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Abstract

The rate of mass transfer at gas evolving electrodes has been shown to be 

a strong function of the so-called bubble break off diameter of the gas 

bubbles leaving the electrode surface. This dissertation shows how the 

population balance can be applied to the formation of gas bubbles at gas 

evolving electrodes. This analysis provides a means of predicting the 

bubble break off aiameter. Experiments were also performed to measure 

the bubble break off diameter as well as other parameters, such as the 

rate of bubble growth, used in the population balance moce-i>.

The effect of viscosity, electrolyte flowrate and current on the bubble 

break off diameter is also investigated. The flowrate and current have 

little effect on the bubble bi ak off diameters, whi.e the break - - - 

diameters show a decrease in size with increasing viscosity. The bubble 

break off diameters predicted by the population balance mode, and those 

measured were significantly larger than those reported in the literature.
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1 .

The race at which an electrochemical reaction can occur will depend 

on the rate at which a reagent can reach the electrode or a product 

can be removed from it. If the rate at which a species A is brought 

to the electrode, is limiting, then the rate of production or this 

species A is given by

RA
(1)

where R = rate of production of species A A
D - molecular diffusivity of species AA
C * concentration of species A at position x
A

9y refering to figure t, equation (1) can be written a.j>

RA
(2)

where C concentration of species A at the electrode

surface (x * 0)

bu'k concentration of species A

6 = thickness of the dlfu on layer (see figure 1)
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Figure 1. Concentration Gradient of Spec ^  __— lu

Electrochemical Cell

Defining the locai mass transfer coefficient as

R.
k,)

or (k,'L i

*
and x ^

(3)

DA (4)

The concent r it . :n jr.idi nt :an be normalis.-d by defining

. * . 1a.: ■ .  (5)
"A =»,. CA,

X (6)
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IV / .  b fi/“* X-., V  - V  Jx A*.

(by equations (1) and (2))

from (4)

dCV  /  , L h-  (7)
^ ’X - ,  DA

The average mass transfer coefficient is ^

■ - r  I < V i  dz 81
o

where L = length of the electrode in the z direction

The Sherwood Number is defined as

k h
Sh - — —  m d  substituting for k. -IvesD **A

Sh ■ t f f V  /
d*- /, dz (9) 

x"*o

The Sherwood Number is the dimensionless surface concentration jrauent 

over the mass transfer surface.

The r o f  mass transfer is clea effected by the 'f

Movement of the electrolyte in "he neighbourhood of the el'ci >de 

can effect the size of 5. The movement of electrolyte can be brought
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about in a number of ways:

(1) Natural convection generated by density variations which may 

occur due to concentration or temperature changes.

(2) Forced convection caused by pumping, mechanical agitation or

air sparging.

(3) Circulation of electrolyte caused by gases generated at e

counter electrode.

(4) Agitation of the layer of fluid near the surface of the electrode

by the evolution of electrolytilally produced gas.

This last raears of effecting the mass transfer can considerably enhance 

the mass transfer because on detachment of the bubble, electrolyte w n l  

flow back into the region very rapidly, and in this way is reduced

considerably.

In many electrochemical pro esses the production of gas at an electrode 

is important. Several examples are the electrolytic manufacture of 

gases such as chlorine, hydrogen and oxygen; electrowinning, terming 

and plating of metals which are associated with electrolytic hydrogen 

production. Vogt (1978) points out that mass transfer at gas evolving 

electrodes . joverned by two phenomena acting simultaneously:

(1) A macroconvective mass transfer caused by the liquid flow parallel 

to the electrode surface. This influences mass transfer by velocity 

distributions near the wall. This process is not directly related to 

the actual gas evolution.

(2) A microconveotive mass transfer caused by the li juid in the vicinity 

of a bubble attached to the electrode being pushed away by the bubble as 

It grows. This causes a disturbance in the diffusion layer and an 

increase in the mass transfer rate.
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The macroconvection only has an effect at very low current densities 

or in turbulent flow conditions. This means that under most operating 

conditions the microconvective term is dominant.

1. 1 Mass Tnn^f-T _ v _  - :r.•■•Jiving 1 -• ct r - ^

Mass transfer processes at gas evolving electrodes are in many respects 

analogous to processes in nucleate tolling heat transfer. Bubbles 

grow from small nucleatlon sites which are tiny pits in the electrode 

surface. The gas bubbles increase in site due to mass transfer from 

the liquid phase either by evaporation (heat transfer) or by desorption 

of dissolved gas (mass transfer). when the bubbles become large enough 

for the bouyancy, pressure and inertia forces to overcome the adhesion 

forces, the bubble leaves the surface, while the bubbles are growing 

a convective flow is induced in the surrounding liquid. After the 

bubble detaches from the surface, liquid flows back to the former bubble

centre.

The similarity between the heat and mass transfer processes ..as 

researchers such as Vogt (1978) and Stephan et ai US'? to develop 

correlations for mass transfer at gas evolving electrodes based on 

existing correlations for heat transfer (see section 1.1.1). The 

fact that an electrolyte flow is Induced by ascending bubbles has 

!ed researchers such as Janssen et ,1 (1970, 1979) and Fouad et al 

(1972, 1973) to develop hydrodynamic models based on experimental and



theoretical expressions. !*ee section

Transfer Correlations of Sf-phan end Vogt (l?79l

Itephan et ,1 (.979, made use of existing heat transfer correlations 

.n order to establish a model for correlating mass transfer it gas 

evolving electrodes. The assumptions built into the model are:

U) The convection flow Induced by the rapidly growing gas bubbles 

is decisive for mass transfer. The flow in the wake of the 

detached bubble is unimportant and has negligible effect on the

mass transfer.
(2, A cert.m small area may be attributed to each bubble. This 

micro,re, is part of the total surface, where a single bubble 

induces convection flow. The area exists from the time the 

bubble begins to grow till it detaches from the surface, and is 

regarded as constant in sire. It is not influenced by other

bubbles.
,3, Due to the small distances and thin boundary layer, the flow 

along this microarea is assumed laminar.

(4) The bubbles are assumed to be spherical or hemispherical.

(5, The convection flow near the gas liquid interface it assumed 

to behave like plug flow, whereas the flow some distance away

1 « V r. KrM T'V 1 V P  t* • l O W  ,V-a In <2

The correlation finally put forward by Stephan et al (1979) is



where Sh = Sherwood number

GdpRe = Reynol ' number ■ "

USc = Schmidt number ;

kr = mass transfer coefficient

■*

G = volumetric flow rate of the gas per unit area

of electrode 

d = bubble break off diameter

0 = liquid density

U * liquid viscosity

in order to test their correlation, Stephan at al (19~9) applied 

equation (10) to a large volume of data presented in the literature.

The errors incurred were fvirly larc •, but no -arger han errors 

incurred in using well established corre itions tor nuclea e ^Cil.ng 

wh.ch are successfully used in engineering e . t’r..

The data used by Stephan et al (1979) was obtained by using 

electrolytes of similar concentration, "he :on« at ation ranted tr "

1 mole/i HzSOw (with small amounts of salts present) to i mole/t I^OH 

(with small am urts of .alt) . Hence the •>: ' ,f -Icct.iolyte

density and viscosity (see section 1.4) were not significantly tested.



The evolution of gas bubbles at vertical gas evolving electrodes 

promotes ma;3 transfer very well. At high rates of gas evolution, 

the rate of mass transfer is of the same order on magnitude as that 

obtained by intensive mechanical stirring (Fouad et al (1972)). The 

reason for this is the rising gas bubbles Induce a flow of electrolyte 

near the electrode surface. This induced flow mixes the liquid in the 

bulk solution with the liquid in the Nernst diffusion layer, making 

the diffusion layer thinner. This means that tie 1 . tuid in contact 

with the growing bubble has a higher concentration of dissolzed gas 

than previously, and hence the mass transfer rat, ia higher. Janssen 

et al (1970) found that the thickness of the N-*vnst diffusion layer,

5, is dependent on the factors which ;*tcnnine the distance of the 

ascending bubbles from the surface, the number and size of the bubbles 

and their size distribution.

Fouad et al (1973) Investigated the differences in the mass transfer 

coefficient obtained on vertical and horizontal electrodes. They 

observed that horizontal electrode, has higher m.ss transfer coefficients. 

This was ascribed to the build up of a hydrodynamic boundary layer anc 

the Nernst diffusion layer whose thickness increases up the vertical 

electrode"; height. This observation would support those or 

et A  (1972) and Janss- n et al (1970).

Janssen and Barendrecht (1979) devn: ped a model for predicting .

This model is based on the correlation for mass transfer at an

electrode:







Two rate equations for bubble growth are presented below. Both models 

are th. -retically based and have been verified experimentally in the 

literature.

1.2.1 The rate equation of riven <’ '

Scrlven (1959) arrived at an expression for the rate of bubble growth 

by writing a force, mass and energy balance to describe the situation, 

and then by making a number of simplifying assumptions to make it 

possible to arrive at a solution. Full details of his derivation are 

presented in Appendix 1. The solution he arrived at is

r - 26 /Dt (l8)
where r = radius of the bubble 

D * mass diffusivity

t - time
s dimensionless growth constant

a is defined by the equation

1 exp(£1 + eb ) f txp(-x -2e3 x L)dx
L sat

where e - 1 - Pg

q * density of the gas 
9





t = 0, the bubble radius was seme small 

observed that this initial growth was very rapid (about 

and varied from one electrode surface to another. The reason put 

forward is that,after polishing, the harder metals (such as nickel' 

produced smoother surfaces (fewer nucleation sites). This causeJ 

a high supersaturation of gas near the electrode, and so once tne 

bubbles started to grow, their growth was rapid until the super- 

saturation was diminished.

1.2.2 The Rat** P . ;at i-n of Darby and Ha^ue LL—

Darby et al (1973) tried to elucidate the controlling rate process 

which limits the maximum rate at which bubbles are evolved at an 

electrode. They initially expected the rate of bubble growth to be 

analogous to that observed in nucleate boiling. If this were the 

case, the bubble radius would grow at a rate proportions, to t 

3y observing the phase lag between the electrode current, which is 

proportional to gas generation, and the bubble growth rate, which 

corresponds to gas removu. they could deduce whether or net the 

mass transfer of hydrogen gas to the bubble is limiting see

Appendix 1).

Their experimental results show T

This result was inconsistent with their initial expectations that 

th. radius would b* proportional to tV *. They alao oboo-vod that







The bubble break ofi diameter, 1 C3r dl.i ' :

leaves the surface, features very pr<.,••eatly ii c.

- — - •<— -   - ■’
root of the bubble break off diameter. .U-ussea et t.J. (IS'Vh oq ■

g a acceleration duo to gravity

Sides (1981) has shown that the electrical potential on an *l«c 

surface .nries significantly with position and time



So when evaluating the mass transfer coeffici ■>

bubble break off diameter used must either be obtained by experimei. , 

or some average value obtained in the literature. Stephan et al 

recommend the values for the break off diameters of bubble presentee 

in table 1 to be used in calculations:

Table 1 Bubble dreak Off Diameters recommended by Stephan et al (1,̂ 21

Gas
--------------- -----

Electrolyte Break off Diameter (urn)

Hydrogen Alkaline 40

Oxygen acidic 40

Oxygen alka^ .ie.
jO

Hydrogen acidic 60

Others
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1.4 The Effect of Viscosity on the Bubble Break Qt f Didir.er.--_r

Ault et al (1975) investigated the operation of a zinc electrodeposicicn 

process. They found that by increasing the zinc sulphate to acid 

ratio in the electrolyte, the current efficiency increased until the 

zinc sulphate to acid ratio reached a certain value, and then the 

current efficiency decreased. They postulated that the drop in current 

efficiency was due to nodular growth and attendant short circui — ng.

The increase in nodular growth (dendritic growth) was believed to be 

due to the increased viscosity, and hence resistivity, of the elec

trolyte at a higher zinc sulphate to acid ratios. This postulate wouio 

seem to conflict with both equation (10) and equation (1 I, since 

both are independent of viscosity. In equation . , "he vijcosi.y

effect is cancelled since both the Reynolds and Schmidt numbers are 

raised to similar powers. The only way this conflict coulc be re

solved is if the bubble break off diameters are effected by viscosity. 

Earlier work in the Department of Chemical Engineering at ae 

University of the Witwatersrand by Herder et al (1981) has shown that 

the bubble break off diameter is affected by viscosity,









-a; N u a ) m y  1 + _ £0) - qgd) » odl

where
r<*>I - io)

0 t < to 
*(to) i i to

where to ™ 3ize or bubbles at nucleation,

There is a hidden assumption in this balance, 

bubbles stop growing after they leave the surface.

Now the boundry condition in 1' is

fit) * 0 when t *

Hence (1) can be integrated from t - to

Mu (t)f(I) = qH(f - to) * 1 r
i*i

or eiti - zzhrH,t ‘ to> Nu(t) /'g(t’

Mu(t) -/ for

21

(1)

chat the

(2 )

)dt' for u(f) *

i > to
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'

t* say, then

gU) Sii - t*)

and f(£) Nu(Z) 1 - H(Z - £*)

Now let G ( i) 3 I 9 <L1 ) d//
f  

1 - /

Since g ^

dG(i)

0 at t

g(i) (4;

The nt- oooen' of g(J , '■■3 defined as

From / r  di (5)

Ir.tegrating i ■ b / parts g • »:

<30 on
t0'. (t) J
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Now "/in G(i) - e / 9(1'

So G(i)y = o for all n
' £,•= ®

, o for n i l
\ 1t G(t'/ ~ ) \ f o r n - 0

/&= 0

But since only Bi» :, .... a* • *

3n
GU)dt

Mow from ;3; tit) = Nu J ^ 1

Hence substituting I, in' gives

(8)

?/I
At this point it is necessary to find i model for u(D -ne rate 

bubble growth. The two models mentioned in section 1.2 an: -xamined 

in detail in Appendix 1 will now be rearranged to a form suitable tor 

subst’.tution in equation 1 3)

Scriven (1359) show.;

» 1 —  (10)
KZ dt : it
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le

and

On

^  . 2ktdt

i = 4kt ' 2 + const (at t = ' i 1

 ̂ * 4kt 2

uu, - f ^
du(i) 3 -3k2 (10b)
di (i-io)

ehe other hand Darby at al r* -) show.

u - k',-1/- - «»'

it
dt = 2k't‘ ' :

I = 6k't'J + const (at t * 0 I » tj) 
l-l, - 6k’t

.2A 36 k? 2
(i-io)‘

li s Z I X L ,  (1 la)
uU) a d^ " (t-lo)

duU) _ -144 k1 ; (lib)
il (i-io)

In deriving (9) it was assumed that I > Iq. It is now assumed that 

t-ho sizr of the bubble at nuclear 1, Lt) 1^ negligible, ie It ~

Hence if (in) is used in (9)







Hence (12a) and (12b) become

q6n

qs it Z F p

measuring g. D  (section 3) ^ can be found, and henc i

can be obtained. In evaluating 3 from g(< a functional .or

measured, values for k an

for k' calculated from (16) differs aignif anf

values of 1 obtained from 1- .an compared neasu id ••
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3. Experimeina '■

balance needed to be measured. The parameters that were measured

were the fraction of bubbles on the surface in the size range t to

I + dl, the fraction of bubbles leaving - :.e our • v • -n

size range £ to i + dt, g(£)d£? and the number of nucleation site!

per unit area, N.

3.1 Description :f the Apparatus

The bubbles were generated in a per oex cell 9CC mm long, : 50 mm higr. 

and 35 mm wide. The back wall of the cell was a copper plate whim 

served as a cathode on which the bubbles guew. A 20 mm wide lead 

strip was embedded into the front wall of *he cell just to the rigm 

of centre to act as the anode. The cathode and anode were connected 

to a power supply which could produce currents up to 20 A. The 

electrolyte was circulated through the cell. Flowrates oi up to i 

min could be achieved. In order to ensure -hat the flow acros the 

electrode was laminar, the ends of the cell were packed wi-;i 4 ;

marbles end plastic drinking straws. This nootht ! out my 

turbulence that may have arisen at the entrance and Ki* 1 'h 

Figure 3.1 is a diagram of the c< 11.
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Figure 3.1 D i a a n m  c r rh<? C o U



3.2 Measuremen^ofJVlldi^ndJi

" * ~ " Z Z - — — "
were made.

histogram of bubble sizes was drawn.



Both the parameters f(£)d£ and N could be measured by studying -he 

bubbles on the surface of the cathode. To do this a Wi-iJ. d zcum 

stereomicroscope was mounted on the mode side of the coll anc vas 

focused on the cathode. A camera was attached to the aicr^s^^ne.

A Braun F900 high speed flash was used to illuminate the cathode.

The high speed flash "froze" any motion which may have cam.- d blurring 

on the photographs. Photographs were taken of the bubb.es on t..e 

cathode surface while the current and flowrate were set at seme pre

determined values. The photographs were developed and printed in the 

departmental dark room. The bubbles on the surface appeared as well 

defined spheres, while the bubcles not attached to the surface were 

out of focus due to the ^hall.w depth of field caused by the high 

magnification of the nicvoscope. See z igure j. - for a typical -h ĝrâ ....

The diameters of the bubbles on the surface were measured with the aid 

of a micro computer and plotter. The photographs were placed on the 

plotter and with the aid of a digitizing sight, the computer could be 

told where ie edges of each bubble were. A photograph of a ruler 

taken under the same condition.; a.; the bubbles was used as a sca.e.

This technique is fully described in Appendix . Having determined zne 

size and number of bubbles on the surface oz a known area, . i .t. a.. .

N could be determined.

fj * number of bubbles measui ■ ' / area over which measurements

were made.

To find the bubbles were sorted into size ranges and a normalised

histogram of bubble sizes was drawn.
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3.3 Measurement of q(l)dZ

in order to measure g(t)dl It was necessary to measure the size of the 

bubbles leaving the surface. Clearly the technique outlined In 3.2 

wculd not serve this purpose because even if the depth of field was 

increased (by lowering the magnification, It would not be possible to 

differentiate between bubbles on the surface and bubbles off: the 

surface. This problem was overcome by taking a cine of the bubbles 

on the surface. Because the bubbles grow at a high rate, it was 

necessary to use high speed photographic techniques. A Fastax 16 mm 

high speed camera was borrowed from the Mechanical Engineering 

Department and floodlights for illuminating the cell were borrowed 

from the Central Graphics Unit. From the cine it was clear which 

bubbles were attached to the surface and which were not, by virtue or 

the fact that the attached bubbles were stationary and the otner 

bubbles were moving up. The film was projected onto a screen onto 

which a grid was drawn to enable the bubble diameters to be measured. 

The scale was again obtained by filming a ruler. The bubble diameters 

were sorted into size range, and a histogram was drawn, which was in

fact g(t U.

3.4 Chancing the Viscosity m d  Elec»r:lyt ' Compcs^-jjn

The cell could hold three litres of electrolyte solution. In each 

run 18 ml of sulphuric acid was used the make up of the electrolyte 

solution (a concentration of 0,1 mol/f). The rest of the electrolyte 

consisted of an aqueous solution of either glvcenne or magnesium
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sulphatj. The amounts of glycerine or magnesium sulphate used were 

varied so as to obtain the desired viscosity. The actual viscosity 

was measured using an Ostwalds Viscometer (see Appendix 4).
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4. Results

During the experiments the viscosity of the electrolyte was varied 

using both glycerine and magnesium sulphate. The etfect tne 

glycerine and magnesium sulphate had on the results .?huwn 

sections 4.1 and 4.2 below. The effect of current and flowrate on 

bubbles is shown in section 4.3 while the effect of viscosity is shown 

in section 4.4. A series of runs was performed using zinc sulphate as 

an electrolyte, and the effect electroplating had on the bubbles on the 

electrode surface was observed. These results appear in section 4.5.

Since a distribution of bubble sizes was observed, the average bubble 

size used to describe a particular run is chosen to be based on a 

volume distribution rather than on a numoer distribution. Hence the

average bubble size d, is define- a~>

/  tu f(t)di
d 3 J V  f(i)u

where f(tidi is the measured number iistribution

So when presenting results, both the number mean bubble diameter and 

d are tabulated, while only d is used in the graphical presentations.
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4.1 Typical Results

In this section samples of typical results obtained during the 

experiments are presented. The results are for runs using a pure 

water / sulphuric acid electrolyte (figure 4.1), water / glycerine 

sulphuric acid electrolyte, (figure 4.2) and a water magnesium 

sulphate / sulphuric acid electrolyte (figure 4.3). The results show 

a histogram of the bubble size distribution on the electrode surraca 

ana leaving the electrode surface. The size of the bubbles 

represented in these figures are the measured bubble diameters. 

Appendix 5 contains a full set of all results gathered over the period

of this research.
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4.2 The Effect oi using Glycerine or Magnesium 5ulp'nate_ to 

increase the Viscosity of the Electrolyte

in this section the effect of using either glycerine or magnesium sulphate 

to alter the viscosity is shown. The results are given for the current

fixed at 1 A and the flowrate set at f.min. Tanle ... . ~1'“

effect of glycerine concentration on the bubbles measured attached to and 

leaving the surface. The same effect is shown in table 4.2 for various 

magnesium sulphate concentrations. Figure 4.4 graphically illustrates

these effects.

Clearly the mean bubble diameters, both on and leaving the surface, drop 

with increasing viscosity. The bubblis leaving the surface are larger 

than the bubbles on the surface, (as was evident from figures 4.1, 4.1 

and 4.31. I t  is interesting to note that although the bubbles on the 

surface for the magnesium sulphate case are smaller than the bubbles 

on the surface for glycerine, the bubbles leaving the surface in the 

magnesium sulphate case are larger.
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Table 4.1 Effect of Changirg the Glycerine Concen^rat

C3nc«ncritiJn 
3(  v l y c e i i n *

Vl*COSl ; y  % * a n  s u O t o l e  J t a . t d a r  1 d e v l i t x z n  I i  - n • h e

(kg/*')

0 , 0 , 0 , ) 2

3 6 ,7 : 1 . 3

n ..2 i 1 .2

1 ) 5 , 3 1 , 6

3 3 2 , 0 2 , 4

3 8 3 . . 3 . 0

5 - 9 , 0 5 , 3

d l a o e t e r  o n  b u b b l e  l i a t s e ^ J r e
• h e  s u r f a c e  , o n  t h e  s u r f a c e  

■ ' . u m b e r  d ; » -  n u m b e r  d i s 
t r i b u t i o n :  - r  . b u t t o n

( - m l

39
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73
71
»7

(- = '
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uai

M e a n  b u b b l e  i c a n d e r d  d e v i a t i o n
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l e a v i n g  t h e  l e a v i n g  t h e  s u r f a c e
s u r f a c e  i n u m b e r  d l S -

n u m b e r  11s -  ’ t r l b u t t o n )
i t r i b u t t o n )

-a)

103 127
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13 j so 90
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)
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Figure 4.4 Effect of using Glycerine or MgSCK to alter the. V i s c o s ^
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4.3 Effect of Flcwrate and Current

Runs were performed to observe the effect the current and flowrate had on 

the bubble sizes at two different viscosities. The first was performed at the 

lowest viscosity (0,92 cP) where the electrolyte was a water / sulphuric 

acid solution. The second was performed at a high viscosity (5,8 cP) where 

the viscosity was raised by adding glycerine to the electrolyte. The 

results from these two runs are tabulated in tables 4.3 amd 4.4 below.

Fffeet of Zurrent and Flowrate Viscosity = 0.92 cP)

Flowrate i on the surface ( m)

(t/min) Current ( A )

1,0 3,0 5,0 10

2,30 103 108 108 -

3,"5 97 97 91 -

4,60 104 36 77 79

Table 4.4 Effect. Mrrent an i FUwrate 'Viscosity— ;— - '3 -S.tl

------------- r
Flowrate d on the surface (urn)

(t/min) Current ( A

0,5 1,0 1,5

1,18 83 84 87

2,00 87 79 84

2,90 85 82 87



From these results it is clear that the current had negligible erfect on 

the bubble sizes on the surface, and did not effect the size distribution 

significantly (see Appendix 5 for size distribution results). Ac the 

low viscosity, the flowrate seemed to have a small effect on the bubble 

sizes on the surface. As the flowrate increases, the bubble size

decreases.

Since the effect of flowrate an current was small on the size of the 

bubbles on the surface, it was assumed that this would be the case with 

the bubbles leaving the surface, and hence the bulk of the experiments wer 

performed at a fixed current and flowrate - 1,0 A and ~, i/mm.



4 .4 The Effect of Electroplating

A series of runs were performed in which the viscosity of the electrolyte 

was varied using zinc sulphate rather than magnesium sulphate or glycerine, 

in theje runs the zinc plated out on the cathode. The average bubble 

diameters observed on the electrode surface are tabulated below in table 

4.5 , and shown graphically in figure 4.:.

Table 4.5 Effect jf Electroplating

Concentration 
of ZnSOk^HzO

(kg/m)

Viscosity

'CP)

Mean bubble 
diameter an 
the surface 
(number dis
tribution)

(tim)

Standard deviation 
of bubble diameters 
on the surface 
(number dis
tribution)

(um)

d on the I 
surface

(um)

0,0 0,92 99 22 103

4,0 0,95 CD 19 96

84,0 1,06 75 14 82
184,0 1,41 72 13 78

386,0 2,20 74 16 83

507, 2,30 73 15 81

863,0 5,00 67 1 6 69

At the low viscosities (low zinc sulphate concentrations) the area of the 

cathode which was being plated could net be seen through the microscope. 

As the viscosity vzinc sulphate concent .ton) increased, the area being

plated grew and could be observed. In the experiments, the r m s  performed 

at viscosities below 1,41 cP no coating was observed in the field of



measurement, while at the viscosities above 2,20 =P plating was observed, 

in both cases the bubble diameters decrease with viscosity. The overall 

trend seems to be much the same as for the cases where magnesium sulphate

or glycerine were used.
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4.5 Th-j number of Nucleatior. per Jni- Ar-ja

From the photographs of the bubbles on the surface, the number 01 

nucleation sites per unit area of electrode surface, N , can be measured. 

This is done by simply counting the number of buobles on a known area of 

the electrode. Since more than one photograph was taken during a run, an 

average was taken over each run. The values of N tabulated in table 4.6 

are for runs at flowrates of 2,00 t/min and currents of , A. [■ igure 4.6 

is a graphical representation of this.

Taule 4.6 The number o: Nucleation S.te.-, per Unit Area

Electrolyte
. . . . . .

Viscosity (cP) -zN (m 2)

Water/HzSCH 0,92 8,966 x 10s
Gly-erine/HzSOi, 1,00 8,898 x 10*

Glycerine/HzSOu 1,62 8,120 x 10*
Glycerine/HzSOi, ,40 7,480 x 10*
Glycerine/H 2SO4 2,97 7,114 x 10*
MgSOw/HzO/HzSOu 1,02 8,845 x 10*
MgSOu/H zO/HzSOi, 2,07 7,697 x 10*

1 MgSOu/HzO/HzSOu
1

2,54 7,374 x 10°
.

From the results it is clear that the effect of using either glycerine or 

magnesium sulphate in the electrolyte has a negligible effect on N.
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Fiaure 4.6 The ■■ffict o: Visccoity on N

fl0 I * (g_* ) N





f (t)dt was measured (see section 3) and so thv integral o, th : 

side of equations (la) and (lb) could be numerically evaluated, 

current density was measured (see Appendix 6) and I could be -val.at, 

the measured size distribut >n on the surface of the electrode. In 

way the right hand sides of equations (la) and (lb) could b« valuar.d.

From the distributions measured leaving the surface, ^  could be ivalut

To do this a functional form was given to g(f)d%, the fraction 01 wubb)

leaving the surface in the size range I to I + <11. It was founc tha

either a normal or a gamma density function fitted g(t)df quite well,

the difference in using either one or the other was small. Hence lav

evaluated 3 , q could be evaluated by dividing the right hand side 
n

An average value for q is taken over the first two moments, q is ai- 

evaluated from the expression

61 (3)
^ z: F"3 3m

which was derived in section 2. In section 2 it was also shown that

-  ■ ttpH im
, . 3 1 (4b)

or N = 4 ozo Fm

Since N was measured (see sections 3 and 4) :he values of k or :< lep^.otn 

on which rate equation was used) could be evaluated.

A computer program was written to perform these calculations. This 

program is presented in Appendix 7 tog,"her with a description a, rr 

the integrals in (la) and (lb) were performed, and how ^  was -vaiia-



,-.re summarised in taoles 5. - and 

by equations (la) and (lb) whicn 

calculated over the first twc

Table 5.1 Calculated values for k and k ’

Concentration of 
glycerine or MgSCX

Viscosity
(cP)

N
(nf2)

k
(ms )

k*
(ms"1/’.

0 0,92 8,966x10s 3,20x1J-5 4,49xlC*5

36,7 kg/m 
glycerine

1,00 8,898x10s 3,29x10 "5 4,50x10*5

198,8 <g/:n' 
glycerine

1,62 3,120x10s 3,61xlC-5 4,64x10*'

332,0 kg/m' 
glycerine

2,40 7,480x10s 3 ,95x10*5 -1 - 1 X o
1

386,0 kg/m3 
glycerine

2,97 7,114x10s 3,96x10*5 4,85x10*5

10,0 kg/m1 
MgSOi* "7Hz0

1,02 8,845x10s 3,56x10*5 4,51x10™ 5

280,0 kg/a3 
M- SCu • 7HzO

2,07 7,697x10* 3,84x10*' 4,73x10* 5

350,0 kg/rr1
MgS^u -IHzO

2,54 7,374x10*

1-

4,03x10™' 4,79x10™"

The results obtained from ti s program 
5.2 below. The values of q alculated 

are reported, are the mean values or q 

moments.



Table 5.2 Calculated Values for q

Concentration 
of glycerine 
or MgSO4

Viscosity
(CP)

Di stribution 
assumed for 

g(t)d£

q from
equation
(3)
( m ' V 1)

q f • >ra
equation
(la)
(m-'s-i)

q from
equation
(lb)

0 0,92 Normal
Gamma

3,374x10* 
J,796x10*

3,999x10*
3,979x10*

4,353x10*
4,332x10®

36,7 kg/m3 
glycerine

oo Normal
Gamma

5,144x10* 
4,961x10*

3,477x10*
3,457x10*

3,657x10®
3,636x10*

198,9 kg/m3 
glycerine

1,62 Normal
Gamma

7,535x10®
7,107x10*

1,778x10*
4,746x10*

5,096x10*
5,063x10®

332,0 kg/nr 
glycerine

2,40 Normal
Gamma

9,691x10*
9,328x10"

4,890x10*
4,361x10*

5,101x10*
5,071x10*

386,0 kg/m3 
glycerine

2,97 Normal
Gamma

1,008x1:'
9,682x10s

5,029x10*
4,999x10*

5,300x10*
5,268x10*

10,0 kg/m 
MgSOk *7H;0

1,02 Normal
Gamma

4,916x10*
4,729x10*

3,776x10®
3,750x10*

4,062x10*
4,034x10*

280,0 kg,m 
MgSOk * 7HzO

2,07 Normal
Gamma

5,809x10*
5,543x10*

4.730x10®
4,695x10*

4,978x10*
4,942x10*

350,0 kg/m’ 
MgSOu "7HzO

2,54 Normal
Gamma

7,916x10* 
V  ' xlCe

4,503x10*
4,474x10*

4,713x10*
4,682x10*
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- 3  Vs
In Appendix 1 it is seen that k' must take on a value of 2,22 x 10 

ms"1/2. Since the current used in all the runs tabulated in table 5.1 

was 1 A, k' must equal 2,22 x IQ-3 ms''2 if the rate of bubble growth is 

described by equation (2b). Clearly the value of k' calculated is 

significantly smaller than this, and hence it is concluded that the 

bubbles do not grow according to equation (2b). Also in Appendix 1 a 

table of values for k obtained from the literature is presented, -hese 

values correspond to the measured values of k presented in table 5.1.

This suggests that the bubbles are in fact growing according to equation

(2a) .

In figure 5.1, k is plotted against the viscosity of the two electrolytes 

used. Over the range of viscosity used, ,< does not change all that much 

k increases by 24 per cent when glycerine is used in the electrolyte ana 

increases by 26 per cent when magnesium sulphate is used in the 

electrolyte.

Tj-o values c* q, the rate of bubble nucleation per unit area, calculate.,

from equation (lb) (ie assuming a rate of bubble growth given by equation

(2b)) can now be rejected since it has been established that the rate -:

bubble growth is well represented by equation (2a). It is clear rrom

table 5.2 that the assumption of i normal or gamma distribution tor the 

bubbles leaving the electrode surface has almost no effect on q. The 

values of q evaluated using equation (3) show more ot an effect ;r 

viscosity than do the ones evaluated from equation (la). This effect 

shown in figure 5.2 where the values of tre calculated using the norma; 

distribution assumption for g(l).
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Figure 5.2 The effect of Viscosity on \
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The values of q obtained from equation (3) depend on the third moment of 

gU), i.e. 83. Since 83 is very much smaller than 83. and 82, numerical 

errors are expected to creep into this value of q. The values of q Obtained 

from equation (la) vary by about -5 per cent over the viscosity range usea, 

and the use of glycerine or magnesium sulphate in the electrolyte has 

negligible effect.

To use the population balance as a means of predicting bubble break off 

diameters, k can be obtained from Glas et al (1964) for the current used.

An experiment as described in section 3.2 needs to be done to establish 

N for the electrode and electrolyte used. As a result of this experiment 

the bubble size distribution on the electrode surface can also be obtained. 

This leaves three parameters to be solved for using the population 

balance: N; the mean bubble diameter leaving the electrode surface, 1;

and the standard deviation of the bubble sizes leaving the surtace,

Using equation (la) the first three moments of the distribution of bubble

sizes can be found:

81 ■ n/'-Tl [ 'f
(5)1 dl

8a - — 1U -  (6)

61__ (7)

Now in Appendix 2 it is shown that

Bi * n ( " )

82 » n > d

6 3 = n ' + 3ncr (10)
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Substituting (8), (9) and (10) into (5), (6) and (7, gives throe equations 

in the unknowns q, n and a.

Having solved these three equations (which will require some sort of iterative 

numerical technique), the bubble break off diameter, d, can be calculated as

t 3 u  tV  ♦  6 n : g '  +  1 : "  d ■» —  = ; TTT!



Substituting (8), (91 and (10) into (5), (« and (/) givus three equations 

in the unknowns q, n and a.

Having solved these three equations (which will require some sort rf iterativ 

numerical technique), the bubble break off diameter, d, can be calculated as



6. Discussion and CcncInsl:p.̂

In situations where the production of a new phase results in the formation 

of particles such as gas bubbles, liquid droplets or solid crystals, the 

size of these particles is of considerable importance to the optimum per

formance of the process. At gas evolving electrodes the rate of mass 

transfer has been shown to be a strong function of the bubble break off 

diameter. For this reason a method of modelling the process wou*d oe 

useful. Population balance models, which incorporate growth and nucleaticn 

characteristics have been successfully applied to the analysis 

crystallisation processes. In section 5 the population balance is applied 

to the production of bubbles at gas evolving electrodes. The population 

balance enables one to predict the bubble break off diameter af*ei having 

determined three parameters. These parameters are the number of nucleation 

sites per unit area, the rate of nucleation per unit area and a rate 

constant associated with a model for the rate of bubble growth on the 

electrode surface.

In Appendix 1, two models for the rate of bubble growth on an electrode 

surface appearing in the literature have been reviewed. In section 

it was found that the model of Scrtven (1959) fitted the experimental data 

very well. The rate constant calculated from the experiment i data 

compared favourably with that report i the literature (see section 5). 

This rate constant showed negligible variation with electrolyte viscosity.
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The number of nucleation sites per unit electrode area, N, is a function 

of the electrode type used. It was also found to be a function of the 

electrolyte viscosity. With increasing viscosity, N showed a drop of about 

20 per cent over the viscosity range used. The increase in viscosity 

seemed to cause previously active sites to become inactive. A possible 

reason is that mass transfer of dissolved gas was reduced by the increased 

viscosity, and hence only certain sites near high local gas concentrations 

were able to receive gas for the nubbles.

The rate of bubble nucleation per unit area, q, was also measured. This 

quantity also remained constant with electrolyte viscosity. The type of 

electrolyte also made little difference to the results for N and q.

In order to apply the population balance, estimates for N, q and the rate 

constant, k, are needed. Glas et al (1964) shows how k varies with current. 

This variation of k with current is net unexpected after increase in -he 

rate of bubble production was observed with increasing current. .h--> 

observation could also suggest that q is a function of current, as seen m  

equation (15) in section 2. N , being a function of the electrode surtace 

and visees ty needs to be measured specifically for the electrode m d  

electrolyte used under given operating conditions. In order to avoid 

measuring q, an Iterative method is proposed in section 5 whereby q, and 

the bubble break off diameter can simultaneously be calculated.

The value of the population balance method in analysing bubble growtn at 

gas evolving electrodes is that only one fairly simple experiment needs to 

be done (see sections 3 and 5). Having established N, k can be obtained 

from Glas et al (1964) and then proceeding with the calculation outlined in 

section 5, a bubble break off diameter can be established. This eubbie bieak



• ,n w  ■ 1 ippU -1 -n ’.he calculation of mass transfer 

vi. i i . r 1 ctrodes.

jt iv x). m. \t three parameters were varied: the

. r.olyte through the cell, the current passed between the 

and the v 's. osity of the electrolyte. The viscosity of the 

1 -:r:lyte varied by adding either glycerine or magnesium sulphate.

7h tw< -iiJostsuices were chosen because they are uhen.cally .ery -..»*er-nt 

i.ild tot react in any way at the electrode.

:he affect or changing the current (at constant flowrate and viscosity)

lid nor have a significant effect on the size of the bubbles on the

electrode. An increase in the current did however increase the number of

ouooies produced, and hence the amount of gas produced. The increase in 

ras production with increasing current is explained by Faradays Law, but 

■ n<: fact that the bubble sizes remained approximately constant with changes 

_n arrant would suggest that the bubble break off diameter is not a

,jn • rant function of current over the range tested. Because the r.ar.cer 

ouooies produced increated rather rapidly with current, it was difficult 

Photograph the cathode under high current conditions, as the bubbles 

-ended to make the solution murky. For this reason the range of currents 

iseb way limited.

rhP -lowrate nad a small effect on the bubbles growing on the cathode. The 

bubbl—  observed on the cathode at high flowrates were smaller than those 

observed mder 1 -w flowrate condition . This effect is more marked in the 

experiment performed using a low viscosity electrolyte because larger 

flowrate uld b' .chieved. The reason for the bubbles being smaller v



higher flowrates is that the higher lowr , n  • * r v  -■

a t  the electrode surface. This shear stress then served to dislodge -  

bubbles off the electrode >ur: ice premature.y.

The use of g lycerine or magnesium sulphate - increase the vlsco L t y  :f 

the e le c t ro ly te  did not appear to have ,1 significant e f fe c t .  As tne 

v isc o s i ty  increased over the range ised, the uean bubble diameter ,n 

surface (based on a volume d is tr ib u t io n )  decreased by between 25 per cent 

to  30 per cen t, while the mean bubble diameter leaving the surrace tne 

bubble break o ff  diameter) decreased by between 20 per cent to 2 per ent. 

This decrease in bubble s ize  with increasing v isco s ity  was alsc observer: 

during the runs in which zinc sulphate was added to the e le c t ro ly te  to 

a l t e r  the v isc o s i ty .  As the zinc concentration reached a c e r ta in  'alue, 

the zinc began to  p la te  out onto the cathode. At th is  point there was a 

sudden increase in the s ize  of the bubbles produced but again as the 

v isc o s i ty  increased beyond th is  poin t the bubble s izes  again began 

decrease. The reason proposed for th is  sudden jump in bubble size is  -ba

as the zinc began to p la te  out, the e lectrode surface changed, and sc 

suddenly an e s se n t ia l ly  d i f fe re n t  e lectrode was being used.

The bubble break off  diameters observed throughout these experiment: wer» 

larger by more than a fac to r  of two from those recommended by Stepha: 

(1979). This is  probably due to the fac t th a t  in th is  'tudy the oubbi. 

break of diameters are based on volume d is t r ib u t io n s  rather than on 

number d i s t r ib u t io n s .

In conclusion, the population balance provide- t mean of mod< n<; 

e le c t ro ly te  generation of gas. It. also allows the bubble bf *k o ;
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diameter to be predicted for use in mass transfer calculations.

The population balance also predicts the distribution of bubble sizes

leaving the electrode surface. In using the mean bubble break off diameter 

in the mass transfer calculations, one is assuming that the bubble size 

distribution has no effect on the mass transfer at gas evolving electrodes. 

It is possible, however, that the effect of the large bubbles is far more 

significant than the effect of the smaller bubbles (and vice versa,, an: 

hence the population balance provides a means of predicting the distribution 

and hence its erfect on mass transier.

The effect of viscosity on the bubble break off diameter was not as marked

as was originally anticipated, and hence the conflict between Ault (1975). 

and Stephan (1979) as pointed out in section 1.4 is not resolved. It 

was, however, found that the bubble break off diameters measured in this 

study were larger than those presented by Stephan (1979) for the use in 

predicting mass transfer coefficients.
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Appendix 1. Expressions for the Rate of Bubble growth

Two models for the rate of electrolyte bubble growth are described in 

detail in this appendix.

1. Darby .and Hague (19^3)

Darby et al (1973) set about trying to elucidate the controlling rate 

process which limits the maximum rate at which bubbles are evolved at an 

electrode. They set up an experiment in which hydrogen bubbles grew from 

a single nucleation site on the tip of a platinum wire. They initially 

expected the rate of bubble growth to be analagous to that observed in 

nucleate boiling, and postulated:

constant (Re Sc)2k,r
— —  ■ Sherwood numberD

2rut.
   » Reynolds number

li

—b—  * Schmidt number
p ld

mass transfer coefficient for H; 

bubble radius 

molecular diffusivity 

liquid density

Sh

where

Re

Sc =

kL
r

D

Or
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y = liquid viscosity
„ v \  0 f25ag (pl - » )

V 9

p = gas density
g

a = surface tension

VsEquation (1) predicts the bubble radius to grow in proportion to t , and 

assumes limiting hydrogen mass transfer.

Darby et al (1973) go on to show that the rate of gas generation at tne 

electrode, r , is given by Faradays Law:
g

r . <2) 
g nr

where I * total instantaneous current

n = number of electrons transferred per Hz molecule

F = Faradays constant.

The rate of mass transfer of dissolved gas from the solution to the bubble,

r„, IS:

where A = electrode area

C ■ concentration of dissolved Hz at the electrode
Hz

C a saturation concentration of Hz in equilibrium with
Hz

partial H: gas pressure

Finally, the rate of removal of gas fi solution by the bubble, r^ is:
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3V
rb =
o = molar densitv of hydrogenm
V » bubble volume

t * time.

At steady state, = r^

A mass balance on the hydrogen gives:

3CH: I 3V /ex\-rr 'rg - rb ■ nF " B 3t

=r VL " rg ' rt 1 HF " kL A,CH2 ' 5H2J 161

where V, * volume of liquid

Now if mass transfer of hydrogen gas to the bubble i limiting ;as in the 

case of the model discussed in section 2 of this appendix), will be 

small and there will be a significant build up of dissolve-’ " the

liquid for a given current. Consequently there will be ag

between the electrode current, which is proportional to of gas

generation, and the bubble growth rate, corresponding to gas removal.

If mass transfer is not limiting (k. large), the generated gas will be 

transported to the bubble essentially as fast as it is generated. In 

this case the electrode current and bubble growth rate should be in phase

The results of Darby et al (1973) show' hat: 

r = 0,15tVi (7)
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This is inconsistent with the predictions of (1), and suggests that some

mechanism other than hydrogen mass transfer is limiting. As further

evidence of this, they noted chat no phase lag between the electrode 

current and the bubble growth rate was evident.

Darby et al (1973) went on to apply Faradays Law:

I(t) - 2F ^  (*)

The current, I(t), is the instantaneous total current passing through the 

electrode, and due to fluctuations with time it is written as a function 

of time. The average current, I, was calculated in vâ ,s:

i » i- J  1 I(t) dt * (9)

This integral was evaluated by integrating the I(t) curve 

numerically.

2F p Vi
or i a   --- (from Faradays Law) (10)

Here I  is calculated by measuring the volume of gas produced, Vi, in a

time t;

The error between the two methods for calculating I was found to be less 

than 10 per cent.

Now equation (8) can be integrated by replacing I(t) with X, and by
4
3

v»

writing V * tr3 to give:

3 l _ t /5 t Vi (11)
8 ffF pm i
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Equation (11) is of the same form as the experimental result or equation

(7) .

et cl (1973) found fiat the calculated value of 1 was equal to the average

value obtained from (9) and (I:).

Darby et al (1973) then go on to show that the rate controlling steo is in

fact a surface reaction (s— h as atomic hydrogen combining to form

molec ar nydrogen).

Mow I = bubble diameter

By equating coefficients of equations (7) and (11) and solving for I, Darby

2r -

- 2/3u = k't (1 2)or

where

Assuming the gas behaves ideally:

P
Pm e RT

Hence at 25C and 0,82 atm,
Q.82 1,01325x10 
8,3143 (25+273) * 33,5mol/m3

k' 3 I 8" 96500 33,5
—  — ‘A• 2,22 x 10 1 I (13)
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2. Scriven (1959)

Scriven (1959) derived a model to describe the jrowth rate of spherical 

bubbles growing on an electrode surface in a quiescent liquid of infinite 

extent, ^he growth rate is a function of the difference between the 

pressure within the bubble and the ambient pressure, liquid inertia and 

viscosity, surface tension and the transport of energy and volatile 

material through the liquid to the bubble surface (i.e. heat and mass 

transfer). Scriven (1959) described the growth rate af the bubbles grow .ng 

on an electrode surface by applying the fundamental equations of rluid 

dynamics (i.e. the equations of continuity, motion, energy and mass) and 

then solving simultaneously for the bubble radius as a function of time.

Equation of Continuity

The equation of continuity when written for spherical symmetry ana an 

incompressible fluid can be integrated to gi-e

uR2 = f(t) (14)
where u = radial velocity of the liquid being displaced by the

growing bubble at a distance R from the bubble centre 

R * radial distance

f(t) = a function of time.

Since the term uR2 is a function of time only, it can be evaluated at an, 

radial position, say, at the bubble surface where R = r. The bubble 

surface moves with a velocity f, while 1 he liquid immediately aujacent 

moves with a velocity u(r). The net velocity causes a mass flow of 

4 ffr2pt | r - u(r)| which must equal the rate of vaporization of volatile



1 •->m ie» i i iescrii* jr wt .1 rate ->f spherical

fi-.iwin-ji an in el ctrc •• 'irface in x quiescent liquid of infinite 

. The growth rat t unction or the difference between the

- within the bubbl ind the ambient ore,:sure, liquid inertia and 

acosity, aurfac* ten- on and the transport of energy and volatile 

.lararial through the Lqu.Lo • n< bubble surface (i.e. heat and mass 

transfer Seri er V- v  ic cnbed the growth rate of the bubbles growing 

on an electrode surfao by applying the fundamental equations of fluid 

dynamics . . the equati n continuity, motion, energy and mass) and 

then solving in. in • " -he bubbl radius as a function cf time.

Equation of Continu,

rhe equation zontinult. 1 for spherical symmetry and an

incompressible fluid can j.t gi at to give

uR = f(t) (14)

: idia veioc ty it the liquid being displaced by the 

jrowing bubbl it a distance X from the bubble centre 

r t radial distance

• t - a function of time.

• -m uRz i tunc* ion tin#.- mly, it :an be evaluated at any 

. ;n, say, v the bubbl ;urface where R r. The bubble

h a veio< t f, wh: liquid immediately adjacent

. Ity U(r). The net velocity causes a mass flow of 

w  :h mu;-■ qual tl ntv of vaporization of volat xle



material into the bubble: 

I.e.

where

4 irr2PL \ i - u(r)| = &  ' f

= vapour density which ii is i m e con in*
g

Solving equation 115) for u(r) :iv-:

u(r) * r CL er

uR a ciz'

Equation of Motion

Writing the equation of notion in spherical :oordinaces or an me i 

pressible Newtonian fluid, an< assuming no external body orce.-

H * “ H  ’  rL
where p * pressure in the moving luid

v * kinematic viscosity

Substituting for velocity from squat an 1 me n jgrar Lng /ei i<- 

radius from the bubble surface to infinity reduces equation 18) to:
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m o w  p(») is just: the ambient pressure, pv, while p(r' is given oy

p(r) - Py + Pi - r

where p = partial pressure of the volatiles in the bubble

p = partial pressure of inert gases in the bubble

a = surface tension

Mow substituting (70) into (19) gives

The partial pressure of the volatile gas, Pv » Is specif.e^ by asaur.i..g 

thermodynamic quilibrium betw vapour and liquid at the bubble surface. 

Hence it depends or. temperature, which in turn depends on the rates of mass

and energy transfer.

Squation of Energy

Writing tn equation of energy for «pherical symmetry, incompressible fluid, 

negligible viscous dissipation, no energy fluxes other than ordinary 

conduction, and constant thermal properties:

9T VT ' 9ZT 2 3T + Q (22)
TT + u ^  “ 3 3 F  + R 'R \ CpL

where T ■ temperature at a point R from the bubble centre

a * thermal diffusivity 

q = "heat generation" per unit volume 

CpL = specific heat of the liquid.
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Substituting (17) into (22) gives:

#  , s '  - M r 15t ’ ” I 3RZ R 3R ' R : 3R PL CPL
(23)

Equation of Mass

Writing the equation of mass for a two component system in which chemiza. 

reaction effects are absent; spherical symmetry, constant mass density, 

no mass fluxes other than ordinary diffusion, and constant mass diffusivit/:

where C = mass concentration of volatile species in solution 

D = mass diffusivity

Substituting equation (17) into (24) gives

H - ° w  *5 I -H I
L

At this point there are three equations (equations 121), «.2 ana ,25) ,

in three unknowns (r, t, C and T). Hence, from tnxs system of equations, 

r can be solved for in terms of t.

Initial Condition-

The initial conditions for equations (̂  , (23) and (-.5) ar^

r(0) » 0 (26)
i.e. the initial bubble growth velocity is zero.



T(R,0)

C(R,0)

(27)

(28)

i.e. the liquid is initially of uniform temperature anu composition.

Scriven <.959) also assumes that initially the bubble rad.us is "ome size 

which is equal to the equilibrium radius at the initia. conditions

2o  _i.e. r(0)
P v o  +  P l o  - P.

(29)

where ■ v o = partial pressure of volatile gas at time t

P = partial pressure of inert gas at time t * 0

Boundary Conditions at Inifinity

If the "heat generated" term in equation .23) is independent or position 

at large distances then
r t

(30)= T > --:--- / Q(” ,t' )dt'
0 °L L J

The concentration of the dissolved gas at a large distance rrom tne 

electrode i_ a ;umed constant at -o nence 

C(” ,t) = C (31)

Boundary Conditions at the Bubble Sur*.

The boundary conditions at the bubble surface are obtained from mass and 

energy balances over the bubble surface. A mass balance, much like one 

used in equation (15), but now including a diffusion term gives:
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m  p g  r = C(r,t) | r - u(r) } + D

C(r,t) (1 - e)r + D

where m mass fraction of volatile gas in the bubble.

The energy balance after neglecting the kinetic energy terms, changes in 

vapour density, surface energy and internal energy, and heat or mixing

The partial pressure of the volatile gases is obtained assi^.ng 

thermodynamic equilibrium bett -̂ n the liquid an i gas phases.

At this point Scriven 1959) proceeds to make some simplifying assumptions 

to aid the solution:

(a) Viscous terms In equation (21) are neglected. .his assumption ^  

justified for liquids near their boiling point. During the early stages 

of growth this assumption is poor.

(b) Inertia and surface tension terms in equation (1̂ ) are neglecte: 

since they are only significant in the utial expansion.

(c) Pl is neglected in equation (10) - i.e. no inert gases are assumed

to be present.

reduces to:

(33)

where L = latent heat of vaporization

k thermal conductivity
t
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(d) The "heat generated" terms in equations (23) and (30) are neglected.

Striven (1959) then proceeds to solve the system of equations, and shows 

for bubble growth controlled by mass transfer (e.g., electrolytic bubkie 

growth);

r = 28 Si (34)

where 3, the growth constant, is defined as

~ L  ' -x  — 1~ /
^g'^L '"sat' %

where C = saturation concentration of volatile gas in solution.

The function * can be evaluated, and Striven (1959) presents a table where 
by the value of 8 for a given 5 and e can be obtained.

Hence r = t
l/i (35)or I » 2r * 2kt

k = rate constant for bubble growth 

I • bubble diameter

and §  . *tl/= <361

Westerheide et al (1961 and Glas et al (1964) found the bubble radius, 

r, to be proportional to t experimentally.

In his solution, Scriven (1959) assumed that the bubble was of a finite 

size at time t = 0 although R * 0 at t 0. Because of this assumption, 

Scriven*s model does not describe the rapid initial growth observed h\ 

both Westerheide et al (1961) and Glas et al (1964) before the asymptotic



growth predicted by the mode1.

Glas et al (1964) investigated this initial growth period, and found that 

its duration was of the order of 0,0006 seconds. They found that although 

the asymptotic growth was independent of the type of electrode used, the 

rapid initial growth was dependent on the type of metal. The reason 

proposed for this by Glas et al (1964) was that during this initia^ pet-^c. 

surface tension forces were significant. The harder metal electrodes 

(such as nickel) produced smoother surfaces, and hence fewer nucleation 

sites. So the harder metals experienced a longer initial wait before 

bubbles started to form. This gives rise to large local supersaturation 

which in turn causes the very rapid early growth phase.

From (34) and (36) it is clear that k = 3 *0. Table A 1.1 below shows the 

values of k measured by Westerheide et al (1961) and Glas et al .964;.

Table A 1.1 Values of k Measured by Westerheide et al (19fl' and 

Glas et al (1964)

Run k (m s *)

Hz on Pt 0,083 A/crT 4,918 x 10~s
Kz on Pt 0,0392 A/car 2,821 x 10"
Hz on Ni 0,084 A/cm* 5,303 x 10"5
Hz on Ni 0,034 A/cm2 2,632 x 10"
Hz on Ni 0,041 A/cm' 3,154 x 10"$
Hz on Ni 0,076 A/cm* 4,296 x 10"
Westerheide et al (1961) 5,800 x 10
Westerheide et al (1961) 3,795 r 10"S
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Appendix 2. Density Functions

In section 5 it was mentioned that a functional form was given to the 

distribution of bubble sizes leaving the electrode surface, g(l). From 

the shape of the measured distribution, it was felt that three possible 

density functions could describe the shape:

(1) Gamma density function:

b a + l  . a  - b t  
gU) * r ( T T T T  6

where a > 0

b > 0  

I 2 0

and r(a+1) = gamma function = J* y e ' dy.
o

(2) Beta density function:

9,0 • A l'r ) ( * '  r  )

where 0 * -j— Z 1
a

T'b+c+Z:
r ( b + n  r ( c + i )

(3) Normal lensity function:
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whGCQ n s mscin of tih6 ols .irilDutiion

a = standard deviation of the distribution

It was found that the normal and gamma density functions best ficted ne 

measured size distributions of the bubbles leaving the electrode surface,

The n n moment of a density function is defined as

3^ - y "  ln g(i)d£ (D

Since g(£) is a density function, 

J qU)dl = 1

Hence the moments of the gamma and normal density functions can be found 

by evaluating the Integral in (1). In both cases the integral can be 

evaluated a. alytically.

For the gamma density function it is found tha’-:

(a+n) (a+n-l) ... (a+1)« -    ' '

For the normal density function it can fc ,hown that
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81 3 n

82 *- n2 + a2
8 ) = n '  +  3n o 2
84 = i4 + 6n2c2 + 3a

(3)

From the first two moments the parameters of the density function can be 

evaluated. The first moment of a density function is equal to the mean of 

the distribution, while the second moment is equal to the sum of the 

variance and the square of the mean oi the distribution. This is evi ent 

from the first two moments of the normal distribution. For the gamma 

density function, 3; and 82 can be evaluated as described above. Equation

(2) then gives

Si a + 1 (4a)

02
(a + 2) (a + 1) (4b)

Solving (4a) and (4b) simultaneously gives

26, 02
02 - 01

(5a)

2Bi - 3A  l
82 - s-; ) Si

(5b)

Using these value"1 of a and b the n moment of the gamma density 

function can be evaluates.



• 1: .v: QUPPle Diameter.. j:i Electrode Surface

;iechod of taking photograph : he bubbles m  the

::r .. is described. Phase photographs were taken through a 

s uid -nen enlarged n the dark room. In order to establish the

vjr. if-.car. .on achieved by the proces , iler vas placed up against m e  

v ncce ifter each run and .hotographe i mder the same conditions as were 

.sec .n the experiment . using the same magnificat.on on .he

lieroscope and through the ame electrolyte). This photograph of m o  

_ uier was then ie re lope 5 and printed under the same con ; it ions he 

photog..aphs of -he bubble . In this way a means of scaling the bubble 

diameter., measure ' .lotoqraphs was obtained.

The actual measuring : the ouoble diameters was tone with the aid of a 

Hewlett Packard model 1 desktop computer and a Hewlett Parkard HP '470 A 

plotter. A digitizing sight was fitted into the plotter pen holder, and 

then oy moving m e  sight from one edge of a bubble to the other, and 

digitizing .h two posit., m  , the bubble diameter could be measureu m  

terms of plotter unit... " ivert the measurements from plotter units

into microns, the rw< edge the millimeter scale on the photocraph at

-he ruler were iigi ized , md hence the length f the one millimeter

<cale was known iott’ m hence

bubble diameter in plotter units x 100C 
Tibbie diametei in nm • millimeter scale in nletter units
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The factor of 1000 converts che neasuremeni ron millimeters - microns.

The program presented at the and it this appendix allows the aser -c 
measure the millimeter scale as manv times as required, and an averaae 

measurement was then taken subroutine 'Scaxe" . The user can ther. ut lt;ee! 

to measure the bubble diameters on the photograpns subroutine 'Measure . 

Having completed the measurements the data xS stored Dr lisc for :utare 

re fe ren ce. The mean and standard ieviation of the oubblt diameters is 

ca lcu la ted  in lines 1270 - 1360. The data is then sorted into size 

in te rv a ls  and a histogram of the size distribution s drawn in subroutine 

"Plot" on i\ne _J50. A normal distribution curv- oasen - the measured 

mean and r iard deviation is suparimposed on he Ustogram lines 29i 

2950) The program also allows the user to reac in the data at a La^er 

s (.subroutine 'Read" in order to reproduce -he ca) -ulations and

p lo t.
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2 4 6 9  I f V E  ( L a r q e s t + S m r . l l e s » ) / 2 , - T o p / 1 9  
2 4 7 *  C S I Z E  5 , . 5
2 4 8 0  L A B E L  " B u b b l e  d i a m e t e r  ( m i c r o n s ) "
2 4 9 *  C S I Z E  3 , . 5  1

2 5 0 9  • L a b e l  t h e  T  a x i s

2 5 1 9  F O R  1 = 9  T O  T o p  S T E P  , 1 5
2 5 2 0  H O ' *  S m a l l e s t - D i o l e n / 4 , 1
2 5 3 9  L A B E L  U S I N G  * Z . 0 D " ; I
2 5 4 0  N E X T  I 
2 5 5 *  C S I Z E  4 , . S
2 5 6 0  H O V E  S m a l l e s t - D i f l e n , T o p / 2  
2 5 7 1  L O I R  9 1



2596 LABEL ' F r a c t i o n  o f  b u b b l e s '  1

2 6 0 3  1 G r a p h  h e a d i n g

2 6 1 0  L O R G  5  
2 6 2 1  I D  1 8  0  
2 6 3 0  C c i : E 8 , l
2 6 4 0  M O V E  ( l a r q e s t t S f i a l l e s t ) / 2 , T o p * 1 . 2
2 6 5 3  F O R  1 = 1  T O  L E M F i l i f l
2 6 6 0  I F  F i l e $ ( I , I ] = " _ '  T H E N  r M c t I I , I l = , . e  1 ; l o c e  i n  t h e  f i l e  n a m e
2 6 / 0  ' W 1 , h  
2 6 8 0  N E X T  I 
2 6 9 0  L A B E L  F i l e *
2 7 5  L I M E  T T P E  3 , 1  
2 7 1 1  1 D I R  I 
2 7 2 0  L O R G  5  !

•728 i L a b e l  me a n  a n d  s t a n d a r d  d e f l a t i o n

Z ’ 4 3  M O V E  M e a n ,  I 
2 7 5 3  I P R A t H . T o p  
2 7 6 1  I M O V E  - S t d d e v . l  
2 7 7 0  L I N E  T Y P E  1 
2 7 8 1  C S I Z E  2 , . 5  
2 7 9 0  L A B E L  C H R $ ( l 2 4 )
2 9 1 1  M O V E  M e a n - S t d d e i j o o  
2 3 1 0  I D 8 A M  2 t S t d d e v , 0  
2 9 2 1  L A B E L  C H R t ( i 2 4 >
2 8 : 0  M O V E  M e a n , T o p  
2 8 4 1  L O R G  4  
2 8 5 3  L A B E L  • « '
2 8 6 3  M O V E  M e a n - 5 t d d n / 2 , T o p  
2 8 7 1  L A B E L  S '
2 8 8 0  M O V E  M e a n * 5 t d d e f / 2 , T « p  
2 8 9 0  L A B E L  ' ♦ S '  1

2 9 1 0  • F i t  a  n r w l  c i n e  

2 9 1 0  M O V E  S m a l l e s t , 3
2 9 2 0  F O R  I S m a l l e s t  T O  L a r g e s t  S T E P  D i v U n / 1 3
2 9 3 3  E i p i n e n t « D u l e n l E X P t - ( ( I - M e a n ) / S t d d i f ) ‘ 2 / 2 ) / < S t d d e i l S 6 R ( 2 I P I ) )
2 9 4 0  D R A M  I , E x p o n e n t
2 9 5 1  N E X T  I
2 9 6 0  I F  P l t r = 3  T H E M  2 9 8 0
2 9 7 3  O U T P U T  7 1 5 ; ' S P *  ! P u t  p e n  d e w
2 9 8 0  I F  F l a g * !  T H E N  3 1 4 1  1 I f  F l a g  i s  s e t  t h e n  e n d
2 9 9 1  G R A P H I C S  O F F
3 0 1 0  L I N P U T  ' D i  y e t  w a n t  a  h a r d  c o p *  > \ Y t
3 1 1 1  I F  U P C l ( T t l l , l I ) = ' T '  T H E M  1 I f  y t s  t h e n  l u t p i t  t o  p l o t t e r
3 8 2 1  F l o q = i
3 0 3 1  P l t r « 7 0 5
3 0 4 0  P 1 = ' H P G L '
3 1 5 1  A L P H A  O F F
2 1 6 0  G R A P H I C S  O N
3 1 7 1  G O T O  P l o t
3 0 8 0  E N D  I F  
3 0 9 1  G R A P H I C S  O F F
3 1 3 G  L I N P U T  ' D e  y i i  w i s h  t e  m a k e  a n ,  c h a n g e s  ? ' , Y t  
3 1 1 1  I F  U P C K Y U  1 , 1 ) ) * ' Y '  T H E N  G O T O  I n t e r v a l
3 ) 2 1  I F  UPCV:Y$ll,in='N' T H E N  G O T O  3 1 4 0  
1 1 3 1  G O T O  3 1 0 1  
3 1 4 6  R E T U R N  '



3150 Stire store lota .n nsc

• 1 6 1  f W S S  S T O R A G E  I S  M f 9 1 2 1 , 7 0 1 , 1 '
3 1 7 0  L I N P U T  ' U h a t  w i l l  t h e  f i l e  b e  c a l l e d  7 " , F i l e t
3 1 8 3  C R E A T E  B D A T  F i l e t , 2 , 1 7 9 2
3 1 9 0  A S S I G N  P F i i e  T O  F i l e t
3 2 1 0  O U T P U T  @ f i l e , l , N , V i S C » s i t v t  C u r r e n ' t  F l o w t
3 2 1 8  O U T P U T  P F i l e , 2 ; B v b s i : e ( l )
3 2 2 1  A S S I G N  P ^ i l e  T O  t  
3 2 3 9  R E T U R N



2240 Read:1 Read data off disc
3 2 5 1  M A S S  S T O R A G E  I S  ' : H P 9 1 2 l , 7 1 8 , 1 '
3 2 6 0  U N P U T  ' E n t e r  t h e  n a m e  o f  t h e  d a t a  f i l e '  i l e O  
3 2 7 1  A S S I G N  ( F i l e  T O  F i l e t  
3 2 8 0  E N T E R  ^ F ; l e , l ; N , V i s c c s i t i / t , C u r r e n t s , F l o u t  
3 2 7 1  R E D  I N  D o t a t N )  . D e w y t N )
3 3 0 0  E N T E R  8 F i l i , 2 ; D o t 6 ( l )
3 3 i !  A S S I G N  i f i l e  T O  I  
3 3 2 0  R E T U R N  
3 3 3 1  S T O P  
3 3 4 0  E N D  !
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3 3 5 0  D i g i t i z e :  1 S u b n a t i n e  t o  d i g i t i z e  p o i n t s  o n  t h e  p l o t t e r  

3 3 6 1  S U B  D i g i t i z e d , T )
3 3 7 5  ASSIGN @ p  T O  7 0 S  1 A s s i g n  a n  I / O  p a t h  t o  t h e  p l o t t e r
3 3 8 1  o u t p u t  6 P  U S I N G  ' K ' ; W '  1 P l o t t e r  i s  r e a d o  t o  d i g i t i z e  o  p o i n t
3 3 V l t  R E P E A T  1 L o o p  e n t i l  t h e  ' E N T E R ' i s  p r e s s e d  o n  t h e
3 4 1 1  ! p l o t t e r .
3 4 1 1  O U T P U T  if U S I N G  ' K ’ j ' O S '  1 A s k  p l o t t e r  i f  ' E N T E R '  h a s  b e e n  p r e s s e d .
3 4 2 |  E N T E R  P P ; S  1 R e c e i v e  p l o t t e r  r e s p o n s e .
3 4 3 8  U N T I L  B I T ( S , 2 ) ( ) 1  1 C h e c k  i f  ' E N T E R '  h a s  b e e n  p r e s s e d -
3 4 4 1  O U T P U T  P P  U S I N G  " f / O D '  1 T e l l s  p l o t t e r  t o  S e n d  i t s  p r e s e n t  p o s i t i o n .
3 4 5 8  E N T E R  P P ; X , T , P  ! E n t e r  d i g i t i z e d  p o i n t  ( p l o t t e r  p o s i t i o n ) ,
3 4 6 8  S U B E N D  !



Appendix 4 Measuring Viscosity

The viscosity of the electrolytes used was measured using an Ostwalds 

Viscometer. The method is outlined below.

1. The Ostwalds Viscometer
An Ostwalds Viscome.er is essentially a U" tube which has one *.imb a 

capillary (see figure A 4.1). There is a small bulb at the top of the 

capillary into which a volume of liquid is sucked from the buib in the 

other limb. The liquid is then allowed to flow down through the capillary, 

and the length of time the volume of liquid takes to flow town tne 

capillary is measured.

The flow of liquid through a cupillary is described by the Poiseuille 

equation:

v . L U I S . (i)aiu
where V * volume of liquid passing through the capillary

r = radius of the capillary
t = time taken for V to flow through the capillary

t - length of the capillary

y = viscosity of the liquid
p . pressure difference due to the hydrostatic head between

the two liquid levels.



K n o w n V o  1 u m e

a p  m a n yn

Figure A4.1 Ostwalds Viscometer
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Mow P - pgh (2 )

where p  = density of the liquid

h , difference in height between the two liquid levels

Combining (1) and (2) and solving for u

u ft pghr 
3IV

(3)

For a given viscometer, the term ' , ?hr. is constant, and equal to k say.

Hence (3) becomes
U = k pt (̂ '

In c* der to find k, the viscometer must be calibrated using a liquid or 

known density and viscosity. Having found k, the viscosity of a liquid 

whose density is known can easily be measured.

1.1 Calibration rf the Cstwa: :.3 m-.r-r

Since density and viscosity are functions of temperature, k will a.sc ce 

a function of temperature. For this reason it is important to ca^-cratr 

a viscometer at the temperature at which the viscosities are to be 

measured. The experiments were performed at approximately IS’C, and so 

the viscometer was calibrated at this temperature.

Pure water was used to calibrate the viscometer. Perry (19-3) gites:

At 25° C U - 8,904 Y. 10”1* kg/ms
p « 997,07 kg/m3
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The times for the water to flow through the capillary in nine series of 

runs are tabulated in table A 4.1 belov

Table A 4.1 Calibration of Ostwalds Viscometer at

Run Time (s)

1 106,8
2 107,0
3 107,1
4 107,2
5 106,9

Che average time of 107,0 s was used. Hence

a 8.904 x 10
pt * 997,07 x i07

k r 8,345 X 10'3 m"/s2

2, Measuring the Electrolyte Viscosity

in order o ensure the tempersture of the electrolyte remained constant 

during measurement, the viscometer was suspended In a constant temperature 

bath. The system was allowed to stand for a while until the electrolyte 

temperature reached the be h temperature. A temperature -f 25* C was 
chosen because it was found that after the electrolyte had been under the 

spot lights during the experiment, Its temperature was approximately 25“ C.

in calculating the density of the solution the contribution from the 

sulphuric acid was Ignored since it was in such a small quantity (18 m< 

in 3000 ml). The density of the glycerine/water mixture was calculated



by assuming no volume change on mixing, and hence it is simply the sum 

the mass of wacer and glycerine divided by the sum of the volumes, i.e.

% € >  * ^glycerine
” V + VHzO glycerine

VH 2 0  JH;0  ̂ ^glycerine glycerine
V VH?0 + glycerine

The density of the magnesium sulphate/water solution was obtained from 

tables in the Handbook of Chemistry and Physics (1976).

The time t was measured several times, and an average was used in 

calculating the viscosity.



Appendix 5 Results

In this appendix a complete set of results iz presented from al. the 
experiments performed. The results obtained from the photographs of the 

bubbles on the electrode surface are presented first followed by the 

results obtained from the movies of the bubbles leaving the electrode 

surface. The results from the bubbles on the surface which are presented 

here take the form of a computer print out and histogram from the program 

presented in appendix 3. The print out gives the electrolyte viscosity, 

current and flowrate used during the run, as well as the mean and 

standard deviation of the bubble diameters measured as well as the size 

of the largest and smallest bubbles measured. The table be.ow this 

information gives one fraction of bubbles in the size intervals into which 

the bubbles were sorted. The histogram is a graphical presentation of 

this table. A normal curve calculated from the mean and standard 

deviation of the measured distribution is drawn over the histogram. The 

vertical dotted line denotes the position of the mean bubble diameter, 

and the bar at the top of the figure denotes plus and minus the standard 

deviation from the mean. These results are presented in the following 

order: runs using water/sulphuric acid electrolyte, runs using glycerine 

in the electrolyte, runs using magnesium sulphate in the electrolyte, runs 

using zinc sulphate in the electrolyte.



1 0 2

V J  cjl I v> r% s' i;» u  I. | ) I"' •- < c i <:: i. c l  c >  I. v>  <:: I r ~  o  I V  v

S o l u t i  a n  v i s c o s i t y  w a s  0 . 9 2  c d n t i p o i - > e  
C u r r e n t  u s e d  w a s  1 a m p  
T h e  f l o w r a t e  w a s  2 . 0  1 / m  i n

M e a n  b u b b l e  d i a m e t e r  “  7 1 . 0  9  m i c r o n s
S t a n d a r d  d e v i a t i o n  38 l 7 . 5 9 c  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 1 6 . 3 9 /  m i c r o n  
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 5 . 1 0 4  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

I N T E R V A L  R A N G E  ( m i c r o n s )
3 5  . 1 
4 4  . 1 3  
5 3 . 1 6  
6 2 . 2
80 . 26 
8 9 . 2 9  
9 8  , 3 3  
1 0 7 . 3

4 4  . 1 3
5 3  . 1 6  
6 2 . 2  
7 1  . 2 3  
8 0  . 2 6  
89 . 29 
9 8 . 3 3
1 1 6 . 3

F R A C T I O N  O F  B U B B L E S

2 . 8 5 7 1 E - 0 2  
1 . 2 8 3 7 E - Q 1  
1 . 7 1 1 3 E - 0 1  
2 . 2 8 S 7 E - 0 1  
1 , 8 5 7 1 E - 0 1 
1 . 0 0 0 O E - 0 1  
8 . 5 7 1 4 E - 0 2  
2 , 8 5 7 1 5 - 0 2  
4 . 2 8 5 7 5 - 0 :

3.251-
M4)
_o
aJ3

O
co
+->u
rOk.

0 . 0 5 -

1 1 610?
B u b b l e  d i a m e t e r  ( m i c r o n s )
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W  *:x l «/yt r~ /  ii» I i * 1"' r '  <:: rx <:: .i. cl v> I. v >  <:: v r'  o  I. y  v v.>

S o l u t i o n  v i s c o s i t y  w a s  0 . >> c < n  t ip o i s e  
C u r r e n t  u s e d  w a s  i anp 
T h e  f l o w r a t e  w a s  2  1 / n i n

M e a n  b u b b l e  d i a m e t e r  ”  8 8 , 7 4 0  m i c r o n ' .
S t a n d a r d  d e v i a t i o n  *  J l . O S  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  3  1 3 3 , J O  1 M i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 6 , 8 9 9  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8

I N T E R V A L  R A N G E  ( m i c r o n s )
4 6 , 8 9  
6 0  . 1 8  
7 3 .  4 7  
6 6 , 7 6  
1 0 0 . 0
1 1 3 . 3

6 0  , 1 8  
7 3  , 4 7  
8 6 . 7 6  
1 0 0 . 0  
1 1 3 . 3  
1 2 6  . 6

1 2 6 . 6  -  1 3 9 . 9

F R A C T I O N  O F  B U B B L E S
9 . 2 3 0 8 E - 0 2  
1 . 7 6 9 2 E - 0 1  
2 . 0 7 6 9 E - 0 1  
2 . 3 0 7 7 E - 0 1 
1 . 8 4 6 2 E - 0 1  
6 . 1 S 3 8 E - 0 2  
2 . 3 0 7 7 E - 0 2  
2 , 3 0 7 7 E - 0 2

o
co

0.10h

0 . 0 5

1 5 31 4 01 2 71 0 8  1 1 3

a m e t e r  ( m i c r o n s )
6 0

B u b b  1
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S o l u t i o n  v i s c o s i t y  w a s  0 . *’,2  c e n t i p o i s e
C u r r e n t  u s e d  w a s  1 a r . p
T h e  f l o w r a t e  w a s  3 . 7 5  1 / r t i n

M e a n  b u b b l e  d i a m e t e r  =  8 4 . 4 9 6  m i c r o n s
S t a n d a r d  d e v i a t i o n  -  2 0 . I i 2  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 3 4 , 9 / 5  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 9 . 9 9 1  m i c r o n s

w  ,1 v  /  , »  u  I. ,:> I .  u  r-  i. <:: < x  <:: .1. cl «  <:. t  r- a  V  '*■" «

I N T E R V A L  N U M B E R
1
2
3
4

7

I N T E R V A L  R A N G E  ( m i c r o n s )
3 9  . 9 9  
S 3  . 5 6  
6 7 .  1 2
9 4  , 2 6  
1 0 7  . 8  
121  . 4

5 3 . 5 6  
6 7 . 1 2  
(30 . 6 9  
94 , 26 
1 0 7  . 8  
121 . 4 
1 3 4 . 9

F R A C T I O N  O F  B U B B L E S
3  . 9 6 0 4 E - 0 2  
1 . 5 3 4 2 E - 0 1 
2 . 4 7 S L E - 0 1  
2 . 4 7 5 2 E - 0 1  
1 . 7 8 2 2 E - 0 1  
7 . 9 2 0 8 E - 0 2
4  . 9 5 U S E - 0  2

iU
0 . 2 9 -J3

-33
J3

O

0 . 0 5

135121j4 67  01 9< 138
B u b b  1 e d i a r n e t e r  ( mi  c r o n s  )
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I I I A I v> u  I | ) 1 i u  r- , i c  I cl v> I v> v r' o  I y  V v.t
5  o i u t 0 . > . ) 1 - T y uii 0 . ' 2  e n r i p  o l
• u r  • -n * n I w c  i o m p
* h , •• u  ITti j  ' 4  1

I N T E R V A L  NUrtl:: [ N !  :.R v ' A L  R A N G E  (Microns)

5 5 . 4 9  
, 6  5 5  
7 7  . 6  
B B  . 6 5  
9 9  7 1
121 . B
1 3 2 . 8

6 6  5 5
7 7 . 6  
8 8  . 6 5  
9 9  ” 1
- 1 1 7  
i ,  ' i  
1 7 2 . 8  
1 4 3  '

F R A C T I O N  O F  B U B B L E S

3 . 8 0 9 5 E - 0 2  
1 . 8 0 9 5 E - 0 1  
2 . 0 0 0 0 E - 0 1  
2. 3 8 1 0 F . - 0 1  
1 , 9 0 4 8 2 - 0 1  
6 . 6 6 6 7 2 - 0 2  
4 . 7 6 1 7 E - 0 2  
3 . 8 0 9 5 2 - 0 2

?.3dr

a.25'

1 4 41331 2 2

• " o n s
1111 9  9 9  1 9 0

3 u b b  1 e  d i a m e t  e
.) <



, I c:: I k ! k I V  c v r e  ! V  1 <■'

S o l u t i o n  v i s c o s i t y  w a s  0 c e n t  i p  o 
C u r r e n t  u s e d  w a s  3  a m p  
T h e  f l o w r a t e  w a s  2  1 / n i n

M e a n  b u b b l e  d i a m e t e r  =  y -■> ■ •' '
S t a n d a r d  d e v i a t i o n  “  2 2 . 5 6 5  m v c . r o . . >
L a r g e s t  b u b b l e  d i a m e t e r  *  1 8 0 . 2 5 0  m i c r o n
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 5 . 1 7

I N T F . R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

10

I N T E R V A L  R A N G E  ( m i c r o n s )
4 5 . 1 7 — 5 8 . 6 8
5 0  . 6 8 - 7 2  . 1 9
7 2  . 1 9 - 8 5  , 6 9
8 5 . 6 9 - 9 9 .  Z
9 9  . 2 - 1 1 2 . 7
1 1 2  7 - 1 2 6 . 2
1 2 6  . 2 - 1 3 9 . 7
1 3 9 . 7 - 1 5 3  . 2
1 5 3  . 2 - 1 6 6  . 7
1 6 6 . 7 - 1 8 0 . 2

F R A C T I O N  O F  B U B B L E S
3 . 3 3 3 3 E - 0 2  
1 . 3 8 B 9 E - 0  1 
2 . 3 S 8 9 E - 0  1 
2 .  1 1  H E - 0 1  
1 9 4 4 4 E  - 0 1  
1 , 1 6 6 7 E - 0 1  
3 . 3 3 3 3 E - 0 2  
1 6 6 6 7 E - 0 1  
1 , 1 1  v l E - i i .
S  5 5 5 A F - 0  3

3 . 3 0 r

0 . 0 5

! 8 01 S ’’72 86 99 1 13 126 H 0  153
B u b b l e  d i a m e t e r  ( . m i c r o n s )
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w  r:x v ,vt r- /  ir* u  |:> li u  : ' I <:: rx <:: i. ^  1 V" < : 1 r °  1 y  1 *

S o l u t i o n  v i s c o s i t y  w a s  0 . 9 2  c e n t i p o i t
C u r r e n t  u s e d  w a s  3  a n p
T h e  f  1 o w n  a t e  w a s  3 .  1 / n m

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s )

1
2
3
4
5
6
7
8 
9

10

4 9  . 8 7  
6 0 . 5 6  
7 1  . 2 5  
8 1  . 9 5  
9 2 . 6 4  
1 0 3 . 3
1 1 4 . 0  
1 2 4 . 7  
1 3 5 .  4
1 4 6 . 1

6 0  . 5 6  
7 1 . 2 5  
8 1  . 9 5  
9 2 . 6 4  
1 0 3 . 3
1 1 4 . 0  
1 2 4 . 7  
1 3 5  , 4
1 4 6 . 1  
i<6.n

F R A C T I O N  O F  B U B B L E S
S . 3 6 9 1 E - 0 2  
2 .  0 8 f . S E  - 0 i  
2  . 2 1 4 8 E - 0 1  
2  , 2 1 4 8 E - 0 1  
1 . 6 7 7 9 E - 0 1  
4 . 6 9 3 0 E - 0 2  
2  . 6 8 4 6 E - 0 2  
2 . 6 8 4 6 5 - 0 2  
2 .  C 1 3 4 E - 0 2  
6  . V 1 1 4 E - C 3

0.25

5  0-2b-

O  0.15-

U-
0.05

1 5 ?14671 02 93 103 H4 125 135
B u b b l e  d i a m e t e r  ( m i c r o n s )
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w  CJL -V r' /  1:> u  :i. p  M  u  r- i. <:: r *  .i. c l  *>  I  «  <:: V  r' <> I. V  V
S o l u t i o n  v i s c o s i t y  w a s  0 9 2  c e n t i p o i s e
C u r r e n t  u s e d  w a s  3  a n p
T h e  P l o w r a t e  w a s  4 . 6 0  1 / m i n

M e a n  b u b b l e  d i a m e t e r  ~ / 3 ,  4 S  m i c r o n s
S t a n d a r d  d e v i a t i o n  =  1 7 . 9 8 4  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 5 3 . 5 3 5  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 8 . 8 8 4  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

10

I N T E R V A L  R A N G E  ( m i c r o n s )
3 8 . 8 8  -  5 0 . 5 4
5 0 . 5 4  -  6 2 . 2 1  
6 2 . 2 1  - 7 3 . 8 7  
7 3 . 8 7  -  8 5 . 5 4
8 5 . 5 4  -  9 7 . 2
9 7 . 2  -  1 0 8 . 9
1 0 8 . 8  -  1 2 0 . 5  
1 2 0 . 5  -  1 3 2 . 2
1 3 2 . 2  -  1 4 3 . 8
1 4 3 . 8  -  1 5 5 . 5

F R A C T I O N  O F  BUBBLES

3 5 5 5 2 - 0 2
2 . 5 0 0 0 2 - 0 1  
3 . 2 3 1 7 E - G 1  
1 . 7 6 8 3 E - 0 1  
7 . 9 2 6 8 E - 0 2  
8 . 5 3 6 6 E - 0 2  
3 . 0 4 8 8 E - 0 2  
1 . 2 1 9 5 E - 0 2  
0 . O O O O E + O O  
6 . 0 9  7 ‘6  E  -  0 3

0 . 3 5 -

0.25!

0. 15

O . 1 0 -

3 .05

1561 4 462 74 96 97 109 121 132
B u b b l e  d i a m e t e r  ( m i c r o n s )
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V j f A v v> r ' /  i!» aa 1. | ) I"* aj r' i. <:: f-L <" i. c:l v> '.I. v». <:: V r  c> 1 Y  v v>

S o l u t i o n  v i s c o s i t y  w a s  0 . 9 2  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  5  a m p  
T h e  f l o w r a t e  w a s  2  1 / m i n

Mean bubble diameter = 9S.0SJ microns

« ? - • " * «S m a l l e s t  b u b b l e  d i a m e t e r  =  4 9 , 0 6 4  m i c r o n .

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

I N T E R V A L  R A N G E  ( m i c r o n s )
4 9  . 0 6  
6 1  . 0 7  
7 3 .  0 8  
8 S .  1 
9 7 .  1 1
1 0 9 . 1  
121 . 1
1 3 3 . 1  
1 4 5 ,  1

6 1  . 0 7  
7 3  . 0 8  
8 5 .  1 
9 7 .  1 1  
1 0 9  . 1 
121 . 1 
1 3 3 . 1  
1 4 5  . 1 
1 5 7 .  1

F R A C T I O N  O F  B U B B L E S

5 . 8 4 4 2 E - 0 2  
8  . 4 4 1 6 E - 0 2  
1 , 6 8 8 3 2 - 0 1
2  . 4 0 2 6 E - 0 1 
2 . 2 0 7 8 E - 0 1  
i . 5 5 8 4 2 - 0 1  
1 . 9 4 8 1 2 - 0 2
3  , 2 4 6 8 2 - 0 2  
1 . 9 4 8 1 2 - 0 2

8.25r

r, ?. i0-

1571451 3 31 2 1109
B u b b l e  d i a m e t e r  ( m i c r o n s )



1 1 0

w  <:x v  v >  r '  X  «i> u  :l. p  l i u  r '  .1. c i  <:: i. cl  v >  I. v >  c.: V  r ~  <> I. 'V v
S o l u t i o n  v i s c o s i t y  w a s  0 . o 2  c e n t  i p o i s e
C u r r e n t  u s e d  w a s  5  a m p
T h e  f l o w r a t e  w a s  3 . 7 5  1 / m i n

M e a n  b u b b l e  d i a m e t e r  —  " 3 6 0  m i c r o n s
S t a n d a r d  d e v i a t i o n  ~  ■ C r 0 m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  ~ 1 2 5 , 8 3 ?  m i c r o n s
S m a l l e s t  b u b b l e  d l a m e  t e r  *  5 7 . 6 5 7  m i c r . n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

10

I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

5 7 . 6 5
6  1 4 7
7  - . 2 9  
7 0 .  1 1  
8 4  . 9 2  
9 1  . 7 4  
9 9  . 5 6  
1 0 5 . 3  
112.2 
1 1 9 . 0

64 . 47 
71 . 29 
78.11 
84.92 
91 . 74 
98.56 
105.3 
112.2

1 2 5 . 8

9
1
1
2
1
1
5
5
1
o

7 8 2 6 E - 0 2  
oe^uE-oi 
6304E-01 
0 6 S 2 E - 0 1  
4 1 3 0 E - 0 1  
4 1 3 0 E - 0 1  
4 3 4 6 8 - 0 2  

, 4 3 4 8 8 - 0 2  
, 0 8 ' 7 O E - 0 2  
, 1 7 3 9 E - 0 2

a . 3 0 r

3 .3 5 r
MU
JD 0.20-Si3J3
*-*-O 0. 15-

c
o
>->
u 0. 1C-
ieL.L.

0 . 0 5 -

0 . OP-

1 / \
\

58 9264 71 78 95
B u b b l e  d i a m e t e r  ( m i c r o n s )

105 112 119 126



1 1 0

W  o  v ... r- /  .3 u  I. p  H  u  r- i. <:: a t  <:: X  cl e  ' «  <~ 'v  ' V  *' «
S o l u t i o n  V i s c o s i t y  w a s  0 . 9 2  c e n t i p o i s e
C u r r e n t  u s e d  w a s  5  a m p
T h e  f l o w r a t e  w a s  3 . 7 5  1 / m  i n

M e a n  b u b b l e  d i a m e t e r  “  8 3 . 6 7 0 m i c r o n s
S t a n d a r d  d e v i a t i o n  - 1 4 , 9 <?0 m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  s  1 2 5 . 8 3 9  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  5 7 . 6 5 7  m i c r o n s

I N T E R V A L  N U M B E R
1
2 
3
4
5
6 
7
9<)

10

I N T E R V A L  R A N G E  ( m i c r o n s )
5 7 , 6 5  
6 4  . 4 7  
7 1  . 2 9  
7 8 . 1 1  
8 4  , 9 2  
9 1  . 7 4  
9 8 . 5 6  
1 0 5 . 3  
112.2 
1 1 9 . 0

6 4  . 4 7  
7 1  . 2 9  
7 8 .  1 1  
8 4  . 9 2  
9 1 . 7 4  
9 3 . 5 6  
1 0 5 . 3  
112.2

1 2 5 . 8

F R A C T I O N  O F  B U B B L E S  
9 . 7 8 2 6 E - 0 2
1 . oe^us-oi
1.630/2-01
2 .  0 6 5 2 E - 0 1  
1 . 4 1 3 0 E - C 1  
1 . 4 1 3 0 E - 0 1  
5 .  4 3 4 8 E - 0 2  
5 . 4 3 4 8 E  - 0 2  
1 . 0 8 7 0 E - 0 2  
2 . 1 7 3 9 E - 0 2

3 . 2 5

-Q
J33ja
y

*■>u.15L _u.

1261135 92 99 105 '12
a m e t e r  ( m i c r o n s )Bubta 1



Ill

W  c i v  v >  r' /  <•» u  !1. p  I t  u  r % i cx <:: .i. c l  v.» II. v» c :  "V r ' o  ."I. v  I ex

S o l u t i o n  v i s c o s i t y  w a s  0 . 9 2  c e n t i , n o i s e
C u r r e n t  u s e d  w a s  3  a n p
The flowrate was 4,6 0 1/min

M e a n  b u b b l e  d i a m e t e r  =  6 7 , 7 0 9  m i c r o n s
S t a n d a r d  d e v i a t i o n  - 1 5 . 3 8 0  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  ~  1 2 6 . 3 2 5  m i c r o n s  
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 3 . 7 9 9  m i c r o n s

I N T E R V A L  N U M B E R  I N T E R V A L  R A N G E  ( m i c r o n s )  F R A C T I O N  O F  B U B B L E S
1 4 3 . 7 9  -  5 2 . 0 5  1 . 2 9 6 3 E - 0 1
2  5 2 . 0 5  - 6 0 , 3  1 . 9 4 4 4 E - 0 1
3  6 0 . 3  -  6 1 3 . 5 5  2 . 7 7 7 3 E - 0 1
4  6 8 , 5 5  -  7 6 . 8  1 . 4 8 1 5 E - 0 1
5  7 6 . 8  -  8 5 , 0 6  9 . 2 5 9 3 2 - 0 2
6  8 5 . 0 6  -  9 3 . 3 1  9 . 2 5 9 3 E - 0 2
7  9 3 . 3 1  -  1 0 1 . 5  3 . 7 0  3 7 E - 0 2
8  1 0 1 . 5  -  1 0 9 . 8  1 . 8 5 1 9 E - 0 2
9  1 0 9 . 8  -  1 1 8 . 0  0 . O O O O E + O O

1 0  1 1 8 . 0  -  1 2 6 . 3  9 . 2 5 9 3 E - 0 3

— I

V

o  0 . 1 5 -

co

uV
L.u.

0 . 0 5

60 69 77 95 93 102 110 119 129
B u b b l e  d i a m e t e r  ( m i c r o n s )
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w  r .  I «  r- /  v v  u  :l. l> I. u  i "  J- < "
s . l u , . . n  v i s c . , 1 , ,  0 . 9 2  c e n , i p o i «

^ : r n i u r i ‘i :::

V  y  < )  i l .  y  K‘*

H e n n  b u b b l e  d i a m e t e r
S t a n d a r d  d e v i a t i o n  
L a r g e s t  b u b b l e  d i a m e t e r  
S m a l l e s t  b u b b l e  d i a m e t e r

6 6 . 2 6 9  m i c r o n s  
1 ? , 8 4 5  m i c r o n s  

1 4 0 . 2 7 0  m i c r o n s  
41  , 7 1 4  m i c r o n s

n t e r v a l  n u m b e r

1
2
3
4
5
6
7
8

4 1  . 7 1
S 4  . 0 3  
66 .35 
7 8  . 6 7  
9 0  . 9 9  
1 0 3 . 3  
1 1 5 . 6  
1 2 7 . 9

5 4 . 0 3  
66 . 35 
78 . 67 
9 0  .99 
1 0 3 .  3  
1 1 5 . 6  
1 2 7 . 9  
14 0.2

F R A C T I O N  O F  B U B B L E j

3  . 1 6 6 7 E - 0 1  
2 . 6 6 6 7 E - 0 1  
1 . 8 3 3 3 E - 0 1  
1.5000E-0'
6  6 6 6 7 E - 0 2  
0.0000EtOO 
C . O O O O E + O O  
1 . 6 6 6 7 E - 0 2

JOX)
J3 a.2:

o
co

0.15

<- 0 .1 0 -u .
0 . 0 5

1 4 0us9 1  1 0 3

a m e t e r  I m  i c  r o n  cB u b b I e



c  o II . C> r Cj :i y <:: «  i. n  «
S o l u t i o n  v i s c o s i t y  w a s  1 . 0 0  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  i a m p  
T h e  f l o w r a t e  w a s  2 . 0  1 / m i n

1 1 3
V 5  <■> . ”S  u  <;j 3

M e a n  b u b b l e  d i a m e t e r  =  m i c r o n s
S t a n d a r d  d e v i a t i o n  “  1 7 . 5 2 ^  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  -  1 3  0 . 7 / 6  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  5 7 . 7 6 3  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8

I N T E R V A L  R A N G E  ( m i c r o n s )
5 7 . 7 6  
6 6 , 8 9  
7 6 . 0 1  
8 5 .  H  
9 4  . 2 6  
1 0 3 . 3
1 1 2 . 5
121.6

6 6 .  8 9  
7 6 . 0 1  
8 5 . 1 4  
9 4  . 2 6  
1 0 3 . 3

-  11
121 .6 
1 3 0  . 7

FRACTION OF BUBBLES
1 . 4000E-01
1 .8000E-01
2 .2000E-01 
2.4000E-01 
8 . 00OGE-O2 
6. OOOOE-Q2 
2. ODOOE-02 
6. 0000F.-02

y)u
J3
Da

co
+JulO

0.251-

3. iev

0.0»—  - 5 8
B u b b l e  d i a m e t e r  ( m i c r o n s )
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c: o  n  <:: . o (' < J • V  <"• r' *• n  v" 1 1* ' " U  /  ̂
S o l u t i o n  v i s c o s i t y  w a s  1 . 2 4  c e n t  i p  o i s e
C u r r e n t  u s e d  w a s  1 a n p
T h e  f l o w r a t e  w a s  2 . 0  1 / M i n

: 'IS :EE
i n t e r v a l  n u m b e r I N T E R V A L  R A N G E  ( m i c r o n s )

12
3

4
5
6
7
8 
7

10

4 2 . 3 9  
S I  . 5 5  
6 0 . 7 2  
6 9 . 8 8  
7 9  . 0 4  
88 .21 
9 7 . 3 7  
1 0 6 . 5  
1 1 5 , 7  
1 A

- 5 1 . 5 5
-  6 0 . 7 2
-  6 9 . 8 8
-  7 9 . 0 4
-  88.21
-  9 7 . 3 7
- 1 0 6 . 5
-  1 1 5 . 7
-  1 2 4 . 8
-  1 1 4 . 0

f r a c t i o n  o f  b u b b l e s

5 . 6 3 3 8 E - 0 2  
1 . 5 4 9 3 E - 0 1  
1 . S 4 7 3 E - 0 1  
1 . 1268F.-01 
1 . 4 O U S E - 0 1  
1 , 4 0 8 S E  - 0 1  
9 . 8 5 9 2 E - - 0 2  
8 . 4 5 0 7 E - 0 2  
4  . 2 2 5 4 2 - 0 2  
1 . 4 0 8 5 E - 0 2

% 0.15k
J343

" t  k,— r, "7 us
B u b b l e  d i a m e t e r  ( m i c r o n s ,
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c; o  n  <:: . o  fx <:j I y  <:: r' .1. ri «.=.> •«« 1. ^  V  l< <:j /  3

S o l u t i o n  v i s c o s i t y  w a s  1 . 6 2  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  1 a m p  
T h e  t ' l o w r a t e  w a s  2 . 0  1 / m  i n

M e a n  b u b b l e  d i a m e t e r  *  7 6 . ? o 8  m i c r o n s
S t a n d a r d  d e v i a t i o n  3  1 5 , 1 2 0  m i c r o n s
L a r g e s  b u b b l e  d i a m e t e r  -■ 1 1 4 . 8 1 7  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  -  4 4 . 6 5 1  m i c r o n s

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

1
2
3
4
5
6

3

4 4 . 6 5  -  5 2  4 4  
5 2 . 4 4  -  6 0 . 2 4  
6 0 . 2 4  -  6 8 . 0  3
6 8 . 0  3  -  7 5 . 3 3  
7 5 . 3 3  -  3 3 , 6 3  
8 3 . 6 3  -  9 1 . 4 2  
9 1 . 4 2  -  9 9 , 2 2  
9 9 . 2 2  -  1 0 7 . 0
1 0 7 . 0  -  1 1 4 . 8

4 . O 0 O O E - O 2  
i . 4 0 0 0 E - 0 1  
9 . O O O O E - 0 2  
2 . 2 0 0 0 E - 0 1  
1 . 9 0 0 0 E - 0 1  
1 . 2 0 0 0 E - 0 1  
1 . 3 0 0 C E - 0 1  
4 . O O O O E - 0 2  
3 . O O O O E - 0 2

n
4)

^  0-20- 
3-O

o  0 .  1 5

0 . 0 5

115107
B u b b l e  d i a m e t e r  ( m i c r o n s )



/. u t •' » c  o s  j  t y w a s  . ■ 4  0 e n t . , ;  l
u • • n * :sed was 1 anp

, 1 w r  V ‘ p w a s  2 . 0  1 m  i ■

" j . ' i o b i e  d  i o n e  1 6 ■ 3  . 3 B B  M i L f o n s
' a r v  t a r  d  d e v i a t i o n  1 3  . 2  0 S  m i c r o n s
j r c j e s t  b o b b l e  d i a m e t e r  1 1 0  . 3 9 9  m i c r o n s

' m a  i l e s t  b u b b l e  d i a m e t e r  r>0 9 4 7  m i c r o n s

n T E R V A l  n u m b e r I N T E R V A L  R A N G E  <m i c r o n s )

1

3
4

SO .84 
S9.3S 
6 7 .  0 6  
76 . 36 
84 . 87 
93 . 38 
101.3

59.33
6 7 . 8 6  
76 . 36
84.87 
93.38 
101.8 
110.3

FRACTION OF 9UBBLE8
1.219EE-01 
2. 4390E-01 
2. 19S1E-01 
2.3171E-01 
1 . 0976E-O1 
4.3780E-02 
2.4390E-02

Viu
a-a
3a
s-o
co
4->u1)vu.

.05-

1 1 0102
B u b b l e  d i a m e t e r  ( m i c r o n s )



t'.Z o  ri  . o  P  <:j !I. y  v.t r '  i ri * >  V 5  4-J l< ^  5
S o l u t i o n  v i s c o s i t y  w a s  2  9 7  c e n t i p o i  
C u r r e n t  u s e d  w a s  1 a m p  
T h e  F l o w r a t e  w a s  2 . 0  1 / m i r

M e a n  b u b b l e  d i a m e t e r  = 7 2 . 7 4 2  m i c r o n  ,
S t a n d a r d  d e v i a t i o n  - 1 2 . 5 3 7  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 0 8 . 1 7 0  m i c r o n s  
S m a l l e s t  b u b b l e  d i a m e t e r  =  5 0 . 6 3 3  m i c r o n s

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  'Jf b u B B L
1
2
3
4
5
6
7
8 
9

5 0 . 6 3  
5 7 ,  0 2
69 . 8 1  
7 6 . 2  
8 2 . 5 9  
8 9  . 9 9
9 5 .  3 3  
i n t ?

57. 02 
63 . 4 1  
69 .81
82. 59 
88 . 99 
95.38
1 0 1  7< n o  i

. 1967: 02 
14752-0 

2 l3iiE-L 
4 5 9 H E  0 

. 6 3 9 3 2 - 0 .  
6  5 5 7 4 E - 0 L  
4  . 9 1 3 0 E - 0 2  
4 . 9 1 8 0 E - 0 2  
1 S393E-':

i  0 . 2 ^ -
3

j O

o  3 . 1 5 -
co
u-o
u.

a m e t e r  m • c r o n s  sB u b b  1
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f;; o  11 <:: . o  f' c:j !l. y  tit r~ i. n  tit Y:) "X 9  l< g  /  ^  3

S o l u t i o n  v i s c o s i t y  w a s  S . 8  c e n t i p o i s e  
C u r r a n t  u s e d  w a s  O . S  a m p  
T h e  f l o w r a t e  w a s  1 . 1 8  1 / m  i n

M e a n  b u b b l e  d i a m e t e r  ~  0 . 2 0 4  m i c r o n s
S t a n d a r d  d e v i a t i o n  =  1 8  6 8 5  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  ~  1 5 0 . 7 2 6  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 9 . 0 7 9  m i c r o n

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

1
2
3
4
5
6
7
8 
9

10

3 9 . 0 7  -  5 0 . 2 4  
5 0  . 2 4  - 6 1 . 4  
6 1  . 4  - 7 2 , 5 7
7 2 . 5 7  -  3 3 . 7 3  
8 3 . 7 3  - 9 4 . 9  
9 4  . 9  -  1 0 6 . 0
1 0 6 . 0  -  1 1 7 . 2
1 1 7 . 2  -  1 2 8 . 3
1 2 8 . 3  -  1 3 9 . 5  
1 3 9  5  -  1 5 0 . 7

1 . 2 9 0 7 E - 0 1  
2 .  1 1 9 2 E - 0 1  
2 . 4 5 0 3 E - 0 1  
1 .  9 8 6 8 E - Q 1 
1 . 2 5 8 3 E - 0 1 
5 . 2 9 8 0 F . - 0 2  
6 , 6 2 2 S E - 0  3  
6 .  6 2 2 S E - 0 3
0 . O O O O E  +  O O
1 , 3 2 4 b E - 0 2

0.25r

0 . 0 5

1511 1 7 H O106
B u b b l e  d i a m e t e r  ( m i c r o n s )



S o l u t i o n  v i s c o s i t y  w a s  5 . 0  c e n t  L p o i s e  
C u r r e n t  u s e d  w a s  0 . 5  a « p  
T h e  f l o w r a t e  w a s  2 . 0  1 / n i n

M e a n  b u b b l e  d i a m e t e r  - " O . B S O  m i c r o n .
S t a n d a r d  d e v i a t i o n  =  2 1 . 2 7 3  m i c r o n .
L a r g e s t  j u b b l e  d i a m e t e r  -  1 4 5 . - 1 -  m i c r o n
S m a l l e s t  b u b b l e  d i a m e t e r  - 3  ’ . 3 5 0  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 
9

I N T E R V A L  R A N G E  ( m i c r o n s )
3 7 . 3 5  
4 9 . 3 9  
6 1  . 4 3  
7 3 .  47 
8 5 . 5 1  
9 7 . 5 5
121 . 6 
1 3 3 . 6

4 9  . 3 9  
6 1  . 4 3  
7 3 . 4 7  
3 5 . 5 1  
9 7 . 5 5
1 0 9 . 5  
121  . 6
1 3 3 . 6
1 4 5 . 7

F R A C T I O N  O F  B U B B L E S
1 .5385E-01 
2.1538E-01 
2 . 6 9 2 3 E - 0 1  
1.61545-01 
9  .2 2 0 8 c -  1 2  
5  .3 2 4 6 E - 0 2  
3 . 0 7 6 9 E - 0 2  
0 . 0 0 0 0 E + 0 G  
2.3077E-02

B. 0w— MG13412261 7 3  8 6  3 8  1 10
B u b b l e  d i a m e t e r  ( m i c r o n s )
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c ;  o  i t <:: . o  P  c j  I. y  <:: v>  r- i. 11 v >  V : > ^  ^
' S o l u t i o n  v i s c o s i t y  w a s  5 . 8  c e n t  i p o i s e  
C u r r a n t  u s e d  w a s  0 , 5  a n p  
T h e  f 1 o u r a t e  w a s  2 . 9 0  1 / n i u

M e a n  b u b b l e  d i a m e t e r  *  6 8 . 3 9 8  m i c r o n s
S t a n d a r d  d e v i a t i o n  ~  2 1 . 1 4 9  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 6 1 . 8 8 9  m i c r o n s  
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 3 . 1 1 4  m i c r o n s

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

1
2
3
4
5
6
7
8 
9

3 3 . 1 1  
4 7 .  4 2  
6 1  7 3  
7 6 .  0 3  
9 0  . 3 4  
1 0 4  6  
1 1 8 . 9  
1 3 3 . 2  
1 4 7 .  5

4 7 .  4 2  
6 1 . 7 3  
7 6 .  0 3  
9 0  , 3 4  
1 0 4  6  
1 1 8  
1 3 3  
1 4 7  
1 6 1

1 ,5232.>01
2 5823"-01 
2 . 9 0 0 1 2 - 0 1  
1 . 3 * 0 7 2 * 0 1  
7 . 9 4 7 0 2 - 0 2  
4 6 3 5 8 E  - 0 2  
1 . 9 8 6 8 E - 0 2  
0 .  O O O O E t - O O  
6 . 6 2 2 5 2 - 0 3

3 . 3 8 -

O.lt- /

0.08-
62 76 90 105

B u b b  1 e d j a m e t e r
119

( m i c r o n s )
133 1 4 8 162
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<:: o  r i  <:: . <> P  <:j y «  r'  n  v.».
S o l u t i o n  v i s c o s i t y  w a s  5 . 8  c e n t i p o i s e
C u r r a n t  u s e d  w a s  1 a m p
T h e  f l o w r a t e  w a s  1 . 1 8  1 / n i n

V:> y  I< <:j /  r n

M e a n  b u b b l e  diameter * 69.778 microns
S t a n d a r d  d e v i a t i o n  "  1 9 . 6 5 2  microns
Larqest b u b b l e  d i a m e t e r  - 12s'.65j microns
S m a l l e s t  bubole d i a m e t e r  =  57 1 4 6  microns

I N T E R V A L  N U M B E R
1
2
5
4
5
6 
7 
9

I N T E R V A L  R A N G E  ( m i c r o n s )
3 7 .  1 4  
4 8 , "  
6 0  . 2 7  
7 1  . 8 3  
8 3 . 3 9  
9 4  . 9 6  
1 0 6 . 5  
1 1 8 . 0

4 8 . 7
7 1  . 3 3  
8 3  . 3 9  
9 4  . 9 6  
1 0  6 , 5  
1 1 8 . 0  
1 2 9 . 6

F R A C T I O N  O F  B U B B L E S
1 . 3 2 8 7 E - 0 1  
2 .  0 2 8 0 E - 0 1  
2 . 5 1 7 5 E - 0 1  
2 . 2 3 7 3 E - 0 1
6 . 9 9  3 0 E - 0 2  
5 . 5 9 4 4 E - 0 2  
3  4 9 6 5 E - 0 2  
2 . 7 9 7 2 E - 0 2

3 . 2 5 -

. O3
J3

a
co

u.
0 . 3 5

130118

B u b b l e  d i a m e t e r  ( m i c r o n s )
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„  n  <:: . o  r  <:, y  c :  «  r -  i. n  v , -  %  ^  '<  «  ^  "  3

S o l u t i o n  v i s c o s i t y  w a s  S . 3  c e n t i p o i r.«2 
C u r r e n t  u s e d  w a s  1 a n p  
T h e  f l o w r a t e  w a s  3 . 0  i / M i n

ErsHS:. : II B ES m a l l e s t  b u b b l e  d i a m e t e r  =  3,. . ^  - t i i c ?  o

I N T E R V A L  N U M B E R
1
2
3
x
5
J
7
8

I N T E R V A L  R A N G E  ( m i c r o n s )
3 2 . 9 7  -  4 5 . 1 6  
4 5 . 1 6  —  5 7 , 3 5  
5 7 . 3 5  -  6 9 . 5 5  
6 9 . 5 5  -  8 1 . 7 4  
3 1 . 7 4  9 3 . 9 3
7 3 . 9 3  -  1 0 6 . 1  
1 0 6 . 1  - 1 1 8 . 3  
4 i n  i  -  1 3 0 . 5

F R A C T I O N  O F  B U B B L E S
1 . 2 1 7 9 E - 0 1  
2 . 5 0 0 0 E - 0 1  
2 . 5 6  U E - O i  
1 . 9 2 3 1 E - 0 1  
9  . 6 1 5 4 5 - 0 2  
3 . 8 4 6 2 E - 0 2  
1 . 9 2 3 1 E - 0 2  
2 . 5 6 4 1 E - 0 2

vsas
n-Q3-O

3.201-

0. 15o
co
u(Vfc

0 . 10 -

0.05-

13157 70 02 94 10S
B u b b l e  d i a m e t e r  ( m i c r o n s )

118
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o  r  g  I. y  v» r' .i. 1 1 v>
S o l u t i o n  v i s c o s i t y  w a s  5  8 2  c e n t  i p o i s e  
C u r r e n t  u s e d  w a s  i o m p  
T h e  f i e w r a t e  w a s  2 . 0  1 / m i n

III EE
I N T E R V A L  N U M B E R

1
2
3
4
s

I N T E R V A L  R A N G E  ( M i c r o n s )
3 7 .  0 1  
S i  . 3 5  
6 5 . 6 ?
9 4  . 3 7  
1 0 8 . 7

5 1  . 3 5  
6 5 . 6 9  
8 0  . 0 3  
9 4  .'37 
1 0 8 . 7  
1 2 3  . 0

F R A C T I O N  O F  B U B B L E S
1 . 6 9 0 1 E - 0 1  
3 . 3 8 0 3 E - 0 1
2 . 5 3 5 2 E - 0 1  
1 . 9 7 1 G Z - 0 1  
1 . 4 C S 5 E - 0 2  
2 .  U 1 6 9 E - 0 2

M4J
-QJ3
3
J3

a
sz

u
to
v

: -{

0. 35r

0.2^

0. 15

0.05

12351 66 83 94 109
B u b b ’ e d i a m e t e r  ( m i c r o n s )
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( . :  O  11  . o  P g  :l y  «  r' ‘ » i v« "" v:> >v <-v' *< ^  z  "  3
Solution viscosity was 1,3 cent ipoise
C u r r e n t  u s e d  w a s  i a n p
The f I owrate was 2,90 1/Min

h e  a n  b u b b l e  d i a m e t e r  *  6  8 6  m i c r o n s
S t a n d a r d  d e v i a t i o n  -  i ' ’ . 4 3 ,  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  3  1 2 8 . Q 1 * m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  3  2 7 . 7 7 9  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
s
6
7
8 
9

in

I N T E R V A L  R A N G E  ( m i c r o n s )
2 7 . 7 7  -  3 7 . 8 9  
3 7 . 8 9  -  4 8  
4 8  -  S 8 . i 1
5 3 . 1 1  -  6 8 . 2 3  
6 8 .  2 3  -■ 7 8 . 3 4  
7 8 . 3 4  -  3 8 . 4 3  
8 8 . 4 5  -  9 8 . 5 7  
9 8  3 7  -  1 0 8 . 6
1 0 8 . 6  -  1 1 8 . 7
1 1 8 . 7  -  1 2 8 . 9

F R A C T I O N  O F  B U B B L E S
1 . 3 2 4 5 E - 0 2  
i . 3 9 0 7 E - Q I  
2 .  0 S 3 0 E - 0 1  
2 . 1 8 5 4 E - 0 1  
1 . 3 9 0 7 E - 0 1 
1 . 1 9 2 1 E - 0 1  
9 . 9 3 3 8 E - 0 2  
2 . 6 4 9 0 E - 0 2  
1 . 9 8 6 8 E - 0 2  
1 . 9 3 6 8 E - 0 2

- 9 0 . 2 0 -

00. 15r

3.00
28 30

B u b b l e  d i a m e t e r  ( m i c r o n s )
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„  r -I :i. y  .■>. r- ..... ", -  k g  / M  -  5
S o l u t i o n  v I s c  o s  1. t v  w a s  5 . 3  c e n t  t p o i  e 
C u r r e n t  u s e d  w a s  1 . r> a  m  p 
rh»» f l o u r  a t e  w a s  1 . 1 8  1/'Min

i s s S , .  i I s  i s

I N T E R V A L  N U M B E R

1
")
3
4
5
6
8
9

I N T E R V A L  R A N G E  m i c r o n s )

3 3 . 7 7  - 4 4 . 8 2
4 4 . 8 2  - 5 5 . 8 8
5 5 . 8 8  -
6 6 . 9 4  - 7 7  . 9 9
7 7 . 9 9  “ 8 9  . 0 5
9 9 . 0 5  - 1 0 0  1
1 0 0 . 1  - 1 1 1 . 1

1 2 2 . 2
1 2 2 . 2  - 1 3 3  . 2

F R A C T I O N  O F  B U B B L E S
8 . 2 7 0 7 E - 0 2  
1 . 6 S 4 1 E - 0 1  
2 . 4 0 6 0 E - 0 1  
i . 5 7 3 9 E - 0 1  
1 , 3 S 3 4 E - 0 1 
1 . 2  0 3  0 E  -  0 i 
6 ■ '7 n 6 9 E - 0 2  
1 . S 0 3 3 F - 0 2  
1 . S 0 3 8 E - 0 2

0.30F — I

0. : e -
u.

0 . 0 5

1 3 312211155 67 7fl 89 100
B u b b l e  d i a m e t e r  ( m i c r o n s )



o i i c: o  P  c:j :i. y  v>  r % i. 11 v>
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V  > •/' k  a  X  r-i A  S
S o l u t i o n  v i s c o s i t y  w a s  5 . 3  c e n t x p o i s e  
C u r r e n t  u s e d  w a s  1 . 5  a n p  
T h e  f l o w r a t e  w a s  2 . 0  1 / n i n

M e a n  b u b b l e  d i a m e t e r  
S t a n d a r d  d e v i a t i o n  
L a r n e s t  b u b b l e  d i a m e t e r  
S m a l l e s t  b u b b l e  d i a m e t e r

6 9 . 3 7 * 1  m i c r o n s  
2 0  . 0 6 2  m i c r o n -  

1 2 9 , 4 0 6  m i c r o n s  
3 1  5 7 4  m i c r o n s

I N T E R V A L  N U M B E R
1
o

I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

3
4
5
6
7
B

3 1  . 5 7  
4 3  . 3  
5 6  . 0 3
8 0  , 4 9  
9 2 . 7 1  
1 0 4 . 9  
1 1 7 . 1

4 3  . 8  
5 6 . 0 3  
6 3  . 2 6  
8 0  . 49
9 2 . 7 1
104.9

1 2 9 , 4

7 . 6 3 3 6 E - 0 2  
2 .  0 6 1 1 E - 0 1  
2 . 2 9  0 I E - 0 1
2 ,  1 3 7 4 E - 0 1 
1 . 6 0 3 1 E - 0 1  
5 . 3 4 3 5 E - 0 2  
3  . 0 5 3 4 E - 0 2
3 ,  0 5 3 4 E - 0 2

V)u

a
co

0.0* II? 12956 68 80 93 105
B u b b l e  d i a m e t e r  ( m i c r o n s )

44
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r ' o  i"i <:: . o  f' c:j I. y  <:: v »  r ~  i n  v >  V:> */’ H  <y  /  m  ^  3
S o l u t  i o n  v i s c o s i t y  w a s  5 , Q  c e n t i p o  i s a  
C u r r e n t  u s e d  w a s  1 . 5  a m p  
T h e  f l o w r a t e  w a s  2 . 9 0  1 / m n

M e a n  b u b b l e  d i a m e t e r  *  6 9 . 2 3 4  m i c r o n s
S t a n d a r d  d e v i a t i o n  =  2 2 . 3 4 8  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 5 0 , 0 6 9  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  3 3 . 9 6 1  m i c r o n s

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S
1
2
3
4
5
6
7
8 
?

3 3 . 9 6  -  4 6 . 0 6  
4 6 . 3 6  -  5 9 . 7 6  
5 9 . 7 6  -  7 2 . 6 6  
7 2 . 6 6  -  8 5 . 5 6  
8 5 . 5 6  ~  9 8 . 4 6  
9 8 . 4 6  -  1 1 1 . 3  
1 1 1 . 3  -  1 2 4 . 2  
1 2 4 . 2  -  1 3 7 . 1  
1 3 7 . 1  -  I S O , 0

1
2
2
1
i
3
3
7
7

, 3 7 4 0 7 - 0 1  
51917-01 
S 1 9 1 E - 1 1  
1 4 5 0 Z - C 1  
1 4 5 0 2 - 0 1  
3 9 6 9 ' - 6 2  
0 5 3 4 L - G 2  
6 3 3 6 E - 0 3  
6 3 3 6 E - 0 3

0 . 2 5 H

v

J33J3

o 0.15-
co

0.05

137 1 5 086 98 111 124
a m e t e r  ( m i c r o n s )B u b b 1e
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< i i M  c:j sf>

■soiotion ) &  i t y w a s  1 *12 c a n  : p c i
Current used was i.O amp 
T h e  f 1 i w r a *  ■ w  i s  0 1 / m m

h e  a n  b u D o i e  d  i a f i e  X tr  - 7 2 , 6 2 ?  m i c r o n
S t a n d a r d  d e v i a t i o n  3  15.636 m i c r o n s
Largest bubble d i a m e t e r  - 100.216 micron
Smallest bubble l i a m e t e r  ~ 40 63^ micron,

I N T E R V A L  N U M B E R
1
2
3
a

6

I N T E R V A L  R A N G E  ( m i c r o n s
4 0  . 6 3
4 3 ,  8 3
5 7 ,  0 3  
6 5 . 2 3  
7 3 .  4 2
3 9 . 8 2  
98 01

F R A C T I O N  O F  B U B B L E S

4 8 . 8 3 6 . 3 2 9 1 2 - 0 2
- 5 7  0 3 1 . i 3 9 2 E - f J l

6 5  2 3 1 . 2 6 5 8 E - 0 1
- 7 3  4 2 2 . 5 3 1 6 E - 0 1
-  8 1 . 6 2 1 . 3 1 9 0 E - 0 1
-  8 9 1 . 3 9 2 4 E - 0 1
-  9' 6 . 3 2 9  I E - 0 2
-  i 8 . 8 6 0 8 E - 0 2

,'. «5l

a m e t e  r ( m i c r o n s )R u b b  1



C ;  <> r i  <“  . <> P  M  c:j «$. w  :l. |:) 1 1 rx I v>. C'.? O  l< <:j m
S o l u t  i o n  v i s c o s i t y  w a s  2 . 0 7  c e n t  i p o i s d  
C u r r e n t  u s e d  w a s  i . O  a m p  
T h e  f l o w r a t e  w a s  2 . 0  1 / m i n

h e  a n  b u b b l e  d i a m e t e r  =  7.1 . 5  C 7  m i c r o n : .
S t a n d a r d  d e v i a t i o n  -  1 4 , 2 9 c  m i c r o n '
L a r g e s t  b u b b l e  d i a m e t e r  —  1 1 3 , 9 0 4  m i c r o n
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 2  4 2 6  m i c r  o n  =

I N T E R V A L  N U M B E R  I N T E R V A L  R A N G E  ( m i c r o n s  j r ■< Ai N

1
2
3
I
5
7

4 2 , 4 2  -  S 2 . 6 3  1 ' 6 6 E ~
5 2 . 6 3  -  o 2 . E 1  • 2 7 6 6 c -
6 2 . 8 4  -  7 3 . 0 5  2 . 7 6 6 0 E - (  -
7 3 . 0 5  -  8 3  2 7  -  5 5 3 2 E - 1 .  -
8 3 . 2 7  -  9 3 . 4 8  1 7 0 2 1 E - - f J  :
9 3 . 4 8  -  1 0 3 . 6  1 . O O O O E  +  O
1 0 3 . 6  -  1 1 3 . 9  4 . 2 S 5 3 E - 0 L

V

JJ_o3
J3

Co
u19L.li.

0.25r

0 . 1 5 -

0 . 1 0 -

0 . 0 5 -

104 1 M

B u b b l e  d i a m e t e r  ' m i c r o n s '
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o n . „ r m c  » u x p  » «  >' « -  •5» ° k «
S o l u t i o n  v i s c o s i t y  w a s  2 . c i » n t  i p o i s d  
C u r r e n t  u s e d  w a s  1 . 0  a m p  
T h e  f l o w r a t e  w a s  2 . 0  1 / w i n

M e a n  b u b b l e  d i a m e t e r  
S t a n d a r d  d e v i a t i o n  
L a r g e s t  b u b b l e  d i a m e t e r  
S m a l l e s t  b u b b l e  d i a m e t e r

6 7 . 8 7 0  m i c r o n s  
1 1 . 2 6 1  m i c r o n s  
9 2 . 5 5 2  m i c r o n s  
3 8 , 2 1 8  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6

I N T E R V A L  R A N G E  ( m i c r o n s )
3 8 . 2 1
4 7 . 2 7  
5 6  . 3 2  
6 5 . 3 8  
74 . 44
83 . 49

4 7 . 2 7  
5 6 . 3 2  
6 5 . 3 8  
7 4  . 4 4
9 2 . 5 5

F R A C T I O N  O F  B U B B L E S
2 .  0 8 3 3 E - 0 2  
1 . 3 7 5 0 E - 0 1  
1 . 6 6 6 7 E - 0 1 
3 . 1 2 5 0 E - 0 1  
2 . 5 0 0 0 E - 0 1  
6 . 2 5 0 0 E - 0 2

3 . 4 $ -

3.35

•J 3.30-

0.25

c
co

0 . 1 5

utoLU- 0.10F

3.05

B u b b l e  d i a m e t e r  ( m i c r o n s )



1 3 1

,3 „ « -  . o  I* M <:, m u  X P  h «  « «  -  4  y  O l< / «  ~ •'3
S o l u t i o n  v i s c o s i t y  w a s  3 . 1 7  c e n t i p o i p t i  
C u r r e n t  u s e d  w a s  1 . 0  a n p  
T h e  f l o w r a t e  w a s  2 . 0 0  1 / n i . n

5 .is EES
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 o . 3 0 6  m i c r o n s

I N T E R V A L  N U M B E R
1
2
$
4
5
3

8

I N T E R V A L  R A N G E  ( m i c r o n s )

4 6 . 3  
6 0  . 0 3  
7 3  . 7 7  
8 7 . 5  
1 0 1 . 2  
1 1 4 . 9  
1 2 8  7  
1 4 2 . 4

6 0  . 0 3
8 7 . 5
101.2

1 2 8 . 7  
1 4 2  4  
1 5 6 . 1

F R A C T I O N  O F  B U B B L E S
1 . 2 5 0 0 E - 0 1  
2 . 2 5 0  O E - O 1 
2 . 9 1 6 7 E - Q  i 
1 . 7 5 0 0 E - U 1  
1 . S O O O S - U 1  
2 . S C G : C - 0 2  
0 . u0u'. E + UC 
3 . 3 3 3 3 2 - 0 3

V
J3
-3
X)

O
co
*->uitjv .u_

8.00̂
1 5 61 4 21 2 97 4  8 8  1 0 1  1 1 5

B u b b l e  d i a m e t e r  ( m i c r o n s )
68
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. .

o  n  <:: . o  rz 1 1 > c: «  >- ' P  I > "  «  "" ̂  ' ' ' U  ̂ ' 5
S o l u t i o n  v i s c o s i t y  w a s  0 . c e n t i p o i s ^  
C u r r e n t  u s e d  w a s  i . O  a * P  
T h e  f l o w r a t e  w a s  2 . 0 0  l / m n

M e a n  b u b b l e  d i a m e t e r  =  3 3 . 8 ^ 6  m i c r o n s
S t a n d a r d  d e v i a t i o n  =  1 7 • m i c r o n s
L a r g e s t  b u b b l e  d i a m e r e r  =  1 4 6 . 8 5 0  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  ■  5 2 . 5 6  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8 9

I N T E R V A L  R A N U E  ( m i c r o n s ) F R A C T I O N  O F  B U B B L E S

5 2 . 5 7
6 3 . 0 5
7 3 . 5 2
8 4
9 4  . 4 7  
1 0 4 . 9  
1 1 5 . 4

6 3 .  0 5  
7 3 . 5 2  
8 4
9 4  . 4 7
1 0 4 . 9  
1 1 5 . 4
1 2 5 . 9

1 2 5 . 9  -  1 3 6 . 3

1 , 1 4 9 4 E - 0 1  
I . 7 2 4 1 5 - 0 1  
2 . / 4 3 V E - C l  
2 . 3 6 9 0 2 - 3 1  
1 . 0 3 4 5 2 - 0 1  
6 . 8 9 6 6 E - 0 2  
2 . 2 9 9 9 E - 0 2  
1 . 1 4 9 4 E - 0 2  
3 . 4 4 8 3 E - 0 2

-5 0.23-

0 . 10-

u.

14?1 3 61 2 694 105 115

a m e t e  r ( m i c r o n s )B u b b 1e



1 3 3

1 a  U  X  ,:> 1-1 1.1 -V V . .... 3  . y  l< <1 '  3

Solution viscosity was 1.06 con.ipoiso 
Current used was 1.G anp 
The flowrate was 2.00 1/nm

Mean bubble diameter 
Standard deviation 
Largest bubble diameter 
Smallest bubble diameter =

74.626 microns 
13.893 microns 
106.594 microns 
37.940 microns

INTERVAL NUMBER INTERVAL R A N G E ^ m c r o n s )

1
2
3
4
s
6
7
8 
94 n

37,94
4 4  $
51.67
58.53
65. 4
7 2 . 2 6
79.13
85.99
92,86
9 9  . 7 2

44 . 8
51.67 
53.53 
65 . 4 
72 . 26 
79 . 13
85.99 
92 .86 
99 , 72 
10 6.5

F R A C T I O N  O F  B U B B L E S
1.2346E-02
3.7037F-02 
9 .9765E-02 
8.6420E -02 
1 .7284E-01 
2,2222E-01 
1 .8519E-01 
8.6420E-02 
6. 1728E-02

0.25H

o  0 . I 5 r

r; 0.i0-

0.051-

100 10?
B u b b l e  d i a m e t e r  ( m i c r o n s )
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o  ( z. i. n  <: <:■> u  I. 1 1  n  l v»

S o l u t i o n  v i s c o s i t y  w a s  1 1 4  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  1 . 0  a n p  
T h e  f  1 o w r a t e  w a s  2 . 0 0  l / m n

M e a n  b u b b l e  d i a m e t e r  
S t a n d a r d  d e v i a t i o n  
L a r g e s t  b u b b l e  d i a m e t e r  
S m a l l e s t  b u b b l e  d i a m e t e r

7 1 . 5 4 6  m i c r o n s  
1 2 . 7 7 3  m i c r o n s  

1 1 2 . 3 1 4  m i c r o n s  
4 6 . 4 5 9  m i c r o n s

I N T E R V A L  N U M B E R
1
2
3
4
5
6
7
8

I N T E R V A L  R A N G E  ( m i c r o n s )
4 6  . 4 5  
5 4  6 9
6 2 . 9 2  
7 1  . 1 5  
7 9 . 3 8  
8 7  . 6 1  
9 5 . 3 5  
1 0 4 . 0

5 4  . 6 9  
6 2 . 9 2  
7 1  . 1 5  
7 9  . 3 0  
8 7  . 6 1  
9 5  . 8 5  
1 0 4 , 0  
1 1 2 . 3

F R A C T I O N  O F  B U B B L E S
8 . 3 3 3 3 E - 0 2  
2 . 0 0 0 0 E - 0 1  
2 . S 3 3 3 E - 0 1  
1 . 3 3 3 3 E - 0 1 
1 . S O O O E - O l  
8 . 3 3 3 3 7 - 0 2  
0 . O O Q O E + O O  
1 . 6 6 6 7 E - 0 2

Mu
3 . 2 0 -

0.15ro
co

0 . 10 -

0 . 0 5

112

B u b b l e  d i a m e t e r  ( m i c r o n s )
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p  *  i «-i <:: «v> u  I. |:> h i  t:x v  v> =“ « 3  ill t:> l< < J /  ^  '•><) 11 . o •
S o l u t i o n  v i s c o s i t y  w a s  2 .2  c d n t i p o i s e  
C u r r e n t  u s e d  w a s  i . O  a m p  
T h e  f l o w r a t e  w a s  2.00 1/Min

M e a n  b u b b l e  d i a m e t e r  =  ^ 3 . 8 3 3  m i c r o n .
S t a n d a r d  d e v i a t i o n  =  ^ • 3 S 9  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  1 3 9 . 6 9 -  m i c r o n ^
S m a l l e s t  b u b b l e  d i a m e t e r  =  4 8 . 7 4 8  m i c r o n s

I N T E R V A L  N U M B E R I N T E R V A L  R A N G E  ( m i c r o n s )

1
2
3
4
s
6
7
8 
V

10 
11

4 8  . 7 4
57.01 
6 5 . 2 8  
73 .55 
81 .81 
90 . 08 
98.35 
106.6 
114.8 
123. 1 
131.4

- 57.0 1
- 65.28
- 73.55
-  81.81
- 90.08
- 98.35
- 106.6
-  1 1 4 . 8
-  1 2 3 . 1
-  1 3 1 . 4
- 139.6

F R A C T I O N  O F  B U B B L E S
1 .  4 4 0 7 E - 0 1
1 . 7 7 9 7 E - 0 1
2  2 3 3 / 1 - 0 1  
1 . 7 7 5 7 2 - 0 1  
1 . 1E64Z-01 
1 . 0 1 6 9 2 - 0 1  
4  .2 3 7 3 E - 0 2  
0 . O O O O E  +  O O  
8  . 4 7 4 6 E - 0 3  
0 . 0 0 O 0 E  +  0 0  
a  4 7 4 A F  —  O  3

3 . 2 5

o 3.15F

u.
0 . 0 5 -

55 74 82 90 98 10? 115 123 131 140

B u b b l e  d i a m e t e r  ( m i c r o n s )
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C  o  v, <:: . o ('z J. n  c  itt o  X P  h  «  t *  "" ' ' «  k "  /  ̂  " 3
S o l u t i o n  v i s c o s i t y  w a s  2 . S  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  1 . 0  a m p  
T h e  f l o w r a t e  w a s  2 . 0 0  1/Min

M e a n  b u b b l e  d i a m e t e r  =  7 ^ . 1 8 4  m i c r o n s

EEHEnh::. = -s* 5 5

INTERVAL NUMBER
1
2
3
■i
5

I N T E R V A L  R A N G E  ( m i c r o n s )
5 1  . 7 3  -  6 1 . 7 1  
6 1 . 7 1  -  7 1 . 7
7 1 , 7  -  8 1 . 6 9
3 1  . 6 9  -  9 1 . 6 7
9 1 , 6 7  -  1 0 1 . 6

FRACTION OF BUBBLES
2 . S 0 0 0 E - 0 1  
2 . 5 0 0 0 E - 0 1  
2  . 5000E-G1 
1 . 2 5 0 6 5 - 0 1  
4 -scnnE-ni

V

J3
3-U

co
♦-»uIti(_u.

0 . 2 5

0 . 1 5

0 . 0 3

102
B u b b l e  d i a m e t e r  ( m i c r o n s )
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The results obtained from measuring the bubbles leaving the electrode 

surface are tabulated .n table A 5.1 below. These results were all 

obtained using a flowrate of 2,00 £/min and a current of 1,0 A.

Table A 5.1 Measurements of Bubble Sizes Leaving the Surface

Concentration of 
glycerine or 
MgSCH

(kg/m3)

TViscosity

(CP)

Mean Bubble Diameter

(urn)

Standard Deviation 
of Bubble Diameters

(um)

0,92 127 37

36,7 kg/m3glycerine 1,00 112 40

36,7 kg/m Glycerine 1,50 95 41

332 kg/m3 glycerine 2,40 90 33

386 kg/m3 glycerine 3,00 89 33

150 kg/m’ MgSOu 1,44 114 40

280 kg/m3 McSOt 2,07 105 41

350 kg/m3 MgSO- 2,54 99 31

Histograms showing the distribution of the above runs are now presented. 

When results are available from the runs measuring bubble sizes on the 

electrode surface, the two distributions are superimposed on the same set 

of axes. The bold bars represent the bubbles leaving the surrace while 

the hatched bars represent the bubbles on the surface.
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C o n e :  . o  f-' z  .t n  e  i»  o  J. P  •' < » V «  C < ! »  3  U y / M - a

S o l u t i o n  v i s c o s i t y  w a s  5 . 0  c e n t i p o i s e  
C u r r e n t  u s e d  w a s  i . O  a n p  
T h e  f l o w r a i e  w a s  2 . 0 0  1 / n i n

M e a n  b u b b l e  d i a m e t e r  =  6 7 , 4 9 8  m i c r o n s
S t a n d a r d  d e v i a t i o n  “  6 . 6 2 9  m i c r o n s
L a r g e s t  b u b b l e  d i a m e t e r  =  8 0  . 1 8 ^  m i c r o n s
S m a l l e s t  b u b b l e  d i a m e t e r  =  5 8  - 3 9 2  m i c r o n s

1

I N T E R V A L  N U M B E R

2
3
4

I N T E R V A L  R A N G E  ( m i c r o n s )
5 2 . 3 9  -  5 7  9 4
5 7 . 9 4  -  6 3 . 5
6 3 . 5  -  6 9 . 0 6
6 9 . 0 6  -  7 4  6 2  
7 4 . 6 2  -  8 0 . 1 8

F R A C T I O N  O F  B U B B L E S
1 . 0 5 2 6 E - 0 1  
i . 5 7 8 9 E - 0 1  
3  , 6 8 4 2 E - 0 1  
2 . 6 3 1 6 E - 0 1  
i . 0 5 2 6 E - 0 1

i/iu
_o_o3J3

Co
u

0.35

0.25k

0.20k

0.15-

0.10^

0.05

0.00L
B u b b l e  d i a m e t e r  ( m i c r o n s )

______
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F r a c t i o n  Of B u b b l e s
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Appendix 6 Measuring the Current Density

Kasper (1940) showed that the current distribution over a plane electrode, 

when the opposing electrode is a line electrode is:

where i * the current density on the plane electrode, a distance 

r from the line electrode 
a = perpendicular distance between the line and plane 

electrodes
I, = current per unit length of the line electrode.

Figure A 6.1 is a pictorial representation of the sysram when viewed 

from above.

Area photographed

\

r \ a

:.Lne electrode

Plane electrode

Figure A 6.1 The Line and Plane Electrode System described by Equation 1
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Inherent in equation (1) is the assumption that the current density does 

not vary in the direction parallel to the line electrode.

For the system used in the experiments it was assumed that because the 

anode was so narrow compared to the cathode, the current densities could 

be calculated by equation (1). For the experiments:

a = 31 mm
length of the anode = length of line electrode = 88 mm

r = position where photographs were taken, relative

to the anode ■ 60 mm

33 x 10~3 1/88 x 10"3 
Hence 1 * ---- , ,60 x M - ' r  '

i * 33 I A/m2

where I = measured current.
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Appendix 7 Soiv ng the Population Balance

In the analysis section, section 5, it was shown that the population 

balance reduces to
00

q6 » j / l""2 f(l)dl da)n it zFp I I m o
30

2£  l8n - - f # —  I t""3 fUldt (lb)
m

Depending on whether the rate of bubble growth is taken <-o -e

u(t) * ("a;

or u(£) - —  (2b) respectivly.

A computer program was written to perform these calculations.

The integrals on the right hand side of equations (la) and (lb) vere

evaluated using a Simpsons rule integration. The bubble diameters

measured on the electrode surface were sorted into an odd number of size

intervals. The fraction of bubbles in each interval, f(£) * was then
calculated by dividing the number of bubbles in each interval by the
total number of bubbles measured (subroutine "Interval"). The value of

n-2the integrand could then be evaluate by multiplying f(t) by t ox 

ln’  ̂depending on whether equation (la) or (lb) is being used, where t 

is the bubble diameter at the mid point of the respective interval, and
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n is the order of the moment being considered (lines 1080 - 1110).

Hence:

J ' p(l)dZ = y pi + 4p2 + 2p3 + 4p4 + ... + 4Pm_3 + 2?m_2 > 4pm-l + ?

Where p(^) is the integrand of equation (la) or (lb)

h = interval length
p = value of the integrand in the V 2"1 interval

m

m number of intervals (m must be an odd number)

Having evaluated the integral (subroutine "Integrate"), q6n can be evaluated 

from (la) or (lb) (lines 1130 - 1140) since the constants in front of the 

integral are known quantities (I is simply the mean of lubble sizes on -..e 

surface).

Having evaluated giS , an assumption about the distribution leaving -he 

surface is made. Either a normal or a gamma distribution can be assumed.

The parameters of the required distributions are then evaluated and the 
moments of this distribution can be calculated (lines 1290 - 1560) as 

outlined in appendix 2. The results are printed out in subroutine 'Output". 
The results are presented in section 4. Sample print outs are presented 

after the program listing. These samples show the output of the program 

when first a normal and then a gamma distribution is assumed and either 

equation (2a) or (2b) is used to describe the rate of bubble growth. The 

results are all for the same run.
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n is the order of the moment being considered (lines 1080 - 1110).

Hence:

f  p(£) df = y j Pi + 4p2 + 1P3 + 4pi» > ... + 4Pm_3 4" 2?m-2 * 4pm-l + ?m
0 L

Where p(f) is the integrand of equaM-w < la) or < lb)

h * in" erval leng. .
p. ■ value of the integrand in the ith interval

m * number of intervals (m must be an odd number)

Having evaluated the integral (subroutine "Integrate"), qS^ can be evaluated 

from (la) or (lb) (lines 1130 - 1140) sin-e the constants in front of the 

integral are known quantities (Z is simply the mean of bubble sizes on -he 

surface).

Having evaluated an assumption about the distribution leaving the

surface is made. Either a normal or a gamma distribution can be assumed.

The parameters of the required distributions are then evaluated and the 
moments of this distribution can be calculated (lines 1290 - 1560) at? 

outlined in appendix 2. The results are printed out in subroutine "Output". 
The resul' ; are presented in section 4. Sample print outs are presented 

after the program listing. These samples show the output of the program 

when first a normal and then a gamma distribution is assumed and either 

equation (2a) or (2b) is used to describe the rate of bubble growth. The 

results are all for the same run.



l l  1 P r o g r a m  t o  c a i c a t a t e  t ' e  m o m e n t s  3 t  i n *  u i b t r i o » t i o n s  af. ,_t;e
2 1  ' b u b b l e s  o n  a n d  l e a v i n g  t h t  e l e c t r o d t  s u f f i c e ,
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5 1  T h e  p a r a m e t e r s  k . a  a n d  S  m  t h t  p o p u l a t i o n  b c l n n c e  a r e  a l s o
4 | e v a l u a t e - '  A l l o w a n c e  i s  m o d e  f o r  t h e  a s s u m p t i o n  o f  a  - . r i g ;
S i  o r  a  g e m m a  d i s t r i b u t i o n  o f  b u b b l e s  l e a v i n g  t h e  e l e c t r o d e
s i  s u r f a c e .  T h e  n e c c e s o r v  c h a n g e s  i n  t h e  p r o g r a m  t o  a l l o w  f o r
1 < t h e s e  q s s u m p : t o n s  a r e  s h o w n  i n  l i n e s  1 4 3 0 - 1 5 6 0 , 3 6 2 0  S  3 6 S Q - 3 6 6 U

8 0  I P T I U N  BASE i
» «  C O N T R O L  1 , 1 2 ) 1  S w i t c h  i f f  k e y s ,
l O J  G R A P H I C S  O f f
t l O  O U T P U T  2  U S I N G  ' * , K ;  I K "  1 C l e a r  t h e  s c r e e n
1 2 0  G O S U 5  R e a d  1 l e a d  i n  t h .  b u b b l e  d i a m e t e r s  o n  t h e  e l e c t r o d e  s u ' - ' a c e
1 3 0  G C L E A i
i 4 |  F l a q = 0
1 5 0  ? l t r = 3  D e f i n e s  p l o t t e r  p o s i t i o n
L b i  P t s ' I N T E R N i M . *  D e f i n e s  p l o t t e r  t y p e
. 7 0  P r n t r = l  D e f i n e s  p r i n t e r  p o s i t i o n
1 3 0  P R I N T E R  I S  P r n t r
1 9 0  P L O T T E R  I S  P l t r  ? S
2 0 8  G C L E A R

• 0  G I N I T
L ' 1UT 2 U S I N G  '* (' • C L E A R  S C R E E N

VLA1E THE I€AN BUBBLE DIAMETER 3N THE ELECTRODE SURFACE

2 4 0  t o )  1 N e c n = m e a n  b u b b l e  d i a m e t e r
2 S P  o e a # / *

2 & 0  C A L C U L A T E  T H E  S T A N D A R D  D E V I A T I O N  O F  T *  B U B B L E  D I A M E T E R S

2 7 0  S A T  D o m m v *  . M e a n ) - D a t a
2 8 6  M A T  D u m m y =  D u m m y  D u m m y
2 9 0  S t o d e * : S U M ( D u m m y l  1 S t d d e » s s t a n d a r d  d e v i a ' ion : • b w b b k  d i a m e t e r s  
3 0 0  5 t d d e * : S 3 R ( S t d d e » /  N - D )
3 1 0  P R I N T  U S I N G  3 2 0 ; M e a n , S t d d e v
3 2 0  I M A G E  ' M e a n  J  \ D D D  ODD,' m i c r o n s ' , / , ‘ S t a n d a r d  d e v i a t i o n  ' D D D  O D D , "  m i c r o n s '
3 3 0  S m a I l e s t * M l N i . a ' a ( t ) )  1 S m a l l e s t - s m a l l e s t  bobble d i a m e t e r
3 4 0  L o r q e s t : « A X ( D a t a i l ) )  L a r g e s t  ' l a r g e s t  b u a b l e  d i a m e t e r
I S O  P R I N T  U S I N G  360,L a r g e s t , S m a l l e s t
3 6 0  I M A G E  /  ' T h e  l a r g e s t  b u b b l e  i s  \ D D 6 . 0 D  ’ m i c r o n s ’ / , ' T h e  s m a l l e s t  b u b b l e  i s  ' , D D D . 0 D , '  m i c r o n s '

3 7 8  G O  T O  S U B R O U T I N E  ' I n t e r v a l  T Q  S O R T  T H E  B U B B L E  D I A M E T E R S  I N T O  I N T E R V A L S

3 H 0  In t e r v a l _ c a l l  C A L i  I n t e r v o l ( N , D a t a ( D  I n t e r v a l ( I ) , D i v n o . D i v l e n , L a r g e s t , S m a l l e s t )  1 

3 9 0  1 G O  T O  S U B R O U T I N E  ' P r i n t  0  D I S P L A Y  T H E  I N T E R V A L S  O N  T H E  S C R E E N

4 0 0  P r i n t  c a l l :  C A L L  Print ( V i s c o s i t y * , C u r r e n t  8  F l o w *  P r n t r , N  - q e s t , S m a l l e s t , Dim, D i u l e n , M e a n , S t d d e v ,  I n t e r i a l d  i 
4 i i  I F  P r n t r « 7 1 t  T H E N  P l o t  c o l l  ' s in c e  the n o  o f  i n t e r n ;  h a s  b e e n  d e c i d e d
4 2 0  Y * : "
4 3 0  I N P U T  " D o  y e u  w i s h  t o  c h a n g e  t h e  n u m b e r  o f  i n t e r v a l s ) ' , t *
44| I F  U P C * ( Y * I 1 , 1 1 ) = ' Y '  T H E N
I S O  G O T O  I n t e r v a l _ c o l l  a n d  o r t  i n t o  i n e w  n o .  o f  i n t e r v a l
4 6 0  E L S E
4 7 ?  N * = "
4 3 6  I N P U T  " D o  y o u  w a n t  t o  p r i n t  t h e  * e s u l t $ V , N S
4 9 3  I F  i J P C * ( N 1 l l . m - ' Y '  T H E N
: 0 9  6 r n t r : 7 0 1

G O T O  Pri m '  call a n d  jr.it •• i . an 'he e x t e r n a l  p r i n t e r



520 END IF
531 END IF i

5 4 3  ! S U B R O U T I N E  ' F l i t '  D R A W S  A  H I S T O G R A M  O f  T H E  B U B B L E  D I A M E T E R S  M E A S U R E D
5 5 1  ! O N  T H E  E L E C T R O D E  S U R F A C E .  T H I S  I S  T H E  S A M E  R O U T I N E  A S  S U B R O U T I N E
5 6 0  ! ' P i l l '  I N  A P P E N D I X  2 .
5 7 3  P i n t  c q 1 1 ; C A I L  P l @ t ( P l t r , P t , F i l « * , D i v n o , D i i l ( n , L a r g e s t , s m a l l t s "  M e a n . S t d d e t  
5 8 0  O U T P U T  2  U S I N G  1 C L E A R  S C R E E N
5 9 0  I F  r i t r = 7 0 5  T H E N  F i t j n g
6 0 0  Y t = "
6 1 0  I N P U T  " D o  y o »  w i s d  to m o k e  a n y  c h a n g e s ? ' , ! *
6 2 1  I F  J P C t i T l l t , l ] ) = , i '  T H E N
6 3 1  S O T O  I n t e r v a l  c a l l  1 t o  c h a n g e  t h e  n u m b e r  i t  ' t e r e a h  
o i l  E L S E
6 5 0  N $ = "
iol I N P U T  " D e  y o i  w a n t  i  h a r d  c o p y ? '
(,7 1 I F  U P C S ( N t l l , l l ) = ' T '  T H E N
6 8 1  P l ' r = 7 9 5
6 9 3  P S ^ H P G L '
7 0 0  G O T O  P l o t _ c a l l  1 t o  p i t * ,  t h e  h i s t o g r a m  o n  t h e  p l o t t e r
7 1 1  E N D  I F
7 2 0  E N 1  I F  '

l N



520 END IF
531 END IF !

5 4 0  ! S U B R O U ' i I N E  ' P l i t '  D R A W S  A  H I S T O G R A M  ‘3 f  T H E  B U B B L E  D I A M E T E R S  M E A S U R E D
5 5 1  ! O N  T t C  E L E C T R O D E  S U R F A C E . T H I S  I S  T H E  S A M E  R O U T I N E  A S  S U B R O U T I N E
5 6 8  ! ' P U t '  I N  A P P E N D I X  2 .
5 7 0  p i t t  c a l l ' . C A L L  P l M t P l t r , P S , F i l e « , 9 U n # , D i i l e n , L < i r q e s t , S n < i l l e s t , M e a n , S t d d e i ,  I n t e r v a l  ( t > , N )
5 8 0  O U T P U T  2  U S I N G  , 0 , K * ; ’ 1 K *  ' C L E A R  S C R E E N  
5 9 0  I F  P l t r = 7 0 S  T H E N  F i t j r t q
6 0 0  Y S * * *
6 1 0  I N P U T  ’ D o  y o e  w i i h  t o  m a k e  a n y  c h a n g e s ? ' , ! *
6 2 1  I F  J P C * ( Y S ( 1 , 1 I ) = ' Y '  T H E N
6 3 0  G O T O  I n t e r v a l  c a l l  1 t o  c h a n g e  t h t  n u m b e r  o f  i n t e r v a l s ,  
o  0 E L S E
6 5 0  N S = "
60 1  I N P U T  ' D o  y i t  w a n t  a  h a r d  c o p y ? ' , N t
6 7 1  I F  ' J P C S ( N S 1 1 , 1 1 ) = ' Y '  T H E N
6 8 0  P l t r = 7 8 5
6 9 3  P S - ' H P G l ’
7 0 8  G O T O  P U t . c a l l  ! t o  p l o t  t h e  h i s t o g r a m  o n  t h e  p l o t t e r .
7 1 0  E N D  I F
7 2 0  E N D  I F  !



7 3 1  F i t  p r o g :  ' S t a r t  o f  t h e  m o m e n t s  c a l c u l a t i o n .

7 4 1  C O N T R O L  1 , 1 2 ; I
7 S 0  P r n t r * l  ! T h i s  v a r i a b l e  d e f i n e s  t h e  p r i n t e r  l o c a t i o n  a s  t h e  s c r e e n .
7 6 1  G R A P H I C S  O F F
7 7 0  O U T P U T  2  U S I N G  $ , K " ;  I K '  1 C l e a r s  a l p h a  s c r e e n .
7 8 1  R a t e  f l a g 1 !  ! T h i s  v a r i a b l e  w i l l  d e f i n e  w h i c h  r a t e  e q e c t i m  i s  u s e d .

m  F O R  1 = 1  T O  7  1 T h i s  l o o p  w i l l
9 9 0  O f t  K E Y  I  G O S U B  D u m m y  1 s w i t c h  o f f  t h e  s o f t  k e y s
3 ) 0  N E X T  I 1 t h a t  a r e  n o t  n e e d e d .

8 2 1  O N  K E Y  8  L A B E L  " J = k t ' - 1 / : '  C O S U B  U . h a l f  ' T h i s  k e y  s e l e c t s  t h e  r a t e
g ^ g  ! E q u a t i o n  l ! = l t M / 2

3 4 0  O N  K E Y  9  L A B E L  ' U ’ k V - 2 / 3 ’  C O S U B  U . E t h i r d s  1 T h i s  H y  s e l e c t s  t h e  r a t e
q c n  ! e q u a t i o n  U = k t 4 - 2 / 3

8 6 1  P R I N T E R  I S  P r n t r
9 7 8  P R I N T  ' U s e  s o f t  k e y s  t o  s e l e c t  a  r a t e  e q u a t i o n *
3 8 3  O N  C Y C L E  . 3  G O T O  C h e c k  1 a n d  s e e  i f  a  r a t e  e q u a t i o n  h a s  b e e n  s e l e c t e d  
3 9 0  H o v e r : G O T O  H a u e r  1 u n t i l  a  r a t e  e q u a t i o n  h a s  b e e n  c h o s e n ,

9 1 1  C a r r y  o n : O N  K E Y  9  G O S U B  D v n n v  
7 1 0  O N  K E Y  9  G O S U B  D u m m u  
> : i  C O N T R O L

9 3 0  O U T P U T  2  U S I N G  ' M  V * * ' 
9 4 1  N o  i n t = D i o n e

1 T h i s  d e a c t i v a t e s  the 
i so f t  k e y s  aft e r  a r a t e  
i e q i a t i o n  h a s  b e e n  s e l e c t e d

i C l e a r  a l p h a  s c r e e n  
I N u m b e r  o f  i n t e r v a l s

9 S 0
»68
971
9 8 0
oog
iaic
m a
1828
1 0 3 9

A L L O C A T E  F ( i : N i „ i n t ) , l ( l : N o _ i n t )  
I F  R a t e _ f l a q = 2  T H E N * C h e c k  t o  s e e

C o n s t * ( 2 * 3 3 I V A L ; C u r r e n t $ ) ) / ( P ! C I 9 6 4 8 4  6 t 3 3 . S t f l e a n l l . E - 6 )  ' - h i c h  r a t e
E N D  I F
I F  R o t e . f l a q = 3  T H E N  

C o n s t ,= ( ? t 3 3 t V A L ( C u r r e n t s ) ) / ( P I t 2 t 9 6 4 8 4  6 1 3 3  1 )
E N D  I F

1 3 4 0  I F  R a t e  f l a g < > 2  A N D  9 a t e . f l c g < > 3  T H E N  
l i S I  B E E P  1 5 8 , 1
1 3 6 8  D I S P  ' O P P S  t ! ! ! ! ! ! ! ! " ! ' ! ! ' ! ! ' ! ! ! ! ' •
1 0 7 1  S T O P
1 5 8 0  E N D  I F  
1 9 9 1

1 1 0 1  F O R  1 = 1  T O  N o . i n t
i l l !  L ( I ) * ( S m a l l e s t > I I D i v l e n - D i « l e n / 2 ) t l  E - b
1 1 2 8  N E X T  I

! c o n s t  i s  
> u s e d  &  t h e n  
1 e v a l u a t e  t h e  
1 c o n s t a n t  i n  
1 f r o n t  o f  t h e  
! i n t e g r a l .

1 f l a k e  s o r e
! R a t e . f l a g  
1 h a s  n e t  
1 o b t a i n s !  
i a n o t h e r  
! v a l u e .

i L o o p  t o  f i n d  1 
i a t  t h e  e x p e r i m e n t a l  
! p o i n t s .

t l 3 f  O U T P U T  2  U S I N G  'MV**' 1 C l e a r  t h e  s c r e e n

1 1 4 0  ! T H I S  i O O P  C A L C U L A T E S  M  H O A E N T S
H S I  N o  e f  m e  • n t s = l 8  1 =  t h e  n u m b e r  o f  m o m e n t s  t o  b e  c a l c e l a t e d .
< 1 6 0  A L L O C A T E  w  b e t a ! l:N«.of. m o m e n t s ) , B r t a ( t : N e _ o f . m e m e n t s ) , 6 ( l : N o _ o f . m o m e n t s )
1 1 7 1  O U T P U T  2  U S I N G  , I ) X ' ; , I K '  1 C l e a r  t h e  s c r e e n
liC O  No e v a l * l 3  1 No. of f u n c t i o n  e v a l u a t i o n s  to e v a l u a t e  the m o m e n t s  of g U ) .  
1 1 9 1  A L L O C A T E  F v n c d . N e . e v a l )
1 2 0 0  F O R  1 = 1  T O  N o . o f . m o m e n t s  1
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1 2 1 0  1 W  J * 1  T O  H i . i n t  ' L , 0 P  1 0
1 2 2 1  I F  R o t e . f k q 5 ?  T > 0  F ( J ) = l . E * ( 4 l n t e r v e l ( J ) « . < J ) ‘ ( I - 2 )  1 e v a h a t e  t h e
1 2 3 0  I F  R e t e  f l a q - S  T H E N  F ( J ) = l . E + < > i I n t e r u Q l ( J ) I L t J ) ‘ ( I - 3 )  1 i n t e g r a n d
1 2 4 1  N E X T  J  ' 8 1  t Q C h  L
1 2 S 1  C A L L  I n t i g r e t e ( F ( l ) , N i . i r t , D i i l e n l l . E - 6 , I n t e g r a l ) !  E v o l i a t e  t h e  i n t e g r a l
1 2 6 #  I n t e g r a k l n t e g r a l l C m s t l l
1 2 7 0  fl b e t a ( I ) = I r t e g r a l  1 1  q * b e t a ( n )
1 2 9 0  N E X T  I
1 2 9 0  N e t o = N o » i e  n e a n S l . E ~ 6  1 N * n n  ( l E ' b  C O N V E R  - 0  n
1 3 0 1  S i q w 3 = « o i : * „ s t d d e i < l . E - 6  1 S t a n d a r d  d e f l a t i o n  (
1 3 1 0  H = 6 * S i g m a / ( N u _ e o a l + l )  1 S t e p  l e n g t h  f o r  i n t e g r a t i n g  g < l ) ,

1 3 2 1  ! E V A L U A T E  T H E  I N T E G R A L  V n l g t l )  i e  T H E  r, 1 h  M O M E N T .

1 3 3 0  F O S  J « i  T O  N o . o f . f i e n e n t s
1 3 4 0  F O R  1 * 1  T O  N e . e o a l
1 3 3 0  S t e p  l e n = ( N e t a - 3 I S m f W ) t ( 2 I I - l ) * H / 2
1 3 6 0  F e n c ( I ) = S t e p . i e n ‘ J I E X P ( - ( S t e p . l e n - N e . a ) l ( S t e p . l e n - N e t a ) / ( 2 I S i q n a l S i g n a ) ) / ( S i q f « I S . 8 - - $ ? J -
1 3 7 0  N E X T  I
1 3 b 0  C A L L  I n t e g r a t e ( F i n e ( I ) , H e . e i e l , H , I n t e g r a l ) 1 G o  t o  s u b r o u t i n e  ’ I n t e g r a t e
j j g j  ! t o  e v a l u a t e  t h e  m o m e n t s .
1 4 0 0  B e t a ( J ) * I n t e g r a l  1 3  i e t a ( n )
1 4 1 )  9 ( J ) = 9 _ b e t a t J ) / B e t a ( J )  1 3  g  c a l c u l a t e d  f r o m  b e t a ( n ) ,
1 4 2 0  N E X T  I  • "

1421 GOTO 1570
,43) ! t n n * * i m « n m u i i m i m t m i w n * m m u i » m i » * i i n m « i m i

1441 ! I f  a gamma d i s t r i b u t i o n  i s  r e q u i r e d  l i n e s 1 2 9 1  t o  1421 s o u l d  b e
1450 i r e p l a c e d  b y  t h e  f o l l o w i n g  p r o g r a m  l i n e s :

1461 Gam a « ( ( ( N e n e _ n e a n / N u v i e . s t d d e v ) ' 2 H )  1 E v a l u a t e  a  L  b  p a r a m e t e r s  i n
14V 9 Gam b = M o v i e . m e a n / ( M o o i e . s . d d e v ' 2 ) * l . E + 6  ' g a m m a  d i s t r i b u t i o n .
1481 F O R  N=1 T O  N o . e f . m o m e n t s
1 4 9 0 B e t a ( N ) * l
1 5 0 0 F O R  1 * 1  T O  N L o o p  t o  c a l c u l a t e
1 5 1 0 B e t a ( N ) = B < t 3 ( N ) l ( G a m . a * I ) b e t a ( n )  f r v m  t h e
1 5 2 0 N E X T  I p a r a m e t e r s  i n  t h e
1 5 3 1 B e t a ( N ) * B e t a ( N ) / ( G a m . b ‘ N ) g a m m a  d e n s i t y  f u n c t i o n .
1540 Q ( N ) = 9 _ b e t a ( N ) / B e t a ( N ) C a l c u l a t e  q  f r o m  b e t a ’ s .
1550 N E X T  N
1 5 6 0 ' s t m s a i m i m u i i i t t m n s i i M m i n i i m i i m m n m u m x w m a i

1 5 7 1  ! C A L C U L A T E  q  F 7 C H  b e t a ( 3 ) .

1580 9  c a l c 36 l 33 * V A L( C i r r en t t ) / ( 2 I P I I 9 6 4 8 4 , 6 * 3 3 . 5 * 8 e t a ( 3 ) )  1

1 5 9 1  • N O W  P R I N T  O U T  T H E  R E S U L T S  U S I N G  S U P t O U T I *  ’ O u t p u t ’ .
1 6 0 0  I I F  A  G A M M A  D I S T R I B U T I O N  W A S  A S S U M E D  T H E N  R E P L A C E  T H E  P A R A M E T E R S  
1 6 1 0  ! ’ N e t s ’ A N D  ’ S i g m a ’ I N  L I N E  1 6 2 0  W I T H  ’ G a m . a ’ A N D  ’ G a m . b ’ .
1 6 2 0  C A L L  0 , i p , t ( F i l e * , V i s c o s i t y * , C u r r e n t * , F l o w * , R a t e . f l a g , 9 ( 0 '  N , t o , S i g m a , 9 . b e t o ( « > , N o . i f . n o m e n t l , B e t a ( * ) , H m e . m e a n , I I  
o n e  s t d d e , , M e a n , S t d d e » , 9 . c o l c , N _ o n )
lo30* Y t * "
1 6 4 0  I N P U T  ' D o  y o u  w a n t  t o  c h a n g e  t h e  n u m b e r  a f  i n t e r v a . s ? ' , Y *
1 6 5 0  D C A L L O L A T E  F ( l ) , L ( t ) , 9  b e t a ( l ) , 8 e i a ( D , F i n c ( l ) , 9 ( t )
1 6 6 0  I F  U P C K T * I 1 , 1 ) ) * ' Y '  T H E N  I n t e r , a l . c a l l  ' t o  c h a n g e  t h e  n o .  o f  i n t e r v a l s
1673 rt ** '
1 6 8 0  I N P U T  ' D o  y o u  w a n t  t o  c h a n g e  t h e  r a t e  e i p r e s t o n ? ' , Y S
1 6 9 0  I F  U P C # ( T t l l , l l ) = ' T '  T H E N  F i t j r o g  1 t o  c h t n g e  t h e  r o t e  e q u a t i o n  e s e d .
1 7 0 0  C O N T R O L  1 , 1 2 ; 0  ! S w i t c h  o f f  k e y s .
1 7 1 1  P R I N T E R  I S  1 
1 7 2 0  S T O P  '
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1 2 1 1  K J «  J = 1  T O  N e . m t  ! L * o p  10
1 2 2 1  I F  R a t « . f l o q = 2  T > 0  F ( J ) = l . E * b l I f t t e r v Q l ( J ) X L ( J ) ‘ ( I - 2 >  1 e v o l i a t t  t h e
1213 I F  Retl"flaq=3 THEN F ( J ) * l , E * M I n t i r v o U J ) I H I ) ‘ ( I - 3 )  1 i n t e q r a n d
1 2 4 6  N E X T  J  1 a 1  e o c h  L
1 2 5 1  C A U  I n t e q r e t « ( F ( l > , N i _ i n t , D i i l e n l l . E - 6 , I n t < q r e l ) !  E v o l i a t t  t h e  i n t e q m
1 2 6 1  I n t e q r a l = I n t e q r a l l C » n s t l I
1 2 7 0  8  b e t a ( I ) = I n l e q r a l  1 5  q * 6 e t a ( n )
1 2 8 1  N E X T  I  n  ,
1 2 9 0  N e t a = N o « t e  u t o n l l . E ' b  1 M e a n  ' 1 ^ - 6  C O N V E X ..) , 0  n
1 3 0 1  3 i q i M = N o « i e _ 5 t d d e i l l . E - 6  ! S t a n d a r d  d e n a t i e i ,  (
1 3 1 0  H = 6 * S i q m a / ( N o _ e * a l + l )  1 S t e p  l e n g t h  f o r  i n t e g r a t i n g  g ( l ) ,

1 3 2 1  i E V A L U A T E  T H E  I N T E G R A L  l * n * q U )  U  T H E  n  t h  M O M E N T .

1 3 3 1  F O X  1 = 1  T O  N e . o f . n e w n t s
1 3 4 0  F O X  1 = 1  T u  N o . e i e l
1 3 5 0  S t e p  l e n = ( N e t o - 3 I S i q t t a ) * ( 2 I I - l ) I H / 2  „1360 f«nc(I)=Step.len‘JlEXP(-(Step_len-Neta)l(Ste9.1en-Neta)/(2ISignalSigna))Z(Siqf«t:Ji-$Fw!
1 3 7 1  N E X T  I
1 3 8 0  C A L L  I n t e q r o t e ( F i n e ( * ) , N o _ e v a l , H , I n t e g r a l ) 1 G o  t o  s u b r o u t i n e  ' . m i g r a t e

"  ! t o  e v a l i a t e  t h e  m o m e n t s .
1 4 0 0  B e t a ( J ) = I n t e q r a l  1 =  b e t a ( n )
1 4 1 3  9 ( J ) M i . b i t e ( J ) / B e t a ( J )  ! *  g c a l c u l a t e d  f r o m  b e t a ( n ) ,
1 4 2 0  N E X T  I  ! ~

1 4 2 1  G O T O  1 5 7 1
1433 \ttn tiitn ititun inunttttiin iiiinn itinu ttitin itttiiiim uitit

1 4 4 3  ! I f  a  g a m m a  d i s t r i b u t i o n  i s  r e q u i r e d  l i n e s  1 2 9 1  t o  1 4 2 1  s o u l d  b e
1 4 1 $ i r e p l a c e d  b y  t h e  f o l l o w i n g  p r o g r a m  l i n e s :

1 4 6 9 G a m  a * ( ( ( H o n e . m e a n / N o * i e . s t d d e » ) ' 2 ) * l )  1 E v a l u a t e  a l b  p a r a m e t e r s  i n
1 4 7 0 G am b = N o o i e . m e a n , ' ( H o v i e . s t d d e » * 2 ) * l . E + 6  1 g a m m a  d i s t r i b u t i o n .
I 4 8 6 F O X N = l  TO i o . i f . m o m e n t s

B e t a ( N ) = l
1 5 0 0 F O R  1 = 1  TO * L o o p  t o  c a l c u l a t e
1 5 1 9 B e t a ( N ) = B e t 3 ( N ) * ( G a m  a + I ) b e t a ( n )  f r o m  t h e
1 5 2 0 N E X T  I p a r a m e t e r s  i n  t h e
1 5 3 1 B e t a ( ' t ) * B e t a t N ) / ( G f l m . b ‘ N ) i g a m m a  d e n s i t y  f o n c t i o n ,
1 5 4 0 8 ( N ) = W . b e t a i N ) / B e t a ( N ) 1 C o l c o l a . e  q  f r o m  b e t a ' s .
1 5 5 6 N E X T  N
1 5 6 6 i i m m t m m m s m m i m s m s m s i s m m r a m m m m m i m t m

1 5 7 1  ' C A L C U L A T E  g  F S C H  b e t a ( 3 ) .

1 5 3 0  9  c a l c = 6 S 3 3 I V A L ( C i r r i n t t ) / ( 2 l ? 1 * 9 6 4 3 4 . 6 1 3 3 . S * 8 e t a < 3 ) )  1

1 5 9 3  i N O W  P R I N T  O U T  T H E  R E S U L T S  U S I N G  S U B R O U T I N E  ' O o t p w t ' ,
1 6 0 0  ' I F  A  G A N N A  p t c i X I B U T I O N  W A S  A S S U M E D  T H E N  R E P L A C E  T H E  P A R A M E T E R S
1 6 1 9 ! ' N e t a '  A N D  ' S i q m o '  I N  L I N E  1 6 2 1  W I T H  'Gam.o' AND ’ G a m . b * .
1 6 2 0  C A L L  O o t p , t ( F i l e t ,  V i s c o s i t y , C u r r e n t * , F I  o w * , R a t e _ f  l a g , 8 . *  H „ a , S i g m r , G _ b e ; o ( * ) , N o . o f . m o m e n t s ,  Be t a t * ) , N o n e . m e a n , *  
o « i4. s t d d e i , N e a n , S t d d e « , Q . c o k , N _ o n )
l o 3 0 "  Y $ = "
1 6 4 0  I N P U T  ' D o  y o g  w a n t  t o  c h a n g e  t h e  n u m b e r  of i n t e r v a l s ) ' , t $
1 6 5 6  D E A L L O C A T E  F(*),Lt* , Q _ b e t a ( * ) , 3 < t a ( * ) , F i n c ( * ) , Q ( * )
1 6 6 0  I F  U P C * ( Y » i l , l l ) = * T '  T H E N  I n t e r v a l . c a l l  ' t o  c h a n g e  t h e  n o .  o f  i n t e r v a l s
1 6 7 0  Y t = "
1 6 8 0  I N P U T  ' D o  y o u  w a n t  t o  c h a n g e  t h e  r a t e  e i p r e s i o n ? ' , Y «
1 6 9 4  I F  U P C I ( l t [ l , U ) = ' Y '  T H E N  F i t . p r o g  1 t o  c h a n g e  t h e  r a t e  e q u a t i o n  o s e d .
1 7 0 1  C O N T R O L  1 , 1 2 ; #  ! S w i t c h  o f t  k e y s .
1 7 1 9  P R I N T E R  I S  1
1 7 2 0  S T O P  '
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1 7 3 1  D u w v r  R E T U R N  ! D u m m y  n u t  i n *  1 3  d e a c t i v a t e  t h e  s o f t  k e y s .

1 7 4 1  U  h a l f : R a t e _ f l a q = 2  ! D e f i n e s  t h e  r a t e  e q u a t i o n  
1 7 5 0  R E T U R N  ”  1 a s  U = k t ‘ - t / 2 .

1 7 6 1  U . 2 t h i r d s ; R a t e . f l a q = 3  1 D e f i n e s  t h e  r a t e  e q u a t i o n
1 7 7 0  R E T U R N  1 a s  U = k t ' - 2 / 3

1 7 8 0  R e a d :  ! R e a r  d a t a  o f f  t h e  d i s c .
1 7 7 0  M A S S  S T O R A G E  I S  ' * 9 1 2 1 , 7 0 0 , .
1 6 0 1  L I N P U T  " E n t e r  t h e  n a m e  o f  t h e  d a t a  f i l e " , F i l e t  
1 8 1 0  A S S I G N  ? f i l e  T O  F i l e t
1 3 2 0  E N T E R  ? F ; l e , l ; N , V i s c o s i t y t , C u r r e n t s ,F I o w t  1 R e a d s  i n  t h e  v i s c o s i t y ,  
j g j j  i c u r r e n t  a n d  f l o w r a t e  u s e d .
1 3 4 0  A L L O C A T E  D a t a ( N ) , D u m m y ( N ) , I n t e r v a l ( N !
1 8 5 3  E N T E R  f F i l e , 2 ; D a t o ( l )
i 8 6 0  A S S I G N  R f t l t  T O  I  , ,  , „  „  .  .1 8 7 C  I N P U T  " E n t e r  t h e  m e a n  a n d  s t a n d a r d  d e v i a t i o n  ’ f  b u b b l e  d i m e t e r s  l e a v i n q  t h e  s u r f a c e  , M o v i e _ m e a n , M o v i e _ s  . e
1 0 t t O  I N P U T  " E n t e r  t h e  v a l u e  o f  N ' , N  o n  1 N o  o f  n u c . e a ’ i o n  s i t e s  p e r  u n i t  a r e a  
1 8 9 0  R E T U R N  1

1 9 0 0  C h e c k : I F  R a t e  f l o q = 2  O R  R a i e _ f : a q = 3  T H E N
1 9 1 1  O F F  C Y C L E
1 ? 2 0  G O T O  C a r r y _ m
1 9 3 0  E L S E
1 9 4 0  G O T O  H o v e r
l ? 5 l  E N D  I F
1 9 6 0  E N D  '

C h e c k s  t o  s e e  i f  a  r a t e  e q u a t i o n  
h a s  b ' : e n  c h o s e n ,
I f  s o  c o n t i n u e  w i t h  c a l c u l a t i o n s  
o t h e r w i s e  w a i t  
u n t i l  o n e  i s  e n t e r e d



1 9 7 8  I n t e g r a t e : S U B  I n t e q r a t e ( F d ) , N o . m t , H , I n t e g r a l )  
l ? S J  I n t e g r a l = F ( l ) * F ( N e . i n t )
1 9 9 0  F O f i  1 = 2  T Q  N * . i n t - 1  S T E P  2
2 1 0 0  I n t e g r a l - i l n t e g r a h O l f  ( I )
2 0 1 1  N E X T  I
2 0 2 0  F O R  1 = 3  T O  N e . i n t - 2  S T E P  2
2 1 3 0  I n t e g r a I = I n t e q r a l + 2 * F ( I )
2 6 * 1  N E X T  I
2 0 S 0  I n t e g r a l = I n t e g r a l l H / 3
2 3 6 0  S U K E N D  !

! U s i n g  S i m p s o n s  R o l e .  
' S t a r t  a d d i n g .

i A d d  t h e  4 1  t e r m s .

i A d d  t h e  2 1  t e r m s .

! M u l t i p l y  b y  h / 3 .
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2 9 7 0  I n t e r v a l  : S U B  I n t e r i a M N . D o t o i * ) ,  I n t e r v a l  ( * ) , D i v n e , D u  t e n , L a r g e s t ,  S * a x e s t !
2 0 8 0  O P T I O N  B A S E  1  „  ^  . . .
2 0 ? 0  I N P U T  ' E n t e r  t h e  n o r t e r  o f  i n t e r v a l s  y o v  r e q u i r e  -  t a k e  s u r e  i t s  a n  o d d  n u m b e r  . s t m o
2 1 9 0  I F  D i v n i d  O P  F R A C T ( D i v n i ) < ) 0  « 1  F R A C T ( D i v n , / 2 ) = @  T H E N
2 1 1 0  T T  5 0 0  , 1
2 1 2 1  D I S P  ' T H A T  I S  N O T  F U N N Y *
2 1 3 0  W A I T  2
2 1 4 0  G O T O  2 0 9 1
2 1 5 0  E N D  I F  _  .
2 1 6 0  R t D I N  I n t e r i a l ( D i v n e )  1 I n t e r v o l ( ) = n e m t i e r  i f  b u b b l e s  i n  e a c h  i n t e r v a l
2 1 7 0  N A T  I n t e r v a l *  U )
2 1 8 0  D i v l e n » ( L a r g e s t - S m a l l e 5 t ) / D u n i l D i v l e n = l e n q t h  i f  e a c h  m t e r v a .

2 i » |  ! L i o p  t »  p l a c e  e t c h  b u b b l e  i n  i t s  c o r r e c t  i n t e r v a l

2 2 0 0  F O P  1 * 1  T O  N
2 2 1 0  F O P  M  T O  D i v n o
2 2 2 0  I F  D o t a d h ' - ' S m a l l e s u J I D i v l e n  A N D  D a t a ( I ) ) = S m a l l e s t t ( J  i l l D i v l e n  T H E N
2 2 3 1  I n t e r v a l ! J ) * l n t e r v a l ( J ) + l
2 2 4 0  G O T O  S k i p
2 2 5 1  E N D  I F
2 2 6 0  N E X T  J
2 2 7 1  B E P  5 0 0 , 1
2 2 8 0  9 1 S P  ' E S R O R  I N  1 8 1 1 *
2 2 9 1  S T O P
2 3 0 0  S k i p : N E X T  I
2 3 1 1  M A T  I n t e r v a l *  ( l / N ) S l n t e r v a l
2 3 3 0  P r i n t ; S U B  P n n K V i s c i s i t y l , C u r r e n t O , Flu-*,P m t r  , N , L a - g e s t  . S m a l l e s t , D i v n u . D i v l e n , M e a n , S t d d e v , I n t e r v a l ! * ) )
2 3 4 1  P R I N T E R  I S  P r n t r
2 3 5 0  I F  P r n t r * !  T H E *  P R I N T  C H R K 1 2 )  1 C L E A R S  S C R E E N
2 3 6 1  P R I N T  U S I N G  2 3 7 0 ; V i s c u s i t , * , C u r r e n t * , F i i w *  ,  . . . .  , / e i n .  .
2 3 7 0  I M A G E  " S u l v t i i n  n s c i s i t v  i s  c e n t i p u i s e ' , / , " C u r ,  e n t  u s e d  - a s  , K ,  a m p s  , / ,  T h e  - . i w r a  e  i s  , , a  ,
/
2 3 8 0  P R I N T  ‘ T h e  n u m b e r  i f  p u n t s  u s e d  i s  ‘ ; N
2 3 9 1  P R I N T  U S I N G  2 4 0 0 , M e a n , S t d d e v  .  - i r ,  .
2 4 0 0  I M A G E  ' M e a n  b i b b l e  d i a m e t e r  *  ‘ . D D D . D D D , 1 m i c n n s ' , / , ' S t a n d a r d  d e v i a t u n  *  . D D D . D D O ,  m i c r u n s
2 4 1 1  P R I N T  U S I N G  2 4 2 0 j l o r g e s t , S m a l l e s t
* 4 2 1  I M A G E  ' L a r g e s t  b u b b l e  d i a m e t e r  *  ' , D D D . D D D . '  m i c r a n s ' , / , ' S m a l l e s t  b u b b l e  d i a m e t e r  *  , D D D . D D D ,  t i e r  m s  , / / /
2 4 3 1  P R I N T  ‘ I N  i V A l  - U M B E R ‘ , T A B ! 2 1 ) , ' I N T E R V A L  R A N G E  ( m i c r m s ) ' , T A B 1 6 9 ) , ' F R A C T I O N  3 F  B L B B l . ^
2 4 4 0  P R I N T  ' - - - - - - - - - - - ' , T A B ( 2 1 ) , ‘ - - - - - - - - - - - - - - - - - - - V  A B ( 6 I ' , *
2 4 5 1  F D R  1 * 1  T O  D i m e
2 4 6 9  Y l [ l , S l * V A L l ( I N f ( i S m a l l e s t t ( I - l ) t D i v l e n ) l l 0 1 ) / l O O )
2 4 7 0  1 * 1 6 , 8 1 * '  -  ‘
2 4 8 0  T t t 9 , l 3 1 * V A L 1 ( I N T ( ( S m e l l e * t v I * D i v l e n ) l l l l ) / 1 0 0 )
2 4 9 0  P R I N T  U S I N G  2 5 0 » ; I , Y * , I n t e r v a l ( I )
2 5 1 0  I M A G E  5 X , D D , 2 0 X , K , 2 5 X , D . D D D D
3 5 1 1  N E X T  I
2 5 2 0  S U B E N h  !



2 5 3 0  S U B  P i e t ( P l t r , P I , F i l i l , D i w i . D i i l e n , L a r g e s t , S n o l l e s i i M e e n . S t d d t e , I n t e r m i t s ) , *
2 S 4 1  O P T I O N  B A S E  1
2 5 5 0  P l i t i !  P l s t t i n g  m u n e

2 5 6 0  T i p - W X ( I n t e r « a l ( S ) )  1 T a p  *  S I Z E  O F  L A R G E S T  I N T E R V A L
2 5 7 1  T a p » ( I N T ( T » p > l l ) * l ) / H
2 5 8 0  P L O T T E R  I S  P l t r . P t
2 5 9 1  A L P H A  O F F
2 6 0 0  G R A P H I C S  O N
2 6 1 0  I F  P l t r = 3  T H E N  G C L E A f l
2 6 2 0  I F  P l t r = 3  T H E N  2 7 0 1 !  I f  t h e  p l a t e r  i s ' n t  t h e  s c r e e n  t h e n  p i c k  up 4  p e n
2 6 3 0  G R A P H I C S  O F F
2 6 4 0  O U T P U T  2  U S I N G  " O . K ' / S K "
2 6 5 0  D I S P  " P a t  a  p e n  i n  t h e  p l a t t e r  a n d  p r e s s  ' C O L T '  w h e n  r e e d y '
2 6 6 1  P A U S E
2 6 7 0  A L P H A  O F F
2 6 3 0  G R A P H I C S  O R
2 6 9 0  O U T P U T  7 0 5 ; ' S P 1 " '  P i c k  a p  a  p e n
2 7 0 0  D E C
2 7 1 0  L I N E  H P E  .
2 7 7 0  L D I R  0
2 7 3  0 W I N D O W  S * a l l e s t - 2 * D i a l e n , L a r g e s t + D i * l e n / 2 , - T e p / 5 / o p * 1 . 3  P l a t  s c a l e
2 7 4 0  L O R G  5
2 7 5 0  C S I Z E  1 , . S
2 7 6 0  C L I P  S m a l l e s t , L a r g e s * , 0 , T a p
2 7 7 0  A X E S  D i a l e n , . 0 5 , S m a l l e s t , O '  D r a w  a i e s
2 7 8 0  C L I P  O F F  !

2 7 9 1  i D r a w  h i s t e g r a m

2 S B 0  F O R  1 = 1  TO D i a n a
2 S 1 0  I F  I n t e r , a l t D ' O  T H E N  2 8 4 0
2 8 2 0  C L I P  S m c l l e s t + ( I - l ) * D i a l e n  S m a l l e s t + I O D i a l e n , 9 , I n t e r v a l ( i )
2 8 3 0  F R A r t
2 8 4 0  N E X T  I
2 6 5 0  C L I P  O F F
2 8 6 1  C S I Z E  3 , - 5
2 8 7 0  L O R G  5 !

2 8 8 0  ' L a b e l  X  a x i s

2 8 9 0  F O R  1 = 0  T O  D i a n a
2 9 0 9  M O V E  S m a l l e s t ♦ I I D i a l e n , - T a p / 3 0
2 9 1 0  L A B E L  U S I N G  ' O D D . D D ' ; S m a l l e  - t t H O t a l e n
2 9 2 0  N E X T  I
2 9 3 0  H O W :  ( L o r g t s ; ♦ S m a l l e s t ) / Z , ' f e p / l 9
2 9 4 0  C S I Z E  5 , - 5
2 9 5 0  L A B E L  ' B u b b l e  d i a m e t e r  ' m i c r e n s ) *
2 9 6 0  C S I Z E  3 , - 5 !

2 9 7 0  ! L a b e l  T  a x i s

2 9 8 0  F O R  1 = 0  T O  T a p  S T E P  . 0 5
7 9 9 0  M O V E  S m a I l e s t - O i a l e n / 4 , 1
3 0 9 0  L A B E L  U S I N G  "  Z . D D ‘ ; I
3 0 1 0  N E X T  I
3 0 2 0  C S I Z E  4 , - 5
3 0 3 0  H O W  S m  l l e s t - D i a l e n , T a p / 2
3 0 4 0  L D I R  9 0
3 0 5 0  L O R E  6
3 0 6 0  L A B E L  " F r a c t i a n  e f  b u b b l e s '  !

3 0 7 0  1 G r a p h  h e a d i n g
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3 1 ) 8 0  I C F G  5
3 0 9 0  I D I R  0
3 1 0 0  C S I Z E  8 , 1
3 1 1 0  M O V E  ' L Q r q e s v 5 i w l l e s t ) / 2 , T a p t l . 2
3 1 2 9  F 0 8  1 * 1  T O  L E N ( F i l e S )
3 1 3 0  I F  F i l e $ [ I , I l = , . e T l . F H
3 1 4 1  N E X T  I
3 1 5 0  L A B E L  F i l e t
3 1 6 1  L I N E  T Y P E  3 , 1
3 1 7 0  L O I R  I
3 1 3 0  L O R G  5  1

3 1 9 0  ! L a b e l  m e a n  a n d  s t a n d a r d  d e n a h e n

3 2 0 1  M O V E  M e a n . O
3 2 1 0  I D R  A W  I , T o p
3 2 2  9  I M O V E  - S t d d e t  ,1
3 2 3 0  L I N E  T Y P E  1
3 2 4 0  C S I Z E  2 , - 5
3 2 5 0  L A B E L  C H 8 t ( l 2 4 )
3 2 6 1  M O V E  M e a n - S t d d e » , T # p
3 2 7 0  I  D R A W  2 I S t d d e « , 0
3 2 8 0  L A B E .  C N R t i l 2 4 )
3 2 9 8  M O V E  M e a n , T a p
3 3 0 1  L O R G  4
3 3 1 0  L A B E L  " M "
3 3 2 1  M O V E  M e a n - 5 t d d e » / 2 , T o p
3 3 3 0  L A B E L  S '
3 3 4 1  M O V E  M e a n » S t d d e » / 2 , T o p
3 3 5 0  L A B E L  ' ♦ S '  '

3 3 6 0  1 F i t  a  a e r w l  c v n *

3 3 7 9  M I N E  S m a l l e s t , )
3 3 8 0  F O R  M m o l l e s t  T O  L a r g e s t  S T E P  D i v l e n / l j
3 3 9 0  E i p c n e n t s D i » l e n * £ X P ( * ( ( I ' M t o n ) / S t d d e v ) * 2 / Z l / i S t d d e v l S G R t 2 1 ? I
3 4  0  0  D R A W  I , E x p o n e n t
3 4 1 1  N E X T  I
3 4 2 0  I F  P l t r * 3  T H E N  3 4 4 0
3 4 3 0  O U T P U T  7 0 5 ; ' S ? ' 1 P v t  p e n  d o w n
3 4 4 0  G R A P H I C S  O F F
3 4 5 0  S U B E N D  '



1 6 0

3 ,6 , o ..p ,.:SU i  .....................  I " " ' " ,
e o n , r t e n e  s t d d e i ,M e a n , S i d d ( * , Q _ c o l c , H o n  
3 4 7 0  D I M  A t t l i O l
3 4 8 6  P 8 I K T E S  I S  7 0 1 ; V I D T H  ( 8 0 )  1 O u t p u t  t o  p r i n t e r ^
> 3 4 9 0  P R I N T  ' t & d D ' ; F i l * $ ; ' t & d A ' t
> 3 S 0 0  P R I N T  >

\ z .... .
z z . z z, ^

F s l l !  M E  ■ S t w d ' i e m n L  i f  H b b l e  d i o M i i r s  m  l » «  » r f « l  '  ' . W - O O O . '

Z  %      • •■»»»•S 5SSSawsw;ss
> 3 6 2 1  1 I f  a  q n w w  j i s t n b i t u n  w a s  a s s u m e d  t h e n  ' " h a n q e  l i n e  3 6 1 )  a c c o r d i n Q . / »
> 3 6 3 1  P R I N T  U S I N G  3 6 4 0 ; N t t o , S i i ) w t >  v
> 3 6 4 1  I M A G E  ‘ N e t a  = " , X , M D  5 D E , '  m " , / , " S i g m a  =  , X , N D . S D E , X ,  m  , /  > >
> 3 6 5 0  • I f  a  g a m m a  d i s t r i b u t i o n  w a s  a s s u m e d ,  l i n e  3 6 4 0  s h o u . d  r « « « J >
> 3 6 6 0  ! I M A G E  " a  » \ X , M . S H £ , / , " b  = ' , X , M 0 . 5 0 E , X , "  U *' ,/
> 3 6 7 0  P R I N T  U S I N G  3 6 8 0 >
> 3 6 3 1  I M A G E  ' l 6 1 0 D ' , i 7 X , ' - 2
> 3 6 9 6  P R I N T  U S I N G  3 7 i l ; 9 . c a l c f,
> 3 7 0 1  I M A G E  ' g  *  " . D . I D D D D E , "  m  s  ( c a l c u l a t e d  f r o m  t h e  a r d  m o m e n t  ) , > 4 1 6 1 )  , /  T t  
> 3 7 1 }  1 * 3 3 t V A L v C » r r e « t $ ) / ( 4 t P 1 1 9 6 4 8 4 . 6 1 3 3 . S I N o n )  ' C a l c u l a t e  t h e  r a t e >
> 3 7 2 6  I F  R a t e  f l a q = 2  T H E N  K = ( K / ( M e a n * l . E - 6 ) ) " . S  ! c o n s t a n t  d e p e n d i n g  o n  w h i c h >
> 3 7 3 1  I F  R a t e * f l a q = 3  T H E N  K = R " ( 1 , 3 )  ! r a t e  e q u a t i o n  i s  u s e d »
> 3 7 4 0  P R I N T  U S I N G  3 7 5 0 >
> 3 7 5 6  I M A G E  ' > 4 i ; D ' , l S X , ' - 2 " >
> 3 7 6 1  ' R I N T  U S I N G  3 7 7 l ; N u n >  . u  . . . .
> 3 7 7 6  I M A G E  " N  -  ' , D . D D D f , X , ' m ' , ' > 6 l 6 D " , ' (  c a l c u l a t e d  f r o m  t h e  m e a s u r e d  H  ) >
> 3 7 8 1  I F  R a t e . f l a g = 2  T H E N  >
,3790 P R I N T  ' i ( l )  =  8<k*2)/r>
> 3 8 0 1  P R I N T  U S I N G  3 8 1 1 >
> 3 8 1 1  I M A G E ' m i D "  ; 2 2 X , , l / 2 , ’i 
> 3 8 2 1  P R I N T  U S I N G  3 8 3 0 ; K >
> 3 3 3 1  I M A G E  ' w h e r e  k : ' , X , D . D D E  X , ' m / s " , " > 4 l 6 D " , ' (  c a l c u l a t e d  f r o m  t h e  m e a s u r e d  N  ) A
> 3 8 4 1  E N D  I F i ,
> 3 8 5 0  I F  R a t e  f l a g * !  T H E N  >
> 3 3 6 1  P R I N T  V I )  •  1 4 4 ( k * 3 ) / ( l * 2 ) * V
1 3 8 7 1  P R I N T  U S I N G  3 8 8 0 >
> 3 8 8 0  I M A G E  * > 4 1  I D  • , 2 2 X , "  1 / 3 %
> 3 8 9 1  P R I N T  U S I N G  3 9 0 1 ; X >
> 3 9 1 1  I M A G E  " w h e r e  k = " , X , D  D D E , X , " m / s ' , " U 1 6 D " , / >
> 3 9 1 0  E N D  I F >
> 3 9 2 6  P R I N T  U S I N G  3 9 3 0 >
> 3 9 3 1  I M A G E % 4 1  I D " , 2 1 X , ' i  2 " , 2 8 X , ‘ i " , l 7 X , " 2 %

" i j ;  zw m m . c k i  < .  / ,  , . < « » •  . n . - w t i u , - . d i e t , d , n M . ' , i i x , v h  i v .  w d « - i
> 3 9 6 1  P R I N T  " > 4 1 6 D %
> 3 9 7 1  F O P  1 * 1  T O  N e . o f . m o m e n t s >
> 3 9 8 0  P R I N T  U S I N G  3 9 9 0 ; I , 8 . b e t a ( I ) , B e t a ( I ) , Q ( I ) 1,
> 3 9 9 6  I M A G E  D D , l 0 X , D , S D E , 1 8 X , D . S D E , l 3 X , C . 5 D E >
> 4 1 1 1  N E X T  I >  k
> 4 0 1 1  P R I N T  ' > 4 1 6 V  ■ G o  t o  t h e  t o p  o f  t h e  n e x t  p a g e , >
> 4 1 2 8  P R I N T E R  I S  tfc
9 4 1 3 0  S U B E N D  '\l
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S o l u t i o n  v , r ■> 11

■

88.74 0 microns
21.705 microns

127,000 micron-:
56,000 m i c r o n s

A *  u m i n  , n o r m a l  d i * t r i b e t i . n  o f  n u b b l e  d i m e t e r  i M u i n q  
N e t  a  2 7 0 0  0 E - 0 4  m
g t a m i  i 6 0 0  0 0E-05 m

-2 -I

rhe surface

t S7 4 45E>0 6 m ( c 1 1 CO Latf-'d from the Ird moment )

N  - 8  * 1

y(Li - > k '2 • 'L
- A !<

5
t
5
6
8

L 1 - /2

. . 1' ..frL_n
' ,50" '*02 
’ 622 r -02 
L 01776E-05 
t 26399E -0°
1 5 5 1 6 5 E - 1 3  

91227E-1"
2 .38659E-2 1 
• 0 2 8 1 6 E - 2  
T :>1226E--29 
r  i 4 7 9 ° E  3 " ?

8 1 i or PC ic ter'2,
1 .265482 v
1 , 7 3 1 86E- 0 3 
> 51636E-12
2 84322E-16 
>.12532E-20 
; 01304E-23 
1,73061E-27 
5, r,4214E-31
i 48455E-35 
011222-3

m1) : (. l/m-Q)
3.59563E+06 
4,40143E+Q6 
4.02879E+06 
3,28838E+06 
2.53317E+06 
1.88765E+06 
1,37904E+06 
9 9540 4E *■ 05 
. 1 3323E+05 

5.09"86E+05



S o l u t i o n  v i s c o s i t v  - 0 .Q2 c? 
T o t a l  c u r r e n t  "  1 A
i i o w r a t e  “  ^  1 ' * > r

.5 ’ • J h i . - :  on
1 , 7 0 5  m i c r  •

1 : 7 . 0 0 /  n; " (

A S B U r t i n a  a  n o r m a l  d i s t r i b u t i o n  o f  b u b b l e  d i a n e . n .  a . u . n o  h .  
N e t a  =  1 . 2 7 0 0 0 E - 0 4  w  
S i q m a  =  3 . & O O O 0 E - O 5  m

- ?  -1q  »  3 . 8 7 4 4 5 E + 0 6  n  S ( c a l c u l a t e d  from the >  : rowenr

•» u r • - i c  ■>

N  =  8 . 9 & 6 E + 0 6  m  “
„ ( 1 )  =  1 4 4 ( k A 3 ) / < 1 A 2 )  
w h e r e  k =  4 . 4 9 E - 0 5  n / s 1 / 3

1
2
3
4
5
6 
7 
9  
9

10

i 2q  <• S i (calc) ' M Zr\ 3_).
5 . 1 1 5 3 0 E + 0 2  
3 .0 7 5 6 9 E - 0 2  
1 . 0 1 4 6 5 E - 0 5  
1 . 1 9 9 5 1 E - 0 9  
1 . 4 0 2 0 8 E - 1 3  
1 . 6 5 2 3 2 5 - 1 7  
1 . 9 7 9 ^ 7 5 - 2 1  
2 . 4 2 0 4 1 E - 2 5  
3 . 0 2 3 0 9 E - 2 9  
3 . 9 5 7 4 9 E - 3 3

R i (Dredicre . ^
1 . 2 6 5 4 8 E - 0 "
1 , 7 3 1 9 6 E - 0 8
2  . 5 1 6 3 6 E - 1 2
3  3 4 3 2 2 E - 1 6  
6 .  1 2 5 3 2 E - 2 0  
t , 0 1 3 . 1 4 E - 2 3  
1 , -730615-27 
3 . 0 4 2 1 4 E - 3 1  
5  . 4 8 4 5 5 5 - 3 5  
1 , 0 1  1 2 2 5 - 3 8

4_ i / m s
0  4 2 1 8 5 + 0 i 
6 6 3 0 1 E  +  0. 
0 3 2 2 1 E + O f
1 211 OE t-Of 
28899510- 
631055+06 
t 4 3 9 7 E + 0 6  
9 5 6 2 7 5 + 0 5  
511995+0= 
9l4695^0=
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the surface

S o l u t i o n  v t , c o s i t v  - O ' ” 2  c P
} V ^ A : r r m X  :  = v n i n

S ^ n d a r d ' Z u t t i n ^ L b b i r d i o n e u . ' S  o n  t h e  s u r f a c e

A s s u n i n d  a  d a n n a  d i s t r i b u t i o n  o f  b u b b l e  d i a n e t e r s  l e a u i n d  t h e  s u r f a c e  ,
a =  i , 1 4 4 5 2 E + 0 1  
b  =  9 . 7 9 9 3 8 E > 0 4  t / «

a  3 8 . 7 4 0  m i c r o n ' :  
•= 2 1  . 7 0 5  m i c r o n s
=  1 2 7 . 0 0 0  m i c r o n s  
=  3 6 . 0 0 0  m i c r r n s

-2 -I3 , 7 9 5 6 3 E + 0 6  m  i ( calculated f r o m  the 3 r d  m o m e n t  )

N  =  8 . 9 6 6 E + 0 6  m
u ( l )  =  8 ( k A 2 ) / l  
w h e r e  k  -  3 . 2 0 E - 0 5  m / s 1 / 2

1
2
3
4
5
6 
7  
9 
9

1 0

rjxRi(calc) <m_\Znl22.
4 . 5 5 0 2 0 E + 0 2  
7  . 6 2 2 6 7 E - 0 2  
1 . 0 1 3 7 9 E - 0 5  
1 . 2 6 3 9 9 E - 0 9  
1 . 5 5 1 6 5 E - 1 3  
1 .012275-17 
2 . 3 8 6 5 9 E - 2 1  
3 . 0 2 8 1 6 E - 2 5  
3 . 9 1 2 2 6 E - 2 9  
3 .  1 4 7 9 8 5 - 3 3

( predict ed_) lull
1 , 2 7 0 0 0 5 - 0 4  
1 , 7 4 2 5 0 5 - 0 8  
2 . 5 6 8 6 1 5 - 1 2  
4  , 0 4 8 4 9 5 - 1 6  
6 . 7 9 4 1 4 5 - 2 0  
1 . 2 0 9 5 2 5 - 2 3  
2 . 2 7 6 6 5 5 - 2 7  
4 , 5 1 7 6 3 5 - 3 1  
9  , 4 2 5 4 9 5 - 3 5  
2 . 0 6 2 7 0 5 - 3 8

<1 (l/m^s)
3 . 5 8 2 8 3 5 + 0 6  
4 . 3 7 4 5 5 5 + 0 6  
3 . 9 4 6 8 4 5 + 0 6  
3 . 1 2 2 1 2 5 + 0 6  
2 . 2 8 3 8 0 5 + 0 6  
1 , 5 8 1 0 1 5 + 0 6  
1 , 0 4 8 2 9 5 + - 0 6  
6 . 7 0 2 9 8 5 + 0 5  
4  1 5 0 7 2 5 + 0 5  
2 . 4 9 5 7 4 5 + 0 5
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S o l u t i o n  v i s c o s i t y  =  0 . 9 2  c ?
Total current - I &F l o w r a t e  88 -  l / « m

-n ,„e d „ r ^ .
38.74 0 microns 
21.705 microns

1 2 7 , 0 0 1 '  
3 6 , 0 U r

x c r o n s  
m i c r o n s

A s s u m i n o  ,  g a . M ,  d i s t n b u x . o n  o f  b u b b l e  d i a m e t e r s  l e a u i n b  t h e  s u r f a c e  t
a  - 1 . 1 4 4 5 2 E + 0 1  
b = 9 . 7 9 9 3 8 E + 0 4  1 / m

q  ,  3.7V563E+06 n " 2 s " ‘ < c a l c u l a t e d  f r o m  t h e  3 r d  m o m e n t  )

— 2N  =  8 . 9 6 6 E + 0 6  m
u(i) = 9(kA2)/l 
where k - 3.20E-05 m/s i/;

1
2
3
4
5
6 
7  
9 
9

1 0

g-x-Bi (calc) (m 1/m'
4 . 5 5 0 2 0 E + 0 2  
7 .  3 2 2 6 7 E - 0 2  
1 . 0 1 3 7 9 E - 0 5  
1 . 2 6 3 9 9 E - 0 9  
1 . 5 5 1 6 5 E - 1 3  
1 . 9 1 2 2 7 E - 1 7  
2 . 3 8 6 5 9 E - 2 1  
3 . 0 2 8 1 6 E - 2 5  
3 . 9 1 2 2 6 E - 2 9  
5 . 1 4 7 9 8 E - 3 3

B. i ( p r e d i c t e d )  ( m .  A
1 . 2 7 0 0 0 E  - 0 4  
1 , 7 4 2 5 0 E - 0 8  
2 . 5 6 8 6 1 E - 1 2  
4  . 0 4 8 4 9 E - 1 6  
6 . 7 9 4 1 4 E - 2 0  
1 . 2 0 9 5 2 E - 2 3  
2 , 2 7 6 6 5 E - 2 7  
4 . 5 1 7 6 3 E - 3 1  
9 . 4 2 5 4 9 E - 3 5  
2 . 0 6 2 7 0 E - 3 8

t] C 1 /m^s)
3  5 8 2 8 3 E + 0 6  
4 . 3 7 4 5 5 E + 0 6  
3 . 9 4 6 8 4 E + 0 6  
3 . 1 2 2 1 2 E + 0 6  
2 . 2 8 3 8 0 E + 0 6  
1 . 5 8 1 0 1 E + 0 6  
1 . 0 4 8 2 9 E + 0 6  
6 , 7 0 2 9 8 E + 0 5  
4 , 1 5 0 7 2 E + 0 5  
2 , 4 9 5 7 4 E + 0 5
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S o l u t i o n  v i s c o s i t v  
T o t .31 current 
Flowrate

0.92 cP
1 A
2 1/nin

8 8 . 7 4 0  m i c r o n s  
2 1  . 7 0 5  m i c r o n s

1 2 7 . 0 0 0  m i c r o n s
3 6 . 0 0 0  m i c r o n s

A s s u m i n g  a  g a m m a  d i s t r i b u t i o n  o f  b u b b l e  d i a m e t e r s  l e a v i n g  t h e  s u r f a c e  ,
,3 =  1 . 1 4 4 5 2 E  +  0 1  
b  =  9 . 7 9 9 3 8 E + 0 4  1 / m

q  ,  3 . 7 9 5 6 3 E + 0 6  m ' 2 ! - ’ < c a l c u l a t e d  f r o m  t h e  3 r d  m o m e n t  )
-2

N = 3.966E+0 6 m

u(1) = 144(kA3 )/(1A2)
where k - 4 . 49E-05 m/s 1 / 3

1
2
3
4
5
6
7
8 o
10

g >: ft i f c  .3 I c  ) ( m ' j m_2l.
5 . 1 1 5 3 C E + 0 2  
8 . 0 7 5 6 9 E - 0 2  
1 , 0 1 4 6 5 E - 0 5  
1 . 1 9 9 5 1 E - 0 9  
1 . 4 0 2 0 8 E - 1 3  
1 . 6 5 2 3 2 E - 1 7  
1 . 9 7 9 7 7 E - 2 1 
2 , 4 2 0 4 1 E - 2 5  
3 . 0 2 3 0 8 E - 2 9  
3 . 9 5 7 4 9 E - 3 3

ft |n.- e v i c t e d )  ( M 1

1 . 2 7 0 0 0 2 - 0 4  
I . 7 4 2 5 0 E - 0 8  
2 . 5 6 8 6 1 E - l 2  
4 . 0 4 3 4 9 E - 1 6  
6 . 7 9 4 1 4 E - 2 0  
1 . 2 0 9 5 2 E - 2 3  
2 . 2 7 6 6 5 E - 2 ?
4 . 5 1 7 6 3 E - 3 1  
9  . 4 2 5 4 9 E - 3 5  
2 . 0 6 2 7 0 E - 3 8

rU.±Ln-2l
4 . 0 2 7 7 9 E + 0 b  
4 , 6 3 4 5 4 E + 0 6  
3 . 9 5 0 1 9 E + 0 6  
2 . 9 6 2 8 5 E + 0 6  
2 . 0 6 3 6 6 2 + 0 6  
1 . 3 6 6 0 9 2 + 0 6  
9 . 6 9 5 9 7 E + 0 5  
5 , 3 5 7 6 9 E + 0 5  
3 . 2 0 7 3 4 E + 0 5  
1 . 8 7 0 1 1 2 + 0 5
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