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ABSTRACT

The main purpose of this work is to perform the symmetry classification of the coupled
systems of partial differential equations modelling flow in a collapsible tube and diffusion
phenomenon. The idea of symmetry is exploited in the two models of paramount impor-
tance in applications: the one-dimensional model of flow through a collapsible tube and
the coupled diffusion system. These models contain several unknown functions (tube
law, friction, diffusion coefficients etc.) the forms of which are specified via the method

of group classification.

The solution procedure to carry out the group classification involves the use of two
approaches. In both of them the first part of the classification procedure deals with
the execution of the usual approach of Lie to obtain the general form of the symmetry
generator and the determining equations for the underlying models. The second part is
concerned with the utilization of the structure of the low-dimensional Lie algebras and the
Lie algebras of higher dimension to find the symmetry operators admitted by the given
models. The procedure is continued until the functional forms of the unknown functions
are completely specified. The latter part is different for each approach. In one approach
no use of the equivalence transformations is required whereas for the other approach the
equivalence group is a necessary component. In the former the classification with respect
to the subalgebras of three- and four-dimensional Lie algebras is used. Thereafter the
symmetry analysis of every case arising from the classification is performed in order to
determine the maximal Lie symmetry algebra. On the other hand the equivalence group
is used to obtain the canonical forms of the symmetry operators which satisfy the models
under consideration. The canonical forms of the low-dimensional Lie algebras and the
Lie algebras of higher dimension provide a means to specify the arbitrary functions of

the models.

The secondary aim is to employ the symmetries to construct the invariant solutions
wherever applicable. The solution of the optimal system problem allows the classification

of all the invariant solutions, i.e. solutions that are left unchanged by subalgebras of the
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symmetry Lie algebra. The invariant solutions of a given equation satisfy an equation

with a reduced number of the independent variables.
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INTRODUCTION

Several real-world models are formulated in terms of partial differential equations (PDEs).
Quite often these models involve parameters, arbitrary elements or functions which may
not be straightforwardly determined through experiment. In such situations the ability
to predict the results becomes the sole test for the suitability of unknown parameters.
The symmetry principle [10, 65, 67] which presumes that nature prefers maximally sym-
metric models has proven to be a powerful tool in determining these unknown parameters
appearing in physical models. For instance Newton’s inverse square law can be obtained
solely from the symmetry principle. Once the unknown parameters of a model are de-
termined, the next logical step is to find its solutions given a set of initial or boundary
conditions. Depending upon the nature of the problem being investigated, one might
be interested in obtaining numerical or analytical solutions and to compare them with

experimental results.

Many branches of mathematics deal with techniques for obtaining solutions for PDEs.
From the late 1950s Lie group analysis, also known as Lie group theory or Lie symmetry
analysis of differential equations (DEs) and its extensions, has proven to be a powerful
technique in finding the closed-form solutions of DEs. The Lie group theory combines

analysis and algebra, and was initiated by the Norwegian mathematician Sophus Lie.

Marius Sophus Lie was born on December 17, 1842, in Nordfjordied, Norway. He was
the penultimate child of the seven children of the protestant minister Johan Herman Lie
and Mette Maren, née Stabell. While at university Lie attended lectures on the works of
Abel and Galois on algebraic equations given by Ludvig Sylow. It became clear during
the year 1868 which branch of mathematics that Lie would follow after studying papers
on geometry by Julius Pliikker and Jean Victor Poncelet. In 1869 during his visit to
Berlin Lie met Felix Klein, a student of Pliiker, and later collaborated with him. Their
collaboration on transformation groups was fruitful and would later result in publication
of several papers including Klein’s Erlangen Program [38]. In 1870 Lie and Klein met

again in Paris. It was during his temporary stay in Paris that Lie discovered contact



transformations. Their collaboration spanned about three years from 1869. From 1871
Lie began the study of PDEs using his new ideas on geometry and towards the end of

1874 Lie’s theory of continuous transformation groups was born.

After having studied the theory of algebraic equations by Evariste Galois (a French
mathematician who continued the work of Lie’s countryman, Niels Henrik Abel), Lie
began to explore PDEs. His dream was to develop a similar theory for DEs. In a letter

dated 1874 to his friend Adolph Mayer Lie wrote [7]

In the theory of algebraic equations before Galois only these questions were
proposed: Is an equation solvable by radicals, and how is it to be solved?
Since Galois, among other questions proposed is this: How is an equation to
be solved by radicals in the simplest way possible? I believe the time is come

to make a similar progress in differential equations.

The dream of Lie in developing a ‘Galois theory’ for differential equations could not come
to pass. Emile Picard who was one of the French mathematicians who got interested in
Lie’s theory of continuous groups, together with his colleagues sent Arthur Tresse and
Ernest Vessiot to study under Lie for a semester. It was years later after Lie’s death that
his ideas became a basis for Picard and Vessiot to somehow generalize Galois theory to

DEs. Hawkins [26, 27] gives an in-depth study on how the theory of Lie groups originated.

Lie’s seminal work on Lie groups (originally known as theory of continuous transformation
groups) was not widely known and accepted in the mathematical community of his time.
In September, 1884, Klein and Mayer sent their able student, Friedrich Engel, to help
Lie in the edition of his work. This collaboration culminated in the publication of three
volumes of Lie’s work under the title Theorie der Transformationsgruppen [41] between
1888 and 1893. This was the fundamental work of Lie with the assistance of Engel. The
reference [77] gives a complete bibliography of all Lie’s published work.

Sophus Lie died on February 18, 1899 and his theories have become tools for understand-
ing and solving problems in all areas of science and engineering today. This is indeed a

confirmation of his words [77]:



[ am certain, absolutely certain that ...these theories will be recognized as

fundamental at some point in the future.
The testimony below is a summary of his life and work [22]:

My life is actually quite incomprehensible for me. As a young man, I had no
idea that I was blessed with originality. Then, as a 26-year-old, I suddenly
realized that I could create. I read a little and began to produce. In these
years, 1869-1874, I had a lot of ideas which, in the course of time, I had
developed only very imperfectly.

In particular, it was group theory and its great importance for the differential
equations which interested me. But publications in this area went woefully
slow. T could not structure it properly, and I was always afraid of making
mistakes. Not the small inessential mistakes ...No, it was the deep-rooted
errors I feared. I am glad that my group theory in its present state doesn’t

contain any fundamental errors.

This is a brief historical background on Sophus Lie. More can be found in [7, 22, 87, 88,
89]. There are many great mathematicians not mentioned who contributed to his work
and those who were (and still influenced) by his theories. A more detailed account on

the life and work of Lie is given in Stubhaug [77] and the references therein.

The theory of Lie groups is a local theory. In simple terms it means that the group
of transformations is only defined in the neighbourhood of the identity transformation.
Lie discovered that the better way to understand Lie groups was to investigate the
corresponding vector fields (also known as infinitesimal generators or symmetries) and
he was able to relate the theory to its infinitesimal group, i.e. its Lie algebra as it is
called today in his honour. Working simultaneously but independently of Lie, Wilhelm

Killing also studied the relationship between Lie groups and Lie algebras.

The original Lie group theory was extended to a global theory in the 1930s by Elie Cartan
and Herman Weyl. Cartan was a former classmate of Tresse in Paris’ famous college,

l’Ecole Normale Supérieure, the institution where most renown French mathematicians



including Galois studied. Cartan improved the work of Killing and built on it after being
encouraged to do so by Tresse and later, Weyl in turn built upon the work of Cartan.
Emmy Noether [64] used some of these ideas in the early 1900s and succeeded in proving
the correspondence between symmetries of a variational problem and the conservation
laws of the Euler-Lagrange equations. Chevalley [14] and those that followed continued
to work on Lie groups around the middle of the 20th century. From the late 1950s to
the 1960s Morozov [56] and Mubarakzyanov [57, 58, 59, 60] worked on the classification
of Lie algebras and others that have followed since such as Patera and Winternitz [69],

Turkowski [80] and Mahomed [46] just a few to mention.

Around the mid-1980s Lie group theory was made popular in South Africa by P. G. L.
Leach and his student, Fazal M. Mahomed![45]. Thereafter this area of study has been
attracting many of researchers even from other disciplines in which differential equations
play important role. Nowadays modern group analysis brings together many researchers
in various fields of natural sciences and engineering. Lie symmetry theory plays a pivotal
role in fluid or solid mechanics, modern physics, biological and physical systems, stochas-

tic forecasting in finance and meteorology and across all areas in engineering technology.

Despite efforts to popularize Lie’s work through publications, the application of Lie
group theory to DEs remained dormant until Ovsiannikov [66] revived it in the late
1950s. Thereafter, the Lie group theory has been applied in many problems (described
by linear or nonlinear equations) modelling some physical or abstract phenomena. The
basic theory and developments in the Lie group analysis of differential equations can be
obtained from [9, 10, 32, 33, 65, 67] and the literature that followed, some of which are
unpublished lecture notes and theses [20, 43, 46, 66, 81].

The mathematical formulation of symmetries was already present in the theory of alge-
braic equations as developed by Galois. In fact he introduced and established the concept
of group (see Stubhaug [77], p.114). Lie discovered that the concept of symmetry could
be used to obtain solutions of DEs. He considered only the local symmetries (point and

contact symmetries). Point symmetries depend only upon independent and dependent

T was introduced to the Lie group theory of differential equations by Prof. F. M. Mahomed about a
decade ago. Ever since then my main concentration has been in application of Lie group theory to solve

differential equations modelling various phenomena [51, 52, 53, 54].



variables, whereas contact symmetries can also depend upon the first-order derivatives
of the dependent variables. From around 1970s until today there has been an interest in
exploring nonlocal symmetries (see [1, 9, 16, 61] just a few to mention). These are the

symmetries that depend on integrals of the dependent variables.

Ever since the revival of the application of Lie group theory to DEs, Lie’s work has
been developed with many topics having being researched and continue to be researched.
These include the following: Generation of new solutions from known ones, linearization
of ordinary differential equations (ODEs) and PDEs, construction of equivalence group,
solving group classification problems, reductions of PDEs (by invariant or similarity so-
lutions), construction of generalized local symmetries and nonlocal symmetries, solving
initial and boundary value problems, approximate symmetries, symmetries of stochastic
DEs, symmetries of integro differential equations, symmetries of difference equations,
symmetries of functional DEs, symmetries of geodesic equations, construction of conser-

vation laws, construction of invariants of algebraic equations and DEs etc.

Roughly, a symmetry is a change or transformation that leaves an object apparently
unchanged. For instance any rotation of a circle about its centre is a symmetry. Different
objects can have different degrees of symmetries: intuitively a circle has more symmetries
than a rectangle. Therefore symmetry can be employed as a classification criterion. In the
case of DEs a symmetry is an invertible transformation of the dependent and independent
variables that does not affect the form of the underlying equation or system of equations.
Looking at a DE one can deduce symmetries like translations, scalings and rotations.
Certain discrete transformations can also be deduced by inspection. In general finding
all the symmetries is a difficult task and requires an algorithmic approach. If we consider
symmetries that depend continuously upon a one-parameter and that constitute a group,
we can use Lie’s algorithm to compute them. In this algorithm the symmetry conditions
(also known as the determining equations) upon expansion yield an over-determined

system of linear homogeneous PDEs which are solved for symmetries.

Most problems even of no interest generating the determining equations turns out to be
tedious. Fortunately Lie’s method for calculating symmetries is algorithmic and can be

implemented using packages for symbolic computation (Mathematica, Maple, Reduce,



MuPad, ...). In this work we use the program, YaLie [19], written in Mathematica for

the generation and manipulation of the determining equations for symmetries.

When the original system contains arbitrary elements (parameters or functions), the
consistency conditions of the determining equations provide a means to specify their
forms. This is the essence of the group classification method. The importance of group
classification stems from the fact that many models in application contain parameters
which cannot be determined from any known physical law, but some of them can be
found through experiment. However, by analyzing the consistency conditions of the
determining equations we are able to identify maximally symmetric submodels. The
problem of group classification of a DE is quite difficult compared with just calculating

symmetries.

The approach by Ovsiannikov [66, 67] for solving a group classification problem is founded
on the idea of an equivalence transformation connected to an identity, which is a Lie vector
field acting in the extended space of independent variables, dependent variables, functions
and their derivatives leaving unchanged the underlying equation. After obtaining the
equivalence group, one constructs the optimal system [24, 65, 66, 67] of the subgroups of
the (equivalence) group. The use of the optimal system reduces the task of searching for

all the possible invariant solutions.

The basic or classical Lie technique is not effective when the underlying equation involves
arbitrary functions which depend upon both independent and dependent variables, or
even the first order derivatives of the dependent variables, that is, the technique would
fail to classify the arbitrary functions completely. It is more desirable to perform the
complete group classification, but in some problems of interest the analysis of the deter-
mining equations can be quite challenging. In such a case one can employ the method of
preliminary group classification [21, 29, 30]. The results of the preliminary group clas-
sification could then be used to obtain solutions for the known models. However, when
the determining equations are difficult to analyze, an approach based upon abstract Lie
algebras of low dimension discussed in [5, 86] can be used. Also the classification with
respect to low-dimensional Lie algebras was used for ODEs by Mahomed and Leach [47].
Thus depending upon the type of problem at hand solving the problem of group clas-



sification completely requires combining the standard Lie approach and the approach
based on the structure of low-dimensional Lie algebras and the Lie algebras of higher
dimension. Also the direct approach of Lie can be employed provided the analysis of
the determining equations which include those of the arbitrary elements (compatibility

conditions) can be handled without much difficulty [51, 82].

We anticipate that the determining equations and the classifying relations for the models
investigated in this work may be complicated and difficult to analyze. Therefore we use
both the classical Lie approach and the approach based upon the structure of Lie algebras

for group classification.

It is well-known in most applications that from a computational standpoint ODEs are
easier to solve compared to PDEs. Thus in many applications it is desirable to be able
to reduce PDEs to ODEs or at least reduce the number of independent variables. The
reduced system is easier to analyze both numerically and analytically than the original
system. Therefore, whenever the need arises, the symmetries are used to construct the in-
variant solutions; the invariant solutions in turn are used to reduce the underlying system

of PDEs to the systems of ODEs which could be solved or approximated numerically.
The outline of this work is given below.

The thesis comprises two parts. Part I is devoted to collapsible tube models and Part 11
deals with systems of coupled diffusion equations. In the preliminary chapter we provide
the mathematical techniques that are used to analyze the models under consideration.
In other words we present the basic theory to execute Lie’s algorithm. This includes

notations, definitions, theorems and examples.

Chapters 2 and 3 concentrate upon the group classification of the collapsible tube models.
The former is concerned with a general model while the later involves the model which
incorporates the tension and curvature of the tube wall. We use the classification with
respect to the subalgebras of three- and four-dimensional Lie algebras. Even though
this classification provides a way to specify the unknown functions of the model under
study, the maximal Lie symmetry algebra is not guaranteed. In order to achieve the

maximal symmetry Lie algebra, the group analysis of each of the cases obtained via the



classification is performed.

A general coupled diffusion system and its special case which has applications in soil
science are treated in Chapters 4 and 5 respectively. The classification is performed
up to an equivalence group, that is, the equivalence transformations are used to find
the canonical forms of the symmetry generators (operators) which satisfy the underlying

models. As a result the arbitrary functions which appear in the models are specified.

Finally we summarize our investigations and make suggestions for further work.



Chapter 1

Lie-Point Symmetries of Differential

Equations

In this Chapter we introduce mathematical techniques that are used throughout this work
based upon references [33, 48, 81|, that is, we present the basic theory on Lie symmetry
method for DEs. We adopt some examples, notations and most of the definitions and
theorems from these references. Precisely we discuss Lie’s algorithm for the calculation
of infinitesimal generators or symmetries. A special emphasis is put upon the use of
symmetries to find invariant solutions. Also a brief discussion on the application of the
Lie symmetry theory in calculating the equivalence transformations is given. For more
knowledge on the basic theory and some advanced concepts on symmetry analysis of
DEs the texts [10, 33, 65, 67] can be consulted. The extensive collection of results on Lie
group theory of DEs obtained by Lie himself and those that followed who embraced and
developed his ideas is given in [32]. The new results and ideas in this field of research

can be found in recent publications of which some are given in the Bibliography.

1.1 Differential equations

Definition 1.1.1. A kth-order (k > 1) system E of s differential equations is defined by

E°(z,u,uqy,...,um) =0, o=1,...s, (1.1)

9



where v = (u',u?, ..., u™) is the dependent vector, z = (z*,2?,...,2") is the indepen-
dent vector and w1y, u(), . .., U are respectively the collection of all first, second, up to

kth-order partial derivatives. In expanded form

uay ={uf't,  we) ={uil, o um = {uf )

where a =1, ..., m; 4,7,01---, i = 1,...,n.

The equations appearing in (1.1) are of maximal order k. In many applications s = m,

i.e., the number of equations is equal to the number of unknowns.

Note that the system (1.1) becomes a system of ODEs if n = 1. Otherwise it is a system
of PDEs.

The following is assumed throughout this thesis:

e The solutions and transformations of all system of DEs are locally analytic functions

of their arguments.

e The system E® is locally solvable, i.e, given any point (o, uo, U)o, - - -, Ugk)o) on the
Eq. (1.1) there must pass a solution u = h(zx) of E“.

1) I OE"

ox’ ous

i1k

e The rank of the Jacobian matrix (

) is s on (1.1).

Definition 1.1.2. A system F is of maximal rank s if it satisfies the mazimal rank

condition.

The maximal rank condition gives an assurance that a system of DEs can be written in

solved form, meaning that the derivatives can be isolated on the left hand side.

Example 1.1.1. In order to illustrate the maximal rank condition, we calculate the

Jacobian matrix for the heat equation above, i.e., if
E=u — g = 0,

then the Jacobian matrix with respect to all the variables is

OE OE OE OE OE OE OE OF
ot’ 0x’ Ou’ Ouy Ouy Oupy OUuw OUgg

) =(0,0,0,1,0,0,0, —1)

10



which is of rank 1 on F = 0. Hence the maximal rank condition is satisfied.

However, the Jacobian matrix for

E = (uy — tge)? =0

is (0,0,0,0,0,0,0,0) on E= 0, meaning that the maximal rank condition is not satisfied.
It is true that (u; — uze)? = 0 could be simplified to u; — uz, = 0 which satisfies the
maximal rank condition. Thus the maximal rank condition is not a sufficient condition

for E to be consistent.

From now throughout the chapter we use system E and system (1.1) interchangeably.

1.2 One-parameter group of transformations

Definition 1.2.1. A symmetry transformation of the system (1.1) is an invertible trans-

formation of the variables x and u, namely
= fix,u), 0% = ¢*(x,u), i=1,...,n; a=1,...,m, (1.2)
that leaves (1.1) form-invariant in the new variables z and @, i.e.,
E°(z,q,tqy,...,uw) =0, o=1,...,s (1.3)
whenever (1.1) is satisfied.

Example 1.2.1. The heat equation

is invariant under the transformations t = ¢, z = z, @ = au for a € R*.

The examples of transformations illustrated above are easy to deduce from the corre-
sponding equations, but in general the calculation of symmetry transformations (1.2)
admitted by the system (1.1) leads to nonlinear equations which are not easy to solve.

However, if we consider symmetries that depend on a small parameter and that form

11



a one-parameter group of transformations, we can ‘linearize’ these equations and easily
solve them: this is an important discovery made by Sophus Lie. The transformation
groups can be either local or global, they can be of continuous, discontinuous and mixed

type. This thesis concentrates on continuous one-parameter local groups.

Definition 1.2.2. A set G of transformations
T,: 7 = fi(z,u,a), ©* = ¢*(z,u,a), i=1,...,n; a=1,...,m, (1.4)

where a is a real parameter which continuously takes values in a neighbourhood D C IR
of a =0 and f!, ¢ are differentiable functions, is a continuous one-parameter (local) Lie
group of transformations in IR"™™ provided the group properties of closure, identity and

inverses are satisfied, namely:
(i) Closure. If T,,T, € G and a,b € D' C D, then
T.T, =T.€ G, ¢c=p(a,b) €D.
(i) Identity. There exists Ty € G such that
T, =T,7y =1,
for any a € D' C D. Ty is known as the identity of the group.
(iii) Inverses. There exists T, ' = T,-1 € G, a™* € D such that
T, =T,T;' =T,

forany T, € G, a € D' C D.

In the sequel we use the term ‘a one-parameter group’ to mean a continuous one-

parameter (local) group.

Example 1.2.2. The set of transformations
T,: T=1+4a)r, t=(1+a)u, aclR",

forms a one-parameter group.

12



The composition of the above transformations is
z=14+bz=(1+b(1+a)r=(1+a+b+ab)x.
Similarly
u=(l4+a+0b+ab)u.

Therefore

F= (140, i=(1+cu,
where ¢ = p(a,b) = a+ b+ ab.
The closure property is established since T,7, = T, € G, ¢ = a+ b+ ab > —1. Since

T =z, u=u when a = 0, T} is the identity. It can be shown that the group property of

inverses hold. Hence, T, is a one-parameter group known as the scaling group.

The choice of the parameter of a one-parameter group is not unique. Different choices
of this parameter might produce different composition laws. It is desirable to have an

additive composition law.

Definition 1.2.3. A group parameter a is canonical if the group composition law is

additive, i.e. ¢(a,b) =a+b.

The following theorem shows that a canonical parameter can always be constructed.

Theorem 1.2.1. For any composition law ¢(a,b), there exists a canonical parameter a

defined by
a B /a d(l/
0 X(a/> ’
where
dp(d’, b)
n o )
x(@) = ob ‘b:o )

Example 1.2.3. Considering the one-parameter group of transformations from Example

1.2.2,
T,: = (a+ 1z, u=(a+1)u, aclR",
it has been shown that the composition law is ¢(a,b) = a+ b+ ab. Hence the parameter

a is not canonical. Using Theorem 1.2.1 above we have

A 0@ +b+db
X(a)z( 0 :

=1+ad
b=0

13



and

a d/
&:/ ¢ =In(1+a).
0

1+d

Therefore written in the new parameter the group consists of the transformations

T,: T=¢€"2, u=-¢c"u, a€R.

It can be checked that the composition law is now

ola,b)=a+b.

Thus the new parameter is canonical.

From now we assume that group parameters are canonical.

Infinitesimal generator and Lie’s equations

Lie’s theory allows the construction of one-parameter group elements from their first-

order approximations
T a4 al(z,u), U = u® +an®(z,u). (1.5)

Equation (1.5) is the first-order Taylor expansion of T, about ¢ = 0 with the initial
conditions

fi|a=0 = l’ia ¢ la=0 = u”.
Hence we have

Of(x,u,a) N _ 0¢%(z,u, )
8@ a:O7 g (w’U) N 8& a:O'

&'z, u) = (1.6)

The vector (£,7%) is the tangent vector at (x,u) to the curve (7, %) parametrized by a.

The first-order approximations (1.5) can be written as
T (1+aX)2', @~ (14 aX)u®,

where

. 0 0
X:S(x,u)%—i—na(x,u)% . (17)

The differential operator (1.7) is called the infinitesimal generator or vector field of the

group G. It is also known as the symmetry generator (operator).

14



Theorem 1.2.2. For any given infinitesimal transformations (1.5), or an infinitesimal
generator, X, the corresponding one-parameter group G is obtained by solution of the

Lie equations A
dz’ ; du®
={'(z,u — =%, u 1.

subject to the initial conditions

ji|a:0 = wi’ ﬂ'Oé|a:0 =u” .

The solution of Lie equations (1.8) involves exponentiating the generator X, i.e.,
7' =exp(aX)r’, u*=exp(aX)u®, (1.9)
where ,
exp(aX) =1+ aX + %XQ SR DL B (1.10)
is known as the Lie series operator.
Example 1.2.4. Consider the following infinitesimal transformations

IRT—au, uxu-+axr

or equivalently

0
X=—-u—+z—"
ox ou
The corresponding Lie’s equations are
dz _ . _
. - subject to  T|,_, = .
a
du _ . _
=T subject to  u|,_, = u.
a

The solution of these equations leads to the one-parameter group (rotation group):

T =xcosa—usinag, 4 =axsina+ucosa, —7 < a <T.

Alternatively we can use the exponential map (1.9) in the form
T =e"(x), u=e"(u),
where the generator X is as given above and e?¥ is defined by (1.10).
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Invariants

Definition 1.2.4. A point (z,u) € IR"™™ is an invariant point if it remains unchanged

by every transformation of a group G, i.e.,
(z,u) = (z,u) YaeD CD.
Theorem 1.2.3. A point (z,u) € IR"*™ is an invariant point of a group G with generator

, 0
X = £Z(I7U> axz

+0(x, u)

ou®
if and only if
&' (w,u) = 1°(2,u) = 0.

Definition 1.2.5. A function F(z,u) is an invariant of a group G if and only if
F(z,u) = F(x,u) VYx,u,a€D CD.

Theorem 1.2.4. A function F'(x,u) is an invariant of a group G with the generator X
if and only if
X(F)=0. (1.11)

The characteristic system for Eq. (1.11) is given by

dx! _ dz" du' o du™

r,w)  ezu) ni(wa) ()

Thus an arbitrary invariant F'(x,u) of the group G is

F=A ([1(33,U), S ,Im+n_1($,U)) )

where [1(z,u),..., Inin_1(z,u) is called a basis of invariants of G (i.e., group G has
exactly m + n — 1 functionally independent invariants). The basis is not unique. One

can take, as basic invariants, the left hand side of m 4+ n — 1 first integrals

]1(1‘7'“)7 s 7I7H+n—1(x7u) = Cm+n—1-

16



Canonical variables

Definition 1.2.6. T'wo groups are similar if one can be transformed into the other by

means of a suitable point change of variables.

Theorem 1.2.5. Every one-parameter group has canonical variables.

Proof. Using the chain rule we find that under the change of variables,
yl = hl(l'? ’U/), /Ua = ea(x7 u)?

the generator X transforms as

. 9, 0
X = gz(xau)%—l—na(xvu)aua

_ ¢ oh* 9 +89’8 0 e oh* 9 +89’8 0
N oxt dyk  Oxt OvP T\ Gui oyt out P

JORE OREN 0 000 L00°N 0
= (&5 +n &5t

ox’ ou® ) Oy* ox’ ou® ) ovP
0 0
= X(h)— +X(0")— -
(1) gop + X(O°) 55
In more suggestive form
0 0
_ k sy~ .

X=Xy )0yk + X (v )81)/3

Then the coefficient operators X (y*) and X (v?) are written in terms of the new variables
(y,v) which can be reduced to translation along one of the directions and are known as

canonical variables.

Remark. One-parameter groups defined by transformations (1.4) can be transformed

to a translation group

gl=y ta gi=yh. gt =yt 0 =0l 0 =T
with generator
0
X=—"
oy!

Canonical variables (y,v) for translations along the y!' axis are determined by solution

of the system



In order to solve system (1.12) we require a basis of invariants and a solution of X (y') = 1.

Example 1.2.5. Consider the rotation group with generator X in the (x,y) plane given
by
0 N 0
p— — x— .
Y ou dy

Canonical variables for rotation along the v axis are obtained from the system

X —

ie.,

Yor Ty T~ Yor "oy~

1.
Solving the first system, we write the corresponding characteristic system:
dr dy du
-y x 0
Therefore the basis invariant is 22 + y? = ¢, the arbitrary invariant is v = ¢, and the

general invariant is u = f(z? + y?).

Likewise the invariants of the second system which are in terms of v can be found.

1.3 Prolongation formulas

The transformations (1.4) form a symmetry group G of the system FE if its invariant form
(1.3) is satisfied whenever equation (1.1) holds. The transformed derivatives in (1.3) are
obtained by employing the chain rule, D; = D;(f7)D;, where

0 o d o d o o o o
Djzﬁ—i—uj%—l-ujka—%—i-“';ulsz(u), ujk:Dj(uk),

is the total derivative operator with respect to a?, as is D; for the transformed variables.

Applying D; = D;(f?)D; on @ and using the form of @® from (1.4) on the left hand side

of the result, we arrive at

Di(¢*) = Di(f’)D;(u%) ,



When one expands the last equation yields

of | 07\ o _ 09°
(3xi +U’W> YT Py

500%

+u; —
b ouP

(1.13)

Now we solve equation (1.13) to get @ = ¥ (x, u, un), a). It can be verified that ¥ |,—o =

u and @ = Y (z, u, uay, a) is locally solvable for u;y given small a.

The transformations (1.2) together with the transformations 1) = 9 (z,u, un), a) form
a one-parameter group, G, which is the first prolonged group acting on the space
(z,u,uq)). In similar fashion higher-order prolonged (extended) groups G up to G

can be obtained.

Let the infinitesimal transformations of the extended groups G up to G¥! be given by

(1.5) and

u o~ ouf +a (T ua),
ugy =g aG(E, ), U), (1.14)
ﬂ(llllk ~ U?lzk + CLC,:);% (fL’, u, U(1)7 . ,U(k))

Then the functions (s are given recursively by the prolongation formulae,

gq = DZ(WQ)—‘—SJUOC

% Ji)

a DZ»D]-(W@)—kfkugj, (1.15)

ij
glk = Di--- Dik (WQ) + fju?i1'~~ik’
where
W =no—¢ ug
is the so-called Lie characteristic function. Equivalently the formulae (1.15) can be

written as

¢ = Di(n®) —u§Di(¢7),
Gro= D¢ —ugDy(Eh), (1.16)

Tt = DirlGli ) = Ui Di(€),

i1 i1ik_1l



We now illustrate how to obtain one of the prolongation formulae (1.15), say, (*. Consider
Di(¢*) = D;(f?)u§. Using the infinitesimal transformations (1.5) and @ from (1.14),
we obtain

uft +agf + auf Di(¢) = uft +aDi(n”).

Therefore we have
¢ = Dy(W*) + &us,

i

where the Einstein summation convention is adopted.

The corresponding prolonged generators of the prolonged groups G up to G are

, 0 0 0
(1 — ¢t o —_ o —
X & (z,u) o +n%(x,u) e + ¢ (x,u,u(l))au? , (1.17)
X = ¢i(g u)i.+n°‘(;1: u)ﬂ—l—ﬁq(aﬁ u, ury) +oe
T o  gue T T W G
N 0
-+ i1 (33', U, ... ’u(k))ﬁu‘?‘ , (1.18)

i1k

where X[ is the first prolongation of X. The converse is also true in that, given the
prolonged operators (1.18) or their corresponding infinitesimal transformations (1.5),
we can find the respective one-parameter prolonged groups. This is achieved by using

Theorem 1.2.2 or the exponential map for the prolonged variables.

Definition 1.3.1. A differential function, F(z,u, u(y, ..., ug)) for p > 0, is a pth-order
differential invariant of a group G if
F(z,u,uqy, .- ug) = F(2,0,00), ... Ug),

i.e., F'is invariant under the prolonged group G, where for p = 0, u@) = uand G =@.

Theorem 1.3.1. A differential function, F'(z,u,un),...,up)) for p > 0, is a pth-order

differential invariant of a group G if
XP(F) =0, (1.19)

where X! is the pth prolongation of X and for p =0, X% = X.
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The differential invariants can be obtained by solving the characteristic equations for

Eq. (1.19).

Example 1.3.1. The prolongation of the operator

Ea,y) 2+ ()

X:
ox

dy

for a second-order ODE with y depending on x is given by

XE =X Gl G
The variables (;, defined in (1.16) are
G = D:(n) —y'D.(§)
= o+ (- &)Y — ¥,
G = D.(G)—y'D.(§)
= Moo + Y 2y — Eax) Y gy — 260y) — ¥ &y

(1.20)

+y"(ny — 26 — 3y'¢y).(1.21)

Example 1.3.2. For a second-order PDE having dependent variable, u, and independent

variables, (t,z), we have

0 0 0
S| v 2 v v
0 0 0 0 0
2] _
X X"—Ct +C:E +<tta tt+<tma m—i_meauﬂm;
where
G = Dyn) — UtDt(ﬁl) - U:th(f2)
= m+ ut( gt) - utf ng? - Uwutgg ) (1'22)
Ce = Dw(n) - uthv(fl) - uxDx(£2)
= o+ Ug (1 — &) — Uu3EL — Wy — Uik, (1.23)
Cee = Dt(Ct) - UttDt(fl) - Utth(fQ)
= N+ 2N + Uy + U — 2UE] — upp — 20w L, — €2 (Uptyy + 20Uy
—UaupEl, — 2un) — wiyy — 207 &}, — Buguné, — Ui, (1.24)
Ctx = Cxt = Dx(Ct) - uttD:c(gl) - utxDx(€2)
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= Mo+ 2uTeu + Untu + UlaNuu — Uy — Ul — &y (Ugty + 2uqug,)
—Ut(fit + utgiu + Uxftlu + Utuxfiu) - Si(utumc + 2UgUyy)
—Up (&7, 4 WD, + uall, + wall,), (1.25)
Coo = Da(Ge) = e Du(€") = taa Da(€?)
= Now + 2UaTou + Use T + UaTuu — 2Uaell — Ualoy — 20AE0, — Eu(Urliag + 2Ugley)

—uifiu — 2u$t§; — utfi,x — 2uzut§iu — uiut&u — 3uxum§5. (1.26)

1.4 Determining equations for Lie-point symmetries

In this Section we introduce Lie’s algorithm for calculating point symmetries of DEs and

also give the illustrative examples.

Definition 1.4.1. An invertible transformation acting on the space (x,u) of F is a point

symmetry of E provided every solution h of E is mapped onto another solution h of E.

Theorem 1.4.1. Let G be a group of transformations, (1.4), admitted by the system
E. Performing the first-order Taylor expansion of (1.3) around a = 0, we arrive at the
fact that

Xkl (E”(x, U, U1, - - - ,u(k))> =0, o=1,...,s, (1.27)

whenever (1.1) is satisfied for every group operator X of G. Then G consists of symme-

tries of the system E. It can be shown that the converse is also true.

The symmetry conditions (1.27) can be written compactly as

X[k] <EU<I,U,U(1),...,U(k))) :0, o = 1,...,8, (128)

a1
where means evaluated on the surface (1.1).

(.1
Equations (1.28) are the so-called determining equations. In general the determining
equations comprise an over-determined system of linear homogeneous PDEs for the un-
known coordinates £ and n® of the symmetry generator X. The solutions of the deter-
mining system form a vector space, that is, any finite linear combination of symmetries

is again a symmetry. This stems from the fact that the determining equations are linear.
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Lie’s algorithm

Below we give a layout of the steps involved in the execution of the procedure for calcu-

lating symmetries of £ [10, 65, 67].

Lie

. Write E such that all the terms are on the left hand side.

. Write the generator of symmetry

()

due

Prolong the symmetry generator X to the order which is the same as that of F,

ie.,
« 8 @ a
X = X Q) g o+ Gl (i) e

[ARERI A

where the variables ¢ are given by (1.16).

Apply the prolonged generator X¥! on E evaluated on the surface (1.1) yielding

the symmetry conditions

=0, o=1,...,s.
(1.1)

X[k] <EJ(£L‘, Uy U(1)y - - - ,U(k))> }

Substitute the ¢ upon expansion of the symmetry conditions and replace the

derivatives which are to be eliminated.

Separate the expanded expression with respect to the derivatives of the depen-
dent variables and their powers resulting in an over-determined system of linear

homogeneous PDEs in terms of £ and 7®.
Solve the over-determined system for the infinitesimals £ and 7“.

Construct one-parameter groups using Theorem 1.2.2.

algebra of operators

The symmetries have an additional beautiful structure: they form a Lie algebra.
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Definition 1.4.2. A Lie algebra is formed by a vector space L over a field, IF, say,
together with a binary operation [ , | called a Lie Bracket commonly and incorrectly

knows as commutator, defined on L such that the following properties hold:
(i) Bilinearity. If X;, X5, X3 € L, then

[aX; + bXs, X3] = a[ X1, X3] + b[ Xy, X3]  for scalars a and b in IF.

(ii)) Skew-Symmetry. If X;, X5 € L, then

[Xl,XQ] = —[XQ,Xl].

(iii) Jacobi Identity. If X, X5, X3 € L, then
[ X1, Xof, X3 + [ X2, X3], Xu] + [ X35, X4], Xo] =0 .

Definition 1.4.3. Consider a Lie algebra L. If the vector space L is finite-dimensional,
its dimension is the dimension of the Lie algebra, that is, the finite-dimensional Lie

algebra of dimension r is denoted by L,..

In this thesis we take IF to be the field of real numbers IR.. We define the Lie Bracket

[, ] on the set of vector fields V as

[Xl,Xg] == X1X2 - X2X1 for any Xl,Xg S V, (129)
where
, 0 0
Xy = & (w, )= + 75z, u) =—
1 51(x7u>8$2 +771 (aj?u)aua
and

, 0 0
Xy = 55(%“)% + n?(w,U)% :

The binary operation (1.29) makes the space of vector field V a Lie algebra.

Theorem 1.4.2. The set of all symmetries forms a Lie algebra called a symmetry Lie

algebra.

Definition 1.4.4. A subalgebra of a Lie algebra L, is a subspace S of L, such that
[Xl,XQ] € S for all Xl,XQ €S.
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Definition 1.4.5. An ideal of a Lie algebra L, is a subspace S of L, if [S, L,] C S, i.e.,
S, L] = {[X1, X5] such that X; € Sand Xy, € L.} C S.

Definition 1.4.6. A k-derived algebra LY of a Lie algebra L, is such that

k) (k)

7‘71”]7

LY = [Ly, L],..., LY = [L

r

k=1,2,....
The derived algebra LY is an ideal of the Lie algebra L,.
Definition 1.4.7. A Lie algebra L, is abelian if all of its elements commute, i.e., Lgl) =0.

Definition 1.4.8. A Lie algebra L, is solvable if there is a sequence of subalgebras
L, DL,y D--DL

of dimensions 7, r — 1, ..., 1 respectively such that each subalgebra L,_; is an ideal of
L,forp=2...,r.

Theorem 1.4.3. A Lie algebra L, is solvable if and only if it has a vanishing kth derived

algebra, i.e., L™ =0 for a positive integer k.

Example 1.4.1. Suppose [ X1, Xo] =0, [X1, X3] = X, [Xs, X3] = X5. Then the derived
algebra is Lél) = {Xi, X5}. The algebra Ls is solvable since by Theorem 1.4.3 its derived
algebra vanishes, Li(f) = [X1, X3] = {0}.

Multi parameter groups

Lie algebras generate a multi parameter local group, i.e., G, (where r denotes the dimen-
sion of a local group parameter). The definition of one-parameter local groups introduced
earlier in Section 1.2 also applies to r-parameter local groups by defining the vector pa-

rameter a = (ay, as,...,a,).
Theorem 1.4.4. Let L, be an r-dimensional vector space of operators

. 0 0
X, zglz(x,u)%—i—nla(x,u)% , l=1,...r (1.30)

The product T, = Ty, - - - Ty, of r one-parameter groups of transformations 7, generated
by each operator X; via the Lie equations
dz’
da

. du®
= gz(j’a% % = ga('@a)a
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subject to the initial conditions

—1 ) —x o«
om0 = 2", Ul_ =u

is an r-parameter (local) group G, if and only if L, is a Lie algebra.

Example 1.4.2. Consider the operators

0 0 0
%’ Xz—%> Xs—U%'

These span a Lie algebra Lj since [X, X3] = 0, [ X1, X3] = 0 and [Xs, X3] = X;. The

X1:

three one-parameter groups of transformations with the vector parameter a = (a1, as, as)

obtained via Lie equations are

T, r=x+a;, uU=u,
T, T=x, U=1u-+as,
T, T=x+azu, U=1u

Their composition T, = 1,,1,,T,, is

T,: T=x4asu-+asas+a;, uU=u-+ as, a € R,

The composition of T, and T}, where b = (by, by, b3), is
T,T,: ZT=uz+ (az+bs)u—+as(as+bs)+bobs+a;+by, u=u-+as+bs.
Now T, T, = T, i.e., the equations T = x + c3u + cac3 +¢1, u=u~+ ¢y
cp=a1+by —azby, co=as+0by, c3=as+ bs.
Thus the composition law is given by
p1(a,b) = a1 + b1 —asba, ¢2(a,b) =as+bs,  w3(a,b) = as +bs.
If a = (0,0,0), then T(o, is the identity transformation. Now, T,T, = T, implies that

T, =T, for c =0, i.e., a; + by —asby = 0, as + by = 0 and a3 + b3 = 0. Hence the

inverse transformation 7,1 = T(_4, —a505,—as2,a3)-
Therefore the transformations 7, = 1,,7,,1,, form a three-parameter group.
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Theorem 1.4.5. A function F(z,u) is an invariant of an r-parameter group G, with

the generators X; given by (1.30) if and only if
X,(F) = 0. (1.31)

Theorem 1.4.6. Let r* = rank(&}, %), where (&, nf*) are taken at generic points (z,u).
Then the group G, has m +n — r* functionally independent invariants I (x, u), Is(x, u),
ey Imyn—r(x,u) and any other invariant is a function of these. A set of m +n — r*

functionally independent invariants is a basis of invariants for G, .

Similar consideration applies to prolonged groups.

Example 1.4.3. Applying Theorem 1.4.6 to the previous example, we find that there

are no invariants for the group, Gjs, that is, m +n —r* =1+ 1 — 2 = 0 where

Symmetry Calculations

The following examples illustrate Lie’s algorithm for calculating symmetries of DEs.

0
From now throughout the thesis we use the notation 0,: and 0,« instead of gy and 5
i (I
respectively.
Example 1.4.4. Consider the equation
Y= a0 (1.32)
Y
which is a special case of the Ermakov—Pinney equation.
According to Lie’s algorithm the vector field
X =¢&(2,9)0; + n(z,y)0, (1.33)

is a symmetry generator of (1.32) if and only if we have the symmetry condition

X (y” — %) =0,

(1.32)

27



where

XP = X + 0y + (0,

The variables (; and (, are given by (1.20) and (1.21) respectively. However, the term
involving (; does not contribute in calculations because there is no y’ appearing in the

equation under consideration.

Thus we have the determining equation

(z—?:?? + Cz)

Upon expansion of (1.34) we have

— 0. (1.34)

(1.32)

3a Q 3o
FU + Moz + ?/(277961/ - ém> + (?//)2(7724?; - 25:1:?;) - (y/)ggyy + E(ny - 25%) - F?Jlgy = 0.

The separation of the above expression with respect to powers of 3 yields the equations

(y/)g D&y =0,
<y/)2 YoMy — 2§xy =0,
3a
y, : 277$y - gacz - ?fy - 07

3 o}
W) =+ N + (1 — 26) = 0.
Yy Y
The general solution of the above system is
¢ = cox® + 2wy + ey, 1= (cox 4 c1)y.
Thus the symmetry Lie algebra of (1.32) is generated by the operators
X1 =0, Xy=220,+y0,, X3= 20, + xY0y.

Hence the symmetry Lie algebra is three-dimensional. The Lie Bracket of the symmetry

generators is
(X1, Xo] =2X,, [Xi, X5] = Xo, [Xo, X3] =2Xs.
Example 1.4.5. The heat equation
Up — Upy = 0 (1.35)
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has the symmetries:

X1 = 815, X2 = 8:1:7 Xg = u@u, X4 = 2t8t + x@x, X5 = 2t(9:,3 — a:uau,
Xg = 420, + 4tx0, — u(z® +2t)0,, Xp = B(t,7)0,,

where (3(t, ) is an arbitrary solution of the heat equation, i.e. §; = (3,,. Note that the
symmetry Lie algebra is infinite-dimensional. The commutator brackets are given in the

following table:

Table 1.1: Table of commutators.

X, X X, X, | X3 | Xy X; Xe X
X, 0 0 0 | 2X; | 2Xy |4X,—2X3| Xg
X, 0 0 0| Xo | X3 2X5 X3,
X3 0 0 0 0 0 0 — X3
X, —2X, —X5 | 0 0 X5 2X X
X; —2X, X; | 0| =X; 0 0 X
Xe 2Xs —4X, | —2X5 | 0 | —2X4| O 0 Xy
X5 — X5, — X5, | X | —Xp | —Xgr | —Xgm 0

In the table above we have adopted the following notations:

ﬁ/ = xﬁ$ + Qtﬁh
ﬁ/, = 2tﬁm + «Tﬁ7
B" = Atxf, + 473 + (2* + 2t)5.

Moreover (;, B, 5, " and (3" are solutions of the heat equation because ((t,x) is any

solution of the heat equation.

The one-parameter groups 7,, for each X; via the Lie equations are

Ty : t=t+a, T=2z u=u,
Te,: t=t, T=x+ay, u=mu,
To,: t=t, T=x u=azu, az>0,
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1.5 The use of symmetries

Symmetries can be used to reduce the order of a DE. In fact, when the equation admits
solvable Lie algebra, the ideals of the algebra can be used to perform the reduction.
Knowing the symmetry of the reduced equation provides further reduction until in some

cases the solution is obtained by quadratures.

Example 1.5.1. Reduction of order.

Consider the equation )

2
y' by + Su+ cy® =0, (1.36)

for arbitrary constants b and c¢. The symmetry Lie algebra admitted by the equation is

two-dimensional and generated by the operators

3 b b
X1 =0, Xyo= — 3 eXD (§$) 0, + yexp <§x) Oy.

The Lie Bracket of the operators is
3
[Xl,XQ] — EXQ
Rewriting L in solvable form we use the skew-symmetry property that
[XlaXQ] = _[X27X1]'
Thus we let Y; = X5 and Y5 = X to obtain

3
[Y1,Ys] = —3 7

The ideal is spanned by



Therefore we start the reduction with Y;. For a second-order equation we require the
invariants of the first prolongation of the operator to reduce the equation. In reducing a

third-order equation the second prolongation of the operator is needed and so on.

The first prolongation of Y] is

b 3 b
Yl[l] = exp (§x> {_Ea‘ + y0y, + (2y" + gy)ﬁy/ :

The invariants of the group generated by Yl[l] are
b y b
u:yexp(§:ﬂ>, ’U:E—F@'
The second-order equation (1.36) becomes the first-order equation in the new variables,
u and v, i.e.,

dv 202 + ¢

i 1.37
du uv (1.37)
The reduced equation (1.37) is variables separable and there is no need for consecutive

reduction using Y3. However, Eq. (1.37) admits

~ b
- (5)
written in the new coordinates. The solution of Eq. (1.37) can be easily found and then

written in original coordinates (x,y).

Example 1.5.2. Generating solutions.

The one-parameter group of transformations can be used to generate new solutions from
the known ones. The new solutions can comprise nontrivial solutions compared to the

known (trivial) solutions from which they were generated.

If @ = h(t, ) is a solution of the heat equation, then so is

ot x,u,a) = h(f(t,z,u,a), f(t,z,u,a)),

where the f* are differentiable functions (c.f. Definition 1.2.2).

Equivalently in solved form with respect to u: u = H,(t,z) is a one-parameter family of
solutions. For instance, if & = h(%, %) is a solution of the heat equation corresponding to
the transformations

To,: t=t+a, T=ux u=u,



then so is u = h(t — a1, ).

Also consider the transformations,

_ t x —agx?
T,:t=———, T=—— u=uy1—4agt exp|——|; ag#0O.
“6 1— 4a6t 1-— 4a6t 6 P |:1 — 40,6t:| 6 7&
Given the constant solution of the heat equation u = uy = constant and expressing % in

terms of ¢ and ¥, a new solution (dropping the bars),

Uo —aﬁxz
U=——=—exp|——
VTt dagt P |1+ dagt

is generated.

In similar manner the generated solutions for the other one-parameter groups of trans-

formations can be obtained.

Invariant Solutions

The main motivation for calculating the symmetries of DEs is to use them to discover
the structure of the solution space. A symmetry has the interesting property of mapping
a solution to not the same one. In the case of scalar ODEs symmetries are used for
reduction of order [10, 31, 33, 65, 67]. When dealing with PDEs, finding the general
solution is sometimes very difficult or impossible. In most of the cases one has to make
do with particular solutions. Amongst these particular solutions, invariant solutions
can be systematically determined when the symmetries of the underlying equation are

known.

Definition 1.5.1. A solution u® = F®(x!, 22, ...2") of E* is invariant under the one-

parameter group of transformations (1.4) if
™ = Pzt 22, ... 1"). (1.38)
If we perform the first-order Taylor expansion of (1.38) around a = 0 and use the first-
order approximations of one-parameter group (1.5), we obtain
u*+an®+-- - =F*+aXF*"+ -

32



whenever u = F'. This equation implies that

whenever v = I'. Therefore

uw=F(z',... 2", (1.39)

is invariant under transformations (1.4) provided

X(u® — F®) 0. (1.40)

l(1.30) —

Conversely it can be shown that, if (1.40) be satisfied, then u = F' is invariant.

Equation (1.40) is a system of first-order quasilinear PDEs that can be solved to obtain
the functional form of F'. Once the functional form of the invariant solution is obtained,
it is substituted back into the original system. This substitution leads to PDEs with
fewer independent variables. If the symmetries of the reduced equations are known, we
can perform further reductions. In favourable cases, we find closed-form solutions of the

original system.

Example 1.5.3. Travelling-wave solutions.

Consider the symmetry X = X; + ¢X, of the heat equation, where ¢ is a constant
(representing wave speed). In order to find the form of the solution invariant under X,

we have to solve the quasilinear PDE (1.40) which is in this case

OF  OF
o Heg =0, (1.41)

The method of characteristics for (1.41) gives

dt _dr_dF
1 ¢ 0

Thus F = g(x — ct), where g is an arbitrary smooth function of its argument. Therefore

any solution invariant under X assumes the form
u(t,x) = g(x — ct). (1.42)
Substitution of (1.42) into the heat equation yields
9" +cg =0, (1.43)
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where a prime denotes differentiation with respect to A = x — ct. Solving (1.43), we get
g = Kjexp(—c)) + Ky,

where K7 and K, are arbitrary constants. Finally the most general solution of the heat

equation invariant under X is

u(t,z) = K, exp(c’t — cx) + K.

1.6 Equivalence transformations

Equivalence transformations play a vital role in solving the problem of group classifica-
tion. They can be calculated directly [39, 42] or using the infinitesimal approach sug-
gested by Ovsiannikov [66] and was later modified by Akhatov et al [1]. The infinitesimal
approach is tedious but easy to follow. According to Ovsiannikov [67], an equivalence
transformation is a generator of continuous equivalence group of transformations acting
in the extended space of independent variables, dependent variables, functions and their

derivatives which does not change the form of the equation under study.

Definition 1.6.1. An equivalence transformation for a system of DE is a change of both
the independent and dependent variables into new independent and dependent variables
taking the original system into a system of the same form. In general the arbitrary

elements of the new system differ from those appearing in the original system.

A more technical definition can be given in conjunction with Definition 1.2.1 for symmetry

transformation.

Definition 1.6.2. The set of all equivalence transformations forms an equivalence group,

denoted by &.

Definition 1.6.3. The continuous group of equivalence transformations & is a subgroup

of €.

Definition 1.6.4. The Lie algebra of the continuous equivalence group is called the

equivalence algebra Lg.
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Example 1.6.1. We illustrate the infinitesimal approach by calculating the equivalence

transformations for the nonlinear heat equation [66, 67
u = (k(u)ug)z , k(u) # constant. (1.44)

We rewrite the equation as

wy = kyu? + k().

We seek for the generator of equivalence group having the form

The operator (1.45) is the generator of the equivalence group provided it is admitted by
the extended system

wy — kyu? — k(u)uze = 0, (1.46)
k=0, ky,=0. (1.47)

The invariance conditions for system (1.46)—(1.47) require the following prolongation of

the operator (1.45)

}7 =Y + Ctaut + Cxauz + Cx:pau + wtakt + wxakz + wuaku7 (148>

TT

where the (; are as given by (1.22), (1.23) and (1.26). The variables w; are given by the

prolongation formulae

we = Di(p) = kDy(€") = kDi(€%) — kuDi(m), (1.49)
Wy = 5x(,u> - ktﬁx(gl) - kx5x<€2) - kuﬁx(n)a (15())
Wy = 5u(,u) - ktﬁu(fl) - kmﬁu(§2) - kuﬁu(n)v (1'51)

where

Dy =0, + kO, Dy=0,+ ko0, Dy=0y+ kuOs

are the total derivative operators for the extended system (1.46)—(1.47). The invariance

condition for Eqgs. (1.46)—(1.47) yields the determining equations

G — 2kyupCp — K Cow — gy — wuui =0, (1.52)
w =0, w;=0. (1.53)
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The general solution of the determining equations (1.52) and (1.53) is given by
=at+e, C=ur+tu n=cutc, p=2c—cac)k,

where ¢1, o, ..., cg are the arbitrary constants. Thus the nonlinear heat equation (1.44)

has a six-dimensional equivalence Lie algebra spanned by the operators
Yi=0, Yo =0,, Ys=0,, Y, =10, — kOy, Y5 = 0, + 2k0, Y5 = u0,. (1.54)

The one-parameter group of transformations 7, for each Y; are

T,, t=t+a, T=x, u=u, k=EF,

T, : t=t, I=ux%ay, u=u, k=Fk,

Ta, t=t ZT=x uU=u-+as, k=Ek,

Ta, t=a4t, T=x, U=u, k==klag; ay4>0,
T,: t=t ZT=asw, u=u, k=aik; as>0,
T,: t=t T=x u=asu, k=k; as>0

Taking the composition of the above transformations, we obtain the equivalence trans-

formations for Eq. (1.44) written in finite form
t=ait+v, T=r+v, U=auty, k==kaila, (1.55)
where
ap=a4 >0, ag=as5 >0, ag=ag >0, 71 = asa1, Y2 = asa2, Y3 = asas.

Group classification is performed up to equivalence transformations (1.55); consult [66,

67] for details.

1.7 Conclusion

In this Chapter we have introduced basic techniques that are employed in the subsequent
chapters. Particularly we have described Lie’s algorithm for the calculation of symme-

tries. Examples have been given to illustrate the different steps in the calculation of
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symmetries. Moreover we have shown how to use symmetries for reduction of order, gen-
eration of new solutions from known ones and the construction of invariant solutions. We

have also illustrated by an example the computation of the equivalence transformations.
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Part 1

Collapsible Tube Model
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It is well known in physiological, clinical or surgical applications that the flow of a
fluid changes the geometry of the collapsible tube through which it is flowing. The
phenomenon of fluid flow through collapsible tubes is complex due to the fluid flow
interaction with the motion of the tube wall. Owing to this complexity much of the
research (analytical and numerical investigations [23, 35, 44, 71] just a few to mention)
have been based on one-dimensional and two-dimensional models. However, a complete
understanding and comprehension of the complex dynamics involved in the flow through
a collapsible tube requires a three-dimensional approach (experimental investigations and
three-dimensional numerical simulations). Due to the extensive computational resources
needed, currently there are limited three-dimensional numerical simulations for fluid flow

through collapsible tubes [49].

For a given real-life situation the flow in a collapsible channel or tube taking into account
the structure interactions can be modelled in various ways depending upon the type of
flow. The flow can be steady or unsteady at low/high Reynolds numbers ignoring or in-
corporating elastic forces. Steady flow may breakdown under certain conditions, i.e., the
flow ceases to exist for some given parameter values (this is known as choking). On the
other hand for other conditions the flow does exist, but with some oscillatory instabili-
ties. These instabilities are responsible for the “Korotkoff sounds” during blood-pressure
measurements (sphygmomanometry) and snoring noises during forced expiration. The
models of unsteady flow include wave propagation and other types of instabilities such

as Tollmien-Schlichting waves and travelling-wave flutter.

There is a number of physiological, clinical and surgical applications of fluid flow through
collapsible channels, for example: blood flow in arteries or veins during sphygmomanom-
etry; urethral flow during micturition; ureteral flow during peristaltic pumping; airflow in
the bronchial airways during forced expiration [8, 35] and in other circumstances which
are less usual, such as life-sustaining and life-threatening situations. The review articles
8, 25] give applications of flow in collapsible channels and tubes, analytical and numer-
ical models, experimental investigations and comments on some outstanding issues on

the subject.

In an experimental setup the physics of fluid flow through a collapsible tube is designated
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by the term “Starling Resistor”. The Starling Resistor is a device introduced by Knowlton
and Starling [40] and is commonly used by physiologists to represent the model of a
deformable channel. The elastic tubing section collapses at any point along its length at
which the transmural pressure (internal minus external pressure) is less than zero. Inside
a pressure chamber a collapsible tube of finite-length is mounted between two rigid tubes

and a fluid with a given volume flux is pumped into the setup.

Many features of the systems of PDEs describing compressible gas and shallow-water
flows [3, 36, 76] also arise in collapsible tube flow. These include models for steady and
unsteady flows. The next two chapters are devoted to the investigation of the models
of flow in collapsible tube from the point of view of Lie group theory. Similar models
(systems of equations) have been studied in [13, 50, 61, 67] and the references therein
using this approach. Most of the analytical work done on the flow in collapsible channels
involves approximation of solutions. However, the Lie symmetry method has proven to

be a powerful tool in obtaining solutions naturally.
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Chapter 2

Classification with respect to Three-

and Four-Dimensional Lie Algebras

In this Chapter we perform a classification of a coupled system of PDEs modelling a
flow in collapsible tubes. This system of PDEs contains unknown functions of the de-
pendent variables the forms of which are specified through the classification with respect

to subalgebras of real three- and four-dimensional Lie algebras.

2.1 The governing model

We consider one-dimensional flow through a collapsible tube ([25, 35]) governed by the
equations:

e Conservation of mass
a; + (ou), =0, (2.1)

where subscripts ¢ and x denote time and spatial derivatives respectively.

e Conservation of momentum
p(ut + qu) = —Pz — R(O{, U), (22)

where p is the density of fluid assumed to be constant and R(a,u) > 0 is a term repre-

senting distributed frictional losses.
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e Pressure-area relation
p —pe = P(a). (2.3)

The tube law (2.3) can be accompanied by more terms to represent additional physical
effects

p—pe = P(a) — Ty + Day + Moy, (2.4)

in which 7" > 0 and «,, approximate the effect of longitudinal tension and curvature of
the tube wall respectively. The constant D > 0 represents the viscous damping in the

wall and M > 0 represents wall inertia.

The dependent variables, a(t,x), u(t,z) and p(t,z), are the cross-sectional area of the
tube, cross-sectional axial velocity and cross-sectional internal pressure respectively. The
independent variable x measures the tube length and ¢ the time. The nonlinear tube law
function P(a)) can be computed using thin-shell theory, but a quite similar function is
assumed for some models in applications [2, 11, 55]. The form of the term representing
viscous effects, R(«,u), depends upon the type of flow considered. Equations (2.1)—(2.3)

must be solved subject to appropriate initial and boundary conditions.

2.2 Equivalence generators

An equivalence transformation of system is a change of both dependent and independent
variables into new dependent and independent variables taking the original system into
a system of the same form [29, 30, 31, 32, 34|, see also Chapter 1. Using the infinitesimal
approach to calculate the generators of an equivalence group, we rewrite Egs. (2.1)—(2.3)

as the system

oy + aty, + uo, = 0,
(2.5)
p(us + uuy) + Py + R(a,u) = 0.

Since the independent variables ¢ and x do not appear explicitly in the above system

(2.5), the kernel of the maximal Lie invariance algebras of the system (i.e. the so-called
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principal Lie algebra) is spanned by at least two operators

Xl = 8t and X2 = 82 (26)

We seek the generator of an equivalence group having the form

Y =0, + €20, +10'04 + 1?0y + ' 0p + 1*0r, (2.7)

where
€Z - gl(t7$’ a? u)7 /r’Z - 77Z(t7 x’ a? u)7 MZ = Mz(t7 ZL” a7 u’ P7 R)’ Z - ]"2‘

The operator (2.7) is the generator of the equivalence group provided it is admitted by

the extended system

ap + aug +ua, =0, pluy + uug) + @, Py + R =0, (2.8)
P,=0, P,=0, Py=0, R, =0, R,=0. (2.9)

The invariance conditions for system (2.8)—(2.9) require the following prolongation of the

operator (2.7)

Y =Y + (0, + (30, + ({00, + ({00, +wiOp, + w3dp, + widp, + wi0p,
+w?Og, +widg,. (2.10)

The variables C} and w} are given by the prolongation formulae

¢ = Di(n') — auDy(&') — anDy(€?)

= 0y Fwn, — an(§ il +wéy) — an(§ + il +Fwél),  (2.11)
G = Da(n") —auDu(€") — axDx(€7)

= 0+ Uy, — (€ anby F uegy) — an(§] A 0nl +usl), (2.12)
G = Din?) —wDy(&') — uaDy(€7)

= np oy Fun — an(§ @l +wéy) — an (& + il Fwél),  (2.13)
G = Da(n?) —wDa(6") — us Dy (67)

= 0+ e gy — (€ apby Fuegy) — an(§F - 0nl +ugy)  (2.14)
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and according to Egs (2.9)

wi = Di(p') = PaDi(n') = 1y — Pan} (2.15)
wy = Dy(u') —PaDo(n') = il — Panl, (2.16)
wy = Da(p') = PaDa(n') = ptl, = Panip — Panl, (2.17)
wi = Dy(u") = PaDu(n') = p — Runk, — Pany, (2.18)
wi = Dy(?) — RaDy(n") — RuDy(n?) = pif — Ranf — Run, (2.19)
wy = Dy(p?) — RaDy(n') — RuDy(*) = i — Ramh — Run, (2.20)

respectively, where
D, =0, + o0, +1u 0, and D, = 0, + a0, + 10,
are the total derivative operators whereas
Dy=08, D,=0,, Dy=0,+Psdp+ROr and D,=0,+ R,

are the total derivative operators for the extended system (2.8)—(2.9). The action of the
prolonged operator (2.10) upon Eqgs. (2.8)—(2.9) yields the determining equations

Qll + uxnl + oz(g + ozm772 + uC21 =0, (2.21)
p(CE 4 ugn® + u3) + Paly + agws + p? =0, (2.22)
wi=0 wy=0 w=0 w=0w;=0. (2.23)

Firstly we consider Eq. (2.23) together with Eqs (2.15), (2.16), (2.18)—(2.20). Assuming
that the arbitrary elements and their derivatives are arbitrary functions we obtain
= —Pay =0 = p; = 0and 5, =0,
=ty = Patly =0 = 1, = 0 and 1, =0,
wi = fiy, — Ruty = Patly, =0 = 1, = 0, pu, = 0 and n,, = 0,
wi =y = Rany — Ry} =0 =y} =0,/ = 0 and 1} =0,
= iy = Rany — Ry} =0 = 5 =0, ny = 0 and 1 = 0.

Therefore

n'=n'(a), =1 (a,u), p'=p(a,P), p*=p*(e,u,P,R). (2.24)
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Next we consider Eq. (2.21). Taking into account Eqs (2.24) we substitute (2.11), (2.12)

and (2.14) into Eq. (2.21). This is followed by equating to zero the coefficients of P, and
the terms without P,. Thereafter separating by «,., u, and their powers we obtain

&=0, &+af,—ug, =0, (2.25)

Nt —amy +a(; - +&) =0, 0 +anp —u(E-¢) - =0. (226)

Now we consider Eq. (2.22). We substitute (2.12), (2.13), (2.14) and (2.17) into Eq. (2.22)

taking into account Eqs (2.24). By equating to zero the coefficients of P, and P? and

separating by «, and a2 we obtain

§u=0, pp=n,+&-&, & —uL=0. (227)

When we separate by a,, u, and their powers, the terms without P, result in

il =0, (2.28)
p [ — an2 —u(€ — &) — €] + (& — agl)R =0, (2.29)
W2 = (2 — )R, (2.30)

The first equations in (2.25) and (2.27) imply that &' = £1(t,«). Hence the second
equation in (2.25) reduces to

E+atl =0. (2.31)

In summary we have

& =¢(ter), €=88trau), n=n(), 7 =n(au), (2.32)
ph=p'(P), u’=pP(a,u, R), (2.33)

& —uk, =0, (2.34)

& +agl =0, (2.35)

' —amy +aly — &+ &) =0, (236)

ol —u(& - &) — & =0, (2.37)

p[n’ —an —u(& — &) — &) + (& — &) R=0, (2.38)

pp =+ — &, (2.39)

pr=(n; —&)R. (2.40)
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According to (2.32) and (2.33), Eqgs (2.34)—(2.40) can be differentiated with respect to

relevant variables to yield

& =0, (2.41)

=6 = =G0 == =0, (2.42)
Z—&h=0, & —a, =0, (2.43)

Maw =0, Moo = &a = 0. (2.44)

The solution of Eqs (2.34)—(2.44) yields the general solution of the determining equations
(2.21)—(2.23) given by

=Cit+Cy, &€=C+Cit+Cs, 1 =Csa, 1n°=(C5—Cr)u+ Cy,
(2.45)

p' =2(Cy — C)P+Cr, p* = (C5 —2C1)R,

where C4, Cy,..., C7 are the arbitrary constants of integration. Thus the generator of

the equivalence group is

Y = (Clt + CQ)@t + [C3LU + C4t + 05]31 + Cﬁoz('?a + [(Cg — C’l)u + C4]6u
H[2(Cy — CP + Ch)0p + (Cs — 2C1)ROR.  (2.46)

Therefore the underlying system (2.5) has a seven-dimensional equivalence Lie algebra

spanned by the operators

Yi=0, Yo=0,, Y3=0p, Y,=10,—u0,—2Pdp—2R0R,
(2.47)
Ys = 20, + ud, + 2PIOP + ROp, Ys =10, + 0y, Y7 = 0,.

The group of equivalence transformations includes the following discrete transformations:

t— —t, a— —a, u— —u, (2.48)
t——t, u——u P—-P, R——R, (2.49)
a— —a. (2.50)

We use the theorem on projections of equivalence Lie algebras [30, 31, 34] to find the
principal Lie algebra admitted by system (2.5).
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Consider the following projections of the equivalence generator (2.7):

X = Prppaw(Y) =0+ 0, +1'0a + 00, (2.51)

Z =D qupry(Y) =0 00+ 1000 + 1! 0p + 1i*Or, (2.52)
where pr(, , o, denotes projection onto the space (, x, a,u) and pr,, p gy onto the space
(a,u, P, R).
An operator X belongs to the principal Lie algebra if and only if

Z = prgupr(Y)=0. (2.53)
According to (2.46) and (2.52), Eq. (2.53) is written
Cs0y + [(C5 — Cr)u + C4]0y + [2(C5 — C1)P + C7|0p + (C5 — 2C1)ROg = 0.

Thus
Ci=0, C3=0, Cy=0, C¢=0, C7=0.
Hence in view of (2.46) and (2.51)

Y = 20, + C50,

and we conclude that the principal Lie algebra of system (2.5) is two-dimensional and

spanned by the operators
X1 - @t, X2 - (936 (254)

2.3 Classical Lie’s algorithm

According to Lie’s algorithm [10, 65, 67], the infinitesimal generator of the maximal

symmetry group admitted by (2.5) is
X = 51(15, x, o, u)0 + 52(25, x, 0, )0, + nl(t, T, 0, u)0 + 7]2(75, T, 0, u)0y (2.55)

if and only if the invariance conditions of system (2.5) are

X (¢ + au, + ua,) =0,
(2.56)

X<,0(ut + uuy) + Py + R(a, u)) =0,
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where
X =X + {0, + (300u, + 30y, + (30,,

is the prolongation of the operator (2.55). The variables ¢} are as given in Eqs. (2.11)-
(2.14).

The coefficients &' and 1’ of the symmetry generator (2.55) do not involve the derivatives
of the dependent variables. Thus we can separate (2.56) with respect to the derivatives of
the dependent variables and their powers to obtain an over-determined system of linear
homogeneous PDEs. The following over-determined system of equations was generated

manually and confirmed by the software package YaLie.

ug, — & — ag, =0, (2.57)

p(n +ung +ang) + (e, —n)R=0,  (2.58)

ans + 0t = an, — afl + 2aué, +agl =0, (2.59)

p(ug) +u?e, — & —u&l + 1>+ anl) + (a&y —n,) P' =0, (2.60)

EP + (& —ugy) =0, (2.61)

PP} +un?) + p [P + 0" Ra + 17 Ry + (& +uéy — )R] — LR =0, (2.62)
PP+ [p(&) 4 2u, — € +ny —mi) — 26,R] P’ =0,  (2.63)

plu&) +uey — & —u&l +0° — anl) + (a&y +n,,) P’

—(uE - +at)R=0, (2.64)

where a prime denotes differentiation with respect to a and subscripts denote partial

differentiation.
From Egs. (2.57), (2.60) and (2.64) we obtain
2 1 17
a(pna + faR) - 77u73 = 0. (265)

Since p > 0 and we require R > 0, Eq. (2.65) holds provided £ =0, n2 = 0 and 7} = 0
or P'(a) = 0.

We proceed with the analysis of the above determining equations by considering the

cases: P'(a) #0 and P'(a) =0
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Case I. P'(«) # 0.
From Eq. (2.65) we obtain
= tx,u), nt=n'tz,a), n*=n*txu). (2.66)
According to the first equation in (2.66), Egs. (2.57) and (2.61) imply that
g=¢(ta), &= (2.67)

When we take into account the last two equations in (2.66) and Eq. (2.67), the deter-

mining equations are

p(nf + uny, + anl) + a6 R =0, (2.68)

ans +n' = any, — €l + 20ué, + a&l =0, (2.69)

pluél +uE, — & —ull +1°) + g, P = 0, (2.70)

p(nf +unl) + mP' +n'Ro + 1’ Ry + (§ + uy — m2)R =0, (2.71)
P+ (& +2usy — & +ny —n.) P =0. (2.72)

When we using reasoning similar to the above, Eq. (2.68) implies that n} +unl+an? =0
and ¢! = 0. Thus the remaining determining equations (2.68)—(2.72) are

ny +uns +an? =0, (2.73)
any +1' = an, — a&y +ag =0, (2.74)
ué — & —u&s +n* =0, (2.75)
p(nf + un?) + myP' + n' Re +1° Ry + (§ — )R =0, (2.76)
P+ (& =&+ —m) P'=0. (2.77)
Solving Egs. (2.100) and (2.101) we obtain

n'=Clto)a, 7' =(& &+, (2.78)

where C' is an arbitrary function. Therefore in summary we have
=), &=8ta), n'=Ctr)a, 1= &u+ (2.79)
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and the determining equations are

Cr+u(Cp+E%) +E4 =0, (2.80)
CaP"+ [C+2(¢ — &) P =0, (2.81)

p (28, — &u+ & + €, | +CoaP + CaRg + [(6 — & Ju+ &) Ry
+(26) — )R = 0. (2.82)

xT

Therefore the symmetry generator (2.55) takes the form
X =& ()0, + & (t, )0, + C(t, )ada + [(& — & )u+ &) 0, (2.83)

In order to satisfy the remaining determining equations (2.80)—(2.82), since R depends
upon more than one variable, it becomes difficult to employ the procedure discussed
in [32, 67]. However, this procedure can be used to solve for P(«) in Eq. (2.81) and
hence leaving only R(c,u) to be solved from Eq. (2.82). Since the direct Lie symmetry
classification is difficult to implement, instead we make use of classification with respect
to three- and four-dimensional real Lie algebras by Patera and Winternitz [69] to solve

Eqs. (2.80)—(2.82).

2.4 Classification with respect to three-dimensional
Lie algebras

We consider the three-dimensional (3D) Lie algebras having the basis (e, ea,e3). The

two operators are those that span the principal Lie algebra and a third operator (which

is to be obtained) is in form of the symmetry generator (2.83). Thus in order to obtain

the third operator we consider the following possible realizations:
(a) €1 = 8757 €y = am7 €3 = th (b) €1 = 8t7 €y = th; €3 = aa:
(c)er=0x, e2=0;, e3=Xp, (d)er=0, e=Xp,, e3=0

(e) €1 = Xt?’m €y = ata €3 = ax (f> €1 = tha €y = 8£7 €3 = at
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where X, is the extension of the symmetry Lie algebra of the form

X = A(t)0, + B(t, )0, + C(t,x)ady + [(By — Ap)u + By)0,. (2.84)
Our goal is to find the functions A, B, C for which X}, is a symmetry generator of the
underlying system and thus obtaining the corresponding forms of P and R.

We illustrate the calculations involved by considering the possibilities (a)—(f) for the
algebras 3A; and A; @ As.

Firstly we consider 3A4; with the Lie Brackets:

le1,e2] =0, [e1,e3] =0, [eg, e3] = 0.
(a) The first Lie Bracket is identically satisfied. The second Lie Bracket implies that
e3 = 10y + B(2)0, + C(x)ady + Byud,
for ¢; arbitrary. The last Lie Bracket yields
€3 = 10y + 20, + 300,
where ¢y and c3 are arbitrary constants.
Therefore the determining equations (2.80)—(2.82) reduce to
c3(aP”+P)=0, czaR,=0. (2.85)

We take e; = ad,, and hence the corresponding forms of the arbitrary functions from the

classifying equations (2.85) are

P=klna+ky, R=f(u), (2.86)
where k| # 0, ko are arbitrary constants and f is an arbitrary function of w.
We reach the same conclusion for the remaining possibilities (b)—(f).

Secondly consider A; & Ay with the Lie Brackets:

[61, 62] = €9, [61, 63] = O, [627 63] = 0
The first Lie Bracket implies that (b), (d), (e) and (f) are the only possible realizations.
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(b) [e1, €2] = €2 implies that
ey = €'[¢10; + b(2)0, + c(x)ady + [(be — C1)u + b]D,).
The second Lie Bracket is identically satisfied. The third Lie Bracket yields
ey = €'[610; + E20, + C3004 + (Co — E1u)D,],
where ¢, ¢ and ¢3 are arbitrary constants.

The determining equations (2.80)—(2.82) reduce to

czela = 0, (2.87)
e'[csaP” + (26, + ¢3)P'] = 0, (2.88)
€t [E3C¥Ra + (52 — 61U)Ru + 251R + p(ég — EllL)] =0. (289)

With ¢; = 0 Eq. (2.88) implies that ¢, = 0 and P(«) is arbitrary since we require that
P’(«) # 0. Thus ey = €'(9, + 9,) and solving Eq. (2.89) we obtain

R = g(a) — pu, (2.90)
where ¢ is an arbitrary function of a.
(e) [e1, 2] = €2 and [eg, e3] = 0 imply that
e1 = —t0; + 300, + u0,
for arbitrary ¢;. The determining equations (2.80)—(2.82) become
ézaP” 4+ (é3—2)P'=0 and c3aR, +uR, —2R = 0. (2.91)
Solving (2.91) for nonzero ¢3 we obtain
P = %/%153042/53 + ks, R=a%%f(ua"V%), (2.92)
where k; # 0, ko are arbitrary constants and f is an arbitrary function of its argument.

The complete results are presented in Table 2.1, excluding the cases which yield R = 0.

In addition to the possible realizations (a)—(f) we also consider the 3D Lie algebras
which contain the two-dimensional subalgebras 24, and A, (c.f. Table I [69]). The 2D
subalgebra, 2A; yields the same results as those presented in Table 2.1.

52



Table 2.1: Classification with respect to three-dimensional Lie algebras for P’(«) # 0.

Algebra P R Condition Extra operator
on consts.
34, kilna + ko Iy (u) k1 #0 a0y
AL ® A, Arbitrary Iy (a) — pu et 0y + O)
Eg—% @Jr%fpzﬂ ki #0 e® (0 — by + udy,)
%kawk +ky 042/]“1"4(ua*1/k) ks, k#0 t0; — kad, — udy,
ke — %)\04_2/A a VAT 5 (ua /) ks, A #0 20 — MOy + 10,
Az, kslno+ ky T (u—B2) ks, h # 0 0z + hada + O
Arbitrary I7(a) h=0 t0, + Oy
As o kslna + ke a~ /D (u — lnTa) ks, k #0 t0: + (t+ )0z + KDy, + Oy
Arbitrary e “Ty(a) k=0 L0y + (t + 2)0r + O
As 3 krIno + kg a VT (u) k7,0 #0 t0; + 10y + L0y
Az 4 ko — %moﬁ‘vm a’3/mF11(ua2/m) 151, m # 0 t0; — x0y + mad, — 2u0d,
Ag 2<§1f1>a”17“ ke  a"Tpua=")  k,n#0 8+ azdy + nada + (a — 1)ud,
]%377 2(1-a) & 1-2a a1 ~ _
2(1—a)a 7 kg a = Iig(ua =) ks, #0  atdy + 20, + nady + (1 — a)ud,

The I'; are arbitrary functions and 0 < |a| < 1.

We show some calculations for the 3D Lie algebra A; @& A, containing Ay with the basis
(e1 + pes; ez), where p # 0. The case p = 0 leads to the cases which are already treated.
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Let é1 = e1 + pes, é3 = eq, €3 = €1 or e3, where e, e3 can be either 9; or 0, and é, is of

the form (2.84). Likewise, we can have é; = ej or eg, és = ey, é3 = €1 + pes.

Consider é; = 0; + pd,, €2 = €3, é3 = 0;. The Lie Brackets [é1,é5] = é; and [é5,é3] = 0
yield
€y = ez/p [kQaz + k3aaa + (kQU/p)au]

for arbitrary constants ko and k3.

Eventually e, takes the form e; = /P (pd, — ad, + ud,) and the corresponding arbitrary
elements are .
ki — pa®u?® + pal’ (au) - k1

R= ) a9
por? 202

(2.93)

where ki, ko are arbitrary constants and T'(au) is an arbitrary function.

The summary of results is given in Table 2.2.

2.5 Classification with respect to four-dimensional

Lie algebras

Since each four-dimensional (4D) Lie algebra contains a 3D subalgebra, equations ad-
mitting a 4D symmetry Lie algebra stem from specification of arbitrary functions in
equations admitting a 3D symmetry Lie algebra. Thus we have to examine all 4D Lie
algebras admitting the previously obtained 3D symmetry Lie algebras (given in Table
2.1) as subalgebras.

We follow the same procedure used in the classification with respect to 3D Lie algebra
and the cases which lead to R = 0 are discarded. Below we show some calculations for

the 4D Lie algebra containing 3D Lie algebra A; & A, as subalgebra.

The algebra 24, with the nonzero Lie Brackets [e1, es] = e and [es, e4] = €4 is the only

4D Lie algebra containing the 3D Lie algebra A; & As.

Consider the possible realization (0., ey, —t0; +kad,+ud,, 0;): the Lie Brackets [e, es] =
ey and [eq, e4] = 0 of the algebra 24, give ey = (20, + c300, + coud,), for arbitrary
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Table 2.2: Classification with respect to two-dimensional subalgebra of A; @ Ay for P’(a) # 0.

P R Condition Operators
on consts.

. 7 2,2
~ — T ~
By — ki k1 — pau® + pal’(ou) fy £0 Oy, Oy + py,

202 pa2

/P (pDy — ady + udy)
Arbitrary T(a) - & Oy POy + Oy, €17 (pOy + Dy)
p

.k 2 —p)2 — k T(ou — .
A pa®(u —p) 3 + pal'(au — pa) foy £ 0 O, O + PO,

202 pa2

et =2/P [pd, 4+ ady + (p — u)0y]

o bs — p(u— p)? + al(ou — A
ol Bt pPraleuope) g 6., B+ pih

2a «

e* PO, — ady + (u — p)y]

o 21— pu)? — orp? + pal(on — A
R A T 01, DO+ 0,

202 pa

e P70, + pady + (1 — pu)dy]

. ko kop® — pa®(1—pu)® +pPal(ou—afp)
10 — T.[Q p2a2 kg #0 aa:a pat+ax7

e* P [pd, — pady + (pu — 1)0,]

The arbitrary functions, I" are in general different and p # 0.

constants ¢ and c3. The determining equations (2.80)—(2.82) become
e“au(ca +c3) = 0, (2.94)
kse®a?*(key —c5) = 0, (2.95)
e [k(copu® 4 cskza®*) — (key — 2¢3)a®* Ty (ua~ Yk
+(key — e3)ua T (ua™ %)) = 0. (2.96)
The first two equations (2.94) and (2.95) imply that ¢3 = —cy and thus & = —1. Therefore
ey = €%(0p— a0y +ud,), e3 = —10,—ady+ud, and 'y = ks—pa?u?, ie., R = ksa™2— pu?.

The complete results are presented in Table 2.3.
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Table 2.3: Classification with respect to four-dimensional Lie algebras for P’(«) # 0.

P R Condition Operators
on consts.
kalno + ky éla’l/zexp[hu/ﬂ (h#0 10y + hady + Oy, tOr + 0y + LoDy
krlno + kg o= 1/t k7,0 #£0 t0y + Ou, t0; + 20, + L0y
_ ks 5 ks -
kg — — put — — ks #0 €% (0r — a0y + udy), t0; + ady — udy
202 a?
_ L _
ks — 37)\04_2/’\ lya— /A — pu k7, A#0 €0z + O0u), 10 — Ay + ud,,
A —2/y -2/

Ay — 5 Ly 27 A,y #0 10y + Oy, 10 + YOy — uly,

A3 = b1

2—buav + M\ lsa A3, V£ 0 0y + Oy, t0 + (1 + b)x0, + vad, + bud,

A

7500/2/0 + Ao lg X5, 0 £ 0 t0y + Oy, 10, + 220, + 0Dy + udy
kin 2a=1)  » a2 ~

2(a_1)a o+ ko lrovn ki,m#£0  t0y 4 Oy, t0; + axdy + nady + (a — 1)udy,
ksm R L .
2(13” )az(lﬁ ' 4k g fis R A0 10y + Ou, atdy + 20y + 1ada + (1 — a)udy
—a

The ¢; are arbitrary nonzero constants and 0 < |b| < 1. The symmetry Lie algebra for
each case includes the operators d; and 0,.

It can be shown by direct calculation that there are no realizations of the 4D Lie algebras

containing the 3D Lie algebras from Table 2.2.
Case II. P'(a) =0, i.e., P = Py = constant.
According to Eq (2.65) the symmetry generator (2.55) is given by

X =&t m,u)0; + EX(t, 2, u)0p + 1 (L, m, 0, w) Do + 0P (t, 2, 1) Dy (2.97)
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The corresponding determining equations are
1 1 2 1 nWp
an, +1' = ang — ag; + 2008, + afy =0, (2.100)
uEl + P~ & —u h P =0, (2.100)
PP(07 4 wiy) + p [0' Ro + PRy + (& +u&; — )R] — §,R* =0, (2.102)
pluly +uéy — & —u&g +n?) — (u€, — &R =0. (2.103)
Proceeding as in the previous case our aim is to find an extra operator in the form of

(2.97). Hence we obtain the corresponding form of R whenever the extra operator exists.

We give an illustration of some calculations for the 3D Lie algebra A; & Ay and the 4D

Lie algebra containing this algebra.

Consider firstly the 3D Lie algebra having the realization (eq, d,,0;). The Lie Brackets

le1, €2] = €9 and [eq, e3] = 0 yield
er = a(w)dy + (—x 4+ b(w))0, + Ca, u)0q — d(u)0,. (2.104)

Substituting the forms of s and ns from (2.104) into the determining equations (2.98)—
(2.103) we have

er = a(u)d + (—x +a(u)u — /a(u) du + Cg) Oy + C300, — U0y, (2.105)
where Cy and (5 are arbitrary constants.

From (2.105) we investigate the cases: a/(u) # 0 and a'(u) = 0. Firstly for a’(u) # 0 and
Cs5 # 0 we take

2

e = ud, + (—:v + %) By + C30n — udy. (2.106)

Thus R = —p/(a/ exp [p®(ua'/?)] — 1), where ® is an arbitrary function of its argu-

ment.
For C3 = 0, R = —pu/(exp [p®(a)] — u), where ® is an arbitrary function of a.

Secondly for a'(u) = 0 and C5 # 0 the operator (2.105) takes the form
e = —x0, + C3a0, — ud, (2.107)
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and thus R = o~ Y A(ua'/*), where A is an arbitrary function of its argument.
For C5=0, R = u/_\(a) and & = —x0, — ud,, where A is an arbitrary function of «.

We now turn to the 4D Lie algebra containing A; & A, for the extended operator (2.107)

and show calculations for the possible realizations (0, €y, —x0, + C5a0, — ud,, 0,)) and

(=20, + C300, — U0y, Oy, €3, 0y).

When we take the first realization, the Lie Brackets [€1, 5] = €3, [€2, €3] = 0, [é,64] =0
yield
&y = €010, + Coud, + C(ua/“*)ad, + Cyud,],

where C;, Cy, C, are arbitrary constants and C' is an arbitrary function. Substituting

the forms of {s and 7s in é; into the determining equations (2.98)—(2.103) we obtain
&y =e"(0, —ud,) and G = puozl/c‘”’ + Ku?a?/©8
for arbitrary constant K. Therefore R = u (p + Kiual/ 03) provided Cj5 # 0.
For the second realization we have
e3 = —t0y + C300, +ud, and R = Kyu(Cs+ Cs) [(Cs + (73)ua1/c3] &t ,
where C5 # —C5 and K, # 0 are arbitrary constants.

Considering C3 = 0. The first realization gives é; = €'(9; —u0d,) and R = pu. The second

realization yields
é3 =19, — O30, — ud, and R = I_(gual/é?’,
where C3 and K, are nonzero arbitrary constants.

The complete results for both the 3D Lie algebras and 4D Lie algebras are summarized in

Tables 2.4 and 2.5 respectively. We also present without calculations the results involving

the 2D subalgebra A, in Table 2.6.

Remark: The details of some calculations for cases P'(a) # 0 and P’'(«) = 0 using

Yalie are given in the appendix.
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2.6 Conclusion

We obtained the forms of the arbitrary elements that appear in the one-dimensional
collapsible tube model via the classification with respect to subalgebras of real three and

four-dimensional Lie algebras.

The procedure employed in finding extra operators and hence the arbitrary elements
does not guarantee the full symmetry Lie algebra. It only provides a subalgebra of the
symmetry Lie algebra, that is, there may be extra operators for the equations admitting
3D and 4D Lie algebras. The guarantee for obtaining the maximal symmetry Lie algebra
would be reached only after performing symmetry analysis of individual cases from Tables

2.1 and 2.4 for 3D Lie algebras and Tables 2.3 and 2.5 for 4D Lie algebras.
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Table 2.4: Classification with respect to three-dimensional Lie algebras for P’(«) = 0.

Algebra R Condition Extra operator
on consts.
34, —m c#0 udy + B0, + cad,
G(u) adq
A B Ay U e uady
p(u +iv/2¢1) c1#0 et [u@t—i— (“72—&—01) 0y + (c1 — “72) 84

X tan [22' arctan [\/%Tl] + G(a)]

pu (2u + exp [pG(a)]) . 2 2
2 (u+ exp [pG(a)]) a=0 Ot 0 =50
p(u—ca) + (u—c2)?G() e [0 4 20, + (c2 — u) 0]
G(a) — pu e'(0z + Ou)
u2 w2 u?
p (2 — C3> e’ {u@t + (7 + 03) Oz + (Cg - 7) u@u}
pu? e uady
pu(u — cq) e” [0 + 40z + (ca — u)udy]
a tG(au) — pu? €0y — Oy + udy,)
2pa?/% exp [2pG (ua=1/%)] 2
0 —1)0 L0y Oa Ou
1— a2/ exp [2pG(ua—1/)] s # (u—=1)0 + 50z + c5004 +u
2pu” exp[2pG(e) 5 =0 (u— )0y + L0y + ud
2 x u

1 —u?exp [2pG ()]

The G are (different) arbitrary functions of their arguments.
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Table 2.4 (Continued).

Algebra R Condition Extra operator
on consts.
az/CBG(uail/CG) C6 7£ 0 tat - chyaa — u&'u
’U,QG(O[) ce =0 t0; — u0y,
p u? B
1 —al/erexp [pG(ual/cr)] e #0 uds + ( 2 x) Oz + c7000 — udy
" —oxp [pC()] cr =0 w0y + ( 5 x) Oy — u0y
a*l/CSG(Uoﬂ/Cs) c] # 0 x@ac — 08048@ + uau
uG(a) cs =0 20y + udy,
A S — (z 4+ u)o + 29, + uady — ud
3l 14+ 2uadpG(ua) tT % o u
a~?G(au) 20; + uady — u2d,
1/co —1/cg
pat/® exp [pG(uc )] ,
0 9 )0z Do + udy
1—al/cexp [pG(uoz—l/Cg)} ¢y # udy + (x + 5) 0y + coada +u
puexp [pG(a)] B 2
1 — uexp[pG(a)] cog =0 u0; + (v + % )0z + udy
Oél/cmG(uoé—l/cm) c10 # 0 20, + c10000 + ud,,
uG(a) c10=0 20y + ud,
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Chapter 3

Symmetry Classification of
Collapsible Tube Model

incorporating Tension

We perform a complete symmetry classification of a collapsible tube model investigated
in the previous chapter by incorporating the constant longitudinal tension and curvature
of the tube wall. The first part of classification involves the same procedure employed
in the previous chapter, i.e., we perform the classification with respect to three- and
four-dimensional Lie algebras. Thereafter we analyze individual cases arising from both
classifications in order to establish the maximal symmetry Lie algebra. The classification
procedure specifies the arbitrary elements or parameters appearing in an equation or a
system under study, hence yielding new models and those that are analogous to the
existing ones. The one-dimensional model [25] to be investigated is governed by the

system of equations

a; + (ou), =0, (3.1)
p(us + uuy,) = —p, — R(a,u), (3.2)
P —De= ,P(Oé) - Ta:mc- (33)

The tube law (3.3) includes the tension term T'a,, in which the effect of longitudinal

tension is represented by 7" > 0 and «,, approximates the curvature of the tube wall.
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The importance of the tension term is to match the order of the PDEs to the four
boundary conditions required to describe flow in the Starling Resistor [2, 25]. We put
the restriction 7' > 0 in order to exclude the model for which 7" = 0 (already treated
in Chapter 2). There is a number of special cases of the underlying model such as: “A

model of a snorer’s upper airway” which has been investigated numerically in [2].
The nomenclature follows from that of the model in Chapter 2.
We eliminate the pressure from Egs. (3.1)—(3.3) and obtain the system

a; + iy, + uo, = 0,
(3.4)
pluy + vy ) + o Py — Tavger + R(a,u) = 0.

The principal symmetry Lie algebra of the above system is spanned by at least two

operators (to be established later), namely

X1 = 8t and X2 = 81

3.1 Determining equations for classification

Generating the determining equations manually can be very tedious especially when the
order of the PDEs is two or more. However, the method of Lie is algorithmical and
nowadays has been implemented using packages for symbolic computation. We use the
software package YaLie for generating and manipulating determining equations for the

maximal symmetry Lie algebra.
We seek the generator of symmetry admitted by system (3.4) having the form
X =¢(tr 0,u)0 + &t 2, 0,u)0p + 7' (E7,0,0)00 + 0° (8,7, 0,u) 0. (3.5)

We solve the following determining equations for the coefficients £* and n of the symmetry

generator (3.5):

T =0, N =0, £, =0, 6 =0, § =0, £ =0, =0, (3.6)



un, + ang +n; =0,

n' 4 an; — any, — &l + agl =0,

0”4 anl — ull + ué — & =0,

Moo — &2 = 0,

Mo — e+ 38 — & =0,

1’ Ry +0' Ro — R + P, + upns — T, + i + REE =0,
NP =Pyl + Py — P& = 3Ty, + TE,, + P& =0,

W= o —u +uf — & =0,

where subscripts denote differentiation with respect to the indicated variables and prime

indicates derivative with respect to a.

From Egs. (3.6), (3.9) and (3.14) we have

51 = £1<t>7 £2 = gz(tvx)v 771 = C(t,SC)Oé —l—d(t,l‘), 772 = (55 - gtl)u—i_ftza

where ¢ and d are arbitrary functions of ¢ and .

(3.15)

Upon substitution of the forms for ¢ and n* from (3.15) into Egs. (3.7), (3.8) and (3.10)—

(3.13) we obtain

uoe, + uall, + ac, + aff, =0,

Cyp — ix =0,

c+ 26 — 482 =0,

Plac, + R (26 — &) + uRu&l + u?p€l, + acRa + RuEF + 2upt], + p&f,
—up&yy — u&{ Ry — Ty = 0,

c(P'+aP")+2P (& — &) + T, — 3Tcyy = 0.

We use Eq. (3.18) to eliminate ¢ from the other equations and get

5 (u€s, + &) — 26, =0,

& =0,

R (26 — &) +u*p€2, +4aP'E, + 402 Ro + Ry, (u€l + &) + 2up€, + p&i,
—upy, —ATal, ., — & (uRy + 20R,) = 0,

2061P" — 2P'E2 + 11TE2,, — 4aP"E2 = 0.

Tr
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Solving Eq. (3.22) we have
&(t,x) = A(t)z + B(1), (3.25)

where A and B are arbitrary functions of ¢.

When we take into account Eq. (3.25), the remaining determining equations become

5B, — 245, =0,  (3.26)

ORA; + 2upB; + 2By + pCs + 2BiRy + CyRy + B (uRy + 4Ry — R)
—upAy — Ay (uR, + 2aR,) =0, (3.27)
aAP" — B(P +2aP")=0.  (3.28)

Upon integration of Eq. (3.26) we obtain
2
B(t) = + gAt, (329)
where ¢; is an arbitrary constant.
The substitution of Eq. (3.29) into Eqgs. (3.27)—(3.28) yields the compatibility conditions

[QLCAtt + 5015 + (5C1 — 3At)U] Ru + 2(1061 — At)OéRa + (8At - 5C1) R
+p (QwAttt -+ 5Ctt — AttU) = 0, (330)
(501 —|— 2At) Pl —f‘ (1001 — At) OéP” == O (331)

Therefore the symmetry generator (3.5) takes the form
2 2
X = A(t)0; + {(cl + gAt) T+ C(t)} Oy + (401 — gAt) a0,

+ |:Ct + ngtt + (Cl - gAt) U} Ou- (3.32)

If we assume that R(«, u) and P(«) are arbitrary functions of their arguments, then from

the classifying equations (3.30) and (3.30) we should have
5C1 + 2At = 0, 1OC1 — At = 0, 8At — 501 = O, 2.I'Att -+ 5015 -+ <5C1 — 3At)u =0. (333)

Solving (3.33) for the unknowns we obtain A(t) = ¢ and C(t) = ¢3. This leads to the
symmetry generators

X, =0, Xo=0, (3.34)
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Thus the operators given by (3.34) span the principal symmetry Lie algebra.

Similarly to Chapter 2 we analyze the classifying relations (3.30) and (3.31) via clas-
sification with respect to three- and four-dimensional real Lie algebras by Patera and
Winternitz [69]. This procedure does not guarantee the maximal symmetry Lie alge-
bra. It only provides a subalgebra of the symmetry Lie algebra. Hence we go further
by carrying out symmetry analysis of each case arising from the 3D and 4D Lie algebra

classifications.

3.2 Classification with respect to 3D Lie algebras

The principal Lie algebra admitted by the underlying system (3.4) is two-dimensional
and spanned by the operators 0;, 0,. In order to extend the principal symmetry Lie
algebra we find the third operator in the form (3.32). This operator is a symmetry
generator of the system provided it satisfies the compatibility conditions for the arbitrary
parameters P(«) and R(«,u). We consider the following possible realizations with the

basis (ey, €2, €3).

(a) eg =0y, e3=20,, e3s=Xuy (b)eg =0, ex=Xp,, e3=0;
(c)er=0., e=0, e3s=Xy; (d)er =0, e=Xy,, e3=20

() er =Xy, e=0, e3=0, (f)e; =Xy, e=0, e3=20
where X, is the extension of the symmetry Lie algebra of the form (3.32).

We give illustration of the calculations involved by considering the possible realizations

(a)—(f) for the algebras 34; and A; © As.
The algebra 3A; has zero Lie Brackets.
(a) [e1, e2] = 0 is identically satisfied. The Lie Bracket: [e;, e3] = 0 implies that
e3 = 20y + (12 + ¢3)0; + 4c100, + cu0,
for arbitrary constants cs and c3. We take e3 = ¢1xd, + 4c1a0, + c1ud,. Lastly the Lie
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Bracket: [es, e3] = 0 yields ¢; = 0 and thus there is no realization. Likewise there are no

realizations for (b)—(f).

Next we consider A; & Ay with the nonzero Lie Bracket: [ej,es] = es. The possible

realizations (a) and (c) do not satisfy this relation.
(b) [ez2, e3] = 0 yields
3 5
€y N —§c1t(9t + C(t)&w + 501048a + Ct + éclu 8u

We invoke [e1, e5] = ep. This implies that ¢; = 0 and C(t) = cze’. Thus e; = (0, +
0y). With this form of ey the compatibility conditions (3.30)—(3.31) imply that P(«) is
arbitrary and R(a,u) = Fy(«) — pu for an arbitrary smooth function Fi(a).

(d) [e2,e3] = 0 yields es = 120, + 4c1ad, + c1ud, and [eq, e5] = ey implies that ¢; = 0.

Clearly e; cannot be zero. Therefore the case is discarded.
(e) [e1,e3] = 0 yields
5 5
e~ —§clt8t + C(t)0, + berad, + <C’t + 501u> Oy.-
The Lie Bracket [e1, e5] = e implies that
e = to; + c30, — 200, — w0, ~ t0; — 200, — UO,.
The classifying relations (3.30) and (3.31) reduce to
uR, +2aR, — 2R and P"=0. (3.35)
Therefore solving (3.35) we have
R(e,u) = aFy(u/va), P(a) =ka+k,,
where ki, ko are arbitrary constants and F, is an arbitrary function of its argument.

(f) [e1,e3] = 0 yields e; = 120, + 4c1a0, + c1ud, and invoking [e1, es] = ey we get

e = —x0; — 4ad, — ud,. The classifying relations (3.30) and (3.31) simplify to
uR, +4aR, — R=0 and P, +2aP" =0. (3.36)
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From (3.36) we obtain
R(o,u) = o Fy(ua™%),  P(a) = 2ksv/a + ky
for arbitrary constants ks, k4 and F3 an arbitrary function of its argument.

All the results are presented in Table 3.1.

Table 3.1: Classification with respect to 3D Lie algebras.

Algebra P R Extra operator
A ® Ay Arbitrary Fi(a) — pu €'(0z + Ou)
kio + ko aFy(u/v/a) t0; — 200, — U0y,
2kzv/a + ky a4 Fy(ua—1/%) 20, + 400, + ud,
Asq Arbitrary Fy(a) t0, + 0,
As o kslna + kg Fs(u—3nha)/a 10 + (t + )0y + 2000, + Oy
A3}3 krlno + kg F@(U)/\/& toy + 20y, + 200,
A374 %]{39042/3 + klO \/a F7(’U,Oéil/3) t@t — x@r — 6a8a — 2u8u
2a — 1)[(1 — 2a)a] " za—1 oz
AS o ki1 (2a - DI la)a] - + k12 [2(2a — 1)a] GamT) 10 + axdy + 2(2a — 1)ad,
; 0 —
x Fyg (u[2(1 — 2a)a]2<?:;”>) +(a —1)ud,
Nai=2
—_ a— 1—2a
klg% + k14 [2(2 — a)a] 2(2-a) atf)‘t + Sﬂam + 2(2 — a)aé)a
x Fy (u[2(2 —a)a] 251211‘1)) +(1 — a)ud,

The F; are arbitrary functions of the indicated arguments and 0 < |a| < 1.
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3.3 Classification with respect to 4D Lie algebras

We examine all the 4D Lie algebras containing as subalgebras the 3D symmetry Lie
algebras obtained in the previous section (Table 3.1). We show calculations involved for

the 3D Lie algebra A; & A,.

The 4D Lie algebra 2A, contains only A; & A, as a subalgebra and the corresponding

nonzero Lie Brackets are [e, e5] = €5 and [e3, e4] = ey.

Firstly we consider the possible realization: (eq, d,, 0, €' (0, +0,)). From the Lie Bracket
le1, e3] = 0, we have e; = ¢;20, +4ca0, + c1ud,. The Lie bracket [eq, 4] = 0 is satisfied.
Finally, [e1,es] = es implies that ¢; = —1 and hence, e; = —xd, — 4ad,, — ud,. The

classifying relations (3.30) and (3.31) reduce to

4aF] — Fy =0 and 2aP"+ P =0, (3.37)
The solution to (3.37) is given by

Fi(a) = K, oY) Pla) =20, /a + 0,
where /1, /5, and K are arbitrary constants.

Next we consider the possible realization: (—t0;+2a0, +ud,, 0y, e3, ;). The Lie Bracket
[ea, €3] = 0 yields e3 = c120, + 4c1a0, + c1ud,. The Lie Bracket [e1, e3] = 0 is satisfied
identically. Lastly [e3, e4] = e4 implies that ¢; = —1 and therefore e3 = —20, —4a0,—u0d,.

The compatibility conditions (3.30)-(3.31) yield
ki =0, zFy(2)—3aFy(z)=0, (3.38)

where prime represents derivative with respect to z = u/y/a . The first condition in

(3.38) implies that P(«) = ko = constant and solving the second equation we have
FQ(Z) = K223

for arbitrary constant K. Thus R(a,u) = Kou®/\/a.

Finally we obtain e3 = —t0; + 2a0,, + ud, corresponding to the possible realization:
(=20, — 400y — U0y, Oy, €3,0;). This is the same realization as the latter and hence

redundant.
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All the results are given in Table 3.2.

Table 3.2: Classification with respect to 4D Lie algebras.

P R Operators
201\/a + £y Kia'* — pu Oy, O, €'(0p + O0u), ©Oz + 4Dy + ud,
Po Kyu?/\/a O, Oy, tO; — 2004 — U0y, 0y + 400y + U0y
30 + £y Ksa O, Oy, t0r + Oy, 10y — 2060, — U0y
lslna + £l Ky/va O, Op, 10y + 0y, t0; + 0y + 200,
3lral/? + tg Ks Oy, Ony 10y + Oy, t0; + 200, + 600y + ud,

[(1+ 2b)a] 7775

- Yo Ko[(1+20)a]7 0 8, 8y, 0y + O, 19, + (1 + b)ady + 2(2b + 1)ada + bud,

Ly

The K; are arbitrary nonzero constants and 0 < [b| < 1.

It can be shown by direct calculation that there are no realizations for the 3D Lie algebras
which contain the two-dimensional subalgebras 24; and A,. This is the same for the 4D
Lie algebras which contain as subalgebras the 3D Lie algebras corresponding to 2A4; and

Ay (see Table IT [69]).

3.4 Complete classification

The classification performed so far does not provide the full symmetry Lie algebra, that
is, there may be extra operators for the equations admitting 3D and 4D Lie algebras. As
a result we continue classification by performing symmetry analysis of every case from

Tables 3.1 and 3.2 to achieve complete group classification.

We illustrate calculations by taking one case from Tables 3.1 & 3.2 and present the rest
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of the calculations in tabular form.

We consider the first case in Table 3.1. The substitution of the form for R into the original

system (3.4) and execution of the Lie’s algorithm result in the classifying relations

(5er — 8Ay) Fy + (bup + 2aFy) Ay + p [BC; + (u + 2x) Ay
—20ac1 F] — 5pCy — 2xpAyy = 0, (3.39)
(501 + 2At) 7), + (1001 — At> 047)” = 0. (340)

The corresponding symmetry generator is the same as the one given by (3.32).

Upon separation of Eq. (3.39) with respect to u and then x, we obtain A(t) = —%02€_5t +

c3 and co = 0 respectively for arbitrary constants ¢, ¢3. Thus A(t) = c¢3 and the

classifying relations (3.39)—(3.40) simplify to

C1 (Fl - 40[F1/) + 1% (Ct - Ctt) = 0, (341)
1 (P +2aP") = 0. (3.42)

The differentiation of Eq. (3.41) with respect to ¢ yields

c1 (F1 — 4aF)) 4 pes = 0, (3.43)
C(t) = cue’ + cst + g, (3.44)

where ¢4, ¢5 and cg are the arbitrary constants. Definitely ¢; cannot be zero in Eq. (3.42)

and (3.43). If we assume that ¢; # 0, then the solution to these equations is given by
Fi(o) = Ka'/* — pB,  P(a) = 26va + ko,

where 8 = c¢5/c1, K1, ko and K are arbitrary constants. Therefore the generator of

symmetry takes the form
X =30, + [cﬁ + e’ + 1 (Bt + x)} 0, + 4c a0, + [C46t + (B8 + u)} Oy
The full symmetry Lie algebra is given by

X1 = 8t, X2 = 833, X3 = et(am + (9u), X4 = (ﬂt -+ x)@x + 404(% -+ (ﬂ -+ u)@u
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Next we consider the first case in Table 3.2. Substituting the forms of P and R into the

original system (3.4) and generating the determining equations, we have

5Bt - 2Att == 07 (345)

(2Up - 3K10[1/4> At + 2p [(QJ — QU)Bt + Ct -+ UAtt — IBtt - Ctt] = 0, (346)
(1A

L — 0, (3.47)

Va

provided
X =At)0y + (B(t)x + C(t)) 0p + (4B — 2A4:)a0y + [Cy + By + (B — Ay)u] 0. (3.48)

The last equation, (3.47), prompts consideration of the cases: ¢; # 0 and ¢; = 0. The
case {1 # 0 implies that A; = 0 and hence A(t) = ¢;. In turn from Eqgs. (3.45) and (3.46)
we get B(t) = ¢ and C(t) = c3e' + ¢4 for arbitrary constants ¢;, ¢z, ¢z and ¢;. Thus the

symmetry generator (3.48) becomes
X =0+ (04 + cze’ + CQx) Oy + 400, + (c;;et + CQU) Oy (3.49)
Therefore the complete symmetry Lie algebra is given by
X1 =0, Xo=0,, X3=12¢"0,+0,), X4 =10, + 400, + ud,.

For the second case Eq. (3.47) is identically satisfied and P(a)) = ¢5. From Eq. (3.45) we
have B(t) = ¢; + %At and consequently Eq. (3.46) simplifies to

5 (2up — 3K1a'*) Ay + 2p [5Cy + (u + 22) Ay — 5Cy — 20 Au] = 0, (3.50)
where c; is an arbitrary constant.

Separating Eq. (3.50) by « and u we get A(t) = co, C(t) = cze' + ¢4 for arbitrary co,
c3, ¢4. We eventually obtain the same symmetry generator as (3.49) and hence conclude

that the first case in Table 3.2 is possible provided P(«) = Py = constant.

The complete classification results are summarized in the following tables according to

the dimension of the symmetry Lie algebra.
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Table 3.3: Classification results: 3D Lie algebra.

P R Condition Operators
on consts.
PO Ko + pmiu Ifl = 0, mi # 0 5}, Gm, e*mlt(az — mlau)

Ja

1
+ pms (u ~3 In a) ks =0,m3#0 0, 0, ™0, — m30,)

K

— + pmgu kg =0,mqs #0 0, Op, e ™ (D, — my0y)

Va

K[2(2a — l)a]zéﬁn +pmsu ki1 =0,ms5 #0 0, Op, e ™D, — m50,)

K[2(2 - a)a]?@ @ + pmgu ki3 = 0,mg £0 8y, Ja, €640y — medy)

Table 3.4: Classification results: 4D Lie algebra.

P R Condition Operators

on consts.
2K11/Q + kg Kal'’* — p(B + u) k1 #0 0¢, Oy, €(0y + Oy),
(Bt + )0y + 4a0q + (B + )0y

Po Kao'* + pmou k3 =0 O, Oy, 0y + 400y + U0y,

mo # 0, —1 e~ (9, — mady)
Kal/4 ks =0 O, Op, Ty + 4Dy + U0y, t0, + Oy
meo = 0
255 510
T PSR, 0o Bus 10+ 0

N#£2,210 MOy + [pt? + (B +1) 2] 0,

—2(A—10)ads + [2ut + (1 — 22) u] 8,
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"onq + °e0(T +92)z + “er(q+ 1) + 01 "o + “01 0="95) (ta2)z [0(QZ + 1)] 37 D)

-9

"gn + “g9 + “exg + 01 e + 01 0# % by 8 + ¢/104€
"en + “eoy + “or (e + @) 2 0="1 nd — 031
) T oo + & S = S Aaswmm + %v ‘mon(v — 1) + Peo(v — 7)z + 0T + oW 0 = 9w €Ty o [0(v — 2)g)3I 0,
0 T%HMW + g + P Hm stS + % A v + ‘mon(1 — v) + Peo(T — vg)z + Terv + 01 0 = Sw Ty :mwmidﬁ —0g)g] M
"0 (g +u) = Peuge — @ (vg + 1) —erg “"ong — g9 — “er — 01 0 = Puu 6y PN
"o [n (1+ ) + o] +7eo(01 — )7 — e [x (1 + &) + 7] + o1t “evg + "o + 01 0="1y o/ 0d
glmg + (1€ — g)nl3r
"o (ng —11g) + Y@vi — '@ (vF + ga) +er e + o1 0 # 6 M o3 0Ly 4 0 aw
"owig + Te(rg + 1) + 70101 e + "1 0T =Y §W| d
"owlg + Peogy + 70 (TE + 1) + et e + e e/e=Y"0# %www 8y o up Ly
"0 (ng +11g) + *oogr + 70 (vg + 1) + 01 "o + o 8/G =Y ‘0# @E%M\f& M g/ VE
( %e ‘o Surpnpur) “$1ST0D U0
s10yeI0d() uoIIpuo)) Yy d

panuuU0d g )9V,
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Table 3.5: Classification results: 5D Lie algebra.

P R Condition Operators
on consts.
PO Ko kl = O,m1 =0 0,5, 8m, tat —2a8a —uau,tam +5u

gt@t — Yty — Hady — (’y + %u) Oy

K/ﬁ k5:0,m3:() 3t, 83;, tangr(?u, t3f+x3x+2oz8a,
%tat + (Jt + %w) Oy + 13—0048OZ + 00,

Ku3/\/a ki1=0 O, Op, 10y — 200y — U0y, 1Oy + 40y + udy,,
to; + %x@x - %a@a — %u@u

K b7 =0 Ot, O, t0z + Oy,
0y + 2 (a;‘ _ 212t2> 9y — 208, — 1 (% + 3u> Ou,
(:17 + %) Oy + 400, + (% + u) Ou

The arbitrary nonzero constants K are in general different.

3.5 Similarity reductions

In many real-life applications models are expressed in terms of PDEs as opposed to ODEs
which are relatively easier to solve. Fortunately symmetries can be used to construct
invariant solutions (i.e., solutions that are unchanged under the action of a subgroup of

the symmetry group) which in turn allows the reduction of PDEs to ODEs.

Invariant solutions of a given equation satisfy an equation with fewer variables. Thus
the search for invariant solutions can be viewed as a sort of dimensional reduction.
One of the procedures commonly used is dimensional analysis. Dimensional analysis is
reminiscent of scaling symmetries and dimensionless variables are simply invariants of
the scaling symmetry group. By using symmetries more general than scaling symmetries

it is possible to reduce the number of independent variables by introducing the invariants
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of these symmetries as new independent variables. Therefore the existence of symmetries
for PDEs allows a kind of dimensional reduction. The systematic way of constructing

nonequivalent classes of invariant solutions is to determine the optimal system.

3.5.1 Optimal system of subalgebras

There are two methods frequently used to construct the optimal system of subalgebras:
the method suggested by Ovsiannikov [66, 67] is based on finding the matrix of inner
automorphism corresponding to the operators of the adjoint group of a given Lie algebra.
Olver [65] suggested a slightly different approach which involves construction of the
adjoint action on Lie algebras. There is also another method which is not quite common

due to Patera et al [68]. It involves reduction procedure by the ideals of Lie algebras.

A given group-invariant solution S arising from a subgroup of the symmetry group can
be transformed by means of symmetry transformations to another solution S. The two
group-invariant solutions are said to be nonsimilar if they cannot be mapped to each
other by means of invertible symmetry transformations. By definition of an invariant so-
lution, a solution S'is invariant under a subgroup H of the symmetry group G if S = hS
for all h € H. We find under which subgroup K of the group G is S transformed to
S, ie., S = ¢S for all ¢ € G. Invariance under K means that S = kS for all k € K.
Now S = ¢S = ghS = ghg~'¢S = ghg™'S = kS, that is, if S is H-invariant, then ¢S
is K-invariant with K = gHg!. The group K is known as the conjugate or adjoint
subgroup to H under the symmetry group G. Conjugacy provides information on how
solutions transform under the action of other subgroups of the symmetry group. There-
fore the search for nonequivalent group-invariant solutions reduces to the construction of
nonsimilar subgroup of the symmetry group under the adjoint action. This is known as

optimal system of subalgebras (see also [83]).

As an illustrative example we consider from Table 3.4 the case: P = 3lza'/? + lg;

R=K;, X, =0, Xo=0,, X5 =10, + 0y, X4 = t0; + 220, + 600, + ud,.

Taking into account Table 3.6 of commutators, we find the adjoint representation of X;
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Table 3.6: Table of commutators.

/ [Xian] Xl X2 X3 X4
X1 0 0 X2 Xl
X, 0 0 0 |2X,
X3 Xy | 0 0 | X3
X, —X; | —2X, | —X3| 0
using
€. i ]'
Ad (eM) X; = X; — €[ X, Xj] + 562 (X, (X0, X)) — - (3.51)

where 7, j take values from 1 to 4.

We show calculations for the following:

Ad (e%) X3 = X3 — €[ Xy, X3] + 567 [ X1, [X1, X3]] — - = X3 — eXo.
Ad(eEX“)Xl :X1+€X1—|—%62X1—“' = (1—1—6—1—%62—---))(1 =e°X;.
All the calculations are summarized in the following table.

Table 3.7: Table of adjoint representation.

Ad X1 X5 X3 Xy
X1 X1 Xy | Xsg—eXy | Xy—€Xy
Xy X4 X5 X3 X, — 2eX,
Xg | Xi+eXyo | Xy X3 Xy — X3
X4 e Xy e X, e X3 X4

In constructing the one-dimensional optimal system of the symmetry group (X, Xo, X3, Xy),

we consider the general operator
X = CL1X1 + CLQXQ + CL3X3 + CL4X4, (352)

where aq,...,a4 are arbitrary constants and investigate whether the application of the

adjoint action to (3.52) can transform it to a new operator having simpler form.
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Firstly assume that a4 # 0 (take ay = 1). From (3.52) we have
X = CLle + CZQXQ + a3X3 + X4. (353)

Referring to Table 3.7 we act on (3.53) by Ad(e“3X3) in order to eliminate a3z X3 and
obtain

X/ = (l’le + G/QXQ + X4, (354)
for some constants af, aj.
On elimination of a5 X5, we act on (3.54) by Ad (e%“5X2> which yields
X" =\ X1 + X, (3.55)

Likewise, acting on (3.55) by Ad(e™1**) we eliminate a}X; and thus, obtain X" = Xj.

Next assume that ay, = 0 with a3 # 0. We take ag = 1 and operator (3.52) becomes
X =Xy + axXo + Xs. (3.56)
In order to eliminate ay X, we act on (3.56) by Ad(e‘”Xl) to get
X' =a1 X1+ X3 (3.57)
for some a.
Now acting on (3.57) by Ad (eeX‘l), i.e. the group generated by X,, we obtain
X" = aje X + e Xs. (3.58)
The operator (3.58) is a scalar multiple of
X" = a1 X1 + Xs. (3.59)

Depending upon the sign of a} from (3.59), we can make the coefficient of X; to be +1,
—1,0. Thus for @} > 0: X" = X1+ X3,d] <0: X" =-X;+X3and a] =0: X" = Xj;.

Finally, we assume that a3 = a4 = 0 and the operator (3.52) simplifies to
X = &1X1 + CLQXQ. (360)

From (3.60) as # 0 yields X = X5 and otherwise, X = Xj.
Therefore an optimal system of one-dimensional subalgebras is spanned by
{X17 X27 Xl +X37 X3 _X17 X37 X4}
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3.5.2 Symmetry reductions and invariant solutions

We perform symmetry reductions of the case treated in the previous section for the
optimal system. Invariance under time and space translations (X; and X5) is trivial and
hence not considered. However, a linear combination of these symmetries can be used

when we seek the travelling-wave solutions.

(a) Invariance under X3: The characteristic equations for the invariants of X3 are
dt dr da  du

= = 3.61
0 t 0 1 (3:61)
Solving (3.61) we find that the invariant solutions assume the form
a(t,z) = F(t), (3.62)
ult,z) = G(t) + 2, (3.63)

t

where F' and G are arbitrary differentiable functions of ¢.

Upon substitution of (3.62) and (3.63) into system (3.4) we obtain the reduced system
of ODEs

F+tF=0, (3.64)
Kf+p(G+¢G)=o. (3.65)

In the above system and the subsequent systems an overdot denotes differentiation with

respect to .

From Egs. (3.64) and (3.65) we obtain

e C, Kt

F(t) Gt)= 2 - =, (3.66)

where C] # 0 and Cy are arbitrary constants.

In view of (3.66) the invariant solutions (3.62) and (3.63) are given respectively by

@@@z%wuwwzxt@—gé (3.67)

(b) Invariance under X; + X3: The corresponding characteristic system for the invariants

Of X1 +X3 iS

at. _dv _da _ du (3.68)



The invariant solutions are

a(t,x) = F(v), (3.69)
u(t,z) =t + G(y), (3.70)

where F and G are arbitrary functions of the similarity variable v = z — ¢2/2.

The Substitution of (3.69) and (3.70) into system (3.4) yields

GF' + FG' =0, (3.71)
0 F
K+p(1+GG")+ # —TF" =0, (3.72)

where a ‘prime’ in the above system and those that follow denote differentiation with

respect to the relevant similarity variable.

Therefore the invariant solutions for the operator X; + X3 are of the form (3.69) and

(3.70), where the functions F'(y) and G(v) are defined by the system (3.71)—(3.72).
(¢) The solutions invariant under —X; + X3 have the form

a(t,z) = F(v), (3.73)
u(t,x) = G(y) — t, (3.74)

where the similarity variable is v = = + ¢?/2 and F(v), G(v) are differentiable functions

satisfying the reduced system

GF' + FG' =0, (3.75)
!/ e F, i
K+p(GG—1)+#—TF = 0. (3.76)

(d) The characteristic system for the invariants of Xy is

dt B dr da du

From (3.77) we infer that the invariant solutions assume the form
alt,z) = OF (), (3.78)
u(t, z) = tG(v), (3.79)
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where F' and G are arbitrary functions of the similarity variable v = xt~2 defined by the

System

(G=29)F'+(6+G")F =0, (3.80)

0 F
4 p(G+ GG —29G) = TF" = 0. (3.81)

K+ F2/3

Next we consider the remaining cases from Table 3.4 for which the form of the tube law
is a nonlinear function of the cross-sectional area, o. For easy reference we summarize

these cases in Table 3.8.

Table 3.8: Summary of results considered for similarity reductions.

P R Condition Operators
on consts. X1 =0, Xo =0,
2K1V/a + Ko Ka'* — p(B + u) k1 #0 X3 =¢e'(0; + 0y),

Xy = (0t + 2)0y + 400y + (B + u)0y
(A—10)a x=T0 K (87—5)[2(10— \)a] TO10) —10p4
TR3+H4 S —5 K3 %O X3 :t87+au,
AN£2510 Xo=X\0p + [t + (2 +1) 2] 0,
—2(A—10)ads + [2ut + (1 — 32) u] 9,

5 5

3ksal/3 + kg K - %pulna K5 % 0 X3 = 0, + O,
A=5/8  Xy=§t0+ (ui + §) 0 + Pada
+ (2ut + Ju) D

krlna + kg % gpp k7 #0 X3 =t0; + Oy,
A=5/3 X4=§t8t+(ut2+§x) Oy

+?a@a + 2utd,

%liga‘?—’-,‘ilo Ko* — %pu kg # 0 X3 =t0; + Oy,

Xy =1t0; + (Vt2 + %x) Oy — %a@a
+ (21/t — %u) Oy

Proceeding likewise with X3, its linear combinations: X3+ X7, X3 — X; and X, we have

the following similarity reductions.
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1. (a) X3: Invariant solutions are given by

AK (Ce=t)Y*

a(t,r) =Cse™", u(t,z) =x+ Bt + + (4, (3.82)
where C5 # 0 and Cy are arbitrary constants.
(b) Xj + X3: Invariant solutions take the form
a(t,r) = F(y), u(t,z)=¢e+ G(y), (3.83)

where F and G are smooth functions of the similarity variable v = 2 — ¢ satisfying

GF + FG' =0, (3.84)
KFY4 4 K"J; +p(GG'—G—p)—-TF" =0. (3.85)

(c) X3 — Xj: Same as (c) by means of the discrete transformations * — —z, u — —u.
(d) X4: Invariant solutions assume the form
aft,x) = (Bt +x)'F(t), u(t,z) = (Bt +2)G(t) = 5 (3.86)

for arbitrary functions F'(t) and G(t) defined by

5FG + F =0, (3.87)
KFY 4 5VF +p <G2 G+ G) _UTF = 0. (3.88)
2. (a) X3: Invariant solutions are
C
a(t,r) = 75 (3.89)
75
r+ Cg Sut 2%051[(()‘ —10)° [05@] o 3.00
t = .
ult, 2) . Tan-s " pt3(4X + 35) , (3:90)
where C5 # 0 and Cj are arbitrary constants.
(b) Xj + X3: Invariant solutions assume the form
a(t,z) = F(y), u(t,z) =t+G(y), (3.91)
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where v = z — t?/2 is the similarity variable and the arbitrary functions F(v), G(v)
satisfy

GF +FG = 0,  (3.92)

_8A=5
K(8\ —5) [2<108; A>§] DO R R TR

1p(1+GG) = 0.  (3.93)

(¢) X3 — Xj: Invariant solutions have the form

for similarity variable v = z + #2/2. The arbitrary functions F(y) and G(v) are defined
by

GF +FG = 0,  (3.95)

K(8X\ — 5)[2(10 — \)F]7010 — 10up
8A—5

t kg PR — TF"
+p(GG' —1) = 0. (3.96)

(d) X4: The characteristic system for the invariants of X, yields the similarity variable

T 5t (8-5)/5)
1+2 8A—5

’y:

The invariant solutions are of the form

10pt
alt,x) = 5FP(), ultr) = o= +BTIG(), (3.97)
where F() and G(v) satisfy the system
5AG — (54 207 F/ + (20 — 2A + 5A\G) F = 0, (3.98)
8A\—5
K(8)\ _ 5)[2(10 _ )\)F] 2(-10) + HgF%_‘igF/ _ TF/I/
8\ —5
13 Co(2 1\
+p[<>\—5)G+GG—(5+)\)7G} = 0 (3.99)
3. (a) X3: We have the following invariant solutions
07 2[& K T + 08 4[1,t 07
tax) =L, ult,z)=t["2 - — | =L 1
alte) =T attn) =o (2= 2)+ G [T o)
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where C; # 0 and Cy are arbitrary constants.

In the sequel the solutions invariant under X; + X3 and X3 — X; have the same form
as those in case 2. (b) and (c) respectively. However, the reduced systems of ODEs are

different and hence the only ones presented.

(b) X1 + Xj:
GF' + FG' =0, (3.101)
K+p(1+GG'—§—’I;1nF> +/;5T]Z—TF”’:O. (3.102)

(c) X3 — Xi:
GF' + FG' =0, (3.103)
K+p<GG'—81—’;1nF—1) +;5TZZ—TF”’:O. (3.104)

(d) X4: From the characteristic system for the invariants of X, we obtain the invariant

solutions
6 164
alt,z) =t°F(v), wu(t,z) = Ttlnt +tG(y), (3.105)
where similarity variable is given by
- T Su Int
t2 5

The differentiable functions F'(y) and G(7) are defined by the system

Au 1 1

it — G F — G| = 1
(5+7 2G) (3+2G) 0, (3.106)
H5F,
2/3

16 8 8
K+p TM—EMIHF—FG—F(G—Q@/—EM)G’]—F

—TF”=0. (3.107)

4. (a) X3: The solution of the characteristic equations for the invariants of X3 results in

the following invariant solutions

C 3ut 2Kt C
at,x) = 79, u(t,z) = o + L T Cho (3.108)

5p% t

for Cy # 0 and Cjy arbitrary.
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(b) Xl + Xgi

GF' + FG' =0, (3.109)
6 K F’
p(l‘f‘GG/—EM)—f—ﬁ—f‘KﬁT—TFW:O. (3.110)
(C) X3 — Xli
GF' + FG' =0, (3.111)
6 K K" , bup "
p(GG'———1)+—+ + GG — 2B . (3.112)
5 VF F 5
(d) X4: Invariant solutions assume the form
2 6

where v = xt~! — 3ut/5 and F, G are arbitrary differentiable functions of v satisfying

(y—5G)F' —5(2+G')F =0, (3.114)
5
plr—G)G — 2 (K\/F + mF’) L TE" = 0. (3.115)

5. (a) X3: The solutions invariant under X3 take the form

C Svt KO C
alt,x) ==, ult,z) = % ot T *t 12 (3.116)
where C1; # 0 and C15 are arbitrary constants.
(b) Xl + Xgi
GF' + FG' =0, (3.117)
5
p (1 + GG — Zy) + KF* + kg F’F' + TF" = 0. (3.118)
(C) X3 — Xli
GF' + FG' =0, (3.119)
5
P (GG’ - Z” - 1) + KF* + kgF2F + TF" = 0. (3.120)
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(d) Invariance under X,: the invariant solutions are
)
alt.x) = (), ultx) = 2+ G(), (3.121)

where F and G are arbitrary functions of the similarity variable v = xt=2/> — (5vt8/%) /8

defined by

(5G —27) F' + (5G" — 2) F = 0, (3.122)
p (5GG" — 27G" — 3G) + 5K F* + 5ro F*F' — 5TF" = 0. (3.123)

Some of the invariant solutions may fail to explain realistic situations if the physics of

problem being investigated is taken into account.

3.6 Conclusion

We have performed the complete group classification of the one-dimensional collapsible
tube model which incorporates the tension and curvature of the tube wall. This has been
achieved by firstly determining the extra symmetry operators and hence the arbitrary
elements via classification with respect to subalgebras of real three- and four-dimensional
Lie algebras. As a guarantee for obtaining the maximal symmetry Lie algebra, symmetry
analysis of individual cases arising from classification with respect to 3D and 4D Lie

algebras was performed.

We have also exploited the symmetries of the submodels to perform similarity reduc-
tions. It should be noted that some of the reduced submodels can be challenging to
solve analytically. The next logical step would be to look at numerical investigation
of the reduced submodels and relate the results to the similarity (invariant) solutions.
This investigation might be of great importance in understanding the complex dynamics

involved for flow in collapsible tubes and channels.
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Part 11

Coupled Diffusion System
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In diffusion processes a chemical or material migrates from an area initially of high
concentration to an area of low concentration. Likewise in process of conduction heat is
transfered by molecular motion from regions of high temperature to regions of low heat.
The mathematical description of both diffusion and conduction is the same and hence
the heat equation (which models the conduction of heat) is also known as the diffusion
equation. The diffusion equation or its modification has many important applications
in mathematical physics, mathematical finance, chemistry, biology and environmental

science.

In some research areas of practical interest, where the diffusion equation is used to
describe a certain physical process, the one-dimensional analysis of the problem fails
to explain the processes involved. However, in order to understand fully and explain
the processes involved, the study of one-dimensional model becomes a foundation upon

which multi dimensional models can be built.

Much research has been done on the linear and nonlinear diffusion equation together
with its modified forms and systems of diffusion equations in which Lie group analysis
is used. One cannot exhaust all these investigations on diffusion processes by use of the
Lie symmetry approach and other procedures. The results of earlier work on the Lie
symmetry approach are compiled in [32] and thereafter different forms of the diffusion

equation were studied by various authors [12, 17, 85, 86], just to mention a few.

In the case of diffusion systems Torrisi et al [78] considered a second-order system of

equations that describe the diffusion of solvent into a polymer slab:
Ut = h(u7 U)? Uy = [f(v)uz + g(U)Ux]w

The diffusion systems with applications in extended thermodynamics and drift-diffusion
phenomena are investigated in [72, 79]. Also the study of energy-transport model in
different coordinates can be found in [51, 73]. Wiltshire et al [4, 84] considered a simplified
form of a nonlinear coupled diffusion model by Jury et al [37] which describes heat,

moisture and solute transport, viz.,

Wiltshire et al:
Yo = AWyl y={yi} (=1,2,....n).
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Jury et al:
T, = [kr(T,0)T, + ko(T,0)8,],, 6, = [Dr(T,0)T, + Dy(T,6)0,], .

The linearisation and potential symmetry classification of the Jury et al model was per-
formed in [74]. By ‘potential’ we mean that group classification is achieved via potential

symmetries.

A detailed account of using both the classical and non classical procedures on theory of
transformation groups to derive the similarity solutions for a one-dimensional coupled
system of reaction-diffusion equations is given in [15]. More recent works on reaction-
diffusion equations can be found in [62, 63]. The numerical and experimental analyses of
the diffusion process of heat transfer have been extensively investigated and are accessible

from relevant journals.
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Chapter 4

A Group Classification of General

Second-Order Diffusion System

The purpose of this Chapter is to classify systems of coupled diffusion equations. It
is aimed at laying a foundation for solving a group classification problem for a general
second-order system of diffusion equations based upon Lie algebras of low dimension.
Briefly the procedure begins at the search for realizations of low-dimensional Lie algebras
and then moves to realizations of Lie algebras of higher dimension until the arbitrary
functions are completely specified. Even though this procedure was suggested in [5, 86]
for PDEs, a much earlier work on ODEs using these ideas was done in [47]. We use
the results on classification of solvable Lie algebras by Mubarakzyanov [57] reported in

Basarab-Horwarth [5].
We consider the generalized coupled diffusion (heat-conductivity) system of the form

Uy = Fl(t7 T, u,V, Uy, Ux)u$$ + F2(ta T, U, U,y Uy, Um)vxa: + Gl(t7 Z,u,V, Uy, Uar)a
(4.1)

vy = F2(t, 2,0, 0, U, Uy )Uge + FH(E, 2,0, 0, Ug, V)V + G2(E, T, U, 0, U, V),
where u(t,z) and v(t,x) are dependent variables which represent the type of diffusion

process being modelled. The arbitrary functions F'!, F?, F3 and F* are the nonzero

diffusion coefficients (thermal conductivities in the case of heat conduction) which depend
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upon the particular type of diffusion process involved. The arbitrary functions G* and

G? are the source terms (heat transfer coefficients).

4.1 Symmetry generator and determining equations

Using the basic Lie technique [10, 65, 67] we seek a symmetry generator of the form

I'= 51(25, x,u,v)0 + 52(25, T, u,v)0; + nl(t, T, u,v)0, + 772(257 T, U, 0)0,. (4.2)

The operator I is a generator of symmetry group of system (4.1) if and only if

T2 (u, — Frugy — F?u, — GY) =0

(4.3)
TP (v, — Fuyy — Fru,, — G*) =0
whenever system (4.1) is satisfied and where
el = r + Cl 8%5 + C2 auz + gfa’l)t + <2 8vz + 622 e T szzavm'
The variables Q]’: are given by the prolongation formulae
(11 = Dt(nl) - utDt( ) U$Dt(§2)a (44)
G = Du(n') —wDu(€) — uaDo(8%), (4.5)
& = Di(n*) —uDi(€") — v.Di(€?), (4.6)
C22 = x(772) (51) - UJ:Dx(€2)a (4.7)
G2 = DalG) = uwDs(€) — uaa Do (&%), (4.8)
G = DalG3) = 01 Du(€') — 02 Da(€3), (4.9)

where D; and D, are the total derivative operators defined as follows
Dt:8t+ut3u+vtav+, Dw:ag;‘l—uxau‘l—'l}zav—{— (410)
With the help of program YalLie the generator of symmetry group for system (4.1) is of

the form

I'=a(t)o + b(t,x)0, + c(t,x,u,v)0, + d(t, z,u,v)0,, (4.11)
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where a, ..., d are the smooth functions satisfying the determining equations

CoF' 4+ dy F? = 0,
CoFt + dyy F? = 0,
o F' 4 du F? =0,
Con F? + dy F* = 0,
CaF? + dy F* =0,
ConF® + dy F* =0,

(dy — b)) F2 + ¢, F2 =0,
(by — cu) F) —d,F,. =0,
(dy — by) F2 + ¢, F2 =0,
(by — cu) F — d F) =0,
(dy — b)) F}} + ¢, F, =0,
(by — cu) Fy. — duFy =0,

200 F" + (dy — by) Gy + ¢,Gly, — (bao — 2dpy) F? =0,
b + 2dy F? 4 A, Gy + (cy — by) Gy, — (byw — 2¢44) F' =0,
b+ 2¢,, F? + (dy — by) G2+ ¢,G2. — (byy — 2dy) F* = 0,
2d,, F* + dung + (cy — by) sz — (bpe — 2¢44) F? =0,

(@ —2b,) F' +d,F, +c,F, +dF,+cF, +bF, +aF} +d,F* — ¢,F* =0,
cF' 4+ (a—2b, +dy — ¢,) F* + d, F + ¢, F) +dF. + cF. + bF,

+aF? —c,F* =0,

dy F* + (@ — 2b, — dy + ) F* + d,F) + ¢, Fo +dFy + cF? + bF?

+aF} —d,F' =0,

(a—2b,) F* +d,F, +c,F, +dF, +cF, +bF, +aF, + c,F* — d,F* =0,
CoaF' + dpu F? + d,G), 4 .G, + dG) + G, + bG, + aGy — (¢, — a) G

—,G? — ¢, = ,
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CoaF? + dpu F* + (0 — dy) G* + d, G2 + ¢,G2. + dG + G2 + bG2 + oG}
—d,G* —d, = 0. (4.35)

In the determining equations above the overdot represents differentiation with respect to

t and the subscripts denote partial differentiation.

4.2 Equivalence group

We use the direct approach [5, 39] instead of the infinitesimal method for calculating
the equivalence group. The infinitesimal approach is best executed when the arbitrary

functions do not depend on many variables.

Let the invertible transformations taking the original system (4.1) into a system of the

same form be
t=T(t,x,u,v), ==Xt z,uv), u=Utz,uv), =Vt u0v), (4.36)

where the functions T, X, U and V satisfy the Jacobian

D(T, X,U, V)

0.
D(t,z,u,v) 7

The operators of differentiation transform as follows
Dy = D(T)D;+ Dy(X)Dz, D, = D,(T)D;+ D.(X)Dj;.

Firstly we find u, and v, using (4.36). Thus for some solutions hy, hy of 4 = hy(t, ) and

v = hy(t,T) we have
U(z,u) = hy (T(z,u), X(z,u)), V(r,v)=hy(T(x,0), X (x,0)). (4.37)
Now from the first equation in (4.37) we get
Uy, + Uyuy, = uz (T, + Tyuy) + tz (X, + Xyuyg) , (4.38)

ie.,

U:c + ur(Uu - Tuﬁ'f - Xuﬂf) == Txaf - anfca



Hence
. Txﬂf - ch'ai: - Ua:

= ) 4.39

Uy

From (4.39) we require u, — ¢;(¢, T, @, uz) for some g;. This implies that the coefficients
of uz must vanish, i.e.,

T,=T,=0. (4.40)

T,=T,=0. (4.41)

From Eqs. (4.40) and (4.41) we obtain T" = T'(t) for arbitrary function T'(¢) satisfying
T +# 0 where the dot denotes the total time derivative.

Therefore the equivalence group is given by

t=T), ==Xt zuv), u=U(tmzuv), v=V(tmrmum)), (4.42)
. D(X
where T' # 0 and (X, U,V) # 0.
D(z,u,v)

Next we find u; and v;. We begin with u; and have
U+ Uyuy = a (Ty + Tyuy) + g (Xy + Xyuwy) - (4.43)

Thus taking into account the fact that 7' = T'(t),

Tu; + X,z — U,
Uy = )

Uu - Xuaf
= Tu; (U, — Xotiz)"" +01(t, Z, 0, i) (4.44)

for some arbitrary function 64 (¢, z, v, Uz).
Likewise we obtain v; which has the form
v =T (Vo — Xo05) "+ 02(F, 2,0, 0;) (4.45)
for 6, an arbitrary function of its arguments.
To find u,, we rewrite Eq. (4.38) in the form

D,(U) = utDy(T) + uz Dy (X). (4.46)



In view of Eqs. (4.40) and (4.41) the above equation (4.46) becomes
D (U) = 2D, (X). (4.47)
By the application of D, on Eq. (4.47) we obtain
D(U) = iz DI(X) + tizs (D2 (X)) (4.48)
We consider the left hand side of Eq. (4.48), that is

Similarly by consideration of the right hand side of Eq. (4.48) we deduce the expression
(Xaw + Xutigs + 2X 0ty + Xyl Uz + (X2 4 2X, Xty + XJu2) s
Therefore

The substitution of (4.39) into (4.49) eventually results in

Uge = 03(L, T, U, Uz)Uzz + 04(L, T, U, Uz). (4.50)

In the same manner

Vez = O5(t, T, U, Uz)Uzz + 06(t, T, U, Uz). (4.51)

The 6; are arbitrary functions of their respective arguments.

The substitution of (4.44), (4.45), (4.50) and (4.51) into the underlying system (4.1)
yields the system
U =T (U, — Xyiz) (03 F sz + 05 F 055 + 04 F + 06F + G* — 0,)
(4.52)
U =T (V, — X,0z) (03 F%gg + 05 F 055 + 04F% + 05 F° + G* — 6,) .
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Therefore under the change of variables (4.42) the original system (4.1) is transformed

into the system of the same form

(4.53)
U = F3(£ f; ﬁa 'D? ﬂia E:E)aia’c + F4(£¢ j:a 'EL, T}a a:@; @a’c)ii‘a’: + Gz(ﬂ jja ﬁ, 67 ﬂfa T}i‘)
The arbitrary functions F,..., F* G' and G? can be identified from (4.52) as follows
F' = T7Y(U, — X,iz) 05F",
F? = T7Y(U, — X,iz) 05 F?,
F3 = T7Y(V, — X,0;) 05 F°,
F* = T7Y(V, — X,0;) 05 F*,
G' = TN (U, — X,tz) (04F* + 0sF* + G* - 0y),
G* = TV, — X,0z) (04F% + 06 F* + G* — 05) .

4.3 Classification with respect to low-dimensional Lie

algebras

4.3.1 One-dimensional Lie algebras

A symmetry generator (4.11) can be transformed by the change of variables (4.42) into
the form

[ = al(t)0; + (a X, 4 bX, + cX, + dX,)0s + (aUy, 4+ bU, + cU, + dU,)dz
+(aV; + bV, + cV, +dV,)05.  (4.54)

We follow an argument similar to that used in [5, 6]. We consider the cases a(t) # 0 and

a(t) = 0. If a # 0, then the choice in (4.54) of a function T'(¢) such that a(t)T(t) = 1
and functions X, U, V of the fundamental solutions of the system of PDEs

aX; +bX, +cX,+dX, =0, aU; + U, + cU, + dU, =0, aV; + bV, + ¢V, + dV,, =0,
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gives rise to I' — ' = 0.

If @ = 0, then the choice in (4.54) of a particular solution of the PDE 06X, +¢X,+dX, =1
as a function of X and fundamental solutions of the PDEs bU,, + cU, + dU, = 0, bV, +
¢V, 4+ dV,, = 0 as functions of U and V respectively, we have I' — I' = 0.

Therefore when we drop the bars, the symmetry operator (4.11) reduces to one of the

canonical operators

F:@, anw

Consequently there are two inequivalent realizations of one-dimensional Lie algebras
denoted: A}l = (9;) and A% = (9,). The superscript distinguishes one realization from

the other while the subscript denotes the dimension of the Lie algebra.

4.3.2 Two-dimensional solvable Lie algebras

There are two inequivalent two-dimensional solvable Lie algebras:
Agy e le1, e2] = 0, Az [e1, e2] = eo.

These algebras contain the one-dimensional Lie algebras A} = (9;) and A? = (09,).
Hence in search for realizations of the two-dimensional Lie algebras there are two cases

to consider: (04, es) and (0, e2), where ey is of the form (4.11).
Consider firstly the Lie algebra As ;.
(a) A = (04, ez): The Lie Bracket [eq, es] = 0 yields

ey = b(x)0y, + c(x,u,v)0, + d(z,u,v)0,.

We use the equivalence transformations (4.42) to simplify e;. Also we need the equiva-

lence group of A} = (9}), i.e.,

(7{ - 3t(f)3{+ at<i')a§; + at<ﬂ)aﬁ "‘8,5(27)8@,
= T+ X0z + U0y + V0.
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Thus the equivalence transformations for A} are given by
EQy)={t=t+a, T=X(z,u,v), u=U(z,u,v), v =V(x,u,v)}. (4.55)
By the use of these transformations es is transformed into

ex = (bX, + X, + dX,)0: + (bU, + cU, + dU,) 0y + (bV, + ¢V, +dV,)05.  (4.56)

According to (4.56) we have the following realizations of two-dimensional Lie algebras:
A=(0,0;), A={(0,0u), A= (0 0y).

(b) Likewise for the case A = (0, e2) we obtain the realizations (9., d,) and (9, 0,).
Therefore the realizations of the two-dimensional Lie algebra A, are

Ay = (01, 0), A5y =(01,00), A3y =(01,0u), A3y =(000u), A3y =(0n0,).

The corresponding forms of the arbitrary elements are such that they are independent
of the variables appearing in each realization. For instance all the arbitrary functions

corresponding to A%yl are independent of ¢ and .

If we proceed in the same manner, the two-dimensional Lie algebra A, 5 has the realiza-

tions

Ay = (—t0y — x0,,0), A%Q = (—t0; — 20y, Oy), A;”z = (=20, — udy, O0,), A‘Q"z =
(=20 — v0y, Oy).

Functional forms of the arbitrary elements are given as follows.
A;Q . P = xﬁ’i(u,v), G = x_léj(u,v), i=1,2,3,4; j=1,2.
A3, F'= tF'(u,v), G =t"1G’(u,v).
A;Q . F'=u’FYtv,uy), F?=u’F*(t,v,uy), F>=uF3t v, u,),
F* = uw?F*(t,v,u,), G'= uél(t,v,ux), G? = G~’2(t,v,ux).
A;{Q L FY =0 Y (tuv,), FP=03F%(tu,v,), FP=vF3(tu,v,),
FY =0 F4(tu,v,), G=GYtu,v,), G? =vG2(t,u,v,).
In general F' F2 F3 [* G and G? are different arbitrary functions of their respective

arguments.
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4.3.3 Three-dimensional solvable Lie algebras

The solvable Lie algebras can be classified into decomposable and non decomposable Lie

algebras [5].

1. Decomposable Lie algebras

There are two decomposable three-dimensional solvable Lie algebras:
Asy =3As: [e,e;] =0, 0,5 =1,2,3, contains A§ | (k=1:5).

Asy = Agy @ Ar: [e1, €5] = ey contains AS, (k=1:4).

We show some calculations for Az, containing A}, = (—t0; — 20,,0;) and the rest are
presented without detailed calculations. The corresponding equivalence group is given
by

E(Ayy) ={t=t+a, T=2Y(u,v), u=U(u,v), v =V(u,v)}. (4.57)

The Lie Brackets: [eq, e3] = 0 and [eg, €3] = 0 imply that
es = cox0, + c(u, )0y + d(u,v)0,, ca # 0.
Now, by the use of (4.57), e3 is transformed into
L Yy Y,
€3 =21 |cy+ ¢y + d? Oz + (cU, + dU,)0g + (cVy, + dV,,)05. (4.58)
The simplification of (4.58) results in the realizations

(—t0y — x0y, Oy, x0, + udy,) and (—t0y — x0y, O, x0y + vO,).

Therefore in summary the realizations of the three-dimensional decomposable solvable

Lie algebras are:
AL =(0,0,,0.), AL, = (0;,0,,0,).

AL, = (—t0, — 20,,0,, 20, +ud,), A}, = (—t0, — 0,,0;, 20, + v9,).
A2, = (—t0, — 20y, 0,10, + ud,), ALy = (—tdy — 20y, Oy, 10y + v0,).

A3y = (—20p — 0y, Op, 10y + udy), Afy = (—20p — udy, Oy, udy + v0y).
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A3y = (—20, — vy, 0y, t0; +00,), Al, = (—20, — 10y, 0y, ud, + v0,).
The corresponding functional forms of arbitrary functions are:

A?l),l C P =F(v,up,v,), i=1:4; G =G (v, ug,v,), j=1,2.

fl:l,,’l L P = Fluyug,v,),  GY = GO (U g, vy,).

Ay, F! = zuF'(v), F?=xu’F*(v), F®=xF3%v), F*=azuF*(v),
Gt = 272G v), G? =GR (v).

121?1)2 . F'=gquFYu), F?*=xF%*u), F°=x0*Fu), F*'=zvF'(u),
G =2 WG w), G? =z WGP (u).

A3,0 Fl=w?F'(v), FP=tu'F*(v), F’=tuF®v), F'=tu?F(v),

G =tuG (v), G =t"1GP(v).

(v), F?=twF*u), F>=t'Fu), F'=tw2Fu),
G =171GYw), G? =t"wG(u).

Aj,:  F'= tSuPF Y (v), F?2 =t Fv), FP =t%uF3(v), F'=tu2F(v),
Gt =t G (v), G =t"1GP(v).

A3, 0 Fr=u®  FPNt), FP=uPv R, FP=w'FR(t),  FY=wto i),
G = uGt), G? =vG(t).

Aj,: F'= 30 (u), F?P=t0F%(u), FP=t30F3u), F*'=t302F(u),
G =1t71GY(w), G*=t""G(u).

Agz c o FU=uwWENe),  FP=wF(t), FP=u0FR(t), FY=uWPFA),
G = uGHt), G? =vG(t).

In general the unknows a t F 2 F 3 F 4 G! and G? are different arbitrary functions of

their arguments.
2. Non decomposable Lie algebras

Below we proceed as in the previous sections. We make use of the non decomposable

three-dimensional solvable Lie algebras [5, 57]:

A3,3 : [62, 63] = €1;

Asy: ler,es] =e1, [ea,e3] =e1 + e
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Ass: e, es) =e1,  [ea, e3) = eq;

A3,6 : [61763] = €1, [62763] = —€;

Asz: enes] =e1, ez e3] = qea (0 <lg| <1);

Azg [e1,e3] = —ea,  [ea, €3] = e1;

Asg:  er,e3] =qer —ea, ea,es]) =e1+qea (¢ >0).

All these algebras contain A§, (k=1:5).

The illustration by an example of the calculations for the algebra Ajs 3 shows that there
are no realizations for Ass containing Ay, = (0;,0,). Now we turn to A3, = (0}, 0y).

The corresponding equivalence transformations are of the form

EAS ) ={t=t+a, T=X(z,v), t=u+ Z(z,v), v =V(z,0)}. (4.59)
The Lie Brackets: [e1, e3] = 0 and [es, e3] = ey yield

es = b(x)0, + (t + c3(x,v))0, + d(z,v)0,.

Under the change of variables (4.59) e is transformed to

e3 = (bX, +dX,)0: + (t — a1 + c3 + bZ, + dZ,) 0y + (bV, + dV,) 0. (4.60)
The resulting realizations are:
(Ou, O, £0y + t0y,), and (0y, O, tOy + v0,).

Therefore the realizations of all the three-dimensional non decomposable solvable Lie

algebras are:

A2 5 = (O, Or, 20y + 10,), A2 5 = (Oy, Oy, 10y, + v0,),
A3 3 = (0,, 04,20, +t0,), A3 5 = (0,,0;,ud, +t0,),
A4 5 = (O, Op, 0y + 20,), Al 5 = (O, O, 10y, + 10,).
A3 3 = (0y, 05, t0; + 10y), A3 4 = (D4, O, u0,, + 20,).

A2 = (0, 01, t0y + 20, + (t+u)0y), A2, = (D4, 0y, t0; + (t + 1)y + v0,).
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A3y = (00, 0y, 10 + 20, + (t +0)0,), A, = (Dy, Oy, 0, +udy + (t +0)9,).

Al = (O, 0p, 0y + 20, + (2 +1)0y,), ALy = (Ou, 00, 20, + (z + )0y, + v9,),
AL, = (04, 0, 20, + (z + 1)0,).

A§74 - <av’ aﬁt’ tat + xaz + ([E + U>8’U>7 Ag,él = <8”L)7 817 xam + Uau + (I -+ U)a'L))?
A5y = (0, 0y 20, + (2 +0)D,).

AL 5 = (04, 00,10, + 0, + udy,), A5 = (9, 04,10, + 20, + v0,).
A2 = (04,00, t0; + 20, + udy), A2 = (0, 0y, 10, + ud,, + v0y).
A§75 = (0y, Oy, tO; + 10, + v0,), flg’g) = (0y, Oy, tO; + ud, + v0,).
A3 5 = (0y, 0u, 10, + 20, + ud,), A3 5 = (0y, 0, 20, + ud, + v0,).
A3 5 = (0, 0y, 0, + 20, +v0,), Al = (Oy, Oy, 20y, + udy + v0,).
AL g = (04, 05, 10, — 20, + ud,), Al 5 = (0, 0, 10, — 20, — v0,).

A?’),G = (&, 8’u,7 tat + xa'r — u@u), A?’),G = <8t7 8u, t@t — u@u + Uav>-

Agﬁ = <at7 Oy, 10y + 20, — Uav>a A§,6 = <8ta Oy, 0y + 10, — U8v>-
A§76 = <8x7 au; tat + x(?z — u3u>, ALB{G = <a:v7 (9u, f&x — Uau + U81;>-

A3 = {0y, 0, t0; + 20, — 00,), A3 5 = (0y, Oy, 20y + udy, — v0,).

A3 7 = (04, 02, 10y + qOy + udy), As7 = (O, O, 10y + qy + v0,),
AL = (0,,0,, qt0; + 0, +ud,), AL, = (9, 0y, qtO, + 20, + v0,).

A3 7 = (Or, 0u, 10y + 105 + qudy), A3 7 = (Or, Oy, 10y + qud, + v0y),
A2 = (D4, 01, qt0y + 0, + udy), Ay = (D, Os, qtO; + udy + v0,).

A3 = (04, 05,0, + 20, + qud,), A7 = (04, 0y, 10, + ud, + qud,),
A3 = (0,04, qt0; + 20, + v0,), A7 = (9, 0y, qtO, + ud, + v0,).

Al = (04, 0y, 0y + 20, + quy,), ALy = (Oy, O, 20, + qud, + v0,),
Ay = (D4 00,10, + q20, + udy), ALy = (D, 0y, 0y + ud, +10,).
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A3 7 = (O, 0y, 10y + 105 + qdy), A5 7 = (Or, Oy, 05 + udy + qudl),
A3 = (0y, 05, 10y + q10, + 00y, A3 7 = (D, Or, q0y + U0, + v0,).

The notation used in the above sets of realizations simply means that all the realizations

in each set are obtained from the same two-dimensional realization.

The corresponding forms of arbitrary elements are summarized in Table 4.1.

4.4 Classification with respect to four-dimensional

solvable Lie algebras

1. Decomposable Lie algebras
There are ten decomposable four-dimensional solvable Lie algebras [5]:
4A; = A1 DA, Ao DAL, 2450 =Ass D Agy, A, DA (1=3:9).

Consider the four-dimensional Lie algebra, A3 2@ A;, which contain the three-dimensional

Lie algebra, A3,. From the Lie Brackets: [e1,e4] = 0, [e2, e4] = 0 and [e3, e4] = 0 we have
ey = c3(v)ud, + d(v)0,.
The equivalence transformations for Aj, transform es to the form
€1 =1 <d%> Oz +1u (03 + d%) Oy + dV,05. (4.61)
Eventually we obtain the realization
Az @ Al = (—t0, — 10y, Oy, 20y + U0y, ©0, + udy + v0,).

The invariant system for this realization is given by

Uy = leuum + f(gxuv_lvm + Kg)x_lu,
(4.62)
v = f(gxum + I_(4:Euvm + I_(6:U_1uv,
where K1, K, ..., Kg are arbitrary constants.
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Table 4.1: 3D non decomposable solvable Lie algebras.

Algebra F! F? F3 F* Gt G?
A3 2P (v) 2202 (v) 2203 (v) 224 (v) Inz + ¥l(v) U2 (v)
2133 O (2, uy) v 0% (2, uy) v®3 (2, uy) &4 (2, uy) Inv+ Ul(z,u,) w02 (x, u,)
VR 2P (u) 222 (u) 22®3(u) 224 (u) Ul (u) Inz + U2 (u)
Ag,g O (2, v,) u®?(z,v,) u 03 (z,v,) o4 (z,v,) uWl(x,v,) Inu+ V2(x,v,)
A5 5 1 () 0% () =10 () 104 () 10 () 102 (p)
421%’3 ol(v) v 0% (v) v®3(v) ot (v) Ul(v) vU2(v)
A5 t=1ol(7) t=1@2(7) t=1®3(7) t=1od(7) t=1wi(r) t=1w2(7)
/133 ol(w) ud?(w) u 03 (w) o4 (w) u¥l(w) U2 (w)
A3, 2@ (v, uy,) 22®2 (v, uy) O3 (v, uy) 2®% (v, uy,) Inz+ 9l(v,u,) 27102 (v,u,)
1:1%’4 v o (z) v 102 (x) v 03 (x) v o4 (z) Inv+ ¥l(z) U2 ()
A3, x®(u,v,) 2 (u, v,) 2203 (u,v,) x®*(u,v,) r W (u,v,)  Ina 4+ U2 (u,v,)
1212,4 ulol(z) u” 12 (x) u” 13 (x) u” 14 () Ul(x) Inu + ¥2(z)
A5y t®! (1) 2@ () 3 () t0% (1) o' (u) 102 (p)
flgA 20l (v) 202 (v) V203 (v) v204(v) vUl(v) vU2(v)
A§,4 e2t=PL(t,v) e3t=P2(t,v) et ®3(t, v) e?us o4 (t,v) et Wl(t, v) U2(t,v)
A5, tdL(7) d2(7) t2®3(7) td4(7) t=1wl(7) U2 (7)
flgA u?®l(w) u?®?(w) u?®3(w) u?dt(w) u¥t(w) u¥?(w)
Ai s u®! (v, uy) u?®? (v, uy) D3 (v, uy) u®? (v, uy) Ul (v, uy,) w12 (v, u,)
A:l))’5 v®1(u,v,) ®2(u, v,) v2®3(u,v,) v®*(u, vy) v (0, v,) U2(u,vy)
A3 s 2@ (v, uy) 2202 (v, uy) D3 (v, uy) 2®4 (v, uy,) Ul (v, uy) 102 (v, u,)
121%’5 v e (7) v 0% (z) v 03 (x) v o4 (z) Ul(z) U2 (z)
A3 g 2@ (u,v,) D2 (u, v,) 2203 (u,vy) 2 ®4(u,v,) 1 (u, v,) U2 (u,v,)
Agﬁ u~lol(x) utd%(x) u”t®3(x) u™1d4 () Ul(x) U2(x)
A5 t® (v, uy) 1202 (v, uy) D3 (v, uy) t®4 (v, uy) Ul (v, uy) =102 (v, uy,)
421%’5 V2O (¢, uy) V202 (¢, uy) V203 (¢, uy) V204 (¢, uy) vUl() w02 ()
A5 g t®(u,v,) D2 (u, v,) 1203 (u, v,) 4 (u, v,) =10l (u,v,) U2(u,v,)
flgﬁ WOt up,vy) U0 (t,ug,vy) WPt ug,v.) PPt ug,vy)  wV(t ug,vy) uW2(t, Uy, vy)
Al u=3®(v) u2®2(v) u™4®3(v) u=3®4(v) Ul(v) u” W2 (v)
Azls,a 30! (u,v,) v2®%(u, v,) vi®3(u,v,) 304 (u,v,) v (u,v,) 202 (u,v,)

The ®° and ¥’ are arbitrary functions of their arguments; p =

v=(t)(u, —lnv), 7 = (u)(v, —Int), w = (t)(v, — Inu).
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Table 4.1 (Continued).

Algebra F! F? F3 F* Gt G?

A3 x®1(v) 2 (v) 22®3(v) x®(v) 720 (v) 102 (v)
Az v o (x) v 302 (1) v®3(z) v 0% (z) v 20 () U2 ()
A3 2@ (u) 222 (u) O3 (u) 2®%(u) 10 (u) 27202 (u)
flgﬁ u=1®l(x) u®?(x) u=3®3(x) u=1d% () Ul(z) w202 (z)
Al td!(v) 2 (v) t2®3(v) t®4(v) t=20(v) =102 (v)
Al V20 (t,v,) D2 (t,v,) vA®3(t,v,) V204 (¢, v,) v UL (¢ v,) U2 (t, v,)
Al t®!(u) 22 (u) O3 (u) t®4(u) =1t (u) t_2\112(u)
flgﬁ u?®L(t, u,) ut®2(t, u,) D3 (t, uy) u?®*(t, u,) uWt(t, u,) w1 W2(t, uy)
Al w21 ot (v) u?9P2(v) 2@=1) 3 (v) u?9194(v) Ul(v) w102 (v)
Al 021l (u) 0212 B2 (y) 2‘1(1)3( ) 0214 (u) v L (u) W2 (u)
/1:1,,’7 w10 (v, u,) w3 (v,uy)  wl TIP3 (v,uy)  wPTI0(v,uy)  wrTIUN(v,uy) w2 (v, uy)
A3, V290 () 0TIR% (w,v,)  03TIR3(uyv,)  02TIRY(uyv,) 0TI (uyv,) 0PI ()
A3, 2P (v) rIT1P2(v) 2179193 (v) r®4(v) 241 (v) 1 02(v)
A2, v 1d(z) 09202 (1) VTIP3 () v 1d4(z) 010 (2) U2 ()
/137 22790 (v, u,) 23T (v,u,) TIP3 (v,uy) 2210 (v uy)  2TIUN(v,uy) T IU2 (v, uy)
A3, v 992 (x) v 992 (x) v 993 (x) v 194 (x) 9wl (z) V17102 (1)
A3, x®(u) 2179192 (u) TIP3 () 2®%(u) 1l (u) 297102 (u)
A3, w1 @ () u”9D2 (x) ul2d3 () w4 () Ul (z) u? 12 ()
121317 22710 (u,v,) 1 TI0% (u,v,) 2313 (uyv,) 2210 (u,v,) 2TV (uv,) 2 TIU2(u,v,)
A3, u” 9P (z) u” 9192 (x) u” 9193 (x) u” 9194 (x) ul=al(x) ul=90? ()
A3, td!(v) tIt1 o2 (v) =993 (v) td4(v) t1= 1wl (v) =102 (v)
Agj V20 (¢, v,) VIR (tv,)  V3TIR3(t,v,) V204 (¢, v,) ViU (¢, v,) vU2(t,v,)
Al 1297191 (v) 2492 (v) 2@~ 3 (v) 1297194 (v) Tl(v) =102 (v)
A3, 02 (t) 02902 (t) v24®3(t) v2PA(t) vWl(t) vW2(t)
A3, td(u) =992 (u) 103 (u) t®4(u) 10 (u) 97102 (y)
flgj u?d(tu,)  uwPTIR(tu,)  wIT®3(tu,) uPdA(t uy) uWt(t, uy) ud W2 (t, uy)
/13)7 129710 (u) 2= P2 (y) 2993 (u) 1297104 (u) t= 10t (u) W2 (u)
A3 u?1®1(t) u?192(t) u?9P3(t) u90(t) uWl(t) uW?(t)

The rest of the realizations of the four-dimensional decomposable

and their corresponding invariant systems are:

4AY = (B, 0,0y, vD,):
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4A% = (04, Oy, udy, Oy):

U

(%

fl(vm)um + u]:—2(vm)vm + uQNl(vx),
u’lf?’(vx)um + .7’:"4(1)93)1)m + Q~2(vx).

1213,2 @ fl} = (—t0y — 20y, O, x0y + Oy, Oy + u0,, + VO,):

;- - -1
Kizvug, + Koxuvg, + Ksx™ v,

Uy =
vy = K},vaum + fﬁxvvm + K})ﬂx’lv?
The unknowns F*, ..., F* FL, ... F% G'. G', G? and G? are arbitrary functions of

their respective arguments and K7, . .

., K¢ are arbitrary constants.

2. Non decomposable Lie algebras

These Lie algebras are such that A,; = (I'1,I'9,'5,y) for ¢ = 1,2,..., 10. They are
solvable and can be written in terms of a one-dimensional Lie algebra (I'y) and a three-
dimensional ideal (I';,I'3,I'3) which is already known. For Ay;, i = 1,2,..., 6, the
three-dimensional ideal is of abelian type. It is of type As 3 (nilpotent) for i = 7,8,9 and

finally for ¢ = 10 of type As; (see also [5, 6]).

At ezeq] = €1, es,eq] = ey;

A4,2 : [61, 64] = geér, [62764] = €9, [63764] =ey+es, q#£0;

Ay [61, 64] = €1, [63, 64] = €2;

Agy le1,e4) = €1, [ea,eq] = €1+ €2, les,eq] =ex+es;

Ass s lenea] =er, [ea ea] = qea, s ea] =pes, —1<p<q<1,p-q#0;

Ay le1,eq] = qer, [ea,eq] = pes —e3,  les,eq] = ex+pes, q#0, p>0;

Ay le1,es] = 2€1, [ea,e3) =e1, [ea,eql =ea, [e3,eq] =€z +e3;

Ayg ler,eq) = (L+qer, [ez,e3] =e1, [ea,eql = €2, les,eq] =qes, gl <1,
Ao le1,eq] = 2qer, [ea, ezl =e1, |es,eq] =qes —e3, ez eq] = e +qes, q>0;
Ago: le1,e3] = €1, ler,eq] = —ea, ez, e3] =€z, [en,e4] = 1.

The use of the above classification of four-dimensional non decomposable solvable Lie

algebras enables the calculations for the search of possible realizations to follow the same
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route as in the previous sections. We present only the realizations and their respective

invariant systems.

Aly = (01,00, 0, qtO) + 20, + (2 + u) Dy + v0,):

w = VU ()t + 0PI () 0ge + 019G (),

vy = VI (VU + VTIF ()0 + 0TGP (), Y =u, — Inv.

A}LQ = <at7 a’m a:m qtat + xam + (Q? + U)au>

u = e(?—q)uzf'l ('U)Ugm + 6(3—q)umf2(v)vxx + 6(1—q)u1g1(’0),
v, = e(l—q)ugcf{i(v)umi + 6(2—(1)1145‘?'4(1))1]3Jm + 6—(1ng2(1)).

ALy = (0, 0, 01, 0y + qr 0y + (t + 1)0, + v0,):

21 21
uy = Ko™ ug, + Kov™ ™ vy, + Inv + K,

2g—1 2g—1
v = K3v T ug, + Kyv T, + K.

A3y = (0h, 0y, O, qtOy + 20 + udy + (& + v)0,):

uy = uTIF (N uge + U U (N )vge + 0t TIGH(N),
vy = UWTIF (N Ugy + 0 IF N vge +u'TIGE(N), A =0, — Inu.

‘21421,2 = <at> ava 8:1:7 qtat + l‘ax + ($ + v)8U>:

u = e Fl (W) gy + 6(3_q)”“f]:2(u)vm + 6(1_Q)””‘Ql(u),

v, = e(l—q)vzj:?»(u)um + 6(2_‘1)”1]-"4(u)vm 4 e(1-a)v QQ(u).

Ai? = <8967 81)7 8157 tat + qxa:}c + Uau + (t + U>8U>Z

2q—1 2g—1
u = Kju ug, + Kou™ vy, + K,

v = Kyu?T g, + Ky o, + Inu + K.

ALy = (D, Ou, O 10, + 20y, + 00,):

Uy = vilfl(v)um + U72f2(’}/)vzx + vilgl(’.}/)a
v = PN ae + 0 F (Y)0ae + G(7), 7=tz — Inw.
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A}Lg = (04, Oy, Or, 0y + 10y,):
u = € FH (0,0 ) Uy + e FE(0, Uy )Vge + € "G (v, v,),
v = e " F0, 0 ) Ugy + € FH0, 0 Ve + €7 G2 (v, v,).
Al 3 = (0y, 0, 0y, 20, + 10y, + v0,):
u = VEF(0p)Uge + VF (V) Ve + G (v,) + Inw,
v, = V(0 ) Uge + VP FH () Ve + VG2 (02).
AZ73 = (04, Oy, O, tO + 10y, + 0y):
w = U F (N ge + FEH AUz + GHN),
vy = U PF (NUge + P FE N e + 0 GE(N), A=, — Inw.
A2 5 = (01,00, O, t0, + 20,):
wy = e " FNu, Uy ) Ugy + € FH (U, Uy Ve + € "G (0, uy),
v = € (U, Uy ) Ugy + € FH (U, Uy ) Ve + €77 G2 (U, uy).
A%y = (94, 00, Oy, 20, + udy, + 10,):
= UEFN(Up)Ue + 0P F (U )Uae + uGt (uy),
v, = UF(Up) gy + P FH(ug)vee + G (uy) + Inu.
A}l,5 - <at7 81‘7 a’lﬂ tﬁt + qxam + puau + Uay>:
w = KX ug, + KyuP ™2y, + KsoP L,
v = Kv¥ Puy, + Kow? o, + K.
Al = (04,04, 05,10, + pr0y + quO,, + v0,):

2p—1 9ptq—2 1
w = KPP g, + Kot %, + Ksvi !,

2p— 2p—1
vy = KvP Yy, + KyoP v, + K.
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Alll,&') = <a$7 at? aim qtat + xa:p + puau + 'Uav>1

wy = VI ) U + 0PI 2 (00 + 0P IG (0,),

v = VIPTUF (0 )Uge + 0PI (0 ) Ve + 0 TIGP (0,).

Aéll,S = <aﬂl§7 a’ua ataptat + xa:c + quau + U@U>:

wy = VPFN(Up)Uae + 0 PTUF? (V) Ve + 07 PG (0,),

v = VO PTIFN 0 Uy + 0PI (0 0gs 4+ 0 PG (0,).

Aéll,t') = <au7 ab 33:7 qtat + pmam + Uau + v(?U):

2p— 2p— 1—
uy = KioP g, + KovP v, + Ksv 9,

2p— 2p— 1—
v = K30P g, + KyoP g, + kev 2

Azli,s = (Ou, O, Oy, ptO; + q0, + 10y + v0,):

29— 2q— 1—
u = KT Pug, + Kov* T Puy, + Ksv P,

2q— 29— 1—
vy = K3v™ " Puy, + K™ Pog, + kv 7P,

A42175 = <at> aa:a ava t0, + qwag; + udy, + pv@v):

2q—1 20—
w = Kju g, + Kou™ o, + K,

2q—2 21 1
U = K3up+ ¢ Uye + Kqu 1 Vg + k()-up .

121421,5 = (@, Oy, Oy, t0r + px0y + u0, + qv&,):

2p—1 2m—
uy = KouP ug, + Kou v, + Ks,

2 -2 2p—1 —1
v = KsuPt T u,, + Kou?P g, + keu?

A?LS = <ax7 ata ava qtat + xax + Uau + pv@v):

= I (Up ) Ugy + U I (Ug )V + u' TG (uy),

v = U (u )ty + U U (U ) e + uPTIG? (uy).
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A5 = (02, 0y, 0y, ptOs + 20, + udy + qud,):
= UTPF (Up ) gy + uPTP T (U ) Ve + 0t PG (1),
v, = TP (u )ty + uPTPF Uy ) Ve + uTPGA (uy).
Aig, = (Oy, O, O, qtO; + px0y + udy + v0,):
w = Kju* g, + Kou® v, + Ksul™,
v = Ku® My, + Ku?P My, + keul™9.
A% 5 = (D, O, Oy, L, + qr0, + udy, + v0,):
u = Kju?TPuy, + Kou?TPug, + Ksu'™P,
v = Ksu®TPug, + K Pug, + keu' P,
Aig = (Oy, O, t0y, + 00y, t0y + 0, + (1 + q)udy + qud,):
u = Kitug, + Kyx™ 0 v, + Ky,
v = K3 Wy, + Kytve, + kex v
Aig = (Ou, Or, Oy + 20y, qt Nty + 0, + (1 + q)ud, + v0,):
w = Kt Wy, + Kot P, + Kst o,

vy = Kyt 0?0 Dy, + Kyt~ 0%, + ket o' 77

Aig = (Oy, Oz, t0y + 20y, qt Ity + 0, + udy + (1 + q)v0,):

w = Kt ' Tug, + Kot w09y, + Kyttt
v = Kat "lug, + Kyt Wy, + ket tu.
In general the arbitrary functions, F!,..., F*4 G' and G2, of their respective arguments

are different. Also the arbitrary constants, Ky, Ks,..., Kg, are generally different. It
should be noted that similar cases can be regarded as one case if a suitable choice of

equivalence transformations exists for transforming one into another and when p = q.
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4.5 Conclusion

In this Chapter we have performed a group classification of the general second-order sys-
tem of diffusion equations with respect to solvable Lie algebras, that is, up to equivalence
transformations, the realizations of Lie algebras of dimension up to and including four
were determined and hence the specification of the corresponding functional forms for
the arbitrary functions. In order to specify completely the arbitrary functions, a further
algebraic study of realizations of dimension five and more is required. Otherwise sym-
metry analysis of individual cases for the four-dimensional realizations can be performed
provided the manipulation of the resulting determining equations is manageable. Either
one of these alone comprises another investigation which would be reported in future
work. Moreover it would be a sort of complete analysis of group classification if the
other types of Lie algebras are considered. These are semi simple Lie algebras and the

algebras which are semi direct sum of semi simple algebras and solvable Lie algebras [5].
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Chapter 5

Group Classification of Coupled
Diffusion System with Applications

in Soil Science

The theory of coupled diffusion appears in the works of Philip and De Vries [70], De Vries
[18] in the late fifties and later by many authors, such as Jury et al [37]. As an illustration
of how the results of the previous chapter can be utilized, we perform a complete group
classification of a coupled system of diffusion equations with applications in soil science

4, 37, 75, ie.,
U = [fl(u,v)ux —|—f2(u,v)vxh,
(5.1)

Vg = [fg(u’ U)UI + f4(u7 U)Ux]m )

where u(t,x) and v(t, z) are the soil temperature and volumetric water content respec-
tively. The variable x measures the depth of the soil and t is the time. The arbitrary

functions f!,..., f* are the diffusion coefficients.

Wiltshire et al [4, 84] investigated the Lie symmetries of a simplified model of the coupled

diffusion system (5.1) written in the form

Yt = [A(y)yﬂc]x7 Yy = {yl} (Z = 1727 . ’n)’ (52)
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where A(y) is a square matrix of diffusion coefficients. These investigations involve rewrit-
ing a system of coupled diffusion equations into a single equation in which the diffusion
coefficients are written in a matrix form. Thus the resulting determining equations to
be solved for symmetries are in terms of the systems of matrix equations. The matrix
diffusion equation (5.2) is a generalized form of the extensively studied one-dimensional
nonlinear heat conduction equation the group properties of which were first considered
in [66]. Therefore the group classification procedure on Eq. (5.2) is analogous to the

analysis performed in the cited reference and those that followed.

In this Chapter our goal is to derive the Lie symmetries of system (5.1) as it is and
see whether a comparison with those of the simplified model (5.2) can be established.
The non classical (potential) symmetries of the coupled system (5.1) were generated in
[74]. As in the previous chapters the generation of the determining equations and the

manipulation of them are with the aid of the YaLie software package [19].

5.1 Equivalence group and determining equations for

classification

The equivalence group for system (5.1) was obtained in [75] using the infinitesimal ap-
proach. It can shown that the direct method yields the same result. However, instead of

using these equivalence transformations we choose the equivalence group of the form
t=Tt), z=X(z), u=U(uv), v=V(uv), (5.3)

where the functions T, X, U and V satisfy the Jacobian

D(T,X,U,V)

D(t,x,u,v) 7 0.

The execution of the classical Lie algorithm requires that the symmetry generator for

the underlying system (5.1) take the form

I'=a(t)0 + b(t,x)0, + c(t,x,u,v)0, + d(t, z,u,v)0,, (5.4)
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where a,...,d are the smooth differentiable functions satisfying the determining equa-

tions

Coaf "+ dun f* — ¢4

Conf® + dua [* — dy

Co (fy + f2) +2do f2 + 200 f' = (baw — 2d20) f?

(@ —2b,) f' +dfy +cfy +duf? —cof°

df? +cf> + cof' + (0 — 20, +dy — ¢) 2 — e f

afy +dfy, +cfu, + oo (fo + fi = ) +2dof5 + coof + duof?
—2b,f2 = cuf}

afy + dfay + Cfay + cufa + du (fo + [2) + Con" + duuf?
—2b, fo — o fs

a(fo+ 1) +e(fu+ f) +d (oo + fo) +do (fo + f2) + 2duf]
2000 [+ 2dun 2 = 20, (fy + f3) — o (20 + [+ 1)

br = beaf' + 2o fo + d () + f2) + 2Cauf" + 2dpu f?

20, f2 + dy (F2+ 1) + 2dou f* — (bow — 2¢00) f*

dfy +cfd+(a—2b, —dy +co) P+ du (f* = 1)

(@ —2b.) f* +dfy + cfy + cof® = duf?

afy +dfyy + cluy + o (£ + fa) + dofy + conf? + dunf*
—20,fy = duf]

afy +dfe, + cfi +2eufy + du (F) + fu = f2) + cunf® + dunf?
—2b,f — do f;

a (fi + fu) e (fun + fun) +d (£ + fu) +2f0co + e (£ + f2)
2% Cun 4+ 2f duy = 26, (f3 + [4) — du (fo + 12+ 21,)

by — buo fr+ ¢ (f2 4 1) + 2d, f2 + 250 f% + 2d

o o o o <

o o o o o

In the above equations and throughout this Chapter the overdot represents total differ-

entiation with respect to ¢ and the subscripts denote partial differentiation.

It is not easy to employ the group classification procedure discussed in [32, 67] to solve

completely these determining equations. Therefore we opt for the approach used in the

132



previous chapter to perform a complete group classification up to the equivalence group

(5.3).

5.2 Classification with respect to low-dimensional Lie

algebras

It has been shown in Sections 4.3 and 4.4 of Chapter 4 how the classification procedure
works. The search for realization of low dimension upto that of higher dimension is
obtained by simplifying a given symmetry generator by making use of the equivalence
transformations. Even though the equivalence group (5.3) for the system (5.1) under
study is slightly different compared to the one in the previous chapter, the general sym-
metry generator (5.4) has the same form. Hence we proceed as in Sections 4.3 and 4.4
in order to carry out the complete group classification of the coupled diffusion system

(5.1). We use the same notation for the realizations of the Lie algebras.

We begin with the one-dimensional Lie algebras. There are two inequivalent realizations

of one-dimensional Lie algebras given by A = (9;) and A3 = (9,).

Next we have the five inequivalent realizations for the two-dimensional Lie algebra A, ;,

viz,
A%,l = <at7890>7 A%,l = <atvau>7 A%,l = <8t78v>7 A%,l = <ax7au>7 Ag,l = <amvav>

The Lie algebras A3 |, A3, and A3, A3, imply that the arbitrary functions f',..., f*

are respectively independent of u and v.

For the two-dimensional Lie algebra, A, o, there are two inequivalent realizations, A;Q =
(=20, — udy, 0,) and A3, = (—x0, — v0,, ;). Their corresponding functional forms for

the arbitrary functions are given by
A§,2: fl = u2F<U)7 f2 = UBF(”)a f3 = UF(U)7 f4 = UQF(U)'

Aot f1=0F(u), fP=0vF(u), [P=0vF(u), f'=vF(u).
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In general the arbitrary functions F' of their respective arguments are different.

Now we turn to the three-dimensional solvable Lie algebras. Firstly we consider the
decomposable Lie algebras and seek their corresponding realizations. There are two such
realizations obtained from the realization of the two-dimensional Lie algebra Aj ;. They
are Ay, = (9,0,,0,) and [1?1)71 = (0, 0y, 0y). These realizations satisfy the determin-
ing equations (5.5)—(5.20) provided the diffusion coefficients are functions of v and u

respectively.

There are also two realizations for the three-dimensional Lie algebra Ass. This Lie
algebra contains the two-dimensional Lie algebras A3, and Aj, from which we obtain
121372 = (—x0, — u0y, Oy, udy, + v0,) and 121%72 = (—x0, — v0,, Oy, ud, + v0,) respectively.

Therefore the respective forms of the diffusion coefficients are

s on (2 ron() Pon(®) ron(®),

v
- _ 2 _ _ 3 _ 2
Az f1:k1<3>» f2=/€2(3>, f3=k3<2>7 f4=/€4<3>-
’ u u u u
The nonzero constants, k1, ..., ks and ki, ..., k4, are arbitrary.

Secondly we look at the three-dimensional non decomposable solvable Lie algebras. The
results are summarized in Table 5.1. The Lie algebras that do not feature in this table
of results imply that there are no realizations for such Lie algebras which satisfy the

determining equations (5.5)—(5.20).

5.3 Complete group classification

We proceed to the classification with respect to four-dimensional solvable Lie algebras,
that is, we extend the realizations of the three-dimensional Lie algebras obtained in the
previous section. After this classification the functional forms of the arbitrary functions
are in terms of the arbitrary constants only (c.f. Table 5.1). However, there is a need to
investigate whether or not the realizations of both the three- and four-dimensional Lie

algebras give the maximal symmetry Lie algebra.
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Table 5.1: 3D non decomposable solvable Lie algebras.

Algebra It 1? 3 14 Realization
Az uF(v) u?F(v) F(v) uF(v) (O, Oy, t0y + 0y + u0,)
Al vF(u) F(u) v F(u) vF(u) (O, Oy, Oy + 0y + v0,)
121375 Kiv! Kyv™! Ksv~! Kyt (04, Oy, 10y + udy + v0,)
flgﬁ Kiu™! Kou™t! Kqu™! Ko™t (O, Oy, L0y + u0,, + v0y)
/~1§75 Kiv? Kyv? K30 K0 (O, Oy, 0y + Uy, + v0,)
121275 Kiu? Kou? Ksu? Kyu? (O, Oy, ©O0y + u0y, + vOy)
Alg u3F(v) u 2 F(v) uF(v) SBFw) (0, 0, t0; — 0, + udy,)
fl%)ﬁ v3F(u) viF (u) v F(u) v F(u) (Op, O, O — Oy)
/~1§6 Kiv! Kyv™3 Ko Kot (O, Oy, tOr — udy + v0,)
A3, Kiu™t Kyu Ksu™3 K™t (Op, Oy, L0y + 10, — v0y)
Al Kqv? K, Kt K02 (O, O, Oy — udy + v0,)
A6 Kiu? Kyu K Ku? (O, Oy, 0y + udy, — v0,)
Ay, WP'F(v) WwPF(v) w*9VF(0) T F() (0, 00,10, + qudy 4 udy)
Al 0MTIP(u) @R (u)  vMEF(u) v (u) (0, O, t0) + qu0y + v0y)
Al W F(v)  WPTUF(v) uUF(w)  w?9F(v) (g, O, qldy + 0y + ud,)
Al WPIF(u)  o7IF(u) v3TIF(u) v T9F(u) (O, O, qtO; + 20, + v0,)
Az Kiv! Koyvi=2 Ksv1 Kot (O, Ou, Oy + qudy, + v0y)
Az K™ Kyv™1 Ksv™4 Ky (O, Oy, qtO; + udy, + v0,)
A3 Kiu™! Kou™? Kqui=? Ko™t (O, Oy, 10y + 10y, + qud,)
A3, Kyu™? Kou™1 Kyu™9 K™ (Dy, Oy, qtOs + udy + v0,)
;1%77 Kqv? Koypath Kgv3—4 Kyv (O, Ouy 0y + qudy, + v0,)
flg‘,? Ky v Kyv?e Ksv% K v (O, O, qx0y + u0y, + v0,)
flgﬁ Kiu? Kyu?—4 Kyuat! Ku? (0, Oy, 0y + udy, + qu0,)
A3, Ku* Kou?a Kiu?e Kuu (Dy, O, qx0y + udy, + v0,)

The unknowns F' are (in general different) arbitrary functions of their arguments and

K; are (generally different) arbitrary constants.
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Firstly we consider the decomposable four-dimensional solvable Lie algebras. The ex-
tension of the realizations is possible for the four-dimensional Lie algebra 4A; in the

following cases:

4AY = (04, 04, 0y, v0,): =4y, 2=l f3=l3, fi=1,.
4A% = (0,00, u0y, 0y): fL =11, f2=lyu, f3=1lu™t, fr=1,.
The nonzero constants, ¢1,..., ¢, and 1, ..., {4, are arbitrary.

Now in the following table we present the realizations of four-dimensional non decom-
posable solvable Lie algebras which contain the three-dimensional realizations and their

corresponding forms of the diffusion coefficients.

Table 5.2: 4D non decomposable solvable Lie algebras.

Algebra It f? 3 14 Realization
Als A2t NP0 N2 P N2t (D, 0y, Oy, 10y + qu0, + pud, + v0,)
121}175 AuPTh o NP Tam2 \go?Pme NPT (0, 0y, O, t0; + pxdy + qud, + v0,)
121}175 AMu2T? DgoPatL \gu3TPm N1 (0,04, Oy, qt0; + 10, + pudy, + v0,)
/7141175 AP P MoltPT \gu3TPm NP (0, 0y, O, ptO; + 20, + qudy, + v0,)
/1}1,5 MoP—e NP A3v?P=0  \w?P™1 (D, Oy, Oy, qtO; + px0y + ud, + v0,)
121}175 Mv2aTP N\ p%aP A3v27P N2 (D, Oy, Oy, ptO; + qr Oy + ud, + v0,)
A s Au?a=t o \u?P \guP 2072 N2t (0, Oy, Oy, 0y + q0, + udy, + pvd,)
1412175 Au?Pmt o uPm \guPte2 Nt (0, 0,, 0,y t0; + pr0, + udy + qud,)
AZ,E) AMu™? XudTPTe MguPIT NP1 (D, 0, 0, qtOs + 20, + udy, + pr0,y)
A, Mu?™P o Mud P Agut Pt \u P (O, 0y, Oy, ptos + 20, + ud, + qud,)
Ai5 Mu?P~e \uPe Asu?P=0  \uPPm1 (D, Oy, Oy, qtO; + prOy + udy + v0,)
/\1?1,5 MulaP N\ u2aP Asu??P NP (D, Oy, Oy, ptO; + qrOy + udy, + v0,)

The A; are arbitrary constants which are in general different.
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5.4 Further analysis

In order to investigate the maximal symmetry Lie algebra, we perform symmetry analysis
of all the cases in Tables 5.1 and 5.2 for which the arbitrary functions are completely
specified. The cases arising from the decomposable solvable Lie algebras are also taken

into account.

We show the detailed calculations of one case for both the classification with respect to

three- and four-dimensional Lie algebras and present the results only for the rest.

Firstly we consider the three-dimensional realization fl?m = (O, Oy, t0y + qud, + v0,)
from Table 5.1. We proceed by substituting the corresponding forms of the arbitrary
functions into the system (5.1) under consideration. Lie’s algorithm yields the symmetry
generator (5.4) the coefficients of which are of the form a = a(t), b = b(t,z), ¢ =
e(t,z)u+ f(t,z), d = d(t,z,v) for arbitrary functions e(t,z) and f(¢,z). The smooth

differentiable functions, a, b, d, e and f, satisfy the determining equations

Kyv (ueg + fi) + 1Ky [vbge — 2 ((q — 2)d, + vdyy)] =
K (uege + foz) + Kyv?td,, —v (uer + f;) =
(i —2by +dy) —2d =

d—ova+2vb, =

o o o o o
o N N Y e N
ot
B
w
~— N N~ ~

(g—2)d+v(—e+a—2b,+d,) =
v](g—2)a—(qg—2)e+2(2 — q)by + 2(q — 2)dy, + vdy,]

+(6-5¢+¢°)d =

K (Vbgy + dy — 2ve,) — v%b; =

by + qdy — 2ve, =

U_(q+l) [KSU (ue:c:(: + f:r:a:) + K4/qua:x] - dt =

v(a—2b, +dy, —vdy,) —2d =
(1+qgd—v(e+a—2b,) =
vie+a—2b,—d,) —qd =

©c o o o o o o o
/N /N N /N N N N /N
ot
o
S

Ksqu'™ (uey + f2) + Ky (Vbyy + 2d, — 20d,,) — v2by =

137



From Egs. (5.23)—-(5.26) and (5.30)—(5.32) we obtain
d=(a—2b,)v, e=q(a—2b,). (5.34)

In view of (5.34) the remaining determining equations simplify to

Kifs — (2quE, + 307Ky — 4quiks) by = 0, (5.35)

quvi — K1 for + 2quiibypy + 209 Kby + v f; — 2quoby, = 0, (5.36)
Ki(1 = 4q)bus +vby = 0, (5.37)

Ky(1+2¢0v %, = 0, (5.38)

vi + 2077 (quKs + V1K) bypy — VK5 frp — 20b, = 0, (5.39)

0K fo + (—2¢°uKs + vIKy) by — 019, = 0. (5.40)

The solution of Egs. (5.35)—(5.40) is given by
a = 03t+04, b= OL’L’—'—CQ, C:q(03 —201)U+C5, d= (03—201)1], (541)
where C1, ..., C5 are the arbitrary constants of integration.

Thus the symmetry Lie algebra for this case is spanned by the operators
I'y=0, I's=0,, I's =0,, I'y =10, + qud, + v0,, I's = 20, — 2qud, — 2v0,. (5.42)
The full symmetry Lie algebra for the rest of the cases that arise from symmetry analysis
are presented below.
A2 Ty =0, Ty = 0y, Ty = 9, Ty = 10, + ud,, + v0,, T's = 20, — 2ud, — 200,
A3 Ty =0, To = 0, T's = 9, Ty =t + ud, + v0,, 's = 20, — 2ud, — 200,
AL Ty =0, Ty = 0y, Ty = 9y, Ty = 2t0, — udy, — v0,, T's = 20, + ud, + v0,.
12135: I'y=0,Iy=0,TIs=20, 'y =2t0, — ud, — v0,, I's = 20, + ud, + v0,.
A2 Ty =0y, Ty = 0, T3 = Oy, Ty = t0, — ud, + v0,, T's = 20, + 2ud,, — 200,
A3 Ty =0, o = 0y, T's = 9, Ty =t + ud, — v0y, I's = 20, — 2ud, + 200,
/~1§76: I'=0,Ty=0,,I's=209, 'y =2t0 +ud, —vd,, I's = 20, — ud, + v0,.
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A3 Ty =0y, Ty = 0, T's = 9, Ty = 2t0, — w0, + 10y, I's = 20, + ud, — v0,.
14_1377: =0, 71s=0,13=203, 'y =qto; + ud, +v0,, I's = qx0, — 2ud, — 2v0,.
2137: I'=0,Ty=0,T3=0, I'y =t0 + ud, + qud,, I's = 29, — 2ud, — 2qv0,.
14_13’7: =09, 'y =0, I's=0, I'y =qtd + ud, + vd,, I's = qxd, — 2ud, — 2v0,.
1213177: I'y=0,'y=20,Is=20, I'y =2t — qud, — v0,, I's = 20, + qud, + v0,.
f_léjz Iy =0, 1I's =0, I's =03, I'y =2qtd; — ud, — v0,, I's = qx0, + ud, + vd,.
12137: I'h=0,Ty=0, I's =0, I'y = 2t0, — ud, — qud,, I's = 20, + ud, + quo,.
Ag?: I'y=0,Iy=20, I's=20, I'y=2qt0, — ud, — v0,, I's = qxd, + ud, + v0,.

For every case above the symmetry Lie algebra is spanned by the three operators from
the three-dimensional realization and two additional operators that arise from symmetry
analysis. When we look at the pairs of cases 121?,)5 and 121375, 121‘3{5 and /~1§75, e /~1§76 and
flgﬁ respectively, it should be pointed out that each pair can be regarded as one case
provided a suitable choice of equivalence transformations exists for transforming one into

another.

Next we show the details of symmetry analysis for the case of four-dimensional decom-

posable Lie algebra 4A; with the realization: 4Al = (9;, 0,, Oy, v0,).

We proceed as in the previous symmetry analysis with the substitution of the correspond-
ing forms of the arbitrary functions into the underlying system (5.1). Following the usual
Lie’s algorithm we obtain the symmetry generator (5.4) the coefficients of which a = a(t),

b=>b(t,z), c = c(t,z,u,v), d=d(t, x,u,v) satisfy the determining equations

010Cun + loduy = 0, (5.43)

2010 Cyy + o (2udy, — 2d,) — l3v%c, = 0, (5.44)

ly (Vbye + 2d, — 2vdy,) — 2010%cyy = 0, (5.45)

livCgy + lodyy — v = 0, (5.46)

01 (av — 2b,v) + lod,, — l30%c, = 0, (5.47)

03 cyy + Uo (2d + 20,0 + V2dyy + cuv — va — QUdv> = 0, (5.48)
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(v, + Uy (d + 2b,v + cyv — av — vd,) — lvPe, =

biv + 01 (20440 — byav) + 20ody, =

63 (du + UCuu) + €4duu -

£2du -+ 63 (U2CU -+ U3Cm,) -+ £4U2dm) =
U3 (dy + 20Cgy — Vbyy) + 204dy,, =
ESszU + €4dxac - dt =

U3 (a+ ¢y + 2vCy, — 2by) + 204dy, =

4 (av — 2b,0) + lavPe, — lod, =

€4du + 63 (d + av + CyU — beU — Udv) — gldu =

o O O O o O o o o o

bt + 63 (Ca; + ZUCJJU) + 4y (2d$v - bxax) =

Since we require that ¢; # 0, from Eqs. (5.43) and (5.47) we obtain

1 _
b:§ax+é(t), c=f(t,x)u+g(t,x), d=d(t,z,v),

(5.59)

where é(t), f(t,x), g(t,z) are the arbitrary functions. Taking into account Eq. (5.59),

the above determining equations reduce to

Vdgy — dp = )
élv (u.fata: + gmx) + dezx —-v (Uﬁ + gt) -
2d+v (f —2d, +vdy,) =

d+v(f—d,) =

0
0
0
0
28, +xi+40f, = 0
lydy, = 0
0

0

0

0

9

Qfo—kdI =

l3v (ufxx + gzx) +lydyy — dy =
lsf =
26, + xd + 203 (ufy + gu) + 4adyy

)

Eventually the solution of the determining equations (5.60)—(5.69) is given by
a:2c_’1t+ég, bzél$+63, 6264, d= O5U,
where C, ..., Cy are arbitrary constants of integration.
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Therefore for this case the symmetry Lie algebra is spanned by the operators
Fl = &5, FQ = 896, Fg = au, F4 = v&,, F5 = 2t8t + x@x

The symmetry Lie algebra for the other case of the four-dimensional decomposable Lie

algebra 4A? is spanned by
Fl = @, FQ = ax, Fg = u@u, F4 = &,, F5 = Qt&g + l'ax

The maximal symmetry Lie algebras for every case in Table 5.2 of the four-dimensional

non decomposable Lie algebras are summarized as follows:

Al S U ((q— 2)t0, + pud, + v0,, (g — 2)20, — 2pud, — 2v0,).
Al U {((p—2)t0, + qudy, + v0,, (p — 2)z0, — 2qud, — 2v0,).
Al U ((2p — q)td, — udy — vdy, (2p — )20, + 2ud, + 200,).
A5 U ((p — 290, + ud,, + 10y, (p — 2q)20, — 2ud, — 200,).
A% 5 U ((2q — 1)tdy, — udy — pvdy, (2q — 1)20, + 2ud, + 2pvd,).
A2 U ((2p — 1)tO, — ud, — qudy, (2p — 120, + 2ud, + 2qud,).
A2 U ( (g — 2)t0, + ud, + pvdy, (g — 2)20, — 2ud, — 2pv0,).
Af 5 U ((p = 2)t0y + udy + qudy, (p — 2)20, — 2ud, — 2qud,).
A2 U ((2p — q)t0, — udy — v0y, (2p — )20, + 2ud, + 200,).
A2 U (p — 2q)t0; + ud, + v0,, (p — 29)20;, — 2ud, — 2v0,).

In all the above cases the symmetry Lie algebra is six-dimensional, four operators from
the classification with respect to four-dimensional Lie algebras and the additional two
operators obtained via symmetry analysis. Moreover it can be seen that if p = ¢, then a

pair of similar cases is reduced to one case.
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5.5 Conclusion

We have managed to specify completely the functional forms of the diffusion coefficients
through the classification with respect to the solvable Lie algebras of dimension up to four.
In order to determine the maximal symmetry Lie algebra, we performed the symmetry
analysis of individual cases for the realizations of the three- and four-dimensional Lie
algebras in which the functional forms of the unknown functions are in terms of the
arbitrary constants. In short the full classification has been achieved. The comparison
with the previous studies of the model considered in [4, 84] can hardly be established.
It should be noted that group classification using the other types of Lie algebras has
not been considered in this work. The next step will be to find both the analytical and

numerical solutions of the submodels.
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CONCLUSIONS

This piece of work is another contribution in the area of group classification of systems of
partial differential equations. Traditionally the procedure for solving a group classifica-
tion problem involves the construction of the equivalence group and then the classification
is performed up to equivalence group. However, in some instances the calculation of the
equivalence transformations may not be necessary as the direct approach of Lie is easy

to implement.

Two models of great importance in real-life applications were considered for group clas-
sification. The model of flow in collapsible channel and the coupled diffusion model. In
carrying out the group classification, the two approaches were used which combined the
standard Lie technique with the approach which exploits the classification of real Lie
algebras. The first approach used in Chapters 2 and 3 required no use of the equivalence
transformations. The classification is performed by the utilization of the subalgebras of
3D and 4D Lie algebras. In Chapters 4 and 5 the second approach was used which deals
with the use of the equivalence transformations to simplify the forms of the symmetry
operators. In both procedures the Lie bracket of the low-dimensional Lie algebras and the
Lie algebras of higher dimension is invoked to find the operators which satisfy the given
model. This in turn provides the specification of the functional forms of the arbitrary

elements that appear in the model under study.

A group classification problem is said to be completely solved provided the forms of
the unknown functions are in terms of the arbitrary constants and the symmetry Lie
algebra is maximal. The arbitrary elements may be completely specified, but this does
not give a guarantee that the symmetry Lie algebra is maximal. The guarantee for the
full symmetry Lie algebra is achieved via the symmetry analysis for individual cases
that arise from the classification with respect to the Lie algebras of low dimensions upto
those of higher dimensions. The group analysis of individual cases may not be necessary
provided one is determined to handle many tedious though easy calculations especially

when dealing with the Lie algebras of dimensions greater than four.
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Chapters 2 and 4 respectively dealt with ‘a group classification’ of the coupled systems
of partial differential equations with applications in the models of flow in collapsible
channels and diffusion phenomena. In Chapter 2 the unknown functions were completely
solved via the classification with respect to the subalgebras of 4D Lie algebras whereas
for the subalgebras of 3D Lie algebras they remain to be fully specified. In Chapter
4 there was no complete specification of the arbitrary functions for the classification
with respect to the 3D solvable Lie algebras. There were as many fully solved unknown
functions as those not completely solved for the classification with respect to the 4D
solvable Lie algebras. As complement towards the complete symmetry classification, the
special cases of the models investigated in these chapters were considered in Chapters
3 and 5 respectively. In Chapter 3 we performed the full symmetry classification of the
collapsible tube model which incorporates the tension and curvature of the tube wall. All
the cases that arise from the classification with respect to the subalgebras of 3D and 4D
Lie algebras were analyzed for the maximal Lie symmetry algebra. We obtained the cases
with 3, 4 and 5 symmetries. The optimal system of the subalgebras was used to construct
the invariant solutions for the cases which can be of practical importance. These invariant
solutions were in turn used to obtain the reduced submodels. In Chapter 5 we achieved
the complete group classification of the coupled system of diffusion equations which
modelled the diffusion of soil temperature and water content in dry areas. We obtained

the cases which have 5 and 6 symmetries.

Finally we hint on further investigations. In Chapter 2 the complete symmetry classifica-
tion will be reached by performance of group analysis of all the cases obtained from the
classification with respect to subalgebras of 3D and 4D Lie algebras. For a given practical
situation it will be of vital importance to investigate numerically the realistic submodels
in Chapter 3. In a move to obtain the complete group classification in Chapter 4 it may
be easier to perform symmetry analysis of all the cases in which the diffusion coefficients
are completely solved and proceed to the classification with respect to 5D solvable Lie
algebras for the other cases. The next logical step in Chapter 5 will be to identify the
realistic submodels and construct the solutions thereof. In Chapters 4 and 5 it is only
the solvable Lie algebras which were considered for classification. The investigation that

utilizes the other types of Lie algebras is subject of future work.
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Appendix

A Brief Introduction to Yalie

We give a brief explanation accompanied by an illustrative example on how to use the
program YaLie. This Mathematica package was developed by Diaz [19]. We used version
2.0 for our computations. There is no software package that is the best, it depends
upon the user being familiar with the particular package. However, the better software
package should have the following advantages: fast in executing the commands, totally
interactive, easy to install and maintain. Below we go through step by step installation

and utilization of YaLie. For an advanced but concise guide to YaLie, consult [19)].
Installation

In the sequel we assume that the reader is familiar with basic Mathematica syntax. Copy
Yalie.m file into your working directory. In order to start a YaLie session, open a new

Mathematica notebook and type in the line
Get["c:\YalLie.m"] (assuming that your working directory is c:).

Compiling this single line yields

YalLie
Version 2.0 (2000)
@ JM Diaz
Departamento de Matematicas

Universidad de Cadiz

If you obtain the above output after compilation, you have properly installed YaLie.

Now you are ready to use YaLie.
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Using YalLie

Here we illustrate with an example how the YaLie program works. Consider the example
of heat equation u; — u,, = 0. Open a Mathematica notebook in your working directory

and type in the following lines:
Get["c:\YalLie.m"]
Heat = D[ult,x],t]- D[ult,x],{x,2}] == 0;
VD = {u};
Vis = {t,x};
VP = {D[lult,x],t]};
EDs = YaLie[{Heat},VD,VIs,VP]

Before proceeding further we explain the above command lines. The first line loads the
YaLie package. The second line defines the equation of interest. The third line specifies
the dependent variable. The fourth line defines the independent variables. The fifth
line tells us which derivative to substitute into the determining equations. The sixth
command line generates the determining equations. Compiling the above six command

lines (step[l]) yields the determining equations

Xi[1] @19, x,u] = 0,

Xi[l](o’o’l) [t,x,u] =0,

Xi[2]®%Y[t, x,u] = 0,

Phi[1]©%?[t, x,u] = 0,

Phi[1]®%9[t, x,u] — Phi[1]©*V[t, x,u] = 0,
2X1[2] @[t %, u] — Xi[1]®*9[t, x,u] = 0,

Xi[2]©29 [t x,u] — Xi[1]4*9[t, x, u] — 2Phi[1] @V [, x,u] = 0.

In the above determining equations the coordinates of the symmetry generator corre-
sponding to the independent variables t and x are Xi[1] [t,x,u] and Xi[2] [t,x,u] re-

spectively and the coordinate corresponding to the dependent variable uis Phi[1] [t,x,u].
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Adding the command lines DFormat [True] and EDs leads to the determining equations

being displayed in traditional notation. i.e.,

Xill], =0,
Xif1], =0,
Xi[2], =0,
Phi[l]y, =0,

Phi[1], — Phi[1]x = O,
2Xi[2];, — Xi[1], = O,
Xi[2]ge — Xi[2]y — 2Phi[1]y, = O.
From the determining equations above, we find that
&= &),
& = alt)r+b(t),
¢t = c(t,x)u+d(t, ).

We can now type this information on our notebook. This is step|[2]:

LXi = {Xi[1][t] a[t]x + b[t]};
LPhi = {c[t,xlu+d[t,x]};
EDs = Simplify[SInfinitesimales[EDs,LXi,LPhil]

The first command line is a list of £ while the second command line is a list of ¢*. The
number of £ and ¢* to be listed should correspond to the number of independent variables
and dependent variables respectively. The last command line simplifies the determining
equations using the new forms of £ and ¢’ deduced from the output of step[l]. The
equations which are satisfied are replaced by the value True. After executing step[2] we

get the following equations

UCyy +dyx = ucy+ dt7
2aft] = Xi[1ls,
Xa.t “I— bt + 2CX — 0
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The first four equations in the output of step[l] are satisfied. Solving the last equation
we obtain

1 1
c(t,r) = —ZatxZ — §btx + e(t).

With this form of ¢(t, z) we update LPhi whereas LXi remains unchanged. Thus

LXi = {Xi[1][t], a[t]x + b[t]};
LPhi = {(—x°D[a[t],t]/4 — xD[b[t],t]/2 + e[t])u + d[t, x]};
EDs = Simplify[SInfinitesimales[EDs,LXi,LPhill

We must compile step[l] again before compiling this step. This is supposed to be done
in the subsequent steps also, i.e., before executing every updated step we must firstly
generate the determining equations. Therefore step[1] becomes step[3] and the updated

step becomes step[4]. After executing step[4] the remaining determining equations are
2ua, + 4ue; + 4d;, = ux’ag + 2uxbe, + 4d,y,
2aft] = Xi[ils.
From the above equations we have
a(t) = kit + iy, b(t) = kgt + by e(t) = —%klt .

Thus,
1 1 1
C(t, 33) = _Zk1$2 — 5]631’ — éklt + k’6.

We update both LXi and LPhi, generate the determining equations and execute step[6],

LXi = {k[1]t*+ 2k[2]t + k[5], (k[1]t + k[2])x + k[3]t + k[4]};
LPhi = {(—x%k[1]/4 —xk[3]/2 — k[1]t/2 + k[6])u + d[t,x]};
EDs = Simplify[SInfinitesimales|[EDs,LXi,LPhi|

to get the output

Therefore we deduce that

&= kat? 4 2kot + ks,
52 = klt:v + k’gl’ + k‘gt + k4,

1 1 |
ol = (kﬁ — Jhia? = Shar - §k1t>u +d(t,x),
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where the k; are arbitrary constants and d(¢,x) is an arbitrary solution of the heat
equation. It is easy to show with identification of constants that this is indeed the forms
of £ and n for symmetries given in the illustrative example of the heat equation treated

in Example 1.4.5.

Yalie Calculations

We present the details of some calculations which were done interactively using YalLie.
They are the calculations which appear on pages 52 & 54 for Case I and pages 57-58
for Case II. The rest of the calculations of Chapter 2 together with those of the other
chapters in which YaLie was used for simplifying purpose are summarized in the relevant
tables. It should be noted that YaLie is used only to simplify the determining equations
for the given coordinates of the symmetry generator, that is, the necessary calculations

of the coefficients of symmetry generator have to be done first.
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