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Abstract

The generalization of the double reduction theory to higher-dimensional partial differential
equations (PDEs) presents significant challenges, as highlighted by Sjoberg in prior studies.
Despite these challenges, the application of the double reduction method to systems of PDEs
and higher dimensional PDEs has been explored in the literature, albeit to a limited extent.
Seminal contributions in this area include the work of Bokhari et al., who demonstrated that
if a nontrivial conserved form exists with at least one associated symmetry in each reduction,
a nonlinear system of gth order PDEs with n independent and m dependent variables can be
systematically reduced to a nonlinear system of (¢ — 1)th order ordinary differential equations
(ODEs). This approach underscores the potential of the double reduction method in simplify-

ing complex systems and advancing the analysis of higher-dimensional PDEzs.

In this thesis, we contribute to the existing body of literature on the double reduction method
by applying it to a variety of (n+ 1)-dimensional PDEs and (1 + 1)-dimensional systems of
PDEs. We also introduce a variation of the double reduction method, demonstrating that the
explicit use of associated conservation laws is not always necessary. Instead, canonical vari-

ables derived from symmetry alone can suffice for the reduction process.

We begin by illustrating the versatility of the double reduction method by applying it to spe-
cific (1+ 1)-dimensional PDEs, such as the Gibbons-Tsarev (GT) equation and the Hunter-
Saxton (HS) equation. We construct conservation laws using the multiplier method, compute
Lie point symmetries, and identify symmetries associated with conservation laws. These steps
lead to invariant solutions through the double reduction process. Furthermore, the introduced
variation of the double reduction method is also applied to several (1 + 1)-dimensional scalar

PDEs, highlighting its effectiveness in simplifying the reduction process.

Additionally, we apply the double reduction method to (2 + 1)-dimensional scalar PDEs, in-
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cluding the Zakharov-Kuznetsov (ZK) equation. By identifying and utilizing inherited sym-
metries, we achieve a second symmetry reduction, which significantly simplifies the equations

and leads to invariant solutions.

Finally, we apply the generalized double reduction method to two (1 4 1)-dimensional sys-
tems of PDEs— the Broer-Kaup (BK) system and the Kaup-Boussinesq (K-B) system. In
these cases, we identify symmetries, construct conservation laws using the multiplier method,
and perform reductions, yielding exact solutions and demonstrating the practical applicability

of the method.
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Introduction

Lie Symmetry Analysis (LSA) is a robust mathematical framework developed in the late 19th
century by Norwegian mathematician Sophus Lie. Sophus Lie introduced the concept of Lie
groups in his seminal works between 1842 and 1899, establishing a systematic approach to
understanding symmetries in differential equations. His methods provided a unified frame-
work for various integration techniques applicable to specific classes of differential equations,
thus enhancing the analytical capabilities of mathematicians and physicists alike [1,2]. LSA
focuses on the study of continuous transformation groups, known as Lie groups, which leave
differential equations invariant. This invariance has significant implications for the simplifica-
tion and solution of ordinary and partial differential equations (ODEs and PDEs) [3]. Inspired
by earlier contributions from Galois and Abel in the classification of algebraic equations, Lie
extended the concept of symmetry to differential equations, providing a systematic and algo-

rithmic approach to their analysis [4,5].

Sophus Lie’s pioneering work introduced the fundamental concepts of Lie groups and Lie
algebras, establishing a foundation for the Lie group method. This method facilitates the dis-
covery of exact solutions through techniques such as similarity solutions and order reductions.
These solutions, referred to as group-invariant solutions, are derived by exploiting the invari-
ance properties of differential equations under specific symmetry transformations. Lie’s work
laid the groundwork for a systematic method of solving differential equations, reducing the

reliance on guesswork and heuristic approaches [3,6-9].



The utility of LSA extends beyond the theoretical realm. It provides powerful routines for
categorizing and simplifying PDEs based on their symmetries, making it an essential tool
in applied mathematics, physics, and engineering. For example, LSA has been successfully
applied to problems in fluid dynamics, reaction-diffusion systems, and other nonlinear phe-

nomena, where analytical solutions are often highly desirable [10-17].

While the classical application of Lie symmetries relied heavily on manual computations,
these calculations were often cumbersome and error-prone. The advent of computer algebra
systems, such as Mathematica [18] and Maple [19], has revolutionized the field by automating
the computation of symmetries and similarity solutions. This integration of computational
techniques has significantly enhanced the applicability of LSA to complex systems of PDEs

that were previously intractable [3, 6, 8,20].

Building on Lie’s principles, LSA has evolved to incorporate advanced methods such as the
double reduction method, introduced by Sjoberg [21,22]. This method extends classical sym-
metry analysis by incorporating conservation laws into the reduction process. For PDEs with
two independent variables, the double reduction method reduces a g-th order PDE to a (g — 1)-
th order ODE, making it a powerful tool for simplifying equations and deriving exact solu-
tions [21-25]. The applicability of this method has recently been extended to multi-variable

PDEs and systems of PDEs, addressing challenges in higher-dimensional cases [17,26-29].

The work of Bokhari et al. [30,31] further advanced the double reduction method by applying
it to nonlinear systems of PDEs. They demonstrated that a system of g-th order PDEs with
n independent and m dependent variables could be systematically reduced to a system of

(¢ — 1)-th order ODEs using symmetries associated with nontrivial conservation laws.

Recent contributions by Anco and Gandarias [32] have generalized the double reduction
method, introducing explicit algorithms to identify symmetry-invariant conservation laws for
PDEs with multiple independent variables. These conservation laws simplify the correspond-

ing ODEs, facilitating the construction of symmetry-invariant solutions. Applications of this



generalized approach have been demonstrated by researchers such as Naz et al. [33], Bokhari

et al. [31], and Sait et al. [34].

The theoretical framework of LSA also intersects with Noether’s theorem [35], which links
symmetries and conservation laws in the context of Euler-Lagrange PDEs. However, Ibrag-
imov’s nonlinear self-adjointness method extends Noether’s theorem to arbitrary PDEs, pro-
viding a broader foundation for constructing conservation laws and enhancing the double

reduction method’s potential applications [36].

In summary, Lie Symmetry Analysis has evolved from Sophus Lie’s foundational contribu-
tions into a sophisticated framework for analyzing and solving differential equations. Modern
advancements, including the double reduction theory and its generalizations, underscore its
ongoing relevance and applicability to higher-dimensional scalar PDEs and systems of PDEs.
These developments form the foundation for this thesis, which explores the application of gen-

eralized double reduction theory to (n+ 1)-dimensional scalar PDEs and systems of PDEs.

An intriguing avenue for further extension lies in exploring nonclassical symmetries, which
involve additional constraints on the infinitesimals, known as the invariant surface condi-
tion [37,38]. Nonclassical symmetries can unveil special solutions beyond classical symme-
try methods [37, 38], with applications in integrable systems and nonlinear dynamics. The
prospect of integrating nonclassical symmetries into the double reduction method opens new

horizons for achieving double reduction through a more diverse range of symmetries.

This thesis systematically explores and extends the application of double reduction method.
The journey begins with an in-depth investigation of Lie’s symmetry analysis, followed by a
comprehensive exploration of the double reduction theory and its extension. Through this ex-
ploration, the thesis seeks to address the challenges of higher-dimensional PDEs and systems
of PDEs and advance the understanding of the double reduction method in diverse mathemat-

ical landscapes.



The outline of the thesis is as follows:

In the first chapter, we present standard definitions and theorems relevant to the double reduc-

tion algorithm and the main elements of double reductions.

In Chapter Two, we perform the standard double reduction on two nonlinear (1+1)-dimensional
scalar PDEs, the Gibbons-Tsarev (GT) equation [39]), and the Hunter-Saxton (HS) equa-
tion [40]. In both cases, we determine the admitted symmetries and use the multiplier method
to compute the conservation laws. For the GT equation, we used the approach parallel to that
of Sjoberg [21,22], and for the HS equation, we followed the extended approach similar to
Bokhari et al. [30,31] and many other articles in the literature. We concluded this chapter by
showing an alternative approach to perform double reduction using any symmetry of a PDE
known to have an associated nontrivial conservation law without explicitly using the conser-

vation law in the derivations. We also provided five examples.

In Chapter Three, we focus on applying the double reduction theorem to two (2+1)-dimensional
PDEs. We begin this chapter by doing the extension of the seminal paper by Bokhari et al. [31]
on the generalization of the double reduction theory where the theory was applied to the non-
linear (2 + 1)-dimensional wave equation. We have presented an extended account of the
application and included a second multi-reduction of the conservation law of the equation
by finding and using inherited symmetries that were not determined. We have also included,
for illustrative purposes, solutions of the wave equation for particular specifications of the
arbitrary functions. Next, we apply the generalization of the double reduction theory on the
(2+ 1)-dimensional Zakharov-Kuznetsov (ZK) equation [13,41-43]. We begin by computing
the Lie point symmetries of the ZK equation and use the multiplier method to compute the

conservation laws for the ZK equation.

In Chapter Four, we apply the generalized double reduction method to the Kaup-Boussinesq

(K-B) and Broer-Kaup systems, both significant in nonlinear wave propagation studies. For

4



each system, we identify Lie point symmetries and compute conservation laws using the mul-
tiplier method. Specifically, we construct four conservation laws for the K-B system and six
for the Broer-Kaup system, with each symmetry associated with at least two conservation
laws. These symmetries and conservation laws are then utilized to perform double reductions,
simplifying the original PDE systems to first-order ODEs or algebraic equations in specific
scenarios. In both cases, we report a solution obtained from a particular reduction, demon-

strating the practical applicability of the method to nonlinear systems.

It is noteworthy that, for PDEs and systems of PDEs reported in this thesis, the Lie point sym-
metries are easily computed using MathLie [44], the symmetry-finding package for Mathe-
matica [45] developed by G. Baumann [46]. For conservation laws, except for the Gibbons-
Tsarev (GT) equation where we used Mathematica [45], they are computed using GeM [47]
for Maple [19], the symbolic software package for computation of symmetries and conserva-

tion laws of nonlinear and linear differential equations developed by A. Shevyakov [48,49].



Chapter 1

Preliminaries

1.1 Introduction

In this chapter we present basic operators, definitions, notations, and theorems that are well-
known in the literature as preliminary information. These preliminaries will serve as the
bedrock upon which we will build our applications. Each term and concept, carefully chosen
and drawn from the literature [3, 6,7,20-22, 25, 30, 50-52], serves as a foundation, guiding
us through the complex mathematical landscape and equipping us with the essential tools to

address the forthcoming challenges.

1.2 Lie Point Symmetry

Consider a kth order system of partial differential equations of n independent variables x =

(x',x%,...,x") and m dependent variables u = (u',u?,...,u™):

A% (x,u,u(l),u(z),...,u(k))=O, (le,...,m. (1.2.1)



The variables u(y),u(2), . .., u() denote the collections of all first, second, . .., kth-order partial

derivatives, respectively, that is
wi' =D; ("), wji=D;D;(u%),..., (1.2.2)
with the total differentiation operator with respect to x’ given by

0 d d .
J

A Lie-Bécklund or generalized operator is defined by [50]

el d d 0 .
X251W+nam+§iaw+; e L (1.2.4)

i i1

where .# is the universal space of differential functions and the additional coefficients are

determined uniquely by the following formulas:

{* = Di(n*) —u%D; (&7),

(1.2.5)
o =0u (600 ) ~uq Du(ET), s>,

The Lie point symmetry of equation (1.2.1) is a generator X of the form (1.2.4) that satisfies

xKpe =0, (1.2.6)
(1.2.1)
where X% is the k™ prolongation of X defined by
. d d d d
xM =gl 4+ L . 1.2.7
5 oxt +n Ju® +6 duf T S Ju? ( )

l|.,.ik

This means that equation (1.2.1) is invariant under the action of the generator X.



1.3 Conservation Laws

A conserved vector of (1.2.1) is n-tuple T = (T1,T?, ..., T") satisfying the relation
DiT'[) 5y =0, (1.3.1)
where T = T" (x,u,u(1y,u2), ..., u(g) € F, i=12,...,n. A conservation law can be ex-

pressed in characteristic form [6] as
DT = AgA¥, a=1,2,...,m, (1.3.2)

where Ay = Ag (x,u,u(l), . ,u(q)) are the characteristics or multipliers for the PDE sys-
tem (1.2.1). The determining equations for multipliers are obtained by taking the variational
derivative

Ey[Aa (A%)] =0, (1.3.3)

where the Euler operator E,, is defined by

Eu= M+Z Diy---Diyzg—, a=1....m. (1.3.4)

s>1 i1°is

1.4 Fundamentals of the Double Reduction Theorem

A Lie-Bicklund operator X given in (1.2.4) is said to be associated with the conserved vector

T of (1.2.1) if it satisfies the following relation [53]:

[T'.X] =X (T")+T'D; (&) —T/D; (') =0, i=1.2,...,n. (14.1)



The equation (1.4.1) is also known as the symmetry conservation law relationship. Stemming
from the relation (1.4.1), Sjoberg [21] suggested the double reduction theory for a scalar
PDE with two independent variables. If the PDE admits a symmetry with operator X that is

associated with a conservation law
D;,T'+D, T* =0, (1.4.2)

canonical variables r, s and w such that

r=r(t,x,u),
s =s(t,x,u), (1.4.3)

w=w(t,x,u),

are determined as the starting point . These variables transform the generator X to its canonical

form X = % This means that they must satisfy the equations:

Xr=Xw=0,
(1.4.4)

Xs=1.

Clearly r and w are invariants of X and are therefore easily obtained from the characteristic

equations:
dx dt du

1.4.5
E= 7 (1.4.5)

The variable s can be determined by inspection. More systematically, it can be obtained from
an invariant J = v —s(x, y) of the extended operator X + d,,, where v is an auxiliary variable [6].

In this way, (1.4.2) can be written in canonical variables as [21,22]

D, T"+D,T* =0, (1.4.6)



with

T'D T*D,
T" — 1(r) + T"De(r) (1.4.7)
Dy (r)Dyx(s) — Dy(r)D;(s)
and
T'D T*D
75 — 1(8) +T"Dsls) (1.4.8)
D;(r)Dx(s) — Dx(r)Dy(s)
The components 77 and T* depend on (¢, x, Uy U(1),U(2)s - - -y U(g—1))» Which means that T" and
T* depend on (r,s,w, Wy, Wy, ...,w,q1) for solutions invariant with respect to X. Therefore,
the conservation law in canonical variables (1.4.6) becomes:
dT*
+D,T" =0. (1.4.9)
ds
From the association of X with T, it follows that in canonical variables
~ aT”" ~ aT*
XT" = =0 and XT°’= =0, (1.4.10)
ds ds
which leads to further reduction of the conservation law (1.4.9) to
D,T" =0, (1.4.11)
or, equivalently, the reduced ODE of order ¢ — 1, namely
T" =k, (1.4.12)

where k is an arbitrary constant.

Theorem 1.4.1 (see [25]). Suppose that X is any Lie-Bdcklund symmetry generator of the

system (1.2.1) and T',i = 1,...,n are the components of conserved vector of (1.2.1). Then

T =[T"X]=X(T")+71'D; (§/)-T'D; (&), i=1,....n (1.4.13)

10



also constitute the components of a conserved vector for (1.2.1); that is,

DT, =0. (1.4.14)
Theorem 1.4.2 (see [30]). Suppose that D;T" = 0 is a conservation law of the system (1.2.1).

Then, under a contact transformation, there exists function T such that JD;T' = D;T", where

Tlis given by the following formula:

Tl Tl Tl Tl
T2 T2 i 72
—7(a ' , J — AT , (1.4.15)
Tn Tn Tn Tn
in which
Dix; Dix» -+ Dix, D% D% - Dii,
Dyx; Dyxy -+ Dox, 1 Dyxy DXy -+ Dok
A— . A= . (1.4.16)
D,x; Dyxy -+ Dpxy D,% D,% - Dp%,

and J = det(A).

Theorem 1.4.3 (fundamental theorem on generalized double reduction [30]). Suppose that
D;T" = 0 is a conservation law of the system (1.2.1). Then, under a similarity transformation

of a symmetry X of the system (1.2.1), there exist functions T! such that X is still a symmetry

11



for the PDE D;T' =0 and

XT! 7', X]
XT? T2.X
=J(a [7%,x] (1.4.17)
XT" [T, X]
in which
Dix; Dixy --- Dixy Dix; Dix; --- DiXy
52)61 52)62 52)6” | DyX1 Dyxy --- DoX,
A A= . (1.4.18)
ﬁnxl 5nx2 5nxn Dyxy Dpxa -+ Dpxy

and J = det(A).

Corollary 1.4.1 (the necessary and sufficient condition for reduced conserved form [30]).
The conserved form D;T' = 0 of the PDE system (1.2.1) can be reduced under a similarity
transformation of a symmetry X to a reduced conserved form DT =0 if and only if X is

associated with the conservation law T, that is, [T,X]| 51y =0.

Corollary 1.4.2 (see [30]). A nonlinear system of qth-order PDEs with n independent and m
dependent variables which admits a nontrivial conserved form that has at least one associated
symmetry in every reduction from the n reductions (the first step of double reduction) can be

reduced to a (q — 1) th-order nonlinear system of ODEs.

Corollary 1.4.3 (The Inherited Symmetries [30]). Any symmetry Y for the conserved form
D;T" = 0 of PDE system (1.2.1) can be transformed under the similarity transformation of a

symmetry X for the PDE to the symmetry Y for the PDE D;T' = 0.
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Chapter 2

Comparative Analysis: Double Reduction
of (1 + 1)-Dimensional Scalar PDEs: With
and Without Explicit Use of Conservation

Laws

2.1 Introduction

This chapter has three main sections. In the first two sections, we perform the standard dou-
ble reduction on two nonlinear (1+1)-dimensional scalar PDEs, the Gibbons-Tsarev (GT)
equation [39], and the Hunter-Saxton (HS) equation [40]. In both cases, we determined the
admitted symmetries using Mathematica [45] and used the multiplier method [47, 48, 54] to
compute the conservation laws. For the GT equation, we used the approach parallel to that of
Sjoberg [21,22] in the reduction process, and for the HS equation, we followed the extended
approach similar to Bokhari et al. [30,31] and many other articles in the literature. In the last

section, we show an alternative approach to performing double reduction using any symmetry
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of a PDE known to have an associated nontrivial conservation law without explicitly using the

conservation law in the derivations and provide five examples.

2.2 Conservation Laws and Symmetry Reductions of the
Gibbons-Tsarev (GT) Equation via the Double Reduc-

tion Method

2.2.1 Introduction

In this section, we apply the double reduction to a second-order nonlinear PDE:
Ust _l/lxu[x—“u[uxx— 1= 0, (221)

known as the GT equation, and arises in the theory of dispersionless integrable systems (see,
for example, [39]). The equation has attracted interest from many researchers. For instance,
Kaptsov et al. [55, 56] applied the method of differential constraints to find solutions of the
GT equation that are expressible in terms of solutions of Painlevé equations. Lelito and Mo-
rozov [57], on the other hand, used methods of group analysis of differential equations to find
solutions of the GT equation that arise as invariant solutions (in the “classical” way [58—63])
from Lie point symmetries admitted by the equation. Using a known Lax pair, Baran et al. [64]
constructed an infinite series of conservation laws and the algebra of nonlocal symmetries as-

sociated with these conservation laws for the GT equation.

In this section, we employ the double reduction method and find invariant solutions to the GT
equation. The multiplier method is utilized to construct low-order multipliers of the equation

of a particular form, namely, polynomial functions of degree at most three in the variables ¢,
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x, u, and the first-order derivatives of u. This leads to four non-trivial conservation laws of
(2.2.1), two of which have associated Lie point symmetries. According to the double reduc-
tion algorithm, solutions are then constructed systematically from the two conservation laws

and associated Lie point symmetries.

2.2.2 Conservation Laws and Symmetries of (2.2.1)

We seek conservation laws of (2.2.1) via the multiplier approach [6, 54, 65]. Let us consider

first-order multipliers of the form

A=At x,u,uy,uy), (2.2.2)

on the equation (2.2.1). Determining equations for the multipliers can be obtained by taking

the variational derivative defined in (1.3.3),

)

Su [A (tsy — ety + gy — 1)] = 0. (2.2.3)

The determining equations that arise from (2.2.3) are intractable for an arbitrary A. For the
purpose of double reduction, however, a particular form of A would suffice provided that it
leads to conservation laws that have symmetries of the GT equation associated with them.
Considering this, we assume that A is a sum of monomials of degree up to three involving the

variables ¢, x, u, u;, u,,
A(t,x,u, iy 1) = 8+ S1x+ St + O3u+ Sauty + Ssuy + Seut® + S7uuy
+ 8gui> 4 Souy + Syouyit; + 8y 11> + Syoxu + Sy3xu,
+ 81axu; + 815x° + S16tu + S17tuy + S1stuy + S1otx
+820” + &1 + Sopui’ iy + Srzuii + S + Srsu’uy
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+ Sagutttity + Sy7uluy + Srgun? + Srourui? + Szou;

+ 83 1xu* + S3pxuty 4 833> + Szaxunt; + S35xu;

+ 536fo + 83702 u + Sy XUy + S30x7uy + Sagx” + Saytu’

+ Suptuuy + 543tu)26 + Oyatunty + Ogstuyit; + 546tut2
+ Oy7txu + Osgtxuty + Ot X1ty + 5501‘)62 + 551t2u

+ 55212ux + 5531‘21/!; + 554t2x + 555t3,

(2.2.4)

where §; are arbitrary constants. This assumption on the form of admitted multipliers allows

the determining equations from (2.2.3) to be solved easily [45], and we obtain

A:50+54ux+55(

2 2

The multipliers A for (2.2.1) satisfy

A (utt — UxUsx + UrUyx — 1) = DtTt +DxTx,

for all functions u(z,x). From (2.2.5) and (2.2.6) we obtain

and

T =64 (tui —2tuxu,+%x —ulu

T = 64 (2tu — tu)%ut + tu,z —

> 5 xu2 Bua? xu,)

D) 4 2

3
+ & (u)zc — u,) + 64 (u_x — uxu,> + &5 (%u, (t + ui)

2
3tu?  uw o out u?
3 T3 2 7)) Awtvl),

4+4 2

16

2u; — 3t — 3u)2€) iy (4tux+2u}3c — 3u,uy —x)
— 4 .

4 2,2 3.2
Wpllg  3uyuy  Xuxly Uy X
4

(2.2.5)

(2.2.6)

(2.2.7)



1 3tx | ul
+ 9 (Euxu,(?)t —2uy) G

> 5 )—|—5o(x—uxut)

2 2
+ 84 (u _ ”xz’f‘f n ”?t) — Ay + (1), (2.2.8)

for arbitrary functions y and ¢ and a constant A. If u(z, x) is a solution of (2.2.1), the left hand

side of (2.2.6) vanishes. Therefore, the following non-trivial conserved vectors of (2.2.1) arise
from multipliers of the form (2.2.4):

Tlt:u)zc_uh
T (2.2.9)

T} = X — uyuy,

\

( 3
ngg_uxula

T ) ) (2.2.10)

T M 1

- 2 2

(

3 3t u 4 2
e Juted 254
I X (2.2.11)
1 3tx  ulu

\T;:EMXM[(?)Z'—Q,M[)—?—F xzt,

( 5 2 3,02
T4t:tui—Ztuxuﬁ—%x—uiut—%_k%_i_%,

T, : A ) s 5 ) (2.2.12)
2 o Uyl 3uiupy  Xuxl;  u; X
T} = 2tu — tuu, + tu; — Z + Zt ; Zt T

It is to be noted that a different form of A in (2.2.4) might lead to other conservation laws of
(2.2.1). Next is to establish which of the constructed conservation laws have associated Lie

point symmetries of (2.2.1). As did Lu and Zhang [63], we determined that (2.2.1) admits the
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following Lie point symmetries [44]:

d
Xl_au
d
XZ_E7
3 0 0 d
= Tx— 4 f— _ 2.2.13
= T o 2213
2
4 = au7
1 0 d
XSZ—EI';X—FX%.

A linear combination of these symmetries is

X=X kX =E0,+ &0, 4+ N0y, (2.2.14)

where k; are arbitrary constants. Extending X once gives

3K Kst
x() — (K + K3t) 0; + (K‘l + T3x _ 75) ox + (2K3u+ K4 + Ksx) 9,
K: K
+ (K‘gut + 52”") D, + ( 32“’“ + x5> I, (2.2.15)

For each of the constructed conservation vectors (7/,77*), i = 1,2,...,4, parameters can be

determined in (2.2.14) for which (1.4.1) is satisfied. That is

X1t 4 T'DEX —T*DE =0,
(2.2.16)
XWTx 4 1*p,E—T'D,EX = 0.
It turns out that two of the conserved vectors (2.2.9) and (2.2.10) have associated Lie point

symmetries of the form

® = K1d,+ K0 = K1 X] + KX 2.2.17)
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and

D) = K0, + K40, = KXo + K4 X4, (2.2.18)

respectively.

2.2.3 Double Reduction of (2.2.1) by (®)
The generator, @1, has a canonical form C/El = d/ds when the characteristic equations

de_dx _du_dr_ds_dv

- = , 2.2.19
K K] 0 0 1 0 ( )
hold and thus the canonical variables are:
— Kyt
r= Ma K 7& 07
K2
t
§=—, K #0, (2.2.20)
K2
w=u

where w = w(r). The inverse canonical coordinates follow from (2.2.20) and are given by:

t=K»s,
X=K15+r, (2221)
u=w.
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From (2.2.21) partial derivatives of u in terms of the canonical variables are derived following

the routine outlined in [8]. We obtain:

Uy = er
K1
Uy = ——wy, Ky #0
K2
Uxx = Wrr, (2.2.22)
K1
Uty = ——Wrr, K #0
K2
2
K
1
Ut = —5Wrr, K # 0.
)

By substituting (2.2.21) and (2.2.22) into Tf and T}', and using (1.4.7) and (1.4.8), we obtain

the following components of the reduced vector:

2.2
K
Tlr:KZW— 21::;}’, K‘27é0
) 5 (2.2.23)
K
Tls:— :(Z}r—%, K'27é0

The first component in (2.2.23), in accordance with (1.4.12), results in a known first-order

nonlinear ODE called Chrystal’s equation (see [66] and the references therein)

215w — ki (W)? =k, (2.2.24)

where k is an arbitrary constant. Equation (2.2.24) admits the translation symmetry d,, and
is thus tractable via Lie symmetry methods for ODEs (see, for example, [3, 6,8, 66,67]). The

solution is

4 2 2
K5 (c1x1 +7) 7 +kK;
W= o : (2.2.25)
%2
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where c¢; is an arbitrary constant. Finally, from (2.2.21) and (2.2.25), a solution of the GT

equation (2.2.1) obtained via the double reduction method and using P is

2 2.2 2
u(t,x)=J+ — 1Kot + -+ —. 2.2.26
(#,) 1 T T e T2 ( )
2.2
—ak . _k_
where J = 5 +21<22'

2.2.4 Double Reduction of (2.2.1) by (®,)

The canonical coordinates in this case are:

s=— Ky # 0 (2.2.27)

Kou — K4t
w—=-——————

K #£ 0.
1 5 27£

where w = w(r). From (2.2.27) the inverse canonical coordinates are given by:

1=K,
x=r, (2.2.28)
U=xKqs+w.
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It follows from (2.2.28) that the partial derivatives of u in terms of the canonical variables are

given by:
Uy = Wy,
Ur = K_Ea K2 7£ 0
2 (2.2.29)
Uxx = Wrr,

Uty = Uy = 0.

By substituting (2.2.28) and (2.2.29) into T; and 75, and using (1.4.7) and (1.4.8), we obtain

components of the reduced vector:

T = Kor — Kywy,

(2.2.30)

TSZK%—W%. K #0

From the first component in (2.2.30), we deduce, in accordance with (1.4.12), that the reduced

conservation law in this case satisfies the simple ODE
Kr — Kaw, =k, (2.2.31)
where k is an arbitrary constant. The solution of (2.2.31) is
w(r) = 2— tey, (2.2.32)
K4

where ¢ is an arbitrary constant. The solution of the GT equation (2.2.1) obtained via the

double reduction method using @, follows from (2.2.28) and (2.2.32):

k t 2
u(tx) = ¢ ——x+%+'§—,f4. (2.2.33)
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2.2.5 Concluding Remarks

In this section, we used the double reduction method to find exact solutions to the GT equa-
tion, which arises from the dispersionless integrable systems theory. The multiplier method
was employed to construct the conservation laws of the equation. Notably, we did not insist
on determining all the admitted multipliers for the equation, in which case the determining
equations are intractable. Instead, only multipliers (and hence conservation laws) correspond-
ing to a particular form of the multiplier were determined. We determined multipliers for the
GT equation that are polynomial functions in the variables ¢, x, u and the first derivatives of u,
and with the degree of at most three. Four non-trivial conservation laws were determined, two
of which were found to have associated Lie point symmetries. The double reduction method
was then invoked in the two cases, leading to first-order ODEs that were easily solved and

ultimately yielded two general solutions of the GT equation.
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2.3 Conservation Laws and Symmetry Reductions of the
Hunter-Saxton (HS) Equation via the Double Reduc-

tion Method

2.3.1 Introduction

In this section, we focus on the HS equation, a mathematical model described by the partial
differential equation (PDE),

(g +uny) = Su, (2.3.1)

which arises as an Euler-Lagrange equation of a variational principle in the study of a non-
linear wave equation for the director field of a nematic liquid crystal [40]. Equation (2.3.1)
has attracted significant attention from researchers, prompting numerous studies on it and its
derivatives. These investigations have often employed Lie symmetry analysis to explore vari-

ous equation properties and, in certain instances, to uncover solutions.

Nadjafikhah and Ahangari [68] determined the Lie point symmetries of the equation and used
the symmetries to find conservation laws and conduct symmetry reductions of the equation.
An optimal system of one-dimensional subalgebras of the symmetry algebra of the HS equa-
tion was also constructed. San et al [69] investigated a modified version of the HS equation,
a third-order nonlinear PDE. Their work featured the utilization of Ibragimov’s nonlocal con-
servation method to derive conservation laws for the equation. Liu and Zhao [70] undertook
the study of a generalized two-component HS system of equations. They determined simi-
larity variables and executed symmetry reductions for this new generalized system, leading
to the discovery of some exact solutions for the system. Yao et al [71] tackled the peri-
odic Hunter—Saxton equation, introducing a variable coefficient into the generalized equation.

They succeeded in finding exact solutions for specific selections of the variable coefficient by
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employing the classical approach to finding invariant solutions. Johnpillai and Khalique [72]
also used Lie symmetry analysis to find exact solutions for yet another generalized version of

the HS equation.

For this thesis, our study is dedicated to examining the symmetry reductions of the HS equa-
tion, utilizing the double reduction method. Our objectives encompass the identification of
Lie point symmetries, the determination of conservation laws through the multiplier method,
and the application of the double reduction method to achieve symmetry reductions. This re-
search serves as a valuable addition to the existing body of work on the HS equation while also
contributing insights into the double reduction method in the search for solutions for PDEs. It
must be noted that the double reduction routine we have adopted in this article is based on the
generalized approach proposed by Bokhari et al [30], which can be used to study PDEs such

as those studied in [73-75], of higher dimensions.

2.3.2 Symmetries and Conservation Laws of (2.3.1)

The HS equation (2.3.1) is a (1 + 1)-dimensional scalar PDE with two independent variables

x = (x!,x%) = (,x) and one dependent variable u = u(t, x). It admits the following four sym-

metries [44]:

d
X]I.Xaﬂ—bl%,
XZ %7
(2.3.2)
X =12 4l
370 T ox

0 0 0
_ 27 Il i
X4=t 8t+2tx8x+2x8u'

We will use the multiplier approach to derive conservation laws for the HS equation (2.3.1).
We seek first-order multipliers

A= A(x,t u,uy,uy) (2.3.3)
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of (2.3.1), for which the determining equation according to (1.3.3) is

% [A ((u, + ), — %uxz)} =0, (2.3.4)

where the standard Euler operator 8 /du, as defined in (1.3.4), is

+D?—— J +DyDy—— J (2.3.5)

§ 0 P o 59
Dtan xaxx autx

Su_on P DT

and total derivative operators D; and D, using (1.2.3) are

D=2 b L g S

a ula ulla utXaux bl
b 00
T gx T g TGy, T gy, T

The determining equation for the multiplier A after expansion takes the following form:

Qo+t Q1 + U + (1) Q3 + 1 Q4 + ity Qs = 0, (2.3.6)

where

1 1 1
Qo = uNy— Eu,%Atu, + Ay — EuiAuux - Eu%ut/\uut + uu;chuu + s Ay
1 3ulA
+ 2uu)c/\xu + MtAxu + qux - Eu)chxux + 3 - + MxAx;

1
_u,%Autut + Axu, ,

Q = uxAuu,_z

Q= 2uuAy, + 2Ny, — U Ay, +2A,
Q3 — uAu;ut - AM[M);?

2
Qy = Atux - uAtu, + utAuux + quux + uuxAuux - uutAuu, - uxAuxux

2

+2ulNy — ux Ay, —ui Ny, + A,
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Qs = Auuy — Uy, -

The multiplier determining equation (2.3.6) splits with respect to different combinations of
the derivatives u,y, U and u;; yielding an overdetermined linear system of equations for the

multiplier. The system of equations was solved using Mathematica [45] to obtain
ot 2 55
A=u 52+53I—T +uxx(53—51t)+51x+ Oqlty + ;, 2.3.7)
X

where 6;, i = 1,2,...,5, are arbitrary constants. From (1.3.2) and (2.3.7), we have

1 2 51t2
[(ut +uty), — S ] [ut (52 + &t — T) + uyx(63 — 61¢)

0.
+ 01 x+ 54I/lx—|-—;] :D;TZ—FDXTX, (2.3.8)
u

X

where

Sitr & St & Ot b S
t— 2 a2 % bR L BT ]
T‘”X(“(4 2 2)“(2 2)+2) u, T2

+ ur(81x — S1tu+ 91 (u)),

& &t §it? ’ 03 Ot 04 Osu  30s5x
T — 2 22 22 hC R 1 e R b T
ut(2+2 P +uuy | x > —|—2 Mx+2

2
+ Uy <uu, (32+53t — SITI) +51WC) +u (O11u— @1 (u)) + §3(1),

for arbitrary functions u(z,x). When u(z,x) is a solution of Eq. (2.3.1), the left hand side

of (2.3.8) vanishes and we obtain conservation laws of HS equation (2.3.1) for which the
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conserved vectors (Til,Tiz) ,1=1,2,...,5, are given by:

r . 12 tzutz 1 2
T) = uy ux—it uu; | — ) —Etuuxx+ut(m_¢l(”>)+¢3(t)a
T; S 5
t‘u tx
7 — §<7_5> (e — tu+ 91 (1)) + 9a(),
r u2
T, = ¢3(1) + uwstty — us <”)+§t’
I,
. uu)zc
T Zux¢1(u)+¢2(x)—77
( ‘ tutz 1 2
T; :tuuxu;+—+¢3(l‘) —|——uuxx—u;¢1(u),
2 2
I3
X tu
\T3x = M)ZC (5 — E) +ux¢l(u> —|—¢2(X),
(. uu?
T, =¢3(1)—ut¢1(u)+7,
T »
u
T = ¢2(x)+ux¢1(u)+?x,
\
( u 3x
T = a(0) () — -+
15 |
T = ¢a(x) + uc (“)—u_-

According to (1.4.1), a symmetry X is associated with a conservation law D,T* + D, T* = 0 if

the following formula is satisfied:

T! D& D&\ [ T T
X B & e . (Dtﬁt-l-Dxéx) =0. (2.3.9)
T Dtgx ngx T* T

It turns out that the association of symmetries and conservation laws of (2.3.1) is obtained in
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the following cases:

K1 (Xl +2X3) + KX, —

K1 (X1 -I—Xg) + KX, —

(
__ % 6 3
X L=t i~ w "t

K1 X1—7 + KX —
=

¢ 2
Tf = 2t tuty + 5+ Judx — w91 (1),

T = 2l (5 ) o)

X

It is important to observe that among the five computed conservation laws, we have identified
associated Lie point symmetries for only four of them. Notably, the conservation law 77 lacks

any associated Lie point symmetry of the HS equation.

2.3.3 Double Reduction of (2.3.1) by (k; (X] +2X3) + k:X3)

We transform the generator

Z =K (Xl —|—2X3) + 15X,

to its canonical form

Jd d d
Y =04+ 540

Therefore canonical coordinates r = r(t,x), s = s(¢,x) and
w = w(t,x,u) must be found such that Z(r) = 0,Z(s) = 1 and Z(w) = 0. While the coor-

dinates r and w are obtained from invariants of Z, the coordinate s may be determined by
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inspection. More systematically, it can be obtained from an invariant J = v — s(x,y) of the

extended operator Z + d,, where v is an auxiliary variable [6]. We obtain

X

k40
(2Kt + K2)3/2 1 7
I
5= ;—I;C K1 0 (2.3.10)
w=——"2 x40

N V2Kt + 1(‘27

where w = w(r). Inverse canonical coordinates follow from (2.3.10) and are given by

€2Kls _ K2r2/3
r= , Kl % 0
21(1}’2/3
3
X=e K'1s’ (2311)
wek1$
W=am
i -\T .
Computing A and (A~")", we obtain
o e2K1s 0
A= Dyt Dyx . 3K r/3
21('15
Dit Do erz/s' 338155
and
1 T Dtr Dxr _36_2KISK1}"5/3 e_3K1Sr
O R B
s § e ~
t i O 3K1

30



The partial derivatives of u from (2.3.11) are given by:

u = Ky /re” ¥ (w—3rw,),

e = r2/3wre*2’qs,
(2.3.12)
Uy = —K]| r4/3e_4K's(3rwrr +2w,),
Uy = 1P, K18,
The reduced conserved form is given by:
T T!
2l=s@a ' 7, (2.3.13)
ry Iy
where
eSKIS
By substituting (2.3.11) and (2.3.12) into (2.3.13), we obtain:
9 K2 2
T, = d1x1 + 343k + 3K12rwwr — EKlzrzw% — % + Elqrww% — KW wr,
(2.3.14)
TS — K 61 W2 + 51 K W2 i 2 31(11"
S N 3r or Y 2 )7
where the reduced conserved form satisfies
D, Ty =0. (2.3.15)

From (2.3.14) and (2.3.15), we have

9 Kw? 3
3K12rwwr — EKlzrzw% — IT + 3 1rww% —kww, =k,
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where k is an arbitrary constant.

2.3.4 Double Reduction of (2.3.1) by (x;(X| + X3) + k. X3)

Canonical coordinates determined from (x; (X] + X3) + k2 X») are:

= K1 #0
1
s= 2“—1:1‘ K £ 0 (2.3.16)
u
W= —
V'

where w = w(r), and the inverse canonical coordinates are given by:

K _ K18
= _2\/7'—67 K1 7£ 0
K'l\/;'
= €2K1s7 (2.3.17)
u=we".

The partial derivatives of u from (2.3.17) are given by:

Uy = —2K] r3/2wr,

1
Uy = Ee_'qs(2rwr +w),
(2.3.18)

Upe = —e X550 /2 (2rwpr + 3wy,

1
Upy = —Ze_3kls(w —4r(rwy+wy)).
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As for A and (A*I)T, we obtain

D,t D,x T 2K1R3? 0
A = = y
Dst sz EKTI: 262K1SK1
and
, Dtr Dxr _287K1SK-1’,.3/2 2K1Sr
(A") — =
D D 721(1.&'
) S 0 eZKI
Therefore, from
T T!
N SNV B (2.3.19)
1} Ty
where
3K]S
J =det(A) 37
we obtain:
Kiw® 1 3/2. 2
T, = 81K + 283Kk + K177 w +K1rwwr+T—§r wwy — 8\/_ 2\/_w Wy,
(2.3.20)
5 Syw, w3 wiw,  rww?
ATy 16%,r3/2  4K1\/r 4K
From the reduced conservation law D,T; = 0, we obtain
2.2 kw? 1 3/2, 2
Kirwy + Kirww, + —— — =r/ “ww ———\/—WWr_k

4 20 TTrTRr 2

where k is an arbitrary constant.
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235 Double Reduction of (2.3.1) by (1 (X1 — %) + 10X, )

Canonical coordinated determined from <K1 <X1 — %) + K2X2> are:

r:x(21<2— K']l‘),

21n
s= " e 40 2.3.21)
Ki
u
w=—
x2’

where w = w(r), and the inverse canonical coordinates are given by:

1
y 2K, —re 2515
- 9

K1
re %, (2.322)
u=we"”’.

The partial derivatives of u from (2.3.22) are given by:

31('15
U = —Kipwre 2
K8
uy=e72 (rw,+2w),

(2.3.23)

K1
Uy = —Kpe™! (rwrr+3wr)7

Uy = r(rwpr +4w,) + 2w.

For A and (A_I)T, we obtain

e*%]{'ls
A D,t D,x — 0
N N 1, —tigs,. 1,58
Dst Dgx e 2°r se2 K
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and

T D;r Dyr —eT Ky e 2Ny
(A7) = = g
Dis Dys 0 X
Therefore, from
Tr T!
Sl=s@ ' |, (2.3.24)
T3 s
where
1
J=det(A) = —=
et(A) = —.
we obtain:
I — 2k (261w + 40w+ &3rw, + 283w — 1) =28 (rw, +2w) — r(3rw, +4w)
> 4rw, + 8w ’
(2.3.25)
TS5 _ 281 K] r2w% + A48 K rwwy + 28 rww, + 48w + 3r2ww, + 4rw?
> 2K 2ww, + 4K rw? ’
From the reduced conservation law D, Ty = 0, we obtain
2K1 (2817w, + 481w+ 83rw, + 283w — 1) — 28, (rw, +-2w) — r(3rw, +4w) L
4rw, + 8w Y
where k is an arbitrary constant.
2.3.6 Double Reduction of (2.3.1) by (X3)
Canonical coordinated determined from X3 are:
X
r=-—,
t
s = Inx, (2.3.26)
w=u,
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where w = w(r), and the inverse canonical coordinates are given by:

eS
t=—,

.
x=é', (2.3.27)
u=w.

The partial derivatives of u from (2.3.27) are given by:

w = —rre Swy,

uy=re “wy,

(2.3.28)
Uy = —rze_2s(rwrr +w,),
Uy = 17€ Pwyy.
For A and (A’I)T,we obtain
. Dyt Dpx | _ -4 0
Dgt Dgx e% é
and
2 _
(Afl)T: D,r D,r _ —e ¥rc e ’r
D;s Dys 0 e’
Therefore, from
7 T!
Pol=r@ ' P, (2.3.29)
I3 T3
where
eZs
J=det(A) = ——
et(4) =~
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we obtain:

T3r = 52 - 617
1 s (2.3.30)
3= EW%(W—r) - 71 —wrhr(w).

It is remarkable that in this case, because T3 in (2.3.30) is simply a constant, the reduced
conservation law D, T35 = 0 does not result in an ODE that can be solved for w. Therefore, no
invariant solution will arise via the double reduction method from the association of X3 and

the conservation law 73.

2.3.7 Concluding Remarks

In this section, a study of the HS equation using Lie symmetry analysis was presented. Sym-
metry reductions of the equation were carried out by employing the generalised approach to
double reduction theory proposed by Bokhari et al [30]. By utilising the multiplier method,
nontrivial conservation laws for the HS equation were derived. These conservation laws,
along with the Lie point symmetries of the equation, were employed to perform symmetry

reductions via the double reduction method.

Through the analysis, a set of first-order ODEs was obtained, whose solutions represent in-
variant solutions for the HS equation. Out of the five nontrivial conservation laws constructed,
it was observed that only four had associated Lie point symmetries according to the defini-
tion provided by Kara and Mahomed [24]. The conservation law 77 did not have any linear
combination of symmetries associated with it. Additionally, it is noteworthy that despite the
conservation law 73 having an associated Lie point symmetry, X3, the application of the dou-
ble reduction method in this case did not yield a symmetry reduction of the HS equation.
This outcome could be attributed to the “collapse” of the first integral, which was expected to

represent a reduced ODE for the PDE but instead resulted in a constant value.

37



2.4 Symmetry-Based Double Reduction of a (1 + 1)-dimensional
scalar PDEs Without Direct Use of Conservation Laws:

An Alternative Approach

2.4.1 Introduction

From the “classical” double reduction routine [21, 22], it follows that canonical variables,

while reducing the conservation law (1.4.2)
D,T'"+D, T* =0,
into the ODE (1.4.11)
D, T" =0,

must necessarily transform the a scalar PDE with two independent variables into an ODE
equivalent to (1.4.11), albeit of the same order as the original PDE. The reduction of order
by one of this “equivalent” ODE is subsequently achieved through routine calculations. The

steps for implementing the alternative double reduction routine are presented below.

1. Identify a symmetry

X = E(t,x,u)dy +n(t,x,u)d,

of a scalar partial differential equation (PDE) with two independent variables, ¢ and x,

and one dependent variable, u = u(t,x):

O (t,x,u,u(1),u0), .. U(g) =0, (2.4.1)

where u,) denotes the collection {uy} of all g-th order partial derivatives. The goal is to
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identify such a symmetry X for which there exists an associated nontrivial conservation

law.

. Find similarity variables r,s and w, i.e., variables under which the symmetry X is trans-
formed to its canonical form ¥ = % The similarity variables can be determined from

the conditions

The similarity variables constitute an invertible mapping

r =R(t,x),
s =S(t,x),
ow
=Wt — #0
w ( 7'x7u)’ 8” %
from the space (t,x,u,u(y),...,u(,)) to the space (r,s,w,wy, ..., wy).

. Express all partial derivatives of u in the PDE (2.4.1) in terms of the canonical variables
r,s,w, and the partial derivatives of w. This transformation reduces the PDE (2.4.1) to
the ODE

O (1, W, Wy Wi -y W) =0, (242)
for some function @, where w = w(r).

. Through some tedious process of routine computations, write the ODE (2.4.2) in the
form

Drlll(r,W,Wr,Wrr,.--,qufl) :07 (243)

for some function y, where w = w(r). It follows from (2.4.3) that

Y (W We, Wepy o Wig1) =Kk, (2.4.4)
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where k is an arbitrary constant. Equation (2.4.4) is the desired ODE of order g — 1.

In the illustrative examples that follow, we perform double reduction of five PDEs following
the algorithm outlined above. Although we have provided associated nontrivial conservation
laws for each of the symmetries used in the examples, the conservation laws are not used in

the double reduction procedure.

2.4.2 Example 1. The generalized Boussinesq equation with f(u) = >

and g(x) = )%

We consider the generalized Boussinesq equation with f(u) = 1> and g(x) = )%, given by

1
Ut — Upyy — 3u2uxx + Uy — 6uu)zc -3 =0. (2.4.5)
This equation was studied by Gandarias and Rosa in [76] and admits a Lie point symmetry

with infinitesimal generator

X =2t0d; +x0y —ud,. (2.4.6)

The symmetry (2.4.6) is associated with the nontrivial conservation law

Dy(¢") +Dx(¢™) =0,

where
2

t
== t — Uxx )t — PYLE
V=l )l =50 (2.4.7)

O = tuygy — 3tuluy + u,.

To find canonical variables, we solve characteristic equations

dx dt du
— == 2.4.8
X 2t —u ( )
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corresponding to (2.4.6). We obtain canonical variables

X

r=—,
Vit

P (2.4.9)
2 Y

w=u\t or w=xu.

where w = w(r). In (2.4.9) we essentially have two sets of canonical variables, one corre-

sponding to w = u+/t and the other to w = xu.

Case 1.1: Reduction using canonical variables with w = u+/t

The inverse canonical variables of (2.4.9), in the case w = u+/t, are given by

t = 62s7
X=re', (2.4.10)
u=-e ‘w,

and the partial derivatives that appear in (2.4.5), expressed in terms of the canonical variables

using the routine outlined in [8], are:

_—3s
Uxx =€ = Wyp,

1
Uy = Ze—SS (PWpr + 51w, +3w) (2.4.11)
U . _l —5s 3
xXxt = 26 (rWrrr+ Wrr)7
Uxxxx = e_SSWrrrr-
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Substituting (2.4.10) and (2.4.11) into (2.4.5), we obtain an ODE of the same order as (2.4.5),

namely

2
r

r7wrr + 5r6wr + 2r6wm — 12r5w2wr, — 24P ww

+3PW A+ 6P Wy + AP Wyppy — 4 = 0. (2.4.12)

To obtain a lower order ODE, we find functions % and y so that (2.4.12) can be written in the
form

h(r,w)D W (r, W, Wy, Wy, Wy ) = 0. (2.4.13)
Equation (2.4.13) leads to a system of determining equations which we solve to obtain z = r°,
and
1
Y= 1202w, + 3rw 4 12w, + 4w, + 25w,y 4 4wy, (2.4.14)

Case 1.2: Reduction using canonical variables with w = xu

The inverse canonical variables of (2.4.9), in the case w = xu, are given by

t=e>,
x=rée, (2.4.15)
e w
u= ,
.
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and partial derivatives that appear in (2.4.5), expressed in terms of the canonical variables are:

1
l/tn — Zeiss (rWrr + 3Wr) ) (2'4'16)
1
Uxxt = _Ee_sswrrra
24w 24w 12w 4w w
-5 r rr rrr rrer
Uxxxx = € s(r5 - 4 + 3 — 2 + p )

Substituting (2.4.15) and (2.4.16) into (2.4.5), we obtain

r

4r* Wy 4217 (r2 — 8) Wrrr + (r6 — 12w + 48r2> Wy — 24r°ww?

+3r (r* 4+ 24w? = 32) w, — 48w + 96w — 4 = 2° D,y =0, (24.17)
where

1 6w 12 roo12 6w? 6 2w
‘V:ﬁ+r_4+(1_r_4)w+(§+r_3_r_3>m+(l_r_z)w”+ r”’. (2.4.18)

2.4.3 Example 2. The generalized Boussinesq equation with f(u) = ™

and g(x) = é

We also consider the generalized Boussinesq equation with f(u) = ¢™ and g(x) = x%, given

by

1
Uy — Upx — 1€ty + gy — n2e™u> — — = 0. (2.4.19)

ety g
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This equation is also discussed by Gandarias and Rosa in [76] and admits a Lie point symme-

try with infinitesimal generator
X 1
X =1td;+=0dx——3dy. (2.4.20)
2 n
The symmetry (2.4.20) has an associated nontrivial conservation law

Dy(¢") +Dx(¢™) =0,

where
(Pt = x(u, - uxx)7
(2.4.21)
0" = —nxe™uy + ™ — tyy + Xty + —-.
2x2
Canonical variables arising from (2.4.20) are:
X
r=—,
Vit
s = Int, (2.4.22)
Int 2Inx
wW=—-+u or w= u,
n n

where w = w(r). Again, In (2.4.22) we have two sets of canonical variables, one corresponding

tow:h‘f—kuandw:%—f—u.

Case 2.1: Reduction using canonical variables with w = n~!In¢ + u

The inverse canonical variables of (2.4.22), in the case w = n~!nt 4+ u, are given by:

t=¢é°,
x = re*/?, (2.4.23)
nw—g§
U= ,
n



and the following partial derivatives of u in terms of the canonical variables are obtained:

_s
Uy =e 2wy,

—s
Uxx =€ Wy,

—2s
= — (nPWey + 3nrw, + 4) (2.4.24)
n
Uyt = L 2
xxt — 2€ (rWrrr‘I‘ Wrr)7
Uxxxx = € _ZSWrrrw

Substituting (2.4.23) and (2.4.24) into (2.4.19), we obtain:

2
Wypr T Wyy

Weprr + T + 4 + Wy —ne"™wy,

3 1 1
o el —— 4 —=r Dy =0, (2.4.25)

4 r n

where
2 3 2
rw rw r 1

V= rwy, + Trr — Wy + Tr —nre™w, + ™ + o + 57 (2.4.26)

Case 2.2: Reduction using canonical variables with w = 2n"!Inx+u

The inverse canonical variables of (2.4.22), in the case w = 2n 'nx+u, are given by:

t=é",
x = re*?, (2.4.27)
2Inr+s
Uu=w-—
n
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Therefore, the partial derivatives of u expressed in terms of the canonical variables are:

1
Uy = Zre—ZS (rwrr + 3Wr) 7 (2428)
1
Uy = —Ee’zs (rWerr +2wp)
oo [ 12
Uyxxx = € 2s (m + Wrrrr) .

Upon substituting (2.4.27) and (2.4.28) into (2.4.19), we obtain:

AN Woppr + 20 Wiy — 01 (4nenw — 4r2) Wy — 4n3r2w%enw
+nr (16ne™ +3r*) w, — 24ne™ — 4n+48 = 4nr’ D,y = 0, (2.4.29)
where
2 3 nw nw
r r’° ne 3e 6 1 1
= Wy ——1|w,, — = et — 4+ —. 2.4.30
y=r +(2 )W +(4 r )W+ r? N nr2+2r2+n ( )

2.4.4 Example 3. The Benjamin—-Bona—Mahony (BBM) equation

The BBM equation

ul‘xx - u[ + I/”/tx - 0 (2.4.31)

was discussed by Sjoberg in [21] and admits Lie point symmetries with infinitesimal genera-
tors

X =09, and X; = 0,. (2.4.32)
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These symmetries have an associated nontrivial conservation law

Dy(¢") +Dx(9%) =0,

where ;
0=
-’; L (2.4.33)
0" =u; —up—u Ure =4

Let X = aX; + X,, where « is an arbitrary constant. Canonical variables derived from X are:

r=x—aot,
s=t, (2.4.34)
w=u
where w = w(r). From (2.4.34), we obtain the inverse canonical variables:
t=s,
x=as+r, (2.4.35)
u=w

and the following partial derivatives of u expressed in terms of the canonical variables:

Uy = Wy,
Uy = — 0wy, (2.4.36)
Uxxt = — OWppp.
Substituting (2.4.35) and (2.4.36) into (2.4.31), we obtain
(2.4.37)

oW, — QW +ww, = Dy =0,
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where
W2
Y = aW—(XWrr—}—?.

2.4.5 Example 4. The Gardner equation

The Gardner equation

2
Upx + U +u Uy +uu, =0

(2.4.38)

(2.4.39)

is studied by Rosa et al. in [77] and admits Lie point symmetries with infinitesimal generators

X, =9d, and X; = 0.

Equation (2.4.39) has a nontrivial conservation law of

Dy(¢") +Dx(¢™) =0,

where )
p_w w1
¢_2+2+2’
4 3 2 2
W W wuy 1
=gttty 2+<” 2)”""

(2.4.40)

(2.4.41)

This conservation law is associated with the symmetries in (2.4.40). Let X = aX; + X;, where

o is an arbitrary constant. Canonical variables derived from X are:

r=x-—0ot,
s=1,
w=u
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where w = w(r). From (2.4.42), we obtain inverse canonical variables:

and the partial derivatives:

Uy = Wy,
Uy = — 0wy,

Uxxx = Wrrr-

Substituting (2.4.43) and (2.4.44) into (2.4.39), we obtain

Wirr + wzwr +ww,—ow, =D,y =0,

where
we w2

w:Wrr_F?—}_?_aw.

2.4.6 Example 5. The Korteweg—De Vries (KdV) equation

In [78] (see also [79]), Morris and Kara discussed the scalar KdV equation

U — Ully — Uy = 0,

and admits a Lie point symmetry with infinitesimal generator

X = x0dyx+3td; —2ud,.
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(2.4.44)

(2.4.45)

(2.4.46)

(2.4.47)
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Furthermore, the nontrivial conservation law of (2.4.47)

Dy(¢") +Dx(9%) =0,

where 5
t
o' == +ux,
3 ) ) (2.4.49)
. tu tuy;  xu
o= —3 —tuuxx—i-? — T-I—ux—xuxx

is associated with the symmetry (2.4.48). Canonical variables derived from (2.4.48) are:

x3
r=—,
t
5= hl?f (2.4.50)

w:t2/3u or W:XZM.

where w = w(r). Again, from (2.4.50) we have two sets of canonical variables, one corre-

sponding to w = *3u and w = x%u.

Case 5.1: Reduction using canonical variables with w = 23y

From (2.4.50), the inverse canonical variables are given by:

t = €3S,
x=rl3¢, (2.4.51)
u=e >w
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Therefore, the following partial derivatives of u expressed in terms of the canonical variables

are obtained from (2.4.51):

2/3 =3

U, = 3r Wy,

1
U, = —ge*53(3rwr +2w), (2.4.52)

Uoor = 6_55 (27r2Wrrr + 547‘Wrr + 6Wr) .

Substituting (2.4.51) and (2.4.52) into (2.4.47), we obtain:

2/3
8172w,y + 162rw,, + 3 <3r2/ St r4 6) Wot2w = D,y =0, (2.4.53)
ri/3 4w

where

1
Y= 2By 2, 3 1w 19 <r2/3 +2r1/3w> wy+ 27 [<r4/3w+r5/3) Wy — 2r4/3wf} . (2.4.59)

Case 5.2: Reduction using canonical variables with w = x”u

We obtain from (2.4.50), in this case, inverse canonical variables:

t=e¥,
x=r3¢, (2.4.55)
e By
u = .
2/3

and partial derivatives of u expressed in terms of the canonical variables:

e 35 (3rw, —2w)
Uy = )
r

= —r'Be w,, (2.4.56)

24w, 24w
2R )

Uyxx = e (27r4/3wrrr +

51



Substituting (2.4.55) and (2.4.56) into (2.4.47), we obtain

3

3
6w +w(72 — 9rw,) — 3(r + 24)rwy — 81wy = —

D, v =0, 2.4.57
r+w v ( )

where

3 2(r+6)w? 24 27w?
y= W 2ArTOWT (2w S+ 2T, = 27(r+ W)W (2.4.58)
r r r

2.4.7 Concluding remarks

In the standard double reduction method as proposed by Sjoberg [21,22], both a Lie symmetry
of a PDE and an associated nontrivial conservation law are required in order to find invariant
solutions of the PDE through the double reduction method. The algorithm involves writing a
conservation law in terms of canonical variables derived from the associated Lie symmetry.
The association of the conservation law with the symmetry ensures that, in canonical vari-
ables, the conservation law is reduced to an ODE of order one less than that of the PDE. In
this section, we have demonstrated that double reduction can be realised by simply transform-
ing the PDE using the constructed canonical variables. This means that any symmetry of a
PDE known to have an associated nontrivial conservation law may be used to perform double
reduction of the PDE, without explicitly using the conservation law in the derivations. We

have provided examples involving five (1 + 1)-dimensional scalar PDEs.

For each of the PDEs in the illustrative examples, we started by identifying an admitted Lie
point symmetry that has an associated nontrivial conservation law. We then found canonical
variables r, s and w, i.e., variables under which the Lie symmetry is transformed into X =
d/ds. The canonical variables constitute an invertible mapping from the (¢,x,u,u(y), ..., u))-
space to the (7,5, w,wy, ..., w,)-space. In the latter space, the PDE is reduced to an ODE of the

same order, but one which could be written in the form D,(-) = 0 to complete the reduction.
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Chapter 3

Conservation Laws and Symmetry
Multi-Reductions of two
(2+1)-dimensional equations, the
Zakharov-Kuznetsov (ZK) equation and a

nonlinear wave equation

3.1 Introduction

In this chapter we focus on the application of generalized double reduction theory to two
(2+1)-dimensional PDEs. We begin this chapter by doing the extension of the seminal paper
by Bokhari et al [31] on the generalisation of the double reduction theory where the theory
was applied on the nonlinear (2 + 1)-dimensional wave equation. We have presented an ex-
tended account of the application and included a second multi-reduction of the conservation

law of the equation by finding and using inherited symmetries that were not determined. We
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have also included for illustrative purposes solutions of the wave equation for particular spec-

ifications of the arbitrary functions.

Next, we apply the generalisation of the double reduction theory on the (2 + 1)-dimensional
ZK equation [13,41-43]. We begin by computing the Lie point symmetries of the ZK equation
using Mathematica [45] and used the multiplier method [47,48,54] to compute the conserva-

tion laws for the ZK equation.

The main goal of our present work is to obtain reductions of the ZK equation by exploiting
the generalised double reduction theory [30]. We obtain four non-trivial conservation laws of
the ZK equation (when u = 0 and v = 1) by the multiplier method. The generalised double
reduction theorem is then applied leading to second-order ODEs in each of the cases where
multi-reduction is possible. Our application of the generalised double reduction method is
instructive in that we demonstrate the use of “nonassociated” symmetries in the reduction
routine. We show that an associated symmetry with a reduced conserved form may be inher-

ited from a nonassociated symmetry with the original conserved form.

3.2 A nonlinear wave equation

3.2.1 Introduction

This section is essentially the extension of the seminal paper by Bokhari et al [31] on the
generalisation of the double reduction theory. In [31] the theory was applied on the nonlinear

(2 + 1)-dimensional wave equation

e — (f(w)ux), — (g(u)uy)y =0 (3.2.1)
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involving two arbitrary functions f(u) and g(u). We have presented an extended account of
the application and included a second multi-reduction of the conservation law of the equation
by finding and using inherited symmetries that were not determined. We have also included
for illustrative purposes solutions of the wave equation for particular specifications of the

arbitrary functions.

3.2.2 Application of the generalised double reduction theory to the non-

linear wave equation (3.2.1)

It was established in [30,31] that for arbitrary functions f(u) and g(u), the nonlinear (2+ 1)-

dimensional wave equation (3.2.1) has the conserved vector

(Tt’ Tx’ Ty) = (_ul7f(u)MX7g(u)uy) ) (322)

and admits the Lie point symmetries:

x =9
l_at7
p)
Xz_a, 3.2.3
. Fl (3.2.3)
3 ay7
=12 19,2
YT T o gy

Furthermore, the symmetries X, X, and X3 are associated with the conserved vector (3.2.2),
ie., if

X =1X) + 10X + K3X3,
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where k;’s are arbitrary constants, then

T! D& D& D& T! T!
X1 1% | —| D& Di&E* D& T° |+ (D& +DE +DE) | v [ =0. (324
T> D& D& D& T >

So we can get a reduced conserved form by the combination of them

X—i—i—x
T o 2

_+K -,
ox 38y

where the generator X has a canonical form X = a%. From the characteristic equations

dt dx dy du dr ds dq dw

1 K K3 0 0 0 1 0 ( )
we obtain canonical coordinates:
r=y—Kst,
s =X — Kpt,
(3.2.6)
q=1,
w(r,s)=u
The inverse canonical coordinates are:
t=gq,
X = Kxq+s,
(3.2.7)
y=Kqg+r,
Uu=mw.

It follows therefore that the partial derivatives u;, u, and u, expressed in terms of the canonical

variables (3.2.6) are:
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Ur = —Kows — K3Wy,
Uy = wy, (3.2.8)

Uy = Wy.

According to Theorem 1.4.2, we obtain the reduced conserved form

T" T!
rs | =1 | |, (3.2.9)
T4 Ty
where
D,t D,x D,y 0 0 1
A = D¢ Dx Dy |=]1 0 1 0 [, (3.2.10)
Dqt qu qu 1 © K3
Dﬂ" D[S th —K3 —K2 1
A" = | Do Ds Dg |=| 0 1 o[, (3.2.11)
Dyr Dys Dyg 1 0 O
with
J=det(A) = —1.

Substituting for the partial derivatives in (3.2.9) using (3.2.8), we obtain:

T" = K‘32Wr + K K3ws — g(w)wy,
T* = oKW, + Kws — f(w)ws, (3.2.12)

T = —K3wW, — KpWg.

57



Therefore, the reduced conserved form is

D, T"+ D,T* = 0. (3.2.13)

After writing the symmetries (3.2.3) in the canonical variables (3.2.6), we obtain:

~ 0 0
X1=K3§+Kza—sy
y2 ;7

S

(3.2.14)

7.9
3 arv
9.9
4—7‘5—’—5‘%7

and it turns out that they are all inherited by (3.2.13). Furthermore, all the inherited symme-

tries (3.2.14) are associated with the conservation law (3.2.13), i.e., if

X = 51)?1 + 525(/2 + 535(/3 + 54)?4,

then

| T D,E" D" T" T
X - + (D,E" 4 DyE%) =0. (3.2.15)
TS Drés DS& N TS Ts

We consider reduction of the conservation law (3.2.13) under two cases: under the inherited

symmetry
d d
Yi=r—+s=—
L= s ds’
and under the inherited symmetry
d d
)=—+7y=—
7 or + Ty
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where ¥ is an arbitrary constant.

3.2.3 Reduction of (7", T¢) under (Y;)

The generator

has a canonical form ?1 = % when

dr_ds_dw_dn_dm _dv

— 3.2.16
r s 0 0 1 0’ ( )
or
s
n=-,
-
m = Inr, (3.2.17)
v(n) =w
The inverse canonical coordinates are given by:
r=e",
s=¢"n, (3.2.18)
w=v,

and so the partial derivatives in the conserved vector (7", T*) in terms of the canonical coor-

dinates (3.2.17) are given by:

w,=—e "nv,,

(3.2.19)

Wy = —e nvy,.
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By using the formula (1.4.15) we get the reduced conserved form

" o T

=J(A™) : (3.2.20)
T" TS
where
A D,r Dys 0 "
D,,r D,s em en
= D,n D,m N rs—z %
Dsn Dgm % 0

and J = det(A) = —e*".

From (3.2.19) and (3.2.20) we obtain:

T" = v, (2K Kk3n — ign® +n’g(v) — k3 +f(v),

(3.2.21)
T" =v, (K32n — K K3 —ng(v)) )
Therefore, the reduced conservation law is
D, T" =0, (3.2.22)
or
va (2K K3n — k3n? +nPg(v) — 15 + f(v)) =k, (3.2.23)

where k is a constant. The solution of the nonlinear wave equation (3.2.1) follows from the

solution of (3.2.23) via (3.2.17) and (3.2.6).

For illustrative purposes, let us consider particular choices of the arbitrary functions in equa-

tion (3.2.1). If we let f(u) =1, g(u) = u and set k» = 1 and k3 = 0, then the ODE (3.2.23)
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reduces to

n*v(n)v (n) =k, (3.2.24)
the solution of which is
2k
— =2, (3.2.25)
n

where A is an arbitrary constant. In light of the change of variables (3.2.17) and (3.2.6), with
K=1K=0n= XT_’ and v = u, the solution (3.2.25) translates into the following solution

of the nonlinear wave equation (3.2.1):

Ay g— (3.2.26)

3.2.4 Reduction of (7",7°) under (Y;)

From the generator Y, the canonical coordinates are:

n=s-—1yr
m=r, (3.2.27)
v(n) =w

r=m,
s=ym+n, (3.2.28)
W =YV,

Therefore, the partial derivatives in (7", 7T*) in terms of the canonical coordinates (3.2.27) are

given by:
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T" T"
=Js(a ' ,
T" TS
where
A D,r Dys _ 01
D,,r Dys 1 v
A1 D.n D,m N 1
Dsn Dgm 1 0
and
J=det(A) = —1.

From (3.2.29) and (3.2.30) we obtain:

T" = v (f(v) + P8(v) — (k2 — vK3)?) ,

T™ = vu(13(yK3 — k2) — 8 (v)).

Therefore, the reduced conservation law is

or

va (f(0) +7°8(v) — (k2 — vK3)?) =k,

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)

(3.2.33)

where k is a constant. The solution of the nonlinear wave equation (3.2.1) follows from the
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solution of (3.2.33) via (3.2.27) and (3.2.6).

If for illustrative purposes we let f(u) = g(u) = u in the nonlinear wave equation (3.2.1), and

set Y = ,’i—;, the ODE (3.2.33) reduces to

where

The solution of (3.2.34) is

A —2kn—2Lw+ (M +1)w* =0,

(3.2.34)

(3.2.35)

where A is an arbitrary constant. In light of (3.2.6) and (3.2.27), and if we set y = %, we

obtain

2
K3t K3

:i——y—iQH—x and w=u.
K> K>

n

Therefore (3.2.35) becomes

A 1
k \/Zt—{—ﬁy—x +Z —Lu+-(M+1)u* =0,
K> 2 2

which is the solution in implicit form of the non-linear wave equation (3.2.1).
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3.3 The Zakharov-Kuznetsov (ZK) equation

3.3.1 Introduction

In this section we consider another equation, the (2+ 1)-dimensional ZK equation [13,41-43]
Ur + Wity + Vit + Oty + Bty = 0, (3.3.1)

where i, v, o, and B are arbitrary constants, are found by employing the generalised double
reduction theory. The ZK equation originated from the study of weakly nonlinear ion-acoustic
waves in a strongly magnetised plasma consisting of cold ions and hot isothermal electrons.
It was first introduced by Vladimir Zakharov and Boris Kuznetsov in 1974 [80] and serves
as a two-dimensional generalisation of the well-known Korteweg-de Vries (KdV) equation,

alongside the Kadomtsev-Petviashvili (KP) equation [81, 82].

Over time, researchers have investigated various aspects of the ZK equation, including its
local, global, and scattering properties, as well as seeking novel exact solutions through tech-
niques such as the (%)2—expand method, Lie symmetry analysis, and the homotopy pertur-
bation method [14, 81-84]. Research to find analytical solutions of the ZK equation and its
variants has continued aimed at contributing to the understanding of complex physical phe-

nomena modelled by the ZK equation that arise in diverse fields [14,81-83].
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3.3.2 Symmetries and Conservation Laws of (3.3.1)

Symmetries of (3.3.1)

First, we will derive the Lie point symmetries of (3.3.1), in the case 4 = 0,v =1, aff #0,
1.e.,

l/t[ + Ltl/lx + auxxx + ﬁu_xyy = O. (3.3.2)

If the operator

d d d d
X :él(taxaya M)E + éz(taxvya u)a + 53(1‘,)6,)/, u)a_y + n(taxvyau)ﬁ
is a generator of a Lie point symmetry of (3.3.2), then it must satisfy the invariance condition

x13] [ty + sty + Oty + Bty 532 =0, (3.3.3)

where X3 is the third prolongation of X and can be computed according to (1.2.7). Equation
(3.3.3), after expansion and separation, yields an overdetermined system of linear first-order
partial differential equations for the unknown coefficients £!,E2 £3, and 1. The solution of

the system leads to the following Lie point symmetries of (3.3.2) [44]:

0
XI_E7

0
XZ_aa
X i 3.34
Xo—12 42
YT0ox T ow

0 0 d

X5_3IE+XEC+))8——2M£.



Conservation Laws of (3.3.1)

The conservation laws for (3.3.2) are constructed by the multiplier approach. We consider
multipliers of the form A(x, 7, u, uy, Uy, t, Uy, Uy, Uz, Uyy, Uss, Uzy) TOr (3.3.2). The determining

equation for the multipliers is

S (A (uy + unty + Qi + Butyyy)] =0, (3.3.5)
where % is the standard Euler operator (1.3.4). Expanding and then separating (3.3.5) with
respect to different combinations of partial derivatives of u results in the following overdeter-

mined system for the multipliers:

A
Ay =0, A — — = 0, Atuyy =0,
u
Ay,
Auu [I;” = Oa Au,uyy = 07 Uyyllyy — Oa
A
A+ —=0, Ay =0, Ayy =0, (3.3.6)
u
oAy,
Aul‘ = 07 Auxx 2= 07 Au)(y = Oa
B .
Alztlx - 07 AMU‘ = 07 AMz)v - 07
provided that a8 # 0. The solution of system (3.3.6) is
a
A:cltu—c1x+czuyy+ﬁuxx+c—2u2+C3u+C4, (3.3.7)

B 2B

where ¢, ¢, ¢3 and ¢4 are arbitrary constants. From (3.3.7), we obtain single parameter

multipliers:
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Al =tu—x,

1 (04
Ao = uyy + ﬁuz + Euxx,
A3 =u,
Ay =

According to (1.3.2), the multipliers in (3.3.8) satisfy

A (ut + uux + auxxx + Buxyy) - DtTt +DXTX +DyTy
for arbitrary functions u(z,x,y). We obtain four nontrivial conserved vectors:
h=(1,11}), ©h=(L017) =171 L=(TT.1)),

where 7}’,7}"77?, i=1,...,4, are given by:

(., tu?
Tl = 7 — UX,
3 2
t o
I : Tlx = % - % + ouy — Etu)% + Otultyy — OlXUL + gtuuyy — ﬁxuyy,
Btuu, Btu,u
Ty — Y o y
. y TP
/ —— ﬁ OlULLyy
27 2 "6 2B
2
Lo ST = oy, + —uzuyy + u_4 + Oty _ Quiy | Oy otuy, | Buyy
2 W T8 2B 28 28 28 2
uri Uy
=t By
(2 2 2
( 2
u
T! = —
3 2 )
3 2
) u u uu
I3 T3x:?— 2x+auuxx+ﬁ2yy,
7 _ Buity, B Bty
(3 2 2
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(3.3.9)

(3.3.10)
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T, =u,
u2

Iy © (T) = > + Ottt + Buyy,
T} =0.

\

3.3.3 Application of the generalised Double Reduction Theory to (3.3.1)

To determine symmetries associated with the conserved vectors (3.3.10), we set a linear com-
bination of the symmetries (3.3.4), i.e., X = Z?:l K;Xi, where K;’s are arbitrary constants, and
then apply the association condition

T D! D! DyE! T! T!
+(DE" +DE2+D,E) | 70 | =0 (33.11)

=

X| v |-| & p& pe || 1
T D& D& DyE? TY TY

for each of conserved vector 7; in (3.3.10). We obtain that 77 is associated with only X3, 7>

and T3 are associated with the linear combination kX + kX, + k4X4, and T is associated

with the linear combination x1X| + KX + k3X3 + K5X5. For the multi-reductions that follow

we use these associations:

X3 — 11,
X1+ KX+ K3X3 — 1,
X1+ 0Xo+ K3X3 — T3, (3.3.12)
X1+ 160X+ K53X3 — 1,

Xs — 1Ty.
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3.3.4 Multi-Reduction of (3.3.1) by 73

We obtain the first reduction of the conserved vector 73 by writing the vector in canonical

variables determined from the associated symmetry
X =X +1K5X + K53X5. (3.3.13)

Writing (3.3.13) in the canonical form X = a%, we obtain from the corresponding character-

istic equations
dt dx dy du dr ds dq dw

R , 3.3.14
1 K K3 0 0 0 1 0 ( )
the canonical coordinates:
r=y— Kst,
S =X— Kpt,
(3.3.15)
q=t,
w=u,
where w = w(r,s). Inverse canonical coordinates are given by:
r=q,
X=Kq+s,
(3.3.16)
y=K3g+r,
u=w.
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From Theorem 1.4.2, we obtain the reduced conserved form

Iy T3’
_INT
s | =7(7) | 1 |,
q y
T3 T3
where
D,t Dyx D,y 0 0 1
A = D¢ Dx Dgy | =1 0 1 0
Dql‘ qu qu 1 K K3
Dﬂ" D[S th —K3 —K
ATl = D,r Dy Dy | = 0 1
Dyr Dys Dyg 1 0
and
J=det(A) = —1.

(3.3.17)

, (3.3.18)

o |, (3.3.19)

(3.3.20)

Expressing the first and second partial derivatives u;, uy, uy;, iy, and u,, in terms of the canon-

ical coordinates (3.3.15), we obtain:

Ur = —Kows — K3Wy,
Uy = WS7
Uy = wy,
Uxx = Wy,
Uy = —KoWss — K3Wrs,
Myy = Wypp.
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Substituting for the partial derivatives u,, and uyy in (3.3.17) using (3.3.21), we obtain:

K3w? B Bwwys  Bwyws

T3r — 9
2 2 2
2 3 2
K o
AR % ~aww,+ B (3.3.22)
2
w
i
3 27

leading to the reduced conservation law

Equation (3.3.23) inherits the symmetries X1, X> and X3 from (3.3.4), which when written in

terms of the canonical variables (3.3.15), are:

X =K i+1< 9
1= 38}’ 28S7
~ d
= — 3.3.24
Xo= ( )
~ d
X3 - E

It turns out that all the symmetries in (3.3.24) are associated with the conservation law (3.3.23),

1.e.

| T D,E" D& T T
’ °" Dit Sl +meE+pE| P | =0, (3325
T3 D,ES DS T3 T3

if X = 8, X1 + 6:X> + 8:X3, where d!s are arbitrary constants.

So, we can get a further reduction of the conserved vector (T3’ I3 ) by the linear combination

d d
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where ¥ is an arbitrary constant. The generator Y has a canonical form Y = — when

om
dr ds dw dn dm dv
- - _ - ___ 3.3.27
r Ky 0 0 1 0’ ( )
which results in canonical coordinates:
n=s-—7r,
m=r, (3.3.28)
V=W,
where v = v(n). The inverse canonical coordinates are given by:
r=m,
s =7ym+n, (3.3.29)
w=v

Therefore, the partial derivatives in the components (3.3.22) in terms of the canonical coordi-

nates (3.3.28) are given by:

Wr = —YVn,

Ws = Vn,
Wy = 'sznna (3.3.30)
Wrs = —YVan,

Wss = Van.
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According to Theorem 1.4.2, we have that

! T
Pol=s@ah)'| P (33.31)
" Ty
where
D,r D,s 01
A= = , (3.3.32)
D,,r Dys |
1 D.n D,m -y 1
Al = = , (3.3.33)
Dsn Dgm 1 0
and

J=det(A) = —1. (3.3.34)

Substituting the partial derivatives in (3.3.30) into (3.3.31) results in a reduced conserved

vector with the following components:

n V% 1 2 V3
I3 :(054-[3?’2) Wan = = +§V (7K3—K2)+§,
(3.3.35)

|
2 —5Brvmn.

This leads to the reduced conservation law D, 75" = 0, from which we obtain the second-order

ODE
a

1 3
: > b3 )+ =k (3.3.36)

(o+BP) (— !

where k is an arbitrary constant.
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3.3.5 Multi-Reduction of (3.3.1) by 7

We see from (3.3.11) that the symmetries associated with 7 are X1, X5, X3 and X5. We perform

multi-reduction by 73 under two cases, namely reduction from using the linear combination

X =X+ KX+ 1K53X;3

and reduction from using

X =Xs.

Case I: Reduction via (X| + KX, + K3X3)

The canonical variables (3.3.15) obtained earlier under 73 apply here. Therefore, the reduced

conserved form resulting from 7 is

T/ T!
s | =7 | 1|, (3.3.37)
7} T;

where A, A=', J and the partial derivatives are the same as the ones computed earlier in
) P p

(3.3.18)—(3.3.21). Therefore, we obtain:

T4r = KgW,
) w2
T; = ow— 5 Bw,r — 0wy (3.3.38)
T, = —w,
and the reduced conservation law
D, T + DT} = 0. (3.3.39)
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Like in the 73 case, the symmetries X1, X>, and X3, in (3.3.4) written in terms of the canonical

variables (3.3.15), become:

~ d

X = K3§ + K2$7

%= (3.3.40)
ds

~ d

X3 - $7

and are all inherited by (3.3.39). Also, they are all associated with the conservation law
(3.3.39). Using the linear combination ¥ = % + y%, where 7 is an arbitrary constant, as in

the 73 case, we find canonical coordinates:

n=s—7mr,
m=r, (3.3.41)
vV=w,

where v = v(n). Taking advantage of the calculations done in the 73 case, in which the same
canonical variables were used, the reduced conserved vector is given by

=J(A™) : (3.3.42)
" T}

where A, A~!, and J are given by (3.3.32), (3.3.33) and (3.3.34), respectively.

Substituting the partial derivatives in (3.3.30) into (3.3.42) results in the following components

of the reduced conserved vector:

2
T} = i+ YKy + — 4 van (@ + BY)
2 (3.3.43)
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This leads to the reduced conservation law D, T, = 0, from which it follows that

2

ng—@yﬁ%+W4a+ﬁf)=h (3.3.44)

where k is an arbitrary constant.

Case II: Reduction via (Xs)

We obtain the first reduction of the conservation law 7; by writing it in canonical variables
determined from writing the associated symmetry Xs in the canonical form X5 = a%. From the

associated characteristic equations

dt dx dy du dr ds dqg dw

== = ==t 3.3.45
3t x y —2u 0 0 1 0’ ( )
we obtain the canonical coordinates:
'
\3/;7
X
S = =5
Vi (3.3.46)
_Int
q - 3 I
w = tz/ 3u,
where w = w(r,s). Inverse canonical coordinates are given by:
r=e,
x =els,
(3.3.47)
y=er,
u=e 2y



The partial derivatives in the conserved vector 7y, in terms of the canonical coordinates, are:

_ 4
Uxxy =€ qwssa

4
Uy =€ Wy,

Thus, the reduced conserved vector is therefore

T4r Ti
_I\T
T |=J@A) | 1|,
T, T
where
D,t D,x D,y 0 0 e
A = D¢ Dgx Dy | = 0 e 0
Dyt Dgyx D,y 3¢ els elr
Dﬂ" D[S th S U — L
3r4/3 343 3t
—1
A = D,r Dys Dyg | = 0 % 0
Dyr Dys Dyg % 0 0
and

J = det(A) = —3¢%.

Substituting the partial derivatives (3.3.48) into (3.3.49), we obtain:

T/ = rw,
| 3w’
T48 = SwW — % - 3BW”’ — 30wy,

q _
T4 = —w.

7

(3.3.48)

(3.3.49)

(3.3.50)

(3.3.51)

(3.3.52)

(3.3.53)



Then the reduced conservation law is
D, T/ +D,T; =0. (3.3.54)

None of the symmetries from (3.3.4) are inherited by (3.3.54), and therefore no further reduc-

tion of (3.3.54) is performed in this case.

3.3.6 Multi-Reduction of (3.3.1) by 73

We see from (3.3.11) that the symmetry associated with 73 is
X = J + K i +K J
o Pox oy

the same symmetry used in the multi-reduction by 73. Therefore, the first reduction can be

achieved through the canonical coordinates:

r=y— Kst,
s =X— Kpt,
(3.3.55)
q=t,
w=u,
where w = w(r,s). The resulting reduced conserved form is
Ty T;
| =7 |, (3.3.56)
T Ty

where A, A~!, and J are given by (3.3.18), (3.3.19) and (3.3.20), respectively. Substituting for
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the partial derivatives in the conserved vector 7> using (3.3.21), we obtain:

KoOWWrs  KaW,Ws  K3WS UK3WWs N w2

T =
2 2y T 68 2B 2
TS sz3 n KoOWW, OCsz? B O K3WW g _ w_4 B wzwrr
27 6B 2 28 28 8P 2
) ) - (3.3.57)
arsw,ws  Ow wgs  Bwy o — & Vs
2[3 ZB 2 rrvvss ZB 9

Then the reduced conservation law is

D, Ty +D,T; =0. (3.3.58)

Like in the 73 case, the symmetries X1, X», and X3, in (3.3.4) written in terms of the canonical

variables (3.3.15), become:

X K‘i—l—K’i
1 Sar Zasa
~ 0
- — 3.3.59
X> 35 ( )
~ 0
X3_E7

and are inherited by (3.3.58). Also, they are all associated with the conservation law (3.3.58).

. p) p) . . . . .
Using Y = 3 + ¥5;, where 7 is an arbitrary constant, we find canonical coordinates:

n=s—r,
m=r, (3.3.60)
V=w,

where v = v(n). Taking advantage of the calculations done in the 73 case, in which the same
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canonical variables were used, the reduced conserved vector is given by

=J(A™) , (3.3.61)
Ty T;

where A, A~!, and J are given by (3.3.32), (3.3.33) and (3.3.34), respectively.

Substituting the partial derivatives in (3.3.30) into (3.3.61) results in the following components

of the reduced conserved vector:

T 042, (K —vKs3) (Qvi+v3/3) N OV, Vv
2 — - on’
2p 2B 2p 8p (3.3.62)

1 1 v Ak 1
" = nyzv% = 52V — 6 2P e 5}/21(3\/%,

where Q = o + Byz. This leads to the reduced conservation law D, T’ = 0, from which it

follows that
Qv (k= 7) (@ +v*/3) | Qv
2P 2p 2B 8B

where k is an arbitrary constant.

=k, (3.3.63)

3.3.7 Multi-Reduction of (3.3.1) by 7}

The first reduction of the conserved vector 77 is obtained from writing the vector in canonical
variables determined from writing the associated symmetry X = X3 in the form X = a%. From

the corresponding characteristic equations
_—ee=e—_ s — s — Y= —= — = — = — (3.3.64)

we obtain the canonical coordinates:
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s =X,
(3.3.65)
q=),
w=u,
1=,
xX=s,
(3.3.66)
y=4q,
u=w.

Therefore, the partial derivatives in the conserved vector 77 in terms of the canonical coordi-

nates (3.3.65), are:

The reduced conserved vector is

Uy = WS7
uy =0,
Ugy = Wy, (3.3.67)
Uxy = 0,
uyy = 0.
T!
=7(a | 1 |, (3.3.68)
I
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where

D,t D,x D,y 1 00
A = D¢ Dx Dy [=] 01 0 |, (3.3.69)

Dyt Dgx Dy 0 01

Dtr D[S D[q 1 00
AY = | Do Ds D |=| 01 0], (3.3.70)

Dyr Dys Dyg 0 01

and

J=det(A)=1. (3.3.71)

Substituting for the partial derivatives in (3.3.68) using (3.3.67), we obtain the components:

T/ ﬁ —sW.

1 — 2 Y
I"W3 1 2 SW2 3.3.72
T} = — + arwwgs — = Qrwy — —— — OsWgs + 0wy, (3.3.72)

3 2 2
T =0.
The corresponding reduced conservation law

D,T{ + DT} =0, (3.3.73)

inherits the symmetries X, X5, X4, and X5 from (3.3.4), or in terms of the canonical variables

(3.3.65) we have:

82



XI_E‘,
o=
; ] (3.3.74)
M=ot aw
- 39 109 P
Xs =

—=r=— — =S tw-—.
2 dr 2 ds ow
It turns out that none of the symmetries (3.3.74) are associated with the conservation law

(3.3.73). Therefore, no further reduction of (3.3.73) is performed.

3.4 Concluding remarks

The work presented in this study significantly enhances the existing body of literature con-
cerning the application of the generalised double reduction theory. The theory presents a
powerful tool for obtaining invariant solutions of systems of PDEs from the association of
symmetries of the system with its nontrivial conservation laws. Given a system of gth-order
PDEs with n independent and m dependent variables, the theory provides for the reduction of

the system to a system of (¢ — 1)th-order ODEs.

We have applied the generalised double reduction theory to two (2 + 1)-dimensional partial
differential equations, a nonlinear wave equation and the ZK equation. For the nonlinear wave
equation, we extended the application presented in the seminal paper by Bokhari et al [31]
on the generalised double reduction theory. We presented a more detailed account of the
application and also determined and used additional inherited symmetries. We furthermore
presented exact solutions of the equation for specific prescriptions of the arbitrary functions
in the equation. As for the ZK equation, five Lie point symmetries of the equation were
determined along with four nontrivial conservation laws. Upon establishing association of

the conservation laws with the symmetries, multi-reductions were performed for each of the
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conservation laws.

Overall, our study has provided a comprehensive guide to using the generalised double reduc-
tion method. We have presented clear illustrative examples and included each key step of the

method.
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Chapter 4

Double Reduction of two
(1+1)-Dimensional PDE Systems: the
Kaup-Boussinesq (K-B) System and the
Broer-Kaup (BK) system

4.1 Introduction

In this chapter we apply double reduction theorem [30] on two (1+1)-dimensional PDE sys-
tems, the Kaup-Boussinesq System [85-87] and the Broer-Kaup system [88, 89]. We focus
on obtaining solutions to both the Kaup-Boussinesq system and the Broer-Kaup system by
employing the generalised double reduction method [30,31]. We find four local conservation
laws of the Kaup-Boussinesq system and six local conservation laws of the Broer-Kaup sys-
tem that arise form low-order multipliers and determine that each of the conservation laws
have associated Lie point symmetries. This chapter consists of two main sections. In Sec-

tion 4.2 we report the Kaup-Boussinesq System and in Section 4.5 we report the Broer-Kaup
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system.

4.2 The Kaup-Boussinesq (K-B) System

4.2.1 Introduction

Wave phenomena are pervasive in both nature and applied sciences, manifesting in various
forms such as sound waves, light waves, and water waves [75,90-93]. At the heart of un-
derstanding these phenomena lies the Boussinesq equation and its variants. One important
variant is the Kaup-Boussinesq (K-B) system [85, 87, 94], described by the coupled partial

differential equations

Vi — ity — 200 =0, Uy — Virx — 20ty — 2uvy =0, 4.2.1)

representing a well-known model for the propagation of nonlinear waves in a variety of phys-
ical contexts, including surface waves in shallow water [95-97]. The system captures the in-
tricate interactions between wave modes and nonlinear effects, making it particularly relevant
for studying complex wave phenomena. Originally proposed as an integrable system [98,99],
the K-B equations have attracted considerable attention in the field of mathematical physics

due to their rich structure and applicability to real-world problems [100—102].

The K-B system is classified as a completely integrable system [103, 104], meaning it admits
an infinite number of conservation laws and exact solutions. Such systems are valuable be-
cause they provide insight into nonlinear wave dynamics, including soliton behavior, energy
transfer mechanisms, and stability of wave patterns. As a result, researchers have extensively
studied the K-B system in the context of soliton theory, integrable systems, and wave propa-
gation in dispersive media [85—-87, 103—105]. Previous research has explored various aspects

of the K-B system. Babajanov et al. [104] have extended the class of initial functions of the
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Cauchy problem for the K-B system and presented an efficient method to obtain the time evo-
lution of scattering data, which allows applying the ITS method to solve the Cauchy problem
for the K-B system in the class of rapidly decreasing functions. Again, Babajanov et al. [103]
have also shown that the K-B system with an additional term is also an important theoretical
model, since it is a completely integrable system. They found the time evolution of scattering
data for a quadratic pencil of Sturm-Liouville operators associated with the solution of the
K-B system with time-dependent coefficients. Zhou et al. [85] applied bifurcation theory to
analyze traveling-wave solutions of a dual equation related to the K-B system and derived
analytic expressions for solitary-wave solutions. Hosseini et al. [86] employed the first inte-
gral method to obtain exact solutions for the K-B system analytically. In addition, Motsepa
et al. [87] used direct integration techniques to find traveling wave solutions and reported six
conservation laws of the K-B system using the multiplier method with second-order multipli-

€rs.

In this section, we build on these previous efforts by applying the generalized double reduction
method to the K-B system [13,26,30,76]. This study focuses on identifying Lie point symme-
tries of the K-B system, constructing four non-trivial conservation laws through the multiplier
method, and determining the associated Lie point symmetries. Additionally, we present a spe-
cific solution for one case of the reduction. This work contributes to a deeper understanding
of the generalized double reduction method and its application to nonlinear systems like the

K-B system, enhancing both theoretical insights and practical solution techniques.

4.2.2 Symmetries and Conservation laws of (4.2.1)

The K-B system admits the following four Lie point symmetries [44]:
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Xi = ox’
Xp = %,

3 3 4.2.2)
X3 - Z —215,

Xi— 22 422 9 2
S TR P

To construct conservation laws for (4.2.1) we employ the multiplier method [47,48,54]. We

look for first-order multipliers of the form:

Al - Al (x,t,u,v, ”)mvx) ;
Ay = Ap (x,1,u,v,uy,vy) .

The determining equations for multipliers A; and A, become

0
— (A1 (v —ux —2vvy) + Az (tty — Viex — 2V — 2uvy)) =0,
ou
5 (4.2.3)
S0 (A (v — ux —2vvy) + A (ur — Vixr — 2viy — 2uvy)) =0,
0 0 .
where the Euler operators — and — are given by (1.3.4)
ou ov
o 0 0 d
== D= — .,
ou Jdu du, “Ou, Ouyy
4.2.4)
0 9 p2 p2ip?
Sv_ dv ove Mov, | X vy
and total derivative operators D; and D, using (1.2.3) are
D J + o + o + + + + +
=—4uy—+vi— tuy—+vy=—FUp—=—+Vp=—+--
"o ou oy T ow, T M ovy T T duy | oy ’ (4.2.5)
D, J + o + J + + + + o + B
u v u Vv u v
a .Xa X& X.Xa XXa x5 au x5 th
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The system (4.2.3) after expansion and splitting with respect to the derivatives of u and v,

gives the determining equations:

Ay, =0, Ay, =0,
Ay, —2uly, =0, Ay, —2vAg, =0,
Ay, —Ay, =0, Ay, =0,
Ay, =0, Ay, =0,

Ay, =0

A, =0,
A, =0,
Ay, =0,
A =0,

The system of determining equations (4.2.6) gives the solutions given by:

A= u(2C1l‘—|—C2) + Cy,

Ay =C1(2tv+x) + Crv+Cs,

(4.2.6)

(4.2.7)

where C;, i = 1,2,...,4 are arbitrary constants. The multipliers of the K-B system satisfy

A1 (Ve — ty — 2vvy) + Ag (1t — Vixr — 2ty — 2uvy) = D, T' + D, T,

(4.2.8)

for all functions u(t,x) and v(¢,x). From (4.2.7) and (4.2.8) using the direct method [54], we

obtain four conserved vectors for (4.2.1):

(

T] = 2tuv + ux,
T
x _ 2 2 2
17 = —tu” — 4tuv” — 2tV + vy — 2UvX 4 Vy — XVyy,
\
(ot
1, =uv,
T2 . uz v2
x__~ _ 9 2 X
\ 15 > UV — Wiy + X
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T3t =u,
T “.2.11)
T3 = —2uv — vyy,
)
Ti =v,
T, - 4.2.12)
T = —u—v*

4.3 Double Reduction of K-B System (4.2.1)

We are now applying the double reduction theorem based on Lie symmetries and conservation
laws of (4.2.1) to find the reductions and exact solutions. For two independent variables ¢ and
x, the formula (1.4.1) yields
T! D' DE! T! T!
X - + (D& + D) —0.  (43.0)
T* D;E* D& T* T*
Using (4.3.1), we establish association of the symmetries (4.2.2) and the conserved vectors

(4.2.9) - (4.2.12). The results are presented in the Table 4.3.1.

| [7:.X)] . n | n | B | T
X v v v
Xz v v v
X3 v v
X4 v v
Table 4.3.1: Association of Symmetries and Conservation Laws
4.3.1 Reduction of (4.2.1) using (X3)
The generator X3 takes canonical form X = d/ds when
d _dv _du_dv_dr_ds_dw_dg win

0 -2 0 1 o0 1 o0 0



and from (4.3.2) we get the the canonical coordinates

r=t,
__r
2t 4323)
w=u,
_2tv+x
1= 7

where w = w(r) and ¢ = ¢(r). From (4.3.3), the inverse canonical coordinates are given by

L=ry,
x = —2rs,
4.3.4)
u=w,
v=g-+s.
The partial derivatives of v from (4.3.4) are

1
Vy=—3,

2r 4.3.5)
Ve = 0.

For two independent variables ¢ and x, the formula (1.4.15) reduces to the conserved form

T" T!
=A™ , (4.3.6)
TS T
where
D,t D,x 1 —2s
A = = ,
Dst Dgx 0 —2r

91



(A_])T: D:r D,r
D;s Dys

1 0
—s/r  —1/2r

and J = det(A) = 2r. Thus, the conserved vectors 7] and 73 reduce to

~ Tlr = _4qr2W7
T , 1
TS — w4 _ 2
\ 1 I’W( g +W) 41”
)
~ Ty = —2rw,
T3
T3 = —2qw,

\

and the conserved vectors f’l and 7"3 satisfy the reduced conserved form

Consequently, we obtain

qr-w

rw

= K,

= K,

4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

where k7 and K are arbitrary constants. Solving (4.3.9) and (4.3.10) simultaneously for w

and p and using (4.3.3) leads to a solution

u(t,x) =

v(t,x) =

for the system (4.2.1).
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4.3.2 Reduction of (4.2.1) using (X; + vX,)

According to Table 4.3.1, the symmetries X; and X, are both associated with the conserved
vectors 1>, T3, and T4. For the reduction process involving X; and X,, we will use the linear
combination X| + kX, where k is a parameter. The generator X; + kX> has the canonical

form X = d/ds when

dt dx du dv dr ds dw dg
Y 1 0 0 0 1 0 0’ ( )
which results in canonical coordinates
yx—t
r= , ¥#0
Y
t
§=—, Y 7£ 0
Y (4.3.14)
w=u,
q=yY,

where w = w(r) and ¢ = ¢(r). From (4.3.14), the inverse canonical coordinates are given by

r=y7,
X=r-+s,
(4.3.15)
u=mw,
v=gq.
The partial derivatives of v from (4.3.15) are
Vx =4,
(4.3.16)
Vxx = qrr-
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Again, using formula (1.4.15) the reduced conserved form is given by

T" T!
—J(a )’ :
TS T
where
A D,t D,x B 0 1
Dt Dgx Y 1
(Afl)T_ D,r Dxr _ —I/Y 1
D;s Dys 1/y 0

and J = det(A) = —7.

This reduces the conserved vectors 75, 73, and 7 to

( 1
_ T3 = 20g°w +q(Yam +w) + 57 (W'~ 7).
1
R
\TZ = —qw,
~ T3 =2yqw+ vqr+w,
T3
S
\T3 = —Ww,
( 2
B Ty =vq"+q+w,
1y
Téf =9,
\

where the conserved vectors T‘z, 7"3, and 7‘4 satisfy the reduced conserved form

D, T/ =0, i=2,3,4.

1
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Therefore, this leads to the system of equations

1
2vq*w + q(Ygr +w) + Ey(w2 —q7) =K1,

VG + g+ =K,

where K, K2, and k3 are arbitrary constants.

Any pair of equations (4.3.21) can be solved to obtain a solutions of the K-B system (4.2.1).
However, directly solving the system (4.3.21) can pose significant difficulties. Nevertheless,
a helpful simplification arises by setting k3 = 0 and solving for w in terms of ¢ and r in the

third equation of (4.3.21) to get
—vg? —
w(r) = Y —4q

(4.3.22)
Y
Substituting (4.3.22) in the first equation of (4.3.21), we get the second-order ODE
2 4 q2 3
2vqq,r— Yy —3Yq" — v 4q° = K. (4.3.23)

Similarly, substituting (4.3.22) into the second equation of (4.3.21) results in the second-order

ODE
Yar — 2V — % —3¢% =K. (4.3.24)
Now, expressing (4.3.24) as
2 2.3 3 2
= ety qy2+ 44 (4.3.25)

and replace ¢g,, in (4.3.23) by the right-hand side of (4.3.25) we obtain the first-order ODE

2
Ki—Yqr+vq" + q? +2kog+2¢° = 0. (4.3.26)
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By observing that (4.3.26) admits the translational symmetry I' = d /dr, we apply the method

of canonical variables [7] to solve (4.3.26) in the case k; = 0 = k. This yields the solution

e’

T (4.3.27)

q(r) =

where M = ¢’/7 and J is the constant of integration.

Finally, the equations (4.3.27) and (4.3.22), using (4.3.14) lead to the following solution for
the K-B system (4.2.1)

(t+7) /7
u(tx) = —— ¢ ) (4.3.28)
’}/(M et/y2 — }/ex/?’)
/Y
V(t,x) = ¢ (4.3.29)

M el/7 — yex/y’

arising from X; + yX, via T, T3, and Tj.

4.3.3 Reduction of (4.2.1) using (X,)
The generator X4 takes canonical form X = d/ds when

dt  dx du dv dr ds dw dq

2 —x 2 v 0 1 0 0’ (4.3.30)
and from (4.3.30) we get the the canonical coordinates
X
r=—,
Vit
log(7)
s=— ,
2 (4.3.31)
w=tu,
g =/tv.
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where w = w(r) and ¢ = g(r). From (4.3.31), the inverse canonical coordinates are given by

t = 6723,
x=e ",
(4.3.32)
u=e>w,
v=—¢égq
The partial derivatives of v from (4.3.32) are
Ve = —e%q,,
(4.3.33)
Vxx = _e3Ser-
Again, the formula (1.4.15) reduces to the conserved form
Tr . T Tt
=J(AT) : (4.3.34)
T* T
where
A D,t D,x 0 e’
Dt Dgx 2e % —eSr
(A—I)T _ D;r D,r _ —%ez“r e’
D;s Dys —%25 0
and J = det(A) = 2¢75.
The conserved vectors 77 and 74 so reduce to
~ T = —8¢%w — 4qq,, + 6qrw + 2q3 —2q, + 2rq, — rPw — 27,
T (4.3.35)

Tls = W(2q—l")7
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Ty : (4.3.36)

Thus, we obtain the system of equations

_8q2W —4qq,r + 6grw + 2qz —2q,+ 2rqy — rw—2w? = K1,
(4.3.37)
—2q2 +qr—2w = K,

where k7 and Kk, are arbitrary constants. Solving the system (4.3.37) directly can be quite
challenging. However, a useful simplification is to solve for w in terms of g and r from the

second equation of (4.3.37), and setting k» = 0, to obtain

1
w(r) = Eqr—qz. (4.3.38)

Substituting the expression for w from (4.3.38) into the first equation of (4.3.37) yields a

second-order ODE

4rqrr — 8qq,r + 4q% —4q, — r3q + 7r2q2 + 12q4 — 16rq3 =K]. (4.3.39)

Thus, the solution of the K-B system arising from X4 via 77 and 74 is given by

(4.3.40)

where ¢ is the solution of the ODE (4.3.39), w is given by (4.3.38), and r = x/\/f
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4.4 Concluding remarks

This paper illustrates the application of the generalized double reduction method by analyzing
the (1+1)-dimensional Kaup-Boussinesq (K-B) system, which serves as a model for nonlinear
wave propagation. This method takes advantage of the association of Lie point symmetries
and conservation laws, and has proven to be an effective tool for simplifying and finding
solutions to nonlinear systems. In this study, we began by computing Lie point symmetries
for the K-B system and constructed four non-trivial conservation laws using the multiplier
method. Using the generalized double reduction method, we successfully reduced the K-B
system to second-order ordinary differential equations and algebraic equations. This reduction
yielded two distinct exact solutions: one derived from the algebraic equations and another
from the second-order ODEs, where further exploitation of Lie point symmetries allowed
us to utilize the method of canonical variables for the solution process. The generalized
double reduction method is versatile and can be applied to other nonlinear systems that are
rich in symmetries and conservation laws, in which case exact solutions may be discovered.
Future research will explore further applications of this methods to different PDE models,
potentially contributing to advancements in the study of nonlinear wave equations and other

related phenomena.

4.5 The Broer-Kaup (BK) system

4.5.1 Introduction

The phenomenon of shallow water waves occurs in various contexts, notably in the analysis
of tsunami wave behavior. These waves are typically modeled using nonlinear partial dif-

ferential equations. Several mathematical models have been developed to describe shallow
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water waves, including the Korteweg-de Vries (KdV) equation [106], the Boussinesq equa-
tion [107], the Degasperis-Procesi equation [108], the Benjamin-Bona-Mahony (BBM) equa-
tion [109], the Kadomtsev-Petviashvili (K-P) equation [110]. The mathematical model we
study in the article is the Broer-Kaup (BK) system, an important physical model which arises
in the modelling of the propagation of long waves in shallow water [111]. The BK system is

a (14 1)-dimensional system of two nonlinear PDEs [88, 89],

1
Uy + Euxx — vy —utty =0,

) 4.5.1)
Vi Ve~ (uv), =0.

In the literature, variants of the Broer-Kaup system (BKs) have been analysed in several stud-
ies using various approaches. For example in [112] exact solutions of (2+1)-dimensional
Broer—Kaup equations are investigated by using the method of direct integral based on a
known transform. In [113] travelling wave solutions of Broer—Kaup equations are obtained
by using the <%)—expansion method. Then in [114] the double Wronskian solutions of
the Whitham-Broer—Kaup (WBK) system, a (1+ 1)-dimensional coupled system, are inves-
tigated. Conditions are given for two double Wronskians to generate the non-singular, non-
trivial and irreducible soliton solutions. In [115] the classical Whitham-Broer-Kaup equations
are studied using the generalized projective Riccati-equation method, resulting in 20 sets of

solutions, some of which are novel.

In this section we apply the generalised double reduction theory to perform symmetry re-
ductions on the BK system [30,31]. We find six local conservation laws of the BKs system
that arise form low-order multipliers and determine that each of the conservation laws has

associated Lie point symmetries.
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4.5.2 Lie point symmetries and conservation laws of (4.5.1)

The BK system (4.5.1) admits the following symmetries [44]:

0

Xl 57
0 0 0 0

X =2%2 xZl —ul

aat ox u v 452)
X3 aa
Xp=t 2 9

YT9x ou

We investigate the conservation laws of the system (4.5.1) arising from first-order multipliers

A] :Al (f,X,M,V,M[,Mx,Vt,Vx),

(4.5.3)

AZ :AZ (taxvuavvutauxavtavx) .

For the two independent variables (¢,x) and two dependent variables (u,v) in the BK system

(4.5.1), equation (1.3.2) takes the form

1 1
Aq(u; + 2 ler = Ve — utty) + Ao (v — Ve~ (uv)x) = D, T" + D, T* (4.5.4)

where D, and D, are total derivative operators given in (4.2.5). The determining equations for

multipliers A; and A; become:

o 1 1
a |:A1 <ut + Euxx —Vx— l/tl/tx) +Az (Vz - vax - (uv)x)l =0,

( I‘-S.S)

0,
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where the Euler operators — and — are given by (4.2.4). Solving determining equations

ou ov

arising from (4.5.5), we obtain:

I 5 ciuvy  cruy c1v?

A c + + —|—Clvl—i—c v—i—czvx—l—ctv—i—c +c
= —ciu’v — uv+ —— v
1= 5¢ 6 3 > 3 2 > 3 4 6
3 2
Ay = % B clzux F ey — C13Mt + c13vx 4 szu _ 6‘221/tx F Cov+ catu+ c3x (4.5.6)
+ cqu+cs,
where ¢;, i = 1,...,6 are arbitrary constants. The solution set (4.5.6) of the determining

equations (4.5.5) yields six sets of multipliers:

( 2
Al . (4.5.7)
u uu u 1%

AT _Ah
(M= " T3
.

. A%:uv—l-%,

A - (4.5.8)
A=——
2=

; A?:tv,

A (4.5.9)
\A%:tu%—x,
>

A A‘f:v,

A* (4.5.10)
\A‘z‘:u,
4

S A3 =0,

A (4.5.11)
\Agzl,
(

] AS =1,

AS (4.5.12)
AS=0

The conserved vectors of (4.5.1) corresponding to the multipliers (4.5.6) are:
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UUNVy

uwv u‘v
Tf:—itvzvﬁ—? 4"
1 utv  udy

R e )

MVVX ule I/lx V
\ 2 6 12 +
( 2 2
T2f—2+%_|_v ,

T ) 2 2 2

Tx:_@_uzvx Uiy
2 2 4 2
/ 1, vy
; T3:—§t vvx+tuv+7+vx,
3
1 tuy
X _ ~ .2 2 X
\T3—2t vy —tu"v 2
4
Ti = uv —tvvy,

T4 Tx—l' 2 MVx I/le
\ 4 = Vv uvy 2 2 y
th_

5=V
Ts
v
TS = —uy — =
L 5 uy 27
(
T¢ =u—tvy,

T6 . . uz ux

T6 :tvt—?‘l—g.

4.5.3 Double Reduction of the system (4.5.1)

12

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)

(4.5.17)

(4.5.18)

The associations between the symmetries (4.5.2) and conservation laws of the BK system are

established using (1.4.1) and presented in Table 4.5.1.
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T, X;] i fb) I3 1y Ts Ts
X v v
X5 v v
X3 v v v v
Xy v

Table 4.5.1: Association of Symmetries and Conservation Laws

Case 1: Reduction of (4.5.1) using (X))

The symmetry X is associated with the conservation laws 7, and 75 (see Table 4.3.1). The

generator X has a canonical form X =0 /ds when

ar _dax _duw _dv _dr_4s_dw _ dq (4.5.19)

(4.5.20)

(4.5.21)
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The first-order partial derivatives u,, vy, and v; in terms of the canonical coordinates (4.5.20)

are given by:

Uy = Wy,
v, =0, (4.5.22)
Vx = (r-

According to Theorem 1.4.2, the conservation laws 7, and 75 are transformed under the canon-

ical variable (4.5.20) into

T" T!
—J(a ) , (4.5.23)
TS T
where
D,t D,x 0 1
A = = s
Dst Dgx 1 0
(A_I)T _ Dir Dyr _ 0 1 |
D:s Dys 1 0
and
J=det(A) = —1.

Therefore, the reduced conserved vectors 7> and 75 are:

.1
_ T, = Z(qu—i—q,) (2q+w2 —wr) ,
1 1 (4.5.24)
\TZX = ) (q2 +QW2+qu> )
4
~ TSr = qw + %7
T5 (4.5.25)
S _
\TS = —q,
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where the reduced conserved vectors f"z and T"5 also satisfies
D, T" =0.
The second step of double reduction is given by the following r-components of the reduced

conserved vectors: .
Z(qu +4qr) (2q+ w2 — wr) =d,

q (4.5.26)
r_4
qw —+ D) 2
where d; and d, are arbitrary constants.
If we set d; = 0 in equation (4.5.26) and solve for g in terms w, we obtain
1 2
q=5 (Wr —w ) ) (4.5.27)

Substituting (4.5.27) in the second equation of (4.5.26), we obtain the second-order ordinary
differential equation (ODE)
wpr =2 (da +w). (4.5.28)

If we set d» = 0, equation (4.5.28) is reduced to the equation

Wrr = 207, (4.5.29)
which admits the two symmetries
Zl - ar
(4.5.30)
Zz - r&;« - W8W7
for which the Lie bracket is
Z1,2,] = Z;. (4.5.31)
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Therefore, we can use the method of differential invariants [7, 116] to integrate (4.5.29).

Taking the symmetry Z; for which first extension is
ZM=1.9,40-9,+0-0,, (4.5.32)

one easily solves the associated characteristic system

dr dw dw,
o0 4.5.33
1 0 0 ( )
to find the invariants

We now take p and g as the new independent variable and dependent variable, respectively.

We now have
dq _Drg _ wrr

= = , (4.5.35)
dp Dy,p w,
where D, is the total differentiation operator defined by
0 0 0 0
D, = Z—er%‘f‘wrra_m‘i‘wrrrawirr +ee (4.5.36)

The equation (4.5.35) reduces to the first order ODE

dg 2p?

q_ P (4.5.37)

dp ¢

when (4.5.29) is taken into account. The ODE (4.5.37) admits Z, transormed into the variables

p and g via (4.5.34). We integrate the variables-separable ODE (4.5.37) and obtain

> =pt+J, (4.5.38)
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where J is an arbitrary constant. In terms of r and w, as defined in (4.5.34), and setting J = 0,

equation (4.5.38) becomes

w, = wz,
the solution of which is
1
2 _
YT e
or
1
w==+ ,
K+r

(4.5.39)

(4.5.40)

(4.541)

where K is an arbitrary constant. The following solution of the BK system (4.5.1) follows

from (4.5.41), (4.5.27) and (4.5.20):

1

u(t,x) = =+ %

vtx) = %(augx’x)—u(t,x)z).

Case 2: Reduction of (4.5.1) using (X,)

(4.5.42)

(4.5.43)

In this case, the symmetry X, is associated with the conservation laws 73 and Ty (see Ta-

ble 4.3.1). The generator X, provides a distinct set of canonical variables, defined as:

x
r=—,
NG
Int
§=—
2 )
w(r) = uvt,
q(r) =1tv

The inverse canonical coordinates are given by:

108

(4.5.44)



t=e*,
x=re’,

(4.5.45)
u=—e ‘w,
v=ge .

The expressions for the first-order partial derivatives uy, vy, and v; in terms of these canonical

variables are:

ux - —eizswr,

1
V= — 5(f‘“(zq +q,7), (4.5.46)
Vx = Qre_Ss-

Utilizing Theorem 1.4.2, the conserved vectors 73 and Ty transform under the canonical vari-

ables (4.5.44) as follows:

Ty = q* +qr* — 3qrw +2qw* + qw, — g+ q,r — grw,

T (4.5.47)
T; = q—qr—qr+qw—ﬂ
(3T 2 2

_ T6r:2q—rw—|—w2—|—wr,

Ts (4.5.48)
\T6s =q,+w.

Therefore, from the reduced conservation laws D, T; = 0 and D,T6’ =0, we obtain the follow-

ing equations for w and g :

qqr —2qr +2qw —q, = dj,
(4.5.49)
2q—rw+w2+wr =ds,

where d; and d, are arbitrary constants. It follows from (4.5.49) that w is a solution of the
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second-order ODE

1 1 1
dow — dprr — Zdzw,, — Edzww, + Zdzrw, + szwrr — erwrr + %
1, 1 4 3, 1 5, 1 5 1
+ Zr ww, + EW Wy — er Wy + EWWr — er, + Erwr
1
+ W — Pw—w’+2rm? =d, (4.5.50)
and g is given by
1
q(r) =5 (da+rw—w?—w,). 4.5.51)

Therefore, a solution of the BK system (4.5.1) arising from X5 via 73 and Tg is

u(t,x) = %w(x/\/f), (4.5.52)
v(t,x) = ;q(x/\/;), (4.5.53)

where w is a solution of (4.5.50) and ¢ is given by (4.5.51).

Case 3: Reduction of (4.5.1) using (X3)

The symmetry X3 is associated with all the conservation laws of the BK system (4.5.1), except

for 73 (as shown in Table 4.3.1). The generator X3 yields the following canonical variables:

r=t,

s =X,
(4.5.54)

w(r) = u,

g(r)=v

The inverse canonical coordinates are given by:
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X=s,
(4.5.55)

u=w,

v=gq.

The expressions for the first-order partial derivatives u,, u;, vy, and v; in terms of these canon-

ical variables are:

Uy = Wy,

u, =0,

! (4.5.56)
Vl - Qr,

vy =0

Applying Theorem 1.4.2 with these canonical variables (4.5.54), the conserved vectors 71, 73,

T4, Ts, and Ty reduce as follows:

7 : < 5 5 4 5 (4.5.57)
TS — 1 2 3q°w qw qrw
T
2 2
T (4.5.58)
S S LGB
L 2 q 2 2 ’
(
~ T4r:qwa
T, (4.5.59)
| Ti = qq,r— g,
)
~ TSr:q7
T5 (4.5.60)
T3 = —qw,
- T6r:W7
T ) (4.5.61)
12 = q,r— e
L6 r 7’
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From the reduced conservation laws D, T/ =0, i = 1,2,4,5,6, we obtain the following equa-

tions for w and ¢ :

3q2w+qw3 =d,

¢ +qw’ = do,
qw = di, (4.5.62)

q = ds,

w=dg.

where dy, d», ds, ds, and dg are arbitrary constants. The only solution of the BK system (4.5.1)

in this case is the trivial solution in which both u and v are constant.

Case 4: Reduction of (4.5.1) using (X4)

The symmetry X4 is associated with the conservation laws 73 and 75 (as shown in Table 4.3.1).

The generator X4 leads to the following canonical variables:

(4.5.63)

(4.5.64)
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The first-order partial derivatives u,, vy, and v; in terms of these canonical variables are:

1
Uy = ——,

r
Vt:q”
v, = 0.

(4.5.65)

Applying Theorem 1.4.2 with these canonical variables (4.5.63), the conserved vectors 73 and

Ts reduce as follows:

;

_ T3 = qrzw,
T 1
Ty = 5qq:r° —qrw’ —
\ 2
4
~ Tjr - 2qr7
15
T3 = —qw.

\

(4.5.66)

(4.5.67)

From the reduced conservation laws D, 75" = 0 and D, Ty = 0, we obtain the following equa-

tions for w and ¢ :

qrzw = di,

qr = d,

where d| and d; are arbitrary constants.

(4.5.68)

(4.5.69)

Solving the system of equations (4.5.68) and (4.5.69) simultaneously for w and g and using

(4.5.63) yields the solution

d1 X
M(t,X) = d_zt_;

d
v(t,x) = —2,

(4.5.70)

(4.5.71)



for the BK system (4.5.1).

4.5.4 Concluding remarks

In this section, we have applied the generalized double reduction theory to the (14 1)-
dimensional Broer-Kaup system, a PDE model that arises in the study of long wave prop-
agation in shallow water. We computed four Lie point symmetries of the Broer-Kaup system,
and six local conservation laws, derived from low-order multipliers. Notably, each Lie point
symmetry was found to be associated with at least two conservation laws. Utilizing these
symmetries and the associated conservation laws, we were able to perform double reductions
of the system, reducing the original PDE system to systems of first-order ordinary differential
equations or algebraic equations in certain scenarios. These reductions facilitate the deriva-
tion of explicit solutions to the Broer-Kaup system demonstrating the practical applicability
of the generalized double reduction method to nonlinear PDEs, particularly in the context of
physical models like the Broer-Kaup system. Overall, our findings contribute to the broader

understanding and application of the generalized double reduction method.
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Chapter 5

Summary, Conclusions and Future Work

This thesis systematically applied the double reduction method, in both its standard and gen-
eralized forms, to a diverse set of partial differential equations (PDEs), offering significant
contributions to the theoretical and practical understanding of these techniques. The results
presented in this study highlight the power and versatility of symmetry-based methods in de-
riving exact solutions for complex nonlinear systems. The research began with the application
of the double reduction method to the GT equation, a key equation in the theory of disper-
sionless integrable systems. By employing the multiplier method, conservation laws were
constructed without the need for determining all possible multipliers, focusing instead on
those with polynomial structures. The reduction process led to first-order ordinary differential
equations (ODEs), ultimately yielding two general solutions of the GT equation. The method
was further applied to the HS equation, where symmetry reductions using conservation laws
derived through the multiplier method resulted in invariant solutions. Insights were gained
from examining the collapse of first integrals in specific cases, enhancing our understanding
of the method’s applicability. Additionally, this research advanced the standard double re-
duction method by demonstrating that reductions could be achieved using only the canonical

variables of the symmetries associated with conservation laws. This alternative approach, ap-
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plied to five (1+1)-dimensional scalar PDEs, simplified the reduction process and expanded
the method’s applicability.vThis work also extended the generalized double reduction method
to higher-dimensional systems, such as the nonlinear wave equation and the ZK equation,
where symmetry multi-reductions were performed. In these cases, inherited symmetries were
established and used, highlighting the method’s adaptability to more complex PDEs. The gen-
eralized double reduction method was also successfully applied to the Kaup-Boussinesq and
Broer-Kaup systems, both of which are significant in nonlinear wave propagation studies. The
identification of Lie point symmetries and conservation laws facilitated the reduction of these
systems to simpler ODEs or algebraic equations, in some cases leading to explicit solutions.

This demonstrated the practical applicability of the method to real-world physical models.

In conclusion, this thesis has substantially advanced the application and understanding of the
double reduction method. It has provided clear and illustrative examples across a variety of
PDEs, significantly contributing to the broader literature by offering new methodologies for
deriving exact solutions. The findings underscore the method’s flexibility and utility in reduc-
ing nonlinear systems and highlight its potential for more complex scenarios. While the focus
of this research was primarily on (n+1)-dimensional scalar PDEs and systems of PDEs, the
results reinforce the value of symmetry-based reduction methods in theoretical and applied
mathematics. The study has also demonstrated the potential of the alternative double reduc-
tion approach, which does not rely explicitly on conservation laws, broadening the scope of
the method’s applicability. This approach, along with the generalized double reduction theory,

provides new tools for addressing higher-dimensional and more complex systems.

Looking ahead, there are several promising directions for future research. While this thesis
has laid the groundwork for applying the double reduction method to (n+1)-dimensional scalar
PDEs and systems, several avenues remain unexplored. One potential direction is the appli-
cation of the method to systems of PDEs consisting of a PDE and its adjoint. The exploration

of nonclassical symmetries, which could enable further double reductions in nonlinear scalar
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PDEs, also presents an exciting opportunity for future work. Additionally, a comprehensive
comparison between the alternative double reduction approach and the standard approach,
particularly with regard to computational efficiency and broader applicability to various types
of PDEs, is an area for further investigation.Moreover, there is a need for a deeper explo-
ration of the physical interpretations of the symmetries and conservation laws derived in this
study, particularly in the context of nonlinear wave propagation and other physical phenom-
ena. Such a discussion would strengthen the connection between the mathematical findings
and real-world applications. Extending the research to include higher-dimensional systems
and examples from diverse physical contexts, such as fluid dynamics, plasma physics, and
elasticity theory, would further demonstrate the generality and power of the double reduction
method.

Finally, open problems such as extending the method to more complex systems of PDEs, ex-
ploring its application in higher-dimensional settings, and addressing the unsolved challenges
in applying the method to certain nonlinear equations, offer a rich terrain for further research.
This thesis, while contributing significantly to the field, lays the foundation for future inves-
tigations aimed at expanding the applicability of the double reduction method and deepening

its theoretical underpinnings.
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