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ON A QUESTION OF WITNO CONCERNING HYPOTHETICAL ELITE PRIMES
FOR MERSENNE NUMBERS AND REPUNITS

ADEL ALAHMADI AND FLORIAN LUCA

We answer in the affirmative a question of Witno (2021) concerning elite primes for Mersenne numbers
and repunits.

1. Introduction

Let b ≥ 2 be a positive integer. For a positive integer m, we write

Mb,m =
bm

−1
b−1

.

This is also called a repunit in base b. When b = 2, M2,m is the Mersenne number. Motivated by a
question on primality testing for Fermat numbers, Witno [7] introduced the set of primes

(1) Pb =

{
3 ≤ p prime :

(
Mb,q

p

)
= 1 for all primes q sufficiently large

}
.

In the above, for an odd prime p the symbol
( a

p

)
stands for the Legendre symbol. Numerical calculations

revealed some elements in Pb for some values of b, yet they appear to be very sparse. So, in [7, Section 4],
it was asked whether it holds that

(2)
∑
p∈Pb

1
p

= O(1).

The main result of our article is that (2) holds.

Theorem 1. Estimate (2) holds.

Proof. For a set A of positive integers and a real number x , we write

A (x) = A ∩ [1, x].

It suffices to show that

#Pb(x) = O
(

x
(log x)(log log x)2

)
,
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since afterwards the fact that the sum appearing in (2) is finite is a consequence of the Abel summation
formula and the fact that the integral ∫

∞

3

dt
t log t (log log t)2

is convergent. We let x > x0 be large and put y :=
√

log log x . Consider primes q ∈ (y, 2y). The number
of them is

π := π(2y) − π(y) =
(
1 + o(1)

) y
log y

=
(
1 + o(1)

) 2
√

log log x
log log log x

as x → ∞,

so π < 3
√

log log x/ log log log x for x > x0. Assume that q ∤ p − 1. By Dirichlet’s theorem on primes
in progressions, there are infinitely many primes r such that r ≡ q (mod p − 1). Assuming p > b, we
have that br

≡ bq (mod p), so Mb,r ≡ Mb,q (mod p). In particular, Mb,q is a quadratic residue modulo p.
For y large, we have q > 5, so Mb,q is not a square by work started by Nagell [6; 5] and completed by
Ljunggren [3] to the effect that the only solutions of the Diophantine equation

um
−1

u−1
= v2

in integers u > 1, m ≥ 3, and v ≥ 1 are

74
−1

7−1
= 202 and 35

−1
3−1

= 112.

Write Mb,q = Db,q V 2
b,q , with a squarefree number Db,q > 1. We distinguish two cases for p ∈ Pb(x).

Case 1. Assume p − 1 is divisible by at least π/5 primes q in (y, 2y).
Let us denote by Pb,1(x) the set of such primes p. Putting k := ⌊π/5⌋, there are q1 < q2 < · · · < qk

primes q in (y, 2y) such that d = q1 · · · qk divides p − 1. Note that

d = q1 · · · qk < (2y)k < (2y)π < exp
(

3
√

log log x
log log log x

log
(
2
√

log log x
))

< log x

for x > x0. By the Montgomery–Vaughan sieve estimates [4], the number of primes p ≤ x such that
p ≡ 1 (mod d) is

≤
2x

φ(d) log(x/d)
<

3x
φ(d) log x

≪
x log log d

d log x
≪

x log log log x
d log x

,

where we used the minimal order φ(d) ≫ d/ log log d of the Euler function and the fact that d < log x .
Note that d > yk

≥ y(π−4)/5 and there are (
π

k

)
< 2π

ways to choose the primes q1, . . . , qk ; hence, d . Thus, the number of such primes p ≤ x is

≤

(
π

k

) 1
y(π−4)/5

(
x log log log x

log x

)
≪

x
log x

((
32
y

)π/5

y4/5log log log x
)

.
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Since y4/5 log log log x < y, π > 25, and y > 32 for x > x0, the factor in parenthesis is

≤

(
32
y

)25/5

y =
225

y4 =
225

(log log x)2 .

Hence, we get that
#Pb,1(x) ≪

x
(log x)(log log x)2 .

Case 2. Assume p − 1 is divisible by less than π/5 primes in (y, 2y).
Let ℓ := ⌊4π/5⌋. Then there exist q1 < · · · < qℓ in (y, 2y) such that qi is coprime to p − 1 for

i = 1, . . . , ℓ. Let Pb,2(x) be the set of such primes p. By the argument preceding Case 1, each one of
the numbers Db,qi > 1 is a quadratic residue modulo p. Consider the field extension

K = Q
[√

Db,qi : 1 ≤ i ≤ ℓ
]
.

Since gcd(Mb,m1, Mb,m2) = Mb,gcd(m1,m2), it follows that Db,qi and Db,q j are coprime for all i ̸= j . In
particular, the elements of {Db,qi : 1 ≤ i ≤ ℓ} are multiplicatively independent so the Galois group of K

over Q is 2-elementary of cardinality 2ℓ. The prime p has the property that each Db,qi is a quadratic
residue, so its Frobenius is the identity element. Thus, by the Chebotarev density theorem, the density of
such primes is li(x)/2ℓ, except that there is some error term which we need to control. This we can do
with the Lagarias–Odlyzko theorem [2]. We mention that there are many recent improvements of this
theorem, but they are not needed for our purpose. Indeed, the Lagarias–Odlyzko theorem says that if dK

and 1K denote the degree and discriminant of K, then provided x ≥ exp(10dK(log 1K)2), we have

(3)
∣∣∣∣π1(x) −

li(x)

2ℓ

∣∣∣∣ <
li(xβ0)

2ℓ
+ c2x exp

(
−c3

√
log x
dK

)
,

where c2, c3 are absolute constants and π1(x) is the number of primes p ≤ x which split completely in K

(so for which the Frobenius is the identity). Here, one can take β0 = 1. For us, dK = 2ℓ < exp(
√

log log x )

for large x . Note that

Db,qi < bqi < b2y
= exp

(
c4

√
log log x

)
for x > x0,

with c4 = 2 log b, and that K is the splitting field of the polynomial

fq1,...,qℓ
(X) =

ℓ∏
i=1

(X2
− Db,qi )

of degree d = 2ℓ. Lemma 1 in [1] shows that

1K ≤ Md(d−1)d!/2,

where
M = max

{∣∣√Db,qi −

√
Db,q j

∣∣ : 1 ≤ i ≤ j ≤ ℓ
}

≤ 2by

is the maximum of the absolute value of the distance between any two roots of fq1,...,qℓ
(X). It follows that

1K < (2by)d!d(d−1)/2
≤ exp(c4

√
log log x)(d/e)d d3

< exp
(
c4

√
log log x

)dd

for x > x0.
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Thus,

(log 1K)2 < d2dc2
4 log log x = (2ℓ)4ℓc2

4 log log x < 28π log πc2
4 log log x <

√
log x for x > x0.

Since dK < exp(
√

log log x) < 0.1
√

log x also holds for x > x0, it follows that x > exp(10dK(log 1K)2)

holds for x > x0. It remains to show that the right–hand side of (3) is O(li(x)/2ℓ). Well, this is clear for
the first term. As for the second term, we have√

log x
dK

=

√
log x

2ℓ
> (log x)1/4 for x > x0,

and certainly 2ℓ log x < exp
(√

log log x
)

log x = o
(
exp((log x)1/4)

)
holds as x → ∞. So, the second

term in the right–hand side of (3) is

≪ x exp
(
−c3(log x)1/4)

= o
(

x
2ℓ log x

)
as x → ∞.

Hence, for x > x0, we get

π1(x) ≤
3 li(x)

2ℓ
≪

x
(log x)2ℓ

.

We now sum up over all the possibilities for q1, . . . , qℓ, getting that

#Pb,2(x) ≪

(
π

ℓ

) x
(log x)2ℓ

.

Note that ℓ = ⌊π − π/5⌋ ≥ π − k − 1. Since we have the estimates

k =
π

5
+ O(1) and ℓ =

4π

5
+ O(1),

we get using (k + 1)! ≥ ((k + 1)/e)k+1 that(
π

ℓ

)
≤

(
π

k+1

)
≤

π k+1

(k+1)!

≤ exp
(
(k + 1) log π − (k + 1) log

(k+1
e

))
= exp

(
(k + 1) log

( eπ
k+1

))
= exp

(
(c5 + o(1))π

)
,

where c5 := 0.2 log(5e) = 0.52188 . . . . Thus, we get that the above binomial coefficient is at most
exp(0.53π) for x > x0. Since also

2ℓ
= exp(ℓ log 2) = exp

(( 4
5π + O(1)

)
log 2

)
≫ exp(c6π),

where c6 := 0.8 log 2 = 0.554518 . . . , we get that 2ℓ
≥ exp(0.55π) for x > x0. Putting these together, we

get that

#Pb,2(x) ≪
x

log x
exp

(
(0.53 − 0.55)π

)
=

x
(log x) exp(0.02π)

≪
x

(log x)(log log x)2 for x > x0. □
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