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Abstract

Let K denote the class of semi-direct products of the form R = T x, Z*, where k € Z+,
T is a finite abelian group and A : Z*¥ — Aut(T) is a group action. The non-cancellation
set of R, denoted by x(R) is the set of all isomorphism classes of groups () such that
Q) X Z = R x 7. Various authors have studied the non-cancellation in the class of K-groups.
They have described the non-cancellation through conjugacy classes of Aut(T") where T is a
finite abelian group. We extend the study of the non-cancellation phenomena in the class of
K-group to the groups of the form R = T % ZF where T is a finite group but not necessarily
abelian. We establish a link between the Nielsen equivalence classes and the conjugacy
classes of Aut(T"). We then discuss the description of the non-cancellation set x(R) through

Nielsen equivalence classes.
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CHAPTER 1

Introduction

Let P be a finitely generated nilpotent group. In [20], G. Mislin introduced the notion of the
genus set of a group P, denoted by G(P). He defined the Mislin genus set of P to be the set
comprising of all isomorphism classes of finitely generated nilpotent groups M such that P
and M have isomorphic p-localizations for all primes p. The author also presented the compu-

tation of the order of G(P), where P is a nilpotent group with a finite commutator subgroup.

Let Ny denote the class of finitely generated nilpotent groups with finite commutator sub-
groups. The notion of a genus set, applied to Ny-groups was studied further in [10] and
[11]. For a group P belonging to the Ny-class, the authors in [10] defined an abelian group
structure on the set G(P). In [I1], Hilton constructed the genus set of P € Ny and showed

that G(P) is a cyclic group of finite order.

For any group R, the non-cancellation set of R, denoted by x(R) is the set of all isomor-
phism classes [Q)] of groups @ such that Q@ x Z = R x Z [29]. That is, the non-cancellation
set measures the extent to which the infinite cyclic group Z cannot be cancelled as a direct

factor in the isomorphism R x Z = Q) X Z.

In [21], R. Warfield presented a result that relates the non-cancellation set and the Mislin
genus sets of a finitely generated nilpotent group with finite commutator subgroup. The re-

sult states that for any P € N, the Mislin genus set of P coincides with the non-cancellation



set of P. That is x(P) = G(P).

Let K denote the class of semi-direct products of the form T x, Z*, where k € Z*, T
is a finite abelian group and X : ZF — Aut(T) is a group action.

Motivated by Warfield’s result, the non-cancellation phenomena was further studied in [20],
(28], [22] and [29]. In [26], Witbooi studied isomorphisms in the class of K-groups. He
provided a sufficient condition that has to be satisfied in order for two K-groups to be iso-
morphic [26, Theorem 2.3]. In [28], the author generalizes the Hilton-Mislin genus group
and defines a group structure on the non-cancellation set of a finitely generated group with
a finite commutator subgroup. Let R = T x Z*. In [22], the authors describe the group
structure on y(R) through the notion of Nielsen equivalence classes, and the non-cancellation
set through conjugate subgroups of Aut(T). Two epimorphisms f, g : ZF — Aut(T) are said
to be Nielsen equivalent if there exist o € Aut(T") such that f = goa.

In this work, we extend the study of the non-cancellation phenomena in the class of K-
group to the groups of the form R = T x Z* where T is a finite group but not necessarily
abelian. We study the notion of Nielsen equivalence relation since this is important when
describing the non-cancellation set of a IC-group. Inspired by the work of [22], we investigate
subgroups of the automorphism and determine the ones which have conjugates in Aut(T).
From our observation, the non-cancellation set cannot be trivial whenever the automorphism
group of T"is abelian. This result prompts us to investigate various cases of T" which result
in Aut(T') being abelian. Lastly, we construct the elements of the set of Nielsen equivalence
classes, denoted by RE;™(B) where B = Aut(T"). We prove that RE.™(B) is a cyclic group.
We then establish an isomorphism between the non-cancellation set and the set of Nielsen

equivalence classes.

The main purpose of Chapter 2 is to discuss basic results of group theory and lay a founda-

tion of the work to be done in the later chapters.



In Chapter 3, we discuss some results contributed by the authors in [26], [28], [22] and

[29] on the non-cancellation phenomena in the class of K-groups.

We note that the results obtained on the non-cancellation phenomena in the class of K-
groups are restricted by the condition that 7" is a finite abelian group. Hence, in Chapter
4 we study the non-cancellation set of groups of the form R = T x Z*, where T is a finite

group but not necessarily abelian.



CHAPTER 2

Preliminaries

In this chapter, we recall basic concepts of group theory [5]. We will omit the proofs to most

of the basic results as this can easily be found in any basic text on group theory.

2.1 Groups and subgroups

Definition 2.1.1.
Let R be a non empty set with a binary operation %. The set R is a group under the binary

operation x if the following conditions are satisfied:
1. axb e R for every a,b € R,
2. ax(bxc)=(axb)xcforevery a,b,c € R,

3. there exists an element eg called the identity element such that axer = eg *a = a for

all a € R,

4. for every element a in R there exists an element called the inverse of a, denoted by a™*

such that a ' *xa=axa™! =ep.

We use (R, x) to denote a group under a binary operation . If the binary operation x*
is understood, we use R to denote the group. We assume that groups are multiplicative
unless stated otherwise. That is, if we are told that R is a group but the binary operation

is not explained, we assume that R is group under multiplication.



Definition 2.1.2.

Let R be a group. If a *b = b x a for every a,b € R then R is called an abelian group.

Proposition 2.1.3. Let R be a group under a binary operation *. The identity element

er € R such that axegr = egxa = a for all a € R is unique.

Proposition 2.1.4. Let R be a group under a binary operation *. For each a € R there is

a unique a~! € R such that a ' xa =a*a™! = ep.

Theorem 2.1.5. If R is a group under the binary operation *, then axb=axc — b=c

andbxa=cxa = b=c foralla,b,ce R.

Theorem 2.1.6. Let R be a group with a,b € R, then the linear equations a x x = b
and x ¥ a = b have unique solutions in R. That is axx =b = x = a'xb and

rxa=b = x=>bxa '

Definition 2.1.7.

Let R be a group and let a € R. The order of R, denoted by |R| is the number of elements
in R. A group is called finite if it has a finite number of elements. If the number of elements
in R is not finite, then R is called an infinite group. The order of a in R, denoted by o(a)
is the smallest positive integer n such that a” = eg. If no such integer exists then a is said

to have an infinite order.

Definition 2.1.8.
A group R is called cyclic if R = {a" | n € Z} = (a) for some a € R. The element a is
called the generator of R. We denote a cyclic group of order n by C,.

Definition 2.1.9.
Let R be a group and let X be a non empty subset of R. The intersection of all subgroups of
R which contain X is called the subgroup of R generated by X. A group R is called finitely

generated if it has a finite generating subset.

Proposition 2.1.10. Properties of cyclic groups



1. Let R be a group and let a be an element of R. The order of a is equal to the order of
a cyclic subgroup generated by a. That is o(a) = |{a)].

2. Ewvery subgroup of a cyclic group is cyclic.

3. Every cyclic group is abelian.

Example 2.1.11.
The set of integers modulo n, denoted by Z,, = {0,1,2,...,n — 1} is a group under addition

modulo n and |Z,| = n.

Proof. Let a,b € Z,, then we have that (a + b)mod n € Z,.

Suppose that a,b, c € Z,, then

((a+0b)+c)modn = (a+ b)ymod n+ cmodn

= amodn-+bmodn-+cmodn

amodn+ (b+c)mod n
= (a+ (b+c¢))mod n.
The element 0 € Z,, is the identity element since (a + 0)mod n = amod n for every a € Z,.

For every element a of Z,, there exists an element n — a € Z,, such that

(a4 (n—a))mod n = 0.

Moreover, every element a of Z, can be expressed as a = 1+ 1+ ...+ 1. Thus, we say

that Z,, is a cylic group generated by 1. O]

Example 2.1.12.
The set of units denoted by Z; = {k : k € Z,,(k,n) = 1} is a group under multiplication

modulo n.
Theorem 2.1.13. An element k of Z,, is a generator of Z,, if and only if (k,n) = 1.

Definition 2.1.14.
Let R be a group and let  be an element of R. The center of R is the set

Z(R)={r € R| ax = za, Ya € R}.
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Definition 2.1.15.

Let R be a group and let z € R. The centralizer of z in R is the set
Cr(z) ={a € R | ax = za} .

Definition 2.1.16.
Let R be group and let () be a non-empty subset of R. The subset () is called a subgroup

of R if it is a group under the same binary operation as R. We write this as ) < R.

Proposition 2.1.17. Let R be a group and let Q) be a non-empty subset of Q). The subset
Q@ s a subgroup of R if and only if the following three conditions are satisfied:

1. The identity element eg, is contained in Q).
2. Ifa,b € Q, then ab € Q.
3. IfacQ, thena ' € Q.

Example 2.1.18.

Let R be a group. The center Z(R) and the centralizer Cr(x) are subgroups of R.

Proof. Let R be a group and let Cg(z) = {a € R | axr = za}. Then Cr(z) C Rande € Z(R)
since ex = ze.

Let a € Cgr(z), then ax = za = za ' =a 'z = a~ ' € Cr(z). Lastly, suppose that
a,b € Cg(z), then

(ab ™z = a(b™'2)

Thus, ab™! € Cg(x). O

11



Definition 2.1.19.

Let R be a group and let @ be a subgroup of R with a € R. The set Qa = {qa : ¢ € Q} (or
a® = {aq : q € Q}) is called the right coset of ) generated by a (or left coset of @
generated by a).

Definition 2.1.20.
Let R be a group and let @ < R. The number of distinct left (or right) cosets of @ is called
the index of @ in R and it is denoted by [R : Q).

Theorem 2.1.21. Lagrange’s Theorem

If R is a finite group and Q is a subgroup R then |Q| divides |R|.

Corollary 2.1.22. Let R be a finite group with Q < R, then |R|=|Q|[R : Q].

2.2 Normal Subgroups

Definition 2.2.1.
Let R be a group. A subgroup @ of R is called a normal subgroup of R if aQ) = Qa for
all a € R. We write this as ) < R.

Theorem 2.2.2. Let R be group and let () be a subgroup of R. The following conditions are

equivalent.
1. Q 4R,
2. aQat C Q for every a € R,
3. aQa™! = Q for every a € R.
Proposition 2.2.3. If R is an abelian group then every subgroup @) of R is normal in R.

Proof. Let @ be a subgroup of an abelian group R and let @ € R. Then Qa = {qa : ¢ € Q}
and a@ = {aq : q € Q} by definitions of left and right cosets. Since R is abelian, it follows
that ag = qa for all ¢ € R. Hence, we have that aQ) = Qa for all a € R. n

12



Definition 2.2.4.
Let R be a group and let ) be a subgroup of R. We define the multiplication of right cosets
by Qa - Qb = Qab for all a,b € R.

Lemma 2.2.5. A subgroup N of R is normal if and only if Qa - Qb = Qab is well defined
Va,b € R.

Theorem 2.2.6. Let () be a normal subgroup of R. The set of all cosets of ), denoted by
R/Q ={qa | a € R} form a group under the operation Qa - Qb = Qab. This group is called
the quotient group of R by Q).

Definition 2.2.7.
Let @ be a subgroup of R. The set Ng(Q) = {a € R | Qa = aQ} is called normalizer of

0.

Theorem 2.2.8. Let () be a subgroup of R. The normalizer of Q) is a subgroup of R.

2.3 Homomorphisms

Definition 2.3.1.
Let R; be a group under a binary operation * and let Ry be a group under a binary operation
e. A homomorphism from R; to Ry is a mapping 6 : Ry — R, that preserves the group

operations:

O(axb) =0(a) ®0(b) for all a,bin R;.

Proposition 2.3.2. Properties of group homomorphisms

Let Ry and Ry be groups such that 0 : Ry — Ry is a homomorphism. Then,
1. O(eg, ) =er, and

2. 0(q*)={0(9)}" for all integers k.

13



Definition 2.3.3.

Let 6 : Ry — Ry be a homomorphism.
1. The kernel of 6 are defined to be the set Ker(8) = {a € Ry | 6(a) = eg, }.
2. The image of 0 is the set Im(8)={0(a) | a € R;}.
3. The cokernel of 0, denoted by coker(#) is the quotient group Ry/Im(6).
Proposition 2.3.4. Let 0 : Ry — Ry be a homomorphism. Then,
1. the kernel of 0 is a subgroup of Ry and
2. the image of 0 is a subgroup of Rs.

Proposition 2.3.5. Let Ry and Ry be groups and let 0 : Ry — Ry be a homomorphism. If

Ry is abelian, then O(Ry), the image of Ry under the homomorphism 0 is also abelian.

Definition 2.3.6.
Let R; and Ry be groups such that the mapping 6 : Ry — R, is group homomorphism. Then
0 is called:

1. a momorphism if it is one-to-one,
2. an epimorphism if it is onto,

3. an isomorphism if it is bijection,
4. an endomorphism if Ry = R».

Proposition 2.3.7. Properties of isomorphisms

Let Ry, Ry and R3 be groups.

1. If 0 : Ry — Ry is an isomorphism, then the inverse 6=' : Ry — Ry is also an isomor-

phism.

2. If 0 : Ry — Ry and 7 : Ry — Rs3 are isomorphisms, then the composite 70 : Ry — R3

1S also an isomorphism.

14



Proposition 2.3.8. Let R be a cyclic group.
1. If |R| = n, then R = Z,, under addition.
2. If |R| = oo, then R = 7 under addition.

Proof. 1. Let R be a cyclic group of order n. Define 6 : R — Z,, by 6(a") = 7 for some
a € R and r,s € Z. Suppose that a" = a°, then a"° = eg <= r — s = qgn for
some some integer q. Hence, r = s (mod n) <= 7 =35 <= 6(a") = 6(a*). Thus, 0
is well defined and one to one.

The mapping 6 : R — Z, is onto since for every 7 € Z,, there exists a € R such that
T =0(a").
Lastly, 0(a"a®) = 0(a"*®) = r+s =7+35 = 0(r) + 0(s). Thus, § : R — Z, is an

isomorphism.

Definition 2.3.9.
Let R be a group. The isomorphism class of R is the set of all groups that are isomorphic

to R.

Theorem 2.3.10. The First Isomorphism Theorem
Let 0 : R — Q be a homomorphism and let Ker(8) = K. Then K < R and R/K = Im(0).
In particular if 6 is onto, then R/K = Q.

Theorem 2.3.11. The Second Isomorphism Theorem
Let @ < R and K < R, then QN K is normal in Q and Q/QNK = QK/K.

Theorem 2.3.12. The Third Isomorphism Theorem
Let Q and K be normal subgroups of R such that K C Q. Then Q/K is a normal subgroup

of Q/K and (R/K)/(Q/K) = R/Q.

15



2.4 Conjugacy

Definition 2.4.1.
Let R be a group. The elements a and b of R are called conjugate if b = zaz™! for some

x € R. We write this as a ~ b.
Theorem 2.4.2. Conjugacy is an equivalence relation.

Proof. Let R be a group.

1

1. Reflexive: for every a € R we have a = eae™". Thus, a ~ a.

2. Symmetric: let a,b € R such that a = xbz~! for some x € R. Then b = x~'az. Hence,

a ~ b implies b ~ a.

3. Transitive: suppose a ~ b and b ~ ¢. Then a = xbxz~! and b = ycy~! for some elements

z,y € R. Hence, a = (zy)c(zy)~'.
[

Definition 2.4.3. Let R be a group and let a,b € R such that b = zaz~!. We say that
a and b are equivalent since there is an equivalence relation between the two elements. A
subset @ of R is called an equivalence class if it contains all the elements of R that are

equivalent to each other.

Proposition 2.4.4. Let R be a finite group and let a,b € R. If b = zax~! for some v € R

then a and b have the same order.

Definition 2.4.5.
Let R be group. An element a of R is said to be self-conjugate if a = zaz~! for some

r € R.

Lemma 2.4.6. Fvery element of an abelian group R is self-conjugate.

16



Proposition 2.4.7. Let R be an abelian group. Then a ~ b if and only if a = b.

Proof. =) Let R be an abelian group and let a ~ b for a,b € R. Then for some x € R we
have that a = 2bx™! = a=axx'b=cb=0.

<= ) If R is an abelian group and a,b € R such that a = b, then a = ea = eb = xz7'b =

-1

b = a~b. O

Lemma 2.4.8. Let R be a group. The centre Z(R) of R comprises of all self-conjugate

elements of R.

The following result presents a connection between the centre of an abelian group and

the group itself.
Proposition 2.4.9. If R is an abelian group then R = Z(R).

Definition 2.4.10.
Let R be a group. The conjugacy class of g € R is the set of all elements of R that are
conjugate to it. We denote this set by g% = {xgz~! | z € R}.

Lemma 2.4.11. Let R be a group and let g, h € R. The two conjuagacy classes g¥ and h®

are equal if g and h are conjugate in R. Otherwise conjugacy classes are disjoint.
Proposition 2.4.12. Let R be a group and let e € R be the identily element of R. Then
1. the conjugacy class of e is the set e = {b € R |b=zex™" for some x € R} = {e}.

2. the conjugacy class of a € R is the set {xax™'| x € R} = {a} if a commutes with all
the elements of R.

Proposition 2.4.13. Let conjugacy relation be defined on a group R. Then,
1. every element a is contained in its own conjugacy class, that is a € a'*.

2. the conjugacy classes of a and b are equal if and only if b € a®.

17



The number of conjugates of an element is determined by the size of its conjugacy class.
Consider an abelian group R with g € R, then |¢g%|= 1. However, if a group is non-abelian,

then it is not easy to compute the carninalities of distinct conjugacy classes.

The next result presents a method for computing the number of conjugates of an element

for any group R.

Lemma 2.4.14. Let R be a group and let g be an element of R. The order of the conjugacy

class of g is equal to the index of its centralizer in R:
9= [R : Cr(9)].
If R is a finite group then |g¥|< oo for all g € R.

Consider a finite group R with different conjugacy classes given by gf, gft, ... gF. Then

R| = |gff| + g5 + ..+ |g¢]

= [R:Cr(q1)] +[R:Cr(g2)] +...+[R:Cr(g)]

= ) [R:Crl9)]

=1
k

_y
— |Cr(9:)]

=1z Y

Bl
Cr(g:)]

This is called the class equation.

Corollary 2.4.15. Let R be a finite group and let a € R. The order of the conjugacy class
of a divides the order of R.

The notion of conjugacy can also be applied to subgroups.

Definition 2.4.16.
Let R be a group and let Q, K < R. Then ( is called a conjugate subgroup of K if
Q = xKx~ ! for some z € R. A subgroup Q of R is said to be self-conjugate if Q = xQz~*.

18



Distinct conjugate subgroups are not disjoint since they all contain the identity element
er. The next results highlights the connection between conjugacy classes and conjugate

subgroups.
Theorem 2.4.17. Fvery normal subgroup is the union of conjugacy classes.

Proof. Let Q be a normal subgroup of R and let ¢ € Q. Then gqg~! € gQg! = Q. Thus,

if ¢ € @ then its conjugacy class is also contained in Q). O

2.5 Automorphisms

Definition 2.5.1.
Let Ry and Ry be groups such that 6 : Ry — Ry is a group homomorphism. Then 6 is said

to be an automorphism if Ry = R and 6 is an isomorphism. The set of all automorphisms

0 of Ry is the set Aut(Ry) ={6 : Ry — Ry| 6 is an isomorphism}.

Proposition 2.5.2. A set of automorphisms of R forms a group under composition of map-

PINgs.

Proof. Aut(R) is associative since function composition is associative. By Proposition 2.3.7,
the composite of isomorphisms is again an isomorphism. Hence, if 7, § € Aut(R) then
70 € Aut(R). The inverse of an isomorphism is an isomorphism. Thus, Aut(R) contains

inverses. Lastly, if § € Aut(R), then 007! = 6710 = 1p,. O
Proposition 2.5.3. Let R be a group generated by a € R,

1. If 0 : R — R is an automorphism, then 6(a) is a generator of R.

2. If b is a generator of R, there is a unique automorphism 0 : R — R such that 6(a) = b.

Example 2.5.4.
Let R be a group with a € R and define 7, : R — R by 7,(z) = axa™. Then 7, : R — R is

an automorphism.

19



Definition 2.5.5.
Let R be a group and g € R, then the mapping 7, : R — R defined by m,(z) = aza™' is
called the inner automorphism of R. The set of all inner automorphisms of R form a

group known as the inner automorphism group of R, denoted by Inn(R).
Proposition 2.5.6. Let R be a group, then Inn(R) is a subgroup of Aut(R).
Lemma 2.5.7. Let R be a group and let Z(R) be the centre of R, then R/Z(R) = Inn(R).

Proof. Define 7 : G — Inn(R) by 7(gh) = 7y, = 7,7 = 7(g9)7(h), then 7 is a group
homomorphism.

Let z € Ker(r),then 1, =7(2) =i4: R— R < 7.(z) =2 Vz ER < z127' =1 <
zx = xz. Thus, z commutes with all the elements in R, that is z € Z(R). So we have that

Ker(t) = Z(R). It follows from Theorem 2.3.10 that R/Z(R) = Inn(R). O

2.6 Group actions and Sylow theory

Definition 2.6.1.
Let R be a group, X a non-empty set and consider the set R x X = {(a,z) |a €R, z € X}.
The function p: R x X — X defined by p(a, z) — az is called a group action if

1. u(eg,x) =z and
2. p(ab,z) = p(a, p(b,z)) for a,b € R.

Example 2.6.2.

1

Suppose R = X, then p(a,z) = axa™" is a group action.

Proof. Let pu: X x X — X be defined by p(a,z) — ara™'. Then

pler,z) = egz(er)”

= X.

20



For every a,b € R we have that:

wlab,x) = (ab)z(ab)™
= (ab)z(b~'a™)
= a(brb 1)a!
= a(u(b,x))a™"

— pla, p(b,)).

Example 2.6.3.
Let R be a group and X = {Q | Q < R}, then u(a,Q) = aQa™! is a group action.

Definition 2.6.4.

Let R be group with X C R and let ©: R x X — X be a group action on X. For every
x € X we define the Orbit and the Stabilizer of z as Orb(z) = {u(a,z) | a € R} and
Stabr(z) = {a €R | p(a,z) = x}.

Theorem 2.6.5. The Orbit-Stabilizer Theorem
Let i : Rx X — X be a group action, then for any x € X we have |Orb(z)|= [R : Stabg(z)].

Definition 2.6.6.
Let p be a prime number, a group R is called a p-group if the order of R is some power of

p. If R is a p-group then a subgroup of a R is called a p-subgroup of R.

Definition 2.6.7.
Let R be a finite group and let p be a prime that divides |R|. A subgroup P of R is called
a Sylow p-subgroup of R if |P| is a power of p and [R : P] is not divisible by p.

Theorem 2.6.8. The First Sylow theorem

Let R be a group and let p be a prime that divides |R|, then R has a Sylow p-subgroup.

Theorem 2.6.9. The Second Sylow theorem

Let R be a finite group with |R|= mp* where p is a prime dividing |R|. Then,

21



1. If P and Q are the only two Sylow p-subgroups, then Q = aPa™' for some a € R.

2. If n, is the number of Sylow p-subgroups , then n, = 1+ kp for some k > 0 and n,|m.

2.7 Direct and Semi-direct products

Since we are investigating the cancellation of Z as a direct factor in the isomorphism R x Z ==
Q) X 7Z, it is thus important to look at direct products. The cartesian product of the sets X
and Y forms another set X x Y, which is the set of all ordered pairs (z,y) with z € X and
y €Y. If Hand K are groups, then H x K is also a group with the operation on H x K
defined by (h, k)(h', k') = (hh/, kK') for h, i/ € H and k, k' € K.

Definition 2.7.1.

Let H,K < R with H N K = {egr}. The internal direct product of H and K is the set
HK ={hk: h € H, k € K} and the external direct product of H and K is the set
HxK={(h,k): he H, ke K}.

Proposition 2.7.2. Let H and K be subgroups of R such that HK = {hk| h € H and k €
K}.

1. If H< R and K < R, then HK < R.
2. If HI R and K I R, then HK = KH < R.

3. Subgroups H and K are normal in R such that R = HK and H N K = {er} if and
only if R= H x K.

4. The direct product H X K 1is abelian if and only of H and K are abelian.

Definition 2.7.3.
Let n € N and let Ry, Ry, ..., R, be any n groups. The direct product of Ry, Rs,..., R,,
denoted by Ry X Ry X ... X R, is the set of all ordered n-tuples (r1,79,...,7,) with r; € R;

foralle=1,...,n.
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Definition 2.7.4.
Let R be a group and let H and K be subgroups of R. Then R is an internal semi-direct
product of N by H if

1. R=HK,
2. K <R and

3. HNK = {eR}.

Definition 2.7.5.

Let H and K be groups and let 6 : H — Aut(K) be a group homomorphism. The external
semi-direct product of K by H via 6 is the set K xg H = {(k,h)| k € K, h € H} with the
binary operation * defined by (k, h) * (k',h') = (kO(h)(K'), hh).

Proposition 2.7.6. Let H and K be groups and let iy and ix be the identity elements of
H and K respectively. The semi-direct product, K X9 H is a group under * with e = (ix,ip)
and the inverse (k,h)™" = (O(h~")(k~"), h™1).

Theorem 2.7.7. Let R be group and let H, K < R, then K Xy H is the external direct
product if and only if 0 : H — Aut(K) is trivial.

Proof. Let (k,h)*(k’;h/)=(kk’;hh’). Then from the definition of 6 : H — Aut(K) we get that
(kO(h)(K'),hh) = (kK',hh) <= kO(h)(K) = kk' <= O(h)(K') =k <= 6(h) =ik :

K — K <= 0 is a trivial map. O

2.8 Finite abelian groups

The following result presents classification of finite abelian groups and will be essential in
the later chapters. It uses direct products and the application of Sylow theory to describe

the structure of finite abelian groups.

Theorem 2.8.1. The fundamental theorem of finite abelian groups
Let R be a finite abelian group. Then R = Z,, X Ly, X ... X Ly, where n; > 2 for all i and

Niv1 | ng for 1 <i<k—1.
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Definition 2.8.2.
Let R be a finite abelian group such that R = Z,,, X Z,, X ... X Zy,. The integers ny,...,ny

are called the invariant factors of R.

Proposition 2.8.3. Let R and Q) be finite abelian groups, then R = Q if R and () have the

same list of invariant factors.

Proposition 2.8.4. Let R be a finite abelian group with invariant factors nq,...,ny, then

|R|= Hf:l 1.

Definition 2.8.5.

Let nq,...,n; be the invariant factors of a finite abelian group R, we say that R is of type

(ny,ng, ..., nk).

Example 2.8.6.
Let R be an abelian group with |R|= 20 = 2% x 5. Then we can write R as a direct product
of @ and K where |Q|=4 and |K|= 5.

Elementary divisors | Finite abelian groups | Invariant factors | Factorization of R
22, 5} Z4 X Z5 20 R= ZQO
2, 2, 5 ZQ X ZQ X Z5 10, 2 R= ZIO X ZQ

Definition 2.8.7. Let R be an abelian group and let ) be a subgroup of R. Then @ is
called a torsion subgroup of R if all its elements have finite order. A torsion-free abelian

group is an abelian group in which the identity element is the only element with finite order.

2.9 Nilpotent groups

Definition 2.9.1.

Let R be a group with a,b € R, then the commutator of a and b, denoted by |[a, b] is the
element aba~'b~'. The commutator subgroup of R, denoted by [R, R] is the subgroup
of R generated by all the commutators of R.
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Lemma 2.9.2. Let R be a group with a,b € R, then [a,b] ' = [b,a] and [a,b] = eg if and

only if R is abelian.

Definition 2.9.3.
Let H and K be subgroups of R. The commutator subgroup of H and K is the defined
as [H, K] = ([hk] | he H, ke K).

Definition 2.9.4.
Let Z(R) = {z € R | ax = za, Ya € R} be the center of a group R and let 7 : R — R/Z(R)
be a canonical epimorphism. Then 7~ *(Z(R/Z(R))) < R. We define

Z1(R) = Z(R) and
Zi(R) =7;Y(Z(R/Z;_1(R)))

where i > 1 and 7; ' : R — R/Z;_1(R). The upper central series of R is the sequence of

normal subgroups of R:

{er} = Zo(R) C Zi(R) C Zs(R) C Zs(R) C ...

Definition 2.9.5.
Let R be a non-trivial group. Then R is said to be nilpotent if Z;(R) = R for some i. The
nilpotency class of a nilpotent group R is the smallest non-negative integer k such that

Zx(R) = R.
Proposition 2.9.6. Let R be a finite p-group, then R is nilpotent.

Proof. Let R be a group, then we have that Z;(R) < R for all i. Let R be a finite p-
group, then it follows that R/Z;(R) is also a p-group. The centre Z(R/Z;(R)) is non-
trivial if R/Z;(R) is non-trivial. Hence, Z;(R) # R implies that Z;(R) C Z;,1(R) and
Zi(R) # Z;i11(R). Hence, Z,(R) = R for some n > 0 since R is finite. O

Definition 2.9.7. Let R be a group and let ) be a subgroup of R. We say that @ is a
characteristic subgroup of R if for every automorphism 0 of R, 0(Q) = Q.
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2.10 Rings

Definition 2.10.1.
A Ring R is a non empty set on which addition and multiplication operations are defined,

satisfying the following axioms for all a, b, c € R:
1. a4+ b€ R and ab € R,
2. (a+b)+c = a+ (b+c) € R and (ab)c = a(be),
3.a+b=b+a,
4. There is a additive identity 0 € R, with 0+a=a+0 =a, Va € R,

5. There is an additive inverse for each element in R that is, Va € R there is (—a) € R

such that a + (—a) = (—a) + a = 0,
6. The distributive laws hold.

Definition 2.10.2.
The ring is said to have unity if in addition to the above properties there is a unity 1 € R

such that a.1 = 1.a = a.

Definition 2.10.3.
Let R be a ring. An abelian group M is called an R-module if there is a multiplication

R x M — M such that a(z +y) = ax + ay, (a + b)x = ax + bx, a(br) = (ab)x and 1z = x.

Definition 2.10.4.
An ideal I of a ring R with unity is a non empty subset of R closed under addition and

multiplication.

Definition 2.10.5.

A commutative ring with unity and no zero divisor is called an integral domain, denoted by
D. Let X be a subset of a ring R, the ideal generated by X, denoted by (X) is the smallest
ideal of R containing X. If X is a singleton then (X) is the principal ideal. An integral

domain D is called a principal ideal domain( or PID) if all ideals in D are principal.
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Definition 2.10.6. Let R be a ring. A left (right) annihilator of a subset ) of R is defined
by Ir(Q) = {a € R| aQ = 0} (rr(Q) = {a € R| Qa = 0}).

2.11 The automorphism group of finite groups

In this section we investigate the structure of the automorphism group Aut(T'), given that
T is a finite abelian group. We also provide properties of this group. Motivated by the Fun-
damental Theorem of Finite Abelian groups, we discuss the automorphism group of direct

products, referring to C. J. Hillar and D. L. Rhea’s work in [3].

The group of integers Z under addition is a cyclic group generated by 1 and —1. Hence, an
isomorphism from 7Z to Z has to map a generator to a generator. Automorphisms preserve
the group structure, so we have the following maps, 1 + 1 and 1 — —1. Thus, there are only
two automorphisms of Z: the identity map iy : Z — Z and u : Z — 7 defined by p(x) = —x
for all z € Z. We write Aut(Z) = {u(z) = = ; p(zr) = —z} and |Aut(Z)|= 2. The group of

integers modulo 2 is the only unique group of order 2, hence Aut(Z) = Zs.

The description of Aut(Z,) also depends on the number of generators of Z,. According
to Theorem 2.1.13, an element of Z,, is a generator if it is relatively prime to n. We use the

notion of Euler-phi function to compute the number of generators of Z,.

Definition 2.11.1.
Let n > 1 be an integer. The Euler phi-function, denoted by ¢(n) is the number of elements

in the set {1,2,...,n — 1} which are co-prime with n.

Proposition 2.11.2. Let p be a prime and let o be a positive integer. Then ¢(p) = p — 1

and ¢(p*) = p* = p*~.

For cases whereby n can be factorized using more than one prime number, we have the

following result.
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Proposition 2.11.3. Let n be a natural number greater than 1. If n = pg where p and q
are prime numbers, then ¢p(n) = ¢(p)P(q).

Definition 2.11.4.

The automorphism group of Z, is the set:
Aut(Zy,) = {04(x) = axz modn |04 : Zp, — Zyp, is an isomorphism, 1 < a <n and (a,n) = 1}.

Proposition 2.11.5. Letn € Z*" and let Aut(Z,,) = {04 : Ly, — Ly | 04 is an isomorphism, 1 <
a<nand (a,n) =1 }. Then the order of Aut(Z,) is equal to ¢(n).

Proof. An element a € Z, generates Z, if and only if it is relatively prime to n. Hence,
it follows from the definition of ¢ that the number of generators of Z, is equal to ¢(n).

Proposition 2.5.3 states that for every generator a of Z, there is a unique automorphism.

Hence, we have that |Aut(Z,)|= ¢(n).

Next, we study groups that are isomorphic to Aut(Z,,).
Proposition 2.11.6. The automorphism group of Z,, is isomorphic to Z;.

Proof. Let 0 : Aut(Z,) — 77 be defined by a — «(1) where o« € Aut(Z,). Then,

ofi) =a(lt+l+...+1)
=a(l)+a(l)+...+a(l)

TV
¢ times

=1i-al)

Since « is onto, then there exists an element m of Z,, such that a(m) =1 € Z,. So
inverse of a(1) is m modulo n since a(m) =m - (1) =1 and (1) € Z:.

Let a, 8 € Aut(Zy,) and suppose that a(1) = 3(1), then



for all ¢ € Z,,. Thus, 6 is one-to-one.
Let r € Z; and define « : Z,, = Z,, by s — rs mod n. From the definition of § we have that
0(a) = a(1) = r. Hence, there is a pre-image for r and 6 is onto.

Suppose that a, 8 € Aut(Z,,), then

=a(1)p(1)  since a(i) = a(l) i
=0(a)0(5)  since a(l) = 6(a).

Thus, 0 is a group isomorphism.

]

Proposition 2.11.7. For any prime number p, let C, be a cyclic group of order p. Then
Aut(Cp) = Cpfl.

The Fundamental Theorem of Finite Abelian groups states that every finite abelian group
is equal to the direct product of its cyclic subgroups. Motivated by this result, we investigate

the automorphism group of direct products.

Lemma 2.11.8. [, 2.1] Let P and Q be finite groups with relatively prime orders. Then
Aut(P x Q) = Aut(P) x Aut(Q).

Proof. We show that there is a homomorphism ¢ from Aut(P) x Aut(Q) onto Aut(P x Q).
Consider an automorphism « of P and an automorphism f of Q). Then ¢(a, f) € Aut(P xQ)
is given by

¢(a, B)(p,q) = ((p), B(q))-

Let ip € Aut(P) and ig € Aut(Q) be the identity automorphisms of () and P. Then

¢(ip,iQ) = iPxQ and
<Z5(Oé1062, 5152)(2?, Q) = (OélOéz(P),ﬁ152(Q)) = ¢(0417ﬁ1)<25(042,52)(197 Q)a
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for all ay, as € Aut(P), (1, [2 € Aut(Q) and g € @, p € P. Thus, ¢ is a homomorphism.
To show that ¢ is onto, let |[P|=n, |Ql=m and 7p : P X Q — Pand g : P x Q — @
be standard projection homomorphisms. Fix A € Aut(P x @) and let v : @ — P be a
homomorphism defined by v(q) = 7p(A(ip,q)), where ip is the identity element of Aut(P).
We have that L = {¢" : ¢ € Q} C Ker(7).

The set L consists of m elements since m and n are relatively prime. Hence it follows that
Ker(y) = @ and 7 is a trivial homomorphism. Similarly, § : P — @ given by d(p) =
1o(A(p,ig)) is trivial.

Finally, define endomorphisms of P and @ as follows:

Ap(p) = mp(A(p, i) and Aq(q) = ma(A(ir, q))-

From this construction and the above arguments, we have

AP, q) = AMp,ig) - Mir,q) = (Ap(p), \o(q)) = ¢(Ap, Q) (P, q)

for all p € P and ¢ € Q). It remains to prove that A\p € Aut(P) and \g € Aut(Q). It suffices
that Ap and A are injective (since P and ) are both finite).

Let Ap(p) = ip for some p € P. Then A(p,ig) = (Ap(p), Aq(iq)) = (ip,ig), so p = ip by
injectivity of A. A similar argument shows that Ao € Aut(Q). O

Applying the above lemma to a finite abelian group yields the following result.

Proposition 2.11.9. Let R be a finite abelian group of type (pi*, ps?, ..., pe") where py, pa, . . .

and p, are distinct primes. Then
Aut(R) = Aut(Zp, 1) X Aut(Zpyez) X ... X Aut(Zy,or ).

Proof. Let R be a finite abelian group. Suppose that pq, po, ... and p, are distinct primes such
that Zy, o1, Zyyaa, ..., 2Ly are cyclic subgroups of R. Then it follows from the fundamental
theorem of finite abelian groups that R = Z, a1 X Zpy*?* X ... X Zy.or. Applying Lemma
2.11.8 yields:

Aut(Zpyer X Lpyos X ... X Lipar) = Aut(Zp,er ) X Aut(Zpyez ) X ... X Aut(Zy,or ).
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2.12 Subgroups of the automorphism group

In this section we discuss normal subgroups of the automorphism group.
Every non-trivial group R has at least two normal subgroups, the improper subgroup R and

the trivial subgroup {eg}.

Proposition 2.12.1. Let R be a finite abelian group and let 1 : R — R be the identity
automorphism. Then {1g} is a normal subgroup of Aut(R).

Proof. Let a € Aut(R). The only element of {1g} is 1z and alga™! = 1 € {1g}. Hence,
{1gr} is normal in Aut(R). O

The centre Z(R) of R always forms a normal subgroup of R since it comprises self-

conjugate elements.

Proposition 2.12.2. Let R be a finite abelian group. Then the centre Z(Aut(R)) is a

normal subgroup of Aut(R).

Proof. Let Z = Z(Aut(R)) and let a € Aut(R), f € Z. Then aff = fa by definition of Z.
Thus, aZ C Za and Za C aZ since « is chosen arbitrarily. Hence, Z is a normal subgroup

of Aut(R). O

Proposition 2.12.3. Let R be a group. If H is a subset of Z(Aut(R)) = Z then H is a

normal subgroup of Z. Furthermore H is not necessarily normal in Aut(R).

Proof. We have that H C Z < Aut(R) and H < Aut(R). The centre forms a group under
the same operation as Aut(R). Also, H C Z(Aut(R)) and H forms a group under same
operation as Aut(R), hence as Z(Aut(R)). Thus, H < Z(Aut(R)).

The centre of Aut(R) is abelian and H < Z < Aut(R), hence H is normal in Z since
subgroups of an abelian group are normal.

However, the relation of normality is not an equivalence relation. So we do not have enough

information to conclude that H is normal in Aut(R). O

Theorem 2.12.4. The inner automorphism group is a normal subgroup of Aut(R).
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Proof. Let ¢ € Aut(R) and ¢, € Inn(R). Then

Yo (@) =Ygy (2)g ™) = U(9)r(g7) = by (@).
Thus, Yog0~" = ¢gy(g) € Inn(R). It follows that Inn(R) is normal in Aut(R). O

Definition 2.12.5.
The automorphisms of R which are not inner automorphisms are called outer automor-

phisms. Outer automorphisms of R form the outer automorphism group, denoted by
Out(R) = Aut(R)/Inn(R).

The identity map, 1z : R — R is an element of Inn(R). Thus, Out(R) is not a subgroup

of Aut(R) since it does not contain the identity element.

Definition 2.12.6.
An automorphism ¢ of R is called class preserving if for all g € R, ¢(g) is in the conjugacy

class of R. We denote the set of all class preserving automorphisms of R by Aut.(R).

Theorem 2.12.7. The set of all class preserving automorphisms of G forms a normal sub-

group of Aut(R).

Definition 2.12.8.
Let H be a subgroup of R and let

Autg(R) = {a € Aut(R) | Vo € H, a(x) = z}.
For a normal subgroup N of Aut(R), define F(N) ={zx € R | f(z) =x VB € N}.

The next result highlights the connection between the characteristic subgroups of R and

the normal subgroups of Aut(R).

Lemma 2.12.9. [/7] Let H < R and let N < Aut(R) with Autgy(R) and F(N) as defined

above. The following statements are true.
1. If H is a characteristic subgroup of R, then Auty(R) is normal in Aut(R).
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2. If N is normal in Aut(R), then F(N) is a characteristic subgroup of R.

3. If Hy and Hs are characteristic subgroups of R and Hy < Hs, then Auty,(R) C

Proof. 1. Let a € Auty(R), 8 € Aut(R) and x € H. Then 'af(z) = 7 a(Bz) =
B7Y(Bz) = x. Thus, Auty(R) is a normal subgroup of Aut(R).

2. Let N be a normal subgroup of Aut(R), « € N, x € F(N) with 8 € Aut(R). Then
a(fr) = B(B~ ap)(x) = B(x).
[l

Proposition 2.12.10. If H, and Hy are characteristic subgroups of R, then Auty, (R) and
Aut g, (R) are normal subgroups of Aut(R). These groups form two different isomorphisms

classes, thus giving a non trivial non-cancellation set.

Definition 2.12.11.

An automorphism « of R is called central if z7'a(z) € Z(R) for all z € R.

Proposition 2.12.12. The set of all central automorphisms of R, denoted by Aut.ens(R) is
a normal subgroup of Aut(R) and Aut.cni(R) is equal to the centralizer of Inn(R) in Aut(R).
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CHAPTER 3

Non-cancellation in the class of

JIC-groups

3.1 The Nielsen equivalence relation

In [22] and [28], the authors described a group structure on the non-cancellation set of
semi-direct products of the form R = T x, Z* using the Nielsen equivalence classes of epi-
morphisms from a finite rank free abelian group onto a finite abelian group. They dealt with
presentations of modules over a principal ideal domain.

In this work, we consider a commutative ring Z and Z—modules. We investigate epimor-
phisms from Z* onto a finite abelian group B. We denote the set of all this epimorphisms
by RE(B).

According to P. Witbooi [28], the description of Nielsen equivalence classes depends on the

rank of the automorphism group of 7.

Definition 3.1.1. [25]
Let B be a non-trivial finite abelian group. The Priifer rank of B, denoted by r(B) is the

smallest of the cardinalities of the generating subsets of B.
Theorem 3.1.2. [/] Let B be a group. Then

1. r(B) =0 if B is a trivial group and

2. r(B) =1 if B is a cyclic group.
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Notation 3.1.3.

Let T' be a finite abelian group and denote the automorphism group Aut(T) of T by B.
Following the notation from [28], we denote by m(7') = m the number of prime divisors
(including repetitions) of |T'| and d(T) denotes the minimum number of generators of 7.
The next theorem presents a result on the number of minimum number of elements in the

generating subset of Aut(T).

Theorem 3.1.4. [25, Theorem 1] Let T be a finite group and let m be the number of prime
divisors (including repetitions) of |T|. Then,

r(Aut(T)) < m + (m;) < m? (3.1)
Proof. Suppose that m < 1, then we have that |T'|= p, where p > is a prime number. It
follows from Proposition 2.11.7 that Aut(7’) is isomorphic to a cyclic group of order p — 1.
Lastly, by Theorem 4.1.1, we have that r(AutT) = 1. Thus, 3.1 holds.
Assume m > 2, we want to show that r(Aut(T)) < m + (%2)
Consider a characteristic subgroup N of T such that (1) < N < T. Then there exists a
homomorphism of Aut(T) into Aut(N) x Aut(T/N) with kernel K. Also, K is isomorphic

to a section of N™(T/N)

Thus, m(K) < m(N)m(T/N)and m = m(N) +m(T/N). By induction on m we have

, [see [15, Proposition 1.C.3]].

r(Aut(T)) <m(N) + [m(;\f)]z + m(T/N) + w + m(N)m(T/N)
—m + [m(;\f)]z + [m(Tz/N)]Q + m(N)m(T/N)

= m + %[[m(N)]Q + [m(T/N)* + 2m(N)m(T/N) |
= m + %[m(N) + m(T/N)]?

m2

- Mty
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Let d be the lowest common multiple of invariant factors of B and let £ € N. The
following result gives a link between the group of endomorphisms of B and the group of

enedomorphisms of is Z~.

Proposition 3.1.5. [21] Let B be a finite abelian group and let p : B — B be defined by
b db and let J = Im(p). Then h(J) C J for all endomorphisms h of B. Suppose that

B: B — B/J is a canonical epimorphism, then B/J is isomorphic to Zk.

For every endomorphism h of B there exists a unique hy € End (Z%) such that 8o h =
hJ e} /6

Definition 3.1.6. [21]
Let R and ) be groups such that « is an endomorphism of R* and /3 is an automorphism of

Q". Then the determinant of « is an element of R and the determinant of 3 is a unit of Q.

Proposition 3.1.7. [2]] Let B be a finite abelian group. Consider a natural number k such
that k > r(B). Suppose that h is an endomorphism of B. Then the determinant det(h) of h

is an element det(hy)in Zq.

Lemma 3.1.8. [22, 2.1] Let B be a finite abelian group and d be the lowest common multiple
of invariant factors of B. Consider homomorphisms f,h : Z% — ZF and o : 2% — ZF such

that « o h = f o 3 for some 8 € Aut(ZF). Then
det(a)det(hy) = + det(f;) mod d.

Proof. The units of Z are 1 and —1, thus det(3) = &1 because 3 is an automorphism of ZF.
Let o : Z% — ZF and f, h : Z¥ — Z% be homomorphisms such that ao h = f o 3 for some 3

automorphism of Z*, then we have the following commutative diagram:

/R

ool

y/ Sy
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The determinant of « is a unit of Z,.
For each f,h : ZF — ZE there exists f;, hy : Zk — ZE. 1t follows by Proposition 3.1.7 that
det(f) = det(f;) and det(h) = det(h;). Thus,

det(awo h) = det(fop)
= det(f)det(5)

)
det(a)det(h)

(h) = =det(f)
)

det(a)det(h
det(a)det(hy) = =Ldet(f;) in Zqg.
[

Let B be a finite abelian group, k& € N such that £ > r(B). The following definitions
and results present basic results that are essential to the study of the Nielsen equivalence

relation.

Definition 3.1.9. [22, 2.2]

Let B be a finite abelian group and let b = (by, by ..., b;) be an ordered k-tuple of elements
of B. For every b;, let d; € Z such that (d;) < Z and (d;) is the innihilator of (b;). The
ordered k-tuple b = (b1, by ..., bx) is said to be good if the following conditions hold true:

1. There exists a natural number ¢, ¢ < k such that B = (b1) @ (b2) P ... P (b,) and
b; =0if and only if ¢ < j < k.

2. For all j < k we have that d; | d;.

The definition above is closely related to the fundamental theorem of finite abelian group,
hence we say that b is good if B is a direct sum of cyclic groups (b1), (ba), ..., (bx) and
dyar | d; where d; = |{;}].

Definition 3.1.10. [22, 2.3]
For a finite abelian group B, let b = (b1, ..., bx) be a good ordered k-tuple of elements of B.
For every integer n we define a unique homomorphism f,,) : Z* — B as follows:

by ifj<k

fon(ej) =
by if j = k
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where e1, ..., ey is the standard basis of Z*. For simplicity we write f, instead of f(b,n).

The next lemma presents a condition under which a homorphism f, : Z¥ — B is an

epimorphism.

Lemma 3.1.11. /22, 2./] Let b = (by,...,bx) be a good ordered k-tuple of elements of a
finite abelian group B. Let dy € Z such that dy = |bg|, then f, is an epimorphism if n is

relatively prime to dy.
The set of all epimorphisms f : Z*¥ — B will be denoted by RE.(B).

Definition 3.1.12. [28]

Let f,g € REx(B). Then f and g are said to be Nielsen equivalent if and only if there
exists an automorphism « of Z* such that f = go «. We write this as f ~, g, the subscript
n on ~, helps distinguish the Nielsen equivalence relation from the conjugacy relation. The
set of Nielsen equivalent classes of epimorphisms is denoted by RE;™(B) and the class of all

epimorphisms that are Nielsen equivalent to f is denoted by [f].

Proposition 3.1.13. Let B be a finite abelian group. The Nielsen equivalence is an equiv-

alence relation.
Proof. 1. Let f € REL(B), then f = foly.. Thus, f ~, f, giving that ~,, is reflexive.

2. Suppose f, g € RE(B), then f ~, g implies that f = goa for a € Aut(Z*). It follows

that g = foa™ = ¢ ~, f since a™! € Aut(Z*). Thus, ~, is symmetric.

3. Let f,g,h € REy(B) such that f ~, g and g ~, h. Then there exist a, 3 € Aut(Z*)
such that f = goa and g = ho . This gives f = (hof)oa = ho(foa). Then
Boa € Aut(ZF) since the automorphism group is closed under composition of maps.
Hence, f ~, h.

[

The following result presents a condition under which the epimorphisms in REy(B) are

Nielsen equivalent to the unique homomorphism f,.
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Lemma 3.1.14. [22, 2./] Let B be a finite abelian group and let b = (b, ..., bx) be a good
ordered k-tuple of elements of B. Let dy, = |bg|. We have that every epimorphism in REy(B)

is Nielsen equivalent to some f, where (n,dy) = 1.

Proof. An automorphism of Z* has a determinant +1. Let m,n € Z be relatively prime to
dy, then m = £+n mod d;, implies f, ~, fn.. So for n relatively prime to dj, the functions f,

represent all the Nielsen equivalence classes. O

The next result gives some conditions for which two epimorphisms f,, and f,, are Nielsen

equivalent.

Lemma 3.1.15. [22, 2.6] Let B be a finite abelian group and let b = (by,...,b) be a good
ordered k-tuple of elements of B. Suppose that dj, is the order of b, and let m,n € Z such
that (m,dy) = (n,dy) = 1. Then f, ~n fm if and only if there exists r € Z* such that
m=4n + rd.

The following theorem gives sufficient conditions that have to be satisfied in order for

any two epimorphisms f, ¢ : Z¥ — B to be Nielsen equivalent.

Theorem 3.1.16. [20, 3.4] Let B be a finite abelian group and let f, g : Z¥ — B be epimor-
phisms. If f(Z¥) = g(Z*) and Im(f) is generated by a subset of fewer elements than k, then

there exists o € ZF such that f = go a.

Proposition 3.1.17. [28, 3.1] Let B be a finite abelian group such that r(B) =k and let §
be the greatest common divisor of the orders of the invariant factors of B. Let f,g € REy(B)
and let ¢ € End(ZF) such that f = go ¢. Then coker(¢) is a finite group and |coker(p)| is

relatively prime to 9.

Proof. For a finite abelian group B, let f,g € REy(B). Let ¢ : Z* — Z* be an endomorphism
such that f = g o ¢. Then there exists an epimorphism p: B — Z¥. Let y = (y1, %2, - -, Ur)
be an element of ZF and define a homomorphism 7 : Z* — Z% by n((y1,y2,y3---,yr)) =
(U1, Y2, Y3 - - -, Ur)- By definition of 7, there exists homomorphisms f’, ¢’ : Z% — Z% such that

the following diagram is commutative.
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y 7k

i ¢
fop
gop
n Zk n
f/
@
Zk > LY

Then it follows that f’ and ¢’ are isomorphisms since Z¥ is finite and f’ and ¢’ are epimor-

phisms. Hence, ® = (¢')"! o f’ is also an isomorphism. The determinant det(®) of @ is a

unit of Zs.

The determinant of ® is the residue class of det(¢). That is det(®) = det(¢) mod 6. Then
det(¢) is relatively prime to §. Also, |coker(¢)|= |det(p)]. O
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3.2 Isomorphisms in the class of K-groups

In this section we study the non-cancellation phenomena in the class of K-groups. We refer
to the work done by the authors in [22], [20], [28] and [29]. We give simplified proofs for

isomorphisms for C-groups.

We recall that a mapping p : R x X — X is called a group action if the following con-

ditions are satisfied:
1. u(eg,x) =z and
2. p(ab, z) = p(a, p(b,z)) for a,b € R.

Definition 3.2.1. [22]
Let k € Z and let T be a finite abelian group. We denote by K the class of semi-direct
products of the form R =T xy Z*, where X\ : Z¥ — Aut(T) is a group action.

Definition 3.2.2. [25]
Let R be a K-group, the non-cancellation set of R, denoted by x(R) is the set of all
isomorphism classes [Q] of groups @ such that Q X Z = R x Z.

Lemma 3.2.3. [20] Let R = T x,Z* be a K-group, with a torsion subgroup T and a torsion-
free quotient ZF. Consider another K-group, Q = S x, Z! and let f : R — Q be a group

homomorphism. Then f induces a homomorphisms hy : T — S and hy : ZF — ZL.

Theorem 3.2.4. [29, 2.2] Let R =T %, Z* and let Q = T %, Z* for some k € N. Then
Q = R if and only if there exist automorphisms f : T — T and h : ZF — ZF such that the

following identity holds for every t € T and every z € ZF,

[f o AR)I(E) = [w(h())](f (1) (3:2)

Proof. Suppose that R = T x5 Z* and Q = T x, Z* such that R = ). Then ¢ : R — Q
induces homomorphisms f : T — T and h : Z¥ — ZF. Also, f and h are bijective, thus

giving f € Aut(T) and h € Aut(Z*). It remains to show that (3.2) holds for all t € T and
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z € 7"
Let (z,q), (y,r) denote elements of R and let (2/,¢), (v/,7’) denote elements of Q). We
define the binary operations in these groups by (z,q)(y,r) = (z\(q)y,q + r) for R and
(@, ¢) (Y r") = (z'v(q)y', ¢ + 1) for Q.

For any t € T and z € ZF, let ¢ : R — Q be defined by &(t,2) = (f(t),h(2)). Then it
follows that

¢(t,0) = (f(t),n(0))

and

o(1,2) = (u,h(z)) where u = f(1)

By the definition of multiplication, we have that (1, z)(¢,0) = ([A(2)] (¢), z) and ([A(2)] (¢),0) (1, 2) =
([A(2)] (t), z). Thus,

and
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Hence,

([f o ARN@) - u, h(2)) = (u-[o(h(2)) o fI(1), h(2))
[foAM2)I(t) - u = wu-[v(h(2)) o fI(T)
[foA(2)](t) = [v(h(2))o f](t) since T is abelian

Conversely, suppose that there exist f € Aut(T) and h € Aut(Z*) and define the function
¢: R— Q by ¢(t,z) = (f(t),h(z)). We have to show that ¢ is a homomorphism.

Let (z,q), (y,r) be elements of R. Then
o((z,9)(y, 7)) = o((zMq)y,q+7))
= (f(zA(q)y), (g +1)).

It follows that f(zA(q)y) = f(x)f(A(q))f(y) and h(q + 1) = h(q) + h(r) since f and h are

defined to be homomorphisms.

Also,
f(Mq) = foAlg)
= v(h(q)) since [f o A(2)](t) = [v(h(2))](f(t))
Hence,
o((z, )y, 7)) = (f(@Mq)y),h(qg+7))

= (f(2)f(Ma)f(y), h(q) + h(r))

= (f(z)v(h(q))f(y), h(q) + h(r))

= (f(x),h(9))(f(y), h(r))
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Then ¢ is a group homomorphism.

Finally, ¢ is an isomorphism since f and h are isomorphisms. O]
The next two results from literature are direct consequences of Theorem 3.2.4.

Theorem 3.2.5. [29, 2.3] Let T be a finite abelian group and let k € N. Let R =T x, Z*
and let Q =T x, ZF. If Q = R, then \N(Z*) = av(ZF)a™" for some automorphism o of T.

Proof. Let 0 : R — @ be an isomorphism. By Theorem 3.2.4 it follows that there exist
f € Aut(T) and h € Aut(Z*) such that

foA(z) = o(h(2))I(f)

for every z € ZF.

Hence, A(z) = f~tw(h(2))]f € f~w(ZF)f for all z € Z*. This implies that \(Z*) C
Fo@h) .

The image of v coincides with the image of v o h since h : Z*¥ — Z* is an epimorphism.

Hence, f~'o(h(2))f = N(Z*) = f~'(Z*)f € N(ZF). Therefore, N(Z*) = f~'0(ZF)f. O

Theorem 3.2.6. [22, 3.2] Characterization of isomorphic K-groups
Let R =T x,ZF and let Q = T x, ZF be K-groups. Then R = Q if and only if there
exists an automorphism o of T such that u ~, X\, where \ : ZF — Aut(T) is defined by

Az) = av(z)a™t.
We deduce the following results from Theorem 3.2.4.

Corollary 3.2.7. Let h : Z* — ZF be an automorphism and let v : Z* — Aut(T) be a group
homomorphism. Then Im(vo h) = Im(v).

Proof. Let h: ZF — 7Z* and let v : Z* — Aut(T), then v o h : Z* — Aut(T). Also,
Im(v) = {v(z) | 21 € Z*} C Aut(T) and
Im(voh) = {(voh)(z)| 2 €Z"} C Aut(T).
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Since h is an automorphism, then it is surjective. So for any z € Z* there exists z; in Z*

such that z = h(z1). Hence, v (21) = v (h(22)), that is

{v(z1) | 21 € Zk} = {(voh)(z) | z € Z*}.
]

For subgroups @ and P of @, were call that ) is conjugate to P if Q = xPx~! for every

element z € R.

Corollary 3.2.8. Let f : T — T and h : Z* — Z* be automorphisms and let \,v : ZF —
Aut(T). Then Im(X) is conjugate to Im(v) if and only if [f o AM(2)](t) = [v(h(2))] (f(2)).

Proof. Suppose that [f o A\(2)](t) = [v(h(2))] (f(t)), then
[f o A)](t) = [v(h(z2)) o f1(2)
= folA(z) = v(h(z2))of
Then for any z € Z*, it follows that
Mz) = [ ulh())] f
= [T f e (@) f

Hence, \(ZF) C f! [v (ZF) }
Similarly, f~! [v(Z*)] f C A(Z*). Then v(Z*) is conjugate to A(Z¥).
Conversely, let Im(\) ~ Im(v). Then N(ZF) = f7'[v(Z")] f, where f € Aut(T). This

implies that f o [MN(Z*)] = [v(Z*)] o f. For some z € Z* and f: T — T, we have that

folAZ)] = [v(2)]o f
= [v(h(2))] o f  since Im(v) = Im(voh).
O

Let R =T x ZF be a K-class group. Let B = Aut(T) and let RE;™(B) be the set of
Nielsen equivalent classes. Our next task is to establish a link between the Nielsen equiv-

alence classes and the conjugacy classes of B. In [22] and [20], the authors described the
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non-cancellation set of K-groups through Nielsen equivalence classes. Also, in [22], P. Wit-
booi presented a result which describes the non-cancellation set through conjugacy classes
of B. Inspired by this, we shall use the results on the non-cancellation phenomena to prove

that there is a link between the Nielsen equivalence relation and the conjugacy relation.

The following result is important for proving the link between the Nielsen equivalence classes

and the conjugacy classes.

Lemma 3.2.9. Let N and H be groups and let p : H — Aut(N) be a homomorphism. If
B € Aut(H), then the groups N x, H and N X,.5 H are isomorphic.

Proof. Consider groups N and H and let p : H — Aut(N). For an automorphism 5 of H,
we define the mapping 6 : N x, H — N %,05 H by (n,h) — (n, 371(h)).

Suppose that (ny, h1) = (ng, h), then ny = ny and hy = hy. It follows that 37(hy) = 871 (hy)
since (3 is well-defined. Hence, (ny, 371(hy)) = (na, 87 (hs)).

Recall that the binary operation in N x,H is defined by (nq, hy)*(n2, ho) = (n1p(h1)(n2), hihs).

Then 6 is a homomorphism since

0<(n1,h1)*(n2,h2)> _ 0<(n1p(h1)(n2), h1h2)>
= <(nlp(hl)<”2)> 5_1(h1h2)>

= ((nlp(hl)(ng), ﬂ’l(hl)ﬁ’l(h2)> since 8 is a homomorphism

and

0(n1,h1)0(n2, ha) = (n1, B71(h1)) * (na, B~ (h2))
= (nmi(po B) (B~ (M))(n2), B~ (h1)B™ (ha))
= (nmp(h1)(n2), B (h1)B " (ha)).

The mapping 6 is onto since for every (n, 371(h)) in N x,05 H there exists (n,h) N x, H.
Finally, we show that 6 : N x, H — N x,.3 H is one-to-one. Suppose that §(ni, hy) =
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0(ng, he), then
(n1, B (M) = (n2, 7' (h2)) = n1 =ny and B~ (hy) = 87" (ha)
= (n1, 1) = (ng, he).
Thus, N %, H = N x,05 H. O

Proposition 3.2.10. Let R = T xy Z* and Q = T x, Z* where \,v : ZF — Aut(T) are
group actions. If the images Im(\) and Im(v) are conjugate in Aut(T) then X\ is Nielsen

equivalent to v.

Proof. Let R = T x, Z*F and Q = T x, Z* where \,v : Z¥ — Aut(T) are group actions.
Suppose that Im(\) is conjugate to Im(v) in Aut(T). It follows by Corollary 3.2.8 that
[f o M2)](t) = [v(h(2))] (f(t)) for some automorphisms f € Aut(T) and h € Aut(Z*). Then
by Theorem 3.2.4 we have that R = @, that is T' x, ZF = T %, ZF.

Applying Lemma 3.2.9, we get T X, Z* =2 T Xyopn ZF. Thus, T xy ZF = T X0, ZF since 2 is
an equivalence relation.

Applying Theorem 3.2.4 and Corollary 3.2.8 to these the isomorphisms gives:
1. Im()) is conjugate to Im(v),
2. Im(v) is conjugate to Im(v o h) and
3. Im()) is conjugate to Im(v o h).

Hence, I'm(v) is self-conjugate since Im(v) = Im(v o h). Also,

Im(\) = a'Im(v)a  for some a € Aut(T)
= Im(v) since Im(v) commutes with every element of Aut(T)

= Im(voh).

Hence A =voh.
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Following the notation in [20], we present another notation of groups in the IC-class. Let

T be a finite abelian group and let ¢ be the exponent of T. For any positive integer k,

suppose that uy, us, ,..., uy is a sequence of integers which are relatively prime to ¢, then
we denote a K-group R = T %, Z* by R(T;uq,us,,...,u;). For simplicity, we adopt the
short-hand notation and write R(q;uy, us, ,...,u;) instead of R(Z,;uy,us,, ..., u;) where ¢

is relatively prime to each w;. Thus, a group R = Z,, X, Z is simply denoted by R(n,u) for
n,u € Z* with ged(n,u) = 1.

The following results present conditions under which two IC-groups are isomorphic to each

other.
Theorem 3.2.11. [20, 0.3] Let uq, us, ,..., ux be a sequence of integers all of which are
relatively prime to q. Then R(q;uy,ug,,. .., uk, 1) = R(q;uy, ug,,...,ux) X Z.

Proof. Let R = R(q;uy,ug,,...,ux) = Zq xx ZF and let Q = R(q;uy,uz,,... ug, 1) =
Zy Xy ZFY where \ : ZF — Aut(Z,) and v : ZF — Aut(Z,) are group actions. It follows
that A\(Z*) = v(Z*') and Im()) is generated by a subset of fewer than k + 1 elements.
Theorem 3.1.16 states that if Im(\) = I'm(v), then there exists an automorphism « of Z**1
such that A = v o . Hence, we shall write v ~,, A\, where n in the notation ~,, distinguishes
the Nielsen equivalence relation from the conjugacy relation.

Consider another K-group F = Z, x1. ZF*! where € : Z* — Aut(Z,) is a group action.
Then v ~, €. Let Ty, Ty and Tx denote torsion subgroups of R, ) and F' respectively
and suppose () = F. Then Ty = Ty and their respective torsion free quotients are also
isomorphic. However, R and F have equal torsion free quotients and Z**!' = Z*¥ x Z. Thus,

A~,eand FF= R x Z. This implies that () R XZ. O]

Theorem 3.2.12. [27, 3.1] Let T be a finite abelian group of exponent n and let uy and usy

be integers such that (n,uy) = (n,us) = 1. Then the following statements are equivalent.
1. R(T;u) = R(T;us),
2. up = ug mod n or uius = 1 mod n.
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Proof. For each i € {1,2}, consider an automorphism \; of T' defined by ¢ — u;t. Suppose
that A; and Ay are the only elements of Z(Aut(T)). Let R(T;uy) = R(T;us). Applying
Theorem 3.2.4 gives Ay = Ay or Ay = A\, . Hence, R(T;uy) = R(T; uy) implies u; = uy mod n

or u;us = 1 mod n. ]
Next, we discuss some results on the non-cancellation phenomena in the class of IC-groups.

Theorem 3.2.13. [27, 2.4] Let T be a finite abelian group. Let \,v : ZF — Aut(T) be group
actions such that R =T x, Z* and Q =T x, ZF. If N(ZF) = v(ZF), then Rx Z. =2 Q x Z.

Theorem 3.2.14. [22, 5.1] Let R =T x\Z* and Q =T x, Z* where T is a finite abelian

group. The following two statements are equivalent:
1. RXZ=Q X7,
2. NZF) = av(ZF)a™! for some a € Aut(T).

Proof. Let R =T x,ZF and Q = T x, Z* such that R x Z = () x Z. Define a projection
f: ZFY — 7ZF by f(exy1) = 0, where eq,..., e, is the standard basis of Z*. Suppose
A= Mofand v =wvo0f then RxZ =T xy, Z""' and Q x Z = T x,, Z*'. By
Theorem 3.2.5, A (Z*™) = a~lv (ZF ) a for some o € Aut(T). Finally, A\(Z*) = A\ (ZF1)
and v(ZF) = v(Z**!) since f is onto. Hence, A\(Z*) = av(ZF)a™!.
Suppose that A\(Z*) = av(ZF)a™ for some a € Aut(T). Let K = T x;, Z* where h : ZF —
Aut(T) is a homomorphism defined by h(z) = aA(z)a™. Fix a = hg : T — T and let
hy : Z¥ — 7ZF be an identity automorphism. Then Im(h) is conjugate to I'm(\) which
implies that h(Z*) = v(Z*). Therefore, K x Z =2 Q x7Z =— RxZ=Q x Zsince K = R.
0

From the two preceding results, we can conclude that two KC-groups, T' <, Z* and T x, Z*
are in the same non-cancellation set if and only if the images Im(A) and I'm(v) coincide or

are conjugate in Aut(7T).

Recall that the non-cancellation set measures the extent to which an infinite cyclic group
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Z can be cancelled as a direct factor. Thus, before we look at the trivial case of the non-

cancellation set, we shall state a result that allows cancellation.

Lemma 3.2.15. [12] Suppose that R and Q are any groups such that R X Z = Q X Z X Z.
Then R=Q X Z.

Theorem 3.2.16. [0, 4.2] Let R =T x Z* where k € Z*, T is a finite abelian group and
A ZF — Aut(T) is a group action. If the image of X in Aut(T) can be generated by a set of

fewer elements than k then the non-cancellation set x(R) is trivial.

Proof. Let H be a K—group such that Q x Z = R x Z. Suppose that A\(Z**!) is generated by
a subset of k elements and let v : Z*¥ — \(Z**!) be a homomorphism. Then v(Z*) = \(Z**!)
and R (T x,Z*) x Z.

By our assumption we have that Q x Z =~ Rx Z and R x Z = (T %, Z*) x Z x Z. By Lemma
3.2.15 we get that Q = (T x, Z¥) x Z and (T %, ZF) x Z = R. Hence, R = Q. O

The following result follows from the description of the non-cancellation set through the

notion of Nielsen equivalence classes and the notion of conjugacy classes.

Proposition 3.2.17. Let R = T x,ZF and Q = T x,Z* where \,v : Z¥ — Aut(T) are group

actions. If X is Nielsen equivalent to v, then Im(\) and Im(v) are conjugate in Aut(T).

Proof. Suppose that A is Nielsen equivalent to v, then A = voh, where h is an automorphism

of ZF. So it follows that

AMz) = (voh)(z) VzeZ*
= Im(\) = Im(voh)
= Im(\) = Im(v) by Corollary 3.2.7
— RX7Z = (QxZ by Theorem 3.2.13

— Im(\) = alm(v)a™" by Theorem 3.2.14
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In this section, we studied the non-cancellation phenomena in the class of K-groups.
We deduced some results that follow from Theorem 3.2.4 which states that two K-groups,
R =T %, 7ZF and Q = T x, Z* are isomorphic if and only if there exist automorphisms
f:T — T and h : ZF — 7ZF such that [f o A(2)](t) = [v(h(2))](f(t)) for every t € T and
every z € Z¥. We also established a link between the Nielsen equivalence classes and the

conjugacy classes.

The next section is motivated by Theorem 3.2.14 which states that two K-groups R = T x,Z*
and Q = T x, ZF are in the same non cancellation set if and only if the images Im(\) and
Im(v) are conjugate in Aut(T).

Suppose that R; = T x, Z* where \; : Z*¥ — Aut(T) is a group action and denote by Q;
the image of A;. Recall that Im();) is a subgroup of Aut(T'), hence for a certain group 7" we
want to study its conjugate subgroups.

Consider automorphisms o and 3 of a finite abelian group 7" and let Q; = a@a ™! and Q, =
Q3371 Then Ry, Ry and R3 are in the same isomorphism class since Q; = (af)Qs(a3) ™!
and af € Aut(T). Conjugate subgroups can be represented by one isomorphism class in the
non-cancellation set, thus if all subgroups of Aut(T') are conjugate to each other then the
non cancellation set has only one isomorphism class.

Other subgroups of Aut(T") which do not have conjugates form distinct isomorphism classes
in the non-cancellation set. Thus, investigating conjugate subgroups of Aut(T) gives an
insight on the order of the non-cancellation set. In Chapter 2 we discussed the normal sub-
groups of the automorphism group. Recall that these subgroups are self conjugate. Thus, if
Im(\) and I'm(v) are normal subgroups of Aut(T) then T xy Z* and T x,, Z* are not in the

same isomorphism class. This implies that the non-cancellation set is not trivial.
An interesting questions would then be:

“What properties should a group satisfy to ensure that all its subgroups are normal?”

We know that all subgroups of an abelian group are normal. Hence, we have that if the
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automorphism group of 7" is abelian then the non-cancellation set is not trivial.

The non-cancellation phenomena has already been studied for the case where T is a fi-
nite abelian group ([22], [20], [28] and [29]). Our interest is to expand this and study the
non cancellation of groups of the form R = T x, Z* where T is a finite group that is not nec-
essarily abelian. We shall begin by studying non-abelian groups with abelian automorphism

groups.
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3.3 Miller p-groups

The main results of this section are based on the following papers; G. Miller[1%], D. Jonah
and M. Konvisser[!1], C. Hopkins[!3] and B. Earnley[1]. We discuss specific cases of T" that
result in every automorphism group of 7" being abelian. That is, we want to answer the
question “When is the automorphism group abelian?”

There isn’t any known general condition that can ensure that the automorphism group is
abelian but various authors have studied the structures of different groups and identified
groups that have an abelian automorphism group. We shall begin by discussing the case

when 7' is an abelian group.

Lemma 3.3.1. [0, Lemma 6]

Let T be a cyclic group, then Aut(T) is abelian.

Proof. Let T' = (t). Consider automorphisms « and 8 of 7. We want to show that o g =

b oa.
For positive integers a and b, we have that ¢, € T. Define the automorphisms of T by:

a(t) =t and B(t) = t*. Thus,

(o B)(t) = a(B(1))

a and b commute since Z is abelian

Thus, foa =aof.
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Abelian groups can either be cyclic or non-cyclic. So our next task is to discuss commu-

tativity in the automorphism group of a non-cyclic group 7.

Proposition 3.3.2. Let T' be an abelian group that is not cyclic. Then Aut(T) is non-

abelian.

Proof. Suppose that T' = Z,, X Z,,q for some positive integers m and d. We first show that
Loy X Lippg is not cyclic.

m x md

In our case we have that ged(m, md) = m # 1. Thus, = md is divisible by both

ged(m, md)
m and md. Therefore, for any element (a,b) € Z,, X Z,q the sum of [ copies of (a, b) is given

by (la mod m, Ib mod md). Then

< m *x md m * md

a mod m, mb mod md) = (O, O)

ged(m,md)

m *x md

A cyclic subgroup generated by (a,b) has an order less than < Nl X Zinal-

ged(m,md)
Therefore, Z,, X Z,q cannot be generated by any of its elements. This implies that Z,, X Z,.q

is not cyclic.

Next, we show that Aut(Z,, X Zyg) is not abelian.
We define automorphisms «, 8 of Z,, X Z,q by:

a:(x+mZ, y+mdZ) — (x+y+mZ, y+mdZ) and

B:(x+mZ, y+mdZ)— (x+mZ, y+ dx + mdZ).

Thus,

(o BY(MmZ, 1 +mdZ) = a(B(mZ, 1+ mdZ))
= «a(mZ, 14+ mdZ)

= (1+mZ, 1+ mdZ)
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Also

(Boa)(mzZ, 1+mdZ) = Bla(mZ, 1+ mdZ))
= B(1+mZ, 1+mdZ)
= (1+mZ, 1+d+mdz)
£ (o B)(mZ, 1+mdZ)

Hence Aut(T) is not an abelian group. O

Next, we discuss the case where a non-abelian group 7" has an abelian automorphism
group. In [9], H. Hilton posed the question: “Can a non-abelian group have an abelian
group of automorphisms?”

An affirmative answer to this question was first presented by G. Miller in [18]. The author

constructed a non-abelian p-group T with |T|= 64, |Aut(T)|= 27 and Aut(T) abelian.

Definition 3.3.3.

Following [4], we call a non-abelian group with an abelian automorphism group a Miller

group.

The next theorems present the relationship between automorphisms of a Miller p-group

T and the commutator subgroup of 7.

Theorem 3.3.4. [15] Let T' be a Miller group, then every automorphism o« of T is an identity

automorphism on [T, T).

Definition 3.3.5.

A group T is called purely non-abelian if it does not have any non-trivial abelian factors.
Theorem 3.3.6. [19] Let T be a Miller p-group, then T is purely non-abelian.

Every finite abelian group has a minimal generating set {y1,vs, ... ¥n} such that (y;) N
(y;) = {er} for all i # j. Hopkins[13] discovered that the generating set of a Miller p-group
also has this property.
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Theorem 3.3.7. [13] Let T be a Miller p-group, then there exists a generating set {y1, ya, - .- Ym}
of T such that

1. if p> 2, then (y;) N (y;) = {er} for alli # j;
2. if p =2, then the order of (y;) N (y;) is at most 2 for all i # j.

Definition 3.3.8.
A group T is called special if Z(T) = [T, T] is abelian.

The next result presents the properties of the direct factors of a Miller p-group.

Theorem 3.3.9. [J] Let H # {e} be an abelian group and let K be a purely non-abelian
group. Let T'= H x K be a finite p-group. Then T is a Miller group if and only if p = 2
and H and K satisfy the following conditions:

1. H is cyclic with order 2" > 2,
2. K is a special Miller 2-group.
The automorphisms of a Miller p-group form a p-group.
Theorem 3.3.10. [13] Let T be a Miller p-group, then Aut(T) is a p-group.
Theorem 3.3.11. [13] Let T be a Miller group, then the centre of T is non-cyclic.
The commutator subgroup of a Miller p-group has the following restriction.

Theorem 3.3.12. Let p > 2 be a prime number and let T be a Miller p-group. Then the

direct product decomposition of [T, T] has at least two cyclic factors of mazimum order.

The next theorem gives the order of the generating set of a Miller p-group, depending on

the value of p.
Theorem 3.3.13. [3] Let T be a Miller p-group.
1. If p=2, then T 1is generated by at least 3 elements.
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2. If p > 2 1s a prime, then T is generated by at least 4 elements.
The smallest Miller p-group has an order equal to 26.
Theorem 3.3.14. Let T be a Miller p-group.
1. If p > 2 is a prime, then |T|> p°.
2. If p is an odd prime, then |T|> p".

The first non-abelian group whose automorphism group is abelian was constructed by G.

Miller[18]. The author presented this group as:

Gm = Cg)QDS

4 1 -1 -1 5 1 U)

= (u,v,w | u® =0t =w? = e,wvw™t = v vuv™! = WP wuwt =

where Cy is a cyclic group of order 8 and Dy is a dihedral group of order 8. (A group R of
order n is called a dihedral group if it is generated by two elements a, b such that |a|= n,
|b|= 2 and ba = a~'b.)

In [16], Macdonald investigated the generalization of G,,[10, see exercise 46, page 237].

For an integer n such that n > 3, the author presented this generalization by:

n _ n—1 _ _ _ _
Gom = (w,v,w | v? =v =w? =e, v iuv =u'™" | 27w =07, wuw tuT! =e).

He proved that G,,, has order 2" and Aut(G,,,) is a finite abelian group of type
(272,2,2,2,2,2,2).

In [1], B. Earnley investigated other non-abelian groups of order 64 to determine which
ones have an abelian automorphism group. The author found two more Miller p-groups of

order 2°. Following the notation of authors in [3], we present these groups by:

G1 = (C4>404) ><]C4

= (w,v,w | vuww ! = v wuw ! = w? wow! = v)
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and

G2:<C4 XC4 XCQ))QCQ

4

= (u,v,w,1 | W=vt=wt=1= e, UV = VU, YW = WU, VW = wv,txt_l = uv2,tyt_1 = tw and

t 2wt = w).

These groups have a centre of order 8 and the commutator subgroup of order 4. The auto-
morphism groups of G; and G5 are abelian with order 2°. The generalization of G| and G5

was investigated by Glasby|[7].

In the next chapter we discuss the non-cancellation phenomena of groups of the form
R = T x, Z* where T is a finite non-abelian group. We shall take T to be the Miller

2-group that was presented by Macdonald in [3]. That is, for n > 3 we assume that;
4 2 -1 1+27—1 -1 -1 1,,—1

n — —
T = (u,v,w | v =vt=w?=e, viww=u , 2 vw =0, wuw u - =e) and

Aut(T) = Cn,Q X OQ X CQ X OQ X CQ X OQ X Cz.
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CHAPTER 4

Description of the non-cancellation set

through Nielsen equivalence classes

This chapter is a continuation of the work done in Chapter 3. We extend the study of
the non-cancellation phenomena in the class of K-group to the study of non-cancellation of
groups of the form R = T xy Z* where T is a Miller p-group.

In the first section we determine the number of Nielsen equivalence classes of epimorphisms
f:ZF — Aut(T). The main focus of Section 4.2 is to present results that support the link

between the non-cancellation set and Nielsen equivalence classes.

4.1 The set of Nielsen equivalent classes

For this section, we consider T" to be a Miller p-group whose automorphism group is a finite
abelian group of type (2"72,2,2,2,2,2,2). We denote Aut(T) by B.

According to P. Witbooi[25], the description of Nielsen equivalence classes depends on the
Priifer rank of the automorphism group of 7. The Priifer rank of a group B, denoted by

r(B) is the smallest of the cardinalities of the generating subsets of B.

It is essential to study the computation of the rank of direct products since B is a finite
abelian group. This is because the Fundamental Theorem of finite abelian groups states

that every finite abelian group can be expressed as a direct product of its cyclic subgroups.
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Before compute the rank of B we shall recall some important terminology on the classi-

fication of finite abelian groups.

1. For a finite abelian group B we have that B = C,,, x C,, X ... x C,, where n; > 2 for

all i and n;yq | n; for 1 <i <k —1.
2. If B is a finite abelian group such that B = C,, x C,, x ... x C,, then the integers
ni,...,n; are called the invariant factors of B. Also, we say that B is a finite abelian
k
group of type (ni,ng,...,ng) and |B|= an
i=1
Proposition 4.1.1. Let B be a direct product of Zy,, Ly, ..., L, where n; is an integer

greater than 1. Let p be a prime divisor of each n;. If d, = |{i < k : p | n;}| then
r(B) = maz{d, : p prime}.

In the following example we compute the Priifer rank of B.
Example 4.1.2. The rank of B.

1. Suppose B = Zg X Z5o X Zys X Ly, then dy = 3, d3 = 3 and ds = 2. Thus, the rank of
B is 3.

2. Suppose that B is a finite abelian group of type (2772,2,2,2,2,2,2) where n > 3 is
an integer. Applying Proposition 4.1.1 yields r(B) = dy = 7 since 2 is the only prime

divisor of the invariant factors.

Let B be the automorphism group of 7" and let m be the number of prime divisors of
|Aut(T)|. Theorem 3.1.4 states that r(B) is less than or equal to m?. We provide the

following result to compute the number of prime divisors of | B].
Lemma 4.1.3. Let B = Cyn—2 X Cy X Cy X Cy x Cy x Uy x Cy, then m = n + 4.

Proof. Let B =2 Con—2 x Uy x Cy X Oy X Cy x Uy x (5. The order of B is equal to the
product of its invariant factors, hence |B|= 2"**. From the definition of m, it follows that

m=n + 4. O
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We recall the following definitions and notation from the previous chapter:

1. Two epimorphisms f, g : Z¥ — B are said to be in Nielsen equivalent if there exists an

automorphism o of Z* such that f = go a.

2. We denote the set of all Nielsen equivalent epimorphisms by RE.™(B).

3. Let b= (by,...,bx) be a good ordered k-tuple of elements of B and let n be an integer.

We define f, : Z¥ — B by:

faleg) =
nby ifj==k
where ey, ..., ey is the standard basis of Z*.

Let B = Con—2 X Cy X Cy X Uy X Cy X Cy x Cy and let b = (by,...,b) be a good ordered

k-tuple of elements of B. Let d be the order of b,. The maximum order of elements of

Ly X Ly ... X L, is equal to lem(ni,ng,...,n;). Thus, we redefine d to be the lowest

common multiple of the invariant factors of B.

Theorem 3.1.15 states that for integers s and ¢, two epimorphisms fs, f; : Z*¥ — B are Nielsen

equivalent if s and t are coprime with d and t = +s mod d. Motivated by this result we

want to compute the following for the abelian group B:
1. The lowest common multiple of the invariant factors of B.
2. Integers s and t such that (s,d) = (¢,d) =1 and t = +s mod d.
3. The number of Nielsen equivalence classes.

To compute d, we first have to determine the order of each b;.

Lemma 4.1.4. Let B = 027172 XCQ XCQ XOQ XOQ XOQ XOQ and let b = (ﬁl,ﬁ% e

,B7) be an

element of B. Then € {0,1,2,...,2""2 — 1} and 8; € {0,1} for 2 <i < 7. Furthermore,

2n—2

oB) = ged(By, 2n-2)

in Con—2 and 0(0) =1, o(1) = 2 in Cs.
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PT’OOf. Let B = 027172 X 02 X CQ X 02 X CQ X 02 X 02 and let (/Blaﬂ2763a64a65a66757) € B.
Then 81 € {0,1,2,...,2"2 1} and 3; € {0,1} for 2 <i < 7.

Ly,
For any integer n such that §; is an element of Z,, we have that o(f;) = # Thus,
) ged B 2.
2"~ 2
it follows that 0(51) = W in CQn—Q. In ZQ we have that 0(1) = W =2 and
0(0) = 1 since 0 is an identity in Zo. O

In the next example, we calculate d for various values of n and then we determine the

relationship between d and the number of Nielsen equivalence classes.
Example 4.1.5. The lowest common multiple of the invariant factors of B.

1. If n =3, then B = (5 x Uy x Uy x Cy x Cy x Cy x Cy. Thus, the lowest common

multiple of the invariant factors of B is 2.
2. If n =4 then B is a finite abelian group of type (4,2,2,2,2,2,2). Hence, d = 4.
3. If n = 5 then the invariant factors of B are 8,2,2,2,2,2 and 2. Hence, d = 8.
Proposition 4.1.6. If B is a finite abelian group of type (272,2,2,2,2,2,2), then d = 2"2.

Proof. Let B = Con-2 x Cy X Cy x Cy x Cy x Cy x (. The invariant factors of B are powers

of 2, hence the lowest common multiple of the invariant factors is equal 22, O

In the following examples we compute pairs of integers s and ¢ such that (s,d) = (¢,d) =1

and t = +s mod d.

Example 4.1.7.
Let d =4, then s, t € {1,3} since (1,4) = (3,4) = 1. Also 3= —1mod 4 and 1 = —3 mod 4,

hence f; ~, f3. Thus, we have one Nielsen equivalence class.

Example 4.1.8.
Let d = 16, then we have that s,¢ € {1,3,5,7,9,11,13,15} and 15 = —1 mod 16, 13 =
—3 mod ].6, 11 = —5 mod 16 and 9 = —7 mod 16. So f1 ~n f15, f3 ~n f13, f5 ~n f11 and

f7 ~n fo. Thus, we have four Nielsen equivalence classes.
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Motivated by the examples above, we propose the following results about the number of

Nielsen equivalence classes.

Lemma 4.1.9. Let T be a Miller 2-group and let B = Cy X Cy X Cy X Cy X Cy x Cy x Oy
be a finite abelian group. Then d = 4 and the number of Nielsen equivalence classes is equal

to 1.

Proof. Let B = Cy x Cy x Cy X Cy X Cy x Cy x Cy. Then |B|= 2% and B has 1 element of
order 1, 127 elements of order 2 and 128 elements of order 4. Hence, d = 4 and f; ~,, f3 since

(1,4) = (3,4) = 1 and 3 = —1 mod 4. So there is only one Nielsen equivalence class. O

Lemma 4.1.10. For a Miller p-groups T', let B = Cg X Cy x Cy X Cy X Cy X Cy x Cy. Then
d =16 and |RE;"(B)|= 4.

Proof. Let T be a Miller p-group and let B & Cg x Cy x Cy x Cy x Cy x Uy x Cy. Then
|B|= 2° and elements of B have orders 1, 2, 4, 8 and 16. By Lemma 3.1.15 we have the
following pairs of Nielsen equivalent epimorphisms: (f1, fi5), (fs, fi3), (f5, f11) and (f7, fo).

Hence, there are 4 Nielsen equivalence classes. O

Next, we compute the number of Nielsen equivalence classes for d = 272,

Proposition 4.1.11. Let T be a Miller p-group and let B = Con—2 X Cy X Cy X Cy x Cy X
Cy x Cy. Then d =2""2 and |RE;"(B)| = 2"~ %

Proof. Let B = Aut(T) be a finite abelian group of type (2"72,2,2,2,2,2,2), then by Propo-
sition 4.1.6 we have that d = 272,

Let s,t € Z* such that (t,d) = (s,d) = 1 and t = £s mod d, then f; ~, fs. By definition
of the Euler-Phi function we have that the number of integers in {1,2,...,d — 1} which are
¢d) since any f; € RE;™(B)

2
is Nielsen equivalent to some f; € RE;™(B). Finally, |RE;"(B)| = 2"* since

relatively prime to d is equal to ¢(d). Hence, |RE;™(B)| =

¢(d) = ¢(2"7%)



]

Our next task is to discuss the Nielsen equivalence classes of a Miller p-group, where p

is a prime number greater than 2.

Proposition 4.1.12. Let T be a Miller p-group and let B = Aut(T) be a finite abelian group
of type (p“,p,p,...,p). Then the following statements hold:

1. The lowest common multiple of invariant factors of B 1s d = p®.

pPip—1)

2. The number of Nielsen equivalence classes is |RE;™(B)| = i

Proof.

1. Let T be a Miller p-group and let B be a finite abelian group of type (p®,p,p,...,p).
Then invariant factors of B are p®, p, p, ... and p, which implies that the lowest common

multiple of these factors is p®. Hence, d = p®.

2. Let t and s be positive integers such that (¢,d) = (s,d) = 1 and s = £t mod d. Then
fs ~n fr. So,
- (d)
[RE(B)] = =~
P p—1)
2

]

The above result provides a relationship between the lowest common multiple of invariant
factors of B and the number of Nielsen equivalence classes. We will prove that the set of

Nielsen equivalence classes is a group.

Proposition 4.1.13. Let T be a Miller p-group. Define the binary operation % on the set of
Nielsen equivalence classes by [fi] % [fs]| = [fis]. Then REZ;™(B) is a group under *.
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Proof. Let T be a Miller p-group and let B = Aut(T'). Suppose that s and ¢ are integers
which are relatively prime to d and let t = 4+s mod d.

We first show that * is a well-defined binary operation. By definition of ¢ and s it follows
that (ts,d) = 1 and ts = +k mod d for some k € Z}. Hence, * is well-defined since
[fis) € RE;™(B). This also implies that the set of Nielsen equivalence classes is closed under
*.

The identity element of RE;™(B) is fi since [fi] * [f1] = [fi] * [fi] = [fi]. Every element

in Z; has an inverse, so for each f; € RE_;"(B) there exists an epimorphism f; such that

[fe] * [fs] = Ufs] = [fe] = [Ai]-
Hence RE;™(B) is a group. O

In the following example we explore some properties of elements of the group RE;™(B).
Example 4.1.14.

1. Let n =5 and let d = 8. Then we have the following:

J1~n frand f3 ~y, fs.

Consider a set {[f1], [fs]}, then every element of this set can be expressed as a power

of [f3] since 32 =1 mod 8. We have that

[f3]2 = [fs] * [f3]
= [fl]'

We also have that

[P = [fa]
= [fs] since 3° = 3 mod 8.

2. If n =06, then d = 16. Following Example 4.1.8, we have the following pairs of Nielsen
equivalent epimorphisms: (f1, fis), (f3, f13), (fs, f11) and (f7, fo).
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Hence, RE;"(B) = {[fl]: [f3], [f5), [fﬂ}-

We also observe the following:
[fs]? = [fol = [fe], [P = [ful = [fs], [fs]* = [fi] and [f3]° = [fass] = [f3].

Hence, we conclude that every element in {[ fils [fs), [fs), | f7]} can be expressed as

powers of [f3]. That is, for any positive integer «, we have that ([f3])®

RE;™(B).

is always in

The above computation prompted us to investigate whether or not RE;™(B) is a cyclic

group. We propose the following results.

Proposition 4.1.15. If B is a finite abelian group of type (2*,2,2,2,2,2,2), then RE;™(B)

15 a cyclic group.

Proof. Let B be a finite abelian group of type (2%,2,2,2,2 2 2). Tt follows from Example
4.1.7 that we have one Nielsen equivalence class. That is f; ~,, f3. Thus, RE;™(B) is cyclic

since it has order 1. O

For a case whereby B is a finite abelian group of type (2'¢,2,2,2,2,2,2), we shall prove
that RE;™(B) is a cyclic of order 4.

Proposition 4.1.16. If B is a finite abelian group of type (2'6,2,2,2,2.2 2), then the set

Nielsen equivalence classes is a cyclic group of order 4.

Proof. Consider the set {[ Al sl [fs)s f7]} We first establish an isomorphism between this
set and Z,.

In {[f1], [f5], [f5], [f7]} we have the following:

Al = [A] = o)) =1
(] = [A] = ollfs]) =4
5] = [A] = ollfs]) =4
2 = [h] = o(lf]) =2



We show that RE.™(B) is isomorphic to Z,. In Z,, we have that o(0) =1, o(1) =4, 0(2) =2
and o(3) = 4.

The set {[fi],[f3], [f5], [f7]} has one element of order 1, one element of order 2 and two
elements of order 4. We note that the elements of Z, also have same orders. That is, in Z4

there is one element of order 1, one element of order 2 and two elements of order 4.

Thus, we have an isomorphism « : {[f1], [f3], [f5], [f7]} — Z4 defined by:

a(lAi]) =0, a([fs]) = 1, a(lfs]) = 3, and a([f7]) = 2.

Hence, {[f1], [fs], [f5], [f7]} is cyclic as Z,.
Also;
L2 = [, (£ = [fs], [fs] = [fe] and [f5]° = [fa].
The elements of {[f1],[fs], [fs], [f7]} can be expressed as powers [fs3] and [f5] and o([f3]) =
o([fs]) = [{[A], [fs], [fs], [f7]} |- Hence, [fs] and [f5] are generators of {[f1], [fs], [fs], [f7]}. [
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4.2 A link between the non-cancellation set and the
set of Nielsen equivalence classes

Let R = T x,ZF and let B = Aut(T) where T is a Miller p-group. In the previous section we
computed the following for a finite abelian group B: the rank, number of prime divisors of
| B|, the lowest common multiple of invariant factors of B and the number of Nielsen equiva-
lence classes. We also proved that the set of all Nielsen equivalence classes is a cyclic group.
The focus of this section is to use these computations to describe the non-cancellation set

of R through the Nielsen equivalence classes. That is, we want to establish an isomorphism

between x(R) and RE;™(B).

Consider a Miller group 7" and let d be the lowest common multiple of the invariant factors
of B. In the previous section we computed the elements of the set of Nielsen equivalence
classes. Recall that two epimorphisms f; and f, are in the same Nielsen equivalence class if
s and t are integers such that t = +s mod d. This results in @ Nielsen equivalence classes
in each RE;™(B), where ¢(d) is the number of elements in the set of {1,2,...,d — 1} that

are relatively prime to d.

We shall begin by comparing RE;™(B) with Z}/{1, —1}. Before we give the relationship
between these two groups, we shall compute the elements of Z}/{1, —1} for various values

of d. We will then use the structure of Z}/{1, —1} to explain the relationship between
Zy/{1, —1} and RE;"(B).

Example 4.2.1.
Let T be a Miller 2-group and let B be a finite abelian group of type (2"72%,2,2,2,2,2,2)

where n > 3.
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1. If n =4, then d = 4. Thus,

Zy/{1, =1} = {afl, -1} | a € Z3}
= {{17 _1}’{3a _3}}
= {{1, 3}}

2. Let d = 16, then

Lig/{1, —1} = {a{l, —1} | a € Zig}
= {{1, =1}, {3, =3},{5, =5}, {7, =7}, {9, =9}, {11, —11},{13, =13}, {15, —15}}
= {{1, 15}, {3, 13}, {5, 11},{7, 9},{9, 7}, {11, 5}, {13, 3}, {15, 1}}
= {{1, 15},{3, 13}, {5, 11}, {7, 9}}.

From the previous section we know that if d = 4, then we have one pair of Nielsen equiv-
alence epimorphisms, (f1, f3). We note from the example above that {1,3} € Z;/{1, —1}.
Also, if d = 16 then Zis/{1, —1} = {{1, 15},{3, 13},{5, 11},{7, 9}} and we have the
following pairs of Nielsen equivalence epimorphisms: (f1, fi5), (f3, f13), (f5, f11) and (f7, fo)-
We observe that the elements of Z%/{1, —1} correspond with the elements of RE_;"(B).
That is for every {t¢,s} in Z}/{1, —1} we have a corresponding pair of (f;, fs) of Nielsen

equivalent epimorphisms in RE;™(B). Thus, we give the following result.

Proposition 4.2.2. Let B be a finite abelian group and let d be the lowest common multiple
of the invariant factors of B. Then the function which sends an element n € Z; to f,, induces
an epimorphism 0 : Z; — RE;™(B). Furthermore, Ker() = {1,—1} and Z}/{1, —1} is
isomorphic to RE;™(B).

Proof. Let 6 : Z}; — RE;™(B) be defined by 6(t) = [fi]. We apply the definition of Nielsen
equivalent epimorphisms to show that 6 is well-defined. The definition states that if s and ¢
are integers such that (t,d) = (s,d) = 1 and t = +s mod d, then f; is Nielsen equivalent to
fs, [see Lemma 3.1.15].
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Suppose that t = s mod d, then if follows from Lemma 3.1.15 that f; ~, fs. Thus, 6
is well-defined.
The mapping 6 : Z; — RE;™(B) is onto since for every Nielsen equivalence class [f;] in

RE;™(B) there exists an element ¢ of Z.

The identity element of Z} is 1 and the identity element of RE;™(B) is [f1]. Thus, Ker(f) =

{tezy [0() =[]}
By the definition of #, we have that 6(1) = [f1]. Hence, 1 € Ker(0).

Also,
1 = d+1modd
= —(d—1) mod d.
Following the definition of Nielsen equivalent epimorphisms we have that [fi] = [fs_1]-

Thus, [fi] = [f-1] since =1 = (d — 1) mod d. This implies that —1 is also in Ker(f) since

0(=1) = [l
Hence, Ker(f) = {1, —1}.

We have established that 6 : Z); — RE;™(B) is onto and Ker(f) = {1,—1}. We recall
that the First Isomorphism Theorem states that for a homomorphism 6 : R — @) such that
Ker(f) = K, we have thatR/K = (). Thus, by Z;/{1, —1} = RE;"(B). O

Our interest is to establish an isomorphism 6 : RE;™(B) — x(R). To achieve that, we
will show that there is a relationship between x(R) and Z}/{1, —1} and use this relationship
to prove that x(R) = RE;"(B).

For an abelian group 7', this relation has already been studied in [22]. The authors presented

a condition under which x(R) = Z}/{1, —1}.

Theorem 4.2.3. [22, 3.8] Let T be a finite abelian group and let R =T x5 Z* be a K-group
such that the image Im(X) of A belongs to the centre of Aut(T).

1. If k > rank(Im(X), then the non-cancellation set is trivial.
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2. If k = rank(Im(X)), then x(R) = Z5/{1, —1} where d is the least positive integer n
such that the rank of nIm(\) is strictly less that the rank of Im(\).

We note that the above result is restricted by the condition that 7' is a finite abelian
group. We shall investigate the relationship between x(R) and Z%/{1, —1} when T is a
Miller p-group. Our work focuses on the non-cancellation set x(R) when T is not necessarily

abelian.

Proposition 4.2.4. Let T be a Miller p-group and let R be a semi-direct product of the
form R =T xZF. If d is the lowest common multiple of orders of the invariant factors of

Aut(T), then ¢ : Z;; — x(R) is surjective and x(R) = Z;/{1, —1}.

Proof. Let T be a Miller-p group let H, = T x, ZF where f, : ZF — Aut(T) is an epimor-
phism. Let [H;] denote the isomorphism class of H;, we define y(H;) to be the set of all
isomorphism classes of groups () such that Q) x Z = H; x Z.

Let the mapping ¢ : Z5 — x(H;) be defined by ¢t — [H;]. We begin by showing that v :
Z}; — x(Hy) is a well defined map, that is, for s, € Z} then t = s mod d = ¥ (t) = ¥(s).

If t,s € Z}; such that t = s mod d then it follows by the definition of Nielsen equivalent
epimorphisms that [fi] = [fs].

We recall that two epimorphisms f; and f are said to be Nielsen equivalent if f, = f;oh for
some automorphism h of Z*. Thus, we have that T X, Z¥ 2 T %05, ZF.

Also, Lemma 3.2.9 states that for groups N and H and a homomorphism p : H — Aut(N),
if h € Aut(H), then the groups N x1, H and N X ., H are isomorphic. This gives T' x s, Z" =
T X pon ZF.

We then conclude that T xy, ZF 22 T %, ZF, which implies that [H;] = [H,]. Hence, 1 is a
well defined function.

The function v is onto since for every [Hy| € x(H;) there is a corresponding ¢ € Zj.

Next, we compute the kernel ker(y) = {t € Z} | ¥(t) = [Hi]}.
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Clearly 1 € Ker(¢) since 1 — [H;]. Also, f; is Nielsen equivalent to f, if ¢t = +s. Hence,

1 = —d+1modd

—(d —1) mod d.

Thus, [f1] = [fs—1] which implies that [fi] = [f-1] since =1 = (d — 1) mod d. Since
f1 and f_; are Nielsen equivalent we have that f; = f_; o h for some h € Aut(ZF). Thus,
Txp ZF 2T %y op ZF and T 3y, Z" 2 T X4 o5 ZF. This implies that [H;] = [H_4] and
—1— [Hy).

Hence, —1 € Ker(v).

The function ¢ : Z; — x(R) is onto and Ker(1) = {1, —1}. Thus, by the First Isomorphism
Theorem it follows that Z} /{1, —1} = x(R).

We give the following result.

Theorem 4.2.5. Let R = T xy, Z* where w : Z¥ — Aut(T) is a group action. Denote
Aut(T) by B and let d be the lowest common multiple of invariant factors of B. Then
RE;™(B) = x(R).

Proof. Let Aut(T) = B be a finite abelian group. Let b = (a4, ...,ax) be a good ordered k-
tuple of elements of B. It follows by Proposition 4.2.2 and Lemma 4.2.4 that Z}/{1, —1} =
RE;™(B) and x(R) = Z5/{1, —1}. Thus, x(R) = RE;"(B). O

The following proposition presents a result on the order of the non-cancellation set
of R = T %) Zy when the automorphism group of 7' is a finite abelian group of type
(2n=2,2,2,2,2,2,2).

Proposition 4.2.6. Let T be a Miller 2-group and let B = Con—2 X Cy X Cy X Cy X Cy X Cy X Cs.

1. If n =4, then the non-cancellation set is trivial.

o)

2. If n >4, then |x(R)| = )
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Proof.

1. Suppose that n = 4, then |y(R)|= 1. This implies that the non-cancellation set is

trivial.

2. Suppose that n > 4, and let d be the lowest common multiple of invariant factors of B.
By Proposition 4.2.5 we have that RE;™(B) = x(R). Thus, it follows by Proposition

d
4.1.11 that the order of x(R) is equalt to %
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CHAPTER 5

Conclusion and further work

Let R =T x\Z* T, where \ : Z¥ — Aut(T) is a group action. Various authors have studied
the non-cancellation set of R when T is a finite abelian group([22], [20], [28] and [29]). The
basis of this work is to extend the study of the non-cancellation set to groups of the form

R =T x, Z*, where T is a finite group but not necessarily abelian.

In [22] and [28], the authors described a group structure on the non-cancellation set of R us-
ing the Nielsen equivalence classes of epimorphisms from a finite rank free abelian group onto
a finite abelian group. We discuss the non-cancellation phenomena in the class of K-groups
in Section 3.2. According to Witbooi’s result [Theorem 3.2.4], two groups R = T x, Z*
and Q = T x, Z* are isomorphic if and only if there exist automorphisms f : T — T and

h : ZF — ZF such that the following identity holds for every t € T' and every z € ZF,

[f o AR)I(E) = [w(h())(f ().

The authors show that R and H are in the same non-cancellation class if Im(\) and Im(v)

are conjugate in Aut(7T"). We made the following contributions:

e We give a link between the Nielsen equivalence classes and the congugacy classes of
subgroups of Aut(T') in Proposition 3.2.10. We showed that if the two images Im(\)

and I'm(v) are conjugate in Aut(T') then X is Nielsen equivalent to v.

In Section 3.2, the non-cancellation set is described through congugacy classes of sub-

groups of Aut(T). Witbooi’s result in [22] states that Q x Z = G x Z if and only if
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MNZF) = o= (Z")a for some a € Aut(T), [see Theorem 3.2.14]. Recall that for any homo-
morphism \ : ZF — Aut(T), the image I'm(\) of A is subgroup of Aut(T). This prompted
us to investigate subgroups of Aut(7) in Section 2.12.

Conjugate subgroups are represented by one isomorphism class in the non-cancellation set.
Thus, if all subgroups of Aut(7') are conjugate to each other, then the non-cancellation set
is trivial since it has only one isomorphism class. If Aut(T') has other subgroups which do
not have conjugates, then the non-cancellation set is not trivial since these subgroups form

distinct isomorphism classes.

Our interest is to discuss the case where the non-cancellation yx(R) is non-trivial. This
condition is met if there is at least one subgroup of Aut(7") which does not have any con-
jugate other than itself in Aut(T'), that is if at least one subgroup of Aut(7") is normal.
Suppose that I'm(\) is normal and Im(v) = a~'Im(u)a, then T x Z* is not in the same

non-cancellation set as T %, Z* and T x, Z*.

Another case that can result distinct isomorphism classes is when all subgroups of Aut(T")
are normal. To explore this case, we answer the question “What condition(s) should a group
satisfy to ensure that all its subgroups are normal?”

All subgroups of an abelian group are normal. Hence, we conclude that if Aut(T) is an
abelian group, then the non-cancellation set of R is not trivial. We then investigate various

cases of T' which result in Aut(T') being abelian.

For an abelian group 7T, we look at the case where T is cyclic and the case where T' is
not cyclic. A non-abelian group with an abelian automorphism group is called a Miller
group. In Section 3.3, we discussed the structure and the properties of Miller groups. We
have that the non-cancellation set of R = T x5 ZF is non-trivial if T is a cyclic group or 7'

is a Miller-p group.
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We go on to study the non-cancellation of R = T x, Z* when T is a finite non-abelian
group.

Consider the automorphism group of T" to be a finite abelian group of type (2772,2,2,2,2,2,2)
and denote the lowest common multiple of the invariant factors of B by d. In Section 4.1 we
constructed set of Nielsen equivalence classes for various values of n > 3.

We began by computing the various values of d. We then establish a relationship between
d and n > 3 in Proposition 4.1.6 which states that if B is a finite abelian group of type
(2n=2,2,2,2,2,2,2), then d = 2"2.

According to Lemma 3.1.15, two epimorphisms f; and f, are Nielsen equivalent if s and
t are integers such that (s,d) = (t,d) = 1 and t = 4+s mod d. We used the different values
of d that we computed to determine integers s and ¢ that satisfy these conditions. That is

we identified various pairs of Nielsen equivalent epimorphisms for each d, hence determining

the order of RE.™(B).

We made the following contributions:

d
e In Proposition 4.1.11 we showed that |RE;"(B)|= %

e We then generalized this result to discuss the order of the set RE;™(B) when T is a

Miller-p group for any prime number p such that p > 2.

For a finite abelian group B = Aut(T'), we define a binary operation * on RE;™(B) by
[fi] % [fs] = [fis]. In Proposition 4.1.13 we proved that RE;™(B) is a group under *. Using
the binary operation *, we explored some properties of elements of RE.™(B). We then made

the following contribution:

e We showed in Proposition 4.1.16 that RE_™(B) is a cyclic group. For a finite abelian
group B of type (2'9,2,2,2 2 2 2) we showed that RE;"(B) is a cyclic group of order
4. Thus, RE;"(B) = Z,.
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We established an isomorphism 6 : x(R) = RE;"(B) and made the following contribution:

e In Proposition 4.2.2 we constructed a surjection 0 : Z; — RE;"(B). We also estab-

lished that Z}/Ker(0) = RE; ™ (B).
e We proved in Proposition 4.2.5 that x(R) = RE."(B).

For further work we would refer to the work done by P. Witbooi in [28] where he defined
an abelian group structure on the non-cancellations set. Following the author’s notation,
for a group R = T x Z*, let n; be the exponent of T, let ny be the exponent of the group
Aut(T), and let ng be the exponent of the torsion subgroup of the centre of R. The author
defined the natural number n(R) = ninyns. He presented a result which states that the
function 6 : Z /{1, —1} — x(R) induces a group structure on the non-cancellation set. It
would be interesting to investigate if there is a relationship between the natural number n

and the lowest common multiple of the invariant factors of B = Aut(T') where T is a Miller

group.
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