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Abstract
Malaria remains a significant public health burden in Sub-Saharan African countries, hinder-
ing their development. With no effective vaccine currently available, controlling the malaria
vector population remains the most effective preventive measure. A promising strategy to
combat this disease involves the use of the bacterium Microsporidia MB to reduce/replace
disease-transmitting wild mosquito population. In this paper, we develop a dynamic model to
analyze the transmissiondynamics ofMicrosporidiaMBwithin thewildmosquito population,
considering both imperfect maternal and horizontal transmissions. In this paper, we develop
a dynamic mathematical model to analyze the transmission dynamics of Microsporidia MB
within wild mosquito populations, accounting for both imperfect maternal and horizon-
tal transmission. We derive and analyze a threshold condition to assess the potential for
Microsporidia MB-infected mosquitoes to invade and persist in the wild population. By
establishing conditions for the local stability of equilibrium points, we explore the influence
of maternal transmission on the spread of Microsporidia MB. Additionally, we employ a
cascade reduction approach to simplify the model into a two-dimensional system and for-
mulate an optimal control problem. Using Pontryagin’s Maximum Principle, we determine
optimal release strategies for infected mosquitoes to either replace the wild population or
promote coexistence with a significantly reduced wild mosquito population. Through theo-
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retical analysis and numerical simulations, our findings contribute to the understanding and
development of effective strategies for malaria control usingMicrosporidia MB.

Keywords Microsporidia MB · Maternal transmission · Horizontal transmission · Stability ·
Optimal control

Introduction

Vector-borne diseases continue to pose significant challenges to global public health, with
malaria standing as one of the most formidable examples [1, 2]. Sub-Saharan Africa bears
the brunt of this burden, with approximately 95% of malaria cases reported in the region
[3]. Transmitted through the bites of infected Anopheles mosquitoes, malaria causes exten-
sive morbidity and mortality, particularly among young children and pregnant women [3].
Although conventional interventions, such as insecticide-based approaches, have been instru-
mental inmalaria control, the emergence of insecticide resistance and environmental concerns
necessitate the exploration of alternative strategies. One promising avenue involves harness-
ing the power of symbiotic microorganisms to disrupt malaria transmission. In recent years,
the symbiotic bacteriumMicrosporidia MB has emerged as a potential tool for malaria con-
trol [4, 5]. This maternally inherited bacterium infects mosquitoes and imparts resistance
against the malaria parasite, thereby reducing their capacity to transmit the disease. The con-
cept entails releasing Microsporidia MB-infected mosquitoes into the wild, with the goal of
either replacing or significantly reducing the population of disease-transmitting mosquitoes.
Mathematicalmodeling plays a pivotal role in comprehending the intricate dynamics of infec-
tious diseases and evaluating the efficacy of control strategies. The idea of utilizing symbiotic
microorganisms for vector-borne disease control has been successfully demonstrated in other
contexts. For instance, field trials in Guangzhou have shown that the Wolbachia symbiont
effectively reduces the ability of Aedes aegypti mosquitoes to transmit dengue fever [6, 7].
This success has spurred extensive research into the theoretical dynamics ofWolbachia spread
and its potential for mosquito population replacement and disease suppression [8–10]. Vari-
ous mathematical models, including difference and differential equation-based frameworks,
have been developed to evaluate mosquito release strategies forWolbachia-based control [11,
12]. These models incorporate key biological mechanisms such as cytoplasmic incompati-
bility (which prevents hatching of eggs from uninfected females mated with infected males),
incomplete maternal transmission, and infection reversion dynamics [13, 14]. Some studies
have also investigated the potential of usingWolbachia to control the spread of malaria [15].
The study by Florez et al. [16] suggests that the most efficient approach to establishingWol-
bachia within Anopheles albimanus mosquito populations in Haiti is to release all infected
mosquitoes immediately after the prerelease mitigation process. Given the biological and
functional similarities between Microsporidia MB and Wolbachia, it is important to inves-
tigate whether the mathematical models developed for Wolbachia-based control of dengue
can be adapted to study Microsporidia MB-mediated malaria vector control. Additionally,
understanding how the unique transmission mechanisms of Microsporidia MB influence its
spread is crucial, as they may lead to higher prevalence, population replacement, or sig-
nificant suppression of wild mosquito populations. While previous studies have explored
the impact of Wolbachia on mosquito population dynamics and disease transmission, the
dynamics ofMicrosporidia MB remain largely unexplored. In this paper, we address this gap
by introducing a novel mathematical model that captures the unique transmission dynamics
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of Microsporidia MB and its interaction with wild mosquito populations. Our contributions
are threefold: (i) We develop a comprehensive mathematical framework to characterize the
spread of Microsporidia MB within mosquito populations, incorporating its distinct modes
of transmission. (ii) We derive and analyze key epidemiological thresholds, including the
basic reproduction number (R0), to assess conditions under which Microsporidia MB can
establish itself and lead to population replacement or suppression. (iii) We propose a model
reduction scheme and investigate different mosquito release strategies, identifying optimal
control measures that maximize the effectiveness of Microsporidia MB in reducing malaria
vector populations.

The subsequent sections of this paper are organized as follows: “Model Formula-
tion” section, we present a comprehensive mathematical analysis of our proposed model,
encompassing both theoretical and epidemiological aspects. In “Cascade of Reduced Mod-
els” section, we present step-by-step reduction techniques to simplify the original model.
“Analysis of the Complete Model and Comparison with Reduced Models”, we perform a
comprehensive mathematical analysis of the proposed model and compare the simplified
models with the original one. Finally, in “Mosquito Release Strategies” section, we explore
diverse strategies for controlling the population of wild mosquitoes, considering both theo-
retical implications and practical applications. By investigating the transmission dynamics
of Microsporidia MB and evaluating control strategies, this study aims to contribute to the
development of effective interventions for malaria vector control.

Ecological Background onMicrosporidia MB

In the ongoing effort to combat vector-borne diseases, an exciting breakthrough has been
made by a team of researchers from the United Kingdom and Kenya. During their study, they
serendipitously discovered a microbe known as Microsporidia MB on the shores of Lake
Victoria. This microbe possesses a remarkable ability to immunize Anopheles mosquitoes
against malaria [17]. Notably, it selectively targets the Anopheles gambiae and arabiensis
species, which are the primary carriers of malaria. Interestingly,Microsporidia MB naturally
coexistswith a symbiotic bacterium/fungi found in approximately 5%ofAnophelesmosquito
species. Experimental findings have revealed that infections caused by Microsporidia MB
persist throughout the mosquito’s entire lifespan and become more potent as the mosquito
ages, resulting in long-term protection against malaria [18]. Unlike theWolbachia bacterium,
which can impact mosquito fecundity and lifespan, Microsporidia MB infections do not
lead to any reduction in reproductive capacity or lifespan, nor do they induce cytoplasmic
incompatibility [17].

Furthermore, it has been observed that horizontally infected females can transmit
Microsporidia MB to their offspring at a relatively high rate [18]. This unique character-
istic, coupled with the microbe’s double mode of transmission, positionsMicrosporidia MB
as a promising contender for the biological control of malaria transmission. More specif-
ically, the Microsporidia MB is an infecting microbe of mosquitoes having the following
characteristics [17]:

• It is a symbiotic bacterium/fungi naturally present in about 5% Anopheles mosquito
species.

• It blocks the transmission of Plasmoduim from mosquitoes to humans.
• It is transmitted vertically from mother to offspring.
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• It is (sexually) transmitted horizontally and bi-directionally during mating between adult
mosquitoes.

• It incurs no fitness cost on its host: it does affect significantly the lifespan and fertility of
infected mosquitoes.

• Its infection does not induce virulence to the infected mosquitoes.

These features should be carefully accounted for when modeling its dynamics within the
wild mosquito population.

Model Formulation

Ourmathematical model extends existing frameworks developed forWolbachia transmission
[4, 19, 20], while incorporating the distinctive characteristics ofMicrosporidia MB transmis-
sion. UnlikeWolbachia, which predominantly relies onmaternal transmission,Microsporidia
MB exhibits horizontal transmission among mosquitoes [18], and it does not induce the
cytoplasmic incompatibility phenomenon [21]. The core strategy of our model involves the
introduction of Microsporidia MB-infected wild mosquitoes into the population. Specifi-
cally, we extend and enrich the seminal model in [11] given below (for the convenience of
the reader, see Fig. 1 and system (1)), by splitting the mosquito population into two groups.

⎧
⎪⎪⎨

⎪⎪⎩

d A
dt = φF

(
1 − A

Ka

)
− (γ + μa)A,

dF
dt = b f γ A − μ f F,

dM
dt = bmγ A − μmM .

(1)

In order to build the sex-structured model for microsporidia MB infection, we split the
mosquito population into two groups. One group for the uninfected mosquitoes and the other
formicrosporidia MB-infected mosquitoes. For the uninfected group, we follow the baseline
model (1) above, and define the population of uninfectedwildmosquitoes in the aquatic stage,
adult females, and adultmales as Au , Fu , andMu . Correspondingly, for the infected group,we
denote the population of Microsporidia MB-infected mosquitoes in the aquatic stage, adult
females, and adult males as Ai , Fi , and Mi . Additionally, we enrich the baseline model (1)
by explicitly modeling the different mating processes between females and males of within
and across the mosquito groups. We further assume a spatially homogeneous distribution
of mosquitoes throughout the population. Upon a female mosquito mating with a random
male mosquito, the probability of the male being uninfected is given by Mu/(Mu + Mi ),
whereas the probability of the male being infected is given by Mi/(Mu +Mi ). As mentioned
earlier, unlike some symbiotic bacteria likeWolbachia,Microsporidia MB infection does not
induce the cytoplasmic incompatibility phenomenon [21]. Therefore, the mating between an
uninfected female mosquito and an infected male may result in oviposition by the female
and production of offspring. However, experimental data indicate that maternal transmission
of Microsporidia MB, as a result of all these mating processes, is imperfect [18]. This is
accounted for here by introducing parameters ρ1, ρ2, and ρ3. In fact, we assume that mating
between infected males (Mi ) and infected females (Fi ) consistently produces a fraction ρ1
of infected offspring. Correspondingly, we assume that mating between uninfected males
(Mu) and infected females (Fi ) always results in a fraction ρ2 of infected offspring. Finally,
we assume that mating between infected males (Mi ) and uninfected females (Fu) may or
may not lead to female infection, depending on the probability λm , followed by a fraction
ρ3 of infected offspring as shown in Fig. 2. When λm = 0, no transmission occurs, and the
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Fig. 1 The baseline model for mosquito dynamics. The variable A represents the mosquito population at the
aquatic stage; F and M are respectively the emerging female and male mosquito populations. When breeding
sites are abundant, female mosquito spawning rate is defined by φ. This ovoposition rate is limited by an
environmental carrying capacity Ka which depends on the availability of egg laying sites and environmental
resources.Mosquitoes grow from the aquatic stage to the adult stage at a rate γ and a fraction b f are females
while the remaining fraction bm = 1−b f are males. The parametersμa , μ f andμm denote the per capacity
mortality of mosquitoes at the aquatic stage, female adult mosquitoes and adult male mosquitoes, respectively

resulting offspring are completely uninfected. Of course, mating between uninfected males
(Mu) and uninfected females (Fu) always produces entirely uninfected offspring. Our main
model assumptions include the fertility of all femalemosquitoes, the persistentMicrosporidia
MB infection throughout themosquito lifespan; disregard themosquitomigration, neglect the
incubation period for horizontally acquiredMicrosporidiaMB infection, account for the equal
development rate in the aquatic stage for infected and uninfected mosquitoes, and assume a
mating frequency of one for both uninfected/infected females and uninfected/infected males.
Notably, Microsporidia MB infection does not impose a fitness cost on mosquitoes [17],
maintaining consistent birth and death parameters for both (infected and uninfected)mosquito
populations.

We summarize in Table 1 the different offspring proportions of mosquito ticks according
to the four possible types of matings.

The parameters ρ1, ρ2 and ρ3 (ρ3 < ρ2 ≤ ρ1) translating the efficiency of the maternal
transmission are all included in the interval (0, 1]. The cases ρi = 1, i ∈ {1, 2, 3} correspond
to a perfect maternal transmission.

Under the above assumptions, the sex-structured model of the transmission of
Microsporidia MB within the mosquito population is given by the following system of dif-
ferential equations:
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Table 1 Mating strategies and their offspring probabilities

Male Female Fraction of infected offspring Fraction of uninfected offspring

Uninfected Uninfected 0 1

Infected Uninfected ρ3λm 1 − ρ3λm

Uninfected Infected ρ2 1 − ρ2

Infected Infected ρ1 1 − ρ1

The bold indicate MB-infected mosquitoes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d Au
dt

= φ

(
MuFu + (1 − ρ1)Mi Fi + (1 − ρ2)MuFi + (1 − ρ3λm)Mi Fu

Mu + Mi

)(

1 − A

Ka

)

−(γ + μa)Au ,

d Ai
dt

= φ

(
ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu

Mu + Mi

)(

1 − A

Ka

)

− (γ + μa)Ai ,

dFu
dt

= b f γ Au − βm
Mi

Mu + Mi
Fu − μ f Fu ,

dFi
dt

= b f γ Ai + βm
Mi

Mu + Mi
Fu − μ f Fi ,

dMu

dt
= bmγ Au − β f

Fi
Fu + Fi

Mu − μmMu ,

dMi

dt
= bmγ Ai + β f

Fi
Fu + Fi

Mu − μmMi .

(2)

In System (2), A = Au + Ai is the total number of mosquitoes in aquatic stage which is
assumed to be always smaller than the environmental carrying capacity Ka . We give in Table
2 the description of all the parameters in the system (2). The first block in the right hand side
of the second equation of (2), models the vertical transmission of the infection according to
the different matings performed, in which, for instance, the term

φρ3λm
Mi Fu

Mu + Mi

(

1 − A

Ka

)

,

represents the number of mosquitoes in aquatic stage produced by an uninfected female
having acquired the infection horizontally. The latter quantity is only visible in the specific
case of Microsporidia MB, due to the possibility of vertical transmission after horizontal
acquisition of infection. The remaining terms in that first block are defined similarly and the
same reasoning applies for the first block of the right hand side of the first equation. The
terms

βm
Mi

Mu + Mi
Fu and β f

Fi
Fu + Fi

Mu

in the last four equations of the system (2), model the horizontal bidirectional transmission
ofMicrosporidia MB infection during mating. This is a clear extension of the baseline model
(1) by accounting for the horizontal transmission ofMicrosporidia MB.

We shall show that the set D below is the biological meaningful domain in the precise
sense of Theorem 1, Proposition 1 and Corrollary 1 in “Analysis of the Complete Model and
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Fig. 2 Transmission dynamics of Microsporidia MB . Uninfected mosquitoes at the aquatic stage, females,
andmales are represented by blue compartments (Au , Fu ,Mu ),while infected mosquitoes at the aquatic stage,
females, and males are represented by red compartments (Ai , Fi , Mi ). Mating events between infected and
uninfectedmosquitoes, leading to infection of the uninfected partner, are denoted by black circles with infection
rates βm or β f . The blue and red lines show the population dynamics of uninfected and infected mosquitoes,
respectively. Purple lines represent horizontal transmission, originating from the Mu and Fi compartments.
Imperfect maternal transmission is indicated by blue dotted lines. Mortality rates for mosquitoes are shown
by black lines exiting the compartments. Female mosquitoes lay eggs at a rate φ, and mosquitoes develop
from the aquatic stage to the adult stage at a rate γ , with a fraction b f becoming females and the remaining
fraction bm = 1 − b f becoming males

Comparison with Reduced Models” section.

D =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Au

Ai

Fu
Fi
Mu

Mi

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

∈ R
6

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

Au > 0,
Ai ≥ 0,
0 ≤ Au + Ai ≤ Ka,

Fu > 0,
Fi ≥ 0,

0 < Fu + Fi ≤ b f γ Ka

μ f
,

Mu > 0,
Mi ≥ 0,

0 < Mu + Mi ≤ bmγ Ka

μm

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3)

Before going further and deeper in the analysis of System (2), we need the following two
ecological thresholds. We denote byRu andRi the next generation number (basic offspring
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number) for the uninfected and infected of mosquito population, respectively. They are given
by the following expressions:

Ru = b f
γ

(γ + μa)

φ

μ f
, and Ri = ρ1b f

γ

(γ + μa)

φ

μ f
. (4)

More specifically, the quantity Ru measures the number of uninfected eggs produced by an
uninfected female during her life cycle and determines ability of wild mosquitoes persist or
disappear, while Ri measures the number of infected eggs produced by an infected female
during her life cycle and determines the ability ofMicrosporidia MB infected mosquitoes to
persist or die out.

Given the intrinsic complexity of themathematical system (2), it is both useful and relevant
to simplify the it by using some biological properties of the mosquito life cycle. Moreover, it
is difficult to perform the theoretical analysis that system of six highly non-linear differential
equations. This motivates us to create in the next section, a cascade of reduced models based
on assumptions that hold for a range of parameters and initial conditions appropriate for
real-world applications.

Cascade of ReducedModels

In this section, we aim to simplify the original model by reducing it to a more concise form
while preserving its key parameters.Wemimic a reduction techniques in [23], which involves
eliminating the aquatic stage of the mosquito and reducing the number of variables.

Suppression of the Aquatic Stage: Reduction to 4-Dimensional System

Since the transmission of Microsporidia MB occurs primarily between adult mosquitoes
or vertically from infected females to their offspring, the population of mosquitoes in the
aquatic stage does not directly contribute to the transmission dynamics of the infection.
Therefore, we can simplify the model by removing the aquatic compartments (Au and Ai )
and assuming instantaneous hatching of eggs into adultmosquitoes [23]. However, in contrast
to the approach taken in [23], we consider that the total lifespan of amosquito does not include
the time spent in the aquatic stage. Hence, in the reduced model, we retain the mortality rates
of male and female mosquitoes as μm and μ f respectively.

To determine the basic reproduction numbers of the uninfected and infected mosquito
populations in the absence of interaction between the two populations in the reduced model
without the aquatic stage, we define R(4)

u and R(4)
i as:

R(4)
u = b f

φ′
u

μ f
, and R(4)

i = ρ1b f
φ′
i

μ f
. (5)

Here,R(4)
u represents the number of uninfected offspring produced by an uninfected female

during her lifetime, while R(4)
i represents the number of infected offspring produced by

an infected female during her lifetime. The parameters φ′
u and φ′

i denote the average rates
of offspring produced by an uninfected and infected female, respectively. To preserve the
key parameters of the model, we impose that the reproductive rates of the population in the
reduced model are the same as those in the initial model (2), leading to the relationship:

φ′ = φ′
u = φ′

i = γ

γ + μa
φ. (6)

123



  225 Page 10 of 39 Int. J. Appl. Comput. Math           (2025) 11:225 

Here, φ′ represents the average rate of offspring produced by a female during her life cycle.
Considering that the growth of themosquito population is influenced by the ability of females
(both uninfected and infected) to find suitable egg-laying sites, which can accommodate
only a limited number of females, we substitute the environmental carrying capacity Ka

of mosquitoes in the aquatic stage with the environmental carrying capacity K of female
mosquitoes:

K = b f
γ

μ f
Ka . (7)

The value of K corresponds to the maximum number of females (uninfected and infected)
that the environment can sustain. By skillfully eliminating the equations for the aquatic stage
(Au , Ai ) and utilizing certain biological characteristics of the mosquito life cycle, we can
capture the dynamics of the aquatic stage at the adult stage.

To achieve this, we make the following assumptions and approximations:

• Firstly, we replace the mosquito renewal rate in the aquatic stage with the female renewal
rate at the adult stage, which is a more biologically meaningful quantity since females
are responsible for oviposition. To accomplish this, we approximate the logistic term(
1 − Au+Ai

Ka

)
by

(
1 − Fu+Fi

K

)
in two first equation of (2).

• Secondly, we assume that the oviposition rate φ of females and the egg hatching rate γ

are much greater than their respective mortality rates. As a result, we assume that the
aquatic compartments Au and Ai are fast variables and their dynamics of eggs are at
equilibrium. They are then approximated by the following expressions:

Au ∼ φ

γ + μa

(
MuFu + (1 − ρ1)Mi Fi + (1 − ρ2)MuFi + (1 − ρ3λm)Mi Fu

Mu + Mi

)(

1 − Fu + Fi
K

)

Ai ∼ φ

γ + μa

(
ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu

Mu + Mi

)(

1 − Fu + Fi
K

)

.

These approximations allow us to effectively capture the dynamics of the aquatic stage at the
adult stage, while simplifying the model by removing explicit equations for Au and Ai . By
incorporating these assumptions and approximations, we can analyze the simplified model
(2) more conveniently, as we focus on the adult stage dynamics and capture the essential
aspects of the mosquito life cycle.

The reduced model without the aquatic stage for the transmission of the Microsporidia
MB infection is therefore given by the following 4-ODE system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dFu
dt

= b f φ
′
(
MuFu + (1 − ρ1)Mi Fi + (1 − ρ2)MuFi + (1 − ρ3λm)Mi Fu

Mu + Mi

)(

1 − F

K

)

−βm
Mi

Mu+Mi
Fu − μ f Fu ,

dFi
dt

= b f φ
′
(

ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu
Mu + Mi

)(

1 − F

K

)

+ βm
Mi

Mu+Mi
Fu − μ f Fi ,

dMu

dt
= bmφ′

(
MuFu + (1 − ρ1)Mi Fi + (1 − ρ2)MuFi + (1 − ρ3λm)Mi Fu

Mu + Mi

)(

1 − F

K

)

−β f
Fi

Fu+Fi
Mu − μmMu,

dMi

dt
= bmφ′

(
ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu

Mu + Mi

)(

1 − F

K

)

+ β f
Fi

Fu+Fi
Mu − μmMi .

(8)

Where F = Fu + Fi represents the total size of the female mosquito population.
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RemovingMales: Reduction to 2-Dimensional System

Here we wish to reduce the number of variables in the 4-ODE model obtained earlier by
approximating the fraction of infected males in the total male population as a function of
the fraction of infected females in the total female population. Thus the system (8) can
be identified as a 2-ODE system reflecting the progression of female mosquitoes [23]. To
reduce the differential system (8), we first assume that the horizontal infection rate βm from
infectedmalemosquitoes to females and the horizontal infection rateβ f from infected female
mosquitoes to male are equal and we set:

βm = β f = β, with β = λc. (9)

Where λ = λm denotes the probability of infection during mating between an infected
and an uninfected mosquito and c the contact rate between an infected mosquito and an
uninfected mosquito per unit of time.

It is also assumed that male and female mosquitoes have the same birth rate. This is
reasonable considering experimental work in [17] which estimates the ratio of male to female
mosquitoes to be 1.08 : 1. So we have b f = bm = 1

2 . Since the infection withMicrosporidia
MB is not accompanied by a reduction in the longevity of themosquito, the above assumptions
allow us to consider therefore at the following approximation:

Fi
Fu + Fi

≈ Mi

Mu + Mi
(10)

We justify this approximation using numerical simulations (see Fig.3).
Thus, the reducedmodel of transmission ofMicrosporidiaMBwithin the femalemosquito

population is thus written:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dFu
dt

= b

(
F2
u + (1 − ρ1)F2

i + (1 − ρ2)FuFi + (1 − ρ3λ)Fi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

−β
Fi

Fu + Fi
Fu − μ f Fu,

dFi
dt

= b

(
ρ1F2

i + ρ2FuFi + ρ3λFi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

+ β
Fi

Fu + Fi
Fu − μ f Fi .

(11)

Where b = b f φ
′ denotes the birth rate of female mosquitoes. In the absence of horizontal

transmission, model (11) is similar to the model introduced in [24] for the dynamic of Wol-
bachia spread with imperfect maternal transmission andwithout cytoplasmic incompatibility
phenomena.

Analysis of the Complete Model and Comparison with ReducedModels

Assuming female mosquitoes live longer than males and mate only once in their lifetime, we
have the following assumptions:

β f ≤ βm and μ f ≤ μm . (12)
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Fig. 3 Proportion of mosquitoes For the simulation, we choose an transmission of initial infection rate of
20%. The figures in the left show the case where we have the dominance of the MB-infected mosquitoes with
ρ2 = 0.7, ρ3 = 0.55, λ = 0.7. The figures in the right show the case where we have the extinction of the
MB-infected mosquitoes with ρ2 = 0.45, ρ3 = 0.3, λ = 0.37. The other values of the parameters influencing
the infection are μ f = 0.06, μm = 0.14, β = 0.032. The small difference between the proportions of males
and females being due to differences in mortality rates

Table 3 Description of the parameters of the model (11) Here we give the definitions of the parameters
newly introduced in the reduced model. The description of the other parameters is given in Table 2 “Model
Formulation” of section

Parameter Biological description Unit

b = b f

(
γ

γ+μa

)
φ Birth rate of female mosquitoes Mosquito per day

λ Probability of horizontal infection during mating Dimensionless

β Horizontal infection rate Per day

K = b f
γ

μ f
Ka Carrying capacity of female mosquitoes Mosquito

Theoretical and Numerical Study of the 6-ODEModel

The system (2) can be expressed as:

X ′ = F2(X), (13)

with X = (Au, Ai , Fu, Fi , Mu, Mi )
T , The function F2 : R6 −→ R

6 represents the right-
hand side of (2). We extend the system’s domain to include the point E0 = 0R6 by defining
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F2(E0) = 0R6 , ensuring continuity and existence of a solution for any Cauchy problem
associated with (2).

We associate to the system (13) the initial condition: X(0) = X0 = (A0
u, A

0
i , F

0
u , F0

i ,

M0
u , M0

i )T such that:

A0
u > 0, A0

i ≥ 0, F0
u > 0, F0

i ≥ 0, M0
u > 0, M0

i ≥ 0. (14)

Global Existence, Positivity and Uniqueness of the Solution

Theorem 1 For any initial condition in D and verifying (14), the system (13) has a unique
solution that remains in D for any time t ≥ 0.

Proof The function F2 is of class C1 in the neighborhood of X0 and the Cauchy- Lipschitz
theorem ensures the existence of a unique solution of the Cauchy problem associated with
the system (13) of initial condition X0.

It remains to show that D is positively invariant by the flow of the system (13) for any
time t ≥ 0. To do this, we show that the vector field defined by F2 is either tangential or
directed to the interior of D.
Indeed, if

Au + Ai = Ka 	⇒ A′
u + A′

i = −(γ + μa)Ka ≤ 0,

Fu + Fi = b f γ Ka

μ f
	⇒ F ′

u + F ′
i = b f γ (Au + Ai ) − μ f (Fu + Fi )

≤ b f γ Ka − μ f (Fu + Fi ) = 0,

Mu + Mi = bmγ Ka

μm
	⇒ M ′

u + M ′
i = bmγ (Au + Ai ) − μm(Mu + Mi )

≤ bmγ Ka − μm(Mu + Mi ) = 0.

Futhermore,

Au = 0 	⇒ A′
u ≥ 0 because A = Au + Ai ≤ Ka,

Ai = 0 	⇒ A′
i ≥ 0 because A = Au + Ai ≤ Ka,

Fu = 0 	⇒ F ′
u ≥ 0,

Fi = 0 	⇒ F ′
i ≥ 0,

Mu = 0 	⇒ M ′
u ≥ 0,

Mi = 0 	⇒ M ′
i ≥ 0.

This proves that on different edges of the domain D, the vector field F2 points inwards.
Thus for any initial condition (14) in D the solution of (13) remains in D. ��
Proposition 1 The set D is a basin of attraction relative to the system (13): In other words,
D is an absorbing domain.

Proof Consider an initial condition of type (14) which does not belong to D. Let X =
(Au, Ai , Fu, Fi , Mu, Mi )

T be the solution of (13) associated to this initial condition.
Since the domain D is invariant, it is therefore sufficient to show that there exists a time

τ > 0 such that X(τ ) ∈ D.
We pose:

A = Au + Ai , F = Fu + Fi , M = Mu + Mi .
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– Suppose that for all t ≥ 0, A(t) > Ka . Then we have

A′(t) = φF(t)

(

1 − A(t)

Ka

)

− (γ + μa)A(t)

⇒ A′(t) ≤ −(γ + μa)A(t).

By applying Gronwall’s lemma, we have for all t ≥ 0

A′(t) ≤ A(0)e−(γ+μa)t .

In particular for t = t1 = 1

γ + μa
ln

(
A(0)

Ka

)

> 0, we have A(t1) ≤ Ka which is

absurd. Hence there exists a first time t ′1 > 0 such that ∀t ≥ t ′1, A(t) ≤ Ka .

– If F(t ′1) ≤ b f γ Ka

μ f
, thus F(t) ≤ b f γ Ka

μ f
∀t ≥ t ′1 because D is invariant. Otherwise,

suppose that for all t ≥ t ′1, we have F(t) >
b f γ Ka

μ f
. Thus

F ′(t) = b f γ A(t) − μ f F(t), ∀t ≥ t ′1
⇒ F ′(t) < b f γ (A(t) − Ka) ∀t ≥ t ′1.

Integrating this inequality over the interval [t ′1, s], with s > t ′1 fixed, we obtain

F(s) ≤ F(t ′1) − b f γ

∫ s

t ′1
(A(t) − Ka)dt .

This gives us by applying the integral mean theorem the existence of s0 ∈ [t ′1, s] such
that

F(s) ≤ F(t ′1) + b f γ (A(s0) − Ka)(s − t ′1).

In particular for s = t2 = t1 +
F(t ′1) − b f γ Ka

μ f

b f γ (Ka − A(s0))
, we have F(t2) ≤ b f γ Ka

μ f
which is

absurd and thus there exists a time t ′2 such that ∀ t ≥ t ′2, F(t) ≤ b f γ Ka

μ f
.

– In the same way, we show that there exists an instant t ′3 > 0 such that ∀t ≥ t ′3, we have

M(t ′3) ≤ bmγ Ka

μm
.

Thus by taking τ = max{t ′1, t ′2, t ′3}, the solution X(t) remain in D ∀t ≥ τ . ��
Corollary 1 The maximal solution of the Cauchy problem associated with the system (13) of
initial condition (14) is global.

Proof According to the previous proposition and Theorem 1, the unique maximal solution
of the Cauchy problem associated to the system (13) of initial condition (14) is bounded. It
therefore exists globally for positive times. ��

Equilibrium Points

The transmission model of Microsporidia MB given by the system (2) has three equi-
librium points: the equilibrium point E0 = (0, 0, 0, 0, 0, 0)T which corresponds to
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extinction of both populations called mosquito free equilibrium (MFE); the equilibrium
point Eu = (A∗

u, 0, F
∗
u , 0, M∗

u , 0)T where only wild mosquito population exists and called
infection free equilibrium (IFE); according to the level of maternal transmission between
infected mosquitoes (perfect or imperfect), we have either the equilibrium point Ei =
(0, A∗

i , 0, F
∗
i , 0, M∗

i )T corresponding to a total invasion of the wild mosquito population by
mosquitoes infected withMicrosporidia MB called complete infection equilibrium (CIE), or
the point of coexistence of the two mosquito populations Ec = (Ac

u, A
c
i , F

c
u , Fc

i , Mc
u , M

c
i )

T

called coexistence equilibrium (CE).
A1) Extinction of both mosquito populations The trivial equilibrium point or mosquito-free
equilibrium E0 is not biologically realistic. However, in the absence of interaction between
the two mosquito populations (the evolution of each mosquito population does not depend
on the other), the growth of each population follows a growth model similar to that studied
in [11] and regulated by a reproduction threshold Ru and Ri .
A2)Wildmosquito population onlyThe infection free equilibrium (IFE) is obtained by taking
Ai = Fi = Mi = 0. It reflects the situation where the mosquitoes carrying theMicrosporidia
MB infection eventually disappear after some time following their introduction into the wild
wild mosquito population. It is denoted by Eu = (A∗

u, 0, F
∗
u , 0, M∗

u , 0)T , with:

A∗
u = Ka

(

1 − 1

Ru

)

, F∗
u = b f

γ

μ f
A∗
u, M∗

u = bm
γ

μm
A∗
u . (15)

Thus, the condition Ru > 1 is necessary and sufficient for the existence of Eu .
A3)MicrosporidiaMB-infected mosquito population only The existence and stability of the
complete infection equilibrium (CIE) translates the ideal case for the fight against malaria
where the population of wild mosquitoes is entirely replaced by a population of mosquitoes
carrying Microsporidia MB infection. It is obtained by setting Au = Fu = Mu = 0 and we
have Ei = (0, A∗

i , 0, F
∗
i , 0, M∗

i )T where,

A∗
i = Ka

(

1 − 1

Ri

)

, F∗
i = b f

γ

μ f
A∗
i , M∗

i = bm
γ

μm
A∗
i . (16)

Remark 1 The CIE Ei is obtained only in the case of perfect maternal transmission between
infected adults (i.e. ρ1 = 1)as we will see shortly later. More precisely, the necessary and
sufficient for the existence of Ei are Ri > 1 and ρ1 = 1 is. In the oder hand, when ρ1 < 1,
The CIE is replaced by the coexistence equilbrium (CE) where we have both mosquito
populations.

Before characterizing this equilibriumpoint,wedefine and calculate the basic reproduction
number of the model (2).

Computation of the Basic Reproduction NumberR0

The basic reproduction number R0 for mathematical models in epidemiology provides the
threshold condition for which an infection spreads or disappears in the population.R0 here is
interpreted as the average number of wild mosquitoes (males or females) infected vertically
or horizontally following the introduction of an infected mosquito. It determines the invasion
capacity of wild mosquitoes by infected mosquitoes. We calculate this quantity following the
next generation matrix method presented in [25]. For this we collect all the infected mosquito

123



  225 Page 16 of 39 Int. J. Appl. Comput. Math           (2025) 11:225 

compartments of the system (2). We pose Xi = (Ai , Fi , Mi )
T and we have:

dXi

dt
=

⎛

⎜
⎜
⎝

φ

[
ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu

Mu + Mi

](

1 − A

Ka

)

βm
Mi

Mu+Mi
Fu

β f
Fi

Fu+Fi
Mu

⎞

⎟
⎟
⎠ −

⎛

⎜
⎜
⎝

(γ + μa)Ai

−b f γ Ai + μ f Fi

−bmγ Ai + μmMi

⎞

⎟
⎟
⎠

=: F − V

F represents the flow of newly infected and V denotes the various transfers between classes
due to causes other than infection. The Jacobian matrices of F and V at the IFE Eu are given
by:

JF =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 ρ2
φ

Ru
ρ3λm

φ

Ru

b f μm

bmμ f

0 0 βm
b f μm

bmμ f

0 β f
bmμ f

b f μm
0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, JV =
⎛

⎝
γ + μa 0 0
−b f γ μ f 0
−bmγ 0 μm

⎞

⎠ .

(17)

The basic reproduction number is the spectral radius of the next generation matrix of the
system (2) the matrix JF J−1

V ,

R0 = 1

2

[

ρ2 + ρ3λm +
√

(ρ2 + ρ3λm)2 + 4

μmμ f

(
ρ2μmβm + ρ3λmμ f β f + βmβ f

)
]

.

(18)

Using the notations

R0v = ρ2 + ρ3λm, and R0h = 1

μmμ f
(ρ2μmβm + ρ3λmμ f β f + βmβ f ), (19)

the expression of R0 takes the form:

R0 = 1

2

[
R0v +

√
(R0v)2 + 4R0h

]
. (20)

The definitions of the quantities R0v and R0h are difficult to interpret as breeding numbers.
However, R0v reflects the effect of vertical transmission resulting frommating between awild
and an infected mosquito on the ability of infected mosquitoes to invade the wild population.
R0h reflects the effect of horizontal transmission of Microsporidia MB on the ability of
infected mosquitoes to invade the wild population.

Remark 2 The expression that ofR0 independent on the rate of imperfect maternal transmis-
sion (ρ1) between infected adult mosquitoes. This can be justified by the fact that R0 refers
to the average number of secondary infections produced in a population of wild mosquitoes,
by an infected mosquito during its entire infectious period [26].

Proposition 2 Let T0 be the quantity defined by:

T0 = R0v + R0h . (21)

Then,

i) R0 > 1 if and only if T0 > 1,
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ii) R0 < 1 if and only if T0 < 1,
iii) R0 = 1 if and only if T0 = 1.

T0 thus defined is an epidemic threshold in the same way as R0.

Proof It is sufficient to note that

T0 − 1 = R0v + R0h − 1

=
(
1

2

(

R0v +
√

R2
0v + 4R0h

)

− 1

)(

1 + 1

2

(√

R2
0v + 4R0h − R0v

))

= (R0 − 1)

(

1 + 1

2

(√

R2
0v + 4R0h − R0v

))

.

Since
√

R2
0v + 4R0h − R0v ≥ 0, then T0 − 1 and R0 − 1 are of the same sign and we have

T0 = 1 if and only if R0 = 1. ��
A4)Coexistence of mosquito populations Since maternal transmission ofMicrosporidiaMB
infection is naturally imperfect, it is more realistic to consider that ρ1 < 1. In this situation,
the complete infection equilibrium point Ei is replaced by the equilibrium point Ec where
the two mosquito populations coexist. In this situation, we wish to have a maximum of
infected mosquitoes (See Appendix A.1). We define the coexistence equilibrium point as
Ec = (Ac

u, A
c
i , F

c
u , Fc

i , Mc
u , M

c
i ), with:

Fc
u = Ka

b f γ

μ f

(

1 − 1

Ru

)(
1 − p

1 − p + α p

)

, Ac
u = βm p + μ f

b f γ
Fc
u ,

Ac
i = p

1 − p

(
μ f α − (1 − p)βm

b f γ

)

Fc
u , Fc

i = α
p

1 − p
Fc
u ,

Mc
u = (1 − p + α p)l Fc

u , Mc
i = p

1 − p
(1 − p + α p)l Fc

u .

(22)

In (22), α and l are giving by

α = μm

μ f

(
βm + μ f

β f + μm

)

, and l = bmμ f

b f μm
,

and the parameter p is the proportion of infected males within the total male population at
the equilibrium and given by

p = Mc
i

Mc
u + Mc

i
= βm − αμ f (1 − ρ2 − ρ3λm)

βm − αμ f (ρ1 − ρ2 − ρ3λm)
(23)

Proposition 3 We assume that ρ1 < 1 and
βm

μm
.
β f

μ f
< 1.

Let d = 1 + 1

2

(√

R2
0v + 4R0 h − R0v

)

and we define the quantity

R∗
0 = 1 − ρ3λm

d

(
βm

μ f
− β f

μm

)

. (24)
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Then, the system (13) admits the point Ec given by (22) as an equilibrium point inside D
if Ru > 1 and R0 > R∗

0.
Moreover, the fraction p of infected males in the total population of males at the equilib-

rium is given by the following expression:

p = R0 − R∗
0

R0 − R∗
0 + 1 − ρ1

d

(

1 + βm

μ f

) . (25)

Proof (Appendix A.2) ��
Remark 3 In Proposition 3 above, the quantity (βmβ f )/(μmμ f ) is actually the target
reproduction number of (2)when only horizontal transmission is accounted for [27]. The
assumption (βmβ f )/(μmμ f ) < 1 is not only a mathematical working artefact, rather a con-
dition observed formfield from the experiment [18], which highlights the fact that the average
number of horizontally infected mosquitoes is less than one.

Stability of Equilibrium Points: Case�1 = 1

The stability of an equilibrium point is given by studying the sign of the eigenvalues of
the Jacobian matrix of the system (2) evaluated at this point. When maternal transmission
between infected adult mosquitoes is perfect (ρ1 = 1), the transmission model (2) admits the
points Eu and Ei as equilibrium points distinct from the origin E0. We have the following
result:

Theorem 2 When maternal infection is perfect (ρ1 = 1), the following statement hold:

• The equilibrium point without infection Eu = (A∗
u, 0, F

∗
u , 0, M∗

u , 0)T given by (15) is
locally asymptotically stable (LAS) if and only if Ru > 1 and R0 < 1.

• The complete infection equilibrium point Ei = (0, A∗
i , 0, F

∗
i , 0, M∗

i )T given by (16) is
locally asymptotically stable (LAS) if and only if Ri > 1 and R0 > 1.

Proof (See Appendix B) ��

Stability of Equilibrium Points: Case 0 < �1 < 1

When maternal transmission between infected adult mosquitoes is imperfect (0 < ρ1 < 1),
the system (2) admits two equilibrium points distinct from the origin E0: The infection-
free equilibrium point Eu and the coexistence equilibrium point Ec. We have the following
results:

Theorem 3 The equilibrium point Eu = (A∗
u, 0, F

∗
u , 0, M∗

u , 0)T given by (15) is locally
asymptotically stable (LAS) if and only if Ru > 1 and R0 < 1.

Proof To avoid redundancy, we skip this proof because it is similar to that of Theorem 2. ��
Theorem 4 The coexistence equilibrium point Ec = (Ac

u, A
c
i , F

c
u , Fc

i , Mc
u , M

c
i )

T given by
(A10) is locally asymptotically stable (LAS) ifRu > 1 andR0 > 1. It is unstable forRu > 1
and R∗

0 < R0 < 1.
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Table 4 Existence and stability conditions of the equilibrium points

Equilibrium points Stability conditions (LAS)

Rate of Mi × Fi transmission Case ρ1 = 1 Case 0 < ρ1 < 1

Mosquito-free equilibrium (E0) Ru < 1 andRi < 1 Ru < 1 andRi < 1

Infection-free equilibrium (Eu ) Ru > 1 andR0 < 1 Ru > 1 andR0 < 1

Complete infection equilibrium (Ei ) Ri > 1 andR0 > 1 does not exist

Coexistence equilibrium (Ec) Does not exist Ru > 1 andR0 > 1

Fig. 4 Bifurcation plot when ρ1 < 1. This plot shows the stability of equilibrium points as a function of R0
for imperfect maternal transmission between infected adult mosquitoes. The horizontal line represents the
stable and unstable states of the equilibrium point Eu . The half parabola represents the stable and unstable
states of the coexistence equilibrium Ec (for 0 < p < 1). The blue lines denote the stable states and the red
dashed lines the unstable states. The black arrows indicate the direction of the vector field

In contrast to the previous cases, computing the Jacobian matrix at the Ec point gives us
a full 6 × 6 matrix whose eigenvalue sign analysis is quite complex. We therefore resort
to numerical simulations in order to prove the stability of Ec. The Table 4 summarizes the
existence and local stability conditions of the equilibrium points of the system (2).

When R0 < R∗
0, The IFE Eu is the only equilibrium point and is globally stable. When

R0 > R∗
0, we have two equilibria: In the intervalR∗

0 < R0 < 1, the equilibrium Eu is stable
and Ec is unstable; in the interval R0 > 1 the equilibrium Eu is unstable and Ec is stable
For our simulation, the point R0 = R∗

0 is the threshold condition beyond which we have
coexistence of both mosquito populations (Fig. 4).

Time Evolution of Mosquito Populations in Different Scenarios

Figure5a reflects the extinction case for both groups of mosquitoes. Figure5b reflects the
case of complete infectionwherewildmosquitoes are totally replaced by infectedmosquitoes
as soon as R0 > 1, whatever the small proportion of infected mosquitoes introduced at
the beginning. Figure5c shows the situation where the population of infected mosquitoes
eventually disappears (IFE) as soon as R0 < 1.
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Fig. 5 Perfect maternal transmission between infected adult mosquitoes. a Represents the case of extinction of
both populations,Ru = Ru = 0.77,with initial conditions Au(0) = 40000, Ai (0) = 30000, Fu(0) = 60000,
Fi (0) = 20000, Mu(0) = 60000, and Mi (0) = 20000. (b) Here, R0 = 1.42, Ru = Ri = 240, with initial
conditions Au(0) = 10000, Ai (0) = 20, Fu(0) = 15000, Fi (0) = 0, Mu(0) = 15000, and Mi (0) = 20. (c)
We haveR0 = 0.85,Ru = Ri = 200, with initial conditions Au(0) = 4000, Ai (0) = 4000, Fu(0) = 2000,
Fi (0) = 10000, Mu(0) = 2000, and Mi (0) = 10000

Figure6 allows us to justify Theorem 4. Indeed in the both situation, we have R0 > R∗
0

and thus the coexistence of the two mosquito populations corresponding to the point Ec. We
observe that for R0 > 1, the curves translating the density of the mosquito population tend
towards this point and therefore it is stable. In this case,R0 < 1 and the mosquito population
density curves move away from the equilibrium point, so it is unstable.

The Full Sex-StructuredModel Versus Its Reduced Counterparts

In this section, we assess the accuracy of our model reduction process by comparing the
reproduction numbers and threshold conditions for infection establishment between the full
model and reduced models. In this regards, we will refer to full sex-structured model as
6-ODEmodel, to the reduced four-dimensional system as 4-ODEmodel, and to the reduced
two-dimensional system as 2-ODE model.

Comparison of the Reproduction Numbers and Equilibrium Points

The 4-ODE Model
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Fig. 6 Coexistence of the both populations. In (a) we have: R0 = 1.37, R∗
0 = 0.95, Ru = 200 and

Ri = 140,with initial conditions Au(0) = 5000, Ai (0) = 0, Fu(0) = 10000, Fi (0) = 500, Mu(0) = 10000,
and Mi (0) = 500. In the simulation (b), R0 = 0.97, R∗

0 = 0.94, Ru = 285.71 and Ri = 254, with
initial conditions Au(0) = 10000, Ai (0) = 0, Fu(0) = 20000, Fi (0) = 12000, Mu(0) = 20000, and
Mi (0) = 12000

In the 4-ODE model, the reproduction numbers for the population of wild mosquitoes
(R(4)

u ) and infected mosquitoes (R(4)
i ) are given by:

R(4)
u = b f

φ′
i

μ f
= b f

γ

γ + μa

φ

μ f
= Ru, (26)

R(4)
i = ρ1b f

φ′
i

μ f
= ρ1b f

γ

γ + μa

φ

μ f
= Ri . (27)

The 4-ODE model exhibits three equilibrium points under certain conditions:

• Mosquito-free equilibrium (MFE): E (4)
0 = (0, 0, 0, 0)T .

• Infection-free equilibrium (IFE): E (4)
u = (F∗

u , 0, M∗
u , 0)T .
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• Complete infection equilibrium (CIE): E (4)
i = (0, F∗

i , 0, M∗
i )T , where

F∗
σ = K

(

1 − 1

R(4)
σ

)

, M∗
σ = r K

(

1 − 1

R(4)
σ

)

, (28)

with σ ∈ {u, i}.
When the maternal transmission between infected mosquitoes is imperfect (ρ1 < 1) and

R(4)
u > 1, the complete infection equilibrium (CIE) is replaced by the coexistence equilibrium

(CE) given by E (4)
c = (Fc

u , Fc
i , Mc

u , M
c
i )

T , where:

Fc
u = K

(

1 − 1

R(4)
u

)(
1 − p

1 − p + α p

)

, Fc
i = α

p

1 − p
Fc
u ,

Mc
u = (1 − p + α p)l Fc

u , Mc
i = p

1 − p
(1 − p + α p)l Fc

u .

(29)

The parameters α, p and l are those given in (22).
To determine the basic reproduction number (R(4)

0 ) of the 4-ODE system, we utilize the
next generation matrix method [25], which yields:

R(4)
0 = 1

2

(
R0v +

√
(R0v)2 + 4R0h

)
, (30)

where R0v and R0h are given by (19). Thus, the basic reproduction number for the reduced
4-dimensional model is exactly the same as that of the 6-ODE model. Hence, the reduc-
tion process leading to the four-dimensional system did preserve the main epidemiological
threshold for the population dynamics of mosquitoes.
The 2-ODE Model

In the 2-ODE model, the reproduction numbers for the population of wild mosquitoes
(R(2)

u ) and infected mosquitoes (R(2)
i ) are given by:

R(2)
u = b

μ f
= b f

γ

γ + μa

φ

μ f
= Ru, (31)

R(2)
i = ρ1

b

μ f
= ρ1b f

γ

γ + μa

φ

μ f
= Ri . (32)

The 2-ODE model exhibits three equilibrium points under certain conditions:

• Mosquito-free equilibrium (MFE): E (2)
0 = (0, 0).

• Infection-free equilibrium (IFE): E (2)
u = (F∗

u , 0).

• Complete infection equilibrium (CIE): E (2)
i = (0, F∗

i ), where

F∗
σ = K

(

1 − 1

R(2)
σ

)

,with σ ∈ {u, i}. (33)

When the maternal transmission between infected mosquitoes is imperfect (ρ1 < 1) and
R(2)

u > 1, the complete infection equilibrium (CIE) is replaced by the coexistence equilibrium
(CE) given by:

E (2)
c = (Fc

u , Fc
i ), (34)
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Table 5 Sensitivity analysis of
the full and reduced model
Comparison of the local
sensitivity indices of the general
model and the reduced model for
the base values of the variables v

in Table 2

w = Basic reproduction number

v 6-ODE/4-ODE 2-ODE

ρ2 0.546 0.529

ρ3 0.207 0.206

λ 0.217 0.219

β 0.312 0.331

μ f −0.311 −0.330

Basic reproduction number for baseline value

R0 = R(4)
0 = 0.96 R(2)

0 = 0.97

where

Fc
u = (1 − p f )K

(

1 − 1

R(2)
u

)

, Fc
i = p f

1 − p f
Fc
u , (35)

and the quantity p f is defined as:

p f = R(2)
0 − 1

R(2)
0 − ρ1

. (36)

Here, p f represents the proportion of infected females.

To calculate the basic reproduction number (R(2)
0 ) of the 2-ODE system in equation (11),

we employ the next generation matrix method [25], resulting in:

R(2)
0 = ρ2 + ρ3λ + β

μ f
. (37)

It is worth noticing that when μm = μ f and βm = β f , we have R0 = R(2)
0 . However, the

following gives the values of the three basic reproduction numbers obtained throughout the
reduction processes, when the baseline parameter values are used.

Analysis of the Sensitivity of the Models

The analysis of the sensitivity displayed in Table 5 consists in examining how the key
parameters of invasion ofMicrosporidia MB in the full model and in the reduced model vary
according to the disturbances carried out on the values of the parameters of each model given
in Table 2 of “Model Formulation” section.

Definition 1 The normalized direct sensitivity index of w with respect to a parameter v is
defined by:

Sw
v = v

w
× ∂w

∂v
. (38)

It measures the variation of the output variable w as a function of the input variable v. More
precisely, if v grows by x% then w grows by Sw

v × x%
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Fig. 7 Global asymptotic stability (GAS) of IFE

Fig. 8 Global asymptotic stability (GAS) of CIE

Comparison of Asymptotic Behavior: Phase Portraits

In this section, we perform a comprehensive analysis of equilibrium stability in both the
original and reduced models, with a focus on the phase plane dynamics. We investigate the
influence of the basic reproduction number on equilibrium stability and compare the results
across different model configurations.

To facilitate our analysis, we introduce the following quantities: U = Au + Fu + Mu ,
I = Ai + Fi + Mi , U4 = Fu + Mu , and I4 = Fi + Mi . These variables represent the
population levels of susceptible and infected individuals in the 6-EDOmodel and the 4-EDO
model.
Perfect Maternal Transmission (ρ1 = 1): We first explore the stability of equilibrium
points in the context of perfect maternal transmission, where the maternal transmission rate
ρ1 equals unity. Our investigations encompass both the original models and their reduced
counterparts.

Remarkably, throughout our analysis, we maintain the integrity of the equilibria and
their stability properties. Figure7 demonstrates the global asymptotic stability (GAS) of the
Infection-FreeEquilibrium (IFE)when the basic reproduction number falls belowunity,while
Fig. 8 showcases the GAS of the Chronic Infection Equilibrium (CIE) for basic reproduction
numbers exceeding unity.

Imperfect Maternal Transmission (ρ1 < 1): Next, we extend our investigation to
account for imperfect maternal transmission, where the maternal transmission rate ρ1 is
less than one. Similar to the previous scenario, we meticulously preserve the number of
equilibria and their stability characteristics when reducing the model complexity.
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Fig. 9 Global asymptotic stability (GAS) of IFE

Fig. 10 Global asymptotic stability (GAS) of CIE

Figure9 showcases the global stability of the IFE when the basic reproduction number is
less than one, while Fig. 10 presents the stability of the CIE for basic reproduction numbers
greater than one.

Comparison of the Invasion Frequency

One of the key assumptions in the model reduction process is the rapid development of
aquatic mosquitoes into adults. As shown in the following figure, when the maturation rate
into adults (γ ) is high, the progression of Microsporidia MB infection in both the general
model and the reduced model is almost identical.

The Figs. 11, 12 show the evolution of the proportion of infected females in the twomodels
over time for different values of the rate of maturation in the aquatic stage. The upper curves
(in red) in each of the graphs represent the case of invasion of Microsporidia MB and the
lower curves (in purple) reflect the case of disappearance of the infection withMicrosporidia
MB. With an initial infection rate of 33% for cases ρ1 = 1 and 42% for cases ρ1 < 1.

The reduced model describes the dynamics of transmission of the infection within the
population of females for a rapid hatching rate and a high maturation of mosquitoes at the
aquatic stage into adults as well as a mortality rate of males and females. relatively close.
The model obtained has the advantage of being able to characterize the basins of attraction
of the equilibrium points and more simplistic stability conditions. Since Microsporidia MB
infection is at a very low level in nature, it is therefore necessary to introduce infected
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Fig. 11 Comparison of 6-ODE and 4-ODE

Fig. 12 Comparison of 6-ODE and 2-ODE

mosquitoes into nature. In the next chapter we will study the different control strategies that
can be used to ensure that wild mosquitoes are replaced by infected mosquitoes.

Mosquito Release Strategies

MicrosporidiaMB infection is present at relatively low prevalence in theAnophelesmosquito
population [17], suggesting thatR0 < 1. In fact, for the baseline values, the basic reproduc-
tion number of our model isR0 ≈ 0.96. This value does not insure the natural persistence of
MB-infected mosquitoes in the population. Therefore, an attempt to reverse this undesired
situation is to design and implement some classical control strategies consisting in releasing
laboratory MB-infected rearing mosquitoes in the wild mosquito population [12]. Typically,
in this regards, there aremany releasemethods and for the seek of simplicity,we shall consider
only two continuous possible release strategies as presented below.

1. Continuous releases with constant release rate: In this case, we release a constant
number of mosquitoes carrying Microsporidia MB infection cultured in the laboratory.

2. Continuous releases with variable release rate: In this case, the release rate of infected
mosquitoes is a function of time.
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Based on the hierarchical reduction approach, we can implement various control strategies
on the reduced 2-ODE model for the transmission of the infection, specifically targeting
Microsporidia MB. This involves the introduction of infected mosquitoes when the value of
R(2)

0 exceeds 1 (approximately 0.97 for the baseline parameter values).

Releases with Constant Rate

In order to model these releases, we introduce into the reduced model the variable r, the
(constant) release rate of mosquitoes. The rate r expresses the fraction of mosquitoes infected
withMicrosporidia MB released each day as a percentage of infected mosquitoes present in
the locality on the same day [12]. The fitted model takes the form:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dFu
dt

= b

(
F2
u + (1 − ρ1)F2

i + (1 − ρ2)FuFi + (1 − ρ3λ)Fi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

−β
Fi

Fu + Fi
Fu − μ f Fu,

dFi
dt

= b

(
ρ1F2

i + ρ2FuFi + ρ3λFi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

+β
Fi

Fu + Fi
Fu − μ f Fi + rFi .

(39)

We associate to the system (39) the initial condition:

Fu(0) = K
(
1 − μ f

b

)
, Fi (0) = rFu(0). (40)

The rate r ∈ [0, μ f [ and is expressed in day−1.

Control Strategies: Case�1 = 1

In this situation, the objective of the mosquito release strategy is the total replacement of
the wild mosquito population with infected mosquitoes. The analysis of the reduced model
assures us of the existence of the complete infection equilibrium point (CIE) which is stable
for R(2)

0 > 1.
Using the next generation matrix [25] method, we get the base reproduction number of

the system (39) given by:

G
r
0 = ρ2 + ρ3λ + β

μ f − r
. (41)

In the absence of control (r = 0), the basic reproduction number is G0
0 = R(2)

0 < 1. The
release rate r must therefore be chosen so that Gr

0 > 1, leads us to the following condition:

μ f − β

1 − ρ2 − ρ3λ
< r < μ f (42)

Using the baseline values from Table 2, we obtain 0.012 ≤ r < 0.1.
Figure13 shows some possible release options. Mosquito releases over a fixed period

of time require a large release rate to be efficient in contrast to the case where infected
mosquitoes are released indefinitely. This shows that the strategy based on a constant release
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Fig. 13 Constant release strategy of infected mosquitoes when ρ1 = 1 The purple band in (a) represents the
release period of infected mosquitoes with t = 400 days. In (b) uninterrupted releases over the duration of the
experiment are assumed. The blue curves represent the progression of wild mosquitoes and the red curves the
progression of infected mosquitoes. We use the following values in the simulation: K = 200000, b = 2.22.
The other parameters are taken at their baseline values in Table 2

rate achieves the replacement of the population, but requires an uninterrupted production of
infected mosquitoes in the laboratories, which can be very costly.

Control Strategies: Case�1 < 1

For this case, it is no longer possible to achieve total replacement of the wild mosquito
population with mosquitoes carrying the Microsporidia MB. infection. According to the
analysis made in the previous sections, it is possible to have the coexistence of the both
mosquito populations which is stable for R(2)

0 > 1. The aim of this release strategy is to
considerably reduce the size of the wild mosquito population.

In the absence of control, the proportion of infected mosquitoes at the coexistence
equilibrium is given by:

p f = R(2)
0 − 1

R(2)
0 − ρ1

.

The objective is to have a higher number of infected mosquitoes than wild mosquitoes (p f >

0.5 or R(2)
0 > 2 − ρ1). We then choose r such that Gr

0 > R(2)
0 > 2 − ρ1. This leads to

μ f − β

2 − ρ1 − ρ2 − ρ3λ
< r < μ f . (43)

Using the baseline values from Table 2 we get 0.046 ≤ r < 0.1.
The numerical simulations in Fig. 14 show us some possible release options. This strategy

requires a large number of mosquitoes in the releases (r ≥ 0.046) in contrast to the ρ1 = 1.
Figure 14a and b show that releases effected over limited durations are not efficient regardless
of the rate of release of infectioed mosquitoes because wild mosquitoes will take over once
releases are stopped. Thus, to achieve the fixed objective it is necessary to release infected
mosquitoes uninterruptedly (Fig. 14c, d). In this case the prevalence of the infection will
increase according to the importance of the rate of releases carried out.
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Fig. 14 Constant release strategy of infected mosquitoes when ρ1 < 1 The purple bands, in (a) and (b)
represent the release period of infected mosquitoes. In (c) and (d), uninterrupted releases over the duration of
the experiment are assumed. The blue curves represent the progression of wild mosquitoes and the red curves
represent the progression of infected mosquitoes.We use in the simulations the values K = 200000, b = 2.22,
β = 0.032, λ = 0.51, the other parameters taken at their baseline values in Table 2

Releases with Variable Rate

For this type of release, similar to the approach in [4, 12, 28], we introduce the control
variable r(t) ∈ [0, rmax], rmax < μ f . is assumed to be continuous (or piecewise continuous)
and expresses the time-dependent rate of released infected mosquitoes.

The control model is therefore as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dFu
dt

= b

(
F2
u + (1 − ρ1)F2

i + (1 − ρ2)FuFi + (1 − ρ3λ)Fi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

−β
Fi

Fu + Fi
Fu − μ f Fu,

dFi
dt

= b

(
ρ1F2

i + ρ2FuFi + ρ3λFi Fu
Fu + Fi

)(

1 − Fu + Fi
K

)

+β
Fi

Fu + Fi
Fu − μ f Fi + r(t)Fi .

(44)

With the initial condition:

Fu(0) = F0
u > 0, Fi (0) = F0

i ≥ 0. (45)
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To the system (44), we associate the objective (cost) function

J (r) = F2
u (T ) +

∫ T

0
Cr2(t)Fi (t)dt . (46)

Where F2
u (T ) is the objective with respect to the population level of wild mosquitoes that

we wish to minimize at the final position. Then, our goal is to determine the release rate r∗
that minimizes the cost r∗ J (r) at time horizon [0, T ] on �.

J (r∗) = min
r∈�

J (r), (47)

where

� = {
r ∈ C0([0, T ]), piecewise : r(t) ∈ [0, rmax]

}
, (48)

is the set of admissible controls. C > 0 expresses the cost per unit time associated with the
release strategy (laboratory production of mosquitoes and releases).

Theorem 5 Consider the optimal control problem associated with the system (44). There
exists a control r∗ and a corresponding solution X∗ = (F∗

u , F∗
i ) which minimizes the func-

tional J on �.

Proof Since the function g ≡ F2
u (T ) is continuous, to establish the existence of an optimal

control, we verify that the conditions of Fleming and Rishel’s theorem [29] are satisfied:

1. The set of controls and the set of corresponding solutions is non empty.
2. The set of controls � is convex and closed in L2([0, T ]).
3. The right part of the Eq. (44) is bounded by a linear function of the control.
4. The integrant of the objective function is convex on� and bounded by a1|r |α −a2, where

a1, a2 > 0 and α >1.

The condition 1 is obtained thanks to the results of Lukes [30] for systems with constant
coefficients. The set � is a closed convex set of L2(0, T ) by definition and the right part of
the system (44) satisfies the condition 3 because the state variables are bounded. It is clear
that the integrant Cr2Fi (t) of the objective function is convex with respect to r , moreover
there exist a1, a2 > 0 and α > 1 such that:

Cr2Fi (t) ≥ a1|r |α − a2,

because the state variables are bounded. We conclude that there exists an optimal control r∗
which minimizes the functional J on �. ��

The existence of an optimal control having been established, we are now interested in
its characterization. Following [31], we define the Hamiltonian associated with the problem
(44)-(46) as:

H(Fu , Fi , r , λ1, λ2) = C2r
2Fi − λ1.

(

β
Fi

Fu + Fi
Fu + μ f Fu

)

+λ1.

(
b(F2

u + (1 − ρ1)F
2
i + (1 − ρ2)Fu Fi + (1 − ρ3λ)Fi Fu)

Fu + Fi

)(

1 − Fu + Fi
K

)

+λ2.

[
b(ρ1F

2
i + ρ2Fu Fi + ρ3λFi Fu)

Fu + Fi

(

1 − Fu + Fi
K

)

+ β
Fi

Fu + Fi
Fu − μ f Fi + r Fi

]

.

(49)

λ1 and λ2 are called adjoint variables.
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Theorem 6 Let r∗beanoptimal control and X∗ = (F∗
u , F∗

i ) the corresponding solution. Then
there exist adjoint variables λ1(t) and λ2(t) Then there exist adjoint variables verifying the
transversality conditions:

λ1(T ) = 2Fu(T ), λ2(T ) = 0. (50)

Moreover, the following characterization is verified

r∗(t) = min

{

max

{

0,−λ2(t)

2C

}

, rmax

}

. (51)

Proof By application of Pontryagin’smaximumprinciple [32], the optimality condition gives
us the existence of λ1 and λ2 verifying the following adjoint system:

⎧
⎪⎨

⎪⎩

∂λ1

∂t
= − ∂H

∂Fu
,

∂λ2

∂t
= − ∂H

∂Fi
.

(52)

with final time conditions:

λ1(T ) = ∂g

∂Fu

∣
∣
∣
∣
t=T

= 2Fu(T ), λ2(T ) = 0.

– The minimality condition on the set {t ∈ [0, T ] : 0 < r∗(t) < rmax} is:
∂H
∂r∗ = 2r∗CFi + λ2Fi = 0.

Thus on this set, r∗ = − λ2

2C
.

– If t ∈ {t ∈ [0, T ] : r∗ = 0}, then the minimality condition is:

∂H
∂r∗ = 2r∗CFi + λ2Fi < 0, i .e., − λ2

2C
> 0.

– If t ∈ {t ∈ [0, T ] : r∗ = rmax}, then the minimality condition is

∂H
∂r∗ = 2r∗CFi + λ2Fi > 0, i .e., − λ2

2C
< rmax.

Therefore, we obtain the desired control characterization given by (51) ��

Numerical Implementation: Optimal Release

In this section, we are interested in the numerical solution of the optimal release control
problem.We have proved in Theorem 5, the existence of an optimal control and an associated
optimal solution. We have also given the characterization of the optimal control in Theorems
6 as a function of the level of maternal transmission. In what follows, we use the Python’s
gekko package [33] to solve optimal control problems in order to illustrate these results.

We consider in our numerical simulations that the maximum release rate of infected
mosquitoes is rmax = 0.06 and we take C = 1. The maximum female carrying capacity K
is fixed at 20000. We assume that at time t = 0, we have F0

u = 15000 and F0
i = 0.052F0

u
i.e. the infected mosquitoes constitute 5% of the total mosquito population at the time of the
study. The releases are made over a period of T = 500 days and the parameter values used
are the same as those for the constant rate releases.
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Fig. 15 Optimal release over a 500 day period when ρ1 = 1

Fig. 16 Optimal release over a 500 day period when ρ1 = 0.76 < 1

Figures15 and 16 show us the effet control on the growth of the two mosquito populations
in the case ρ1 = 1 where population replacement is achieved. Figure16 reflects the case of
coexistence of the both populations (ρ1 < 1)where the objective is tominimize the population
density ofwildmosquitoes in thefinal state. The profils of the control are given by the curves in
green. At the onset (t = 0), the release rate r∗(t) is set to its maximum value (rmax = 0.06) to
introduce a substantial number of infectedmosquitoes into the environment. This initial surge
aims to disrupt the existing population dynamics and establish a foundation for the infected
group. As the infected mosquitoes integrate and begin to influence the wild population, the
efficiency ofmaternal transmission directly impacts r∗(t).With perfectmaternal transmission
(ρ1 = 1), the release rate gradually reduces over time as the infected population becomes self-
sustaining. Conversely, with imperfect maternal transmission (ρ1 < 1), a more aggressive
and sustained release strategy is required to achieve the desired population dynamics.

Discussion and Conclusion

In this study, we have presented a comprehensive mathematical model that explores the
interactive dynamics between wild mosquitoes andMicrosporidia MB-infected mosquitoes.
Through rigorous analysis and investigation, we have gained valuable insights into the spread
of the infection and its dependence on various factors. Our model allows for a detailed
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examination of the population dynamics, considering both the wild and infected mosquito
populations. By reducing the full model to smaller, mathematically tractable systems, we
have preserved the qualitative and quantitative dynamics, enabling a deeper understanding
of the underlying mechanisms at play. One of the key findings of our study is the critical role
played by the level of maternal transmission in the successful spread of Microsporidia MB
infection. Specifically, we have observed that under perfectmaternal transmission, population
replacement becomes possible, leading to the dominance of infected mosquitoes within the
population. Analysis of this model allowed us to determine the threshold conditions on
basal reproduction rate for which Microsporidia MB the infection persists in the mosquito
population (R0 > 1) with the stability of the CIE. However, when maternal transmission is
imperfect, population replacement is no longer attainable. Nevertheless, we have identified
that a sufficiently high rate of maternal transmission can still achieve a significant level of
infection, with at least 50% ofmosquitoes becoming infected, surpassing theminimum target
of 40% infection.

We have explored the impact of release rates of infected mosquitoes on population
replacement. Our findings indicate that maintaining a release rate that ensures at least 50%
population replacement is essential for successful spread. However, we have also discovered
that constant releases over a fixed period do not lead to population replacement or the dom-
inance of MB-infected mosquitoes. Instead, employing time-dependent release strategies
proves to be more effective in achieving population replacement within a specified time-
frame. These results build upon prior studies that have examined the use of release strategies
with symbiotic microorganisms like Wolbachia for mosquito control [11, 12], highlighting
the importance of timing and adaptation in control strategies.

It is important to note that the potential for Microsporidia MB-based interventions will
depend on various contextual factors. In developed countries withwell-established healthcare
systems and efficient mosquito control infrastructure, the feasibility of implementing such
strategies may be higher, though challenges such as public acceptance and environmental
concerns must still be considered. In contrast, in developing countries, especially those in
Sub-SaharanAfricawheremalaria remains a significant burden, the success ofMicrosporidia
MB-based strategies may depend heavily on factors such as resource availability, healthcare
access, and cultural acceptance of such interventions. Moreover, the effectiveness of these
strategies could be influenced by local mosquito species, environmental conditions, and the
presence of competing interventions. Therefore, while our model offers promising insights,
its implementation will require careful consideration of local contexts. Several promising
directions for future research in this field include the influence of seasonality on the life
cycle of mosquitoes and the dynamics of symbiont spread. Investigating how seasonal varia-
tions affect transmission could provide valuable insights into timing interventions effectively.
Additionally, exploring the spatial heterogeneity in the distribution of uninfected and infected
mosquitoes could help optimize release strategies based on local environmental factors and
mosquito population structures.

In conclusion, our mathematical model offers a powerful tool for studying the com-
plex dynamics ofMicrosporidia MB infection in mosquitoes. Through our analysis, we have
highlighted the significance of maternal transmission and release strategies in achieving pop-
ulation replacement. These insights have practical implications for the development of more
effective interventions and control strategies against mosquito-borne diseases, ultimately
reducing their impact on human health.
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Appendix A Existence of the Coexistence Equilibrium

A.1 Coexistence Equilibrium

The search for this equilibrium point leads us to the solution of the following system:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ

(
MuFu + (1 − ρ1)Mi Fi + (1 − ρ2)MuFi + (1 − ρ3λm)Mi Fu

Mu + Mi

)(

1 − A

Ka

)

−(γ + μa)Au = 0,

φ

(
ρ1Mi Fi + ρ2MuFi + ρ3λmMi Fu

Mu + Mi

)(

1 − A

Ka

)

− (γ + μa)Ai = 0,

b f γ Au − βm
Mi

Mu+Mi
Fu − μ f Fu = 0,

b f γ Ai + βm
Mi

Mu+Mi
Fu − μ f Fi = 0,

bmγ Au − β f
Fi

Fu+Fi
Mu − μmMu = 0,

bmγ Ai + β f
Fi

Fu+Fi
Mu − μmMi = 0.

(A1)

Let us recall the following notations:

A = Au + Ai , F = Fu + Fi et M = Mu + Mi .

Then we obtain the system:
⎧
⎪⎪⎨

⎪⎪⎩

φF

(

1 − A

Ka

)

− (γ + μa)A = 0,

b f γ A − μ f F = 0,
bmγ A − μmM = 0.

(A2)

The system (A2) admits for solution:

A = Ka

(

1 − 1

Ru

)

, F = b f
γ

μ f
A, M = bm

γ

μm
A, (A3)

satisfying the relation

M = l F, with l = bmμ f

b f μm
. (A4)

By posing

p = Mi

Mu + Mi
, (A5)

we obtain from (A1), (A3), (A4) and (A4) the system:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ

Ru
[(1 − p)Fu + (1 − ρ1)pFi + (1 − ρ2)(1 − p)Fi + (1 − ρ3λm)pFu]

−(γ + μa)Au = 0,
φ

Ru
[ρ1 pFi + ρ2(1 − p)Fi + ρ3λm pFu] − (γ + μa)Ai = 0,

b f γ Au − βm pFu − μ f Fu = 0,
b f γ Ai + βm pFu − μ f Fi = 0,
bmγ Au − β f l(1 − p)Fi − μm(1 − p)l F = 0,
bmγ Ai + β f l(1 − p)Fi − μmlpF = 0.

(A6)
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Where F = Fu + Fi and as a result, the last four allow us to have:

Au = βm p + μ f

b f γ
Fu,

Ai = p

1 − p

(
μ f α − (1 − p)βm

b f γ

)

Fu,

Fi = α
p

1 − p
Fu,

Fu = Ka
b f γ

μ f

(

1 − 1

Ru

)(
1 − p

1 − p + α p

)

.

(A7)

with

α = μm

μ f

(
βm + μ f

β f + μm

)

. (A8)

Considering the expressions in (A7),the second equation in (A6), allows us to have

p = βm − αμ f (1 − ρ2 − ρ3λm)

βm − αμ f (ρ1 − ρ2 − ρ3λm)
. (A9)

– When ρ1 = 1, then p = 1. Replacing p with its value in the system (A6), we have
Au = Fu = Mu = 0 and thus we find the complete infection equilibrium point (CIE)
given by (16).

– When ρ1 < 1, we use the relations (A4) and (A5) to express Mu and Mi in terms of Fu
and the unique solution of (A1) representing Ec is given by:

Fc
u = Ka

b f γ

μ f

(

1 − 1

Ru

)(
1 − p

1 − p + α p

)

,

Ac
u = βm p + μ f

b f γ
Fc
u ,

Ac
i = p

1 − p

(
μ f α − (1 − p)βm

b f γ

)

Fc
u ,

Fc
i = α

p

1 − p
Fc
u ,

Mc
u = (1 − p + α p)l Fc

u ,

Mc
i = p

1 − p
(1 − p + α p)l Fc

u .

(A10)

The quantity p given by relation (A9), (0 < p < 1) represents the proportion of infected

males in the total population of males at equilibrium, i.e., p = Mc
i

Mc
u + Mc

i
.

A.2 Existence of Ec

Proof It follows from expression (A10) that Ec is well defined in D if and only if:

Fc
u > 0, μ f α > (1 − p)βm and 0 < p < 1.
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The condition Fc
u > 0 leads Ru > 1.

μ f α > (1 − p)βm ⇔ ρ1
βmβ f

μmμ f
+ (ρ2 + ρ3λm)

βm

μ f
+ ρ2 + ρ3λm − ρ1 > 0

⇔ T0 − 1 > −
[

ρ3λm

(
βm

μ f
− β f

μm

)

+ (1 − ρ1)

(

1 − βmβ f

μmμ f

)]

⇔ (R0 − 1)d > −
[

ρ3λm

(
βm

μ f
− β f

μm

)

+ (1 − ρ1)

(

1 − βmβ f

μmμ f

)]

⇔ R0 > 1 − 1

d

[

ρ3λm

(
βm

μ f
− β f

μm

)

+ (1 − ρ1)

(

1 − βmβ f

μmμ f

)]

= R1.

0 < p < 1 ⇔ βm > αμ f (1 − ρ2 − ρ3λm)

⇔ βmβ f

μmμ f
+ (ρ2 + ρ3λm)

βm

μ f
+ ρ2 + ρ3λm − 1 > 0

⇔ T0 − 1 > −ρ3λm

(
βm

μ f
− β f

μm

)

⇔ (R0 − 1)d > −ρ3λm

(
βm

μ f
− β f

μm

)

⇔ R0 > 1 − ρ3λm

d

(
βm

μ f
− β f

μm

)

= R∗
0.

Therefore, we need R0 > max{R∗
0,R1}. According to the assumption (12), we have

(
βm

μ f
− β f

μm

)

≥ 0. Moreover, since
βm

μm
.
β f

μ f
< 1 and so the condition of existence of the

equilibrium Ec comes down to Ru > 1 and R0 > R∗
0.

Furthermore, the expressions in the numerator and denominator of p in the expression
(A9) are rewritten as follows:

βm − αμ f (1 − ρ2 − ρ3λm) = μmμ f

β f + μm

(
βmβ f

μmμ f
+ (ρ2 + ρ3λm)

βm

μ f
+ ρ2 + ρ3λm − 1

)

= μmμ f

β f + μm
(R0 − R∗

0)d, and

βm − αμ f (ρ1 − ρ2 − ρ3λm) = μmμ f

β f + μm

(
βmβ f

μmμ f
+ (1 − ρ1 + ρ2 + ρ3λm)

βm

μ f

)

+ μmμ f

β f + μm
(ρ2 + ρ3λm − ρ1)

= μmμ f

β f + μm

(

R0 − R∗
0 + 1 − ρ1

d

(

1 + βm

μ f

))

d.

Thus the expression for p given by relation (A9) becomes:

p = βm − αμ f (1 − ρ2 − ρ3λm)

βm − αμ f (ρ1 − ρ2 − ρ3λm)
= R0 − R∗

0

R0 − R∗
0 + 1 − ρ1

d

(

1 + βm

μ f

) .

��
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Appendix B Local Stability of Eu and Ei When �1 = 1

The proof of the local stability of the equilibrium points Eu and Ei are similar and we only
provide here that of Eu .

Proof To prove stability, we use the known results on Metzler matrices [34]. The Jacobian
matrix of (2) at the point Eu is given by:

J (Eu) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−(γ + μa)Ru (γ + μa)(1 − Ru)
φ
Ru

(1 − ρ2)
φ
Ru

0 −ρ3λm
φ
Ru

F∗
u

M∗
u

0 −(γ + μa) 0 ρ2
φ
Ru

0 ρ3λm
φ
Ru

F∗
u

M∗
u

b f γ 0 −μ f 0 0 −βm
F∗
u

M∗
u

0 b f γ 0 −μ f 0 βm
F∗
u

M∗
u

bmγ 0 0 −β f
M∗

u
F∗
u

−μm 0

0 bmγ 0 β f
M∗

u
F∗
u

0 −μm

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

This gives us

det(J (Eu) − x I6)

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−(γ + μa)Ru − x (γ + μa)(1 − Ru)
φ
Ru

(1 − ρ2)
φ
Ru

0 −ρ3λm
φ
Ru

F∗
u

M∗
u

0 −(γ + μa) − x 0 ρ2
φ
Ru

0 ρ3λm
φ
Ru

F∗
u

M∗
u

b f γ 0 −μ f − x 0 0 −βm
F∗
u

M∗
u

0 b f γ 0 −μ f − x 0 βm
F∗
u

M∗
u

bmγ 0 0 −β f
M∗
u

F∗
u

−μm − x 0

0 bmγ 0 β f
M∗
u

F∗
u

0 −μm − x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −(x + μm )

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−(γ + μa)Ru − x φ
Ru

(γ + μa)(1 − Ru) (1 − ρ2)
φ
Ru

−ρ3λm
φ
Ru

F∗
u

M∗
u

b f γ −μ f − x 0 0 −βm
F∗
u

M∗
u

0 0 −(γ + μa) − x ρ2
φ
Ru

ρ3λm
φ
Ru

F∗
u

M∗
u

0 0 b f γ −μ f − x βm
F∗
u

M∗
u

0 0 bmγ β f
M∗
u

F∗
u

−μm − x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

.

Thus, the characteristic polynomial associated with J (Eu) is given by:

P1(x) = −(x + μm) det(M1 − x I2) det(N1 − x I3).

Where

M1 =
(−(γ + μa)Ru

φ
Ru

b f γ −μ f

)

, and

N1 =

⎛

⎜
⎜
⎝

−(γ + μa) ρ2
φ
Ru

ρ3λm
φ
Ru

F∗
u

M∗
u

b f γ −μ f βm
F∗
u

M∗
u

bmγ β f
M∗

u
F∗
u

−μm

⎞

⎟
⎟
⎠ =

⎛

⎝
A1 B1

C1 D1

⎞

⎠ .

Then Sp(J (Eu)) = {−μm} ∪ Sp(M1) ∪ Sp(N1). It is therefore sufficient to study the
stability of matrices N1 and M1.
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M1 eis a Metzler matrix. Since all diagonal terms are fully negative, it is Metzler stable if
and only if det M1 = (γ + μa)μ f (Ru − 1) > 0 i.e if Ru > 1.

N1 is a Metzler matrix and it is Metzler stable if and only if A1 and D1 − C1A
−1
1 B1

are Metzler stable [34]. A1 is a stable Metzler matrix because all its non diagonal terms are
positive, its diagonal terms all negative and det A1 = (γ + μa)μ f (1 − ρ2) > 0. Moreover,

D1 − C1A
−1
1 B1 = − μm

1 − ρ2

(

1 − ρ2 − ρ3λm − ρ2
βm

μ f
− ρ3λm

β f

μm
− βmβ f

μmμ f

)

= − μm

1 − ρ2
(1 − T0) < 0 if T0 < 1.

This condition is equivalent to R0 < 1 from i) of Proposition 2 and thus N1 is a stable
Metzler matrix. ��
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