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Abstract

Recently, Andrews and Merca have given a new combinatorial interpretation of the total
number of even parts in all partitions of # into distinct parts. We generalise this result and
consider many more variations of their work. We also highlight some connections with the
work of Fu and Tang.

Keywords Partition - Bijection - Generating function - Congruence

Mathematics Subject Classification 05A15 - 05A17 - 05A19 - 05A30 - 11P81

1 Introduction

A partition of a positive integer n is a representation A = A; + Ay + - -+ + A, where 1| >
Ay >+ > A > land Y ;_; A; = n. A more compact notation for A is (u}'"", u3?, ...)
where (11 > o > --- and m; is the multiplicity of the summand p;. For instance, 14+ 14 +
104+10+7+7+7+ 1+ 141+ 1 can be written as (142, 10%, 73, 1*). The summands in
a partition are called parts. The union of two partitions A and f is simply the multiset union
AU B where A and B are treated as multisets. Partition identities involving various classes of
partitions have been studied, for example, see [1, 11]. We recall a popular one: For a positive
integer ¢, the number of partitions of n into parts appearing at most t — 1 times is equal to
the number of partitions of # into parts not divisible by . Glaisher’s bijection [7] establishes
a one-to-one correspondence between the aforesaid classes of partitions. Finite versions of
this identity were studied in [2, 5, 10].

We shall let ¢; denote Glaisher’s map, mapping the set of partitions into parts appearing at
most # — 1 times to partitions into parts not divisible by 7. This map is described as follows:
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Suppose that & = (A{', A5, ...) is a partition of n in which each part appears at most t — 1

times. Write A; = #'i - b; where ¢ { b; and then map A{’ to (b;)""¢ for each i, where b; is
now a part with multiplicity ¢"i ¢;. We define ¢, (1) to be the partition

¢ 0 = Jw" .

i>1

Note that the parts of this partition are not multiples of 7. The inverse ¢, Uis given as
follows.

Let w = (u}'', u5?, ..., uy'") be a partition of n in which no part is divisible by 7. The
notation for p implies that @1 > @y > --. are parts having multiplicities m, mo, ...,

respectively. For each m;, we find its ¢-ary expansion, i.e.
m; = bio + birt + biat* + bi3t® + - - + by 1"

where 0 < b;; <t—1and0 < j < ¢;.
We then map ;L;"i to Ui’: O(t/ )i, where ¢t/ u; is now a part with multiplicity b; j- The
image of wu, i.e. q,’),_l (w), is given by

ro 4
U@ m.

i=1j=0

It is clear that this is a partition of n in which each part appears at most ¢t — 1 times.

The case of t = 2, also known as Euler’s “Distinct v.s. Odd” partition theorem, has posed
interesting questions and various studies conducted in many directions. Recently, Andrews
and Merca [3] considered the following partition functions:

a(n): the total number of even parts in all partitions of n into distinct parts;

ce(n)(resp. c,(n)): the number of partitions of n in which exactly one part is repeated and
this part is even (resp. odd);

b, (n): the number of partitions of n into an odd number of parts in which the set of even
parts has only one element;

b.(n): the number of partitions of n into an even number of parts in which the set of even
parts has only one element;

b(n) = b,(n) — b.(n) and c(n) = c,(n) — ce(n).

They obtained the following result.
Theorem 1 Foralln > 1,
a(n) = c(n) = (—1)"b(n).

Note that, if 5’(n) denotes the number of partitions of n in which the set of even parts is
singleton, then b’ (n) = b,(n) + b.(n). Hence, one of the implications of the theorem is that

2 | a(n) — b (n). (1)

For related work, see [4, 9].

In this paper, we generalize the identity a(n) = c(n) of Theorem 1 and also generalize
(1). We then consider some variations. As a consequence, some connections with the work
of Fu and Tang [6] are highlighted and bijective proofs are provided in such cases.

We recall the g-series notation:
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Fora, q € C, we have (a; q), = ]_[;’;O](l —aqi) forn > 1 and (a; ¢)o = 1, and also for
lgl <1,

o
(@ @)oo = [ [(A — ag").
i=0
Below are some useful g-identities:
00 ) s
@ D= Y (=DIg" T =143 (~ig" T, o)
Jj=—o0 j=1

O Z(_l)/’(zj " l)qj(j;rl) 5

j=0

2 Generalizing the identity a(n) = c(n) of Theorem 1

We first observe the following.

Theorem 2 Suppose that p and r are non-negative integers such that p > r + 2. Denote by
ay(n, p) the total number of parts congruent to —r (mod p) in partitions of n into distinct
parts. Let g, (n, p) denote the number of partitions in which exactly one part is repeated
and the multiplicity of this repeated part is at least p — r and congruent to —r, —r + 1
(mod p). Let g, ,(n, p) (resp. gr..(n, p)) denote the number of g, (n, p)-partitions in which
the repeated part is odd (resp. even) and let ¢, (n, p) = gy o(n, p) — gr.e(n, p). Then

a(n, p) = ¢ (n, p).

It is important to realize that setting p = 2 and r = 0 yields the first equality in Andrews
and Merca’s theorem, Theorem 1.

Proof Let F(z, q) be the multivariable generating function for ¢, (n, p) in which z tracks the
repeated part. Then

o0
F(z,q) = Zzn(q(pfr)n 4 g PP g R2pin Ly gD (L

n=1

oo
+qrEn L T a4+
J#n, j=1

9]
— Zzn(q(pfr)n(l +qpn +q2pn +q3pn 4. .)+q(p7r+l)n(l +qpn

n=1

+q*" + " + ]_[ (1+4¢7)
/#n Jj=1

o0
—Zz” PIMA 4G A+ "+ ) [ A +a)
j#n.j=1
(p—r)n n o0
7"q (I +4") ;
_Z qPn 1_[ (1+q])

J#n,j=1
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g (p—r)n

]_[( +4q’)

an (p—r)n

= (—q;Q)mZW-

n=1

——2:

Using the fact that Yo 1(gr.0(1, p) — gr.e(n, p))q" = —F(—1, q), we have

Y er(n, p)g" =—F(=1,q)

o0
, (—1)"g P
=—(—¢;: 9 Z W

n=1

o0 qpn
_ . n_—rn
=—(—4: Do Yy _(-1)q T—gm
n=1
o0
=—(=¢: 9o Y _(-1)"q *’"Zq””’”
n=1 m=1
o0 o0
=—(=4: Do y_ Y _(—1"q"g""
m=1 n=1
—(—q q)ooZZ( gy
m=1 n=1
X —r+pm
- —(—g- -4
= —( q,q)oomX::1 T
o qfr+pm
=(—9;¢)oo P —
oo L Ear
On the other hand,
00 3 00 P 00
> ar(n, p)g" = <az . []a +zq""_r)> [T [Ta+e"
n=0 T =1 i=l,i#r n=1

I
I

)

o ) x
[Ta+g¢™ (H(l +2¢""7)
rn=1 n=1 =

i=1,i
8 o0
* (81‘ Y log(l +z¢”"~ ’))
n 1
qpﬂ r
<l_[(1+q ))Z]+qpn r
0 —r+pn

= (=4¢: 9o Z W
n=1
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Thus

oo o0
Y ar(n, p)g" =) er(n, p)g”
n=0 n=0

and the theorem follows. ]

The above theorem provides a new combinatorial interpretation of the total number of
parts congruent to —r modulo p in partitions of » into distinct parts.

In Fu and Tang [6], recall the function O, ;(n) which denotes the number of partitions of
n in which there are exactly j different parts congruent to 0 modulo p (possibly repeated).

For j = 1, we shall denote this function by 0,,(n) which counts partitions of » in which
the set of parts congruent to 0 modulo p is singleton. Define a(n, p) to be the total number
of parts congruent to 0 modulo p in all partitions of n into parts appearing at most p — 1
times.

Clearly a(n,2) = a(n) = aog(n,2) and 0y(n) = b’(n). We have the following property
which extends (1).

Theorem 3 Foralln > 0,
plan, p)—opn).
Proof The generating function for o, (n) is given by

qP"

o0 o0
(@73 9")oo
n __
ZOp(n)q - B Zl_qpn
n=0 n=1

(45 @)oo

and the generating function for a(n, p) is given by Herden et al. [8]:

@?; 9") o i g’ + 2q2pn + 3q3pn T (p— 1)q(p_1)[m
(45 @)oo 1+ gbn 4 g2 + ...+ gp—Dpn :

Recall the identity:

Xn:kxk Cox(=x"h — (n+ D — x)x"T!

T =72 “
Manipulating the generating function, we have
p—1 .
. Z jq™
a_ @747
Za(n,p)q = (q:q) Z 1—gP?n
n=0 Q7 q o n=1 1 Ii]pn
2
q[)n(17q17 ﬂ)ip(liqp)l)q[) n
(@75 4"V (I=q")? )
= by (4) with n=p —1,x =g
@ Do Z - (by (4 n=p x =q")
n=1 1— qpn

_ @" 9" Z 1—g” ¢ (1—q"") — p(1 — g"")q""

@ oo 5 1—gPn (1 —grm)?
P.gb 1 —gPt gP*(1 — p*n

_ G q)ooz q q ( qz) (mod p)
@ Doo F= 1 —gP™n qr")
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_ q?;97) o0 Z qP"
(¢ @oo = 1 =g

o0
= o0,(n)q".

n=0

It is notable that
o0 o0
1 qP"

a(n, p)q" = (g7 q") (mod p).

2 (4 oo mzl—q""

n=0 n=1

As the latter factor is a series in ¢”, it is immediately true that if s (pr + j) vanishes modulo p

for all n where s (m) counts the number of unrestricted partitions of m, so does a(pn + j, p).
In particular, applying the Ramanujan’s partition congruences: s(5n + 4) = 0 (mod 5),

s(7n+5) =0 (mod 7) and s(11n + 6) = 0 (mod 11), we have the following result.

Theorem 4 Foralln > 0,

albn+4,5 =0 (mod5),
a(fn+5,7)=0 (mod7)

and
a(lln+6,11) =0 (mod 11).

Letoy . (n) (resp. 0p,,(n)) be the number of o, (n)-partitions in which the number of parts
congruent to 0 modulo p is even (resp. odd) and

zq™"

" 4"
H(z,q)— ( D gl_zq,m.

Then

> 1
2 0pomq" =S (H(1,q) = H(=1,9))

_ 4”4 i q"" +i g™
2(q: 9)oo L —gP" L +q7"
n=1 n=1
(@797 Z g™
= . 7
(‘17 CI)oo n=1 pn
_ (qp qP)OO Z pn Z 2pnm
(q q)oo n=1 m=0
_ @” ") Z Z (p+2pmin
= q
(q; q)oo =0 n=1
_ @": ") gr2em
(@D mz;) I —g?pmr ©
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and similarly,
> 1
> 0pemq” = 3 (H(.q)+ H(=1.9))
n=0

@":4")o0 o 4"
@D S 1—gPrm

(6)

Thus, if for i = 0, p, h;(n, p) is the number of partitions in which parts are congruent to
1,2,3,..., p— 1 modulo p or congruent to i modulo 2 p and the set of parts =i (mod 2p)
is singleton, then

Op,o(n) = hp(nv p) and Op,e(n) = ho(n, p).

3 Further variations

Consider the following partition functions:

d(n): the number of partitions of n in which exactly one even part is repeated and odd parts
are unrestricted.
d,(n): the number of partitions of n in which exactly one odd part is repeated and even parts
are unrestricted.

Fori = 0, 2, f;(n): the number of partitions of n in which the set of parts congruent to i
(mod 4) is singleton. Then we have the following theorem:

Theorem 5 Forn > 1,
de(n) = fo(n) and do(n) = fo(n).

Proof Note that

o0 o0 q2n+2n o0 )
D demg" = ———> —— [] d+4*)
v (@970 i 1 — ¢ idn =1

oo

1 9" (=% 4o
(@3 4%)o0 F= (1 =g (1 +¢°")
(0% o g™

- g2 — g4n
(@470 i 1—¢q

(0% 050(0% 4P on 4"

(43 4P (g% qPoo 1 — g™
IO NNE
- . _ 4
(@ Do I 1 —g™
1 o0
— ( 4n+ 4n+4n+ 4n+4n+4n+'“)
@3 4M)00(@% 40 (g% 4o ; R K
o0
=Y folmq".
n=0
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Similarly,
00 1 00 q2n71+2n71 00 i
n __ J—
Zd”(n)q - (qZ; qz)oo Z 1 — q2n—1 A 1_[ (I+gq )
n=0 n=1 j#n,j=1

1 i 245 4% oo
@ e 2= (= g7 D1+ g )

(_q; qZ)OO 0 q4n—2

=22 — dn—
@% )00 i 1—4q

2

(40D @: Do o~ ¢

(4% 9)%0(q: D)oo

1 — q4n72

n=1

ICETNE N i

@9 S 1—gh?

n

1 (o]

_ (G472 4 24D L =D
(@: M@ Moo (@ ) oo 2 1

=Y hmg".
n=0

n=1

m}

We also note the following bijective proof which is uniform for both identities in the
theorem.

The bijection

Let 2 = (A}, 252, ..., A"") be a partition enumerated by f>(n)/ fo(n). Then

A 2m;
(4> , A =0,2 (mod 4);

A 2
o7 "), A =1,3 (mod 4).
To invert the mapping, let o = (u}', 13, ..., ;") be a partition enumerated by d, (n) /d, (n).
Then
i 5 i—2L%)
wi e Qu U g,
Recall that
id " — @ qH0 = g™
TP 1—g*
n=0 v 4700 4
so that
o s q4n
@3 Do D_deq" = (g% 4D Y — @)
n=0 n=1

Using (2), we have
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(@: Do Y de(n)g" = (1 + Z(—l)"q"“'ﬁi”> 3 de(mg”
n=0 n=1 n=0
=33 den — byg” ®

n=0 k=0
where
o — (—1/, ifk=1CZED ez,
0, otherwise.
Note that the right-hand side of (8) is equal to

L|+JWJ

o) 6 . . . .
~ JjGBj+1D JjGBj—=1 n
nZ:(:) de(n) + ; (—1)/ (de (n—72 >+de <n—72 )) q".

Invoking (2) and the identity

o qn o0
> T = 2 00w
n=1 q n=1
where oq(n) is the number of positive divisors of n, (7) becomes
o0 o
Z (— n n(3n+l)/2 Zd (n)q Z (_1)nq2n(3n+1) Zﬁo(n)q4”~
n=—00 n=0 n=-—00 n=1

Hence, we have the following.

Corollary 6 For all integers r > 0, let

AGr) = {j €Z-0:2jBj+1)=r (mod4) and j < L(«/W— 1)/6”
and

B(r) = {j €7.0:2j3j—1)=r (mod4) and j < L(1+\/6rﬁ)/6”‘

Then for a positive integer n, d,(n) is equal to

| iy
> (DI (d (n = 285D 4 d, (n - BFRY), ifn£0 (mod 4);

J=1
L4211
[—%—

ng S (de (" B w) +de (" - w)) +y®m), fn=0 (mod4),

where
. 2i(3i 4+ 1 Chi3i—
J/(n)zao(n/4)+.;)(—l)lao<W) %‘)( Yoo (%)
JjeAm jeB»n

In this case, we have a relationship between d, (n) and o¢(n).
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Example 1 Consider n = 8.

The d, (8)-partitions are:
@), 4,2%), (3,2, 1, 2h, 2%, 1%, 2%, 1.
We now apply the recurrence. Since 8 = 0 (mod 4), we have

de(8) = de(8 —2) + dp(8 — 1) — do(8 = 7) — do(8 — 5) + ¥ (8)
=de(6) +dc(7) — de(1) —de(3) +y(8)
=de(4) +2de(5) — de(1) + de(6) — 2de(2) — de(1) + v (8)
=de(2) +3de(3) + 3de(4) + de(5) — 3de(1) + v (4) + ¥ (8)
=4de(1) +6d(2) + 4d,(3) + d.(4) +4y(4) + v (3)
= 10d,(1) + 5d(2) + de(3) + 5y (4) + ¥ (8)
=6d.(1) +de(2) + 5y (4) + v (3)
=d.(1) +5y#) +v(8)
=5y@® +r®.

Now, A(8) = {1}, B(8) = {1}, A(4) = {} and B(4) = {1} and s0

d.(8) =5y +y(@8)
= 5[op(1) — 00(0)] + [00(2) + 00(0) — op(1)
00(2) + 4oo(1) — 500(0)
=2+4(1) — 5(0)
=6.

We also note that

ZOO w_ @ o g
d(’(n)q = q: q) 1 — g4n—2
n=0 oo 5 1 4

1 o0 q4n—2

4n—2

(4% 4Do0(@s Qoo S 1 — g2

1 e an 0 q4n
( n Z 1 — q4n (mOd 2)

=2 a2 . _
@%9%)o0(q; @)oo \i 1 — 7" =

1 s an Sl q4n
~ (@ 9)3 ( I—g> = i—g* (mod 2
’ o0 \n=1 n=1
so that
S o o S q2n o q4n
D domq" Y q" RS T = ) gy (mod 2)
n=0 n=0 n=1 q n=1 q

where we have used (3) for (g; q)go.
But the right-hand side of (9) is

o0 o0
Y o0mg™ =) oo(mg™
n=1 n=1
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o0

= ) o@/¢"+ )Y oon/2q"
n>1,n=0 (mod 4) n>1,n=2 (mod 4)
00

- > oom/hg"
n>1,n=0 (mod 4)
o.¢]

= ) ©om/D—oom/g"+ Y. oon/2)q".

n>1,n=0 (mod 4) n>1,n=2 (mod 4)
If n =0 (mod 4), we can write n = 2™ b for some positive integers m > 2 and b odd. Then

00(n/2) — oo(n/4) = 00(2"b/2) — 00(2"b/4)
= 002" 'b) — 60(2"2b)
= 002" Moo (b) — 60(2" oo (b) (oy is multiplicative)
= 00(b) (a0 2""") — 00 (2"7?))
= op(b)(m — (m — 1))
= oo (b).

On the other hand, if n = 2 (mod 4), we have n = 2b for some odd positive integer b. Thus,
oo(n/2) = op(b).
Denoting by va2(n), the 2-adic valuation of n, we obtain the following result.

Corollary 7 Forn > 0, we have

L@AJ 0 (mod 2) ifn=1 (mod 2);
j2=:0 do(n — j(j+1)/2) = {UO (l’l/2v2(n)) (mod 2), ifn=0 (mod 2).

4 Generalizations

The partition function d,(n) can be generalized as follows: Letk, p > 2and 0 <r < p be
integers and define d), (n, k, r) as the number of partitions of » in which exactly one part = r
(mod p) appears at least k times. In this definition, parts not congruent to » (mod p) appear
with unrestricted multiplicity. Similary, let f),(n, k, r) denote the number of partitions of n
in which parts = kr (mod pk) form a singleton set.

If r # 0, we have

oo
Z dp(n, k,r)q"
n=0

_ @4 5 ¢F lo_o[ (14 gPItr 4+ g2Pi+n Ly gh=Dpitr)y
@ Qoo Az L= L5
("5 4" )00 gkt O e A
T @D 2 k=1 , l—[ 1 —qritr
n=0 (1— qpn+r) Z q(pn+r)t j=0
i=0
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(qr; qp)oo(qkr; qkp)oo S qpkn+kr
Y N U N e S T

3 (qkr;qkp)oo o0 qpknJrkr

- . _ g Dkn+kr
@ Do =1 —¢q

= fyn. k. r)q".

n=0
If r =0, then
=) P p 00 kpn ) . A .
Y dp(n.k,0)¢" = (i fq))oo 1q_ o T e+ g
=0 EA R T

which simplifies to

@"; ¢*P)oo i g - "
. = fp(n,k, 0)g".
(¢; Do 1 L —gpPen 0

Thus, we have:
Theorem 8 Let p > 2. For an integer n > 1,

frn, k,ry=dpn,k,r).

A bijection (which extends the one for d,(n)/ fo(n) and d,(n)/ f2(n)), is given as follows:
Let A = (A}, 252, ..., A"") be a partition enumerated by f,(n, k, r). Then

; )L—l o if A; =0, k, 2k (p— Dk (mod pk);
)\;n,'_) k s i =Y, K, P s

¢k_1 (A'"), otherwise.

From A, note that there is only one part congruent to kr (mod pk) (with unrestricted multi-
plicity). Under the bijection, this part is mapped to the exactly one part which is congruent
to r (mod p) repeated at least k times. For other parts of A that are not congruent to kr
(mod kp), there are two cases.

Case 1: If the part is divisible by £, it can be shown that such a part must be congruent to jk
(mod pk) where j € {0, 1,2, ..., p — 1}\{r}. This part is mapped to a part not congruent
tor (mod p) with multiplicity at least k.

Case 2: If that part of A is not divisible by k, we apply ¢, I
Conversely, let u = (ui‘ S /L‘;’) be a partition enumerated by d,, (n, k, ). Then
; Si si—k| 3]

wi e kp) U gy

represents the inverse mapping.

) (10)

Example2 Considern =9, p =3,k =4andr = 1.
The d3(9, 4, 1)-partitions are:
(6,19, @, 19), 3,2, 1%, 3,19, 2%, 1), 2, 17), (1.
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To find the image of (1°), we perform the transformation:

1]

Applying the inverse map in (10) yields
1 @ 1).
Similarly, we have

(5,14 > (5,4)
4,17 > 4, 1°)
(3,2,1H > (4,3,2)
(3,19 > 4,3,1%)
22, 1) > 4,22, 1)

2,17 — 4,2, 1%).

4.1 Connection with the work of Fu and Tang

Recall that ox (n) denotes the number of partitions of » in which the set of parts congruent to
0 modulo k is singleton. Fu and Tang (2017) showed that if di (n) is the number of partitions
of n where exactly one part is repeated at least k times, then

ox(n) = di(n). an

Setting k = 4 in (11), 04(n) = d4(n). On the other hand, we have shown that fy(n) = d.(n)
in Theorem 5. Since fy(n) = 04(n), we have the identity

ds(n) = d,(n). (12)

Note that (12) is not ‘trivial’. As a preparation for a more generalized result, we describe its
bijective proof.

Let A be enumerated by d4(n) and j be the part that is repeated at least 4 times. Then
A = AU j™ where m is the multiplicity of j in A and X is the subpartition of A consisting of
parts that are repeated at most 3 times. Write m as

m=4q+i where 0<i <3 and g > 1.

One writes j” = j* U j' and converts j* into (2)%4.

Apply Glaisher map ¢4 on 2 U j! so that the image ¢4(A U j*) is a partition into parts not
divisible by 4.

Decompose the partition as

pa(hU jH=2"Ur"

where A’ is the subpartition consisting of odd parts and A" is the subpartition consisting of
parts = 2 (mod 4). Divide each part of 1" by 2 and apply ¢, ! on the resulting partition.
What follows is a partition into distinct parts. Then multiply every part of this partition
by 2 and call the resulting partition S.
Note that

eHMupur
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is a partition enumerated by d, (n).
The inverse will be demonstrated in the general map. We require the following lemma in
the subsequent work.

Lemma 1 Let p, k and x be positive integers such that pk > 2. Suppose thatx #% 0 (mod pk)
and x =0 (mod p). Then % # 0 (mod k).

Now, setting » = 0 in Theorem 8, observe that d,(n, k, 0) is the number of partitions of
n in which exactly one part = 0 (mod p) appears at least k times. By the above result of Fu
and Tang, the following generalization of (12) follows:

Theorem9 Forn > 0,
dpx(n) =dp(n, k,0).

Our interestin this theorem is in its bijective construction, which extends the given mapping
for the special case k =2 and p = 2.

Let A be enumerated by dpx(n) and j be the part that is repeated at least pk times. Then
A = AU j™ where is the multiplicity of j in A and A is the subpartition of A consisting of
parts that are repeated at most pk — 1 times. Write m as

m = pkq+i where 0<i <pk—1 and g > 1.

One rewrites j™ as j™ = jPk4 U ji and converts jP*¢ into (pj)¥.

Apply Glaisher map ¢, on X U j so that the image D pk (2 U j%) is a partition into parts
not divisible by pk.

Decompose this partition as

oAU jHy =2 un"

where 2/ is the subpartition consisting of parts # 0 (mod p) and A” is the subpartition
consisting of parts = 0 (mod p). Divide each part of A" by p and note that, by Lemma 1, the
resulting parts are not divisible by k. Apply ¢, ! on the resulting partition. What follows is a
partition into parts that appear at most k — 1 times. Then multiply every part of this partition
by p and call the resulting partition 8.

Note that

(pHupuN
is a partitition enumerated by d,(n, k, 0).
Example 3 Consider n = 433, p =3 and k = 4.
Consider the d17(433)-partition:
(1319, 105,790, 62,45 111y
which is decomposed as:
(1319, 105, 62, 45, 111y U (730)
where j =7and m =30 =12 -2 + 6. Thus 730 = (7%%) U (7°) and so
(7 = @21%).
Applying the Glaisher’s map to the remaining parts yields
$12((1319,10°, 7%, 62, 47, 111y = (1319, 10°, 79, 62, 47, 111).
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Note that 6 = 0 (mod 3) and thus

=307 (2.2) =@
B 4+ \373)" 7"

Taking the union of all the image parts gives
(218,131,105, 6%, 45, 1'")

which is a d3(433, 4, 0)-partition.
The inverse is described as follows:
Let 1 be enumerated by d),(n, k, 0). Decompose the partition as

nw=s"UguUN

where s is that one part = 0 (mod p) whose multiplicity m is at least k times, S is the
subpartition consisting of parts = 0 (mod p) whose multiplicities are < k — 1 and ) is the
subpartition consisting of parts # 0 (mod p). Write m as

m=kt+ f where 0< f<k—1and t>1.

. . pkt
One rewrites s™ as s = s U s/ and converts s* into (%) .

Divide each part of Us” by p and then apply ¢ on the resulting partition. Then multiply
every part of the obtained partition by p and denote the resulting partition by . Note that 1/
is a partition whose parts are not divisible by pk but divisible by p. Thus the parts of A" U u’
are not divisible by pk. Now compute

= U p)

so that p” is a partition with parts appearing at most pk — 1 times. Clearly,

k
<S)” o
p
is a partition enumerated by dp (n).
Reversing the previous example, recall the d3(433, 4, 0)-partition:

1%, 1319,10%, 6%, 4%, 1.
We decompose it as follows:
Q¥ u(eH u 30,105,435, 1),
Thus,
@1%) = (7,
3x04(5.5) = o
Applying the Glaisher’s map to (1319, 103,43, 111) U (6?) gives
¢, (1310107, 6%, 47, 1') = (1319, 10°, 7%, 6%, 47, 1),
Now, taking the union of all the image parts yields
(1310, 105, 7%, 62, 45 111)

which is a d17(433)-partition.
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4.2 Aslightly different partition function

Fora > k,letg(n, «, k, p) denote the number of partitions of n in which only one part appears
at least « times and its multiplicity is congruent to o + j modulo p where 0 < j < k — 1
and all other parts appear at most £k — 1 times. Denote by g, (n, o, k, p) (resp. g.(n, «, k, p)
the number of g(n, «, k, p)-partitions in which the part repeated at least « times is odd (resp.
even). Then we have:

Theorem 10

o k. k n+ao
(¢": 4" q”
J— n—
ngzogo(n,a,k,p) ge(n, .k, p)q" = @ D n§= T4 grta 13)

Proof 1If 7 tracks the part repeated at least « times, observe that

Y gk p)g'"

m=0n=0
) 00 %) 00
— Z |:Zn <Z q(ot+mp)n + Z q(ot+l+mp)n R Z q(a+k—l+mp)n>
n=1 m=0 m=0 m=0

[] a+a/+q% +4%7 +---+4% )

Jj=1.j#n
00 k—1 oo
_ZZ qu(a+t+mp)n 1_[ (1+qj +q2/ +q3/+ —i—q(k_])/)
n=1 i=0 m=0 j=1,j#n
=Zzn anzqm qupn 1_[ A+q" +q% +¢% + -+ q* Dy
Jj=1,j#n
x anan kil o0
= Z 1 pn q" (144’ +q2/ —‘,—q3] 4+ +q(k—1)])'
n=1 q i=0 j=1,j#n
0 anan 4
- Z 1= ]_[(l +q/ + ¢ + g3+ g%y,
n=1 j=1
_ 0 gen 00 l—qkj
_Zl_qpn l_[ 1—gq/

so that
S k. k n,an
n q*:q%) (=D"g

D (o, .k, p) — go(n, &, k, p))g" = — 2 ,q - Z .

e (@ Poo = 1—¢q7
(q 4"

( 1)}1 on pnm

(4 @)oo Z mZZZOQ
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_ (61 q )00 ZZ( qa+pn1)n

(@ Do =0~

@*: 4o o~ %"
- . a+pm
@ Do = 1+4q
AT R =
(@D I T getem

m

m}
We have the following relationship between k(n, p) and g(n, p, p, p).
Proposition 11 For all n > 0,
8o(n, p, p, p) = ho(n, p) and g.(n, p, p, p) = hp(n, p).
Proof From the fact that
o0 o o
(q”;4") gt
2.2 8 ppp)g' = =) T
m=0n=0 4> 9) n=1 q
recall that z tracks the part which is repeated at least p times. Then
x oo
(q”;9") g™
Dgompoppgt === )L o
n=0 9> 4)o0 n=1,n=1 (mod 2) q
4”400 o 42"
= . — 2pn—
(@ Poo S L—g=rm™7
o
= ho(n, p)q"
n=0
and on the same note,
o0 o
(q*;4") g’
Y g, p.p.p)g" = (7)00 > T—gm
n=0 490, =0 (mod 2) 4
@": 4700 o 4"
= . _ 42pn
(@ Do T 1 =g
oo
=Y hy(n, p)g".
n=0
m}
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