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Abstract

This dissertation surveys the products of tensors, their respective multilinear
structures and their properties. Matrix products arise naturally from the com-
position of linear operations. In like manner, products of tensors derive from
composing multilinear functions. However, there are many ways to compose
multilinear functions, hence many forms of the product. We will gain further
insight of linear operations and introduce the tensor-matriz multiplication (the
simplest form of the compositional product). We will consider different types
of products building up to the study of the general tensor-tensor multiplica-
tion defined in [Lin. Alg. Appl. 439, 2350-2366 (2013)]. Finally, we conclude

with an investigation of some n-ary products of tensors.
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A.2 Adjoint of the ternary product



List of Symbols

The following notations will be used in this paper:

A tensor
A matrix
a vector
a® i-th column of a matrix A
« scalar
F field

F™ The n-dimensional vector space over the field F

Fmxn The space of m x n matrices over the field F

® Tensor product or Kronecker product

o Isomorphic

® Entrywise product

o Composition

* T-product

X i-th modal product

xp Einstein-Product

A* Conjugate transpose of the matrix A

At Moore-Penrose inverse of the matrix A

Al Transpose of the matrix A
C*(a) k-conjugate of the complex number «

At Adjoint of the matrix A

e; Standard basis vector

E;j Standard basis matrix

) Kronecker delta




Chapter 1
Introduction

The study of tensors and tensor analysis dates back to the 19-th century. In
1884, Gibbs introduced the concept of tensor products (squares) of R?® [6]
and the general concept of the tensor product has been subsequently studied
extensively (see for example [3, 12]). In the last few years, the study of tensors
has interested many mathematicians both for application purposes and for
theoretical development of the field. In this dissertation, we investigate the
products of tensors and their underlying algebraic properties. Our focus will
be on the following papers [4, 7, 9, 10, 13, 16, 17].

We will often investigate the third-order tensors for simplicity, most products
considered are binary products. In the following chapters we will investigate
the products of tensors described in [4, 7,9, 10, 13, 16, 17]. We will primarily be
concerned with algebraic properties, such as distributivity, multilinearity and
associativity. Additionally, all of the products investigated induce a decompo-
sition similar to the singular value decomposition of matrices (excluding [16]).

We will describe these decompositions for the higher order tensor products.

In Chapter 2, we consider the modal product, a natural extension of the matrix
product to the multilinear algebraic setting, We will also discuss the singular

value decomposition (SVD) for modal products [4, 9].

Chapter 3 focuses on the Finstein product. We will consider the Einstein
product as described in [17] and investigate the algebraic properties of the
Einstein product. The Einstein product is a binary product and uses tensor

unfolding to multiply tensors via matrix multiplication.

The Einstein product may be reduced from multilinear to linear and this is
how we investigate the algebraic properties of the Einstein product. The main
properties we will investigate are the Moore-Penrose inverse and the singular

value decomposition.
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In Chapter 4, we study the T-product. First introduced in [10], the T-product
is a binary product that preserves the tensor order. The T-product is defined

by matricizing the tensors using the circ and the MatVec operators.

We will only consider third-order tensors, but the T-product extends to higher-
order tensors. We will show the algebraic properties of the T-product and

investigate the singular value decomposition.

In Chapter 5, we investigate the general tensor-tensor product, which is the first
product (in this dissertation) that does not have an underlying matrix product
structure. The main paper for this product is [16] and we will show that this
product is associative. This chapter also investigate the tensor identity and

distributivity conditions of the tensor-tensor product.

In Chapter 6, we will study a ternary product for third-order tensors and
investigate the product’s algebraic properties. The focus will be on the papers
[7, 13], a We will conclude this chapter by showing that a third-order tensor

may be factored analogous to the spectral decomposition of matrices.

The products defined in each chapter have their own notion of transpose, sym-
metry, etc. In each case we will use the same notation, since different products
are not usually mixed. In general, decompositions and pseudo inverses exist
when the underlying field is the field of real numbers or complex numbers, we
will consider the real numbers in this dissertation (in most cases the analogous
results for complex numbers is straightforward, except for the ternary products
in Chapter 6).

The following section introduces the prerequisite for the dissertation. We will
study matrix algebra, which naturally follows from linear compositions. Fur-
thermore, we will investigate the algebraic properties of matrices and use these

properties to investigate the properties of higher-order tensor products.

1.1 Matrix product

We are interested in studying products of tensors. To define what a tensor
product is, let us first define what a product is for matrices (tensor of order
m = 2). Let

L:F"—TF° and H:F°’ — F",

be linear maps, where F™ FP and F" are finite dimensional vector spaces.
Furthermore, let each linear map be associated with the matrix representations

A and B, respectively. Each u € F™ has the corresponding column vector u,
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similarly for v € FP, the corresponding column vector is . In other words,
L(u) = Au and H(v) = Bwv, (1.1)

where A € F**™ B € FP*" Au € F" and Bv € FP. The composition H o L is
a map from U to W. Using (1.1) and the definition of composition, it follows

that
(H o L)(u) = H(L(u))

H(Au)
= B(Au)
= (BA)u.

(1.2)

So the representation matrix of the composition of linear transformations is a

matrix product of the respective representation matrices.

Example 1.1.1. Let A € F3*? and B € F**? where

a11 a2 b b
A = 921 A922 and B = ( 1 12) .

ba1 Do
a31 as2

The product of B by A is

aix a2
B b bio
= | Q21 QA22
ba1 Do
a3y as2

a11011 + a12b21  a11b12 + ai2ba

= | a21b11 + a22b21  az1b12 + agbas

as1011 + asabor  asibia + asebas

That is, for A € F™*" and B € F"*P the entries of the product of B by A are

n

(AB);; = Zaz‘kbkjy (1.3)

k=1
wherei=1,2,...,mand j = 1,2,...,p. In the following section we will intro-
duce the properties of matrices, which will be fundamental for our investigation

of the products of tensors.

1.1.1 Properties of the matrix product

Let A, B, C be matrices such that their respective sizes allow for the operations
defined below to be true and «, § € F . The following are algebraic properties

of the matrix product (see for example [1]).
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1. A(BC) = (AB)C, (Multiplicative associative law)

2. A(B+C)=AB+ AC,

3. (B+C)A=BA+CA,

4. A+ B=B+ A, (Addition commutative law)

5. (A+B)+C=A+(B+ (), (Addition associative law)
6. a(B+C)=aB+ aC,

7. (a4 B)C =aC + pC,

8. a(fC) = (ap)C,

9. a(BC) = (aB)C = B(aC).

Next, we will study the single value decomposition of matrices. We follow the

approach in [1].

1.1.2 Singular value decomposition

In the following section, we will define and prove the singular value decompo-

sition for real matrices.

Theorem 1.1.2. Let A € R™" be a symmetric matriz, then there exist an

orthogonal matrix U € R™™ and diagonal matrix D € R™"™ such that

A=UDU". (1.4)

Lemma 1.1.3. Let A € R™*". The eigenvalues of AT A are non-negative.
Proof. AT A is symmetric, that is
(ATA)T = AT(AT)T = AT A,

Using Theorem 1.1.2; there exists an orthogonal matrix U € R™"™ and a
diagonal matrix D € R™ "™ such that

ATA=UDUT".

Let {uy,ug,...,u;...,u,} be orthonormal columns of U and the eigenvalues
{M, X2y, Aiy ., An} be diagonal elements of D, then AT Au; = \ju; and so

|| Aus|[* =(Au;, Au)
= <Ui, ATA/LLZ>
= (Uz‘, )\iui>
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= )\i<uia Uz>
— )\ > 0. O
Definition 1.1.4. If A is an mxn matrix and Ay, Ao, . .., A\, are the eigenvalues

of AT A, then the numbers

0-1:\/>\_17 0-2:\/>\_27--->0-n:\/)\_n (15>

are called the singular values of A.

Lemma 1.1.5. Let A be an m X n matriz, then
rank(A” A) = rank(A). (1.6)

Proof. We use the rank-nullity theorem which states that for A € R™*" it
holds that

rank(A) + dim(null(A)) = n. (1.7)
We want to show that dim(null(A)) = dim(null(A7 A)). Let = € null(A), then

Az =0= ATAr =0 (1.8)
= r € null(AT A). (1.9)

Thus, null(A) C null(A7A). Now let # € null(AT A) then

ATAz =0= 27ATAz =0
= (Az)TAr =0
= |[Az|]* =0
= Ar =0

= x € null(A4).
Thus, null(ATA) C null(A4) and so it follows that

dim(null(AT A)) = dim(null(A4)) = rank(A” A) = rank(A). O

We have shown that the eigenvalues of symmetric matrices are non-negative.

We will now consider the singular value decomposition for an m x n matrix A

[1].
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Theorem 1.1.6. Every matriz A € R™*"™ can be expressed in the form
A=UxVT, (1.10)

where U € R™™ and V € R™™ are orthogonal, ¥ is an m X n matriz with
entry o; in the i-th row and i-th column for i € {1,... ,rank(A)} and zero for
all the other entries. Here, o; > 0 for alli=1,... rank(A).

Proof. Without loss of generality, assume n > m (otherwise, we decompose
AT = VXUT and obtain (1.10) by transposing AT). The matrix ATA is

symmetric and thus orthogonally diagonalizable, that is
ATA=VDVT, (1.11)

where the columns v; of V' are the orthonormal unit eigenvectors corresponding
to the eigenvalues \; of AT A. D is the diagonal matrix D = diag(Ay, ..., \,).
From Lemma 1.1.5 it follows that rank(A) = rank(A” A) = rank(D) = r. Here,
D = diag(\y, ..., A, 0,...,0) with n—r zeros, where V' and D are chosen such
that

A=A > 2 A >0

Let {uy,...,u,} be a set of column vectors such that
u; = Av;, ie{l,...,r}. (1.12)
Then it follows that

(ui,uj) = uJTuZ
= (Av;)T Av;
= UJTATA’Ui
= ’UjT)\iUi
= )\ivavi
0 ifi# ],
N ifi= .

Hence,
|Avi|| =V ie{l,...,r} (1.13)

By Lemma 1.1.3, the eigenvalues are non-negative, and y/); is the non-negative

square-root, so a; := \/\; > 0 for i = 1,...,r. Normalizing (1.12), it follows
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that
Av; Av;
U; = =
[Avi][ VN
so that u;v/A; = Av;. The remaining columns %, 1, . . . , u,, may be chosen such

that U is orthogonal. Let Y be the m x n matrix with entry o; in the i-th
row and i-th column for ¢ € {1, ... ,rank(A)} and zero for all the other entries.
Then,

A=UxVT, O

Corollary 1.1.7. Let A € R™*" then AATu; = M\u;, where u; € U are the
eigenvectors of AAT as defined in Theorem 1.1.6.

Proof. Using (1.12), it follows that

AATU,i = AATA’Ui
= A)\ZUZ
= )\114@1

Therefore A”A and AAT share the same eigenvalues. O

Remark 1.1.8. The singular value decomposition works for complex matrices,

but instead of the regular transpose, we use the conjugate transpose.

1.1.3 Moore-Penrose pseudoinverse
Definition 1.1.9. Let A € F™*™ and At € F"*™. If the following conditions
1. AATA= A
2. AtAAY = At
3. (AA') = AA*,
4. (AT A) = AT A,

are satisfied, then A% is called the Moore-Penrose pseudoinverse (or simply
the Moore-Penrose inverse) of A. The Moore-Penrose inverse generalizes the

inverse of a matrix.

The Moore-Penrose inverse always exists given that A € R™*" (or C™*"), this
follows from the fact that A € R™*" can be decomposed such that A = UXVT.



CHAPTER 1. INTRODUCTION 12

In the following section the terms “More-Penrose inverse” and “More-Penrose

pseudoinverse” are used interchangeably.

Lemma 1.1.10. Let A € F™*" the More-Penrose inverse is unique.

Proof. Suppose that Afand A5 are Moore-Penrose inverses of A then

Af = AFAAf
— AF(AAF A)AF
= AT ((AAFA) AT A) AT
= (AT A) (A7 A)" (A7 A)AY
= (A AATA) (A3 A) AT
= AJ(AA7)"(AA])
— Af(AATAALY
= AJ(AA)”
= AJ(AA])
= A7. O

Lemma 1.1.11. For an invertible matriz A, the Moore-Penrose pseudoinverse
is the matriz inverse A~' of A. That is, A~ = AT,

Proof. Suppose that the inverse of A exists, then

Al = ATTAAT
— A Y(AATA)A
= (ATA)AT(AATY
_ A 0

Lemma 1.1.12. Let A € C™" and let A = UXV™* be its singular value

decomposition. Then
AT =VEtU*, (1.14)

where X is the m X n matrix with entry o; in the i-th row and i-th column for
i€ {l,...,rank(A)} and zero for all the other entries and Xt is the n X m
matrix with entry ai in the i-th column and i-th row and zero for all the other

entries.

Proof. We want to show that the axioms in Definition 1.1.9 hold. Straight for-
ward calculation yields that 3% = diag(l,,0,_,) and 3T = diag(Z,, 0,,_),
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where 0,,_, denotes the (n—r) X (n—r) matrix and I, denotes the r x r identity
matrix. It follows by direct calculation that XX 7Y = ¥ and XXX+ = 3T,

1. First we want to show that AATA = A.

AATA = (USV*VETUUSVY)
= UsV*
= A.

2. We will prove that ATAAT = AT,

ATAAY = VST USVIVETUR
= VXtu*
= A",

3. We will show that AAT is self adjoint, that is, (AAT)* = AAT.

(AAD)" = (USV*VETU*)
= U(SSH) U
— USStU*
= USVVETU
— AAT

4. We will show that (ATA)* = AT A.

(ATA)* = (VSTUUSV*)
= V(ZtD) v
= VytRy
= VYtUrrUsy
— ATA. 0

Next we will define products of higher-order tensors and investigate the prop-
erties of tensors from such a structure. First, let us introduce the tensor

notation.

1.2 Tensor notation

Throughout this dissertation we will assume that all the vector spaces are

finite dimensional. In this section and subsequent sections we will follow the
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notation, definitions and theory as described in [12, Chapter 5|. Tensors may
be represented as a multidimensional arrays, or N-way arrays. The concept
of tensors is a generalization of vectors and matrices, which are order-one and
order-two tensors respectively. Let ™' denote an n;-dimensional vector space
over the field F. An m-th order tensor A € Fmxn2>xxnm [3] g oiven by its

entries a;,4,..;,, and may be written in the form

A:Zailiz,...z—meil K€, ij € {1,...,nm},j < {1,...,m}, (115)

where {ej,...,e,} is the standard basis in F" and e;; ® --- ® ¢;,, denotes a
simple tensor in the tensor product Fm > >mm = F™ @ ... ® F* (defined in
(1.16)). Additionally, if n; = ny = --+ = n,, = n, then we say that A is an

n-dimensional tensor.

1.3 Tensor product

Tensor products play a significant role in multilinear algebra. To define the

Kronecker product, first we will first describe tensor products of vector spaces.

Definition 1.3.1. Let V1, V5...V,, and N be vector spaces, then the function
g:VixVyx---xV, — N is a multilinear function if ¢ is linear separately in
each component of the vector space V; x V5 x -+ x V,,,. In other words, g is a

multilinear function if

gvr, .o ai + by ) = g1, Gy Ug) F g1 b U,

and

g(v1, v, .oy, U) = ag(Ur, Ve, Gy U),

where Vi X Vo X -+ XV, = {(v1,v2,...,0,) : v; € Vi, 1 < i < m} is the

Cartesian product of vector spaces.

The Universal Factorization Property (UFP) will aid us in our definition of
the tensor product. Moreover, we will use the UFP to show that the tensor

product is not uniquely defined.

Definition 1.3.2. (Universal factorization property [12])

Let V. = (V1,V5,..., V) be a sequence of vector spaces, T a vector space
and ¢ : Vi x Vo x -+- x V;,;, — T a multilinear function. The pair (T, ¢)
satisfies the universal factorization property if for every vector space K and
multilinear function f: Vi x Vo x -+ x V,, — K, there exists a unique linear
function h : T — K, such that f = ho¢. The following commutative diagram

demonstrates the universal factorization property.
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V1><V2><---><VmL>K

—

Figure 1.1

Definition 1.3.3. Suppose that (S, z) and (T, y) satisfy the universal factor-
ization property for Vi, Vs, ..., V,,. The pair (S, z) and (T, y) are isomorphic if

there exists an invertible linear transformation 7" : S — T such that y = Tx.

Theorem 1.3.4. Suppose that (S,z) and (T,y) satisfy the universal factor-
ization property for Vi,Vo, ..., V.. If the reach of x and y is all of S and T,
respectively, then (S,z) and (T,y) are isomorphic.

Proof. Using the following commutative diagram

VixVox o xV, —=='S

k
T
Figure 1.2

where h and k are unique maps, it follows that x = hoy and y = ko x. Thus,

x=hoy
=ho(kox)
= (hok)oux.

Since the reach of x is all of S, hok is the identity of S. Similarly, y = ko (hoy)
and so k o h is the identity of T. Thus

(S, z) = (T, y). O

Theorem 1.3.5. Lety : Vi xVox---xV,, — T, if (T,y) satisfies the universal
factorization property, then span(y(Vy x Vo x -+ x V) =T.

Proof. Suppose that span(y(V3 x Vo x---xV,,)) # T, then there exists at € T,
such that ¢ ¢ span(y(Vy x Vo x---xV,,)) for all (vq,...,v,) € Vi xVox---xV,,.
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Clearly t # 0. We must have
span(y(Vy x Vo x -+ x V) Nspan{t} = {0}.

Suppose that a : T — T is the zero map, § : T — T is the projection onto
span{t} and f: V] x V4 x -+ x V,,, = T is the multilinear zero map.
By the UFP there exists h : T — T such that hoy = f. From the maps « and
B it follows that
aoy=f and Boy=f (since span(y(Vi x Vo x -+ x V;,)) C span{t}*).
Therefore

aoy=pfoy=f,

but a # B (since « = f <= ¢ = 0) which contradicts uniqueness, thus
span(y(Vy x Vo x -+« x V) =T. O

Definition 1.3.6. (Tensor products [12])
If (T, ¢) satisfies the universal factorization property for V, then T is the tensor

product of V and we write,

T=Vi@Vhe &V, (1.16)

1.4 Kronecker product

Let F™*™ and FP*? denote the vector space of m x n and p x g (respectively)

matrices over the field F.

Definition 1.4.1. Let A be an m x n matrix over a field F and let B be a
p X q matrix over the same field F. The Kronecker product of the matrix A

and B is an mp X ng matrix [15], defined by

CLHB CL12B s CLMLB
anB apB - ay,B

AgB=| . T (1.17)
ClmlB amgB cee amnB

The use of the symbol ® is sensible, since the map (A, B) - A ® B defines a
tensor product F"™*" x FP*? — F™*" @ [FP*4, To show that this is true let us

consider the following lemma
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Lemma 1.4.2. Let f : F" xF" — K be a bilinear map and ¢ : F™ xF"* — F™"
be the Kronecker product. Then there exists a unique linear map h : F™ — K

such that ho ¢ = f.

Proof. Let e; € F™ and e; € F" denote the standard bases in F™ and F"
respectively, where ¢ € {1,...,m} and 57 € {1,...,n}.

First, we need to show that the set
S={e;®e;:1<i<m, 1<j<n}

is a basis for F". Suppose that the linear combination of e; ® e; is zero,

ZZaij(eiG@ej) :O, (118)

i=1 j=1

we can write (1.18) as

m n

Z (al-jei) X €; = 0.

i=1 j=1

Since, e; and e; are linearly independent in F™ and " respectively, we must
have a;; = 0. Thus, the set S is linearly independent. Given an arbitrary

vector b € F™", we can write b as a linear combination of e; ® e;. That is,

m n

b= ai(e; @¢y),
i=1 j=1
this shows that the set S spans F™". Thus, the set S is a basis for F"". By
the definition of ¢ we have ¢(e;,e;) = e; ® €j = €(i_1)n4; and ¢ is a bijection
between {(e;,e;) : 1 <i<m, 1 <j<n}and {e;: 1<k <mn}. Thus
h(ei-1yn+j) = f(€i, e;) defines a unique linear map. Therefore e;®e; is a tensor

product. O

Let A € F&™ and B € F**" we will show that the map (4,B) - A® B
defines a tensor product F™*" x FP*? — Fm*" & [FPX4,

(A,B)

F™ x F» Fs x Ft

Yo
® (4’6’)
m n s t
F"QF — —— F°QF

Let ¢ : F$ x F* — F* @ F* be the Kronecker product and (A, B) : F™ x F" —
F* x F* a linear map defined by (A, B)(a,b) = (Aa, Bb). Then 1) o (A, B) is a
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bilinear map since for a; € F", ay € F™ and scalars a, g € F

o (A, B)(aay + Pag,b) = Y(A(aay + Say), Bb)
= (aAay + fAay, Bb)
= atp(Aay, Bb) + Sip(Aay, Bb)
= ay o (A, B)(a1,b) + o (A, B)(az,b).

SimﬂarlYJ ¢ © (A7 B)(CL7 abl + Bb2) = Oé¢ © <A7 B)(a7 bl) + /Bw © (A7 B)(G’J b2)
Since ¢ o (A, B) is bilinear, A ® B is the unique linear map such that

o (A B)=(A® B)o®,

then by the universal factorization property the map A® B is uniquely defined
by (A, B). Now consider the diagram

Fsxm  [txn (a,b) Fs x Tt

Yo
k\ lw

¥ ]Fstxmn - Fs ® ]Ft

~

V

where 9 is the Kronecker product, a € F™, b € F™ and (a, b) : F*™ x F>*™ —
F* x F* is a linear map given by (a,b)(A, B) = (Aa, Bb). Then v o (a,b) is
bilinear since for A € F**™ B € F&*™ C ¢ F*" and a, B € F

¥ o (a,b)(ad + BB,C) = ¢ o ((aA + BB)a, Cb)
(aAa + fBa,Cb)
(aAa,Cb) +Y(BBa, Cb)
¥(Aa, Cb) + Bip(Ba, Cb)

= oo (a,b)(A,C)+ pyo(a,b)(B,C).

(4
(8
(4
(07

Similarly, ¥ o (a,b)(C,aA + 8B) = a o (a,b)(C, A) + B o (a,b)(C, B).
The composition, ¥ o (a,b)(A, B), gives us

Yo (a,b)(A, B) = v (Aa, Bb)
= (Aa) ® (Bb).

To show that the map k is the Kronecker product of matrices let a = e;, b = ¢;
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and noting that ¥ ((A4, B)(a, b)) = 1((a, b)(A, B)) so that
(A® B)(a®b) = (Aa) ® (Bb),
thus
(A® B)(e; ® ej) = (Ae;) ® (Be;).

Hence, using Lemma 1.4.2 and the fact that

a1b;
a b1 aiby
Q| :|= ;
as by
asby

it follows that

A® B = (Ae; ® Bey Aey @ Beg - -+ Ae,, ® Bey,)

ay1b11 apbiy - o aimbin
a11bo1  ayibsg - - apmba,
a'slbtl aslth oot asmbtn

Therefore k is the Kronecker product. Now we want to establish a bijection

similar to Lemma 1.4.2. Let Ej; = e;e] , it follows that
Thus, h is uniquely defined (by its action on the standard basis).

2 95 37
Example 1.4.3. Suppose that A = (4 3) € R?*?2 and B = (8 9) € R?*2,

then

A® B =

o W oo W
O 3 © 3
o W oo W
O 3 ©
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6 14 15 35
16 18 40 45
12 28 9 21
32 36 24 27

We now present some properties of the Kronecker product (see for example
[15]). For A e ™" B e FP*4, C' € F"** and a € F,

(a) multiplication of the Kronecker product by a scalar,

(@A) ® B=A® (aB) = a(A® B),

(b) transpose of the Kronecker product,

(A@B)T:AT(X)BT,

(¢) the Kronecker product is associative,

(A®B)®C=A® (B® (),

(d) complex conjugate (when F = C) of the Kronecker product,

(A® B)" = A" ® B*,

(e) left and right distributive law of the Kronecker product,
AR (B+C)=A®B+A®C,
(A+B)@(C=AC+B&C,

(f) interchange law of the Kronecker product,

(A® B)(C ® D) = AC ® BD.

The following chapter describes a matrix-tensor product (the modal product)
and its calculation in terms of Kronecker products. The modal product follows
from the composition of a multilinear map and a linear map. The resulting

product will be between a higher-order tensor and a second-order tensor.



Chapter 2

Modal product

The simplest multiplication of a tensor by a matrix is called a modal product.
To understand this product let us first consider the matriz-matriz product,
which has two modes (rows and columns). To see this, let A be a matrix
defined by

A= Z aijeie?. (21)
tj
Now let B be a matrix, the product of B and the first mode of A is
B X1 A= Zaij (BGZ) 6?
(]
=B Z aijeie]T
]
= BA.
The product of B and the second mode of A is
B X9 A= Zaijei (Bej)T
(]
= Z CL@B@G?BT
(]
= AB”.

Thus, for matrices, modal products are right and left multiplication. We can
also see this by composing three linear functions. Let A, B, C'and D be finite

dimensional vector spaces, such that

AL Sfy0c 1D

Figure 2.1

21
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and let [f], [g] and [h] be matrix representations of f, g and h, respectively. The

matrix representation of the composition of f, gandh is
[0 g o f] = [R][g][f]- (2.2)

From (2.2) we see that there are two modes of multiplication with [g], i.e,
[h]lg] and [g][f]. Modal products are simply matrix products, with a matrix
unfolding of a tensor. Higher-order tensor-tensor multiplications reduce to
normal matrix multiplication. Matrix unfolding is a matrix representation of
a tensor. Let us first discuss the column space of the matrix unfolding. We

will do this by considering the following example.

Example 2.0.1. Consider R? ® R3. Let ¢; € R? denote the elements of the
standard basis in R? and similarly for ej € R3. When we write e; ® ey €
R? ® R3, we mean ¢; € R? and e, € R? (although, in general, this notation is

ambiguous). Then

e1®e = , €1 ®ey= , €e1®e3=

o O O o O =
o O O o =~ O
o O O = O O

€ Qe = , e Qe = , e2®e3=

o O = O O O
o = O O O O
_ o O O O O

where ¢; € R? e¢; € R? and i indicates whether we are in the first or second
half of the tensor and j indicates the position of the nonzero element. Thus

e; ® €j = e3(_1)+j. We can generalize this for ¢;, € F/' e;,, e F2, ... ¢; € F

€iy @ €jy @+ @ €4, = €(i—1) Iyt +(iz—1) I3+ Tnt-+in -

2.1 Matrix unfolding

Tensor unfolding is the process of flattening a tensor into a matrix. The goal
of flattening a tensor is to use the algebraic properties of a matrix for a higher

order tensor. We define matrix unfolding for higher-order tensors [4], as follows.
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Definition 2.1.1. Assume an m-th order tensor A € Flx2xXIm The n-th

unfolding of A, is the matrix A,y € Fin*Untilntzdnhlz-tn-1) where

T
Awy = E iy...siy € (€1 @ iy @ - D€, B @+~ Q€ ),
(il,...,im)ellX---XIm

(2.3)

and contains the element a;,;, ;  at the row position 7,, and column position

(inp1 — Dinsolnss - o Indids ... Iyy + (ipso — Dhgslpss oo InliIs . Ini+
et (Zm — 1)[112 R In—l + (Zl — 1)[213 R In—l + (22 — 1)[3]4 R In—l et in—l-

Example 2.1.2. Define a tensor A € R?*?*3 by a,1; = G293 = G212 = G901 = 1,

(121 = Q122 = A213 = 0, —a112 = a211 = 3, —a113 = A222 = @123 = 2. Thus the
matrix unfoldings Ay € R**%, Ay € R**6 and Az € R*** are given by

1 -3 -2(0 0 2 1 0|-3 0| -2 2

A = y A - )

W ( 121) @ (31 0 1)

3 1 1 2

1
Ag = | -3
—2

0
3
1
0

N O O
[ =

We have established that matrix products have two modes of multiplication.
Similarly, m-th order tensors have m-modes of multiplication. The general
modal product is defined in terms of the mode of multiplication [4]. We will
now define a operation that transforms the unfolded tensor (second-order ten-

sor) back into a higher order tensor.

Definition 2.1.3. Let A,y € FlinxUntilnsztnhilzIn-1) be the n-th unfolding

of A € Flvxf2XxIm then matrix folding is the operation
fOld(A(n)) = A. (24)

where A € Flvxl2xxIm,

2.2 The n-mode product

The tensor-matrix product (modal product) is the product between a tensor
of order m > 2 and a matrix (a tensor of order k& = 2). We have shown that
a matrix has two modes of multiplication and that the matrix-matrix product
is compositional. For higher-order tensors, let us first consider an example of a
trilinear map (fourth-order tensor). Suppose that A, B, C, P, Q, W, U, and V/

are vector spaces such that, for a trilinear map g : A x B x C' — P, linear
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maps f: U —>B, k:W —- A h:V —>Candy: P— (@

Figure 2.2

and m(a,b,¢) = a, m(a,b,c) = b, m3(a,b,c) = c. From the above diagram,
the representation tensor, [g], is multiplied by the representation matrices
[f], [k], [h] and [y], we have four modes, namely, up, down, left and right. The

following is a compact form of the diagram above,

U

|

W+—WxUxV

|

v

ogo(f,k,h
yogo(f,k.h) 0

Figure 2.3

Therefore, fourth-order tensors have 4-modes of multiplication and the above
diagram demonstrates that the tensor-matrix multiplication (for higher-order

tensors) is compositional.

For arbitrary-order tensors let us consider the following definition of the modal

product.

Definition 2.2.1. The n-mode product of a tensor A € F/ix2x-xIm By g
matrix U € F/»*In isan (I} x Iy x -+« x I,y X Jy, X Iy q X - -+ x I,;)-dimensional

tensor, given by

A Xn U = Z Qi .. i €iq (SR Cin_1 X U@Z‘n & GinJrl K- ® Cim - (25)
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Proposition 2.2.2. The modal product satisfies the following properties.

(1) For a tensor A € FhxBx=xIm qnd matrices A € F»*I» and B €

F/oxIe where p £ n and 1 < p,n <m

(Ax, A) x, B=(Ax,B) x, A=

(2) For a tensor A € Flv>*12xXIm qnd matrices A

(A x, A) x, B=Ax,(BA

Proof. (1)
(Ax,A)x,B
= ( Z CI,,L'1 Zme“ ® ®Aezn
i1y

=(Ax,B)x,A
(2)
(Ax,A)x,B
- Z azl 'imeil ® ® AeZn ®
T1yeeeylm
1 seeerim Jn
= Z Ay iy Z(A)jnineil -
1 seeesim Jn

A x, A%, B. (2.6)

€ F/nxIn gnd B € FEnxJn

). (2.7)

"®€im> XnB

-®ejn®~--®eim> Xn B

-®Bejn®---®eim>

- E a/’L1 Zmell ®B E ]n’Ln e]n ®€im

= ) i, @ ®BA61 ® -

® Cim
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2.3 Rank of a higher-order tensor

A vector space may be a tensor product in more than one way and each tensor

product has an associated rank.

Tensor products are not unique, therefore, there are multiple ways of repre-

senting tensor products due to the following isomorphism

F"QF") @F 2 F" ® (F" @ FP), (2.8)
F™" ® FP = F™>P.

Example 2.3.1. Using (2.8), let m =n =p =2, s0 A € F¥*2 If a1y =

(122 = G212 = Q221 = 22 = 0, @112 = @121 = az11 = 1, we have

(=000 0= 0)- 0= ()= 0)

suppose that A is a rank one tensors, then

ace

acf

ade

® ® = =

b d f bee
bef
bde

bdf

O O O = O = = O

scace=0=e=0 (since acf =1 and ac # 0)

bce = 1 is a contradiction since e = 0.

thus the rank of A is either 2 or 3 and this corresponds with the left-hand side
of (2.8). The right-hand side of (2.8) is the rank of a 2 x 4 matrix and the

rank is 2, we can formally define this as the modal rank.

Definition 2.3.2. The n-rank of a tensor A, denoted R,)(.A), is the dimension

of a vector space spanned by the columns of the n-th unfolding of A

R(n)(A) = rank(Ag,)). (2.9)

The n-rank of a tensor is not the same as the rank of the tensor. As suggested
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by example 2.3.1 we shall see that matrix rank can be defined by decomposing
the matrix into outer products. Similarly, we can define the tensor rank by
writing it as an outer product [10]. In this dissertation we take the Kronecker

product as the outer product.

Definition 2.3.3. A tensor A € Flix2x=xIm {5 rank one if it can be written

as the outer product of m vectors, that is
with the corresponding entries,

Qiyigeiny, = vi(ll)vg) » -UZ-(::) for all 1 <4, < 1I,.

CANDECOMP-PARAFAC (CP) decomposition gives an insight into tensor
rank. The decomposition factorizes a tensor into a sum of rank-one tensors [10,
9]. Rank-one tensors are those tensors which can be expressed as a single outer
product (Kronecker product) vV ®---®v™). Generally the CP decomposition
is not unique. However, the conditions for the unique definition of the CP

decomposition are discussed in [11].

Definition 2.3.4. CANDECOMP-PARAFAC decomposition of a tensor A €

Flixl2xxIm i a sum of rank-one tensors up to the rank R, that is

R
A=) 0,0V @0 @ @v™), (2.11)

r=1
where R is minimal.

Definition 2.3.5. The rank of a tensor A, denoted by R = rank(.A), is defined
as the minimum number of rank-one tensors needed to express A (as a linear

combination of rank-one tensors).

Example 2.3.6. Let A € F?*2%2 with entries a1 = G201 = G112 = 1, 0211 =

(121 = Q212 = G122 = Q299 = 0. The CP decomposition of A is

a=(0)= ()= () (0)e ()= (3):

Thus, rank(.A)=2. For the modal rank, we take a look at n unfoldings of A

1100
Ay —
W (0010)
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1010
Aoy =
@ (0100)
100 1
Ay = .
®) (1000)

Thus R1)(A) = Ri9)(A) = R(3)(A) = 2. In this example, the rank of this
tensor equals the n-rank, this is not necessarily true for all tensors. In fact
Ry (A) < rank(A) (see [4]).

2.4 Multilinear single value decomposition

Our discussion of the higher-order SVD begins with the matrix SVD. We will
use the matrix unfolding of the tensor and apply the matrix SVD on every

mode of the tensor (see for example [4]).

Lemma 2.4.1. Let A € Fixl2x-xIm pe g tensor and X, € F>*0 | X, €

F/m>Im pe matrices. If A =Y x1 X1 Xg -+ X Xom, then we can express A as

A=(X1® @ X)),

= Y yhanXien ® @ Xper,, (by definition 2.2.1)

=(X1® - ®Xn) Z Yiy i iy @ -+ e, (by the interchange law)

Thus, A= (X, @ @ X)) —~

We will use the short-hand notation

U1 @ QU1 =011 @ QU QUL @ -+ - @ Uga

Lemma 2.4.2. Let A € FivxlzxXIm po o tensor and Uy € F/»>*0 . U, €

F/m>*Im be matrices, then

(U1 @ @Un) Al ) = UpA)(Uk41 @ -+ ® U—1)".
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Proof. From the left side

U1® @Uu) A= (U1 @ @Up) > Gy @ @6y,

D] 5eeny im
= Z Qiy.iy, (Ures, @ -+~ @ Upe;, ) (by the interchange law)
TLyeeey im
- Z iy iy, ((Ul)jlil €j & ® (Um>jmimejm)
i im

For the k-th mode unfolding we have

(U1 @ @ Upn) Al gy
= > i (Uit (Urmt)ieriny) € (€1y ® - @i y)

11 4eeylim,
J1sees ]m
= U U U ’
= > i (U050 [(Uk1)jusinin i @ -+ @ (Uret)ji i, €]
T1yeeey im
JLyeees jm
i1yrim
T .
=U, E iy iy @ -+ @ €y, [Upp1 ® -+ - @ Ug—1]” (by the interchange law)
81 5eeesbm

=UpAp [Up1 @ ® Uy—1]"

Therefore, [(U; ® -+ @ Uy,) A](k) = Up Ay (Ups1 @ - @ Up_1) 7. m

Theorem 2.4.3. Every tensor A € Fhxl2x=xIm cqn be written as the product
A=U,@U, - @U,)S (2.12)

where Uy, Us, ..., U,, are orthogonal matrices and S € F1>12xxIm

Proof. We want to show that such a tensor, S, exists and that it is unique.
Let A be an m-th order tensor, with unfoldings A, ..., A). The j-th mode

singular value decomposition of A is

Ay = U;s; Vi (2.13)

The modal products by U, are invertible, and since unfolding is bijective.

There exists an m-th order tensor S such that

Ay = UiSi (Uit @ - @ Uja), (2.14)
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where
Sy =SV (Ui ® - @ Uj_q).
We note that by Lemma 2.4.2, A = (U; ® --- ® Uy,,)S. So that
Ay = UeSy (U1 @ -+ @ Up—1)" = Up SV
by Lemma 2.4.2 and (2.13). Hence, since Uy, ..., U, are orthogonal,
Sey = Zi Vi (Ups1 @ -+ - @ Upa),
so that (2.14) holds for all modes j. It follows that S is given by

S =fold(S(;)) forany j=1,...,m. O

Theorem 2.4.4. The subtensor, S;,, of S € Fhixl2xxIm s obtained by fiving
the j-th index to a constant, that is, S;,—o for 1 < i; < I;. The higher-order
SVD has the following properties:

(1) The Frobenius-norms of the subtensors are defined to be the j-th mode

singular values of the matriz A, that is ||S;,—k|| = ox(Aw)).

(2) The Frobenius-norms of the subtensors are decreasing, that is
1Si,=1ll = [ISi; =2l = - -+ = [[Si,=p, I

Proof. (1) Following the notation and singular value decompositions in

the proof of theorem 2.4.3, we have

HS"J:kH = H(S(]))kfth rowH
= ||eI S V(U ® - @ Uj_y)7|
= oillef Vi (U1 @ - @ Uj1)" ||

= Ok,

where oy, is the k-th singular value of A(;). The last equality follows
by orthogonality of V' (Uj 11 @ --- @ U;_1)".

(2) The proof follows from Theorem 1.1.6. O

In the following chapter, we look at the first binary product between higher-
order tensors in this dissertation. We use a family of vector space isomor-
phisms, fold, to redefine a tensor as a matrix and unfold the matrix back into

a tensor (similar to the fold and unfold operation studied above).



Chapter 3

Einstein product

3.1 Einstein product

The Einstein product uses the isomorphism between the vector space and the

matrix space through tensor unfolding. For A € /X xpxKix-xKm e have

F[1 ® - ® Ffp ® IFKl ® . ® FKm g F(I1><12><-~~><]p)(K1XK2><~~~><Km)

Y

This isomorphism is called an unfolding. Using the tensor, A, the Einstein
product is defined using [17]. In the following, we will assume that tensor
unfolding unfolds around the different letters used for indices, in order to

simplify the notation.

Definition 3.1.1. Let A € FlixxpxKixxKm ha o tensor the unfold of A is

defined as follow

.....

For a tensor A € FIv<-xIpxEKix-xEm the following notation will be used to

represent the fold and unfold operations

unfoldy, x...xz, (A) := unfold;(.A)
fOIdK1><~~-><Km (A) = fOldK(A)

Definition 3.1.2. Let A € Bl <X KixxKm and B @ FRuKaxxKmx Jixaxox g

the Einstein product is

A xp B = fold ;((unfold;(A))(unfoldx (B))) (3.2)

31
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then, A xp B € FlixI2xxIpxJixJ2xxJs The Einstein product is simply the
matrix product under the fold and unfold operation. The following figure

demonstrates this.

Einstein product

(A,B) P Awpy B

(unfold, unfold) (fold, fold) unfold fold

matrix product

(4,B) — 5 AB

Figure 3.1

In the following corollary, we will show that Definition 3.1.2 is equivalent to

the Einstein product in [17].

Corollary 3.1.3. Let A € FlixxlpxKixexKm gnq B ¢ FEixxKpxJixexJq,
The Einstein product is defined by the operator xg and

(-A *E B)u AmJiedq — E iy . ipk .. Fem Dk . K g1.dg>

is equivalent to the product defined in Definition 3.1.2.

In the proof below we will use the short-hand notation for the entries of tensor

A
iy . ipk . km = AIK

Proof. From the right-hand side of (3.2) and by Definition 3.1.1 we have

fold s (unfold;(\A))(unfoldx (B)))
fOldJ Z Z a[KbKJ 67,1 . ® eip)(ekl ® o ® ekP)T

(er, ® - @ e, )(ej, @ ®e;,)")
= fold( Z Z arxbic(en®: - -®e;, ) (e, er, @ - @ey ex,) (€, ® - @e;,)")

— fold, ( Z Z arbics(en ® - ® e ) (e, ® - ®ej,)")
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Thus, fold, (unfold; (A))(unfoldx (B))) = Y @i, _ipky.. Dbk O

Lemma 3.1.4. Let .A c F11><12><~~><Ip><K1><~~><Km) B c FK1><K2><~~><Km><J1><-~><Jq

JixXJo XX Iy X L1 X LoX--XL
and C € F/r>2 m XX e n then

(AxpB)xgC=Axg (Bx*gC). (3.3)
Proof.
(Axp B) x5 C = fold;((unfold;(A))(unfoldg (B))) *x C
= fold, [unfold;(fold ;[(unfold;(\A))(unfold & (B))]unfold ;(C)]
(unfold; (A)(unfoldx (B)))unfold ;(C)]

( )
= fold [(unfold; (A)((unfold(B))unfold ;(C))]
= foldy [(unfold; (A)unfold k (fold ; [unfold  (B)unfold,; (C)])]
= Axp (B*gpC). -

(
[
= foldy |
[
[

Definition 3.1.5. Let A € Flix/2xxlnxJixJox-xJm the transpose of A is a

tensor AT € /i3 J2xxJmxlixI2xXIn given by

A" = fold; (unfold ;(A)T). (3.4)

Proposition 3.1.6. Let A € Flv-xInxJoxcxJm gnd B g /x> Jmxlix-xlp
then

1.

2. Let I, € B/ JmxJixexdm qnd T ¢ Fhx-xInxv-xIn pe jdentity ten-
sors then

where I, = fold;(unfold;(Z,)), is a tensor that unfolds to an identity

matriz.

Proof. 1. We will show that (unfold;(A g B))T = unfold; (BT xz AT).

(unfold ;(A * B))" = [unfold;(A)unfold ;(B)]"
— unfold;(B)unfold; (A)T
= unfold;(B" %5 AT).

After applying the fold operation (A *p B)T = BT xp AT,
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7, g A = fold s[unfold;(Z,, )unfold,(.A)]
= fold s[unfold;(.A)]
= A. O

Similarly, A xg Z,, = A.

3.2 Einstein product Moore-Penrose pseudo

inverse

Since the Einstein product is defined (through unfolding) by the matrix prod-
uct, the matrix algebraic properties reflect to the setting of tensors. Thus, the
notion of a Moore-Penrose pseudo inverse of a matrix yields the same definition

for tensors (via the Einstein product).

Definition 3.2.1. Let A € FlxxImxKix-xEp  The Moore-Penrose pseudo
inverse of A is the tensor, AT € FEv-xKpxlvxxlm that satisfies the following

conditions:
1. Aspg AT x5 A= A,
2. At xp Axpg AT = AT,
3. (Axg AT)" = Axp AT,
4. (AT x5 A) = At x5 A

The singular value decomposition of matrices yields a higher-order singular

value decomposition via the Einstein product.

Definition 3.2.2. Let A € Flv<xIm>xJix=xJm then A is orthogonal if

A s A= Asp A =T, (3.7)

Lemma 3.2.3. Let A € Tl ImxJixxJm the singular value decomposition
of A has the form
A=UxpSx*xpV* (3.8)

where U € Fhx->xImxlixxIm ) ¢ RJxXImxJix=xJm qre orthogonal tensors

and S € Tl >ImxJixXJm — (0 qhen [} X -+ X Ly # Ji X -+« X Jp,.

The singular value decomposition allows us to define the Moore-Penrose inverse

for any real tensor.
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Theorem 3.2.4. Let A € FlixxImxJixXJm pe q tensor. The Moore-Penrose

mverse in the Einstein product exists and it is uniquely given by
AT =Vsp ST xp U (3.9)

where Y € Fhx->xImxTixxlm ) ¢ Fix-XImxJix=XJm = qre orthogonal tensors

and 8+ c FJ1><~--><J,,L><]1><--~><I,,L

Proof. First we need to show that (3.9) satisfies Definition 3.2.1.

(1) ,A*E.A+ xp A=A

Axp AT sp A= Uxp S*p V) kg Vrp ST xpU*) x5 (U x5 S x5 V*)
=UxpS*xp ST x5y Sxp V*
=UxpSx*xp V"
= A

Therefore A xp AT x5 A = A.
(2) AT xp Axg AT = AT,

= V*ES+ *ES*ES+ *EZ/{*
=Y *g S+ *g Z/{*
= A"
Therefore At x5 A xp AT = AT,
(3) (Axp AT)" = Axp A
(Axp A) = [Uxp Sxp V") xp (Ve ST+ U]
= A*E .AJF.
Therefore (A xg AT)* = Axg AT.
(4) AT xp A)"=ATxp A

:A+ *EA
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Therefore (A" g A)* = A" xp A.

For uniqueness, suppose that AT, Bt € F/vxxJmxlixxIn gre Moore-Penrose
b )

pseudo inverses of A, then

AT = AT xp Axp AT
= A" x5 (Axp A7) (Definition 3.2.1 (3))
= A" g (A7) x5 A*
= A" g (AT xp A" 55 (BY)" 55 A*
— A g (A s AY) 5 (Axg BT
= A" xp Axp AT xp Axp BY
= A" xp Axp BT
= A" s Axp Bt sy Axp BT
= A" xg (AT) x5 A" xp (BY)" x5 BT
= A" x5 (BY) x5 BT
=B xp Axp BT
= B*.

Therefore, the Moore-Penrose inverse of a tensor A is unique. O]

The Moore-Penrose pseudo inverse has the following properties [17].

Proposition 3.2.5. Let A € FlvxImxEixxEm qnd g € T, then

1. (ANt =

2. (AF) = (A,

3. (aA)t = at At

4. (A" x5 A)F = AT g (AN,

5. (Xsp Axp )t = Voap AT xp X*, where X and Y are orthogonal tensors

6. At xp (T — Axg AY) =0 and (T — Axg At) x5 AT =0,

where

a#0,
a=0.

O 2=

Proof. 1. Using Lemma 3.2.3 and Theorem 3.2.4, A" is uniquely given
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by V g St xg U*, where Y and V are orthogonal, hence

<A+)+ - (V Xp 8+ *EU*)+
=U *ES *XEB V*
= A.

2. Since A" is the Moore-Penrose pseudo inverse of A, then (A")* is

the Moore-Penrose pseudo inverse of A*.
(1)
Asp At sp A=A < (Axp A" 55 A) = (A)*
= A g (AN ap AT = A"
(1I)
At kg Asp AT = AT <= (AT 55 Axp AT) = (AT

= (A7) g AT xp (A7) = (A",

(I11)

(Asp A) = Asg AT = ((Asg A)) = (Axp A"

Thus by uniqueness of the Moore-Penrose pseudo inverse of A*,
(A%) = (A7)
3. Using the definition of a™, we get
aA = (D7) (|a))2VT

(ad)* :v< !

—Z) (eiarg(a) U)T
lal

= 2‘/ (2) (U)" when a #0

=at AT
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(A* xp A)T = (unfold(A*)unfold(A))*"
= unfold(A) T unfold(A*)*
= A+ *g (A*)+

5. X and ) are orthogonal tensors, so it follows that Xt = X* and
yr=y

(X x5 A*p V)" = (unfold(X)unfold(A)unfold(Y))*
= (unfold()))" (unfold(A))* (unfold(X))™*
= unfold(Y)*unfold(A) tunfold(X)*
=YV % A" x5 X*.

6. Proof follows from using Proposition 3.1.6 and Definition 3.2.1. [



Chapter 4
T-product

The T-product defined in [9], is a binary operation that preserves the order
of the tensor, i.e., the T-product of third-order tensors is a third-order tensor.
For simplicity, we will only consider third-order tensors. Before the formal

definition of the T-product is defined, we will develop some notation.

The notation ¢®7) represents a tube of a third-order tensor. Here, i and j are
fixed and the third index is varied.

A slice of a tensor is a two dimensional section (i.e., a matrices), defined
by fixing all but two indices, for a third order tensor, A &€ F">"2x"s  The
horizontal, lateral and frontal slices are A € Fn2mxns = A ¢ Fmm2xm3 and A €

[Frimsxn2 - regpectively.

The frontal slices of a tensor A € F"*"2%" are two-dimensional sections,
denoted by frnt(.A) and is presented as
n3

frt(A) =) el @ A;, (4.1)

j=1

where e; is an element of the standard basis in F™ and A; is the j-th frontal
slice of A. We will write frnt(A) = (A1]|As| -+ |Any)-

Definition 4.0.1. The circulant of a tensor A is a square block matrix, defined
by shifting the elements of each row to the right relative to the preceding row.

We use the notation circ(.A) to represent the circulant of a tensor A and

Al Ang Angfl Tt A2

A A A, e A
circ(A) = ,2 . ' A .3 )

An3 ATL3—1 . AQ Al

39
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where Ay, -+, A,, are frontal slices of A.

Let P denote the permutation matrix

40

it follows that Pe; = €jmodn+1- In the following example we will show that

2, _
P €; = €jmod4+1-

Example 4.0.2. Let P be a 4 x 4 permutation matrix, such that

0001 0010
1000 0001
P = = P? = :
0100 1 000
0010 0100
then

P2€1:€3,

P2€2:€4,

P263:€1,

P264:€2.

Therefore, for a 4 x 4 permutation matrix Per = €jmodd+1-

From the example above we can see that for PFe;, we get

Pre; = e[i—1)+kmodn+1

Definition 4.0.3. Let a € F" be a column vector, where

ay

a2
a =

G,

(4.2)

The circulant of the vector a is a n x n matrix where each row is the right
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cyclic shift of the vector a i.e.,

a1 Ap  Gp—1 a2

a2 (431 QAp, a3
circ(a) = '

Qp  Ap—1 c Gz ai

The circulant of the tensor A with frontal slices A; can be written as follow

n3

cire(A) = > (PFlej)ef @ A;. (4.3)

J,k=1

Definition 4.0.4. The MatVec operation converts a tensor into a block ma-
trix, that is, an n; X ny X ng tensor is converted into an ning X ny block

matrix.
ng

MatVec(A) =Y "e; @ A;. (4.4)

j=1

MatVec is a vector space isomorphism. The fold operation takes the MatVec

of a tensor and converts it back into a tensor, i.e

fold(MatVec(A)) = fold (Z e; ® Aj)

=1

= A.

Here, we note that fold is defined differently to Chapter 3, since the literature
uses different definitions of fold. Here we follow t