were for conduction:

‘s the thermal capacity

t5 the thermal conductance
is the heat addition or absorption

'S time,

"

= A I
L111C wa

L

11ation
A

s equation (2.4) is use

L¥ )

-
[

e A 3

¢ conduction in the

nac (
.thout modification. However, to describe the energy transfer

4 pas node the analogue suggested is shown in Figure 2.5.

“r¢ the C.F. nodes define enthalpy fluxes conditional on the

nuss flow direction.

“unditional temperatures for the enthalpy terms are used. This

‘orks on the principle that if gas is flowing out of a node, then

't {lows out at the nodal temperature. If however gas flows

‘to 4 node, then it flows in at 1its immediate upstream temperature.

CAPACITY
mCp

CAPACITY
mCp

HEAT INPUT
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2.5 The Cas Node (after Finkelstein[Fi75))

Flpure

e computational cycle took about

Finkeistein indicates that on
It is not

twelve minutes computing time on an IBM 360/65.



ndicated whether this is CPU time or total time in the
computer, but however, it indicates that this programme

's very expensive to run.

41 interesting point arises when considering the simulation

f Stirling refrigerators or cryogenerators. Since these
ichines work at very much lower temperatures than engines,

i11 be slower. The 1local speed

S aviYe 2 o VLAl

~~
Ny
on
~

{ 1is the ratio of the specific heats
is the local gas temperature

1s the gas constant.

l'rom (2.5) it can be expected that low temperature cryogenerators
gas velocities approaching sonic

s o ., a1 2l a wnrvlkinag cas velocltles
iy well operate with theé wWOTX1ng S ve
conditions. Flow induced compressibility effects start becoming

important at about a Mach number of 0,2. It thus appears that

~ompressibility effects should be properly accounted for in
such simulation work and this would necessitate accurate modelling

of the gas momentum.

.6 Urieli's Model

Urieli et a7 [UR77] presented a rling machine simulation model
2 T
L E Y

ti
1 EC. This was a report of the
in September 1977 at the 1 EC

vork done whilst Urieli w
University [Ur77].

Urieli tackled the problem by subdividing the Stirling machine
riable number of cells (Figure 2.6). The three funda-

into a va ble
t equations (continuity, momentum and energy)

ental transpor



were applied to each individual cell.
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Iigure 2.6 The Cellular Model (after Urieli fur771)
y of a

Viscous friction was accounted for empirically by wa
friction factor selected locally for each cell depending on
the local Reynolds' number (the quasi-steady assumption).

ransfer wa e simple Reynolds' analogy

which relates the local heat transfer coefficient to the local

O . -
Iriction factor.

included in the simulation.

od adopted was 1o simplify the system into

In one-dimensional flow systems it

Is impossible to mathematically determine the viscous friction
dimensional effects.

and heat transfer which are strictly three-
tors to determine the three-

are
aw v

The analytical meth

a one-dimensional model.

* inv Ad

[
jor
wn

Urieli thus used empirical

dimensional effects.



Four equations describe the gas in each cell, the three
transport equations and the equation of state. It is
therefore possible to solve for the four parameters which
i ’ ] 1 3 . £ ¢} o

parameters are: v - the velocity, p - the pressure, 7 - the
+ 1

1. ~ nz--|+\y 10E =Y

Pt

. .
the moti

[
o]

ANV A mm s -~ ~

i}

nsicy. u;.&vll e

C)..-

temperature an p - tne

d o
of the gas to g - the mass flux density rather than velocity,

and instead of density he used the specific volume v.

The energy of the solid portion in each cell is described by
the heat energy conducted in and the thermal capacity of the
solid. The conduction is described by the Fourier equation.

—— A generalised cell was thus formulated as shown in Figure 2.7.

tion of the generalised cell given by Urieli

The 7'th elemental cell consists of a vo
volume v; and containing working gas of mas
T;, pressure p; and specific volume vz (oT

n this void space is in intimate open communi-

The working gas i
The matrix presents a

cation with the porous cell matrix.
to the working gas, allowing heat ¢@; to be

on from the matrix to the working gas.
Cell Z is bounded by node 7 being
and node Z+1 being the inter-

wetted area Amg;

o+

The cell axial length is Az;.
the interface to adjacent cell Z-1,

face to adjacent cell 7+1. The mass flux density g; across node
a total mass flux G;.

7 through the free flow area A{ gives

The various working gas properties are
throughout the cell and discontinuous at the nodes. Thus the
and the node specific volume vn; are

their respective upstream
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node temperature Tn;

conditional variables, taking on

adjacent cell values, conditional on the direction of mass flux

density Thus referring to the arbitrarily defined positive

Ly g,bo



direction of flow given in Figure 2.7 (which has been

g. > = Tn. « T, 4 s VN, * V., .
(2 ¢ T 1 (A (3 i
(2.4)
, ., .
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The Generalised ¢'th Elemental Cell

Urieli [Ur77]

Figure 2.7




The cell matrix properties are defined in terms of its overall
volume (being the void volume V; plus the volume occupied by
the matrix material Vm;), porosity wi’ density of the matrix
material pm,, Mass mm,, heat capacity Cm s thermal conductivity
km. and temperature Im,. Heat transfer by conduction between
adjacent cell matrices Qm. takes place at node 7 through the
matrix effective cross sectlonal area Am. Heat transfer by

conduction Qum. takes place between the matrix and containing
1

wall through the effective area of contact Awm,.

The containing wall associated with the 2'th cell has its

properties defined in terms of its volume Vi, dens
mass mw. , heat capacity Cw, thermal conductivity kw. and
temperature Tw Heat transfer by conduction between adjacent
cell walls Qu, “occurs at node ¢ through the wall cross sectional
area Aw.. Heat transfer with the external environment adjacent

f the 7'th cell, Quo,, takes place through the

<.

to the wall

b

Ll

c
external wall area Awoi-

e variable volume working Sp

that an irrecoverable pressure drop (Ap) was defined at the
t

inlet/exit of this space. This was

o

e evaluated empirically.

9]

work W done on the external environment by
versible.

The mechanical

virtue of a change in volume was assumed to be re

The application example chosen by Urieli was a hypothetical

engine of the horizontally oppos

e o nen ndle of stainless
working spaces communicated by way of a bund

steel tubing. For the sake of SiMp i ion,

e consecutively cooled, insulated

ed configuration in which the

were chosen and the pipes wer
and heated. No regenerator mat
assumed to take place directly t
indicates the arrangement schematic

nnnnnnn nt. nn W

rix was used, regenera
o the tube walls. ‘Figure 2.8

ally.
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The

the upper and lower temperatures respectively.
The selection of friction factors pose a specil
this type of analysis. Generally

presented for isothermal, incompre

approach for the viscous friction goes some way t
this problem; since the flow is mainiy tur
gas tends to mix well and this serve

isothermal requirement. However, the steady incompressible

P, P IPZN
[BRV S S o7

s to somew

1

heater and cooler walls were maintained isothermal at

17

n
u

0
1t[1"

hat reduce the

flow requirement indicates that this approach ignores contri-

butions by the normal stresses and thus the friction factor

(0]

-

BS60] .

ar stresses (note that the normal
nt to the bulk pressure for steady

The effect of oscillation on the heat

was not included.

Bergles [Be69] giv
of the work done in this field up to 1969.

transfer coefficient
es a complete summary
It appears from

this work that the heat transfer coefficient can be conside-

rably increased for high

frequencies (up to 90 Hz) for 1liquids.



Martinelli et al? [MB43] found no significant change in

~ turbulent heat transfer with pulsations of 0,17 to 4,4 Hz.
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velopment effects

®
"

also not

The entrance and flow de e
considered by Urieli. Work by Kawamura [Ka77] on transient
heat transfer for turbulent flow shows that the quasi-steady
solution and experimental results diverge with decreasing
Reynolds' numbers. Since the transient heat transfer
coefficient requires only five diameters to reach 5% of the
steady flow value [SHS57], this effect may be considered

small in most Stirling machines.

~ [ L URS WS A O

ﬁ
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The problem of the time required to CONVerge the solu
in

to cyclically steady state was overcome by introdu

empirical convergence factor. This altered the regenerator
o as to reduce the cyclic net

m the gas to zero. By this
e to eight cycles

(')
[
OQ
[8V]

temperatures in such a way s
heat stored in the regenerator £ro
mnethod convergence was possible within fiv

experimentally validated it was
the published

¥

k was not

oy

s

dwitn
However, comparison with
[Wa62.1] and Kirkley

shown to be consistent when compare
experimental work of Meijer [Me70]-

the pressure profiles presented by Walke Wab2

[K103] showed disagreement in the phasing of the compression
jles. This discrepancy was

—

9

‘._

and cxpansion space pressure prof
not resolved.
Ty, € W ieli is a further develop-
’

ment in the evolution of St1r11 g machine simulation techniques

1i has presented an approach

-
-
]

[
o

tarted by Finkelstein. U
ffects which have never before been

in the open

o

which takes into account
included in Stirling machine analyses published
ffort was also made to

literature. A successful e .
uved such approaches 1n the

Computational time which has plag
Na



. 927 st+stement of the Problem 000

malutieally Hrieli'e cimulation model is more complete
uaJ.)’LL\,aJ._L)', Ul dlvw aida -~ - Adiia e P e

than that of Finkelstein. However, Uriell was forced to

make certain simplifying assumptions so that the analysis

e

would be more tractable.

The effect of these assumptions must be established, either
experimentally or analytically, to give Urieli's work full

credibility.

To investigate these assumptions the following activities

will be conducted:-

1) A critical appraisal of Urieli's analysis.

omparison of the simulation model with ideal second

C
order analyses.

3) A comparison of the simulation model with experimental
work.

dent in the course of this

ot

Any improvements which become
work will be indicated and if possib

e be directly included-

—




——3THE SYSTEM MODEI
UL

3.1 Introduction

The classification of Stirling machine mechanical arrange-

ments are generally divided into three groups, the alpha,
[Ki6
[Ki6

1i0an
Jasr

-
- rasawm

beta and gamma configura

c+
wn
~N

3

double acting piston

nict
2 &

o}

n
ia

o
"

Alpha machines are dual

arrangements (Figure 3.1). This class includes Ride

(1875), De Brey (1947) and the more modern swash plate
d F

ngines developed by Philips, General Motors

[<) Vv
principal characteristic of alpha machines is that pistons

ed to effect compression, expansion

<
7 W i Tt

[\

D
o}

and the approximate

o8]
=
o

1

-

constant volume displacement processes.

other hand use a single piston

r=)
11V - 1

a change in volume, ie, compression

Beta and Gamma machines omn

for all processes that involve

and expansion. The constant volume processes are achieved

by way of a displacer OT transfer p1sto i : .
Beta machines have the displacer and piston in the same cylinder

4%%%@%
cylinders for the piston and the displacer (Figure 3.3).

The beta class includes one of Stirling's own designs (1816)

Lehmann's (1866 ), and one of Ericsson's designs (1880). More

recently, the Philips machine by Rinia (1946) and the Beale

free piston engine (1969) belong to this class as well.

The Lehmann engine was in fact the con i i : ;
developed (Appendix A).

the classical Schmidt theory was

me of Stirling's own designs

The gamma class also includes SO > €
(1815 and 1840). The Laubereau(1862) and Hienrici (1884)
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type engines also belong to this category.

From Figures 3.1, 3.2 and 3.3, it can be seen that heat

s added and extracted directly at the working spaces.

i
For high power machines it is generally impractical to

add and extract all external heat at the working spaces.

area available for heat transfer to take place. Thus it
has become common practice in recent times to add separate
hot and cold heat exchangers immediately adjacent to their

Y
respective working spaces. In these situations it 1s oiten

the case that the working spaces play no real role as heat

it i ossible to assume that they

are adiabatic [WK65].

major portion of the heat transferred
eat exchangers is known as the pseudo-

A machine in which the

is cffected in separate h
L4

Stirling cycle. An ideal analysis of this

7
with perfectly adiabatic working spaces indicates that Carnot

e of an alph

cycle (Appendix B)

o

cfficiencies are not obtainable.
g machine

An examp 1
1 S

configuration pseudo-Stirlin hown in Figure 3.4.

configurati i ation in this work is the

alpha pseudo-Stirling arrangement. Thus separate hot and

cold heat exchangers are included. It would be possible to

define a bulk heat transfer coefficient for the working
jrical information

spaces, however, owing to the lack of emp
on such heat transfer coefficients,

presented here will be evaluated for a

efforts

.
L u
diabatic working spaces.

tion of the model will

The experimental rig used for the valida
itions in the working

T
obviously not have perfect adiabatic cond
the heat transferred at the working spaces

Spaces. However
b
heat transfgrred at

was assumed to be small compared with the

the hot and cold heat exchangers-



; Regenerator

Cooler
Y : / Heater

(— Compression Space
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to define an arbitrary heat

It would be quite feasible
transfer coefficient for these spaces. This heat transfer
cocfficient could then be used as a 'fudge' factor and be

adjusted so that the simu i i 1 results

There are obvious objections

agree as closely as possible.
refore decided that any

- L
s tné

parameters used in this work must have either ana

Iyt
experimental justification. In this way both the power and
be be

he analytical approach can D

to such an approach and it wa

-

or
1

[}
=

C

(¢}
]

the limitations of t tt

appreciated.

3.2 Numerical Simulation Techniques

It is important to note thd ic approaches

h as Stirlin machines.
t N

for simulating complex syStems suc
The first method is to write down

differential equations which descr
If there is an axis of symmetr

g
g partial
e

ibe the syst

continuum. y in the system it



is often possible to simplify the cquations to a minimum

two-dimensional system. Similarity and order of magnitude
areguments are very powerful in such approaches [Sc68], since

they help to indicate which terms in the differentizl

. 1 . o
equations are of 'order small’, and therefore make little
aimmnll caluftinn hece torme ~an +han
VOrLIall oSWiuleiliviae diiIvav Ll o vall uJIicil

contribution to the

o
be neglected to further simplify the equations.

The final simplificd set of differential equations must
invariably be solved by numerical techniques. The spatial
lavivatives would be discretised into their finite differenc

e

and the time derivatives may either be discretised or
differential form when they exist only in first orde
format. The resulting set of finite difference equations

may then be solved using either explicit or implicit numeric

techniques depending on t

h would

[ 1
S & LA [ VY

ot
d e

-

07

SJ
H
[p)]

T

al

-
o

for Stirling machine simulation an app
that both Jaminar and turbulcent regimes be
Added complications arc that the flow

q
accurately modell

in two dimensions. ‘
dered compressible and non-steady.

ol

e

.+ very few simplifications would be possible

on the governing differential € '
simulation procedure would require
+

and encrgy). The final

discretisation both mormal tO and along the flow direction.
scretis
Fuch point in the fluid system would require five equations
L -

;7 for solution. These would

. 1 I\‘
(assuming two-dimensiondl LA5W/

quations (continuity, momentum

one wmomentum equation for cach spatial

be continuity, . )
rgy equation and the cquation of state

coordinate, the ene

. 1ium. 1In addition, since such systems are

tor—the working ‘
cxtremely sensitive tO round-off error, it would therefore
Xtremely £

1.+ deuble precision calculations be employed.

he imperative t
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such an approach, it can

©
o

Notwithstanding the complexity

n

e and time would

D
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th
o}
]
[tje]

o

~ ons T dsarabhlse ~amnt
pu- i wny ilo j = L/ain e

o a “Geiads [Hsy
be required. Thus each simulation run would be extremely
expensive, and the inflexibility in attempting to simulate
various machines without too much alteration to the basic

programme is a definite disadvantage.

3
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The second method of simulating Stirling machine systems is
the technique suggested and used by Urieli [UR??, Ur??].

——————Fhis method is known——asthe cellular er concatenated model——

i tarm
LS -

Fa X oy <
A LD

+ 1 5V S 1
T (54 LA W

EN
ne 5ys

r-r

instead of describing

the system is broken down

into individual discrete cells.,
Fach cell is treated as a scparate control volume which can
he represented by properties which are continuous in time,
but spatially constant over the cell at their spatial mean
values. The three transport equations and the equation of
State are used to describe cach ccll in such a way that all

the cells are linked consecutively by mass, momentum and

cnergy fluxes. i - - ¢

suggests a concatenation, hence the name.

Such an approach can however not bc used to determine local
utes of heat transfer or the local viscous stresses on the
A1l these effects (which are strictly three-dimensional)
ounted for by way of empirical coefficients such as

oefficients and friction factors. The system

Fluid,
are ac

is thus

Ihis implies that only four equations are required per cell
e um The two emDirical funr+tinne
S e s WA Sapdaralasr TUNCUIONS

to describe the working
for the friction factoT and heat transfer coefficient are

part of the momentum and energy equations respectively.




resulting system for solution is thus considerably

EEY

complicated than the continuum approach, and in

the one-dimensional nature allows easy modifi-

aadition,
carion for different machines.

the cellular model over the continuum

]

further advantage ©

el is that even when defining each heat exchanger to have

iy one cell, the resulting system still makes theoretical

ue and is solvable [Ur77]. On the contrary it is not

wseibhle to make any sensc out of the continuum model using
(1 Vinite difference node in cach heat exchanger. Jnls

“Lorncteristic cnables the cellular model to be casily

wrovrammned for a variable nunber of cells. Jt is thus possible

‘. iimulate machines using the mininum number of cells for
doceptahle accuracy.

: \ is ¢ ach 1s - emplirice
Phe major disadvantage of this approuch is that cmpirical

A3

: I TN for compressible, non-isothermal
actors whicn cdn Dy ustid 4w 4

A
.1 non-steady flow are Jiflicult to come by and arc often

it documented.

be necessary to use incompressible, isothermal

ot [ S Wy
. LD DL SN

i general it will _
v flow empirical factors for tack of the proper

e iohtq Thercfore the analysis should be conducted in
gt Vo Rl g i
that thecse cocfficients can be used to their

cchoa way

best advantage.

k the cellular of concatenated modcl 1s used. The
it this wWOTIK : : ‘

co-called integral form of the tramspoit equations is uscd
- - o B 1 L . " . |
to ihe cuch cecll in the system. The differential equations
o describe ce : . e ‘

arc also derived for comparison. This procedure

the empirical factors more clearly, and

cucture of certain terms which would not

otherwisce be apparent.
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i this work cxcept in so lar as applylng turbulent Iriction
Cactors and heat transfer coefficicents where necessary. A
short qualitative discussion on turbulence is howcver

included in Appendix D.

.3 A Critical Investigation of Urieli's Analysis

Tiis sec

r77, UR77] is investigated in detail.

Jricli derives the fundamental transport equations by

cunsidering a control volume &S shown In Figure 3.5.

£

1 T 22
3 T N SO LTUns
Yioure 3.5 The Control V¥

Hh

the three transport e

5 of C&Ch O
d energy) are written down. This

The word statement

(continuity, momentum an

15 immediately followed by the | nat ‘
uysed on all the area integrals (ie, the

equivalent mathematical form.

(inuss' theorem 15

flux terms) to convert them to volume 1intecgrals.



irieli then makes the assumption that all the fluid

S
nitrameters 4re con sidered to bc either rSDdtldllﬂ

constant or represented by thelr

('.)

[spatially] mcan values

throughout the control volume. This evidently implies

that the integrands are also spatial
same manner as the paramecters. All parameters are

aliowed to vary continuously in time.

-
=+
o

irieii then integrates each equation over the control

N derive the following forms of the

-
-
-
o)
,——l
H—

NP

verae
ions (in normalised form]:

=t

transport equat

Continuity:

Ay yBd - g (3.1

g g

Momemtum:

: o 2P+ =0 (3.2)

T_f ]+ VE;(UZ v) + Vg;

Encergy

o o f m 3 Yf g + dw _ g U(V%E + F) (3.3)

A e T -1 dt §

- A I - \ E

: - \ 2vs the viscous friction and the convective

where 7 and dg/dt are th .
determined empirically.

£ ‘hich are
hiegt transfer TCSDCCtlvely whic

is the

7 1
el i =

versible mechanical work by virtue of a volume

Chungc.

For a4 constant volume <
the momentum and energ

following form:

el1l (ie, dW/dt = 0), he shows that
y cquations may be simplified to the



Momentum:

I a{_]' 2 av dE A .
e 7/7 - —— - + — = 0 u

15 + ) ‘)5‘; + 9 a:r + 3 74 (_3 4)
SHCTY

\I _ K é}?_ + Vv —é—(T QJ -gv /VE}EL + F \ (3 5]
& Ty T13 Ty -1 ez \"32 ~ ) '

The respective finite difference forms for constant volume

cells as presented by Uriell are as follows (referring to

Figure 2.4):

Continuity:

Ig - (3'6
! Aigz, A’b"flg?:*l )
Momentum (unequal adjacent cells):
- - - NS + A 3 + %
by .« 2g. vn. (Aglbx), * 29, \Wyoq = Vg /000y 7 8% T STy
(3.7)
where
. - F.
x . 2(‘) 1 - ptz:)/[f\w?;_l + A.’ﬁi) 7
C 0 = oun. Y Ve q ny i1 0 (,ﬁg/&x)i - (g'zl-l B gij/ﬂx'zj—'l
— 1 -

. t node . This term is
. L tance evaluated a
{5 the viscous resis
Vt T ¢ ¢ to the present discussion therefore its empirical
not relevant
e time being.

: ed for th
and numerical forms &re€ exclud
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- (y - l)(givnizFi M PILL N EF5+1)/2 (3.8)

1s

&

chere on., T, ZFi are given in cquation (3.7). D
7 z
vitluated empirically.

2eicrring to the continuity equation (3.1), the simplest
4] difference form of this equation would be [Ge70! :

sentr
by e - (r - 0.1/ Ar. (3.9)
Ihe truncation error in this approximation 1s O(bxy).
Comparing (3.9) to the difference formula that Urieli uscd,
v, (3.6), it is noticed that Urieli's formula does not agrec

b ] ~ - L] - -

~ - L STCasS 70N

with the standard difference tormulae. RUETESS L2-7)
approximates a local derivative, Uricli's formula is a determina-

tion of accumunlating guantitles.

lowever. it can be shown that the finite difference forw of
P . 3 . . %

the continuity equation given by Urieli does conserve mass,
whereas the standard finit c difference form in (3.9) does not.

1 result to justify hi
followlng

n
ja¥
(-]
w0
(g
-
L¢¥]
ot
i—
152
1
1

Uricli presented the

tion technique:

Since the total mass of gas 1n the system is constant, its
be zero, hence:

time derivative must
ne
FL + Z (A y )
; + ¢ g . - . .
Diee % Dme + E Dmi = - 4141 Ancljncl 5 94 +197+1
_]:

(3.10)



‘Lere Dme and Dme are the rates of change of the gas masses

.1 the worklng spaces.

i'erforming this exercise on equation (3.9) gives the

cilowing result:

ne ne
+ e + E: "mi = - A9, * Anclgncl-. z: Vi(gi+] B gi)/&xi
7= 1 vt
= 0 (141: =4 , z = 152?3"') [3'11)
£ 0 (Ai F A, T = 1,4,9 )
.+:ve under the condition of constant

hus (3.9) is only conservative BAE

‘ree flow arca throughout the machine.

. A L . PR | R PR
“or the momentum equation, Urieli sticks TO standard finite

difference formats except in so {
4 standard technique used to avoid

The upwind or

ar as the 'upwind' difference

This 1s
cady flow systems [Ro72] .
ses a backward differcnce formula which

of flow The backward difference

el o

i

(s concerned.

[

instahllity in uns

-~
v

ipstream difference

e direbtiuﬁ O-F

is conditional om th |
e upstream direction.

Is thus always taken in th

, is again not discretised according to

e c¢nergy equatiorl ‘
as can be seen by comparing

standard finite difference formulae | ! ‘
'5.5) with (3.8) Uricli recognised that the second term oOil
ERLIRI I N . 0 .
e right hand side of (3.3), 1€ 7577 3 .
the enthalpy flux and must therefore be related to the rcspective
. i * b] | IR =] == . ] .

. 1flow and outflow. 1In contradistinction, the
i
cretised using a standard central

(T g), is obviously

tlow arcas for

pressure derivative 13 dis

diflerence.

discretisation procedure that

s for the dl

n

Urieli gave no redson
| ed oth than that the numerical Tesults were stable and
e other . a
stent Furthermore, +he discrepancies between the finite
VNS 1Y .

difference formulae and the derivatives they were meant to
ed.
replace were also not explain
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[t appears, tn

=
41
Hh
b
ct
-

e ore,
for the discretisation of the deriv
1

_____ ~1 [N P

Where the physical interp

cvident, intuitive judgement would be used. The [inal form
of the momentum equation as derived by Urieli is difficult

to interpret term by term and here standard finite difference

cxpressions were used.

An anomaly now arises: if the continuity equation had to he

discretiscd as shown by (3.6) for it to be conservative,then

strongly sug
the momentum equation 1s unlikel

'his does not imply that

1
the momentum equation should iy be rediscretised in the same

manncer as the continulty and en ions,as the aiscre-

at
tisation used for these equatlo not mathematically

o I ¢

justified.

finite difference formulae are derived
expansion [Ge70] and are there-

from a truncated Taylor's series
o 4ioa11v justified as an approximation to the local
Lowur il 1l 1 L. ~ N =S -

s

, ] « 1it+tle reason to doubt the validit
Jerivative, there appears l1ittie vali y
of these formulae. This, however, does imply that Urieli's
differential equations may not be rigorous and thus a closer

nted:
cxamination of these equations 1S wa arra

+ 1L
[ PR

t")
Ui

o not experience area change

Note that for systems which d
0 standard £1n1te

jons given by Urieli all reduce t

discretisat:
lae In these cascs, since all the flow area

they may be represented by Vi /hwz, , @ = 1,2,3....

~ continuity equation (3.6) becomes.

i) « Vi(gi+1 B gi)/ﬂmi (3.12)

ed a hypothetlcal engine which had a constant free

Urielil simulat ) ..
Thus the problem of discretising the

flow area throughout.
system consistently in ter

ms of the above arguments



3.4 The Fundamental Transport Equations

n is section € i ' Te derive

both in the integral or macroscopic form and in the diffe-

rential form.

The integral or macroscopic cquations are based on integral

balances for a general control volume. An integral balance

is defined as an equation in which accumulation is described
tflow of an uantit S172

Integral ecquations thus enable the control volume to be trecated
entity without being concerned with the detailed

HES amnloto
[ SR < § I SO B 8 LY LIl

a3 a CUllltJA\.l
bchaviour of the fields within . -
ing expressions are generally relatively simple differcntial
cquations for non-steady systems, for steady systems they

oweve

reduce to simple algebraic expressions. r, it 1s important

to heed Slattery's warning on their use.

.their simplicity 1is misleading in that one 1s
qften forced to make & series of aPpPOXJMdLLUHS ased
upon intuitive Judgements Or yelated experimental

knowledge 1t becomes more difficult to say whether

a particular analysis will describe an experlmental
ation within a preocrlbea errorxr LSlTEJ

obcerv

The differential transport equations on the other hand describe
the system as a continuum. Thus inflow and outflow terms are
reduced by the differential calculus to the rates of change of
in the flow field. The resulting

1 . R mwmantorc
[ ~——-—

ariations of the continuum properties

cquations describe the
in space and time. This approach

at any point and 1in

makes a minimum number Ol ass
make no assumptions when modelling any hy31cal system) and

P
WIICI Ca

PR e fi4 2 4+ thle +
ump L IuIls ( U IS O POSSIDIC (0

L
[
9]
U
[
=
joh
r
P_J
Q
—
-
4]

cun describe internal processes SUCH &3

the integral approach cannot.




As indicated in Section 3.2 the differential transport

cquations are extremely difficult to solve except for the

7

when qualitatively used for discussing interrelated procecsses
Tam m car o d e Trm +hic wav thev ran he 11gsad 1m canmdiimetiman
4 a o5y SLUIH- L1l LildD way LR A AR A WO i LU Ui L 10]J]

il
ot

with the integral approach to investigate exactly wh
assumptions and simplifications are being made by the

integral approach.

Tn this work the differential and integral transport equations

are derived and discussed in Appendix D. Only the final
form of the integral equations are presented here (in dimen-

sTonal form):

Continuity:

q‘@- = (g &Y. - (g 4) (h.3)
dae b ‘L e

Momentum:

'32(? vy = (gPv A), - (g7v A), + (P Ay - &), - & (D.8)

where # is the total force on the solid surfaces.

Lnergy:

- (pAgw] - pl(4d g v).- (45 v) ]-E (D.48)

whore & internal dissipation work and dg/d¢ is the

£V

£
convective hedat tralsleie

N i © . aheve equations ¢ refers to inflow and e
Note that 1n the above 4

refers to outflow conditions



[t can be seen that the final form of the integral equations

, : i rder simultaneous differenti

cquations.

The discretisation method for these equations is presented
in Appendix H. For the sake of example, the final form of
the discretised equations for a fixed volume cell is presented

here:

For a fixed volume cell the momentum and energy equatlons are

reduced to the following normalised forms (Appendix H):

les . - v - F/v H.7

tt"i - (gt 4), - (g%v 4), * Alp; Pt/ / (H.7)

de v _dp X _r1qpgAa). - (Tg A)e] + [(p 4 g v), - (p 4 g v)]
de y - de y - 1* v

e
el
[y ™3
[ 2]

A

1 =
-pl(4 g v}, T (A gvi,l = *%

farces oOnly Th
is the viscous l0oTces only. T

is different from that in

ccivrn fAarean
20Ul 1UILC

Note that P

term in the momentum equation (H.7) |
son for this is that the pressure forces on the

ave been included in this term. The area in

n to be the smallcst flow area of the ccll.

(D.8). The rea
solid surfaces h

this term is take _ .
+ is included in Appendix E.

As =

-
-

time
[ R

The full rational ar

Two discretised forms are nresented for the momentum equation,
~| t - - > r

onc using an ‘'upstream’ Gl

'central' difference.
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7 7th Node
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Figure 3.6 The Generalised ¢'th Cell

Referring to Figure 3.0,
for 4 constant volume cell are:

the discretised transport equations

Working Gas
B ﬂwﬂ?. ) Axr g /’ //,/Ax?’ti+ 1 Axn T
(/ } i-1"th cell v ih cell / i+1'th cell | 7
A;_ | A A, f .
A T S P e
. _q T£'1 fni T T2, 4q |T£+1
vn_y ]u 1 vn ]Ui n o1 ! Vil j)
———, ] ——=i | — —
l » Ipi | (
by jpi 1 | Ml ipi+1 |
\ , Yinl Wi {
Awq /
) 1 2 /
7 ////// - o
Eééééx//’/4yf?79/ - /ZAA/ /777Z5§§97,2;§§§37 //Aégiilggggég
2499/;222Z644¢§7Az2222887(/7’ /77xx4222z7 ]
K 2700000 a2zt 7
A \ - A,
-‘——u‘!‘g—l s “wy \ (?’4_1 -
wall

D, « A.g, = A, 1941 (H.1)
7 ) (A
Momentum (upstream difference):
(H.8)

DQi « A{g?v A)i/Vni * (p£+1 - pi)/Axni B Fi
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where

;o2 0 =un, + v, . .
e Z -1 7 z 7-1

2 2 -
Mgt A); < (g, _ongoyfpag T 99

2 2 - 2
Gos 0 mun, e v, Tay Ty Mty A) e lgpvngds g v A 0)

Momentum (central difference):

F}"- < ‘(n? + V,{,:) + (p,,',‘1_ p.{,‘)/ix.’.l’.'?;’,i

i

v - D3 . '4 g 1 4_1 -
¢ ERED A B | 7+t 1+

—
—
[aw]

pa—

[—

L < 0 = vn?: <~ 1. » ?: i

The viscous force in (H.8) and (H.10) will be discussed separately.

anrgy:
e, < {"(T(‘ ;LA - Tn +197+1 1,4.1) +
£y L A 1+l
r P - p ‘:‘3.”?)"1:/24'{? r')‘d g ¢
(y -~ 1)[De. * (£, Pre177494774 7+1 270 +19¢+177 0+
(H.27)

+ £ YV,
= i

discretised forms to those developed by

Comparing the above . .
< v (3.7) and (3.8) the following is noted:-
oo LU

- 2 {
» 1Cs L ’

[a—
=

1€

=

Tt
V]



vation derived by Urieli

nt work arc identical.

) It the empirical terms are neglected in both energy
equations (since these are open to discussion), then
the discretised energy equation derived by Urieli and
that derived in the present work are also identical.

>) The discretised momentum equations are different.

< ’ T e

required for the discretisation of the integral transport

- —

cguations.

Unfortunately there is no published work in this [licld against
which to compare the discretised momentum equation. Howcver,
Schock of Fairchild Industries, Germantown, presented a privatce

communication to Rallis concerning finite difference equations

to be used for Stirling machine simulation. Comparing his

Jiscretised momentum equation with the central difference

um ecquation I : r

ldentical.

!

|
!
|

3.5 The Variable Volume Working Spaces

These spaces communicate the work output of the system with

the environment. The generalised compression space i1s shown

In Ficaure 3.7.
fure 3,/

Ihe principal assumption made in the working spaces is that ,
the mass (lux density g In the working spaces is very much
smaller than the mass fiux densities in the immediately “
"ldjacent heat EXChangerS' ne mas f]u}( den51t)' is th‘u‘ taken ;
to be zero in the working spaces. This creates considerable !

eatment 0of these cells in that the
pletely ignored here. Urieli also

e
[

[

[

"

Simplification in the tr
momentum equation can be cOm
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used this assumption.

The mechanical work done on the piston face is taken to be

sn2dVe/dt for the compression space and pedve/dt for the

tXpansion space.

The discretisation of the coentinuity and energy equations
‘or the working spaces is fully described in Appendix H.

5.6 The Empirical Factors
kmpirical factors are required to account for the viscous
{riction F,the dissipation work & and the convective heat

transfer dg/dz¢.

used in this work are taken from standard

[he friction factors
pipe friction charts (Mcody diagrams). As previously noted
these [riction factors are derived for isothermal, incompressible

These conditions are not found in

stiriing machines an ' . _
the local friction factor are qualitatively discussed in

Appendix E. The effects of comp

partly accounted for by the inclusion O . .
These normal stresses are evaluated from the differential

as outlined in Appendix E.

ressibility can however be

f the normal stresses.

nomentum equation

i scous resistance SO derived is:

I'he resvlt for the vis
2
= 4 cr, 8 ¢ 31 - rA-:Q"(_Q' v)],.} + ZFrug V v/d (E.14)
HlAs-g g 3 e

t r+1~+ion factor defined by Urieli
TTri1IC it i

Where Fp is the Reynolds
[Ur77, UR77] as follows:
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