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Abstract

This dissertation is divided into two parts: the first part deals with the
concepts of angnlar moinenture and spin in classical mechanics and quantim
mechanics and relativistic quantum mechanjcs and their connection with
magnetic moments.

In the second part, & model is set up of a relativistic three particle system,
based on the previously introduced concepts, which will serve as a template
for a nucleon, The spatial component of the Lorentz invariant electrcmag-
netic current is computed, and on the basis of it, the magnetic moment in
. the non-relativistic Hmit.

It wili be seen that the ratio —3 for the magnetic moment of the proton
to the neutron will be recovered, i.n accordance with the static guark model,
static QOCD and very close to experiment.
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Chapter 1
'Introductioﬂ

In recent years, the study of spin has provided valuable insights into the
structure of subatomic particles, The quantum variable ”spin” cannot .e
directly observed, but only inferred to frem the related quantity ”magnetic
moment”. Experimental results for the value of magnetic moments exists
for a large number of particles. The correct computation of the magnetic
moment for a theoretical model can be viewed as s important initial success.

The experiments which study spin hence measure magnetic momenta.
Some experimerts involved a comparison of the results of polatized to anti-
polarized proton-proton scattering cross-sections. These results indicate that
for large P2, where the asymptotically free region is probed and the scattering
is taken to be s consequence of the hard scattering constituents, the collision
parameter, or the "size” of the proton, appears to be larger for collisions
between polarized beams [16).

Interpretation of the experimental outcome leads fo conclude that onlv a
fraction of proton as well as reutron spin is due to quarks [10]{11]. .

This dissertation aims to pave the way in a direction that may finally
produce some clerity to this problem. '

In this dissertation, a template for the nucleon will be presented in the
dissertation under the assumption that the nucleon is a three body system
composed of quarks,

The quark model has its origins in a large number of experimental data
on baryon and meson resonances during the 1960's [18]. It was found that
the patterns found could he accounted for in texms of quark constituents.
Initially, Gell-Mann and Zweig proposed three types of fermion constituents
in a baryon,with "flavours” u» (up), ¢ (down) and s (strange). The "up’

7



8 CHAPTER 1, INTRODUCTION

and "duwn refers to the relative orientation of the isospin, 3 = } (up) and
Iy = — (down) and I3 = 0 (strange). These constituents were assmned to
carry fractional charges, Wmh d and s having charge & = ~4, u has charge
Q = % and each carries spin 3

By imposing the symmetry of quark flavour [18} as well as spin (i.e. fhe
* state does not change under exchange of any pair of quarks), the baryon de-
cuplet with spin-parity g"‘ can be constructed. Each member of the decuplet
has the spin of all three constituents aligned. The ™ baryon was predicted
on this bssis 3 years before it was observed.

Siuce three fermions in the same state with the same spin violate the‘Pauh -
exchubion principle, an additional quantum number was necessary to describe
- the quarks. This quantum number was called "colour”, and the quarks can
have quanfum number red, green and blue, So the added constraint of the
baryons being overall " colowrless” was imposed.

More important to this disseration is the symmetry operatlon of simulta-
neous interchange of fAavour and spin of any quark pair although not under
each separately (18], This symmetry gives rise to the baryon ovtet, of which
the proton (uud) and the neutron (udd) are members, Each o the members
of the octet has spin-parity 2 .

Although this group theoretical analysis assumes the qu.rks to be static,
against which there are strong arguments to be presented later, it nevertheless
yields satisfactory results and the quark hypothesis is still going strong. We
shall compare ovir results with the results obtained by the static quark model.

A large part of the dissertation deals with the model introduced in {13]
and further work on it in {10]. In these papers, the zeroth compaonent of the
current G (¢%) was calenlated and a value was obtained for the quark core ra-
dius, It turned ont that there was a non-vanishing contribution to (r) which
was purely due to the minimal correlation considered in the model. The nu-
merical values obtained and found to be in the range 0 < /{(r%) < 0.18fm
in the non relativistic and the extreme relativistic limit respectively. The
extreme relativistic value accounted for 19% of the empirical value for the
proton radius at rest, which is given as 0.81 & 0.04fm or 0.862 £ 0.012fm
in {16). This contribution to the radius is thought to be due to Thomas
precession effect, which arises from the non-commutativity o CMS and per-
pendicular boosts acting on the system. In this dissertation, 1t will be shown
that the mode] retrieves the static ratio 3 of the magnetic moments of the
proton and the neutron . To this end, the spatwl component of the invariant



electromagnetic current will have to be computed.

In order to understand all the components nsed in constricting the model,
it was necessary to study some very important formalisms. The principle
work presented in this dissertation was to calculate the ratio of the expecta-
tion value of the magnetic moment of the proton and the nucleon,

In Chapters two to five, I give an overview of how spin is described in
physics. Chapters six to eight present the new work done.

Chapter two deals with rofational phenomena in general and how they
are described mathematically in classical physics wud quantum mechanics.
We start from: classical physics and derive the relationship between angular
momentum and magnetic moment. This is & very important result, since as
stated earlier, spin as well as angular momentwmn can only be inferred on a
particle level via the obsexrvable quantity of magnetic moment. The group
strucsure of rotational phenomens will also be presented, since this will be
the stepping stone to the classical description of spin, which is intuitively
very appealing. The transition to gquanturn mechanics is presenfed in sorne
detail.

Chapter three investigates the origin of spin as an experimentally inferred
phenomenon and, moreover, how these results were incorporated in the de-
. scription of particles. Spin is of special importance to us, since we assume
the three partons in our model to be in an initial s-state, a state of zero
angular momentum. Hence we would expect, in the static (non-relativistic)
limit, all the contribution to the magnetic moment to come from the spin of
the constituents.

The fourth Chapter deals with the Dirac equation. The marriage of the
two fundamental principles, quantum mechanics and relativity, gives rise fo
an analytically derived expression for spin. As already mentioned, there are
good arguments for assuming the quarks to move with relativistic velocities,
‘The quarks will have to be described quantum-mechanically because of their
dimensions and relativistically because of their velocity. Dirac way the first
to describe relativistic quantum mechanics successfullv for fermions. His
description containg some surprising results, which will be presented later.

Following this, Chapter five introduces the helicity formalism. This spin
formaliem, which has been used initially to describe fhree particle decays
[12],1 mployed in & new context the use of the helicity formslism in this
new context leads to the formulation of a new model of the nucleon described
in Chapter six. The helicity formalism has the advantage of meking the spin
projection quantum number relativistically invariant. This in turn will help
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us to couple the spins of the three constituents, since we can still use LS-
coupling rules. A two particle system will be presented in chapter five on the
basis of which we shall build a three body system in the following chapter.
"The invariant vector electromagnetic current as well as the ratio of the
magnetic moment expectation value of the proton to the nentron are com-
puted In Chapter seven. The current will be derived, first in the Schrédinger
picture. which is intuitively appealing and then by analogy in the Dirac pic-
ture. From the point perticle current, the general baryon current will be
derived and finally the Gordon decomposition. The non-relativistic will be
- taken and the magnetic moment ratio calculated. |
Finally, in Chapter eight, conclusions are drawn and future possibilities
are discussed. _
The Appendices contain explicit details of some of the calculations.



Chapter 2

| Angular Momentum

In this second chapter. we shall start by introducing some basics of angu-
lar momentum theory., The relationship between angular momentum and
magnetic moment will be derived. We identify the symmetry and conserved
quantity of relevance, on the basis of which a classical Lie-group can be
constructed. _ : :

We then show how the classical theory can be generalized to quantum
mechanics. _ '

The chapter is concluded hy pgiving a brief overview of the representa~
tion of the rotation group relavant to quantum mechanics and a physical
interpretation of the mathematical results. :

Many of the concepts introduced in this chapter will be used when dis-
cussing spin. .

2.1 Classical Angular Momentum

2.1.1 Magnetic moment and orbital angular momen-
tum -

Angular momentum is classically defined as :

L = Fxmy (2.1
= mlr||v]cosd

The AM {angular momentum) vector L is the vector perpendicular to the
velocity vector ¥ of the particle and the position vector 7 as seen from the

11



12 - CHAPTER 2. ANGULAR MOMENTUM

axis of rotation as origin, In other words, the rotation occurs in the plane
defined by the vector L. The angle § defines the angle between the vectors 7
and 7. _

The classical orbital magnetic dipole moment is defined as {19]

=IA @22

where [ is the electric current and A the area of the loop the current flows
through. The errent is assumed to be perpendicular to the position vector
of the moving charge.

Assuming cos8 = 1 in (2.1), we rewrite the relation as {19]

L=mm | (2.3)

where the quantities L, r and » are taken as magnitudes of their vectors.
When describing, for instenc:, an electron orbiting an atom, the current
is given by the single charge e mrclmg the atom with a peviod T' = ‘:", where

" 7 is the radius of the orbital and v the magnitude of velomty of the charge.

L
The current is then o o

= e (2.4)
T Zar
Solving (2.3) for v and substituting into (2.4} and then substituting (2.4)

into {2.2) yields the result [19]

_ ekl
M= S
or, in vector form
5o B F
I 5

where the minus sign arises from the definition of the relative orientations
of iy end L.
If could rewrite the above expression as
" HEB 7
m~~ﬁL |
where the constant pzp = £ is called the Bohr magneton end forms
the natural wnit of measuring the maguetic dipole moment. This is, as was
stressed earlier, a very important result, since it connects the theoretic
quantity of angulay momentum to the observable quantity of magnetic mo-~
ment. Another important observation is the fact that the magnetic moment
to angular momantum ratio does not depend on orbital shape, nor size or
period [19].
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2.1,.2 Angular momentum from SO(3)

Classical group theory provides uis with & starting point to make the transi-
tion from classical to quantum mechanics. _

A group is, findamentally, an expression of a symmetry [4].

Noether's theorem tells us that, associated with a symmetry of a system,
there exists & conserved quantity. The conserved physical quantity in the
rotation group is the magnitude of angular momentum. Mathematically, the
conserved quantity under operations of the rotation group is the magnitude
of the rotated vector. This can be expressed as the invariance of the metric
under the transformations

RTgR =y

Since we are working in a 3-dimensional flat Euclidean space, the metricg
is just the identity matrix f5, The matrix R as defined by the above reiation
belongs to the group demoted by O(3) (for "orthogonal”) with the special
property def R = &1, _

We are interested in the special case det B == -1, which defines the special
orthogonal group called SO(3), which is the classical group of rotations in 3
dimensions.

For a rotation by an angle ¢ around the z-axis (the z-axis is arbitrarily
chosen and we could easily generalize to any dizection), the following matrix
can be used: _

vosf -—singd 0
(2.5)

R[U(8)] = [Siil@ cosd 0
Lo o 1]

where the property det R = +1 can be easily verified,
R[U(8)] maps the vector (z,y) onto the vector («'.¢y} in the following
fashion: *

z! = gcosh~— ysinf
¥ = zsinf+ycosd

This transformation is continuous, since the parameter ¢ is continuous,
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2.1.3 Generators of SO‘(S)

Since the action of rotating a vector is continuous, the group SO(3) is a
- 3 parameter Lie-group. We can hence find the infinitesimal generators of
rotation.

If the rotations are infinitesimal, then as & — d8, cosdﬁ ~+ 1 and sindg —
d# which reduces the above expression to

z = x—y(df)
w = z{dd)+y

Upon back-substitntion inta the rotation matrix and applying the defining
relation for the infinitesimal generator L, , to first order in df, we obtain [3]

UIR(d9)} = Iy — (d6) L,

The explicit form of L, can be determined, Note that L, was given as an
example. The same procedure holds for L, and Ly,

2.2 Angular Momentum in quantum mechan-
ics

2.2.1 Transition to quantum mechanics

This fact can be used in Q. M. (Quantum Mechanics) after the following
considerations:

If we have a basis vector jz,y) ,which has expectation values (¢} for the
x-coordinate and (y) for the y-coordinate then we could rewrite the above
equation in terms of expectation values: '

) = (z)-48{y)
) = df (=) + )

~ The infinitesimal operator of rotation, which will be denoted UTR{d#)] for
a rotation by an infinitesimal angle df around the z-axis, changes the basis
vector |z,y) in the following way:
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@y | VRO ) = Ve + @)y —z(d)  (26)

The rotation operator U+ {R(#)], which is just the transpose of U{-"{#)}]
(since the rotation matrix is real, the transpose and the dagger oper “4ns
are identical}, acts on. the basis vector (z,y|. To find the explicit form of the
infinitesimal generator of rotation about the z-axis, which can be used in an
infinitely dimensional Hilbert-space, we write down the generator of rotation
as previously, with the exception that the generator is mow the infinitely
dimenisional ' , _ '

UR(d9)) = T — % (@8) L.

Where I is the identity matrix (the operator of zero rotation} and L, is
the generator of rotation ta be determined. The constant } is introduced in
anticipation of what is to follow. We rewrite (2.6):

(sl I-5 )L =Wet+@py-o@d) (@7

= {2,y | 1] ©) — = (d6) {&,y | L, | ¥) = Ufx + (df) g,y — = (d6))

1
h

= U(z,0) — 5 (@) @,y [ L. ] )

Ox

We have used expansions in 46 to first order on both sides of (2.7 ),'which
reduces to an expression for the infinitesimal generator of rotation in function
space:

= B(e,4) + 1 (08) G ¥(E0) + (2 () - V(o) +

(5] L | ) = ihiy5” = 2 ]¥(z,)

We are led to the following identification:

3
'gﬁ]

L, ~ coordinate basis ~» ih[y-c% —z
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We have here arrived at the guantum-mechanical getierator of infinitesi-
" mal rotation which is what we set out to do. The operator L. can be identified

with the angular momentum operator. The label "coordinate basis” above
refers to the fact. that the operator looks this way in a coordinate basis with
basis vectors jz,y), as opposed to the "momentum basis”, where the linear
momentum operators take on a “simple” form, while the position operators
take on the form of a differential operator (see below).

The operator L. takes a value of the wave function ¥ (z, y, 2) which assigns
a specific value to each point in space (z,y,2), and then reassigna the same
value to a rotated point (xf, ¥, ).

1If we Fourier transform this operator to momentum space, in which 1t
might be convenient to work at tirnes, we see that

L, — momentum basis — zﬁ[pg-—g* ~Ds

Dy apy

Since the rotations occur in the physical three dimensions, we can gen-
eralize to the operators L, and L, by simply choosing the rotation to he:
arotind the r or y-axis.

An important aspect for the work in tlus dissertation is the fact that
the connection between angular momentum and the magnetic moment is not
altered by the transition to quantum mechanics [19].

2,

2.2.2 Finite rotation generators in 3 and co dimensions

The finite rotation operator U[R(¢, f)] can be obtained after considering that
the rotation group SO(3) is generated by its Lie algebra. The generator of
finite rotations is therefore given by [4]:

UIR@.A) =Jim (I -+ %h- D =e(-Sen-I)  (28)
where 0 < ¢ < 2% and the plane of rotation defined by the vector 7 is
arbitrary.
The I can then either be a finite matrix, in which case it acts on a vector
(z,y,2) or a differential operator, in which case it acts on the function, or
state vector ¥ (z,y, z).
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Both forms are representations of generators of infinitesimal rotations of
the SO(n) algebra. but they act in different dimensions.

While the matrix (2.5) rotates a given vector in three space around a
given axis (z-sxis in this case), the differential op+«.tor rotates a scalar field
WU (z, y, z) around the same axis. The labels (z,y, z) of the fumction ¥ (z,y, 2)
denote 3 sets of infinite dimensional coordinate systems (z,y and z respec-
tively), in which the basis vectors are infinitesimally removed (the entities z
and « + dz would be two basis vectors, for instance) while the components
of a canonical two dimensional vector live in a simple two dimensional space.

The two dimensional space features in quantum mechanics in the form
of spinors, where a direct product hetween a spinor and Hilbert space yields
& "twice infinite” dimensional state vector, in the sense that we are dealing
with two infinite sets. In this case the use of a matrix is appropriate since
the wave function has vector characteristics introduced by the spinors. The
differential operator must be used in the case when the wave function is
a scalar function, since then its variables are continuous and they span an
infinite dimensional Hilbert space. There is no way of mapping between a
two dimensional and sn infinite dimensional Hilbert space. The two operator
represontations can therefore never yield the same result when acting on the
same state vector, since the state vector has to be in sither one of the spaces.
This fact is exploited when deseribing spin.

2.2.3 Commutators and eigenvalues

The commutation relations between the infinitesimal Hilbert space generators
La,L, and L, follow the Lie algebra of SO(3). This is expected, since they
constitute a different representation of the same algebra [5]:

3
[Ley Lj) = B 37 el
k=1

where ;5 is the fully skew-symmetric tensor with €133 = 1, These com-
mutation relations can be obtained by explicit construction. The fact that
the generators do not commute implies that we cannot construct simulta-
neous eigenstates of any two of the generators. The generators cannot be
diagonalized simmltaneously.

Now that we have constructed the operators of rotation, we can solve the
eigenvalue problem for a scalar wave function,
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The eigenvalues turn out to be [5] :

L, llm) = mk|lm) {(2.9)
where [=0,1,2,3..andm=101-1,...., -

We also define the total angular momentum operator squared, which gives
the square of the magnitude of the anguiar momentum vector when acting
on an eigenstate, by: S
F=[2+ 124 L2

This operator does commute with all L; operators, implying that we
can know the eigenvalues of an operator of rotation in any direction and
its magnitude at the same time. The eigenvelue problem of this particular
operator can be solved to yield:

LAim) = (1 + 1) jIm) (2.10)

with ! defined as in (2.9} _
We can now also define the raising and lowering operators:

Ly =Ly il (2.10)

L. raises and lowers the eigenvaiue of L, by %,while leaving the eigenvalue
of L? alone. The raising/lowering operator commutes with L2

A very important feature of both the L* and the L; operators is that they
commute with the Hamiltonian of a spherically invariant systern, Simultane-
ous diagonalization can be achieved this way, making a lot of very important
physical problems easier to handle.

In this chapter, we have had a look at rotational phenomena, and how
these can be set within a mathemnstical framework in quantum mechanies,
‘We shall see in the next chapter on spin, which was thought to be an internal
rotation, how the concepts introduced in this chapter can be used.



Chapter 3

An 1mportant quantum label
Spin

It was clear from experiments (e.g. Stern-Gerlach and spectroscopic data)
that the orbital angular momentum alone conld not account for all the ob-.
served facts. The data suggested that-stationary particles behaved as if they
had angular momentum, This quantum degree of freedom was thought to be
internal spin.

The inclusion of spin into quantum mechanics was largely pioneered by
E. Wigner [1] and W. Pauli.

Wigner worked mainly in representation theory describing the Poincaré
group, while Pauli used the representation of SU(2) to make the physical
concept of spin mathematically tractable,

Wigner constructed his argument on spin on semi-classical grounds: he
assumed the particle to rotate like a spinning top, which is nof an altogether
correct analogy, Spin should be thought of more in terms of a quantum num-
ber or an asymmetry in the particle itself, or rather in the way it interacts.
The "spinning top” description was shown by Dirac [3] to be fallacious, He
argued that a particle like the electron would have to rotate at velocities ex-
ceeding the speed of light to produce the magmtude of angular :nomentum
measured experimentally.

Spin was later shown by Lsirac to be a relativistic effect a:nd we shall gee
how it emerges from the Poincaré group.

In this chapter, we sball treat spin as a form of angular momentum. We
shall lean heavily on the results of the previous chapter. We shall see that the
commutation relations remain the same and conclude the chapter by stating

19
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the importance of spin lies in the fact that its magmtude is an invariant of
the Poincaré group.

3.1 The Descrip-tion of Spin

3.1.1 Spin as an internal rotation

For now, let us stay with the classical picture, which is intuitively more
" appealing. It can be abandoned later.

Let us begin by writing down s total angular momrentum Opera.tor, which
includes both spin and orbital angular momentum:

J=E+§ (3.1)

J s the total angular momentum, L is the orbital angular momentum
and § is the spin angular momentum. We know [5] that J must obey the
same commutation relations as the {L;}, since the commutation rules reflect
the law of corubination of ¢ ~eral rotations with L; as a special case treating
orbital angular momentur.. We can therefore rewrite the above eigenvalue
equations (2.8) and (2.10)as:

Joljm} = mh|jm)
Jjm) = (5 +1)|jm)

where 7 =0,1,2.3...and m = §,7 = 1, sy —J
Of interest to us is the raising/lowering operator of J;, which is given by
analogy to (2.11) as;
: Jo = J; kiJ;

The eigenvalue problem of this operator yields the following result;
Juljm) = R Fm)(j £ m + 1 lj,m k1)
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If we want to obtain the matriv elements of the J, , say, in the |jm) basis,
then we compute:

. . NI T o A
G'm| e [im) = ('m| *’2 )

which ylelds the result:

= g{ﬁwémr,mﬂ[(j = m)(j +m A+ D + 8jgebrimes[(F +m)(J —m+ D3}

and when explicitly cﬁlcﬂa.ted, the following mastrix results ;

[O00 00 0 .
00% 0 0 0
0§00 0 0
-] 0000 Z 0 (32)
000 % 0 I
000 0 % 0

1L nis is the infinite dimensional matrix representation of J,.

Jy and J; can be found in 7 similar way. The matrix is block-diagonal
“+h zeroes on the main disgonal. The commutation relation [Jy, J,| = ihJ,
is nbeyed in each block separately. This representation is rreducible, i, e.,
it has no invariant subspaces.

So far we have seen that the operator L, reassigns the scalar value of
U(z,y, z,) to a new coordinate (x',y',2’). The spin operator does not act on .
the scalar value of the wave function but reasgigne the components of the
wave function into linear combinations of each other. We shall need a matrix
representation to accomplish this, since 5 acts on the indices (the spin space)
a5 opposed to the coordinates. The fact that they do act on different parts
of the wave function allows us to sepazate the commutation relations. These
relations are the same as for the {L;}, since the {L;} are just a special case
of the {Ji}, with s = 0), where s is the expectation value of the spin.
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So: . s
o Jj] = i Z €tk

k=1

This can be rewritten, by (3.1), as

| 3. 3
(L L] + [0, 85) = B[, esjilnt D, €isneSi]
=1

kel

- Using the fact that the commutation relations for the {L;} are known,
we are Jed to

[Sg,Sj]-?.PiZEqkSk | | | (3.3)'_

2]

Now in (3.2) we found genera.l (2§ +1) x (27 + 1) matrices in the diagonal
blocks of J;, with § = 0,4, ,2, .that obeyed these relations, but there is
an infinite number of these matrices along the diagoneal. To find out which
one of this infinite number of matrices is the ons that we went {the one that
gives the correct messurable sigenvalues), we have to consult experimental
data,

3.1.2 Pauli matrices and spinors

Experiment tells us that we measure only two eigenvalues, namely -, This
leads us to vonclude that the matrices that we are looking for mmust have
dimensions (2 x 2). Going back to (3.2) we see that in the case of 8, the
matrix looks as follows:
=31
*T V10

The cther matrices, which are found from the matrix represenmtation of
Jy and J, (not shown, but see for instance {5]), look as follows : _

_hfo =i
Sy“ﬁ'(z‘ o)
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A1 0
s=5(0 1)

These are the matrices appropriate for spin—- pamcles, such as the eloc-
tron, with [ = 0. The 5; matrices, without the factor 3, are called the Pauli
matrices, denoted oy, and forms the basis of Su(2). It is easily verified that
the commutation relations (3.3) hold for these matrices.

Hence the way to describe a spin % particle is through a 2-component
wave function called a spinor, The 2-direction is singled out, arbitrarily, and
the spinors are the eigenvectors of the matnx Gy The electron spinor looks

as follows:
'-I‘ . ‘p'!‘(m‘l # z)
¥ (z,9,2)

o (d)en(2)

The eigenvalue problem of the S, operator acting on ¥ will have the form:
E i V(2,9 2) — R Uylz,y,z)
5 1% = (0 -1)(w-(my,) 2\ V(w2

where we can see that the exgenva,lues &3 are produced for the up/down
wave functions.

This, of course, represents a rather ?artificial” way of introducing spin
into the wave function. Experiment needs to be consulted a priori. A mouch
more elegant and insightful way to arrive at the description of spin is provided
hy the Dirac theory, where spin comes out naturally when relativity is taken
into account. Spin can therefore be viewed as a consequence of relativity.

or, equivalently:

3.1.3 Spin and magnetic moment

In analogy %o the discussion on the relationship between angular momentum
and magnetic moment, we ¢an also estab h a relationship between spin and
magnetic moment, We could guess that the relat:onshlp is anaiogous to the
angular momentum case, [19]

-— @.
ﬁa gaﬁg
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with g, = 1, but this assumptlon is, in fact, incorrect.

It turns out, from experiment, that g, = 2 . This fact can be expla.med
theoretically by o process called Thomas precession, which is a relativistic
effect. The Thomas precession effect is a consequence of Lorentz contraction
and the simultaneous application of 2 boosts perpendicular to each other and
acting on the CMS system. For a derivation of the effect, see for instance
[19).

3.1.4 Spin: Quanturm mechanics and Groups |
Spin and Quantum mechanics ‘

The physical interpretation of the spivor deseription is, like everything in
Q.M., based on probabilities, For a mixture of apin up/down states, the
spinor entries reflect the respective probabilities of the particle being in &
spin up or down state, with eigenvalues :i:"i To this end, the spinor has to
be normalized. A state polarized in an arbxtra:cy direction can be constructed
by applying the same generator of finite rotations that we saw earlier for
rotations in 3 ditaensions, except that now I is substituted by &, the Pauli
mafric:s, and there is an additional factor of § , which is & consequence of the
fact that there is a 2-1 homomorphxam between the SU(2) and SO(3) algebra.
The basig need for a factor of § erises from the SU(2) algebra desling with
complex numbers. This homcmorp}usm can be proven by an elegant but
lengthy argument, which is shown, for instance, in {4]. :

Spin and Group theory

From group theory [4], we know that SU(2)xSU(2) gives us 80(3,1)', the
Lorentz group which is an infinite Lie group. This group leaves the Minkowski
metric of Spa.ce-time. which we obtain from relativity via the expression &* =
zf§ — 2% — 2§ — 2 , invariant.

If we form a direct group product between SO(8,1) and T(4), we cbtain
the Poincaré group.

T(4) is the group of space-time translations and discrete reflections and
obeys a fuur dlmenmonal abelian Lie a.lgebra. 'I‘he Poincarré group leaves the
quantity 5% = (@0 — 30)* — (21 — 31)" — (3 ~ 30)” ~ (5 — )" in Mimkowski
space, invariant.

The Lorentz tiansformations and the translations do not commute, which
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is a very important result, as we shall see later. The four generators of
infinitesimal translation of T'(4), three in space and one in {ime, all commute.

"The Lorentz group itself has six generators of infinitesimal transformation,
t} e of rotation and three boosts. The Poincaré group is therefore a group
with 10 generators. This group represents the stricture of our space-time,
and the postulates of relativity are embedded in it.

Since this group describes the changes that observables undergo when
- they are subjected to rotations, boosts or translations, the invariants of this
- group must give us the observables which stay the same under any transfor-
mations of the group.

This i8 a very strong statement,

1f these invariants are found, a particis can be described in any frame in
terms of them, since they remain unaffected by group opexations.

These invariants are also called Casimir operators and they have the
impartant property of commuting with every element of the group.

‘One of these invariants, the first Casimir operator of the Poincaré group,
-is found to be the (vest mass)? of a particle.

The other one, the second and last Casimir operator of the Pomcare
group, was shown by Wigner to be the {magnitude of spin)?.

He proved that the (magnitude of spin)? is not subject to any changes
regardl s of +he transformantons. This fact is central to the model that We
shall present later. The invariant magnitude squazed of spin for a spin-
particl- is given by the operator 52 [5):

#er( W8 ey )= ()

(Magnitude of spin)?, as well as (rest mass)? can hence be used to describe
u particle in the rest frame but it can be translated to any frame since it
commutes with the boost. This result is used extensively in physics.

This formalisms derived in this chapter were largely based on intuition
and direct experimental evidence. The uext chapter provides us with a very
elegant way of deriving the spinor formalista. We shall see how spin emerges
naturally from the Dirac equation.
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Chapter 4

The Dirac equation

Paul Dirac tried to incorporate the theeory of relativity into quantum me-
chanics [3). He suggested that, to make the Schrédinger equation covariant,
the required wave equation be linear in the time as well as in the space
derivatives. This must clearly be the case; since, as we saw in the metric
for space-time (the quantity kept invariant under operations of the Poincaré
group), space and time are treated on an equal footing.

Previous attempts to unite relativity and Q.M. came in the form of the
Klein-Gordon equation, which were initially discarded, since the description
did not adhere to the probabilistic interpretation of Q.M. due to negative
energy solutions.

In this chapter, we shall follow the path taken by Dirac himself in deriving
the equation, which bears his name.

We begin with the classical relativistic Hamiltonian, derive the form of a
relativistically invariant wave equation and set up the algebra of the coeffi-
cients, which turn out to be matrices,

The Dirac equation has great bearing on the concept of spin, since it
comes out naturally from the equation. This is not really surprising, since
the Dirac equation emerges from the Poincerré group.

We shall have » look at 4 simple example of how the equation is used.
We then point out some of the physically interesting features of the equation
and conclude by looking at a popular representation of the Clifford algebra.

27
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4.1 Dirac’s Argument

4.1.1 Building the Dirac equation
Analogy with the Schridinger formalism

The prescriptions to cross from classical mechanics to' Q.M., which were
applicablg to the Schrqdinger picture, can be stated as follows [2):

.-

where H is the classical Hamiltonian and 7 the classical momentun vec-
tor. :

The operator identification for the linear momentum operator can be
deduced from the classical group T(3) of space translations in very much
the sarne way as the angnlar momentum operator was found earlier from the
rotation group SO(3). The time dependence of an evolving wave function is
described via the identification of the Hamiltonian H with a time derjvative.

The free Schridinger equation would then arise by applying these substi-
tutions to the classical equation of motion of a free particle: '

-5
om

Thig is the classical Hamiltonian. To make the transition to special rel-

ativity, we have to apply the relativistic relation whzch describes the total

energy of & body:
H= \”32 -+ ma

where my is the rest mass of the body, 7 its momentum and ¢ the speed
of light,
~We can see here already that there is going to be trouble with the square-
root. Dirac circumyented this problem by completing the square of the abowve
Hamiltonian, He rewrote the relativistic Hamiltonian as [5]:

&7+ pm)’
or, alternatively, after the Q.M. substitutions have been made [3):



4,1, DIRAC'S ARGUMENT _ _ 29

or 1. 0¥ BT oW
g = 1 g T gt

3) .+ BmT (4.1)

where the {o;} and the {#} had to be determined by comparing coeffi-
cients with the completed square expression.

Identification of the coefficients

Initial speculation would tell us that the {ey;} and the {8} could not be ¢ -
numbers sinice the equation would otherwise not be invariant under spatial
rotations. The equation had to be a matrix equation. This is verified by the
result of the comparison between the coefficients, which yielda the conditions
for the {oy} and the {38} :

ROy - cry = 26 | (4.2)

and the {¢;} and the {8} were (n X n} matrices.

This has a strong similarity to the 2-component Pauli spinor.

Considering the fact that these matrices had to be even-dimensional to
allow for a zero trace and that they could not be the Pauli matrices of which
there are only three, the four (4x4) matrices were obtained:

@ = ( ri (3) (4.3)

10
ﬁ“(o-—l).

where the {o;} are the Pauli matrices.
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The wave function itself had to be a vector with 4 components,

The Dirac equation could then be expressed in a four dimensional form in
order to preserve the symmetry between ct and o* which is desired in Lopentz
covariant systerns. (4.1} was rewritten [1]:

g O 8 8 _
t("'oamﬁ'*"”laml + 2+—Y3 ma)‘l’ - m¥ =0 (4.4)
" =By = ey (4.5)

i=1,2,3

The iransition to the v* matrices had also the advantage that the com-
mutation relations can be written in & much neater form:

T+ =22

4.2 Covariance of the Dirac equation

In order for this equation to be coveriant, an operator S(a} needs to be
found that relates a wave equation ¥(z,y, z) observed in a frame O to an
observation in O°, ¥{z', v/, ) which describes for O’ the same physical state.
The operator S{a) needs to be invertible. It needs only to depend on the
relative velocities of O and O’ and on their spatial orientation.

When considering the properties necessary for S(a) , it is clear that
the transformation must be linear and invertible. Since S{a) acts on a 4-
corpponent spinor, it must take on the form of a 4 % 4 matrix, By explivit
construction and substitution into the Dirac equation, the following property
can be derived for the transformation S{a){2):

a2 = S () S (a) | (4.6)

The 6 independent Aw"” generate an infinitesimal proper Lorentz trans-
forrnation of the form:

i

¥
zt ah,zY
o) = g, +A0u,
where g& are the entries of the Minkowski meiric and of, are the matrix

elements implementing & Lorentz transfoemation. The entries Aw* are anti-
symmetric, Awh’ = — A
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Expanding S{a) in powers Aw”* to first order (only the linear term was
kept) , S{e) was found to be [2}:

S{a) =1— iﬂpyAw“” |

And the inverse of 5(a) is:
S Ya) =1+ io'wAw"”

Substituting the results for $(a) and S-'{a) into (4.6), it is found that a
7y, can be constructed with the correct; properties via the commutator:

1
Typ = § ["}’m '!’b] | (4.7)

As mentioned above, the way that the wave function was written recalled
a Pauli spinor, The wave function which features in the Dirac theory is called
a 4-component Lorentz spinor.

Since the Lorentz rotations form a Lie-group, the infinitesimal proper
generator of Lorentz transformation can be exponentiated to gwe us the
generator of finite boosts.

Using the same method as for the derivation of (2.8) [2]

| o
Srinite = eXp(~qwiu ;")

where IB¥ are the ertries of a (4 %X 4) matrix of coefficients for a unit
Lorentz rotation about the direction n in Minkowski space and w is the finite
angle of rotation. For a boost in the z-direction, Ssmu. can be constructed
as in the following sketch [2]:

'We identify

At = N

where I2¥ is the infinitesimal generator of the Lorentz group. It can be
constructed from the algebra of the Lorentz group (very much the same way
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as an infinitesimal generator of SO(3) was derived in the chapter on angular
‘momentum) and takes on the form, for a boost in the z—direction

0001
s 0000
: L= 0000
\1 000
which has the property
1000
( )2” 0000
“/ | 00O0O0
0001

and (193)® = 108,
We can use this in generating & fintte rotation with. the operator e in
- & series expansjon. The final result is the matrix

ginhw z°

29 coshw 0 O
') 1 0 10 0 z!
2 | 0 01 0 z?
1 o smhw 0 0 coshw g
| Sﬁn:‘ts

‘The trensformation law here acts on the components (2%, z*, 22, 2°) of the
vector,

An interesting fact is that a boost which is a "complex rota.f.lon” in
Minkowski-apace, corresponds to a translational motion in three dimensional
space. The reason for this is as follows: a rotation in three-dimensional space
leaves the quantity 2® + 32 + 22 invariant. (ne of the postulates of special
relativity is that, if we define 1- = ict, ¢ being time and ¢ the speed of light,
the quantity 2? + y* 4 22 + 7° remains invariant under operations of the
Lorentz group. By analogy we can regard the proper Lorentz transformation
as a rotation in (z,y,2,7 )-space [7]
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The angular verisble w is related to I oreutz transformations in the same
way that 8 is to rotations in three-space (see (2.5)). The angle of rotation ig
connected to the relative velocities of the two frames by the identification:

tanhw =
1

1-8
where the relative velocity of the two frames is § = 2.

coshw =

4.3 Physical Aspects of the Dirac equation

Of special interest to us is fhe fact that out of the Dirac theory some very
important physical aspects arise quite naturally.

The first is that spin is naturally included in this description and can
therefore he viewed as a relativistic effect. Secondly, the Lorentz spinor has
four components. The upper two components are our clagsical description of
the electron, with spin up and spin down as in the Pauli formalism. What
about the lower two?

The lower two components of the spinur describe particles of spin § with
negative euergy also having spin up and sp:n down [2],[3]. The lower two com-
ponents of the spinor are also often called the "small” components since they
only contrivvte non-negligibly &t relativistic velocities. The anti-particle,
which is described by the lower two components, is hence a consequence of
a relativistic description. The existence of the negative energy particles in
nature is evident in the form of anti-particies.

They were predicted by the Dirac theory and also by the Klein-Gordon
equation, the latter describing spinless particles. The later experimental
observation of anti-particles served to strengthen the belisf in the validity of
Dirac’s theory, which wes larpely ignored at the time of publication. Dirac’s

interpretation of his equation with the use of hole theory shows us that the

equation describes more than one particle: it has to take the negative energy
solutions, interpreted as the positron, also into account.

At non-relativistic veiocities, the Dirac equation reduces to the Pauli
equation.

Thirdly, the anomalous gyromagnetic ratio is predicted correct:ly with
gs = 2 and did not have the shortcomings, a3 in the Pauli theory, of being
predicted half as large as it should have been.
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The reason for this lies in the Thomas-precession effect being of a rela-
tivistic nature. This effect causes the frames of the particle orbiting another
particle to rotate with a frequency of one per revolution, thus doubling the
effectiv:- rotation. Since relativistic effects are naturally built into the Dirac
theory, thiz effect also comes out naturally. _

from group theory and the solutions to the Dirac equation for a free
particle, it can be shown that the equation describes a spin-3 particle like an
electron, The justificatior for this is that tie second Casimir operator of the
Poincaré group, which is (spin magnitude)?, yields a factor of & for the total
magnitude of spin squared. We have seen above, in the section on spin, that
this corresponds to a spin-1 particle [6].

4.4 The v matrices

Since the Dirac theory is relativistic in nature, we would guess that there
ig & conmection between it and the S0(3,1)! group. Let us look at some of
the properties of the y matrices. The anti-cornmutation relations of the
matrices that we have seen above, define a Clifford algebra as follows {4]:

Yo + Vo Yo = 20uuds

The I; here is the (4 % 4) unit matrix. It is also ohbvious that the «
matrices squared will yiel! 3 the unit matrix, the sign depending on if we
work in the Weyl or in the chiral basis, We have beex: working in the Weyl
representation, which allows us to interpret the components of the spinor as
probabilities of the particies being in the spin up or down state.

The 7 matrices generate the Lorentz proup, due to the fact thet they are
functions of the Pauli matrices. The Pauli matrices in turn form the hasis
of the SU(2) group and the Lorentz group , SO(3,1)! , is homomorphic to
a direct product of the elements of SU(2)xSU(2). Although the -~ matrices
are not direct products of SU(2)xSU(2), a subtle relationship between the
S0(3,1)T and the -y matrices can be assumed. .

QOther 4 x 4 matrices often feature in the Dirac theory, These 16 linearly
independent matrices can be found by forming products with the v matrices

[2): '
1‘13 = I4
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' r}: = Y
T i

r,uu - ‘Tpv " 5 [’Y,u: 'Yv]

FP = =y = ?"T 7172,},3
rﬁ = TV

(8 =Scalar; V =Vector; T" =Tensor;P =Pseudoscalar;A = Axial vector)

These geometric objects represent all the possibilities which can be formed
from the Clifford algebra, after invariance principles have been invoked. Their
importance lies in the fact that different interacvion will be mediated by
different geometric objects. this fact will be exploited when discussing the
baryon current

Because of their linear independence, any 4 x 4 matnx can be written
i1 terms of these matrices. From these matrices, the Loventz transformation
properties of the hilinear forms #(z)[™(z) con be deduced, which has great
bearing on the coveriant current, which has the form of a bilinear covariant
vector, with the definition:

P =gty
'V shall see mors of the relativistic current in a later chapter.

In this chapter swe saw that the inclusion of relativistic effects gives rise to
spin naturally We have divorced ourselves from the more empirical approach
of the previous ohz-)pter The Dirac equation provided new insights into not
anly spin, but some other important concepts as well, The next chapter will
ghow 18 3 way of tackling some of the problems that arise from & refativistic
description of quantwy mechanics in connection with spin,
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Chapter 5
The Helicity Formalism

We will now turn to the formalism upon which the model is based. The
Helicity formalism essentially renders the spin projection gquantum number,
ofien denoted by m, onto & chosen quantization axis, the z-axis by conven-
tion, invarient under spatial rotation and special Lorentz transformations,
ie. boosts in the z-direction. The spin projection quanttum number is not &
Lorentz invariant, which can be easily understood by viewing the direction in
which the spin is projected as a vector. When boosts are applied to a coor-
dinate system, & contraction of the coordinate axis occurs in the direction of
motion or an "opening up” effect of the axes is observed, depending on their
spatinal orientation. It is clear that a vector in & boosted coordinate system
will be altered, and so will be it’s projection on any given axis. As we have
seen in the section on spin, the magnitude of the spin remains unaffected,
The helicity formalism rests on the simuple idea of choosing the divection of
the boost as the quantization axis. The z-projection will therefore rernain
the same if boosts are applied.

In the following chaptet, we shall start by defining rotations and boosts
acting on a state vector and observe what happens to the quanturm numbers,
We then proceed to build a single particle state in the Helicity basis and
consider the effects of discrete operations on the state.

A two particle state is then constructed which will serve as basig for the
next chapter.
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will be altered, and so will be it’s projection on any given axis. As we have

seen in the section on spin, the magiitude of the spin remains unaffected,

The helicity formalism rests on the simple idea of choosing the direction of
the boost as the quantization axis. The zprojection will therefore remain
the same if boosts are applied.

In the following chapter, we shall start by defining rotations and hoosts
acting on & state vector and observe what happens to the quantum numbers,
We then proceed to build a single particle state in the Helicity basis and
consider the effects of discrete operations on the state,

A two particle state is then constructed which will serve as basis for the
next chapter.
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5.1 Smgle particle state in the helicity basis

5.1.1 Boosts and rotations

Let us now see how these ideas are implemented. :
~ A physical state |jm), where j is the spin and m the z-component of spin,
may be rotated via the rotation operator. The unitary operstor representing

a rotation may be written [12):

UR(o 8] =eokeBhgiis  (5)

with (2, #,7) the standard Euler angles and J the generators of rotation.
The rotation occurs first around the z-axis by «, then the y-sxis by £ and
~ finally the z-axis again by ~.
The rotation of a state is given hy:

U{R (o, B, im) =3 |im') Djm'm (e, B, 'r)

raf

with DY, the standard rotation matrices as given by {15].
The boests can be rewritten in the following form, in an arbitrary direc-

tion 5 :
UL @)= UR{8,4,0)]U L ()] U [R(6,4,0)] (8.2)

where the boost U [L, ([p!)], along the z-direction, is rotated by the ro-
tation matrix U [R (6, ¢,0)] and its inverse U~ [R (8, ¢,0))] ir. the direction
of 7. Hence the state is first rotated onto the z-axis, boosted along this axis
and then rotated back to the original direction.

So a canonical boosted state |jm) can be defined as follows:

[, gm) = U [L (8] |}
or, using (5.2},
7 dm) = U [R(6,6,0)] ULz (lp)] U~ [R (8,9, 0)} lim}  (5.3)

It should he stressed that the quantum number m is well-defined in the
rest frame and ill-defined in the frame where the particle has momentum 7.
The state (5.3) transforms under rotation like the rest state |jm) :

U{R)(8,jm) = U [R'BU[L, (o)) U~ [R'R|U [R] |jm)
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= Dl (R) | R, )
which is a definite advantage, since now the applications to non-relativistic
spin formalism may be extended to spin formalism irvolving relativistic par-
ticles with spin, since the rotation matrix U [R'] has no effect on the particle
momentim, _

5.1.2 The single particle s.tate

Let us now define the helicity state of a single particle with spin j and
momentum § . It is clear from the previous discussion that the boost was
applied along the quantization axis (z-axis) and then the entire system was
rotated in the direction of the momentum. Interchanging the operations
(boost <> rotation) , ie. rotating the system first in the direction of the
mowmentum and then boosting along it does yield the same result, These are
the two equivelent ways of approaching the probler,
Let us lcok at them both. First:

|8,52) = U [L(®] U (R (6, ¢,0)] |im) (5

where A is the invariant helicity guantum number.

The operator U [R (8, ¢, 0)] rotates the state in the direction of the mo-
mentum, or, equivalently, the quantization (z-axis) onto the momentum axis.
The boost, U [L ()] as defined in (5.2) boosts the system in the direction of
# with magnitude [7].

Alternatively:

18,3 = U[R(6,,0)] U [L (Ip})] |7m) (5.5)

where the system is boosted along the z-direction with m already lying on
the correct axis, so the boost does not affect the spin projection. The entire
gystem iy then rotated in the desired direction § by the rotation operator
UR(6,4,0).

‘The equivelence between the two different ways may be seen by expanding
(6.4) with the help of (5.2). (5.4) then becomes:

19,33) = UIR (8, 9,00} U [Lz (p)] U™ [R (6,6, 0] U {R (6,8, 0)] lym)

The rotation operators are unitary, which may be easily understood from
the fact that if a state is rotated, the inverse rotation will retuan the rotaied
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state to the original one, resulting in a zero rotation. The operator of zero
rotation is the identity, Hence we can write the unitarity relation:

U= R(6,4,0)| U [R{8,4,0)] = I

which reduces (5.4) to (5.5).

The helicity quanturm number A is consequently invariant under boosts.
It is also invariant under rotations, since the quantization axis is rotated
together with the entire system.

The quantum label ) is therefore invariant under all the operatious of the
proper Lorentz group.

5.1.3 Parity and time reversal

What abount the operations of time reversal and space inversion (parity),
which wou'. * allow us to describe the helicity state under the discrete opera-
tions of the Poincarré group?

Let’s look at them:

Parity, denoted P has the classical correspondence:

(R N iy g (5.6)
Time reversal, T, imposes the classical transformation:
T:i“—rf’;ﬁ'-—r—ﬁ";f—'r—-f (5.7)

Quantum-mechanically, these operators {parity II and time reversal 1)
have the following effects on a state vector, Parity:

IL{5, jm) = q{—F,jm)

where 7 is the intringic parity of the particle represented by |7, jm) as-
suming values of 1.
Time reversal:

T |5, jm) = (= )JF ™ =4 (~m))

The actions of these operators on the helicity states is defined as, which
is shown more expliaitly in Appendix D, (9.34) to (9.37):

I3, 2) = e 5,5 (-A))
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and; -

T 5,52 = e =5, 5))

In the same sense that m is an eigenvalue of J,, A is an eigenvalue of J.5,
since both the axis on which the eigenvalue is read of as well as the operator
are rotated in the same direction.

Hence, under the transformations of parity (5.6)

Jogo-d-g
and so A — —A, while under the transformation of time reversal (5.7):
T (_j) (=p) TP

A — A, i.e. remains invariant.

5.2 Two particle state in the helicity basis

Now we can turn to the construction of two-particle states in the Helicity
basis [12].

To pave the way, let us first look at how these states are constructed
canonically.

We define the states of two particies, labeled 1 and 2 , having spin &
and g, guantization axis projection m; and my and masses w, and wy Te-
spectively. Let # be the momentum of particle 1 specified in terma of the
spherical angles (8, ¢).

We form the canonical two particle state in the center of mass frame as
a product wave function:

- |0gmimg) = a {U [L (@)} [syma) U [L (—5)] |sama)} (5.8)

where U [L (=:5)] is defined as in (5.2) and 4 is a normalization constant,

We have ssen that a state defined in this way, with the particles with def-
inite momentum, transforms under rotation like the rest state, which means
that we can couple the sping as if the state was in a rest state:

Bgsmy) = 3 (symysamy | amy) |gmyma) (5.9)

mimy

where = ig the total spin quantum number of the coupled systetn, m, it’s
spin projection and {8y, 8sm, | 8m,) the usual Clebsch-Gordon coefficients,
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coupling the spins of two particles with spin s; and s, and projection quantum
numbers m; and my respectively to the total spin s and projection m,.

If R is a rotation which tokes £} = (6, ¢) to R’ = RQ, it may be shown,
by using the reiation

Dfrla'mrDjnfgma Z (fumigamy | Jamy) (imadama | Jama) D2,

Jsmbma
which is a coupling rule that the D-functions obey, that
U [R] [Qsma) = Z o, (B) |[Ri8my) (5.10)

The equation (5.10) shows that the rotation matrix U {R] acts on the
momentum orientation of particle 1 (and hence on particle 2 as well, via
momentum conservation, since the system is described in the two-particle -
rest frame} and therefore hes to rearrange the projection quantum number
™ms onto the new z-axis with the help of the rotation matrix DF,,. . The
only quantum label which remains unaffected is s,

The total spin magnitude s is invariant nnder rotation.

A state of fixed orbital angular momentum is constructed from (5.9) :

lImamn,) = jdﬂ Y2 () [Qsm,) (5.11)

- where d§) = d¢ deosf and Y7, are the spherical harmonies,

Upon investigation of the rotetional properties of equation (5.11), one
finds that the state of fixed orbital momentum transforms under rotation as
a product of the two "rest states” |lm) and |sm,), so the orbital momentum
part is decoupled from: the spin part {12].

It follows that one may now construct a state of total angular momenfum
J and projection M :

|[JMls) = ¥ (Imsm, | TM) |lmsms) (5.12)

= Y (imsm, | IM) (syrmsamy | sm,) j dQ Y2 (Q) [Qmymg)  (5.13)
NaMima

It is noteworthy that both ! and s are rotational invariants and that the

expression essentially reduces to non-relativistic I-S coupling. This can be

seen by applying a rotation to the state (5.13), and using properties of the



6.2, TWO PARTICLE STATE IN THE HELICITY BASIS 43

rotation matrices, which are displayed in the appendix of [12] the state {5.13)
reduces to

U [R}|JMis) = Dy | T MLs)

where ! and s remain untouched by the rotation.

Now we are in a position, on the basis of the previous discussion, to
construct two-particle helicity states.

We can write, in analogy with (5.8) :

[6¢A12a) = oU [R] {U [L (2)] |syma) U [L ()] {sama) }

= U[R(¢,8,0)]|00MAs) (5.14)

where; as before, |s;m;) is the rest state of the i** particle in the helicity
basis,

States of definite sngular momentum J and projection quantum number
M may be constructed as follows:

80 = 5 [dR DLURGOMN0 (515

with Ny a normalization constant and dR = do dcos 8 dy. The operator
U [R(¢,8,7)] rotates the state vector in the direction defined by the Euler
angles (¢,6,v) , while the operator Dy, is responsible for the change in
varighles, by rotating the nperators accordingly. More clavity on this peint
may be obtained by consulting Appendix D. _

‘This state is indeed a state of definite angular moiventum and the helicity
quantum numbers Ay and Ag are invariant under rotations, both of which may
be shown in én argument analogous to the one of the canonical states {12). We
can see this as follows:

The rotation matrix U [R (4, 6,7)] in (5.15) ray be explicitly written

- U{R(¢,8,7)]|00A1A2)

= U[R(¢,6,0)] U [R(0,0,7)] [00A)
= e~¥N=9) [ (R (¢, 9, 0)] [00M M) (5.16)

where 1se has been made of the definitions of the rotation operatots as
given in (5.1).
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We can see that the last line of (5.16) will introduce a & (A1 — Ag) for the
integration over d-y.

Substituting the relation found in (5.16) into (5.15) and mtegratmg cver
dry, the expression

Mg} = Ny [ d0 DI, (9,6,0)[620a)

with A = A; — A9, i8 obtained.

This expression forms a two-particle state in the helicity descnption, with
A invariant under rotations and boosts. Qur argument will be ve « mmﬂa.r
in the construction of the three-particle state. -

The powerful machinery introduced in this chapter will be one of the
building blocks of the model presented next



Chapter 6
Mbdel of the Nucleon

Every description of nature has to ultimately stand up to experiment: it
must cither explain existing data or predict outcomes of new experiments,
ideally both.

In the fizst part of this chapter, some experiments will be outlined which
led to the model under consideration. Some of these experiments have bren
conducted in recent years, and some date back over a decade.

We first look at some of the experiments which suggested that there are
some unresolved difficulties corcerning spin. It is because of these exper-

- iments that the model, which shall be presented in this chapter, was con-
structed. i _ _

We shall then set up the model of the nucleon, leaning heavily on [10]
and [13], the two papers in which this particular model was initiated.

‘We ghall construct a .hree particle state in the helicity basis, endow it
with good angular momentum and colour quantum numbers, so that it can
eventually b. identified as the nucleon.

We shall show the construction of the boost and rotation operators ex~
plicitly and deal with the difficulties that arise.

6.1 Experiments vshich led ¢o the model
Krisch [11] presented data on the comparison between the cross-sections be-
tween polarized and anti-polarized p-p scattering at high transverse momer

tum,where the asymptotically free region is probed. At these high momenta,
one can consider diffractive scattering between the constituents. The only in-

5
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teractions may be of a spin-nature, The surprising result was that, for highly
relativistic situations, the ratio of the spin-parallel (the spins of the two col-
liding beams are parallal) to the spin anti-parallel cross-sections increases
dramatically. _

This can be interpreted as the protons seeing a larger target in collisions
of {wo beams of the same polarization. This is explained in [r12] as a strong
spin-spin interaction effect in the two interaction regions each of which hes
an effective diameter of about 0.3fm.

The question arises wether the above effect can be explained in terms
of spin-dependent quark confining forces or wether it arises from quantum
mechanical correlations necessary to produce a spin £ proton [10].

6.2 Preliminary considerations

6.2.1 Physical introduction

Ve have now arrived at the point where the model, which will include the

sreviously discussed coneepte, is introduced,

_ Why should we use a rela.tmstm model 83 opposed to a non«relatmst:c
one?

A non relativistic description of the dynamics of a constituent quark
model exists, and, although it gives reasonable results, it is often felt that
this description might not be realistic enough., The reeson for this belief is
that the diamnetar of the pacticles (i.e. nucleons) under consideration it 'd in
the order of one Fermi and the Heisenberg uncertainty principle tells us that
the constituent quarks would posses average momenta comparable to their
effective masses [8]. This immediately tells us that n relativistic description
is in order.

"The previously discuased Dirac equation seems to fit the bill since the
system which we wish to describe is composed of three fermions of spin-3.

There are, however, some problems with the description of a relativistic
three-particle system within the framework of QCD: the fact that the system
is not Lorentz covariant can be circurnvented by considering quarks on the
light-vone [16], This in turn makes the components transverse to the wohgu-
lar momentumn interaction dependent, which can be remedied via a Melosh
transformation [r13], but only for a specific form of the interaction potential.
An exact, unique form of this potential is not known,
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These problems can be avoided by considering only a minimal correlation
among the quarks [13]. This is a good enough assumption since, os was stated
above, at the momenta under consideration, all but the spin intezactions (as
well as some others, like isospin and total angalar momentum) are effectively
negligible in the asymptotically free regime of QCD.

By "minimal correlaticn”, we understand, the following in terms of the
model: the three-particle system under construction must conform to the
quantum state which can eventually be identified with the proton. The
system must have a well-defined i moapm (T, total angulsr momentum {(J)
and parity (p) of the form; T{J?) = (l+).

The total 4-momentum P} of the combined system must be the sum
of the 4-momenta of the constituents pf',7 = 1,2,3 and p = 0,1,2,3. Tlns
statement amounts to energy and 3-momentum conservation.

We can write: o
Py=p{+p3+14 (6.1)

We can also state, more specifically:
_ 3 _
B Ny = ;p‘in(m ' (6.2)

where B N denotes the 3-momentum of the combined 3-particle system
(nucleon), 7, we denotes the momentum of the it constituent (quark) in the
direction of the nucleon momentum (specified by the subscript ”||*) as viewed
in the lab frame of reference (indicated by the subscript L"),

It is also clear that

; .
ﬁv_L = Zﬁ,‘l,_(m =0 (6.3

i.e., that the 3-momenta of the constitnents, 5, ¢v) , In the nucleon rest
frame, add to zero,

6.2.2 Outline of the argument

The argument will proceed as follows {101

1) A three-particle system is constructed in the helicity basis, using the
constraints introduced in the previous chapter.

The system a8 a whole is described {n the rest frame of the nucleon,
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As we have geen in the section on the helicity formalisma, the system will
have the properties of good angular momentum and parity invariant under
Lorentz transformations. Furthesmore we can use the usual coupling rules for
spinors (Clebsch-Gordon coefficients), which was also one of the advantages
of using the helicity basis,

2) The algebra of the Lorentz group shows us that application of consecu-
tive boosts do not necessarily commmte, 'We wish to boost the three-particle
gystem as a whole, j.e. the boost is applied to the CMS of the nucleon, as
well as the constituents. The constituents are boosted at 90° to the direc.
tion of the CMS boost in which cese the two boosts do not commuie, An
sphropriate average boost is constructed 1o overcome this difficulty. The
-‘average boost will also introduce an effect similar to Thomas precession, an
offect observed in atomic physics which is responsible for the constant of the
gyromagnetic ratio to be equal to two 1o zeroth order.

3) The spatial components of the conserved electromagnetic current are
calculated in the "hrick wall” or "Breit” frame, with the property P_N(f} =
—Buytinyyon both the nucleon snd quark level. The form factors Ge(¢R) and
Gur(¢?) are computed in order to obtain the effective radius and magnetic
moment expectatinn values of the system at g = 0.

6.3 Setting up the model

6.3.1 Notation

Let us now look at the notnﬁion [10]. A one particle Fermion state with spin
4, 8 and momentum F will be denoted by the state vector

1, 4, 8) = af (5} 10) (6.4)

where af (7) is the usual Fock space creation operator and |0) the vacuum
state.
The algebra of the Fock space operators is

{as (B) ,af (8} = 8w (2m)" 20 (£ - 5) - (65)
{alr (E) ,0,1 (fj)} =)
for (B) 0.1} =0
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with the Heisenberg field operators

&p 1 ; ~
()= | G 2o (7 Un PIBL () (an (D} (6)
including the correct Lorentz invariant phase space element. The states
are defined as £k
= i ihr
= s ()01 9
and _
|54, 8) = i (#) &l () [0}
yielding _ . :
(r,8]8,4,8) = (B) ™ (6.7)
Normalization of the states gives:

B8 | 5.5,8) = 20667 by f et -7

w™M (B (7) = 2po buw | ; (6.8)
7 () (5) = 2006 bun

and with the Lorentz invariant phase spave element

Jigen __ﬂ@
J{m dpol'p 0 (po) 8 (5" ~ ) = 5

one obtains |
j 2}3'0 (ﬁ‘i.? 8 | Dy, 8) = 57 By (6.9)

6.3.2 Three particle state in the helicity basis

We now wish to construct a three particle state. In the section on the helicity
formalism we saw that the simplest Ansatz was 8 n;mduct wave function like
in (5.8)

gl j=l

3 . 3 '
T 17 ) = 0 T1 {3 (B, (0) UL G o) (620
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with the identifications as above, i.e. A; the Lorentz invariant spin pro-
jection, b a normalization constant, DI, (A7) a rotation matrix rotating the
z-axis onto the momentum 7 of the individual quarks, L, (|5]} a boost in
the z-direction of each quark and [j;,m;. )} & canonical rest state spinor, The
rotation matrix acts on the internal CMS coordinates (Euler angles) of the
momentum of each of the three particles. The particles are in the "standard”
orientation (See diagram below)

e

K :
e > ynxiv i

o
(

By

zonn

Figure 6.1: The three vectors f f» and ji:-, in the "standard” orientation,
contained within the x,y-plane

The atgument for three particle states is essentially identical to the one shown

in the previous Chapter for two particles.
One of the differences is the normalization. In the three particle case, the

helicity state is normalized by using the restricted three—pa.rtlclc Lorentz-
invariant phase space element: :
. By
dLips(P?, p1ypa, g3} = (27) 64 (P — vy —~ pg — P 61
p3(P?, prspay pa) = (20)' 6 (P ~ o1 ~ W)E(zﬂazz- (6.1)
wﬂ.h P = 0 in the CMS, ? = M* and the S-function tells us that
\‘ Eml E!

Equa.tlon (6.11) can be rewritten, via a change of coordinates (see Ap-
pendix C for detail) :

dLips(P?, py, p2, ) = (i )5 ——zdRAE d Loy (6.12)
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with [ dR = [ dad (cos 8) dy = 1 (4m)?.

This can be viewed as follows: i;here are nipe degrees of freedom in the
expression (6.11) given by the f; and 4 constraints in the form of 4~-mementun:
conservation encoded in the &-function, So we are left with § degrees of
freedom given by the angles «,f,y and the energics of two of the three
quarks F; and ;. The angles give the orientation of the normal 7 = §; x 5.

The three-particle helicity state can then be denoted by:

3
bH ‘a=ﬂ$’7;E11E2; ':ji,)‘i)
fr} :

The state can be normalized in a straightforward fashion and the result
isd= @T:ﬁ (see Appendix E)

The state is then endowed with definite angular momentum and the pro-
cedure is similar to the one cutlined in the section on the helicity formalism,
n (5.15). The three degrees of freedom o, 8,7 are integrated out to give
way to three other degrees of freedom which have a physically more intuitive
interpretation, namely J, S (= J,) and n.

|J1 S! i El: Eﬂ; ljﬁ: Ai)

T+ 1 [dR(B,7) mys o -
= \/ 2 / o Dgp. (C!, a, '7) Ia‘l 18: i EI:-E?s ’JiaAi) (613)
The quantum number u can be identified as the parity of the system
[13] nnder discussion and cen assume values g = =1 (See Appendix D for
details).
The full SU(4) canonical proton spinor can be written as follows:

i1
e 1) = Now D S 5 s (8129 | Jo) (f 8Ja83 22)
b, 8585 T\ S 6

11
x (Tit/Tata | T8) (Teuts | 55 ) i s X (6.14)

The quantities in brackets are the usual Clebsch-Gordon coefficients. *x%
denotes a full canonical quark spinor, a referring to the colour guanturn
nuraber, #; == :i: to tha isospin projection and s; = :{:-l to the gpin projection.
The colour index a will be suppressed.
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Using the notation x% = u*,x 2y = u xéi = d’,x i= dt, for up apd
down quarks we arrive at the well-known expressio.

= |par 1) = 2(uld+dhul)ul + 2uletat (6.15)
Nn.r
- (c:l'IT'wL - ldr) w  Jdhd — ulytd!
_dulet — wlutd!
(6.16)

This is the full form of the proton wave function a3 derived from the
group theoretical arguments of SU(4) outlined in the infroduction. In rest
states, the helicity description reduces to the cennnizal one.

A helicity spinor can be written in terms ¢f - :onical spinor as
3.
=3 (Dh®)x @)
i o

and a boosted helicity spinor is written lp;,, Xir &), 80 that equation (6.14)
becomes _

o 11y
P BB =N 30 ey (hondass | rasne) (31333383 l EE) X

syt Tibida, 812

; 11\ 3 |
X (ﬂtsztg l Tt) Tthts I - ]_-_[ Ipin'\im ti) (618)
22/ o

The superseript *0” in p°1 refers to the proton rest frame, Tt is impor-
tant to state that the 6-function &y, keeps the symmetry between spin and
isospin-spin and is not disturbed by rotations in spin space [13). A state of
well defined angular momentum is constructed from (6.18) as in (6.13).

The result is .
IJ"-}- s=Lu=lp F>
=g ‘—'21#"'21 12 422

o o 11
=N; Y. Bry, (1snfase | rosis) (.?128123383 i -2"5) X

LR TR K ST TS

 TT i Nt o (6.19)

fr=]
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. e AaN . . . ' "
with N; = m, by imposing normalization conditions,

Equation (6.19) will serve us ag the "proton” helicity state of well defined
angular momentum and parity.

6.4 Boosting the three particle system

We shall now address the question of the boosts [13].

We are dealing with two boosts : the first boost acts on the guarks them-
selves, since, 88 was explained esrlier, the quarks are moving ab relativistic
velocities. Three particles will always be confined to a plane. In this case,
however, the plane is unique which is a consequence of the second boost,

which acts on the entire (CMS) system. The second boost will Lorentz
~ contract the initially (at rest) "spherical” appearsnce of the nucleon in the
direction of motion and make it "fat”.

The plane in which the quarks move is therefore defined by the direction
of raotion of the CMS. This second boost, which seems to complicate matters
unnecessarily, is indispensable. Since we will be dealing with a current, we
shall need an initial and a final state of the systern, with an interaction
in between in the form of & collision with a nucleon, which measures il
magnetic moment. This is why we use the Breit frame.

The Lie-group structure of the Lorentz group tells us that the genera-
tors of boosts do not commute. This fact is closely related to the "parallel
transport problem” in general relativity and is also the origin of Thomas-
procession-like effects a3 are observed inside the atom,

The bottorn line is that different results are obtained if the boost is first .
applied to the quarks c1 to the CMS. Since we do not know which order
nature prefers, an aversging procedure is used.

Let us denote by U |Lg) (z:Py)| the boost of the quarks to the CMS
velocity. The explicit form of the boost is then given by:

ol
= Ei+myg| I v
ULy (:r.,-PN = 4 f [ g
[ N=VToma |agets 1
where 2; denotes the fraction of longitudinal momentum of the 3-pa.rhlcle :
state that each quark catries, my the non-relativistic mass of the { ¥ quark
and Py the momentum of the entire system. :
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The quarks are individually boosted in the above mertioned plane by the
operator U/ [L(,:} (;6; J_(N})] » which has the form:

Bir(m)
U [Le (Birem)] = 1/ Lo + o [ b 7 Bawytme l
| . BiL(N)
2mip a. Fapy+min I

with my, the mass and Eyy the energy of the i** quark in the CMS,
The average boost will then be given by the anti~-commutator

5 {0 (2o (@:8)] U [Eo (Bam)]}
which can be rewritten in the m&re convenient form
U Lo (@B)] U [0 (faon)] + 5 [U [Leo (Fam)] U (2o (ocP)]

(6.20)
For purposes of brevity, which will be handy in the next chapter, we

denote: L.
el=U [L(,-) (ﬂ:iPN)]
e =U -[L@) (ﬁ.l.(N))] | (6.21)
C = [U[Zo (umm)] . U [Lo (aFw)]]
so that the expression (6.20) is reduced to |
ete? + %G (6.22)
The commutator is computed to yield
50 = [V [0 (Baem)] U [Lio (m:4)]

= tainh " sinh & (7 (Buge, % )

We have now derived all the necessary ingredients for further computa-
tion. We have seen in this chapter how the three particle state was set up in
the helicity basis and how the boosts were constructed,

‘We can now turn to calculating the expectation value of the spatial com-
ponent of the electromagnetic current, and using the results, the magnetic
moment expéectation value,



Chapter 7
The Current

Now let us discuss the gauge-invariant electromagnetic crrrent, which con-
stitutes the central result of this dissertation.

To obtain an intuitively more appealing picture, we shall start by dis-
cussing the current i the Schrddinger picture. We then turn to the relativis-
tic generalization. We shall see that the current forms a 4-vector. We write
down the baryon-baryon electromagnetic current and the Gordon decompo-
sition, Using the boosts (6.22) obtained in the previous chapter, we calculate
the expectation value of the magnetic moment,

7.1 Derivation of the current

7.1.1 Current in the Schrodinger picture

In Q.M., the guantity that is globally conserved is the total probebility of
finding the particle anywhere in the universe. The continuity equation, which
we will state below, imposes the additional impossibility of the particle sud-
denly disappearing in one region of space and immediately reappearing in
ancther (in which case the total probability would still be conserved) [5].
These physically and intuitively obvious facts can be cast within a mathe-
matical framework by starting with the Schrédinger equation [5}:

I
it =~z =V + Vi

5%
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and it's :__ccnjugate :
" 5 1
""’“ﬁl)* — ____’____V2¢t + V,w*

where V is real in erder to keep the Hamiltonian hermitian and thus
insuring real eigenvales.

Multiplying the Schrédinger equation by ¢*and it’s conjugate egquation
by 4 and taking the difference gives us the relation:

. a s 1 b " — %
i (0'0) = —3=V. (9" — 9 ¥y)
which can be rewritten {5]:

P 5
2 7.7

where P == { (¢*1)}is the probability, normalized to 1, and J = o (w*ﬁi,b - 1[:5’1!)“‘)
is the probabilily current dengity, which is in the classical sense the probabil-
ity flow per unit time per unit area perpendicular to J,

Now it is clear that a J is a vector quantity. Upon substitution for the
wave functions with a wave packet, o guantity proportional to ~ Z = # is
obtained, the velocity. Current can therefore be viewed as the probability
(which is a scalar) within a certain volume traveling with a velocity @ (which
is a vector). The label "density” is attached since the current is defined
within & certain time and limited to a certain ares.

7.1.2 The Dirac current

In order to obtain the current connected with the Dirac theory [2] we start
with the Dirac equation, in analogy with the above derivation:

70 W o
Z*—a-g- == —(ala + 0:26 +0€35-—) + fm¥

and it’s conjugate:
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where use has been made of the properties:

Qg = o:};

A= p

Again multiplying the Dirac equation by ¥t and its conjugate by ¥, and
taking the difference, we obtain [2);

i% (Wtw) = %d‘-’i;- (Vioyw) (7.1)

We are led to the identification [5]: |
P=0ty (7.2)
for the pfoha.bi]ity density and {5]
§* = Utoy ¥ (7.3)

for the probability current.

The probability current, as stated here, forros a three vector and it is
invarient under gpatial rotations. But this is not enough: the continuity
equation (7.1) must remain invariant under Lorentz trensformations. This
is physically obvious, since the total probability must be conserved globally
in. the Dirac theory and two observers in different frames of reference must
be able to agree that this is indeed th. case, We anticipate the probabilitr
density and the probability current to form a 4-vector, in order that the
covariance of the continuity equation is ensured.

It should be noted that, in analogy with the Schrédinger picfure, the
operator o should be interpreted as the velocity operator in Dirac’s theory.

In the notation introduced earlier, the probability current can be rewrit-
ten:

(@)
73

@ (z) 1°y* € (w) | (7.4)
0,1,2,3

i

]

which combines the two forms for the probsbility density and the proba-
bility current in (7.3) and (7.2) in the form of 5 4-vector, with the prebabiiity
density being the zeroth component.
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- It can be shown quite straightforwardly that j*(«) transforms as a 4.
vector {5]: _
| (@) = at#(2)
which makes the continuity equation

0j#(z)
dxh =0

an invariant.

Au important extension to the Schrédinger picture is also the fact that
with the average current, which is nothing but the expectstion value of the
velocity operator {#i,,) = ¢& (the velocity of Hght, ¢, has been included here),
the negative enerpy solutions have to be traen into account as well. This
arises from the fact that the velocity operator in the Dirac theory is not a
constant in time, since it does rot comrmute with the relativistic Hamiltonian,
Le. [H,&] 5 0 (the commuiator 18 the quantum analogue of the classical Pois-
son brackets. Any operator commuting with the Hamiltonian would have no
time-dependence,). This can be seen from the fact that the eigenvalues of
the operator cd@ are =¢ [2], The positive eigensiates of the velocity operator
are just the group velocity of the wave packet. If the negative eigenvaluc so-
lution for a wave packet are included in the current, cross ferms between the
negative and positive energy solufions arise which oscillate rapidly in time,
This rapid oscillation is called Zitterbewegung, and is proportional to the am-
plitu le of the negative energy solutions. As we discussed before, the negative
eniergy solutions only arise at relativistic velocities. This would niean that
a wave packet, made of positive energy solutions initially, must be localized
in space to the order of its Compton wavelength for it to acquire sufficient
momentum (via the uncertainty principle) for the relativistic negative energy
solutions to fealure non-negligibly.

In the subsequent discussion we shall be dealing with relativistic particles
of spin 1, so we shall have to take both particles and an. -particles nto
account when describing the current.

7.2 The baryon-baryc:: current

The Dirac current. (7.4) does not have the mathematical freedom to deseribe &
particle with internal structure. It describes a point particle, like an electron
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or a quark, In order to obtain an expression for the current of a particle with
structure, we write quite generauy the structure of a one particle element [6]

WBl3*(a) o) = O GOHP ) (79)

and here |p, &) = b}, (p) [0). & " four momentum vector and «, § & quantum
degree of freedom. The operaior OFp', p) is to be determined.
It 18 clear that OP(p/,p) must be Lorentz invariant. Hence [6]

-5' (M) (B O (o, p)u® (p)SH(A) = (A~ TP (Ap)O" (AP, Ap)ul™ (Ap)
and [6]
T“ﬂm’(r?’ YOy, z:')*u(“i () =7 0%, Pyl (p)

whmh is the Hermiticity constraint.
The spino:s 2P’} and «w(®(p) are solutions of the free Dn'a.c equation
an¢ hence we can implement the substitution [6]

1O )0, Pl p) — E L R ey ) P
where use has been made of the Gordon identity [6]

1 B o (o
7 o= [0 +0) +ic™ (0 - ),
Another requirement is that of conservation of current [6]

0= (¢, B Buj*(z) Ip, 0} = i (¢ ~ 1), (P, B| () I, @)
which is easily seen to be the case from (7.5) . This implies that

i@ - p)O*(p\p) =0

Let us define g = 7' — p. From p¥ = p a.__,_mz we see that ¢* is the only
scalar invariant.

‘We now have the conditions of Lorentz invariance, oonserva.hon of current
and hermiticity from which to build the operator O#(p/,p). So wo use the
most general decoraposition, We know that the operator must have the form
of a 4 » 4 matrix, and since the Clifford algebra forms the basis of all such
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rmatrices, we pick out the y-matrices (or combinations) which have the above
mentioned properties. They turm out to be [6] '

P (pYO (o, p)ul® (p)
=ﬁ(ﬁ)(p-') [ ( ),Tu_*_ "'F2( )"' Gu +75°' %F (qﬂ)] u{“J(p)

The electromagnetic interaction conaldered here is experiinentally found
~ to be invariant under parity operations. The torm with the factor F; (¢7)
turns out, by explicit calculation, not to be invariant under parity, and is
therefore set to zero. It may have to be resurrected when considering inter-
actions such as the weak interaction, which can change parity.

Hence the general baryon-baryon Lorentz-invariant electromagnetic cur-
rent can be writien as [14]:

() =

o @r)en [ B () P+ TEELLE R ) (1

2mo,

with g = p; — p;,, the 4-momentum change, ul (py, 5;) and u (p;,, 5i,;) the
final and initial hoosted spinors respectively, ep the baryon electric charge
operator and 49, 4# and o* defined as in (4.3), (4.5) and (4.7).
The boosted spinors can be easily computed from the explicit form of the
boosts:
+ |

By 4+ my L E imu X
y8) = L O, o g | B P B B 0
u(p ) [ (z"), ] 'u( 5) V 2m03 [ _EB_'E-*:MB. I 0 J

where the y, {8 = &) are canonical spinore »f the form
_ ry _
Xy = l o ]

1]

Ali the calculations will be conducted in the Weyl, or standaxd represen-
tation, with

i

P

7 =1 = irylyy®



7.3. QUARK LEVEL CURRENT 61

The functions F; and F are form factors which can be rewritten in termus
of the Sachs form factors [10]:

Grg = B (qz) + nFy (qz) (7.1)
Gu = enh (qz) + snem fa (42 ) =F (qa) +F ('-32)
2 |

q._
= e
dm3,,

and sy the anomalous magnetic moment. \
The expression for the current is ¢valuated at |gf| = Ipr -—mel =

|25w,|” , which is a particularity of the Breit frame, in which gy, = —Piv,
and Ey, = Ep,,. This yields for the form factors F (0) = 1 and F (0) = [,
the anomalous baryon magnetic moment,

Equation (7.6) is also referred to as the Gordon decomposition, which
expresses. the total current as the sum of & convectian cnrrent, as in the
nou-relativistic case, and & spin current [2).

The current can be rewritten (see Appendix G) [10] -

75 (q) [ 82” | [ —i"-”-éféz() Wci,x (sr;x:::") xm] (7.8)

with the symbols a8 expla.med ahove.

As wan pointed out, this is the expression obLa.med for the current on the
baryon level, with the nucleon structure expressed in the form factors.

When looking at the nucleon as an object mada up of three individusl
paxts, the exprassion for the eurrent will change, yet the results for the current
expectation values do not. ' '

7.3 Quark level current

. On the quark Ievel the nucleon current takes on the form

{(J, 8, 3 El: Bl EF(':) |4, 8, 3 B, EE) ' (7.9)

dms)

with J=S=p=1
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The operator F; assumes the form:

20 (7% '
Flay = egs) [‘T(;}’Yfi} +4 pr ’Y?i)f’f;) vy - (7.10)

- where the subscript (¢) stands to denote the it querk.

The form factor Fiy = "1"and in the subsequent calculations Fj « Will be
set to zero since it is assumed that quarks are point particies and Fgm is &
measure of the internal structure of particles (Le. here we assume quarks
have no internal structuss).

The fact that we are summing over Fy, is an indication that the object is
made up of three constituents. We shall only consider one term for simuiicity.
The entire expression, however, will be a sum of three terms and takes the
full form

J; o) <A{‘i)ﬂnuo:t(‘),fm;| U [ (a?i}', ﬁ&),'}'?i);)] Uf [L((} (ﬁ(’uﬂm:)] . (7.11)

xe(ilr)ﬁ)‘ya)v [L(i) (ﬁ(i)ini;iui)] U [R (a?i)’ﬁg')’?a)’ )] lA(‘jinmﬂu 1t{i}iniiial>

(Z)];E') <A{n.ﬁmln ' t(n.finull ut [R (a?ﬂ’ ﬁg)’ 'Y?‘}‘ )] ut [-LU) (ﬁ(‘)ﬂm:)]
i3

u {LU) (ﬁmmum)] U [R (al(]‘)’ B ?‘}‘ 'T?I]:)] t'\mmﬁuxo’ t(l)iv.;ﬂial)
where the Clebsch-Gordon coefficients have been left implivit, for the sake
of brevity. Since they play no part in the actual computations at this point,
they can be left until the end, when they will be restored.

The question of the boosts a.ddremsed in the previous chapter plays an
important part now.

7.3.1 Boosts and the current

We shall have to use the a.vera.ged boost as defined in (6.22).
‘The expression (7.11) can be reduced to symbolic form

T = G [(ePom)! (o) 4 20 (722)
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Atnitint pBinitiol | !
X [e tnitial gFinitial . "“Cinitin.l-l Clmmut

The explicit calculations of the terms in the current are shown in the
Appendix A and Appendix B. Since the gpin-isospin coupling is left invariant
by the rotations, the rotation matrices [R (a(‘), ﬂﬁ),'y(,),)] have been set fo

- uni ,. The sum of the resulting terms (also listed in the Appendix} are gauge
invariant, i.e. the sum of the terms gives a vector perpendicular to &

© We saw from (7.8) that the spatial component of the current on the

Baryon-léval depends on an expression proportional to (& x §). We shall

therefore only consider terms proportional to (¢ x 7).

7.4 Magnetic moment -expectation value

The expression to evaluate is |
Fr'd i . —
(BIE|B) hapmo= DL (0) (N} (5 % &) |V (7.13)
where ) '
i=3 f dor (7 : hy ;) (7.14)

The Jeft hend side of (7.13) is calculated on the quark level, and the right
hand side on the nucleon level. For reference, see for instance’[i4]. The
differential is evaluated at |§]® = 0 since then the collision is "soft” and the ~
outer region of the nucleon is probed, not the inner structure. We can also see
that the equa.tmn (7.14) is proportional to the classical expression for angular
momentumn 7 x 7 where the cur:rent takes on the expected mterpretatmn of
velacity.

Let us look at the expression on the left hand side of (7.13).

'The vector (8] is given by the explicit expression

(B| = N; Z 51:12{]:[ f %:—:%%T 13;, (UI Gy (ﬁi;)

!‘i_ﬂﬂi! ,T,ﬁ,jn,t\! =l
(7.15)

1in™.
x (T"1t1|l.'1"'2t5‘;‘r th,) (th%f:gf EE)

o 11y
_(J1A1,.?2)\2f I-712}‘.?)' (JWAIJ'JS&-" 55) }



i CHAPTER 7. THE CURRENT

while the ket | B) assuines the form

_ L . /. . 11
1BY=N; % briul(fidgiade, | drd,) (312’\"1'33’\3! 55)

A n !t'ign .T-tn.’fﬂ L] Ain

(7.16)
X (Tlterﬁtﬂf I th) (ﬂfTStSr %“12')
Py, 1
Q / (2:_';3 fln (7)) o, (i) 10)

where the subscripis ” f* and "in® stand for *final ” and "initial” respec-

tively.
The ket |f) describes a normalized one electron state of the form:

[.f} WmZ(ﬁ.\@)aA“ (ﬁ)'ﬁ)

which can then, in the nou-relativistic limit, be interprpted a8 Fourrier
transformed electron wave functions [14].

The Glehsch-Gordon coefficients, which were written explicitly, mediate
the spin coupling, as usual, but can be ignored for the calculations to follow.
They will be restored later. The integral represents a relativistic wave-packet.

The expression (7.14) is written out [14]

P ==

Ps; 1 d.gpf r__ tif
N; E I l I~ 17
J)\i!,t"f,i‘*.'t‘.j;ﬂ,.\; &J‘“{ [f (2 ) Jﬁ (p’ ) X, (?’4) (7.17)

e e~ ﬁ,\:’ #) “R} (@)
X (Tit'erzt’g, | Tt}) (T%}Tstsf l ;;)

11
( 1A1332A2f 1312‘\’) (.7'12}‘333'\’3; I 22) }

.\\\
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and
W =
dpl 1 i 1,
N; &m%mi,l% Tsm{H[/ “—“‘L‘“ﬁze vy, (7, )% (#..)
+e’”“7"m‘°ut;‘f:n (p:n) ax, (pin)] | (7..18)

(it ik, | T6) (Tt | 35)

(7Moo, | Fa¥o) (Moo | 55 )1
F = 7. We want to describe & system consieting of particles, as opposed
to antiparticles, so we set the coefficients describing the negative energy
solutions vy (p’ ) =Ty, (p}) =,
On combmmg the above terms (7.15),(7.16) , (7.17) (7.18) ,the expression
(7.14) takes on the form for a generic term

- % f dr (7% (B (@) : $F¢: |B (ﬁn)))d | |
— % f ds,relbd ! -tﬁ'l "?—' 1f (p’lf) 'Ybui%“‘ (p‘;_m) (7'19)
xeBIaY (o1, )uste (1) B0 (4, ) uie (sh,)
GL ﬂ-,\t a’,\' IO)

1'

The detailed calcula.tmns are shown n Appenchx A and Appendlx B.

7.5 Non relativistic limit

The form of p* can be rewritten as
ph =2 [ @ (7% (BENIT (o1y) B (00, T (2o, B2 (o)
Vs (psf) 3 (13.,) + Py (‘Pl;) P (Pria) o (sz) Fily (p2a) B (ps,f) V3 (93,0
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+91 (pr,) %1 (Prin) Bz (p2;) B (0:0) s (Paf)-ﬁsﬁa (#300) 1B (B
the notation of which can be symplified
sy (w @ (o) A ) T ) cp—k,,l) B )
where the spinors repleseﬁt the composite-boosted spinors

Y(m) = [BA@B +%C'] 4

This takes on the physically more tractable form:

1 it 3 - R |
i = = f riared’”'r“c"“""'gi Aweuy, (F X G} ua, +

Breus, [6"- (Fry X i) (6 X q;c)b] Up, X

-3 (V-0 5 (B o (Vo) (B

£k
- and Aj is given by
A = Gk (E.k(m + mﬂ'u)
R P
2.
. Bk N e (EI%(N) - m;,u)

B By (B + 1005

a8 can be seen from Appendix B.
We further defin_ the quantity f (n) :

_ - | . { By — My,
Fm) =£1;£¢1 (p!f)ibz(le) = 1"5 (V1+n_1)%( I(ZNI')}’J,{N) ! )+

(-l ()



7.5, NON RELATIVISTIC LIMIT | Y

In the non relativistic limit, the mass energy of the particles becomes very
much greater than the kinetic energy, due to the fact that the particles are
nearly stationary. The entire energy of the particles is contained within the
mass-term (im;, ~ 0.33GeV).

Hence, Eyn) > |k, | and Erqyy & my,. Since the expression is evaluated
at [g] = 0 this implies that —L%L =7 = and therefore f (n) =1,

The only contnbutlon comes from [17]

[ (e [ 1.}
R

The quantization axis was chosen to be the z-axis, 50 d = 3.

By comparing the expressions

31

GM(N} (0) (P‘Tl

ke [N}

2m

into which the wave function (_6.15)is substituted, the result

Hproton(n.r) = SN

P‘neut:;m(ﬁ.r.) = ""2_,”1\1'
is obtained, which leads to the much celebrated relation

" Upraton 3

— .
s

.unsutrm 2

of static QCD.

This brings us to the end of the argument, Some of the mathematically
more involved steps are shown in the Appendices.

"This chapter outlined the mathematical steps as well as physical concepts
used in performing the caleulation. A specific result was obtained, which was
very encouraging, but rmuch more can still be done. Some of the plans for
the future are listed in the next chapter,
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Chapter 8

Conclusion and Outlook

8.1 Conclusions

The dissertation was essentially divided into two parts: the first part deslt
with fundamental concepts of physics which are of importanrte and the sec- -
ond part imtroduced a specific model based on these concepts. A specific
caleulation was performed (the expectation value of the spatial component
of the invariant electromagnetic current) and the magoetic moment expec-
tation valus was computed in the non relativistic limit. It is my feeling that
both parts were essential in this dissertation, since I believe that a sound
understanding of the origins of the contemporary theories ig needed in order
to fully appreciate modern physics. This understanding doeg not end at the
purely physical or mathematical aspects, but forces the student, of necessity,
to comprehend the underlying philosophies. Was not Heisenberg inspired by
the works of Wittgenstein?

Quite apart from the historical importance of these developments in
physics, they also form the foundation of much that is done today and it is
worthwhils, if not necessary, to study the mathematical techniques involved.

It was also ne:essary to present the previous work on the model so that
numerous steps in the computation of the spatial component of the current
did not go unjustified. _

The calculation of the expectation value of the spatial component of the
current itself was a rather lengthy affair, which is the reason why some of the
explicit steps were omitted. The calculations were outlined with sufficient
detail so that they can be reproduced without much difficulty. More emphssis
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was given to the more subtle points and difficulties which were encmmtered
and how they were tackled.

A very encouraging feature of the results were that the ratio 2zrte. = ~2
~was recovered in the static limit, which is in accordance with gtatic QCD

8.2 Outlook

‘We have proposed a three-level relativistic model of a "mucleon template”
and demonstrated the non-relativistic reduction to static QCD. The following
izsues need to be considered:

‘Tentative calculations have indicated that there are terms containing the
current quark mass~ 5MeV, which leads to mass singularities. This may
force us a field theoretical approach in order to consider 1-loop contributions
which is beyond the scope of this dissertation.

Calculations shown in Appendix B show that either these terms do not
- contribute to the expectation velue of i or that they have components in
the same direction as (& x §) and that their contributions should therefore
be considered. This is a very recent development and was hence not tully
explained in the dissertation, but are quoted in Appendix B.

Another issue is the study of the parity quantum number u, whick may
give us insights into the resonance 51,{1635) of the proton. We aim to study
this resonance in terms of an " Umklapp” process. The overall parity of the
three - srticle system in the ground state is even. Addition of energy to the
syste.. ~ill raise one of the quarks to the angular momentum p-state, which
is an vdd parity state, and hence change overall parity of the systern. This
hag the effect of flipping the normal defining the plane in which the quarks
are contained, thus changing p from § to —3. The energy added to the system
will be the energy difference between the even ground state (938MeV) and
the odd parity partner of the proton at 1535MeV

Furthermore, some cross sections will have to be computed with the help
of the model. To this purpeose, the axial vector current will have to be

calculated. Work is in progress in this direction.
' Overall, it seems that the model is reasonable and hias produced results
which are conﬁrmed either by experiment or by other theories. Yet there are
still many computations to perform and it will be only then that the model
can be accepted or rejected with a fair amount of certainty.
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_Appendix

9.1 Appendix A

9.1.1 Current

The current operator is cormputed as follows:

_ 0 @ A§ﬂ+Bin+Eiﬂ .
(Af+Bf.+Ef!0f+'Df)(G 0)( _C'm+Diu )

' GCin + GDyn

= (Af + By + E) (GCip + GDin) + (C + Df) (GAin + GBin + GFin)
= 4;GCin + AfGDis + BfGCin + B{GDin + E{GCin + BsGDin
+05G Ay + C;GBin + C4CBin + DG A + DyGBin + Dy GEi,

with: o
G =¢end

- (B + ) (Biegary + mko) Mhy
Ai’l’l. wm F . ) i ~Pin
3 \ | dmi, Exi

B o |t Miky) (B + _mka) kg (0 Subivig) (F - Biy)
: dmg, By (B + i) (Ek(N} + m;.,c)

Pin
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oo o | Bt mio) (Bua ) J iy (7 wabhay)
- 4mi, By (Be + i)

n

D = (Ek + 'm‘-ko) (Ek(N 3 _+ mkn) My (@ ﬁk.L)
i = -
n 4mi, | Extm) (B + mko)

B = sinh 25 g & z(pk, X P ) FPim
_ Ek(N 2

A I (Bl + iy (ﬂk(m +m;«,) Ty
= Q dmf, By £

Bem (Bt ) (Ek(N)-FTﬁku) ke r (3B )(6" a:kﬁ}\r,) |
e 4??‘1%0 Eian (Ek-l-mk.,) (Ek(N) +mku)

o (B + mku Ek(N} + m.‘ﬂo) Ty (5 B, )
= By ! (Ek A+ g )

D (B +mkn) (Ekcﬂ) + M) [Ty g (@)
= Fo
f 4mi, - By ™ (Bugay +mh,}

T [ o
b,e == cpf Ek(N sinh kéN) sinh »--z[pr X Pr, ) &

F

=0nN; = "'ﬁNm

0 iﬂ‘-'u

9.1.2 Gauge invariant terms
A/GCy
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ewtn(Bugrytmig) p
8“1*5.3&(‘\(] [o"'(a‘ q)] ‘P‘ﬂ

— ""k”k(Ekm;mun) T i
T B By [‘7 077} in

— ”ek‘ﬂk(ﬂkmﬁmu) £ ik T s
= [(6 + ig a'"‘) @) i

_ -ehxk(Ek(N}'l“mkn) ifk .k
= T S 7 [¢* +iekatql J Pin

enen(Bynytmng) rpoo o e (Bunytme) ik gk
Smanﬁk{m : tfof [qt] Pin Brazg By 30! [E o qj] Pp

i

= *ﬁhmk(E&FN)Mkn)saT [q,:] Pin + ¢ek'¥h(;%')+mku)'p}' [Eikjo.kqj] Pin

Smkn .‘3‘;,( N) Bm R{I¥)

—eprp{ £ K(N)HEg )
Em;,a Ek(N’)

C1Ghin

—

i B : =
@7 @) pin + e"z;«(m:%.)ut;n <y (7% ) e

gy m
eka‘.:ign ’:’(g:(m ko) T[(g- {'{)O'] Pin

ﬁwh(ﬂk[m'i‘mk ) i
= Mkohktm : *P [a‘ ‘ﬂ] Pin

ﬂk-‘“k(ﬁramﬁmm) [( ] ik ) s] )
= Smkobk(m _ & it 7'} Pin

em(ﬁwﬁmku) [ ik ok i ]
= &“koEk(NJ qj+w a q ‘Pn

. emmk(EkrN)-i'mko) enwk(anrkan) ki
T Bmeg By Pr [qj]‘p“ B Bty ‘p [Ej a"’q]

' ank(Eutm'*'mknl ’1‘ i :’e;‘a:;,@s _(_N)+m&n) T I i
= T By By [q 1 im, + Bring o) {‘7 X ) ] Pin
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Combining the terms AyGCin -+ CyGAm:

iepr | Ewean +m, .. ¢
: k4£n:§lm; ko) v [(" % q) ]S% (9.1}

A fGC;n + CfGAm =
A fGDin

B, ]E - ! e o
:mu: E::;D) ‘P? [&(F « B, )} in

_ ek!Ek-l-ml_eg !
— 4"‘*03&(”]‘

= e} (¢ + ) ] o

oF [o9c'ph, | o

!E +m ’
a:mk:Eh{:; T' [pi* 4 ?.EJ a pk.j.] @y

_ es{Btm ml o [p?u] Den — ﬂ.‘mw}‘ [isf""cr"pi J_]

iy Brt iy drngy By (v

= alBiimo) r i) 1o, ElBrimie) 1 5 i)

= 4mkuEk(N) 4mkgEk[N)
D tGAin

o P, =

—d%oﬁm)- [(7 - P, )0 in

= eﬁ!E;,+m ) $oi ]

= g By 1 [(T p;e L9 Pin
ek | Ertm o [ ( i3k ) ]

o+ 2]
_H%Eﬂm 84 e a® ) ph | P
e | Byt

Al [, +ie% s, |

_ eg!Ep@+mnn ’tpq; [pi-"] Pin + ﬂi‘l’f@l [zsﬂ"“n Ple ] Bin

" A By on 4my E"‘(N )

_ e(Butmig) o [p}u_] Pin + i (Bytnig) T1(& % P, V] <Ps‘ﬁ

T AmagBuey TS 4m*“E“N} vt
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Combining the terms AsGDi, + DyG A :

- e (B + mg,)

AsGD;y + DyGAy, = e Ek(N’}

[pﬂ _,_] Pin (9.2)
B1GCin

—e;,mi

16m:mEk(N 7 B, )*pf [(U p"’i-)(g §)a (& 'Q)]‘Pin

—epal N N
lﬁmka By { Byt ) s [(OJP}CJ- amq” ) (U‘Usqs)] P

- ey (6 + o) sh ) {( +iset) o} o

—-eﬁmi

16mkoEk[N) (Bntrmg )

o} [(1021 g™ + g™ ofpl q"‘) (q‘ + z's""_‘a“q’)] Pin
where pf, ¢™ = 0. 'I‘hen-:

2

—Ep T F i 4 s ded. _'t" .
1BmkgEk(N)(Ek+mko)‘P'f [zstm afp‘f.,,_qm (q + t€' rr"tf)] Pin

2
o kT

- 18y By (Eg-l-myu

= e T1id . (5 i1 [(—1) of (5, £ ideds
= lﬁmquk(N}(Ek+mk°) {‘P.f [Ea' (pk_L x ti)q ] + [( 1)0‘ (pg_,_ X :f) ( gidagig )] (Pi“}

)%"}1 [islmfa-fplh g + @2‘) E;mf_mrplh greidgd qg]' Bin

.—.-‘iﬂkﬂ!i
16m4g By (E;; g )

‘Pff' [5! . (ﬁkJ_ X Q) q%] Win

oyl "
T ey P 1 (B X D) (5 % ) i

CG B
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—epa

| lﬂm&uEk(N)(En+mko) ‘Pf [( fj)ﬁ"(r}' ) q-)(&‘ ' ﬁk.s.)] Pin
lﬂmkqu:;:E’énmko) \,0 [(or‘qla'i) (o-dqdo'ﬂpz.l-) ] Pin

= s ey #F [{ (0% + 3" ¢ H{ (% +ietma") o, )]

= wmu&;;:?;wmko)‘a [(q +’:Eiﬂ”fql) (p,*;*q-' +iehmomp}, qd)] Gin

where g ¢ = 0. Then

—ayo? AT Tl rf o dctFl o f b\ i odsns Tl od :

—ekmg

= il [retdsn .8 £ (224 @Fof ol odsn otis 4d] 4.
Iﬂl‘nkuEk{N}(Ek-ﬂmku)\of [EEds T pk.l.qdq +(% )s L - pk_]_q ]’:Pm

b R-‘n + b = i i =y
= 13'_?1;;01'}&(:?(;3'&4"“&0) {S"? (i - (e, % @) ¢} + [(""1) (E 'ﬂo'fql) o™ (~1) (P, % an] Pin

igpu i .
= lﬁmhnEk(:}(Exmk )"af [& ) (Pk_;_ X {:’jq‘] Pin

g J'.'g

Trs ., sAis o
" T6rmag Ergy ( Brtmg )‘Pf (5 x @) (B, % 4] um

o o —epTd
B/GCun + C10Bin = o ot s {rr (B, X @, (7 % O }(99)
- 9.3

ByGD;,
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ez o -0 i P "_
Bm.kuEk{me:;Nﬂ'mnn) vr (@ ._pkj.)(o' DNFE » P, )] pin

= amkuEk(hf&;mNmko) [(olpi-!-amqm) I(aiadng-)] Pin

[(éﬂm + .,;Elmfo-f) pikqm (a:d + ?:eidso.a)_ pﬁ;] Pin

WkuEn-(m Eh(N;*kag) ‘P

S Ek(N)fEk{N)‘l-mkn 707 [wlmfafp-‘h. g (5“ + ie"d""’) 3 J_] ?in

— T Imf 1 i s 308 8 [

- Hmknb;,m, Fk{N‘H"mku) ¥s ["‘E o'fplk_j,q (pk_]_‘ + 1" pg_;_)] Pin

o imf o f i Y dmf fol  gmpide '_

" mry By (Ektm'!'mu ‘P [1 7 pi*q Phy F (3 )El 4 pfuq e p‘;f_,_] Pin

— enty ol [zt o 5 Y N e 8

- SmkuEk(N}'(Ek{N)+mko)"af ['&O' (pk-\- X q‘)p’ﬂ,{_ +( 1) . (pk.]. X @ ( ) p‘i‘q)] Dn,
— igpa ] F _

il FJ«{N)‘*‘"‘ku)‘p‘f [ (P, % @pk,._] Pin

] . epy ,'I'r--. - [ =t i i]
" g By (Brgeybng) 4 7 iy X ) (5 % Pier)'| Pin

D4G B
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. — :l.' P e S — , = )

= Smkus,,w‘;iﬁimmm) [("zplhoj) (adqd‘.’api-t)] Pin

i

T Gy ¥ (8 + 180T g, (5% +itomo™) o', | i

= haul 122 T i ; dif I . _dorn )
Brrigg By (En{m+mr_e.,)tpf [(p %, + 18 Ufpk.;.);"ed o QJPL] Pin

o

—eREE PPy o ¥ U 7 o 1 2y M T d
Sm;,oE,,(m(ii';,(m-i-m;,o)'Pf [(‘I-E m(;-mq pi_[.p}q, + (?' )E‘ i p‘kla ma‘qupza_)] (Piﬂ

|

- D 1T e N S _

— ia Fif N N Vil -I. -p .
T Bmag By Ek(NJ"‘"“ku)"of [G (i, % @p}‘u] Pin

- ep Bl L . — 1 P )
Bemig B () Ek(N)‘{'mkﬂ)‘Pf [(6’ A pk_l_) 4 (pk,L b4 q')] Pin,

To combiné the terms B;GDin + DG Bin, use is made of the relation;
& (B, X ) (3 x )
= glmi gl Wl
= gidhps [r;f a"] ghmlpl gm
= p [217&f""a’° + o%af ] gnfpl g™

= giegipl emialpl g™+ 2eeltemip) oyl g™
where the first term in the above expression is equal to:
e@otph e 0Tyl g™ = (6 X B,)' @ (P, X D)
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The second term becomes:
2‘&.&‘*&" e fdk stmf pz Y U.kp’u qm
= 2 (6‘-’ 5k  gikgsf ) i, ok} J_qf"-"hr-:""“’_' _
= 2ipf, 0°pk, g™ — 2ip}, o'p} g™
= 2 (B, + &) (o, % @) ~ 2otgmeimopy pl

= (ﬁ.k.t. ) 5") (ﬁh_ X ‘ﬂi ~ 2ig* (ﬁ"ﬂ. x ﬁl’*.t.) g =2 (ﬁu . &’) (ﬁk.l. X q‘)i.
since _ '
2io" (P, X Pr,) - §=0
Combining the terms ByGD;, + DG By,
BiG Dy + DyGB;y, : (9.4)

= iz
4m;,u E;,( N} X

1 igpd o [ oy e i
r‘qunEk(N)_(hE:(N)-l-mko) Pr [(pk_l. U) (pk.i. X @ ] Pin.

b AT - f
Elg(j\l'}'l“mkn)'lpf [O- (pk_g_ X Q_‘)Pkd_] Pin

E;GCin

: k{N}mkﬂ s ak!N! * ] T - - - -o‘ wy .
¢ 4E§(N'f Eh'%ku Slnh 2. Elnh .—:f{pf (ﬁNf X pk.l-) * geéRd (ﬂ' mkpNin) tla‘“

i B, +my . [ .
e TR RN} 0 el IV} 1%
T A 4BZ yy (Barmng) sinh ~5 E‘mh;

x@F [(Bry % P, ) (7 - @) + %0 (B, % f1, )2 (7 - )] Pin
Now,

Edika‘k(ﬁNf X ﬁk.t.)d @@

- Edik_(p‘N! % ﬁk_]_)qu + E.Edik&'klf(ﬁﬂf % ﬁk_j_)do.fql

s - i DR Y ‘n -t 4 - ~ 1
= — [(Bn, x 1) % §] +i0*(Bn, X Pu,) - 4~ 15 - By X By )q
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Then E;GCi, equals ((B; X B, ) - 7= 0)

—faymy (Breary+miy ) ak( )
P V 4E§(NJ(Ek+mko) sinh sinh '_htpf (PN; X pk.l.) (7« §) in

gpa Byt
e [ ;‘;‘g;;:::;) sinh S s 3 (0w,  Bv,) ' o

u : E my ; ) ~
4 V‘*EEUT )Eg+’m sinh =0 sinh 16 - (B, X P, )7 0in

GfGEgu

[ ——thm caia
. (Eh(N)'i‘mkn_) . aktN) - -‘!& T (“ . - ) - n )
z\/“E?(N)(EHmko) sinh =5 Bmh_ 507 \& b, ) exG(Be X P, )  OPin

= iELTR (EH(N) o) ginh f-'fk(N} _b_
2 Y 4By (Betmig) ainh

X‘P}- [qi&. ) @N; X ﬁk;) + igwaa"kq!@;l\'j X ﬁk;)da’d] Pin
Now,

e okl (B, X Pr, )P0?

= iet(py, X Py, Vg — ¥V By, % B, )00t

=i [(Bn, % Bu) % | — 3w, X ) - T+ (3 5) (B, X o)
Then GIGE;" equals ((ﬁN! x ﬁkJ_) . Q“-‘—‘- 0)

fepoy Bugvy+Mig) o1 k) o1 oy, T NP o
7 432(N)I.E'k+mrmjsmh 5 sinh St (B, X P, )* (5 @) in

o [T oo o] [ x5 ¢ e
2\ 4By (Bt 2 2 Pt |\ONs kL Pin

; Bt pey-tmijeg e 1 CRENY et @ o R ;
$8RTL Lh(N), oy T, .
2 J—‘ljmgm(g,ﬁmkn sinh == ginh Steop & - (B X P )07 Pim
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Thus _
EsGCp + CiGEy =0 (9.5)

EyGD,,

s (Ek"i'mkn) ) .. Rl 11 5 Y oy T R S L - . .
”‘3"\/ F N v e sinh B¢ (B, X B, ) » F0° (F+ P, ) i

E";]‘m"o ) oty DN sl @
= g, sinh sinh S
k\/m?«m) (rre— 2 2

ti}r {(ﬁNf X ﬁkl) v Ep;:_[_ + ?:(ﬁN! X ﬁkJ_)Ia‘lEWUJPgL] Pin

'a‘:(ﬁNf X fikl_)l(flei#a'fpg&
= {(Bn, % P, ) e ¥ g, +ildn, X Bu, Ve W eFhotpf |
=1 [P, X (B, X Br,)| = (Bry X Peu ) (5 B,

+ [(ony x P, ] o

E;GD;,

=1 (Bt s SN gg.T o R )
- zek\/mi'm)(Ektm"'mko) sinh =5 sinh Gy [(pr X Bh.) crp}u] Pin

(Butms,) ﬂk[ } ay
“ek\/wﬁm (Brcavytmag ) mh sioh ¢ [fi % (B, % e )] Pin

- (Bt ) SUN) e e, T {4 5 Y (S
. zek’%/‘iEE(N)(Ek(NJ"‘m*o) sinh 3 sinh 2 Py [(PN! kaj_) (O’ .ﬁk,;_)] Pin

DyGEy,
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. {Brtmry ) . 0 PR o PR ifa By,
?ek\/wﬂ{m(ﬂkmwmka) siph == sinh oy [(ﬂr Pr.) 0% (Bry X Py ) 3] @in

sinh 20 ginp kT [p}‘ . (ﬁN, X Br,) 5")] Pin

(Ek'l"nku)
ABZ ) ( Bty +oring )

= {8y

-fek\/ 4,32(%£ ’;")_mko) sinh 24 ginh Sl [e“'f o/ph, (ﬁw,. x ﬁh)"fﬁ")] Pin
e¥lalpl, (B, X v, )%0®
= eliipl (B, % Pr, )
gl ghgt (. X fr, )
= - [ﬁk,;, X (ﬁN, X 'ﬁk_;_)]i
+i(F B, ) BNy X Do) — G0 Py« (Bovy X P, )
Thus

D4GEy

— (Ek'}’mko) . CR(NY o P . . R
- Mk\/‘lEEtNJ(E"(N)’*'mku) sioh 3 sinh _2h"o.f -[pk.]. (PN; = pk_l_) ' 0')] Pin

(Bt ) - OK(N) it Bk, T [ 5 2 \1E
+ex 4E§(NJ(E&(N}+mkg) sinh D ginh 2 PF [Pk;. X (pN; X Pk_;.,)] ‘F'fn

. (Ek+mkn) . SRINY o T[ = o \fa ~ .‘] .
'_?'ekJ‘iEE{N}(EHN)'I'ka) Blnh 2 S]nh 2 gaf (0' pk.L)(pr x ka..) ?’m

Then
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EfGD'm + DfGEm

(uh‘{’m}-n) N Qk(N! N _&_h T " . ) ‘.-‘
wk\/ B oy By i) smh 3 oinh Sy [Pk.s. (PN: X Pr, ) ”)] Pin

(Ekmkr) g Ny e iy T = o - i
"w"\/ B ary (Botay +ikg ) smh 3 sinh Gy [(0' _ﬁ'n)(PNf X e, ) ] tPi:Eg .
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9.2 Appendix B

9.2.1 Expectation values
Again, we calculate '

. '%fd3r(Fx<B|:1-5"f¢=|B>)

. Equation (9.1)

i€y s (Ek(NJ + mk,,)
i B

AfGCin + C1G Ay, = oF [@ % @] ¢in

3 ] Profetivieifoal ¢ pyeiter
") ,ﬁ‘: fdﬁrwgedlisiflaf%neﬁw |
= g [ 1T (895 — 6UH) of i
= g J P} (- 2)o e
==/ Profope T
Thus A;GCo + CyG Ay, gives

exl 55 dein,
palbems) < ploj 8 >)

Non relativistica.lly (Ek(N) e m;q,)

En :
—— < Ble? 1B > 9.
2 iy |otiy 1B >) . (9.7)

and relativistically (Exnvy 3> M),
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€ -
9.8
{% dmy, (9.8)
Equation (9.2) _
_ (41 (E'k
AsGDiy + DyG Ay, = 2mkoFk(N) [P'},,_L] Pin
| % J‘ d3'r<p§: edlj,r_!p.}; . soine—-i-.r;,(j'-? :
= % f ﬁrw?sdljrlpil‘ @{,;ehiwké:?“ eiﬁ“.L e e“iﬁ"‘.L' Fy
= ......?: f dargo}.sﬂjﬁijtpine"imk‘;;ﬂeiﬁk_L ' 'F.-L e"‘.ﬁkJ‘- 'F.L
=) .
Equation (5.3)
' ers o g
ByGCi + CtG B, = T i (’E‘ ¥ T{(@ x 9,7 (Fe, * D} oim

Tarms quadratic in g have the following form:
~ da?‘¢F7'Iqiqj Pine~HRTT

= [ drpfrig R,

bt 1]

J‘ d3 gjlq ewtwkq JT, in

!:!:;_,
— 1 p 8. el 1 ag-*w?f
= = fd 1y e i

uroaa = e

This is & total derivative, and therefore put to zero.

Equation (9.4)
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B;GDy, + DyGB;,

) =y ‘
4m*l:l-'-"~'k( _fE:{Nﬁmku)‘Pf [ (ka. X ’:—"JPJ; _,_] Pin

fepe ST o i ‘
+4"‘*n3k(N)iEktN}+mnpf [(p"’i- 7) (P, X §) ] Pin

3 [ Prppetivie! ’"‘Gmpi;fpigpine—wf"
= g [ drpfetial imampl ph, Pine T
= b [l (7 P, o, — 0%, [2)] i
* Thus (9.4) (first term) gives (|7, |* = By — m,)

ex( By — mi,)
@ 8mio By (Bugw) + iy

) < BIO‘?;G} IB )

Non relativistically this gives zero.

Relativistically:
S‘ = < Blaly|B > 9.9)
(k)

The second term results in

% ) dartp}“ gttt ‘T“PL Sifmp’i;* qmtpine—i:uh;}‘-f-'
= 5t [ Prold - i, 208, pne I

Since p}, = 0, this term contributes nothing to the mageetic moment.

Equation (9.8)
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E¢GDiy + DyGEin

. I __(Ek'F‘m’cu) s TRIN) an. T i . . N
mk*/-"’rfcw:(ﬁktwa+mku) sinh 2422 sinh $407 [of, (B, X B.) - 5)] 0ia

—— ‘ o L. ,
(Biotmiy ) s sinh 24 sinh ST [(7 - 5 )Bry % Br )] Pin

—iep
ER py (Bagary+roeg

We consider the first term:
L J dPrptettipl (ﬁj\rf X P, )« Er') Dl Pine ™I

= 3 rgfet (5, % Bu,) - 5) o, e

1 N CH. ] A - i —_ - " , —it .....
Tt o ) 3) s
. =l h i { - 1 G T APk AL ot .l"
= i} J‘ dﬂrw} Edliah (ler % pk_]_) . 6!) ‘Piﬂe—-w;,q 7} Pk L g i | P
_ifdsre‘iﬁk*-"?.l.sa}' (f'N, X Py, ) - l-‘,-') sd“'r‘g,'?-; (e—izr.i"ﬁi e"ﬁk_i_-""':.l.)

Thas the contribution iz

[ . PR {
Ry (B + My ) oy OR(N) . o Ok . R PR 7/
ie sinh sinh — < B (px, X fu, ) &) [#x —| 1B >
%}: k\J By (Begvy + ) 2 g < Bl {ows x3)+7) 7]
(9.10)

‘Clearly, non relativistically this is zero.

Relativistically, Exny — 00 so that at  — 0, this term vapishes in the
relativistic limif.

Let’s look at the second term:

The same methods give
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_E (Ek-l-mnn) . . ANy p - n N 3 )
-'fJE'fétﬂa(Ekw)'*mJ sinh =% sinh 5 < B (g x (B X p;;_,_)) 1B >

By . . Ey A — 3
8 e s S0 s < 1 G, ) (7-9)°18 >
- (9.11)

as comiribution to 1. For the firet term above, clearly & 5% o322, and the.
second term vanishes in both the non relativistic (stetic) and the rilativistic
limits. _ :

* Clearly, since we evaluate u? at 9 = 0, (9.10) and (9.11) anyway do not
contribute to 4 (sinh 26 — 0). However, this is a check that their contribution
to the magnetic radius, is zero.

"Qur extreme non relativistic value for the magnetic moments are thus

given by (3.7):
!Lprdtan(plg,a. = 3JU‘N ) (9'12)

!‘neiran.m_ ry =& _2#’1\’
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93 Appendix C
9.3.1 Calculation of dLips

The Lorentz invariant phase space element for a three particle system is given -

by
' 3 dapi

dLips = (@) 8" (P ~p1 = o2 —po) [ oo ERIT:)

where P is the 4-momentum of the entire system, consisting of 3 particles
with 4d-momentum p; each. It iz clear that the §-function is an expression of
energy and 3-momentum conservation.

When we move o the center of mass coordinates, the 3-momentum of
the entire system reduces to P = 0. The total energy of a relativistic system
can be written as

(9.13)

B2, =Pty M - (0.14)
where P? is the square of the three momentum of the entire system and

M? its total mass.
In .he center of mass frame, with P = 0, (9.14) reduces to [13]

B2 = M? (9.15)

=\/ET‘ht=iEi

i=1
The §-function in (9.13) can be split into the following

84 (P —p1— py ~ ps) = 6 {Euot ~ By — By — Ey) 6 (P~ p1 — iy — )

which becomes in the center of mass frame, with the help of (9.16)

G (P—p1—po—ps)=6(M— By~ By — E) (1 +/a+15)  (9.16)

where Y22, p: = 0 in the CMS frame. Hence (9.13) becomes, on substi-
tution with (9.16)

1

m 1‘[ o

i=l ‘

dLips = 8§ (M — By — By — E3)8° (1 + fa +P3
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To get tid of one of the mtegrat.mn easures, say d"p;;, we can make use
of [13]
Pr+f+pa=90 (9.18) -
This can be seen as follows: on integration over [[3_, L& 2, which is the
only instance in which the §-funiction makes sense, all the poaslble values of
the p; are considesed and the only ones which are picked out, i.e. do not result
in zero, are the values which are subject to the condition 32, py = 0. This
fact is mathermatically manifested in the function § (1 + 52 + Fz). When
any arbitrary values of §; and P, are picked out, which is the case in an
integration, the value of f follows automatically from the constraint (5.18).
Furthermore, the energy relation for the third particle, namely

= 3 +mj | (9.19)

where only the positive energy sulutions are taken into account, can be
rewritten, again with the help of {5.18}, as

= /(B + ) +md
8o that, finally, (9.17) beconzes [13]

or

. - e dp;
szps;ﬁ(M—-E1sz—\/(p1+pg)g+m3) = 2 )15[1 (9.20)

tz=l '

where the function 6% (5] + 52 + Pa) has been climinatéd hy the imple-
mentation of constraint (9.18) snd the eradicstion of the dp; dependence
via integration, which yielded umity as a result.

‘We use the infinitesimal volume elemenst in spherical coordinates

BBz = 12dr cos Bdfde = ridrdS?

and analogonsly
d®p; = pldpudSy
to rewrite
d®p,d3py = PRdp, dQ Podp,dQ (9.21)
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Making use of '
B} =P} +mi
~ and differentiating ' o
EdBy = |fldp: (9.22)

since the rest :ass, my is a constant.
Substituting (9.22) into (9.21) yields [13]

dapldapg = -El d.ElldQ]_Eg dEdeﬁ ) (9.23)
1] (72l .
= E1 Iﬁ;l dE1dQ1E2 Iﬁg] dEngg
= By EydEydEy || 151} dQd0. (9.24)
We move to Euler angle coordinates via the relation
M1d92 = dcud COB ﬁd’}'d OB 912 = dRd cos 912 (9.2_5)

- In this expression, 6z is the angle between $and #2 and (o, 5, 7y) denotes
~ the orientation of the normal to the plane f = F; X .
Substituting (9.25) into (9.23) , we obtain [13]

dspldspg = B, EhdFE\dFEydR ]ﬁzl |ﬁ1| decostyy {926) '
It ia clear that
/dﬂlfdﬂg =defdc099m = (dm)?

The transition from spherical polar coordinates to Euler angles is a well
understood transformation.

Starting again from (9. 18) it is clear that the vectors 5; form a triangle,
Using this fact and the cosine rule for triangles

75 == D% + 7% + 2|B1| |l con by

in which the length of the vectors |\ and [f5| are kept constant, we
obtain upon differentiation

|P3| dps = |7 |P2| dcosfyz
Using the relation (9.22) , we can identify [13]
EydEs = |y ] deos 61 : (8.27)
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Substituting (9.27) into (9.26) yields
d3 p;da Pa= E1E2E3dE1dE2qudR
which ﬁnally gives

! dLips = -~ —
] =

We éﬁminate the function § (M — E; — E; — Eg) out by integrating over
- d By, where the integral is equel to unity. We are left with the expression [12]

(M Ey — Ey — Ey) dE,dEydEydR

. dlips = a;irsgdﬁf]_dﬁ;’gdﬂ

where --(—2?}5 has been rewritten -—-).-,—

. This is the result quoted in (6.12) and used in (6.13).

%
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9.4 Appendix D

9.4.1 The Parity operation

A three particle system with an arbitrary orientation, glven by the Euler
angles (a, 8,7), is denoted

' ow By vy By M) = U [R (e, 8,7)]10,0,0, By, M) (9.28)

where E; is the energy and }; the helicity quantum number of the ¢
particle,

Here again, we write the three partlcle state in the standard orientation,
i.e. with the particles contained within the zy-plane, as a product of three
single particle states:

‘ 3
[03 0: 01 Ei! A‘) =b ]_—_[ lpia 84, )\i)
=l
We shall niow investigate the meaning of the quantum number .
We have seen from (6.13) that a state of good total angular momentum
J i obtained vis [12]
| 1, 8, s £y M)

de (asﬁ!'}') DM‘;J. (asﬁsfr) |a:ﬁs'¥;Eivmi> (9-29)

where dR = dod cos Bdv, the integration measure over the entire spacein
terms of the Euler angles and the other terms as defined in the chapter on
the helicity formalism., '

(9.29) becomes

T2 [ 4R (08,7 Di (o AU IR (BN 0,0.0, B (9:30)

We shall only concentrate on the mtegratlon over dry which is where p
comes from.
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The relation {9.30) takes on the more specific form {12
/ dRDJp (@,B,7) T e ™edl,, a=¥710,0,0, Bymy)  (9.31)
o
f dRe™Mod]p ey emimed], , e [0', 0,0, E;,mg)  (9.32)
m' .

where the explicit definitions of the operators Djy, (e, £,) and U [R (v, 8, 7))}
have been used and the eigenvalue problem of J- 7 has bLeen evaluuted. The
constant 72 has been omitted

The exponent €27 can be written in terms of a §-function, which
makes the physical interpretation easier. The eigenvalue of the operator Jy
is A;. The exponential picks out the eigenvalue _))i =y from the operator J-A.
This rigenvalue x4 lies along the z-axis. Since J-7i and g are both rotated by
< via. the exponents, it is obvious that g is rotationally invariant, since sny
other rotation would again rotate both to the same final state.

Now we are in a position to analyze the effects of the parity operation on

the three particle state.
First, we observe how the standard three particle state is affected
H|0= 01 0: E:': Ai) = bHH IRﬂisp{s 34y Az) ' (9'33)
§

We are now dealing with Euler angles on the left hand side, which give
orientation of the normal to the plane in which the particles are contained,
but with spherical polar coordinates on the right.

We can rewrite (9.33) as follows

11[0,0,0,E, ) = b[[HU [R ((;b.-, % o)] UL (p)] [ss,me) (9.34)
=TI [7 (4, 2,0)] lpwswym
= ST 1D, (45,0 Iowssmi)
= BT oo > (9.35)

The parity operé.tor IT a¢ts on the rotation operator as fo]loﬁvs
TLD%,; (6,6,0) — Dipy (7 + 6,7 — 6,0) = ¢™D2,_, (4,6,0)  (9.36)
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where the equality in (9.36) is one of the properties of the rotation ma-~
trices [12]. : _

Substituting the result (9.36) into the second-last of the equalities of
(9.34) gives

. . , ’ ; .n- ;
0,0,0, B, A = B[ me™D% (¢e,§,ﬂ) Ipe, 8, 7ms) (9 37)
i m

= b3 me™ ?r+¢i:%:?€,a3i="“)\>
i ‘m .

- We can see by comparison between the last equality of (9.34) with the
result of (9.37) that the only change implemented in the state vector by the
parity operator was a rotation around the z—axis, i.e. ¢; ~» T+ ¢;.

It is on these grounds that we can rewrite (9.37) as

IE[0,0,0, B, A) = ][> me™U[R(x,0,0)}|0,0,0, B, )
i m

= b3 me™UR(0,0,7)]]0,0,0, E;,—A:)

The reason why U [R (=,0,0)] = U{R(0,0,7)] in this case is inherent in
the fact that both the Euler angles o and -y in the expression U [R{e, 8,77)]
are rotations around the z-axis. The rotations do not normsaily commute,
but in thie case we are only dealing with a rotation around the z-axis.

So, for a general state |, 8, 4; Fi, A} , the parity operator acts as follows

: Hlazﬁs'ﬁEﬁ)‘i>

bTT 3 me™U [R(0,0,m)] U [R (e, B,7)]0,0,0, By, =X
5T S me™U [R (e, B, 7 + )] 0, 0,0, B, —As)
i m .

[

where we can see that +' = » + s is the principle operation on the state
vector for the angles. We can use this fact in the integral (9.31) :

|, 8, p; By, My =

f dR ¢Mad] eiwr =) E e 3 gmimagl, | =2 [0,0,0, B, my)
- mt . .
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/dHeiMudJ* m'r' —-imane—im Ee-—imiadm 2 aAn |0 0,0, Ehm‘>

§=1

f dR eiMQdJM:seipf H me-:‘m_—t‘m E euim‘iad;:@,;,—,\ﬁ eﬂﬂ’ IQs 0$ U$ Eﬁ mi)
Hﬂ emmme=sin [ R DYS (@, 8,7) los B, 7 B =)

II N2 (ul)—ma—-mz—ma—p [Iy S, p; By, '_/\£>

gzl i

where dR' = doadcos Bdy’ and use has been made of the relation ¢ =
cosf -+ isinf.

The appearance of p in the exponent has the effect of reveramg the par-
ity, depending on its value, which can be u = :l:2 , sifice it is the angular
momentum quantumn number and the system is in an overall state of spin
projection =1

Gonsequenﬂy, we can say that under a change of_.-panf.y, ant additional
phase factor is picked up, which changes the overall sign of the wave function
[13] | |

The diagrams below show how the Euler angles implement the parity
operation.
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- e
Tty 0 L —— "1;!-
e j Pt
& / g -
Xy :

-Standard orientation: the particles with moments piare contained within
the X, Vi-plane. The subseript * L” implies thet the system is in the
lab-frame of reference,

P

AL

The vectors p; have been rotated by an angle v around the Zy-axis, The
rotated coordinate systeni is denoted by X7, Y] and 7}, respectively.
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A rotation by an angle # has been implemented around the Y]-axis into the
new coordinate system ‘X¥, Y} and ZJ.

The system is rotated sround the Z7-axis by an angle o, The rotation is
complete, with the new coordinate system denoted by XY, Y7 and Z7.
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9.5 Appendix E
9.5.1 Normalization

We wans to normalize the state

3
b ]:[ Iaa ﬁ: Y- Ell E2; aji! }‘i)

4=l
The normalization condition is given by
(o, B, 73 By Egi G M § 0 By By, By s s M) (9.38)

where the integration goes over dLips.
It is clear that (9.38) is equal to [12]

(Cl’l,ﬂ’,")";Ei,Eé;,j;,/\; | &, B,v; B, B s Jis s
3 ¥
b (- o) =8 (8~ )5 (1 =) 8 (B~ BY) 8 (Ba - By [[ ¥

i=1

]

i 3
Ly (R — R 6 (B, — E}) 618y — Eg) [] 655:6%M
03 3 feal

The Lorentz invariant phase space element was derived in Appendix C
for this particular set of variables and wag shown to be

I

4
dLips = ——dE\dEydR

Hence, the normalization is formally written

3 _ 4 1 o u _ 3 e
w=[[] BB 0 (R R 6(5: ~ B) 8 (B - By S [ 6445

with dR = dod cos fdvy.

The factor of 315 is introduced to compensate for o sin § appearing in the
integrand of the integral over d cos 8 when a change of variables &' — —cos 8
is implemented.

All the é-fiumctions reduce to unity when the integrations over dF; dF,
and dR os well as the sums over 7; and A; are carried out.
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We are left with

2o
"=
or . 2
b=
(4m)

for the normalization factor, which the result quoted in the chapter " Model
of the Nucleon™

9.6 Appendix F

9.6.1 Solution of a free particle
Particle at rest

Let ns consider & gpecific example now, to iltustrate how different parts of
the wave function behave when operators act on them,

‘We consider the solution of the Dirac equation of a particle at rest, which

is given by [2]: _ :

- "(x) = w"(0) expl-(isymo)]

P == 1,2,3;4

er=+1lifr=12
gp=—1ifr=234

We see that if & is negative, then the rest mass energy of the particle,
my changes sign, which gives rise to the negative energy interpretation. The
spinors in ghig state have the form:

1

(0= lg 0 = | |0 =
0

0
0|
1 wh(0) =
0

O D= O
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9.6.2 DBoosted free particle

We shall now see how the Lorentz boost acts on the wave function. If we
want to boost the particle to an arbitrary momentum 7, all we need to do
is apply the Lorentz boost to the stationery wave function. We shall boost
the particle along the x-direction and use the operator that we have found
earlier, namely: '

8 = exp (“‘;‘Wﬂm)

'The spatial part of the wave function, exp{—(is,m)] , can be rewxitten
so that the texm in the exponent gives a Lorentz scalar. which will not be
affected by changes of frame.

We rewrite it in the following form;

exp[—(ie,p,z”)]

This part will not be affected by the transformation and all the energy
terms are contained in the spinors.
We need therefore only consider the effect of the boost on the spinor:
| wh(p) = exp(—-%wam)w"(’l))
The exponent is expanded in a Maclaurin expansion which yields:
w"(p) = (r., cosh 3 — o sinh g) w'(0)

When explicitly caleulated, the matrix below is obtained [2]:

1 0 0 ~tanh %
o e @0 1 —tah® 0 .
w"(p) == cosh 5 0 ~ tanh¥ 1 0 w"(0)
~ tanh & 0 0 1

We can see that the spinors are changed an:l when identifying the trigono-
metric expressions in terms of energy and momentum as [2]:

w_ P
2 FE4m
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cosh E.d. e m
_ 2 ¥ om
We obtain: '
1 0 | M_E'"m
E E+m 0 1 = 0
w" yoas r
O =\VTFm | 0 2 1 o |¥O
£ 0 0 1

1t can be seen that the term 2 will become very small in the non-
relativistic limit, since then the rest energy is very much larger than the
- momentum. The re/presentatmn then reducea to the one found by Pauli [2].

9.7 Appendix G

2.7.1 Gordon decompomtwn

‘We start with the baryan cwrrent (7.6) and derive the Gordon. decompomtmn,
using the constraints for the Breit frame (7.8). Although the caleulation is
quite trivial, it is lengthy.

The baryon current is given by

Jt (¢%) =
iy (‘12 ) 'lp_"#uqy

2myg

o) on |Fy () P2+ | (owssi)

where u! (py, 97) and % (py,, 3} ave spinors boosted in a gezm:al dlrectmn.
This can be written schematically

- UL (@) u(0,5) =u(p, )
and the spinors are normalized according to
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