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Abstract

Increasing trees are labelled rooted trees in which labels along any branch from the root
appear in increasing order. They have numerous applications in tree representations of
permutations, data structures in computer science and probabilistic models in a multitude

of problems.

We use a generating function approach for the computation of parameters arising from
such trees. The generating functions for some parameters are shown to be related to ordi-
nary differential equations. Singularity analysis is then used to analyze several parameters

of the trees asymptotically.

Various classes of trees are considered. Parameters such as depth and path length for
heap ordered trees have been analyzed in [35]. We follow a similar approach to determine
grand averages for such trees. The model is that p of the n nodes are labelled at random in
(;) ways, and the characteristic parameters depend on these labelled nodes. Also, we will
attempt to look at the limiting distributions involved. Often, when they are Gaussian,

Hwang’s quasi power theorem, from [18], can be employed.

Spanning tree size and the Wiener index for binary search trees have been computed in
[33]. The Wiener index is the sum of all distances between pairs of nodes in a tree. A
related parameter of interest is the Steiner distance which generalises, to sets of k£ nodes,
the Wiener index (k=2). Furthermore, the distribution of the size of the ancestor-tree
and of the induced spanning subtree for random trees is presented in [30]. The same
procedure is followed to obtain the Steiner distance for heap ordered trees and for other

varieties of increasing trees.
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1.1

Preliminaries

You can’t be suspicious of a tree, or accuse a
bird or a squirrel of subversion or challenge the

ideology of a violet.

Sundial of the Seasons

Hal Borland

What are trees and what does one do with them? The answers to these questions can be

summed up with the following quote from the book of Flajolet and Sedgewick, [11]:

Trees are fundamental structures that arise implicitly and explicitly in many
practical algorithms and it is important to understand their properties in order
to be able to analyze these algorithms. Many algorithms construct trees explic-
itly; in other cases trees assume significance as models of programs, especially
recursive programs. Indeed, trees are the quintessential non trivial recursively
defined objects: a tree is either empty or a root node connected to a sequence

(or a multiset) of trees.

We begin with the following formal definition of a tree:

Definition [Knuth [22]] A tree is a finite set T' of one or more nodes such that

(a) there is one specially designated node called the root of the tree, root(T") and,;

(b) the remaining nodes (excluding the root) are partitioned into m > 0 disjoint sets
11,15, ...,T,, and each of these sets in turn is a tree. The trees 11,715, ..., T, are called

the subtrees of the root.
It follows that every node of a tree is the root of some subtree contained in the whole
tree. The number of subtrees of a node is called the degree of that node.

A labelled tree is one in which all the nodes are distinguishable, in other words each node

has its own identity. We speak of “labels” as a combinatorial device to distinguish nodes.

There are many parameters that arise in tree analysis, among them the height of nodes

and path length being the well known ones. Some recent research papers [35], [36] deal
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1.5

with statistics of the height of the nodes in heap ordered trees. The altitude of nodes in

random trees was also studied in [24].

One often encounters the level of a node in a tree: the root is at level 0, descendants of
the root are at level 1 and, in general, descendants of a node at level k are at level k + 1.

Thus the level is the distance traversed to get from the root to the node.

Definition [11] For a tree T', the path length of the tree is the sum of the levels of each
of the nodes in T" and the height of the tree is the maximum level among all the nodes of
the tree.

Now the height of a node in a tree T is defined as the number of nodes lying on the unique
path from the root to this node. In this thesis we consider a simple generalization of this
height: for p given nodes in a heap ordered tree T" we consider the size of the ancestor

tree of these selected nodes.

Definition [30] The ancestor tree is the subtree of 7" which is spanned by the root and
the p chosen nodes and hence it is defined as the tree containing all ascendants of the p

given nodes.

Spanning tree size and the Wiener index for binary search trees have been computed in
23], [28] and [33]. This index was introduced by the chemist H. Wiener in 1947, [42], in the
study of organic compounds and their molecular graphs and has numerous applications

in chemistry and combinatorics.

Definition [19] The Wiener index, W (G), of a connected graph G is the sum of all the

distances between pairs of vertices of G.

A related parameter of interest which will be analysed throughout the thesis is the Steiner

distance which is a generalisation of the Wiener index.

Definition [32] Consider a tree T" and choose p random nodes in it. The Steiner distance

is the size of the smallest subtree generated by the p nodes.

So, the Steiner distance is a scaled down version of the Wiener index; in a sense they
behave roughly like path length versus (insertion) depth. For expectations, the concepts
are equivalent, but not for higher moments and the limiting distribution. We consider a
natural generalization: instead of selecting two random nodes and looking at the distance,
we consider p randomly chosen nodes and look at the size of the subtree spanned by these

nodes. If all of the p selected nodes lie in one subtree of the root then the Steiner distance
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is smaller than the size of the ancestor tree. Otherwise the two parameters are the same.

A different generalization of the Steiner distance can, for example, be found in [4].

How does one count trees? Given an infinite class of finite sets T}, where ¢ ranges over
some index set, we need to count the number (i) of elements of each T; “simultaneously”.

The answer is eloquently provided by R. Stanley, [40]:

The most useful but most difficult to understand method for evaluating t(i) is

to give its generating function.

Results from Flajolet and Sedgewick, [11], [13]

Given the nature of trees, one needs to derive expressions for the value of terms in a
sequence of quantities ag, a1, as, as, ... which usually measure some parameter. It is very

useful to work with a single mathematical object which represents the whole sequence.

Definition [11] Given a sequence ayg, aj, asg, . .., ax, .. ., the function

A(z) = Zakzk, (1)

k>0

is called the ordinary generating function of the sequence. One uses the notation [z*]A(2)

to refer to the coefficient ay.

Some sequences are dealt with in a more convenient way by a generating function that

involves a normalising factor.

Definition [11] Given a sequence ayg, ay, asg,. .., ax, ..., the function

Ae) =Yl 2)

k>0

is called the exponential generating function of the sequence. One uses the notation
k![2*] A(z) to refer to the coefficient ay.

Exponential generating functions are central to the analysis of the trees in this thesis since
we deal with labelled structures: say k nodes are labelled such that each has a distinct

identity. Then the factor k! accounts for all of the arrangements of the labelled nodes.

An application of generating functions is their use for computing probabilities, averages

and variances.
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Definition [11] Given a random variable X that takes on only non-negative integer
values, with py = P{X = k}, the function

P(u) =) p, (3)

k>0

is called the probability generating function for the random variable.

Generally one is not only interested in counting tree structures of a given size, but also
in finding values of parameters relating to the trees. Bivariate generating functions are
used for this purpose. These are functions of two variables that represent doubly indexed
sequences: one index for the problem size and one for the value of the parameter under

analysis.

Definition [11] Given a doubly indexed sequence {a,;}, the function

A(u, z) = Z Z A 2" (4)

n>0 k>0

is called the bivariate generating function of the sequence. We use the notation [u*z"] A(u, )

to refer to an, [2"]A(u, 2) to refer to > a,pu® and [uF]A(u, 2) to refer to > ax2".

k>0 n>0
One uses bivariate generating functions to count parameter values in trees. For p € P,
where P is a certain class of trees, let cost(p) be a function that gives the value of some

parameter defined for each tree. Then we have the following generating function for the

P(u,z) = Z yleost)} Il — Z ankukzn 7 (5)

peP n>0 k>0

class of trees

where |p| denotes the cardinality of p and p,y is the number of trees of size n and cost k.

One also writes

P(u,z) =Y pa(u)z", (6)

n>0

where

pa(u) = [2"A(u,2) = > pustl®, (7)

to separate all the costs for the trees of size n and

Pu2) = Y o)t )

k>0
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where

ar(2) = [u"A(u,2) =Y puz", 9)

to separate all the trees of cost k. It is useful to note that

2)=> M= "p.(1)2" = a(2), (10)

peEP n>0 k>0
is the ordinary generating function that enumerates P.

Of great interest for this thesis is the fact that f}:—% is the probability generating function
for the random variable representing cost, if all trees of size n are equally likely. Thus
knowing p,(u) and p,(1) allows us to compute the average cost and other moments.

Differentiating with respect to u and evaluating at u = 1, one finds that

k>0

The partial derivative with respect to u of P(u,z) evaluated at u = 1 is the generating
function for this quantity. We know that p,(1) is the number of trees in P of size n. If we

consider the latter to be equally likely, then the probability that a tree of size n has cost k
Pu(1) : o Pa) | pn (1) n(1))2
ey ) and the variance is 2 e +5 0 (gn(l)) :

Pnk
i 5.1y

Definition [11] Let P be a class of trees with bivariate generating function P(u, z). Then

Z cost(p)2*! (12)

peEP

the function
3P (u, z)

is defined to be the cumulative generating function for the class. Also, let P,, denote the

class of all trees of size n in P. Then the sum
> costn). (13)

is defined to be the cumulated cost for the trees of size n.

Theorem [11] Consider a bivariate generating function P(u, z) for a class of trees. Then
the average cost for all trees of a particular size is given by the cumulated cost divided

by the number of trees, or
[Zn] OP(u,z)

ou 1
1P, 2) (1)

The importance of the use of bivariate generating functions is that the average cost can

be calculated by extracting coefficients independently from apa(Z’Z) 4 and P(1,z) and
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then dividing as outlined in the above theorem.

In this thesis we mainly encounter trivariate generating functions but the results outlined
above are analogous. There are many techniques for computing the required coefficients
and they appear, for example, in [15], [37] and [43]. When these coefficients have no
simple closed form one needs to employ special techniques to find them asymptotically.

This is described in various sources such as [10], [12] and [16].

Many applications rely on determining the asymptotic coefficients of a function which is
analytic at the origin. It is well-known that the function’s dominant singularities (the
ones with smallest modulus) contain a lot of information about these coefficients. To this

end, singularity analysis of generating functions is employed. In [9], this is defined to be

a class of methods by which one can translate, on a term by term basis, an
asymptotic expansion of a function around a dominant singularity into a cor-
responding asymptotic expansion for the Taylor coefficients of the function.
This approach is based on contour integration using Cauchy’s formula and

Hankel-like contours.

Let G be the class of functions g, = K(1 — z)®, for a a real number and K a constant.

The Taylor coefficients of any member of G are known both exactly

" o (n—a-=1\  T(n—-a)
=) _( n )_r(—a)r(n+1)’ (15)

and asymptotically from Stirling’s formula (o # {0,1,2,...})

(L - 2) ~ (16)

no—1 ala+1) ala+1)(a+2)(3a+1)
T'(—a) (H o 24n? +)

The general form of the asymptotic coefficients above, as it appears in [9], is presented

below.

Proposition [Flajolet, Odlyzko, [9]] The binomial coefficients expressing [2"](1 — z)“

have an asymptotic expansion as n — o0,

n—a-1 e(a)
[2"](1 — 2)* ~ N (1+Z#> . a¢{0,1,2,---}, where

E>1
2k
e =Y (D Nla+ D(a+2) - (a+1), with > Aokt =el(1+vt) 71/
1=k k>0

(17)
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The authors in [9] were then able to come up with the following very important transfer
theorem:
1.13 Theorem [9] Assume that, with the sole exception of the singularity z = 1, f(z) is
analytic in the domain A = A(¢,n), wheren > 0 and 0 < ¢ < 7. Assume further that as
z tends to 1 in A
f(z) =O(|1 = 2[%), (18)
for some real number «. Then the n-th Taylor coefficient of f(z) satisfies
fa=["f(2) = O(n 7). (19)
1.14 Note We recall two useful formulas which will be used in the thesis. Firstly, Cauchy’s
formula is . y
z
= — 20
fo=go [ 1) (20)
O+
where f,, and f(z) are as described in the theorem above. Secondly, Stirling’s formula is
n\" 1 1 139
|~ Vo (2) (1 - ). 21
" ™) U 1n T osseE T 5o (21)
Often one needs to analyse the coefficients of a function defined implicitly by an equation
y(2) = 2(y(2)), (22)
and the procedures involved can be found for instance in [5], [6] and [13]. The next result
gives us the idea of what is required.
1.15 Proposition [13] Let ¢ be a function analytic at zero having non negative Taylor coeffi-

cients with ¢(0) = 0 and such that there exists a positive solution T to the characteristic
equation

¢(r) —7¢'(t) =0, (23)

strictly within the disc of convergence of ¢. Let y(z) be the solution analytic at the origin

of y(z) = z¢(y(z)). Then y(z) has a dominant singularity at
z=p where p=——. 24
p = o (24)

The singular expansion of y at p is of the form

P

y(2) :T—l-id;'f(l— Z>j/2, (25)
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for some computable constants d;. In particular one has
2¢(7)
di = —\| ——. 26
e 2
We note that, for all the problems analysed in the chapters that follow, the dominant
singularity is always of square-root type. Thus the asymptotic form of the coefficients
turns out to be
[2"]y(z) ~ Cp" =2, (27)
Results from Harary and Palmer, [17]
Let -
T(@) = T, (28)
p=1
be the generating function for rooted trees. Thus 7}, is the number of rooted trees of
order p. The following result of Pélya, [34], can be employed to calculate the coefficients
of T'(x).
1.16 Theorem [34] The counting series T'(x) for rooted trees satisfies
T(a) = vexp { 37 L)) (20)
) =rex — .
P K
k=1
Pélya found asymptotic formulas for chemical compounds by regarding the generating
functions as ordinary analytic functions such that the coefficients could be estimated by
means of the Cauchy integral formula. Otter, [29], observed that the same method could
be applied to trees and in what follows we present some of his results.

1.17 Lemma [17] The power series T'(x) for rooted trees converges in a circle of radius n > i.
All the coefficients of T'(z) are positive so 1 is a singularity of T'(z). However, T'(x)
converges with z = n, which can be proved by using the next result.

1.18 Lemma [17] The limit of T(x) as v — n— exists and is equal to Y Tyn".

k=1

Proof: Since T'(z) satisfies the functional equation (29) we have for all x in (0,7)

log (T;’E) ) =T+ T(]f ). (30)
k=2
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From this it follows that

1
T <L 31
= ( )

and hence T'(x) is bounded on the interval (0,7). Since T'(z) is monotone, the left hand
side limit at 7 exists and we let
bo = lim T'(z). (32)

T—n—

It now follows immediately that by = T'(n). |

The value of by is determined by the next lemma.

Lemma [17] The series T'(x) for rooted trees has the property that

T(p) =1. (33)

Proof: First we define the complex valued function F(z,y) for complex x and y by

F(x,y) = xexp {y—i—ZT(:k)}—y, (34)
k=2

and consider the equation
F(z,y)=0. (35)

From (29) we can show that y = T'(z) is the unique analytic solution of (35) and we
know it has a singularity at z = 1. The preceding lemma implies that F(n,by) = 0
and furthermore it is easy to see that F(z,y) is analytic in each variable separately in

neighbourhoods of n and by.

On differentiating (34) with respect to y we find

oF

o =F(z,y)+y—1. (36)

Since F'(n,bo) = 0, we know that this partial derivative at (1, by) is given by

O by = by — 1. (37)

0y
Furthermore, this partial derivative must be zero at (1, by), in other words by = 1. Other-
wise, by the implicit function theorem, there is a unique solution y = f(z) of (35) which
is analytic in a neighbourhood of 7, in particular at n itself. But such a solution would

have to be y = T'(x) and we know that the latter is not analytic at z = 7, proving (33).H

Often one needs to know the asymptotic expansions of various functions around their
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dominant singularity. The next theorem (which is a combination of the implicit function

theorem and observations of Polya, Otter, Ford and Uhlenbeck) is pivotal in this respect.

Theorem [17] Let F(x,y) be analytic in each variable separately in some neighbourhood
of (xg,yo) and suppose that the following conditions are satisfied:

(i) F(xo,y0) = 0;

(ii)) y = f(z) is analytic in |x| < |xo| and z( is the unique singularity on the circle of
convergence;

(iii) if f(z) = Z fnx™ is the expansion of f at the origin, then yq = Z fnxl;

(iv) F(x, f(x )) =0 for |x| < x;

(v) 2l

(Vl) 0%2F( a:o 9% F(x0,y0) 7& 0.
Then f( ) may be expanded about xy:

f(z —i—Zak (zg — )", (38)
k=1

and if a; # 0,

a n _
f(z) ~ 2\/17 : +1/2, 3/27 (39)

and if a; = 0 but ag # 0

3a3  _ni32
fur grmm T, (40)

To apply this theorem, one notes that the function in (34) satisfies all the conditions with
(x0,Y0) = (n,1) and f(x) = T(z). Hence T(x) can be expanded as in (38) and if a; # 0,

then the coefficients behave as in (39). It remains to be shown that if
T(x) =1—bi(n— )"+ ba(n — ) +bs(n — )’ +- -, (41)

then b; # 0 and b3 # 0 and one also requires approximations to by and 7. After differen-

tiating (41) we obtain
1
T'(x) = Sba(n—x)” V2 by 4 (42)

where the terms omitted contain (7 — )2 to the first power at least. By multiplying
both sides of 7"(x) with 1 — T'(x) as obtained from (41) we have

T@Ml—T@»:%@+~-, (43)
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where once again the terms omitted contain (1 — z)'/? to at least the first power. Hence

lim T'(x)(1 —T(x)) = %bf. (44)

T—n—

On the other hand, by differentiating (29), one obtains

T'(z) = Tf) +T(x) Y T'(a*)a"t, (45)
k=1
and therefore .
T'(z)(1 —T(z)) = @ +T(x) Y T'(a*)ah (46)
k=2

Thus the limit in (44) can also be obtained from the above and we have
—b2 == + ZT’ (47)

Using (29) and (33), Otter estimated that 7 = 0.3383219. Then from an equation similar

to the one above he found that

51771/2
2\/m

= 0.4399237 .. . , (48)

with b; = 2.681127.

Results from Bergeron, Flajolet and Salvy, [2]

Definition [2] A labelled tree of size n is a rooted tree comprising n nodes that are labelled
by distinct integers from the set {1,2,3,...,n}.

Definition [2] An increasing tree is a labelled rooted tree in which labels along any

branch from the root appear in increasing order.

These trees appear in problems involving tree representations of permutations, data struc-
tures in computer science and probabilistic models in diverse applications. An interesting
approach to the enumeration of parameters in these trees was developed in [2], whereby

the generating functions are related to a simple ordinary differential equation

—Y(2) = o(Y(2)), (49)
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which is non linear and autonomous. Then one applies singularity analysis in order to
analyse asymptotically the required parameters.

There are two important types of increasing trees:
(i) non-plane trees, which are defined in the graph theoretic sense so that subtrees stem-
ming from a node are not ordered among themselves;
(i) plane trees, where a plane embedding is specified so that subtrees stemming from a
node are ordered among themselves.

1.23 Definition [2] Let {s,}>°, be a sequence of non negative integers, such that so # 0 and

s, # 0 for some r > 2. The variety of trees associated to {s,} and the specification of an
element of {Plane, Non-Plane} is the collection of all increasing trees (plane or non-plane

depending on the specification) with s, sorts of nodes of outdegree r for all r.

The degree function of a variety of trees associated with {s,} is defined as follows

in the plane case: o(w) = Z spw'

r>0

. w"
in the non-plane case: d(w) = Z Sr (50)

r>0
Now, the coefficients of the degree function ¢(w) are denoted by ¢, such that

> » = S, 1n the plane case and
d(w) = Z ¢rw”,  with ¢ P (51)
r=0

¢, = 2= in the non-plane case.
T

Whenever the collection of node types allowed is finite, ¢(w) is a polynomial and we call
the variety a polynomial variety. The degree of ¢(w) is denoted by d, an integer, which is

the maximum node degree allowed in the variety.

The main result is as follows: fix a variety of trees ), that is fix the degree function ¢(w).
Let Y,, be the number of trees of size n in the variety. The exponential generating function

of the variety of trees

oo Zn
Y(2)=> Yo (52)

n=1 :

is defined implicitly by
Y (z)
dw

—=z. 53
5w 9

0

Under general conditions (in particular whenever ¢(w) is a polynomial, which means
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a finite set of allowed degrees) the equation (53) can be analysed near its dominant
singularity, p. For polynomial varieties this leads to an asymptotic counting result of the
form .
Yo | gy @0/ _ [

Kp™"n with p J o) (54)
where K = K is a constant that depends on ¢ alone and d is the degree of the variety.

The quantity p appears to be always a logarithmic form in algebraic numbers.



2.1

Ordered Trees

The chestnut’s proud, and the lilac’s pretty,
The poplar’s gentle and tall,
But the plane tree’s kind to the poor dull city -

I love him best of all.

Child’s Song in Spring
Edith Nesbit

2.1 Introduction

In this chapter we consider ordered trees, a special class of simply generated trees. What
is presented here constitutes a specialisation of the results obtained by Panholzer in [30].
Although the general results are not new, they serve to illustrate the methods and ideas

employed in subsequent chapters of the this thesis.

Simply generated trees include several tree families such as binary trees and planted
plane (planar, ordered or rooted) trees. Let 7 be the set of ordered labelled trees with

exponential generating function

n

21t z
AET DL W g
teT n>0

where T;, is the number of ordered trees with n nodes. Then the generating function for

ordered trees satisfies

z 1—+1—4z
el thus 7T(z) = ———. (2)

7(2) )

Theorem [11] Let t,, denote the number of ordered trees with n nodes. Then t,, is equal

to the number of binary trees with n — 1 nodes and is given by the Catalan numbers

t":%<2:—_12>:2n1—1(2n;1):%‘ ()

14
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2.2

A class T of simply generated trees can also be defined in the following way.

Definition [30] The weight, w(T'), of any simply generated tree T" is defined by a sequence

of non-negative numbers (¢x)r>0 with ¢o > 0 such that
w(T) =[] ¢aw) - (4)

where v ranges over all vertices of T' and d(v) is the number of descendants of v. Then

the family T consists of all trees T" and its weights w(7T).
Furthermore,

|T|=n

where |T| is the size of the tree and has the generating function

T(z) =) Tp2". (6)

n>0

This generating function satisfies the functional equation

where ¢(t) is given as the formal power series

o) = ont*. (8)

k>0

If all ¢ are non-negative integers then T}, counts the number of trees in 7 with size n.

Aoy L

Figure 2.1: All 5 ordered trees of size 4.

(AN
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Size of the ancestor tree in ordered trees
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2.3

2.2 Size of the ancestor tree in ordered trees

We consider the results of Panholzer from [30] and derive them explicitly for ordered trees.
Let X, , be the random variable which counts the size of the ancestor tree of p randomly
chosen nodes in an ordered tree of size n. We denote with g, the sum of the weights
w(T") coming from all different pairs (7,.5) of a simply generated tree 1" of size n and a
subset S of p nodes of T" such that the ancestor tree of these p nodes in T" has size m. It
follows that

n
Gopn = B(Xpp = m)T, (p) , )

and the trivariate generating function

G(z,u,v) = Z Z Z Gnpm2 uPv"™ (10)

n>1 0<p<n m>0

satisfies the following functional equation from [30]
G(z,u,v) = 20(1 + u)d(G(z,u,v)) + (1 —v)T(2), (11)

where the term (1 — v)7T'(z) results from the case where no nodes are selected in the
tree. We look at a special case of (11), namely the planar trees, for which the functional

equation becomes
2v(1 + u)

Gz u,0) = 1 —G(z,u,v)

+(1—=v)T(2). (12)

However, for planar trees, we know 7T'(z) and its solution. Since there is no tree of size 0
we have

T(z)zl_mzzl(Qn_Q)z”.

2 n\n—1
n>1

Substituting this value in (12) we obtain:

Theorem [30] The generating function for the size of the ancestor tree in ordered trees

satisfies the functional equation

20(1 4+ u) N (1—1))(1—\/1—42).

G = 13
(o) = o . (13)
First, the solution of (13) is computed
— v1—4 -1
G(z,u,v) 3 1 4 jv )
(14)

V2 +2V1 — 4z — 4z — 8zv + 202 — 2021 — 4z — 40?2 — 16z0u
0 .
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Our aim is to find the expectation and variance of the size of the ancestor tree with the
help of the probabilities

P{X,, =m} = [Znupvz;];;fz,u, v) |

for fixed p and n — oo, and thus one needs to produce [z"uPv™]G(z,u,v). For the

expectation we differentiate (14) with respect to v and evaluate at v = 1, namely

0

%G(Z,U,U) 1:\/1—jz—1+ 2(1 4+ u) V1—4z—-1 ' (15)

1—4z(14u) 4y1—42(1+u)

Now we can easily find the coefficients [z"u?]| from (15), as follows

i () ()

4/1-4:(11 p)\p-1
) 1_412(1+u)=i(z> (2:) (16)

The final step is to divide these coefficients by the normalising constant (Z) L (25:12) and
then the expectation becomes

G ), 1, @)= Dl — D)

Po= ey T e 07

and moreover, by standard methods (using Stirling’s formula) we obtain the following
asymptotic equivalents

n— (=1

5 o +(9(%), for [ = n — p fixed,
4_7’_1p(2;’)\/7m +0O(1), for p fixed,
% 4 ompn—d VAN 0(1),

(pn—1)!

E,,= (18)

forp=pnand 0 <p<1.

To find the variance of the size of the ancestor tree one differentiates (14) twice with
respect to v and lets v = 1, thus

 22%u(l+u)
@G(z,u,v) o T A ()R (19)

17
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Then we compute the coefficient [z"uP] in (19)

22u(1 + u)

" (1—4z(1+uw)? 2(2n =3) (Z - i) <2:__24> '

Upon dividing this coefficient by the normalising constant we obtain the variance

[z"up]aagG(z u,v)|

()
L4 p) (n—1))° (1 L) (- 1)!)2>2

Vn,p = =L 4 En,p - (En,p)Q
(20)

== D S e — )1

2 pl(p— D!(2n —2)!

We can also find the first two moments for the size of the ancestor tree by using singularity
analysis. Proceeding from (15), one can use MAPLE to compute the coefficients a; of its

series expansion in u and the first few are

2(4z — /1 =4z —1)

W T e
224z — 31 —4z—1)
Ao =
? 2(1 — 42)5/2 ’
24z —5V1—4z—1)
I SRS 7P ’
524z —TV1 -4z - 1)
= 2(1 — 42)9/2 ’
o 224z — 91 — 4z — 1) (21)
° (1— 42)11/2 '

We observe that z = i is the only singularity appearing in the a;. By computing series

expansions around this singularity and considering the first two terms only, we are able

to compute the coefficients of u? and then 2™ in (15).

Lemma The coefficients of u” in the first derivative of G(z,u,v) are

0G(z,u,v)
ov

[w”]

1 /2 ) 1
N22p+2<p)(1_4z) p?'z_)Z' (22)

v=1
Proof: This is done via straight forward computations of the coefficient of u” in the

dominant term —X=%__ from (15). [
4y/1-42(1+u)
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Then the coefficient of z" in the first derivative of G(z, u, v) turns out to be

0 2p\ 4"nP!
n, p]_~ ~ s
[Z u ](%G(Z’ u, U) =1 (p ) 22p+2F(p) ) (23)
and the expectation is found by normalising the above with (Z) % (277:12) ~ %F(Z—il)
pVT (2p
En,P ~ 22p (p > \/ﬁv (24)

which agrees with the result in (17). A similar method works for the second moment.

Lemma The coefficients of u? in the second derivative of G(z,u,v) have the asymptotic

form

[uP] wG(z, u,v)

p (2p e 1
1N22p+2(p)(1_42)pm’z_)l' (25)

v=

Proof: One proceeds by extracting the desired coefficient of the dominant term from (19)

as follows
0? 22%u 1
P ~ [2/P -9 27, p—1
[ ](%2 (z,u,v) v=1 [ ](1 —42(1 + u))3/2 at ](1 —4z)32(1 — 4z_U)3/2
1—4z
—3/2
— 222(_42)}71( 3/1) (1 . 42)71)71/2 (26)
p _
P o 1
_22p+2( — 42 Ty
which proves the result. [

Next, the coefficient of z™ in the second derivative of G(z,u,v) was computed

p4" <2p) np—1/2 (27)
v=1 2242\ p JT(p+3)’

and its normalisation leads to the second moment. Hence, the asymptotic formula for the

[2"uP] =—G(z, u,v)

ov?

variance of the ancestor tree size is

"] 25 G (2, u, )|

2 v=
anp ~ 47(?71_3/2 np ! + Enap - (Enap)2
1ym  T(p+1)
2 2
N VAYE R My E I (28)
92p P F(p + 5) 4p [
2

= n(l—p—7T 2P >
_p 24P p )
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2.6

2
pm (2p
Wherel—ZTp(p) — 0 as p — oo.

2.3 The Steiner distance in ordered trees

We turn our attention to the random variable Y, , which counts the size of the Steiner
distance of p randomly chosen nodes in an ordered tree of size n and specialise the results
of Panholzer, [30]. Let f,,m be the sum of the weights w(7) coming from all different
pairs (7, 5) of a simply generated tree T of size n and a subset S of p nodes of T" such

that the ancestor tree of these p nodes in 1" has size m. It follows that

Fapm =PV, = m)T, (Z) , (29)

and the trivariate generating function

F(z,u,v) = Z Z Z fropmz " uPv™ (30)

n>1 0<p<n m>0

satisfies the following functional equation which appears in [30]

F(z,u,v) = G(z,u,v) — 20¢ (T (2))G(z,u,v) + 20" (T(2)) F (2, u,v) — 2(1 —v)¢'(T(2))T(2) .

(31)
However, this equation for F'(z,u,v) can be obtained by translating the equation (7). The
difference between the parameters X, , and Y,,, coming from the case where the root is
not selected and all selected nodes appear on the same subtree leads to the given relation

between both generating functions. Thus (31) becomes

Glz,u,0)(1 = 20¢/(T(2))) — 2(1 — v)¢'(T(2))T(2)

F = 32
(Z’ u, U) 1 — Z¢’(T(2’)) ( )
We apply this result to the case of planar trees. Since ¢'(t) = ﬁ we have
A0 E— (3)
- (1-T(2))*"

Substituting this value of ¢/(T'(z)) into the functional equation (32) we obtain the following

result.

Theorem [30] The Steiner distance in ordered trees has the generating function

14+ 1 =4z —22(1 +v))G(z,u,v) — z2(1 + v+ /1 — 4z(1 — v))
1+ +v1—4z -4z '

F(z,u,v) = ( (34)
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One can find the expectation and variance of the size of the Steiner distance with the help

of the probabilities
o Py™ F
P{Y,, =m} = i U(n])T(Z?u’U) )

p

for fixed p and n — oo, and thus the first step is to compute [z"uPv™]F(z, u,v).

Now we substitute the value of G(z,u,v) from (14) into the lemma above, then we differ-

entiate with respect to v and set v = 1, which gives

QF(Z wo)| = 22+ u(l+ V1 —42) — 21 —42/1 — 42(1 + u) — 82(1 + u))
G P 1—42(1+u)(1+ /1 -4z — 42) '

(35)
We proceed with finding the coefficients of z"u” in (35). It is advantageous to first find

the coefficients of ©? and then use

1 1 1

1+ V1 —ds — 4z 4o/l —4z 42’

obtained by multiplying top and bottom by 1 — 4z — /1 — 4z, to find the coefficients of

2", It follows that
1
()0 -2 ()G
v=1 2 p)\n—p 2 p p
() ) (””)(
p—1 n—p+1 P
L g 2p — 2 n—j5 \ 2p—2
p—1 n—p+1
3
p/\n—p—1 p
_ _3
(T (000) - “”( )
p—1/)\n—p

Next, (37) is divided by the normalising factor %(p) (27?7 2) which yields the expectation

for the Steiner distance

(36)

0
%F(z,u,v)

[2"uP]

3

—1)(2p—2)! ((n —1)1)? e (2p — D)!(n — 1)l(n — 2)!
((p—1)1)* (2n = 2)}) 2(p — 3)!(p = 1)!(2n - 2)!
(p—1)(2p—2)! ((n—1))*

E,, = 4" (p

+1

= 4P
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2.7

2.8

2.9

To compute the second moment, we differentiate F(z,u,v) twice with respect to v and

then put v = 1 to obtain

O?F (z,u,v) B 5
0v? o=t (1—4z(1+w)¥2(1 — 4z + V1 - 42) [V L= dz(=14+22(1+ )2+ u))
+ (1= V1 —42)(1 —42(1 +u))*? 4+ 22(1 + ) (u(l + 42) — 4(1 + 22))

(39)

Now the coefficients of u” and z" need to be extracted. It is obvious that the methods
employed to compute the expectation become quite cumbersome here. To this end, singu-
larity analysis proves to be a better approach. Before proceeding with the second moment,
it is interesting to see to see how one obtains the expectation for the Steiner distance using

singularity analysis. The series expansion in u of (35) reveals our old singularity z = i.

Lemma The coefficients of u” in the first derivative of F(z,u,v) are

N p—_l(zp)(l_zxz)—p, - % (40)

0
Pl _—_
[U ] F(Z,U, U) =1 (2]7 - 1)22p+1 p

ov

Furthermore, the coefficients of 2™ in the first derivative of F(z,u,v) can be easily com-
— )4 (2p\ nr!

iy (a1)
v=1 (2p—=1)2%+1\ p /T(p)

and their normalisation yields the same expectation obtained in (38)

plp—DVT (2?’) N (42)

T 2= D2\ p

puted now

[2"uP] 2F(z, u,v)

ov

Note For p =n in the above expectation, one obtains

5 23
Epp~n——=——n! 2 . 4
P e e Tk +0 (n7?) (43)

For the second moment, the coefficients extracted from the dominant term in (39) are

given in the next result.

Lemma The coefficients of uP in the second derivative of F(z,u,v) have the form

—1/72 1
~ }2)2p+2 (;) (1 - 4Z>7p71/27 z— Z . (44)

2

[u”]wF(z, u,v)

v=1
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So it follows that the coefficients of 2™ in the second derivative of F'(z,u,v) are given
asymptotically by
2

[2"uP] == F'(z, u,v)

ov?

v=1

(p B 1)471 2p np*1/2 (45)
222 \p)T(p+3)

moreover, the second moment is

[e"uP) 25 F (2, u,v) »
=~ (= n, (46)
/" T

and the variance for the Steiner distance becomes

Vg~ (= (1 - (Q?E(f—);%lg—z (2;)2) . (47)

Note For p =1 the variance above is zero and for p = n we obtain

11 5 »
nn ™~ 7N — -5 T T35 . 4
Va, 4n % 128n +0(n™?) (48)

7p? (p— 2
A]so,l—wflg%(zpp) — 0 as p — oo.

We started the analysis of tree structures with one of the simplest constructions: the
ordered (planar) tree. While it was possible to obtain closed form results in some cases,

computing asymptotics turned out to be a better approach.
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3.2

Heap Ordered Trees

If what I say resonates with you, it is merely

because we are both branches on the same tree.

William Butler Yeats

3.1 Introduction

Definition [35] A heap ordered tree with n nodes (“size n”) can be described as a planted
plane tree together with a bijection from the nodes to the set {1,...,n} which is mono-

tonically increasing when going from the root to the leaves.

The enumeration of heap ordered trees appeared in [38] and parameters such as depth,

path length and level of nodes have been analysed in [35] and [36].

Theorem [35] Let a,, be the number of heap ordered trees of size n. Then a, satisfies

the recursion

&n+1:Z Z ( " _)ajl---ajk,fornzl,alzl. (1)

k>1 g1+t i=n Jis- -5 Jk

It follows that the exponential generating function for heap ordered trees

Its solution is

and it follows that
an = nl27"C, (5)

24
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Figure 3.1: All 15 heap ordered trees with 4 nodes.

where C,, represents the shifted Catalan number %(2"72).

n—1

The aim is to compute the expectation and variance for the size of the ancestor tree and the
Steiner distance in heap ordered trees. Also, we will consider the limiting distributions
involved. For the parameters discussed the distributions turn out to be Gaussian and
we will use Hwang’s quasi power theorem, see [18], to determine them. All the results

presented in this chapter have appeared in [26].

Theorem [H. K. Hwang, [18]] Let {€2,},>1 be a sequence of integral random variables.

Suppose that the moment generating function satisfies the asymptotic expression

M, (s) = E(e™) = Y P{Q, =m}e™ = ™)1+ O(k, ")),

m>0
the O-term being uniform for |s| < 7, s € C, 7 > 0, where

(i) H, = u(s)p(n) + v(s), with u(s) and v(s) analytic for |s| < 7 and independent of n;
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u”(0) # 0,
(ii) ¢(n) — oo,
(iii) Ky, — 0.

Under these assumptions the distribution of €2, is asymptotically Gaussian:

Q, —u(0)d(n) 1
p{ Ot <x}_q><x>+o(ﬁn+ W),

uniformly with respect to x, x € R. Here ®(x) denotes the distribution function of the

standard normal distribution N'(0,1). Moreover, the mean and variance of Q,, satisfy

E(Q,) = ' (0)p(n) +0'(0) + O(k, '),  V(Q,) =u"(0)p(n) +0v"(0) + O(x, ") .

(We will use the letters u and v also in a different context in the chapter, but there is no

chance of confusion.)

For fixed p and n — o0, the expected value of both, the ancestor tree, and the Steiner
distance, are asymptotic to £logn, the difference being in the smaller order terms. To
apply the quasi power theorem, an inductive process (with respect to p) is used. Part of
the difficulty is that a certain trivariate generating function is only implicitly given, and

sufficient information must be “pumped out” of this implicit equation.

3.2 Size of the ancestor tree in heap ordered trees

For a given tree family let X, , denote the random variable that counts the size of the
ancestor tree of p randomly chosen nodes in a heap ordered tree of size n and T, the

number of such trees of size n.

A simple family of increasing trees (which includes heap ordered trees) is defined by
labelled rooted trees in which labels along any branch from the root go in increasing
order, see [2]. For this type of problem, it is natural to consider exponential generating
functions. First, we introduce the generating functions

T(z) = Z %z” and G(z,u,v) = Z IP’{XW, = m}Tn (n) %upvm , (6)

n>0 n>0,p>0,m>0 p

which lead to the functional equations

T(:) = (T(z)) and - G(zu,) = v(1 +we(@(z ) + (1= 0)e(T(), (1)
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4 )

g ©
\- J

Figure 3.2: A heap ordered tree of size 10 with the ancestor tree under consideration;
nodes 7 and 10 are labelled.

with initial values 7'(0) = 0 and G(0,u,v) = 0. The first term in (7) takes care of the
instance where the root is labelled and the second term accounts for a non-labelled root.
Here the degree generating function o(t) = ) ., pnt" satisfies ¢, > 0 for ¢ > 1 and
o > 0. This function is responsible for the recursive generation of these trees. However,
we are only concerned with the case where each degree can occur with weight one which

gives the case of heap ordered trees.

Thus, we have ¢(t) = ﬁ, and we obtain the differential equation
() = — T(0) = 0 (8)
1-T(z)’ -

which gives the well-known formula
T(z)=1—+1-2z, 9)

for the exponential generating function 7'(z). By extracting coefficients the number of

heap ordered trees is obtained,

n—1

T, = ﬂ(zk 1) = <"2n__f)! (2” N 2). (10)
k=1

The differential equation of interest for G(z,u,v) in the case of heap ordered trees is as

follows:
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3.4 Theorem [26] The generating function for the size of the ancestor tree in heap ordered

trees satisfies

0 v(1 4 u) 1—w
_ = 11
aZG(z,u,v) 1—G(z,u,v) * V1—=2z" (11)

where G(0,u,v) =0, G(z,u,1)=1—+/1—-22(1+u).

It turns out that it is advantageous to make the following substitution in (11)

1 —G(z,u,v)

H ) ) = / )
(z,u,v) —

(12)

so the differential equation becomes

v(1 + u)

0
ey L To=0-295 HEuo), HOwv)=1. (13)

H(Z,u,'U)— Oz

Using separation of variables we get the implicit solution

1 1 H(zu,v) xdx
Zlog ——— = 14
2 %12, /x1 22— (1—v)x —v(l+u)’ (14)

and by integration it follows that

log - log (1 ~ (H(zu,0) — 13£LH<Z,U,U) +U)>
B 1—w o 2(H(z,u,v) — 1)
\/4vu+(1+v)21 (1+\/4vu+(1+v)2+2—(1—v)>
1—w B 2(H(z,u,v) — 1)
" VAvu + (1 +v)? log <1 \/4vu—|—(1—|—v)2+(1—v)—2>' (15)

Now H(z,u,v) is replaced with #\/f—;zv) in (15) and is differentiated with respect to v.

In the resulting equation we let v = 1 and solve for %G(z, u, v)‘vz1 which gives

2G(z, u,v)

1 1
VT —2:— - /1-2:(1
v 9 *T 5 (1+u)

. u(log(Q tu—4z(1+ ) + 201 — 22(1 + )1 — 22)(1 + u))

4 V(I +u)(1—22(1 +u))
1 2ulog(l+v1+u)
4/ (1 +u)(1 —22(1 +u))

v=1

(16)

From (16) one can find %G(z, u,v)|, _, as well which will be used in the next section

to compute the expectation for the Steiner distance, see (120). We differentiate equation
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(15) to get
82

0z0v

G(z,u,v)
v=1
1 14w
2vV1 =22 24/1—2z(1+u)

201+ w)(1=22)(1+u) +2(1 = 22(1 +u)(1 +u)
" (4(1+U) V(=221 +u))(1 —22)(1 +u) )

42+u—4z(1+u)y/(1 —22(1+u))(1+u) +8(1 — 22(1 +u))(1 + u)v/1— 2z

- (10g (2+u—42(1+u) +2¢/(1 —22(1 +u)(1 — 22)(1 +u) )

—log(2+u +2vI+u )) T _“2”2(11++“u))3/2 . (17)

Next the (formal) expansions are considered

G(z,u,v) ZG z,v)uP respectively H(z,u,v) ZH Z,0)u (18)

p>0 p>0

where our aim is to describe the limiting behaviour of [2"]G)(z,v) uniformly in a neigh-
bourhood of v = 1 and then apply a central limit theorem (Hwang’s quasi power theorem)

to find the Gaussian limiting distribution of X, , for fixed p > 1.

Obviously one has

Gp(z,v) = ]P’{an = m}Tn (n> Zym ,
p) n!
n>0,m>0
Gp(z,v)
H,(z,v) = _—p\= ) , >1,
p(Z U) m b=
1-G
Hy(z,v) o(2,9) (19)
1—-22
Since P{Xn,o = m} = 0., We immediately get that
Go(z,v) =T(z) =1 — V1 -2z, 20)

The required expansion for p > 1 is stated as the following lemma.

3.5 Lemma [26] The coefficients H,(z,v) have for p > 1 around their (only) dominant sin-
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gularity z = & uniformly for |v — 1| < e and € > 0 the expansion

1 log(1 — 2z)
Hp(z, U) = hp(v)m + O<(1 _ 9, )(p 1)(v+1) > (21)

The coefficient generating function C(v,x) = _ -, hy(v)a? of the hy(v) is given implicitly

by the equation

Cl,z)1+v+Cv,x) _ <1+ 1(1:) T

and it holds for 2 /9 0
D—
(1) = lC0) = - o (P77 ), (23
where
C(lyx)=—-1++vV1—x,
1 1 14 Cla) (24)
Cu1,) = Sbt) | log (L2
2 41+ C(1,x) _2%
Thus the expansion for the G,(z,v) for p > 1 is given by
1 log(1 — 2
Gyl2) = ~hy(0) e + OB 22 ), (25)
(1 —22)" = (1—22) 2

Proof: To obtain H;(z,v) and thus G;(z,v) we consider (15) and compare coefficients at
u®. Tt follows that

g (1 - (Lte0) = D) )

= [u"]log (1 - (Fh(z v)u + O(ZZ))“ ot O(“))) = log (1 - L+ “UH0), (26)
0 \/4vu1—i-_ 21}+ V)2 log <1 " V4vu i((lj(j;ﬁ; i)(1 — v))

AL S T

—[%L_a+o<w%u+ow»=u 27)

o \/4vu1—|—_ 11j +v)2 log (1 Nz i((bl[ (j,vu),va)r zlli v) — 2)

1—w
1+w

2(Hy(z,v)u + O(u?)) >
(14+wv),/1+ u—1—-w

= [ (1+ O(u)) log (1 -

4v
(14v)?
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1—w 14w 1—w 14w
0 _-rv — -
= ()5 (14 Ow) log(1 — ——H(2,0) + O(w)) = 7 —log (1 = ——H(=v) ).
(28)
and further . ) )
+v
log (1 — 22) o log (1 - Hy(z, v)), (29)

which gives

S 1) . (30)

e = (- ) e = T (L

1—-2z)2

V1=2zv 1
{

1+v

Therefore the asymptotic expansion given above holds for p = 1 (although the bound for
the remainder term is not tight here) with h,(v) = — 3~ and thus the stated formula for
h,(1) is also valid for p = 1.

Now we assume that the lemma for H,(z,v), respectively G;(z,v) is true for all 1 <1 <p
and we will show that it then also holds for p 4+ 1. To prove the result for H,1(z,v), we

will consider the coefficients of u? in the equation (15).

For the first term in (15), one uses the expansion

(H (2, u,0) = D(Hw0) +0)y 4o .
log (1— o ) = log (1—TH1(Z,?J)> +log (1—H(z,u,v)> )
(31)
with
H(z,u,v) = Zﬁl(z,z})ul
>1
(32)
— 1 ((H(Z,U,U)—1)(H<Z,U,U)+U)_1+UH (Z U))
1 MrH(z,0) vu v )
Then we get
H —1)(H ’ ] .
(] log (1 _ (H(z,u,v) ii (z,u,v) +v)> _ % - Z HHm(Z?v)
i=1 ) pittp=p i1
pi>1
S Hy o (2,0) 2300 Hi(2,0)Hppa 1(2,0) = 1

:_1114—7@[_]1(27”)_” 71—1+TUH1(Z,U) _ZE Z, HHpi(Z7U>7
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where
(2,v) ! _1 ((1 ) (z,v) El (2,0) ( )> (34)
Hi(z,v) = +v)H1(2,0) + Hy(z,v)Hj 1 (2,v) ).
l 1 1451; H, (Z, ’U) v I+1 £ k I+1-k

Under the assumptions of the lemma we now obtain, for 1 < [ < p — 1, around the

dominant singularity z = % in a neighbourhood of v = 1, the uniform expansion

~ wir (0 Ry LS b))y log(1 — 2
Hl(z,v) - (1 a 22) er <(1 25 ;(llJr(l)(ZH) . %I;ZI Qk()v(z)Jrll)::il)’C(U) + O<(1og(2 )l(zj—)l) ))
— — 2z 2 —
> 1 log(1 — 22)
=h(v)———zg + O oD ) (35)
(1-22)"" <(1—22)“ >§*>>

where

l

) = - (14 0)ha) + 3 b0 1(v)): (36)

k=1

With the abbreviations

2(H —1
ZUU ZHZZU ( (Z,u,?)) ) :
o1 \/4vu+ (1+v)3?2+2—-(1-v)

1

1+—(1fjj)2u
~ 2
— ] : ,
Vavu+ (1+0)2+2—(1—0)

(37)

the following expansion for the coefficients of the second term in (15) is obtained

. 1—w o 2(H(z,u,v) — 1)
] Vidvu+ (1+v)? 1 g<1+ Vavu + (1 + )2+2—(1—v))
P ko q\i+ R
= 1_'_3261,_;6(@)2( 1j) Z H ki (2,0)
= Jj=1 ki+-+kj=k i=1

Z Hﬁlki(z,v), (38)
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where z
Hy(z,0) =Y Hi(z,0)bk(v). (39)
k=1

Under the assumptions of the lemma we obtain, for 1 <[ < p, the uniform expansion

e = 3 (i + 024 i

1—2z2)
~ 1 log(1 — 2z)
:hl(v)—v+(9( v ) (40)
(1—22)"" (1—22) 5
where
Ru(w) = (o) (a1)
AR
Finally, for the third term in (15) we use the expansion
1—w log(l— 2(H(z,u,v) — 1) )
Vavu + (1 +v)? Vavu+ (1+0)2+(1—v) =2
1—w 1+v 1—w —
= log(1— ——Hq(z,v)) + log (1 — H(z,u,v)),
VAvu+ (1 +v)? g( v )> VAvu + (1+v)? g( ( )>
(42)
with
z u,v) ZH, Z,0)u
1>1
B 1 ( 2(H(z,u,v) — 1) B 1+vH (2 v)) (43)
1— S22 H (2,0) \\fdou+ (T +0)2 + (1 —v) — 2 v 0T
In what follows, the abbreviations below will be employed
1 - 2u
a(v) = []——, b(v) = [ . 44
) =] 1+—(1if))2u o) =1 ]\/4vu—|—(1+v)2+(1—v)—2 (44)
We get the expansion
1-— 2(H -1
] v o (1_ (H(z,u,v) —1) )
Vavu + (1 +v)? Vavu + (1 +0)2+ (1 —v) =2
1-— 1
= map(v) log ( i (Z,U)>
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—1)7+1 J

| =
+ |
S|
=
ivg
!

Q

3

ol
<
-
;

ki>1
1-— 1+wv 1—v Y2H, 4 (2,0)
= a 1 (]_ - H 3 ) - v P
1+Uap(v) °8 v 1(2,0) 14+vl— 220 (z,0)
— v > ho Hiey1 (2, 0)by 1 (v)
1+v 1—2H(2,v)
Cl-u -
g 2 G
=2 j p1+ +p] =1
>1

p—1

B 1—7—22 Z% Z Hﬁki(zvv)7 (45)

1 Hetkj=k =1
ki>1

where

H(z,v) = — m;, o) ZHk+1 2, 0) bk (V) . (46)

k=0

Now, under the assumptions of the lemma, for 1 < [ < p — 1, the following uniform

expansion is obtained

l

Hi(z,0) = (1 - 22)"F Z( h‘“*ﬁkﬂw +o((10g(1—_,f§)1)))51_k(v)

k=0 1—2z)
— 1 log(1 — 22)
= (V) ——5m + O o ) (47)
(1—22)"" <(1—2z)“ ’éH)
where
— 1+wv
hy(v) = hi1(v) . (48)

Comparing coefficients leads to the following equation for H,1(z,v):

2 1
vl — B (; U)Hp“('z’v) -

B izl Hk(Z,U)Hp+1 k Z, U Zl
1— 2 H(z,v) =,

Z Hﬁpi(zav)

1+

1 — v (—1) N
_1+UZ ; Z, HH¢<Z>U)
Jj=1 p1+-~~i—11)j—p i=1

piz
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_1)j+1

Z Hﬁk(z,v)

=1 j=1 J ki+-+kj=k =1

ki>1
1—w 1+w 1— 03P H1(2,0)byi(v)
log (1 =" Hy(2,0)) - = RO
* 1+Uap(v) °8 v 1(2,0) I+v  1—12H(z,0)
1 - a1 -
- ]_+U } HHPZ(Z7U)

1—w p—1 B k 1 J L
1o k@)Y = > [ Hk(z ). (49)
k= =1 kgt =k i1
ki>1

The asymptotic expansion

B 1 log(1 — 2z)
Hyea(2,0) = by (0) ey + O( ey ) (50)

follows by inspection, where

j ~
O R B SICISIEED SIS | L0
2‘]p1+ -‘r i=1
1— v (1) . —u 1 .- o
e Y ) - DY Hhm<v>]>
v J=1 J pite+p;=p i=1 T J=2 J pittp;=p =l

pi>1 pi>1

and this part of the lemma is proved. The expansion of G,(z,v) given in (25) follows
immediately. It should be remarked, that this detailed description of H,:1(z,v) shown
inductively also shows that the assumptions necessary for the application of singularity

analysis are satisfied. The logarithmic remainder term appears for p = 2 due to

14w v+ 1

log (1 U, v)) = 07 log(1 - 22), (52)

and thus it also arises for p > 2. To get an equation for the coefficient generating function

) =Y hy(v)a?, (53)

p>1

one could of course use equation (51), but it follows much easier directly from (15), when
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considering which terms give contributions to the main term of H,(z,v). Then one gets

CED (1L +v+ Ov,2)) = (04 1 (v)
log (1 i ” >
1—w C(v,x) 1—w 1+v/C(v,x) B
_1—1—1)10g<1+ 1—|—v)+1+vlog(1 v ( T hl(v)>)—0, (54)
or
C 1 C 1+ C(”L),l‘) 1—v
(v,2)(1+v+Cv,z)) _( iro \ Tro (55)
VL - _ 14+v C(v,x)
From (55), one obtains the equation
C(1 2+ C(1

X

which gives

C(l,z)=—-14++vV1—2 and (57)

h(1) = []C(1, 7) = —4%9 (2(;__11)), for p > 1. (58)

This completes the proof of the lemma. [

Using singularity analysis, from the above lemma we obtain the following expansion,

which is uniform for [v — 1| < e and € > 0,

n!
S Py = e = i (1G5
_ Phy(0)2ym sy (1 N O(L»

(v+1)—1
r(s)

o[22 Mg o (L)) (1 0 (1))

(59)

where we used the asymptotic expansion for the number 7), of heap ordered trees

r=" 0 (o (h)). (60

With the notations of the quasi power theorem, one obtains

u(s) = ]@ and  wv(s) = log <%) . (61)
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To apply the quasi power theorem, v(s) has to be analytic around s = 0. But this is true

e G X (62

p\ p

since

Moreover, we find

U,(S) = —€, u"(s) = ges, thus u'(()) = g

, u'(0)="2. (63)

Therefore the limiting distribution for the size of the ancestor tree is obtained:

3.6 Theorem [26] The distribution of the random variable X,, ,, which counts the size of the

ancestor tree of p randomly chosen nodes in a random heap ordered tree of size n is for

logn

p > 1 asymptotically Gaussian, where the convergence rate is of order O (\/:) :

X logn 1
P{W<x} ()+O(m> (64)

and the expectation E,, , = E(X,, ,) and the variance V,,, = V(X,,,) satisfy

— glogn-ﬂ/(o) + O<n11—€> ’

(65)

E,,
P " 1
Vap = 210gn+v (0) +O<n1* )

£

Remark. By inspection we can get the following expansions from the first derivative of

G(z,u,v)

n 9 _ - pti i1 (20 —2)! 1 1
W] Glzuw)| =) (D) (p-1)= AT S

(66)

+Zb ]_—2Zp11/2

The computation of the b;(p)’s is cumbersome as they become increasingly involved. How-

ever, we were able to obtain by (p) and bs(p) explicitly:

by(p) = 272! (2;’) (Hap — H,)
by(p) = —Hap 1 (221”3 + % (2p p_ 2) + (2;__12» + i(p +1—k) (2p k_ 2) Hap oy 1.
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The constant v'(0) in the expectation can also be computed. One gets

V'(s) = h;;iizjs — ges\ll(%), thus  v'(0) = (1) - ]—?\I/<2p _ 1). (68)

Here W(x) denotes the digamma function ¥(z) = (log['(z))’. For properties of this
function we refer the reader to [1]. There remains the calculation of A}, (1) = [2P]C,(1, x).

One gets the equation

C(1,2) x 14 ¢02)
Cy(1,2) = 2 1 2
Lo === T o 8\ e
— (69)
Vi—-z-1 N r <1+ %
= og (——=——).
2 NI-z o\ et

To extract coeflicients, we consider

1 4+ Yi=zz=l 1. 1+ Vi—z—1 o,
[a7] log (T_Q_J =[] [log <T¢TQ—1 |

and one finds with Lemma 3.7 (below)

-5 (00) -5 55 (0 ()

1 <2(p— 1)) 2 21(19— 1)

_@ p—1 4\ p—1
1 /2(p—1)\ /1
=—— —+2(Hyy 2 —Hp 1) | . 71
s C ) (o attta - 1,00) (7
However, the way (69) is expressed is ungainly and the substitution x = ﬁ is useful

for the following computations

2t 1 t
Coll,2) = 1—t2log(1+t) 14t

B 2t(t* + 1) o 1 2t 1 t
Collbt) == p o (1) tazoe e i) T1me
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3.7 Lemma [26]

Proof: (i) It is easier

J

Jj=1

2z
OG- Gy

to prove the equivalent result

(%) ot (VI

2 () =i ()]

B 4 2 17 1
_mu—m)_Z_E[

Now, it is well known that

and thus

> ()=
>0 7 V1 —4z

(7)==

which proves the first part of the lemma.

(ii) We use the substitution

1-— 1-—
z= 4 dz = ¢ du, 1—4z= u,

to simplify the given

(14 u)?’ (14 u)? 1+u

summation as follows

V) e ()

p—1—7 V1—4z 2z
1 (1 +u)?—2

= [P 1)2(1 + u)* 2 log(1 + u)

(1) 121 — ) g (1

1—u

OV ) [T

2p — 2
22(p_ 1)(H2p—2 — Hp1).

)

(73)

(74)

(77)
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We can determine the constant term v’(0) in the asymptotic expansion of the expectation

E, , given above:

1 p_/2p—1
U,(O) = 5 +p(H2p—2 - Hp—l) - §\IJ< 9 )

1 1
= 5+ p(Hyr = Hyoa) - §(2H2p_2 —H, , + @(5))

_ P

p
2Hp+ §7+p10g2.

(80)
Next v”(0) in the variance is computed. We obtain

B hg(es)e% h;(es)es (h;}(es))262s

V=T T e T e
) ges\p(p(es +1)- 1) Py (p(es +)- 1) |

p ho(1)  hi(1) (h(1)* p_(2p—1\ p*_,(2p—1
"’(0>:hp(1)+hp<1)_ h2(1) _5‘1’( 2 )_Z‘P( 5 ) (81)

Firstly, we are required to calculate h(1) = [2P]C,, (1, z), namely

W]<_ (12j<§)23(+12t) log” (1—1|—t> T itt)Q log (1175) * 1—tt2) - (8

We confine ourselves to considering the first few terms only. From the series expansion of

(83) one can produce the local expansion around the dominant singularity z = 1 and use

singularity analysis [9]:

i = - 20 -0+ (3= 22 a0

4 2 4
log®2 [ —3/2 1 log2y /—1/2 (83)
- _ R T 1).
C) G e
From this it follows that
1 5) 1 15 1
" _ - - - = 2 -1
v"(0) = 2p10gp+p<log2 4> +810g2+ 6 1 log2+ O(p™). (84)
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0.35
o.3—f
o.25—f
02
o.15—f
0.1

0.05 1

o]

Figure 3.3: The probability distributions of the ancestor tree for n =30, p=1,...,20.

3.2.1 Some numerical experiments

Using numerical methods, we find an asymptotic value for the expectation of the ances-

tor tree. We differentiate G(z,u,v) in (11) with respect to v, put v = 1 and use the

substitutions
0
a—G(z,u, v) =H(z), G(z,u,1)=1—+/1-22(14u). (85)
(% v=1
The resulting equation is
0 1+u (14+u)H(z) 1

o:1 = i -y VTR (80

with initial condition H(0,u) = 0. Its solution (as computed by MAPLE) has the form

H(z) :%\/1—%—% 1 —22(1+u)
~ lu(log(2+u—4z(1+u)+ 2/ (=1 +2z(1+u)(—1422)(1 +u))
4 VOt w2201 tu) (87)
1 2ulog(l+ V1tu)
4 /(1 +u)(1 —22(1 +u))

Then we produce a series expansion, .S, in u up to 16 terms and compute the (simplified)

coefficients, a,, of the series S, in u, for 0 < p < 15 (with the following substitution in a,:
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csgn(—1+ 2z) = —1). The first few terms in the expansion of a, are
—122% + 22 — 4zlog(1 — 22) + log(1 — 22)
ag = — ,
278 (=14 22)v/1 — 22
1 16zlog(1 — 22) — 3log(1 — 2z) — 3222 log(1 — 22) — 62 + 2622 + 82°
as = — :
7T 32 (—1+22)2y/1— 22
1 108zlog(1 —2z) — 15log(1 — 22) — 2882%log(1 — 22) — 30z + 38423 log(1 — 22)
ay = ——
1192 (=1 +22)3/1 — 22

1 18622 — 400z% — 602*

T T epvio =

The behaviour of the a;’s can be analysed by looking at their log and non-log parts.

The Log Term. One can estimate the generating function for the log-terms in the a;’s

by computing the coefficients, b;, from the series expansion of a; in log(1 — 2z) around 1,

by — _} —4z+1
8(—1+422)y/1—-22"
bg:i 162 — 3 — 3222
2(—1+22)2y/1T—22"
by — 1 108z — 15 — 2882” 4 38427
192 (=1+4+223/1-22
by — 1 61442* — 960z + 105 + 345622 — 614423 . (89)

1536 (—1+22)4/1 — 22

The b;’s will be simplified by multiplying them with a factor of (1 —22)?~%/2 and then we

substitute z with % Our newly obtained coefficients, ¢;, have the form

o= —sgpy g M, 03 2 15y

4 8 512 1024 327 T 16 (90)

Then Z is substituted with w4+ 1 in the series expansion of ¢; and this yields a new series

with coefficients e; of the form

1 1
e2=—g— 1%,

8
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1 31,
BT T T Y
e 5 30 L
4 32 64 8 4

1 1 9 5 35
es = ——w' — —w® — —w?

1554153252175 63
=——w’—-w" — — —w - —. 91
77" TR Tt Y 2" 1024 (51)
Let f; be the coefficients of w® in e;. Then, for each f; we consider two sequences: [,
say, containing the numbers ¢ = 2,...,15 and [, say, containing the corresponding f;
coefficients. By using the function ‘interp’ in MAPLE, we compute polynomials of deg

< 1, in some variable X, say, which interpolate the points

(11(2),12(2)), (11(3), 12(3)), - ., (l (i = 1), la(i = 1)) -

The first few polynomials obtained with this method are:

1:2:—%()4'_1),

i=3: - (X 1)(X -2),
z':4:—3%4(X—1)(X—2)(X—3),

P=51 (X - )X~ 2)(X ~3)(X ~ 4),

P= 61— (X = (X = 2)(X — (X — 4)(X ~5).

Then the list, L, containing the coefficients of X° in these polynomials is:
113 5 3 21 77 143 143 2431
47876473847 122887 40960’ 983040 13762560 117440512 19025362944
46189 4199 96577 7429 7429
3805072588800’3986266521600’1148044758220800’45921790328832’95245194756096]’

and thus the generating function that incorporates them is given by

(i — 1)1)34i
(20 — 2)] (92)

Now we find the coefficients [, from lp(l_%l)p,l/2 log 1_12Z. Since

pz (1 —22)" (93)

>0
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our coefficient formula becomes

(1—2z)p—-172 819

i>0

The dominant term occurs when ¢ = 0. The first few coefficients are

1
Cpp-1: (=1)" 1
Cpp-2: (_1)pp;1
8
-3
Cpp—3 (_1)p 6_4 ( - 1)2
5
Cpp-a (_1)p 334 (p - 1>§

So the log term is

p .
| L (20— 2)! 1 1
—1)pt _1ﬂ(7' 1 —92x)P¢ 1 .
;( i VT S s v R

The explicit coefficients of [2"] in the above are

Sy gy P (M T o — i,

: n
=1
and the asymptotic ones from ¢ = p have the form

(- 1yt (2P =2) Qn(n—i—p—B/Z

((p —1)h)>4r n

With MAPLE we find the leading coefficient for i = p

> [Hysp-3/2 — Hp-3/2] -

(p—1)(2p—2)! , nP=3/?

logn,
p-DFF T}

which has to be divided by the normalising factor 6#2'”*3) Since

n
P
n!

~ 9l=n,3/2
13...(2n—3) T

(94)

(95)

(96)

(98)

(99)

(100)
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and (7) ~ 22~ 22
p p:

ik the leading term becomes

(2p—2)!2p 7

logn. (101)
(p—14rT(p - 3)
Now,
1 1

[(22) = —=2%"12T()T(z + =), 102
(22) Nor (2)I(z+3) (102)

and thus
1 2w T(p—1) (103)

Pp—3 V2rT(2p—2)

Substituting into (101) gives £ and we conclude that the leading term of the average

(parameter p) is of form
log n)
n )

gbgn+Jgf+o( (104)

which agrees with the result obtained from the limiting distribution of the ancestor tree.

The Non-Log Term. Now we turn our attention to obtaining the generating function
for the non-log terms which appeared a;. Using a procedure similar to the one for the

log-term we obtain the list of coefficients

1 7 37 533 1627 18107 237371 477745 8161705 155685007
87647 3847 61447 20480’ 245760 3440640 7340032 132120576 2642411520’
156188887 3602044091 18051406831 7751493599 225175759291
2768240640 66437775360 345476431872 153545080832 4606352424960
13981692518567  14000078506967  98115155543129  3634060848592973
294806555197440 303740087173120" 2186928627646464° 83103287850565632 |

L=10

Then we use ‘listtorec’ and ‘rectodiffeq’ (from the MAPLE package GFUN, [39]) to obtain

the following differential equation satisfied by the coefficients from L,

T'(2) =2f(2) + (=28 4+ 342)D(f)(2) + (16 + 402> — 562) D*(f)(2)

(105)
+ (—162° + 82° + 82)D*(f)(2) .
The first term in the solution to the above equation is
11 log2 log(1+ 1 —
Ty(u) = —[ og? _ log(1+ Wi, (106)
20y/1—u vV1i—u
To find the coefficients of «” in this term the following substitutions will be used
4 4(1 — 1—
u= v _ A v)dv, V1—u= U, (107)

1+ro2 T Aoy 1+v
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and then the contour integration method is employed as follows

[w]

4w

1[ log 2 _1og(1+\/1—u)}
2L/1—u V1—u
_lij{ du 1[ log2  log(1+ 1—u)]
22w S wtt2lyT—u VI—u
1 [4(1—v) , (1+v)%*? 1+ 2 \1+wv
d log2(——) —1
(1+v)3 U [og <1—v> Og(l—{—v)l—v

= i[vp]él_p(l +v)*log(1 + v)
2p
”)

Alternatively, from (108), one can proceed with

2 e

—_

W

/N

k=1

p

0747 (14 ) log(1 + ) = 24 (— 1P [u7](1 - )% log -

sincea+1=-2pa=-2p—1,p+a=—p—1,for

1

1

— 27l (! (p ; O‘) [Hp o — Hal

— 2—2p—1(_1)p—1<
— 2—2p—1 <2p

— 9—2p-1 (217

p

p

p

)%+...

—p—1

_|_

)[ng — H,].

Thus we can express the coefficients of u? in (106) as

277y (—1)h! (

k=1

2p
p—k

2
> oras 27 %71 (;) [Hop — Hp| .

The next term in the differential equation is

(_

oo

_|_

(1 —w)ott

)

og(2)u(u—2)  Tu(l+2vT —u+2(u—2)log(vT—u+1))

e N

1
1

— u)3?

8

(1— )’

(108)

(109)

(110)

(111)
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The list of coefficients from which (111) is obtained consists of

15 3 163 2875 1299 133679 994529 4479885 42340055
8 16" 8 3847 6144’ 2560° 245760° 17203207 7340032° 66060288’

L=|0-—

1770733217 40259683 48165130403 129706240867 119140740885
2642411520 57671680 66437775360 1727382159367 153545080832 |

Now we are in a position to compute the coefficients of u? in (111)

(=5 + 1 log(2)u(u—2) 1 u(l+2vT—u+2(u—2)log(v1—u+1))
[up] — .\3/2 )
(1 U) 8 (1 — u)3/2
(112)
Copr (L) (1 4 07) 1 aprap p (L F0)P2(3v 4+ v
=27 (1—wv)? 10g1+v_2 ) 1—w ’

where the substitutions from (107) have been used once again. Next, the coefficients of

VP are extracted for each term above. The first one is

o (1 0)%2 1
o T

- _;:_1 i(p +1-k) (2])]; 2) + é(p +1-k) (QPk,_ 2) Hap-1-4
=t (#4577 2 () -0 (s
—(Z a3, ) (2

0 (p+1-k) (2pk_ 2)H2p1k~ (113)
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Furthermore, the coefficients of v? in the second term of (112) turn out to be

1 1
= 3[?}p_2]m(1 + /U)2p_2 -+ ['Up_l]m(l + U)QP_Z

(1+v)**72(3v + 1)v
1—w

d

22 fop—2 ~(2p—2

S (7))

=0 =0

3 2p — 2 1 _ 2p — 2
2(221’2 (p—1>>+§<22p2+<p—1))

2 — 2
— 9%l ( P ) (114)
p—1

This is substituted back into (112) to obtain the coefficients of u” in the second term of

the differential equation
1 1 [2p—2
P - _
WD) =5 = g (p —1 )
2p—1
_ Z 1 24;071 + 22p+1 2p —2 + 2p+2 2p -2

p

2 — 2

+272 (p+1 —k)( pk )Hzp k- (115)
k=0

3.3 The Steiner distance in heap ordered trees

Once again we are interested in finding the expectation, variance and limiting distribution
for the Steiner distance. Here Y, , will denote the random variable that counts the Steiner

distance of p randomly chosen nodes in a heap ordered tree of size n.
For increasing trees we introduce the generating function

Flown)= 30 Pl =miT, (0) g, (116)

which gives the functional equation

gF(z u,v) = @' (T(2))F(z,u,v) + %G(z,u, v) — v (T(2))G(z,u,v)

0z
— (1 =) (T(2)T(2), (117)

with initial value F(0,u,v) = 0. The generating functions 7'(z) and G(z,u,v) are as

defined in the earlier section. The first two terms in (117) arise when the root is labelled
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Figure 3.4: A heap ordered tree of size 10 with the Steiner distance under consideration;
nodes 7 and 10 are labelled.

and the last two terms represent the corrections arising when the root is not labelled.

Again, we only look at ¢(t) = %_t which is the special case of heap ordered trees.

Lemma [26] The generating functions G(z,u,v) of the Steiner distance in heap ordered

trees satisfies the following functional-differential equation

gF(z,u,v):2G(z,u,v)+F(2,u,v) ! —G(z,u,v) v 1_U(1—\/1—2z).

0z 0z 1-22 1-22 1-22
(118)
This is a first order differential equation which will be solved for F'(z,u,v)
F(z,u,v) ! /Z\/1 Qt[aG(t )~ G(t, u, v) — LY ]dt (119)
2,U,0) = ———— —2t| =G(t,u,v)—G(t,u,v - :
Vi=-22 ot 1—-2t 1—y1-=2t
0

For the expectation, F'(z,u,v) is differentiated with respect to v and evaluated at v = 1

) 1
%F(Z,U,U) ot = \/ﬁ/\/l—2t|:

0? 0
Ovot =1 %G(t’ U v)

1—\/1—2t(1+u)+ 1 ]dt
1—2t 1—v/1=2t]
(120)

1

v=11— 2t

G(t,u,v)

0

since G(z, u, v)‘v:1 =1—+4/1—22(1+ wu). This integration is cumbersome, so instead of
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performing it we find the coefficients «” in (120) and then consider the dominant term

only

[up]%F(z, u,v)

1
v=11— 2t

1—/T—2t(1+u) 1 ]ﬁ

2 MY
h,(1)log(1 — 2z hi,(1) h,(1) log(1 — 22
_ (p (1) log( ) 1m)’+C)(( g( ) )

9
G o) - %G’p(t,v)‘

v=1

(I—2:p 12 (=22 12 (1=22) [ — 223
1 11— -2l u)
— [u? dt 121
e = e
0

where h,(1) and h (1) were computed in (58) and (71) respectively. It is not difficult to
see that

1 1T 2t u) 1
P dt =0 (—), 122
[ ]\/1—22’/ V1—2t (1 —22)p=1/2 (122)
0
therefore the main contribution comes from php(l)%.

The expected value of the Steiner distance, E(Y,,,), is found by normalising (121) with
(;)71#2!71_3) and then reading off the coefficient of 2™ in the resulting equation. Firstly,
looking at the dominant term in (121) one sees that

()13 (2n=3) phy(1)log(1 — 22)

Enp = 12"] n! (1 —2t)p—1/2
n 2(p—1
= [2"] ()13 (2n=3) —pgs (7)) log(1 — 22)
n! (1 —2z)p—1/2
~ glogn, (123)
since we have the following
n 1 nf,mn 1 1
[Z ]m log(l — 22) = -2 [Z ](1 — Z)pfl/Z log 1~
nfn+p—3/2
=2 ( pn / )(Hn+p—3/2 — Hp_3/9)
np—3/2
~ =2"————logn (n — oo, p fixed), (124)
I'(p—3)
n! —n n nP
as well as T3 ™ 21732,/ and (p) ~
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To obtain limiting theorems for the distribution of Y, ,, we want to apply the quasi
power theorem again and will therefore require for |[v — 1| < ¢ a uniform expansion of
F,(z,v) = [uP]F(z,u,v) around the dominant singularity z = 1. From equation (119) one

obtains immediately

F,(z,v) = m

We will now use the following more detailed expansion of G,(z,v) which follows from the

/ VI3 (£ Gylt0) — 2o Gylt))dr. (125)

1 -2t

proof of Lemma 3.5:

1 logj (1—22) —
Gp(zv U) = _hp(v) p(v+l) Tt § : apk] k(v+1)—1 + Oép,O@(“) 1 -2z
(1—22) 1<k<p—1, (1 —2z) 2
0<j<p—k
(126)

This is also used to obtain the bound for the remainder term given below. The integrand

in (125) is then given by

N 215(; %%Gp(t,u»

Chy()(p(o+1) = 1) ohy(0) log(1 — 21)
=V 1-— 2t< p(v+1)+1 + p(v+1)+1 + O<( (P_l)(;+1)+1 ))

Gp(t,v) —

(L=20) (1—=2t)" > 1-2t)
iy (v D +1 log(1 —2
. = (127)

and for p > 2 the following expansion arises

hp()(p — 1) (v +1) 1
plo+1) =2 (1-2z)

log(1 —2z) ) .

Fy(z,v) = — (1 2,)= 050

p(v+21)*1 + o (

Using singularity analysis to extract coefficients leads to

, ho(0) (p = 1)(v + 1) 200 ™51 1
") Fy (2, v) = — p(f+ =y (1+o(==)). a2

2

and furthermore

Sy = mp" = 1R ()

_2Ympl(p — V(v + Dhy(v) eezn (1 N 0(
D= (p(v + 1) — 2)

n}_)) . (129)
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3.9

With the notations used in the quasi power theorem we have

p(e’ —1)

2yl — (e = Dhy(e?)
us) =B o(s) = log ( F(p(ef’zlf’_l)(p(es+1)_2) ). (30
which gives
W0)=2, wo)y="2 (131)

2’ 2’
for p > 2, v(1) # 0 since h,(1) < 0 and thus the quasi power theorem is applicable. On

the other hand, for p = 1 one knows, a priori, from the combinatorial description, that
P{Y,; =1} =1forn>1.

For the constant v’(0) in the expectation £, , = E(Y,,,) we compute

v(s) = [log(es +1) +log (hy(e”)) —log (p(e” +1) —2) — logF(Mﬂ/

2
s h/ s\ .8 s S S 1) =1
— € + p<€ )6 . pe _pe \If(p(e + ) >’ (132)
es+1  hyles) ples+1)—2 2 2
and further
hy(1) p_/2p—1 1 p p
'(0) = -2 ——\If( )— — Py P log2 — —— (133
O =5 5 dp—1) - 2ty el goy. (133)

We note that this gives us the expected value with a higher accuracy than (123) and it

leads to the following theorem.

Theorem [26] The distribution of the random variable Y, ,, which counts the Steiner
distance of p randomly chosen nodes in a random heap ordered tree of size n is for p > 2

asymptotically Gaussian, where the convergence rate is of order O (ﬁ):

IP’{ Yo, — g logn

V/ 5logn

and the expectation E,,, = E(Y,,) and the variance V,,, = V(X,,,,) satisfy

<m} :cb(x)+0( ) (134)

1
Viogn

p p p 1 1
p=goen ooy aplel o Ty T O
1
Vmp:glogn%—v"(())%—(')( — ) (135)
n 13

For the proof, it remains to discuss the variance. Since we have obtained the variance of

the size of the ancestor tree in (84), we can easily get the variance of the Steiner distance.
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It follows that

T S o 1 o i A )
es+1 es+1  hyle®) hy(e®) h2(e?)
B pes N p2€25
ples+1)—2  (p(es+ 1) —2)2
s s o 2,25 s _
i ple*+1) =1\ pe . ple®+1)—1 , (136)
2 2 4 2
where h7 (1) is given by (83) and moreover,
h!(1 h! (1 h' (1)) 2
sy~ B G0F s
4 hp(1) k(1) A1) 2(p—1)  Alp—1)
Cpg (2 —1Y ])_2\11, 2p — 1
2 2 4 2
o 5y 1 23 1. , _1
= §logp—|—p<log2 Z>+§log2+ﬁ Zlog 24+ 0(p ). (137)

0.151

0!‘0 "

- "

e
1

5 10 15 20 25 30

Figure 3.5: The probability distributions of the Steiner distance for n = 30, p = 2, ..., 20.

We have analysed heap ordered trees by using the differential equation satisfied by their
generating function, a method which is described in the Preliminaries chapter. Although
dealing with this equation proved to be challenging, its solution ultimately enabled us to

completely characterize the properties of the parameters of interest.



Monotone Functions of Tree

Structures

The trees that are slow to grow bear the best

fruit.

Moliére

4.1 Introduction

Let T be a rooted tree structure with n nodes ¢y, ...,t,. A function f : {¢1,...,t,} into
{1 < ... < k} is monotone if whenever ¢; is a descendant of ¢; then f(¢;) > f(t;). Also,
if £ = mn and f is a bijection then it is called a monotone bijection. In their paper [38],
Prodinger and Urbanek have determined the average number of such bijections for several
classes of trees. The average height of the j-th leaf of monotonic trees with n leaves has
been considered by Kirschenhofer in [20]. Further results on monotonic ordered trees

appeared in [21].

The aim of this chapter is to consider the monotonic tree structures from [38] and analyse
our regular parameters, namely the size of the ancestor tree and the Steiner distance. The

results presented here appear in [25] and [27].

4.2 Monotonic binary trees

From Knuth [22] and Stanley [40,41] we know that a binary tree is a finite set of nodes
which either is empty or consists of a root and two binary trees called the left and right

subtrees of the root.

The generating function for binary trees is

1—-+v1—-4z

B(z) =1+ 2zB%*(z), with solution B(z)= 5
z

(1)

4.1 Theorem [11] Let B,, be the number of binary with n nodes. Then B,, is given by the

54
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4.2

Catalan numbers

b () o) g

We consider the binary model proposed in [38], i.e. the class, By, of binary trees whose

nodes are monotonically labelled with 1,2, ..., k, with corresponding generating function
ye(2) = Z bk 2m
n>0
where bé’“) denotes the number of trees in B, with n nodes. Moreover, we let %; be

the class of binary trees whose nodes are monotonically labelled with 2,... k4 1. The
generating functions of B; and 9B, coincide. Using the terminology from Flajolet [7] and
[38] we obtain that

B, = D + %
B 1

%2 = D —+ & -+ g = %1 + &
SBQ 2 %1 %1 ;‘82 2

B, = B, + & + -
By k

Theorem [38] The generating functions for monotonic binary trees are

ye(2) = yi-1(2) + 205(2) b = 1yo(2) = 1, (3)

with solutions
1 — ag(z)

i) = — 92 0

where a(z) = 1 — 4z and agy1(2) = —1 4+ 2/ ay(2).

Other constants needed for our results are presented in the table below. Exact values are

given for the first few cases of k.
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4.3

constant k=1 k=2 k=3

cp = 2(ry )" V4 2 2v/2 8/v/5
e = ¢/ (4/Tq) /7 | 4/V6r | 32/V/195x

@ =1 —=71)/4 G = (I —qr) | 1/4 3/16 39/256

r, =1 — 4q, 0 1/4 25/64

Since we are interested in the asymptotic behaviour of the coefficients of y;, we have to
determine the singularity g of y; nearest the origin. This is given as the solution of the

equation ay(z) = 0. As y — g, from [38], we have

]_ Ck 1/2
= - g — 2) . 5
Yk o 2 (g —2)"" + O — 2) (5)

4.2.1 Size of the ancestor tree

It is perhaps easiest to begin the section with a result relating to the size of ancestor tree

in binary trees and then use it to derive the corresponding one for monotonic binary trees.

Theorem [25] The generating function for the size of the ancestor tree in binary trees

satisties
B(z,u,v) = z0(1 + u)B*(z,u,v) — 20T?(2) + T(2), (6)
where T(z) = =412 js the generating function for binary trees.

Proof: Let ¢, be the generating function of the size of the ancestor tree in a binary tree

of size n with p nodes selected at random. Then ¢, satisfies the recurrence

p—1 P
B(2,0) = 20 Y 6i(2.0) 6po1-i(2,0) + 20 Y il 0) Gpil0), P21, (7)
i=0 i=0

where the first term comes from selecting the root and the second term arises when the

root is not selected. Now we multiply both sides with u? and sum over p to obtain

p—1 p
Z uP ¢pp(z,0) = 2v Z uP Z ®i(2,0) pp_1-i(2,v)+zv Zup Z bi(z,v) pp_i(z,v), p>1.

p>1 p>1 =0 p>1 =0

(8)
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It follows that

Zu” Op(2,0) — Po(z,v) = zv Zup Z@(z, V) Gp_1-i(2,v) — 2vdo(2, V)P (2, )

p=>0 p=>0 i:O (9)
+20) Y 6i(2,0) §pilz,0), p 2 0.
p>0 =0

We let B(z,u,v) = Y uP ¢,(z,v) and T'(z) = ¢o(z,v) and obtain

p=>0

B(z,u,v) — ¢o(2,v) = zouB?*(2,u,v) + 20B*(z,u,v) — zvé5(2,v) . (10)

We can easily modify (6) to obtain the equations of the size of the ancestor tree for
the binary trees given in the Prodinger-Urbanek model. We replace T'(z) with y, and
B(z,u,v) with By(z,u,v).

Theorem [25] The generating functions defining the size of the ancestor tree in monotonic

binary trees are determined by

Bi(z,u,v) = Br_1(z,u,v) + 20(1 +u)Bi(z,u,v) + 2(1 — v)yi(2) , Bo(z,u,v) = 1. (11)

The aim is to produce the expectation and variance for the size of the ancestor tree. First,

we consider a few particular values for k.

Case k=1

For notational convenience, the first derivative of B; with respect to v (evaluated at v = 1)
is denoted by (i(z,u). Also, we represent B(z,u,1) = y1(2(1 + u)) by %1(2). Then the

following is obtained

a0l
A e EAE) )

where 2(1 + u)y?(2(1 4+ u)) = y1(2(1 4+ u)) — 1. Since we are interested in the asymptotic
behaviour of the coefficients of v and z in (31, it is appropriate to use the local expansion
of y; (and of g;) as given in [38]

1 C1

~ b 13
yl(z) 26]1 2Q1 y 241, ( )
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which is substituted in the expression for 3, with ¢; = i. We obtain

21 — 4z

Z,U) ~ ) 14
bz ) 1—42(1+4u) (14)
and this enables us to compute the required coefficients.
4.5 Lemma As z — ¢, the coefficients of uP in (3, are
L (2p _
PG ~ e () 142 (15)
Proof: The coefficient of «? in (14) is computed as follows:
2v/1—4 1
! 1—4z(1 : ) 21~ 42) " 1/2
—4z2(1 +u 4zu
(14272 (1 - ) (16)
-3 2\ P 1 /2p _
- 2(_4z)p< p2) (1 - i> T (p)(l —AT Ao
|

4.6 Note The results of the lemma above can be verified with MAPLE. From (14), one can
produce a series expansion in u and extract the simplified coefficients of u. Since these
now contain only powers of z, series expansions around z = i (around the dominant

singularity ¢, ) are computed for each one. The first few coefficients have the form

-4 +0(G-) )
() =g5(3-2) +0((3-2) )

)= 1) " +0((4) )

63 1 =5 1 —4
wil) = o (1 —2) +o((5-2) ) (17)
For p = 2,...,5, these coefficients fit perfectly the asymptotic formula given in Lemma
4.5.
The coefficients of 2" in 3; are extracted, via Proposition 1.12 with o = —p

) ~ s () s (13)



4.2 Monotonic binary trees

59

The expectation for the size of the ancestor tree is obtained by dividing the above with

the normalising factor p,q; "n=%/2 (;) ~ ﬁ(i)_”n_‘g/? F(;Z—T—l)

B~ B () v (19)

22p—1 P

In order to find the second moment, B is differentiated twice with respect to v and then
evaluated v = 1. If this derivative is denoted by ©1(z, u) then it follows that

1201+ Wi () (5w + 20+ WH ()
1 —22(1+u)g1(2)
8zu

~ (—2:(11 )2’ zZ—q1.

O1(z,u) =
(20)

This asymptotic expansion will be used in analysing the behaviour of the coefficients of

uP and 2" in ©;.

4.7 Lemma The coefficients of uP in ©; have the form

2
1oste) ~ s ()= a7 e, (21)

Proof: This lemma can be easily proved by computing the coefficient of u? from (20):

8zu 1
[”] = 8z[u"]
(1—42(1+U))3/2 (1_42)3/2(1_ 1421 >3/2
pedey (2 ) — (22)
pz(4z)" p —p— p p —p—
:22;;——1(19)(1_42) P 1/2~W(p>(1—42) P2 S
|

4.8 Note Once again MAPLE was employed to verify the coefficients of u” in ©,. By first

computing series expansions in u and then around z = ; from (20), we obtain

o= (1) o
(@)

15v4 /1 —7/2
es(2) = Joaz (Z - z) +

35v/4 /1 ~9/2
ea(2) = 3102 (Z - Z> +0

o= B (L)), 2
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4.9

4.10

Proposition 1.12 will be applied to the result in the lemma above. From this we get the

coefficients of 2"

47p/T (2p\ nP1/?
n, p ~
[2"uP]O1 (2, u) S22 (p) Tpr 1) (24)
and we will normalise them to obtain the second moment
2"uP|O (2, u T '(p+1
1 [1 ,n] 13(/2 2? ~ ggp\/__g F(p 1) n=4pn. (25)
ﬁ(Z) n T(p+1) (p + 5)

Finally we can compute the variance of the size of the ancestor tree for the case k =1

[2"uP]©1(z, u) 2 mp? (2p\’
1 (1\-n,-3/2_nP - Eg; o <ET(:1)7) ~ <4p © 9dp—2 > n+0(Vn). (26)
7= (@) p

1) _
v =

7Tp2
24p—2

Note Asp — oo we have 4p — (2;’)2 — 0 in the above variance.

Two more particular cases of k were analysed for Bj. Similar methods to the case k =1

were employed to compute the usual statistics and the results are presented below.

Case k=2

The derivative of By with respect to v, evaluated at 1 is

8(1 — 8=)1/2

62(Z7 U) ~ 3(1 . 162(§+u))1/2 . (27)
Lemma The coefficients of u? in By are
1 2p 16 \—» 3
p ~ _ - =
[Ba(z0) ~ 55 (p) (1-52) 2o (28)

Then the coefficients of 2™ in (35 have the form

) ~ s () () (20

16\n,,—3/2_ nP
3)"n T(p+1)

ge) o Yorp (2;)\/5. (30)

n,p 3 . 22p71

and upon normalisation by \/%( they lead to the expectation for the size

of the ancestor tree

The second derivative of By with respect to v, evaluated at v = 1 is

128v/62u
162 u '
27(1 _ (;'*‘ ))3/2

Os(z,u) ~ (31)
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4.11 Lemma The coefficients of uP in ©, have the form

W0z u) ~ —— P (27’) (1-22) L3

3\/§ .92p-9/2 \ p

Next, the coefficients of 2" in (3, are

p 16\ (2p\ nP~'/?
e (O ()
? 3v3-22%-92\3/) \p JT(p+1)

and their normalisation yields the second moment

VTP (229) L(p+1) 8p

3.22-3\ p F(p_'_%)n:?n?

which leads to the variance for the size of the ancestor tree

@ (8 Tt [(2p\’
Vn,p ~ <_ - » >7’L+O(\/ﬁ),

3 3.2w3

Case k=3

The derivative of B3 with respect to v, evaluated at 1 is

128(1 — 2592)1/2

Bs(z,u) ~ .
3( ) 39(1 . 256Z3(;+u))1/2

4.12 Lemma The coefficients of uP in (33 are

1 % 9256 \ 39
[’U,p]ﬁg,(Z,u)N 73.13.2212_7(]))(1——2) , 2 — ——=.

Then the coefficients of 2™ in (3 have the form

y 1 256\ (2p nP~!
[2"uP| B3 (2, u) ~ W(E> (p)F(p) ’

32 (@)nn—:a/z nP
V1957 \ 39 T(p+r1)’

and after being normalised by

size of the ancestor tree
e VY 1957 p (Qp

WP 3.13-22072\ p

&

(34)

(36)

(37)

(38)

they give the expectation for the

(39)
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4.13

4.14

The second derivative of Bz with respect to v (evaluated at 1) turns out to have the

asymptotic expansion

65536v/5zu
O3(z,u) ~ . 40
Lemma The coefficients of uP in 33 are
5- 2 256 —1/2 39
[1)O3(z, u) ~ V5 p ( p) (1-302) " o @)
3v/3 - 1313 - 2209 39 256
Finally, the coefficients of 2P in (33 have the form
5- 256\ (2 p—1/2
[2"uP O3 (2, u) ~ v5-p (—> ( p)nil’ (42)
3v/3 1313 - 229 p)T(p+1)
and upon normalisation give the second moment
5 2p\ T 1 80
vVTp (2 (p+1)n_ P (13)
3-13-2%-14 L(p+3) 39
This leads to the variance for the size of the ancestor tree
8op  Smp® (2p\°
(B) o (22 _ 7P
v (39 39.24p_4<p) Jn+0(/n), (44)
- 2
where 8305’ 39‘?24’;2_4 (2;) — 0, p— oc.

We turn our attention to the general case. The aim is to produce the expectation and
variance for the size of the ancestor tree and this is done via the usual method of dif-
ferentiating the generating function, as outlined in the Preliminaries chapter. Firstly,
we find the expectation by differentiating Bj with respect to v and then evaluating
at v = 1. To simplify our notation we denote this first derivative by [j(z,u) and let
Bi(z,u,1) = yg(2(1 4+ u)) = gr(z) which yields

(1= 22(1 +w)un(2)) Be(z,u) = Br1(z,u) + Ur(2) — Ur-1(2) —un(2) + ye—1(2) . (45)

Lemma [25] The solution of By(z,u) is given by

= [H (1 - 22(1 + w)ji(= ))} _l(zjj(z) —G1(2) —y(2) +y;1(2)),  (46)

]:1 =7
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with By(z) = 0. Hence the dominant term in this solution is

Bi(z,u) ~ Uk(2) — yr(2) V@ —z— Var — 2(1+u)

1—22(1 4 u)gp(2) 206/ qrx — 2(1 4+ u) ' (47)
Proof: We multiply both sides of (45) with the product %1:[1(1 —22(1+u)y;(2)) and obtain
[H(l —2z(1+ u)gz(z))] (1 —22(1 + u)gp(2)) Be(2, u)
= [T 2200+ W) sz
# T10 = 220+ 05D (0() = 5ia(2) = () + 01 (2)) (48)
By rewriting [k];[ll(l —22(1 +u)gj%(z))} (1=22(14u)gx(2))Br(2, u) as Ti(z,u) we can easily

solve this recursion as follows

T
I

Ti(zyu) = Tz, u) + | [T = 220+ w)5i(2) | (31(2) = 5ua (2) = 9ul2) + i (2))

~.

T
N

Ti1(2,0) = Tz 0) + | [T = 2200+ w5i(2) | (51 (2) = g2(2)

-
Il

— Yr-1(2) + Yr—2

N
N
W S~
~—

Tia(z,u) = Tros(z0) + | [T = 2200+ w5(2) | (G-2(2) = -s(2)

e
N
~—

— Yre—2(2) + Yr-3

) (49)

and so on. Now we can sum over the k’s

ol
—

Ti(z,w) = To(z, u)+ [H1 22(1+u)5i(2))] (35(2) = 5312~ 3 (2) +y5-1(2)) , (50)

i =1

I
=)
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which we write using the original fj(z, u)

[1:[(1 = 22(1+ wg(2)) | (1 = 221+ W) () By (2, w)
. k—1 7 (51)
= fo(z ) + 3 | [T = 2200+ i) (1) — 551(2) = 5(2) +51(2)

k

and dividing both sides of this equality by the product [](1 —2z(1 + u)g;(2)) we finally
i=1

obtain our desired result

ko k .

B(z) = 37 | TTO =220+ i) (55(2) = 51(2) — (2 + (). (52)

= 1= ]

j=1

Now the dominant term occurs for i = j = k. Since the singularities of yx_;(2) and gx_1(2)
are further away from the origin than those of y(z) and gx(z) they will not contribute
to the main term in (By(z,u) and we do not include them. Thus the dominant term in

Br(z,u) is as given in the statement of the theorem. |

4.15 Note From (45) we also observe that

Br(z,u) = Br_1(z,u) + Ge(2) — Gr—1(2) + 22(1 + )G (2) Br (2, 1) — yr(2) + yr—1(2), (53)

and thus
Bz u) = 6k71<zvu)_ i Ye-1(2) — yk,_l(z) + yi(2) — yk(f) . (54)
1 =221+ w)ge(z) 1—=2z(14+uw)yr(z) 1—22z(1+w)yr(2)
4.16 Lemma As z — gy, the coefficients of u? in (j(z,u) have the form
1 2p Z\ P
p -~ _Z
) ~ g () (1= 2) (55

Proof: We look at the coefficient of u? in (47)

_ L( _ 3)1’(—%) (1-2)"- G <2p> (1-2)"
2g.\ @/ \ p n 2201tk p i
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1 2p Z\ 7P
~ 1— —> , 2= Q- 56
220+ gy, (P) ( k. T (56)

In order to obtain the first moment the coefficients of z™ in i (z,u) are also needed. This

is done by using Proposition 1.12 with a« = —p, which yields

1 (2p\ !
27?8z, ) N1§5;TEEIT<J?)EQP)' (57)

3/2__nP
L(p+1)°

Finally, these coefficients will be normalised by py.q; "n /2 (Z) ~ prq; "

4.17 Theorem [25] The expectation for the size of the ancestor tree in monotonic binary trees
is 5
k) p p
Ey) 722p+1pqu<p)\/ﬁ,n—>oo, fixed k . (58)
Higher order statistics can be computed in the same fashion, so for the variance of the size
of the ancestor tree, By is differentiated twice with respect to v and evaluated at v = 1.

For convenience, we denote this derivative by O(z, u), which gives
(1—22(1+u)gjk(z))@k(z,u) = Op_1(z,u) +4z(1+u) 7 (2) Be (2, w) +22(14+u) Bi (2, 1), (59)

4.18 Lemma [27] The solution to Ok (z,u) has the closed form

Ox(zw) = 3 [TT0 — 2200+ wi(2)] (4201 + Wi ()3 (2, w) + 221+ w) Bz, )

=1 i=j
(60)

and the dominant term is asymptotically

42(1 4+ w)G B + 22(1 4+ u) B2 (2, u)

O, ~
g 1—22(1+ u)ii

(61)

k=1
Proof: First, multiply (59) with the product [] (1 —2z(1+ u)y:(2)). We obtain
=1

[TI 220 +w5:)] (1 - 2201+ wi()Oxz.)
= [ T10 — 220+ win(2)|Ora(zw)

1

<.
Il
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k—1

+ [Ha —2:(1+ u)gi(z))} <4z(1 )i (2) B2, 1) + 22(1 + w) B3 (2, u)) . (62)
By rewriting [knl(l —2z(1 + u)gjz(z))} (1 —22(1 4 w)yx(2))On(z, u) as Sk(z,u) we can

i=1
easily solve this recursion as follows

k-1

Si(z, 1) = Sp_1 (2, u) + H‘[u =221+ w)i(2))] (42(1 + w)5(=) (. )
+ 2:(1+ u)Fi(=,u) )

Si1(z,1) = Spa(z,u) + [Hu —2:(1+ u)gi(z))] (42(1 W) (2) B (2, 1)
+ 2:(1+ W), (2, u))

Sha(z,1) = Sp_s(z,u) + [Hu —2:(1+ u)gji(z))] <4z(1 4 w)Ga(2) sz, )

=1

221+ ) B y(2)) (63)

and so on. Now we can sum over the k’s

J

Sk(z,u) =So(z,u) + Z [H (1—22(1+u)yi(z ))} (42(1 + u)y;(2)5;(2, w) )

+22(1+ u)ﬁ?(z, u)) ,
which we write using the original ©(z, u)
k-1

[ (1-2:(1+ u)gi(z))} (1= 22(1 + w)gi(2)) Oz, )

%

Il
—

) (65)
[TI0 — 220+ ()] (420 + w5, ()8 (z.w) + 2201+ w5z, w) )

=0 =1

k—

>_A

since Sp(z,u) = 0, Og(z,u) = 0, and dividing both sides of this equality by the product
k-1

[T(1—22(14 u)yi(z)) we obtain the desired result

i=1

ko ok .
Ok(z,u) = Z [H(l —2z(1+ u)gjz(z))} (42(1 + w)y;(2)5;(z,u) + 22(1 + u)ﬁf(z,u)) :
T (66)

By letting ¢ = j = k in this solution the dominant term arises. |



4.2 Monotonic binary trees 67

Using the known local asymptotic expansions for g, and yi, we can rewrite (61) as

~ B 2
Az(1 + u) g (%) +22(1 +u) (%)
1—22(1+u)gp

4Qk< 1 ck 4/ Qk*2(1+u)> <\/Qk*Z*\/qk*Z(1+“)> 2qk<\/%*zfv %Z(1+U)>2

2q5\/ae—2(14) 2g5\/ar—2(14u)

2qy, 24y,
+
1_ 2‘]k<ﬁ _ck \/Qk_z(1+u)) 1— QQk< 1 Sk \/Qk—z(1+u)>

Ok(z,u) ~

Y

2qy; 2qx, 2qy

1 _
VT - (67)

@ g/ — 2(1+u)  2ekqr(qe — 2(1 +u))3/2”

and this enables us to look at the asymptotic behaviour of the coefficients.

4.19 Lemma The coefficients of u? in O(z,u) have the form

i~ s () (1= )
22r ¢, qi/Q p K

B p 2p 2z \ —p—1/2 B
_22P+2ﬁpkqi( >(1 ) e =R o

b qk

(68)

Proof: The third term in (67) gives the main contribution. So the coefficient of u” there
1s

ZU z

u’] 9 — (1 32 5/2 [w? ] 3/2 zu ~ 3/2
Cka;(Qk: Z( + U)) 2quk <1 o i) (1 _ qkz )
o T (69)
pzP (Zp) <1 z >p1/2 P (Zp) (1 z >p1/2
=—— - = ~ - ;2= Gk
220,02 \ p G 220 ¢, 2> \ P Q.
[

Once again Proposition 1.12 with o« = —p — 1/2 is applied to get the coefficients of z™ in
O

p 2p\ Y2
2"uP|Oy ~ — ( ) _— 70)
") 2202 /mpe gt \p ) T(p+ 3) (

and they are used in computing the second moment.
4.20 Theorem [25] The variance for the size of the ancestor tree in monotonic binary trees is

[2"uP]|Ok (2, u) *) oo P (1 » (2p\°
+ By, — (B) T(]]%(__QTP » >n+0(\/ﬁ), (71)

vk — 2 =
Pedy "t ’ Apige \

n?p

for n — oo and fixed k.
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2
One notes that % — 2%,(2;’) — 0 as p — o0.

4.2.2 The limiting distribution for the size of the ancestor tree

Let X, , be the random variable which counts the size of the ancestor tree of p randomly

chosen nodes in a monotonic binary tree of size n. We study the probabilities

[2"uPv™] Bg (2, u, v)

) ’

p

P{X,,=m} = (72)

where bgk) ~ pqu’"n_?’/ 2 is the number of monotonic binary trees which was computed in
[38]. The first step in obtaining our limiting distribution is to find all the moments for

By. If we differentiate By M times with respect to v then using Leibniz’s rule we obtain

OM By(z,u,v) B OMBy_1(z,u,v)
oM N oM

gy — i M—i—1
Pz 3 (M) B ) O G )

i v’ QuM—i—1

M . .

M\ &'B oM-ip

+ 2l +u) > ( i ) ’“(,gi’iu’v) av’;f’i“’“) L M>2,  (73)
=0

and it follows that

OM By(z,u,v)
(%—M(l —2z0(1 + u) B(z, u, v))
OM By _1(z,u,v) M1 0" Bi(z,u,v) M1 By (2, u,v)
= Mz(1 . .
oM T Mz(1+u) ; ( i ) ov' QuM—i=1

M—1 i M—i
(M)@Bk(z,u,v)ﬁ Bk(zauav) 7 MZQ (74)

+ 20(1 + u) Z D G

i=1

0

This recursive relation is now used to solve for the M-th derivative of B, and the latter

is evaluated at a particular point.

4.21 Lemma [27] The M-th derivative with respect to v in By(z,u,v), evaluated at v = 1 has

the form
OMBy(z,u,v) ko ) 71
ey = 2 [TTa —2:0 4 )]
j=1 I=j
M-1 . '
M —1 8sz(Z7u’U) @MililBj(Z,UJ?U)
[Mz(l + u) Z ( i > o o1 OuM—i—1 et
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M—-1

+2(1+u) z; (2 )al j(zu0)) OMTB(z u,0)

ot v=1 ovM—i

] M >2,
v=1
(75)

and its dominant term is

OMBy(z,u,v B -1
—gf}M ) o [(1 —2z(1+ u)yk(z))] X
M—1 , .
M — 1\ 0'By(z,u,v)|  OM 1 By(z,u,v)
[Mz(l +u) ; ( i ) ov' v=1 QuM—i—1 v=1
M—1 ,
9" By.(z,u,v) oM~ By (2, u,v)
T2+ — ( i ) ov' v=1 JvM—i v:1i| - (76)

Proof: We multiply both sides of (74) with H (1 —22(1 + u)yi(2)) and proceed with
iterating the result. The method of proof is snmlar to the one for Lemma 4.18 so we do

not give the details here. [

The required moments are produced by analysing the behaviour of the coefficients in (76)

near their dominant singularities q. For the coefficients of u” we find that

] OM By(z,u,v)
oM v=1

((M/2-1 M/2-1
zl;[() (p * Z) 11;[1 (2p 2 1) 2p 2\ —p—(M-1)/2
(M+1)/2 M (1 - —> , M even,
22p—M/2+14{ M-1 D 0 -
™Y (-n/2-1 (M—1)/2 (77)
1;[0 (p+1) 1;[1 (2p+2i — 1) - i
2p—(M—1)/2+1 ,(M+1)/2 M1 (1 B _> , M odd,

\ 2P Qk Ck p dk

and they simplify to the following

) OM By(z,u,v) F'2p+ M —1) (1 2 )—p—(M—l)/2 (78)
| ————— - — :
ovM v=1 p22pq(M+1)/2024 1(F(p))2 0k
Moreover, the coefficients of z™ are
M M-2 M
) Brle ) 2 L) e, (79)
Qo o=t g (D (p))?

which (after normalisation) lead to the next result.
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4.22 Theorem [27] The M-th moments, E(X))), of the size of the ancestor tree of p randomly

chosen nodes in a monotonic binary tree of size n are asymptotically given by

n OM B (z,u,v _
E(XM) = R e . e PV 2M ’ Fp+5) M/2< +0( >>
r Prdy " F(Zil)n_g/Q \/_C - MH)/ p. L) v/ J
(80)
k ~1/4
for M > 2, fixed p > 1 and n — oo, where ¢, = 2( 11— 4qi)> and py = 4\/0% .
i=2
Proof: Induction on M is employed. Let M = 2, then the left hand side of (80) is
2
9By (e (10w () 224520 | 2sau (20550 ))
[z”up] ng)g )’U:1 . [Z'rlup] 1— 22(1+u)yk( ) .
—-n npP _ - —-n npP —
Prdy Prrgprn™ 3/2 Pek oy i (81)

p 1
- o)
g T\

as computed earlier, which also equals the right hand side of (80). Now, assume (80) is
true for M and prove it for M + 1. We have

M-1 i
! [2"uP]M z(1 + u) E 1\ 0'By(z,u, v) M1 By(z,u,v)

3/2 ERE v=1 JyM—i-1 ol
pqu F(p+1)n —

2M5F(M+ Fp+% p+le)
Wcé”—3ql(€M 1)/2 P2 )2 = T(i+1)0(M—4)
(82)
as well as
M—-1 ‘
1 a’LB aM_ZB
ey A LU D) ( ‘ ) k(Z@u ,0) Ij\giu,v)
Pk v —~ \i ov v=1 v et )
MAAD(M +1) = D(p+ 4)D(p+ 2=
rep! g PpA(D(p))? = T+ DI(M —i+ 1)
[
It is well-known that the density function of the generalised Gamma distribution is
h
’hl T\ ah—1 _<%>
o i) = <_> : 4
glah Aiw) =g z) ¢ (84)

for x > 0 and it will be used for the derivation of our limiting distribution.
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4.23 Theorem [27] The probability, P{X,, = m}, that the size of the ancestor tree of p

randomly selected nodes in a monotonic binary tree of size n is equal to m is asymptotically

(6 = m) = e (1 o( L) vo(Z) vo(L)). e

forp>1,n — oo and m < Ky/n (K > 0 arbitrary but fixed).

The above result leads to the following theorem which characterises the limiting distribu-

tion for the size of the ancestor trees in monotonic binary trees.

4.24 Theorem [27] For fixed p > 1, x > 0, m = xy/n we have
/2
1
VnP{X,,=m} ~ xp_l%e_qi/% = g( 1, —; :U) . (86)
p—1)!

Thus the limiting distribution of the normalised random variable )f;%" is asymptotically, for

fixed p > 1 and n — o0, a generalised Gamma distribution with parameters (p, 1, \/%)
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Figure 4.1: The probability distributions for the size of the ancestor tree in monotonic
binary trees for n =51, p=1...30 and k = 1,2, 3.

4.2.3 The Steiner distance

Our second parameter of interest is now analysed. The generating function of the Steiner
distance in ordinary binary trees is presented first and then modified suitably for the

monotonic case.
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4.25

4.26

4.27

Theorem [25] The generating function for the Steiner distance in binary trees is

1 +u)B?(z,u,v) — 220 T(2) B(z,u,v) + 2T%(2) (v — 2) + T(2) ‘

C(z,u,v) = Gt

&7
1—-22T7(z) (87)
Proof: One starts with the recurrence
p—1 p—1
wp(zv U) = zv Z ¢Z(Z7 U) ¢p—1—i(zv U)+ZU Z ¢2(27 U) ¢p—i(za U>+2Z ¢0(2’, U) ¢p(27 U) » P 2 1 )
=0 =1
(88)
and then sum on p on both sides. [ |

This theorem is adapted (by replacing B(z,u,v) with Bg(z,u,v) and T(z) with y.(2))

and gives the corresponding result for monotonic binary trees.

Theorem [25] The generating function for the Steiner distance in monotonic binary trees
satisfies the equation
20(1 + u)BE (2, u,v) — 2z20y5(2) Be(2,u,v) + 242 (2) (v — 2) + yi(2)

Cr(z,u,v) = = 2o (7) . (89)

First, we look at a particular case and compute the necessary statistics for the Steiner

distance.

Case k=2

Now, (5 is differentiated with respect to v and evaluated v = 1. This derivative is denoted
by Qa(z,u) and yields

n 1 —2zy5(2) ’
(90)

= [a(z,u), as well as

ov ’v:l

since §a2(2) = 1(2) + 2(1 + w)F2(z) (vecall that 2Z2lzwv)
By(z,u,1) = y2(2(1 + u)) = g2(z)). We make use of the known asymptotic expansions to

obtain an asymptotic expression for {2,

16v/3 — 162 _ 128zu
33 —162(1+u) 3v/3—162+/3 — 162(1 +u)’

which is needed to analyse the behaviour of the coefficients.

Qo(z,u) (91)

Lemma The coefficients of u? in €2y are

[P (2, 1) ~ 3 (2;10__1)1;%4 (2;)) <1 - 1—36z> 7p, Z2—=q. (92)
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Proof: The lemma will be proved by computing the coefficients of u” from (91). The

first term gives

[”]

163 — 162 162\ 1/2 1
- 16( ) [w”] 1/2 1/2
3v/3 —162(1 + u) e\ VA Y
3 1 116z (93)
3

16 16\? (—1 162\ 7 1 2p 162\ 7 3
A ()0 ()05
3 3 P 3 3224\ p 3 16

and the second term yields

[ 128zu _ 1282 fu 1
33— 162+/3 — 162(1 +u) 16:) e lozu \1/2
AT (i)™ ) )

n
oty ()
N_3-22p_4p(2p—1) G:) (1_%)_17’ 2_’136' (94)

The result in the lemma is obtained by adding these two coefficients. |

Now Proposition 1.12 will be used in the computation of the coefficients of z™ from (91)

e~ s e () (5) T 09

and we obtain the expectation of the Steiner distance for Cy by dividing the above with

as follows

the normalisation factor — (18)ny=3/2 1"

Veér\3 T(p+1)

pe . Vo6r(p—1p (219)\/5. (96)

P 3(2p—1)22r2\ p

We move on to finding the second moment for the Steiner distance. The second derivative

of Cy with respect to v (evaluated at v = 1) is denoted by Ay(z,u) and gives

Mo (2 1) = ﬁly() (420 + ) 5a(2) Bz 0) + 220+ w) Bz, w)
+22(1 4 u) g2(2) Oa(z,u) — 4z ya(2) Pa(z,u) — 22 ya(2) Oa(z, u))
N 128+/2zu _16v2(3 - 162) (o7)

(3—162(1+u))*?2 3(3—162(1+u))32"

This local expansion of Ay gives us the possibility to look at the behaviour of its coeffi-

cilents.
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4.28 Lemma For z — ¢, the coefficients of uP in Ay are

[P As (2, 1) ~ % (iﬁ’) (1 - ?z) B (98)

Proof: As usual in this type of proof, the coefficients of u? are computed from (97)

) 128v/2zu _ 128v2: ] 1

e N (=

3

128v2z 1 16z\r—1 [ —3 16 \—p-1/2
S ()05
p—1 3

33 3

2 2 1 —p—1/2
N& p (1_ 6Z>P ,z—>i (99)
V3. 224\ p

as well as

L 16v2(3 — 162) 16\/§<1 B %> » 1
e T ear - T 35 W (1 -~ &fm(l - 16i>3/2

\/_ 2\ P —% —p—1/2
()

V2(2p+1) (2p 16 \—»—1/2 3
N—73\/§22p_4<p)<1—§2> , & — E (100)

Thus combining these coefficients gives the result in the lemma. |

The lemma above enables us to find the coefficients of 2" easily

- V2 (p — n pp—1/2
2 Ag (2, 1) ~ %(Qﬁ (?) FoTT) (101)

which (after normalisation) will give the second moment arising from Cy

urAs(zw) VER=D (2\T(p+1) _8(p—1) (102)
1 (m)nnf:s/zn_?’ 3-922p-3 I(p+ l) B 3 7
=5 F(piT) P/2\PT 3

and now we are in a position to compute the variance of the Steiner distance for the case

k=2
8(p—1)  wlp—1%* (2p\°
VO o ( _ ) O 103
O = () D
where 8(7’3_1) - 3(;;31)12);575 (2;’)2 — 0 as p — oo.
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The focus of the analysis will now be shifted to the general case k. First, the expectation
of the Steiner distance will be computed. After denoting the derivative of C'y with respect

to v (and evaluated at 1) by Qx(z,u) and making the usual substitutions we obtain

O (z,u) = —(2 1+ u)72(2) 4+ 22(1 4 w)§r(2) Be(2, u
() = g (U + O B+ OBEAG
— 22 () (2) — 220() (2, 0) + 202(2) )
One can use the known asymptotic expansions and rewrite €2 as
1 1 e/ qr — 2(1+u)\2
O(z,u) ~ = {q’“(1 g 2 )
1-— 2%(@ — =k 2‘1: ) k r
N/ QG — 2(L+u)\ (Vg — 2 — /@ — 2(1 + u)
2 - (e )
1 —2¢q 2qx, 2qev/qx — 2(1 + u)
ey (L_C’“/q’“_z)< 1 o qk—z(1+u)>
“\2g 244 1 — 2gy 24
9 ( 1 ck\/qk—2)<\/qk—z— qk—z(l—i-u))
2qk 2qx 2q1\/qx — 2(1 + )
L avar — 2\?
a5 - )}
2qy, 2qy,
~— VT E (105)

yAl
N/ @ — 2(1 + ) 2Qk\/Qk_Z\/Qk_Z(1+U)'

In order to proceed with our computations, we require the asymptotic behaviour of the

coefficients in €.

4.29 Lemma As z — gy, the coefficients of uP in Q(z,u) have the form

W)z 0) ~ P (2p> (1-2)". (106)

22 (2p—1)qe \ p qr

Proof: The coefficient in the first term of (105) has been computed already

]V — 2 ! (ZP) (1 Z>_p. (107)

G/ — 2(1+u)  2%qe \ p o
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Then the coefficient in the second term is as follows

=

yAl
up] = u ZU
206/ Qe — 2/ — 2(1 + u) 2q; ( _i)l/Q(l— a )1/2

2Pp 2p 2\ P P 2p 2\ P
= o (=) el ) ) e
22 (2p— 1)\ p P a(2p—1)\ p p

Finally, adding the above coefficients gives the required result. [

Next, the coefficients of 2™ in {24 (z,u) turn out to be

PP ) p—1 2p\ nP~!
[Z ]Qk< ) ) (2]3 _ 1) 92p qZ+1 <p ) F(p) ) (109)

and their normalisation leads to the first moment.

4.30 Theorem [25] The expectation for the Steiner distance in monotonic binary trees is

—1p 2p
ng) ~ (p ( ) n, n— oo, fixed k. 110
P 2p-1)2%prg \ p vn (110)

We move on to finding the next moment for the Steiner distance. The second derivative

of Cy with respect to v (evaluated at v = 1), denoted by Ax(z,u), is

B 1
1= 22(2)

+22(1 4+ w)gr(2)Ok(z, u) — 42yk(2) Br(z, u) — 2zyx(2)Ok(z, u)) :

An(z, 1) <4z(1 + )i (2) Br(z, 1) + 22(1 + u)B2(z, u)

(111)

Once again we make use of the known asymptotic expansions to rewrite Ay as follows

1 Vak — 2 — —z(1+u)\2
An(z, ) ~ — {2%( k ar — 2( ))
1—2g (L _ M) 206/ @ — 2(1 + 1)

2qy, 2qy,

g (L o/ Sy (Vi E Vo S )

1 —2q; 2qx 2qk\/qr — 2(1 + )
N ( 1 Ck\/Qk_Z><\/Qk_Z_ qk—z(Hu))
— k -
1 —2q 2qy 2qk\/ @ — 2(1 + )
) (L B m> (F—m>
U\ 2q; 2k 2q1,/ ax—2(1+u)

1— 2Qk< 1 Qk_z(1+u)>

2qx, 2qy,
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2% <\/Qk*2*\/ qr—2(1+u) > 2
b 2qx/ a—2(1+4u)

I v/ — 2(1+u)
+ e T
1-9 1 cky/ a—z(1+u) 2q, 2qy,
T 2k 2g, T 2g
I avar— =
24, 2qy,

3zu Qs — 2
2epqi(qr — 2(L+w)32  cxqr(qe — 2(1+w))*2

(112)

This simplified form of the derivative is used for finding the behaviour of the coefficients

of w? and 2".

4.31 Lemma The coefficients of u? in Ag(z,u) are

(b= 1) (2 2y
PIA ~ I —— — Gk -
[U ] k(Z,U) 92p n q2/2 ) ( Qk) ) % qk (113)

Proof: The coefficients of u? in the first term of (112) are

o] = B 1
20kq1(qe — 2(L+ )32 26,47 (1_1)3/2(1_ %Z>3/2
ax - (114)
(W, E\VE 8p (W 2y
()0 ()0
22Pckq£ p dk 22Pcpq, p Uk

and similarly

qr — 2 2p+1 <2p> < z )—p—1/2
— [uP ~N—— 1—— , 2 — (g - 115
| ]Cka<Qk — 2(1+u))3/? 22002 \ P @ : (115)

Thus combining these coefficients gives the result in the lemma. [

Next, we find that the coefficients of z™ are:

p—1 2p\ nP~1/?
2P| Ap(z,u) ~ — < ) , 116
M) e e \p )T+ D) (16)

which lead to the following result.

4.32 Theorem [25] The variance for the Steiner distance in monotonic binary trees is

v _ (P;l)(i =1y (2;9)2)71 +LoW/m), (117)

TR \In @ 12w
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4.33

4.34

4.35

as n — oo and fixed k.

__(p-1)p? (2p

1 2
e p_1)2 277 p) goes to zero as

It is interesting to note that, by Stirling’s formula,

p — 00.

4.2.4 The limiting distribution for the Steiner distance

Let Y,, , be the random variable which counts the size of the Steiner distance for p randomly

chosen nodes in a monotonic binary tree of size n. So we are interested in the probabilities

2"uPv™|C (z,u,v
P{Y,, =m} = : b(k%‘(ﬁ)( L.
" \p

Theorem [27] The M-th moments, E(Y,}), of the Steiner distance for p randomly chosen

nodes in a monotonically labelled binary tree of size n are asymptotically given by

Znup a]wck(zvurv) 2M72 F _|_ M — 1 ]_
E(Yn%) = [ ln (ZZM —3‘72:1 - M—1_(M+1)/2 (p ; ) nM/2(1 + O(—)) ’
Prdi " T Vel e T =) \/5(118)
k —1/4
_ _ i — Ck
for fixed p > 2 and n — oo, where ¢;, = 2(11_[2(1 4qz)) and py, = T

Once again the density function of the generalised Gamma distribution is used to derive

the limiting distribution.

Theorem [27] The probability, P{Y,,, = m}, that the Steiner distance for p randomly

selected nodes in a monotonic binary tree of size n is equal to m is asymptotically

P{Y,, =m} ~ I S (1+ o(i> +0(2)+ o(i)) (119)
" nP=1(p - 2)! vn ’

m m

forp > 2, n — oo and m < Ky/n (K > 0 arbitrary but fixed).

Now we are in a position to find the limiting behaviour of the Steiner distance for our

monotonic binary trees.

Theorem [27] For fixed p > 2, x > 0, m = xy/n we have

V2, )
VAP{Y,, =m} ~ mp—Qhe—qk T g<p 1,1, ﬁ;az> . (120)

Thus the limiting distribution of the normalised random variable % is asymptotically, for

L

fixed p > 2 andn — o0, a generalised Gamma distribution with parameters (p—l7 1, \/ch>'
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Figure 4.2: The probability distributions for the size of the Steiner distance in monotonic
binary trees for n =51, p=2...30 and k = 1,2, 3.

4.3 Monotonic binary trees with two labels

Another interesting problem involving monotonic binary trees is their analysis when two
labels are in place. Once again, the starting point is the binary model of Prodinger
and Urbanek from [38] which can be extended to include more than one set of labels.
We consider the class, By, of binary trees whose nodes are monotonically labelled with
{1,2,...,k} and {1,2,...,1l}. Their generating function is

Yk (2) = Z b;k’” Z",

n>0

where b;"“") represents the number of trees in By ; with n nodes. We illustrate this with

an example: consider monotonic binary trees with three nodes. Then there are five types
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of trees that arise, as shown in the figure below.

Type 1 Type 2 Type 3 Type 4 Type 5 )

SN

Figure 4.3: All 5 types of monotonic binary trees of size n = 3.

.

The next step is to attach a specific number of labels, p, to each node. For our example
two labels from the set {1,2} will be considered.

4 )

2] [2]
\ J

Figure 4.4: Type 1 of monotonic binary tree gives 5 possibilities for one label consisting
of {1,2} , thus giving 25 trees in total.

Using the generating function for the case of one label, which was done in the previous

section on monotonic binary trees, one obtains the following result.

4.36 Theorem The generating function for monotonic binary trees with two labels is

k l

yea(2) =D >zl 41, (121)

=1 j=1

where Yij = Yji-
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Naturally, yx,1 and y;; constitute the old binary model. The singularities of the generating
function need to be computed first. We begin by considering a few particular cases. First,

we fix [ say. If one lets yi1 = fx, then the following holds

)=z fiz)+1 sz? )+ 2fi(2) +1, (122)

which has solution
1-— 1— 4ka_1(2)

_ 123
fil2) - (123)

In order to find the singularities the equation 1—4zf;_1(z) = 0 needs to be Solved We are

interested in the dominant one, gy 1, which is the solution of fr_1(qx1) = 4% as 2z — Qi1

Next, if yx 2 = g5 then

k k k-1

(2) =2 S L) +2 3 ) + 1= ) +2 3 2e) +2gl(z),  (124)

i=1 i=1 1=1

but z Z_: 92(2) = gr_1(2) — fr_1(2) so the above equation can be written more conveniently

205(2) — gi(2) + fu(z) = feea(2) = 0. (125)

Its solution is

1= /1 —4dz(ge1(2) + fi(2) — frima(2))

_ 126
so it follows that the relevant singularity g o satisfies the equation
Ie-1(qr2) + fr(ar2) — fe-1(qr2) = Z = (2 - (127)

Aqr. 2 ’

Now, for y 3 = hj we have the following

z):z;f +ng, +th (128)
= fi(2) = fee1(2) + gi(2) — gr—1(2) + he—1(2) + zhi(2)

with solution

hk(z) _ 1-— \/1 — 4Z<hk,1<2’) + gk(Z;Z— gk,l(z) + fk<2) — fkfl(Z)) 7 (129)
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4.37

4.38

and its dominant singularity g 3 is the solution to the equation

hr—1(qr3) + gu(qr3) — gr—1(qr3) + frlars) — fe-1(ar3) = s’ 2= k3 - (130)
k,3
For the general setting, one can write (121) as
k—1 1-1
ver(2) = 2 Y y2(2) + zun(2) + 1, (131)
i=1 j=1
which has solution
1— /1 —4dzyr_1,1(%
() = LA A1), (132
2z
and its singularity satisfies
1
Ye-11-1(qr1) = To 0 2T ke (133)
qk,l

By employing similar methods to those used in the case of monotonic binary trees with
one label, one can analyse these singularities in great detail. Various parameters such as
the size of the ancestor tree and the Steiner distance could also be considered. However,

this is beyond the scope of the thesis and we do not aim to present those results here.

4.4 Monotonic t-ary trees

We now look at t-ary trees which constitute a natural generalisation of binary trees.

Definition [11] A t-ary tree is either an external node or an internal node attached to

an ordered sequence of t subtrees, all of which are t-ary trees.

Theorem [11] The ordinary generating function that enumerates t-ary trees satisfies the

functional equation
T(z)=z+T"z). (134)

The number of t-ary trees with n nodes is

L () de)
<t—1xn+1>(n> e (135)

1
where d; = and e; = —.
[2m(-1)3 (t-1)r=t
t

In this section we generalise the monotonic binary tree model and consider the class of

monotonic t-ary trees, whose defining equations (as introduced in [38]) are given by
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%1 %1 s:BIJ
t t?r;es
%2 ) %1 : /D\
\%2 %2 Ce EB%
tt?nries
B, = %k—l +

4.39 Theorem [38] The generating functions for monotonic t-ary trees satisty

ur(2) = ye_1(2) + 2y4(2),  with yo(z) =1. (136)

From the paper of Prodinger and Urbanek, [38], we know that as z tends to the singularity

qx, the generating function has the following local expansion

uk(2) = yr(qr) — Cr()Var — 2+ Oqr — 2)
137
Zl—Ck;(t)\/Qk—Z+O(Qk—Z)a 7

Tk

for Ci(t) some constants which are defined below.

4.40 Lemma [27] The constants Cy(t) are given by

o N () = -0 i ! ) + e~y @)y ula)
“ z il R t(yj(Qk)_yjfl(Qk)) z t—1 ’
=1 J= Y5 (qr)
(138)
Proof: It was shown in [38] that
1 :
2 Ci(t) = Hm g3 (2) (yelar) — ue(2)) (139)
as well as ) ()
Ye—1(z) T Yi(2
yp(z) = =T (140)

1— 2ty ' (2)
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Furthermore, we can expand the denominator around the singularity ¢, as follows

_ yk t—1
1— 2ty =1— ( )
g Yi (k)

N <1 - y:?’;ﬁ) <1 " y:zlz]k) T (yk:%l;k;)y_ > .

Now we need to determine y;_,. We use our recursive idea

(141)

VI =k /=
S 2ty !

<(yk - 2)(

L= k-1
=tk )( ) () ()
Yh—s 1 — z2ty;” 1—zt ,’; ! Yh—2 1— 2ty 5/ \1 — 2ty

+ yltc—l(

1 —zty,_

= <y§ 1:[%%“) (142)

W) + yli:(Qk:)) T_1 (143)

and moreover

k-1

-1 1/2
0= (5 (o Il ) o) 72

k-1 k-1 1/2
_ s (Yr(qr) — yr—1(qx)) 11 1 (Yr(qr) — yr—1(qx))\ Yx(qr)
= @) v @) ) T —1|
: 2 Ll i) —yiala) z
i=1 j=i yj(ax)

(144)

t(z
since yt (2) = yk(Qk)_i/k—l(Qk) and y;:._l(z) _ zZEZ; -
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To establish the validity of this formula we check it for £ = 1,2 against the binary case

t =2, for z — q,

2(go ) 1/2 (%)2 2 1/2 V2
- (2(% Fuilan) ) = (2(% (55 =5
(145)

which are the constants we obtained in the binary tree section.

4.41 Note We know that y;(qx) = a;x(t) + O(qr — 2) for i < k and a; x(t) some constant. The
constant a; x(t) has been computed in [20] and [38]

Qi \ /Dy
Yi\qr) = ( ) = . 146
) - (% - (116
For example consider k = 1 and t = 2. The solution to y;(z) = 1—|—y%(z) isy(z) = 4=

which we can evaluate at ¢, = say. Thus we find that y;(q2) =

16’

Other quantities needed for our results are presented in the table below.

constant k=1 k=2 k=3
d — L t t t
k qx ()t (ﬁ)t—l t_l_(ﬂ)t_(t_l_(g)t)t
T ( ; Z yt-1
_1_ (=14t
t—1 t—l)tfl (t 1 (tzl)t)t—l tflf(%yg*(t ! (tt ) )t t—1
f— Tk ( t t ( ¢ )
gk t t t t
t t—1\¢t t—1yt tflf(%)t t
S t=1 =15 1) - (———)
Tk+1 = Tk t To = 1 t t t
_ 1 ot t ¢
yk(Qk) K t—1 t—1— (1)t t—1— (i)t
3

4.4.1 Size of the ancestor tree

We begin this section by first presenting the generating function for t-ary trees (which is

a generalisation of the result in the binary trees discussion).
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4.42

4.43

Theorem [27] The generating function for the size of the ancestor tree in t-ary trees is

G(z,u,v) = zv(1 + u)G'(z,u,v) — 20T"(2) + T(2) . (147)

Proof: This can be done by generalising the proof from the monotonically labelled binary

trees. [ |

One can easily modify (147) to obtain the equations of the size of the ancestor tree for
the recursive binary trees given in the Prodinger-Urbanek model. We replace T" with yy

and G with Gy,.

Theorem [25] The generating functions definining the size of the ancestor tree in the

monotonic t-ary trees are

Gr(z,u,v) = Gr_1(2,u,v) + 20(1 +u)Gh (2, u,v) + (1 —v)2yk(2), Go(z,u,v) =1. (148)

The aim is to produce the expectation and variance for our parameter using the generating
function in the theorem above. It is convenient to start by considering the first two cases
of k.

Case k=1

As usual, G, is differentiated with respect to v and then evaluated at v = 1. If this

derivative is denoted by ¢1(z,u) then we obtain

2L+ uw)Gi(z,u, 1) — 2y1(2)  51(2) —(2)
N = e ) 1 () * (149)
Yy1(z

where Gy (2,u,1) = y1(2(1 + u)) = 71(2) and 7i"'(2) = B The asymptotic expansion

n(z) ~ —=ClvVa -2, (150)
and the equivalent one for 7;(2) are now substituted in (149)

N
M R o

which helps in determining the behaviour of the coefficients in g.
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4.44 Lemma The coefficients of uf in g;(z,u) satisfy

oo ~ g () (1= 2) T

where ¢, = (t_it)H

(152)

Proof: In order to prove this lemma, we extract the coefficients of u? from (149) as follows

o=z Mo, 1

(t—12Va—=0+e) =D ;)1/2(1—1_3_2)1/2 (153)
e G ()0 e
|

While the above lemma gives the behaviour of the coefficients of u? for any natural number
t, it is interesting to investigate them for particular values. In order to do this, MAPLE
was used to obtain the coefficients for t = 2,...,11 and the results are presented in the
table below.

t singularity | [u”]gi(z,u)
2 3
3 % (?) 22§+2 (1— % z)7F
3 8
4 % (?) 32 ‘22p72<1 - §_3Z>7p
8 5
5 % (25) 221§+4 (1— % z)7F
5° 2 3 26 . 36
6 26 36 (ﬁ) 52 _22p71<1_ 55 Z) b
26 . 36 2 7 ydl -
7 7 G- g2)”
7 24
8 o (M) g (1= 27 2) 7
24 2 18
9 %T (") 72 _322p+6 (1- gﬁ z)7P
18 10,510
10 21(?_ 510 (QP)WG -2 315 z)7P
210 . k10 11 1111 .
11 it () srsmm (- 5o g0~

(2;”)(1 — 42)7P. As expected, these are the
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4.46

4.47

coefficients of u? we found in the monotonic binary trees case (15).

We use the result of Proposition 1.12, with @ = —p, and find that

nyp "t (2p\n"!
(e ~ b () (154)

It follows that the expectation for the size of the ancestor tree for £ = 1 is obtained by

—3/2__nP
T(p+1)

t 2 t\/ T 2
B () e () -

=12 \p) VT 1R

dividing the above with the normalising factor p;q; "n

1
—. 155
Note By putting t = 2 in the above expectation one obtains the same result (19) as in

the monotonic binary tree case.

Next, we proceed with computing the second moment for the size of the ancestor tree
for the particular value k = 1. The second derivative of G with respect to v (evaluated
at 1) is denoted by hq(z,u). After making the appropriate substitutions the following is
obtained

hy(z,u) =

1 <2t(§1(2) —1)g1(z,u)
1= % ()

25 (z) = Dgi(z,u)  ti(z) — Dgi(z,u)
: vi(2) 72 (2) )
N t’zu

Ci(t)(t—D*qn — 2(1 + u))3/2 :

(156)

Lemma The coefficients of u? in hi(z,u) have the form

t2 2 —p—1/2
[u’)ha (2, u) ~ £ 12 < p) (1 - i) 20 (157)
Cy(t)22—1q/"(t — 1)* \ P ‘gl

1/2
where Cy(t) = ( 20 "r) ) .

r%ql (t—1)
Proof: The coefficients of u? in hy are computed from (156) as follows

t?zu t2z -1 1
GOt — 0T 07 GO - o 2y (1= i)

(]

z

a1
3
2

2z z\p-1/ — 2\ —p—1/2
T a0 — 1) ( N E) (p - 1) <1 N E)




4.4 Monotonic t-ary trees

pt? <2p) ( z >p1/2
~ 1—— , 2= Q. 158
Cy(t)22-1q 2 (t — 1)\ P @ ' (158)

The lemma above will be applied in MAPLE to compute some particular coefficients of

uP for t = 2,...,7. The results are summarised below.
t singularity | [uP]hq(z,u)
2 | G a1 -4
Ik ke ?757)/2- i
4 ;)_Z (2;) Ci(t) - 3:£/2 ] 22p—9<1 gi z)7P
5% () o1 - B2
o | iw | Oogshet- 5t
7 %73—6 (2;?) @) (tgl.lz/;? .,];2p+6 (1- 267_736 z)7P

4.48 Note Once again for t = 2 we obtain exactly the same coefficient of u? as in (21), where

C1(2) = 4 was computed earlier in this section.

Now, Proposition 1.12 is employed with @ = —p — % to extract the coefficients of 2™ in hq
2 2 p—1/2
Pl (z.0) ~ per— ()i (159)
CL(t)22- 17 2 —1)4\p ) T(p + 3)

which will be normalised and give the second moment. Thus, the variance for the size of

the ancestor tree for the case k =1 is

W pt* 2\Lp+1) 2p\ -
i C\ (t)2%- 1q1/2(t—1)( )F(p+%) 24’“(2?—1)( ) TOoWn)

(g3 () o0 =

C(t—1)4 1(75)9;/2 24p 1

(160)

4.49 Note If we let t = 2 and C(2) = 4 in the above variance then we get the result from the

section on monotonic binary trees (26).

Case k=2

We conduct a similar analysis on the size of the ancestor tree as in the previous case.

Since the methods are the same as in the case k = 1, the results are presented without
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4.50

much detail or proofs. First, the expectation will be computed. It turns out that the

derivative of G5 with respect to v (evaluated at v = 1) and denoted by go(z, u) is

91(27 u) + Z<1 + ’LL)G%(Z, u, 1) B zyé(z)

g2(2,0) = 1—2t(1+u)G5 1 (z,u, 1) 61
Caw) + 3B - 5i2) — () —n() (161)

B 1 — t(l_/z(z)—gl(z))

72(2)
where we have used the usual substitutions and the fact that
—t

Gz u, 1) =351 (2) = %2(2) . 162
1) =7 = B2 (162)

It is convenient to substitute the known asymptotic expansions in (161) and we obtain

o(2, 1) ~ tvaz — 2 163
g2(2, ) (t—1)(t—1—(%)t)\/q2—z(1+u)’ (163)

since y1(q2) = = (and similarly for 7;(¢2)). This expansion will enable us to look at

T2

the behaviour of the coefficients in go. We note that gy, which appears in (161), gives no
contribution to the main term shown in the asymptotic form of g, (this was easily checked
with MAPLE).

Lemma The coefficients of u? in gs(z,u) are given by

loa= ) ~ TG - L—(5H) (2;) (1-2) " sme 6y

Moreover, the coefficients of 2™ in g, have the form

n 1\"[2p\ nP~t
[2"uP]ga(z, u) ~ (7 1)(tt_1 ~ =) <g> (;)@, (165)

which yield the expectation for the size of the ancestor tree upon normalisation with

— _ b
pagy "0 D)

EE) ~ e ()va (166)

22po(t — 1)(t — 1 —
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One can now proceed with finding the second moment for GGo. The second derivative of

G with respect to v and evaluated at v = 1 yields

L 26(92(2) — 41(2))g2(2, u)
halz ) = T <h1(z’“) + = 72(2) ’
v2(2) (167)
L B@(2) ~ (@) w)  UB(2) ~ 501(2))gs(, U)> _
v3(2) v3(2)

An asymptotic form of g, will be derived by replacing the terms in the above with their
local expansions around ¢-
t2zu

ha(2,u) ~ - , 168
=) Co(t)(t = 12(t = 1= (51)") (g2 — 2(1 +w))*? (168)

and this will make it easier for us to analyse the behaviour of the coefficients in g-.

Lemma The coefficients of u” in hy(z,u) have the form

[uP)ha (2, 0) ~ Pt — (27)) (1-2)"" o,

Co(1)22p-1gy % (t — 1)2(t — 1 — (152 p G
(169)
Finally, the coefficients of 2™ in (168) are
12 ) p—1/2
[2"uPTha(z,u) ~ n+1/2 5 2 ( p> 7171 ) (170)
Co(t)22=1gy ™2t —1)2(t — 1 — (551 \p / T(p+3)
which, upon normalisation, result in the second moment:
2pt?
b n. (171)

VECH (E)paay*(t — 1)2(t — 1 — (151)1)”

The latter will be used in deriving the variance for the size of the ancestor tree for the

particular case G5 as follows

1A

n7p

pt? 2 » (2p\°
pat —1)2(t — 1 — (51)1)? <ﬁ02(t)q;/2 ~ 90y, <p) )n +0(vn). (172)

We are now in a position to produce the usual statistics for the general case. The first step
in getting the expectation for the size of the ancestor tree is to differentiate G, with respect

to v and evaluate it at v = 1. Then we denote it by gx(z,u) and set Gp(z,u, 1) = y(2)

(1= tz(1+ gy (2)gr(z,u) = groa(z,0) + Gr(2) = Ge1(2) — y(2) +yea(2),  (173)
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4.53

since 2y;.(2) = y(2) — yr-1(2) and 2(1 + w)yi(2(1 +w)) = Gr(2) — G (2)-
Lemma [27] The solution to the recursion in (173) is
k

gu(zu) = > [ TI0 = 40+ wyst ()]

=1 i=j

-1

(5;(2) = G-1(2) —y;(2) + yj—1(2)) , (174)

and its dominant term has the form

(175)

k-1

Proof: Both sides of (173) are multiplied with the product [] (1—tz(1+u)g: '(2)). Then
i=1

we sum over the k’s and obtain

10— 21+ w5t 2] (1 20+ W) (Dol w)

=1

k— (176)

)_l

[H(l —tz(1+ u)gffl(z))} (7;(2) = Gj—1(2) — y;(2) + yj-1(2))

j=0 i=1

which yields the required result upon division with ﬁ (1—tz(1+u)y: (z)). The dominant
term in this occurs when ¢ = j = k. Since the sizr_léularities of yr—1(2) and yx_1(2) are
further away from the origin than those of y,(2) and g, (2) they will not contribute to the
main term in gi(z,u) and we do not include them. Thus the dominant term in gx(z,u) is

as given in the statement of the theorem. |

Now we substitute the known asymptotic expansions in (175) and obtain

Vak — 2

(t = 1)(tgr) YD /qp — 2(1+u)

gr(z,u) ~ (177)

which enables us to look at the behaviour of the coefficients in gj.

Lemma The coefficients of u? in gi(z,u) have the form

1 2p Z\7?
[uP]gr (2, u) 22pq]1/(t—1)(t_1)t1/(t—1)(p) i q. (178)
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4.54

4.55

Proof: The coefficients of u? in (177) are computed, as follows

Vi =% S L

BNV e e R (1-zye(i- )"

- 2P 2p (1 2)—17 1 2p (1 z>—P
- 2%(t = 1)(tqr) Vg \ p 0 2% (t — 1)(tqe) VD \ p @/

(179)
as z tends to the dominant singularity g. ]
Finally, we use Proposition 1.12, with o = —p, to obtain the asymptotic expansion for

the coefficients of 2™

1 2p\ nP1
2"uP|gr(z,u) ~ . 180
"oz, w) 220"/ =1 (1 — 1)g1/(-1) (p ) I'(p) (180)

Theorem [25] The expectation for the size of the ancestor tree in monotonic t-ary trees

18

2p
E® ~ P ( > n, n— oo, fixed k. 181
n,p 22pqi/(t71)pk<t e\ p vn (181)

One can proceed with finding the variance for the size of the ancestor tree. The second

derivative of G}, with respect to v (evaluated at 1) is denoted by hy(z,u) and gives

(1= t2(1+ w)gl ()2 0) = hica(2) + 2621+ w)gh ' (2)g(z, 0)

o 152
a1+ w2 u) (= 1).
Lemma [27] The solution to the recursion in (182) has the closed form
k k .
mitzw) = Y {(TIO =0+ 0z (2) 260+ w5, (2)g5(2,w)
j=1 = i=j (183)
+t2(1+ ) 2 (2)gd(z (- 1] |
and the dominant term is

(2,1 ~ 2t2(1 +w)yy ' (2)gr(z,u) + tz(1 + u)gy 2(2)gi(z,u)(t — 1) ' (184)

1—t2(1+u)g; ' (2))
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Proof: We solve the recursion in (182) by first multiplying both sides with the product
k-1

IT(1—t2(1+u)y! *(2)) and then summing up all the hy(z, u)
i=1
k—1
(1 —tz(1+uw)yi ()1 = tz(1+ w)gi ' (2))ha(z,u)
i=1

E
—_

{ H (1 —tz(1+u)y (=) [2t2(1 + u)y;_l(z)gj(z,u)

I
o

J

21+ w)g 2 (2)gi (= w)(t = 1)] | (185)

+

where ho(z,u) = 0. Next, we solve for hy(z,u)

(z,u) (1—tz(1+u =1y _122521 Wy (2 HEAT
;{(g Fu)g () 260+ g (g w) -

+t2(1+u) g 2(2)g2 (2, u)(t — 1)] } .
The dominant term here occurs when ¢ = 5 = k and this completes the proof. |

Furthermore, if we substitute gx_1(z) and gx(2) with their known asymptotic expressions

then hy(z,u) simplifies to

ZU

M)~ = 1 (e = 2(L+ )P (gD (187)

Our analysis requires us to find the asymptotic behaviour of the coefficients of u? and 2™

in the simplified version of hy.

4.56 Lemma The coefficients of uP in hi(z,u) have the asymptotic expansion

—(3+1)/(2(t-1))

» N Pay, 20\ (_E PV
[u ]hk’(zvu) 22p— 1CI<:( )(t _ 1)2t2/(t71) (p) <1 Qk) y Z dk - (188)

Proof: The coefficient of u? in (187) gives the result of the lemma

Cr(t)(t = 1)2(g — 2(1 +u))3/*(tqx) ¥/ @D

z 1
3/2 zu N 3/2
(1-3) (-
qk 1*@

- Y
B pP (2p> (1 z )—p—1/2
2071y ()t — 1)2q7 2 (tgi) >/ =) \ P G

[”]

Cr(t)(t — 1)2q}" (tqr)?/ =)
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2 —p—1/2
~ L (p)<1—i> Lz . (189)
221y (1) (¢ — 12y (a0 \p )\ @

|
Proposition 1.12, with a = —p — %, is then used to find the asymptotic expansion for the
coefficients of 2"
—(3+t)/(2(t—1))—n

n pa; 2p\ nr~'/2
[2"uP]hy(z,u) ~ —— — ( )4 , (190)
BB~ PRI\ p ) T+ 1)

which will be normalised and give the second moment

1 n
e T—Y [2"uP] h(z, w)
e (191)
- pq (+0/2(e=D) (2p) Mp+1) opgy /(1) )
221G () (t — D)V p JT(p+ 3) VTpRCr(t) (t — 1)2¢2/(=1)

4.57 Theorem [27| The variance for the size of the ancestor tree in monotonic t-ary trees is

2 p 2p\’
V) - p ( _ ( ) )n+o(\/ﬁ), (192)
P pk(t _ 1)2t2/(t*1) ﬁck(t)ql(f-i-t)/@(t—l)) 24pqi/(t_1)pk D

for n — oo and k fixed.

4.4.2 The Steiner distance

We begin by presenting the generating function of ordinary t-ary trees which gives us a

starting point for developing the corresponding result for monotonic t-ary trees.

4.58 Theorem [27] The generating function for the Steiner distance in t-ary trees is

20(1 + u)GH(z,u,v) — t20T71(2)G (2, u,v) + 2T (2) (v — t) + T(2) '

F —
(20, 0) 1 —tzTt1(2)

(193)

This result is modified, by replacing T'(z) with yx(z), so that it gives the Steiner distance
for the t-ary tree model in [38].

4.59 Theorem [27] The Steiner distance for monotonic t-ary trees satisfies

20(1 +u)GL(2,u,v) — tzoyy (2)Gr(z, u,v) + 2yt (2) (v — ) + yr(2) .

F —
k(z7 u, U) 1— tzyltcfl(z)

(194)
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It is useful to look at this parameter for some particular values of k. We consider £ = 1,2
and briefly state the statistics obtained for F; and F,. The usual method of computing

the moments is employed.

Case k=1

The first derivative of F; with respect to v, where v = 1, is

— T () (1) — by ()1 (,0) + 2(2) ) (195)

2t\/q1 — 2 tzu

~J —_—

(t—12%/q —z1+u) =12/ — 2y — 2(1 +u)

4.60 Lemma The coefficients of uP in —BFIE)ZU’"’U) ’v:l are
OF (2,4, 0) (p— 1)t 2p ( 2\ P
/2 I S ~ 1— _) . 196
[u ] ov v=1 22p—1(2p _ 1)(t _ 1)2 p @ y & (41 ( )

The coefficients of z™ in the first derivative of £ have the form

(p— 1)t (2p) nP~! (197)

OF(z,u,v)
o=l 22712p = 1)(t - 1)%¢7 \p ) T'(p)

ov

[2"u?]

and their normalisation leads to the expectation of the Steiner distance for £k =1

M plp—1)t 20\ /-
Bor ™ iy -1 - (p > v 1o

The second derivative of I} with respect to v, evaluated at v =1, is
0*F1(z,u,v) B 1
Ov? v=1 1 —tzyt7l(2)
(1w () = 29 (2)gr(2,w) — tegt ™ (@), w)
t2zu 2t2

T - D) — 20+ W) )t — 1) — 2L+ )

(2621 + Wt (2)gn () + (1 + W)z 2(2)gi(z w)(t — 1)

(199)
4.61 Lemma The coefficients of uP in %‘v:l have the form
O?*F —1t? 2 —p—1/2
[Up] 1(Z,U, U) ~ (p ) p (1 . i) .z (200)
0v? v=l Oy (8)220 1 (¢ — 1)4(1;/2 p ¢
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We use Proposition 1.12 to compute the coefficients of 2" in the second derivative of F}

as follows

2Fy(z,u,v —1t? nP=1/2
{Znup]a Fi(z,u,0) N (p—1)t (2]?) (201)

Ovt =t Oyt - 1) TP\ ST+ 3)

which, upon normalisation, give us the second moment and this will be used to compute

the variance of the Steiner distance when £ =1

v =D ( 2 P (2p)2>n. (202)

" = DI\ roy (g 292 (2p — 12 \ p

Case k =2

The first derivative of Fy with respect to v, where v =1, is
OF5(z,u,v) B 1

v v=1 1 —tzyi (2)

— by ()a(z0) — eyl (2)ga (2, w) + 2h(2) )

2t\/qs — 2 tzu

~ —_

(t—l)(t—l—(%)t) g2 — z(1 4 u) (t—l)(t—l—(%)t) G2 — 2(1 4 u)

(200 + Wah(2) + (1 + ) (2)ga(z, )

(203)
4.62 Lemma The coefficients of uP in W‘Fl are
1\t _
2w (p— 1)t 2p (1-2)7 =
T R G R VE e (R e A A
(204)

The coefficients of z™ in the first derivative of F5 have the form

n, pOF2(2, u,v) (p— 1)ttt 2p\ nP~!
[z"uP v v=1 ~ 220-1(2p — 1)(t — 1)2(tt — (t — 1) 1)g (p) T(p) (205)

and their normalisation leads to the expectation of the Steiner distance for k = 2

£ p(p — D! (229) i (206)

w9 (o~ 1)t — DA — (= U s \ p
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The second derivative of Fy with respect to v, evaluated at v =1, is

0?Fy(z,u,v) B 1
o2 v=1 1 —tzyt 1(2)

+tz(1 4+ u) gy (2)ha(z,u) — 2tzys 1 (2)ga (2, u) — tzys H(2)ha(z, u))

(2621 + ) (2)galz,w) + (1 + W)z 2(2)g3(z w)(t — 1)

t22u
Colt)(t = 1)2(t = 1 = (5)) (g2 — =(1 + )2
B 2t

Cot)(t— 12(t — 1= (=) /go — 2(1 + u)

(207)
4.63 Lemma As z — g, the coefficients of u? in %’Uﬂ have the form
v o=t (0221 (L — 1)A(H — (1 — 1)t1)2q/ 2 \ P G2 '

(208)

Proposition 1.12 is used to find the coefficients of 2™ in the second derivative of F;, as

follows

[2"uP]

0*Fy(z,u,v) (p— 1)t2+2 (2p> np=1/2
7l T Gz e — g\ T )
(209)

and they will be normalised in order to compute the second moment. The latter is

employed in the derivation of the variance of the Steiner distance for k = 2

@ (p — 1)+ 2 __Pe=b  (2\
Yo (= D)HE = (t = 1)"1)%ps <\/7_T02(t)q;/2 2499-2(2p — 1)2p, (p> > - (210)

The focus of the analysis shifts to the general case now. The first moment is computed by
differentiating F} with respect to v and evaluating at v = 1. Then the known asymptotic

formulas are substituted in to simplify the derivative

aFk(za u, U)

du oot 1—tzyl 1 (2) (Z“ +u)gi(2) + t2(1+w)gh " (2)gk(2, u)

=ty ()(z 0) — el (2)an(z,0) + 244(2))

2\/Qk —Z

(t — 1) (tq)V D/ g, — 2(1 + u)

- - (211)

(t — 1)(tq)VED/qr — 2/ qe — 2(1 + u) ’

~
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4.64

4.65

and this enables us to consider the behaviour of the coefficients of ©? around their domi-

nant singularity q.

OFy (z,u,v) ’
ov v=1

p R0 po1 N[ iy
] v v=1  220=1(2p — 1)(t — 1)(tq)Y/ ) (p> (1 qk> : (212)

Lemma For z — ¢, the coefficients of uP in are

Proof: The coefficient of u? from the first term in (211) is

[up] 2\/%7_2 _ 2( _qi’“>1/2 [up] !
(6= D00V = 2w - =DMV ey

B 2P 2p <1 z>*P 1 2p (1 z)*P
22t — 1) () Vg \ p a 2271 (t — 1) (tq)V/ =D \ p @/

for z — q. Moreover the second term yields

ZU

— [uF] (t— 1)(tqk)1/(t—1)\/qk7_2 . — 2(1 +u)

(214)

Ty - 1)(tp— 1) (tq) /0D (?) (1- ;—k)_p,

around the dominant singularity ¢,. Adding these two coefficients gives the result of the

lemma. [ |

Next, the coefficients of 2™ are computed as follows

aFk(z, u, U) N (p — ) 2p np—1
bu 2271(2p — 1)(E = 1)(tg) Ve <p ) L(p)’ (215)

[2"uP]

which will be normalised and give the first moment.

Theorem [27] The expectation of the Steiner distance in monotonic t-ary trees is

-1) 2p
E® p(p fixed k . 21
P 22=1(2p — 1)(t — 1) (tqr) YV \ p Vi, n = 00, fixe (216)

We proceed by computing the next moment for the Steiner distance. After differentiating

F}, twice with respect to v (and evaluating at 1) we get

O?F(z,u,v) 1

= (202U w)g (2)gelz, ) + 121+ )k (g, )~ 1)

ov? v=1 1 —tzy; 1(2)
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+tz(1+4 u)y};—l(z)hk(z, u) — 2tzy,i_1(z)gk(z, u) — tzy,i_l(z)hk(z, u))
ZU 2

Cro(t)(t — 1)2(tqr)> D (g, — 2(1+ )32 O (t)(t — 1)2(tqe)¥ D\ /qr — 2(1 + u)
(217)

~

This asymptotic expression makes it easy for us to analyse the behaviour of its coefficients.

4.66 Lemma The coefficients of u? in %‘uﬂ are
0?Fy(z,u,v) p—1 2p 2\ —P—1/2
[up] ~ (].——> s z — Qk .
Ov? o=l 210 (4)(¢ — 1)2t2/(t—1)q](€3+t)/(2(t—1)) p O

(218)

Proof: The coefficients of u? from the terms in (217) are extracted as follows

P A
O = TP (s — 2( + W)
_ Z p—1 1
o _1)2 2/(t—1),3/2 [w"™] 3/2 U39
k() (t—1)2(tqr) Q, (1 _ 1) (1 T
dk -

B pP (2p> (1 2z >—p—1/2
22010 (1) (t — 1)2(tqe)?/ =D/ \ p QK
2 —p—1/2
N p (p) (1_3) 2= g, (219)

22010 (8)(t — 1)2(tqe) ¥ Dg> \ P

and similarly

2
— [uP]
Cr(t)(t — 1)2(tqr)> D \/qr — 2(1 + u)
1 (2])) < 2 )-p—1/2 (220)
~ - y & gk -
220-1C, (1) (t — 1)2(tgy)/ Vg, /> \ P 0
By adding these two coefficients we obtain the result of the lemma. [
The last required coefficients are:
[ n p] 82Fk(z7u7 U) p—1 (2p> np=1/2
M| —— " ~ 7
ov? v=1 2210y (¢)(t — 1)2t2/(t—1)q]£3+t)/(2(t—1))q]? p)T(p+ %)

and after normalisation they give rise to the second moment.
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4.67 Theorem [27] The variance for the Steiner distance in monotonic t-ary trees is
vk (p —1) ( 2
n.p 242/(t—1) (3+)/(2(t—1))
VECk(t)ay Pk (221)

p(p—1) 2\ >
 oap2 2,2/=1) ( >”+0(\/ﬁ), n — oo, fixed k.
2772(2p — 1)%q; pr \P

4.5 Monotonic ordered trees
We now consider the class, By, of ordered trees whose nodes are monotonically labelled

with 1,2, ...,k and we let ’/B; be the class of ordered trees whose nodes are monotonically

labelled with 2,...,k + 1. The defining equations for the classes By are given in [38] by

CUTALAIN
TUOTALAN

%k:%k—l‘f“@—f—...

4.68 Theorem [38] The generating functions for monotonic ordered trees are

SR ETE
y2(2) = y(2) + 1%@/2(2)7
() = () + T (222)

The results in this section contain various constants depending on k. They are illustrated

in the table below and specific values are given for the first few cases of k.
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4.69

4.70

Monotonic ordered trees
constant k=1 k=2 k=3
qk::;% 1/4 4/25 100/841
et = T+ 55 1o = 1 2 5/2 29/10
yr(qr) =1— 1/2 3/5 19/29

4.5.1 Size of the ancestor tree

In chapter one, we have presented the generating function for ordered trees. We can easily

adapt that result and obtain the functional equation for monotonic ordered trees.

Theorem [25] The generating functions for the size of the ancestor tree in monotonic

ordered trees are

20(1 + u) 2(1—w)

P =bB_
k(25 U, v) k-1 (2,0, 0) + 1—P(z,u,v) 1 —yp(z)

, Po(z,u,v) =0. (223)

As usual, statistics for this parameter will be computed. We begin by looking at two

particular values of k.

Case k=1

After differentiating P; with respect to v and then setting v = 1, we get
1 -1 1
M) = (1- ST ALY 2
(1=121(2)) 1—=51(z) 1=z

= (1- 2 ) ) - e,

1—191(2)

(224)

0P (z,u,v) ‘
ov v=1

expression for the first derivative of P; around the dominant singularity ¢; = i will be

where = Ai(z,u) and Pi(z,u,1) = y1(2(1 + u)) = 1(2). An asymptotic

obtained by substituting the known expansions in the above

- vai — =
Ai(z,u) NI (225)

which enables us to look at the behaviour of its coeflicients.

Lemma The coefficients of u? in Ai(z,u) are

[uP] Ay (z,u) ~ 22;2 (2;)) (1—-42)77, z — i . (226)
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Next, the coefficients of z" in A; will be computed using Proposition 1.12
4n (2p\ nP~t
"uP|Ay(z,u) ~ , 227
i) 22p+2(p>F(p) (227)
and upon normalisation by piq; "n~3/2 F(;il) (where p; = ﬁ) they yield the expectation

4.71

of the ancestor tree for k =1

B0 L PYT (2p ) NS (228)

n,p 22p P

The second moment can be computed now. By denoting the second derivative of P; with

respect to v (evaluated at v = 1) with B;(z,u) one gets

(204w Ne2z(I4w)Ai(zw) | 22(1 4+ u)AR(z,u)
Blen=(-g0or) Caoner + Goner )
o Be) A\ 2R | 2 A
_<1 1—??1(2)) ( 1—(2) " (1—51(3))2>

~ 229
16dy (g1 — 2(1 + u))3/2” (229)

around the singularity ¢;, where d; = 1. This local expansion helps in determining the

behaviour of the coefficients of v and z" in B;.

Lemma The coefficients of u? in By(z,u) have the form

p (2p —p—1/2 1
[W)By(2,1) ~ s (p) (1 - 42) Tt (230)

Furthermore, the coefficients of 2™ are

4"p (2p nP—1/2
[2"uP]| By (z,u) ~ ( >7 : (231)
202\ p ) T(p+3)

which will be normalised in order to compute the second moment

pVT (217) Lp+1) (232)

22 \p/T(p+3)

Then, the variance for the size of the ancestor tree is

2
W (1 PT (2P )
Vo p(l i <p n, (233)

2
pr (2p
where 1—271,(10) — 0 as p — oo.
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4.72

4.73

Note The asymptotic values of Eflll), and vn(;) obtained above coincide with those of the

ordered trees considered in their chapter.

Case k=2

The derivative of P, with respect to v, evaluated at v = 1, which is denoted by As(z,u)

gives the following

As(z,u) = <1 _ (2(1—+1L)>1<A1(Z,U) + 12(_1;;(??) 1 _22(z)>

1 2
= (1 E N ) 4 2)  a2) e (2) - (2)

~ , (234)

and this expansion makes it possible to look at the behaviour of its coefficients.

Lemma The coefficients of u? in As(z,u) are

1 2p 252\ —p—1/2 4
P ~ _ -
[ As(z0) ~ = (p) (1 - ) i (235)
Then the coefficients of 2™ in A5 have the form
1 25\" (2p np
"uPlA ~ (—) - 236
[2"uP| Ay (2, u) AW (p)F(p—l—U’ (236)

so their normalisation leads to the expectation for the size of the ancestor tree

2
E?) ~ 2 < p) Jn. (237)

5-2%p, \ p

One can proceed with computing the next moment. Let Bs(z,u) be the second derivative

of P, with respect to v (evaluated at 1). Then we obtain

(2 +u) N o 22(1+u)As(z,u) = 22(1 +u)A3(z,u)
Baled = (1) (Bl = O T )
_ (1 _ (yZEZE;QZ(JSZ))) <B1(z,u) I 2(72(2) 531;2/2(2)142(2:”) i 2(y> 221—_?@523;2(3’“))
= (238)

™ 25dy(gs — 2(1 + w))32

and the behaviour of the coefficients of u? around g5 is presented in the next lemma.
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4.74

4.75

Lemma The coefficients of uP in By(z,u) are

P 2p ( 252)-20—1/2 4
"B ~— P i iy 2
W1Baz ) ~ S omig, (p) 4 T (239)

The other required coefficients in the second derivative of P, are given by

P 25\ (2p\ nP~1/?
") B ~ 7(—) S 24
1Bz ) ~ o (p)F(er%)’ (240)

which will be normalised in order to obtain the second moment. Finally, the variance for

the size of the ancestor tree in the case k = 2 is

D 2 P 2p 2
AN < — ) . 241
P 25ps \\/Tdy  2*Ppy \ p " (241)

The results presented above will be generalised now. The expectation for the size of the

ancestor tree is the first quantity of interest. We denote the derivative of Pj with respect
to v (evaluated at 1) by Ag(z,u) and let Py(z,u,1) = yr(2(1 + u)) = yx(2). This gives

Ap(z,u) = (1 N U))2>1 <Ak—1(2,u) ) - )

(1 —n(2) 1—ge(z)  1—w(2)

- (1- @’“(i)__gi’zz;(z)))_l (A ) + 3(2) = s (2) — () 0 ()

(242)

Lemma [27] The solution to the recursion in (242) is

J

Ak@‘v“):,z[H(l—%)_l(f&l;a N 1—2]-(,2))}’ (243)

Jj=1 =1

with Ag(z,u) = 0, hence the dominant term has the asymptotic form

aien ~ (- 7505 (G - ) .
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k=1
Proof: We multiply both sides of (242) with the product [T (1— (12_(;5)))2) then sum over
i=0 '

the k’s and obtain

k—1
2(1 4 u) 2(1 4 u)
11— 2T V11— 22T VA(zu
(- m5mr) (- T pem) 4G
bl (245)
B [H(l_ 2(1+u) ><z(1+u)_ z )]
=l (1=%:(2))?/\1=g;(z)  1-y;(2)/]
k
The result of the lemma is obtained by dividing this with ]] (1 — (lzf(;(':)))g) and the
i=0 ‘
dominant term occurs when ¢ = j = k. [

Now from [38] one knows the following: the local expansion of the generating function

Uk(2) = ye(ar) — div/aw — 2 + O(qr — 2)
—1— /@ — di/ar — 2+ O(qi — 2) (246)

as z — q. The recursion of the y;’s around the dominant singularities is

Yei(qr) =1 —nw, (247)

for w = Tll = /q. and one also has
Uk—1(qe) =1 —rmw=1-2/g. (248)
We observe that ;—=— = Yr(2z) —yr—1(2) (and similarly for gx(z)), so these are substituted

into (244)

VU — Z
/e — 2(1+u)

This expression for the first derivative makes it possible for us to find the asymptotic

Ak(z,u) ~ (249)

behaviour of the coefficients of u? and 2" around their dominant singularities gy.

4.76 Lemma The coefficients of uP in Ag(z,u) are

1/2 _
q 2p Z\ P
[uP]Ag(z,u) ~ 22’;“ (p) (1 - i> , 2= Q- (250)
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Proof: We proceed by finding the coefficient of u? from (249), which proves the result

2 (] _ 1/2
] VN — = _ Ay, ( - q_k> ] 1
R (-2) (0-%)" e
a2 (2 N4 (2 2\
= T ozptl (1__> ™~ 92pt1 <1__> 0 27 k-
2°p p Tk 22pHE\ p Tk
|
Next, the coefficients of 2™ are computed
1/2—n —1
n q 2p\ n?
[2"uP]Ag (2, u) ~ 2’“2p+1 (p ) ) (252)

which will be normalised in order to find the first moment.

4.77 Theorem [27] The expectation for the size of the ancestor tree in monotonic ordered

trees is asymptotically given by

2
E® o PV <p)\/ﬁ,n—>oo,ﬁxedk’. (253)

Now we move on and compute the variance. For convenience, the second derivative of Py

with respect to v, evaluated at v = 1, is denoted by By(z,u), and it follows that

214w ) = o 22(1 +u)Ag(z,u)  22(1+ uw)A2(z,u)
(- TR Ble ) = B+ = o=+ =

4.78 Lemma [27] The solution of the recursion in (254) is

. (254)

Bi(z,u) = i [ﬁ (1 B z(1 +u))2>—1<2z(1 +u)A;(z,u) N 22(1 —i—u)A?(z’u))] |

= (1 —5i(z) (1 —9;(2))? (1 —y;(2))?
(255)
with dominant term
2(1+u) \“1/22(1+u)Ap(z,u)  22(1+u)Ai(z,u)
B~ (=g mr) Cacaer * aonpp ) 09
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k—1
Proof: By multiplying both sides of (254) with the product [] (1 — %)amd then
i=0 ’

summing all the k’s, the recursion becomes

k—1
- o) (- ) B (257)
B : 257
= 2(14u) \ /22 (1+u)Aj(zu)  22(1+u) A%(z,u)
= I0-a5ep) Caer * awer )
or simply
K J z U -1,2~ u)Aj(z,u 22(1 u)A?(z,u)
s =2 I Sor) Casiar asaer )
(258)
and from this the dominant term arises for i = j = k. |

After substituting in the known asymptotic expansions, (256) simplifies to the following

2Uq
B ~
and this expression is used in analysing the behaviour of its coefficients.
4.79 Lemma The coefficients of uP in By(z,u) are
1/2
pa; " (2p Z\ P2
[up]Bk’(Zau) ~ dy, 22p+1 (p) (1 o &) y 27 k- (26())

Proof: The extraction of the coefficient of u? in (259) gives the following

1
3/2 zu N 3/2
(1-3) (-2
o T (261)

= —————7 - — ~ - — Z = qp .
221,72\ p Q 2°Pthdy \ p Q ’ o

» ZUQ _ Z -1
[U ]4dk<Qk — z(l + u))3/2 4qu;/2 [U ]

Moreover, the coefficient of 2™

1/2—n —1/2 1-n —1/2
2 P 2 p
[2"uP| Bg(z,u) ~ qu2 1( p) n i Dy _ 2( p) o -, (262)
dp 22\ p JT(p+3)  Vap2?@t2\p /T(p+3)

and it yields the second moment upon normalisation.
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4.80

4.81

Theorem [27] The variance for the size of the ancestor tree in monotonic ordered trees

is asymptotically

Pk (1 p (2p\°
Vég)zg<ﬂ—24p+2(p> >n—|—(’)(\/ﬁ), n — oo, fixed k, (263)

1 _ _p (2p)\2
and - 24p+2(p) — 0 as p — 0.

4.5.2 The Steiner distance

Once again, the derivation of the generating function for this parameter is most convenient
when we use the defining equation of the Steiner distance in ordered trees as a starting
point. This was presented already in the previous chapter on ordered trees, but for

convenience we give it below

P(z,u,v)(1 = gt) — Gwey?
S(z,u,v) = : u N(z))z U=NE)® (264)
NP

Then, one can modify the above to produce an equivalent result for monotonic ordered

trees.

Theorem [25] The generating function for the Steiner distance in monotonic ordered

trees is given by

Pk(Z7U,U)<1 - > 200y (2)

1—yi(2))? (1-yr(2))?
S = . 265
k(z7 u, U) 1 — (1_2;(2))2 ( )

As usual we first settle particular cases of k£ before looking at the general analysis. For
k = 1 this has already been done in the chapter on ordered trees. Therefore we consider

the case k = 2 only.

Case k=2

In order to find the expectation Sy is differentiated with respect to v (and evaluated at
v=1)

. 20 (2) 29 (2)
0%z, u,0)| A2(27“)(1 - (1—yz<z)>2> T Twe? T Twor
81) v=1 1— (1—y§(z))2
@) p@@E-ne) | pE0mE-ne)
AQ(Z?U) (1 1—y2(z) > 1—y2(z) T 1-y2(2)

1— (y2(2)—y1(2))
1—y2(2)
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4.82

4.83

2y/qs — 2 Zu (266)
5v/ G — z(1+u) 5y —2 q2—z(1+u)’

where A, is the derivative of P, as defined in the section for the size of the ancestor tree.

Then the behaviour of the coefficients around gs will be investigated below.

BSQ (Z7U7U) ‘
ov v=1

1 2 252 - 4
~_— P P (1—2> o2 (267
=1 5(2p—1)22-1\ p 4

Lemma The coefficients of uP in are

0Ss(z,u,v)
ov

[w]

The coefficients of z™ in the first derivative of S, are

o r-1 <2p) ! (268)

v=1 5(2p—1)2%"1gz \ p ) T'(p)’

055(z,u,v)
v

[2"uP]

and after normalisation they lead to the expectation for the Steiner distance

—1 2p
E® ~ P . 269
"5(2p =122 gy \ p vr (269)

Now the second moment will be computed. The second derivative of Sy with respect to

v,atv=11s

(y2(2)—v1(2)) 242 (z,u) (y2(2)—y1(2))
02S5(z,u,v) Bz(z,u)<1 - yzl—yz?ﬁ) > - 1—3222(@ -
R ENCREENE)
v 1 1= 200 (270)
3zu 2(q2 — 2)

- 25dy(qa — 2(1+u))32  25dy(qe — 2(1 4 u))3/2”

where Bs is the second derivative of P, with respect to v, as introduced in the previous
section. This asymptotic expansion enables one to look at the behaviour of the coefficients

in the above derivative.

Lemma The coefficients of u? in %‘021 have the form
02S55(2,u,v) p—1 (2p 252\ —P—1/2 4
pl——=— 2 ~ 1-— —) — . 271
[+] ov? v=1 H-2%°dy \ p < 4 27 or 271)

Next, the coefficients of 2" will be computed using Proposition 1.12
2 -1 2 p—1/2
a SQ(ZJ u, U) ~ p p n — (272)
ov? v=1 5:2%dyq3 \ p )(p+3)

[2"uP]
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and their normalisation will give the second moment. Thus the variance of the Steiner

distance is

v<2>Np_1< L p—1 2p 2>n (273)
P bpe \y/mdy  5(2p — 1)2242py \ p ’

Our focus shifts to the general case now. To compute the expectation, we differentiate

Sk with respect to v and evaluate at 1. Then we substitute in the known asymptotic

expressions and get

_ 2 __zk(2) 2yx(2)
0Sk(z,u,v) B Ak(z,u)<1 (l—yk(z))2) TuG)? T Tyl
v = L= twor
(yk(2)—yk—1(2)) k(D) Wr(2)=yk-1(2) | ¥k(2)(Wr(2)—yr-1(2))
B Ak(sz(l ST ) - 1=y (2) + 1=y (=)
o 1— (ke (2)—yr—1(2))
1-yi(2)

VUGN U — 2 B 2U/ Qg
a—2(1+u) 2@ —2/qr —2(1+u)

This simplified expansion helps us with finding the asymptotic behaviour of the coefficients

in the first derivative of Sj.

ask (Z,’U,,’U)
ov

) OSk(zwv)| 0> (p—1) (2p) (1 2

o =1 (2p—1)22\ p o

4.84 Lemma The coefficients of uP in |v:1 have the form

Proof: We compute the coefficients of u? in (274). The first term gives the following

) IV ZE (g Y, !

=4 - P
q — 2(1 +u) "

2P 2p Z\"P q,iﬂ 2p Z\"P
(2)0- 27~ B ()0- 27 -
PR p k 2?7\ p qk

Finally, for the second term in (274) we find

1/2 .
2
B [up] ZUA/qk Py, ( p) <1 _ i) p’ Z— Q. (277)

N — 2V — 2 ta)  2%(2p—1)

The result of the lemma is obtained by adding these two coefficients.

p qk

(274)

>7p, Z = q. (275)

1/2 zu \ 1/2
(1-%) (1-7%)
o KD (276)
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Now it is easy to find the other coefficients:
OSk(z,u,v) q,iﬂ (p—1) (2p nP~!
[z "uP ] ———— ~ a " ) (278)
ov =1  (2p—1)2%\ p ['(p)
and they are used to find the first moment.
4.85 Theorem [25] The expectation for the Steiner distance in monotonic ordered trees is
1/2
. 4 plp=1) (2p
E.) @ — D2 \p Vn, n— oo, fixed k. (279)

4.86

Finally, the variance of the Steiner distance can be analysed. The second derivative of Sy

with respect to v (evaluated at v = 1) yields

(ke (2)—yu—1(2)) 245 (2,u) (Y (2) —yr—1(2))
0?Sk(z,u,v) Bi(z,u) (1 - 1*1/:(2)1 ) - 1fkyk(Z) =
o0 et EECROETEE)
v 1 1 ) (280)
3zuq @ (g — 2)

T ddy(qe — 2(1+ )32 2di(qr — 2(1+w))32

This asymptotic expression is used to find the behaviour of the coefficients of u? and 2"

in the above derivative of Sj.

Lemma The coefficients of u? in %‘Wl are
929 120 1) /92 —p—1/2
[up] k(z;uv U) ~ 4y (Z; - ) D (1 _ i) , 2 — (- (281)
v v=1 dy 227+ p Tk

Proof: One proceeds by computing the coefficients of u? in (280). For the first term we
find

3zuqy, 3z 4 1
[u”] 32 12 [w™] 3/2 2w\ 3/2
Ady(qr. — 2(1 4+ u)) Adyq, (1 _ i) (1 o u )
% " (282)
3pzP 2p <1 z >P1/2 3pq,1/2 2p (1 z >p1/2
= —F> - — ~ - — Z = Q.
22012712\ p e 22t1dy \ p Qk ’ o
For the second term in (280) we obtain
—z 20+ 1)g/” (2 2\ P12
— [u] AU ) 75 ™ _( p2 +1)qk P (1 — —> , 2= Q- (283)
2di(qr — 2(1 4+ u)) 22rtld), P Qk

By adding these two coefficients we get the result of the lemma. |
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4.87

4.88

4.89

Then one finds that the coefficients of 2" are:

625 1/2-n, 1 9 p—1/2
R G qk—g%)( p) L (284)
v v=1 d.2°p p)T(p+3)
which will be normalised to produce the second moment.
Theorem [27] The variance for the Steiner distance in monotonic ordered trees is
-g* 1 Pe-1e” ()
v 21 ( - k Jn+0 fixed k
" Pr ordy  2w(2p— D \p ) )T (V). m = oo, fixed k.
(285)
n 1 p2(p—1)ay> (2p\2 0
WHELC 3 7md, — 2% (2p—1)%p (p) U asp T oo

4.6 Monotonic non-crossing trees

4.6.1 Introduction

This section is based on non-crossing geometric configurations built on vertices of a convex
polygon in the plane as described in [8]. Let P, = {v,vs,...,v,} be a set of points
conventionally ordered counter-clockwise that are vertices of a convex n-gon. A non-
crossing graph is defined as a graph with vertex set P, whose edges are straight line
segments that do not cross. We recall that a graph is connected if any two vertices can
be joined by a path. A tree is a connected acyclic graph and the number of edges in a

tree is one less than the number of vertices.

Definition [8] Let d be the degree of a vertex vy in a non-crossing tree t. Then ¢ is a
sequence attached to vy of d ordered pairs of trees sharing a common vertex. Moreover,

a butterfly is an ordered pair of non-crossing trees with a common vertex.

The name aims to convey the idea that the pair of trees looks like the two wings of a
butterfly. If v; has degree d, then the non-crossing tree ¢t can be identified with a sequence
of d butterflies pending from v;. Or more simply: to the root vertex we attach an ordered
collection of vertices, each of which has an end-node that is the common root of two

non-crossing trees, one on the left of the edge and the other on the right of the edge.

Theorem [8] The number of non-crossing trees with n vertices, T, is

1 3n—3
T, = : 2
2n—1(n—1) (286)
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4.90

4.91

U1

IO

- J

Figure 4.5: Butterflies pending from vertex v;

If T(z) and B(z) denote the generating functions for non-crossing trees and butterflies
respectively, then the following equations hold
z T?(2)

=15 B(z) = — . (287)

T(z)

where the division by z in the second equation occurs because one identifies two root

vertices to form a butterfly.

Bijections between ternary trees and non-crossing trees have been constructed in [31]. It

turns out that the number T}, of non-crossing trees of size n satisfies

1 an
Ty =t, with t,=—— , 288

H b 2n+1 ( n ) (288)
where t,, enumerates the ternary trees of size n. Thus a useful relationship between these

classes of trees can be established.

Theorem [31] The number of ternary trees of size n, t,,, satisfies the recurrence

3(3n — 1)(3n — 2)t,_1 = 2n(2n + 1)t . (289)

In this section we are concerned with the analysis of the monotonically labelled non-

crossing tree model.

Theorem The generating functions for monotonic non-crossing trees is

z
yi(2) = yr-1(2) + EE Yo(z) =0. (290)

z
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4.6.2 Singularities

We have seen in previous sections that tree generating functions such as the one for non-

crossing trees above are best dealt with using singularity analysis. One needs to manipu-

late (290) in order to get it into a more convenient form. First, we use the transformation

2= 7>

2 2 z?

uk(Z27) = e (Z7) + —5z w0(2) =0,
1— %2
72
and then put Ty (Z) = %Zz) which gives
Z2
Ty 2) = 2Tk 1(2) + ———
(2) k1 ( )+1—T,3(Z)’
or
Te(Z) =T 1(2) + z

Upon differentiating with respect to Tx(Z) we obtain

2Tk P

1= Ak
(=P

for Z — py, and Ty,(Z) — 7%, so we have an expression for py in terms of 7

1 —72)?
Ly
2Tk

Then (293) becomes

Q-7)? 1
2ry 1 =T} (pr)’

Ti1(pr) = Tj(px) —

moreover
Q-2 1

27y 1 - TkQ_l(pk) '

Ti—1-1(pr) = Tei(pr) —
For convenience, we let r; = Ty (py).

(-7 1
27—k 1—Tl2

Tiy1 =71 —

(291)

(292)

(293)

(294)

(295)

(296)

(297)

(298)

We know that ro = 7 and rp = 0. So we must solve equation (298) which produces the

Tx. The solutions which tend to one are relevant, since pr — 0. We consider 7 to be the

special values of ¢ which solve the equation r(t) = 0 for t ~ 1. Then we must solve the
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recursion
(1—-¢3)?% 1
=r — : 299
Ti41 =T o 1 Tlg ( )
Since ry = t, the first term in (299) is
(1-1%)
=t— 300
1 o ( )
and it has the following series expansion around ¢ = 1
r=1-2(1-1t)+0((1-1)?. (301)
We substitute this expression for r; into the recursion for ro
(1—-t3)?% 1
o =71 —
2t (1—1%) (302)
(1—t%)? 1
~1-=2(1-1t)— ,
2t (1—(1—-2(1-1))?
and the series expansion of ry around ¢t =1 is
5
ry=1-— 5(1—zt)+(9((1—t)2). (303)
Similarly,
29
ry=1-— E(l — 1)+ O((1 —1)?). (304)

Proceeding in this way we find the series expansion around ¢t = 1 for the k-th term in the
recursion. First, we let 7,1 =1 — By_1(1 —t) + O((1 — t)?). Then

11—t 1
Tk = Tk—1 —
2t 1—1ri | (305)
1— By_q(1—1) (-2 !
i 2t 1—(1—By(1—1))?
and 7 has the following series expansion around ¢t = 1
re=1=(Bii+5— )1 =)+ 0((1-1)?)
Br (306)

=1-Bi(1-1t)+0((1-1)%).
Thus we have obtained an asymptotic recursion for the r;’s
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and a recursion for the Bj’s
1
Bk == Bk—l + 5 BO =1. (308)
By
The solution to (308), which can be handled similarly to De Bruijn, [3], is
log k
Bk:kﬂogmo(oi ) (309)
Next, we solve the equation ri(t) = 0, that is 1 — By(1 —t) = 0, and we get
1 1
B. ~ ~1l——. 310
b 1-— Tk ’ Tk Bk ( )
Since 73 is “known” approximately for k& — oo, we have an expression for p
1-(1-5))? (@2B,—1?2 2
~ = ~—, k . 311
P 21— 1) 2B} B —1) k2 T (811)

The local expansion of T} about p, starts with

Tk(Z)N)\k—uk\/pk—Z, Z—>pk (312)

and from Ty, (Z) = %Zz) we obtain

yr(Z2) ~ MZ — 2/ pr. — Z

(313)
~ NPk = HkPeN Pe — Z -
Now we need to go back to z in the above local expansion. We observe that
P = 2% = (px = Z)pr + Z) ~ 20(pr — Z),  Z — py. (314)

Thus p — Z ~ ﬁ(pz — Z?) and since z = Z* it follows that Z — p; and z — \/py, so

PE— Az~ i(pi — z). The local expansion for y; becomes

yi(2) ~ A —uk% -z 2=k (315)

The constants A\; and pg are known for k — oo so it remains to produce an asymptotic

form for the py’s.
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4.92 Lemma The constants i have the asymptotic form
2
u/w%kl/?, k— oo. (316)

Proof: From Harary and Palmer, [17] and the Preliminaries chapter, we know that the

constants ;. can be computed by means of the equation

1 1% ? . /

z 22

. Z(—ka(Z)y,Q(Z) 1 yi(Z))

: (318)

z

1_@ a (1_?!1%(2))2

which simplifies to

<

2yk<z) / o 1 yl%
(1 - m)yk(@ = Yp—1(2) + g0 S(1- z(z))g : (319)

z

This first order recursion can be solved as follows. We multiply (319) with the product

k-1
2y; . .
I (1 - (yyf((z)))» Then, a more convenient notation is introduced
i=0 1=

k—

an(z) = H1 (1- %) (1 kayéfj) (2. (320)
i=0 (1-%7) (1-%7)
which gives the new recursion
ak(2) = ax1(2) + ﬁ (1- 2:(2) )( L wl) ). (321)
o (1-EE)Y A omE (1 - )
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k-1
and, after dividing through by [] (1 — (2&» the solution to (319) is obtained

=0 O
o= T (- 200 ()
ST (1 2000 — a6 () =
- <1 y(2) _Zyj—1<z)> (yj(Z) _Zyj1(2>>2>
— Zk: [ ﬁ (1- 2yi(2)(yi(2) — ym(Z))Z)] 1<(yj(z> — Yi-1(2))(22 —y;(2) + yjl(z))> |
J=0 i=j+1 -
where 1 — y’%z(z) = (Z)*Zk—l(z)' The dominant term here occurs when ¢ = 7 = k and since

the singularities of y,_1(2) are further away from the origin than those of yy(z) they will

not contribute to the dominant term in the first derivative of y; which is asymptotically

yi(2)(22 — yi(2))
22— 2y3(2)

y(2) ~ (324)

As z — p? we have yy(2) ~ A\ppr and y,(2) — o0, so the limit in (317) is of indeterminate

form oo - 0. Then (317) is written to make use of I’'Hopital’s rule

1< Pr )2 oMo —ue(2) o —u(z) L (k(2)°
— = lim —————= = lim v =1 ) 325
2 Mk\/2pk z—>pi y'L(Z) z—>pi _/L(zl z—>p% yg(z) ( )
k (y5,(2))
Now (290) is differentiated twice with respect to z
2 -2
yi(z
() = U 1(2) + QU4)? + 2m ) (1 - ) -
N 22( _ 2(2il2) yi(22>)2<1 B y%(2)>—37
z 2 z
and simplification yields
2y (2 y2(2)\ 2
(1= 25 Yyre) = () + 20002 (1 - L2)
1 — % ) A
(1= (327)
I TICVIC B C) T ENS
z 2 z

z

k-1
In order to solve this recursion, we first multiply (327) with the product ] (1— %)
i=0 1--
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and rewrite the terms in a simpler notation

-T2 0- 2w e

z

z

The new recursion

bk(z):bkfl(z)ﬂ:[ (1_ 20:() )2)((2(%52))2 L2 ; + % )2>7 (320)

e (18

~

is iterated k times which gives

Pl 1))2 () | ()N 2
23/1‘(2) 2(yj(z)) 22( — AR )
be(z) = bo(z) + 1— " - . |
) =+ LT 0= ) (o oy )
(330)
k=1
Upon division by (1 — %), the solution to (327) arises
=0 171T
yl(z) = Zk: [ : (1 _ 23/7@)” 1( 2yi(2))? 2z — G | vy
TSN Ty STy
_ k [ k (1 _ 2yz(2’)(yz(2> - yi_l(z))2>]_l(2<y}<z))2(yj(2) . yjf1(2))2
4 ey 22 22
j=0 i=j+1

20,(2(2) 1 2 : )7
re(-= ) Gemee)

CS T (1 2400 a6y ) )

22 22

205(2) =y (D (2) = w1 ()L = 205 (2)y5(2)) ~ 2}2) . (33)

24

2
where the substitution 1 — ykz(z) was used once again. It follows that an

J— 4

T yk(a)—yk—1(2)
asymptotic expansion for this second derivative of y; can be derived by considering the
dominant term in the above and disregarding y;_; and y;_; (since they will not contribute

to the main term)

Yi(2) ~ (1 - 2%2(2))‘1@@ k(2 22 vi(z) | 22 {ue(2)(1 —;yk —z2)? )
_ 2 W) 22— phl2)* + z3<zyk<z> — 2= 2()))
) .

23(2% = 2y3(2))?

(332)

At this stage one can use the solutions of y; (z) and y}(z) to proceed with the computation
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of py, from (325)

k k -1 2 20,2 3
2i(p}) Pie—2y5 (pz)
(S0 (- 2] (220
2 =0 “i=j+1 (17%) Pi(lfyjpg’“ ) 1/2
v Pk k k 2y, (o2) -1 Z(yﬁ(f’i))z 2p2 (_2y3(01;%yj(ﬂk)+yj:£k))2
]ZZ:O L’:ly_[1<1_ m)] <(1_y12'(;’%))2 + (1_9]2(;%))3 >
Pk Pk I
i (03) (207 —yn(p3))? 1/2
2 =2 )"
Vpk 2yk (P}) ( 8(p3) (202 —yi (p3))2+0% (P2 yr (p3)—PE— 203 (p ))2)

PP =2y (p})?
2 Payn(P7) (2% — yk(p}))

3 1/2
IV <2( n(00) 20k = wk(pp)? + o3 (R (k) — P — 2y2(ﬂi))2)> ‘

(333)

But as z — p it was established that yi(p) ~ Axpr and A, ~ 1 — 1 as well as pp ~ 5

for k — oco. Therefore, we obtain the following

ﬁ E1/2
2

g ~ , k— 00, (334)

In their paper [14], Gittenberger and Panholzer have produced general results regarding
the singularities of monotonically labelled simply generated trees. One can also apply
those results to our analysis in order to describe the limiting distributions for the param-

eters of interest.

Let a sequence of non-negative numbers (¢ )0 define the weight w(7") of any non-crossing
tree, T' by

T) = [ e - (335)

where v ranges over all vertices of T and d(v) is the out-degree of v. Moreover, let

p(t) =Y pnt®, (336)

k>0

be the degree-weight generating function ().

4.93 Proposition [14] The degree-weight generating function (t) satisfies the following:
(i) p(t) is aperiodic, that is ged{k : ¢, > 0} =1,

(ii) ¢(t) has a positive radius of convergence R > 0,
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4.94

(iii) for all k > 1 there exists a minimal positive solution 7, < R of the equation

_ e 1
= () 350

From the above result and the methods from [6] and [24] it follows that the dominant
singularity py of T)(z) is given by

, (338)
which agrees with the results we obtained in the beginning of this subsection. The local
expansion of Ty (z) around the dominant singularity z = pj follows also directly from [6]

Ti(2) = gr(2) — hi(2)4 /1 = o

e T [TE 2
=Tk \/ ) 1 pk+0(1 pk), (339)

where gi(z) and hg(z) are analytic functions in a neighbourhood of z = py.

4.6.3 Size of the ancestor tree

We begin the analysis of the first parameter of interest for the monotonic non-crossing
trees. As usual one requires statistics such as the expectation and variance. The method
followed in the beginning is similar to that used in the previous sections. However, we

will apply the general results from [14] to derive the limiting distribution.

Theorem The equation for the size of the ancestor tree in monotonic non-crossing trees

" 2v(1 + u) z2(1 =)

Ap(z,u,v) = Ap_1(2,u,v) + T WG R0 (340)
We differentiate Aj with respect to v, let v = 1 and use the substitutions
0AL(z,u,v _
% = ag(z,u), Ap(z,u,1) = yp(z(1 +u)) = gr(2), (341)
which give the following recursion
2(1 4 u)gp(2) B 2(1 4 u) z
(1- Dy Jan(zw) = ara(2,u) + e B
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yk (Z) z

Using the substitution 1 — O (respectively for 7y.), the above can be more

conveniently written as

ap(z,u) = ag_1(z,u) + (1 +u)(ge(2) — gp-1(2))

— yr(2) + yp-1(2) .

(1- 201+ w)gel2)(i(z) = ym(z))2>

22

(343)

This first order recursion will be easily solved by multiplying through with the product

k-1 )
II (1 — Q(HU)y"(z)(yi(”Z)_y"‘l(z))z) and then summing over all k, which leads to the following

(1 - 200 WA ~ a1 () 20+ DR s D
;" 1 [ﬁ( 200+ ()0 =y

% (14 0)(5(2) = 551(2) = 55(=) + 3 (2)]
(344)

k _
Finally, we divide by [] (1 . 2(1%)%(@(%2(2)_%_1W) and obtain

z
i=1

( 2(1 + w)gi(2) (wil2) — ym(Z)V)] - (14w (5(2) = 55-1(2))

22

::];r

=2

Jj=1

.
I

— .

—4(2) +i1(2)]

(345)

since ag(z,u) = 0. However, the dominant term occurs for i = j = k and yi_1, gg_1 will

not contribute to this term so it follows that

(14 uw)ge(2) — y(2))
22 =2(1+u)yi(z)

ag(z,u) ~

(346)

In order to obtain the expectation from the above, one can substitute in the local ex-
pansions for y; and yx_; and compute the coefficients [2"uP]ay(z,u). For computing the

second moment, we differentiate A twice with respect to v and then evaluate at v = 1.
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After denoting this second derivative by [(z,u), the following recursion arises

2(1 + u)ay(z, u) (ar(z, u) + 275(2))
(- Zy

z

<1 _ 200+ w)gi(2)
(1 — 8Ly

z

>ﬁk(2,u) = Br_1(z,u) +
(347)

| 8L+ Wi ()ad(z, )
(1 - 20
Its solution will be obtained in a similar manner to the that of the recursion for ay,. Then

the dominant term is

2(1 + u) 7 (2)an(z, u) [22 (ar(z, u) + 20x(2)) + 475 (2) 0k (2, u)]
22(22 = 2(1 + w)y3(2)) ’

Br(z,u) ~ (348)
which enables one to look at the behaviour of the coefficients [2"uP]f)(z,u) around the

singularity pi and it ultimately leads to the variance.

Naturally, one is interested in computing all the moments for the size of the ancestor tree
and finding a suitable function for them. A very useful technique developed by Panholzer
in [30] can be employed: differentiate the generating function for the size of the ancestor
tree, A(z,u,v), p-times with respect to u and evaluate at v = 0. Then the following

representation can be used
N D2 Az, u,0) = plw?] Ax(z,u,0) (349)

where D, denotes the differential operator with respect to v and N, is the evaluation
operator at u = 0. The next result was adjusted accordingly for our monotonic non-

crossing trees.

Lemma [14] Forp > 1, m = O(y/n) and n — oo we have the following

(zv)?P1

(1= 209! (Ti(2)))2r 1
(350)

N, DP Ap(z,u,v) ~ % <2§§)__11)) (Ok<2)90//(Tk(Z)))p

with

G =3 TN TnE) 55

Extracting the coefficients of v"™ from (350) gives

m*>»? (Cr(2)¢"(Th(2)))?
(p — D" (Th(2))2P 71 (¢! (Ti(2))

[V™]N,DP Ay (2, u,v) ~ B (20" (T (2)))™. (352)
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4.97

Let X, , be the random variable which counts the size of the ancestor tree of p ran-
domly selected nodes in monotonic non-crossing trees of size n. We wish to compute the

probabilities
[2"uPv™] Ak (2, u, v)

()T |

p

P{X,,=m} = (353)

so the coefficients of z™ need to be extracted from (352). This can be done in the same

fashion as for simply generated trees in [30] and together with the evaluation

Cr(pr) = o) + T1_1 (pr) » (354)

which follows by induction, one obtains the following result (slightly adjusted to depict

the class of monotonically labelled non-crossing trees).

Lemma [14] The probability that the size of the ancestor tree of p randomly chosen

nodes in a monotonic non-crossing tree of size n is equal to m is asymptotically

(2" N Dy Ay (2, u,v)

P{X,,=m} = ' () [z Tk (2)
2m*~t s op N2 _oim®
Nm(ﬁ> © >

where oy =\t (1) () + T (o))

By making an appropriate substitution for m, one obtains the following result which

characterises the limiting distribution for our parameter.

Theorem [14] For m = xv/n + o(y/n) and fixed p > 1 we have

2 <&>2p 2]’—16— 02212
(r=DI\V2
V2

\/EP{Xn,p =m} ~

Ok
where g(b, h, B;x) = % (%)bh_le_(%)h is the density function of the generalised Gamma
Xnp

distribution. Thus the limiting distribution of the normalised random variable NG is
asymptotically for fixed p > 1 and n — oo a generalised Gamma distribution with

parameters (p, 2, ¥2; ).

G’k’
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4.6.4 The Steiner distance

We have already seen that the Steiner distance is closely related to the size of the ancestor

tree and this shows yet again in the following result.

4.98 Theorem The Steiner distance for monotonic non-crossing trees is

Ak(z7 Uu, U) <1 _ 2vy§(2) 2) B 2(1—v2)yi(zg

G L VEC)
Sk(z,u,v) = 1_( ZyZ(zz (-%7) : (357)

(1- v2() ) 2

The results from [14] are applied to this parameter as well. Instead of computing N, DSy (z, u, v)
one need only find N, DPA;(z,u,v) for 1 <[ < k since

From [14] we have that

1 — zvp/(Tk(2))
1 —2¢/(Ti(2))

for p > 2 fixed, m = O(y/n) and n — oo. Using the formula (350), one can show the

following for the random variable Y,, , which counts the Steiner distance of p randomly

NyDySk(z,u,v) ~

N, DP Ap(z,u,v), (359)

selected nodes in monotonic non-crossing trees of size n

2 2

L N O N )
P ()] Ti(2) nl(p = 2142

P{Y,, = m} =

where o0y, is as defined in the section for the size of the ancestor tree. Upon setting

m = xy/n + o(y/n) we obtain
2 Ok \2P o 1 _cbo”
\/E]P{in’p = m} ~ m <—> .I'Zp 16 2

2
=g(p—1,2, —\[; x), (361)
Ok
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which means that the limiting distribution of the normalised random variable % is

asymptotically for fixed p > 1 and n — oo a generalised Gamma distribution with

parameters (p — 1,2, ‘C{—E; x).

Certain classes of monotonically labelled trees (binary, t-ary, ordered) and their properties
were introduced by Prodinger and Urbanek in [38]. In this chapter we have used the
models proposed in their paper to analyse our usual parameters. In order to produce
general results it was useful to consider particular cases first. Although sometimes tedious,

this method enabled us to gauge the behaviour of the parameters.

Very recently, Gittenberger and Panholzer, [14], have derived general results for monoton-
ically labelled random trees which we have applied in our study, especially when limiting

distributions were determined.



Conclusion

There’s nothing that keeps its youth,

So far as I know, but a tree and truth.

The Deacon’s Masterpiece
Oliver Wendell Holmes

The results presented in this thesis pertain to specific classes of increasing and monotonic
trees and they constitute only a very small fraction of the vast domain that tree structures
occupy in areas such as analysis of algorithms, combinatorics and theoretical computer
science. Trees appear everywhere, from the studies of chemical compounds (for example

[34], [42]) to financial, genetic and statistical modelling.

In recent years, many general techniques have been found which make it possible to
learn characteristics of complicated new tree structures. Some notable advances are the
methods employed for determining limiting distributions for just about any conceivable
tree parameter. The development of the “quasi-power theorem”, as described in [18], is

particularly useful in this respect.

The tools required for studying tree structures rely on many fields of mathematics such as
algebra, approximation theory, complex analysis and differential equations. Our approach
has been through generating functions and singularity analysis. These enable one to
understand the behaviour of several parameters from which we have presented two that
describe the distances between nodes, namely the size of the ancestor tree and the Steiner
distance. Naturally, there are many other ways of understanding trees, for instance from

algebraic, geometric and graph theoretic (see [4]) points of view.

Although tree structures have been the subject of much study there are many important
problems to be solved. For example, accurate results about a basic parameter, tree height,
have only recently been produced. Distances between nodes and limiting distributions
in priority trees (one of the most useful structures for implementing queues) have not

appeared as yet.

It is through the analysis of trees that many interesting methods and theories have come

to light and as their understanding grows so does their value. Whichever way one comes
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across these structures, there will always be scope for further investigation. Indeed, Knuth,

[22], refers to trees as being

the most important nonlinear structures that arise in computer algorithms.



Appendix

There is, I conceive, scarcely any tree that may
not be advantageously used in the various

combinations of form and color.

William Gilpin

We present some numerical experiments which deal one of the parameters analysed in the
thesis. Consider the generating function for the size of the ancestor tree in monotonic
ordered trees. We will illustrate it for small values of the tree size n and number of labels
p. If n = 3 say, then p can have four values p = 0,...,3. In the figures which follow, we
present all the possible cases and their respective contribution to the size of the ancestor

PPt dods
Fodedngsiisies

Figure 6.1: All monotonic ordered trees of size n = 3; the contribution to the generating
function for the size of the ancestor tree is 1823.
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Figure 6.2: All monotonic ordered trees of size 3 with the the root labelled; the size of
the ancestor tree is 1 and the contribution to the generating function is 18uwvz3.
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STATATITTITY.

Figure 6.3: All monotonic ordered trees of size 3 with one node, other than the root,
labelled; the size of the ancestor tree is 2 and the contribution to the generating function

is 18uwv?23.

Soo’e oo e ol
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Figure 6.4: All monotonic ordered trees of size n = 3 with one node, other than the root,
labelled; size of the ancestor tree for the first nine trees is 2 and their contribution to the
generating function is Quv?2?; size of the ancestor tree for the last nine trees is 3 and their
contribution is 9u?v323.
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Figure 6.5: All monotonic ordered trees of size 3 with one node, other than the root,
labelled; the size of the ancestor tree is 2 and the contribution to the generating function

—
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is 18uwv?23.
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Figure 6.6: All monotonic ordered trees of size 3 with one node, other than the root,
labelled; the size of the ancestor tree for the first nine trees is 2 and their contribution is
9uv?23; the size of the ancestor tree for the last nine trees is 3 and their contribution is
Quv323.

$00,

- J

Figure 6.7: All monotonic ordered trees of size 3 with the root and one other node
labelled; the size of the ancestor tree is 2 and the contribution to the generating function
is 18u2v?23.
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Figure 6.8: All monotonic ordered trees of size n = 3 with the root and one other node
labelled; the size of the ancestor tree for the first nine trees is 2 and their contribution is
9u?v?23; the size of the ancestor tree for the last nine trees is 3 and their contribution is
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Figure 6.9: All monotonic ordered trees of size 3 with the root and one other node
labelled; the size of the ancestor tree is 2 and the contribution to the generating function
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Figure 6.10: All monotonic ordered trees of size n = 3 with the root and one other node
labelled; the size of the ancestor tree for the first nine trees is 2 and their contribution is
9u?v?23; the size of the ancestor tree for the last nine trees is 3 and their contribution is

9u 0323,
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Figure 6.11: All monotonic ordered trees of size 3 with two nodes other than the root

labelled; the size of the ancestor tree is 3 and their contribution to the generating function

is 18u2v323.
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Figure 6.12: All monotonic ordered trees of size 3 with three nodes labelled; the size of
the ancestor tree is 3 and their contribution to the generating function is 18u3v323.
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