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Abstract

Let A = (ai;) be an m x n matrix. There is a natural way to associate a
poset Py with A. A jump in a linear extension of Py is a pair of consecusive
elements which are incomparable in P4. The jump number of A is the min-
imum number of jumps in any linear extension of Py. The maximum jump
number over a class of n x n matrices of zeros and ones with constant row and
column sum &, M(n, k), has been investigated in Chapter 2 and 3. Chapter
2 deals with extremization problems concerning M(n, k). In Chapter 3, we
obtain the exact values for M(11,k), M(n,6), M(n,n —3) and M(n,n — 4).

The concept of frequency hyperrectangle generalizes the concept of latin
square. In Chapter 4 we derive a bound for the maximum number of mutually
orthogonal frequency hyperrectangles. Chapter 5 gives two algorithms to
construct mutually orthogonal frequency hyperrectangles.

Chapter 6 is devoted to some enumerative results about Carlitz compo-

sitions (compositions with different adjacent parts).
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Chapter 1

A General Introduction

Combinatorics is concerned with arrangements of the objects of a set into
patterns. Three general types of problems occur repeatedly:

(i) Existence of the arrangement,

(i) Fnumeration or classification of the arrangements, and

(iif) Study of a known arrangement,

In this thesis, three combinatorical problems are discussed:

(i) Jump number of a matrix,

(ii)Frequency hyperrectangles, and

(iii) Enumeration of Carlitz compositions.
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1.2 Jump numbers

In veal life, the following question occurs: a single machine performs = set of
johs one at a time; precedence constraints prohibit the start of certain jobs
until some others are already completed; a job which i1s performed immedi-
ately affer a job which is not constrained to precede it requires a "setup”
or "jump”—entailing some fixed additional cost. The schednle problem is
to construct a schedule to minimize the number of jumps. The jums num-
ber problem is the precedence constrained scheduling problem written in the
language of ordered sets.

Let P be a finite poset, and {P| be the number of vertices in P. A chain
C in P is a subset of P which is a linear order. The length of the chain C is
IC} — 1. A linear cxtension L of a poset P is a linear ordering =1, g, ..., %
of the elements of P such that @; < z; in P implies ¢ < 7.

Let #(P) be the set of all linear extention of P. E. Szpilrajn [Sz1930]
showed that £(P) is not empty. Algorithmically, a linear extention L of P
can be defined as follows:

1. Choose a minimal element z; in P.

2. Given z1,22,...,%:, choose a minimal eleinent from P\{z, 22, ..., 2:}

and call this element z;4,.



A consecutive pair (i, Ti41) of elements in L is a jump (or setup) of P
in L if z; is not comparable to x;y; in P. If 3; < 244 in P, then (z;,zi41)
is called a stair (or bump) of P in L. Let s(L,P) [b(L,P)] be the number of
jumps [stairs] of P in L, and fet s(P) [b(P)] be the minimum [maximum] of
s(L,P) [b(L,P)] over all linear extensions L of P. The number s(P) is called
the jump number of P, and the number b(P) is the stasr number of P.

We have s(L,P)+b(L,P)=]P| -1

and s(P)+b(P)=|P|—1 for every poset P.

Each of jump number and stair number determines the other. If s(L,P)=s(P)

[equivalently, b(L,P)=b(P)], then L is called an optimal linear extention of

P. The jump number problem is to compute s(P) and to find an optimal
linear extension of P.

In Figure 1 there is given a poset and three of its linear extention: the

first linear extention is not optimal, but the second and third are optimal.
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The jump number problem was introduced by Chein and Martin [ChMa1972].

This problem has been shown to be NP-hard (see [BoHal987]). In the past
twenty years, many papers have been devoted to the study of this problem
(Cf. [BrJuTr1994], [ChHa1980], [DuRiWi1982], [Mi1991] and [ShZ21992]).

Now we define the jump number of a matrix. Let A=(a;;) be an m x
n matrix. There is a natural way to associate a poset P4 with A. Let
X={21,...,zm} and Y={yi,...,yn} be disjoint sets of m and n elements, re-
spectively, and define z; < y; if and only if a;; # 0. In P4 zy, ...,z are
minimal elements and yi,...,yn are maximal elemenis. The poset P4 is the
usual bipartite poset {the Hasse diagram of P4 is BG(A) drawn with the y's
above the xs|. We use s(A) [b(A}] for the jump [stair] number of P4 instead
of s(P4) [b{P4)].

Two matrices Ay and A; are said to be permutation equivalent, denoted
by A; &2 A,, if one can be obtained from the other by independent row and
column permutations.

It is clear that b(A;) =b(A2) and s(A,) =s(A,) if A; = A,. Therefore the
jump niuid ot of a matrix does not change under arbitrary row and column
Perinu i i s,

The following formulas have been noticed in [BrJul992].




max{mn}-1<s(4) < m+n—1,

0<b(4) < min {m,n},

s(A)=s(AT), where AT is the transpose of A,

s(A®B) =s(A)+s(B) + 1, b(A®B) =b(4,+b{B), where & denotes the
direct sum of matrices.

In the following we will concentrate on {0,1) matrices.

Let R={r1,...,7m} and S={s1, ..., s,} be nonnegative integer vectors with
1t rm = sp ..+ $n. We denote by A(R,S) the set of all m x n matrices
A=(a;;) of 0's and 1's such that L, a;j = (i =1,.. .m) and T2y = 55
(4 =1,...,n). Suppose M(R,S)=max{s(A):Ae A(R,3)},

m(R,S)=min{s(A):Ae A(R,S)}.

The necessary and sufficient conditions for the set A(R,S) to be nonempty
were given in (Gal957] and [Ry1957]. In this thesis, we assume that A(R,S)
is nonempty and R (or 8) is not a zero vector.

In section 2 of chapter 2, we derive an upper bound and a lower bound
for s(A), where A€ A(R,S).

Let A{n, k) be the set of all (0,1) matrices of order n with k 1’s in each row
and column. Suppore m{n, k)=min{s(A):A€ A(n,k)}, M(n, k)=max{s(A):A€

Aln,kY}. [a] (la]) is used for the smallest (greatest) integer no less (more)




than a.

The minimum jump number is easy to compute.

Theorem 1.1.1 ([BrJul992]). If1<k < n,then m(n,k)=n+k-2.

The determination of the maximum jump number is much more difficult,
and Brualdi and Jung ([BrJul992]) offered some partial results:

Theorem 1.1.2 ([BrJul992]). M(n,k)< 2n —1~ [n/k] for 1< k < n.

The following question is immediate.

Question 1.1.3. Characterize the extremal regular matrices classes at-
taining the upper bound 2n-1-{n/k].

In order to answer this question, Brualdi and Juz stated a conjecture.

Conjecture 1.1.4. If k { n and (n mod k)}f k& for 1< & < n, then
M(n, k)<én —1— [n/k].

In Chapter 2, we prove this conjecture.

From Theorems 1.1 and 1.2, we have

Theorem 1.1.5. If A€ A(n, k), where 1< k < n, then n+k—2 <s(A)<2n-
1-[n/K].

Two natural questions are as follows.

Question 1.1.6. Characterize the extremal regul-r matrices attaining

the upper bound 2n-1-[n/k].



Question 1.1.7. Characterize the extremal regular matrices attaining
the lower bound n + & — 2.

We answer Questions 1.1.6 and 1.1.7 in Chapter 2.

Brualdi and Jung have obtained the exact values of M(n, k) for 1< & <
n <10 in [BrJul992]. In chapter 3, we continue to get M(11,k).

M(n, k)
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The following formulas are derived in [BrJul992].
M, 1) =n—1,
M(n,2)=2n—-1-[n/2],
M®,3y=n~1—|n/3] —a

where a = n {mod 3) and 0< a < 2,
M(n4)=n—~1~[n/d] —a

where a = 1 if 4] n — 3 and 0 otherwise,
M(n,n) = 2n — 2,
M({n,n—1)=2n-23,

Mnn—2) = 2n -3 ifniseven

2n—4 ifnis odd
and M(qk + 1,k) = 2gk — q for ¢ > 1.

In Chapter 3 we deduce
M(n,6)=2n—1~[n/6] —a
0 if6|nor(nmod6)|6
where ¢ = § 1 if (n mod 6) =4 or 5, and n # 11
2 ifn=11
2n—-3 if3|n

Mnn-3)= for n > 4,
m—4 if3tn

(1.3)

(1.4)

(1.5)

(1.6)
(1.7)

(1.8)



2n—-3 ifd|n
Mn,n—4)= for n > 5,
m—4 ifdtn
2gk —g+2 ifkiseven
Mgk +2,k) = , where ¢ > 1 and k> 1.
2¢k —q+1 ifkisodd

Moreover, two other conjectures in {BrJul992] are also discussed in Chap-

ter 3.

1.2 Frequency hyperrectangles

A latin square of order n is an n X n matrix L whose entries are taken from
a set § of n distinet symbols and which has the property that each symbol
from S occurs exactly once in each row and exactly once in each column of
L.

Two latin square Ly = (ai) and Ly = (b;;) on n symbols, say 0,1,...,n—1,
are said to b‘;, orthogonal if every ordered pair of symbols occurs exactly once
among the n? pairs (ai,b;), % =1,2,...,n and j = 1,2,...,n.

The question of existence of orthogonal latin squares was discussed by



Buler ([Eul779]) in the following problem of the 36 officers:

Is it possible to arrange 36 officers of 6 different ranks and from 6 different
regiments in a square formation of size 6 by 6 such that each row and each
column of thix formation contains exactly one officer of each rank and exactly
one officer from each regiment?

This problem asks for two orthogonal latin squares of order 6, Euler
was unable to find such a pair of latin squares and conje;:tured that no pair
existed. Euler had been able to construct pairs of orthogonal latin squares
of every odd order and of every order divisible bv 4 but not of any order
congruent to 2 module 4. He conjectured that pairs of orthogonal latin
squares do not exist for such orders.

Tarry ([Tal901]) verified that the conjecture was true for the order six.
Much later, Bose, Shrikhande and Parker ([BoShPal960]) proved that the
Euler Conjecture was false for all orders n of the form 4k 4 2 except n =2 or
6 by providing a constructive method of obtaining pairs of orthogonal latin
squares of all of these crders.

The applications of latin squares to statistical designs, projective geome-
try and information theory are discussed in [DéKel974] and [DéKel991].

The idea of generalizing the concept of latin square to that of frequency

10



square was introduced by P. A. MacMahon ([Mal898], pages 276-280). The
same idea was discussed anew by Finney ([Fil945], [Fil946a], [Fil946b]),
Addelman([Ad19§7]) and Freeman ([Fr1966]). The formal definition of fre-
quency square was first given in A. Hedayat’s Ph. D. thesis of 1969 and the
properties of such squares were developed by A. Hedayat, D. Raghavaro and
E. Seiden ([HeSe1970], [HeRaSel975]).

Definition 1.2.1. Let A=(a;;) be an nXn matrixandlet 3 = {¢1, ¢, ..., em},
m < 1, be the set of distinct elements of A. Suppose further that, for each
i, where ¢ = 1,2,...,m, the elements ¢; appears precisely A; times (A; > 1) in
each row and column of A. Then A is called a frequency square (F-Square)
of order n on the set 3 with frequency vector (A1, Mg, .-, Am)-

Note that, by virtue of the definition, n. = A1 + Ao + ... + M.

Definition 1.2.2. The two F-squares Fy(n,n; A1, A, ..., Ay) defined on
the set 3 = {a1,a9,...,a0} and Fa(n,n; p, o, ..., hm) defined on the set
o = {b1,b,...,b;} are orthogonal if each ordered pair a;b; appear Ap;
times when the square Fy and Fy are placed in juxtaposition.

The generalized concepts of frequency rectangles and frequency hyperrect-
angles have crept into the literature quite naturally. The following definition

was given in {Ch1980] and [MaFe1984].

11



Definition 1.2.3. Coordinatize the JT%, n; cells of a d-dimensional hy-
perrectangle of size nq X ... X ny by the d-tuples of integers (41, ..., 74) where
1< j; < ni. A frequency hyperrectangle (F-hyperrectangle) is an arrange-
ment of m symbols into the T2, n; cells, if m | TI;un; for i=1,...d, such
that each of the m symbols appears m’l(_}'[#i n;) times in each of the n; sets

t,..H.., where H} is the set of all cells with j as the i-th coordinate,
=1,

Suchower [Sul989} and Cheng [Ch2] gave the definition for a frequency
hyperrectangle which allows different frequencies for different symbols, gen-
eralizing the above definitions,

Definition 1.2.4. An F-hyperrectangle of size 71 X ... X ng , denoted by

F(r1, ooy T AL1s oeey ALy} oo} Ady1y ooy Adym) Where for ea‘ch 1,194, [uny
=MA1+ ...+ Mim, s an 1y X ... X ng array consisting of m > 2 symbols, say
{1,...,m}, Wlith the property that foreach fand j, 1€ < d, 1 £ § < m, the
symbol  occurs exactly A; ; times in each of the n; subarrays Hi,...H: , where

i is the subarray of all cells with k as the i-th coordinate, k =1,..,,n.

Laywine, Mullen and Whittle [LaMuWh1995] introduced the definition

for a hypercube with a prescribed type.

Definition 1.2.5. For d > 2, a d-dimensional hypercube of order n is

12



an n X ... X n array with n¢ points based upon n distinct symbols. Such a
hypercube has type j with 0< j < d —1 if, whenever any j of the coordinates
are fixed, each of the n symbols appears n~7~! times in that subarray.

In this thesis, we provide a versatile definition for a frequency hvper-
rectangle that allows different frequencies for different symbols and has a
prescribed type.

For a natural number n, we use n for the set {1,2,...,n}. F.(S) denotes
the set consisting of all f-subsets of the set 5. We define Fo(S) as {¢} where
@ is the empty set.

Definition 1.2.6. A frequency hyperrectangles (F-hyperrectangles) of
size 71 X ... X 1y, and type t, 0< ¢ < d — 1, denoted by HR{nq, ..., nq; t; A =
O((éx, --s%), 4)), where A = &((iy,...,4), ) is a function with the domain
Pi(d) x m and T, ...z = Tjeg B((41, -+, %), 5) for each (iy,...,1s) € Pi(d),
is an 7y X ... X ng array consisting of m > 2 symbols with the property that
whenever any t of the coordinates, say %y, ..., %;, are fixed, the symbol j occurs
exactly ®((i1,...,4:),7) times in that subarray.

Counting the number of times that the symbol j, 1< § < m, appears in
the array, we obtain

4y X.uX'IZiLXq)((?:l, ...,it),j):nii X...X’I’biix(:[)(('l:;, ,th),j)) (19)

13




This means that all ®((éy,...,%¢),7)’s are determined by ®((1,...,£),1),...,

2((1,...,t),m) and ny, ...,ng. We can use this fact to simplify the notation to

((1,...,1),5) >0
HR(n1, .., N & A1, ooy Am), Where Ay = { ) .

G?(gb,j)_ ift=0
Let us look at some examples.

011 110 101

011 110 10 1.

F; =HR(6,3,3;2;1,2):

1
F, =HR(6,3,3;2;1,1,1):

Frequency squares and hyperrectangles have numerous statistical prop-

erties and as a result, there has been considerable interest in various as-

14



pects of the theory and construction of such objects (See [DéKel974] and
[DéKe1991}).

Now we give the dafinition for mutually orthogonal F-hyperrectangles.

Definition 1.2.7. Two F-hyperrectangles HR(n;, ..., ng; £ A, ..., Ay )
and HR(nq,...,Nq; & 41, -, m, ) aTe orthogonal if upon superposition, each
ordered pair (4,7), 1< i < my, 1< 7 < my, appears exactly

( g=1 ny)Aipsi/ (Hz=c+1 nk)2 times.

A set of F-hyperrectangles is called mutually orthogonal if every pair of
F-hyperrectangles are orthogonal.

It is easy to verify that the above examples Fy and Fy are orthogonal.

In Chapter 4 of this thesis, we derive a bound for the maximum number
of such mutually orthogonal frequency hyperrectangles. This result simul-
taneously generalizes Suchower’s bound in [Su1989] ar.. LMW’s bound in
[LaMuWh1995], as well as some results in [Ch1980], [PeMa1986], [MaLeFe1981],
[HeRaSe1975).

In Chapter 5, we give two algorithms to construct mutually orthogo-
nal frequency hyperrectangles, which generalize Bose [Bo1938] and Mullen
[Mu1988] construction, and Laywine, Mullen and Whittle’s Algorithm

[LaMuWh1995], respectively.

15



1.3 Carlitz compositions

A composition of an integer n is a sequence (z,Zs, ..., zx) of integers such
that
7 =12+ Ty + ... + 2, where z; > 1.

A partition of an integer n is a sequence (z1,s,...,Z) of integers such

that
n=cy+Ty+..+x;and 1<z <z < ... < 7.

In both cases, the z;’s are called the summands or the parts. We refer
to 1 as the size and to k as the number of summands of the composition
(partition). It is convenient to extend these definitions by regarding 0 as
obtained by an empty sequence of summands.

Partitions and compositions of integers are, besides their intrinsic inter-
ests, usually used as theoretical models for evolutionary processes in differ-
ent contexts: statistical mechanics, theory of quantum strings, population
biology, nonparam.2tric statistics, etc.. Therefore properties (Statistical, al-
gebraic, analytic,...) of these objects have received constant attention in the
literature ([An1976], [BwYe1997], [KnMa|, [OdRi1979], [RiKn1995]).

We know that there are 2°~! compositions of.the integer n with generating

function —L—. The average number of summands in a random composition

1-1%
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of size n is 2FL.
Carlitz [Cal976] first discussed the following restricted composition, which
is called a Carlitz composition in [KnPr1998].
Definition 1.8.1. A Carlitz composition of an integer n is a sequence
(21, ®9, ..., T) of integers such that
=Ty + T3 + ... + Ty, where z; > 1 and ©; # ;1
foréi=1,.,kand j=1,..k~1. |
Let ¢(n) denote the number of Carlitz compositions of size 7. Carlitz
[Ca1976] found the generating function
C(z):=Yns0c(n)2" = 3-:15, where 0(2) = ¥i5, 531_-(-_—15:-
Here are the first few values of ¢(n):
1424224328 + 42 + 725+ 142° + 2327 - 3928 +-7T12° 4- 124210 + .. it
is sequence A003242 in [SIP11995].
Carlitz [Cal976] noted only that the radius of convergence of C(z) is
at least 1/2. Knopfmacher and Prodinger [KnPr] showed that there is a
dominant pole p, where p = 0.571349...,
Therefore c(n) ~ 0.456387 - (1.750243)™.
Knopfimacher and Prodinger {#¥uPr1998] also proved that the average

number of summands in a random Carlitz compaosition of size n is asymptotic

17




to 0.350571n.
For ordinary compositions, the statistic ”largest summand of a composi-
tion” has obtained a lot of attention.
It is noted in [OdRi1979] that the average value of the largest summand
in a random composition of size n is asymptotic to
logan + 7/In2 —3/2+A(logen) + o(1)
where 1y is Euler’s constan’ ;numerically v = 0.577216), and A(z) is non-
constant continnous functions periodic with period 1 and mean 0.
Knopfimacher and Prodinger [KnPr1998] carried out the analogous anal-
ysis for the case of Carlitz compositions. The average number of the largest
summeand in a random Carlitz corposition of size n is asymptotic to
log1/,n—logy/,0"(p)~logi/p(1 — p) — ¥/ Inp +1/2+X(logy/,n) where
AMz) is a periodic function that has period 1, mean 0 and small amplitude.
For ordinary compositions it is meaningless to allow the z;s to be zero,
since then there would be infinitely many compositions for each n. However,
in the context of Carlitz compositions, it makes sense, so the number d(n)
of Carlitz compositions with zeros allowed is meaningful. Such compcsitions
have been discussed in {Ca1976] and [KnPr1998].

Knopfmacher and Prodinger [KnPr1998] obtained the generating function

18




D(z) i= Tpsad(n)z" = i—f%%
Therefore d(n) ~ 1.337604 - (2.584243)".
In Chapter 6 of this thesis, we derive:
the average number of summands in a random Carlitz composition with
zeros allowed of size n, and show that this is asymptotic to 0.871626n, and
the average size of the largest summand in a random Carlitz composition
with zeros allowed of size n, and show this to be asymptotic to
logy/-n—logy/r0'(T)~logy/r(1 — 7) — v/InT +1/2+6(logy/»n* where
T = 0.386960 and 5(z) is a periodic function that has period 1, mean 0 and
small amplitude. .

In the last section of Chapter 6, we introduce another related object: the

Carlitz word, which is a generalization of Carlitz composition.
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Chapter 2

Extremization Problems

In this chapter, we mainly consider extremal matrices concerning Questions
1.1.6 and 1.1.7 and extremal matrix classes concerning Question 1.1.3. In
section 2.1, the symbiotic relationship of bipartite posets and (0,1) matrices
is discussed. We derive an upper bound and a lower bound for s(A) in section
2.2. A special class of matrices is consttucted in section 2.3. This class of
makrices is useful in answering Question 1,1.6. In section 2.4, we give the
main results of this chapter.. a proof of Conjecture 1.1.4 and auswers to

Questions 1.1.3, 1.1.6 and 1.1.7.

20



2.1 Bipartite posets and (0,1) matrices

In this section, we will introduce the symbiotic relationship between bipartite
posets and (0,1) matrices.

A poset P is bipartite if its vertices may be partitioned into two subsets X
and Y such that each ordered pair of P is of the form z < y where z €X and
y €Y. Such a partition (X,Y) is called a bipartition of the poset. A bipartite
poset P with a partition (X,Y) is denoted by P(X,Y).

Let P(X,Y) be a given bipartite poset, where X={z1, ..., zm } and Y={y1, ..., yu}-
We define a;; = 1 if z; < y;, otherwise a;; = 0. The resulting m-by-n matrix
A=(a;;) is called the reduced adjucency matriz of P(X,Y). The matrix A
characterizes P(X,Y).

For example, consider the bipartite poset P(X,Y) is in Eigure 1, where

X={zy,..., x4} and Y={y1,y2}. The reduced adjacency matrix of P(X,Y) is

10 J
On the other hand, let A=(a;;) be a (0,1) m-by-n matrix. There is a

natural way to associate a bipartite poset P(X,Y) with A. Let X={z1, ...,2m}




and Y={yi,...,yn} be disjoint sets of m and n elements, respectively, and
define z; < y; if and only if a; # 0. In P(X,Y) zi,...,2,, are minimal

elements and y,, ..., y» are maximal elements.

Two bipartite posets P1(X;,Y1) and P2(X2,Y.) are isomorphic if and only
if there are two bijections 8 : X; — X, and ¢: Y] = Yo such that z <y in
P, if and only if 8(z) < ¢(y) in Ps.

We see that two bipartite posets P{(X;,Y1) and P3(X,,Ys) are isomorphic
if and only if their resulting reduced adjacency matrices are permutation

equivalent.

Two bipartite posets Py(X1,Y1) and P»(X2,Y2) are disjoint if they have
no vertex in common. The union of P1{X,,Y;) and P2(X,Yy) is the poset
with the vertex set X,UYUX,UY, and the ordered pair set consisting of
all ordered pairs in Py and Ps. If P1(X,,Y;) and P2(Xs,Y2) are disjoint, we
denote their union by Py(X{,Y1)+P2(X2,Y2).

We always designate a zero matrix by O, a matrix with every eniry equal
to 1 by J, 2 order to emphasize the size of these matrices we sometimes

include subscripts. Thus J,,,, denotes the all 1’s matrix of size m by n, and
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this is abbreviated to J, if m = n. The notations O,,, and O, have similar
meanings. In displaying a matrix we often use * to designate a submatrix of
no particular concern.

We define the direct sum of matrices A; and A, to be the matrix

A O
Al GB A2 = 1
0 A
and the oblique direct sum of A, and Ay to be the matrix
_ J Ay
ABA; =
A 7

Suppose A; is the reduced adjacency matrix of Pi(X;Y:), where 1<
t < m, then Ay @ ... ® A, is the reduced adjacency matriz. of the poset

P1(X1,Y1)+...+Pm(xm,ym).

Since the Hasse diagram of P(X,Y) is the usual bipartite graph drawn
with the y's above the x’s, terms related to bipattite graphs, such as vertex
degree, isolated vertex, etc., carry over directly to bipartite posets. Their
definitions can be found in [BoMul975, Chapter 1-10}.

A completed bipartite poset is a simple bipartite graph with bipartion
(X,Y) in which each vertex of X is joined to each vertex of Y; if |X| = m and

|'Y] = n, such a poset is denoted by P .



The bipartite complement of a bipartite poset P(X,Y’), denoted by P(X,Y),
is a bipartite poset with partition (X,Y) in which z < y in P(XY) if and
only if z is not comparable with y in P(X,Y), where z € X and y € ¥. For

example, Figure 3 shows a given poset P(X,Y) and its bipartite complement.

y’\ hi g'-,

94, x;_* I3 14_
PIXY)

Fig. 3
The reduced adjacency matrix of Py, is Sy n- Let A and B be the reduced
adjacency matrices of P(X,Y) and —ﬁm, respectively, then
B = Jix|r) — A
In this section, we will write some results in poset language as well as in

matrix language.

Matrices (bipartite posets) whose stair number is 1 or 2 have been char-
acterized in [BrJul992). The assumption in the following theorems that A
has no rows or columns consisting of all 0’s or all 1’s involves no essential

loss of generalization.
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Theorem 2.1.1 ([BrJu1992]). Let A be a (0,1) matrix having no rows
or columus consisting of all 0’s. Then b{(A)=1 if and only if A= J.

Theorem 2.1.1°. Let P(X,Y) be a bipartite poset with no isolated vertex.
Then b(P(X,Y))=1 if and only if P(X,Y)= Pxyy|-

Theorem 2.1.2 ([BrJul992]). Let A be a (0,1) matrix having no rows
or columms consisting of all 0’s or all 1’s. Then b(A)=2 if and only if the
rows and columns of A can be permuted to give an oblique direct sum

O08...80 of zero matrices.

Theorem 2.1.2'. Let P(X,Y) be a bipartite poset with no isolated vertex,

and each vertex degree satisfies d(z)<{Y| where z €X,

and d(y)<|X| where y €Y.

Then b(P(X,Y))=2 if and only if P(X,Y)= P, + ... + Pingong, Where

mi+ ... +my = |X| and ny - ... + ng = |Y].

2.2 Normal forms

The following theorems show the relations between matrix structure and

jump number.
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Theorem 2.2.1 ([BrJul992]). Let A be a (0,1) matrix with no zero row

or column. Let b(A)=p. Then there exist permutation matrices P and Q

and integers my, ..., mp and nq, ..., 7, such that PAQ equals

Jm 1,01

0

o]

Ao

Jmzmz

0

Ay

Ay

Jmp,np

(2.1)

A matrix (2.1) satisfying the conclusion of Theorem 2.2.1 is called a nor-

mal form of A.

The next result is straightforward from the above theorem.

Theorem 2.2.2. Let A be a (0,1) matrix with exact ~; zero rows and

hg zero columns. Let b(A)=p. Then there exist permutation matrices P and

Q and integers my, ...,m, and 74, ..., n, such that

PAQ=A'=

0

0

Ay

Jml T

sz 2

0

Olq K Olu 2

All’ Omx Ja

A2p Omz 1ha

J’"lp.'ﬂp Om,, Ja

Olu My Oh.l Ja

(2.2)




Now we prove the main theorem of this section.

Theorem 2.2.3. Let R=(ry,...,7) and S=(sy, ..., 8a).

Define ryjn = min{r; | L <i<m,m # 0L hi=|{i | =0, 1 <i<m}|,

Smin =min{s; |1 <1<, 5; #0}, ho=|{i]5: =0, 1 <i<n},

Pmax =max{r;} and spax = max{s;}.

Suppose A€ A(R,S), then

s(A)>m+n—1-—min{m— hy — Spin+ 1, n = hiy = Tpin + 1}
(.e., B(A) < min{m — hy — spin + 1, n = ha — in + 1}),
and s(A)< m+n — 1~ max{[(m — h1)/5max |, [(n = h2)/Tmax|}

(i.e., B(A) = max{[(m — h1}/5max] , [(n = h2)/Timax|}).

Proof. Let b(A)=p. Then A= A’ of the form (2.2).

Since A has at least sy, 1’s in each nonzero column, the first stair occurs
in Tow smin or later. Hence there are at most  m — hy — (Spin — 1) stairs,
and hence s(A)> m +n — 1-[m — Ay — (s — 1)]

=m+n—1—(m—h — smn +1).

Since s(A)=s(AT), we may get s(A)>m +n —1-{(n — hy — rmin + 1).

Sos(A)>m+n—1—min{m —h; — sSmin+ 1, n = ho ~ iy + 1}

In the form (2.2), we have my +... +m, + h; = m, where each m; satisfies

m; < Smax, and hencepxslxlax+l7'1 > m, ie,p> {(TTL - hl)/smax] .
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Then s(A)<m+n —1— [{m —hi)/Smax] -
Similarly s(A)< m+n —1 — [(n — h2)/Tmax] -

Hences(A)< m+n—1—max{[(m — h1)/smax]  [(n = h2)/Tinax] }- al

The following corollaries are clear.
Corollary 2.2.4. Let R=(r, "‘”~¢"7") and S=(s1,...,8x)-
Define ryin = min{r; | 1 <i<m,i; 0} by = [{i | =0, 1 <1< m},
Smin =min{s; [1 <i<n,s; # 0} o ={i[5;=0, 1 <i<n},
Tmax =max{r;}, and sy, = max{s;}.
Then
m(R,S)>m+n—1-min{m — A1 — smin+ 1, n — ha = Pmin + 1},
M(R,S)<m+n — 1 —max{[(m — h1}/smax], [(7 — h2)/Tmax ]}
Corollary 2.2.5. Let A be an m x n (0,1) matrix without any zero row,
if there are at most k 1’s in each coluran, then b(A)> [m/k].
Corollary 2.2.6. Let A be an m x n (0,1) matrix without any zero
column, if there are at most k 1's in each row, then b(A)> [n/k].
In A(n, k), m=mn, by = ha =0, Spax = Tmax = &, then we have

Corollary 2.2.7 ([BrJul992]). M(n,k)<2n—1—[n/k].



2.3 A special class of matrices

We say matrix A contains matrix B if there exists distinct integers 4, ..., 1, and
distinct integers 7i1,...,7: such that the new mafrix cousisting of the i;-

th, ..., 7s~th rows and the j;-th, ..., j-th columns of A is B. For example, ma-

000
11 :
trix A= 19 1 Q| contains mafrix B = , since the new ratrix
01
1 .0

consisting of the third, second rows and the first, second columns of 4 is B.
First we prove some lemmas.

Lemma 2.3.1. Let A be a (9,1} matrix.

(i) If A has no zero column, then b(
¢
(ii) If A has a zero column, then b( J=b(A)+1.

Jo 8
Proof. Let b( ’ } = p, then is permutation equivalent to

A A 4

the normal form
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I Az . Arp

O Jupme - Ay

) o ..

pTip

Oln,nl O.’q,nz Ohl,np

It is clear that the first m; rows of the normal form B must contain s all

1’s rows. Hence m; > s.

In (i), since A has no zero column, it implies m; > s. Therefore after we

delete these s all 1’s rows from B, the stair number does not chanye.

8,

Ther b ) =h(A).
A

In (i1), we have ™ > 8.
Since A has a zero column, it follows that m; = s.
Hence after we delete these s all 1’s rows from B, the stair number de-

creases by 1.

8yt

There b(| | )J=b(A)+1. O
A

Similarly, we have

Lemma 2.3.2. Let A be s (0,1) matrix.
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(i) If A has no zero row, then b([ Jop A }):b(A).

(ii) If A has a zero row, then b([ Jo A ]):b(A)—%—L

Lemma 2.3.3. Let A and B be (0,1) matrices, and assume that either
(i) b(A)>b(B)+2, and A has no zero column or row, or (ii) b(A)>b(B)=2,

both A and B have no zero column or row. Then b{AGB) =b(A).

Joy, B
Proof. (i) Let b(AGB) = p, then AGB = l is permuta-
A J‘92)t2
tion equivalent to the normal form
- 1

Jomm A2 . Ay

= O Jipgme - A

0 O . Jmpn,

The following claim is clear.
Claim 2.3.4. Any two-row submatrix of AGB consisting of one row from
Jon B } and one row {rom [ A Jyn ] has no zero column.

Due to Claim 2.3.4, we see that the first m; rows of C contain { Jow B } or

A A']S'th ] '

If the first m; rows of C contain [ Jou B } , then my > s;. (Because

my = sy implies A has a zero column, a contradiction.)
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Hence after we delete [ Jos B ] from C, the stair number does not
change.
Therefore b(AGB) =b([ A Jon ])

Since A has no zero row, we haveb(} 4 ]) =b(A) by Lemma 2.3.2.

[

Hence b(AGB) =b(A).
If the first m,; rows of C contain [ A Juw } , then mq 2> 5.
Therefore b(ABB) Sb([ Juu B }) +1
<b(B)+1+1 (by Lemma 2.3.2)
<b(B) +2 <b(A).
Since b(AGB) >b(A), it implies b(AGB) =b(A).

(il) can be proved in a similar way. 0

We now recursively construet a particular class of matrices A‘:k which
have occured in [BrMaRo1986].

Set ny = n and k; = k. We now apply steps 1 and 2 below, beginning
with step 1 and alternating between steps 1 and 2.

Step 1. Suppose n; and k; have been defined where n; > k; > 0 and ¢ is
odd.

Let n; = q;k; + r;, where 0< »; < k; and ¢;>0. If r;=0, we set Ai=@,, Ji;,

32



a direct sum of ¢; copies of Ji,, and stop. Otherwise A;=(@g—1Jx;) ® Ais1.
and Aiy1 € A(nipq, kis1) is defined in step 2, and where n;y; = k; +7; and
kipr = ki.(when g;=1, the direct sum @y-1J, is an empty matrix.)

Step 2. Suppose n;y; and kiyy have been defined where niey > kigp > 0
and 41 is even. Let niyy = qip1(niys — & «1) +7ig1, where 0< 7y < mygq —
kit1 and qipi>0. If rip =0, we set Ay1=®g,, Oniyq ki » 3 oblique direct
sum of ;41 copies of Oy, —k;y, and stop. Otherwise , A1 =[@;y1-10n,41 ~kipr |BAira,
where Aipa € A(niga, kia) with nis = (Mg — kivd) + rig and kig = o4,

Note that for odd 7, gir; = 2 and q33 > 2 whenever they are defined.
That is so because niyy = ki +r; > 2r; and hence niyy > 2(niy1 — kige). Also
Nigz = (Rig1 — Kig1) + Tip1 > 271 = 2kipa. It follows that this construction
terminates after a finite number of steps. Let ¢ be the smallest positive
integer such that r; = 0.

We set A, 1 equal to A;.

Now we evaluate the stair number of A, .
Lemma 2.3.5. If t > 3, then b(A,4) =b(4s) + 1 — 1.
Proof. A‘,:L‘ = (Bq—1Jk,) @ Ag where Ay = Oy, 1, ®...B0n, 1, B Az,

b( Au) =b(A2) + @1 — 1.
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According to the way of constructing Anx, A3 has no zero column or row.

Due to lemma 2.3.3, b(A;) =b(As).

Then b(A, ) =b(As) +q ~ 1. m
Theorem 2.3.8.
b S quioy — (t—4))2 if 2t
nk) =

SV g (= 1)/2  if 24t
Proof. The proof is by induction on t.

If ¢=1, then A, x = @, Jk, b(Anr)=01.

If t=2, then%:(@,,rl Ji ) B Az, where Ay =B, Opy -y, hence b(A, 1) =

Q1“"1+2=q1+1~

Then when =1 or 2, we are done.

Assume that we have proved the result holds for ¢ < m, m > 2. Then

when ¢t =m + 1, by Lemma 2.3.5,

b{Au) = b(Az) + ¢ — L. (2.3)
By the induction assumption,

2 i1 — (' —4)/2 if2)|¢
b(As) = Til2 qai-1 ~ ( )/ if 2] (2.4)

D2 e — (= 1)/2 218
where t/ =t — 2.

Combining (2.3) and (2.4), we prove the statement. o
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2.4  Main results

For a matrix A in block form, we use Afiy, 29, ..., @5 | J1,J2, ..., Jt] for the sub-
matrix consisting of the i;-th, i5-th, ..., 7,-th block rows and j;-th, ja-th,...,
Ji-th block columns of A. A{é1,29,...,%5 | J1s 25 .- 5¢) is used for the subma-
trix of A obtained by deleting the 1;-th, ¢2-th, ..., 1,-th block rows and j;-th,
Jo-th,..., Ji-th block columns from A. Instead of Afi1,%2,...;%5 | 71,72, ey is]
and A(71, 02, ..v%s | 11,72, ..y 15), We write A[i1, 12, ...,15] and A(i1,42,...,1,) Te-
spectively.

A square matrix is called upper triangular if all the elements below the
main diagonal are zero.

Firstly we consider Question 1.1.6.

Theorem 2.4,1, Suppose A€ A(n, k) where 1< k < n. Then s(A)<
n+k —2, and the equality holds if and only if A has an order n — k41 non-
singular submatrix which is permutation equivalent to an upper triangular
matrix.

Proof. Brualdi and Jung have proved s(A)< n 4k — 2 in [BrJul992].

35



s(A)=n+k—2 (i.e,, b(A) = n—k+1) if and only if A contains an order

1 =% *
0 1 .. =%

n — k 4 1 submatrix of the form , if and only if A has an
\ 0 0 .1

order n — k + 1 non-singular submatrix which is permutation equivalent to

an upper triangular matrix. 0

Now we discuss Question 1.1.7.

If A€ A(n, k) where k| n and b(A)=%, then from the form (2.1), we see
that my=...=my=m=..=n,=k.

Thus we obtain the following assertion.

Theorem 2.4.2. Let A€ A(n,k) where k | n, then s(A)=2n — 1 — 2 iff

In order to investigate the case k § n, we first prove the following lemmas.

Lemma 2.4.3. Suppose that A€ A(n, k) and k < n < 2k, then s(A)=2n—
3if (n—k) | k, and A A, .

Proof . If (n —k) | k and A= Anr, then AZ 0,1 B..B0n, and thus
s(A)=2n — 3.
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If s(A)=2n — 3, then b(A)=2.

By Theorem 2.1.2, we see that A Op, 0, @...B0m, 2,

Since A€ A(n, k), it implies that my =n; = ...=m;=n,=n—k.
Hence (n — k) | n, A= A,y

Since (n — k) | (n — k), we have (n — k) | k. a

Lemma 2.4.4. If A is permutation equivalent to the block triangular

form i
Apn A ... An Ay O 0
O A .. An An An 0
or
o 0 At An Ap Ay

then b(A)> T, b(Ax).

Proof. Since A can achieve af least b(Ay;)+b{Aze)+...+b(As) stairs, it implies
that b(A)> Sf b(Ay). O

Lemma 2.4.5. Let A be an mxn {0,1) matrix having no rows or columns
consisting of all 0’s or I’s and b(A)=2. Then the number of 0’s in any two
unequal columns is not more than m.

Proof. Due to Theorem 2.1.2, A=0p, 1, ®...B0m, i, Where t > 2 and

m1+...+m¢=m.
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The number of 0’s in any two unequal columns equals my, -+ my, < m,

where 1< ¢y, < ¢ and iy #4p. O

For the case k { n, we have the following result.

Theorem 2.4.6. Suppose that pk < n < (p+ 1)k, A€ A(n, k), then
s(A)=2n—1—~ (p+ 1) iff (n mod k)| k and A= A,,.

Proof. The sufficiency is clear.

To prove the necessity, when p=1, we are done.

Suppose when p < h, h > 2, the statement holds.

Then when p = h, b(A)=h + 1.

According to Theorem 2.2.1, we may assume A is in the normal form

( Jm1.n1 Al? Al,h-{-l
0 ng,n o A‘l,h—)-l
’ (2.5)
O O Jmh-{-h“h-f-l ]

where mi <k n<ki=1,.,h+1
In the form (2.5), hk < n < (h + 1)k and A€ A(n,k), the following
assertion is clear.
Claim 2.4.7. For auny two distinct integer 7, j, 1< 4,7 < h + 1, we have
k<mi+m; <2k k<ni+n; <2k
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In the form (2.5), suppose D; = (Ajigt o Aipg1)y 2= 1, ..y ke
Let h; be the smallest integer of set {z-+1,...,h + 1} such that A;,, # O.

IfD; = O, then let h; = 1.
Ay

Suppose F; = , 3 =2y, h+1.

Aj-15
Let ¢; be the largest integer of sef {1,..., 7 — 1} such that A, ; # O. If

;= O, then let ¢; = 7.
Claim 2.4.8. If h; > 1, then b(A;4,) = 2.
Proof of claim. If b(A;;,)>2, then it is clear that b(A(h; | 7)) > A+ 1,

hence b(A)>h + 1, which contradicts the assumption that b(A)=h + 1.

Jep O
If b(Ais;) =1, by Theorem 2.1.1, A; 5, =

OOJ

Assume a=m;, then m; +my, < k, where 1 # h;, which contradicts claim
2.4.7.
Then a<m;. Similarly, b<ny,.

Since Afi, hi] 2 Om,, 0 @Ain;, Alf, hi] has at least three stairs.
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Al by hi 4+ 1,0+ 1) * *
Since A% 0 Ali, hi) % ,

O 0 Alhi +1, .., A+ 1]
it implies that

b(A)>b(AG, hsy hi + 1, .. b + 1))+b(AR, R J+b(Alh; + 1, ..., A+ 1))
2(hi—1=1)4+3+h+1~(h+1)+1]
=h+2 > h+1, a contradiction.
Hence b{A;s;) = 2. o
Here we can get the following statements, whose proofs are given in the
next section.
Claim 2.4.9. If hy > 1, then Acp, = O, § =2, ..., hy ~ L.

Claim 2.4.10. If I<h; <h+1,then Ay, =0,i=h +1,..,h+1.

Applying the above assertions, we now finish the proof of Theorem 2.4.6.
In the form (2.5), if D, = O, then m; = ny = k, A=J, & A(1), A(1)e
Aln—k, k).
Let n' = n — k, then (h — 1)k < n’ < hk,
and s(A(1))=s(A)-s(Jy) - 1

=Pn—1-(h+t1)]—(2k—1~1)—1
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=2n—-k)-1-h
=2n'~1—h.
Due to the induction assumption, A(1)= m,
((n — k) mod k)| k.
Then (n mod k)| k and A A, .
If Dy # O, Le., Ay > 1, then we distinguish the following two cases.
Case 1. hy==h+1. Then Ay = Az =...= A1 = O.
Due to claim 2.4.9, Agpp1=Azpt1=...=Ap 441=0.
Therefore A= All,h+1] & A(L, A+ 1).
Then we have A{l,4 + 1} € A(w/,k), A(1L,A+ 1) &€ A(n",k) where k <
n' <2k, (h —2)k <n" < hk,n'+n" =n.
We get b(A[L, A+ 1]) > 2, b(A{1,~ + 1)) > h — 1 by corollary 2.2.5.
Since b{A[1,h + 1])+b(A(L, A+ 1)) = h + 1, 't implies that
b(AfL, A +1]) =2, and
b(A(Lh+1)) =h—1.
Due to corollary 2.2.5, n” < (h - 1)k, then (A - 2)k< n” < (h — 1)k.
Suppose that n" < (h — 1)k.
By the induction assumption, (n’ mod k)| k and (n” mod k)| k.

Then k < n' <k +k/2 and (h — 2)k < n" < (h - 2k + &/2.
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Hence (h — 1)k < n < hk, which contradicts hk < n < (b + 1)k.
So n" = (h—1)k.
It implies that my = ng = ... = my, =ny, = k,

therefore A(1,A+1)% @)1 Jk, A{lA+1]= Ani(—h\/_l)k'k,

Then A= A, k, (n mod k)| k.

Case 2. 1 < hy < h+1. Then Ay = Az = ... = Al.Iu-l = 0.
Due to claim 2.4.9 and 2.4.10, Ay 4,41 = ... = Ay p41 = O and
Aoy = oo = Appap, = 0.

Next, we will prove Dy, = O.

Suppose not, by claim 2.4.8, we have b(A;,) = 2 and D(Any by, ) = 2.

. ) Alhx O
It implies that b( ) = 4. Then b(A(hy, | 1) > R+ 1,

Jmh; iTLhy Ahl,hh
hence b(A)>h + 1, a contradiction.

Then Dy, = O, A% A[l, k] & A(1, hy).

Similar discussion as case 1, we have A= A, and (n mod k)| k.
The next result follows from Theorems 2.4.2 and 2.4.6.
Theorem 2.4.11. Suppose that A€ A(n, k) where 1< k& < n, then

s(A)=2n — 1~ [n/k] iff & | n or (n mod k) | k, and A A, .
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Corollary 2.4.12. Suppose that A€ A(n,k) where 1< k& < n, then
s(A)=2n — 1 — [n/k] ff k | n and A @2Jk, or (n mod k) | k and A=

®[T’/H"2Jk@ (é‘—; k +1Onmodk) .

n mod ¥

The following corollary shows Conjecture 1.1.4 is rue.

Corollary 2.4.18. If k{ n and (n mod k)t £ for 1 < & < n, then
M(r, k) < 2n—1~ [n/k].

Corollary 2.4.14. Suppose that n > 2k. Let A€ A(n, k) satisfy

s(A)=M(n,k) =2n —1 - [n/k].

Then there exits B€ A(n — k, k) such that A is permutation equivalent
to Ji @ B where s(B)=M(n — k, k).

The next corollary give an answer to Question 1.1.3.

Corollary 2.4.15. M(n,k)=2n — 1 — [n/k] iff k { n or (n mod k)| k.

2.5 Completion of proofs

In this section, we will prove claim 2.4.9 and 2.4.10 in order to complete the

proof of Theorem 2.4.6.

From claim 2.4.7, we see that
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Claim 2.5.1. If h; > 1, then A;j; has no column or row consisting of all
1’s.

Claim 2.5.2. If h; > ¢, then A;;; has no column or row consisting of all
0’s.

Proof of claim. Suppose A;j, has a column or row consisting of all 0’s.
Due to claim 2.4.8, A, h;] bas at least three stairs, then b(A)>h + 1, a
contradiction, 0

Since b(A)=b(AT), we can obtain the following claims.

Claim 2.5.3. If t; < j, then b(A, ;) = 2.

Claim 2.54. If ¢; < j, then A;; has no column or row consisting of all

0's or l's.

Now we prove claim 2.4.9,
Proof of claim 2.4.9. Suppose not, then there exists ), such that 2<
th < h—1and b(A, b)) = 2.
By claim 2.4.8, 2.5.1, 2.5.2 and Theorem 2.1.2, we have
Aphy 0. 08,80, 4., w > 2.
There exist two unequal columns in Ay, opposite two unequal columns

in Ay, otherwise we see that all columns of Ay, ,, are identical, which
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contradicts b(As, ) = 2.

Without loss of generality we assume the numbers of 0’s in these two
unequal columns of Ay, are py, py respectively, there are a1, a2 0's in their
respectively opposite columns of At,“ S

Due to lemma 2.4.5, a; + ay < My, s P1+ P2 S My

Now consider the numbers of 1’s in these two columns,

Since each column sum of A is &, and m; = k&, we have

My + (Mg, — a1) + (my — p) <&,
My + (me, — az) + (m1 —pa) < &y
equivalently mp, + My, = a1 < P1.
Mmpy + My, — 2 < P
Then my, + my,, < 2, + My,
< 2mip, + 2m¢hx —a; —ay
<pitp
< k, contradicting lemma 2.4.7. |

This completes the proof. ul ¥

From claim 2.4.9, we have the following assertion.

Claim 2.5.5. If Ay > 1, then Aqp, = 04,0,8..804,4., w = 2, wg=k,
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my, =q < k/f2.

Finally we will consider claim 2.4.10.

In the form (2.5), if 1 < hy < h+1, we suppose that (A popr - Arprr) #
O. Let s be the smallest number of the set {hy + 1,...,h + 1} such that
A, #£ 0.

By claim 2.4.7, mp, +my =g+ m,; > k.

Due to claim 2.5.5, my, < k/2, hence m, > k — my, > k/2.

We see that b(Ay,) < 3, otherwise we contradict b(A)=h+1.

The following statements can be deduced.

Claim 2.5.6. b(Ay,) # 1.

Jop O
Proof of claim. Suppose that b(A;) = 1. Then Ay, &

0 0
Since each column sum is &, and m, > k/2, it implies that a<k/2.

Due to claim 2.5.5, we have b([A1s, A1,])2> 3.

. Alhl Als
By claim 2.4.7, b < n,, then b( } > 4, hence b(A)>h+1,
O JT".nﬂs
a contradiction.
So b{A) # 1. im)

Claim 2.5.7. If Ay, has no zero row, then b(Ay;) = 3.
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If Ay, has a zero row, then b(Ay,) = 2.
Proof of claim. If Ay, has no zero row, due to the fact that column sum
of Ay, is abt most & —m; < k/2, then we have
b(Ars) = [k/(k —m,)] = k/(lﬁ —ms) > 2 by corollary 2.2.5,
So b(Aq,) = 3.

If Ays has a zero row, then b(Ay,) < 3, otherwise we contradict b(A)=h+

Due to claim 2.5.6, we have b(Ay,) = 2. O
Due to claim 2.5.3, 2.5.4 and 2.5.7, we have the following assertion.
Claim 2.5.8. 1<, < s, and b(A,, ) = 2.

Claim 2.5.9. A;, has no zero column.

Proof of claim. Assume that A;; has a zero column.

Now consider whether A;, has a zero row or not.

Case 1. Ay, has a zero tow, then b(Aq,) = 2 by claim 2.5.7.

Jm“m Als e

So b( ) 2 4, therefore b(A)>h + 1, a contradiction.
L O 'Imsvns
Case 2. Ay, has no zero row, then b(A;,) = 3 by claim 2.5.7.
Als

So b( ) > 4, therefore b(A)>h+1, a contradiction.

‘]m.-)ns
Hence Ay, has no zero column. |
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Claim 2.5.10. Let the nurmnbers of 1’s in any two unequal columns of Ay,
be a; and gy, respectively, then a; + a; > /2.

Proof of claim. Suppose nof, then there exist two unequal columuns of Ay,
such that a; + a2 < k/2, where a; and ay are the numbers of 1’s in these two
unequal columns of Ay, respectively. We denote by B the submatrix of Ay,
consisting of these two columns, then b(B)=2 by claim 2.5.9.

Since a;+as < k/2, it implies that the number of zero rows of B is greater
than k/2, hence b({ Avp Au ])2 4 by claim 2.5.5.

Therefore b(A)}>h + 1, a contradiction. n]

Next we will complete the proof of claim 2.4.10.

We see that there exist two unequal columns in Ay, opposite two unequal
columas in Ay, ;, otherwise we see that all columns of A, are identical, which
contradicts b.(A“) # 1.

"Vithout loss of generality we assume the numbers of 1’s in these two
unequal columns of Ay, are ¢, cp respectively, and there are p;, pa 0’'s in
their respectively opposite columns of A,_,.

Due to lemma 2.5.10, g1 + ¢z > k/2.

Due to claim 2.5 8, b(Ay,,s) = 2, and we get py + p2 < my, by lemma

2.4.5.
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In matrix A we consider the numbers of 1’s in these two columns, then
me+ (Mg, —p1) +o1 <k, my+(my, —p2) + e <k.

Hence 2m, + my, -+ (my, — p1 — p2) + 1 + ¢3 < 2k.

So 2m, + my, + k/2 < 2k.

Due to m, > k/2, then m, + m,, < k, a contradiction.

Hence Aj;=0,i=hy+1,...,h+ 1. a
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Chapter 3

Some exact values concerning

maximum jump numbers

In the first section of this chapter, we get the exact values for M(11.k) where
1< k < 11. Two types of recursive constructions are discussed in section 2.
Consequently we derive some inequalities for M{n, k). In the last section, we

deduce exact values for M(n,6), M(n,n — 3), M(n,n — 4) and M(qk + 2,k).

3.1 M(11,k)

Theorem 3.1.1. The following hold:
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(a) M(11,1) = 10, M(11,2) = 15, M(11,3) = 16, M(11,4) = 17, M(11,5) =
18, M(11,9) = 18, M(11,10) = 19, M(11,11) = 20.
(b) M(11,7) = 18, M(11,8) = 18.
(c) M(11,6) = 17.
Proof. (a) can be obtained from formulas (1.1)-(1.8) in Chapter 1.
(b) By Corollary 2.4.13, M(11,7) < 18 and M(11,8) < 18.
Let A; = (J3 @ (0180,80:801))B0,, then we see s(A;)=18. Thus
M(11,7)=18.
Let Ay = ((J2 @ (0:80:80,))B03)B03, then we see s(Ap)=18. Thus
M(11,3)=18.
(c) Now we determine the value of M(11,6).
The following lemma is quoted from [BrJul992].
Lemma 3.1.2 ((BrJul992]). M(2k + 1,k +1)> 4k — [VE].
By lemma 3.1.2 and Corollary 2.4.13, 17< M{11,6) < 19. We only need
to prove M(11,6)5# 18.
For any matrix A€ A(11,6), if b(A)=3, then from Theorem 2.2.1, we have
Jos—q A1z Ass
AZ 10 . Aw | (3.1)

0 O Jsps
where 1< p<4,1<¢<4.
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Since b(A):b(AT), we may assume b{A12)<b(Aq3) in the form (3.1).

In the form (3.1), b{(Ay2)> 1, otherwise b(A12)=0, then A,y = O, hence
p==06, a contradiction.

Moreover b(A3)< 2 and b(A3)< 3, otherwise b(A}>3, a contradiction.

Then 1Sb(A12) Sb(Az:;) S 2 and O_<_b(A13) S 3.

Lemma 3.1.3. In A(11,8), there does not exist a matrix of the form
(3.1) whose stair number is 3, and b(Ayz)=1.
Proof. Suppose there exists a matrix A of the form (3.1) and Ae A(11,6),

b(A)=3 and b(Az)=1.
. Jﬁ—m
Since A€ A(11,6) and b(Aqz)=1, we see that A;y =
0
[ ]

Jomps—q Ji 6~pg Gy

Jps—a O Cs
Therefore A= By =

0 Jpg Az

L 0] (0] J5.~p|f, |

Claim 3.1.4. C; has a zero column.
Proof of the claim. Suppose C; has no zero column. By the fact that C;
has 6 columns, then the number of 1’s in C; is not less than 6.

Since each row of C; only have one 1’s, we see that the number of I’s in

52



Cy is 6 ~ p < 6, a contradiction.
Thus, we have

Claim 3.1.5. b{(Cy)=1 or 2.

We distinguish the following two cases.

Case 1. b(C1)=2. Then G,

R

6—p. X
J6~p,5-q
Jp,s—q
Therefore A= B, =
0
0
L

Since b(A)=3, we see that b(

Js;,l 5> Jsz,l 06—';7,4

Js—p,q Jsl,l & Jsz,l

0

Dy

Dy
Ds

JS-—p"l

) <1, then b(

, where s1 + 59 =

OG—p,4
Dy

Dy

vfs—p,ri

D,
)=1.

Dy

Due to the fact that the column sum of B, is 6, we have

Claim 3.1.6. D2 has no zero column. D, has no zero column.

Dy

Claim 3.1.7. has no zero row.

D,

Proof of the claim. Suppose D has a zero row, then g = 1. Hence D,

can no} have an all 1's row. Therefore Dy = O. Then the last column sum

of B, s at most 5, a contradiction.

Therefore Dy has no zero row. Similarly, we can prove that Dy has no
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ZEro row. m}

Dy
Since b( } = 1, by claim 3.1.6, 3.1.7 and Theorem 2.1.1, we have

D,y
Dy
= sz,4.
D,
We choose any one row from the second and the third row blocks of
By, respectively. Those two rows sum> (5—¢q) +4+ q+4= |, a contradic-
tion.

r -
Jﬁ—p.s—q Jﬁ-p,q Jﬁ—p.l Oﬁ—r,ﬁ

Jp,s_q O El E?
Case 2. b(C;)=1. Then A By =

O va,q E3 E4

0o O Js—p1 Jsops
Due to the fact that the column sum of Bj is 6, we have

Claim 3.1.8. E, has no zero column, E4 has no zero column.

Due to the fact that the row sum of By is 6, we have

5|

Claim 3 1.9. has no zero row.
2y
Claim 3.1.10. E; has no all 1's row.
Proof of the claim. Suppose E; has an all 1’s row, then 5 — ¢ = 1, i.e,

q =4. Hence there are at most two 1's in each row of Ey.

Since B4 has 5 columns and E4 has no zero column, we see that
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b(E4)> [%] = 3 by Corollary 2.2.6.
Thus b{B3)> 4, a contradiction. O
Similarly, we have
Claim 3.1.11. E, has no all 1’s row.
We see that the number of 1’s in any one column in the third column
block of Bj is at least 6 —p+ 5 —p. Then 6 —p+5—p <6, ie, 2p>5.

Therefore p > 3. Hence p is 3 or 4.

Claim 3.1.12, o has no all 1’s column.
By
E,
Proof of the claim. Suppose has an all 1’s column, then 6 — p=5,
A
i.e., p=1, a contradiction. O
Ey
By Theorem 2.1.2, = 0po1,,B...B0p_1,4,, where t; + ...+t = 5.
Ey
Then p—1{2p.
E,
Therefore p # 4. Hence p =3, and 2 044, 804,,0024,.
4 |
Due to claim 3.1.8, we have b(E,)=2 and b(E,)=2.
E,
We see that there is only one 1’s in . So we may assume E; = 0
By
or Bz = 0.
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If By = O, then b([J,, Ea])=2.

O B B
Since b(E;)=2, we see b( } > 4, thus b(B3)> 4, a con-
Jog Bz Ba
tradiction.
B3 E,
If E5 = O, then b( ) >3

Js-pr Js-ps
Therefore b(B3)> 4, a contradiction.

We complete the proof of Lemma 3.1.3. O

Lemma 3.1.13. In A(11,6), there does not exist a matrix of the form
(3.1) whose stair number is 3, and b(A;2)=b(Az)=2.

Proof. Suppose there exists a matrix A of the form (3.1) and Ae A(11,6),
b(A)=3 and b(A12)=b(Ass)=2.

Let As; be a p x ¢ matrix. Since b(A)=b(AT), without loss of generality,
we may assume p < ¢. (3.2)

Ay has no zero row, otherwise we contradict b(A)=3.

Suppose Ajp has exactly s rows which consists of all 1's.
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Jos—qg  Jsqg Ca
Jo—ss—q Civ O3 o
Then A= B, = , where C; = 00, ®...80,,,,
0 Joq A
O O e]ﬁ-p,ﬁ

kp+s=6and k> 2.
Hence 2p < 6, thus p < 3.
Since b(Aq3)=2, we see that p > 2.
Hence p==2 or 3.
Similarly, we can have q=2 or 3.
Distinguish the following two cases.
Case 1. p=2. Then k=2 or 3, hence s=0 or 2.
The following two subcases will be discussed.
Subcase 1.1. s=0. Then k=3.
Since 2< ¢ <3, we see that C; = 0,180,180, and g=3.

Thus A23 = O1v3§O1‘3.
Jo2 021802180, D

Then A= By = | ¢ Jas 0138013

0 0 a6
Then De A(6,2).

By Corollary 2.2.5, we have b(D)> 3.
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Since b(D)< 3, we see b(D)= 3.
Jm( K3 D12 DIS

Thus D= | o Jmama Das by Theorem 2.2.1.

0 0] b

Since De A(6,2), wehavermi=my=mag=ni=ny=n3 =2

and Dw, = D13 = D23 = O

D
Thus D= J, @ J, @ Ja, therefore b )= 4, a contradiction.

01,38001,3
Subcase 1,2, s=2. Then k=2.
Thus Gy = 04,4, 80;,4,-
Claim 3.1.14. C, has zero column.
Proof of the claim. Similar to the proof of claim 3.1.4. a

Thus we have b(C;) =1 or 2.
Claim 3.1.15. b(Cy)=1.

Proof of the claim. Suppose b(C;)#1, then b(Cz)=2.

. . Cy Ji1®J11 Oz
Without loss of generality, we may assume =

03 * E_]

Due to the fact that the column sum of B; is 6, we have E has no z o
column.
Since b(E)=1, we see that E has at least one all 1’s row, and we may

assume this row is the i-th row of B;.
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Since C; has no zero row, the number of 1’s in the i-th row of B; >5 —

qg+4=9-q2>6, a_contradiction. O
J2,5-4 J2q Jag Oss

Then A2 B; = Jis—g 0248024 F P

o) Jag F; F

0 0 Ja1 3

v [}

Claim 3.1.16. ¢ = 3.

Proof of claim. Suppose ¢ =2, then ¢y = g2 = 1.

Therefore there are at most two 1’s in each row of F,.

Since the column sum of By is 6, it implies that Fy has no zero column,
By Corollary 2.2.6, b(F2)> {-‘;’-] = 3, thus b(B3)> 4, a contradiction. O

Now we may assume ¢; = 1, ¢ = 2 in Bs.

Consider the following sub-matrix B of Bs,

02,1@-02,2 B

Jag Fy Fy
Fy
It is clear that has no rows or columns consisting of all 0’s or all
Fy

1’s.

Fg F2
Then b( ) # 1. Thus b( } = 2. Hence, by Theorem 2.1.2,
F4 F4
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P B
= 03,,803,,.

Fy
_ o 05,1805
Then B (Gy Gy O3,,®0s,,), where G is obtained from
JM
£y
by independent row permutations and G &
B3
There is caly one 1's in G, hence we have
* 1 Jig Oy
L
B=B'=| 1 0, Joyr Oz where consists of 5 rows of
L,
Ly Osn Osy Jay
. 02,80, t =1 =t
the matrix | , and or
J-z,q t; = t'z t.’z = tl
. i ] 02180, ]
Since L, consists of three rows of the matrix , we see that

Jaq
b{L3)> 2, thus b(B’)> 4, therefore b(B;)> 4, a contradiction.

Case 2. p =3.
By (3.2), we have q =3.
Js2 0328603, Az

Then we may assume A= By = | ¢ Jaa 01380, 5 | - Here we

0 0 Jog

¥
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may suppose Ajs is

O

(i) H,

Hs

1
(i)
Hs

1
(i)
Hr

1190
Hy

Hy

00100-I

Hg % % + %

1 0 0 00

*Hs

EE

In case (i}, we see that any row of

) Az
erwise
01380,
Az
thus b(
0139023

or

or

, where H; and H, consist of two rows.

H
must be (0 0 0)or (1 1 1), oth-

H,

-

R

Hs

H, — - H H,

Hy Hs Hy
110 111 000
0 00 ) 111 000
0 00 600 11090
111 000 111

)>3, then b(B4)>3, a contradiction.

1

|

Due to the fact that the row sum of By is 6, then we have H; = Oy 3.
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J.

2,3

Without loss of generality, we may assume Hj = , then Hy =
O13

000

0060

1 11

Thus b(Hz)# 1, hence b(Hz)> 2.
Oy M1 Hy

Therefore b( ) >4
Jag Hs Hy

So b(B4)> 4, a contradiction.

In case (ii}, there is only one 1’s in Hs, thus there exists one row in
[ Hs Hg ] of the form (0 0), otherwise the number of 1’s in the seventh
column of By is greater than 6, a contradiction. Assume this row is the i-th
row of By.

Therefore By has the sub-matrix
i 7

11 010 the first row
- L I, I3 00 the i-th row
11111 the 8-th row
1 1 100 J the 9-th row

column 3 4 5 6 7

where (l; &, l3)=(1 1 0)or (0 O 1).

62




-

Therefore b{L)> 4, thus b(B4)> 4, a contradiction.

In case (iii), similar to the case (ii), discuss column Hy and Hg instead of
H; and Hg, then we also have b{B4)> 4, a contradiction.

We complete the proof of Lemma 3.1.13. 0

By Lemma 3.1.3 and Lemma 3.1.13, we see there does not exist a matrix in

A(11,6) whose stair number is 3. Hence M(11,6)# 18. Therefore M(11,6)=17.

O

Brualdi and Jung stated the following conjecture in [BrJu1992).
Conjecture 3.1.17. M(2k + 1,k + 1)=dk-[VE].
The fact that M(11,6)=17 demonstrates that conjecture 3.1.17 holds for

k=5.

3.2 Recursive constructions and some inequal-
ities

Qur recursive constructions are based on the next two facts.

Fact 1. If A; € A(ny,k) and Ay € A(ng, k), then A1@A; € A(ny + 1o, k).
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Fact 2. If A€ A(k,2k — n) where k < n < 2k, then ABO,.—; € Aln, k).
From Fact 1, we have the following theorem.
~ Theorem 3.2.1. va ny > k>1land ny > k > 1, then M(n; +no, k) >
M(n1, k) + M(ng, k) + 1.
Proof. By definition, there exists a matrix A; € A(ni, k) such that
s(A)=M(n, k).
Similarly, there exists a matrix A, € A(ng,k) such that s(As)=M(ns, k).
Since s(A, @ A2)=M(ny, k) + M(n2, k) +1 and A1 @ Az € A(ni+no, k),
we have M(ny + no,k) > M(ny, k) + M(np, k) +1. O
Corollary 3.2.2. M(17,6)= 29.
Proof. M(17,6)> M(9,6) + M(8,6) +1
=15+13+1
= 29.
By Corollary 2.4.13, M(17,6) <2 x17—-1—3
= 30.
Then M(17,6)=29. 0
Corallary 8.2.3 ([BrJul992]). M(n,k)> 2k — 1+ M(n — k,k)  where
n .2k,

Brualdi and Jung conjectured that equality in Corollary 3.2.3 holds in
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general. The following conjecture appeared in [BrJul992].

Conjecture 3.2.4 ([Brjul992]). Suppose n > 2k. Let A€ A(n, k) satisfy
s(A)=M(n, k). Then there exists BE A(n —k, k) such that A is permutation
equivalent to J,. @ B where s(B)=M(n — k, k).

Proposition 3.2.5. Conjecture 3.2.4 does not hold.

Proof. If Conjecture 3.2.4 holds, then M{n, k)=s({Jy)+M (n — k, k) + 1

=2k -1+ M{n —kk).

Let n = 17 and k = 6. Then M(17,6)= 11-+ M (11, 6) = 28, a contradiction
to Corollary 3.2.2. O

Therefore the equality in Corollary 3.2.3 does not hold in general.

From Fact 2, we have the following theorem.
Theorem 3.2.6. M(n,k)> 2n — 2k + M(k,2k —n,, where k < n < 2k.
Proof. By definitien, there exists a matrix A€ A(k,2k — n) such that
s(A)=M(k,2k — n), i.e., b(A)=2k — 1 — M(k,2k —n).
Due to Lemma 2.3.3, b(ABO,,—;) =b(A4) = 2k — 1 — M(k, 2k —n).
Then M(n, k)> 2n — 1—b{AGOn_¢)
>2n -2k + M(k,2k —n). o

We note that equality in Theorem 3.2.6 does not hold in general. For
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example, M(11,6)=217>2x5 + M(6,1).

3.3 Some exact values

From Corollary 2.4.13, Theorems 3.2.1 and 3.2.6, we can get exact values for
M(n,86), H(n,n—3), M(n,n—4), M(n,n—2) and M(qgk +2,k).
Theorem 3.3.1. Suppose 0<k<Z, k{n and (n mod k)} k. If there exist
natural numbers n; and ny such that n = ny + ny, (n; mod &)| k and (ns
mod k)| k, then M(n,k)=2n —2 — [n/k].
Proof. Since n > 2k, without loss of generality, we may assume n; >
k and n; > k.
Then M(n, k) > M(nq, k) + M(ng, k) + 1
=2ny — 1= [5] +2n, — 1= [2] +1
=2n—2—[n/k].
On the other hand, M(n, k) < 2r — 2 — [n/k] by Corollary 2.4.13.
Hence M(n,k)=2n —2 — [n/k]. o

Corolary 3.3.2. M(n,6) =2n — 1~ [n/6] —a,
0 if6|nor(nmod6)!6

wherea =< 1 {f(nmod6) =4or5, andn #11 -

2 ifn=11
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Proof. If 6 | n or (» mod 6) | 6, it is clear.

For n=10 and 11, we can verify it directly.

If n > 16 and (n mod 6) = 4, let n; = 8§ and ny = n — 8. Therefore we
get M(n,6) =2n — 2~ [n/6] by Theorem 3.3.1.

Ifn > 17 and (n mod 6) = 5, it is similar to the above case. a

Corollary 3.3.3 ((BrJul992]). M(n,3) = 2n — 1 — {n/3] — o where
a=n(mod 3) and 0< a < 2.

Corollary 3.3.4 ([BrJul992]). M(n,4) = 2n — 1 — [n/4] — ¢ where
a=1if 4{ n — 3 and 0 otherwise.

Theorem 3.3.5. If ¢ > 1 and k > 1, then

2¢k ~qg+2 ifkiseven
M(qk +2,k)= .

2gk ~q+ 1 i kisodd
Proof. If k is even, by Corollary 2.4.15, then

M{qgk +2,k)=2(gk +2) -1~ (¢+1)
= 2qk — q+2.
Ifkhkisoddand ¢ 2> 2,letmy=k+1andny,=(¢— 1k + 1
Then M(gk + 2,k)=2(¢k +2) -2~ (¢ +1)
=2qk — q+4-1 by Theorem 3.3.1.
If £ is odd and ¢=1, then the conclusion follows by formula (1.7) in

Chapter 1.
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Hence if k& is odd, M{qk + 2,k) = 2qk — g+ 1. o

Let ¢=2, we have a corollary.

4k itk is even
Corollary 3.2.6 ([BrJu1992]). M(2k + 2,k)= .
4k —~1 ifkisodd

2m -3 ifk|m
Theorem 3.3,7. If M(m,m — k)= , where 1< k <

2m—4 ifktm
m -1,

2m+qk)—3 ifk|m
then M(m + ¢k, m+ (¢~ 1)k)= for ¢ > 0.

2(m+qgk)—4 ifktm
Proof. If k | m, then

M(m + gk,m + (¢ — 1)k)=2(m 4 qk) — 1 — {;\’ﬁﬂ%ﬂ

=2(m+qk)-3.

I % { m, we prove it by induction.

When ¢ =1, M(m + k,m) > 2k + M(m,m — k) (by Theorem 3.2.6)

> ok+2m—4.

Cn the other hand, M(m + k, m)<2(m + k) ~ 1 — [ 2]
=2(m+k)-3.

Hence M(m + k,m)=2(m + k) — 4.

Assume when ¢ = p, the statement holds.
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Then when q = p+1, M(m-+(p+1)k, m-+pk)> 2k+M(m-+pk, m+(p—1)k)
=2(m + (p + 1)k) — 4.
On the other hand, M(m+(p+1)k, m+pk)<2(m+(p+1)k)—1— l-m';::,: k]
—3m + (p-+ )E) - 3.
Hence M(m + (p + 1)k, m + pk)=2(m + (p + 1)k) — 4.
Therefore if k { m, we get M(m + gk, m + (¢— 1)k)=2(m +¢k)—4. O
In—3 ifniseven

Corollary 3.3.8 ([BrJul992]). M(n,n—2) = .
In—4 ifnisodd
2n—3 if3|n
Corollary 3.3.9. M(n,n —3) = for n>4.
2n—-4 if3fn
Proof. Let k=3 in Theorem 3.3.7. Due to the fact that

M(5,2)=6=2 x 5 — 4,
M(6,3) =9 =2 x 6 — 3, and

M(7,4)=10=2x7 -4,

Mm—~3 if3|n

we get M(n,n —3) = for n>4. D
2n—4 if3fn
2n—-3 if4|n
Corellary 3.3.10. M(n,n —4) = for n>3&.
-4 ifdfn

Proof. Let k=4 in Theorem 3.3.7. Due to the fact that

M(6,2)=8=2 x 6 — 4,
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M(1,3)=10=2x7~—4,
M(8,4)=13=2x8~3 and

M(9,5) =14=2x 9 —4,
2n—-3 ifd|n
we get M(n,n —4) = - for n>5.
2n—4 ifdin
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Chapter 4

Maximum Number of Mutually
Orthogonal Frequency

Hyperrectangles

In this chapter, we derive a bound for the maximum number of mutually
orthogonal frequency hyperrectangles that simultaneously generalizes Su-
chower’s bound [Su1989] and LMW ’s bound [LaMuWh1995]. Before it we
state a simple necessary condition for an F-hyperrectangle of size ny X ... X ng

and type t to exist.
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4.1 A necessary condition

Firstly we give the following necessary condition for an F-hyperrectangle of
size m1 X ... X ng and type t to exist.

Theorem 4.1.1. If there exists an F-hyperrectangle HR(ny, ..., nia; t; A, ...y Am),
where 1< ¢ < d ~ 1, then Lem. {TI{, n, | {i1,...,%:} € Bo(d)}<IT; me-

Proof. Suppose nof, then l.em.{ITi; ns | {i1, - i} € Bild)}=TT%, ns,
by the fact that

Lem {Tli iy | {61, - ie} € Pd)}] T, e
Set Q=(IT%; n:) A = ([T, ma)@((3, ..., £), 1).
By formula (1.9) in Chapter 1, we have
Lem Ty na | {1, - it} € Pd)H @,
then TT4, n: | Q.
Therefore Q> [T, n:. (4.1)
Since Ay + ... + Am = [lj,..c s, We have

Q = T4 i M/ a,..sn5) < T12, i, which contradicts (4.1).

Let t = 1, then we have a corollary.
Corollary 4.1.2. If there exists an F-hyperrectangle F(ng, ..., 7%4; M, -y Am ),
then Lem.{ny, ..., na}<[TL, .
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Secondly we correct some errors in [Sul989].

In order to generalize Definition 1.2.3, the following definition was stated
in [Su1989).

Definition 4.1.3. An F-hyperrectangle of size n; X ... X ng , denoted by

F(n1y ooy i AL Ly ooy Aims oo Adid s ooy Aaym) Where for each 4, 1< 1 < d, mi =
Ait + o4 Aim, I8 an ng X ... X ng array consisting of m > 2 symbols, say
{1,...,m}, with the property that for each i and 7, 1I<i < d, 1 < j < m, the
symbol 7 occurs exactly A;; times in every subarray consisting of the n; cells
(Kk1,.-.,k4) where all coordinates but the i-th coordinate are fixed.

Let's look at an example.

00611 0011 0611 00611

0011 0011 6011 00

st
et

Fp:
1100 1100 1100 1100

1100 1100 1100 1100
It is easy to verify that Fy is an F-hyperrectangle of size 4 X 4 X 4 by Defi-

nition 1.2.3. But according to Definition 4.1.3, it is not an F-hyperrectangle.
So Definition 4.1.3 is not a generalization of Definition 1.2.3. Definition 1.2.4,
which is a generalization of Definition 1.2.3, corrects Definition 4.1.3.

Concerning the definition of mutually orthogonal F-hyperrectangles, the
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following one corrects Definition 2 in [Sul989].
Definition 4.1.4. Two F-hyperrectangles F(ny,...,ng; Aty iy A, ) 2nd
F(n1, ..y 1, =, i4m, ) are orthogonal if upon superposition. each ordered
pair (7, j), 1 <1< my, 1 <7 < my, appears exactly nfx\}-p.,-/l'[,-‘i:1 n; times.
A set of F-hyperrectangles is called mutually orthogona,ilif every pair of F-

hyperrectangles are orthogonal.

4.2 An upper bound

Now we give the main result of this chapter.

Theorem 4.2.1. Ifthereis a set of mutually orthogonal F-hyperrectangles

Fy =HR(n1, om0, 00, M), By =HR (1, ooy 35 A7, 1, AED),

my

then

;:[(mj - 1) S Hiil—:l n; — ZIi:l Z{il,....ik}E Pi{d) ij:l("b - 1) - L
Proof. Set N=n,X...xng and M = m,-+...4+m,. For the F-hyperrectangle

Fi, 1€k <7, we define an V x my matrix 4, = (a k) ) by

(it eoomid).d

() 1 if j occurs in position (i1, ...,24) of Fy

Ol ighi =

0 otherwise
Construct an N x M matrix B = (A;]A4,]...|A.).

In any subarray of an F-hyperrectangle of type ¢ defined by fixed & co-
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ordinates, say i1,1,...tk, 1< k < t, one element will be determined if the
others are known. For example, after we determine a subarray by the values
of coordinates 4y, 72, ...ix, the element with the rest d ~k coordinates equal to
their respective dimensions n,,where b # 3,12, .3, can be interpreted as the
last element of the above subarray. There are ¥, i.)e Pula) Hj,;1(ni, — 1)
element of B are dependent for a fixed k.

Summing over k, there are

That firrinle Pu{d) ijﬂ(nij — 1) such elements.

Then rank(B)< T4, ni = Thet Diiminye Aog@ [ (ng, — 1).

Now we see that for 1 < k,{ < r. AT A; = (fi) is an my x m; matrix where
fi;=number of times the ordered pair (7, ) occurs when Fy is superimposed

ounto ¥;. Then

AT A, = (V) TT& 1 me) L k=l ’
(N/(Hid::-}-l ni)z)LkJmkxmz Ly ik ?é [
where L = dz'ag()\{k), oy A¥)) and S xmy 18 20 T X My makrix consisting

of all 1’s.

Thus the M x M matrix BT B is given by



ATA, ATA, .. ATA,

ATA, ATA, .. ATA,

BTB=
ATA, ATA, ... ATA,
H{igﬂni[']. L1Jm1XmgL2 Llrjmlxmr[lr
-.=(N/(H-‘f_z+1n{)'2) Lamyxm, In Hfit-?—lni["l o Ladygn. Le

d
Lr']m,-xm.1L1 Lrv]m,.xm;["z Hi:g.;.lniLr

I 0
Ly
Set the M x M nonsingular diagonal matrix C=
0 L.
Then
H;(_i—_t.f.l ni-[rm LiJm;xmg LIJmIer
L‘.ZJ7 aXm Hxi: ni[m ee L'sz—_.er
BTBC"‘_—_(N/(H;{:‘_{..I -ni)z) ng Amy 41 2
Lerrxml Lr']mrxmz Hiiz+1 ni!mr

Next we find the eigenvalues of BT BC-L.
Observe that the sum of each column of BTBC™! is »N/([T2, +174), then

7'./\/’/(1'[,-‘_‘__“,_1 n;) is one eigenvalue of BT BC~!. For the eigenvalue N/(IT&:4, i),
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there are m; — 1 eigenvectors (@m,,0mgr ) 0me) 1oy Mr — | eigenvectors
(B, Bomgs oy 0, )T where 8,,, = (0, ...,0) and @, have my coordinates, and
the coordinates of o, sum to 0.
Hence rank (BT BC)> 1+ M — 1.
Then rank(B? B)=rank (BTBC~')> 1+ M —r.
Due to the fact that rank(B7 B)<rank(B),
then we have
14+ M =7 STTE = They Tiioinre Pela) L1 (71, — 1),
ey Shei(mi—1) S TIE: ni—That Simivte P [ (i, —1)—1. O
The above theorem generalizes many previous results.
When we reduce to the following cases:
(1) t=1
(2) my=..=m,
(3) (hypercubes case}) m; = ... = m;, n; = ... = ny, ,\{"" = .=
As;;{, where ¢ = 1,...,7,
Wt=1m=..=m, \ = =) wherei =1,...,n;
(5) (F-squares of type 1) d =2, ny =ns, t =1;
(6) (F-squares of type 1 with constant frequency vectors) d = 2, ny =

ng, t =1, ,\(1") = .= )\S‘)‘ fori=1,...,m
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(7) (F-squares of type 1 with constant frequency vectors and based on
the same number of symbols) d = 2, ny =ny, t =1, my = ... = m,, /\f) =
= )\,(,? where i = 1,...,7;

we have some corollaries, which appeared in the literature.

Corollary 4.2.2 ([Sul989]). If there is a set of 7 mutually orthogonal
F-hyperrectangles of type 1

Fr =F (g, 10 X0, s XY yory B F(ng, e A0, 00, 2D),

then Ta_l( e 1) < Hz__l T — g:l(ﬂi - 1) -1

Corollary 4.2.3. If there is a set of r mutually orthogonal F-hyperrectangles

Fy =HR(nq, ..., ng; t; A, e, AD),..., Fp =HR(ny, ..y 8 A7, ., AD),
then 7 S ——(H1.=1 i — Z:::l E{i],...,ik}e Pi(d) Hjil(nik - 1) - 1)‘
Corollary 4.2.4 ([LaMuWh1995]). If there is a set of r d~-dimensional

mutually orthogonal hypercubes

Fy =HR(n,...,n; ;001 L nd=tY) L B =HR(n, ..., n; 8 001 L i),

then r<L(nd-3i, (‘:) (n—1) —1).
Corollary 4.2.5 ([Ch1980]). If there is a set of r mutually orthogonal
P-hyperrectangles of type 1 based on the same number of symbols, m,
Fy =HR(n4, ..., ng; 1; 3D, ., AD),.., By =HR(nq, ... s 13 A0, 0, AD),

then r< -m——(TL_1 n;— Yy (ni—1) = 1).

78



Corollary 4.2.6 ([PeMa1986]). If there is a set of 7 mutually orthogonal
F-squares of type 1
Fy =HR(n,n;1; /\(1) 22, F, =HR(n,n; 1; A0 ),
then Y7 _;(m;—1) < (n—1)2%
Corollary 4.2.7 ([MaLeFel981]). If there is a set of r mutually orthog-
onal F-squares of type 1
By =HR(n,m; ALY, 0, MD),..., By =HR(1,n; 1; A7, ..., ), where A{) =
. = )\S;?i fori=1,..,r,
then i (m;—1) < (n—1)%
| Corollary 4.2.8 ([HeRaSel975]). If there is a set of r mutually orthog-
onal F-squares of type 1 based on the same number of symbols, m,
Fy =HR(n,n:1; A,...; ), Fr =HR(n, n; 152, ..., A), where A = 2,
then  r<Li(n-1)%
Theorem 4.2.1 also motivates the following definition.
Definition 4.2.9. A set of mutually orthogonal F-hyperrectangles
F1 =HR(n1, 0, 70 A, 00y Ay Fr =HR(m1, 0. 7205 A, o0, AE) i
called complete if the equality holds in Theorem 4.2.1.

At this time, complete sets of P-hyperrectangles are only known to exist

when the frequency vectors are constant and, except for a few sporadic cases,
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when NV = n;..ny is a prime power.
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Chapter 5

Constructions for Mutually
Orthogonal Frequency

Hyperrectangles

In this chapter, we provide two different ways of constructing mutually
orthogonal frequency hyperrectangles of a prescribed type. We concen-
trate on frequency hyperrectangles based on m symbols with constant fre-
quency vector, HR(ny,...,ng;t; #Hi‘iﬂ_l gy ey = 14,1 ni). So we simplify
HR(ny, ooy na; 6 2 [T 4y Riv ey L [TLip1 m) to FHR(ny, ..., nas tym).

Firstly, we exhibit sets of linear polynomials over finite fields that repre-
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sent complete sets of mutually orthogonal frequency hyperrectangles(MOFHR)
of a prescribed type and of prime power order, which generalize Bose [Bo1938]
and Mullen [Mu1988] construction.

Secondly, we give a recursive algorithm to construct (d + 1)-dimensional
MOFHR of type t+1 from d-dimensional MOFHR of type ¢, which generalizes

a recursive procedure described in [LaMuWh1995].

5.1 Polynomial representation of orthogonal

F-hyperrectangles

Let Fy denote the finite fleld of order g, where ¢ is a prime power. Fol-
lowing Niederreiter in [Nil971], we say that a polynomial f(zy,...,%,) with
coeflicients in Fj is a permutation polynomial in n variables over Fy if the
equation f(z1,...,,) = & has exactly ¢"~* solutions in F}’ for each a € F,.
More generally, we say that a system f1(21,...,Zn), ..., fm(@1, ..., Tn) of poly-
nomials with 1< m < n is orthogonal in F; if the system of equations
Ji(@1, .y %n) = @ (¢ = 1,...,;m) has exactly ¢"~™ solutions in I for each
(er1, .y 0m) €

As indicated by Niederreiter in [Ni1971], the system fi(@i,...,%n); .,
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fm(@1,...,%n) is orthogonal if and only if for all (by,...,bn) € F* with
(b1, e bi) # (0, ..., 0), the polynomial by f1 (%1, ..., ) + ... + b fn (21, ovvy Tn)
is a permutation polynomial in n variables over Fj.

Let m = ¢, a prime power, and let n; = ¢%, where s5; > 1 is an integer.
Now we have the following theorem.

Theorem 5.1.1. The ﬁi(ngm et i i} Pe(@) T (0% — 1) =
1) polynomials

J (013, B1ag o1 e ) (B11s eovs Bhag ooy Bl ooey Tdsg) = Doty gy Giji  (5.1)
over Fy, where

(a) at least t+1 of the subvectors (a3, ..., @1, ), -+, (Gd1, -+-0ds,) 8T€ NONZETO;

(b) No two sets of a’s are nonzero F multiples of each other, i.e.,

(@1 s Qg s ooey Gl o oBlgg,) 7 €(11, 10y B1gyy s Qa1 a5y TOT anY € F#

0e R,

represent a complete set of MOFHR(g®,...,¢%;t; ¢) of dimension d and
type t.

Proof. There are E—f—l(ngﬂ S i ister [ (@79 ~1)~1)
polynomials over I, defined by (5.1) and conditions (a), (b).

Label the i-th coordinate with all s;-tuples (ji1, ..., fis;) Over Fy, for 1 <4 <

d
. ; : =1 5
d. Now we may view an FHR(ny, ..., ng; t;m) as a function [ : qu 17— Iy,
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where the element (j11, ..., f1s;, «+v, Ja1, -+, Jds,) becomes the element
f(j]l; ---;jls“ ves Jd1, "':jd-9¢i> € FQ'
I (Figy1soes Jingss, )» fOr b = 1,..., 2, is fixed, then

f(a) (mll) ) ml-‘?l 1 mdl’ A mdsd) l(mik,ly"-:zik,aik )=(,fik,1)"'7jik,ui . )) k=11-"1t= @

ke

S DYRTAL
has the same number of solutions in Fy ~*7

for each o € Fy. so that
in the subarray obtained by fixing the 4;-th, ...,4#th coordinates, éach ele-
ment of Fy is picked up equally often. Hence fia) (%11, .., B1ay, +ors Ta1y e, Tdsy)
represents an FHR(ny, ..., ng; & m).

Clearly the F-hyperrectangles represented by fi = f(o) (%115 ees Trgg s veey
Bgy, oy Tdsy) 804 fo = flay(T11, .., Tagy; oo Tdi, -5 Tusy) 2re Orthogonal if and
only of f and f, form an orthogonal system of polynomials in 3°%_; s; variables
over Fy. By the Corollary of [Ni1971, p.417), f1 and f; form an orthogonal
system over Fy if and only if for all (b1,by) # (0,0) € F7, the polyno-
mial b1 f1 + bofo is a permutation polynomial in 3%, s; variables over Iy,
Any linear polynomial of the form Y7, ¢;z; is a permutation polynomial in
7 variables provided at least one ¢; # 0.

Let (by,by) # (0,0) € F2. If by = 0, then byfs is a permutation polyno-
mial since by # 0 while if by = 0, then b fy is a permutation polynomial,

Suppose byby # 0, so bifi + bafa is a permutation polynonial unless all
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2‘321 s; coeficients vanish, in which case bla; = —bpaj for j =1,..., 3¢, 5,
ie., unless a,; = —bpa; /by for § = 1,..., %, &;, a contradiction of condition
(b). Hence fi and f, form an orthogonal system and the proof is complete.

o

Theorem 5.1.1 is a generalization of the Mullen and Boss construction.

Corollary 5.1.2 ([Mu1988]) The -*;(¢" — 1)* polynomials

J(01,002) (B15 000 B25) = @181 + ... + Qg2 OVer Iy, where

(a) (a1, ...,as) # {0,...,0);

(b) (Gss1,-:-)a25) # (0,...,0);

(c) No two sets of a’s are nonzero F; multiples of each other, i.e.,

(a4, ..., a},) # e(ay,...,a,,) for any e £ 0 € Fy

represent a complete set of mutually orthogonal F-squares F(g®, ¢% A, ..., A),
where A = ¢*~ 1.

Corollary 5.1.3 ([Bo1938]) The g—1 polynomials f(q)(%1,%2) = a1+
with a # 0 € F, represent a complete set of ¢ — 1 mutually orthonogal Latin

squares of order q.

For example, Theorem 5.1.1 gives the complete sets Z; of 9 MOFHR(4,4;1;2);
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=, of 3 MOFHR(4,2;1;2); and Z; of 3 MOFHR(4;0;2).
Consider the 9 polynomials over GF(2) given by
Az, 22,23, 24) =21 + 73

fa(zy, 2o, 20, 24) = @+ 23

fa(z1, 22,23, 24) = T4 + T2 + T3
falz1, 22, 23,24) = 21 + 24
fs(z, @2, 23,24) =21 + 23+ 3y
fe(z1,22,23,24) = T2 +24

fr(zy, 22,05, 24) = zp+ 23 + 24
falzi, 2o, 23, 20) = 21+ 22 + 2y
folmy, e, 23, 24) = 21 + 22 + 23 + T4,

These 9 polynomials represent the complete set of 9§ MOFHR(4,4;1;2):

0 011 0 011 0011

0 011 1100 1100
EI: le H‘_’,= H3=

1100 0011 1100

1100 1100 0011
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0101 0110 1010
H4= H5= H6=
1010 1001 0101
1010 1001 1010
0110 0101 0110
1001 1010 1 001
H-,-= H3= H9=
0110 010 1001
1001 0101 0 110

Consider the 3 polynomials over GF(2) given by
filzy,za,23) =21 423
oz, 22, 23) = 21 + 22 + w3
fa(z, za,25) = ma 4 22

These 3 polynomials represent the complete set of 3 MOFHR(4,2;1;2):

01 01 01
_ 01 10 10
D2 Q= Q= Q=
10 10 01
10 01 10

Consider the 3 polynomials over GF(2) given by

filz, ) =2
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falzyz2) = o
fa(z,22) = 1 + 2.
These 3 polynomials represent the complete set of 3 MOFHR(4;0;2):

Z3: 001 1 0101 0110-

5.2 Type 0 canonical F-hyperrectangles

The following construction gives type 0 canonical FHR{n,, ...,nq4; 0;m) from
MOFHR(n; 0; m),...,MOFHR(ng; 0;m). Furthermore, adding a set of MOFHR.
of type 1, we will have an enlarged set of MOFHR of type 0. If the set of
MOFHR of type 1 and the sets of MOFHR(ny;0;m),...,.MOFHR(ng; 0;m)
are both complete, then the enlarged set of MOFHR. of type 0 is also com-
plete.

Suppose X is an FHR(nq,...,nqg;t;m). Let X(z),zy,...,2q4) denote the
entry in position (z1,®y,...,2q4). The subarray obtained by assigning some
fixed values ay,...,a; to the i;-th, ..., 7-th coordinates, where 0 < a; < ng, —
Tfor 1 < j < ¢, will be called a hyperplane and denoted by X(z;, = aj, j =

1,...,t). The class of hyperplanes into which X is partitioned by coordinates



Tiyy - Ty, 15 denoted by {X(z;; = a1,...,z:, = a,)| 0 < a; <my; —1 1

A set ¥; of type 0 canonical FHR can be constructed from a set A of
MOFHR(n:;0;m).

Suppose L€ A, then define a size n; X ... x ng FHR,, L™ as follows:

L¥(21, %2, ..oy Ta)=L(z:).

It is clear that L* is a type 0, d-dimensional FHR. The set UL, 0, is
called the set of type J canonical FHR.

For example, from the set =3 of MOFHR(4;0;2) in section 5.1, we can
construct two sets Uy and W,. The set ¥y U U, is the set of type 0 cononical

FHR(4,4;0;2). Furthmore, (¥,U¥,)UZ, is a complete set of MOFHR(4,4;0;2).

0 000 0000 0000

000G8C 1111 1111
\I/IZU1= 02= Cs-—

1111 0000 1111

1111 1111 0000
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0011 0101 01140
0 011 0101 0110
@2!04: 05= 06"“ .
0 611 0101 0110
0011 0101 0110

Theorem 5.2.1. Given a set of [; MOFHR(n,; 0;m), ..., a set of Iy
MOFHR(ng; 0; m), there exists a set ¥ of 3¢, I; type 0 canonical
FHR(ny, ..., na; 0;m). Furthermore, adding a set A of h MOFHR(ny, ..., na; 1;
), the enlarged set ¥ U A is a set of 3 ; [; + h MOFHR(ny, ..., g; 0; m).

Proof. We only need to show that the members of ¥ UA are orthogonal.

"ot X and Y be members of ¥ UA. If X, YE A, then X and Y are
orthogonal,

Otherwise, we may assume X& W, which implies that there exists &, where
1< k £ d, such that Xe ¥,

If Y& Uy, we assume that X is constructed from X', Y is constructed from
Y', where X', Y' are MOFHR (ny; 0;m). By the fact that each ordered pair
occurs 2% times in (X’,Y”), where (X',¥”) denotes the F-hyperrectangle
obtained by superimposing X' and Y, we have that each ordered pair occurs

@ a
%%H‘ﬁ’—ﬁ = H;—:J;ﬁ times in (X,Y). Hence X and Y are orthogonal.
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1. e .
If Y¢ Wy, then each element occurs —;;;—x—t;— times in each hyperplane

d
Y(zt = a), 0< a < ng~1. Hence each ordered pair occurs exactly 7+ llxn:‘ =

E:ﬁ%ﬁ times in (X,Y). Therefore X and Y are orthogonal. o

Corollary 5.2.2. If the initial sets of MOFHR(n,; 0; m), ..., MOFHR(ng4; 0; m)
and the set of MOFHR(n1, ...,nq; 1;m) are both complete, so is the enlarged
set of MOFHR(n1, ..., ng; 0;m).

Proof. If [; = %=l and h=——(H,_1 ni — S (ni — 1) = 1), then

Z [ +h- —"_“(H,=1ni"‘ 1‘) g

m—1

5.3 A recursive procedure

The following procedure constructs MOFHR(ny, ..., g, Mgyt + 1;m) from
MOFHR(ny, ..., na; t; m) and MOFHR(ny1q,mi 1y m).

Given a set  of A MOFHR(ny,...,nq;t;m), we can divide the set into
two classes, £} and . The class £ consists of all FHR(ny, ..., ng; t + 1;m),
and {3y consists of the rest. Let Ay be the cardinality of Q.

Given aset [ of { MOFHR (n441, m; 1;m), we append the following ng.; X
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m rectangle

6 1 .. m~—1
0 1 ... m—1
R= to I'. We denote this new set as ['*.

0 1 ... m-1
Using this we now construct &{ 4+ hy MOFHR(ny, ..., g, nas1;t + 1;m).

Suppose X € Q, and Le ['t, then define the (d + 1)-dimensional hyperrect-
angle X% as follows:

XU(zy, 2, 0y Tdy Tart) = L(X (21,32, -, Za), Tap1). The expression is in-
terpreted to mean that X% is partitioned into the hyperplanes {X%(zgs1 =
0), XE(zap1 = 1), .o, XE(wapy = gy — 1)}, where X{xger =14) is X with a
permutation applied to its symbols as defined by the i-th row of L. We can
view each row of L as the image of a permutation from S,,, the symmetric
group on m letters, 0,1,...,m — 1.

The construction gives a new set ® = {X?: X € {}y, L ¢ T+}U {X*:
Xe, Lell}.

Note that | @ |=| Qy | x(| T | +0)+ || x|V |=hf{l+1)+(h-h)l =

hi 4 hy, as earlier claimed.

Let us look at an example. Set Q = {H,..., Hy,C1,...,Cs}, and I' =
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{@1,Q2, Qa}. From the above procedure we can construct a complete set of
54 MOFHR(4,4,4;1;2). The following is H22.
z3=10 z3=1 T3 =2 3 =3

2 =0,1,2,3

zp =0 0110 1001 1T001 O110
z =1 60110 1001 2001 0110
2y =2 1001 0110 0110 1001

rp =3 to001 011606 011G 10¢01

Before showing that @ is a set of MOFHR(ny, ..., ng, g1 ¢ + 1;m), we
make some observations about the hyperplanes of members of ®.

Let (i1,...,%1, 241) be an arbitrary element in Piyy(d+1). Now we con-
sider two classes of hyperplanes in X%, a typical member of .

Class 1 hyperplanes are of the form X (z;, = a1, ..., %i, = €1 Tipy, = Gt1),
where 7,41 = d 4+ 1. By definition this is X(z; = a,...,2:, = a;) with the
permutation determined by row auq of L applied to the symbols.

Class 2 hyperplanes are of the form XL(:zz,\l = Gy e B, = G Tipyy = Qrp),
where 141 < d+ 1. Say P = X%(z; = a1,..., 25, = G¢, Tiy,, = Geq1). Partition

P into {P(zgs1 = 0),..., P(za1 = ngs; — 1)}. Further P(zys: = k) is ob-
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tained from X(z:, = ay,...,z;, = @y, i, = aeq1) by permuting the symbols
in X (2 = ai, ..., i, = @y, &g,y, = ary1) according bo the permutation defined

by the k-th row of L.

Lemma 5.3.1. The members of & are of type ¢ + 1.

Proof. Suppose X% € ®, and let (3, ...,4¢,7,41) be an arbitrary element
in Piyy(d-+1). We have to show that each symbol occurs an equal number
of times in the hyperplane X*(2;, = ay,..,z;, = Gy, Tipy, = Qpy1), Where
0Lar<ny, =1, 1 <E<t+1.

This is obvious if the hyperplane is in class 1,

Cénsider a hyperplane P in class %. Then P cousists of Ngq1 copies of
hyperplane X(w;, = ai,...,%i, = a¢, Tiy,, = @r41) with the k-th copy having
the symbols permuted by the k-th row of L,

If X& 4, then each symbol occurs equally often in X(zi, = ay,...,z;, =
at, Ti,,, = aq1) and therefore each symbol occurs equally often in P since
permutations of the symbols of X(z;, = ay,...,z:, = ay, Tiy, = Gup1) leave
the number of occurrences of each symbol unchanged. So if X€ Q,, then
Xt is an FHR(n1, ...y nay nggr; t + 1;m).

If X¢ Q, then X€ Q,. Hence L€ T. Hyperplane P has partition
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{P(zag1 = 0), P(zyg1 = 1), ..., P(Tas1 = nggr — 1)},
where P(zqp = k) is X(2;, = ay, ..., %, = a, T, = au41) with the
symbols replaced according to row & of L. For any element e, 0 < e <m —1,
the first row of L permutes e; to e,..., the ngy; vow of L permutes €nyy, O €
where 0 < ey, .yny,, Sm~1.
By the fact that Le I, we see that the multi-set
{e1, o g 1={0,...,0,1,....1,m ~ 1, ..., m ~ 1} {each element with mul-
tiplicity ™41}, Hence the number of times that symbol e appears in P is
Trst! (the number of times that symbol e, appears in X(z:, = aq, ... z;, =
Qpy Tipyy = Q1)) = 2L % T bhe number of times that symbol j appears
in X(zi, = @, ., T = a4, Tiyyy = Gegt)) = Dbl HTLrLﬂ« Thus each symbol

Hk:l"'k

occurs equally often in P. a

Lemma 5.38.2. The members of ® are mutually orthogonal.

Proof. Let X and Y™ be members of @, and assume X#Y. Then X and
Y are orthogonal, and XX and Y™, respectively, have partitions {X*(zys =
0)y s XE(zagr = nggr — 1)} and {¥M (2441 = 0), o, YM (2001 = ngpy — 1)}
FEach member of these partitions is obtained from X or Y by a permuta-

tion of the symbols, an operation that does not affect orthogonality. Hence
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XE(zap1 = k) is orthogonal to Y™ (zas1 = k) since X is orthogounal to Y.
Therefore X” is orthogonal to Y.

Assume X=Y. Then L is orthogonal to M. Let (L,M) denote the F-
hyperrectangle obtained by superimposing L and M.

If the ordered pair (o, ) appears in the position (, 7) of (L,M), then («, 8)
appears in (XL, XM)(zg, = i) D—"%-l*—l“- times by the fact that element j
appears mﬁ*—i‘i times in X.

Since L and M ate orthogonal F-hyperrectangles, we see that each ordered
pair occurs exactly "#LX™ = 245 pimes in (L,M). Hence each pair occurs
exactly H—%—“—" times in (X%, XM). O

The following theorem follows from Lemmas 5.3.1 and 5.3.2,

Theorem 5,3.3. Given a set of & MOFHR(n,,...,nq4 t;m), which con-
sists of by MOFHR(ny,...,ng;t+1;m), and a set éf [ MOFHR (ng41,m; 1ym),
there exists a set of Al + hy MOFHR(ny, ..., ngy g ; t + 1;m).

We note that Theorem 5.3.3 provides a generalization of Theorem 3.6 of

[LaMuWh1995).

Given a complete set ® of MOFHR(n,, ..., ng; t;m), where 0< ¢ < d - 2,

if the subset of @, consisting of all typs (t + 1) F-hyperrectangles, is also
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complete, then we call the set @ is strongly complete.

Corollary 5.3.4. (1) Given a complete set of MOFHR(n1,...,nq4; d —
1;m) and a complete set of MOFHR{n441,m; 1;m), then the above recursive
algorithm gives a complete set of MOEHR(n4, ..., 7y, nas1; d; m).

(2) Given a strongly complete set of MOFHR(n4, ..., ng; t; m), where 0<
t £ d—2, and a complete set of MOFHR(ng41,m; 1;m), then the above
recursive algorithm gives a complete set of MOFHR(ny, ..., ng, gy t+1;m).

Proof. (1) If b = (T, i — T62) T ,1,,}ePk(_)H i (n,—1)-1) =

L (I (n: — 1)), Ay =0 and l=ngy; — 1, then

hl+ by = (T8 (ni — 1))
= m—1 (Hd+\1 ni — Ez——»l 2o iy e ik EPK(dH) n§=1(ni1‘ —-1)-1).

(2) If h= (Hz—l ny — Zi‘:l Z{il,...,ik}ePk(i) H?:l(ni} - 1) - 1)7 h’l =

le-(Ugﬂ n; — 2221 it mieePel) e (74, — 1) — 1) and (=n44q — 1, then

hlthy= (TR ni— T iy iyepuey hm (ni, —1)=1). o

It is easily seen that the complete set of MOFHR(g™, ..., ¢%;%;m) con-
structed by Theorem 2.1.1 is strongly complete. So the polynomial construc-
tion (Theorem 2.1.1) gives a strongly complete set of MOFHR of prime power

order.
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Chapter 6

Carlitz Compositions

In the first two sections, we discuss Carlitz compositions with zeros allowed
(CCWZA). The following two parameters: number of summands, largest
summand are analyzed. In the third section, we introduce the Carlitz word

which is a generalization of Carlitz composition.

6.1 The number of summands

Firstly we recall some results in {(KnPr1998].
Let d(n) be the number of CCWZA of size n. Then the generating
function D(z) := Lupe d(n)2™ = (1 + 20(2))/(1 — 20(2)),
where o(z) = X1 (—1)7127 /(1 = 7).
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There is a dominant singularity 7, which is the solution in the interval

[0,1] of the equation o(2) = 1/2. Numerically 7 = 0.386960.

Therefore d(n) ~ A7~" = 1.337604-(2.584243)" where A = (1+20(7))/(270'(7)).

Now we consider the average number of summands in a random CCWZA
of size n by a method that has appeared in [FIPr1987] under the nickname
"adding a new slice”.

Let s(n) denote the summands number of CCWZA of size n.

We proceed from a COWZA with & summands to one with k-1 summands
by allowing the (k + 1)-th summand zy; to be any positive integer and
subtracting the forbidden case gy = 4. In terms of generating functions
this reads as follows.

Let fi(z,u) be the generating function of those CCWZA with & sum-
mands where the coefficient of z™u refers to size n and the last summand
z = j. We dissect the set of compositions into those with the last summand
> 1 (counted by gi(z,u)) and those with the last summand =0 (counted by

hi(z)). Clearly, hr(2) = gr-1(2,1) (k> 2).

Then g4 (2) u) = gk(za 1) 13.1;1‘ + hk(z) 1i1:u - .qk(za zu)

fork > 1, gi(z,u) = {2 and hy(z) =1. (6.1)

1-zu

We use another variable, w, to label the number of summands. Let
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Gz, u, w):=T k> whgr(2,v) and F(z,u,w):=F5; w* fe(z, u).
Multiplying (6.1) by w**! and summing over k > 1, we get

Gz, u, w)=(w + w?)G(z,l,w) « 2 + (w + w?)E —wG(z, zu,w).

1—-zu 1~zu

Iterate it, and consequently we have

G(z,1,w)=(w + 1)r(z,w)/(1 = (w+ 1)r(z,w)),

where r(z, w)=F;5, 2w (—1)"1 /(1 — 27).
Therefore F(z,1,w) = w + (w + 1)G(z, 1, w)
—(w+ (w+ Dr(z w)/(1 = (w -+ (2, w).
Hence the generating function F(z):=} .50 s(n) - 2" = 2 F(z,1,w) |wm
= (1 + 4u(2))/[L — 20(2)]? with :
u(z) = Tisa(~1) 1z /(L - 29).

Therefore F(z) ~ B/(1 — z/7)* = 1.16589/(1 — z/T)?,

where B = (1 + 4u(r))/(2rc' ()%
Hence s(n) ~ Bn - 77",
Then the average number of summands in a random CCWZA of size n

. Bror—t — -
Is ~ 2T = (.871626n.
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6.2 The largest summand

First we consider F(*(z), the generating function of those CCWZA with the
largest summand < h, where the coefficient of 2" refers to size n.

Let f,gh)(z,u) be the generating function of those CCWZA with & sum-
mands and all summands < k, where the coefficient of z™u/ refers to size n
and the last summand z; = j. We dissect the set of compositions into those
with the last summand > 1 {counted by g; Mz, u)) and those with the last
summand =0 (counted by l,(ch)(z)). Clearly, [,(ch)(z g,(ch)1 (z,1) (k>2).

Then essentially the same idea as in (6.1) works, except that we only use
a factor

(zu) + ... + (zu)* = 2u(l — (2u)?) /{1 — 2u) instead of the

full geometric series.

-

Hence gi%; (2,u) = gi¥) (2, 1)zu(1—(zu)*)/ (1 —2u)+H{ (2) zu (1~ (zu)) / (1~
zu) - gz, 2u)
for k> 1, g™ (z,u) = zu(l — (zu)*)/(1 - zu) and IM(2) = 1,
Setting G (z,u):=T 15, M (z,u), we get
G (2, 1)=20M(3)/(1 - 2009(2))
where o(")(2) = ¥; o1 (1)~ ZHFY /(1 — 2F).

Therefore FM(z) =1 4+ 2G((z,1)
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=(1 4 20 (2))/(1 ~ 20{8)(2)).
The dominant pole 7, is now the real solution of the equation
o (z) = 1/2.
It is clear that 7, tends to 7, but we have to determine how fast. We will
use the "bootstrapping method” from [Kn1978].
Now, around z = 7 we have approximate equation
1/2a o(m) — 78 /(1 ~ 7).
Lat 7, = 7(1 4+ €,), and use Taylor’s Theorem, then we get
0= repo’(t) =M (1 —7)  or
enm /(1= 7)e’(7)).
Therefore the number of COWZA with the largest summand < & is ap-
proximated by
((1+20(7a))/ @rae’ ()] 7™ = [(14+20(7)) /(270" (7)) ]r™(1-ken) ™.
Thus the probability that the largest summand is < h is approximated
by
[(1 +20(7))/(2re’(r))]r™™(1 + &)™ /(Ar~™)
=(1+e)™" = (1—7"/({(L=7)' ()"
For the probability that the largest summand is > f, we have approxi-

mately 1~ (1—7"/((1 - 7)o'(r)))"
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Summing this up over h > 0, we get the desired average value F,, the
average number of the largest summand in a random CCWZA of size n.
The next step is to use the exponential approximation (1 — &)™ ~ ¢~
Then B, & Y5l — e™m/(@-n)o'(7)),
This quantity is quite well studied in [FIGoDu1995]. Set N:=n/((1 —
7)o’(7)). Therefore
E, ~ logyN — «y/lnT + 1/2 + 6(logyy-N), with a certain periodic
tunction 6(z) that has period 1, mean 0, and small amplitude.
Rewriting this we get
By ~ logyyen — 10g1):0" (1) — logyyr (1 — ) — y/InT + 1/2 + &(logyyrn),
where §(z) = 6(z — logyj,0"(7) = logyy-(1— 7)), which has the same property
as 6(z).
The numerical constant is

—logy /-0 (1) —logy/r(1 ~ 7) — y/InT + 1/2 = 0.920718.

6.3 Carlitz words

In this section we discuss words (strings) over an alphabet with symbols

ﬂliﬂ% vers Bin (m = 2)
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The number of words of length n over an alphabet with m symbols is
found to be m”. Fach word may be decomposed into a succession of blocks
each formed with a single symbol maximally (as long as possible). Each block
is called a run. For each block, the block length is called run length.

If a word has run lengths Iy, k..., Iy sequencely, then we callit a ({1, {3,..., lg)—
word. For example, m = 3; 5208:020:0610:61010208:0:531 is a word of length
12. B2f2B2B2, Br, B3y BBy, B2, Bafa, Bi are its runs. Their lengths are 4,
1, 1,2, 1, 2, 1 respectively. It isa (4, 1, 1,2, 1, 2, 1)-words.

For a ({y,0y,..., lx)-word, if l; # Ly (1 = 1,...,k — 1), then we call it a
Carlitz word.

Let ¢p(n) be the number of such Carlitz words of length n over an alpha-
bet with symbols fy, B2, ..., fm. For convenience, we define ¢, (0) = 1.

From the definition, we see that cx(n) = 2¢(n), ie., ¢(n) = }ea(n) for
n > 1 where ¢{n) is the number of Carlitz compositions defined in section

1.3.
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n\m 2 3 4
0 1 1 1

1 2 3 4

2 2 3 4

3 6 15 28

4 8 27 64

S 14 51 124

6 28 159 520

" 7 46 339 1372
8 78 699 3100

Fig.4

In this section, we deduce the generafing function
Cim(2) i= Tupoem(n)2®
=L (1~ TR m ~ 1) (1= 2Y)) - 25 (6.2)

=L /(1L -T2 (m ~ D2 /(14 (m - 1)3")) 1 (6.2')

m— m-1

and the recurrence em(n) = 321 Pu(d) - en(n—3) + Pa(n) - ;25 (n 2 1),

m=1

where ¢ (0) = 1 and Pu(n) = Shu{~1)" (m ~ 1) (6.3)
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Now we deduce the generating function (6.2).

Let fi.(2,u) be the generating function of those Carlitz words with k

runs where the coefficient of z™u/ refers to size n and the last run length

Ty = 7.

Then f[-{-l,m(z u) fl\.an("’ l)m - (m - l)fk,m(z’ zu)

1-zu

for k > 1 and f;,,(2z,u) =m - ;&

U
lezu®

(6.4)
Define Fn(z,u):= k51 frm(2u)-

From (6.4), we get

Fro(2,u)=Frn(z,1) - U2 4o

1—zu 1—~u

Iterate it, and consequently we have

m(z: ) m—1 am(z) + Fn (z,l)crm(z)
where 03 (2) = Zim (—1)m — 1)27/(1 — ).
Hence C(z) = 1+ Fu(z,1)

m-l 1/(1 G7n(z)) - ml—-l '

This finishes the proof of (6.2).

Since Yisi(—1)"Ym —1)'2%/(1 - &)
=S& (-1 m = 1) £, 29
= L2 D& (=) (m = 1)z
=T Z(m~1)27/(1 + (m = 1)2%),
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we get (6.2') from (6.2).
In the following, we derive (6.3).
D& (=1 m = 1)%2 /(1 ~ ) = T (~1)" (m = 1) 2029
= T2 2" Tin(=1)(m — 1)".

Define Pr(n) = Xya(—1)" (m —~1)%.
Then 14+Tu1 cm(n)2" = 725 1/(1 = Tozy Puln)z™) = 75
Hence 14225 o1 ca(n)z" =1/(1 ~ L5y Pu(n)2").
It follows that ¢, (n) satisfies the recurrence

em(n) = "' 21 Pr(d) - em(n—13)+ Pu(n) 725 (n 2> 1), where ¢ (0) = 1
and Po(n) = Sia(—1)" (m ~ 1)’

Finally, we state some asymptotic results for ¢, (n), 2 <m < 10.

107



m P Am

2 0.571349  0.912774
3 0.434461  0.920266
4 0.360573  1.012713
) 0.312720  1.061314
6 0.278582  1.105405
7 0.252707  1.145457
38 0.232258  1.182073
g 0.215596  1.215771
10 0.201697  1.246993

Fig.5

Here p,, is the dominant pole of the generating function Cp,(2). Therefore

em(n) ~ Ampy", where A, = ;%/(pmo':n(Pm))’
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