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ABSTRACT

The role of mathematical inequalities in the growth of different branches of mathematics
as well as in other areas of science is well recognized in the past several years. The uses of
contributions of Newton and Euler in mathematical analysis have resulted in a numerous
applications of modern mathematics in physical sciences, engineering and other areas
sciences and hence have employed a dominat effect on mathematical inequalities.
Mathematical inequalities play a dynamic role in numerical analysis for approximation of
errors in some quadrature rules. Speaking more specifically, the error approximation in
quadrature rules such as the mid-point rule, trapezoidal rule and Simpson rule etc. have
been investigated extensively and hence, a number of bounds for these quadrature rules in
terms of at most second derivative are proven by a number of researchers during the past
few years.

The theorey of mathematical inequalities heavily based on theory of convex functions.
Actually, the theory of convex functions is very old and its commencement is found to be
the end of the nineteenth century. The fundamental contributions of the theory of convex
functions can be found in the in the works of O. Hoélder [50], O. Stolz [151] and J.
Hadamard [48]. At the beginning of the last century J. L. W. V. Jensen [72] first realized
the importance convex functions and commenced the symmetric study of the convex
functions. In years thereafter this research resulted in the appearance of the theory of

convex functions as an independent domain of mathematical analysis.

Although, there are a number of results based on convex function but the most celebrated
results about convex functions is the Hermite-Hadamard inequality, due to its rich
geometrical significance and many applications in the theory of means and in numerical
analysis. A huge number of research articles have been written during the last decade by a
number of mathematicians which give new proofs, generalizations, extensions and
refitments of the Hermite-Hadamard inequality.

The main intention of this dissertation is to present several Hermite-Hadamard type

inequalities when |f|?, n € N, g = 1 belongs to different classes of convex functions
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such as convex, s-convex, m-convex, (a,m)-convex, quasi-convex, h-convex,
logarithmically convex, s-logarithmically convex, (a, m)-logarithmically convex and
geometrically-arithmetically convex functions.

The given results in this dissertation not only generalize and refine a number of results
proved for n-times differentiable convex functions but also many interesting refinements
inequalities of Hermite-Hadamard type are deduced when |f'|9 or |f"'|9, ¢ = 1 is convex
functions, s-convex functions, m-convex functions, (a,m)-convex functions, quasi-
convex functions, h-convex functions, logarithmically convex functions, s-logarithmically
convex functions, (a, m)-logarithmically convex functions. Applications of the obtained
results to special means and new improved error bounds of the quadrature rules such as for
the mid-point rule and trapezoidal rule are presented.

Inequalities of Hermite-Hadamard type are also investigated for preinvex, s-preinvex, h-
preinvex, quasipreiinvex, logarithmically preinvex functions which are more general
phenomena than that of convex, s-convex, h-convex, quasi-convex and logarithmically
convex functions respectively. Applications of the results for these classes of functions are
given. The research upshots of this thesis make significant contributions in the theory of

means and the theory of inequalities.
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Chapter 1

Aims, Objectives, Outline

1.1 Introduction

The effectiveness of mathematical inequalities in the enhancement of different branches
of mathematics as well as in other areas of science is well recognized in the past sev-
eral years. The major achievements of mathematical analysis from Newton and Euler
to modern applications of mathematics in physical sciences, engineering and other ar-
eas have exerted a profound influence on mathematical inequalities. The development
of mathematical analysis is critically dependent on the unimpeded flow of the informa-
tion between the theoretical mathematics looking for applications and mathematicians
working in applications who need theory, mathematical models and methods. Twentieth
century mathematics has recognized the power of mathematical inequalities which has
given rise to a large number of new results and problems and has led to new areas of
mathematics.

The specific work “Inequalities” by Hardy, Littlewood and Pélya appeared in 1934
and earned its place as a basic reference for mathematicians. This book is completely
devoted to the subject of inequalities and is a useful guide to this exciting field. This
work has been accompanied with “Inequalities” by Beckenbach and Bellman written in

1965 and “Analytic Inequalities” by Mitrinovi¢ published in 1970, which made consid-



erable contributions to this field. These books provide handy references to the reader
wishing to explore the topic in depth and show that the theory of inequalities has been
established as a variable field of research. The subject has also received tremendous im-
petus from outside of mathematics from such diverse fields as mathematical economics,
game theory, mathematical programming, control theory, variational methods, operation
research, probability and statistics. The theory of inequalities has been recognized as
one of the central areas of mathematical analysis throughout the last century and it is
a fast growing discipline, with ever-increasing applications in many scientific fields. This
growth resulted in the appearance of the theory of inequalities as an independent domain
of mathematical analysis.

Over the past decades, theory of inequalities has developed rapidly and unexpected
results, along with simpler new proofs for existing results, and, consequently, new vistas
for research opened up. In recent years the subject has aroused considerable interest
from many mathematicians, and a large number of new results have been investigated in
the literature. It is recognized that in general some specific inequalities provide a useful
and important device in the development of different branches of mathematics.

The history of convex functions is very long. The beginning the history of the theory
of convex functions can be traced back to the end of the nineteenth century. The roots
of the theory of convex functions can be found in the fundamental contributions of O.
Holder (1889), O. Stolz (1893) and J. Hadamard (1893). At the beginning of the last
century J.L.W.V. Jensen (1905, 1906) first comprehended the eminence and commenced
the symmetric investigation of the convex functions. In years thereafter this research
resulted in the appearance of the theory of convex functions as an independent domain
of mathematical analysis. In recent years, theory of convex functions has been a subject of
extensive research and a large number of inequalities for convex functions have appeared

which will be discussed in the coming chapters.



1.2 Aims and objectives

The aims and objectives that are accomplished through this research are summarized as

follows:

e Firstly, we will establish several new integral identities for differentiable mappings
and n-times differentiable mappings defined on an interval of real numbers or de-

fined on an invex subset of real numbers.

e Secondly, by using these identities, mathematical analysis and different forms of
convexity such as s-convexity, logarithmic convexity, s-logarithmic convexity, (a,m)-
logarithmic convexity, preinvexity, h-preinvexity, logarithmic preinvexity, geometric-
arithmetic convexity and using either the geometric symmetry or the arithmetic
symmetry of the weight function, a number of new Hermite-Hadamard and Fejér
type inequalities are obtained. In order to obtain Hermite-Hadamard type inequali-
ties we have also established many new identities which have played very important
role to achieve our results especially for those involving the conditions of logarith-
mic convexity, s-logarithmic convexity, («,m)-logarithmic convexity. During our
research we have also obtained some results for n-times differentiable mappings

satisfying the concavity conditions.

e Thirdly, we have done a comparative study of our results with already existing
results. We have also observed through analytical approach that either our results
gives better estimates for the error bounds of the difference between the left and
the middle terms and right and the middle terms in the Hermite-Hadamard’s and

Fejér’s inequalities or they contain already existing results as special cases.

e Finally, by choosing some functions which satisfy certain conditions stated in our
results we have given ample usages of our findings to get some inequalities involving

means of real numbers and to some quadrature rules.



1.3 Outline

Chapter 2 deals with some basic definitions and related results concerning the spaces
of convex functions, s-convex functions, (a,m)-convex functions, h-convex functions,
logarithmic convex functions, s-logarithmic convex functions, (a,m)-logarithmic convex
functions, preinvex sets, preinvexity functions, h-preinvex functions, logarithmic preinvex
functions. In Chapter 2, some Hermite-Hadamard type inequalities will also be presented
so that we can discuss how we have generalized or extended these results in coming chap-
ters. Special means of real numbers are also defined in order to show how we can employ
the results of the forthcoming chapters to get inequalities of these means.

Chapter 3 is about Hermite-Hadamard type inequalities for n-times differentiable
convex, concave and s-convex functions. In this chapter, by providing a new identity
for n-times differentiable mappings and applying the conditions of convexity, concavity,
s-convexity and analysis we give new Hermite-Hadamard type inequalities which contain
many results proved earlier as a special case for n = 1. Moreover, for different values of
n € N, that is is for n = 1 and n = 2, we have derived many new interesting inequalities.
To achieve our main results we have also derived some special definite integrals over
the unit interval [0, 1] and [0, 3] for the functions (1 —t)" a' and ¢"a’, a > 0. We have
also provided a plenty of uses of our results to get some inequalities concerning special
means of real numbers and to the estimation of error bound in trapezoidal rule. The
content of this chapter includes the results of the papers [80] and [81]. The paper [80]
has been accepted for publication in "Filomat" and the paper [81] has been submitted
to "Analysis Mathematica" for possible publication.

Chapter 4 covers Hermite-Hadamard type inequalities for n-times differentiable s-
logarithmically convex functions. The notion of s-logarithimic convexity is a general-
ization of the usual convexity. In this chapter we have used some identities for n-times
differentiable mappings already exist in literature and identity for n-times differentiable
mappings used to establish results of chapter 2. In fact, we have proved inequalities of

Hermite-Hadamard type by assuming the s-logarithimic convexity of the nth derivative



™ of the mapping f. The results of this chapter are more general as they contain many
results as a particular case for n = 1 and n = 2. We have also given adequate number
of results are also given to spectacle applications of our findings to produce inequalities
which include special means of real numbers. The results of this chapter are from the
references [82] and [83]. The results from [82] have been published in "Miskolc Mathe-
matical Notes" and the results of [83] have been accepted for publication in " Applied
Mathematics & Information Sciences".

Chapter 5 includes Hermite-Hadamard type inequalities related to another generaliza-
tion of convexity which is known as (a,m)-logarithmic convexity. In this chapter, we have
used the identities utilized in chapter 3 to obtain our results. Actually the assumption
of (a,m)-logarithmic convexity on the nth derivative f(™ has resulted in very interesting
inequalities which contain many results for particular values of n € N. In this chapter
we have also presented some important definite integrals for the product of monomials
t", (1 —1t)", n € N and the exponential function a’, a > 0 over the intervals [0,1] and
[0, %] to obtain the desired results. Sufficient number of results have been given on how
to apply these results to special means of real numbers. The results of this chapter are
taken from the papers [84] and [85]. These papers are under consideration for possible
publication in the "Filomat" and "Bulletin of the Iranian Mathematical Society"
respectively.

Chapter 6 consists of Hermite-Hadamard and Fejér type inequalities involving the
assumption that the first derivatives are preinvex functions and h-preinvex functions.
Since the criterion of preinvexity a generalization of convexity and h-preinvexity is a
further generalization of preinvexity. This reveals that the results of given in this chapter
are more general than those proved in the literature. The techniques used to establish
are results in the chapter are similar to those used for convex functions but in this paper
we have proved some identities for functions defined on an invex set. We have presented
ample results which illustrate applications of the obtained results to special means of

real numbers. The content of this chapters is taken from the references [86] and [87].



The paper [86] has been published in the "Journal of Computational Analysis and
Application, 19 (4) (2015), 725-739." and [87] has been accepted for publication in
the "Georgian Mathematical Journal".

Chapter 7 provides Hermite-Hadamard type inequalities for n-times differentiable
mappings defined on an invex set whose absolute value satisfy the conditions of preinvex-
ity, logarithmic preinvexity and s-preinvexity. Through our results we have also obtained
some corrected Hermite-Hadamard type inequalities established for the space of logarith-
mic preinvex functions. We have provided results of this chapter by using well-known
techniques, that is, by proving some new identities, using mathematical analysis and by
using the assumptions of preinvexity, logarithmic preinvexity and s-preinvexity on the
absolute value of the nth derivative of n-times differentiable mapping f. The results
provided in this chapter have been chosen from the papers [88], [89] and [90]. The results
of the paper [88] have been accepted for publications in the "Georgian Mathematical
Journal", the papers [89] and [90] have been published in the "Filomat 29:7 (2015),
1651-1661" and "Hacettepe Journal of Mathematics and Statistics, 44 (4)
(2015), 839- 853" respectively.

Chapter 8 incorporates some Fejér type inequalities by using the notions of geometric-
arithmetic convexity and by using the geometric symmetry of the weight function in-
volved. We have also proved some new error bounds of the difference between the middle
and right terms, and between the difference of middle and left terms of the Fejér type
inequalities. To this end, we have to prove two new identities by choosing a weight func-
tions which satisfies geometric symmetry condition and a differentiable mapping. At the
end of this chapter, some applications to special means of real numbers are stipulated by
a selection of appropriate weight function and a differentiable function. The results of
this chapter are from the references [91] and [92] of which [91] is under review in "Ap-
plied Mathematics and Computation" and [92] has been submitted to "Journal
of Convex Analysis".

Chapter 9 discusses about the concluding remarks and some new results and exten-
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sions to be done as future works.
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Chapter 2

Preliminary Definitions and

Literature Review

2.1 Introduction

Since the theory of convex functions plays an important role in almost all branches of
mathematics, hence it is of worth to describe this notion and related results in the forth-
coming paragraphs. At the next step, we will give the other types of convex functions
such as quasi-convex, s-convex, m-convex, («, m)-convex, h-convex, logarithmically con-
vex, s-logarithmically convex, m-logarithmically convex, («, m)-logarithmically convex,
preinvex, prequasiinvex, s-preinvex, m-preinvex, («, m)-preinvex, h-preinvex, logarithmi-
cally preinvex functions and concerned results to these types of convex functions which
are in fact generalizations of the usual notion of convex functions.

We will consider the following notations throughout this dissertation

A (a,b) will be usual arithmetic mean of numbers a and b, that is, A (a,b) = “T*b and
A, (a,b) will be the weighted arithmetic means between the numbers a and b, that is,
Ay (a,b) = Xa + (1 — \)b. In a similar way G (a,b) = v/ab is the usual geometric mean
Apl=2

between a and b and G, (a,b) = a is the weighted geometric mean of @ and b. In

this chapter, a complete section is also devoted to special means of real numbers.
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2.2 Convex Function

An important mathematical problem is to investigate how function behave under the
action of means. The best known case is that of midpoint convex (or Jensen convex)
functions, which deals with the arithmetic mean [125, p.6].

J-convex function: A function f: I C R — R is convex in Jensen sense or J-convex if

f (A1, 23)) < A(f(21), f(22)) (2.1)

for all 1,25 € I.

Convex function: [125, p.6] A function f: I C R — R is known to be convex if

f(AN (z,9) < A (f(2), f(y)) (2.2)

for all points z and y in [ and 0 < A < 1. It is called strictly convex if the inequality
(2.2) holds strictly whenever = and y are distinct points and A € (0,1). If —f is convex
(respectively, strictly convex) then we say that f is concave (respectively, strictly con-
cave). If f is both convex and concave, then f is said to be affine.

In the context of continuity, midpoint convexity means convexity, that is, the following

criteria of equivalence of (2.1) and (2.2) given by J. L. W. V. Jensen is valid

Theorem 1 [125, p.10] Let f : I CR — R be a continuous function. Then f is convex

iff fis mid-convex, that is,

f(A(zy) <A(f(x), fly) for all z,y € I. (2.3)

By mathematical induction we can extend the inequality (2.2) to the convex com-
binations of finitely many points in I. These extensions are known as discrete Jensen

inequality and the integral Jensen inequality respectively [125, p.8§].
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Theorem 2 (The discrete case of Jensen’s Inequality) A real valued function f
defined on an interval I is convex iff for all xq,...,x, € I and all scalars py, ...,p, € [0,1]

with P, = > | p; we have

f (P% z;pz%) < %Zpif (z:) (2.4)

The above inequality is strict if f is strictly convex, all the points x; are disjoint and all

scalars p; are positive.

Between the space of convex and mid-convex functions there is another space of
functions called space of wright convex functions [135, p.7].
Wright Convex function: A function f: I C R — R is said to be wright convex if for

each x < y, 2 >0, x, y+ z € I, the following inequality is valid

fl@+2) = flz) < fly +2) = fly). (2.5)

There is another sub-space of space of convex functions called space of log-convex func-
tions [140, p.18].
Log(or Multiplicative) Convex function: A function f : I/ C R — R is said to be

log-convex if f is positive and log f is convex on I, that is, if f is positive and satisfy

flax + By) < f(x) fy) (2.6)

forz,ye I, a,0>0,a + f=1.
The space of convex functions can be characterized in a variety of ways. Here we

discuss some regularity and geometric properties [140, p.2]. A function f convex and

finite on a closed interval [a,b] is bounded from above by M = max{f(a), f(b)}, since
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for any A € [0,1], z = A, (a,b) in the interval,
F(2) < Av (F(@). F(5)) < AM + (1 — \)M = M,

It is also bounded from below as we see by writing an arbitrary point in the form A (a, b)+
t. Then
1

or

f(Ala,b) +1) = 2f (A(a,b)) — f (A(a,b) —1).

Using M is upper bound, —f (A (a,b) —t) > —M, so
FA@) +1)> 2f(Aa,b) — M=m.

It is easily seen that a convex function may not be continuous at the boundary points of
its domain. On the interior it is not only continuous but it satisfies a stronger condition

(140, p.4].

Theorem 3 If f : I C R — R s convezx, then f satisfies a Lipschitz condition on any
closed interval [a,b] contained in the interior of I, that is there is a constant K so that

for any two points x,y € |a,b],

|f(@) = fy)] < K [z -yl
Consequently, f is absolutely continuous on [a,b] and continuous on interior of I.

The derivative of a convex function is best studied in terms of the left and right

derivatives defined by

() = tim T =T@) 0y

(2.7)
ylz y—x ylw y—x
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The following result for left and right derivatives of the convex functions can be seen in

140, p.5].

Theorem 4 If f : I — R is convex (strictly convex), then f'(x) and f'(x) exist and

are increasing (strictly increasing) on interior of I.

The following result about convex functions states that a convex function is differen-

tiable almost everywhere.

Theorem 5 [140, p.7] If f : I — R is convex on the open interval I, then the set E

where f' fails to ezist is countable. Moreover, f' is continuous on I/E.

For a twice differentiable function the second derivative test is very useful to check

the convexity of a function [140, p.11].

Theorem 6 Suppose f" exists on (a,b). Then f is convex iff f"(x) > 0. And if f"(z) >0

on (a,b), then f is strictly convex on the interval.

The geometric characterization depends upon the idea of a support line.
Support line for convex function: A function f : I — R is convex if and only if there
is at least one line of support for f at each xq € I, that is, there exists an affine function
A(x) = f(xo) + m(z — x0) such that A(z) < f(z) for every z € I. If f is differentiable

at xo then this line in unique and this is tangent line.

Theorem 7 [140, p.12] A function f : (a,b) — R is convez iff there is at least one line
of support for f at each xo € (a,b).

The following result is not direct characterization of a convex function but it is closely

related to Theorem 7.

Theorem 8 [140, p.12] Let f : (a,b) — R be convex. Then f is differentiable at xo iff

the line of support for f at xq is unique. And in this case,

A(z) = f(xo) + f'(0)(z — 20)
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provides this unique support.

Sub-differential (or Generalized derivative): Let f : ] C R — R be a convex

function, then sub-differential of f at z, denoted by 0f(z), is defined as

Of(z) ={y € R:y is the slope of a support line for f at x}

={yeR: f(u) — f(z) —y(u—2)>0,uel}.

Thus 0f is a set-valued function that is single valued and agrees with the ordinary two-
sided derivative f” wherever the latter exists. The domain of df (dom 0 f) is the set of
all z in I where f has support and range of Jf is the set of support slopes.

Note: It may be noted that (int /=)I° C domd f C I.

There is a connection between a convex function and its sub-differential [125, p.30].

Lemma 9 Let f be a convex function on an interval I. Then Of(x) # () at all interior
points of 1. Moreover, every function w : I — R for which w(x) € 0f(x) whenever x € I°

verifies the double inequality

f(x) < w(z) < fiw),

and thus is nondecreasing on I°.

Theorem 10 Let f be a continuous convex function on an interval I and let w: [ — R

be a function such that w(x) belong to Of(z) for all x € I°. Then

f(z) =sup{f(z)+ (z—2)w(x): z € I°} for all z € I.

2.3 Quasi-convex functions

It is well-known that notion of quasi-convex functions as given in the definition below,

generalizes the notion of convex functions.
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Definition 11 [135, p.7] A function f : [a,b] — R is said to to be quasi-convex on [a, b
if
f(Ax () < max{f (), f (y)} (2.8)

holds for all z,y € [a,b] and 0 < X < 1.

Evidently, every convex function is a quasi-convex function. The following examples

shows that not every quasi-convex function is a convex function.
Example 12 [63] The function f : [—2,2] — R, defined by

1, te[-2,-1]
f(x) =
2, (—1,2]

is not convexr on [—2,2| but it is quasi-convex on [—2,2].

A quasi-convex function may neither be convex nor continuous, for instance the floor
function f (x) = |x|, where | x| is the greatest integer not greater than z is a monotonic
increasing function which is quasi-convex but it is neither convex nor continuous. For

further details on convex and quasi-convex functions, we refer the reader to [140].

2.4 s-convex functions

The following two views of s-convexity (0 < s < 1) of real-valued functions have been

discussed by Hudzik and Maligranda in [57].

Definition 13 [131] A function f : [0,00) — R is considered to be s-convex in the first

sense or Orlicz s-convex if

flaz + By) <o’ f(z) + 5°f(y) (2.9)
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for all x,y € [0,1) with a® + $* =1 for some s with 0 < s < 1. This space of functions

is expressed by K.

Definition 14 [8/ A function f : [0,00) — R is assumed to be s-convex in the second

sense or Breckner s-convez if

flax+ By) < o’ f(z) + B°f(y) (2.10)

for all z,y € [0,1) with a + 5 = 1 and for some fixed s with 0 < s < 1. This space of

functions is symbolized by K?.

In [137], Pinheiro, claimed that the space K! has lack of objectivity. Pinheiro explored
this space of s-convex functions and expounded why the s-convexity first sense was
abandoned by the literature in the field of inequality. Pinheiro amended the space of
s-convexity in the first sense and suggested a geometric interpretation for functions in
K! with some related results. For additional results regarding s-convexity in the first
sense see [137].

Also, we note that for s = 1, s-convexity (in both senses) reduces to the ordinary
convexity of functions defined on [0, co).

Hudzik and Maligranda, among others, gave an example of a non-continuous Orlicz

s-convex function, which is not Breckner s-convex.

Example 15 [57] Let s € (0,1) and a, b, c be real numbers. Define f :[0,00) — R by
a, u =0,
bu® 4+ ¢, u >0,
we have the following
(1) if b € [0,00) and c € [0,a], then f € K2
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(2) if b€ (0,00) and ¢ € (—0,0), then f ¢ K?2.

The condition o + 8 = 1 in the definition of K2 can be equivalently replaced by the

condition a4+ [ < 1 as explained in the following theorem.

Theorem 16 [57]Let f € K2 . Then the inequality (2.10) is valid for all u,v € [0, 00)
and , o, 3 >0 with o+ B < 1 if and only if f(0) = 0.

Some further properties of s-convex functions in the second sense are given in the

following theorems.
Theorem 17 [57]Let 0 < sy < sy <1. If f € K2 and f(0) =0, then f € K2, .

Theorem 18 [57/Let f be a nondecreasing function in K? and g be a nonnegative convex

function on [0,1). Then the composition f o g of f with g belongs K2 .

For more properties and results on s-convex functions in the second sense with regard

to geometrical point of view we refer the interested reader to Pinheiro [137].

2.5 m~convex and (a,m)-convex functions

Let b be a positive real number and [0, b] be an interval of the real line R. Let K(b) be
the space of all functions f : [0,b] — R which are continuous and non-negative on |0, b]
with the property f(0) = 0.
The space of all functions f € K (b) which are convex on [0, b] is denoted by K¢ (b).
A function f :[0,b] — R is starshaped with respect to the origin on [0, b] if

fx) < Af(x),

holds for all z € [0,b] and 0 < X\ < 1.
The space of all functions f € K(b) which are starshaped with respect to the origin
on [0,0] is denoted by Kg(b).

20



let Kr(b) be the space of all functions f € K(b) convex in mean on [0,b] , that is, the
space of all functions f € K (b) for which F' € K¢(b) , where the mean function F' of the
function f € K(b) is defined by

F(z) =

In [9], Bruckner and Ostrow, among others, proved that Ko (b) C Kr(b) C Kg(b) .
In [156], G. Toader, defined m-convexity, another intermediate between the usual

convexity and starshaped convexity, as follows:
Definition 19 [156] The function f : [0,b] — R, b > 0, is said to be m-convex, where
m € [0,1] , if one has

fz+m(1=Ny) < Af(z) +m(1—A)f(y) (2.11)

for all x,y € [0,0] and 0 < X< 1. If —f is m-convex then f is m-concave.

The space of all m-convex functions on [0, b] for which f(0) < 0 is denoted by K, (b).
Obviously, for m = 1, m-convexity is the standard convexity of functions on [0,b] , and

for m = 0 the concept of starshaped functions.

The following lemmas are well known in literature [156].
Lemma 20 [156] If f is in the space K,,(b) , then it is starshaped.

Lemma 21 [156] If f is in the space K,,(b) and 0 < n < m < 1, then f is in the space
K,(b).

From Lemma 20 and Lemma 21 it follows that

K1(b) C Kom(b) C Ko(b),
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whenever m € (0,1) . Note that in the space K;(b) there are only convex functions
f :10,b] — R for which f(0) < 0, that is, K;(b) is a proper subspace of the space of
convex functions on [0, b]. It is interesting to point out that for any m € (0,1) there are
continuous and differentiable functions which are m-convex, but which are not convex in
the standard sense [157].

The following theorem reveals the fact that there are continuous and differentiable

functions which are m-convex but are not convex in the standard sense.

Theorem 22 [11] For each m € (0, 1) there is an m-convex polynomial f such that f is

not n-convex for any m <n < 1.
The following result is a characterization when a differentiable function is m-convex.
Lemma 23 [11] If f is differentiable, then [ is m-convex on [0, b] iff
f(x) <mf(y) + f(2)(@ —my)
for all x,y € [0,b] .
The notion of m-convexity was further generalized in the following definition:

Definition 24 [109] The function f : [0,b] — R, b > 0, is said to be (o, m)-convex,
where (o, m) € [0,1]? , if

FOz+m(1 = A)y) < Af(z) +m(l = A")f(y) (2.12)

holds or all z,y € [0,b] and 0 < X < 1.

The space of all («, m)-convex functions on [0,b] for which f(0) < 0, will be denoted
by K7, ().
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If we take (,m) = (1,m) , it can be easily seen that («, m)-convexity reduces to
m~convexity and for (a,m) = (1,1) , (o, m)-convexity reduces to the notion of usual
convexity on [0,b],b > 0.

An analogue result of Lemma 23 for the space of (a, m)-convex functions is stated

below.

Lemma 25 If f is differentiable, then f is (a, m)-convez on [0,0] iff

a(f(@) =mf(y)) < f(x) (@ —my)

for all x,y € [0,b] .

2.6 h-convex functions

Let I be an interval in R, then the space of Godunova-Levin functions is defined as

follows.

Definition 26 [47/A function f : I — R is stated to belong to the space of Godunova-

Levin functions if f is non-negative and for all x,y € I and 0 < A < 1 we have

fas (@) < 1D SO (2,13

The space of Godunova-Levin functions is denoted by @ (I) and was initially described
in [47] by Godunova and Levin. Some further properties of it are given in [30], [106] and
[107]. It is to be noted that non-negative monotone and non-negative convex functions
belong to this space of functions.

The following definition is about the space of P-functions.

Definition 27 [30] A function f : I — R is said to be P-function, or that f belongs to

the space P(I), if f is a non-negative function and for all z,y € I , 0 < A < 1, we have

F(AN (z,y) < f(z)+ f(y).
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For further results about the space P(I) we refer the readers to [133].

In the paper [158] a larger space of non-negative functions which contains non-
negative convex functions, s-convex in the second sense, Godunova-Levin functions and
P-functions was considered. This space of functions is known as space of h-convex func-

tions.

Definition 28 [158] Let I and J be intervals in R such that (0,1) C J andleth: J — R
be a non-negative function, h Z 0. A non-negative function f : I — R is said to be an
h-convex function, or that f belongs to the space SX (h,I), if for allz,y e I 0 <A <1

we have

f(Ax(z,y)) < h(A)f(2) + h(1 = A)f(y). (2.14)

A non-negative function f : I — R is said to be an h-concave function, or that f belongs

to the space SV (h, 1) if the inequality (2.14) is reversed.

Remark 29 [t is easy to observe that if f is a non-negative convex function on I and h

a non-negative function such that h(t) > A for all X € (0,1), then

F (A (2, y)) < Ax(f(2), f(y)) < h (A f(z) +h(1 = A)f(y)

forx,y € 1,0 < X\ < 1,that is f € SX(h,I). Similarly, If f is a non-negative concave
function on I and h a non-negative function such that h(t) < X\ for all A € (0,1), then
feSV(hI).

There exist non-convex functions which are h-convex. The following example illus-

trates this fact.

Example 30 Let hy(x) = 2% where k < 0, x > 0 and let the function f : [ = [a,b] — R
be defined as



Then f is a non-convex function, but it is hy-convex.
The following results hold.

Proposition 31 [158] Let hy, hy be non-negative functions defined on an interval J
with property hao(t) < hy(t), t € (0,1). If f € SX(ho,I), then f € SX(hy,I). If
f S SV(th), then f S SV(hgjl)

Proposition 32 [158] If f,g € SX(h,I) and X > 0, then f + g f € SX(h,I). If
f,g€ SV(h,I) and A\ > 0, then f+ g, \f € SV(h,I).

Some very interesting results for h-convex functions can be acquired when the function

h in Definition 28 possesses the additional properties given in the definitions below.

Definition 33 [141] A function h : J — R is said to be a super-multiplicative function
if
h(zy) > h(z)h(y) (2.15)

for all x,y € J. If inequality (2.15) is reversed, then h is said to be a sub-multiplicative
function. If the equality holds in (2.15), then h is said to be a multiplicative function.

Definition 34 [141] A function h : J — R is exclaimed to be a super-additive function
if
Wz +y) > h(z) + h(y) (2.16)

forallx,y € J, when x+y € J. orall x,y € J. If inequality (2.16) is reversed, then h
is said to be a sub-additive function. If the equality holds in (2.16), then h is said to be

a additive function.

For more properties on h-convex functions and related results see [158] and [143].
Some further generalizations of logarithmic convexity, s-convexity, m-convexity and

(cr, m)-convexity are stated in the following definitions.
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2.7 s-logarithmically convex functions

Definition 35 [168] For some s € (0, 1], a positive valued function f: I C R — (0, 00)

is considered to be s-logarithmically convex on I if and only if

f(Ax (@) < [f @1 [f )
holds for all x, y € I and 0 < X < 1.

It is obvious that when s = 1 in Definition 35, the s-logarithmically convexity becomes

the usual logarithmically convexity.

2.8 m-logarithmically and («, m)-logarithmically con-
vex functions

Definition 36 [18/ A function f : [0,b] — (0,00) is defined to be m-logarithmically
convex if

fOa+m(L=N)y) < [f @) [f ()"

holds for all z, y € [0,0], 0 < A <1 and m € (0,1].

Definition 37 [18] A function f : [0,b] — (0,00) is known to be («, m)-logarithmically
convex if

fO@+m (1 =N y) < [f @ [f @)

holds for all z, y € [0,b], 0 < A <1 and (a,m) € (0,1] x (0, 1].

It is also obvious that if m = 1 in Definition 36 and if (a,m) = (1,1) in Definition
37, the notion of m-logarithmic convexity and (o, m)-logarithmic convexity recapture the

notion of usual logarithmic convexity.
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2.9 Invex Sets and Preinvex Functions

Convexity plays an influential role in mathematical economics, engineering, management
science, and optimization theory. A rapid growth of the research on generalization of
convexity has been observed in the past decade. Not long ago, quite a few extensions
and generalizations have been considered for convexity. An influential generalization of
convex functions is that of preinvex functions pioneered by Weir and Mond [166]. Many
researchers have studied the basic properties of the preinvex functions and their role
in optimization, variational inequalities and equilibrium problems, see for example the

works of Mohn and Neogy [101], Noor [119] and Yang et al. [179].

Definition 38 [166]/ A set K C R" is said to be invex if there exists a function n :
K x K — R" such that

u—+ An(v,u) € K, Yu,v € K, \ € [0,1].

The invex set K s also called an n-connected set.

Definition 39 [166] Let K be an invex set with respect to n: K x K — R. A function

f: K — R s said to be preinvex with respect to n, if

flu+ An(v,u)) < Ay (f(v), f(u)),Yu,v € K, X € [0, 1].

The function f is said to be preincave if and only if —f is preinvex.

It is to be noted that every convex set and convex function are respectively invex set
and pre-invex function with respect to the map 7 (v,u) = v — u but the converse is not

true see for instance [166].

Remark 40 [101] The Definition 38 of an invex set has a clear geometric interpretation.

This definition essentially says that there is a path starting from a point u which is
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contained in K. We do not require that the point v should be one of the end points of the
path. In case v has to be an end point of the path for every pair of points u,v € K, then

n(v,u) =v —u , and consequently invexity reduces to convexity.

For further properties of preinvex functions, see [178].

2.10 s-Preinvex Functions

Definition 41 [96] A function f : K — [0,00) on an invex set K C [0,00)" is said to

be s-preinvexr with respect to n, if

flu+An(v,u)) < (1=X)" f(u) +A°f(v)

holds for all u,v € K, \ € [0,1] and for some fized s € (0,1]. The function f is said to

be s-preincave if and only if —f is s-preinvex.

2.11 h-Preinvex Functions

Similar to the space of h-convex functions, the space of h-preinvex functions was con-
sidered in [108] and [115] independently. This space contains several well-known spaces
of functions such as preinvex functions, s-preinvex in the second sense, Godunova Levin

preinvex functions (Q-preinvex functions) and P-preinvex functions.

Definition 42 [108, 115] Let J be a real interval such that (0,1) C J and let h: J — R
be a non-negative function with h £ 0. A function f : K — R defined on an invex subset

K of R" is called an h-preinvex with respect to n, if for all x,y € K and X € [0, 1]

Flu+ Agv,0) < B (L= ) f(w) + k() (). (2.17)

If the inequality in (2.17) holds in reversed, then f is called h-preincave.
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Remark 43 [108] Note, that every convex function is a h-preinvex function with respect

ton(v,u) =v—u and h (A) =\, A € [0,1].

Definition 44 [166] Let K C R"™ be an invex set with respect ton : K x K — R". A

function f : K — R is said to be prequasi-invex with respect to n, if
flut Mn(v,u)) < max{f(u), f(v)},Vu,v € K, A €[0,1].

Definition 45 [118] Let K C R™ be an invex set with respect ton : K x K — R". A

function f: K — (0,00) is said to be logarithmic preinvex with respect to n, if
flu+An(v,u) <Gy (f(v), f(u),Yu,v € K, A €[0,1].

It is clear from the arithmetic-geometric mean inequality that if f : K — (0, 00) is

logarithmic preinvex, we have

flutAn(v,u)) < Gy (f(v), f(u) < Ax(f(v), f(u))
< max {f(u), f(v)},

for all u,v € K, X € [0,1].

2.12 Geometrically-Arithmetically Convex Functions

The usual definition of a convex function (of one real variable) depends on the structure of
R as an ordered vector space. As R is actually an ordered field, it is natural to investigate
what happens when addition is replaced by multiplication and the arithmetic mean is
replaced by the geometric mean. The characteristic property of the subintervals I of R

is

ryel, Ae[0,1] = A, (z,y) €1,

29



so, in order to draw a parallel in the multiplicative case, we have to restrict to the

subintervals J of (0,1) and to use instead the following fact

ryel, Ael[0,1] = Gy (x,y) € 1.

Depending on which type of mean, arithmetic (A), or geometric (G), we consider on
the domain and the codomain of definition, we shall encounter one of the following four

spaces of functions:
1. (A, A)-convex functions, the usual convex functions
2. (A, G)-convex functions
3. (G, A)-convex functions
4. (G, G)-convex functions.

Here we consider only the (G, A)-convex functions, which are defined as follows.

Definition 46 [125, p.68] A function f : I C R, = (0,00) — R is said to be GA-convex

function on I if

F(Gx(z,y) < A (f(2), f(y))

holds for all x, y € I and X € [0,1], where Gy (z,y) = 2’y and A, (f(x), f(y)) =
Af(z)+ (1 —=N)f(y) are respectively the weighted geometric mean of two positive numbers
x and y and the weighted arithmetic mean of f(x) and f(y).

The definition of GA-convexity is further generalized as GA-s-convexity in the second

sense as follows.

Definition 47 [65] A function f : I C R, = (0,00) — R is said to be s-GA-convex
function on I if

F(GA(z,y)) <N f(z) + (1 =N fy)
holds for all z, y € I, A € [0,1] and for some s € (0,1].
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For the properties of GA-convex functions and GA-s-convex functions, we refer the

reader to [58, 65, 181] and the references there in.

Definition 48 [135, p.138] A function g : [a,b] — [0,00) is said to be symmetric with

respect to “TH’ if the equality

gla+b—z)=g(z)

holds for all x € [a, b].
As parallel in the multiplicative case, we can state the subsequent definition.

Definition 49 [91] A function g : [a,b] C Ry = (0,00) — R is said to be geometrically

symmetric with respect to G (a,b) if

holds for all x € [a, b].

2.13 Mathematical Means

The following definition gives a generalization of the notion for a positive valued function

of positive variables.

Definition 50 [1/] A function M : R:Z — R, is called a Mean function if it has the

following properties
1. Homogeneity: M(az,ay) = aM (z,y), for all a > 0,
2. Symmetry : M(z,y) = M(y,x),
3. Reflexivity : M (z,z) = x,
4. Monotonicity: If v <z andy <y, then M(z,y) < M(x',y),
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5. intermediacy: min{z,y} < M(x,y) < max{z,y}.

We consider the following means for positive real numbers a, b € R, .

1. The arithmetic mean:

Afa,b) = 220

2 )
2. The geometric mean
G (a,b) = Vab,
3. The harmonic mean:
2
H (a,b) = )
@)=

4. The logarithmic mean:

b—a
L - %
(@) = a7 b

1/(b—a)
LE)T T e,

5. The identric mean

6. Generalized log-mean:

( +1_gp+1 1/p
[M} ’ p%o,—landa%b’

b—a
Inb—Ina’

p=—1and a #b,
Lp(d,b):

I(a,b), p=0and a #b,

a=1"o

and
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7. The power mean:
1

T b?" r
P, (a,b) = (“ ; ) >

It is well known that L, is monotonic nondecreasing over p € R, with L_; = L and

Lo = I. In particular, we have the inequality H < G < L <[ < A.

The reader may find a comprehensive study on the entire topics of means in [14, 15].

2.14 Holder’s Inequality

In mathematical analysis, Holder’s inequality is an important inequality concerning in-
tegrals and is an essential tool to study the L, spaces. This famous inequality is named

after the renowned mathematician Otto Holder.

Theorem 51 [50] Let (X, 3, 1) be an arbitrary measure space and let p,q € [1, 00| with
%—i—é = 1. Suppose that f and g are real- or complez-valued measurable functions defined

on X. Then

1fglly < [1F11, llgll, - (2.18)

The numbers p and q known to be Holder conjugates of each other.

Remark 52 If p,q € (1,00) and f € L,(n), g € Ly(p), equality holds in Holder’s
inequality if and only if a|f [P = B|g|? a.e. on X for some «, 5 > 0.

Remark 53 When p = q = 2, the inequality (2.18) becomes Cauchy-Schwarz inequality.
Holder’s inequality holds even if || fgl|, is infinite, the right-hand side also being infinite

in that case.
In Holder’s inequality the following conventions are considered.

e For the Holder conjugates p and ¢, 1/ oo is understood to be 0.
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e If p,qg € [1,00), then

11, = ([ 1) ot gl = ( [ 1ot a)”

1

The expressions (fX ¥is d,u) » and (fX lg]? d,u)% can possibly be infinite.

o If p =00, || f||,, stands for the essential supremum of f on X give by
[flloe = nf {M €[0,00) : u{z € X : |f (2)] > M} =0}

9]l can similarly be defined.

e On the right-hand side of Holder’s inequality, 0 x oo as well as co x 0 means 0.

Multiplying a > 0 with oo gives oo.

Holder’s Inequality Lebesgue measure
If X is a measurable subset of R with the Lebesgue measure i, and f and g are real-

or complex-valued measurable functions on X, then Holder inequality can be written as

A (/X|f|pdﬂ);(/xlg|qdu);.

If X =[a,b] and f, g are real-valued measurable functions on [a, b], then

[ 15wl < (/ab|f<x>\pd:c)'l’ (/:\g«c)wdx);.
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2.15 Hermite-Hadamard type Inequalities for differ-
ent spaces of convex functions

It is well known in mathematics literature that if f : I C R — R is a convex mapping

and a,b € I with a < b, then

F@m) < 52 [ e < A @), 50). (219)

The inequalities (2.19) hold in reversed direction if f is concave. The double inequality
(2.19) was firstly discovered by Ch. Hermite [49] in 1881 in the journal Mathesis but
was nowhere mentioned in the mathematical literature and was not widely known as
Hermite’s result. E. F. Beckenbach [17, p.441], a leading expert on the history and the
theory of convex functions, wrote that this inequality was proven by J. Hadamard [48] in
1893. Later on, in 1974, D. S. Mitrinovié¢ [104] found Hermite’s note in Mathesis. This is
why, the inequality (2.19) is now commonly referred as the Hermite-Hadamard inequality.
Since the discovery of (2.19) in 1883, Hermite-Hadamard inequality (see [135, p.139]) has
been considered the most expedient inequality in mathematical analysis. Some of the
special inequalities for means can be derived from (2.19) for particular choices of the
function f. Moreover, (2.19) provides a necessary and sufficient condition for a function
f to be convex in (a,b).

In [44], Fejér gave a weighted generalization of (2.19) while studying trigonometric
polynomials. Fejér’s original result reads as follows (see [135, p.138]):

Consider the integral ff f(z)w(x)dx where f is a convex function in the interval (a, b)

and ¢ is a positive function in the same interval such that

gla+t)=gb—-1t), 0<t<-(a+b),

N | —

ie, y = g(z) is symmetric curve with respect to the straight line which contains the
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point (1 (a+b),0) and normal to the z-axis. Then

b b b
fa@y) [w@is < [ f@u@ds < A(f@.50) [ vl @20

Many mathematicians have tried to answer an important question of acquiring the

bounds of the following quantities which appear in (2.19) and in (2.20):

b
‘bia/a F@)dz — f(A(a,b))], (2.21)
b
Af(@). £0) - 5 [ 1(wyis). (222)
/ f(2)g (x) dz — f (A(a,b)) / g () du (2.23)
and \ ,
‘A(f(a%f(b)) [o@ar~ [ s, (2.21)

In [27], Dragomir and Agarwal proved the following results.

Theorem 54 [27, Theorem 2.2] Let f : I° C R — R be a differentiable function and a,
be I° witha <b. If f € L([a,b]) and ‘f" is convez on [a,b], then

b
bia/ f(z)dx

Theorem 55 [27, Theorem 2.3] Let f : I° C R — R be a differentiable function and a,
beI° witha<b. If f € L([a,b]) and |f p/(p—1)

< (b;a)A<

f (a)

Jr®)). (2.25)

'A (F(a). (b))

is convez on [a,b] for p > 1, then

Au@. oy [ fww
< oo [A ()f (a)

2(p+1)1/p

p/(p—1)

’

)

/(p—1) (p—1)/p
DI )] . (2.26)

Pearce and Pecari¢ [132], improved the inequality (2.26) by proving the following
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result.

Theorem 56 [132, Theorem 1] Let f : I° C R — R be a differentiable function and a,
beI° witha <b. If f € L([a,b]) and ‘f"q is convez on [a,b] for ¢ > 1, then

q)} Y 2

@10y - 5 [ @] <O

and

O al o). e

'f(A(ab b_a/f ) d

Pearce and Pecari¢ [132] also established the following results by using the concavity

condition.

Theorem 57 [132, Theorem 1] Suppose the assumptions of Theorem 56 are satisfied

and ‘f"q is concave on [a,b] for ¢ > 1. Then

(A(a, b))‘ (2.29)

AG@ 10y - 52 [ @] < O

raen - [

As similar result to that of Theorem 54, Kirmici gave the following result which gives

bound on (2.21).

and

_a)

<

£ (Ala, b))( . (2.30)

Theorem 58 [74] Let f : I C R — R be a differentiable mapping on I°, a, b € I° with

a<bandletq>1.If |f’| is convex on [a,b], then the following inequality holds

(] @

In [53], Hwang established the following results for convex functions and these results

x)dz

f(A(a

S

Jrof). e

provide a weighted generalization of the results given by (2.28) in Theorem 56.
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Theorem 59 [553] Let f: I CR — R be a differentiable mapping on I°, where a, b € I°
with a < b and let g : [a,b] — [0,00) be continuous positive mapping and symmetric to

‘”b If ‘ f ‘ is convez function on [a,b], the following inequality holds:

/ F(2)g(@)de — (A (a,b) / ' gla)da

(b—a)A (‘f b))/olM(g;a,b,t)dt, (2.32)

where M (g; a,b,t) = faL(abt (z)dt and L (a,b,t) = HFta + Stb.

Theorem 60 [53] Let f: 1 C R — R be a differentiable mapping on I°, where a, b € I°

with a < b and let g : [a,b] — [0,00) be continuous positive mapping and symmetric to

a

%b and g > 1. If }f’|q is convex function on [a,b], the following inequality holds:

[ st -1 @) [ ot

<o-afa(lrof |

where M (g;a,b,t) and L (a,b,t) are defined as in Theorem 59.

/Mg,abt , (2.33)

Most recently, Hwang [51] established the following results, which generalize the above
results of Theorem 56 and Theorem 57, for functions whose nth derivatives in absolute

value are convex and concave functions.

Theorem 61 [51] Suppose f: I° CR — R, a, b € I° with a < b. If f™ exists on I°,
f®™ ¢ L([a,b]) and ‘f(”)‘q is convez on [a,b] forq>1,n €N, n>2. Then

< 1< k—1)(b—a)*
AG@ o) - [ @ > T f<k><a>'

- (n—1)"a(b—a)" [(n2 —2)[f" ()" +n|f™ (b)}q] ' . (2.34)
n+ 2
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Theorem 62 [51] Suppose f: I° CR — R, a, b € I° with a < b. If f™ exists on I°,
f® e L([a,b]) and ‘f(")‘q is convez on [a,b] forq>1,ne N, n>1. Then

ot L+ DY - 0
b—a 24T (k + 1)

b
9@ - [T

(b— a)")! [A (|f(n> (@|*, [f® (b)\qﬂ‘ll . (2.35)

—2n(n+1

Theorem 63 [51] Suppose f : I° CR — R, a, b € I° with a < b. If f™ exists on I°,
f™ ¢ L([a,b]) and ‘f(”)‘q is concave on [a,b], ¢ > 1. Then

(n—1)0b—a)"|,.,, ((n?*—2)a+nb
TR f()<(n—1)(n+2))‘f07””22 (2.36)
and
e [1+(_1)k] b-a™ 1
b—a 261 (4 1)] f (A(avb))—m/a f(x)dz
= % £ (A(a,b))| forn>1. (2.37)

Following interesting results can be derived directly from Theorem 61, Theorem 62

and Theorem 63 for n = 2.

Corollary 64 [51] Under the assumptions of Theorem 61, for n = 2, we have

b
o [ f@a

-

o] e

q
9

A(f(a), f () =

(b—a)’
12

A @
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Corollary 65 [51] Under the assumptions of Theorem 62, for n = 2, we have

b b 2 . . q %
raen - 1ol <SS L (rof o)) e
Corollary 66 [51] Under the assumptions of Theorem 63, for n = 2, we have
b 2
AG@ - [Tl < Caen)]. e

It can be noticed that the inequalities (2.38), (2.39) and (2.40) may be better than
those given in Theorem 56 and Theorem 57.

As mentioned in the beginning, the notion of convexity has been subject to extensive
research and many researchers are either trying to establish different forms of the inequal-
ities (2.19 and (2.20) or to improve the bounds on the quantities given by (2.21)-(2.24).

In this direction, Dragomir and Fitzpatrick [32] proved a variant of (2.19) which holds

for s-convex functions in the second sense.

Theorem 67 [32] Suppose that f : [0,00) — [0, 00) is an s-convex function in the second
sense, where s € (0,1), a, b € [0,00) with a < b. Ifa, b € L([a,b]), then the following

imequalities hold

J(@)+ £(0)

2571 f (A (a,b)) <—/f <=

(2.41)

Kirmaci et al. [77], proved the following results which give bounds on (2.22) by using

the assumptions of s-convexity and s-concavity.

Theorem 68 [77] Let f : I C [0,00) — R be a differentiable mapping on I such that

f € Lla,b], where a,b € I with a < b. If }f’|q is s-convex on la,b], for some fixed
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€ (0,1] and q > 1, then the following inequality holds:

b
el RAOL

< (b;“> (%)12 |/ (@

Theorem 69 [77] Let f : I C [0,00) — R be a differentiable mapping on I such that

A(f(a), f () -

1
q

s+ ()
S

(s+1) (s +2) Tlrof] @)

f € Lla,b], where a,b € I with a < b. If }f’|q is s-convex on la,b], for some fixed

s € (0,1] and q > 1, then the following inequality holds:

pum» b_a/f <0321 iflrﬁ

X[(f<w+fwAmm>}> (f( <mﬁ>1
s+1 s—|—1

< (b;a) l(’f’ (a)’q_|_ f (A(a,b)) ‘ ) (‘f )’ +|f (b))q>

Theorem 70 [77] Let f : I C [0,00) — R be a differentiable mapping on I such that

} . (2.43)

f € Lla,b], where a,b € I with a < b. If ‘f’}q is s-concave on [a,b], for some fived

s € (0,1] and q > 1, then the following inequality holds:

-0 [Q(q— 1 )réssql

()]
e

a+ 3b
i (5)
Following results, which give bounds on (2.21) by using the s-convexity and concavity

b
A @ )~ 5= [ fla)da
X

s

<)l

] . (2.44)

conditions, were proven by Alomari et al. in [3].

Theorem 71 [77] Let f : I C [0,00) — R be a differentiable mapping on I° such that
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f' € Lla,b], where a,b € I with a < b. If }f’|q is s-convex on la,b], for some fixed

s € (0,1] and q > 1, then the following inequality holds:

raao -t [

< () (eiens ) [ @) + o0y aeny
(7 o = 6+ 0 aea))]

1

= (b;a> ((s+1)2(s+2))q [{(21_s+1) (@

+ {21*5 @]+ 2+ 1)

q)é

q
4 21—5

f (@ rafy] )

Theorem 72 [3] Let f : I C [0,00) — R be a differentiable mapping on I° such that

f PIP=Y) oo - convez on [a,b], for some fized

s € (0,1] and p > 1, then the following inequality holds:

poeon it e (43 () ()

<[ @f |7 @]y + (7 o +|f e

(52) () () sl o

+ {2 (a)(q s+ |1 )

f" € Lla,b)], where a,b € T with a < b. If

q);}

q}} . (2.46)

where p is the conjugate of q, ¢ =p/(p — 1).

Theorem 73 [3] Let f : I C [0,00) — R be a differentiable mapping on I° such that

f € Lla,b], where a,b € I with a < b. If ‘f’}q is concave on [a,b], for ¢ > 1, then the
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following inequality holds:

fA@m) -5 [ fa)d

() G) () () e

In [70], Jiang et al. generalized the results of Theorem 61 and Theorem 62 for s-convex

functions.

Theorem 74 [70] If f(x) is an n-times differentiable on [a,b] C [0,00) such that

| f) (x)‘q is s-convex on |a,b] for ¢ > 1 and n > 2, then

k=D b—a)
A @ 00 =2 [ -3 SR f”(a)'
s(b [P|f )}Q+Q\f(")(b)\qr, (2.48)

where the sum above takes 0 when n = 2,

nn—-1)+s(n—-2) .
P = i) mtst D) ,Q@Q=nB(n,s+1)—2B(n+1,s+ 1)

and
1
B(z,y) = / 11—
0

x, y > 0 is the Beta function.

Theorem 75 [70] If f(x) is an n-times differentiable on [a,b] C [0,00) such that
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| f) (m)‘q is s-convex on |a,b] for ¢ > 1 and n > 2, then

n-1 [1 + (—1)k] (b— a)F*!

1 (k) _rr
o Dy AU S CL) = R
<M [N|f(") (a)}q+ﬁ!f<") (A(a,0)|" + N|f™ (v)]* " (2.49)
where

1
1/ 2 \77/b-a\"
M_ﬁ(n—l—l) < 5 ) and B(n+1,s+1).

Now we present some results of interest for another generalizations of the convexity,
namely, for logarithmic convexity, s-logarithmic convexity, m- and (o, m)-logarithmic
convexity.

Gill et al. [46], proved that the following result holds for log-convex functions.

Theorem 76 [}6] Let [ be a positive, log-convez function on [a,b]. Then

1
b—a

b
[ 1@z <Lit@.so). (250)
For f a positive log-concave function, the inequality is reversed.

Xi et al. [168] obtained the following Hermite-Hadamard type inequalities for s-

logarithmically convex functions.

Theorem 77 [168] Let f : I C [0,00) — (0,00) be a differentiable function on I°, a,
beI° witha <band f € L([a,b]). If |f (x)|? for ¢ > 1 is s-logarithmically convex on

la,b] for some given s € (0, 1], then

ra-i L [
-

a) @ o {30 L (1, 0))" 4 (s (0,077}, (251)

<
- 4
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where

(

Ly (p,q) <

\

L2 (p“a q, U,) S

F@f O F(m),  0<|f™)|,|fm®)] <1,

F@f O F(), 1< @], [f™0),

[ @f O Fi(us), 0<|f™(0)] <1< |f™@),

£ @f )" (), 0<[f™@)]<1<]|f™(),

(1S @™ B (), 0<|f™@)], |f™0)| <1,

1F @) Fy (), 1< ™), |Fm0),

F @) Fy (), 0<|f™(a)|<1<|f™),

1S @ F (), 0 < |5O0)] <1< [0(a)],

= (2v—-1-%21) v#£1,

Inv

N[
X
|
—
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and

F@™ | f @]
SR VEO) ISV H Ol .
. }f/(a ‘sq/2 }f/<a)‘Q/(25

FOPE T e

Theorem 78 [168] Under the conditions of Theorem 77, we have

10 - [

- (b;a) (%)1 1/‘1{[L2 (11,0, )]/ 4+ 34D/ [, (M—l,q)]l/q}, (2.52)

where Ly (11, q), Lo (u,q,u), Fy(v), F5(v) and p; fori = 1, 2, 3, 4 are defined as in
Theorem 77.

Theorem 79 [168] Under the conditions of Theorem 77, we have

b—a/f

<O (D) (b [ (07 ) 253

A(f(a), f

where Ly (11, q), Lo (p,q,u), Fy(v), F5(v) and p; fori = 1, 2, 3, 4 are defined as in
Theorem 77.

Bai et al. [18] obtained the following Hermite-Hadamard type inequalities for m- and

(c, m)-logarithmically convex functions.

Theorem 80 [18] Let I C [0,00) be an open real interval and let f : I — (0,00) be a
differentiable function on I such that f* € L([a,b]) for 0 < a < b < co. If |f’ (m)‘q is
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b
m

(ar, m)-logarithmically convex on [0, ] for q € [1,00), (o, m) € (0,1] x (0,1], we have

b
A @ ) =52 [ fla)ds
< ()] () e
where )
5 p=1
u:%,&(a,mmz Fi(paq), 0<p<l1
| Al d), n>1
and
1 v v/2 2
F1(U,U):W[U(U —1)lnu—2(u/ —1)]

foru, v >0, u#1.

Corollary 81 [18] Let I C [0,00) be an open real interval and let f : I — (0,

. (2.54)

o0) be a

differentiable function on I such that f € L([a,b]) for 0 < a < b < oco. If !f/ ($)‘q is

b
m

bia/abf(m)dx

<

m-logarithmically convex on [O, ] for q € [1,00), m € (0,1], we have

A(f(a), f () -

(b—a)
2

Q=

(&) ol

()

where Ey (a,m,q) is defined as in Theorem 80.

Theorem 82 [18] Let I C [0,00) be an open real interval and let f : I — (0,

. (2.55)

o0) be a

differentiable function on I such that f € L([a,b]) for 0 < a < b < oco. If !f/ ($)‘q is
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b
m

(ar, m)-logarithmically convex on [0, ] for q € [1,00), (o, m) € (0,1] x (0,1], we have

b . ) m 3—-1/q
raen - [l < S0 (D () Eema). @
where
(2()"", p=t
B JJJE%—))}"" By (om,q) = § [Fy (aq)] "+ [Fy (maq)]/, 0 < p<1
[ [B ()] 4 (B ()] w1
and
1 v v/2 v/2
F; (u,v) = o (inw) [—u Plnu—u'? + 1]
1 v v v/2 v/2
F3 (u,v) = o (lna)? [u — —u"?Inu — u/ }

foru, v >0, u#1.

Corollary 83 Let I C [0,00) be an open real interval and let f : I — (0,00) be a
differentiable function on I such that f € L([a,b]) for 0 < a < b < oco. If !f/ (w)’q is
m-logarithmically convex on [O, ] for q € [1,00), m € (0,1], we have

b
()

(b—a)
4

. (1)31/q By (Lm.q)]. (257

bia/abf(x)dx

where Ey (a,m, q) is defined as in Theorem 80.

f(Ala, b)) —

<
- 2

Since the notion of invex sets, preinvex functions are considered to be a significant
generalizations of convex sets and convex functions respectively, so in this forthcoming

paragraph we mention some inequalities of Hermite-Hadamard type for the space of
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preinvex functions. We also mention inequalities of Hermite-Hadamard type for log-
preinvex functions which is a further generalization of preinvex functions.
Noor [118] has obtained the following Hermite-Hadamard inequalities for the preinvex

and log-preinvex functions.

Theorem 84 [118] Let f : [a,a + n(b,a)] — (0, 00) be a preinvex function on the interval
of the real numbers K° (the interior of K ) and a, b € K° with a < a +n(b,a). Then the

following inequality holds:

a+n(b,a)
f(AQan(b.a) < — / f (z) dz
< A(f(a),f (a+nb.a)) < A(f(a),f(B). (258)

Theorem 85 [118] Let f : [a,a + n(b,a)] — (0,00) be a log-preinvex function. Then

1 a+n(b,a) f (a) B f (b)
n(b,a) /a f@)de < log f (a) —log f (b) (2.59)

Barani et al. [13] presented the following estimates of the difference between the

rightmost and the middle terms ( in which some preinvex functions are involved.

Theorem 86 [13/ Let K C R be an open invex subset with respect to n: K x K — R.
Suppose that f : K — R s a differentiable function .Assume p € R withp > 1. If ‘f’|#
is preinvex on K then, for every a,b € K with n(b,a) # 0, then the following inequality
holds:

)] " e

Theorem 87 [13/Let K C R be an open invex subset with respect ton : K x K — R.

!

f ()

p—1
)

Suppose that f : K — R is a differentiable function. If | f/| 18 preinvexr on K then, for
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every a,b € K with n(b,a) # 0, the following inequality holds:

a+n(b,a)
A(f(a), f(a+n(b.a)) — — / f(2)da

n (b, a)
1 (b, a)|
s—5 4 <

f (a)

, ‘f’ (b)’) . (2.61)

Most recently, Li [96] introduced the notion of s-preinvexity and established a in-

equalitity for this space of functions.

Theorem 88 [96] Let f : K = [a,a+ n(b,a)] C [0,00) — (0,00) be a s-preinver func-
tion on the interval of the real numbers K° (the interior of K) and a, b € K° with

n(b,a) > 0. Then the following inequalitity holds:

f(a)+ 1 (B)

L 1 a+n(b,a)
2 f(A(2a,n(b,a)))§—/a flz)de < s+ 1

(0. a) (2.62)

For log-preinvex functions, following Hermite-Hadamard type inequalities were also

proved in [146].

Theorem 89 [146] Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. If | f| is log-preinvex on K, for every
a,b € K with n(b,a) > 0, we have the inequality

a+n(b,a)
ﬁ/ f(z)dv — f (A (2a,n(b, a)))'

(S0~ (/) o

<n(b,a) [log(\f'(b)‘) —log (| f'(a)|)

Theorem 90 [146] Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. If |f|?, ¢ > 1, ¢ € R, is a log-
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preinver on K, for every a,b € K with n(b,a) > 0, we have the inequality

a+n(b,a)
£ (A(2a, (b, a))) — — / f (z) de

1 (b, a)
n.0)VIT@L [ (£ 6D - (f @) 1" (2.64)
S 2 (p+ 1) w (log ([F B)]) —log (If (@) |

1,1
where;—ka—l.

In recent years, a number of findings have been seen on Hermite-Hadamard type in-
tegral inequalities for GA-convex and for GA-s-convex functions. We cite here some of
Hermite-Hadamard type inequalities related to the concept of geometrically-arithmetically
convex functions.

Zhang et al. in [183] established the following Hermite-Hadamard type integral in-

equalities for GA-convex function.

Theorem 91 [183] Let f : I CR, = (0,00) — R be a differentiable function on I° and
a, b€ I° witha <band f € L([a,b]). If ‘f"q is GA-convez on [a,b] for ¢ > 1, we have
the following inequality:

bf (b) — af (a /f

< {[L (a2 0%) = a?]

[(b—a)A(a,b)]" 7
24

£ @ + [~ L (a2 0)]

’

f (b)‘q}; . (2.65)

Theorem 92 [183] Let f : I C R, = (0,00) — R be a function differentiable function
on I° and a, b € I° with a < b and f € L ([a,b]) If‘f| is GA-convex on [a,b] for

q > 1, we have the following inequality:

bf (b) — af (a /f

< (Inb—1Ina) [L (af% bt )]l_; [A<

o1




Theorem 93 [183] Let f : I CR, = (0,00) — R be a differentiable function on I° and
a, b€ I° witha <band f € L([a,b]). If ‘f"q is GA-convez on [a,b] for ¢ > 1, we have

the following inequality:

‘f )~ af (a /f

X {[L (azq, b2q) — aQq}

Q=

mb(;;;)l—é 1 (a5

f’ (a)‘q n [b2q _I (a2q,b2q)]

’

f (b)‘q}; . (2.67)

Theorem 94 [183] Let f : I C R, = (0,00) — R be a differentiable function on I° and
a, b€ I° witha < b and f € L([a,b]). If |f"q is GA-convex on [a,b] for ¢ > 1 and

lnb—lna)l_% [L( 20-p 2qp>}1_;

2q > p >0, then
. a1 bhat

bt (b) — af (a /f .

< { (LG 0) )| (a)‘q P — L(a”, )]

Q=

’ (b)‘q} . (2.68)

Iscan [65], proved the following result for GA-s-convex functions in the second sense.

Theorem 95 [65] Suppose that f: 1 CR, = (0,00) — R is s-GA-convex in the second
sense and a, b € I with a < b. If f € L([a,b]), then one has the inequalities:

27 (G b)) < g i lna/ ff)dx = W (2.69)

If f in Theorem 95 is GA-convex function, then we get the following Hermite-

Hadamard type inequalities.

b T
rG ) < e [T < ag@.ro). (2.70)

For several results which refine the results of Theorem 91-Theorem 94, we refer the
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readers to [93] and for the results which provide bounds on

'f(G(a,b))—/abf<x)dx

X

" f (@)

X

dx

and ‘A(f(a),f(b))— /

please see the recent article of Iscan [65].

It has been observed from the above discussion that the generalization of the convexity
resulted in a number of papers on the inequalities (2.19) and (2.20) which provides new
proofs, noteworthy extensions, generalizations, refinements, counterparts, new Hermite-
Hadamard-type inequalities, Fejér-type inequalities by using different forms of convexity
and numerous applications, we refer the readers to [1]-[3], [4]-[5], [10]-[13], [18]-[45], [51]-
[55], [58]-[60], [63]-[68], [71], [74]-[79], [96]-[100], [108], [110]-[118], [120]-[123], [128]-[130],
[132]-[133], [138]-[139], [141]-[154], [158]-[164], [159]-[162], [167]-[177], [180]-[185] and the

references cited therein.

53



Chapter 3

Inequalities of H-H type for n-times
differentiable convex, concave and

s-convex functions with applications

The content of this chapter includes the results of the papers "M. A. Latif, S. S. Dragomir, New Inequalities of Hermite-Hadamard type
for n-times differentiable convex and concave functions with applications, Filomat. (Accepted)" and "M. A. Latif, S. S. Dragomir and E.
Momoniat, New inequalities of Hermite-Hadamard type for n-times differentiable s-convex functions with applications, Analysis Mathematica.

(Submitted)".

3.1 Introduction

This chapter is devoted to the study of inequalities of Hermite-Hadamard type using
the conditions of convexity, concavity and s-convexity over an interval of the set of
real numbers. In this chapter, we establish a new identity for n-times differentiable
functions and then by using this identity and mathematical analysis, we present some new
inequalities H-H type for functions whose nth derivatives in absolute value belongs to the
spaces of convex, concave and s-convex functions. We also derive several new inequalities

of H-H type in terms of functions whose first and second derivatives in absolute value
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are convex, concave and s-convex functions as special cases. The results of this chapter
provide refinements of the trapezoidal type inequalities given in Theorem 61 and Theorem
63. We will demonstrate applications of our results to the trapezoidal formula and to get
some new inequalities for special means of real numbers as well.

This chapter is organized as follows. In Section 3.3, we first prove a new identity for
functions which are n-times differentiable. We then use this identity to get new inequal-
ities of H-H type for n-times differentiable functions which possesses the conditions of
convexity and concavity. We prove new inequalities of H-H type for n-times differentiable
functions which belongs to the space K? of s-convex functions in the second sense by
applying the identity proved in Section 3.2. These results are further generalizations of
the results of Section 3.2. Section 3.4 is dedicated to the applications of results of Sec-
tion 3.2 and Section 3.3 to well-known trapezoidal rule. Finally, in Section 3.5 we give
applications of some of the results of Section 3.2 and Section 3.3 to special means of real

numbers.

3.2 New inequalities of H-H type for n-times differ-
entiable convex and concave functions
The following Lemma is essential in establishing our main results in this section:

Lemma 96 Suppose that [c,d] C R and f : [c,d] — R is a function such that f) exists
on (c,d) forn € N. If f™ belongs to the space L ([a,b]) of all integrable functions over
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[a,b], where a, b € (c,d) with a < b, we have the identity

/f Zk[ 0 e-of 7 (A (a. b))

A (@), b—a — 2K+ (k + 1))
b— -1
—ﬁ/o (1—=t)""(n—1+1t)f™ (A% (a,b)) dt

where an empty sum is understood to be nil.

Proof. Suppose

ST /1 (1—0)"""(n—1+1t)f™ <AH (a,b)) dt

and
1" (b—a)" [* 1
Jp = ( 1)21%{1”! ) /0 (1—t)"""(n—1+1t)f™ (Al;t (b, a)) dt.

L= b;a/()ltf' (A% (a,b)) dt

J1:W/ tf (AU( ))dt.

By integration by parts and using the substitution x = A:

For n = 1, we have

and

¢ (a,b) for I} and =z =

2

At (b, a) for J;, we obtain

b
0= [T

a+b
Jl:_ (a) b—a/ fle

and
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Hence

Li+Jy=A(f(a), f(b

b
_bia/ f(z)dx

which coincides with the L.H.S of (3.1) for n = 1.

Similarly for n = 2, and using similar arguments as above, we have

bt = Alf (@), 0) - [ @)

which coincides with the L.H.S of (3.1) for n = 2.
Suppose (3.1) holds for n =m — 1 > 3.
Now for n = m, we have

(b B a)m ! m— m

+ (_1;:£?T;|a)m/o (1 B t)mfl (m 14+ t) f(m) (A% (b, CL)) dt

B U eV L GOV PP

2mm]!
2(2%)_1)! /O (1= (m—2+1) f™ (AH (a, b)) dt

(_1)771* (b _16;)m / (1 _ t)m_2 (TTL 2+ t) f( m) <A1 t (b, a)) dt
b

2m( _
m—2 k ( )
_a/f dm_z [ k41 (k;

k=1

_(b_a) ( _1>[1+(_1)m 1}f(m1(A(ab))

2mqp|

[ rwas e )}@_wa@ummy

T FHL(
b—a J, — 21 (K +1)!

+

This concludes the validity of the lemma. m
Now we state and prove some new Hermite-Hadamard type inequalities for functions

whose nth derivatives in absolute value are convex and concave.
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Theorem 97 Let [c,d] be a real interval and let f : [c,d] — R be a function such that
™ exists on (c,d). Suppose that f™ belongs to the space L (|a,b]) of all integrable
functions over [a,b] for n € N, where a, b € (c,d) with a <b. If | f™ ‘q is convex on [a, b

for 1 < g < oo, we have the inequality

b =1k |1+ (=1)"| (b—a)
A(f(a), f(b) - ! /f(x)d:v—z [Qkﬂ(,ﬁll), F¥ (A(a,b))
a k=1 )

b—a

< (b—a)"ni-1/a (n* +n—1)|f" ()" + (n* +3n + 1) | f™) ()| v
— 2n+%+1 (TL+ 1)| n-+2

9 n q 2 n o\ i
+(<n +n—1)[f™ (B)|" + (n +3n+1>?f”<a>‘) } (3.2)

n—+ 2

Proof. From Lemma 96, application of the Holder inequality and the convexity of

}f(")‘q on [a, b], we have

L 1k 14 (<D -
Af (@) O) =g | F@)de =) =gy (A(.b)

< G a).” (/01 1=1)"" (n=1+1) dt> o
(Lo rf(5) o ()]
([ (S wor (5 i) )

— )" nt-ta n24+n— n n 1/q
(b ) ' {( 2+ 1 ‘f(n) (a)|q+M|f(n) (b)}q>

9t (4 1) n+2 n+2
n>+n-—1 n q n?>+3n+1 n q 14
(el SR Wl

which is the desired result. m
Corollary 98 If the postulations of Theorem 97 are fulfilled and if ¢ = 1, we have the
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imequality

Mk (—1)*| (b - a)*
A(f(a _m/f )dr — ) QHWle F® (A (a,b))

<;%+1<u @] 17 @) (33

Corollary 99 Under the assumptions of Theorem 97, if n = 1, we have the inequality
1 b
@ o) - [ @
’ ’ 1/q ’ ’ 1/q

b—a) | (A(f @] .5]f ®)]") A(lF O, 5]f (a)]")

< + . (3.4)
8 3 3

Corollary 100 If we take ¢ =1 in Corollary 99, we have

0@ o) - [ rwa] < S0 (r @] ro)). 6

Corollary 101 Let the assumptions of Theorem 97 be fulfilled and if n = 2, we have

@ o) - [
(b0 {<A<5|f~ @[, 11]s” <b>€’>)”q+ (A<5\f” oI 1)y <a>|Q>>”q}
- 24 8 8 .

Corollary 102 If ¢ =1 in Corollary 101, we have

0@ s - [ rwa <A @l F o). 6o

Remark 103 [t is obvious that the inequality (3.7) gives better estimate than that of
(2.88) for q > 1.

S

S(b
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Theorem 104 Let [c¢,d] be a real interval and let f : [c,d] — R be a function such
that f™ exists on (c,d). Suppose that f™ belongs to the space L ([a,b]) of all integrable

! is convex on [a, b]

functions over [a,b] for n € N, where a, b € (c,d) with a <b. If | f™

for 1 < g < oo, we have the inequality

/f dm—nlk[ e Dk} (b_a)kf““)(A(a,b))

A(f(a), f 2k+1 (4 1)!

(b—a)" [n@q—l)/(q—l) —(n— 1)(24—1)/@1—1)}1 1 ( g—1 >1—1/q
<

ot it 2 —1

x { PI @ + @l )] + [P1F O + Q1 @] ”q} . (38)

where

1 ng—q-+3
P=——andQ = .
ng—q+2 (ng—q+1)(ng—q+2)

Proof. Using Lemma 96, the Holder inequality and the convexity of ‘ ) ’q on [a,b],

we have

: otk [+ (1) (o - o)
AU @S0 =5 [ F@ =Y [W,Al) 799 (A (a,1))

k=1

. n 1 1-1/q
0

2n+1n!

(o2
+</01<1—t)‘1(”_” [(1_t) |7 @) +< )|f |}dt) q}. (3.9)

From (3.9) we get the inequality (3.8), since

1
/ (n—1+8)7 Vg = < g—1 ) [n@q—l)/(q—l) —(n— 1)(2q—1)/(q—1)] ’
0 29 —1

60



! 1
/ (1 _ t)q(n71)+1 dt —
0

ng—q+2
and
ng—q+3
(ng—q+1)(ng—q+2)

/1 (1=t VA +)dt = = Q.
0

Corollary 105 Let the postulations of Theorem 104 be met and if n = 1, we have the

inequality

b _a _ 1-1/q
a0 @ g0 - s [ @] <050 (121
A(f @317 @Y (AQF ol @)
. ( 2 ) +< : - G10)

Corollary 106 Under the assumptions of Theorem 104, if n = 2, then

bia/abf(x)da:

x {[P\f” @[+l o

<!

b— a)? [2@2e=D/(a=D) _ 1] 1-1/q < g—1 )1—1/q

A (@) 0) - sv7era S

q} 1/q

+|p

/o +Q

7 @[ q} (3.11)

holds valid, where
q+3

(q+1)(¢+2)

Theorem 107 Let [c,d] be a real interval and let f : [c,d] — R be a function such

1
P=——and Q =
q+2 ¢

that f™ exists on (c,d). Suppose that f™ belongs to the space L ([a,b]) of all integrable

functions over [a,b] for n € N, where a, b € (c,d) witha <b. If | f™ !

is convex on [a, b
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for 1 < q < oo, we have the inequality

b n 1k |14+ (=) (b—a)*
AG@ )~ 5= [ )=y | Q,CH(,CL)! £ (4 (a,1))

b—a)" — 1\ !V q q11/a
: 2(n+1f1)nl (r?q— 1) {[R\ﬂ“) @[+ 515 @) }

+ (RIS @)+ [ ()] ”q} L (3.12)

where
nit? — (n+q+1) (n— 1)

= @t D(g+2)

and
(2¢ —n+4)ni*' — (¢g—n+3)(n—1)"""

5= EDIED)

Proof. Using Lemma 96, the Holder inequality and the convexity of ’ ) ’q on [a,b],

we have
s son-7 [0 dx—nlk ngl(,il(f) 7 0 (a0
s(;;j; <A10~ 7D/ 1Mﬁ)11m
{(/01”‘1” () @l () 1 o )Uq
(/0 (n—1+8)" K )\f \+(1+t)}f(” \]dt)uq}. (3.13)
Since

1
/ (1— DD gy - 471
0 ng — 1

ntt? — (n+q+1)(n—1)7""
(a+1)(g+2)

/qm—1+w%1—nﬁ_
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and

/1(n_1+t)q(1+t)dt:(2q_n+4)nq+1 (¢ — n+3)(n_1)q+1
° (

(@+1)(g+2)
and hence (3.12) follows from (3.12). m

Corollary 108 If the suppositions of Theorem 107 are matched and if n = 1, we have
the tnequality

< (;LZ) {[R)f’ @[ +5]f ®) q]”q+ Rlf @[ +s|f (a)ml/q}, (3.14)
1 2¢+3
=@ 0?5 Grvary

Corollary 109 Substitution of n = 2 in Theorem 107, produces the following result

‘A(f(a), b_a/ f (o) da] < b;c:) <2qq—_11)1_1/q
x{[R (a)‘ + S ()\q]”q+{3 f”(b)‘quS)f”(a)‘qT/q}, (3.15)
q+2 __ ) q+2
:(2q+1)(q12) ands:2q+21

Theorem 110 Let [c,d] be a real interval and let f : [c,d] — R be a function such
that f™ exists on (c,d). Suppose that f™ belongs to the space L ([a,b]) of all integrable

functions over [a,b] for n € N, where a, b € (c,d) witha <b. If | f™ " is convex on [a, b]
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for 1 < q < oo, we have the inequality

/f dx—nlk[ + U] (b_a)kf“)(A(a,b))

A(f(a), f b—a 2k+1 (4 1)!
R (b — q)" 1 ng—1 2¢—1\]""*
. 2n+1+2/ap)| {B (ﬁ’ g—1"qg—1 >}
q q1 /4 a q1Y/a
@l sl )l @+ o o] e
where

B (z;a, 5) :/ (1 —t)lfﬁdt,() <zx<1l,a>083>0
0
18 the incomplete beta function.

Proof. Using Lemma 96, the Holder inequality and the convexity of ’ ) ’q on [a,b],

we have

A(f(a), f

/f dx—nlk[ e Dk} (b_a)kf““)(A(a,b))

—CL 2k+1 (k+1)

< % < /0 L1 = gD (el dt)
AU ror« (5w or]a)”
n (/01 K%) £ (B)]" + (1+t) £ (a)] ] dt)l/q}. (3.17)

The inequality (3.16) follows from the inequality (3.17) and using the fact that

1-1/q

1 —_— JR—
/ (1= )0/ (g 4o/ gy — 50 B <15 na 1 2 1> .
0 n g—1" g—1

This completes the proof of the theorem. m

Corollary 111 Suppose the assumptions of Theorem 110 are satisfied and if n = 1, the
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inequality (3.16) becomes the inequality (3.10), since for n =1, we have

2 — 1 2 — 1 1 - -1
B(1;,1,% —B(1,4 :/ 1—t)os tap=L1"°
q—1 q—1 0 2q—1

Corollary 112 Under the assumptions of Theorem 110 and n = 2, we have the following

mequality

< (b—a)’ {B (1'2(1—1 2q_1)}1—1/q

2 27 g—1"qg—1
1/q " 1/q
f(mD1 (318

0@ 10 - [ s

Al @[3 0))
4

A3

f (@),
4

+

X

where B (z;a, B) is as defined in Theorem 110.
A result for concave functions is given in the following theorem.

Theorem 113 Let [c,d] be a real interval and let f : [c,d] — R be a function such
that f™ exists on (c,d). Suppose that f™ belongs to the space L ([a,b]) of all integrable

functions over [a,b] for n € N, where a, b € (c,d) witha <b. If | f™ " is convex on [a, b]

for1 < g < oo, we have the inequality

b 1k |1+ (=) (b —a)
AG@ ) =52 [ Fla)da= Y | W(k}“)! £ (4 (a,1))

- n(b—a)”>! {'f(”) ((n2+n—1)a+(n2+3n+1)b>‘

=t (n+ 1 2 (n + 2)
N 'f(") ((n2 +n— 12)nb(; T;; 3n+1) a) '}  (3.19)

Proof. By the concavity of } f ‘q and the power-mean inequality, we have

£ (A (@, 9)| = A (| £ ()], £ (9)])
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which shows that | f (”)| is also concave.

Hence by using Lemma 96 and the Jensen integral inequality, we have

b 1k |1+ (=) (b—a)
A<f<a>,f<b>>—bfa/af<x>dx—; | Qkﬂ(kll)! £ (A (0,5)

< %;fgln (/01 (1-t)"""(n—1+1) dt)

X { £ ((1 )" (n—1+1) (A% <a,b)> dt)

=" (n—1+t)dt

o (<1t)”1 (n—1+1) (A% (b,a)) dt) }

A=t (n—1+1t)dt

The above inequality gives the desired result. m

Corollary 114 Suppose the assumptions of Theorem 113 are fulfilled and if n = 1, we

have the inequality

AG@ o) - [ @
S () () e

Corollary 115 Suppose the assumptions of Theorem 113 are fulfilled and if n = 2, we

have the inequality

A @ ) =52 [ fla)ds
(b—a

Y [| .» [ 5a+ 11D
<S5l ()l

f (%J;—gla) H . (3.21)

66



3.3 New inequalities of H-H type for n-times differ-
entiable s-convex functions

We will use Lemma 96 and the following lemma to establish our main results in this

section.

Lemma 116 [136] Let x > 0, y > 0, the inequality
(@+y) <2’ +yf
holds for 0 < 6 <1 and the inequality
(—y) <a’ —y’
holds for 6 > 1.

Now we state and prove some new H-H type inequalities for functions whose nth

derivatives in absolute value are s-convex and s-concave.

Theorem 117 Let [c,d] be an interval in [0,00) and let f : [c,d] — R be a function
such that f™ exists on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable
functions on [a, b], where a, b € (¢,d) witha < b, n € N. If ‘f(") ‘q is an s-convex function

in the second sense over [a,b] for some fized s, 0 < s <1 and 1 < g < 0o, we have the
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imequality

40 @50 - [ rws

=1 [1 + (—1)’“} (b-a) ba)y [ 0\
_; 26 (k1)1 IO A @) < g (n+ 1)

2 ) , 1/q
{(( Pl (S ) |f<"><b>|q>

(n+s)(n+s+1) n+l n+s+1

2 ) ) 1/q
+<oz+sm—4»u*ww!+( n +f“”+@zu&+nm)U“M@W> }>

(n+s)(n+s+1) n+l n+s+1

(3.22)

where

1
B(a,p) = /0 et =) dt, o, 8> 0

1s the Euler Beta function.

Proof. From Lemma 96, the Holder inequality and s-convexity of ! £ |q on [a, b], we

have

b 1k |1+ (=) (b—a)
AG@ ) =52 [ )=y {QHwle! £ (4 (a,1))

n —1/q
(b_a> ! n—1 =

x { </01 Q=0 (=140 [0 =0° [/ @]+ (107 | 7 )] dt)

1/q

+ (/01 1=t (n—1+1) [(1 — )| @)+ @+ 1) | (a)lq} dt) Uq} . (3.23)

Since
n

n+1’

/l(l—t)"_l(n—1+t)dt:
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n?+s(n—1)
(n+s)(n+s+1)

/1(1—75)"1(n—1+t)(1—t)sdt:

by using the property

B(z,y+1)= B (z,y)

r+y

of the Euler Beta function and Lemma 116, we have

/1(1—t)”1(n—1+t)(1+t)sdt

:/dﬂ—ﬂ“Wn—1+ﬂﬂ+fﬁ#

= n1+nB(s+1,n)—B(s+1,n+1)

n+

n
= B 1,n)———B 1
n+1+n (s+1,n) n+s+1 (s+1,m)
_n  nmES) gy,

n+1 n+s+1

From the above facts and the inequality (3.23), we get the required inequality (3.22).
Hence the proof of the Theorem 117 finishes. m

The following corollaries are direct consequences of Theorem 117.

Corollary 118 Under the assumptions of Theorem 117, if ¢ = 1, we have the inequality

g R+ (D) (b-a)t
A o)~ [ a3 | QW(,{L)! £ (A a.b)
(b—a)" n?+s(n—1) n n(n+s) " .
S2”+5+1n! ((n+s)(n—|—s+1) n+1+n—|—s+1B(8+17n)) Hf()(a)‘—l—|f()(b)|],

(3.24)
where B (a, ) is the Euler Beta function defined as in Theorem 117.

Corollary 119 With the assumptions of Theorem 117 and taking n = 1, we have the

69



imequality

40 @50 - [ rws
3+s/q—1/q f/ (a) q / . 1/q
S(b_“)@) { (1—!—5)(2‘+s)+<%+2—j—<8)‘f ®) ]
/ q 11/q
* (%*213) 7l + (1+‘fs>(2|+ 9| } (3.25)

Corollary 120 If we take ¢ = 1 in Corollary 119, we have

1 b
el RAOL:

<O () a(rw

Corollary 121 Suppose the assumptions of Theorem 117 are fulfilled and if n = 2, we

A(f(a), f (b)) =

(f’ (b)D . (3.26)

have
s it [onf 22 )
et G

+{(s+82+j+3 o + (§+(S+1)2<8+3))(f"(a)‘q]l/q}. (3.27)

Corollary 122 [f ¢ =1 in Corollary 121, we have

4@ 50 - [ rws

= (b23—+ (§+ (s+f) (tfg(im)) Al

@[, |7 @) 623
Theorem 123 Let [c,d] be an interval in [0,00) and let f : [c,d] — R be a function
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such that f) exists on (c,d). Suppose that f is in the space L ([a,b]) of all integrable
functions on [a, b], where a, b € (¢,d) witha < b, n € N. If ‘f(") ‘q is an s-convex function
in the second sense over [a,b] for some fized s, 0 < s <1 and 1 < q < 0o, we have the

imequality

b =1k |1+ (=1)"| (b—a)
AG@ ) 5= [ )=y | W(AD, 79 (A(0,1)
@ k=1 ’

<

O L e A I P IR
gns/at ] (2q - 1>

» [ 7 (@)

1/q
1
B(s+1,ng—q+1))|f™ ®)]
O #B(s+Long—q+1)) |1 <>|]

ng—q+1

ng—q-+s+1 ng—q+1

. . 1/q
|f ()] +< 1 +B(S+an_q+1)> 2 (a)\q] . (3.29)

where B («a, ) is the Euler Beta function defined as in Theorem 117.

Proof. Using Lemma 96, by using the first inequality in Lemma 116, the Holder

inequality and convexity of | ) |q on [a, b], we have

b 1 k114 (=" (b—a)*
A(f(a)7f<b))—bia/a flw)de = [ Qkﬂ(k}“)! F™ (A(a,0))

k=1

n 1*1/‘1
(b—a) /1 /(g—1)
< - — 14+ qt
— 9nts/qtlp) 0 (n + )

’ { ([a-ore[a-or 1 @ + 0o 1o o) ) -

+ (/01 (=0 [ =0 [£ @)+ (1 + ) [£) (@) dt) Uq} . (3.30)
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By simple computations, we observe that

1
/ (n—1+ t)tz/(qfl) dt — ( q—1 ) [n(Qq—l)/(q—l) —(n— 1)(2q71)/(q71) :
0

29 — 1
! 1
/ (1 _ t)q(n71)+s dt —
0 ng—q+s+1
and

' (n-1) 1
1-)" Y A+t)dt=————+B(s+1,ng—q+1).
[ =t et = e B st g =+ )

Using the above results in (3.30), we obtain the required result. Hence the inequality in

the statement is acquired. m

Corollary 124 Suppose the assumptions of Theorem 123 are satisfied and if n = 1, we

—a) (q—1 1=1/q 1 1
‘A(f(a), /f = 22+S/q <2q—1) (8+1>

x{[ TM+[ qw}.@m)

Corollary 125 Under the assumptions of Theorem 123, if n = 2, we have the inequality

have the inequality

!

f (a)‘ 4 (s5+2) ‘f

!

£ O +s+2)|f @

o e P (g1

4050 - [ s <

2l 2¢—1
{ q““‘f of +(ﬁ+3<5+1ﬂ+1>> "<b>ﬂl/q
' {“3* i (qul TB et 1>) | wﬂ /} (3.32)

where B (a, ) is the Euler Beta function defined as in Theorem 117.

Theorem 126 Let [c,d] be an interval in [0,00) and let f : [c,d] — R be a function
such that f™ exists on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable

functions on [a, b], where a, b € (¢,d) witha < b, n € N. If ‘f(”) ‘q is an s-convex function
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in the second sense over [a,b] for some fized s, 0 < s <1 and 1 < g < 0o, we have the

mequality

b 1k |1+ (=) (b—a)
AG@ )52 [ o)=Y OO oy

b—a 2o (4 1)
bh—a) 1 1-1/q ‘ . /q
B ()" i e

+ [P @)+ Q1 (@) ”"} . (333)

where

1
P =nitstip <—;S—|— 1,q+ 1) )
n

(P2 L paiig4n
Q= (E52) - - Bl La+ ),

B (a, ) is the Euler Beta function defined as in Theorem 117 and
B (z;a, P) :/ (1 —t)ﬁ_ldt,a,ﬁ >0,0<z<1
0

is the incomplete Beta function.

Proof. Using Lemma 96, the first inequality in Lemma 116, the Holder inequality

and convexity of | f }q on [a, b], we have

b =1k |1+ (=1)"| (b—a)*
A<f<a>,f<b>>—bfa/af<x>dx—k§; | W(kll)! £ (A (a,5)

b _ n 1 1_1/q
B % ( / (1 — D/ dt)
n-s n! 0

X {(/01 (n—1+1) [(1 — ) [£O) (@) 4 (14 £7) | f (b)\q] dt)

1/q

+ (/01 (=140 [(1 =0 [£2 @) + 1+ (@] dt) l/q} . (3.34)
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By using the second inequality of Lemma 116 and simple computation, it is easy to

1
1
/(1—t)( G gy = L= =
0

ng —1

observe that

1 1
/(n—1+t)q(1—t)5dt:nq+s+1/ t5(1 —t)?dt
0 0

1
= ’I’Lq+s+1B (E,S—‘r— ]_,q—l— ]_) =P

and

/l(n—1+t)q(1+t5)dt§/l(nq—(l—t)q)(l—i-ts)dt

(A L patgtn) =
n (s—l—l | (s+1,q+1)=0Q.

Hence (3.33) follows from (3.34) and using the above results. The proof of the theorem
is thus established. m

Corollary 127 Suppose the assumptions of Theorem 126 are satisfied and if n = 1, we

have the inequality

b_
‘ (@), —a/f dx_22+87q)
q 2 1 ql/q
{[Bs+1q+ ‘f <§Il—m—B(s+1q+1))‘f(b)”
q g1V
+[Bs+1q+1) ") +<iii—q+%—B(s+1q+1))‘f(a)} }

(3.35)
where B («, 3) is the Euler Beta function defined as in Theorem 117.

Corollary 128 Suppose the assumptions of Theorem 126 are satisfied and if n = 2, we
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have the inequality

Al (@ s 0 I RCL
B 1-1/q ”
< (b24+(j) (qu —11) HQWHB (é;s That 1> ‘f “

S+2 1 " ql/q
94 _ “B(s+1,q+1 b’
(= (55) - gy merren) ol

1 "
+ {2“5“8 (5;8 +1,q+ 1) \f (b)]q

5 N q11/a
+<2q(sii> _qil _2q+s+13(s+1,q+1)> s (a)” } (3.36)

where B («, B) is the Euler Beta function defined as in Theorem 117 and B (z; o, 3) is

q

the incomplete Beta function defined as in Theorem 126.
A different approach results in the following theorem.

Theorem 129 Let [c,d] be an interval in [0,00) and let f : [c,d] — R be a function
such that f) exists on (c,d). Suppose that f is in the space L ([a,b]) of all integrable
functions on [a, b], where a, b € (¢,d) witha < b, n € N. If ‘f(”) ‘q is an s-convex function
in the second sense over [a,b] for some fized s, 0 < s <1 and 1 < q < 0o, we have the

imequality

/f dx—nik[ ngl(l,il(lb)_a) F™ (A(a,b))

(b — )" ( 1 >1/q [B (1. ng—1 2q— 1)]““
-  2nts/etlp) s+1 n g—1" ¢g—1
q q /4
Al @+ @ -1 o o]
+ @ =) [ @]+ [ )] Y q} . (3.37)

A(f(a), f

b—a
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where

B(x;a,ﬂ):/ ta_l(l—t)lfﬁdt,()gxﬁ1,a>0,ﬁ>0
0

18 the incomplete beta function.

Proof. Using Lemma 96, the Holder inequality and the convexity of ’ ) ’q on [a,b],

we have

A(f(a), f

/f dx—nlk[ e )}(b_a)kf”“)(A(a,b))

_a 2k+l (k+1)

< % (/01 (1- t)‘l(n—l)/(q—l) (n—1+ t)Q/(q—l) dt) 1-1/q
% {</01 a0 [ @[+ (1407 17 ] dt)l/q
([ To-ororsa-o e f]a) Uq} e

By simple computations of integrals, the inequality (3.37) follows from the inequality
(3.38) and using the fact that

1
/(1—t)q(”‘1>/(‘1‘1>(n—1+t)q/(q—1)dt:n"qq*qf13 (l;nq—l,Qq—1>‘
0 ng—1 q-1

Hence we get the stated inequality of Theorem 129. m

Corollary 130 Suppose the assumptions of Theorem 129 are satisfied and if n = 1, we

CL) 1 1/q q— 1 1-1/q
- 22+3/‘1 s+1 2q—1

]”q + [ g5l _ ‘f 4 )f’ (b)ﬂ 1/q}. (3.39)

have

’

/()
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Proof. Proof follows from the fact that

2¢ — 1 2¢ — 1 ! —1
B(1,1,24— =) _-p(1, :/ (1—t)e (i
qg—1 qg—1 0 2q—1

Corollary 131 Under the assumptions of Theorem 129 and n = 2, we have the following

iequality

A0 @. 1) - [ s

_ (b — a)? 1\ sl 201 2g-1 1=1/q
= 2lts/atl/a \ s+ 1 2 qg—1"q—-1

(2t =) | q]l/q+ [ 95l _ )f ’ +|f <b>ﬁ Uq}, (3.40)

q

f ()

where B («a, ) is defined as in Theorem 117.

3.4 Applications to the Trapezoidal Formula

3.4.1 Applications of inequalities for convex functions to the

Trapezoidal Formula

Let A be a division of the interval [a,b], i.e. a = 29 < 21 < ... < 2,1 < T, = b, and

consider the quadrature formula

/f A) + E(f,A),

where

7



is the trapezoidal versions and F(f, A) is the associated error. Here, we derive some error
estimates for the trapezoidal formula in terms of absolute values of the second derivative

of f which may be better than those already existing in the literature.

Theorem 132 Let f : [c,d] € R — R possesses second order derivative f" in (c,d)
such that " belongs to the space L ([a,b]) of all integrable functions over [a,b], where
a,b € (c,d) witha <b. If |f”‘q is convex on |a,b] for ¢ > 1, then for every division A of

la, b], we have

T A5 )71 . Ha
|E( —420 I‘Z"’l_xz ( ( |8 |f x+1’)>

" q " o\ M
+<A(5 f (Ii+1)|8711|f (z:)] )> . (341)

Proof. By applying Corollary 101 on the subinterval [z;, z;11] (i =0,1,...,n — 1) of

the division A, we have

g {(xm — ;) flz) +2f @) _ /:+1 f(z) dm}‘

f (@) + f(zi41) 1 Tit1
92 _$i+1—$-/xl f(z)dx
— " 1 " a\ 14
1 ) i 11 i1
< 5> (@i — )’ ( fl)fv 1] <x+>|>

51 (wiv)|" + 1L | (i) Ha
+< T ) . (3.42)

[E(f,A)] =

< (g1 — ;)

Hence the result is proved. m

Corollary 133 Under the assumptions of Theorem 117, for ¢ = 1, we have

1"

[ (i)

5 )f” (wit1)

) . (3.43)



Theorem 134 Let [ : [c,d] C R — R possesses second order derivative in (c,d) such
that f" belongs to the space L ([a,b]) of all integrable functions over [a,b], where a,b €
(c,d) with a < b. If ‘f”|q is convex on |a,b] for ¢ > 1, then for every division A of [a, b],

we have

($i+1 - Iz’)3

[gMAVW4L_ﬂPUq g—1\ et
E(f,A)| <
Buas S — (2) X

1=0

1) f" (z)]" + (g
(q+1)(q+2)

}f Tit1 |q] e

/q
G+ )| @) + (g +3) | £ @)|"]
EDIED) - (344)

Proof. It follows by applying Corollary 106 on the subinterval [x;, ;11| (i = 0,1,...,n — 1)

of the division A. =

Theorem 135 Let f : [c,d] € R — R possesses second order derivative f" in (c,d)
such that " belongs to the space L ([a,b]) of all integrable functions over [a,b], where

a,b € (¢c,d) witha <b. If ‘f”‘q is convex on |a,b] for ¢ > 1, then for every division A of

la, b], we have

1 q— 1 1-1/g n—1 5
BUAIS o (221) S -

1=0

e —g- 3l @l + g+ e - | @]
(¢+1)(g+2)

_|_

(g+1)(g+2)

+2 " +2 " q 1/q
(272 — ¢ =3) |f" ()" + (¢ + D =D |f (@ >\] (3.45)

Proof. It is a direct consequence of application of Corollary 109 on the subinterval

[z, xi01]) (i =0,1,...,n — 1) of the division A. =
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Error bound for trapezoidal formula when ‘ 1’ }q for ¢ > 1 is concave may be given as

follows.

Theorem 136 Let f : [c,d] C R — R possesses second order derivative f* in (c,d)
such that f" belongs to the space L ([a,b]) of all integrable functions over |a,b], where
a,b € (¢,d) witha <b. If |f”‘q is convex on |a,b] for ¢ > 1, then for every division A of

la, b], we have

n—1
|E(f,A)] < 2—14;(l’i+1 — )’ {

" 5"171 + 11$z‘+1 " 5xi+1 + 111’@
_— _ . 4

Proof. It can be proved easily by using Corollary 115 over the subinterval [z;, z;1]

(1=0,1,...,n—1) of the division /. m

3.4.2 Applications of inequalities for s-convex functions to the

Trapezoidal Formula

Theorem 137 Let f : [c,d] € R — R possesses second order derivative f" in (c,d)
such that f" belongs to the space L ([a,b]) of all integrable functions over |a,b], where
a,b € (¢,d) with a < b. If ‘f”|q is an s-convex on [a,b], ¢ > 1 and for some fixed s,

0 < s <1, then for every division A of |a,b], we have
1 9 1-1/g n—1 s
B(f,8)| < 55 <§> > (ria )

’ H( Soeral @l G mrners) e

dlrein G e el

"

s+2)(s+3) ) (wit1)
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Proof. By applying Corollary 121 on the subinterval [z;, x;.1] (i = 0, 1,

...,n—1)of
the division A, we have

B/, 8)] = Z{( e e d}‘
< R e e | ji+1f(:t:) 0
Ae5rslr el G ) 1 eol]
- [<S fi;jl 3 @]+ @ + m) £ @) q] I/q}. (3.48)

Corollary 138 Under the assumptions of Theorem 137, for ¢ = 1, we have

[E(f,A)

s2+7s+8
'SW(§+(3+1)(3+2)(3+3)>

X "Z_l (Tig1 — 371)3 Hf” (@)

+ ‘f” (Tig1)

] . (3.49)

Theorem 139 Let f : [c,d] C R — R possesses second order derivative in (c,d) such
that f" belongs to the space L ([a,b]) of all integrable functions over [a,b], where a,b €

(c,d) with a <b. If |f”’q is an s-convex on |a,bl, ¢ > 1 and for some fized s, 0 < s < 1,
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then for every division A of [a,b], we have

9Qe-1)/(-1) _ 17 1Y n]
B(, A < L . (q ) > (i — )

= 94+s/q 29 — 1

i=0
1 " q 1 B ) . . q]1/a
8 {m )f ()] + (m +B(s+1,q+ )) [ (ziq1) }
1 " q 1 . q11/a
+ {m [ (xia)| + <m +B(s+1,q+ 1)) ‘f (x;) ] } ., (3.50)

where B («a, 3) is the Euler Beta function defined as in Theorem 117.
Proof. It follows from Corollary 125. =

Theorem 140 Let f : [c,d] € R — R possesses second order derivative f" in (c,d)
such that f" belongs to the space L ([a,b]) of all integrable functions over [a,b], where
a,b € (¢,d) with a < b. If |f”‘q is an s-convex on [a,b], ¢ > 1 and for some fixed s,

0 < s <1, then for every division A of |a,b], we have

1 q — 1 1=1/q n7] 3 451 1 " q
|E(f,A)] < e (2q_ 1) ;(m —ap) 2B Sis Lt ‘f ()
q} 1/q

+(W<S+2) L zﬂs+Lq+10‘fX%H)
1 Uq} . (3.51)

s+1) q+1
where B («, B) is the Euler Beta functions and B (x; «, 3) is the incomplete beta function

q

1 1"
+ |:2q+s+lB (5, S + 1,(] + 1) ‘f ($i+1)

n <2q <S+2> 1 _2q+s+lB <S+ 1’q_|_ 1)) ‘fﬂ (372)

s+1) qg+1

defined as in Theorem 117 and Theorem 126 respectively.
Proof. It is a direct consequence of Corollary 128. =

Theorem 141 Let f : [c,d] € R — R possesses second order derivative f" in (c,d)

such that " belongs to the space L ([a,b]) of all integrable functions over [a,b], where
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a,b € (c,d) with a < b. If |f”‘q is an s-convex on [a,b], ¢ > 1 and for some fixed s,

0 < s <1, then for every division A of |a,b], we have

. 1\ e 1 2g—1 2g—1 1-1/a
E(f,A)] < B3
| (f: )|—21+5/q+1/q (S+1) |: (2’ q_l’ q_l):|

X jz:;(fﬁm —z)° { [

"

[ (@) f// (i)

q N (ZSH B 1) q} 1/q

"

+ [(QSH —1)|f () T (zit1)

+

q} Uq} . (3.52)

where B (z; a, B) is the incomplete beta function defined as in Theorem 126.

Proof. The proof follows by using Corollary 131. =

3.5 Applications to the Special Means

3.5.1 Applications of inequalities for convex functions to the

Special Means

Now we apply some of our results to establish some inequalities for special means.

Theorem 142 Ifa, be R,, a<b andp € N, p > 1, we have

ppt)b-a)
|A (a1, o7ty — LT (a2 0P| < 5 A (aP 7).

Proof. For the function f(z) = 2™, z € Ry and p € N, then |f" (z)| =
(p+1)paP~! is a convex function on R,. Applying Corollary 102, we obtain the re-

quired result. m
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Theorem 143 Ifa, be R, a<b andp, g € N, p,q > 1, we have

‘A (P Y/ prti/ay — Lo CankN o)

@_aypmAMWn_ﬂkw g—1\ 1 1
< n—14+—-)[n+-
16 2q -1 q q

A (a(pr)qul’ b(pr)qul) p(P—2)a+1 Y
X +
q+2 (@ +1)(¢+2)
A (a(pf2)q+1, b(p72)q+1) a(P—2)a+1 La
+ + (3.53)
q+2 (a+1)(¢+2)

Proof. Let f (z) = 2?™/%, 2 ¢ R, p, ¢ €N, p,q > 1. Then

‘f” (x)‘q = (p -1+ é) <p + é) 2(P—2)a+1

is convex on R, and the result follows directly from Corollary 106. m

Theorem 144 Ifa, be R, a<b andp, ¢ € N, p,q > 1, we have

‘A (aerl/q7 bp+1/q) _ Lﬁﬁ/f/q (afoﬂ/q7 bp+1/q)

<(b—a)2 g—1\""" L] 1
= 24+l/a \ 29— 1 P +§ p+§

2 2 1/q
{ |:2q+ — (q + 3) a(p_Q)q+1 i 2q+ — 1b(p_2)q+11

(g+1)(q+2) q+2

1
L2 H3) oy 21 : (3.54)
(g+1)(¢+2) q+2 |

Proof. Let f (z) = 2?™/%, 2 ¢ R, p, ¢ €N, p,q > 1. Then

q q
q q

is convex on R, and the result follows directly from Corollary 109. m
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Theorem 145 Fora, be R, a<bandp, g € N, p,q > 1 with p < q, we have

‘A (ap/q2+2, bp/q+2> . Lp/q2+2 (ap/q2+2,bp/q2+2>

p/a?+2
(b—a)® [ p D 2 >
< z £ pla® pp/a ) )
T CARI A A (i) (3.55)

Proof. Let f(z) = a?/¢°*2 z € R, then

£ (@) = (qﬂ n 2) (qﬂ n 1) I, Tt
is obvious that ‘ f' (:L')}q is concave on R, . Applying Corollary 115, we get the desired

result. m

Theorem 146 Ifa, b € Ry, a < b, we have

(b—a)”
6

|H " (a,b) — L7 (a,b)] < A(a™?,07%) (3.56)

2

Proof. Let f(x) = %, z € Ry, then |f” (x)| = =3 is convex on R, so applying

Corollary 102, we get the inequality (3.56). m

Remark 147 Many other interesting inequalities for means can be obtained by applying
the other results to the function f(x) = %, x € Ry, however the details are left to the

interested reader.

3.5.2 Applications of inequalities for s-convex functions to the

Special Means

Now we apply our results from Section 3.3 to give some inequalities for special means.

It is shown in [57] that the function f : [0, 00) — R defined by
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where s € (0,1), a, b, ¢ € R with 0 < ¢ < a, b > 0, is s-convex on [0,00). Hence,
for a = ¢ =0, b > 0, the function f (¢) = bt® is an s-convex function on [0, c0), where

s € (0,1).

Theorem 148 Fora, beR,,a<b,0<s<1 andq € [1,00), we have

‘A (as+27bs+2> L (aerZ7 bs+2)
(b—a)’

W(§(3+2)(s+1)+

2+ 7s+8

<
- s+3

) Ala,b). (3.57)

Proof. Let f(z) = 2**?, x € Ry. Then |f" (z)| = (s +2) (s + 1)2® is an s-convex

function on R, . Applying Corollary 122, we obtain the required result. =

Theorem 149 Fora, b€ R,, a <b and q € (1,00), we have

s/q+1

(b—a) (q—1 1=1/q 1\ Ve
< 1
= 22ts/a \2¢—1 s+1 (s/g+1)

x {[QA (a®,b%) + (s + 1) b/ + [24 (a®, b°) + (s + 1) as]l/q} . (3.58)

‘A (as/q“, bS/q+1> _ Ls/q“ (GS/qul’ bS/q+1)‘

Proof. Let f(z) = /"' 2 € Ry. Then|f’ (w)’q = [(s/q+1)]"2* is an s-convex

function on R, . Applying Corollary 124, we obtain the required result. m

Theorem 150 Fora, be Ry, a<b andn, q € N, n,q > 1, we have

- Ls/q+1

(b—a) 1 L4 g—1 1-1/q
=S prfaa 541 2 — 1 (s/a+1)

X {[A (a®,b°) + (2° — 1) B]Y7 + [(2° — 1) a® + A (as,bS)]l/q} . (3.59)

‘A (as/q—O—l? bs/q+1) s/a+1 (as/qﬂ7 bs/q—H)

Proof. Let f(z) = 2/9*1 2 € Ry. Then|f (2)|" = [(s/q+1)]?2* is an s-convex

function on R, . Applying Corollary 130, we obtain the required result. =
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Remark 151 Many other interesting inequalities for means can be obtained by applying

the other results to some suitable s-convex functions, however the details are left to the

interested reader.

Remark 152 For s =1, we get some of the results of Section 4.2.
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Chapter 4

H-H type inequalities for n-times
differentiable s-logarithmically
convex functions with applications

to special means

The results of this chapter are from "M. A. Latif, S. S. Dragomir, New integral inequalities of Hermite-Hadamard type for n-times differentiable
s-logarithmically convex functions with applications, Miskole Mathematical Notes. 16 (1) (2015) 219-235." and "M. A. Latif, S. S. Dragomir,
On Hermite-Hadamard Type Integral Inequalities for n-times differentiable s-logarithmically convex functions with applications to special

means, Applied Mathematics & Information Sciences. (Accepted)".

4.1 Introduction

As mentioned in Chapter 2 that many mathematicians are trying to generalize the special
convexity in a number of ways and one of them is the s-logarithmic convexity. In this
chapter, we present some new integral inequalities of Hermite-Hadamard type for func-
tions whose nth derivatives in absolute value are s-logarithmically convex. We believe

that our results may provide refinements of the results for s-logarithmically convex func-
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tions that already exist in literature. The results of of this chapter not only generalize
the results from [168] but many other interesting results can be obtained for functions
whose first and second derivatives in absolute value are s-logarithmically convex which
may be better than those from [168]. In this chapter, we have proved a new identity
involving n-times differentiable mappings defined over the set of real numbers, an iden-
tity of Chapter 3, an identity for n-times differentiable mappings from [51] and several
new auxiliary results to acquire our results. Finally, we exhibit some new inequalities of
special means of positive real numbers as applications of the established results in this
chapter.

The organization of this chapter is described as follows:

The beginning of Section 4.2 of this chapter contains quite a few identities for n-times
differentiable mappings and some auxiliary results involving some special integrals over
the interval [0,1]. The other part of Section 4.2 contains integral inequalities of H-H
type for functions whose nth derivatives satisfy s-logarithmically convexity conditions,
which are new in the field of mathematical inequalities. Section 4.3 of this chapter is
also for integral inequalities of H-H type for functions whose nth derivatives satisfy s-
logarithmically convexity postulations which further generalize some of the results of
Section 4.2. At the end, Section 4.4 contains some inequalities of means of positive real

numbers, which arise from applications of some of findings of Section 4.2 and Section 4.3.

4.2 On H-H type integral inequalities for n-times dif-
ferentiable s-logarithmically convex functions

First we quote and establish some useful lemmas to prove our mains results of this section.

Lemma 153 [51] Suppose that f : [c,d] C R — R is a function such that f™ exists on
(c,d), wheren € N andn > 1. If f™ is in the space L ([a,b]) of all integrable functions
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on [a,bl], for a,b € (¢,d) with a < b, the equality holds

[asry

1 b — (k=1 (b—0a)"
b—a/af<x)dx_; e 1@

_ (b - a)n /01 g1 (n . 2t) f(")(At (a7 b))dt, (4,1)

2n!

A(f(a), f (b)) =

where the sum above takes 0 whenn =1 and n = 2.

Lemma 154 Suppose that f : [c,d] C R — R is a function such that f™ exists on (c,d),
where n € N and n > 1. If f™ is in the space L ([a,b]) of all integrable functions on
la,b], for a,b € (¢,d) with a < b, the equality holds

n—1 (b—a)" .
2;[ o+ /J+1) 1A, /f

:—( )(b—a) /K V™ (A (a,b))dt, (4.2)
where

t, te[0,3],

Proof. For n = 1, we have
b—a/Kl "(ta 4 (1 —t)b)dt

——(b—a)/o tf(ta+(1—t)b)dt—(b—a)[ (t—1) f (A (a,b))dt

—fAab) - 5 [ Fa)ds
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which is the left hand side of (4.2) for n = 1.
Suppose that (4.2) holds for n = m — 1, m > 2, that is

mz[_zﬂkl?;a)ﬂmQumm)—bia/ﬁﬂ@dx

(=1

k=0

_ b—a’”l/zcml )1V (A, (0, 8))dt

(

Now for n = m, by integration by parts and using (4.3), we have

J(b—a)” /QK ™ (A, (a,b))dt
)" ™
et el £ (4 (a,b)
L 12“‘” /K LS D(A, (0, b))t
(b—a)" (=)™ +1] s
= O CD 0 e (4 a0
+m 2[ (—1)F! — ] (b—a)kf(k) o) L/bf(x) .
— 2k+1 (k4 1)! ’ b—a ), ’

which is the required identity (4.2). This completes the proof of the Lemma. m

The following useful result will also help us establishing our results.

Lemma 155 If u > 0 and n € NU {0}, then

—1)" i n _1)k
((lnit)”“ +nlud i W’ p#1

1
Ey (n;p) == / t"utdt =
0

Tt p=1

Proof. For i = 1, the result follows immediately.

If n =0, then
1
1 —
0 In 1

91

(4.3)

(4.4)



which is the same when we take n = 0 on the R.H.S of (4.5).

Suppose now that p # 1 and n = 1, we have

1
4 4 1
tutdt = — + ;
/o P T T p? T (p)?

and it coincides with the right hand side of (4.5) for n = 1.
Suppose (4.5) is true for n — 1, i.e.

Yt g D =D S (-1)"
/0 et = (Inp)” o 1)!,uk2:_0 (n—1—k)! (Inp)" (4.6)

Now by integration by parts and using (4.6), we have

1 1
/ ot = - [ gy
0 Inp  Inp

poon [(—1)”<n—1>!+<n_1)!u"i (-1)"

- Ing  Inp (In )" — (n—1—-k)!(In )t
n n—1

_ [ . ( 1) +1 + 1)k+l

IHM (ln n+1 e (n _1_ (hl u)k++2
nlp (—1)" n! | - )"
- ’I?,' 11’1/1, + (ln n+1 +n e Z ln Iu)k-l-l

( 1)n+1 k;
— + n! .

(In 1) n+1 n:p Z ln N)kﬂ

The proof of lemma is thus accomplished. m

Lemma 156 If u > 0 and n € NU {0}, then
(lnu "+1 - Zk 0 (n—k)\( lnu)k+1’ p 7& 1

Ey (ns 1) = / (1— 1) pldt = (4.7)

el p=1
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Proof. By making the substitution t = 1 — w in (4.5), in which p is replaced by i,
we get (4.7). =

Lemma 157 If u > 0 and n € NU {0}, then

-1 n+1n! n 1 k
1 ((lnzl)"J“1 + n!'ul/Z Zk:() 2”*k(n(—k)!)(lnu)k+1’ M 7é 1
2
Gy (n: 1) = / Pt — (4.8)
0
m, p=1.
Proof. It follows from Lemma 155 by making use of the substitution t = 5. =
Lemma 158 If u > 0 and n € NU {0}, then
1
G2 (n; ) r=/ (1—¢)" p'dt
1
2
n! n
(ln,u,)‘tiJrl - n!'ul/2 Zk:O 2”_k(n—k1)!(lnu)k+1 H 7é 1
- (4.9)

1 —
(D) p=1

Proof. It follows from Lemma 157 by making the substitution 1 —¢ = u and replacing

,ubyl%. |

Lemma 159 [165, 43] For a > 0 and p > 0, we have

oo (—1)*—1(1n m)E-1
I(a;p) = / tytdt = (4.10)
0

where

(), =a(a+1)(a+2)..(a+k—-1).
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Moreover, it holds

)kfl

_ ”i (_1>k—1 (In
(@),

k=1

< |In g <|1nu| )
T ay/2r(m—1) \m—1
Lemma 160 /43, 165] For a > 0 and p > 0, we have

-1

1 Zk 1 ln(/;) <00, U 7£ 1,
J (o p) == / (1—0)" ptdt = (4.11)
0
< w=1.

where

(@), =a(a+1)(a+2)..(a+k—-1).

Lemma 161 If p > 0 and n € N, then

F(n;p) :=nEy(n—1;pu) —2E; (n; p)

—1)"n![ln p+2 —1)%[ln p+2
( ()lnu)["+li+ L lnu o n‘lu Zk 1 (n— k_))|[lnl/j—t@+]17 H 7& 1
= (4.12)
= p=1
Proof. The proof of (4.12) follows directly from Lemma 155. m
Lemma 162 If p > 0 and n € N, then
G (n;p) :=nks (n — 15 1) — Ez (n; )
nlulln p—1 Inpu—1
(il:l[u)!7f+1] h;lﬂ‘ n‘ Zk ]_ k.)|'uinu)k+17 ILL # 17
= (4.13)
o n=1.

Proof. The proof of (4.13) is a direct consequence of Lemma 156. m
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Lemma 163 For a > 0 and p > 0, we have

00 n(a —2a](—Inp)*?!
p Y ettt

(a)k+1
H (o ) :=nl (o p) — 21 (o + L p) = (4.14)

n(a+1)—2a _
a(a+l) 'u_l

where

(@)py =ala+1)(a+2)..(a+k)
Proof. It can be easily proved by using Lemma 159. m

Lemma 164 For a > 0 and i > 0, we have

o] n(a —a](=Inp)1t
Zk:l[(+k)(a]( In ) L op A,

)1
K (a;p) :==nd (s p) = J (@ + 1) = (4.15)

n(a+1l)—«a —
a(a+l) /,L—l

where

(@) =ala+1)(a+2) ... (a+k)
Proof. It can be easily proved by using Lemma 159. =

Lemma 165 [182] Let 0 < £ <1<n,0<A<1and0< s <1. Then
N < e and g < g, (4.16)

We are now ready to set off our first result.

Theorem 166 Let f : [c,d] C [0,00) — (0,00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on

la,b], where a, b € (¢,d) with a < b. If }f(”)}q is s-logarithmically convex on [a,b],
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1 < g < o0 and for some fired s, 0 < s <1, n €N, n> 2, the following inequality holds

” ~1)(b—a)
A (k)
(f(a), f b—a/f TCESL F®(q)
k 2
b _ CL) —1 oy n J n 0 1/
< 2l ( n 1) @) fPO (F ()], (417)
where p = ;EZ;EZ; sq’ F (u;n) is defined in Lemma 161 and

(0,s), if 0< |f™(a)|,]f™(b)| <1
(6.0) = (1=s,1), if 1<[f™(a)|,|f™0)],

(0,1), if0<|f™(a)] <1 <|f™(),

(1-s,5), if0<[f™O)|<1<]|f™(a)

Proof. Suppose n > 2. By Lemma 153, s-logarithmic convexity of } f(”)‘q on [a, b

and Holder inequality, we have

A(f (a

—1)(b—a)
e -3 2k + 1)! f(k)(“)'

< (b;—) (/01 v =2 ‘”)1 ) (/01 o o= 20) 0] |00 ar) R
(4.18)

If0 < |f™(a)

™(b)| <1, from (4.16) and Lemma 161, we have

1 s s
| et @) e
0
1
< / 71 (n = 2t) | £ @)™ | £ )
0
1
= ’f(”)(b) |Sq "1 (n — 2t) p'dt

= |f™ O [nEy (n — 1) = 2B1 (s )] = [ FO O F (ny ), (4.19)
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™)™
@™ (b)

If 1 <|f™(a)

where 1 =

b)|, from (4.16) and by using Lemma 161, we have

/01 " (n — 2¢) |f(")(a)‘qt5 }f(n)(b)‘fI(l—t)s dt

= |"(a) !q“ Yy (-1 u) — 28, (n; )
= ™)™ [F @) F (ni ). (4.20)
If0 < |f™(a)] <1<|f™(b)|, from (4.16) and by Lemma 161, we obtain
1
/ 7 (= 26) |FO @) @) dt < |50 0)]" / £ (n — 2t) e
0
}f(”) ‘ [nEy (n —1; 1) — 2E; (n; p)] ‘f |Fn;u). (4.21)

Lastly, if 0 < ‘f(”)(b)| <1< |f(”)(a)‘, from (4.16) and Lemmal61, we get that

1 s s
/ £ (0 —26) | f @)™ | £ )"
0

<|FO@ O [ - 20t
= /@ SO B (0~ 15) — 2By (03 )]

= [FO ) | (0)| " F (). (422)

Combining (4.18)-(4.22), we observe that the inequality (4.17) holds. Hence the antici-

pated result is achieved. m

Corollary 167 Suppose the assumptions of Theorem 166 are satisfied and if ¢ = 1, we
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have the inequality

AU @ 00— [rwa -3 kfl‘“> 1(a)
< O o) O i) (0.23)

where F (n; p) is defined in Lemma 161, (9,0) and v are defined in Theorem 166.

Corollary 168 Under the assumptions of Theorem 193, if n = 2, we have the inequali-

ties
40, e
—_a)? 1-1/q . . X
<22 (G) el lrof Fer. w

where = ;,,EZ)) ,

'(o,s), ifo<|f(a),|f )| <1,

(6.6) (1-s,1) Z'f1<|f"(a)|,}f (b)},”

(0,1), if0<|f'(a) <1< |f ()],

| (1=s,9), Fo<|f (v <1<|f(a)
and

2(1+lnu()hllnu;)z;r4(1fy)’ ,U/#l,

F(2;p) =

W=

; p=1

Remark 169 For s = 1, one can get very interesting inequalities from (4.17), (4.23)
and (4.24) for log-convex functions.

Theorem 170 Let f : [c,d] C [0,00) — (0,00) be a function which possess nth derivative

f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on
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la,b], where a, b € (¢,d) with a < b. If }f(”)}q is s-logarithmically convex on [a,b],

1 < q < oo and for some fizred s, 0 < s <1, n € N, n > 2, the following inequality holds

A @ 0) - = [ Fwan =3 EIEE o

k=2

(b—a)" [n(Zq—l)/(Q—l) ~ (- 2)(2(],1)/((1,1)} i
<

22-1/ap)

— 1-1/q s . X
x (gqq _11) £ @) [FD )] [ (n—1) g+ 1;]7%, (4.25)

where 11 and (0,0) are defined as in Theorem 166 and I (a; ) is defined in Lemma 159.

Proof. Since ‘f(”)‘q is s-logarithmically convex on [a,b] for ¢ € (1,00), s € (0,1],

hence from Lemma 153 and the Holder inequality, we have

A @ 0) - = [ faan =3 B o)

k=2
(b—a)" 1 1-1/q 1 /g
< (/ (n—2t)7/@D dt> (/ 190D | FO (a4 (1 — 1) ] dt)
n: 0 0
(b—a)" (2¢—1)/(g—1) 2g-1)/(g-1)] 174
< gty |7 —(n-2) ]

1-1/q 1 1/q
qg—1 e n 1 o (1—t)*
X /tq< D™ @)™ [ @) at)
2q—1 0

By using (4.16), Lemma 159 and using similar arguments as in proving Theorem 166, we

have the inequality (4.25). This completes the proof of the theorem. m

Corollary 171 Tuaking into consideration the hypotheses of Theorem 170 and letting

n = 2, we obtain

A @ 1)~ 5= [ fla)ds

_(b—a? (g1
=72 \2¢-1
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where 11 and (0,0) are defined in Corollary 168 and

o0 —1)* Y(n )kt
nY ey T — < oo, p# L
I(qg+ 1) =

mu :u’:la
(q+1),=(@+1)(g+2)---(g+k).

Corollary 172 Meeting the assumptions of Theorem 170 for n =2 and s = 1, gives

0@ 50 - [ s

<(b—a)2 g—1\""
=2 2 — 1

1"

IO g+ ), @2m)

and

(q+1),=(@+1)(¢g+2)---(¢g+ k).

Now we give some results related to left-side of Hermite-Hadamard’s inequality for

n-times differentiable s-logarithmically convex functions.

Theorem 173 Let f : [c,d] C [0,00) — (0, 00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on

la,b], where a, b € (¢,d) with a < b. If }f(”)}q is s-logarithmically convex on [a,b],
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1 < g <00 and for some fired s, 0 < s <1, n €N, n>1, the following inequality holds

3

1[ 21H k]+(bl)_ @) F®) (A(a,b))—bia/abf(x)dx

- [f@ |0
T pl20t+)(e-1)/q (n—i—l)l 1/q

k=0

(1G] + [Ga (s )]V}, (4.28)

™M (a
f<”)(b

and (8,0) are defined as in Theorem 166, and Gy (n;pn), Gz (n; )

where |1 = ’

are defined in Lemma 157 and Lemma 158 respectively.

Proof. Suppose n > 1. By using Lemma 154, the s-logarithmically convexity of

} f (”)‘ and the Holder inequality, we have

n_l[ J ljﬁ)— g Aam) -5 [ s

n 1 1-1/q 1 < 1t
<t (ﬁ “‘””“) (/ (=2 @ | 0" “”)

2

1/q

N

1

) (s

From (4.16), Lemma 157, Lemma 158 and the same reasoning as in proving Theorem

S S l/q
g |f(n) (a)}qt |f(n) (b)|Q(1*t) dt)

166, we have the required inequality (4.28). This accomplishes the proof of the required

inequality. =

Corollary 174 If the hypotheses of Theorem 173 are fulfilled and if ¢ = 1, we have

3

1[ ](b—a>
2k+1 (4 1))

O A - [ @)

— a1 £ (@) | £ ()]
(b—a)"|f T(L!)l PO o )+ Go ()} (4.29)

k=0
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f(n)(a
JiQIC

where | = , Gi(n;p) and Go (n;p) are defined in Lemma 157, Lemma 158

respectively and (5, 0) are defined as in Theorem 166.

Corollary 175 Let the postulations of Theorem 173 are met and if s = 1, we have

n—1 [(—1)k + 1] (b—a)" 1 b
s A ) = [ r@a

k=0
(b — a)n }f(n) (b)‘ { 1 .
Gy (s )]+ [Ga (ms )] 7}, (4.30
T 2D/ (n 4 1)1—1/q (G (n; )] " + [Ga (n; )] o ( )
where |1 = ‘;EZ))(‘Z)) ! and G1(n;p) and Gy (n; ) are defined in Lemma 157, Lemma 158
respectively.

Corollary 176 According to suppositions of Theorem 173 and letting n = 1, gives us

the following results

‘f(Aab b_a/f

sg(—/ @[ [ @ {6 @+ @@}, @
where p = fl,(b)) Sq,
o A, e SOt A,
Gr(Lip) = Gy (L) =
§ p=1 $ p=1
and )
0,5), o< |f(a),[f®)] <1,
(5.0) = (1—-s,1), z‘f1<|f/<a) | f () 3
(0,1), ifo<|f(a) <1<|f (D),
| (I=5.5), 0<[f(D)]<1<|f(a)




Theorem 177 Let f : [c,d] C [0,00) — (0,00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on
la,b], where a, b € (¢,d) with a < b. If }f(”)}q is s-logarithmically convex on [a,b),

1 < q < oo and for some fizred s, 0 < s <1, n € N, n > 1, the following inequality holds

nl[ —1)* ](b—a) f(k)(A(%b))—ﬁ/abf(x)dx

k l
c~ 2 (k+ 1)
1) 0
(b—a)" [f™ ()" [f™ (b)] Y 1
Gy (0: )19 + 1G5 (0; /‘I} 4.32
e Ty v (GLCTD I LTI SR
where
1/2_ ul/?
Mlﬂ/vbl’ 'u#l’ IH,LL ) :u#l
G (0;) = Ga (0;1) =
oL p=1 3 p=1

i and (6,0) are defined in Theorem 166 and p and q are Hélder conjugates of each other.

Proof. From Lemma 154, the Holder integral inequality and s-logarithmic convexity

of | f ! on [a, b], we have
n— 1[ } (b—a) (4 1 b
e 241 (k4 1)! ( (a,b))—bT j f(z)dx

o}
R
CN
-
2
—~
s
SN—
(=]
~
3
=
&
—~
>
SN—
e
=
QL
~
~__

o ()
+([(1 "pdt> (/ | £ (b)|q<1_t>5dt>q

2

Using (4.16) and similar arguments as in proving Theorem 166, we get (4.32). The proof

of the theorem is completed. m
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Corollary 178 Under the assumptions of Theorem 177, if n = 1, we have the inequality

f(A(a,b»—bia/ () da

(b—a)|f @] [f
- 91+1/p (p+ 1)1/p

OF {16, 1 + s 07 . (43)

where G1 (0; ) and Go (0; 1) are defined in Theorem 177, (6,0) and p are defined as in
Corollary 176 and % + % =1.

Corollary 179 With the assumptions of Theorem 177, if s = 1, we have the inequality

Zl[ s ,Jfl)_ o f® (A(a,b))—ﬁ/abf(x)dx

(b—a)" [f™ (b)]
= 2nt1/p (np 4+ 1)V nl

{16 ()7 + (G (05 )]} (4.34)

where G1 (0; ) and G (0; 1) are defined in Corollary 176, = ";((Z)

and p and q are

Hélder conjugates of each other.

4.3 More on new inequalities of H-H type for n-times
differentiable s-logarithmically convex functions

The following Lemma 96 and the lemmas of Section 4.2 are used to establish some new in-
tegral inequalities of Hermite-Hadamard type for n-times differentiable s-logarithmically

convex functions in this section.

Theorem 180 Let f : [c,d] C [0,00) — (0,00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on

la,b], where a, b € (c¢,d) with a < b. If }f(”)}q is s-logarithmically convex on |a,b],
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1 < g <00 and for some fired s, 0 < s <1, n €N, n>1, the following inequality holds

nlk (-1)*| (b —a)*
A(f(a _a/f dx— 2’“1(!%11) f® (A (a,b))
b—a n a 1 !
ggw; (nﬂ) 7 @[ |1 @) {16 @)t + [6 ()]}, @39
where p = J’:E:—;EZ? Sq/z,
[ (s/2,5/2), if 0 < |[f™(a)],]|fM )| <1,
(5.6)= (1—s/2,1—s/2), if1<|f™(a)],|f™ )|,
’ (5/2,1—5/2),  if0<|fO(a)] <1< |fm@),
| (1—5/2,5/2) if0 < |[fM) <1<|f™(a),

and G (n; p) is defined in Lemma 162.

Proof. From Lemma 96, the Holder inequality and using the fact that ‘ f(”)|q is

s-logarithmically convex on [a, b], we have

nlk[ + (-1 - o)

21 (k4 1)! f(k) (A(a,b)) -

k=1
1—1

S ([ reon)

1 1 14¢)% 1/q
><{</O (1=t (0 — 14 1) |f® (@)]CF) | o0 ([ 1(F) dt)

1 o) (1) | g (1) )
([ amota- el oo @ ) } (4.36)

IN
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When 0 < | /™ (a)|,|f™ (b)| <1, by using Lemma 162 and (4.16), we have

/0(1—t)”‘1(n—1+t)\f(”)( | \f \(i) dt

1

< [fa-o =] @0 o @O a
0

= | £ (a) £ )" /1 (1=0)""(n—1+1)p'dt
0

= £ (@) £ @) @ (i),

and

[ a=ot =10 @ |0 @ @

S/01“‘t>”‘1<"—1+t>}f<"><b>\” =) |50 (@) gt

= | £ (a) £ (b)|sq/2/ (1—=8)""(n—1+t)p tdt

0

— £ (@) F B[ G (7).

When |f(”) (a)} , ‘f(”) (b)‘ > 1, by using Lemma 162 and (4.16), we have

/0(1—t)”1(n—1+t)\f<">( )| =) | F \<i) dt
< £ (a) £ (B / (1= )" (n—1+1¢) ptdt
= £ (a) £ ()|
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and

/1(1—t)"—1(n—1+t)\f<n>( o)) (@) gy
< £ (a) £ (B[ / (1= )" (n—1+t)utdt

= | (a) f™ (b )} S/Q)G(n;/fl). (4.40)

When 0 < |f0 (a)| <1 < |f™ (b)], by using Lemma 162 and (4.16), we have

/0(1—t)“—1(n—1+t)\f<">( )15 o ()1 CE) g

<7 (@) | (1)1 /0 (1—1)" (n—1+1¢)utdt

= [fO @[ [ " G i) (441)
and
/1(1—t)”—1<n—1+t)\f<n>( 1T o (@) ")
0

1
< |7 (@) £ (o) /0 1—8)"" (n—1+1)utdt

When 0 < |f(") (b)| <1< }f(") (a)‘, by using Lemma 162 and (4.16), we have

/01(1—t)“—1(n—1+t)\f<n>( )70 o 1O
< | @ | ) [ e

— [ @) @) G (). (4.43)
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and

[ a=ote -1 n @ |0 @ )

< |f(”)( )| a(1=5/2) |f(n)< )}Sq”/o (1—=0)"""(n—1+t)ptdt

= £ (@) )G (i), (4.44)

sq/2

SO A combination of (4.37)-(4.44) into (4.36) gives the desired result.

f(n) (a
The proof of the theorem is thus accomplished. m

where 1 = ‘

Corollary 181 Under the assumptions of Theorem 180, if ¢ = 1, we have the inequality

A(f(a), f

b_a/ " n- 1k[1+( )k} (b_a)kf(k)(A(a,b))

K
1 2k (K +1)!
(b—a)" | 51 oim 9 B
< m }f( )(a)‘ ‘f( )(b)| {G(n;ﬂ) +G(n;ﬂ 1)}7 (4-45)
where G (n; ) is defined in Lemma 162, 11 and (0,6) are defined in Theorem 180.

Corollary 182 Tuking the assumptions of Theorem 180 into account and letting n =1,

delivers the follouning result

where

108



and

[ (s/2,5/2), if0<|f (@] |f®)] <1,
5.6) = (1-s/2,1-35/2), f1<|f (@], |fO)],
(s/2,1=s/2),  #0<|f(a)) <1<|f ),
| (1-5/2,5/2) ifo<|f(b)]<1<|f (a).

Corollary 183 If we take ¢ = 1 in Corollary 182, we have

b
A @ ) = 5= [ fla)ds
b—a

S( 1 >‘f/(a>‘5‘f/<b)‘€{G(1;u>+G(1;M1)}, (4.47)

where G (1; 1), p and (9,0) are defined in Corollary 182.

Corollary 184 Suppose the assumptions of Theorem 180 are fulfilled and if n = 2, we

have

A @ ) = 5= [ fla)ds

U (5)

1) 0 1 1
@[ @) {i6 @i+ e @]} @)

where
2u(lnu—1rz;(?1)nu)2+2’ w1, o f”(b) 5q/2
G(Q;,U){é’ (k) yot, ’“—‘f”(a)
and
[ (s/2.5/2). Fo< | @].|r'm) <1,
gy ] m3/21=sD sl @]l ).
(s/2,1—5/2),  if0<|f(a)] <1<|f(B)],
L -s2s2) o< 0| <1< @)
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Corollary 185 If ¢ =1 in Corollary 184, we have

A @ ) =52 [ fla)ds

_ -0
- 16

"

f(a)

‘ d

f (b)‘a (G2 +G(2Zu™)}, (449)

where Fy (v,2), u and (9,0) are defined as in Corollary 184.

Theorem 186 Let f : [c,d] C [0,00) — (0,00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on
la,b], where a, b € (¢,d) with a < b. If }f(”)}q is s-logarithmically convex on |a,b),

1 < q < oo and for some fizred s, 0 < s <1, n € N, n > 1, the following inequality holds

b =1k |1+ (=) (b—a)
AG@ )= 5= [ )= | W(kll), 7 (A(0,1)
a k=1 )

(b—a)" [n(Qq—l)/(q—l) —(n— 1)(2‘1—1)/@1—1)} 1-1/a ( g—1 >1—1/q

2ntlp) 2q—1
< £ @) | O {1 (= D+ L)+ [T (=g + L))o}, (@450)

<

where J (o, ) is defined in Lemma 160, (v and (0,0) are defined in Theorem 180.
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Proof. Using Lemma 96, the Holder inequality and the s-logarithmic convexity of

}f(”)‘q on [a, b], we have

0@ 50 - [ s

—ni : [1 - (_l)k] 0 a)kf(’“) (A(a,b)| < —(b_a).n (/1 (n—1+t)aT dt>1;

kT (k + 1)!

S ([ @ i = o) )
+ (/01 (1— )1 [‘f(n)( )|? a(45) 1 (@) a(151)’ ] dt) 1/q}' .

The proof follows by using Lemma 165 and by using similar arguments as in proving

Theorem 180. m

Corollary 187 Under the assumptions of Theorem 186, if n = 1, we have the inequality

0@ 50 - [ rws

<CLO (L2 |y af 7 of (et + ) @

where
—1

lnu
< 00, 1,
J(l;u)z Zk 17 gl W #
L, p=1,

w and (9,0) is defined as in Corollary 182.
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Corollary 188 Under the assumptions of Theorem 186, if n = 2, we have the inequality

A(f (@), f b_a/f

b — a [2(2q 1)/(g—1) _ 1]1_1/‘1 g—1 1-1/q
B 16 2¢ —1

" O |0 1
<[ @] | ®) {1 (@ + s+ [T @+ 107

Q=

} . (4.53)

where
—1

(In
Zk 1 (qil <00, p#l,

q+1’ :uzla

(g+1),=(+1)(¢g+2)..(¢+k),

J(g+1p) =

w and (6,0) are defined as in Corollary 184.

Theorem 189 Let f : [c,d] C [0,00) — (0, 00) be a function which possess nth derivative
f™ on (c,d). Suppose that f™ is in the space L ([a,b]) of all integrable functions on
la,b], where a, b € (¢,d) with a < b. If |f(")}q is s-logarithmically convex on [a,b],

1 < q < o0 and for some fized s, 0 < s <1, n € N, n > 1, the following inequality holds

n-lk (=1)"| (b — a)" b
A @7 0) =% s e kl S/ ) - = [ e

"H**(b—a) [B<1'nq—1 29 — 1 T—;

2ntlp) n q¢g—1" ¢qg—1

I/\

1 @] 70 W {1 ) + [ (00 )] ), (@50

where

B> (0;p) = 11““

B(z;a,@):/ 11—t dt,0<2<1,0>0,>0
0
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is the incomplete Beta function and (0,0) are defined as in Theorem 180.

Proof. Using Lemma 96, the Holder inequality and the s-logarithmic convexity of

}f("‘ on [a, b], we have

b 1 k14 (=" (b—a)*
A @ F0) =5 [ T @de= L OO0 ) h

_ B (
b—a — 2641 (k4 1)!

= (gniffj.n </1 (1 — 4)7m=D/@=D) () _q 4 pya/ta-D) dt)ll/q
{</ 70 @ g ) )
T (/01 ‘f(n) (b) ‘ 5 |f } (lzﬁ)sdt>1/q}_ (4.55)

By using (4.16) and the fact that

1
/ (1= ) D/@D (g 4 /D) gy
0

1
:nnq;—_ql—l/nt(n (]_—t)qldt—nq‘ltqllB<l;nq_172q_1>,
0 n qg—1" qg—1

we get the required inequality (4.54) from (4.55). m

Corollary 190 Considering that suppositions of Theorem 189 are met and lettingn = 1,

we have the inequality

4@ 50 - [ s
< (b ; a) <2€Iq—_11)1_1/q

where Ey (0; 1) is defined in Theorem 189 and i, (9,0) are defined as in Corollary 182.

)

’

f (a)

!

7 O {12 0] + [ (0:07)] 7} (156)
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Corollary 191 Assuming that the postulations of Theorem 189 are pleased and letting

n = 2, we obtain the following result

(b—a)* 1 2g—1 2¢—1\]"
Al @), f b—a/f ’— P {B<§’q_—1’q_1)}

< @[ |7 @ 1m0+ [ a1 @

where B (z;a, ), Ey (0; 1) are defined in Theorem 189 and p, (9,0) are defined as in
Corollary 184.

Remark 192 We can get several interesting inequalities for log-convex functions by set-
ting s = 1 in the results of this section. However, the details are left to the interested

reader.

4.4 Applications to Special Means

In what follows we will use the above means and the established results of the previous

section to obtain some interesting inequalities involving means.
Theorem 193 Let0<a<b<1,7r<0,r# —1,-2,s€ (0,1] and ¢ > 1.

1. If r # =3, then

‘A (ar+2’ br+2) o [Lr+2 ((Z, b)]r+2|

_ )2 1-1/q
<02 (3) T le+ne

QG( rq(l—s) brq(l 5)) 2/q
rqs (Inb —1Ina)

> [A (arqs7 brqs) _ I (arqs’ brqs)]l/q )
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2. If r = =3, then

H (a,b) L(a,b)

2 3 3¢s (Ina — Inb)

1 1 (b—a)? (1) Vs 26 (03009 p-3a01-+)) 2/
<55 (3)

% [A (aqus’ bf3qs) — I (aqus’ beqS)} 1/q )

Proof. Let f (z) = —% p for 0 <z < 1. Then /" (z)| = 2" and

(r2)(r+1)

In

£ Ay <X m|f @ + 0= m]f @)

for x, y € (0,1}, A € [0,1], s € (0,1] and ¢ > 1. This shows that ‘f” (x)|q = 2" is

s-logarithmically convex function on (0,1]. Since|f” (a)| > |f" (b)| =" > 1, hence

f// a qs an s
H= f”ibi - (5)
and
o) @ F

_ ogra(i-s)pra(i—s) [qu (arqs + brqs) (lna —1In b) + 2 (qus _ arqs)}

r3¢3s3 (Ina — Inb)?
4arq(1—s)brq(l—s) a4 pras pras — qras
B [ )2] [ 2 _rqs(lnb—lna)]

r2¢%2s% (Ina — Inb
2

rq(l—s) prg(l—s
2G (a « )7 b « )) [A (arqs’ brqs) — L (arqs’ bTQS)] .

rqs (Inb —1Ina)

Substituting the above quantities in Corollary 168, we get the required inequality. =

Remark 194 The other results given above may also give very interesting inequalities

containing means and the details are left to the interested reader.

In what follows we will use the above means and the established results of the previous

section to obtain some interesting inequalities involving means.
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Theorem 195 Let 0 <a<b<1,r<0,r#—1,s€ (0,1 and g > 1.

1. If r # —2, then

3_1

\A@HWﬁﬂ—wwumm“wéw—@(a 1[G b

. [2 (1 o b—rqs/?L (Cqus/Q7 brqs/z))] 1/q

1 rqs (Inb —Ina)
+b7m 2 (a—rqs/QL (arqs/Z’ brqs/2) o 1) 1/q
rqs (Inb —Ina)

2. If r = =2, then

‘H(la, b~ L(clz, b)‘ <(b-a) (%)3; (G (@02

_ hgs —qs },—qs 1/q qs —qs }—qs\) _ 1/q
X{ﬁﬂl DL (a=, b q +§ﬂaLm b % 1 }‘

gs(lna — Inb) gs(lna —Inb

Proof. Let f (z) = ﬁ:jll for 0 <z < 1. Then |f'(x)| = 2" and

In | " (Ax (z, )" < X In[f ()" + (1= A)°In [ (y)[*

for z, y € (0,1], A € [0,1], s € (0,1] and ¢ > 1. This shows that |f'(z)|? = 2" is

s-logarithmically convex function on (0, 1]. Since|f’ (a)| > |f’ (b)| = b" > 1, hence

sq/2 (b>rqs/2 » an 7as/2
(=)
a b
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and

@ f @

) (1-5/2) {[F1 (1, 1)]% + [Py (p, 1)]%}

2 (1 _ b—rqs/ZL (arqs/2’ brqs/2)) 1/q
rgs(Inb —Ina)

_ [G (U,T,br)]z a~"s

+b—7’8

rqs (Inb —Ina)

1
9 (afrqs/2L (arqs/2’ brqs/Q) _ 1)] /a
Substituting the above quantities in Corollary 182, we get the required inequality. =

Remark 196 Many interesting inequalities of means of positive real numbers can be

obtained by using the other results, however, the details are left to the interested reader.
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Chapter 5

H-H type integral inequalities for
n-times differentiable m- and
(aym)-logarithmically convex

functions

The results of this chapter are taken from "M. A. Latif, S. S. Dragomir and E. Momoniat, On Hermite-Hadamard type integral inequalities
for n-times differentiable m- and (Q¥, m)-logarithmically convex functions, Filomat. (Accepted)" and "M. A. Latif, S. S. Dragomir and
E. Momoniat, Inequalities of Hermite-Hadamard type for n-times differentiable (Oé, m)-logarithmically convex functions, Bulletin of the

Iranian Mathematical Society. (Submitted)".

5.1 Introduction

In Chapter 2 it has been discussed that the definition of convex functions plays an im-
portant role in the theory of convex analysis and in many other branches of pure and
applied mathematics. A number of remarkable and significant results in the theory of
inequality hinge on this definition. The definition of convexity has been generalized in

diverse ways such as s-convexity, m-convexity, (a, m)-convexity, h-convexity, logarithmic-
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convexity, s- logarithmic convexity, m-logarithmic convexity, («, m)-logarithmic convex-
ity and h-logarithmic-convexity but we will focus on the m-logarithmic convexity, («, m)-
logarithmic convexity as generalizations of the convexity to prove our results in this
Chapter. In this chapter, we will use identities of Section 3.2 of Chapter 3 and Section
4.2 of Chapter 4 to establish Hermite-Hadamard type inequalities for functions whose
nth derivatives are m- and («a ,m)-logarithmically convex functions. We will also obtain
several results for trapezoidal and midpoint type inequalities in terms of first and second
derivatives that are m- and (a ,m)-logarithmically convex functions which are contained
in our results as special cases. The results of this chapter also provide corrected version
of some Hermite-Hadamard type inequalities proven in [18] and may provide refinements
of some results for (o ,m)-logarithmically convex functions already existing in recent
concerned literature of inequalities.

A brief outline of this chapter is as follows:

Section 5.2 of this chapter contains integral inequalities of H-H type obtained by
applying the results of Section 4.2 in Chapter 4. Section 5.3 comprehends Hermite-
Hadamard type by using an identity given by Lemma 96 of Section 3.2 in Chapter 3 and
the results of Section 4.2 in Chapter 4. Section of 5.4 is devoted to inequalities of special

means of non-negative real numbers which resulted in as applications of our discoveries.

5.2 On H-H type integral inequalities for n-times dif-
ferentiable m- and («,m)-logarithmically convex
functions

We will use Lemmas of Section 4.2 of Chapter 4 to establish the results of this section.

Theorem 197 Suppose that (¢, d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L ([a,b]) of all integrable functions on [a,b] for
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neN,n>2 0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [O, %} for
1<g<o0, (a,m) € (0,1] x (0,1], we have

n—l
Y(b—a
AG@ o) -5 [ rwa- 3 S0 )f"“)(a)'
k=2
b—a b -
<! ara YVa (5.1
< (D) (1) e E e 5
£ (a)
whereuw,
0, 0<p<l,
o I
1—a, p>1,

and F (n;v) is defined in Lemma 161.

Proof. Supposen > 2 and a,b € I,0 < a < b < 0o. By (o, m)-logarithmic convexity

of ‘ £ !q on [0, %}, Lemma 153 and Holder inequality, we have

A(f(a), f

— (k 1)b—ak

_ 1-1/q 1 1/q
S CL ‘Qfl ( )‘ (/ = 1 ( )dt) (/ tn_l (TL _ Qt) [thadt)
n- 0 0
(b—a)" ‘f(n)(ﬁ)‘m n— 1\ e 1 . 1 3 1/q
— m ( ) (n/ " dt — 2/ " pdt dt) , (5.2)
2n! n+1 0 0

_ o)
where n = W
For =1, we have
1 . 1 . 1 1 n—1
n/ oyt dt—2/ " dt:n/ t”ldt—Q/ t"dt = : (5.3)
; : 0 0 n+1
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For 0 < 1 < 1, we have from Lemma 165 that %" < . Hence by using Lemma 161,

we get

1 1 1 1
n / " dt — 2 / "t dt <n / T peatdt — 2 / " et dt
0 0 0 0

— nE (n— 1;4%) — 2B (n; p*) = F (n ™) . (5.4)

Also for y > 1, we have from Lemma 165 that p®" < p9%+4=9¢ By Lemma 161, we

obtain

1

1 1 1
n / tn—l//tho‘ dt . 2 / tnuqto‘ dt S n/ tn—luqat‘f‘q(l—a)dt _ 2 tnluqat-i-q(l—oa) dt
0 0 0 0

= 0= [nE (n — 15 %) = 2B (n; p*)] = p""F (n; p°9) . (5.5)

On combining (5.2)-(5.5) gives the inequality (5.1). Hence the proof of the theorem

accomplishes. m

Corollary 198 Substitution of ¢ = 1 in Theorem 197 gives the following outcome

b n—1 . _ o)
A @ 0) - = [ F@dn =3 B EEE o)

e (2)

2n!
where F' (n;v) is defined in Lemma 161 and 0, u are defined in Theorem 197.

m

<

P F (n; p®), (5.6)

Corollary 199 Letting n = 2 in Theorem 197, yields the the inequality

AT@ FO) - [ F@)d

b—
_b—a)
- 4

: @ O E @ (5

" ()
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where 0 is defined in Theorem 197, p = Wia;nm and

2aq(1+p%7) In p+4(1—p*?)
(agq)®(In p)®  hFEL

F (25 p™) =

=1

W=

Corollary 200 Under the assumptions of Theorem 197, if n = 2 and o = 1, then
following inequality holds when the absolute value of the second derivative of f is an

m-logarithmically convex function

1 b
AF (@), fO) = 5= [ f@)da

(b — a)2 ” b " 1 1-1/q 1/

< - - F(2: 4 q i

<L) (5) wewr 69

where |1 = | /f<£a))"m and
2¢(1+p7) In p+4(1—p?)
qg(lnM)S ) ?A 17
F(2;p7) =

5 p=1.

Remark 201 The inequalities (5.7) and (5.8) are the new inequalities which provide
new estimates of the difference between the rightmost and the middle terms in the H-H
inequality (2.19) in terms of the second derivatives that are (a, m)-logarithmically and

m-logarithmically convex respectively.

Theorem 202 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L (|a,b)) of all integrable functions on [a,b] for

neN,n>20<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [0, %} for
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1 <g<oo, (a,m) € (0,1] x (0,1], we have

n—1

@0y -t [ rwar- S U g

k=2

(b—a)" [n(Qq—l)/(Q—l) —(n— 2)<2q—1)/(q—1>} 1-1/a

22-1/ap)
. 1-1/q
X g1
<2q—1)

where p and 0 are defined in Theorem 197 and I («;v) is defined in Lemma 159.

<

ﬂm(ﬂ)‘uﬂfmq—q+nuwwm,<am

m

Proof. Since !f(")|q is (a, m)-logarithmically convex on [0, %} for ¢ € (1,00),

(a,m) € (0,1] x (0, 1], hence by using Lemma 153 and Holder inequality, we have

/f ( 1)(()—&) f(k)(a)

2 2(k+1)!

(b . a)n 1 1- 1/q 1/q
< (/ (n — 2t)/(@Y dt> (/ 12D | FO (a4 (1 — 1) ] dt)
2n! 0 0

(b—a)" |:n(2q—1)/(q—1) — (n— 2)(2q—1)/(q—1)} 1-1/g

22-1/ap)
m 1 1/q
< / tq("—l)mt“dt> , (5.10)
0

B 1-1/q
() G
29 —1 m

A(f(a), f

b—a

<

™ ()"

where 1 = 7 o ()]

For =1, we have
! o ' 1
/ (=)t gy / gy 1
0 0 ng—q+1
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For 0 < p < 1, " < p* and hence by using Lemma 165, we have

1 1
/ tQ(n—l)Mqt“dt < / tq(n—l)luqatdt
0 0

00 k 1 F=1 1 )
Z (aq)™" (np)

(ng —q+1),

< 00.
k=1

For 1 > 1, p" < paet+4=2) "and hence by Lemma 165, we obtain

1 1
/ a(n=1) ot® gy < / paln=1) atta(i=a) gy
0 0
0o k: 1 k—1 k—1
q(1—a) qo ( ) (ln,u)
I < 0.
( Zl (ng —q+1),

Thus the inequality (5.9) follows by using the above inequalities in (5.10). The proof of

the theorem is thus completed. m

Corollary 203 Suppose the conditions of Theorem 202 are met and n = 2. Then

1 b
A @ ) 5= [ fla)ds
(b—a)2 q—]. 1=1/q " b mn 0 1/
< — I 1; )] A1
< 201 P )| o+ Lpt)P, (5.11)
where p = |f)”( )’|m 0 is defined in Theorem 197 and I (a;v) is defined in Lemma 159.

Corollary 204 If we let n = 2, a = 1 in Theorem 202 , we get the following useful

result

x) dx
_ _ 1-1/q

< b a)’ (q 1) I (ﬁ)

- 4 2 —1 m

where (1 = ‘f”< >“m and I (c;v) is defined in Lemma 159.

A(f(a), f

m

[ (q+1; p*)]M, (5.12)
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Now we give some results related to left-side of Hermite-Hadamard’s inequality for

n-times differentiable (a, m)-logarithmically convex functions.

Theorem 205 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L ([a,b]) of all integrable functions on [a,b] for
neN,n>1,0<a<b<oo. If ‘f(")‘q is (o, m)-logarithmically convez on [0, 1] for
1 <g<oo, (a,m) € (0,1] x (0, 1], we have

— [ S ]{;]jfbl)_ a) F® (A (a,b)) — ﬁ /abf (x) dz

k=0

(b—a)" [f™ ()"
- 2(n+1xq44)/q(n/+_1)1—1/q7u

1G5 o 4 (G (s )] 7}, (5.13)

where u, 0 are defined in Theorem 197 and G (n;v), Go (n;v) are respectively defined in
Lemma 157 and Lemma 158.

Proof. Suppose n > 1. By using Lemma 154, the («, m)-logarithmic convexity of
} f (”)‘ and the Holder inequality, we have

nzzl [(—1)’f + 1] (b— a)kf(k) . ﬁ /ab s

k+1 |
c~ 2 (k+ 1)

g(b;—‘@n[/o " | f (ta + ( 1—t)b)|dt+/ 1 —)"|f™(ta+ ( 1—t)b)\dt]

2

O=a N i) ([ ea)
< o /Otdt /otM dt

1 1-1/q 1 1/q
+ ( [ a-ora ( [a- t)nmt“dt>
(b—a)"|f™(2)] /é . /1 )
= m " qt dt 1—¢ n gt dt 514
n12+)(@=1/q (n 4 1)1—1/q 0 K + . ( ) . (5.14)

2
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7™ (a)
where 1 = W

For 1 =1, we have

% 1/q
/ "t dt +
0
1 1/q 1/q 5
= t"dt 1—8)"dt = )
</0 ) " (ﬁ =% ) 200+1)/4 (4 1)1/

2

1

1/q
(1—t)" /ﬂ’f‘“dt)

o

—_

For 0 < p < 1, p?" < p*® and hence by using Lemma 157 and Lemma 158, we have

1 1/q
(Lrwe)
0
1 1/q 1 1/q
< (/2 t";ﬂqtdt> + </ (1—t)" ;ﬁqtdt)
0 3

=[G (n; )]+ [l (m; )]

1

1/q
(1—-t)" pﬂ’f”‘dt>

o

[

For ;o > 1, p@" < p9@t+4(1=2) and hence by using Lemma 157 and Lemma 158, we have

1 1/q 1 1/q
(/ t”,uqtadt> + (/ (1—1)" Mqt“dt>
0 3
1 1/q 1
< ptte ( / t”,uo‘qtdt> + ( / (1-t" u”%t)
0 3

=p" {[Gl (5 @)Y + (G (g ,uo‘q)]l/q} :

o

1/q

[

Hence the inequality (5.13) follows from the above facts when applied to (5.14). =

Corollary 206 Suppose the assumptions of Theorem 107 are fulfilled and if ¢ = 1, we
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have

— [(—1)k + 1] (b—a)* . . X
k1 ( + 1) f()(AW,b))_m/a f(x)dx

Lol @

k=0

1 {G1 (n; p®) + G (n; p®)}, (5.15)

where u, 0 are defined in Theorem 197 and G (n;v), Go (n;v) are respectively defined in
Lemma 157 and Lemma 158.

Remark 207 Suppose the conditions of Theorem 205 are satisfied and if n = 1, we get

the corrected inequality given in Theorem §2.

Remark 208 Suppose the conditions of Theorem 205 are satisfied and if n = 1, we get

the corrected inequality given in Corollary 83.

Corollary 209 Suppose the assumptions of Theorem 205 hold true and if o = 1, then
we get the following inequality when ‘ f(”)‘q 1s m-logarithmically convex on [O, %] for

q€[l,00), me(0,1]:

t[-Df+ 1] b -a)f
25+1 (k + 1)

b
A - [ fa)ds

k=0

(b—a)" [F )"
T 20 @=1/a (n 4 1)1 p)

{1G (w7 + (G (s p)) 7}, (5.16)

where p is defined in Theorem 197 and Gy (n;v), Gy (n;v) are respectively defined in
Lemma 157 and Lemma 158.

Theorem 210 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L ([a,b]) of all integrable functions on [a,b] for

neN,n>1,0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically conver on [0, 1] for
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1 <g<oo, (a,m) € (0,1] x (0,1], we have

3

Zl[ )" ](b—a) 9 (A (a.b))
T (k1 1) SRR

(b—a)"
= 2t /p (np + 1)V

£ (a)]

Proof. From Lemma 154, the Holder integral inequality and («,m)-logarithmic

where p and q are Hélder conjugates of each other and p =

convexity of | ) |q, we have

Zl[ s ,Jfl)_ o f® (A(a,b))—ﬁ/abf(x)dx

(0.0 |1 " (5 N @] ) %

A ([ /(W i

o famal (1 () )] o
; |fn><%>|’" -

2

from which the required inequality follows. This completes the proof of the theorem. =

Corollary 211 Considering that the assumptions of Theorem 210 are fulfilled and letting
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n =1, we get the following inequality

F(A(a,b)) b_a/f

(b—a)
~ 91+1/p (p—l— 1)1/1)

. (5.19)

7 (@)

Ol

Corollary 212 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and

11 _ _
where;—l—a—land,u—

let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L (|a,b)) of all integrable functions on [a,b] for
neNn>1,0<a<b< oo If |f(")|q 1s m-logarithmically convex on [0, %} for

1<g<oo, me(0,1], we have

n=1|(=1)"+1| (b—a)"
[ o+l (k]+ 1)! (A / f

_ = 1 ()" (q o ) »
2”+1/p(np+1) VPl (ln,u) M12{1+(ﬂ2—1) }v (5.20)

k=0

EARIO]

where p and q are Hélder conjugates of each other and p =
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5.3 Further results on inequalities of H-H type for n-
times differentiable m-logarithmically and («a,m)-
logarithmically convex functions

We will use the Lemma 96 and Lemma 155-Lemma 165 of Section 4.2 to prove inequal-
ities of Hermite-Hadamard type for n-times differentiable m-logarithmically and (c«,m)-
logarithmically convex functions in this section, which further generalize the results of

Section 5.2.

Theorem 213 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L ([a,b]) of all integrable functions on [a,b] for
neN,n>1,0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [0, 2] for

1 <g<oo, (a,m) € (0,1] x (0, 1], we have

b =1k |1+ (=1)"| (b—a)"
AF@ FO) -5 [ F@do= Y OO iy

b—a — 2k+1 ( + 1)!
(b—a)" n \'u o (PN 4 _ag\ /4 aq\ 1/
< nl— . .
<t e1) |77 )] oo (e ®)] e o (ma®)
(5.21)
where G (n; &) is defined in Lemma 161, p = % and
2 O<p<l
0 =

1-3, p>1
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Proof. From Lemma 96, the Holder inequality and using the fact that ’ f("){q is

(e, m)-logarithmically convex on [0, %}, we have

1 g (14 (D] (b — ) b
s son-5EL s A - = [ @

k=1

S (gn:f;)!n {f(”) <%> : (/01 (1="" (n—1+1) dt>
’ { </01 (1= (n—1+1) uq(T)“dt) :

i </01 (1= (n—1+1) Mq(%“fdt) I/q} , (5.22)

(n) (g
where n = W

It is obvious that

/01(1—t)”_1(n—1+t)dt:nil. (5.23)

Also when 0 < p < 1, then by using Lemma 165 and Lemma 162, we obtain

(/o1 (1=8)""(n—1+1) Mq(l;)&dt>§

Qe
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When g > 1. By using Lemma 165 and Lemma 162, we have

(/01 1—8)""(n—1+1) uq(li’)“dt>‘1‘ + (/01 1—t""(n—1+1) uq@y)adt)é
< (/01 1=6)""(n—1+1) Maq(gf)ﬂath)é

+ (/01 (1-t)""(n—1+1) Maq(ly)ﬂ_ath) :

:/ﬁ_g</01(1—t)”_1(n—1+t)u_ogtdt> +ut (/ 1—t)""(n—1+t)pu> dt)
~s {0 ()] o ()]} 529

A combination of (5.22)-(5.25) gives the desired result. m

Corollary 214 Let f be as in Theorem 213 are satisfied and if ¢ = 1, we have

k[ (1] -0t
AG @ F0) - [T -3 ! o kL) £ (4 (a,1))

1

<Oy { < ﬂ WG (i 3) + G (nspd)), (5.26)

where G (n; ) is defined in Lemma 162, 1 = % and 0 is defined in Theorem 213.

Corollary 215 Suppose that the assumptions of Theorem 213 are valid and n = 1, we

have the inequality

<032 () () e o ()] ) o
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where p = [f,f(,%, 0 is defined in Theorem 213 and
me |+ we| §#1
Iné In¢ |
G(L¢) =
=1

N[

Corollary 216 Corollary 215 with ¢ = 1 gives the following result

1 b
AG @S0 - [ i
. aw;a>[ff(}1)} W {1G ()] + (G ()]}, (5.28)

m

where G (1;€) and p are defined as in Corollary 215 and 0 is as defined in Theorem 213.

Corollary 217 Let the assumptions of Theorem 213 be fulfilled and n = 2, we have

O Y e ()] o ()] o ()] ) 6

1"

where |1 = 7

0@ g0 - [

—~

a’))]m , 0 is as defined in Theorem 213 and

3=

2¢Iné—(In€)2—2¢+2 41
G (26 = { CH ;’A 1’

win

Corollary 218 If ¢ =1 in Corollary 217, we have

AG@ ) -5 [ @)
(b—a
<

dx
2

)

- 16 [f” (%)]mﬂe{(;(??lfg)+G(2;/J5)}, (5.30)
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where 0 is defined in Theorem 213 and 1, G (2;€) are defined in Corollary 217.

Theorem 219 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L (|a,b)) of all integrable functions on [a,b] for
neN,n>1,0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [0, %} for

1 <q<oo, (a,m) € (0,1] x (0,1], we have

b 1k |1+ (=) (b—a)
AG@ ) =52 [ o)=Y {QHwklml £ (4 (a,1))

1—-1

A" | (2e=1)/(g—1) _ _ 1\(2¢-1)/(¢—1) a 1 m
< b-a) [n (n—1) } ( ¢-1 > : {f(n) (ﬂ)] 1’
m

2n+1nl 2 — 1

X {[J <nq—q+1;ua2q>];+ [J (nq—q#—l;uaéq)};}, (5.31)

where p = %, J (a; €) is defined in Lemma 160 and 0 is defined in Theorem 2183.

m

Proof. Using Lemma 96, the Holder inequality and the («, m)-logarithmic convexity

of !f(”)|q on [0, %}, we have

b =1k |1+ (=1)"| (b—a)*
AG@ )~ 5= [ )=y {quklnl £ (4 (a,1))

e o O ([0
x { (/01 (1— )b ,ﬂ(lzt)adt) v + (/01 (1— )2 ,ﬂ(lf)adt> }Uq' (5.32)

The proof follows by using similar arguments as in proving Theorem 213, using Lemma

160 and Lemma 165. =

Corollary 220 Replacement of n = 1 in Theorem 219, gives the following interesting
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imequality

G(1;6) =

k=1

and 0 is defined in Theorem 219.

Corollary 221 Let f be as in Theorem 219, if n = 2, we have the inequality

A (@) f ()~ 7 / e
e e
Ale (v )] + o (- 10%)] '} 30

"

L~

where 1 = W;))]'m,

8
\

G(q+1;¢) =

k=1

and 0 is defined in Theorem 213.

Theorem 222 Suppose that (c,d) is an open real interval such that [0,00) C (¢, d) and
let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
Assume that f belongs to the space L (|a,b]) of all integrable functions on [a,b] for

neN,n>1,0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [O, %} for
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1 <g<oo, (a,m) € (0,1] x (0,1], we have

b =1k |1+ (=1)"| (b—a)
fo@%f@D—bialuﬂwdx—g; [ZHWklnl £ (A (a,5)

n"tg (b—a)"

S 2n+1n! |:B < ;

) (q
where | = Wé))]m,

=1 1
Ey (0;6) = nel z#

=1
B (z;«, ) :/ (1 —t)ﬁ_ldt,() <z<l,a>0,6>0
0
1s the incomplete Beta function and 0 is defined in Theorem 213.

Proof. Using Lemma 96, the Holder inequality and the («, m)-logarithmic convexity

of !f(”)|q on [0, %}, we have

b 1k |1+ (=) (b—a)
AG@ ) - 5= [ )= {QHwle! £ (4 (a,1))

n m 1 1-1/q
-9 [f(n) (ﬁ)} (/O (1= )00/ () o pya/aD) dt)

onHip) m
X {(/01 m<15t)adt> " + </01 /ﬂ(lz”)adt) Uq}. (5.36)

By using Lemma 165, Lemma 156 and the fact that

1
/ (1= a4 el gy
0

1
:nnqq-tql—l /nt(rgll)q (]_—t)qqldt:nnq;_ql_lB(l’nq_172q_1>,
0 n q—1 qg—1
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we get the required inequality (5.35) from (5.36). =

Corollary 223 If the assumptions of Theorem 222 are met and n = 1, we have the

imequality

b
A(f (a), f () — — /f(x)dx

b—a
S (32 e ).
where p = [f’{,g,:l))]m’
Bog={ w7
1, =1

and 0 are defined as in Theorem 2183.

Corollary 224 Let the hypotheses of Theorem 222 are gratified and n = 2, we have the

imequality

0@ 50 - [ s

< O o (32 )] { [ o )]+ )]

o
§

?

RN

By (0;6) =<
1, =1

B (z;a,b) is the incomplete Beta function as defined in Theorem 222 and 0 is defined as
in Theorem 213.
Theorem 225 Suppose that (c,d) is an open real interval such that [0,00) C (¢,d) and

let f: (c,d) — (0,00) be a function which possesses the nth derivative f™ on (c,d).
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Assume that ™ belongs to the space L (|a,b)) of all integrable functions on [a,b] for
neN,n>1,0<a<b<oo. If ‘f(”)‘q is (o, m)-logarithmically convex on [O, %} for
1<g<oo, (a,m) € (0,1] x (0,1) and 0 <r < (n—1)q. Then

/ o n— 1k [1+( )k} (b_a)kfw) (A(a,b))

k+1
1 2T () 4 1)!

L b—a) [(q—1)(n2q_m«_2n+r+1)]lé {f(”)( )]

2ntinl | (ng—r—1)(ng+q—r—2)
X {[K (r+1;u—“2‘1)]1/q+ [K (r+1 i )} e } (5.39)

W= f(n—m, 0 is defined in Theorem 213 and K («; ) is expressed in Lemma 164.

()]

Proof. From Lemma 96, the Holder inequality and using the fact that ‘ f(")|q is

Alf (@), F ) = —

(cr, m)-logarithmically convex on [0, %}, we have

otk 1+ (-1 (b )
Z [ 9k+1 k‘—}}-l) f(k) (A(a,b))

k=1

< % {f(n) (%)r </01 (1 — 4)(ra=a=n/a=1) ( _ 1 4 p) dt)
X { (/01 (1—t)"(n—1+1t) “q(l;)adt> 1/4

. (/01 A= t) (n—1+1) uq(%adt) 1/q} . (5.40)

The rest of the proof is similar to that of the proof of Theorem 219 by using Lemma 164

A(f(a), f () -

1—-1
q

and Lemma 165. =

Corollary 226 Suppose that the conditions given in Theorem 225 are met and r = 0,
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we have

A(f (@), f (B)) — — /ab ”*l’f[1+(—1>}(b—a)

Sl IUAGLEEDS T F® (A (a,b))

k=1

S(b—@"[@—lﬂn%—2n+lql3[ﬂm<ﬁ)}mM

2ntipl | (ng—1)(ng+q—2) m
x {[K (1;M—?>]1/q+ [K (1;M?>}1/q}. (5.41)

Corollary 227 Suppose that the hypothesis given in Theorem 225 are valid and r =

(n —1)q, we have

b 1k |1+ (=) (b —a)
AG@ ) =52 [ )=y {QHWle! £ (4 (a,1))

n -1 m
<(b—a) ¢—2n+2r+1]""9 £ b 0
- 2ntlpl 2(¢g—1) m

x {[K <(n “1)g+ 1;M—2)]1/q + [K ((n ~1)g+ 1;ﬁ)r/q} . (5.42)

Remark 228 Several interesting inequalities for m-logarithmically convex functions can
be obtained by setting o = 1 in the results presented in this section. However, we leave

the details to the interested reader.

Remark 229 We can get several interesting inequalities for logarithmically convex func-
tions by setting a = 1 and m = 1 in the results proved above. However, the details are

left to the interested reader.

5.4 Applications to Special Means

In what follows we use the means defined in Section 2.13 and determine new and moti-

vating inequalities containing means with the help of our findings of Section 5.3.
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Theorem 230 Let0<a<b<1,r<0,r# —1andq>1.

1. If r # —2, then

‘A (ar-i-l’ b?“—i-l) o L:ii (CL, b)‘

2
1\*7
< (b— Z
s(b-a) (2) Ir+ 1l (qr lnb—lna>

% {br/2 [bqr/Q s (aqr/27 bqr/2)}1/q a2 [L (aqr/2 bqr/2) aqr/Z] 1/‘1} '

2. If r = =2, then

sl ()" (e

A =L (@b )] e L (a7 — o]

Proof. Let f (z) = £ = for 0 < 2 < 1. Then |f' (z)| = 2" and
)

for0<z,y<1,0<A<1andq>1. This shows that ‘f’ (x)}q = 2" is logarithmically
and 0 = %

In ‘f’ (Ax(z.y)|" < Ax (In "(y)

‘(@) m

/

f (a)
O]

convex function on (0, 1] so that we have (a,m) = (1,1), u =

Since|f’ (a)| > !f’ (b)‘ =b" > 1, hence
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and

1/
B (qr (In b2— In a)) ' {br/2 [bw/2 _ I (aq’r/Q’ bqr/g)}l/q

+ar/2 [L (aqr/27 bqr/2) _ &qr/21| l/q} )

Substituting the above quantities in Corollary 215, we get the required results. =

Remark 231 Many interesting inequalities of means can be obtained from the other

results of Section 5.3, however, the details are left to the readers.
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Chapter 6

Inequalities of H-H and Fejér type
for preinvex and h-preinvex

functions

The content of this chapters is taken from the references "M. A. Latif and S. S. Dragomir, New Inequalities of Hermite-Hadamard and Fejer
type via preinvexity, Journal of Computational Analysis and Application. 19 (4) 2015 725-739." and "M. A. Latif, S. S. Dragomir and E.

Momoniat, Some weighted integral inequalities for differentiable h-preinvex functions, Georgian Mathematical Journal. (Accepted)".

6.1 Introduction

The main purpose of this chapter is to provide new weighted Hermite-Hadamard type in-
equalities, Hermite-Hadamard and Fejér type inequalities for functions whose derivatives
in absolute value are preinvex and h-preinvex. Since notion of preinvex and h-preinvex
functions are further generalizations of convex and h-convex functions, hence the results
presented in this chapter provide extensions of those given in earlier works. We will de-
duce some interesting inequalities from the obtained results when A is super-additive. We
will also obtain inequalities of Hermite-Hadamard type for functions whose derivatives

in absolute value are s-preinvex as a special case of our established results.
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In this chapter, first we establish two weighted identities defined on an open invex
subset of set of real numbers and then by the usage of the Holder integral inequality,
the notion of preinvexity and h-preinvexity, we present Fejér type and weighted integral
inequalities of Hermite-Hadamard type for functions whose derivatives in absolute value
raised to certain powers are preinvex and h-preinvex functions. The results generalize
those results proved in a very recent papers [146] and [53]. We give applications of few
results to special means of positive real numbers

The organization of this chapter is as follows:

In Section 6.2, a weighted identity for differentiable functions defined on an invex
subset of real numbers is proved and then Fejér type inequalities are established by using
this identity, the notion of preinvexity and analysis. In Section 6.3, weighted Hermite-
Hadamard type inequalities are obtained with the help of a new weighted identity for
functions defined on invex subset of real numbers, h-preinvexity and analysis. A number
of inequalities Hermite-Hadamard type are also deduced for s-preinvex functions and
when h satisfies super-additivity conditions. Applications of some results of Section 6.2

are given in Section 6.3.

6.2 New inequalities of H-H and Fejér type via prein-
vexity
The following Lemma is essential in establishing our main results in this section:

Lemma 232 Suppose that f : K — R is a is mapping defined on a set K, where K 1is
an open invex interval with respect ton : K x K — R of the set of real numbers. Suppose
also that f : K — R possesses the first order derivative f on K and that f belongs to
the space L ([a,a + 1 (b,a)]) of all integrable function over [a,a + n (b,a)], where a b € K
with n (bya) > 0. If w: [a,a+n(b,a)] — [0,00) is an integrable mapping, we have the
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identity

1 i) 1 a+n(b,a)
7 (a) / f o)y we)de — s (A (20,0 (b,a))) / w(z)dz
—W(b,a)/o k(t)f (a+tn(ba))dt, (6.1)
where

Jfw(a+sn(ba))ds, te0,)
k(t) =
—Llw(a+sn(b,a))ds, te [%,1}.

Proof. We observe that

:/Olk(t)f/ (a+1m(b,a))dt:/0é </Otw(a+sn(b7a))d5) f(a+tyba)d
+f (— /tlw(aJrsn (b, a))d8> fla+tn®a)dt =1+ 1. (62)

2

By integration by parts, we get

h= ([ m.apas) 00

_@/02w(a+tn(b,a))f(a+t77(baa))dt

_f(AQay(ba)) [z .
= 7 (b.a) /0 (a+1tn(b,a))dt

_ 1 /02w(a—i—tn(b,a))f(a+tn(b,a))dt. (6.3)

NI

0
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Similarly, we also have

n= (= [t m.apas) Lot o)

1

1
2

= ﬁlw(a—l—tn(b,a))dt

- [ wlar b)) far mba)d 6
From (6.3) and (6.4), we get

f(AQ2a,n(b,a)))

= n(b,a)

/Olw(a—l—tn(b,a))dt

1
1 (b,a)

/0 w(a+tn (b,a) f (a-+ty (b,a)) dt.

Using the change of variable x = a + tn (b, a) for ¢ € [0, 1] and multiplying both sides by
n(b,a), we get (6.1). The lemma is thus established. =

Remark 233 If we take w(z) =1, x € [a,a + tn (b,a)] in Lemma 232, then (6.1) reduces

to

a+n(b,a)
/ f (@) de + f (A (20,7 (b,a)))

=1 (b, a)/o k;(t)f/ (a+tn(bya))dt, (6.5)
where

k(t) =

This is one of the results from [146].
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Remark 234 If n(b,a) = b — a in Lemma 232, then (6.1) becomes Lemma 2.1 from
[144, page 379].

Now using Lemma 232, we prove our results:

Theorem 235 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-
sume also that f : K — R possesses first order derivative f over K and that f
is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,n (b,a)), where
a, b€ K with n(b,a) >0 and |f’| s preinvex on K, the following inequality holds

s [ e g aeaneay [T v
< (n( bl : /aa+2n<b,a> [0 (b, a) —2(a:—a)]w($)dx> a(lr @l r o). ©o

Proof. From Lemma 232 and the preinvexity of } f ,| on K, we have

a+n(b,a)
U (;7 a) / f (@) w(z)dr —

p ) a+n(b,a) p
Sl Aanea) [ s

smb,a)/f (/Otw<a+sn<b,a>>ds) (=] @] +t|f @] e

+n(b,a)[ (/tlw(a—i—sn(b,a))ds) [(1—t))f’(a))+t‘f’(b)u dt (6.7)
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By the change of the order of integration, we have

/Oé/ot (a+ sn(b,a)) 1 t‘f/ ‘—i—t)f, Hdsdt
// (a+ sn(b,a)) 1 t)f ’—I—t‘f’(b)udtds
oo el 8

Using the change of variable x = a + sn (b, a) for s € [0, 1], we have from (6.9) that
/ / w (a+ sn (b 1 t‘f ‘—l—t)f/(b)udsdt
} 77(;,@) ‘f' (“M o )G (- :(19_,3))2_9 e
1 ,(b)‘ /aa%n(bﬂ) (é - % (%) 2) w (z)dx. (6.9)

Similarly by change of order of integration and using the fact that w is symmetric to

£ (b)

] ds. (6.8)

a+ 31 (b, a), we obtain

1 1
[/ (a+ sn(b,a)) 1—t‘fl ‘+t‘f/ Hdsdt
// (a+ (1 —3s)n(b,a)) 1 t‘f ‘+t‘f,(b)udtds

, 171 1
:n(b,a) f (a) /é (§—§(1 S))w( +(1—s)n(b,a))ds
1 , 12
T ba) / (b)/é (E‘g)w(a+(1—5)n(b,a))ds (6.10)
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By the change of variable z = a + (1 — s) 7 (b, a), we get form (6.10) that

/;/tlw(aJrsn(b,a)) [(1—15) ‘f’ (a)‘ +t‘f’ (b)H dsdt
‘/a+2n(ba) (__%<%) ) (z) dx
‘/a-i-znba (%( x—a) _%>w(a§)d9€- (6.11)

Substituting (6.9) and (6.11) in (6.7) and simplifying, we get the inequality (6.6). =

Corollary 236 If we take w(z) =1, for x € [a,a + 1 (b,a)] in Theorem 235, we get

!

! f (b)D . (6.12)

1 (b, a)

Y

g”(b’a)A(

a+n(b,a)
/ f(2)dz — f (A (20,17 (b,a))) f (a)

The above corollary is Theorem 5 from [146].

Remark 237 If !f/‘ is convez on [a,b], then n(b,a) = b— a. Hence from Theorem 235,
and using the symmetricity of w about A (a,b), we get Theorem 2.3 from [144, page 380].

Theorem 238 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-
sume also that f : K — R possesses first order derivative f over K and that f
is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,n (b,a)), where
a, b € K withn(b,a) >0 and ‘f’}q 1s preinver on K for q > 1, the following inequality
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holds

a+n(b,a) a+n(b,a)
= @ - i Aeanta) [ wi

n (b, a)

e < m /aa+;n<b,a) {n(bQ, a) (z — aﬁ W () dw)

<A(2\f’ ()", |f (b)q)>;Jr (A(\f' ()", 2|f (b)q)>1 (6.13)
12 12 o

where p and q are Hélder conjugates of each other.

=

Proof. From Lemma 232 and change of order of integration, we get

a+n(b,a)
! )/ f(z)w(x)dx —

a+n(b,a)
(b f (A(2a.(b.a))) / w(z)da

1
n(b,a)

/0 (/Ow a+ sn(b,a) ds) ‘f (a -+t (b, a))’d
9

/ w (a+ sn (b, a) ds) ’f a+t77(ba)))d

ba// (a+ sn(b,a)) ’f (a+ tn (b, a))’dtds

+n b,a//wa—I—sn (b,a))
1 1
3 V3

By the Holder’s inequality, we have

f (a+tn (b, a))

dtds. (6.14)

ba// (a+ sn(b,a)) ‘f (a+tn(b )’dtds
1

). (/ [ oo dtd5> (

1
a—i—tn (b, a) dtds) .

(6.15)
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Since |f ’ for ¢ > 1, is preinvex on K, for every a,b € K and t € [0, 1] we have

)
hence by solving elementary integrals and using the substitution x = a + sn (b,a), s €
[0, 1], we have from (6.15) that

fat+ib.a)| <a(|f @

) @

«

N|=

ba// (a+ sn(b,a)) ‘f a+tn(ba))’dtd5
<77(b,a)<0 / w? (a + 517 (b, ) dtds) // a‘q—kt‘f'(b)‘q}dtds)q
=n(b,a) (W/a+2n(ba) [?7(2 ) (x—a)] wP(ﬁ)dx)

AQIF @7 B\
x( o ) . (6.16)

Analogously, using the symmetricity of w about a + %77 (b,a), we also have

hSA

n(b,a>[[w(a+sn(b,a>> 7 (0t tn (b, 0))| s
at37(b,a) a
<n(b,a) <m/a {77 (1;7 ) _ (x — a)] w? () d;z:)

A(lf @21 ®N )
><< D ) (6.17)

Using (6.16) and (6.17) in (6.14), we get the required inequality. m

S =

Corollary 239 If the conditions of Theorem 238 are satisfied and if

w(z)

1, z €
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la,a + 1 (b,a)], we have the following inequality

1

a+n(b,a) )
W/ f(z)dz + f(A(2a,7 (b, a)))

!

<n(b.a) (%)
) (A(Q f (a)1;,|f' (b)\q)>q+ (A(f' (a)}q1722|f' (b>\q)>q . (6.18)

where p and q are Hélder conjugates of each other.

Corollary 240 [144, Theorem 2.5, page 381] Suppose f: 1 C R — R is a differentiable
mapping on I°, a, b € I with a < b. Let w : [a,b] — [0,00) be an integrable mapping
symmetric to “T*b such that f € L([a,b]). If |f"q is convez for ¢ > 1 on |a,b|, we have

the tnequality

[y /abf (@) wla)ds = ;= f (A (D) | ' w(a)da

< (b—a) <(b—1a)2 / (x — A(a,b)) w” (z) dx)p

AQIF@1F OMY (AF @2 O
( 12 ) +< 12 .+ (6.19)

where p and q are Hélder conjugates of each other.

Proof. It follows from Theorem 238 by taking 7 (b, a) = b—a and using the symmetry
of w about GTH’ [ ]

For our next results we need the following Lemma:

Lemma 241 Suppose that f : K — R is a is mapping defined on a set K, where K is
an open invex interval with respect ton : K x K — R of the set of real numbers. Suppose
also that f : K — R possesses the first order derivative f on K and that f  belongs to
the space L ([a,a + 1 (b,a)]) of all integrable function over |a,a + n (b,a)], where a b € K
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with n (b,a) > 0. If w: [a,a+n(b,a)] — [0,00) is an integrable mapping, we have the
following identity

A(f(a), fla+n(b,a)) a+n(b,a) 1 a+n(b,a)
- 1 (b, a) / w(@)de + oS / f (@) w(z)dz

_nba) /0 p()f (a+tn(b,a))dt, (6.20)

2

where
p(t):/t w(a—i—sn(b,a))ds—/o w(a+sn(b,a))ds, t€[0,1].

Proof. It suffices to note that

7= [ w05 (@ )
:—/01 </Otw(a+sn(b,a))ds) f (a+tn(b,a))dt
+/01 (/tlw(a+sn(b,a))ds) fla+ty(ba))dt=J +Jy (6.21)

By integration by parts, we get
. 1
(Jy w @+ sn(b,0))ds) [ (a+tn (b,a))

I = —
' 1 (b,a)

0

/0 w(a+1tn(b,a)) f(a+tn(ba))dt

n (b, a)
= — a)>/0 w(a+tn(b,a))dt

/0 w(a+tn (b)) f(a+ty(b,a))dt. (6.22)

Similarly. we also have

f(a)

= )

/0 w(a+tn(b,a)) f(a+tn(ba))dt.
(6.23)

/Ow(a—i—tn(b,a))dt—kn(b’a)
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Using (6.22) and (6.23) in (6.21), we obtain

fla)+ fla+n

I=- n(b,a)

(b,2)) /Olw(a+t77(b,a))dt

+ s (Wl mG.) S @t mba)d (624

1 (b,a)

By the change of variable z = a + tn (b, a) for t € [0, 1] and by multiplying both sides of
(6.24) by @, we get (6.20). Hence the proof of the lemma is thus accomplished. =

Remark 242 If we take w(z) =1, x € [a,a + n(b,a)|, we get

1 a+n(b,a)
- A(f@) St o)+ s [ f@)de
(v.0)

=0 5 /01 (1—2t) f (a+tn(b,a))dt, (6.25)

which is Lemma 2.1 from [13, Page 3].

Theorem 243 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-
sume also that f : K — R possesses first order derivative f over K and that f
is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,mn (b,a)), where
a, b € K with n(b,a) >0 and ‘f’}q is preinver on K for q > 1, the following inequality
holds

A (f(a), f(a +n (b, a)) a+n(b,a) 1 a+n(b,a)
n (b, a) /a w(l')dQT — . (b, a) /a f (ZB) w(x)dx

where
1 1
,t€[0,1] and — 4+ - = 1.

a+(1—-t)n(b,a)
/ w (x) dz
a p q

+tn(b,a)
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Proof. From Lemma 241, we get

A(f(a), fla+n(b,a)) [rr10) R atn(ba)
n<b7 a) /a w(:ﬂ)d:n n(b, a) /a f(ZB) w(x)dx

n (b7 Cl) ' ' ! !
< 5 / / w(a+sn(b,a))ds—/w(a+sn(b,a))ds )f (a+t77(b,a)))dt.
o |Je 0
(6.27)
Since w is symmetric to a + 37 (b, a), we can write
1 t
[ wlarsba)ds— [ watsno.w)ds
' 1 " t
:/ w(a+s77(b,a))ds—/ w(a+ (1—3s)n(b,a))ds
¢ 0
1 /a—l-’r](b,a) ( ) 1 a+(1-t)n(b,a) ( )
= — w(x)dr + ——— / w (x)dz
n <b> (I) a+tn(b,a) (b CI,) +n(b,a)
a (ba
ba) f-:fnlbfz)n ) w () dzx, te[0,3]
= (6.28)

1 a+tn(b,a) 1
" nba) fa+(17t)n(b,a) w (SL’) dﬂ?, te [_ 1] :

Using (6.28) in (6.27) we obtain

A (f(&)v f(CL + n (b, CL)) a+n(b,a) B 1 a+n(b,a)
n (b,a) /a TN /a fw)wlz)de

g%AEuwfm+mm@ﬁ% (6.20)

where

a+(1=t)n(b,a)
/ w(x)dz|,t€|0,1].

a-+tn(b.a)
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By Holder’s inequality, it follows from (6.29) that

A (f(a')v f(CL +n (b, CL)) atn(ba) B 1 a+n(b,a)
1 (b, a) /a w(z)dzx 7 (0.a) /a f(z)w(x)dx

H([rm) ([

Since |f/ (a+tn (b, a))|q is preinvex on K, for every a, b € K and t € [0, 1], we have

)

1
q

f (a—l—tn(b,a))’th) . (6.30)

q
)

!

Farmea)| <a(rof|f @

and hence from (6.30), we get that

A (f((l), f(a —+ n (b, CL)) a+n(b,a) 1 a+n(b,a)
1 (b, a) /a w(r)dr — 7 (0.a) /a f(z)w(x)dx

The inequality (6.31 is the required result. m

Corollary 244 If we take n(b,a) = b — a in Theorem 243, we have the inequality

‘W[l w(x)dx — 7 i - f(z)w(x)dx

<o ([ wom) ([a(r @l Jr o)) o
where ta+(1—t)b 1 1
g(t) = /thr(l_t)a w(z)dx|, t€0,1] and ; + i L.

The above corollary is Theorem 2.8 from [144, page 383].
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Corollary 245 [18, Theorem 2.2, page 4] Let [ be as in Theorem 243 and w (x)

x € |a,a+n(b,a)]. Then

a+n(b,a)
A(f(a). flatn(ba)) — — / f (2) do

n(b,a)
- 2(p+1)r [A<

where p and q are Hélder conjugates of each other.

Proof. It follows from the fact that

1 1 a+(1-t)n(b,a) P
/ gP(t)dt = / / dx| |dt
0 0 a+tn(b,a)

= (n(b,a))p/O |1 —2t|" dt = M,

p+1

Corollary 246 [27] If the conditions of Theorem 243 are fulfilled and if w(x) = 1,
x € [a,b] and n(b,a) = b — a, then we have the inequality:

f(a>;f(b>_bia/a f (z) da gﬁ[fl(‘f/(a)

N

q
9

7 (b)m T (6.34)

B =

where p and q are Hélder conjugates of each other.

Proof. It follows from Corollary 245. =

6.3 Some weighted integral inequalities for differen-

tiable h-preinvex functions

In this section we present some Fejér type inequalities for more general condition of

preinvexity, namely, the h-preinvexity. In order to prove results of this section we need
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the following lemma.

Lemma 247 [95] Suppose that f : K — R is a is mapping defined on a set K, where
K is an open invex interval with respect ton : K x K — R of the set of real numbers.
Suppose also that f : K — R possesses the first order derivative f on K and that
f belongs to the space L ([a,a+n(b,a)]) of all integrable function over [a,a + n (b, a)],
where a b € K with n(b,a) > 0. If g : [a,a+n(b,a)] — [0,00) is an integrable mapping,

we have the following identity

g(a)
2

[f (@) + f(a+n(ba))] —g(a+n(ba))f(A2a,n(ba))

(s () o ()

(6.35)

Remark 248 If we take 1 (b,a) = b — a, then Lemma 247 reduces to Lemma 2.1 from

[53].

Now using Lemma 247, we shall propose some new upper bounds for the difference
between the leftmost and the middle terms of weighted version of the Hadamard type
inequality proved in [118] using h-preinvex mappings.

In what follows we use the notations L'(a,b,t) = a + (%) n(b,a) and U'(a,b,t) =

a+ (1) n (b, a) for our convenience.

Theorem 249 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-

sume also that f : K — R possesses first order derivative f over K and that f
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is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,7n (b,a)), where

a, b € K with n(b,a) >0 and |f’| is h-preinvex on K, the following inequality holds

a+n(b,a) a+n(b,a)
[ r@u@a-f@eanea) [ v
17 m)) /01 {h (%) +h (%)} M’ (w;a,b,t)dt, (6.36)

where M' (w;a,b,t) = fL (@b) gy (x)dx for all t € ]0,1].

a

<nb.a)A(]f @

Proof. Let g (t) = fat w (z)dx for all t € [a,a +n(b,a)] in Lemma 247, we have

Since w (z) is symmetric to a + 37 (b, a), we have
1-1 1+t
w (a + <T) n (b, a)) =w (a + <%) n (b, a)) (6.38)

L' (abt) a+n(b,a)
/ w(z)dr = / w(x) dx (6.39)

U’ (a,b,t)

and
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for all ¢ € [0,1]. Hence by using (6.38), we have

B[ o (52 o (5 )
b,a

a+35n(b,a)
:/ F(@)w () dz +

Q\p
+
3
=
&
N
=
SN—
g
&
QU
S
I
Q\Q
+
3
=
&
~
=
S~—
g
O
QU
S

. (6.40)

Using (6.39) and (6.40) in (6.37) and using the h-preinvexity of ’ f" on K, we have

a+n(b,a)

a+n(b,a)
/ f(x)w(ﬂ:)dw—f(A@an(ba)))/ w () da

o) o o (o) o+ ()00
g”(l;"” H a‘+‘f H/O {h(%)m(%)}zw(w;a,b,t)dt (6.41)

which is the required inequality (6.36). =

Corollary 250 In Theorem 249, if we take w (x) = n(b;a) for all x € [a,a+n(b,a)],

then (6.36) becomes the following inequality for h-preinvez functions

a+n(b,a) ,
n<b,a>/a f(@)dz—f( <2a,n<b,a>>>'

< U(Z’G)A(‘f' ). |f (b)()/o1 (1-1) {h (%) +h<%)1dt. (6.42)

Corollary 251 Ifn(b,a) = b— a in Theorem 249, we have the following inequality for
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h-convex functions

/abf(x)w(x)dﬂf—f(A(%b))/abw(x)d;c
f (b>D /01 [h (%) +h (%)} M (w;a,b,t)dt, (6.43)

where M (w;a,b,t) = faL(a’b’t) w (x) dx for all t € [0,1] and L(a,b,t) = Fta + 5tb.

g(b—a)A(

/' (@),

Corollary 252 If 7 (b,a) =b—a and w(z) = = for all x € [a,b] in Theorem 249, we

get the following inequality for h-convex functions

ﬁ/abf(w)dx—f(fl(a,b))‘

< (b;“)A((f’ (a)‘,‘f’ (b)()/o1 (1—1) {h (%) +h(%)1 dt. (6.44)

Corollary 253 Suppose h(t) = t*, s € (0,1] in Corollary 250, we have the following

inequality for s-preinvex functions

a+n(b,a)
b / f (@) de — f(A(2a,7 (0, a)))'

1 (b, a)
n(ba) (2! — 1)
= 25(s+1)(s+2) <

f (a)

, ‘f’ (b)D . (6.45)

Corollary 254 Ifn(b,a) = b — a in Corollary 253, we have the following inequality for

s-convex functions

[ @ s
nEr -,

<=
T 2(s4+1)(s+2)

f (a)

, (f’ (b)’) . (6.46)

Remark 255 If h(t) = t, the inequality (6.36) becomes the inequality proved in [95,

Theorem 7] and the inequality (6.43) recaptures the inequality (2.32) for convex functions.
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Corollary 256 Suppose the assumptions of Theorem 249 are satisfied. If h is super-

additive, we have the inequality

a+n(b,a) a+n(b,a)
/ f (@) w (@) dz — £ (A (20, (b)) / w(z) de

<n(ba)h(1)A (Hf (a)( , ‘f’ (b)H) /01 M (w;a,b,t)dt. (6.47)

Remark 257 If n(b,a) = b — a in Corollary 256, we get a result when |f’| is h is a

super-additive h-convex function.

Theorem 258 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-
sume also that f : K — R possesses first order derivative f over K and that f
is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,n (b,a)), where
a, b€ K withn(b,a) > 0 and ‘f’}q 18 h-preinvex on K for g > 1, the following inequality
holds

a+n(b,a) a+n(b,a)
/a f () w (x) dx — f (A (20,17 (b, 0))) / w(z) do
<o [4(|r @[ | )]

(LT o () ([ o o) ) @

where p and q are Hélder conjugates of each other and M’ (w;a,b,t) is defined as in

Theorem 249.
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Proof. Continuing from inequality (6.41) in the proof of Theorem 249 and using the

Holder’s integral inequality, we have

/a o f(@)w(z)de — f(A(2a,n(b,a))) / e w () da
< ([ Brtmml ) ([ o (5o o)
+ (/01 f (CL+ (%) n (b, a)) th) q] (6.49)

By the power-mean inequality ¢ + s" < 2177 (t + )" for t > 0, s > 0 and r < 1 and by

the the h-preinvexity of ‘f’ }q on K for ¢ > 1, we have for every a,b € K with n(b,a) >0

the following inequality

([ (500}
e ()

)

)| e+ [

dt +

el <ol ([ (50 <0 ()] ) w0

Using the last inequality (6.50) in (6.49), we get the desired inequality. m

Corollary 259 In Theorem 258, if we take w (z) = m forall x € [a,a+n(b,a)] with
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n(b,a) > 0, then (6.48) becomes the following inequality

1
n (b, a)

g%(/{: {h (%) +h<¥)}dt>é [A(f’(a)q, £ () q)f‘, (6.51)

where p and q are Hélder conjugates of each other.

a+n(b,a)
/ f<x>dx—f<A<2a,n<b,a>>>'

Corollary 260 If we take n(b,a) = b — a in Theorem 258, then (6.48) becomes the

following inequality for h-convex functions
[ r@u@a - a@n [
<o) [a (7 @[ |7 )] ([ 0 wiasorar)
([T (5] @) 6

where M (w;a,b,t) = fL(a’b’t) w(x)dx, L(a,b,t) = (%) a+ (%) b for all t € [0,1] and

a

=

p and q are Hélder conjugates of each other.

Corollary 261 Assume that all the conditions of Theorem 258 are satisfied and in ad-

dition if h is super-additive, we have the following inequality
a+n(b,a) a+n(b,a)
[t - faeenea) [ v

1 (/01 M (w;ab, t)]pdt); . (6.53)

<n(b,a) (h(1)7 [A(

IS
\_/
—_

Q|

where p and q are Hélder conjugates of each other.

Remark 262 Ifn(b,a) = b—a in Corollary 261, we have the following result when h is
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a super-additive function

/abf(x)w(x)dﬂf—f(A(%b))/abw(x)d;c

< (b—a)(h(1)) [A ( 1 (/01 (M (w;a,b,t))? dt) " (6.54)

Q
v
—

Q|

where M (w;a,b,t) is defined in Corollary 260 and % + % =1.

Corollary 263 Suppose that h (t) =t°, t € (0,1] in Corollary 259, we have the following

result from for s-preinvex functions

a+n(b,a)
! )/ f<x>dx—f<A<2a,n<b,a>>>'

n(b,a
P 1(b,a) [A(
T2 (14 p)v (s + 1)

where p and q are Hélder conjugates of each other.
A similar result is stated as follows.

Theorem 264 Suppose that f : K — R is a mapping defined on K, where K is an
open invex interval with respect to n : K x K — R of the set of real numbers. As-
sume also that f : K — R possesses first order derivative f over K and that f
is in the space L ([a,a+n(b,a)]) of all integrable functions over [a,a+ n(b,a)]. If
w: [a,a+n(b,a)] — [0,00) is an integrable mapping symmetric to A (2a,n (b,a)), where
a, b€ K withn(b,a) > 0 and !f' ‘q s h-preinvex on K for ¢ > 1, the following inequality
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holds

/ T () de— (A 20, (b)) / T () de
<nwa[a(f @[ |F )] (/ M’ (w;a.b,1) dt)

([ o o o (150 +0 (120)] )" w0

where M’ (w;a,b,t) is defined as in Theorem 249.

q
)

Proof. Continuing from inequality (6.41) in the proof of Theorem 249 and using the

well known Holder’s integral inequality, we have

a+n(b,a) a+n(b,a)
/ f (@) w (@) dr — f (A (20,1 (b, a))) / w () de

< 77([)2’“> (/OlM’ (w;a,b,1) dt)l_;
([ oo (o) o
+ UolM’ (w;a,b,t) | f (a+ (%) n(b,a)) thr}. (6.57)

By the power-mean inequality " + s" < 2177 (t +5)" for t > 0, s > 0 and r < 1, and by

the h-preinvexity of |f’ ‘q on K for ¢ > 1, we have for every a,b € K with n(b,a) > 0 the
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following inequality

[ 3 w7 (o (;) 00| o]
[ e (wr () now) [ o]
<2 [ ar wanos (;) o (1)) [l 0] " o

Utilizing inequality (6.58) in (6.57), we get the inequality (6.56). m

Corollary 265 Suppose that all the assumptions of Theorem 264 are satisfied and if

w(x) = m forallx € [a,a+n(b,a)] with n(b,a) > 0, we have the following inequality

ﬁ /aaﬂ(b’a) f(x)dx — f(A(2a,n (b, a)))'
7 (b.0) G) A (|f @[ ]r w[)]"

(L )BT ()] oo

Corollary 266 If we take n (b,a) = b—a in Theorem 26/, we have the following weighted

wequality for h-convex functions

dx—f(A(a,b))/abw(x)da:
<o-o[a(r @[ |r o)) ([ Mwonna)
([ o b (150) +n (120)] )" won

where M (w;a,b,t) = [ L@b )y (2) dw, Lla, b,t) = () a+ () b for all t € [0,1].

1—-1
q
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Corollary 267 If w(x) = ﬁ for all x € [a,b] in Corollary 266, we have the following

iequality for h-convex functions

S

q
)

[ @ )| < 6o () (el o),

IRCOICDRICY

Remark 268 If in Corollary 267 we take h (t) = t, we have the inequality 2.33 given in
Theorem 60.

Corollary 269 If the conditions of Theorem 264 are met and h is a super-additive func-
tion, the following inequality holds

a+n(b,a) a+n(b,a)
/ f (@) w (@) dz — (A (20, (b)) / w () da

<na) )’ (4 (7 @[ O] [ W wsanna 6o

where M' (w;a,b,t) is defined as in Theorem 249.

Corollary 270 If h is super-additive in Corollary 265, we have the inequality

a+n(b,a)
;/ f(x)dz — f(A(2a,7 (b, a)))'

1 (b, a)
< n(ba)(h(1))
4

7 (b)m T (6:63)

Q=

| E—
N

/N

Y

Corollary 271 When h is super-additive in Corollary 266, we have the inequality

/abf(x)w(x)dm—f(A(a,b))/abw(x)dgc

< (b—a)(h(1)) [A(‘f’ @l | @ q)]é/olM(w;a,b,t)dt, (6.64)
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where M (w;a,b,t) = faL(a’b’t) w (z)dx, L(a,b,t) = (F) a+ (5) b for all t € [0,1].

Corollary 272 In Corollary 267, if h is super-additive then we have the inequality

ﬁ/bf(x)dx—f(fl(a,b))' < (b—a) (h(l))% [A(

) f (b)m T (6.65)

Corollary 273 Ifh(t) =%, t € (0,1] in Corollary 265, we have the following inequality

for s-preinvex functions

1
n (b, a)

a+n(b,a)
/ f<x>dx—f<A<2a,n<b,a>>>'

<n(b,a) (}1)1_; (25 (82_8:)_(51+ 2)) a [A (

Corollary 274 Ifn(b,a) = b—a, we have the following inequality for s-convex functions

F@f o))" oo

s [ f @ )

s(b—a) (zll)l_; <2s (52—7-+1>_<81+ 2)); [A ( f (@) q’ ! (b>‘q>}; - (6:67)

6.4 Applications to Special Means

Let a and b be positive real numbers such that a < b. Consider the function M :=

M(a,b) : [a,a + n(b,a)] x [a,a + n(b,a)] — RT, which is one of the means defined in

Section 2.13, therefore we can obtain various inequalities for these means as follows:
Setting 7(b,a) = M (b,a) in (6.12), (2.19) and (6.33), we obtain the following inter-

esting inequalities involving means:

M(b,a)

<
- 8

|f @[+]r ®

I

(6.68)

a+M(b,a)
|m/ f(x)da:—f(a—i—%]\/l(b,a))
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< M(b,a) (é)

<A(2|f’ @l".|f (b)!")>3 N <A< £ @ 2|f (b)\q)>

a+M(b,a) 1
‘m/ f(x)dx+f<a+§M(b,a)>

S

X

12 12

] (6.69)

and

fa)+ fla+ M(b,a)) 1 a+M(ba)
‘ 3 ool ARG

M(b,a)
<37

<

N—

—_
Qe

f (@)

(6.70)

)

Letting M = A, G, H, P,, I, L, L, in (6.35), (6.36) and (6.37), we can get the required

inequalities. However, the details are left to the interested reader.
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Chapter 7

Inequalities of H-H type for n-times
differentiable preinvex, s-preinvex

and log-preinvex functions

The results provided in this chapter have been chosen from the papers M. A. Latif and S. S. Dragomir, Generalization of inequalities of
Hermite-Hadamard type for n-times differentiable functions through preinvexity, Georgian Mathematical Journal. 23 (1) (2016) 97-104.",
"M. A. Latif and S. S. Dragomir, On Hermite-Hadamard type integral inequalities for n-times differentiable log-preinvex functions, Filomat.
29:7 (2015) 1651-1661." and "M. A. Latif and S. S. Dragomir, Generalization of Hermite-Hadamard type inequalities for n-times differentiable
functions which are s-preinvex in the second sense with applications, Hacettepe Journal of Mathematics and Statistics. 44 (4) (2015) 839-

853.".

7.1 Introduction

Hermite-Hadamard type inequality has been the subject of intensive research in the
present era and hence various refinements of the H-H inequalities for the convex functions
and its alternative forms have been added in the literature by many researchers. Hwang
[51], initiated the research towards Hermite-Hadamard type inequalities for functions

whose nth derivatives satisfy the conditions of convexity and concavity. The results of
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Hwang have motivated many researchers working in this field, which resulted in a number
of Hermite-Hadamard type inequalities in recent years for n-times differentiable mappings
with certain assumptions of different kinds of convexity. Here we refer the latest works of
Bai el al. [19], Hong et al. [56], Jiang et al. [70], Latif [94], Wang et al. [160], Wnag and
Qi [162] for n-times differentiable mappings with the particular hypothesis of convexities.

The main aspiration of the present chapter is to propose new Hermite-Hadamard type
inequalities which are connected with the right-side and left-side of Hermite-Hadamard
inequality for n-times differentiable preinvex functions, s-preinvex functions and log-
prinvex functions which generalize and extend those results established for n-times dif-
ferentiable preinvex functions and n-times differentiable convex, s-convex and log-convex
functions.

This chapter is split in sections in the following manner.

Section 7.2 incorporates more general H-H type inequalities for n-times differentiable
mappings. The main source of inspiration of this section are the results given in [162] in
which more general inequalities for n-times differentiable convex functions are presented
by using a more general identity . We will prove a more general identity for n-times
differentiable mappings defined on an invex subset of real numbers analogous to that
of given in [162]. The usage of this identity, some special definite integrals, preinvexity
and analysis gives us more general results of this section. Section 7.3 provides some
inequalities of Hermite-Hadamard type by using two more general identities established
for n-times differentiable mappings defined on an invex subset of the set of real numbers
and by using standard techniques. The results of this section provide extensions of those
results proved in [70]. Applications of our results are given in this section as well. In
Section 7.3, inequalities of Hermite-Hadamard type are incorporated for n-times log-
prinvex functions. Through our results of this section some corrected inequalities are

achieved, which were proved in [146].
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7.2 Generalization of inequalities of H-H type for n-
times differentiable functions through preinvex-
ity

The following Lemmas play a key role in establishing results in this section:

Lemma 275 Suppose that f : K — R is a mapping defined on K, where K is an open
invex interval with respect to n : K x K — R of the set of real numbers. Assume that
fOV(x) is absolutely continuous on [a,a+n(b,a)], a, b € K with n(b,a) > 0 and
n € N. If f"(z) exists on [a,a +n (b,a)], then for A\, u € R and t € [0, 1], the following
identity holds:

St ) 2 =Af(a) = (L—p) f(a+nb

1 a+n(b,a) n—
+n(ba)/ f(x)de —

—( =D =1+ (R4 D) (= )]} O (at 1y (b, 0))

_ (=" <7 (b, )" {/ 2" (A= 2) £ (a+ 2 (b, a)) dz

a))

VOO0 e

—_

i}
o

n.

1
+/ (z=1)""A—z=n(1—p)f™(a+z2y(ba) dz} . (7.1)
Proof. When n = 1, we have by integrating by parts that
t ! 1 !
v [[3=a7 @ramads [ @2 @b
0 t

=—Af(a) = (L —p) f(a+n(ba)
1 a+n(b,a)
— (=) f(a+tn(ba)+ / flx)de. (7.2)
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Suppose (7.1) is valid for n = m — 1, that is

—Af(a) = (1 —p) fla+n(ba))

1 a+n(b,a) B m—2 (_1)k (77 (b, a))k -
+n(b7a)/a f(x)dz kz D {t"[t — (k+ 1) Al

—( =D =1+ (R4 1) (1= )]} O (at 1y (b, 0))

- <—1>m<_m(i<fiya = {/ " (m = 1) A= 2) 7 (@ + 2 (b,a)) d

1
b0 s e D ) S ks ) de (7
t
Now for n = m, we have by integrating by parts that

(=)™ (n(b,a))™
m!

{/ot 2 (mA = 2) f) (a+ 21 (b, 0)) dz

b [ =) £ o 2 6,0

__EV @G et ) = 1 (= 1 (1 — )

m!
(=)™ (n (ba))" "
(m —1)!

X {/Ot 22 (m = 1) A= 2) f™ Y (a+ 2n(b,a))dz

x Y (a4t (b,a)) +

—i—/t (z=1)"1—2—(m—=1)1—=p) Y (a+2y(ba) dz} (7.4)

Using (7.3) in (7.4) and simplifying, we get (7.1). m
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Remark 276 Ifn(b,a) =b— a in Lemma 275. Then

1 b
+b—a/ f(x)dz

n—

Z k:+1 {t’“t— (k+1) )

—Af(a)—(1-

—(t—1)f [t—1+(k+1)(1—u)]}f(’“)(tb+(1—t)a)

—l—/t (z—1)""1—z=n(1—p)fm™ (zb+(1—z)a)dz}. (7.5)

Lemma 277 [160] Let o, B € R, &, ¢ >0 and r > —1. Then

/ u" € —uldu
0

1
(r+1)(r+2)

(r+2)¢—(r+1)c E>c

(r+1)c*2—(r+2)cte4+202 0<¢<ec

and

1
(r+1)(r+2)

(r+2)B+agle&* —[ac(r+1)+B(r+2)+al (-,  €>c

/Oc(au+5)|£—u|7"du:

[(r+2) B+l +[Br+2)+alc+ar+&)+all(c—& ™, 0<é<e

?

Theorem 278 Suppose that f : K — R is a mapping defined on K, where K is an open
invex interval with respect ton : K x K — R of the set of real numbers and that {1 (x)
is absolutely continuous on [a,a+n(b,a)], a, b € K with n(b,a) > 0 and n € N. If
}f(”)‘q satisfies the condition of preinverity on K for q > 1, for all t € [0,1] and A,
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w € [0,1], the following inequality holds

501 < DD Ly 0 g

< [0 |19 @] + A+ 1) (|70 B - 15 @]")]

+H[AL—p, 1= tym)) [A(l —p, 1= t;m) |F ()"

ra-p1—tn+ ) (7@ - 2 0]} @

where for ¢ >0 and r > —1

A({,c;r—i—l):/ u” |n€ — u| du
0

& (r+2)—(r+1)cc™t né > c
1
(r+1)(r+2)
(r4+1) 2 —nE(r+2)¢4+2(n)™, 0<né<ec

Proof. By Lemma 275, the Holder’s inequality and the preinvexity of | fo |q on K,

q>1,n €N, we have

1S (N, )| < (n (:!a))n {/O 2" nd = 2| [ (a + 2 (b,a))| dz

—l—/t (z—1)""'"1=—z—n(1—-p) ‘f(”) (a+zn(b,a))‘dz}

< @@a)y { ( / o dz)ll/q

X Uot 21 — 2 ((1 —2) |F™ (@) + 2| f™ (b)\") dz]
+ (/tl (1-2)""1—z-n(1 —u)]dz)l_l/q

X U 1—2)" " 1—z—n(l—p) ((1 —2) [F ()] + 2| F™ (b)\q) dz} l/q} . (17)

1/q
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Using Lemma 277, we observe that
¢
/ 2 — 2| dz = A\ t;n),
0

1
/<1—z)"—lu—z—n(l—mwz:A(l—u,l—t;n>,
t

/0 7 nd = 2| (1= 2) [/ (@) + 2] 19 0)]") d2
= AL [F2 @] + A0+ 1) (|f2 @) = 7))

and

/t =2 =z —n@=p)l (1 =27 @] +2 |/ 0)]) dz

=A== tm) [ O + A= p 1 =0+ 1) (|1 @] = [f2 0.

Substituting the above inequalities into (7.7), gives us the desired inequality (7.6). m

Remark 279 If we take n =1, t = % and 0 <\ < % < u <1 in Theorem 278, we get

the following inequality:

(Af (@) + (1= p) fla+n(ba)+ (u—X) f(A(2a,n(b,a)))

1 a+n(b,a)
(b, a)/a fiz)de
n (b, a)

o [(8 — 9N+ 240 — 8N — 21+ 24p% — 81%) | f™) (a)|

<
+ (10 — 3A + 8% — 15,0+ 8,%) | ™ (b)|] . (7.8)

Theorem 280 Suppose that f : K — R is a mapping defined on K, where K is an open
invex interval with respect ton : K x K — R of the set of real numbers and that "=V (z)

is absolutely continuous on [a,a+n(b,a)], a, b € K with n(b,a) > 0 and n € N. If
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}f(”)‘q satisfies the condition of preinvexity on K for ¢ > 1 and q(n—1) > r > 0, for
allt € [0,1] and A\, p € [0, 1], the following inequality holds

5| < LGOS { [A (A,t;”q——r—l)]l”"

n! q—1
< [AEr+ ) |19 @]+ At +2) (11 @) = |7 (@W”q
n [A (1 a1 _t;%)y”q [A(l — 1=t 1) | £ ()"
ra-pi—tr+2) (1@ - o o))} @)

where A (&, c;r + 1) is defined as in Theorem 278, ¢ > 0, r > 1.

Proof. From Lemma 275, Holder’s inequality and the preinvexity of ‘ f (”)|q on K,

g>landg(n—1)>r>0,n €N, we have

n t 1*1/11
|S (t, )\7 M)| < (77 (b7 CL)) { (/ Z[(n—l)q—r}/(q—l) |’I7,>\ . Z| dZ)
0

n!

1/q

<[ md (0=l @ sl o)
+ (/tl (1 — )= Da=rl/la= g _ g — ) dZ) 1-1/g

x{[Vl—@ﬂl—z—na—unal—nU“M@F+quamﬁdﬁm}.(rm)

The rest of the proof is similar to that of the proof of Theorem 278 m

Corollary 281 Under the assumptions of Theorem 280
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1. If r =0, we have

15 ()] < ) { {A (A,t; ng — 1)]11/4

n! q—1

X [A (A ;1) ‘f(n) (a)|‘1 FANE2) (}f(n) (b)}fl B |f(n) (a)|q>]1/q
+ {A (1 — 1t nqq_—f)} 1-1/q [A(l - 1) | )

YA -1 (|f (a)|" = | £ (b)|q)}1/q}. (7.11)

2. Ifr=(n—1)q, we get

| (85 A, )l
< (”(l;—'a))n {[A (A ;1)) [A A t(n—1)g+1)|f" ()]
+ANt(n—1)q+2) (}f(”) ®)|" = | ™ (a)lq)l/q]
A= 1= 6D A= 1= (=D a+ )] 0)]f

1/q
YAQ -l —t(n—1)q+2) (|f (a)|" — | ™ (b)|q)} } . (1.12)
Theorem 282 Suppose that f : K — R is a mapping defined on K, where K is an open
invex interval with respect ton : K x K — R of the set of real numbers and that f"=Y(z)

is absolutely continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0 and n € N. If
}f(”)‘q satisfies the condition of preinvexity on K for q > 1, for all t € [0,1] and A,
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w € [0,1], the following inequality holds

X |A0,t;(n—1)g+1) ‘f(”) (b)’q—l—B(O,—l,l;(n— 1)g+1) |f(”) (a)}q]l/q

2 — 1\ 14
+[B(1—M,0,1,1—t; q )]
q—1

X [B (0,—1,1,1—t; (n— 1) g+ 1) [ f™ (b)|"

+A(0,1—t;(n—1)g+1)[f™ (a)ﬂ I/q} . (7.13)

where A (&, c;r + 1) is defined as in Theorem 278 and

1
(r+1)(r+2)

[ [n€B + ané] (ne)™

B a,B,¢;r+1) =

—[ac(r—l—l)+6(r+2)—|—om£](n§—c)r+l, né > c

[(r +2) B+ ané] (ng)™

| B +2)+alcter+nd)l(c—nd)™, 0<né<q

c>0,r>1,a, g €R.
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Proof. Applying Lemma 275, Holder’s inequality and preinvexity of } f (”)‘q on K,
q > 1, we have

5 (6000] < PO { (/Ot [nA — 2|/ dz) o

n!
XUt (n—1)q (1_z\f |q+z|f(”)(b)|q)dz}l/q
</ 1= z—n(1— e 1)dz>1l/q
y Ut (1— 2)ms (1_2 ) | £ (@) + 2| f™ (b)|") dz]l/q}. (7.14)

Using the similar arguments as that of the proof of Theorem 278, we get the inequality
(7.13). m

Theorem 283 Suppose that [ : K — R is a mapping defined on K, where K is an open
invex interval with respect ton : K x K — R of the set of real numbers and that "=V (z)
is absolutely continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0 and n € N. If
}f(")‘q satisfies the condition of preinvexity on K for q > 1, for all t € [0,1] and A,
w € [0,1], the following inequality holds

S (A 1) < (b, a))" { [B ()\,07 14,2 —11)} 1-1/q

n!

x[A(o,t;( ~2)q+2)[f™ ®)|"+ B(0,-1,1,8 (n — q+2>}f(”)<a>\q]1/q

201 ot
+{B(1 1,1,0,1 — t: 22 1)]
(

X [BO~1,1L1-t0—2q+2) [f2®) + 40,1+ n—2)q—|—2)|f(n)(a)‘q]1/q}’

(7.15)

where A (&, ¢;r+ 1) and B (&, o, B,¢;r + 1) are defined as in Theorem 278 and Theorem
282 respectively, ¢ >0, r > 1, a, 8 € R.
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Proof. Applying Lemma 275, using Holder’s inequality and preinvexity of { f |q on
K, g > 1, results in

n t 1-1/q
15t )| < LB {(/ 2fnA — 29/ dz)
0

n!

1/q

X {/Ot 2(n=2)a+l <(1 —2) |f(”) (a)}q + 2 ‘f(") (b)‘q> dz}
i </t1 (1=2)[t—z=n(1—p d2>11/q

x Ml (1—z)n 2t ((1 —2) [ f™ ()" + 2 | f™ (b)|") dz] Uq} . (7.16)

The rest of the proof is similar to that of the proof of Theorem 278. m

Theorem 284 Suppose that f : K — R is a mapping defined on K, where K is an open
invex interval with respect ton : K x K — R of the set of real numbers and that f"=Y(z)
is absolutely continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0 and n € N. If
}f(”)‘q satisfies the condition of preinvexity on K for q > 1, for all t € [0,1] and A,
w € [0,1], the following inequality holds

’S(t; )\,Iu)’ < (77 <b7 CL))” ( g—1 )1—1/q

n! ng—1

1/
x {t<"q1>/q BOLOEg+ D) |17 0)"+ BO -1, 160+ 1) |7 @]

+ (1 — ) [B (1= —=1,1,1=t;q+ 1) [f™ (b)|"

B (1= p1,1,0,1— t;q+ 1) | (a)ﬂ 1/q} . (7.17)

where B (&, o, B,¢;r + 1) is defined as in Theorem 282, ¢ >0, r > 1, a, f € R.
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Proof. Utilizing Lemma 275, using Holder’s inequality and preinvexity of { f |q on

K, g > 1, results in

n 1-1/q
5 () < L0 { (/ t so-tutegs)
0

n!

1/q

X Uot In\ — z|? ((1 —2) |f™ (a)|" + 2| f™ (b)|") dz}

1 1-1/q
N ( / (1= 2)Da/a) dz)
t

X Utl 1—2—n(l—p) ((1 —2)| £ (@)|" + 2 | £ (b)|q) dz] Uq} . (7.18)

The rest of the proof is similar to that of the Theorem 278. m

7.3 Generalization of H-H type inequalities for n-
times differentiable functions which are s-preinvex
in the second sense

We need the following lemmas to prove results in this section as well as the results of

Section 7.5.

Lemma 285 [94] Suppose that f : K — R is a mapping defined over K C R, where K
s an open invex subset with respect ton : K x K — R of the set of real numbers. If the
nth derivative f) exists on K and f™ is in the space L ([a,a + 1 (b,a)]) of all integrable
functions on [a,a+n(b,a)], a,b € K with n(b,a) >0 and n € N, n > 1, the following

182



equality holds:

1 a+n(b,a)
—A<f<a>,f<a+n<b,a>>>+m/a f () da

< (1" (k= 1) (n (b, a))"
— 2(k+1)!

() m(ba)”
2n!

n

+

f®(a+n (b))

ol

1

/ " (n —2t) f™(a + tn (b, a))dt, (7.19)
0

where the sum above takes 0 whenn =1 and n = 2.

Lemma 286 [94] Suppose that f : K — R is a mapping defined over K C R, where K
s an open invex subset with respect ton : K x K — R of the set of real numbers. If the
nth derivative f) exists on K and f™ is in the space of L ([a,a +n (b, a)]) all integrable
functions on [a,a+n(b,a)], a,b € K with n(b,a) >0 and n € N, n > 1, the following
equality holds:

S

L (=1)* + 1| (n(b,a))* atn(b,a)
| zkﬂ(gfl)! P9 (et - [ Fds

k=0 v
where
t, t € [0, 3]
K,(t) =

t—-1", te(31]
We are now ready to present our results.
Theorem 287 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect ton : K x K — R of the set of non-negative real numbers.

Let the nth derivative f™ exist on K and f™ be in the space L ([a,a +n(b,a)]) of all
integrable functions on [a,a + 1 (b,a)], a,b € K with n(b,a) > 0. If }f(”)‘q forq>1, is
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s-preinvex on K forn € N, n > 2, s € (0,1], the following inequality holds:

a+n(b,a)
A(f(a). f(a+n(ba) - — / f (z) de

(b a)
n—1 X
P k}gi)!(bﬂ)) F®(a+1(b,a)
< (7 g;ﬁ)) (Z;i) o (Q|f(”)(a)‘q+P‘f(”)(b)|q)57 (721)
where
nn—=1)+sn-2) et
 (nts)(nts+1) ,Q=nB(n,s+1)—2B(n+1,5+1)
and

Blz,y) = /0 (1= g

for x >0, y > 0 is the Beta function.

Proof. Suppose n > 2 and ¢ = 1. By s-preinvexity of | f (”)| and lemma 285, we get

a+n(b,a)
A () F (ot (b,)) - (;a)/ f () dr

— 1)( (b,a))"
)l

f¥(a+n(b,a))

< %/0 £ (n — 26) | £ (a + ty (b, a))| dt

< D [t 2 (1= 0 [0+ 00

- 2n' ( |/ sl 2t)dt+]f<“>(a)}/01t“—1 (n — 2t) (l—t)sdt>.

(7.22)

Since

et nn—1)+s(n—2)
/Ot (n—2t)dt = (n+s)(n+s+1) =P
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and

1 1 1
/t”_l(n—Qt)(l—t)Sdt:n/ t”‘l(l—t)sdt—2/ t" (1 —1t)%dt
0 0 0

=nB(n,s+1)—2B(n+1,s+1)=0Q.

Using the above observations in (7.22), we get (7.21). The proof for the case ¢ = 1 is
complete.
Assume now that ¢ > 1, then by the s-preinvexity of ! f (”)|q on K, lemma 285 and

the Holder’s inequality, we have

a+n(b,a)
A(f(a), f(a+n(ba)) - — / f (z) de

1 (b, a)

1—1
q

: W </oltn_l (= 20) dt) (/Olt"_l (n—2) [f™(a + tn (b, a))\th>é

1
b n 1 1*5
< M (/ t" 1 (n —2t) dt)
2n! 0
1 1 3
X (} Fm )| / s (n—2t) dt + | f(a)|* / "=t (n — 2t) (1—t)5) (7.23)
0 0
which is the inequality (7.21). Hence the proof of the theorem is complete. m
Remark 288 If in Theorem 287, we take s = 1, we get Theorem 8 from [94].

Corollary 289 Let f be as in Theorem 287 and n = 2, we have

a+n(b,a)
AU @ Satnba) - [ f@)dr

_ (n(b,a))? (1)1‘3 <|f”<a>}q+

= 2 6

HOIA%
(513) (s +2) ) - (124)
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Remark 290 In Corollary 289 s = 1, we get a result proved in Corollary 1 from [9/].

Remark 291 In Theorem 287, replacement of n(b,a) = b — a gives a result proved in
Theorem 1.1 from [70].

Theorem 292 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect ton : K x K — R of the set of non-negative real numbers.
Let the nth derivative f™ exist on K and f™ be in the space L ([a,a +n(b,a)]) of all
integrable functions on [a,a + 1 (b,a)], a,b € K with n(b,a) > 0. If }f(”)‘q forq>1, is
s-preinvex on K forn € N, n > 2, s € (0,1], the following inequality holds:

a+n(b,a)
Auwjm+mmmw»£@/ f () dr

n—1

Z; ”ﬂ“”fww+nwm‘
n 1-1/q
S( n(b,a)) Q(n! 1)
X [{nB(nq—q+1,s+1)—ZB(nq—q—l—2,s—|—1)}‘f(”)(a)|q

+ n 2 | f(n)(b)\ql/q v (7.25)
ng—q+s+1 ng—q+s+2 S

where
1
Bley) = [ #7117
0

for x >0, y > 0 is the Beta function.
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Proof. The case when ¢ = 1 is easy to prove so we assume that ¢ > 1. By making

use of Lemma 285, the Holder inequality and the s-preinvexity of ‘ ) ‘q, we have

a+n(b,a)
A(f(a). f(a+n(ba)) — — / f (2) du

n (b, a)

— ()" (k= 1) (n(b,a)) oy »

_kz2 2(k+1)! ST</0 <n_2t)dt>

| dt = (n(b,a))" (n — 1)1*1/q
2n!

F¥(a+n(b,a))

< [ = (=0 [+ |0

X [{nB(nq—q+1,s+1)—ZB(nq—q—i-?,s—i-l)}‘f(”)(a)|q

+ { n 2 } £ ()| ‘1] " (7.26)

ng—q+s+1 ng—q+s+2

The proof is thus complete. m

Corollary 293 Let f be as stated in Theorem 292 and n = 2. Then

a+n(b,a)
A(f(a). f(a+n(ba)) - — / f (z) dz

1 (b, a)
-  922-1/q

x [{B(q+1,s+1)_B(q+2,s+1)})f”(a)

| (b)"
(g+s+1)(¢g+s+2)

}q
1/q

. (7.27)

where B(x,y), x,y > 0 is the Beta function.

Corollary 294 If we take g =1 and s = 1 in Corollary 293, then

a+n(b,a)
AU@.Satnba) - —ms [ f@)dr

"

< W |/ @] +|r @] @29
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Remark 295 For n(b,a) = b — a, we obtain new bounds of the difference between the
middle and right side of Hermite-Hadamard’s inequalities (2.19) in terms of second order

derivatives.

Now we give some results related to left-side of Hermite-Hadamard’s inequality for

n-times differentiable s-preinvex functions.

Theorem 296 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect ton : K x K — R of the set of non-negative real numbers.
Let the nth derivative f™ exist on K and f™ be in the space L ([a,a + 1 (b,a)]) of all

(”)|q forq>1, is

integrable functions on |a,a+n(b,a)], a,b € K with n (b, a)

s-preinvez on K forn € N, n > 1, s € (0,1], the following inequality holds:

=t [0+ 1] (b 0))!

F® (A 2a,7 (b,a)))

prs 9k+1 (k + 1>!
S (0" [lF@]" +[r e
1.0 /“ Fle)dr = 2nn! (np + 1)% s+1 . (7.29)

where p and q are Hélder conjugates of each other.

Proof. Suppose n > 1. By using lemma 286 and the s-preinvexity of } f (")‘q on K

forme N, n>1,¢g>1, we have

3

2 [(-1)F+ 1 (b0

a+n(b,a)
O (A (24, (b,a)) — — / f (z) de

o 2k+1 (k4 1)! 7 (b a)
= M/l [Ka ()] | £ (a+ tn (b,a))| dt
</ [ Kt ) (/ | £ (a +tn (b, a)) |dt)l. (7.30)
Since

1
1
K, = [ t»dt A
/' / +[< ) 2 (np + 1)

2
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and

/0 ‘f(”)(a+t77(b,a))|th§/0 (1—t)$\f<">(a)|th+/o | ()| at

)|+ [ £ )]
N s+1

By application of the above observations in (7.30), we get the desired inequality (7.29).

This completes the proof of the theorem. m

Corollary 297 Let f be as in Theorem 296 and n = 2, we obtain the following inequality:

a+n(b,a)
FARenta) - [ f@)

(n (b, a))*
T 8(2p+1)r

F@l )
— ] , (7.31)

where p and q are Hélder conjugates of each other.

Corollary 298 In Corollary 297, if we take s = 1, then one gets the following result:

a+n(b,a)
£ (A (20,1 (b,a))) - ﬁ / f (x) da

@]+ [ )"

(1 (0,0))" 5 ] q . (7.32)

T8 (2p+ 1)

where p and q are Hélder conjugates of each other.

Corollary 299 In Theorem 296, if n(b,a) = b — a, we have the following inequality:

n-1 {(—1)’“ + 1] (b - a)f
2+ (J; 1 1))

A - [ fa)ds

k=0

@ + [ 0)]"]?

Lo
s+ 1

< , (7.33)
2nn! (np + 1)
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where p and q are Hélder conjugates of each other.
A different approach leads us to the following result:

Theorem 300 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect ton : K x K — R of the set of non-negative real numbers.
Let the nth derivative f™ exist on K and f™ be in the space L ([a,a + 1 (b,a)]) of all
integrable functions on |a,a +n(b,a)], a,b € K with n (b, a)

f(”)|q forq>1, is

s-preinvex on K forn € N, n > 1, s € (0,1], the following inequality holds:

w1 |1+ 1] (8,0

®) 1 a+n(b,a)
s A ba) - s [ @

(1 (b.0))" (2 1) 700 >}q+f<"><b>|q>3
ol

T2 (np+ 1)r 27 (s + 1)
@] + @ - 1) )
( 2 (5 + 1) - (1:34)

where p and q are Hélder conjugates of each other.

k=0

Proof. From lemma 286 and the power-mean integral inequality, we have

=t [(=DF + 1] (0"

1 a+n(b,a)
g Aen ) - g a)/ f (2) du

k=0

1

U (57;!@))" (/jtmﬂdty (/02 | £ (a+ tn (b,a))\th> q

1

(l—t"pdt> (/ \f (a+tn(b,a) |dt> . (7.35)

_|_
wﬁ
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Since |f(”)}q is s-preinvex on K in the second sense forn e Nyn > 1, g€ R, ¢ > 1 and

€ (0, 1]. Hence for every a,b € K with 1 (b,a) > 0, we have

[ el e a< @l [Ta-oas o) [Cea
0
21 _ 1

= ST £ @) (7.36)

0@+ e

and

/2 | F™(a+tn (b,a))|" dt < \f“”ﬁ(a)r%1 (1—1t)*dt + \f<n>(b)|q/1t8dt

0

- e M+ s B (7
2+ (s +1 2+ (s +1 -
Also
%t””dt R S S 7.38
o= [ a0 sy (739

2

Using (7.36), (7.37) and (7.38) in (7.35), we get the required inequality (7.34). =
Remark 301 For s =1, Theorem 300 becomes Theorem 11 from [94].

Corollary 302 For s =1 and n =2, we get the following inequality from [94]:

a+n(b,a)
FARenta) - [ fw

b ( f”<a>q+|f”<b>|q>3+<|f”<a>}q+3¢f”<b>q>3 .
8.25 (2p+1)7 8 8

where p and q are Hélder conjugates of each other.

Theorem 303 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect ton : K x K — R of the set of non-negative real numbers.

Let the nth derivative f™ exist on K and f™ be in the space L ([a,a + 1 (b,a)]) of all

191



integrable functions on [a,a + 1 (b,a)], a,b € K with n(b,a) > 0. If }f(”)‘q forq>1, is

s-preinvez on K forn € N, n > 1, s € (0,1], the following inequality holds:

w1 [(-1)F + 1] (5 (6,0 " L et
Sy A s [ s
(1 (b.a)" (n + 1) () oy () 3
= 2 D(1-3) (4 1)! [(L‘f (@ + |70 )
+ (M |F™(a)|" + N |f(”)(b)}q>q} . (7.40)
where
1 1
L=B <§;n+1,5+1) M=oy e
N=B(s+1,n+1)—B (%;s+1,n+1>
and

Blz,y) = /0 (L

for x >0, y > 0 is the Beta function, and

Bwawz/ﬂlu—w*
0

is the generalization of the Beta function B(z,y).
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Proof. It is not difficult to see that (7.40) holds true for ¢ = 1. Suppose that ¢ > 1.

From lemma 286 and the Holder’s integral inequality, we have

w1 |1+ 1] (b))

2k (k +1)!

® . . - 1 a+n(b,a) ) da
IO A ba) - s [ @)

k=0
1

< WO ([Pra) ([ e moaa)
+</1(1—t)"dt> q<[1(1—t)"‘f(n)(a+t77(b,a))|th>q . (7.41)

2

Q=

=

Since |f(”)}q is s-preinvex on K in the second sense forn e N, n>1, g€ R, ¢ > 1 and

€ (0,1]. Hence for every a,b € K with (b, a) > 0, we have

/215”]f(”>(a+tn(b,a))}th§|f(”>(a)\q/2t"(1—t)sdt+\f< ]/t“*Sdt
0 0

| F)(
onts+1 (n + s+1)

—B(%;n+1,s+1) | £ (a)|" + (7.42)

and

/02 (1= )" [ F(a + ty (b a))|" dt

< |f(n)( )|° 11 (1—t)”+$dt+\f(")(b)|qfﬁ(l—t)"dt

|f(n)
2”+S+1 (n ~|— s+ 1)

1
{B s+1,n—{—1)—B(—

SistLnt 1)} | F™ )", (7.43)

Using (7.42), (7.43) and

3 1 1
trdt = | (1-t)Pdt=—""
/0 / A=t = e o+ 1)

2

n (7.41), we get the required inequality (7.40). =
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Corollary 304 If we choose n =2 and s = 1 in the Theorem 303, we get the following

mequality:

a+n(b,a)
yﬂA@mnw@»— ! / f (x) da

1 (b, a)
((b,a))?- 357! (5U”@Mq+3 f%@V)q+_(3U”@N1;f|f%@V>q C(7.44)

192

Proof. Since for n = 2 and s = 1, L = B(%;3,2) = %, M = 6—14 and N =
B(2,3) — B(3;2,3) = 25 and hence proof follows. m

2 192

7.4 Applications to Special Means

Now, let @ and b be positive real numbers such that a < b. Consider the function

M = M(a,b) : [a,a + n(b,a)] X [a,a+ n(b,a)] — R, which is one of the means defined

in Section 2.13, therefore we can obtain several inequalities for these means as follows:
Setting 7(b,a) = M (b,a) in (7.24), (7.31), one can obtain the following interesting

inequalities involving means:

2 M(b,a

(M(b,a)? (1N (|1 @)+ |1 (1)
ST(E) < (s+3)(s+2) ) - (745)

a a a a+M(b,a)
V()+f(+ﬂﬂ@)) ! )/ f(2) de

Q=

a+M(b,a)
‘f(a—l—%M(b,a))—m/a f(x)dz

<:wﬂa@flv%wV+U%w1

T8 (2p+ 1) s+1

Q=

. (7.46)
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Letting M = A, G, H, P., I, L, L, in (7.45) and in (7.46), we get the inequalities
involving means for a particular choice of a twice differentiable s-preinvex function f,

and the details are left to the interested reader.

7.5 On H-H type integral inequalities for n-times dif-
ferentiable log-preinvex functions

In this section we provide some Hermite-Hadamard type inequalities for n-times differ-

entiable log-preinvex functions.

Theorem 305 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect to n : K x K — R of the set of real numbers. Let the
nth derivative f™ exist on K and f™ be in the space L ([a,a +n (b,a)]) of all integrable
functions on [a,a + 1 (b,a)], a,b € K withn (b,a) > 0. If|f(”)|q for q > 1, is log-preinvex
on K forn € N, n > 2, the following inequality holds:

a+n(b,a)
A(f(a). f(a+n(ba)) - — / f (z) dz

n(b,a)
a N\ 1-1/g
< (3;1!)) <n+i) I (n. a0, 0)]7(7.47)
where
(1, q: a,b) = (—1)"nt {q [In (| f™ ®)]) —In (| £™ (@)])] + 2} [ F*) (a)|*

g™+ [In (|f) (B)]) = n (|f@ (a))]"

_ 2|f™ @)

q[ln(lf(")()D ln(!f (a)])]

e 0 a5 0 < 1] 2
1 ‘Z ¢ (n — K)o (|F@ (b)]) = In (| £ (@) )]
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Proof. Suppose n > 2. Let a,b € K. Since K is an invex set with respect to 7, for
every t € [0,1] we have a + tn(b,a) € K. By log-preinvexity of ‘ ) ’q, Lemma 285 and

Holder inequality, we have

a+n(b,a)
A(f(a)7f(a+n(b,a)))—ﬁ/ f (z) de

()

2n!

Z )()'(b a)) f(k)(a+77(b, CL))

" (/01 v - 2) dt)l : (/Olt“ (n—2t) [ S (a+tn (b a))}th) "
< Wl (nd) ([ o (U™ o))

_ “>)27;|!f(”)<a)‘ (Z;i)ll/q (n/ £t — 2 t" tdt) L (7.48)

ool

e 7

By Lemma 155, we have

1 1 _1n '
n/ t”l,utdt—Q/ t”utdt:< )" n
0 0 (In p2)

where 1 =

+n! — n!
MZ 1n w"  (n u)"“ e Z ln M)k“
(—1) n!lnp+2] ol lnu+2]
= . (7.49
(ln ,U)n+1 lnlu Z hl M)k+1 ( )

EARICIN
[ @]

Applying (7.49) in (7.48) and replacing # 1, we get the desired inequality (7.47).
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Corollary 306 Let f be as in Theorem 305 and if ¢ = 1, the following inequality holds

a+n(b,a)
AU @) fatnba) - [ )

£ k—|—>£) 1 0,0)) P a+n(b,a)| < Wﬁ(n,l;a, b), (7.50)
where
o (n, 1 a,b) — (=1)" ! {[In ([f™ ®)]) =W (|f™ (@)])] + 2} [F* (0)]*

o I (1™ (b)]) — In (|f@ (a))]"™

_ 2™ ()"

[In ([f™ (B)]) — 1n(|f T(@)))]
n n (£ (g
ol £ (v) }Z {[n (lf™ ®)]) = In (|f™ (@)])] +2}

) In (Lf™ @) = I (|f0) (@]

Corollary 307 Let f be as in Theorem 305 and n = 2, the following inequality is valid

a+n(b,a)
A(f(a),f(aJrn(b,a)))—;)/ f (2) da

n(b,a
o)) 1-1/q
<00 () keaan. @)

where

2{a [ (| ®]) ~In (" @]] +2} |/" (@)]"
¢* (£ (B)) = (1" (@)])]”
2{q[1n(}f o)) —In (/" @])] —2} |7 B
¢ I (|f" O)) = (11" (@)])]°

k(2,¢;a,b) =

Corollary 308 Let f be as in Theorem 305 and n = 2, q = 1, the following inequality
holds

a+n(b,a)
A(f(a).f (atn(ba) — — / f (x) de




where

;")) = (/" @])] +2} [/ (a)
[In (| (b )D In (" (a)]))”
2{[n (1S ®)]) =In (/" (@)])]
[ (1f" ®)) = (1f" (@)’

Remark 309 If n(b,a) = b — a in the inequalities (7.51) and (7.52), one can get in-

k(2,1;a,b) = {[ (

Q

equalities for the bounds of the difference between middle and the right most terms in the
Hermite-Hadamard inequalities (2.19) in terms of second order derivatives for log-convex

functions.

Theorem 310 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect to n : K x K — R of the set of real numbers. Let the
nth derivative f™ exist on K and f™ be in the space L ([a,a +n (b,a)]) of all integrable
functions on [a,a + 1 (b,a)], a,b € K withn (b,a) > 0. ]f‘f(”)‘q forq > 1, is log-preinvex
on K forn € N, n > 2, the following inequality holds:

a+n(b,a)
A(F (@), f a+ (b a))) - @/ f () dr

S — 1) (n (b, 0))
o k:+1) f(k)(aﬂ(b,a))‘
(1 (b, a))" [n(zq—l)/(q—n —(n— 2)(2(1,1)/((1,1)} 1-1/a £ B)|
<
N 22-1/qp)|
q—1 1-1/q [ oo k . ln (‘f |) In (|f(”)(a)‘)}k71 1/q
X <2q_ 1) (; TS . (7.53)
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Proof. By log-preinvexity of ‘ f ‘q, Lemma 285 and Holder inequality, we have

a+n(b,a)
A (). F (ot (b,a))) - (ja)/ f () dr

(n (b, a))"

— 1) (y(b,a))" FPa+n(ba)| < 2]

k+1)

k=2

1-1/q 1 1/q
X (/0 (n — 2t)/@D dt> (/0 tq(””\f‘”)(aﬂn(b,a))}th)

(n(b,a))” [n@q—l)/(q—l) —(n— 2)(2q—1)/(q—1)] 1=1/q g—1 1-1/q
- 22-1/ap] <2q — 1)

<
g (/01 D (| (L)) dt) v

(7 (b,a))" [n@qfl)/(q—l) —(n— 2)<2q71>/<q71>] 1-1/a £ ()]

N 22-1/ap)
qg—1 1=1/q ! (n—1)  t Ve
X AN ,udt) , (7.54)
<2q - 1) (/0

(n
{; o) b;||q # 1. Applying Lemma 159 to the integral in the inequality (7.54)
and simplifying, we get the required inequality (7.53). =

where p =

Corollary 311 Let f be as in Theorem 310 and n = 2. Then

()]

a+n(b,a) a 2
A(f(a),f(aﬂ(b,a)))_m/ £ (o) da| < (1 ))2

a— 1\ (S ) I () - (1 @]
<2q_1) (; ), . (7.55)
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Corollary 312 If n(b,a) = b— a in Corollary 311, we have

(b—a) |f | qg—1 1-1/q
2 (2q—1>

(S 0 ()~ (@D
(Z TESIA ) . (7.56)

k=1

A(f(a), f

Some results related to left-side of Hermite-Hadamard’s inequality for n-times differ-

entiable log-preinvex functions are given in the following theorems.

Theorem 313 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect to n : K x K — R of the set of real numbers. Let the
nth derivative f™ exist on K and f™ be in the space L ([a,a +n (b,a)]) of all integrable
functions on [a,a + 1 (b,a)], a,b € K withn (b,a) > 0. If|f(")|q forq > 1, islog-preinvex
on K forn € N, n > 1, the following inequality holds:

w1 |1+ 1] (8,0

kT (| + 1)

F® (A (2a,7 (b,a)))

a+n(b,a)
_n(l} a)/ f(z)dx

(1 (b,a))" | /™) (a)]

— 2=/ (p 4 1)1—1/q (n!)l—l/q

k=0

{[kal (n,q;a, b)]l/q + (k2 (0, q; a, b)]l/q} , (7.57)

where
(1
k1(n,q;a,b) = =)
00 = e (@) — I (O @)
f(”)(b){>q/2 d (—1)"
* <|f(”>(a)| 2 G I I (@) (@)
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and

| F™ ()]

K2 (7%%6% b) = n+1 q
g™ (I ([fM(B)]) — In ([ f(a))" [f(a)]

(I |>/ ¢ .
(| F(a) Z ¢F127 (n— k)1 (In (|f@0)]) = In (| f0 (a)]))"

Proof. Suppose n > 1. By using Lemma 286 and the log-preinvexity of ‘ f (”)‘ on K
for n € N, n > 1, we have

3

(D) 1| (n (b)) at(ba)
Z [ ok+1 ]J 1) fM (A (2a,7 (b)) - ! / f(z)dx

< (77(1;;!@))" /OZtn’f(n)(a+t77(b,a))}dt+[ (1—t)"lf(”)(a+tn(b,a))\dt]
. 1 1-1/q 1 1/q
- a))n!\f( (a)] [(/2 t”dt) (/2 t”utdt>
. 1-1/q ) 1/q
+</ (1—t)”dt> (/ (l—t)"lfdt> ] (7.58)
[LSIOl8

where p = @[ # 1. Applying Lemma 157 and Lemma 158 to the integrals in the

|7 (b)

inequality (7.58) and replacing pu = 7 a

||q # 1, we get the desired inequality (7.57). =

Corollary 314 Let f be as defined in Theorem 313 and q = 1. Then

3

1[ +1]( (b,a))* "
W G (A 0.0)

k=0

1 a+n(b,a)
n (b, a) / f(z)dz| < (n(b,a)" ‘f(n)(a” {k1(n,1;a,b) + ko (n,1;a,b)}, (7.59)
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where

k1 (n,1;a,b) = (_1)"+1 o}
(In ([ f™(©®)]) — In ([f™(a)]))
FOm) " L (-1}
" (lf(")(a)| ,; 27k (n — k)1 (In (| f™)(b)]) — In (| £ (a)])*"
and
Ko (n,1;a,b) = /)
Y F(@)) £ (a)]

(In ([ £ (D)[) —In (

(15w V2 n 1
(Iﬂ”)(a)l Z 20k (n = k)1 (In (| f) (B)]) = In (|f) (@))"

Corollary 315 [146] If we take n =1 in Corollary 814, we have

a+n(b,a)
‘f(A@am(b,G)))— ! / f (z) dz

1 (b, a)
STUr®D” - (@) T
=nihe) [ (7 ) w(r@p | -
Corollary 316 [146] If n(b,a) = b — a in Corollary 315, we have
b / /2 '(a 1/272
fan) =~ [ F @ i< 0-a [qrﬁ(ﬁf)'}()bﬂ) B ] -

Theorem 317 Suppose that f : K — R is a mapping defined over K, where K is an
open invex subset with respect to n : K x K — R of the set of real numbers. Let the
nth derivative f™ exist on K and f™ be in the space L ([a,a +n (b,a)]) of all integrable
functions on [a,a + 1 (b,a)], a,b € K withn (b,a) > 0. If‘f(”)‘q for q > 1, is log-preinvex
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on K forn € N, n > 1, the following inequality holds:

w1 | (=)* +1] (0 (b, ))" 1 e
s A ta) - e [ @

a))" [\/|f(n)(a)| + \/|f(n)(b)|} (|f(n)(b)‘)q/2 _ (|f(”)(a)‘)q/2_ 1/q
2n+1/p (np + 1)1/p q'/an) (In (|f™()]) — In (|f(")(a)|))_

k=0

. (7.62)

where p and q are Hélder conjugates of each other.

Proof. From Lemma 286, the Holder integral inequality and log-preinvexity of ‘ f ‘q,

we have

w1 |1+ 1] (6,0

2k (k +1)!

a+n(b,a)
@A ba) - [ f@)ds

00 ][ (7 g\ (7 (20N )
< n! [(/0 t dt) (/0 <\f(n)(a)| dt
1 {f %_

1 P 1 (n) at
+</ (1—t)"pdt> (/ <|f<n>éz))}|> dt)

~ ((ba)” Mf(”)(a)l + ¢|f<n><b>|] [(¢f<n><b);)q/2 — (| @]

/
2 (op )P gt | (@) I (7)) ] - )

k=0

The above is the required inequality. =

Corollary 318 Let f be defined as in Theorem 317. If n = 1, the following inequality
holds

a+n(b,a)
£ (A (20,7 (b.a))) — ﬁ / f (z) du

a) [\/’f/(a)!+\/\f'(b)|] [(| '(b) |q/2 \f ’q/2 1/q

21+1/p (p + 1)7 g1/a (In ([f(®))) =In(lf(a)])) |

(7.64)
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where p and q are Hélder conjugates of each other.

Corollary 319 If we take n(b,a) = b — a in (7.64), we get the inequality:

@) - [ fa)ds

b9 V@I + VPO 17BN = (F @) 1"
< 2141/p (p + 1)/7 g1/a (log (|f'(b)]) —log (|f'(a)])) :

(7.65)

Remark 320 Inequalities (7.64) and (7.65) are the corrected inequalities that are given
in Theorem 90 and its related corollary from [146].
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Chapter 8

Fejér type inequalities for
GA-convex functions with

applications

arithmetically-convex functions with applications, Applied Mathematics and Computation. (Submitted)" and "M. A. Latif, S. S. Dragomir
and E. Momoniat, Fejér Type integral inequalities related with geometrically-arithmetically-convex functions with applications, Journal of

Convex Analysis. (Submitted)".

8.1 Introduction

It has been revealed in Section 2.12 of Chapter 2 that R is an ordered field, hence it is
natural to investigate what happens when addition is replaced by multiplication and the
arithmetic mean is replaced by the geometric mean. This fact leads us to the following

four spaces of functions:

1. (A, A)-convex functions, the usual convex functions

2. (A, G)-convex functions

205



3. (G, A)-convex functions

4. (G, G)-convex functions.

In this chapter, we will contemplate the case of G A-convex functions to substantiate
our results. In this chapter, we will introduce a new notion of geometrically symmetric
functions and by using this notion we prove weighted generalizations of (2.70), which
can be named as Fejér type integral inequalities for (2.70). It can also be noted that the
Hermite-Hadamard type inequalities proved in [65], [93] and [183] for GA-convex and
s-G A-convex functions seem not to be enough in this field. The foremost motivation of
the present chapter is to provide further extensions of the results associated with the
weighted generalizations of (2.70). In this chapter two new weighted identities involving
a differentiable mapping and a geometrically symmetric functions are proved. The ap-
plications of these two identities and G A-convexity gives us the results in this chapter,
which are more general and better estimates for the difference between the right most
and the middle terms of the weighted version of (2.70).

This chapter is organized in the following approach:

In Section 8.2, we prove Fejér type integral inequalities which is a weighted general-
ization of (2.70). We establish several new integral inequalities for the right part of the
weighted version of the inequality (2.70) by using a new identity involving a differentiable
mapping and a geometrically symmetric mapping, the notion of G A-convexity and some
auxiliary results. These results not only provide weighted generalization of the results
from [65], [93] connected with the right part of (2.70) but also give refinements of those
results from [65] for particular choice of the geometrically symmetric weight functions.

In Section 8.3, we will prove another weighted integral identity for the left part of the
inequality weighted version of the inequality (2.70) involving a differentiable mapping and
a geometrically symmetric function. We use this identity, the geometrical-arithmetical
convexity and some auxiliary results to obtain some new Fejér type integral inequalities

related with the left part of the weighted version of the inequality (2.70). The results of
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Section 8.3 provide refinements and a weighted version of the results given in [65] for the
left part of the inequality (2.70).
Section 8.4 is devoted for some applications of our results of Section 8.2 and Section

8.3 to produce some new inequalities of special means of positive real numbers.

8.2 Some Fejér type integral inequalities for GA-
convex functions with applications

Throughout this chapter we consider G(1_s s (a,b) = at™/25040/2 and G142 (b, a) =
a1 +0/2p(1=8/2  The Beta function and the integral form of the hypergeometric function

are defined as follows to be used in the sequel of the chapter
1
B(a,8) = / (1 —t)ﬂfldt,a >0,0>0
0

and

1
oI (o, By 3 2) = m/o (L= )T (L= 2t) T dt

for |z] < 1,7 > B > 0.
Theorem 321 Suppose that f : [a,b] C (0,00) — R is a GA-convex function on [a,b]

and that g : [a,b] — [0,00) is a mapping which owns the property of continuity, positivity

and geometric symmetry with respect to G (a,b). Then

rcen) [ 919 0 < / LI 10 < (s (@), 1 ) / 1@) g (81)

T

Proof. By the GA-convexity of f, we have

f(a(aioxélg@f4u)dtghél{%f(dahﬁ-+%f(¢f%ﬁ}g<ab%u)dt

1 1 1
/f@Wﬂg@Hmﬁ+-/f@ng@Hmﬁ.@m
0 2 0

DN | —
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By geometrical symmetry of g with respect to G (a, b), we also have

/0 f(a'0") g (') dt = /o f(a'0'") g (a'b'") dt. (8.3)

Hence by using (8.2) in (8.3) and by the change of variables x = a'b'~* and y = a' b,

we obtain

ﬂﬂmm/wwwx

Inb—-1Ina T
1

1
S %/ f (a blft) (& blft) dt—F%/O f (alftbt) g (alftbt) dt
[z f(y) g
lnb—lna / dx+ (lnb—lna / %

f(z f(x)g (@)
lnb—lna/ dx+2(lnb—lna/ da
- f g(z)
—lnb—lna/a " dr. (8.4)

By the GA-convexity on [a, b] and geometrical symmetry of g with respect to G (a, b),

we have

£ (a¥0) g (a8) < [(1— 1) £ (a) + £f (B)] g (a*~0") (8.5)

and

f (atbl_t) g (atbl_t) <[1—=t)fb)+tf(a)lyg (al_tbt) ) (8.6)

Adding (8.5) and (8.6) and integrating with respect to ¢ over [0, 1], we obtain

/0 F (@B g (') dt + /0 £ (@) g (a0) de
SU@+s0] [ o@ ) a @0
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By the change of variables z = a'b'™ and y = a'~*b" in (8.7), we get

1 " f(2)g(2) [f (@) +f®)] [*g(x)
lnb—lna/a x dz < 2(lnb—1na)/a x de. (8.8)

Combining the inequalities (8.4) and (8.8), we get the required result. m
With the intention of proving our results a weighted integral identity has to be devel-
oped in the following lemma which plays an imperative role in establishing our foremost

results.

Lemma 322 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) with a < b and f is in the space L ([a,D])
of all integrable functions over [a,b]. If g : [a,b] — [0,00) is a mapping which owns
the property of continuity, positivity and geometric symmetry with respect to G (a,b), the
following equality holds

x x
_ Inb—1na /1 /G(1f>/2(a’b) g(x) s
4 0 Ga_naba) T

x [Gi (a,0) f (Gi (a, b)) ~ G (ba)f (Gi (b, a))} dt. (8.9)

A @ fw) | g@)dm—/ f@)g@),,

Proof. Let

and
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Since ¢ : [a,b] — [0,00) is geometrically symmetric to G (a,b), hence g (G% (a, b)> =
g (G; (b, a)) for all ¢ € [0,1]. By this, we have

1 G%(a,b)
| ( [ 0D afy (6 00)]

2

- lnif—([ﬁqa /ab gf)df’f - 2/019 (Gf (cub)) f (Gi (a, b)> dt
2f (b) /bg(x)dx_ 4 /b 9(@)f (), .10

" Inb—1Ina T Inb—1na

Analogously, we have

A0 /”gu) P /mg@)f(x)d% s.11)

" Inb—1Ina T Inb—1Ina T

Adding (8.10) and (8.11) and multiplying the result by 2212¢ we get the required

identity. m

Lemma 323 For u,v > 0, we have

1 VOL (Vo) u#w,
¢ (u,v) Ay / w(0/2,(0+0/2 g4
0
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v—VUL(Vu,\/v
lnvglnu )’ u 7& v

1
U (u,0) 2 %/ tu1=0/2y1HD/2qp —
0

=

and

4/ VL (v/u,\/v)—4v+v(lnv—Inu)
( (1n2—1nu)2 U 7& v

® (u,v) 2 1/1 2u=D/2p02 g1 =
2 Jo
%u, u=v.
Proof. The proof follows from a straightforward computation. =
Fejér type inequalities for GA-convex functions, which provide weighted generalization
of some of the results established in recent literature concerning GA-convex functions are

ready to be proved now.

Theorem 324 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property
of continuity, positivity and geometric symmetry with respect to G (a,b) and | f”q 5 in

the space of GA-convex on [a,b] for ¢ > 1, then the following inequality holds

R e

(Inb —Ina)’ _
< e M9l {[‘I’ (a,b)]' 711

x (19 (a,0) = @ (@.0)] |1 (@) +[¥ (a,5) + © (@, 1)] | £ )
10 (b a)] M (1 (ba) + @ (b)) |f (o)

q) 1/q
q) Uq} . (8.12)

+ [ (b,a) = @ (b,a)] | f (D)

where |9l = SUP,eo 9 (7) < o0
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Proof. From Lemma 322 and Holder’s inequality , we have

\A<f<a>,f<b>>/ab@dx—/bwdx

< mb—Ina lnb—lna ( da:)

[Gltab‘f (Glfab ‘ ba‘f (Gu(ba))udt
S N N g )]

HG e (0,0) £ (Grze (b,0)) ] at < (Inb—Ina)®

1
x{(/oltGl;(a,b)dt)l

191l

»

Q=

(/Oltc;lQ (a,b) ’f (G; (a,b))’th);
n (/01 1Groe (b,a) dt)l_; </01t(;12_t (v.0) |5 (G (b)) )th);} ~ (8.13)

By the GA-convexity of ‘ f }q on [a,b] for ¢ > 1 and by using Lemma 323, we have

! ’ q
[ G @i |f (G )]
0
1 1
7 (a) q/ " (%) Q=0/2p(+0 /234 1 ’f' (b)‘q/ , (%) A (-0/2p(1+)/2 3¢
0 0

= ¥ (a,0) = ® (@,b)] |1 (@)] + ¥ (a,0) + & (@, 0)] |f ®)] (814)

and

1 !
/ (G (0,a) |1 (Goye (0,0))
0 2 2
1 1
£ () q/ ; (ﬂ) a(H0/2p1-0/24 1 /<b))‘I/ ; <ﬁ) Q(1H0/2p(1-6)/2 g4
2 2
0 0

— [W (b,a) + & (b, a)] )f’ (a)‘q U (b, a) — ® (b, a)] ‘f’ (b)(q. (8.15)

q

<

Using (8.14) and (8.15) in (8.13), we get the required result. =
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Corollary 325 Let f be as in Theorem 324 and q = 1, then the following inequality
holds

L4<f<a>7f<b>>jfbﬁﬁfldr-jibflfégifldx

T

< BB oy {0 (@ h) + ¥ () — @ (a) + @ (b)) (o)
4 (a,b) + U (bya) + B (a,b) — B (b, a)] )f’ (b)’} . (8.16)

where |9l = suP,eep 9 () < oo

Corollary 326 If g(x) = =, for all x € [a,b] in Theorem 324, then

A @ 0) - oy [T

< 0D {1 (b)) ([ (0,) — @ (@8] |1 (0

+[W (a,b) + @ (a,b)] |f (b)

X ([qf (b,a) + @ (b, a)] ‘f’ (a)‘q

q

N )

’

+ [V (b,a) =@ (ba)] |f (b)

q) 1/q} . (817)

Corollary 327 If ¢ =1 in Corollary 326, then we get the following inequality

G @ F0) - s [ P

(Inb —Ina)
4

< {[m<a,b)+@(b,a>+q>(b,a)—cp(a,b)]

/(@)

+ [0 (b,a) + T (a,b) + B (a,b) — D (b, a)] )f’ (b)‘}. (8.18)
Theorem 328 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all

integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property

of continuity, positivity and geometric symmetry with respect to G (a,b) and | f’!q 8 in
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the space of GA-convex on [a,b] for g > 1, then the following inequality holds

"g(@), _/”f(flr)g(x)dx‘

. 2—1/q _ 17%
< (Inb—Ina) 191l < g—1 ) {bl/2 <[L (a?2,b7%) — a9/?] ‘f, (a)

‘A(f (@), £ )

4. qt/a 2q —1
, a\ /g
- - ]| o
4 al? ([L (aq/z, bq/z) 4 p/2 _ 2aq/2} f, (&)’q

+ [bq/2 . (aq/27 qu)} ‘f’ (b

) l/q} (8.19)

where |9l = SUD,eo 9 (7) < o0

Proof. From Lemma 322 and Holder’s inequality , we have

\A<f<a>,f<b>>/b$dw—/bwm‘
Inb—Ina [* G1t(ab) (x)
= 4 /0 (/Gth(b,a) gﬂf dm)
x [Gl . (a,b) ’f’ (01 . (a, b))]+G1 . (b,a ’f’ (Gg(b,a))u dt
nb=na)’ / i (@) (Oat (0.)

+Got (b,a) f (G% (b, a))} dt < w gl (/0 75q/(q—1)dt)l_l/q
X {(/01 [G12;t (a, b)]q ’ (G% (a,b))’th)l/q
+ (/01 G o) |1 (G 0,0) )th> Uq} . (8.20)

214



Since

/01 [G% (a, b)}q ’f’ (G% (a, b)) )q _ /01 a2 -0/2p1+0)/2 | 1

( (1-t)/2p(141) /2)

1

clraf [ (L) e poff [ (L) oo

- 2

0
pa/? [L (aq/2 bq/2) — aq/2
- q(Inb—Ina) ! (a)
be/2 [209/2 — q9/2 — [ (q9/2, p/? . g
[ q(lnb—lna() ) ’f (b)‘ (8:21)

and

f, (a(1+t)/2b(1ft)/2)

q 1
_ / 20D /2pa(1-0)/2
0

/0 1 [ a)}q

f (G% (b, a))

Al L /71—
<|f (a) ! <%t) a b))q/ <Tt) q?(+)/2pa(1=)/2 4
0 0
a?? [L (a9/?,b9/%) 4+ p9/2 — 2q9/?] | , q
o @ 7
¢ (Inb—Ina)
qd/? [bq/2 — L (aq/2 bq/2

22
* q(Inb—1na) ’f (8.22)

The inequality (8.19) can be proved by applying (8.22) and (8.23) in (8.20). m

Corollary 329 Let f be as in Theorem 328 and g (x) = o for all x € [a,b], then

Inb

the following inequality holds

A(f(a), f (b)) — 1nb—lna/ =

<(1nb Ina)' ™ [ ¢q—1
4. qt/a 29— 1

)l_q {bl/z ([L (aq/2’ bq/z) . aq/2] )f’ (a) q
q) 1/q
f (a)

+ [bq/2 L (aq/27 bq/2)]

’

+[2072 — @t — L (a*,67)] | £ (0)

+ a2 ([L (/2 0972) + 4972 - 209/7]

q

!

f ()

q) Uq} . (8.23)
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Theorem 330 Let f : [c,d] C R, — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property
of continuity, positivity and geometric symmetry with respect to G (a,b) and | f”q s i

the space of GA-convex on [a,b] for ¢ > 1, then the following inequality holds

Ao [ [[LE9E,

(Inb—ma)* gl (a—1\""
< 0 q 1a\ _ 4
- 2 (4q)"/ 2g — 1 {[L (a,b) = o]

q

f (a)

+[b? — L (a?,b?)] ‘f’ (b) q}l/q, (8.24)

where [|g|| ., = SUP,e(q 9 (¥) < 0.

Proof. From Lemma 322 and Holder’s inequality , we have

Ao [ [LE0E0,

— 1 G1-t(ab)
< M/ / 2 de [Gﬁ (a,b)
4 0 Gﬂ(b,a) T 2

(Inb — ln a)

(000

9/l

2

x/ol[Glzab’f(lg )1 G ( f<G1t<b7a)>}dt
Sgﬁqgﬂwmu(Atw«mglw
' {( [ 6 0n]'|f (G en)fa)
+ (/01 G o) |1 (e 0, a)))th> Uq}. (8.25)

#Gacs (0) |1 (Goze )
)|+
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By the power-mean inequality (a” + 0" < 21" (a +b)" for a > 0,0 > 0 and r < 1), we

have

([ fowes] ¢ (ose) )
i </01 Gz 0.0)] | (G (0. 0) ’th) )

< 9l-1/4 (/01 [G; (a,b)r ‘f’ (G; (a, b))‘th
1/q

+/01 [G% ba} )f <G1 (b, a))’th) . (8.26)

Since | f’ |” is GA-convex on [a, b] for ¢ > 1

1 q 1 q
Gie(a,0)]" |f (G (a,b )dt+/ G (b,a) ‘f e (bya ‘dt
/0[2<>}(2<>) e 0]l (6 0.0)
[/ ( )aq(1t)/zbq(1+t)dt+/ <ﬂ) aq(1+t)/2bq(1t)dt:|
2
0
1
{ / ( ”) d(1-0)/23(10) gy 4 / (ﬁ) a[I(Ht)/zbq(lt)dt]
2
0

1
[2 anbq —2aqu o {qu—QLaqquf ‘ (8.27)

Inb—Ina (Inb—1Ina)
Using (8.27) in (8.26), we get

(/01 G (a,b)r

1 (Gt (@) ‘q dt) v
+</01[Gl2 (b.a)]"|f (Goye ba))‘th)

—1Ina)
Applying (8.28) in (8.25), we obtain the required inequality (8.24). =

1/q

Corollary 331 If the assumptions of Theorem 330 are satisfied and if g (x) = —=

Inb—Ina
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for all x € [a,b], then the following inequality holds

AU @S 0) - e [ L%

< (Inb —Ina) "/ (q— 1
2 (4¢)"* 2q -1

q

f (a)

)1;ﬁLmawy-w]

1/q

+W—Mﬂwﬂf@ﬁ . (8.29)

Theorem 332 Let f : [c,d] C R, — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property
of continuity, positivity and geometric symmetry with respect to G (a,b) and | f’{q 5 i

the space of GA-convex on [a,b] for ¢ > 1, then the following inequality holds

Ao [P (1090,

(Inb—Ina)’ [L (aq/[2(q—1)}’ bq/[2(q—1)}>j| 1-1/q ol
< (e.0)
a 8

x {(bm [B(q+1,q+1)]""+a'? {zFl (—¢,q+1;g+2;-1) - q—] Uq) ‘f/ (a)‘

1 1/q
+ (al/z [B(q+1,q+1)"7+ /2 [2F1 (=g, +159+2;-1) - m] )

where [|g||,, = SUP,e(ay 9 (2) < 00 and oF; (v, +5-) is the hypergeometric function.
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Proof. From Lemma 322 and the GA-convexity of ‘ f’} on [a,b], we have

av@.s o [ [1E9E,
clnbtno ( [ ;wdx) 61 @7 (6o (0)

—i—G% (b, a) ‘f/ (G% (b, a)> H dt < (lnb—4—lna)2

x /0 1 [tGﬁ (a,b) | f (Gﬁ (a,b))‘ + Gt (b,a) f (Gi (b, a))} di

- (Inb — lna) ol {/ (1-1)/2p(141)/2 {t (%)
+ (%) '(b)” dt + /0 a(1+0/2p(1-0/2 [t (%) l(a)’
+t (1_t) ‘f ” dt}. (8.31)

9/l

Using Holder integral inequality, we have

1
1—t\ . 14t |
/ a(1=D/2p(1+0)/2 {t (—) ‘f (a)| +t (i> (b)” dt
; 2 2
1 1-1/q
< ( / aq(lt)/m(q1>1bq<1+t>/[2<q1>1dt)
0

L o 05 o

1 _
=5 [bq/[Q(q—l)}L(GQ/[ a1 pa/l2a- 1)])}1 1/q{[B(q_|_1 q+1)]1/q

+ {2F1 (—q,q+ 1;g+2;-1) -

q+1
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Similarly, we have

/1 (+)/2p1-0)/2 |4 +t 1t

a

; 2 R
<

1-1/q
( aq(1+t /(201 pa(1-1)/ <q—1>1dt)

{3 e o (5

' (b)” dt

!

f (a)

f@&

1 _ _ _ 1-1/
=3 [a9/ a1 L, (go/2la=1) p/2(a-D])] Q{[B (q+1, q+1)]1/q b)‘
+ {QFl (CgatLg+2-1) = ‘ (8.33)
Using (8.32) and (8.33) in (8.31), we obtain the required inequality (8.30). m
Corollary 333 Under the assumptions of Theorem 332, if g (z) = m for all x €

la, b], then the following inequality holds

b X
A @0 oyt [P

< (Inb—1Ina) [L (a¥ [2<2q—1>1, po/(2(a=11) 1/

X {<b1/2 [B(q+1,q+ 1] +a'? {2F1 (—q,q+1;q+2;—1)- q—] 1/<1> ‘f’ (a)‘

1/q
+(a1/2[B(Q+1,Q+ DY+ /2 {zﬂ( q,(J+1;q+2;—1)-q—] )

where o F (+,+;+;+) is the hypergeometric function.
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8.3 Fejér type integral inequalities related with GA-
convex functions with applications

The following weighted integral identity plays a key role in establishing results in this

section.

Lemma 334 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) with a < b and f is in the space L ([a,b])
of all integrable functions over [a,b]. If g : [a,b] — [0,00) is a mapping which owns
the property of continuity, positivity and geometric symmetry with respect to G (a,b), the
following equality holds

G [ 18— [ L0,

x
B lnb—lnafl (/Glgt(b’a)g(x)d >
S e —— x
2 0 a T

X [Gi (b,a) f (Gi (b, a)) — Gt (a,b) f (Gi (a,b))] dt. (8.35)

Proof. Let

I = /O 1 ( / g @m«) Gt (ba) f (G; (b, a)) dt
L= /0 1 ( / St g ?m) Gii(ab) [ (Gi (a, b)) dt.

Since ¢ : [a,b] — [0,00) is geometrically symmetric to G (a,b), hence g (G% (a, b)> =

g (G% (b, a)) gives
Gﬁ(b,a) b
a T G%(a,b) T

and

for all t € [0,1].
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Now we observe that

1 Gl t(ba)
h=) /
0 a

lnb—lna

N
Q
= 3
QU
S
N——
Q
—
/N
Q
¥l
—~
=
=
S—
N—
| I

_ 2/ (Glab) /am X [ g (c

Inb—Ina E ER
_2f(G(a,) [V g(x) 2 g (x) f (2)
= dr — =~ dx. (8.36)
Inb—1Ina [/, x Inb—1Ina J, x

Similarly, we have

_2f(G(a,b) [* g() 2 " g(2) f(2)
= Inb—1Ina /\/@ x d = Inb—1Ina /\/@ x de. (8:37)

Adding (8.36) and (8.37) and multiplying the result by 22-12¢ we get the required
identity. This completes the proof of the Lemma. m

We now establish new Fejér type inequalities for GA-convex functions, which provide
weighted generalization of some of the results established in recent literature concerning

GA-convex functions.

Theorem 335 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property

of continuity, positivity and geometric symmetry with respect to G (a,b) and | f"q 5 i
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the space of GA-convex on [a,b] for ¢ > 1, then the following inequality holds

FG Gy [ [ L0,
< BBl L (b — 29 (@, p)

- 4
X<K(ab>+2¢ (a,b)] Qf ‘ wﬂﬁ-—zw<mbewa>
+[C(b,a) = 2W (b,a)]' ([ (b,a) + 22 (b, a)]

xA(VX@q ’@ﬁﬁ—gwwﬂ)

q> 1/q
q) Uq} . (8.38)

where ||9]|l o, = SUP,eop g (x) <00 and ¢ (-,+), Y (-,-), ®(-,-) are defined in Lemma 323.

f (b)

Proof. From Lemma 334 and Holder’s inequality , we have

retn [0 [ FEE !
S1nb21na ( > ab‘f ab))‘

| 1 (000
x/o [(1 1) G (a,b) ‘f( )‘ a) f (G%(b,a))]dt

SQTLJEQW||{(A<1 NG (GMﬁ)lw
% (/01(1 t) Gt (a, b)‘f (G; (a,b))’th>l/q+ (/01(1 DG a)dt>1 1/q
x(/ol(l Gy (ba) | (Gt a))’dt) /q}. -

lbl
L }t (nb —lno)’

9/l
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By the GA-convexity of ‘ f }q on [a,b] for ¢ > 1 and by using Lemma 323, we have

/01 (1—1) G (a,b) )f/ (G% (a,b) >’q < ‘f/ (@) 01 a1 (%) o(1=0/2p4+/2 gy

/ (1-1) (1+t> L (1-0/2p140)/2 g4
+ O (

(a b] ‘f ‘ [;C(a,b)—k@(a,b)} )f’ (b)‘q (8.40)

1
= [QC(CL b) — 2V (a,b) +

and

/ ' 1+t
a)) "< ’f (a) q/ (1—1) (%) q(1+0)/2p(1=)/2 gy
0

1
q/ (1-1) <¥) Q10250072 4
0

- 3¢t el |f @+ |jeva 2000 00 [f 0 6

/01 (1—1) Gt (ba) )f’ (G (b,

2

+|7

Using (8.40) and (8.41) in (8.39), we get the required result. m

Corollary 336 Let f be as in Theorem 335 and q = 1, then the following inequality
holds

"g(), _/”f(x)g(rv)dx’

<2 gl { | @) - vaa (vavB) - Ja s - o) | @
+ [L (a,b) — VbA (\/5, \/6) + ib (Inb—In a)] ‘f’ (b))} . (8.42)

‘f(G (1))

where |9l = suP,epe 9 () < oo
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Corollary 337 If g(z) = =, for all x € [a,b] in Theorem 335, then

‘f(G (a,0)) = Inb i Ina /ab f(xx)dx
< w {[g (a,b) — 2V (a,b)]* 4 ([C (a,b) 42 (a, b)] (‘f ‘ ‘ (b)
20 (en]f @) 600 20 0,0

([g (b,a) + 2® (b, a)] ((f ’(b)(q) — 20 (b, a)

)
q) Uq} . (8.43)

f (b)

where  (+,-), U (-,-) and ® (,-) are defined in Lemma 323.

Corollary 338 If ¢ =1 in Corollary 337, then we get the following inequality

ﬂa@mwwmimm[ffmx
_ﬁ{[L(a,b)—ﬁA(ﬁ,ﬂ)
+ [L(a,b)—\/_ (vVa, Vo) +

a(lnb—In a)]

/(@)

;.bl»—t rlkli—‘

b(Inb—In a)] ‘f’ (b) )} . (8.44)

Theorem 339 Let f : [c,d] C R, — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) with a < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property

of continuity, positivity and geometric symmetry with respect to G (a,b) and | f"q 5 in
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the space of GA-convex on [a,b] for g > 1, then the following inequality holds

‘f(G(a,b))/j@dw—/jMdm‘

1-1

(lnb—lna)%l/q gl (a—1 172 /2 19/2 /21 | ¢
< o 1) (L) - ]| )
Q)l/q

7@

[0~ L (@2 07)] | ()

q

2077 — a9 — L (0, 09%)] |7 (0

+ ql/? ([L (aq/27 bq/2) 4 p/2 _ 2aq/2]

) l/q} . (8.45)

where |9l = suP,eo 9 (¥) < oo

Proof. From Lemma 334 and Holder’s inequality , we have
* g (z) " f(w)g ()

< lnb;lna/ol (/GGT(M) gf)dl) [G% (a,b) ‘fl (G% (a’b>)’

£ (G (b)) [ o < 220 1“4“)2 [

X /01 [(1 ~1)Gi (a,0) ‘f/ (Gi (a,b))‘ (1= 1) G (bya) f (Gi (b,a))] dt

+G% (b, a)

2

9 1-1/q
_ (nb—Ina)’ g ( /1<1 _ e dt)
0

! q 1/q
f (Gi (a, b)) ] dt)

" {(/ Gz a.t)]
+( /0 1 G 0] |1 (Goe (b,a)))th>1/q}. (8.46)
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1
T / Qli0-0l/2pfa+0)2 | ¢ (4 0-0/20+0)/2)
0

1
’ / (ﬁ) Qla0-01/2pla10)] /2 g
0

2
%) Ja(-0)/2pa10)/2 gy

bq/2 [L (aq/Q7 bq/2) _ aQ/2] , q
- ¢(Inb—1Ina) /(@)
pa/2 [qu/z —a¥? _ ], (aq/27 bq/2)]

qg(Inb—1Ina)

rof

(8.47)

) :/ a(1+0))/2pa(1-1)/2
/ ( + ) a(14+0)/2pla1-0)/2 gy

) a(1+0)]/2pla(1=0)1/2 4

(a(1+t)/2b(lft)/2)

aq/2 [L aq/2 bq/z) + b2/2 — Qaq/ﬂ ) q
- q(Inb—Ina) ) (a)
qd/? [bq/Q — L (aq/2 bq/2
. 4
q(Inb—Ina) ’f ‘ (8.48)

The inequality (8.45) is proved by applying (8.47) and (8.47) in (8.46). =

Corollary 340 Let f be as in Theorem 339 and if g (x) = for all x € [a,b], then

Inb— lna
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the following inequality holds

1 (G (a;0)) = lnbilna/ f:(cx>dx

(Inb—Ina)™" / ¢—1
4. gt/ 29— 1

q

)1‘11 {b1/2 ([L (aq/Q’ bq/2) _ aq/2] )f’ (a)
q> 1/q
f ()

+ [bq/2 — L (aq/27 qu)}

’

f ()

+ ql/? ([L (aq/27 bq/2) 4 p/2 _ 2aq/2}

+ [qu/2 —aq¥? _ p, (aq/2’ bq/2)]

q

f@ﬁw}(mw

Theorem 341 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all
integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property
of continuity, positivity and geometric symmetry with respect to G (a,b) and | f”q 5 in

the space of GA-convex on [a,b] for ¢ > 1, then the following inequality holds

‘f(G(a,b))/ab%dx—/abMdm

(Inb—Ina)* g—1\'""
< 7 p1) — g

q

f (a)

+W—M&wﬂf@ﬁw,@m)

where |9l = suP,ee 9 () < oo
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Proof. From Lemma 334 and Holder’s inequality, we have

e [ £ - [ LD
S1nb21na/01 (/acz(b’a)gf)dwﬁ (a,b) ‘f ( ab)ﬂ

(Inb—Ina)’

G ¢ (b,a)

7 (G (b, a)>
x/ol (1 -0C @D)|F (Goe (@h)[ + 0= Cre ) £ (G (b)) ]

< (Inb 41na) 191 (/0 (1 _t)q/(q_l) dt)ll/q
i {</01 Gz (@) |f (G (Chb))‘th) )
+(/°1 [G b&} )f< ba))) dt>1/q}~ (8.51)

By the power-mean inequality (a” + 0" < 21" (a +b)" for a > 0,0 > 0 and r < 1), we

}dtg

9/l

have
Cbvvesors
' </°1 Gz )] |7 (G 0 a))‘th)l/q
= (/01 [G¥ (“’b)} ' (G% (@, b)) g
g

dt
+ /0 1 G 0] |1 (G (b,a))’th) (8.52)
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Since | f’ ’q is GA-convex on [a,b] for ¢ > 1

1 q q 1 q
/{1 M(Gu )t f ol (6 )
0 2 2 0 2 2
ala=0)/24a0040) gy 4 / LT aa+ol/2pe0-n g
O 2 0 2
l 1
LY Jlo-ol/2ga040 44 4 / L=t /2000 g
0 2 0 2

2L (a9,b7) — 2a q 267 — 2L (a%, b?)
_{ ¢(lnb—1Ina) ]‘f [ (lnb—lna Mf ‘ - (853)

Using (8.53) in (8.52), we get

/01 [G; (b, a)]q (f’ (GlT (b, a)) ’th) v
g rof) - ey

Applying (8.54) in (8.51), we obtain the required inequality (8.50). m

A
[\
2,
&
~
Q
VR
| — |
Q|
==
5
=l
S
I =
—
=T !
Sl
_
A\
S~—

Corollary 342 Let f be as in Theorem 341 and if g (x) = for all x € [a,b], then

Inb— lna

the following inequality holds

(G (a,0)) = lnbilna/ f(;)dx

(Inb—Ina) 1 g—1\""v
< L(a% b?) — g4

=

q

f (a)

07— L(a® b | £ () q}l/q. (8.55)

Theorem 343 Let f : [c,d] C Ry — R be a function which possesses the first order
derivative f on (c,d), where a, b € (c,d) witha < b and f is in the space L ([a,b]) of all

integrable functions over [a,b]. If g : [a,b] — [0, 00) is a mapping which owns the property
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of continuity, positivity and geometric symmetry with respect to G (a,b) and | f’{q 5 i

the space of GA-convez on [a,b] for ¢ > 1, then the following inequality holds

FG Gy [ [ L0,

(Inb —In a)2 [L (QQ/[2(q—1)}’ bq/[2(q—1)})j| 1-1/q gl
< (e.0)
B 8

X { (b1/2 (—1 )1/‘1 +a'/? [2F1 (—¢,15¢+2;-1)- L] 1/q> ‘f, (a)‘
2qg+1 qg+1
- <a1/2 ( ! )1/q+b1/2 {QFl (—¢,1;¢+2;-1) - L} l/q) )f' (b)‘}, (8.56)
2q +1 g+1

where ||g|| o, = SuP,ejop 9 (7) < 00 and oFy (+,+5+;+) is the hypergeometric function.

Proof. From Lemma 334 and the GA-convexity of ‘ f’} on [a,b], we have

‘ﬂGw®> /f “ag

S}y?;ggl (A;w@gfﬂ )[GttWﬁWf(GtW%@N

+Go )| (G ()] < 2 gy

Awu_w&%mw (G @0+ (1= G o) £ (G (b))
< (lnb—lna) 9]l {/ o (-0/2p1+0)/2 {(1 — 1) <%) ‘f/ (a)‘

1+t |, !
+(1—1) (%) (b)” dt + /0 alT/2p(=0/2

xkhﬁ(%?)IMWHLﬂ<%;Nf@”ﬁ}(%ﬂ
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Using Holder integral inequality, we have

/0 " Q02402 {(1 _4) (%) F @[+ -0 (?) f (b)” dt
1 1-1/q
la(1=0)]/[2(a-D)] pla(1+0))/[2(a-D)] )
< (/0 a t
1 _Ne 1/ , 1 q 71/4
x{[/o (l—t)q<¥) dt} f(a)’+U0 (1—t)q(¥> dt}

1/q
_1 [bQ/P(q—l)}L (aq/[ a-1)] pa/2(a-1) })}1_1/‘1 1
2 2q +1

/ <b>\}

7 (b)‘} . (8.58)

/(@)

1 1/q
Fi(—qlig+2,-1) ——
+|:2 1( q, ,(]‘f' ) ) (]+1:|

Similarly, we have

]_ _t !
[ (S @l (157 17 o]
1 1-1/q
ala@+0]/12(a=D)] pla(1=1)]/[2(a—1)] 4 >
<(f t
1 1+t\¢ 1/q / 1 1—¢\¢ 1/q

_1 [0/26-D] L, (qo/26=1) /a0y 1\
a a
"2 2g+1

/ <b>\}

7 (a)‘} . (8.59)

7 )

1 1/q
Fi(—qlig+2;-1) ——
+|:2 1( q, 7Q+ ) ) q+1:|

Using (8.58) and (8.59) in (8.57), we obtain the required inequality (8.56). m

Corollary 344 Let f be as in Theorem 343 and if g (x) = for all x € [a,b]. Then

_ 1
Inb—Ina
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the following inequality holds

‘f(G (a,6)) = lnbilna /ab fic@dx

< (Inb—1Ina) [L (aq/[2;11)]7 bq/[Z(qfl)])] 1-1/q

1 1/q 1 1/q ,
X b'/? <m) +a1/2 |:2F1 (_Q71§Q+2§_1)'q+—1} ’f (Cb)‘

+<a1/2( ! )1/q+b1/2 [QFl (—q,1;q+2;—1)-LT/q) )f’ (b)‘}, (8.60)

2q +1 qg+1

where o Fy (+,+;+;+) is the hypergeometric function.

8.4 Applications to Special Means

In this section we apply some of the established inequalities of Fejér type involving the
product of a geometrically-arithmetically convex function and a geometrically symmetric
function of Section 8.2 and Section 8.3 to construct inequalities for special means of

positive real numbers.

Now let f(z) = 2" for x > 0, r € R with r # 0. Then

£ @) = [ ) [y ) Tl a0 (1= 2]

for A € [0,1), 2z, y > 0 and ¢ > 1. That is |f/ (a:)|q = |r|? 271 is geometrically-
arithmetically convex on [a,b] for ¢ > 1 and r # 1, where a, b > 0.

Let g : [a,b] — Rg be defined as
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It is obvious that

for all = € [a,b]. Hence

is geometrically symmetric with respect to x = G (a, b).
Now we apply our results to get new inequalities of special means of positive real

numbers.
Theorem 345 Let 0 <a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

24 (CLT, br) L (CL2, b2) — L (ar+27 br+2>
(G (a,0)]"
—[G(a,b)]* L (a"2,0"%) + 2L (a”,b") — 2A (a”, b")|

7| (b — a)2 1-1/q
= 904G (a,0) L (0, 1) {1 (e p)

% [2\11 (a’ b) A (aq(rfl)’ bq(rfl)) + & (&’ b) (bq(rfl) . aq(rfl))] 1/q + [‘I’ (b, a>]1—1/q

x [2W (b,a) A (a® D, p907V) + & (b, a) (a0 — b D)] ”q} , (8.61)

where U (-,-) and ® (-,-) are defined as in Lemma 323.

Proof. Applying Theorem 324 to the functions
f(z) =2a" forx >0, r € R\ {-2,0,1,2}

and

we get the desired result. m
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Corollary 346 Let f be as in Theorem 345 and if r = —1, the the following inequality
holds

2L (a?,0?) [H (a, b)]fl + L (a,b)
G (a,b)]”

— G (a, D)’ L (a™®b7®) —2[H (a,b)]

(b— a)2 1-1/q
S 354G (@, b) T (a,0) {1 (ap)

X [2W (a,b) A (a™29,b77) + & (a,b) (b1 — a™)] v

+ [0 (b,a)] M [20 (b,a) A (a20,572) + B (b,a) (a2 — b2)] Y q} . (8.62)

where U (+,-) and ® (-,-) are defined as in Lemma 323.

Corollary 347 Let f be as in Theorem 345, the following inequality holds true for ¢ = 1

‘ 24 (CLT, br) L (a27 b2) . (ar+27 br+2)
(G (a,b)]?
—[G (a, b)) L (a"2,b"2) + 2L (a",b") — 2A (a", V")

= 45225@)1%,@ {L (\/a’ ﬁ’) A(@™67)

x |24 (Va,vb) - L (Va,vb)| +2( = 1) (L (Va, vb)
X [L (\/a, \/E) _24 <\/5, \/5)] + Al(a, b)) L, b’”‘l)} . (8.63)

Corollary 348 If we take r = —1 in Corollary 347, then the following inequality holds

valid

2L (a%,0%) [H (a,b)] " + L (a, b)

G (a,b)2 —[G(a,b)" L (a™*,b7) = 2[H (a,b)]

= 1q ((ab,b_)i)(a, b) {L (\/a’ ‘fb) A(a07)
oA (48 v8) -5 (47 )] -4 (2 (V29

X [QA <\/a, \/6) .y (\/5, \/E)] ~ Ala, b)) L(a2 b*z)} . (8.64)
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Theorem 349 Let 0 <a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

24 (CLT, br) L (CL2, bz) — L (ar+2’ br+2>

(G (a, b))
—[G(a,b)]* L (a"2,0"%) + 2L (a”,b") — 2A (a”, b")]|
(b— a)2_l/q Id 29 —1 = 1/2 a2 p1/2) _ /2] qatr=1)
_4-q1/‘1G(a,b)[L(a,b)]l_l/q(q—l) (P (@ 67) )

+ [quﬂ —q?? _ [, (GQ/Q’ bq/2)} b(l(r—l))l/q
+ ql/? ([L (aq/2, bq/2> + pa/2 2a¢1/2] adr=1)
[0 = L (@2, 02)] D) YL (3.65)

Proof. Applying Theorem 328 to the functions
f(z) =z" for x > 0,r € R\ {—2,0,1,2}

and

we get the desired result. m

Corollary 350 Suppose the assumptions of Theorem 349 are fulfilled and if r = —1, the

following inequality holds true

2[H (a,b)] " L (a®,0%) + L (a,b)

—[G(a,0)]* L (a™®,b7) — 2[H (a,b)]

(G (a,b)]”
(b — a)Zfl/q qg—1 1—% 1/2 ad/? p1/2) — /2] g2
= 4. q/9G (a,b) [L (a,b)]* (2q— 1> 07 ([2 (a%,07) ]

+ [quﬂ —aq%? _ 1, (aq/27 bq/2)} bqu)l/q
+ a'/? ([L (aq/z, bq/2) + /% — Qaq/z} a2
+ 092 — L (a9, 672)] b-2) " q} . (8.66)
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Theorem 351 Let 0 <a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

24 (CLT, br) L (CL2, bz) — L (ar+2’ br+2>
(G (a,0)]?
-G (a,b)]zL( "2 + 2L (a7, b7) — 24 (a b))
| (b—a)® q—1
<
— 22/at1G (a,b) L 2q — 1

x [rL (a™, bm) — (7’— 1)L(a‘” D DY L, 59)] . (8.67)

Proof. Applying Theorem 330 to the functions
f(z) =2a" for x > 0,r € R\ {—2,0,1,2}

and

we get the desired result. m

Corollary 352 Suppose the assumptions of Theorem 351 are satisfied and if r = —1,
then the following inequality holds valid

2 [H (a,b)] " L (a2,b?) + L (a,b)
(G (a,b)]”

— G (a, D)’ L (a™®b7®) — 2 [H (a,b)]

(b—a) g—1\"
= P0G (a,b) L (a,0) (2q - 1)
x [20 (a2 072 L (e, 07Y) = L (a4, b7)]*. (8.68)

Applications of our results of Section 8.3 are given in the following theorems.
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Theorem 353 Let 0 < a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

12G" (a,b) L (a®,b) + 2L (a",b") — 2G" (a,b)

r+2 pr+2
—GZ(a,b)L(a’"_z,b’"_Q)+—L(a L

G? (a,b)
< SoeiH{ Vi (vavi) - can) "

— b= VoL (Va, Vb)] aq<’”1>>1/q +[G (a.b) = vaL (vVa, vb)]| o
( [4\/51/ (\/57 \/5) —4a

+G(a,b) —2a| A (afJ(Tfl)’ bq(r—l))

Inb—1na

+ [a —alL <\/5, \/E)] bq<r1)>l/q} . (8.69)

Proof. Applying Theorem 335 to the functions
f(z) =2a" for x >0, r € R\ {-2,0,1,2}

and

we get the desired result. =

Corollary 354 Suppose the assumptions of Theorem 335 are satisfied and if r = —1,
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then the following inequality holds

‘2L (a%,b?) — 2G? (a,b) + L (a,b) G (a,b) G (a,b) L (a= b 4 2L () b)

G3 (a, b)
< goaty {100 (v2v8) -]
1-1/q

- [b VoL (\/a, \/Eﬂ aQq)l/q n [G (a,b) — vaL (\/a, \/B)}
([4\/@ <\/E,\/l_)>—4a ] o
% + G (a,b) —2a| A(a™?,b72)

Inb—1Ina

+ [a _ L (\/a, VE)} b*2‘1> ”q} . (8.70)

Corollary 355 Under the assumptions of Theorem 335, then the following inequality
holds true for ¢ =1

12G"? (a,b) L (a®,b*) + 2L (a",b") — 2G" (a, b)

L (GT+2, br+2)

_GQ (&7 b) L (ar—z’ br—Z) + W
[&4 (va. Vo) L (Va.vb) - 84(a.b)

(b—a)lr|
~ 2G (a,b)

+2(b—a)

Inb—1na

(a, b)} . (8.71)

[SISINE

(r = 2) (b—a) G2 (a,6) L1 (a,) — <7~ - ;) (b—a) G (a,b) L\

Corollary 356 If we take r = —1 in Corollary 355, then the following inequality holds
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valid

2L (a*b%) — 2G? (a,b) + L (a,b) G (a, b)
G3 (a,b)

_6-0 [8A<\/5,\/5>L<\/5,\/5) ~8A(@b) 94

— G (a,b) L (a7 b7%) +2L (a™',07")

=T (nb—1Ina) G (a,b) TG

—3(b—a)G (a,b) L7} (a,b) + g (b—a)L (a,b)] . (8.72)

[SIEENIEN]

Theorem 357 Let 0 < a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

12G"? (a,b) L (a®,b) + 2L (a",b") — 2G" (a,b)
L (ar+2’ br+2)
G2 (a,b)

1
(Inb—Ina)" ™ b—a)|r] {q—1\"7 N
< b2 (1L (42 p9/2) — q4/2] qa(r—1)
o b 200l (=L (g (1 o ) -

+ 2092 — g2 — [ (a2/2, 19/2)] palr=D) M
+ ql/? ([L (aQ/2, ba/2) 4 pY2 QGQ/2] adr—=1)

i [bq/Q _ I (aq/2’ bq/2)} bq(r—l))l/q} . (8.73)

—G?(a,b) L (a"2,b"7%) +

Proof. Applying Theorem 339 to the functions

f(z) =2a" forx > 0,r € R\ {—2,0,1,2}

and

we get the desired result. m

Corollary 358 Suppose the assumptions of Theorem 357 are fulfilled and if r = —1,
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then the following inequality holds true

2L (a*b%) — 2G? (a,b) + L (a,b) G (a, b)
G3 (a,b)

(Inb—Ina) "4 (b —a) ( g—1

4 - q'1G (a,b) 2q—1

+ [quﬂ —aq¥? _ 1, (OLQ/27 bq/2)} b—2q>1/q

a2 ([L (a2, b07%) 4 892 — 209) @20 4 [40/2 — L (a0, 09%) ] b=20) 1] (8.74)

— G (a,b) L (a7 b7%) +2L (a™',07")

1—-1
) {2 ([L (a2, 092) — a9/?) a2

Theorem 359 Let 0 <a <b, r € R\{-2,0,1,2} and ¢ > 1. Then

12G"? (a,b) L (a®,b*) + 2L (a",b") — 2G" (a,b)

I (ar+2 br+2) (b _ a)2 |7“| qg—1 1-4
2 r—2 1r—2 ? <
G?(a,0) L (a"72,0"72) + G2 (a,b) | = 22/9+1L (a,b) G (a,b) (2‘1 B 1>

< {rL (™, b7) — (r — 1) L (a® D, 510D) L (a, 57} (8.75)

Proof. Applying Theorem 341 to the functions

f(z) =2" for x > 0,7 € R\ {-2,0, 1,2}

and

we get the desired result. m

Corollary 360 Suppose the assumptions of Theorem 359 are satisfied and if r = —1,
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then the following inequality holds valid

2L (a*b%) — 2G? (a,b) + L (a,b) G (a, b)
G3 (a,b)

(b—a)’ 2 — 1\ 74
<
— 22/¢t1G (a,b) L (a,b) \ ¢ —1

x [20 (a6 ) L (o™, 67") = L (a0, 579)]"". (8.76)

— G (a,b) L (a7 b7%) +2L (a™',07")
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Chapter 9

Concluding Remarks and Future
Work

9.1 Conclusion

Since the discovery of the Hermite-Hadamard inequality (2.19), many mathematicians
are trying to refine, generalize or to prove numerous forms of this inequality (these types
of inequalities are known as Hermite-Hadamard type inequalities) in different settings
by using various types of generalizations of the usual convexity. This dissertation is,
therefore, a step towards this direction. In Chapter 3, we have derived some inequalities
of Hermite Hadamard type by establishing a more general identity for functions that
possesses nth derivative on interior of an interval of real numbers, by using the Holder’s
inequality and the assumptions that the mappings | f(”)|q, g > 1 are convex, concave
or s-concave. The results of Chapter 3, certainly, provide refinements of those results
proved in [51] and [70], and we can get many interesting results for the cases when n = 1
and n = 2.

In a similar fashion, we have discussed Hermite-Hadamard type inequalities for n-
times differentiable s-logarithmic, m-logarithmic and («, m)-logarithmic convex functions

in Chapter 4 and Chapter 5, which have extended and generalized several results related
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to this topic from [18] and [168]. It is interesting to that in Chapter 4, we have evaluated
the integrals of the forms fol tptdt, fol (1 — )" ptdt, foé t"utdt and fél (1—¢)" ptdt, u>0
and n € N, which helped us obtaining the results analytically. We have also acquired
some corrected inequalities from our results, in particular for n = 1 as a special case.

It has been remarked in Chapter 2 that the preinvexity has been seen to be a sig-
nificant generalizations of the usual convexity. The further generalizations of preinvex-
ity is the h-preinvexity, hence the results of Chapter 6 contains more general weighted
Hermite-Hadamard type and Fejér type inequalities. Indeed, the results provide note-
worthy generalizations of the results given in [53] and [143].

Chapter 7 describes several extensions and broader view of those Hermite-Hadamard
type inequalities proved in [70, 146] and [162] for convex, s-convex, s-preinvex, and
log-preinvex functions. Through our findings, we have obtained some corrected Hermite-
Hadamard type inequalities established for log-preinvex functions.

Chapter 8 is for Fejér type results using geometric-arithmetic convexity and geometric
symmetry, which give weighted generalizations and refinements of a number of results
recently proven in this field of study. Applications of our several results to trapezoidal
rule and to special means of real numbers have also been given in each chapter of this

dissertation.

9.2 Future Work

Most recently, mathematicians are trying to obtain g-analogues of mathematical objects
by using g¢-calculus. In latest articles, Noor et al. [123], Sudsutad et al. [150] and
Tariboon and Ntouyas [152] have attempted to prove some integral inequalities using
quantum calculus.

The following g-analogue of the inequality (2.19) is proved by Tariboon and Ntouyas.

Theorem 361 [152] Let f : J = [a,b] — R be a continuous function on J and0 < g < 1.
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Then we have

f(Ala,

/f L @+f0) o)

—a 1+4¢q
Noor et al. [123] and Sudsutad et al. [150] have proved the following result indepen-

dently.

Lemma 362 Let f: J :=[a,b] — R be a continuous function and 0 < q¢ < 1. If ,D,f is
an integrable function on J° (the interior of J), then the following equality holds:

/f _af(a)+ 1)

14+¢q

q(b—a)

:1_+q/0 (1—(1+q)s), Dyf (sb+(1—s)a) odys. (9.2)

By using Lemma 362, the following quantum estimates for the right-side of (9.1) are
proved in [123] and [150] by assuming that the g-derivative |,D,f|", 7 > 1 is convex and

quasi-convex.

Theorem 363 [123, 150] Let f : J = [a,b] — R be a q-differentiable function on J°
with Dy f be continuous and integrable on J, where 0 < q < 1. If |,D,f|", r > 1 is

convex function, then

‘b— /bf(t) “dqt_Qf(a)+f<b)‘ < ab—a) (Q(2+q+q3))1—i

1+¢ 1+¢ (1+4¢)°
q(1+4q+¢*) a4+ 3¢° +2¢°) "k
{(1+q+q2)<1+q)3 oDy f (@)]" + Ctat ) 0ta \aqu(b)]} . (93)

Theorem 364 [123] Let f : J = [a,b] — R be a q-differentiable function on J° with

oDyf be continuous and integrable on J, where 0 < q < 1. If |oD,f|", r > 1 is convex
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function, where p, r > 1, % + % =1, then

‘b— /bf(t) “dqt_Qf(a)+f<b>‘ c1b=a) (Q(2+q+q3))é

1+¢ 1+4¢ (1+4¢)°
y q(1+4q+¢%) e q(1+3¢° +2¢°) e
[(1+Q+q2)(1+q)3 oDy f (a)]" + Qtatd)(sa] \aqu(b)ll . (94)

Theorem 365 [123] Let f : J = [a,b] — R be a q-differentiable function on J° with
aDqyf be continuous and integrable on J, where 0 < g < 1. If |,Dyf|", r > 1 is quasi

convex function, where p, r > 1, % + % =1, then

/f f()+f()‘

‘b—a 1+gq

q(b—a) (Q(2+Q+Q))” <Q(2+Q+q3)

144 (1+q)° (1+q)°

Theorem 366 [123] Let f : J = [a,b] — R be a q-differentiable function on J° with

3=

sup {[aDyf (@) | Dy f <b>r}) - (95)

D,f be continuous and integrable on J, where 0 < q < 1. If |,Dyf|", r > 1 is quasi

conver function, where p, r > 1, then

/f _af @+ F ()

1+g¢
¢ (b—a)2+q+¢°)
(1+q)*

‘b—a

Sl

(sup {[aDof (a)], [ Do f (B)[})" . (9.6)

Similar results with the assumption of preinvexity on the g-derivative |, D, f|", r > 1
can be found in [124]. The readers are suggested to see [150] and [152] for further results
on ¢-integral inequalities for convex functions. Another interesting area which has not
developed so far is that of establishing Hermite-Hadamard and Fejér type inequalities
using harmonic convexity. Moreover, the results presented in Chapter 8 of this thesis can
also be extended to functions of two or more variables. These areas of research have not

so much expanded yet, we therefore, encourage the researchers to go into details to do
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further research in these areas.
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