mol% and 15 mol% Sm 

samples. The 15 mol% Sm sample contained 23% cubic phase according to Rietveld 

refinements. While the impurity phase could not be detected using XRD in the 20 

mol% Sm material, it’s similarity in Raman scattering to the 15 mol% Sm sample 

suggests that there are trace amounts of cubic in the 20 mol% Sm material too. In 

Figure 4.10b, all spectra display the same Raman bands. However, these peaks 

become sharper and more resolved as heating is increased which is indicative of 
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improved crystallinity. Powder XRD results of these samples showed no correlation 

between annealing duration and crystallinity, which contrasts with the Raman 

scattering measured. As proposed in the XRD section of this work, the annealing 

duration influence on lanthanide substituted Bi2O3 requires further investigation to 

better understand experimental results.  

 

 

Figure 4.10: Raman spectra of (a) 𝐵𝑖𝑥𝑆𝑚(1−𝑥)𝑂1.5  with 𝑥 ranging between 0.15 and 0.25 and 

(b) 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  with varying annealing durations.  

 

4.2.3 Annealing temperature  
The effects of annealing temperature were also investigated with a Raman probe. 

The Raman spectra of Bi0.75Gd0.25O1.5 materials annealed at 610 °C and 750 °C for 5 

hours were measured and are shown in Figure 4.11. The Raman bands for both 

annealing temperatures were compared in Table 4.6, and the strong agreement 

between the two materials is evident. Visual inspection of the Raman spectra 

showed an additional peak at approximately 398 cm-1 that could not be fitted with a 

Gaussian-Lorentzian function. The most significant discrepancies between the two 

materials is that the Raman bands of the 750 °C annealed sample has significantly 

greater intensity, and the 610 °C annealed material has an additional Raman band at 

514.7 cm-1. Other than that, the two materials show great similarity and 

rhombohedral (R3̅m) phase formation on a local scale.  
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Figure 4.11: Raman spectra of 𝐵𝑖0.75𝐺𝑑0.25𝑂1.5 annealed at different temperatures for 5 hours 

each; 610 °C and 750 °C.  

 

Table 4.6: The Raman bands of the spectra in Figure 4.11 that were fitted with a Gaussian-
Lorentzian function.  

Raman bands (cm-1) 

Annealed at 610 °C Annealed at 750 °C 

91.53 89.61 

117.7 116.1 

277.7 278.1 

(not fitted) 

~ 398.0 

(not fitted) 

~ 398.0 

514.7 (not fitted) 

571.9 571.3 

630.5 623.0 

(not fitted) 

~ 660.0 

650.4 

 

This Raman scattering behaviour corresponds in some ways with the results of 

powder XRD. The improved crystallinity with higher annealing temperatures was 
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observed in both techniques, as well as the rhombohedral phase forming as the 

dominant phase. However, the Rietveld refinement of the 610 °C annealed material’s 

XRD results detected trace levels of the cubic phase that could not be confirmed in 

the Raman spectra.  

 

A significant challenge in Raman spectroscopy of powdered samples lies in the small 

sampling volume, which may not accurately reflect the bulk properties of the 

material. Also, powder samples may exhibit inhomogeneity or lack of uniformity. To 

address this, a multipoint Raman mapping technique was employed on the sample 

after annealing at 610 °C under ambient conditions. 

 

A sample square was created by selecting 8 x 8 points over an area of 500 𝜇m x 500 

𝜇m (Figure 4.12). Each point was averaged over two measurements of 15 seconds. 

All 64 points showed the same characteristic Raman bands of the rhombohedral 

(R3̅m) phase at ambient conditions (Figure 4.13), although some spectra do have 

slightly different band shapes. This particularly occurs at the Raman band around 

620 cm-1, that may have underlying peaks present. Nonetheless, the multipoint 

measurement confirms that the powdered sample is mostly homogeneous 

throughout its area, and that the rhombohedral phase is prevalent throughout the 

sample. It can be concluded that the Raman and XRD techniques do not provide 

fully complimentary results, and this highlights the differences between the two 

probes. Raman spectroscopy is more sensitive to the local structural changes, while 

powder XRD is known to probe the overall average long range order. 10 Also, 

differences between Raman and powder XRD appear to be common in materials 

where order, disorder and phase transition processes are known to occur.10 
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Figure 4.12: Multi-point sample square created on 𝐵𝑖0.75𝐺𝑑0.25𝑂1.5 powder sample annealed 

at 610 °C by selecting 8 x 8 points over an area of 500 𝜇 x 500 𝜇. The blue dots represent 
the 64 sample points. 
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Figure 4.13: Raman spectra of the multipoint measurement of 𝐵𝑖0.75𝐺𝑑0.25𝑂1.5 , sample 
points 1 – 64.  
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4.2.4 Variable temperature Raman measurements  
 

The material with composition Bi0.75Sm0.25O1.5  showed the best rhombohedral R3̅m 

phase formation according to the Rietveld refinement of powder x-ray diffraction 

results at ambient conditions. This material was thus a reliable starting point to 

measure Raman scattering with varying temperature. The first measurement at 23 

°C had the characteristic Raman bands of the rhombohedral phase that were 

identified in other ambient spectra (Figure 4.14). As temperature increased, the band 

at around 640 cm-1 undergoes a downward shift, especially from 23 °C to 350 °C. 

This shift is indicative of a lattice expansion, which is expected upon heating. 

Another change as temperature increased is the significant decrease in peak 

intensity, that is clearly observed in the rescaled spectra in Figure 4.15. This is an 

instrument-related effect that can not be overcome. However, even with the lowered 

band intensities, a transformation is observed around 550 °C. The band around 640 

cm-1 transforms to a broader, more symmetrical band which is a feature of the Fm3̅m 

cubic phase 5,7. This symmetrical band that is prevalent in spectra above 550 °C 

reflects the loss of the shoulder that was present around 570 cm-1 in the 

rhombohedral phase. The loss of the broad band around 270 cm-1 from 550 °C 

confirms that there is a phase change that occurs from R3̅m rhombohedral to Fm3̅m 

cubic. The cubic phase is persistent up the highest temperature measured; 750 °C. 

After reaching 750 °C, the material was cooled to 30 °C. A final spectrum was 

measured at this stage, and the spectra had all the characteristic bands of the 

rhombohedral phase (Figure 4.16). This suggests that the cubic phase may have 

transformed back to the R3̅m rhombohedral phase during cooling, and that the 

phase change is reversible. 
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Figure 4.14: Variable temperature Raman spectra of 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5 annealed at 750 °C for 
5 hours. 

Figure 4.15: Rescaled view of the variable temperature measureent Raman spectra in 
Figure 4.14 
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Figure 4.16: Comparison between Raman spectra of 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5 before and after the 

variable temperature measurement, at 23 °C and 30 °C respectively.  

 

4.3 Conclusion 
 

Ambient Raman scattering measurements were conducted to examine the impact of 

various parameters, including substituent type, substituent concentration, annealing 

time and annealing temperature on structural properties on a local scale. The 

analysis of substituent type using ambient Raman spectra indicated a significant 

distinction in the lanthanum-substituted sample compared to the samarium and 

gadolinium substituted materials. In terms of Raman scattering, three notable 

differences were observed between the lanthanum-substituted materials and the 

others. Specifically, the lanthanum-substituted materials lacked a Raman band at 

approximately 650 cm-1, which were present in the other materials. Additionally, the 

lanthanum-substituted material had an additional band at around 350 cm-1 that was 

too weak to be fitted in the other materials.  

 

Group theory predicts seven Raman active bands for materials with the R3̅m space 

and D5
3d point group. However, when analyzing the ambient Raman spectra, only six  

Raman bands were observed in the La-substituted sample and could be fitted with a 

Gaussian-Lorentzian function. Seven Raman bands were detected in the Sm- and 
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Gd- substituted materials. The two low-frequency bands, which appeared around 

100 cm-1, were identified as external lattice vibration modes and do not correlate to 

symmetry within the structure. This means that four of seven Raman bands have 

been successfully identified through peak fitting. The Raman-active modes in this 

point group are A1g and Eg. which can be assigned in Raman spectra based on their 

different polarization conditions. However, due to a lack of instrumentation 

availability in this study, a comparison with previous studies was used instead. 

Richter and co-authors 4 studied the Raman scattering of a similar structure (Bi2Se3), 

and three bands were identified in the Raman spectrum. The bands at 72 cm-1, 

131.5 cm-1 and 174.5 cm-1 were assigned to the A1g, Eg and A1g modes respectively. 

Unfortunately, bands with similar frequencies could not be identified in the measured 

Raman spectra, preventing the assignment of bands using relevant previous studies. 

Consequently, the use of Group theory did not provide an approach that is suitable 

for interpreting the Raman spectra for the rhombohedral (R3̅m) structure in this 

project.  

 

The empirical relation between bond length and stretching frequency established by 

Hardcastle and Wachs 5 was employed to potentially interpret the Raman scattering 

results. However, the estimated frequencies based on the reference R3̅m structure’s 

bond lengths did not correlate with the actual frequencies. Therefore, the empirical 

relation was not successful in interpreting the Raman scattering of the rhombohedral 

phase materials too.  

 

This work highlights a great need for an alternative method to compare and interpret 

the Raman scattering of materials. This method should not rely on estimations or 

comparison to previous studies. One possible approach is to calculate Raman 

spectra based on the structure determined using complementary techniques such as 

x-ray and neutron diffraction. By comparing the observed and calculated Raman 

spectra, a qualitative or quantitative analysis can be performed, ensuring 

consistency and reliability.  

 

Investigating the influence of substituent concentration and annealing time was 

completed by analyzing the Raman scattering of relevant materials. All Raman 

spectra exhibited the characteristic bands of the R3̅m rhombohedral phase, however 

the 15 mol% and 20 mol% Sm-substituted materials also displayed additional peaks. 

Based on the Rietveld refinements of the 15 mol% Sm substituted material, these 

additional peaks could be attributed to the cubic phase. Beside rhombohedral phase 

formation, increased annealing time showed improved crystallinity with increased 

annealing times. It can be concluded that the Raman scattering behaviour of the 

substituent concentration and annealing duration parameters compliment the 

corresponding XRD results.  
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The last parameter examined was the annealing temperature. The Raman scattering 

results produced largely similar spectra when annealing at 610 °C and 750 °C. The 

610 °C annealed sample displayed an additional Raman band, which could indicate 

a minor impurity phase. To ensure that the Raman spectra was an accurate 

representation of the material, a multipoint mapping measurement was conducted on 

the 610 °C annealed material. A total of 64 points were measured, resulting in 64 

ambient Raman spectra. All these spectra displayed the expected characteristic 

bands of the rhombohedral phase. There were no significant differences between the 

spectra, indicating that the powder sample is homogeneous throughout its 

dimensions.  

 

An in-situ variable temperature Raman measurement was completed on the 

Bi0.75Sm0.25O1.5 material ranging from 23 °C to 750 °C. The spectrum obtained at the 

intial temperature of 23 °C comprised of Raman bands that are indicative of the 

rhombohedral phase (R3̅m). A transformation occurred at around 550 °C that appear 

to be a phase change from rhombohedral to cubic. This cubic phase persisted in the 

material up to the highest temperture measured, at 750 °C. After completing the 

variable temperature measurement and allowing the instrument to cool, a final 

measurement was taken at 30 °C. Both the spectra obtained before and after the 

variable-temperature measurement, at 23 °C and 30 °C respectively, displayed the 

same characteristic bands of the rhombohedral phase. This suggests that the phase 

change is reversible, and the material transformed back to the R3̅m rhombohedral 

phase upon cooling.  
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Chapter 5 - The ionic conductivity of rhombohedral substituted bismuth oxide 

using Electrochemical Impedance Spectroscopy 

 

Material properties are owed to their structure on an atomic scale. As a result, the 

previous chapters have examined the R3̅m structure extensively to gain a deep 

understanding of the structure, by using multiple probes as characterizing 

techniques. This was done to contribute to a larger aim of improving the conductive 

properties of rhombohedral Bi2O3-based electrolytes. Now that the effects of 

selected dopants, their composition and synthetic effects on the R3̅m structure of the 

Bi2O3 system is better understood, the conductivity properties of the structure will be 

investigated.  

 

5.1 Literature Review  
 

5.1.1 Conductivity Mechanism 

Previous work by Mercurio and co-workers1 studied the crystal structure of the 

rhombohedral (R3̅m) Bi0.75Sr0.25O1.375 phase, using single crystal neutron diffraction 

(neutron wavelength = 1.043 Å) at varying temperatures. The temperatures selected 

for measurements were 300 K, 600 K and 1050 K. The crystal structure was 

determined by completing refinement calculations using SHELLX76 and the 

scattering lengths.  

 

The starting model for refinements was the Bi0.765Sr0.235O1.383 structure obtained by 

Conflant et al.2 (Figure 5.1). The structure is comprised of:  

▪ 2.25 Sr and 0.75 Bi on the M(1) site : 3a (0, 0, 0)  

▪ 6 Bi on the M(2) site : 6c (0, 0, 0.22) 

▪ 6 O on the O(1) site : 6c (0, 0, 0.29) 

▪ 6 O on the O(2) site : 6c (0, 0, 0.10)  

 

The refinements showed a strong convergence between model and experimental 

structures. Thereafter, difference Fourier syntheses were performed. This revealed 

the presence of three additional anionic sites with partial occupancy in the structure:  

▪ The O(3) site: 6c (0, 0, 0.44)  

▪ The splitting of O(2) and O(3) sites respectively:  

1. The O(2)’ site: 18h (𝑥, 2𝑥, 𝑧)  

2. The O(3)’ site: 18h (𝑥, 2𝑥, 𝑧) 

 

Structure information from refinements such as occupancies, thermal parameters 

and interatomic distances were collectively used to propose a R3̅m structure (Figure 

5.1). The refined parameters showed that the structure at all temperatures measured 

is the regular repetition of three fluorite-like sheets shifted with respect to one 
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another by a vector 𝜇 = 2( 
𝑎

3
 + 

𝑏

3
 + 

𝑐

3
 ). The fluorite-like sheet is composed of three 

hexagonal metal layers; two external layers of Bi on the M(2) site and an internal 

layer of Bi and alkaline earth metals on the M(1) site (Figure 5.1). The repetition of 

fluorite-like sheets occurs along the c-axis where each sheet is separated by an 

intersheet space.  

 

The comparison of structures at different temperatures showed a change in anion 

occupancy, sheet and intersheet size and interatomic distances (Table 5.1). While 

there are five different anionic sites present in the structure, a general trend was 

identified with regards to their occupancy as a function of temperature. The anions 

were classified into two general subsets; sheet anions and intersheet anions. As the 

name suggests, the sheet anions and intersheet anions are described by their 

location in the structure. As temperature was increased, there was a decrease in 

occupancy of sheet anions with a simultaneous increase in occupancy of intersheet 

anions (Table 5.1 and Figure 5.2), suggesting a migration of anions from the fluorite-

like sheet to the intersheet as temperature increases. A significant outlier to this 

general trend is the O(1) anions which maintain a full occupancy of their site at all 

temperatures. The O(1) anions are the only anions located near the internal Bi/Sr 

layer which suggests that any anion migration from the fluorite-like sheet is a result 

of anions located along the external Bi layers (Figure 5.1). With these results, this 

work acknowledges a migration pathway where the motion of anions occurs along 

the c-axis (Figure 5.1). The oxide ion occupancy determined in this study is quite 

reliable, as a neutron probe is more sensitive to lighter elements compared to x-rays, 

especially when heavy elements such as Bi are present in the sample.  
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Figure 5.1: The R3̅m structure: CIF obtained from the measurement of Bi0.765Sr0.235O1.383 at 

300K.2  

 
Table 5.1: The oxide ions occupancies determined by single crystal neutron diffraction at 

300 K, 600 K and 1500 K.1 

 

 Oxygen 

ions  

Occupancy at 

300K 

Occupancy at 

600K 

Occupancy at 

1500K 

Sheet anions  O(1) 1 1 1 

O(2) 0.16(8) 0.18(5) 0.1(2) 

O(2)’ 0.21(8) 0.16(2) 0.15(7) 

Intersheet 

anions  

O(3) 0.22 0.37  0.35(5) 

O(3)’   0.04(2) 

 Atom Legend  

: Bi & Sr 

: Bi  

: O(3) & O(3)’ 

: O(2) & O(2)’ 

: O(1) 
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Although the results from work of Mercurio and co-authors1 seemed to suggest the 

direction of oxide conductivity in the structure as parallel to the c-axis, they 

acknowledged work done by Conflant et al2 which showed the R3̅m structure has 

more than one direction of anion diffusion. The study by Conflant and co-workers2 

showed the motion of anions occurs perpendicular to the c-axis too (along the ab-

plane), and conductivity in this direction is greater by 2 orders of magnitude than 

conductivity parallel to the c-axis.  

 

Figure 5.2: (a) Thermal evolution of the position of oxide ions with respect to the M(2) layers 
(positive ∆z values correspond to ions within the intersheet space and negative ∆z values 
correspond to ions within the fluorite-like sheets, where ∆z represents the displacement of 
anions from their original positions). (b) The occupancies of oxide ions with increasing 
temperature. ∑𝑂𝐼 refers to the sum of intersheet oxide ions and ∑𝑂𝐹 refers to the sum of 
fluorite-like sheet oxide ions.1 

 

The results obtained in this study1 together with the work of Conflant et al.2 allowed 

authors to propose migration pathways that give rise to the ionic conductive property 

of the R3̅m structure of substituted Bi2O3. The first pathway involves anions moving 

along the external Bi layer, within the fluorite-like sheet (Figure 5.3). The direction of 

anion migration in this pathway is perpendicular to the c-axis. This pathway is highly 

unlikely, as it would require a much smaller size of the fluorite–fluorite window 

(shown in Figure 5.4) than what has been determined using interatomic distances 

from refinement calculations. The second pathway also involves anions moving 

perpendicular to the c-axis and along the external Bi layer, however, this motion 

occurs within the intersheet space (Figure 5.3). This pathway is more probable than 

the first because it requires large intersheet–intersheet and fluorite–intersheet 
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windows (shown in Figure 5.4), which is present in the structure according to 

calculated interatomic distances. The last pathway involves anions moving across 

the intersheet space from one external Bi layer to the next (Figure 5.3). Unlike the 

first two cases, this pathway is parallel to the c-axis. This proposed migration is 

highly probable as it would need a large size of fluorite–intersheet windows (Figure 

5.4) that is confirmed in the structure by refinement calculations. This pathway also 

correlates with the change in anion occupancies as temperature is increased. This 

pathway is even more likely for lanthanide substituted Bi2O3 as these structures have 

the exclusive presence of partial occupancies of oxide ions in the intersheet space. 

While it is convenient to separate the possible pathways in theory, it is more realistic 

that anions migrate using a combination of pathways.  

 

Figure 5.3: An illustration of the proposed migration pathways in the R3̅m structure 
measured at 300K.  

Legend:  
 

Pathway 2  

Pathway 1  

Pathway 3  
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Figure 5.4: Graphical representation of the components of the R3̅m structure used to 
describe anion pathways. 

 

In the next study under review, Ahi and co-workers3 investigated the 

Bi0.775La0.225O1.5 structure using powder x-ray diffraction, variable temperature 

powder neutron diffraction, electrochemical impedance spectroscopy (EIS) and 

Reverse Monte-Carlo (RMC) simulations. This work aimed to study the ion-

conducting nature of Bi0.775La0.225O1.5 having a rhombohedral crystal structure 

analogous to that of Bi0.851Sr0.149O1.425. 

 

The migration pathways proposed by Mercurio et al.1 were assessed in this study 

using variable temperature neutron powder diffraction and RMC simulations. The 

diffraction results were refined with the R3̅m structure determined by Obbade et al.4 

Once structural refinements were completed, a RMC model was constructed based 

on neutron diffraction measurements at 10 K and the simulations performed 

confirmed additional sites present in the structure. The O(2) and O(3) 6c 

crystallographic sites are split into 18h sites, denoted O(2)’ and O(3)’ respectively, as 

observed in the work of Mercurio and co-workers.1 Atomic density distributions were 

then determined using RMC simulations. The oxygen atomic distributions showed 

holes at the centre of both O(2) and O(3) sites, and the valence sum drops well 

below the nominal valence of 2. So Rietveld refinements were completed with the 

inclusion of the O(2)’ and O(3)’ sites, which showed an improvement in fitting 

experimental data. Unlike the work of Mercurio et al.1, the structure determined by 

Obbade and co-workers4 did not show splitting of O(2) or O(3) sites at ambient 

conditions. However, their anisotropic thermal parameters indicated larger 

displacements in the ab-plane.  
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As temperature was increased, a decrease in occupation of O(3)’ sites was observed 

(Figure 5.5). This corresponds to a transfer of O(3)’ ions to positions halfway 

between O(2) and O(3) sites, as indicated by its new z coordinate values that are 

close to 0.42 or equivalent. These results support migration pathway 1 (Figure 5.3), 

where ions in the O(2) sites migrate to the O(3) site through the fluorite sheet. This 

work contradicts that of Mercurio et al.1, which concluded pathway 1 to be highly 

unlikely.  

 

Additionally, Obbade et al.4 considered an oxygen site is present in the intersheet 

space, referenced as “O(4)”. However, the inclusion of O(4) sites in structural 

refinements led to unreliable results. The presence of an oxygen site in the 

intersheet space was further opposed by atomic density distributions. While there 

were distinct concentrations found at other oxygen sites, there was no distinct 

localization to the O(4) sites observed. Migration pathway 3 proposes that anions 

move through the intersheet space from one external Bi layer to the next using the 

partially occupied oxygen sites in the intersheet site. However, the absence of 

oxygen sites in the intersheet space, or O(4) sites, provide evidence to suggest that 

this pathway is not a plausible conductivity mechanism. If this pathway is active, the 

conductivity mechanism could have a jumping character. This migration pathway 

was considered highly possible by Mercurio et al.1 due to the average anion 

migration from the fluorite sheet to the intersheet space observed in experimental 

data. While the same trend was present in this study, upon closer inspection it was 

revealed that this overall motion corresponds to displacement of O(3) ions along the 

c axis towards neighbouring O(3) sites. The movement in between O(3) pairs does 

not contribute significantly to the system’s conductivity. Therefore, the anionic 

migration from the fluorite sheet to the intersheet space through the external metal 

boundary does not appear to contribute to the conductivity in Bi0.775La0.225O1.5.  
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Figure 5.5: Unit cell occupation numbers for oxide ions as a function of temperature. ∑𝑂𝐼 

refers to the sum of intersheet oxide ions and ∑𝑂𝐹 refers to the sum of fluorite-like sheet 

oxide ions.10  

 

The separate accounts of work done on the conductive nature of the rhombohedral 

R3̅m phase are not in agreement with one another. Even though high-end 

techniques such as single crystal neutron diffraction were used to investigate the 

oxygen ions within the structure as a function of temperature, it is clear that the data 

can be interpreted in different ways. Therefore, one cannot confidently confirm the 

ionic conductivity mechanism within the rhombohedral R3̅m phase. It should be 

noted that the two studies in this review used different types of metal substituents; 

Mercurio et al.1 substituted Bi2O3 with an alkaline earth metal (strontium), while Ahi 

and co-authors3 used a rare earth metal (lanthanum). It has been reported that the 

kind of substituents as well as the quantity added to the system has a significant 

influence on its properties.5,6 

 

5.1.2 Structural and Synthetic effects  

Drache and co-workers7 studied the structural and conductivity properties of 

Bi0.775Ln0.225O1.5 oxide conductors, where Ln was La, Pr, Nd, Sm, Eu, Gd, Tb and 

Dy. The range of lanthanide substituents added to the Bi2O3 system enabled a 

conductivity study as a function of dopant type and size. Conductivity measurements 

were completed on pelletised samples using impedance spectroscopy in the 

frequency range of 1 – 106 Hz. The thermal investigation of conductivity was 
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completed with two treatment cycles, the first was from 300 to 600 °C and the 

second from 300 to 800 °C. All the samples showed a linear range between 300 and 

~700 °C, followed by a sharp increase in conductivity above ~700 °C (Figure 5.6).  

 

This work7 has proposed that the rhombohedral phase has two temperature-

dependent forms that are very similar in structure. The β2 form is present at room 

temperature and transforms to the β1 form at high temperatures (~700 °C). The 

Arrhenius plot for Bi2O3 substituted with 25% of the largest lanthanide, La, showed 

the β2 to β1 transformation occurs at 700 °C with the step increase in conductivity 

(Figure 5.6). On the other hand, substituting with 25% of the smallest lanthanide in 

this study, Dy, showed different behaviour in its Arrhenius plot (Figure 5.6). While the 

room temperature phase is hexagonal, it undergoes a phase change to the cubic 

(Fm3̅m) δ-type phase after 700 °C. The Fm3̅m phase persists in the material after 

cooling, and so the conductivity values were not reproducible between heating and 

cooling cycles. As expected, the conductivity during heating was less than that 

during cooling where the more conductive cubic phase was still present. This 

comparison reveals that when substituting with larger lanthanides, the material tends 

to transform to the rhombohedral β1 form, while for smaller lanthanides the material 

is converted to the cubic phase at high temperatures.  

 

Figure 5.6: Arrhenius plot for Bi0.775La0.225O1.5 and Bi0.775Dy0.225O1.5 (during the second 

heating regime).7  
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The isothermal conductivity at 400 °C was reported as a function of Ln3+ radius 

(Figure 5.7). A general trend observed was that ionic conductivity increased as the 

lanthanide ion size increased. This overall increase occurs in two domains, the first 

is from La to Eu and the second includes Gd, Tb and Dy (Figure 5.7b). The lattice 

parameters and thermal expansion coefficients show linear behaviour as a function 

of La3+ radius, however, this occurs in the same two ranges of lanthanide size too. 

From this data, a slight difference in structure when the ionic radius is less than 0.94 

Å is shown, which this is reflected in conductivity behaviour. In the discussion of the 

proportional relationship between lanthanide ion size and ionic conductivity, Drache 

and co-authors7 suggested that the La3+ size influences the bond strength between 

mobile oxide ions and the cationic sheets. Smaller lanthanide ions result in thinner 

cationic sheets, and thus greater charge density. This higher charge density then 

leads to stronger bonds between the mobile oxide ions and the cationic sheet, and 

so lowers the mobility of oxide ions.  

 

As expected, an inverse relationship exists between activation energy and La3+ 

radius (Figure 5.7a), meaning as the size of lanthanide ions increase, the activation 

energy decreases. This occurs within the same two size domains observed for the 

conductivity values. It was proposed that the activation energy is related to the 

motion of oxide ions from the sheet to the intersheet space. This rationale is justified 

by the proportional relationship between the pathway window size and the “a” lattice 

parameter, and is also supported by the work of Mercurio et al.1 that proposed anion 

migration from the sheet to the intersheet space (i.e. pathway 3 in Figure 5.3). 

Therefore, the relative ease of migration for larger lanthanide ions is owed to their 

larger pathway windows.  
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Figure 5.7: Evolution of Ln3+ radius with (a) activation energy and (b) isothermal conductivity 

at 400 °C.7 

  

 

 

(a) 

(b) 
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The oxide ion conduction of the Bi2O3-Ln2O3system with varying lanthanides was 

also studied by Iwahara et al.6 While studying sintered disks of the Bi2O3-Ln2O3 

system, the Ln2O3 content was varied to study its influence on ionic conductivity. The 

ionic conduction of samples was measured by recording the electrical conductivity 

and emf of oxygen gas concentration cells, where sample disks were used as 

electrolytes. The oxide ion conductivity of the Bi2O3-Sm2O3system was studied as a 

function of varying Sm2O3concentration (Figure 5.8). The broken line (1), 

representing pure Bi2O3, shows an abrupt jump in conductivity around 730 °C that is 

associated with the monoclinic (P21/c) to cubic (Fm3̅m) phase change. The 

Arrhenius plots labelled 2, 3 and 4 show a more gradual jump in conductivity that 

possibly represents the phase change from rhombohedral (R3̅m) to cubic. This is 

supported by the x-ray diffraction pattern of Bi0.7La0.3O1.5, that shows the material is 

purely rhombohedral in phase content. Differential thermal analysis (DTA) 

measurements showed an endothermic change at these temperatures, further 

supporting the idea of a phase change. The Arrhenius plots marked 5 and 6 are fairly 

linear throughout the temperature range, which shows that materials substituted with 

40-50% Sm2O3 have the cubic phase stabilized at room temperature up to the 

highest temperature measured; 900 °C (Figure 5.8).  

 

The isothermal conductivity of the Bi2O3-Ln2O3system at 600 °C is shown (Figure 

5.9b). A similar decreasing trend is identified between conductivity and extent of 

substitution in the system for all the lanthanides, all with similar conductivity values. 

These results suggest that the most significant effect on ionic conductivity is 

lanthanide (substituent) concentration rather than the identity of the lanthanide.  

Figure 5.8: Arrhenius plots of sintered disks of the 𝐵𝑖(1−𝑥)𝐿𝑎𝑥𝑂1.5 system. 

(1) x = 0.0  

(2) x = 0.10  

(3) x = 0.20  

(4) x = 0.30 

(5) x = 0.40  

(6) x = 0.50 
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The review of previous work regarding the influence of structural type and 

concentration on ionic conductivity in the rhombohedral R3̅m system, has provided 

insight into what can be expected from the conductivity measurements of materials 

synthesised in this project. It was shown that larger lanthanides substituted into the 

rhombohedral bismuth oxide system should result in higher conductivity than the 

substitution of smaller lanthanides.8 It is also implied that a lower amount of metal 

substitution generally tends to higher conductivities, depending on the varying 

structure produced. These parameters among others are investigated in the 

rhombohedral phase using impedance spectroscopy.  

Figure 5.9: Isothermal conductivity of the 𝐵𝑖(1−𝑥)𝐿𝑎𝑥𝑂1.5 system at (a) 800 °C and (b) 600 °C. 

 

5.2 Results and Discussion  
 

In a standard air environment, the electrical conductivity of bismuth-based 

electrolytes primarily arises from oxide ion movement.9 Nyquist plots from the 

impedance measurements were fitted using equivalent electrical circuits, to provide 

physical meaning to the impedance data.10 By varying the frequency, different 

processes occurring in the material can be separated in impedance measurements 

and thereafter examined.10,11 The relative contributions of these various processes 

change with temperature. It follows that the same equivalent circuit was able to 

accurately fit the Nyquist plots of measurements within a temperature range for the 

range of materials studied. Consequently, a representative equivalent circuit is used 

to fit the impedimetric data within each temperature range. To interpret the 

impedimetric behaviour of rhombohedral (R3̅m) bismuth oxide materials, the 

    = La    = Nd      = Sm   = Gd  = Dy     = Er  = Yb 

 

(a) (b) 
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impedance measurements of the Bi0.75Sm0.25O1.5  material were examined in detail in 

the following section. All materials were prepared using the citrate sol-gel method 

described in the experimental methodology chapter, which involved calcination at 

500 °C for 12 hours and annealing at 750 °C for 5 hours. 

 

5.2.1 EIS of Bi0.75Sm0.25O1.5 at low temperatures (250 °C – 400 °C)  

The semicircle at high frequencies in the Nyquist plot for Bi0.75Sm0.25O1.5  at 250 °C 

(Figure 5.10b) would normally correspond to a Randles circuit.10,12 However, a 

constant phase element is added in parallel to the resistor instead of a capacitor. 

This is represented in as Q1 and R1 in the equivalent circuit (Figure 5.10a). This is 

necessary due to the non-ideal behaviour of the electrode and solid electrolyte. The 

bulk conduction and dielectric processes in solid electrolytes are represented by the 

high frequency semicircle. 9 This is supported by the Q1 value, which falls within the 

range typical for conductivity in the bulk material of 10-10 – 10-12 F s(a-1) (Table 5.2). It 

is also evident that there is no separate region representing the grain boundary, that 

is typically characterized with a capacitance 10-11 – 10-8 F. Therefore, the bulk and 

grain boundary resistances have very similar time constants and are not separable. 

In the lower frequency region of the Nyquist plot, a curved line is observed (Figure 

5.10b). This region represents the mass transfer of species to the surface in contact 

with the electrode.9 However, if this was the only process occurring at lower 

frequencies, a straight line at 45° to the axes would be present and represented by 

the Warburg element in the equivalent circuit.10,14 The combination of processes 

occurring is represented in the equivalent circuit by a constant phase element (Q2) in 

parallel to the series arrangement of a resistor (R2) and Warburg element (W2) 

(Figure 5.10a), which was able to fit the observed data quite well. The value of Q2 

(10-5 – 10-7 F s(a-1)) (see Table 5.2) corresponds to processes at the sample-

electrode interface in this study.15 The large size of the high-frequency semicircles 

and the relatively short "tail" at lower frequencies indicate that the kinetics of the 

charge transfer reaction dominates at low temperatures in this range and there is 

minimal electrode interfacial resistance.9 

(b) 
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Figure 5.10: (a) The equivalent electric circuit and (b) the Nyquist plot for 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  at 

250 °C. 

5.2.2 EIS of Bi0.75Sm0.25O1.5  at low – intermediate temperatures (450 °C – 600 °C)  

As temperature is increased, the size of the high frequency semicircle decreases 

(Figure 5.11b) and is still represented with a Randles circuit, labelled as Q1 and R1 

in the equivalent circuit (Figure 5.11a). This means that the electrolyte resistance 

becomes smaller with increasing temperature. The large, curved arc at low 

frequencies, indicates that the diffusion of oxide to the electrode surface becomes 

increasingly dominant with increasing temperature.9,11 The increased curvature 

suggests that diffusing species are approaching a boundary10, and the Warburg 

impedance, which implies semi-infinite diffusion no longer accurately represents the 

process.9,10 Even though diffusion processes are still occurring, the lower frequency 

region was just represented with a Randles circuit, as the kinetics of the reaction still 

contribute to the resistance at lower frequencies. 

(a) 

(b) 

10 
MHz 

0.1 Hz 

215 
kHz 
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Figure 5.11: (a) The equivalent electric circuit and (b) the Nyquist plot for 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  at 

550 °C. 

 

5.2.3 EIS of Bi0.75Sm0.25O1.5 at intermediate - high temperatures (650 °C – 700 °C)  

At intermediate to high temperatures, only half of the semicircle can still be observed 

at high frequencies (Figure 5.12b). This observation is explained by considering the 

relative time constants of the different processes occurring in the system5,10,13, where 

the maximum frequency for the process (max) is 1/RC.16 The time constants of the 

bulk and grain-boundary impedance are lower compared to those of the electrode 

interface. For lower resistances at a capacitance representing processes in the bulk 

material, only measurements at extremely high frequencies would be able to access 

further data to complete the semi-circle, but this is not possible with available 

equipment. At lower frequencies, a distorted semicircle emerges as the temperature 

is increased (Figure 5.12). The first portion of the semicircle appears as a straight 

line, while the second portion displays more curvature. This distorted semicircle at 

lower frequencies indicates that the diffusion of the species is now restricted by a 

finite length diffusion, which is represented in the equivalent circuit as Wd2 (Figure 

5.12a).10 

(a) 

(b) 

10 
MHz 

0.1 Hz 

17 Hz 
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Figure 5.12: (a) The equivalent electric circuit and (b) the Nyquist plot for 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  at 

600 °C. 

5.2.4 EIS of Bi0.75Sm0.25O1.5  at high temperatures (750 °C)  

The material’s impedimetric behaviour at high temperatures (750 °C) is displayed as 

a single arc that relates to the finite length diffusion process (Figure 5.13b). Since the 

high frequency semicircle is no longer present, the use of a Randles circuit becomes 

impossible when modelling the high frequency data. Instead, the high frequency 

region is represented by a single resistor in series denoted as R1 in the equivalent 

circuit (Figure 5.13a) which represents the resistance of the bulk electrolyte. The 

finite length diffusion dominates the low frequency region, which is represented in 

the equivalent circuit used to fit the impedance measurement. 

Figure 5.13: (a) The equivalent electric circuit and (b) the Nyquist plot for 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  at 

750 °C. 

(a) 

(b) 

10 
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(b) 
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Table 5.2: The values of electrical elements obtained by fitting Nyquist plots with a 

calculated fit. 

 250 °C 550 °C 600 °C 750 °C 

Q1 (F s(a-1) ) 0.29  10-10 3.7  10-9 17  10-9  

a1  0.83 0.76 0.68  

R1 (ohm) 9.6  105 268 102 12 

Q2 (F s(a-1) ) 0.15  10-6 0.28  10-3 0.65  10-3 2.1  10-3 

a2 0.68 0.42 0.42 0.47 

R2 (ohm)  9.4  105 1.8  103 421 37 

s2 (ohm-1/2) 3.6  105 ---------- ---------- ---------- 

Rd2 (ohm) ---------- ---------- 73 1.8 

td2 (s) ---------- ---------- 0.072 0.015 

 

5.2.5 Effect of substituent type on oxide conductivity  

The heating curves of the bismuth oxide materials containing 25 mol% of different 

lanthanides are displayed in Figure 5.14. Upon initial inspection, it is clear that the 

material substituted with lanthanum behaves differently than the materials 

substituted with samarium and gadolinium. The La substituted material appears to 

maintain its structural stability as the temperature increases from 250 °C up to 600 

°C. A significant increase in conductivity at 600 °C, of approximately an order in 

magnitude, suggests that a phase change occurs in the material at this temperature. 

It is common for the rhombohedral phase to transition to the Fm3̅m cubic phase 

around 600 °C, with the cubic phase being more conducting, so this could be the 

presumed transition occurring in the La substituted material. However, according to 

multiple sources, the cubic phase tends to be favoured for smaller substituents.3,5–7 

Lanthanum is the largest lanthanide with an ionic radius of 1.17 Å, making it highly 

unlikely for this material to transform into the cubic phase at higher temperatures.  

(a) 
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Figure 5.14: The Arrhenius plots of 𝐵𝑖0.75𝐿𝑛0.25𝑂1.5 , 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  and 𝐵𝑖0.75𝐺𝑑0.25𝑂1.5  
displayed as their corresponding (a) heating curves and (b) cooling curves.  

 

Previous research by Drache et al.7 suggests that the rhombohedral bismuth oxides 

with larger lanthanide substituents, especially La, undergo a change to the closely-

related β1 form at higher temperatures. This change was observed from around 650 

°C for Bi0.775Sm0.225O1.5 
7, while the transition in this study occurs at 600 °C for 

Bi0.75La0.25O1.5 . This structural transition was also reversible as the cooling curve in 

Figure 5.14b demonstrates the La substituted material experiences a significant 

decrease in conductivity at 650 °C. Unfortunately, structure determination with 

varying temperature was not possible in this work, as it could have confirmed the 

high temperature phase. Despite having similar compositions, the conductivities of 

these materials were different, with that for Bi0.775La0.225O1.5  measured as ~0.16 S 

cm-1 at 750 °C 7, and for Bi0.75La0.25O1.5  in this work being about half that, at 0.0693 

S cm-1 at 750 °C (Table 5.3). This difference could suggest that the two materials do 

not convert to the same high temperature form, or the different synthetic methods 

produce products with different morphologies which could affect the conductivity, or 

that the extent of sintering was different. It is worth noting the XRD results of the 

Bi0.75La0.25O1.5  sample discussed in Chapter 3, which exhibited an underlying phase 

that could not be identified with Rietveld refinements. This impurity phase could also 

influence the impedimetric behavior of the material. 

 

The Sm and Gd substituted materials exhibit similar behaviour to each other during 

their heating and cooling cycles. These materials show structural stability during the 

heating process until 600 °C for the Sm substituted material and 550 °C for the Gd 

substituted material based on the linear Arrhenius plots. Although there is an 

increase in the slope of these plots above the mentioned temperature, there is no 

step function to correspond to a clear phase change in the temperature range 

(b) 
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studied. According to laboratory XRD measurements, the Gd substituted material did 

contain a small amount (3%) of the Fm3̅m cubic phase. Hence, the slight increase in 

conductivity may  be attributed to a partial conversion to the cubic phase (with full 

conversion only occurring at higher temperatures). However, this proposed 

mechanism may not be able to explain the change in activation energy in the Sm 

substituted material. According to laboratory XRD results, this material consists of 

the rhombohedral phase only. Since Sm is also a relatively small substituent ion, 

conversion to the cubic phase is still plausible at high temperatures. However, the 

cooling curves show that this change is not reversible, which proves the cubic 

formation change unlikely (Figure 5.14b). The high temperatures involved in sample 

preparation, such as annealing and sintering at 750 °C, could also affect the starting 

structure of the material used in EIS measurements. However, the starting structures 

of selected pellets were measured using laboratory XRD, which were confirmed to 

be rhombohedral. Another plausible explanation is the β2 to β1 transition, however 

this would require variable temperature structure analysis to confirm. A more 

plausible explanation is a structural ordering change. Nonetheless, it can be 

confidently concluded that this change in slope does not indicate an overall phase 

change within the material. Whatever transformation occurs in these materials is not 

reversible, as there is no observed structural change upon cooling  

 

The behaviour of the Gd substituted material was not expected, as the rhombohedral 

phase appears to persist up to high temperatures (Figure 5.14a). The small size of 

gadolinium should favour the material’s conversion to the cubic (fcc) phase when 

heated 6,17. This phase change from rhombohedral to cubic was observed in a similar 

material; Bi0.775Gd0.225O1.5  in the work of Drache and co-workers7 in 1998. The study 

by Takahashi and co-authors18 also showed that materials containing 10 – 30 mol% 

Gd form the rhombohedral phase at room temperature and the fcc structure at high 

temperatures. Therefore, the impedimetric behaviour of the Gd substituted material 

does not correspond with previous studies. Similarly, a previous study6 proposed Sm 

substituted materials in the composition range of 20 – 30 mol% will also form the 

rhombohedral phase at room temperature and then transition to the cubic (fcc) 

phase at higher temperatures. However, this is not observed in the Sm substituted 

material shown in Figure 5.14. The similarity in outcomes between these materials 

may suggest that the synthetic method used results in greater stability of the 

rhombohedral phase, however this would need to be confirmed by other variable 

temperature techniques. 

 

The 25 mol% substituted materials exhibit a consistent trend in conductivity across 

the temperature range measured, with larger substituents resulting in higher ionic 

conductivities. The La, Sm and Gd substituents have ionic radii of 1.17 Å, 1.079 Å 

and 1.053 Å, respectively. Their respective conductivities at 750 °C are 0.0693 S cm-

1, 0.00812 S cm-1 and 0.00325 S cm-1 (Table 5.3). The La substituted material does 

have a significantly larger conductivity, not only due to its somewhat larger size, but 
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also since this material undergoes a phase change to a more conductive form at 

high temperatures. However, at temperatures before the phase change occurs, the 

La substituted material is still significantly more conductive. Since the predominant 

structure in the Sm and Gd substituted materials is rhombohedral, their 

conductivities at 750 °C serve as a reliable range of conductivities for the 

rhombohedral phase at high temperatures.  

 

5.2.6 Effect of substituent concentration on oxide conductivity 

The relationship between ionic conductivity and substituent concentration was 

investigated for the samarium substituted bismuth oxide materials, and the Arrhenius 

plots are presented in Figure 5.15. The main finding was that a lower substituent 

concentration results in higher ionic conductivity. At 750 °C, the 15 mol% substituted 

material has the highest conductivity at 0.064 S cm-1, while the 25 mol% substituted 

material has the lowest conductivity of 0.0081 S cm-1 (Table 5.3). Despite having the 

highest conductivity, it is important to note that the material with 15 mol% substitution 

does not appear to be structurally stable during the heating and cooling regimes. 

From 550 °C, a significant increase in conductivity is observed during the heating 

cycle, indicating a structural transition (Figure 5.15a). Based on laboratory XRD 

refinements that showed the 15 mol% Sm sample contained a phase mixture of 

rhombohedral (77%) and cubic (23%), this transition is most likely further conversion 

from the rhombohedral to cubic phase. The combination of a lower dopant amount 

and the smaller Sm size (1.079 Å) makes the material highly susceptible to 

transforming into the cubic phase upon heating.5,19,20 This is also supported by the 

slight flattening of the heating curve at high temperatures, which is indicative of a 

transition ending. The material underwent a structural change during the cooling 

cycle at 650 °C (Figure 5.15b). This is most likely the reversible phase 

transformation observed during heating, which suggests a conversion from the cubic 

phase back to the rhombohedral phase. Another slope change is observed at 450 °C 

during cooling, which is not commonly observed for the rhombohedral phase. This 

slight slope change is likely noise in the data at lower temperatures.  

 

(a) 
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Figure 5.15: The Arrhenius plots of 𝐵𝑖0.85𝑆𝑚0.15𝑂1.5 , 𝐵𝑖0.8𝑆𝑚0.2𝑂1.5  and 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  
displayed by their corresponding (a) heating curves and (b) cooling curves. 

 

The 20 mol% Sm material showed similar trends to the 15 mol% Sm material. During 

the heating cycle, it undergoes a slope change at 550 °C (Figure 5.15a). This 

transition could be a rhombohedral to cubic phase transition. However, this transition 

does not result in a significant increase in conductivity, which could be explained as 

only a portion of the material undergoing this change. Interestingly, the material with 

20 mol% Sm experiences another transition at 650 °C during heating, which could be 

another partial conversion to the cubic phase since there is no notable increase in 

conductivity (Figure 5.15a). 

The cooling curve reveals that the 20 mol% Sm material remains structurally stable 

until 500 °C, at which point a structural change occurs as depicted by the slope 

change in Figure 5.15b. This may represent the same reversible transition observed 

in the 15 mol% Sm sample during heating, whereby the cubic phase converts back 

to the rhombohedral phase. Notably, this transition occurs at a temperature 50 °C 

higher than in the 15 mol% Sm material. Another slope change occurs during cooling 

at 350 °C, that can be regarded as noise data due to the low temperature of 

measurement.  

As discussed earlier, the 25 mol% substituted material experiences a structural 

change during the heating cycle at 650 °C, which has been proposed as the β2 to β1 

transition, which is most likely as this change is not reversible upon cooling (Figure 

5.15b). However, this would require a complimentary variable temperature 

measurement to confirm.  

 

(b) 
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Varying the Sm substituent concentration in the 𝐵𝑖1−𝑥𝑆𝑚𝑥𝑂1.5 material has supported 

the fact that the lower the substitution, the higher the conductivity. However, lower 

amounts of substituents do not stabilize the rhombohedral phase fully as seen from 

the XRD data discussed in a previous chapter, and phase transition to the cubic 

phase readily occurs at high temperatures in the 𝐵𝑖1−𝑥𝑆𝑚𝑥𝑂1.5  system. In general, the 

25 mol% substituted material appears to provide the best phase stability despite 

having a slightly lower conductivity. 

 

5.2.3 Structure - property relationship  

 

5.2.3.1 Temporal effects of heating 

The 25 mol% Sm material was used as a representative sample to investigate the 

influence of annealing duration (at 750 °C) during the synthesis on the material’s 

conductive properties. Three materials, all having the same composition, were 

prepared and subjected to different annealing durations of 5, 10, and 15 hours 

(Figure 5.16). All materials predominantly formed the rhombohedral phase according 

to XRD measurements, with the 5 hour and 10 hour annealed samples forming the 

single rhombohedral phase. The 15 hour annealed sample did exhibit a minor 

impurity phase, that could not be identified using Rietveld refinements of XRD data. 

Furthermore, the 5 and 10 hour annealed samples shared other structural similarities 

such as identical unit cell volumes of 432 Å𝟑and similar crystallinities of 116 and 110 

nm respectively. On the other hand, the 15 hour annealed sample had a unit cell 

volume of 434 Å𝟑 and crystallinity of 72.8 nm. The structural properties revealed that 

the 5 hour and 10 hour annealed samples are closely related, which was not 

observed in the impedimetric behaviour data. In both the heating and cooling curves, 

the 5 hour and 15 hour curves have a strong overlap with almost identical 

conductivity values. At 750 °C, the 15 hour sample had a conductivity of 0.0076 S 

cm-1, and the 5 hour sample had a conductivity of 0.0081 S cm-1. Both materials 

have a slope change during heating from 550 °C to 650 °C, which is not observed in 

the cooling curve, The 10 hour sample follows similar behaviour, but at lower 

conductivities than the other two materials. This material had the lowest conductivity 

of 0.0034 S cm-1 at 750 °C. The XRD and EIS measurements did not show any 

correlation, which may suggest that these measurements should be completed 

several times and inspected for reproducibility. It is common for EIS measurements 

to be repeated and the average of results are recorded.  
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Figure 5.16: The Arrhenius plots of 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  that were subjected to 5, 10 and 15 hour 
annealing time as displayed by their (a) heating curves and (b) cooling curves. 

 

5.2.3.2 Effect of annealing temperature  

Once again, the representative sample used is the 25 mol% Sm material and was 

prepared by annealing either at 610 °C or 750 °C for 5 hours. The pellets of these 

materials were sintered at the same temperature as their respective annealing 

temperatures to keep the temperature variable fixed. The material that was annealed 

at 610 °C displayed a phase mixture of rhombohedral and cubic in XRD 

measurements, and exhibited higher conductivities throughout the heating and 

cooling process in EIS measurements (Figure 5.17). In particular, the conductivities 

at the 750 °C point of measurement for the 610 °C and the 750 °C annealed samples 

were 0.0219 S cm-1 and 0.00812 S cm-1, respectively (Table 5.3). This disparity is 

quite large, which could possibly be better understood by examining the structural 

stability of the two materials. During heating, the 610 °C annealed sample appears to 

(b) 

(a) 
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undergo two transitions corresponding to the change in slopes of the Arrhenius plot, 

one at 500 °C and another 650 °C (Figure 5.17a). 

 

 

Figure 5.17: The Arrhenius plots of 𝐵𝑖0.75𝑆𝑚0.25𝑂1.5  that were subjected to annealing at 610 

°C and 750 °C as displayed by their (a) heating curves and (b) cooling curves. 

 

However, these are relatively small slope changes that do not correspond to notable 

step increases in conductivity. The 750 °C annealed material also undergoes a slope 

change during heating at 600 °C, that is not reversed upon cooling (Figure 5.17 

 

Figureb). While these changes occur at different temperatures, the most likely 

explanation of this behaviour is the β2 to β1 transition observed in rhombohedral 

materials from previous work.1,7 These results showed the expected behaviour of the 

dominant rhombohedral phase in both materials, as well as the increased 

(b) 

(a) 
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conductivity in the 610 °C annealed material due to the low amounts of Fm3̅m cubic 

phase present. 
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5.3 Conclusion  
 

The review of relevant literature allowed for the interpretation of the conductivity 

mechanism in the R3̅m structure. Two widely referenced accounts of work were 

used as starting points to understand the oxide ion motion in the layered structure. 

Mercurio and coworkers 1 proposed that oxide ions move in a direction parallel to the 

c-axis, as evidenced by the oxygen occupancies at increasing temperatures 

determined by single crystal neutron diffraction. They acknowledged the preceding 

work of Conflant et al.2 that proposed the bidimensional character of oxide ion 

diffusion, determined by single crystal x-ray diffraction. It was concluded that the 

most likely ion migration involves a combination of ions moving along the c-axis and 

ab plane.  

 

The structural effects on conductivity were also reviewed using reliable sources in 

literature. Drache and co-workers 7 studied the effect of substituent type and size by 

varying the lanthanide in the Bi0.775Ln0.225O1.5  system. Their results showed that 

substituent size and conductivity have a largely proportional relationship, and that 

the lanthanides appear to behave in two domains according to size. It was proposed 

that structural behaviour of the lanthanides can be categorized into two domains; 

those with larger and smaller than 0.94 Å ionic radii. This work also showed how 

larger lanthanides (Sm and Gd) tend to form the high-temperature rhombohedral 

(𝛽1) form at 700 °C, while smaller lanthanides (La) transform to the cubic phase at 

high temperatures for the Bi0.75Ln0.25O1.5  system. The Bi2O3-Ln2O3 system was also 

examined by Iwahara et al.6 to see how lanthanide concentrations affect the 

conductivity of the system. This study was conducted with various lanthanides, and it 

was found that all seem to follow a general trend as the Ln2O3 amount is varied. 

There is an inverse relationship between the substituent concentration and 

conductivity. The similar values across the lanthanides measured suggests that 

substituent concentration may be the dominant structural influence on conductivity.  

 

The influence of substituent type, substituent concentration, sample annealing 

durations and annealing temperature on the rhombohedral structure’s ionic 

conductivity were investigated using variable-temperature electrochemical 

impedance spectroscopy. After the impedimetric behaviour was measured within the 

frequency range of 10 MHz and 0.1 Hz, the Nyquist plots were modelled with 

equivalent electric circuits to provide physical meaning to the impedance data. At 

high frequencies, the bulk resistance is exhibited, while diffusion of the species to the 

electrode interface occurs at low frequencies. The high-frequency semicircle, 

representing the bulk behaviour of the material, gradually disappeared as the 

measurement’s temperature increased. The Nyquist plots at high frequencies can be 

modelled with a modified Randles circuit, consisting of a constant phase element 

and resistor in parallel. The Nyquist plots in the low-frequency region constitute a 

combination of processes with the mass diffusion to the electrode surface taking 

place and possibly some charge transfer processes too. Consequently, both 
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processes are used in equivalent circuits to represent the low frequency behaviour. 

The mass diffusion is described using the Warburg element. At intermediate 

temperatures, the ions begin approaching the electrode boundary, and the diffusion 

is no longer semi-infinite as described by the Warburg element. The diffusion of ions 

between intermediate and high temperatures is defined by a finite diffusion element.  

 

The effect of substituent type on the conductivity was performed on materials that 

mostly formed the rhombohedral phase at room temperature. The Arrhenius plots of 

materials containing 25 mol% of lanthanum, samarium and gadolinium were 

compared. It was clear that conductivities increase as the substituent size increased. 

The La substituted material had the highest conductivity of 0.0693 S cm-1 at 750 °C. 

However, the La-containing material displayed a significant jump in conductivity at 

700 °C, representing an unexpected structural change. The most likely reason for 

this structural transition is the conversion to the high-temperature 𝛽1 form of the 

rhombohedral phase, as this was reported to occur in similar structures at 

approximately the same temperature. The Sm and Gd containing materials do 

experience a minor structural change upon heating as reflected by the increasing 

slopes in the Arrhenius plot, but show structural stability throughout the cooling 

cycle. It has been proposed that there may be a minor conversion of some material 

to the cubic phase. This may be especially true for the Gd substituted material, as 

gadolinium’s small size favours the conversion to the cubic phase at elevated 

temperatures, and trace amounts of the cubic phase were identified in the sample 

using XRD measurements. However, additional variable temperature measurements 

are required to confirm the proposed phase behaviour with heating.  

 

The effect of substituent concentration on conductivity was studied for the 

𝐵𝑖1−𝑥𝑆𝑚𝑥𝑂1.5  system. A lower substituent concentration results in higher conductivity, 

with the 15 mol% substituted material having the highest conductivity of 0.064 S cm-1 

at 750 °C. This significant conductivity was influenced by the phase mixture of 

rhombohedral (77%) and cubic (23%) identified present. While the lower substituted 

materials may have higher conductivities, they are not structurally stable throughout 

the heating and cooling regime as materials with a higher substituent amount.  

 

Lastly, the relationship between structure and property was further explored by 

examining the temporal effects of heating and the influence of annealing 

temperature. The EIS results of temporal effects of heating did not correlate with 

XRD results, and required further investigating to understand. On the other hand, the 

EIS results of annealing temperature complimented the XRD measurements. Since 

the 610 °C material contained trace amounts of the cubic phase, this sample had 

higher conductivities. It is worth noting that since the rhombohedral phase was 

dominant in both materials, both samples displayed similar behaviour during heating 

and cooling cycles.  

 



 167 

Among the materials investigated, Bi0.75La0.25O1.5  and Bi0.85Sm0.15O1.5  exhibited the 

highest conductivities. However, the presence of impurity phases detected in their 

XRD patterns at room temperature likely influenced their variable temperature 

conductivity measurements. Conversely, Bi0.75Gd0.25O1.5  and 10-hour annealed 

Bi0.75Sm0.25O1.5  displayed the lowest conductivities. The low conductivity of 

Bi0.75Gd0.25O1.5  was unexpected, considering the trace amounts of the highly 

conductive cubic phase at room temperature. While the low conductivity of the 10-

hour annealed Bi0.75Sm0.25O1.5 was anticipated due to its single rhombohedral phase, 

it deviates significantly from other materials with the same phase. Comparison with 

literature values revealed significantly higher conductivities in previous work, which 

could be influenced by factors such as differences in coating and measurement 

techniques. Another potential influence is the highly conductive cubic phase being 

the dominant phase at ambient temperature. Common solid electrolytes like 25YSB 

(25 mol% yttria-stabilized bismuth oxide), where yttrium, with its relatively small ionic 

radius of 1.019 Å were included for comparison. These values show the conductive 

differences between commonly cited solid electrolytes and the R3̅m rhombohedral 

phase of substituted bismuth oxide.  
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Table 5.3: Conductivities of materials at 750 °C in this work in comparison to commonly used solid electrolytes.  

Material   /S cm-1 Coating Phase (Ambient temp.)  Phase (750 °C) Technique  Ref  

(La2O3)0.25(Bi2O3)0.75  0.0693 Gold Rhombohedral Unconfirmed Potentiostatic EIS in air This work 

(Sm2O3)0.25(Bi2O3)0.75 0.00812 Gold Rhombohedral Unconfirmed  Potentiostatic EIS in air  This work 

(Gd2O3)0.25(Bi2O3)0.75 0.00325 Gold Rhombohedral & cubic Unconfirmed Potentiostatic EIS in air  This work 

(Sm2O3)0.15(Bi2O3)0.85 0.0637 Gold Rhombohedral & cubic  Cubic Potentiostatic EIS in air  This work 

(Sm2O3)0.20(Bi2O3)0.80 0.0246 Gold Rhombohedral  Cubic Potentiostatic EIS in air  This work 

(Sm2O3)0.25(Bi2O3)0.75  0.0219 Gold Rhombohedral  Unconfirmed Potentiostatic EIS in air  This work 

(Sm2O3)0.25(Bi2O3)0.75 0.00366 Gold Rhombohedral  Unconfirmed Potentiostatic EIS in air  This work 

(Sm2O3)0.25(Bi2O3)0.75 0.0076 Gold Rhombohedral  Unconfirmed Potentiostatic EIS in air  This work 

(La2O3)0.225(Bi2O3)0.775  ~ 0.16 Gold Rhombohedral β2 form Rhombohedral β1 form Potentiostatic EIS 7 

(Sm2O3)0.20(Bi2O3)0.80  ~ 0.5 Silver Rhombohedral/cubic Cubic Oxygen concentration cell 6 

(Sm2O3)0.30(Bi2O3)0.70  ~ 0.06 Silver Rhombohedral Cubic Oxygen concentration cell 6 

(Gd2O3)0.10(Bi2O3)0.90 ~ 0.95  Silver Rhombohedral Cubic Oxygen concentration cell 17 

(Gd2O3)0.20(Bi2O3)0.80 ~ 0.09 Silver Rhombohedral Cubic Oxygen concentration cell 17 

25YSBi  ~ 0.22 Platinum  Cubic Cubic Complex admittance  21 

8YSZ  ~ 0.02    Cubic Cubic Oxygen concentration cell 22 

25YSBi  0.398    Cubic Cubic Oxygen concentration cell 23 

GDC (10GdC) ~ 0.07   Cubic Cubic Wet oxygen (3 vol% H2O) 22 

∎ 

 ∎ = 610 °C anneal ⋉ = 10 hour anneal † = 15 hour anneal 

⋉ 

† 
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Chapter 6 – General Conclusion 
 

The overall aim of this project was to investigate the formation and conductive 

properties of the R3̅m rhombohedral phase of doped Bi2O3. The aim was 

systematically approached by individually examining parameters that may influence 

phase formation and properties. These structural and synthetic parameters 

comprised of substituent type, substituent concentration, annealing duration and 

annealing temperature. These parameters were investigated using a range of 

techniques that included synchrotron and laboratory x-ray diffraction, total scattering 

measurements, Raman scattering and Electrochemical impedance spectroscopy. 

Therefore, the influence of these factors on the rhombohedral phase of substituted 

bismuthate were extensively examined in this work.  

 

6.1 Substituent type  
The potential contribution of the lanthanide substituent to rhombohedral phase 

behaviour was explored by studying three lanthanide substituted systems. These 

lanthanides were lanthanum, samarium and gadolinium. Their compositions in the 

bismuth oxide system were 25 mol% in their respective compounds, such that each 

material had the chemical formula Bi0.75Ln0.25O1.5. Rietveld refinements of 

synchrotron XRD measurements revealed that 25 mol% of lanthanum, samarium or 

gadolinium substituted in Bi2O3 predominantly formed the rhombohedral phase. 

Similarly, laboratory XRD data exhibited the same major rhombohedral phase 

formation, with underlying phases that could not be identified. The lanthanum 

substituted material was distinctly different from the other two in both synchrotron 

and laboratory XRD measurements. The La-substituted sample displayed a 

significant downward shift, that is quite large to be attributed to it’s relatively large 

ionic radii. The gadolinium substituted material also displayed distinct behaviour. 

Laboratory XRD measurements revealed a phase mixture of rhombohedral and 

Fm3̅m cubic, that was not detected in synchrotron XRD measurements. This 

difference in behaviour was owed to the time of measurements, where laboratory 

XRD was measured shortly after synthesis, and synchrotron XRD was measured 

only weeks thereafter. The minority cubic phase may have transformed to the more 

stable rhombohedral phase during the interim. Nevertheless, both data sets confirm 

that all three lanthanide substituents with a 25 mol% concentration in Bi2O3 form an 

average structure of mainly rhombohedral. Total scattering measurements were 

completed to probe the local structure using the PDFs of the 25 mol% lanthanide 

substituted materials. The qualitative inspection of the PDFs showed almost no 

difference between each other. Refinements were completed on the functions by 

fitting the experimental data to a rhombohedral model structure. These refinements 

had a strong match with good figures of merit. There were minor peaks that weren’t 

accounted for by the rhombohedral model, however the local structure can be 

confidently described as mainly rhombohedral. Since minor cubic traces were 
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identified in the XRD patterns of some samples, it was deduced that this may be the 

probable impurity phase on the local scale too. 

The ambient Raman scattering of the 25 mol% lanthanide substituted materials was 

measured to investigate the local structure too. The qualitative analysis of the 

Raman spectra showed a distinct difference between the lanthanum-substituted 

sample and the other two materials (samarium and gadolinium substituted). While 

the lanthanum-substituted sample lacked a few characteristic bands, all three 

spectra shared significant similarity. The conductive properties of the 25 mol% 

substituted materials were measured using Electrochemical impedance 

spectroscopy between 200 and 750 °C. Once again, the lanthanum substituted 

material behaves quite differently than the other two. The lanthanum-containing 

sample displayed a significant conductivity jump around 600 °C. The cause of this 

behavior could not be confirmed, but it has been proposed that the rhombohedral 

phase converts to its high temperature form, that has been reported in previous 

work. The samarium and gadolinium containing materials do undergo a slight 

structural change upon heating, at 600 and 550 °C respectively. This change is not 

reversed in the cooling cycle, and is not large enough to correspond to a general 

phase change. The most likely cause of this structural change is a minor conversion 

of some material to the Fm3̅m cubic phase. This is supported by the small size of 

gadolinium, that favors the conversion to the cubic phase at elevated temperatures. 

A general trend was observed between substituent type and ionic conductivity; 

where conductivity increases with increasing lanthanide size. Therefore, the 

lanthanum substituted sample was the most conducting and gadolinium containing 

material was the least conductive. The only other variable temperature measurement 

in this project was completed using Raman spectroscopy. The Raman scattering of 

25 mol% samarium was measured from 23 °C to 750 °C. The first spectrum collected 

at 23 °C was indicative of the rhombohedral phase, based on the other spectra 

measured. At 550 °C, a transformation occurred and the new Raman scattering 

behaviour persisted up to the highest temperature measured (750 °C). The Raman 

spectrum corresponded to the cubic phase identified in multiple literature sources. 

This phase transition appears to be reversible, as the final Raman spectrum 

collected after cooling related to the rhombohedral phase. The impedance and 

Raman measurements both suggest that the 25 mol% samarium sample undergoes 

a structural change around 550 to 600 °C. The Raman scattering confirmed that a 

rhombohedral to cubic phase change occurred, however this was not confirmed in 

impedimetric measurements as the structural change was not reversable upon 

cooling. It can be concluded that additional variable temperature probes are required 

to confidently confirm the variable temperature behaviour of the rhombohedral 

phase. Nevertheless, it is certain that the lanthanum substituent behaves quite 

differently than the other lanthanides (samarium and gadolinium), but all lanthanides 

mainly form the desired rhombohedral phase at 25 mol% concentration in Bi2O3.  
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6.2 Substituent concentration  
The influence of substituent concentration was studied by varying the amount of 

samarium substituted in bismuth oxide. Laboratory XRD results revealed that 15 

mol% substituted samples form a phase mixture of rhombohedral (77%) and cubic 

(23%). Samarium compositions from 20 mol% in the Bi2O3 system seem to mainly 

form the rhombohedral phase. Rietveld refinements also showed that the 15 mol% 

substituted material had a significantly larger unit cell volume of 437 Å³ compared to 

the 20 mol% and 25 mol% substituted materials that had volumes of 432 Å³. The 15 

mol% substituted material also had significantly lower crystallite size (68 nm) 

compared to the other two materials (131 and 166 nm). It can be inferred from this 

work that a minimum of 20 mol% lanthanide is required to predominantly form the 

rhombohedral phase, most certainly for medium sized lanthanides such as samarium 

(1.079 Å). While the lower limit of lanthanide concentration has been established for 

desired phase formation, the upper limit must still be investigated. The ambient 

Raman scattering of substituted Bi2O3 was measured for materials containing 15 

mol%, 20 mol% and 25 mol% samarium. These results showed that as Sm 

concentrations were lowered, additional Raman bands were identified. This 

coincides with XRD results that confirmed a phase mixture in the 15 mol% 

substituted material, and a single rhombohedral phase in the 25 mol% samarium 

sample. The impedimetric behavior of the three materials of interest revealed that 

substituent concentration does influence the conductivity of rhombohedral bismuth 

oxide. The least substituted material, 15 mol% Sm, had the highest conductivity of 

0.064 S cm-1 at 750 °C. While the 15 mol% ASm sample was the most conductive, it 

was not structurally stable throughout the heating and cooling regimes. The 

materials with higher substituent concentrations were more stable throughout the 

heating and cooling cycles. It can be concluded that to successfully form and 

stabilize the rhombohedral phase of bismuth oxide, the system should be substituted 

within the composition range of 20 to 25 mol%. These compositions may not be as 

conductive as materials with less substituent, but they can withstand heating and 

cooling cycles as desired by a suitable solid electrolyte.  

 

6.3 Annealing Duration  
The heat treatment during synthesis was investigated in efforts of optimizing the 

synthetic route to the desired phase. Materials with composition Bi0.75Sm0.25O1.5 were 

annealed for 5-, 10- or 15-hours at 750 °C. The laboratory XRD results of the 25 

mol% samarium material annealed for the respective durations produced similar 

diffraction peaks. The XRD patterns all comprised of sharp Bragg peaks with no 

relative shifts along the 2𝜃 axis. The Rietveld refinements of diffraction data showed 

that all three materials have similar lattice parameters and displacement parameters, 

however the crystallite sizes exhibited an unexpected trend. The 5- and 10-hour 

annealed samples had similar crystallite sizes of 116 and 100 nm respectively, while 

the 15-hour annealed sample had a smaller crystallite size of 72.8 nm. It was 

predicted that as annealing is continued, materials would have improved crystallinity. 

These materials require further examination to understand the structural behaviour 
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during annealing. The ambient Raman scattering of these materials was measured, 

which showed that the characteristic Raman bands remained consistent as 

annealing duration was varied. The most significant difference with increased 

annealing time was the Raman bands becoming sharper and more resolved, which 

is indicative of improved crystallinity. These results contradict the XRD refinements, 

however it is worth noting that the XRD is measuring the average structure of the 

material and Raman scattering measures the local structure. The electrochemical 

impedance of the 5-, 10- and 15-hour annealed samples showed no direct 

relationship between annealing duration and ionic conductivity. The 5- and 15-hour 

annealed samples shared a strong overlap with almost identical conductivities in 

both heating and cooling cycles. On the other hand, the 10-hour annealed sample 

had slightly lower conductivity. These results do not correlate with XRD 

measurements that showed a strong structural similarity between the 10- and 15-

hour annealed samples. The relationship between annealing duration and ionic 

conductivity could be more accurately determined by investigating additional 

annealing durations. The investigation of this synthetic parameter revealed that 

annealing time does not seem to have a significant influence on phase behavior. In 

an energy conscious society, annealing rhombohedral phase materials for 5 hours 

has proven to be sufficient.  

 

6.4 Annealing Temperature  
The temperature-dependent behaviour of the rhombohedral phase was investigated 

by annealing substituted bismuth oxide at different temperatures. Based on various 

literature sources, the rhombohedral phase converts from the high temperature 

Fm3̅m cubic phase at approximately 650 °C during cooling. Therefore, two 

temperatures were selected for the annealing step; one below and the other above 

the proposed phase transition temperature. 25 mol% samarium substituted 

bismuthate was subjected to annealing at either 610 °C or 750 °C for 5 hours. The 

laboratory XRD results of annealing at 750 °C was characterized by sharp, well-

resolved peaks that could all be assigned to the desired rhombohedral phase. On 

the other hand, the average structure of the 610 °C annealed sample produced 

broad, overlapping peaks in its XRD pattern. This was indicative of a phase mixture 

that was confirmed by a Rietveld refinement of the XRD results. The 610 °C 

annealed sample seems to form a rhombohedral-cubic phase mixture, however the 

major phase is rhombohedral. It is interesting to note that the rhombohedral phase is 

stable around 610 °C, and may require longer annealing durations to remove 

impurity phases and potentially improve crystallinity. The desired phase formation at 

lower temperatures contributes to the phase suitability as a SOFC electrolyte. The 

ambient Raman scattering of the different annealing temperatures in the 25 mol% 

gadolinium substituted material produced largely similar spectra. The only notable 

difference between the two spectra was the heightened intensities of Raman bands 

in the 750 °C annealed sample, compared to that of the 610 °C annealed material. 

While different substituents were used in XRD and Raman scattering measurements, 
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the XRD results indicate significant structural differences from the two annealing 

temperatures, which does not complement the Raman scattering data. Even though 

Raman scattering probes the local structure, similarity between the two techniques is 

expected. A multipoint mapping measurement of the 610 °C annealed gadolinium 

sample was completed to ensure the homogeneity of the sample throughout its 

dimensions. The mapping did not reveal any significant differences between all 64 

points measured. This confirmed the accuracy of the closely related Raman spectra 

of the 610 °C and 750 °C annealed materials. The impedimetric behavior of the two 

samples revealed a correlation with XRD data. Interestingly, the 610 °C annealed 

sample displayed higher conductivity throughout the heating and cooling regime. 

This could be explained by the rhombohedral – cubic phase mixture identified in 

XRD results, leading to further conversion to the highly conductive cubic phase upon 

heating. The 610 °C annealed material underwent two structural changes during 

heating, while the 750 °C annealed sample just had one. This work showed that the 

750 °C annealed sample forms the desired rhombohedral phase with structural 

stability upon heating, even though it does not display higher conductivities.  

In closing, this project has made several strides to its aim of investigating the 

formation of rhombohedral doped Bi2O3. This work provided a thorough analysis of 

phase behaviour when composition or synthesis is varied. The conductivity 

properties of the rhombohedral phase have also been extensively examined, which 

provided evidence for the widely referenced stability of the R3̅m rhombohedral 

phase. The continuation of this work can be implemented by investigating co-
substituted Bi2O3 systems as well as exploring the long-term stability of 
rhombohedral materials. In other phase types, like the cubic phase, lower 
concentration of dopants is needed to stabilise the phase when co-doping 
occurs compared to single doping. A lower extent of doping also improves 
the conductivity. The question is if the same trends are seen for the 
rhombohedral phase. This can be explored further in future work. The 
challenges with interpreting Raman spectra can also be explored by 
investigating the use of computational Density Functional (DFT) analysis and 
polarised Raman measurements.  Based on this work, it can be confidently 

stated that rhombohedral doped Bi2O3 has many properties of an acceptable solid 

electrolyte. This project contributes to the knowledge of the solid oxide 

electrolyte known as rhombohedral substituted bismuth oxide.  
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