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Abstract

This dissertation surveys the products of tensors, their respective multilinear
structures and their properties. Matrix products arise naturally from the com-
position of linear operations. In like manner, products of tensors derive from
composing multilinear functions. However, there are many ways to compose
multilinear functions, hence many forms of the product. We will gain further
insight of linear operations and introduce the tensor-matrix multiplication (the
simplest form of the compositional product). We will consider different types
of products building up to the study of the general tensor-tensor multiplica-
tion defined in [Lin. Alg. Appl. 439, 2350–2366 (2013)]. Finally, we conclude
with an investigation of some n-ary products of tensors.
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List of Symbols

The following notations will be used in this paper:

A tensor
A matrix
a vector

a(i) i-th column of a matrix A
α scalar
F field
Fn The n-dimensional vector space over the field F

Fm×n The space of m× n matrices over the field F
⊗ Tensor product or Kronecker product
∼= Isomorphic
� Entrywise product
◦ Composition
∗ T-product
×i i-th modal product
∗E Einstein-Product
A∗ Conjugate transpose of the matrix A
A+ Moore-Penrose inverse of the matrix A
AT Transpose of the matrix A

Ck
n(α) k-conjugate of the complex number α
A† Adjoint of the matrix A
ei Standard basis vector
Eij Standard basis matrix
δ Kronecker delta

4



Chapter 1

Introduction

The study of tensors and tensor analysis dates back to the 19-th century. In

1884, Gibbs introduced the concept of tensor products (squares) of R3 [6]

and the general concept of the tensor product has been subsequently studied

extensively (see for example [3, 12]). In the last few years, the study of tensors

has interested many mathematicians both for application purposes and for

theoretical development of the field. In this dissertation, we investigate the

products of tensors and their underlying algebraic properties. Our focus will

be on the following papers [4, 7, 9, 10, 13, 16, 17].

We will often investigate the third-order tensors for simplicity, most products

considered are binary products. In the following chapters we will investigate

the products of tensors described in [4, 7, 9, 10, 13, 16, 17]. We will primarily be

concerned with algebraic properties, such as distributivity, multilinearity and

associativity. Additionally, all of the products investigated induce a decompo-

sition similar to the singular value decomposition of matrices (excluding [16]).

We will describe these decompositions for the higher order tensor products.

In Chapter 2, we consider the modal product, a natural extension of the matrix

product to the multilinear algebraic setting, We will also discuss the singular

value decomposition (SVD) for modal products [4, 9].

Chapter 3 focuses on the Einstein product. We will consider the Einstein

product as described in [17] and investigate the algebraic properties of the

Einstein product. The Einstein product is a binary product and uses tensor

unfolding to multiply tensors via matrix multiplication.

The Einstein product may be reduced from multilinear to linear and this is

how we investigate the algebraic properties of the Einstein product. The main

properties we will investigate are the Moore-Penrose inverse and the singular

value decomposition.
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In Chapter 4, we study the T-product. First introduced in [10], the T-product

is a binary product that preserves the tensor order. The T-product is defined

by matricizing the tensors using the circ and the MatVec operators.

We will only consider third-order tensors, but the T-product extends to higher-

order tensors. We will show the algebraic properties of the T-product and

investigate the singular value decomposition.

In Chapter 5, we investigate the general tensor-tensor product, which is the first

product (in this dissertation) that does not have an underlying matrix product

structure. The main paper for this product is [16] and we will show that this

product is associative. This chapter also investigate the tensor identity and

distributivity conditions of the tensor-tensor product.

In Chapter 6, we will study a ternary product for third-order tensors and

investigate the product’s algebraic properties. The focus will be on the papers

[7, 13], a We will conclude this chapter by showing that a third-order tensor

may be factored analogous to the spectral decomposition of matrices.

The products defined in each chapter have their own notion of transpose, sym-

metry, etc. In each case we will use the same notation, since different products

are not usually mixed. In general, decompositions and pseudo inverses exist

when the underlying field is the field of real numbers or complex numbers, we

will consider the real numbers in this dissertation (in most cases the analogous

results for complex numbers is straightforward, except for the ternary products

in Chapter 6).

The following section introduces the prerequisite for the dissertation. We will

study matrix algebra, which naturally follows from linear compositions. Fur-

thermore, we will investigate the algebraic properties of matrices and use these

properties to investigate the properties of higher-order tensor products.

1.1 Matrix product

We are interested in studying products of tensors. To define what a tensor

product is, let us first define what a product is for matrices (tensor of order

m = 2). Let

L : Fm → Fp and H : Fp → Fn,

be linear maps, where Fm,Fp and Fn are finite dimensional vector spaces.

Furthermore, let each linear map be associated with the matrix representations

A and B, respectively. Each u ∈ Fm has the corresponding column vector ū,
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similarly for v ∈ Fp, the corresponding column vector is v̄. In other words,

L(u) = Aū and H(v) = Bv̄, (1.1)

where A ∈ Fn×m, B ∈ Fp×n, Aū ∈ Fn and Bv̄ ∈ Fp. The composition H ◦ L is

a map from U to W . Using (1.1) and the definition of composition, it follows

that
(H ◦ L)(u) = H(L(u))

= H(Aū)

= B(Aū)

= (BA)ū.

(1.2)

So the representation matrix of the composition of linear transformations is a

matrix product of the respective representation matrices.

Example 1.1.1. Let A ∈ F3×2 and B ∈ F2×2 where

A =

a11 a12

a21 a22

a31 a32

 and B =

(
b11 b12

b21 b22

)
.

The product of B by A is

AB =

a11 a12

a21 a22

a31 a32

(b11 b12

b21 b22

)

=

a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

a31b11 + a32b21 a31b12 + a32b22

 .

That is, for A ∈ Fm×n and B ∈ Fn×p the entries of the product of B by A are

(AB)ij =
n∑
k=1

aikbkj, (1.3)

where i = 1, 2, . . . ,m and j = 1, 2, . . . , p. In the following section we will intro-

duce the properties of matrices, which will be fundamental for our investigation

of the products of tensors.

1.1.1 Properties of the matrix product

Let A, B, C be matrices such that their respective sizes allow for the operations

defined below to be true and α, β ∈ F . The following are algebraic properties

of the matrix product (see for example [1]).
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1. A(BC) = (AB)C, (Multiplicative associative law)

2. A(B + C) = AB + AC,

3. (B + C)A = BA+ CA,

4. A+B = B + A, (Addition commutative law)

5. (A+B) + C = A+ (B + C), (Addition associative law)

6. α(B + C) = αB + αC,

7. (α + β)C = αC + βC,

8. α(βC) = (αβ)C,

9. α(BC) = (αB)C = B(αC).

Next, we will study the single value decomposition of matrices. We follow the

approach in [1].

1.1.2 Singular value decomposition

In the following section, we will define and prove the singular value decompo-

sition for real matrices.

Theorem 1.1.2. Let A ∈ Rn×n be a symmetric matrix, then there exist an

orthogonal matrix U ∈ Rn×n and diagonal matrix D ∈ Rn×n, such that

A = UDUT . (1.4)

Lemma 1.1.3. Let A ∈ Rm×n. The eigenvalues of ATA are non-negative.

Proof. ATA is symmetric, that is

(ATA)T = AT (AT )T = ATA.

Using Theorem 1.1.2, there exists an orthogonal matrix U ∈ Rn×n and a

diagonal matrix D ∈ Rn×n such that

ATA = UDUT .

Let {u1, u2, . . . , ui, . . . , un} be orthonormal columns of U and the eigenvalues

{λ1, λ2, . . . , λi, . . . , λn} be diagonal elements of D, then ATAui = λiui and so

||Aui||2 =〈Aui, Aui〉
= 〈ui, ATAui〉
= 〈ui, λiui〉
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= λi〈ui, ui〉
= λi ≥ 0.

Definition 1.1.4. If A is an m×n matrix and λ1, λ2, . . . , λn are the eigenvalues

of ATA, then the numbers

σ1 =
√
λ1, σ2 =

√
λ2, . . . , σn =

√
λn (1.5)

are called the singular values of A.

Lemma 1.1.5. Let A be an m× n matrix, then

rank(ATA) = rank(A). (1.6)

Proof. We use the rank-nullity theorem which states that for A ∈ Rm×n it

holds that

rank(A) + dim(null(A)) = n. (1.7)

We want to show that dim(null(A)) = dim(null(ATA)). Let x ∈ null(A), then

Ax = 0⇒ ATAx = 0 (1.8)

⇒ x ∈ null(ATA). (1.9)

Thus, null(A) ⊆ null(ATA). Now let x ∈ null(ATA) then

ATAx = 0⇒ xTATAx = 0

⇒ (Ax)TAx = 0

⇒ ||Ax||2 = 0

⇒ Ax = 0

⇒ x ∈ null(A).

Thus, null(ATA) ⊆ null(A) and so it follows that

dim(null(ATA)) = dim(null(A))⇒ rank(ATA) = rank(A).

We have shown that the eigenvalues of symmetric matrices are non-negative.

We will now consider the singular value decomposition for an m× n matrix A

[1].
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Theorem 1.1.6. Every matrix A ∈ Rm×n can be expressed in the form

A = UΣV T , (1.10)

where U ∈ Rm×m and V ∈ Rn×n are orthogonal, Σ is an m × n matrix with

entry σi in the i-th row and i-th column for i ∈ {1, . . . , rank(A)} and zero for

all the other entries. Here, σi > 0 for all i = 1, . . . , rank(A).

Proof. Without loss of generality, assume n ≥ m (otherwise, we decompose

AT = V ΣUT and obtain (1.10) by transposing AT ). The matrix ATA is

symmetric and thus orthogonally diagonalizable, that is

ATA = V DV T , (1.11)

where the columns vi of V are the orthonormal unit eigenvectors corresponding

to the eigenvalues λi of ATA. D is the diagonal matrix D = diag(λ1, . . . , λn).

From Lemma 1.1.5 it follows that rank(A) = rank(ATA) = rank(D) = r. Here,

D = diag(λ1, . . . , λr, 0, . . . , 0) with n−r zeros, where V and D are chosen such

that

λ1 ≥ λ2 ≥ · · · ≥ λr > 0.

Let {u1, . . . , ur} be a set of column vectors such that

ui = Avi, i ∈ {1, . . . , r}. (1.12)

Then it follows that

〈ui, uj〉 = uTj ui

= (Avj)
TAvi

= vTj A
TAvi

= vTj λivi

= λiv
T
j vi

=

0 if i 6= j,

λi if i = j.

Hence,

||Avi|| =
√
λi i ∈ {1, . . . , r}. (1.13)

By Lemma 1.1.3, the eigenvalues are non-negative, and
√
λi is the non-negative

square-root, so σi :=
√
λi > 0 for i = 1, . . . , r. Normalizing (1.12), it follows
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that

ui =
Avi
||Avi||

=
Avi√
λi

so that ui
√
λi = Avi. The remaining columns ur+1, . . . , um may be chosen such

that U is orthogonal. Let Σ be the m × n matrix with entry σi in the i-th

row and i-th column for i ∈ {1, . . . , rank(A)} and zero for all the other entries.

Then,

A = UΣV T .

Corollary 1.1.7. Let A ∈ Rm×n, then AATui = λui, where ui ∈ U are the

eigenvectors of AAT as defined in Theorem 1.1.6.

Proof. Using (1.12), it follows that

AATui = AATAvi

= Aλivi

= λiAvi

= λiui.

Therefore ATA and AAT share the same eigenvalues.

Remark 1.1.8. The singular value decomposition works for complex matrices,

but instead of the regular transpose, we use the conjugate transpose.

1.1.3 Moore-Penrose pseudoinverse

Definition 1.1.9. Let A ∈ Fm×n and A+ ∈ Fn×m. If the following conditions

1. AA+A = A,

2. A+AA+ = A+,

3. (AA+)∗ = AA+,

4. (A+A)∗ = A+A,

are satisfied, then A+ is called the Moore-Penrose pseudoinverse (or simply

the Moore-Penrose inverse) of A. The Moore-Penrose inverse generalizes the

inverse of a matrix.

The Moore-Penrose inverse always exists given that A ∈ Rm×n (or Cm×n), this

follows from the fact that A ∈ Rm×n can be decomposed such that A = UΣV T .
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In the following section the terms “More-Penrose inverse” and “More-Penrose

pseudoinverse” are used interchangeably.

Lemma 1.1.10. Let A ∈ Fm×n, the More-Penrose inverse is unique.

Proof. Suppose that A+
1 and A+

2 are Moore–Penrose inverses of A then

A+
1 = A+

1 AA
+
1

= A+
1 (AA+

2 A)A+
1

= A+
1 ((AA+

2 A)A+
2 A)A+

1

= (A+
1 A)∗(A+

2 A)∗(A+
2 A)A+

1

= (A+
2 AA

+
1 A)∗(A+

2 A)A+
1

= A+
2 (AA+

2 )∗(AA+
1 )∗

= A+
2 (AA+

1 AA
+
2 )∗

= A+
2 (AA+

2 )∗

= A+
2 (AA+

2 )

= A+
2 .

Lemma 1.1.11. For an invertible matrix A, the Moore-Penrose pseudoinverse

is the matrix inverse A−1 of A. That is, A−1 = A+.

Proof. Suppose that the inverse of A exists, then

A−1 = A−1AA−1

= A−1(AA+A)A−1

= (A−1A)A+(AA−1)

= A+.

Lemma 1.1.12. Let A ∈ Cm×n and let A = UΣV ∗ be its singular value

decomposition. Then

A+ = V Σ+U∗, (1.14)

where Σ is the m× n matrix with entry σi in the i-th row and i-th column for

i ∈ {1, . . . , rank(A)} and zero for all the other entries and Σ+ is the n × m
matrix with entry 1

σi
in the i-th column and i-th row and zero for all the other

entries.

Proof. We want to show that the axioms in Definition 1.1.9 hold. Straight for-

ward calculation yields that Σ+Σ = diag(Ir, 0n−r) and ΣΣ+ = diag(Ir, 0m−r),
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where 0n−r denotes the (n−r)×(n−r) matrix and Ir denotes the r×r identity

matrix. It follows by direct calculation that ΣΣ+Σ = Σ and Σ+ΣΣ+ = Σ+.

1. First we want to show that AA+A = A.

AA+A = (UΣV ∗V Σ+U∗UΣV ∗)

= UΣV ∗

= A.

2. We will prove that A+AA+ = A+.

A+AA+ = V Σ+U∗UΣV ∗V Σ+U∗

= V Σ+U∗

= A+.

3. We will show that AA+ is self adjoint, that is, (AA+)∗ = AA+.

(AA+)∗ = (UΣV ∗V Σ+U∗)∗

= U(ΣΣ+)∗U∗

= UΣΣ+U∗

= UΣV ∗V Σ+U∗

= AA+.

4. We will show that (A+A)∗ = A+A.

(A+A)∗ = (V Σ+U∗UΣV ∗)∗

= V (Σ+Σ)∗V ∗

= V Σ+ΣV ∗

= V Σ+U∗UΣV ∗

= A+A.

Next we will define products of higher-order tensors and investigate the prop-

erties of tensors from such a structure. First, let us introduce the tensor

notation.

1.2 Tensor notation

Throughout this dissertation we will assume that all the vector spaces are

finite dimensional. In this section and subsequent sections we will follow the
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notation, definitions and theory as described in [12, Chapter 5]. Tensors may

be represented as a multidimensional arrays, or N -way arrays. The concept

of tensors is a generalization of vectors and matrices, which are order-one and

order-two tensors respectively. Let Fn1 denote an n1-dimensional vector space

over the field F. An m-th order tensor A ∈ Fn1×n2×···×nm [3], is given by its

entries ai1i2···im and may be written in the form

A =
∑

ai1i2···imei1 ⊗ · · · ⊗ eim , ij ∈ {1, . . . , nm}, j ∈ {1, . . . ,m}, (1.15)

where {e1, . . . , en} is the standard basis in Fn and ei1 ⊗ · · · ⊗ eim denotes a

simple tensor in the tensor product Fn1×···×nm ∼= Fn1 ⊗ · · · ⊗ Fnm (defined in

(1.16)). Additionally, if n1 = n2 = · · · = nm = n, then we say that A is an

n-dimensional tensor.

1.3 Tensor product

Tensor products play a significant role in multilinear algebra. To define the

Kronecker product, first we will first describe tensor products of vector spaces.

Definition 1.3.1. Let V1, V2 . . . Vm and N be vector spaces, then the function

g : V1× V2× · · · × Vm → N is a multilinear function if g is linear separately in

each component of the vector space V1 × V2 × · · · × Vm. In other words, g is a

multilinear function if

g(v1, . . . , ai + bi, . . . , vm) = g(v1, . . . , ai, . . . , vm) + g(v1, . . . , bi, . . . , vm),

and

g(v1, v2, . . . , αai, . . . , vm) = αg(v1, v2, . . . , ai, . . . , vm),

where V1 × V2 × · · · × Vm = {(v1, v2, . . . , vm) : vi ∈ Vi, 1 ≤ i ≤ m} is the

Cartesian product of vector spaces.

The Universal Factorization Property (UFP) will aid us in our definition of

the tensor product. Moreover, we will use the UFP to show that the tensor

product is not uniquely defined.

Definition 1.3.2. (Universal factorization property [12])

Let V = (V1, V2, . . . , Vm) be a sequence of vector spaces, T a vector space

and φ : V1 × V2 × · · · × Vm → T a multilinear function. The pair (T, φ)

satisfies the universal factorization property if for every vector space K and

multilinear function f : V1 × V2 × · · · × Vm → K, there exists a unique linear

function h : T→ K, such that f = h ◦ φ. The following commutative diagram

demonstrates the universal factorization property.
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V1 × V2 × · · · × Vm K

T

f

φ
h

Figure 1.1

Definition 1.3.3. Suppose that (S, x) and (T, y) satisfy the universal factor-

ization property for V1, V2, . . . , Vm. The pair (S, x) and (T, y) are isomorphic if

there exists an invertible linear transformation T : S→ T such that y = Tx.

Theorem 1.3.4. Suppose that (S, x) and (T, y) satisfy the universal factor-

ization property for V1, V2, . . . , Vm. If the reach of x and y is all of S and T,

respectively, then (S, x) and (T, y) are isomorphic.

Proof. Using the following commutative diagram

V1 × V2 × · · · × Vm S

T

x

y
k

h

Figure 1.2

where h and k are unique maps, it follows that x = h ◦ y and y = k ◦ x. Thus,

x = h ◦ y
= h ◦ (k ◦ x)

= (h ◦ k) ◦ x.

Since the reach of x is all of S, h◦k is the identity of S. Similarly, y = k◦(h◦y)

and so k ◦ h is the identity of T. Thus

(S, x) ∼= (T, y).

Theorem 1.3.5. Let y : V1×V2×· · ·×Vm → T, if (T, y) satisfies the universal

factorization property, then span(y(V1 × V2 × · · · × Vm)) = T.

Proof. Suppose that span(y(V1×V2×· · ·×Vm)) 6= T, then there exists a t ∈ T,

such that t /∈ span(y(V1×V2×· · ·×Vm)) for all (v1, . . . , vm) ∈ V1×V2×· · ·×Vm.
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Clearly t 6= 0. We must have

span(y(V1 × V2 × · · · × Vm)) ∩ span{t} = {0}.

Suppose that α : T → T is the zero map, β : T → T is the projection onto

span{t} and f : V1 × V2 × · · · × Vm → T is the multilinear zero map.

By the UFP there exists h : T→ T such that h ◦ y = f. From the maps α and

β it follows that

α ◦ y = f and β ◦ y = f (since span(y(V1 × V2 × · · · × Vm)) ⊆ span{t}⊥).

Therefore

α ◦ y = β ◦ y = f,

but α 6= β (since α = β ⇐⇒ t = 0) which contradicts uniqueness, thus

span(y(V1 × V2 × · · · × Vm)) = T.

Definition 1.3.6. (Tensor products [12])

If (T, φ) satisfies the universal factorization property for V, then T is the tensor

product of V and we write,

T = V1 ⊗ V2 ⊗ · · · ⊗ Vm. (1.16)

1.4 Kronecker product

Let Fm×n and Fp×q denote the vector space of m× n and p× q (respectively)

matrices over the field F.

Definition 1.4.1. Let A be an m × n matrix over a field F and let B be a

p × q matrix over the same field F. The Kronecker product of the matrix A

and B is an mp× nq matrix [15], defined by

A⊗B =


a11B a12B · · · a1nB

a21B a22B · · · a2nB
...

...
. . .

...

am1B am2B · · · amnB

 . (1.17)

The use of the symbol ⊗ is sensible, since the map (A,B)→ A⊗ B defines a

tensor product Fm×n × Fp×q → Fm×n ⊗ Fp×q. To show that this is true let us

consider the following lemma



CHAPTER 1. INTRODUCTION 17

Lemma 1.4.2. Let f : Fm×Fn → K be a bilinear map and φ : Fm×Fn → Fmn

be the Kronecker product. Then there exists a unique linear map h : Fmn → K

such that h ◦ φ = f.

Proof. Let ei ∈ Fm and ej ∈ Fn denote the standard bases in Fm and Fn

respectively, where i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
First, we need to show that the set

S = {ei ⊗ ej : 1 ≤ i ≤ m, 1 ≤ j ≤ n}

is a basis for Fmn. Suppose that the linear combination of ei ⊗ ej is zero,

m∑
i=1

n∑
j=1

aij(ei ⊗ ej) = 0, (1.18)

we can write (1.18) as

m∑
i=1

n∑
j=1

(aijei)⊗ ej = 0.

Since, ei and ej are linearly independent in Fm and Fn respectively, we must

have aij = 0. Thus, the set S is linearly independent. Given an arbitrary

vector b ∈ Fmn, we can write b as a linear combination of ei ⊗ ej. That is,

b =
m∑
i=1

n∑
j=1

aij(ei ⊗ ej),

this shows that the set S spans Fmn. Thus, the set S is a basis for Fmn. By

the definition of φ we have φ(ei, ej) = ei ⊗ ej = e(i−1)n+j and φ is a bijection

between {(ei, ej) : 1 ≤ i ≤ m, 1 ≤ j ≤ n} and {ek : 1 ≤ k ≤ mn}. Thus

h(e(i−1)n+j) = f(ei, ej) defines a unique linear map. Therefore ei⊗ej is a tensor

product.

Let A ∈ Fs×m and B ∈ Ft×n we will show that the map (A,B) → A ⊗ B

defines a tensor product Fm×n × Fp×q → Fm×n ⊗ Fp×q.

Fm × Fn Fs × Ft

Fm ⊗ Fn Fs ⊗ Ft

(A,B)

⊗

ψ◦(A,B) ψ

A⊗B

Let ψ : Fs × Ft → Fs ⊗ Ft be the Kronecker product and (A,B) : Fm × Fn →
Fs × Ft a linear map defined by (A,B)(a, b) = (Aa,Bb). Then ψ ◦ (A,B) is a
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bilinear map since for a1 ∈ Fn, a2 ∈ Fm and scalars α, β ∈ F

ψ ◦ (A,B)(αa1 + βa2, b) = ψ(A(αa1 + βa2), Bb)

= ψ(αAa1 + βAa2, Bb)

= αψ(Aa1, Bb) + βψ(Aa2, Bb)

= αψ ◦ (A,B)(a1, b) + βψ ◦ (A,B)(a2, b).

Similarly, ψ ◦ (A,B)(a, αb1 + βb2) = αψ ◦ (A,B)(a, b1) + βψ ◦ (A,B)(a, b2).

Since ψ ◦ (A,B) is bilinear, A⊗B is the unique linear map such that

ψ ◦ (A,B) = (A⊗B) ◦ ⊗,

then by the universal factorization property the map A⊗B is uniquely defined

by (A,B). Now consider the diagram

Fs×m × Ft×n Fs × Ft

Fst×mn Fs ⊗ Ft

V

(a,b)

k

ψ◦(a,b)

f

ψ

h

where ψ is the Kronecker product, a ∈ Fm, b ∈ Fn and (a, b) : Fs×m × Ft×n →
Fs × Ft is a linear map given by (a, b)(A,B) = (Aa,Bb). Then ψ ◦ (a, b) is

bilinear since for A ∈ Fs×m, B ∈ Fs×m,C ∈ Ft×n and α, β ∈ F

ψ ◦ (a, b)(αA+ βB,C) = ψ ◦ ((αA+ βB)a, Cb)

= ψ(αAa+ βBa,Cb)

= ψ(αAa,Cb) + ψ(βBa,Cb)

= αψ(Aa,Cb) + βψ(Ba,Cb)

= αψ ◦ (a, b)(A,C) + βψ ◦ (a, b)(B,C).

Similarly, ψ ◦ (a, b)(C, αA+ βB) = αψ ◦ (a, b)(C,A) + βψ ◦ (a, b)(C,B).

The composition, ψ ◦ (a,b)(A,B), gives us

ψ ◦ (a,b)(A,B) = ψ(Aa,Bb)

= (Aa)⊗ (Bb).

To show that the map k is the Kronecker product of matrices let a = ei, b = ej
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and noting that ψ((A,B)(a, b)) = ψ((a, b)(A,B)) so that

(A⊗B)(a⊗ b) = (Aa)⊗ (Bb),

thus

(A⊗B)(ei ⊗ ej) = (Aei)⊗ (Bej).

Hence, using Lemma 1.4.2 and the fact that


a1

...

as

⊗

b1

...

bt

 =



a1b1

a1b2

...

...

asbt


,

it follows that

A⊗B = (Ae1 ⊗Be1 Ae1 ⊗Be2 · · ·Aem ⊗Ben)

=



a11b11 a11b12 · · · · · · a1mb1n

a11b21 a11b22 · · · · · · a1mb2n

...
...

. . .
...

...
...

. . .
...

as1bt1 as1bt2 · · · · · · asmbtn


.

Therefore k is the Kronecker product. Now we want to establish a bijection

similar to Lemma 1.4.2. Let Eij = eie
T
j , it follows that

h(Eij ⊗ Ekl) = (Eija)⊗ (Eklb).

Thus, h is uniquely defined (by its action on the standard basis).

Example 1.4.3. Suppose that A =

(
2 5

4 3

)
∈ R2×2 and B =

(
3 7

8 9

)
∈ R2×2,

then

A⊗B =


2

(
3 7

8 9

)
5

(
3 7

8 9

)

4

(
3 7

8 9

)
3

(
3 7

8 9

)

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=


6 14 15 35

16 18 40 45

12 28 9 21

32 36 24 27

 .

We now present some properties of the Kronecker product (see for example

[15]). For A ∈ Fm×n, B ∈ Fp×q, C ∈ Fr×s and α ∈ F,

(a) multiplication of the Kronecker product by a scalar,

(αA)⊗B = A⊗ (αB) = α(A⊗B),

(b) transpose of the Kronecker product,

(A⊗B)T = AT ⊗BT ,

(c) the Kronecker product is associative,

(A⊗B)⊗ C = A⊗ (B ⊗ C),

(d) complex conjugate (when F = C) of the Kronecker product,

(A⊗B)∗ = A∗ ⊗B∗,

(e) left and right distributive law of the Kronecker product,

A⊗ (B + C) = A⊗B + A⊗ C,

(A+B)⊗ C = A⊗ C +B ⊗ C,

(f) interchange law of the Kronecker product,

(A⊗B)(C ⊗D) = AC ⊗BD.

The following chapter describes a matrix-tensor product (the modal product)

and its calculation in terms of Kronecker products. The modal product follows

from the composition of a multilinear map and a linear map. The resulting

product will be between a higher-order tensor and a second-order tensor.



Chapter 2

Modal product

The simplest multiplication of a tensor by a matrix is called a modal product.

To understand this product let us first consider the matrix-matrix product,

which has two modes (rows and columns). To see this, let A be a matrix

defined by

A =
∑
ij

aijeie
T
j . (2.1)

Now let B be a matrix, the product of B and the first mode of A is

B ×1 A =
∑
ij

aij (Bei) e
T
j

= B
∑
ij

aijeie
T
j

= BA.

The product of B and the second mode of A is

B ×2 A =
∑
ij

aijei (Bej)
T

=
∑
ij

aijeie
T
j B

T

= ABT .

Thus, for matrices, modal products are right and left multiplication. We can

also see this by composing three linear functions. Let A,B,C andD be finite

dimensional vector spaces, such that

A B C D,
f g h

Figure 2.1

21
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and let [f ], [g] and [h] be matrix representations of f, g andh, respectively. The

matrix representation of the composition of f, g andh is

[h ◦ g ◦ f ] = [h][g][f ]. (2.2)

From (2.2) we see that there are two modes of multiplication with [g], i.e,

[h][g] and [g][f ]. Modal products are simply matrix products, with a matrix

unfolding of a tensor. Higher-order tensor-tensor multiplications reduce to

normal matrix multiplication. Matrix unfolding is a matrix representation of

a tensor. Let us first discuss the column space of the matrix unfolding. We

will do this by considering the following example.

Example 2.0.1. Consider R2 ⊗ R3. Let ei ∈ R2 denote the elements of the

standard basis in R2 and similarly for ej ∈ R3. When we write e1 ⊗ e2 ∈
R2 ⊗ R3, we mean e1 ∈ R2 and e2 ∈ R3 (although, in general, this notation is

ambiguous). Then

e1 ⊗ e1 =



1

0

0

0

0

0


, e1 ⊗ e2 =



0

1

0

0

0

0


, e1 ⊗ e3 =



0

0

1

0

0

0



e2 ⊗ e1 =



0

0

0

1

0

0


, e2 ⊗ e2 =



0

0

0

0

1

0


, e2 ⊗ e3 =



0

0

0

0

0

1


.

where ei ∈ R2, ej ∈ R3 and i indicates whether we are in the first or second

half of the tensor and j indicates the position of the nonzero element. Thus

ei ⊗ ej = e3(i−1)+j. We can generalize this for ei1 ∈ FI1 , ei2 ∈ FI2 , . . . , ein ∈ FIn

ei1 ⊗ ei2 ⊗ · · · ⊗ ein = e(i1−1)I2···In+···+(i2−1)I3···In+···+in .

2.1 Matrix unfolding

Tensor unfolding is the process of flattening a tensor into a matrix. The goal

of flattening a tensor is to use the algebraic properties of a matrix for a higher

order tensor. We define matrix unfolding for higher-order tensors [4], as follows.
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Definition 2.1.1. Assume an m-th order tensor A ∈ FI1×I2×···×Im . The n-th

unfolding of A, is the matrix A(n) ∈ FIn×(In+1In+2...ImI1I2...In−1), where

A(n) =
∑

(i1,...,im)∈I1×···×Im

ai1...imein(ein+1 ⊗ ein+2 ⊗ · · · ⊗ eim ⊗ ei1 ⊗ · · · ⊗ ein−1)
T ,

(2.3)

and contains the element ai1i2...im at the row position in and column position

(in+1 − 1)In+2In+3 . . . ImI1I2 . . . In−1 + (in+2 − 1)In+3In+4 . . . ImI1I2 . . . In−1+

· · ·+ (im − 1)I1I2 . . . In−1 + (i1 − 1)I2I3 . . . In−1 + (i2 − 1)I3I4 . . . In−1 · · ·+ in−1.

Example 2.1.2. Define a tensor A ∈ R2×2×3 by a111 = a223 = a212 = a221 = 1,

a121 = a122 = a213 = 0, −a112 = a211 = 3, −a113 = a222 = a123 = 2. Thus the

matrix unfoldings A(1) ∈ R2×6, A(2) ∈ R2×6 and A(3) ∈ R3×4 are given by

A(1) =

(
1 −3 −2 0 0 2

3 1 0 1 2 1

)
, A(2) =

(
1 0 −3 0 −2 2

3 1 1 2 0 1

)
,

A(3) =

 1 0 3 1

−3 0 1 2

−2 2 0 1

 .

We have established that matrix products have two modes of multiplication.

Similarly, m-th order tensors have m-modes of multiplication. The general

modal product is defined in terms of the mode of multiplication [4]. We will

now define a operation that transforms the unfolded tensor (second-order ten-

sor) back into a higher order tensor.

Definition 2.1.3. Let A(n) ∈ FIn×(In+1In+2...ImI1I2...In−1) be the n-th unfolding

of A ∈ FI1×I2×···×Im , then matrix folding is the operation

fold(A(n)) = A. (2.4)

where A ∈ FI1×I2×···×Im .

2.2 The n-mode product

The tensor-matrix product (modal product) is the product between a tensor

of order m ≥ 2 and a matrix (a tensor of order k = 2). We have shown that

a matrix has two modes of multiplication and that the matrix-matrix product

is compositional. For higher-order tensors, let us first consider an example of a

trilinear map (fourth-order tensor). Suppose thatA, B, C, P, Q, W, U, and V

are vector spaces such that, for a trilinear map g : A × B × C → P , linear
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maps f : U → B, k : W → A, h : V → C and y : P → Q

U

B

W × U × V W A A×B × C P Q

C

V

f

k
π1

π2

g

π3

y

h

Figure 2.2

and π1(a, b, c) = a, π2(a, b, c) = b, π3(a, b, c) = c. From the above diagram,

the representation tensor, [g], is multiplied by the representation matrices

[f ], [k], [h] and [y], we have four modes, namely, up, down, left and right. The

following is a compact form of the diagram above,

U

W W × U × V Q

V

y◦g◦(f,k,h)

Figure 2.3

Therefore, fourth-order tensors have 4-modes of multiplication and the above

diagram demonstrates that the tensor-matrix multiplication (for higher-order

tensors) is compositional.

For arbitrary-order tensors let us consider the following definition of the modal

product.

Definition 2.2.1. The n-mode product of a tensor A ∈ FI1×I2×···×Im by a

matrix U ∈ FJn×In is an (I1×I2×· · ·×In−1×Jn×In+1×· · ·×Im)-dimensional

tensor, given by

A×n U =
∑

i1,...,im

ai1...imei1 ⊗ · · · ⊗ ein−1 ⊗ Uein ⊗ ein+1 ⊗ · · · ⊗ eim . (2.5)
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Proposition 2.2.2. The modal product satisfies the following properties.

(1) For a tensor A ∈ FI1×I2×···×Im and matrices A ∈ FJn×In and B ∈
FJp×Ip , where p 6= n and 1 ≤ p, n ≤ m

(A×n A)×p B = (A×p B)×n A = A×n A×p B. (2.6)

(2) For a tensor A ∈ FI1×I2×···×Im and matrices A ∈ FJn×In and B ∈ FKn×Jn

(A×n A)×n B = A×n (BA). (2.7)

Proof. (1)

(A×n A)×p B

=

( ∑
i1,...,im

ai1...imei1 ⊗ · · · ⊗ Aein ⊗ · · · ⊗ eim

)
×p B

=
∑

i1,...,im

ai1...imei1 ⊗ · · · ⊗ Aein ⊗ · · · ⊗Beip ⊗ · · · ⊗ eim

=

( ∑
i1,...,im

ai1...imei1 ⊗ · · · ⊗Beip ⊗ · · · ⊗ eim

)
×n A

= (A×p B)×n A.

(2)

(A×n A)×n B

=

( ∑
i1,...,im

ai1...imei1 ⊗ · · · ⊗ Aein ⊗ · · · ⊗ eim

)
×n B

=

( ∑
i1,...,im

ai1...im
∑
jn

(A)jninei1 ⊗ · · · ⊗ ejn ⊗ · · · ⊗ eim

)
×n B

=

( ∑
i1,...,im

ai1...im
∑
jn

(A)jninei1 ⊗ · · · ⊗Bejn ⊗ · · · ⊗ eim

)
=
∑

i1,...,im

ai1...imei1 ⊗ · · · ⊗B
∑
jn

(Ajnin)ejn ⊗ · · · ⊗ eim

=
∑

i1,...,im

ai1...imei1 ⊗ · · · ⊗BAein ⊗ · · · ⊗ eim

= A×n (BA).
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2.3 Rank of a higher-order tensor

A vector space may be a tensor product in more than one way and each tensor

product has an associated rank.

Tensor products are not unique, therefore, there are multiple ways of repre-

senting tensor products due to the following isomorphism

Fm ⊗ Fn ∼= Fmn ∼= Fn ⊗ Fm,

(Fm ⊗ Fn)⊗ Fp ∼= Fm ⊗ (Fn ⊗ Fp),

Fm ⊗ Fp ∼= Fm×p.

(2.8)

Example 2.3.1. Using (2.8), let m = n = p = 2, so A ∈ F2×2×2. If a111 =

a122 = a212 = a221 = a222 = 0, a112 = a121 = a211 = 1, we have

A =

(
1

0

)
⊗
(

1

0

)
⊗
(

0

1

)
+

(
1

0

)
⊗
(

0

1

)
⊗
(

1

0

)
+

(
0

1

)
⊗
(

1

0

)
⊗
(

1

0

)

suppose that A is a rank one tensors, then

(
a

b

)
⊗
(
c

d

)
⊗
(
e

f

)
=



ace

acf

ade

adf

bce

bcf

bde

bdf


=



0

1

1

0

1

0

0

0


∴ ace = 0⇒ e = 0 (since acf = 1 and ac 6= 0)

bce = 1 is a contradiction since e = 0.

thus the rank of A is either 2 or 3 and this corresponds with the left-hand side

of (2.8). The right-hand side of (2.8) is the rank of a 2 × 4 matrix and the

rank is 2, we can formally define this as the modal rank.

Definition 2.3.2. The n-rank of a tensorA, denoted R(n)(A), is the dimension

of a vector space spanned by the columns of the n-th unfolding of A

R(n)(A) = rank(A(n)). (2.9)

The n-rank of a tensor is not the same as the rank of the tensor. As suggested
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by example 2.3.1 we shall see that matrix rank can be defined by decomposing

the matrix into outer products. Similarly, we can define the tensor rank by

writing it as an outer product [10]. In this dissertation we take the Kronecker

product as the outer product.

Definition 2.3.3. A tensor A ∈ FI1×I2×···×Im is rank one if it can be written

as the outer product of m vectors, that is

A = v(1) ⊗ v(2) ⊗ · · · ⊗ v(m) (2.10)

with the corresponding entries,

ai1i2···im = v
(1)
i1
v

(2)
i2
· · · v(m)

im
for all 1 ≤ im ≤ Im.

CANDECOMP-PARAFAC (CP) decomposition gives an insight into tensor

rank. The decomposition factorizes a tensor into a sum of rank-one tensors [10,

9]. Rank-one tensors are those tensors which can be expressed as a single outer

product (Kronecker product) v(1)⊗· · ·⊗v(m). Generally the CP decomposition

is not unique. However, the conditions for the unique definition of the CP

decomposition are discussed in [11].

Definition 2.3.4. CANDECOMP-PARAFAC decomposition of a tensor A ∈
FI1×I2×···×Im is a sum of rank-one tensors up to the rank R, that is

A =
R∑
r=1

σr(v
(1)
r ⊗ v(2)

r ⊗ · · · ⊗ v(m)
r ), (2.11)

where R is minimal.

Definition 2.3.5. The rank of a tensor A, denoted by R = rank(A), is defined

as the minimum number of rank-one tensors needed to express A (as a linear

combination of rank-one tensors).

Example 2.3.6. Let A ∈ F2×2×2, with entries a111 = a221 = a112 = 1, a211 =

a121 = a212 = a122 = a222 = 0. The CP decomposition of A is

A =

(
1

0

)
⊗
(

1

0

)
⊗
(

1

1

)
+

(
0

1

)
⊗
(

0

1

)
⊗
(

1

0

)
.

Thus, rank(A)=2. For the modal rank, we take a look at n unfoldings of A

A(1) =

(
1 1 0 0

0 0 1 0

)
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A(2) =

(
1 0 1 0

0 1 0 0

)

A(3) =

(
1 0 0 1

1 0 0 0

)
.

Thus R(1)(A) = R(2)(A) = R(3)(A) = 2. In this example, the rank of this

tensor equals the n-rank, this is not necessarily true for all tensors. In fact

R(n)(A) ≤ rank(A) (see [4]).

2.4 Multilinear single value decomposition

Our discussion of the higher-order SVD begins with the matrix SVD. We will

use the matrix unfolding of the tensor and apply the matrix SVD on every

mode of the tensor (see for example [4]).

Lemma 2.4.1. Let A ∈ FI1×I2×···×Im be a tensor and X1 ∈ FJ1×I1 , . . . , Xm ∈
FJm×Im be matrices. If A = Y ×1 X1 ×2 · · · ×m Xm, then we can express A as

A = (X1 ⊗ · · · ⊗Xm)Y .

Proof.

A = Y ×1 X1 ×2 · · · ×m Xm

=
∑

i1,...,im

yi1...imX1ei1 ⊗ · · · ⊗Xmeim (by definition 2.2.1)

= (X1 ⊗ · · · ⊗Xm)
∑

i1,...,im

yi1...imei1 ⊗ · · · ⊗ eim (by the interchange law)

= (X1 ⊗ · · · ⊗Xm)Y .

Thus, A = (X1 ⊗ · · · ⊗Xm)Y .

We will use the short-hand notation

Uk+1 ⊗ · · · ⊗ Uk−1 = Uk+1 ⊗ · · · ⊗ Um ⊗ U1 ⊗ · · · ⊗ Uk−1

Lemma 2.4.2. Let A ∈ FI1×I2×···×Im be a tensor and U1 ∈ FJ1×I1 , . . . , Um ∈
FJm×Im be matrices, then

[(U1 ⊗ · · · ⊗ Um)A](k) = UkA(k)(Uk+1 ⊗ · · · ⊗ Uk−1)T .
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Proof. From the left side

(U1 ⊗ · · · ⊗ Um)A = (U1 ⊗ · · · ⊗ Um)
∑

i1,...,im

ai1···imei1 ⊗ · · · ⊗ eim

=
∑

i1,...,im

ai1···im (U1ei1 ⊗ · · · ⊗ Umeim) (by the interchange law)

=
∑

i1,...,im
j1,...,jm

ai1···im ((U1)j1i1ej1 ⊗ · · · ⊗ (Um)jmimejm) .

For the k-th mode unfolding we have

[(U1 ⊗ · · · ⊗ Um)A](k)

=
∑

i1,...,im
j1,...,jm

ai1···im
(
(Uk)jkik · · · (Uk−1)jk−1ik−1

)
eik
(
eik+1

⊗ · · · ⊗ eik−1

)T
=
∑

i1,...,im
j1,...,jm

ai1···im(Uk)jkikeik
[
(Uk+1)jk+1ik+1

eik+1
⊗ · · · ⊗ (Uk−1)jk−1ik−1

eik−1

]T
=
∑

i1,...,im

ai1···imUkeik
[
Uk+1eik+1

⊗ · · · ⊗ Uk−1eik−1

]T
= Uk

∑
i1,...,im

ai1···imeik ⊗ · · · ⊗ eik−1
[Uk+1 ⊗ · · · ⊗ Uk−1]T (by the interchange law)

= UkA(k) [Uk+1 ⊗ · · · ⊗ Uk−1]T .

Therefore, [(U1 ⊗ · · · ⊗ Um)A](k) = UkA(k)(Uk+1 ⊗ · · · ⊗ Uk−1)T .

Theorem 2.4.3. Every tensor A ∈ FI1×I2×···×Im can be written as the product

A = (U1 ⊗ U2 ⊗ · · · ⊗ Um)S (2.12)

where U1, U2, . . . , Um are orthogonal matrices and S ∈ FI1×I2×···×Im.

Proof. We want to show that such a tensor, S, exists and that it is unique.

Let A be an m-th order tensor, with unfoldings A(1), . . . ,A(m). The j-th mode

singular value decomposition of A is

A(j) = UjΣjV
T
j . (2.13)

The modal products by Uj are invertible, and since unfolding is bijective.

There exists an m-th order tensor S such that

A(j) = UjS(j)(Uj+1 ⊗ · · · ⊗ Uj−1)T , (2.14)
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where

S(j) = ΣjV
T
j (Uj+1 ⊗ · · · ⊗ Uj−1).

We note that by Lemma 2.4.2, A = (U1 ⊗ · · · ⊗ Um)S. So that

A(k) = UkS(k)(Uk+1 ⊗ · · · ⊗ Uk−1)T = UkΣkV
T
k ,

by Lemma 2.4.2 and (2.13). Hence, since U1, . . . , Um are orthogonal,

S(k) = ΣkV
T
k (Uk+1 ⊗ · · · ⊗ Uk−1),

so that (2.14) holds for all modes j. It follows that S is given by

S = fold(S(j)) for any j = 1, . . . ,m.

Theorem 2.4.4. The subtensor, Sij , of S ∈ FI1×I2×···×Im is obtained by fixing

the j-th index to a constant, that is, Sij=α for 1 ≤ ij ≤ Ij. The higher-order

SVD has the following properties:

(1) The Frobenius-norms of the subtensors are defined to be the j-th mode

singular values of the matrix A(j), that is ||Sij=k|| = σk(A(k)).

(2) The Frobenius-norms of the subtensors are decreasing, that is

||Sij=1|| ≥ ||Sij=2|| ≥ · · · ≥ ||Sij=Ij ||.

Proof. (1) Following the notation and singular value decompositions in

the proof of theorem 2.4.3, we have

||Sij=k|| = ||(S(j))k−th row||
= ||eTkΣjV

T
j (Uj+1 ⊗ · · · ⊗ Uj−1)T ||

= σk||eTk V T
j (Uj+1 ⊗ · · · ⊗ Uj−1)T ||

= σk,

where σk is the k-th singular value of A(j). The last equality follows

by orthogonality of V T
j (Uj+1 ⊗ · · · ⊗ Uj−1)T .

(2) The proof follows from Theorem 1.1.6.

In the following chapter, we look at the first binary product between higher-

order tensors in this dissertation. We use a family of vector space isomor-

phisms, fold, to redefine a tensor as a matrix and unfold the matrix back into

a tensor (similar to the fold and unfold operation studied above).



Chapter 3

Einstein product

3.1 Einstein product

The Einstein product uses the isomorphism between the vector space and the

matrix space through tensor unfolding. For A ∈ FI1×···×Ip×K1×···×Km we have

FI1 ⊗ · · · ⊗ FIp ⊗ FK1 ⊗ · · · ⊗ FKm ∼= F(I1×I2×···×Ip)(K1×K2×···×Km),

This isomorphism is called an unfolding. Using the tensor, A, the Einstein

product is defined using [17]. In the following, we will assume that tensor

unfolding unfolds around the different letters used for indices, in order to

simplify the notation.

Definition 3.1.1. Let A ∈ FI1×···×Ip×K1×···×Km be a tensor the unfold of A is

defined as follow

unfoldI1×···×Ip(A) =
∑
i1,...,ip
k1,...,km

ai1···ipk1···kmei1 ⊗ · · · ⊗ eip(ek1 ⊗ · · · ⊗ ekm)T (3.1)

For a tensor A ∈ FI1×···×Ip×K1×···×Km the following notation will be used to

represent the fold and unfold operations

unfoldI1×···×Ip(A) := unfoldI(A)

foldK1×···×Km(A) := foldK(A)

Definition 3.1.2. LetA ∈ FI1×···×Ip×K1×···×Km and B ∈ FK1×K2×···×Km×J1×J2×···×Jq ,

the Einstein product is

A ∗E B = foldJ((unfoldI(A))(unfoldK(B))) (3.2)

31
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then, A ∗E B ∈ FI1×I2×···×Ip×J1×J2×···×Jq . The Einstein product is simply the

matrix product under the fold and unfold operation. The following figure

demonstrates this.

(A,B)

(A,B)

A ∗E B

AB

(unfold, unfold) (fold, fold) unfold fold

Einstein product

matrix product

Figure 3.1

In the following corollary, we will show that Definition 3.1.2 is equivalent to

the Einstein product in [17].

Corollary 3.1.3. Let A ∈ FI1×···×Ip×K1×···×Km and B ∈ FK1×···×Kp×J1×···×Jq .

The Einstein product is defined by the operator ∗E and

(A ∗E B)i1...imj1...jq =
∑

k1,...,km

ai1...ipk1...kmbk1...kmj1...jq ,

is equivalent to the product defined in Definition 3.1.2.

In the proof below we will use the short-hand notation for the entries of tensor

A

ai1...ipk1...km := aIK

Proof. From the right-hand side of (3.2) and by Definition 3.1.1 we have

foldJ(unfoldI(A))(unfoldK(B)))

= foldJ(
∑
i1,...,ip
k1,...,km

∑
k1,...,km
j1,...,jq

aIKbKJ(ei1 ⊗ · · · ⊗ eip)(ek1 ⊗ · · · ⊗ ekp)T

(ek1 ⊗ · · · ⊗ ekp)(ej1 ⊗ · · · ⊗ ejq)T )

= foldJ(
∑
i1,...,ip
k1,...,km

∑
k1,...,km
j1,...,jq

aIKbKJ(ei1⊗· · ·⊗eip)(eTk1ekp⊗· · ·⊗eTkpekp)(ej1⊗· · ·⊗ejq)T )

= foldJ(
∑
i1,...,ip
k1,...,km

∑
k1,...,km
j1,...,jq

aIKbKJ(ei1 ⊗ · · · ⊗ eip)(ej1 ⊗ · · · ⊗ ejq)T )

=
∑

k1,...,km

aIKbKJ

=
∑

k1,...,km

ai1...ipk1...kmbk1...kmj1...jq .
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Thus, foldJ(unfoldI(A))(unfoldK(B))) =
∑

k1,...,km

ai1...ipk1...kmbk1...kmj1...jq .

Lemma 3.1.4. Let A ∈ FI1×I2×···×Ip×K1×···×Km, B ∈ FK1×K2×···×Km×J1×···×Jq

and C ∈ FJ1×J2×···×Jm×L1×L2×···×Ln, then

(A ∗E B) ∗E C = A ∗E (B ∗E C). (3.3)

Proof.

(A ∗E B) ∗E C = foldJ((unfoldI(A))(unfoldK(B))) ∗E C
= foldL[unfoldI(foldJ [(unfoldI(A))(unfoldK(B))]unfoldJ(C)]
= foldL[((unfoldI(A)(unfoldK(B)))unfoldJ(C)]
= foldL[(unfoldI(A)((unfoldK(B))unfoldJ(C))]
= foldL[(unfoldI(A)unfoldK(foldL[unfoldK(B)unfoldJ(C)])]
= A ∗E (B ∗E C).

Definition 3.1.5. Let A ∈ FI1×I2×···×In×J1×J2×···×Jm , the transpose of A is a

tensor AT ∈ FJ1×J2×···×Jm×I1×I2×···×In given by

AT = foldI(unfoldJ(A)T ). (3.4)

Proposition 3.1.6. Let A ∈ FI1×···×In×J1×···×Jm and B ∈ FJ1×···×Jm×I1×···×Ip,
then

1.

(A ∗E B)T = BT ∗E AT . (3.5)

2. Let Im ∈ FJ1×···×Jm×J1×···×Jm and In ∈ FI1×···×In×I1×···×In be identity ten-

sors then

In ∗E A = A ∗E Im = A (3.6)

where In = foldI(unfoldI(In)), is a tensor that unfolds to an identity

matrix.

Proof. 1. We will show that (unfoldJ(A ∗E B))T = unfoldI(BT ∗E AT ).

(unfoldJ(A ∗E B))T = [unfoldI(A)unfoldJ(B)]T

= unfoldI(B)TunfoldJ(A)T

= unfoldI(BT ∗E AT ).

After applying the fold operation (A ∗E B)T = BT ∗E AT .
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2.

In ∗E A = foldJ [unfoldI(In)unfoldI(A)]

= foldJ [unfoldI(A)]

= A.

Similarly, A ∗E Im = A.

3.2 Einstein product Moore-Penrose pseudo

inverse

Since the Einstein product is defined (through unfolding) by the matrix prod-

uct, the matrix algebraic properties reflect to the setting of tensors. Thus, the

notion of a Moore-Penrose pseudo inverse of a matrix yields the same definition

for tensors (via the Einstein product).

Definition 3.2.1. Let A ∈ FI1×···×Im×K1×···×Kp . The Moore-Penrose pseudo

inverse of A is the tensor, A+ ∈ FK1×···×Kp×I1×···×Im , that satisfies the following

conditions:

1. A ∗E A+ ∗E A = A,

2. A+ ∗E A ∗E A+ = A+,

3. (A ∗E A+)∗ = A ∗E A+,

4. (A+ ∗E A)∗ = A+ ∗E A.

The singular value decomposition of matrices yields a higher-order singular

value decomposition via the Einstein product.

Definition 3.2.2. Let A ∈ FI1×···×Im×J1×···×Jm , then A is orthogonal if

A∗ ∗E A = A ∗E A∗ = Im. (3.7)

Lemma 3.2.3. Let A ∈ FI1×···×Im×J1×···×Jm, the singular value decomposition

of A has the form

A = U ∗E S ∗E V∗ (3.8)

where U ∈ FI1×···×Im×I1×···×Im, V ∈ FJ1×···×Jm×J1×···×Jm are orthogonal tensors

and S ∈ FI1×···×Im×J1×···×Jm = 0 when I1 × · · · × Im 6= J1 × · · · × Jm.

The singular value decomposition allows us to define the Moore-Penrose inverse

for any real tensor.
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Theorem 3.2.4. Let A ∈ FI1×···×Im×J1×···×Jm, be a tensor. The Moore-Penrose

inverse in the Einstein product exists and it is uniquely given by

A+ = V ∗E S+ ∗E U∗ (3.9)

where U ∈ FI1×···×Im×I1×···×Im, V ∈ FJ1×···×Jm×J1×···×Jm, are orthogonal tensors

and S+ ∈ FJ1×···×Jm×I1×···×Im

Proof. First we need to show that (3.9) satisfies Definition 3.2.1.

(1) A ∗E A+ ∗E A = A.

A ∗E A+ ∗E A = (U ∗E S ∗E V∗) ∗E (V ∗E S+ ∗E U∗) ∗E (U ∗E S ∗E V∗)
= U ∗E S ∗E S+ ∗E S ∗E V∗

= U ∗E S ∗E V∗

= A.

Therefore A ∗E A+ ∗E A = A.

(2) A+ ∗E A ∗E A+ = A+.

A+ ∗E A ∗E A+ = (V ∗E S+ ∗E U∗) ∗E (U ∗E S ∗E V∗) ∗E (V ∗E S+ ∗E U∗)
= V ∗E S+ ∗E S ∗E S+ ∗E U∗

= V ∗E S+ ∗E U∗

= A+.

Therefore A+ ∗E A ∗E A+ = A+.

(3) (A ∗E A+)∗ = A ∗E A+

(A ∗E A+)∗ = [(U ∗E S ∗E V∗) ∗E (V ∗E S+ ∗E U∗)]∗

= [U ∗E S ∗E S+ ∗E U∗]∗

= U ∗E S+ ∗E V∗ ∗E V ∗E S ∗E U∗

= A ∗E A+.

Therefore (A ∗E A+)∗ = A ∗E A+.

(4) (A+ ∗E A)∗ = A+ ∗E A

(A+ ∗E A)∗ = [(V ∗E S+ ∗E U∗) ∗E (U ∗E S ∗E V∗)]∗

= [V ∗E S+ ∗E S ∗E V∗]∗

= V ∗E S+ ∗E U∗ ∗E U ∗E S ∗E V∗

= A+ ∗E A.



CHAPTER 3. EINSTEIN PRODUCT 36

Therefore (A+ ∗E A)∗ = A+ ∗E A.

For uniqueness, suppose that A+,B+ ∈ FJ1×···×Jm×I1×···×Im are Moore-Penrose

pseudo inverses of A, then

A+ = A+ ∗E A ∗E A+

= A+ ∗E (A ∗E A+)∗ (Definition 3.2.1 (3))

= A+ ∗E (A+)∗ ∗E A∗

= A+ ∗E (A+)∗ ∗E A∗ ∗E (B+)∗ ∗E A∗

= A+ ∗E (A ∗E A+)∗ ∗E (A ∗E B+)∗

= A+ ∗E A ∗E A+ ∗E A ∗E B+

= A+ ∗E A ∗E B+

= A+ ∗E A ∗E B+ ∗E A ∗E B+

= A∗ ∗E (A+)∗ ∗E A∗ ∗E (B+)∗ ∗E B+

= A∗ ∗E (B+)∗ ∗E B+

= B+ ∗E A ∗E B+

= B+.

Therefore, the Moore-Penrose inverse of a tensor A is unique.

The Moore-Penrose pseudo inverse has the following properties [17].

Proposition 3.2.5. Let A ∈ FI1×···×Im×K1×···×Km and a ∈ F, then

1. (A+)+ = A,

2. (A+)∗ = (A∗)+,

3. (aA)+ = a+A+,

4. (A∗ ∗E A)+ = A+ ∗E (A∗)+,

5. (X ∗EA∗EY)+ = Y∗∗EA+∗EX ∗, where X and Y are orthogonal tensors

6. A+ ∗E (I − A ∗E A+) = 0 and (I − A ∗E A+) ∗E A+ = 0,

where

a+ =

 1
a

a 6= 0,

0 a = 0.

Proof. 1. Using Lemma 3.2.3 and Theorem 3.2.4, A+ is uniquely given
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by V ∗E S+ ∗E U∗, where U and V are orthogonal, hence

(A+)+ = (V ∗E S+ ∗E U∗)+

= U ∗E S ∗E V∗

= A.

2. Since A+ is the Moore-Penrose pseudo inverse of A, then (A+)∗ is

the Moore-Penrose pseudo inverse of A∗.

(I)

A ∗E A+ ∗E A = A ⇐⇒ (A ∗E A+ ∗E A)∗ = (A)∗

⇐⇒ A∗ ∗E (A+)∗ ∗E A∗ = A∗.

(II)

A+ ∗E A ∗E A+ = A+ ⇐⇒ (A+ ∗E A ∗E A+)∗ = (A+)∗

⇐⇒ (A+)∗ ∗E A∗ ∗E (A+)∗ = (A+)∗.

(III)

(A ∗E A+)∗ = A ∗E A+ ⇐⇒ ((A ∗E A+)∗)∗ = (A ∗E A+)∗.

(IV)

(A+ ∗E A)∗ = A+ ∗E A ⇐⇒ ((A+ ∗E A)∗)∗ = (A+ ∗E A)∗.

Thus by uniqueness of the Moore-Penrose pseudo inverse of A∗,
(A∗)+ = (A+)∗.

3. Using the definition of a+, we get

aA = (eiarg(a)U)(|a|)ΣV T

(aA)+ = V

(
1

|a|Σ
)

(eiarg(a)U)T

=
1

a
V (Σ) (U)T when a 6= 0

= a+A+
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4.

(A∗ ∗E A)+ = (unfold(A∗)unfold(A))+

= unfold(A)+unfold(A∗)+

= A+ ∗E (A∗)+

5. X and Y are orthogonal tensors, so it follows that X+ = X ∗ and

Y+ = Y∗,

(X ∗E A ∗E Y)+ = (unfold(X )unfold(A)unfold(Y))+

= (unfold(Y))+(unfold(A))+(unfold(X ))+

= unfold(Y)∗unfold(A)+unfold(X )∗

= Y∗ ∗E A+ ∗E X ∗.

6. Proof follows from using Proposition 3.1.6 and Definition 3.2.1.



Chapter 4

T-product

The T-product defined in [9], is a binary operation that preserves the order

of the tensor, i.e., the T-product of third-order tensors is a third-order tensor.

For simplicity, we will only consider third-order tensors. Before the formal

definition of the T-product is defined, we will develop some notation.

The notation t(i,j) represents a tube of a third-order tensor. Here, i and j are

fixed and the third index is varied.

A slice of a tensor is a two dimensional section (i.e., a matrices), defined

by fixing all but two indices, for a third order tensor, A ∈ Fn1×n2×n3 . The

horizontal, lateral and frontal slices are A ∈ Fn2n1×n3 , A ∈ Fn1n2×n3 and A ∈
Fn1n3×n2 , respectively.

The frontal slices of a tensor A ∈ Fn1×n2×n3 are two-dimensional sections,

denoted by frnt(A) and is presented as

frnt(A) =

n3∑
j=1

eTj ⊗ Aj, (4.1)

where ej is an element of the standard basis in Fn3 and Aj is the j-th frontal

slice of A. We will write frnt(A) = (A1|A2| · · · |An3).

Definition 4.0.1. The circulant of a tensorA is a square block matrix, defined

by shifting the elements of each row to the right relative to the preceding row.

We use the notation circ(A) to represent the circulant of a tensor A and

circ(A) =


A1 An3 An3−1 · · · A2

A2 A1 An3 · · · A3

...
. . . . . . . . .

...

An3 An3−1
. . . A2 A1

 ,

39
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where A1, · · · , An3 are frontal slices of A.

Let P denote the permutation matrix

P =



0 0 · · · 0 1

1 0 · · · 0 0

0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0


,

it follows that Pej = ejmodn+1. In the following example we will show that

P 2ej = ejmod4+1.

Example 4.0.2. Let P be a 4× 4 permutation matrix, such that

P =


0 0 0 1

1 0 0 0

0 1 0 0

0 0 1 0

⇒ P 2 =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 ,

then

P 2e1 = e3,

P 2e2 = e4,

P 2e3 = e1,

P 2e4 = e2.

Therefore, for a 4× 4 permutation matrix P 2ej = ejmod4+1.

From the example above we can see that for P kei, we get

P kei = e[(i−1)+k]modn+1 (4.2)

Definition 4.0.3. Let a ∈ Fn be a column vector, where

a =


a1

a2

...

an

 .

The circulant of the vector a is a n × n matrix where each row is the right
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cyclic shift of the vector a i.e.,

circ(a) =


a1 an an−1 · · · a2

a2 a1 an · · · a3

...
. . . . . . . . .

...

an an−1
. . . a2 a1

 .

The circulant of the tensor A with frontal slices Aj can be written as follow

circ(A) =

n3∑
j,k=1

(P k−1ej)e
T
k ⊗ Aj. (4.3)

Definition 4.0.4. The MatVec operation converts a tensor into a block ma-

trix, that is, an n1 × n2 × n3 tensor is converted into an n1n3 × n2 block

matrix.

MatVec(A) =

n3∑
j=1

ej ⊗ Aj. (4.4)

MatVec is a vector space isomorphism. The fold operation takes the MatVec

of a tensor and converts it back into a tensor, i.e

fold(MatVec(A)) = fold

(
n3∑
j=1

ej ⊗ Aj
)

= A.

Here, we note that fold is defined differently to Chapter 3, since the literature

uses different definitions of fold. Here we follow the definition in [9]. Now we

will define the T-product and state, then prove some lemmas and theorems.

Definition 4.0.5. Let A ∈ Fn1×n2×n3 and B ∈ Fn2×l×n3 be third-order tensors.

Then the T-product A ∗ B ∈ Fn1×l×n3 is a third-order tensor

A ∗ B = fold(circ(A) ·MatVec(B)). (4.5)

Using our definition of the circulant and MatVec, the T-product simplifies to

A ∗ B = fold(circ(A) ·MatVec(B))

= fold

((
n3∑

j,k=1

(P k−1ej)e
T
k ⊗ Aj

)
·
(

n3∑
k=1

ek ⊗Bk

))

= fold

(
n3∑

j,k=1

(P k−1ej)e
T
k ek ⊗ AjBk

)
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= fold

(
n3∑

j,k=1

(P k−1ej)⊗ AjBk

)

= fold

(
n3∑

j,k=1

(e[(j+k−2) mod n3]+1)⊗ AjBk

)
.

Let us consider the following example to show how the t-product works.

Example 4.0.6. Suppose that A is a 2× 2× 3 tensor, with frontal slices

frnt(A) =

(
1 0 1 1 0 0

0 1 1 0 0 0

)
,

and B a 2× 3× 3 tensor with frontal slices

frnt(B) =

(
1 0 0 1 1 1 2 1 1

0 1 0 0 0 1 1 0 0

)
.

Then, the circulant of A is a 6× 6 block matrix. That is,

circ(A) =



(
1 0

0 1

) (
0 0

0 0

) (
1 1

1 0

)
(

1 1

1 0

) (
1 0

0 1

) (
0 0

0 0

)
(

0 0

0 0

) (
1 1

1 0

) (
1 0

0 1

)


.

The MatVec of B is a 6× 3 block matrix, given by

MatVec(B) =



(
1 0 0

0 1 0

)
(

1 1 1

0 0 1

)
(

2 1 1

1 0 0

)


.

The product between circ(A) and MatVec(B) is the usual matrix product, thus

circ(A) ·MatVec(B) =



(
1 0

0 1

) (
0 0

0 0

) (
1 1

1 0

)
(

1 1

1 0

) (
1 0

0 1

) (
0 0

0 0

)
(

0 0

0 0

) (
1 1

1 0

) (
1 0

0 1

)


·



(
1 0 0

0 1 0

)
(

1 1 1

0 0 1

)
(

2 1 1

1 0 0

)


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=



4 1 1

2 2 1

2 2 1

1 0 1

3 2 3

2 1 1


.

It follows that the frontal slices of the T-product between the tensors A and

B, yields

frnt(A ∗ B) = frnt(fold(circ(A) ·MatVec(B)))

= frnt


foldn3



4 1 1

2 2 1

2 2 1

1 0 1

3 2 3

2 1 1




=

(
4 1 1 2 2 1 3 2 3

2 2 1 1 0 1 2 1 1

)
.

4.1 Properties of the T-product

We already know that the matrix product is associative. Tensors are mul-

tilinear objects and we will show in the first lemma that the T-product is

associative.

Lemma 4.1.1. Let A ∈ Fn1×n2×n3, B ∈ Fn2×l×n3 and C ∈ Fl×k×n3 be third-

order tensors, then

(A ∗ B) ∗ C = A ∗ (B ∗ C). (4.6)

Proof. We use the fact that the product of powers of P is commutative, that

is, P l−1P k−1 = P k−1P l−1 = P k+l−2 and the fact that matrix multiplication is

associative. Using the MatVec operation on the tensor product between A, B
and C we get

(A ∗ B) ∗ C = fold(MatVec(A ∗ B) ∗ C)

= fold

(
n3∑

j,k,l=1

P l+k−2ej ⊗ (AjBk)Cl

)

= fold

(
n3∑

k,j,l=1

P k+l−2ej ⊗ Aj(BkCl)

)
= fold (MatVec (A ∗ (B ∗ C)))
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= A ∗ (B ∗ C).

Therefore, by associativity we can write the T-product of three tensors as

follows,

(A ∗ B) ∗ C = A ∗ (B ∗ C) = A ∗ B ∗ C.

Definition 4.1.2. The n×n× l identity tensor, Innl, is a tensor whose frontal

slices are identity and zero matrices, i.e.,

frnt(Innl) = (I|0|0| · · · |0)

The T-product of a n × n × l identity tensor Innl with a n × n × l tensor, A
is given by

A ∗ Innl = A, and Innl ∗ A = A. (4.7)

Definition 4.1.3. Let A be an n× n× l tensor and B be an n× l× n tensor,

then B is an inverse of A if

A ∗ B = Innl, and B ∗ A = Innl.

Lemma 4.1.4. If T (X ) = A ∗ X where A ∈ Fn1×m×n3 and X ∈ Fm×n2×n3,

then

T : Fm×n2×n3 → Fn1×n2×n3 , (4.8)

is linear.

Proof. Let B ∈ Fm×n2×n3 and C ∈ Fm×n2×n3 be third-order tensors and α, β ∈ F
be scalars, then

T (αB + βC) = A ∗ (αB + βC)

= fold

(
n3∑

j,k=1

P k−1ej ⊗ Aj(αBk + βCk)

)

= fold

(
n3∑

j,k=1

αP k−1ej ⊗ AjBk

)
+ fold

(
n3∑

j,k=1

βP k−1ej ⊗ AjCk
)

= fold (αMatVec(A ∗ B)) + fold (βMatVec(A ∗ C))
= αA ∗ B + βA ∗ C
= αT (B) + βT (C).

Lemma 4.1.5. If T (A) = A ∗ X where A ∈ Fn1×m×n3 and X ∈ Fm×n2×n3,
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then

T : Fn1×m×n3 → Fn1×n2×n3 , (4.9)

is linear.

Proof. The proof is similar to the proof of Lemma 4.1.4.

We can represent the T-product in terms of the Kronecker product and thus

explore the rank, invertibility and null space of the T-product.

Let x(i) ∈ Fn3 ∼= x(i) ∈ Fn3×1×1, then the circulant of the tensor x(i) ∈ Fn3×1×1

is give by

circ(x(i)) = P k−1eje
T
k x

(i)

= (x(i) Px(i) · · ·P n3−1x(i)).

Theorem 4.1.6. Let A ∈ Fn1×n2×n3 and B ∈ Fn2×l×n3 be rank rA and rB

tensors, respectively, defined by

A =

rA∑
i=1

u(i) ⊗ v(i) ⊗ (w(i))T , B =

rB∑
j=1

x(j) ⊗ y(j) ⊗ (z(j))T . (4.10)

Where u(i) ∈ Fn1 , v(i) ∈ Fn2, w(i) ∈ Fn3, x(j) ∈ Fn2, y(j) ∈ Fl and z(j) ∈ Fn3 are

the columns of U ∈ Fn1×rA, V ∈ Fn2×rA, W ∈ Fn3×rA, X ∈ Fn2×rB , Y ∈ Fl×rB

and Z ∈ Fn3×rB respectively. Let t(i,j) denote a vector circ(w(i))z(j). Define the

scalars dij = (v(i))Tx(j). Then

A ∗ B =

rA∑
i=1

rB∑
j=1

dij(u
(i) ⊗ y(j) ⊗ t(i,j)). (4.11)

Proof. The frontal slices ofA and B are

rA∑
i=1

u(i)(v(i))Tw(i) and

rA∑
j=1

x(j)(y(j))T z(j)

respectively, thus

circ(A) =
∑
k,m

(Pm−1ek)e
T
m ⊗

rA∑
i=1

u(i)(v(i))Tw
(i)
k , and

MatVec(B) =
∑
k

ek ⊗
rA∑
j=1

x(j)(y(j))T z
(j)
k .

Then,

A ∗ B = fold(circ(A) ·MatVec(B))
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=

rA∑
i=1

rB∑
j=1

u(i)(v(i))Tx(j)(y(j))T ⊗
∑
k,m

∑
k

(Pm−1ek)(e
T
mw

(i)
k )z

(j)
k

=

rA∑
i=1

rB∑
j=1

dij(u
(i) ⊗ y(j) ⊗ circ(w(i))z(j))

=

rA∑
i=1

rB∑
j=1

dij(u
(i) ⊗ y(j) ⊗ t(i,j)).

Corollary 4.1.7. Let T denote the rA×rB matrix formed by taking the norms

of the tubes t(i,j) of T and let ∆ be the matrix with entries dij. Then the

rank(A∗B) = nnz(∆�T ) ≤ rArB, where nnz means number of nonzero entries

of the tensor and � stands for Hadamard (entrywise) product. Furthermore,

B ∈ null(A) if ||∆� T || = 0.

Example 4.1.8. Let A and B be third-order tensors such that rank(A) =

rank(B) = 2, and

A =

(
1

0

)
⊗
(

1

0

)
⊗
(

1

1

)
+

(
0

1

)
⊗
(

0

1

)
⊗
(

1

1

)
,

B =

(
1

1

)
⊗
(

1

0

)
⊗
(

1

0

)
+

(
1

1

)
⊗
(

0

1

)
⊗
(

0

1

)
.

Then

A ∗ B =

(
1

0

)
⊗
(

1

0

)
⊗
(

1

0

)
+

(
0

1

)
⊗
(

0

1

)
⊗
(

1

0

)
+

(
1

0

)
⊗
(

0

1

)
⊗
(

0

1

)

+

(
0

1

)
⊗
(

1

0

)
⊗
(

0

1

)

thus A ∗ B is a rank 4 tensor and

rank(A ∗ B) = 4 = nnz

((
1 1

1 1

)
�
(√

2
√

2√
2
√

2

))
.

Definition 4.1.9. If A is an n1 × n2 × n3 tensor, then AT is an n2 × n1 × n3

transpose tensor obtained by transposing each of the frontal slices of A and

reversing the order of the transposed frontal slices from the 2nd entry through

n3, i.e, if A ∈ Fn1×n2×n3 then (indices of AT are restricted by modulo n3)

MatVec(AT ) =

n3∑
j=1

ej ⊗ AT[n3−j+2]modn3
=


AT1

ATn3

...

AT2

 . (4.12)
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Lemma 4.1.10. Let A and B be tensors such that A ∗ B and BT ∗ AT are

defined, then

(A ∗ B)T = BT ∗ AT . (4.13)

Proof.

MatVec(BT ∗ AT ) = circ(BT )MatVec(AT )

=

(
n3∑

j,k=1

P k−1eje
T
k ⊗BT

n3−j+2

)(
n3∑
l=1

el ⊗ ATn3−l+2

)

=

n3∑
j,k,l=1

P k−1eje
T
k el ⊗BT

n3−j+2A
T
n3−l+2

=

n3∑
j,k,l=1

P k−1eje
T
k el ⊗ (An3−l+2Bn3−j+2)T

=

n3∑
j,k=1

P k−1ej ⊗ (An3−k+2Bn3−j+2)T

=

n3∑
j,k=1

ej+k−1 ⊗ (An3−k+2Bn3−j+2)T .

Let u = j + k − 1 and v = n3 − j + 2 then v = n3 − u + k + 1. Thus

n3 − k + 2 = 2n3 − u− v + 3 and 2n3 − u− v + 3 ≡ n3 − u− v + 3(modn3) so

n3∑
j,k=1

ej+k−1 ⊗ (An3−k+2Bn3−j+2)T =

n3∑
u=1

eu ⊗
(

n3∑
v=1

An3−u−v+3Bv

)T

= MatVec((A ∗ B)T ).

We will investigate the Frobenius norm of the T-product following the approach

taken from [9].

Definition 4.1.11. Suppose that A = (ai1i2...im) ∈ Fn1×n2×···×nm is an m-th

order n-dimensional tensor. The Frobenius norm of A is

||A||2F =
∑

i1i2...im

|ai1i2...im|2. (4.14)

The relation between the Frobenius norm of a tensor A and trace is as follows

[9]

||A||2F =
∑
j

trace(ATj Aj), (4.15)

where Aj are frontal slices.

Example 4.1.12. Let A be a 3 × 3 × 2 tensor with entries, −a331 = a111 =
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a232 = a132 = 1, −a121 = a221 = a212 = 4, a311 = a231 = a312 = a222 = 0,

−a322 = a211 = a321 = a112 = 2, a131 = a122 = a332 = 3. Then

A1 =

1 −4 3

2 4 0

0 2 −1



A2 =

2 3 1

4 0 1

0 −2 3



AT1A1 =

5 4 3

4 36 −14

3 −14 10

 , AT2A2 =

20 6 9

6 13 −3

6 −3 11

 .

So that,

2∑
j=1

trace(ATj Aj) = trace(AT1A1) + trace(AT2A2)

= (5 + 36 + 10) + (20 + 13 + 11)

= 95

and hence

||A||2F = ||A1||2F + ||A2||2F

=
3∑
i=1

3∑
j=1

a2
ij1 +

3∑
i=1

3∑
j=1

a2
ij2

= 52 + 43

= 95.

Definition 4.1.13. A n× n× l tensor, Q, is orthogonal if QT ∗Q = Q∗QT =

Innl.

Lemma 4.1.14. Let A be a tensor, then

||A||2F = trace(MatVec(A)TMatVec(A)).

Proof. Since

(MatVec(A))TMatVec(A) =

(∑
j

eTj ⊗ ATj

)(∑
k

ek ⊗ Ak
)
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=
∑
j

(eTj ⊗ ATj )(ek ⊗ Ak)

=
∑
jk

eTj ek ⊗ ATj Ak

=
∑
j

ATj Aj.

We have using (4.15),

trace(MatVec(A))TMatVec(A) =
∑
j

trace(ATj Aj)

= ||A||2F .

Definition 4.1.15. The Euclidean inner product 〈A,B〉 of two real tensors A
and B is

〈A,B〉 = trace((MatVec(B))TMatVec(A)). (4.16)

Note that ||A||F = 〈A,A〉.

Lemma 4.1.16. Let Q, B and C be tensors, then

〈Q ∗ B, C〉 = 〈B,QT ∗ C〉.

Proof.

〈Q ∗ B, C〉 = trace((MatVec(C))T circ(Q)MatVec(B))

= trace((MatVec(C))T (circ(Q)T )TMatVec(B))

= trace((circ(Q)TMatVec(C))TMatVec(B))

= 〈B,QT ∗ C〉,

where,

circ(Q)T =

(
n3∑

j,k=1

(P k−1ej)e
T
k ⊗Qj

)T

=

n3∑
j,k=1

((P k−1ej)e
T
k )T ⊗QTj

=

n3∑
j,k=1

((ek)e
T
j P

1−k)⊗QTj

=

n3∑
j,k=1

(eke
T
j+k−1)⊗QTj

=

n3∑
j,k=1

(P j+k−2e2−je
T
j+k−1)⊗QTj
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=

n3∑
j,k=1

(P j+k−2en3+2−je
T
j+k−1)⊗QTj .

Let j + k − 1 = s and n3 + 2− j = t, where j, k ∈ {1, 2, . . . n3}. Then

circ(Q)T =

n3∑
t=1

n3∑
s=1

(P s−1et)e
T
s ⊗QT

n3+2−t = circ(QT ).

The following lemma shows that orthogonal tensors preserve the Frobenius

norm.

Lemma 4.1.17. If Q is an orthogonal tensor, then

||Q ∗ A||F = ||A||F . (4.17)

Proof.

||Q ∗ A||2F = 〈Q ∗ A,Q ∗ A〉
= 〈A,QT ∗ (Q ∗ A)〉
= 〈A, (QT ∗ Q) ∗ A〉
= 〈A, I ∗ A〉
= 〈A,A〉
= ||A||2F .

4.2 Singular value decomposition

Definition 4.2.1. A tensorA ∈ Fn1×n2×···×nm is said to be diagonal if ai1i2...im 6=
0 only when i1 = i2 = · · · = im.

Remark 4.2.2. A tensor is said to be f-diagonal if all of its frontal slices are

diagonal.

Theorem 4.2.3. Let A ∈ Rn1×n2×n3 be a third-order tensor. Then A can be

factored as

A = U ∗ S ∗ VT , (4.18)

where U ∈ Rn1×n1×n3, V ∈ Rn2×n2×n3 are orthogonal and S ∈ Rn1×n2×n3 is an

f-diagonal tensor.
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Proof. First let

Fn3 =
1√
n3


w0 w0 · · · w0

w0 w1 · · · wn3−1

...
...

. . .
...

w0 wn3−1 · · · w(n3−1)2

 (4.19)

where w = e
i 2π
n3 . Since circulant matrices are diagonalizable using the discrete

Fourier transform domain [8], it follows that for circ(A)

(Fn3 ⊗ I)circ(A)(F ∗n3
⊗ I) =


D1 0 · · · 0

0 D2 · · · 0
...

...
. . .

...

0 0 · · · Dn3

 (4.20)

where Di for i = 1, 2, . . . , n3 are matrices. Using (4.20) and Theorem 1.1.6 it

follows that
D1 0 · · · 0

0 D2 · · · 0
...

...
. . .

...

0 0 · · · Dn3

 =


U1Σ1V

T
1 0 · · · 0

0 U2Σ2V
T

2 · · · 0
...

...
. . .

...

0 0 · · · Un3Σn3V
T
n3



=


U1 · · · 0
...

. . .
...

0 · · · Un3




Σ1 · · · 0
...

. . .
...

0 · · · Σn3



V T

1 · · · 0
...

. . .
...

0 · · · V T
n3

 .

Now applying (F ∗n3
⊗I) on the left and (Fn3⊗I) on the right of (4.20) it follows

that

(F ∗n3
⊗ I)


U1 · · · 0
...

. . .
...

0 · · · Un3

 (Fn3 ⊗ I) = circ(U),

(F ∗n3
⊗ I)


Σ1 · · · 0
...

. . .
...

0 · · · Σn3

 (Fn3 ⊗ I) = circ(S),

(F ∗n3
⊗ I)


V T

1 · · · 0
...

. . .
...

0 · · · V T
n3

 (Fn3 ⊗ I) = circ(VT ).

Thus,

circ(A) = circ(U)circ(S)circ(VT ). (4.21)



CHAPTER 4. T-PRODUCT 52

There is a bijection between A and circ(A), thus

circ−1(circ(A)) = A
= fold(circ(A)(e1 ⊗ I))

= fold(MatVec(A)). (4.22)

Now using (4.21) and (4.22),

A = fold[circ(U)circ(S)(circ(VT )(e1 ⊗ I))]

= fold[circ(U)circ(S)(MatVec(VT )].

Let MatVec(T ) = circ(S)(MatVec(VT ). It follows that

A = fold[circ(U)MatVec(T )]

= U ∗ T . (by the definition of the T-product)

Thus, MatVec(T ) = circ(S)(MatVec(VT )⇒ T = fold[circ(S)(MatVec(VT )].

Therefore, by the definition of the T-product

A = U ∗ S ∗ VT .

4.2.1 Moore-Penrose pseudo inverse

Similar to the Einstein product, the Moore-Penrose pseudo inverse must satisfy

the axioms given in the following theorem.

Theorem 4.2.4. The Moore-Penrose pseudo inverse exists for the T-product

and it is unique.

To prove that the Moore-Penrose inverse exists we need to show that there is

a tensor A+ which satisfies the following axioms,

1. A ∗ A+ ∗ A = A.

2. A+ ∗ A ∗ A+ = A+.

3. (A+ ∗ A)T = A+ ∗ A.

4. (A ∗ A+)T = A ∗ A+.



CHAPTER 4. T-PRODUCT 53

Proof. First, let A+ ∈ Rn1×n2×n3 be a third order tensor such that

(Fn3 ⊗ I)circ(A+)(F ∗n3
⊗ I) =


D+

1 0 · · · 0

0 D+
2 · · · 0

...
...

. . .
...

0 0 · · · D+
n3

 , (4.23)

where D+
i is the Moore-Penrose inverse of Di.

1. We will show that A ∗ A+ ∗ A = A.

In (4.20), we have the diagonal block matrix such that Di = UiΣiV
T
i for

all i = 1, . . . , n3. Here we let D+
i = ViΣ

+
i U

T
i , it follows that, applying

(4.20) and (4.23) we get

[(Fn3 ⊗ I)circ(A)circ(A+)circ(A)(F ∗n3
⊗ I)] (4.24)

=


D1D

+
1 D1 · · · 0
...

. . .
...

0 · · · Dn3D
+
n3
Dn3

 .

Thus, for all i we have

(Fn3 ⊗ I)circ(A)circ(A+)circ(A)(F ∗n3
⊗ I) = diag(DiD

+
i Di). (4.25)

Since D+
i is the Moore-Penrose inverse of Di, it holds that

DiD
+
i Di = Di,

thus, (4.25) becomes

(Fn3 ⊗ I)circ(A)circ(A+)circ(A)(F ∗n3
⊗ I) = diag(Di),

and hence,

circ(A)circ(A+)circ(A) = (F ∗n3
⊗ I)diag(Di)(Fn3 ⊗ I)

= circ(A).

Let MatVec(K) = circ(A+)MatVec(A), i.e., K = A+∗A, by the definition

of the T-product. Using (4.22) it follows that

A = fold[circ(A)circ(A+)circ(A)(e1 ⊗ I)]

= fold[circ(A)circ(A+)MatVec(A)]
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= fold[circ(A)MatVec(K)]

= A ∗ K
= A ∗ A+ ∗ A. (4.26)

2. Similarly, we prove that A+ ∗ A ∗A+ = A+. Using (4.23) it follows that

(Fn3 ⊗ I)circ(A+)circ(A)circ(A+)(F ∗n3
⊗ I) = diag(D+

i DiD
+
i ). (4.27)

Since

D+
i DiD

+
i = D+

i ,

we find that

(Fn3 ⊗ I)circ(A+)circ(A)circ(A+)(F ∗n3
⊗ I) = diag(D+

i ).

so that,

circ(A+)circ(A)circ(A+) = (F ∗n3
⊗ I)diag(D+

i )(Fn3 ⊗ I)

circ(A+)circ(A)circ(A+) = circ(A+)

fold[circ(A+)circ(A)circ(A+)(e1 ⊗ I)] = A+

fold[circ(A+)circ(A)MatVec(A+)] = A+

fold[circ(A+)MatVec(U)] = A+

A+ ∗ U = A+

A+ ∗ A ∗ A+ = A+.

where U = fold(circ(A)MatVec(A+)).

3. We also show that (A+ ∗A)T = A+ ∗A. As before we use (4.23) and we

get

(Fn3 ⊗ I)circ(AT )circ((A+)T )(F ∗n3
⊗ I) = diag(DT

i (D+
i )T ) (4.28)

= diag((D+
i Di)

T )

= diag(D+
i Di).

Now from the left side of (4.28), we have

[circ((A+))circ(A)]T

= circ(AT )circ((A+)T )

= (F ∗n3
⊗ I)diag(D+

i Di)(Fn3 ⊗ I)

= (F ∗n3
⊗ I)diag(D+

i )diag(Di)(Fn3 ⊗ I)
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= (F ∗n3
⊗ I)diag(D+

i )(Fn3 ⊗ I)(F ∗n3
⊗ I)diag(Di)(Fn3 ⊗ I)

= circ(A+)circ(A).

Now, it follows that

(A+ ∗ A)T = (A)T ∗ (A+)T

= fold[circ(AT )MatVec((A+)T )]

= fold[circ(AT )circ((A+)T )(e1 ⊗ I)]

= fold[(circ(A+)circ(A))T (e1 ⊗ I)]

= fold[circ(A+)circ(A)(e1 ⊗ I)]

= fold[circ(A+)MatVec(A)]

= A+ ∗ A.

4. Similarly we will show that (A ∗ A+)T = A ∗ A+

(Fn3 ⊗ I)circ((A+)T )circ(AT )(F ∗n3
⊗ I) = diag(DiD

+
i )

and,

[circ(A)circ(A+)]T

= circ(A+)T circ(A)T

= circ((A+)T )circ(AT )

= (F ∗n3
⊗ I)diag(DiD

+
i )(Fn3 ⊗ I)

= (F ∗n3
⊗ I)diag(Di)(Fn3 ⊗ I)(F ∗n3

⊗ I)diag(D+
i )(Fn3 ⊗ I)

= circ(A)circ(A+).

Thus,

(A ∗ A+)T = (A+)T ∗ AT

= fold[circ((A+)T )MatVec(AT )]

= fold[circ((A+)T )circ(AT )(e1 ⊗ I)]

= fold[circ(A+)T circ(A)T (e1 ⊗ I)]

= fold[(circ(A)circ(A+))T (e1 ⊗ I)]

= fold[circ(A)circ(A+)(e1 ⊗ I)]

= fold[circ(A)MatVec(A+)]

= A ∗ A+.
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For uniqueness, let A+ and B+ be the Moore-Penrose inverse of A, then

A+ = A+ ∗ A ∗ A+

= A+ ∗ A ∗ B+ ∗ A ∗ A+

= A+ ∗ (A ∗ B+)T ∗ (A ∗ A+)T

= A+ ∗ (B+)T ∗ AT ∗ (A+)T ∗ AT

= A+ ∗ (B+)T ∗ (A ∗ A+ ∗ A)T

= A+ ∗ (B+)T ∗ AT

= A+ ∗ (A ∗ B+)T

= A+ ∗ A ∗ B+

= (A+ ∗ A)T ∗ B+

= (A)T ∗ (A+)T ∗ B+

= (A ∗ B+ ∗ A)T ∗ (A+)T ∗ B+

= (B+ ∗ A)T ∗ AT ∗ (A+)T ∗ B+

= (B+ ∗ A)T ∗ (A+ ∗ A)T ∗ B+

= B+ ∗ A ∗ A+ ∗ A ∗ B+

= B+ ∗ A ∗ B+

= B+.

Corollary 4.2.5. Let A be a third order tensor with singular value decompo-

sition A = U ∗ S ∗ VT , then the Moore-Penrose pseudo inverse is

A+ = V ∗ S+ ∗ UT , (4.29)

where U and V are orthogonal tensors and S+ is f-diagonal.

Proof. The proof is similar to the proof of Theorem 4.2.3.



Chapter 5

Tensor-tensor product

In this chapter, we will introduce the general tensor-tensor product, the prod-

uct is the generalization of the matrix product. We will study this product

for higher-order tensors and compare its algebraic properties with the linear

algebraic properties. The general tensor-tensor product as defined in [16, 2]

is similar to Liqun Qi’s product [14]. We approach this product using the

composition of multilinear functions.

5.1 General tensor product

Definition 5.1.1. Let A be a m ≥ 2 order tensor and B be a k ≥ 1 order

tensor. The product C, between A and B is an order (m − 1)(k − 1) + 1

n-dimension tensor with entries

ciα1···αm−1 =
∑

i2,...,im=1

aii2···imbi2α1 · · · bimαm−1 , (5.1)

where αj := (αj2, αj3, . . . , αjk) ∈ Nk−1 each denote k − 1 indices.

We will show that the product in Definition 5.1.1 is compositional. Suppose

that φA and φB are multilinear functions given by

φA(ei2 , . . . , eim) =
∑
i1

ai1i2i3···imei1 , φB(ei2 , . . . , eik) =
∑
i1

bi1i2i3···imei1 . (5.2)

A is a representation tensor of φA and B is a representation tensor of φB. Let

φm−1
B : F(m−1)(k−1) → Fm−1 be a function, such that for x11, . . . , x(m−1)(k−1)

φm−1
B (x11, . . . , x(m−1)(k−1)) = (φB(x11, . . . , x1(k−1)), . . . , φB(x(m−1)1, . . . , x(m−1)(k−1))).

57
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The composition φA ◦ φm−1
B is defined by its action on the standard basis,

φA ◦ φm−1
B (eα22 , . . . , eαm(k−1)

)

= φA(φB(eα22 , . . . , eα2(k−1)
), . . . , φB(eαm2 , . . . , eαm(k−1)

))

= φA

(∑
i2

bi2α2ei2 , . . . ,
∑
im

bimαmeim

)
=
∑

i2,...,im

bi2α2bi3α3 · · · bimαmφA(ei2 , ei3 , . . . , eim)

=
n∑

i2,...,im=1

aii2···imbi2α2 · · · bimαmei.

The general tensor-tensor product may be illustrated by the following diagram.

Let φA : Bm → A and φB : Ck → B, then

(Ck)m

Ck Ck · · · Ck · · · Ck

B B · · · B · · · B

Bm

A

π1
π2

πi πm

φB φB φB φB

π1

π2 πi πm

φA

Figure 5.1

where πj(c1, . . . , cm) = cj is the usual projection. Here, unlike the usual di-

agrammatic representation, Bm π1−→ B
φB←− Ck denotes the equality π1(b) =

φB(c) which is sensible in this diagram. We compose φA with all the φB’s

multilinearly. Let us consider the product between a third-order tensor and a

second-order tensor.

Example 5.1.2. Let A ∈ F2×2×2 be a third-order tensor and B ∈ F2×2 be a

second-order tensor, where

frnt(A) =

(
1 0 1 2

0 0 0 1

)
and B =

(
1 0

2 1

)
.
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The product AB defined in Definition 5.1.1 is

ciα1α2 =
2∑

i2,i3=1

aii2i3bi2α1bi3α2

= ai11b1α1b1α2 + ai12b1α1b2α2 + ai21b2α1b1α2 + ai22b2α1b2α2 .

Hence,

frnt(C) =

(
11 4 5 2

4 2 2 1

)
.

Theorem 5.1.3. The tensor-tensor product has the following properties.

1. (A+ B)C = AC + BC, (where A and B have the same order)

2. A(B + C) = AB +AC,(where A is a matrix)

3. (λA)B = λ(AB),

4. A(λB) = λm−1AB.(where m ≥ 2 and k ≥ 1)

Proof. 1. By the pointwise definition of the addition of tensors

(φA + φB) ◦ φm−1
C (eα22 , . . . , eαm(k−1)

)

= (φA + φB)(φC(eα22 , . . . , eα2(k−1)
), . . . , φC(eαm2 , . . . , eαm(k−1)

))

= φA(φC(eα22 , . . . , eα2(k−1)
), . . . , φC(eαm2 , . . . , eαm(k−1)

))

+ φB(φC(eα22 , . . . , eα2(k−1)
), . . . , φC(eαm2 , . . . , eαm(k−1)

))

= φA ◦ φm−1
C (eα22 , . . . , eαm(k−1)

) + φB ◦ φm−1
C (eα22 , . . . , eαm(k−1)

).

2. Let A be a matrix and B a tensor then

φA ◦ φm−1
B (eα12 , . . . , eα1(k−1)

) = φA(φm−1
B (eα12 , eα13 , . . . , eα1(k−1)

))

We also know that from (5.2),

φB(ei2 , . . . , eim) =
∑
i1

bi1i2i3···imei1 , φC(ej2 , . . . , ejk) =
∑
j1

cj1j2j3···jmej1 .

Thus,

φB+C(ei2 , . . . , eim) =
∑
i1

(bi1i2···im + ci1i2···im)ei1

=
∑
i1

bi1i2···imei1 +
∑
i1

ci1i2···imei1
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= φB(ei2 , . . . , eim) + φC(ei2 , . . . , eim).

Therefore by the linearity of φA (where A is a matrix) it follows

that

φA ◦ φB+C(eα12 , . . . , eα1(k−1)
)

= φA(φB(eα12 , . . . , eα1(k−1)
) + φC(eα12 , . . . , eα1(k−1)

))

= φA(φB(eα12 , . . . , eα1(k−1)
)) + φA(φC(eα12 , . . . , eα1(k−1)

)).

3. By pointwise scalar multiplication of tensors

(λφA) ◦ φm−1
B (eα22 , . . . , eαm(k−1)

)

= λφA(φB(eα22 , . . . , eα2(k−1)
), . . . , φB(eαm2 , . . . , eαm(k−1)

)).

= λ(φA ◦ φm−1
B (eα22 , . . . , eαm(k−1)

).

4. By multilinearity of φA,

φA ◦ (λφm−1
B )(eα22 , . . . , eαm(k−1)

)

= φA(λφB)(eα22 , . . . , eαm(k−1)
)

= φA(λφB(eα22 , . . . , eα2(k−1)
), . . . , λφB(eαm2 , . . . , eαm(k−1)

))

= λm−1φA(φB(eα22 , . . . , eα2(k−1)
), . . . , φB(eαm2 , . . . , eαm(k−1)

))

= λm−1(φA ◦ φm−1
B (eα22 , . . . , eαm(k−1)

)).

Theorem 5.1.4. Let A, B and C be an order m + 1, an order k + 1 and an

order r + 1, dimension n tensor, respectively. Then

A(BC) = (AB)C.

Proof. We will illustrate the proof by constructing the compositional dia-

gram. Associativity follows from the associativity of the Cartesian product and

the fact that the diagrams are composed of paths from (Dr)mk to A. Each path

in the first diagram is equivalent to a distinct path in the second diagram and

vice-versa. We use the fact that compositions of projections are projections

again due to the associativity of the Cartesian product, i.e., the isomorphism

(Ck)m ∼= Cmk in the first diagram expands to the second diagram,
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(φA ◦ φm−1
B ) ◦ φmk−1

C ≡

(Dr)mk

Dr Dr · · · Dr · · · Dr

C C · · · C · · · C

Cmk

(Ck)m

Ck Ck · · · Ck · · · Ck

B B · · · B · · · B

Bm

A

π1
π2

πi
πmk

φC φC φC φC

π1

π2 πi
πm

π1
π2

πi πm

φB φB φB φB

π1

π2 πi
πm

φA

Figure 5.2



(Drk)m

(Dr)k (Dr)k · · · (Dr)k

Dr Dr · · · Dr Dr Dr · · · Dr · · · Dr Dr · · · Dr

C C · · · C C C · · · C · · · C C · · · C

Ck Ck · · · Ck

B B · · · B

Bm

A

π1 π2
πm

π1

π2

πk π1

π2

πk π1

π2

πk

ϕC ϕC ϕC ϕC ϕC ϕC ϕC ϕC ϕC

π1

π2

πk

ϕB

π1

π2

πk

ϕB

π1

π2

πk

ϕB

π1
π2

πm

ϕA

2
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φA ◦ (φm−1
B ◦ φk−1

C )m−1 ≡

Figure 5.3
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Definition 5.1.5. The m-th order, n dimensional tensor I is called the unit

tensor if

I = δi1i2...im =

1 if i1 = i2 = · · · = im,

0 otherwise.

The unit tensor behaves like a right identity in the following way,

(AI)iα2···αm =
∑

i1,i2,...,im

ai1i2···imδi2α2δi3α3 · · · δimαm

=

ai1i2···im αj = (ij, ij, . . . , ij) for all j ∈ {2, . . . ,m},
0 αj 6= (ij, ij, . . . , ij) for some j ∈ {2, . . . ,m}.

Thus A, is embedded as a tensor AI in a higher order tensor product space.

On the other hand I is not a left identity,

(IA)iα2···αm =
∑

i2,...,im

δii2···imai2α2ai3α3 · · · aimαm

= aiα1aiα2 · · · aiαm
6= (A)iα2···αm .

In general, by nonlinearity in B (in Definition 5.1.1) there is no left identity.

However, if m = 2 then I = I (the identity matrix) is a left identity.

Example 5.1.6. Suppose that A ∈ F2×2×2 and I ∈ F2×2, that is

frnt(A) =

(
1 0 1 2

2 5 0 1

)
and I =

(
1 0

0 1

)
.

The product AI = C is given entrywise by

c111 = 1, c121 = 0, c211 = 1, c221 = 2,

c112 = 2, c122 = 5, c212 = 0, c222 = 1.

Hence,

frnt(C) =

(
1 0 1 2

2 5 0 1

)
= frnt(A).



Chapter 6

Ternary products

In this chapter, we will briefly study a ternary product of tensors arising from

an association scheme [13]. Association schemes arise in combinatorics and

form a unitary commutative subalgebra (Bose-Mesner algebra) of matrices.

Here we describe the association scheme on triples and the corresponding

ternary product. The product can be generalised to an n-ary product which

includes the matrix product as a special case. Throughout this chapter, con-

cepts will be developed in terms of the ternary product in order to describe

the spectral decomposition (described in [7] section 6.2.5).

6.1 Association scheme on triples

Definition 6.1.1. An association scheme on triples (AST) on a set Ω is a

partition of Ω×Ω×Ω into relations Ri, where i ∈ {0, . . . ,m} and m ≥ 4, such

that the following conditions are satisfied:

(1) For any two distinct elements x, y ∈ Ω, the pair (x, y) is in a uniform

number of triples (x, y, z) ∈ Ri, i.e, for all x, x′, y, y′ ∈ Ω with x 6= y and

x′ 6= y′

|{z : (x, y, z) ∈ Ri}| = |{z : (x′, y′, z) ∈ Ri}|.

(2) For any i, j, k, l ∈ {0, . . . ,m} and for a given triple (x, y, z) ∈ Rl, there

is a uniform number of elements w ∈ Ω such that

(w, y, z) ∈ Ri, (x,w, z) ∈ Rj, and (x, y, w) ∈ Rk,

where w is independent of (x, y, z) and only depends on i, j, k, l and is

denoted by P l
ijk.

64
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(3) For any relation Ri, where i ∈ {0, . . . ,m} and any permutation σ of

{1, 2, 3}, the set

{(xσ(1), xσ(2), xσ(3)) : (x1, x2, x3) ∈ Ri}

equals some relation Rj where j ∈ {0, . . . ,m}.

(4) The relations Ri, where i ∈ {0, . . . , 3} are trivial relations such that, for

distinct elements x, y ∈ Ω

(x, x, x) ∈ R0, (x, y, y) ∈ R1, (x, y, x) ∈ R2, and (x, x, y) ∈ R3.

We will work with the frontal slices of a third-order tensor. The addition and

scalar multiplication of these third-order tensors is defined entrywise in the

usual way. If the cardinality of the set Ω is v (finite), that is |Ω| = v, then

each relation Ri is determined by its v× v× v adjacency tensor A with entries

(x, y, z) denoted (Ai)xyz, where

(Ai)xyz =

1 if (x, y, z) ∈ Ri,

0 otherwise.
(6.1)

It is convenient to express these adjacency tensors in terms of their frontal

slices.

Example 6.1.2. Let Ω be a set with x, y ∈ Ω such that x and y are distinct

and |Ω| = 3, then the trivial relations of the 3 × 3 × 3 adjacency tensors A0,

A1, A2 and A3 (as defined in (6.1)) are

frnt((A0)xxx) =

 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1

 ,

frnt((A1)xyy) =

 0 0 0 0 1 0 0 0 1

1 0 0 0 0 0 0 0 1

1 0 0 0 1 0 0 0 0

 ,

frnt((A2)xyx) =

 0 1 1 0 0 0 0 0 0

0 0 0 1 0 1 0 0 0

0 0 0 0 0 0 1 1 0

 ,

frnt((A3)xxy) =

 0 0 0 1 0 0 1 0 0

0 1 0 0 0 0 0 1 0

0 0 1 0 0 1 0 0 0

 .
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The adjacency tensor for the relation, R4, where x, y, z are all distinct is the

following,

frnt((A4)xyz) =

 0 0 0 0 0 1 0 1 0

0 0 1 0 0 0 1 0 0

0 1 0 1 0 0 0 0 0

 .

Then R0, . . . , R4 forms an AST.

We define in Definition 6.1.3 the ternary product. The connection between

this ternary product and AST is given in Theorem 6.1.4.

Definition 6.1.3. For any third-order tensors A,B and C of size v × v × v

indexed by the set Ω, the ternary product D is the third-order tensor of size

v × v × v given by

(A · B · C)xyz =
∑
w∈Ω

awyzbxwzcxyw, (6.2)

where awyz denotes the (w, y, z) entry of A, bxwz denotes the (x,w, z) entry of

B and cxyw denotes the (x, y, w) entry of C.

From the definition, it is clear that the ternary product preserves the order of

the tensors.

Theorem 6.1.4. For an AST defined on the set Ω with the relations R0, . . . , Rm

and the corresponding adjacency tensors A0, . . . ,Am, respectively, then for

i, j, k ∈ {0, 1, . . . ,m} we have that

Ai · Aj · Ak =
m∑
l=0

P l
ijkAl. (6.3)

We omit the proof of the theorem, in order to emphasize the algebraic and

spectral properties (presented in [13]).

In [7], an equivalent product ◦(A,B, C) is presented, where ◦(A,B, C) = C·A·B
in terms of the product in Definition 6.1.3. Throughout the remaining of the

chapter we will adopt the product of [13] as given in Definition 6.1.3 and also

present the results from [7] in terms of this product.
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6.2 Properties of the ternary product

First we provide a connection between the matrix product and the product

in Definition 6.1.3. Matrix products can be written as a summation of outer

products, that is, for matrices A and B

(AB)ij =
n∑
k=1

(A)ik(B)kj,

so that

AB =
n∑
k=1

n∑
i=1

n∑
j=1

aikbkj ⊗ eieTj

=
n∑
k=1

n∑
i=1

n∑
j=1

aikei ⊗ bkjeTj

=
n∑
k=1

(
n∑
i=1

aikei

)
⊗
(

n∑
j=1

bkje
T
j

)
.

The ternary product of tensors can be written as a sum of third-order outer

products. The outer product generalizes in the following way. Let a, b ∈ Rn

be vectors considered as 1× n and n× 1 matrices respectively, then the outer

product is given entrywise by the products

out(a, b)ij = bj1a1i, (6.4)

indexed by the coordinates. For matrices, a ternary outer product is given

entrywise by

out(A,B,C)ijk = (C)ij(B)ik(A)jk. (6.5)

For third order tensors A, B, and C

(A · B · C)xyz =
n∑

w=1

awyzbxwzcxyw,

so that

A · B · C =
n∑

w=1

out(Aw··,B·w·, C··w) (6.6)

where,

out(Aw··,B·w·, C··w) :=
n∑
x=1

n∑
y=1

n∑
z=1

awyzbxwzcxyw(ex ⊗ ey ⊗ ez)
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is the ternary outer product of tensors as defined in [7].

Theorem 6.2.1. The ternary product is trilinear.

Proof. The ternary product is distributive in the first entry, that is

(A+A′) · C · D = A · C · D +A′ · C · D. (6.7)

To show this, let us consider third-order tensors A,A′, C, D and scalars α, β ∈
F. It now follows that

[(αA+ βA′) · C · D]xyz =
n∑

w=1

(αawyz + βa′wyz)cxwzdxyw

= α

n∑
w=1

awyzcxwzdxyw + β
n∑

w=1

a′wyzcxwzdxyw

= α(A · C · D)xyz + β(A′ · C · D)xyz.

Similarly the distributivity in the second and third argument is as follow

A · (B + B′) · C = A · B · C +A · B′ · C, (6.8)

A · B · (C + C ′) = A · B · C +A · B · C ′. (6.9)

6.2.1 Tensor transpose

Definition 6.2.2. Let A, be a third-order tensor with entries, (A)xyz = axyz.

Then the transpose of A, denoted AT , has the entries

(AT )xyz = ayzx. (6.10)

Consequently ((AT )T )xyz = azxy and (((AT )T )T )xyz = axyz. Notice that in

(6.10) the transpose is a cyclic permutation of the indices of A. We will use

the notation

ATn = ((((AT )T )T ) · · · )T︸ ︷︷ ︸
n-times

.

Definition 6.2.3. The tensor A is symmetric if

A = AT = AT 2

, (6.11)
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where axyz = ayzx = azxy.

Proposition 6.2.4. The transpose of the ternary product is given by

(A · B · C)T = CT · AT · BT . (6.12)

Proof.

(A · B · C)Txyz = (C · A · B)yzx

=
n∑

w=1

cwyzaxwzbxyw

= (CT · AT · BT )xyz.

Thus, (A · B · C)T = CT · AT · BT .

Corollary 6.2.5. (A · B · C)T 2
= BT 2 · CT 2 · AT 2

.

The proof of the Corollary is similar to the proof of Proposition 6.2.4.

Proposition 6.2.6. If A is symmetric, then A · AT · AT 2
, AT 2 · A · AT and

AT · AT 2 · A are symmetric ternary products.

Proof. Let us consider A·AT ·AT 2
, then using Proposition 6.2.4 and Definition

6.2.2, it follows that

(A · AT · AT 2

)T = (AT 2

)T · (A)T · (AT )T

= AT 3 · AT · AT 2

= A · AT · AT 2

.

For the second part of the proof, it follows that

(A · AT · AT 2

)T
2

= (AT )T
2 · (AT 2

)T
2 · (A)T

2

= AT 3 · (AT 3

)T · AT 2

= A · AT · AT 2

.

Therefore,

(A · AT · AT 2

)T
2

= (A · AT · AT 2

)T = A · AT · AT 2

,

so A · AT · AT 2
is symmetric.

Theorem 6.2.7. Let A be a third-order tensor, there exists a third-order ten-
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sor, I, such that

A · I · IT 2

= A, (6.13)

for all tensors A.

Proof. We will show that (6.13) holds for (I)ijk = δjk, where δjk denotes the

Kronecker delta. We first let A = Euvw, the standard basis element with a 1

in row u, column v and fiber w and 0 elsewhere, thus

A = (a)ijk =

1 δiuδjvδkw, when i = u, j = v, k = w,

0 otherwise.
(6.14)

Using equation (6.13) with the above, we have

n∑
t=1

atjk(I)itk(IT
2

)ijt = aijk ⇒
n∑
t=1

δtuδjvδkw(I)itk(IT
2

)ijt = δiuδjvδkw

⇒ δjvδkw

n∑
t=1

δtu(I)itk(IT
2

)ijt = δiuδjvδkw

⇒ (I)iuk(IT
2

)iju = δiu

⇒ (I)iuk(I)uij = δiu,

where the last two equalities hold when v = j and w = k. In particular, when

j = k we have (I)2
iuk = δiu. Moreover, if the underlying field is R or C, then

there is a unique tensor I with non-negative entries obeying (6.14). Therefore,

Iijk = δij, (6.15)

satisfies (6.13). Now we need to show that A · I · IT 2
= A,

(A · I · IT 2

)ijk =
n∑
t=1

atjk(I)itk(I2)ijt

=
n∑
t=1

atjkδitδti

= aijk

= Aijk.

So, A · I · IT 2
= A.

If the field is R or C, then Iijk = δij is the unique non-negative square root

of δij. Consequently, from Theorem 6.2.7 it follows that (IT )ijk = δjk, and

(IT 2
)ijk = δki.
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Lemma 6.2.8. Let A, be a third-order tensor. Then,

I · A · IT = A, (6.16)

IT 2 · IT · A = A. (6.17)

Proof. Let the entries of A be (A)ijk = aijk. Starting from the left side of

(6.16), we have

(I · A · IT )ijk =
n∑
t=1

(I)tjkaitk(IT )ijt

=
n∑
t=1

δtjaitkδjt

= aijk.

Thus I · A · IT = A. For (6.17), one have

(IT 2 · IT · A)ijk =
n∑
t=1

(IT 2

)tjk(IT )itkaijt

=
n∑
t=1

δktδtkaijt

= aijk.

Thus, IT 2 · IT · A = A.

6.2.2 Associativity of the ternary product

Associativity of a ternary product may be defined in multiple ways, since “ad-

jacency” in the terms does not provide a canonical ordering for evaluation. We

consider first the obvious generalization of binary associativity to the ternary

product. At the end of this section we will show that a non-standard form of

associativity does hold for the ternary product.

Counter examples of the following Lemma 6.2.9 will be provided in 6.2.10 and

6.2.11.

Lemma 6.2.9. Let A,B, C,D, and E be third-order tensors and

(A · B · C)ijk =
n∑
t=1

atjkbitkcijt.

We want to show that in general

(A · B · C) · D · E 6= A · B · (C · D · E) 6= A · (B · C · D) · E . (6.18)
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In total we will have four cases.

Case (I) (A · B · C) · D · E 6= A · B · (C · D · E),

The left side equals:

((A · B · C) · D · E)ijk =
n∑
s=1

(A · B · C)sjkdiskeijs

=
n∑
s=1

n∑
t=1

atjkbstkcsjtdiskeijs. (6.19)

On the right side we have

(A · B · (C · D · E))ijk =
n∑
t=1

atjkbitk(C · D · E)ijt

=
n∑
t=1

n∑
s=1

atjkbitkcsjtdisteijs. (6.20)

Comparing (6.19) and (6.20) we can see that in general,

atjkbstkcsjtdiskeijs 6= atjkbitkcsjtdisteijs, (6.21)

because generally, bstkdisk 6= bitkdist. The following example illustrates

case (I).

Example 6.2.10. Let A,B, C,D, and E be third-order tensors, it fol-

lows that if aijk = cijk = eijk = 1,

bstk =

1 i = j = k = 1,

0 otherwise,
and dijk =

1 i = 2, j = k = 1,

0 otherwise,

then, (A · B · C) · D · E 6= A · B · (C · D · E).

Case (II) A · B · (C · D · E) 6= A · (B · C · D) · E .

(A · (B · C · D) · E)ijk =
n∑
s=1

asjk(B · C · D)iskeijs

=
n∑
s=1

n∑
t=1

asjkbtskcitkdisteijs. (6.22)

Using (6.20) and (6.22) we can see that, in general

atjkbitkcsjtdisteijs 6= asjkbtskcitkdisteijs,

(6.23)

in general, atjkbitkcsjt 6= asjkbtskcitk. We provide a counter example where
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(6.23) does not hold to prove case (II).

Example 6.2.11. Let A,B, C,D, and E be third-order tensors, with

cijk = dijk = 1, where

aijk =

1 i = j = k = 1,

0 otherwise,
, bijk =

1 i = 2, j = k = 1,

0 otherwise,

and,

eijk =

1 i = 2, j = k = 1,

0 otherwise.

Thus, A · B · (C · D · E) 6= A · (B · C · D) · E .

The remaining cases:

A · B · (C · D · E) 6= (A · B · C) · D · E ,
A · (B · C · D) · E 6= (A · B · C) · D · E ,

follow a similar reasoning and so in general associativity does not hold for the

ternary product (6.2).

For ternary products, the notion of associativity generalizes in different ways

from the notion of associativity for binary products. Let us first look at the

results for matrices. A novel approach to introduce associativity follows from

a result by Eckmann and Hilton (the so called Eckmann-Hilton argument [5]),

which states that the internal unital magmas in the category of unital magmas

are commutative monoids. The argument can be adopted in the following way.

Definition 6.2.12. Let ∗ : M ×M →M , be a binary operation acting on the

set M . A magma is a set (M, ∗) equipped with a binary operation. A unital

magma is a triple (M, ∗, 1) where 1 ∈M , such that for x ∈M , x∗1 = 1∗x = x.

Associativity in unital magmas may be described as a special kind of inter-

change law. Two binary products, · and ∗, are said to obey the interchange

law if

(A ·B) ∗ (C ·D) = (A ∗ C) · (B ∗D). (6.24)

Now if ∗ = ·, then a restriction of the interchange law describes associativity.

Suppose that A and B are matrices and I be the identity matrix. Using the

special case of the interchange law (6.24), it follows that

(A · I) · (B · C) = (A ·B) · (I · C)⇐⇒ A(BC) = (AB)C. (6.25)
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Similarly we want to investigate a notion of associativity for the ternary prod-

uct. We will present a form of associativity involving the identity tensor.

Consider the following product

[(aαA)(bβB)(rγR)]ijk =
n∑
t=1

(aαA)tjk(bβB)itk(rγR)ijt

=
n∑
t=1

[
n∑
l=1

aljkαtlkAtjl

n∑
u=1

butkβiukBitu

n∑
v=1

rvjtγivtRijv

]

=
n∑
l=1

n∑
u=1

n∑
v=1

aljkβiukRijv

n∑
t=1

[αtlkAtjlbutkBiturvjtγivt] .

(6.26)

The next theorem shows that, for matrix-like tensors, a form of associativity

holds, where each term in a product is associated with a second and third term

of a product.

Theorem 6.2.13. Let A′, b′ and γ′ be n×n matrices and let A, b and γ denote

the tensors, given by

A =


1

1
...

1

⊗ A′, b =




1

1
...

1

⊗ b′

T

, and γ =




1

1
...

1

⊗ γ′

T 2

.

Furthermore, let α,B and r be arbitrary third-order n-dimensional tensors,

then

(IαA)(bITB)(rγIT 2

) = I(bIT (αBr))(AγIT 2

). (6.27)

Proof.

[(IαA)(bITB)(rγIT 2

)]ijk =
n∑
l=1

n∑
u=1

n∑
v=1

δljδukδvi

n∑
t=1

[αtjkAtjlbutkBitkrijtγivt] .

Since Atjl = Avjl, butk = bulk and γivt = γivl, we have

(IαA)(bITB)(rγIT 2

)ijk

=
n∑
l=1

n∑
u=1

n∑
v=1

Iljk(IT )iuk(IT
2

)ijvAvjlbulkγivl(αBr)ijk

=
n∑
l=1

Iljk
(

n∑
u=1

bulk(IT )iuk(αBr)ilu

)(
n∑
v=1

Avjlγivl(IT
2

)ijv

)

=
n∑
l=1

Iljk
(
b(IT )(αBr)

)
ilk

(
Aγ(IT 2

)
)
ijl
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= [I(bIT (αBr))(AγIT 2

)]ijk.

Remark 6.2.14. Here r, α and B are first, second and third terms in a product

and associate on the right (in different order). The tensors A, γ and IT 2

associate in a similar manner (but are not arbitrary tensors).

The proof of the following result of associativity, appears in appendix A.1.

[(IαA)(bIB)(rγIT )] = [I (αIB)
(
r(Abγ)IT

)
]. (6.28)

The remaining sections define analogues to the elementary operations and

culminate in a ternary version of the spectral decomposition. The spectral

decomposition described in terms of orthogonal (or unitary) matrices, scaling

matrices and orthogonal matrices. The tensor analogues follow in Section 6.2.4.

6.2.3 Permutation tensors

Definition 6.2.15. Let σ be an element of the permutation group Sn, then

for all σ ∈ Sn, the σ-permutation tensor is given by

(Pσ)xyz = δzσ(y). (6.29)

Proposition 6.2.16. Let 1n×n×n be a third-order tensor with all entries equal

to one, then

Pσ =
n∑
t=1

(
n∑
k=1

ek ⊗ ek ⊗ eσ(k)

)
· 1n×n×n · 1n×n×n. (6.30)

Proof. Since (Pσ)xyz = δzσ(y), we have

(Pσ)xyz =
n∑
t=1

(
n∑
k=1

ek ⊗ ek ⊗ eσ(k)

)
tyz

· (1)xtz · (1)xyt

=
n∑
t=1

(
n∑
k=1

ek ⊗ ek ⊗ eσ(k)

)
tyz

=
n∑
t=1

n∑
k=1

δtkδykδzσ(k)

=
n∑
k=1

δykδykδzσ(k)

= δzσ(y).
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Consequently,

(Pσ)Txyz = (Pσ)yzx = δxσ(z),

and

(Pσ)T
2

xyz = (Pσ)zxy = δyσ(x).

Lemma 6.2.17. The permutation tensor Pσ performs the permutation σ on

the depth slices of a tensor A, through the product PTσ · Pσ−1 · A.

Proof. Straightforward computation yields

(PTσ · Pσ−1 · A)xyz =
n∑
t=1

(P T
σ )tyz(Pσ−1)xtzaxyt

=
n∑
t=1

δtσ(z)δzσ−1(t)axyt

=
n∑
t=1

δtσ(z)δtσ(z)axyt

= axyσ(z).

Similarly, the permutation tensor Pσ performs the permutation of the vertical

and horizontal slices through the products PT 2

σ−1 · A · Pσ and A · PT 2

σ · PTσ−1

respectively, that is

(PT 2

σ−1 · A · Pσ)xyz =
n∑
t=1

(P T 2

σ−1)tyzaxtz(Pσ)xyt

=
n∑
t=1

δyσ−1(t)axtzδtσ(y)

=
n∑
t=1

δtσ(y)axtzδtσ(y)

= axσ(y)z,

and similarly,

(A · PT 2

σ · PTσ−1)xyz =
n∑
t=1

atyz(P
T 2

σ )xtz(P
T
σ−1)xyt

=
n∑
t=1

atyzδtσ(x)δxσ−1(t)

=
n∑
t=1

atyzδtσ(x)δtσ(x)
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= aσ(x)yz.

6.2.4 Orthogonality and scaling tensor

We will first consider what orthogonality means for matrices.

Definition 6.2.18. Let A be a n× n matrix, then A is said to be orthogonal

if

ATA = AAT = I, (6.31)

where I is the n× n identity matrix.

Now we will extend orthogonality of a matrix to third-order tensors.

Definition 6.2.19. Let A, be a third-order tensor, then A is orthogonal if

(ATAAT 2

)xyz = δxyz. (6.32)

where δxyz = 1 when x = y = z, and zero otherwise.

In matrix algebra, multiplication of a diagonal matrix by another matrix is a

row or column scaling operation. If D is a m ×m diagonal matrix and A an

m× n matrix then

DA =


d11 0 · · · 0

0 d22 · · · 0
...

...
. . .

...

0 0 · · · dmm



a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn



=


d11a11 d11a12 · · · d11a1n

d22a21 d22a22 · · · d22a2n

...
...

. . .
...

dmmam1 dmmam2 · · · dmmamn

 ,

thus, D scales the rows of matrix A. Similarly, if the product AD is con-

formable then we can conclude that matrix D scales the columns of matrix

A.

Proposition 6.2.20. An n× n real matrix D is a diagonal if and only if

(DDT )ij = D2
ij

Proof. (⇒) A diagonal matrix, D, is a square matrix, such that its entries
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obey dij = diiδij = djjδij. Hence,

(DDT )ij =
n∑
k=1

dikd
T
kj

=
n∑
k=1

dikdjk

=
n∑
k=1

diiδikdjjδjk

= (dii)
2(δij)

2

= D2
ij.

(⇐) Suppose that (DDT )ij = D2
ij, we want to show that D is diagonal. First,

set i = j, then we have

(DDT )ii = D2
ii ⇒

n∑
k=1

dikd
T
ki = d2

ii

⇒
n∑
k=1

dikdik = d2
ii

⇒
n∑
k=1

d2
ik = d2

ii

⇒ d2
i1 + d2

i2 + · · ·+ d2
i(i−1) + d2

i(i+1) + · · ·+ d2
in = 0.

Since D is real, dik = 0 for all k 6= i, therefore D is diagonal.

Proposition 6.2.20 provides the motivation for the following definition of a

diagonal tensor [7].

Definition 6.2.21. Let D be a real third-order tensor, we say that the tensor

D is diagonal if

(D · DT · DT 2

)xyz = d3
xyz. (6.33)

For tensor scaling, let A, B and C be tensors and let

bxyz = δyzwxz, cxyz = δxywxz, (6.34)

then

(C · A · B)xyz =
n∑
t=1

ctyzaxtzbxyt

=
n∑
t=1

δtywtzaxtzδytwxt

= wyzaxyzwxy. (6.35)
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Thus, the entry axyz is scaled on the left and on the right by wyz and wxy,

respectively.

In the following section, we will use the Frobenius norm (which is a p-norm,

with p = 2).

Definition 6.2.22. Let ‖ · ‖p : Rn → R+ be a norm operator such that for

x = (x1, x2, . . . , xn) ∈ Rn,

‖x‖p :=

[
n∑
k=1

|xk|p
] 1
p

. (6.36)

The Frobenius norm of a third-order tensor is defined as follows.

Definition 6.2.23. Let A be an m × n × p dimensional, third-order tensor,

then

‖A‖3 :=

[
m∑
i=1

n∑
j=1

p∑
k=1

|aijk|3
] 1

3

(6.37)

defines the Frobenius norm for tensor A.

6.2.5 Spectral decomposition

To understand the spectral theorem for the ternary product, let us first con-

sider the eigenvalue decomposition for a square matrix. Eigenvalue decompo-

sition is a factorization of a matrix into a canonical form, that is, the matrix

is factored in terms of its eigenvalues and eigenvectors.

In the following, we assume that the underlying field is R. In [7], the same

structure is also considered over C. The spectral theorem proofs carry over in

a straightforward way, but the notion of Hermitian/self-adjoint does not. We

give an example of this in Appendix A.2.

Proposition 6.2.24. Let A be a n×n symmetric matrix, then there exists an

orthogonal matrix U such that

A = UΛUT (6.38)

where UUT = I and Λ = diag(λ1, . . . , λn). Here λ1, . . . , λn are the n real

eigenvalues of A and U has the corresponding eigenvectors as its columns.

In general, there is no analogue for the spectral decomposition as defined in

(6.38) for higher-order tensors. We will rewrite (6.38) in a form that will allow

us to define the spectral decomposition for the ternary product, following the

approach in [7].
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There exist matrices D and E, a pair of diagonal matrices, Q and R, such that

Λ = DTE and QRT = QTR = I with

A = (DQ)TER. (6.39)

In particular, if Q = UT and R = UT , then

UΛUT = UDTEUT

= (DUT )TEUT

= (DQ)TER.

To prove that we can decompose A as in (6.39), let us consider the following.

Lemma 6.2.25. Let CN(R) be the ring of real valued continuous functions

(with pointwise addition and multiplication) with domain RN and let X ⊆
CN(R), and let S be a set of all common zeros of the functions in X, i.e., S =

{s ∈ RN : ∀P ∈ X : P (s) = 0}, then

〈X〉 = 〈{Y ∈ CN(R) : ∀s ∈ S : Y (s) = 0}〉 , (6.40)

is an ideal in CN(R).

Proof. First we need to show that for f, g ∈ 〈X〉 we have f + g ∈ 〈X〉. Let

f, g ∈ 〈X〉, then

f, g ∈ 〈X〉 =⇒ f(s) = 0 and g(s) = 0, ∀s ∈ S,

so

f(s) + g(s) = 0 + 0 = 0, ∀s ∈ S.

Consequently, f + g ∈ 〈X〉. Secondly, we need to show that for f ∈ 〈X〉 and

h ∈ CN(R) then h · f ∈ 〈X〉. Let h ∈ CN(R), then for all s ∈ S it follows that

f ∈ 〈X〉 ⇒ f(s) = 0,

hence

h(s) · f(s) = h(s) · 0 = 0, ∀s ∈ S.

Thus, h · f ∈ 〈X〉. Therefore 〈X〉 is an ideal.

Lemma 6.2.26. Let X and S be defined as in Lemma 6.2.25. If S is an empty
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set, then 〈X〉 = CN(R).

The proof of this lemma is trivial. However, the following corollary is essential

for our proof that a decomposition exists. This proof (of the matrix spec-

tral decomposition) provides the setting for the proof of the tensor spectral

decomposition theorem.

Corollary 6.2.27. Let X and S be defined as in Lemma 6.2.25. If 〈X〉 6=
CN(R) then S is a non-empty set, i.e., there exists a common zero of all

functions in X.

In [7], Theorem 6.2.28 was proved in a ring of polynomials. However, intro-

ducing the absolute value necessitates working in a larger ring and we do so

here.

To prove that the decomposition (6.39) exists, let us consider a matrix A with

‖A‖2 6= 1, we want to show that (6.39) has a non-trivial solution using an ideal

under the ring of continuous functions.

LetD = diag(σ1, σ2, . . . , σn), E = diag(ε1, ε2, . . . , εn). Write qx = (qx1, . . . , qxn)T

and ry = (ry1, ry2, . . . , ryn). We will rewrite A = (DQ)TER and I = QTR as

a system of polynomial equations, that is, A = (DQ)TER is equivalent to

finding a zero of the system of polynomials

P1(D,E, qx, ry) := axy −
n∑
k=1

1≤x≤y

(σkqxk)εkrky (6.41)

and I = QTR is equivalent to finding a zero of the system of polynomials

P2(qx, ry) := δxy −
n∑
k=1

1≤x≤y

qxkrky. (6.42)

Let X =

{∑
k=1

σkqxkεkrky − axy;
∑
k=1

qxkrkj − δxy
}

and consider the ideal 〈X 〉

generated by the set X , where X ⊆ R
[⋃

j{σj, εj, qj, rj}
]
⊆ CN(RN) then

〈X 〉 =

〈{∑
k=1

σkqxkεkrky − axy;
∑
k=1

qxkrkj − δxy
}〉

. (6.43)

The following theorem and its proof follows the proof of the weak spectral

theorem in [7]. However, we have expressed some concepts in different ways

and adopted the proof according. In this proof, we postpone an explanation

of the choice of Q(D,E, qx, ry) below to Theorem 6.2.30 where the third-order

case is handled in much the same way.
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Theorem 6.2.28. Let A be an n× n symmetric matrix, with ‖A‖2 6= 1, then

the spectral system of polynomial equationsP1(D,E, qx, ry) = 0,

P2(qx, ry) = 0,
(6.44)

has a solution, where P1(D,E, qx, ry) and P2(qx, ry) are defined in terms of A

and I respectively in equations (6.41) and (6.42).

Proof. Let Q(D,E, qx, ry) ∈ CN(RN) be given by

Q(D,E, qx, ry) :=

(
z∑

x,y=1

|P1(D,E, qx, ry)|2 + |axy|2
)2

− ‖A‖2
2. (6.45)

We will show that Q(D,E, qx, ry) /∈ 〈X〉 using a proof by contradiction.

Suppose that Q(D,E, qx, ry) ∈ 〈X〉, then for every common zero (D,E, qx, ry)

of the polynomials in X , using (6.45), it follows that

Q(D,E, qx, ry) = 0⇒
(

z∑
x,y=1

|P1(D,E, qx, ry)|2 + |axy|2
)2

− ‖A‖2
2 = 0.

So,
(∑z

x,y=1 |P1(D,E, qx, ry)|2 + |axy|2
)2

= ‖A‖2
2. When ‖A‖2 = 0, it follows

that A = 0 and (6.44) has a trivial solution. So assume ‖A‖2 6= 0. Since,

(D,E, qx, ry) is a common solution of the polynomials in X , we must have

P1(D,E, qx, ry) = 0, hence (‖A‖2
2)2 = ‖A‖2

2. However, this contradicts ‖A‖2 6=
1, thus from Corollary 6.2.27, and the fact that Q(D,E, qx, ry) /∈ 〈X〉 and

Q(D,E, qx, ry) ∈ CN(RN), (6.44) has a solution.

Corollary 6.2.29. Let A be a n × n symmetric matrix, with ‖A‖2 = 1, then

the spectral system of polynomial equationsP1(D,E, qx, ry) = 0,

P2(qx, ry) = 0,
(6.46)

has a solution, where P1(D,E, qx, ry) and P2(qx, ry) are defined in terms of A

and I in equations (6.41) and (6.42), respectively.

Proof. Let ‖A‖2 = 1 and B = kA, where |k| 6= 1, then

‖B‖2 = ‖kA‖2 = |k|‖A‖2 = |k| 6= 1. (6.47)

Since B is a symmetric matrix with ‖B‖2 6= 1, it follows from Theorem 6.2.28
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that (6.46) has a solution, i.e., B = (DQ)TER and hence

A =

(
1

k
DQ

)T
ER, (6.48)

is a spectral decomposition of A.

We can now extend the spectral theorem for matrices to third-order tensors.

Let A be a third-order symmetric tensor, then Theorem 6.2.30 below shows

that A = (FTSF)T (DTQD)(ETRE)T
2

,

∆ = STQRT 2

,
(6.49)

where F , D and E are scaling tensors. Using the definition of the ternary

product (6.35), we can rewrite (6.49) as
axyz =

n∑
t=1

(ωtysztyωzt)(σtzqxtzσxt)(εtxrytxεyt),

δxyz =
n∑
t=1

sztyqxtzrytx,

(6.50)

where 1 ≤ x ≤ y ≤ z ≤ n. Satisfying (6.49) is equivalent to finding zeros of

the system of polynomials

axyz −
n∑
t=1

(ωtysztyωzt)(σtzqxtzσxt)(εtxrytxεyt) := P1(Fzy, Dxz, Eyx, szty, qxtz, rytx)

(6.51)

and

δxyz −
n∑
t=1

sztyqxtzrytx := P2(szty, qxtz, rytx). (6.52)

We will consider the following ideal, 〈L〉, generated by the set L, where

L ⊆ R

[⋃
j

{ωj, sj, qj, σj, rj, εj}
]
,

is given by

〈L〉 = {P1(Fzy, Dxz, Eyx, szty, qxtz, rytx)− axyz;P2(szty, qxtz, rytx)− δxyz} .

The following theorem extends from the matrix spectral decomposition. We

note that we have a squared term in the expression for H below (unlike [7],

which cubes the terms). This is necessary to contradict ‖A‖3
3 6= 1. The proof
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in [7] follows similarly by noting that x9 = x3 has the solutions x = 0 and

x = 1 when x > 0. By taking the square of H (below), we avoid this small

technical detail.

Theorem 6.2.30. Let A be a symmetric tensor, with ‖A‖3
3 6= 1, thenP1(Fzy, Dxz, Eyx, szty, qxtz, rytx) = 0,

P2(szty, qxtz, rytx) = 0,
(6.53)

has a solution, where P1(Fzy, Dxz, Eyx, szty, qxtz, rytx) and P2(szty, qxtz, rytx) are

defined in terms of A and ∆ in (6.51) and (6.52), respectively.

Proof. The proof follow the same approach as the proof of Theorem 6.2.28.

We will describe a continuous function H(Fzy, Dxz, Eyx, szty, qxtz, rytx) such

that H /∈ 〈L〉. Let H be expressed in terms of the Frobenius norm of

P1(Fzy, Dxz, Eyx, szty, qxtz, rytx), that is

H :=

(
n∑

x,y,z=1

|P1(Fzy, Dxz, Eyx, szty, qxtz, rytx)|3 + |axyz|3
)2

− ‖A‖3
3.

If we assume that H ∈ 〈L〉, for every common zero

(Fzy, Dxz, Eyx, szty, qxtz, rytx)

of polynomials in L, then

H = 0⇒
(

n∑
x,y,z=1

|P1(Fzy, Dxz, Eyx, szty, qxtz, rytx)|3 + |axyz|3
)2

− ‖A‖3
3 = 0,

so that,(
n∑

x,y,z=1

|P1(Fzy, Dxz, Eyx, szty, qxtz, rytx)|3 + |axyz|3
)2

= ‖A‖3
3.

When ‖A‖ = 0, then A = 0 and (6.53) has a trivial solution. Therefore assume

that ‖A‖3 6= 0, since (Fzy, Dxz, Eyx, szty, qxtz, rytx) is a common solution of

the polynomial in L, we must have that P1(Fzy, Dxz, Eyx, szty, qxtz, rytx) = 0.

Hence, (‖A‖3
3)2 = ‖A‖3

3. which contradicts the assumption that ‖A‖3
3 6= 1,

thus (6.2.30) has a solution.
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Corollary 6.2.31. Let A be a symmetric tensor, with ‖A‖3
3 = 1, thenP1(Fzy, Dxz, Eyx, szty, qxtz, rytx) = 0,

P2(szty, qxtz, rytx) = 0,
(6.54)

has a solution, where P1(Fzy, Dxz, Eyx, szty, qxtz, rytx) and P2(szty, qxtz, rytx) are

defined in terms of A and ∆ in (6.51) and (6.52) respectively.

Proof. Let A be a symmetric tensor, with ‖A‖3 = 1, then it follows that (6.53)

has a solution, since B = kA, where |k| 6= 1. Now,

‖B‖3 = ‖kA‖3 = |k|‖A‖3 = |k| 6= 1.

Hence

A =

(
1

k
FTSF

)T
(DTQD)(ETRE)T

2

. (6.55)

Thus, by Theorem 6.2.30, it follows that (6.55) has a solution.



Chapter 7

Conclusion

Unlike matrix multiplication, the higher-order tensor product is not unique.

Consequently, there are multiple ways to define the product and thus investi-

gate algebraic properties. The products we investigated in Chapter 2, 3 and

4 involves unfolding tensors to matrices and thus making it easy to study the

algebraic properties from the matrix space.

The products in chapter 5 and 6 are different in the sense that they do not

have an underlying matrix product. For each product, we investigated the

algebraic properties that arise in linear algebra. The products of tensors in

chapter 2, 3 and 4 generalizes these algebraic properties (from matrices) and

so, the products of tensors is a generalization of matrix multiplication.

For all the products in this dissertation (with the exception of Chapter 5),

we studied the singular value decomposition and the Moore-Penrose pseudo

inverse. We also note that every tensor that is decomposable (by the singular

value decomposition) has a pseudo inverse given in terms of its singular value

decomposition.

From our investigation of the products of tensors, the approach of the proof for

the spectral decomposition of a tensor in chapter 6 can be applied to further

investigate the decompositions for the n-ary product.
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Appendix A

Additional comments on the

ternary product

A.1 Associativity of the ternary product

Let α′, B′ and r′ be n× n matrices and α,B and r be tensors such that

α =


1

1
...

1

⊗ α′, B =




1

1
...

1

⊗B′

T

, and r =




1

1
...

1

⊗ r′

T 2

and let A, b and γ be arbitrary third-order n-dimensional tensors, then

(IαA)(bIB)(rγIT ) = I (αIB)
(
r(Abγ)IT

)
. (A.1)

Proof.

[(IαA)(bIB)(rγIT )]ijk =
n∑
l=1

n∑
u=1

n∑
v=1

δljδiuδvj

n∑
t=1

[αtlkAtjkbitkBiturvjtγijk] .

Since αtlk = αulk, Bitu = Bilu and rvjt = rvju, then

[(IαA)(bIB)(rγIT )]ijk

=
n∑
l=1

n∑
u=1

n∑
v=1

δljδiuδvj

n∑
t=1

[αulkAtjkbitkBilurvjuγijk]

=
n∑
l=1

n∑
u=1

n∑
v=1

Iljk(I)iuk(IT )ijvαulkBilurvju(Abγ)ijk
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=
n∑
l=1

Iljk
(

n∑
u=1

αulk(I)iukBilu

)(
n∑
v=1

rvjl(Abγ)ivl(IT )ijv

)

=
n∑
l=1

Iljk (αIB)ilk
(
r(Abγ)IT

)
ijl

= [I (αIB)
(
r(Abγ)IT

)
]ijk.

A.2 Adjoint of the ternary product

To understand the adjoint operator for the ternary product as defined in [7],

let us first define this for matrices. Let us first define the conjugate operation,

Definition A.2.1. Let z = reiθ, then the conjugate is the map cn : z → z,

where z = re−iθ. The conjugate may be expressed as

ckn(z) = reiθe
i2πk
n , (A.2)

where cn−1
n (z) = z and cnn(z) = z and n is the order of the tensor with entries

z.

Now the adjoint is the transpose conjugate, that is

Definition A.2.2. Let A ∈ Cn×n, then the adjoint isA† = (c1
2(aij))

T ,

A†
2

= (c2
2(aij))

T 2
.

(A.3)

We can extend this definition to third order tensors.

Definition A.2.3. Let A be a third order tensor, then the adjoint of A isA† = (c1
3(aijk))

T ,

A†2 = (c2
3(aijk))

T 2
.

(A.4)

In [7] the authors claim that the product A†AA†2 is Hermitian. We will

produce a counterexample to show that this is not true.

Example A.2.4. Let A ∈ C2×2×2 be a third-order tensor with entries

a111 = 0, a112 = 0, a121 = 1, a122 = i,

a211 = i, a212 = 1, a221 = 0, a222 = 0.
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Applying the conjugate to A, gives us the tensor c1
3(A) such that

c1
3(a111) = 0, c1

3(a112) = 0, c1
3(a121) = 1, c1

3(a122) = e−
iπ
4 e−

√
3π
4 ,

c1
3(a211) = e−

iπ
4 e−

√
3π
4 , c1

3(a212) = 1, c1
3(a221) = 0, c1

3(a222) = 0.

Taking the transpose of c1
3(A), we get our adjoint A† with entries

a111 = 0, a112 = 1, a121 = e−
iπ
4 e−

√
3π
4 , a122 = 0,

a211 = 0, a212 = e−
iπ
4 e−

√
3π
4 , a221 = 1, a222 = 0.

For A†2 , we first determine the entries of C2
3(A)

c2
3(a111) = 0, c2

3(a112) = 0, c2
3(a121) = 1, c2

3(a122) = e
iπ
4 e
√
3π
4 ,

c2
3(a211) = e−

iπ
4 e
√
3π
4 , c2

3(a212) = 1, c2
3(a221) = 0, c2

3(a222) = 0.

Now, taking the transpose of c2
3(A) twice, we get A†2 , with entries

a111 = 0, a112 = e−
iπ
4 e−

√
3π
4 , a121 = 0, a122 = 1,

a211 = 0, a212 = 0, a221 = e−
iπ
4 e−

√
3π
4 , a222 = 0.

Let D = A†AA†2 , to calculate the entries of D, we use

dxyz =
2∑
t=1

a†tyzaxtza
†2
xyt. (A.5)

Therefore, the conjugate of D, C1
3(D) has the entries

d111 = 0, d112 = 1, d121 = 1, d122 = 0,

d211 = 0, d212 = 0, d221 = 1, d222 = 0.

The adjoint of D is D† = (C1
3(D))T with entries

d111 = 0, d112 = 1, d121 = 0, d122 = 1,

d211 = 1, d212 = 0, d221 = 0, d222 = 0.

Thus D† 6= D, therefore A†AA†2 is not self-adjoint.
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