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Abstract

In this thesis I explore the evidence for whether gravity is an emer-
gent phenomenon. I provide a review of black hole thermodynamics and
demonstrate how it provides evidence that gravity is an emergent phe-
nomenon. In addition I provide a review of Jacobson’s calculation which
shows how the Einstein field equations can be interpreted as a thermo-
dynamic equation of state. I then use Jacobson’s work and the Seiberg-
Witten map to derive a new gravitational equation of state which shows

what gravity on a non-commutative manifold would look like.
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Introduction

Gravity, as a force, was first studied rigorously and mathematically by Newton.
For many years the prevailing wisdom was that gravity was one of a few funda-
mental forces of nature which acted on material bodies in a fixed background

geometry [5]. The inverse-square law
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worked fairly well in predicting the orbits of planets and in predicting the mo-
tions of objects on earth. Nevertheless, this formulation of gravity could not be
reconciled with the later discoveries of special relativity and that of a massless
photon. Observation confirmed that the Lorentz invariance required by special
relativity is indeed in operation in the universe we inhabit. Attempts to make

Newton’s gravitational field satisfy Lorentz invariance met, with failure.

Additionally, Newton’s law of gravitation states that a massless photon
would not be influenced by the gravitational field of any massive bodies in
the universe. In this scheme, therefore, the bending of light by stars and other
massive objects would not occur. Einstein’s theory of General Relativity which
succeeded Newton’s Law of Gravitation provided a far better fit to observation
and reproduces the inverse-square force law when appropriate limits are taken.
It is, therefore, obvious why we consider General Relativity and its tenet of

gravity-as-geometry to be the best description of the universe we live in [5].

For all of its successes, however, General Relativity remains a classical theory
[5][11]; a theory at odds with the physical assumptions underlying the immensely
successful quantum theory. Being classical, General Relativity places no limita-
tions on the accuracy of measurement and does not specify that particles live
in a Hilbert space. Unfortunately, attempts to turn the gravitational field of
General Relativity into a quantum field, like was done for electromagnetism,
have met with failure. Finding a quantum theory of gravity remains one of the

biggest challenges in theoretical physics today.

There is, however, evidence to indicate that attempts to quantize classical
gravity have met with failure for a specific reason - gravity itself is an emergent
phenomenon|[8][12][22]. If it is emergent, trying to quantize gravity would be

like trying to quantize the classical variable of pressure and doing so is not a



reasonable proposition. The first evidence for the emergent nature of gravity
comes from the fact that black holes, solutions to the Einstein field equations,
satisfy four laws which are extremely similar to the four laws of thermodynam-
ics [14]. Black hole variables thus begin to look like classical thermodynamic

variables which appear in the equation of state of a gas.

It was also shown by Jacobson [12], without heavy reliance black hole ther-
modynamics, that by assuming the proportionality of the area of a null surface
to the entropy contained within that surface, that the Einstein field equations
themselves are an equation of state. By doing this, spacetime thermodynamics
comes full circle - we have an equation of state and variables of a solution to
that equation which satisfy four laws. This provides strong evidence that the

gravity of General Relativity is the limit, or average of some other theory.

A key difference between spacetime thermodynamics and classical thermo-
dynamics then remains - we know of many equations of state for classical ther-
modynamics yet there seems to be only one for spacetime thermodynamics. I
will show, however, that this need not be the case. It is possible to arrive at new
equations of state in classical thermodynamics by changing the assumptions of
the microscopic nature of the gas, say, by assuming that the particles are of
non-negligible size. Proceeding by analogy and changing some assumptions of
General Relativity by saying that if we were able to probe accurately enough, we
would find the microscopic structure of spacetime to have a minimum measur-
able length, we can derive a new gravitational equation of state. By doing this,
it is like moving from the ideal gas equation in which the particles are negligible
in size to the Van der Waals equation, in which the size of the particles is taken

into account.



Part 1
General Relativity and Black Holes

1 The Nature of Gravity

1.1 The Newtonian View

The Newtonian formulation of space time is intuitive and straightforward. To
do Newtonian mechanics, set up three mutually orthogonal Cartesian axes to
measure distances in the three-dimensional universe. These three axes function
only as a background, they perform a spatial bookkeeping, always providing us
with a measurement of distance in the Newtonian universe. It does not matter
where you travel, (or how fast you travel) in the universe, the axes are always

the same, always undistorted by whatever physical processes they keep track of

[5].

Now imagine that at each point in space there is a perfect clock; each of
these perfect clocks will be synchronized with every other clock. The ticking
of these perfect clocks is what defines time. The most important part of this
construction is the idea that space and time do not influence one another - they
are independent. If an observer were to build a clock which never loses time, she
could leave earth, travel around the universe and return home to notice that the
time on her perfect clock is still perfectly synchronized with whatever perfect

clocks were left on earth.

Time, in this formulation, functions as an independent variable. It is always
moving forward undeterred, undeterrable, by the machinations of anything in
the Newtonian universe. We frequently use it as a parameter when we plot
trajectories in our three-dimensional space. No matter what we do decide to do,
we cannot ever speed or slow the passage of time or shrink or grow our Cartesian
axes. In a nutshell, time and space give us tools to label physical processes but
they do not influence those processes and we are never able to influence the

time-and-space bookkeeping, no matter what experiments we perform.

In this rigid universe, Newton’s laws reign supreme. They tell us all we ever

need to know about the motion of masses. An object will move in a straight line



until a net force is exerted on it. If this occurs, the acceleration of the object is

given by Newton’s Second Law:

F =ma. (1)

In Newton’s scheme, gravity is experienced as a force, governed by the law

Mm

where M and m are the masses of the bodies exerting a force on one another.
Any body with mass will set up a force field in all parts of the universe. Any
other massive particle in this field will always be attracted to whatever is setting
up the field. This field occurs in space but does not influence space or time in
any way. We need the spatial bookkeeping of our axes to determine how far
apart objects are, but (2) has nothing further to tell us about the axes. Likewise,
time is unaffected by (2). We can use universal time to plot the trajectory of the
masses, but we can’t change the ticking of clocks with (2). Gravity, therefore,

acts in a fixed background of space and time.

1.2 Gravity and Special Relativity

The theory of special relativity presents a challenge to the Newtonian view of
gravity. Equation (2) states quite unambiguously that the gravitational force is
communicated instantaneously between two massive objects; it seems to com-
pletely ignore the universal speed limit imposed by special relativity. Never-
theless, maybe we can modify Newton’s law of gravitation to work with special
relativity without changing the essential character of equation (2). What is

meant by this is that we want a theory of gravity which satisfies the equation
[8]

V2$ = 4nGpn, (3)
in the limit ¢ — oo, while also satisfying:

1. Lorentz covariance - a physical equation which is true in one frame is true

in all frames.
2. The fact that mass is always attractive.

3. The equality of gravitational and inertial mass. This is an experimental



fact which inspired the principle of equivalence - no local experiment can

distinguish between uniform acceleration and uniform gravitational fields.

For the time being we will work in units where ¢ # 1; this will change later. In
order to build this new theory, we are going to assume that gravity is a scalar
field ¢ and try adding this to a particle’s Lagrangian. The action for a free,

relativistic particle is

S:—/dtmc“'m—g:—/dr(mc?), (4)

where 7 is the proper time. The action for a particle moving in our new gravi-
tation field ¢ is

S:—/dr(mcg—l—)\(b). (5)

Now vary the action with respect to z#(7) to get

S = /dch‘“uu (m02 + )\qi)) + —)\/dT (Oupozt) ;

where we are using the relation d¢ = [0,¢] dz*. Expanding the above gives us

2
68 = —/dT l()\ﬁucﬁ + d [uﬂ (Trz;_ + )\(b)} > ozt + (mc2 + )\gb) u ozt | (6)

where u* is the particle’s 4-velocity. Now assume that the variation vanishes at

the endpoints to get:

' 0" OO
@ = MmN e ) @

Notice that when we take the ¢ — oo limit, we get the spatial part of (7) to
satisfy [8]

m (Zf) = —AV¢ (8)

which is the equation for a non-relativistic particle moving in the potential \¢.
So far this looks promising. We have recovered something which looks like a

gravitational field.



Upon further inspection, however, we notice that there is a problem with (7).
The trajectory of the particle depends on the mass of the particle - this violates
the principle of equivalence. To circumvent this, we need to give the coupling
constant the dimensions of mass. So set A = Im where [ is some fundamental
constant with dimensions of length. For convenience, we also redefine the scalar
field by writing ® = l¢. Our equations of motion then become

du* o+ (®/c? 0, (®/c?

ar - +((<1>//c2)) B i((d{/% ®)
which neatly demonstrates that all particles, regardless of mass, will follow the
same trajectory in some gravitational potential ®, provided they begin with the

same initial conditions. With this coupling, the action for a particle will be

S = —mc? /dT (1 + f;) : (10)

So far so good. It appears that we can have a scalar field in special relativity
which obeys the principle of equivalence. Let’s now find a Lagrangian for the
field itself and see if we can repeat our success. A simple guess for the Lagrangian
is

1 1

Lticta = fﬁé)a(b@ o= 87ch8“¢8 o (11)

where [ is rewritten as [ = v4nGe so that we can recover G when we take the

non-relativistic limit. By varying (11) we arrive the equations of motion [8]

0® = 47Gpp, (12)

where

The equation (12) appears to be a perfectly reasonable generalization of New-
ton’s gravitational field to the special-relativistic case. The only immediate
problem that we need to deal with is the mass-energy equivalence of matter.
To do this, we will couple the field ® to the stress-energy tensor instead of just
the mass of the matter. Bear in mind that the only Lorentz-invariant quantity
which can be constructed from Ty is its trace, T® , = T. Let’s therefore write
(12) as



B 47 G

0% = ——

a1 (13)

This seems to solve the problem of gravity and special relativity completely.
We have an equation which is Lorentz invariant and which reduces to classical

gravity in the non-relativistic limit, the problems seem to be completely solved!

Before we declare our construction a complete success, let’s perform a check.
Consider a system of electrons and positrons which interact with, and annihilate
each other. Before they interacted, we would have a non-zero mass density
which would set up a gravitational field. After they interact, we would have
some massless electromagnetic radiation, in the form of photons. Equation (13)
should accommodate this because we are no longer using the mass density p,,
but the trace of the stress-energy tensor, 7. The problem arises when we consider
the fact that the trace of the stress-energy tensor for the electromagnetic field
is always zero. If we accept that (13) is the equation which describes gravity in
special relativity, then we will have a scalar field which does not couple to the

electromagnetic field.

Our system of positrons and electrons which set up a gravitational field
before annihilation will cease to set up a field after they annihilate one another.
Furthermore, since this theory will not couple the photon to gravity, the bending
of light by a gravitational field will never occur - a direct contradiction with
observation. Our attempt to reconcile Newton’s gravity with special relativity
has failed.

1.3 Gravity as Geometry

Instead of trying to generalise Newton’s theory to work with special relativ-
ity, general relativity approaches the problem of gravity in another direction
[5][9][11]. We will not try to get two existing theories to work together; we will
instead demonstrate that special relativity and Newtonian gravity can be recov-
ered from a single, larger theory. By doing this we will not only solve existing
problems but also discover new physical phenomena and a radically different

way of thinking about time and space.
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1.3.1 Manifolds and Metrics

We define a manifold to be a set of points which everywhere “looks like R™” [11].
By this we mean that around every point there exists a neighbourhood which
can be mapped, using a one-to-one mapping, to R™ - allowing us to always use
R™ as a way to label points in our manifold. The reason we employ the idea of
a manifold is we are going to say that every event in spacetime is a point on a
manifold. On this manifold we are now going to define the metric tensor, g, .
In the pantheon of the tensor gods, the metric tensor reigns supreme. From it,
we can calculate any geometric quantity we would like to. The most important
quantity we would want to calculate using g, is, of course, the distance between

two points.

On our manifold we define the square of the distance between two infinites-

imally nearby points to be

ds® = g, datdz” (14)

where g,,, is evaluated at one spacetime point. Since the metric tensor is defined
at all points on the spacetime manifold, we have a measure for distance no matter
where we are in spacetime. General relativity is radically different from special
relativity and Newtonian mechanics because the way to measure distance, the
metric, changes from point to point in space and time. In the Newtonian scheme,
all of space was governed by the flat Euclidean metric at all times. In special
relativity the Minkowski metric measures not only distances in space, but also

distances in time.

1.3.2 Motion on a Manifold

Motion in the Newtonian universe is simple - everything moves in a straight line
unless a net force acts on it. Motion in Einstein’s general relativity is not so
simple because “straight line” is not a concept which carries over unchanged from
Newtonian mechanics. To see this, let’s use what we know regarding distance.
We are going to make the statement that a particle moving through space will
follow a parameterized curve which minimizes distance between two spacetime

points. To this end, we will write down the action [8][9][11]

S = —m/ vV =G dzrdz? (15)

11



and vary it. To do so, we use

d (—gudatdat) = —daztdx” (0xguy) 02" — 29, datd (6x") (16)

and

1 1
0/ —gudatday = 116
2 \/—gudatdx”

and insert them into (15) to get
B 1 da# dz” . dzt d (0x")
05 = m/ {Qd)\d)\ (Oxgpv) bz Jrg””d)\d/\} dA (17)

where we have parameterized our curve by \. Integrating by parts gives us:

A1

1 dx* dx” d dx* dx*
55 = RSP YPIRY ra i P ) I WPt Y
S m/{Qd/\ a (Ongu) 0T dA<g" dA)“T] TG 3O

A2
(18)

We now demand that the variation 4.5 vanishes for paths with dz* = 0, which

will give us the equations of motion

d 1
el wy — = BV
d)\ (gﬂl/u ) 2 (8Iig,u.l/)u U (]‘9)
or alternatively
du* 1
gwﬁ + ' 0k g = iu“u"‘&,gw. (20)

We can cast this in a more symmetric form by writing

1
Uuunang;w = 5'“““” [augua + augua] (21)
which will give us,
dut 1
gpuﬁ =3 (Ov9ua — Ougva — OaGuy) utu®. (22)

Using the fact that g*?g,.5 = %%, we eliminate the g, on the left hand side of
(22), which gives us the final result [8][11]:

dut 1 .,
K = _§gﬂ (_al/gaﬁ + aﬁgal/ + aagl/,B) uauﬁ. (23)

If we define the Christoffel symbols

12



1
P,uua - 5 (*auga,ﬁ + aﬂgau + aozgl/ﬁ) (24)

then we can say that a massive particle moving in an arbitrary spacetime with

the metric g,,, will follow a trajectory which obeys

"
= TV utu’ =0, (25)

which is called the geodesic equation. A geodesic is a generalization of the
straight line into a spacetime with any metric. Instead of following a straight
line, like in the Newtonian paradigm, particles move along geodesics. If a region
of space has a geodesic running through every point in that region, then we say

that the region is filled by a geodesic congruence.

1.3.3 The Covariant Derivative

Neither the Christoffel symbols nor the partial derivative obey the tensor trans-
formation law. However, we can use both of them to define the covariant deriva-
tive Vg :

Vot = 0,uf + TP, u”. (26)

This is an operator which obeys similar properties to the partial derivative op-
erator, but it is a covariant quantity. From (26), we see that that the Christoffel
symbol is what we need to turn the partial derivative into a covariant quantity.
We have added the Christoffel symbol to the partial derivative and ended up
with something which transforms according to the tensor transformation law,
but how are we to interpret this new quantity? Let’s work with the Euclidean

plane and consider two different coordinate systems - rectilinear and polar [6]:

r=+/22+9y%2 x=rcosf

(27)
= arctan () y =rsiné.
We can compute the transformations between basis vectors as
L _ Oz Oy
€ = Eecﬂ + P €y
= cos €, + sin b€, (28)

13



and

om0y
90T 90"
= —rsinfe, + rcosbe,. (29)

The vector fields €, and €, are constant vector fields - they do not vary as one
moves around the Euclidean plane. We are going to demonstrate that this is
not the case for the basis vectors €, and €y. As we move around the plane, the

polar basis vectors change as

0 0
Eé} =35 (cos €, + sinhé,) =0 (30)
and
0 0
%é} =3 (cos €, + sin 0€))
1
= —¢ 31
7“60 ( )
Similarly we have
0 . . .
7= 3, (—rsinfe;, + rcosbé,)
1
co (32)
as well as
0 . - o .
8—69 = —rcosfe, — rsinfe, = —re;. (33)

This demonstrates that if we want to take the derivative of any ordinary vector

V which has components (v, V%), we will have to write

v o, ..
or ~ar V")

or for any vector with some arbitrary coordinate x° [6]:

v ave dez,

VO

2P 0xP ° OxP’ (34)

14



The first term on the right hand side in (34) is the term we are used to seeing,
it is simply the derivative of a vector component. The second term looks new,
it tells us that if we assign some basis vector field to our manifold, then we need
to account for the fact that the basis vectors themselves can change as we move
around the manifold. The second factor of the second term is exactly what the
Christoffel symbol is - it compensates for the twisting and warping of the basis

vectors as we move around the manifold.

1.3.4 The Lie Derivative and Killing Vectors

The covariant derivative is not the only derivative we can define on a manifold.
To define the Lie derivative on a manifold, we need to define a curve =, its
tangent vector u® = 4=”/qx and a vector field A®. Let there be points P and @
on the curve with coordinate values z and =z + dz® respectively. We can use

these points to define a new coordinate system z'® by writing [7]|9]

2’ = 2% + dz® = 2% + u¥d) (35)

which is nothing but an infinitesimal shift along the curve. If we transform the

coordinates in this way, the vector field will transform as

, ax/a
YW ANEN B
A% = 8x5A (x)
= A%(z) 4 0pu® AP (z)d\ (36)
or in terms of the points P and @Q
A'(Q) = A*(P) + dgu® AP (P)dA. (37)

We can also write the value of A% at @) as
A*(Q) = A%(z + da)
= A%(P) + w03 A%(P)d\. (38)

We can use the results in (37) and (38) to define the Lie derivative of the vector
field A% as

15



o A%Q) — A (Q)
£,A% = - (39)

and use earlier results to write this in the form:

£,A% = uPgA” — APOgu”. (40)

The Lie derivative needs no Christoffel symbol and no notion of the covariant
derivative. We can use the same steps illustrated above to arrive at the Lie
derivative for a tensor of any number of indices, for example a tensor with 2

indices is written as [7][9]
£,T7% = u"0,T% — T"30,u* + T, 0pu”. (41)
We can attach an important concept to this derivative. Suppose we take

£uga5 = agua + 8au[3 (42)

where g, is the metric tensor. If we have that

£ugaﬂ =0 (43)

there will be some constants of motion associated with movement along a
geodesic. To see this, suppose that v* is tangent to some geodesic parame-

terized by ¢ on the manifold. If we compute

d « «
E( Vo) :vﬂVB(v Ue)

= (v’ V0*) uq + (Vgua) v*0” =0

where the second term is zero because the factor in brackets is an antisymmetric
tensor and the factor outside the brackets is symmetric. This shows that u®v,,

is constant along the geodesic provided that £,g.5 = 0.

1.3.5 Curvature

If one writes down the Minkowski metric in the form

16



-1 0 0 O
1 0 0
L = 44
Um 01 0 (44)
0 0 1
or the Euclidean metric in the form
1 0 0
uv = 01 0 (45)
0 0 1

it is easy to see that the quantity in (24) will be zero for both metrics. However,
these forms are correct only if we are using rectilinear coordinates; one can
transform to spherical coordinates and, for example, we can rewrite (45) in the

form

1 0 0
G =10 rsin®¢ 0 |. (46)
0 0 r?

This seems like an odd result. At first glance it appears that the Christoffel
symbols would be able to provide us with a definition of what it means for a
space to be curved. We might’ve been tempted to define flat space as a space
which has zero Christoffel symbols, and a curved space as a space which has non-
zero Christoffel symbols. This definition fails because spherical coordinates and
rectilinear coordinates both label the same Euclidean space and so we should
draw the same conclusion about the space’s flatness from either (28) or (29).
For a correct definition of what it means for a space to be curved, we will need

to use the geodesic equation.

Imagine a tiny closed loop of geodesics living on the manifold. Let the loop
be given by the parameterized curve () and let the vector tangent to the curve
be given by dz%/ax. We want to know how this vector changes as we move it
around the little loop. To do this, use (25)

A dot
dX d\

which tells us how the tangent vector changes as we change the parameter A -

= —F"aﬂu‘luﬁ (47)
exactly what we need. Call the point at which A = 0, P. When we move the

17



tangent vector to some new parameter value A, we will have:

A
u*(\) = up — /F“aﬁuo‘uﬁdk. (48)
0

Since we have assumed that the loop is very small, we can use a Taylor expansion
as an accurate approximation to the behaviour of the functions u® and I'* af"
To this end, write [6]

e ,=r1"

yn
p+8"F°‘5

L) —apl+ (49)

af af

and
ut(A) = up — T ] uf [M(A) —xé,} b (50)

After substituting this into (31) we will get:

A\ A
dz” v Y da?
u® = up—T7, 5] ,up / A= (0,T% 5 = TesT% o) | p ud / (2" = op)
2 0
(51)

Once we integrate around a closed loop, the second term is going to vanish as

well as the term involving xz%. This will leave us with a net change of

Bu® == (B0~ T5T" )| up pa”da? (52)

which clearly demonstrates that a vector changes when moves around a closed
loop, provided that a particular combination of the Christoffel symbols is non-
zero. If we interchange the dummy indices v and 8 and also use the fact that
the integral of 2¥dx? + 2°dz” will vanish when we integrate around a closed

loop, then we can write

1 "
Aut == (aﬁraﬁg — 05T, + T, IT",5 — T ;T ’BH)

ug %m”dm‘s (53)
P
and therefore define

Raﬁﬁ(s = 8ﬁraﬂ5 - agraﬁn + Fa’r]ﬂrnﬁ(s - Fan(srnﬂﬁ (54)

18



and call it the Riemann curvature tensor. We say that a manifold is flat if and

only if:

Raﬂﬁé == 0 (55)

Notice that we are not saying that a manifold is flat if the Christoffel symbols
are zero, but we are saying that a manifold is flat if a specific combination of the
Christoffel symbols and their first derivatives is zero. One could compute the
Riemann curvature tensor using the metrics in (28) and (29) and discover that

they are both equal to zero - confirming that they both describe a flat manifold.

1.3.6 The Einstein Field Equations

So far we have established how the curvature of spacetime will tell a particle to
move, but we have not yet established exactly what will determine the curvature
of spacetime. To do this, we will have to write down the Einstein field equations
- the equations which tell us exactly how matter influences the geometry of
spacetime. While doing this it is important to remember that we are not going
to be proving the equality in the field equations. We are going to make a
reasonable argument for what form the equations must have and then we are
going to write down equations which can be empirically tested. We must bear
in mind that even though we have field equations for the spacetime geometry,
it is still possible that they may not be correct - there may exist very subtle
physical phenomena which we have not yet measured which are captured by

some other, more correct, set of field equations.

By saying that matter moves along geodesics, we have described how curva-
ture affects the motion of matter but we have not yet described how the presence
of matter will affect the curvature of the manifold. To do this, first note that

the energy-momentum tensor will satisfy

VT =0 (56)

so if we want to set some geometrical quantity (call it G*?) equal to the stress

energy tensor, we will require that

V.G =0. (57)

An obvious choice for G*? is the metric tensor itself, as it can be shown that
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Vag®?® = 0. This can’t be right, however, because in empty space we have that
T8 = 0 but g*# # 0. To fix this problem, first construct the Ricci tensor by

taking the trace of the Riemann tensor:

Raﬂ = Komﬁ . (58)

It can be shown that the Ricci tensor is not necessarily divergence free, so it too
cannot be what we need for G*?. Yet if we combine the metric tensor and the

Ricci tensor into

1
Rag - iRgaB (59)

where R = R“, then this combination will be divergence free. If we therefore

set

1
G = RP — igo‘ﬁ = kTP (60)

we will have a set of field equations (with some constant k) which will satisfy
the condition in (47). These field equations are theoretically sound and the
empirical data which have been collected give strong evidence that they are, at
the very least, an accurate description of spacetime.

Note that this heuristic argument isn’t the only way to arrive at the Einstein
Field Equations. If we write down the action S = [ d*z /=g R, then by varying
this action and setting the variation 4.5 equal to zero, we get the same equation
as that in (60).

2 Black Holes in the Study of Space and Time

The black holes of nature are the most perfect macroscopic objects
there are in the universe: the only elements in their construction
are our concepts of space and time. And since the general theory of
relativity provides only a single unique family of solutions for their

descriptions, they are the simplest objects as well.

The unique two-parameter family of solutions which describes the
space-time around black holes is the Kerr Family discovered by Roy
Kerr in July, 1963. The two parameters are the mass of the black

hole and the angular momentum of the black hole. The static solu-
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tion, with zero angular momentum, was discovered by Karl Schwarzschild
in December, 1915. A study of the black holes of nature is then a

study of these solutions.

-S Chandrasekhar [4]

Black holes, are objects which are simply perfect but, as we shall see, not per-
fectly simple. For the following sections we are going to work in units where

Gn = ¢ = 1. Take, for example, the Schwarzschild metric,

M M -1
ds® = — (1 - 2) dt* + (1 -2 ) dr? + 1% (0 +sin?0dp?)  (61)
T T

and consider that all it is, is the metric which solves the Einstein Field Equations

1
R, — §QWR =811y, (62)

for a matter source which is neither charged nor rotating. The metric is a well-
known and thoroughly studied piece of mathematics which is interesting in its
own right. Since its discovery it has been subjected to all manner of inquiry
in order for us to determine what exactly space and time behave like near
spherical sources of matter. It can be shown that the singularity at 2M = r can
be removed using a better coordinate system than the one used above [5][11],
but that the singularity at » = 0 is a genuine singularity which is a feature of all
coordinate systems. The surface at R = 2M is a surface of infinite redshift and
that once it has been penetrated by some matter, we can never again observe
that matter - any photons bouncing off the matter would remain forever trapped
within the black hole. By stopping us from making these measurements, the
black hole is hiding all the details about the matter which we would normally

be able to acquire which makes it look like the black hole is hiding information.

All these inquiries and results are, of course, perfectly valid and highly in-
teresting physical results. They provide invaluable information which tells us
about what happens when matter is yoked to the geometry of time and space.
For the sake of this study they are, however, not of the utmost importance. We
will be happy to take at face value the mathematics which describes what it will
be like to fall into a black hole. We are not going to explore the behaviour of
rods and clocks orbiting a spherical body in spacetime. Rather, we are going to

explore the nature of black holes as solutions to Einstein’s Equations and ask
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questions about the nature of the theory, instead of what it implies for intrepid

galactic explorers.
To see what is meant by ‘the nature of the theory’, consider the Kerr metric,

ds? = — (1= 245) di2 + Gdr? + pPd?

‘ (63)
+ (124 02 4 250 5in20) sin0dg? — 1Moz drdg
where
J

tells us about the angular momentum of the black hole. As usual, M is the

mass of the black hole. The other two symbols p and A are

P2 =r>+a’cos’d (65)

and

A =72 —2Mr + o> (66)

Suppose we have a Kerr black hole. Let’s now dump some matter into it. This
will change the mass of the black hole, the size of the black hole and possibly
the angular momentum. At this stage we don’t know how this change will be
effected but we know with certainty that whatever remains after the process
will be another Kerr black hole due to the fact that it is a unique solution to the
Einstein equations. In this section we are going to study what the mathematics
tells us about the change from one black hole to another. What we will discover
is that the form of the equations describing the change is identical to the form

of equations used for thermodynamics.

This raises the remarkable prospect that we can describe a black hole using
thermodynamics because a black hole is a thermodynamic object. Recall that a
black hole is, most emphatically, not like a spherical ball of gas with some mass.
The gas will also be described by a Kerr metric but it will have no null horizon
and we can thus in principle acquire whatever information we want about the
gas setting up the gravitational field. To this gas we can assign a temperature,
a volume and an entropy. It is important to remember that by carrying out this

study of the gas, we are not studying the metric set up by the gas, but rather
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the gas itself. By contrast a black hole is nothing other than a metric and the
parameters which go into that metric; studying the thermodynamics of black

holes is therefore studying the thermodynamic behaviour of geometry itself.

A black hole, as opposed to a gas, seems to defy everything we know about
thermodynamics. One is a collection of particles, the other is a piece of geometry.
The gas radiates, the black hole gives off nothing (classically at least). Entropy
is well defined for a gas but we do not know what constitutes a microstate of a
black hole (if such a thing even has meaning). It is easy to define the energy of
a gas but not easy to define the global energy of a spacetime.

The idea of studying a geometric object as a thermodynamic entity thus
seems unintuitive, unproductive and ultimately doomed to failure. Nevertheless
we are going to demonstrate that our intuition is not quite correct on the issue
and that there is extremely strong evidence that a black hole is thermodynamic.
If we can talk about black holes in the language of thermodynamics then the
implications will be profound. Recall that statistical physics is a theory which
we use to talk about systems which possess a huge number of degrees of freedom
- far more than we could possibly accommodate in an explicit computation. A
black hole thermodynamics would therefore be evidence, but not proof, that
a purely geometric piece of physics has undiscovered degrees of freedom. The
spacetime metric could be no more fundamental than pressure, a variable which
emerges when we discard a large amount of information about the system under

study.

Let’s carry the analogy to its limit. We know that in the kinetic theory of
gases that pressure is the result of huge numbers of particles colliding with the
walls of the container. The thermodynamic variable P therefore incorporates
information only about the average momenta of the particles and is not part
of a fundamental theory about the behaviour of individual particles. The area
of a black hole might play the same role as pressure in the kinetic theory; it
might tell us something about the average behaviour of some physical variable
we do not yet know about. Remember that the particle nature of matter was
not always uncontroversial, in the same way, the continuous nature of space
and time, while taken for granted now, might be an illusion. It is black hole
thermodynamics which provides the first pieces of evidence that will allow us to

start building a convincing case for spacetime being an emergent phenomenon.
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3 Some Mathematical Preliminaries

3.1 The Raychaudhuri Equation and the Behaviour of Hy-

persurfaces

Before we move on to study black holes in detail, we need to develop the math-
ematics which describes how surfaces in our spacetime will behave. It is not
enough to merely know that the horizon of a black hole is a null surface, we
have to know how the horizon stretches, shrinks and rotates in response to the
movement of matter. By studying the differential geometry of our spacetime,
we are going to develop a powerful mathematical toolbox which will allow us to
investigate the behaviour of spacetime in sufficient detail to come to conclusions

about the behaviour of black holes and causal horizons in general.

It’s important to realise that when we study spacetime in this way, we are
not assuming that the Einstein Equations hold. Our treatment of the differential
geometry will be completely independent of the idea that matter is the source
of spacetime curvature. Once we have finished the description of the geometry,
we will then be able to add the Einstein Equations into the mathematics and
investigate, in detail, the behaviour of the spacetime assuming that it is governed
by the field equations in (53). By pursuing this general approach to the study
of spacetime, we will be able to study spacetime in greater generality than if we

had just assumed the Einstein Equations from the outset.

3.1.1 The Kinematics of Deformable Media

In order to develop some intuition about the behaviour of geodesics in a space-
time, we are first going to study the behaviour of a piece of rubber. We will
then demonstrate that there are remarkable similarities between the behaviour

of the rubber in absolute Newtonian space and the behaviour of spacetime itself.

For a small displacement Z between two points O and P, we can express
the time dependence of 2 as [7][8]:

4,
dt

where B¢ is the tensor which describes the deformation and is determined by

¢ = B%z® 4+ O(x?), (67)

the properties of the medium. If the time interval is very short, we can say
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Ia(tl) = Ia(to) + AZL’a(to) (68)

such that

Az® = BY(to)x’ (to) At + O(At?) (69)

which is a fairly accurate approximation.

At

Figure 1: The lines intersecting a given point on the rubber sheet change position
relative to another as time elapses. The changes are governed by the matrix
BY,.

Now set z%(tg) = ro(cose, sing) in order to use polar coordinates. Let’s
assume that the matrix representing B¢ is proportional to the identity matrix

(the off-diagonal entries are both 0),

0 0
By =[ 2 , 70
b <0§9> "

which will give us a trace of B%, = 6. The change in 2 is therefore

Az = %roﬁAt(cos ¢,sin @) (71)

which tells us that the area of the circle of radius rg has changed to r; =
ro + %eToAf and that the area change is AA = A} — Ay = 7r0At so we can

therefore interpret 6 as:
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_ 14
- Ap At

Therefore we conclude that the trace of the tensor B% tells us about how the

0 (72)
rubber sheet expands. It is for this reason that we call 6 the expansion.

Now let’s assume that the tensor B¢ has diagonal as well as off-diagonal

entries, but is trace free. For this case we will have:

Bab — ( U+ U:C ) (73)
Oy —04

The change in the displacement vector is thus Az® = rgAt(o 4 cos ¢p+o, sin ¢, —o ;4 sin o+
o, cos ¢) and the parametric equation which describes the radius of the new fig-

ure is:

r1(4) = ro(1 + Atoy cos2¢ + Ato, sin 2¢) (74)

This tells us that after applying a symmetric, traceless, B¢, we will have an
ellipse oriented at some angle. For this reason, we say that the parameters o

and o, are the shear parameters.

Finally assume that the tensor B¢ is traceless and antisymmetric:

B, = < to ) (75)

This will give us a change of Az® = rqwAt(sin ¢, — cos ¢), with a new displace-
ment vector x(t1) = ro(cos¢’,sin¢’) where ¢/ = ¢ — wA¢t. A tensor of this
form will therefore rotate the displacement vector; we call the parameter wthe
rotation parameter. These results allow us to break B? up into its trace part,
its traceless symmetric part and its traceless antisymmetric part and interpret

each part in turn:
1
=6 0 - 0
By=( 2 ")+ T T )+ “ (76)
0 350 Ox —O04 —w 0
An alternate notation is:

1
Bab = 59(5,11, + Oab + Wab (77)

These results are not too surprising. The deformation of the sheet is governed
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by a matrix and we can always decompose a matrix into the sum of a symmetric,
anti-symmetric and trace part.
3.1.2 The Raychaudhuri Equation for Timelike Geodesics

Let O be a congruence of timelike geodesics defined on our spacetime. Pa-
rameterize the geodesics with some parameter A, such that the vector field of
tangents, £%, is always normalized to unit length £%¢, = —1. Use this to define
the tensor field [7][8][11]

B.g = Vg, (78)

which is purely spatial:

Bopé® = Bapt® =0 (79)

Now that we have defined B,g, we will need to interpret it. Consider a one-
parameter subset v5(\) of geodesics in the congruence; s is the variable which
selects the geodesic and A is the variable which tells us where we are on the
selected geodesic. Let n® be the deviation vector from the geodesic vo(A). The
vector n® therefore represents and infinitesimal spatial displacement from ~y(\)

to a nearby geodesic in the congruence. We therefore have

£577a = 0 (80)
which tells us

PV n® =1V e™ = B%n° (81)

so B% is the tensor which tells us how the geodesics in the congruence are
stretched and rotated.

Now define the spatial metric

hap = gap + €alp (82)

which functions as the projector onto the subspace of the tangent space per-
pendicular to the tangent vectors £“. We say that it is spatial because it is
orthogonal to £%: £%hap = hagfﬁ = 0. It is also effectively three-dimensional
and we can see this by thinking about a comoving Lorentz frame at some point
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Figure 2: The tangent vector ¢7 for some geodesic vo()\) is orthogonal to the
vector n® which describes a movement from ~4(\) to a nearby geodesic. As the
parameter A is varied, the change in n® is governed by B“; - analogous to the
behaviour of the rubber sheet.

P in the congruence. In the comoving frame,
ga = (717030’0) (83)
Jop = diag(—1,1,1,1) (84)
and therefore the spatial metric is,

hap = diag(0,1,1,1). (85)

With this in mind we will define the expansion, shear and twist of the congruence

by

0 = B*hap (86)

1
Oap = B(ag) — gehag (87)
wag = B[aﬁ] (88)
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s0, as before, we can decompose the tensor as [7][8][11]:

1
BG‘B = 5050(6 + 0ap + wagp (89)

Now let’s study how the deformation tensor B¢ varies along the geodesics in

the congruence. To do this we can write:

€°V o Bag = "V Ve = E"VV il + R, 55675 (90)
= Vﬁ(gﬁvnga) - (Vﬁgn)(vfcga)RKﬁgSKEé (91)
= —B";Bay + R3¢ (92)

and then take the trace, giving us [7][8][11]

a4
d\

which is the Raychaudhuri equation for a timelike congruence of geodesics.

1
EVnl = 20 = =207 — 0005 — w Pt — Rus"E’ (93)

Equation (93) describes how the geodesics in the congruence move away from
or closer to one another as the value of X is adjusted.

The Raychaudhuri equation derived above is a result which is entirely in-
dependent of any theory of gravity. At no point did we need to invoke the
Einstein equation. Since it is a purely geometric result, we are free to use it to
reason about spacetime without writing down specifics regarding how geometry

is yoked to matter.

We saw that for the deformable medium, that € could be interpreted as the
normalized change in area of a patch of the medium. For the above Raychaud-
huri equation, we will now show that 6 can be interpreted as the fractional

change in the congruence’s cross-sectional volume:

0=— 25V (94)

In order to see this, begin by selecting a particular geodesic, s, in the congru-
ence. On this geodesic, pick a point P such that v,(\,) = P. Now construct in
a small neighbourhood around P, a small set, §3(),) , of points P’ such that:
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Ys

Figure 3: The behaviour of the submanifold §¥(\,) can be deduced by studying
the behaviour of geodesics intersecting the submanifold.

1. Through each of these points there passes another geodesic (not ;) from

the congruence
2. At each point P/, A=),

This set will then give us a small, three-dimensional region; a segment of the hy-
persurface A = A\,. Further assume that the parameterization has been adjusted
so that ~y, intersects 0X(\,) orthogonally, which we won’t require for the other
geodesics in 6X(A,). We are going to call §X()\,) the congruence’s cross section
around vs at A = A,. What we are interested in is calculating the volume of
0% (Ap) and then comparing it to the volume of 6X(\,), which is another hyper-
surface made up from the same congruence and geodesic v, but at a different
value of the parameter .

Let us introduce coordinates on 63(),) by assigning a label y®(a = 1,2, 3)
to each point P’ in the hypersurface. Since a geodesic passes through each point
in P’, we can use our y® coordinate system to label the geodesics themselves.
Now force each geodesic to keep its label as it moves away from 0X(\,), so that
we have a coordinate system in 6X(),) or, indeed, at any other point along the
geodesic s, as shown in figure 3. We have now specified enough to be able to
define a coordinate system in our full 4-dimensional space, namely (X, y*); so
we know which geodesic we are on and how far along that geodesic we are. If
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SZ(A,)

Figure 4: Since displacements along the submanifold are still displacements in
the greater manifold, they can still be measured by the metric g,p. By restricting
the metric to measuring only displacements in the submanifold, we arrive at the
idea of an induced metric.

the original coordinate system in use was z, there is a transformation between

this original coordinate system and the one which has just been defined [7][8]:

x® =z%(\,y?). (95)

Since we have specified that y® be constant along the geodesics, we get

g = (;) (96)

and can also specify vectors

1o}
o= « 97
‘ <ayax )A 67)

which run tangent to the cross sections. Using these relations, we get that

£ee2 = 0 while on g (but not on other geodesics) we have {,el = 0.
By using (29) we can introduce the three-tensor

hab = gapeg e, (98)

which is a tensor with respect to transformations of the kind y* — y“/ but
a scalar when the transformation is of the form z® — 2. This three-tensor
actually gives us a metric tensor on §%(),), as in figure 4. To see this, restrict

a displacement to the cross section, so that d\ = 0 and z® = 2*(y*), then:
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ds® = gopdz®da” (99)

oz oxP
= g dy® ) ( =—dy® 1
gﬁ<ayay><8yby) (100)
= (gageg‘ef) dyadyb (101)
= hapdy®dy®. (102)

Since v, is orthogonal to the cross section, hq, = hageg‘ef on vs where hog =

gop + £a€p is the transverse metric. By doing this, we have constructed a
manifold of lower dimension than the manifold in which the hypersurface lives.
Since this new manifold lives within the higher-dimensional manifold, it will
inherit the geometry of the higher-dimensional manifold.

The three-dimensional volume element on 6% (),) is 8V = v/hd®y. Since the
coordinates y® are comoving, dy does not vary as 6% goes to 0% (Ng) which tells

us that a change in 6V is due entirely to a change in v/h:

1d_ . 1d o 1.,d
Waév—ﬁa h— 2h dAhab (103)

Let us now calculate the rate of change of this three-metric:

a4
d\

hav = €V, (gaseier )

= (E"V e2) €l + gage (Ve
9ap n€a) €p T Japa n€

= gas (Vu€eh) € + gapes (V€ eh)

= Vaﬁgeg‘ebﬁ + Vgéaegef

= (Bap + Bpa)elel.

Now multiply by A% and evaluate this on ~,:
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a d a (o3
hngmb:(ﬁw+1%@hb%ef

= 2B,sh*?
= 2B,59"”

=20

Which shows us that [7][8]:

1 d
0=——h
wmﬁf

and formally establishes that, like in the case of the rubber sheet, the variable

0 tells us about the changes in size of the medium.

3.1.3 The Raychaudhuri equation for Null Geodesics

The Raychaudhuri equation for timelike geodesics does not carry over unmodi-
fied to the case of null geodesics, even though the geometric setup is the same.
We are going to demonstrate that this is the result of the fact that a vector
tangent to a null surface is also orthogonal to it. Denote the tangent vector
to the null congruence as k¢ and assume that the geodesics have been affinely
parameterized by A\. We now have that a movement along a geodesic in the
congruence is given by dx® = k*dA. Call the deviation vector n* and let it by
orthogonal to, and Lie dragged by, the geodesics. All told, these conditions give
us [7][8]:

k®kq =0

kPVgk* =0
7PV sk® = KPV gn®

ke =0
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Just like before, we want to know about the behaviour of the deviation vector
n® but, unlike before, the property k*n, = 0 does not remove the component
of n® in the direction of k*. This is due to the first condition and is thus an
unavoidable condition of a null congruence; it is not an artifact of the chosen pa-
rameterization or the coordinate system. We now see that we have an additional

task - we need to isolate the purely transverse part of n®.

Unfortunately, we can’t employ the same analysis as before. Simply writing

hap = gap + kakp (104)

no longer suffices because hagkﬁ = k,, and this expression, in general, is not 0.
Without loss of generality, we can solve this problem by going to a local Lorentz
frame at a point P in the congruence and defining the null coordinates:

u=t—zx

v=t+x.

This new coordinate system will give us a line element, in the local Lorentz
frame, of ds? = —dudv + dy® + dz%. Suppose k%is tangent to curves of u =
constant. This will give us a transverse line element ds?> = dy? + dz?, which is
two-dimensional, not three-dimensional. That the surface is of dimension two

is a feature of all null surfaces.

Let’s now isolate the transverse part of the metric. Introduce another null
vector field, call it N and choose it such that Nok® # 0. Since the normal-
ization of a null vector is entirely arbitrary, we will also impose k*N, = —1.
For example, if we set k, = —0,u in our Lorentz frame, then a choice of
N, = féﬁav would suffice for our construction. With this in mind, consider
the tensor

hap = gap + kalNg + Naks (105)

which is orthogonal to both £* and N®. We also have that

hag = diag(0,0,1,1)

in our local Lorentz frame. This firmly establishes that h.g is transverse and
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two-dimensional and is exactly the transverse metric we need to derive the

Raychaudhuri equation for null surfaces. It satisfies:

hask? = hasgNP =0

he, = 2.

Just like before, we introduce the tensor

Bap = Vika (106)

which measures the failure of the deviation vector to be parallel transported:

E'Vyn® = n°Vpk® = BYn° (107)
Like before, B,y is orthogonal to £%, but it is not orthogonal to N“. This implies
that (104) has a non-transverse component which we need to remove. We do
this by isolating the transverse part of n®, call it 7%, by contracting it with our
transverse metric:
0% =hn” ="+ (Nun") k*
The covariant derivative of 7% in the direction of k% represents the relative
velocity of two neighbouring geodesics and is given by
kPV gipt = h¥, B yn® + kPN gt n”

and upon calculation the second term gives us

kPV gijt = h*, BYyn® + (KPV s N,n") k*

which tells us that &? Vgnt has a component along k*. To remove this, we do
as before and project using h*:

e~

(kY gij) = b, (KPVgii) = h®, B, n”

= hauBuyﬁy
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= h®,h"s B, i’

Which gives us the transverse components of the relative velocity of the geodesics.
We have obtained

—_~—

(kFV gij) = B%i)°

where

B(Xﬁ = ha'u UBBHU.

We can also write the tensor Baﬁ out more explicitly:

B = Bag + kaN"Byug + kgBouN" + kakp B NFN".

Just like before, we can decompose Bo‘ﬁ into three parts

~ 1
Baﬁ = iehag + Tap + Wap

which have the same interpretation as before, namely expansion, shear and
rotation. Notice, however, that the numerical factor before 6 is now % due to
the fact that the space is two-dimensional, not three-dimensional like it was for

timelike geodesics.

The Raychaudhuri equation for null geodesics now proceeds exactly as be-

fore, we get

do
o ~B*®Bg, — Ragk®k”

from the same series of steps and we can check that

L 1
BaﬁBﬂa — BaﬂBga — 92 Jra_ab + *Wabwab

2
which finally leads us to [7][8]
Ay Lo %0y — wPwap — Rapk®k®. (108)
d\ 2

We now need to interpret the variable 6, just like we did for the timelike case.
To do this, pick a particular null geodesic ~ys from the congruence and on this

geodesic pick a point P at some value of the parameter A,. Now consider the
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null curves to which N is tangent; let n be the parameter on these curves
and adjust p so that it is constant on the geodesics in the congruence. Call the
auxiliary curve which passes though P, 8 and let 1 = p., at P. As before, define
the cross section 5 (A,) to be the small set of points P’ in a neighbourhood of
P such that:

1. Through each of these points there passes another geodesic in the congru-

ence and another auxiliary curve
2. At each point in P’, we have A = A\, and p = p.,

Further assume that we have correctly adjusted the parameters so that both
v, and [ intersect 6.5 (A,) orthogonally. Introduce coordinates in 4.5 (A,) by
assigning a label y4(A = 2,3) to each point in the set P’. Since there is one
geodesic through each point in the set, we can use the coordinates y* to label
the geodesics themselves. Now demand that each geodesic keeps its y“ label as
it moves away from 6.5 (),) so that we have a coordinate system for any other
cross section 65 (A). By this set up, we have a new coordinate system (X, 1, y*)
and there exists a transformation between the original coordinates and the new

system: z¢% = x¢ (A,u,yA). Since 1 and y# are constant along the geodesics,

ox®
Ko — () |
o\ yA

We also have that the vectors
ox®
- ()
ayA A

are tangent to the cross sections. These imply that £,e¢4 = 0 and on 7,: k.e§ =

we obtain:

Ng, €4 = 0. The steps from the previous section on timelike congruences can

now be carried out with little change. The tensor

oAB = gaseiel
acts as a tensor on 65 (\). Now we see that the cross-sectional area is defined

by 6A = \/od?y and that the relation

d
EUAB = (Baﬂ + B[ﬁa) eie%

will give us, upon taking its trace,
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which is equivalent to

1 d
0= ——0A. 1
0A dA (109)
This demonstrates that instead of a change of volume, we have a change of area.
In the case of null geodesics, we are dealing with a 2-dimensional submanifold

as opposed to a 3-dimensional submanifold [7][8].

3.1.4 Integration on Hypersurfaces

For our purposes, a hypersurface is a three-dimensional submanifold of the
spacetime manifold. We can define this submanifold in two ways; we can either

put a restriction on the coordinates [7],

D (z%)=0

or we can specify a parametric equation

where the y® are coordinates on the hypersurface. The vector 9,® is normal
to the hypersurface 3 because the value of ® changes only in the direction

orthogonal to ¥. Let’s now introduce a unit normal n,, define it by

—1 X spacelike
nng, =€ = (110)
+1 X timelike
and insist that n® point in the direction of increasing ®. This implies that

n%0,® > 0 and that n, itself is given by

€0y, P
e = g 0,80, 9]
but only if the hypersurface is timelike or spacelike. A null hypersurface would
result in a denominator of zero. To circumvent this problem, let’s call the normal
vector k, = —0,P; the sign is chosen so that the vector k% is future-directed
when @ increases towards the future. Due to the nature of null vectors, we

have k,k® = 0 which demonstrates that the null vector is actually orthogonal
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to itself and is therefore tangent to the hypersurface as well. Let’s now calculate
(Vgka) k? :

(Vska) kP = (V5 [0,9)) 0P ®

= (Va[Vs2]) 870

= % (Vo [0520°2]) .

Since 3PP P is everywhere zero on Xits gradient must be along k, and we
get that V, [05®0°®] = 2Kk, (where & is a scalar) and the normal vector will
satisfy

(Vgka) k® = Kkq (111)

which is the general form of the geodesic equation. We therefore have that the
hypersurface is comprised of ('generated by’) null geodesics and the vector k%is
tangent to these geodesics. Let us parameterize the geodesics by A so that a

small displacement along a geodesic is dx® = k*dA.

Let’s now install a coordinate system on Y which is well adapted to the
behaviour of the null generators. Let the parameter A be one of the coordinates
and introduce two additional coordinates 84(A = 2,3) to label the generators.

To describe a point on the hypersurface we need to supply 3 numbers,

y* = (A0%)

where the variable 64 tells which geodesic we are on and the parameter \ tells

us how far we are along the selected geodesic.

The hypersurface is a manifold in its own right and therefore it is possible
to define an intrinsic metric on the hypersurface using the metric of the space
in which the hypersurface is embedded. We call this metric the induced metric
and we obtain it by restricting the line element to displacements confined to
the hypersurface. If we specify the hypersurface by means of the parametric
equations z® = z® (y®), then the vectors

oz®

o 112
=G (112)
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are tangent to curves in the hypersurface ¥. For a displacement along a curve

in ¥, use the original metric gs

ds% = gapdz®dz’

ox® oxP
=aus () (G

= gapey efdyadyb

= hapdy®dy® (113)

to define the induced metric hyp = gaﬁeg‘ef . What about the case of a null

hypersurface? Using the coordinates we have defined, we have [7]

a 0x® L
€1 = <6A>9A =k

and it follows that the elements of the induced metric are hy; = gagko‘kﬁ =0,
hia = gapk®e’, = 0. This is due to the fact that e% = (92%/a0) , is orthogonal
to k. So in the null case:

ds% = o 4pdf*dh® (114)

where

_ B8
TAB = GaBCACR

o 0z
CA: W )\.

We now have all the geometric tools we need to define the surface element of a

and

null surface of our spacetime. Since we have identified y* with A, the remaining
coordinates are constant on the generators of the horizon and ef = k. We can

now write the directed surface element as

S, = k’dS,,d\ (115)
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where the element of two-dimensional surface area dS,, is

dS,, = €up-eheld®o

and €8+ is the Levi-Civita tensor. An alternate expression for (115) is [7]

d¥® = —k*\/ad*0d\. (116)

Let’s now interpret (107) in order to build up some intuition. The left hand
side has one up index; it is therefore a vector area and it is directed along k.
The factor d\ is a small displacement along the chosen generator and the factor
\/od?0 is a small piece of cross-sectional area which runs transverse to the vector
k<.

4 Black Hole Thermodynamics

4.1 Emergent Physics

Notice that equation (108) is of a form which is extremely similar to that of
equation (89), giving the impression that spacetime itself is behaving like a
rubber sheet. The differences seem only to account for the fact that (89) is
the result of a deformed sheet in a flat, Newtonian spacetime and that (108)
describes the intrinsic geometry of a deformed manifold on which a metric tensor
has been defined. It is tempting, therefore, to jump to the conclusion that the
form of (108) provides evidence that differential geometry, and hence gravity, is
something with an emergent interpretation. However, this cannot be the case.
To see this, remember that gravity is not a theory of geometry itself, rather
it is a theory of how matter couples to geometry and the implications of that

coupling.

Investigating whether gravity is an emergent phenomenon is not the same
as investigating whether or not results which are purely geometric in nature are
the result of some other mathematical theory. A study of emergent gravity must
tell us not about geometry, but about the coupling of matter and geometry via
some suitable set of field equations. The ultimate goal would be to demonstrate,
theoretically, that the empirical results about gravity we know to be true are
in fact the limit of some other physical theory describing the relation between

matter, space and time. It is for those reasons that we don’t consider the
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similarity in form between (89) and (108) to provide evidence that gravity is

emergent

To understand exactly what is meant by describing physics as “emergent”,
we are going to analyze the way in which fluids are studied. The continuum
mechanics description of a fluid uses continuous functions like the mass density
p(x,t) and the velocity field v(z,t) to describe the physics of a fluid. These
functions, however, are only approximations to the underlying physics. Discrete
particles, even in incredible quantities, will never have a continuous mass density.
We are able to perform meaningful physical calculations with p(z,t) because it
functions as an excellent approximation. Likewise we know that the particles
in a fluid will not all be moving in exactly the same direction at the same time;

we decompose their velocities into two parts

v = (v) + v,

where (v) represents the mean velocity of the particle and v, represents the
random component. This decomposition tells us that, on average the particles
will be moving in a given direction but that it is entirely possible for some
particles to not be moving in the direction of (v) . But these errant particles will
be so small in number that the fluid will be described extremely accurately by

only considering the average velocity.

The variables p(x,t) and v(x,t) are therefore not fundamental. They arise
as a result of averaging over large numbers of particles described by other, more
fundamental, physical quantities. After performing this averaging we say that
the velocity field emerges as a new variable with which we will construct theories
and perform calculations. When the claim is made that gravity is emergent, we
mean that the geometric variables such as the metric (and therefore distance)
are emergent. The claim is that if we knew the underlying theory we would be
able to recover variables like g,;, geodesic length and black hole surface area by

taking averages and making approximations.

The idea of emergence is linked to the resolution of the physical measure-
ments we make of some system; a physical system may look different if examined
with increasing levels of accuracy. When our eyes look at an LCD monitor,we
are able to perceive a large spectrum of colours, but the pixels of the monitor

are only capable of displaying red, green or blue. It is the aggregate behaviour
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of large numbers of red, green and blue pixels which we will see as colours and
movement on the screen, all the while being indifferent to the changes in colour
of the individual pixels. If we were to increase the resolution of our measure-
ment by looking through a magnifying glass at the screen, then we would be

able to see the individual pixels.

4.2 The Laws of Black Hole Mechanics

We have defined and developed the necessary mathematical technology to de-
scribe the behaviour of null geodesics in a spacetime. Since the generators of a
black hole’s horizon are null geodesics we have almost all we need to describe
the behaviour of a black hole. To complete the preliminaries, let the coordinates
on the event horizon be [7]

y* = (v,6%)

where the advanced-time coordinate v is a non-affine parameter for the horizon’s
generators. As before, 4 are the coordinates which label the generators. The

vectors tangent to the horizon are then

oz® oz®
o «
5 _<8U >0A “a (89‘4),07
they satisfy {,e} = 0 = L£eeg and £€* =t + Qg ¢® is a Killing vector. Intro-

duce an auxiliary null vector N® and normalize it with N,“ = —1, then the

spacetime metric in terms of the induced metric on the black hole horizon is

gP = —¢*NP — NP UABeje%

AB g the inverse of o4p = gage%e%. As before, the vectorial two-

where o
surface element is d¥, = —£,dSdv (we have only changed variable names)
and the two-dimensional surface element on a cross section of constant v is

dSap = 2[§aNp — Nu&g] dS. We will denote this cross-sectional horizon by H(v).

Finally, once we contract the Einstein Field Equations with null vectors, we
can write the Raychaudhuri equation as [7][8][11]:

de 1., 5
Y k- 02— 0P,y — STTapcEP. 11
o K0 29 0 0ap — 8mTapEYE (117)

We are now in a position to formulate the laws of black hole mechanics.
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4.3 The Zeroth Law

The surface gravity of a stationary black hole is uniform over the entire event

horizon.

The zeroth law tacitly identifies surface gravity with the temperature of a
thermodynamic object. Just like a warm solid at equilibrium is equally hot no
matter where one touches it, the surface gravity of a black hole does not vary

across the black hole. In order to prove the zeroth law, we need to prove

1. k is constant along the null geodesics which generate the horizon (it does
not depend on the variable by which the generators are parameterized).

2. k does not vary from generator to generator.

To begin, use the expression [7][11]

1
R = =S VIEV 0 (118)

and the identity

Vuvufa = Rauuﬁgﬁ (119)

which is valid for any killing vector. Now differentiate (46) in the directions

tangent to the horizon to get:

Oak? = 260pk = =V E" Ry pt”. (120)

Contracting this with £ leads us to 9,x£“ = 0 which demonstrates that the
surface gravity is constant on each generator of the black hole horizon, proving
1. To investigate whether or not x varies from generator to generator, we must
now contract (120) with the vectors which tell us about displacements from one

generator to another. Doing this yields

2Kk0,KEG = —V”E“Rwaﬁfﬂej

and by showing that this is equal to zero, we will prove 2. To do this, assume
that the event horizon is geodesically complete, so it contains a bifurcation
two-sphere on which ¢ = 0, this immediately tells us that d,xe} = 0 on the
sphere. Since Jyke} is constant on the null generators, we immediately have
that Onke$ = 0 on all cross sections of v = constant on the horizon thus proving

that x is uniform over the entire event horizon [7][11].
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How important is assuming the existence of a bifurcation two-sphere? Con-
sider two stationary black holes, identical in every respect in the future of v =0
but different in the past in such a way that only one of them has a bifurcation
two-sphere. Our proof applies to the first black hole, but not the other. How-
ever, since the spacetimes are identical for v > 0, the proof must work for the
second black hole regardless of geodesic completeness. This establishes that the

zeroth law holds for all stationary black holes.

4.4 The First Law

The changes in mass, angular momentum and surface area (discounting the
charge of the black hole) of the black hole are related by

SM = L6A+ QyoJ (121)
s

4.4.1 The Generalised Smarr Formula

Before we can prove this, we need to generalize Smarr’s Formula which relates
the mass of the black hole to its angular momentum, angular velocity and surface
area. Consider the Komar expressions for the total mass and angular momentum
[7][11]

1
M=—— §1§ Vet dSas (122)
871' S

J= m%jév%ﬁdsag (123)
where the integration occurs over a closed two-surface at infinity. Now consider
a spacelike hypersurface ¥ extending from the event horizon to spatial infinity.
The inner boundary of ¥ we will call H, it is a two-dimensional cross-section of
the event horizon. The outer boundary of ¥ is S, the place where the integration
occurs. Now use Gauss’ Theorem without the inner boundary. The results tell

us that M and J can be expressed as

MZMH+2/

1
(Tag - Tgag) n°t?vhd?y (124)
2

2

and
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1
J=Jy— 2/ (Taﬁ — 2Tgaﬁ> n®¢PVhd>y (125)
)

where My and Jy are the mass and angular momentum of the black hole. They
are given by expressions (50) and (51) with the integration over H:

1
M=—-— “PdS, 12
= vt (126)

1
= —— o /3
J= y% V4P dSas (127)

The interpretation of (124) and (125) is fairly straightforward, the equations
demonstrate that the total mass and the total angular momentum are given by
the black hole plus the matter distribution outside the black hole. Now let’s use
dSep = 2[6aNp — No&g] dS with expressions (126) and (127) to derive Smarr’s
formula [7][11]:

1
My —2QuJy = _gyﬁ Ve (7 + Qu¢”) dSas
H

Y

1
= —— va B
8 §é.[ & dSap

1

= —— agh
- }éﬁav P NdS

1
=—— AN
4 5‘2{ we" Ngds

K
—Eédb’.

Note that we have used the Zeroth Law in the last step in order to take s outside
of the integral. This finally gives us [7][11][14]

A
My = 2Q5Jy + % (128)

which is the generalised Smarr Formula.
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4.4.2 Proof of the First Law

Consider a black hole initially in a stationary state. Let’s drop a small amount
of matter into the black hole so that the mass and angular momentum change

slightly. M and J will change according to

SM = — / TSP ds,
H

and

6J = / TS ¢ dS,
H

where H is the event horizon. We are only going to work to the first order
in the perturbation of T,,s while keeping t*, ¢ and d¥,at their unperturbed
values. Once the process of adding matter to the hole is over, the hole will return
to another stationary state which is also a solution of the Einstein Equations.
This process is, therefore, a way of moving from one solution of the Einstein

Equations to another solution albeit with a different set of parameters.

Let’s now substitute d¥, = —£,dSdv into our expressions for the changes
in M and J:

SM — Qs = — / T (¢° + Quo’) €*dSdv (129)
H

- / dv 51% TpatP€dS. (130)

We can now use Raychaudhuri’s equation to work out the integral in (58). First
we will neglect the quadratic terms since they are higher-order terms and we

are only working to first order. We therefore use

% = k0 — 81T, 5E¢"

which will give us

oM — QgdJ = —i dv% <d9 —/{0) ds
8m 2 \dv

- —i7§ HdS‘ +i/dv?§ 0ds.
8w H o 8w H
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Before the perturbation, the black hole was stationary so the expansion term 6
will vanish. The same is true for after the perturbation, therefore the first term

will vanish. Using the definition of 6 as the fractional rate of change of area, we

get [7][11][14]
K 1 d

K
=— (@ dS
871'}&

K
= —0A
87r6

which establishes the first law of black hole mechanics.

4.4.3 A Brief Comparison to the Thermodynamics of Gases

We can draw an analogy between what we have just done and the treatment of

an ideal gas. Given an ideal gas, we can say that it satisfies the equation:

P1 V1 = TLRTl .

Let’s now change the volume of the container containing the gas according to
the first law of thermodynamics:

dU =TdS — PdV.

We know that while the walls of the container are moving that the system will
not be in equilibrium, but we assume that since the change is infinitesimal and
occurs extremely slowly we can ignore the non-equilibrium processes and use
equilibrium thermodynamics. Once the change in the container has been made,
we will still have an ideal gas and it will therefore still satisfy the ideal gas

equation

p2Vo = nRT,

albeit with different values for the variables. This is the same process we are
describing for a black hole. Instead of moving from one solution of the ideal gas
equation to another, we are moving from one solution of the Einstein Equations

to another. Just like for the gas, we are not effecting a large change; the change
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will be small enough for it to be adequately described by only considering the
first order in Ti,3. Like in the case of the gas, we will not pursue a detailed
description of the black hole while the change is occurring, we are interested
only in the initial and final states.

4.5 The Second Law of Black Hole Mechanics

’The surface area of a black hole can never decrease.

By stating the second law of black hole mechanics, we are saying that the
quantity which plays the role of entropy is the surface area of a black hole, the
constant increase in area is therefore the same thing as the constant increase
of entropy in thermodynamics. To prove the second law, consider the focusing
theorem [7][11][14]

% = %92 —0"%045 — Rapk®k? <0 (131)
which is a consequence of the Raychaudhuri equation applied to hypersurface-
orthogonal geodesics. In addition, we have that R,sk®® > 0 by assuming the
null energy condition and the Einstein equations. Upon integration of d0/ax <
—160% we get

1)\>1 A

3 A > % + 5 (132)
which tells us that is the congruence is initially converging, then 6 (A\) — —oo
within an affine parameter value of A < 2/j6y| which signals the occurrence
of a caustic. Since the event horizon is generated by null geodesics with no
future end points, the generators can never run into caustics. The expansion
of the generators must therefore be zero or positive everywhere on the horizon
otherwise a contradiction will occur. The fact that  can never be negative for

the null geodesics generating the horizon proves the second law.

4.6 The Third Law of Black Hole Mechanics

If the stress-energy tensor is bounded and satisfies the weak energy condition,
the surface gravity of a black hole cannot be reduced to zero in a finite advanced

time.

Recall that a black hole of zero surface gravity is an extreme black hole,
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therefore if T, satisfies the stated conditions the third law can also be inter-
preted as saying that a black hole cannot become extremal in a finite advanced
time. To demonstrate that the third law is a consequence of the condition that
for every timelike vector field the matter density seen by the observer on that
geodesic (Tagko‘kﬂ) will be positive, we need to specify a spacetime containing a
black hole which has the potential to become extremal at some finite advanced

time v. We will choose the charged generalization of the metric [7][11][14]

ds® = — fdv? + 2dvdr + r? + r?dQ? (133)

where

le—L':ﬂ(”) L)

r2
This metric describes a black hole which has a mass and charge that change

with time due to irradiation by dust. To see this, consider the stress-energy

tensor
T8 = T, + T3
where
8 _
Tdaust - plalﬁ’
and

1 0 q*
- - Ty
P 47r2 Ov 2r

are the contribution from the dust. The contribution from the electromagnetic
field is:

q2

T 8ard’

This spacetime will become extremal when m(vy) = ¢(vg) and will produce a

T,% 5 =diag(—P,~P,P,P), P (134)

violation of the third law if this occurs at some finite value of the advanced

time vg. Suppose our observe is restricted to move in the radial direction only,

2 . . S
then Thpuu® = p(92)” + P. Since % is allowed to be arbitrarily large, the
weak energy condition requires p > 0 at the apparent horizon, r = r; where

Ty =m+ (m2 — q2)1/2 . This implies the following condition:
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4mrd p (ry) = min — qd + (m® — q2)1/2 m >0 (135)

where the overdot implies differentiation with respect to v. Now imagine that
the black hole has become extremal at some finite advanced time vy. This gives
us A (vg) = 0 where Av = m(v) — ¢(v). Since the black hole was not extremal
before v = vy we must have A(v) > 0 for v < vy and A(v) must be decreasing
as v approaches vg. But by (63) we have
m (vo) A (vg) >0

which tells us that A(v) must actually be increasing. This contradiction tells us
that the weak energy condition prevents the black hole from becoming extremal

within a finite advanced time.

4.7 Black Holes and Entropy

Let’s perform an incredibly simple thought experiment. Take a container filled
with some fluid and dump the contents into a black hole. Right before the fluid
is dumped into the hole, we can calculate its entropy. After it is dumped into
the black hole, the entropy of the fluid has vanished behind the event horizon.
It appears that the black hole has managed to erase the entropy of the fluid
from our universe, implying that if we wanted to, we could lower the entropy of

the universe simply by throwing matter into black holes.

However, when we throw the matter into the black hole the area of the
horizon will increase. Since we have identified horizon area with the entropy of
a black hole, it appears that the total entropy of the universe does not decrease.

Let’s therefore write down the generalised second law of thermodynamics [34]

ASbh + AS’r‘est of universe >0 (136)

which tells us that if we take the entropy of matter together with what we
conjecture to be the entropy of a black hole, we will still have a net entropy
increase. Black holes therefore cannot reduce the amount of entropy in the

universe.
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4.8 How Hot is a Black Hole?

A classical black hole, by definition, emits nothing. If nothing escapes, then
there can be no thermal emission. If there is no thermal emission, there can be
no way to heat up a black hole. If we can’t heat a black hole, then it doesn’t have
a temperature and this renders our attempts to treat a black hole as a thermal
object quite pointless. Even if we concede that area measures the entropy of a
black hole, the coefficient of entropy in the first law of black hole mechanics is
a surface gravity, not a temperature. Unless we can somehow demonstrate that
a black hole looks hot (like any other thermodynamic system) then we must
accept that the equations we have look like thermodynamic equations but have

no deeper connection to thermodynamics.

In order to prove that a black hole looks hot, we need to turn to quantum
field theory.

4.8.1 Quantum Field Theory in Curved Spacetime

We can fix the usual Klein-Gordon Lagrangian by inserting a metric determinant
to make sure that we are always integrating over the correct region of spacetime
and by replacing ordinary derivatives with covariant derivatives. This will give
us [2][13]:

L= %\/Tg (9" 0,00, ¢ — m*¢?] . (137)

It’s possible to expand the field ¢ into a sum of wave modes

o(x) = 3 [asui(w) + afuj (@)
just like we can do in Minkowski space. So far, we have not said anything new.

However, let’s consider the inner product of a field ¢ living in Minkowski space.

We define the scalar product

(1, ) = —i / (1 (005 () — (B (0)] (@)} "' (138)

=i / 1 () B 03 (2)d" e
t

where the subscript ¢ denotes a spacelike hyperplane of simultaneity at some

instant ¢t (a Cauchy surface). This inner product ensures that the modes are
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orthogonal:
(ug,up) =0, k#EK.

Let’s now invoke the principle the general covariance, relabel the coordinates

in our spacetime and expand our field in terms of new modes

which, like before, will have a vacuum state

a;|0), =0

where the n stands for 'new’. The field itself must be completely described by

either set of modes, so let’s expand the new modes in terms of the old,

=Y i + Bjiug]

i
conversely we have:
U; = Z [a;iﬂj — leﬂ;k] .
J
These relationships are known as Bogolubov Transformations and they tell us
how one field expansion is related to another. The matrices oj; and j3;; are

known as Bogolubov coefficients and we can evaluate them by evaluating the

inner products of the field modes

i = (Wi, uy) (139)

and

Bij = — (i, uj). (140)

Since we also know how to expand fields in terms of creation and annihilation
operators, we can rearrange our expressions to express the Bogolubov matrices

in terms of creation and annihilation operators. We have

a; = Z (ajidj + 5;1'5;) (141)

J
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and

a; = (ajiai— Bjal). (142)

i
We have gone over the mathematics of how two mode expansions of the same
field are related, but this seems like a purposeless exercise in algebra. Physically,
the two equations tell us about the same field so whenever we try to calculate
a number to be checked by an experiment, we must get the same answer re-
gardless of what expansion we use. It might be tempting to say that if a field
is in the ground state in one description, then it will be in the ground state in
all descriptions. Consider, however, what happens when we try to count the

number of u; modes in the ground state of the second expansion [13]:

n (0l ala; |0), =" |8%]. (143)
J

This tells us that the vacuum of the second expansion contains u; modes pro-
vided that the right hand side of (134) is not zero.

It seems intuitive that we will always have 3;; = 0, because all descriptions
of the same field should agree on what the vacuum state is. To see that this is
not the case, consider the Lie derivative of the u; modes along some timelike
vector v. If the u; are positive frequency modes which satisfy [13]

£ou; = —lwy; (144)
for w > 0, and the Wy modes are linear combinations of the u; alone, (they then
contain only positive frequencies with respect to the vector v) then we have that
6ij = 0. Thus

a;10),, =0

and

a;[0),, =0

so the vacuum will be the same for any expansion, either in u; or u;. If this is
not true and B3;; # 0, then the modes %; will contain a mix of both positive and

negative frequency u; modes - particles will be present.
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4.8.2 Hawking’s Calculation

In (112), the coefficient of the area, A (and therefore the entropy S) is the surface
gravity, k. The comparison to make between regular thermodynamics and black
hole thermodynamics is, therefore, that the role of temperature is played by the
surface gravity of the black hole. Classically, any object with some temperature
T, will emit particles at a rate proportional to that temperature. By turning to
quantum field theory, we can show that a black hole emits particles in a way
which depends on x, demonstrating quite convincingly that surface gravity does
play the role of temperature and supplying further evidence to the claim that a
black hole is a thermodynamic object [35].

By varying (117), we can arrive at the Klein-Gordon equation for curved

space time

.
V=9

which can be rewritten in terms of the covariant derivative as:

3y (V=99""0,9) —m*¢ =0 (145)

(V#0, —m?) ¢ = 0. (146)
Now let’s define a new inner product for a field ¢ in a similar way to (138),

(i) = /E A /G5 [0V sy — 179 7] (147)

where 3 denotes a Cauchy surface and gys, is the induced metric on that hyper-
surface. Just like before, we can specify two different orthogonal bases, {1;} and
{¢}} and write the two in terms of each other by using Bogoliubov coefficients:

1/),2 = Ej [Otw%/)j + Bz]¢;] . (148)

By using the fact the the complex bases satisfy

(i, 95) = = (¥7,97) = 63 (149)

and

we can use (147) to show that the Bogoliubov matrices satisfy:
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aa — BT =1 (151)

af? — pal =0. (152)

Inserting (151) and (152) into (147), we can calculate the inverse of (148) as:

Vi = 35 [ay; + Bijiy]
Y =35 [0 Sk (by + B’ s) + Bis ok (s + Bt

= S [(aijafy + BijBir) Vi + (B + Bij o) ¥'x] (153)

which gives us the extra conditions

ad’ + B =1 (154)

af — Ba’* = 0. (155)

Comparing (154) and (155) with (151) and (152), we can see that our conditions
are satisfied uniquely when o’/ = af and 8’ = —8”. Thus giving us the further
conditions [13]:

afa—pTp* =1 (156)
afg—pra* =0. (157)

To prove that particles are created during gravitational collapse, we are going
to study the behaviour of a massless Klein-Gordon field during the creation of

a black hole. The general solution of the massless scalar wave equation are

P R (7)Y (0, 6) e 1 (158)

where Y},,, are the usual spherical harmonics and the function R, (r) obeys the
differential equation:
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d?>R,;
dr2

Note that for the purposes of simplification, we are using the variable rx =

+{w? = I+ )2+ 2Mr ] 1= 2Mr T} R (159)

r+2M In |ﬁ — 1| . Let’s now consider the regions for which r is very large; these
regions correspond to past and future null infinity Z_ and Z,. The function R,

will then reduce to

d’R,;
dr*2

which shows us that far from the black hole, this function behaves like:

+w?R,, =0 (160)

Ry ~ eFir, (161)

Thus, in the far past and the far future, our massless solutions look like:

T—lyvlm (9’ ¢) e—iwtiiwr*. (162)

Now make the substitutions v = ¢t + r+* and v = ¢t — r* so that we can arrive at

purely ingoing and outgoing solutions f,, and p,:
1 )
fo~ (r 4m) Yim (0, 6) e~ (163)

Do ~ (r 47rw) o Yim (6, ¢) e, (164)

Since we have not put our black hole into a confined space, our solutions obey

the normalization conditions [13]:

(pwapw’):(fw,fw’)zé(w_w/)' (165)

To see how this condition gives us the normalization factor in front of (163) and

(164), let’s compute the inner product

(fwlmafw’l’m’) = Adz“ Vv g= [f:;lma,ufw’l’m/ - fw’l’m’auf:)lm] (166)

by noting that the f,, solve the KG equation at Z_, where dS/ = drd¢df,/— (1 — 221).
This will give us:
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(fwlmv fw/l/7n’) = Zfr f027r fow drdd)d@

[7’281'7197%2 7 1ww/ Y %1t Yim (eiw(t—i-r) ate—iw'(t-i-r) _ eiw/(t+r)ate—iw(t+r)):|

(fwlma fw’l’m’) = 5ll’§mm’ 427_‘_%27T5 (w/ - w) . (167)

We are now going to study the behaviour of a wave as it moves from Z_,
travels through the collapsing spherical mass and on to Z, . Since the collapsing
mass will eventually form a black hole, some ingoing rays will not be able to
escape and move on to future null infinity. We will therefore study a ray which
does escape, but is infinitesimally close to a wave which goes on to form the
event horizon of the black hole. Call the ray which goes on to form the event
horizon ~ and call the ray under consideration a; we will say that the two rays
are separated by a distance e, measured along a future-directed null vector n®,
where n%l, = —1 and [ is a null vector tangent to . Begin the calculation by
writing the metric in Kruskal coordinates and setting d) = 0, which spherical

symmetry enables us to do. Our line element is then [13]

2M

ds* = Te—ﬁdadﬁ (168)
and all null rays must have either
du
— =0 169
or
do
— =0 170

where )\ is any affine parameter. These conditions tell us that for any ingoing

null ray, the affine parameter along the curve will always be proportional to w :

A=Ci=—4MCe 11, (171)

Make the choice that the affine parameter goes to 0 on the event horizon. When
the null rays intersect 7, we will have A = —e and therefore v = 4M (In4MC — Ine).
Let’s now find an expression for € in terms of v. To do this, first say that the
time at which « left Z_ is vg. Any ray that does not fall into the black hole, will
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therefore have left Z_ some time after vy and the distance between o and the
ray which continues on to Z; will be —e. Writing the metric far from the hole

in terms of u and v gives us

ds* = — (1 - 2M> dudv (172)

r

from which it follows that the affine parameter is proportional to v and therefore
—e = D (v — vg) . Combining this with our result for u, we see that the outgoing

wavefunction at Z; will have the form

Pu (V) ~ ( 47Tw) exp[—iwdM (In4MC —In D(v — vp))] (173)

when v < vg. We now have all we need to find the Bogoliubov coefficients and

therefore count particle numbers at Z, and Z_.

To find the Bogoliubov coefficients, we write the modes p,, on the basis {f,} .

Begin by taking the Fourier transform:

Pu(w) = % /dv [pw(v)ei“/”} . (174)

It can be shown that by plugging (163) into (174), we can arrive at the inverse
Fourier transform [13]
pw(v) = / duw’ [\/ W Py (W) fr (V) + VaW Py (—W') fur * (v)] , (175)
0
which we can compare to the expression for the Bogoliubov coefficients:

Puw = / dw’ [Aww’ fw’ + wal fw’ *] . (176)
0

Upon inspection, we see that the Bogoliubov coefficients are

Ay = V7w P, (W) (177)

and

Buw = V1w P, (—w'). (178)

To calculate the transform in (164), we use the approximation in (163) to write:
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4MC

R el (S )| P

In order to evaluate this integral, we will need to perform contour integration
in the complex v plane. For w’ > 0, we will close the contour in the upper half

of the plane, leaving us with the integration along v = vg + ix:

) o 4MC :
P (w) ~ 4#&7@/0 erp [—w’x + iw'vg — iwd M <ln 5 " In (me_’"/2)>] dx

. —iwd M
— ¢ 2Mwm iw’vo 4MC (1 iwAM N—1—iwd M 180
e (4 (1 ieAM) ()77 (180)
For w’ < 0 we integrate as before, but this time close the contour in the lower
half of the plane:

_ o0 AM ,
Pu(w) ~ 47“/27@/0 erp [w% + iw'vg — iwdM <ln TC —1In (a:e_”/2>>] dx

. —iwdM 0o
_ —1 €2Mwﬂ'€iw"uo 4MC / ew/w$iW4N1d$. (181)
4my/Tw D 0

Comparison of (171) and (170) leads us to conclude that

Po(—w') = —e Mwm =205 (1) for w' >0 (182)

and we can therefore compare (167), (168), (170) and (172) in order to arrive

at the Bogoliubov coefficients

. , AMC —iwdM Lo
A = %ezM‘”ew vo (D) T (14 iwdM) ™M (183)
TV WwW
wa/ — _6—4Mw7re—2iw’v0Aww,. (184)
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Let’s suppose we now try count the number of modes by using the B,/
coefficient. To do this, take the continuous analogue of (133), which is the

integral:

oo
/ | Bow | du'. (185)
0

Unfortunately, this integral diverges as (w’ )_1/ * when w’ gets large, indicating
that as the frequency increases, we will eventually end up finding an infinite
number of particles. This divergence is due to the fact that we did not impose
a restriction limiting the total amount of energy in spacetime to the mass of
the black hole. To remedy this, we shouldn’t just calculate (175), but rather
construct finite wavepackets and calculate the number of particles per frequency

interval. This is what Hawking did in his original paper [35].

We are going to perform a simpler calculation and confine the system to a
box in order to impose periodic boundary conditions and therefore discretize
the modes. We know that the Bogoliubov coefficients satisfy

Ew/ ‘Aww/‘Z - Zw/ ‘wa/|2 = 1
and
St |Buw|* = e 3MOTS S0 | A |
w/| ww’| =€ w’ w’| ww/| .
Taken together, these expressions yield

S [Awer|? = [Bow|? = (M7 —1) Sy [Bow|? =1 (186)

and the number of particles counted by the Bogoliubov coefficient B, therefore

goes as

1

S |Bow|* = ——. 187
Buw” = oy (187)
The particle flux through a sphere surrounding the black hole is then
dw 1
= — B S ——— 1
¢ 2 <68M‘”1> (188)

and upon comparing this to the Planck spectrum, we realise that the particle

flux resembles that of a black body, with a temperature of
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- 1
- 8Mr’

Given that the surface gravity of a Schwarzschild black hole is given by x = 1/am,

Ty (189)

we see that the black hole’s temperature is given by

K
4r

which is exactly what one might guess from studying black hole thermodynam-

Ty (190)

ics.

Hawking’s calculation has one more piece of information to tell us. Write

the change of the mass of the black hole as

1

1
= 1 TudA (191)

which allows us to fix a definite constant of proportionality into the entropy-area
relationship [13][35] (where we set i = 1):

1
= _A. 192
5= (192

It’s important that we go over some of the qualitative aspects of Hawking’s
calculation in order to understand its relevance and some of the assumptions

that went into it.

4.9 Interpreting The Laws of Black Hole Mechanics

We know that when doing regular thermodynamics that the laws with which

we work are stunningly insensitive to the underlying microscopic physics.

Like in the case of spacetime as a rubber sheet, it is again tempting to jump

to conclusions based on the form of the mathematics. Let’s make the statement:

The laws of black hole mechanics have a form which is identical to that of
the laws of thermodynamics describing the emergent properties (like pressure)
of a gas. This identical form proves that the variables (like area) describing

a black hole are the coarse-grained limit of some unknown theory of space and
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time. Qur black hole parameters are therefore not fundamental and we know

that the geometry of spacetime is not a fundamental theory.

The most obvious problem with the above is that the form of a mathemati-
cal equation being identical to the form of another is not in any way a proof of
the two equations describing the same phenomenon. The mathematics is form
without content, the physics must provide the content and it is not immedi-
ately obvious that the physical concepts underlying black hole mechanics and

thermodynamics are the same.
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Part 1I
Einstein’s Equations as Emergent
Physics

5 The Rindler Chart and Causal Horizons

5.1 An Accelerated Coordinate System

Before we move on to studying what a quantum field looks like to an accelerated
observer, we are going to develop a natural coordinate system for an observer
accelerating in Minkowski space. Note that we are now working in units where

c=1.

Set up the usual Minkowski metric [8]:

ds? = —dt? + da® + dy® + d=>. (193)

Suppose that the observer is accelerating in a straight line in our Minkowski
space. Without loss of generality, we will simplify the situation by rotating our
coordinate system so that observer moves solely along the x axis. This means
that we need only transform the coordinates x and ¢, we can leave the others

unchanged. The observer will have relativistic energy

E=+/p?+m?2
and relativistic momentum
p=FEv.

Let’s assume that we are initially traveling with the observer so it is in our rest
frame. If its acceleration has a constant magnitude g, then after some coordinate

time t, its relativistic energy will be:

E =/ (gmt)® +m2.

This allows us to write the velocity as
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v = Px o qmt
T — E -
m2 + (gmt)2

and to therefore find the accelerated detector’s position by performing an inte-
gration:

[t = [ =2
\/m? + (gmt)’

This will give us

1
z=—1/m2+ (gmt)?
gm

2

2?2 =g

which is a hyperbola in our coordinate system. We can calculate the time

elapsed on a clock carried by the observer in the usual way:

T:/\/l—v2dt

Y B B L
- / m? + (gmt)?
1

= —sinh~!(gt).
g
This allows us to write the equations for the trajectory in parametric form,
parameterized by 7
gx = cosh(gr) gt = sinh(gT) (194)

with a velocity which has magnitude [8]:

v = tanh(gr). (195)

Now let’s consider the above from the observer’s perspective. While we are
labeling all the points in Minkowski space using ¢, x, y, z, the observer is going
to be labeling the same points using the coordinate system variables T, X, y,

z. Our labeling and that of the observer will differ in one key way, the observer
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will give himself constant coordinates in his own frame. Any object to which he

assigns a constant value of (T, X') will be an object which is accelerating in the

(t,z) coordinate system. If the trajectory of the observer is given in the form

it can be shown that the transform between our inertial (z,¢) and the observer’s

(X,T) are related by

x—ctzf(T—f) —ch(T—f)
x+ct:f<T+)C(>+ch<T+)c(>.

Combining (90), (92) and (93), we can conclude that

and

vt = Loam-x) 5y Lolerex))
which finally gives us

1
x = —e9% cosh(gT)
g

and

1
t = —e9%sinh(gT).
)

(196)

(197)

(198)

(199)

(200)

The equations (95) and (96) specify the coordinate transformation between or-

dinary Minkowski space and an accelerated coordinate system. We call this

accelerated coordinate system the Rindler Chart [8].

It is important to note that even though the observer is labeling points in

flat Minkowski space, his acceleration will cause him to label the space in such

a way that it looks curved. When he computes the value of ds? for some small

line element, he will not get the same answer as the inertial observer (or any

inertial observer). To see this, write

66



dt* — da® = e*9" (dT? — dX?)

therefore in the accelerated frame we will have:

ds® = —dt* + da? = €297 (—dt* + da?).

A visual way to confirm that the Rindler Chart indeed represents an accelerated

observer is to plot

1
24 2%= —2629)( = constant

on a diagram of the 2D Minkowski plane. Notice that a single, constant value
of X will give us a hyperbola; the path of an accelerating observer. Finally note
that the Rindler Chart does not cover all of Minkowski space. It partitions the
space into separate, causally disconnected, quadrants. The fact that the Rindler
Chart does this indicates that an accelerating observer will set up causal horizons

in Minkowski space.

5.2 The Unruh Temperature

In developing relativity, Einstein promoted the equivalence of gravitational and
inertial mass to a fundamental principle of the theory rather than a measured
result. If acceleration looks like gravitational attraction, then it might be true
that accelerating observers will register a warm spacetime just like observers
will measure black holes to have a non-zero temperature due to the Hawking
effect [8][13][36]. Well, it is true. We demonstrate this now.

Let a massless scalar field live in the Minkowski spacetime shared by the
inertial and accelerating observers. We, as inertial observers, will say that the

wave equation
0? 0?
<6t2 - ax> $=0 (201)
has solutions

Tp = (dmw) "2 eiho—iwt (202)

where the modes have positive frequency with respect to the Killing vector 9, :
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£8tﬂk = —iWuy. (203)

The modes which have k& > 0 are right-moving along v = constant, while modes
with k£ < 0 are left-moving along v = constant. To quantize the field ¢, we

follow the recipe outlined in Section 3.8.

Now take the same field and quantize using the Rindler observer’s coordi-

nates. He will say that the massless field obeys the wave equation

20X 82 82
e* D¢<apax2>¢° (204)
with mode solutions
up, = (47Tw)—%eikXiin (205)

where w = |k| > 0. Notice that (205) includes a positive and a negative sign.
The positive sign applies to the region marked L and the negative sign applies
to the region marked R. Like before, these modes in the Rindler coordinates

satisfy:

£iaT’uk = —iwuk.

Let’s now split up the modes in (205) by defining

= (4rw)~zehX—wT iy R
uf (4) (206)
=0 in L

and
. _ (4ﬂ.w)—%eikX+in in L

By doing this, we have a set of wave modes which is complete over all of
Minkowski space, meaning that the accelerating observer and the inertial ob-
server can meaningfully talk about wave modes at any point in Minkowski
space. Both observers can expand the field ¢ in terms of its modes and cre-
ation/annihilation operators. The inertial observer will write

= [amk +alu; (208)
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while the Rindler observer will write

o= ok + o Tl b uft + o] (209)
Let’s now assume that the two field expansions will have two different vacuum
states, |0p7) and |Ogr) which satisfy
Qg |OM> =0

and

b 10R) = b |0R) = 0.

We are now going to test whether or not this assumption is true by computing

the Bogolubov transformation between the a and b coefficients.

In order to simplify the calculation, let’s make some observations which will
simplify the task. First note that the exponent in (206) and (207) changes in
sign when we pass from L to R. This means that the functions do not change
smoothly at this transition point, rendering them non-analytic. To fix this
problem, define some new combinations,

uft + e oyl (210)

and

w4 ek (211)

which remain analytic when we cross over from L to R. Since the modes above
satisfy (89) (i.e they are share the positive frequency analyticity properties of
our ), they will also have the vacuum state |0;/) . So instead of expanding our
field as we did in (205), let’s expand it in terms of (210) and (211):

—1/2
=3 (2sinh (%)) [d,(cl) (e7/ouft 4+ e~ 2oy %) (212)
+d,(€2) (e_w/zgulfz + em/zguﬁ)] + h.c

where

A 0ar) = &7 10ar) = 0.
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Now it will be easier to find the Bogolubov coefficients. We take the inner
products (¢,uf’) and (¢,ul) where ¢ will first be given by (106) and then
(109). We then get

—1/2
- (2) Trecnet]
and
Tw -/
- (3) ] o
g :

which provide the full translation between the vacuum states |057) and |0g) . Our
Rindler observer will detect particles counted by the number operator bg”b,&l).
If we contract this number operator with the Minkowski vacuum [07) we will
get

e~ 1

(0] BB 07) = S— (215)
2sinh (%) e s —1

particles with wave number which is precisely the Planck spectrum for radiation

at some temperature Ty = 9/2xk, [13][36].

The above result tells us, unambiguously, that simply by accelerating we will
measure flat, empty Minkowski space as being ’hot’. After the idea of Hawking
radiation, it appeared that the black hole itself was radiating particles, making
spacetime look warm. In that case, it would be intuitively appealing to call the
hot black hole the thermodynamic object. The above result stands in contrast
to that conclusion. It is no longer a black hole which looks hot, it is all of flat,

empty spacetime.

5.3 Temperature and Microstructure

We have now managed to prove that an observer accelerating through empty
Minkowski space will think that the spacetime is intrinsically "hot’, just like an
observer sitting outside a black hole. Classically, temperature tells us about the
motion of the particles of a gas - if the particles are moving quickly, then the
gas is hot. Slow particles will give us a low temperature. This shows us that
the variable temperature is telling us something about the constituents of the

gas - its microstructure. The fact that the Unruh and Hawking temperatures
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are non-zero strongly hint at some hidden spacetime microstructure that we do

not, yet know about.

6 Jacobson’s Idea

Let’s review what we have established so far. We have demonstrated that the
laws which govern the behaviour of black holes bear a striking similarity to the
laws of thermodynamics - laws which are known to describe emergent physics.
We also know that an observer hovering above a black hole and an observer
accelerating through flat space will both register a non-zero temperature and
that for a black hole we can associate the horizon area with entropy. All of these
ideas were not assumed, but were deduced from studying quantum field theory
in curved space and the behaviour of the solutions to the Einstein equations
[12].

We are now going to turn these ideas around and assume the existence of the
entropy-area identity and use it with the Unruh temperature to do spacetime
thermodynamics without any reference to the Einstein equations. This process
will lead to the idea that the Einstein equations have a purely thermodynamic
derivation - making them an equation of state, just like the ideal gas law.

6.1 The Einstein Equation of State

Pick a point p in spacetime and make the approximation that the space around
p is, locally, Minkowskian. Now choose a small patch of 2-surface which contains
p and call this patch O.
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Figure 5: Minkowski space, with two dimensions suppressed, containing O and
p-

We need to specify one side of the boundary of the past of O.
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Yy
Figure 6: The boundary B of the past of the patch O.
Close to the point p, this boundary is a congruence of null geodesics orthog-

onal to O. This congruence constitutes the causal horizon with which we will

work.
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Figure 7: The null geodesics orthogonal to O. We can use the Raychaudhuri
equation to study these geodesics and hence the behaviour of the the patch O.

We need to be judicious in our choice of patch as we require that the ex-
pansion and shear of the congruence vanish close to p. It is always possible to
do this. We need not worry about about the rotation as this vanishes due to
the fact that the congruence is normal to our 2-surface patch. By making this
construction, we have actually defined a local Rindler horizon around p. There
are local Rindler horizons in all null directions around a spacetime point due to

the fact an observer can accelerate in any direction.

Since we have an approximately flat region of spacetime near our point p
and around the patch O, the spacetime there will have all the usual Poincare
symmetries. This means that we will always be able to find an approximate
Killing field x* generating Lorentz boosts which are orthogonal to O and which
vanish at O. Suppose now that we have some stress energy tensor Ty, defined
in our spacetime. The flow of energy orthogonal to our little patch O will be
given by T,px*. So far we have not said anything terribly insightful. Our geo-

metric construction has provided us with a small, approximately flat 2-surface
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in spacetime, a null congruence which is normal to that patch and some energy

which is flowing across that patch.

Let’s now choose x® to be future pointing to the inside past of our patch O.

The energy flux to the past of the patch will then be

6Q = / Topx2dx® (216)
H

where the integral is over the generators of the inside past horizon of O.

Figure 8: The heat flux across the boundary B. This picture illustrates that
heat (in whatever form) is moving across the causal horizon B into an area of
spacetime from which a null ray can reach the Rindler observer.

Call the tangent vector to the horizon generators k% and let it be affinely
parameterized by a parameter A\ which vanishes at the patch O and is negative

to the past of O. We can then say that

x* = —krA\k®
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and that the small patch of directed surface area is

dx® = k*dA\dA

where the dA is an infinitesimal piece of horizon. With all this in mind, we are
ready to start doing spacetime thermodynamics. Let’s rename the energy flux

to heat flux, like can be done in ordinary thermodynamics, and write it as:

Q= —k / Nk kb dAd A (217)
H

Now let’s use the entropy-area rule from black hole thermodynamics and say
that the entropy of this heat flux is associated with a small change in the area

of the horizon:

dS = ndA.

We have left the constant of proportionality undetermined for now and we will
see that the rest of the derivation is insensitive to this. We have already devel-
oped the mathematics we need to study the behaviour of the horizon generators.
A small patch of cross-sectional area of the null horizon generators is given by:

§A = / BddA. (218)
H
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Figure 9: The horizon generators expand as the entropy moves across the hori-
zon.

We now have almost everything we need. Note that the thermodynamic

relations we are using are:

5Q = TdS = ndA.

If we use the Unruh Temperature as our temperature in the above, then we have

all we need to set

—K / Nk kPdNdA = / GdNdA (219)
H H

and employ the Raychaudhuri equation for null surfaces. Recall that we have
chosen our congruence to give us vanishing expansion and shear, so that the

Raychaudhuri equation reduces to

do arb
oo —Ra kK

and upon integration we get 0 = —AR,,k%k®. This tells us that (4) becomes
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—K / Nk kbdNdA = / “ARapk kP dNdA (220)
H H
and we get to

h
Topkokb = <7’> Ropkk" (221)
2
for all null k. Since we have g,,k%k® = 0 for null k%, we can add the metric

tensor into (6) for free

I
Tk k® = (2’;) Rapk®k? + fgapkak?

Where f is some undetermined function. What we have derived so far may
include the null vector £ but the expressions are true for any null vector, so

we can write

h
Tab = (277> Rab + fgab (222)
Y

and use the fact that T,y is divergence-free and the contracted Bianchi Identity

to specify f = f%R + A, where Ais a constant. This gives us [12]:

2 1
(71-) Tab - Rab - 7Rgab + Agab (223)
hn 2

Why is this result important? Jacobson’s calculation brings spacetime ther-
modynamics full circle. By studying the behaviour of back holes, we were able
to infer that the solutions to the Einstein Equations encode the area-entropy
relationship. By assuming that the entropy-area relationship exists, we were
then able to get back to the Einstein Equations. More importantly, by demon-
strating that there exists a thermodynamic derivation of the EFEs, the result
demonstrates that the geometrical variables of gravity (and not just the black
hole parameters) can be treated as thermodynamic variables.

6.2 TImplications for Quantum Gravity

Quantizing the metric g, as a way of putting together a theory of quantum
gravity results in divergences which have hitherto proven resistant to renormal-
ization. If the metric truly is an emergent variable like pressure, then it would

be misguided to quantize it. One would not arrive at the quantum theory of
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the atom by imposing commutation relations on, say, pressure and volume. If
spacetime geometry truly is the coarse-grained limit of some other theory, then
this might explain why quantizing the metric has not yet met with success -
prompting us to abandon plans to quantize the metric and rather look for an-
other quantum theory of gravity which produces the Einstein Field Equations

in some limit.
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Part II1
Extending the Einstein Equation of
State

In classical thermodynamics, there is more than a single equation of state. If
we change our assumptions about the physics describing the microscopic con-
stituents of the thermodynamic system, we will end up changing the macro-
scopic, thermodynamic description. For example, by assuming the molecules of
a gas have a non-negligible size and that the particle-particle interactions are

also non-negligible, we can derive the Van der Waals equation of state

(p 4 %) (v—1b) = kT (224)

where a is the variable which measures attraction between particles and b mea-
sures the volume excluded by the particles.

In order to arrive at (224), we needed to make very few assumptions about
the microscopic nature of gases. We did not need to study the kinetic theory of
gases, statistical mechanics or quantum theory. This tells us that it might be
possible to move from the Einstein equation of state to another gravitational
equation of state without having a detailed knowledge of the microscopic nature

of spacetime.

7 The Case for a Minimum Length Scale

It is tempting to say that, just like particles have a non-zero size, spacetime has
a minimum measurable distance. Far from being an idle assumption, there is
strong evidence that this is the case. Without resorting to quantum field theory
or string theory, we can demonstrate how general relativity and classical optics

imply a built-in minimum to the measurable distance of spacetime.

Let’s try to measure the position of a particle using a test particle. The test
particle has the 4-momentum vector (w, E) and rest mass p which we will later

try take to 0. We shoot the test particle along the z - axis with a velocity
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v (225)

/’u2 + k2
where k% = w? — p? and k = ‘E’ . What motion does the gravitational particle
induce on the test particle as they move closer together? To obtain the met-
ric that the test particle creates, begin by boosting into the rest frame of the

particle. If we denote the new boosted coordinate frame using primes, we can

write
/ / ! 1 ! /
oo =1+2¢0" g1 =—— gnn=g33=—1
Y00
where
Gu
b=
|2’

If we transform back into the original frame using

0 (x’)ﬁ a(x')"

L= ! 226
g/,L amp‘ 8,:1:1/ gﬁa ( )
we find that the metric components are
1+ 2¢ —1 4 2¢0? 9
90 =T ap o T2 M T T a oy TV e (220)
and
2u¢
= = -7 9 = =-1 228
go1 =910 = 7 o (1 0?) V) g22 = g33 (228)
where
@' Gw
— e 229
¢= 1" i (229)

Note that R = vt — x is the mean distance between the test particle and the
particle being measured. In order to prevent an event horizon occurring, we
need to have 2¢ < 1 and therefore
G
—2¢/ =2 (1-0?) < 1. (230)
Let’s study the regime where —¢ > 1. Assume that the world line of the mea-

sured particle is timelike, so that the infinitesimal interval is given by
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ds* = (goo + 2g10u + gr1u®) dt* > 0 (231)

where u is the velocity in the z-direction. If we make the simplification a@ =
1+42¢ (1 —v?), then it can be shown that

1+2¢(1+4 )
1—2¢v% (1+ a) (232)
and
u 1
1—u>_§(1+2¢)' (233)

The time 7 (from the point of view of the measured particle) required for
the test particle to move a distance R away from the measured particle is at
least 7 2 R/(1—w), in which time the measured particle moves a distance

U R
> —(=1-2¢). 234
2 D (-1-29) (234)

Given the limit we are working in, we have that

L=ur 2z R

L > Guw. (235)

Projection onto the z-axis gives us Az 2 Gwsine. Let us now consider a photon
with frequency w moving along the = direction. If this photon scatters from a
particle lying on the x axis, classical optics tells us that the wavelength of the

photon sets a limit to the possible resolution Az :

1
Ap > —— (236)

~ 2nwsin e

This gives us a minimum measurable length of
Az > VG =lIp. (237)

7.1 Imposing a Minimum Length

Since we can’t perform any physical measurement to measure any lengths less
than [,, it might make sense to say that spacetime is a lattice; it resembles
a net rather than a rubber sheet. Events in spacetime can therefore only be

finitely close together and if we want to travel anywhere, we must jump from
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one point to the next. Unfortunately, simply putting spacetime on a lattice
breaks the diffeomorphism invariance of Einstein’s gravity. We therefore need a

more subtle way to impose a minimal length into the theory.

7.2 Non-commutative Geometry

Although it might not be immediately obvious, non-commutative geometry
plays an important role in ordinary quantum mechanics. Classically, we are
used to dealing with a phase space of position ¥ and momentum p and a com-

mutator between the two variables being zero:

[Z,5] =0 (238)

If we think of phase space as a manifold, then in quantum mechanics the coor-

dinates on the phase space manifold obey the commutation relation

(£, 5] = ik (239)

which tells us that the geometry of the phase space manifold is, in fact, non-
commutative. We also know from quantum mechanics that it is not a foundation
of the theory that the variables for position and momentum must take on only
discrete values; the phase space of the quantum world is not a lattice. Posi-
tion and momentum are continuous variables but we may not measure them
to arbitrary accuracy at the same time. This forms a key realization in how a
non-commutative geometry is different to a discrete lattice of points - variables
may take on continuous values but it may not be possible to perform some

measurements to arbitrary accuracy. Imposing the commutator

[#1, 23] = ie (240)

(where € is some currently unspecified constant) is not the same as simply forc-
ing spacetime onto a lattice so it might be a way to implement some alternate
microstructure of spacetime while simultaneously sidestepping the problems as-

sociated with placing spacetime on a lattice.

There is an excellent reason to declare that the coordinates on a manifold

do not commute. Recall that we can write entropy as
S=kInQ (241)
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where ) is the number of states accessible to the system. Since 2 is an inte-
ger, the value of S cannot be continuous - it can only take on certain values.
If we take the black hole entropy as S = 1/4A, we are met with a contradic-
tion. In classical geometry, A is continuous, but if we put this into (241) we get
that S ~ In A. Statistically we therefore have that S is not continuous but in
black hole thermodynamics it is. Implementing the commutation relation (240)
forces areas (such as null horizons) to only take on integer values. By introduc-
ing non-commutative geometry, we can reconcile the contradiction between our

statistical idea of entropy and entropy in black hole thermodynamics.

7.2.1 The Moyal x-Product

Now that we have decided that we want the coordinates on our manifold to
not commute, we would like to find a simple way to work with this non-
commutativity. To do this, we are going to replace multiplication of functions
living on the manifold with a new product called the Moyal star product. This
is an operation which obeys the desirable properties of associativity, bilinearity
and the Leibniz product rule [25][26]:

(fxg)xh=fx(gxh)
af xbg=abf xg
Ou(fxg) = (Ouf) * g+ fx(0u9).

We can also expand the x-product as a power series in the non-commutative

parameter by writing

f(z)xg(z) = eap ["ew‘ 0 9

0 | )00+ 8) = fa+i3090, 0,9+ 0(0%)

(242)
which means that whenever we want to use the x-product, we simply expand

the functions we are multiplying together to the desired accuracy.

Doing non-commutative geometry in this way is highly desirable because
we need only work with functions which we already know and their derivatives

which we can calculate.
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7.3 The Tetrad Formalism and Gravity as a Gauge Theory

We are going to briefly review the tetrad formalism of general relativity in order
to bring out a salient point - gravity can be thought of as a gauge theory [1]. In
the following section, we will see how this will allow us to implement a minimum

length in a fairly subtle and interesting way.

It is common to use the partial derivatives at a point on a manifold to define
a set of basis vectors €,y = 0, at that point; call these the ’coordinate basis
vectors’. This is not the only set of bases which we are allowed to construct at
any given point on the manifold. We have a huge amount of freedom to choose
almost any set of bases we want and we are going to exploit that freedom in
order to set up a set of orthonormal bases. Let us therefore choose é,) and &
such that

9 (8, €)) = Nav-

Since any vector can be expressed as a linear combination of the basis vectors,

we can say that é(,) = €€, where €], is a matrix relating the vector €, to

the vector €(,). We call these matrices "tetrads’. To arrive at the inverse of a

tetrad, switch its upper and lower indices. These satisfy

ot — §H a i _
eqe, =0,  e,e, =0y

and we can also use them to switch back to the coordinate basis vectors:

€(a) = €alu)-

The tetrads and their inverses therefore allow us to switch back and forth be-

tween the metric tensor and the Minkowski metric:

v __
guuegeb = MNab

a b
gMV = eueynab'

To set up an orthonormal basis of one forms, we need only state that we wish

to preserve the relationship

é(a)é(b) = (5?
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from which it follows that §) = e#§(@) and (@) = eZé(“).

Since we can write any vector as a linear combination of the basis vectors,

we can use the tetrads to transform the vector components:

Ve = eZV“.

This indicates that we are using tetrads to switch between Latin and Greek
indices. Regardless of the rank of the tensor, we can switch between the two

bases by contracting with the required amount of tetrads:

Vi =€,V p =V, =epep VI .
If we wish to change the orthonormal basis vectors while preserving the or-
thonormality condition, we will implement changes of the type

é(a) — é(a/) = Aa/ a(x)ea

where the position-dependent transformations A,/ @ leave the form of the metric

the same:

b
Aa/ aAb’ Nab = Tla’t’ -

These transformations are the usual Lorentz transformations, only now there is a
different, local Lorentz transform for each point on the manifold. By making use
of tetrads, it becomes clear that we can not only perform coordinate transforms,
but also Lorentz transforms of tensors with Greek indices.

Recall that in the usual formalism, we often dealt with the connection which,
although it carried indices, did not transform as a regular tensor. In order to get
the tetrad form of the connection, we cannot simply contract the connection with
the e}, matrices. In order to work in the tetrad frame, we are going to introduce
something called the spin connection to replace the ordinary connection. Each

Latin index gets a spin connection:
VMXQ b= 6uXa b _|_wua Xy —wuc p X ..
The spin connection and regular connection are related by

a

v v a v_b
Iy = e 0,es + eqerw,” b
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and

a a ATV A a
w, "o =epep iy —epdues.

The spin connection obeys the transformation law:

’ ’
w““ b = A® aAb/ bw

Wy — Ay 9 A .

A key benefit in writing out general relativity in the tetrad formalism is that
it allows us to plainly see how the theory is gauge invariant. When it comes
to differential geometry, we deal with the tangent space and cotangent space
of a manifold. In gauge theories, we have to deal with internal vector spaces
which are defined as extra information for each point on the manifold. The
combination of the tangent space and the internal vector spaces is called the
fiber bundle. We also need a structure group which tells us how to sew together
the fibers on overlapping coordinate patches.

Suppose that some field ¢4 (2*) lives in this bundle. If the metric is Lorentzian
and we sew the fibers together with rotations, then the field is left unchanged
under SO(3) rotations of the form

¢* (a") = ¢ (a#) = OV a(2")d" ().
A theory invariant under this sort of translation is a gauge theory. If we try to
take the partial derivative 0, of our new field, we will gain an extra term due
to the dependence of 04 4 on position. To combat this, we do as before and
introduce a connection which we will call AMA 5. Under gauge transformations,
this will transform as

AN =0 JOFA " 5 —050,0" ¢

which looks exactly like the transformation law for the spin connection. This

construction illustrates mathematically just how gravity is a gauge theory.

7.4 The Seiberg-Witten Map

Let’s now demonstrate that if we know what a gauge theory looks like a com-
mutative manifold, we will be able to write down what the same theory looks

like if it lived on a non-commutative manifold. For R™ with coordinates =’ we
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impose coordinate non-commutativity by saying that the coordinates obey the
algebra [26]:

[wi, xj] = 6%

where 6 is real. We want to use this to deform the algebra of functions living

on R™ to a non-commutative algebra such that

1 ..
fxg=fg-+i5090:050 + O(6*). (243)

The unique solution to this problem is:

F(£)g(z) = exp W 9 9

0 o | £+ )9 (04 9) = Ja+i3070,10,0+0(0%)

If the functions f and ¢ are matrix-valued functions then the star product
becomes the tensor product of matrix multiplication with the star product of

functions as just defined.

For a commutative gauge theory, we write the gauge transformations and
field strength as

6)\A’i - 32 + 1 [Aa At] )

Fij - aiAj - ain —1 [Ai, Aj]

and

5/\Fij =1 [)\, Fz]] .

For a non-commutative gauge theory, we are going to use the same formulae
for the gauge transformation law and the field strength, except that the matrix
multiplication is defined by the star product. If the gauge parameter is A the
gauge transformations and field strength of non-commutative Yang-Mills theory

are:
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Fyj = 0;A; — 0;A; —iAjx Aj +iAjx A,

65\Fz‘j = ’LS\ * Fz‘j — ZF” * .
To the first order in 6, these expressions are:

05 A; = i\ — KO AQ A; + O(67)
Eyj = 0iA; — 0;A; — M9, A,0,A; + 0(6?)

03 Fyj = —0M 9 A0 Eyy + O(60%).

We are now going to find a mapping from ordinary gauge fields A to non-
commutative gauge fields A which are local to any finite order in 6. We also
require that if two ordinary gauge fields A and A’ are equivalent by an ordinary
gauge transformation U = exp(i)), then the non-commutative gauge fields A
and A’ will be gauge equivalent by a non-commutative gauge transformation
U = exp(i)). Note that A depends on A and .

Let’s now take the gauge fields to be of rank N, so that the gauge parameters
are N x N matrices. We want a mapping between commutative and non-

commutative fields such that

A(A) + 55 A(A) = A(A + 6, A) (244)
where the variables A and \ are infinitesimal. This ensures that if we transform A
by A, then the transformation of A by ) is equivalent. This forces ordinary fields
which are gauge-equivalent to be mapped to non-commutative gauge fields which
are also gauge-equivalent. Let’s work to first order in 6 and write A = A+ A’(A)
and A\, A) = A+ N(\, A). Thus, we expand (234) as

AL(A+83A)— AG(A) = 0N —i [N, Aj]—i [\, Al = —%W (ORADA; + DA DN +O(62)

(245)
where all the products appearing in the above are ordinary matrix products.
Equation (235) is solved by
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Ai(A) = Ai + Aj(A) = A — ie’“ {Ar, BiA; + Fii} + 0(6?) (246)
and

~ 1 ..
AN A) = A+ M\ A) = A+ Z9” {0iX, Aj} + O(67). (247)

We can thus write the gauge strength as

. 1
Fy = Fij + Ze’“ (2{Fix, Fji} — {Ay, DiFij + 0,F;;}) + O(6?). (248)

where D is the covariant derivative. Equations (236), (237) and (238) tell us
what a gauge theory would look like if it were to live on a non-commutative
manifold and it does so in terms of what the field looks like on a regular, com-
mutative manifold. We therefore have a new non-commutative theory expressed

entirely in terms of expressions and functions we already know.

So far, we have only worked to first order. To work to higher orders in 6,
consider mapping the field 121(9) to 121(9—1—69). The only property of the x—product
that one needs to check in order to see that (236) and (237) satisfy (234) is

0 0 f

250
o5 *9) = 59 D 83:J
when 6 = 0. Since this is true for any value of 6, we can write down formulas
which tell us how A(#) and A(f) change when 0 is varied. These are:

560" (249)

9 1 ) o o )

w9 _ Lk , , , ,

64i(0) = 00 S A,(0) = =00 [ A x (Ai + Fi) + (014, + Fis) % A
(250)
S\ —60“8)\9 160’”8)\/1 Ap % O\ 251
(0) W() ~1 (OkA* Ay + A % Ok \) (251)
and [26]

5FA‘2J( ) - 69kl ang (0) (252)

—ié&kl |:2Fik * Fjl + 2Fjl * Fik:
—Ak * (Dlﬁu + 61Fij> - (Dlﬁu + 6[Fij) *Ak:|
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7.4.1 The Seiberg-Witten Map and Gravity

Let’s take what we have learned from the Seiberg-Witten map and apply it
to the tetrad formalism of gravity. As before, this will tell us what geometric
variables would look like were they to live on a non-commutative manifold and

do so in terms of what we already know.

The U(N) gauge fields are subject to the conditions AL = —/1“. This con-
dition is maintained under the transformation [26]:
fli =gxA,*g; "t — g% 0,0, "

where §x g7! =1 = g7  §. Introduce the gauge fields of);?B which are subject

to:

d)l’:lBT(sc, 0) = —LI);‘B(JC, 0)
w,fB(x, 0)" = LD;?B(Q:, —0) = —djfB(x, 0).

Expanding these fields in terms of 6 :

~AB _ ,AB -nvp, AB
W, (w,0) = w, =0 Pw,, +

The above conditions tell us that the terms in the expansion must satisfy:

AB _ _ BA AB _  BA
Wy = TWu s Wawp = Wape

We assume that these new, deformed fields are related to the old fields via the
Seiberg-Witten map. This is defined by the property
djfB (w) + (55@;‘3 (w) = &133 (w+ dhw)

where § = ¢* and the infinitesimal transformation of of wl’?B is given by

Owp? = 9P 4+ WAONCP - MACLTE,

©w

The deformed fields are given by the same expression, but with matrix multi-

plication replaced by the star product:
~AB YAB | ~AC , \CB _ {AC _ ~CB
05wy = AT + W FATT = AT kL
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To solve this equation we write

~AB _ AB 1AB
W, =w, T Wy,

AAB _ \AB | \/AB

where w’ and )\ are both functions of §. We substitute this into the variational
equation to get:

wl‘?B (w+ dw) — wl;AB (w)

’ ’ ’ ’ ’
— 8/,4,)\ AB +OJ;?C)\ CB _ A CBwEB _’_WMAC)\CB o )\ACOJHCB

[ v A A
+50" (o PO + 0,00 7).

This is solved to first order in 6 by:

P = witP = 28 {w,, Qpw+ Ryu}P + 0(6) (253)

AAB = )\AB | iew {0\ w, T +0(62).

Using the same logic as in the previous section, we can write the deformed fields
to all orders as [26]

i . \AB
s)? = Lo {@v 00+ Bpu} (254)
while noting that we use the x-product when expanding the anti-commutator
where [26]

APAB _ 5 ~AB ~AB | ~AC _~CB _ ~AC ,_ ~CB
Ry = 0uw, " — 0,07 + 0% x w7 — @)% xw, 7. (255)

From now on, we are going to work to second order in the non-commutative
parameter. Thus, before we can write (245) entirely in terms of undeformed
variables, we need to determine the second-order corrections to the spin connec-
tion. To do this, take the first order corrections in (243) and insert them into

(244) and then integrate. This gives us a second order correction of [26]
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L0700 ({0, 2 {Rov, Rup} — {wiy (DpRoy + 0pRopn)} — 0 {wir, (Qpwps + Rpp) 1147
+ [Dvtes By (Dot + Ryl = {{ur, (Do + Rpn)}, (O + Ry} ) .
(256)
We need to now determine the deformed tetrad €, in terms of undeformed
variables. To do this, we treat the tetrad as the gauge field of the translational
generator of the inhomogeneous Lorentz group. This is done by contracting
SO(4,1) to ISO(3,1). If our SO(4,1) gauge field is wa, then we define the
field strength to be

RAZ = 0,w) P 4+ 0,w P + wiCwSP + w WP (257)

where A = a,5. Now define wii® = ke so that we get

RZZ;, = #wﬁb - &,WZZ’ + wﬁcwﬁb + k2 (e‘;eg — eﬁeﬁ) (258)
and
RZi = kTS, =k (D€l — dvep, +wpiley — wl‘fceZ) ) (259)

Now perform the contraction by taking & — 0 and impose the condition T}, = 0

so that we can solve for wzb in terms of ef..

For the deformed case, we write w2® = kel and &>° = k. We need not
impose that Tl‘}l, = 0 because ¢, drops out when & — 0. This gives us the

deformed tetrad to second order as [26]

T
+350770%7 (2{Rgy, Ry\p}"“ €5 — wi® (D, RS + 9,RS%) e
—{wy, (DpRoy + 8/3R<w)}ad eg — 05 {wy, (Opwy + Rpu)}ac e (260)
—w0, (wﬁdapeﬁ + ((9pwﬁd + R;‘i) ed) + Opwii©0,0, €,
—0p (05wl + R2) Opues — {wy, (Bpwr + Ry )} Ose,
= (Oowi® + B35, (widpess + (Opwi + Bi) €7)) -

6 = e — 1077 (wicOye, + (g + i) €)

We now have a deformed spin connection entirely in terms of normal geometric
variables as well as a deformed tetrad entirely in terms of normal geometric
variables. We are now going to see how we can use these 'basic’ indexed objects

to build up more complex objects such as R;‘f in (255).
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We only want terms up to the second order, so let us expand Rﬁf as

pab ab T pab T nko pab
Ru R;w + i6” R;pr + 6770 R;prno (261)
Expanding the first two terms in (245) gives us
o w a i0PT AB —l—(? 9rPTOR AB
, AB pT V.ZTB pT PR, VPTNU : (262)
—0yw;, " + 0,107 w; 7 — 0,070 M,T,m
We now need to evaluate the star product
Wi xwSP (263)

and by doing so we need to only switch the p and v symbols to get the last
term. To second order, the star product is

frg=fo+ 5090509~ (676" 00,0509 (264)

so the second-order approximation to (253) becomes

1 ..
G xwFP = 0ACwlP + ewa W€ 00 Zewaklaiakaﬁcajalwfﬂ (265)

It is important to remember that the spin connections in the above are still the
deformed versions, we need to expand them first and only then evaluate the star

AC CB

product explicitly. Let’s do this term-by-term. From & we get

(wﬁ — 0P w AC + 9PTHRT AC )(wC — 0P w C'B+9p7'0m7 CB ) (266)

,up-r ;Lp'rno v llpT upr-ia

which expands to 9 terms:

AC CB — 0P AC CB_|_9p'ramT AC CB

w
WhprWy WiprroWy
NPT AC’ CB THRT AC,,CB T RO 6)\ CB, AC
-0 w p, VpT — 0770 prwumj (C VpTw,um:nD\
Tko, ,CB AC T KO YO AC CB T RO PO ONP CB
_|_9p 0 wl/p‘r/{o'w,u, —10PT0%70 npT Wy kodA +9p 0770°20"%w p’rna’wuéknqﬁ
(267)

Now we repeat the above for the next term in (265),
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[Lp‘l' ,up'rmr up'r up'rna

(268)

%01] [82( ;1 — 0P w AC 4 9PTHR AC )aj (wg' — 0P W CB_’_apTQHO' CB )}

which also gives us 9 terms

zely@zwACa wCB 4 lemepTalwACa wCB + 01]6 wACap‘rona'a LUCB

vpT VPTKO

l9” 0r70; wA08 wBC i 9” 0PT0%? O; w;‘ga wf,f,

+ azjgprgfwgé)\a wﬁxpc"ra wVHU(;)\ + %gugprgm,—
(269)
The calculation for the final term in (265) proceeds in the same manner. We

get:

— 300K [0,0, (i€ — 0P W 4+ 0,705 wAC ) 0,0, (wSP — i0PTwGE + 6rm0m Wl B, )]
—iewekl [(0:0kwiiC — i0P7 0;0pwitS. + 0°7 0% 0 Opww

(0,058 —i0°70;0wCE + 677677 00w

—20'9k! [9; ka“‘ca OwSB —ihPTo; 5‘kw‘408 G wCB

—ZGPTﬁzakaT

—i0P7 0% 9120, O

—i0P7 0% 9120, O

up7~a>

VPTK,O')}

vor T 0rT0%° 9, 5‘kw‘408 GwCB
(9 8leB + 6PTH"° 9, 6kwl,p7_a (910.2”&0
WT& alwng + 0°PT %7 9; 8kw 8 8leB

oo 0505 + 0PT 070200 0,01, wi ., 0; alwl/u)\&aﬁ}

VPTKO

UPT RO

(270)
Looking at the terms in equations (267), (269) and (270), we notice that we
have begun to pick up terms which run as high as sixth order! Since we are
only working to second order, we will neglect those terms. Once we have thrown
those terms away, we can begin to match the zeroth, first and second terms to

the correct parts in (251). After changing some dummy indices, we get:

Rab — Hwab + 8ywab + wZCwa + wacwl(ib
ab _ ab ac, ,cb ac cb b
R,uup‘r - #wypr + (,d wl/pT + wup‘rwu - 32 Pw —p vV (271)
ab _ ac,, cb ac cb cb
Ruup‘rmf - umef + w umeT +w pTKO’w wuprww@o

—Zapanwu aTang — U

Where we already know the zeroth, first and second order values for wj, and we?

We now have everything we need to compute the mixed tensor in (245) totally
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in terms of geometric variables we already know. Although it has required much
legwork to get to this point, we have managed to demonstrate that it is possible
to introduce a minimum length scale without needing to know anything more

than we already know from the continuous geometry of a normal manifold.

7.5 The Non-commutative Raychaudhuri Equation
7.5.1 The Deformed Riemann Tensor

From the previous section, we see that we have all we need to write down what
geometric quantities would look like if they lived on a non-commutative man-
ifold. Let us therefore take these variables and derive a new expression which
tells us what the Raychaudhuri equation would look like if it lived on a non-
commutative manifold. To do this, we are going to repeat the derivation of the
Raychaudhuri equation but we will replace multiplication with the star product

and replace all the geometric variables with their deformed counterparts.

The first step to take is to find an expression for the deformed Riemann
tensor which appears in the Raychaudhuri equation. Equation (257) will not
suffice because it mixes tetrad indices with coordinate-frame indices whereas we
want a Riemann tensor with only coordinate-frame indices. We can accomplish

this by taking a cue from (255) and writing

Ry, =0,17,- 0,7, + 1,5, — T3, (272)
as
Ry, =017, =017, + 17, 'y, =T, xI',. (273)

At this point we have expressions for the deformed tetrad and the deformed
spin connection, but we do not have an expression for the deformed Christoffel
symbol. To find expressions for the Christoffel symbols, we turn to the classical

relation

F/‘;/\ =e,0,e5 + egengb (274)

and turn it into the deformed relation

Ly = e+ 0,65 + &l e} * o (275)
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by adding stars and hats. Since we already know what é2 and Wy, look like, all
that remains is to find the first and second corrections to the Christoffel symbols
by evaluating the star products. Begin by expanding to second order:

= — 0T

+ 6rvgraT, (276)

ZA HATY HATYPG*
Then, just as before, we can explicitly evaluate (275) and match the first and
second order terms which come out of the calculation to the correct terms in

(276). After discarding terms of order three and greater, we get the results:

FZ/\ e ou€es + ey e)\wub, (277)
_ezaﬂe()l\xy awy8 e)\
v _ —20,€40,0,€" —egxy Wit (278)
ATY +ev  ebwe laeaew ’
amy A ub A ub
+e¥ eAwubzy —&Eeae)ﬁywﬂb
and
t€a0uRaypq ~CaryOnipg
+e0uypqOues —10,€20,0 1 C€0pg
50€,,0y0 e —3020,€20,0,0,,€
+e>\zypqe Wi _eZwyegpq Jub
e = 1 —i—eamyfqelj\wﬂb —%@Zegpqa €Wy . (279)
—70:0,¢,0,0, 6>\wa +e/\$ye wubpq
—i—egwel)’\w#bm +5 10,e20 e)\w#bpq
+e¥ ekwubrym 8 e/\pqe aywub
—10, eapqe/\ayw Zaza,,eaaqayewub
*Zawapeaexayapwub

Encouragingly, we see that this matches to first order. Every single factor
that appears in (277), (278) and (279) has already been calculated. So even
though expressing (252) in terms of classical index quantities would be incredibly

tedious, it would be totally straightforward.

Now that we know what the Christoffel symbols would look like on a de-
formed manifold, let’s calculate (273). Since we are only working to second

order, we are going to expand it as

97



RZSA = R,LVL(D\ + iepTR;VLzS)\pT + iepTanaRZ6Aana (280)

just like the mixed tensor. By following the exact method we used in the
calculations for equations (260) - (270), we can show that the zeroth, first and

second order terms in (280) are

RZ&)\ = 8§FZ>\ - 8ul_‘g>\ + Fz)\r(l;(g + g 1 (281)
RBisnpr = =055 T 0ul65,r = TinLlspr = inprLas (282)
+30,0%,0:-T% s+ ¢+ 6
and
RZé)\p'rnJ = aéFZAp'rncr - 8MFgAp'rm7 + Fz)\FZzipﬂia
+Fg)\pr Zzémf + %aﬂrgua‘rrz&ca (283)

30 00 0r T s — $0,0kT5030-05TY 5 + 11 ¢ 6.

Computing the terms in the deformed Riemann tensor is a necessary step we
needed to take, but one must recall that the Riemann tensor appears in the
Raychaudhuri equation due to the fact that covariant derivatives do not com-
mute. Up until this point, we have not explored what a covariant derivative
would look like if it operated on a manifold with a minimum length. It is there-
fore necessary that we develop a prescription for a covariant derivative which

reproduces (273) when we calculate its anti-commutator.

7.5.2 Inventing a Deformed Covariant Derivative

Classically, we have

V, VP =0,VP+T0, V" (284)

and we say that when a covariant derivative acts on a tensor, we pick up one
Christoffel symbol for each index; positive for up indices and negative for down
indices. I propose that a deformed covariant derivative acts in almost exactly

the same way:

VL VP =9,VP 410 xV° (285)
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All we need do is keep the partial derivative and use the deformed Christoffel
symbol with a star product instead of regular multiplication. The true test is
to take the star product anti-commutator and see what results. Classically, we

compute the anti-commutator as

VsV, — V,Vs] X* (286)

=05 (V,X") =T,V X" +T%,V, X" (287)
~0, (VsX¥) + T2 Vo X" — T, Vs X°
=05 (0, X" + T3, X*) —T5, (X" + T, X7) + T4, (8,X7 +19,X*)

~ 0, (05X° + T8, XY) + D% (0 X" + T4, X7) — T, (95X° + T, X)
(288)

= 050, X" + 05T X — 15,0, X" = T¢,I'%, X7 + 3,0, X7 + 14,19, X"

~8,05X" — 0T, X + T%0, X" + T%T%, X7 — T, 05X% — T4, T3, X
(289)

Now we assume the no-torsion condition I‘ék = I‘};j to arrive at the result

(05T — 0,T5x + T, 005 =I5, T8 ] = R, (290)

Before we can repeat the above calculation using the star product and show
that this prescription for a deformed covariant derivative does indeed reproduce
(273), we need to show that the star product is distributive. Namely that if

f=(@+b+o) (291)

then we will get

fxg=axg+bxg+cxg. (292)

It is fairly obvious that this is true, since

) 1
fxg = (atb+e)rg = (a-+b+c)g+ 5070, (a-+b+c)d,g— 7076 0,0, (a+b+)r O
(293)

which gives us
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frg=ag+ 50°78,a0,9 — 10°70%70,0,a0-05g
+bg + 10°7,b0,9 — 10070%70,0,b0,0, g (204)
+eg + 5077 0pc0rg — 307707 0,0,c0-ag.

We also know

) 1
axg=ag+ %ef”apa&g — ZQ”Q””@,&;&&&,Q (295)

which means that we can repeat (293) for b and ¢ to prove distributivity.

Let us now redo the calculation for (286), but add star products and de-
formed Christoffel symbols. Begin with

[%% - @M%} . X" (296)
so we get

= 05 (VuX®) =15, % (VaX®) + Tg, = (V,X7) 07)
9, (%Xv) + 19 % (@axv) — T« (%XU) .

Note that I should strictly be writing X and fgo * X7. 1 am not going to do
this because I am only using the X" to keep track of indices - nothing more.
Now do as before and expand (297):

= 05 (0, + [0 X ) = g, % (9aX? + T2, X7) 41, % (0,X° + 17, X°)
—0, (ang + fgaXa) + T (aaXv + ngX") . (&;X" + fgaxa) .
(298)

Now use the distributive property of the x-product:

= 050, XY + 0515, X =15, % 0o X" =T, # T, X7+ TY, 0, X7 + T3, 7, X
=005 X" + =0, L5, X + s % 0a XY + T x T8, X7 = I % 05 X7 — 17, x5, X
(299)
At this stage in the undeformed version, we said that the no-torsion condition
exists, that I', =T}, and a whole bunch of terms drop out to give us what we
need. However, if we were to make the statement that I, = I'y; we would be

saying
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vy = 0T, + O0TVOPITY, X, —i0™T

_ Ty gpq
HATY HAZTYPG + 67T

(300)

14 14
Apzy Auzypq

which is the assumption we are going to make. By doing this, we can eliminate

all the unwanted terms in (299) just like we did in (289) and arrive at

(0515 = 0055+ T3, D0 = Ty # 5] X7 = R, (301)

which demonstrates exactly what we need - the anti-commutator of our de-

formed covariant derivative gives us the deformed Riemann tensor.

7.5.3 The Leibniz/Product Rule for the Deformed Covariant Deriva-

tive

The second property of the covariant derivative required by the Raychaudhuri

equation is that the Leibniz rule holds:

VeX°XP = (V. X)) X"+ X* (V.X?). (302)

This may seem trivial, but keep in mind that there is actually a way to show
this by knowing that the covariant derivative adds one Christoffel symbol for

each index

VeX*X" =0, (X*X") + ¢, X' X" +T) X XH (303)

= (0.X) X"+ X (9.X") + 1% X+ X" + T XXM

ep ep

which is the same thing as (302).

Does the same rule hold for a deformed covariant derivative? We noted
before that the star product obeys the Leibniz rule for an ordinary partial
derivative, but this does not constitute a proof that it will obey a Leibniz rule
for our deformed covariant derivative. Although it may seem clear that it does
obey a Leibniz rule, let us demonstrate this and remove any doubt. Working in

full, we have

VeRen X0 =0, (X0 w K7) 4T« X0 X0 T K0 X0 (300)
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which looks like (303). It appears then that our prescription for a covariant
derivative does obey a kind of Leibniz rule. The Leibniz rule and (291) are
really the only two pieces of information we need to repeat the derivation of
Raychaudhuri’s equation.

It is not entirely obvious that the term O, (X @y X b) will end up looking
like the first term of (303). The star-product term should behave that way to
first order, but does it behave that way to higher orders? Let us begin:

. . SN ] . . 1 . .
0 (X“ X Xb) =0, (Xaxb)we [;epfapxaaxb] +0, [—49’”«9“”8,)8,{X“8780X” .
(305)
These results show that the star product obeys, to first order at least, the Leibniz

rule. First order
0, (X“X”) - (aef(“) X4 X (aef(b) (306)
and second order:
i oT - a b i pT a b
0. | 5070, %°0, X" | = | 3070 (9,%0,X") (307)

The expressions Q,X @ and 9, X" are simply functions. This means when acted

on by 9., we will get:

0. (9,X°0,X") = (0.0,%) 0, X" + (0.0, X") 9, %°. (308)

(307) Thus becomes:

%apf [(9.0,%°) 0. %" + 9, (9.0, X") . (309)

In a similar way, apaKX @ and 9,0,X" are also functions. In a similar way, we

process (305)

0. |- 1070 0,0.500.0,5°| = |- {000, (0,0.5°0.0,5") | (210)

and say
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Oc (0,0, X°0:0,X") = (0.0,0,X") 0,0, X" + 0,0, X" (9.0,0,X") . (311)

This means that the third term in (305) becomes:

1 N . 1 A . . N
0. [—4ememapaﬁxa@agxb] = —107 0 [(0:0,0.%%) 0,0, X" + 9,0, % (9,0:0,X")|
(312)
Now we use the fact that partial derivatives commute and move the J. to next
to the vectors, as in 866,)(%)2“ will become Bp(?ﬁan“, Let’s now rewrite the

terms in (309) as

(9,0.X%) 0. X" + (9,0.X") 9, X (313)

So then (299) becomes:

%9/” [(8,0.%) 0. %] + %epf [0,% (0:0.X")] (314)

Similarly, we have for (302):

~40770% [ (9.0,00 %) 0,0, X" + 0,0, X (9,0:0, X" ) |
= —10770% | (9,0,0.X°) 0,0, X°| — 077" % [ 9,0, X (9,0,0.X")
(315)
Now combine (306), (314) and (315)

(ana> X4 iger

(9,0.%) 0, X"
+X2 (0.X°) + §077

9,% (0:0.%")

~ 307 [ (9,0,0.X°) 0,0, %
— 3orroet (9,05 (9,0,0.X" )|

(316)
This allows us to conclude:

0. (fca *Xb) - (ana) * X0 4 X% (anb) . (317)

Ultimately, we have shown that the star product obeys the Leibniz rule for

the deformed covariant derivative:
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VX% XV = (vefca) * X0 4+ X% (wcb) . (318)

7.5.4 Putting The Ingredients Together

We know that we have:
1. A prescription for the deformed covariant derivative.
2. A way to get from equation (296) to (301).

3. A deformed covariant derivative as well as a star product which obey the

Leibniz rule.

We now need only a single remaining ingredient necessary to reproduce the
Raychaudhuri equation - a prescription for the deformed metric. Classically,
the metric and tetrad are related by the fairly simple expression

m

Guv = NMmn€), €y (319)

which is readily calculated if one has an explicit expression for the tetrad at all
points on the manifold. While it would be nice to use (319) for our deformed
work, there remains the possibility that if we use it, we might get imaginary
terms appearing in expressions we need to be real. To prevent this, we define
the metric as

v = %nab (e xedt +eb «eal) (320)
which is real by definition. We now have all the ingredients we need to calculate
the Raychaudhuri equation; we will repeat the entire process simply by adding
stars and hats, knowing that we have explicitly justified each step we are taking.
We can feel confident just shunting symbols about knowing that we have justified

whatever symbol-shunting it is that we need to do.

Before we begin, there is an important point to make regarding the vectors
which appear in the derivation. Since they are deformed versions of the original
tensors, we are going to make the substitution £* — §A‘l. We will, however at no
point calculate the explicit form of the §A“ vectors. This is because the vectors
will eventually fall out of the expression for the Einstein Field Equations when
we complete Jacobson’s equation. There is no need to explicitly calculate an

expansion for an when é‘l is not going to appear in the final answer.
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Since each step has been justified, there is no need to walk through the entire

derivation again. We can do a slightly simplified derivation by writing

B/,Ll/ = ﬁu * gu = ayép, + f‘gu *f:l (321)

and define the deformed expansion, shear and twist as

0 = B" % hy,, (322)
. A I
Opy = B(;w) — 519* h;w (323)
and
G = Bl (324)

Note that from now on we are going to use the variable ©) instead of 6 for
the expansion variable in order to avoid confusing it with the non-commutative

parameter. The Raychaudhuri equation is then derived as

£+ VaBu, =%V, Vol + RS, x 6% % & (325)
=V (875 Vo) = (Vof®) = (Vabu) + BL # €256 (326)

= BY % Bpo + R, + €% x &s. (327)
Which allows us to take the trace and arrive at

a4
d\

R 1. . FTA
0= =50 %0 = Gy % 1 o Gy % 0+ R % €% % . (328)

Equation (328) is a highly desirable expression. It shows that our “hats and
stars” prescription carries over to the Raychaudhuri equation unchanged.

7.6 A New Gravitational Equation of State

We are now going to take the deformed Raychaudhuri equation and use it to
repeat Jacobson’s calculation. We can skip over the conceptual explanation and
start with
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5Q = —k / Mo % k% EPdNdA (329)
H

and feel justified doing this integral, for the reasons outlined in. Now we are

going to make use of the deformed Raychaudhuri equation to get

—K / N+ k% % kPdAdA = / “ARgp * k% % KPdNdA. (330)
H H

There is an important point to be made about making the approximation of
negligible twist and shear while retaining terms which may be even smaller. We
must realize that when we set ¢ and w equal to zero, we are making a conceptual
statement about spacetime thermodynamics. By doing this, we are more closely
adhering to the gravitational analog of the equilibrium approach to thermody-
namics. Although some leading-order terms of 6,,,, and @,,,, might be larger than
the higher-order terms of Rab, these first-order terms more properly belong in
a study of non-equilibrium gravitational thermodynamics [37]. Removing the

integrals from (330) gives us

Ty * k% KPANAA = Ry k® « kP dAdA. (331)

and by requiring that our definition for a null surface still holds:

Gab * k* % K = 0. (332)
We recover
Top 5 b % EPdNIA = (Rab n gab) k% BPdAdA (333)
which becomes
Tab = Rab + gab- (334)

The Bianchi identities carry through as before, since we are only contracting

indices, this leaves us with:
27\ - . 1.
P Ta = Ligh — 5 Aa AAa .
(ml) » = Rap 2R*g b+ Adap (335)

The result in (334) is as pleasing as it is simple, the trouble lies in expand-
ing the expressions to second order in the non-commutative parameter and in

interpreting the non-commutative stress-energy tensor.
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The first issue is not terribly problematic, we could simply work as we have
before and evaluate (334) term-by-term. The Ricci tensor would be expressed
as
o Be=Raa (336)

= Ry + R\ + Ry + Rogy
from which we could calculate the deformed Ricci scalar. The star product-term

would be

. . A 1 .. .
R* g = R + %awaiRaj G — Zewaklaiamajalgw (337)
and we already have a fairly direct expression for the metric in equation (319).

There are two ways to deal with a stress-energy tensor living on a non-
commutative space. The first, more rigorous way is to proceed as in [30] and
say that T;w is the stress-energy tensor of a massive field living on a non-
commutative manifold. If we assume that it is a massive scalar field which is the
gravitational source, then we can expand TW in powers of the non-commutative

parameter [30]:

T;w = % (au(b *x 0y + 0y * au¢) - %nuu (aa¢ *x 0o — m2¢* ¢)

m2l* paBpgop (338)
= T[Ll/ + nuuTG 0 8aag¢aﬁap¢.

By doing this, we can take an explicit form of the stress-energy tensor, calcu-
late the non-commutative corrections and match them, term-by-term, to the
corrections to the geometric variables. This, then, provides a complete descrip-
tion for calculating a full theory of deformed gravity without the need for the

approximations in [30].

Another way to approach the problem is to take a conceptually sound but
non-rigorous approach to the spacetime thermodynamics. Recall that the sta-
tistical concept of entropy does not care whether the physics we are doing is
classical or quantum, commutative or non-commutative. The entropy crossing
the null horizon in the Rindler spacetime can therefore be of any form ,which
means that if we wanted to calculate the area

/ “ARgp * k% kPdNdA (339)
H
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or

/ —ARapkkPdNdA, (340)
H

we would get the same result, since these are both equal to d.S (up to constants)
and dS does not care about the nature of the matter which contains the entropy.
This approach cannot go as far as the first approach since it does not supply us

with any details about 7},,, only its contraction 1}, k*k".

8 Discussion

8.1 Relation to a Theory of Quantum Gravity

We have used the Seiberg-Witten map to construct a full theory of gravity
living on a non-commutative spacetime. The non-commutative corrections are
straightforward, if very tedious, to calculate and if we are given a scalar field,
then we can use the deformed Einstein Equations to calculate almost any quan-
tity of interest. What remains to be said is that our calculations do not con-
stitute a theory of quantum gravity. By forcing the manifold’s coordinates to
be non-commutative and writing out the second-order corrections we have not
turned any of the geometric variables into quantum variables. Our metric is

still not a quantized metric.

We could use our formulas and methods to calculate, for example, non-
commutative corrections to black holes. These corrections may be more accu-
rate than the predictions made by classical gravity, they may even match the
predictions made by a true quantum theory of gravity to the first few orders,

but it is extremely unlikely they would match to all orders.

8.2 Improving the Calculations

As pointed out in [25], we need to question whether or not our calculations do
indeed break diffeomorphism invariance. If it is found that the above calcula-
tions do indeed break diffeomorphism invariance, it is still possible to change
the work to accommodate it. As was noted in the paper by Chamseddine[25],
it is possible to instead write down a different star product, not the Moyal star

product, which preserves diffeomorphism invariance on the manifold. What this
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means for the calculation is not that we will stop making star product substitu-
tions as in (255) and (275); we will in fact make the exact some substitutions.
Rather, what is going to change is the form of the corrections to the classical
variables.

We will have to start from the beginning to calculate the corrections to the
classical variables, but the rest of the work will stay as is. In this way, the
algebra we have done where we have not explicitly written down the corrections
should remain unchanged. Repeating the derivations of the correction terms
will not be trivial, but we also have not lost every bit of work we have done.

Another key point to consider is interpreting the correction terms we have
calculated. It is necessary to do the mathematics to arrive at definitive answers
for the calculations, but now that the calculations have been done it would be
nice to in some way interpret what the corrective terms are telling us about the

behaviour of gravity on a non-commutative manifold.

8.3 Further Questions

Recall that in classical General Relativity, the Raychaudhuri equation is used to
study the behaviour of hypersurfaces in spacetime; particularly the surfaces of
black holes. In order to prove the second law of black hole thermodynamics, we
used the Raychaudhuri equation, the Einstein Field Equations and the assump-
tion that an observer in spacetime must always see a positive energy density.
Since we now have (%) Top = Rap — %R*gab + AGap, we will be able to project

onto a null surface and use the modified Raychaudhuri equation to get

K3

) 1. . . -
d/\ﬁ = —519*19—@“,*&’“’ + Ouy x WM+ Roy x E¥ % EH <0, (341)

As before, we want to integrate, but we will not be integrating 46/ax < —%92,
rather it will be %19 < —%19 x ). The non-commutative expansion is manifestly
not the same thing as the ordinary expansion. It comes with many curvature
terms which are also dependent upon the parameter A. So if we write
Loyt
0 Yo 2

it is not immediately obvious that we are guaranteed to run into a caustic at

(342)

the parameter value of A\ < 2/6,; the same place we run into a caustic in the
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classical case.

Since the Raychaudhuri equation is used to study the behaviour of hyper-
surfaces in spacetime like was done above, it would be interesting to study the
behaviour of the same surfaces using the non-commutative Raychaudhuri equa-
tion instead. By doing this, we will almost certainly get different answers to the

classical case.
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Appendix A

In this appendix we will explicitly compute the expressions found in (277), (278)
and (279). Note that we will eventually end up working with a large amount
of dummy indices and more than one non-commutative parameter. Because of

this, we need to be careful when forming products such as

(i91y651y)(ezyepqaueiwypq) (343)

where the tensor product between indices is implied and the contraction is
always over all spacetime dimensions, even if the index is Latin. We could
write (341) as

0T0TOPICY e e (344)

but this is clumsy and confusing. To avoid this, we will have to relabel the
dummy indices which come with the non-commutative parameter. Thus, instead
of (342) we can instead replace * — j, y — k in the first theta; 7Y — §7%.
We are, of course, allowed to do this because these are only dummy indices.

Following this relabeling, we write

iaﬂfewapqujk@ueixypq o

instead of (342). For what follows, note that we will keep the convention that
coordinate frame indices are Greek and tetrad frame indices are Latin, but the
dummy indices coming with the non-commutative parameter will always be

Latin and will always sum over all spacetime dimensions.

We start off by stating that the Christofell symbol on a non-commutative

v

spacetime, FM’

can be expanded in terms of the non-commutative parameter,

ox = Ly — 07T 5y + 07707 g (346)
where we are going to use % x 0,6$ + &% x e} *wyy, to find 'y and Iy
Start with

DY\ = &4 % 0,65 + e x &} x ol (347)

and start the calculation by expanding the star product of the first term on the
right hand side:
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) 1
&Y % 0,6 = 79,69 + %ewamégay (9u85) + 70716710,0,¢40,0; (9,85) . (348)

We still need to expand the non-commutative tetrads

o = eq + iy, + 070 er, . (349)
&, = e, +i0%ey,  +0"0er (350)

which we already have expressions for in (260). Now take (347) and (348) and
insert them into the first time on the right hand side of (346):

N7 sa v cNTY LV TY APq LV a FNTY a Ty APq a
€r0,64 = (ea +i0ey,, + 0% eamypq) (@Le)\ + 10 6Me>\zy + 6%v0 8ue)\l,ypq)

J— v a ALY LV a TY APq pV a
= e, 0ue] +i0"e0pes ., + 070 e; 0l 0,

SNTY LV a _ grypnpq v a -Nxry Npq ik v a
+i0™eq,, Opes — 07V ey, D€, + 10707107 el Dpes ik
TY OP] LV a -Nry NPq Ik v a zy opq ik glm v a
+0%Y 0 emypqaue)\ + 107V HPI0 eawypqauekjk + 6*YOPI9I~ G emypqﬁue)\jklm

(351)

Now do the same for the second term on the right hand side of (346):

5070050y (Ou5)
= 5050 | (Duct + 10710, + 071070, ) (0,08 + 10710, 0,68,, + 071070,0,¢%,,0 )|
— 1070 |,e0,068 + 10710,050,065% 5+ OP107 D, cli0, 0,05
+i0P10, e, 040 €S — Hpqﬁjkﬁwegpqﬁyﬁueijk + iapqeﬂ'kolma,egpqayauegjklm.
0Pq9j’€8$egqukc’)y(')ﬂe§ + iepqej’felmazegqukayaueglm
+9pq9]k0lm9rsamegquk aya#eilmrs}
(352)
Note that in the above we have kept terms which are of order 3 and higher.
We will discard these terms later, but they have been included in the above

calculations for completeness. And finally the third term
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L0710710,0,640,0, (D,63) = 1070071 [ (010yel + 070,08, + 0740 0,0y, )
(0,0u0ue5 + 1070,0,0,6%5, + 076" 0,040,030 ) | = $0°1071 (20,80, 040p¢3) + ..
(353)
where we have truncated after the only term which is second order. All of
the other terms are higher than second order and there is no need to continue
writing them down as we already have examples of higher order terms in (349)

and (350).

We have calculated all we need to calculate from the first term on the right
hand side of (345). We now turn to the second term and start by calculating
év x4

e el =evel + 5awaxegaye’; - Zewyepqaxape;ayaqeg

and work term-by-term, as before. We start with

svsb v cNTY LV x v b -nxy b x b
évesl = (ea + 0 yeaw + 0*YgPie ) (6)\ + 6 yemy +6 yﬂpqemypq>

azypq
_ ,vb ‘nzy v b Ty OPq LV b ‘nry b v
= egey +ibVegey,, + 00 legey, ., +i0Vesen,,
_OTYpV QP9 pb Y P pb oV
0" ey, 0003, + 0707 el eq g

(354)

where we have excluded terms higher than second order. We go on to calculate:

30°10,80,8% = 070, (el + 07t + P07ver, ) 0, () +iorek, + oriiiel )

apqjk
= 0,e%0,e} + iepqegpqayeg + iepqayegpqaxeg.
(355)
Note that we actually only get a single term from
1 Ty NPq N4 ~b 1 TY NPq v b
—19 0710, 0p€,,0,04€5 = —19 0710, 0pe,, 0y04€) (356)

since this term is already of second order. We still need to calculate the second
star product of the second term in (345) and to do this, we are going to collect
all the terms in (352), (353) and (354) and call them f*? :
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fvb _ v b zy v b Ty OPq Ty
o = €qex +i0%eger, + 070 ey e)\zy q—|—20 efely
_pry Pq b Y )pq ipgzy v Y )pq b
0 eawa €xpg T 6o eAeazypq + 29 aweaayeA 9 ore9,, eapqa ex

—%awepqayekpqazea - iewepqaxapegayaqex

(357)
This means that the final step is to calculate
Ul x oy = fURos, + ewa fre - fewema Op fLR0, 0400, (358)
where we are making the expansion
Whp = Wiy, — 10" ywﬂbx + 0O g (359)

The first term on the right hand side of (356) is expanded as

(el e} +i0"vesel,, +0mvorieres,, . +i0"velel,,
Hw”eamyﬁpqe)\p Hwyﬁpqe)\eamypq 107V 0,el 0 el — 267VorI0, €upqOy e}
—%HmyOPqﬁyequaxea — 16706710,0,010,0, ) (ws
—10"wiy,, + 07O w

nb
ubwypq>

(360)
and all the terms up to second order are

b Ty v, ,a Ty Opq ,b
eqerwyy + 0" emyew + 67v0 e)\xypqew

+29’7yea$ye§wu — grvere eMy apq ub + 0%V gre eAemypq zb
+50"0 el 0 fws, — $07VOP10,€Y, Dyelwt, — F0TVOPID, el D, el W
19”0?’13 :0pel 0,0, 6>\wa + z@zye”egwfx HIyGPquwyeaw“pq
+07vgrael e, Wi, + 507V 0P10 el 0, el
—|—9””y9pqe>\e w®
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nb

pbxy

wbzypq-

(361)
Since the second term in (356) is already a first-order term, we are going to pick

up fewer terms when we expand it:

1ppzy v,b a _ 1pxyppq b v a
307 OzeqelOywy,, — 207Y0P10,e3 , eq Oywpy,

1 1 b
9177491"18 e’ eAangb — 50”9”‘16161,626)\3?4&1@051)

apq

(362)
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The third and final term of (356) is already a second-order term. This means

that we will only keep:

1
—Zewemazapege’;ayaqwgb. (363)

We now have all the terms up to second order from (345). If we now start
collecting first order terms and matching them to the first order term on the

right hand side of (344) we will get

[\ = enoues + ey eAwa, (364)

as expected. Matching the first order term in (344) to all the collected first

order terms we get

v a
_eaaﬂe)\my axya e)\
1 v a b
y B —Qaze 0y0ue e/\xyeawﬂb (365)
HATY T v ebwd 19,ev0,ebw®,
azy A ub 2¥x=aY YA b
—O.ev ba a
+eq e)\wuba:y z€q €\ ywub

and matching second-order to second-order gives us:

+eqd eilypq - Zrya eipq

+eauypqOues 18 €a0y0uey,,
18 etpqOyOuer —Zawapeaayaqauey
+€>\wypqeawub —€Zmy€§pq Zb

Z}\Iypq _ 1 —l—eamypqelj\wub —%82261;\1)(18 .er wub . (366)
—70:0p€,0,0, 6>\wa Jre/\zy v ubpq

+ev  ebw? +3 10,e” Y0y eSw?

awu A% pubpg A% pbpg
+e¥ e/\wubxypq 8 eque 8yw
—10, eapqe/\ayw —Zaza,,eaaqayewﬂb
8 Ope e/\a 8pwub
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