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1. Introduction

Let G = (V,E) be a connected graph of order n. The average distance w(G) of G is defined as wu(G) =
(2)71 Z{X’y}gvdc(x, y), where d¢(x, y) denotes the distance between vertices x and y in G. Introduced in graph theory
by Doyle and Graver [6] as a measure of the compactness of a graph, the average distance, apart from being an interest-
ing graph theoretical parameter in its own right, plays an important role in analysing communication networks (see for
example, [3]). In such networks the time delay or signal disgradation for sending a message from one point to another is
often proportional to the number of edges a message must travel. The average distance can be used to indicate the average
performance of the network.

A lot of research effort, for instance [2-9], [12], [14-17], has been invested in gaining an understanding of the mathemat-
ical properties of average distance. Perhaps the first intriguing speculation to appear was that on the relationship between
average distance and another graph parameter, the independence number, put forward by Fajtlowicz and Waller’s computer
programme, GRAFFITI [10], which sorts through various graphs and looks for simple relations among parameters, which,
for a human mathematician are otherwise difficult to see. GRAFFITI conjectured again in 1987 [11] that for every §-regular
connected graph G of order n,

n
o) = 3.

This conjecture was answered only ten years later by Kouider and Winkler [9] who proved that if G is a connected graph
of order n and minimum degree §, then

n
n(G) < m‘Fz- (M
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Almost during the same time, Beezer, Riegsecker and Smith [2], in 2000, provided a similar upper bound on average distance
in terms of order, size and minimum degree. In the same year Dankelmann and Entringer [5], using different methods and
as an improvement to the work of Entringer, Kleitman and Szekely [8], considered the problem of finding an upper bound
on the average distance for graphs of given minimum degree in connection with the problem of finding a spanning tree of
the graph with small average distance. Their results implied the bound

n
n(G) =< 51 +5, (2)
for a connected graph G of order n and minimum degree §.

Interestingly, the extremal graphs illustrating the tightness of bounds (1) and (2) are close to being regular, that is, with
all vertices having the same degrees. A graph parameter which gives an indication of how far or near a graph is from being
regular was introduced in [14] and called there the irregularity index. Precisely, the irregularity index t(G) of graph G is
the number of distinct terms in the degree sequence of G. The extremal graphs for the above bounds, (1) and (2), have
irregularity index at most 2. It is therefore natural to ask if the bounds (1) and (2) can be improved when the irregularity
index is prescribed. In this instalment to literature, we demonstrate that if G is a connected graph of order n, minimum
degree § and irregularity index t, then

n(G) S 51 +O(1) (3)
Further, we illustrate that (3) is best possible. Our results are an improvement of bounds (1) and (2) if irregularity index is
prescribed. We note here that research on improving (2), if irregularity index is prescribed, has been independently reported
on recently (see, for instance [1], where graphs of diameter not equal to three or four are dealt with).

We will use the following notation. Let S be a subset of V (G). We denote the subgraph of G induced by S by G[S]. If u
is a vertex in G, then the distance between u and S, d¢(u, S), is defined as minycs dg(u, v). The closed neighbourhood N¢[S]
of S is the set U,csN¢[u], where N¢[u] is the closed neighbourhood of the vertex u in G, that is, {x € V(G)|d¢(x, u) < 1}.
The open neighbourhood of a vertex u in G is Ng(u) = {x € V(G)|dg(x, u) = 1}. A 2-packing of G is a subset A C V(G) with
dc(u,v) > 2 for all u, v € A. The k™" -power of G, G¥, is the graph with vertex set V (G), in which two distinct vertices u and
v are adjacent if dg(u, v) <k. The degree of a vertex v in G is denoted by degg(v). We denote the number of end vertices
in a tree T by s(T).

Closely related to average distance is the Wiener index, W (G) = Z{x,y}gV(G) dg(x, y), of graph G. We will sometimes
find it convenient to work with the Wiener index of the graph in stead of its average distance. The following result is
folklore and will be handy.

Fact 1.1. ([6,7,13]) Let G be a connected graph of order n. Then W (G) < % with equality iff G is a path.
2. Results

Theorem 2.1. Let G be a connected graph of order n, minimum degree § and irregularity index t. Then

(n—t)3
W(G )—2(5 1)+O( 2).

Moreover, the bound is best possible.

Proof. Since the degree sequence of G has t distinct terms, let {v1, v2,..., v¢} be a set of t vertices such that § < deg(vq) <
deg(vy) < --- < deg(v¢). Then

IN[ve]| =8 +t. (4)

Obtain a maximal 2-packing A of G as follows: Let A = {v}. If dg(u, A) =3 for some u in G, add u to A until each vertex
not in A is within distance 2 of A. Denote the cardinality |A| of A by a.

Let H' be the forest with vertex set N[A] and edge set all edges incident with a vertex in A. By our construction of H’,
there exist |A| — 1 edges in G, each of them joining two components of H’, and whose addition to H’ yields a tree T; <G.

Claim 2.1.

3 Ay <% +0(n ).

{x,y}CA
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Proof of Claim 2.1. Note that T13[A] is connected. An application of Fact 1.1 yields, W(T?[A]) < w. By our construc-
tion of A, if x, y € A, then
dT] *x,¥) EBdT%[A](X, y). (5)
Hence
3 @ 2
D A <3 Y0 dpyxy) =3WTTAD < - +00?),
{x,y}cA {x,y}cA

and the claim is proven.

Note that since G has minimum degree §, in conjunction with (4), we get

n > |Uxea N[X]|
> IN[ve]l + | Uxea—(v,y NIxI|
>§+t+@—1DGE+1)
=a@+1)+t—1.
Therefore,
n—t+1
a<——
- §+1

We construct a subgraph H of T as follows: From (4) denote the set of any arbitrarily chosen é +t — 1 neighbours of v; by
M(v¢) and set M[v¢] = M(v;) U {v¢}. Further, for any x € A — {v;}, denote the set of any arbitrarily chosen § neighbours of
x by M(x) and set M[x] = M(x) U {x}. Let H be the subgraph of T with vertex set V (H) = Uyca M[x] and edge set all those
edges of Ty incident with vertices in Uyea M[X], that is, H = T1[UxcaM[x]]. Then

(6)

[V(H)| =|Uxea M[X]|=a(@+1) +t—1. 7
Claim 2.2.

3
a
Y. dnxy =S E+D+om),
{x.y}CV(H)

Proof of Claim 2.2. Define a function f : V(H) — A by f(u) =u’, where u’ is the unique vertex in A that is within distance
1 of u. Hence

dr, (x, y) <dr, (f(x), f(y) +2
for any x, y € V(H). It follows that
Yo odnxy < Y ldn(f®, fF))+2]
{x,y}SV(H) {x,y}SV(H)

= Y. dn(f®, fO)+IVHEIVH)| - 1). (8)

{x.y}<V(H)

We now consider Z{x,y}gv(,{) dr, (f (%), f(y)). Partition V(H) as V(H) = M[v,]U (UXEA_{,,t}M[x]) = M[v:] U Q, say. Since
dr, (f (%), f(y)) <4 for all X, y € M[v;], we get

)
S dn(F@). f) §4< ;Lt> — o).

{x,y}SM[v:]
It follows that
Yo dn(F®. fon= Y. dn,(f®.fON+ Y, dr,(f, F¥)
{x,y}SV(H) {x,y}SM([v,] {x,y1cQ

+ Y dn(F®. f()

x,y)eM[ve]xQ
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= Y dr,(f®, f))

{x.y}cQ
+ Y, dn(f, fon+omd. (9)
(%, y)EM[v]xQ

We look at each term in (9) separately. First, consider Z{x,y}gQ dr, (f (%), f(¥)). Note that for each pair {u, v} S A — {v},
there are (8 + 1) x (8 + 1) pairs {x, ¥y} € Q such that f(x) =u and f(y) = v. Therefore,

Yoo dn(F. fon=6+D> Y dr@,wv). (10)
{x.y}cQ {u,viCA—{vi}

We now turn to Z(x’y)eM[V[]Xerl (f(®), f(¥)). Note that each v € A — {v;}, there are (§ +t) x (§ + 1) pairs (x,y) €
M[v¢] x Q such that f(x) =v; and f(y)=v. Therefore,

Y @ SO =E+0G+D Y. dr (v, V). (1)

(*x,y)eM[ve]xQ veA—{v¢}
Combining (9), (10) and (11), we get

Yo dn(F®. fON =6+ > dn@v)+G+0E+1) D dr @ ve)

{x,y}SV(H) {u,vicA—{v} ueA—{ve}
=@+1> ) dr,v)
{u,vicA
FE=DE+1D Y dry @, vo). (12)
ueA—{v:}

Now consider ZueAf{vt} dr, (u, v¢). From (5), and since T13[A] is connected, we get

Z dT1 (ua Vt) 53 Z dT%[A](vtv Ll)

ueA—{v¢} ueA—{v¢}
<3(1+2+---+[a—1)
3a(a—1)
= —
This, in conjunction with (12), yields
S dn(f@. fo =G+D? Y dr v+ -6+ 1)@.

{x,y}SV(H) {u,v}CA
It follows from (8), an application of Claim 2.1, and the fact that t and § are fixed, that

Yo odnxoy = Y dn(Fe. @)+ VIV H) - 1)

{x,y}CV(H) {x,y}SV(H)
<@E+1)? Z dT1(u,V)+(t—1)(8+1)@+IV(H)I(IV(H)I—1)
{u,v}CA
2 a 2 3a(a—1)
<@B+1) ?+O(n) +(t—1)(8+l)f+|V(H)|(|V(H)|—1),
3

a 2 2
23(5+1) +0m%),
and the claim is proven.

Recall that V(T{) = N[A] and that H < T; is a subgraph of T1 with V(H) = UycaM[x]. Let B=V(T1) — H and denote
the cardinality of B by b. Every vertex u of G that is not in Ty is adjacent to some end vertex u’ of Ty. Let T be a

spanning tree of G with edge set E(T1) U {uu’:u € V(G) — V(T1)}. Denote the set of vertices in G not in Ty by C, that is,
C=V(G)— V(Ty), and let c = |C|. Hence n= |V (H)| + b + c and from (7), we get

n=a@d+1)+t—-1+b+c. (13)

Denote the set of all neighbours in T of vertices in C by {uq,uy, ..., ug}, that is, N7 (C) = UyecNT(U) = {uq, uy, ..., ug},
where Nt (u) = {u’}. We now compute the number of end vertices of T.

4
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Claim 2.3.

s(TYy=a(6—2)+b+c—k+t+1.
Proof of Claim 2.3. By our construction of T,

s(T) =s(T1) +c — [{ug, uz, ..., ugl|
=s(T1)+c—k
=s(H)+b+c—k
=al6—2)+t+1+b+c—k,

and the claim is proven.
We are now ready to bound the total distance of T.

Claim 2.4.

3
W(T) < %(5 12+ %a[nz — @6+ 1)+ 0m?).

Proof of Claim 2.4. Note that V(T) =V (H) UBUC. Denote BUC by D. Then
WT= Y drxy)
{x,y}cv(T)

= Z dr(x,y) + Z dr(x,y) + Z dr(x, y)

{x.y}SV(H) (x,y)eV(H)xD {x.y}D

= > dnxy+ Y drxoy+ Y. drxy). (14)

{x,y}SV(H) (*,y)eV(H)xD {x,y}cD

We now consider }_, ey u)xp A7 (%, ¥). Each x € D is within distance 2 of a vertex x4 in A. Since T3[A] is connected, and
each vertex in A is adjacent to § neighbours in H, we get

Yo Ay <36+ Y [Bdpyy a1+ 36 +0B+dpaxa, vo)l
yeV(H) yeA—{v¢}

<36+DB@-1D+1+24+3+--+@-DI+3E+)GB+a—-1)
=226+ +0m.
It follows that
Y. drxy <ID| Gazw +1+ 0<n>) = %az(a + Db+ +00). (15)
x,y)eV(H)xD

We now consider Z{X’y}g, dr(x,y) by looking at the edges of T. Denote the two branches of T obtained by removing
an edge e from T by T, and T/. Define an integer-valued function 6 on the set of edges of T by 6(e) = niny, where
ny =|DNV(T,)| and ny =D NV (T})|. Then

Yo drxy)= ) o).
{x,y}cD ecE(T)

For each edge e incident with an end vertex of T, 6(e) < |D| — 1. For each of the k edges e = u;x4 with one end in
{uq, uy, ..., u,} and another end in A, we have

6(e) < [degy (u;) — 1][|D| — degr (u;) +1].

The contribution of all these k edges to 3", 1) 6(e) being
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k k
Y [degr (u;) — 1][ID| — degr (uj) + 11 = D] Z[degr(u )— 11— Z[degr(u )— 17

i=1 i=1
k

<IDlc =) [degr(up) — 11
<om?).

Since ny +ny = |D|, we have 0(e) < % for each of the remaining edges e of T. It follows that

D2
> drxoyy= ) 0<e>ss(T>[|D|—1]+0(n2>+[|E(T)|—k—s(m%,

{x,y}cD ecE(T)

and so from Claim 2.3,

D 2
Y dr(x,y) <[IE(D)| —k—s(T)] % +0@n%)
{x,y}cD

=n—-1-k (a(8—2)+b+c—k+t+1)] +O(n)

=[n—a@+1)—b —c—t+1+3(a—1)] +O(n2)
From (13) this gives

Y drxy) =3@- 1)' ® o =2 a(b+c)2+ o).
{x.y}lcD
Combining this with (14) and (15), we get
3 3
Wm=< Y dnxy)+ 5a2(5 +1(b+0) + Jab +0?+0@m).
(X, YISV (H)

An application of Claim 2.2, and using (13) to eliminate b + c, yields the claim.
Now define a single variable function g of a by

@ 2,3 9 5 2
g@:= G+ 1>+ Zalr’ — G +17].

We maximise g subject to (6), that is, subject to

n—t+1
a<—-
§+1
A simple differentiation shows that g is maximised for a = "5’5{1 to give

(n—t)°
026+

Together with Claim 2.4, we deduce that

W(T) < M
( —2(6+1)

from where the bound of the theorem is proven by applying the inequality W (G) < W (T).

To see that the bound is best possible, consider integers n, t,§ and k with n =k(§ +1) + (t — 1). Let H; be the graph with
vertex set {vq,Vva,..., vt} and edge set {v;v;l|i+ j > t}. Let G1 = Ks and G, G3, ..., G; be disjoint copies of the complete
graph K541 and for each Gj, let a;b; be an edge in E(G;). Let G5 be the graph obtained from the union of graphs

+0(n?).

—I—O(n)

H¢, G1 —aib1, Go —axby, G3 —asbs, ..., Gk—1 — ag—1bk—1, G

by adding edges



S. Mukwembi Discrete Mathematics 347 (2024) 113671

{uviu e V(Hy), v € V(G1)} U {biai11]1,2, ..., k—1}.
Then G has order n, minimum degree § and irregularity index t. A simple calculation shows that

(n—1t)?

W (G P
(Gn,s,¢) > 20+ 1)
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