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Abstract

In this research, we explore partition functions related to identities of Euler type
and partitions with initial repetitions.

On identities of Euler type, we mainly focus on identities due to P. A. MacMahon,
G. E. Andrews and M. V. Subbarao. We give new bijections for partition theorems
due to MacMahon and Andrews and provide a generalization of Subbarao’s finitiza-
tion theorem. For the original Euler’s identity which gave rise to identities of Euler
type, Andrews and M. Merca found a new combinatorial interpretation for the total
number of even parts in all partitions of n into distinct parts. We genaralize their
result and establish more variations with connections to some of the work of S. Fu
and D. Tang.

By conjugating partitions into distinct parts, we obtain partitions without gaps.
Andrews extended the notion of partitions without gaps to partitions with initial
repetitions. We study partitions with initial repetitions and give several Legen-
dre theorems. These theorems provide partition-theoretic interpretations of some
well known g-series identities of Rogers-Ramanujan type. We further deduce parity

formulas for partition functions associated with this class of partitions.
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Chapter 1

Introduction

Expressing a positive integer as a sum of positive integers is the basis of the the-
ory of integer partitions. Partitions were first considered by G.W. Leibniz [11] but
significant discoveries were made in the eighteenth century when L. Euler proved
numerous results. Many more mathematicians have since been fascinated by inte-
ger partitions, namely; S. Ramanujan, L. J. Rogers, P. A. MacMahon and G. E.
Andrews, to name a few. Their contributions have propelled the advancement of

integer partitions research.

A partition of a non-negative integer n is a sequence (A1, A, -+, \.) where \; >
Ay > >N > 1, \; € Z>y Vi and Y A\; = n. The number n is called the weight
i=1

of A\ which is denoted by |A| and the summands A; are called parts. An alternative

representation of partitions is (p)™, p5™, -+, pd*) with g > pp > ... > pg, my
S

is the multiplicity of p; and |u] = > puym,;. For example, the partitions of 5 are
=1

1=

(5),(4,1),(3,2),(3,1%),(2%,1),(2,1%) and (1°) which are 7 in total. To count all
possible partitions we use generating functions where the generating function for

the number of unrestricted partitions of n, denoted p(n), is given by

nz;p(n)q" = }_[1 ﬁ where |¢| < 1. (1.1)
Note that
Zp(n)qn _ (1+q1'1 +q2'1—|—-~~) (1+q1'2—|—q2'2+~~~)
n=0
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><(1+q1‘3—|—q2'3+---)(1+q1'4—|—q2'4—|—---)---.

The expansion (1 + ¢’ + ¢ + ¢¥ + ---) represents the appearance of a part j in a

partition or its non-appearance (represented by 1). Now

> . 1 1 1 1 |
;p(n)q _l—qll—q21—q31—q4”'_£[11—qn'

When we place restrictions or conditions on parts or the occurrence of the parts, we
call these restricted partitions. One example of such is the number of partitions on
n into distinct parts. This number is denoted by d(n). For instance, d(5) = 3 and
the d(5)-partitions are: (5),(4,1) and (3,2).

A partition can be graphically represented using a plot called the Ferrers graph.
Each part in the partition (A1, Ao, A3,...) is represented by a string of dots, thus
the Ferrers graph is a left-justified array of dots with ); dots in the i** row. For
example, the Ferrers graph of (16,12,9,8,5,3) a partition of 53 is given as follows:

Figure 1.1: The Ferrers graph of (16,12,9,8,5,3).

Reading the parts as the number of dots in the columns of a Ferrers graph gives a
new partition called the conjugate denoted by X. An alternative plot is a k-modular
diagram. Instead of representing each part \; as a string of dots, \; is represented
by its residues modulo k as a column. Each J; is expressed as A\; = |\;|x.k + 7 where
r is the least positive residue of \; modulo k and |\ is the largest multiple of k.

For instance the 3-modular diagram of (16,12,9,8,5,3) is given in Figure 1.2.

We also consider a few algebraic operations on partitions. The union of two par-
titions A and g is simply the multiset union A Uy where A\ and p are treated as
multisets. The sum of two partitions A + y is the partition whose i*" part is equal

to the sum of the i** part of X and the i** part of p. If the lengths are not equal we

7
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Figure 1.2: The 3-modular diagram of (16,12, 9,8, 5, 3)

append zeros to the partition with smaller length. For example, let A = (10, 43,2, 1%)
and p = (13%,9%,6,2%1). Then
AU p = (13%,10,9°,6,4%,23 1%)
and
A= (23,17,13%11,7,3% 2).

The conjugate of a partition A’ can also be computed algebraically as follows. Let
A= (AT A2 - AT ™) Then N s given by

y Mr—1 9 MM

r )\r r—1 )\r—l_)\r
I A1—A
N = E m; | E m; yre (mg) T
=1 =1

If a partition is equal to its conjugate, i.e. A = A, the partition is called self-
conjugate and the Ferrers graph is symmetric about the main diagonal. We further

find that conjugation is an involution since it is bijective and ()" = .

1.1 Preliminaries

1.1.1 g-Series

We use the following notation. For a,q € C and n € Z>,,

(@;q)n = (1 —a)(1 —ag)(1 —ag®)--- (1 —ag"™") = H(l —aq’)



where (a;q)o = 1. Also, for |¢| < 1, we have
(a5 @)oo = lim (a;q)n,
n—0o0

_ (39)
(4™ @)oo
We define a 501 g-hypergeometric series by

(a;q)n (1.2)

201(a,b;¢;q,2) = —Z : (1.3)

Using the g¢-series notation, the generating function for p(n) is given as

S p(n)g = ——. (1.4)

(¢ 9)

The following result called the g-binomial theorem was obtained by A. Cauchy.
Theorem 1 (¢-Binomial Theorem, [5]). If ||, |t| < 1, then
> @)t 0 1 — atg™
Z (a;9) _ H atq” (1.5)
— (@) oy 1t

It is a g-analog of the binomial theorem owing to the fact that if a := ¢ for 8 € Z,,
then

1+Z(B+Z_1)tk:(l—t)_ﬁ, as q— 1.
k=1

The proof of Theorem 1 mirrors that of the next corollary due to Euler.

Corollary 1 (Euler). For |t],|q| < 1,

0 Ln "(TL 1) oo
> t( = [ +tq™). (1.6)
n=0 n=0
Proof. Let
(14 )(1 +tq)(1 +tg?) cht” (1.7)

where ¢, = ¢,(q). Replacing ¢ by tq yields

(1+tq)(1+tg*) (1 +tg*) Z q"cnt”. (1.8)



Thus

Zt"cn— 1+1) it”q”cn (by (1.7) and (1.8))

n=0
— i t"q"c, + i t"q"e,
n=0 o n=0 . (19)

=co+ Y t"q"ca+ Y 1" ens
n=1 n=1

=cy+ Zt”(q”cn + q"_lcn_l).

n=1

Since ¢y is the constant term of the Maclaurin series (1.7), we have that ¢y = 1.

Comparing coefficients of ¢ for n > 1 in (1.9) yields

n n—1
Ch=¢q ¢, +q Cp—1

ie.
—q¢"cn=g¢
so that
¢ (1.10)
Cp = ——Cp_1. )
(I—q")
If we continue through with the iteration, ¢, can be expressed in terms of g as follows
q(n22—n>
Cn = : (1.11)
(1-qg)(1—¢*) - (1—q")
Hence
[e'e) n (n2—n)
1+t)(1+tq)(1 + tg%) 1.12
(1401 +tg)(1 ;1_q T (112)
m
Cauchy also proved the following identity, see [5].
Proposition 1. For |z|,|q| < 1,
_ =11 —-2¢"" 1.13
el | CRES 113)
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J. Jacobi proved the following result which shall be useful in our work.

Theorem 2 (Jacobi’s triple product identity, [5]). Fort # 0 and |q| < 1,

o0

Z tnqn2 _ H (1 . q2n+2) (1 +tq2n+1) (1 +t—1q2n+1) ‘

n=—oo

n=0

Proof. Note that Corollary 1 can be written as

0 (n%-n)

(~t @)oo = Z g =

—~ (¢

Replacing g by ¢* and t by tq in (1.15) yields

1.e.

(gD =S L

n=0 ((127612)717
oo tnqn2
L+tq)(1+tg")(1+1g") - =) TR
n:O Y n

Suppose that g # 0 replacing t by t¢g=2* in (1.16), we obtain

> tnan —2kn

2. 42
— (% ¢*)n

= (14 tq" )1+ tg* ) (1 + ) - -

=14+t YA +t>2) - (L +tg (1 +tq)--- .

Multiplying (1.17) by ¢** = ¢k~ D+ @k=3)+43+1 giyeg

tnqn2 —2kn+k?

Y o =+ (L) (1 + g% -

n=0

(4% ¢®)n

=({t+q)t+¢) -+ )+ tg)(1+tg%) - .

We now divide (1.18) by t* to obtain

> tn—kq(n—k)2
(4% ¢*)n

n=0

=1+t '+t '@+t

(TP (L + P (L ) - -

11
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Note that (1.19) can be written as

- () t”q”2
('GPt = Y 55— (1.20)
n;k, (4% @%)n+n
and letting £ — oo for each fixed n,
o0 tnan
G (G )o = )
=t d)e= 3
le. -
_ n ,n2
(70 ) oo (14 oo (5 P = Y 1"g
which is Jacobi’s triple product identity.
O
The following theorem is a special case of Theorem 2 and it is due to Gauss.
Corollary 2.
o ) o0 1 _ qn
-1)"q" = . 1.21
n;m( )"q g1+q” (1.21)
Proof. Setting t = —1 in Theorem 2, we obtain
n TL2
> (1" = (60 oo(5 000 (0% 0)oe
(660 0°) (4 D)
(¢:¢*)o
= (¢54%) oo (¢ O)ox
_ (@9
(= @)oo
[

Replacing ¢ by q% and t by —q_% in Theorem 2 gives rise to the following theorem
by Euler.

Theorem 3 (Euler’s Pentagonal Number Theorem, [5]). For |q| < 1,

o0

S (- =T - (1.22)

12



Proof. Recall Theorem 2:

(7' oot D)oo oo = D 0"

n=—0oo

Replacing ¢ by q% and then t by —q%, we find
3n“—n
(4:0)o(¢% )oo(0% 6P = D (=1)"q 7,

1.e.

Corollary 3. For |¢| < 1,

o

D (=1)"(2n+1)g

n=0

n(n+1)

(1.23)

i:18
}—‘
|
bQ

Proof. Recall Theorem 2:
(74 D)oo (10 )o@ D)oo = Y 70"

Replacing ¢ by q% and t by —tq%, we obtain

(7 Dot Doo(@3 D)oo = Y (—1)"t"¢ "
so that

(1= )17 0) oot @)ec 3 @)oe = D (1) (17 =471 g5

Multiplying by t2 yields

R R NN S T

n=0

13



Suppose t # 1 and divide by t2 — ¢~2 we obtain

_ - s R AT
(tﬁwwwmkwmm—l+§ﬁ4)(-F—TTJQZ
2 — 2

._1+§: R e A L

n +n

if we let t — 1, we obtain

2

—1+§: "2n+1)g" 2

1.1.2 Dissections of power series

Suppose we have a series,
=> f(n)g" (1.24)
n=0
and m € Z~,. Then the m-dissection of F'(q) is an expression of the form of
F(q) = Folq) + Fi(q) + F2(q) + - + Frua(a), (1.25)

where for each r with 0 <r <m — 1,

= Z flmn+r)g™*. (1.26)
n=0
Observe that
m—1
F(q) =) F(q)
r=0
m—1 oo
- Z flmn +r)g™ .
r=0 n=0
For instance, consider m = 5. The 5-dissection of ) anqn(nzﬂ) is given by
n=0
[ee] (ot 1) 00 4
Zanq 2 = Z fn)g" = Zf(5n + 1) gt
n=0 n=0 r=0



where

_ JjU+1).
a; n= =5

) = ;

o otherwise.

So,

e n(n+1)

Zanq 2 :K0+K1—|—K3

n=0
where K; consists of all terms in which the power of ¢ is congruent to ¢« modulo 5.
Since @ =0 (mod 5) <= n =0,4 (mod 5), we have that

o

n(n+1)
Ky = § anq 2

n=0
n=0,4 (mod 5)

(o] [o.¢]
5n(5n+1) (5n+4)(5n+5)
ZE aspq 2 +§ A5n-+49 2 :
n=0

n=0
Similarly,
> (n+1)
n(n+1
Kl = § angq 2
n=0
n=1,3 (mod 5)
o e.9]
(5n+1)(5n+2) (5n+3)(5n+4)
= E a5n+19 2 + E a5n+39 2
and
> ( )
n(n+1
K?) - E angq 2
n=0
n=2 (mod 5)
o0
(5n+2)(5n+3)
= E A5n+24 2 .
n=0

1.1.3 Rogers-Ramanujan identities

We shall introduce the much celebrated Rogers-Ramanujan identities. Unaware of
each other’s work, L. J. Rogers in 1894 and S. Ramanujan in 1913 independently
discovered the g-series identities. Ramanujan discovered Rogers’ proof of the first
identity and they jointly proved the second identity. These identities are called the

first (rep. second) Rogers-Ramanujan identity. The identities are as follows:

— , (1.27)




i 1

; (G Dn  (0%67)o0(@® )0’
We shall prove identities (1.27) and (1.28) using the concept of Bailey pairs due to
W. N. Bailey.

(1.28)

Definition 1. Suppose the sequences {ay}e2, and {Bx}32, satisfy the condition

Mw

k J(Cq Q>k+J <1'29)

Then (ag, By) is called a Bailey pair.

Theorem 4 (Bailey’s lemma). Let (o, Bx) be a Bailey pair. Then (subject to con-
vergence conditions)

o0

k2 ko 1
2 Cﬂk_(qq)

k=0

k2 k

(1.30)

Proof. By Definition (1), we have

Qj
(@ Dr—j(cq; Qrj

qk2 ok
per il VL S G

> s k(k+27) -k
quQCjCY' ¢ e

! (¢ @)r(cq; Qrroj
j=0 k=0 %’ ' J

For the inner sum, setting z := cg® in the left-hand side of (1.13) yields

i kz i k +2k]c cq Q)2]
—(Gokza e = k(€T Qrt;
oo qk2+2kj ok

= (cq; q)2; .
T (g @)(cd; nra

And setting z := c¢® in the right-hand side of (1.13) yields
1 1

(2¢; Q)00 (¥ Q)00

16



By equating the left-hand side to the right-hand side, the result follows. Thus

quckz qu dozj )

ijQQkJrJ

]
Lemma 1. If (ay, Br) is a Bailey pair, then
k . (k—j
(1= cg®) = (@ Qs (-1 7))
) = . 1.31
l—c Z (¢ Qr—; (131

Proof. By (1.30), we have

(1 —cg* i (c;@)kti(—1 k—jq( 2')5]-
l—c Z_: (4 Or—j

(=) o= (e @ (1)) o
=y >

- (45 @)k “(¢;4)j-n(cq; @)j4n

_ () S (g (—D)FigY)
e o ah; (4 D5 (@: @)j-n(cq; @)j+n
— w : a S (¢ @rrjen(— l)k_j_hq<k_§_h)
l1-c 3 h] — (4 Qk—j-n(a; 0);(cq; @) j12n
_ - N~ (@@= ")
l—c += " (g - (cq; @)
k—h Y j+1
(qk h— J+1 ) (Cth;q) ( 1) q ik h)+( 2)
: ]ZO (¢:9);(cq®™; q);

Denoting the inner sum by 7'(h, ¢), we have

j+1)

k— h i s i(k—
0 ), (eq s )y (1P g Pt
(45 0);(cq®*5 q);

(=% q);(cd" ™" q) ¢’
= (@49)(cg®q);

=5 1(qg" "M eg" g g, q)

> O

el N
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(g * " @)k,

(@Y Qpen

Note that
1, ifh=k;
0, ifh <k.

T(h,q) =

Thus,

k o_i (k=i
(1 —cq®) Z (¢; Q)rgs(—1)F JQ(Z’)/@j:(l—Cq%)a (¢ Qo _

k g,
l-—c = (¢ Ok l—c (cq; q)ar
which completes the proof.
Consider [ = ) To determine «y, we have
k ki k—j
oy = (1 = cq®) ZCQH] —1)" Jq(z)ﬁj
l-—c = (¢ @)k—;
k . (k—j
(=) (ks (-1 )
= & @aowa,
k k . (—kjtit1 .
(1 - Cq ) (Caq 1)kq 2 Z Cq (] ) q( 2 )(qk ]Jrl;q)j
l—c GOk o (¢:9);
Bk .
_ (I —cq®) (g (=14 SN (eg59)i(a7%59),¢
l—c @Gas = (¢:9);
k
1 — cg?) (s )u(—1)*q2) _
e
(1= cg™) (¢ Q)e(—1)*q(2) g’
l—c (¢ )k
(1 —cg*) (¢ q)k(—l)kqgk(sé_l) cF
l—c (¢ @) '

We are now ready to prove the Rogers-Ramanujan identities.

For proof of the first identity (1.27), we proceed as follows:

18



By Theorem 4, with

Y

we have

> n? n > 1_ " 1n2n 5n?
Zq c Z cq’ 50,(])( )) q 2 ‘ (1.32)

—~ (¢:0)n  (c0;0)oo
Setting ¢ = 1 gives

Z(‘?n = G <1+Z 1+q)5"22_">

“— (¢: )n =
1 > 5n2+n
_ (—1)"g™™
(¢ ) nz_:oo )
(7% 7)o (0% ¢®) oo (05 4°) o
(€5 @)oo
1

(40°) (0% ¢°)oo

For proof of the second identity (1.28), we set ¢ = ¢ in (1.32) so that

- qn2+n o = 2n+1 50’ +3n
Z(q;q)n B Z Ja

1 > n 57L +3n
" (¢ 2, (Ve

(@ )0 )6 )

(¢; @)oo
1

(7% 4°) (0% ¢°) o

It is worth mentioning that several identities that are in conformity to the two

Rogers-Ramanujan identities (in terms of appearance and structure) have been es-
tablished. These identities are called identities of Rogers-Ramanujan type, or some-
times, simply Rogers-Ramanujan identities when there is no conflict of terminol-
ogy. MacMahon gave a partition theoretic-interpretation of the two original Rogers-
Ramanujan identities, and thus a discovery of more g-identities of this type necessi-

tated the need to find equivalent combinatorial interpretations of partition-theoretic

19



interest. Ome case in point is how Lucy J. Slater discovered more ¢-identities of
Rogers-Ramanujan type and some of her identities were given interpretation by An-
drews and Agarwal, just to mention a few. In our work, we shall also consider some

of Slater’s identities of Rogers-Ramanujan type.

1.1.4 Congruences

P. A MacMahon calculated p(n) for 1 <n < 200 which he displayed in a table with

columns of five numbers.

1 7 42 176
1 11 o6 231
2 15 7 297
3 22 101 385
5 30 135 490

S. Ramanujan observed that each number in the bottom row is a multiple of 5, i.e.
for all n > 0,

p(bn+4) =0 (mod 5). (1.33)
This subsequently led to further congruences:
For all n > 0,
p(Tn+5) =0 (mod 7), (1.34)
p(1ln+6) =0 (mod 11). (1.35)

Before proving (1.33), (1.34) and (1.35), we recall the following:

Theorem 5. Let r € N and k = p" a prime power. Then

(@:a)k = (¢4") (mod p).

Proof. Observe that

(:0), = (ﬁ (1 q")>k = ﬁ (1-q)".

By the binomial theorem,

(o)l =]]0-a)"

i=1

20



(5 (8) o)
111+ 5 (5o s o)

= H (14 (=1)*¢")  (mod p)

.

since (];) =0 (mod p) V1 <j <k —1. We will now consider two cases.
Case I: p=2
(-1 =1=41 (mod 2).

Case II: p is odd

Thus (—1)* = —1 (mod p) and

Therefore, (g; q)flr = (qpr;qu)n (mod p).

]

Proof of (1.33). In Jacobi’s result, Theorem 2, note that 1) =0, 1,3 (mod 5),

2

”(”“ = 3 (mod 5) if and only if n = 2 (mod 5) and the coefficient 2n + 1 = 0

(mod 5). Thus
(4:9)3

=3 (-1)r@n+ g™
n=0

=1—3¢+5¢ —7¢° +9¢"° — 11¢" + 13¢*' — 15¢*
+17¢%0 — 19¢" + 21¢™ —

E1—3q+3q6—q10—ql5+3q21—3q36+q45+q55—~~ (mod5)
:(1—q10—q15+q45+-~-)—3q(1—q5—q20+q35+q65—'--)
=Jo+ 1

21



where J; contains terms wherein the power of ¢ is congruent to ¢ (mod 5). Thus

= —3 (mod 5)

B +3I5 I+ 30 I+ T}

(4% ¢°)% '
Exponents of ¢ on the right hand side are not congruent to 4 (mod 5) and so (1.33)
follows. o

The proof of (1.34) follows similarly to that of (1.33).

Proof of (1.34). In Theorem 2, note that @ = 0,1,3,6 (mod 7), @ =

(mod 7) if and only if n = 3 (mod 7) and the coefficient 2n + 1 = 0 (mod 7). We
find that

(¢:9)%

= (=D)"(2n+ 1)q

n(n+1)
2

=1-3¢+5¢ —7¢° +9¢"° — 11¢" + 13¢** — 15¢*

+17¢% — 19¢* +21¢% — - -

=1-3¢+5¢° —5¢"° —3¢"° — ¢* — ¢® +3¢°° —5¢* +--- (mod 7)
=(1-¢"=¢®+) =3¢l —¢" —¢® +-)
+5¢°(1—q" — ¢+ )

=Jo+ i+ Js

where J; contains terms wherein the power of ¢ is congruent to ¢ (mod 7). Thus

> pln)g" = !

(¢ 9) oo
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(¢:9)%

(¢;9)%
C (g9)%)’
(;0)7
Jo+ Jy + J5)?
= ( 0(—;7.;7—; 3 (mod 7)
Jy+2d0 i+ TR 42005 + 201 5 + J3
(074 '

Exponents of ¢ on the right hand side are not congruent to 5 (mod 7) and so (1.34)

U

follows.

Proof of (1.35). In Theorem 2, note that @ =0,1,3,4,6,10 (mod 11), ”("2+1) =
4 (mod 11) if and only if n =5 (mod 11) and the coefficient 2n +1 =0 (mod 11).
Expanding Corollary 3 and grouping coefficients modulo 11 as done in previous

proofs, we obtain
(¢:9)% = Jo+ i+ Js+ Js + Jip  (mod 11)

where J; contains terms wherein the exponent of ¢ is ¢ (mod 11). Thus we have,

= rETH (mod 11).

If we extract those terms in which the exponent on ¢ is 6 (mod 11), we find that

> P
Zp(lln + 6)q11”+6 =

n=0 ! o
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where

P =17J5Js+10J5J2 + Jd JiJsJio + 8IS T3 s + 273 1 J2 1o
+ 85 I3 Jvo + 3J5 T3 I3 g + 3J5 7 Je iy + 3J5 T3 J5 I 10
+ 203 I3 Js Jiy + 1003 T3y + TIoJY + JoJ Jsvo + 2J0J3 T3 T
+ 3 D075 Tty + Jo i dsJg + 2001 Jg Jiy + JoJ3 JeJio
+ 8JoJ3 T3 + 1000 J2 + 2J3 J3 2 T + 83 Jg T3y + 1023
+ 813 JE 4+ 3 J2 3 TR + T Js s iy + TJi TSy + TJ8 T
+ TJ3JS + 10J5 T3,

It turns out that P =0 (mod 11) (see [17]). O

1.1.5 Multivariable generating functions

Sometimes we not only want to study the total number of partitions of a given weight
but also track the number of parts. In this case, we introduce a second variable z
to track the number of parts. For instance, the generating function for the number

of partitions into distinct parts of a given weight and number of parts is

o0

F(z.q) = [J(1 +2¢").

n=1

Setting z = 1 yields the generating function for d(n). Upon expanding F'(z,q), we

can arrange the terms as
F(z,q) = (za1 + 2%az + 2°as + - -+ ) + (a0 + 2°az + z*as + - - -)

where we have separated the terms according to parity of the exponents of z. Fur-

ther, a;’s are functions of ¢. Let
Fi(2) = za; + 2%a3 + 2°a5 + - - -

and
FQ(Z) = ag + 22a2 + z4a4 + -

so that
F(z,q) = Fi(2) + Fy(z). (1.37)
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We interpret F7(1) and F»(1) to be the generating functions for the number of d(n)-
partitions in which the number of parts is odd and even, respectively. In order to
find F;(1) and F5(1), we take advantage of the behaviour of F(z,q) at 2z = —1. Now

Fl(Z) :Fl(—l) :—Fl(l)

Iz:—l

since the exponents of z are odd. Similarly,

y(2).., = Fa(—1) = ().
Thus
Fi(~1)+ Fy(1) =0, (1.38)
Fy(—1) — Fy(1) = 0. (1.39)
In (1.37), we have
Fi(=1) + B(-1) = F(-1,q), (1.40)
Fi(1)+ Fy(1) = F(1,q). (1.41)

The idea is to express Fi(1) and Fy(1) in terms of F(1,q) or F(—1,q) by using
(1.38)-(1.41). We have

| —

and
Fy(1) = 5 [F(Lg) + F(~1,q)].

Let d°(n) (resp. d°(n)) be the number of d(n)-partitions of n into an even (resp.
odd) number of parts. From Fj(1) and Fy(n), we can construct the generating
function for d°(n) — d®(n). Clearly,

(d°(n) = d°(n)) ¢" = Fi(1) = (1)

n

— % [F(1,q9) — F(—1,q9)] — s [F(1,9) + F(—1,q)]
=—F(-1,q)
S H(l —q")
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so that

[e.o] oo

Y (d(n) —d(m)q" = [[(1 ="

n=1 n=1

In fact this partition-theoretic interpretation of [] (1 — ¢") was given by A. M.
n=1
Legendre [5] and we record his theorem below.

Theorem 6 (Legendre,[5]). For alln >0,

_ — 3J:|31) > 0:
do(n) — do(n) = J TV = 720 (1.42)
0, otherwise.

Any partition theorem which conforms to the above theorem is referred to as a Leg-

endre theorem or an identity of Euler-pentagonal type.

We can further place a restriction on the parts we would like to track. For example,
let a(n) denote the total number of ones in all partitions of n and denote a,, ,, be

the number of partitions of n having m ones. First, observe that

[e%S)
= Z manm
m=0
00
= Z Mmanp,m-
m=1

The generating function for a,, ,, is
oo

)= e = AT

n=0 m=0 R 21_qn

which implies

2,q) = i i My mz" " q"

n=0 m=0

so that

a o0 o0
@F(Z’ qQ|._, = Z Z My mq"

n=0 m=1
= a(n)g
n=0
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But

which implies

0 q 1
iy = | | .
az (27 q)'z:l (1 _ q)2 vt 1 _ qn
Hence,
>t = g 1=
n=0 <1 - q> n=2 1- q

In chapter 2, we will look at the work done that has motivated our research: starting
with what G. Andrews, P. A. MacMahon and M. V. Subbarao have done on identi-
ties of Euler type and then discussing partitions with initial repetitions, originally
introduced by G. Andrews. More specifically, in Chapter 3, we present our results on
identities of Euler type. These results range from new bijections to new generaliza-
tions of well known partition theorems. Work in this chapter has been published and
appears as two journal articles. In Chapter 4, we generalize some work of Andrews
and Merca on partitions that focus on the total number of certain parts in partitions
related to identities of Euler type. Chapter 5 presents new results on partitions with
initial repetitions; ranging from Legendre theorems to parity formulas. Among the
results in this chapter, of particular interest is a Legendre theorem on Andrews’
partitions with initial 2-repetitions. For some additional studies in partition theory,
see [1], [2], [23], [22], [24], [25].
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Chapter 2
Background

In this chapter, we present relevant literature on identities of Euler type and parti-

tions with initial repetitions.

2.1 Partition identities of Euler type

In 1748 L. Euler proved the following famous result - a result that is important in
this thesis.

Theorem 7 (Euler, [5]). For all n, the number of partitions of n into distinct parts

15 equal to the number of partitions of n into odd parts.

Notice that partitions into distinct parts have a restriction on the number of times
a part can occur and partitions into odd parts have a restriction on the set the part
belongs to. Partition identities of this form are referred to as identities of Euler type.

A beautiful bijective proof and its generalization were given by J. W. L. Glaisher.

Theorem 8 (Glaisher, [14]). Let k be a positive integer. For all n, the set of
partitions of n in wherein parts appear at most k— 1 times is equinumerous with the

set of partitions of n in which parts are not multiples of k.

Proof. The generating function for the number of partitions of n where parts occur

at most £ — 1 times is

o0

n=1
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We note that

o0 oo

1-—
1 —qm

n=1 n=1
oo k—1 1— qkn
=111
n=1 i=0 q
oo k—1

==

n=1 i=1

which is the generating function for the cardinality of the set of partitions of n in

which parts are not multiples of k.. O

We now describe a bijective proof for Theorem 8. This is a proof given by Glaisher
and we shall call it Glaisher’s bijection.

Let = (uy"™, py?, ..., pu*) be a partition of n in which no part is divisible by
k. The notation for p implies that pu; > puo > ... are parts having multiplicities

my, Ma, ..., respectively. For each m;, we find its k-ary expansion, i.e.
m; = biO + bzlk + bi2k2 -+ bigl{?s + -+ bilikli

where 0 < b;; <k—1and1<j <.
We then map pu" to Ué.izo(k;j i), where now k7y; is a part with multiplicity b;;.
The image of p, which we shall denote by ¢y (1), is given by

U U(kj,UZ)b”

i=15=0

It is clear that this is a partition of n in which each part appears at most k£ —1 times.

Conversely, suppose that A = (A{*, A$?,...) is a partition of n in which each part
appears at most k£ — 1 times. Write A; = k" - b; where k 1 b; and then map A" to
(b;)¥"ci for each i, where now b; is a part with multiplicity k"ic;. The inverse of ¢ is

defined as:
o () = ).

i>1

Note that the parts of the resulting partition are not multiples of k.
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Euler’s theorem (Theorem 7) is a special case of Glaisher’s theorem with k£ = 2.
The following theorems, which are due to MacMahon and Subbarao, are examples
of identities of Euler type.

Theorem 9 (MacMahon, [20]). The set of partitions of n in which odd multiplicities
are greater than 1 is equinumerous with the set of partitions of n in which odd parts
are congruent to 3 (mod 6).

Andrews, Eriksson, Petrov, and Romik [6] gave the first bijective proof of Theorem
9 which we describe in the sequel.

Let A(n, 1) denote the set of partitions of n in which odd multiplicities are greater
than 1 and let C'(n, 1) denote the set of partitions of n in which odd parts are con-
gruent to 3 (mod 6).

Suppose A = (I, (I — 1)™-1,...,3m3,2™2 1™ ) € A(n,1) in which m; is the multi-
plicity of 7. Clearly, m; € {0,2,3,4,...}. Split m; as

m; = h; + p;, where h; € {0,3}, p; € {0,2,4,6,8,...}.
For j > 1, define d; in the following way:

d6t+1 = d6t+5 = 0;

1
dei42 = §p3t+17
1
dotra = SP3t+2;
det 43 = §h2t+1 + D6t+3,

dot+6 = §h2t+2 + Dé6t+65
where t =0,1,2,...
The partition (s%, (s — 1)1, ... 2% 19) is in C(n,1) and the transformation is
invertible. We shall call the above mapping the Andrews-Eriksson-Petrov-Romik

bijection.

Andrews gave the following generalization of Theorem 9.

Theorem 10 (Andrews, [4]). Let r € Z>o. The set of partitions of n in which parts
with odd multiplicity appear at least 2r + 1 times is equinumerous with the set of

partitions of n in which parts are even or congruent to 2r +1 (mod 4r + 2).
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Theorem 10 is a generalization of MacMahon’s theorem since the case where r = 1
gives Theorem 9. Subbarao finitized Theorem 10 by placing further restriction on
the odd multiplicities and introducing new restrictions on the even multiplicities
(see Theorem 11).

Theorem 11 (Subbarao, [28]). Let m > 1,7 > 0 be integers, and let A, .(n) be
the set of partitions of n in which parts with even multiplicities appear less than 2m
times, and parts with odd multiplicities appear at least 2r+1 and at most 2(m+1r)—1
times. Let By, ,(n) be the set of partitions of n in which parts are either even and

not congruent to 0 (mod 2m), or odd and congruent to 2r + 1 (mod 4r + 2). Then
| A, (n)| = | Bpnr ()]

S. Fu and J. A. Sellers in [12] gave the following generalization.

Theorem 12 (Fu-Sellers, [12]). Let k,m,l € Z such that k > 2,m > 2,1 > 1 and
[ is not a multiple of k. Denote by Epn, 1 x(n) be the set of partitions of n in which
the multiplicity of each part is either congruent to 0 modulo k and at most km — 1
or else congruent to | modulo k and at least | but at most | + k(m — 1). Denote by
Frik(n) the set of partitions of n into parts with two colors, say blue and red, where
all parts in blue must be congruent to 0 (mod k) but not congruent to 0 (mod km)
and all parts in red must be congruent to | (mod [). Then the two sets E,,;x(n) and

Frik(n) are equinumerous.

Stemming from Theorem 7, Andrews on a joint work with M. Merca in [10] inves-
tigated the number of even parts in all partitions of n into distinct parts, i.e. the
number of even parts in d(n)-partitions. This investigation resulted in the following

theorem.

Theorem 13 (Andrews-Merca, [10]). Let a(n) denote the number of partitions of
n in which the set of even parts is a singleton and let b(n) be the difference between
the number of parts in partitions of n into odd parts and the number of parts in
partitions of n into distinct parts. Further, let ¢(n) be the number of partitions of n

where exactly one part is repeated. Then a(n) = b(n) = c¢(n) for alln > 1.

One of the generalizations of Theorem 13 due to S. Fu and D. Tang (see [13]) is
stated below.
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Theorem 14 (Fu and Tang, [13]). Let O;x(n) denote the number of partitions of
n in which there are exactly j different parts congruent to 0 modulo k and Dj(n)

denote the number of partitions of n in which exactly 7 different parts are repeated
at least k times. Then for all j,n >0 and k > 1, O;j,(n) = D, x(n).

Note that j = 1,k = 2 gives a(n) = ¢(n) in Theorem 13.

Proof. Let w track the number of parts congruent to 0 (mod k) or parts repeated

at least k times. Consider the following generating functions.

Ok(w, q) = Z Z Ojvk(n)qu”

n=0 j=0
and o =
Di(w,q) ==Y Y Dir(n)u’q"
n=0 j=0
Then
oo oo 1
Or(w, q) = H (14 wg™ + wg®™™ + wg®™™ + ) H &
m=1 nZ0 n:iod k)
O km O kn
wq l—g¢
11 (1 )
and
n=1
n=1
O 1 _qlm 0 qum
= 1 .
H 1_qn H ( +1_qkm
n=1 m=1
The coefficients of w?q" for Og(w, q) and Dy (w, q) are clearly the same. ]

Fu and Tang described a bijection for Theorem 14 which can be stated as follows:
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Proof. For k > 1, define a map ¢ : Oji(n) — D;ir(n) as follows. Let m =
(my', 7y, ) € Oja(n).

(=)* it m =0 (mod k),

or(rl) if m #0  (mod k),

i

t:
7Ti2 ’—>

where ¢y, is the Glaisher map. The image of 7 under the map ¢y is given by
Jer(a)).
i>1

Note that for the case when 7; = 0 (mod k), the image parts are repeated at least k

times and for the case m; Z 0 (mod k), the image parts repeat not more than k — 1

times. O

2.2 Partitions with initial repetitions

It is believed that N. J. Fine was the first to consider partitions without gaps [7]. A
classic example are the conjugates of partitions into distinct parts. Andrews used
the construction of partitions without gaps and extended the concept to what he

called partitions with initial k-repetitions [7].

Definition 2. A partition with initial k-repetitions is a partition in which if any j
appears at least k times as a part, then each positive integer less than j appears at

least k times as a part.

Note that when & = 1 we obtain partitions without gaps. The following theo-
rem relates partitions with initial repetitions to partitions enumerated by Glaisher’s

generalization of Theorem 7.

Theorem 15 (Andrews,[7]). The set of partitions of n with initial k-repetitions is
i one-to-one correspondence with the set of partitions of n in which parts are not
multiples of 2k, which in turn, is equinumerous with the set of partitions of n in

which parts appear at most 2k — 1 times.

Proof. The generating function for the number of partitions of n with initial k-

repetitions is

00 qk.1+k.2+---+kn O ) ) .
— X H(1+q3+q2j+---+q(k_m)
2, AL
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0 qk"(n+1) 00 1—(]
:Z( X H 1_qj

j=n+1

00 kn(n+1)
I I (4" 4")oo(¢: 0)n
(:0)n (@ 0")n(q; @)

k k) 00 kn(n+1)
Y

The last two equalities give the number of partitions of n into parts not divisible by
2k and the number of partitions of n in which no part is repeated more than 2k — 1

times. u

Relating to partitions with initial 2-repetitions, Andrews discovered the following

Legendre theorem which we state without proof.

Theorem 16. Let D.(m,n) be the set of partitions of n with initial 2-repetitions,
with m different parts and an even number of distinct parts. Similarly, let D,(m,n)
be the set of partitions of n with initial 2-repetitions, with m different parts and an

odd number of distinct parts. Then

(19, ifm = j,n = 22D,
[ De(m, )| — [Do(m,n)| = , ’
0, otherwise.
In [19], W. Keith provided a bijective proof of Theorem 15 in which he used the

k-modular diagrams. We discuss his map in the sequel.

Definition 3. Given a partition p = (uq, po, - . .), a k-strip of length i is a removable
row of k-units which is obtained by subtracting k from all parts py to p; if p; — piv1 >
koand [pile — |pisali = 1.

Definition 4. A partition p = (py, po, -+ , ) s called k-flat if u < k and p; —
fiv1 < k foralll <1 <.
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Keith’s bijection

Let 1 be a partition in which parts appear at most 2k — 1 times. The bijection is

as follows:
e Compute p'.

e Remove all k-strips from p’, obtaining (m,d) where the partition 7 is k-flat

and 0 has distinct parts of £ multiples.

e Deduce a = m+ 9§ by vector addition. Assume the convention that the shorter

of 7 or ¢ is filled out with parts of size 0.
e Conjugate a.
Note that o/ is a unique partition with initial k-repetitions.
Example 1. Consider n = 83 and k = 4.

The partition (73,6%,5,4%, 3% 27 1?) has no part appearing more than 7 times and
its conjugate is (23,21,14,11,6,5,3). Thus 4-modular diagram with S; k-strips,
1 <1 < 2is given below.

3.1 2 3 2 1 3
4 4 4 4 4 4
4 4 4 4=5
4 4 4

~—d4<1

<—4<—4<—32

Figure 2.1: 4-modular diagram of (23,21,14,11,6,5, 3)
From the 4-modular diagram we obtain that
7= (15,13,10,7,6,5,3) and § = (16,8)
which gives that oo = (31,21,10,7,6,5,3). Taking the conjugate we obtain that
o = (7°,6%5,4,3% 21 1'9)
which is a partition with initial 4-repetitions.
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A.O. Munagi and D. Nyirenda in [23] gave a simplified version of Keith’s bijection
above. It bypasses the use of k-modular diagrams and uses simple algebraic oper-
ations to determine 7 and 6. Their bijection requires the following definition and

proposition.

Definition 5. Let L; be an operator from the set of partitions of n wherein every
part appears with multiplicity k to the set of partitions of n into distinct parts that

are multiples of k:
Ly : (levul;? o ) = (k,ulu kpg, -« )

Then Ly is an injective map.

Proposition 2. Let p be a partition in which parts appear at most 2k — 1 times
and 1 = vo U v such that vy := (uf - my, (n) > k) and v is the sub-partition which

results from removing the parts of vy from . Then

7=v" and 0= Li(vp),
where my,;(p) is the multiplicity of p; in pu.

Munagi-Nyirenda bijection

Let p be a partition in which no part appears more than 2k —1 times. Then execute

the following steps:
e Decompose p = vo U v where vg 1= (uf - my, (1) > k).
e Set d := Lg(vy) and 7 := 0.
e Work out av = 7 + 0.
e Find a. Note that o’ is a partition with initial k-repetitions.

Andrews in [9] introduced partitions with early conditions thereby extending parti-
tions with initial repetitions to a broader class. In this thesis, we find new identities
on partitions with initial repetitions and provide partition-theoretic interpretations

of some identities of Rogers-Ramanujan type.
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Chapter 3
Identities of Euler type

In this chapter, we study Theorems 10 and 11 due to Andrews and Subbarao. New
bijections and generalizations of their bijections are given. Work in this chapter has

been published in the articles:

e B. Mugwangwavari, D. Nyirenda, A note on the Andrews-Eriksson-Petrov-
Romik bijection for MacMahon’s partition theorem, Journal of Integer Se-
quences, 24 (2021), Article 21.5.6.

e D. Nyirenda, B. Mugwangwavari, On Generalizations of Theorems of MacMa-
hon and Subbarao. Ann. Comb. (2022). https://doi.org/10.1007/s00026-022-
00592-5

which are [21] and [26], respectively.

3.1 Andrews-Eriksson-Petrov-Romik bijection for

MacMahon’s partition theorem

Until the publication of the article [6], there appeared to be no bijection that natu-
rally extends Andrews-Eriksson-Petrov-Romik bijection to prove Andrews’ general-
ization of MacMahon’s partition theorem (Theorem 10). For this, you may consult
[12] and the references therein. In this section, we supply a bijection for Theo-
rem 10, which naturally generalizes Andrews-Eriksson-Petrov-Romik bijection and

is different from the ones given in the literature.
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3.1.1 The bijection

Let A,(n) denote the set of partitions of n wherein parts appearing an odd number of
times actually appear at least 2r+ 1 times and let B,.(n) denote the set of partitions
of n wherein odd parts are congruent to 2r +1 (mod 4r + 2). We need to establish
the one-to-one correspondence between the sets A,(n) and B,.(n).

Let (1™, (I1—1)m-1 ... 3" 2h2 1) € A (n). In this notation, h; is the multiplicity of
i. Note that h; can be zero for some i. Clearly, h; € {0,2,4,...,2r,2r4+1,2r+2,...}.
Write h; as

hi = k; + g; where k; € {0,2r + 1} and ¢; € {0,2,4,6,8,10,...}

This decomposition is unique since k; and g; can be made explicit, i.e.

T (= PP (A

For j > 1, define d; as follows:

dar+opr2j—1 =0 for j € {1,2,....2r + 1} \ {r + 1},
1

d(ary2)t2; = 59(2r+1)t+j for j € {1,2,...,2r},

d(ar42)i+(2r+1)) = 5 Kotyj + guart2yr@rsny; for j € {1,2},

r+1
where t =0,1,2,....
The image is thus given by

(o fU (=P 2R ),
We claim that (..., f%, (f — 1)%-1 ... 2% 1%) € B.(n). In order to show that
(", (L= 1)l o 3t 2t 1y e (Y (f = DB 2% 1)

defines a bijection from A,(n) onto B,.(n), it suffices to show that > id; = n.

i>1
Thus
2r+1 oo
ZZd - Z Z ((4r +2)t + 2j — Dd(rsayr42i-1 + Z Z ((4r +2)t + 25 — D)d(ary2)t12j1
i1 J=1 t=0 j=r+2 t=0
+ Z Z 47‘ + 2 t+ 2] (4r+2)t+2j + Z Z 47’ + 2 t+ 27” + )j)d(47“+2)t+(27‘+1)j
7j=1 t=0
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00 2

2r o)
Z Z ((2r + 1)t + j)geres + Z Z ((4r +2)t + (2r + 1)7) g(ar+2)t+ (2r41);

j=1 t=0 j=1 t=0

[\

o0

+ 30 (@2t + )k

j=1 t=0

Using the notation

S(a,b) Zat—l—b Gat+y and T(a,b) Zat—l—b attb
t=0 t=0
observe that

Z (2r + Dt +5)g@rriyees = Z Z((4T +2)t +j + O)gar+2)erj+e
t=0 £=0,2r+1 t=0

=SAr+2,5)+SMAr+2,2r+1)

and
o) oo  2r
D @t ks =D > ((4r+2)t + j + 20)kar )i jv20
t=0 t=0 (=0
2r
= T(4r+2,j+20).
£=0
Hence

2

2r 2r
> id; =" S(Ar+2,5)+ > SMr+2,+2r+1)+ Y S(r+2,(2r +1)j)

i>1 j=1 j=1 j=1
2r 2r
+ZT(4r+2,1 +20)+ > T(4r +2,2 +20)
{=0 £=0

SMAr+2,7)+SMAr+2,j+2r+1)+TAr +2,1+25) +T(4r + 2,2 + 2j))

IIF1lo

2
+ ZS(4r +2,2r +1)5) + T(4r +2,1) + T(4r +2,2)

j=1
2r+1 2r
=) (SMAr+2,7)+S@r+2,j+2r+1) + > _(T(4r +2,1+2j) + T(4r + 2,2 + 2j))
j=1 §j=0
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2r+1 2r+1
= (SEr+2,7)+S@r+2,j+2r +1)+ > (T(4r +2,2j — 1) + T(4r + 2,2j))

j=1 J=1
4r+2 4dr+2

=) SMr+2,5)+ ) T(r+2,j)
j=1 j=1
4r4-2

=) (S@Ar+2,5) + T(4r +2,5))
= Z((‘l?“ + 2)t + 7)(Gar+2yt+s + Fart2)itj)

= Z ((4r +2)t + ) hars2)+

Remark 1. Setting r = 1 in the bijection yields the Andrews-Eriksson-Petrov-Romik
bijction [6].

For example, consider n = 15 and » = 2. Table 3.1 demonstrates the correspondence.

The inverse of our map is described in the following section.

As(15) —  By(15)
(3,3,3,3,3) — (15)
(2,2,2,2,2,1,1,1,1,1) — (10,5)
(4,4,1,1,1,1,1,1,1) — (8,5,2)
(3,3,2,2,1,1,1,1,1) — (6,5,4)
(3,3,1,1,1,1,1,1,1,1,1) = (6,5,2,2)
(5,5,1,1,1,1,1) — (5,5,5)
(2,2,2,2,1,1,1,1,1,1,1) = (5,4,4,2)
(22,1,1,1,1,1,1,1,1,1,1,1)  —  (54,2,2,2)
(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)  —  (5,2,2,2,2,2)

Table 3.1: The map A,(n) — B,(n) for r =2,n = 15.
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3.1.2 The inverse mapping

We now describe the inverse to our bijection.
Given that (..., f& (f —1)%-1 ... 2% 19) € B,.(n). Define g; and k; as

g(2r+1)t+j = 2d(47‘+2)t+2j7j = 17 2a s 27", = 07 1a 27 s

For the remaining cases, we have, for t =0,1,2, ...,

d(ar+2)t+2r+1)j» if darsoytr(ern; =0 (mod 2), j=1,2;
J4r+2)t+(2r+1)j = . - )
d(4r+2)t+(2r+1)j -1, if d(4r+2)t+(2r+1)j =1 (mod 2), J=12
and
2 0, if d(4r+2)t+(2r+1)j =0 (mod 2)7 J=12
2t+j — . )
2r+1, if durjoyer+; =1 (mod 2), j=1,2.

Then the partition (...,39%Fks 292k2 1914k ig in A (n).

For example, Table 3.3 demonstrates the inverse mapping when n = 15.

By(15)  —» Ay(15)

(10,5) — (2,2,2,2,2.1,1,1,1,1)
(8,5,2) — (4,4,1,1,1,1,1,1,1)
(6,5,4) — (3,3,2,2,1,1,1,1,1)
(6,522) (3,3,1,1,1,1,1,1,1,1,1)
(54,42) (2,2,2,2,1,1,1,1,1,1,1)
(54,22,2) —  (2,21,1,1,1,1,1,1,1,1,1,1)

>

(5,2,2,2,2,2) (1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)

Table 3.2: The inverse map B,(n) — A,(n) for n = 15, r = 2.

3.2 On generalizations of theorems of MacMahon

and Subbarao

Bijective proofs have been given for Theorems 10 and 11 (see [12, 15, 18]).

Our goal in this section is threefold: to provide a new explicit bijection for Theorem
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10, to generalize Theorem 11 and consequently extend the bijective maps of Fu and
Sellers [12], Kanna, Dharmendra, Sridhara, and Kumar [18] and to derive some

congruence and recurrence relations for related partition functions.

3.2.1 A new bijection for Theorem 10

Let A(n,r) denote the set of partitions of n in which odd multiplicities are greater
than or equal to 2r + 1. Further, denote by C(n,r) the set of partitions of n in
which odd parts are congruent to 2r +1 (mod 4r + 2).

For r > 1, define the map , : A(n,r) — C(n,r) as follows. Let (A", \)"2,...) €
A(n,r).

If \; =0 (mod 2), then

(\=(Gre2k) o\ gtk f g, =20 +1 (mod 2r + 1),
0<v<r—1,
A
AT (2)0,)Y, if m; =2v (mod 2r +1),
0<v<nr.

\
If \; =1 (mod 2), then

m;—(2r+2v+2)

((2r + D)N) "7, (20) Y ifmy =20+ 1 (mod 2r + 1),
0<v<r—1
A —
(2 + 1)A) 25, (20", if m; =20 (mod 2r + 1),
\ 0<ov<r.

The image of (A", A\5"2,...) under the map [, is then given by
GLACYS!
i>1
It is not difficult to see that S, defines a bijection for Theorem 10 and that setting

r =1 in [, gives rise to the mapping ;.
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A(n,r) — C(n,r)
(52,17) = (10,7)
(42,19 = (8,7,2)
(32,22,17)  —  (7,6,4)
(32,11) = (7.6,2)
(24,19) — (7,4%,2)
(22,113)  —  (7,4,23)
Qe @)

Table 3.3: The map A(n,r) — C(n,r) for r = 3,n = 17.

Table 3.3 shows an example for r = 3 and n = 17.

The inverse of 3, is described as follows:

Let p= (0", p5",--+) € C(n,r). Then

() &0 w=2r+1 (mod 4r + 2);
pit e
§2r+1)LTj1J ’ <%)2(mr(2r+1)tﬁj)’ 4=0 (mod2).

Then map g to Uy B (14™)-

Note that when n = 30 and r = 2 the partition (3') maps to (6°) by 8, and (15?)

by the bijection in Section 3.1 showing that the two maps are different.

3.2.2 Generalization of Theorem 11

Unless otherwise specified, in this this section and the one afterwards, we assume
that a and p are positive integers such that ged(a,p) = 1.

For integers m,r > 1, let B, ,,m(n) denote the set of partitions of n in which
multiplicities which are congruent to ja mod p are greater than or equal to j(pr+a)
and less than or equal to j(pr +a) + p(m — 1) where j =0,1,2,...,p— 1.
Furthermore, let E,, ..m(n) denote the set of partitions of n wherein parts divisible
by p are not divisible by pm and those not divisible by p are congruent to —s(pr+a)
(mod p*r + pa) where s = 1,2,...,p — 1. Then we have the following theorem.
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Theorem 17. For all integers n > 0,

|Bp.r.am ()| = [Ep r.am(n)]-

Proof. Observe that, if a part of a partition in E,,,,(n) is divisible by p, then it

is not divisible by pm. To account for such, we have the generating function:

1
H 1—¢i

j21,j=0 (mod p),j#0 (mod pm)

To account for other parts which are not divisible by p, we use

p—1 oo
s=1n=1
Hence, we have
0o p—1 oo
5 1
: : | ,r,a,m H H p 2r+ap)n—s(pr+a) H 1— qj
n=0 s=1n= 1 j>1,j=0 (mod p),jZ0 (mod pm)

The multiplicity of a part of a partition in By, ., (n) is of the form
a(pr +a) + Bp where « =0,1,2,...p—1 and =0,1,2,...,m — 1.

So we have the generating function:

e}

E pram

=0
_ H (1 + qpn + q2pn + q3pn 4ot q(m—l)pn
n=1

+ q(pr+a)n + q(pr+a+p)n + q(pr+a+2p)n + q(pr+a+3p)n I q(pr+a+(m71)p)n)
+ q2(pr+a)n + q(2(pr+a)+p)n + q(2(p7"+a)+2p)n + q(Q(pr-‘ra)-i-Bp)n 4t q(2(pr+a)+(m—1)p)n
+ q3(pr+a)n 4+ q(3(pr+a)+p)n + q(3(p7'+a)+2p)n + q(3(pr+a)+3p)n N q(3(pr+a)+(m—1)p)n

+ q(p—l)(pﬂra)n + q((p—l)(pr+a)+p)n + q((p—l)(pr+a)+2p)n 4t q((p—l)(pr+a)+(m—1)p)n)

m—

e’} m—1 m—1
H Z jen (pv“+a)n Z ¢+ ¢° (pr+a)n Z ¢+ - p 1)(pr+a)n Z qum>
n=1 7=0 7=0

7=0
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—

p—

—

m—1
pr-i—a n ipn
q E q
=0

1— qp(prJra n)( qpmn)
(1 — q(pr+a)n)(1 — qzm)

- 1 1
- H 1 — q(pr+a)(pnfs) H 1 — qj

3
Il
—
I§
<)

I
13

"?3
==

s=1n=1 j>1,7=0 (mod p),j20 (mod pm)
= 1 1
- H H 1— q(p2r+ap)n—s(pr+a) H 1 — qj
s=1n=1 j>1,7=0 (mod p),j20 (mod pm)
— Z |Epram(n)|q".

3
Il
o

]

Remark 2. Note that with p = 2, a = 1, Theorem 17 reduces to Subbarao’s finiti-
zation, Theorem 11.

Introducing the following notation for a positive integer v,
ord,(j) := max{i € Zsq : v" | j},

we proceed to describe a bijection for Theorem 17.

Let n= (:wflu /46127 e 7”2‘%) € Ep,r,a,m('nf)- Define a map v : E ,r,a,m(n) — Bp,r,a,m(n>
as follows.

Case 1: p; 20 (mod pr + a).
We write w; as
wi:mpl+mp2+mp3+...+mpl+7] (31)

where py > pos > --- > pp > 0 and 0 < n < m. The representation of w; in

(3.1) is unique and arises from the m-ary expansion of w;. For instance, if w; =
1+2-4+2-42+3-4% we rewrite w; as 1+ (4 +4) + (42 +42) + (4* +4* + 4%)

that n =1,p1 =po=ps =4, p1=ps =2,p6 = pr = 1.
Then construct a partition

\P \P \P
Ii:(mplxﬁ) U(mmx&) U---U(mplxﬁ) .
p p p
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Thus

it A\ P
miu(%> , if0<n<m.

Case 2: p1; =0 (mod pr + a). We write w; as
wi=p" +p? +pP 4+ D"+ (3.2)

where p; > po > -+ > p; >0 and 0 < ¢ < p. Construct a partition

] pr+a ] pr+a
y¢—<pp1>< & ) U<p’)2><—m )
pr+a pr—+a

) pr+a ) pr+a
u(pp3>< Hi ) U---U<ppl>< Hi ) :
pr+a pr+a

o\ rrae
yiU<pr+a> , if0< (¢ <np.

Thus

The image is then defined as

() = ().

i>1

To prove that y(p) € By, am(n), we consider a couple of things. First, note that p

and () have the same size. To see why this is the case, assume that
w; Z0 (mod pr+a) for i=1,2,3,...,h

and
w; =0 (mod pr+a) for i=h+1,h+2,... 1t

Then

()| = Z R

h t
=2+ o )l

i=h+1
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Considering the two sums on the preceding right-hand side separately, we have
h h
> R =Y

N
f®)
i=1 i=1 p
h I
= Z || + pn—
i=1 p
h
= Z || + mp
i=1
h ¢
3 o( )
i=1 = P

ol

J=1

= Zuiwi (by (3.1))

A (pr+a)¢
i U ( i )
pr+a

Hi
pr+a

and
t

> sl =

i=h+1

lyi| + (pr + a)¢

|yl + (i
¢

o (55t )

oy pr—+a

i (ip”j +C>

J=1

i=h
t

i=h
t

i=h
t

i=h
t

i=h
t

— ‘ Wi (by (32)>

Thus
h t
()| = Z Hiw; + Z i
i=1 i=h
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t

= Z,ini
=1

= |pl.

Second, we need to show that the multiplicities of parts in v(u) indeed satisfy the
description of multiplicities for partitions in B, 4m(n). Using (3.1) and (3.2), it is
not difficult to see that the multiplicity of m#7 x % is ¢p where c is the coefficient

of mfi in the base m expansion of w;. Thus ¢ = 0,1,2,...,m — 1. Similarly, the

multiplicity of pfi x pﬁa is d(pr + a) where d is the coefficient of p’ in the base p
expansion of w;. Hence, d =0,1,2,...,p — 1. Clearly, the multiplicity of parts are
thus = ja mod p, at least j(pr + a) and at most j(pr 4+ a) + p(m — 1) for some
0<;j<p—-1

Finally, the uniqueness of the representation of w; in (3.1) and (3.2) implies that = is

injective. In fact ~ is surjective and we construct its inverse in the following section.
The Inverse of ~

We now give the inverse of 7, i.e. 7' Let A = (A", A", ...) € By,.am(n). Define
amap 7' : Byram(n) = Epram(n) as follows.

Case I: m; =0 (mod p)

T

) ’ , where r = ord,,(\;).

Case II: m; Z 0 (mod p)
Thus m; = ja (mod p) for some j € {1,2,...,p— 1}. We have

pr+a) ), ) PN £ 0 (mod p
AN, Ji(pr+a) D= d
A

((@L}?)M)jpt’ )\:‘ni*j(m+a)) ’ if A =0 (HlOd p)

p
where ¢t = ord,(\;).

In Case II, if m; — j(pr + a) > 0, you apply Case I to the subpartition )\?“_j(m“).
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The image is then defined as

o =Urtor).

i>1

Note that y~1(\) € E,,.a.m(n) because of the following:

In Case I, since n’\;;a is not divisible by m, it follows that the image parts p-:

mr

are
divisible by p, but not divisible by pm. Such parts define subpartitions in E, , 4 (n).
In Case II, if \; Z 0 (mod p), then (pr + a)\; = (pr + a)(pqg — s) for some s =
1,2,....,p—1and ¢ > 1. Thus
(pr + a)Ai = (pr + a)pq — s(pr + a)
= (p°r +ap)q — s(pr + a)
= —s(pr+a) (mod p*r + ap).

On the other hand, if \; = 0 (mod p), then % # 0 (mod p), and by the previous
arguments, we must have (pr + a)}% = —s(pr +a) (mod p*r + ap).
Clearly, in any case the image parts are subpartitions in E,, ,,(n). This in turn

means 7 ' (A) € By, qm(n).

Example 2. Considern =42,p=5m =4,a =2 and r = 4.

We have Bs04(42) = {(47,122), (37, 127), (210, 122), (25, 12)}.
The sub-partitions 2° and 132 of (2°,13?) have multiplicities congruent to 0 (mod 5)

and 2 (mod 5), respectively. Applying the map v gives
2%+ 10

1% (22,5%).

Hence, taking the union of the image parts we obtain that (2°,13%) — (22, 10, 5?).

Similarly, applying 7 to the remaining partitions gives
(4°,1%) > (22,5
(3°,1%7) = (22,15, 5)

(2'9,1%) — (22,10%)
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which are partitions in Fs 42 4(42).

Conversely, note that Fs424(42) = {(22,5%), (22,15,5), (22,10%), (22,10,5%)}. The
sub-partitions 22 and 5* of (22,5%) have parts congruent to 0 (mod 22) and 5
(mod 22), respectively. Applying the map 77! gives

22 5 1%

5% 4°,
Taking the union of the image parts yields (22,5%) — (4°,1%2). Similarly, applying
771 to the remaining partitions gives

22.15,5) — (3°,1%7
(

(22,10%) — (2'°,12%)
(22,10,5%) = (2°,1%2)

which are partitions in Bs 49 4(42).

Henceforth, we shall denote the cardinality | B, q.m(1)| by bpram(n) and |E, . q.m(n)]
by €pram(n). Furthermore, let

bp,r,a,oo(n) = 7rlLl~I>réo bp,r,a,m (n),

Observe that:

bp.r.a,00(1) is the number of partitions of n in which multiplicities that are congruent
to ja mod p are actually greater than or equal to j(pr+a) where j =0,1,2,... . p—
1. Let the set of such partitions be denoted by By, 4.00(1). Also, €p.4.00(n) is the
number of partitions of n wherein parts not divisible by p are congruent to —s(pr+a)
(mod p?r + pa) where s = 1,2,...,p — 1. Let the set of such partitions be denoted
by Epr.a00(n). Consequently, we have the following result.

Corollary 4. For alln > 0, we have

bp.r.a,00(1) = €p.r.a,00(n).
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It is immediately noticeable that this corollary is a new extension of Andrews’ the-
orem, Theorem 10 (set p = 2,a = 1). We give a bijective proof which extends Fu

and Sellers’ bijection in [12].

Proof. Let A = (A", A\5"2,...) € By a.00(n). The bijection is given as follows.

e If m; is congruent to 0 (mod p), then

m4
p .

A (pA)
Each of these new parts is congruent to 0 (mod p).

e If m; is congruent to ja (mod p) for some 1 < j < p—1, then do the following:
We know that m; > j(pr + a). Thus, we split off j(pr + a) copies of the part
A; and combine any of the remaining as was done in the previous step of the
algorithm. This now leaves us with j(pr + a) copies of each of the parts \;
which had multiplicity ja (mod p) in the original partition. We now take j
copies of each such part and realize that these define a subpartition wherein
parts appear at most p — 1 times. We now apply Glaisher’s map to obtain a
subpartition wherein parts are not divisible by p. Finally, to get back the size
of n, we multiply each of the parts in this subpartition wherein parts are not

divisible by p by pr + a.

To reverse the transformation, let p = (py*, pus*, - -+, ") € Eppa00(n). Then

e If 1; is congruent to 0 (mod p), then

N\ Pwi
it —> (M—) :
p

Each new part will have multiplicity congruent to 0 (mod p).

e If y; congruent to —s(pr + a) (mod p*r + pa), then
we divide each part by pr + a and realize that these define a subpartition
wherein parts are not divisible by p. We now apply Glaisher’s map to obtain
a subpartition wherein parts appear at most p — 1 times. Finally, to get back
the size of n, we repeat each part pr + a times in the subpartition wherein

parts appear at most p — 1 times.
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In the next section, we consider a more general set B, ,, . o.m(n), where m, v, p, a,r >
1 are integers, ged(a,p) = 1 and v < p. We define B, ,q0.m(n) to be the set of
partitions of n in which multiplicities which are congruent to ja mod p are greater
than or equal to j(pr 4+ a) and less than or equal to j(pr + a) + p(m — 1) where
j=0,1,2,...,0—1.

We also let by pram(n) = |Bupram(n)]. Note that By, .m(n) in Theorem 17 is
actually B, r.am(n).

3.2.3 Arithmetic properties

We recall (1.22), (1.23) and (1.4).

Theorem 18. For an integer n, If ged(v,p) 1 n, then

n

bv,p,r,(am (n) = Z(_l)j+lbv,p,r,a7m (n - w(]))

j=1
where w(j) = w for1 < j <mn and bypram(0) :=1 and bypram(n) =0
for alln < 0.

Proof. By a similar manipulation as in the proof of Theorem 17, one can show that

e%e] . oo (1 _ qy(p7'+a)n)(1 o qpmn>
Z bv’p7r7a7m(n)q = H
n=0

(1 — glereim)(1 — grm)

n=1
so that
X7 (1= g (1 — )
( r+a) n _
D S |
n=1 n=1
By invoking (1.22), we have
© n n(pr+a)(3nEl) s 0 1 _ q p7'+(l)n)<1 _ qpmn)
T+ 3 (=D Y bypram(n) H T . (3.3)
n=1 n=0 n=1

The exponents of g in the power series representation of the right-hand side of (3.3)
are all divisible by ged (v, p). Using the notation [¢"|(f(q)) for the coefficient of ¢™

in the power series representation of f(q), observe that

n > n nlprta)@ntl) > n
[q]<0-+§:(—U qg )}:bww%mqu>:=
n=1

n=0
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for all n not divisible by ged(v, p). ]

Theorem 19. Let p > 3 be prime. Then

b2,p,r,a,m(pn + t) =0 (HlOd 2), n>0

1

where 24ta=! + 1 is a quadratic nonresidue modulo p. Here, a~! is the inverse of a

modulo p.

Proof. From the proof of Theorem 18, the generating function of the sequence
b2,P7T7a,m(O>7 b2,p,r,a,m(1), ... 18

e . O 1 — q 2(pr+a)n 1 — qpmn
Z b2,p,r,a,m (n)q = H ( )<( )
n=0

n=1 (I—q (prta n) 1 —grm)
e =gy
n=1 1= qp”

_ q(p7'+a)n)(1 _ qpmn)

(1
= H ( (mod 2)
1 — g
n=1
e s Slprta)(3s+1) > . jpm(3j+1) >
= > (-1 T > (=1 Y p(k)gt (by (1.4) and (1.22))
S=—00 j=—o0 k=0
= Z qS(pT+a2)(38+1) Z me(3j+1) Z pk IIlOd 2) (34>
s=—00 Jj=—00 k=

Comparing the exponents, we have

s(pr+a)(3s+1) N pmj(35 + 1)

t =
pn + 5

+ pk

where s,7 € Z and k € Z>(. Reducing the equation modulo p, we get

sa(3s + 1)

t= — (mod p).
We have )
2t 9 S 1 1
— = - = - - = d
30 " T3 (8+6) 36 (modp).
ie. 941
“— =(6s+1)*>—1 (mod p),
a
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ie.
24ta™! + 1= (6s+1)* (mod p).

So if 24ta~! + 1 is a quadratic nonresidue modulo p, then the coefficient of ¢™ in the
right-hand side of (3.4) must be 0. This completes the proof. O

Theorem 20. Let p > 5 be prime. Then
b4,p,r,a,m(pn + t) =0 (mod 2)7 n Z 0

where 8ta™! + 1 is a quadratic nonresidue modulo p.

Proof. Observe that

3
[
&

3
:
IS
3

(1 4(p7‘+a)n) (1 qpmn)
(1 —q pr+a)n) 1 — qpn)

I
1

ég

(
— g1 — g™
(

mod 2
vt (1 —q (pr+a n) 1 — qpn) ( )
_ ﬁ (1= Wt om)P(L — gm)
n=1 1- qpn
= (prian(nil) (3+1>°°
pr+a)n(n . ]p'm j
=> (=1)"(2n+1)q Z > p(k)g™ (by (1.4), (1.22) and (1.23))
n=0 j=—o00 k=0
— Zq(pwa);(nﬂ) Z qum(gj+1) p(/{:)qpk (mod 2)7
n=0 j=—00 k=0

from which the result follows by a similar reasoning as in the proof of Theorem
19. O
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Chapter 4

Extensions and variations of

Andrew-Merca identities

In this chapter, we use the following notation for our partition functions:

d.(n): the number of partitions of n in which exactly one even part is repeated and
odd parts are unrestricted;

d,(n): the number of partitions of n in which exactly one odd part is repeated and
even parts are unrestricted;

a(n): the total number of even parts in all partitions of n into distinct parts;
ce(n): the number of partitions in which exactly one part is repeated and this part
is even;

¢o(n): the number of partitions in which exactly one part is repeated and this part
is odd;

bo(n): the number of partitions of n into an odd number of parts in which the set
of even parts has only one element;

be(n): the number of partitions of n into an even number of parts in which the set
of even parts has only one element;

b(n) = by(n) — be(n) and c(n) = c,(n) — ce(n).

We also recall, for the sake of emphasis, the function d(n), which denotes the num-

ber of partitions of n into distinct parts.

Partition identities involving various classes of partitions into distinct parts have
been studied. Recently, Andrews and Merca [10] obtained the following result.
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Theorem 21. For alln > 1,

a(n) = c(n) = (=1)"b(n).

Note that, if '(n) denotes the number of partitions of n in which the set of even
parts is singleton, then b'(n) = b,(n) + b.(n). Hence, one of the implications of the
theorem is that

2] a(n) =V (n). (4.1)

In this chapter, we generalize the identitity a(n) = ¢(n) of Theorem 21 and also
generalize (4.1). We then consider some variations. As a consequence, some con-
nections with the work of Fu and Tang in [13] are highlighted and bijective proofs
are provided in such cases. This work has been submitted for publication in an

IST-accredited journal.

4.1 Generalizing the identity a(n) = ¢(n) of Theo-

rem 21

We first observe the following.

Theorem 22. Suppose that p and r are non-negative integers such that p > r + 2.
Denote by a.(n,p) the total number of parts congruent to —r (mod p) in partitions
of n into distinct parts. Let g.(n,p) denote the number of partitions in which exactly
one part is repeated and the multiplicity of this repeated part is at least p — r and
congruent to —r, —r +1 (mod p). Let g,,(n,p) (resp. gr(n,p)) denote the number
of g-(n, p)-partitions in which the repeated part is odd (resp. even) and let ¢.(n,p) =
9ro(n,p) = gre(n,p). Then
a,(n,p) = ¢ (n,p).

It is important to realize that setting p = 2 and r = 0 yields the first equality in

Andrews and Merca’s theorem, Theorem 21.

Proof. Let F(z,q) be the multivariable generating function for ¢.(n,p) in which z

tracks the repeated part. Then
n=1
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o0

+ q(P—T-H-‘rQP)" + ... ) H (1 + qj)

JFn,j=1
)
Z (14 ¢"" 4 ¢ 4 PP 4 )+ q(p*rﬂ)(l + ¢
_|_q2pn+q3pn_|_,__)) H (1+qj)
J#n.j=1
_ Zznq(p—r)n(l + qn)(l +¢"" + q2pn + q3pn 4. ) H (1 + q])
J#n,j=1

I IR

—ziq_”;;"anw
7j=1

x  _n,(p—r)n
2q
= (¢ 9) ) T

n=1

Using the fact that > (gr0(n, p) — gre(n,p))¢" = —F(—1,q), we have
n=0

Y elnp)d" = —F(=1,q)



NE
NE

= —(—¢;:¢) (=) g g™

i
-
3
Il
_-

NE
NE

= _(_q; Q)oo (_qfrﬂ)m)n

3
I
H
3
I
o

—r—+pm

1 _|_ qpmfr

LS

hE

= (¢ 0w

q—r+pm
14+ gprmT :

[

= (¢ @)oo

3
Il

On the other hand,

N ad p ]
;ar(nap)q _Z ZZlT]L;[1<1+qunT) H H 1+qpn z

i=1,i#r n=1

2

IT TIa+e

i=1,i#r n=1 n=1

(14 2z¢™7")

52|, 2 log(l+2¢")
= n=1

o o qpn*T
(1 _t
]J + q — 1 + qpn—’/'
> —r+pn
J— I q -
= (¢ Qo T
Thus - -
> a(np)g =D cn
n=0 n=0
and the theorem follows. O

The above theorem provides a new combinatorial interpretation of the total number

of parts congruent to —r modulo p in partitions of n into distinct parts.

Recall the function O, ;(n) in [13]. For j = 1, we shall denote this function by
op(n) which counts partitions of n in which the set of parts congruent to 0 mod-
ulo p is singleton. Define a(n,p) to be the total number of parts congruent to 0

modulo p in all partitions of n into parts appearing at most p — 1 times. Clearly
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a(n,2) = a(n) = ap(n,2) and oy(n) = b/(n). We have the following property which
extends (4.1).

Theorem 23. For alln > 0,
p | a(n, p) — op(n).
Proof. The generating function for o,(n) is given by

q"

= n (@507) 00 o
E op(n)q" = : E -
— (4:9)0c “= 1—g"

and the generating function for a(n,p) is given by Herden, Sepanski, et al. [16]

(qP; qp)oo i qpn + 2q2pn + 3q3pn + ... (p _ 1)q(p71)pn
(4:9) 1 L+ g+ g% + ...+ glp=Dpn

Recall the identity:

N (42)

k=1

Manipulating the generating function, we have

2 2
" (1—¢” ™) —p(1—¢P™)g" ™

75 ") o Tty | )
= (( : )) (17;23 (by (4.2) with n=p— 1,2 = ¢"")
Q) “— o
(qp’ qp)oo = 1-— qpn qpn(l _ qp2n> . p(]. . qp”)qp2”
(q’ q)oo n=1 1 - qp2n (1 — qpn)2

o0 2

(475 ¢")oo 3 1—g¢™ ¢™(1—¢"")
(¢ @)oc =1 =g (1—gm)?

(mod p)

Il
’UQ
—~

S
~—
)]

29



Let f(q) =Y 132n —p 21 % and s(n) = p(n). Then

n=1
o [o¢] (o) 2
¢ ¢ 1
a(n,p)q" = (¢";¢")oo —p
,; ;1—61?” ;1—#" (¢; oo
= (¢"14")of(q") ) s(n)q"
n=0
p—1 e’}
= (@) f (") D slpn+ )™
]:O n=0
so that
p—1 o0 (o)
¢ alpn+ j,p)g" Zq]q oo (6) D s(pn+ j)g™
3=0 n=0 n=0
which implies that, for a fixed 0 < 7 <p—1,
a(pn + §.p)q" " = (¢"; ") f (") D s(pn + §)g"" ™
n=0 n=0
so that

> alpn+4,p)0" = (¢ @)oo f (€)Y s(on + 5)g™

n=0 n=0

Replacing ¢ with ¢'/? yields

> alpn+5,p)d" = (¢:0)eef (@) Y slpn + 5)g"
n=0 n=0
Thus, for n > 0,
s(pn+j) =0 (mod p) = a(pn+j,p) =0 (mod p).

In particular, applying the Ramanujan’s partition congruences: s(5n + 4) = 0
(mod 5), s(7n +5) = 0 (mod 7) and s(11n 4+ 6) = 0 (mod 11), we have the fol-

lowing result.
Theorem 24. For alln > 0,
a(5n+4,5) =0 (mod 5),
a(fTn +5,7) =0 (mod 7)
and

a(lln+6,11) =0 (mod 11).
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Let 0,(n) (resp. op,(n)) be the number of o,(n)-partitions in which the number of

parts congruent to 0 modulo p is even (resp. odd) and

(¢ 07) o0 o 2G™"
(¢:@)00 4= 1 —2q™

H(z,q) =

Then

> opoln)a” = 5 (H(1,q) ~ H(~1,0)

q q”oo - -
<Zl_qpn Zl+qpn>

OO

qp qp 5
Z 1 _q2pn

qqoo n 2pnm
(69 qu qu

n=1 m=0
E q
m=0 n=1
(qp; q”)oo i g
= (4.3)
. _ 2pm
(¢ Q)oc 5= 1 — g?Pm P
and similarly,
oo . 1
> ope(n)g" = 5 (H(L,q) +H(=1,9)
n=0
D. 4D > 2pn
_ (g 4 )oo q (4.4)

Thus, if for ¢ = 0, p, h;(n, p) is the number of partitions in which parts are congruent
to 1,2,3,...,p — 1 modulo p or congruent to ¢ modulo 2p and the set of parts = ¢
(mod 2p) is singleton, then

0po(n) = hy(n,p) and o,e(n) = ho(n,p).
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4.2 Further variations

For i = 0,2, let fi;(n): the number of partitions of n in which the set of parts

congruent to ¢ (mod 4) is singleton. Then we have the following theorem:

Theorem 25. Forn > 1,

Proof. Note that

1 i (=% )
. o2 o0 (1 _ q2n)<1 + q2n)

_ )o@ 6o~ 4
(¢50%)0c (0% ¢*)oe £ 1— g™

_ (¢4 i ¢
(¢:9) 1—q

®© n=1

1 o0
— (q4n + q4n+4n + q4n+4n+4n + .. )
(@5 4*)oo (0% 4*) oo (0% 4*) o nz::l

= Zfo(”)q

Similarly,

2n—1+4+2n—1 0

Do do)i" = o> e [ 0+
n=0 n=1

J#n,j=1

LS e
_2n1 2n—1
o St (L= ) (1 +¢*)

(6P = ¢

o <q2;q2)oo g 1 — gin—2
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(=460 (6: 6% oo o @72

(4% 6%)o0 (@3 4*)o0 “= 1 — g2
_ (%) i gt
(¢ @)oo = 1— g2
1 oo

= in-2 | 2(4n-2) | 3(4n—2
(45000 0o (0% 4% o 2 (0" +q +@ P 4

= Z fa(n)q".

n=1

]

We also note the following bijective proof which is uniform for both identities in the

theorem.

The bijection

Let A = (AT, A2, ..., \/") be a partition enumerated by fa(n) or fo(n). Then

)\‘ 2m;
(é) ., A=0,2 (mod 4);
A

Ga(A), N =1,3 (mod 4).

To invert the mapping, let p = (u3', 5%, . .., ;") be a partition enumerated by d,(n)

or de(n). Then

S S — si72LS*iJ
K H(Qﬂi)bjuﬁ%l(ﬂi 7).

Recall that
4n

3 du(m)gr = LD 5
n=0

(¢:@)0 = 1—g'
so that

(@ D)oo Y de(n)q" = (¢* 0" Y : - g (4.5)
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Using (1.22), we have

= n = n n(3ntl) = n
(@ Qo Y _de(n)g" = [ 14 (-1)"q > ) > de(n)q
n=0 n=1 n=0
= Z cpde(n — k)q" (4.6)
n=0 k=0
where

) (1), if k=18 5 ez
=

0, otherwise.

Note that the right-hand side of (4.6) is equal to

(R R O (RECIE) FOR RS )
vt — 2 2

Invoking (1.22) and the identity

n

> T 2ol

n=1 n=1

where og(n) is the number of positive divisors of n, (4.5) becomes

o0

Z (_1)nqn(3n+1)/2 . i de(n)qn
n=0

n=—oo
oo

_ Z (_l)nQQn(Z’m-‘rl) ZUO(n)q4n-
n=1

n=—oo

Hence, we have the following.

Corollary 5. For all integers r > 0, let

A(r)={j €Z-¢:2j(3j+1)=r (mod4) and j < {%J}
and
B(r)={j €Zso:2j(3j—1)=r (mod4) and j < {#J }.
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Then for a positive integer n,

14/2anT1
/%]

X (d (0= 25R) o (n - B5)), fn#0
de(n) = 4
| LZintl | , , |
T o ) v o 2)) 4, o
where

7(n) = oo(n/4)+ Y (—=1)0q (n = ijj - 1)>+ > (~1Yoy (n — 2ji3j — 1>) :

jeA(n) JEB(n)

In this case, we have a relationship between d.(n) and og(n).
Example 3. Consider n = 8.

The d.(8)-partitions are:
42)(4,27),(3,2%,1),24,(2°,1%), (22,19
We now apply the recurrence. Since 8 =0 (mod 4), we have

() 68 ) (8_1

( ) = de(8 = 7) — de(8 = 5) +7(8)
e(6) + de(7) = de(1) — de(3) +7(8)
e(4) 4 2de(5) — de(1) + de(6) — 2de(2) — de(1) +7(8)
e(2) +3de(3) + 3de(4) + de(5) — 3de(1) + 7(4) +(8)

d
d
d
d
4d,(1) + 6d,(2) + 4d,(3) + de(4) + 47(4) + 7 (8)
1
6
d
5

(3) +
0de(1) + 5de(2) + de(3) + 57(4) +7(8)
de(1) + de(2) + 57(4) +7(8)

e(1) +57(4) +~(8)

7(4) +7(8).

Now, A(8) = {1}, B(8) = {1}, A(4) = {} and B(4) = {1} and so

de(8) = 5v(4) +~(8)
= 5[00o(1) — 09(0)] + 00(2) + 00(0) — o0(1)
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=2+ 4(1) — 5(0)
= 6.
We also note that
_ (@)~ g
Zd o=
(¢ Q)0 = 1—q*

1 > q4n—2
(%)o@ D) ; 1— g2

1 S "
(q2;q2)oo(q;Q)oo( 1—q2" 1- ) (mod 2)

n=1

1 = ¢ = g
- mod 2
(4 9% <n_1 =g ~1- q4"> ( )

so that
o o 2n 0 4n
n(n N q
S S S L (L
n=0 n=1 n=1
where we have used (3) for (¢;q)2..
But the right-hand side of (4.7) is
> aon)g®™ =Y oo(n)g*
n=1 n=1
= > oo(n/2)q" + > oo(n/2)q" — > oo(n/4)q"
n>1,n=0 (mod 4) n>1,n=2 (mod 4) n>1,n=0 (mod 4)
= . (00(n/2) = oo(n/4))g" + > oo(n/2)q"
n>1,n=0 (mod 4) n>1n=2 (mod 4)

If n =0 (mod 4), we can write n = 2™b for some positive integers m > 2 and b odd.
Then

oo(n/2) — oo(n/4) = 0¢(2™b/2) — 0o(2"b/4)
== 0'0(2m_1b) — 00(2m_2b)
= 002" o (b) — 09(2™ ) ao(b)  (0¢ is multiplicative)
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a0(b)(00(2" ") — 00(2777))
o(b)(m — (m —1))
o(b).

Il
Q

Il
Q

On the other hand, if n = 2 (mod 4), we have n = 2b for some odd positive integer
b. Thus,

oo(n/2) = ao(b).

Denoting by vy(n), the 2-adic valuation of n, we obtain the following result.

Corollary 6. For n > 0, we have

| BRIt 0 (mod 2), ifn=1 (mod 2);
> dln—i(i+1)/2) =
~ oo (n/22™)  (mod 2), #fn=0 (mod2).

4.3 Generalizations

The partition function d,(n) can be generalized as follows: Let k,p > 2 and
0 < r < p be integers and define d,(n,k,r) as the number of partitions of n in
which exactly one part = r (mod p) appears at least k times. In this definition,
parts not congruent to r (mod p) appear with unrestricted multiplicity. Similarly,
let f,(n,k,r) denote the number of partitions of n in which parts = kr (mod pk)

form a singleton set.

If r» # 0, we have

qqoo = o . e
Zd n,k,r) Z e H (14 ¢"+ +q2(1’1+ ) 44 q(k 1) (pj+ ))
j#n,j=0
k(pn+r) =1 — gkeitn)

q q oo q
o Z k—1 . H 1 — grit+r
n=0 qanrr) Z q(pn+r)z j=0
=0

_ (@50 (@ 4o i~ @
(0707)o(@5 @)os = 1 — PP Hr
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(qkr’qkp)oo e qpkn+kr
= <q7 q)oo o 1 _ qpkn+k7‘

= pr(n, k,r)q

If r =0, then

0 kpn o0 ‘ ) '
Zd n,k,0)q ( (L g H (14 ¢ + ¢ + - + ¢k
(q Q) gt Rl Ll

which simplifies to

oo

- ¢
Z pkn pr(n,k,())q
n=1 n=0

k k
p7qp

Thus, we have:

Theorem 26. Let p > 2. For an integer n > 1,
fo(n,k,r) =dy(n, k,r).

A bijection (which extends the one for d.(n)/fo(n) and d,(n)/f2(n)), is given as
follows:

Let A = (AT, A2, ..., \/") be a partition enumerated by f,(n, k,r). Then

km;
(%) , AN =0,k2k,....(p— 1Dk (mod pk);

A
dr(N"),  otherwise.

From A, note that there is only one part congruent to kr (mod pk) (with unre-
stricted multiplicity). Under the bijection, this part is mapped to the exactly one
part which is congruent to r (mod p) repeated at least k times. For other parts of
A that are not congruent to kr (mod kp), there are two cases.

Case 1: If the part is divisible by k, it can be shown that such a part must be
congruent to jk (mod pk) where j € {0,1,2,...,p— 1} \ {r}. This part is mapped

to a part not congruent to r (mod p) with multiplicity at least k.
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Case 2: If that part of A is not divisible by k, we apply ¢.

Conversely, let i = (ui', 152, . .., i;") be a partition enumerated by d,(n, k, ). Then
st () U g () (4.8)
represents the inverse mapping.
Example 4. Considern =9, p=3, k=4 andr = 1.
The d3(9,4, 1)-partitions are:
(5,1%), (4,1°),(3,2,1%), (3,19), (22,1%),(2,17), (17).

To find the image of (1%), we perform the transformation:

J-rmneeffs

Applying the inverse map in (4.8) yields
17— (4%)1).
Similarly, we have
(5,1) = (5,4)
(4,1°) = (4,1%)
(3,2,1%) = (4,3,2)
(3,1%) = (4,3,1%)
(227 15) = (47 227 1)
(2,17) > (4,2,1%).

4.3.1 Connection with the work of Fu and Tang

Recall that o(n) denotes the number of partitions of n in which the set of parts
congruent to 0 modulo k is singleton. Fu and Tang [13] showed that if dy(n) is the

number of partitions of n where exactly one part is repeated at least k times, then

or(n) = di(n). (4.9)



Setting & = 4 in (4.9), o4(n) = d4(n). On the other hand, we have shown that
fo(n) = de(n) in Theorem 25. Since fy(n) = o04(n), we have the identity

dy(n) = do(n). (4.10)

Note that (4.10) is not ‘trivial’. As a preparation for a more generalized result, we
describe its bijective proof.

Let A be enumerated by d4(n) and j be the part that is repeated at least 4 times.
Then A = AU j™ where m is the multiplicity of j in A and X is the subpartition of

A consisting of parts that are repeated at most 3 times. Write m as
m=4qg+1 where 0 <:<3 and ¢ >1.

One writes j™ = 747U j° and converts j% into (25)%9.
Apply Glaisher map ¢;* on AU j' so that the image ¢; (AU j°) is a partition into
parts not divisible by 4.

Decompose the partition as
Gt (AU = N U

where )\ is the subpartition consisting of odd parts and \” is the subpartition con-
sisting of parts = 2 (mod 4). Divide each part of \” by 2 and apply ¢, on the
resulting partition. What follows is a partition into distinct parts. Then multiply
every part of this partition by 2 and call the resulting partition .
Note that

2/ UBUN

is a partitition enumerated by d.(n).

The inverse will be demonstrated in the general map. We require the following

lemma in the subsequent work.

Lemma 2. Let p, k and x be positive integers such that pk > 2. Suppose that x % 0
(mod pk) and x =0 (mod p). Then £ # 0 (mod k).

Now, setting = 0 in Theorem 26, observe that d,(n, k, 0) is the number of partitions
of n in which exactly one part = 0 (mod p) appears at least k times. By the above

result of Fu and Tang, the following generalization of (4.10) follows:
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Theorem 27. Forn > 0,
dpr(n) = dy(n, k,0).

Our interest in this theorem is in its bijective construction, which extends the given
mapping for the special case k =2 and p = 2.

Let A be enumerated by dy(n) and j be the part that is repeated at least pk times.
Then A = AU j™ where is the multiplicity of j in A and X is the subpartition of A

consisting of parts that are repeated at most pk — 1 times. Write m as
m =pkq+1 where 0 <i<pk—1 and ¢ > 1.

One rewrites j™ as j™ = jP* U j* and converts j7* into (pj)kq-

Apply Glaisher map ¢;k1 on AU j so that the image qu;kl()\ U j%) is a partition into
parts not divisible by pk.

Decompose this partition as
Gt (NUJ) = N U

where X' is the subpartition consisting of parts Z 0 (mod p) and \” is the subpar-
tition consisting of parts = 0 (mod p). Divide each part of \” by p and note that,
by Lemma 2, the resulting parts are not divisible by k. Apply ¢, on the resulting
partition. What follows is a partition into parts that appear at most k£ — 1 times .
Then multiply every part of this partition by p and call the resulting partition /.
Note that

(p) M UBUN

is a partitition enumerated by d,(n, k,0).
Example 5. Consider n =433, p =3 and k = 4.

Consider the d;2(433)-partition:
(1319, 10°, 750, 62, 45, 1)
which is decomposed as:
(1319, 10°, 62,45, 111) U (7%)
where j =7 and m = 30 =12-2 + 6. Thus 7" = (7**) U (7°) and so
(7*4) > (217).
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Applying the Glaisher’s map to the remaining parts yields
915 (131,10°,7°, 6%, 4°, 1) = (13'°,10°,7%,6%, 4%, 1').

Note that 6 = 0 (mod 3) and thus

B=3x oy (gg) = ().

Taking the union of all the image parts gives
(21%,13%°,10°,62, 4%, 1'1)

which is a d3(433, 4, 0)-partition.

The inverse is described as follows:
Let p be enumerated by d,(n, k,0). Decompose the partition as
p=s"UpuN

where s is that one part = 0 (mod p) whose multiplicity m is at least k times, 3 is
the subpartition consisting of parts = 0 (mod p) whose multiplicities are < k — 1

and X' is the subpartition consisting of parts Z 0 (mod p). Write m as

m=kt+ f where 0< f<k—1 and ¢t>1.

pkt
One rewrites s™ as s™ = s* U s/ and converts s* into (f}) .

Divide each part of S U s/ by p and then apply gb,;l on the resulting partition. Then
multiply every part of the obtained partition by p and denote the resulting partition
by /. Note that y' is a partition whose parts are not divisible by pk but divisible
by p. Thus the parts of X U u/ are not divisible by pk. Now compute

H” = prk(/\/ U //)

so that p” is a partition with parts appearing at most pk — 1 times. Clearly,

pkt
S
2 U M”
(p)

is a partition enumerated by d,x(n).
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Reversing the previous example, recall the d3(433, 4, 0)-partition:
(21%,1319,10%, 6, 4%, 111).
We decompose it follows:
(21%) U (6%) U (13'°,10%,4°, 11).

Thus,
(21°) = (729,

6 6
3x ¢t (=, = | = (6).
X d)4 (37 3) ( )
Applying the Glaisher’s map to (13!9,10%,4% 1) U (62) gives
$12(131°,10°, 62, 4%, 111 = (13'°,10°, 7%, 62, 4%, 1'1).
Now, taking the union of all the image parts yields
(13107 1057 7307 627 457 111)

which is a d;5(433)-partition.

4.3.2 A slightly different partition function

For o« > k, let g(n,a, k,p) denote the number of partitions of n in which only one
part appears at least a times and its multiplicity is congruent to a + 7 modulo p
where 0 < 7 < k — 1 and all other parts appear at most £ — 1 times. Denote by
go(n, o, k,p) (resp. ge(n,a, k,p) the number of g(n, «, k, p)-partitions in which the

part repeated at least a times is odd (resp. even). Then we have:

Theorem 28.

igo(ma, k,p) = ge(n, a, k,p)g" = (14 i :
n=0 (¢ @) = 1+ gt

(4.11)

Proof. 1If z tracks the part repeated at least « times, observe that

> g(n,a,k,p)g""

m=0 n=0
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Z anom + 2 q (a+p)n + an(a+2p)n + an(a—i-?)p)n + an(a+4p)n+

4o q(a+1+p) + an(a+1+2p)n + an(a+1+3p)n + an(a+1+4p)n+

n_(a+24+p)n (a+2+2p)n (a+2+3p)n (a+2+4p)n +

-+ 2"q + 2"q + z"q + 2"q
otz q(a+3+p)n + an(a+3+2p)n + an(a+3+3p)n + an(a+3+4p)n+

Co an(a—l—k—?—l-p)n + an(a+k—2+2p)n + an(a+k—2+3p)n + an(a+k—2+4p)n+

Stz q(aJrk 1+p)n + an(a+k71+2p)n + an(a+k71+3p)n + an(oz+k71+4p)n+

) ] O+d +d¥ +67 +-- %)
Jj=Lj#n
) k—1 oo )
Z Z q(a+z+mp)n H (1 + qj + q2j +q3j 4ot q(kfl)j)
n=1 =0 m=0 j=1,j#n
00 -1 o) e
=> 2" Z "N (14 ¢ + g% +¢% + - + g+ 1)
n=1 =0 m=0 =1,j#n
k— 00

nan

Z H I+ + g7 +¢¥ +- -+ %)

9]
>

n=1 =1,5#n
)
2

ST gan 00 ' A | |
— 1_q pn H(1+qj—|—q2]_{_q3]_|_..._|_q(k’—l)])‘
=1 4 J=1
_i anom ﬁ 1—qk]
n=1 1 —qr i 1 —q’
<Q7 Q>oo n—1 1 — qpn
so that
) (6% ") oo = (—1)gom
(gO(n7 a) k7p) - ge(n7 O[7 k;7p))qn — _
e e A 1)’nqan qpnm
(q q) ; n;)
m=0 n=1
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_qa+pm

- oozl+qa+pm

a+pm

q q 0021+qa+pm

We have the following relationship between h(n,p) and g(n, p, p, p).

Proposition 3. For alln > 0,

9o(n,p,p,p) = hy(n,p) and ge(n,p,p,p) = ho(n,p).

Proof. From the fact that

> 9nppp)d"=" = qpqpoozzq;;,

m=0 n=0

recall that z tracks the part which is repeated at least p times. Then

(e}

7’ q q"
I D .
<q q> n=1,n=1 (mod 2) 1- q
qp q” oo qrnr
Z 2pn P
= Z hp (.
n=0
and on the same note,
(qp qp) - g
ge n,p,p, p

n=1,n=0 (mod 2)

_ (@)~ @
(45 @)oo 1 — g%

n=1

= ho(n,p)q
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Chapter 5

Legendre theorems and parity for

partitions with initial repetitions

In this chapter, we study partitions with initial repetitions. This class of partitions

was introduced by George Andrews. We find several Legendre theorems, including

a new one for Andrews’ partitions with 2-initial repetitions. Our identities provide

a partition-theoretic interpretation of the following identities of Rogers-Ramanujan

type due to L. J. Slater [27]:

0 . e qn (n+1) O . .
H(l—q)z =H1—q ¢ (=g, (51
n=1 n:O n=1
00 0 qn (2n+1)
H(l—q%)z —H L—g"™)(1+¢" (1 +¢"?),  (5.2)
nel s (¢ @)2n
- n - qn(n+1) - 5n—1 5n—4
H(l—Q)Z<_ [Ta-ama - -, (5.3)
n=1 n=0 Q7Q)n n=1
[Ma-enY 2 C[la-aa+@Ha+e, 64
—q" P s — ¢+ A+ ¢, :
n=1 n=0 (q q>2n+1 n=1
) () T
H(l _ q4n) Z # _ H(l _ q12n)(1 _ q12n—5)(1 _ q12n—7)’ (55)
n=1 n=0 (q 1 q >2n n=1
0 X dAn(n+1)(,. 42 0
n q q;49" )on n — n—
H(l _q4 )Z - (4 )2 +1 _ H(l _q12 )(1 _ q12 1)(1 _q12 11)’ (56)
n=1 n=0 (q 4 )2n+1 n=1
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- 1 4n S q4n(n+1)<_q; q2)2n+1 . . 1 12ny(q 12n—1y (1 12n—11 5.7
1 0 q7;49" )an+1 e

(1 - q2n) qn(n+2)(—%q2)n+l(—q2$ q4>n 16 16n—4 16n—12
= I I I—qg ") (1=q¢™" I4+q™" .
H (1 + q2n71) nz% <q2; q2>2n+1 ( )( )( )

n=1 n=1

(5.8)
Furthermore, we derive parity for countless partition functions in this category and
illustrate that our approach is fruitful for many of the listed Slater identities of
Rogers-Ramanujan type. Work in this chapter has been submitted for publication

to Ramanujan Journal.

Some of the useful tools we use include the following identities (see [27]):

f[l(l —4q") nf; (qq;n;)n = f[l(l — "1 =g (1 =g, (5.9)

f[l (fl__qﬁ,f"?) i ((;21;);%12 = f[l(l — "1 =" (1 =), (5.10)
ﬁl(l —q") ni_o% (q;;n;;i(lz;ﬁ?ﬂ = f[l(l — )1+ A+ ), (511)
ijl(l B ; (g% q;;%((n;lq Jome1 loj (1-d =), (513)
:1(1 - ) g (q% qz)(f:;; Don i[l(l —a™MA-g" A -, (5.15)
i[l 11+_qgn+1 ;) " = i[l(l — "1 =" (1 =¢"),  (5.16)

X nn+2) (4. 42 OO
(1—q") Z q (=¢:¢°)n _ H(l — @)1 — ¢ ) (1 — ¢10). (5.17)

(Q§ Q)2n+1
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5.1 On Andrews’ partitions with 2-initial repeti-
tions
Our first result is as follows:

Lemma 3. For |q| <1,

; —(qq; q);nl = (~4;9) ;(—1)"“qn2, (5.18)
; (qq; Do (=4 @)oo ;%(—1)”61"2- (5.19)
Proof. d(n) = d°(n) — d°(n) + 2d°(n) so that
Y dn)g" =) (d(n) —d’(n))g" +2) d°(n)q"
2 d°(n)g™ = (—; )00 — Y _(d°(n) — d°(n))q"

It can also be shown that

n(2n 1)

> =3

n=1

qQ2n1

from which (5.18) follows. For (5.19), we have
Zde n)q" _Zd n)q" —Zd@
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n=1
= (¢, @) Y _(=1)"q"
n=0

It can be shown that

ide( - i gD

n)q" = :

n—=0 n—0 (q7 Q)Qn

and so (5.19) follows. O

Theorem 29. Let b°(n) be the number of partitions of n with initial 2-repetitions
in which either all parts are distinct or the largest repeated part is even. Similarly,
let b°(n) denote the number of partitions of n with initial 2-repetitions in which at
least one part is repeated and the largest repeated part is odd. Then

L, W G > 0;
b (n) — b°(n) = fn= J

0, otherwise.

Proof. Note that

> b (n)g" =

, © q2(1+2+3+...+2m) 0 '
J J
L+d)+ ) T IT a+4)
m=1 L/ am j=2m+1

q2(1+2+3+...+2m) 0

8

<.
Il
—

NE

: (1+¢)
(@ Dm0

q2m(2m+1) OO (1 _ (]Qj)
(@ Dom gy (1= &)

2m(2m—+1) 0

3
]
o

NE

3
]
(=)

q 2j
Gam@ g AL 4=¢)

© j—2m+1

WE

3

=0
1

Zq2m (2m+1) H] 1(1 — )
[ (1 = g%)
(qz; qz) g*m@m+h)

(¢ 4)oo 0( q*)2m

and
i i 2O+2+3+ 4 2m—1) 10_0[ '
b°(n)q" = (1+¢)
n=0 (@0 j=2m
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14243+..42m—1) X 1— ¥

:Zq

(@ @2m1 51—

i q2m(2m—1) ﬁ (1 2],)
= —q
= (@ Dom (P D)oo 25

o0 o0 27

1 Z q2m(2m71) Hj:l(1 —q7)
(¢ @)oo £~ [ (1= g%)
(%) = 1
(€)oo 2= (6% ¢*)2m—1

2m(2m—1)

Thus
S (b () — )t = L) (5o T g g
n)— n q _ - - 4 g
=0 (q’ q)oo n=0 (q2a q2)2n — <q27 q2)2n—1
4. 4 00 0
— M Z(_]_)annZ . Z(_l)n+1q2n2
(@0 \ = 2

(By (5.18) and (5.19))

= ¢ (by (1.14))

n=0

— - n(n+1)/2.
; q

5.2 Related partition functions

In this section, we give several Legendre theorems for partitions with initial repe-

titions. In turn, these provide partition-theoretic interpretation of equations (5.1),
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(5.2), (5.3), (5.4), (5.5), (5.6), (5.7) and (5.8).

Let ¢1(n) denote the number of partitions of n in which either

(a) all parts are distinct, the only odd part, if any, is 1 and even parts are at least
8 and divisible by 4

or

(b) the largest repeated even part 2j appears exactly 4 times, all positive even
integers < 2j appear exactly 4 times, even parts > 27 are at least 85 + 8§,
distinct and divisible by 4, odd parts are distinct and at most 45 + 1.

Let ¢1¢(n) (resp. ¢1,(n)) denote the number of ¢ (n)-partitions in which the number

of distinct even parts is even ( resp. odd). Then we have

Theorem 30. For alln > 0,

—_

. ifn=74(6j+5),j €Z
c1e(n) —c1o(n) =
0, otherwise.

Proof. Since

o o0
D an)gt = gt (g ) (07 ) s

we must have

D (cre(n) = cro(n))g" =D g EHHEI (g )y 1 (6P )
n=0 n=0
= """ (¢ ¢")2n 1 (6" ")
n=0
e 4. 4
_ 4n(n+1) .2 (q 1 q )oo
=> g (—¢; ¢ ons1 71—
; g qYani
4 4 o0 ) 4n(n+1)
= (09" —4,9" ) ont1
( ) ;( mia (¢% ¢*)2n+1

= [T +g " +¢" (1 =g (by (5.7))
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— f: "t (by (1.14))

n=—oo

Let co(n) denote the number of partitions of n in which either

(a) even parts are distinct and the only odd part, if any, is 1

or

(b) there exists j > 1 such that an even part 2j appears twice, all positive even
integers < 27 appear twice, any even part > 27 is distinct and the largest odd
part is at most 25 + 1.

Furthermore, let co(n) (resp. c2,(n)) be co(n)-partitions with an even (resp. odd)

number of distinct even parts. Then we have the following.

Theorem 31. For alln > 0,

1 n=4524+3j,j €Z;
C2.e(n) — ca(n) =
0, otherwise.

Since
oo . (—¢% ¢%)ee 00 26O+ 2020 ot 2
cn)g” = ———+ —q 14" )oo
2 el =) A i A )
00 2T EHAHATO+6 4 2nt2n
(_q2n+2_ q2)
_ — 3 _ ontl 4 oo
n:01 Q)(1—¢3)...(1—g?>+1)
we have
o) S 2n( n+1 2n+2
107 o
(c2.e(n) — Ca,(
_ i 2n(n+1 q q>
:0 n+1 q q )
0 q2n(n+1)

2. 2
= (0% ¢")w
) — (¢;¢*)n+1(4% ¢*)n

n

82



o i 2 +D)
=059 )o

=0 (¢ @)2nt1

IL0+ ) () (=)

(by (5.4))

Example 6. Consider n = 10.

The ¢2(10)-partitions are:
(10),(8,2), (8, 1), (6,4), (6,2%), (6,2,1%), (6,1%), (4,2*,1%), (4,2, 1), (4,1°), (3*,2%), (3,2, 1),

(2%,1%), (2,1%), (1")

From the above, note that ¢y .(10)-partitions are: (8,2), (6,4), (6,2, 1%), (4,2, 1%), (32, 2%), (3, 2%, 13),
(22,19), (1'%) and ¢4 ,(10)-partitions are: (10), (8,1%), (6,2%), (6,1%), (4, 2%, 1%), (4,1°), (2, 1%).
Thus,

C2,6(10) — ¢2,,(10) = 1.

This agrees with the theorem because 10 = 4(—2)% + 3(—2).

Let c3(n) denote the number of partitions of n in which the largest odd part 2j +
1(j > 0) occurs at least j times, even parts are distinct and greater than 2j + 1.
let c3.(n) (resp. c3,(n)) be cs(n)-partitions with an even (resp. odd) number of

distinct even parts. Then:

Theorem 32. For alln > 0,

1 n:2j2—|—j,j€Z;
Cse(n) —c30(n) =

0, otherwise.

Proof. We have

n times

- > f2n+1)+(2n+1)+(§n+1)+...+(2n+15
n__ q 2n+2, 2
203(n)q _ Z (1 _ q>(1 _ q3) o (1 . q2n+1) (_q 4 )oo
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and thus,

n times
N

- ~N

© 2n+1)+2n+1)+2n+1)+...+(2n+1)
2 : n_ 2 :q m+2, 2
(0376(71) - 0370(71))(] - (1 _ Q)(l . q3) o (1 o q2n+1) (q 7q )oo

qn(2n+1) (q2n+2 : qz)oo

(¢ @)ns1
n(2n+1)(

% 4o
(; ) n+1(¢% %)

0 qn(2n+1)

0 (¢ Q)2nt1

= (¢*; ") oo

Let c4(n) is the number of partitions of 7 in which either

(a) all parts are distinct

or

(b) the largest repeated part j appears twice, all positive integers less than j

appear twice and any part greater than j is distinct.

Similar to the previous formulations, let cq.(n) (resp.cso(n)) be cq(n)-partitions

with an even (resp. odd) number of distinct parts.

Theorem 33. For alln > 0,

(1) n=(5j"+3j)/2,j € Z;

0, otherwise.
Proof. Clearly,
Z C4(n)qn _ Z q1+1+2+2+3+3+---+n+n(_qn+1; Q)oo _ Z qn(n+1)(_qn+1; Q)oo
n=0 n=0 n=0
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so that

[e.9]

2(046() C4o q —Zq”(n—I—l) n+1 )

n=0

""" (q; q) s

—~ ()

o0

=TG- (=" (1-¢™) (by (53))

n=1
9

n2 n
= > (-

n=—oo

Example 7. Consider n =17.

The ¢4(7)-partitions are:
(7),(6,1),(5,2), (5,1%), (4,3), (4,2, 1), (3,2, 1%).

c4..(7)-partitions are:

(6,1),(5,2),(4,3),(3,2,1%)
and the ¢4 ,(7)-partitions are:
(7), (5,17), (4,2,1).

Thus, c4.(7) — ¢4,(7) = 1. Indeed, this verifies the theorem as 7 = 5(—2)? + 3(—2).

Let c5(n) be the number of partitions of n in which either

(a) all parts are distinct

or

(b) there exists 7 > 1 such that all odd positive integers < j appear twice or thrice
and other odd parts are distinct, all even positive integers < j appear twice,

even parts > 2j are distinct and no even integer in the interval (7, 2j] appears.

Let ¢5.(n) (resp. ¢5,(n)) denote the number of ¢5(n)-partitions with an even (resp.

odd) number of even distinct parts. Then
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ZCS q _ Zq1+1+2+2+ n+n( q2n+2; q2>oo(_q7q2)oo
n=0 n=0

_ an(n—i-l) 2n+2 )oo(_qa q2>oo

and
D (ese(n) = so(m)d" = " " (@ ) oo (=61 7)o
Observe that
D (ese(n) = o) (=) =D (=0)" "V (=0)*"; 6o (—(—0); (=9)*)oe
= ()00 Y _ 0" (™ 0P

e qn(n-l—l)(qQ; qQ)OO
= (¢:¢")
nz% (q25 qz)n

=[O =¢"") (1 =¢"?) (1-¢") (by (5.1))

We have the following result:
Theorem 34. For alln > 0,
(=)™, n=25*+j,j€Z

Cse(n) — c50(n) =

0 otherwise.

Let ¢g(n) be the number of partitions of n in which either

(a) all parts are even, distinct and divisible by 4

or
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(b) the largest repeated part is 2j — 1 (for some j > 1) and appears exactly 4
times or 5 times, all positive odd integers < 27 — 1 appear four times or 5
times, any other odd part is distinct and is at most 45 — 1 in part size, even
parts are > 85 + 4, distinct and divisible by 4.

Let ¢gc(n) (resp. ¢6,0(n)) denote the number of ¢g(n)-partitions with an even (resp.
odd) number of even distinct parts. Then

D co(n)gt =) gt (g8 g (—g5¢%)an
n=0 n=0

so that

D (ese(n) = cso(m))g" =Y q" (¢*" ™ ¢")oo(~ ¢ ¢*)2n

n=0

which implies

o0 o0

D (1) (c.e(n) = coo(n ZQ‘W )00 (436 )2m
= ¢ )oo (@ 4%)2n
_Z )

- Zq L (by (5.5)

n=0
— H (1 q12n—5) (1 q12n 7) (1 qIQn)
n=1
_ Z (_1)n 6n2+n

Hence, we have:

Theorem 35. For alln > 0,

(=)™, n=65*4+j,j €L
Coe(n) — Co0(n) =

0 otherwise.

Let ¢7(n) is the number of partitions of n in which either
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a e smallest odd part, if it appears, is at leas and even parts are distinc
th llest odd t, if 1t is at least 3 d 1 distinct
and at least 4

or

(b) 37 > 1 such that j appears three or four times if j = 2 (mod 4) and appears
exactly three times if 7 Z 2 (mod 4), all positive integers i < j appear exactly
twice or thrice if i = 2 (mod 4) and appear exactly twice if i« Z 2 (mod 4),
an even part greater than j but less than 47 is distinct and congruent to 2
(mod 4), any other even part is > 4j + 4 and distinct, odd parts > j are
actually at least 25 + 3.

Let c7¢(n) (resp. ¢7,0(n)) be the number of ¢;(n)-partitions in which the number of
distinct even parts if (a) holds is even (resp. odd) or the number of distinct even
parts that are > 45 4+ 4 is even (resp. odd) if (b) holds. Clearly,

f: 07 n _ q q ) N f: q1+1+2+2+-~~+n—1+n—1+n+n+n(_q2; q4)n(_q4n+4; q2)oo
= (%P = (>3 ¢%) o
g )
2n 3
n=0 ( + )00
and thus
*© X nn+2)(_ 2. 4 dn+4. 2
n q (=0%¢")n(@"" ¢%) o
C e n)—c ,0 n))qg =
nzzo< reln) = erolm)) nZ:O (€*"3¢%) o0
_ f: 0" (=0% ¢ (3 6 n1(0% 6o
— (45 ¢%) (6% 4%)2n 1
()0 = (=00 (4¢P na b (58
=73 7 2 (by (5.8))
(4:¢*)0 = (6% 4%)2n+1
_ H (1 _ q16n—4) (1 _ q16n—12) (1 _ qlﬁn)
n=1
_ Z (_1>nq8n2+4n'

This leads to the theorem below.
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Theorem 36. For alln > 0,

(1)) n=28j%+4j,j € Z;
cre(n) — cro(n) =

0, otherwise.

From the theorem, it can be observed that ¢z .(2n + 1) — ¢7,(2n + 1) = 0 for all
n > 0 so that

a@Cn+1)=c.2n+1)—c7,(2n+1)=0 (mod 2).
We record this result below.

Corollary 7. For all n > 0, we have
c7(2n+1)=0 (mod 2).
Let ¢g(n) be the number of partitions of n in which either

(a) even parts are distinct, greater than 6 and divisible by 4 and the only odd
part that may appear is 1 and is distinct.

or

(b) the largest repeated part is 25 (for some j > 1) and appears exactly 4 times, all
positive even integers < 2j appear four times, any even part > 27 is actually
at least 87 + 8, distinct and divisible by 4, odd parts are distinct and are at

most 45 + 1 in part size.

Let ¢sc(n) (resp. cso(n)) denote the number of cg(n)-partitions with an even (resp.

odd) number of even distinct parts. Then

ch(n)qn _ Z q4(2+4+6+~-~+2n)(_q8n+8; q4)oo(_q; q2)2n+1
n=0

n=0
so that
D (eseln) = cso(m))g" = """ V(@ 0" oo(— 5 ¢*)2nsn
n=0 n=0
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which implies

D (1) ese(n) = eso(m)g" =D g V(G ¢ oo (01 4%)2nss
n=0 n=0
N 4 0 oo (45 62
= (¢% q*)2n41
> An(n+1)(,. 42
4. 4 q (447 )2n+1
=49 ) by 5.6
( ) =0 (7% q*)2n+1 ( (5:6))

—

(1 . q12n—1) (1 . q12n—11) (1 . q12n)

— i (_1)nq6n2+5n.

3
Il
A

Hence, we have:
Theorem 37. For alln > 0,
(=)™, n=65%+54,j € Z

Cge(n) — cgo(n) =

0 otherwise.
Example 8. Consider n = 39.

The cg(39)-partitions are:
(28,3,2%),(9,5,4%,2%,1),(7,5,4%,3,2%).

cs.¢(39)-partitions are:
(9,5,4%,24,1),(7,5,4%,3,2")

and the cg,(39)-partitions are:
(28,3,2%).

Thus, cg.(39)—cs,(39) = 1. Indeed, this verifies the theorem as 39 = 6(—3)?+5(—3)
and 39 — 3 = 36.
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5.3 Parity

In this section, we derive parity formulas for partition functions that enumerate

certain partitions with initial repetitions.
Theorem 38. Let co(n) be the number of partitions of n in which either

(a) all parts are distinct

or

(b) there is an odd repeated part 25 — 1 and all positive integers less than 2j — 1

appear as repeated parts, any part greater than 27 is distinct.

Then
con)=1 <= n=74({+1)/2,j>0.

Proof.

% ' 20 A2 @n )21 2 .
> et =[Ja+ad)+)° . I G+
n=0 j=1 n=1 (5 0)2n j=2n+1
14142424 ..+ (2n—1)4(2n—1) ‘

I] a+4¢)

j=2n+1

L

o0

4n2—2n

= (DY

(4 Q)2n (=G @)2n

n=0
o0 4n2—2n

= (¢ Qo0 Y 55—
“— (% 4%)2n
o0 q4n2—2n

~¢9) %(q‘l;q‘l)n(q?;q%

= (a0x [ 7= =d"a:=d" n(113))

n=0

(=4 %) oo (=% ¢*)
(=4 7% (25 ¢%) oo
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(¢*;9%)
(¢:9)
= (¢;¢)° (mod 2)
_ Z gD/
n=0
O
Note that Z co(n)q™ = (%q 3)) we conclude that cg(n) satisfies further congruences.

For more of Such see [8].

Let cip(n) be the number of partitions of n in which there exists j > 1 such that
even parts are distinct and > 25 and all odd parts < 2j appear exactly once, odd
parts > 27 + 1 appear unrestricted. Then we have the following theorem.

Theorem 39. For alln > 0,

cio(5n+2) =0 (mod 2).

> 0 143454+(2n—1)(_ 2n+2. 2
n q ( q 3 q )oo
cro(n)q" =
nzg ol ; (2 ¢%) s
— i 0" (=>4 oo
= (")
_ io: qn2( q2n+27q ) (_q2;q2)oo
n=0 (q2n+1. q )OO (Qa qz)oo
" (q2”+2,q)

3
Il
=)

7" (=4 ¢%)n(0% ¢*) oo
(=4 ¢*) (qz' qz)

- ( q = Zq i(—l)"(?n—i—l)q”("ﬂw

n=0

+ (59)3,  (mod 2)

I
Mg

= H (1-¢"")(1-¢"")(1-¢") + Zq" m+D/2° (mod 2) (by (5.16))
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_ Z q4n2+n+zqn(n+l)/2 (mod 2) (by (1.14)).
n=0

n=—oo

Since there is no integer n such that 4n?+n =2 (mod 5) or n(n+1)/2 =2 (mod 5),
it must follow that c;o(5n 4+ 2) =0 (mod 2).

For instance, there are two partitions of 7 enumerated by c¢10(7). These are: (6,1)
and (3%,1). Thus ¢19(7) =0 (mod 2).

Let ¢11(n) be the number of partitions of n in which, there is a positive integer j
such that 1 appears with multiplicities j2 or j2 + 1, odd parts > 1 are distinct, all
even parts are distinct and those > 27 are at least 45 4+ 4 in size and divisible by 4,

no even integer in the interval (j,2j] appears as a part. Then

n n? times n
D en(n)g" =D g1 4 g) (0% 7)o (0% P)n (0" ) oo
n=0

n=1
= i 0" (14 ) (=¢% *)oo (0% 0 )n (=" D)oo (=" "o (mod 2)
n=1
= i 0" (0 *)oo(—0* ) oo ("% 6P (mod 2)
n=1
- i " (4 Doo(—¢""* ") (mod 2)
n=1
= (%9 i q“% (mod 2)
— 4% G*)n
2. 2 00 n2
e g, 002

_ (i) (—1‘)”61"2 (mod 2)
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Z qn(?m-‘rl +an(n+1)/2 by (114))

n=—oo

Note that, for all n € Z, we have n(3n + 1) = 0,2,4 (mod 5) and for all n € Z>,
n(n+1)/2=0,1,3 (mod 5). More specifically, we have n(3n+1) =0 (mod 5) <=
n=0,3 (mod5), n(Bn+1) =2 (modb) <= n =4 (mod5), n(3n+1)
(mod 5) <= n = 1,2 (mod5), n(n+1)/2 =0 (mod5) <= n =
(mod 5), n(n+1)/2 =1 (mod 5) <= 1,3 (mod 5) and n(n + 1)/2
) <= n=2 (modb5).

=l

4
4
3

(mod 5
Hence -
Z cii(5n + 1) = Z ¢""V/2 (mod 2),
n=0 n>1,n=1,3 (mod 5)
Z e (5n + 2)q5n+2 = Z n(3n+1) _ Z q (5n+4)(15n+13) (mod 2),
n=0 n=4 (mod 5) n=-—00
YoenlGn+3)gt =y g Z gD (mod 2)
n=0 n>1n=2 (mod 5) n=0
and -
Z cr1(5n + 4)g”" = Z ¢ (mod 2)
n=0 n=1,2 (mod 5)

so that we have the following.

Theorem 40. For alln > 0,

1) =2
c1(bn+1)=1 (mod 2) iff n—%, j>1and j=1,3 (mod 5),
 +4)(157 +13) — 2
cu(bn+2)=1 (mod 2) iff n:(5ij ) 55‘7+ 3) , JEL.
L 9)\(54 _
en(n+3)=1 (mod?2) iff po 0It )<‘;’é+3> 6 50,
(37 +1)—4
ci1(bn+4) =1 (mod 2) iff n:‘%, JEZ and j=1,2 (mod 5).
Recall that
chl q — Z qn(3n+1 +an(n+1

Observe that none of the exponents n(3n + 1) or n(n +1)/2 is congruent to 5, 7, 9
modulo 11. Thus, we have:
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Theorem 41. For alln > 0,
c11(1ln+5) =0 (mod 2),
c11(1ln+7)=0 (mod 2),
c11(1ln+9) =0 (mod 2).

More generally, it can be shown by completing the square in Theorems 39 and 41
that the following statements hold.

Proposition 4. If N is such that 8N + 1 is not a square and 16N + 1 is not a
square, then
ClO(N) =0 (mod 2)

Proof. Suppose N = 4m? + m, then

1 1
N =4 L —
(m+2)"~ 75
 (Bm+1) 1
N 16 16

ie.
16N + 1= (8m + 1)

Similarly, suppose N = @ then

i.e.
8N +1=(2v0+1)%
Hence if 8N + 1 and 16N + 1 are both not squares, then the coefficient of ¢ must

be 0 on the right-hand side. Thus ¢19(N) =0 (mod 2).
O

The proof of the following result mirrors that of Proposition 4.

Proposition 5. If N is such that 8N + 1 is not a square and 12N + 1 is not a
square, then

c11(N) =0 (mod 2).
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Let ¢12(n) denote the number of partitions of n in which either

(a) all parts are even and distinct or

(b) there is an even part 2j which appears twice, all positive even integers < 2j
appear twice, any even part larger than 27 is actually > 45 4+ 2 and distinct,

odd parts are distinct and at most 27 — 1 in part size.
Then we have the following theorem.
Theorem 42. For alln > 0,
1 (mod 2), n=(7j2+3j)/2,j €Z;
cr2(n) =
0 (mod 2), otherwise.

Proof. Note that

2612 q q +Zq2+2+4+4+...+2n+2nH 1 +q2z 1 H 4n+2j
n>0 n>1 i=1 j=1
= " (=g )" ")
n>0

— Zan(n—i—l q; q (q4n+2 q ) (IﬂOd 2)

n>0
2. 2
=> ¢ +1)(qu?)n( = 2> (" ¢*)oo
n>0 (q ) )Zn
_ 2n(n+1) 2 (q23q2)oo
> g (4 )n7 35—
= (4% ¢%)2n

qn
= (") Y. 5

n>0 (4% ¢®)n(—=¢; @)2n
H(l ™M1 +¢" (A +¢™) (mod2) (by (5.14))

n>1

n243n
Z q(7 +3n)/2

n=—oo
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Let ¢13(n) denote the number of partitions of n in which either

(a) all parts are even and distinct

or

(b) odd parts appear twice or thrice and are gap-free, even parts are distinct and

the smallest even part is > 2(the largest odd part) + 4.
Then parity of ¢13(n) can be deduced from the following.
Theorem 43. For alln > 0,

1 (mod2), n=(752+7)/2,j €Z;

c3(n) =

0 (mod 2), otherwise.

Proof. Ttis clear that 3 c13(n)q" = (=¢% ¢*)oot 3 ¢ 77042071 (=45 ¢%)n (=" ¢)oc,

n>0 n>1
and by a similar manipulation as in Theorem 42, we have

n_ (.2 2 ¢ mo
nzzocl?’(n)q =g )Oonzzo (4% ¢*)n(—¢; @20 (mod 2)
=[[0-d™ A+ A+ (mod2) (by (5.15))
= i g™ *tM/2 (mod 2).

Let ¢14(n) denote the number of partitions of n in which either

(a) 1 is the only odd part that may appear and even parts are distinct

or

(b) there is an even part 2j that appears twice, all positive even integers < 2j
appear twice, any even part larger than 27 is actually > 45 + 2 and distinct,
odd parts are < 27 + 1 and those < 27 — 1 are distinct.

We have:
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Theorem 44. For alln > 0,
1 (mod2), n=(7j2+5j)/2,j € Z;
c1a(n) =
0 (mod 2), otherwise.

Proof. The generating function for the partition function in question is

2. 2 2

n =454 ) conton \ T4 4 )n n
E c1a(n)g™ = —( - ) + § :q2+2+4+4+ 2n+2 ( — inl(_qél +2;q2)oo_
n>0 1 q n>1 1 q

However, by a similar manipulation as in the proof of Theorem 42, we find that

2n(n+1)
Y cum)d" = (6% 6w Y ( :

2. 42 PR
n>0 n>0 qa-;q )n( q; q>2n+1

=TI - ™) +d" D1+ (mod2) (by (5.13))

n>1

’I’L2 n
= Y g

n=—oo

(mod 2)

Let ¢15(n) denote the number of partitions of n in which either

(a) even parts are distinct and congruent 2 (mod 4) and 1 is the only odd part
that may appear

or

(b) the largest even part 2j appears exactly twice if 27 = 0 (mod 4), and appears
twice or thrice if 2j = 2 (mod 4), all positive even integers < 2j and = 0
(mod 4) are repeated exactly twice, and those < 2j and = 2 (mod 4) appear
twice or thrice, any even part larger than 2j that is divisible by 4 is actually
atleast 45 4+ 4 in part size and distinct, even parts that are > 25 and = 2
(mod 4) are distinct and 2j + 1 is the only odd integer that may appear.

The following result follows:
Theorem 45. For alln > 0,
1 (mod?2), n=3j5%+2j,j€Z;
c15(n) =

0 (mod 2), otherwise.
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Proof. Note that

(e P2+ +2n) .
doas(n)g" = (i) ) (0 )

n>0 1- q n>1
:( 2. 4) an(n—i—l) ( An+4, 4) (mod 2)
= (@500 2 T a7 )
n>0
2n(n+1) 4. 4
q (7% 4" o
= T (@) i (mod 2)
2n 1 4. 4
= * (g% q*)n
Z q 2n(n+1) ( )
= q°;q
S (L= ) (g% ¢Y)n
2n n+1 2
49 )n
=31 Ty e 21 (% %)
5 (1= (4¢°)nla* ¢Yn
o s g2 (D) (—q: %) 15
= (¢%¢") o (mod 2)

n>0 (q,q Jn+1 (q 04 )n
[T =)+ ) 1+ ¢ (by (5.11))

n>1

00
3n2+2n
> A

n=—oo

Let ¢16(n) denote the number of partitions of n in which either

(a) all parts are even and distinct

or

(b) there is the largest odd part 25 —1 which appears once, all positive odd integers
< j appear once or twice , all positive odd integers > j appear once, even parts
< j are distinct, and those > j are distinct and actually > 25 4 2 in size.

We obtain the following theorem.

Theorem 46. For alln > 0,
c16(49n 4+ r) =0 (mod 2),
where r = 6,20,27,34,41, 48.
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Proof. Tt is not difficult to see that

> cin — %000+ D¢ 14 ) (14 ¢7) (T4 ¢ (=0 ¢

n>0 n>1

=3 0" (~¢ (" )
n>0

S

(q;Q)n( 0 Q)nl— n+2. 2

= (@

=y
n>0 (

g

= (%) )~

;(q;q)n

= (6:0) [ A=A+ )1+ ¢ (mod 2) (by (5.9))

2n+2

Q)n -
Z ¢%)oe  (mod 2)

n>1
= i qn(3n+1)/2 i qn(5n+1)/2
_ Z n(6n+1 +q(2n+1)(3n+2)) i (qn(10n+1)+q(2n+1)(5n+3))_

oo
Since the exponents in Y. (g1 4 @G are congruent to

n=—oo

0,1,2,5,7,8,12, 14,15, 19, 21,22, 26, 28, 29, 33, 35, 36, 40, 42, 43, 47

modulo 49 and the exponents in Z (gnon+D 4 gn+D)Gnt3)) are congruent to

n=—oo

0,2,3,7,9,10,11, 14, 16,17, 21,23, 24, 28, 30, 31, 35, 37, 38, 42, 44, 45

modulo 49, it follows that the product
i (6D 4 qanDEn2) i (00D 1 gD ER)) hag 1o exponent con-

n=—oo n=—oo

gruent to 6, 20, 27, 34, 41, 48 modulo 49. Thus

o0

Z c16(49n + 7)™ =0 (mod 2)

n>0

where r = 6,20, 27, 34, 41, 48. O

Let c17(n) be the number of partitions of n in which either
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(a) all parts are distinct and greater than 1

or

(b) there exists j > 2 such that 1 appears exactly j* times and parts > 1 are at

least j + 1 in size and distinct.
Then, we have:

Theorem 47. For alln > 0,

1 (mod2), n=(52+))/2.j €L
017(72,) =

0 (mod 2), otherwise.

Proof. We have:
icn(n)q” = (=% @) + ian(_
n=0
= (1+2¢)(— +Zq Joo  (mod 2)
=1+ @) (=% @) +a(= +Zq

= (0 Qs +a(- +Zq

= ﬁ (1+¢" ) (14+¢" %) (1-¢") (mod2) (by (5.9))
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> 7L2 n
= Z T (mod 2).

n=—oo

Example 9. Consider n = 11.

The ¢17(11)-parititions are:
11,(9,2),(8,3),(7,4), (7, 14), (6,5),(6,3,2),(5,4,2), (4,3, 14)

and so ¢17(11) = 9 = 1 (mod 2) . Indeed this is true since 11 = %(] = 2) in
the theorem.

Let ¢13(n) be the number of partitions of n in which either

(a) all parts are distinct

or

(b) there exists 7 > 1 such that all positive odd integers < j appear twice or thrice
and other odd parts are distinct, all positive even integers < j appear twice,

even parts > 2j are distinct and no even integer in the interval (7, 2j] appears.
Then, we have:
Theorem 48. For alln > 0,
1 (mod?2), n=22+jj€Z;

c1g(n) =

0 (mod 2) otherwise.

Proof. The generating function for ¢15(n) is

D a(n)gt = gt 2 ) (<507
n=0

n=0
oo

= ()0 Y_ """ ) (mod 2)
n=0

e qn(n+1)<q2’q2)oo
n=0 (q27 q2)n

= (¢;¢%) oo
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Il
LS
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N
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3
—~
=
o
o
N}
S~—

Let ¢19(n) be the number of partitions of n in which there is j > 1 such that 2j — 1
appears and all positive odd integers < 2j — 1 appear, even parts are > 2j and

distinct, odd parts > 2j may appear. Then

) 0 q1+3+5+---+(2n71)(
cro(n)q" =

n=0 n=1

—¢*"% ) oo

(45 ¢*)

qn2(_q2n+2; q2)oo

(¢:4%)os

I
WE

i
L

7" (% ¢%) oo
(6% ¢*)n(¢; %)

I
NE

(mod 2)

n

7" (0% ¢%)oo (¢ ¢*)n
“ (% 6*)n(¢: %) oo (45 %)

I
WE

3
Il

7" (0% 0% oo(—4: 4P
(4% ¢*)n(—q; q2) (¢ q2)

I
Mg

l\'J’_‘

n

= ( q >0 Z e (z? 2?);“ (mod 2)

q)

= (E ;_q 2)00 Z 7 GZ);Q b | (¢;9)%, (mod 2)

TT0-+4772) (047 (1) + 302 o 612)

n=0
= Z 3nttn an(nH (mod 2).
n=—00 n=0
The series on the right-hand side is the same as the series expansion for > ¢11(n)g¢"
n=0
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and so Theorem 41 is valid for ¢j9(n), i.e.
c19(1ln+5) =0 (mod 2),

c19(1ln+7)=0 (mod 2)

and
c1o(1ln+9) =0 (mod 2).

Let c99(n) denote the number of partitions of n in which either

(a) all parts are distinct and greater than or equal to 2

or

(b) the largest part j appears exactly three times if 7 = 0 (mod 2), and appears
three or four times if 7 = 1 (mod 2), all positive even integers < j appear
exactly twice, all positive odd integers < j appear two or three times, all even
parts > j are actually at least 25 4+ 2 in part size and distinct, odd parts > j
are distinct and no odd part is equal to 25 + 1.

We have:

Theorem 49. For alln > 0,

1 (mod?2), n==6j>+4j,j€ Z;
CQO(TL) =

0 (mod 2), otherwise.

We have

o0

D ean(n)g" = (=% @)oo + »_ g T (g g2) (=P )

n=0 n=1

o n(n+2)(,2n+2. 2 .42
q (@7 ¢%)oo(€3 7)o
Z (1 _ q2n+1> (mOd 2)

n=0

0 n(n+2)(,2. 42
q 75 )
= (") Y (@)
“—(q

’qZ)n(]_ _ q2n+1)

o qn(n+2)

— (2 ¢2)n(1 — g2*0)

= (¢:9)

n
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o “””W%q)
2% cq?)n(1 — ¢2+1)
© q" (n+2) ( 2)n

(q q )n+1(q @*)n
— """ (¢ ¢%)n
s (4 @)2nt1

= (¢;¢)oo (mod 2)

= (¢:9)
12n 2 1 q12n710) (1 o q12n) (by (517))

-le-
- Z £ (mod 2).

The following corollary is immediately disposable.

Corollary 8. For all n > 0, we have,

c20(2n+1) =0 (mod 2).
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Chapter 6
Conclusion

In this dissertation, we reviewed relevant theorems in the literature that introduce
several concepts, namely, identites of Euler type (Theorems 9, 10 and 11), partitions

with initial repetitions and identities of Rogers-Ramanujan type.

In Chapter 2, we studied several bijective proofs one of which is due to Andrews,
Eriksson, Petrov and Romik for Theorem 9 and a new class of partitions introduced

by Andrews called partitions with initial repetitions.

In Chapter 3, we gave a new generalized bijection of the Andrews-Eriksson-Petrov-
Romik bijection for Andrews’ partition theorem (Theorem 10), generalized Sub-

barao’s partition theorem (Theorem 11) and subsequently generalized Theorem 10.

In Chapter 4, we extended Andrews and Merca’s theorem (Theorem 13). We derived
recurrence formulas for related functions. New partition identities were obtained and

we also studied their connection to the work of Fu and Tang.

Lastly, in Chapter 5, we discovered identities of Euler-pentagonal type for some
partitions with initial repetitions as well as obtained infinite families of modulo 2

Ramanujan congruences for countless related partition functions.

The work in Chapter 3 has been published in journals: Integer Sequences, Annals
of Combinatorics and the work in Chapters 4 and 5 has been submitted to two

ISI-accredited journals (Revista de la Real Academia de Ciencias Exactas, Fsicas y
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Naturales. Serie A. Matemticas and Ramanujan Journal).
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Appendix

SAGE codes:

# p=b r=4 a=2 m=4
def bprma(n):# outputs B_{5,4,4,2}(n)

b = []
for j in Partitions(n).list():
bl = []
b2 = []
b3 = []
b4 = []
b5 = []

for t in j:
if 1ist(j).count(t)%5
bl.append(t)

Il
|
o

and 0 <= list(j).count(t) <= 15:

for s in j:
if 1ist(j).count(s)%5 == 2 and 22 <= list(j).count(s) <= 37:
b2.append(s)
for k in j:
if 1ist(j).count(k)%5 == 4 and 44 <= list(j).count(k) <= 59:
b3. append (k)
for 1 in j:
if list(j).count(1)%5 == 1 and 66 <= list(j).count(l) <= 81:
b4 .append (1)
for h in j:
if 1ist(j).count(h)’%5
b5. append (h)

Il
[
w

and 88 <= 1list(j).count(h) <= 103:
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if len(bl) + len(b2) + len(b3) + len(b4) + len(bb5) == len(j):
b.append(j)
return len(b), b

def eprma(n):# outputs E_{5,4,4,2}(n)

e0 = []

for j in Partitions(n).list():
el = []
e2 = []

for t in j:
if t%20 in [5,10,15]:
el.append(t)
for s in j:
if s%110 in [22,44,66,88]:
e2.append (t)
if len(el) + len(e2) == len(j):
e0.append(j)

return len(e0), e0

def arminuscr(n):# outputs a_{1}(n,3), c_{1}(n,3) and a_{1}(n,3) - c_{1}(n,3)

ar = []

arl = []
crl = []
cr2 = []
cr3 = []

for j in Partitions(n).list():
D = [p for p in j if 1list(j).count(p) == 1]
R = [q for q in j if (list(j).count(q))%3 in [0,2]]
if len(j) == len(D):
ar.append(j)
if len(R) > 0 and len(D) + len(R) == len(j) and
Set(R) .cardinality() == 1:
crl.append(j)
for t in ar:

for s in t:
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if s%3 == 2:
arl.append(s)
for s in cri:
for t in s:
if (list(s).count(t))%3 in [0,2] and t%2 == 1:
cr2.append(s)
if (list(s).count(t))%3 in [0,2] and t%2 == O:
cr3.append(s)
return len(arl), (len(Set(cr2)) - len(Set(cr3))),
len(arl) - (len(Set(cr2)) - len(Set(cr3)))

def de(n):# outputs the number of partitions of n in which exactly
# one even part is repeated and odd parts are unrestricted
d =[]

for j in Partitions(n).list():

E = [p for p in j if p%2 == 0]
0 = [p for p in j if p%2 == 1]
di = [J
d2 = []
d3 = []
d4 = []

for s in E:
if list(j).count(s) > 1:
d1l.append(s)
if Set(dl).cardinality() == 1:
d2.append(dl)
for s in E:
if 1list(j).count(s) ==
d3.append(s)
for k in O:
if 1ist(j).count(k) >= O:
d4 . append (k)
if len(d2) != 0 and len(d2) + len(d3) + len(d4) == len(j):
d.append(j)
return len(d), d
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def fo(n):# outputs the number of partitions of n in which

# the set of parts congruentto O mod 4 is singleton

f =1
for j in Partitions(n).list():
E = [p for p in j if p%4 == 0]
F = [p for p in j if p%4 in [1,2,3]]
f1 =[]
f2 =[]
£3 =[]
for t in E:

if 1ist(j).count(t) > O:
f2.append(t)
if Set(f2).cardinality() ==
£3.append (£2)
for k in F:
if 1ist(j).count(k) >= 0O:
f1.append (k)
if len(£f3) != 0 and len(f3) + len(f1l) == len(j):
f.append(j)

return len(f), f

def do(n):# outputs the number of partitions of n in which exactly
# one odd part is repeated and even parts are unrestricted
do = []
for j in Partitions(n).list():
E = [p for p in j if p%2 == 0]
0 = [p for p in j if ph2 == 1]

di = []
d2 = []
a3 = []
dd = [1

for s in O:
if 1ist(j).count(s) > 1:
dl.append(s)
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if Set(dl).cardinality() == 1:
d2.append(dl)
for s in O:
if 1ist(j).count(s) ==
d3.append(s)
for s in E:
if 1ist(j).count(s) >= O:
d4.append(s)
if len(d2) != 0 and len(d2) + len(d3) + len(d4) == len(j):
d0.append(j)
return len(d0), dO

def f2(n):# outputs the number of partitions of n in which
# the set of parts congruent to 2 mod 4 is singleton
£0 = []

for j in Partitions(n).list():

E = [p for p in j if p%4 == 2]

F = [p for p in j if p%4 in [0, 1, 31]
f1 =[]

£3 =[]

4 = []

for t in E:

if list(j).count(t) > O:
f1.append(t)
if Set(f1).cardinality() ==
f4.append(£f1)
for t in F:
if 1ist(j).count(t) >= O:
£3.append(t)
if len(f4) != 0 and len(f4) + len(f3) == len(j):
f0.append(j)
return len(f0), fO

def o4(n):# outputs the number of partitions of n in which the set
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# of parts congruent to O mod 4
00 = []
for j in Partitions(n).list():
E = [p for p in j if p%k4 == 0]
0 = [p for p in j if p%4 in [1,2,3]]

ol = [I
02 = []
03 =[]
for t in E:

if 1list(j).count(t) >= O:
ol.append(t)
if Set(ol).cardinality() == 1:
02.append(ol)
for s in O:
if 1ist(j).count(s) >= O:
03.append(s)
if len(o2) != 0 and len(o02) + len(o3) == len(j):
00.append (j)

return len(o0), o0

def d4(n):# outputs the number of partitions of n where exactly one part
# is repeated at least 4 times
do = []
for j in Partitions(n).list():

d = [p for p in j if p >0]

di1 = [1]
d2 = []
d3 = []
for t in d:

if 1ist(j).count(t) < 4:
dl.append(t)
for s in d:
if 1list(j).count(s) > 3:
d2.append(s)
if Set(d2).cardinality() == 1:
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d3.append(d2)
if len(d3) != 0 and len(dl) + len(d3) == len(j):
d0.append(j)
return len(d0), dO
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