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ABSTRACT: Motivated by the existence of complex spectrum in TT-deformed CFTs, in this
paper we revisit the broadly studied topic of (holographic) entanglement entropy in the
deformed theory to investigate its complex behaviour. As a concrete example, we show
that in case of a 1+1 dimensional holographic CFT at finite temperature S~! and chemical
potential €2, the holographic entanglement entropy in the deformed theory remains to be
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real only within the range —g 55— < p < 8?(1 — Q%) of the deformation parameter.

While the upper bound overlaps with the familiar Hagedorn bound in the deformed theory,
the novel lower bound on the negative values of the deformation parameter does not show
up in thermodynamic quantities. However, from a holographic perspective we show that
this intriguing lower bound is related to a spacelike to null transition of the associated
Ryu-Takayanagi surface in the deformed geometry. We also investigate the Quantum Null
Energy Condition in the deformed theory, within its regime of validity.
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1 Introduction

Irrelevant deformations of local quantum field theories are in general poorly understood,
in the sense that they typically destroy the existence of a UV fixed point and also spoil
locality at scales set by the deformation parameter. In this context, the T'T deformation of
two-dimensional quantum field theories stands out as special. Firstly, this deformation is
known to preserve integrability along the flow [1]. Using integrability techniques, the S-matrix
in the deformed theory can be computed exactly [2] and it appears to be well-defined at
all energies. Also, due to the remarkable factorization property of the expectation value of
the deforming operator [3], the finite size spectrum in the deformed theory can be exactly
computed as well. Given the exact knowledge of the finite size spectrum, the torus partition
function in the deformed theory has also been studied [4] and it has been further shown that
the torus partition function of a TT-deformed CFT is modular invariant despite the absence
of conformal symmetry in the deformed theory [5]. Furthermore, it has been shown that
in any two-dimensional quantum field theory with a dimensionful parameter ¢, demanding
that the torus partition function is modular invariant and that its spectrum depends on
the spectrum of ¢ = 0 theory in a universal way, uniquely fixes the finite ¢ theory to be
a TT deformed CFT [6].

Besides the remarkable field theoretic aspects, the T'T deformation has gained a significant
amount of attention in the context of string theory and holography. The deformed CFT
has numerous stringy/gravity realizations, in terms of non-critical string theory [7, 8], CFT
coupled to a 2D dilaton gravity theory [9, 10], AdSs gravity with finite radial cut-off [11-13]
(and its refinement [14]), and finally AdSs gravity with mixed boundary conditions [15]. The
last two realizations have rendered the deformation as a tractable irrelevant deformation of



AdS3/CFT; and triggered an extensive study of various aspects of the deformed theory using
holographic techniques. For a pedagogical review of the history, developments, and modern
aspects of the TT deformation, we refer to [16, 17] and references therein.

One of the most investigated aspects of the deformed theory has been its entanglement
properties [18-36]. In this paper, we are primarily interested in studying the holographic
entanglement entropy (HEE) [37, 38] in the deformed theory to investigate its reality as
the deformation parameter is varied. It is well known that given a finite deformation, the
TT-deformed CFT on a cylinder possesses a complex spectrum depending on the size of the
cylinder and the scaling dimensions of the operators in the undeformed CFT. For such states,
the von Neumann entropy will correspondingly be complex. In the discussions to follow, we
shall consider the deformed theory to live on RY!, where the spectrum is real. However, we
will show that the HEE in a certain class of states can still become complex, and demanding
its reality can put non-trivial bounds on the deformation parameter.

Building on the developments from the study of holographic entanglement entropy, [39]
proposed a generalization of the classical focusing theorem called the quantum focusing
conjecture (QFC). The quantum null energy condition (QNEC), a non-gravitational limit of
the QFC, states that the expectation value of the stress-energy tensor is bounded below by
the second null variation of entanglement entropy. QNEC has been proven in various settings
and to various degrees of generality [40-45].! In [49], non-violation of QNEC was shown to
impose non-trivial constraints on the amount of growth of entropy and temperature upon
a global homogeneous quench in a thermal two-dimensional CFT. [50] extended this study
to global inhomogeneous quenches, and using QNEC found evidence that two-dimensional
holographic CFTs can be used to create erasure tolerant quantum memory. Motivated by
these studies, we investigate if QNEC remains valid in the deformed theory as well and, in
particular, whether its non-violation imposes non-trivial constraints on the flow.

However, a potential issue in the study of QNEC in the deformed theory is related to
the non-locality. While QNEC is valid for local QFTs, the deformed theory is known to
be non-local at high energies, with the scale of non-locality being set by the deformation
parameter to be \/u. To circumvent this, we shall restrict our discussion of QNEC to scales
much greater than /i, so that the theory can be treated quasi-locally. In particular, we shall
assume that there exists a stress-tensor in the deformed theory and that the entanglement
entropy of a region of length [ > /i is well-defined. Since these quantities have been
rigorously studied, we believe that these underlying assumptions for studying QNEC in the
deformed theory are mild and justifiable.

Our main results are as follows. Working within the holographic mixed boundary
condition interpretation of the deformation, we show that in a TT-deformed 141 dimensional
holographic CFT at temperature 7! = 3 and chemical potential £ due to a boost, the
reality of holographic entanglement entropy puts sharp bounds on the deformation parameter
for both signs, confining it to lie within the range
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'A generalization of QNEC [46], termed the Renyi QNEC, has also been proven to hold at least for free
field theories [47, 48].




In the case of vanishing €2, the lower bound disappears while the upper bound coincides
with the familiar Hagedorn bound in the deformed theory. The non-trivial lower bound in
the presence of a finite chemical potential is typically not perceived by the thermodynamic
quantities. However, holographic computation reveals that this lower bound follows from a
spacelike to null transition of the Ryu-Takayanagi surface in the deformed geometry. Within
this allowed regime, we find no violations of QNEC in the deformed theory.

The rest of the paper is organized as follows. In section 2, we briefly review the variational
principle approach to derive the deformed metric and the stress-tensor one-point function
along the flow, which eventually leads to the two holographic descriptions of the deformation.
In section 3, we compute the HEE in the deformed theory, both in the absence and presence
of a chemical potential associated with a boost, and derive our bounds on u based on
the reality of HEE. In section 4, we study the QNEC inequality in the deformed theory.
Finally, we end with a discussion in section 5. A couple of appendices are also provided
for computational details.

2 TT deformation and its holographic descriptions

In this section, we briefly review the variational principle approach of [15] to obtain the
deformed metric and the stress-tensor one-point function in the TT-deformed two-dimensional
conformal field theories. For a detailed discussion on this approach, we refer to [51], and
to [52] for a more general discussion.

The TT deformation is a universal irrelevant deformation of any local two-dimensional
(conformal) quantum field theory, defined by the differential relation

9,5 = / 2 /Al N1 - T2) 7, v (2.1)

where the quantities appearing on the right-hand side correspond to the deformed theory
and we are working in the Euclidean signature following [15]. In the discussions to follow we
will mostly drop the superscript, unless necessary. The deformation generates an integrable
flow in the space of field theories where at any arbitrary point, the stress tensor ng (and
hence the deforming operator) is to be computed from the response of S (4] to an arbitrary
variation in the metric. This assertion in turn restricts our discussions to scales much greater
than /i, where the theory can be treated as quasi-local.

Given the fact that 7T is a double-trace deformation that also depends on the source, it
is natural to expect the holographic dictionary for the deformed theory to be modified. In
particular, we expect both the source and the operator to change along the flow. In fact, such
deformations are known to lead to mixed boundary conditions [53]. In the context of TT
deformation, the deformed dictionary can be most efficiently worked out, at least for large
N CF'Ts, using the variational principle approach [15]. Taking a variation of the defining
relation (2.1) with respect to the metric and after some simple algebra, one arrives at

O (VATap) 37°% + ATap0, (67°7) (2.2)
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where we have used

f
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and T, stands for its expectation value for the rest of the paper. Comparing the quantity
being varied and the coefficient of the variation in (2.2), one arrives at the flow equations
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where Opp = TO‘BT&B — T?. Using the notation Tag = Tup — YapT', these equations can
be written in a more compact form as

Vo = —2T0s, (2.4)
0, Tnp = —TAMTg .

Note that we have used the relations 0,/ = /T, TTyp — TMTg = —%’YaﬁOTT, and
0,T = =TT,z to get to (2.5). Differentiating (2.4) twice and using (2.5), we arrive at
the final form of the flow equations

OpTas = —Tr T,

where to arrive at (2.6), we have used?®
0u(TurT3) = 0. (2.8)

Since Tmfg is p independent, the flow equations (2.6)—(2.7) can now be easily solved to get
the deformed metric and stress-tensor expectation value as

W) = % — 2uT )+ T 7 (2.9)
0 - o0
T80 = T — pT 00 71 (2.10)

where the quantities with superscript [0] refer to the undeformed theory. It is worth empha-
sizing here that v[# is the physical background metric to which the stress-tensor couples.
Also note that, these solutions are exact in the deformation parameter, not perturbative. Let
us now plug back the undeformed dictionary in (2.9). In the case of pure gravity, identifying

” g9 Ao 1 @ F10] 006077 [0] R C)

as coeflicients of the Fefferman-Graham expansion for the solution of Einstein’s equations

(0)
d ga
ds® = 13 45 4'02 + (pﬁ —l—g(o) +p g((x )) da®da”,

2See appendix A for brief proofs of various identities.



we readily note that fixing the deformed metric in (2.9) now amounts to imposing Dirichlet

boundary condition at a finite radial slice p. = In this case, one can further
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show [15] that the deformed stress-tensor® now has the identification

_ TBY( )_ ga,@(pc)
¢ 87TGlAds,

where Tfﬁy (pc) and gop(pc) are the Brown-York stress-tensor and the induced metric evaluated
at p = pe, respectively. The second term ensures that when p. — 0 (and hence p — 0), the
CFT stress-tensor precisely agrees with the Krauss-Balasubramanian proposal [54].

However, these identifications of both the deformed metric and stress-tensor expectation
value are true only for the negative sign of the deformation parameter and in the case of
pure gravity. In the presence of matter, the last of the identifications made in (2.11) does
not hold, rendering the finite cut-off prescription ambiguous. Nevertheless, just from the
first two identifications in (2.11), which still remain valid in the presence of matter, we can
infer that fixing 4" can alternatively be thought as a mixed boundary condition involving
both ¢(© and ¢® at the original boundary as compared to a Dirichlet boundary condition
on ¢ in the undeformed case.

2.1 The deformed spacetime

In what follows, we shall compute holographic entanglement entropy and evaluate the QNEC
inequality in the deformed theory primarily within the mixed boundary condition (MBC
hereafter) interpretation, which gives access to both signs of the deformation. Since the
computations will be holographic, in this section, we work out the relevant deformed spacetime
subject to a fixed deformed boundary metric,* say ng = 7)ag, in some null coordinates (U, V).
Since /—vR is invariant along the flow [15], for a Ricci flat deformed metric, the undeformed
metric must also be Ricci flat. We can again choose this Ricci flat undeformed metric to
be 1,3 in some different null coordinates, say (u,v). For the undeformed case, for a flat

boundary metric g([)% = 7)o, the most general solution of Einstein’s equations with a negative

cosmological constant A = —2/ lids is given by the Banados spacetime,
dp?*  dud _ _
ds* = lidsgl% + 2 (L(u)du2 + L(v)va) + pL(u)L(v) dudv, (2.12)
p

which is characterized by two chiral functions L(u) and L(v). The induced metric at a
slice p = p. is simply given by

pcdszc = (du + pci(v)dv) (dv + pcL(u)du) . (2.13)
In the finite cut-off picture, the deformed metric lives on this p = p. hypersurface. Note that
the induced metric (2.13) can be cast into the desired (deformed) flat metric ds?, = dUdV

(W] —
with the help of the state-dependent coordinate transformations [15]

U=u+ pc/ LYd', V=wv+ pc/ L(u)du'. (2.14)

3The physical stress-tensor is T(L’ZL not ng
4In what follows, we shall assume the deformed theory to live on R



In general, this map is not invertible. However, in the discussions to follow, we shall consider
the chiral functions to be constants, L(u) = L and L(v) = L, allowing us to invert the
map to get

wodzptVoo Vel U (2.15)

1—p2LL 1—p2LL

Then the Fefferman-Graham expansion for the spacetime with a flat metric at p = p. is simply
obtained by using the map (2.15) in the Fefferman-Graham expansion of the undeformed
spacetime (2.12), giving

0)2
dp? | dsgy

dsier = lidsrpg + + ds((i?f +p ds((i?f ; (2.16)
where,
202 _ (dU — pcL dV) (dV — peL dU)
o (1 - p2LL)? ’
e (1+p2LL) (L dU% + L dV?) — dp.LL dUdV
Sdef = (1 _ ngE)2 ,
dslr’ = LLds{r' (2.17)

with p > p.. To obtain the relevant spacetime for the MBC interpretation, all we need
to do is make the identification

R
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in (2.17) and then allow for both signs of p. Note that in the rest of the paper, we will set

pe = —2u (2.18)

the AdS radius Ipqs = 1. The deformed spacetime is again given by (2.17), but this time
with p > 0 and the coefficients of FG expansion explicitly given by

(AU +2uL V') (aV + 2uL dU)

RO i ’
Sdef (1— 42LL)?
- (1+442LL) (LdU? + LdV?) + 8uLL dUdV
d = —
Sdet (1 — 42LL)>2 !
dsg?fQ = Ll_/dsé?g. (2.19)

Note that in (2.19) and in the discussions to follow, L and L will stand for the deformed
quantities L* and L* respectively. One can now easily check that

dsffjf - 2uds%)2 + 4,u2ds$])2 = dUdv.

Finally, we conclude the section by reporting the expectation value of the deformed stress ten-
sor which will be relevant for the QNEC computation. In (U, V') coordinates, the components

1 1 —2uLL
T _ ( L 2&‘“) , (2.20)
&G (1 _ 4M2LL) —2uLL L

Note that the deformed stress tensor now has an off-diagonal component, which is however

are given by

not independent.



3 Holographic entanglement entropy in the deformed theory

In this section, we will work out the HEE of a region of length [ at finite temperature
T = 37! in the deformed theory, both in the absence and presence of a chemical potential
Q) associated with a boost. In both cases, we shall use the MBC interpretation for the
holographic description and compute geodesic lengths in the relevant deformed spacetimes.

3.1 Vanishing chemical potential

To illustrate the effect of the chemical potential, let us begin with the case when it is absent.
In this case, the dual spacetime is the deformed non-rotating planar BTZ, and from (2.16)
and (2.17) with L = L, it is given by

1+4p2 L2+ L2p (p+8u+4u?L2p)

dp®  L(p+2up)(1+2uL? p)
ds? =" dU*+dV? dudy.
e p(1—4p2L?)? ( virdv >+ p(1—4p2L?)? v
(3.1)
With the transformations
2 2L —rvr2—4L
p=" QLZT . dU =dX +dT, dV =dX —dT,
this metric can be recast into the standard non-rotating BTZ form,
dr? dT*? dx?
ds? = — 2 (3.2)

2
A Y § +r :
Zar )(1+2uL)2 (1—2uL)>

which has a horizon at 7, = 2v/L. Note that this horizon is now p dependent. Thus the
coordinate transformations (2.15) have the effect of rescaling both time and space, with
different scale factors. Here we emphasize that the Fefferman-Graham radial coordinate
p ranges between 0 < p < 1/L, and consequently the BTZ radial coordinate r has the
range 00 > T > Tp.

To compute HEE, we use the method developed in [49]. Consider an interval on the
boundary of (3.2) delimited by the points p; = (¢, 0,0) and pa = (7, 0,1), where r. — co. In
order to compute HEE in the deformed geometry (3.2), we perform a series of coordinate
transformations (detailed in appendix B) that maps (3.2) to the Poincare patch of AdSs,

—2dZdW — dW? + dY?

2 _
ds® = 73

(3.3)

In the Poincare patch, a closed-form expression is known for the length of geodesics between
two arbitrary points. Let Py = (Z1, W1,Y1) and P = (Z3, Wa,Y3) be the final image of p;
and py respectively in (3.3). The geodesic length connecting these two points is then given by

£ =log (g + \/4*27—1> , (3.4)

where ( is the unique conformal invariant associated with any two points in the Poincare
patch of AdSs [55]. This invariant is given by

¢ (212 + 222 —(Z1+ W1 — Zy — VVQ)2 + (Y1 — Y2)2) ) (3.5)

1
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For spacelike geodesics, ( > 1, whereas ( = 1 corresponds to null geodesics. Using the
maps (B.1)—(B.6), it can be calculated to be

VL 2
T-9,L + 4271

4221 '

2 sinh?

(3.6)

with z. = 1/r.. Now in the MBC picture, the geodesic endpoints are at z. — 0. In this limit,
¢ ~ O(1/2%) from (3.6), and we can approximate /(2 — 1 in (3.4) by ¢. Then, from (3.4)
the geodesic length is given by

c

- _ 2sinh? VL
L =log (2@) G pu— 771 (3.7)

Note that in terms of ¢, spacelike geodesics will correspond to ¢ > 22/2, whereas ¢ — 22/2
is the null limit, with z. — 0. So to a good approximation, we will consider ¢ — 0 as
the null limit.

In the finite cut-off picture, neither of these approximations would have been valid with
2. being finite.® In that case, one needs to use (3.4) along with (3.6) exactly to compute the
geodesic length. It is then natural to expect that the qualitative features of the resulting
geodesic lengths and therefore of the HEE will be quite different. For example, for finite
Z¢, if we take the limit [ — 0, then from (3.6) ¢ — 1 and hence £ — 0. However, in the
MBC picture, the [ — 0 limit of £ is z. dependent.

Finally, the HEE in the deformed theory is given by

(/5’ +/B% — 87r2‘u) sinh (B;j%%)

c c
ent — = = 71 5 .
Sent 6£ 3 og o (3.8)
where we have used

87212
The last relation follows from inverting 8 = % (1+2pL), which in turn follows from
computing the Hawking temperature from (3.2) and identifying the same with the temperature
5 of the undeformed theory. Note that the HEE computed by this method agrees exactly with
the non-perturbative result obtained in [35] using the gravitational Wilson line technique,
with p replaced by —u/2. In particular, the reality of HEE puts a sharp upper-bound®

2

ol

Note that this upper bound is analogous to what follows from the reality of the ground state

< fhy = (3.10)

energy in the deformed CFT on a cylinder, with g8 replaced by the size of the cylinder R
and ¢ = 12x. In fact, this upper bound is simply the Hagedorn bound written in terms of pu.
Thermal equilibrium at temperature 7' = ™! ceases to make sense for p > .

52. is related to the Fefferman-Graham radial cut-off Pe AS Ze = H\—/EL'

5Due to the relative sign between the deformation parameter used in this paper and the one used in [35],

our upper bound on the positive values of the deformation parameter (3.10) translates to a lower bound on
the negative values of the deformation parameter in [35].
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Figure 1. Plot for HEE as a function of the deformation parameter p. Here [ =5, 8 = /8, z. =
0.01,and ¢ = 127. HEE becomes complex beyond p = u, (= 1), but continues to be real for arbitrary
large negative p.

Note that for p < p,, the argument of the logarithm in (3.8) is always greater than
zero. Since this argument is proportional to ¢, in this case, the geodesic always remains
spacelike. Figure 1 shows the variation of HEE with the deformation parameter p for fixed [
and 5. Clearly, HEE continues to be real for arbitrarily large negative values of u. However,
in the next subsection, we will see that the presence of a chemical potential puts a sharp
lower bound on negative values of u as well.

Finally, for small u, we have

e o () 22 () () oo o

The first term gives the entanglement entropy in the undeformed CFT if we identify € = 2. as

the UV cut-off. The second term gives the leading correction due to the TT deformation. This
correction term precisely agrees” with the replica trick result [19] in the high-temperature
limit 8 < .

Before moving on to the next section, it is worth comparing the results to the ones
obtained in the finite cut-off prescription. In the finite cut-off approach, one should use (3.4)
exactly, with ¢ given by (3.6). As expected, the resulting expression for HEE does not agree
with (3.8). However, in the small p. limit, we have

5 [ P] o (2o (3) (4 (1)) st
(3.12)

The leading term agrees with its counterpart in the MBC prescription upon identifying
/pe = € as the UV cutoff. However, there is a clear mismatch in the subleading term after
identifying p. = —2u. So, even in the absence of matter and for negative values of the

ue
12

"To check this, one must replace p — — in (3.11) because of the difference in conventions.



deformation parameter, the two prescriptions do not agree when one considers non-local
quantities like entanglement entropy. This is in clear contrast to the notion of equivalence
of the two prescriptions under the aforementioned conditions, inferred from the study of
local observables.

However, if we consider the high-temperature limit [ > 3, then the subleading terms
from the two prescriptions agree precisely. This is to be expected in the sense that for small
Pe, when the cut-off surface is very close to the original boundary, the results obtained from
either methods should agree when the entangling region is very large. The disagreement
between the two prescriptions becomes negligibly small since the portion of the geodesic
between the cut-off surface and the original boundary becomes infinitesimal.

3.2 Finite chemical potential

Next we consider the effect of a finite chemical potential by boosting the thermal state. In
this case, the dual spacetime is a deformed boosted (planar) BTZ black hole with L # L. In
Fefferman-Graham gauge, the deformed spacetime takes the following form,

s LPQ 1+4p2LL+LLp (p+8u+4p®LL p) (p+2u)(1+2uLL p)

ds? — L dUudv — LdU?+LdV?).
ST p(1—4p2LL)? T (I-42LLY (LU + L)
(3.13)
Writing
1 - 1
L= 1(7’—%_7’—)27 L= Z(r++r—)27 r%:ri—?‘%, (314)

and defining new coordinates

2 (L D) (- (L D) 4L

p= 5T , U=X+T, V=X-T, (3.15)
this metric can be recast into the following form,
gs? — r2dr? A 2—r2)(rydl —r_dX)>? N 4(r? —r2)(r_dT — r+dX)2.
(r2 —r2)(r2 —r2) r3(2 —rip)? r2(2 4 rip)?

(3.16)
This geometry is dual to a TT-deformed 1+1 dimensional CFT at a finite temperature /3
and chemical potential €2 given by

5=g<&+\1@> (1+2uVLL), Q:\/\FM. (3.17)
To compute HEE in this geometry, we again choose a region on the boundary of (3.16)
delimited by the points p; = (r,,0,0) and ps = (7¢,0,1). To use the working formulae (3.4)—
(3.5), we again need to put (3.16) into the form (3.3) as detailed in appendix B. Then
computing the invariant, (, and ignoring terms as described in the previous subsection, we
arrive at the following non-perturbative expression for HEE,

wl(BL+B— wl(B+—B-)
cosh (\78722#) — cosh ((BiT)

6+B— 1 5+5_

Seont = ¢ log 87r2u2

6 29,0 (115

, (3.18)

,10,



where f1 = 5(1 £ Q). Let us now analyze the reality conditions of Sent. Firstly, the upper
bound which follows from the vanishing of the expression appearing under the square roots
now gets modified to
o Be-
VS

Now for p < py, when S_ # [, the argument of the logarithm has a zero when the two

(3.19)

terms in the numerator become equal. This happens precisely when p equals
ML= ——Biﬁg
272(By — B_)?

This is the value of u at which the spacelike RT surface connecting the two endpoints

(3.20)

becomes null. We emphasize here that in the case of a vanishing p, the numerator is always
greater than zero for finite 54 # f_ (finite ). Even in the presence of a finite u < g, the
numerators would have always been greater than zero for g4 = f_ > 0. So the spacelike
to null transition happens only in the presence of a finite p along with g # S_. Finally,
expressing both the bounds in terms of 5 and €, the reality of HEE confines the allowed
values of the deformation to be within the window
Pa-@p _pa-e)
82012 82
In the limit @ — 0, the upper bound reduces to (3.10) while the lower bound becomes

(3.21)

trivial. Figure 2 shows the plot for HEE against u for various values of 2. Note that, p;
corresponds to the value of p where Sepnt diverges to —oo, eventually becoming complex
thereafter. However, before that, there exists a small window where the geodesic length
remains negative, which is also unphysical. So one can alternately propose a lower bound
p; corresponding to the vanishing of the HEE. However, in the limit z. — 0, the difference
between g4 and p; becomes vanishingly small. This is illustrated in figure 2, where the
plot of Sent is almost vertical from the point where it vanishes to where it diverges to —oo.
So to a good approximation, the positivity of geodesic length in the deformed geometry is
synonymous with the reality of HEE in the deformed theory.

Since the lower bound puts a cut-off on the negative values of u, one should expect
this feature to show up in the finite cut-off picture as well. Figure 3 shows the plot for
HEE computed in the finite cut-off picture as a function of the cut-off radius p. for various
sizes of the entangling region.

The plots clearly show that, given a fixed temperature and a chemical potential, the
cut-off surface can not be put arbitrarily deep inside the bulk while also retaining geodesics
between boundary points on a fixed-time slice spacelike. Beyond this upper bound on the
cut-off radius, one cannot use the standard definitions of HEE. Also note that when [ ~ (3,
the maximum allowed value for the cut-off radius seems to be I dependent. However, as we
take larger [, the upper bound on p. tends to become insensitive to [ and is in agreement
with the lower bound on (negative) pu, as expected. Note that, here also Sep is negative
in a negligible range of p. before diverging to —oo at p.max. For all the plots in figure 3,

Pemax < Ph = (LI_/)_l/ 2 so the cut-off remains always outside the horizon.®

8To check this, one needs to invert (3.17) with g = —pc/2, to express L and L in terms of 3, Q, and pe.
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Figure 2. Plot for HEE as a function of the deformation parameter p for various values of
Q. The blue curve corresponds to 2 = 0.3, orange curve corresponds to 2 = 0.4, green curve
corresponds to €2 = 0.5, and the red curve corresponds to €2 = 0.7. For all the plots, we have used

=2, B=1,2.=0.01,and ¢ = 127. The lower bound on negative p becomes monotonically stricter
as ) increases.
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Figure 3. Plot for HEE as obtained from the finite cut-off prescription as a function of the cut-off
radius p, for various [. Here we have set § = 1,2 = 0.4,and ¢ = 127. The blue curve corresponds to
[ = 5, the orange curve corresponds to [ = 10, and the green curve corresponds to [ = 20. Note that,
as [ increases, the maximum allowed value of p. tends to saturate to pcmax = —2f, corresponding to
this choice of 8 and ).
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Finally, one might wonder if the lower bound is also reflected in the thermodynamic
quantities, like the upper bound. Towards that, the quantity that can readily be computed
within our setup is the thermal entropy density. Starting from (3.18), we have

6 o [ 160 s (52 s (1 (2) | e (o expate)
ent — D) == 2 )
° 226, (1-,/1-22£) O \a2ps (1-y1-52)
where
_ By + B y = B+ — B-
ByB\J1— S B+b-

In the last step above, we have used the high-temperature limit [ > 4+ keeping (64 — 5-)
as well as pu(< p,) fixed to finite values. This leads to,

e (B4 + B-)
6515 \[1- 1

Clearly, Sthermal remains finite for any g < p,. Note that, in the case of HEE, the lower

C _
Sent = lSthermal + 6 log(O(zC 2))) Sthermal = (322)

bound arises from the competition of the two terms within the argument of the logarithm.
However, as we take the high-temperature limit, the effect of the second term is washed
out, rendering the thermal entropy real for arbitrarily large negative values of u. However,
one must consider the high-temperature limit before letting p unbounded in negative values.
Otherwise, the demoninator in x can grow large enough to invalidate the exponentiation.
We expect this feature to remain true if one computes the internal energy or free energy
densities as well. It would be rather interesting to look for the imprints of this lower bound
on the negative values of the deformation parameter in other contexts of the deformed theory,
which we leave for future investigations.

4 QNEC in deformed theory

In this section, we will study the Quantum Null Energy Condition (QNEC) in the deformed
theory. In two dimensions, the QNEC has the following versions depending on whether the

theory is conformally invariant or not:

QFT : Qi = 27T<Tii> — gnt > 0, (4.1&)
6
CFT: Qi =2m(Tyy)—S", — Esgt > 0. (4.1b)

where T4+ are the null components of the stress-tensor and ' denotes derivative w.r.t. 0+
for Q4, obtained from infinitesimal variations of the entanglement entropy of the interval
ending at the point of observation, under shifts along the respective null directions. We are
interested in a situation where the undeformed theory is a 1+1 dimensional holographic CFT
with an irrelevant deformation breaking the conformal invariance. So in principle, we should
consider a QNEC inequality that smoothly interpolates between the two versions (4.1b)
and (4.1a). However, to the best of our knowledge, such an interpolating version of QNEC
does not exist in the literature. At least for small deformations, a naive guess is to propose
the following slightly modified version of QNEC:

3 6 v
Qi = 2m(Ths) — S — - 72 >0, (4.2)
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where S, ©)

ent

that at leading order in the deformation, Q4 exactly correspond to the CFT version (4.1b);

is the entanglement entropy in the undeformed theory. The last term ensures

in particular, it is saturated when the state under consideration is dual to a Banados
spacetime [56]. Then for the first correction due to the 7T deformation, only the first two
terms would contribute. However, we do not have any supporting arguments for this modified
version of QNEC. Furthermore, we are interested in the non-perturbative regime of the
deformation. So we will simply proceed with the QFT version of the QNEC (4.1a) and
investigate the inequality as we change the deformation parameter.

As in the case of entanglement entropy, let us begin with the case of vanishing chemical
potential. To evaluate Q ), we deform the end-point p; = (., 0,0) (in coordinates (r,7T', X)
with metric given by (3.2)) along dy(yy infinitesimally by §, keeping the other endpoint
fixed. Then we compute the geodesic distance between the points pj = (r¢, +(—)d/2,6/2)
and pa = (7¢,0,1) using the method discussed previously, eventually identifying it with the
HEE, which is now a function of d. Finally, we take derivatives of this HEE w.r.t. § followed
by setting 6 = 0 to get Sh,. The stress-tensor components can be read off from (2.20)
as Ty, = Tyy,T-_ = Tyy, with L = L and L being given by (3.9). Putting all these
together, Q4 is evaluated to be

7 (VP =5+ (8 — ) esct? (2l )
632 (52 — 8m2p) |

The expression for Q4 evaluated at the other endpoint ps is exactly the same as (4.3).

0, =0 =

(4.3)

A small p expansion of (4.3) gives

o o (1) o () e (2) (- (2) o () s
(4.4)
)

The leading term is simply equal to 6S§nt , which is expected as we are working with the
QFT version of QNEC (4.1a). Said differently, Q4+ = 0 in the state dual to the undeformed
non-rotating planar BTZ, for which the CFT version (4.1b) must be considered. From (4.3),
it is also clear that Qy become complex beyond the same upper bound (3.10). However,
for negative p, Q1 > 0. Figure 4(a) shows the variation of Q4 (along with Sen;) with the
deformation for fixed values of 5 and [. Clearly, QNEC is never violated in the deformed
theory as long as p < py.

Next, we consider the case of a finite chemical potential 2. We shall proceed similarly by
shifting the endpoint p; = (¢, 0,0) in the (r, T, X) coordinates (in which the metric is given
by (3.16)) to p} = (re, £/2,8/2) while keeping the other endpoint fixed at ps = (7¢,0,1). In
this case, L # L, leading to Q4 # Q_. The exact expressions for Q. are not very illuminating
so we refrain from reporting them. In the small p limit, we have

2 et 2 . 2ml 2
Q.= 66+ coth (5+>+3ﬁiﬂ— th(5+>c ch <ﬁ+>< 27 l(ﬁ+ B_)+Slnh<5+)>u+0(u )
2 l 4 l 1 1 . 2ml
Q = ggﬁ coth? (; )+3,37T/B3 coth( ) csch? (;) (—27rl <5++/3) +sinh (;)) p+0(p?).

Clearly, they agree with (4.4) in the limit f_ — 4 = .
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Figure 4. Left: Qi (orange curve) plotted along with Sey (blue curve) as a function of the
deformation parameter p for vanishing ), with the other parameters specified in the subcaption. The
upper bound is at u, = 32/872 = 1, beyond which S, and Q4 all become complex. Below this
bound, they remain to be real and non-negative. Right: plot for Q4 (orange curve), Q_ (green curve)
along with St (blue curve) as a function of the deformation parameter in the presence of a finite
chemical potential, with the values of various parameters specified in the subcaption. Note that, in
this case as well, for u > u,, all three quantities become complex. But now there is also a lower bound
at p; ~ —0.055, where these quantities become complex again. However, for u < p;, Sent remains to
be complex whereas Q4 become real and non-negative.

Figure 4(b) shows the variation of the non-perturbative Q1 (along with Sent) with the
deformation parameter for fixed values of 3, ) and [. Note that there is a qualitative difference
in the behaviour of Sey and Q4 across the two bounds. In case of the upper bound, all
the three quantities become complex when p > u,. However, in case of the lower bound,
when p < py, Sent becomes complex whereas Q4 remains real and non-negative in the range
—o0 < p < pg. This behaviour is not difficult to understand if we recall how the two bounds
were derived. The upper bound corresponds to the value of . when the expression appearing
under the square roots in (3.18) vanishes. The derivatives of Seyt involved in Q4 do not
change the expression under the square root. So O, Sent all become complex beyond this
upper bound. However, the lower bound was derived from the zero of the argument of the
logarithmic function in (3.18). Clearly, while taking derivatives, new terms are expected to
appear, and there is a priori no reason for Sgnt to respect the same lower bound which Sept
does. However, quite surprisingly, the lower bound still appears to be a special (isolated)
point where S, and hence Q. become complex. Below this bound, it again becomes real
and non-negative, but since Sey remains to be complex, reality or positivity of Q4 do not
seem to make much sense. However, within the allowed range of the deformation parameter,
QNEC continues to be satisfied even in the deformed theory.

5 Conclusions and discussion

In this paper, we have studied the holographic entanglement entropy and quantum null
energy condition in finite temperature states of a 7T deformed 1+ 1-dimensional holographic
CFT, both in the presence and absence of a chemical potential for boost. Our holographic
computations are based on the mixed boundary condition interpretation of the deformation.
First, we obtained the relevant deformed spacetimes from the corresponding undeformed ones
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using the state-dependent coordinate transformations (2.15). These deformed spacetimes are
locally AdSs, so they can be mapped to the Poincare patch where a closed-form expression is
known for geodesic distances between arbitrary points. Using this algorithm, we computed
the HEE and evaluated the QNEC inequality in the deformed theory.

In the case of a vanishing chemical potential, our (non-perturbative) result for the
HEE agrees with various known results in the literature, including the upper bound on the
deformation parameter which follows from the reality of the HEE in the deformed theory.
This upper bound is analogous to the one that follows from the reality of the ground state
energy in a deformed CF'T on a cylinder, with the size of the cylinder R replacing the size of
the thermal circle 8. In fact, this upper bound is nothing but the Hagedorn bound, beyond
which thermal equilibrium fails to make sense in the deformed theory.

In the presence of a finite chemical potential associated with a boost, our analysis reveals
a new lower bound on the negative values of the deformation parameter, thus confining its
allowed values within the window (3.21) for the sake of reality of HEE in the deformed theory
or equivalently, the positivity of geodesic lengths in the deformed geometry. However, this
lower bound does not show up in the thermal entropy or any other thermodynamic quantities,
so its physical interpretation is not very clear to us otherwise. From a holographic perspective,
this lower bound turns out to be related to a spacelike to null transition of the associated RT
surface in the deformed geometry and this requires the presence of a finite chemical potential
along with the deformation. Like the upper bound, this lower bound is also independent of
the size of the entangling region, being completely fixed by the temperature and the chemical
potential. During the course of our computations, we have also demonstrated that our results
agree with the ones obtained in the finite cut-off approach only in the high-temperature limit.

We have also explored the QNEC inequality in these states, based on the minimal
assumption of the existence of a stress-tensor and entanglement entropy in the deformed
theory. Our computations show that the QNEC inequality remains satisfied in the deformed
theory for both positive as well as negative values of the deformation parameter, within
the allowed regime.

Let us comment on the significance of our lower bound. The transition from spacelike to
null RT surfaces at the lower bound seems to suggest that the holographic prescription for
calculating entanglement entropy in the deformed theory becomes ill-defined at the lower
bound, at least for finite entangling regions. A more severe possibility is that entanglement
entropy itself is not well-defined at finite length scales in the deformed theory for p < p;. A
non-perturbative field-theoretic computation of the entanglement entropy in boosted thermal
states of the deformed theory will be essential to clarify this. In contrast, the thermal entropy
obtained from the [ > 1 limit of the holographic entanglement entropy (3.18) remains real
below this lower bound. These two observations together perhaps indicate the non-local
nature of the deformed theory. However, this lower bound is qualitatively different from
the Hagedorn bound, in the sense that it exists for the negative sign of the deformation
parameter, and also the thermodynamic quantities are not sensitive to it.

It will be interesting to further investigate if this lower bound shows up in other aspects
of the deformed theory, for a deeper understanding of its significance. For instance, one
can calculate Renyi entropies for states dual to the deformed boosted BTZ geometries and
check its reality properties at the bounds that follow from the reality of HEE. Also, our
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study should be extended to generic states of the deformed theory which are dual to the
deformed spacetimes with non-constant L and L. However, in that case, the state-dependent
transformations (2.14) may not be invertible, and hence analytic computations are beyond
the scope of this paper. Nevertheless, it would be interesting to numerically explore if there
are further constraints on the deformation parameter based on the reality of the HEE in
such states. Also, given that QNEC remains satisfied in the deformed theory, one can further
study the Quantum Dominant Energy Condition (QDEC) [57] in these states, which involves
the entire stress-tensor rather than just the null components. However, since QDEC is not
well-established at this point even in the undeformed CF'T, we postpone this for future work.
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A Some relevant identities

In this appendix we explicitly work out certain relations that lead to (2.9)-(2.10) starting
from (2.3). With the redefinition Tps = Tug — YasT, (2.4) follows trivially whereas to
get (2.5) we first note that

1 (0% (e
8uf = iﬁV ﬁ8pf7aﬁ = _\/TYPY g (Taﬁ - 'VaﬂT) = ﬁT- (A'1>
With this identity the second equation of (2.3) now leads to
0uTas = —YasOpt — Tor T (A.2)

This gives
OuTap = Ou (Tap = 1apT) = =Y080r7 — Ty T] + 2T (Tap — YasT) — YapduT.  (A.3)
Now,
0T = (9,7°7) Tus + 470, T
=2(T°° = 4°PT) Top + 77 (~YapOpg — Ty T}
= 2T T3 — 2T% — 20,7 — T T,p
= —T%Ty,. (A.4)
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Putting this back in (A.3) and using the definition of O we have
OpTop = —TonT] + 2TTop — YapT? = —Tuy T3, (A.5)
which is (2.5). Finally note that,
O (TorT7) = (BuTor) T3 + Ty (BuTis) V" + T Tps0r™
= =200 Ty T + 2T T (170 = °T) = 0. (A.6)

So Tng is invariant along the flow. Eqgs. (2.6)—(2.7) supplemented with this identity finally
lead to (2.9)—(2.10).

B Coordinate transformations

In this appendix, we provide the details of the coordinate transformations that take the
deformed Banados spacetimes (3.2) and (3.16) to the Poincare patch (3.3).

First, consider the case of deformed non-rotating BTZ. Starting from (3.2) we first
absorb the deformation dependent factors to define the scaled time and spatial coordinates

T X

J — — X=——".
T 14+ 2ul’ 1—2ul

(B.1)

Note that in (r, T, X) coordinates, (3.2) exactly takes the form of an undeformed BTZ,

dr? ~
ds® = S5 = (" = 7i)dT? 4% ax” (B.2)
Next we define
- d
dT =dT +dr,, dr*:%, r=1/z,
r’—r
h

to put (B.2) to the ingoing Eddington-Finkelstein (EF) form,

2 1 1
ds® = —?dez — <z2 — r,%> dT? + ?d/’\,’z. (B.3)
The finite coordinate transformations are
- 1
T =T +rs, r, = —— arctanh (Th>, (B.4)
T r

and the range of the radial coordinate z is now z. < z < z, with z. = 1/r. — 0 and
zp, = 1/rp,. Finally we put this metric to the Poincare EF form

o —2dZdW — dW? + dY?

ds 72 (B.5)
with the transformation
h(r,X) — inh r, X
7 T _ThE ’ W e (rpX) 7“hz7 v = g Sinhrd (B.6)
1—rpz 1—ryz 1—ryz
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The inverse map is given by

SRR
o J(ZFW)E=Y?

1

T="log [\/(Z+W)2—Y2—Z}, (B.7)
Th
1 Z+W+Y

X =—1 _— .
2 Og[ZJrW—Y}

In the case of the deformed boosted BTZ, the set of coordinate transformations is analogous.
Starting from (3.16), we first define the coordinates (R, T,X) via

2(ryT —r_X) Y- 20ry X —r_T)

R= 7“2—7’3, 7-: 5 = 5
Th(2+ 7 ) rh(2 = )

(B.8)
so that (3.16) takes the form of (B.2) with r replaced by R and r7 = r% —r2. The remaining
steps to put this metric to the Poincare patch are exactly the same as in the non-rotating case.

In order to compute Sent and Qi, we first choose the endpoints of the geodesic in the
(r,T, X) coordinates of (3.2) or (3.16) and use the transformations mentioned above to map
the endpoints to the Poincare patch (Z,W,Y). Then we use (3.5) and (3.4) to compute
the geodesic length.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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