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ABSTRACT 
 

Oil and Natural Gas are amongst the depletable resources of fossil energies. These characteristics 

have major implications in the supply demand equilibrium. For example, in a schematic way, the 

shortage (or the fear of shortage like during the oil crisis of 1973) automatically triggers a sudden 

price increase which decreases the demand according to the political economy of energy. The 

fear of shortage in the Sub-Saharan context is also an old issue in the African oil industry that 

always seeks to know what alternative solutions Africa has and how can the continent benefit 

from them. It is in this context that this work constitutes an extensive research that focused on 

biodiesel produced from ricinus communis oil. The goal of this research was the development of 

an advanced mathematical model of a ricinus communis oil based biodiesel production process, 

taking into account all phases, from planting ricinus communis trees, extracting oil, to biodiesel 

production. All these phases were thoroughly studied and models were developed based on 

mathematical principles. Firstly, a mathematical model based on the Pareto-Levy law was 

constructed in order to observe the sizes of plantations and the quantities of ricinus communis oil 

extracted. Secondly, another mathematical model was developed for the biodiesel production 

phase. 

With regards to the first phase, the growth of ricinus communis plants was investigated: 65 

ricinus communis trees were planted in the Limpopo province of South Africa. Plants grew and 

ricinus communis beans were manually harvested within a constant interval of 24 months. 

Observations of the growth of ricinus communis trees suggested that there was neither branch 

mortality nor amortisation. Results of the mathematical model developed for the first phase 

indicated that ricinus communis plants growth was not stochastic because its probability of 

ramification was as high as 0.95. Also, the probability of the ricinus communis branching 

process remained constant, at a value of 0.95. For each tree trunk, findings indicated that the 

probability of its process was reduced to 0.87 and its resulting probability ratio was equal to 

0.84.  

During the second phase, ricinus communis oil extraction through mechanical and chemical 

operations was performed. The extracted oil was a mixture of fatty ester acids where the main 

acid was ricinoleic. This acid imparted specific proprieties to ricinus communis oil, including the 

solubility into alcohol. It was also accompanied by oleic, linoleic and stearic acids.  
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In addition, the problem of ricinus communis oil reserves was covered in a qualitative point of 

view and it justified the use of the Pareto-Levy distribution in order to model the quantities of 

ricinus communis oils stored for biofuels production. And the development of the mathematical 

model for oil extraction process and reserve storages was performed using the Doehlert 

experimental plan and response surface methodology (RSM). Thus, the reformulated Derrida’s 

Random Energy Model (REM) of ricinus communis oil reserve storages indicated that it was 

natural to represent those quantities by using the jumps of stable subordinators.  

Furthermore, modelling of oil extraction based on ricinus communis plantations that had 

different sizes was designed. For this purpose, one important part of this study consisted on 

developing the best mathematical model that took into account the size inequality of the 

plantations. The main constraint for the development of this model was the low quantity of 

available data because they were whether inexistent, or expensive to obtain. Therefore, a model 

in which the estimation of parameters required a minimum input data was constructed. The 

model was constructed around mathematical observations and it was based on the description of 

ricinus communis plantations and oil. Also, in order to address the problem of inequalities 

observed on the size of plantations and on the quantities of ricinus communis oil, it was 

constructed based on the Pareto-Levy law. And, it also represented the ricinus communis oil 

production process, covered the indication of the ricinus communis plantations structures and 

indicated the types of biodiesel production performed.   

In addition, while the stoichiometry of the reaction required 6 methanol moles for 1 ricinus 

communis oil mole (6:1 ratio) in order to obtain 6 esters moles of fatty acid and 1 glycerol mole, 

the performance was less compared to the performance obtained with the 24:1 ratio that was 

used and which corresponded to 66% of excess of methanol. Thus, under the model constructed, 

by increasing the methanol/ricinus communis oil molar ratio from 6:1 to 24:1, ester content was 

increased from 60.5% to 95.2%. This indicated that our model provided a fairly better 

performance than results observed in the literature. At the beginning of the experiment, both 3:1 

and 4:1 molar ratios (33% of excess in methanol) were used. Further experiments were 

performed with 5:1 molar ratio (66% of excess in methanol) and so on until 24:1 and 25:1 molar 

ratios. From the excess of alcohol, a 90-95.2% conversion was achieved, which was good. It was 

also evident that a 3:1 ratio gave a lower performance and made intermediaries lower products 

such as diglycerides and triglycerides.      



vii 
 

During the third phase, biodiesel was produced from an alkaline transesterification reaction of 

ricinus communis seed oil. The transesterification reaction was performed on two different tests 

without changing the operational conditions (molar ratio and temperature of reaction) and 

experimental planning was operated to evaluate the impact of temperature in product yield and 

quality; 13 experiments were performed. During the first test, the duration of the reaction was set 

to 1 hour and during the second test, the duration of the reaction was set to 4 hours. The 

calculation of reaction performance of each test indicated that the 1-hour duration was not 

enough to convert the triglycerides into esters. Meanwhile, the 4-hour duration produced a 

conversion performance of 95.2%, which was aligned with the optimal performance found in the 

literature. Also, the coefficient of determination 𝑅2 = 0.883 indicated that the model was able to 

predict more than 88% of the total variance. The optimum performance, with a value of 84%, 

was obtained for the ethanol/vegetable oil molar ratio of 15:1, a KOH mass concentration of 

0.5% and a temperature of 35℃. 
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CHAPTER 1 INTRODUCTION 
 

1.1 Background and motivation 

For the past 20 years, the world is witnessing a significant increase in the primary energy 

demand, which means an increased use of fossil fuels. Such a development could not happen 

without bringing a certain number of ecological problems due to greenhouse gases and 

emissions such as the carbon dioxide (CO2) resulting from human activities. Meanwhile, CO2 

emissions come from a variety of natural sources; the main activity that emits CO2 is the 

combustion of fossil fuels (coal, natural gas, and oil).   

The Kyoto protocol (1992) clearly showed specific commitments for reducing emissions of 

greenhouse gases by 5.2% in 2012 compared to 1990 emission levels. In November 2005, 

156 of 192 independent countries approved, ratified and acceded to the protocol. In this 

context, the search for alternative energy became a major global concern. Among the 

solutions in the transportation sector, biofuels obtained by direct use of biomass or 

transformation processes such as pyrolysis, fermentation or gasification become a potential 

fuel candidate.  

Biofuels are renewable fuels produced from vegetable oils, animal fats and waste. Depending 

on the industry, light biofuels such as alcohol are produced by alcoholic fermentation of 

sugars or hydrolysis of starch, gaseous fuels (Dihydrogen or methane) from vegetable oils or 

animal fats, and solid fuels from charcoal. The ecological balance of these green fuels is 

significantly better than that of the petroleum products, which could favour their usage. In 

facts, it is renewable energy that releases into the atmosphere only the equivalent CO2 

absorbed by the plants during their growth, provided that they are maintained [1].  By taking 

into account pollutant emissions from the production chain (seed land with a tractor, fertilizer 

pollution, etc.), it is estimated that biofuels reduce emissions of greenhouse gases by 80 to 

90% compared to petroleum products [2, 3].  

A major drawback of the development of first-generation biofuels is that they compete with 

food crops. New branches of second generation biofuels from lignocellulosic biomass sources 

(leaves, wood, straw ...), gradually emerge with better returns [4]. Nevertheless, the use of 

pure vegetable oils in biofuel engines would appear as an attractive solution to enhance 

biomass energy reserves. But in general, the straight use of vegetable oils on recent vehicle 

engines, for example where electronic components are present and which require a lot of 



2 
 

precisions, generates combustion problems [5]. In fact, although vegetable oils have the 

calorific capacity similar to that of standard fuels, their high viscosity at room temperatures 

often leads to the damage of injection systems [6]. Also, crude vegetable oils are composed 

of three fatty acid molecules linked to a glycerol molecule and which constitute the glycerine 

that creates problems when it is used as a substitute for fuel such as diesel. On the other hand, 

South Africa and other Sub-Saharan African countries are particularly vulnerable to the 

adverse effects of climate change, which makes them to be sensitive to environmental 

imbalances caused by global warming affecting the planet. As the transportation sector 

remains in expansion, this sector constitutes the most important source of greenhouse gas 

emissions and one of the main sources of global warming. The use of bioenergy as alternative 

renewable and less polluting fuels seems interesting. 

Furthermore, beyond South Africa, eight hundred million people live in Sub-Saharan Africa 

and a vast majority doesn’t have enough energy [7]. It is estimated that by 2050, 1.95 billion 

people will be trying to live off the land in the Sub-Saharan region of Africa [8]. It is in this 

perspective that most Sub-Saharan African countries are currently showing interests in the 

production of biofuel as an alternative to fossil fuel. Since then, the biofuel sector has been 

one of the key focus points of discussions within the region. And there is a growing 

consensus that oil crops constitute the basis for biofuel production in the region [9]. Also, in 

order to develop the energy production and clean fuels in the Sub-Saharan African region, it 

is not possible to rely on crops that are destined to human or animal consumption. It would be 

wiser to turn to second-generation biofuels produced from cellulose waste or specific crops. 

Thus, as part of this work, the choice of biomass that provides natural oil fell on the ricinus 

communis or Castor oil plant.  In fact, beside the most dominant oil crops (palm, soybean, 

rapeseed and sunflower), the Sub-Saharan African region has the potential to use ricinus 

communis beans as a good resource for oil. The use of such oil can rapidly gain momentum in 

the region, where large volumes of this plant can be used for biofuel production [10]. 

Furthermore, with 44 African states, including South Africa, members of the Sub-Saharan 

African region, and according to the Food and Agriculture Organisation of the United 

Nations (FAO), about 874 million hectares (ha) of Africa's lands are considered suitable for 

agricultural production [11]. And the FAO estimates that the size of lands available for 

cultivation in the Sub-Saharan African region alone amounts to more than 700 million ha 

[12]. More interestingly, tens of millions of agricultural lands in Sub-Saharan Africa are able 

to produce ricinus communis plants [13]. It is in this perspective that there is a strong believe 
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that the production of ricinus communis oil plants for biofuel production has the potential to 

elevate the socio-economic life of the people of the region.  

It is evident from the number of researchers listed in the literature that an important amount 

of research is being done to model the performance of second generation biofuels production. 

However, these works are producing results that are going in different directions, making it 

unclear whether second generation biofuels are sustainable alternative fuels for the Sub-

Saharan African region. Some of the noticeable difference in the reported values of key 

performance factors is due to the distinction in assumptions and input parameter 

identification made by researchers. This condition of the study of second generation biofuels 

such as ricinus communis triggers a considerable importance for a new, advanced and yet 

flexible model with which a researcher can modify those assumptions and input parameter 

selections, so that the key drivers of process performance can be identified and determined.     

1.2 Research objective 

The aim of this research is to develop a mathematical model for biofuel production from 

planting of ricinus communis, the extraction of its oil to biofuel production. A proposed 

mathematical model will be derived using specific variables. In order to achieve the aim of 

this research, the below objectives will be investigated: 

 Modelling of the ricinus communis fields plants; 

 Optimization of oil extraction by varying seed pre-treatment temperature, extraction 

temperature and pressure for different seed load; 

 Optimisation of methyl ester production by varying reaction time, temperature and 

oil-catalyst ratio;  

 Assessment of existing oil extraction and biodiesel production models on the one 

based on castor oil; 

 Development of mathematical models from first principle using process parameters 

such as time, temperature and oil-catalyst ratio and models validation.  

These objectives will assist: 

 To improve the understanding of the process; 

 To help in performing experiments; 

 To facilitate qualitative and quantitative interpretations of experimental results; 

 To help with the process of optimisation; 

 To develop estimators and process control loops.  
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Chapter 2: Literature review 

2.1 Introduction: Political, economic and environmental contexts.  

Fossil fuels are still used in the Sub-Saharan region of Africa. Due to factors such as the 

demographic growth and the high demand among African countries, the consumption of oil 

has exponentially increased which makes African countries to be dependent on oil.  

According to a 2009 joint study by the African Development Bank and the African Union, 

the total African consumption of oil in 2006 was close to 3 million barrels per day [16]. 

Globally, this consumption will reach 107 millions of barrels per day in 2030 [17] and the 

transport sector will be then the source of 80% of this increase [17]. Another study conducted 

by the OCDE shows that 95% of global transports depend on oil and its consumption is 

higher than 60% [18].  

The availability of oil resources is an important source of preoccupation in Sub-Saharan 

Africa as the global production had already been predicted according to the Hubbert’s peak 

theory [19].  

 

Figure 2.1: Graph of the Hubbert’s peak theory [19] 

Hubbert showed that the production of oil and gas in the USA will first peak before it 

declines. It happened that the peak happened in 1971. As it was established that Hubbert was 

entirely right, his studies were analysed in order to retender global resources, including oil. 

This was not an easy exercise because it had implied the adaptation to the oil shock that made 

https://www.google.co.za/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwia1dHxxs7UAhWB0xQKHWmHCfYQjRwIBw&url=https://www.linkedin.com/pulse/why-hubberts-peak-oil-theory-failed-alahdal-a-hussein&psig=AFQjCNGX_JG3926NexKwDyl4Bgh0UcHkHA&ust=1498121202483820
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the production to drastically decrease. However, the extrapolation of his research performed 

by other experts enables to determine the peak of the production that varies according to the 

hypothesis of growth and to the discovery of oil reserves [20]. Meanwhile, the International 

Energy Agency (IEA) projected that in 2030, in the absence of public policies in the field, the 

global energy demand will grow by about 50% from 2002 to 2030 [20].  

In general, most projections agreed with a global production decline of fossil combustibles at 

the beginning between 2010 and 2050 as well as an impoverishment of reserves during the 

next century [19]. The last decade has highlighted the fact that fossil energies are not 

inexhaustible and that there is a need to think of alternative sources of energy in order to 

satisfy the global energy demand. In addition, alternative energies will help to reduce the 

greenhouse effect. The future belongs to the energy sobriety and to the growth of energies 

that do not emit greenhouse gases. However, nowadays scientists continue to make 

considerable efforts on the research of alternatives to fossil energies. 

In a goal to replace oil fuels, many studies have been conducted on alternative non-renewable 

and renewable energies. Researches on non-renewable energies are mainly based on coal and 

natural gas. In 2009, 89% of the energy produced in a country such as Canada (15 exajoules) 

came from non-renewable sources [21]. For example, coal can be converted into synthesis 

gas (Co,𝐻2) through gasification [22], then into fuel by the Fischer-Tropsch reaction, into 

methanol or synthetic natural gas by catalytic processes [23].     

In 2013, the renewable energy sources used in the world have been mainly biomass and waste 

(58%) [24], hydroelectricity (31%) [25] and other sources (12%) among which we have 

wind, thermal and solar energies [26, 27].  

In the United States, the energy produced from biomass is expected to increase by 300% 

between 2017 and 2030 in order to reach 153 billion of kWh. Biomass is a source of energy 

that is widely used to produce biofuels of 1st, 2nd and 3rd generations [27].    

It is in this perspective that the industrial production of biofuel is carried out by 

transesterification of vegetable oils and methanol in homogeneous basic catalysis. And 

methanol itself is synthesized from fossil resources. Substituting methanol with ethanol has 

generated a lot of interest because ethanol is produced from renewable agricultural resources 

and can be locally produced in the region [28].  
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The biofuel production line from ethyl esters allows the access to better energy independence 

and has environmental advantages on the methyl esters stream because the carbon of the ethyl 

esters is entirely of photosynthetic and renewable origin.  

The production of esters is dependent on many reaction factors, the main ones being the 

ethanol/vegetable oil molar ratio, the amount of catalyst and the temperature of the reaction. 

The performance of ethyl esters can be elevated (>90%) if those factors are optimized. 

Despite all this, the development of industrial ethyl esters production is still limited because 

of the difficult separation of the ethyl esters from the medium of reaction, the water content 

of bioethanol, which may reach 5% according to the production process [29].  

2.2 First generation biofuels 

First generation biofuels correspond to those obtained from vegetable cultures [30, 31, 32]. 

They mainly correspond to ethanol-based combustibles which are obtained from the 

fermentation of sugars (Maize, sugar beet, sugar cane and so on), from oil-based fuels (crude 

oil, biodiesel, renewable diesel) produced from catalytic hydro deoxygenation of oils [20, 21] 

and from oilseeds (Colza, palm, etc).  

Biogases emitted by raw materials or by landfill sites [22] are also part of the biofuels of first 

generation. We recall that the use of vegetable oils as fuel is not a new concept per-se. In fact, 

during the world exposition of Paris in 1900 [33], the inventor of biodiesel engines RCK 

Diesel demonstrated the possibility of using vegetable oils as substitute to fuel in a 

compression ignition engine. However, this success was set apart for economics motives 

because of the low oil price. The major obstacle to the commercialisation of biofuel was and 

still is its cost of production in which the price of raw materials is about 75-80% of the total 

operating expenses [34, 35].   

Biofuels of first generation can be divided into two big families: The first family of first 

generation biofuels is diester derived from rapeseed, soya or ricinus communis oils and that 

are commonly used in diesel engines. Here, crude oils are obtained by simple seed presses. 

The second family is bioethanol which is an alcohol obtained by the fermentation of starch 

crops such as as sugarcane, sugar beet or sweet sorghum. Bioethanol is commonly used in 

petrol engines and mostly in flexible-fuel vehicles (FFVs) which are alternative fuel vehicle 

that run on petrol blended with either ethanol or methanol fuel [36].   
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2.2.1 Biofuels made from oil 

Vegetable oils can be used (up to 100%) as fuels by all diesel engines after minor 

modifications under specific conditions with the objective of warming the fuels in question. 

In order to use vegetable oils without modification, they must be mixed with an ordinary 

gasoil. The main disadvantage of both vegetable oils and animal fats is essentially linked to 

the high viscosity (Between 11-17 times higher than the diesel fuel) [37], the weak volatility 

that generates the formation of deposits inside the engines due to the incomplete combustion 

and the incorrect characteristics of the vaporisation. These problems are associated with the 

triglyceride grass chains having elevated molecular masses. But these inconvenient factors 

can be overcome.  

Triglycerides that constitute vegetable oils can be transformed into alcohol esters or split up 

into glycerol by a transesterification reaction with methanol or ethanol. The small molecules 

of biofuel obtained from transesterification possess proprieties that are almost the same than 

those of gasoil and can be used as fuel in compression ignition engines or diesel engines. This 

type of biofuel does not have sulfur, is not toxic and is biodegradable. It is often called 

diester. It is important to mention that the energy and carbon performance are usually better 

when the engine is adapted to pure vegetable oil than when it comes to adapt vegetable oil to 

engines designed to work with products derived from petrol.    

2.2.2 Biofuels made from alcohol 

A. Bioethanol 

Bioethanol is produced through fermentation of whether simple sugars from plants (beets, 

sugar cane) or starch from yeast cereals (wheat, maize). It can be blended directly with petrol 

at contents ranging from 5 to 26% and at even higher rates for so-called "flexible" vehicles. A 

small proportion of ethanol can also be added to diesel, but this practice is infrequent. In 

Europe, ethanol is most often incorporated into petrol after transformation into ETBE.  

B. Ethyl tert-butyl ether (ETBE) 

ETBE is a derivative of ethanol and is obtained by reaction between ethanol and isobutene. It 

is usually used as a fuel additive. Meanwhile, isobutene is obtained when oil is refined. More 

importantly, ETBE/petrol mixture has a lower vapour pressure than ethanol/petrol mixture 

and thus meets the petrol specifications. Incorporating the ETBE has the following 

advantages:  
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 No volatility problem; 

 High octane rating; 

 Perfect tolerance to water. 

C. Bio-butanol or butyl alcohol 

Bio-butanol (or butyl alcohol) is enzymatically obtained from sugars to butanol-1 (acetone-

butanol fermentation). The driving force behind the use of bio-butanol as a substitute for 

petrol is to benefit from its physical advantages to overcome the difficulties associated with 

the use of ethanol (volatility, aggressiveness to certain plastics used in the automobile 

industry). Bio-butanol can be used as fuel mixed with petrol up to 10% of the volume without 

adaptation of the engine. It can also be used in mixture with ethanol and petrol or even gasoil. 

Bio-ethanol production units can be adapted to produce bio-butanol. 

 D. Methanol 

Methanol obtained from methane, can also be used, partially replacing (under certain 

conditions) petrol, as an additive in diesel, or eventually for certain types of fuel cells. 

However, it should be reminded that the methanol is very toxic to humans. 

2.2.3 Advantages and disadvantages of 1st generation fuels 

First generation biofuels have the advantage that their technical production is well mastered 

and mature [38]. They are the only alternative to petroleum-based liquid fuels and are directly 

compatible with current flexible-fuel vehicles (FFVs) that have internal combustion engines 

[36, 39]. But they are limited at the following points: 

 The potential competition and a remarkable tension on resources linked to high 

agricultural area needs;  

 The energy and environmental balances of these fuels are modest (especially for 

greenhouse gases). This is even more visible for the alcohol industry;  

 The balance sheet in terms of greenhouse gas emissions appears less favourable when 

taking into account the conditions of production and distribution; 

 The probable interference with natural ecosystems and global food systems. 

2.3 Second generation biofuels  

Second generation biofuels are materials-based cellulosic biofuels obtained from non-edible 

crops (wood, leaves, etc). The second generation feedstocks are non-edible vegetable oils and 

are considered the best alternative to edible vegetable oils for biofuels production.  
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These biofuels are: Bio-alcohols, bio-oils, 2.5-Dimethylfuran (DMF), bio-hydrogens, 

Fischer-Tropsch diesels, wood diesel [40].  

In addition, second generation biofuels can be obtained from the biomass without any 

competition with the use of foods: cereals, woods, forest residuals and dedicated crops. There 

are two ways of producing second generation biofuels: 

A. Biochemical pathway 

It is related to the production of the cellulosic ethanol by fermentation. This process is 

performed in 3 big steps. Of the three main contents of the lignocellulosic biomass (cellulose, 

hemicellulose and lignin), only the cellulose is transformable into ethanol. A first step 

consists of the extraction of the cellulose and then its transformation into glucose by 

hydrolysis using enzymes. Then glucose is fermented into ethanol using yeast. Finally, 

ethanol is purified by distillation and dehydration.  

B. Thermochemical pathway 

One of the ways is the production of BtL (Biomass to liquid) synthetic diesel fuel. For the 

thermochemical way, the biomass is first conditioned by pyrolysis. Then, it is gaseous at up 

to 1000 °C in the presence of water vapour or oxygen. Synthesis gas consisting of carbon 

monoxide (CO) and hydrogen (𝐻2) is obtained. The next step is the Fischer-Tropsch 

synthesis, the catalytic chemical transformation of synthesis gas into linear paraffin, which, 

hydrocracked and isomerized, will produce a synthetic gasoil. 

According to the physical state, there are three types of second generation biofuels: 

 Solids: solid biocombustible; 

 Liquids: bio-oil, biofuel, bioethanol; 

 Gaseous: Biogas, biosynthesis gas.  

The use of non-edible crops oils is crucial because edible oils are in high demand for food 

security. In addition, edible oils are more expensive to be used as feedstock for alternative 

fuel. Thus, biofuel production from non-edible oils such as ricinus communis oil is a better 

way to circumvent all the challenges linked to edible oils. As a non-edible oil, ricinus 

communis oil contains about 50-70% of oil and triglyceride with fatty acid chains composed 

of 90% ricinoleic acid, 4% linoleic acid, 3% oleic acid. Stearic, palmitic and linoleic acids 

represent less than 1% each. With this composition, ricinus communis oil constitutes a good 

source of biofuel with a prospect of good productivity for sub-Saharan African countries.  
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2.4 Third generation biofuels 

Third generation biofuels are biofuels produced from algae and combustibles-based micro-

organisms (yeast and fungi) such as vegetable oils, biodiesel, renewable diesel [41, 42]. Like 

second generation biofuels, third generation biofuels are better than those of first generation 

in terms of sustainable development because they are carbon-neutral and they reduce 

atmospheric 𝐶𝑂2 concentrations [43]. Third generation biofuels include methane produced by 

anaerobic digestion of algae [44], biodiesel derived from microalgae oil [45, 46] as well as 

from photobiological hydrogen production [47, 48]. However, the idea of using micro-algae 

as a source of fuel is not new but it has started to be taken seriously because of the escalation 

of oil prices and the global warming which are associated with the consumption of fossil 

fuels [49]. 

According to some authors, the cultivation of microalgae seems to theoretically be 30 to 100 

times more efficient than the terrestrial oilseeds. In order to obtain an optimal oil 

performance, the microalgae growth must be carried out with a 𝐶𝑂2concentration of about 

13%. This is possible at a very low cost due to the coupling with a 𝐶𝑂2 source. For example, 

𝐶𝑂2 produced from coal, natural gas, biogas thermal plant, alcoholic fermentation unit or 

cement plant. By comparison, for each ton of microalgae biomass produced, some authors 

estimate that 1.8 tons of 𝐶𝑂2 would be consumed (180% reduction) [50]. It is in this context 

that this study focused on the use of ricinus communis oil for biofuel production. 

2.5 Factors of biofuel production 

The ricinus communis plant based on the seed oil content is able to produce biofuel. Factors 

to be considered are formulated as follows:  

 Tolerance and absorption of 𝐶𝑂2; 

 The temperature of tolerance; 

 The stability in cultivation inside specific bioreactors; 

 By-products; 

 Vulnerability to infection and to potential herbivores; 

 Harvest and process; 

 The potential manipulation of genetic engineering.  

Nowadays, main biofuel produced are: Methyl ester and bioethanol. And the production 

of biodiesel comprises several steps as shown in Figure 2.2. 

 



11 
 

 

                          

 

 

 

 

 

 

 

 

Figure 2. 2: Biofuel channels [51] 

In addition, Figure 2.5 is used to display all steps of oil transformation into biofuel.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                            

Figure 2. 3: Steps of oil transformation [52] 
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2.6 Oils: Various sources, criteria of selection, composition and characteristics 

2.6.1 Various sources of oil  

In principle, any source of fat body can be used to prepare the biodiesel. However, some 

sources are more preferred than others depending on countries. For example, in the United 

States, manufacturers prefer the use of soybean oil. USA is the largest producer of soybean 

oil before Brazil. On the other hand, Brazilians use different sources of oil because of the 

biodiversity of the country. For example, in the north of Brazil, it is mainly palm oil and 

soybean oil whereas in the centre-west, it is soybean oil, cotton oil, castor oil, and sunflower 

oil. In France, producers mainly use rapeseed oil [53]. In the case of South Africa, the biofuel 

production technology is fairly well established. The preferred crops for biofuels production 

in South Africa are second generation crops which are not dependent on food crops, 

including soya, canola and sunflower for biodiesel and sugar cane and sweet beet for 

bioethanol [54]. Four years ago, South Africa had decided that sorghum should be used as 

biofuels feedstock and soy beans as biodiesel feedstock in order to reduce food security 

concerns [55].  

2.6.2 Oil selection criteria: Competition with food, price and profitability  

The source of biodiesel must as much as possible meet two very important criteria:  

 The low production prices; and  

 A large scale of production. 

The price of edible oils, such as Soybean oil is higher than diesel. For this reason, waste 

vegetable oils and non-edible vegetable oils are preferred as a source of fats for the 

production of biodiesel. Also, it is possible to use frying oils, rendering oils, various animal 

oils, such as fish oils and even fats, since for esters formed with these oils, it is possible to 

have pour points reaching more than 10 °C [56].  

On the other hand, in order to choose the source of biodiesel, it is important to consider the 

percentage of oil in the plant and the oil yield per hectare. Let’s take the example of the US, 

where replacing diesel transport with biodiesel requires 0.53 trillion cubic meters of biodiesel 

per year depending on the speed of the current consumption.  

The table below shows the oil yield per hectare for different oil sources, the areas required 

and the percentage of the US growing area [55]. In order to produce 50% of the fuel oil in the 

US, 24% of the cultivable area of the country must be used for the cultivation of palm oil 
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(considered the most profitable oil). It is clear that the vegetable oil could not significantly 

replace petroleum derivatives in the future. However, this scenario dramatically changes 

using micro-algae as sources. In fact, the area required is reduced between 1 and 3%. 

A comparison of a selected number of biofuel sources other ricinus communis oil is displayed 

in Table 2.1.  

Table 2. 1: Comparison of biofuel sources other than ricinus communis [56] 

 

Plant 

 

 

Oil yield 

(liter/ha) 

 

Land area required 

(mha) 

 

Percentage of the area of cultivation of the US 

Maize 172 1540 846 

Soy 446 594 326 

Canola 1190 223 122 

Jatropha 1892 140 77 

Coconut 2689 99 54 

Palm 5950 45 24 

Microalgae 

70% of biomass oil 

 

136.900 

 

2 

 

1.1 

Microalgae 

30% of biomass oil 

 

58.700 

 

4.5 

 

2.5 

2.6.3 Chemical characteristics composition of oils  

The benefit of knowing the composition of oil is obvious since it will have an influence on 

the physical characteristics that are essential to evaluate the quality of the resulting biofuel 

such as the viscosity, the melting point as well as its thermal stability. From a chemical point 

of view, the composition of oils depends on the variations of cultivation conditions (soil, 

climate and humidity). Vegetable oils consist mainly of triglycerides, free fatty acids and by-

products. By-products with maximum content in the range of 1 to 5%, in a normal crude oil 

are essentially: 

 Phospholipids (lecithin, cephaline), gum sources 

 Carotenes and xanthophylls (polyunsaturated) very polymerisable 

 Tocopherols (natural antioxidant) 

 Free or esterified steroid alcohols and triterpenic alcohols  

 Monoglycerides and diglycerides 

 Water trace.         
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In some cases, the wrong artisanal fabrication of oil or an inadequate storage can lead to an 

important presence of these by-products. Free acids derived from the hydrolysis of 

triglycerides can be present with various contents from less than 0.5% for comestible oils up 

to 60% or even more for very acidic oils. Triglycerides are long molecules whose hydrolysis 

leads to the glycerol and to three fat acids. Figure 2.6 shows the general chemical structure of 

triglycerides: 

                                              O                                            

CH2            O          C            R           

                                        

                                             O 

CH             O           C           R 

                                        

                                             O       

CH2           O            C          R 

Figure 2. 4: Triglyceride general chemical structure 

Fatty acids are divided into three categories: major, minor and unusual.  

 Major fatty acids are the most known and are in big quantities inside the plants: lauric 

acid (C12), myristic acid (C14), palmitic acid (C16), stearic acid (C18), oleic acid 

(C18:1), linoleic acid (C18:2), and linolenic acid (C18:3). 

 Minor fatty acids are secondary contents of fatty bodies.  

 Unusual fatty acids are polyunsaturated fatty acids with conjugated double liaisons, 

acetylic fatty acids (with triple liaisons). Triglycerides fatty acids differ by the length 

of the chain, the degree of unsaturation and the presence of other chemical functions.              

 Fatty acids are constituted of a linear chain of a pair number of atoms of carbon going 

from 8 to 22 atoms.  

The fatty acid composition of the vegetable oils is summarized in Table 2.2. 
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Table 2. 2: Fatty acids composition of vegetable oils [57, 58]    

                                                        Fatty acids composition (%)

Vegetable oils 14:0 16:0 18:0 20:0 22:0 24:0 18:1 22:1 18:2 18:3

Maize 0 12 2 Trace 0 0 25 0 6 Trace

Cotton 0 28 1 0 0 0 13 0 58 0

Lin seed oil 0 5 2 0 0 0 20 0 18 55

Nuts 0 11 2 1 2 1 48 0 32 1

Canola 0 3 1 0 0 0 64 0 22 8

Soy 0 12 3 0 0 0 23 0 55 6

Sunflower 0 6 3 0 0 0 17 0 74 0

  

It was noted that triglycerides of certain oils such as rice oil are composed of various fatty 

acids, present in diverse proportions. Also, other oils are essentially composed of only one 

type of fatty acid. It’s the case of canola oil essentially composed of triglyceride fatty acids. 

That justified why canola oil was the most used in literature even though in this work, the 

literature related ricinus communis oil was used. In addition, literature indicated that fatty 

acids was saturated, monounsaturated or polyunsaturated. Those double liaisons were found 

in chains of more than 14 carbon atoms but were not present at the end of the chain. They 

were fragile and easily oxidable in order to form peroxides and then carboxylic acids. That 

was the reason why oil must always be stored far from light, heat and humidity. In fact, the 

influence of the length of the chain was the priority when it was related to the degree of 

unsaturations. It was further noted that some acids possessed functional groups such as 

unusual triglycerides. In a basic environment, these molecules produced alcoholate. And 

alcoholate was able to enter into competition with the reactive, which dropped the 

performance. In this regard, oils were characterised by important basic chemical 

characteristics: iodine index (II), acidity index (AI) and saponification values (SI) [59].    

A. Iodine index (II) 

This was the diode mass (I2) (expressed in g) capable of binding itself to the unsaturations 

(most often double liaison) of fatty chains of 100 g of fat. It is used to measure the number of 

unsaturations. Oil with a high iodine value is not very resistant to oxidation, which can cause 

problems in combustion (cracking and polymerization in engine combustion chambers). 

Saturated, oil can be resistant to oxidation but often solid at room temperature.    
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B. Acidity index (AI) 

Acidity index (AI) expresses the mass of potash (expressed in mg) required to neutralize the 

free fatty acids contained in 1g of fat. This index is determined at cold state. It gives an idea 

of the thermal stability of the oil especially the smoke point and the flash point which sharply 

drop when the acidity of the oil increases. This can also lead to corrosion problems. 

C. Saponification Index (SI) 

Saponification index (AI) determines the mass of KOH in mg required to saponify the 

combined fatty acids in one gram of fat. The saponification number is therefore an indirect 

measure of the molar mass PM of fatty acids and subsequently of oil. 

PM =
1000×56×3

AI
  for neutral oil.                                                                                      (2.1) 

PM =
1000×(1−

AI

SI
)×56×3

SI−AI
 for acid oil [59]                                                                        (2.2) 

2.6.4 Comparison of physical proprieties of oils, their esters (biodiesel) and gasoil 

Table 2.3 displays the comparison of the physical properties of gasoil with those of oils and 

esters.  

  Table 2. 3: Compared physical proprieties between oils, their esters and gasoil [60]   

Oil or ester Density Viscosity @ 37.8°C Cetane number Cloud point Flash point Lower heating value

(g/ML) (mm²/S) (°C) (°C) (MJ/kg)

Gasoil of reference 0.832 1.6-6.0 45.0 -17.8 46 35.3

Nuts oil 0.921 41.2 41.5 +3 237 34.1

Methyl ester of nuts 0.883 4.9 54.0 +5 176 33.6

Soybean oil 0.923 36.8 38.5 -4 219 34.0

methyl ester of 0.885 4.5 45.0 +1 178 33.5

Soybean 

Palm oil 0.918 39.6 42.0 +31 267 35.0

methyl ester of 0.88 5.7 62.0 +13 164 33.3

palm 

sunflower oil 0.924 37.1 35.5 -5 232 34.0

methyl ester of 0.88 4.6 49.0 +1 183 33.5

sunflower  

canola oil 0.92 30.2-40°C 35 decomposition >320 37.7

methyl ester of 0.88-0.885 4.5-40°C 51 170-180 39.96

canola  

       

The properties of esters derived from oils depended on the nature of oils used especially the 

cetane number, the cloud point and the flash point [60].  However, the properties of esters 

were close to those of gas oil. And the main benefit of using esters instead of their oils was 

the reduction of viscosity and the limit temperature of filtering. In addition, viscosity 

decreased by a factor between 7 and 10.  
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In addition, the cetane number was used to evaluate the auto-inflammation aptitude of gas oil 

in the scale between 0 and 100 [61]. With regards to oil, it was observed that 

transesterification clearly improved the cetane number. Therefore, it appeared that the cetane 

number index was improved with the molecular weight of fatty acid as well as with the 

molecular weight of alcohol for the same fatty acid; on the other hand, it was decreased with 

the number of unsaturations [62, 63]. In some parts of the world such as in Europe, the lower 

cetane number of gasoil was about 45 and the flash point of esters was higher than that of gas 

oil. This made them less dangerous fuels to be manipulated compared to gas oil. And the 

stability included the thermal stability at high and low temperatures, resistance to oxidation, 

the polymerisation, the water absorption and the microbial activity.   

Like seen above, the main source of biofuel instability was the chain of unsaturated fatty 

acids. And the iodine index enabled the measurement of the degree of unsaturation in a 

biofuel. The unsaturation led to the formation of deposits and of problems of stability in the 

stored biofuels because this last became less resistant to oxidation. For example, the soy and 

canola methyl esters had iodine indices of 133 and 97 respectively. Research conducted at 

Mercedes-Benz concluded that biodiesel whose iodine index was higher than 115 was not 

acceptable due to the excessive deposits of carbon products [64]. All these physical 

characteristics were very important and must be respected according to international 

standards in order to produce biofuels that can be used.  

2.7 Overview of ricinus communis plant and its potential to be used as source of 

biofuel.   

Ricinus communis is a plant and a flowering specie plant in the spurge family called 

Euphorbiaceae [65]. It is a native of India and the most yield countries of its seed are China, 

Brazil and Thailand. The plant is very variable in habit and appearance [65]. Tropical 

latitudes and dry lands are favourable conditions for the growth of the plant as it naturally 

grows in dry parts of a country, where it can become a 9 to 12 meters high tree. In warmer 

Mediterranean regions, the plant is of meagre growth, attaining an average growth of 3 to 4 

meters high. The cultivated varieties grow to a height of 60–120 Cm within a year, and 

several metres in perennial cultivation [66]. The plant grows in the humid tropics to the 

subtropical dry zones (optimal precipitation 750–1000mm, temperature 15–38°C) which 

makes it suitable for cultivation in many places of Southern Africa [67].  

https://en.wikipedia.org/wiki/Euphorbia
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One of the agronomic advantages of ricinus communis plant is its resistance to drought, semi-

arid climate and it can grow on poor soils. Its irrigation is not a problem because it is a less 

exigent specie in terms of water, fertilisers and maintenance. On the contrary of other plants, 

ricinus communis plant can grow anywhere in Sub-Saharan Africa, even in soils with sands 

as well as in salted soils and it does not necessitate a special irrigation mechanism. The plant 

can be easily multiplied in laboratory by in vitro culture, seeding or cuttings. It produces 

seeds at the second and third seasons following its sowing. It also has the particularity of not 

being eaten by animals because of its toxicity.   

Depending on species and environments, the production of ricinus communis oil varies 

between 1 to 2 tons per hectare. However, each hectare of ricinus communis planted in semi-

arid regions can produce up to 350-900 kg of oil per hectare, making it a good potential 

substitution for petroleum in the manufacturing of biofuels, plastics and lubricants. This leads 

to the conclusion that there is no hesitation in the choice of biomass. In addition, ricinus 

communis can be grown on marginal lands, which means it cannot compete with food crops. 

The plant is poisonous and the natural oil contained in its shiny dark green or reddish leaves 

is non-edible and is used in the pharmaceutical or cosmetic industry. 

2.7.1 Botany of ricinus communis 

In Latin, the term Ricinus means “tick”: The seed has that name because it resembles to ticks 

that have markings and a bump [68]. Ricinus communis is a species in the Euphorbiacae 

family containing 8100 other species. This plant is the sole representative of the ricinus 

which is a tree with big palmed leaves [69, 70]. And Euphorbiaceae comes from the 

Euphorbia family dedicated by Juba II, King of Mauritania, to his personal physician 

Euphorbus [71]. With its very variable aspect, plants of the Euphorbiacae family are 

characterised by their white latex, irritating the skin and large with a fruit that has three seeds 

[72].   

As seen in the literature [73], ricinus communis plant is originated from Sub-Saharan Africa 

and it is developed as an ornamental plant in various regions of Asia, North America, Africa 

and Europe [73]. It is largely cultivated in most tropical and subtropical dry regions as well as 

in many temperate zones with a hot climate [74, 75]. The plant can be found all around the 

Sub-Saharan African region, including in South Africa and in the Indian Ocean [7]. However, 

the big scale cultivation of the ricinus communis is done in India, China and Brazil [76].  
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2.7.2 Taxonomic classification 

Ricinus communis seed can produce up to 47% of oil with a production of 1200 liters/ha 

using artisanal extractors and around 80% with a machine. The ricinus communis plant 

taxonomy is as follows: 

Reign: Plantea 

Phylum: Spermaphyte (seedling plant) 

Sub-branch: Angiosperm (Magnoliophyta: Flowering plants) 

Class: Magnoliopsida 

Subclass: Rosidae 

Order: Euphorbiales 

Family: Euphorbiaceae 

Genre: Ricinus  

Species: Ricinus Communis 

On top of being a source of biofuel, ricinus communis oil is also used as a traditional 

medicine product because of its medicine and cosmetic properties. In addition, the 

exploitation of ricinus communis can contribute to the development of rural areas through:                                                     

 Control of landslides; 

 Reduction of poverty by the sales of seeds and derived products; 

 Rural electrification by the use of renewable energy produced by local fuel for 

generators.  

Figure 2.5 shows an extensive use of the ricinus communis plant in various field of life. This 

also highlights the fact that further research should be carried out to determine how various 

parts of the plant could be used for biofuel production.    
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Figure 2. 5: Various uses of the ricinus communis plant 
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The most economically viable use of ricinus communis oil before its use as biofuel is the 

production of soaps with abundant foams that have positive effects on the skin, because of the 

content of glycerol. For the production of soaps, we will come back to it later in this work in 

the section related to the saponification reaction. The oilcake resulting from oil extraction 

constitutes an organic fertiliser of non-negligible performance: 1 ton of ricinus communis 

oilcake values 200 kg of mineral fertilisers. Also, the oilcake has insecticides properties and 

reduces the quantity of nematodes on the soil because of its residual oil content. The use of 

this fertiliser is recommended for bios culture that bans the chemical contribution in the 

fertilisation or the fight against parasites. 

2.8. Kinetic models and transesterification process   

2.8.1 Kinetic models 

Unstructured kinetic models are based on the observation of macroscopic kinetic inside the 

reactor. They are called unstructured because they do not reflect the intracellular composition 

of cells. In our case, the biomass is represented by a single variable that is its concentration in 

the culture medium. 

Almost all the growth kinetic expressions described by the authors are derived from the law 

established by Monod: 𝜇 =
𝜇𝑚𝑎𝑥.  𝑆

𝐾𝑠𝑥+𝑆
  [77]. This reflects the influence of limitation in substrate 

on the specific growth rate. We note that if 𝑆 > 𝐾𝑠𝑥 then 𝜇 = 𝜇𝑚𝑎𝑥. The biomass production 

rate will decrease when S will be near K.  

Papastratos [78], Oliveira et al. [79] and Costa et al. [80] have modelled inhibition by ethanol 

by a nonlinear function while Lafforgue [81], Groot et al. [82] and Warren et al. [83] have 

modelled it by a linear function. As this has been shown in the literature, many authors have 

found an inhibitory effect on the biomass concentration on the kinetics of growth whose 

magnitude depends on the amount of accumulated cells.  

The study of kinetics on the transesterification of vegetable oil for production of biodiesel 

determines the parameters for predicting the extent of reactions at any given time under 

certain conditions. The kinetic involves the determination of activation energy, reaction rate 

equations and reaction rate constants. Even though the significance of biodiesel as an 

alternative fuel has grown over the last two decades, the chemical kinetics of 

transesterification remains controversial [84]. In the literature, the kinetic models focus on 

determining the best fit of empirical data to simple models of the reaction order.  
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De Lama da Silver [85] carried out a kinetic study of the transesterification reaction. The 

results showed that the vapor pressure osmometry (VPO) technique was a robust 

methodology for determining vegetable oil molecular weight presenting lower cost than gas 

chromatography analysis. However, this method has the disadvantage of being an averaging 

technique which is almost unable to provide information about the various impurities that 

may be present in large molecules.   

Jain and Sharma [86] performed a kinetics study of two-step acid-base catalyzed 

transesterification process carried at optimum temperature. As mentioned by the authors, that 

were the first of its kind which dealt with simplified kinetics of two step, acid-catalyzed, 

transesterification process, carried under optimum conditions [87].  

Back in the 1980’s, Freedman et al. [88] reported the transesterification reaction of soybean 

oil and other vegetable oils with butanol and alcohols, and studied what were the effects of 

the types of alcohol and molar ratio, the types and amounts of catalyst as well as the effect of 

temperature on constant reaction rates and kinetic order. Constant reaction rates were 

determined, and the effect of other reaction parameters was investigated such as alcohol to 

soybean molar ratio, temperature, catalyst type and concentration. The authors proposed a 

completely reversible three-step second-order reaction model in order to describe the 

mechanism. Their findings indicated that at a molar ratio of 6:1, a second-order mechanism 

with a fourth-order shunt mechanism best described the kinetics. The limitations of the 

Freedman’s kinetic model were in the fact that they only considered one overall reaction 

which consisted of one molecule of triglyceride (TG) reacting with three molecules of 

alcohol (ROH) as indicated in the following equation [89]: 

                                             𝐓𝐆 + 3ROH ⇌ G + 3E                                                        (2.3) 

The overall reaction in (2.3) occurred in three steps: Firstly, triglyceride (TG) broken down 

into diglyceride (DG) and monoglyceride (MG) to produce glycerol (G) and alkyl ester (E). 

This operation in included in equations (2.4) – (2.5):  

                                              𝐓𝐆 + ROH ⇌ DG + E                                                         (2.4)          

                                              𝐃𝐆 + ROH ⇌ MG+ E                                                        (2.5) 

                                              𝐌𝐆+ ROH ⇌ G + E                                                           (2.6) 

It appeared that Freedman’s kinetic model was obtained from the application of the law of 

mass action to the three steps of the reaction. The forward reactions were considered to be 
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second order, with regards to the overall order of reactions. The concentration of alcohol was 

considered to be constant when the alcohol to triglyceride molar ratio was very high. The rate 

of reaction was only a function of concentration of triglyceride. The reaction order was 

known as “pseudo-first-order”. When the data did not fit the model, a “shunt reaction” was 

proposed by Freedman [88] whereby three alcohol molecules simultaneously reacted with 

triglyceride.  

Xiao et al. [90] developed an intrinsic kinetic model based on the Eley-Rideal mechanism 

according to the experimental data, which indicated a new mechanism of transesterification 

reaction catalysed by solid base. Results indicated that the transesterification reaction 

occurred between methanol adsorbed on solid base active sites and glyceride from the liquid 

phase. The authors found that the model calculation agreed well with experimental data. 

Further, findings indicated that the transesterification reaction was an endothermic reaction. 

Al-Zuhair et al. [91] used the experimental determination of the separate effects of palm oil 

and methanol concentrations on the rate of their enzymatic transesterification to test their 

generated kinetic model. Their findings showed that at a constant methanol concentration of 

300 mol m−3, the initial reaction rate increased as the palm oil concentration increased. And 

the initial reaction rate dropped sharply at substrate concentrations larger than 1250 mol m−3. 

The authors observed similar behaviour for methanol concentration effects, where at a 

constant substrate concentration of 1000 mol m−3, the initial rate of reaction dropped at 

methanol concentrations larger than 3000 mol m−3. Thus, the authors developed a 

mathematical model from a proposed kinetic mechanism and the model was used to identify 

the regions where the effect of inhibition by both substrates arose.  

Mittelbach and Trathnigg [92] conducted experiments on the kinetics of sunflower oil using 

methanolysis. Their experiment did not explore any reaction rate constants, however. They 

determined the parameter affecting the transesterification process. Some authors discovered 

that the forward reaction of the conversion of triglycerides is not second order reaction as 

proposed by Freedman [88]. This was indicated by the first reaction step between methanol 

and triglyceride forming diglyceride as the rate limiting step, as other reaction steps occurred 

faster. They further found that the reaction rate was a function of temperature; however, the 

percentage conversion was a poor function of temperature as long as the reaction had taken 

place at a minimum duration of 10 minutes. Moreover, according to the authors, the reaction 

was a two-phase system, which was different to Freedman’s finding of a single phase system. 

Also, they found that for the first two minutes of the reaction, a two-phase system occurred; 



24 
 

thereafter a complete solution took place for a duration of 5 to 10 minutes. After some time, 

when glycerol was fully formed the two phase-systems occurred again. Experiments show 

that the reaction followed first-order kinetics with a calculated activation energy, 

Ea = 53.99 kJ/mol while the pre-exponential factor, A = 2.9 × 107 min−1. Finally, the authors 

highlighted the facts that their findings could help improve an environmentally friendly 

biodiesel process.  

Noureddini and Zhu [93] studied the kinetic of the transesterification of soybean oil using the 

methanol as the solvent and the NaOH as the catalyst. The authors investigated the effect of 

mixing intensity and temperature on the reaction rates using a molar ratio of 6:1 for methanol 

to soybean oil.  

In their study, measurements were taken at different mixing intensities and the Reynold’s 

number was calculated. The effect of temperature was determined using the Arrhenius 

equation and modified Arrhenius equation as expressed in equation (2.7) [94]. 

                                                    𝐤 = ATnexp (−E RT)⁄                                                    (2.7) 

where, n = experimentally derived parameter 

In their study, the authors used a value of n=1. Looking at the results of their study, it was 

concluded that: 

 The shunt reaction proposed by Freedman was negligibly small;  

 The activation energy changed with the change in Reynold’s number.  

 The rate constant for the reverse reactions was larger than that of the forward 

reactions [94]. 

On the other hand, Komers’ kinetic models [95] investigated the methanolysis of rapeseed oil 

using a heterogeneous alkaline catalyst, potassium hydroxide. For simplification purposes, 

Komers’ kinetic models were used for any alkyl alcohol, selected ROH and any alkaline 

(base) catalyst. Knowing that Kinetic modelling requires simplifying assumptions, for the 

theoretical development of Komers’ kinetic models, the following assumptions were made 

[95]:  

 The concentration of FFAs (free fatty acids) was negligibly small; 

 From the possible theoretical reactions only two reactions proceeded to form 

products. These two reactions were the alcoholysis of glycerides (TG, DG and MG) 

and saponification of TG, DG and MG or E;  
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 The isomers namely TG, DG, MG and E proceeded at the same rate; 

 Alcoholysis was catalyzed by OH- or RO- (alkoxide) ions. The concentration of OH- 

and RO- ions were very small compared to the ions of TG and ROH. 

Based on these assumptions, simplifications were represented as possible reactions:  

Formation of alkoxide: 

                                              𝐑𝐎𝐇 + OH−  
k1
→ 

k1r
←  
 RO− + H2O                                            (2.8) 

Alcoholysis: 

 

𝐓𝐆 + RO−  

k2
→

k2r
← 

 DG− +  E                                      (2.9) 

 

𝐃𝐆 + ROH  

k3
→

k3r
← 

 DG + RO−                                     (2.10) 

 

𝐃𝐆 + RO −  

k4
→

k4r
← 

 MG− +  E                                     (2.11) 

 

𝐌𝐆+ RO −  

k5
→

k5r
← 

 G− +  E                                    (2.12) 

 

𝐃𝐆 + RO −  

k6
→

k6r
← 

 MG− +  E                                    (2.13) 

 

G− +  ROH 

k7
→

k7r
← 

 MG− +  E                                   (2.14) 

Saponification: 

 
𝐄 + OH −

k8
→   ROH +  A 

                                 (2.15) 

 

 
𝐓𝐆 + OH −

k9
→   DG +  A 

 

                                (2.16) 
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𝐃𝐆 + OH −

k10
→   MG +  A 

 

                              (2.17) 

 
𝐌𝐆 + OH −

k11
→   G +  A                               (2.18) 

Where: 

A= soap of the corresponding fatty acid chain. 

As the effect of FFA content was studied, the following equation (2.23) needed to be taken 

into consideration. Equation (2.23) was considered to be a saponification reaction.  

                                                    𝐅𝐅𝐀 + OH −
k12
→   A + H2O                                  (2.19) 

The reaction showing the saponification of FFA was an undesirable reaction because it 

consumed the reaction producing soap instead of biodiesel. Therefore the kinetic model 

consisted of 10 components namely TG, DG, MG, G, E, M, A, OH, FFA and H2O. Also, 

reactions from equations (2.8) – (2.19) were assumed to be elementary and obeyed the rate 

law called the law of mass action (LMA). Rate laws were helpful in calculating reaction rates 

by using the product of a rate constant and reactant concentrations. The direct use of LMA 

produced 13 differential equations. The number and complexity of the differential equations 

could be reduced by simplifying assumptions. There were two approaches that could be used. 

The first approach was the rate-limiting step approach which was based on the assumption 

that both the forward reaction rate and reverse reaction rate of the first reaction step were 

greater than the rate of reaction of the second reaction step. The second approach was the 

steady state assumption which was that the rate of change of concentration of all reactive 

intermediates was negligible.  

The assumption was good because the concentrations of reactive intermediates were low 

since small variables had small time derivatives on condition they did not oscillate quickly. 

Thus, the assumption meant the following:  

 k2, k2r ≪ k3, k3r                                    (2.20) 

 k4, k4r ≪ k5, k5r                                    (2.21) 

 k6, k6r ≪ k7, k7r                                    (2.22) 
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 k3, k3r, k5, k5r, k7, k7r > k8, k9, k10, k11, k12                                    (2.23) 

Based on the above assumption, removing small terms and substituting them into rate 

equations at equilibrium the following was obtained.  

  

d[H2O]

dt
=

d[RO−]

dt
 = 

 d[DG−]

dt
= 
d[MG−]

dt
 = 

d[G−]

dt
= 0 

                                         (2.24) 

Komers normalised each species by the initial concentration of triglyceride [𝑇𝐺]0  and 

alcohol [𝑅𝑂𝐻]0 as follows:  

Let a = [𝑇𝐺]0  and b = [𝑅𝑂𝐻]0. 

               𝐓𝐆 =  
[TG]

a
                                                      (2.25) 

 𝐃𝐆 =  
[DG]

a
                                               (2.26) 

 𝐌𝐆 = 
[MG]

a
                                               (2.27) 

 𝐆 =  
[G]

a
                                                (2.28) 

 𝐀 = 
[A]

a
                                                (2.29) 

 𝐎𝐇 = 
[OH−]

a
                                                (2.30) 

 𝐖 = 
[H2O]

a
                                                (2.31) 

 𝐑𝐎𝐇 =  
[ROH]

b
                                                (2.32) 

 𝐄 =  
[𝐄]

𝐛
                                                (2.33) 

                           
−dTG

dt
= b ∙ OH (k2

′ ∙ TG ∙ ROH − k2r
′ ∙ DG ∙ E) + a ∙ OH ∙ DG ∙ E                                          (2.34)  

   
−dDG

dt
= b ∙ OH (−k2

′ ∙ TG ∙ ROH + k2r
′ ∙ DG ∙ E + k4

′ ∙ DG ∙ ROH − k4r
′ ∙ MG ∙ E) + a ∙ OH(−k9 ∙ TG + k10 ∙ DG)               (2.35)                                                                                                               
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The resulting differential equations for the ten reaction components (TG, DG, MG, G, E, 

ROH, OH, A, FFA and H2O). Where: 𝑘1 𝑡𝑜 𝑘12 = reaction rate constants (Lmol-1 s-1) 

The constants of the above reaction had the following definitions:  

 
k2
′ = k2 ∙  

K1
W

 
                                           

                                         (2.41) 

 
k2r
′ = k2r ∙  

K1
K3 ∙ W

                                          (2.42) 

 
k4
′ = k4 ∙  

K1
W

                                           (2.43) 

 
k4r
′ = k4r ∙  

K1
K5 ∙ W

                                           (2.44) 

 
k6
′ = k6 ∙  

K1
W

                                           (2.45) 

 
k6r
′ = k6r ∙  

K1
K7 ∙ W

                                           (2.46) 

And:  

                     K1 = 
k1

k1r
=

[RO−][H2O]

[ROH][OH−]
                                          (2.47) 

                     K2 = 
k2

k2r
=

[DG−][E]

[TG][RO]
                                          (2.48) 

                     K3 = 
k3

k3r
=

[DG][RO−]

[DG−][ROH]
                                          (2.49) 

 −dMG

dt
= b ∙ OH (−k4

′ ∙ DG ∙ ROH + k4r
′ ∙ MG ∙ E + k6

′ ∙ MG ∙ ROH − k6r
′ ∙ G ∙ E) + a ∙ OH(−k10 ∙ DG + k11 ∙ MG)                 (2.36)  

 −dG

dt
= b ∙ OH (−k6

′ ∙ MG ∙ ROH − k6r
′ ∙ G ∙ E) − a ∙  OH ∙ k11 ∙ MG                                                            (2.37)  

 −dROH

dt
= 

dE

dt
=  a ∙ OH (

−k2
′ ∙ TG ∙ ROH + k2r

′ ∙ DG ∙ E + k4
′ ∙ DG ∙ ROH − k4r

′ ∙ MG ∙ E + k6 
′ ∙ MG ∙ ROH −

k6r
′ ∙ G ∙ E − k8 ∙ E 

)                   (2.38)  

 −dH2O

dt
= 

dFFA

dt
= a ∙ k12 ∙ FFA ∙ OH                                                                                                            (2.39)  

 −dOH

dt
=

dA

dt
= b ∙ OH ∙ k8 ∙ E + a ∙ OH ∙ (k9 ∙ TG + k10 ∙ DG + k11 ∙ MG)                                                 (2.40)  
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                     K4 = 
k4

k4r
=

[MG−][E]

[DG][RO−]
                                        (2.50) 

                     K5 = 
k5

k5r
=

[MG][RO−]

[MG−][ROH]
                                       (2.51) 

                     K6 = 
k6

k6r
=

[G][E]

[MG][RO−]
                                      (2.52) 

                     K7 = 
k7

k7r
=

[G][RO−]

[G−][ROH]
                                      (2.53) 

Reactions rate were represented in a balance equation as follows:  

            𝟏 =  TG +  DG +  MG + G                                        (2.54) 

                     𝐑𝐎𝐇 +  E =  1                                        (2.55) 

 𝐎𝐇 + A = p                                        (2.56) 

                     𝐩 =  [OHJ]o [TG]0⁄                                         (2.57) 

 𝐧 ∙ E + 3 ∙ TG + 2 ∙ DG + MG + A

= 3 
                                       (2.58) 

                     𝐧 = [ROH]0 [TG]0⁄                                         (2.59) 

Initial concentrations from the above equations were as follows:  

 [TG]0 = 1                                     (2.60) 

 [ROH]0 = 1                                     (2.61) 

 [OH]0 = p                                     (2.62) 

 [DG]0 = [MG]0 = [E]0 = [A]0                                     (2.63) 

Komers defined new equilibrium constants by combining the product of pairs of original 

equilibrium constants as the following: 

                                        K2
′ = K2 ∙ K3 =

[DG][E]

[TG][ROH]
= 

k2
′

k2r
′                                      (2.64) 

                                        K4
′ = K4 ∙ K5 =

[MG][E]

[DG][ROH]
= 

k4
′

k4r
′                                      (2.65) 

                                        K6
′ = K6 ∙ K7 =

[G][E]

[MG][ROH]
=

k6
′

k6r
′                                      (2.66) 
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The values of the intermediates directly leaded to:  

                                      𝐃𝐆 = K2
′ ∙ TG ∙

(1−E)

E
                                (2.67) 

 
            𝐌𝐆 = K4

′ ∙ DG ∙
(1−E)

E
= K2

′ ∙ K4
′  ∙ TG ∙  (

(1−E)

E
)
2

 
                               (2.68) 

 
      𝐆 = K6

′ ∙ MG ∙
(1−E)

E
= K2

′ ∙ K4
′  ∙ K6

′  ∙ TG ∙  (
(1−E)

E
)
3

 
                               (2.69) 

Combining equations (2.47), (2.50), (2.62) with equations (2.54) – (2.59), a relation between 

TG and E was formed and represented in the equation:  

                                   𝐓𝐆 =  
1

1+K2
′ ∙
(1−E)

E
+K2

′ ∙K4
′  ∙(

(1−E)

E
)
2
 +K2

′ ∙K4
′  ∙K6

′  ∙(1+K6
′ ∙
(1−E)

E
)
3                 (2.70) 

The desired result for the initial alcohol to triglyceride molar ratio was obtained by 

substituting equation (2.70) and equations (2.64) - (2.66) into equation (2.59). The equation 

was expressed as follows: 

𝐧 =
1

E
 [P + 3 −

3+2K2
′ ∙
(1−E)

E
+K2

′ ∙K4
′  ∙(

(1−E)

E
)
2

1+K2
′ ∙
(1−E)

E
+K2

′ ∙K4
′  ∙(

(1−E)

E
)
2
+K2

′ ∙K4
′  ∙K6

′  ∙(1+K6
′ ∙
(1−E)

E
)
3]                                    (2.71) 

where: P= Base catalyst to triglyceride molar ratio 

Making use of equations (2.64) – (2.66) and equation (2.70), it was possible to calculate the 

values of n, DG, TG, G and MG for every alkyl ester selected. The value of alcohol was 

determined using equation (2.55).  The Komers’ kinetic models helped for the prediction of 

the concentration of the end products using analytical expressions. The model also assisted in 

indicating how the reaction conditions were affected by the concentration of the reaction. An 

example was the increase in the concentration of ROH which increased the total reaction rate. 

Talebian-Kiakalaieh, Amin, et al. [96] used the RSM methodology and Artificial Neural 

Network (ANN) to study the relationship between process variables and free fatty acid 

conversion and for predicting their optimal parameters. The authors found that both the RSM 

and the ANN could accurately predict the experimental results, with R2 = 0.9987 and 

R2 = 0.985, respectively. Furthermore, the authors studied kinetics studies to describe the 

system.  
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2.8.2 Transesterification process 

Transesterification (also called alcoholysis) is the reaction between ester and alcohol 

producing a different ester [97].  

                                      O                                                      O 

                            𝑅      𝐶              + 𝑅2      𝑂𝐻                 𝑅      𝐶               + 𝑅1     𝑂𝐻 

                                     O    𝑅1                                               𝑂     𝑅2 

In this study, transesterification was considered as a reaction between triglyceride in ricinus 

communis oil with alcohol in order to produce glycerol and a mixture of monoesters used to 

produce biofuel [97]. 

  𝐻2𝐶          𝑂𝐶𝑂𝑅                             𝐻2𝐶      𝑂𝐻      

 

   𝐻𝐶          𝑂𝐶𝑂𝑅         +3𝑅′𝑂𝐻 ⇌   𝐻𝐶     𝑂𝐻 + 3𝑅𝐶𝑂𝑂𝑅′ 

                                                                             Biodiesel alkyl esters 

 𝐻2𝐶         𝑂𝐶𝑂𝑅                              𝐻2𝐶     𝑂𝐻       

Triglycerides (TG)                           Glycerol (G)  

It was catalyzed by both acids and bases [97] and favoured by an augmentation of temperature, an 

excess of alcohol or when the operational conditions allow the glycerol decantation. The details of the 

reaction of transesterification, production processes of the biodiesel and various ways in the 

development (heterogeneous catalysis and supercritical catalysis) were studied in the following 

section.        

2.8.2.1 Oil reaction of transesterification 

Transesterification of triglycerides is not a new process. It started in 1853 when Patrick and 

Duffy performed it many years before the first Diesel engine becomes functional [98]. This 

reaction has been at the center of intensive research because of the diverse use of products 

including the polyesters synthesis in the polymer industry [99], the intermediates synthesis in 

the pharmaceutical industry [100], the hardening of resins in the paint industry as well as in 

the production of biodiesel as an alternative to diesel.      
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2.8.2.2 Mechanism of reaction 

The transesterification reaction is performed in three successive phases: 

  𝐻2𝐶          𝑂𝐶𝑂𝑅                                          𝐻2𝐶      𝑂𝐻      

 

   𝐻𝐶          𝑂𝐶𝑂𝑅                 +𝑅′𝑂𝐻 ⇌           𝐻𝐶     𝑂𝐻 + 𝑅𝐶𝑂𝑂𝑅′                                                (1) 

                                                                               alkyl esters 

 𝐻2𝐶         𝑂𝐶𝑂𝑅                                           𝐻2𝐶     𝑂𝐻       

           (TG)                                                                 

  𝐻2𝐶          𝑂𝐶𝑂𝑅                                            𝐻2𝐶      𝑂𝐻      

 

   𝐻𝐶          𝑂𝐶𝑂𝑅                     +𝑅′𝑂𝐻 ⇌      𝐻𝐶     𝑂𝐻 + 𝑅𝐶𝑂𝑂𝑅′                                                (2) 

                                                                             alkyl esters 

 𝐻2𝐶         𝑂𝐻                                                𝐻2𝐶     𝑂𝐻       

           (DG)                                                                  

  𝐻2𝐶          𝑂𝐶𝑂𝑅                                          𝐻2𝐶      𝑂𝐻      

 

   𝐻𝐶          𝑂𝐻                          +𝑅′𝑂𝐻 ⇌      𝐻𝐶     𝑂𝐻 + 𝑅𝐶𝑂𝑂𝑅′                                                (3) 

                                                                              alkyl esters 

 𝐻2𝐶         𝑂𝐻                                                 𝐻2𝐶     𝑂𝐻       

           (MG)                                                                  

Transesterification reactions were chemically balanced. Phases (1) and (2) were quick 

because the primary ester functions were transesterified first. Phase (3) was slow [101, 102]. 

In basic catalysis, the mechanism was as follows: 

  



33 
 

 

            𝑂                                                                               𝑂𝑅′ 

 

𝐻2𝐶     𝑂      𝐶      𝑅                                            𝐻2𝐶     𝑂      𝐶      𝑅 

 

  𝐻𝐶      𝑂𝐶𝑂𝑅     +      𝑅′𝑂− ⇌                          𝐻𝐶     𝑂𝐶𝑂𝑅   𝑂−  

                                        Addition phase 

𝐻2𝐶      𝑂𝐶𝑂𝑅                                                   𝐻2𝐶      𝑂𝐶𝑂𝑅  

 

                     𝑂𝑅′                                                                     

 

𝐻2𝐶     𝑂      𝐶      𝑅                                            𝐻2𝐶     𝑂
−                    𝑂 

 

 𝐻𝐶      𝑂𝐶𝑂𝑅               𝑂−        ⇌                        𝐻𝐶     𝑂𝐶𝑂𝑅  + 𝑅     𝐶     𝑂𝑅′  

                                            Elimination phase 

𝐻2𝐶      𝑂𝐶𝑂𝑅                                                   𝐻2𝐶     𝑂𝐶𝑂𝑅           

 

𝐻2𝐶     𝑂
−                                                     𝐻2𝐶     𝑂𝐻 

 

 𝐻𝐶     𝑂𝐶𝑂𝑅         +    𝐵𝐻+    ⇌                   𝐻𝐶     𝑂𝐶𝑂𝑅         + 𝐵      

 

𝐻2𝐶     𝑂𝐶𝑂𝑅                                              𝐻2𝐶     𝑂𝐶𝑂𝑅  

 

First, it consisted of a nucleophilic attack of carbonyl (triglyceride) by the alkoxide anion to 

form an intermediate carbanion (addition phase). Then, we had the departure of the 

nucleofuge when the doublet of oxygen was folded (elimination phase). The alkoxide was 

regenerated as soon as an alcoholate function of the glycerol appeared.  

With NaOH, KOH and 𝐾2𝐶𝑂3 or other similar catalysts, alkoxide that was formed was then 

identified as the catalytic specie [103]. The third reaction appeared to be the determining 

phase in the reaction because the monoglycerides were more stable intermediates than 

diglycerides [104]. 
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2.8.2.3 Important parameters of the transesterification reaction of oils 

The vegetable oil transesterification has been largely studied in the homogeneous 

environment by Bradshaw [105], Freedman [88], and Hanna [106]. These studies explain that 

the reaction is strongly influenced by the nature of the catalyst (acid or basic), the nature of 

the alcohol and the oil, the triglycerides/alcohol molar ratio, the temperature, the presence of 

free acids and water, the speed of the agitation and the reaction time. However, a lot of 

research are actually orientated towards the catalysis in the heterogeneous environment that 

we will see in some of the following sections.  

Types of catalysts 

In the case of the transesterification reaction, it was admitted that the basic catalysis was 

quicker than acid catalysis. Thus, the reaction time varied between 3 and 48 hours with acid 

catalyst, and reactions were complete after one hour with a basic catalyst [88]. However, in 

the case of acid catalyst, a high temperature allowed the acceleration of the speed of the 

reaction [107].  

A. Basic catalysts 

At the beginning, works were done in the presence of a basic catalysis. The most used 

catalysts were NaOH, KOH and NaOMe in proportions around 0.5 to 1% of the total mass 

and 𝑁𝑎2𝐶𝑂3 [88]. Results obtained were between 95 and 99% after one hour reaction to the 

reflux temperatures of alcohol.  

According to Freedman, NaOMe was a more efficient catalyst than the NaOH. The 

comparative study between NaOMe and NaOH shows that 0.5% of NaOMe gives the same 

performance than 1% of NaOH when the alcohol/oil molar ratio is 3/1 and it gives 

performances clearly superior when the ratio is 6/1 [88]. The principal cause of the 

superiority of the NaOMe compared to NaOH is that it generates less water. In facts, water 

will be able to hydrolyse or saponify the esters formed and diminishing the reaction 

performance. 

Chen et al. [108] also found that both NaOH and NaOMe offered a good catalytic activity in 

the methanolysis of palm oil (99% of conversion) at 60 °C for alcohol/oil molar ratio of 10/1. 

But they observed that for the same concentration of catalyst (0.125/kg), the beginning of the 

reaction evolved more quickly with NaOMe than with NaOH. Furthermore, in the case of 

NaOMe, they obtained the same performance even with a 6/1 ratio [108].    
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Vicente et al [109] compared homogeneous basic catalysts (NaOH, KOH, NaOMe and 

KOMe) in the methanolysis of sunflower oil. The purity of biodiesel obtained was 100% for 

all catalysts. However, only methoxide offered a performance of around 100% in biodiesel. 

According to Vicente, the losses in performance were due to the saponification reaction of 

triglycerides and to the dissolution of methyl esters in glycerol [109]. In 2006, Meneghetti et 

al. [110] confirmed Vicente’s results in a study that compared ricinus communis oil 

methanolysis and ethanolysis [110].  

In 1998, Ma et al. [111] demonstrated that NaOH was more efficient than NaOMe. This was 

contradictory with the previous Freedman et al report. The authors attributed these results to 

the difference in the reaction system used.            

B. Acid catalysts  

The most used acid catalysts were mineral acids such as hydrochloric acids (HCI), sulfuric 

acid (𝐻2𝑆𝑂4), phosphoric acid (𝐻3𝑃𝑂4), etc. [88, 112].  

Freedman found that transesterification in acid catalysis was 4000 times slower than in basic 

catalysis [88] and that reaction times were longer. Thus, for a conversion greater than 99%, 

the soybean oil methanolysis (at 65 °C) was completed in the presence of 1% of  𝐻2𝑆𝑂4 after 

50 hours of reaction; butanolysis (at 117 °C.) and ethanolysis (at 78 °C.), with the same 

amounts of catalyst and alcohol, were carried out after 3 and 18 hours respectively. He 

noticed that the reaction was faster when the chain of alcohol was longer. The fact that 

butanolysis was faster than ethanolysis and methanolysis results not only from the higher 

temperature but also from a higher solubility of butanol in oil at the beginning of the reaction. 

Therefore, it was preferable to take stoichiometry alcohol/triglycerides greater than 3.   Also, 

despite the fact that the basic catalysis was faster than acid catalysis, many studies observed 

that the choice of catalyst was judicial when vegetable oil or fatty acid contained a strong 

proportion of free acids. And those free acids had the potential to destroy the basic catalyst by 

reacting with it in order to form soaps; however, acid catalyst could perform the triglycerides 

transesterification and free acids esterification by increasing the conversion [113]. Severe 

conditions of temperature and pressure were then called in order to accelerate the reaction 

speed [114]. Acids catalysts were rarely used because of their low reactivity and the high risk 

of corrosions of industrial infrastructures. 
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C. Enzymes 

The transesterification reaction of vegetable oils by enzymatic catalysis flourished in recent 

years. In fact, enzymes have several advantages: They are biodegradable, selective [115], 

which makes it possible to increase the performance of the reaction while reducing the 

production of by-products of the reaction. The reaction conditions are relatively mild (low 

temperature and pressure), which reduces the price in terms of energy and equipment and 

tends towards lower waste costs.  

In the case of enzymatic catalysis there is neither the problem of free acids nor the sensitivity 

to water; it is possible to work whether in an aqueous or non-aqueous environment. With this, 

it was noted that enzymes may be immobilised on a support [115]. However, the enzymatic 

catalysis has certain disadvantages: enzymes are too expensive (for example, the lipase is 

more expensive than a basic catalyst) and has an unstable activity. The reaction is too slow 

[115] and is therefore industrially limited as it lasts between 4-16 hours to reach a conversion 

of 95%. However, studies were carried out in order to recycle enzymes given its high price. 

In particular, research performed on the immobilization of enzymes using a support are 

mentioned. The activity of enzymes was inhibited by methanol and glycerol present in the 

reaction of the environment. Hence the idea of adding a solvent, tert-butanol in order to 

gradually eliminate glycerol that comes to be adsorbed by enzymes. Methanol was added 

stepwise to the reaction medium. This reduced the inhibitory effects thereby increasing the 

profitability of the process. The enzymatic production was possible by using intra and 

extracellular lipases.  

The nature of alcohol 

Because the reaction was balanced, an excess of alcohol was recommended in order to push 

the reaction in the direct sense. Alcohol used was a primary or secondary mono aliphatic 

alcohol having 1-8 carbon atoms [116]. Methanol, ethanol, propanol, butanol and amyl 

alcohol were among alcohols that could be used for the transesterification process. Methanol 

and ethanol were the most used alcohols, especially methanol because of its low cost and its 

physical and chemical advantages (short and polar alcohol chain) [117]. Fatty acids methyl 

esters obtained were known under the name of biodiesel.  

In 1996, Gokhan Kildiran [118] worked on the transesterification of the in-situ soybean oil 

with different alcohols as well as the extraction of the residual oil of those alcohols. He 

showed that the performance of ethanol, propanol and butanol was higher than methanol. In 
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fact, it was about the influence of the length of the carbon chain of alcohol. The longer the 

chain was, the more oil was mixed with alcohol. Alcohol was not miscible with oil at ambient 

temperature. It formed the emulsion with oil and the reaction intermediates (mono and 

diglycerides). The longer the alcohol chain, the stable the emulsion.  

Dasari et al [119] studied the transesterification reaction of the soybean oil with methanol, 

ethanol and isopropanol at 150 °C without catalyst. In fact, the authors mentioned that 

methanol and ethanol indicated a similar activity at 150 °C and higher than that of 

isopropanol. They explained the weak activity of isopropanol by its steric gene, which caused 

repulsion between the groups. Ethanol possessed a weaker intrinsic speed but a better 

solubility than methanol. This showed a comparable activity in the conditions used.  

However, ethanol possessed the advantage of being derived from a renewable source by 

sugar fermentation issued from sugar cane or from beet. Thus, biodiesel obtained was 100% 

bio and was less harmful than methanol. Ethanol improved better the cetane number than 

methanol [120]. The flowing point of esters formed with a longer alcohol than methanol was 

lower than that of methyl esters. The benefit was sometimes 10 °C, which allowed the use of 

saturated oils at the beginning.   

Influence of alcohol/oil molar ratio 

According to the majority of studies, the alcohol/oil molar ratio as well as temperature were 

the two most important factors that governed the vegetable oils transesterification reaction 

speed [121]. The stoichiometry of the reaction implied the use of three moles of alcohol for 

one mole of triglyceride in order to obtain a mole of glycerol and 3 moles of fatty acid esters. 

Thus, the transesterification reaction was a reaction of balance in which a great excess of 

alcohol was requested in order to favour the reaction in the sense of the formation of esters.   

In 1984, Freedman et al [88] tried the optimisation of the conditions of the vegetable oils 

transesterification reaction. In 1987, Schwab et al [122] showed that at least a molar ratio of 

6:1 must be used to maximise the performance in basic catalysis. They also mentioned that a 

molar ratio higher than 6:1 rendered the glycerol decantation and its esters separation more 

difficult.   

Eucinar et al [123] studied the transesterification of cynara oil with ethanol for a ratio 

between 3:1 and 15:1. The best results were obtained for a molar ratio 9:1 and 12:1. For a 

molar ratio of 15:1, glycerol separation became difficult. They further mentioned that when 

glycerol stayed in the reactional environment, it contributed to the displacement of the 
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equilibrium towards the formation of triglycerides by lowering the esters performance. 

However, in acid catalysis, a higher ratio was recommended in order to increase the 

performance of the reaction [88]. For example, Zheng et al [124] studied the french fries oil 

transesterification with 𝐻2𝑆𝑂4. They found that at 70 °C, the oil/methanol/avid ratio of 

1:245:3.8 was necessary.  

Influence of water and free acids. 

The presence of water and free acids constitute a parameter to take into consideration during 

the transesterification reaction. In the presence of the sulfur or the potash, a parasite reaction 

will happen with the transesterification: it’s the saponification according to the following 

reaction: 

 𝐻2𝐶      𝑂𝐶𝑂𝑅                                                                    𝐻2𝐶      𝑂𝐻 

 

  𝐻𝐶      𝑂𝐶𝑂𝑅         +    3(𝑁𝑎+ + 𝑂𝐻−)                              𝐻𝐶      𝑂𝐻   + 3(𝑅𝐶𝑂𝑂−, 𝑁𝑎+)     

                                              Sulfur                                                                      Soap 

𝐻2𝐶      𝑂𝐶𝑂𝑅                                                                     𝐻2𝐶      𝑂𝐻 

       (TG)                                                                                    (G) 

This reaction was favoured in the case of acid oil or in the presence of water. In fact, in the 

presence of water, triglycerides were easily hydrolysed, producing glycerol and free acids. 

With sulfur and potash, soaps were obtained from these acids.  

Wright et al. [125] observed that in the presence of water, there was a decrease of alkalinity 

due to the formation of soaps and a significant diminution of the performance reaction. They 

showed that a quantity of water as low as 0.3% could drop the conversion rate at more than 

30% and can cause the jellification of the reactional environment. They concluded that all the 

products must be anhydrous and triglycerides must have had an acidity of less than 1. A 

supplementary quantity of NaOH must have been added in order to neutralise free acids when 

the value of the acidity was greater than 1.    

Ma et al. [111], demonstrated that the negative effect of water was more pronounced than that 

of free acids during transesterification reaction. Thus, for good results, the content of water 

should have been less than 0.06 % and that of acid should have been less than 0.5%.  

Graille et al [126] showed that triglycerides ethanolysis was faster than the reaction of 

secondary esters hydrolysis obtained. They observed that longer reaction times favoured the 

saponification without improving esters performance in an important manner and that the 
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high temperature favoured saponification. However, a large excess of ethanol improved 

esters performance. Their conclusion was that ethanol wa not adapted to the production of 

esters. 

The storage of certain oils leaded to the hydrolysis of most triglycerides. It was for example 

the case of rice oil where 76% of fatty acids were obtained after 6 months of storage [127]. 

The homogeneous basic catalysis of such oils was delayed by the formation of soaps. That 

was the reason why acid catalyst was recommended during the use of acid oil [128]. 

Other original ideas was put in place to resolve the problem of free acids. For example, the 

two-steps transesterification can be named: First, esterification of free acids was proceeded 

for oils that were very acidic, having up to 20%, 30% or more in free acids weights, in order 

to reduce the acidity of the fatty body to 1%, with an acid catalyst. Secondly, triglycerides 

transesterification was proceeded with a basic catalyst. The produced biodiesel responded 

well to the world standards [127, 129, 130].  

Influence of temperature and reaction time. 

The literature explained that the transesterification reaction time was influenced by 

temperature. It was completed at ambient temperature but with longer reaction times [131]. In 

basic catalysis, transesterification reactions were implemented at the neighbouring 

temperature of ebullition of the alcohol used at atmospheric pressure. But these moderated 

conditions implied the use of a non-acidic or refined oil. This pre-treatment of oil was not 

necessary when the reaction happened at high temperature (240 °C) and pressure (9000 kPa) 

because in those conditions, esterification and transesterification happened at the same time 

[132]. 

Freedman and Pryde studied the methanolysis of nuts oil, cotton oil, sunflower oil and 

soybean oil refined at 60 °C for a methanol/oil molar ratio of 6:1 and 0.5% of NaOMe. They 

found that the high temperature had mostly an impact at the beginning of the reaction. For 

both soybean and sunflower oils, 80% of the conversion was obtained after one minute. But 

after one hour, the ester performance was very close (93-98 % for the four oils) [88]. In acid 

catalysis, the reaction was slower. That was the reason why a high temperature was often 

recommended in order to increase the ester performance.  
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2.8.2.5 The effect of co-solvent 

Boocock et al. [133] reported that the methanolysis of soybean oil in the presence of NaOMe 

at 40 °C evolved 15 times lower than butanolysis at 30 °C. They interpreted it by the 

formation of two phases in the reactional environment where oil methanolysis happened 

during oil methanol mixture. The slow oil dissolution in methanol created an initiation 

period. Mono and diglycerides preferred the methanolic phase and reacted faster, which 

derived the kinetic of second order. In order to conduct a reaction in one phase, the authors 

suggested to add one co-solvent such as tetrahydrofuran (THF), 1,4-dioxane or diethyl ether. 

Thus, by addition of 1.25 THF volume by the methanol volume, only one phase was created 

in the system, the reaction speed spectacularly accelerated and it happened as fast as 

butanolysis. In particular, THF was chosen based on its ebullition point which was 67 °C. 

Thus, at the end of the reaction, methanol and THF, in excess, were co-distilled and recycled 

[134].  

2.8.3 Kinetic of the transesterification reaction 

As previously indicated, the vegetable oil transesterification consisted of three successive 

reactions: TG-DG-MG. The kinetic of the transesterification reaction was complex because 

each of these three successive reactions were equilibrated. Some kinetic studies were done in 

order to find the optimal conditions for the reaction [135]. 

Foon et al. [108] observed that both NaOH and NaOMe possessed high constant kinetics for 

the methanolysis reaction of palm oil. The reaction happened at 60 °C with a methanol/oil 

ratio of 10:1 and a catalyst concentration of 0.125 mol/kg of oil. 

2.8.4 Thermodynamic of the transesterification reaction 

Meneghetti et al. [110] compared methanolysis with ethanolysis in acid catalysis (HCI and 

𝐻2𝑆𝑂4) and basic catalysis (NaOH, KOH, NaOMe and KOMe) have found that the 

thermodynamic of this reaction was affected by the nature of alcohol and of the catalyst used. 

Meanwhile the transesterification reaction was a reaction of equilibrium between esters and 

alcohols. It could have been under kinetic control before the thermodynamic equilibrium was 

achieved. This favoured the formation of esters. This behaviour was very clear in the case of 

ethanolysis catalysed by HCI, NaOMe or KOMe where the thermodynamic equilibrium was 

only achieved after 7 hours of reaction. This situation was not been observed in the case of 

methanolysis where the thermodynamic equilibrium was performed very quickly (< 1 h).   
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Figure 2.6 shows the influence of sodium methoxide concentration on the evolution of ethyl 

esters yields with time. Also, the effect of ricinus communis oil on the yield of methyl esters 

during basic catalysis is shown in Figure 2.7 

 

 Figure 2. 6: Production of ethyl esters by Ricinus Communis oil ethanolysis by basic 

catalysis, ethanol/oil/catalyst 60:12:2 at 80 °C [110]      

                                              

 

Figure 2. 7: Production of methyl esters by Ricinus Communis oil methanolysis 

by basic catalysis, methanol/oil/catalyst 60:10:2 at 60 °C [110]                               
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2.8.5 Transesterification by heterogeneous acid and basic catalysis 

Several research studied transesterification in heterogeneous environments. The number of 

publications in heterogeneous catalysis increased in an exponential manner. Since 2009, 

magazines published on heterogeneous catalysts used in the vegetable oil transesterification 

[136, 137, 138]. Some researchers used well known catalysts such as CaO, cation-doped 

alumina, grafted zirconia, hydrotalcites, zeolites ... others developed novel solids for this 

reaction or even naturally occurring catalysts. This section covers the bibliography in order to 

look at the most used and original catalysts. 

2.8.5.1 Comparison between homogeneous and heterogeneous catalysts  

The industrial process of transesterification generally used basic homogeneous catalysts 

because of their low cost, their high speed of reaction in smooth conditions of temperature 

and pressure. But these processes were mostly adequate with the oil sources that contained 

very low water concentrations and free acids such as vegetable oils and refined animals fats. 

However, refined oils were in high demand in the food industry, which limited their use for 

biodiesel production [139, 140]. Thus, the need to recycle oils that were already used or to 

make use of non-edible oils [141].  Non-edible oils are often rich in free acid and in water. 

This constituted an inconvenience for the homogeneous process because of the formation of 

soap as well as the washing steps that resulted from it. On the other hand, the enrichment of 

glycerol obtained (sub product of the reaction) was crucial for the equilibrium of biodiesel. 

Applications of enrichment depended on its degree of purity. This was not simple because to 

obtain a very pure glycerol required many phases of purification and a very high cost. If we 

take the example of the most used alkyl catalysts, there was a need to eliminate soaps and 

alcoholates present, filter the salts that were formed, evaporate glycerol after the elimination 

of water. Finally, the excessive alcohol had to be evaporated and often distilled by avoiding 

that this evaporation would lead to the reaction of ester present with the partially dissolved 

glycerine. This might had led to the formation of monoglycerides. All those phases increased 

the cost of transformation. That was the reason many research are orientated towards the 

heterogeneous catalysis. This catalysis presented many advantages. In fact, it was a process 

that was cleaner than the homogeneous process because the formation of soaps and of 

emulsion was avoided. This facilitated the separation and the purification of the products of 

the reaction. The recycling of the catalyst was also possible and in the future, a continued 

process should be considered.  
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2.8.5.2 Heterogeneous acid catalysts 

The heterogeneous catalysis created a great interest because of its capacity to perform the 

transesterification of acid oils without the constraint of soaps formation. In fact, acid catalysis 

can do both the transesterification of triglycerides and the esterification of free acids, which 

increases the performance [142]. Recently, several acid solids have been used in the 

vegetable oils transesterification reaction. Some works performed in the field are listed 

below: 

A. Modified zirconium and tin oxide 

Among solid acid catalysts, sulfated zirconia received much attention in the last 20 years 

because of its high acid properties [143, 144, 145, 146]. The idea of its use came from the 

difficulty of recovering sulfuric acid in homogeneous catalysis. However, despite its high 

catalytic properties in many reactions, zirconia appeared to be inactive under mild conditions. 

Thus, Vicente et al. [143] studied sulfated zirconia and silicon-doped zirconia for 

transesterification of sunflower oil with methanol under mild conditions (60 °C and 1 atm) 

but no methyl ester was formed. However, at high temperature, sulfated zirconia suffered 

from a very strong leaching problem. Sulfate groups were hydrolysed as 𝐻2𝑆𝑂4or 𝐻𝑆𝑂4
− 

[147]. As alternatives to sulfated zirconia, Furuta et al. [148] used sulfated tin oxide, sulfated 

zirconia-alumina, and tungsten zirconia-alumina in the methanolysis of soybean oil and the 

esterification of caprylic acid by methanol in a fixed bed reactor. Tungsten zirconia-alumina 

appeared to be a promising catalyst because it maintained its activity (> 90%) up to 100 hours 

and was capable of carrying out both reactions but at high temperature (> 200 °C for 

transesterification and > 175 °C for esterification). Two years later, for the same reactions, 

Furuta et al. [148] observed that an isomerisation of methyl linoleate, which was the major 

expected ester, took place in the presence of tungsten zirconium. This was not the case when 

using a doped amorphous zirconia with metals such as alumina or titanium and which 

appeared to be more efficient.  

Also, Tungsten zirconia was studied in transesterification [149]. It was demonstrated that the 

monoclinic phase of zirconia was inactive but the tetragonal phase alone was not sufficient 

for a good tungsten zirconia activity. In fact, it was the coexistence of the tetragonal phase of 

zirconia with 𝑊𝑂3 groups in the amorphous phase that generated this catalyst activity in 

transesterification [149].  

Lopez et al. [149] demonstrated that the optimum calcination temperature was 800 °C where 

the 𝑊𝑂𝑥 density was 6.6 tungsten atom per 𝑛𝑚2. A selective poisoning of active sites 
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showed that these were Bronsted acids mostly contributing to the catalytic reactivity [149]. 

The authors also studied titanium, sulfates or tungstates-modified zirconia for two 

simultaneous reactions: the tricaprylin transesterification and the oleic acids esterification 

with ethanol.    

In transesterification, the doped-titanium zirconia showed a greater activity than tungsten 

zirconia but in esterification, it was the inverse. The authors explained that the poisoning of 

the doped-titanium zirconia basic sites in the presence of free acids during esterification 

decreased the catalyst activity. Tungsten zirconia appeared to be the most suitable: In fact, it 

was capable of performing both reactions. Also, it was more efficient than sulfated zirconia 

[150].   Furuta et al. [151] demonstrated that the sulfated tin oxide was more acidic than 

sulfated zirconia and with a smaller distribution of the force of the sites. Ferreira et al. [152] 

studied the tin-based complexes and showed that the performance was depending on the 

chemical structure of the complex and their solubility in the reactional environment.    

B. Heteropolyacids  

Heteropolyacids are interesting because they have strong Bronsted acid sites. Those acids are 

homogeneous catalysts in the reactional environment. However, they behave like solids once 

they are transformed in salts or supported. Their acidity largely depends on the nature of the 

metal and on the number of protons that they have. Recently, many studies used 

heteropolyacids in biodiesel production because they were often described as water and free 

acids tolerant catalysts, therefore there was no limitation on the quality of oil used [153, 154, 

155].  

Morin et al. [156] used the ammonium salt of phosphotungstic acid (PTA) in the 

esterification of palmitic acid by methanol. They showed that a partial exchange of protons 

by the ammonium offered a strong acid more important than when the exchange was total. 

Also, Narasimharao et al. [157] studied the preparation and the characterisation of the cesium 

salt of the PTA 𝐶𝑠𝑥𝐻3−𝑥𝑃𝑊12𝑂40 . They have noticed that the density of the sites decreased 

with the exchange of cesium iodine but that one 𝑥 = 2 − 2.3 was necessary in order to have a 

great number of accessible acid sites. 

Chai et al. [155] found that 𝐶𝑠2.5𝐻0.5𝑃𝑊12𝑂40 was a very efficient catalyst for the vegetable 

oil transesterification by methanol and in the presence of THF as co-solvent. Biodiesel 

performance was 99% in the relatively mild conditions (60°C, alcohol/oil ratio = 5.3/1 and 
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cata/oil ratio = 1.85*10-3 during 45 min). According to the authors, the catalyst was more 

water tolerant than sulfuric acid and sulfated zirconia.   

Bokade et al. [158] studied the vegetable oil transesterification at 170 °C in the presence of 

supported hPa at an increasing humidity. They used various supports and alcohols. The 

authors found that clay was the most efficient support because it had the lower specific 

surface. According to them, supports that had a big pore surface and pore size increased the 

reactive speed of absorption on the catalyst but decreased the reaction surface and reduced 

the mass transfer between the two reactive which leaded to the diminution of the conversion. 

However, they found that the length of alcohol chain did not really have an influence on the 

reaction conversion. Catalyst seemed to tolerate free acids up to 5-6% for oil 

transesterification. Two years later, other authors [159] studied the influence of many 

parameters of the reaction. They reported that tungsten based-heteropolyacid was more active 

than molybdenum based-heteropolyacid and that a 20% content in hPa on the clay was 

necessary. The catalyst activity was around 90-95% even with a high content of free acids 

(32%) and water (5%) or even with an alcohol with a long chain (84% of conversion with 

octanol). The kinetic of this reaction indicated that it was a mechanism of second order.       

Alsalme et al. [160] focused on tungsten based-heteropolyacid, both in homogenous and 

heterogeneous, as catalyst for esterification of hexanoic acid and the transesterification of 

propionate and ethyl hexanoate. They noticed that their activity was more important than that 

of usual homogeneous acid catalysts. According to them, this situation was based on their 

acid force: 

H3PW12O40 = Cs2.5H0.5PW12O40 > H4SiW12O40 > 15% H3PW12O40/Nb2 O5,  

15%
H3PW12O40

Zr2O2
, 15%

H3PW12O40
TiO2

> H2SO4 > 𝐻𝑌,𝐻 − 𝐵𝑒𝑡𝑎 >  𝐴𝑚𝑏𝑒𝑟𝑙𝑦𝑠𝑡 − 15 

However, the activity per mass unit of catalysts decreased in the other direction: 

H2SO4 > H3PW12O40 − H4SiW12O40 > 𝐴𝑚𝑏𝑒𝑟𝑙𝑦𝑠𝑡 − 15 > Cs2.5H0.5PW12O40 >

supported H3PW12O40 > 𝐻𝑌,𝐻 − 𝐵𝑒𝑡𝑎.  

Pesaresi et al. [161] evaluated a family of silicotungstic acid cesium salt in the 𝐶4 and 

𝐶8triglyceride transesterification as well as esterification of 𝐶16 acids. An exchange level 

higher than 1.3 𝐶𝑠 per Keggin unit made the heterogeneous catalyst insoluble and active in 

the two reactions.   
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2.9 Classification of biofuels 

2.9.1 Biofuels gases 

2.9.1.1 Hydrogen  

Hydrogen is currently produced from fossil hydrocarbons. It is used in the chemical industry 

as well as in the refinery of petroleum products. Thereby, hydrogen could be used as an 

energetic vector in the transport sector, via its transformation into electricity in combustible 

batteries. And hydrogen production from renewable resources is also under study: bioethanol 

and syngas extracted from biomass gasification could be sources of hydrogen [162].   

From bioethanol and syngas 

Clean and non-toxic liquid, bioethanol was easily transformed into hydrogen with a good 

thermal efficiency (>80%). There exist three transformation processes from ethanol to 𝐻2: 

 The most used industrial process was the steam reforming process that consisted of 

processing steam water with a catalyser; 

 Another method of production of hydrogen was the partial oxidation which consisted 

of provoking hydrocarbon (ethanol), air and water steam reactions; 

 But it was the catalytic partial oxidation that seemed to lead to the better performance 

of hydrogen. A purification of the obtained 𝐻2 was generally required. The choice of 

this process from ethanol depended on the targeted application.    

In light of this, syngas contained 𝐻2. It was simply purified where 𝐶𝑂 was converted into 𝐻2 

following the water gas shift: 

                                                 CO + H2O ⇌ CO2 + H2                                                                                (2.72) 

Also, this exothermal reaction was favoured by the presence of steam water and low 

temperatures [163]. 

B. Via Biochemical processes  

Various biochemical processes allow hydrogen production:  

 Anaerobic fermentation of organic compounds by microorganisms (Heterotrophic 

production of 𝐻2); 

 Photolysis of water in the presence of light energy (autotroph process) 

 The transformation of organic matter in the presence of light energy (Heterotrophic 

process); 

 By combining all the above processes [163]. 



47 
 

2.9.1.2 Biogas 

Biogas is one of the products of methanation of animal or vegetable organic matters rich in 

sugars by anaerobic methanogenic bacteria (absence of oxygen). The wastewater treatment 

plant sludge, manure, food industry and household waste are the main substrates. Several 

cultures of bacteria are activated in order to achieve the various steps of methane 

fermentation; it ends with the production of methane (CH4) by methanogenic bacteria 

following the reactions: 

                                                             CH3COOH → CH4 + CO2                                         (2.73) 

                                                  CO2 + 4H2 → CH4 + 2H2O                                             (2.74) 

Table 2.4 shows the typical composition of biogas. The calorific value of biogas is based on 

its content of methane according and varies from 20 to 30MJ/kg. When biogas contains a 

high CH4 volume, it is considered as a potential source of biofuel.  

Table 2. 4: Composition of biogas [163] 

 

 

 

 

 

 

In order to be used as biofuel or to be injected into the natural gas network, 

methane must be purified with contaminants (for the discharge of gas) and dust, and other 

particles must be removed, dried and concentrated to more than 95%. Also, in order to be 

used as fuel, methane must be compressed to a pressure between 200 and 250 bars. All types 

of vehicles that are designed to run on natural gas or adapted to run on gas and petrol, can use 

biomethane. Heavy vehicles are usually equipped for their original diesel injection system 

and an ignition system of gas injection of a small amount of diesel. Depending on the mode 

of production of electricity used for the purification and methane compression, the use of this 

gas as a fuel for the road can reduce CO2 emissions by 95 to 99% compared to fossil fuels. 

Particles and soot emissions, NOx and carbohydrates other than methane, are also greatly 

reduced [164]. 

Gas Volume % 

CH4 55 − 75 

CO2 25 − 45 

H2S 0 − 1.5 

NH3 0.05 
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2.9.2 Liquid biofuels 

2.9.2.1 Bioethanol 

Bioethanol is obtained by fermenting and distilling sugars contained in sugar crops such as 

sugar canes, sugar beets and the Jerusalem artichokes. When bioethanol is produced from 

grains such as from corn or wheat, an intermediate hydrolysis step is required in order to 

transform the starch contained in the sugar cereal. Also, ethanol is blended with gasoline for 

an amount of 10% in order to give the commonly known automotive fuel called E10. And 

this fuel is suitable for all gasoline engines. Beyond a concentration of 20%, adaptations of 

engines are necessary. 

Recently, researchers recommended the production of bioethanol from non-food biomass 

which is called second generation biofuel [165]. They have the particularity of being from 

lignocellulosic matter, abundant and cheap, and do not compete with food crops. However, 

its conversion into fermentable sugars is difficult. The growing interest that is created around 

this field comes from the fact that the processing of lignocellulosic matter into biofuel has a 

very positive environmental impact. That is to say that the energy generated less the energy 

consumed is higher than the ethanol produced using corn. 

Conclusion of the Chapter 

This review of the literature highlighted the fact that a well exploited ricinus communis plant 

will be of benefit to rural communities. The choice of this plant among others was not made 

by chance. The next section will focus on the production of biofuel from ricinus communis 

oil.  Research conducted on the transesterification reaction of vegetable oil has significantly 

evolved. The literature showed that the transesterification reaction happened more often in 

basic homogeneous catalysis (Sulfur, potash, alcoholate). It was very fast but it had some 

disadvantages at the level of products separation of the reaction and at the level of the 

recovery of glycerol with a high purity. This reaction also happened in basic or 

heterogeneous acid catalysis. Therefore, a high performance, a pure glycerine and the 

possibility of recycling the catalyst were obtained. But both temperature and pressure used in 

heterogeneous catalyst were very severe. The most used alcohol in both cases was methanol. 

The following table summarises the advantages and disadvantages of homogeneous and 

heterogeneous catalysis of the transesterification reaction of vegetable oils. Table 2.5 presents 

the advantages and disadvantages of homogeneous and heterogeneous processes. It shows 
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that the heterogeneous process has a big advantage over the homogeneous process in the 

sense that it is a green process and it produces less waste.  

Table 2. 5: Advantages (+) and disadvantages (-) of homogeneous and heterogeneous 

processes. 

Homogeneous Heterogeneous 

Quality of glycerol (-) Quality of glycerol (+) 

Separation and more complex purification 

phases (-) 

Separation and more complex purification 

phases (+) 

Aqueous effluents (-) Less waste (+) 

Consumable (mineral acid) (-) No consumable (+) 

 No catalyst consummation (+): Green 

process  

 

This review of the literature revealed that the increasing cost of fossil fuels and the prospect 

of the depletion of this natural and non-renewable energy source, coupled with the 

phenomenon of climate change attributable to greenhouse gas (GHG) emissions in the 

atmosphere led sub-Saharan African countries to think about new sources of ecologically 

clean and economically profitable energy. Among these renewable energy sources, bioenergy 

in general and biofuels in particular were the ones that attracted the attention of African 

decision makers because of the particularly high level of consumption of petroleum products. 

Sub-Saharan Africa, characterized by an energy situation that is dependent on fossil fuels has 

not been left out of this reality. Much of its oil consumption is imported in such a way that its 

energy cost weighs heavily on its economic and financial equilibrium. 

This situation needed to be corrected! 

To contribute to the search for alternative solutions, in the context of this work, biodiesel 

production from ricinus communis was chosen. Ricinus communis was a plant that stood out 

because of its properties that will be detailed later. Hence, the aim of this research which was 

to develop an advanced mathematical model of biofuel production from the planting of 

ricinus communis to the extraction of its oil. The goal being to better study and analyse the 

parameters influencing the biofuel production process in order to agree (or disagree) with the 

experimental results found in the literature.   
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Chapter 3: Modelling of the ricinus communis plant growth 

3.1 Introduction 

Modelling the ricinus communis plant growth is of great importance for the understanding of 

the optimisation of the plantations destined to biofuel production. This section introduces a 

mathematical model of the ricinus communis plant growth based on a stochastic approach. 

The experiment was performed on 65 ricinus communis trees. For each tree, ten records of 

their size, their leaves, the beans that the trees can bear as well as the internode lengths were 

recorded. The operation was performed within a constant interval of 24 months. And, it was 

assumed that the formation of both the tree stems and branches followed a binomial law of 

probability.  

The biomass production performed by the leaves was the double mechanism resulting to the 

complexity of the architecture of a plant. The architecture of ricinus communis plant is the 

arrangement of the structure of the branches that compose the ricinus communis plant. In 

other words, the architectural development of the plant is the precise and ordered sequence of 

events based on the repetition and the integration of various levels of the structure of the 

plant: phytomers, unit of growth, architectural unit and leaves axis [174].  

In this work, the criteria of selection for the optimal growth of the ricinus communis plant 

was defined. The growth itself represents a dynamic model that functions in ring of 

retroaction and generates well-established quantitative effects. However, the modelling is the 

mathematical adaptation of the knowledge of the botany, the agronomy and the physiology so 

that they can provide the necessary parameters of the dynamic equations that describe the 

growth of the plant. The objective here was to model the architecture of the ricinus communis 

plant by a novel method based on the calculation of probabilities. It is a probabilistic design 

of the description and the modelling of various processes that will lead to the formation of the 

architecture of the plant, especially the growth of the stem and leaves, as well as the 

internodes already formed.  

3.2 Model development 

The mathematical model development was based on the following: A vegetable axis was 

formed by a succession of internodes resulting from the functioning of the terminal meristem. 

Identical axes of the same age were considered and the increase of the number of internodes 

over time was observed. And it was observed that the said number was a variable.  
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Thus, the obtained population possessed a specific distribution of the number of internodes 

per axis and this distribution evolved over time. The observed variation resulted from the fact 

that the meristems of various axes did not have a continuous and synchronous growth. In fact, 

there were lags in the elongations of the internodes that came from local conditions that a 

given meristem suffered. Then, it was considered that the meristem was regularly submitted 

to a succession of “tests of growth” and that during each of test, the elongation event would 

happen or not according to a certain probability. Thus, the process of meristem was 

assimilated to a succession of draws, where each of them was affected by a certain 

probability to give a positive result. Then, the rules of calculation of probabilities were used 

in order to model this process. Based on that, a new notion resulted, that of the “dimension” 

of the leave formed by a meristem: It was the number of tests of growth that the meristem 

suffered. Therefore, the real size of the leave, which was counted in terms of internodes, was 

less or equal to its dimension. It was equal to it only if all the tests of growth had given a 

positive result. 

Also, the growth of a population of identical plants axes was described by a simple random 

process. To each test of growth “i”, a probability “𝑏𝑖” of the elongation of the internode 

formed was related. It was interesting to observe that this approach was necessarily linked to 

the time. Thus, if the local conditions were relatively good (climate, nutrition), the test of 

growth had a relatively long duration. However, if there was a minimum time for the 

formation and the elongation of an internode, the maximum time was not defined.  At each 

phase of the population growth was associated the corresponding mean and variance of the 

instant distribution of the number of internodes. According to De Reffye et al. [174], this 

process could perfectly be described if we knew the mean-variance relation. The distribution 

of the number of phytomers observed on the stems was a binomial law of parameters N, b, 

because this number was obtained by a succession of random and independent draws and of 

constant probability equal to b. When N was the number of tests and b the probability of the 

elongation, the mean 𝑋̅ was: 

                                                     𝑋̅ = 𝑁𝑏                                                                            (3.1) 

And the variance V: 

                                                    V = (1 − b)𝑋̅ = 𝑁𝑏(1 − 𝑏)                                             (3.2) 

Then the mean-variance relation was represented by a straight line. As this will be seen later, 

this situation was formally the one that happened on the ricinus communis. 
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Calculation of the treetop 

The calculation of the number of tests and of the probabilities of the elongation necessitated a 

follow up on the population growth. The same result was reached by using the architecture of 

the treetop through its observation from the highest point of the tree to the base, starting from 

the point where the internodes became visible. It was assumed that there was a T-treetop 

resulting from the same growth process, and which was constituted of boughs of order 1 and 

2. It was further assumed that the probability of the elongation of axes of order 1 was 

constant and had the value P, and that the probability of the elongation of the axes of order 2 

was constant and had the value b.  This meant that the treetop boughs were identical.  But 

when the probabilities were the same, the sequence of formation of internodes was different. 

Thus, while axis 1 went through N tests of growth between the treetop and the internode that 

had axis 2, the last went through 𝑊 ×𝑁 tests, and this, when W was the parameter that 

defined what was called the sequence ratio. W was less, equal or greater than 1.  Finally, the 

T-treetops was described in a dynamic manner by four parameters: three constants P, b and 

W as well as one variable N. The three parameters P, B, W were unknown at the beginning. 

Therefore, we need thee relations in order to calculate them. To do that, on the various plants, 

all boughs that were connected at the same distance K (internodes) from the treetop were 

observed: their heights were measured, and the mean and the variance of the obtained values 

were calculated. TK was the branch point of the boughs (Figure 3.1). Therefore, because of 

the random process of the main stem, the level TK chosen did not correspond to only one 

dimension but in theory, it corresponded to an infinity of possible values.        

                                                                             

 

 

   

 

                                                                                   D       

                                                                                                                                                                                                  

   

 

Figure 3.  1: Diagram of the branch point of an axis of order 2 connected to an axis of 

order 1 

Height=K internodes 
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Axis 2 
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TK 
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D = Dimension = TK-RK and/or D = Dimension TK-S 
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In this case, the dimension varied according to the negative binomial law (K, P). The mean 

value of the number of units of the dimension corresponding to the number K of internodes 

really observed will be: 

                                                              N =
K

P
                                                                     (3.3) 

With a variance: 

                                                              V =
𝐾(1−𝑃)

𝑃2
                                                              (3.4) 

Knowing the mean dimension N corresponding to the number K of levels that separated the 

treetop from the branch point, the distribution of height of the axes 2 of level TK was 

determined, because they had necessarily suffered the same number of units of dimension. 

We have: 

                                                                 X̅ =
𝑊𝐾𝑏

𝑃
                                                          (3.5) 

                                                    V =
𝑊𝐾𝑏(1−𝑏)

𝑃
+

𝑊2𝐾𝑏2(1−𝑃)

𝑃2
                                           (3.6) 

This variance V is called total variance of the population of the axes of order 2 branched to K 

levels of the treetop. In practice, it will be estimated by the following classical value: 

                                                                  V =
∑(𝑋𝑖−𝑋̅)

2

𝑇−1
                                                     (3.7) 

In order to calculate the three unknown values, a relation was missing. To find it, we will 

calculate the mean internal variance of the various couples each constituted of a bough of the 

same order but L branched internodes at a lower level, those two boughs being taken on the 

same plant.     

Let 𝑋1 and 𝑋2 be the two boughs. For a plant, the internal variance can be of the following 

form: 

                                                                   Vi =
(X1−X̅)

2+(X2−X̅)
2

2−1
                                      (3.8) 

Or of a more simple form: 

                                                                   Vi =
(X1−X2)

2

2(2−1)
                                                  (3.9) 

The mean internal variance for T plants was as follows: 

                                                                   Vi =
∑(X1−X2)

2

2T
                                                (3.10) 
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This variance was weaker than the one given by two boughs taken in the same conditions 

from two different stems. In fact, from the treetop to the internode K, the succession of tests 

of growth is the same for the two boughs. We can demonstrate that: 

                                  𝑉𝑖 =
(𝐾+𝐿 2⁄ )

𝑃
𝑊𝑏(1 − 𝑏) +

𝑏2𝑊2𝐿(1−𝑃)

2𝑃2
+

𝑏2𝑊2𝐿2

2𝑃2
                              (3.11) 

A particular case is that where L=0 (whorl of branches). Then we have: 

                                                           𝑉𝑖 =
𝑊𝐾𝑏(1−𝑏)

𝑃
                                                           (3.12) 

This relation presented the particularity of possessing whorls. It was observed that in the 

second term of the total variance, V disappeared. Finally, X̅, V, Vi were expressed according to 

K, L, P, b and W and L fixed. Therefore, the three unknown parameters P, b and W were 

calculated based on X̅, V, Vi. In order to facilitate the calculations, the following was 

considered: 

U =
Wb

P
=
X̅

K
 

1 − b =
1

X̅
[Vi −

L

2
(
V

K
+ LU2)] 

1 − P =
1

X̅2
[K (V − Vi +

L2U2

2
) +

VL

2
] 

                                                                    W =
X̅P

Kb
                                                           (3.13) 

Therefore, we can calculate the parameters of the growth of the treetops from the observation 

of the variability if this growth follows the proposed model.  

3.3 Model validation 

3.3.1 Parameters of growth of the stems and the branches of the Ricinus 

Communis plant 

A. Mean-variance liaison 

According to the 10 parameters records taken during the experiment, while counting the 

couple (0,0) before the growth stops, a significant linear regression (𝑅2 = 0.968) was 

observed. Between the mean and the variance, the liaison V = 0.0543 𝑋̅ was found. 

Therefore, considering the equation (3.13), by replacing b by P, then: 

                                                                  
V

X̅
= 1 − P                                                          (3.14) 
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Therefore, the main stem probability of elongation had the following value:  

P = 1 −
V

X̅
∶= 1 − 0.0543 

P = 0.9457 

In fact, Table 3.1 shows the numerical relationship that exists between the mean and variance 

distribution of the plant stem until the time it dies. On the other hand, Table 3.2 displays the 

same relationship but during the cycle of the plant growth. 

Table 3. 1: Mean-variance relationship of the distribution of the main stem number of 

internodes until when the plant dies.                    

𝑿̅ V 

0 0 

3.2 0.2 

4.2 0.2 

5 0 

5.4 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

5.6 0.3 

 

 Table 3. 2: Mean-variance of the distribution of the number of internodes of the main 

stem during the growth period                                         

𝑿̅                                 V 

0 0 

3.2 0.2 

4.2 0.2 

5.4 0.3 
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Figure 3.2 shows the variance and mean in correlation over the time series for the plant stem 

during the growth period. 

 

Figure 3.  2: Mean-variance relationship found on the height values (number of 

internodes) of the ricinus communis plant stem during the growth period.                           

B. Distribution of the number of internodes per stem at the end of the growth 

Table 3.3 indicates the distribution obtained in relation with the number of internodes per 

stem after the growth. 

Table 3. 3: Mean-variance liaison found on the height values (number of internodes) of 

the Ricinus Communis plant stems during the growth period. 

Nbr. of internodes                                          5                                              6 

Nbr. of individuals                                        15                                            20 

 

This distribution presents a mean value X̅ = 5.5714 and a variance V=0.2521. 

We can consider a binomial law of parameters P and N: 

𝑃 = 1 − (0.2521 5.5714⁄ ) = 0.954 

And: 

𝑁 =
5.5714

0.954
= 5.84 

y = 0.0543x
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Considering six tests of growth, the dimension of the stems was also six. And the validity of 

the adjustment to the binomial law (6; 0.954). According to this law, the probability to obtain 

a value x of the number of internodes, in other words, the probability to obtain a succession 

of positive x after N tests of growth was:  

                                                         𝑃(𝑥) = ∁𝑁
𝑥𝑃𝑥(1 − 𝑃)𝑁−𝑋                                           (3.15) 

Multiplying this probability by 35 (which was the size of the sample of ricinus communis 

plants), the theoretical number of ricinus communis plants presenting x internodes was 

obtained. Table 3.4 indicates the comparison of this value with the value really observed. 

And Figure 3.6 presents the corresponding histograms.  

C. Update of the number of branches of the Ricinus Communis tree to a binomial law  

Table 3. 4: Updated number of branches                    

Class Observed number Calculated theoretical number 

4 0 2.7 

5 15 11.6 

6 20 20.3 

 

 

Figure 3.  3: Histogram of observed number and the theoretical number of internodes 

for 35 plants                          

The growth of the main axis of the ricinus communis tree was performed with the probability 

of elongation constant and equal to 0.954 over time. It was considered that all was happening 

as if the terminal meristem process was submitted to a succession of tops of regular clocks, 

number of six in total. A random draw was done for each of those tops, which decided if yes 

or no an internode will be formed, and this, with a probability of success of 0.954 at each 

time.    
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3.3.2 Ricinus communis treetop after the end of the growth 

On the treetop of the ricinus communis tree, the number of internodes of branches at each 

level from the treetop to the base was measured. And in this case, L=0 (whorl 

branch).Therefore, solving the system constituted of equations (3.23), (3.24) and (3.25) 

enabled the calculation of P, b and W of the ricinus communis plant. According to the 

analysis of the treetops, the following were obtained: 

For the treetop of the Axis 2 on the axis 1: 

 The probability of elongation of the stem P= 0.87 

 The probability of elongation of the branches b= 0.95 

 The stem/branches ratio W=0.84 

Therefore, it was observed that the probability of elongation of branches was stronger than 

the probability of stems. However, the growth process of branches was not too different than 

the growth process of the stem. Thus, the validity of the comparison of values of P calculated 

by the following three methods were: 

 The mean-variance liaison method: P=0.9457 

 The distribution of the height of the stems at the end of the growth: P=0.954 

 And the calculation of the treetops: P=0.87 

3.4 Discussion  

The growth-development interactions were taken into consideration and organogenesis were 

dependent on photosynthesis. The case of the development of the ricinus communis tree was 

completely different from the growth of other trees because it had a simple process: There 

was no branch mortality, nor an amortisation phenomenon. Therefore, the growth of the plant 

was not stochastic because its probability of ramification was elevated (0.95), which meant 

that branches were formed at each internode. However, it was observed that in other 

conditions of cultivation (climate, organic matter, density, atmospheric pressure, etc), the 

growth of the ricinus communis plant was divergent by producing both the quantity and the 

quality of the harvest, including in its stochastic component. Also, the optimal control of the 

model enabled the optimisation of itineraries of the operations such as irrigation and process. 

Furthermore, the use of a mathematical method in the modelling of the architecture of a 

ricinus communis tree gave coherent results and revealed itself to be fruitful. The probability 

of the set of branches process was constant, with a value of 0.95. For the main axis, the 

probability of the process was reduced to 0.87 and the ratio process had the value of 0.84. 
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Finally, results indicated that in all cases, the probability was calculated with a good precision 

and with concordant results using three different methods including: the mean-variance 

relationship, the updated number of internodes of the stem and the treetop analysis. 

Therefore, the probability of growth as well as the probability of the formation of branches 

were quasi deterministic. In other words, the ricinus communis plant was not stochastic 

because to each internode, there were always branches associated to it. 
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Chapter 4: Modelling of the ricinus communis oil extraction 

process. 

4.1 Introduction 

In this chapter, a probabilistic model was applied to the oil extraction process as well as to 

various ricinus communis oil storage containers. Because of that, a qualitative approach that 

consisted of finding a simple probabilistic model was used. Specifically, a model with less 

parameters was sought after. It described the general structure of oil storage containers with 

respective quantities of ricinus communis oil within the same platform. In this perspective, 

the platform was defined as the set of all oil containers having small and big quantities of 

ricinus communis oil. Therefore, the Pareto-Levy distribution was used in order to model 

quantities of the ricinus communis oil distributed in the storage containers of three simulated 

platforms (oil depots).  

The first two sections of this chapter cover the description of the extraction of lipids and the 

introduction to the model process of probability distributions. This enabled the construction 

of a probabilistic model of the ricinus communis oil extraction process. And its related 

mathematical tools were described in the second section. Then, the Bolthausen-Sznitman 

fragmentation model is introduced in section 3 in order to describe the progressive 

fragmentation of ricinus communis oil extracted from the plants. Therefore, the extracted oil 

constituted the ideal reserves for the production of biofuel.    

Section 4 of this chapter covers the optimisation of the extraction process as well as the 

construction of its model using the Bolthausen-Sznitman model: Then, the optimisation of the 

process was performed in an empirical way. Therefore, the process was tested by performing 

different experiments under various operating conditions. Results were expressed in a series 

of correlations from which the performance was estimated and extrapolated for new operating 

conditions. 

It is in this context that the model was formulated, solved and the predicted values were 

compared with experimental values. Then, the model was readjusted until a good correlation 

with the experiment was obtained. Then, the model was validated based on new experiments 

and it was used for optimization and process control. Experimental data were needed in order 

to confirm the model but the amount of data required in comparison with the empirical 

approach were considerably reduced. 
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4.2 Probability distribution of ricinus communis oil containers 

This section describes the quantitative determination of oil content in small and big 

containers which translates the technical proprieties of a selected platform.    

4.2.1 Ricinus communis lipid extraction techniques and modelling  

Ricinus communis seeds could be harvested through centrifugation, flocculation, 

sedimentation, gravity, filtration, flotation or other techniques of electrophorese. In order to 

produce biofuel from ricinus communis lipids, oil extraction was performed. Various ricinus 

communis lipid extraction techniques were considered including physico-chemical and 

biochemical methods. The direct transesterification of ricinus communis oil into biofuel was 

also one of the major methods considered. Even though at laboratory-scale, lyophilisation 

remains the most popular method, drying through atomisation, the drying through oven, and 

sometimes vacuum evaporation were used in order to dry ricinus communis seeds. However, 

the process of drying seeds before the extraction of lipids necessitated 2.5 times more energy 

than the normal drying process. This rendered the process non-productive in energy. And 

even if the chloroform-methanol mixture was largely used with up to 83% of extraction 

productivity, less polar solvents such as n-hexane were often preferred due to their lower 

level of toxicity and their affinity for non-lipid contaminants.  

Thereafter, the modelling of oil extraction was performed using the response surface 

methodology (RSM) with the Doehlert experimental plan.  To achieve that, the following 

parameters were considered: Temperature, time and solvent.  

Therefore, a time-parameter model was developed because of its significant influence on the 

oil extraction process. The remaining two parameters were those that influenced the oil 

extraction process. They were: 

 The temperature of extraction (𝑋1) 

 The time of extraction (𝑋2) 

 The solvent rate (𝑋3) 

Following the identification of parameters, the Doehlert four-parameter experimental process 

was used for the execution of manipulations. The Doehlert's plan was chosen because of the 

small number of experiments, the uniform distribution of experiments as well as its ability to 

evolve after results were obtained [175]. 
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And, after the choice of the experimental plan, the equation of the model was defined and the 

parameters of this model were provided. Because the model used in the RSM is generally a 

quadratic equation, the second degree model was written as follows: 

                                y = β0 +∑ βjXj + ∑ βjjXj
2 + ∑∑ βijXjXi + εi<j

k
j=1

k
j=1                          (4.1) 

where 𝛽0: Constant; 𝜀: error;  𝛽𝑗, 𝛽𝑗𝑗 and 𝛽𝑖𝑗: coefficients of the model.This mathematical 

model considered the coded parameters that were as follows: 𝑌(𝑋1, 𝑋2, 𝑋3) = Mathematical 

model for the ricinus communis oil extraction, with 𝑋1= temperature (℃), 𝑋2 = time of 

production/extraction (min), 𝑋3 = the catalyst amount (ml). The assumption was that the 

model parameters were linear(𝑋1, 𝑋2, 𝑋3), quadratics (𝑋1
2, 𝑋2

2, 𝑋3
2) and with interaction 

(𝑋1𝑋2, 𝑋1𝑋3, 𝑋2𝑋3). 

Application of the Surface Response Method for oil extraction 

The choice of the experimental design for the optimization of the operating conditions took 

into account the parameters to be optimized. They were three continuous variables dependent 

on each other: temperature, time and catalyst rate. The objective here was to optimize the 

three parameters and model their influence on the synthesis efficiency by carrying out a 

minimum of experiments. Therefore, the first criterion for choosing the plan was the number 

of experiments that it required, considering that the Doehlert’s plan required few trials, with  

𝑁 = 𝑘2 + 𝑘 + 1, where k was the number of parameters.  

Let 𝑘 = 3,𝑁 = 13 experiments.   

For the optimisation of the three parameters, a Doehlert matrix was constructed. Then, after 

describing the procedure applied to N=13 experiments, results were presented in detail and 

comments were attached. The main characteristic of the Doehlert's plan was the need to have 

a uniform distribution of the experimental points [176]. For a three parameters’ plan, the 

experimental matrix consisted of 13 experiments with one parameter of 5 levels, one with 7 

levels and one with 3 levels. As a result of that, the limits of the domain as well as the 

number of levels of each parameter were found to be as follows: 

Time was the most important parameter because, ideally, the continuous reactor should make 

it possible to work at a minimum time. Because of that, time was found to be the parameter 

with 7 levels. Also, the lower limit of the reactor was set to 30 minutes and for the upper 

limit, it was observed that the preliminary tests performed within 240 minutes, yields did not 

exceed 20% for a temperature of 130 ℃ and a catalyst rate of 1%. Then the upper limit was 

set to 240 minutes to have a time variation range of 250 minutes.  
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Secondly, temperature was the least precise parameter to be set and therefore was the 

parameter with 3 levels. It was controlled by the thermostat and its value was the temperature 

set point of the thermostat. The upper limit was determined by the limit of the equipment, i.e. 

158 ° C. The lower limit was set in such a way that the viscosity of the reaction medium was 

not increased. 

Thirdly, the catalyst level was the parameter with 5 levels. Its minimum was chosen lower 

than that of the batch reactor (1%) and was set at 0.5%. Its maximum was set to maintain a 

catalytic amount of 5.5%. In addition, as the influence of each of the three parameters was 

studied, their variations were limited within two values: The lower bound was set to -1 and 

the higher bound was set to +1. 

                                                                               Domain of parameters 

                                                                                                                            Parameters 

                                                       

                                                       -1                                             +1 

                                   Lower bound                                                       Upper bound  

Figure 4. 1: Domain of parameters with lower and upper bounds 

4.2.2 Definition of the experimental model 

With the pre-analysis, it was possible to identify 3 parameters that had a statistically 

significant influence on the observed responses As sown in Table 4.1, the model designed 

was a second degree polynomial; therefore, each parameter was endowed with at least 3 

modalities. The table further indicates the boundaries used for each parameter.  

Table 4. 1: Boundaries of parameters used for response surface.                        

 

 

 

. In this context, it was easy to calculate the number of coefficients to be identified in each of 

the models from the formula: 𝑝 =
(𝑘+1)(𝑘+2)

2
, where k was the number of parameters. In 

this case, the formula indicated that the number of unknown values p to be determined in a 

polynomial model of second order was calculated. In fact, when k was equal to 3 parameters 

the application of this formula produced a total of 10 coefficients p to be determined.  

Parameters Minimum boundary Maximum boundary 

Time (1) 30 minutes 240 minutes 

Temperature (2) 40 ℃ 160 ℃ 

Catalyst rate (3) 1% 5.50 % 
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The objective of the algorithm was the calculation of N experiments out of the number of 

points that provided the best results in terms of quality. Results indicated that 13 was this 

number N of experiments that constituted the experimental Matrix. For material reasons, the 

maximum size of the Matrix X was limited to 25 experiments. Each experimental point 

enabled to obtain a value of the response which was modelled by the polynomial function 

where the 10 coefficients p were the unknowns. At the end of the experimental plan, a system 

of n equations in p unknowns was produced and was written as follows: 

                                            y = X a + e                                                        (4.2) 

where: y is the vector of responses; X is the matrix of calculation, or Matrix of the model that 

depends on the experimental points chosen to execute the plan. “a” is the vector coefficients 

vector and e is the error.  

Furthermore, it was found that the number of equations (n) was less than the number of 

unknowns (p). In other words, there were 10 equations in p unknowns. Therefore, in order to 

solve the system, the least squares regression method was used and the following estimation 

of regression coefficients was obtained:  

                                                               𝑎̂ = (𝑋′𝑋)−1𝑋′𝑦                                                    (4.3) 

Where: X’ is the transposed matrix of X. It was further noted that two matrices constantly 

intervened in the theory or plan of experience: X’ X, the information matrix and (X′X)−1 the 

dispersion matrix. 

4.3 Modelling of ricinus communis oil containers  

Prior to the design of a comprehensive mathematical model for the production of biofuel, it 

was essential to make a good choice of the probability distribution of the model of the 

quantity of oil that was stored. This section focuses on the proposed probabilistic model for 

the ricinus communis oil storages destined to the biofuel production. In order to describe the 

random repartition of various quantities of oil in the containers, the concept of satellite 

structure was used. In the field of petroleum engineering, the following approach describes 

the spatial repartition of oil deposits in an oil field: Next to a very big oil deposit, there 

usually are smaller oil deposits. Similarly, there can be a container with a very big quantity of 

ricinus communis oil as well as a number of smaller containers around the big one. This type 

of structure was compatible with the stochastic invariance property that characterises the 

Pareto-Levy distribution [177] and which was a suitable model to characterise the quantity of 

ricinus communis oil in a platform. The main limit of this approach was that the Pareto-Levy 
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distributions could only describe containers with a quantity of oil below a certain level 𝜀 and 

that also needed to be estimated. Therefore, the level 𝜀 was interpreted as the quantity of 

ricinus communis oil extracted and stored in containers for the production of biofuel. The 

assumption was that there was a big platform containing a certain number of ricinus 

communis oil containers. And the platform was sub divisible into a big number of small 

containers  𝑑1… . 𝑑𝑀 . Also, the action of a certain chemical factor 𝑑𝑝 on the platform of 

castor oil was to multiply the quantity  𝑑𝑝 by the coefficient exp 𝜀𝑖
𝑝
where it was further 

assumed that the variables (𝜀𝑖
𝑝; 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑝 ≤ 𝑀) were independent and of the same 

law (𝜀𝑖
𝑝 = −𝑣) = 𝑃(𝜀𝑖

𝑝 = 𝑣) = 1/2 , where 𝑣 corresponds to the amplitude of the chemical 

event. The cumulated action of N chemical factors was the multiplication of 𝑑𝑝 by the 

coefficient 𝑒𝑥𝑝(∑ 𝜀𝑖
𝑝𝑁

𝑖=1 )  .By only considering chemical factors that helped for the 

distinction and the determination of the subdivision of M castor oil storage containers, it 

indicated that N was the order of log𝑀.  

Furthermore, considering 𝑀 = 2𝑁 , the ricinus communis oil quantity 𝑑𝑝 admitted the 

expression 〈𝑡𝑣, 𝑁〉 𝑒𝑥𝑝(𝑣√𝑁𝐺(𝑑𝑝)), where 𝐺(𝑑𝑝) and 〈𝑡𝑣, 𝑁〉 are a standard centered 

Gaussian random variable and a common quantity of ricinus communis oil respectively. 

Then, it was indicated that a critical amplitude 𝑣𝑐 existed such that, for 𝑣 > 𝑣𝑐 = √2 log(2), 

and for a good selection of 〈𝑡𝑣, 𝑁〉, the quantities of castor oil converged, following the law of 

decreasing order, towards the distribution 𝑃𝐷(𝛼, 0). Therefore, 𝑃𝐷(𝛼, 0) distributions were 

used in order to model the quantities of castor oil. And, in order to consider that 𝑣 was 

subjected to change during the extraction of ricinus communis oil (with 𝑣 > 𝑣𝑐), the 

Bolthausen and Sznitman models were used [178]. Their models describe the coalescence 

operations on stable particles. And the dual process obtained by reversing the time is called 

the Bolthausen-Sznitman fragmentation and this dual process has the remarkable propriety of 

being Markovian. The evolution of castor oil quantities submitted to successive operations of 

fragmentation and coalescence was qualitatively described by the following model: The dual 

process was such that at all time, the distribution of ricinus communis oil was 𝑃𝐷(𝛼, 0) 

where only 𝛼 changed over time. This remarkable propriety fitted very well in the selection 

of Pareto-Levy laws for modelling the quantities of castor oil stored.  Thus, in order to design 

a model for biofuel production from ricinus communis oil, each phase that intervened in 

biofuel production was described. Therefore, biofuel production from ricinus communis was 

defined as the aggregate production of existing ricinus communis oil at a given time. In a 
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platform containing n containers of castor oil, 𝐵𝑎 𝑎𝑛𝑑 𝐶𝑎 were the quantities of ricinus 

communis oil and the date of the production of biofuel 𝑎 respectively. Thus, the production of 

biofuel at the time 𝑡 had the following expression: 

                                                  Prod(t) = ∑ proda(t − Ca)
n
a=1 ,                                         (4.4) 

where 𝑝𝑟𝑜𝑑𝑎(𝜏) designated the castor oil production of container 𝑎 after a certain time 𝜏 of 

production.  

4.3.1 The Pareto-Levy law and the distribution of income 

It was possible to define the Pareto-Levy distribution by the following propriety of change of 

scale invariance: A variable 𝑋 follows a Pareto-Levy law 𝜇 if and only if there exists 𝜀 > 0 

such that the support of 𝜇 is [𝜀,∞]. ∀ 𝜂1, 𝜂2 ∈ [𝜀,∞], the 𝜂1
−1𝑋 law under ℙ(. |𝑋 > 𝜂1) is the 

same than the 𝜂2
−1𝑋 law under ℙ(. |𝑋 > 𝜂2). This definition immediately implied that 

log(𝜀−1𝑋) satisfies the propriety of absence of memory that characterises exponentials; 

therefore, a variable 𝑋 follows a Pareto-Levy law Iff 𝑋 = 𝜀 exp (𝑌), where 𝑌 is a random 

variable of the exponential law of parameter 𝛼. The density distribution of Pareto-Levy has 

the following expression: 

                                                              f(x) = α
εα

xα+1
1x≥ε                                                   (4.5) 

where 𝛼 and 𝜀 are the index (or the exponent) and the level of the Pareto-Levy distribution 

respectively. Let’s note that this distribution doesn’t allow a moment of order 1 when 𝛼 ≤ 1 

(heavy-tailed distribution). The definition of the Pareto-Levy distribution suggests that there 

exist a threshold 𝜀 under which the extracted castor oil was no more existing in a storage.  

With regards to the distribution of the extracted ricinus communis oil, the following 

hypothesis of distribution was validated: 𝐺𝑐was a container with a quantity of ricinus 

communis oil higher than 𝜀 follows a Pareto-Levy law on the [𝜀,∞[ interval.  

The log-log graph 

The choice of the model was graphically verified using the log-log graph: Let {𝑧1, … , 𝑧𝑝} be 

the series of real data strictly positive [3]. Let 𝜎 be the permutation of the set {1, … , 𝑝} which, 

at {𝑧1, … , 𝑧𝑝}, associates the series {𝑧𝜎(1), … , 𝑧𝜎(𝑝)}, where 𝑧𝜎(1) ≥ ⋯ ≥ 𝑧𝜎(𝑝). The log-log 

graph of series {𝑧1, … , 𝑧𝑝} was the graph of double logarithmic scale with points 

(𝑖, 𝑧𝜎(𝑖))1≤𝑖≤𝑝. It has been demonstrated that the log-log graph of a sample that followed a 

Pareto-Levy law of exponent 𝛼 presented a linear regression of slope −
1

𝛼
 [3].  
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4.3.2 Model of random fragmentation 

The model of stable subordinators of index 𝛼 was used to model the extracted oil. 

Subordinators are Levy processes of values comprise in the interval [0, +∞[.This type of 

modelling approach has many advantages: 

Firstly, it is coherent with the Pareto-Levy sample because the jumps of a stable subordinator 

with a size higher than the threshold 𝜀 are random variables of Pareto-Levy distribution; the 

𝐺𝑐 hypothesis is therefore verified. Also, we will see that this modelling approach is 

compatible with the idea that the current repartition of castor oil is the result of a random 

fragmentation of the initial quantity of castor beans.  

The 𝐺𝑎  hypothesis suggested that the fragmentation process followed a Markovian behaviour, 

and the 𝐺𝑏hypothesis precised the type of fragmentation mechanism of the extracted castor 

oil. And, the Bolthausen-Sznitman coalescent reversed back in time described the progressive 

fragmentation of stable partitions.  

4.3.3 Review of the concept of stable partitions 

4.3.3.1 Definitions 

This section focuses on random combinatorics models. The same probability space (Ω, 𝐹, 𝑃) 

was considered. Therefore, [𝑛] was defined as the set of natural numbers {1, 2, … 𝑛}. Thereby, 

the partition of the set [𝑛] was any collection of mutually disjoint non-empty sets {𝐴1, … , 𝐴𝑘} 

whose union was [𝑛] [179]. In addition, 𝑃[𝑛] was the set of all partitions of [𝑛].  

Furthermore, a composition of 𝑛 was a sequence of natural numbers (𝑛1, … , 𝑛𝑘)whose sum is 

𝑛. Thereby, because the partition of [𝑛] was not ordered, this raised the problem of blocs 

enumeration. One of the solutions was to index them by order of appearance, particularly in 

an ascending order of their smallest element. The bloc with element 1 was the first in the list; 

the second was the bloc with element 2, etc. And, (𝑁̅𝑛,1, … , 𝑁̅𝑛,𝑘𝑛) was the sequence of bloc 

sizes ranged this manner. Another way of enumerating the blocs was to range them in 

descending order of bloc sizes. And (𝑁𝑛,1
↓ , … , 𝑁𝑛,𝑘𝑛

↓ ) was the composition of 𝑛 resulting from 

the partition when blocs were ordered in descending order of their size. Generally, for a 

partition Π,  it was denoted 𝑖~𝜋𝑗 when 𝑖 𝑎𝑛𝑑 𝑗 were in the same bloc of Π. 

Moreover, a random partition 𝜋𝑛 of the set [𝑛] was a random variable with a value in the set 

𝑃[𝑛]. The symbol 𝑃∞ was defined as the tribe 𝑇𝑅 = 𝜎({Π∞ ∈ 𝑃∞: 𝑖~Π∞𝑗}, 𝑖, 𝑗 ∈ 𝑁). And a 
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random partition of 𝑁 was a TR-measurable random variable. Because the numbering had to 

remain arbitrary, partitions were exchangeable: Therefore, a random partition of Π𝑛 of [𝑛] 

was called exchangeable when its distribution was invariant under the action of the group of 

permutations of [𝑛]. Also, a random partition Π∞ of 𝑁 was exchangeable if its distribution 

was invariant under the action of the group of permutations with finite support. For a random 

partition of [𝑛], this definition meant that the distribution did not depend on natural numbers 

that were in each bloc, but it depended on the random composition of 𝑛 deduced from the 

random partition: 

                                                  𝑃(Π𝑛 = {𝐴1, … , 𝐴𝑘}) = 𝑝𝑛(|𝐴1|, … , |𝐴𝑘|)                             (4.6) 

Where 𝑝𝑛 was a symmetric function of compositions of 𝑛 and is called the probability 

function of the exchangeable partition.  

With regards to ricinus communis oil, these random partitions represented the various 

quantities of ricinus communis oil that were extracted and stored in a platform. It was 

assumed that all various quantities of extracted oil over time had the same propriety no matter 

what the size of the set to be partitioned was. This propriety is called consistence: An 

exchangeable sequence of random partitions (Π𝑛) is consistent in distribution if  

∀𝑚 < 𝑛,    Π𝑚,𝑛

𝑑

=
Π𝑚 

Where Π𝑚,𝑛 is the restriction at [𝑛] of Π𝑛: if Π𝑛 ≔ {𝐴1, … , 𝐴𝐾} then  

   Π𝑚,𝑛 = {𝐴1 ∩ [𝑚],… , 𝐴𝐾 ∩ [𝑚] } 

And for a sequence (Π𝑛) that is consistent, then: 

                           pn(n1, … , nk) = ∑ pn+1(… , nj + 1,… ) + pn+1(n1, … , nk, 1)
k
j=1              (4.7) 

Where (𝑛1, … , 𝑛𝑘) is a composition of 𝑛 𝑎𝑛𝑑 𝑝 as defined in (1.1). In fact, if the restricted 

random partition at [𝑛] contains blocs of sizes (𝑛1, … , 𝑛𝑘), then the restriction at [𝑛 + 1] 

contains blocs of sizes to be chosen among the compositions (𝑛1, … , 𝑛𝑘, 1), … , (𝑛1, … , 𝑛𝑘 +

1), (𝑛1, … , 𝑛𝑘, 1). Also, if Π𝑛 is the restriction of a partition Π∞ of 𝑁 at the 𝑛 first natural 

numbers, then 𝜋𝑛 is exchangeable for all 𝑛, and the sequence (Π𝑛) is consistent. Inversely, by 

the Kolmogorov theorem [180], a consistent sequence of exchangeable partitions defines, in a 

unique manner, a partition Π∞ of 𝑁.   

4.3.3.2 The Poisson-Kingman partitions 

Let’s consider a sequence of random variables 𝑌 = (𝑌𝑛, 𝑛 ≥ 0) defined on (Ω, 𝐹), with 

values in [0, 1] that are exchangeable. This means they satisfy the following conditions: 
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An infinite sequence (𝑌0, 𝑌1, … ) of random variables is exchangeable if  

                                               (Y0, Y1, … )
d

=
(Yσ(0), Yσ(1), … )                                                (4.8) 

For any permutation 𝜎 𝑜𝑓 𝑁 we are only moving a limited number of natural numbers. Let 

𝑀1([0, 1]) be the set of probabilities defined on the Borel set [0, 1], equipped with the weak 

topology of convergence and Borelians associated to this topology. A random probability 

measure 𝑀 is a function of Ω in 𝑀1([0, 1]) that is measurable.  

And, let 𝑀 be a random probability measure. Let (𝑌1, … , 𝑌𝑛, … ) be random variables of the 

conditional law 𝑀, i.e: ∀ sequence of functions 𝐹𝑛: [0, 1] → 𝑅 measurable boundaries. 

∀𝑛, 𝐸[𝐹1(𝑌1),… , 𝐹𝑛(𝑌𝑛)]

= ∫ 𝑃(𝑑𝜔) ∫ 𝑀(𝜔, 𝑑𝑦1)𝐹1(𝑑𝑦1) × …× ∫ 𝑀(𝜔, 𝑑𝑦𝑛)𝐹𝑛(𝑑𝑦𝑛)
[0,1][0,1]Ω

 

The sequence (𝑌𝑖)𝑖≥0 is exchangeable and (𝑌1, … , 𝑌𝑛, … ) is a M-Mixture and the De Finetti 

theorem says that any exchangeable sequence is a mixture.  

Let 𝑀 be a random probability measure and a M-Mixture 𝑌 = (𝑌𝑛,, 𝑛 ≥ 0). We define a 

random partition Π∞(𝑌) associated with the exchangeable sequence (𝑌1, 𝑌2, … ) by: 

𝑖~Π∞(𝑌) ↔ 𝑌𝑖 = 𝑌𝑗 

It is obvious that Π∞(𝑌) is exchangeable and the distribution of Π∞ is determined by the 

random atoms of the measure M. Now, let’s introduce the following set: 

                                           𝑇1 ≔ {𝑝↓ = (𝑝𝑛
↓ , 𝑛 ≥ 0); ∑ 𝑝𝑛

↓ ≤ 1∞
𝑛=1 }                                   (4.9) 

For each sequence of atoms 𝑝↓ and 𝑇1 , we can define a measure of a random probability: 

                                 𝜇𝑝↓(𝑑𝑦) = ∑ 𝑝𝑖
↓ 𝛿 

1

𝑖
(𝑑𝑦) + (1 − ∑ 𝑝𝑖

↓
𝑖≥1 )1[0,1]𝑑𝑦,𝑖≥1                      (4.10) 

And the function 𝑝↓ → 𝜇𝑝
↓  is measurable.  

Let Π∞ ≔ (Π𝑛) be an exchangeable random partition on N. And let 𝑁𝑛,𝑖
↓  be a sequence of 

bloc sizes of Π𝑛 classified in descending order. ∃ a random variable 𝑃 = (𝑃𝑖
↓) in 𝑇1 such that 

∀𝑖,
𝑁𝑛,𝑖
↓

𝑛
→ 𝑛 → ∞ 𝑃𝑖

↓. 

In the context of Ricinus Communis oil extraction, blocs of random repartition represent 

various quantities of the extracted castor oil as well as the total quantity of extracted oil 

available for the production of biofuel. In order to study the distribution of quantities of 

castor oil, it is sufficient to study the quantities of oil related to the blocs of Π∞(𝑌). 
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The Kingman theorem for exchangeable partitions is equivalent to the De Finetti theorem for 

exchangeable variables. The above theorem establishes the correspondence between the 

random partition and the frequency of quantities of extracted oil with the atoms of a random 

measure on 𝑇1.  

4.3.3.3 Stable partitions 

 A finite subordinator S is a positive process of independent homogenous growth. Also, a 

subordinator (𝑆𝑠)𝑠≥0 is ascendant such that 𝑆0 = 0. ∀ 𝑡 > 0,  the 𝑆𝑡 law is infinitely divisible 

and characterised by its Laplace transform. Its Φ Laplace exponent verified the following 

Khintchine-Levy formula: 

Φ(λ) = dλ + ∫ (1 − 𝑒−𝜆𝑦)Λ(𝑑𝑦)
(0,∞)

 , where  Λ was the Levy measure. Let (△𝑠)𝑡≥0 be the 

process of jumps associated to S, the measure 𝑀 = ∑ 𝛿(𝑡,Δ𝑡)𝑡:Δ𝑡>0  was a Poisson measure on 

(0,∞)2 of intensity 𝑑𝑡 ⊗ Λ(𝑑𝑦). This resulted to the Levy-Ito decomposition 𝑆𝑡 = 𝑑𝑡 +

∑ Δ𝑡𝑡≥0 . For this work, a drift function X was added to the model. This made the model to be 

a nonstationary process that is null. Both the mean and the variance of the function increase 

over time. For a real positive 𝑘0, the random measure 𝑀𝑘0 = ∑ 𝛿Δ𝑡𝑡:Δ𝑡>0

𝑡∈[0,𝑘0] 

    was a 

Poisson measure on (0,∞) of intensity 𝑘0Λ(𝑑𝑦). 

Proposition 1  

Two independent subordinators 𝑆 = (𝑆𝑡, 𝑡 ≥ 0) and 𝑇 = (𝑇𝑡, 𝑡 ≥ 0) of Laplace exponents 

Ψ 𝑎𝑛𝑑 Φ respectively were considered. Then 𝑆𝜊𝑇 = (𝑆𝑇𝑡 , 𝑡 ≥ 0) was a subordinator of 

Laplace exponent Φ𝜊Ψ. In addition, a subordinator T, where the Levy measure verified the 

above proprieties, allowed the definition of an exchangeable random partition by considering 

blocs of partition for the sequence of frequencies of the subordinator: 

                                                      Pi
↓ =

∆i
↓

TS0
,                                                            (4.11) 

where ∆𝑖
↓ was the sequence of jumps ∆𝑠≠ 0 for 𝑠 ≤ 𝑆0. By hypothesis, the set of all 𝑠 ≥ 𝑠0 

was discrete because Λ([𝜀,∞[) < ∞ and it was possible to align the jumps in a descending 

order. For the modelling of biofuel extraction and production, 𝑇𝑆0 the total quantity of castor 

oil that was used for biofuel production and the jumps ∆𝑖
↓ corresponded to the ieth biggest 

quantity of castor oil of the platform.  
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4.3.3.4 Stable subordinator 

A stable subordinator is a subordinator T of the Levy measure Λ(y) = s ρ(y)𝑑𝑦 where 𝑠 > 0 

[181], and:  

                                                          ρ(y) =
β

Γ(1−β)

1

y1+β
                                                     (4.12) 

For this particular subordinator, the expression of the Laplace exponent was: Φ(𝜆) = 𝜆𝛽 and 

T verified the scaling propriety (𝑇𝑠)𝑠≥0 = (𝜆−1/𝛽𝑇𝜆𝑠)𝑠≥0. Now, let 𝜀 > 0 and (𝑇𝑠)𝑠≥0 a 

subordinator 𝛽-stable. Therefore: 

                                                 Cε,β ≔ Λ((ε,∞)) =
ε−β

Γ(1−β)
< ∞                                       (4.13) 

And the subordinator T verified all the sufficient conditions to define an exchangeable 

random partition from the normalised jumps of T. The stable partition was therefore the 

random partition associated to such subordinator. Therefore, the stable subordinator was the 

best to describe the quantities of castor oil available for the production of biofuel. The 

Bolthausen and Sznitman fragmentation model [182] introduced in the next section described 

the total quantity of the extracted castor oil in a platform, which was compatible with the 

jumps of a stable subordinator.    

4.4 Modelling of the extracted Ricinus Communis oil using the Bolthausen-

Sznitman model  

This model was introduced by Bolthausen and Sznitman [174] in order to study a model 

called Random Energy Model (REM) introduced by Derrida [175].  In this thesis, we use this 

model to study the normal biofuel distributed in the heavy crude Ricinus Communis oil 

extracted for the biofuel production. 

4.4.1 REM and extraction of Ricinus Communis oil mathematical model. 

In order to model the oil extraction process and its storage into the platform, a toy model was 

used with a goal to qualitatively explain the form of laws of storage sizes (Quantities of oil in 

storages). The model was based on three hypotheses: 

(i) Hypothesis of subdivision into basic equivalent storages.  

The assumption was that the selected storages (observed) inside the same platform were 

subdivided into a great number of small basic storages 𝑔1, … , 𝑔𝑀that were equivalently filled 

in a statistical point of view. The content of those small storages varied over time depending 

on the sequence of extraction. In addition, it was observed that at each sequence of extraction, 
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the variation of the quantity of oil in a basic storage affected its size in proportion than in the 

absolute value. For example, the fusion with a similar storage multiplied the quantity by two.  

(ii) Hypothesis of the middle-size storage.  

Here, the assumption was that an important number of factors N contributed to the extraction 

of basic storages and determined their size and position within the platform. There was no 

detailed knowledge of those factors at the level of basic storages. It was further assumed that 

those N factors played the same role, were independent and acted randomly in the same way 

and independently to each basic storage. And this constituted the hypothesis of the middle-

size storage. Various interests were on the fluctuation created by the N factors on the quantity 

of ricinus communis oil of the storages. More precisely, the following type of simplified 

action was selected: The factor 𝑖, 1 ≤ 𝑖 ≤ 𝑁 provoked the fluctuation of the quantity of oil in 

the storage 𝑔𝑝 by a factor 𝑒𝑥𝑝(𝜖𝑖
𝑝), where 𝜖𝑖

𝑝
had two possible values –v and v. The 

cumulated action of the N factors on the storage 𝑔𝑝 was to multiply the quantity of oil inside 

the storage 𝑔𝑝 by the coefficient: exp(∑ ϵi
pN

i=1 ). 

The above hypotheses of the middle-size containers were traduced by assuming that the 

variables (𝜖𝑖
𝑝, 1 ≤ 𝑖 ≤ 𝑁, 1 ≤ 𝑝 ≤ 𝑀) were independent and of the same law:  

                                           ℙ(ϵi
p
= −v) = ℙ(ϵi

p
= v) =

1

2
                                               (4.14) 

(iii) Hypothesis of the economy of subdivision.  

In this system, the N factors contributing to the extraction of oil in a storage were the N 

factors that were permitted to distinguish and determine the subdivision into M basic 

storages. This leaded to assume that N was close to the minimal number of factors that were 

necessary to discriminate the M storages. As {−𝑣, 𝑣}𝑁 represented the 2𝑁 possible values of 

𝜖𝑖
𝑝
. It was coherent to choose N in the order of log M. For the sake of clarification, N was 

chosen great and: M = 2N. And for all containers 𝑔𝑝, the following was applied: 

                                                       HN
∗ (gp) =  ∑ ϵi

pN
i=1                                                       (4.15) 

As N was assumed to be great, the law (𝑁 𝑣2)−1/2𝐻𝑁
∗ (𝑔𝑝) was close to a centered Gaussian 

standard that was noted 𝐺(𝑔𝑝). In the future, the following expression was considered:  

                                                    HN
∗ (gp) ≈ v√N G(gp)                                                    (4.16) 

The quantity of oil in the container which defined its size was: 
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                                                 〈tv, N〉exp(v√N G(gp))                                                     (4.17) 

Where 〈𝑡𝑣, 𝑁〉 was a typical size common to all basic storages that fixed the scale in which 

the basic storages were placed. Therefore, the relative size of the basic storage 𝑔𝑝was: 

                                                   μN, v(gp) =
exp(v√N G(gp))

∑ exp(v√N G(bq))
2N
q=1

                                       (4.18) 

Thus, the question was to know how those relative sizes behaved when N was big. Also, 

when v was big, meaning when the phenomena amplitude of fluctuation was great, the basic 

storages really observed were those for which the variable 𝑣√𝑁 𝐺(𝑏𝑞)  took important 

values. However, when v was small, this didn’t happen: the storage was split up when N was 

very big. There was a critical value 𝑣𝑐  on top of which the first asymptotic behaviour 

prevailed and under which the second prevailed too.  

A quick heuristic explaining what happened when v was small is provided. Therefore, the 

total amount of quantity of oil in the storage was given by: Zv,N = 〈tv, N〉 exp(v√N G(gp)) 

A simple calculation indicated that: 

𝔼[Zv, N] = 〈tv, N〉2
N exp(N v2/2) = 〈tv, N〉 exp(N(

v2

2
+ log(2))) 

And 

var(Zv, N) = 〈tv, N〉(exp(N(2 v
2 + log(2)))) − exp(N(v2 + log(2))) 

Thus  

var(Zv, N)

(𝔼[Zv, N])2
~N → ∞ exp(N(v2 − log(2))) 

Thus, when 𝑣 < √log(2) ,
𝑍𝑣,𝑁

𝔼[𝑍𝑣,𝑁]
 approached 1 in probability, a more precise argument 

using the Lindeberg criterion showed that a central limit theorem happened. In this case, none 

of the basic storage was very big. This came from the fact that distributions queues of log-

normal variables 𝑒𝑥𝑝(𝑣√𝑁 𝐺(𝑔𝑝)) satisfied a central limit theorem. However, when v was 

very big, these distributions queues became big and some storages were abnormally big and 

influenced a lot on the 𝜇𝑣, 𝑁 distribution. There were precise mathematical results on the 

behavioural limit of 𝜇𝑣, 𝑁 which had the same law than the Gibbs measure derived from the 

Derrida’s REM. On works related to the REM, v played the role of inverse of the β 

temperature and in the traditional normalisation, it was convenient to take √2. 𝑣 = β. 
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The critical value 𝑣𝑐 was not √log(2) as this seemed to be suggested by the succinct analysis 

by variance, but it was very close. Therefore, vc = √log(2). 

This numerical value did not have a real physical significance for our model because of the 

many choices done in order to manage less possible parameters in our qualitative description. 

But the advantage of 𝑣𝑐 is its existence.  

Case where 𝑣 < 𝑣𝑐. The following measure was considered:  

                                                   mv,N = ∑ μv, N(gp)δp2−N
2n
p=1                                           (4.19) 

Which was a measure in [0,1]. Then, surely when N approached the infinity, mv,N → N 

For the convergence of measures in [0,1], where λ designated the Lebesgue measure. It was 

observed that the limit did not depend on v. One way of interpreting this result was to say that 

no basic storage prevailed and that the storages were not structured as bigger clusters. Thus, 

when 𝑣 < 𝑣𝑐, the storage presented many storages regularly distributed with a size that 

followed the normal-log law. The bigger N was, the more storages there were.  

Case where 𝑣 > 𝑣𝑐.We order the relative sizes (𝜇𝑣,𝑁(𝑔𝑝), 1 ≤ 𝑝 ≤ 2𝑁) by decreasing order: 

                                             μv,N
↓ = (P1

↓,N,v > P2
↓,N,v > ⋯ > P

2N
↓,N,v)                                  (4.20) 

where, {Pn
↓,N,v; 1 ≤ n ≤ 2N} = (μv,N(gp), 1 ≤ p ≤ 2N). When 𝑁 → ∞, then: 

                                                           μv,N
↓ → P↓,α = (

∆n
α↓

T1
; n ≥ 0)                                     (4.21) 

Where (
∆𝑛
𝛼↓

𝑇1
; 𝑛 ≥ 0) represented the reordered suite of jumps of a stable subordinator 

(𝑇𝑡; 𝑡 ∈ [0,1]) of index 

                                                     α =
√2 log(2)

v
                                                (4.22) 

In other words, the basic storages were grouped in order to form clusters that were the 

storages that were observed in the platform and the relative were distributed as a 𝑃𝐷(𝛼, 0) 

law. The convergence (4.4) gave the form of the statistics of the relative sizes but the study of 

its proof showed that the sizes of the basic storages were ordered by decreasing order 

converging towards the reordered jumps of a stable subordinator of index 𝛼 =
𝑣𝑐

𝑣
.  

Furthermore, the proof used a result on the extreme Gaussian values. In order to give an idea 

about it, the convergence for big containers was demonstrated as follows: 

                                                           T1
v,N↓ → ∆1

α↓                                                              (4.23) 
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Proof of (4.23) 

Later on in this work, it was established that (∆1
𝛼↓)

−𝛼
 followed an exponential law. Thus, to 

prove (4.23) meant to prove (𝑇1
𝑣,𝑁↓)

−𝛼
 converged by law towards an exponential.  

Therefore: 

𝑀𝑁 = max
1≤𝑝≤2𝑁

𝐺(𝑔𝑝) 

And it was observed that: 

𝑇1
𝑣,𝑁↓ = 〈𝑡𝑣,𝑁〉 𝑒𝑥𝑝(𝑣√𝑁 (𝑀𝑁)) 

Because 𝛼 and 𝑣 were linked, therefore: 

(𝑇1
𝑣,𝑁↓)

−𝛼
= (〈𝑡𝑣,𝑁〉)

−𝛼
𝑒𝑥𝑝 (−√2 log(2𝑁) 𝑀𝑁) 

Furthermore, 𝑥 > 0was fixed. Then, we have the following equalities: 

ℙ((𝑇1
𝑣,𝑁↓)

−𝛼
≥ 𝑥) = ℙ(𝑀𝑁 ≤

𝛼 log〈𝑡𝑣,𝑁〉

√2 log(2𝑁)
−

log 𝑥

√2 log(2𝑁)
) 

= ℙ(𝑀𝑁 ≤ 𝑎(𝑁, 𝑥)) 

where: 

𝑎(𝑁, 𝑥) = √2 log(2𝑁) −
log 𝑥

√2 log(2𝑁)
−
1

2

log(4𝜋 log(2𝑁))

√2 log(2𝑁)
 

Thus, we have: 

ℙ((𝑇1
𝑣,𝑁↓)

−𝛼
≥ 𝑥) = [1 − 𝑢(𝑎(𝑁, 𝑥))]

2𝑁

 

Where we recall that: 

𝑢(𝑦) ≔
1

√2𝜋
∫ 𝑒−𝑧

2/2

∞

𝑦

𝑑𝑧~𝑦 → ∞
1

𝑦√2𝜋
𝑒−𝑦

2/2 

A basic calculation showed that in order to fix x, and N approaching the infinity, we have: 

𝑢(𝑎(𝑁, 𝑥)) = 2−𝑁𝑥(1 + 𝑜(1)), 

Which leaded to [1 − u(a(N, x))]
2N
~N → ∞ e−x. 

And this concluded the proof of (4.23).  
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This qualitative model enabled the conciliation of the two types of laws observed for the 

quantity of oil inside the respective storages. In fact, the distribution queue of the size of 

storages was considered in a specific platform and through a log-log graph, and it was 

observed that this distribution decreased approximately by 𝑥−𝛼. 

When 𝛼 < 1, than most equations enabled to conclude the existence of the 𝑣 > 𝑣𝑐 regime and 

that the distribution of Dirichlet Poisson prevailed. The sizes of containers were similar to the 

jumps of a stable subordinator of index 𝛼  that were truncated at a certain level (of extraction 

or rentability) and they were distributed as Pareto-Levy laws. 

Secondly, when 𝛼 > 1, then the existence of the 𝑣 < 𝑣𝑐 regime was deduced and the sizes of 

containers were distributed according to the normal-log laws.  

When the model pretended to qualitatively explain this phenomenon, it was necessary to 

consider it in a dynamic manner, which in other words meant to consider that it was 

susceptible to vary within various time scales. Therefore, the amplitude v became a time 

function v(t). In fact few examples of such situations are highlighted: 

The function 𝑡 ⟼ 𝑣(𝑡) remains below the level 𝑣𝑐 . In this case, the amplitude v(t) has a weak 

impact on the form of the size laws of the storages which follow a normal-log law. The 

increase or decrease of v(t) does not bring anything that is irreversible in the statistics of the 

storages. 

The function 𝑡 ⟼ 𝑣(𝑡)  crosses the level  𝑣𝑐. In this case, the storages are brutally organised 

in clusters and this brings an irreversible change on the statistics of the sizes of the storages. 

In fact, if after crossing 𝑣𝑐, the function 𝑡 ⟼ 𝑣(𝑡)  crosses 𝑣𝑐 later on in descending, there is 

a brutal fragmentation and if N is very big, it is reasonable to interpret it as there is only very 

small residual storages remaining. 

The function 𝑡 ⟼ 𝑣(𝑡) evolves by remaining higher than 𝑣𝑐. In this case, we can say that 

when v(t) increases, the basic storages have the tendency to aggregate and when v(t) 

decreases, they fragment, and this, without causing a total disappearance of the oil. In terms 

of coalescence-fragmentation of the statistics of the relative sizes of the storages, this 

evolution is justified by the 𝑃𝐷(𝛼, 0) Poisson-Dirichlet distributions, in which, according to 

the analysis, constitute the limit models.  

The study of variations of 𝑣 ⟼ 𝜇𝑣,𝑁 has motivated the introduction of the Bolthausen-

Sznitman coalescent/fragmentation that defines the mechanism of evolution in terms of the 
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coalescence/fragmentation reversible on the limit laws. Therefore, it is a 𝛼 ⟼ 𝑃↓,𝛼 process 

that is reversible. The definition of this process is the content of section 4.4.3.  

4.4.2 The two-parameter Poisson-Dirichlet distribution  

∀ 𝛼 ∈ ]0,1[ and ∀ 𝜃 > −𝛼, ∃ a random partition Π∞ of ℕ that verifies the following 

expression: 

𝑝𝛼,𝜃(𝑛1, … , 𝑛𝑘) =
(𝜃 + 𝛼)𝑘−1↑𝛼  ∏ (1 − 𝛼)𝑛𝑖−1↑1

𝑘
𝑖=1

(𝜃 + 1)𝑛−1↑1
 

The sequence of asymptotic frequencies of blocks ranged by appearing order of their smallest 

element admits the following 𝑣 representation: 

(𝑃̃1, 𝑃̃2, … ) = (𝑤1, 𝑤̅1𝑤2, 𝑤̅1𝑤̅2𝑤3, … ) 

Where 𝑤̅𝑖 = 1 − 𝑤𝑖 and 𝑤𝑖 are independent random variables of beta-law (1 − 𝛼, 𝜃 + 𝑖𝛼). 

By ranging the sequence (𝑃̃𝑖)𝑖≥1 of random frequencies of the partition N in descending 

order, a sequence (𝑃𝑖
↓)
𝑖≥1

 in which the distribution was called the Poisson-Dirichlet was 

obtained, and it was denoted 𝑃𝐷(𝛼, 𝜃) [13, Pitman and co,]. Also, it was possible to define 

the two-parameter model using the stable subordinators which allowed the verification of the 

distribution 𝑃𝐷(𝛼, 0) that corresponded to the distribution of the jumps of stable 

subordinators. The correspondence between the two point of view was detailed by Pitman 

[176]. Thus, it was possible to define the Bolthausen-Sznitman fragmentation model in order 

to propose the modelling of ricinus communis reserves destined to biofuel production.  

4.4.3. The Bolthausen-Sznitman fragmentation model 

In order to describe the progressive fragmentation of initial and/or harvested ricinus 

communis oil reserves, the notions of fragmentation and coagulation of N partitions were 

defined. On this, readers are referred to Pitman [183] who largely tackled these questions. 

Definition 1 

A. Let Π = (𝐴1, 𝐴2, … ) be a partition of ℕ, and let Π(.) = (Π(𝑖), 𝑖 = 1,… , 𝑛) be a suite of 

partitions of ℕ. We note 𝐴𝑗
(𝑖)

the jth block of the Π(𝑖)partition. For all natural numbers i, we 

consider the Π|𝐴𝑖

(𝑖)
 of 𝐴𝑖 induced by the ith  partition Π(𝑖) of the suite Π(.). This means: 

Π|𝐴𝑖

(𝑖)
= (𝐴𝑗

(𝑖)
⋂𝐴𝑖 , 𝑗 ∈ ℕ). 

The partition obtained by assembling the set of all blocks of all Π|𝐴𝑖

(𝑖)
 partitions form of a 

partition of ℕ that we note Frag(Π,Π(.)).  
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B. Let Π = (𝐴1, 𝐴2, … ) and Π′ = (𝐴1′, 𝐴2′, … ) be two partitions of ℕ. We call coagulation of 

Π by Π′ the partition Coag(Π, Π′) of the blocks 𝐵𝑗 defined by: 

𝐵𝑗 ≔ ⋃𝐴𝑖
𝑖∈𝐴𝑗

′

 

The coalescence and fragmentation processes are Markovian processes with values in the 𝑃∞ 

space.  

Definition 2  

Let Π = (Π(t), t ≥ 0) be a Markovian process with values in 𝑃∞ which is continuous in 

probability. Π was an exchangeable coalescence process when its semi-group was described 

in the following manner: ∀ positive t and t’, the conditional distribution of Π(t + t′) knowing 

Π(t) = π was the same than that of Coag(π, Π′), where Π′ was an exchangeable random 

partition whose law only depended on t’. One of the well-known example of exchangeable 

random partition was the Bolthausen-Sznitman coalescent.   

Lemma 1 

 𝛼 and 𝛽 were fixed in ]0,1[. And, let Π be the random partition of the 𝑃𝐷(𝛼, 0) distribution, 

and Π′ be the random partition of 𝑃𝐷(𝛽, 0). Then, the Coag(Π,Π′) partition was a random 

partition (exchangeable) of 𝑃𝐷(𝛼𝛽, 0). Thereby, the Π𝐵𝑆 Bolthausen-Sznitman coalescent 

was defined by its probabilities of transition 𝑃𝑡
𝐵𝑆 by considering the following operator on the 

continuous functions space: Φ:𝑃∞ → ℝ, 

𝑃𝑡
𝐵𝑆(Φ)(Π) = E [Φ(𝐶𝑜𝑎𝑔(Π, Π(𝑒−𝑡)))] , Π ∈ Πℕ, where Π(𝑒−𝑡) is a random partition of the 

PD(𝑒
−𝑡,0) distribution. 

The abstract representation of a partition in 𝑃∞was less significant than the frequencies that 

were associated to it by the Kingman theorem because its frequencies represented the relative 

quantities of ricinus communis oil. Thus, it was necessary to reformulate the Bolthausen-

Sznitman mechanism of coalescence as follows:  

Let (𝑇𝑠
1, ≥ 0) and (𝑇𝑠

2, ≥ 0) be two independent subordinators of exponents 𝛼1 = 𝑒−𝑡1 

and 𝛼2 = 𝑒−𝑡2 respectively. 𝑇1₀𝑇2 is a stable subordinator with 𝛼1 𝛼2 = 𝑒−(𝑡1+𝑡2). And the 

following notations were posed: 
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1. The expression (∆𝑛
𝛼1,↓; 𝑛 ≥ 0) was the jumps {𝑇𝑠

1 − 𝑇𝑠−
1 ; 𝑠 ∈ [0, 𝑇1

2]} indexed in a 

decreasing order; and, 

2. The expression (∆𝑛
𝛼1𝛼2,↓; 𝑛 ≥ 0) was the jumps {(𝑇1₀ 𝑇2)𝑠 − (𝑇1

0 𝑇2
)
𝑠−
; 𝑠 ∈ [0,1]} 

indexed in a decreasing order. A Bolthausen-Sznitman coalescent (Π𝑡
𝐵𝑆, 𝑡 ≥ 0) whose initial 

value was Π𝐵𝑆(0) = 𝑒 was considered. Therefore:  

𝑃𝑡1↓ = (𝑃𝑛
𝑡1↓; 𝑛 ≥ 0) and 𝑃𝑡1+𝑡2↓ = (𝑃𝑛

𝑡1+𝑡2↓; 𝑛 ≥ 0) 

The associated frequencies to Π𝑡
𝐵𝑆 and Π𝑡1+𝑡2

𝐵𝑆  by the Kingman theorem.  

Then, it can be shown that: 

[(
∆𝑛
𝛼1,↓

𝑇
𝑇1
2
1  ; 𝑛 ≥ 0) ; (

∆𝑛
𝛼1𝛼2,↓

𝑇
𝑇1
2
1 ; 𝑛 ≥ 0)] = [𝑃𝑡1↓; 𝑃𝑡1+𝑡2↓] 

The process was also considered by inversing the time in order to observe the progressive 

fragmentation of reserves. In general, there was no perfect duality between the fragmentation 

process and the coalescence process. In the case of the Bolthausen-Sznitman coalescent, the 

following results were obtained: 

Proposition 2 

The Π𝑓
𝐵𝑆process defined by Π𝑓

𝐵𝑆(𝑢) ≔ Π𝐵𝑆(− ln 𝑢) obtained by reversing the time in the 

Bolthausen-Sznitman coalescent is a Markov process on 𝑃∞ inhomogeneous in time. Its 

probabilities of transition are such that for 0 < 𝑢 ≤ 𝑢′ ≤ 1, conditionally to Π𝑓
𝐵𝑆(𝑢) = 𝜋, the 

partition Π𝑓
𝐵𝑆(𝑢′) is distributed as Frag(𝜋,  Π(.)), where Π(.) = (Π(1), Π(2), … ) was a suite of 

random partitions of distribution PD(u’, -u).  
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Conclusion of the chapter 

The Bolthausen-Sznitman fragmentation model provided a process such that at all instant ∈

]0,1] , Π𝑓
𝐵𝑆(𝑢), was the distribution PD(-ln u, 0). The process was not defined at 0, and not in 

a manner to complete the model. Therefore, Π𝑓
𝐵𝑆(0) was the partition of ℕ that was equal to 

the set ℕ itself. In fact, at time 0, all ricinus communis oil reserves were stored in only one 

initial container. The time u that indexed the Bolthausen-Sznitman fragmentation process was 

considered like a specific time that elapsed in a linear manner. And this time allowed the 

structuration of the remaining successive fragmentations of the initial resources. Also, it was 

verified that the Bolthausen-Sznitman fragmentation model validated the two hypotheses 𝐻𝑎 

and 𝐻𝑏 that were imposed. In mathematical terms, the 𝐻𝑎 hypothesis meant that the 

fragmentation of reserves had a discrete-time Markov process behaviour, which was really 

the Π𝑓
𝐵𝑆process. The 𝐻𝑏 hypothesis meant that all the partitions were fragmented according to 

the random partitions (Π(1), Π(2), … ) that were of the same distribution. And this constraint 

was well respected by the Π𝑓
𝐵𝑆process. The partitions that guided the fragmentation between 

the times u and u’ were all of PD(u’, -u) distribution. It would had been ideal if the only 

process of fragmentation that would verify 𝐻𝑎, 𝐻𝑏 and 𝐻𝑐 was the Markov process described 

here, but to the best of our knowledge, such result has never been demonstrated. 

Nevertheless, it appeared simple to start by describing things in the fragmentation point of 

view, which was easier to study mathematically. However, because 𝑣 > 𝑣𝑐, the model 

authorised the dual mechanisms of coalescence and fragmentation to happen successively. 

This was more realistic than to suppose that a big ricinus communis oil quantity was 

progressively fragmented over time. Therefore, successive processes of fragmentation and 

coalescence happened and this, without any change of the type of law describing the size of 

the container: (𝛼, 0) , where only 𝛼 varied with time. At the end, other ricinus communis 

storages remained distributed like the jumps of stable subordinators and they were considered 

like Pareto-Levy random variables. Finally, the problem of ricinus communis oil reserves was 

covered in a qualitative point of view and it justified the use of the Pareto-Levy distribution 

in order to model the quantities of ricinus communis oil stored for the production of biofuels. 

The adapted REM model of ricinus communis oil reserves storages indicated that it was 

natural to represent those quantities by using the jumps of stable subordinators. Also, in the 

context of the Bolthausen-Sznitman model, this type of distribution was not changed by 

coalescence or fragmentation operations of the reserves (for 𝑣 > 𝑣𝑐).    
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Chapter 5: Probabilistic model for biofuel production from 

Ricinus Communis oil 

This chapter focuses on all intervening factors in the modelling of biofuel production based 

on ricinus communis oil. Each factor will be modelled. This will render the model of 

production usable in practice.  

5.1 Introduction 

Many existing models for biofuel production are essentially econometrics models. Moroney 

and Berg [184], and Kemp and Kasim [185] studied biofuel production using temporal series. 

Cleveland and Kaufmann [186] work reconciled the econometrics point of view and the 

adjustments suggested by Hubbert [186]. The ultimate objective of their methods was to 

highlight the relationship that exists between production and explanatory variables. However, 

none of those models took into consideration the probability distribution of the quantity of the 

extracted oil. Interestingly, from extraction to production, all phases intervening in the 

production of biofuel are influenced by the amount of oil extracted. In this chapter, a 

complete model of biofuel production taking into consideration the probability distribution of 

the quantity of ricinus communis oil extracted is proposed. And biofuel production was the 

aggregate of the production of small quantities of the extracted oil.  

5.2 Modelling of the transesterification process for biofuel production 

The objective of this section is to present a modelling technique that combined the Komers 

model [95] with the model of Noureddini [93] in order to obtain a general chemical kinetic 

model of the transesterification process able to use various types of ricinus communis oils. 

Various types of oils were used in the same reactor. The section also highlights the result of 

experiments from new reactions and catalysts as well as the optimisation of the reactor and 

finally, the prediction of the behaviour of the reactional system based on operational 

conditions. This helped for the reduction of the number and the cost of experiments while 

mastering the synthesis and the use of biofuels within the Sub-Saharan African context.   The 

definition of transesterification suggests that it is the classic technique of biofuel production. 

It is a process in which vegetable oils, animal biomasses or microalgae oils are mixed with 

alcohol (ethanol or methanol) in the presence of a catalyst (hydroxide of sodium or 

potassium). Figure 5.1 shows the chemical structure of transesterification process.  
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Figure 5. 1: Chemical equation of transesterification 

Vegetable oils are essentially triglycerides. Their reaction with alcohol leads to alkyl esters of 

vegetable oils and to glycerol. The transformation of oil into alkyl esters or methyl enables 

the reduction of the molecular mass by a third of the one of the oil. It also enables the 

reduction of the viscosity of a factor eight, the reduction of the density and increases the 

volatility. The physical properties of ethyl esters and methyl obtained from the reaction of 

transesterification are close to those of diesel. The transesterification model used in this 

section is based on the analysis and the combination of both the Komers and the Noureddini 

models [93, 95]. In fact, the Noureddini model takes into consideration the intensity of the 

agitation during the reaction and enables the variation of temperature. However, the model 

does not take into account saponification. On the other hands, the Komers model takes into 

account the type of catalyst, but all the coefficients of the model are only valid for a 

temperature of ≈ 23 ℃, even though the reaction environment can reach a temperature of up 

to 85 ℃. Hence, the necessity to introduce a model that considers factors that influence the 

reaction. This ensures a more complete simulation and a more pertinent optimisation of the 

transesterification process. Furthermore, the objective of the model is to transfer the results of 

the optimisation to various experimental tests of the reactor. This enables the reduction of the 

number and the cost of experiments, especially the high cost of methanol. Therefore, the 

model introduced took into account the energy of activation, which means the possibility to 

perform a simulation at various temperatures, the effect of agitation intensity and the type of 

                    𝑂                                                                         𝑂 

                    ∥                                                                          ∥ 
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alcohol (MeOH) or vegetable oil (VO) used as well as the molar ratio 
MeOH

VO
  . This resulted 

to a system of ten differential equations with coefficients [187]: 

−
dYTG

dt
= b.

YOH−

YH2O
. (k1

′ . YTG. YROH − k2
′ . YDG. YBD) + b. YOH− . k16. YTG                               (5.1) 

−
dYDG

dt
= b.

YOH−

YH2O
. (−k1

′ . YTG. YROH + k2
′ . YDG. YBD + k3

′ . YDG. YROH − k4
′ . YMG. YBD) +

b. YOH− . (−k16. YTG + k17. YDG)                                                                                         (5.2) 

−
dYMG

dt
= b.

YOH−

YH2O
. (−k3

′ . YDG. YROH + k4
′ . YMG. YBD + k5

′ . YMG. YROH − k6
′ . YGL. YBD) +

b. YOH− . (−k17. YDG + k18. YMG)                                                                                         (5.3) 

−
dYGL

dt
= b.

YOH−

YH2O
. (k5

′ . YMG. YROH − k6
′ . YGL. YBD) + b. YOH− . (k18. YMG)                           (5.4) 

−
dYROH

dt
= b.

YOH−

YH2O
. (k1

′ . YROH − k2
′ . YDG. YBD) + (k3

′ . YDG. YROH − k4
′ . YMG. YBD +

k5
′ . YMG. YROH − k6

′ . YGL. YBD) − 𝑏. YOH− . k15YBD                                                               (5.5)                                                                             

dYBD

dt
= −

dYROH

dt
                                                                                                                   (5.6) 

−
dYOH−

dt
= b. YOH−(k15YBD + k16YTG + k17YBD + k18YMG + k19YAGL)                           (5.7)                     

dYSV

dt
= −

dYOH−

dt
                                                                                                                   (5.8) 

−
dYAGL

dt
= k19YOH−YAGL                                                                                                     (5.9) 

−
dYH2O

dt
= −

dYAGL

dt
                                                                                                            (5.10) 

With b = [TG]0 [187] 

5.2.1 Validation of the model 

In order to validate the model, experiments were performed using the biofuel 

transesterification machine which comprised a primary tank where resistors brought oil to the 

reaction temperature level, a reservoir with an alkaline solution, sodium/potassium 

hydroxide, alcohol, and pipes. A pump placed in a tubing loop that enabled the mixture of 

glycerides with the strong base mixture and alcohol. A transparent gauge placed on the side 

of the tank that enabled the visual inspection of each phase. After transesterification, the 

bottom of the tank containing glycerol and other residues was evacuated. Then, water 

washing took place before drying which was the final step to recover biofuel. 
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5.2.2 Experimental part 

Figure 5.2 shows a schematic diagram of the biofuel production process where ricinus 

communis oil was treated with sodium metasilicate; methanol was purified and residual solids 

were removed from the distillation bottoms liquid and fed to a reactor; then glycerol was 

separated from esters and produced glycerol destined for other uses on the one side, and 

produced methyl esters on the other side. Then methyl esters purification took place to 

produce biodiesel that was separated from waste. 

 

 

 

 

 

 

 

 

 

 

Figure 5. 2: Diagram of biofuel production 

5.3 Viscosity  

5.3.1 The kinetic viscosity 

In this section, some methods for oil characterisations were presented. And the Poiseuille 

law-based method was used because in the case of Newtonians liquids, the flow through the 

capillary tube followed the Poiseuille law that links viscosity with the flow of the fluid [188]. 

5.3.2 Operational mode 

Viscosity was measured with an “OSTWALD” viscometer [189]: A capillary tube of length 𝑙 

and of radius 𝑟 links two tanks A and B. The liquid which was initially in B was introduced 

in A by aspiration above the position 𝑋1. The time that the liquid put to flow between the two 

marks A and B were timed, which corresponded to a swept volume V. Then, the capillary 

was calibrated under exactly reproducible liquid loading and at exactly a controlled 

temperature. Thus, the Poiseuille equation was written as follows: 

Castor oil 

Sodium 

Metasilicate 
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agitator 

Glycerol for other 
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Glycerol separated from 
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Methyl esters 

purification 

Methanol 

Sodium 

metasilicate 

 Heating Waste 
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                                                    μ =
πr2pt

8lV
  [190]                                                         (5.11) 

Where p was the hydrostatic energy that forced the liquid to flow: 

                                                          p = hρg                                                               (5.12) 

Also, h was the height of the slope and it varied during the experiment but always the same 

way from one experiment to another. 𝜌 was the density of the liquid studied and 𝑔 was the 

acceleration due to gravity (9.81 𝑚. 𝑠−2).  

Thus: 

                                                          𝜇 = 𝑘𝜌𝑡                                                              (5.13) 

Where k was a constant of the viscometer used.  

Thereby, the more viscous the liquid was, the higher the time t.  

Absolute determinations were rarely made, but rather relative measurements were made by 

calibrating the viscometer with a liquid of reference, generally water.  

                                                     𝜇𝑖 = 𝜇𝑟𝑒𝑓 ×
𝜌𝑖

𝜌𝑟𝑒𝑓
×

𝑡𝑖

𝑡𝑟𝑒𝑓
                                                  (5.14) 

𝜌𝑖 : Density of the liquid studied 

𝜌𝑟𝑒𝑓 : Density of the liquid of reference 

𝜇𝑖 : Viscosity of the liquid studied 

𝜇𝑟𝑒𝑓 : Viscosity of the liquid of reference 

𝑡𝑖, 𝑡𝑟𝑒𝑓:  Time of flow of the liquid studied and of the liquid of reference.  

5.3.3 Flow time measurements 

 A suitable amount of the solution was inserted into the viscometer up to the filling 

line using a pipette.  

 The solution was forced to pass through the capillary of the viscometer by blowing 

dry air with a rubber bulb.  

 The operation was stopped when the liquid level was just above the top reference 

point. 
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 The viscometer was immersed in the 25 ℃ ± 0.1 ℃ bath. 

 The viscometer was adjusted in such way that on the one hand, the bath level was at 

20 mm above the upper graduation mark, and on the other hand, the tube axis was 

perfectly vertical.  

 The liquid was allowed to flow by measuring the time taken by the meniscus to go 

down from the higher reference point to the lower reference point. That was the flow 

time of the solution.  

The Tables 5.1, 5.2 and 5.3 indicate the various measurements performed at a temperature of 

25℃: 

Table 5. 1: Flow time of distilled water at 25 ℃. 

 

 

 

 

 

 

 

Table 5. 2: Flow time of acetic acid at 25 ℃. 

 

 

 

 

 

Table 5.3 indicates oil densities and viscosities for temperatures other than 𝟐𝟓℃. 

Table 5. 3: Density and viscosity of the Ricinus Communis oil 

 

Measurements 1 2 3 4 

Time (seconds) 106” 39 106”42 106” 41 106” 38 

       Time 

(Milliseconds) 

 

9639 

 

9642 

 

9641 

 

9638 

 

𝒕𝒎𝒆𝒂𝒏 = 𝟗𝟔𝟒𝟎′′′ 

    

Measurements 1 2 3 4 

Time (seconds) 126” 76 126” 54 126” 02 125” 65 

        Time 

(Milliseconds) 

 

12676 

 

12654 

 

12602 

 

12563 

𝒕𝒎𝒆𝒂𝒏 = 𝟏𝟐𝟔𝟐𝟒     

𝑻° (℃) 20 30 35 40 45 50 55 60 

Density .92 .910 .905 .901 .895 .890 .889 .889 

Viscosity 69.91 44.87 37 30.21 28 25 19.27 19 
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Figure 5.3 displays the variations in ricinus communis oil density as function of temperature. 

In this Density against temperature figure, the blue curve represents castor oil.

 

Figure 5. 3: Density vs temperature Graph 

In addition, Figure 5.4 is a typical viscosity curve at container temperature. It shows the 

ricinus communis oil viscosity at various temperature.   

 

Figure 5. 4: Plot of ricinus communis oil viscosity as function of the container 
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5.4 The acidity index 

The acidity index of a fatty substance was determined by neutralising its free acidity with a 

certain amount of potash. The amount of potassium hydroxide (KOH) required to neutralise 

one gram of oil was weighed in mg. It was called the degree of acidity and is expressed by 

the parameters of the following formula: 

                                             𝐴𝑖 =
𝑉×𝑀×𝑁

10×𝑚
× [%]                                                                 (5.15) 

Where:  

𝐴𝑖: The oil acidity index 

M: molar mass of the oleic acid (282.47 g/mol) 

m: mass in gram of the oil sample 

N: Normality of the KOH solution used      

During the experiment, the following proportions were used: 

N=0.5                                                      m=10g                                           V(KOH)=10.80 ml 

We found 𝐴𝑖 = 15.253 𝑚𝑔 

By hypothesis this indicated that 15.253 mg of KOH were needed in order to neutralise 1000 

mg of oil. The acidity was expressed in % of the major acid which was the ricinoleic acid in 

the case of ricinus communis oil. 

5.5 Flash point 

In the liquid considered, vapours appeared at a certain temperature. Therefore, vapours 

combined with a fuel (hydrogen for example), produced a deflagration. A simple definition 

would be the lowest temperature where a liquid can form a flammable mixture at its surface. 

There exist several devices that have been developed by manufacturers to measure flash 

point. The most used instrument is the Pensky Martens [191]. However, with our limited 

resources, it was not possible to determine that. The principle was long and necessitated to 

have a nomenclature of the instrument, which we will not detail here. But, after determining 

the temperature with the instrument, it must be corrected with the following relation:  

                                                          Tc = T0 −
(760−D)

30
                                                     (5.16) 
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With: 

𝑇𝑐: Corrected value of the temperature 

𝑇0: Value of the temperature measured with the instrument 

𝐷[𝑚𝑚 𝑜𝑓 𝐻𝑔]: Density during the tests.  

According to the literature, the Ricinus Communis oil flash point is between 229 ℃ −

448 ℃. The flash point high values it possesses show good characteristics for the storage and 

that one can plan its secure transportation as well as its secure manipulation compared to the 

gasoil.  

5.6 The saponification index 

The saponification reaction consists of doing the hydrolysis of an ester. In terms of vegetable 

oils, this reaction gives the formation of soap as a result. The saponification index is the 

number of milligrams of potash caustic (KOH) needed in order to transform fatty acids and 

one gram of triglycerides into soap. 

Principle 

An excess of potassium hydroxide was taken. It was heated with the oil sample that had a 

known mass until complete saponification. Then the excess of alkaline was titrated with an 

acid solution. The reaction happened according to the following equation: 

                               𝑂il + Potassium Hydroxide → Glycerol + Soap                              [192] 

The saponification index had the following formula: 

                                                       SI =
(V0−V)×56.1×N

W
                                                  (5.17) 

Where: 𝑉0 is the volume of the hydrochloric acid solution at 0.5N for the blank titration (in 

ml); 𝑉 is the volume of the hydrochloric acid solution at 0.5N for the titration of the sample 

(in ml); 𝑊 is the weight of the sample (in mg); 𝑁 is the Normality of the hydrochloric 

solution; 𝑆𝐼 is the saponification index (mg of KOH/g). However, even though the 

saponification index was obtained after a series of experiments, the author restrained himself 

to one experiment because of the time constraint.  

During the single experiment, the following propositions were used: 

N=0.5               𝑉0 = 24.40 𝑚𝑙                𝑉 = 10.5 𝑚𝑙                   𝑊 = 2.1 𝑔          
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Therefore, by (5.17), 𝑆𝐼 = 185.664 mg. 

Analogically, in the case of acidity, results indicated that 185.664 mg of KOH were needed in 

order to perform saponification of 1000 mg of oil.  

5.7 Protocol of transesterification 

5.7.1 Vegetable oils and fatty esters 

In a catalysed reaction with alcohol, vegetable oils and animal acids produced a 

correspondent alkyl ester. This reaction is known as transesterification. It completely changed 

the chemical composition of oil that it transformed into ester.  During the reaction, vegetable 

oil reacted with methanol molecules (or ethanol) in order to form ethyl monoesters (or ethyl) 

and glycerol. Thus, oil proprieties were changed and it became comparable to a diesel 

combustible: that was biofuel. Further to that, the transesterification reaction contributed to 

the refining of ricinus communis oil as illustrated in Figure 5.5: 

 

 

 

 

 

 

 

 

 

Figure 5. 5: Catalysed reaction of transesterification of Ricinus Communis oil 

5.7.2 Separation phase 

Transesterification was carried out using different masses of castor oil. Sodium metasilicate 

catalyst was dissolved in 30 g of methanol by slowly heating and agitating the mixture. 

Thereafter, the solution obtained was added to oil in order to vigorously agitate the mixture 

that was maintained to 40, 45, 50, 55, 60, 65 and 70oC for different period of time from 1 

hour. After the agitation, the reaction was stopped and the mixture was put into a separating 

funnel for a period of at least half a day. The ester phase was decanted from the balance of 

the mixture. 

Ricinus Communis oil Methanol/ethanol 

Catalyst 
Reaction of 

transesterification 
Glycerol  

Biofuel 
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5.7.3 Washing 

The excess alcohol and catalyst residues were removed from the ester phase by slowly 

pouring water into the separating funnel. This operation was delicate and had to be done 

slowly with the least agitation since agitation caused the formation of an emulsion which 

reduced the performance of the synthesis. In that case, absorbent was added to biodiesel for a 

period of six hours, thereafter biodiesel was filtrated.  

5.7.4 Calculation of the conversion rate 

Chemically, the transesterification conversion rate was written under the following form 

[193]: 

                                                       𝑋 =
𝑛ℎ
0−𝑛ℎ

𝑛ℎ
0                                                          (5.18) 

And the number of moles of triglycerides at time t was defined by: 

                                                       𝑛ℎ = 𝑛ℎ
0 + 𝜉𝑣ℎ                                                       (5.19) 

The number of moles of esters at time t is defined by: 

                                                       𝑛𝑒𝑠 = 𝑛𝑒𝑠
0 + 𝜉𝑣𝑒𝑠                                                    (5.20) 

With: 

𝜉 being the degree of progress of the reaction, 𝑣ℎ and 𝑣𝑒𝑠 were the stoichiometric coefficients 

of triglycerides and esters produced. Those parameters were deduced from the 

transesterification chemical reaction where they took the values of 1 for triglyceride and 3 for 

ester respectively. Equations (5.18) and (5.19) enabled the deduction of the following 

reaction: 

                                                               𝜉 = −
Xnh

0

vh
                                                          (5.21) 

Substituting the expression of 𝜉 into (5.20), and considering that at time 𝑡0 the number of 

moles of esters is null, the conversion rate of the reaction will be written as follows: 

                                                                X =
nnes

3nh
0                                                            (5.22) 

Or:                                          X(%) = 100 [
mes/Mes

3mh/Mh
]                                           (5.23) 
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Considering the results of the ricinus communis ester basic analysis, the molar mass of the 

𝑀𝑒𝑠 ester was 927𝑔/𝑚𝑜𝑙. Because of that, there was a need to determine the ester mass 

𝑚𝑒𝑠 at the end of the experiment, as well as the oil mass 𝑚ℎused during the experiment in 

order to calculate conversion rates. The transesterification reaction was performed within two 

different durations of agitation without changing other operational conditions (molar ratio 

and temperature of reaction). During the first experiment, the duration of the reaction was set 

to 1 hour and during the second experiment, it was set to 4 hours. The calculation of the 

performance of the reaction of each experiment indicated that 1-hour duration was not 

enough to convert all triglycerides into ester. Meanwhile, 4-hours duration enabled a 

conversion performance of 95.2%, which was aligned with the optimal performance found in 

the literature.    

The following Table 5.4 shows the values of performance of transesterification.   

Table 5. 4: Performance values of the transesterification reaction 

 

 

 

𝒎𝒆𝒔(𝒈) 

 

𝒎𝒉(𝒈) 

 

t(hours) 

 

X (%) 

Test 1 47 74.79 1 60.5 

Test 2 72.46 74.79 4 95.2 

 

Table 5.5 compares the mass composition of biodiesel using ricinus communis oil and the 

mass composition of biodiesel from other feedstocks. 

Table 5.  5: Mass composition of ricinus communis biodiesel and other biodiesel 

 

 

 

𝑪 (%) 

 

𝑯 (%) 

 

O (%) 

 

N (%) 

 

S (%) 

Soy 77.0 12.18 10.82 0 0 

Ricinus 

Communis 

77.45 12.23 10.32 0 0 

The basic analysis of ricinus communis ester obtained gave the mass composition of carbon, 

azote, hydrogen and sulfur (Table 5.5). Results indicated that biodiesel kept the same C, H 

and O compositions than crude oil.  

Results displayed in Tables 5.4 and 5.5 provided the basis for comparison of results published 

in other studies as shown in Table 5.6 
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Table 5. 6: Comparison of results with other published studies 

 Element Fraction Atomic mass Nbr. Of atoms Formula 

Gasoil 

 

C 

H 

86 

14 

12 

1 

7.17 

14 

𝐶10.65𝐻20.8 

Ricinus 

Communis 

C 

H 

O 

77.45 

12.23 

10.32 

10.32 14 0 
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Chapter 6: In-lab biofuel production from ricinus communis oil and 

mathematical interpretation  

6.1 History 

The process of making combustible from biomass used as raw material in 1800 is essentially 

the same than the one used today. The history of biofuel is more political and economic than 

technological [193]. At the beginning of the 20th century, massive amount of fuel cars were 

introduced. Since then, petroleum companies have been obliged to refine a lot of crude oil 

destined to fuel the fuel supply of those vehicles.  

Today, the exhaustion of fossil energies is announced because of this massive exploitation 

which has generated the emergence of the use of vegetable oil as fuel. The production of fuel 

from vegetable oil is not a new process. As seen in previous chapters, the transformation of 

vegetable oils or animal fats into mono alkyl ester or biofuel is called the transesterification 

reaction. This process is known since the end of the 19th century [194].  

In 1853, J. Patrick and E. Duffy had performed a transesterification reaction [195]. In 1893, 

the life of the Diesel engine started when the famous German inventor Rudolph Diesel 

published a document titled “the theory and construction of a rational heat engine” [196]. The 

document described a revolutionary engine in which the air was compressed by a very high 

pressure piston causing a very high temperature. Dr. Rudolph Diesel designed the first Diesel 

engine able to work with vegetable oil [196]. In 1900, during the world exposition in Paris, a 

small Diesel engine that was working with peanut oil was shown. The engine was working so 

well that the change of fuel was not noticed by few visitors. Due to the high temperature 

created, the engine was able to work with a variety of vegetable oils. 

In 1911, during the universal celebration of Paris, Diesel also made his engine work with 

peanut oil [197] and declared: “the diesel engine can be fuelled with vegetable oils and will 

contribute to the development of Agriculture in the countries that will use it”. 

The term “biofuel” was given to vegetable oil that went through transesterification in order to 

bring its characteristics close to the diesel fuel [198]. Thus, the use of vegetable oil as 

alternatives of renewable fuel, in concurrence to oil, was proposed at the beginning of 1980, 

but the production only started in the 1990s.  
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6.2 Materials used 

Essentially, the following materials were used: 

 Pyrex glass reactor 1000 ml 

 Magnetic stirrer bars 

 Mercury thermometer 

 Separation funnel 

 Condensers 

6.3 Proportions of reagents 

In order to perform the following experiments, oil with the following properties was 

randomly selected: Volume used: 600 ml; Density: 0.95 g/ml 

Knowing that: 

𝜌 =
𝑚

𝑉
                      𝑚𝑜𝑖𝑙 = 𝜌 × 𝑉 = 600 × 0.95 = 570𝑔           [199]           

Methanol in excess (molar ratio 5:1) was used, meaning 5 moles of methanol for one of oil. 

Thus: 

Molar mass of methanol: 𝑀𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 = 32.04 𝑔/𝑚𝑜𝑙 

𝑛𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 = 𝑟. 𝑛𝑜𝑖𝑙 = 5 ×
570

887
= 3.213 𝑚𝑜𝑙𝑒𝑠                    𝑚𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 = 102.944 𝑔 

𝐷𝑒𝑛𝑠𝑖𝑡𝑦𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙 =
𝑚𝑎𝑠𝑠𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙

𝑣𝑜𝑙𝑢𝑚𝑒𝑚𝑒𝑡ℎ𝑎𝑛𝑜𝑙
=
102.944

792
× 1000 = 129.979 𝑚𝑙 

 For the catalyst (Sodium Hydroxide) 1.5% of the mass of oil was used, which represented 

8.55 g. Table 6.1 resumes quantities for all products: 

 Table 6. 1: Quantities of various reagents 

  

Oil Methanol NaOH 

 

  

 570 g 

 

65.71g (33% excess) 

 

 

1.5% of the oil weight 

 

102.944g (66% excess) 

 

1.5% of the oil weight 
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6.4 Operations 

The process is described as follows: 

 After the determination of various reagents proportions (oil, methanol, etc), the 

reaction mixture was raised to a temperature between 55℃ − 70℃ in the reactor, 

which corresponded approximately to the temperature of ebullition of the methanol. 

 The temperature of mixture was maintained within the range in order to avoid the 

evaporation of alcohol during the reaction; and the excess was evacuated. 

 After the complete evacuation of alcohol in excess, the temperature was stabilised at a 

constant value of 67℃. 

Therefore, the reaction ended after 4 hours.  

6.4.1 Reaction time effect 

The duration of the transesterification reaction of ricinus communis oil was very long, even 

though, the formation of ester only lasted few minutes. Thus, the reaction was not economic 

because the duration (4 hours) and the cost of energy necessary for the heat of the reaction 

mixture were high.  

6.4.2 Effect of reaction temperature on transesterification 

The temperature of the reaction medium was closely monitored because it turned around the 

boiling point of methanol (55 − 70℃). However, for energy purpose, researchers supported 

that the reaction of transesterification could be done at the ambient temperature but could 

take more time. That’s the reason it was judicious to find a compromise between the benefit 

of energy and the cost for heating. 

6.4.3 The catalyst effect 

Catalyst was one of the most important factors during the reaction; it increased its kinetic. 

Sodium hydroxide (1.5% of the mass of oil used) was used because it had the advantage of 

being cheap and was widely used in alcoholysis works. 

6.4.4 The separation of phases 

The success of a reaction of transesterification is materialised by the presence of two phases. 

That is why after the reaction, there was a mixture of esters with glycerol inside the reactor. 

And it was crucial to stop the agitation during the separation. Glycerol which had a higher 

density than ester was located below the funnel after several hours of decanting [200], [201].  
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Figure 6.1 shows the separation between ester and glycerol. The rate of separation of ester 

and glycerol was closely monitored. 

 

 

 

 

 

                                                     

After separation                                                Before separation 

Figure 6. 1: Separation between ester and glycerol after the reaction 

6.4.5 The rinsing process 

Ester obtained was washed in order to eliminate excess alcohol and excess of catalyst. 

Biofuel was put in a funnel and water was slowly poured for rinsing (about 100 ml). This 

phase was carefully performed as it required a lot of precautions including less agitation. In 

fact, any agitation could lead to emulsions that would had negatively affected the 

performance of the synthesis because the formation of emulsions can represent 15 to 20% of 

the mass of ester. Thus, decanting carried on for about 24 hours, and biofuel was recovered. 

The residual alcohol and catalyst dissolved during the aqueous phase. 

6.5 Ricinus communis oil reserves 

The set of oil containers available for biofuel production was called ultimate resources of a 

storage. In the following sections, the term “size” was used to designate the quantity (or 

resources) of ricinus communis oil in a container. The model suggested in the previous 

chapter justified the use of the Pareto-Levy law in order to represent the quantities of ricinus 

communis oil stored in the containers.  During the experiment, it appeared convenient to use 

the “sample” point of view at that stage. During simulation, three different platforms were 

used: Platform A, platform B and platform C. Then, it was assumed that in platform B, the 

lower level of the Pareto-Levy distribution reserves was set to 1Mb.  

  

        Glycerol                    Biodiesel   
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However, this didn’t mean the negligence of containers of size lower than 1Mb. When the 

level was set to ε, it was possible to go back to the standard distribution 𝑃𝑎𝑟(𝛼) provided that 

the sizes of the containers were divided by the minimal level ε because the Pareto-Levy 

distributions were invariant by change of scale. In terms of the estimation of the Pareto-Levy 

distribution 𝛼 parameter, Lopez works [202], [203] were used in order to completely address 

this question and there was no need for supplementary mathematical work. Because results 

were based on this method, a short summary of the fundamental principles of these works is 

presented. According to Lopez [202], [203] the population of containers extracted at date 𝑡∗ 

of the present was the result of a draw without replacement and biased by the size of the 

storages within the complete population of all storages known or not within the platform. 

More precisely, storage of reserves X was extracted or not at 𝑡∗ following the value of a 

variable of censure ε of the Bernoulli law of ω(X) parameter, conditionally to X. And storage 

i was extracted at date 𝑡∗ if and only if 𝜀𝑖 = 1.  Also, 

                                             {
ℙ(𝜀 = 1|𝑋) = ω(X)

        ℙ(𝜀 = 0|𝑋) = 1 − ω(X)
                                                (6.1) 

Where ω was the probability of inclusion of the storage in the population of storages 

extracted at date 𝑡∗. This model is called “static” because the only information it brought 

about the platform was related to the present time. If the law of sizes of the storages was a 

Pareto-Levy distribution, then the sizes-log sample was an exponential distribution of  𝛼 

parameter and the sample (𝑌1, … , 𝑌𝑛) of sizes-log of the storages extracted at date 𝑡∗ was i.i.d 

of density.  

                                               𝑞𝑚(𝑦) = exp(∑ (𝜃1 + log𝛼 − 𝛼𝑦)1𝐼(𝑦)𝐼∈𝑚 )                        (6.2) 

Where m was a partition that defined the storage classes of the sizes, and 𝜃𝐼 was expressed 

based on the bias of the draw on class I. Likelihood equations that were derived from (6.2) 

were solved in (𝜃𝐼)𝐼∈𝑚 and in 𝛼, in an explicit way. 

In order to choose the best ω function, the author considered a collection of models 

corresponding to a collection M of partitions. In order to select a model, meaning a partition 

m, Lopez referred to works performed on the selection of exponential models. Therefore, 

there was a procedure to estimate the 𝛼 parameter and the biased function ω. In what follows, 

it was possible to assume that the index 𝛼 of the Pareto-Levy distribution was known. Table 

6.2 gives the assumed values corresponding to the reserves of the three platforms. Results 

indicated that the habitat in platform B was more concentrated than that of the two other 

platforms.  
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Table 6. 2: Pareto-Levy parameters for 3 platforms (Values are set by convention). 

 

 

 

6.5.1 Results of the simulations performed 

A. Influence of temperature on the transesterification reaction  

Figures 6.2, 6.3, 6.4, 6.5, 6.6 and 6.7 show the influence of temperature on the 

transesterification process: The best performance was obtained in the range between 50℃  

and 90℃, with an optimum around 60℃, which corresponded well to most experimental 

results found in the literature.  

 

Figure 6. 2: Influence of the temperature on the transesterification reaction 
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Legend of Figure 6.2  

 

Figure 6.2 indicates better the influence of temperature on transesterification. The best 

performances were obtained between 125°C and 225°C, with an optimum around 150°C. 

This corresponded well to most experimental results found in the literature [134], [135]. 

 

Figure 6.3: Comparison of ester content during the reaction temperature of the 

transesterification reaction model with the literature 

Like in the literature, with the model, when the temperature was high, it implied a high ester 

content. As shown in figure 6.3, there was a slight difference between the plot of the curve 

resulting from our model and the curve in the literature, which validated our model. The 

model also indicated that when the temperature was increased between 20 ºC-40 ºC, the ester 

content also increased by one unit.  
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6.5.2 MeOH/VO molar ratio effect on the transesterification reaction 

One of the most influential variables on the formation of ester was the methanol-oil molar 

ratio. The following figure indicates the effect of the MeOH/VO molar ratio on the 

transesterification reaction. Finding an optimum value of this ratio enabled the reduction of 

the cost of production while increasing productivity. The recommended optimal value for this 

ratio was of the order of 6. 

  

Figure 6. 4: Influence of the n molar ratio on the transesterification reaction 

Legend of Figure 6.4 
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6.5.3 Kinetic characteristics of the reaction based on the model 

 

 

-100             -66             -33                0               33                66             100 

Figure 6. 5: Composition of products during the transesterification reaction 

In chemistry, the stoichiometry of the reaction would require 6 methanol moles for 1 ricinus 

communis oil mole (6:1 ratio) in order to obtain 6 esters moles of fatty acid and 1 glycerol 

mole. In this case, the performance would be less as this was indicated in the ester curve of 

Figure 6.5, compared to the performance obtained with the 24:1 ratio that was used and 

which corresponded to 66% of excess of methanol. 

Under the model, increasing the methanol/ricinus communis oil molar ratio from 6:1 to 24:1, 

ester content was increased from 60.5% to 95.2%. This indicated that our model provided a 

fairly better performance/result than results observed in previous works as this can be 

observed in the following figure that combines the ester content and the ester content found 

after applying our model.  

Observations of figure 6.6 indicated that the two curves are similar under experimental 

conditions. In fact, at the beginning of the experiment, both 3:1 and 4:1 molar ratios (33% of 

excess in methanol) were used. 
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Figure 6. 6: Comparison of ester produced during the transesterification reaction model 

with the literature 

Other experiments were performed with 5:1 molar ratio (66% of excess in methanol) and so 

on until the 24:1 and 25:1 molar ratios. From the excess of alcohol, a 90-95.2% conversion 

was achieved, which was good. It appeared clear that a 3:1 and less theoretical ratio would 

have a consequence of giving a lower performance and would make intermediaries lower 

products such as diglycerides and triglycerides. This would make the conversion incomplete.     

The Triglyceride/catalyst molar ratio effect on the transesterification reaction 

Figure 6.7 indicates the triglyceride/catalyst molar ratio effect on the transesterification 

reaction. The catalyst content was a factor that had a positive impact on the reaction speed 

meanwhile this impact was negative on the performance. This was due to the fact that, when 

there are more foundations, a more important saponification was obtained. The reaction 

performance increased with the ratio p, until when it reached an optimum with an 

approximate value of p=0.0785 (or a MeOH=0.5% of the VO mass), then it fell after this 

value because of the saponification.   
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Figure 6. 7: Molar ratio p on the transesterification reaction 

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟎.𝟏% or 𝒑 = 𝟎. 𝟎𝟏𝟓𝟕 

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟎.𝟐% or 𝒑 = 𝟎. 𝟎𝟑𝟏𝟒 

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟓% or 𝒑 = 𝟎. 𝟕𝟖𝟒𝟗  

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟎.𝟒% or 𝒑 = 𝟎. 𝟎𝟔𝟐𝟖  

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟎.𝟓% or 𝒑 = 𝟎. 𝟎𝟕𝟖𝟓  

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟎.𝟔% or 𝒑 = 𝟎. 𝟎𝟗𝟒𝟐  

           : 𝒎𝑴𝒆𝑶𝑯 = 𝟐% or 𝒑 = 𝟎. 𝟑𝟏𝟒  

6.6 Experimental model: Modelling of the ricinus communis oil extraction 

In this section, a model was formulated to describe the ricinus communis oil extraction and a 

mathematical model was deduced for the dates of extraction that happened before the present 

day. The difference with the model of extraction introduced in the previous chapter is that the 

following model can be applied to real biofuel platforms in order to suggest the extensions of 

the production processes observed. Nevertheless, from the model presented in the previous 

chapter, it can be attested that the distribution of the time of extraction for a specific container 

can be conditionally defined by the size X of the container in question. More precisely, the 

dates of extraction were independent between them and of the same conditional law: 

                                                  (𝐷|𝑋)~𝐸(ℎ(𝑋))                                                                 (6.3) 

Where h is an increasing function of ℝ+ in ℝ+called function of visibility and that was 

needed to be determined.  
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In addition, it was possible to verify that this new model was coherent with the one proposed 

by Lopez [202], [203]. By using the notations of the previous section, a container was 

observed if its variable of censure 𝜀 verified 𝜀 = 1, which corresponded to 𝐷 ≤ 𝑡∗. Thus, 𝜀 =

1𝐷≤𝑡∗  and 𝜔(𝑥) = 1 − exp(−ℎ(𝑥) 𝑡∗).  

In reality, containers of small size were less visible, which enabled the introduction of a 

simplified model of the dynamic of successive extractions for this particular category of 

containers. This simplification was based on the model of the Poisson approximation (6.3). 

Which led to the following stratifying model: The small containers were extracted according 

to an homogeneous process of intensity 𝜇0. Let 𝐼0 = [1, 𝑥0] be the class of corresponding 

size. For a container of size 𝑋 ≥ 𝑥0, its time of extraction had the conditional distribution 

(𝐷|𝑋)~𝐸(ℎ(𝑋)), where h was an affine and increasing function by pieces.  

6.7 Mathematical interpretation of containers with small amount of oil.  

The 𝐼0 class corresponded to the set of small storages of sizes in the [1, 𝑥0] interval. Even 

when those storages contained ricinus communis oil, their extraction was considered as a 

failure in terms of biofuel production. These “failed” extraction happened over time with a 

constant rate r. It was assumed that the next extraction performed within the platform had to 

be modelled by an homogeneous process of binomial law of intensity λ.  

Then, the dates of extraction in the 𝐼0 category also formed an homogeneous process of 

Poisson of intensity 𝜇0 = 𝑟𝜆.  According to this simple presentation, it was natural to use the 

homogeneous Poisson process for the model of the extraction of this category of containers. 

Let’s note that this reasoning could be defaulted if there was a risk of exhaustion of the 

reserves of this class. In the platform B, it was assumed that there were at least one thousand 

containers of sizes less than 20Mb. Assuming that about 6 per year were extracted, thus, there 

was no risk of exhaustion at the scale of tens of years.  

Therefore, in order to justify the model, it was demonstrated that the conditional law defined 

in (6.3) was a limited situation of its dynamic. Firstly, because the size of containers in this 

category was approaching the minimal level, their visibility was very weak too. Inside this 

class, it was assumed that all containers possessed the same visibility ℎ0. Therefore, 

containers of this category were in big numbers within the platform.  

Let 𝑁0 be the total number of containers of this category in the platform. According to the 

model in (6.3), the number 𝑛0(𝑡) of containers of this class extracted before the date t 
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followed a binomial law with 𝑛0 and 𝜔(𝑡) = 1 − exp(−ℎ0(𝑡)) ≈ ℎ0(𝑡). When ℎ0(𝑡) was 

small, then 𝜔(𝑡) was also small. And by a classical approximation, it was possible to assume 

that 𝑛0(𝑡) followed a binomial distribution of parameter 𝑁0ℎ0(𝑡).  

Models formulation 

Let 𝑆𝑚 be the set of densities 𝑔∗defined from a partition m of [𝑥0, 𝑥𝑚𝑎𝑥]. 

𝑆𝑚 = {𝑔∗: (𝑥, 𝑡) ⟼ 𝛼
ℎ(𝑥) exp{−ℎ(𝑥)𝑡 𝑥−𝛼−1}

𝑃𝑑𝑒𝑐(𝛼, 𝑡∗, ℎ) 𝑥0
−𝛼 − 𝑥𝑘

−𝛼 10≤𝑡≤𝑡∗,𝑥1≤𝑥≤𝑥𝑘 , 𝛼 > 0, ℎ ∈ ℋ𝑚} 

In fact, there was a possibility to construct an estimator of the likelihood maximum that was 

based on both the 𝑋𝑖
(𝑝)

and the 𝑋𝑖
∗. A simple alternative consisted of an explicit resolution of a 

system of the likelihood equation which renders the estimation more reliable. Therefore, the 

following sets were considered:  

𝑆𝑚(𝛼) = {𝑔∗: (𝑥, 𝑡) ⟼ 𝛼
ℎ(𝑥) exp{−ℎ(𝑥)𝑡 𝑥−𝛼−1}

𝑃𝑑𝑒𝑐(𝛼, 𝑡∗, ℎ) 𝑥0
−𝛼 − 𝑥𝑘

−𝛼 10≤𝑡≤𝑡∗,𝑥1≤𝑥≤𝑥𝑘 , 𝛼 > 0, ℎ ∈ ℋ𝑚} 

That was abusively wrote 𝑆𝑚.  

Proposition 

The 𝑆𝑚 model was identifiable with regards to the parameterisation in h and 𝛼.   

Demonstration 

The demonstration consisted of the parameterisation of the model that was injective. It was 

supposed that 𝑡∗ was fixed as well as a partition m of [𝑥0, 𝑥𝑚𝑎𝑥] of size k. Let 𝛼1 and 𝛼2 be 

two positive real numbers and let ℎ1 and ℎ2 be two visibility functions of the set ℋ𝑚 such 

that for all 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥] and for all 𝑡 ∈ [0, 𝑡∗], 

        𝛼1
ℎ1(𝑥) exp{−ℎ1(𝑥)𝑡}

𝑃𝑑𝑒𝑐(𝛼1,𝑡
∗,ℎ1)

𝑥−𝛼1−1

𝑥0
−𝛼1−𝑥𝑚𝑎𝑥

−𝛼1 = 𝛼2
ℎ2(𝑥) exp{−ℎ2(𝑥)𝑡}

𝑃𝑑𝑒𝑐(𝛼2,𝑡
∗,ℎ2)

𝑥−𝛼2−1

𝑥0
−𝛼2−𝑥𝑚𝑎𝑥

−𝛼2                   (6.4) 

For t=0, and for 𝑥 ∈ [𝑥0, 𝑥1],which gave: 

 𝛼1
𝑎𝑗
(1)
𝑥 + 𝑏𝑗

(1)

𝑃𝑑𝑒𝑐(𝛼1, 𝑡
∗, ℎ1)

𝑥−𝛼1−1

𝑥0
−𝛼1 − 𝑥𝑚𝑎𝑥

−𝛼1
=  𝛼2

𝑎𝑗
(2)
𝑥 + 𝑏𝑗

(2)

𝑃𝑑𝑒𝑐(𝛼2, 𝑡
∗, ℎ2)

𝑥−𝛼2−1

𝑥0
−𝛼2 − 𝑥𝑚𝑎𝑥

−𝛼2
 

The identification of power functions implied that  𝛼1 =  𝛼2 = 𝛼. For 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥] and for 

𝑡 ∈ [0, 𝑡∗], the identity (6.4) could simplify itself under the following form: 
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ℎ1(𝑥) exp{−ℎ1(𝑥)𝑡}

𝑃𝑑𝑒𝑐(𝛼1, 𝑡
∗, ℎ1)

𝑥−𝛼1−1

𝑥0
−𝛼1 − 𝑥𝑚𝑎𝑥

−𝛼1
= 𝛼

ℎ2(𝑥) exp{−ℎ2(𝑥)𝑡}

𝑃𝑑𝑒𝑐(𝛼2, 𝑡
∗, ℎ2)

𝑥−𝛼2−1

𝑥0
−𝛼2 − 𝑥𝑚𝑎𝑥

−𝛼2
 

The two exponential terms as functions of t had necessarily the same exponent, which gave 

ℎ1(𝑥) = ℎ2(𝑥). And this was true for all 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥], then, ℎ1 = ℎ2. It was seen that ℎ ∈

ℋ𝑚 only admitted one notation, which allowed the conclusion.  

Form of the partitions considered 

This section explains why the level 𝑥0 was not included in the procedure of selection of a 

partition. Even when it meant the consideration of the joint law of complete sample: 

((𝑋1
(𝑝)
, 𝐷1

(𝑝)
), … , (𝑋𝑛0

(𝑝), 𝐷𝑛0
(𝑝)) , (𝑋1

∗, 𝐷1
∗), (𝑋𝑛

∗ , 𝐷𝑛
∗) ) 

A family of partitions 𝑚̃ of [1, 𝑥𝑚𝑎𝑥] that enabled the variation of 𝑥0 was suggested. The 

optimal level was selected in the sense of a statistical criteria. However, one of the main 

objectives was to introduce the extensions of the extraction process. But it was indicated that 

the binomial approximation presented in the previous section was only valid when the class 

of small containers was not exhausted. Therefore, there was a danger that the procedure of 

selection of the model chose a level 𝑥0 such that the binomial approximation was no more 

valid in the future. That is why it was preferable that the level 𝑥0 was chosen once and for all 

users. Therefore, the challenge was to choose the best partition m of the set [1, 𝑥𝑚𝑎𝑥] in order 

to better estimate the dynamic of extraction applied to it. Also, the mathematical process of 

this problem was performed in the next chapter.  

Proposition  

Let ℎ𝑙 be a suite of positive reals that approached 0 when l approached infinity. For all l, let 

𝑍𝑙 be a random variable such that 𝑍𝑙~𝜀(ℎ𝑙). Then, for all > 0, (𝑍𝑙|𝑍𝑙 ≤ 𝑡) ℒ
𝑙→+∞

   𝑈, where 

𝑈~𝑢([0𝑡]). 

Demonstration 

Let 𝐹𝑡,𝑙 be the repartition function of (𝑍𝑙|𝑍𝑙 ≤ 𝑡). Then: 𝐹𝑡,𝑙(𝑢):=
1−exp (−ℎ𝑙𝑢)

1−exp(−ℎ𝑙𝑡)
10≤𝑢≤𝑡 

Therefore, when → +∞, 𝐹𝑡,𝑙 → 𝐹𝑈(𝑢) ≔
𝑢

𝑡
10≤𝑢≤𝑡, where 𝐹𝑈 was the repartition function of 

the random variable U.  
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Knowing 𝑛0(𝑡), the dates of extractions of containers of class 𝐼0 were upgraded before the 

date t could be modelled by an i.i.d. sample of uniform law in [0,t]. As long as the probability 

of inclusion remained low, 𝑛0(𝑡) followed a binomial distribution of parameter 𝑁0ℎ0(𝑡). 

Therefore, it was justified to consider the suite of extraction times of small storages as the 

realisation of an homogeneous binomial process of intensity 𝜇0.  

Let (𝐷𝑖
(𝑝)
)
𝑖≥1

be the suite of extractions. To each of these dates, the size of the extracted 

container was associated and was noted 𝑋𝑖
(𝑝)
. Random variables 𝑋𝑖

(𝑝)
 were i.i.d. from Pareto-

Levy distribution law 𝑃𝑎𝑟(𝛼, 1,  𝑥0) restrained to [1, 𝑥0]. Also, the extraction process of 

small containers was modelled using the binomial process marked on ℝ+, in which the marks 

law was the distribution 𝑃𝑎𝑟(𝛼, 1, 𝑥0). The suite of extractions happened before the date of 

the present 𝑡∗ corresponding to the restriction of this process on [0, 𝑡∗].    

6.7.1 Selection of a model  

Instead of focusing on the dimension of models to define an acceptable penalty, results 

obtained by Massart in this context were based on the notion of entropy that also enabled to 

give the measure of the size of a set [204], [205]. Here, some definitions were recalled before 

enouncing the general theorem that was used:   

The standard ‖√𝑓 − √𝑔‖
2
between two positive functions f and g of 𝕃1n is noted 𝑑𝐻(𝑓, 𝑔), 

where f and g are densities with regards to the measure of Lebesgue on ℝ𝑄, 𝑑𝐻
2 (𝑓, 𝑔) 

corresponding to the double of the squared Hellinger distance between f and g. In what 

follows, 𝑑𝐻(𝑓, 𝑔) will be called the Hellinger distance even when f and g are not densities 

[206].  

≤ (1 + 𝛿)𝑣∏(1+
𝛽𝑣

𝜎𝑞2
)

𝑣

𝑞=1

 

≤ (1 + 𝛿)𝑣 (1 +
𝛽𝑣

𝜎𝑚2
)
𝑣

 

≤ (1 + 2𝛿)𝑣 

Therefore, 
𝑓(𝑥)

𝑢(𝑥)
≤ (1 + 2𝛿)−

𝑣

2 exp (
‖𝜇−𝜈‖2

2

2𝛽𝑣
) 

 



109 
 

6.7.2 𝓜[𝑳𝑩𝒌] entropies 

For the density mixture t of a ℒ(𝐾,𝑣) model, the matrices of covariance that intervened in the 

mixture t were all of the same volume. Therefore, it was not possible to decompose the set 

ℒ(𝐾,𝑣). The following ℱ(𝐾,𝑣)sets were considered: 

ℱ(𝐾,𝑣) = {(Φ(. |𝜇1, 𝜆Σ1), … ,Φ(. |𝜇𝑘, 𝜆Σ𝑘)); 
𝜎𝑀
−2 ≤ 𝜆 ≤ 𝜎𝑀

2 , 𝑘 = 1, … , 𝐾

𝜇𝑘 ∈ [−𝑎, 𝑎]𝑣, Σ𝑘 ∈ ∆(𝑣)
1 (𝜎𝑚2 , 𝜎𝑀

2 ) 
} 

Let l and u be two functions of ℝ𝑣 in ℝ𝐾 such that 𝑙𝑘 ≤ 𝑢𝑘for 𝑘 = 1…𝐾, with the notations 

𝑙(𝑥) = (𝑙1(𝑥),… , 𝑙𝑘(𝑥)) and 𝑢(𝑥) = (𝑢1(𝑥),… , 𝑢𝑘(𝑥)). The set [𝑙, 𝑢] was composed of all 

functions 𝑓 = (𝑓1, … , 𝑓𝑘) of ℝ𝑣 in ℝ𝐾 such that 𝑙𝑘 ≤ 𝑓𝑘 ≤ 𝑢𝑘 for k=1…K.  

Therefore, the entropy number of ℱ(𝐾,𝑣) is the minimal cardinal of families of the form [𝑙, 𝑢] 

recovering the ℱ(𝐾,𝑣) space.  

Proposition 1 

Let ∑ ∈ ∆(𝑣)
1 (𝜎𝑀

−2, 𝜎𝑀
2 ) and 𝜆 ∈ [𝜎𝑚

2 , 𝜎𝑀
2 ]. Then, ∃ 𝐽 ∈ {2,… , 𝑟}𝑣−1 and 𝑧 ∈ {0,… , 𝑟′} such 

that ∀ 𝑞 ∈ [1,… , 𝑣], 𝜆𝑧+1𝐵𝐽,𝑞
𝑙 ≤ 𝜆∑𝑞𝑞 ≤ 𝜆𝑧𝐵𝐽,𝑞

𝑢 .  

Demonstration 

Let z be the unique natural number in {0, … , 𝑟′} such that 𝜆𝑧+1 < 𝜆 ≤ 𝜆𝑧 . By definition, there 

exists a vector J such that 𝐵𝐽,𝑞
𝑙 ≤ ∑𝑞𝑞 ≤ 𝐵𝐽,𝑞

𝑢  for 𝑞 = 1,… , 𝑣 − 1; which gave the wanted 

direction for the first v-1 coordinates. Because ∏ ∑𝑞𝑞 = 1,𝑣
𝑞=1  then ∑𝑣𝑣 = ∏ ∑ .−1

𝑞𝑞
𝑣−1
𝑞=1  From 

this, it was deduced that: 

∏{𝐵𝐽,𝑞
𝑢 }

−1
≤ ∑𝑣𝑣 ≤

𝑣−1

𝑞=1

∏{𝐵𝐽,𝑞
𝑙 }

−1
𝑣−1

𝑞=1

 

Which gave the said directive for the last coordinate. Covariance matrices associated with the 

couple (z, J) were useful because it helped for the definition of the extremity functions. 

However, the centering parameters also needed to be defined: For a fixed couple (z, J), the 

regular mesh of centering parameters was considered: 𝜈(𝑧𝐽) = (𝜈1
(𝑧𝐽)

, … , 𝜈𝑣
(𝑧𝐽)

) ∈ [−𝑎, 𝑎]𝑣 

such that for ∈ {1,… , 𝑣 − 1}, 𝜈𝑞
(𝑧𝐽)

= (1 + 𝛿)−
𝑗(𝑞)+1

4
−
𝑧

2 𝜎𝑀
2
√𝑐1 𝛿𝑠𝑞, 

With 𝑠𝑞 ∈ {−𝑁𝑞 , … , 𝑁𝑞} where 𝑁𝑞 = [
𝑎(1+𝛿)

𝑗(𝑞)+1
4

+
𝑧
2

√𝑐1 𝜎𝑀
2  𝛿

], and, 
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With 𝑠𝑣 ∈ {−𝑁𝑣, … , 𝑁𝑣} where 𝑁𝑣 = [
𝑎(1+𝛿)

𝑣+𝑧
2

−
𝑆𝐽
4

√𝑐1 𝜎𝑀
2−𝑣𝛿 

], and 

𝐶1 ≔
1− 2−

1
4

2
. 

For a given couple (z,J), this guaranteed that for all 𝜇 ∈ [−𝑎, 𝑎], ∃ a vector 𝜈(𝑧𝐽) of the mesh 

such that: 

 {∑ (𝜈𝑞
(𝑧𝐽) − 𝜇𝑞)

2
(1 + 𝛿)

𝑗(𝑞)+1

2
+𝑧𝑣−1

𝑞=1 𝜎𝑀
−4} + (𝜈𝑣

(𝑧𝐽) − 𝜇𝑣)
2
 (1 + 𝛿)−

𝑆𝐽

2
+𝑣+𝑧 𝜎𝑀

2𝑣−4 ≤ 𝑐1𝑣𝛿
2                         (6.5)                                                                                         

Furthermore, for a couple (z, J), and a parameter 𝜈(𝑧𝐽) of the above family, the following two 

functions were finally considered: 

{
𝑙(𝑥) = (1 + 𝛿)−2𝑣Φ(𝑥|𝜈(𝑧𝐽), (1 + 𝛿)−

1

4 𝜆𝑧+1 𝐵𝐽
𝑙)

𝑢(𝑥) = (1 + 𝛿)2𝑣Φ(𝑥|𝜈(𝑧𝐽), (1 + 𝛿) 𝜆𝑧 𝐵𝐽
𝑢)

                                                           (6.6) 

In addition, let ∈ [ 𝜎𝑚
,2,  𝜎𝑀

,2], ∑ ∈ ∆(𝑣)
1 ( 𝜎𝑚

,2,  𝜎𝑀
,2), 𝜇𝑘 ∈ [−𝑎, 𝑎]𝑣, then: 

Φ ≔ Φ(. |𝜇, 𝜆∑) 

There existed 𝜆𝑧 and J such that for all 𝑞 ∈ {1,… , 𝑣}, 

𝜆𝑧+1 𝐵𝐽,𝑞
𝑙 ≤  𝜆∑𝑞𝑞 ≤ 𝜆𝑧  𝐵𝐽,𝑞

𝑢  

There existed also a vector 𝜈(𝑧𝐽) of the mesh associated to the couple (z, J) such that the 

constraint (6.5) was verified for the vector 𝜇. For z, J and this vector 𝜈(𝑧𝐽) , u and l were 

considered as two functions defined like in (6.6). 

Proposition 2 

Under the previous hypotheses, for all 𝑥 ∈ ℝ𝑑, 𝑙(𝑥) ≤ Φ(x) ≤ u(x).  

Demonstration 

By applying proposition 2 that enables the increase of the gaussian densities quotients, then: 

Φ(x)

𝑢(𝑥)
≤ (1 + 𝛿)−2𝑣√

|(1 + 𝛿)𝜆𝑧 𝐵𝐽
𝑢|

|𝜆 ∑ |
exp [

1

2
(𝜈(𝑧𝐽) − 𝜇)′{(1 + 𝛿)𝜆𝑧 𝐵𝐽

𝑢 − 𝜆∑}
−1
(𝜈(𝑧𝐽) − 𝜇)] 

≤ (1 + 𝛿)−
𝑣+1
2 exp {

1

2𝛿
(𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽

𝑢)
−1
(𝜈(𝑧𝐽) − 𝜇)} 

For Φ ≤ u,  it is sufficient to have: 
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(𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ 2𝛿

𝑣 + 1

2
ln(1 + 𝛿) 

Or 

                             (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤

𝛿2

2
(𝑣 + 1)                                    (6.7) 

In applying the new proposition to Φ and l, therefore: 

𝑙(𝑥)

Φ(𝑥)
≤ (1 + 𝛿)−2𝑣√

|𝜆∑|

|(1 + 𝛿)−
1
4 𝜆𝑧+1 𝐵𝐽

𝑙|
 𝑒𝑥𝑝 [

1

2
(𝜈(𝑧𝐽) − 𝜇)′ {𝜆∑ − (1 + 𝛿)−

1
4 𝜆𝑧+1 𝐵𝐽

𝑙}
−1

 (𝜈(𝑧𝐽) − 𝜇)] 

By using the concavity of the function 𝛿 ⟼ 1 − (1 + 𝛿)−
1

4.  In order to have 𝑙 ≤ Φ, it was 

sufficient that (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧+1 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ (

7

8
𝑣 +

1

2
) ln(1 + 𝛿)(2𝛿)(1 − 2−

1

4) 

Or,  

                    (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧+1 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ 𝛿2(1 − 2−

1

4)
𝑣

2                                    (6.8) 

Finally, it was verified that condition (6.6) implied the (6.7) and (6.8) inequalities.  

Proposition 3 

There exists a constant 𝐴2 that only depends on 𝜎𝑚, 𝜎𝑀 and a such that: 

                                              𝑐𝑎𝑟𝑑 ℛ(ℰ, 𝐾, 𝑣) ≤ (𝐴2
𝑣

ℰ
)
𝐾(2𝑣−1)+1

                                     (6.9) 

Demonstration 

The definition of the set ℛ(ℰ, 𝐾, 𝑣) enabled to increase its cardinal in the following manner: 

𝑐𝑎𝑟𝑑 ℛ(ℰ, 𝐾, 𝑣) ≤ ∑[∑{∏1⋁
2𝑎(1 + 𝛿)

𝑗(𝑞)+1
4

+
3
2

√𝑐1 𝜎𝑀 
2 𝛿

𝑣−1

𝑞=1

} {1⋁
2𝑎(1 + 𝛿)

𝑣+𝑧
2

√𝑐1 𝜎𝑀 
2−𝑣(1 + 𝛿)

𝑆𝐽
4 𝛿

}

𝐽

]

𝐾
𝑟′

𝑧=0

 

If 2𝑎 ≥ √𝑐1(𝜎𝑀 
2 ⋁𝜎𝑀 

2−𝑣), then: 

𝑐𝑎𝑟𝑑 ℛ(ℰ, 𝐾, 𝑣) ≤ 𝑟′ [(𝑟 − 1)𝑣−1 {
2𝑎(1 + 𝛿)

𝑟+1
4

+
𝑟′
2

√𝑐1 𝜎𝑀 
2 𝛿

}

𝑣−1

{
2𝑎(1 + 𝛿)

𝑣+𝑟′
2

√𝑐1 𝜎𝑀 
2−𝑣𝛿

}]

𝐾

 

≤
𝑟′(𝑟 − 1)𝐾(𝑣−1)

𝛿𝑣𝐾
(1 + 𝛿)

𝐾𝑣(𝑟′−1)
2

+
𝐾(𝑣−1)(𝑟−1)

4
+𝐾𝑣−

𝐾(𝑣−1)
2 (

2𝑎

√𝑐1 𝜎𝑀
)
𝐾𝑣

 

We note that 𝛿 ≤ 1. Then, the definitions of both r and r’ indicated that on the one side, 𝑟 −

1 ≤
4(1+𝛿)𝜎𝑀

2

𝛿𝜎𝑚
2  and 𝑟′ ≤

2 𝜎𝑀
2

𝛿 𝜎𝑚
2  
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And on the other side, (1 + 𝛿)𝑟′ ≤ 4 (
𝜎𝑚

𝜎𝑀
)
4

 and (1 + 𝛿)𝑟 ≤ 8(
𝜎𝑚

𝜎𝑀
)
4

 

Therefore, we can find a constant 𝑐2 that only depends on 𝜎𝑚, 𝜎𝑀 and a such that 

𝑐𝑎𝑟𝑑 ℛ(ℰ, 𝐾, 𝑣) ≤
𝑐2

𝐾𝑣

𝛿𝐾(2𝑣−1)+1
≤ (𝐴2

𝑣

ℰ
)
𝐾(2𝑣−1)+1

 

With 𝐴2 that only depended on 𝜎𝑚, 𝜎𝑀 and a. Furthermore, if 2𝑎 ≤ √𝑐1 (𝜎𝑀
2⋁𝜎𝑀

2−𝑣) then the 

increment in (6.30) was also verified on the condition that the constant 𝑐2 must change. 

Lemmas 3 and 4 indicated that the family ℛ(ℰ, 𝐾, 𝑣) formed a ℰ − 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦 of ℱ(𝐾,𝑣). The 

lemma in 5.2.17 gave the increase of the number of entropy stated in proposition 4 by using 

𝑣 ≤ 𝑄. 

End of proof of proposition for 𝓜[𝑳𝓑𝒌]. 

In addition, it was clear that: 

𝐻[.](ℰ, 𝑆(𝐾,𝑣), 𝑑𝐻) = 𝐻[.](ℰ, ℒ(𝐾,𝑣), 𝑑𝐻) ≤ 𝐻[.] (
ℰ

3
, 𝜏𝐾−1, 𝑑𝐻)+𝐻[.] (

ℰ

3
, ℱ(𝐾,𝑣), 𝑑𝐻) 

Then propositions 2 and 3 were used: 

𝐻[.](ℰ, ℒ(𝐾,𝑣), 𝑑𝐻) ≤ ln𝐾 +
𝐾

2
ln(2𝜋𝑒) + (𝐾 − 1) ln

3

ℰ
+ [𝐾(2𝑣 − 1) + 1] (ln𝐴2 + ln 𝑣 + ln

3

ℰ
) 

≤ 𝐷(𝐾, 𝑣) [ln
1

ℰ
+ 𝐴1 ln 𝑣] 

6.7.3 Rational supporting the extraction of big size containers  

Here, the interest was on the extraction of storages higher than 𝑥0. Let N be the total number 

of storages of the platform with sizes higher than 𝑥0. The model was based on the two 

following hypotheses: 

1. The size of containers of this category were represented by an i.i.d. sample (𝑋1, … , 𝑋𝑁) of 

common distribution 𝑃𝑎𝑟(𝛼, 𝑥0, +∞); 

2. The extraction dates 𝐷𝑖 were independent. And for all i=1,…,N,  

                                                   (𝐷𝑖|𝑋𝑖)~𝜀(ℎ(𝑋))                                                             (6.10) 

However, this distribution did not correspond to the sample of storages observed, meaning 

extracted before the current day. 

Sample of containers observed before the time 𝒕∗ 

The platforms in which the extraction process was processed were mature platforms and from 

which the most important containers were extracted long time ago.  
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In this case, containers of this category were all of sizes found in the interval [𝑥0, 𝑥𝑚𝑎𝑥], 

where  𝑥𝑚𝑎𝑥 was the size of the biggest container of the platform. Therefore, for a storage of 

size X of this category, we have: 

                                                    𝑋~𝑃𝑎𝑟(𝛼, 𝑥0, 𝑥𝑚𝑎𝑥)                                                      (6.11) 

From the above, the conditional density of a couple (X,D) knowing that 𝑋 ∈ [𝑥0, 𝑥𝑚𝑎𝑥] was 

given by: 

                                       𝑔: (𝑥, 𝑡) ⟼ 𝛼ℎ(𝑥) exp{−ℎ(𝑥)𝑡}
𝑥−𝛼−1

𝑥0
−𝛼−𝑥𝑘

−𝛼 1𝑡≥0,𝑥0≤𝑥≤𝑥𝑘               (6.12) 

Let’s recall that 𝑡∗ designated the present date. At the date 𝑡∗, an observer only saw the 

storages such that 𝐷 ≤ 𝑡∗. Storages distribution of size in [𝑥0, 𝑥𝑚𝑎𝑥] and extracted before 𝑡∗ 

corresponded to the distribution of density (6.12), truncated beyond 𝑡∗.  

Let (𝑋∗, 𝐷∗) be the couple associated to one of the storages observed; this has the following 

distribution: 

(𝑋∗, 𝐷∗) = ((𝑋, 𝐷)|𝐷 ≤ 𝑡∗) 

For all 𝑡 ≥ 0 and all 𝑥 ∈ ℝ+, the density 𝑔∗ of (𝑋∗, 𝐷∗) was defined by: 

                                                  𝑔∗(𝑥, 𝑡) =
𝑔(𝑥,𝑡)

𝑃𝑑𝑒𝑐(𝛼, 𝑡
∗,ℎ)

1𝑡≤𝑡∗                                           (6.13) 

Where 𝑃𝑑𝑒𝑐 represented the probability that a storage of size [𝑥0, 𝑥𝑚𝑎𝑥] was extracted 

before 𝑡∗. The quantity was calculated as follows: 

𝑃𝑑𝑒𝑐(𝛼,  𝑡
∗, ℎ) = 𝑃(𝐷 ≤ 𝑡∗|𝑋 ∈ [𝑥0, 𝑥𝑚𝑎𝑥]) 

=
𝛼

𝑥0
−𝛼 − 𝑥𝑚𝑎𝑥

−𝛼 ∫ ∫ ℎ(𝑥) exp{−ℎ(𝑥)𝑡}𝑥−𝛼−1 𝑑𝑥𝑑𝑡

𝑡∗

0

𝑥𝑚𝑎𝑥

𝑥0

 

= 1 −
𝛼

𝑥0
−𝛼 − 𝑥𝑚𝑎𝑥

−𝛼 ∫ exp{−ℎ(𝑥)𝑡}𝑥−𝛼−1 𝑑𝑥

𝑥𝑚𝑎𝑥

𝑥0

 

In addition, let n be the number (random) of storages extracted at date 𝑡∗. Conditionally to n, 

the sample ((𝑋1
∗, 𝐷1

∗)… (𝑋𝑛
∗ , 𝐷𝑛

∗))
𝑖=1,…,𝑛

was i.i.d. and each couple (𝑋𝑛
∗ , 𝐷𝑛

∗) had the joint law 

of density given in (6.13). In order to construct the estimators of h, all the probabilities were 

conditional to n, which were considered as a deterministic quantity.  
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Major results 

The following two results were obtained in both the ordered and the unordered collection 

models. 

A. Ordered collection models 

In this case, the bloc of variables of classification was of the form {1, … , 𝑣}. For the 

considered three types of collections of gaussian mixtures, the models 𝑆(𝐾,𝑣) were such that: 

𝑆(𝐾,𝑣) = {𝑥 ∈ ℝ𝑄 ⟼ 𝑓(𝑥1, … , 𝑥5)Φ(𝑥𝑣+1, … , 𝑥𝑄|0, 𝐼𝑄−𝑣); 𝑓 ∈ ℒ(𝐾,𝑣)} 

Some results were obtained for the collections of mixtures that were defined by the families 

of densities ℒ(𝐾,𝑣) highlighted earlier. Each collection corresponded to a certain form of 

variance-covariance matrix for components of mixtures chosen in ℒ(𝐾,𝑣). Also in terms of 

definitions suggested in the previous chapter, supplementary hypotheses were added in order 

to limit the parameters of mixture: 

ℳ[𝐿𝐵𝑘] collection: 

ℒ(𝐾,𝑣) = {∑𝑝𝑘Φ(. |𝜇𝑘, 𝜆∑𝑘);
𝜆 ∈ [𝜎𝑚

2 , 𝜎𝑀
2 ], ∑𝑘 ∈ ∆(𝑣)

1 (𝜎𝑚
2 , 𝜎𝑀

2 )  

𝜇𝑘 ∈ [−𝑎, 𝑎]𝑣, 0 < 𝑝𝑘 < 1,∑ 𝑝𝑘 = 1𝐾
𝑘=1

𝐾

𝑘=1

} 

Where ∆(𝑣)
1 (𝜎𝑚

2 , 𝜎𝑀
2 ) designated the set of diagonal matrices defined positive of determinant 1 

and whose proper values belonged to the interval [𝜎𝑚
2 , 𝜎𝑀

2 ]. 

ℳ[𝐿𝑘𝐵𝑘] collection: 

ℒ(𝐾,𝑣) = {∑𝑝𝑘Φ(. |𝜇𝑘, ∑𝑘);
∑𝑘 = 𝑑𝑖𝑎𝑔 (𝜎𝑘1

2 , … , 𝜎𝑘𝑣
2 ), 𝜎𝑘1

2 , … , 𝜎𝑘𝑣
2 ∈ [𝜎𝑚

2 , 𝜎𝑀
2 ]  

𝜇𝑘 ∈ [−𝑎, 𝑎]𝑣, 0 < 𝑝𝑘 < 1,∑ 𝑝𝑘 = 1𝐾
𝑘=1

𝐾

𝑘=1

} 

ℳ[𝐿𝑘𝐶𝑘] collection: 

ℒ(𝐾,𝑣) = {∑𝑝𝑘Φ(. |𝜇𝑘, ∑𝑘);
∑𝑘 ∈ 𝒟(𝑣)

+ (𝜎𝑚
2 , 𝜎𝑀

2 ), 𝜇𝑘 ∈  [−𝑎, 𝑎]
𝑣 

 0 < 𝑝𝑘 < 1,∑ 𝑝𝑘 = 1𝐾
𝑘=1

𝐾

𝑘=1

} 

Where 𝒟(𝑣)
+ (𝜎𝑚

2 , 𝜎𝑀
2 ) designated the set of symmetric matrices defined positive whose proper 

values belonged to the interval [𝜎𝑚
2 , 𝜎𝑀

2 ].  

In the next theorem, ℳ designates one of the three collections ℳ[𝐿𝐵𝑘], ℳ[𝐿𝑘𝐵𝑘] or 

ℳ[𝐿𝑘𝐶𝑘]. 
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Proposition 4 

There exist 𝑘, 𝐴 𝑎𝑛𝑑 𝐶 constants such that if  

𝑝𝑒𝑛(𝐾, 𝑣) ≥ 𝑘
𝐷(𝐾, 𝑣)

𝑛
{2𝐴 ln 𝑣 + 1 − ln (1⋀ [

𝐷(𝐾, 𝑣)

𝑛
𝐴 ln 𝑣])} 

Then the (𝐾̂, 𝑣) index model that minimised  

𝑐𝑟𝑖𝑡 (𝐾, 𝑣) = 𝛾𝑛(𝑠̂(𝐾,𝑣)) + 𝑝𝑒𝑛 (𝐾, 𝑣) 

On ℳ exists, and 

                          𝔼[𝑑𝐻
2 (𝑠, 𝑠̂(𝐾̂,𝑣̂))] ≤ 𝐶 [ 𝑖𝑛𝑓

(𝐾,𝑣)∈ℳ
{𝐾𝐿(𝑠, 𝑆(𝐾,𝑣)) + 𝑝𝑒𝑛(𝐾, 𝑣)} +

1

𝑛
]            (6.14) 

In addition, the constants 𝑘 𝑎𝑛𝑑 𝐶were absolute and the constant A depended only on 𝜎𝑚and 

𝜎𝑀 and a. The proof of proposition 4 is given in one of the next sections and is based on the 

technical calculations of the entropy.  

B. Unordered collection models 

It was recalled that the unordered collections models were noted 𝑆(𝐾,𝑣) where v designated 

the set of variables of classification. For 𝑣 = |𝑣|, a model 𝑆(𝐾,𝑣) was obtained from the 𝑆(𝐾,𝑣) 

model of the ordered collection that was associated to it by posing  

                                          𝑆(𝐾,𝑣) = {𝑥 ∈ ℝ𝑄 ⟼ 𝑓 ∘ 𝜏(𝑥), 𝑓 ∈ 𝑆(𝐾,𝑣)},                              (6.15) 

Where 𝜏 was a permutation such that (𝜏(𝑥)1, … , 𝜏(𝑥)𝑣)′=𝑥[𝑣].  

The unordered collection models were noted ℳ′[𝐿𝐵𝑘], ℳ′[𝐿𝑘𝐵𝑘] or ℳ′[𝐿𝑘𝐶𝑘]. In the next 

theorem, the set ℳ corresponded to one of those three collections. 

Proposition 5 

There exist 𝑘, 𝐴 𝑎𝑛𝑑 𝐶 constants such that if: 

    𝑝𝑒𝑛(𝐾, 𝑣) ≥ 𝑘
𝐷(𝐾,𝑣)

𝑛
(2𝐴 ln 𝑣 − ln (1⋀ [

𝐷(𝐾,𝑣)

𝑛
𝐴 ln 𝑣]) +

1

2
ln [

8𝑒𝑄

{𝐷(𝐾,𝑣)−1}⋀(2𝑄−1)
])     (6.16) 

Then the (𝐾̂, 𝑣) that minimises the criterion 

                                            𝑐𝑟𝑖𝑡(𝐾, 𝑣) = 𝛾𝑛(𝑠̂(𝐾,𝑣)) + 𝑝𝑒𝑛 (𝐾, 𝑣)                                   (6.17) 

On the collection of models ℳ′ exists, and 

                             𝔼[𝑑𝐻
2 (𝑠, 𝑠̂(𝐾̂,𝑣̂))] ≤ 𝐶 [ 𝑖𝑛𝑓

(𝐾,𝑣)∈ℳ′
{𝐾𝐿(𝑠, 𝑆(𝐾,𝑣)) + 𝑝𝑒𝑛(𝐾, 𝑣)} +

2

𝑛
]       (6.18) 
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6.7.4 𝓜[𝑳𝑩𝒌] entropies 

Proposition 1 

Under the previous hypotheses, 𝑑𝐻(𝑢, 𝑙) ≤ ℰ. 

Demonstration 

Consider: 

𝑑𝐻
2 (𝑙, 𝑢) = (1 + 𝛿)−2𝑣 + (1 + 𝛿)2𝑣 − {∏

(1 + 𝛿)−
1
8√ 𝜆𝑧+1 𝑏𝑗(𝑞)+1(1 + 𝛿)

1
2√ 𝜆𝑧 𝑏𝑗(𝑞)

(1 + 𝛿)−
1
4  𝜆𝑧+1𝑏𝑗(𝑞)+12 + (1 + 𝛿) 𝜆𝑧𝑏𝑗(𝑎)2

𝑣−1

𝑞=1

} 

× {2
(1 + 𝛿)−

1
8√ 𝜆𝑧+1  𝐵𝐽,𝑣

𝑙  (1 + 𝛿)
1
2 √ 𝜆𝑧   𝐵𝐽,𝑣

𝑢

(1 + 𝛿)−
1
4  𝜆𝑧+1[ 𝐵𝐽,𝑣

𝑙 ]
2
+ (1 + 𝛿) 𝜆𝑧[ 𝐵𝐽,𝑣

𝑢 ]
2
}

1
2

 

= (1 + 𝛿)−2𝑣 + (1 + 𝛿)2𝑣 − 2 {
2

(1 + 𝛿)−
11
8 + (1 + 𝛿)

11
8

}

𝑣−1
2

{
2

(1 + 𝛿)−
5+𝑣
4 + (1 + 𝛿)

5+𝑣
4

}

1
2

 

= 2 cosh(2𝑣 ln(1 + 𝛿) ) − 2 {cosh (
11

8
ln(1 + 𝛿))}

−
𝑣−1
2
{cosh

5 + 𝑣

4
ln(1 + 𝛿)}

−
1
2
 

= [2 cosh(2𝑣 ln(1 + 𝛿)) − 2] + [2 − 2 {cosh (
11

8
ln(1 + 𝛿))}

−
𝑣−1
2
] 

+2 {cosh (
11

8
ln(1 + 𝛿))}

−
𝑣−1
2
[1 − {cosh (

5 + 𝑣

4
ln(1 + 𝛿))}

−
1
2
] 

Therefore,  

𝑑𝐻
2 (𝑙, 𝑢) ≤ 4 sinh(1)𝑣2𝛿2 + 2

𝑣 − 1

2

11

8
𝛿2 + 2

5 + 𝑣

4

1

2
 𝛿2 

≤ 9 𝑣2𝛿2 

≤ ℰ2 

At this stage, it was possible to construct some elements of the set ℱ(𝐾,𝑣).  

Let (Φ1, … ,Φ𝐾) ∈  ℱ(𝐾,𝑣), with Φ𝑘 = Φ(. |𝜇𝑘, 𝜆∑𝑘) 𝑓𝑜𝑟 𝑘 = 1,… , 𝐾.  

Also, let  𝜆𝑧 , 𝐽1, … , 𝐽𝑘 such that for all 𝑘 = 1 ∈ {1, … , 𝐾} and for all 𝑞 ∈ {1,… , 𝑣}, 
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𝜆𝑧+1 𝐵𝑘,𝑞
𝑙 ≤ 𝜆∑𝑘,𝑞𝑞 ≤ 𝜆𝑧 𝐵𝑘,𝑞

𝑢 , where ∑𝑘,𝑞𝑞 designated the (q, q) coefficient of the matrix ∑𝑘. 

For all k, there existed a vector 𝜈(𝑧 𝐽𝑘) of the mesh associated with the couple (𝑧, 𝐽𝑘).  

Proposition 2 

Let 𝐾 ≥ 2 and 𝑣 ≥ 1 be natural numbers. Then, it was assumed that {[𝑎𝑖, 𝑏𝑖], 𝑖 ∈ 𝐼} was a 

family that formed a simplex recovery𝒯𝐾−1, where 𝑎𝑖 ≔ (𝑎1𝑖, … , 𝑎𝐾𝑖) and 𝑏𝑖 ≔ (𝑏1𝑖, … , 𝑏𝐾𝑖). 

It was further assumed that there existed a family {[𝑙𝑗 , 𝑢𝑗], 𝑗 ∈ 𝐽} that formed a recovery of 

ℱ(𝐾,𝑣), with 𝑙𝑗 ≔ (𝑙1𝑗, … , 𝑙𝐾𝑗) and 𝑢𝑗 ≔ (𝑢1𝑗 , … , 𝑢𝐾𝑗). 

Therefore, ∀ (𝑖, 𝑗) ∈ 𝐼 × 𝐽, let 𝐿𝑖𝑗 = ∑ 𝑎𝑘𝑖𝑙𝑘𝑗
𝐾
𝑘=1  and 𝑈𝑖𝑗 = ∑ 𝑏𝑘𝑖𝑢𝑘𝑗

𝐾
𝑘=1 . Then the family, 

{[𝐿𝑖𝑗, 𝑈𝑖𝑗], (𝑖, 𝑗) ∈ 𝐼 × 𝐽} formed a recovery of the ℒ(𝐾,𝑣) set. 

The demonstration of this result was identical to the result that was demonstrated in [185]. 

And the increment of the ℒ(𝐾,𝑣) (or of the S(K,v)) metric entropy was reduced to the metric 

entropy of  ℱ(𝐾,𝑣).    

Proposition 3 

There exists a constant 𝐴2 such that for all ℰ ∈ ]0,1], 

𝑁[.](ℱ(𝐾,𝑣)) ≤ (𝐴2
𝑣

ℰ
)
𝐾(2𝑣−1)+1

 

And the constant 𝐴2 only depends on 𝜎𝑚, 𝜎𝑀 and a. This equation will be demonstrated using 

many successive lemma techniques. The proof of proposition 1 was given at the end of this 

section. First, when 𝑣 = 1, entropies of models 𝑆(𝐾,1) were calculated by imitating the 

method used to calculate ℳ[𝐿𝑘𝐵𝑘].  Therefore, 𝑣 ≥ 2. 

Also, let ℰ ∈ ]0,1], 𝐾 ≥ 2 and 𝑣 ≥ 2 were fixed, by posing 𝛿 =
ℰ

3𝑣
. For 𝑗 = 1…𝑟, let  

𝑏𝑗
2 = (1 + 𝛿)1−

𝑗
2𝜎𝑀

2  

Where 𝑟 = [2
ln{

𝜎𝑀
2

𝜎𝑚
2 (1+𝛿)}

ln(1+𝛿)
] such that 𝑏𝑟

2 ≤ 𝜎𝑚
2  and 𝑏2

2 = 𝜎𝑀
2 . 

Also, for 𝑧 = 0…𝑟′, let 𝜆𝑧 = (1 + 𝛿)−𝑧𝜎𝑀
2  

Where 𝑟′ = [
ln{

𝜎𝑀
2

𝜎𝑚
2 }

ln(1+𝛿)
] such that 𝜆𝑟′ ≤ 𝜎𝑚

2  and 𝜆0 = 𝜎𝑀
2 . For all vector  
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𝐽 = (𝑗(1), … , 𝑗(𝑣 − 1)) ∈ {2,… , 𝑟}𝑣−1 

𝐵𝐽
𝑙 and 𝐵𝐽

𝑢 matrices were defined by the following: 

𝐵𝐽
𝑙 = 𝑑𝑖𝑎𝑔 (𝑏𝑗(1)+1

2 , … , 𝑏𝑗(𝑣−1)
2 , 𝜎𝑀

−2𝑣+2(1 + 𝛿)
𝑆𝐽

2
−(𝑣−1)), 

And 

𝐵𝐽
𝑢 = 𝑑𝑖𝑎𝑔 (𝑏𝑗(1)

2 , … , 𝑏𝑗(𝑣−1)
2 , 𝜎𝑀

−2𝑣+2(1 + 𝛿)
𝑆𝐽
2
−
(𝑣−1)
2 ), 

With 𝑆𝐽 = ∑ 𝑗(𝑞)𝑣−1
𝑞=1  

In what follows, for 𝑞 ∈ {1,… 𝑣}, the notations 𝐵𝐽,𝑞
𝑙  and 𝐵𝐽,𝑞

𝑢  designated the (𝑞, 𝑞) coefficients 

of 𝐵𝐽
𝑙 and 𝐵𝐽

𝑢 matrices. 

Proposition 4 

Let ∑ ∈ ∆(𝑣)
1 (𝜎𝑀

−2, 𝜎𝑀
2 ) and 𝜆 ∈ [𝜎𝑚

2 , 𝜎𝑀
2 ]. Then, ∃ 𝐽 ∈ {2,… , 𝑟}𝑣−1 and 𝑧 ∈ {0,… , 𝑟′} such 

that ∀ 𝑞 ∈ [1,… , 𝑣], 𝜆𝑧+1𝐵𝐽,𝑞
𝑙 ≤ 𝜆∑𝑞𝑞 ≤ 𝜆𝑧𝐵𝐽,𝑞

𝑢  

Demonstration 

Let z be the unique natural number in {0, … , 𝑟′} such that 𝜆𝑧+1 < 𝜆 ≤ 𝜆𝑧 . By definition, there 

exists a vector J such that 𝐵𝐽,𝑞
𝑙 ≤ ∑𝑞𝑞 ≤ 𝐵𝐽,𝑞

𝑢  for 𝑞 = 1,… , 𝑣 − 1; which gave the wanted 

direction for the first v-1 coordinates. Because ∏ ∑𝑞𝑞 = 1,𝑣
𝑞=1  then ∑𝑣𝑣 = ∏ ∑ .−1

𝑞𝑞
𝑣−1
𝑞=1  From 

this, it was deduced that: 

∏{𝐵𝐽,𝑞
𝑢 }

−1
≤ ∑𝑣𝑣 ≤

𝑣−1

𝑞=1

∏{𝐵𝐽,𝑞
𝑙 }

−1
𝑣−1

𝑞=1

 

Which gave the said directive for the last coordinate. Covariance matrices associated with the 

couple (z, J) were useful because it helped for the definition of the extremity functions. 

However, the centering parameters also needed to be defined: For a fixed couple (z, J), the 

regular mesh of centering parameters was considered: 𝜈(𝑧𝐽) = (𝜈1
(𝑧𝐽)

, … , 𝜈𝑣
(𝑧𝐽)

) ∈ [−𝑎, 𝑎]𝑣 

such that for ∈ {1,… , 𝑣 − 1}, 𝜈𝑞
(𝑧𝐽)

= (1 + 𝛿)−
𝑗(𝑞)+1

4
−
𝑧

2 𝜎𝑀
2
√𝑐1 𝛿𝑠𝑞, 

With 𝑠𝑞 ∈ {−𝑁𝑞 , … , 𝑁𝑞} where 𝑁𝑞 = [
𝑎(1+𝛿)

𝑗(𝑞)+1
4

+
𝑧
2

√𝑐1 𝜎𝑀
2  𝛿

], and, 

With 𝑠𝑣 ∈ {−𝑁𝑣, … , 𝑁𝑣} where 𝑁𝑣 = [
𝑎(1+𝛿)

𝑣+𝑧
2

−
𝑆𝐽
4

√𝑐1 𝜎𝑀
2−𝑣𝛿 

], and 
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𝐶1 ≔
1− 2−

1
4

2
. 

For a given couple (z,J), this guaranteed that for all 𝜇 ∈ [−𝑎, 𝑎], ∃ a vector 𝜈(𝑧𝐽) of the mesh 

such that: 

 {∑ (𝜈𝑞
(𝑧𝐽) − 𝜇𝑞)

2
(1 + 𝛿)

𝑗(𝑞)+1

2
+𝑧𝑣−1

𝑞=1 𝜎𝑀
−4} + (𝜈𝑣

(𝑧𝐽) − 𝜇𝑣)
2
 (1 + 𝛿)−

𝑆𝐽

2
+𝑣+𝑧 𝜎𝑀

2𝑣−4 ≤ 𝑐1𝑣𝛿
2                        (6.19)                                                                                         

Furthermore, for a couple (z, J), and a parameter 𝜈(𝑧𝐽) of the above family, the following two 

functions were finally considered: 

{
𝑙(𝑥) = (1 + 𝛿)−2𝑣Φ(𝑥|𝜈(𝑧𝐽), (1 + 𝛿)−

1

4 𝜆𝑧+1 𝐵𝐽
𝑙)

𝑢(𝑥) = (1 + 𝛿)2𝑣Φ(𝑥|𝜈(𝑧𝐽), (1 + 𝛿) 𝜆𝑧 𝐵𝐽
𝑢)

                                                         (6.20) 

In addition, let ∈ [ 𝜎𝑚
,2,  𝜎𝑀

,2], ∑ ∈ ∆(𝑣)
1 ( 𝜎𝑚

,2,  𝜎𝑀
,2), 𝜇𝑘 ∈ [−𝑎, 𝑎]𝑣, then: 

Φ ≔ Φ(. |𝜇, 𝜆∑) 

There existed 𝜆𝑧 and J such that for all 𝑞 ∈ {1,… , 𝑣}, 

𝜆𝑧+1 𝐵𝐽,𝑞
𝑙 ≤  𝜆∑𝑞𝑞 ≤ 𝜆𝑧  𝐵𝐽,𝑞

𝑢  

There existed also a vector 𝜈(𝑧𝐽) of the mesh associated to the couple (z, J) such that the 

constraint (6.19) was verified for the vector 𝜇. For z, J and this vector 𝜈(𝑧𝐽) , u and l were 

considered as two functions defined like in (6.20). 

Proposition 5 

Under the previous hypotheses, for all 𝑥 ∈ ℝ𝑑, 𝑙(𝑥) ≤ Φ(x) ≤ u(x).  

Demonstration 

By applying the lemma 2 that enables to increase the gaussian densities quotients, we obtain 

Φ(x)

𝑢(𝑥)
≤ (1 + 𝛿)−2𝑣√

|(1 + 𝛿)𝜆𝑧 𝐵𝐽
𝑢|

|𝜆 ∑ |
exp [

1

2
(𝜈(𝑧𝐽) − 𝜇)′{(1 + 𝛿)𝜆𝑧 𝐵𝐽

𝑢 − 𝜆∑}
−1
(𝜈(𝑧𝐽) − 𝜇)] 

≤ (1 + 𝛿)−
𝑣+1
2 exp {

1

2𝛿
(𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽

𝑢)
−1
(𝜈(𝑧𝐽) − 𝜇)} 

For Φ ≤ u,  it is sufficient to have: 

(𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ 2𝛿

𝑣 + 1

2
ln(1 + 𝛿) 
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Or 

                             (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤

𝛿2

2
(𝑣 + 1)                                   (6.21) 

In applying the new lemma to Φ and l, therefore: 

𝑙(𝑥)

Φ(𝑥)
≤ (1 + 𝛿)−2𝑣√

|𝜆∑|

|(1 + 𝛿)−
1
4 𝜆𝑧+1 𝐵𝐽

𝑙|
 𝑒𝑥𝑝 [

1

2
(𝜈(𝑧𝐽) − 𝜇)′ {𝜆∑ − (1 + 𝛿)−

1
4 𝜆𝑧+1 𝐵𝐽

𝑙}
−1

 (𝜈(𝑧𝐽) − 𝜇)] 

By using the concavity of the function 𝛿 ⟼ 1 − (1 + 𝛿)−
1

4.  In order to have 𝑙 ≤ Φ, it was 

sufficient that (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧+1 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ (

7

8
𝑣 +

1

2
) ln(1 + 𝛿)(2𝛿)(1 − 2−

1

4) 

Or,  

                    (𝜈(𝑧𝐽) − 𝜇)′(𝜆𝑧+1 𝐵𝐽
𝑢)

−1
(𝜈(𝑧𝐽) − 𝜇) ≤ 𝛿2(1 − 2−

1

4)
𝑣

2                                   (6.22) 

Finally, it was verified that condition (6.20) implied the (6.21) and (6.22) inequalities.  

Discussion 

On the contrary to classical situations in Mathematics and Statistics, the number of variables 

Q was fixed meanwhile n approached infinity. The two previous results enabled to consider 

situations where Q increased with n. For the specific problems where the number of variables 

was of order n, or even greater than n, the two oracle inequalities indicated that the penalised 

criterion were still pertinent. 

Even though the 𝐿𝐵𝑘 models were sub-models of the 𝐿𝑘𝐵𝑘family, which were sub-models of 

the 𝐿𝑘𝐶𝑘 family, results of the two previous theorems required a specific demonstration for 

each of the three collections. In fact, in order to have the penalty term 𝐷(𝐾, 𝑣) to correspond 

to the number of free parameters in each of the three situations, it was necessary to perform 

the calculations of the metric entropy for each of the three types of models. 

In the discussion related to proposition 4, it was possible to rely on a risk limit that only 

involved the Hellinger distance. Therefore, for ‖𝑥‖ → +∞, the gaussian mixture densities 

models had all the same behavior than the gaussian density. In order to guarantee that: 

𝑠𝑢𝑝

𝑡 ∈ 𝑆(𝐾,𝑣)
‖
𝑠

𝑡
‖
∞
≤ 𝑀, 

It was natural to suggest that s was as compact support, in this case, the limit M depended on 

𝜎𝑚, 𝜎𝑀, a and ‖𝑠‖∞, but it was not necessary to know it in order to use the penalised criterion 

in practice. 
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As for proposition 4, results obtained must be interpreted in a qualitative way because their 

principal benefit was to provide the form of the penalty to be minimised in the criterion. Once 

adapted to this context, the slope method enabled to calibrate the penalty. A description of the 

corresponding procedure is given later on.   

And the term 
𝐷(𝐾,𝑣)

𝑛
ln {1/ (1𝐴

𝐷(𝐾,𝑣)

𝑛
ln 𝑣)} that was found in the ordered and unordered 

collections was probably not necessary in order to define the optimal penalties, meaning 

those leading to estimators minimising the estimation risk. The presence of this term was 

directly linked to the fact that we manage to globally control the entropy of models and not 

locally as it would be necessary in order to apply theorem 1. In fact, it was difficult to 

perform fine recoveries of the sets 

𝑆(𝐾,𝑣)(𝑢, 𝜉) ≔ {𝑡 ∈ 𝑆(𝐾,𝑣); 𝑑𝐻(𝑡, 𝑢) ≤ 𝜉} 

The entropy of those sets was majored by that of the entire 𝑆(𝐾,𝑣). In practice, it will be seen 

that the factor ln v in the first term was not necessary either in order to define the optimal 

penalties. A discussion was entirely consecrated to the practice of the results in the upcoming 

sections.  

One way to highlight that an estimator was of good quality was to consider its maximal risk 

on a class ℱ, of densities functions. The performances of the estimator were evaluated by 

comparing this maximal risk to the minimax risk on the class ℱ,  

𝑅𝑚𝑖𝑛𝑖𝑚𝑎𝑥 ≔
𝑖𝑛𝑓

𝑠̂

𝑠𝑢𝑝

𝑠 ∈ ℱ
𝔼(‖𝑠 − 𝑠̂‖2) 

Where the lower limit covered all possible estimators 𝑠̂. Generally, for the class ℱ, functional 

classes of Hölder, Sobolev, Besov or ellipsoids of 𝕃2 [207] were taken. When the penalised 

estimator reached the minimax risk limit on a large functional classes family and without 

using the knowledge of the particular class to which it is belonged to, it was called adaptive. 

The fact that the oracle inequalities obtained in theorems proposition 1 and proposition 2 

were valid for all density s enabled to major the maximal risk 𝑠̂(𝐾̂,𝑄) for the Hellinger 

distance, on a functional class ℱ  by the following quantity:  

𝐶
𝑠𝑢𝑝

𝑠 ∈ ℱ
[

𝑖𝑛𝑓

(𝐾, 𝑄) ∈ ℳ
{𝐾𝐿(𝑠, 𝑆(𝐾,𝑄)) + 𝑝𝑒𝑛(𝐾)} +

1

𝑛
] 

For a collection of ordered models. In order to evaluate the performances of the penalised 

estimator in terms of the minimax risk, the major challenge faced was not in the mathematical 
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context but it was related to the functional approximation. For a chosen function s in the 

classes cited above, there was no results enabling to quantify the bias 𝐾𝐿(𝑠, 𝑆(𝐾,𝑄)) in a 

precise manner between the density s and the functional space composed of gaussian mixture 

densities with K components. Even in dimension 1, a result could not be found.   

6.7.5 Choice of the form of the visibility function 

In the previous chapter, we have noted that the ideal model that was based on a visibility 

function proportional to the size was not sufficiently realistic. In the Lopez model, ω was a 

constant function by pieces, the visibility function associated to ω was therefore constant by 

pieces too. For the subject that matters in this section, namely the modelling of the extraction, 

the use of constant visibility functions by pieces was confronted to the following challenges:  

On the one hand, it was known that levelled reserves of a platform followed the Pareto-Levy 

law. On the other hand, each class of the partition used had to contain a sufficient number of 

storages for evident reasons of quality of estimation. The Pareto-Levy distribution leaded to 

the definition of a class of big storages that had a big amplitude. Inside this class of big 

storages, the size effect on the extraction times was observed as well. In reality, the five 

biggest storages were extracted more quickly than other storages of this class. Choosing a 

constant visibility function by pieces led to a systematic under-estimation of the extraction 

dates of these storages. However, at the beginning of the extraction of the platform, the total 

production was essentially oriented by this small population of giants’ storages. By being 

modelled, the beginning of the production would also be under-estimated because of the 

systematic delay of extraction dates of bigger storages. For this reason, in what follows, we 

cannot use visibility functions corresponding to the Lopez model rigorously.  

In order to consider precedent remarks, the use of a visibility function h affined by pieces and 

increasing was suggested. This model allowed to conserve the non-parametric point of view 

of Lopez, while authorising the visibility to grow inside the partition classes in which h was 

defined [204]. 

Let 𝑚 = (𝐼1, … , 𝐼𝑘) be a partition of size k of [𝑥0, 𝑥𝑚𝑎𝑥]. The partition was composed of the 

following intervals: 

𝐼1 = ]𝑥0, 𝑥1], … , 𝐼𝑗 = ]𝑥𝑗−1, 𝑥𝑗], … , 𝐼𝑘 = ]𝑥𝑘−1, 𝑥𝑚𝑎𝑥], 

With 1 < 𝑥0 < 𝑥1 < ⋯ < 𝑥𝑗 … < 𝑥𝑘 = 𝑥𝑚𝑎𝑥 . Associated with the partition m, let ℋ𝑚 be the 

set composed of continuous functions and affined by pieces. 
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ℋ𝑚 = {h: x ∈ [𝑥0, 𝑥𝑚𝑎𝑥]

⟼∑{𝑎𝑗(𝑥 − 𝑥𝑗−1) + 𝑏𝑗}1𝑥∈𝐼𝑗 , (𝐴, 𝐵) ∈ (ℝ+)2𝑘}⋂𝐶+([𝑥0, 𝑥𝑚𝑎𝑥])

𝑘

𝑗=1

 

Where 𝐶+([𝑥0, 𝑥𝑚𝑎𝑥]) designated the set of strictly positive continuous functions on 

[𝑥0, 𝑥𝑚𝑎𝑥]. A and B vectors designated (𝑎1, … , 𝑎𝑘) and (𝑏1, … , 𝑏𝑘) respectively. For all 

function ℎ ∈ ℋ𝑚, the condition of continuity imposed that:  

                                             ∀ 𝑗 ≥ 2, 𝑏𝑗 = ∑ 𝑎𝑢(𝑥𝑢 − 𝑥𝑢−1) + 𝑏1
𝑗−1
𝑢=1                                (6.23) 

In addition, the condition of positivity was equivalent to 𝑏1 > 0. Therefore, the set ℋ𝑚 was 

entirely parametered by the slope vector 𝐴 ∈ (ℝ+)𝑘   and the only coefficient 𝑏 ≔ 𝑏1 > 0. It 

was noted that a function ℎ ∈ ℋ𝑚 admitted only one notation of the form: 

∑{𝑎𝑗(𝑥 − 𝑥𝑗−1) + 𝑏𝑗}1𝑥∈𝐼𝑗

𝑘

𝑗=1

 

With all 𝑏𝑗 verifying (6.8), which allowed the assimilation of the function h to A and B 

coefficients. In what follows, it was useful to write h(A,b) or h(A,B) as the visibility function 

h defined by (A,b) or (A,B).  

6.7.5 Identification of a model for the computation of the density 

At the beginning of this chapter, an overview of the statistical context for the identification of 

models was provided. This was done in order to compute the density and a general theorem 

established by Massart [205] and that enabled the determination of the penalised criteria for 

the collection of models that were applied in biofuel production based on ricinus communis 

oil. 

Let 𝑋1, … , 𝑋𝑛 be an i.i.d. sample, with 𝑋𝑖 ∈ ℝ𝑑 of probability density s and unknown for the 

measure of Lebesgue on ℝ𝑑 . Let S be the set of all densities for the measure of Lebesgue on 

ℝ𝑑 . The method of maximum likelihood that consisted of finding the parameters of a model 

that maximised the likelihood of observations was reinterpreted as a method of contrast 

minimisation. Thereby, the contrast 𝛾(𝑡, . ) = − ln{𝑡(. )} was considered. Let 𝛾𝑛(𝑡) =

−
1

𝑛
∑ ln{𝑡(𝑋𝑖)}
𝑛
𝑖=1  be the empirical contrast associated to 𝛾. In this context, the loss function 

defined by:  

𝑙(𝑠, 𝑡) = 𝔼[𝛾𝑛(𝑡)] − 𝔼[𝛾𝑛(𝑠)], 
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Was exactly the Kullback-Leibler information [208] and was defined for the two densities f 

and g of S by: 

𝐾𝐿(𝑓, 𝑔) = ∫ ln {
𝑓(𝑥)

𝑔(𝑥)
}𝑓(𝑥) 𝑑𝑥, 

Where f dx was absolutely continuous with regards to g dx, and +∞ otherwise. The density s 

was the unique function of S such that 𝑠 = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑡∈𝑆 ∫ 𝛾(𝑡, 𝑥)𝑠(𝑥)𝑑𝑥. 

Let 𝒮 be a subset of S, the estimator of the maximum likelihood (EML) of s on 𝒮 was defined 

by: 

𝑠̂ ≔
𝑎𝑟𝑔𝑚𝑖𝑛

𝑡 ∈ 𝑆
𝛾𝑛(𝑡) 

Thus, by replacing  𝛾 by 𝛾𝑛 and S by 𝑆𝑛, it was expected that the estimator obtained was close 

to the real density s, at least in cases where s was not too far from the S model and from n 

sufficiently great. 

In the context of models selection, there was a collection of models (𝑆𝑚)𝑚∈ℳ𝑛
and an 

estimator of the likelihood maximum 𝑠̂𝑚 for each of them. As suggested in the notations, the 

collection of the model was enabled to depend on the size n of the sample observed. In 

addition, it was not necessary to suppose that the density s belonged to one of the models of 

the collection. 

Thereafter there was a need to use the EML associated to the best model in the sense of a 

certain statistical criteria. In the context of the computation of the density, a natural criteria 

was the minimisation of the mean estimation error (or estimation risk), that was defined for 

an estimator 𝑠̂𝑚 by: 

ℛ(𝑠̂𝑚) = 𝔼[𝐾𝐿(𝑠, 𝑠̂𝑚)] 

Ideally, there was a need to select the model minimising this quantity. However, in practice, 

this was impossible because the risk depended on the density s that was unknown; the density 

𝑚̃ that minimised the estimation risk for the collection (𝑆𝑚)𝑚∈ℳ𝑛
was called the oracle. The 

oracle inequality enabled to highlight such proprieties in a non-asymptotic manner [209]: 

𝔼[𝐾𝐿(𝑠, 𝑠̂𝑚)] ≤ 𝐶𝐸 [
𝑖𝑛𝑓 

𝑚ℳ𝑛

{𝐾𝐿(𝑠, 𝑠̂𝑚) + 𝑅(𝑚, 𝑛)}] 

Where C was a constant and R(m,n) was a term that should not be very big compared to the 

term of risk.  
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6.8 Method of calibration and applications 

Theoretical results obtained in section 6.7 and which were related to the selection of gaussian 

mixture models for oil extraction models were not directly applied. In fact, the form of 

penalties was determined but there was a need to calibrate the constants in order to use the 

associated penalised criteria in practice. In this section, we base ourselves on a method of 

calibration of the penalty called slope method in order to determine the optimal penalties 

from the data.  

6.8.1 Discrete transformation in wavelets for normalised profiles of production 

In order to obtain information about the time and the frequency, a discrete wavelets 

transformed of normalised profiles of production was used. Here is the recall of the 

definitions and results in order to rigorously present decompositions in wavelets performed 

on all curves:  Let Y be a temporal series of length 𝑁 = 2𝐽. Then, 𝒲 was the 𝑁 ×𝑁 matrix 

associated to the transformation in wavelets and W was the vector of ℝ𝑛 of the coefficients of 

the wavelets of Y. Then, W = 𝒲 Y. Therefore, the matrix 𝒲 was written under the form: 

𝒲 =

[
 
 
 
 
 

𝒱𝐽
𝒲𝐽

𝒲𝐽−1 ⋮

𝒲1 ]
 
 
 
 
 

 

Also, for all j ∈ {1, … , J}, the sub-matrix 𝒲𝑗 was of size 
𝑁

2𝑗
× 𝑁. It was possible to describe 

the lines of 𝒲𝑗 from the wavelets functions: Ψ𝑗,𝑘 = 2−𝑗/2 Ψ(2−𝑗𝑥 − 𝑘2𝑗), 𝑗 = 1,… , 𝐽, 𝑘 =

0,… , 2𝐽−𝑗 − 1, where Ψ was called the mother wavelet of the family. However, in this work, 

the Haar wavelet was used with Ψ = 1[0,1/2] − 1[1/2.1]. 

Then, the kth line of 𝒲𝑗 was defined by the vector of values taken by Ψ𝑗,𝑘 at points {0, … ,𝑁 −

1}. Thus, it was possible to indicate that the transformation in wavelets was an orthogonal 

transformation and therefore: Y = 𝒲′W. 

Also, the vector W was decomposed the same way than 𝒲 by posing: W = (VJ
′,WJ

′, … ,W1
′)’, 

Where Wj = 𝒲jY contained the set of coefficients of wavelets associated to the level j. Wj 

coefficients corresponded to the variations of Y, at the 2𝐽−𝑗 scale, while the VJ coefficient was 

equal to 
Y̅

√𝑁
 . In the present case, the profiles of production were of size N=64. Each curve 

was described by a vector W.𝑖 of length 64, formed with coefficients of wavelets.  
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This vector was decomposed into 6 blocs corresponding to the different levels of resolution, 

for the curve I, such that: W.𝑖 = (V6i
′ ,W6i

′ , … ,WIi
′ ). 

It was necessary to indicate that the families of gaussian mixture models used in this method 

were based on the distinction between the variables vector of classification that had the 

distribution of a multivariate gaussian of a mixture and the vector of the rest of the variables 

that had the distribution of a reduced and centered gaussian vector. Thereby, in order to 

facilitate the adjustment of a distribution of a gaussian vector on the second bloc, all the 

variables of wavelets coefficients were centered and reduced beforehand.  

Technical variables and assumptions 

In order to determine what types of technical variables were coherent with the obtained 

classification, the following three descriptive variables were considered: 

1. The reserves of the three platforms: The assumption was that the estimations were 

available in the same base than the ones providing the production curves. 

2. The depth of the container: The assumption was that some storages were composed of 

many reservoirs. In this case, the variable corresponded to the less deep reservoir. 

 3. The oil density in the container:  Which was measured in API degrees. The more the oil 

was light, the more its density was low, and the more the API index was high. The API 

degree  varied inside the same platform, especially when it was composed of many storages 

or reservoirs. The API index used here corresponded to a mean index on the set of the 

platform. Therefore, the following notations described above were used, considering that they 

were centered and reduced: yres i, ydep i, yden i 

6.8.2 Introduction to the concept of slope method 

The objective of this sub-section is to present both the theoretical and the practical aspects of 

the slope method. This method was introduced by Massart [205] in order to calibrate all the 

known penalties forms of data.  In fact, in many situations of selection of models, the 

collection of models that was considered had many models of the same dimension. In the 

current context, the collection (𝑆𝐷)𝐷∈𝒟 was obtained by grouping a series of models of the 

same dimension into one model. In what follows, this collection of models was assumed to be 

indexed by the dimension of the models. 
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Let 𝑋1, … , 𝑋𝑛 be a sample of the same unknown distribution s. Like in the previous sections, 

𝛾 and 𝛾𝑛 designated the contrast associated to the Kullback-Leibler information and the 

empirical contrast associated to it respectively.  

Furthermore, it was assumed that for all D in  𝒟, there existed two densities 𝑠𝐷 and 𝑠̂𝐷 that 

minimised 𝐾𝐿(𝑠, . ) and 𝛾𝑛(. ) on 𝑆𝐷 . The density 𝑠̂𝐷 was therefore the estimator of the 

likelihood maximum of s on 𝑆𝐷 . The model considered to select in the collection was the one 

where the risk 𝔼[𝐾𝐿(𝑠𝐷 , 𝑠̂𝐷)] was minimal, which was not possible to realise directly because 

this quantity depended on the unknown density s. For each estimator 𝑠̂𝐷, the following 

decomposition of risk was considered: 

𝔼[𝐾𝐿(𝑠𝐷, 𝑠̂𝐷)] = 𝑏𝐷 + 𝔼(𝑉𝐷) 

Where 𝑉𝐷 ≔ ∫ ln(𝑠𝐷, 𝑠̂𝐷)𝑠 𝑑𝑥 was a term of the variance and 𝑏𝐷 ≔ 𝐾𝐿(𝑠, 𝑠𝐷) was a term of 

the bias. Then the quantity 𝑉𝐷 increased and the bias 𝑏𝐷 decreased when the dimension D 

increased. The selection of models by penalised criterion consisted on the selection of the 

model of collection (𝑆𝐷)𝐷∈𝒟 that minimised a criterion of the form:  

                                                   𝑐𝑟𝑖𝑡(𝐷) = 𝛾𝑛(𝑠̂𝐷) + 𝑝𝑒𝑛 (𝐷)                                          (6.24) 

Also: 𝑏𝐷̂ ≔ 𝛾𝑛(𝑠𝐷) − 𝛾𝑛(𝑠) and 𝑉̂𝐷 = 𝛾𝑛(𝑠𝐷) − 𝛾𝑛(𝑠̂𝐷) 

Therefore, it was clear that according to the criterion in (6.8.1), the selected model was a 

minimizer of: 

𝛾𝑛(𝑠̂𝐷) − 𝛾𝑛(𝑠) + 𝑝𝑒𝑛(𝐷) = 𝑏̂𝐷 − 𝑉̂𝐷 + 𝑝𝑒𝑛(𝐷) = 𝐾𝐿(𝑠𝐷 , 𝑠̂𝐷) + (𝑏̂𝐷 − 𝑏𝐷) − (𝑉𝐷 + 𝑉̂𝐷) + 𝑝𝑒𝑛(𝐷)     (6.25) 

According to the law of big numbers,𝑏̂𝐷 − 𝑏𝐷 ≈ 0. In addition, the arguments of the 

concentration enabled to show that the quantity 𝐾𝐿(𝑠𝐷 , 𝑠̂𝐷) was close to its Esperance that 

was the risk of 𝑠̂𝐷 . In order for the criterion in (6.32) to be close to the risk 𝔼[𝐾𝐿(𝑠𝐷 , 𝑠̂𝐷)], the 

optimal penalty was chosen such that 𝑝𝑒𝑛𝑜𝑝𝑡
(𝐷)

= 𝑉𝐷 + 𝑉̂𝐷 

Also, the main hypothesis of the slope method was about assuming that 𝑉̂𝐷 ≈ 𝑉𝐷. In order to 

justify this, it was observed that in the expressions 𝑉𝐷 and 𝑉̂𝐷, the measure of probability and 

the empirical measure played a symmetric role. When the two measures were exchanged in 

the expressions of 𝑉𝐷 and 𝑉̂𝐷 as well as in the expressions of 𝑠𝐷 and 𝑠̂𝐷 , then 𝑉𝐷 became 𝑉̂𝐷 

and reciprocally. This hypothesis led to consider a penalty of the form 𝑝𝑒𝑛(𝐷) = 2𝑉̂𝐷 and 

there was a need to determine 𝑉̂𝐷 from the data. And by the definition of 𝑉̂𝐷: 
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𝑉̂𝐷 = 𝑏̂𝐷 + 𝛾𝑛(𝑠) − 𝛾𝑛(𝑠̂𝐷) 

However, for the models of big dimension, the term bias ended up being stabilised and the 

function 𝐷 ⟼ 𝑉̂𝐷 was  known through the quantity −𝛾𝑛(𝑠̂𝐷). In many situations in statistics, 

the theorems of the selection of non-asymptotic models led to the consideration of the 

penalties proportional to 
𝐷

𝑛
. In this case, it was easy to verify that the function −𝛾𝑛(𝑠̂𝐷) was a 

linear function of 
𝐷

𝑛
 for D sufficiently big. For a fixed 𝜂, the estimation 𝜂̂ of the slope of this 

function led to the choice of the penalty: 𝑝𝑒𝑛(𝐷) = 2𝜂̂𝐷 

6.8.2 The slope method and the jumps across dimensions 

In order to complete the description of the slope method, the overview of its classical 

definition is provided here in the form suggested by Massart [205]. 

Let’s assume there was an interest to a penalty of the form 𝜂 − 𝑝𝑒𝑛 where pen was a function 

of D and n, and where 𝜂a parameter to be fixed was. The slope method was based on the two 

following assertions: 

1. There existed a minimal penalty 𝑝𝑒𝑛𝑚𝑖𝑛 =  𝜂𝑚𝑖𝑛in the family of the selected functions 

such that each lower penalty selected the models of big dimensions, and each higher penalty 

selected the models of reasonable dimensions. A chosen penalty of 𝑝𝑒𝑛𝑚𝑖𝑛 2 order enabled to 

select an estimator of risk comparable to the oracle risk. 

2. For penalties proportional to 
𝐷

𝑛
 , it was verified that this presentation of the slope method 

and the previous description were coherent by considering 𝑝𝑒𝑛𝑚𝑖𝑛 = 𝜂̂𝐷 as the minimal 

penalty, where 𝜂̂ was the estimation of the slope defined above.  

The two assertions were verified by Massart in the context of the regression on the white 

homoscedastic gaussian. Also, important progress was realised in this field few years ago and 

it was probable that this method was still available in many other situations.  

6.8.3 Curves classification by gaussian mixture models 

The method of selection of gaussian mixture models that was not totally described enabled to 

perform an unsupervised curves classification. To do that, data of the initial curves were 

projected in the space corresponding to the coefficients of a decomposition of Fourier, a 

decomposition in wavelets, or even a spline decomposition. This space was chosen for 

sufficient dimension Q so that the procedure selection of variables was really useful. In the 

context of the curves classification, the unordered collections were not used, if not in order to 
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downscale the number of considered variables to a dozen. Decompositions of Fourier and in 

wavelets presented the advantage of providing a schedule of variables and to compare the 

general trend of curves. It was natural to privilege lower frequencies or information of lower 

resolution. In practice, the use of those two types of decomposition was preferred. Therefore, 

in order to position this work in the context of the 𝑆(𝐾,𝑣) models collections defined earlier, 

the coefficients obtained were then centered and reduced in each variable. The slope method 

was applied to a collection of the mixture models in order to determine a classification of the 

initial curves. 

6.8.4. Construction of oil platforms for biofuel production 

In this section, the procedure of classification of curves was used to study a sample of 

profiles of oil extraction based on the ricinus communis oil destined to biofuel production. 

The first section was consecrated to the details of the construction of the database.    

Some countries that had the experience in biofuel production from any type of oil published 

the monthly productions of the hundreds of oil storages they possessed. This situation was 

exceptional because for platforms already exploited, it was necessary to buy those 

information from companies that commercialise them.  

In order to compare the forms of profiles without considering their amplitude, all curves were 

initially normalised by an estimation of the reserves of each storage. In practice, this 

operation was delicate. For example, a database oil storages dedicated for biofuel production 

did not always provide the estimations of the reserves of the platforms. However, oil storages 

of various bases, where they existed, were not always corresponding because some storages 

were not grouped in the same entity. Thus, an initial base of homogeneous curves 

representing the rates of production of each storage was obtained. Ideally, the procedure of 

classification was to be performed on the profiles of production of platforms whose 

exploitation was completed and this, in order to study the complete production curves. In 

reality, this was impossible to perform because the big majority storages in some platforms 

were still in production. Many small platforms only started to produce few years ago. In 

terms of big oil storages, even when they were exploited for many years, their production was 

not terminated. However, the beginning of the profiles was known and the first months of the 

production revealed important differences of the form between the curves.  

For this work, only the 64 first months of the exploitation were considered. Also, all storages 

not producing during a long period were withdrawn from the initial sample. Some storages 
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whose production presented some anomalies (for example, stop of production due to 

accidents) were also eliminated from the base. This resulted to a family of curves 

homogeneous between them and defined for a period of 64 months.          

6.8.5 Classification of production curves 

In order to obtain a classification of production curves that was not influenced by technical 

variables, only a database constituted of wavelets coefficients was considered. However, 

there was no use of the complete wavelets vectors 𝑊̃.𝑖 to apply the slope method. In fact, the 

use of all the wavelets coefficients would had led to consider the models of great dimensions 

related to the size of the sample, and in the estimation phase, many models could not be 

estimated. Wavelet coefficients corresponding to the two finest resolutions (j=1 and j=2) 

were removed. Because of the desire to classify curves based on their general form, it was 

natural to retain the wavelet coefficients associated to the largest scales for the analysis.  

Furthermore, it was observed that in order to construct the classification, 6 variables out of 

the 16 selected for the analysis were sufficient, what comforted us in our choice to forget 

about the other coefficients of the decomposition. Lastly, it was noted that by reducing the 

observations of the dimension Q=16, there was a significant diminution of the necessary 

calculation times in order to perform the complete procedure of the slope method. In the 

procedure, the observed vectors were used: 

𝑦̃.𝑖 = (𝑉̃6𝑖
′ , 𝑊̃6𝑖

′ , … ,𝑊3𝑖
′ )′ 

In this work, 𝑦𝑞 designated the qth variable of the centered and reduced wavelet coefficient. 

Ideally, we would prefer to consider a collection of unordered models so that all the choices 

of blocs of variables of classification would be possible. Unfortunately, the collection would 

be then too rich for the procedure of selection of the model to be performed in a realistic 

calculation time. Therefore, we need to find a way to order the variables in order to go back 

to a collection of ordered models. A natural idea is to order the variables according to their 

resolution first, then according to the equal resolution time, meaning by keeping the order of 

variables inside the 𝑦̃.𝑖 vectors. We will use a second solution that consists of ranging the 

variables by decreasing order of their adequacy to a centered and reduced gaussian variable, 

and that enables to select the models of lower dimension. To do that, we perform an adequacy 

test for each wavelets variable to a centered and reduced gaussian variable. And finally, we 
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order the variables by decreasing order of statistics of test. We note by 𝑦.𝑖  the vectors 

obtained by permuting the variables in this manner in each of the 𝑦̃.𝑖 vectors.       

The collection of ℳ[𝐿𝐵𝐾]  models was used, and this choice enables to have a family of 

distributions sufficiently rich while limiting the risks of decay during the procedure of the 

estimation. Let’s note the hypothesis of the independence based on the wavelets coefficients 

is partly justified because the wavelets coefficients of the same level of resolution are less 

correlated. Let’s also remember that the results demonstrated in previous sections do not 

necessitate that the true density should be in the collection of models used.   

Figure 6.8 below illustrates the application of the slope method on the sample of vectors 

(𝑦.1, … , 𝑦.180). Let’s also note that the cloud of points in figure 6.1 present the expected linear 

behavior in the big dimensions. The robust regression enables to calibrate the penalty, and the 

model finally selected is the one having 6 informative variables and 3 components in the 

mixture. The following table gives the effectives of the classification deduced from the rule 

of the posteriori maximum applied to the mixture part of the density 𝑠̂(𝐾̂,𝑣̂). 

 

Figure 6.8: Slope method applied and composed of wavelet variables (without 

explanative variables). 
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Groups 1                         2                       3 

Numbers 147                       8                      25 

Then, it was possible to find which form of the mean profile corresponded to each of the 

classes obtained. Also, there was a possibility to compare the mean normalised profiles of 

each of the 3 classes. Those groups naturally corresponded to the rates of different 

productions. It was further assumed that the first class corresponded to big platforms, the 

second class contained storages of small sizes and the third class represented intermediary 

sizes. Thus, this reminded us of the principle raised in the presentation of the problem earlier 

in this work.   

6.8.6 Classification of curves and selection of technical variables 

The technical variables that explained the curves classification were determined. To do that, 

procedure used was so in order to simultaneously perform a curves classification, a selection 

of wavelet variables and a selection of technical variables. The 3 technical variables were 

added to the 16 wavelet variables, which were also centered and reduced. Therefore, there 

were 180 individuals and 19 variables. The vector that corresponded to the observation of the 

platform i was of the form (𝑦.𝑖
′ , 𝑦𝑟𝑒𝑠 𝑖, 𝑦𝑑𝑒𝑝 𝑖 , 𝑦𝑑𝑒𝑛 𝑖)’. Then, a new collection of models was 

defined as follows: For a model, the set of indices of classification variables was noted by v. 

The collection of models used was composed of models for which the variables of 

classification were highlighted by the set v of indices of the form: v = v𝑡𝑒𝑐 ⋃{1,… , 𝑣}, where 

v𝑡𝑒𝑐 was chosen in the set of parts {𝑟𝑒𝑠, 𝑑𝑒𝑝, 𝑑𝑒𝑛} . Thus, with regards to technical variables, 

all possible models were considered. In addition, v was the cardinal of v. For a given couple 

(K, v), there existed several models with K components and v variables of classification in the 

family. The application of the slope method was illustrated in figure 6.2 and figure 6.3 which 

enabled to verify that the range of parameters (𝐾, 𝑣) ⟼ 𝐷(𝐾, 𝑣) was well adjusted on the 

range of (𝐾, 𝑣) ⟼ 𝛾𝑛(𝑠̂(𝐾,𝑣)) log-likelihood. The procedure led to the selection of a model 

with 4 components and 7 informative variables including one variable “Reserves” and 6 

wavelets variables. This confirmed that the variable “Reserves” was coherent with the global 

classification meanwhile the variables depth and gravity were not selected. Thus, the 

principle in which the form of the normalised profile was validated based on the quantity of 

oil it contained. This time, the following numbers for the classification were obtained: 
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Groups 

 

1               2               3                  4 

 

Numbers  

 

23               37            119               1 

 

The class 4 only contained one profile whose production was very quick. It was noted that the 

withdrawal of the unique curve of class 4 of the studied sample did not allow to diminish the 

number of selected classes. The incorporation of the variable “Reserves” into the procedure 

had the effect of reinforcing the grouping by classes of sizes as this was confirmed in Figure 

6.4. 

Discussion 

The study of biofuel profiles as well as the details of the simulations in the annex illustrated 

the good proprieties of this new method of classification and of selection of simultaneous 

variables, which reinforced the theoretical results obtained in the previous sections. It was 

noted that it would be possible to demonstrate similar results for other types of gaussian 

mixtures than the three forms used here. Therefore, there was a large choice of collections of 

models and it was easy to verify that the range of parameters could be well adjusted on the 

log-likelihood range in the big dimensions. The example of waveforms presented in the 

annex illustrated this. The application of the slope method necessitated to sufficiently 

estimate models for which the linear “regime” of 𝛾𝑛(𝑠̂𝐷) is achieved. When a big number of 

components or variables of classification is necessary to observe the linear behavior 𝛾𝑛(𝑠̂𝐷) it 

is advised to use a richer collection of models in order to apply the slope method easily.    

Furthermore, it was noted that the method used in this chapter could also be applied to the 

unsupervised classification without the selection of variables. The theoretical results obtained 

in the previous chapter suggested to consider the penalties proportional to the dimension, 

which in that case was uniquely a function of K. By considering the collection of models 

(𝑆(𝐾,𝑄))𝐾≥2
, the proposed criterion enabled to select the number of classes. With regards to 

the interpretation of the model selected by our method, it was important to remember that the 

optimisation of the penalised criterion did not really correspond to the simultaneous research 

of a classification of data and of the bloc of all its coherent variables. In fact, it was decided 

to privilege the minimisation of the risk of estimation as the objective. Thus, the optimisation 

of the penalised criterion did not always reach the selection of all the coherent variables with 



134 
 

the classification selected. For example, in a situation where Q was of the order of n, some 

variables were not selected in order to limit the error of estimation in the selected model even 

though they were coherent with the classification. In the case of a unordered collection of 

models, it was confirmed that there was no bloc of variables v of the same size than v̂ such 

that the likelihood of 𝑠(𝐾̂,𝑣)was greater than the likelihood of 𝑠̂(𝐾̂,𝑣̂). In this way, the bloc of 

variables 𝑣 was optimal. In the ordered case, it was not always the case and variables were 

not ranged in a random manner in order to facilitate the interpretation of the selection of 

variables. 

In terms of the curves classification, they constituted a privileged field of application of our 

method. In fact, the number of wavelets coefficients could be greater than n and in that case, 

the selection of variables took all its sense. Also, the fact that the wavelets variables were not 

able to explain the obtained classification moderated the problem of interpretation of the 

selection of variables that was presented in the previous section. Indeed, the main problem 

faced in the application of this new method of classification of curves was the ordering of the 

variables, which was compulsory because of the calculation times that were unrealistic in the 

case of unordered collections. The adequacy to a centered and reduced normal distribution 

was a possible criterion in order to order the variables: Therefore, the first variables were 

those whose empirical distributions moved away from the centered and reduced normal 

distribution.  

With regards to the study of biofuel profiles, the principle by which the normalised profiles 

had a form that depended on the quantities of biofuel contained in the platform was validated. 

Only the variable “Reserves” was selected among the technical variables, which meant that 

the variable “Reserves” explained better the obtained classification than other technical 

variables.   

6.9 Selection of a model of oil extraction  

In this section, the slope method was applied in order to select a partition on which the 

visibility function of platforms was estimated. The first sub-section detailed the procedure of 

estimation on a fixed partition and the second was dedicated to the application of the slope 

method. 
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Proposition  

The function q was strictly concave and admitted a unique maximum on its field of 

definition.  

The proof of this proposition is given in the next sections. The calculation of the partial 

derivatives of q indicated that there was no explicit solution to the problem of the 

maximisation of this function. Even though the domain  [0, +∞[𝑘 × ]0, +∞[  was not 

compact, the previous proposition enabled to rigorously define the estimator of the maximum 

likelihood 𝑔̂𝑚
∗  in the 𝑆𝑚 model. The concavity of the function q mostly guaranteed that it did 

not admit the local maximum. Therefore, the function h was regular on (A,b), which placed 

us on a favorable position to evaluate 𝑔̂𝑚
∗  by using a gradient based descent method. This 

method of probability was estimated by using an estimation by the Monte Carlo method. The 

performances of this procedure of estimation for a fixed partition were studied on the 

simulated samples in the annex section. 

6.8.6.2 Slope method applied to ricinus communis oil extraction 

In this section, the slope method was applied by using detection of the jumps of the 

dimension corresponding to the minimal penalty. In the situation of 𝐻1 and 𝐻2, it was 

suggested earlier to use a minimal penalty of the form: 

                                                𝑝𝑒𝑛𝑚𝑖𝑛(𝑚) = 𝜂
𝐷𝑚

𝑛
ln 𝑛                                                   (6.26) 

Adapted to this context of this work, the algorithm occurred in the following manner: 

1. For all 𝜂, to determine the model 𝑚̂(𝜂) that minimised the criterion: 

                                                𝑐𝑟𝑖𝑡(𝑚) = 𝛾𝑛 𝑔̂𝑚
∗ + 𝜂

𝐷𝑚

𝑛
ln 𝑛                                          (6.27) 

2. To determine the constant 𝜂𝑚𝑖𝑛 such that the selected models were of big dimensions when 

𝜂 < 𝜂𝑚𝑖𝑛 and of reasonable dimensions when 𝜂 > 𝜂𝑚𝑖𝑛. 

3. To choose the model 𝑚̂ minimising the criterion in (6.5) for the penalty 2 𝜂𝑚𝑖𝑛. 

In order for this method to take the jumps of the dimension corresponding to the minimal 

penalty, it was preferable that the family contained some models of big dimension. In 

practice, this procedure was illustrated by a graph on which the constant of penalty 𝜂 was 

marked on the x-axis and the dimension of the selected model 𝐷(𝜂) on the y-axis. The 

simulations presented in the annex indicated that the procedure enabled to select a model 

close to the oracle model.   
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Application to ricinus communis oil platforms 

The biofuel platforms that we will study here are presented in annex A. Here, the proposition 

was that data of platforms A, B and C corresponded exactly to data used to estimate the 

𝛼 index of the Pareto-Levy distributions. For each platform, the estimations of the Pareto 

index 𝛼 were modelled using the Lopez method of estimation. The visibility function was 

estimated for storages of sizes higher than 𝑥0 using the slope method and this, in order to 

select a convenient partition on which h was estimated. Table 6.5 below provides the 

estimated visibility functions of the three platforms: 

 

Table 6. 3: Estimations of the visibility function of storages for three platforms of 

biofuel production 

 

 

1. To start, it was shown that the function q was strictly concave. Because a strictly concave 

sum of function was also a strictly concave function itself, it was sufficient to show that for 

all 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥] and all 𝜏 ∈ [0, 𝑡 ∗], (𝐴, 𝑏) ⟼ ln{ℎ(𝐴, 𝑏)(𝑥)} − 𝜏ℎ(𝐴, 𝑏)(𝑥) − ln𝑃𝑑𝑒𝑐 (𝐴, 𝑏) 

was strictly concave.  

Now, let 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥] and 𝜏 ∈ [0, 𝑡 ∗]. The function h(A,b)(x) was linear on (A,b), and it 

was deduced that (𝐴, 𝑏) ⟼ ln{ℎ(𝐴, 𝑏)(𝑥)} − 𝜏ℎ(𝐴, 𝑏)(𝑥) was strictly concave. It was 

sufficient to verify that (𝐴, 𝑏) ⟼ − ln𝑃𝑑𝑒𝑐 (𝐴, 𝑏) was concave. In addition, let (A,b) and 

(A’,b’) be two couples in [0, +∞[𝑘 × ]0,+∞[ and let 𝜆 ∈ [0,1]. According to the convexity 

of the exponential function, then: 

exp{−ℎ(𝜆𝐴 + (1 − 𝜆)𝐴′, 𝜆𝑏 + (1 − 𝜆)𝑏′)(𝑥)𝑡∗} ≤ 𝜆 exp{−𝜆(𝐴, 𝑏)(𝑥)𝑡∗} + (1 − 𝜆) exp{−ℎ(𝐴′, 𝑏′)(𝑥)𝑡∗} 

Thus: 

 

Platforms 

 

 

Selected partitions 

 

Estimations of h 

A 

 

b 

A 

 

B 

 

C 

[12  17  40.5  72.5  4482] 

 

[20  63.5  110  4139] 

 

[20  350  1250] 

2.63 10−3 2.69 10−10 2.4 10−3 4.72 10−2 

 

1.15 10−11 0.0012  5.39 10−5 

 

4.35 104  1.16 10−5 

4.26 10−3 

 

1.99 10−2 

 

6.89 10−3 
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𝛼𝑥−𝛼−1

𝑥0
−𝛼 − 𝑥𝑚𝑎𝑥

−𝛼
[1 − exp{−ℎ(𝜆𝐴 + (1 − 𝜆)𝐴′, 𝜆𝑏 + (1 − 𝜆)𝑏′)(𝑥)𝑡∗}] ≥ 𝜆

𝛼𝑥−𝛼−1

𝑥0
−𝛼 − 𝑥𝑚𝑎𝑥

−𝛼
[1 − exp{−ℎ(𝐴, 𝑏)(𝑥)}]  

+(1 − 𝜆)
𝛼𝑥−𝛼−1

𝑥0
−𝛼 − 𝑥𝑚𝑎𝑥

−𝛼
[1 − exp{−ℎ(𝐴′, 𝑏′)(𝑥)}] 

By integrating this inequality on 𝑥 ∈ [𝑥0, 𝑥𝑚𝑎𝑥], we obtained: 

𝑃𝑑𝑒𝑐 (𝜆𝐴 + (1 − 𝜆)𝐴′, 𝜆𝑏 + (1 − 𝜆)𝑏′) ≥ 𝜆 𝑃𝑑𝑒𝑐 (𝐴, 𝑏) + (1 − 𝜆)𝑣 𝑃𝑑𝑒𝑐 (𝐴
′, 𝑏′) 

Finally, the convexity of the logarithmic function was used to show that − ln𝑃𝑑𝑒𝑐 was a 

concave function of (A, b), which terminated the proof of the strict concavity of q.  

2. In order to show that q accepted a maximum, it was demonstrated that q was majored at 0. 

The function q was decomposed in the form: 𝑞(𝐴, 𝑏) = ∑ 𝑞𝑗(𝑎𝑗 , 𝑏𝑗)
𝑞
𝑗=1 , Where 𝑏𝑗 was 

defined by 𝑏𝑗 = ∑ 𝑎𝑢(𝑥𝑢 − 𝑥𝑢−1) + 𝑏1
𝑗−1
𝑢=1  and 𝑞𝑗(𝑎𝑗 , 𝑏𝑗) = ∑ {ln ℎ(𝑋𝑖

∗) − ℎ(𝑋𝑖
∗)𝐷𝑖

∗ −𝑖|𝑋𝑖
∗∈𝐼𝑗

ln(𝑃𝑑𝑒𝑐 )}. Furthermore, for all ℎ ∈ 𝑆𝑚: 𝑃𝑑𝑒𝑐 (ℎ) =
𝛼

𝑥0
−𝛼−𝑥𝑚𝑎𝑥

−𝛼 ∫ [1 − exp{−ℎ(𝑥)𝑡∗}]𝑥−𝛼−1𝑑𝑥 
𝑥𝑚𝑎𝑥

𝑥0
=

𝛼

𝑥0
−𝛼−𝑥𝑚𝑎𝑥

−𝛼 ∑ ∫ [1 − exp{−ℎ(𝑥)𝑡∗}]𝑥−𝛼−1𝑑𝑥
𝑥𝑗
𝑥𝑗−1

𝑘
𝑗=1  

And by increase of the function h: 𝑃𝑑𝑒𝑐 (ℎ) ≥
𝛼

𝑥0
−𝛼−𝑥𝑚𝑎𝑥

−𝛼 ∑ [1 − exp{−ℎ(𝑥𝑗−1)𝑡
∗}]𝑘

𝑗=1 ∫ 𝑥−𝛼−1𝑑𝑥
𝑥𝑗
𝑥𝑗−1

≥

∑
𝑥𝑗−1
−𝛼 −𝑥𝑗

−𝛼

𝑥0
−𝛼−𝑥𝑚𝑎𝑥

−𝛼 [1− exp{−ℎ(𝑥𝑗−1)𝑡
∗}].𝑘

𝑗=1  In addition, by using the inequality 1 − exp𝑢 ≥

𝑢 exp(−𝑢), for 𝑢 ≥ 0, we have: 𝑃𝑑𝑒𝑐 ≥ ∑ 𝑐𝑗ℎ
𝑘
𝑗=1 (𝑥𝑗−1) exp{−ℎ(𝑥𝑗−1)𝑡

∗}, 

Where the 𝑐𝑗 are strictly positive constants and that do not depend on 𝑎𝑗 and 𝑏𝑗 . This enabled 

that for all j,  𝑞𝑗was increased in the following manner: 

𝑞𝑗(𝑎𝑗 , 𝑏𝑗) ≤ ∑ {ln
ℎ(𝑋𝑖

∗)

∑ 𝑐𝑟 ln(𝑥𝑟−1) exp{−ℎ(𝑥𝑟−1)𝑡
∗}𝑘

𝑟=1

− ℎ(𝑋𝑖
∗)𝐷𝑖

∗}

𝑖|𝑋𝑖
∗∈𝐼𝑗

  

≤ ∑ {ln
ℎ(𝑋𝑖

∗)

𝑐𝑗ℎ(𝑥𝑗−1) exp{−ℎ(𝑥𝑗−1)𝑡
∗}
− ℎ(𝑋𝑖

∗)𝐷𝑖
∗}

𝑖|𝑋𝑖
∗∈𝐼𝑗

≤ ∑ {ln
ℎ(𝑋𝑖

∗)

ℎ(𝑥𝑗−1)
+ ℎ(𝑥𝑗−1)𝑡

∗ − ℎ 𝑐𝑗 − ℎ(𝑋𝑖
∗)𝐷𝑖

∗}

𝑖|𝑋𝑖
∗∈𝐼𝑗

 

≤ ∑ {ln(1 +
𝑋𝑖
∗ − 𝑥𝑗−1

𝑥𝑗−1
) + ℎ(𝑥𝑗−1)𝑡

∗ − ln 𝑐𝑗} .

𝑖|𝑋𝑖
∗∈𝐼𝑗

 

The last inequality was obtained by using the fact that ℎ(𝑥) = 𝑎𝑗(𝑥 − 𝑥𝑗−1) + 𝑏𝑗 in the 

interval 𝐼𝑗 . In addition, h(x) approached 0 when (A, b) approached 0, which enabled to show 

that 𝑞𝑗 was majored at 0. Also, it was verified that for all j, the function 𝑞𝑗 approached −∞ 

when ‖(𝐴, 𝑏)‖ → +∞. In fact, for all I such that 𝑋𝑖
∗ ∈ 𝐼𝑗: 

ln[𝑎𝑗(𝑋𝑖
∗ − 𝑥𝑗−1) + 𝑏𝑗] − [𝑎𝑗(𝑋𝑖

∗ − 𝑥𝑗−1) + 𝑏𝑗]‖(𝐴, 𝑏)‖ → +∞−∞ 

ℎ → +∞[𝑥0, 𝑥𝑚𝑎𝑥]‖(𝐴, 𝑏)‖ → +∞ lim
‖(𝐴,𝑏)‖→+∞

𝑃𝑑𝑒𝑐 = 1. 
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Hence the limit 𝑞𝑗 announced earlier.  

The function q was continuous and majored at 0 and approached −∞ when ‖(𝐴, 𝑏)‖ 

approached +∞. Therefore, it was deduced that the function accepted a maximum at 

[0, +∞[𝑘 × ]0,+∞[. The unicity of the maximum came from the strict concavity of the q 

function.  

Conclusion of the chapter 

In this chapter, procedures enabling the exploitation in practice of the theoretical results 

obtained in the previous chapter were developed. In terms of biofuel profiles, it has been 

demonstrated that the normalised profiles can be deformed based on the ultimate reserves of 

the platform, using the original method of classification of curves. And this justified the 

introduction of a model for the individual production of storages in which the production 

directly depended on the quantity of ricinus communis oil contained on the platform. In terms 

of oil extraction, the estimation of the visibility which constituted the main challenge allowed 

the introduction of extensions of the extraction process.  
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Chapter 7: Modelling of the industrial biofuel production  
 

In order to model the complete biofuel production at an industrial level, and based on the 

extracted/stored ricinus communis oil, a basic model of biofuel production based on 

individual ricinus communis oil storages was proposed. The second section of the chapter 

focuses on the definition of the production model as well as on the study of the impact of 

various factors under the form of the production curves. The final section focuses on the 

biofuel industrial production. 

7.1 Modelling of the biofuel production based on individual Ricinus Communis 

oil storages 

In this section, a simple parametric model of biofuel production based on individual ricinus 

communis oil storages as time function and reserves variables was proposed. 

7.1.1 Presentation of the model 

By hypothesis, it was suggested that the ricinus communis oil storages that had big oil 

quantities were produced in a slower manner compared to those that had small quantities. 

Figure 7.1 illustrates this phenomenon. For a sample of production curves, the durations of 

production of biofuels, and the pic levels of production were presented in the two graphics 

based on the quantities contained in each storage, and according to the scales of logarithm.   

It was noted that 90% of the corresponding storages were always in a production state, and 

the durations of production considered were mainly estimations. However, the pic level of 

production based on a specific ricinus communis oil storage was quickly achieved, and very 

few pics of production necessitated to be estimated in this sample. It was easy to adjust a line 

on the cloud of points of the lower graphic, which suggested that the pic level was a power of 

the reserves variable. The adjustment was of less quality on the higher graphic but like it was 

explained earlier, data used in this case were estimated.  
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Figure 7.1(a): Logarithms of duration of production based on the quantities of ricinus 

communis oil stored, for a sample of 250 storages.  

 

Figure 7. 1(b): Logarithms of maximal productions based on the quantities of ricinus 

communis oil stored, for a sample of 250 storages 

The quantity of ricinus communis oil, noted x, as well as the time t were deterministic 

variables.  
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Let prod(x,t) be the random variable of production at time t of a quantity x of Ricinus 

Communis oil. The previous remarks lead us to suppose that: 

                                                   Ε (
1

𝑥
𝑝𝑟𝑜𝑑(𝑥, 𝑡)) =

1

𝑥𝛽
𝐾 (

𝑡

𝑥𝛽
)                                            (7.1) 

Where the function K was called basic profile. The coefficient β, called coefficient of inertia 

controlled the speed of biofuel production based on the ricinus communis oil quantities. 

Figure 7.2 allowed the validation of this model. On this model, the 𝑥𝑖
 β−1

𝑝𝑟𝑜𝑑(𝑥𝑖 , 𝑡𝑖𝑗)  

quantities based on the 
𝑡𝑖𝑗

𝑥𝑖
  points were considered. The quantity 𝑝𝑟𝑜𝑑(𝑥𝑖, 𝑡𝑖𝑗)   corresponded 

to the production of the ith ricinus communis oil storage at time 𝑡𝑖𝑗.  The coefficient of inertia 

β was randomly estimated by using the linear regression [212] performed on the cloud of 

points of the lower graphic of figure 7.1, which gave β=0.25. The form K of the basic profile 

clearly designed itself through the cloud f points (𝑥𝑖
 β−1

𝑝𝑟𝑜𝑑(𝑥𝑖, 𝑡𝑖𝑗),
𝑡𝑖𝑗

𝑥𝑖
  ). Figure 7.2 

suggested that noise acted in a multiplicative manner on the prod variable. Thus, the 

following model of production was reached: 

                                                    
1

𝑥
𝑝𝑟𝑜𝑑(𝑥, 𝑡) =

1

𝑥𝛽
𝐾 (

𝑡

𝑥𝛽
) 𝜀𝑥̃,𝑡                                          (7.2) 

Where 𝜀𝑥̃,𝑡 ≔ log(𝜀𝑥̃,𝑡) was a centered Gaussian variable of variance 𝜎2. 

Supposing that noise acted additively and not multiplicatively, this slightly modified the β 

estimation. However, the obtained residuals for the additive model presented a stronger 

heteroscedasticity than for the multiplicative case.    

7.1.2 Principle of estimation  

Per the logarithm in (7.2), the model is written as the following form: 

                                                        ln
𝑝𝑟𝑜𝑑(𝑥,𝑡)

𝑥
= −𝛽 ln 𝑥 + Η(

𝑡

𝑥𝛽
) + 𝜀𝑥,𝑡                         (7.3) 

With: H:=ln K. Productions of ricinus communis oil storage i (of quantity 𝑥𝑖) were known at 

times 𝑡𝑖1, … , 𝑡𝑖𝑗, … , 𝑡𝑖𝑞(𝑗), where q(j) corresponded to the number of years during which 

ricinus communis oil storage produced. And to each possible (i,j) couple, a new index 

u=u(i,j) was associated. For the available observations, equation (7.3) was written for 

available observations under the form: 

                                                     𝑧𝑢 = −𝛽 ln 𝑥𝑢 + 𝐻(𝜏𝑢
𝛽
) + 𝜀𝑢                                      (7.4)      

Where 𝑧𝑢 ≔ ln
𝑝𝑟𝑜𝑑(𝑥𝑖,𝑡𝑖𝑗)

𝑥𝑖
, 𝑥𝑢 ≔ 𝑥𝑖 ,   𝜏𝑢

𝛽
=

𝑡𝑖𝑗

𝑥𝑖
𝛽                
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Random variables 𝜀𝑢 were i.i.d of centered Gaussian law of variance 𝜎2. The indexing did 

not make a distinction between various ricinus communis oil storages. In fact, it allowed the 

repositioning in a more classical statistical estimation context.  

In addition, the spline interpolation method [209] was used to estimate H in the regression 

model of (7.3). A cubic spline function was a piecewise polynomial continuous function of 

degree of at least 3 defined on a nodes delimited interval partitioning, such that the partition 

would had its first and second continuous derivatives. An occurring problem in the use of 

cubic splines was their tendency to explode at the two boundaries of their interval of 

definition. The natural cubic spline functions allowed the resolution of this problem by 

imposing to the function to have a linear behavior beyond the two boundaries. For a set of k 

fixed nodes, the set of natural cubic spline functions defined on the nodes formed a vector 

space of dimension k.  

Thus, for the remaining of this work, the number of nodes k was supposed fixed and the 

nodes ξ were regularly spaced on [0, 𝜏𝑚𝑎𝑥], where 𝜏𝑚𝑎𝑥 was a maximal value for the 

observed  𝜏𝑢. Also, let 𝑚 = (𝑚𝑟)𝑟=1,…,𝑘 be a base of the space 𝑆𝑐𝑛(ξ)  for the natural spline 

functions built on the ξ nodes. A function 𝐻 ∈ 𝑆𝑐𝑛(ξ)  was therefore written under the form:  

𝐻 = ∑ 𝜃𝑟𝑚𝑟
𝑘
𝑟=1 , with 𝜃 ∈ ℝ𝑘. In order to avoid that the estimated function over-adjusts the 

observations, the following least squares criteria is minimised in 𝐻 ∈ 𝑆𝑐𝑛(ξ)  and in β: 

                           𝑐𝑟𝑖𝑡(𝐻, 𝛽, 𝜆) = ∑ {𝑍𝑢 + 𝛽 ln 𝑥𝑢 − 𝐻 (𝜏𝑢
(𝛽)
)}

2

+ 𝜆 ∫ {𝐻(𝜏)}2 𝑑𝜏
𝜏𝑚𝑎𝑥

0
𝑁
𝑢=1     (7.5) 

This transformation excluded null productions that were observed when the exploitation was 

finished. For a sample of ricinus communis oil storage used here, it was considered out of 

twenty storages, and the impact on the estimation of K was very weak. In order to avoid the 

exclusion of data, the model with the additive noise was used by keeping in mind that the 

modelling was less realistic. Then, the H functions that presented more pronounced 

oscillations were penalised by the second term; in general, the function chosen by this criteria 

was called smoothing splines [210]. In the following, a detailed procedure was adopted from 

[179] into this particular case by mixing the H and β estimations. Let’s define the matrix 

𝑀(𝛽)X 𝑀𝑢𝑟
(𝛽)

= 𝑚𝑟 (𝜏𝑢
(𝛽)
) 

Let’s pose: 𝑊𝑢 ≔ 𝑍𝑢 + 𝛽 ln 𝑥𝑢. The criteria in (7.5) was expressed under the following 

matrix form: 

                      crit(θ, β, λ) = (w(β) −M(β)θ)
t
(w(β) −M(β)θ) + λtθΩ(m)θ                         (7.6) 

where the matrix Ω(𝑚) was defined according to the base m by: 
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Ωrl
(m)

= ∫mr
′′(t)ml

′′(t)  dt 

For 𝜆 and 𝛽 parameters, the criteria in (7.6) was a minimum in: 

                                      θ̂(β, λ) = (M(β)M(β) + λΩ(m))
−1
M(β)w(β)                                  (7.7) 

Minimising (7.6) in β was performed in a numerical way by calculating the 𝑐𝑟𝑖𝑡 (𝜃(𝛽), 𝛽, 𝜆) 

on a fine grid of the β values; 𝛽̂(𝜆) the corresponding optimal β. Also, in order to adjust the λ 

parameter, it was preconized to perform a cross-validation in order to minimise the risk of 

prediction. The sample used here had a length of approximately 2000. And it was sufficient 

and simple to randomly separate the sample into two distant blocks of data: The first block 

𝐵1was used to calculate the 𝜃 and 𝛽̂ estimators for various values of λ. The risk 

corresponding to each choice of λ was estimated by using the second block of data 𝐵2. The 

optimal smoothing parameter that minimised the estimated risk was chosen: 

                 𝑅̂(λ) = ∑ [𝑍𝑢 + 𝛽̂𝑥𝑢 − 𝐻̂ (𝜏𝑢
(𝛽̂)

)]
2

𝑢∈𝐵2 , where: 𝐻̂ = ∑ 𝜃(𝛽̂, λ )𝑚𝑟
𝑘
𝑟=1              (7.8) 

7.1.3 Results 

It was assumed that the number of nodes was fixed at k=50. It was not useful and was more 

expensive to rely on a fine mesh for the time calculation. Therefore, the smooth splines 

function of the R software was used to estimate the fixed H to β. This R procedure presented 

the advantage of giving the user the possibility to address the number of nodes on which the 

natural cubic splines relied on. The proposed linear regression of Figure 7.1 allowed to 

precise a reasonable interval in which research 𝛽̂ was to be researched in order to minimise 

the criteria that was performed for β between 0.1 and 0.4.  

As indicated in Figure 7.2, 𝛽̂ = 0.27 , and the spline function 𝐻̂, corresponding to 𝛽̂ was 

plotted on the top right of the graph. Residuals corresponding to the selected (𝛽̂, 𝜃) couple 

were also plotted. When the temporal zone corresponding to the beginning of the production 

was excluded, the observation of residuals indicated that this simplistic model explained well 

the data observed. According to the model, here the noise was multiplicative and when the 

production was low, the variance was theoretically low as well.  
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Figure 7. 2: 𝒙𝒊
(𝛃−𝟏)  

prod(𝒙𝒊,𝒕𝒊𝒋)  quantities based on 
𝒕𝒊𝒋

𝒙𝒊
 points for the set of available 

ricinus communis oil storages. The prod(𝒙𝒊,𝒕𝒊𝒋)  quantity corresponds to the production 

of a storage of quantity 𝒙𝒊 at time 𝒕𝒊𝒋. 

The observed quantities here were cumulated per year of production. And the exploitation of 

ricinus communis oil storage took place at the beginning or at the end of the first year of 

production. This explained the important variance of the residuals at 0.  

Also, the basic profile was naturally estimated by 𝐾̂ = exp(𝐻̂). This function was 

represented by Figure 7.4. It was interesting to note that beyond the pic, the decrease of this 

function was attenuated by a slight rebound at the beginning of the production. This can be 

explained by the techniques of secondary and tertiary recuperations put in place in one part of 

the storage of the sample which allowed to access new reserves in the storage. It was 

satisfying that the estimation of the basic profile K integrated this phenomenon by this 

rebound of production. In addition, according to the model defined in (7.1), the basic function 

was an integral function of 1. Meanwhile, it was known that the procedure detailed above did 

not impose this constraint which would complicate the estimation of H. To address this 

challenge, it was necessary to restraint the support of the function 𝐾̂ such that it verified the 

constraint. Finally, the couple (𝐾̂, 𝛽̂ ) that was used in the following sections for the 

production modelling of the set of ricinus communis oil storages.  
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7.2 Profile of production of ricinus communis oil total storage (platform) 

In this section, the model of production of oil total storage to be used was completely defined.  

Let (𝑋1, … , 𝑋𝑁𝐵
) be the sample of the quantities of ricinus communis oil storages; and let 

(𝐷1, … , 𝐷𝑁𝐵
) be the sample of the dates of the corresponding extraction, where 𝑁𝐵 designated 

the total number of storages contained in the platform. For 𝑢 ≥ 1,  (𝐿𝑢)𝑢≥1 was the suite of 

dates of production. Also, let 𝑌𝑢 be the reserves of the storages of the platform where the 

production was activated at the date 𝐿𝑢. The whole number u(i) designated the rank of the 

activation of production of the platform i; and if it had never been produced, then by 

convention 𝑢(𝑖) = +∞  with 𝐿∞ = +∞.  If 𝑢(𝑖) < ∞, then 𝑌𝑢(𝑖) = 𝑋𝑖(𝑢). The stock of 

storages available at date t had the following mathematical expression: 

                                              Stockt = {i ∈ {1,… , NB}|Di ≤ t < Lu(i)}                              (7.9) 

In general, we call politics of production, a function of 𝐿𝑢 and of 𝑆𝑡𝑜𝑐𝑘𝑡 (and eventually 

other external parameters) that determine the storages to be selected within the 𝑆𝑡𝑜𝑐𝑘𝐿𝑢at 

date 𝐿𝑢 [211]. The following synthesis enumerated the set of hypotheses based on which the 

model of the production of the platform relied on.  

1. Reserves X of a ricinus communis oil storage of the platform followed a Pareto-Levy law 

𝑃𝑎𝑟(𝛼, 1, 𝑥𝑚𝑎𝑥).  

2. The storages were selected according to the following model: 

The dates of selection of storages of quantity higher than a certain level 𝑥0 are of the 

conditional law (𝐷|𝑋)~𝜀(ℎ(𝑋)) where h was the function of visibility of the storages. 

Storages of quantity lower than 𝑥0 were selected according to a process of Poisson 

homogeneous in time. 

3. The storages of the selected stock are developed according to a politics of production.  

4. A storage that was exploited produced its reserve according to the model: 

                                                           prod(x, t) = x1−βK(
t

xβ
)                                          (7.10) 

Where the basic profile K and the inertia coefficient β were estimated in the previous section. 

Under this set of hypotheses, the production of the total platform had the following 

mathematical expression [211]: 

                                                      Prod(t) = ∑ Yu
1−β

K(
t−Lu

Yu
β )

∞
u=1                                      (7.11) 
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Also, it was assumed that X followed a non-restraint Pareto-Levy law 𝑃𝑎𝑟(𝛼). In order to 

ensure that the production Prod(t) was integrable on all t, additional hypotheses on the law of 

(X,D) and on β were needed. The following simulations aimed at determining the mean 

production curves. In order to avoid any discussion about the integrability of Prod(t), it was 

assumed that X was increased. For the extensions of the proposed production curves in the 

next section, this hypothesis was natural because for a mature platform, the quantity of the 

biggest storage was known. In the objective to determine the mean production curves, it was 

not necessary to incorporate the multiplicative noise in the model of individual production of 

the storages that were used here. Thereby, the impact of the politics of production of the 

storages and production curves of ricinus communis oil storages was studied in the following 

sections.     

7.2.1 Impact of the politics of production  

In order to study the influence of the stock management on the form of the production curves 

of the whole platform, many scenarios of management were considered in the protocols of 

simulation that follow. For each of the protocols, 100 simulations were performed in order to 

evaluate a mean production profile of the platform. In addition, at each date 𝐿𝑢, a storage was 

chosen in the population of 𝑆𝑡𝑜𝑐𝑘𝐿𝑢  according to a certain criterion. In fact, it was difficult to 

faithfully model the politics of section of a storage within the same stock. Therefore, 

decisions related to the production were influenced by many economical parameters 

meanwhile, in the model, only the quantities of ricinus communis oil reserves as well as their 

date of extraction were known. However, for evident economic reasons, it was evident that 

there was a great preference to produce storages of the stock that possessed the greater 

quantities of reserves.  

Protocol 1: The suite of dates 𝐿𝑢 was modelled by a Poisson process of intensity λ, constant 

over time. Table 7.5 (a) details the characteristics of the simulated process that were common 

for all simulations performed. Indeed, at each date 𝐿𝑢, a storage was selected in the stock 

according to the following modes of draws: 

 Unbiased draw; 

 Biased draw according to a power γ of the quantity (here, γ=1 and γ=3). 

Selection of the storage with the biggest quantity of ricinus communis oil. 

Mean production curves corresponding to each of the situations were represented in Figure 

7.3 (c). First, it was observed that the more the draw within the stock advantaged storages 
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with big quantities, the more the pic appeared earlier and with a great amplitude. However, if 

the bias was low, the production was globally better distributed the first years. Also, it was 

observed that for powers γ ≥ 1, the platform profiles were identical.   

Protocol 2: To start, many scenarios of intensity constant over time that were considered, for 

the same distributions of reserves and exploitation (See table 7.6 (a)). Thereby, Table 7.6 and 

figure 7.4 (c), presented the results obtained in each scenario. It was observed that for these 

simulations, the visibility and the intensity 𝜇0 were sufficiently elevated so that the stock will 

never be exhausted during the exploitation of the platform. The increase of the intensity had 

an important effect on the curve as long as the levels of intensity remained low. For high 

levels of intensity, the impact of the intensity on the production curves was much less 

important and the cumulated productions in table 7.1 confirmed this observation. The 

distribution of reserves was at the origin of this phenomenon. In fact, for 𝛼 = 0.75,  about 

70% of reserves were contained in the set of storages of quantities higher than 100 Mb. These 

storages were only a few dozen and the assumption was that most of them had been extracted 

the first 30 years. The fact that the intensity of the production of storages was increased, it 

could only slowly increase the reserves available for the production. Also, Figure 7.4(c) 

indicated that the increase of λ had the effect of producing most reserves earlier, which 

naturally accentuated the decline of biofuel production beyond the pic.    

 

(a) Parameters of the protocol 

NB = 2500 

𝛼 = 0.75 

ℎ: {
𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛: [20, 70, 110, 5000]

𝐴 = [10−3, 210−3, 710−5]

𝑏 = 10−3
 

𝜇0 = 6 

Intensity of the production: 𝜆 = 6 
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Figure 7.3(a): Impact of the politics of selection (Protocol 1): Associated visibility 

function. 

 

 

Figure 7.3(b): Mean production curves for various draws within the stock 
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NB = 2500 

𝛼 = 0.75 

ℎ: {
𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛: [20, 70, 110, 5000]

𝐴 = [10−3, 10−3, 10−4]

𝑏 = 2 10−4
 

𝜇0 = 6 

Draw in the stock: 𝛾 = 2 

 

(a) Parameters of the protocol 

 

Figure 7.3(c): Associated visibility function derived from stock: 𝜸 = 𝟐 

 

Figure 7.4(a): Impact of the production intensity (Protocol 2): Mean production curves 

for various hypotheses of production intensity. 
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Table 7. 1: Description of productions of the platform for scenarios of various intensity. 

The period of production considered was [0, 70]. 

 

Protocol 3: In this protocol, the number of storages increased over time in order to study the 

way the decay can be attenuated beyond the pic of production. This scenario was modelled by 

an inhomogeneous intensity (𝑡) = 𝜆̃ +
𝑡

2
 .  Here, 𝜆̃ = 6. And table 7.7 (a) gave the values of 

the other parameters for this example. Under these hypotheses, the number of storages 

selected each year for production increased up to 40 storages per year at the end of 70 years. 

In total, more than a thousand of supplementary storages were activated for production with 

regards to the situation where the intensity remained at 𝜆̃ = 6.  Graph 7.7 (c) allowed the 

comparison of two mean production curves corresponding to two situations λ and 𝜆̃.  In 

reality, this important effort of production managed to increase the cumulated production by 

approximately 7%, and the speeds of decay were comparable to the levels of production 

slightly higher in the case of the intensity λ. Therefore, it was not sufficient to increase the 

effort of production of storages in order to compensate the decay of the production beyond 

the pic.  

Protocol 4: In this experiment, four types of simulations were performed in order to measure 

the effect of the increase of visibility of storages combined with an increase of effort of 

production. The detail of the protocol of simulation is presented in Figure 7.8. The effect on 

the curve of production was more important than in the situation of protocol 2 where the 

effort of production was identical for all the intensities. But the increase of biofuel activity 

(production) had the effect of advancing the pic date and accentuating the speed of the decay 

beyond it, without the production of many more storages. Scenario 4 mobilised four times the 

quantity of storages than scenario 1 but produced only 20% more than the first scenario.  

 

𝜆 

 

Mean quantity of storages produced 

Mean cumulated production 
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7.2.2 Impact of the law of reserves 

In order to illustrate the influence of the distribution of reserves under the form of the profile 

of the platform, the following simulation schema was introduced: 

Protocol 5: The parameters of the protocol were given in table 7.9 (a), the parameter 𝛼 of the 

Pareto-Levy varied between 0.3 and 0.9 in order to describe the situations of concentrations 

of the habitat very differently. Figure 7.9 (c) presents the mean production curves obtained.   

 

NB = 2500 

𝛼 = 0.75 

ℎ: {
𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛: [20, 70, 110, 5000]

𝐴 = [5.10−4, 5. 10−4, 5. 10−5]

𝑏 = 10−4
 

𝜇0 = 20 

Draw in the stock: 𝛾 = 2 

 

 

(a) Parameters of the protocol 

 

 

Figure 7.4(b): Associated visibility function 
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Figure 7.4(c): Mean production curves of the platform for the two hypotheses of 

intensity  
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𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛: [20, 70, 110, 5000]

𝐴 = [5.10−4, 5. 10−4, 5. 10−5]

𝑏 = 10−4
 

Draw in the stock: 𝛾 = 2 
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 Figure 7. 5(a): Impact of the intensity of production (Protocol 3): Associated visibility 

function 

 

Figure 7.5(b): Mean production curves of the platform for production scenarios of 

various intensities 
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Firstly, it was observed that the amplitude of the production curve increased with the 

concentration of the habitat, meaning when 𝛼 decreased. This was natural because the 

Esperance of the random variable of the Pareto Levy distribution of parameter 𝛼 restrained to 

[1, 𝑥𝑚𝑎𝑥] was a decreasing function of 𝛼. However, once those curves were normalised by 

the value of their maximum, they globally had the same allure, as this was shown in Figure 

7.10. Finally, it was observed that the pic of the production appeared later for a concentrated 

habitat. This phenomenon was natural because there were many ricinus communis oil 

storages with big quantities when 𝛼 was low, and the production of these oil storages with big 

quantities was extended more and more over time only when there were some of them, and 

this had the effect of delaying the passage of the pic. 

7.3 Extension of the production of a platform 

In this section, we propose scenarios for the production of biofuels in the platforms of current 

production. In order to be able to introduce this extension, we must first estimate the intensity 

of the process of extractions of small quantities ricinus communis oil storages, as well as the 

number of storages with quantities higher than 𝑥0 remaining in the platform.  

7.3.1 Estimation of the intensity of the process of extraction of small quantities storages 

Let 𝑄𝑝 be the number of storages with quantities in [1, 𝑥0] and extracted during the year p. 

We note 𝑡∗ the current year, then (𝑄1, … , 𝑄𝑡∗) forms a sample of random variables of Poisson 

distribution of parameter of intensity 𝜇0 of the process of extraction. The estimation of the 

maximum likelihood of 𝜇0 has the following expression: 

                                                        μ̂0 =
1

t∗
∑ Qp
t∗
p=1                                                   (7.12) 

Table 7.2 presented the estimations obtained for the zones of production. Let’s recall that a 

description of these platforms is available in Annexure A.  

Table 7. 2: Estimations of the intensities of the process of Poisson in the class of small 

quantities of extraction for the simulated platforms 

Ricinus Communis oil platforms 𝑰𝟎 𝑡∗ 𝒏𝟎(𝑡
∗) 𝜇̂0 

Platform A 

Platform B 

Platform C 

[1, 12] 

[1, 20] 

[1, 20] 

    42 

31 

39 

104 

226 

103 

2.36 

6.85 

2.5 
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7.3.2 Number of storages with quantities higher than 𝒙𝟎 

Let (𝑋1, … , 𝑋𝑁) be a sample of random variables of Pareto Levy distribution restrained to 

[𝑥0, 𝑥𝑚𝑎𝑥]. ∀ 𝑖 ∈ {1, … ,𝑁}, or 𝐷𝑖 the random variable (𝐷𝑖|𝑋𝑖) ~𝜀(ℎ(𝑋𝑖)) with ℎ ∈ ℋ𝑚of the 

conditional law, where 𝑚 ∈ (𝐼1, … , 𝐼𝑘) is a partition of intervals of [𝑥0, 𝑥𝑚𝑎𝑥]. As previously, 

𝑋𝑖 and 𝐷𝑖 represent the quantity and the date of extraction of the storage i respectively. Let n 

be the number of storages of the sample extracted before the date 𝑡∗. Then: 

                                                    𝑛 = ∑ 1𝐷𝑖<𝑡∗
𝑁
𝑖=1                                                               (7.13) 

Let 𝑁𝑗 be the total number of storages of class 𝐼𝑗 buried in the platform, and 𝑛𝑗  designates the 

number of storages of this category extracted before 𝑡∗. Similarly, we can write: 

                                                   𝑛𝑗 = ∑ 1𝐷𝑖<𝑡∗
𝑁
𝑖|𝑋𝑖∈𝐼𝑗

                                                          (7.14) 

From (7.14), we deduce the following relation: 𝔼(𝑛𝑗) = 𝑁𝑗ℙ(𝐷 < 𝑡∗|𝑋 ∈ 𝐼𝑗 

In the right term, the probability corresponds to the probability of inclusion 𝜔𝑗 of a storage of 

category 𝐼𝑗 .  For [𝑥𝑗−1, 𝑥𝑗], the probability has the following expression: 

                                           𝜔𝑗 = 1 − ∫ exp{−ℎ(𝑥)𝑡∗}
𝛼𝑥−𝛼−1

𝑥𝑗
−𝛼−1−𝑥𝑗+1

−𝛼−1

𝑥𝑗
𝑥𝑗−1

𝑑𝑥                        (7.15) 

This probability of inclusion can be estimated by replacing the function of visibility h by the 

estimator ℎ̂ that is associated to the penalised estimator 𝑔̂𝑚̂
∗  in (7.15). Let’s note 𝜔̂𝑗 the 

estimator of 𝜔𝑗 thus obtained. Let 𝐼𝑗 be an interval of partition 𝑚̂, the number of storages 𝑁𝑗 

of this category in the platform can be estimated by the quantity:   

                                                                  N̂j =
nI

ω̂I
                                                              (7.16) 

The total number of storages with a quantity higher than 𝑥0 is finally estimated by  

                                                                   N̂ = ∑ N̂j
k
j=1                                                      (7.17) 
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NB = 2500 

ℎ: {
𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛: [20, 70, 110, 5000]

𝐴 = [5.10−4, 5. 10−4, 5. 10−5]

𝑏 = 10−4
 

𝜇0 = 8  

Draw in the stock: 𝛾 = 2 

Intensity of production: 𝜆 = 8 

 

(a) Parameters of the protocol 

 

 

Figure 7.6: Associated visibility function 
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Figure 7.7: Impact of the politics of reserves law (Protocol 5): Mean production curves 

for various coefficients 𝜶 for the Pareto-Levy law 

 

 

Figure 7. 8: Mean production curves of figure 7.9c normalised by the maximum value of 

production. 
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It was possible to suggest another estimator of the number. In the context of the extraction 

under unequal probabilities of inclusion, the Horvitz-Thompson estimator [181] is more often 

used. This estimator is mostly used for the estimation of petroleum reserves. Hence the 

reason to apply it to biofuel production from the extracted Ricinus Communis oil. And its 

expression is as follows: 

                                                           N̂j
HS = ∑

1

ω̂(Xi)
i|Xi

∗∈ Ij
                                                 (7.18) 

Where 𝜔̂(𝑥) = 1 − exp{−ℎ̂(𝑥)𝑡∗} is the probability of inclusion of the storage of quantity x. 

As previously, we define the estimator of the total number of storages N by: 

                                                             N̂HS = ∑ N̂j
HSk

j=1                                                     (7.19) 

Application 

Tables 7.3, 7.4 and 7.5 present the estimations obtained for the number of the three platforms 

proposed in this work.  

Table 7.3: Estimations of the number of remaining storages to be extracted by class of 

the quantity for platform A. 

 

j 

 

 

𝑰𝒋 

 

𝝎̂𝒋 

 

𝒏𝒋 

 

𝑵̂𝒋 − 𝒏𝒋 

 

1 

 

2 

 

3 

 

 

[20, 63.5] 

 

[63.5, 110] 

 

[110, 4139] 

 

.49 

 

.73 

 

.95 

 

111 

 

37 

 

74 

 

115 

 

13 

 

4 
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Table 7.4: Estimations of the number of remaining storages to be extracted by class of 

the quantity for platform B. 

 

j 

 

𝑰𝒋 

 

𝝎̂𝒋 

 

𝒏𝒋 

 

𝑵̂𝒋 − 𝒏𝒋 

 

1 

2 

3 

4 

 

[12.1, 17] 

[17, 40.5] 

[40.5, 72.5] 

[72.5, 4482] 

 

.35 

.53 

.81 

.98 

 

23 

43 

22 

44 

 

43 

38 

5 

1 

 

Table 7.5: Estimations of the number of remaining storages to be extracted by class of 

the quantity for platform C. 

 

7.3.3 Extensions of production 

In the class of small quantities of storages, the future extractions were modelled by naturally 

extending the process of Poisson whose intensity was estimated. The following proposition 

allows to model the suite of extractions for the class of storages of quantity higher than 𝑥0.  

Proposition  

Let X be a random variable of Pareto Levy distribution restrained to [𝑥0, 𝑥𝑚𝑎𝑥] and let D be a 

random variable of conditional law (𝐷|𝑋)~𝜀(ℎ(𝑋)) with ℎ ∈ 𝐻𝑚 where m was a partition of 

[𝑥0, 𝑥𝑚𝑎𝑥]. For an interval 𝐼 = [𝑥𝑗−1, 𝑥𝑗] of the partition m, let (𝑋̃, 𝐷̃) be a random vector of 

the same law than (𝑋, 𝐷|𝐷 > 𝑡∗, 𝑋 ∈ 𝐼). We note 𝑃𝑑𝑒𝑐(𝐼):= ℙ(𝐷 ≤ 𝑡∗|𝑋 ∈ 𝐼). The density of 

the joint law (𝑋̃, 𝐷̃) was the function defined in 𝐼 × ℝ+ by the expression: 

                                    (x, t) ⟼
1

1−Pdec(I)

αx−α−1

xj−1
−α −xj

−α h(x) exp{−h(x)u}1x∈I,t>t∗                   (7.19) 

In particular, the marginal density of 𝑋̃ was: 

j 𝑰𝒋 𝝎̂𝒋 𝒏𝒋 𝑵̂𝒋 − 𝒏𝒋 

1 

 

2 

 

[20.5, 350] 

 

[350, 1250] 

 

.52 

 

.99 

 

89 

 

43 

 

81 

 

0 
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                                                         x ⟼
exp {−h(x)t∗}

1−Pdec(I)

αx−α−1

xj−1
−α −xj

−α 1x∈I                                  (7.20) 

And the conditional law of 𝐷̃ knowing that 𝑋̃ was of exponential distribution of ℎ(𝑋̃) 

parameter left-truncated on 𝑡∗.  

Demonstration 

Let z be a measurable and bounded function defined in 𝐼 × ℝ+ and with values in ℝ. Then: 

𝔼(𝑧(𝑋̃, 𝐷̃)) =
1

ℙ(𝐷 > 𝑡∗|𝑋 ∈ 𝐼)
∫ ∫

𝛼𝑥−𝛼−1

𝑥𝑗−1
−𝛼 − 𝑥𝑗

−𝛼 ℎ(𝑥) 𝑒𝑥𝑝{−ℎ(𝑥)𝑡}𝑧(𝑥, 𝑡)𝑑𝑥 𝑑𝑡

𝑥∈𝐼𝑡>𝑡∗

 

=
𝟏

1 − 𝑃𝑑𝑒𝑐(𝐼)
∫ ∫

𝛼𝑥−𝛼−1

𝑥𝑗−1
−𝛼 − 𝑥𝑗

−𝛼 ℎ(𝑥) exp{−ℎ(𝑥)(𝑢 + 𝑡∗)} 𝑧(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡

𝒖≥𝟎𝒙∈𝑰

 

The marginal law 𝑋̃ was obtained directly by integrating the joint density with u, and the 

conditional law of 𝐷̃ was read on the expression of the joint law. 

The law of remaining reserves or storages to be extracted was therefore not of Pareto Levy 

type. For fixed class I, the exponential term in most mathematical expressions of this section 

indicated that the density of the 𝑋̃ law takes more important values on the small quantities of 

storages of I. This is natural because inside the class I, the visibility of a storage increases 

with the quantity of its oil, and storages of this class that have big quantities have been easily 

extracted compared to others. 

 

Figure 7. 9: Extension of the process of extraction in platform B. Ricinus Communis oil 

reserves are represented in a logarithmic scale in order to better visualize small 

quantities extracted. 
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Let 𝑆𝑗(𝑡) = ∑ 𝑋𝑖1𝑡∗<𝐷𝑖≤𝑡𝑖|𝑋𝑖∈𝐼𝑗
 be the random variable of the total reserves extracted and 

cumulated during the period between [𝑡∗, 𝑡], for storages of category 𝐼𝑗 . According to the 

previous proposition: 𝔼(𝑆𝑗(𝑡)|𝑁𝑗 − 𝑛𝑗) = (𝑛𝑗 − 𝑁𝑗) 
1

1−𝑃𝑑𝑒𝑐(𝐼𝑗)
∫ ∫

𝛼𝑥−𝛼

𝑥𝑗−1
−𝛼 −𝑥𝑗

−𝛼 ℎ(𝑥) 𝑒𝑥𝑝{−ℎ(𝑥)𝑡}𝑡≥𝑡∗𝑥∈𝐼𝑗
 𝑑𝑥 𝑑𝑡 

In order to study the evolution of the quantities of oil extracted over time, the mean rate of 

extraction (in Mb per year) was defined by the following function τ, for all 𝑡 > 𝑡∗:  

𝜏(𝑡) ≔
1 − 𝑥0

−𝛼+1

1 − 𝑥0
−𝛼

𝛼

1 − 𝛼
𝜇0 +∑

𝑑

𝑑𝑡
𝔼[𝑆𝑗(𝑡)]

𝑘

𝑗=1

= 𝜇0 +∑(𝑛𝑗 − 𝑁𝑗)

𝑘

𝑗=1

1

1 − 𝑃𝑑𝑒𝑐(𝐼𝑗)
 

∫
𝛼𝑥−𝛼

𝑥𝑗−1
−𝛼 − 𝑥𝑗

−𝛼 𝑒𝑥𝑝{−ℎ(𝑥)𝑡} 𝑑𝑥

𝑥∈𝐼𝑗

 

This quantity allowed the measurement of the decline of quantities of reserves extracted over 

time.  

Applications 

Figure 7.11 presents a simulation of the extension of platform B. Storages extracted in class 

[𝑥0, 𝑥𝑚𝑎𝑥] were simulated by using the estimation of the visibility function ℎ̂ on the partition 

𝑚̂ selected by the slope method and proposition 7.3.1. 

Also, storages extracted in the category [1, 𝑥0] were obtained by extending the process of 

Poisson marked with small quantities extracted. And, during the extended period, very small 

quantities of oil (From 1Mb to 3Mb) were extracted in big numbers than during the known 

period of production of the platform. In reality, this situation was not inconvenient because 

the quantities of reserves considered were negligible. Also, it was probable that in the future, 

those very small quantities of oil will be needed by biofuel producers. In the next section, we 

use such extensions of the production process in order to propose the production extensions 

of the platform. 

In addition, figure 7.12 represents the mean rate of extraction τ that corresponded to the area 

of platform B. And, figure 7.13 represents trust boundaries for the random variable 𝑆𝑥(𝑡) 

from a bigger number of simulations of extensions. Beyond the vertical line corresponding to 

the present, the function 𝑡 ⟼ 𝔼(𝑆𝑥(𝑡)) was governed by 5% and 95% of the 𝑆𝑥(𝑡) quintile 

obtained for 1000 simulations. Figures 7.14 and 7.15 represent the mean rate of extraction 

and the cumulated extractions for both platform A and platform C respectively. On these 

figures, it was evident that the production from platform A brought significantly less 
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extraction than in platform B or in platform C. Therefore, it was necessary to highlight that 

the model was designed to describe the production cycle corresponding to a certain type of 

biofuel. The model did not pretend to consider important extractions of better quality ricinus 

communis oil. However, the obtained extensions tended to respect the dynamic of the 

production process for the three platforms. Particularly, scenarios related to the mean of 

extraction rates extended the history of quantities of oil extracted in the past.      

7.3.4 Extensions of production profiles 

In order to suggest a scenario of the production extension of a platform, there was a need to 

use an extension of the production of the platform and define the politics of stock 

management. Each new storage extracted was activated according to the politics of stock 

management and produced according to the model presented in section 7.1. It was difficult to 

infer which politics of production had to govern the production of the platform, because the 

draw performed on the population of storages evolved over time. However, in the previous 

section, it was observed that for draws biased by a power of a quantity sufficiently important, 

the production profiles of the platform had globally the same production curve. Then, a draw 

biased was used by the quantity (γ = 1) as politics of stock management.    

 

Figure 7. 10: Annual Ricinus Communis oil quantities extracted and stored in platform 

B. The curve with the continuous line corresponding to the oil extracted in the past is 

extended by the estimated mean extraction rate function τ. 
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Figure 7. 11: Cumulated Ricinus Communis oil extracted from platform B. Beyond the 

present time, the extended curve corresponds to the mean of 𝑺𝒙
𝒕 , governed by 5% and 

95% quintiles for 1000 simulations of 𝑺𝒙
𝒕 . 

 

Figure 7.12(a): Annual quantities extracted from platform A. 
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Figure 7.12(b): Cumulated ricinus communis oil extracted from platform A. 

 

Figure 7.13(a): Annual quantities of ricinus communis oil extracted from platform C. 
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Figure 7. 13(b): Cumulated ricinus communis oil extracted from platform C. 
 

In reality, a storage could not produce right after the oil extraction. Therefore, for 

simulations, a comprehensive delay of three years between the date of completion of the 

extraction and the date of production was imposed. The past production of platform A was 

not isolated because it was assumed that existing ricinus communis oil storages were grouped 

by oil producers. And this did not allow the isolation of the production restrained to platform 

A. Figure 7.16 presents the evolution of the stock in platform B. A first scenario that 

corresponds to the rhythm of production of the last years was proposed, meaning by 

considering an intensity λ = 8.  

In addition, the second scenario was based on an increasing intensity 𝜆̃(𝑡) = 0.7𝑡 + 8. The 

corresponding extensions were traced in figure 7.12. And the evolution of the stock of 

storages for platform C was presented in figure 7.13(a). The same scenarios of production 

than those  in platform B were considered in order to extend the production in figure 7.13(b). 
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Figure 7. 14:  Evolution of the stock of storages available in any of the three platforms 

Comments 

The industrial production of biodiesel required basic technical equipment, including a reactor, 

centrifuges, pumps, distillation columns, funnels and storage containers. It was at the level of 

the basic technical equipment that the reaction of transesterification happened. The amount of 

each reagent before its introduction into the reactor was determined. And the chemical 

composition of the reactional mixture changed with time. The key parameters that determined 

the reaction of conversion were: temperature, pressure, reaction time and the degree of 

mixture. In general, the increase of temperature increased the speed of reaction, and 

accelerated the reaction of conversion. After that, the reactor was closed after defining the 

conditions of reaction. The separation of biodiesel and glycerin was obtained by using a tray 

settling. In case the tray settling was expensive, a centrifuge was used. 
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Figure 7. 15: Principle of biofuel production [3] 

  7.5 Industrial biofuel production 

The simplest method to produce alcohol esters was the mixture of alcohol, oil and catalyst in 

a reactor that had a container of agitation. The reactor had a condenser and the temperature 

was approximately at 340 °𝐾. Sodium hydroxide was the most used catalyst for the 

transesterification of triglycerides. Oil was first added to the system, then the catalyst and 

finally, the methanol. Then the system was agitated during the reaction time which was 

approximately equal to 4 hours. Then the agitation was stopped. During some of the 

processes, the reactional mixture was left in the reactor in order to obtain a separation of 

esters and glycerol. And in some of the other processes, the reactional mixture was pumped 

in the funnel or separated using a centrifuge. Alcohol was separated from glycerol and esters 

using an evaporation. Next, esters were neutralised, then washed using vapor. Then, fine 

quantities of residual methanol were eliminated: it was the drying phase. After all those 
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phases, biofuel was stored. After that, glycerol was also neutralised and washed with the 

water, then sent to the refinery. Free fatty acids contained in vegetable oils reacted with the 

catalyst. This was already described earlier in this work. The acceptable fatty acid rate in 

those systems was < 2% but preferably < 1%. The process is shown as a reactor in two 

phases: The first phase consisted of recovering the glycerin. A rectification column led to the 

separation of the excess of methanol and glycerin. In the second phase, a washing column 

allowed to extract the methyl ester by purifying it from glycerin and the residual methanol.  

                                              

                                                                             

                        KOH OR 

                                                                                                             Na OH 

                                                                                                          

 

 

                  WASTE 

                WATER
                              

                   Soap works                                

                   

Figure 7. 16: Principle of separation of esters and ricinus communis oil glycerol [11] 

Partial Conclusion 

Despite many challenges faced during the transesterification reaction, a small quantity of 

biofuel was produced in laboratory. It was important to know all the characteristics of this 

biofuel. This will be the main focus of the next chapter.  

7.6 Characterisation of biofuel from ricinus communis oil 

Biofuels are characterised by many different parameters including viscosity, density, cetane 

number, flash point, index of acidity, alcohol composition, malar mass and calorific value. In 

this section, we will study some of them. 
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7.6.1 Example of calculation of the average molar mass 

Ricinus communis oil methyl ester contains: 

90% of ricinoleic acid: 𝐶19𝐻38𝑂3. M: 298 g/mol 

4% of oleic acid: 𝐶19𝐻36𝑂2. M: 282 g/mol 

3% linoleic acid: 𝐶19𝐻34𝑂2. M: 280 g/mol 

Other acids that are present as traces. 

{

90% 𝑜𝑓 𝐶19𝐻38𝑂3:𝑀 = (19 × 12) + 38 + 48 = 314 𝑔/𝑚𝑜𝑙                (1)

4% 𝑜𝑓 𝐶19𝐻36𝑂2:𝑀 = (19 × 12) + 36 + 32 = 296 𝑔/𝑚𝑜𝑙                  (2)

3% 𝑜𝑓 𝐶19𝐻34𝑂2:𝑀 = (19 × 12) + 34 + 32 = 294 𝑔/𝑚𝑜𝑙                  (3)

 

Let 𝑚𝐸 be the ester mass. Then, the total number of moles are: 

𝑛𝜏 = 𝑚𝐸 (
0.9

314
+
0.04

296
+
0.03

294
) 

𝑛𝜏 = 31 × 10−4 𝑚𝐸 

The molar fractions are: 

𝑋(1) =
0.9

314 × 31 × 10−4
= 92.46% 

𝑋(2) =
0.04

296 × 31 × 10−4
= 4.4% 

𝑋(3) =
0.03

294 × 31 × 10−4
= 3.3% 

𝑀̅𝐸 =∑𝑋𝑖𝑀𝑖

3

𝑖=1

 

𝑀̅𝐸 = (92.46 × 314) + (4.4 × 296) + (3.3 × 294) ×
1

100
 

𝑀̅ = 313.05 𝑔/𝑚𝑜𝑙 

7.6.2 Density 

Densities and viscosities of ester and gasoil were determined for temperatures from 20℃ −

60℃. Then: 
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Table 7.6: Viscosities and Densities of ricinus communis methyl ester      

 

 

Figure 7. 17: Methyl ester density of ricinus communis oil in relation with temperature 
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Figure 7.18: Methyl ester viscosity of ricinus communis oil in relation with temperature  

 Table 7. 7: Viscosities and Densities of gasoil 
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Figure 7.19: Gasoil density in relation with temperature 

 

           Figure 7.20: Gasoil viscosity in relation with temperature 
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Comments 

Ricinus communis methyl esters have the advantage of having a density and viscosity much 

lower than those of oil determined earlier in this work. As the above curves have shown, 

viscosity and density of esters inversely varied with temperature. Compared to gasoil curve, 

the ricinus communis curve had a much more pronounced slope. That what justified its 

approximation above 60℃. Considering the density curve, it was observed that from 40℃, 

the density of gasoil did not vary. This was very favorable for the quality of the injection of 

oil and of its esters at the level of the combustion chamber. 

7.6.3 Cetane number 

Cetane number was used to appreciate the auto inflammation aptitude of gasoil. The simplest 

way to determine the cetane number was the application of the Klopfenstein equation 

formula. This equation considers the number of double liaisons and the carbon number. This 

gives: 

𝐼𝑐𝑒𝑡𝑎𝑛𝑒 = 58.1 + 2.8 ×
𝑛 − 3

2
− 15.9 𝑁 

with: 

n: Carbon number 

N: Number of double liaisons 

Because the ricinus communis methyl ester contained 3 double liaisons and 57 carbons, we 

obtained a number equal to 51. This value was very close to the cetane number of the normal 

diesel fuel, which was 52, and was higher than some diesel fuels.  

7.6.4 Acidity index 

After the transesterification reaction, esters with a good conversion (90-96%) were obtained. 

The index of acidity of those esters was determined the same way than in the case of oil. 

Experimental results indicated that the index of acidity was between 0.03 and 0.05. This 

confirmed what was said earlier about the transesterification reaction: it refined the free fatty 

acids oil. It decreased its acidity rate, which justified values that were very different. 

7.6.5 Calorific quantity consumed by one methyl ester liter 

For one methyl ester mole, we need 667.8 kJ of energy, or 𝑄𝑚 =
667.8

𝑀
 𝑘𝐽/𝑔  

Now, let 𝜌 be the density of ester at 20℃. (𝜌 = 𝑔/𝑙). 
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We have: 𝑄𝑣 = 𝜌
667.8

𝑀
 (𝑘𝐽/𝑔) 

Also, we need a maximum of one hour for a complete reaction. 

In this case, 𝑃 =
667.8 𝜌

3600×𝑀
. 103(𝑤/𝑙) =

185.5

𝑀
𝜌(𝑊/𝑙) 

In watt-hour, this power corresponds to: 

𝑃′ =
185.5

𝑀
𝜌 × 1ℎ = 185.5 

𝜌

𝑀
 𝑊ℎ/𝑙 

                                       = 185.5 
𝜌

𝑀
 𝑊ℎ/𝑙 

For methyl ester of ricinus communis oil, we have: 

𝑃 = (
185.5 × 921

313.05
) = 545.7450 𝑊ℎ/𝑙 

7.6.6 Heating values 

The massic heating value represented the fuel quantity of energy by units of mass or of 

volume during the chemical reaction of complete combustion leading to the formation of 

𝐶𝑂2 𝑎𝑛𝑑 𝐻2𝑂.  Except when the temperature of reference was specified, the fuel was always 

taken at 25℃. The air and the combustion of products were considered at this same 

temperature. A distinction was made between higher heating values (HHV) and lower heating 

values (LHV) depending on if the water obtained by combustion was at a liquid or gaseous 

state. The most significant measure was the HHV because water was rejected under the form 

of vapor in the engine products of combustion.   

7.6.6.1 Lower heating value (LHV) 

Determination method: To determine the massic LHV, we must know the mass content of 

hydrogen of the fuel. If 𝑊𝐻 designated that content in %, the mass of water formed during the 

fuel combustion was written as follows: 

                                                          mH2O =
M̅

2
WH. MH2O                                                (7.21) 

                                                          M̅ =
(ρiVi+ρi′Vi′)×Mi×Mi′

MiρiVi+Mi′ρi′Vi′
                                     (7.22) 

With i and i’ for a mixture of two given bodies. 

𝑀𝐻2𝑂 =molar mass of water (=0.018 kg) 
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By considering the massic enthalpy of evaporation ∆ℎ of water at 25℃, or 2358 kJ/kg, we 

obtain (6.3): 

                                          LHVm = HHVm −
M̅

2
WH. MH2O. ∆h                                           (7.23) 

                                          LHVm = HHVm − 21.22 M̅ WH                                                 (7.24) 

𝐿𝐻𝑉𝑚𝑎𝑛𝑑 𝐻𝐻𝑉𝑚 are expressed in kJ/kg. 

7.6.6.2 Higher Heating Value (HHV) 

A. Measuring principle of a bomb calorimeter 

A known mass of the substance or of the material was introduced in the bomb calorimeter. 

We install in it a firing device constituted of electrodes and we fill the bomb with the oxygen 

under high pressure. Then, it is placed in a calorimeter filled with water whose temperature 

can be measured. The firing device is subsequently connected and the agitation is started. The 

ignition is started and the variation of temperature is read. The benzoic acid is used as 

standard and, by comparison, the higher heating value of the unknown sample is deduced. 

B. Process steps 

 Place few grams of the combustible in a small container prepared for that; 

 Connect the electrodes with a Chromium-Nickel alloy wire or even a platinum wire; 

 Place 10 ml of distilled water in the bomb calorimeter and close it; 

 Fill the bucket with 2l of water and start the agitator; 

 For 5 minutes, record the change in water temperature; 

 Ignite and, from the sixth minute to the fifth minute after the first constant value, 

record the change in water temperature.    

C. Calculation of Higher Heating Value (HHV) 

Evolution of the temperature: 

Let:  

a= time of firing 

b= time at the end of which the rise of temperature reached 60% of its total value  

c= time from the beginning of the period in which the temperature begins to become constant 

ta= temperature at the time of firing 

tc= time at time c 

𝑟′1= rate of increase in temperature during the first five minutes before firing 
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𝑟′2 = rate of increase in temperature for five minutes after time c 

On the contrary, if the temperature drops,  𝑟′2 becomes negative. 

𝐶1=volume (in ml) of the standard alkaline solution used to draw the acid 

𝐶2= percentage of sulfur in the sample 

𝐶3= length of the burnt fuse wire (in cm) during the firing 

W= equivalent energy of the calorimeter 

m= mass of the burnt sample 

 

Figure 7. 21: Heating values curve: example of benzoic acid 

 

A. Increase of temperature 

The net increase of the corrected temperature is given by the following equation: 

                                    ∆T = Tc − Ta − r′1(b − a) − r′2(c − d)                                    (7.25) 

B. Thermochemical corrections 

𝑒1 = Correction in calories for the heat formation of nitric acid (HN𝑂3)            

𝑒1 = 𝐶1 if 0.075N is used for the titration  

𝑒2 = Correction in calories for the heat formation of sulfuric acid (𝐻2𝑆𝑂4) 

𝑒2 = (14 × 𝐶2 ×𝑚) 

𝑒3 = Correction in calories for the fuse combustion of heat 

      = 2.3 𝐶3 if we use the chromium-nickel 

      = 2.7 𝐶3 if we use the galvanized steel. 
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The HHV 

                                                        HHV1 =
∆T×W−e1−e2−e3

m
                                              (7.26) 

D. Standardisation of the calorimeter 

 The standardisation was about determining the specific heat W of the calorimeter knowing 

the evolution of the temperature after the combustion of a benzoic acid mass m.                                                                           

                                                          W =
∆h×m+C1

∆T
                                                            (7.27) 

∆ℎ = Combustion heat of the benzoic acid (6318 cal/g=26452.2024 kJ/kg) 

m= mass of the burnt sample  

𝐶1 =correction due to the combustion heat of the wire: 𝐶1 = 2.3 𝑐𝑎𝑙/𝑐𝑚 (Chromium-nickel) 

To do that, 1.1553 g of benzoic acid was burnt and the evolution of temperature was recorded 

in the calorimeter. Combustion of 1.4302 g of ester was performed in the same conditions 

and the following results helped for the calculation of 𝐻𝐻𝑉𝑠 and of 𝐿𝐻𝑉𝑠 of this ester. 

Table 7.8 shows the records and calculated values for bomb calorimeter experiment. The 

bomb and its calorimeter were set up in an identical manner for each of the experiments 

performed. On the other hand, values of temperature and calculation of the variation of the 

temperature for B100 are recorded at Table 7.9 [181]. 
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Results 

Benzoic acid 

m=1.1534 g 

𝐿𝑓 = 10 𝐶𝑚  

𝑳𝒄 = 𝟔 𝑪𝒎   

Table 7. 8: Values recorded with experiments performed with a bomb calorimeter. 

 

 

B100 

m= 1.5590 g 

𝐿𝑓 = 10 𝐶𝑚, 𝐿𝑐 = 6 𝐶𝑚 

 

 Table 7. 9: Record of measures of temperature and calculation of ∆T for B100 [181] 

Time 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

T⁰ 26.73 26.73 26.73 26.73 26.73 26.73 26.73 26.75 26.8 26.85 26.86 26.9 26.92 26.93 26.95 26.95 27.03 

Masses 

(g) 

 

𝐿𝐶𝑜𝑛𝑠_𝑓𝑢𝑠 

(Cm) 

V KOH 

(ml) 

0.0725N 

𝑇𝑎 

(℃) 
𝑇𝑐 

(℃) 
b 

(mn) 

 

𝑟1 

(℃/𝑚𝑛) 
𝑟2 

(℃/𝑚𝑛) 
c 

(mn) 
∆𝑇 

(℃) 

1.4302 

 

6 9.10 28.25 31.18 7.6375 0.008 0 12 2.92 

 
Mixture 

𝐵𝑖  
 

 
Masses 
(g) 

 
𝐿𝐶𝑜𝑛𝑠_𝑓𝑢𝑠 

(Cm) 

 
V KOH 
(ml) 
0.0725N 

 
𝑇𝑎 

(℃) 

 
𝑇𝑐 

(℃) 

 
b 
(mn) 
 

 
𝑟1 

(℃
/𝑚𝑛) 

 
𝑟2 

(℃
/𝑚𝑛) 

 
c 
(mn) 

 
∆𝑇 
(℃) 

 
𝑊ℎ 

 

 
HHV 
(kJ/kg) 

 
LHV 
(kJ/kg) 

 
𝐵100 

 
1.5590 

 
7 

 
14.214 

 
27.32 

 
32.88 

 
7.3348 

 
0.016 

 
-0.004 

 
12 

 
5.55734 

 
11.7155 

 
41700.337 

 
28695.753 

Time 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

T⁰ 27.09 27.09 27.09 27.09 27.09 27.09 27.09 27.40 27.40 

 

27.50 27.60 27.69 27.75 27.78 27.79 27.80 27.80 
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7.7 Optimisation of biofuel production from ricinus communis oil and 

ethanol 

The objective of this section was to establish a model of biofuel production process from 

ricinus communis oil and methanol/ethanol. At the time the model was designed, ethanol was 

available. Hence, the reason experiments were performed with ethanol. In fact, production 

optimisation was achieved by changing the variables which included ethanol/ricinus 

communis oil ratio, KOH catalyst concentration, reaction time, reaction temperature, and rate 

of mixing to maximise biofuel production. Response surface methodology (RSM) technique 

was used. In addition, a first-order model was developed to predict the biofuel production if 

the production criteria is known. The model was validated using further experimental testing.    

Therefore, the first step was the evaluation of potentialities and technical limits of the use of 

bioethanol as raw material for the production of ethyl esters in homogeneous basic catalysis 

in the Sub-Saharan region of Africa. Ricinus communis oil was selected as raw material 

because it was produced in Sub-Saharan African countries such as South Africa. And the 

pertinence of its use as potential source of biofuel was highlighted by many authors. To 

achieve this objective, the following methodology was used: 

i) Firstly, the performance of ethyl esters was optimised according to three reaction factors: 

The ethanol/vegetable oil molar ratio, the amount of catalyst and the reaction temperature; 

ii) Secondly, the effect of the water content of bioethanol was evaluated on the ethyl esters 

performance and their purity. 

7.7.1 Materials and methods 

In order to determine the optimal conditions for ethyl esters production, the statistical 

modelling of Y (%) performance was used, assuming a first degree model. The effects of the 

three reaction factors were evaluated at two distinct levels by a complete 23 factorial design: 

The MR (3:1 and 15:1) ethanol/vegetable oil molar ratio, the catalyst mass concentration C 

(0.5% and 2.0% KOH) and the reaction temperature T (35 ℃ 𝑎𝑛𝑑 80 ℃). 23 tests were 

performed according to the 3 reaction factors. Other factors including the duration of the 

reaction and the speed of agitation were 2 hours and 360 rpm respectively.  

To avoid bias, the 23 experimental tests were performed in random order as shown in Table 

7.9. Design-Expert 8.0 for response surface methodology (RSM) was used for analyses as 

well as for the optimisation of the process. This version of the software has 3D surface plots 
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for category factors and a t-value effects Pareto chart as functionalities. Those feature are 

suitable for our work.  

Table 7. 10:  Complete 𝟐𝟑 factorial design for ethyl esters production from Ricinus 

Communis. 

 

In terms of the influence of water content, tests were performed at the optimum level 

determined earlier, with the same added distilled water of 1% to 12 % in ethanol. The 

Test N⁰   Point   MR   C(%m)   T (⁰C)   Y(%) 

1 

 

Central 

 

9:1 (0) 

 

1.25 (0) 

 

57.5 (0) 

 

55.0 

2 

 

Central 

 

9:1 (0) 

 

1.25 (0) 

 

57.5 (0) 

 

56.7 

3   Central   9:1 (0)   1.25 (0)   57.5 (0)   55.2 

4 

 

factorial 1 3:1 (-1) 

 

0.5 (-1) 

 

35 (-1) 

 

76.7 

5 

 

factorial 2 3:1 (-1) 

 

0.5 (-1) 

 

35 (-1) 

 

71.4 

6 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

79.2 

7 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

86.4 

8 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

78.0 

9 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

81.2 

10 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

85.5 

11 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

83.5 

12 

 

factorial 2 15:1(+1) 

 

0.5 (-1) 

 

35 (-1) 

 

85.0 

13 

 

factorial 3 3:1 (-1) 

 

2.0 (+1) 

 

35 (-1) 

 

38.5 

14 

 

factorial 4 15:1(+1) 

 

2.0 (+1) 

 

35 (-1) 

 

62.4 

15 

 

factorial 4 15:1(+1) 

 

2.0 (+1) 

 

35 (-1) 

 

49.8 

16 

 

factorial 4 15:1(+1) 

 

2.0 (+1) 

 

35 (-1) 

 

62.1 

17 

 

factorial 5 3:1 (-1) 

 

0.5 (-1) 

 

80 (+1) 

 

71.7 

18 

 

factorial 5 3:1 (-1) 

 

0.5 (-1) 

 

80 (+1) 

 

51.5 

19 

 

factorial 6 15:1(+1) 

 

0.5 (-1) 

 

80 (+1) 

 

59.5 

20 

 

factorial 6 15:1(+1) 

 

0.5 (-1) 

 

80 (+1) 

 

48.3 

21 

 

factorial 7 3:1 (-1) 

 

2.0 (+1) 

 

80 (+1) 

 

32.3 

22 

 

factorial 8 15:1(+1) 

 

2.0 (+1) 

 

80 (+1) 

 

62.6 

23                            factorial 8 15:1(+1)   2.0 (+1)   80 (+1)   61.1                    
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performance of various tests was determined after the purification of ethyl esters by washing 

with water. Monoglyceride, diglyceride and triglyceride residual contents were obtained by 

gas chromatography with internal calibration according to an adapted method of the 

EN14105 standard (European Committee for standardization, 2003).  

7.7.2 Results and discussion 

The statistical model of ethyl esters performance indicated that the factor that had the most 

effect was the catalyst concentration C, with a negative effect and significant interactions at 

the same time with the molar ratio of ethanol to ricinus communis oil and the temperature 

(Equation 5.3.2), confirming the results authors found in [183]. We have the following 

equation: 

𝑦 = (57.5 ± 1.4) + (6.4 ± 1.5) ∗ 𝑀𝑅 − (10.3 ± 1.5) ∗ 𝐶 − (5.5 ± 1.5) ∗ 𝑇 + (6.1 ± 1.4)

∗ 𝑀𝑅 ∗ 𝐶 + (4.9 ± 1.5) ∗ 𝐶 ∗ 𝑇 + (3.3 ± 1.5) ∗ 𝑀𝑅 ∗ 𝐶 ∗ 𝑇 

7.7.3 Y(%) model in relation with the 3 variables of reaction (Equation) 

The first degree model assumed was validated by the analysis of the decomposition of the 

variance and the values of the 3 following factors: 

i) The 𝐹𝑎𝑒of the factor with a 0.40 value weaker than the Fisher (3,7) 𝐹2,14, which indicated a 

good adjustment of the model; 

ii) The 𝐹𝑟𝑒𝑔/𝑟𝑒𝑠 factor of values 25, 9, and 4 times higher than the Fisher (5,1) 𝐹6,16 which 

indicated that the set of tested factors were significant; 

iii) The coefficient of determination 𝑅2 = 0.883 indicated that the model is able to predict 

more than 88% of the total variance. The optimum performance, with a value of 84%, was 

obtained for the ethanol/vegetable oil molar ratio of 15:1, a KOH mass concentration of 0.5% 

and a temperature of 35℃. 

In the experimental conditions corresponding to the optimum of the ricinus communis oil 

performance, the water content in ethanol had an unpredicted effect on the ethyl esters 

performance if we referred to other rare published studies [183] for which performances were 

less than 50% for water contents of the other 5%.  
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Figure 7. 22: Water content of ethanol and residual glycerides 

In this study, for water content between 1%-2%, the performance progressively dropped first 

until about 49%. This could be explained by the initial formation of objects such as soaps in 

the presence of water. Then, for water contents between 3% to 5%, and 5% to 13%, the 

performance increased until when it reached values comparable to those obtained with the 

anhydrous bioethanol of 87%. It was the first time that such observations were reported. It 

can be explained by the role played by the ethyl esters performance which depended on a 

good separation of the phase rich in ethyl esters and in glycerol at the end of the reaction. 

Also, the excess of ethanol was mainly contained in the polar phase that was rich in glycerol, 

but had affinities with the phase rich in ethyl esters playing a role of a stabiliser of phases and 

not facilitating their separation. These affinities had the following consequences: 

i) The lowering of the ethyl esters performance in the phase rich in ethyl esters; 

ii) In certain cases, the introduction of the existence of one pseudo-homogeneous phase, 

including the inversions phase.  
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The presence of water could improve the affinity of ethanol for the phase rich in glycerol 

rather than for the phase rich in ethyl esters. This contributed to the facilitation of the 

separation of phases and the improvement of the ethyl esters performance. Moreover, it 

appeared that the purity of the synthetised ethyl esters was also improved with the hydrated 

ethanol (≥ 5% 𝑤𝑎𝑡𝑒𝑟)  compared to the anhydrous ethanol. It approached the European 

specifications for biofuel (0.8%, 0.2% and 0.2% for residual mono-, di-, and triglycerides 

respectively) [184]. The best performances and purity were achieved for a water content of 

ethanol higher or equal to 5%. Results indicated that the hydrated bioethanol at 87% can be a 

reactive of interest for the biofuel production, and that even in the presence of low additional 

quantities of water, the performance and purity of ethyl esters extracted can be optimised.      
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Chapter 8: General Conclusion and Recommendations for future work 

Technically, any vegetable oil can be used to produce biodiesel but considerations related to 

the cost of production, the performance and ecobalance exclude number of candidates. Our 

choice of modelling the biodiesel production process from ricinus communis oil was based on 

human and climatic considerations, because the ricinus communis is a non-edible plant that 

cannot compete with foodstuffs destined to human consumption. The ricinus communis oil as 

source of biodiesel production is not new and its physico-chemical proprieties position it as a 

good product to be used. In a continent where fossil fuels are becoming scarce and expensive, 

this has triggered an extensive research in the area of biofuel.  

A new biodiesel production process model was constructed in this work by using the Pareto-

Levy law. This mathematical approach was used in the model to evaluate the biodiesel 

production process based on ricinus communis oil. And the model took into consideration the 

catalyst, the methanol to triglycerides ratio, the temperature and time of reaction. It was 

compared to experimental data which produced positive results. And its accuracy provided us 

with good and encouraging indications about the way the model behaves which is extremely 

close to experimental data. Also, the model allowed the better study and better analyse 

parameters influencing the transesterification operation. Simulations performed from this 

model showed very well the influence of various parameters and fits with experimental data 

found in the literature. More experimental tests in labs are needed in order to validate the 

theoretical model developed and this, in order to study the feasibility of the production of 

biodiesel from other local biomasses, evaluate the various costs of biodiesel production in the 

Sub-Saharan African context. 

In conclusion, the modelling of various operational parameters considered during the all 

cycle of biodiesel production from ricinus communis oil has been performed. The reaction of 

transesterification has been performed in the presence of 1% of sodium metasilicate 

(Na2SiO3). The influence of operational parameters, including the temperature and the time 

of reaction, the alcohol/oil molar ratio and the massic quantity of the catalyst have been 

studied. 

The extraction allowed to recover about 13% of lipids (lipid in g/dry material in g). The 

transesterification by acidic catalysis (Na2SiO3) in the presence of methanol leads to 

performances in biodiesel of 54% (biodiesel in g/lipids in g). A reaction time of 10 minutes 

(3 times lower than the time suggested in the literature) at a temperature of 67⁰C has been 
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achieved. In operating under 1% mass of catalyst and a 6:1 alcohol/oil molar ratio, an 86% 

biodiesel performance is obtained at 60⁰C within 10 minutes of the reaction time or at an 

ambient temperature of 26⁰C within 60 minutes of reaction time. Thus, when comparing to 

those in the literature, performances in biodiesel have been obtained but with reaction times 

or with a temperature of transesterification lower than those cited by various authors.     

Recommendations for future work: 

Further research are needed in the following areas: 

 Currently, the cost of biofuel is almost three times more expensive than fossil fuel 

because the largest quantity of biofuel is produced outside the Sub-Saharan region of 

Africa. Therefore, biofuel is not competitive compared to fossil fuel under the current 

economic regime of the region as the product is mostly imported from other regions. 

However, biofuel can be produced from other non-edible oil feedstock crops of low 

cost oils and fats such as corn stalks and wheat straw which do not compete with food 

production and could also be converted into biofuel. The main issue with processing 

these low-cost oils and fats is the high volume of free fatty acids they contain which 

makes it difficult the conversion into biofuel using common catalysts. 

 In-depth analysis on biofuel is needed in order to obtain good quality properties 

including cetane number, density and viscosity. Furthermore, more experiments are 

needed in order to have other properties including flash point.    

 The modelling of the transesterification reaction could also be carried out. This future 

investigation could cover process factors including the impact of temperature, catalyst 

and the ratio of methanol to metasilicate. In addition, a comparison between other 

mathematical models could be explored to determine the seemliness of the proposed 

mathematical model with the experimental data. 

 And finally, knowing that perhaps the biggest challenge of biodiesel production 

process remains the high cost of feedstock including good quality edible oils and 

alcohol. Ricinus communis oil shows great potential to provide cheap, good quality 

and non-edible oil. In order to further decrease the cost of the process, especially the 

high cost of alcohol, it is important to choose a cheaper option: Taking into 

consideration that biodiesel can be synthesized using water, it would be beneficial to 

explore how various water content can influence the biodiesel production using 

another mathematical model.   
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Annexure A 

Review of the Poisson process 

Here, we review the essential notions of the measures of Poisson related to the Levy process. 

All demonstrations of the results enounced below are well known and can be found in [185] 

and [186].   

A.1 Poisson measures and punctual Poisson process 

Let E be a Polish space and 𝜐 a 𝜎 −finite measure on E.  

Definition A.1.1  

Let Φ be a random measure on E. We say that Φ is a Poisson measure of intensity 𝜐 if:  

For all Borel set A of E, such that 𝜐(𝐴) < ∞, Φ(A) follows a Poisson law of parameter 𝜐(𝐴). 

For all disjoint Borel sets 𝐵1, … , 𝐵𝑛, then Φ(B),… , Φ(B) are independent random variables. 

A Poisson measure Φ can be written as a denumerable sum of Dirac masses: 

Φ =∑𝛿𝑒𝑖(𝑑𝑒)

𝑖∈𝐼

 

By adding a temporal component, meaning by considering the Poisson measure Φ̅ on the 

product space [0,∞[ × 𝐸 of intensity 𝜇 = 𝑑𝑡⨂𝜐, it is possible to define the (𝑒(𝑡))
𝑡≥0

 by 

ordering the atoms of Φ.  We note: 

Φ̅ =∑𝛿(𝑡𝑖,𝑒𝑖)(𝑑𝑡, 𝑑𝑒)

𝑖∈𝐼

 

And we can also show that all 𝑡𝑖 are distinct.   

Let γ be a cemetery state. The punctual Poisson process of intensity 𝜐 is defined by: 

𝑒(𝑡) = {
𝑒𝑖 𝑖𝑓 𝑡 = 𝑡𝑖, 𝑖 ∈ 𝐼

γ if t ∉ {𝑡𝑖 , 𝑖 ∈ 𝐼}
 

Therefore, we have: {𝑡𝑖, 𝑖 ∈ 𝐼} = {𝑡 ≥ 0, 𝑒(𝑡) ≠ 𝛾}. 

Also, we will use the notation ∑ 𝛿𝑒(𝑡)(𝑑𝑒)𝑡≥0  for ∑ 𝛿𝑒𝑖(𝑑𝑒)𝑖∈𝐼  
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Proposition A.1.1.  

Let ∑ 𝛿(𝑡,𝑒(𝑡)𝑡≥0  be a Poissonian cloud of intensity ⨂𝜐(𝑑𝑒) . Then, if 𝜐(𝐸) = ∞, {𝑡𝑖, 𝑖 ∈ 𝐼} is 

dense in [0,+∞),  and if 𝜐(𝐸) < ∞, the jumps form a Poisson punctual process of intensity 

𝜐(𝐸) and the set of time of jumps is discrete.  

Furthermore, waiting times 𝑇𝑛 between the jumps are independent variables of the 

exponential law of parameter 𝜐(𝐸). Finally, the jumps (𝑒(𝑇𝑛)𝑛≥1 are i.i.d of 
 𝜐(.)

 𝜐(𝐸)
 law. Now, 

let’s cite two important formulas, first the exponential formula is a very useful result in order 

to manipulate the Poisson punctual processes.  

Proposition A.1.2 

Let 𝑓 be a Borel function on 𝐸 ∪ {𝛾} with complex values, such that 𝑓(𝛾) = 0 and  

∫  𝜐(𝑑𝐸)|1 − 𝑒𝑓(𝐸)| < ∞.
𝐸

  Then, ∀ 𝑡 ≥ 0, we have:  

𝔼(𝑒𝑥𝑝 { ∑ 𝑓(𝑒(𝑠))

0≤𝑠≤𝑡

}) = 𝑒𝑥𝑝{−𝑡 ∫ 𝜐(𝑑𝜖)(1 − 𝑒𝑓(𝐸))

𝐸

} 

Proposition A.1.3  

Let 𝑓 be a Borel function on 𝐸 ∪ {𝛾} with positive values, and Φ = ∑ 𝛿𝑒𝑖(𝑑𝑒)𝑖∈𝐼  be a Poisson 

measure of intensity 𝜐. We note ℳ𝐸  the set of 𝜎 − 𝑓𝑖𝑛𝑖𝑡𝑒 measures on E. Let 𝐹: ℳ𝐸 → ℝ+ 

be a measurable function. Then: 

∫Φ(𝑑𝑒)𝑓(𝑒)𝐹[Φ − 𝜎𝑒] = 𝔼[𝐹(Φ)] × ∫𝜐(𝑑𝑒)𝑓(𝑒) 

Or: 

𝔼 [∑𝑓(𝑒𝑖)𝐹 ( ∑ 𝛿𝑒𝑗
𝑗∈𝐼−{𝑖}

)

𝑖∈𝐼

] = 𝔼[𝐹(Φ)] × ∫𝜐(𝑑𝑒)𝑓(𝑒) 

This formula teaches us that a point randomly drawn from the Poissonian cloud according to 

Φ(de) is independent from the remaining of the cloud, and the last is of the same law than Φ. 

 

 



208 
 

A.2 The Levy process and stable subordinators 

Definition A.2.1  

The law of a random variable 𝑌 is called infinitely divisible if for all n, there exist i.i.d. 

random variables 𝑌𝑛,1, … , 𝑌𝑛,𝑛 such that 𝑌 = 𝑌𝑛,1 +⋯+ 𝑌𝑛,𝑛. Also, the characteristic 

exponent Ψ of the 𝜐 law of a random variable 𝑌 is defined by: 

𝔼(𝑒𝑖〈𝑌,𝑢〉) = 𝑒−Ψ(u) 

The starting point of the study of infinitely divisible laws is the Levy-Khintchine formula that 

characterises the characteristics exponents of the infinitely divisible laws. 

Theorem A.2.1 

A function Ψ is the characteristic exponent of an infinitely divisible law on ℝ𝑑 if and only if 

there exist 𝑎 ∈ ℝ𝑑 , Q a quadratic form semi-positively defined on ℝ𝑑 and Λ a measure on 

ℝ𝑑 − {0}  verifying ∫(1⋀|𝑥|2)Λ(dx) < ∞ such that for all 𝑢 ∈ ℝ𝑑 , 

           Ψ(u) = i〈𝑎, 𝑢〉 +
1

2
𝑄(𝑢) + ∫ (1 − 𝑒𝑖〈𝑢,𝑥〉 + i〈𝑢, 𝑥〉1|𝑥|<1)Λ(dx)ℝ𝑑      (A.1) 

Definition A.2.2  

A (𝑍𝑡, 𝑡 ≥ 0) Levy process is a process of stationary independent growth. 

Also, here we will suppose that 𝑍0 = 0, and that Z is continuous on the right and possesses 

left limits at all point, which is always possible. Then, for all 𝑡 ≥ 0, the 𝑍𝑡 law is infinitely 

divisible because: 

∀ 𝑛 ≥ 0, 𝑍𝑡 = 𝑍𝑡
𝑛
+ (𝑍2𝑡

𝑛
− 𝑍𝑡

𝑛
) + ⋯+ (𝑍𝑡 − 𝑍(𝑛−1)𝑡

𝑛

) 

Let’s note Ψ the characteristic exponent of 𝑍1. By the same argument, we show that: 

𝔼[𝑒𝑖𝑢𝑍𝑡] = 𝑒−𝑡Ψ(𝑢) 

The law of Z is therefore entirely characterised by Ψ, and that we will also call it 

characteristic exponent of Levy. Reciprocally, tout any infinitely divisible law 𝜐, we can 

associate a Levy process derived from 0 such that 𝑍1 will have the law 𝜐. The characteristic 

exponent of a Levy process Z can be written under the (A.1) form, the measure Λ and the 

quadratic form Q are called Levy measure and Gaussian coefficient of the Levy process 

respectively. Therefore, the following propriety indicates how the measures of Poisson 

intervene in the Levy process theory. 
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Proposition A.2.1  

Let(𝑍𝑡, 𝑡 ≥ 0) be a Levy process. We pose 𝑋𝑡 ≔ 𝑍𝑡 − 𝑍𝑡−. 

Then, the (𝑋𝑡)𝑡≥0 jumps process is a punctual process of Poisson of intensity Λ. In other 

words, ∑ 𝛿(𝑡,𝑋𝑡)(𝑑𝑡. 𝑑𝑥)𝑡≥0  is a Poissonian cloud of dt⊗Λ intensity.  

Annexure B 

Study of the penalised criteria for the selection of Gaussian mixture models using simulations 

B.1 Notations 

This section focuses on the study of the penalised criteria for the selection of Gaussian 

mixture models using performances simulations.  

We show that the criteria, combined with the slope method, allows the definition of a 

penalised estimator whose prediction error is comparable to that of the oracle. We also 

compare the penalised estimator with deduced estimators for the Akaike Information 

Criterion (AIC), the Bayesian Information Criterion (BIC) and the Integrated Completed 

Likelihood Criterion (ICL).  

Let’s recall that those criterions are defined by: 

𝑐𝑟𝑖𝑡𝐴𝐼𝐶(𝐷) = 𝛾𝑛(𝑠̂𝐷) +
𝐷

𝑛
 

𝑐𝑟𝑖𝑡𝐵𝐼𝐶(𝐷) = 𝛾𝑛(𝑠̂𝐷) +
𝐷𝑙𝑛(𝑛)

2𝑛
 

𝑐𝑟𝑖𝑡𝐼𝐶𝐿(𝐷) = 𝑐𝑟𝑖𝑡𝐵𝐼𝐶 −
𝐸𝑁𝑇

𝑛
 

With: 

𝐸𝑁𝑇 =∑∑𝑧𝑖𝑘𝑙𝑛(𝑡𝑖𝑘)

𝑛

𝑘=1

𝑛

𝑖=1

 

Where z was given by the Maximum a posteriori Probabilities (MAP) rule. 


