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Abstract
The work in this thesis can be put into two categories: First, the effect of atmospheric
turbulence on single-photon optical fields and on quantum entangled orbital angular
momentum (OAM) systems is assessed. Secondly, the mitigation against the effects of
atmospheric turbulence on OAM based quantum systems is considered.

In the first part, the evolution of single-photon optical fields propagating through at-
mospheric turbulence is studied under arbitrary turbulence conditions. The single
phase screen (SPS) model and the infinitesimal propagation equation (IPE) are used to
compute the optical power fractions in an input Laguerre-Gaussian (LG) mode. The
power fractions transferred to high-order LG modes are also computed. The study
shows that while under weak scintillation conditions the IPE and the SPS models show
the same trend, they deviate when the strength of scintillation reaches a certain thresh-
old. The above computations are subsequently compared with numerical simulations
of optical fields propagating through atmospheric turbulence. The numerical simu-
lations are performed in accordance with the multi-phase screen (MPS) model based
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on the Kolmogorov theory of turbulence. The simulations are performed for different
turbulence strengths to allow for comparison in both weak and strong scintillation.
The numerical results are in agreement with the IPE results for all conditions, but they
deviate from the SPS results for weak scintillation.

Further, as part of the first category, the effect of the atmospheric turbulence on second-
order quantum interference in the Hong-Ou-Mandel (HOM) effect is investigated. The
investigation involves a theoretical and experimental analysis. In the experiment,
quantum states that are entangled in the orbital angular momentum (OAM) degree
of freedom are prepared with spontaneous parametric downconversion (SPDC). The
atmospheric turbulence, which is modeled in accordance with the SPS approach, is
simulated with spatial light modulators according to the Kolmogorov theory of tur-
bulence. Both the theoretical and experimental analyses show that the HOM dip is
unaffected when only one of the photons passes through atmospheric turbulence.
However, it is observed that when both photons are sent through the atmospheric
turbulence, the HOM is only slightly affected.

The second part of the thesis starts with the proposal of a method for characteriz-
ing a high-dimensional quantum channel with the aid of classical light. The method
uses a single non-separable input optical field that contains correlations between the
spatial modes (OAM) and the wavelength degrees of freedom. The channel estima-
tion process incorporates the spontaneous parametric upconversion or sum frequency
generation to perform the pertinent measurements.

Finally, singular value thresholding (SVT) based compressive sensing is used to per-
form high dimensional quantum channel estimation. The estimated channel is subse-
quently used to correct for the turbulence induced distortion on the input quantum
state. As a measure of the success of the procedure, the fidelity and trace distance
of the corrected density matrix against the ideal maximally entangled qutrit state is
computed. The results are compared with those of the uncorrected density matrix.
Furthermore, the amount of entanglement is quantified using both the corrected and
the uncorrected density matrices.
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“All the 50 years of conscious pondering did not bring me nearer to the answer to the question
"What is light quanta?" Nowadays every rascals believes he knows the answer, however, he is
mistaken. ”

Albert Einstein
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Chapter 1

Mapping matters into perspective

1.1 Background and Motivation

Communication is a very broad subject, however, it suffices to say that it constitutes
an exchange of information. The exchange occurs in a variety of ways: this could be
through writing, speaking or some other method. The human species has developed
to the point that communication can be extended to the level of machines. In machine
language, information processing pertains to manipulating 0s and 1s: the so-called
bits. This type of processing has enabled a vast array of services including but not
limited to telephones, Whatsapp, Facebook, online credit card transactions, and so
forth.

It would not be untrue to say that communication engulfs a very large portion of our
existence. While this is a “pro”, it is also important to take into consideration the
“cons” associated with such a powerful tool. Like fire, communication is a useful tool
however its disadvantages can be detrimental. There are instances when communica-
tion should be private and only be kept between the involved parties. Situations like
this require the use of cryptographic methods [1] to ensure the security of the commu-
nication. The most popular and widely used method is the RSA public key encryption
method. It is named in this way after its creators Rivest, Shamir, Adleman [2]. While
the RSA is believed to be extremely safe, there exist at least two methods that could
be used to break its security. These are order finding and factoring [3]. As things cur-
rently stand, large number factorization is considered a very difficult problem to solve
with a classical computer. Therefore, by virtue of this, the RSA method is considered
to be really secure.

The safety of the RSA method cracks in the midst of quantum information processing.
Quantum information deals with the concepts and applications of information theory
within the context of quantum mechanics. Quantum information processing promises
the development of quantum computers. The most popular selling point of a quantum
computer is that it can perform tasks more efficiently than a classical computer. One
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of key tasks that were identified is the factorization of very large numbers [4]. The
cornerstone of the RSA method.

Quantum optics is the part of quantum theory that deals with the interaction of light
with matter. In particular, it refers to the phenomena that can only be understood
through the quantization of both the light and matter. This branch of optics came into
existence in the second half of the 20th century with the key contributions coming from
the invention of the maser and laser [5, 6, 7]. While the quantum theory of light (quan-
tization of light) was introduced a few decades earlier by Dirac [8] and Fermi [9], it
can be argued that the theoretical formulation of modern quantum optics was estab-
lished by Roy Glauber around the same time as the invention of the laser. Glauber,
stimulated by experimental progress at the time was able to formulate the quantum
theory of optical coherence [10]. In the book titled: Introduction to QUANTUM OP-
TICS: from the Semi-classical Approach to Quantized light, the authors wrote, “Actually,
Glauber developed a clear quantum formalism to describe optics phenomena, and in-
troduced the important notion of quasi-classical states of light, a theoretical tool that
allowed physicists to understand why all available sources of light, including lasers,
delivered light whose properties could be totally understood in the framework of the
semi-classical approach.” [11].

During its development, a lot of interest in quantum optics was associated with its
implications on the fundamentals and foundations of quantum mechanics. A merger
of both quantum optics and quantum information seems like a step in the progres-
sive direction as this opens up a new avenue for quantum optics, one that addresses
a technological breakthrough. The most popular applications that benefit from the
merger of these two fields are quantum computation, quantum sensing, and quantum
communication. The latter is the driver behind the work of this thesis. While there are
various aspects to quantum communication, to highlight the relevance of the work
in this thesis we will zoom into one particular form that is related to the security of
communication systems.

It was mentioned above that the security of the RSA method is threatened by quan-
tum computing. The solution to this problem is also quantum mechanics. This brings
a fresh meaning to the adage: fight fire with fire! Quantum key distribution (QKD), as
it is currently called, is a cryptographic scheme that is based on the fundamental prin-
ciples of nature. It is a completely different way of performing encryption. This is in
contrast to the standard methods of “classical” cryptography whose security is based
on the complexity of solving some mathematical problem. Since its inception, there
are a number of protocols that have been developed [12, 13, 14, 15, 16, 17]. However,
the most popular QKD protocols include the BB84 protocol [18] and the E91 protocol
[19]. The BB84 is based on the notion that it is not possible to copy quantum infor-
mation without disturbing the quantum system, and the E91 is based on quantum
entanglement.
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Quantum communication, in general, benefits from increasing the dimension of the
Hilbert space of the quantum systems. One popular contender as a degree of freedom
for high-dimensional quantum systems is the orbital angular momentum (OAM) of
light. In the case that free-space is used as a communication channel, the OAM states
of light, however, seize to be ideal. This is because they are susceptible to atmospheric
turbulence. In this thesis we consider the OAM states of light propagated through
atmospheric turbulence and further look at how to mitigate the adverse effect of the
atmospheric turbulence in such a way that we can preserve the quantum entangle-
ment in the propagated quantum systems.

1.1.1 Quantum entanglement

Quantum mechanics is a theoretical framework which is used to predict and under-
stand the behavior of nature at the most fundamental level [20]. It continues to provide
a level of accuracy in predictions that supersedes any classical framework. Nonethe-
less, during its development, there were some uncomfortable implications that the
theory posed [21]. For instance, quantum mechanics predicts that at the most funda-
mental level nature is not a deterministic process, rather it is intrinsically probabilistic.
This was really uncomfortable for many people at the time. So much so that a group of
scientists: Einstein, Podolsky, and Rosen (EPR) wrote a paper that was meant to show
that quantum mechanics is an incomplete theory [22]. In the paper, the trio proposed
a thought experiment that involves the so-called EPR state. The EPR state is a pure
state consisting of two subsystems, A and B, that have been emitted by some source
(or that would have interacted somehow in the past). The two subsystems are de-
scribed such that they remain correlated even after they have been spatially separated
by an arbitrary distance. Such a pure state is said to be non-separable since it cannot
be written as a product of the states of the two subsystems A and B. In this form, the
EPR state implies that one can be able to predict with absolute certainty the outcome
of a measurement on one subsystem based on the results obtained by measurement
on the other subsystem.

In the original paper the authors consider the logical connection between two asser-
tions: 1) the description of reality as given by quantum mechanics is incomplete, or
2) any two non-commuting observables cannot have simultaneous reality. By using
the EPR state, they argue the disjunction in the two assertions.Particularly, they use
the EPR state to show that it possible for two non-commuting to have simultaneous
real values which could be predicted with absolute certainty. Their conclusion, there-
fore, was that quantum mechanics is incomplete as it is incapable of giving all possible
information about a quantum system.
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In light of this conclusion, a few scientists at the time including David Bohm started
contemplating alternative theories to quantum mechanics, particularly, a hidden vari-
able theory that was meant to provide the information which the quantum theory was
always missing. This could, therefore, account for the non-deterministic results ob-
tained via quantum mechanics. As a response to the EPR paper, Schrödinger wrote a
paper [23] in the same year 1935 in which he coined the word entanglement.

Approximately three decades later, in 1964, John Bell put the ideas in the EPR paper
into perspective. He formalized the EPR local hidden variable model ideas in accor-
dance with three assumptions that are collectively known as local realism and free will.
The first assumption that the EPR hidden variable model considers is called realism.
It states that physical properties have definite values that exist independent of any ob-
servation. The second assumption is locality. It states that a local measurement result
is independent of any other event that is performed with a space-like separation from
the local measurement. The last is free-will. It states that the settings of the measure-
ment equipment of a local result do not depend in any way on the properties of the
system that determines the local result. Bell, working from this formal structure of
the EPR model was able to derive an inequality for the statistical correlations of the
results of measurements of a two-qubit system. He was able to show that any such
local hidden variable model gives results which are significantly different from those
of quantum mechanics in certain situations. In his analysis, Bell essentially set up an
inequality that gives an upper bound for the strength of the correlations that would
exist for a theory obeying local realism. He showed that there are certain correlated
quantum states that are able to surpass this upper bound, and thus violate the Bell
inequality. Clauser, Horne, Shimony and Holt [24] derived an inequality that could
be tested in an experiment as an extension of the work done by Bell. There exist other
inequalities which have been derived, and they are all collectively called the Bell in-
equalities. Despite the theoretical progress, the “Bell” inequality was only confirmed
experimentally in 1972 by Freedman et al. [25].

Outside of its domain as an interesting and fundamental phenomenon, quantum en-
tanglement can also be used for technological advances that are based on quantum
information processes. It is a crucial resource for the implementation of quantum
computing [26, 3], quantum teleportation [27, 28], superdense coding [29, 30], and
quantum cryptography as already alluded to above [19].

Furthermore, it has been suggested and shown that high-dimensional quantum sys-
tems are better than the ordinary two-dimensional quantum systems. This has been
shown in the context of communication regarding information capacity and security
in quantum cryptography [31, 32]. High dimensional quantum systems, or quNits as
they are usually referred to, lead to high-dimensional quantum entanglement. Such
systems, which possess high-dimensional entanglement, can be generated by using
the orbital angular momentum (OAM) of light.
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1.1.2 Orbital angular momentum of light

Angular momentum as a property of optical fields has a history dating back to the
early 1900s. Using a mechanical analogy Poynting [33] was able to show theoretically
that light should possess angular momentum that is associated with circular polariza-
tion. For a single photon, this angular momentum is ±h̄ depending on whether it is
right or left circularly polarized. This is the so-called spin-angular momentum (SAM)
[34]. In his analysis, Poynting also proposed a method or experiment of how his pre-
dictions could be tested. However, the confirmation of his work was not carried out
as he had intended. A variation of the proposed experiment was performed by Beth
approximately three decades later [35].

The idea of OAM of light was not really popular. Nevertheless, it was known for a
very long time that light had to have a contribution to the angular momentum that
was not the SAM [36]. This is because it had been observed that higher-order tran-
sitions, e.g. quadrupole, required the emitted light to carry angular momentum that
was above the maximum magnitude possible by SAM [37, 38]. That is, these transi-
tions required light that carried angular momentum that was multiples of h̄. In 1992
Allen et al. [39] showed that optical fields with an azimuthal phase dependence given
as exp(i`φ) carry angular momentum that is proportional to |`|, and most importantly
it does not depend on the polarization state of the optical field. The key point about
this realization was that the OAM is a natural property of such optical fields, and
therefore they can be readily generated in the laboratory. At this point, it is important
to note that even prior to this realization, helically phased optical fields had already
been subject to intensive study. Albeit, the focus was not on their ability to carry OAM.

The optical field that was considered in the study by Allen et al. is the Laguerre-
Gaussian mode (LG) [40, 41, 42]. The LG modes form a complete and orthogonal
basis set. In the latter study, the LG modes were generated by using Hermite-Gaussian
modes and transforming them by cylindrical mode converters [39, 43, 44]. There exist
other methods of generating LG modes: these include the use of spiral phase-plates
[45, 46, 47, 48], q-plates [49, 50] and holograms [51, 52, 53]. The hologram method
is the most widely used and preferred method because of its simplicity and ease of
application. Other optical fields that carry OAM include high-order Bessel beams [54,
55], Ince-Gaussian beams [56] and Mathieu beams [57].

The OAM of optical fields is associated with the spatial distribution of the optical
fields, through the azimuthal index `. In principle, there is no fundamental limitation
on the values of ` that can be associated with any single photon. Therefore, the OAM
degree of freedom spans an infinite dimensional Hilbert space. This further implies
that by using the OAM of light it is possible to produce quantum states of arbitrary
dimension. In practice, there are various methods for producing single photons but
not a lot that produce entangled photons.
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1.1.3 Spontaneous parametric down conversion

Spontaneous parametric down conversion (SPDC) is perhaps the most powerful and
widely used source of single and entangled photons [58]. Parametric down-conversion
is a non-linear process where a photon from a high intensity laser produces two pho-
tons under the conservation of energy and momentum [59]. The state of the two pho-
tons that are produced in this way is nonseparable; which means that the two photons
are entangled [60]. The photon pair can be entangled in a number of different ways:
this can be through temporal frequencies [61], energy and time variables [62], etc. As
already alluded to above, the high dimensionality of the OAM of light promises to be
an important resource for realizing high-dimensional entanglement. In the early 2000s
an experiment was presented by Mair et al. [63] in which the spatial modes of optical
fields that carry OAM were used to create high-dimensional entanglement. Particu-
larly, in the down conversion experiment of Mair et al. the correlation between the LG
modes of the signal and the idler were observed; the authors further confirmed that
the correlations they had observed cannot be explained in terms of classical correla-
tions.

Around the same period, theoretical works were proposed to account for the exper-
imental observations [64, 65]. In the work by Arnaut and Babosa [64], the authors
found the general form of the eigenstate vector describing single photons carrying in-
trinsic angular momentum and OAM. In the work by Franke-Arnold et al. [65], the
authors investigated the OAM correlation of the entangled photon pair in the SPDC
process. They show how the OAM is a consequence of the phase matching in the
nonlinear crystal.

The use of SPDC to generate OAM entangled photons has opened up an arena for a
number of studies in quantum communication [66, 67, 68, 69, 70]. These studies are
directed towards showing the advantage of OAM as a degree of freedom in free-space
optical and quantum communication.

Free-space quantum and optical communication use the atmosphere as a channel for
transmission. Unlike the polarization degree of freedom, OAM is susceptible to the
atmospheric turbulence [71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82]. This implies that
successful implementation of the OAM degree of freedom in communication systems
can only be achieved after a thorough understanding of how the atmospheric turbu-
lence affects the OAM modes of light has been established.

1.1.4 Atmospheric turbulence effects on OAM states

The first treatment of the effect of atmospheric turbulence on a communication sys-
tem that is based on the OAM of light was given by Paterson in 2005 [71]. In this
work, Paterson quantified the effects of atmospheric turbulence on the coherence of
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single-photon communication systems that are based on OAM states. By considering
LG modes, he employed a semi-classical model to derive a rotational coherence func-
tion, which he then used to obtain the scattering equations for different OAM modes.
The expressions for the scattering probabilities are integrals and are, in general, in-
tractable. In an effort to alleviate the intractability, Paterson considered a special case.
He restricted his analysis to the weak scintillation regime. Within this regime, the ef-
fect of the atmospheric turbulence is considered as a mere phase perturbation. That is,
it is assumed that the overall effect of the atmospheric turbulence is a modulation of
the optical field with a random phase function. This consideration will, for the rest of
this thesis, be referred to as the single phase screen model (SPS). The results obtained
by Paterson using the SPS were sufficient to show that even weak scintillation can
cause significant problems for OAM based communication systems.

Tyler and Boyd [74], using the SPS model, considered the effect of atmospheric turbu-
lence on optical vortex beams, where optical vortices can be described as optical fields
with an azimuthal phase dependence with a Gaussian envelop. More generally, opti-
cal vortices are singularities in the phase of an optical field, this leads to optical fields
that have helical wavefronts. In their work, they analytically determined the proba-
bility of a detected photon to retain its original (initial) OAM after going through the
atmospheric turbulence. Apart from some nuances, the results of this work show that
the behavior of optical vortex beams in atmospheric turbulence is comparable to that
of LG modes.

Experimental studies on the effects of atmospheric turbulence, particularly based on
the SPS model, on OAM carrying optical fields include the work done by Rodenberg
et al. [83] and the work by Malik et al. [77]. In the former study, the authors experimen-
tally assessed the degradation of mode purity for optical fields that carry OAM. They
used a phase-only spatial light modulator to introduce the atmospheric turbulence for
11 different OAM modes. They showed that atmospheric turbulence degrades all the
modes irrespective of the OAM mode number. In the latter work, Malik et al. ex-
perimentally implemented a free-space 11-dimensional communication system based
on OAM modes. They quantified the channel capacity of their communication sys-
tem and found that it had a maximum OAM channel capacity of 2.12 bits/photon.
They also showed that the atmospheric turbulence degrades the performance of the
communication system.

So far, we have reviewed the work done within the SPS model and we have further
limited our attention to single-photon and classical systems. However, there also ex-
ists studies on how the atmospheric turbulence affects quantum states that are entan-
gled in the OAM degree of freedom.

Considering weak scintillation conditions, Smith and Raymer performed a theoretical
study of the effect of atmospheric turbulence on the OAM entanglement of a two-
qubit system [84]. They found that higher order OAM modes are more robust. While
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these high modes are more robust, they tend to have a high rate of crosstalk to other
modes than the lower order modes. In their analytical calculations, Smith and Raymer
simplified the intractable integrals that involve the structure function by approximat-
ing it with a quadratic function [85]. The work of Smith and Raymer has been cor-
roborated by Hamadou et al. [78]. Hamadou et al. studied atmospheric turbulence
induced decay of OAM entanglement in a two-photon system, both numerically and
experimentally. The experiments were performed by using a spatial light modulator
to simulate the weak scintillation. They considered two separate cases: in one case,
only one photon goes through the atmospheric turbulence and in the other both pho-
tons go through the atmospheric turbulence. In both cases, their results correspond
to those of Smith and Raymer. The quantum entanglement is more robust in higher
OAM modes. The authors further derived an empirical formula for the distance scale
at which the entanglement decays.

Gopal and Andrews numerically analyzed the effect of Kolmogorov turbulence on
states that are produced using the SPDC process [76]. By calculating joint and signal
photon detection probabilities as a function of the mode width to the Fried parameter,
they found that entangled photons that are produced using SPDC are less robust than
generic single photons in Kolmogorov turbulence. However, the authors also found
that a single photon produced through the SPDC, say the signal photon, is more robust
than a generic single photon in the lowest order modes.

In another study, Leonhard et al. [81] also studied the case of an OAM entangled qubit
system through atmospheric turbulence. They found that by introducing a phase cor-
relation length they could show that entanglement of OAM photons displays a uni-
versal exponential deterioration.

Around the same time as the authors of the latter work, Goyal et al. [80] studied the
effect of atmospheric turbulence on the secret key rate for quantum key distribution in
OAM based quantum communication. The authors found that the secret key rate goes
to zero at approximately the same scale where the entanglement of formation goes to
zero.

Yingwen et al. [79] investigated the effects of atmospheric turbulence, both theoret-
ically and experimentally, on high-dimensional entangled photonic states generated
through the SPDC process. The authors considered the case where only one of the
photons goes through the atmospheric turbulence. A full state tomography of the
output states was performed, and the obtained density matrices were used to quan-
tify the amount of entanglement as a function of scintillation strength. Their results
show that the entanglement decays as a function of scintillation strength, although the
theory predicts that it never goes to zero in the case of one-sided atmospheric turbu-
lence.
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The results obtained thus far have limited validity. They are only valid within the
weak scintillation regime. In 2014, Hamadou et al. showed using numerical sim-
ulations that the SPS model cannot be used to accurately describe the evolution of
OAM entanglement beyond the weak scintillation regime [86]. The study showed
that within the SPS model the evolution of quantum entanglement is well described
by a single dimensionless parameter, whereas for strong scintillation two dimension-
less parameters are necessary for the accurate description of the OAM entanglement
evolution. The authors also found that in strong scintillation the higher order OAM
modes are no longer robust in atmospheric turbulence.

The authors of the latter study used the multi-phase screen (MPS) model, which is
based on the split-step method [87, 88]; it is valid in both weak and strong scintillation
regimes. The MPS model is an extension of the SPS model; instead of representing the
atmospheric turbulence as a single-phase screen, it is rather represented by a series of
phase screens. Each of these phase screens has to obey the SPS model conditions.

Anguita et al. also used the MPS model to numerically analyze the effect of atmo-
spheric turbulence on a multi-channel free-space optical communication system based
on OAM carrying optical fields [89]. They found that atmospheric turbulence induces
attenuation and cross-talk among the different OAM modes. Furthermore, the authors
also found that atmospheric turbulence causes the aggregate channel capacity to de-
crease. By considering a binary symmetric channel, with crosstalk that is modeled as
a Gaussian noise source, they were able to find an optimal set of OAM states for each
turbulence condition and quantify the channel capacity for the obtained set of states.

There also have been some effort in studying the effects of the atmospheric turbulence
on OAM modes outside of the SPS region of validity in experiments. Pors et al. per-
formed an experimental investigation of the effect of atmospheric turbulence on the
coincidences of two photons that are entangled in the OAM degree of freedom and
are produced through the SPDC process [72]. The atmospheric turbulence was exper-
imentally simulated using a turbulent cell in which cold and warm air were mixed to
generate the random temperature variations which cause the fluctuations in the index
of refraction. In their investigation, they found that the number of entangled modes
decreases with increasing scintillation. Their results further showed that the shape of
the coincidence curve is robust under the atmospheric turbulence.

On the analytical side, a model for the evolution of entangled quantum states in at-
mospheric turbulence that is supposed to be valid under all scintillation conditions
has been derived [90, 91, 82]. The derivation is based on the MPS model of the at-
mospheric turbulence. The distortion of the atmospheric turbulence is treated as an
infinitesimal transformation. In its original form [90, 91], the infinitesimal propaga-
tion equation (IPE) was formulated in the Laguerre-Gaussian (LG) basis, which is a
discrete basis. This led to an infinite set of coupled differential equations, therefore
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to obtain a solution it was necessary to truncate the IPE. The truncation had the un-
favorable effect of not correctly representing the crosstalk among the different OAM
modes. This resulted in predictions by the IPE that deviated from the numerical sim-
ulations and experiments [78]. The truncation problem was resolved by formulating
the IPE using a continuous basis, the plane wave basis [82]. In this new formulation,
an analytical solution to the IPE is obtained by using the quadratic structure function
approximation to the Kolmogorov model of turbulence. Upon converting into the dis-
crete OAM basis, the new solution correctly represents the effects of coupling among
the different OAM modes for arbitrary turbulence conditions.

All the studies that have been discussed paint a good picture of where we are with re-
gards to realizing functional free-space optical and quantum communication systems
that are based on the OAM of light. It is clear that to take advantage of the dimension-
ality afforded by the OAM of light we would have to develop systems and protocols
that mitigate against the adverse effects of the atmospheric turbulence. This is part of
the contribution of this thesis.

1.1.5 Mitigation against atmospheric turbulence effects

In the same work where Paterson characterized the effect of atmospheric turbulence
on single-photon communication systems, he also suggested that adaptive optics could
be used to mitigate the adverse effects caused by the atmospheric turbulence. This ap-
proach has played a significant role in classical studies of OAM based free-space opti-
cal communication [92, 93, 94, 95, 96, 97, 98, 99]. As a brief review, next, we mention
just a few.

Zhao et al. [92] performed a study to compare the Shack-Hartmann wavefront sensing
method based on Zernike polynomials and another phase correction method which is
based on the OAM modes. In their numerical results, they found that the OAM based
phase correction method outperforms the Zernike polynomials based wavefront sens-
ing method; their numerical results showed that both methods improve the mode
purity of single OAM states and the channel capacities of the free-space optical com-
munication link. The authors further performed an experiment which showed that
the OAM based correction method mitigates the adverse effects of the atmospheric
turbulence.

Ren et al. proposed an adaptive compensation scheme to simultaneously correct mul-
tiple OAM optical fields propagating through atmospheric turbulence [93]. In this
work, a Gaussian beam in one of the polarization states was used as a beacon to probe
the atmospheric turbulence. The beacon was used to obtain the phase correction pat-
tern for the compensation of OAM modes which were in the orthogonal polarization.
In an effort to preserve both polarization states in the multiplexing scheme for in-
formation transfer, Ren et al. [97] did a follow-up study using a Gaussian beam on
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a different wavelength as a beacon. They also derived the phase correction pattern
for the compensation of the OAM modes passing through the same turbulence. Both
these approaches led to noticeable mitigation of the adverse atmospheric turbulence
effects on the OAM modes.

The traditional method of wavefront sensing using a Shack-Hartmann wavefront sen-
sor relies on local slopes between parts of the beam, however, when the incident beam
carries OAM there exists a singularity at the center. In the specific case of strongly scin-
tillated beams this may lead to challenges in using the traditional method for wave-
front sensing [100] and such an approach may thus be unsuccessful. To overcome this
hurdle, Xie et al. [98] used a method that uses the intensity of the incoming optical
field together with a stochastic-parallel-gradient-descent algorithm based on Zernike
polynomials to generate a phase pattern for the correction of distorted OAM modes.
This work was done experimentally and they found that a phase pattern obtained
from an arbitrary OAM mode could be used to correct the distortion of other OAM
modes that have gone through the same atmospheric turbulence.

While the above discussion has focused mainly on classical studies, there also exists
studies on the mitigation of the effects of atmospheric turbulence on OAM photons
in the quantum communication domain. Alonso and Brunn [101] numerically sim-
ulated the propagation of OAM photons through the atmosphere and studied the
resulting errors. Using the numerical simulation, they extracted the Kraus operator
representation for the OAM photons error process due to the atmospheric turbulence.
Furthermore, the authors applied approximate quantum error correction in an effort
to protect the OAM photon from the atmospheric perturbation. As a concluding re-
mark, the authors indicated that the range over which their quantum error correction
is useful is limited and thus suggest a pairing with adaptive optics or decoherence-free
subspaces.

More recently, adaptive optics was applied in quantum optics. Leonhard et al. [102],
through a multi-phase screen simulation, showed that an adaptive optics system could
be used to correct for the effects of the atmospheric turbulence on an entangled quan-
tum system. The focus of this work was on the efficiency of an adaptive optics system
in preventing the loss of quantum entanglement, and the trace of the qubit density
matrix. The authors were able to show that even by a simple correction of the tilt
introduced by the atmospheric turbulence there is a significant improvement in the
retained entanglement and the trace of the qubit density matrix.

Ndagano et al. [103] established that the evolution of vector vortex modes, which
are considered to represent the so-called classically entangled system, in atmospheric
turbulence is the same as the evolution of OAM entanglement that exists between a
pair of photons that are produced through the SPDC process. They also claim that the
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equivalence is, in fact, more general and that OAM entanglement and atmospheric tur-
bulence as a channel are merely an example case. The authors further use this equiv-
alence as a resource for the characterization of a quantum channel, for qubit states.
Within the quantum domain, a tomography requires that multiple measurements be
made on an ensemble of quantum systems, therefore, for propagation through atmo-
spheric turbulence the result is also a mixed state in spite of the unitary nature of the
turbulence channel. This implies that it is not possible to observe directly the unitary
evolution of single photons. However, such a restriction does not exist with classical
systems (classical light). This assessment led the authors to propose a characterization
of a quantum channel using classical light. Such a system has immediate application
in real-time error correction that is key for the implementation of quantum commu-
nication links. The work done by the authors is limited to a two-dimensional space
since they are using vector vortex modes. This is because the “entanglement” of vec-
tor vortex modes is between the polarization degree of freedom and the OAM degree
of freedom.

It can be seen that within the quantum domain there still isn’t a well-established sys-
tem for the mitigation against the atmospheric turbulence effects. For instance: while
adaptive optics has been shown to work in the study by Leonhard et al., in strong
scintillation it would still run into the same issues as the classical systems. Further,
the work by Ndagano et al. has the obvious limitation of dimension.

1.2 Thesis structure

This thesis can be categorized into two sections: the background information and the
contribution(s) of the work done.

The first section consists of Chapters 1 & 2. In Chapter 1 we introduce the thesis
through a literature review and also draw out the motivation for this work. In Chapter
2 we discuss the basics that are required to understand the rest of this thesis. The focus
on this chapter is on five major concepts: optical fields, angular momentum, quantum
optical fields, atmospheric turbulence, and compressive sensing.

The second section of the thesis can be further split into two different sub-parts. In one
sub-part we studied the behavior of single photons and entangled quantum systems
in atmospheric turbulence. In the other sub-part, we looked at the mitigation of the
effects of atmospheric turbulence on high-dimensional quantum systems.

In the first sub-part, we studied the infinitesimal propagation equation (IPE) as it
would apply to single photon fields. The IPE was originally formulated for the de-
scription of the evolution of entangled photonic quantum systems. However, we show
through numerical simulations that the IPE can also be used to describe the crosstalk
and thus the evolution of single photon OAM modes, particularly LG modes through
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atmospheric turbulence. This work is presented in Chapter 3 and is based on articles
P1 and P2 of the publication list given below. Furthermore, we studied the effect of
the atmospheric turbulence on the Hong-Ou-Mandel (HOM) interference effect. We
found that under weak scintillation the HOM interference effect is not affected by the
atmospheric turbulence. Due to the scattering of the OAM modes, however, there is a
reduction in the number of counts that are observed in the experiment. These results
are in agreement with the theoretical calculations. This work is presented in Chapter
4 and is based on article P3 of the publication list given below.

The second contribution of this thesis involves the mitigation of the adverse effects
of the atmospheric turbulence on OAM states of light. As a starting point, given the
work done by Ndagano et al. and noting its limitation to a two-dimensional Hilbert
space, we set up to develop a method for the characterization of high-dimensional
quantum channels using classical light. We performed calculations that confirm the
validity of our approach. This work is presented in Chapter 5 and is based on article
P4 in the publication list. Subsequently, upon noting that the OAM state space is
infinite which implies that under severe turbulence conditions it becomes impractical
to characterize the full channel matrix for the mitigation. We further investigated
the use of compressive sensing as an aid in the determination and characterization
of the channel. We show that compressive sensing could be a very useful technique as
part of a protocol for the efficient characterization and correction of high-dimensional
quantum states under the effect of the atmospheric turbulence. This work is presented
in Chapter 6 and is based on article P5 of the publication list given below.

Finally, we have the conclusions in Chapter 7. Here we summarize the results of the
two sub-parts detailed-out above. In the conclusions, we also mention the future work
that we intend to undertake.

1.3 Publications

Below is the list of publications that this thesis is based on:
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P1 Chemist M. Mabena and Filippus S. Roux. Optical orbital angular momentum under
strong scintillation. Physical Review A 99, 013828 (2019).

P2 Chemist M. Mabena, Teboho Bell, and Filippus S. Roux. Corroboration of a multi-
phase screen model. Free-Space Laser Communications XXXI, International Soci-
ety for Optics and Photonics, 10910, 109101T (2019).

P3 Shashi Prabhakar, Chemist M. Mabena, Thomas Konrad, and Filippus S. Roux.
Turbulence and the Hong-Ou-Mandel effect. Physical Review A 97, 013835 (2018).

P4 Chemist M. Mabena and Filippus S. Roux. High-dimensional quantum channel
estimation using classical light. Physical Review A 96, 053860 (2017).

P5 Chemist M. Mabena and Filippus S. Roux. Compressive sensing based quantum
entanglement preservation of twisted photons. In Preparation.
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Chapter 2

Background theory

2.1 Introduction

In this chapter we discuss all the basic concepts that are necessary to understand the
work in this thesis. We start off in Sec. 2.2 with an explicit statement of Maxwell’s
equations, we continue to set up the Helmholtz equation and further give a brief in-
troduction of the Poynting vector. Section 2.3 is a discussion of angular momentum
for optical fields. In Sec. 2.4 we introduce the paraxial approximation and show its
consequence with regards to the angular momentum of optical fields. In the same
section, we also mention and briefly discuss the most common method for the gen-
eration of paraxial optical fields that carry orbital angular momentum. In Sec. 2.5 we
introduce quantum states, quantum state tomography, and subsequently discuss the
spontaneous parametric downconversion process. Atmospheric turbulence is intro-
duced in Sec. 2.6. We start by discussing some basic statistical concepts, then we intro-
duce the single-phase-screen approximation and derive some results. Lastly, we give
a detailed derivation of the infinitesimal propagation equation. Compressive sensing
is discussed briefly in Sec. 2.7. Finally, we finish-off by a brief summary.

2.2 Maxwell’s equations and optical fields

For completeness, we commence this discussion with an explicit statement of Maxwell’s
equations in vacuum [104]

∇ · E(r, t) = 0, (2.1)

∇ ·H(r, t) = 0, (2.2)

∇× E(r, t) = −µ0
∂H(r, t)

∂t
, (2.3)

∇×H(r, t) = ε0
∂E(r, t)

∂t
, (2.4)
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where E(r, t) is the electric field, H(r, t) is the magnetic field, µ0 is the magnetic per-
meability of the vacuum, and ε0 is the electric permitivity of vacuum.1 The electric
and magnetic fields in the above set of equations are real valued functions of space
r = (x, y, z) and time t. Since optical fields are electromagnetic fields, it follows that
they are governed by the above set of linear first order coupled-differential equations.

In the most general case, there are in total six scalar functions that are required to de-
scribe an electromagnetic field. Using Maxwell’s equations we can derive the time
dependent wave equation that is satisfied by each of the scalar functions indepen-
dently

∇2U(r, t) =
1
c2

∂2U(r, t)
∂t2 , (2.5)

where c = 1√
µ0ε0

is the speed of light in vacuum, and U(r, t) is a real valued scalar func-
tion of position and time that represents any of the components of the electromagnetic
field.

2.2.1 Monochromatic optical fields

In practice, especially in laboratories, it is usually the case that the optical fields of
interest have a specific time dependence given as follows

U(r, t) =
1
2
(ũ(r) exp [−iωt] + C.C) (2.6)

where ũ(r) is a complex valued function of space, ω is the angular frequency of the
optical field, and C.C is the complex conjugate of the first term on the right-hand side
(RHS) of the above equation. The tilde is used to distinguish complex functions from
real functions, however, in cases were no confusion is imminent we will drop it for
convenience. Optical fields with the type of time dependence in Eq. (2.6) are referred
to as monochromatic fields due to the presence of a single angular frequency term.

A substitution of Eq. (2.6) into the wave equation Eq. (2.5) leads to the Helmholtz
equation

∇2ũ(r) + k2
0ũ(r) = 0, (2.7)

where k0 = ω/c is the wave number, and we have dropped the complex conjugate
contribution for conciseness2.

1Bold face letters represent vectors.
2The operation expressed in the Helmholtz equation is linear, therefore it would apply to each of the

terms in Eq. (2.6) independently. This implies that to obtain the physical optical field we would need to
apply the same operation to the complex conjugate and add the two results.
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2.2.2 Poynting vector

One of the most important properties of an electromagnetic field is that it transports
energy. The direction of flow of electromagnetic energy is described by the Poynting
vector, which can be written as

S(r, t) = E(r, t)×H(r, t). (2.8)

Upon invoking the monochromatic condition on the electric and magnetic fields the
Poynting vector becomes

S(r, t) =
1
4
[
Ẽ(r)× H̃∗(r) + Ẽ∗(r)× H̃(r) + Ẽ(r)× H̃(r) exp (−2iωt)

+ Ẽ∗(r)× H̃∗(r) exp (2iωt)
]

, (2.9)

where the asterisk ∗ denotes complex conjugation.

The optical section of the electromagnetic spectrum is characterized by rapidly oscil-
lating fields therefore in practice we do not use the instantaneous values of the Poynt-
ing vector to describe the flow of energy rather we use the time averaged Poynting
vector which is given by

〈S(r, t)〉 =
1
4
[
Ẽ(r)× H̃∗(r) + Ẽ∗(r)× H̃(r)

]
, (2.10)

where 〈·〉 is usually used to denote an ensemble average. However, we use it here to
represent a time average since we are working with ergodic processes, and therefore
the ensemble and time average give the same result. We have dropped the time de-
pendent terms since they are removed by the averaging process. The average is taken
for times greater than the optical field period. The above time average of the Poynting
vector further simplifies as follows,

〈S(r, t)〉 =
1
2
[
S̃(r) + S̃∗(r)

]
= Re

{
S̃(r)

}
, (2.11)

where
S̃(r) =

1
2

Ẽ(r)× H̃∗(r), (2.12)

will be called the complex Poynting vector and “Re” denotes the real part of the vector.
Given Eq. (2.11) for the time averaged Poynting vector, the intensity of an optical field
is defined in terms of its magnitude.
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2.3 Angular momentum

The linear momentum density of an optical field is given in terms of the Poynting
vector (Eq. (2.8)) as follows

p =
1
c2 S, (2.13)

which can also be expressed in terms of the electric and magnetic complex amplitudes
through Eq. (2.10). Moving forth we will further drop the tilde that indicates the com-
plex nature of the expressions and also suppress the dependence on position and time
for succinctness. In the case that a function is complex or real it will be stated explicitly
or it will be clear from context.

While linear momentum is related to the translational properties of the optical field, it
has been observed that the optical field can also lead to rotational effects when it in-
teracts with matter [105, 106]. This behavior implies that the optical field itself should
possess angular momentum. The simplest form of the angular momentum contained
in an optical field can be easily traced to its polarization properties.

The records show that it was Poynting [33] who proposed that the conversion of lin-
early polarized light into circularly polarized light should lead to an exchange of an-
gular momentum with the optical element. The first ever experiment performed to
confirm this proposal was done by Beth [35], who used as the optical element a bire-
fringent wave plate.

Polarization is the most popular source of angular momentum in an optical field, how-
ever, it is not the only source. For certain types of optical fields, it has been shown that
there is a contribution to the total angular momentum that does not come from the
polarization of the optical field [44]. This contribution is referred to as orbital angular
momentum (OAM) and is a consequence of the spatial distribution of the optical field.
Therefore, the total angular momentum of an optical is due to the orbital (spatial) and
spin (polarization) contributions.

Using the monochromatic condition (Eq. (2.6)) and the electric field curl equation
(Eq. (2.3)) from Maxwell’s equations, the total linear momentum density can be writ-
ten as follows

P =
ε0

4iω

∫
[E∗ ×∇× E− E×∇× E∗]d3r, (2.14)

where the integral is taken over all space, and the contribution that contains the time
dependence goes to zero. Further simplification of the above total linear momentum
gives

P =
ε0

2ω
Im
∫

[E∗ · (∇) E− (E∗ · ∇) E]d3r, (2.15)
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where “Im” denotes that we are taking the imaginary part, and we have used the
identity

A×∇× B = A · (∇)B− (A · ∇)B, (2.16)

with,
A · (∇)B = ∑

j
Aj∇Bj, (2.17)

where Aj and Bj are the components of the vectors A and B, respectively. Upon inte-
gration by parts and further using the fact that the electric field goes to zero as |r| → ∞,
we find that [107]

P =
ε0

2ω
Im
∫

E∗ · (∇) E d3r. (2.18)

Given the momentum density of an optical field, we write the angular momentum
density as follows

j = r× p. (2.19)

The total angular momentum can be obtained from latter equation by integrating over
all space. Furthermore, by also using integration by parts, the divergence criterion
(Eq. (2.1)) for the electric field as required by Maxwell’s equations, and the fact that
the electric field goes to zero as |r| → 0, the total angular momentum of the optical
field becomes [44]

J =
ε0

2ω
Im
[∫

E∗ × E d3r
]
+

ε0

2ω ∑
j

Im
[∫

E∗j (r×∇) Ej d3r
]

. (2.20)

The first term on the RHS in the above equation is associated with the vectorial nature
of the optical field as such is taken to represent the angular momentum with respect
to the polarization of the optical field, the so-called spin angular momentum (SAM).
The second term is commonly referred to as the orbital term because it has an explicit
dependence on the position vector r. However, this may sometimes be misleading
since the z-component of the second term may, in the most general case, contain some
contribution from the angular momentum associated with the polarization of the op-
tical field [108, 44]. Therefore, the two terms in the above equation cannot be said,
in general, to represent the two types of contributions for the total angular momen-
tum separately [109]. In the special case of paraxial optical fields, the total angular
momentum of the optical field can be explicitly separated into the polarization and
orbital contributions without any ambiguity.
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2.4 Paraxial optical fields

Optical fields that propagate predominantly in a given direction are said to be parax-
ial. They are governed by the paraxial equation which is obtained by way of approx-
imation to the Helmholtz equation (Eq. (2.7)). To derive the paraxial equation we
consider, without any loss of generality, a solution of the form

u(r) = A(r) exp [ikz] , (2.21)

where z is specified as the direction of propagation of the optical field, A(r) is a com-
plex function and thus can be expressed in terms of a real function a(r) denoting an
amplitude and another real function ψ(r) denoting a phase such that

A(r) = a(r) exp [iψ(r)] . (2.22)

The solution presented in Eq. (2.21) can be constructed by starting with a plane wave

A exp [ikz] , (2.23)

where A is a constant complex amplitude, and modulating the constant amplitude so
that it varies with position r, albeit very slowly.

The slow variation of the complex amplitude A(r) with propagation distance can be
expressed mathematically as follows∣∣∣∣∂2A(r)

∂z2

∣∣∣∣ � ∣∣∣∣∂2A(r)
∂x2

∣∣∣∣ ,
∣∣∣∣∂2A(r)

∂y2

∣∣∣∣ ,
∣∣∣∣k ∂A(r)

∂z

∣∣∣∣ . (2.24)

Substitution of Eq. (2.21) into Eq. (2.7) and dropping the second derivative of the com-
plex amplitude with respect to z leads to the paraxial equation

∇2
⊥A(r) + 2ik

∂A(r)
∂z

= 0, (2.25)

where the symbol ⊥ denotes the transverse part and

∇2
⊥ =

∂2

∂x2 +
∂2

∂y2 , (2.26)

is the transverse Laplacian in Cartesian coordinates.

Maxwell’s Equations as given in Eq. (2.1) - Eq. (2.4) are based on real electric and mag-
netic fields, however, the fields can be expressed in complex notation as in Eq. (2.6).
In what follows we consider the complex amplitude keeping in mind that the phys-
ical field is obtained by also considering the complex conjugate and adding the two
together as is done in Eq. (2.6). With this said, we proceed to write (where we have
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chosen to omit the “tilde” which denotes the complex nature of the functions for suc-
cinctness.)

∇× E = iωµ0H, (2.27)

and

∇×H = −iωε0E. (2.28)

Expanding the former and making H subject of the formula we obtain

H =
i

ωµ0

[(
∂Ez

∂y
−

∂Ey

∂z

)
x̂−

(
∂Ez

∂x
− ∂Ex

∂z

)
ŷ +

(
∂Ey

∂x
− ∂Ex

∂y

)
ẑ
]

. (2.29)

Let us choose the x−component of H and substitute the corresponding electric field
components as obtained from the expansion of Eq. (2.28)

Hx =
1

ωµ0

1
ωε0

[
∂

∂y

(
∂Hy

∂x
− ∂Hx

∂y

)
+

∂

∂z

(
∂Hz

∂x
− ∂Hx

∂z

)]
, (2.30)

by making the substitution c2 = 1
ε0µ0

, ω = ck and noting that Hj = hj exp [ikz]
(Eq. (2.21)) we obtain

Hx =
i
k

∂Hz

∂x
− i

k
∂Hx

∂z
+O(1/k2) (2.31)

where we have used the paraxial equation

∂hj

∂z
=

i
2k

[
∂

∂x
∂hj

∂x
+

∂

∂y
∂hj

∂y

]
, (2.32)

and dropping all the terms which are second order and higher in the coefficient 1
k we

end up with

Hx ≈ i
k

[
∂Hz

∂x
− ∂Hx

∂z

]
= −

√
ε0

µ0
Ey. (2.33)

A similar derivation process can be followed to obtain the y component

Hy =

√
ε0

µ0
Ex. (2.34)
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The full expression for the magnetic field can be written in terms of the transverse
H-field components or the transverse E-field components as follows

H = Hx x̂ + Hyŷ + Z0 ∇⊥ ·H⊥ ẑ

∼=
1

Z0

[
ẑ× E⊥ +

i
k
∇⊥ × E⊥

]
, (2.35)

where Z0 =
√

µ0
ε0

is the impedance of free-space.

Perhaps, the most surprising and interesting feature of the above equation is that the
z component of the H-field is not zero. This feature has implications for the flow of
the energy as it leads to the transverse flow of energy for the optical field. This feature
of non-zero z component is not special to the H-field, as it happens it can easily be
shown that the E-field also possesses a non-zero z component, and can be expressed
as follows

E ∼= E⊥ +
i
k
∇⊥ · E⊥ ẑ. (2.36)

Next, we delve into the details of the paraxial angular momentum and show the im-
plications of the non-zero z components of the electric and magnetic fields.

2.4.1 Paraxial angular momentum

Given the expression for the paraxial electric and magnetic fields we proceed to estab-
lish the paraxial angular momentum. We begin by first obtaining the expression for
the time averaged momentum density in terms of u(r) by using Eq. (2.13). To achieve
this we substitute Eq. (2.35) and Eq. (2.36) and evaluate the cross product to find

p =
ε0

4ω
[i {u (r)∇⊥u∗ (r)− u∗ (r)∇⊥u (r)}

+i (αβ∗ − α∗β)∇⊥|u (r) |2 × ẑ + 2k|u (r) |2ẑ
]

, (2.37)

where we have considered3

E⊥ = αu (r) x̂ + βu (r) ŷ, (2.38)

α and β are complex numbers associated with the x and y components of the electric
field and are subject to the condition

|α|2 + |β|2 = 1. (2.39)

These complex numbers are also related to the polarization of the optical field.

3In our consideration here, we use fields that are uniformly polarized. However, it is quite straight
forward to generalize to non-uniformly polarized optical fields.
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The transverse terms which contain derivatives come from the terms of the cross prod-
uct that contain the z components of the electric and magnetic fields. They represent
the transverse flow of electromagnetic energy. In their absence, the only term that
is present in the linear momentum density expression is the z component which is
related to the intensity of the optical field.

The transverse terms in Eq. (2.37) can be separated into two to represent the two types
of linear momentum: One that is associated with the vectorial nature (spin) of the
fields and one that is associated with the spatial distribution (orbital) of the fields.

Spin angular momentum

In converting to cylindrical coordinates (r, φ, z) we can rewrite the second term in
Eq. (2.37) as follows

ε0

4ω
σ∇⊥|u (r) |2 × ẑ = − ε0

4ω
σ

∂|u (r, φ, z) |2
∂r

φ̂, (2.40)

where σ = i (αβ∗ − α∗β). The factor σ comes from the x and the y components of
the electric field. Since the complex numbers (α, β) are related to the polarization of
the optical field it follows that the σ factor represents the linear momentum density
associated with polarization.

Therefore, we proceed to obtain the SAM density by taking the cross product of the
transverse radius vector rr̂ and RHS of Eq (2.40)

jsz = −
ε0

4ω
rσ

∂|u (r, φ, z) |2
∂r

ẑ. (2.41)

The above angular momentum density depends on the local gradient and the spin
term σ. The value of σ is in the range −1 ≤ σ ≤ 1, with equality for left circularly
polarized light (−1) and right circularly polarized light (1). It goes to zero for linearly
polarized and unpolarized light, as expected since the SAM should be zero for such
light.

Orbital angular momentum

Here, while still considering cylindrical coordinates we take a complex function which
obeys the paraxial approximation and has the form

u(r, φ, z) = a(r, z) exp [i`φ] . (2.42)
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Given the above function we find the OAM by substituting into the first term of
Eq. (2.37) and taking the cross product with the radius vector rr̂

joz =
ε0

2ω
`|u (r, φ, z) |2 ẑ. (2.43)

This result shows that the OAM density contribution to the total angular momentum
density depends on different parameters than the SAM. In this instance, for optical
fields with an azimuthal phase dependence, the orbital angular momentum depends
on `.

In an effort to elaborate on what the ` in the above equations represents we rewrite
Eq. (2.42) as follows

u(r, φ, z) = a0(r, z) exp [i (kz + `φ)] , (2.44)

where we have included the contribution to the phase term that comes from the prop-
agation of the optical field. The form of the complex function allows us to write the
condition for the wavefronts of the optical field as follows

`φ + kz = const + 2πn, (2.45)

where const is a constant and n is an integer. This equation can be contrasted with
that of the plane wave wavefronts. In the case of a plane wave, the wavefronts can be
described as a sequence of planes separated by the wavelength λ of the optical field.
In Eq. (2.45) there is an additional contribution in the form of `φ. Since φ is different
across the transverse plane for a given value of r it follows that the surface of constant
phase is not as simple as in the plane wave case. Rather, the surface of constant phase
as described by Eq. (2.45) is a helical structure. Figure 2.1 shows a schematic of a
typical helical wavefront.

A way to think about the emergence of the helicity of the wavefronts is by imagining
that the azimuthal dependence modulates the phase distribution of the plane wave at
each point on the plane in such a way that each point at a given radius has a different
phase value along the φ̂ direction. Such a modulation leads to a modification of the
wavefronts of the optical field. Instead of having all the points that give the same
phase lay on a plane, the presence of the azimuthal term causes the points of the same
phase to lie on a helix along the direction of propagation. This distribution of the
phase values is responsible for the helical structure of the wavefronts, and ultimately
for the OAM carried by the optical field.

Total angular momentum

In the discussions above we have so far dealt with angular momentum densities, here
we put everything together and give the total angular momentum. Doing so requires
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z

λ

FIGURE 2.1: Typical surface of constant phase, wavefront, for an optical
field with non-zero OAM.

integration over all space, however, it is common when working with paraxial optical
fields to only consider integration over the transverse plane rather than over all space.
This means that the quantity of interest is no longer the total angular momentum
rather it is the angular momentum per unit length. Nonetheless, we shall still refer to
it as the total angular momentum.

The total angular momentum of the optical field along the direction of propagation is
obtained by adding Eq. (2.41) and Eq. (2.43) together and integrating over the trans-
verse plane as follows

Jz =
ε0

2ω
`
∫

r|a (r, z) |2drdφ− ε0

4ω
σ
∫

r2 ∂|a (r, z) |2
∂r

drdφ. (2.46)

In order to accentuate the two different contributions to the total angular momentum,
it is also common to consider the ratio of the total angular momentum to the total
energy in the field. The energy in the optical field is calculated as the z component of
the linear momentum density multiplied by the speed of light in a vacuum integrated
over the transverse plane as follows

W =
ε0

2

∫
r|a (r, z) |2drdφ. (2.47)

Finally, we have after performing integration by parts with respect to r on the second
term of Eq. (2.46) and setting a (r, z) = 0 as |r| → ∞

Jz

W
=

`

ω
+

σ

ω
. (2.48)

This result shows that the total angular momentum is given by the sum of the OAM
which is a consequence of the azimuthal phase exp[i`φ] and the SAM which is due to
the polarization dependent term σ.



26 Chapter 2. Background theory

2.4.2 Optical fields with OAM

The paraxial equation, being a first-order partial differential equation with respect
to the propagation direction z, can be solved using any of the available methods for
partial differential equations [110]. While all of these methods should give the same
result, albeit, with varying degrees of difficulty, it follows that the form of the solu-
tion to the paraxial equation is dependent on the symmetry of the coordinate sys-
tem. For instance, the rectangular symmetry of most cavities results in modes that
are super-positions of the Hermite-Gaussian(HG) modes. Solving the same equation
under cylindrically symmetric conditions (r, φ, z) gives rise to the so-called Laguerre-
Gaussian(LG) modes. Both these modes, HG and LG, form a basis4 set and therefore
any optical field can be expanded in their superposition.

In this work, however, we will only focus on the LG modes which can be expressed
mathematically as follows

u`,p(r, φ, z) =
C`,p

w(z)

(
r
√

2
w(z)

)`

L|`|p

(
2r2

w2(z)

)
exp

[
− r2

w2(z)

]
× exp

[
i (2p + |`|+ 1) arctan

(
z

zR

)]
exp [i`φ]

× exp

[
− ikr2z

2
(
z2 + z2

R
)] , (2.49)

where p is the radial index, ` is the azimuthal index

C`,p =

√
2p!

π (p + |`|)! , (2.50)

is a normalisation constant, L`
p(·) is the generalised Laguerre polynomial, w(·) is the

width of the LG mode which is given in terms of the beam waist w0 as

w(z) = w0

√
1 +

(
z

zR

)2

, (2.51)

with

zR =
πω2

0
λ

, (2.52)

as the Rayleigh range, and λ is the wavelength of the optical field.

4There are two important requirements for a basis: Firstly, the set must consist of linearly independent
elements, that is, none of the elements should be expressible in terms of a linear combination of the other
elements. Secondly, the basis elements must be complete, that is, each element of the space must be
expressible in terms of a linear combination of the basis elements exactly.
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The expression of the LG modes can be broken down into two terms, the amplitude
term and the phase term

u`,p(r, φ, z) = A`,p (r, z) exp
[
iψ`,p (r, φ, z)

]
. (2.53)

The amplitude term determines the intensity of the optical field, whereas the phase
term is responsible for the structure of the wavefronts. We will, from this point on,
focus mainly on the phase term as it expresses the condition necessary for the optical
field to carry OAM. The phase of the LG mode given above can be written out as

ψ`,p (r, φ, z) = − kr2z
2
(
z2 + z2

R
) + (2p + `+ 1) arctan

(
z

zR

)
+ `φ. (2.54)

The first term is responsible for the curvature of the wavefronts and thus contributes to
the deviation of the optical field from the plane wave structure [42]. The second term
is the so-called Gouy phase and represents an offset from the ideal plane or spherical
wave [111, 112, 113]. The last term represents the azimuthal dependent phase, this
term is responsible for the OAM contained in the LG mode [44]. The OAM carried by
the LG mode is proportional to the magnitude of the azimuthal index `. Since OAM
is a vector quantity, the magnitude of ` determines the amount of OAM carried by
the optical field and the sign of ` determines the direction of the OAM carried by the
optical field.

Since the azimuthal angle φ is defined with respect to the cross-section of the optical
field, it is easy to see that it has a singularity at the origin, as such the intensity of the
LG modes with non-zero ` has an annular character. Figure 2.2 shows the intensity
profiles and the phases of the LG modes with p = 0. LG modes with a non-zero radial
index p have rings dependent on the value of p, however, for this work LG modes
with the radial index p = 0 will be used.

Generation of optical fields with OAM

The LG modes as discussed in the previous section are only useful when they are
generated physically. In physical form, they can be used either in applications or to
perform experiments. In either case, one has to be able to generate them. As it hap-
pens, there are a number of different methods that can be followed in generating such
optical fields. However, by far, the computer generated hologram method [52, 114], is
the most widely used and preferred way of generating OAM carrying optical fields.
This method is generally preferred because of its simplicity and ease of use. A com-
puter generated hologram is formed in a computer as an interference pattern between
a reference optical field and some desired optical field pattern. This interference pat-
tern can be displayed on a spatial light modulator (SLM). The SLM is then illuminated
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FIGURE 2.2: The intensity and phase patterns for different LG modes
with radial index p = 0. a) The LG mode with azimuthal index ` = 0;

b) LG mode with azimuthal index ` = 1; c) LG mode with ` = 3
.

with the reference optical field to produce the desired optical field pattern. An SLM
is a pixelated liquid crystal device that is reconfigurable and gives control over the
generation of computer holograms.

While the above described when combined with a diffraction hologram can be used
to generate many different transverse distributions of optical fields, it has been shown
that to have absolute control over the generation of specific transverse distributions
phase masking becomes paramount [115, 116].

The paraxial approximation allows for the separation of OAM and SAM to be physi-
cally meaningful, and thus each of these physical quantities to be prepared, and deter-
mined independently. This implies that, in principle, we can control the polarization
properties and spatial properties of optical fields independently. The discussions, so
far, have been based on classical fields. Nonetheless, the properties of light that were
discussed extend in a natural way to the case of single photons, which is the domain
of quantum mechanics.

2.5 Quantum optical fields

The notion that single photons can be prepared in the SAM and OAM degrees of free-
dom independently implies a practical realization of photonic quantum digits. How-
ever, as is well-known the SAM degree of freedom spans a two-dimensional Hibert
space and thus can only be used to describe a qubit. Qubits are defined as quantum
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binary digits and can be used to represent the simplest unit of quantum information,
as will be shown below. The OAM degree of freedom, on the other hand, allows for
a much larger Hilbert space and thus can be used to describe the so-called quNits.
QuNits are described as high-dimensional quantum digits. The high-dimensionality
of the OAM Hilbert space has led to proposals for the use of OAM as a basis for en-
coding information into single photon fields [117, 63].

The OAM degree of freedom has applications in quantum communication and quan-
tum information processing. It can be used for instance, for secure free-space quan-
tum communication in which information is encoded into a single-photon field. Such
a photon could be a member of a composite quantum system where the states of the
system are related via quantum entanglement.

2.5.1 Quantum states

Quantum mechanics is a theoretical framework which allows for the description of a
vast number of physical phenomena. While much of its formal properties are deeply
abstract and counter-intuitive, it has stood the test of experiment. A quantum me-
chanical description of a physical system is given through a state vector and is usually
written in Dirac notation as |ψ〉. The state vector can be expanded in terms of a suit-
able basis within a Hilbert space. For a two-dimensional system, one can consider
the orthonormal standard basis {|0〉, |1〉}. In terms of this basis, the state vector of an
arbitrary physical system can be expressed as

|ψ〉 = α|0〉+ β|1〉, (2.55)

where α and β are complex numbers and are referred to as probability amplitudes.
It is expected that such a state vector be normalized for it to characterize a physical
system. This condition implies that in the case of an orthonormal basis set

|α|2 + |β|2 = 1. (2.56)

In quantum information science, the state vector in Eq. (2.55) is commonly referred
to as a qubit. While the qubit expression is sufficient for the description of a single
system, it is a common occurrence that one has to describe more than one system. The
simplest way to define the state of a composite system made up of two independent
subsystem A and subsystem B is in terms of a tensor product as follows

|ψ〉AB = |A〉 ⊗ |B〉, (2.57)

where |A〉 and |B〉 are single qubit states. The composite system state expressed in
Eq. (2.57) is also known as a product state.
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Density matrix

The discussion has, upto this point, been based on pure states. The state vector de-
scription that has been maintained thus far is only possible for such states. However,
there exists other states that cannot be expressed in this way, and these are called
mixed states. There is no simple way to describe such states mathematically apart
from the introduction of the concept of a density matrix, usually denoted as ρ. The
density matrix of a pure state |ψ〉 is simply

ρ = |ψ〉〈ψ|, (2.58)

where |ψ〉 could be a single qubit or a composite system state. The mathematical
representation of a mixed state in terms of a density matrix is given as

ρ = ∑
j

pj|ψj〉〈ψj|, (2.59)

where pj is the probability for the quantum system to be in the state |ψj〉. Since the pj’s
are probabilities it follows that

∑
j

pj = 1, (2.60)

and
0 ≤ pj ≤ 1 (2.61)

also important to note is that |ψj〉 is a pure state. From Eq. (2.59) it can be seen that a
mixed state is a weighted-average of an ensemble of pure states. It can further be seen
that the description in terms of a density matrix is more general than the state vector
representation.

A density matrix is a tool for working with quantum systems and has certain prop-
erties that it has to satisfy in order to represent a physical system. The first and most
obvious is the requirement that it be Hermitian,

ρ = ρ†. (2.62)

This is important since it represents real physical systems, and from quantum me-
chanics we know that observables are represented by Hermitian operators. In order
to express the other conditions that the density matrix has to satisfy, we first have
to introduce a basis set |φn〉 that is complete and for convenience, orthonormal. The
completeness of the basis implies that

∑
n
|φn〉〈φn| = 1, (2.63)
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and the orthonormality,

〈φn|φm〉 =

1, m = n

0, otherwise.

In terms of the basis set, we have that any arbitrary pure state, or the ith state of the
ensemble representing a mixed state, can be expanded as follows

|ψi〉 = ∑
n

a(i)n |φn〉, (2.64)

where a(i)n = 〈φn|ψi〉 is the complex amplitude associated with the basis element |φn〉
in the state |ψi〉. The corresponding mixed state density matrix elements are given as

ρmn = ∑
j
〈φm|ψj〉〈ψj|φn〉pj

= ∑
j

a(j)
n a(j)∗

m pj. (2.65)

It can be shown using Eq. (2.65) that the trace of the density matrix that represents a
real physical system is given as

trace {ρ} = 1. (2.66)

This condition is enforced by the requirement of the total probability of the system to
be unity.

Given a density matrix ρ that represents some quantum system, it is possible to check
its purity by taking the trace of ρ2. The purity of a quantum system represented in the
density matrix formalism is given as

trace
{

ρ2} ≤ 1. (2.67)

In the case of a pure state we that, trace
{

ρ2} = 1, therefore it follows that the purity
of a mixed state is less than unity.

Quantum entanglement

While classical systems are also known to possess correlations between subsystems
of a composite system, in quantum mechanics, we can define a different type of cor-
relation between subsystems of a composite system. This feature of quantum sys-
tems is called entanglement. The “model” states, for a two-dimensional Hilbert space
that represent this deeply eccentric and unintuitive characteristic are the so-called Bell
states

|Ψ+〉 = 1√
2
(|0〉A ⊗ |1〉B + |1〉A ⊗ |0〉B) , (2.68)
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|Ψ−〉 = 1√
2
(|0〉A ⊗ |1〉B − |1〉A ⊗ |0〉B) , (2.69)

|Φ−〉 = 1√
2
(|0〉A ⊗ |0〉B − |1〉A ⊗ |1〉B) , (2.70)

|Φ+〉 = 1√
2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) . (2.71)

The Bell states, as expressed above are maximally entangled. Mathematically, a quan-
tum system in a pure state is said to be entangled if its state vector cannot be expressed
as a product state

|ψ〉AB 6= |A〉 ⊗ |B〉. (2.72)

In the density matrix formalism (or for a mixed state) a composite system consisting
of subsystem A and subsystem B is said to be entangled if it cannot be written as

ρAB = ∑
j

pjρ
j
A ⊗ ρ

j
B, (2.73)

where pj are the probabilities satisfying the conditions given in Eq. (2.60) and Eq. (2.61),
ρ

j
A and ρ

j
B are density matrices for the two subsystems.

For a two dimensional system a common method of quantifying the entanglement in
the system is through the computation of the concurrence [118]. The concurrence is
defined as follows

C(ρAB) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (2.74)

where λi are the eigenvalues of the matrix

R = ρAB(σ2 ⊗ σ2)ρ
∗
AB(σ2 ⊗ σ2), (2.75)

in decreasing order, with σ2 as the Pauli matrix given below and the asterisk denotes
complex conjugation.

For a three-dimensional system, qutrits, one of the methods that is used to quantify
entanglement is the negativity [79]. The negativity is defined as follows

E =
1
2 ∑

n
(λn − |λn|) , (2.76)

where λn is nth eigenvalue of the partial transpose of the density matrix.

Quantum state tomography

Quantum state tomography is concerned with determining or characterizing the state
of a quantum system. For a single qubit system, the density matrix is a 2× 2 matrix,



2.5. Quantum optical fields 33

and thus can be expressed in terms of the Pauli matrices and the identity matrix as
follows

ρ =
σ0

2
+

1
2

3

∑
n=1

αnσn, (2.77)

where αn represents the coefficient or weight of the nth Pauli matrix,

σ1 =

[
0 1
1 0

]

σ2 =

[
0 −i
i 0

]

σ3 =

[
1 0
0 −1

]
,

and the 2× 2 identity matrix is given by

σ0 =

[
1 0
0 1

]
.

The Pauli matrices as given above are orthogonal

trace {σmσn} =

2, m = n

0, m 6= n
.

The quantum state ρ can be determined by performing measurements on the system
that will reveal the coefficients αn. The most common measurement method in practice
and that used in this work is the projective measurement method. However, there are
other methods such as the positive operator valued measurement (POVM) method,
which is more general than the projective method [3].

A projective measurement is described as an observable M [3], which due to its Her-
miticity, has a spectral decomposition

M = ∑
m

mPm, (2.78)

where Pm is a projective operator onto the eigenspace of M with eigenvalue m. In this
formalism, the eigenvalues m correspond to the possible results of the measurement of
the observable M. Therefore, given a density matrix ρ the average value or expectation
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value of the observable M can be determined as follows

E(M) = trace {ρM}
= ∑

m
m trace {ρPm} , (2.79)

where trace {ρPm} is the probability of obtaining the measurement result m.

Recasting all of the above into the problem of determining the density matrix of an
unknown quantum state, we realize that the Pauli matrices are Hermitian, and thus
can be subject to a spectral decomposition. The eigenstates of the Pauli matrices are
given as

σ1 →
1√
2
{|0〉+ i|1〉, |1〉+ i|0〉} , (2.80)

σ2 →
1√
2
{|0〉+ |1〉, |0〉 − |1〉} , (2.81)

σ3 → {|0〉, |1〉} . (2.82)

If we represent the Pauli matrices in terms of their eigenstate decomposition, we find
that

σn = |an〉〈an| − |bn〉〈bn|, (2.83)

where an and bn are the eigenstates of the corresponding Pauli matrices, as it happens
all the Pauli matrices have eigenvalues±1 for the respective eigenstates, an and bn. For
each of the Pauli matrices, the coefficient is determined as an average value according
to

αn = trace{ρσn} = 〈an|ρ|an〉 − 〈bn|ρ|bn〉, (2.84)

where 〈·|ρ|·〉 is the probability of obtaining either measurement result.

The density matrix in terms of the coefficients in matrix form is given as

ρ =
1
2

[
1 + α3 α2 − iα1

α2 + iα1 1− α3

]
.

Earlier we introduced the concept of entanglement, one of the most bizarre predictions
of quantum mechanics. Entanglement, as a property of non-classical systems requires
more than one system to be meaningful. The density matrix of a two-qubit system can
be expressed in terms of the Pauli matrices as follows

ρAB =
1
4

[
σ0 ⊗ σ0 + ∑

mn
αmnσm ⊗ σn + ∑

m
αm0σm ⊗ σ0 + ∑

n
α0nσ0 ⊗ σn

]
, (2.85)

where αmn is the coefficient of the corresponding Pauli matrix tensor product, with
m, n = 1, 2, 3, σ0 is the 2× 2 identity matrix, αm0 and α0n are the coefficients for the
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matrices that are a tensor product of the Pauli matrix and the identity. The basis ma-
trices, which represent the observables with respect to which the measurements are to
be made, can be separated into three sets; the first of which is given as follows

σm ⊗ σn = (|am〉〈am| − |bm〉〈bm|)⊗ (|an〉〈an| − |bn〉〈bn|)
= |am, an〉〈an, am| − |am, bn〉〈bn, am| − |bm, an〉〈an, bm|

+|bm, bn〉〈bn, bm|. (2.86)

The average value, and thus coefficient of the above observable becomes

αmn = trace {ρσm ⊗ σn}
= 〈am, an|ρ|am, an〉 − 〈am, bn|ρ|am, bn〉 − 〈bm, an|ρ|bm, an〉

+〈bm, bn|ρ|bm, bn〉. (2.87)

The second set of measurements is determined as

α0n = trace {ρσ0 ⊗ σn}
= 〈am, an|ρ|am, an〉 − 〈am, bn|ρ|am, bn〉+ 〈bm, an|ρ|bm, an〉
−〈bm, bn|ρ|bm, bn〉, (2.88)

and the last set

αm0 = trace {ρσm ⊗ σ0}
= 〈am, an|ρ|an, am〉+ 〈am, bn|ρ|bn, am〉 − 〈bm, an|ρ|an, bm〉
−〈bm, bn|ρ|bn, bm〉. (2.89)

In matrix form, the coefficients are combined according to the Pauli matrices as follows

ρAB = 1
4


1 + α33 + α03 + α30 −iα31 + α32 − iα01 + α02 −iα13 + α23 − iα10 + α20 −α11 − iα12 − iα21 + α22

iα31 + α32 + iα01 + α02 1− α33 − α03 + α30 α11 − iα12 + iα21 + α22 iα13 − α23 − iα10 + α20

iα13 + α23 + iα10 + α20 α11 + iα12 − iα21 + α22 1− α33 + α03 − α30 iα31 − α32 − iα01 + α02

−α11 + iα12 + iα21 + α22 −iα13 − α23 + iα10 + α20 −iα31 − α32 + iα01 + α02 1 + α33 − α03 − α30

.

Given the full system density matrix ρAB it is also possible to extract the density matrix
of the subsystems through a partial trace

ρB = traceA {ρAB}

=
1
4

[
trace (σ0) σ0 + ∑

mn
αmntrace (σm) σn + ∑

m
αm0trace (σm) σ0

+ ∑
n

α0ntrace (σ0) σn

]
. (2.90)
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It follows that the Pauli matrices and the identity matrix satisfy the property

trace {σm} =

2, m = 0

0, m 6= 0

therefore,

ρB =
1
2

[
σ0 + ∑

n
α0nσn

]
. (2.91)

This result shows that we can simply generate the qubit density matrix by just consid-
ering the coefficients that correspond to the measurement of the observable σ0 ⊗ σn.
However, it does not tell us how to use the elements of the full density matrix to obtain
the subsystem density matrix given that we do not have access to the individual coef-
ficients. That is, how do we relate the elements of the bigger matrix to the subsystem
density matrix? Suppose that we already have the full system density matrix in terms
of its elements after performing an actual experiment, how do we use this information
to generate a subsystem density matrix? The derivation of this result is left-out, here
we only show the final result. Given that the full density matrix is

ρAB =


ρ00 ρ01 ρ02 ρ03

ρ10 ρ11 ρ12 ρ13

ρ20 ρ21 ρ22 ρ23

ρ30 ρ31 ρ32 ρ33

 ,

it follows that the operation of the partial trace is, in the case that we trace over A (a
similar analysis exists for subsystem A by tracing over B)

ρB =

[
ρ00 + ρ22 ρ01 + ρ23

ρ10 + ρ32 ρ11 + ρ33

]
.

To confirm that this is correct, we do a simple substitution using the elements in the
4× 4 density matrix shown above in terms of the Pauli matrix coefficients

ρB =
1
4

[
2 + 2α03 2α02 − 2iα01

2α02 + 2iα01 2− 2α03

]
,

This is exactly the result that we obtained in Eq. (2.91). This implies that we can always
generate the density matrix of any of the subsystems if we have the full density matrix,
even if we do not have direct access to the measured coefficients, individually.
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Using this method of generating subsystems from the full density matrix, we can show
an interesting feature about entangled systems. Given, for instance the density matrix

ρAB =
1
2


0 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

 ,

corresponding to the Bell state

|Ψ+〉 = 1√
2
(|0〉A ⊗ |1〉B + |1〉A ⊗ |0〉B) , (2.92)

it follows that,

ρA = ρB =
1
2

[
1 0
0 1

]
,

that is, even though the full system is in a pure state, the subsystems are mixed states.
While you know all there is to know about the full system (within the bounds of quan-
tum mechanics), it seems you do not learn anything about the full system from its
components when studied individually! This implies that the information in an en-
tangled system is contained in the correlations of the subsystem rather than in the
individual systems. This is in stark contrast to how classical systems behave.

This method for the characterization of the density matrix can be generalised to M
qubits through

αn1n2n3...nM =
1

2M trace {ρσn1 ⊗ σn2 ⊗ σn3 · · · σnM} , (2.93)

where each ni is an element of {0, 1, 2, 3}. The full M qubit density matrix is therefore
given by

ρ = ∑
n1n2n3...nM

αn1n2n3...nM (σn1 ⊗ σn2 ⊗ σn3 · · · σnM) . (2.94)

So far we have considered quantum systems that are made up of qubits, whether sin-
gle or composite. However, as was noted in the introduction for this section when
motivating for the OAM as a possible degree of freedom to explore, we can also have
systems that exist in higher dimensional Hilbert spaces. A quantum system that exists
in an N-dimensional Hilbert space is called a quNit and can be expressed mathemati-
cally in the density matrix notation as follows

ρ = ∑
n

αnτn (2.95)

where the αn are the weight coefficients, τn are the generalized Gell-Mann matrices,
n = {0, 1, 2, ..., N2 − 1}.
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The general structure of the generalized Gell-Mann matrices is as follows

Symmetric: N(N−1)
2 elements

τsym = |j〉〈k|+ |k〉〈j|, 0 ≤ j ≤ k ≤ N − 1 (2.96)

Anti-symmetric: N(N−1)
2 elements

τant = −i|j〉〈k|+ i|k〉〈j|, 0 ≤ j ≤ k ≤ N − 1 (2.97)

Diagonal: N − 1 elements

τdia =

√
2

N(N + 1)

( l

∑
j
|j〉〈j| − l|l + 1〉〈l + 1|

)
, 0 ≤ l ≤ N − 2. (2.98)

Other than the fact that we now work in a high-dimensional Hilbert space, the pro-
cedure for characterizing a quNit density matrix is the same as that for a qubit. The
coefficients of the generalized Gell-Mann matrices can be obtained in the same way

αn =
1
N

trace (ρτn) . (2.99)

The generalization to M quNits is also the same

αn1n2n3...nM =
1

NM trace (ρτn1 ⊗ τn2 ⊗ τn3 · · · ⊗τnM) , (2.100)

where each ni is an element of {0, 1, 2...N2 − 1}. The full M quNit density matrix is
given as

ρ = ∑
n1n2n3...nM

αn1n2n3...nM (τn1 ⊗ τn2 ⊗ τn3 · · · ⊗τnM) . (2.101)

2.5.2 Spontaneous Parametric Down Conversion

The development of quantum optics and related applications such as quantum com-
munication, quantum metrology, etc. depends upon a source for quantum light that
has two crucial properties. A source that is capable of generating single photons, and
a source that is able to generate pairs of photons that are entangled. Fortunately, spon-
taneous parametric down conversion (SPDC) is able to do both.

The SPDC is a non-linear optical process that produces a pair of entangled single pho-
tons from a single input pump photon. This process occurs when a pump optical
field (beam) is incident upon a non-centrosymmetric non-linear optical material with
sufficient intensity. Materials with a non-vanishing non-linear susceptibility χ(2) are
non-centrosymmetric [119, 59]. Therefore, it is only in such materials that SPDC is
possible.
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pump

BBO
signal

idler

FIGURE 2.3: Schematic illustrating the SPDC process. An input beam
is split into two photons, signal and idler, after passing through a non-

linear crystal, β-Barium Borate (BBO).

The two photons generated in the SPDC process are referred to as the signal and idler
photons. In Fig. 2.3 we show a simplified schematic of the SPDC process. The SPDC
process photons satisfy two conditions; the frequency matching condition

ωp = ωs + ωi, (2.102)

which implies a conservation of energy, and the phase matching condition,

npkp = nsks + niki, (2.103)

which implies a conservation of momentum. The subscripts p, s, i are labels for the
pump, signal and idler optical fields; the ω represents the angular frequencies, n rep-
resents the indices of refraction5 and the k represents the vacuum wave vectors for
each of the photons. The latter also contains information about the direction of prop-
agation of each of the photons.

The probability amplitude for an input pump photon to be converted into a signal-
idler pair is given by

P = Ω0

∫
Ψ(Kp)Ψ∗(Ks)Ψ∗(Ki)δ(∆K)S(∆kz)

d2Kp

4π2
d2Ks

4π2
d2Ki

4π2 , (2.104)

where Ψ(k) denotes the respective angular spectra, K is the two-dimensional trans-
verse wave vector (kx, ky), kz is the longitudinal component of the full three dimen-
sional wave vector k, Ω0 is an overall conversion efficiency factor that depends on the
non-linear susceptibility χ(2).

The transverse phase matching condition is represented by the Dirac delta function
δ(∆K), where its argument is given as

∆K = npKp − nsKs − niKi, (2.105)

5In general the indices of refraction also depend on frequency.
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the longitudinal phase matching condition is represented by the phase matching func-
tion [42]

S(∆kz) = sinc
(

∆kzL
2

)
, (2.106)

where
∆kz = npkp,z − nsks,z − niki,z, (2.107)

and L is the crystal longitudinal length.

In this work, we considered the so-called Type I phase matching condition in which
the signal and idler have the same polarization - corresponding to the ordinary po-
larization and ordinary index of refraction, and the pump beam has the orthogonal
polarization. That is, ns = no = ni.

In the degenerate case, the pump, signal and idler optical fields are related through

|ks| = |ki| =
ωp

2c
. (2.108)

Under perfect phase matching conditions it follows that the index of refraction of the
pump optical field can be expressed in terms of the index of refraction of the signal
and idler optical fields (no)

np = nocosφ, (2.109)

where φ is the angle between the pump optical field wave vector and that of either the
signal or idler optical fields. Substituting Eq. (2.109) into Eq. (2.105) we find that

∆K = nocosφKp − noKs − noKi. (2.110)

In Eq. (2.104) the transverse integrals over the pump optical fields leads to the follow-
ing expression for the pump field coordinates

Kp =
Ks + Ki

cosφ
. (2.111)

Let us now turn our attention to the longitudinal phase matching condition. We begin
by considering the signal and idler components

kn,z =

√
ω2

n
c2 − k2

n,x − k2
n,y

=

√√√√ω2
p

4c2 −
ω2

psin2φ

4c2 −
(

k2
n,x + k2

n,y −
ω2

psin2φ

4c2

)

=
ωpcosφ

2c

√√√√√
1−

4c2

(
k2

n,x + k2
n,y −

ω2
psin2φ

4c2

)
ω2

pcos2φ
, (2.112)
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where n = s, i.

Invoking the paraxial approximation, and noticing that the term in the brackets is very
small, we apply the binomial approximation to obtain

kn,z =
ωpcosφ

2c
−

c
(

k2
n,x + k2

n,y −
ω2

psin2φ

4c2

)
ωpcosφ

. (2.113)

For the pump optical field we have that

kp,z =

√
ω2

p

c2 − k2
p,x − k2

p,y

=
ωp

c

√√√√√
1−

c2
[
k2

p,x + k2
p,y

]
ω2

p


=

ωp

c
−

c
(

k2
p,x + k2

p,y

)
2ωp

, (2.114)

where we have also used the paraxial approximation and the binomial approximation.

Now, recalling the longitudinal phase matching condition

∆kz = no
[
kp,zcosφ− ks,z − ki,z

]
, (2.115)

and substituting the kz expressions we obtain

∆kz = no

−|Kp|2

2kp
+

(
|Ks|2 −

k2
psin2φ

4

)
kpcosφ

+

(
|Ki|2 −

k2
psin2φ

4

)
kpcosφ


= no

[
λp|Ks −Ki|2

4πcosφ
− πsin2φ

λpcosφ

]
, (2.116)

where we have made use of Eq. (2.111) and kp = 2π/λp.

The final expression for the probability amplitude becomes

P = Ω1

∫
Ψ
(

Ks + Ki

cosφ

)
Ψ∗(Ks)Ψ∗(Ki)

×sinc

(
noL

[
λp|Ks −Ki|2

4πcosφ
− πsin2φ

λpcosφ

])
d2Ks

4π2
d2Ki

4π2 , (2.117)

where
Ω1 =

Ω0

n2
ocos2φ

. (2.118)
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It is common to use as the pump optical field a Gaussian function. In such a case,
conservation of OAM requires that the signal and the idler optical fields to be OAM
modes with opposite azimuthal indices.

2.6 Atmospheric Turbulence

The atmosphere is made of a mixture of different gases, as such, it can be considered
as a fluid. Being a fluid, the motion of its particles can be put into two categories:
smooth motion, and rough motion. The smooth motion of the atmosphere is called
laminar and has a uniform and structured pattern. The rough aspect of the motion of
the atmosphere is referred to as turbulence and is not characterized by a structured
and uniform flow.

Atmospheric turbulence arises due to random temperature variations, and convective
air motion. During turbulent flow, air of different temperatures mixes and leads to the
formation of randomly distributed pockets known as turbulent eddies. The eddies
have a variety of sizes and temperatures. Since the temperature has an influence on
the refractive index of a material(air), it follows that the atmosphere in turbulent flow
will have a randomly varying index of refraction. The randomly varying index of
refraction of the atmosphere leads to a distortion of light that propagates through the
atmosphere.

A complete description, for fully developed turbulence, requires a solution to the
Navier-Stokes equations [120]. However, this is a very challenging problem, therefore
a lot of effort has also been put in statistical modeling. There are various statistical
models [120, 121] that have been proposed to describe and understand the turbulent
behavior of the atmosphere, most of which are based on the Kolmogorov theory of tur-
bulence. Kolmogorov developed a statistical theory of turbulence based on physical
insight and dimensional analysis [122].

In this work we are not interested in the fundamental aspects of turbulence, rather we
are only concerned with the effects of the fluctuations of the index of refraction of the
atmosphere on propagating optical fields. Therefore, in the rest of this discussion, we
are only going to focus on the effects of atmospheric turbulence with respect to light
propagation, rather than on the turbulence itself.

2.6.1 Scintillation

Atmospheric turbulence causes a distortion of the optical field profile. However, de-
pending on the strength of the scintillation, the effect of the atmospheric turbulence
can be limited to only the phase of the optical field. As the beam propagates farther
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or under more severe atmospheric conditions the scintillation becomes strong and the
effects of the atmospheric turbulence lead to intensity fluctuations of the optical field.

The intensity fluctuations can be quantified in terms of the scintillation index which
can be written as

σ2
I =
〈I2〉 − 〈I〉2
〈I〉2 , (2.119)

where I denotes the intensity of the optical field, and the angled brackets 〈·〉 repre-
sent an ensemble average. Another common way of quantifying the strength of the
scintillation to be experienced by the optical field is through the Rytov variance

σ2
R = 1.23C2

nk7/6
0 z11/6, (2.120)

where C2
n is the refractive index structure constant, k0 = 2π

λ , and z is the total propaga-
tion direction. The scintillation is said to be weak when σ2

R < 1 and strong otherwise.

2.6.2 Kolmogorov power spectral density

An optical field propagating through atmospheric turbulence undergoes a phase per-
turbation that is imparted along the propagation path. This phase perturbation is a
consequence of the fluctuations in the index of refraction of the atmosphere. The fluc-
tuations in the index of refraction can be expressed as

δn (r) = n (r)− n0. (2.121)

where n0 is the average index of refraction of the atmosphere and it has a value that
is usually equal to unity. The fluctuations in the index of refraction are usually really
small, however over large propagation distances the cumulative effects become sub-
stantial. Mathematically, the relationship between the index of refraction fluctuations
and the phase is given as

θ(R) = k0

∫ ∆z

0
δn(r)dz, (2.122)

where ∆z is the propagation distance over which the light accumulates the above
phase. Since δn (r) is a random function it follows therefore that the phase as given
above is also a random function.

As commonly done in statistics, the recommended method for describing the random
phase perturbation of the atmosphere is through moments and correlation functions.
The autocorrelation function for the phase perturbation can be written as

Wθ (R1, R2) = 〈θ(R1)θ(R2)〉 = k2
0

∫ ∆z

0

∫ ∆z

0
〈δn(r1)δn(r2)〉dz1dz2. (2.123)
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While the correlation function may seem an obvious method of characterizing the tur-
bulent atmosphere, it is, however, susceptible to systematic changes of atmospheric
conditions. As a consequence, the fluctuations in the results of measured quantities
are not always due to pure turbulence. It, therefore, follows that in order to accurately
depict the effect of atmospheric turbulence on light propagation (measured quanti-
ties) we should be able to use a method which is independent of these intermittent
contributions. The structure function is best suited to characterize the random fluc-
tuations in the phase since it is defined in terms of a difference in the phase of the
optical and therefore any intermittent contributions are removed automatically. Fur-
thermore, the correlation calculation diverges, in using the structure function instead
the divergences are removed. The structure function is given by

Dθ(R1, R2) = 〈[θ(R1)− θ(R2)]
2〉

= Wθ(R1, R1) + Wθ(R2, R2)− 2Wθ(R1, R2), (2.124)

this definition can be likened to an Allan variance which is used in atomic clock char-
acterization to prevent divergences in other measures at zero frequency [123].

A look at the structure function expression reveals the ubiquitousness of the term
〈δn(r1)δn(r2)〉. It is usually necessary to have a spectral description of the fluctuations
of the index of refraction, therefore instead of dealing with this term directly we will
model turbulence through its power spectral density. Using Fourier analysis we relate
the index of refraction fluctuations autocorrelation to its power spectral density Φn (k)
using the Weiner-Kinchine theorem as follows

Wn(r1, r2) = 〈δn(r1)δn(r2)〉 =
∫

Φn(k) exp [−i (k · (r1 − r2))]
d3k

(2π)3 . (2.125)

Using this approach implies that the atmospheric turbulence is completely described
by the function Φn (k).

In the case that we consider the atmosphere as homogeneous and isotropic, the index
of refraction autocorrelation depends only on the magnitude of the separation r =

|r1 − r2|, and the power spectral density on q = |k|. Thus, Eq. (2.125) can be rewritten
in spherical coordinates as follows

Wn(r) =
∫ ∞

0
q2Φn(q)

(∫ π

0
sinθdθ

∫ 2π

0
exp[iqrcosα]dα

)
dq

(2π)3 , (2.126)

where θ is the polar angle, and α is the azimuthal angle. The above equation is further
simplified upon evaluating the α and the θ integrals to obtain

Wn(r) = 4π
∫ ∞

0
q2Φn(q)

sin(qr)
qr

dq

(2π)3 . (2.127)
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Using Eq. (2.124) and Eq. (2.127) it follows that the index of refraction structure func-
tion can be written as follows

Dn(r) = 8π
∫ ∞

0
q2Φn(q)

(
1− sin(qr)

qr

)
dq

(2π)3 . (2.128)

By inverting Eq. (2.128) the index of refraction power spectral density is found to be
[124]

Φn(q) =
1

4π2q2

∫ ∞

0

sin(qr)
qr

∂

∂r

(
r2 ∂Dn(r)

∂r

)
dr. (2.129)

In literature most of the time the Fourier transform does not contain the term (2π)3

therefore to align with what is usually done, we make the following transformation:
Dn(r) → Dn(r)/ (2π)3, where Dn(r) is now defined by everything else except the
denominator in Eq. (2.128).

In the so-called inertial range [121] where the refractive index structure function is
described by the 2/3 power law we have that [120]

Dn (r) = C2
nr

2
3 , (2.130)

Substituting the above structure function into Eq. (2.129) we find that the power spec-
tral density becomes

Φn(q) =
0.033 (2π)3 C2

n

q
11
3

with
2π

L0
< q <

2π

`0
, (2.131)

where L0 is the outer scale of the atmospheric turbulence and `0 is the inner scale. This
is the famous Kolmogorov power spectral density and it forms the basis of the work
in this thesis.

2.6.3 Evolution of optical fields in turbulence

The Helmholtz equation as introduced in Sec.2.2.1 describes the evolution of optical
fields in a source free medium. When vacuum is the source free medium we have that
the index of refraction is given by n = 1. However, in general we can rewrite Eq. (2.7)
as

∇2u(r) + n2k2
0u(r) = 0. (2.132)

In the case of propagation through atmospheric turbulence the index of refraction
is given by Eq. (2.121) with n0 reliably represented by unity. This implies that after
application of the binomial approximation, since we assume that the fluctuation in
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the index of refraction is very small δn(r)� 1, we obtain

∇2u(r) + k2
0u(r) + 2δn(r)k2

0u(r) = 0, (2.133)

where u(r) = f (r) exp [ik0z]. Upon imposing the paraxial condition we get the stochas-
tic parabolic equation

i∂z f (r) = − 1
2k0
∇⊥ f (r) + δn (r) k0 f (r) . (2.134)

Next, we are going to discuss two methods that can be used to study the evolution of
optical fields in turbulence, particularly the evolution of OAM carrying optical fields.

Single phase screen model

Turbulence, as has already been introduced and also represented in Eq. (2.134), causes
random fluctuations in the index of refraction of the atmosphere. These random fluc-
tuations show up in the optical field as scintillation. This occurs through the random
phase that the optical acquires as it propagates. Since the fluctuations in the index of
refraction are small compared to the average index of refraction, it is usually over long
propagation distances that the scintillation becomes evident. This means that scintil-
lation is a function of both the phase perturbation and the diffraction of the optical
during propagation.

The evolution of an optical field in weak scintillation is well described by the single
phase screen model (SPS)[71]. The single phase screen model is based on the notion
that the only effect of the atmospheric turbulence on an optical field is a phase pertur-
bation. In what follows we show how this model can be used to investigate the effect
of atmospheric turbulence on OAM carrying optical fields (single photon quantum
states).

To begin we can consider an input quantum state that is represented by |ψ〉 and rep-
resent the operation of the atmospheric turbulence by U such that it denotes a phase
factor according to

U ≡ exp [iθ (R)] , (2.135)

where θ(R) is the random phase that depends on the propagation distance and the
index of refraction fluctuations as shown in Eq. (2.122). Furthermore, we assume that
the atmospheric turbulence is a unitary process which implies that the quantum states
can always be taken as pure states.

The evolution of the quantum state is given as follows

ρ (z) = Uρ0U†, (2.136)
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where ρ0 = |ψ〉〈ψ| is the input quantum state density operator. In terms of a discrete
set of orthogonal modes |`〉 we can determine the elements of the density matrix in
Eq. (2.136) as follows

ρmn (z) = 〈m|ρ (z) |n〉. (2.137)

We rewrite the above equation in terms of transverse coordinate space functions by
using an identity operator that is given as

I =
∫
|R〉〈R|d2r, (2.138)

to obtain

ρmn (z) =
∫

M∗m(R1)ψ(R1)ψ
∗(R2)Mn(R2) exp [i (θ(R1 )−θ (R2))]

×d2r1d2r2. (2.139)

The input state wave function is given by

ψ(R) = 〈R|ψ〉. (2.140)

The operation of the atmospheric turbulence is represented as follows

〈R|U|ψ〉 = ψ(R) exp [iθ(R)] . (2.141)

Finally, the discrete modes which we consider to be the LG modes (Eq. (2.49)) are given
as

〈R|`〉 = M`(R), (2.142)

where the subscript ` denotes the azimuthal index of modes .

Since turbulence is a statistical process, to obtain any meaningful information it is
usually the case that we take an ensemble average. Taking an ensemble average only
affects the exponential function which is introduced by the atmospheric turbulence
therefore upon implementing the ensemble average we find that

〈ρmn (z)〉 =
∫

M∗m(R1)ψ(R1)ψ
∗(R2)Mn(R2)〈exp [i (θ(R1 )−θ (R2))]〉

×d2r1d2r2

=
∫

M∗m(R1)ψ(R1)ψ
∗(R2)Mn(R2) exp

[
−1

2
D (|∆R|)

]
×d2r1d2r2, (2.143)

where we have made the substitution

〈exp [iθ (R1)− iθ (R2)]〉 = exp
[
−1

2
D (|∆R|)

]
(2.144)
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with ∆R = R1 − R2 and the structure function is given by [121]

D (|∆R|) = 6.88
(

∆R
r0

)5/3

, (2.145)

where

r0 = 0.185
(

λ2

C2
nz

)3/5

, (2.146)

is the Fried parameter. Due to tractability reasons when performing the calculation in
Eq. (2.143), it is common to use instead of the structure function given in Eq. (2.145)
the quadratic structure function [85]

Dquad (∆R) = 6.88
(

∆R
r0

)2

. (2.147)

Infinitesimal propagation equation

The SPS model gives reliable estimates to the effects of atmospheric turbulence under
weak scintillation conditions. However, in strong scintillation, we require a different
formulation. This is the domain of the infinitesimal propagation equation (IPE) [90,
91, 82]. The IPE is based on the multi-phase screen model. That is, it incorporates
the incremental effect of the atmosphere on the optical field. The reason that the SPS
becomes unreliable in strong scintillation is that it does not take into account intensity
fluctuations and other propagation effects such as diffraction. Therefore, to accurately
model the evolution of the optical field in atmospheric turbulence requires a model
that takes these aspects into account.

To commence the derivation of the IPE we recall that derivatives can be evaluated
with ease in the Fourier domain. Therefore, we re-express the functions in Eq. (2.134)
in terms of their transverse inverse Fourier transforms as follows

∂zF (K, z) =
i

k0
|K|2F (K, z)− ik0

∫
δN (K− q, z) F (q, z)

d2q
(2π)2 . (2.148)

In quantum optics it is common to express the state of the optical field in terms of a
density matrix

ρ (z) = |ψ〉〈ψ|

=
∫ ∫

|K1〉F (K1, z) F∗ (K2, z) 〈K2|
d2K1

(2π)2
d2K2

(2π)2 , (2.149)

where,

|ψ〉 =
∫
|K〉F (K, z)

d2K
(2π)2 . (2.150)
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The above equation shows that |ψ〉 has a z dependence through the wave-function
F (·), and |K〉 is the basis for the transverse Fourier space.

Given the z dependence we can study the evolution of the density matrix ρ by an
infinitesimal change in the z direction

∂zρ (z) =
∫ ∫

|K1〉∂z [F (K1, z) F∗ (K2, z)] 〈K2|
d2K1

(2π)2
d2K2

(2π)2 . (2.151)

By application of the product rule of differentiation to the term that contains the z
dependence using (Eq. 2.148), making the substitution

ρ (K1, K2, z) = F (K1, z) F∗ (K2, z) , (2.152)

and performing an integration along the z direction we obtain

ρ (K1, K2, z) = ρ (K1, K2, z0) +
i

2k0

(
|K1|2 − |K2|2

) ∫ z

z0

ρ (K1, K2, z1) dz1

−ik0

∫ z

z0

∫
δN (K1 − q, z1) ρ (q, K2, z1)

d2q
(2π)2 dz1

+ik0

∫ z

z0

∫
δN∗ (K2 − q, z1) ρ (K1, q, z1)

d2q
(2π)2 dz1. (2.153)

It is common when working with statistical quantities to perform ensemble averages
as a means of removing the randomness, albeit in this case, the case of the above
equation, performing an ensemble average does not lead to particularly useful results
due to the statistics of the atmospheric turbulence

〈δn(·)〉 = 0, (2.154)

that is, the fluctuations in the refractive index of the atmosphere have zero mean.
However, we can overcome this hurdle by application of the Dyson expansion. The
Dyson expansion is a recursive substitution of the density matrix by itself evaluated at
prior values of z. For instance, we can replace the density matrix ρ (·, z1) on the right-
hand side of Eq. (2.153) at some position z1 in terms of itself at an earlier position
z2

ρ (K1, K2, z1) = ρ (K1, K2, z0) +
i

2k0

(
|K1|2 − |K2|2

) ∫ z1

z0

ρ (K1, K2, z2) dz2

−ik0

∫ z1

z0

∫
δN (K1 − q, z2) ρ (q, K2, z2)

d2q
(2π)2 dz2

+ik0

∫ z1

z0

∫
δN∗ (K2 − q, z2) ρ (K1, q, z2)

d2q
(2π)2 dz2. (2.155)

Substitution of the above equation into Eq. (2.153) gives
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ρ (K1, K2, z) = ρ (K1, K2, z0) +
i

2k0

(
|K1|2 − |K2|2

) ∫ z

z0

ρ (K1, K2, z0) dz1

−
[

1
k0

(
|K1|2 − |K2|2

)]2 ∫ z1

z0

∫ z2

z0

ρ (K1, K2, z2) dz2dz1

+k2
0

∫ z1

z0

∫ z2

z0

∫ {
δN (K1 − q, z1) δN

(
q− q′, z2

)
ρ
(
q′, K2, z2

)
−δN (K1 − q, z1) δN∗

(
K2 − q′, z2

)
ρ
(
q, q′, z2

)
−δN

(
K1 − q′, z2

)
δN∗ (K2 − q, z1) ρ

(
q′, q, z2

)
+δN∗ (K2 − q, z1) δN∗

(
q− q′, z2

)
ρ
(
K1, q′, z2

) }
× d2q
(2π)2

d2q′

(2π)2 dz2dz1, (2.156)

where we have eliminated terms that involve a single refractive index in anticipation
of the ensemble average.

Application of the Dyson expansion one last time before we take the ensemble average
allows for the removal of the density matrix from the z integrals, finally taking the
ensemble average leads to

ρ (K1, K2, z) = ρ (K1, K2, z0) +
i

2k0

(
|K1|2 − |K2|2

) ∫ z

z0

ρ (K1, K2, z0) dz1

+k2
0

∫ {
ρ
(
q′, K2, z0

) ∫ z1

z0

∫ z2

z0

〈δN (K1 − q, z1) δN
(
q− q′, z2

)
〉dz2dz1

−ρ
(
q, q′, z0

) ∫ z1

z0

∫ z2

z0

〈δN (K1 − q, z1) δN∗
(
K2 − q′, z2

)
〉dz2dz1

−ρ
(
q′, q, z0

) ∫ z1

z0

∫ z2

z0

〈δN
(
K1 − q′, z2

)
δN∗ (K2 − q, z1)〉dz2dz1

+ρ
(
K1, q′, z0

) ∫ z1

z0

∫ z2

z0

〈δN∗ (K2 − q, z1) δN∗
(
q− q′, z2

)
〉dz2dz1

}
× d2q
(2π)2

d2q′

(2π)2 . (2.157)

In applying the Dyson expansion again, the second term in Eq. (2.156) will contain
terms with a single index of refraction, furthermore the terms that do not contain
any index of refraction will lead to a second-order term in ∆z after evaluating the z
integrals. Since the single index of refraction goes to zero with an ensemble average,
and the terms that are second order in ∆z are very small, we have thus eliminated them
from the final expression. The recursive substitution in the remaining terms leads to
higher order terms in the index of refraction, since the fluctuations are small we have
also excluded these terms from the final expression on the ground of smallness.

The z integrals of the ensemble average can be evaluated in a series of steps. First we
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express the index of refraction fluctuations in terms of the power spectral density and
some random function

δn (k) = χ (k)

√
Φn (k)

∆3
k

, (2.158)

where χ (·) is a Gaussian random variable with zero-mean and correlation

〈χ (k1) χ∗ (k2)〉 = δ (k1 − k2) (2π∆k)
3 , (2.159)

with the property6 χ∗ (k) = χ (−k), and ∆k is a correlation length in the Fourier
domain that is introduced by way of dimensional analysis. The second step involves
taking a product of the index of refraction fluctuation with its conjugate. Fourier trans-
forming along the z direction, and taking the ensemble average leads to

〈δN (K1, z1) δN∗ (K2, z2)〉 =
∫
〈χ (k1) χ∗ (k2)〉

√
Φn (k1)Φ∗n (k2)

∆3
k∆3

k

× exp [−ikz1 z1] exp [ikz2 z2]

×dkz1

2π

dkz1

2π
. (2.160)

Substituting the correlation of the χ (·) function, evaluating one of the kz integrals, and
using the fact that the power spectral density Φn (k) is real we obtain

〈δN (K1, z1) δN∗ (K2, z2)〉

= 4π2
∫

δ (K1 −K2)Φn (K1, kz) exp [−ikz (z1 − z2)]
dkz

2π
. (2.161)

The last step requires that we invoke the z-integrals. Since the only term that depends
on z is the exponential we can remove the terms that are constant with respect to z∫ z

z0

∫ z1

z0

exp [−ikz (z1 − z2)] dz2dz1

=
1− cos (kz∆z)

k2
z

+
sin (kz∆z)− kz∆z

k2
z

, (2.162)

where ∆z = z1 − z2. Since the power spectral density Φn (k) is an even function, it
follows that we can ignore the imaginary term since it will not contribute to the final
expression. In accordance with the Markov approximation we can assume that the
turbulent atmosphere is uncorrelated along the propagation distance. Therefore we
can set kz = 0, as such we can remove the power spectral density Φ0 (K) ≡ Φn (K, 0)
from the kz integral which leads to

∫ 1− cos (kz∆z)
k2

z

dkz

2π
=

∆z
2

. (2.163)

6 δn is an asymmetric real valued function.
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Putting everything together we obtain∫ z

z0

∫ z1

z0

〈δN (K1, z1) δN∗ (K2, z2)〉dz2dz1 (2.164)

= 2π2∆zδ (K1 −K2)Φ0 (K1) . (2.165)

A similar analysis can be done for the term 〈δN (k1) δN (k2)〉 and its conjugate 〈δN∗ (k1) δN∗ (k2)〉
by using the property χ∗ (k) = χ (−k), and the fact that the power spectral density
is an even function Φn (k) = Φn (−k). Evaluating all other integrals, substitution of
the results into Eq. (2.157), and re-expressing the equation as a differential equation
we obtain

∂zρ (K1, K2, z) =
i

2k0

(
|K1|2 − |K2|2

)
ρ (K1, K2, z)

+k2
0

∫
Φ0 (q) [ρ (K1 − q, K2 − q, z)− ρ (K1, K2, z)]

× d2q
4π2 . (2.166)

The convolution in the above equation comes from the refractive indices that had the
correct combination, that is a multiplication of the indices of refraction with one of
them being a complex conjugate, and the normal multiplication (second term in the
square brackets) between the power spectral density and the density matrix is due to
the multiplication that had either both normal indices of refraction or both conjugates.
Nonetheless, the differential equation given in Eq. (2.166) cannot be readily solved. In
the next section, we elaborate further on the steps that are necessary to solve it, and
therefore continue to find its solution.

The solution to the IPE

In deriving the IPE, we have converted one differential equation Eq. (2.134) into an-
other Eq. (2.166). Therefore, we still have to embark in a process of finding the solu-
tion. As a starting point, we use the old trick in solving differential equations, that is,
we guess the form solution which is given as

ρ (K1, K2, z) = H (K1, K2, z) exp
[

i
2k0

(
|K1|2 − |K2|2

)
z
]

. (2.167)

From the above ansatz we proceed by substituting in Eq. (2.166) to further obtain

∂zρ (K1, K2, z) =
i

2k0

(
|K1|2 − |K2|2

)
ρ (K1, K2, z)

+∂zH (K1, K2, z) exp
[

i
2k0

(
|K1|2 − |K2|2

)
z
]

. (2.168)
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When we set Eq. (2.166) equal to the above equation Eq. (2.168) we find that the first
terms cancel out and we are left with the following expression

∂zH (K1, K2, z) = k2
0

∫
Φ0 (q)

{
H (K1 − q, K2 − q, z) exp

[
i

k0
z (K2 −K1) · q

]
−H (K1, K2, z)

}
d2q
4π2 . (2.169)

Now, to facilitate the solution to the IPE we further define new variables, the sum and
difference variables

Ks =
1
2
[K1 + K2] Kd = K1 −K2, (2.170)

with

K1 = Ks +
1
2

Kd K2 = Ks −
1
2

Kd. (2.171)

In terms of these new variables we can make the following assignment

H (K1, K2, z) −→ H (Ks, Kd, z) . (2.172)

This leads to the restatement of Eq. (2.169) accordingly

∂zH (Ks, Kd, z) = k2
0

∫
Φ0 (q)

{
H (Ks − q, Ks, z) exp

[
− i

k0
zKd · q

]
−H (Ks, Kd, z)

}
d2q
4π2 . (2.173)

We further take the inverse Fourier transform in the sum coordinate

∂zT (x, Kd, z) = −k2
0T (x, Kd, z)

∫
Φ (q)

{
exp

[
−i
(

z
k0

Kd + x
)
· q
]
− 1
}

× d2q
4π2 , (2.174)

where

T (x, Kd, z) =
∫
H (Ks, Kd, z) exp [−iKs · x]

d2Ks

(2π)2 . (2.175)

The solution to Eq. (2.174) is given as

T (x, Kd, z) = T0 (x, Kd) exp
[
−k2

0

∫ z

0
Q
(

z′

k0
Kd + x

)
dz′
]

, (2.176)

with

Q (y) =
∫

Φ0 (q) {1− exp [−iy · q]} d2q
4π2 . (2.177)
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The above expression can be simplified and also the integral evaluated with ease if we
invoke the isotropy and homogeneity of the atmospheric turbulence

Q (y) =
1

4π2

∫
Φ1 (q) {1− exp [−iyqcosφ]} qdqdφ. (2.178)

The above expression can further be simplified by considering each term separately,
for instance the first term is given by

QA(y) =
1

2π

∫
Φ1 (q) qdq (2.179)

where we have already evaluated the φ integral. We further consider the power spec-
tral density

Φ1(q; κ) =
0.033(2π)3C2

n

(|q|2 + κ2)11/6 (2.180)

where κ is introduced as a means of dealing with the singularity at q = 0. Substitut-
ing the above power spectral density into Eq. (2.179), and evaluating the integral we
obtain

QA(y) =
0.396π2C2

n

5κ5/3 . (2.181)

The second term is a bit involved, it requires for simplification the Jacobi-Anger iden-
tity such that

QB (y) =
1

2π

∫
Φ1 (q) J0 (yq) qdq. (2.182)

where J0 is the Bessel function of the first kind. The above integral is a Henkel-
Nicholson type integral and is given by

QB (y) =
0.396C2

nπ2

5κ5/6
21/6y5/6K5/6(yκ)

Γ(5/6)
, (2.183)

where Kν is the modified Bessel function of the second kind. Individually, both the
terms QA and QB diverge as κ → 0. However, by taking the limit of the difference as
κ → 0, the outcome is a finite result

Q (y) = Q0C2
ny5/3, (2.184)

where

Q0 =
36
25

21/3π3

Γ(5/6)2 = 1.457. (2.185)

The result in Eq. (2.184) implies that we have

T (x, Kd, z) = T0 (x, Kd) exp

[
−k2

0Q0C2
n

∫ z

0

∣∣∣∣ z′

k0
Kd + x

∣∣∣∣5/3

dz′
]

. (2.186)
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The z integral is difficult, it is therefore evaluated by way of approximation. That is,
we make the so-called quadratic approximation [85] by using, instead of the exponent
5/3, the exponent 2. This simplifies the term in the absolute value bracket in the
following way

h (x, Kd, z) =
∫ z

0

∣∣∣∣ z′

k0
Kd + x

∣∣∣∣2 dz′

= z|x|2 + z2x · Kd

k0
+

1
3

z3
∣∣∣∣Kd

k0

∣∣∣∣2 . (2.187)

In making the quadratic approximation, we introduce an imbalance of dimensions
in the exponential, therefore to correct for this we introduce a parameter, d, which
has units of length. This parameter, whilst it is introduced operationally, will always
represent the beam radius. Now, we can rewrite Eq. (2.186) as follows

T (x, Kd, z) = T0 (x, Kd) exp
[
−4KQ0λh (x, Kd, z)

πd4

]
, (2.188)

where

K =
π3C2

nd11/3

λ3 , (2.189)

is the normalised turbulence strength.

The density matrix is obtainable from the above results by working backwards. As a
first step, we take the Fourier transform of Eq. (2.188) this leads to

H (Ks, Kd, z) =
∫
H0 (Ks −K, Kd)Fx

{
exp

[
−4KQ0λh (x, Kd, z)

πd4

]}
× d2K
(2π)2 , (2.190)

where Fx denotes the Fourier transform with respect to the x co-ordinate. As a final
step, we have to multiply by an exponential as required by the ansatz in Eq. (2.167).
The Fourier transform is given as

Fx{·} =
πd2

4KQ0t
exp

{
−KQ0d2t3

12
|K1 −K2|2 −

id2t
4

(K1 −K2) ·K

− d2

16KQ0t
|K|2

}
, (2.191)

where
t =

zλ

πd2 . (2.192)
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The final expression for the solution of the IPE becomes

ρ (K1, K2, t) =
πd2

4KQ0t

∫
ρ0 (K1 −K, K2 −K) exp

{
−KQ0d2t3

12
|K1 −K2|2

+
id2t

4

(
|K1|2 − |K2|2

)
− id2t

4
(K1 −K2) ·K−

d2

16KQ0t
|K|2

}
× d2K
(2π)2 . (2.193)

The solution of the IPE as given above represents a single photon state that has been prop-
agated through atmospheric turbulence. Save for some discrepancies which may arise due
to the quadratic structure function approximation, the solution given above should be able
to hold in all turbulence conditions. The reason for this universal applicability is because it
has been derived according to the multiphase screen approach, which means that it is able to
reliably represent both weak and strong scintillation conditions.

2.7 Compressive sensing

In conventional compression techniques, the signal is acquired first and stored, only at a later
stage is it compressed. However, in compressive sensing, this procedure is reversed. The sig-
nal is first compressed and then stored. The compression takes place during the measurement
process.

2.7.1 The problem

Let us consider a signal f ∈ RN which is expressible in some orthonormal basis Ai, where
i = 1...N, as follows

f =
N

∑
i=1

xi Ai, (2.194)

where xi are the coefficients of the signal in the said basis. In matrix notation, we can rewrite
the signal f as follows

f = Ax, (2.195)

where x is the vector of coefficients and A a matrix of the basis elements.

Compressive sensing concerns itself with the recovery of an S-sparse N-dimensional signal
from m << N measurements. That is, from a significantly smaller number of measurements.
A signal is said to be S-sparse if it has S non-zero entries.

In mathematical form, the problem that compressive sensing solves is given as follows:

Can we recover the signal f given a set of undersampled data

y = B f ? (2.196)

where B is an m× N matrix called the sensing/measurement matrix.
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It turns out, the answer to this question is yes. The signal can be recovered using the `1−norm

min‖xs‖`1 such that Bxs = y, (2.197)

where xs is the solution of the optimization. It is important to note that in order for compres-
sive sensing to be successful there are certain conditions that have to be satisfied.

2.7.2 Restricted isometry property

The success of the compressive sensing method depends on the sensing matrix. It is important
to choose a sensing matrix such that it is possible, from the set of observed results, to recover
the original full signal. For an S−sparse signal, the sensing matrix satisfies the so-called re-
stricted isometry property (RIP) if

(1− δS)‖x‖2
`2
≤ ‖Bx‖2

`2
≤ (1 + δS)‖x‖2

`2
, (2.198)

for all signals with sparsity upto S for some isometry constant δS, where ‖ · ‖ is the Euclidean
norm. The RIP property essentially requires that the sensing matrix be nearly orthonormal.
When the RIP property holds, it means that the sensing matrix preserves the Euclidean-length
of the S−sparse signals. This, in turn, means that the S−sparse signals are not in the null space
of the sensing matrix, B. This is quite important since, if the signals were in the null space, it
would be impossible to recover them.

2.7.3 Incoherence

Another important concept in compressive sensing is the coherence between the representa-
tion basis A and the sensing basis B. Coherence in compressive sensing language pertains to
the largest correlation between any two elements of the two bases A and B. It is expressed
mathematically as

µ(A, B) =
√

N ·max|〈Ai, Bj〉| for 1 ≤ i, j ≤ N, (2.199)

where 〈#, ∗〉 denotes an inner product. In the above definition it follows that µ(A, B) ∈
[1,
√

N].

Compressive sensing works best with incoherent pairs. This is why standard compressive
sensing techniques are based on random matrices, as they are largely incoherent with fixed
bases.

2.8 Summary

In this chapter we have introduced and discussed the main ideas that will be used in this thesis.
We started from Maxwell’s equations and in conjunction with the monochromatic condition
established the Helmholtz equation. As a next step, we introduced the Poynting vector which
is used to describe the flow of energy in an optical field. The Poynting vector was used to
define the linear momentum density of an optical. The former was further used to define
the angular momentum density. From the angular momentum density, we then proceeded to
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derive the total angular momentum of an optical field. Upon introducing the total angular it is
noted that the separation into a spin and an orbital component is not, in general, well defined
for arbitrary fields. Nonetheless, this difficulty is removed when we consider paraxial optical
fields. The paraxial optical field is obtained as a solution to the paraxial equation, which is
obtained as an approximation to the Helmholtz equation.

Of particular interest for the work in this thesis are paraxial optical fields that carry OAM. The
LG modes are considered for our study and a method of how to generate them was discussed.

A discussion on quantum states, quantum entanglement, quantum tomography, and the spon-
taneous parametric downconversion process was also given.

Atmospheric turbulence was also discussed; we discussed scintillation, introduced the Kol-
mogorov spectral density and also discussed some common models for the evolution of opti-
cal fields in atmospheric turbulence. These are the SPS and MPS based models. The SPS model
is based on the work done by Paterson [71] and the MPS model is called the IPE [90].

Lastly, we gave a very brief discussion of compressive sensing.

In the following chapters, we present the results of the work done for this thesis and also finish
off with the conclusions.
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Chapter 3

Orbital angular momentum under
strong scintillation

3.1 Introduction

Numerical simulations have become ubiquitous in research due to their ability to establish re-
sults which would otherwise be difficult to evaluate theoretically and-or setup experimentally.
They have, in particular, been used extensively in the studies of propagation in random media
[125, 126, 127, 128]. This has been done in the context of wave propagation in the ocean, prop-
agation through the ionosphere and also wave propagation in the atmosphere. The latter is the
main focus of this work. In the previous chapter, it was discussed in detail how turbulence af-
fects the index of refraction of the atmosphere. The random variation of the index of refraction
causes an optical field to be randomly distorted as it propagates through the atmosphere.

The effect of atmospheric turbulence on OAM carrying optical fields has been a subject of
many studies [71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82]. However, most of these studies
have been based on the single-phase screen (SPS) model [71]. The single phase screen model
is based on the notion that the only effect of the index of refraction fluctuation on the optical
field is a mere phase perturbation. It has recently been shown that this is not always the case,
especially in strong scintillation [86]. In strong scintillation, the best method to represent the
effect of the atmospheric turbulence on OAM carrying optical fields is the multi-phase screen
(MPS) approach. Using such an approach, the effects of the variation in the amplitude of the
optical field become represented. An analytical model that is based on the MPS approach has
been recently employed to formulate the evolution of the photonic quantum states propagat-
ing through atmospheric turbulence. The formulation is based on an infinitesimal propagation
equation (IPE) [82, 90, 91] and has also been discussed in detail in Chapter 2. The IPE is valid
in both weak and strong scintillation conditions since it is based on the MPS approach. Al-
though the IPE was proposed in the context of entangled photonic quantum states, we show
here that it also holds for single photonic states. Therefore, it could also be applied to classical
fields.

In this chapter, we study the evolution of optical fields under arbitrary scintillation conditions.
For this purpose, we consider an input optical field with an amplitude profile given by a
certain OAM mode — an LG mode with azimuthal index ` = 1 and radial index p = 0. Then
we investigate the effect of the scintillation on this mode by computing the overlap between
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the distorted LG mode and different LG modes to determine the fraction of optical power in
the different modes. Both the IPE approach and the SPS approach are used to predict these
power fractions as a function of propagation distance. We then compare these predictions
against numerical simulations.

There are several numerical and experimental studies that tested the SPS model [73, 72, 77, 78,
79], none so far have provided either experimental or numerical testing of the IPE. Here we use
MPS numerical simulations that are based on the Kolmogorov theory of turbulence to deter-
mine whether the IPE predictions are more reliable than the SPS predictions. We find that the
numerical results agree well with the IPE predictions under all scintillation conditions. Since
the IPE predictions deviate from the SPS predictions under strong scintillation conditions, the
numerical results show that the IPE predictions are favored over those of the SPS approach.

The work presented in this chapter has been published [129].

This chapter is organized as follows: Section 3.2 is based on the MPS algorithm that is used for
the numerical simulations. It is broken down into subsections, the first subsection discusses
the part of the algorithm that is responsible for the refractive properties of the atmosphere,
and the second subsection describes the part of the algorithm that pertains to the propagation
of the optical field in the atmosphere. Section 3.3 discusses the theoretical framework against
which we are to compare the results of the numerical simulation of Sec. 3.2. Here, we discuss
the power fractions as given by both the SPS and the IPE models. The comparison to numerical
simulations is presented in Sec. 3.4. Finally, we finish the chapter with some conclusions in
Sec. 3.5.

3.2 Multi-phase screen

Let us begin by rewriting the stochastic parabolic equation [87, 88, 130]

i∂z f (r) = − 1
2k0
∇2
⊥ f (r) + k0δn(r) f (r) (3.1)

where k0 = 2π
λ is the wave number in vacuum, δn(r) represents the fluctuations due to the

atmospheric turbulence, and∇2
⊥ = ∂2

x + ∂2
y is the transverse Laplacian operator. Equation (3.1)

holds under the condition that the wavelength λ of the optical field is very small compared to
scale size of the medium, and that the atmospheric turbulence scatters the optical field only
weakly.

In dealing with turbulence over some distance z, we can divide the propagation distance into
a series of slices such that each slice represents a weakly scattering medium. The condition for
weak scattering ensures that the only effect of the atmospheric turbulence on the optical field
is a phase perturbation. The effect of atmospheric turbulence on the amplitude of the optical
field is introduced by diffraction as the optical field propagates through the series of slices.
Within this approach, we can solve the problem of the propagation of an optical field through
turbulence by dividing the propagation into a series of slices separated by a distance ∆z as
in Fig. 3.1 [131, 132, 133]. The slices are statistically independent, and each one represents
a random phase screen. The statistical independence of the phase screens is the equivalent
of the Markov approximation that is used in the analytical calculations, see for instance the
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FIGURE 3.1: Schematic illustration of the approach used to perform a
numerical simulation of the propagation of an optical field in atmo-

spheric turbulence.

discussion in Chapter 2 on the IPE. The algorithm for the generation of the phase screens is
discussed next.

3.2.1 Phase screen generation

The phase screen that is used to represent the random phase perturbation at each slice during
the numerical simulation of the propagation of the optical field in turbulence is generated by
transforming a 2D array of complex numbers that have zero mean and unit variance into an
array that has the same statistics as the atmospheric turbulence. This process is often referred
to as filtering white Gaussian noise, and is mathematically given by [87, 130]

θ1 + iθ2 =
(

2πk2
0∆z

)1/2
F−1

χ(K)

[
Φn(K)

∆2
k

]1/2
 , (3.2)

where ∆z is the distance between two phase screens, F−1 is the inverse transverse Fourier
transform, Φ0(K) is the index of refraction Kolmogorov power spectral density, χ(K) is a
normally distributed complex random function, that has zero mean and is δ-correlated

〈χ(K1)χ
∗(K2)〉 = (2π∆k)

2 δ(K1 −K2), (3.3)

∆k is a correlation length of the random function in the spatial frequency domain that is intro-
duced for dimensional analysis reasons, the angled brackets 〈·〉 denote an ensemble average,
and K = (kx, ky) is the transverse propagation wave vector. A phase screen that is generated
by taking the real part of Eq. (3.2) is shown in Fig. 3.2.

The digital implementation of Eq. (3.2) introduces a limit to the spatial frequencies and thus
the spatial scales that can be represented in the numerical simulation. This effect, due to sam-
pling, filters the contribution from certain harmonics that would otherwise be present in real
turbulence. Since the smallest spatial frequency is bounded by the sampling unit in the Fourier
domain, it follows that the Kolmogorov power spectral density is not properly sampled at the
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FIGURE 3.2: A typical turbulence random phase screen. This image
was generated with 210 in each direction.

lowest spatial frequencies. Since the Kolmogorov power spectral density is a delta-like func-
tion that peaks at the origin, a thorough analysis shows that the biggest contribution comes
from the low spatial frequencies. The crucial frequency components that are excluded by the
sampling process are in the range (−∆kx/2, ∆kx/2) and (−∆ky/2, ∆ky/2).

One, and probably the most intuitive, way to increase the accuracy of the phase screens is
to increase the number of points that are used to perform the sampling of the Kolmogorov
power density (by decreasing the length of the sampling unit), this method would reduce the
intervals (−∆kx/2, ∆kx/2) and (−∆ky/2, ∆ky/2) substantially and thus foster the inclusion of
the crucial lower frequency components. However, this would also lead to a higher computa-
tional cost with regards to time and memory. Thus to mitigate the issue of improper sampling,
we will instead use a method that was developed by Lane et al. [134]. This method is known
as the method of sub-harmonics, and it works by including an additional phase to the one
generated using the FFT method (Eq. (3.2)) according to the algorithm

θSH(j∆x, l∆y) =
Np

∑
n=1

1

∑
p=−1

1

∑
q=−1

[a(p, q, n) + ib(p, q, n)] (3.4)

× exp
[

2πi
(

jp
3nNx

+
lq

3nNy

)]
,

such that the variance of the randomly generated a and b is given as

〈a2(p, q, n)〉 = 〈a2(p, q, n)〉 = 2πk2
0∆z∆pn∆qnΦθ(p∆pn, q∆qn), (3.5)

where, ∆pn = ∆p/3n and ∆qn = ∆q/3n.

The method of sub-harmonics works by sampling the interval that is not covered by the FFT
method in Eq. (3.2). This additional sampling is done within a single cell of the bigger mesh.
That is, rather than re-sampling the entire Fourier domain, we replace the sample at the origin
with a new mesh in such a way that the new mesh still corresponds to a single cell in the
overall Fourier domain. This means that rather than representing the value of the Kolmogorov
spectral density with a single point at the origin, we represent it with more points since it is
changing very rapidly in this region, and thus a single point cannot represent it accurately. As
an aid to understanding the method of sub-harmonics we show in Fig. 3.3 how the method
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1st subharmonic

2nd subharmonic
0

0

FIGURE 3.3: An illustration of the method of sub-harmonics.

works. The first sub-harmonic is generated by replacing the (0, 0) point by 9 points, that is, we
reduce the size of the (0, 0) and add 8 additional points around it. The second sub-harmonic is
generated in the same way, as shown in Fig. 3.3. The addition of higher sub-harmonics is also
done in the same way.

3.2.2 Propagation

As already mentioned, the effect of the phase screen is only contained in the phase of the op-
tical field. However, depending on the conditions of the atmosphere, the turbulence can also
induce some amplitude variations in the optical field. These amplitude variations accumulate
with propagation. This implies that the propagation process, over several phase screens, con-
verts the phase perturbations into amplitude effects. Therefore, the next part of the simulation
algorithm involves the propagation of the optical field. This is done by solving the paraxial
equation given in Eq. (3.1), as if there is no turbulence, for free-space propagation in a vac-
uum. This condition can easily be met by setting the fluctuations of the index of refraction to
δn = 0. The optical fields that is used in the propagation process contains the effects of the
phase perturbation. The equation that has to be solved is the standard paraxial equation

∂ f (r)
∂z

=
i

2k0
∇2
⊥ f (r). (3.6)

There are a number of ways to solve Eq. (3.6), however, here will we solve it in the Fourier
domain as it makes it easy to remove the transverse derivatives. We rewrite Eq. (3.6) in the
Fourier domain

∂F(K, z)
∂z

=
i|K|2
2k0

F(K, z), (3.7)

where F(K, z) is the two-dimensional transverse Fourier transform of f (r).

In the above form, we have a standard one-dimensional partial differential equation which
has the simple solution given as

F (K, z) = F (K, z0) exp
(

i|K|2∆z
2k0

)
, (3.8)
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where z = z0 + ∆z.

With regards to the propagation in atmospheric turbulence, we thus employ the following
procedure: We first modulate the input function fin(r) with the phase function that represents
the phase screen

fout (r) = fin (r) exp [iθ(R)] , (3.9)

where θ(R) is the phase screen function that is generated using Eq. (3.2) and Eq. (3.5). The
propagation is performed by first taking fout (r) into the Fourier domain and multiplying it
by the function as described in Eq. (3.8), the propagation process is completed by taking the
inverse Fourier transform.

This process is repeated over all the phase screens until the full propagation distance has been
covered.

3.3 Power fraction calculation

In Chapter 2 we derived the infinitesimal propagation equation (IPE) for a single photon opti-
cal field and we found that it is given as

∂zρ (K1, K2, z) =
i

2k0

(
|K2|2 − |K1|2

)
ρ (K1, K2, z) (3.10)

+k2
0

∫
Φ (q) [ρ (K1 − q, K2 − q, z)

− ρ (K1, K2, z)] d2q (3.11)

where Φ0(q) = Φ(2πq, 0).

The solution to the above differential equation was obtained by using the quadratic structure
approximation, and is rewritten here for convenience

ρ (a1, a2, t) =
πw2

0
4Q0Kt

∫
ρ0 (a1 − b, a2 − b) exp

{
− π2w2

0

[
KQ0t3

3
|a1 − a2|2

−it
(
|a1|2 − |a2|2

)
+
|b|2

4KQ0t
− itb (a1 − a2) · b

]}
d2b, (3.12)

where
a =

K
2π

, (3.13)

is the spatial frequency vector

K =
π3C2

nw11/3
0

λ3 , (3.14)

is the normalised turbulence strength

t =
zλ

πw2
0

, (3.15)

is the normalized propagation distance, w0 is the Gaussian beam waist, with Q0 = 1.457 is a
multiplicative constant, for details see Chapter 2.
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3.3.1 Generating function

The solution of the IPE as given by Eq. (3.12) allows for an input state that can be specified by
the matrix elements ρ0 (a1, a2), which can be further expressed in terms of Laguerre-Gaussian
(LG) modes. Rather than using the generic expression for the LG (angular spectra) modes, we
instead present the generating function for the angular spectra of LG modes with the radial
index p = 0 [90]

G± (a, t; µ) = exp[iπw0
(
ax ± ay

)
µ− π(a2

x + a2
y)(1− it)], (3.16)

where µ is the azimuthal generating parameter for a particular LG mode, and a = (ax, ay).
Given the above generating function, an arbitrary spectrum of the LG modes for the radial
index p = 0 can be obtained according to the following operation

Φ`
0 (a) = N

(
∂|`|

∂µ
Gµ=0

)
, (3.17)

where

N = w0

(
2|`|+1π

|`|!

)1/2

(3.18)

is a normalization constant.

The input state density matrix elements in the solution of the IPE in Eq. (3.12) can be expressed
in terms of the generating function as follows

ρ0 (a1, a2, 0) = G± (a1, 0; µ1) G∗± (a2, 0; µ2) , (3.19)

where µn is a generating parameter for the azimuthal indices and n = 1, 2.

3.3.2 Overlap calculation

The expression in Eq. (3.19) can be substituted into the solution of the IPE, whereafter the inte-
gration over b is performed to obtain a final expression in terms of the generating parameters
for the input state. The latter result for the case of an input LG mode with azimuthal index
` = 1 is shown below

ρ(a1, a2, t) =
π4w4

0

A3
1

[
A2|a1|2 + A∗2 |a2|2 + A3a1 · a2 + iA1(a2 × a1) · ẑ + A6

]
× exp

[
−

π2w2
0

3A1

(
A4|a1|2 − A5a1 · a2 + A∗4 |a2|2

)]
(3.20)
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where

A1 = 8Yt + 1,

A2 = 2iYt2 − 4Yt− 4Y2t4 − 16Y2t2,

A3 = 8Y2t4 + 32Y2t2 + 8Yt + 1,

A4 = 8Y2t4 − 12iYt2 + 4Yt3 + 12Yt− 3it + 3,

A5 = 16Y2t4 + 8Yt3 + 24Yt,

A6 =
32Y2t2 + 4Yt

π2w2
0

,

and
Y = Q0K. (3.21)

Equation (3.20) represents the state of the input optical field after propagation through atmo-
spheric turbulence.

As is well known, the propagation of an OAM carrying optical field through atmospheric
turbulence leads to the population of OAM modes which were initially empty in the input
state. This population of adjacent modes is called crosstalk. Using the expression in Eq. (3.20)
we can be able to quantify the crosstalk (to other modes) for an optical field with input OAM
` = 1 propagating through a turbulent atmosphere.

The crosstalk calculation is done by evaluating the overlap between the output density matrix
given in Eq. (3.20) and the generating function for the LG modes in Eq. (3.16). The overlap
calculation is an integral calculation given as follows

η =
∫

ρ (a1, a2, z) G∗± (a1, a2; µ3) G± (a1, a2; µ4) d2a1d2a2. (3.22)

The final result is a generating function for the crosstalk coefficients. In order to obtain the
crosstalk into other LG modes, one has to apply the procedure outlined in Eq. (3.17). In this
particular instance, we would have to apply the procedure four times since there is a total of
four generating parameters represented in the above equation for the overlap calculation.

To avoid confusion, we will from now on refer to the crosstalk interchangeably with power
fraction in a certain mode, where the power fraction is the power in the mode normalized
to the input mode power. This prevents a huge confusion that would result when we are
interested in calculations relating to the same azimuthal index as the input state. As a case
in point, let us consider the power fraction retained in the input mode with azimuthal index
` = 1

P IPE
1→1 =

1
Γ3

[
27(8X2 + 4X + 1)Y4 + 36X3(2X + 1)2Y2

+24X6(2X2 + 2X + 1)
]

Y2 (3.23)

where
Γ = 4X4 + 4X3 + 12XY2 + 3Y2, (3.24)
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X = 0.59Q0W5/3,

(3.25)

and
W =

w0

r0
. (3.26)

The subscript 1 → 1 denotes that the input mode has azimuthal index ` = 1 and the overlap
mode has azimuthal index ` = 1. The generic expression is given as Pm→n, where m denotes
the input mode and n the overlap mode. Below, we show the power fractions for n = 2, 3, 5

P IPE
1→2 =

12XΛ
Γ4

[
9(6X2 + 4X + 1)Y4 + 12X3(X + 1)(2X + 1)Y2 + 2X6(4X2 + 4X + 3)

]
Y2,

P IPE
1→3 =

12X2Λ2

Γ5

[
(144X2 + 108X + 27)Y4 + 12X3(2X + 3)(2X + 1)Y2

+ 16X6(X2 + X + 1)
]

Y2,

P IPE
1→5 =

48X4Λ4

Γ7

[
(216X2 + 180X + 45)Y4 + 12X3(2X + 5)(2X + 1)Y2

+ 8X6(2X2 + 2X + 3)
]

Y2

where
Λ = 2X3 + X2 + 3Y2. (3.27)

Weak scintillation

Scintillation strength is characterized by the Rytov variance which can be expressed in terms
of the dimensionless parameters t and K as

σ2
R = 2.76Kt11/6, (3.28)

or in terms of the dimensionless parameters W and K as

σ2
R = 1.055

W55/18

K5/6 . (3.29)

The SPS model holds in weak scintillation and thus can be obtained from the IPE expressions
above by taking the limit asK → ∞. Under this condition, the power fraction expressions that
have been calculated above for the IPE reduce to the expressions

PSPS
1→1 =

8X2 + 4X + 1
(4X + 1)3

PSPS
1→2 =

24X3 + 16X2 + 4X
(4X + 1)4

PSPS
1→3 =

4X2(16X2 + 12X + 3)
(4X + 1)5

PSPS
1→5 =

16X4(24X2 + 20X + 5)
(4X + 1)7

(3.30)
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The SPS expressions as given above only depend on the parameter W through X, whereas the
IPE expressions depend on two parameters, W and K through X and Y. This has interest-
ing consequences for the behavior of optical fields in turbulence. This implies that while the
behavior in weak scintillation can be described by a single dimensionless parameter W, we
need two dimensionless parameters to accurately describe the behavior of OAM carrying op-
tical fields in strong scintillation conditions. The comparison of the SPS and IPE as a function
of the parameter W will be given together with the numerical results later. In the next part,
we will start our discussion by focusing on the relationship between the power fractions and
normalized propagation distance t for both the SPS and the IPE models.

3.3.3 Analysis of weak and strong scintillation

In this section, we compare the SPS and the IPE prediction by plotting the power fractions
from each model against the normalized propagation distance t. Figure 3.4 shows the power
fraction curves as a function of normalized propagation distance. In the figure, four different
graphs are shown each containing the power fraction of the output modes with azimuthal
indices ` = 1, 2, 3 given that the input mode had azimuthal index ` = 1. The four graphs
correspond to four different normalized turbulence strengths K = 10, 1, 0.1 and 0.01. Further-
more, each graph has an additional curve (represented by the gray dashed line with a positive
slope) that denotes the Rytov variance as a function of the normalized propagation distance.
The magnitude of the Rytov variance is shown by the vertical axis on the right-hand side. All
the graphs shown in Fig. 3.4 are log-log plots. The SPS plots in Fig. 3.4 are governed by a single
scale parameter which can be determined from the location that corresponds to the maxima of
the plots. In the region that corresponds to the slope change, the SPS curves display a power
law behavior and are thus scale invariant. An expression for the SPS scale can be obtained by
noticing that the transition region is always located close to W ≈

√
`. By using the expression

for W, the latter equation can be solved for the propagation distance to obtain the SPS scale

zws ≈
0.06λ2`5/6

w5/3
0 C2

n
. (3.31)

This quantity will be called the weak scintillation scale. It corresponds to the scale determined
in [86] for the case where the quantum entanglement decays to zero. However, such an obser-
vation was based on the fact that all the analyses were done for quantum entanglement within
the SPS model. The situation for single photon or classical OAM coupling under strong scin-
tillation is more complicated.

Also in Fig. 3.4 we observe that a change in the normalized turbulence strength K leads to a
horizontal shift of the SPS curves. The SPS curves do not change shape as the value of K is
changed. A shift on the logarithmic axis implies a scaling in the linear axis, that is for different
turbulence strengths we have that t → αt, where α is some positive scalar. Therefore, the SPS
curves for smaller K are stretched out over larger propagation distances.

The IPE curves and the SPS curves start out by lying on top of each other, however, for a
fixed turbulence strength as the normalized propagation distance increases the two curves
start to deviate from each other. The point(normalized propagation distance) at which the two
curves start to deviate is a function of turbulence strength. Generally, the IPE curves appear
as horizontally squashed relative to the SPS curves in the region beyond the deviation point.
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(a)

(b)

(c)

(d)

K=1

K=10

K=0.1

K=0.01

FIGURE 3.4: Comparison of the SPS and IPE models as a function of
propagation distance under different turbulent conditions. a) Shows
the predictions of the two models for K = 10, b) K = 1, c) K = 0.1
and c) K = 0.01. Included in each of the plots is a line that represents
the amount of scintillation (Rytov variance) as a function of normalized
propagation distance. 1 to n denotes that the input mode is ` = 1 and n

is the scattering mode.
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FIGURE 3.5: The power fraction, as predicted by the IPE, in the input
OAM mode and its neighboring modes after propagating through tur-
bulence described by three different normalized turbulence strengths.
The power fraction is plotted as a function of normalized propagating
distance. 1 to n denotes that the input mode is ` = 1 and n is the scat-

tering mode.

The IPE curves much like the SPS curves also have a region that follows a power law, as is
depicted by the straight line behavior after reaching a peak. Scaling on the logarithmic axis
represents a change in the power of the independent variable t → tγ, with γ > 1. We can
see that those regions of the SPS curves that represent power laws correspond to power laws
for the IPE curves as well. This implies that the squashing is uniform beyond the transition
region. Therefore, γ does not depend on the normalized propagation distance t beyond the
transition region. In Fig. 3.5 we further show the behavior of the IPE curves as a function of
the normalized turbulence strength. It can be seen that the curves shift towards the right-hand
side when the normalized turbulence strength K is reduced.

The points at which the IPE curves and the SPS curves start to deviate represents a different
scale from the weak scintillation scale. This scale will be referred to as the deviation scale. As
can be seen from Fig. 3.4, for strong turbulence which is represented by a larger normalized
turbulence strengthK, the deviation scale is larger than the weak scintillation scale. That is, the
deviation scale lies at a larger value of t than the weak scintillation scale. This is in contrast to
the weak turbulence case, which is represented by a smaller normalized turbulence strength,
where the deviation scale is smaller than the weak scintillation scale. In the latter case, the
deviation scale occurs at a shorter normalized propagation distance compared to the weak
scintillation scale. The findings that are presented in Fig. 3.4 imply that for weak turbulence
the SPS deviates from the IPE curves at an earlier stage compared to the strong turbulence
case. This behavior can be seen clearly in the case that curves are plotted as a function of W
rather than a function of t, see Fig. 3.6. In the case that the results are plotted as a function W
the SPS curves always lie on top of each other irrespective of the valueK, while the IPE curves
deviate quicker for weak turbulence, that is smaller values of K the IPE curves deviate at a
smaller value of W.

The observations made in this work cast into the question the notion that the deviation of the
SPS curve from the IPE curve is an indication of the commencement of strong scintillation. This
is because the value of the Rytov variance at which we observe the deviation is not fixed, as
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FIGURE 3.6: The power fraction as predicted by the IPE and the SPS as
function W for different normalized turbulence strengths.

can be observed from the straight line, in Fig. 3.4, that corresponds to the Rytov variance. The
value at which the SPS deviates from the IPE changes with normalized turbulence strength
from around unity to about a few orders of magnitude less. Therefore, it is possible that
the deviation of the two simply implies the breakdown of the SPS for the given conditions.
The nature of the decay scale, for now, remains unanswered and is a matter to be further
investigated.

3.4 Numerical Results

The analytical expressions obtained from the IPE and those that correspond to the SPS are
compared with numerical simulations to assess their reliability in predicting the behavior of
OAM carrying optical fields in atmospheric turbulence. Here, we consider the case of an input
LG mode with azimuthal index ` = 1 and radial index p = 0 under two different turbulence
conditions given by K = 0.07 for weak turbulence and K = 0.7 for strong turbulence. As was
the case with the theoretical expressions, we look at the power fractions in the other LG modes
due to the crosstalk. Particularly, we consider the power fraction in the output modes specified
by the azimuthal indices ` = 1, 2, 3. The power fractions for the turbulence conditions with
K = 0.07 are shown in Fig. 3.7, and those that correspond to K = 0.7 are shown in Fig. 3.8.
In contrast to the case in the theoretical analysis of the SPS and the IPE given above, all the
figures in this discussion are given as a function of the dimensionless parameter W instead of
the normalized propagation distance t. In the plots given in Fig. 3.7 and Fig. 3.8, the IPE is
represented by the solid lines, the SPS is represented by the dashed lines, and the numerical
simulations are represented by the markers with error bars. The numerical simulation results
represent the average power fraction, and the error bars represent the standard error, whereby
standard error we mean the standard deviation in the mean.
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(a)

(b)

(c)

FIGURE 3.7: OAM Content as a function of scintillation strength, for
turbulence conditions described by the normalized turbulence strength
K = 0.07. a) Gives the amount of power in the input mode ` = 1; b)
Gives the amount of power in the mode ` = 2; c) Gives the amount
of power in the mode ` = 3. The markers are the numerical simula-
tion data, the dashed line is the SPS data, and the solid line is the IPE

prediction.
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The results have been gathered for different ranges of W so as to capture the regions which
show the significant deviation of the IPE and SPS. In both Fig. 3.7 and Fig. 3.8, the IPE is a better
fit to the numerical data compared to the SPS model. The first plot in both figures Fig. 3.7(a)
and Fig. 3.8(a), shows the power fraction that is retained by the input LG mode as it propagates
through the turbulent atmosphere. The second plots, Fig. 3.7(b) and Fig. 3.8(b), show the
crosstalk to the LG mode with azimuthal index ` = 2. Finally, the third plots, Fig. 3.7(c) and
Fig. 3.8(c) show the crosstalk to the mode with azimuthal index ` = 3. The crosstalk curves
show how the power fraction in these higher modes increases from zero as more optical power
is transferred from the input LG mode.

In the plots that represent the power fraction retained in the input mode, it can be seen that the
two models SPS and IPE agree at the beginning. However, they start to deviate with increasing
W. In Fig. 3.7(a) the deviation sets in very early around W = 0.2, whereas in Fig. 3.8(a) the
deviation sets in at a slightly higher value of W.

In the crosstalk curves, similar behavior is also observed. For instance, initially, the SPS and
IPE curves sit on top of each other but start to deviate with increasing values of W. Moreover,
for weak turbulence in Fig. 3.7(b) and Fig. 3.7(c) it is observed that the deviation sets in early,
even before the curves reach their peaks. The IPE curves first startup above the SPS curves
and thus cross the SPS curves to further drop below them due to the accelerated decay. This is
in contrast to the case of strong turbulence as depicted in Fig. 3.8(b) and Fig. 3.8(c). In strong
turbulence, the deviation only occurs after the SPS curves reach their respective peaks. At
this point, the optical power is lost to other modes, the neighboring modes of the neighboring
modes. The loss of optical power is more drastic or accelerated in the IPE curves than in the
SPS curves.

In all cases considered it is observed that for values of W that are after the peaks of the SPS
curves, the SPS seems to over-estimate the power fractions, whether it be the power retained
or the crosstalk. In all these cases the numerical simulations seem to agree more with the
IPE curves than the SPS. However, it is observed that in some instances the IPE predictions
are slightly above the numerical simulations results. The reason may be that in deriving the
IPE predictions, we make use of the quadratic structure function approximation, whereas the
numerical simulations are done with the original Kolmogorov structure function.

Using the results of this work, we further consider a typical scenario where a laser beam with
a waist radius of 1cm and a wavelength of 532 nm propagates over a distance of 1 km through
moderate turbulence with C2

n = 0.733× 10−14 m−2/3. The above parameters correspond to a
normalized turbulence strength of K = 0.07. In the case that the laser beam profile is an LG
mode with ` = 1 and p = 0 our results indicate that only about 28 % of the power would be
retained in this mode.

3.5 Conclusions

The coupling of optical power from one OAM mode, represented as an LG mode, to other
different OAM modes due to atmospheric scintillation is investigated with the aid of the IPE
model, SPS model, and numerical simulations. We compare the predictions of the IPE with
those of the SPS. The IPE is valid under all scintillation conditions, whilst the SPS is only valid
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(a)

(b)

(c)

FIGURE 3.8: OAM Content as a function of scintillation strength, for
turbulence conditions described by the normalized turbulence strength
K = 0.7. a) Gives the amount of power in the input mode ` = 1; b)
Gives the amount of power in the mode ` = 2;c) Gives the amount of
power in the mode ` = 3. The markers are the numerical simulation
data, the dashed line is the SPS data, and the solid line is the IPE pre-

diction.
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under weak scintillation conditions. This comparison allows us to describe the qualitative
behavior under various conditions. By way of independent numerical simulations based on
the MPS approach, we show that the IPE predictions are more reliable over the SPS predictions,
especially in strong scintillation.
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Chapter 4

Hong-Ou-Mandel in turbulence

4.1 Introduction

Current research shows that for long distance quantum communication to be feasible there
needs to be well developed quantum repeaters on quantum teleportation [28, 135]. The imple-
mentation of quantum teleportation requires a system that can perform joint measurements.
Such measurements are also known as Bell measurements because they require the projection
of the state of a pair of photons onto a Bell state. One way to perform such a joint measurement
is with the aid of the Hong-Ou-Mandel (HOM) effect [136], according to which a photon pair
entering both input ports of a balanced (50:50) beam splitter in an (anti)symmetric state leads
to photon (anti)bunching at the output ports. A filter for antisymmetric Bell states can thus
be realized by conditioning on coincidence photo-detection in the output ports of a balanced
beam splitter. The HOM effect can also be used in a protocol to synchronize clocks remotely
[137, 138] with high accuracy.

Free-space quantum communication uses the atmosphere as a transmission channel. Since the
atmosphere can exhibit turbulent behavior, it is expected that this would interfere with the
teleportation process. This expectation is based on the experience that turbulence can cause
considerable disturbance of light modes traversing atmospheric channels, and thus may affect
the quantum interference observed in the HOM effect. If the HOM synchronization protocol
is implemented over an atmospheric channel [139], turbulence may in a similar way cause the
synchronization process to fail.

In this chapter, a theoretical investigation of the effect of turbulence on the HOM interference
effect is performed and experimental confirmation of the results is also provided. In particular,
it is demonstrated that under certain conditions turbulence does not have any effect on the
quantum interference in the HOM effect. This opens up the use of quantum communication
and quantum synchronization via free-space channels.

The work on this chapter was done collaboratively with Dr. Shashi Prabhakar, Prof. Thomas
Konrad, and Dr. Filippus S. Roux [140]. Particularly, I contributed to the theoretical calcula-
tions.

This chapter is organized as follows. We start in Sec. 4.2 with a brief explanation of the HOM
effect. In Sec. 4.3 we consider the HOM for the situation of a one-sided channel, where one of
the two photons after the SPDC process passes through turbulence under weak scintillation
conditions. The other photon does not experience any turbulence. In Sec. 4.4 we discuss the
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situation for a two-sided channel, where both photons after the SPDC process pass through
turbulence under weak scintillation conditions. The experimental setup is explained and the
results are presented in Sec. 4.5. We provide some discussion in Sec. 4.6 and give a final sum-
mary in Sec. 4.7.

4.2 The Hong Ou Mandel effect

The Hong Ou Mandel (HOM) effect is a quantum mechanical interference effect that occurs
when two photons meet at a 50:50 beam splitter. Let us consider a two-photon system state

|ψ〉 =
N

∑
j,k=1

αjk|1j〉|1k〉, (4.1)

where (j, k) represents the label for the two photons in modes j and mode k, N is the Hilbert
space dimension of the photons, αjk is a complex amplitude which is required by normaliza-
tion of the state to satisfy the condition

N

∑
j,k=1
|αjk|2 = 1. (4.2)

In terms of the creation operators â† the above state can be written as

|ψ〉 =
N

∑
j,k=1

αjk â†
j â†

k |0〉. (4.3)

The state given in Eq. (4.3) is said to be symmetric if the interchange in the labels for the two
photons does not change it. That is, in the case that αjk = αkj

|ψ+〉 = ∑
j>k=1

αjk

(
â†

j â†
k + â†

k â†
j

)
|0〉+ ∑

jj
αjj â†

j â†
j |0〉. (4.4)

It is considered to be anti-symmetric if αjk = −αkj which leads to the state

|ψ−〉 = ∑
j>k=1

αjk

(
â†

j â†
k − â†

k â†
j

)
|0〉. (4.5)

Without any loss of generality, we can consider the state of the two-photon system prior to
entering the beam splitter to be given by

|ψin〉 = â†
A â†

B|0〉A|0〉B, (4.6)

where A and B denote the two different paths of the input photons, â†
A and â†

B are the creation
operators for the photons in the respective paths. The two different paths can be referenced to
the two input ports of the beam splitter as is shown in Fig. 4.1.
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B
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D

FIGURE 4.1: Schematic representation of a 50:50 beam splitter. The
two photons are incident on ports A and B, respectively. They can exit
through the ports C and D. Upon exit, they are recorded by avalanche

photodetectors (APDs).

The operation of the beam splitter is represented by a unitary operator Ûbs [141] such that

â†
A −→

1√
2

(
â†

C + â†
D

)
â†

B −→
1√
2

(
â†

C − â†
D

)
, (4.7)

where C and D represent the output ports of the beam splitter as can be seen in Fig. 4.1. Upon
entering the beam splitter, the output state is given by

|ψout〉 = Ûbs|ψin〉

=
1
2

(
â†

C â†
C − â†

C â†
D + â†

D â†
C − â†

D â†
D

)
|0〉, (4.8)

where the second equality is obtained upon substitution of Eq. (4.7) into Eq. (4.6). The four
terms in the above equation correspond to the four different configurations of the output of
the beam splitter. These output configurations are shown in Fig. 4.2.

In the case that the input state is the symmetric state in Eq. (4.4), the output becomes

|ψout〉 = ∑
j>k=1

αjk
[
|1j, 1k〉C ⊗ |0〉D − |0〉C ⊗ |1j, 1k〉D

]
+

1√
2

∑
j

αjj[|2j〉C ⊗ |0〉D − |0〉C ⊗ |2j〉D]. (4.9)

This means that when the two input photons are described by a symmetric state and enter
a 50:50 beam splitter the output state represents a bunching phenomenon. That is, the two-
photons always come out from the same port of the beam splitter; either both exit through port
C or they both exit through port D. This result implies that a measurement of the coincidence
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FIGURE 4.2: Simplified schematic representation of the possible output
configurations when two indistinguishable photons are incident on a

50:50 beam splitter.

counts of two photons(in a symmetric state) incident on a beam splitter would yield zero
results.

In the case that the two photon system is described by an anti-symmetric state we have that

|ψout〉 = ∑
j,k>1

αjk
[
|1j〉C ⊗ |1k〉D − |1k〉C ⊗ |1j〉D

]
. (4.10)

This result implies that in the case of an anti-symmetric input state the probability of mea-
suring coincidence counts is non-zero. We note that because of the condition imposed on the
complex coefficients, αjk = −αkj, the case for j = k gives a null result. Therefore, in the anti-
symmetric state, the mode labels j and k are always different.

The discussed results, especially the symmetric input state case, are the basis upon which the
applications of the HOM are based. In the next few sections, we will look at the consequences
of atmospheric turbulence on the above phenomenon. We consider two different cases: The
first case is based on sending only one of the two photons through the atmospheric turbu-
lence, and the second case is based on propagating both the photons through atmospheric
turbulence.

4.3 One-sided weak scintillation

In weak scintillation, we assume that the only effect of the atmospheric turbulence is a mere
phase perturbation. Therefore, an optical field propagating through the atmosphere does not
experience any amplitude variations. In this section we look at the instance where for the
entangled photonic system prepared by way of spontaneous parametric down conversion
(SPDC)1, only one of the entangled photons is propagated through the atmosphere. The atmo-
spheric turbulence is considered to be well within the conditions of weak scintillation.

We performed an analytical calculation and an experiment for the one-sided case, and we
observed that the visibility of the HOM dip does not change so long as the atmospheric turbu-
lence conditions are those of weak scintillation, see Fig. 4.4. In the experiment, we, however,
observed some fluctuations which could be attributed to the noise in the system. The visibil-
ity, which is defined as the counts outside minus counts inside divided by counts outside plus

1The spontaneous parametric downconversion process is discussed in Chapter 2.
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counts inside,

V =
Cout − Cin

Cout + Cin
, (4.11)

where Cout and Cin are the coincidence counts outside and inside the dip, respectively, remains
the same even if we increase the turbulence strength as long as the scintillation is within the
weak limit. This result is counter-intuitive as one would have expected the scintillation to
pollute the symmetric SPDC input state with an antisymmetric component. In the remainder
of this section, we explore the physics of how this counter-intuitive phenomenon comes about.

The model for the analytical calculations follows the order and detail as the experimental setup
for observation of the robustness of the HOM dip which is described in detail below, Sec. 4.5.
This order can be summarised as follows: (a) The input state is an SPDC state, which is sym-
metric with respect to an exchange of the photon-paths. (b) The turbulence is modeled as a
single phase screen (assuming weak scintillation conditions). (c) The single phase screen for
the turbulence is only placed in one of the two paths, representing a one-sided turbulence
channel. (d) The output after the HOM filter (beam splitter) is measured by means of projec-
tions onto particular LG modes in the respective output ports. These modes all have radial
index p = 0 and the magnitude of their azimuthal index is |`| = 1.

The state obtained from the SPDC process can be expressed in terms of an expansion of sym-
metric Bell-states |Ψ+

` 〉, consisting of LG modes with azimuthal index `

|ψSPDC〉 =
∞

∑
`=0
|Ψ+

` 〉α`, (4.12)

where α` are the expansion coefficients, and the symmetric (antisymmetric) Bell-state |Ψ+
` 〉

(|Ψ−` 〉) is defined by

|Ψ±` 〉 =
1√
2

(
|`〉A| ¯̀〉B ± | ¯̀〉A|`〉B

)
, (4.13)

with ¯̀ = −`.

In the absence of atmospheric turbulence, the HOM filter performs as expected and we should
be able to use it for any of its intended applications. This implies, as can be seen from the
SPDC state above, that the HOM effect (dip) is made possible by the symmetric Bell states. In
the one-sided case, it turns out that to ascertain or rather investigate the effect of atmospheric
turbulence on HOM interference it is sufficient to check if the atmospheric turbulence leads
to a generation of antisymmetric Bell states. This is because the antisymmetric Bell state adds
coincidence counts inside the dip, therefore it should gradually fill in the dip. However, this
does not happen.

To commence our investigation we consider the transition amplitude

η` = 〈Ψ−` |1A ⊗ T̂B|ψSPDC〉, (4.14)

where T̂B is the turbulence operator (in path B) representing a particular realization of the tur-
bulence, and 1A is the identity operator (in path A). The robustness of the HOM dip implies
that η` = 0 for all `, irrespective of the scintillation strength. In the statistical analysis, the re-
sults are averaged over all possible realizations. However, to observe on average a vanishing
coincidence count for the HOM dip, all the individual realizations must show vanishing tran-
sition amplitudes η` = 0 in the dip. Therefore, we need to consider the individual realizations.
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By substituting the expanded SPDC state, given in Eq. (4.12), into the transition amplitude we
obtain

η` =
∞

∑
m=0
〈Ψ−` |1A ⊗ T̂B|Ψ+

m〉αm. (4.15)

Due to the identity operation in path A, initial and final azimuthal indices must coincide m =

`. Hence, the only term that can contribute to the transition is

η` = 〈Ψ−` |1A ⊗ T̂B|Ψ+
` 〉α`. (4.16)

Thus we see that η` reduces to the transition amplitude between the symmetric Bell state and
its corresponding antisymmetric Bell state.

Next, we substitute Eq. (4.13) into Eq. (4.16) and evaluate the inner products in path A (the
side without turbulence) to obtain

η` =
α`
2
(
〈 ¯̀|BT̂B| ¯̀〉B − 〈`|BT̂B|`〉B

)
= −α`

2
tr{T̂Bσ̂z}, (4.17)

where

σ̂z =

[
1 0
0 −1

]

is the operator for the Pauli z-matrix (it has already been introduced in Chapter 2, but it is
restated here again for convenience), defined in the |`|-subspace. It thus turns out that the
transition amplitude is given by the coefficient of the σ̂z component of the turbulence operator
when expanded as a Bloch representation for a qubit channel.

To determine the coefficient for σ̂z in the Bloch representation of T̂B, we convert the expression
to the spatial domain. For this purpose we define the single phase screen turbulence operator
by

T̂B =
∫
|x〉 exp[iθi(x)]〈x| d2x, (4.18)

where θi(x) is a particular realization of a random phase function that represents the effect
of the turbulence. Applying this definition in the expression for the transition amplitude, we
obtain

η` =
α`
2

∫
〈 ¯̀|x〉 exp[iθi(x)]〈x| ¯̀〉

−〈`|x〉 exp[iθi(x)]〈x|`〉 d2x. (4.19)

Next, we define the OAM modes in polar coordinates

〈x|`〉 = R|`|(r) exp(i`φ), (4.20)

and apply them in the expression. Since the turbulence is represented by a single local phase
modulation (all located in the same plane), the input and output phase functions of the modes
cancel each other, leaving only the r-dependent parts of the modes, which only depends on
the magnitudes of the azimuthal index. These functions are the same for modes with the same
magnitude of the azimuthal index. As a result, the two terms in Eq. (4.19) are equal and cancel
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each other, leaving us with η` = 0. So we see that the transition amplitude is zero and the
Bloch representation of T̂B does not contain σ̂z.

In the next part, we try to put the above findings on a physical ground. What does it mean
that the Bloch representation of T̂B does not contain σ̂z?

To commence, we consider the matrix form and thus represent the turbulence operator as a
2× 2 matrix as follows

T̂B =

[
T11 T12

T21 T22

]
.

where the subscripts of the above matrix can be interpreted to mean that given Tmn, m is
the input mode and n is the mode to which it scatters due to the turbulence. Therefore, T11

represents the complex amplitude for scattering into mode ` given that the photon started in
mode `, and T22 represents the complex amplitude for scattering into mode ¯̀ for the photon
that started in mode ¯̀. That is, T11 and T22 describe the complex amplitudes for the photons
to remain in their initial modes.

The trace operation in Eq. (4.17) becomes

tr{T̂Bσ̂z} = T11 − T22. (4.21)

Since η` = 0, it follows therefore that the complex amplitudes for the two photons to remain
in their respective modes are exactly the same. That is, the atmospheric does not discriminate
between ` and ¯̀, it affects both modes in precisely the same manner.

The above results show why the HOM dip remains well-defined regardless of the scintillation
strength. The atmospheric turbulence does not destroy the symmetry of the SPDC state. The
only effect, which appears as a normalization factor in the more detailed calculations, is a
decrease in the rate of the coincidence counts. As will be shown below in the experimental
section, the visibility of the HOM dip is preserved even though the rate of data collection is
slower. Nonetheless, it is however important to note that this explanation relies on the fact that
the turbulence is simulated with a single phase screen (which is valid for weak scintillation
conditions) and that it only acts on one of the two photons. Under different conditions, this
mechanism may not apply anymore.

4.4 Two-sided weak scintillation

The second part of this work is based on the case where both photons are propagated through
the atmosphere, albeit the conditions are still those of weak atmospheric scintillation. In con-
trast to the case of one-sided atmospheric turbulence, we observe a slight decrease in the qual-
ity of the HOM dip. The model and experimental setup are the same as those of Sec. 4.3, the
only difference is that now both the photons produced through an SPDC process are propa-
gated the atmospheric turbulence.

The analytical calculations for the two-sided case are more involved since two independent
azimuthal indices have to be taken into account. We do not obtain the same simplification
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as was the case in Sec. 4.3. In the latter section, the identity operator in path A “forced” the
indices m and ` to be the same. Therefore, we need to consider the calculations for this case in
more detail.

Generically, one can represent the biphoton input state as produced by the SPDC process in
terms of its spatial degrees of freedom as follows

|ψ〉 =
∫
|r1〉A|r2〉Bψ(r1, r2) d3r1 d3r2, (4.22)

where |r〉 represents a three-dimensional coordinate basis. In other words, we include the
z-dependence, which relates to the path length, in addition to the two transverse (x, y) depen-
dences. The wavefunction ψ(r1, r2) is given in terms of the coordinate basis as

ψ(r1, r2) = 〈r1, r2|ψ〉, (4.23)

and it contains information about the SPDC state including the normalization of the state. The
two photons are separated into different paths (or channels), labelled A and B, respectively.

It is shown in Chapter 2 that the phase matching conditions that lead to the momentum conser-
vation are directly related to the transverse wave function of the SPDC state. Therefore, we can
always separate the three-dimensional wave function into a transverse part and a longitudinal
part as follows

ψ(r1, r2) = F(R1, R2)G(z1, z2). (4.24)

By implication, the basis states also separate

|r1〉A|r1〉B = |R1, z1〉A|R2, z2〉B. (4.25)

The HOM curve, and subsequently the dip is observed as a function of the relative path
lengths, centered at zero relative path length.

To consider the effect of the path length difference for an SPDC state, we convert the expression
to the Fourier domain in the z-dependence. Hence, we have

|ψ〉 =
∫
|R1, c1〉A|R2, c2〉BF(R1, R2) exp(−i2πc1z1) exp(−i2πc2z2)

×G(z1, z2) d2r1 d2r2 dz1 dz2dc1 dc2, (4.26)

where R1 and R2 are two-dimensional transverse position vectors (x1, y1) and (x2, y2), respec-
tively ; c1 and c2 are the longitudinal spatial frequency components (directly related to the
wavelength of the light) associated with the z-components of the position vectors. The spa-
tial correlations (due to momentum conservation in the SPDC process) are incorporated into
F(R1, R2) . In changing the z dependent parts of the state vectors we have made use of the
following rule

|R1, z1〉A|R2, z2〉B =
∫
|R1, c1〉A|R2, c2〉B exp(i2πc1z1) exp(−i2πc2z2)

×dc1 dc2. (4.27)
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We proceed by making the following substitution for the z dependence

z1 = z0 + dz and z2 = z0 − dz, (4.28)

whereafter we make a change of variables in the integrals (and on the z dependent function
accordingly). As consequence of the change of variables we obtain a dependence on z0 and on
dz. In anticipation of the final effect which is meant to depend on the path length difference of
the two photons we do not remove (we leave the final expression with the dz dependence) the
dz integral. Nonetheless, after rearranging all the other integrals and associated terms we end
up with an expression that contains the following term∫

S(z0) exp[−i2π(c1 + c2)z0]dz0, (4.29)

where S(·) is the term obtained from G(z1, z2) after the change of variables. After evaluation
of the integral we obtain

Π(c1, c2) = h(2c0 − c1 − c2)H(c1)H(c2). (4.30)

The term h(2c0 − c1 − c2) captures the wavelength correlation (due to energy conservation
in the SPDC process), where c0 is the longitudinal spatial frequency that is associated with
the wavelength of the pump beam. The nature of h(·) is discussed below. The individual
spectra of the two photons, as determined by wavelength filters, are given by H(c1) and H(c2),
respectively (see below). The final expression for the SPDC state is given by

|ψ〉 =
∫
|R1, c1〉A|R2, c2〉BF(R1, R2)

× exp(i2πc1dz) exp(−i2πc2dz)h(2c0 − c1 − c2)

×H(c1)H(c2) d2r1 d2r2 dc1 dc2. (4.31)

Both photons of the input state pass through simulated turbulence under weak scintillation
conditions. As a result, we apply unitary operators ÛA and ÛB for the respective channels,
representing the scintillation process caused by the turbulence. For single phase screen tur-
bulence (weak scintillation), these unitary operators implement phase modulations Û|R〉 =
|R〉 exp[iθ(R)]. Hence

ÛA|R1, c1〉A = |R1, c1〉A exp[iθA(R1)]

ÛB|R2, c2〉B = |R2, c2〉B exp[iθB(R2)]. (4.32)

After the turbulence, the photons in paths A and B are sent into the two input ports of a
balanced (50 : 50) beam splitter, as shown in Fig. 4.3, to perform the HOM filtering and obtain
HOM interference. The unitary operator Ûbs that represents this beam splitter, performs the
following transformations

|R1, c1〉A → 1√
2
(|R1, c1〉C + |R1, c1〉D)

|R2, c2〉B → 1√
2
(|R2, c2〉C − |R2, c2〉D) , (4.33)
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where the output ports are denoted by C and D, as shown in Fig. 4.3. Mirrors are added in
the setup for the HOM filter so that every path from A or B to C or D have an even number of
reflections, thus avoiding the inversion of the helicity of the modes. We apply the beamsplitter
operation and then condition on observing coincidences at the two output ports. The result,
just before the detection, reads

|ψ′〉 = P̂CCÛbsÛAÛB|ψ〉, (4.34)

where P̂CC is a projection operator that selects out the coincidence part of the state. The oper-
ation of the beam splitter as depicted in Eq. (4.33) leads to a generation of four terms, however
only two of those correspond to the detection of coincidences as is shown in Fig. 4.2. Therefore,
P̂CC corresponds to a selection of that part of the state, and it can be represented as follows

P̂CC →
∫
|R′1, c′1〉〈R′1, c′1|D ⊗ |R′2, c′2〉〈R′2, c′2|C

×dr′21dr′22dc′1dc′2. (4.35)

To show how the above operator works we first start with the expression of the kets after the
beam splitter

|R1, R2, c1, c2〉 ≡ |R1, c1〉C ⊗ |R2, c2〉C − |R1, c1〉C ⊗ |R2, c2〉D
+|R1, c1〉D ⊗ |R2, c2〉C
−|R1, c1〉D ⊗ |R2, c2〉D, (4.36)

the left-hand side is used loosely as a place holder of the right-hand side expression.

Upon acting on the beam splitter output state kets with P̂CC it can be seen that the inner
product of terms that correspond to the two photons coming out in the same port will go to
zero, therefore we proceed by showing only the terms that correspond to the two photons
coming out from different ports

P̂CC|R1, R2, c1, c2〉 ≡ −
∫
|R1, c1〉C ⊗ |R2, c2〉Dδ

(
R1 − R′1

)
δ
(
R2 − R′2

)
×δ
(
c1 − c′1

)
δ
(
c2 − c′2

)
dr′21dr′22dc′1dc′2

+
∫
|R1, c1〉D ⊗ |R2, c2〉Cδ

(
R1 − R′1

)
δ
(
R2 − R′2

)
×δ
(
c1 − c′1

)
δ
(
c2 − c′2

)
dr′21dr′22dc′1dc′2

= −|R1, c1〉C ⊗ |R2, c2〉D
+|R1, c1〉D ⊗ |R2, c2〉C. (4.37)

To observe the HOM dip, we use SLMs to project the respective photon states onto particular
spatial modes. For this purpose, we select a pair of LG modes with opposite azimuthal indices
for the two respective photons, under condition of coincidence detection. The longitudinal
degrees of freedom (associated with z) are not affected (filtered) in this process. The result is
a post-selection in the transverse degrees of freedom onto a two-dimensional subspace of LG
modes. We express the result of this projective measurement as the detection probability P,
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given by
P = tr{P̂`ρ̂} = 〈ψ′|P̂`|ψ′〉 (4.38)

where ρ̂ = |ψ′〉〈ψ′| is the density operator for the state after the beamsplitter and |ψ′〉 is given
in Eq. (4.34). The projection operator, associated with the projective measurement, is given by

P̂` = 1z ⊗ (|`C, ¯̀D〉〈`C, ¯̀D|), (4.39)

where 1z is an identity operator for the longitudinal degrees of freedom (associated with z).
By implication, we assume that the LG modes are independent of the wavelength

〈R, c1|`〉 = 〈R|`〉 = u`(R), (4.40)

where u`(R) is the LG mode with azimuthal index `.

Note that, because the longitudinal degrees of freedom are not filtered, the expression for P
would contain the squares of the functions that depend on the variables c1 and c2. In the
measurement, therefore, we trace over the longitudinal degrees of freedom, which means that
we need to integrate over c1 and c2. For this purpose, we replace the square of the h-function
with a Dirac delta function,

h2(2c0 − c1 − c2)→ δ(2c0 − c1 − c2). (4.41)

The function h(·) imposes energy conservation. However, if we assume that it is given by a
Dirac delta function, then we will end up with a squared Dirac delta function, which would
give a divergent result. Therefore, the above assignment, which considers the square of the
function h(·), rather than the actual function itself as a Dirac delta function avoids such a
complication.

We continue by redefining the integration variables c1 = c0 + c3 and c2 = c0 + c4. The Dirac
delta will then assign c4 = −c3 after integrating over c4. We will assume that the spectra can
be defined in terms of a hat-function

H(c) = Π
(

c− cc

W

)
, (4.42)

where W is the width of the spectrum (determined by the bandwidth of the line filters), cc is
the center frequency (of the line filters) and

Π(x) =

{
1 for |x| < 1/2
0 otherwise

. (4.43)

Note that Π2(x) = Π(x). In the end, we have terms that contain either of two possible integrals
over c3: ∫

H2(c0 + c3)H2(c0 − c3) dc3 = W∫
H2(c0 + c3)H2(c0 − c3)

× exp(±i8πc3dz) dc3 = Wsinc(4πWdz).

(4.44)
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The random phase functions θ(R) in Eq. (4.32) represent specific realizations of the turbulent
medium. We compute the ensemble average over all such realizations in both photon paths,
independently, to obtain the averaged coincidence counts. The effect of the ensemble averag-
ing is to convert the random phase factors into exponential functions

E{exp[iθ(R1)− iθ(R2)]} = exp
[
−1

2
D(R1 − R2)

]
, (4.45)

that contain the phase structure function D(R1−R2) [121]. One can now express the ensemble
averaged detection probability by

P =
∫

exp
[
−1

2
D(R1 − R3)

]
exp

[
−1

2
D(R2 − R4)

]
× [F(R1, R2)F∗(R3, R4) + F(R2, R1)F∗(R4, R3)]

×
[
u∗` (R1)u∗¯̀ (R2)− sinc(4πWdz)u∗` (R2)u∗¯̀ (R1)

]
×u`(R3)u ¯̀(R4) d2r1 d2r2 d2r3 d2r4. (4.46)

For the purpose of the calculations, we will assume |`| = 1 and radial index p = 0. In Cartesian
coordinate, the LG mode with these indices is simply expressed by

u1(R) = (x + iy) exp

(
−|R|

2

w2
0

)
, (4.47)

where w0 is the mode size for the LG mode and where we ignore the normalization constant.

The function F(R1, R2), which represents the spatial correlation of the down-converted state,
can be represented in the Fourier domain as the product of the pump beam

exp

(
−

w2
p

4
|K1 + K2|2

)
, (4.48)

and the phase matching function,

sinc

(
βw2

p

8
|K1 −K2|2

)
, (4.49)

where K1 and K2 are the two dimensional transverse Fourier coordinates (kx1, ky1) and (kx2, ky2),
respectively.

The argument of the pump beam consists of the sum of the Fourier domain coordinate vectors
of the down-converted beams, due to the transverse phase matching condition (momentum
conservation). The argument of the phase matching function, on the other hand, is the dif-
ference of the coordinate vectors of the down-converted beams, as a result of the paraxial
condition. Details of the SPDC process are given in Chapter 2.

Often, the phase matching function is approximated by a Gaussian function [142], which is
more tractable than the sinc-function found in the expression of the actual phase matching
function. Such an approximation is only valid in the thin crystal limit. Beyond this limit, the
sub-leading term of the Gaussian approximation gives a different scale behavior than that of
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the sinc-function

exp(−β|K|2) ≈ 1− β|K|2 + O
(

β2
)

(4.50)

sinc(β|K|2) ≈ 1− 1
6

β2|K|4 + O
(

β4
)

. (4.51)

Since we are interested in the behavior beyond the thin crystal limit, we need to consider the
phase matching function in terms of the sinc-function. To alleviate the calculation, we’ll use
an auxiliary integral to represent the sinc-function [143]

sinc(x) =
1
2

∫ 1

−1
exp(ixξ) dξ. (4.52)

After an inverse Fourier transform, the spatial correlation function is expressed as

F(R1, R2) =
N

2w2
p

exp

(
−|R1 + R2|2

4w2
p

)

×
∫ 1

−1

1
ξ

exp

(
−i
|R1 − R2|2

2ξβw2
p

)
dξ, (4.53)

where N is a normalization constant, wp is the pump beam radius and β is the crystal ratio,
defined as the crystal length L (times the ordinary refractive index of the crystal no) divided
by the pump Rayleigh range zR

β =
noL
zR

=
noLλ

πw2
p

, (4.54)

with λ being the pump wavelength.

To enable the analytic evaluation of the integrals, we use a quadratic structure function ap-
proximation [85]

D(∆R) = 6.88W5/3 |∆R|2
w2

p
, (4.55)

where
W =

wp

r0
, (4.56)

with
∆R = R1 − R2, (4.57)

and

r0 = 0.185
(

λ2

C2
nz

)3/5

, (4.58)

being the Fried parameter [144]. Here, C2
n is the refractive index structure constant and z is the

propagation distance.

Once all these functions, Eqs. (4.47), (4.53) and (4.55), are substituted into Eq. (4.46), one can
evaluate the integrals. Those that involve R1, R2, R3 and R4 are readily evaluated. The remain-
ing auxiliary integrations (associated with the sinc-functions) are somewhat more challenging
but still tractable. The resulting expression for the probability to measure coincidence counts
is complicated we performed a truncation with respect to β, and only present the expression



90 Chapter 4. Hong-Ou-Mandel in turbulence

for the values of up to order 5. This truncation is only for the purpose of presenting the ex-
pressions in a contained way. However, in the case of calculations, we do not have to limit
accuracy in any way. Performing such a truncation leads to expressions that are relatively
simpler and thus easier to simplify. Nonetheless, this approximation is tenable since β is an
experimental parameter that is very small, and can be regulated if required. After performing
the truncation and a series of simplifying steps we find that the expression has the form

P = f1(α, β, ζ) [1− sinc(4πWdz)] + ζ2β4 f2(α, ζ), (4.59)

where

f1(α, β, ζ) =
N0

Y0

[
α6β4ζ2Y10 + 2α5β4ζY11

−30α6β2ζY8 − 120α5β2Y2
2Y3 + α4β4Y12

−120α4β2Y2Y4 + α3β4Y9 + α6Y6

+α2β4Y7 − 720α5Y1 − α3β2Y1

+αβ4Y5 + 720α4 − 1440α2β2 + 2160β4
]

, (4.60)

f2(α, ζ) = α2N0

Y0

[
Y13α4 + 2Y14α3 + Y15α2 + Y16α + 320

]
(4.61)

with

Y0 = α2(2αζ + α + 2)3(α + 2)3

Y1 = 2880ζ + 1920

Y2 = ζ + 1

Y3 = 5ζ + 1

Y4 = 17ζ + 7

Y5 = 6480ζ + 3216

Y6 = 360ζ2 + 360ζ + 180

Y7 = 7824ζ2 + 8040ζ + 1676

Y8 = 2ζ3 + 6ζ2 + 7ζ + 2

Y9 = 4848ζ3 + 8016ζ2 + 3352ζ + 344

Y10 = 24ζ4 + 60ζ3 + 136ζ2 + 73ζ + 10

Y11 = 126ζ4 + 456ζ3 + 509ζ2 + 159ζ + 10

Y12 = 1596ζ4 + 3984ζ3 + 2694ζ2 + 516ζ + 20

Y13 = 60ζ3 + 30ζ2

Y14 = 60ζ3 + 140ζ2 + 40ζ

Y15 = 440ζ2 + 480ζ + 80

Y16 = 640ζ + 320
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FIGURE 4.3: Experimental setup used to observe the Hong-Ou-Mandel
dip after the quantum state has passed through one-sided or two-sided

single phase screen turbulence.

β is defined in Eq. (4.54) and

α =
w2

0
w2

p
(4.62)

ζ = 6.88W5/3, (4.63)

N0 is a normalization constant.

The factor [1− sinc(4πWdz)] represents the shape of the HOM dip. The first term in Eq. (4.59),
f1(α, β, ζ), by itself gives a constant dip. It represents a scaling factor, that can be thought of in
terms of the overall counts. That is, it indicates the level of coincidence counts for the curve.
The second term, f2(α, ζ), on the other hand, serves to fill in the dip and thereby reduces its
quality. Therefore, this is the term that represents the washing-out of the HOM dip. Nonethe-
less, we see that this term contains a factor of ζ2, which means that, for no turbulence, it is
zero, as it should, and we thus observe the HOM dip as normal. We also see that it contains a
factor of β4, which implies that this term is quite small because the value of β tends to be small
in typical experiments. Therefore, we see that even in the two-sided channel, the effect of the
turbulence on the quality of the dip is small.

4.5 Experimental setup and results

The experimental setup is shown in Fig. 4.3. A mode-locked laser source with a wavelength
of 355 nm, an average power of 350 mW and a repetition rate of 80 MHz is used. The pump
beam has a beam radius of 58.9 µm and was characterized with a spirikon camera. It pumps
a 3 mm-thick type I BBO crystal to produce noncollinear, degenerate photon pairs via SPDC
with a wavelength of 710 nm. A small noncollinear angle of ∼3 degrees exists between the
signal and idler beams. The plane of the crystal is imaged onto SLM1 and SLM2, via paths A
and B, respectively, with a magnification of×4 (4-f system with f1 = 100 mm and f2 = 400 mm
not shown). The atmospheric turbulence is simulated by random phase modulations, using
either SLM1 (in path A) for the single-sided case or with both SLM1 and SLM2 (in path A
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(a) (b)

FIGURE 4.4: Experimentally observed HOM dip curves in the one-
sided case for (a)W = 0 and (b)W = 0.4.

and B, respectively) for the double-sided case. The SLM that were used are both HOLOEYE
PLUTO-2 with resolution 1920 x 1080, pixel-pitch of 8 µm, wavelength range 350-1700 nm,
and Fill factor 93%.

The atmospheric turbulence is simulated according to the Kolmogorov theory of turbulence
and modeled as a single phase screen approximation. The two mirror combination in arm A,
which is used for changing the relative path length between the two arms, is mounted on a
motorized translation stage. This allows one to scan through the dip in coincidence counts as
a function of the relative path length difference dz. The plane of SLM1 and SLM2 are imaged
onto SLM3 and SLM4 without magnification (4f system with f3 = 500 mm and f4 = 500 mm
not shown).

By selecting particular LG modes for detection, projective measurements are performed using
SLM3 and SLM4, together with the single mode fibers (SMFs). We detect ` = 1 on SLM3
and ` = −1 on SLM4. The mode size of the LG modes programmed on SLM3 and SLM4
is w0 = 450.0 µm. Diffraction gratings are included in the random functions in both SLMs
to separate different diffraction orders. The SLM3 and SLM4 planes are re-imaged with a
demagnification factor of×375 (4-f system with f5 = 750 mm and f6 = 2 mm not shown) onto
the SMFs. The back-propagated beams from the SMFs have beam radii of 882 µm and 838 µm
on the planes of SML3 and SLM4, respectively. After SLM3 and SLM4, the two beams pass
through 10 nm bandwidth interference filters (IF) before coupling into the SMFs. Avalanche
photodiodes (APDs) at the ends of the SMFs are used to register the photon pairs with the aid
of a coincidence counter (CC). The measured coincidence counts are accumulated over a 25 s
integration time, with a gating time of 12.5 ns (based on the repetition rate of the laser).

The experimental parameters give α = 4.19 and β = 0.173. They are specifically chosen to give
a value of β that is not too small.

We performed several runs for each of the different values of the parameterW , ranging from
0 to 2. During each run, the same random phase screen is used to measure the coincidence
counts after the HOM filter over a range of path-length differences. In Fig. 4.4, we show the
experimentally observed curves of the HOM dip in the case of a one-sided turbulence channel,
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FIGURE 4.5: Visibility of the HOM dip as a function ofW for the case
of a one-sided turbulent channel. Experimental values are shown as
blue-filled circles with vertical error bars, denoting the standard devi-
ation. The horizontal gray dashed line represents the best fit constant

visibility.
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FIGURE 4.6: Visibility of the HOM dip as a function ofW for the case
of a two-sided turbulent channel. Experimental values are shown as
blue-filled circles with vertical error bars, denoting the standard devi-
ation. The gray dashed curve represents the theoretically calculated
result, but with lower initial visibility to fit the experimental value for

no turbulence.
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forW = 0 andW = 0.4. The data points of each run are connected by straight lines to guide
the eye. The curves in Fig. 4.4(a) are for no turbulence, W = 0. One can see well-defined
curves with very little variation among the different runs. The observed variation in Fig. 4.4(a)
is caused by variations in the experimental conditions (laser intensity and optical alignment)
that occurred over the duration of the experiment.

For a moderate scintillation of W = 0.4 in the one-sided turbulence channel, one observes
much more fluctuation in the curves for the different runs, as seen in Fig. 4.4(b). The large
deviations, in this case, are caused by the different random phase screens that are used in the
different runs. Although these phase screens are all produced to represent the same scintil-
lation strength W = 0.4, they cause different levels of scattering, leading to different levels
of coincidence counts. Despite the large variation in the levels of coincidence counts among
these curves, the shape of the dip is still clearly recognizable in them.

The background counts, which are caused by accidental coincidence counts and are readily
calculated from the single beam counts and the gating time of the coincidence counter, have
been subtracted from the raw data. The curves in Fig. 4.4 show the data after background
subtraction.

By plotting the coincidence counts as a function of the path-length differences, one can clearly
see the shape of the HOM dip. The inverted sinc-function shape is an artifact of the wavelength
filters that were used in the experiment as is shown by calculations in Sec. 4.4.

For each of the curves, we computed the visibility of the dip which is defined in Eq. (4.11).
We computed the averages and standard deviations of these visibilities for each value of W .
The result of the one-sided case is shown in Fig. 4.5. We also show a constant value as a
gray dashed line with the best fit value for the constant visibility of V = 0.77± 0.03. Due to
experimental imperfections, this value is smaller than the ideal value of 1. We see that the
experimental results maintain this constant value with good agreement, even up to a value
of W = 2, which is considered to be a fairly large value for W . Variations in the behavior
are usually expected to occur in the vicinity of W = 1 for ` = 1 [78]. One can argue that, if
the visibility of the HOM dip behaved in a way similar to entanglement [78], then for ` = 1
it would undergo decay in the region of W = 1. One would then have expected to see the
visibility approaching zero at W = 2. Our results show unambiguously that the visibility is
still much larger than zero atW = 2 by several standard deviations, without any indication of
a decaying trend.

The visibility for the two-sided case is shown in Fig. 4.6. Here, we also show the curve for the
theoretical calculation as a gray dashed curve. The theoretical curve has been multiplied with
a factor to lower the initial value down from 1 so that it would match the lower visibility of the
experimental results when no turbulence is present. The theoretical curve remains at a fairly
high value of the visibility, even up to a value ofW = 2. The experimental results follow this
trend fairly well.

Due to the large fluctuations, which cause relatively large error bars, typical in turbulence
experiments, one cannot confirm the precise shape of the predicted curve. However, the ex-
perimental data is consistent with the theoretical curve. It shows that the visibility remains
above zero up to a value ofW = 2. As with the one-sided case, one would have expected that,
if the visibility were to decay, it should happen aroundW = 1. Since this is not observed, the
data support the theoretical finding that the visibility is fairly insensitive to scintillation.
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4.6 Discussion

Our analysis shows that the fact the HOM dip is not affected by subjecting the photons to
atmospheric turbulence is not a consequence of the second order quantum interference, rather
it is a result of the properties of the atmospheric turbulence. Particularly, it is because in weak
scintillation the atmospheric turbulence does not convert symmetric states into antisymmetric
states. Since the HOM dip is produced by the antisymmetric states, it follows that in their
absence the HOM remains robust.

While our analyses are based on LG modes, in deriving the results of Sec. 4.3 we ignore the
radial index and only consider the azimuthal degree of freedom. It is this undertaking that
led to the simplicity of the results thus obtained. Nonetheless, we acknowledge that in the
most general case, the individual Bell states, which are defined in terms of LG modes, can
also have an additional summation over all the different radial (p) indices. If the LG modes
are the Schmidt basis for the SPDC state, then these summations over the radial index would
break up into individual Bell states in which the radial indices appear in the same way as the
azimuthal indices. One would then be able to select a particular set of radial indices just like we
selected a particular set of azimuthal indices and follow the argument through, as presented
in Sec. 4.3. As a result the radial index would not affect the argument. Unfortunately, the LG
states are not the exact Schmidt basis for the SPDC process [145]. However, one can argue that
the actual Schmidt basis is not significantly different from the LG modes; under the Gaussian
approximation of the phase-matching function [142], the Schmidt basis does turn out to be the
LG modes [146]. As a result we don’t expect the radial index to play a significant role in the
analysis of Sec. 4.3.

The analyses that are reported here are restricted to the domain of weak scintillation. It may
therefore seem to be an artefact of the single phase screen approximation that bestows this
property on turbulence that it does not convert symmetric states into antisymmetric states.

In the theoretical results, to alleviate the calculations, we used instead of the Kolmogorov
structure function the quadratic structure function. The quadratic structure function is an ap-
proximation to the Kolmogorov structure function. This may therefore contribute towards the
deviation of the theoretical results from the experimental results. However, from the consis-
tency between the two sets of results as shown in Fig. 4.6, we conclude that this contribution
may not be significant.

4.7 Summary

Two analyses were provided, one for the one-sided turbulence channel and one for the two-
sided turbulence channel. The former was simpler because it exploited the orthogonality of
the modal basis to simplify the analysis. The latter was more involved and required a more
thorough calculation. The analysis for the one-sided case clearly demonstrates that the HOM
interference effect is not affected by one-sided weak scintillation. The more detailed analysis
for the two-sided case showed that, although not completely unaffected, the HOM interference
effect is only slightly affected by the scintillation.
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In the experiment, the input state of the photon pair was prepared with spontaneous paramet-
ric down-conversion (SPDC). The turbulence was simulated by random phase modulations
with the aid of phase-only spatial light modulators (SLMs). As such, the turbulence was rep-
resented by a single phase screen, which is valid for weak scintillation conditions. This implies
that we did not consider the conditions associated with strong scintillation. The random phase
modulations on the SLMs were computed according to the Kolmogorov theory of turbulence.
However, for tractability, a quadratic structure function approximation was used in the calcu-
lations. The HOM interference was obtained with the aid of a balanced (50:50) beam splitter;
the HOM filter. The SPDC process naturally produces a symmetric state, which leads to a lack
of coincidence counts (a HOM dip) on the detection system after the HOM filter. We measured
the influence of turbulence by assessing the visibility of the HOM dip. The photons after the
HOM filter were observed with the aid of additional SLMs in the Laguerre-Gauss (LG) basis
with opposite signs for the azimuthal indices at the two output ports. The Schmidt basis of
the biphoton state after the turbulence is known to be an OAM basis.

With this it has been shown, both theoretically and experimentally that the HOM interfer-
ence is not affected by one-sided turbulence under weak scintillation conditions. It has also
been shown that the effect of turbulence for a two-sided channel remains small under weak
scintillation conditions.

The results of this work show that free-space implementation of long distance quantum com-
munication using quantum repeaters is viable, and may be able to succeed. This conclusion
also holds for other applications which depend on the HOM, including the remote clock syn-
chronization protocols.
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Chapter 5

High-dimensional quantum
channel estimation using classical
light

5.1 Introduction

The orbital angular momentum (OAM) degree of freedom spans an infinite dimensional Hilbert
space and can lead to the practical realization of high-dimensional quantum digits. This is
in contrast to the polarization degree of freedom which allows for the generation of two-
dimensional quantum digits.

In the previous chapters, we have only assessed and discussed atmospheric turbulence from
the perspective of how it affects optical fields. This is an important aspect of the successful im-
plementation of free-space quantum and optical communication systems. For instance, some
of the quantum communication protocols [19] are based on quantum entanglement. As has
been studied [77, 72, 75, 78, 80, 81, 147, 82, 79], propagation through the atmosphere leads to a
distortion of the optical fields and a degradation of quantum entanglement. This implies that
the success of a free-space communication system requires an active correction system.

In light of the requirement for a correction system, a recent study has proposed a method to
characterize a quantum channel using classical light [103]. In the study, it is shown that the
evolution of two classically entangled degrees of freedom and two quantum entangled degrees
of freedom is in a one-to-one correspondence in the case where the channel for both systems
acts on only one degree of freedom. Therefore, they show, using vector beams, that classical
light could be used to obtain information about a quantum channel.

In this chapter, we propose a method to characterize a high-dimensional quantum channel
with the aid of classical light. The work we present here is a generalization of the method for
classical characterization (using polarization) [103] of quantum channels to higher dimensions.
The work which was done by Ndagano et al. [103] was based on a qubit system. This is because
they used vector beams as their non-separable state to characterize the channel. This implies
that their method has the limitation of dimension since it is based on polarization. They can
only work with two dimensional states.
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Our method uses a single non-separable input optical field that has correlations between the
spatial (OAM) modes and the wavelength degrees of freedom to determine the effect of the
channel on the OAM modes. The wavelength degree of freedom is used here, instead of po-
larization, to facilitate the generalization to high-dimensions. The channel estimation process
incorporates spontaneous parametric up-conversion (SPUC) also known as sum frequency
generation (SFG) to perform the pertinent measurements.

The work presented in this chapter has been published [148].

The chapter is organized as follows: Section 5.2 provides a heuristic discussion about the prin-
ciple and how this scheme works. In Sec. 5.3 we focus on the SFG process and perform a
detailed calculation to show that the scheme does indeed work. Finally, in Sec. 5.4 we present
a brief discussion and our conclusions.

5.2 Classical estimation of a quantum channel

5.2.1 Principle

To estimate the quantum channel with the use of classical light, we use a general approach and
assume that we can use two different degrees of freedom of light, wherein only one of them is
affected by the channel. We also assume that the channel maintains the purity of any quantum
state that propagates through it. We further prepare an input state (optical field) that contains
correlations between these different degrees of freedom. Although a classical optical field, the
input field is represented here in terms of the Dirac ket notation

|ψin〉 = ∑
n
|An〉|Bn〉αn, (5.1)

where An and Bn represent two different degrees of freedom denoted by separate kets, the n
indicates the different basis elements in these degrees of freedom and αn denotes the expansion
coefficients, such that ∑n |αn|2 = 1. The expansion coefficients are complex and when squared
they represent the probability of occurrence of the nth basis elements. Hence, it is required that
the sum of all the squares be equal to unity.

It is assumed that the channel only affects the B degree of freedom. The output after the chan-
nel is obtained by replacing each |Bn〉 in terms of a superposition of several of them to repre-
sent the scattering process. The number of such kets that form the superposition is determined
by the intensity of the scattering process.

In order to determine the channel, we perform a tomography on the system. The tomography
is done by way of projective measurements on both degrees of freedom. This is done in terms
of the basis given by the original kets and in terms of a mutually unbiased basis with respect
to these original kets. Classical light has the advantage of brightness and thus we do not
have to perform the projective measurements sequentially, rather we can divide the output
into separate channels where all the different measurements are performed simultaneously.
Through these measurements, we can then determine the complex coefficients of the kets that
are in the output state. Given these coefficients, we can further proceed to determine the
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channel matrix since it is in these complex coefficients that the information about the channel
is contained.

In the rest of this chapter, the B degree of freedom denotes the spatial modes, particularly the
(OAM) modes. The A degree of freedom denotes the wavelength (frequency), which is not
affected by turbulence. Given these assignments, we can re-express the input state in Eq. (5.1)
as follows

|ψin〉 = ∑
n
|λn〉|`n〉αn, (5.2)

where λn represents the different wavelengths and `n is the azimuthal index of different OAM
modes, and αn still represents the complex expansion coefficients.

We consider a free-space channel that represents the effects of the atmospheric turbulence on
the OAM modes. The atmospheric turbulence, which is represented by a Kraus operator Λ̂,
would scatter the OAM modes to other OAM modes

Λ̂|`n〉 = ∑
m
|`m〉Λmn. (5.3)

As a consequence of the scattering process, the output state will contain new (additional) kets
that lead to a different superposition from that of the input state. In tensor representation, we
will denote the channel Kraus operator as Λmn. It is the purpose of this scheme to determine
the matrix Λmn and to measure the values of its matrix elements. The distortion correction
involves the design of another matrix that would compensate for the distortion caused by the
Kraus operator. After going through the channel we obtain

|ψout〉 = Λ̂⊗ 1|ψin〉 = ∑
n
|λn〉Λ̂|`n〉αn

= ∑
mn
|λn〉|`m〉Λmnαn, (5.4)

where 1 is the identity operator on the wavelength degree of freedom. Since the indices of Λmn

are respectively contracted on the basis elements of the different degrees of freedom, a clever
selection of measurements can uncover all the information about Λmn. That is, all magnitudes
and phases except an overall phase. In spite of the overall phase issue1, the information ob-
tained in this way is sufficient to characterize the channel.

It is common in optical experiments to use polarization as a degree of freedom. If this were
the case for the unaffected degree of freedom, the measurements would be trivial to perform
by use of polarization optics. For instance, projective measurements could be performed on
the perturbed state by using half and quarter wave-plates. In the work done by Ndagano et al.
[103], vector beams were used as the model state for the classical non-separability. Their input
state consisted of the OAM degree of freedom and the polarization degree of freedom. The
latter was the one that was resilient against atmospheric turbulence. Therefore, within their
scheme, they were able to perform the projective measurements using polarization optics.

1In a tomographic reconstruction, we determine the density matrix of the system of interest. The
elements of the density matrix (pure state) appear as products of the basis expansion coefficients. There-
fore, in determining these elements we only determine the relative phases between them, not the absolute
phase.
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In this work, we use the wavelength degree of freedom instead of polarization. Hence, we
propose the use of SFG for the projective measurements. The measurements are made by
preparing optical fields, which we call the measurement states, in terms of combinations of
the different bases for the different degrees of freedom. These measurement states are sent
through a nonlinear crystal, together with the output field to perform the upconversion.

The main issues concerned with the implementation of this method are: (a) the preparation
of the input state; (b) the preparation of the measurement states; and (c) the measurement
process itself. We will start by discussing the preparation of the input state.

5.2.2 Input state preparation

Our scheme is based on an input state that is nonseparable in terms of the wavelength degree
of freedom and the OAM degree of freedom. Here, we give the details of the procedure that is
to be followed in preparing such an input state. The preparation would start with a light beam
that consists of several discrete frequencies. Such a light beam is well represented by a fre-
quency comb laser beam [149]. The frequency comb laser beam consists of a sequence of laser
pulses that occur at a rate given by the pulse repetition frequency. The spectral components of
the frequency comb are separated by the pulse repetition frequency, which is typically on the
order of a 100 MHz to a few GHz.
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FIGURE 5.1: Optical setup used to prepare the input optical field.

The proposed setup to prepare the input optical field is shown in Fig. 5.1. One can use a
diffraction grating to separate the different spectral components of the frequency comb. Using
some apertures, one can, therefore, select out specific components. In our scheme, we select
components that are separated by twice the pulse repetition frequency. The reason for this
is explained below when we discuss the preparation of the measurement states. Having dis-
persed the different spectral components, we would further apply a 2-f setup using a lens to
redirect the selected components side by side on a spatial light modulator (SLM). Upon inci-
dence on the SLM, each of the spectral components is modulated with a specific OAM mode,
thus associating to each spectral component a specific spatial distribution.

At this point, we have successfully generated different light beams that are monochromatic
such that associated with each frequency is a different spatial distribution. However, we have
not generated the input state in Eq. (5.2). The input state in the latter equation is enforced by
recombining the spectral components using yet another 2-f system. Using a diffraction grating,
the optical beams can be recombined into the nonseparable input state described in Eq. (5.2).
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The resulting beam now contains correlations between spectral components and the azimuthal
indices. In contrast to the vector modes that are used in other schemes, for example [103],
the current method has no fundamental limitation in the dimensionality of the Hilbert space.
Apart from practical limitations such as the size of the SLM, this approach can be used to
generate states that are nonseparable in an arbitrary number of dimensions.

The input optical field is sent through the channel to produce the output field, as represented
in Eq. (5.4). The Kraus operator only acts on the spatial degrees of freedom and not on the
frequency or wavelength degrees of freedom. As a result, the OAM modes are scattered into
other OAM modes. Based on the construction of the input state, the output state now con-
tains information about the Kraus operator of the channel. Appropriate measurements on the
output state can now uncover the Kraus operator. The measurement process, which employs
SPUC, is explained next.

5.2.3 Upconversion measurements

As already alluded to in the case of polarization as a degree of freedom, polarization optics
can be used to perform the necessary projective measurements. However, in our scheme,
we propose to use wavelength as a degree of freedom. Therefore, we use the SPUC process to
implement the measurement scheme. The inspiration for this proposal comes from a thorough
study of the spontaneous parametric down-conversion (SPDC) process, which is discussed in
Chapter 2. In an SPDC process, an input pump beam incident on a nonlinear crystal, usually
a β-Barium Borate (BBO), leads to a generation of a pair of photons with frequencies that
add up to the pump beam frequency due to energy conservation. Since the SPDC conserves
both energy and momentum, it is able to create entanglement in the respective degrees of
freedom. Furthermore, it has been shown both theoretically and experimentally that under
general conditions SPDC conserves OAM [63].

For an input pump beam that is described by a Gaussian profile, the output beam after the
SPDC process can be expressed as

|ΨSPDC〉 = ∑
`

∫
|`, ω〉s| ¯̀ , ωp −ω〉iΠ(ω; |`|) dω, (5.5)

where ωp is the angular frequency of the pump, ` represents the azimuthal index, with ¯̀ =

−`, the subscripts s and i denote the signal and idler photons, respectively, and Π(ω; |`|)
is a coefficient function. It can be seen from the kets that the sum of the azimuthal indices
gives zero, which is consistent with the input pump beam profile. Likewise, the sum of the
frequencies adds up to ωp which is the pump beam frequency.

Ideally, one would like the coefficient function to be constant over a range of azimuthal indices
and frequencies. If the frequencies are selected to be relatively close to each other, which is
made possible by using a frequency comb, one may assume that the coefficient function is
independent of frequency over that range. However, it would, in general, depend on the
magnitudes of the azimuthal indices, especially for the high-dimensional case. Based on this
understanding, we’ll assume that one can replace Π(ω; |`|)→ Π(|`|).

The upconversion process is given by the dual of the down-converted state 〈ΨSPUC| = (|ΨSPDC〉)†,
provided that the output that is measured after the upconversion is a photon with a Gaussian
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profile analogous to that of the pump beam in the down-conversion process. The tomography
measurements are then given by

Mmea = 〈ΨSPUC|ψout, ψmea〉, (5.6)

where |ψmea〉 is the measurement state and |ψout〉 is the output state after the channel, given in
Eq. (5.4). The probability for a successful upconversion (detection of an upconverted photon)
is given by Pup = |Mmea|2. We’ll assume the measurement state corresponds to the signal and
the output state to the idler, as defined in Eq. (5.5).
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FIGURE 5.2: Diagrammatic representation of the measurement process.

One way to look at this process is to consider the effective state with which the output state
is overlapped. Such a state is given by the overlap of the measurement state with the SPUC
process

〈ψeff| = 〈ΨSPUC|ψmea〉. (5.7)

Consider, for example, the case where the measurement state contains superpositions in both
the degrees of freedom

|ψmea〉 = (|`1〉a + |`2〉b) (|ω1〉c + |ω2〉d) , (5.8)

where a, b, c and d are complex coefficients. The effective state then becomes

〈ψeff| =
[
Π(|`1|)a〈 ¯̀1|+ Π(|`2|)b〈 ¯̀2|

]
×
(
〈ωp −ω1|c + 〈ωp −ω2|d

)
. (5.9)

One can choose the values of a and b to compensate for the difference in magnitude between
Π(|`1|) and Π(|`2|). The final measurement is then given by

Mmea = |〈ψeff|ψout〉|2 . (5.10)

We see that 〈ψeff| is the dual of a specific state that would be selected by inner product from the
output state. Since one can design the measurement state |ψmea〉, one has control over 〈ψeff|.

Using the proposed setup in Fig. 5.2, the necessary measurements can be performed. The out-
put state after the channel is optically combined with a measurement state that is specifically
prepared for each measurement. The preparation of the measurement states is discussed in
more detail below. The combined beam is then sent through a nonlinear crystal to perform
upconversion. The output after the upconversion process is coupled into a single mode opti-
cal fiber, which selects out the Gaussian beam profile. The photons that are coupled into the
fiber are detected with a single photon detector, such as an avalanche photodiode.
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5.2.4 Tomography

A judicious set of measurements can be performed on the output state that is given in Eq. (5.4)
to determine the matrix elements of the Kraus operator (Channel matrix) [3]. In the remainder
of this discussion, we ignore the complex coefficients αn under the assumption that one can
make these values all equal in the preparation of the input state. The output state is written as
follows

|ψout〉 = ∑
mn
|`m〉|ωn〉Λmn, (5.11)

where we converted wavelength into angular frequency.

The magnitude of the individual elements of the channel matrix can be determined by using
a measurement state with a single frequency and a single OAM mode

|ψmea〉 = | ¯̀u〉|ωp −ωv〉, (5.12)

where the subscripts u and v represent specific components, leads to

〈ψeff| = 〈`u|〈ωv|. (5.13)

The projective measurement then gives

|〈`u, ωv|ψout〉|2 =

∣∣∣∣∣∑mn
〈`u, ωv|`m, ωn〉Λmn

∣∣∣∣∣
2

= |Λuv|2 . (5.14)

Since the channel matrix elements are complex, it is still left to determine the phases of the
individual elements. However, it is only possible to determine the relative phase since there
is an overall phase that the measurements cannot uncover. To obtain the relative phases of the
elements, one needs to produce superpositions of the frequencies and/or OAM modes. If, for
instance, the measurement state contains a superposition of two frequencies

|ψmea〉 = | ¯̀u〉
(
|ωp −ωv〉+ |ωp −ωw〉

) 1√
2

, (5.15)

where the subscripts u, v and w represent specific components, we get

〈ψeff| = 〈`u| (〈ωv|+ 〈ωw|)
1√
2

. (5.16)

In this case, the projective measurement produces an interference term

|〈ψeff|ψout〉|2 =
1
2
|〈`u, ωv|ψout〉+ 〈`u, ωw|ψout〉|2

=
1
2
|Λuv + Λuw|2

=
1
2

(
|Λuv|2 + |Λuw|2 + Λ∗uvΛuw + ΛuvΛ∗uw

)
,

(5.17)
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which can be used to obtain the relative phase of the elements. The interference term in the
above equation, however, is only one part of the process that is required to obtain the phase
of the elements. It only gives the cosθuwv contribution, where θuwv is the phase between the
elements Λuv and Λuw. The sinθuwv component which completes the process is obtained by
using a measurement state that contains the same elements with a phase shift of π/2

|ψmea〉 = | ¯̀u〉
(
|ωp −ωv〉+ i|ωp −ωw〉

) 1√
2

, (5.18)

which therefore leads to the measurement result

|〈ψeff|ψout〉|2 =
1
2

(
|Λuv|2 + |Λuw|2 + iΛ∗uvΛuw − iΛuvΛ∗uw

)
.

(5.19)

These two measurement results can finally be combined to generate the relative phase between
the said elements. This completes the measurement of the complex elements of the Kraus
operator. This process is repeated until all the required measurements have been performed.

5.2.5 Measurement state preparation

The advent of SLMs has made the generation of OAM modes to be trivial. OAM modes and
their superpositions can be readily generated using the SLMs through the computer generated
hologram method discussed in Chapter 2.

The superposition of frequencies, as would be required by our scheme for the measurement
states, can be performed by using amplitude modulation with a suppressed carrier. The
modulation frequencies need to be on the order of the pulse repetition frequency of the fre-
quency comb. Currently, electro-optical modulators and acousto-optical modulators can per-
form modulation of optical signals into the GHz range. The modulation processes for two
different cases are shown in Fig. 5.3. Remember that the spectral components that are used in
the preparation of the input state are separated by twice the pulse repetition frequency. There-
fore, by modulating with the repetition frequency we are able to generate the sidebands that
correspond to the frequency elements shown in Fig. 5.3 (a).

If the two components in the superposition lie next to each other, separated by twice the pulse
repetition frequency, one would select a component between these two components and mod-
ulate it by the pulse repetition frequency, as shown in Fig. 5.3 (a). This would be made possible
by the way we would have chosen spectral component for the preparation of the input state.

On the other hand, if the spectral components of the superposition are further apart (say four
times the pulse repetition frequency) we select a spectral component halfway between the two
required components and modulate it by two times the pulse repetition frequency, as shown in
Fig. 5.3 (b). This process would produce sidebands by adding and subtracting to the selected
frequency twice the repetition frequency thus leading to the generation of the frequencies as
depicted in Fig. 5.3 (b).

As a generic representation of amplitude modulation, let us consider a carrier signal that is
represented by

f (t) = sin(ωct), (5.20)
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FIGURE 5.3: Diagrammatic representation of modulation process, us-
ing (a) pulse repetition frequency and (b) twice pulse repetition fre-
quency. The black dots denote those spectral components that are cho-

sen as part of the input state.

where ωc is the carrier signal frequency. We note that the use of the word "signal" here is
not associated with the signal of the SPDC, it is the jargon used in electrical engineering and
communication engineering. Given the carrier signal, as it is also usually done in communica-
tion engineering applications, we consider a second signal that will represent the modulating
function

g(t) = sin(ωmt), (5.21)

where ωc is the modulation signal frequency.

Amplitude modulation is achieved by multiplying the two signals as follows

h(t) = f (t)g(t)

= sin(ωct)sin(ωmt), (5.22)

which after using the identity

sinAsinB =
1
2
[cos(A− B)− cos(A + B)] (5.23)

becomes

h(t) = f (t)g(t)

=
1
2
[cos(ωc −ωm)− cos(ωc + ωm)] . (5.24)

The above result2 shows that amplitude modulation of some input function leads to the gener-
ation of two frequency components that are represented by the sum and difference frequencies
that are involved. In our scheme, we consider the modulation frequency as the pulse repeti-
tion (or multiples) frequency of the frequency comb laser, and we consider the carrier signal
frequency as the frequency component that we modulate with the pulse repetition frequency.

2Here, we show the amplitude modulation as a way of illustration. Therefore, we also ignore some
constants that may be associated with the functions f and g.
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The relative phase between the two components in the superposition is determined by the
phase of the modulation signal. Since multiple measurements with different relative phases
need to be made simultaneously, it is necessary to maintain coherence among the different
modulation signals in the different measurements.

After the temporal modulation, which produces the required superposition in frequency com-
ponents, the beam is spatially modulated with an SLM to obtain the spatial profile for the mea-
surement state. This is done by producing a superposition of the spatial mode on the SLM.
Depending on the required accuracy of the measurement, the fidelity of the spatial mode can
be improved with the aid of complex amplitude modulation [150]. Note that the measure-
ment state does not have correlations between the bases elements of the different degrees of
freedom, as one has for the input state; the measurement states are separable states in terms of
these degrees of freedom.

5.2.6 Complete process

Our scheme consists of different building blocks that can be put together to obtain an overall
process that can be summarized as shown in Fig. 5.4. The process commences with the prepa-
ration of the input state in a series of steps as can be seen in Fig. 5.1. Having prepared the
input state, it is further sent through the channel. The output state is divided by an array of
beam splitters. This allows all the different measurements to be made simultaneously. Each
measurement is made with a setup as shown in Fig. 5.2 and it incorporates the preparation of
a measurement state that may require a temporal modulation, as shown in Fig. 5.3.
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FIGURE 5.4: Diagrammatic representation of the complete channel es-
timation process.

The information that is obtained from the different measurements is used to reconstruct the
Kraus matrix. This is further used to produce a matrix that will compensate for the distortions
caused by the channel (Kraus operator).

What remains to be done is to consider the upconversion process in more detail to confirm
the process represented in Eqs. (5.6)-(5.9). In addition, we need to consider the nature of the
coefficient function Π(|`|) so that we can understand its effect in Eq. (5.9). For these purposes,
we perform a more detailed calculation next.
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5.3 Explicit calculation of the upconversion process

Here, we provide a detailed calculation of the upconversion process to show that it does pro-
duce the required measurements. This calculation also reveals the nature of the coefficient
function Π(|`|) that appears in Eq. (5.5). The calculation can be expressed as an integral rep-
resentation of Eq. (5.6):

Mmea =
∫

ΨSPUC(a1, a2)ψout(a1)ψmea(a2) da2
1 da2

2, (5.25)

where a1 and a2 are two-dimensional spatial frequency vectors associated with the output
state and the measurement state, respectively.

To perform the calculation in Eq. (5.25) as effectively as possible, we employ some careful con-
siderations and make a few simplifying assumptions. Firstly, we assume that the turbulence
in the channel only causes weak scintillation. Under such conditions, the scintillation process
can be described by a single phase screen. In turn, this implies that the result is independent
of the propagation distance; the propagation has no effect. In the calculation, the wavelengths
are determined by those in ΨSPUC(a1, a2).

The SPUC-function ΨSPUC(a1, a2) serves as a kernel function in Eq. (5.25). It is composed of
the product of the phase matching function S(a1, a2) and the mode that couples into the single
mode fiber g(a3), where a3 is the spatial frequency of the upconverted photon. The transverse
phase matching conditions replace a3 with a linear combination of the spatial frequencies a1

and a2. As a result, the kernel function for the upconversion process has the form

ΨSPUC(a1, a2) = g(a1, a2)S(a1, a2). (5.26)

The phase matching function is a sinc-function, which one can approximate with a Gaussian
function in the limit where the crystal is much shorter than the Rayleigh range of the coupled
mode (the thin crystal limit). Hence,

S(a1, a2) = sinc
[

L
2

∆kz(a1, a2)

]
≈ exp

[
− L

2
∆kz(a1, a2)

]
, (5.27)

where ∆kz(a1, a2) is the mismatch in the longitudinal components of the propagation vectors.
To obtain an expression for the mismatch given above, we first consider that any deviation
from momentum conservation in SPDC can be expressed in terms of the three-dimensional
propagation vectors k as

∆k(a1, a2) = n1k1 + n2k2 − n3k3, (5.28)

where the subscripts 1, 2, 3 refer to the signal, idler and pump beams, respectively. The re-
fractive indices n1, n2 and n3 depend on the frequencies and states of polarization of their
associated optical beams.

For critical phase matching, the dominant part of Eq. (5.28) becomes zero. As a result, if we
assume collinear conditions and replace the three propagation vectors by their magnitudes,
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we obtain a relationship among the refractive indices and wavelengths

0 =
n1

λ1
+

n2

λ2
− n3

λ3
. (5.29)

Energy conservation, ω3 = ω1 + ω2, provides us with another relationship among the three
wavelengths given as

λ3 =
λ1λ2

λ1 + λ2
. (5.30)

Using Eqs. (5.29) and (5.30), one can obtain an expression for n3 given by

n3 =
n1λ2 + n2λ1

λ1 + λ2
. (5.31)

The transverse part of the mismatch given in Eq. (5.28) is zero ∆k⊥ = 0. This is because one
can extend the transverse spatial integrations to infinity, provided that the pump beam does
not overfill the nonlinear crystal. Here, the subscript ⊥ represents the transverse part. The
transverse components of the pump beam can be replaced by

a3 =
n1a1 + n2a2

n3
=

(n1a1 + n2a2)(λ1 + λ2)

n1λ2 + n2λ1
, (5.32)

where we express the transverse parts of the propagation vectors in terms of two-dimensional
spatial frequency vectors, related by 2πa = k⊥.

Due to the finite length of the nonlinear crystal, the longitudinal components do not cancel
exactly

∆kz = n1k1z + n2k2z − n3k3z. (5.33)

One can express the longitudinal components of the propagation vectors in terms of the trans-
verse spatial frequency vectors

kmz = 2π

(
1

λ2
m
− |am|2

)1/2
, (5.34)

where m = 1, 2, 3. Substituting these expressions into Eq. (5.33), performing a paraxial expan-
sion and applying Eqs. (5.30) and (5.31), we then obtain (ignoring an overall minus sign)

∆kz(a1, a2) =
πn1n2|λ1a1 − λ2a2|2

n1λ2 + n2λ1
. (5.35)

Combining all the above, we obtain an expression for the SPUC kernel-function given by

ΨSPUC(a1, a2) = Ω(λ1, λ2) exp

[
−π2w2

c

n2
3
|n1a1 + n2a2|2

−πn1n2L|λ1a1 − λ2a2|2
2(λ1n2 + λ2n1)

]
, (5.36)

where wc is the size of the Gaussian mode that couples into the fiber, Ω is an overall constant
that may depend on the wavelengths. Since we are not interested in the global magnitude of
the process, as it will cancel out in normalization, we will henceforth ignore Ω.
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Both the output state and the measurement state can be expressed as superpositions of LG
modes. The point of this exercise is to show that the three-way overlap, given in Eq. (5.25),
serves as an inner product for these LG modes because this allows the extraction of the coef-
ficients in the expansion from which the information of the Kraus operator is obtained. For
this purpose, it suffices to select individual LG modes for the output state and the measure-
ment state. In the calculation, we use the generating function for the angular spectra of the LG
modes [90] with zero radial index (p = 0)

GLG(a; µ, T, w) = N exp
[
iπ(a + iTb)wµ− π2w2|a|2

]
, (5.37)

where w is the mode size, T is given by the sign of the azimuthal index, µ is the generating
parameter and

N = w

(
2π2|`|

|`|!

)1/2

, (5.38)

is the normalization constant, which depends on the azimuthal index. The angular spectrum
for a particular LG mode is produced by taking the number of derivatives, with respect to the
generating parameter equal to the magnitude of the azimuthal index and setting the generat-
ing parameter to zero, where after we substitute in the appropriate normalization constant.

One can now substitute Eq. (5.36) and

ψout(a1) → GLG(a1; µ1, T1, w1)

ψmea(a2) → GLG(a2; µ2, T2, w2), (5.39)

into Eq. (5.25) to obtain the generating function for the measurements Mmea

G =
∫

exp
[
− π2w2

c

n2
3
|n1a1 + n2a2|2 −

πn1n2L|λ1a1 − λ2a2|2
2(λ1n2 + λ2n1)

+iπ(a1 + iT1b1)w1µ1 − π2w2
1|a1|2 + iπ(a2 + iT2b2)w2µ2

−π2w2
2|a2|2

]
da2

1 da2
2. (5.40)

However, in this form it is not really useful. Therefore, we proceed by evaluating all the spatial
frequency integrals to obtain

G =
πw1w2N1N2n2

3
A0

× exp
[

w2
c µ1µ2n1n2w1w2A1(T1T2 − 1)λ2λ1

4λ2
1λ2n3

2w2
1w2

c + 4λ2
1λ2n2n2

3w2
1w2

2 +A2n3
1 +A3n2

1 +A4n1

]
, (5.41)
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where

A0 = n2
1w2

2w2
c + n2

2w2
1w2

c + n2
3w2

1w2
2

A1 = βλ1n2
3 + βλ2n2

3 − 2λ1n2 − 2λ2n1

A2 =
2βλ1λ3

2w4
c n2

λ3
+ 4λ1λ2

2w2
2w2

c

A3 =
4βλ2

1λ2
2w4

c n2
2

λ3
+ 4λ2

1λ2w2
2w2

c n2

A4 =
2βλ1λ2wcn2

[
λ2

1w2
c n2

2 + n2
3(λ

2
1w2

2 + λ2
2w2

1)
]

λ3
+ 4λ1λ2

2w2
1w2

c n2
2 + 4λ1λ2

2n2
3w2

1w2
2,

and
β =

Lλ1λ2

πw2
c (λ1 + λ2)

. (5.42)

In most experimental settings we work within the thin crystal limit, thus we set

β→ 0, (5.43)

and the final result for the generating function of the measurements becomes

G =
πw1w2N1N2n2

3
A0

exp
[

µ1µ2(1− T1T2)n1n2w1w2w2
c

2A0

]
. (5.44)

One can use Eq. (5.44) to generate the upconversion probability for any values of the azimuthal
indices of the output state and the measurement state.

The result obtained in Eq. (5.44) confirms that the upconversion process does indeed act like
an inner product operation (apart from the flip in the sign of the azimuthal index) with the
necessary orthogonality and that it can, therefore, be used to extract the information of the
Kraus operator from the output state. This follows from the fact that unless the azimuthal
indices have the same magnitude and opposite signs the result would be null.

The expression in Eq. (5.44) can also be used to determine the nature of the coefficient function
Π(|`|) that was introduced in Eq. (5.5). Our assumption that Π(|`|) is independent of the
frequency is validated by the fact that the frequency components in the frequency comb that
we select in our implementation are extremely close to each other.

By expanding Eq. (5.44) to all orders in µ1µ2

G =
∞

∑
n=0

(−1)n

n!2n
w1w2N1N2n2

3
[
w2w1n1n2w2

c (T1T2 − 1)µ1µ2
]n

πAn+1
0

, (5.45)

we obtain the coefficients of the LG modes in the SPDC state (dual of the SPUC pro-
cess). The coefficients of this expansion are the Π-functions. In an effort to obtain
a simplified expression for the Π-functions, we consider a few simplifications. We
start with the signs T1 and T2. It can be seen that Eq. (5.45) is nonzero provided that
T1T2 = −1, this corresponds to the case that the two LG modes having opposite signs
as already alluded to above. Furthermore, as already alluded to as well, the only time
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that the generating function in Eq. (5.45) is also nonzero is if the number of deriva-
tives taken with respect to the generating parameters is the same. This implies that
the magnitude of the azimuthal indices for the LG modes has to be the same. There-
fore, in substituting Eq. (5.38) into Eq. (5.45) and incorporating the consequence of
substituting T1T2 = −1 we obtain the following equation

G =
2w2

1w2
2n2

3
A0

(
∞

∑
n=0

1
(n!)2

[
2n1n2w1w2w2

c
A0

]n

[µ1µ2]
n

)
. (5.46)

Given the above expression, we can remove the global magnitude through normalization (di-
viding by the multiplicative factor). Subsequent to this, the generating function can be written
as

G0 =
∞

∑
n=0

1
(n!)2

[
2n1n2w1w2w2

c
A0

]n

[µ1µ2]
n . (5.47)

Based on the form of the generating function above, the Π-functions for the normalized gen-
erating function can be written as

Π(|`|) =
(

2n1n2w1w2w2
c

A0

)|`|
. (5.48)

The factorial term (n!)2 is not included above since it cancels off the effect of the derivatives
and we have also substituted n with |`|.

When the measurement state is designed, one can weigh the coefficients of the different LG
modes to compensate for the difference in the magnitude of Π(|`|), caused by the different
values of |`|, that would be produced in the upconversion process, as seen in Eq. (5.9).

If the different wavelengths are very close to each other, then the refractive indices seen by
the output state and the measurement state would be approximately the same. Critical phase
matching would then imply that n1 = n2 = n3. If, furthermore, we assume that the mode sizes
of the output state and the measurement state are the same w1 = w2 = w0, then the coefficient
function can be expressed as

Π(|`|) = 2|`| (2 + α)−|`| , (5.49)

where

α =
w2

0
w2

c
. (5.50)

One would prefer that the coefficient function remains as constant as possible as a function
of |`|; in other words, close to 1. From Eq. (5.49) we see that under the operating conditions
w0 � wc such that α� 1 this result is approximately attainable Π(|`|) ≈ 1.

5.4 Discussion and conclusions

The most common way to characterize a quantum channel is through quantum process tomog-
raphy. The disadvantage of quantum process tomography is that one needs to prepare a set
of basis states. In addition, one also needs to prepare an ensemble of identical input states. In
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other words, one needs to prepare the same state repeatedly to build up statistics from which
one can extract the required information. For an increasing number of dimensions, quantum
process tomography quickly becomes unpractically complex. Moreover, due to the required
repetition of measurements, the complete measurement process runs over an extended period
during which the conditions of the channel may change. As a result, it would not be possi-
ble to characterize a single realization of turbulence. The best it can do is to give information
about the average behavior overall turbulence realizations.

In contrast, the use of classical light as proposed here and in [103] allows one to perform the
process with a single pulse of bright light. A higher dimensionality does not lead to longer
measurement times, but instead to a more complex measurement system. Therefore, it is not
necessary to prepare an ensemble of input states and a large set of input basis states. The
single-pulse implementations enable the classical scheme to characterize single realizations of
turbulence, which represents a process that maintains purity.

The use of wavelength, rather than polarization as was done in [103], provides the means to
implement channel characterization for arbitrary dimensions. There is no fundamental barrier
to the number of dimensions. Therefore, the method is scalable. However, the complexity of
the measurement system would increase drastically with an increase in the number of dimen-
sions.

It is important to note that this scheme differs from the conventional classical methods that
are based on the preparation of a set of orthogonal input modes, which are used to determine
the classical crosstalk matrix. Instead, our scheme only requires the preparation of a single
nonseparable input state.

When preparing the input state, one needs to ensure that the modes associated with differ-
ent wavelength are properly separated on the SLM. To form beams that are well-separated,
the incident beam needs to illuminate enough lines on the diffraction grating. The required
number of illuminated lines is N = λ/∆λ. For a pulse repetition frequency of 1 GHZ and a
nominal wavelength of λ = 1 µm, the number of lines that needs to be illuminated is on the
order of 300 000. Diffraction gratings with several thousand lines per mm are commercially
available. So, the input beam size needs to be on the order of a 100 mm to illuminate enough
lines. Although challenging, this should be doable. Often the best setup for this type of system
is to operate the diffraction gratings at the Littrow angle [151]. This will also avoid too much
astigmatism in the first diffracted order.

For a three-dimensional implementation as we show here, the maximum size of the beam on
the SLM would be one-fifth of the total width of the SLM (taking those beams that are blocked
in between, into account). The typical number of pixels across the SLM is on the order of a
thousand. Hence, one can expect that each beam on the SLM would have about 200 pixels
on a side (200 × 200 in total) with which it can be modulated. This should be more than
enough to achieve a reasonably well-defined spatial mode. For higher dimensions, one would
obtain progressively smaller numbers of pixels. At some point, one would need to separate the
beams onto different SLMs. This will make the system more complex, but it does not introduce
a fundamental limit.

The modulation process that is used in the preparation of the measurement state is assumed to
be an amplitude modulation with a suppressed carrier. It should be noted that to implement



5.4. Discussion and conclusions 113

this form of modulation may require a more involved setup than what a single optical mod-
ulator would provide. Details of such a setup would depend on the experimental equipment
that is used in the implementation.

In a down-conversion process, the signal and idler photons propagate at particular angles de-
pending on their frequencies. One can design the down-conversion process so that the signal
and idler both propagate collinearly with the pump at a particular frequency, but for different
frequencies, they would have nonzero angles with respect to the pump because different fre-
quencies are produced with different angles of propagation as governed by the phase match-
ing conditions of the crystal. The inverse process (upconversion) would, therefore, require
that the different frequencies enter the nonlinear crystal at the required angles to produce a
successful upconversion incorporating all the different frequencies. However, if the frequen-
cies are close enough to each other the differences in these angles would be negligible. This
would be the case for a frequency comb where the differences among the different frequency
components are on the order of a GHz. In that case, the differences in frequency are too small
to produce significantly different propagation angles. (See for instance Appendix C in [60].)

The upconversion process is assumed to employ critical phase matching, such as type 1 phase
matching. For higher efficiency, it is often advisable to use quasi-phase matching that involves
type 0 phase matching. This would result in some changes in the details of the calculation.
However, these changes are not expected to give significantly different results.

In the practical implementation of the measurements, it is assumed that the wavelength would
always match up with a particular wavelength produced in the upconversion process. How-
ever, if the different wavelength components from which the input state and measurements
states are composed are extremely close together, then the upconversion process would pro-
duce upconverted wavelengths that are also very close together. As a result, a wavelength
filter may not be able to separate them to select the particular wavelength intended in the
design. It may, therefore, require an additional diffraction grating-based filter after the upcon-
version process to select the specific wavelength that would enable the correct operation of the
measurement process.
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Chapter 6

Compressive sensing based
quantum entanglement
preservation of twisted photons

6.1 Introduction

Characterization and determination of quantum processes is a very crucial task that is neces-
sary for the implementation of quantum communication and information processing systems.
This is because it allows for the design of mitigation strategies against noise and other distor-
tions that may negatively affect a quantum system. The standard method of characterizing a
quantum channel is called quantum process tomography (SQPT) [3]. However, SQPT, as it is
commonly abbreviated, is a resource intensive process that scales dramatically with the size
of the quantum system [3, 152]. The number of resources that are required for SQPT is O(N4),
where N is the dimension of the Hilbert space.

Atmospheric turbulence induced distortions lead to the scattering of input OAM modes into
other modes [71, 74], and thus an increase in the dimensionality of the photonic quantum sys-
tems [89]. This implies that the application of SQPT would not be favorable for characterizing
a turbulent atmospheric channel.

It is clear that for successful implementation of quantum communication systems with twisted
photons (photons that have spiral wavefronts and carry OAM), there has to be a different
method of determining and characterizing the turbulent quantum channel. This is where we
employ compressive sensing [153, 154, 155], a data processing method that provides an ef-
ficient mechanism for the recovery of unknown signals from only a fraction of the required
measurements. A generalization of this method to matrices is called matrix completion. In
traditional compressive sensing, the signal has to have certain properties such as sparseness
in the appropriate basis, whereas in the matrix generalization case the matrices have to be low
rank for the method to be successful. Fortunately, this is the case for a single realization of at-
mospheric turbulence. The turbulence is treated as a unitary process that preserves the purity
of quantum states.
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Gross et al. [156] have established a method, based on a random selection of Pauli mea-
surements, for efficient reconstruction of an unknown quantum state. They show that us-
ing their method they can reconstruct an unknown matrix of rank r with only O(rNlog2N)

measurements, in contrast to the standard method of O(N2). In another study [157], a high-
dimensional entangled state has been reconstructed from a significantly smaller number of
measurements using a related approach based on compressive sensing. While this method
for reconstruction of signals from an underdetermined system of equations is very popular in
signals and image processing applications, it has now attracted interest and become topical in
quantum information science related applications as well [156, 157, 158, 159, 160, 161, 162].

The aim of this work is to show, through numerical simulations, that compressive sensing is a
viable technique for channel estimation and channel correction in the specific case of twisted
light transmission in atmospheric turbulence. Further, we argue that a pairing of the method
that has recently been proposed [148] and compressive sensing can lead to a more efficient
protocol for the characterization of turbulent channels.

The outline of this contribution is as follows: In Sec. 6.2 we present the model for this work.
Section 6.3 is based on the results of this work. Finally, the conclusions are given in Sec. 6.4.

6.2 Model

6.2.1 Channel matrix

The Choi-Jamiolkowski isomorphism [163] establishes a correspondence between a completely
positive trace preserving quantum map Λ and a quantum state ρ as follows

ρΛ = (ΛA ⊗ 1B)(|ψ〉〈ψ|), (6.1)

where

|ψ〉 = 1√
N

N

∑
n=1
|n〉A ⊗ |n〉B (6.2)

is a maximally entangled state, 1 is the identity matrix which is the operator on subsystem B,
and N is the dimension of the Hilbert space. This isomorphism means that the identification
and characterization of the quantum channel is tantamount to performing a quantum state
tomography. In the particular case of interest to us, we prepare our quantum system Eq. (6.2)
by entangling the OAM state of an optical field with the wavelength of the optical field and
therefore as a typical input state for our consideration we obtain [148]

|ψ〉 = 1√
2M + 1

M

∑
`=−M

|`, 0〉A|λ`〉B (6.3)

where |`, 0〉 represents a Laguerre-Gaussian (LG) mode with azimuthal index ` and radial
index p = 0, λ` is the wavelength of the corresponding LG mode and M is an integer repre-
senting the maximum OAM. In the most general case, we would have an arbitrary radial index
such that |`, p〉, however, here we set the radial index to zero for the input state of interest.
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Transmission through the atmosphere causes the OAM modes to scatter into other modes.
The atmospheric turbulence only affects the spatial degree of freedom and leaves the wave-
length unaffected. Therefore, a given input OAM mode becomes, after propagating through
the atmosphere,

|`, p〉 →∑
n

∑
m

Λm,n
`,p |m, n〉, (6.4)

where Λm,n
`,p is the tensor representation of the atmospheric turbulence Kraus operator Λ. This

is the tensor that we have to characterize in order to understand the effects of the atmosphere.

The Kraus map Λ, has a rectangular matrix representation. It is an n1 × n2 matrix such that
n1 ≥ n2. The expression for the Kraus operator in Eq. (6.4) is given as follows

Λ = ∑
n

∑
m
|m, n〉〈`, p|Λm,n

`,p . (6.5)

The rectangular nature of the channel matrix can be seen by observing that the columns of the
matrix are determined from the input OAM modes 〈`, p|. That is, the dimensionality of the
input Hilbert space is finite and determines the number of columns of the matrix. On the other
hand, the rows are determined from the crosstalk induced by the atmospheric turbulence. That
is, the dimensionality of the spread in the OAM modes determines the length of the columns
of the channel matrix.

6.2.2 Compressive sensing

Using the matrix completion method, it is possible to recover a low-rank matrix given that
some of the elements of the matrix are unknown. Here, however, rather than to recover the
quantum state density matrix from a sample of its elements ρi,j we recover the full matrix that
represents the quantum states in terms of a sample of the results of measurements made on
the quantum system.

In the most general case, as already discussed in Chapter 2, the density matrix of a quantum
system can be decomposed in terms of the Bloch representation as follows

ρ =
N2

∑
i=1

αiτi, (6.6)

where αi are the elements of the so-called Bloch vector, N represents the dimensionality of the
state vector and τi denotes the generalized Gell-Mann matrices (GGMs), including the identity
matrix. The GGMs reduce to the Pauli matrices in the case that N = 2. In this formalism, the
GGM form a convenient measurement basis for the characterization of the state. To determine
the state through a tomography, one would have to perform measurements that reveal N2 real
parameters αi. The Bloch vectors elements are the expectation values and are given as already
discussed in Chapter 2

αi =
tr {τiρ}

N
. (6.7)

In the implementation of the modified matrix completion problem [156], we consider an under-
sampled set of measurements (m � N2) that are chosen at random. That is, we consider a
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situation where there is only a subset of the total possible measurements αi. With this, the
optimization problem is described as follows:

Minimise ‖ ρr ‖tr such that


tr{ρr} = 1,

ρr = ρ†
r ,

tr{ρrτi}
N = αi for i = 1...m,

(6.8)

where ρr is the to-be-recovered density matrix, ‖ · ‖tr is the trace norm of the matrix which is
given by

‖ ρr ‖tr= tr
{√

ρrρ†
r

}
. (6.9)

The compressive sensing algorithm is based on the singular value thresholding algorithm
(SVT) [164]. However, we modify the algorithm to take advantage of known properties about
the quantum state that we intend to recover [157]. Essentially, in applying the SVT algorithm
we perform an eigenvalue decomposition of the density matrix

ρr = ∑
j

σj|φj〉〈φj|, (6.10)

where |φj〉 are the eigenvectors of ρr and σj are the corresponding eigenvalues. Given the
above decomposition, we apply the thresholding operator on the eigenvalues. That is, we
select the eigenvalues that are above a certain threshold ε0 that we fix apriori. By ensuring that
the eigenvalues of the density matrix are real we ensure that the density matrix is Hermitian.
A further requirement is the normalization of the density matrix to a trace of unity. This is
achieved by merely dividing the resultant matrix by its trace.

The algorithm uses a guess matrix as a starting point for the optimization process. The most
crucial step in setting up the guess matrix is choosing its dimensions. This is because the
dimensions of this matrix should be representative of the conditions of the atmospheric turbu-
lence that we are working under. We should have a matrix that is big enough to accommodate
most of the non-zero elements of the spread in the OAM modes. Having determined the di-
mensions of the guess matrix, the algorithm can be applied.

After performing the above operations on the density matrix (thresholding and normalizing
to unity), the obtained density matrix represents some real physical system, but it no longer
corresponds to the density matrix whose measurements with respect to the GGM τi gives
the correct measurement results {αi}i=1...m. To overcome this hurdle we have to project the
density matrix back into the linear space determined by τi and the corresponding results αi

by performing a projection procedure. This projection procedure is better understood from a
geometrical perspective, which requires us to think in terms of hyperplanes.

As an aid to understand this projection operation, we re-express Eq. (6.7) in vector notation as
follows

Mρ̄ = ᾱ, (6.11)

where ρ̄ is the vectorized density matrix, M is a matrix with rows representing the vectorized
GGM, and ᾱ denotes the vector of the measurement results. In this representation, it is rather
trivial to notice that each vectorized GGM τ̄iand its corresponding measurement result αi can
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be associated with a hyperplane in N2 dimensional space. The compressive sensing approach
is meant to solve an under-determined linear system of equations. The solution is a common
point to all the m hyperplanes. However, having performed the former operations (thresh-
olding and normalization) a point which does not lie in the linear space given in Eq. (6.11) is
obtained. That is,

Mρ̄0 6= ᾱ. (6.12)

As a resolution to this issue, the “recently” obtained density matrix ρ0 is modified to give
the correct measurement results. By recently obtained matrix it is meant the density matrix
that has been recomposed within the bounds of Hermiticity and trace normalization. The
projection is done stepwise for each value of αi. The projection starts by defining a vector v̄i

that is normal to the hyperplane, τ̄i ρ̄ = αi, such that it has magnitude given as

|v̄i| = αi − ¯̂v · ρ̄i−1, (6.13)

where ˆ̄v is the unit vector that is normal to the hyperplane. The new density matrix becomes

ρ̄i = ρ̄i−1 + v̄i. (6.14)

This projection process is performed for all m measurements. At the end of this process, we
start again and perform the procedure for Hermiticity and trace normalization. That is, we
perform the thresholding operation and further recompose the matrix according to the condi-
tions in the optimization problem statement.

The above described processes are performed iteratively and the desired matrix is said to have
been recovered if the norm of the difference between two consecutive iterations is within some
tolerance tol, where tol is a parameter in the algorithm.

6.2.3 Channel correction

The following procedure represents the main contribution of this work. It involves the gener-
ation of the Kraus operator matrix from the estimated density matrix. The density matrix is
estimated as described above using compressive sensing.

The full Kraus operator matrix can be obtained from the density matrix of the output state.
This is made possible by the fact that propagation through the atmosphere is a unitary process.
If the input state is pure, then the output state is also a pure state. We also assume that the
truncation of the output state, to a finite dimension, does not affect the unitary nature of the
process. Since we assume that the entire process is unitary, we can consider the Kraus operator
as a unitary operator. This implies that its Hermitian adjoint represents the inverse process.

Given the Kraus operator tensor Λ, whose elements are obtained from the state of the system
that is reconstructed using the methods of the previous section on compressive sensing, we
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formulate the correction process as follows

|Ψ〉in = (ΛA ⊗ 1B)
† |Ψ〉out

=

(
∑
n

∑
m
|m, n〉Λm,n

`,p 〈`, p| ⊗ 1B

)†

|Ψ〉out, (6.15)

where the dagger denotes a Hermitian adjoint. The results of this process are given next, in
Sec. 6.3.

6.3 Results

As an example of our proposal to perform quantum channel estimation and correction by
using compressive sensing, we consider a qutrit input state (see Fig.6.1 for density matrix)
given in terms of the spatial (OAM) and wavelength degrees of freedom

|Ψ〉in =
1√
3

[
|`, 0〉|λ`〉+ |0, 0〉|λ0〉+ | ¯̀ , 0〉|λ ¯̀〉

]
. (6.16)

This state is very simple, and it is obviously very clear that to characterize such a state there
is hardly any use for compressive sensing. However, transmission through atmospheric tur-
bulence causes crosstalk and the dimensionality of the quantum states grows very fast in an
unpredictable manner. The severity of the crosstalk depends on the strength of turbulence.
Even under specific turbulence conditions, the crosstalk is not fixed; it is random. Therefore,
the dimensions of the Kraus operator are not fixed and can be very huge for severe turbulence.

The information about the atmospheric turbulence Kraus operator is contained in the output
state of the system. The channel matrix is determined by performing a state tomography. For
each realization of the atmospheric turbulence, the quantum state remains pure and is thus
low rank. Compressive sensing is used to estimate the quantum state and subsequently to
determine the Kraus operator matrix. The purity of a state implies that it is well represented
by a state vector |ψout〉, as detailed out in Chapter 2. This further implies that the density
matrix has rank equal to unity. The input state vector has dimension Nin = NA · NB. In the
particular case of the state described in Eq. (6.16), we have that NA = NB = 3. This implies
that Nin = 32, and the corresponding density matrix has 34 elements. After passing through
turbulence, the dimension of photon A grows in an unpredictable fashion. The dimension
of the output density matrix becomes Nout × Nout, with Nout being the unpredictable output
state dimension. For the LG modes used in the numerical simulation with typical wavelength
λ = 1 µm and a waist w0 = 0.1 m, in turbulence conditions given by C2

n = 1× 10−16 m−2/3

and after propagating for a distance of z = 2zR, Nout is above 300.

In the numerical simulations, we considered one-sided turbulence as an illustrative example.
Since we are working with the qutrit case, the simulation required the propagation of three
different optical fields through the atmospheric turbulence. The three LG modes that were
used had azimuthal indices ` = 1, `0 = 0 and ¯̀ = −1; the same waist (w0 = 0.1 m). Although
the wavelengths of the three optical fields are different, in practical experimental setups the
differences can be made very small. Therefore, the same wavelength λ = 1 µm was used for
all three modes.
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FIGURE 6.1: Schematic representation of the density matrix of the input
qutrit state.
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FIGURE 6.2: Fidelity as a function of atmospheric turbulence realisa-
tion. The circle markers represent the truncated and uncorrected den-
sity matrix and the diamond markers represent the corrected density

matrix.
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FIGURE 6.3: Trace distance as a function of atmospheric turbulence re-
alizations. The circle markers represent the truncated and uncorrected
density matrix and the diamond markers represent the corrected den-

sity matrix.

To further characterize the atmospheric turbulence, we considered the normalized turbulence
strength which is given as

κ =
C2

nw11/3
0 π3

λ3 . (6.17)

Given the above information it follows that we had κ = 0.0667. Furthermore, we consider
a total propagation distance of z = 2zR m, the Fried parameter that was considered is r0 =

0.09 m, where the Fried parameter is rewritten here for convenience

r0 = 0.185
(

λ2

C2
nz

)3/5

. (6.18)

As expected, the LG modes scatter into other modes which were not initially included in the
input state. For our illustration, we consider radial indices up to p = 7, and for each of the
radial indices, we considered azimuthal indices in the range −7 ≤ ` ≤ 7. This implies that
the overall output dimension of the photon in subsystem A becomes NA = 105. Therefore
the number of elements of this output density matrix becomes just below 100000. This means
that to specify a density matrix obtained in this way would require a measurement of 3152 real
parameters.

Using compressive sensing, the state of the output density matrix can be identified by a sig-
nificantly smaller number of measurements. For this work, around 3% (which in this case is
roughly 3000) of the total number of measurements were used and yet the output density ma-
trix was reconstructed reliably. Using the reconstructed density matrix, the elements of Kraus
operator Λ̂ were extracted. The Kraus operator was used to generate the correction matrix,
which was used to correct for the perturbation.

The idea here is that the input state in Eq. (6.16) is used to obtain information about the one-
sided channel. This channel information is used to correct a quantum state that is subject to
the same channel conditions.
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FIGURE 6.4: Arbitrary density matrices for the output quantum state
after passing through the atmospheric turbulence. a) The uncorrected,

truncated density matrix; b) the corrected density matrix.

The result of the correction using the information obtained from the input state in Eq. (6.16)
was then tested for fidelity and trace distance against the maximally entangled qutrit quantum
state.

The fidelity is computed with respect to the maximally entangled quantum state as follows

F(ρc, |Ψ〉〈Ψ|) = tr
{√√

ρc|Ψ〉〈Ψ|
√

ρc

}
, (6.19)

where
|Ψ〉 = 1√

3

[
|`, 0〉| ¯̀ , 0〉+ |0, 0〉|0, 0〉+ | ¯̀ , 0〉|`, 0〉

]
(6.20)

is the input quantum state entangled (maximally) in the OAM degrees of freedom that went
through the same one-sided channel as the input state in Eq. (6.16), and ρc is the corrected
density matrix from the compressive sensing algorithm. The results of this calculations are
shown in Fig. 6.2.

The trace distance, which is shown Fig. 6.3, is defined as

D(ρc, |Ψ〉〈Ψ|) = 1
2

tr {|ρc − |Ψ〉〈Ψ||} , (6.21)

where the magnitude |A| of a matrix is given as |A| =
√

A† A. Both the plots in Figs. 6.2 & 6.3
are plotted against the different realizations of the atmospheric turbulence. In Fig. 6.2 it can
be seen that the corrected density matrix is really close to the ideal maximally entangled input
quantum state. This is in contrast to the data points of the truncated and uncorrected density
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FIGURE 6.5: The negativity of the corrected and uncorrected density
matrices as a function of turbulence realization. The circle markers rep-
resent the truncated and uncorrected density matrix and the diamond

markers represent the corrected density matrix.

matrix. The mean fidelity for the corrected density matrix over the 50 turbulence realizations
is 0.981± 0.002 and the uncorrected has a fidelity of 0.424± 0.034, where the error is given as
the standard error. The same conclusion can also be reached from looking at Fig. 6.3 which
is the trace distance. The mean trace distance for the corrected density matrix is 0.177± 0.011
and the uncorrected has a trace distance of 0.864 ± 0.019. Both these results imply that the
correction procedure was successful.

The density matrices of an arbitrary realization, real part, for the uncorrected and corrected
density matrices are shown in Fig. 6.4. The axes are denoted by the kets

|ψn〉 = |`j, λk〉, (6.22)

where n runs from 1− 9, `j is an OAM mode in the set { ¯̀ , 0, `} with j given as

j = mod(n− 1, 3) + 1, (6.23)

and λk is the associated wavelength in the set {λ1, λ2, λ3} with

k = mod(n− k, 4) + (−1)n−k. (6.24)

A visual comparison of the density matrices shows that the corrected density matrix is closer
to the input density density matrix. The results show that compressive sensing can be a very
useful and powerful method for the implementation of a quantum communication system.

As a further measure for the usefulness of the compressive technique, the negativity (see Chap-
ter 2) of the density matrices was calculated in order to quantify the entanglement. Figure 6.5
shows that the quantum entanglement of the system really improves with the correction pro-
cedure that is based on the compressive sensing technique. The mean negativity for the cor-
rected density matrix over the 50 realizations was calculated to be 0.95± 0.01. This value can
be contrasted with that of the uncorrected density matrix which is 0.58± 0.03.
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FIGURE 6.6: The negativity of the corrected density matrix as a function
of Nout for different scintillation strengths W. For clarity we show the
error bars with different sysmbols. The error bars for W = 0.7 have
zero width. The error bars for W = 1 have medium width. The error

bars for W = 2 have the largest width.

In order to inform the practical design for the implementation of compressive sensing for op-
tical and quantum communication systems, the performance of the correction process as a
function of the Nout was considered. Fig. (6.6) shows three curves at the same normalized tur-
bulence κ = 0.067 at different scintillation strengths (by changing the propagation distance),
where the scintillation strength is represented by the dimensionless number W = w0/r0. It can
be seen that the negativity increases with increase in the Hilbert space dimension Nout. This
implies that the size of the guess matrix is very important for the success of this method. In
spite of this dependence on Nout, we also find that there is a value of Nout where the correction
reaches a plateau. This value is directly related to the turbulence conditions. The rate at which
the plateau is approached is a function of the scintillation strength. In Fig. 6.6 it can be seen
that while a negativity of around 0.9 is reached for the scintillation strengths W = 0.7, 1 at Nout

around 300, the correction is not yet optimal for the scintillation strength W = 2.

This opens up an opportunity to improve the algorithm by applying other methods such as
deep learning or other advanced machine learning algorithms. Such algorithms could be used
to teach the system to look for trends that could be used to decide upon the appropriate value
of Nout.

6.4 Conclusions

We have performed a numerical analysis of the performance of a compressive sensing based
correction method on OAM states that have been transmitted through turbulence. The com-
pressive sensing algorithm that was used is based on a singular value thresholding technique.
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The results show that compressive sensing drastically reduces the required number of mea-
surements for the characterization of the turbulent channel, and could thus be very useful in
the design of quantum communication systems that are based on the OAM states of light. Our
argument is that compressive sensing can be used in conjunction with the method proposed
in [148] for high dimensional systems. this method, which uses classical light, can be used to
make the subset of the necessary measurements. A protocol can then be developed which uses
these two methods to probe the high dimensional Hilbert space for the channel matrix, which
would then be used for the correction of high dimensional quantum system.

As a further study, we intend to investigate the use of deep learning or machine learning at
large as methods that inform the system on the appropriate values of Nout [165].
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Chapter 7

Conclusions

7.1 Achievements and the future

The work in this thesis can be put into two categories: Firstly, we studied the effect of atmo-
spheric turbulence on single-photon optical fields and on quantum entangled OAM systems.
Secondly, the mitigation against the atmospheric turbulence on OAM based quantum systems
was considered.

The evolution of single-photon optical fields propagating through atmospheric turbulence was
studied under arbitrary turbulence conditions. The single photon solution to the infinitesimal
propagation equation (IPE) was obtained. The solution was used to calculate the coupling
of the optical power from one orbital angular momentum (OAM) mode, the input mode, to
different OAM modes due to the scintillation caused by the atmospheric turbulence. The re-
sults of the coupling of optical power were also obtained in accordance with the single phase
screen (SPS) model. The predictions of the IPE model, which is valid under all scintillation
conditions, were compared with the predictions of the SPS model. The SPS model is only
valid under weak scintillation. It was found that the SPS curves are governed by a single scale
parameter. It is called the weak scintillation scale and is determined by the location at which
the curves change slopes. The IPE curves start by following the SPS curves, however, they
begin to deviate at some point when the scintillation strength crosses a certain threshold. The
scale at which the IPE deviates from the SPS is referred to as the deviation scale.

Having studied the two theoretical models, numerical simulations were performed using a
multi-phase screen (MPS) model based on the Kolmogorov theory of turbulence. The results
of the numerical simulations were compared with the predictions of both models. It was ob-
served that the numerical simulations follow the IPE predictions more closely than the SPS
predictions. However, it was also observed that there is a slight discrepancy in the IPE predic-
tions and numerical simulations. The reason is attributed to the quadratic structure function
approximation. In deriving the IPE, an approximation to the Kolmogorov theory structure
function is made due to tractability reasons. Therefore, this may lead to some deviation be-
tween the IPE results and the numerical results in strong scintillation conditions. If, however,
the results that were obtained are anything to go by, the effect of the quadratic approximation
is not that severe.
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This work was presented in Chapter 3. It served to show that the IPE, which was originally
derived for entangled photonic quantum systems, can also be used to describe the evolution
of single-photon optical fields propagating through atmospheric turbulence.

In performing this work, it was further found questionable that the deviation of the SPS and
the IPE represents the onset of strong scintillation. This is because it was observed that the de-
viation does not occur at the expected Rytov variance for weak scintillation. This could imply
that the deviation indicates the point where the SPS approximation breaks down, for whatever
reason. Therefore, the nature of the deviation scale is a matter to be further investigated.

In Chapter 4 a theoretical and experimental study was undertaken to investigate the effect
of atmospheric turbulence on the Hong Ou Mandel (HOM) interference effect. In perform-
ing the investigation, two types of channels were considered: a single-sided channel and a
double-sided channel. Furthermore, only weak scintillation conditions were considered. The
single-sided weak scintillation channel results showed that the HOM interference effect is not
affected by the atmospheric turbulence. The reason for this behavior is attributed to the fact
that in such conditions the atmospheric turbulence does not convert the symmetric quantum
state into the anti-symmetric quantum state.

In the double-sided weak scintillation channel case, it was found that the effect of the atmo-
spheric turbulence on the HOM dip is small. Moreover, it was also observed that with an
appropriate choice of the crystal length and pump mode size the effect of the atmospheric
turbulence on the HOM interference for the two-sided channel can be reduced to a negligible
level.

Therefore, in conclusion, it can be said that the HOM interference effect is not really affected
by the atmospheric turbulence under weak scintillation conditions. This has positive impli-
cations for the implementation of free-space quantum communication and for remote-clock
synchronization protocols that are based on the second-order quantum interference effects.

As a further study, it would be interesting to consider how the results of this work could be
affected in strong scintillation conditions.

In Chapter 5 an extension of the method proposed by Ndagano et al. for characterizing a quan-
tum channel using classical light was proposed. The method that was proposed, in contrast to
the original one, is for high dimensional quantum systems. The method uses a non-separable
input state that has correlations between the spatial and wavelength degrees of freedom. It
further incorporates spontaneous parametric upconversion or sum-frequency generation. The
proposed scheme details how to implement it by discussing the three main issues that are
involved: details about how to prepare the input non-separable state, the preparation of the
measurement states, and the measurement process itself were discussed.

Using a singular-value- thresholding (SVT) based compressive sensing method, in Chapter 6 it
was shown numerically that compressive sensing can be used to estimate a quantum channel
with a reduced number of measurements. As a way of example, a qutrit input sate was con-
sidered. The success of the compressive sensing method was quantified by the trace distance,
fidelity, and the negativity. Further, it was argued that the compressive sensing method can be
combined with the classical light method described above to develop an efficient protocol for
free-space optical and quantum communication systems that are based on the orbital angular
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momentum of light. It was also suggested that machine learning algorithms could be incorpo-
rated as part of the protocol to develop quantum error correction systems that can learn and
thus enhance the correction scheme.

As a future study, we intend to implement the channel estimation and channel correction
methods in an experiment.
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