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Abstract

Let K denote the class of semi-direct products of the form R = T oλ Zk, where k ∈ Z+,

T is a finite abelian group and λ : Zk → Aut(T ) is a group action. The non-cancellation

set of R, denoted by χ(R) is the set of all isomorphism classes of groups Q such that

Q×Z ∼= R×Z. Various authors have studied the non-cancellation in the class of K-groups.

They have described the non-cancellation through conjugacy classes of Aut(T ) where T is a

finite abelian group. We extend the study of the non-cancellation phenomena in the class of

K-group to the groups of the form R = T oλZk where T is a finite group but not necessarily

abelian. We establish a link between the Nielsen equivalence classes and the conjugacy

classes of Aut(T ). We then discuss the description of the non-cancellation set χ(R) through

Nielsen equivalence classes.
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Chapter 1

Introduction

Let P be a finitely generated nilpotent group. In [20], G. Mislin introduced the notion of the

genus set of a group P , denoted by G(P ). He defined the Mislin genus set of P to be the set

comprising of all isomorphism classes of finitely generated nilpotent groups M such that P

and M have isomorphic p-localizations for all primes p. The author also presented the compu-

tation of the order of G(P ), where P is a nilpotent group with a finite commutator subgroup.

Let N0 denote the class of finitely generated nilpotent groups with finite commutator sub-

groups. The notion of a genus set, applied to N0-groups was studied further in [10] and

[11]. For a group P belonging to the N0-class, the authors in [10] defined an abelian group

structure on the set G(P ). In [11], Hilton constructed the genus set of P ∈ N0 and showed

that G(P ) is a cyclic group of finite order.

For any group R, the non-cancellation set of R, denoted by χ(R) is the set of all isomor-

phism classes [Q] of groups Q such that Q× Z ∼= R × Z [29]. That is, the non-cancellation

set measures the extent to which the infinite cyclic group Z cannot be cancelled as a direct

factor in the isomorphism R× Z ∼= Q× Z.

In [24], R. Warfield presented a result that relates the non-cancellation set and the Mislin

genus sets of a finitely generated nilpotent group with finite commutator subgroup. The re-

sult states that for any P ∈ N0, the Mislin genus set of P coincides with the non-cancellation
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set of P . That is χ(P ) = G(P ).

Let K denote the class of semi-direct products of the form T oλ Zk, where k ∈ Z+, T

is a finite abelian group and λ : Zk → Aut(T ) is a group action.

Motivated by Warfield’s result, the non-cancellation phenomena was further studied in [26],

[28], [22] and [29]. In [26], Witbooi studied isomorphisms in the class of K-groups. He

provided a sufficient condition that has to be satisfied in order for two K-groups to be iso-

morphic [26, Theorem 2.3]. In [28], the author generalizes the Hilton-Mislin genus group

and defines a group structure on the non-cancellation set of a finitely generated group with

a finite commutator subgroup. Let R = T oλ Zk. In [22], the authors describe the group

structure on χ(R) through the notion of Nielsen equivalence classes, and the non-cancellation

set through conjugate subgroups of Aut(T ). Two epimorphisms f, g : Zk → Aut(T ) are said

to be Nielsen equivalent if there exist α ∈ Aut(T ) such that f = g ◦ α.

In this work, we extend the study of the non-cancellation phenomena in the class of K-

group to the groups of the form R = T oλ Zk where T is a finite group but not necessarily

abelian. We study the notion of Nielsen equivalence relation since this is important when

describing the non-cancellation set of a K-group. Inspired by the work of [22], we investigate

subgroups of the automorphism and determine the ones which have conjugates in Aut(T ).

From our observation, the non-cancellation set cannot be trivial whenever the automorphism

group of T is abelian. This result prompts us to investigate various cases of T which result

in Aut(T ) being abelian. Lastly, we construct the elements of the set of Nielsen equivalence

classes, denoted by RE∼nk (B) where B = Aut(T ). We prove that RE∼nk (B) is a cyclic group.

We then establish an isomorphism between the non-cancellation set and the set of Nielsen

equivalence classes.

The main purpose of Chapter 2 is to discuss basic results of group theory and lay a founda-

tion of the work to be done in the later chapters.
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In Chapter 3, we discuss some results contributed by the authors in [26], [28], [22] and

[29] on the non-cancellation phenomena in the class of K-groups.

We note that the results obtained on the non-cancellation phenomena in the class of K-

groups are restricted by the condition that T is a finite abelian group. Hence, in Chapter

4 we study the non-cancellation set of groups of the form R = T oλ Zk, where T is a finite

group but not necessarily abelian.
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Chapter 2

Preliminaries

In this chapter, we recall basic concepts of group theory [5]. We will omit the proofs to most

of the basic results as this can easily be found in any basic text on group theory.

2.1 Groups and subgroups

Definition 2.1.1.

Let R be a non empty set with a binary operation ∗. The set R is a group under the binary

operation ∗ if the following conditions are satisfied:

1. a ∗ b ∈ R for every a, b ∈ R,

2. a ∗ (b ∗ c) = (a ∗ b) ∗ c for every a, b, c ∈ R,

3. there exists an element eR called the identity element such that a ∗ eR = eR ∗ a = a for

all a ∈ R,

4. for every element a in R there exists an element called the inverse of a, denoted by a−1

such that a−1 ∗ a = a ∗ a−1 = eR.

We use 〈R, ∗〉 to denote a group under a binary operation ∗. If the binary operation ∗

is understood, we use R to denote the group. We assume that groups are multiplicative

unless stated otherwise. That is, if we are told that R is a group but the binary operation

is not explained, we assume that R is group under multiplication.
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Definition 2.1.2.

Let R be a group. If a ∗ b = b ∗ a for every a, b ∈ R then R is called an abelian group.

Proposition 2.1.3. Let R be a group under a binary operation *. The identity element

eR ∈ R such that a ∗ eR = eR ∗ a = a for all a ∈ R is unique.

Proposition 2.1.4. Let R be a group under a binary operation *. For each a ∈ R there is

a unique a−1 ∈ R such that a−1 ∗ a = a ∗ a−1 = eR.

Theorem 2.1.5. If R is a group under the binary operation ∗, then a ∗ b = a ∗ c =⇒ b = c

and b ∗ a = c ∗ a =⇒ b = c for all a, b, c ∈ R.

Theorem 2.1.6. Let R be a group with a, b ∈ R, then the linear equations a ∗ x = b

and x ∗ a = b have unique solutions in R. That is a ∗ x = b =⇒ x = a−1 ∗ b and

x ∗ a = b =⇒ x = b ∗ a−1.

Definition 2.1.7.

Let R be a group and let a ∈ R. The order of R, denoted by |R| is the number of elements

in R. A group is called finite if it has a finite number of elements. If the number of elements

in R is not finite, then R is called an infinite group. The order of a in R, denoted by o(a)

is the smallest positive integer n such that an = eR. If no such integer exists then a is said

to have an infinite order.

Definition 2.1.8.

A group R is called cyclic if R = {an | n ∈ Z} = 〈a〉 for some a ∈ R. The element a is

called the generator of R. We denote a cyclic group of order n by Cn.

Definition 2.1.9.

Let R be a group and let X be a non empty subset of R. The intersection of all subgroups of

R which contain X is called the subgroup of R generated by X. A group R is called finitely

generated if it has a finite generating subset.

Proposition 2.1.10. Properties of cyclic groups
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1. Let R be a group and let a be an element of R. The order of a is equal to the order of

a cyclic subgroup generated by a. That is o(a) = |〈a〉|.

2. Every subgroup of a cyclic group is cyclic.

3. Every cyclic group is abelian.

Example 2.1.11.

The set of integers modulo n, denoted by Zn = {0, 1, 2, . . . , n− 1} is a group under addition

modulo n and |Zn| = n.

Proof. Let a, b ∈ Zn, then we have that (a+ b)mod n ∈ Zn.

Suppose that a, b, c ∈ Zn, then

((a+ b) + c)mod n ≡ (a+ b)mod n+ c mod n

≡ a mod n+ b mod n+ c mod n

≡ a mod n+ (b+ c)mod n

≡ (a+ (b+ c))mod n.

The element 0 ∈ Zn is the identity element since (a+ 0)mod n ≡ amod n for every a ∈ Zn.

For every element a of Zn, there exists an element n− a ∈ Zn such that

(a+ (n− a))mod n ≡ 0.

Moreover, every element a of Zn can be expressed as a = 1 + 1 + . . . + 1. Thus, we say

that Zn is a cylic group generated by 1.

Example 2.1.12.

The set of units denoted by Z∗n = {k : k ∈ Zn, (k, n) = 1} is a group under multiplication

modulo n.

Theorem 2.1.13. An element k of Zn is a generator of Zn if and only if (k, n) = 1.

Definition 2.1.14.

Let R be a group and let x be an element of R. The center of R is the set

Z(R) = {x ∈ R | ax = xa, ∀a ∈ R} .
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Definition 2.1.15.

Let R be a group and let x ∈ R. The centralizer of x in R is the set

CR(x) = {a ∈ R | ax = xa} .

Definition 2.1.16.

Let R be group and let Q be a non-empty subset of R. The subset Q is called a subgroup

of R if it is a group under the same binary operation as R. We write this as Q ≤ R.

Proposition 2.1.17. Let R be a group and let Q be a non-empty subset of Q. The subset

Q is a subgroup of R if and only if the following three conditions are satisfied:

1. The identity element eR, is contained in Q.

2. If a, b ∈ Q, then ab ∈ Q.

3. If a ∈ Q, then a−1 ∈ Q.

Example 2.1.18.

Let R be a group. The center Z(R) and the centralizer CR(x) are subgroups of R.

Proof. Let R be a group and let CR(x) = {a ∈ R | ax = xa}. Then CR(x) ⊂ R and e ∈ Z(R)

since ex = xe.

Let a ∈ CR(x), then ax = xa =⇒ xa−1 = a−1x =⇒ a−1 ∈ CR(x). Lastly, suppose that

a, b ∈ CR(x), then

(ab−1)x = a(b−1x)

= a(xb−1)

= (ax)b−1

= (xa)b−1

= x(ab−1).

Thus, ab−1 ∈ CR(x).
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Definition 2.1.19.

Let R be a group and let Q be a subgroup of R with a ∈ R. The set Qa = {qa : q ∈ Q} (or

aQ = {aq : q ∈ Q}) is called the right coset of Q generated by a (or left coset of Q

generated by a).

Definition 2.1.20.

Let R be a group and let Q ≤ R. The number of distinct left (or right) cosets of Q is called

the index of Q in R and it is denoted by [R : Q].

Theorem 2.1.21. Lagrange’s Theorem

If R is a finite group and Q is a subgroup R then |Q| divides |R|.

Corollary 2.1.22. Let R be a finite group with Q ≤ R, then |R|= |Q|[R : Q].

2.2 Normal Subgroups

Definition 2.2.1.

Let R be a group. A subgroup Q of R is called a normal subgroup of R if aQ = Qa for

all a ∈ R. We write this as Q E R.

Theorem 2.2.2. Let R be group and let Q be a subgroup of R. The following conditions are

equivalent.

1. Q E R,

2. aQa−1 ⊆ Q for every a ∈ R,

3. aQa−1 = Q for every a ∈ R.

Proposition 2.2.3. If R is an abelian group then every subgroup Q of R is normal in R.

Proof. Let Q be a subgroup of an abelian group R and let a ∈ R. Then Qa = {qa : q ∈ Q}

and aQ = {aq : q ∈ Q} by definitions of left and right cosets. Since R is abelian, it follows

that aq = qa for all q ∈ R. Hence, we have that aQ = Qa for all a ∈ R.
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Definition 2.2.4.

Let R be a group and let Q be a subgroup of R. We define the multiplication of right cosets

by Qa ·Qb = Qab for all a, b ∈ R.

Lemma 2.2.5. A subgroup N of R is normal if and only if Qa · Qb = Qab is well defined

∀a, b ∈ R.

Theorem 2.2.6. Let Q be a normal subgroup of R. The set of all cosets of Q, denoted by

R/Q = {qa | a ∈ R} form a group under the operation Qa ·Qb = Qab. This group is called

the quotient group of R by Q.

Definition 2.2.7.

Let Q be a subgroup of R. The set NR(Q) = {a ∈ R | Qa = aQ} is called normalizer of

Q.

Theorem 2.2.8. Let Q be a subgroup of R. The normalizer of Q is a subgroup of R.

2.3 Homomorphisms

Definition 2.3.1.

Let R1 be a group under a binary operation ∗ and let R2 be a group under a binary operation

•. A homomorphism from R1 to R2 is a mapping θ : R1 → R2 that preserves the group

operations:

θ(a ∗ b) = θ(a) • θ(b) for all a, b in R1.

Proposition 2.3.2. Properties of group homomorphisms

Let R1 and R2 be groups such that θ : R1 → R2 is a homomorphism. Then,

1. θ(eR1) =eR2 and

2. θ(gk)={θ(g)}k for all integers k.
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Definition 2.3.3.

Let θ : R1 → R2 be a homomorphism.

1. The kernel of θ are defined to be the set Ker(θ) = {a ∈ R1 | θ(a) = eR2}.

2. The image of θ is the set Im(θ)={θ(a) | a ∈ R1}.

3. The cokernel of θ, denoted by coker(θ) is the quotient group R2/Im(θ).

Proposition 2.3.4. Let θ : R1 → R2 be a homomorphism. Then,

1. the kernel of θ is a subgroup of R1 and

2. the image of θ is a subgroup of R2.

Proposition 2.3.5. Let R1 and R2 be groups and let θ : R1 → R2 be a homomorphism. If

R1 is abelian, then θ(R1), the image of R1 under the homomorphism θ is also abelian.

Definition 2.3.6.

Let R1 and R2 be groups such that the mapping θ : R1 → R2 is group homomorphism. Then

θ is called:

1. a momorphism if it is one-to-one,

2. an epimorphism if it is onto,

3. an isomorphism if it is bijection,

4. an endomorphism if R1 = R2.

Proposition 2.3.7. Properties of isomorphisms

Let R1, R2 and R3 be groups.

1. If θ : R1 → R2 is an isomorphism, then the inverse θ−1 : R2 → R1 is also an isomor-

phism.

2. If θ : R1 → R2 and τ : R2 → R3 are isomorphisms, then the composite τθ : R1 → R3

is also an isomorphism.
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Proposition 2.3.8. Let R be a cyclic group.

1. If |R| = n, then R ∼= Zn under addition.

2. If |R| =∞, then R ∼= Z under addition.

Proof. 1. Let R be a cyclic group of order n. Define θ : R → Zn by θ(ar) = r for some

a ∈ R and r, s ∈ Z. Suppose that ar = as, then ar−s = eR ⇐⇒ r − s = qn for

some some integer q. Hence, r = s (mod n) ⇐⇒ r = s ⇐⇒ θ(ar) = θ(as). Thus, θ

is well defined and one to one.

The mapping θ : R → Zn is onto since for every r ∈ Zn, there exists a ∈ R such that

r = θ(ar).

Lastly, θ(aras) = θ(ar+s) = r + s = r + s = θ(r) + θ(s). Thus, θ : R → Zn is an

isomorphism.

Definition 2.3.9.

Let R be a group. The isomorphism class of R is the set of all groups that are isomorphic

to R.

Theorem 2.3.10. The First Isomorphism Theorem

Let θ : R → Q be a homomorphism and let Ker(θ) = K. Then K E R and R/K ∼= Im(θ).

In particular if θ is onto, then R/K ∼= Q.

Theorem 2.3.11. The Second Isomorphism Theorem

Let Q ≤ R and K E R, then Q ∩K is normal in Q and Q/Q ∩K = QK/K.

Theorem 2.3.12. The Third Isomorphism Theorem

Let Q and K be normal subgroups of R such that K ⊆ Q. Then Q/K is a normal subgroup

of Q/K and (R/K)/(Q/K) ∼= R/Q.
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2.4 Conjugacy

Definition 2.4.1.

Let R be a group. The elements a and b of R are called conjugate if b = xax−1 for some

x ∈ R. We write this as a ∼ b.

Theorem 2.4.2. Conjugacy is an equivalence relation.

Proof. Let R be a group.

1. Reflexive: for every a ∈ R we have a = eae−1. Thus, a ∼ a.

2. Symmetric: let a, b ∈ R such that a = xbx−1 for some x ∈ R. Then b = x−1ax. Hence,

a ∼ b implies b ∼ a.

3. Transitive: suppose a ∼ b and b ∼ c. Then a = xbx−1 and b = ycy−1 for some elements

x, y ∈ R. Hence, a = (xy)c(xy)−1.

Definition 2.4.3. Let R be a group and let a, b ∈ R such that b = xax−1. We say that

a and b are equivalent since there is an equivalence relation between the two elements. A

subset Q of R is called an equivalence class if it contains all the elements of R that are

equivalent to each other.

Proposition 2.4.4. Let R be a finite group and let a, b ∈ R. If b = xax−1 for some x ∈ R

then a and b have the same order.

Definition 2.4.5.

Let R be group. An element a of R is said to be self-conjugate if a = xax−1 for some

x ∈ R.

Lemma 2.4.6. Every element of an abelian group R is self-conjugate.
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Proposition 2.4.7. Let R be an abelian group. Then a ∼ b if and only if a = b.

Proof. =⇒ ) Let R be an abelian group and let a ∼ b for a, b ∈ R. Then for some x ∈ R we

have that a = xbx−1 =⇒ a = xx−1b = eb = b.

⇐= ) If R is an abelian group and a, b ∈ R such that a = b, then a = ea = eb = xx−1b =

xbx−1 =⇒ a ∼ b.

Lemma 2.4.8. Let R be a group. The centre Z(R) of R comprises of all self-conjugate

elements of R.

The following result presents a connection between the centre of an abelian group and

the group itself.

Proposition 2.4.9. If R is an abelian group then R = Z(R).

Definition 2.4.10.

Let R be a group. The conjugacy class of g ∈ R is the set of all elements of R that are

conjugate to it. We denote this set by gR = {xgx−1 | x ∈ R}.

Lemma 2.4.11. Let R be a group and let g, h ∈ R. The two conjuagacy classes gR and hR

are equal if g and h are conjugate in R. Otherwise conjugacy classes are disjoint.

Proposition 2.4.12. Let R be a group and let e ∈ R be the identity element of R. Then

1. the conjugacy class of e is the set eR = {b ∈ R |b = xex−1 for some x ∈ R} = {e}.

2. the conjugacy class of a ∈ R is the set {xax−1| x ∈ R} = {a} if a commutes with all

the elements of R.

Proposition 2.4.13. Let conjugacy relation be defined on a group R. Then,

1. every element a is contained in its own conjugacy class, that is a ∈ aR.

2. the conjugacy classes of a and b are equal if and only if b ∈ aR.

17



The number of conjugates of an element is determined by the size of its conjugacy class.

Consider an abelian group R with g ∈ R, then |gR|= 1. However, if a group is non-abelian,

then it is not easy to compute the carninalities of distinct conjugacy classes.

The next result presents a method for computing the number of conjugates of an element

for any group R.

Lemma 2.4.14. Let R be a group and let g be an element of R. The order of the conjugacy

class of g is equal to the index of its centralizer in R:

|gR|= [R : CR(g)].

If R is a finite group then |gR|<∞ for all g ∈ R.

Consider a finite group R with different conjugacy classes given by gR1 , g
R
2 , . . . , g

R
k . Then

|R| = |gR1 | + |gR2 | + . . .+ |gRk |

= [R : CR(g1)] + [R : CR(g2)] + . . .+ [R : CR(gk)]

=
k∑
i=1

[R : CR(gi)]

=
k∑
i=1

|R|
|CR(gi)|

= |Z(R)| +
∑

gi /∈Z(R)

|R|
|CR(gi)|

This is called the class equation.

Corollary 2.4.15. Let R be a finite group and let a ∈ R. The order of the conjugacy class

of a divides the order of R.

The notion of conjugacy can also be applied to subgroups.

Definition 2.4.16.

Let R be a group and let Q,K ≤ R. Then Q is called a conjugate subgroup of K if

Q = xKx−1 for some x ∈ R. A subgroup Q of R is said to be self-conjugate if Q = xQx−1.

18



Distinct conjugate subgroups are not disjoint since they all contain the identity element

eR. The next results highlights the connection between conjugacy classes and conjugate

subgroups.

Theorem 2.4.17. Every normal subgroup is the union of conjugacy classes.

Proof. Let Q be a normal subgroup of R and let q ∈ Q. Then gqg−1 ∈ gQg−1 = Q. Thus,

if q ∈ Q then its conjugacy class is also contained in Q.

2.5 Automorphisms

Definition 2.5.1.

Let R1 and R2 be groups such that θ : R1 → R2 is a group homomorphism. Then θ is said

to be an automorphism if R1 = R2 and θ is an isomorphism. The set of all automorphisms

θ of R1 is the set Aut(R1) = {θ : R1 → R1| θ is an isomorphism}.

Proposition 2.5.2. A set of automorphisms of R forms a group under composition of map-

pings.

Proof. Aut(R) is associative since function composition is associative. By Proposition 2.3.7,

the composite of isomorphisms is again an isomorphism. Hence, if τ , θ ∈ Aut(R) then

τθ ∈ Aut(R). The inverse of an isomorphism is an isomorphism. Thus, Aut(R) contains

inverses. Lastly, if θ ∈ Aut(R), then θθ−1 = θ−1θ = 1R.

Proposition 2.5.3. Let R be a group generated by a ∈ R,

1. If θ : R→ R is an automorphism, then θ(a) is a generator of R.

2. If b is a generator of R, there is a unique automorphism θ : R→ R such that θ(a) = b.

Example 2.5.4.

Let R be a group with a ∈ R and define πa : R→ R by πa(x) = axa−1. Then πa : R→ R is

an automorphism.
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Definition 2.5.5.

Let R be a group and g ∈ R, then the mapping πa : R → R defined by πa(x) = axa−1 is

called the inner automorphism of R. The set of all inner automorphisms of R form a

group known as the inner automorphism group of R, denoted by Inn(R).

Proposition 2.5.6. Let R be a group, then Inn(R) is a subgroup of Aut(R).

Lemma 2.5.7. Let R be a group and let Z(R) be the centre of R, then R/Z(R) ∼= Inn(R).

Proof. Define τ : G → Inn(R) by τ(gh) = τgh = τgτh = τ(g)τ(h), then τ is a group

homomorphism.

Let z ∈ Ker(τ), then τz = τ(z) = id : R→ R ⇐⇒ τz(x) = x ∀x ∈R⇐⇒ zxz−1 = x ⇐⇒

zx = xz. Thus, z commutes with all the elements in R, that is z ∈ Z(R). So we have that

Ker(τ) = Z(R). It follows from Theorem 2.3.10 that R/Z(R) ∼= Inn(R).

2.6 Group actions and Sylow theory

Definition 2.6.1.

Let R be a group, X a non-empty set and consider the set R×X = {(a, x) |a ∈R, x ∈ X}.

The function µ : R×X → X defined by µ(a, x) 7→ ax is called a group action if

1. µ(eR, x) = x and

2. µ(ab, x) = µ(a, µ(b, x)) for a, b ∈ R.

Example 2.6.2.

Suppose R = X, then µ(a, x) = axa−1 is a group action.

Proof. Let µ : X ×X → X be defined by µ(a, x) 7→ axa−1. Then

µ(eR, x) = eRx(eR)−1

= x.
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For every a, b ∈ R we have that:

µ(ab, x) = (ab)x(ab)−1

= (ab)x(b−1a−1)

= a(bxb−1)a−1

= a(µ(b, x))a−1

= µ(a, µ(b, x)).

Example 2.6.3.

Let R be a group and X = {Q | Q ≤ R}, then µ(a,Q) = aQa−1 is a group action.

Definition 2.6.4.

Let R be group with X ⊆ R and let µ : R × X → X be a group action on X. For every

x ∈ X we define the Orbit and the Stabilizer of x as Orb(x) = {µ(a, x) | a ∈ R} and

StabR(x) = {a ∈R | µ(a, x) = x}.

Theorem 2.6.5. The Orbit-Stabilizer Theorem

Let µ : R×X → X be a group action, then for any x ∈ X we have |Orb(x)|= [R : StabR(x)].

Definition 2.6.6.

Let p be a prime number, a group R is called a p-group if the order of R is some power of

p. If R is a p-group then a subgroup of a R is called a p-subgroup of R.

Definition 2.6.7.

Let R be a finite group and let p be a prime that divides |R|. A subgroup P of R is called

a Sylow p-subgroup of R if |P | is a power of p and [R : P ] is not divisible by p.

Theorem 2.6.8. The First Sylow theorem

Let R be a group and let p be a prime that divides |R|, then R has a Sylow p-subgroup.

Theorem 2.6.9. The Second Sylow theorem

Let R be a finite group with |R|= mpk where p is a prime dividing |R|. Then,
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1. If P and Q are the only two Sylow p-subgroups, then Q = aPa−1 for some a ∈ R.

2. If np is the number of Sylow p-subgroups , then np = 1 + kp for some k ≥ 0 and np|m.

2.7 Direct and Semi-direct products

Since we are investigating the cancellation of Z as a direct factor in the isomorphism R×Z ∼=

Q× Z, it is thus important to look at direct products. The cartesian product of the sets X

and Y forms another set X × Y , which is the set of all ordered pairs (x, y) with x ∈ X and

y ∈ Y . If H and K are groups, then H ×K is also a group with the operation on H ×K

defined by (h, k)(h′, k′) = (hh′, kk′) for h, h′ ∈ H and k, k′ ∈ K.

Definition 2.7.1.

Let H,K E R with H ∩K = {eR}. The internal direct product of H and K is the set

HK = {hk : h ∈ H, k ∈ K} and the external direct product of H and K is the set

H ×K = {(h, k) : h ∈ H, k ∈ K}.

Proposition 2.7.2. Let H and K be subgroups of R such that HK = {hk| h ∈ H and k ∈

K}.

1. If H ≤ R and K E R, then HK ≤ R.

2. If H E R and K E R, then HK = KH E R.

3. Subgroups H and K are normal in R such that R = HK and H ∩ K = {eR} if and

only if R ∼= H ×K.

4. The direct product H ×K is abelian if and only if H and K are abelian.

Definition 2.7.3.

Let n ∈ N and let R1, R2, . . . , Rn be any n groups. The direct product of R1, R2, . . . , Rn,

denoted by R1 ×R2 × . . .×Rn is the set of all ordered n-tuples (r1, r2, . . . , rn) with ri ∈ Ri

for all i = 1, . . . , n.
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Definition 2.7.4.

Let R be a group and let H and K be subgroups of R. Then R is an internal semi-direct

product of N by H if

1. R = HK,

2. K E R and

3. H ∩K = {eR}.

Definition 2.7.5.

Let H and K be groups and let θ : H → Aut(K) be a group homomorphism. The external

semi-direct product of K by H via θ is the set K oθH = {(k, h)| k ∈ K, h ∈ H} with the

binary operation ∗ defined by (k, h) ∗ (k′, h′) = (kθ(h)(k′), hh′).

Proposition 2.7.6. Let H and K be groups and let iH and iK be the identity elements of

H and K respectively. The semi-direct product, KoθH is a group under * with e = (iK , iH)

and the inverse (k, h)−1 = (θ(h−1)(k−1), h−1).

Theorem 2.7.7. Let R be group and let H, K ≤ R, then K oθ H is the external direct

product if and only if θ : H → Aut(K) is trivial.

Proof. Let (k,h)*(k′,h′)=(kk′,hh′). Then from the definition of θ : H → Aut(K) we get that

(kθ(h)(k′), hh′) = (kk′, hh′) ⇐⇒ kθ(h)(k′) = kk′ ⇐⇒ θ(h)(k′) = k′ ⇐⇒ θ(h) = iK :

K → K ⇐⇒ θ is a trivial map.

2.8 Finite abelian groups

The following result presents classification of finite abelian groups and will be essential in

the later chapters. It uses direct products and the application of Sylow theory to describe

the structure of finite abelian groups.

Theorem 2.8.1. The fundamental theorem of finite abelian groups

Let R be a finite abelian group. Then R ∼= Zn1 × Zn2 × . . .× Znk where ni > 2 for all i and

ni+1 | ni for 1 ≤ i ≤ k − 1.
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Definition 2.8.2.

Let R be a finite abelian group such that R ∼= Zn1 ×Zn2 × . . .×Znk . The integers n1, . . . , nk

are called the invariant factors of R.

Proposition 2.8.3. Let R and Q be finite abelian groups, then R ∼= Q if R and Q have the

same list of invariant factors.

Proposition 2.8.4. Let R be a finite abelian group with invariant factors n1, . . . , nk, then

|R|=
∏k

i=1 ni.

Definition 2.8.5.

Let n1, . . . , nk be the invariant factors of a finite abelian group R, we say that R is of type

(n1, n2, . . . , nk).

Example 2.8.6.

Let R be an abelian group with |R|= 20 = 22 × 5. Then we can write R as a direct product

of Q and K where |Q|= 4 and |K|= 5.

Elementary divisors Finite abelian groups Invariant factors Factorization of R

22, 5 Z4 × Z5 20 R ∼= Z20

2, 2, 5 Z2 × Z2 × Z5 10, 2 R ∼= Z10 × Z2

Definition 2.8.7. Let R be an abelian group and let Q be a subgroup of R. Then Q is

called a torsion subgroup of R if all its elements have finite order. A torsion-free abelian

group is an abelian group in which the identity element is the only element with finite order.

2.9 Nilpotent groups

Definition 2.9.1.

Let R be a group with a, b ∈ R, then the commutator of a and b, denoted by [a, b] is the

element aba−1b−1. The commutator subgroup of R, denoted by [R,R] is the subgroup

of R generated by all the commutators of R.
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Lemma 2.9.2. Let R be a group with a, b ∈ R, then [a, b]−1 = [b, a] and [a, b] = eR if and

only if R is abelian.

Definition 2.9.3.

Let H and K be subgroups of R. The commutator subgroup of H and K is the defined

as [H,K] = 〈 [h, k] | h ∈ H, k ∈ K〉.

Definition 2.9.4.

Let Z(R) = {x ∈ R | ax = xa, ∀a ∈ R} be the center of a group R and let π : R→ R/Z(R)

be a canonical epimorphism. Then π−1(Z(R/Z(R))) E R. We define

Z1(R) = Z(R) and

Zi(R) = π−1
i (Z(R/Zi−1(R)))

where i > 1 and π−1
i : R → R/Zi−1(R). The upper central series of R is the sequence of

normal subgroups of R:

{eR} = Z0(R) ⊆ Z1(R) ⊆ Z2(R) ⊆ Z3(R) ⊆ . . .

Definition 2.9.5.

Let R be a non-trivial group. Then R is said to be nilpotent if Zi(R) = R for some i. The

nilpotency class of a nilpotent group R is the smallest non-negative integer k such that

Zk(R) = R.

Proposition 2.9.6. Let R be a finite p-group, then R is nilpotent.

Proof. Let R be a group, then we have that Zi(R) E R for all i. Let R be a finite p-

group, then it follows that R/Zi(R) is also a p-group. The centre Z(R/Zi(R)) is non-

trivial if R/Zi(R) is non-trivial. Hence, Zi(R) 6= R implies that Zi(R) ⊆ Zi+1(R) and

Zi(R) 6= Zi+1(R). Hence, Zn(R) = R for some n ≥ 0 since R is finite.

Definition 2.9.7. Let R be a group and let Q be a subgroup of R. We say that Q is a

characteristic subgroup of R if for every automorphism θ of R, θ(Q) = Q.
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2.10 Rings

Definition 2.10.1.

A Ring R is a non empty set on which addition and multiplication operations are defined,

satisfying the following axioms for all a, b, c ∈ R:

1. a+ b ∈ R and ab ∈ R,

2. (a+ b) + c = a+ (b+ c) ∈ R and (ab)c = a(bc),

3. a+ b = b+ a,

4. There is a additive identity 0 ∈ R, with 0 + a = a+ 0 = a, ∀a ∈ R,

5. There is an additive inverse for each element in R that is, ∀a ∈ R there is (−a) ∈ R

such that a+ (−a) = (−a) + a = 0,

6. The distributive laws hold.

Definition 2.10.2.

The ring is said to have unity if in addition to the above properties there is a unity 1 ∈ R

such that a.1 = 1.a = a.

Definition 2.10.3.

Let R be a ring. An abelian group M is called an R-module if there is a multiplication

R×M →M such that a(x+ y) = ax+ ay, (a+ b)x = ax+ bx, a(bx) = (ab)x and 1x = x.

Definition 2.10.4.

An ideal I of a ring R with unity is a non empty subset of R closed under addition and

multiplication.

Definition 2.10.5.

A commutative ring with unity and no zero divisor is called an integral domain, denoted by

D. Let X be a subset of a ring R, the ideal generated by X, denoted by 〈X〉 is the smallest

ideal of R containing X. If X is a singleton then 〈X〉 is the principal ideal. An integral

domain D is called a principal ideal domain( or PID) if all ideals in D are principal.
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Definition 2.10.6. Let R be a ring. A left (right) annihilator of a subset Q of R is defined

by lR(Q) = {a ∈ R| aQ = 0} (rR(Q) = {a ∈ R| Qa = 0}).

2.11 The automorphism group of finite groups

In this section we investigate the structure of the automorphism group Aut(T ), given that

T is a finite abelian group. We also provide properties of this group. Motivated by the Fun-

damental Theorem of Finite Abelian groups, we discuss the automorphism group of direct

products, referring to C. J. Hillar and D. L. Rhea’s work in [8].

The group of integers Z under addition is a cyclic group generated by 1 and −1. Hence, an

isomorphism from Z to Z has to map a generator to a generator. Automorphisms preserve

the group structure, so we have the following maps, 1 7→ 1 and 1 7→ −1. Thus, there are only

two automorphisms of Z: the identity map id : Z→ Z and µ : Z→ Z defined by µ(x) = −x

for all x ∈ Z. We write Aut(Z) = {µ(x) = x ; µ(x) = −x} and |Aut(Z)|= 2. The group of

integers modulo 2 is the only unique group of order 2, hence Aut(Z) ∼= Z2.

The description of Aut(Zn) also depends on the number of generators of Zn. According

to Theorem 2.1.13, an element of Zn is a generator if it is relatively prime to n. We use the

notion of Euler-phi function to compute the number of generators of Zn.

Definition 2.11.1.

Let n ≥ 1 be an integer. The Euler phi-function, denoted by φ(n) is the number of elements

in the set {1, 2, . . . , n− 1} which are co-prime with n.

Proposition 2.11.2. Let p be a prime and let α be a positive integer. Then φ(p) = p − 1

and φ(pα) = pα − pα−1.

For cases whereby n can be factorized using more than one prime number, we have the

following result.
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Proposition 2.11.3. Let n be a natural number greater than 1. If n = pq where p and q

are prime numbers, then φ(n) = φ(p)φ(q).

Definition 2.11.4.

The automorphism group of Zn is the set:

Aut(Zn) = {σa(x) = ax mod n | σa : Zn → Zn is an isomorphism, 1 ≤ a ≤ n and (a, n) = 1}.

Proposition 2.11.5. Let n ∈ Z+ and let Aut(Zn) = {σa : Zn → Zn | σa is an isomorphism, 1 ≤

a ≤ n and (a, n) = 1 }. Then the order of Aut(Zn) is equal to φ(n).

Proof. An element a ∈ Zn generates Zn if and only if it is relatively prime to n. Hence,

it follows from the definition of φ that the number of generators of Zn is equal to φ(n).

Proposition 2.5.3 states that for every generator a of Zn there is a unique automorphism.

Hence, we have that |Aut(Zn)|= φ(n).

Next, we study groups that are isomorphic to Aut(Zn).

Proposition 2.11.6. The automorphism group of Zn is isomorphic to Z∗n.

Proof. Let θ : Aut(Zn)→ Z∗n be defined by α 7→ α(1) where α ∈ Aut(Zn). Then,

α(i) = α(1 + 1 + . . .+ 1︸ ︷︷ ︸
i times

)

= α(1) + α(1) + . . .+ α(1)︸ ︷︷ ︸
i times

= i · α(1)

Since α is onto, then there exists an element m of Zn such that α(m) = 1 ∈ Zn. So

inverse of α(1) is m modulo n since α(m) = m · α(1) = 1 and α(1) ∈ Z∗n.

Let α, β ∈ Aut(Zn) and suppose that α(1) = β(1), then

α(i) = i · α(1)

= i · β(1)

= β(i)
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for all i ∈ Zn. Thus, θ is one-to-one.

Let r ∈ Z∗n and define α : Zn → Zn by s 7→ rs mod n. From the definition of θ we have that

θ(α) = α(1) = r. Hence, there is a pre-image for r and θ is onto.

Suppose that α, β ∈ Aut(Zn), then

θ(α ◦ β) = (α ◦ β)(1)

= α(β(1))

= α(1)β(1) since α(i) = α(1) · i

= θ(α)θ(β) since α(1) = θ(α).

Thus, θ is a group isomorphism.

Proposition 2.11.7. For any prime number p, let Cp be a cyclic group of order p. Then

Aut(Cp) ∼= Cp−1.

The Fundamental Theorem of Finite Abelian groups states that every finite abelian group

is equal to the direct product of its cyclic subgroups. Motivated by this result, we investigate

the automorphism group of direct products.

Lemma 2.11.8. [8, 2.1] Let P and Q be finite groups with relatively prime orders. Then

Aut(P ×Q) ∼= Aut(P )× Aut(Q).

Proof. We show that there is a homomorphism φ from Aut(P )×Aut(Q) onto Aut(P ×Q).

Consider an automorphism α of P and an automorphism β of Q. Then φ(α, β) ∈ Aut(P×Q)

is given by

φ(α, β)(p, q) = (α(p), β(q)).

Let iP ∈ Aut(P ) and iQ ∈ Aut(Q) be the identity automorphisms of Q and P . Then

φ(iP , iQ) = iP×Q and

φ(α1α2, β1β2)(p, q) = (α1α2(p), β1β2(q)) = φ(α1, β1)φ(α2, β2)(p, q),
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for all α1, α2 ∈ Aut(P ), β1, β2 ∈ Aut(Q) and q ∈ Q, p ∈ P . Thus, φ is a homomorphism.

To show that φ is onto, let |P |= n, |Q|= m and πP : P × Q → P and πQ : P × Q → Q

be standard projection homomorphisms. Fix λ ∈ Aut(P × Q) and let γ : Q → P be a

homomorphism defined by γ(q) = πP (λ(iP , q)), where iP is the identity element of Aut(P ).

We have that L = {qn : q ∈ Q} ⊂ Ker(γ).

The set L consists of m elements since m and n are relatively prime. Hence it follows that

Ker(γ) = Q and γ is a trivial homomorphism. Similarly, δ : P → Q given by δ(p) =

πQ(λ(p, iQ)) is trivial.

Finally, define endomorphisms of P and Q as follows:

λP (p) = πP (λ(p, iQ) and λQ(q) = πQ(λ(iP , q)).

From this construction and the above arguments, we have

λ(p, q) = λ(p, iQ) · λ(iP , q) = (λP (p), λQ(q)) = φ(λP , λQ)(p, q)

for all p ∈ P and q ∈ Q. It remains to prove that λP ∈ Aut(P ) and λQ ∈ Aut(Q). It suffices

that λP and λQ are injective (since P and Q are both finite).

Let λP (p) = iP for some p ∈ P . Then λ(p, iQ) = (λP (p), λQ(iQ)) = (iP , iQ), so p = iP by

injectivity of λ. A similar argument shows that λQ ∈ Aut(Q).

Applying the above lemma to a finite abelian group yields the following result.

Proposition 2.11.9. Let R be a finite abelian group of type (pα1
1 , p

α2
2 , . . . , p

αr
r ) where p1, p2, . . .

and pr are distinct primes. Then

Aut(R) ∼= Aut(Zp1α1 )× Aut(Zp2α2 )× . . .× Aut(Zprαr ).

Proof. Let R be a finite abelian group. Suppose that p1, p2, . . . and pr are distinct primes such

that Zp1α1 , Zp2α2 , . . . ,Zprαr are cyclic subgroups of R. Then it follows from the fundamental

theorem of finite abelian groups that R ∼= Zp1α1 × Zp2
α2 × . . . × Zprαr . Applying Lemma

2.11.8 yields:

Aut(Zp1α1 × Zp2α2 × . . .× Zprαr ) ∼= Aut(Zp1α1 )× Aut(Zp2α2 )× . . .× Aut(Zprαr ).
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2.12 Subgroups of the automorphism group

In this section we discuss normal subgroups of the automorphism group.

Every non-trivial group R has at least two normal subgroups, the improper subgroup R and

the trivial subgroup {eR}.

Proposition 2.12.1. Let R be a finite abelian group and let 1R : R → R be the identity

automorphism. Then {1R} is a normal subgroup of Aut(R).

Proof. Let α ∈ Aut(R). The only element of {1R} is 1R and α1Rα
−1 = 1R ∈ {1R}. Hence,

{1R} is normal in Aut(R).

The centre Z(R) of R always forms a normal subgroup of R since it comprises self-

conjugate elements.

Proposition 2.12.2. Let R be a finite abelian group. Then the centre Z(Aut(R)) is a

normal subgroup of Aut(R).

Proof. Let Z = Z(Aut(R)) and let α ∈ Aut(R), β ∈ Z. Then αβ = βα by definition of Z.

Thus, αZ ⊆ Zα and Zα ⊆ αZ since α is chosen arbitrarily. Hence, Z is a normal subgroup

of Aut(R).

Proposition 2.12.3. Let R be a group. If H is a subset of Z(Aut(R)) = Z then H is a

normal subgroup of Z. Furthermore H is not necessarily normal in Aut(R).

Proof. We have that H ⊆ Z E Aut(R) and H ≤ Aut(R). The centre forms a group under

the same operation as Aut(R). Also, H ⊆ Z(Aut(R)) and H forms a group under same

operation as Aut(R), hence as Z(Aut(R)). Thus, H ≤ Z(Aut(R)).

The centre of Aut(R) is abelian and H ≤ Z E Aut(R), hence H is normal in Z since

subgroups of an abelian group are normal.

However, the relation of normality is not an equivalence relation. So we do not have enough

information to conclude that H is normal in Aut(R).

Theorem 2.12.4. The inner automorphism group is a normal subgroup of Aut(R).
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Proof. Let ψ ∈ Aut(R) and φg ∈ Inn(R). Then

ψφgψ
−1(x) = ψ(gψ−1(x)g−1) = ψ(g)xψ(g−1) = φψ(g)(x).

Thus, ψφgψ
−1 = φψ(g) ∈ Inn(R). It follows that Inn(R) is normal in Aut(R).

Definition 2.12.5.

The automorphisms of R which are not inner automorphisms are called outer automor-

phisms. Outer automorphisms of R form the outer automorphism group, denoted by

Out(R) = Aut(R)/Inn(R).

The identity map, 1R : R→ R is an element of Inn(R). Thus, Out(R) is not a subgroup

of Aut(R) since it does not contain the identity element.

Definition 2.12.6.

An automorphism φ of R is called class preserving if for all g ∈ R, φ(g) is in the conjugacy

class of R. We denote the set of all class preserving automorphisms of R by Autc(R).

Theorem 2.12.7. The set of all class preserving automorphisms of G forms a normal sub-

group of Aut(R).

Definition 2.12.8.

Let H be a subgroup of R and let

AutH(R) = {α ∈ Aut(R) | ∀x ∈ H, α(x) = x}.

For a normal subgroup N of Aut(R), define F (N) = {x ∈ R | β(x) = x ∀β ∈ N}.

The next result highlights the connection between the characteristic subgroups of R and

the normal subgroups of Aut(R).

Lemma 2.12.9. [17] Let H ≤ R and let N E Aut(R) with AutH(R) and F (N) as defined

above. The following statements are true.

1. If H is a characteristic subgroup of R, then AutH(R) is normal in Aut(R).
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2. If N is normal in Aut(R), then F (N) is a characteristic subgroup of R.

3. If H1 and H2 are characteristic subgroups of R and H1 ≤ H2, then AutH2(R) ⊂

AutH1(R).

Proof. 1. Let α ∈ AutH(R), β ∈ Aut(R) and x ∈ H. Then β−1αβ(x) = β−1α(βx) =

β−1(βx) = x. Thus, AutH(R) is a normal subgroup of Aut(R).

2. Let N be a normal subgroup of Aut(R), α ∈ N , x ∈ F (N) with β ∈ Aut(R). Then

α(βx) = β(β−1αβ)(x) = β(x).

Proposition 2.12.10. If H1 and H2 are characteristic subgroups of R, then AutH1(R) and

AutH2(R) are normal subgroups of Aut(R). These groups form two different isomorphisms

classes, thus giving a non trivial non-cancellation set.

Definition 2.12.11.

An automorphism α of R is called central if x−1α(x) ∈ Z(R) for all x ∈ R.

Proposition 2.12.12. The set of all central automorphisms of R, denoted by Autcent(R) is

a normal subgroup of Aut(R) and Autcent(R) is equal to the centralizer of Inn(R) in Aut(R).
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Chapter 3

Non-cancellation in the class of

K-groups

3.1 The Nielsen equivalence relation

In [22] and [28], the authors described a group structure on the non-cancellation set of

semi-direct products of the form R = T oλ Zk using the Nielsen equivalence classes of epi-

morphisms from a finite rank free abelian group onto a finite abelian group. They dealt with

presentations of modules over a principal ideal domain.

In this work, we consider a commutative ring Z and Z−modules. We investigate epimor-

phisms from Zk onto a finite abelian group B. We denote the set of all this epimorphisms

by REk(B).

According to P. Witbooi [28], the description of Nielsen equivalence classes depends on the

rank of the automorphism group of T .

Definition 3.1.1. [28]

Let B be a non-trivial finite abelian group. The Prüfer rank of B, denoted by r(B) is the

smallest of the cardinalities of the generating subsets of B.

Theorem 3.1.2. [1] Let B be a group. Then

1. r(B) = 0 if B is a trivial group and

2. r(B) = 1 if B is a cyclic group.
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Notation 3.1.3.

Let T be a finite abelian group and denote the automorphism group Aut(T ) of T by B.

Following the notation from [28], we denote by m(T ) = m the number of prime divisors

(including repetitions) of |T | and d(T ) denotes the minimum number of generators of T .

The next theorem presents a result on the number of minimum number of elements in the

generating subset of Aut(T ).

Theorem 3.1.4. [25, Theorem 1] Let T be a finite group and let m be the number of prime

divisors (including repetitions) of |T |. Then,

r(Aut(T )) ≤ m +
(m2

2

)
≤ m2. (3.1)

Proof. Suppose that m ≤ 1, then we have that |T |= p, where p ≥ is a prime number. It

follows from Proposition 2.11.7 that Aut(T ) is isomorphic to a cyclic group of order p − 1.

Lastly, by Theorem 4.1.1, we have that r(AutT ) = 1. Thus, 3.1 holds.

Assume m ≥ 2, we want to show that r(Aut(T )) ≤ m +
(m2

2

)
.

Consider a characteristic subgroup N of T such that 〈1〉 ≤ N ≤ T . Then there exists a

homomorphism of Aut(T ) into Aut(N) × Aut(T/N) with kernel K. Also, K is isomorphic

to a section of Nm(T/N), [see [15, Proposition 1.C.3]].

Thus, m(K) ≤ m(N)m(T/N) and m = m(N) +m(T/N). By induction on m we have

r(Aut(T )) ≤ m(N) +
[m(N)]2

2
+ m(T/N) +

[m(T/N)]2

2
+ m(N)m(T/N)

= m +
[m(N)]2

2
+

[m(T/N)]2

2
+ m(N)m(T/N)

= m +
1

2

[
[m(N)]2 + [m(T/N)]2 + 2m(N)m(T/N)

]
= m +

1

2
[m(N) + m(T/N)]2

= m +
m2

2
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Let d be the lowest common multiple of invariant factors of B and let k ∈ N. The

following result gives a link between the group of endomorphisms of B and the group of

enedomorphisms of is Zkd.

Proposition 3.1.5. [21] Let B be a finite abelian group and let ρ : B → B be defined by

b 7→ db and let J = Im(ρ). Then h(J) ⊆ J for all endomorphisms h of B. Suppose that

β : B → B/J is a canonical epimorphism, then B/J is isomorphic to Zkd.

For every endomorphism h of B there exists a unique hJ ∈ End (Zkd) such that β ◦ h =

hJ ◦ β.

Definition 3.1.6. [21]

Let R and Q be groups such that α is an endomorphism of Rk and β is an automorphism of

Qk. Then the determinant of α is an element of R and the determinant of β is a unit of Q.

Proposition 3.1.7. [21] Let B be a finite abelian group. Consider a natural number k such

that k ≥ r(B). Suppose that h is an endomorphism of B. Then the determinant det(h) of h

is an element det(hJ)in Zd.

Lemma 3.1.8. [22, 2.1] Let B be a finite abelian group and d be the lowest common multiple

of invariant factors of B. Consider homomorphisms f, h : Zk → Zkd and α : Zkd → Zkd such

that α ◦ h = f ◦ β for some β ∈ Aut(Zk). Then

det(α)det(hJ) = ± det(fJ) mod d.

Proof. The units of Z are 1 and −1, thus det(β) = ±1 because β is an automorphism of Zk.

Let α : Zkd → Zkd and f, h : Zk → Zkd be homomorphisms such that α ◦ h = f ◦ β for some β

automorphism of Zk, then we have the following commutative diagram:

Zk Zkd

Zk Zkd .

h

β α

f
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The determinant of α is a unit of Zd.

For each f, h : Zk → Zkd there exists fJ , hJ : Zkd → Zkd. It follows by Proposition 3.1.7 that

det(f) = det(fJ) and det(h) = det(hJ). Thus,

det(α ◦ h) = det(f ◦ β)

det(α)det(h) = det(f)det(β)

det(α)det(h) = ±det(f)

det(α)det(hJ) = ±det(fJ) in Zd.

Let B be a finite abelian group, k ∈ N such that k ≥ r(B). The following definitions

and results present basic results that are essential to the study of the Nielsen equivalence

relation.

Definition 3.1.9. [22, 2.2]

Let B be a finite abelian group and let b = (b1, b2 . . . , bk) be an ordered k-tuple of elements

of B. For every bj, let dj ∈ Z such that 〈dj〉 ≤ Z and 〈dj〉 is the innihilator of 〈bj〉. The

ordered k-tuple b = (b1, b2 . . . , bk) is said to be good if the following conditions hold true:

1. There exists a natural number q, q ≤ k such that B = 〈b1〉
⊕
〈b2〉

⊕
. . .
⊕
〈bq〉 and

bj = 0 if and only if q < j ≤ k.

2. For all j < k we have that dj+1 | dj.

The definition above is closely related to the fundamental theorem of finite abelian group,

hence we say that b is good if B is a direct sum of cyclic groups 〈b1〉, 〈b2〉, . . . , 〈bk〉 and

dj+1 | dj where dj = |〈bj〉 |.

Definition 3.1.10. [22, 2.3]

For a finite abelian group B, let b = (b1, . . . , bk) be a good ordered k-tuple of elements of B.

For every integer n we define a unique homomorphism f(b,n) : Zk → B as follows:

f(b,n)(ej) =

 bj if j < k

nbk if j = k
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where e1, . . . , ek is the standard basis of Zk. For simplicity we write fn instead of f(b, n).

The next lemma presents a condition under which a homorphism fn : Zk → B is an

epimorphism.

Lemma 3.1.11. [22, 2.4] Let b = (b1, . . . , bk) be a good ordered k-tuple of elements of a

finite abelian group B. Let dk ∈ Z such that dk = |bk|, then fn is an epimorphism if n is

relatively prime to dk.

The set of all epimorphisms f : Zk → B will be denoted by REk(B).

Definition 3.1.12. [28]

Let f, g ∈ REk(B). Then f and g are said to be Nielsen equivalent if and only if there

exists an automorphism α of Zk such that f = g ◦ α. We write this as f ∼n g, the subscript

n on ∼n helps distinguish the Nielsen equivalence relation from the conjugacy relation. The

set of Nielsen equivalent classes of epimorphisms is denoted by RE∼nk (B) and the class of all

epimorphisms that are Nielsen equivalent to f is denoted by [f ].

Proposition 3.1.13. Let B be a finite abelian group. The Nielsen equivalence is an equiv-

alence relation.

Proof. 1. Let f ∈ REk(B), then f = f ◦ 1Zk . Thus, f ∼n f , giving that ∼n is reflexive.

2. Suppose f, g ∈ REk(B), then f ∼n g implies that f = g ◦α for α ∈ Aut(Zk). It follows

that g = f ◦ α−1 =⇒ g ∼n f since α−1 ∈ Aut(Zk). Thus, ∼n is symmetric.

3. Let f, g, h ∈ REk(B) such that f ∼n g and g ∼n h. Then there exist α, β ∈ Aut(Zk)

such that f = g ◦ α and g = h ◦ β. This gives f = (h ◦ β) ◦ α = h ◦ (β ◦ α). Then

β ◦ α ∈ Aut(Zk) since the automorphism group is closed under composition of maps.

Hence, f ∼n h.

The following result presents a condition under which the epimorphisms in REk(B) are

Nielsen equivalent to the unique homomorphism fn.
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Lemma 3.1.14. [22, 2.4] Let B be a finite abelian group and let b = (b1, . . . , bk) be a good

ordered k-tuple of elements of B. Let dk = |bk|. We have that every epimorphism in REk(B)

is Nielsen equivalent to some fn where (n, dk) = 1.

Proof. An automorphism of Zk has a determinant ±1. Let m,n ∈ Z be relatively prime to

dk, then m = ±n mod dk implies fn ∼n fm. So for n relatively prime to dk, the functions fn

represent all the Nielsen equivalence classes.

The next result gives some conditions for which two epimorphisms fn and fm are Nielsen

equivalent.

Lemma 3.1.15. [22, 2.6] Let B be a finite abelian group and let b = (b1, . . . , bk) be a good

ordered k-tuple of elements of B. Suppose that dk is the order of bk and let m,n ∈ Z such

that (m, dk) = (n, dk) = 1. Then fn ∼n fm if and only if there exists r ∈ Z∗ such that

m = ±n + rdk.

The following theorem gives sufficient conditions that have to be satisfied in order for

any two epimorphisms f, g : Zk → B to be Nielsen equivalent.

Theorem 3.1.16. [26, 3.4] Let B be a finite abelian group and let f, g : Zk → B be epimor-

phisms. If f(Zk) = g(Zk) and Im(f) is generated by a subset of fewer elements than k, then

there exists α ∈ Zk such that f = g ◦ α.

Proposition 3.1.17. [28, 3.1] Let B be a finite abelian group such that r(B) = k and let δ

be the greatest common divisor of the orders of the invariant factors of B. Let f, g ∈ REk(B)

and let φ ∈ End(Zk) such that f = g ◦ φ. Then coker(φ) is a finite group and |coker(φ)| is

relatively prime to δ.

Proof. For a finite abelian group B, let f, g ∈ REk(B). Let φ : Zk → Zk be an endomorphism

such that f = g ◦ φ. Then there exists an epimorphism ρ : B → Zkδ . Let y = (y1, y2, . . . , yk)

be an element of Zk and define a homomorphism η : Zk → Zkδ by η((y1, y2, y3 . . . , yk)) =

(y1, y2, y3 . . . , yk). By definition of η, there exists homomorphisms f ′, g′ : Zkδ → Zkδ such that

the following diagram is commutative.
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Zk Zk

Zkδ

Zkδ Zkδ

φ

f◦ρ

η

g◦ρ

η

f
′

Φ
g
′

Then it follows that f ′ and g′ are isomorphisms since Zkδ is finite and f ′ and g′ are epimor-

phisms. Hence, Φ = (g′)−1 ◦ f ′ is also an isomorphism. The determinant det(Φ) of Φ is a

unit of Zδ.

The determinant of Φ is the residue class of det(φ). That is det(Φ) = det(φ) mod δ. Then

det(φ) is relatively prime to δ. Also, |coker(φ)|= |det(φ)|.
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3.2 Isomorphisms in the class of K-groups

In this section we study the non-cancellation phenomena in the class of K-groups. We refer

to the work done by the authors in [22], [26], [28] and [29]. We give simplified proofs for

isomorphisms for K-groups.

We recall that a mapping µ : R × X → X is called a group action if the following con-

ditions are satisfied:

1. µ(eR, x) = x and

2. µ(ab, x) = µ(a, µ(b, x)) for a, b ∈ R.

Definition 3.2.1. [22]

Let k ∈ Z and let T be a finite abelian group. We denote by K the class of semi-direct

products of the form R = T oλ Zk, where λ : Zk → Aut(T ) is a group action.

Definition 3.2.2. [28]

Let R be a K-group, the non-cancellation set of R, denoted by χ(R) is the set of all

isomorphism classes [Q] of groups Q such that Q× Z ∼= R× Z.

Lemma 3.2.3. [29] Let R = T oλZk be a K-group, with a torsion subgroup T and a torsion-

free quotient Zk. Consider another K-group, Q = S ov Zl and let f : R → Q be a group

homomorphism. Then f induces a homomorphisms h0 : T → S and h1 : Zk → Zl.

Theorem 3.2.4. [29, 2.2] Let R = T oλ Zk and let Q = T ov Zk for some k ∈ N. Then

Q ∼= R if and only if there exist automorphisms f : T → T and h : Zk → Zk such that the

following identity holds for every t ∈ T and every z ∈ Zk,

[f ◦ λ(z)](t) = [v(h(z))](f(t)). (3.2)

Proof. Suppose that R = T oλ Zk and Q = T ov Zk such that R ∼= Q. Then φ : R → Q

induces homomorphisms f : T → T and h : Zk → Zk. Also, f and h are bijective, thus

giving f ∈ Aut(T ) and h ∈ Aut(Zk). It remains to show that (3.2) holds for all t ∈ T and
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z ∈ Zk.

Let (x, q), (y, r) denote elements of R and let (x′, q′), (y′, r′) denote elements of Q. We

define the binary operations in these groups by (x, q)(y, r) = (xλ(q)y, q + r) for R and

(x′, q′)(y′, r′) = (x′v(q′)y′, q′+ r′) for Q.

For any t ∈ T and z ∈ Zk, let φ : R → Q be defined by φ(t, z) = (f(t), h(z)). Then it

follows that

φ(t, 0) = (f(t), h(0))

= (f(t), 0)

and

φ(1, z) = (u, h(z)) where u = f(1)

By the definition of multiplication, we have that (1, z)(t, 0) = ([λ(z)] (t), z) and ([λ(z)] (t), 0) (1, z) =

([λ(z)] (t), z). Thus,

φ[(1, z)(t, 0)] = φ [([λ(z)] (t), 0) (1, z)]

= φ[[λ(z)] (t), 0)] · φ[(1, z)] since φ is a homomorphism

= (f([λ(z)] (t)), h(0)) · (f(1), h(z))

= (f([λ(z)] (t), 0)(u, h(z)) where u = f(1)

= ([f ◦ λ(z)](t) · u, h(z))

and

φ[(1, z)(t, 0)] = φ(1, z) · φ(t, 0) φ is a homomorphism

= (f(1), h(z)) · (f(t), 0)

= (u · [v(h(z))(f(t))], h(z)) where u = f(1)

= (u · [v(h(z)) ◦ f ](t), h(z)) .
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Hence,

([f ◦ λ(z)](t) · u, h(z)) = (u · [v(h(z)) ◦ f ](t), h(z))

[f ◦ λ(z)](t) · u = u · [v(h(z)) ◦ f ](t)

[f ◦ λ(z)](t) = [v(h(z)) ◦ f ](t) since T is abelian

[f ◦ λ(z)](t) = [v(h(z))](f(t)).

Conversely, suppose that there exist f ∈ Aut(T ) and h ∈ Aut(Zk) and define the function

φ : R→ Q by φ(t, z) = (f(t), h(z)). We have to show that φ is a homomorphism.

Let (x, q), (y, r) be elements of R. Then

φ((x, q)(y, r)) = φ((xλ(q)y, q + r))

= (f(xλ(q)y), h(q + r)).

It follows that f(xλ(q)y) = f(x)f(λ(q))f(y) and h(q + r) = h(q) + h(r) since f and h are

defined to be homomorphisms.

Also,

f(λ(q)) = f ◦ λ(q)

= v(h(q)) since [f ◦ λ(z)](t) = [v(h(z))](f(t))

Hence,

φ((x, q)(y, r)) = (f(xλ(q)y), h(q + r))

= (f(x)f(λ(q))f(y), h(q) + h(r))

= (f(x)v(h(q))f(y), h(q) + h(r))

= (f(x), h(q))(f(y), h(r))

= φ(x, q)φ(y, r).
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Then φ is a group homomorphism.

Finally, φ is an isomorphism since f and h are isomorphisms.

The next two results from literature are direct consequences of Theorem 3.2.4.

Theorem 3.2.5. [29, 2.3] Let T be a finite abelian group and let k ∈ N. Let R = T oλ Zk

and let Q = T ov Zk. If Q ∼= R, then λ(Zk) = αv(Zk)α−1 for some automorphism α of T .

Proof. Let θ : R → Q be an isomorphism. By Theorem 3.2.4 it follows that there exist

f ∈ Aut(T ) and h ∈ Aut(Zk) such that

f ◦ λ(z) = [v(h(z))](f)

for every z ∈ Zk.

Hence, λ(z) = f−1[v(h(z))]f ∈ f−1v(Zk)f for all z ∈ Zk. This implies that λ(Zk) ⊆

fv(Zk)f−1.

The image of v coincides with the image of v ◦ h since h : Zk → Zk is an epimorphism.

Hence, f−1v(h(z))f = λ(Zk) =⇒ f−1v(Zk)f ⊆ λ(Zk). Therefore, λ(Zk) = f−1v(Zk)f .

Theorem 3.2.6. [22, 3.2] Characterization of isomorphic K-groups

Let R = T ×u Zk and let Q = T ov Zk be K-groups. Then R ∼= Q if and only if there

exists an automorphism α of T such that u ∼n λ, where λ : Zk → Aut(T ) is defined by

λ(z) 7→ αv(z)α−1.

We deduce the following results from Theorem 3.2.4.

Corollary 3.2.7. Let h : Zk → Zk be an automorphism and let v : Zk → Aut(T ) be a group

homomorphism. Then Im(v ◦ h) = Im(v).

Proof. Let h : Zk → Zk and let v : Zk → Aut(T ), then v ◦ h : Zk → Aut(T ). Also,

Im(v) = {v(z1) | z1 ∈ Zk} ⊂ Aut(T ) and

Im(v ◦ h) = {(v ◦ h)(z2) | z2 ∈ Zk} ⊂ Aut(T ).
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Since h is an automorphism, then it is surjective. So for any z ∈ Zk there exists z1 in Zk

such that z = h(z1). Hence, v (z1) = v (h(z2)), that is

{v(z1) | z1 ∈ Zk} = {(v ◦ h)(z2) | z2 ∈ Zk}.

For subgroups Q and P of Q, were call that Q is conjugate to P if Q = xPx−1 for every

element x ∈ R.

Corollary 3.2.8. Let f : T → T and h : Zk → Zk be automorphisms and let λ, v : Zk →

Aut(T ). Then Im(λ) is conjugate to Im(v) if and only if [f ◦ λ(z)](t) = [v(h(z))] (f(t)).

Proof. Suppose that [f ◦ λ(z)](t) = [v(h(z))] (f(t)), then

[f ◦ λ(z)](t) = [v(h(z)) ◦ f ] (t)

=⇒ f ◦ λ(z) = v(h(z)) ◦ f

Then for any z ∈ Zk, it follows that

λ(z) = f−1 [v(h(z))] f

= f−1 [v(z)] f ∈ f−1
[
v(Zk)

]
f.

Hence, λ(Zk) ⊆ f−1
[
v(Zk)

]
f .

Similarly, f−1
[
v(Zk)

]
f ⊆ λ(Zk). Then v(Zk) is conjugate to λ(Zk).

Conversely, let Im(λ) ∼ Im(v). Then λ(Zk) = f−1
[
v(Zk)

]
f , where f ∈ Aut(T ). This

implies that f ◦
[
λ(Zk)

]
=
[
v(Zk)

]
◦ f . For some z ∈ Zk and f : T → T , we have that

f ◦ [λ(z)] = [v(z)] ◦ f

= [v(h(z))] ◦ f since Im(v) = Im(v ◦ h).

Let R = T oλ Zk be a K-class group. Let B = Aut(T ) and let RE∼nk (B) be the set of

Nielsen equivalent classes. Our next task is to establish a link between the Nielsen equiv-

alence classes and the conjugacy classes of B. In [22] and [26], the authors described the
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non-cancellation set of K-groups through Nielsen equivalence classes. Also, in [22], P. Wit-

booi presented a result which describes the non-cancellation set through conjugacy classes

of B. Inspired by this, we shall use the results on the non-cancellation phenomena to prove

that there is a link between the Nielsen equivalence relation and the conjugacy relation.

The following result is important for proving the link between the Nielsen equivalence classes

and the conjugacy classes.

Lemma 3.2.9. Let N and H be groups and let ρ : H → Aut(N) be a homomorphism. If

β ∈ Aut(H), then the groups N oρ H and N oρ◦β H are isomorphic.

Proof. Consider groups N and H and let ρ : H → Aut(N). For an automorphism β of H,

we define the mapping θ : N oρ H → N oρ◦β H by (n, h) 7→ (n, β−1(h)).

Suppose that (n1, h1) = (n2, h2), then n1 = n2 and h1 = h2. It follows that β−1(h1) = β−1(h2)

since β is well-defined. Hence, (n1, β
−1(h1)) = (n2, β

−1(h2)).

Recall that the binary operation inNoρH is defined by (n1, h1)∗(n2, h2) = (n1ρ(h1)(n2), h1h2).

Then θ is a homomorphism since

θ
(

(n1, h1) ∗ (n2, h2)
)

= θ
(

(n1ρ(h1)(n2), h1h2)
)

=
(

(n1ρ(h1)(n2), β−1(h1h2)
)

=
(

(n1ρ(h1)(n2), β−1(h1)β−1(h2)
)

since β is a homomorphism

and

θ(n1, h1)θ(n2, h2) = (n1, β
−1(h1)) ∗ (n2, β

−1(h2))

= (n1(ρ ◦ β)(β−1(h1))(n2), β−1(h1)β−1(h2))

= (n1ρ(h1)(n2), β−1(h1)β−1(h2)).

The mapping θ is onto since for every (n, β−1(h)) in N oρ◦β H there exists (n, h) N oρ H.

Finally, we show that θ : N oρ H → N oρ◦β H is one-to-one. Suppose that θ(n1, h1) =
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θ(n2, h2), then

(n1, β
−1(h1)) = (n2, β

−1(h2)) =⇒ n1 = n2 and β
−1(h1) = β−1(h2)

=⇒ (n1, h1) = (n2, h2).

Thus, N oρ H ∼= N oρ◦β H.

Proposition 3.2.10. Let R = T oλ Zk and Q = T ov Zk where λ, v : Zk → Aut(T ) are

group actions. If the images Im(λ) and Im(v) are conjugate in Aut(T ) then λ is Nielsen

equivalent to v.

Proof. Let R = T oλ Zk and Q = T ov Zk where λ, v : Zk → Aut(T ) are group actions.

Suppose that Im(λ) is conjugate to Im(v) in Aut(T ). It follows by Corollary 3.2.8 that

[f ◦ λ(z)](t) = [v(h(z))] (f(t)) for some automorphisms f ∈ Aut(T ) and h ∈ Aut(Zk). Then

by Theorem 3.2.4 we have that R ∼= Q, that is T oλ Zk ∼= T ov Zk.

Applying Lemma 3.2.9, we get T ov Zk ∼= T ov◦h Zk. Thus, T oλ Zk ∼= T ov◦h Zk since ∼= is

an equivalence relation.

Applying Theorem 3.2.4 and Corollary 3.2.8 to these the isomorphisms gives:

1. Im(λ) is conjugate to Im(v),

2. Im(v) is conjugate to Im(v ◦ h) and

3. Im(λ) is conjugate to Im(v ◦ h).

Hence, Im(v) is self-conjugate since Im(v) = Im(v ◦ h). Also,

Im(λ) = α−1Im(v)α for some α ∈ Aut(T )

= Im(v) since Im(v) commutes with every element of Aut(T )

= Im(v ◦ h).

Hence λ = v ◦ h.
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Following the notation in [26], we present another notation of groups in the K-class. Let

T be a finite abelian group and let q be the exponent of T . For any positive integer k,

suppose that u1, u2, , . . . , uk is a sequence of integers which are relatively prime to q, then

we denote a K-group R = T oλ Zk by R(T ;u1, u2, , . . . , uk). For simplicity, we adopt the

short-hand notation and write R(q;u1, u2, , . . . , uk) instead of R(Zq;u1, u2, , . . . , uk) where q

is relatively prime to each ui. Thus, a group R = Zn oλ Z is simply denoted by R(n, u) for

n, u ∈ Z+ with gcd(n, u) = 1.

The following results present conditions under which two K-groups are isomorphic to each

other.

Theorem 3.2.11. [26, 0.3] Let u1, u2, , . . . , uk be a sequence of integers all of which are

relatively prime to q. Then R(q;u1, u2, , . . . , uk, 1) ∼= R(q;u1, u2, , . . . , uk)× Z.

Proof. Let R = R(q;u1, u2, , . . . , uk) = Zq oλ Zk and let Q = R(q;u1, u2, , . . . , uk, 1) =

Zq ov Zk+1 where λ : Zk → Aut(Zq) and v : Zk+1 → Aut(Zq) are group actions. It follows

that λ(Zk) = v(Zk+1) and Im(λ) is generated by a subset of fewer than k + 1 elements.

Theorem 3.1.16 states that if Im(λ) = Im(v), then there exists an automorphism α of Zk+1

such that λ = v ◦ α. Hence, we shall write v ∼n λ, where n in the notation ∼n distinguishes

the Nielsen equivalence relation from the conjugacy relation.

Consider another K-group F = Zq oε Zk+1, where ε : Zk+1 → Aut(Zq) is a group action.

Then v ∼n ε. Let TR, TQ and TF denote torsion subgroups of R, Q and F respectively

and suppose Q ∼= F . Then TQ ∼= TF and their respective torsion free quotients are also

isomorphic. However, R and F have equal torsion free quotients and Zk+1 ∼= Zk × Z. Thus,

λ ∼n ε and F ∼= R× Z. This implies that Q ∼=R×Z.

Theorem 3.2.12. [27, 3.1] Let T be a finite abelian group of exponent n and let u1 and u2

be integers such that (n, u1) = (n, u2) = 1. Then the following statements are equivalent.

1. R(T ;u1) ∼= R(T ;u2),

2. u1 ≡ u2 mod n or u1u2 ≡ 1 mod n.
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Proof. For each i ∈ {1, 2}, consider an automorphism λi of T defined by t 7→ uit. Suppose

that λ1 and λ2 are the only elements of Z(Aut(T )). Let R(T ;u1) ∼= R(T ;u2). Applying

Theorem 3.2.4 gives λ1 = λ2 or λ1 = λ−1
2 . Hence, R(T ;u1) ∼= R(T ;u2) implies u1 ≡ u2 mod n

or u1u2 ≡ 1 mod n.

Next, we discuss some results on the non-cancellation phenomena in the class of K-groups.

Theorem 3.2.13. [27, 2.4] Let T be a finite abelian group. Let λ, v : Zk → Aut(T ) be group

actions such that R = T oλ Zk and Q = T ov Zk. If λ(Zk) = v(Zk), then R× Z ∼= Q× Z.

Theorem 3.2.14. [22, 3.1] Let R = T oλ Zk and Q = T ov Zk where T is a finite abelian

group. The following two statements are equivalent:

1. R× Z ∼= Q× Z,

2. λ(Zk) = αv(Zk)α−1 for some α ∈ Aut(T ).

Proof. Let R = T oλ Zk and Q = T ov Zk such that R × Z ∼= Q × Z. Define a projection

f : Zk+1 → Zk by f(ek+1) = 0, where e1, . . . , ek is the standard basis of Zk. Suppose

λ = λ1 ◦ f and v = v1 ◦ f , then R × Z ∼= T oλ1 Zk+1 and Q × Z ∼= T ov1 Zk+1. By

Theorem 3.2.5, λ1(Zk+1) = α−1v1(Zk+1)α for some α ∈ Aut(T ). Finally, λ(Zk) = λ1(Zk+1)

and v(Zk) = v(Zk+1) since f is onto. Hence, λ(Zk) = αv(Zk)α−1.

Suppose that λ(Zk) = αv(Zk)α−1 for some α ∈ Aut(T ). Let K = T oh Zk where h : Zk →

Aut(T ) is a homomorphism defined by h(z) = αλ(z)α−1. Fix α = h0 : T → T and let

h1 : Zk → Zk be an identity automorphism. Then Im(h) is conjugate to Im(λ) which

implies that h(Zk) = v(Zk). Therefore, K ×Z ∼= Q×Z =⇒ R×Z ∼= Q×Z since K ∼= R.

From the two preceding results, we can conclude that two K-groups, T oλZk and T ovZk

are in the same non-cancellation set if and only if the images Im(λ) and Im(v) coincide or

are conjugate in Aut(T ).

Recall that the non-cancellation set measures the extent to which an infinite cyclic group
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Z can be cancelled as a direct factor. Thus, before we look at the trivial case of the non-

cancellation set, we shall state a result that allows cancellation.

Lemma 3.2.15. [12] Suppose that R and Q are any groups such that R× Z ∼= Q× Z× Z.

Then R ∼= Q× Z.

Theorem 3.2.16. [26, 4.2] Let R = T oλ Zk where k ∈ Z+, T is a finite abelian group and

λ : Zk → Aut(T ) is a group action. If the image of λ in Aut(T ) can be generated by a set of

fewer elements than k then the non-cancellation set χ(R) is trivial.

Proof. Let H be a K−group such that Q×Z ∼= R×Z. Suppose that λ(Zk+1) is generated by

a subset of k elements and let v : Zk → λ(Zk+1) be a homomorphism. Then v(Zk) = λ(Zk+1)

and R ∼= (T ov Zk)× Z.

By our assumption we have that Q×Z ∼= R×Z and R×Z ∼= (T ov Zk)×Z×Z. By Lemma

3.2.15 we get that Q ∼= (T ov Zk)× Z and (T ov Zk)× Z ∼= R. Hence, R ∼= Q.

The following result follows from the description of the non-cancellation set through the

notion of Nielsen equivalence classes and the notion of conjugacy classes.

Proposition 3.2.17. Let R = ToλZk and Q = TovZk where λ, v : Zk → Aut(T ) are group

actions. If λ is Nielsen equivalent to v, then Im(λ) and Im(v) are conjugate in Aut(T ).

Proof. Suppose that λ is Nielsen equivalent to v, then λ = v◦h, where h is an automorphism

of Zk. So it follows that

λ(z) = (v ◦ h)(z) ∀z ∈ Zk

=⇒ Im(λ) = Im(v ◦ h)

=⇒ Im(λ) = Im(v) by Corollary 3.2.7

=⇒ R× Z ∼= Q× Z by Theorem 3.2.13

=⇒ Im(λ) = αIm(v)α−1 by Theorem 3.2.14
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In this section, we studied the non-cancellation phenomena in the class of K-groups.

We deduced some results that follow from Theorem 3.2.4 which states that two K-groups,

R = T oλ Zk and Q = T ov Zk are isomorphic if and only if there exist automorphisms

f : T → T and h : Zk → Zk such that [f ◦ λ(z)](t) = [v(h(z))](f(t)) for every t ∈ T and

every z ∈ Zk. We also established a link between the Nielsen equivalence classes and the

conjugacy classes.

The next section is motivated by Theorem 3.2.14 which states that two K-groups R = ToλZk

and Q = T ov Zk are in the same non cancellation set if and only if the images Im(λ) and

Im(v) are conjugate in Aut(T ).

Suppose that Ri = T oλi Zk where λi : Zk → Aut(T ) is a group action and denote by Qi

the image of λi. Recall that Im(λi) is a subgroup of Aut(T ), hence for a certain group T we

want to study its conjugate subgroups.

Consider automorphisms α and β of a finite abelian group T and let Q1 = αQ2α
−1 and Q2 =

βQ3β
−1. Then R1, R2 and R3 are in the same isomorphism class since Q1 = (αβ)Q3(αβ)−1

and αβ ∈ Aut(T ). Conjugate subgroups can be represented by one isomorphism class in the

non-cancellation set, thus if all subgroups of Aut(T ) are conjugate to each other then the

non cancellation set has only one isomorphism class.

Other subgroups of Aut(T ) which do not have conjugates form distinct isomorphism classes

in the non-cancellation set. Thus, investigating conjugate subgroups of Aut(T ) gives an

insight on the order of the non-cancellation set. In Chapter 2 we discussed the normal sub-

groups of the automorphism group. Recall that these subgroups are self conjugate. Thus, if

Im(λ) and Im(v) are normal subgroups of Aut(T ) then T oλ Zk and T ov Zk are not in the

same isomorphism class. This implies that the non-cancellation set is not trivial.

An interesting questions would then be:

“What properties should a group satisfy to ensure that all its subgroups are normal? ”

We know that all subgroups of an abelian group are normal. Hence, we have that if the
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automorphism group of T is abelian then the non-cancellation set is not trivial.

The non-cancellation phenomena has already been studied for the case where T is a fi-

nite abelian group ([22], [26], [28] and [29]). Our interest is to expand this and study the

non cancellation of groups of the form R = T oλZk where T is a finite group that is not nec-

essarily abelian. We shall begin by studying non-abelian groups with abelian automorphism

groups.
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3.3 Miller p-groups

The main results of this section are based on the following papers; G. Miller[18], D. Jonah

and M. Konvisser[14], C. Hopkins[13] and B. Earnley[4]. We discuss specific cases of T that

result in every automorphism group of T being abelian. That is, we want to answer the

question “When is the automorphism group abelian?”

There isn’t any known general condition that can ensure that the automorphism group is

abelian but various authors have studied the structures of different groups and identified

groups that have an abelian automorphism group. We shall begin by discussing the case

when T is an abelian group.

Lemma 3.3.1. [19, Lemma 6]

Let T be a cyclic group, then Aut(T ) is abelian.

Proof. Let T = 〈t〉. Consider automorphisms α and β of T . We want to show that α ◦ β =

β ◦ α.

For positive integers a and b, we have that ta, tb ∈ T . Define the automorphisms of T by:

α(t) = ta and β(t) = tb. Thus,

(α ◦ β)(t) = α(β(t))

= α(tb)

= (tb)
a

= tba

= tab a and b commute since Z is abelian

= (ta)b

= α(tb)

= α(β(t)).

Thus, β ◦ α = α ◦ β.
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Abelian groups can either be cyclic or non-cyclic. So our next task is to discuss commu-

tativity in the automorphism group of a non-cyclic group T .

Proposition 3.3.2. Let T be an abelian group that is not cyclic. Then Aut(T ) is non-

abelian.

Proof. Suppose that T = Zm × Zmd for some positive integers m and d. We first show that

Zm × Zmd is not cyclic.

In our case we have that gcd(m,md) = m 6= 1. Thus,
m ∗md

gcd(m,md)
= md is divisible by both

m and md. Therefore, for any element (a, b) ∈ Zm×Zmd the sum of l copies of (a, b) is given

by (la mod m, lb mod md). Then( m ∗md
gcd(m,md)

a mod m,
m ∗md

gcd(m,md)
b mod md

)
= (0, 0).

A cyclic subgroup generated by (a, b) has an order less than
m ∗md

gcd(m,md)
< |Zm × Zmd|.

Therefore, Zm×Zmd cannot be generated by any of its elements. This implies that Zm×Zmd
is not cyclic.

Next, we show that Aut(Zm × Zmd) is not abelian.

We define automorphisms α, β of Zm × Zmd by:

α : (x+mZ, y +mdZ) 7→ (x+ y +mZ, y +mdZ) and

β : (x+mZ, y +mdZ) 7→ (x+mZ, y + dx+mdZ).

Thus,

(α ◦ β)(mZ, 1 +mdZ) = α(β(mZ, 1 +mdZ))

= α(mZ, 1 +mdZ)

= (1 +mZ, 1 +mdZ)
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Also

(β ◦ α)(mZ, 1 +mdZ) = β(α(mZ, 1 +mdZ))

= β(1 +mZ, 1 +mdZ)

= (1 +mZ, 1 + d+mdZ)

6= (α ◦ β)(mZ, 1 +mdZ)

Hence Aut(T ) is not an abelian group.

Next, we discuss the case where a non-abelian group T has an abelian automorphism

group. In [9], H. Hilton posed the question: “Can a non-abelian group have an abelian

group of automorphisms?”

An affirmative answer to this question was first presented by G. Miller in [18]. The author

constructed a non-abelian p-group T with |T |= 64, |Aut(T )|= 27 and Aut(T ) abelian.

Definition 3.3.3.

Following [4], we call a non-abelian group with an abelian automorphism group a Miller

group.

The next theorems present the relationship between automorphisms of a Miller p-group

T and the commutator subgroup of T .

Theorem 3.3.4. [13] Let T be a Miller group, then every automorphism α of T is an identity

automorphism on [T, T ].

Definition 3.3.5.

A group T is called purely non-abelian if it does not have any non-trivial abelian factors.

Theorem 3.3.6. [13] Let T be a Miller p-group, then T is purely non-abelian.

Every finite abelian group has a minimal generating set {y1, y2, . . . ym} such that 〈yi〉 ∩

〈yj〉 = {eT} for all i 6= j. Hopkins[13] discovered that the generating set of a Miller p-group

also has this property.
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Theorem 3.3.7. [13] Let T be a Miller p-group, then there exists a generating set {y1, y2, . . . ym}

of T such that

1. if p > 2, then 〈yi〉 ∩ 〈yj〉 = {eT} for all i 6= j;

2. if p = 2, then the order of 〈yi〉 ∩ 〈yj〉 is at most 2 for all i 6= j.

Definition 3.3.8.

A group T is called special if Z(T ) = [T, T ] is abelian.

The next result presents the properties of the direct factors of a Miller p-group.

Theorem 3.3.9. [3] Let H 6= {e} be an abelian group and let K be a purely non-abelian

group. Let T = H ×K be a finite p-group. Then T is a Miller group if and only if p = 2

and H and K satisfy the following conditions:

1. H is cyclic with order 2n > 2,

2. K is a special Miller 2-group.

The automorphisms of a Miller p-group form a p-group.

Theorem 3.3.10. [13] Let T be a Miller p-group, then Aut(T ) is a p-group.

Theorem 3.3.11. [13] Let T be a Miller group, then the centre of T is non-cyclic.

The commutator subgroup of a Miller p-group has the following restriction.

Theorem 3.3.12. Let p ≥ 2 be a prime number and let T be a Miller p-group. Then the

direct product decomposition of [T, T ] has at least two cyclic factors of maximum order.

The next theorem gives the order of the generating set of a Miller p-group, depending on

the value of p.

Theorem 3.3.13. [3] Let T be a Miller p-group.

1. If p = 2, then T is generated by at least 3 elements.
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2. If p > 2 is a prime, then T is generated by at least 4 elements.

The smallest Miller p-group has an order equal to 26.

Theorem 3.3.14. Let T be a Miller p-group.

1. If p ≥ 2 is a prime, then |T |≥ p6.

2. If p is an odd prime, then |T |≥ p7.

The first non-abelian group whose automorphism group is abelian was constructed by G.

Miller[18]. The author presented this group as:

Gm = C8 oD8

= 〈u, v, w | u8 = v4 = w2 = e, wvw−1 = v−1, vuv−1 = u5, wuw−1 = u〉

where C8 is a cyclic group of order 8 and D8 is a dihedral group of order 8. (A group R of

order n is called a dihedral group if it is generated by two elements a, b such that |a|= n,

|b|= 2 and ba = a−1b.)

In [16], Macdonald investigated the generalization of Gm[16, see exercise 46, page 237].

For an integer n such that n ≥ 3, the author presented this generalization by:

Gm,n = 〈u, v, w | u2n = v4 = w2 = e, v−1uv = u1+2n−1

, z−1vw = v−1, wuw−1u−1 = e〉.

He proved that Gm,n has order 2n+3 and Aut(Gmn) is a finite abelian group of type

(2n−2, 2, 2, 2, 2, 2, 2).

In [4], B. Earnley investigated other non-abelian groups of order 64 to determine which

ones have an abelian automorphism group. The author found two more Miller p-groups of

order 26. Following the notation of authors in [3], we present these groups by:

G1 = (C4 o C4) o C4

= 〈u, v, w | vuv−1 = u−1, wuw−1 = uv2, wvw−1 = v〉
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and

G2 = (C4 × C4 × C2) o C2

= 〈u, v, w, t | u4 = v4 = w2 = t2 = e, uv = vu, uw = wu, vw = wv, txt−1 = uv2, tyt−1 = tw and

t−2wt = w〉.

These groups have a centre of order 8 and the commutator subgroup of order 4. The auto-

morphism groups of G1 and G2 are abelian with order 29. The generalization of G1 and G2

was investigated by Glasby[7].

In the next chapter we discuss the non-cancellation phenomena of groups of the form

R = T oλ Zk where T is a finite non-abelian group. We shall take T to be the Miller

2-group that was presented by Macdonald in [3]. That is, for n ≥ 3 we assume that;

T = 〈u, v, w | u2n = v4 = w2 = e, v−1uv = u1+2n−1

, z−1vw = v−1, wuw−1u−1 = e〉 and

Aut(T ) = Cn−2 × C2 × C2 × C2 × C2 × C2 × C2.
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Chapter 4

Description of the non-cancellation set

through Nielsen equivalence classes

This chapter is a continuation of the work done in Chapter 3. We extend the study of

the non-cancellation phenomena in the class of K-group to the study of non-cancellation of

groups of the form R = T oλ Zk where T is a Miller p-group.

In the first section we determine the number of Nielsen equivalence classes of epimorphisms

f : Zk → Aut(T ). The main focus of Section 4.2 is to present results that support the link

between the non-cancellation set and Nielsen equivalence classes.

4.1 The set of Nielsen equivalent classes

For this section, we consider T to be a Miller p-group whose automorphism group is a finite

abelian group of type (2n−2, 2, 2, 2, 2, 2, 2). We denote Aut(T ) by B.

According to P. Witbooi[28], the description of Nielsen equivalence classes depends on the

Prüfer rank of the automorphism group of T . The Prüfer rank of a group B, denoted by

r(B) is the smallest of the cardinalities of the generating subsets of B.

It is essential to study the computation of the rank of direct products since B is a finite

abelian group. This is because the Fundamental Theorem of finite abelian groups states

that every finite abelian group can be expressed as a direct product of its cyclic subgroups.
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Before compute the rank of B we shall recall some important terminology on the classi-

fication of finite abelian groups.

1. For a finite abelian group B we have that B ∼= Cn1 ×Cn2 × . . .×Cnk where ni > 2 for

all i and ni+1 | ni for 1 ≤ i ≤ k − 1.

2. If B is a finite abelian group such that B ∼= Cn1 × Cn2 × . . . × Cnk then the integers

n1, . . . , nk are called the invariant factors of B. Also, we say that B is a finite abelian

group of type (n1, n2, . . . , nk) and |B|=
k∏
i=1

ni.

Proposition 4.1.1. Let B be a direct product of Zn1 ,Zn2 , . . . ,Znk where ni is an integer

greater than 1. Let p be a prime divisor of each ni. If dp = |{i ≤ k : p | ni}| then

r(B) = max{dp : p prime}.

In the following example we compute the Prüfer rank of B.

Example 4.1.2. The rank of B.

1. Suppose B = Z6×Z50×Z45×Z54, then d2 = 3, d3 = 3 and d5 = 2. Thus, the rank of

B is 3.

2. Suppose that B is a finite abelian group of type (2n−2, 2, 2, 2, 2, 2, 2) where n ≥ 3 is

an integer. Applying Proposition 4.1.1 yields r(B) = d2 = 7 since 2 is the only prime

divisor of the invariant factors.

Let B be the automorphism group of T and let m be the number of prime divisors of

|Aut(T )|. Theorem 3.1.4 states that r(B) is less than or equal to m2. We provide the

following result to compute the number of prime divisors of |B|.

Lemma 4.1.3. Let B ∼= C2n−2 × C2 × C2 × C2 × C2 × C2 × C2, then m = n+ 4.

Proof. Let B ∼= C2n−2 × C2 × C2 × C2 × C2 × C2 × C2. The order of B is equal to the

product of its invariant factors, hence |B|= 2n+4. From the definition of m, it follows that

m = n+ 4.
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We recall the following definitions and notation from the previous chapter:

1. Two epimorphisms f, g : Zk → B are said to be in Nielsen equivalent if there exists an

automorphism α of Zk such that f = g ◦ α.

2. We denote the set of all Nielsen equivalent epimorphisms by RE∼nk (B).

3. Let b = (b1, . . . , bk) be a good ordered k-tuple of elements of B and let n be an integer.

We define fn : Zk → B by:

fn(ej) =

 bj if j < k

nbk if j = k

where e1, . . . , ek is the standard basis of Zk.

Let B ∼= C2n−2 ×C2×C2×C2×C2×C2×C2 and let b = (b1, . . . , bk) be a good ordered

k-tuple of elements of B. Let d be the order of bk. The maximum order of elements of

Zn1 × Zn2 . . . × Znj is equal to lcm(n1, n2, . . . , nj). Thus, we redefine d to be the lowest

common multiple of the invariant factors of B.

Theorem 3.1.15 states that for integers s and t, two epimorphisms fs, ft : Zk → B are Nielsen

equivalent if s and t are coprime with d and t = ±s mod d. Motivated by this result we

want to compute the following for the abelian group B:

1. The lowest common multiple of the invariant factors of B.

2. Integers s and t such that (s, d) = (t, d) = 1 and t = ±s mod d.

3. The number of Nielsen equivalence classes.

To compute d, we first have to determine the order of each bi.

Lemma 4.1.4. Let B ∼= C2n−2×C2×C2×C2×C2×C2×C2 and let b = (β1, β2, . . . , β7) be an

element of B. Then β1 ∈ {0, 1, 2, . . . , 2n−2 − 1} and βi ∈ {0, 1} for 2 ≤ i ≤ 7. Furthermore,

o(β1) =
2n−2

gcd(β1, 2n−2)
in C2n−2 and o(0) = 1, o(1) = 2 in C2.
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Proof. Let B ∼= C2n−2 × C2 × C2 × C2 × C2 × C2 × C2 and let (β1, β2, β3, β4, β5, β6, β7) ∈ B.

Then β1 ∈ {0, 1, 2, . . . , 2n−2 − 1} and βi ∈ {0, 1} for 2 ≤ i ≤ 7.

For any integer n such that βi is an element of Zn we have that o(βi) =
|Zn|

gcd(βi, |Zn|)
. Thus,

it follows that o(β1) =
2n−2

gcd(β1, 2n−2)
in C2n−2 . In Z2 we have that o(1) =

2

gcd(1, 2)
= 2 and

o(0) = 1 since 0 is an identity in Z2.

In the next example, we calculate d for various values of n and then we determine the

relationship between d and the number of Nielsen equivalence classes.

Example 4.1.5. The lowest common multiple of the invariant factors of B.

1. If n = 3, then B ∼= C2 × C2 × C2 × C2 × C2 × C2 × C2. Thus, the lowest common

multiple of the invariant factors of B is 2.

2. If n = 4 then B is a finite abelian group of type (4, 2, 2, 2, 2, 2, 2). Hence, d = 4.

3. If n = 5 then the invariant factors of B are 8, 2, 2, 2, 2, 2 and 2. Hence, d = 8.

Proposition 4.1.6. If B is a finite abelian group of type (2n−2, 2, 2, 2, 2, 2, 2), then d = 2n−2.

Proof. Let B ∼= C2n−2 ×C2×C2×C2×C2×C2×C2. The invariant factors of B are powers

of 2, hence the lowest common multiple of the invariant factors is equal 2n−2.

In the following examples we compute pairs of integers s and t such that (s, d) = (t, d) = 1

and t ≡ ±s mod d.

Example 4.1.7.

Let d = 4, then s, t ∈ {1, 3} since (1, 4) = (3, 4) = 1. Also 3 ≡ −1 mod 4 and 1 ≡ −3 mod 4,

hence f1 ∼n f3. Thus, we have one Nielsen equivalence class.

Example 4.1.8.

Let d = 16, then we have that s, t ∈ {1, 3, 5, 7, 9, 11, 13, 15} and 15 ≡ −1 mod 16, 13 ≡

−3 mod 16, 11 ≡ −5 mod 16 and 9 ≡ −7 mod 16. So f1 ∼n f15, f3 ∼n f13, f5 ∼n f11 and

f7 ∼n f9. Thus, we have four Nielsen equivalence classes.
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Motivated by the examples above, we propose the following results about the number of

Nielsen equivalence classes.

Lemma 4.1.9. Let T be a Miller 2-group and let B ∼= C4 × C2 × C2 × C2 × C2 × C2 × C2

be a finite abelian group. Then d = 4 and the number of Nielsen equivalence classes is equal

to 1.

Proof. Let B ∼= C4 × C2 × C2 × C2 × C2 × C2 × C2. Then |B|= 28 and B has 1 element of

order 1, 127 elements of order 2 and 128 elements of order 4. Hence, d = 4 and f1 ∼n f3 since

(1, 4) = (3, 4) = 1 and 3 ≡ −1 mod 4. So there is only one Nielsen equivalence class.

Lemma 4.1.10. For a Miller p-groups T , let B ∼= C16×C2×C2×C2×C2×C2×C2. Then

d = 16 and |RE∼nk (B)|= 4.

Proof. Let T be a Miller p-group and let B ∼= C16 × C2 × C2 × C2 × C2 × C2 × C2. Then

|B|= 29 and elements of B have orders 1, 2, 4, 8 and 16. By Lemma 3.1.15 we have the

following pairs of Nielsen equivalent epimorphisms: (f1, f15), (f3, f13), (f5, f11) and (f7, f9).

Hence, there are 4 Nielsen equivalence classes.

Next, we compute the number of Nielsen equivalence classes for d = 2n−2.

Proposition 4.1.11. Let T be a Miller p-group and let B ∼= C2n−2 × C2 × C2 × C2 × C2 ×

C2 × C2. Then d = 2n−2 and |RE∼nk (B)| = 2n−4.

Proof. Let B = Aut(T ) be a finite abelian group of type (2n−2, 2, 2, 2, 2, 2, 2), then by Propo-

sition 4.1.6 we have that d = 2n−2.

Let s, t ∈ Z+ such that (t, d) = (s, d) = 1 and t ≡ ±s mod d, then ft ∼n fs. By definition

of the Euler-Phi function we have that the number of integers in {1, 2, . . . , d− 1} which are

relatively prime to d is equal to φ(d). Hence, |RE∼nk (B)| =
φ(d)

2
since any ft ∈ RE∼nk (B)

is Nielsen equivalent to some fs ∈ RE∼nk (B). Finally, |RE∼nk (B)| = 2n−4 since

φ(d) = φ(2n−2)

= 2n−3
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Our next task is to discuss the Nielsen equivalence classes of a Miller p-group, where p

is a prime number greater than 2.

Proposition 4.1.12. Let T be a Miller p-group and let B = Aut(T ) be a finite abelian group

of type (pα, p, p, . . . , p). Then the following statements hold:

1. The lowest common multiple of invariant factors of B is d = pα.

2. The number of Nielsen equivalence classes is |RE∼nk (B)| =
pα−1(p− 1)

2
.

Proof.

1. Let T be a Miller p-group and let B be a finite abelian group of type (pα, p, p, . . . , p).

Then invariant factors of B are pα, p, p, . . . and p, which implies that the lowest common

multiple of these factors is pα. Hence, d = pα.

2. Let t and s be positive integers such that (t, d) = (s, d) = 1 and s ≡ ±t mod d. Then

fs ∼n ft. So,

|RE∼nk (B)| =
φ(d)

2

=
pα−1(p− 1)

2

The above result provides a relationship between the lowest common multiple of invariant

factors of B and the number of Nielsen equivalence classes. We will prove that the set of

Nielsen equivalence classes is a group.

Proposition 4.1.13. Let T be a Miller p-group. Define the binary operation ∗ on the set of

Nielsen equivalence classes by [ft] ∗ [fs] = [fts]. Then RE∼nk (B) is a group under ∗.
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Proof. Let T be a Miller p-group and let B = Aut(T ). Suppose that s and t are integers

which are relatively prime to d and let t ≡ ±s mod d.

We first show that ∗ is a well-defined binary operation. By definition of t and s it follows

that (ts, d) = 1 and ts ≡ ±k mod d for some k ∈ Z∗d. Hence, ∗ is well-defined since

[fts] ∈ RE∼nk (B). This also implies that the set of Nielsen equivalence classes is closed under

∗.

The identity element of RE∼nk (B) is f1 since [ft] ∗ [f1] = [f1] ∗ [ft] = [ft]. Every element

in Z∗d has an inverse, so for each ft ∈ RE∼nk (B) there exists an epimorphism fs such that

[ft] ∗ [fs] = [fs] ∗ [ft] = [f1].

Hence RE∼nk (B) is a group.

In the following example we explore some properties of elements of the group RE∼nk (B).

Example 4.1.14.

1. Let n = 5 and let d = 8. Then we have the following:

f1 ∼n f7 and f3 ∼n f5.

Consider a set {[f1], [f3]}, then every element of this set can be expressed as a power

of [f3] since 32 ≡ 1 mod 8. We have that

[f3]2 = [f3] ∗ [f3]

= [f1].

We also have that

[f3]3 = [f27]

= [f3] since 33 ≡ 3 mod 8.

2. If n = 6, then d = 16. Following Example 4.1.8, we have the following pairs of Nielsen

equivalent epimorphisms: (f1, f15), (f3, f13), (f5, f11) and (f7, f9).
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Hence, RE∼nk (B) =
{

[f1], [f3], [f5], [f7]
}

.

We also observe the following:

[f3]2 = [f9] = [f7], [f3]3 = [f11] = [f5], [f3]4 = [f1] and [f3]5 = [f243] = [f3].

Hence, we conclude that every element in
{

[f1], [f3], [f5], [f7]
}

can be expressed as

powers of [f3]. That is, for any positive integer α, we have that ([f3])α is always in

RE∼nk (B).

The above computation prompted us to investigate whether or not RE∼nk (B) is a cyclic

group. We propose the following results.

Proposition 4.1.15. If B is a finite abelian group of type (24, 2, 2, 2, 2, 2, 2), then RE∼nk (B)

is a cyclic group.

Proof. Let B be a finite abelian group of type (24, 2, 2, 2, 2, 2, 2). It follows from Example

4.1.7 that we have one Nielsen equivalence class. That is f1 ∼n f3. Thus, RE∼nk (B) is cyclic

since it has order 1.

For a case whereby B is a finite abelian group of type (216, 2, 2, 2, 2, 2, 2), we shall prove

that RE∼nk (B) is a cyclic of order 4.

Proposition 4.1.16. If B is a finite abelian group of type (216, 2, 2, 2, 2, 2, 2), then the set

Nielsen equivalence classes is a cyclic group of order 4.

Proof. Consider the set
{

[f1], [f3], [f5], [f7]
}

. We first establish an isomorphism between this

set and Z4.

In {[f1], [f3], [f5], [f7]} we have the following:

[f1]1 = [f1] =⇒ o([f1]) = 1

[f3]4 = [f1] =⇒ o([f3]) = 4

[f5]4 = [f1] =⇒ o([f5]) = 4

[f7]2 = [f1] =⇒ o([f7]) = 2.
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We show that RE∼nk (B) is isomorphic to Z4. In Z4, we have that o(0) = 1, o(1) = 4, o(2) = 2

and o(3) = 4.

The set {[f1], [f3], [f5], [f7]} has one element of order 1, one element of order 2 and two

elements of order 4. We note that the elements of Z4 also have same orders. That is, in Z4

there is one element of order 1, one element of order 2 and two elements of order 4.

Thus, we have an isomorphism α : {[f1], [f3], [f5], [f7]} → Z4 defined by:

α([f1]) = 0, α([f3]) = 1, α([f5]) = 3, and α([f7]) = 2.

Hence, {[f1], [f3], [f5], [f7]} is cyclic as Z4.

Also;

[f3]2 = [f7], [f3]3 = [f5], [f5]2 = [f7] and [f5]3 = [f3].

The elements of {[f1], [f3], [f5], [f7]} can be expressed as powers [f3] and [f5] and o([f3]) =

o([f5]) =
∣∣∣{[f1], [f3], [f5], [f7]}

∣∣∣. Hence, [f3] and [f5] are generators of {[f1], [f3], [f5], [f7]}.
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4.2 A link between the non-cancellation set and the

set of Nielsen equivalence classes

Let R = T oλZk and let B = Aut(T ) where T is a Miller p-group. In the previous section we

computed the following for a finite abelian group B: the rank, number of prime divisors of

|B|, the lowest common multiple of invariant factors of B and the number of Nielsen equiva-

lence classes. We also proved that the set of all Nielsen equivalence classes is a cyclic group.

The focus of this section is to use these computations to describe the non-cancellation set

of R through the Nielsen equivalence classes. That is, we want to establish an isomorphism

between χ(R) and RE∼nk (B).

Consider a Miller group T and let d be the lowest common multiple of the invariant factors

of B. In the previous section we computed the elements of the set of Nielsen equivalence

classes. Recall that two epimorphisms ft and fs are in the same Nielsen equivalence class if

s and t are integers such that t ≡ ±s mod d. This results in
φ(d)

2
Nielsen equivalence classes

in each RE∼nk (B), where φ(d) is the number of elements in the set of {1, 2, . . . , d − 1} that

are relatively prime to d.

We shall begin by comparing RE∼nk (B) with Z∗d/{1,−1}. Before we give the relationship

between these two groups, we shall compute the elements of Z∗d/{1, −1} for various values

of d. We will then use the structure of Z∗d/{1, −1} to explain the relationship between

Z∗d/{1, −1} and RE∼nk (B).

Example 4.2.1.

Let T be a Miller 2-group and let B be a finite abelian group of type (2n−2, 2, 2, 2, 2, 2, 2)

where n ≥ 3.
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1. If n = 4, then d = 4. Thus,

Z∗4/{1, −1} = {a{1, −1} | a ∈ Z∗4}

= {{1, −1}, {3, −3}}

= {{1, 3}}

2. Let d = 16, then

Z∗16/{1, −1} = {a{1, −1} | a ∈ Z∗16}

= {{1, −1}, {3, −3}, {5, −5}, {7, −7}, {9, −9}, {11, −11}, {13, −13}, {15, −15}}

= {{1, 15}, {3, 13}, {5, 11}, {7, 9}, {9, 7}, {11, 5}, {13, 3}, {15, 1}}

= {{1, 15}, {3, 13}, {5, 11}, {7, 9}}.

From the previous section we know that if d = 4, then we have one pair of Nielsen equiv-

alence epimorphisms, (f1, f3). We note from the example above that {1, 3} ∈ Z∗4/{1, −1}.

Also, if d = 16 then Z∗16/{1, −1} = {{1, 15}, {3, 13}, {5, 11}, {7, 9}} and we have the

following pairs of Nielsen equivalence epimorphisms: (f1, f15), (f3, f13), (f5, f11) and (f7, f9).

We observe that the elements of Z∗d/{1, −1} correspond with the elements of RE∼nk (B).

That is for every {t, s} in Z∗d/{1, −1} we have a corresponding pair of (ft, fs) of Nielsen

equivalent epimorphisms in RE∼nk (B). Thus, we give the following result.

Proposition 4.2.2. Let B be a finite abelian group and let d be the lowest common multiple

of the invariant factors of B. Then the function which sends an element n ∈ Z∗d to fn induces

an epimorphism θ : Z∗d → RE∼nk (B). Furthermore, Ker(θ) = {1,−1} and Z∗d/{1, −1} is

isomorphic to RE∼nk (B).

Proof. Let θ : Z∗d → RE∼nk (B) be defined by θ(t) = [ft]. We apply the definition of Nielsen

equivalent epimorphisms to show that θ is well-defined. The definition states that if s and t

are integers such that (t, d) = (s, d) = 1 and t ≡ ±s mod d, then ft is Nielsen equivalent to

fs, [see Lemma 3.1.15].
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Suppose that t ≡ s mod d, then if follows from Lemma 3.1.15 that ft ∼n fs. Thus, θ

is well-defined.

The mapping θ : Z∗d → RE∼nk (B) is onto since for every Nielsen equivalence class [ft] in

RE∼nk (B) there exists an element t of Z∗d.

The identity element of Z∗d is 1 and the identity element of RE∼nk (B) is [f1]. Thus, Ker(θ) =

{t ∈ Z∗d | θ(t) = [f1]}.

By the definition of θ, we have that θ(1) = [f1]. Hence, 1 ∈ Ker(θ).

Also,

1 ≡ d+ 1 mod d

≡ −(d− 1) mod d.

Following the definition of Nielsen equivalent epimorphisms we have that [f1] = [fd−1].

Thus, [f1] = [f−1] since −1 ≡ (d− 1) mod d. This implies that −1 is also in Ker(θ) since

θ(−1) = [f1].

Hence, Ker(θ) = {1,−1}.

We have established that θ : Z∗d → RE∼nk (B) is onto and Ker(θ) = {1,−1}. We recall

that the First Isomorphism Theorem states that for a homomorphism θ : R → Q such that

Ker(θ) = K, we have thatR/K ∼= Q. Thus, by Z∗d/{1, −1} ∼= RE∼nk (B).

Our interest is to establish an isomorphism θ : RE∼nk (B) → χ(R). To achieve that, we

will show that there is a relationship between χ(R) and Z∗d/{1, −1} and use this relationship

to prove that χ(R) ∼= RE∼nk (B).

For an abelian group T , this relation has already been studied in [22]. The authors presented

a condition under which χ(R) ∼= Z∗d/{1, −1}.

Theorem 4.2.3. [22, 3.8] Let T be a finite abelian group and let R = T oλ Zk be a K-group

such that the image Im(λ) of λ belongs to the centre of Aut(T ).

1. If k > rank(Im(λ), then the non-cancellation set is trivial.
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2. If k = rank(Im(λ)), then χ(R) ∼= Z∗d/{1, −1} where d is the least positive integer n

such that the rank of nIm(λ) is strictly less that the rank of Im(λ).

We note that the above result is restricted by the condition that T is a finite abelian

group. We shall investigate the relationship between χ(R) and Z∗d/{1, −1} when T is a

Miller p-group. Our work focuses on the non-cancellation set χ(R) when T is not necessarily

abelian.

Proposition 4.2.4. Let T be a Miller p-group and let R be a semi-direct product of the

form R = T oλ Zk. If d is the lowest common multiple of orders of the invariant factors of

Aut(T ), then ψ : Z∗d → χ(R) is surjective and χ(R) ∼= Z∗d/{1, −1}.

Proof. Let T be a Miller-p group let Ht = T oft Zk where ft : Zk → Aut(T ) is an epimor-

phism. Let [Ht] denote the isomorphism class of Ht, we define χ(Ht) to be the set of all

isomorphism classes of groups Q such that Q× Z ∼= Ht × Z.

Let the mapping ψ : Z∗d → χ(Ht) be defined by t 7→ [Ht]. We begin by showing that ψ :

Z∗d → χ(Ht) is a well defined map, that is, for s, t ∈ Z∗d then t ≡ s mod d =⇒ ψ(t) = ψ(s).

If t, s ∈ Z∗d such that t ≡ s mod d then it follows by the definition of Nielsen equivalent

epimorphisms that [ft] = [fs].

We recall that two epimorphisms ft and fs are said to be Nielsen equivalent if ft = fs ◦h for

some automorphism h of Zk. Thus, we have that T oft Zk ∼= T ofs◦h Zk.

Also, Lemma 3.2.9 states that for groups N and H and a homomorphism ρ : H → Aut(N),

if h ∈ Aut(H), then the groups N oρH and N oρ◦hH are isomorphic. This gives T ofs Zk ∼=

T ofs◦h Zk.

We then conclude that T oft Zk ∼= T ofs Zk, which implies that [Ht] = [Hs]. Hence, ψ is a

well defined function.

The function ψ is onto since for every [Ht] ∈ χ(Ht) there is a corresponding t ∈ Z∗d.

Next, we compute the kernel ker(ψ) = {t ∈ Z∗d | ψ(t) = [H1]}.
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Clearly 1 ∈ Ker(ψ) since 1 7→ [H1]. Also, ft is Nielsen equivalent to fs if t ≡ ±s. Hence,

1 ≡ −d+ 1 mod d

≡ −(d− 1) mod d.

Thus, [f1] = [fd−1] which implies that [f1] = [f−1] since −1 ≡ (d − 1) mod d. Since

f1 and f−1 are Nielsen equivalent we have that f1 = f−1 ◦ h for some h ∈ Aut(Zk). Thus,

T of1 Zk ∼= T of−1◦h Zk and T of−1 Zk ∼= T of−1◦h Zk. This implies that [H1] = [H−1] and

−1 7→ [H1].

Hence, −1 ∈ Ker(ψ).

The function ψ : Z∗d → χ(R) is onto and Ker(ψ) = {1,−1}. Thus, by the First Isomorphism

Theorem it follows that Z∗d/{1, −1} ∼= χ(R).

We give the following result.

Theorem 4.2.5. Let R = T oλ Zk where w : Zk → Aut(T ) is a group action. Denote

Aut(T ) by B and let d be the lowest common multiple of invariant factors of B. Then

RE∼nk (B) ∼= χ(R).

Proof. Let Aut(T ) = B be a finite abelian group. Let b = (a1, . . . , ak) be a good ordered k-

tuple of elements of B. It follows by Proposition 4.2.2 and Lemma 4.2.4 that Z∗d/{1, −1} ∼=

RE∼nk (B) and χ(R) ∼= Z∗d/{1, −1}. Thus, χ(R) ∼= RE∼nk (B).

The following proposition presents a result on the order of the non-cancellation set

of R = T oλ Zk when the automorphism group of T is a finite abelian group of type

(2n−2, 2, 2, 2, 2, 2, 2).

Proposition 4.2.6. Let T be a Miller 2-group and let B ∼= C2n−2×C2×C2×C2×C2×C2×C2.

1. If n = 4, then the non-cancellation set is trivial.

2. If n > 4, then |χ(R)| =
φ(d)

2
.
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Proof.

1. Suppose that n = 4, then |χ(R)|= 1. This implies that the non-cancellation set is

trivial.

2. Suppose that n > 4, and let d be the lowest common multiple of invariant factors of B.

By Proposition 4.2.5 we have that RE∼nk (B) ∼= χ(R). Thus, it follows by Proposition

4.1.11 that the order of χ(R) is equalt to
φ(d)

2
.
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Chapter 5

Conclusion and further work

Let R = T oλ Zk T , where λ : Zk → Aut(T ) is a group action. Various authors have studied

the non-cancellation set of R when T is a finite abelian group([22], [26], [28] and [29]). The

basis of this work is to extend the study of the non-cancellation set to groups of the form

R = T oλ Zk, where T is a finite group but not necessarily abelian.

In [22] and [28], the authors described a group structure on the non-cancellation set of R us-

ing the Nielsen equivalence classes of epimorphisms from a finite rank free abelian group onto

a finite abelian group. We discuss the non-cancellation phenomena in the class of K-groups

in Section 3.2. According to Witbooi’s result [Theorem 3.2.4], two groups R = T oλ Zk

and Q = T ov Zk are isomorphic if and only if there exist automorphisms f : T → T and

h : Zk → Zk such that the following identity holds for every t ∈ T and every z ∈ Zk,

[f ◦ λ(z)](t) = [v(h(z))](f(t)).

The authors show that R and H are in the same non-cancellation class if Im(λ) and Im(v)

are conjugate in Aut(T ). We made the following contributions:

• We give a link between the Nielsen equivalence classes and the congugacy classes of

subgroups of Aut(T ) in Proposition 3.2.10. We showed that if the two images Im(λ)

and Im(v) are conjugate in Aut(T ) then λ is Nielsen equivalent to v.

In Section 3.2, the non-cancellation set is described through congugacy classes of sub-

groups of Aut(T ). Witbooi’s result in [22] states that Q × Z ∼= G × Z if and only if
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λ(Zk) = α−1v(Zk)α for some α ∈ Aut(T ), [see Theorem 3.2.14]. Recall that for any homo-

morphism λ : Zk → Aut(T ), the image Im(λ) of λ is subgroup of Aut(T ). This prompted

us to investigate subgroups of Aut(T ) in Section 2.12.

Conjugate subgroups are represented by one isomorphism class in the non-cancellation set.

Thus, if all subgroups of Aut(T ) are conjugate to each other, then the non-cancellation set

is trivial since it has only one isomorphism class. If Aut(T ) has other subgroups which do

not have conjugates, then the non-cancellation set is not trivial since these subgroups form

distinct isomorphism classes.

Our interest is to discuss the case where the non-cancellation χ(R) is non-trivial. This

condition is met if there is at least one subgroup of Aut(T ) which does not have any con-

jugate other than itself in Aut(T ), that is if at least one subgroup of Aut(T ) is normal.

Suppose that Im(λ) is normal and Im(v) = α−1Im(u)α, then T oλ Zk is not in the same

non-cancellation set as T ov Zk and T ou Zk.

Another case that can result distinct isomorphism classes is when all subgroups of Aut(T )

are normal. To explore this case, we answer the question “What condition(s) should a group

satisfy to ensure that all its subgroups are normal?”

All subgroups of an abelian group are normal. Hence, we conclude that if Aut(T ) is an

abelian group, then the non-cancellation set of R is not trivial. We then investigate various

cases of T which result in Aut(T ) being abelian.

For an abelian group T , we look at the case where T is cyclic and the case where T is

not cyclic. A non-abelian group with an abelian automorphism group is called a Miller

group. In Section 3.3, we discussed the structure and the properties of Miller groups. We

have that the non-cancellation set of R = T oλ Zk is non-trivial if T is a cyclic group or T

is a Miller-p group.
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We go on to study the non-cancellation of R = T oλ Zk when T is a finite non-abelian

group.

Consider the automorphism group of T to be a finite abelian group of type (2n−2, 2, 2, 2, 2, 2, 2)

and denote the lowest common multiple of the invariant factors of B by d. In Section 4.1 we

constructed set of Nielsen equivalence classes for various values of n ≥ 3.

We began by computing the various values of d. We then establish a relationship between

d and n ≥ 3 in Proposition 4.1.6 which states that if B is a finite abelian group of type

(2n−2, 2, 2, 2, 2, 2, 2), then d = 2n−2.

According to Lemma 3.1.15, two epimorphisms ft and fs are Nielsen equivalent if s and

t are integers such that (s, d) = (t, d) = 1 and t ≡ ±s mod d. We used the different values

of d that we computed to determine integers s and t that satisfy these conditions. That is

we identified various pairs of Nielsen equivalent epimorphisms for each d, hence determining

the order of RE∼nk (B).

We made the following contributions:

• In Proposition 4.1.11 we showed that |RE∼nk (B)|= φ(d)

2
.

• We then generalized this result to discuss the order of the set RE∼nk (B) when T is a

Miller-p group for any prime number p such that p > 2.

For a finite abelian group B = Aut(T ), we define a binary operation ∗ on RE∼nk (B) by

[ft] ∗ [fs] = [fts]. In Proposition 4.1.13 we proved that RE∼nk (B) is a group under ∗. Using

the binary operation ∗, we explored some properties of elements of RE∼nk (B). We then made

the following contribution:

• We showed in Proposition 4.1.16 that RE∼nk (B) is a cyclic group. For a finite abelian

group B of type (216, 2, 2, 2, 2, 2, 2) we showed that RE∼nk (B) is a cyclic group of order

4. Thus, RE∼nk (B) ∼= Z4.
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We established an isomorphism θ : χ(R)→ RE∼nk (B) and made the following contribution:

• In Proposition 4.2.2 we constructed a surjection θ : Z∗d → RE∼nk (B). We also estab-

lished that Z∗d/Ker(θ) ∼= RE∼nk (B).

• We proved in Proposition 4.2.5 that χ(R) ∼= RE∼nk (B).

For further work we would refer to the work done by P. Witbooi in [28] where he defined

an abelian group structure on the non-cancellations set. Following the author’s notation,

for a group R = T oλ Zk, let n1 be the exponent of T , let n2 be the exponent of the group

Aut(T ), and let n3 be the exponent of the torsion subgroup of the centre of R. The author

defined the natural number n(R) = n1n2n3. He presented a result which states that the

function θ : Z∗n/{1,−1} → χ(R) induces a group structure on the non-cancellation set. It

would be interesting to investigate if there is a relationship between the natural number n

and the lowest common multiple of the invariant factors of B = Aut(T ) where T is a Miller

group.
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