
GROWTH CURVE ANALYSIS FOR CARDIO-PULMONARY RESPONSES TO
PHYSICAL EXERClSE

A DISSERTATION SUBMIT'fED TO 'I'HE FACUL'I'Y OF SCIENCE, UNIVERSITY
OF "WITWATERSRAND, JOHANNESBURG, FOR THE DEGREE OF MASTER or
SCIENCE

BY

MARK JOEL PAII{ER

JULy 1990



I, THE UNDERSIGNED, HEREWITH DECLARE THAT THIS DISSERTATION IS
ENTIRELY MY OWN WORK AND HAS NOT BEEN PRESENTED FOR ANY
DEGREE AT ANOTHER UNIVERSITY

("") .
/?~vfle~

MARK JOEL PAIKER



ACKNOWLEDGE1iENTS

I would like to express my sincere appreciation for the support and assistance I received
from my family, friends and colleagueswho made this work possible.

I am. particularly indebted to my supervisor Professor P Fatti, whose enthusiasm, patient
guidance and encouragement assured the completion of this work.

I am also very grateful for the assistance received from the staff at the Computer Centre of
the University of the Witwatersrand.

Finally, I wish to thank Mrs M Manuel for her extreme patience, devotion and efficiency i,
typing the manuscript.

ii



ABSTRACT
This dissertation investigates the -fitting of growth curves to cardio-pulmonary responses
on a treadmill.
The practical application is based on two approaches III the growth curve literature,
namely the Richards family of growth curves and the polynomial of Potthoff and Roy, and
Rao and Khatri.

The first part of this dissertation deals with the theoretical background to the two
approaches.
Derivations of the Richards family of growth curves are considered, distinguishing
characteristics discussed, and the various estimation techniques employed in the fitting of
these nonlinear growth curves.
The different types of polynomials in the Potthoff and Roy model as well as the
Raa-Khatri model are considered. The fitting of these growth curves as well as the
hypothesis tests involved in choosing the correct degree of polynomial is also examined.

The second part of this dissertation deals with the data taken from an exercise test
examining cardia-pulmonary responses. The two approaches in the first part of the
dissertation are used to fit the data to a specific function. The best fitting functions
characterizing the data are chosen, and physiological interpretations of these results are
provided. Experimental design difficulties are also discussed.
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h'TTRODUCTION

In many :fields of application, such as biology, psychology, agriculture, botany, engineering

and medicine, experiments are conducted in which a response is measured p times On each

of N experimental units. The concept "response on an experimental unit" is used here to

cover a wide range of situations.

Examples of these are: the height of a child measured annually from one to twelve years,

the width of a leaf measured daily over a period of two weeks, the output of an electronic

filter measured at ten time intervals, the wc~lght of a mouse measured weeldy over a period

of three months, the measurement of heart rate of a person at ten second intervals on a

treadmill and the reaction time of a person to a specific stimulus measured six times at

equal intervals. Experimental units may therefore refer to individuals, animals, plants or

other subjects. Models for such data are called growth curve models and in recent years

considerable attention has been given to their analysis. Growth curve analysis usually

refers to the :fitting of models and testing of hypotheses concerning series of measurements

in time on the same experimen.al unit of some quantity of interest.

There have been two distinct, dominant strands in the growth curve literature. The first is

the "biological" strand, which seeks a model with a biological basis and "biologically

meaningful" parameters. The other is the "statistical" strand which deals with a class of

growth models, usually polynominals, which are analysed allowing for the dependence

structure but not necessarily according to biological characteristics.

Richards (1969) reviews current growth processes in biological data, It becomes apparent

how complex these data are to model due to a lack of knowledge in this vast field.

At the current state of knowledge about the vastly complex. subjects of biology,

biochemistry, physiology and environment in which growth occurs, the biologically based

1
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models which Richards uses are merely approximations of the growth processes.

Biologically based models are acceptable if and only if they pass the empirical test.

Likewise all statistical models only approximate the truth and stand or fall on their

empirical performance.

In the statistical strand there have been various approaches by Potthoff and Roy (1964),

Rao (1965), Khatri (1966) and Grizzle and Allen (1969). These techniques enable us to fit

polynomial growth curves to sets of data with arbitrary internal correlation to test the

usual sorts of linear hypotheses about the true regression coefficients and to derive

confidence intervals for the growth curves.

In very short series where no alternative model could be fitted, a polynomial may be

adequate, for it may be the only model available.

However the choice of a polynomial to represent a growth curve leaves a biologist

unsatisfied since there is no biological interpretation of the parameters.

Richards (1969) states ".... the polynomial curves commonly adopted in statistical work are

usually quite inappropriate for growth studies".

Sandland and McGilchrist (1979) list three reasons why polynomials are unattractive

models for long structured growth series

"(i) Growth processes undergo changes of phase, which are not appropriately handled by

fitting a global polynomial.

(ii) If we fit a polynomial to data for which it is not appropriate, the correlation

structure in the observed residuals will be distorted.

(iii) Polynomials ale poor at fitting asymptotic approaches to limiting values. II
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This dissertation will ccnsider the fitting of growth curve models to cardio-pulmonary

responses on a graded exercise test. The first approach employed uses the

non-polynomial, nonlinear Richards family of growth curves (the "biological" strand).

Factors such as estimation processes, iterative procedures, the estimation of initial

parameters, all associated with the fitting of such nonlinear growth curves are considered.

The second approach used in this dissertation employs the polvnomials of Potthoff and Roy

and Rao and Khatri (the "statistical" strand). The fittIng of such polynomials is

considered. The use of concomitant variables, the various types of polynomials employed,

and the hypothesis testing of such polynomials, are considered. The best fitting functions

of both approaches are examined and physiological interpretation is provided.
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CHAPTER!

INTRODTfCTION

InSection 1.1 of this chapter the reasons for curve fitting are considered.

Section 1.2 deals with curves that are linear or transformable to the linear form. In Section

1.3 the characteristics of the three growth curves constituting the Richards family of

growth curves are considered, namely: the monomolecular model, the logistic model, and

the Gompertz model. A derivation of each of these curves is provided, and brief

backgrounds to the curves are discussed. Since we are considering nonlinear growth curves

Section 1.4 investigate' u suitable transformation of the parameters to simplify the

optimising problem to one that has no restrictions. In Section 1.5 maximum likelihood

estimation, and least squares estimation are investigated, and comparisons between the two

processes are discussed. A method for initializing parameters and the derivation of

confidence intervals are also examined. In 1.6 optimization techniques such as the Newton

Raphson procedure and the Gauss Newton method are investigated. Section 1.7 considers

t' ·\tion where residuals are correlated, and the maximum likelihood estimation of

JLuwth data. Section 1.8 examines the situation where the data are incomplete and

.yes estimation is used.
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1.1 CURVE FITTING - WHY'!,

Before mentioning the various curves and their fitting to data, it is necessary to answer the

question 'Why must a curve be fitted?'

Steyn, Du Toit and Smit (1981) consider the following reasons,

(i) Extrapolation

An important aim in statistical research is to make forecasts about observed data

for a given data set.

If a function y = f(x) describes the relationship between the variables x and y

well, then it is possible to forecast for a given x=value outside the interval of

observed x values, only if the relationship still holds for this particular x value.

This process is known as extrapolation. Consider the example where we fit a curve

to n pairs of observations (x,y), where x is the work rate expressed as a percentge

of maximum oxygen uptake, and y is the corresponding blood lactic acid

concentration of an individual while exercising. If the lactic acid concentration is

determined by the followingx-values 20 30 40 50 60 (% V02 max), then

y = f(70) is an estimate of the blood lactic acid concentration at a work rate of 70.

It is customary to represent the variable to be extrapolated by y. This variable is

the dependent variable whilst x-value is the independent or predictor variable.

In general, extrapolation must be applied with caution, because the relationship

might only be applicable within the interval of observed x-values.
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(ii) Interpolation

Often it is necessary to estimate a y-value for a x-value within an interval of

x-values. This process is known as interpolation.

Consider the example where the rate of oxygen uptake (y) for a specific individual

is known if the work rate (x) is equal to 25 50 75 and 100%respectively. If a curve is

fitted to these data, then y = f(35) is the estimated oxygen uptake for the individual

if the work rate is 35%.

Note that 35% is a value in the interval 25 to 50% and that we therefore iuterpolated.

(iii) Postulating an empirical law

The data might be of such a nature that it rniEat not be theoretically justified to use

the process of extrapolation Orinterpolation.

We can however use the curve that is fitted to the data, to postulate an empirical law

for the data set.

1.1) LINEAR CURVES OR CURVES THAT ARE TRANSFORMABLE TO THE

LINEAR FORM.

(i) 'J?he straight line y = a + bx.

A plot of a bivariate data set (xi'Yi) i = 1,2.... ,n often indicates that there exists a

linear relationship of the form y = a + bx between x and y.

In ~,h.::presentation of results it is important to consider whether the value of the

intercept a, has any practical importance or not.

To illustrate this point consider the following plot that represents the relationship

between age(x) and massey) and that a curve ) = a + bx was fitted to the data.
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Figure 1.1 _l?traight line y = a + bx
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If we are prepared to extrapolate outside the interval of the observed x-values for the

value x = 0, then y = -5.

From a mathematical point of view it means that the specific person weighed -5

kilograms at birth.

It has already been stressed that one must approach extrapolation with caution,

because the assumed relationship between x and y is not necessarily Iinear outside

the bour iaries of the observed x-values,
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The value of b is however of practical interest. Practically it measures the average

change in y for a unit change i, x. In ti,e example above, b indicates that there is an

average increase of 7 kg for every year that this specific person got older. The

interpretation of b is usually c '; valid within the interval of observed x-values,

(ii) The exponential curve (Single log transformation)

In the case of a linear relationship between x and y where a straight line is fitted to

the data, the rate of change of y remained constant.

In economical and demographic data where the x values are often equally spaced, it

will result in the corresponding y-values forming an arithmetic sequence.

This type of data however often forms approximately a geometric, rather than an

arithmetic sequence. e.g. When 'lte growth is of a percentage increase per time

interval (for example comI'~)' iLJres'). When this is the case, the exponential curve

y :-0 abx may describe t1>' '.,"::Up between x and y t>el ter than a straight line.

This function is often known as a growth curve. The connection is characterised by a

constant ratio b between the y-values that correspond with the x-values 0,1,2....

'I'hrough application of the rules for logarithms it follows that the exponential curve can

be written as follows

log y :::::log a + x log b.

If log y, log a and log b can be represented respectively by s', fJ,' and b' then it follows

that y' = a' + b'x is the equation of a straight line with gradient b' and intercept a'.

The original form of the equation y = abx would then be obtained by calculating a and

b to be the antilogirhms of a' and b' respectively. See Figure 1.2 for a typical plot of

the exponential curve.
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Fi~ure 1.2 Typical shapes of the exponential curve y = abx

I
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(iii)Power Curves (Double log transformation)

If the observed (x,y) points are plotted and no linear relation is indicated, then the

(x, log y) points can be graphically represented and inspected for a linear relationship.

In the case where there still is no linear relationship between x and log y, there might

very well be a linear tendency between log x and log y.

When this is the case y = axb is a suitable curve to describe the relationship between x

andy.
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In 'qgarithmic form, this equation can be written as

log y ::::log a + b log X.

Let y'. it' and x' respectively represent log y, log a and log x, then we will obtain tne

equation of 8 straight line yl ~ a' + bx'.

See Figure 1.3 for a typical plot of the Power Curve.

Figure 1.3 Typical shapes of the power curve y '"axb

b ><>:
/

b < a

(iv) The Hyperbolic curve (Inverse transformation)

A run e with equation

i= a + b/x, X:f 0

is known as a hyperbolic curve.

Let z:::: l/x, it follows

y=a+bz

Two possible forms at this curve are given in Figure 1..1.
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Figure 1.4 Typical shapes of the hyperbolic Curve y = a + b/x

b < 0b > 0

(v) The parabola

An expansion of the relationship y = a + bx between y and x is a polynomial of

degree q ...amely

• b 2 A qy=a+ x -l-cx + +GX

where the degree q can be any values from 2,3, n-1.

Although the relationship between x and y may be better described the larger q

becomes, there are practical and theoretical considerations for keeping a polynomial's

degree as low as possible. One such reason is the principle of parsimony which advises

us to use models with the minimum number of parameters.
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In polynomial regressior., the assumed polynomial form of the model is usually chosen

for convenience, so that a polynomial of given degree is not assumed, to be the true

regression model. Because of this, the testing of individual polynomial coefficients

is little more than a guide in deciding on the degree oi polynomial to be fitted. Of

far more importance is a decision on what degree of variability about the regression

model is acceptable, and this decision will be based on practical rather than merely

statistical considerations. (WllllamH, Kruskal and Judith M. Tanur, International

Encyclopaedia of Statistics.) Figure 1.5 represents a t.ypical plot of the parabola.

Figure 1.5 Typical shapes of the parabola y = a + bx + cx2

\

c > 0c < 0

/
/
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(vi) Orthogonal polynomials

Draper and Smith (1981) discuss the properties of orthogonal polynomials.

Crthogonal polynomials are used to fit a polynomial of any order in one variable to

a set of n data points (xPYi) i = 1,2,...n.

Suppose we wish to fit the model

Y = (10+ (iIX + (i2X2 + .., + (irXr + E

where Y is the response variable and X is the predictor variable. Generally the

columns of the resulting design matrix X will not be orthogonal.

Therefore we can construct polynomials of the form

¢o(Xi) == 1 zero-order polynomial

¢1(Xi) = RIXi + Si first order polynomial

¢2(Xi) = R2Xr + S2Xi + T2 second order polynomial

with the property that they are orthogonal polynomials, that is
nI¢j(Xi)¢e(X) = 0 (j f I')

i=l
(1.2.1)

for all j,e < n -1. We can thus rewrite the model as

Y = ao¢o(X) + a1¢l (X) + ....+ ar¢r(X) + E

In this case we have

(1.2.2)

1 ¢1(X1) ¢2(X1) ... ¢r(X1)

X= 1 ¢1(X2) ¢2(X2) ... ¢r(X2)

1 ¢lCXn) ¢2(Xn) ... ¢/Xn)
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so that
o

aOO 0
all

X'X = a22

n
where ~ii= L {¢j(Xi)}2 and aOO= n since all the off diagonal terms disappear

i=l
(from (1.2.1».

Since (X'X)-l also consists of diagonal elements the least squares procedure can be

used to calculate estimates for aj j = O... r in (1.2.2), Simplifies to:
n

LYi¢j(Xi),
i.e, a. = v:1 j = O,1,2.... r

J n
L[¢j(Xi)] 2
i=l

Py=+.jj
Pearson anr' Harley (1966) provide formular. for orthogonal polynomial" Wj(X) up

to order six for equally spaced X's and for anJ' value of n:

¢O(X) = 1

¢l(X) = ..\lX
2 1 2W2(X) .c: '\2{X - I2(n -I)}

W3(X) = '\3{X3 - i2(3n2 - 7)X}

¢4(X) = '\4{X4 - k(3n2 - I3)X2 + ~ij(n2 _1)(n2 - 9)} (1.2.3)

W5(X) = ,\5{X5 - iscn2 - 7)X3 + ~15n 4 - 2JOn2 + 407)X}

W6(X) = ..\6{XtJ -h<3n2 - 31)X4 + rk(5n4 -llOn2 + 329)X2

5222.-ID84(n -l)(n -9)(n -21l)}
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1.3 NONLINEAR liR.OWTH MODELS

ThG class of curves that have been considered so far can be classified as linear in the

parameters or transformable to a linear form.

In this section we will consider a family of growth curves that are not transiorrnable to the

linear form. 'I'hese curves are usually applied when it is necessary to describe the

. '; hetween growth (y) and time (t) -from whence the name growth curve, arises.

"d in a specific area and in a specific problem depends on the type

of growth ~~",!,.....'~l:fS. III ,;'meral, growth models are mechanistic rather than empirical. A

mechanistic mc.iel ubuaU;:. arises as a result of assumptions being made about the type of

growth, resulting dtffer,,~tial or difference equations that represent these assumptions, and

then solving these equations to obtain a growth model.

An empirical model, on the other hand, is a model chosen to approximate an unknown

mechanistic model empirically.

The Monomolecular Model

One assumes that for a specific growth situation the rate of growth is directly proportional

to the amount of growth yet to be attained. This growth rate can be represented by the

following formula.

~ = k(a-w) (1.3.1)

where a is the maximum gm. th size, w is the size of growth at time a.nd k is the

constant of the growth rate pattern.



Figure 1.6
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Through simplification and integration of (1.3.1), one attains the desired growth function.

. dw = kdtI.e. a-w

J dw - kt + ca-w -

=* -In(a-w) = kt + c

~kt -<:=*w=a-e e

Letting e-<: = pa

w = a(1 _ Pe-kt) (1.3.2)

wnich is known as the monomolecular function. See Figure 1.6 for an illustration of this

curve where a = 70, P = 0.6, e-k = 0.45. The reason for this name is that (1.3.2) is the

equation that is used for a "monomolecular" chemical reaction of the first order, in which

context a represents the initial amount of a substance, and w the quantity of it that has

disappeared by the time t.

Letting t = 0 in this monomolecular function one can see that f) = (a-w 0)Ia where w0 is

the value of w when t = 0, 50 that the constant P represents the potential growth

relative to a from t = 0 to the limiting value a. The function therefore rises from

t ;:::0 where w = a(i-p) to the limiting value a. The monomolecular function has no

point of inflection since there is no change of sign in the second derivative for any t,
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Different values of a will have differing effects On the vertical scale of the curve, whilst

different values for k will have a contracting or stretching effect on the horizontal scale of

the curve.

One can see the effect of varying values of fJ on the monomolecular function from Figure

1.7, where Wo = 70(1-,8) is the starting growth value. (i.e. at t = 0.) and a = 70

F.G. Gregory (1928) made use of this function to fit the expansion in area of cotyledons in

plants growing at a high temperature (90°F). The argument developed in support of its

application is as follows. If the size of a fully expanded cell is large compared with that of

a meristematic, the area of the leaf ;,: any time will depend very largely on the number (x)

of expanded cells present. The rate of increase in their numbers will be a function of the

number of cells in the process of expansion, say ~ = k(a-x), where a represents the total

cell number. By integration x = a(l_be-kt) which is equivalent to (1.3.2) the

monomolecular function.
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Fi(l'ure 1. 7 MONOMOLECUU\R FUNOTION
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The Logistic Model

Assuming that the growth rate is proportional to the product of the present size and the

amount of growth yet to be achieved, with a being the limiting growth value then*"= kw(a-w) (1.3.3)
Integrating (1.3.3)

No 1 _1 1
w w(a-w) - aw + a(a-wJ

Therefore Jwe~~w) == ~ In w - ~ In( a-w)

== kt -t c

=} .!ln~= kt + ca a-w

Let {l = e-ac, K = ~a

so that w = a/(l+{le-Kt) (1.3.4)

which is known as the logistic or auto catalytic function.

See Figure 1.8 for a plot of this graph where a = ro, {l = 90, e-k = 0.6.
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The name "autocatalytic" comes from chemical theory where this equation (1.3.4)

represents the progress of an autocatalyzed monomolecular reaction, a being the amount of

some substance originally present and w the amount of the autocatalyst present at time t,

Plotted against time this function yields a S-shaped curve, being asymptotic at its two

ends to the lines w = 0 and w = a, and having its point of inflection at w == a/2 where

d2w k~= :;;{a-2w).
dt a

This point divides the curve into two halves identical in form but oriented in opposite

directions. The resemblance between the typical S-Cllrve of growth, whether plant or

animal, and the progress of an autocatalyzed monomolecular reaction led Robertson (1927)

to the conclusion that growth is indeed determined by some such chemical means.

Under the name "logistic" function, this equation has been used to express the law of

human population increase (Pearl and Reed (1920)). The logistic function has also been

applied to the growth of higher plants which appear in physiological literature. e.g. to

plant height (Reed and Holland (1919)), and to embryo length (Rijven A.H.G. (1952)).

Inverse Symmetry of Logistic Model

Let 'r be the time point of inflection i.e, where ~ = a/(1+{Je-kt)

:. 'r = (lk P),

When t = 'r + u (1.3.4) can be written as

w:;;: l{(He-ku)

To prove that w bas inverse symmetry about its point of inflection let g(u) :;;:W - WI

W - WI = ~ [ ~=- - 11l+e °Kll J

af1oe-ku]
"" "2 L ~l-+___;e;_-""k::-u
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= g(u)

kn -ku
g(-u) _ a [ 1 - e] e

-"2" 1 + iu )(e-ku

a [ e-ku - 1 ]="2" e-kU + 1

a [ 1 _ e-kU]=-2
1 + e-ku

= -g(u)

Since g(-u)::::: -g(u) it is clear that the curve shape has inverse symmetry about its point

of inflection.

The starting growth value when t::::: 0 is w = a/(l+{3) and for t::::: ro w::::: a, the

limiting growth value.

One can see from the following two graphs the effects of changing k and {3 on the

function. The varying values of k alters the steepness in the curves, whilst varying value

of {3, e.g. for {3 = 1 in Figure 1.9 and {3 ::::: 5, in Figure 1.10, alters the starting point on the

vertical axis when t :::::o.
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Gomperlz Model

If there is a negative linear relationship between the relative growth rate and log w then

1 dw ( )Vi • CIT:::: k log a -log w (1.3.5)

so that *= kw log(a/w)

i.e. dw
w log (alw) = kdt

then integrating both sides

I dw -, t +w log(alw) - it C (1.3.6)

Making the transformation z = log(a/w) in +he integral on the left hand side of (1.3.6)

yields

-I~z=kt+C

=} In z ::::-kt - c

Using the transformation for z

w) -kt -c
=} InCa = -{Je where {J= e

w = a exp(-(J exp(-kt)) (1.3.7)

See Figure 1.11 for a plot of this function.

This function has a point of inflection at ale, however it is not symmetric about this point.

Manipul ..tion of (1.3.7) yields the following relationship
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1 dw _ k(ie-kts :at-

dw
::::::} log [ ~ ] = log k(i - kt

Which indicates that there is a linear relationship between the log relative growth rate and

time.

From the plot in Figure 1.12, one can see the effect of a varying (i on the Gompertz

model. The starting point for t',:s model i.e. when t = 0, w = ae-(i and when t -; OJ W -; a,

the limiting growth value.

This function was introduced by Gompertz (1825) to assist actuaries in describing skew

S-curves of populaton increase. It has also been applied to animal physiology as well as to

botanical research.

P.B. Medawar (1940) first deduced and then confirmed, that the growth of a. chicken's

heart follows the Gompertz form. The change with age in "growth energy" were estimated

by determining the concentration of an inhibitor which just prevented growth in explants

taken at various ages; the values so determined proved to be proportional to the log

relative growth rates of the heart at the time the explants were made, declining

exponentially with the age of the organ.

As regards botanical work, Amer and Williams (1957) used the Gompertz function more

empirically, in a study of the growth in area of single Pelargonium leaves. The value of k

proved to be constant under varying conditions e.g. water supply.

Due to the fact that k remained constant, (i has no physiological significance and a is

concerned only with the final size, the effects of treatment differences could be calculated

on the value of k.
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The Richards Family of Growth Curves

The last three growth curves, i.e. the monomolecular, logistic, and Gompertz curves are

known as the Richards family of Growth curves.

Du Toit (1979) has written this family as a five-parameter function

t. A
f(Q., ti) = a(1+sP(s)p 1) , i= 1,....n ... (1.3.8)

where

Q.'= (a,p(s)'p), s = 1,-1

If f(.g_,ti)is to be an increasing function in til then s = 1 for A < 0 and s = -1 for A > O.

For a decreasing function the signs of s are the opposite.

The parameters have the following restrictions.

a ~ 0

P(l) ~ 0 j 05 PC-1)n
05p51 where p=e-k

This implies 0 5 e-k 5 1

Le, -ro 5 -k 5 0

i.e k ~ O. (1.3.9)

Where k is the rate constant of the growth pattern, altering the steepness uf the curve.

Note that s is just a constant that determines the sign of the parameter p(s)' and it

t. A
prevents the possibility of (1+Sp(s)p 1) having complex roots.

The three growth curves follow as special cases of (1.3.8) n1.

t. k
(a) f(Q., tj) = a(1+sP(s)P 1), A= 1,p = e- ... monomolecular

(b)
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(c) fC/!,ti) = ae-fJ*ti, lA I -I (!1 fJ -10 ... Gompertz

*where fJ = sfJ(s)'\·

Although polynomials may present a good fit to a set of growth data, the Richards family

of curves are usually preferred because each parameter has a specific physical meaning.

As mentioned before, a is the limiting value of the observed function e.g. final size of a

plant or an organ. fJ represents the potential increase (or decrease) in the value of the

function during the time interval 'i to tn' and the parameter p represents the growth

rate.
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1.4 REP ARAMETRIZATION

Due to the function (1.3.8) being non-linear in its parameters, it is not possible by using

least squares to acquire a set of estimation equations where the solution is in closed form.

This implies that an iterative procedure is necessary in the estimation process.

Note that the parameters of the growth curve have certain restrictions (see (1.3.9».

A suitable transformation of the parameters can be implemented to simplify the optimising

problem to one that has no restrictions i.e. unrestricted least squares.

Consider now the following set of transformations (Du Toit 1979).

81= In a

02 = In .B(s)' s = 1

=In(~, s=-l
( s)

(1.4.1)

'I'he original parameters can thus be expressed in the following unrestricted form

°1a = e ~(I) < 01 < (I)

°2 sPes) = [8s + e 1, -(I) < 02 < (I)

where

8 = 1 if s =-1s
=0 if s=1. (1.4.2)

Let Yi denote a set of n responses which have an assumed structure

Yi= fC.~.ti)+ ei' i= 1,... ,n (1.'1.3)
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where it is assumed that the error terms e. are uncorrelated and have an expected value of
1

zero and variance ([2i.e.

E(ei)= 0

var(ei) = ([2> 0

The response function f(~,ti) is the reparametrised function (1.3.B) and is defined as

follows.

(1.4.4)

The least squares estimator ~ can be defined as the value p. which minimizes
n

FCQ) = L,{Yi- f(~,ti)} 2

1=1
It call be shown that (See section 1.6)

(1.4.5)

(1.4.6)

a2F(~ ~ { af(~, til 8f(~,til a2f(~, t i) }
orr;T;"kJ = 2 "'" orr;-' =mr:: [Ycf(~,ti)l ao ao. (1.4.7)

i=1 k J k J

These equations will be used in the estimation process in Section 1.5.

1.5 ESTIMATION

There are techniques which provide good estimators, and which are widely used in

a.pplications. Two techniques to be considered are maximum likelihood estimation and the

method of least squares.
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Maximum likelihood estimation

Essentially maximum likelihood estimation involves estimating a parameter (or several

parameters) by maximizing t" 'likelihood function, this being simply the joint probability

(density) of the observations regarded as a function of the parameter(s).

In other words the maximum likelihood estimate of a parameter ° is that value which

makes the observed sample most likely to have occured. So given a sample of n

independent values, xl'""xn from the density function of f(x,O) dependent on the single

parameter 0, the likelihood function is given by

L(Xl' ... ,lCn 0) = f(xl'0)f(x2,0) ... f(xn,O).

The maximum likelihood principle implies that we take as our estimator of 0, that value 0,
say, within the adnussible range of ° which makes the likelihood function as large as

possible.

If the likelihood function is a twice differentiable function of 0 then 0 will be given by

the root of
dL_ 0 (1.5.1)(IT-

2
for which d L < 0 (1.5.2)

d02

If (1.5.1) and (1.5.2) are satisfied 7J will correspond to a possibly local maximum of the

likelihood function. The value of 0 corresponding to the largest of these local maxima (if

there are in fact more than one) will be the required estimate of 0.

In practice it is often simpler to work with the logarithm of the likelihood function which,

since it has its maxima at the same positions as L, will lead to the same estimated value of

o.
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Maximum likelihood estimators have desirable statistical qualities such as consistency and

asymptotic normality. See for example B.S. Everitt (1987).

Least squares

Least squares estimisation is used for the following sort of model. Suppose there are n

obsarvationa of a variable Y, and corresponding values of variables Xl' X2... Xk which in

some way are meant to predict the behaviour in Y. To be precise suppose that

E(Y) = f(X1' X2 ... Xki 01' 02 ... Or)

where f is a known function of the Xi's and of the r unknown parameters 01' 02'''' Or'

Since Y will fluctua.te around E(Y), one plausible way to estimate 01' 02 ... Or is to use

those values of 01' O? ... ° for which the sum of the squared deviations of the observed
w r

values of Y from their corresponding E(Y)'s is a minimum. In other words if the n sets

of observations are (Yi' Xli' X2i ... X1d) i = 1,2 .... n the least squares estimates for 01' ...

Or will be the values of 01"" Or for which
n

S = })Yi -f(Xli, X2i'....Xkii 01' ... 0r))2
i=l

(1.5.3)

is a minimum.

If it so happens that the Yi - f(Xli' X2i ... Xkii 01 ... Or)= Ei are independent normal

errors, all with the same variance, then the method of least squares estimation is the same

as that of maximum likelihood estimation.

This is true in particular for the general linear model wnich assumes that k:::::rand
r

f(Xl' X2 ... x, 01' O2, ... (,rl = LOjXj
r=l

(1.5.4)
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According to the Gauss-Markov theorem, if the E:i'S are uncorrelated, and . He same

variance, then no matter what their distribution is, no unbiased estimate, of Ilj . the
n

form L aiYi has a smaller variance than the least squares estimator of OJ
i=l

I

(R. Scheffe (1959».

Weighted Least Squares

In practice there may be additional information about the Yi's, for example that some

observations are less reliable (i.e. have larger variance) than others, In such a case it may

be necessary to weight the terms in (1.5.3) accordingly and minimize the sum
N

s = "" w. (y. - /1.( 0))2 (1.5.5)w k 1 1 1
i=l

where /li( 0) = f(Xli,X2i' "', Xki, Op ... , Or)' and the terms Wi represent weights,

e.g. Wi = [var (yi)]-l.

More generally the Yi's may be correlated. Let Y denote their variance-covariance

matrix. In matrix notation (1.5.5) can be written as

sw = (y_p)Ty-l(y_p)

where Y= [yP ... Yn]T and P= [Pl'''.,PnlT.

In particular if the terms Pi are linear combinations of parameters 0j(j=l, ... ,r < n)

i.e. /l = XO for some n x p matrix X, then

Sw= (Y_XO)Ty-1(y_XO) (1.5.6)

For (1.5.6) the derivatives of Sw with respect to the elements OJ of 11are

as T01- = -2X y-1 (Y-XO)
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so the weighted lea.st squares estimator of P is the solution of the normal equations

XTV-1XO = XTV-1y (1.5.7)

When V = (J2I, (1.5.7) becomes XTXO = XTy which is the normal equations for

unweighted least squares.

Comparison between Maximum Likelihood estimation and Least Squares.

An important distinction between the methods of least squares and maximum likelihood is

that the former can be used without making assumptions about the distributions of the

response variables Yi beyond specifying their expectations and possibly their

variance-covariance structure.

In contrast, to obtain maximum likelihood estimators it is necessary to specify the joint

probability distribution of the Yi's.

However, to obtain the sampling distribution of the least squares estimators 0 additional

assumptions about the Yj's are generally required. Thus in practice there is little

advantage in using the method of least squares unless the estimation equations are

computationally simpler. (A. Dobson 1983)

Since for nonlinear models the set of equations
BF(P.)
(J7J":" = 0, j = 1,2,3

J
cannot be solved explicitly for £ (see (I.4.C)), an optimization procedure is necessary to

estimate O.
This optimization procedure usually requires the estimation of initial parameters.



i-~-~-------------
I

38

Estima.tion theory

It can be shown (Malinvaud, 1970) that the least squares estimate 0 is asymptotically

distributed N(_q_,¢) (Goldfeldt and Quandt, 11172)

whereby ¢ ~ 2o-2H-1

The (isx3) matrix H has typical elements (see(1.4.7))

a2F(l!J
[H) .. = ao ao ,i,j = 1,2,3I,J i j

(1.5.12)

and

.2 F(O)
If = n-3

EMtimating initial parameters

Draper and Smith (1981) proposed the following method for estimating initial parameters.

Consider the logistic function (1.3.4) which can be written as

Y= ° -In(l+pe -kt) (1.5.8)

where Y= In wand °= In a.

Since lim Y= 6' an initial estimate for ° is 00 = Ymax' the maximum observed y.
t-rm

Choosing any two observation points, i and j to. obtain initial estimates Po and kO
-kot.

1i = °0 -In(1+.80e I) (1.5.9)
-kOt.

Yj= 00 -In(1+POe J) (1.5.10)

Rewriting (1.5.9) and (1.5.10)in the exponential form

exp(oO-Yi) -1 = Po exp(-koti)

exp(oO-Yj) -1 = flO exp(-kotj)

By division and simplification

exP(oO-Yi) - 1
exp(bO-Yj) - 1
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1 lexp( 50 -Yi) - 1]
kO = trti In exp(60-Yj) - 1

which gives an inltal estima.te for k, From the ith equation

(1.5.11)

Po = exp(ko tj)[exp(50-Yi) -1]

giving a corresponding initial estimate of p.
The ith and jth observation should be widely distanced from one another in order to lead

to more stable estimates.

Confidence Intervals for the Transformed Parameters e°i and 1/1 +e °i
An approximate 100(1-a)% confidence interval ran be found for the unknown parameters

a, Pes) and p, due to the fact that the transformations are one to one and that

asymptotically OJ N N(!M) i = 1,2,3 (see 1.5.12) so that

P( OJ - Z a/'2./var OJ <: OJ < 0i+ Z a/21 var OJ) ~ 1 - a.
where za/2 is the critical value of the z score for probability level a.

It follows that
0.

P[7]£~ e 1 ~ 7]u1~ 1- a

P[(1+7]u)-1 ~ ~ ~ (1+1/£)-1] ~ 1- a
1+e 1

(1.5." 3)
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1.6 OPTIMIZATION

In the case where least squares estimation or maximum likelihood estimat'on do not have

explicit solutions for the parameters being estimated, it is necessary to make use of an

iterative process to estimate these parameters.

Two such processes to be considered in the context of growth curve "'lalysis are the

Newton Raphson method and the Gauss-Newton method.

Newton Raphson Procedure

Let the statistical model for subject i at time tj be

Yij= f(~i'tj) + eij' j = 1,2,...n (1.6.1)

where f represents a twice-differentiable function of time and the individual growth

parameters 2.i= (Oil' 0i2' ... , 0im)' and eij is an independent residual.

Consider the case where not all of the observations Yij have the same variance. ~roobtain

the weighted least squares estimator of 0., we minimize the weighted sum of squared
-1

residuals.
11

q. = ~w.[y .. -f(O., t.))2
1 "'" J 1J -1 J

j

where the Wj are positive-valued weights.

A necessary condition ell the minimum may be obtained by differentiating (1.6.2) and

(1.6.2)

equating to zero to obtain the so-called "extremal" equations,

= 0, g = 1,2, .... m
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This system of implicit nonlinear equations in the m unknowns, ~ = [Oil' 0i2' ... , aim]

usually can be solved by a conditioned Newton-Raphson process based on the iterative

corrections:

o. (Hi) = O. (z) + t. (£)
19 19 Ig

where /. (£) is obtained at iteration £ by solving the linear system,19

(1.6.3)

m 2
~ (e) [ {} q. ] (n) [{}q.]
"'" 'rih . 1 + c 6 • (, = _1 • (e)
h 1 00. aO'h £ gh O. = O. {}o' 0: = O.= 1g 1 -1 -1 ig -, -1

(1.6.4)

In (1.6.4), 6gh = 1 for g = hand 0 otherwise (Kronecker's delta), and r.e is a constant

chosen to accelerate convergence of the iterations (see Chambers 1977).

To start the process, the elements of ~i(e) are assigned initial estimates, ~i(O). A good

choice for ~i(0) in the present instance is the set of mean values of the growth parameter

in the population from which the subject was drawn.

Provided the initial values are not too far removed from the solution point, the corrections

will quickly become small, and the process will converge to the estimated parameters. If

e:ij== Yij - f(~i,tj)' j = 1,2,.... ,n are independent normal errors, then the method of ordinary

least squares or the method of maximum likelihood estimation can be used in the above

process.

Gauss-Newton Method

The Gauss-Newton method consists in linearly approximating the response function f(,Q,ti)

and then solving the resulting linear least squares problem by means of linear regression.
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of(O)
Due to the fact that the set of least squares equations -:ri:- = 0, j = 1,2,3 (8ee(1.4.6))

J
cannot be solved explicitly for growth curves, a minimizing program must be used to

calculate O. Applying the Gauss-Newton method to equation (1.4.3) with response

function (1.4.4) it is simpler to make use of vector notation.

Define !(p) as an (n " 1) vector with. typical element

WD = f(.Q.,ti),i= 1,.... ,n

Using function (1.4.4) we can now further define '\n (n x 3) matrix X with typical element

. of(~,ti) . .
[Xhj ::::~ 1 :::: 1,.... , n; J = 1,2,3 (1.6.5)

J

The F~t of regression equations can then be written as

(1.6.6)

The sum of squares of residuals become

(1.6.7)

r nd the first order partial derivatives of F(~) in relation to the elements of 0 is the

(3 x 1) vector
OF( IJ)rrrF- = - 2X'(l-!W) (1.6.8)

Starting at an initial value ~o of 0, the Gauss-Newton algorithm can be used in order to

minimize F(~) with respect to ~.

The Gauss-Newton method can be described as follows.

R.eplace KtD in (1.6.6) by a first order linear approximation

f(~O + AP) ~ f(~O) + X'il ~ (1.6.9)

where 0::= 0° + Il0
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This can also be written as

It r'oUowsthat

(1.6.10)

which may be viewed 11~ a standard linear regression equation wltn X playing the role of

the vector of independent vanable, the A!}_ the role of regression coefficients and y_ - it§.)

the role of the dependent variable, A2 is thus obtained by standard regression techniques.

i.e. Af!_== (X'X) -lX'Cl-!(f!_°))

1 -1of(!}_)
= - ~(X'X) '00- by (1.6.8) (i.e.n)

The initial value !}_o is replaced by !}_v + A!}_ and then the whole process is repeated until

it converges.

The Gauss-Newton method is usefufl for the following three reasons.

1. The step A0 will be distinct in both length and direction.

2. It does not require the computation of the p(p+1)/2 second partial derivatives (If

each of the functions f(Q,ti) which is required by the Newton Raphson procedure.

3. When the response function happens to be linear in the parameters it converges in a

smgle step.

The above minimizing process was considered under the assumption that the error terms ei
of equation (1.4.3) were uncorrelated with expected value of zero and variance 1J

2•

However consideration must be made when this assumption is not true i.e. the residuals are

correlated. TIle maximum likelihood method can be used as an estimation process in the

presence of correlated residuals or generalised least squares.
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1.7 NOm;. L TTfEORY MAXIMUM LIKEt.IHoon ESTIMATION IN THE

PRESENr:E OF' CORRELATED RERmT21\T$

JI. ,,1..Jut trend lines has been universally

encountered, (Box and Jenkins, _ .5; Brilllngsr, 1975; Jenkins and Watts 1968) so that

conventional methods such as least-squares fm minimizing independent errors cannot be

relied on for ana'ysis of growth data, but must be replaced by the method of maximum

likelihood, or the computationally equivalent method of generalized least squares, on the

assumption of correlated normal errorS.

Consider the following sta.tistical model of subject i at time j

Yij= f(tj,Oi) + eij, j = 1, ....n (1.7.1)

Assuming that the above n residuals have the multivariate normal distribution N(Q'~e)

where the n(n+l)/2 distinct elements in the n )( n covariance matrix Ee, are arbitary

(Subject to }]e being positive definite). The j-th diagonal element of Ee is ITl' the

variance of the residual at time tj; the j,k off-diagonal element, j f k, is the covariance

ITjk = ITkj = PjklTj"k' where Pjk is the correlation between residuals at time tj and tk.

To obtain the maximum likelihood estimates of the parameters

Let

L = log .Ai .- c - ~li - ~)' E;}(;1;i - Mi) be the log likelihood function

(1.7.2)
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[

f(tl'£)
f(t ,0.)

where /!;. = .2 "'1
1 •

f(t ,0.)n Nl

= f(O.)N Nl

[

i1 u~2..u~n 1. 1 I. .=
. 'uJ?l

1

and where c = - ~ log2lr - ~ log I};e.l.
I

Given values for the u-ik, the first derivatives of the likelihood function are set equal to

zero to obtain the equations

/}L };-1( . _ f(O.)) [ /}!(£i) ] = 0orr: = e. Xl N I ~
-1 I Nl 0. = 0.

Nl 1

(1.7.3)

The specification of the value of };e. may present problems using the method of maximum
1

likelihood, as it is assumed known but in fact is unknown.

Fortunately ~ plays the role of a weight in (1.7.2) and thus does not need to be known
ei

with great accuracy.

Estimating Ee

The following strategy for estimating an expected ~e has been proposed by Fearn (1975).

First calculate ordinary least-squares estimates of the growth parameters for a number of

subjects, calling these values Op i = 1,2,... N and calculate the provisional residuals,

* .*eij = Yij-f(!i' 9, i = 1,2....Nj j = 1,2....n (1.7.4)



From (1.7.4) calculate provisional covariance estimates
N

* 1 ~ .* .*Ee=N-l .£..i[Yij-f(.Qi' tj)][Yik-f(.Qi' tk)]'
i

thereafter go back to the data and obtain provisional maximum likelihood estimates using

*(1.7.2) and substituting Ee for Eg•

(1.7.5)
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Once again repeat the process above by computing the residuals and then the

corresponding covariance matrix. Due to the fact that only a rough approximation for ~E

is required, the last estimates of the residuals and covariance estimates, should be

sufficiently accurate to be used in calculating the final maximum likelihood estimates of

the growth parameters.

1.8 BAYES ESTIMATION WHEN DATA ARE INCOMPLETE

Although least squares or maximum likelihood estimation may adequately fit a nonlinear

growth model when complete measurements of the subject are available, these methods

may fail or may produce implausible results when the record is truncated at either end or

contains gaps. 'I'hey have the weakness of noticing only the incomplete information in the

observations and ignoring the subject's origin in a population about which, in favourable

instances, we have some knowledge.

In particular, if the population has been the object of a longitudinal growth study, we may

have information about the distribution of individual growth parameters in it.

For a specified growth model, this empirically derived information tr.kes the form of a

multivariate distribution of the model parameters in that population.

------- ~w U .........
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Given knowledge of this prior distribution, we are in a position to employ Bayes estimation

to obtain, in combination with the available data, the posterior distribution of the

particular subject's growth parameters.

,
'I'he mean of the posterior distribution is called the Bayes estimate of the growth

parameter. It optimally combines the iniorruation that we have observed in this subject

with what we expect from our knowledge that the subject is drawn from a population

specified by sex, ethnic background, age, etc. assuming the relevant normative data are

available.

Fearn (1975) has discussed results for the Bayes estimate that are already known for the

case where the distribution of the residuals for the given subject, as well as the distribution

of growth parameters in the population, are multivariate normal and the statistical model

is linear in its parameters and in the errors (see Smith 1973). In the present application,

the normal distribution assumptions seem reasonable, but as we have seen the logistic,

Gompertz and monomolecular models are nonlinear in their parameters and so the known

results do not apply.

For nonlinear models, the. simplest approach appears to be to follow the example of Lindley

and Smith (1972) and estimate the mode of the posterior distribution rather than the

mean. The use of modes in Bayes' formula instead of means, overcomes the problem of

integrals which cannot all be expressed in closed form, and which are most complex to

evaluate. As the number of data points increase, the posterior distribution can be expected

to approach a multivariate normal distribution and the mode will approach the mean.
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Let the distribution of the residuals be N(Q, EE) and the prior distribution of growth

parameters be N(.uO'~ 0)' Then the logarithm of the posterior density of the parameters of

individual i is

¢i= D - ~~i - !(£i))E;\Yi - !(£i)) -¥.qi - ~O)'E{/(£i - MO)
i

(1.8.1)l£(t,,£,)
1

where f( 0.) f(t ,0.), N}
N N1

f(tn'£i)

l 0i1 1
0. = O'? j1~
N1

Dim

MO = [ ::: 1
ill

and where D is a constant not involving g.

The maximum of the posterior density with respect to variation in £i is, therefore

8¢i -1 [ 8!(£i) ] -1 •orr.=E [~,-f(O·)l --=- .-E 0(0'-1&0)=0 (1.82)Ni E 1 N "'1 uZi 0=0 "'1

Note that (1.8.2) differs from the likelihood equation (1.7.3) only in the assumption that

EEis common for all subjects in (1.8.2) a.nd the appearance of an aaditional term on the

right derived from the prior density of g. This term acts as a "penalty" function to

prevent the estimated p. from straying too far from its population mean Mo'
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CHAP' fER 2

INTRODUCTION

This chapter considers the use of polynomials in analyzing growth curves. Two approaches

from the growth curve literature are examined. The first being Potthoff and Roy's model

(Potthoff and Roy (1964)). In Section 2.1 a general model is formulated by appending a

polynomial matrix to the usual MANOVA model. The various growth curve situations

that may arise and their effect on the general model are examined. Section 2.2 deals with

the hypothesis testing of such polynomials. The test statistics involved are adapted from a

general linear hypothesis, and those similarities in deriving the formulas are marie evident.

Included in this section is the estimation of the parameters of the polynomial function.

Potthoff and Roy model makes use of a weight matrix G. Section 2.3 examines the various

options for choosing this G matrix.

The second appproach considered is the Rao-Khatri model in Section 2.4 ~see Rao

(1965,1966,1967) and Khatri (1966)). A reduction of the growth curve model using an

anal/sis of covariance model as well as the partitioning of the data matrix was proposed.

Test statistics based on the general theory for analysis of covariance are derived, as well as

the parameter estimates. In Section 2.5 comparisons of the two approaches are considered.

2.1 THE POTROFF AND ROY MODEL

Pothoff and Roy (1964) developed an alternative method to handle growth curve analysis.

The usual MANOVA (multivariate analysis of variance) model was generalized by

appending a post-matrix to the expectation equation.
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This generalized MANOV A model was applied to polynomials as a representation of the

growth CUE"f'7.

The following reasons were given for developing this model (Potthoff and Roy (1964»;

"The r'..:Ierent previous approaches to the growth curve problem deal mainly with rather

specialized aspects of it, and so a major purpose of the present paper is to furnish new tools

for growth curve analysis which are of sufficient general applicability. These tools which

are derived from the theory of multivariate normal analysis of ~.arlance and which are

based On polynomial models for the growth curves, provide both confidence bands for the

growth curves and over-all tests of significance for various kinds of compound hypotheses,

even under the more complex types of experimental designs".

A hypothesis of the form

(2.1.1)

where M and V are matrices of known constants, 0 is the null matrix and e is a matrix

of unknown parameters, can be used to test the usual MANOVA mcdel

(2.1.2)

where A is a matrix of known constants and where the different rows of Yare

distributed mutually independently and the p elements in any row follow a multivariate

normal distribution with unknown variance matrix ll(pxp)'

The model (2.1.2) can be generalized by appending to it a post-matrix P.

The general model to be considered now is

E(Y ) - AlpO(U)(q)- (Il"m)~(mxp) (p><q) (2.1.3)

in which the different rows of YO(nxq) are distributed mutually independently and the q
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elements in any row follow a multivariate normal distribution with unknown variance

matrix EO( qlCq) and where A and P are matrices of known constants and e is a matrix

of unknown parameters. Comparing the growth curve model (2.1.3) with the standard

MANOVA model (2.1.2), we see that only the post matrix P has been added to the model

(2.1.2). This implies that each response variate can be expressed as a linear regression

model of the form E(~) = p'ai where Yi(q><l) is the observation vector for the ith

subject, and ai is a vector of unknown parameters. It is therefore necessary to find a

technique to test the hypothesiS of the form (2.1.1) under the general model. (2.1.3)

Let us now consider the various types of growth curve situations that may arise, and apply

them to the general model (2.1.3).

(a) Consider the simplest situation where n subjects' responses, all subject to the same

conditions, are observed at q time points, t ,t2 ... t . The q observations on a. q

given subject are not independent, but rather assumed to be multivariate normal

with unknown variance matrix EO'

The growth curve being considered is assumed to be a polynomial in time of degree

p-1. 'I'he expected value of any subject at time ti will be eO + e1 tj + e2tf +...+
t p-1
~p-lti .

The vector A is n ,,1 containing all 1'so

The vector e is 1 x p consisting of eO' ell e2 .... ep-1 and the matrix P consists

of time points e.g. the sth row and ith column is tf-1.
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In matrix notation we can write (2.1.3) as
A e p

j
(eo e1'''' ep-1) [ ~1

p-1
t1[: p-1t2 ...

(2.1.4)

(b) Consider no" the situation where there is no longer onl-: one group of subjects but

rather m groups. Under the general model the following changes take place. The

matrix A will consist of n = n1 + n2 + .,.nm rcws and m columns where there

will be n1 rows (1,0,...0), ni rows (0,1,...0), and nm rows (0,0 ...1). The (J,k)th

element of e will be ej,k-1' and P will be the same matrix as in (a) above.

In matrix notation the general model will take the following form

A
1 0 ... 0

F
1 0 ... 0

[ 1'0
ell'" I,~,j

[ ::-,
1 1

j
0 1 ...0 e20 e 21 ... e2p-1 t2 tq

° 1...0
~mp-1emO ~ml '" p-1 p-1

0 0 ...1
ti t2 tq

0 0 ... 1
(2.1.5)

where the growth curve associated with the jth group at the ith time point is

ejO+ ej1ti + ej2t~ +...+ ej,p-1 tl1 ; .- 1, .,q.

(c) Consider the example of n individuals being tested on a treadmill at various time

points. If the two effects, namely treadmill speed and treatment dosage were being
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simultaneously tested on each subject and an additive model with no interaction

between treadmill speed and treatment dosage is assumed, then a growth curve for

an individual subjected to the mth treadmill speed and the sth treatment dosage can

be represented by an equation of the form

amO + emIt + em2t2 + ... + em,p-l tp-1) +

( 2 p-l)
fLsO+ fLslt + fLs2t + ... + fLs,p-l t (2.1.6)

where emO' em1 ... (m,p-l are the parameters for treadmill speed and flsO' fLsl' ...

fI 1 are the parameters for treatment dosage.s,p--
Suppose that there were four treadmill speeds and ~hree treatment dosages e.g. an

individual was subjected to a treadmill speed of 2.7, 3.3, 4.4 or 6.5 km/h and a

treatment dosage of 100, 200, or 300 mg.

The assumption is made that each individual is measured at the same q points, is

subjected to the combination of the mth treadmill speed and the sth treatment

dosage, m == 1,2,3,4 s = 1,:2,3, and has the same unknown variance matrix };O'

e will be a 7 x p matrix whose (j,k) element is (j,k-l if j = 1,2,3 or 4 and is

fLj-4,k-l if j = 5, 6, or 7. A will contain n rows consisting of l's in the mth

and (4+s )th positions and D's in the other five positions, for m = 1,2, .... ,4 and 6 =

1,2,3. P will be as before.

(10 ell
e20 {Zl

(12 ~1,p-1
e22 (:1,9-1

(2.1. 7). . .
(41 e42 .. · (4,p-1
fill flI2'" 1l1,p-l

1121 /122'" /l2,p-l

/131 /132'" fl3,p-l
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(d) Consider now the situation where more than one response is beln« measured. For

example if heartrate (HR) as well as breathing tate (BE) is measured over time.

There are m groups of individuals as in case (b).

There will now be 2q observations on each subject: -q observations on (HR) and

q observations On (BR), One can expect the (HR) observations to be correlated

among themselves and the (BR) observations to be correlated amongst themselves.

One can also expect the (HR) observations to be correlated with the (ER)

observations.

Let us assume that the (HR) growth curve for the jth group of individuals is

2 Pl-l
ejO + 'jl + ej2t + ...+ I,j,pe1t

and that the ER growth curve for the jth group

2 P2-1
7jQ+ 7j1t + 7.2t + ... + 7jp2-1t

Note that the degree of the polynomials need not be the same.

The A matrix will be the same as in (b), e will be m « p, where p = P1 + P2'

and the (j,k) element of e will be ej,k-l if k 5 P1 and 'Yj,k-Pe1 if k » P1'

e10 ell'" e 1,Pe1 710 711 ... 71 P -1
e20 e 21 ... ' 2

t_ ~2,pel 720 ')'21 ... 72 -1
(2.1.8)i.e. ~.- . ,P2

emO eml '" em'Pe1 7mO 1ml ... 7m,P2-1
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Yo is assumed to be arranged so that the first q columns contain the HR

measurements and the last q columns the BR measurements.

Then P[(PI +P2) ,,2q] will have a submatrix P I(Pl x q) ill its upper left-hand

comer a submatix P2(P2 x q) in its lower right-hand corner, and D's elsewhere.

The P matrix will take the following form in matrix notation

rl 1 ... 1 0 0 ...0

~l ~2 ... tq 0 0 ... 0

P=
:Pe1 : Pel Pel:

0 ... 0 (2.1.9)tl t2 ... tq 0

0 0 ... 0 1 ... 1

0 0 0
P2-I P2-I... t1 ... tq

If (2.1.1) is to be the hypothesis that the BR growth curves are the same for all the

m groups we set s .::::m - 1 and u == P2' take M to be a matrix whose last column

contains all minus ones and whose first (m-l) columns constltute the identity

matrix, and take V to be a matrix whose first PI rows contain all O's and whose

last P2 rows constitute the identity matrix, P = PI + P2'

r 1 O •• .0 -1

]
I 0 1 0 -1

i.e. M
= l (2.1.10)

0 0 .. -1
and

G O ••• i)
0 0 0

V = 1 0 ... 0
0 1...0
.
0 0 ... 1 J
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One cnl abo test whether both the HR growth curves and the BR growth curves

are the same for all m groups. In this case M is the sa-ne as in (2.1.10) and V =
I where u = p.

2.2 HYPOTHESIS TESTING

A Generalized Linear Hypothesis.

Consider the model Y:= XB + U, where Y is n x p, X is n x m of rank m, and the rows

of U are independently identically distributed Np(O,E). We wish to test

HO:CBD = 0 (2.2.1)

where: Cis s » m of rank s(s $ m), B is my p of rank p, and D is p x u of rank

u(u $ p). Since HOreduces to the hypothesis CB = 0 when D = Ip' a natural procedure

for handling HO is to try and reduce the hypothesis CBD = 0 to CB = 0 by using a

suitable transformation. This can be achieved by setting YD = YD

so that YD = XBD + UD

= X2 + Uo
say, where the rows of

(2.2.2)

Uo= rl~~]D ea li.~:~~~:]
Un Cn,Un)'

al ...~.i.d Nu(O, D'W) by Theorem 2.1(i) G.A.F. Seber (1984) p.ls,

(2.2.3)
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Since :aO is now m == 0 and using the general theory for multivariate linear models (see

Theorem 8.5 G.A.F. Seber (1984) p. 409.)

The Hypothesis sum of squares deviation matrix is

H = (C~)'[C(X'X)-lCTIC~

t2.2.4)

The error sum of squares deviation matrix is

(2.2.5)

where P11= X(X'X)-lX'

so that EN WU (n-m, D'l:D) and when HO is true H N lNl,I(s,D'}}D) (Seber (1984)

p. 32-33 see (2.2.6)).

Definition of a Wishart Distribution

(Seber (1984) p. 21) defined a Wishart distribution as follows:

Suppose that Xl'X2' .... ,Xm are independently and identically distributed as Nd(O,};)i then

m

W= l:XiXi'
1

is said to have a Wishart distribution with In degrees of freedom, so that

W",Wd(m,}}) (2.2.6)



58

A Test Statistic for testing HG~eBD = 0 (see 2.2.1)

There are four test statistics that have been proposed to test the above hypothesis, They

are Roy's Amax, Wilks' A, Rotelling T~, and Pillai's V(s). Schatzoff (1966), using the

concept of expected significance level proposed by Dempster and Schatzoff (1965) compared

the powers of the four test statistics and. came to the conclusion that not one of the: test

statisticss were uniformly better than any of the others.

For the purposes of this dissertation Wilks' likelihood ratio test has been used.

Wilks Iikelihood ratio test

Seber (1984) considers this test statistic.

Suppose Rand E have independent Wishart distributions Wu(s,D'ED) and

Wu(Il-m,D'ED) respectively (see (2.2.6)), and A:=: ~ then we say that A has a

U-distribution with degrees of freedom u.s, and n-rn, and write
f 2 1A IV Uu,s,n-m. so that asymptotically - (na)logeA IV Xus where f :=: n - m - 2(U-5+ 1)

(2.2.7)

Given a and X~s(a) where P(x~s > X~s(a)) = a, the upper a quantile value for -flogA is

CaX!s(a). Values of Ca and x!/a) are given in the tables of Seber(1984) for the

parameters U,8(U ~ s,n-m) and M :=: n - m - u + 1.

For u > 6 the u and s are interchanged Ca is a conversion factor and from the tables one

can observe that Cae 1 and Ca -i I as n - m, and therfore M, tends to infinity.

If s = min(u,s) is 1 or 2 the upper tail of an appropriate F-distribution is used. If s = 1

1 - A v2 + 1 ,
=t=: VI + 1 IV )!2V

1
+2,2V

2
+2, (2.2.8)

while if G == 2

L: A~.. 2v2 + 2 F
A1 2v1 + ::I N 4v1+6,4v2+4'

where VI = ~Is-ul-l) and 1/2 =: ~n-m--u-l)

(2.2.9)
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Since }ii is not known and l) :f (7"21,Potthoff and Roy suggested the choice of a nonsingular

q It q weight matrix G as an estimate of EO' An iterative procedure using a generalized

least squares estimation process was suggested for estimating }iO(see Section 2.3). Pothoff

and Roy based this argument on EO representing the optimal choice of G, based on the

criterion of minimum variance unbiased estimation.

Therefore to analyze (2.1.1) the p It P matrix PG-1p' is nonsinguiar and we transform YO

to yael' where
(2.2.10)

is q It P of rank p,

(2.2.11)

and the p It 1 transformed observation vectors are independently normally distributed

with mean

E(Y1)::: E(Y
o
C1)

= AepC1
=Ae from (2.2.11)

with dispersion matrix E1 = C1'EC1 by theorem 2.1(i) Seber(1984) p.18

The original model (2.1.3) has thus been reduced to Y1= Ae + u1' where the rows of u1
are i.i.d Np(0,E1) and (2.1.1) can be tested using the theory for a generalized linear

hypothesis section 2.2 with Yo -I Y l' B -I e, YD -I VY 1 where

HI :=: (M{V)'[M(.;_'A)-IM,}-lMN (2.2.12)

and (2.2.13j

and where
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(2.2.14)

Therefore Hl and E1 are indeoendently distributed as Wu(s,V'E1 V) and

W u(n-m, V'EJY) respectively when (2.1.1) is true.

2.3 CHOICE I!'OR THE MATRIX G

(i) G = I

A simple choice of G is to set G = 1.

Such a choice of G will certainly simplify one's calculations and mal;> .omputing

that much easier. Another advantage of using G = I is for those experimenters who

regard arbitrariness as something to be seriously avoided and are as a result prepared

to pay a high price for avoiding it.

(ii) G = EO

Potthoff and Roy (1964) considered the choice of G = EO' This choice cannot be

made since EO is unknown. However if before the experiment a fairly good guess of

EO is available, then it might be preferable to set G equal to this guess of EO

rather than to set G = 1.

Even though G might differ radically from EO the analysis being made will still be

valid so long as G is a symmetric positive definite matrix such that PG-1p, is

of full rank. However the more G differs from EO' the worse is the power of the test,

the wider the confidence bands, and the larger the variance of the unbiased estimators

become.

Since the analysis of (2.1.3) is valid for any choice of the (q " q) matrix G, so long as

G and PG-1p' are non-singular, an iterative procedure could be considered where

one can start with G = 1. Thereafter the model will be fitted and hence an estimate
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of EOwill be obtained. Now use this estimate as the value for G in the second

iteration. This process could be continued until convergence is reached and the

optimum choice of G is obtained.

(iii) Stochastic or non-Stochastic G

According to Potthoff and Roy the G that is chosen need not necessarily be

non-stcchastic. A stochastic G may be used so long as it is Stochastically

independent of Y , since the distributions relating to the confidence bounds and testso
are mathematically independent of G.

(iv) External information about G

If an experiment was carried out which produced YO' and experimental informati-

available outside this experiment, then a stochastic G based on this information

would be independent of YO and legimate for use in the experiment.

For example let E be the experiment which yields the observations YO under model

(2.1.3) with unknown variance matrix EO' Suppose another independent experiment

E' was carried out, whose results can. be utilized to estimate EO' then this estimate

of EO can be used for G in experiment E.

E' does not have to have the same model 'lS E nor does it have to be based

on such a model (2.1.3).

2.4 THE RAO - KHATRI MODEL

Ra.o (1965, 1960, 1967) a~d Khatri (1966) independently proposed an alternative method to

analyze growth curves. 'They proposed a reduction of (112 growth curve model, using an

analysis of covariance model, which gets around the use of an arbitrary matrix G.
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General Theory for Analysis of Covariance

A summary of the basic results for the analysis of covariance are given below. The general

theory is given in detail in Seber. [1977: Sections 3.7, 3.8.3, and Chapter 10]

Consider the following covariance model

F: Y = Ae + zr + u (2.4.1)

where A is n « m of rank m, Z is n x t of rank t consisting of values taken by

concomitant variables, the columns of Z are linearly independent of the columns of A, and

To test Ho: Me = 0

The error SSD matrix is

E = Y'RY - r F'Z'RY

R= In -A(A'A)-lA'

rF = (Z'RZ)-lZ'RY

(2.4.2)

where

(2.4.3)and

The Hypothesis SSD matrix is

(2.4.4)

where ~F = (A'A)-lA'(Y-ZrF)

L = (A'A)-1A,Z and N = (Z'RZ)-1.

(2.4.5)

and

When (2.4.1) is true, H", WpCs,E) and E IV Wp(n-m-t,E).

To test Ho: MeV = 0 (2.4.6)

as in (2.1.1) where V is p x u of rank u H,E and p are replaced by V'RV, V'EV and u

respectively
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so that

(2.4.7)

and (2.4.8)

Partitioning of the Data Matrix

Consider the usual linear model Y = Ae + U and hypothesis Ho: Me = 0 where A is

n x m of rank m, Mis s x m of rank s and the rows of U ate i.i.d. Np(O,E). Suppose

we partition the data matrix Y = (Yl'Y 2) where Y1 represents n obervations on P1

y-variables and Y2 represents n observations on a further P2 (= P-P1) variables.

Partitioning e = (el'e2) in the same way, we consider the model and hypothesis.

Y2=Ae2+U2

where the rows of U2

E _ [Ell E12 ]}P1
- E21 E22 }P2

(2.4.9)

are Li.d. Np2(O,E22)

where

From Theorem 2.1 (viii) Seber (1984) it follows that the rows of Y1 conditional on Y2

are independently normally distributed with common dispersion matrix

Ell.2 ; Ell - E12E2~E21' and that

E(Y1IY2) = Ael + (Y2-Ael)E12E2~

= A(el - e2E12E2~) + Y2E12E2~

= Ad + y2r
h r I' ,,-1were = "12"22

(2.4.10)

which is written in the form of moi'« 1 (2.4.1).
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The Model

The Rao-Khatri reduction model is derived from the Pothoff and Roy model as follows:

First choose a q" p matrix 01 of rank p such that POI = Ip as in (2.2.10) and a

q" (q-p) matrix 02 of rank q-p such that P02 = ° where 0= (01'02) is a q x q

nonsingular matrix.

A transformation on the observation Y can now take place so that

Yo::::: YO = (Yl'Y2)

where Yj:::::YOi (i:::::1.2)

Now R(Y 1) = AepC1 from (2.1.3)

= Ae

E(Y2) :::AepC2
::::O.

(2.4.11)

The analysis of covariance model is as follows (see (2.4.10)).

E(Y1IY2) = AA + Y2r

= (A,Y2)[ n (2.4.12)

The matrix (A'Y2) will have rank m+q-p, as the m columns of A are linearly

independent, and Y2 is an n l«q-p) unrestricted random matrix with linearly

independent columns that are also linearly independent of the columns of A.

Since the rows of Y2 are conditionally distributed as independent multivariate normals

with a common covariance matrix, the analysis of covariance theory of Section 2.4 is

applicable. (with Z = Y2).
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The least squares estimates of r and A for the conditional model (2.4.12) are (see (2.4.3)

and (2.4.5)).

-- (0 'Y'RYC )-10'Y'RYC- 2 2 2 1 from (2.4.11)

(2.4.13)

since S = Y'RY
n-m
Y'(In - A(A' A)-lA')Y

= n-m
which is the error covariance matrix

and eR, = (A'A)-lA'tYCZf)

= (A'A)-lA'(YCCYC2r)

= (A'A)-lA'Y(CCC2[C2'SC2l-1C2'SOl) from (2.4.13)

From Seber (1984) Appendix B3.5 p, 536.

02(02'SC2)-lC2 = 8-1 - S-lp(p'S-lp)-lp'S-l

30 that en = (A'A)-l A'YS-1p(p'S-lp)-lp'Cl1,.

(since 8S-1 = 1m)

:. eR = (A'A)-1A'YS-1p(P'S-lp)-1

since PC1 = Ip'

(2.4.14)

(2.4.15)

In order to test lIo: MeV = 0 see (2.1.1) we first of all require the E and II matrices for

testing Me = O. From (2 4.2)
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E - Y'RY - r'Y 'RY- 1 1 2 1

- C 'Y'RYC - r'o 'Y'RYO- 1 1 2 1

E = (n_m)(P'S-lp)-l by (2.2.11)

Using (2.4.4)

H = (Me)'[M(A'A)-lM, + MLNL'M'j-1Me

(2.4.16)

(2.4.17)

= _1_ (A'A)-lA'YO (0 'SO )-10'Y'A(A'A)-1n-m . 2 2 2 2
so that from (2.4.14)

LNL':=: n~m(A'A)-lAIY[S-1_S-1p(p'S-lp)-lp'S-ljY'A(A'A)-1

(2.4.18)

To test Ho: MeV = 0 we merely replace the matrices Hand E by

flV = V'HV and BV = V'EV

so that

HV = (MeV)' [M(A'A)-1l!P + MLNL'l!l']-1yeV

and EV = (n-m)V'(P'S-1p)-lv

(2.4.19)

(2.4.20)

When Ho: MeV = 0 is true then HV and EV are independently distributed as

u-dimensional Wishart distributions with a common dispersion matrix and degrees of

freedom sand n-{m+q-p) respectively.
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2.5 TEST FOR INTERNAL ADEQUACY

The linear model which has been considered is F.(YO) = AB, where B = {P and since

PC2 = 0

E(Y 2) = ABC:;, = AepC2 :::::0

Since A is n x m of rank m, AepC2 :::::0 if and only if BC2 = O. The adequacy of the

model B = ep can be tested by testing E(Y 2) = 0, that is by testing HO: ImBC2 = 0 for

the model E(Y) = AB. This test is a special case of the linear hypothesis test described in

Section :&.2 with C = 1m'

2.6 COMP AlUSONS OF THE TWO METHODS.

When G=Ip
Since (2.4.15), (2.4.19) and (2.4.20) do not depend on C, and if Potthoff and Roy's

transformation C1 = G-1p(p'G-1p)-1 is used, then testing HO:MeV = 0 in the

Rao-Khatri method is independent of G and so we can set G = Ip' If G = Ip then

C1 = P(p,p)-l, and if normalized orthogonal polynomials are used, then P'P = Iq,

C1 = P, and C2 can be chosen so that C == (CpC2) is orthogonal.

If such a P is used, C1 can be chosen to be the matrix: of normalized orthogonal

polynomials of degrees 0 to p-l, and C2 to be a similar matrix: for degrees p to q-1

(Grizzle and Allen (1969».

The above method uses all p-q concomitant variables in Y2. Grizzle and Allen (1969)

discusses the suggestion of Rao(1965) that a better procedure might be to use only a subset

of the concomitant variables. The choice of the concomitant variables was evaluated by

the correlations between the columns of Y1 and Y2 where Y1 = YC1 and Y2 = YC:,r
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If the correlation of each column of Y2 with each of Y1 is zero, then Y2 provides no

information about Yl' and Y2 should be discarded. However if there is a high

correlation between the columns of Y 1 and Y 2' those covariates are included in the model.

If the correlation between the columns of Y1 and Y2 are all zero then the Potthoff and

Roy method is equivalent to not using any covariates in the Rao-Khatri method. This

approach is used in the analysis of the experimental data in Section 4.

WhenG=S

Potthoff and Roy did not. develop the theory for allowing G = S, where S is proportional

to the estimate of E, (the population covariance ma.trix) calculated from the data used to

estimate e (2.2.14). Grizzle and Allen (1969) noted that when G = S, Potthoff and Roy's

estimate (2.2.14) is the sam'. as Rao-Khatri's eR (2.4.15). Baksalary et al. (1978)

extended this observation made by Grizzle and Allen to the case where not all the

concomitant variables are used.

For hypothesis testing the transformation G = S is not appropriate in the Potthoff and

Roy method, as S is not Independent of YO(2.1.3) (see Section 2.3 (iii)). As a result the

two methods have different test statistics for testing lio: MeV = 0 (2.1.1).

Timm (1975) raised two queries about the Rao-Knatri reduction method. Firstly he

commented that different covariates may be appropriate for different groups within a

sample. Secondly the covariates that are selected may vary from sample to samp' .

However he did point out that a major advantage of the Rao-Khatri method is that one

c..'1 apply standard multivariate analysis of covariance programs to the data.



CHAPTER 3

3.1 THE APPLICATION

Stress testing, the assessment of a physiological function during physical exercise, has

become an increasingly accepted concept in cardiac and pulmonary evaluation in the past

15 years.

The stress electrocardiogram, (ECG), is regularly used to assess the risk of cardiovascular

disease. The increased metabolic and gas exchange demands of physical exercise, though

are cooperatively supported by the cardiovascular and respiratory systems, so that the

same conditions that provide important information about cardiovascular function under

stress also yield critical information about pulmonary function.

The standard resting pulmonary function tests, (PFT's), as with the resting ECG, gives

only a portion of the complete picture. Crucial data concerning performance are missing.

An abnormal resting pprr estimates the degree of pulmonary impairment, but cannot

indicate the degree to which this damage translates into a reduced work or functional

capacity.

Cardio-pulmonary exercise testing, (CPET), can quantify this deficit, predict performance

capacity and identify the components of the cardio-pulmonary system responsible for

limiting exercise capacity.

3.2 THE EXERCISE TEST

1000 subjects, male and female underwent the maximal graded exercise test, as part of a

multifasic medical checkup at the Mor Institute for Medical Data, Ramat Gan, Israel. Out

of these 1000 subjects, only those subjects without any previous serious illnesses or any

chronic disorders and with resting systolic and diastolic blood pressure below 150 anri gO

mm Hg respectively, served as subjects for this dissertation. Competitive athletes were

also excluded from the test.
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Subjects came to the laboratory at least two hours after their last meal. They were

informed to refrain from drinking coffee4 hours before they arrived.

Once they arrived, they were given a questionnaire to fill in concerning their occupation,

smoking history, previous health, leisure activities and exercise related symptoms.

After this they underwent a physical examination by a cardiologist. Subjects' weight,

height and body fat were determined.

Thereafter the exercise test began.

The exercise test comprised of the subjects walking on a treadmill at a speed between 5 -

6.5 km/h (modified Balke Protocol) predetermined by age, habitual physical activity and

medical status. The exercise load was increased by elevating the treadmill slope by 2%

every minute until one of the following conditions were reached:

(a) Volitional exhaustion - where the subject feels he can no longer continue (maximal

exercise).

(b) Maximal age predicted heart rate.

(c) Respiratory quotient, (RQ), of at least 1.3.

(d) Symptoms such as chest pains, nausea or dizziness.

(e) Clinical signs such <1S ECG abnormalities and others that would dictate an end to

exercise.

3.3 TREDATA

For every subject in the exercise test, the following variables were measured every five

seconds, ECG, Systolic and Diastolic blood pressure, V02(Oxygen Consumption),

VE(Ventilatian) VE/V02 (Ventillatory Equivalent far O2), VE/VC02 (Ventillatory

Equilalent for CO2, R(Respiratory Quotient), HR(Heart Rate), 02 pulse (indication of

Stroke Volume), ET02and ETC02 (02 and CO2 concentration in the Alvioli], VD/VT

(Respiratory Dead Space), VT(Volumr. of air in a single breath), BR{Breathing Rate).
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There were five additional variables taken into account in the analysis of the experiment.

(i) workload - after each minute the gradient of the slope was increased by 2%.

(ii) age group - each subject was placed in the age group above 35 or below 35.

(iii) smoke - a subject was either a smoker or a non-smoker where smoker = 1 and

non-smoker = 0

(iv) lifestyle - a subject either led an active lifestyle or a sedentary lifestyle.

Those subjects exercising at least twice a week for more than a half hour were

classified as active, otherwise they were classified as leading a sedentary way

of life, where active = 1 and sedentary = 0

(v) weight - indicating the subject's weight in kg.

See Appendix D for a subset of the data taken from one subject whilst undergoing the

exercise stress test.

3.4 EQUIPMENT USED

(a) Treamill (Quinton Q65, U.S.A.).

(b) 12 Leads Blectocardiograph (Siemens, West Germany).

(c) Blood Pressure Mercury Sphignometer.

(d) Metabolic cart [Sensormedica 4400 U.S.A. - for analysis of expired gases).

(e) Weight and Height measured on a Seca Scale (West Germany).

(f) Skinfold Caliper (Skindex, U.S.A.).

(g) There are two Hewlett-Packard disk drives built into the Sensormedics 4400 where

the data was collected and saved on 3.5 inch floppy disks.
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The author was involved in processing the raw data. This involved transferring the data

fror- a Hewlett Packard computer (the Sensormedic 4400), to an IBM personal computer.

The data was then transferred from floppy disks onto a magnetic tape, and finally from the

magnetic tape onto the mainframe IBM computer at the University of the Witwatersrand.

3.5 PHYSIOLOGICAL BACKGROmm

Every cell in the body requires a continuous supply of energy tv carry out its normal

functlons, This energy is obtained by simple combustion of hydrocarbons (oxidation). In

principle this is identical to motor car engines which also utilize oxidation of hydrocarbons

as a source of energy. In the body, however, the combustion is highly regulated by a series

of enzymes and therefore does not take place in an explosive manner. The most important

fuel used by the cell is the hydrocarbon glucose.

The rate at which oxidation of glucose occurs is dependent on the metabolic rate or amount

of exercise performed. The oxygen is extracted from the atmosphere by the lungs and

dissolved in the blood. The blood circulates through the body due to the pump action of

the heart and this delivers the oxygen to the cells. The amount of oxygen in the blood is

dependent on the ventilation occuring at the lungs i.e. the amount of atmospheric air

intake per minute. On the other hand, oxygen delivery to the cells is dependent on both

the content of the blood and the cardiac output i.e, the amount of blood pumped by the

heart each minute.

The cardiac output is clearly equal to the product of heartrate and the amount of blood

pumped by the heart with each beat (stroke volume).



Exercise increases energy demand or metabolic rate and thus the oxygen consumed to burn

the glucose. It is thus clear that metabolism is dependent on the lungs and the circulatory

system. For this reason one representative variable from each of the above systems was

chosen for study viz: Oxygen consumption as the variable of metabolism, heartrate as the

variable of circulation and ventilation as the variable of lung function.

3.6 COMPUTER PROGRAMS USED

Three programs were used to analyze the data; a FORTRAN program called SeURVE,

and the, SAS procedures PROe NLIN, and PROe IML. SCURVE is an interactive

computer program that was developed by Prof. S.H.C. Du Toit of the University of

Pretoria for the analysis of well known asymptotic growth curves belonging to the Richards

family of growth curves (See Chapter 1).

Since this is an established program, only preliminary results were used for the purpose of

this dissertation. To illustrate how this program works an example can be found in

Appendix A.

The NLIN (Non Linear regression) procedure produces least-squares estimates of the

parameters of a nonlinear model.

For a nonlinear model to be analyzed, one must specify:

· the names and starting values of the parameters to be estimated

· the model, using a single dependent variable

· partial derivatives of the model with respect to each parameter.
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One can also:

. confine the estimation procedure to a. certain range of values of the parameters by

imposing bounds OJ! the estimates

. produce new SAS data sets containing predicted values, residuals, estimates of

parameters, and the residual sum of squares. (See Appendix B for an example program of

how a model for heartrate was fitted using PROe NLIN).

The last procedure used was PROe IML which comes from the SAS/IML software, an

Interactive Matrix Language. The IML software is a multilevel, interactive programming

language with dynamic capabilities. A copy of the program using IML can be f01.•nd in

Appendix e.

The programs SeURVE and PROe NLIN were used to apply the theory of the Richards

family of growth curves to the experimental data (see Section 1.3), whilst PROe IML was

used to apply the Rao-Khatri method to the data. (see Section 2.4)
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3.7 THE SAMPLE

A sample of 80 was taken from the thousand subjects who underwent the exercise test.

In order to acquire a representative sample of the population ensuring equal coverage of all

subgroups) the followin- eight groups each comprising ten subjects were chosen.

~moke/non-smoker ~ Lifest;rle

1) smoker > 35 years active

2) smoker > 35 years sedentary

3) smoker < 35 years active

4) smoker < 35 years sedentary

5) non-smoker ) 35 years active

6) non-smoker > 35 years sedentary

7) non-smoker < 35 years active

8) non-smoker < 35 years sedentary

Every fifth subject from the population was considered nntil the sample size of eighty was

attained.

Since only fifty females underwent the exercise test during the given timespan (i.e. 1st June

1986 to 1st June 1987) only males were considered for the sample. Table 3.1 provides the

mean scores of weight and age for the various subgroups.

Table 3.1 Mean weight and age for subgroups

weight age

Active smokers 78.22 39.44

Active non-smokers 76.54 39.45

Sedentary smokers 79.11 39.76

Sedentary non-smokers 79.85 39.18
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3.8 ltESULTS USING SCURVE

The psogram SCURVE was used in a prelin-inary study to decide on the best model to be

used from the Richards family of growth curves. This was achieved by fitting the three

growth curve functions (i.e. Gompertz, Monomolecular and LOgistic, ignoring smoking age

ancllifestyle) to all 80 subjects over time and comparing their mean square errors (MSE).

n !
MSE'" { k 1: en

i=l

n !
= { k L (Yi - Yi)2} where at time point i, ei is the

i=l
residual, Y; the observed value and Yi the predicted value.

From Table 3.2 below it is clear that the logistic function is the best fitting function for all

three variables (i.e. hecrtrate, ventilation and oxygen consumption). This is evident since

the mean square error for the logistic function is the smallest in each instance.

TABLE3.~ MEANSgUAREERRORSUSINGSCURVE

Gom~rtz Logistic Monomolecular

lteartrate 2'{6.25 124.84 310.5

ventilation 136.25 120.11 191.63

oxygen consumption 13.76 13.03 14.4

Therefore in all subsequent analyses using the Richards functions, the logistic function was

used.



CHAPTER 4

4.1 APPLYING THE LOGISTIC FUNCTION FOR HEARTRATE

The followinglogisticfunctionwas fittedusing PROe NLIN.

HR = A/(l+e:Xll(BO + Bl time + B2 wl + B3 sm + B4 Iifestl+ B5 wt + B6 time x wl +
B7 time )(sm + B8 time )(lifestl+ B9 time x wt f- BIO wl » sm + Bll wl x Lifestl+ B12
''11)(wt + E13 sm « lifestI+ B14 sm » wt + B15lifestlx wt))..... (4.1.1)
where A isthe asymptotic value reached forheartrate(assuming Bl < 0).
wl = work load, sm = smoke, lifestl = lifestyle,and wt = weight
sm = 1... smoker, sm = O...non-smoker, lifestl= 1...active,Iifestl= O...sedentary

TABLE 4.1 ESTIMATE AND CONFIDENCE INTERVALS FOR EQUATION (4.1.1)----
Parameter Effect Estimate Asymptotic !§,vlUptotic95%---

Standard Confidence Interval
Deviation

A asymptote 250 30.4162 190.366 300.634
BO constant -0.0412 0.2657 -0.562 -0.073
Bl time -0.1402 0.1726 -0.4786 -0.103
B2 I'll -0.0076 0.0512 -0.1088 0.0935
B3 sm 0.2875 0.0737 0.1429 0.4319
B4 lifestl -0.2897 0.0785 -0.4436 -0.1356
BS wt 0.0057 0.0013 0.0032 0.0083
Be timexwl 0.0039 0.0005 0.0029 0.0049,

timexsm -0.0122 0.0442 0.0745B7 -0.0996
BB timexlifestl 0.0284 0.0448 -0.0595 0.1164
B9 time)(wt -0.0019 0.0021 -0.0061 0.0022
BI0 wl)(sm 0.0027 0.0133 -0.0233 0.0288
Bll wlxlifestl 0.0010 0.0133 -0.0272 0.0252
B12 wlxwt 0.0001 0.0006 -0.0113 0.0013
B13 smxlifestl 0.1939 0.0333 -0.1285 0.2594
B14 sm)(wt -0.004::' 0.0009 -0.0059 0.0022
B15 lifestl"wt 0.0024 0.0008 -0.0008 0.0040
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From the results in Table 4.1 it can be seen that only the main effects excluding workload,

are significant. A parameter estimate is considered significant if zero does not fall in the

95% confidence interval.

Since workload was increased every minute, it was highly correlated with time. This high

correlation with time could be the reason for workload not being significant.

The variable agegroup was not included in the model because of inconsistencies which may

have arisen if it was included. The reason for this was that different agegroups were

subjected to different treadmill speeds and thus different conditions. i.e. agegroup and

treadmill speed were completely confounded ill the experiment. Table 4.2 indicates the

treadmill speeds for the different agegroups.

TABLE 4.2 TREADMILL SPEEDS FOR THE VARIOUS AGE GROUPS
Age(years) Treadmill speed (km/h)

< 30 6.5

30 - 45 5.1
45 - 60 4.4

< 60 3.3

A new logistic function was fitted using only those effects that were significant in (4.1.1)

l.e, ffR = A/(l + EXP(BO+Bl time+B2 smoke+BSllifest1+B4 weight» (4.1.2)
Table 4.3 gives a summary of results for function (4.12). It is evident from Table 4.3 that

all the parameter estimates are significant. However the estimate for smoke which is

0.0969653 is not what would be expected, as a positive coefficient in the exponential section

of the denominator implies a decreasing effect on heartrate as the exercise test progressed.

One would expect a smoker (note, smoker = 1 and non-smoker ::::0) to have a. higher

heartrate than a non-smoker the longer the exercise test progressed. No explanation could

be found for this result.



Table 4.3
Non-linear least squares statistics for heartrate-------.-
--------------------------------------~----------

SOURCE
REGRESSION
RESIDUAL
UNCORRECTED TOTAL

OF SUM OF SQUARES MEAN SQUARE
13102208.446

221.836
6

40054011
78613250.676

888451~.324
79501705.000
2437692.823

(CORRECTED TOTAL) 4010

PARAMErER ESTIMATE ASYMPTOTIC
STD. ERROR

191.1139815 3.00761152535
-0.4160960 0.0622024330
-0.3481678 0.0162314980
0.0969653 O.D1330117275
0.0801572 0.1130671265
0.0026258 0 0006102507

IISYNPTOTIC 95 %
CONFIDENCE INTERVAL
LOWER UPPER185.21721691 '97.010711609-0.53804959 -0.29414243

-0.37999113 -0.31634445
0.07088D19 0.12305047
0.05453794 0.10577654
0.00142930 0.00382221

A
BO
Bl
62
B3
B4

ASYMPTOTIC CORRELATION MATt{IX OF THE PARAMETERSCORR A BO Bl B2 B3 B4

II 1.0000 0.5966 0.9567 -0.3006 -0.2033 -0.1669

BO 0.5966 1.0000 0.5.l33 -0.2605 ~O.30116 -0.6659

81 0.9567 0.5333 1.0000 -0.2917 -0.2096 -0.1610

B2 -0.W08 "0.2605 -0.2917 1.0000 0.0465 0.0345

83 -0.2033 -0.3046 -r 2096 0.0465 1.0000 0.1512

84 -0.1669 -0.8659 .....1810 0.0345 0.1512 1.0000

j
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It was decided for the purposes of this dissertation that the effects of smoking and lifestyle

on the function would be examined, and therefore weight, even though it was significant in

the overall function was not included in the subgroups (See Table 4.3 & 4.6).

Another worrying factor was the high correlation of 0.9567 between the asymptote A and

Bl' the parameter for time. In order to acquire more staule estimates with smaller

correlation between them, the following function was fitted.

HR _ 1
- a + exp(bO + 61 time + b2 Bmoke + b31ifestl + b4 weight)

(4.1.3)

Here the asymptote is in the denominator. Equation (4.1.3) can also be written as
1HR = -

bv b time + b2 smoke + ... + b4 weight)
a(1+(i--)e 1

--Vbl time + ... + b4 weight
1+ e e

where * 1A =-a
*flo 1 bO

e = a e

A*
RR = ----..------------

/30 + b1 time + '" + b4 weight
1 + e

which is an adjusted form of the logistic function.

Fitting (4.1.3) provided the following results in Table 4.4.

-
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TABLE 4.4 ESTIMATES AND CONr~E~r,E INTERVALS FOR EQUATION
(4.1.3)

PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95%
EFFECT STD. ERROR CONFIDENCE INTERVAL

LOTffiR UPPER
BO constant - 5.5170 0.0512 -5.6175 -5.4165
Bl time -33.3623 1.5282 -36.3585 -30.3661
B2 smoke 0.0933 0.0126 0.0686 0.1181
S3 lifestyle 0.0781 0.0124 0.0538 0.1024
B4 weight 0 ..0017 0.0006 0.0006 0.0029
a 0.0051 0.0001 0.0050 0.0053

ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS
CORR BO B1 B2 B3 B4 A
BO 1.000 0.2606 -0.1803 -0.2785 -0.9369 -0.3212
Bl 0.2606 1.0000 -0.2914 -0.2187 -0.1298 -0.9575
B2 -0.1803 -0.2914 1.0000 0.0477 0.0105 0.3009
B3 -0.2785 -0.2187 0.0477 1.0000 0.1396 0.2116
B'± -0.9369 -0.1298 0.0105 0.1396 1.0000 0.1343
A -0.3212 -0.9575 0.3009 0.2116 0.1343 1.0000

Workload was again not included in the model because of the high correlation between

time and workload. Therefore the interaction of time and workload was not included

either. From Table 4.4 it is evident that there is still a. very high correlation of -O.S575

between the asymptote A and Bl the parameter for time.
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Another form of the logistic function was attempted. The following model was fitted after

following the same procedure that was used in acquiring function (4.1.2)(i.e. only those

I
!
I

significant effects were taken into consideration).
1YER ~----------------------~~~~.

aO + al smoke + 11.2lifestyle + e 0
(4.1.4)

From (4.1.4)it is clear that the effects of smoking and lifestyle are in the linear flection of

the denominator whilst the effect of time is in the exponential section.

The variable weight was not Significant and as a result it was excluded from the function.

Below is a summary of results for model (4.1.4).

TABLE 4.5 ESTIMATES AND CONFIDENCE INTERVALS FOR EQUATION (4.1.4)
ASYMPTOTIC ASYMPTOTIC 95%
STANDARD CONFIDENCE INTERVAL

PARAMETER ESTIMATE ERROR ~OVER UPPER
BO - 5.3743 0.0143 -5.4023 -5.3463
Bl -34.8832 1.6621 -38.0635 -31.7029
AO 0.0052 0 ..0001 0.0049 0.0054
Ai 0.0002 0.00002 0.00013 0.00022
A2 0.00015 0.oru02 0.00010 0.00019
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ASYMPTOTIC CORRELATION MATRIX OF THE PARAMETERS
CORRELATION BO Hi AO A1 A2

BO 1.0000 0.4294 -0.4205 -0.0335 0.1237
B1 0.4294 1.0000 -0.9384 -0.0233 0.1080
AO -0.4205 -0.9384 1.00GO -0.0539 -0.2·145
Al -0.0335 -0.0233 -0.0539 1.0000 -0.0574
A2 0.1237 0.1080 -0.2446 -0.0574 1.0000

Once again it is evident that there is still a very high correlation of -0.9384 between the

asymptote (which in (4.1.4) is the intercept in the linear section of the function) and Bl

the parameter for time.

Convergence was not always .eached and as a result estimates were not always available

for specific fJ.nctions.

Since (4.1.3) and (4.1.4) did not significantly decrease the high correlation between the

parameters, and because convergence posed a problem in both these functions, it was

decided to make use of (4.1.2) for further analysis of the experiment. This high correlation

between parameters could undermine a parameter's contribution to the function value.

Figure 4.1 is a residual plot against time for function (4.1.2). It is evident from the plot

that the residuals form a band around the horizontal zero line, indicating a constant

varia: ~e. 'fhere is however a. tendency for underestimation at low time and overestimation

at high time (i.e. the longer the experiment carried on).
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Figure 4.2 represents a normal probability plot for function (4.1.2). A normal probability

plot is a quantile-quantile plot of the data. The empirical quantiles are plotted against the

quantiles of a standard aormal distribution. Asteri ' (*) mark the data values. The

vertical coordinate is the data value, and the horizontal coordinate is

C\(ri -3/3)(n+1/4))

where Ii is the rank of the data value, ~~1 is the inverse of the ~h'l1ard normal

distribution function and n is the nu::nberof non-missing dat(l.values. The plus signs (+)

provide a reference straight line that is drawn using the sample mean and standard

deviation. If the data are from a normal distribution, they should tend to fall ale. ~ the

reference line. From Fi~",e 4.2 it is evident that the data values do lie on the reference «.

line and that normality can be assumed.

Figure 4.2

Variable heartrate
NORMAL ~ROBABILITY PLOT195+
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I
I *******I'
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In order to investigate the effect of the various variables on the function, the following four

groups were fitted: active smokers, active non-smokers, sedentary smokers, sedentary

non-smokers. Of interest to a physiologist is the value of the asymptote 'N (the final

predicted heartrate value, reached by the function). Table 4.6 provides these estimates for

the various subgroups. Four separate functions are fitted to the subgroups as a

confirmation of the results of the overall function (see Table 4.3).

'.!:~~!!~ 4.6 ESTIMATESANDCONFIDENCEINTERVALSFOR ASYMPTOTIC

HEARTRATEVAWE.

ASTIIPTOTIC95%

ASYMPTOTICCONFIDENCE INTERVAL

ESTIMATE STD. ERROR LOWER UPPER

Active non-smokers 192.9217 6.9895 179.2062 206.6372

Active smokers 175.7577 3.8351 168.2325 183.2829

Sedentary smokers 212.9973 9.4269 194.4959 231.4986

Sedentary non-smokers 2'11.4755 15.3046 201.4235 261.4915

From Table 4.6 it is once again evldent that smoking has the opposite effect to what would

be expected.

The active non-smokers have a higher asymptotic heartrate estimate than active smokers.

The effect of lifestyle however does produce the expected results (i.e. active smokers have a

lower asymptotic heartrate than sedentary smokers).
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The squared multiple correlation coefficient (R2) for function (4.1.2) is
2 RESIDUAL SUM OF SQUARES

R = 1 - CORRECTED TOTAL SUli! OF SQUARES

888454.324
= 1- 2437692.823

= 0.64

which indicates that 64% of the (corrected) total variation is attributed to the fit rather

than left to residual error: which indicates a reasonable predictive ability for the model,

Of interest to a. physiologist is to COmparethe asymptotic values of the subgroups in Table

4.6 with each other. These tests can be performed by using Bonferonni bounds. (see

Srivastava and Carter 1983).

If aI' a2 ... ale are independent and approximately normally distributed with respective

standard deviations s1' s2"" sk then the test stati+ic to compare them all is
a· - a.

tij = __ 1....__.:1_ N N(O,l) if the true parameter values are equal (4.1.5)

Js.2 + s.2
1 'J

There are altogether (~) tests. If each test is done at the 1000% significance level, then the

overall significance level is ~ (~)a. For example if k = 5 and a = 0.01 then (~) == 10 and

the overall significance level for all 10 pairwise tests is ~ 10 x 0.01 == 0.10.

*Therefore if you require an overall Significancelevel of a (= 0.05, say), then the individual

*tests must be performed at the a = ~ level e.g. 0i~h= 0.005 leveL
(2)
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fABLE 4.7 COMPARISONS BETWEEN THE ASYMPTOTIC HEARTRATE
ESTIMATES OF THE SUBGROUPS

T - value----
Active non-smokers vs Active smokers

Active non-smokers vs Sedentary smokers

Active non-smokere VB Sedentary non-smokers

Active suckers vs Sedentary smokers

Active smokers vs Sedentary non-smokers

Sedentary smokers vs Sedentary non-smokers

2.153
-1. 711
-2.191
-3.659 **

-3.531 **

-1.028

For an overall significance level of 0.05 the six individual tests were performed at the a =
0.~5 = 0.0081evel using (4.1.5).
(2)

From 'I'able 4.7 it is evident that the asymptotic heartrate estimate of active smokers

differed significantly from that of sedentary smokers and sedentary non-smokers. (** after

the t-value indicates where a significant difference occured),

In order to illustrate the effect of the various variables on the function the graphs in

Figures 4.3 and 4.4 were plotted.

From Figure 4.3, which plots the logistic function for heartrate of active smokers and

sedentary smokers, it is evident that for any given duration of exercise the sedentary

subjects! tend to have a higher heartrate than active smokers. The reason for this can be

interpreted I:\S greater demands of oxygen are necessary in an unfit person due to a

reduction in metabolic efficiency at the cellular lev=l.
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As both groups are smokers it can be assumed that the amount of lung damage due to

smoking is the same in both groups and therefore also the ability to oxygenate the blood.

Therefore to comply with higher oxygen demands all increase in cardiac output must occur.

It can thus be seen that one of the compensatory mechanisms to increase cardiac output

(and therefore oxygen supply) would be to increase the heartrate.

Even though smoking has the opposite effect to what is expected the curves in Figure 4.4

confirm the results in Table 4.3 the active smoker has a lower heartrate over time than the

sedentary non-smoker. These results warrant further investigation from a physiologist.

~.·;l

I
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4.2 APPLYING THE LOGISTIC FUNCTION FOR VENTILATION

Using the same procedure as in heartr .....te to arrive at the chosen function, resulted in the

following:

VB = A/(l + EXP(BO+Bl time-l-Bz smoke-lBa Lifestyle+B4 weight» (4.2.1.)

From Table 4.8 one can observe that all the parameters are significa.nt in the expected

direction. The longer the exercise test the higher the ventilation; smoking increases

ventilation; an active lifestyle results in a decreasing effect on ventilation and the heavier

the subject the higher the ventilation tends to be. Once again there is a high correlation

between the asymptote 'A' and the parameter 'Bl ' for time. For the same reasons

provided in the results for heartrate, function (4.2.1) was chosen as the best fitting function

for ventilation

2 RESIDUAL SUM OF SQUARES
R = 1 - CORRECTED TOTAL SUM OF SQUARES

828887.397
= 1 - 2104035.98I
= 0,61

indicating that 61% of the (corrected) total variation is attributed to fit rather than left to

residual error. The residuals in Figure 4.5 form a band around the horizontal zero line,

indicating a constant variance. There is however a tendency of underestimation fer low

time and of overestimation for high time. The normal plot for Fig. 4.6 is a straight line

except for a slight deviation in the left-hand tail which confirms the assumption of

normality. From Table 4.9 it would seem that the effect of smoking On ventilation is far

greater than that of lifestyle. However Table 4.8 says the opposite since 11331> I :821. This

could be ascribed to the fact that the variable weight was excluded from the subgroups.

It would appear however from Table 3.1 that this is not the case since all the subgroups

have more or less the same average weight.
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Table 4.8 Non-lInear least square statl$tlcs for ventIlation~~---~-------------~---~--~------------------~----
SOURCE
REGRESSION
RESIDUAL
UNCORRECTED TOTAL

DF SUM JF SQUARES
6 13292541.603

4005 828887.397
4011 14121429.000

MEAN SQUARE
2215423.600

206.963

(CORRECTED TOTAL) 4010 2104035.981

PARAMETER ESTIMATE ASYMPTOTICSTD. ERROR
2.2360537837
0.0910613001
0.0194914995
0.0218490485
0.0218900588
0.0011433853

ASY'lPTOTIC 95 %
CONFIDENCE INTERVAL
LOWER UPPER

9~.817973300 102.58595069
2.093497032 2.45056511

-0.551401885 -0.47497214
-0.1874020011 -0.10172787
0.114303311 0.20013825

-0.017562817 -0.01307939

A
BO
Bl
B2
B3
B4

98.20196199
2.27203107

-0.51318701
-0.144564940.15722078
-0.01532111

ASYMPTOTIC CORRELATION MATRiX Of THE PARAMETERS
CORR A 80 B1 82 83 B4A 1.0000 -0.2705 0.9101 0.2077 -0;1607 0.4287BO -0.2705 1.0000 -0.3676 -0.1692 -0.1274 -0.9461Bl 0.9101 -0.3676 1.0)00 0.2098 -0.1991 0.4273B2 0.2077 -0.1692 J.21198 1.0000 -0.0610 0.0804 tow83 -0.1807 -0.1274 ~0.1!t91 -0.0610 1.0000 0.0009011 0.4287 -0.9461 0.4273 0.0804 0.0009 1.0000

IIhm•• enw. &8 && EL
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Figure 4.6
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Therefore no apparent reason could be found for this anomalous result. From 4.10 it is
evident that non-smokers had significantlylower ventilation that smokers irrespectiveof
whether they were active or sedentary.

TABLE 4.9 ESTIMATES AND CONFIDENCE INTERVALS FOR ASYMPTOTIC
VENTILATION VALUE

ASYMPTOTIC 95%
ASYMPTOTIC CONFIDENCE INTERVAL

ESTIMATE STANDARD ER..ttOR. LOWER. UPPER
Active smokers 97.6094 2.8473 92.0223 103.1965
Active non-smokers 79,9040 3.1805 73.6628 86.1452
Sedentary smokers 98.1095 4.0405 90.1796 106.0393
Sedentary non-smoker 81.2077 2.1225 77.0424 85.3729
TABLE 4.10 COMPARISONS BETWEEN TIm ASYMPTOTIC VENTILATION

ESTIMATES OF THE SUBGROUPS

Active non-smokers vs. Active smokers
Active non-smokers vs sedentary smokers
Active non-smokers vs sedentary non-smokers

T-value
4.148 * *

-3.541 * *
-0.341
-0.101
4.619 * *
3.706 * *

Active smokers
Active smokers

vs sedentarty smokers
vs sedentary non-smokers

Sedentary smokers vs sedentary non-smokers

The curve in Fig. 4.7 reflectwhat is expected i.e.sedentary people require a greater
ventilatory effortthan active people to support prolonged exercise because their efficiency
in utilisingoxygen is lower.



Fi~ure 4.7

100

90

P 80
R
E

7°1
0
I
C
T
E 60j0

V
A 50
L

40jU
E

/ "

.~
,/

30

./'
20 -, .-,--

0 1 2 3
{:,~' S~DENTARY St401(ERS

*** ACTIVE SMOKERS

SAS 5.18 010MJPM 17/04/90 09: 24: 13 050

-------

12 13

TIME (minutes)



98

The best fitting model was:

V02·-KG= AI (1 + EXP(BO+B1time+B2 smoke+B3lifestyle+B4 yeight+

B5 smoke ~ lifestyle)) (4.3.1)

4.3 APPJ-,YING THE LOGISTIC FUNCTION FOR OXYGEN CONSUMPTION

2 RESIDUAL SUM OF SQUARES
R = 1 - CORRECTED '1'01'1L SUM OF SQUARES

V02-kg is a measure of the subjects metabolic rate and its unit of measurement is

millilitres per minute per kilogram. (See Section 3.5)

Table 4.11 indicates that whilst the parameters for time and smoking are significant in the

correct direction, the parameters for weight and lifestyle have the opposite effect on oxygen

consumption during exercise to what is expected. There is also a significant interaction

term, smoking" lifestyle which has an increasing effect on the heartrate. A contributing

factor to this surprising result could be the self selection of the subjects that underwent the

exercise stress test i.e. the subjects' volunteered for the test and were not scientifically

selected. Further investigation from a physiologist is warranted in this case.

1 198200.8567
= - 372935.6456
= 0,47

which indicates that only 47% of the (corrected) total variation is attributed to the fit

rather than left to residual error.

The residual plot in Fig, 4.8 illustrates that the observed values were generally close to the

expected values for this specific model. There were two individuals whose oxygen

consumption increased dramatically with time. Their measurements appear as outliers in

Figure 4.8 which could account for the fact that R2 is only 0.47 and why the variance

increases with time. The normal plot of Figure 4.9 confirms the assumption that the data

values are approximately normally distributed.



Table 4.11. Non-linear least squares statistics for oxygen consumption

SOURCE OF SUM OF SQUARES MEAN SQUARE
REGRESSION 7 2183030.4072 311861.4867
RESIDUAL 3937 160209.3928 40.6933
UNCORRECTED TOTAL 3944 2343239.8000
(CORRECTED TOTAL) 3943 339464.4544

ESTIMATE ASYMPTOTI C 95 %CONFIDENCE INTERVAL
LOWER UPPER

35.463804671 38.536195329
0.383S61979 0.797947715

-0.569206680 -0.479661371
-0. 1901}78716 -0.045875921
-0.290295082 -0.142289269
0.003478133 0.008360621

-0.207898415 -0.0030423~3

PARAMETER ASYMPTOTIC
STD. ERROR

37.00000000 0.78353246456
0.590904850.10560168074

-0.~2443403 0.02283617704
-0.118177320.03687714145
-0.21629218 0.037741199139
0.00591938 0.00124515009

-(\.10547037 0.,05224316065

A
80
81
82
83
84
85

ASYMPTOTIC CORRELATION MATRIX OF THE PARN1ETERS
CORR
A
BO
B1
82
83
84
B5

A 60 81 B2 83 8t! 85
<D

1.0000 0.2153 0.8943 0.1029 0.2232 -0.1776 0.0935 <D

0.2153 1.0000 0.1051 -0.1680 -0.2230 -0.9428 0.1900
0.89t13 O. '1051 1.0(100 0.1104 0.2147 -0.1705 U.0815
0.1029 -0.1680 0.1104 1.0000 0.5095 -0.0097 -0.6882
0.2232 -0.2230 0.2147 0.5095 1.0000 0.0610 -0.6625

-0.1776 -0.9428 -0.1705 -0.0097 0.0610 1.0000 -0.0663
0.0935 0.1900 0.0815 -0.6882 -0.6625 -0.0663 1.0000
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TABLE 4.12 ESTIMATES AND CONFIDENCE INTERVALS FOR ASY1~TOTIC
OXYGEN CONSUMPTION VALUES

ASYMPTOTIC 95%
ASYMPTOTIC CONFIDENCE INTERVAL----

ESTIMATE STD ERROR LOWER UPPER
Active smokers 37.0000 1.3139 34.4218 39.5781
Active non-smokers 34.2927 1.0701 32.1927 36.3927
Sedentary smokers 34.1925 1.2529 31.7334 36.6515
Sedentary non-smokers 23.6778 0.4437 22.8069 24.5486

From Table 4.12 itis evident that there is a dramatic increase in the oxygen consumption
between sedentary non-smokers and sedentary smokers, but not such .a great increase in
active people.
The curves in Figure 4.10 are exactly as would be expected. The smokers have a
diminished capacity for gaseous exchange and therefore require greatly increased
ventilation i.e.laboured breathing. This extra work in breathing results in an increased
metabolic rate and thereforeincreased oxygen consumption.

TABLE 4.13 COMPARISONS BETllEEN THE ASYMPTOTlC OXYGEN
CONSUMPTION ESTIMATES OF THE SUBGROUPS

r '" value
Active smokers vs Active non-smokers
Active smokers vs Sedentary smokers
Active smokers vs Sedentary nun-smokers
Active ~on-smokers vs Sedentary smokers
Active non-smokers vs Sedentary non-smokers
Sedentary smokers vs Sedentary non-smokers

1.598
1.546
9.824 * *
0.061
9.167 * *
7.912 * *
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From Table 4.13 it is evident that there is a significant difference in the asymptotic oxygen

consumption estimate between active non-smokers and sedentary non-smokers, and

between sedentary smokers and sedentary non-smokers. This confirms the results in Table

4.11 that both lifestyle and smoking have an effect on the asymptotic oxygen consumption

estimate.

Variable-oxygen consumption
NORMAL PROBABILITY PLOT

87.5j

\
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4.4 SUMMARY

It is evident from this section that the experimental design had a major influence on the

results and the type of logistic function chosen. The fact that workload and time were

completely confounded in the experiment, as well as treadmill speed and age, created

difficulties in interpreting the results. Alternative forms of the logistic function were

applied in order to reduce the high correlation between the asymptote and time.

Unfortunately these new approaches did not have the desired effect, and the original

function tha.t was proposed, was used.

The parameter estimates for the variable ventilation were as expected i.e. smoking, time

and weight had an increasing effect whilst an active lifestyle had a decreasing effect. The

parameter estimate for smokers on the heartrate variable was contrary to what is expected

i.e. smoking had a decreasing effect on the heartrate estimate. The effects of time, lifestyle

and weight were however physiologically acceptable. For the variable oxygen consumption

the parameters for time ar.d lifestyle were significant in the correct direction whilst the

parameters for weight and smoking were significant in the opposite direction to what is

expected. 'I'he fact that h.e subjects were self selected could be the reason for some of

these unexpected results. The squared multiple correlation coefficient was high enough to

indicate a reasonable predictive ability for all three models.



CHAPTER 5

5.1 APPLICATION OF THE P..AO-KHATRI MODEL

INTRODUCTION

In this section the Rao-Khat.ri model is applied to the data. A discussion of the

similarities and differences between the Rao-Khatri model and the Potthoff and Roy model

can be found in Section 2.6. There were two main reasons for applying the Rao-Khatri

model instead of the Potthoff and Roy model. Firstly there was a lack of information

concerning the matrix G for the Potthoff and Roy model. Since EO is unknown G = EO

cannot be used. Grizzle and Allen (1969) proved that when G = S the two models are

actually equivalent. Another reason for applying the Rao-Khatri model is that standard

multivariate analysis of covariance programs can be used for the modelling procedure,

whereas the Potthoff and Roy model requires an involved program to handle the iterative

procedure necessary to estimate EO' The three variables heartrate, ventilation, and oxygen

consumption are fitted by this model. Firstly a decision is made on what degree

polynomial to use, and thereafter the inclusion of covariables is considered. Comparisons

between the Rao-Khatri model and Richards' logistic function are discussed and graphical

representations are presented depicting these differences.

HEARTRATE RESULTS

Consider the model E(YO) = Aep (See(2.1.1» where A is the design matrix, e the

parameters being estimated and P a third degree orthogonal polynomial. Since there was

equal spacing between the data observations, orthogonal polynomial coefficients could

be used. To test the adequacy of the third degree polynomial we compare it with the

matrix C2, the coefficients corresponding to the orthogonal polynomials of degrees 4,5 and

6. (Pearson and Hartley (1966). The matrices A, P, and C2 can be found in Appendix C.

105
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Since P02 = 0 the test lor adequacy given in Section 2.5 is equivalent to testing

uO: B02 = o for the model E(YO)= AB.

Using the theory of Section 2.4 we have M = 14 since there are four groups, V = 02' u = 3

(columns in 02) s = 4 (rank of M) and n - m = 51. Applying the theory leading up to

(2.2.4) and (2.2.5) we have

(5.1.1)

and E - C 'Y'(l - A(A'A)-lA,·)yC- 2 51 2 (5.1.2)

so that Wilk's lambda is

A = ~ N U3,4,51 (See(2.2.6)).

= 0.410.

It was decided for the application of this method to only use those subjects who underwent

the experiment for 7.5 minutes and longer.

This restriction ensured that there were no missing observations. However it resulted in

there being a reduction of 25 subjects from the original sample. i.e. there were 25 subjects

that lasted on the treadmill lor less than 7.5 minutes.

Since -flog A = 19.748 [where f = n - m - Hu ~ s + 1) see(2.2.7)) is less than Xi2(0.05) =

21.03, we do not reject HO' i.e, a third degree polynomial describes the data well, at the 5%

significance level.

Testing the adequacy of a 2nd degree polynomial produced the following:

A = rffJrr :::0.3603.
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In this case the exact F-test is used as opposed to the approximate i test. (See (2.2.8)).
1 _ At ?,v2 + 2

• N F
~ 2v1 + 3 4v1+6,4v2+4

= 8.324 with VI = t and V2 = 24.

Since '24 > F8,100,0.05(~ 2.08) the hypothesis that a second degree polynomial fits the

data is rejected at a 5% significance level. Therefore a 3rd degree polynomial was used.

In order to estimate the parameters for the four groups (Active smokers, active

non-smokers, sedentary smokers and sedentary non-smokers) we first consider which of

the three covariates corresponding to the fourth, fifth and sixth degree orthogonal

polynomial shall be used. These covariates are used if there is a high correlation with the

variables corresponding to the third degree polynomial. Covariates are included in the

estimation process but their coefficients are not estimated. (See Section 2.6).

First choose C1 and C2 such that P'C1 = 14 and P'C2 = 0 and transform the data matrix

to YO where C = (C1,C2).

From Table 5.1 it is evident that none of the columns in the (1,2) part of the table has all

its correlations small, so that all three covariates are appropriate. i.e. all three covariates

are to be included in the estimation process.
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TABLE 5.1 CORRELATION MATRIX FOR THE COLUMNS OF THE
TRANSFORMED DATA (YC1, '(C2)

1.000
YC1

0.2289 -0.2310 -0.0681
1.000 -0.3464 -0.0650

1.000 -0.2981
0.0556
0.1367

-0.4360

YC2
-0.0771 -0.0573
-0.0462 0.2178
0.3856 -0.1881

1.000 -0.1339 -0.4460 0.0766
1.000 -0.4499 0.2520

1.000 -0.5545
1.0000

'I'herefore in estimating e, the parameters for the four groups, the coefficients

corresponding tr the fourth, fifth ard sixth-degree orthogonal polynomials are also

included in the P matrix as covariates when estimating e in (5.1.3). i.e. they provide

information about the third degree polynomial coefficients being estimated.

(5.1.3)

where
Y'(l - A(A'A)-lA,)y

S - 51
- 1

Intercept Linear Quadratic Cubic

[ 131.8 1.1072 .0018474 .0010366] group 1
• 131.5 1.1039 .0038426 3.9E-D4 group 2

Therefore e = 12a.8 0.9781 .0051974 -1.0E-D4 group 3
126.6 1.4180 .0016696 8.2E-{)4 group 4
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Using Section 1.2 (VI) on orthogonal polynomials, the fitted curves for heartrate for the

four groups are in Table 5.2.

TABLE 5.2 Orthogonal Polynomials For Heartrate

Active smokers

Y = 131.8 + (1.l072)(1)X + 0.OOI85(3)[X2 - ~ 452 -1)]

+ O.OOI0366(~)[X3 - k<3( 45)2 - ?X]

= 131.8 + 1.1072X + 0.0055(X2 - 168.67) + 0.0008(X3 - 303.4X)

= 130.87 + 0.8645X + 0.0055X2 + 0.0008X3

Active non-smokers

Y = 131.5 + 1.1039X + O.01152(X2 -168.67) + 0.000325(X3 - 303.4X)

= 129.5569 + 1.0052X + 0.0115X2 + 0.000325X3

Sedentary smokers

Y = 123.8 + O.9781X + 0.01557(X2 -168.67) - O.0008(X3 - 303.4X)

= 121.174 + 1.2208X + O.01557X2 - 0.0008X3

Sedentary non-smokers

Y = 126.6 + 1.418X + O.0049(X2 - 168.67) + 0.0007(X3 - 303.4X)

= 125.'7735 + 1.2056X + O.0049X2 + O.0007X3
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time and X correspond as follows:

¢1(Xj) = Xi:-22 -21-20 ...0 ...20 21 22
time: 10 20 30 ...230 ...430440 450 seconds

Clearly the required coding is

x = fu<time - 230)
The same procedure for fitting polynomial curves to the heartrate data was used for the

ventilation and the oxygen consumption data.

VENTILATION RESULTS

A third degree polynomial proved to be the best fitting function to describe the data with

A = 0.476
so that -f log A = 16.44,which is less than X~2(0.05) == 21.03.
Table 5.3 indicates that none of the columns in the (1,2)part of the table has all its

correlations small, so that all three covariates should be included in the estimation process.

TABLE5.3 Correlation Alatrix For The Columns Of The Transformed
Data (Ye1, YC2)

1.000
YCi

0.7282 -0.3195
1.000 -0.0117

1.000
-0.0794
0.4336
0.0090

YC2
0.4361 -0.1220 -0.0471
0.3388 -0.1776 0.0572
0.0992 0.1390 -0.3057

1.000 -0.2183 -0.0934 -0.0220
1.000 -0.1568 -0.0374

1.000 -0.1120
1.0000
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The parameter estimates are therefore

[

45.9877
38.6033

l = 50.7020
50.4352

1.0913 .0032915 .0015517 1
0.8188 7.4E-D4 .0018633
1.1706 .0037024 .0017374
1.4819 .0012755 -1.2E-D4

Active smokers
Active non-smokers
Sedentary smokers
Secientary non-smokers

Using Section 1.2 (VI) we have the following four function!'. with X = fu<time - 230) in

Table 5.4.

TABLE 5.4 Orthogonal Polynomials For Ventilation

Active smokers

Y = 45.9877 + 1.0913X + 0.0099(X2 - 168.67) + 0.0013(X3 - 303.4X)

= 44.3178 + 0.6969X + 0.0099X2 + O.0013X3

Active non-smokers

Y = 38.6033 + 0.8188X + 0.0022(X2 -168.67) + 0.0015(X3-303.4X)

= 38.2322 -I- 0.3637X + 0.0022X2 + 0.0015X3

Sedentary smokers

Y = 50.702 + 1.1706X -I- 0.011l(X2 -168.67) -I- 0.0014(X3 - 303.4X)

= 50.702 + 0.7456X + 0.0l11X2 + O.0014X2

Sedentary non-smokers

Y = 50.4523 + 1.4819X + 0.00381(X2 - 168.67) - 0.0001(X3 - 303.4X)

= 49.8097 + 1.5122X + O.0038X2 - 0.0001X3
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OXYGEN CONSUMPTION RESULTS

A third degree polynomial once again proved to be the best fitting function to describe the

data with A= 0.465 so that -flog A= 16.96which is less than 21.03 (= Xf2(0.05».

All the covariates corresponding to the 4th, 5th and 6th degree polynomial coefficients

should be included in the estimation process since none of the columns in the (1,2) part of

the table has all its correlations small.

TABLE5.5 Correlation Matri~ Fo; The Columns Of The Transformed
DATA(YC1, YC2)

YC1 YC2
1.000 0.8765 -0.1703 -Q.0794 0.1559 -0.1033 -0.0983
0.8765 1.000 -Q.I054 -0.2930 -Q.1074 -Q.1618 0.1046

YCl -0.1703 0.1054 1. 0000 -u. 4569 -Q.Io9o 0.2721 -0.1002
-0.0769 -0.2930 -Q.4569 1.0000 -Q.3322 -0.3559 -0.2202

-0.1559 -0.1074 -a.l090 -Q.3322 1.0000 -Q.2671 -0.7304
YC2 0.1033 0.1618 0.2721 -Q.3559 -Q.1671 1. 0000 -Q. 0602

0.0983 0.1046 0.1002 0.2202 -Q.7304 -0.0602 1.0000

The parameter estimate for the four groups are therefore

[

14.8591 0.3505 -.001143 1.3E-04 1
• 16.6081 0.2974 -2.4E--Q4 5.1E-04
e = 19.4863 0.3907 -3.6E--04 2.1E-D4

21.4493 0.4951 -Q015995 5.03-04 J

with the final polynomial functions given in Table 5.6.
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TABLE 5.6 Orthogonal Polynomials For Oxygen Ccnsumption

Active smokers

Y = 14.8591 + O.3505X - O.0034(X2 -168.67) + O.0001(X3 - 303.4X)

= 15.4325 -I- O.3202X - 0.0034X2 + O.OOOlX3

Active non-smokers

Y = 16.6081 -:- O.2974X - O.0007(X2 - 168.67) + 0.0004(X3 - 303.4X)

= 16.7261 + O.17f'OX-0.0007X2 + O.0004X3

Sedentary smokers

Y = 19.4863 + O.3907X - O.OOll(X2 -168.67) + O.0002(X3 - 303.4X)

= 19.6718 + O.3300X - O.OOllX2 + O.002X3

Sedentary non-smokers

Y = 21.4-193+ 0.4951X - O.0048(X2 - 168.67) + O.0004(X3 - 303.4X)

= 22.2589 + O.3737X - O.0048X2 + O.0004X3

where X = fuctime - 230).
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5.2 GRAPHICAL C( •.Li: J"~ -:ONS BETVV"'EENTHE RAO-KHATRI MODEL AND

RICHARDS' LOGI.';TIC FUNCTION

Since the application of the Rao-Khatri model had 25 subjects less than the sample used

for the application of the logistic function, only graphical plots were used to compare the

two approaches. In order to illustrate these di:ferences an example was used fOT each

varia.ble: Le, for oxygen consumption sedentary non-smokers were used, for heartrate,

active non-smokers and for ventilation, sedentary smokers. It is evident from Figures 5.1,

5.2 and 5.3 that the two functions display similar tendencies in tILt) first half of the

experiment. In Figure b.3 the predicted Rao-Khatri polynomial for example indicates an

acceptable heartrate of 110 after 7.5 minutes whilst the predicted logistic function indicates

a heartrate of 120. However the Rao-Khatri polynomial provides unacceptable values in

the second half of the experiment. for example a heartrate of 400 after 11 ·:linutes. This is

due to the square and cubic effects in the polynomia1. The logistic function on the other

hand reaches a more acceptable asymptotic value, for example a heartrate of 180 after 11

minutes.

It therefore indicates that the Rac--Khatri model is suitable for interpolation but not for

extrapolation. The logistic function provided more physiologically acceptable estimates the

longer the exercise test endured. The major advantage however of the Rao-Khatri method

is that one can apply a standard multivariate analysis of covariance program to the data.
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CONCLUSION

The question now should be "which approach should be used to analyze cardio-pulmonary

responses?" The Rao-Khatri polynomial has the obvious shortcoming that the parameters

do net have any physiological meaning. The polynomial also provided unacceptable

values, the longer the experiment endured. Richards' logistic function on the other hand

does provide a physical meaning for each of the parameters. From a physiologist's point of

view, the Richards' growth curves provided more a.ceptable results. The calculation of the

asympote fOIeach variable, along with its confidence interval, could be useful in creating

norms for similar exercise tests. The main advantage of using the Kac--Khatri model is

that om can apply a standard multivariate analysis of covariance program to the data.

The design of the experiment did however have shortcomings. The reason for this was that

the data from the Mor Institute in Israel were not collected exclusively for the purposes of

this dissertaticn. Nevertheless, some of the design aspects were bad.

The variable work load was highly correlated with time which made it impossible to

distinguish between the effects of work load and time on the measurements. The observed

effect is clearly a composite of the two effects. The various age groups were subjected to

different treadmill speeds and thus different conditions and thus the effect of age could not

be measured again, what is observed is a composite of the age and workload effects. The

subjects volunteered and were not scientifically selected.

Factors such as the amount of cigarettes smoked by a 'smoker' each day, or the intensity of

exercise an 'active' subject underwent each week, were not examined.

However with the correct experimental design, Richards' logistic function could possibly

provide meaningful results in analyzing cardio-pulmonary responses to a graded exercise

test.
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APPENDIX. A

OUTPUT OF SCURVE PROGRAM

GIVEN N OBSERVATIONS yeT), T = 1,...,N MADE AT TIMEPOINTS T, THEN

ANY OF THE FOLLOWING 3 CURVES CAN BE FITTED

1) MONOMOLECULAR: YeT) = A x (l+SxBx(RxxT))

2) LOGISTIC CURVE: yeT) = A/(l+SxBx(RxxT))

3) GOMPERTZ CURVE: YeT) = A x EXP(-Bx(RxxT))

REMARK: S IS =1 OR -1 AND THE VALUE IS CALCULATED BY SCURVE

IF YOU REQUIRE THE MONOMOLECULAR FUNCTION, TYPE '1"

IF YOU REQUIRE THE LOGISTIC FUNCTlON, TYPE "2" AND

IF YOU REQUIRE THE GOMPERTZ FUNCTION, TYPE '3"

?

1

ENTER THE AMOUNT OF OBSERVATIONS (N) IN

?

7

IF YOUR DATA IS ALREADY IN "CURVE DATA", ENTER "S" ELSE THE

NUMBER "4"

?

?

4

ENTER FIRST THE N OBSERVATIONS AND THEN THE TIME POINTS

24.53 28.61 31.26 31.75 33.26 33.28 33.53

?
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o 1 2 3 4 h '~

- MONOMOLEGT~LAR

-THE CALCULATED F-STATT" ~(j.' .....!.\. TESTING HO:

liTHE CORRELATION COEFFICIENT = 01115 298.129

THE DEGREES OF FREEDOM = 2 AND 4

IF THE CALCULATE F > F-TABLE VALUE THEN HO IS REJECTED AND THE

FUNCTION CAN BE REGARDED AS SIGNIFICANT.

_ RESIDUAL SUM OF SQUARES = 1).43197

-THE VALUE OF THE ESTIMATED PARAMETERS IS THE FOLLOWING

"A" = 33.8089

THE SIGN "S" OF THE PARAMETER "B" = -1

"BI! = 0.27452

"RII = 0.55319

_ 'rHE VARIANCE OF THE OBSERVATIONS IS 10.80385

-THE CORRELATION coeFFICIENT IS 0.990

_ 95% CJ. FOR PARAMETER "AII 26.0935 43.8057

_ 95% C.I. FOR PARAMETER IIBII 0.0813 0.6180

_ 95% o.r, FOR PARAMETER IIRII 0.0173 0.9886

IF YOU REQUIRE A 95% C.L FOR A SPECIFIC Y-VALUE TYPE 11111ELSE 110"

?

1

TYPE THE T-VALUE FOR A 95% C.l. FOR yeT)
?

7
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- THE 95% C.r. IS: 10.49390 57.88417

_ THIS IS THE 1ST DATASET ANALYZED. IF YOU REQUIRE ANOTHER

DATASET TYPE 1:1" EIJSE "Oil

?

o
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ESTIHATION OF THE LOGISTIC FUNCTION APPENDIX B

1* INSTRUCTIONS FOR GRAPHICS PLOT '~I

GOPTIONS HANDSHAKE=NONE AUTOFEED NOPROMPT;
GOPTIONS GACCESS=GSASFIr~ ;
CMS FILEDEF GSASFILE DISK STATA4AA HPGL OJ
GOPTIONS DEVIGE=HP7S50A PENMOUNTS=4;
GOPTIONS COLORS=(BLACK,RED,GREEN,BLUE);
*GOPTIONS DEVICE=IBM327~;
1* ARRANGEMENT OF THE DATA FILE *1

DATA NEW;
SET NERGE2.DATA;

IF AGE <= 35 AND AGE> 10 THEN AGEG = 1;
IF AGE> 35 THEN AGEG = 0;
OBJI = 'AC SM ';
OBJ2 = I SED S~l';
OBJ3 = 'SM ';
OBJ4 = 'AC NSM';
OBJ5 = I SED NS~lI ;
OBJ6 = 'NSM';
Tl ~ SUBSTR(OBJECTV,I,6)j
T2 = SUBSTR(OBJECTV,I,3);
'£3= SUB STR (OBJECTV ,1,7) ;
IF Tl = OBJI OR Tl = OBJ2 OR T2 = OBJ3 THEN SMOKE = 1;
IF Tl = OBJ4 OR T2 = OBJ6 OR T3 :.::OBJ5 THEN SHOKE = 0;
IF Tl :::OBJl OR Tl ~ OBJ4 THEN LIFESTL = 1;
IF T1 = OBJ2 OR T3 = OBJ5 THEN LIFESTL :::0;
IF N = 1 THEN OLDNUH :::NUMBER;

IF NUMBER = OLDNUl1 THEN DO;
COUNT = COUNT + 1;
IF COUNT := 6 THEN DO;
WL = WL + 2;
COUNT = 0;

END;
END;
ELSE DO;

GOUNT =OJ
IVL:.:O;

END;
OLDNUM = NUl'lBER;
RETAIN i'lL0 COUNT -1 OLDNUH;
KEEP HR loIEIGHTTUIE WL SHOKE NUMBER LIFESTL AGEG

. PROC SORT; BY TnlEj
I" USING PROCEDURE NLIN TO CALCULATE PARAHETER ESTnlATES

FOR THE LOGISTIC MODEL *1

PROC NLIN DATA '" NElv ~IETHOD := GAUSS;
FARMS ~1=:':2BO=O B1=0 B2=0 B3=0 B4=0;

BOUNDS 170<=A<=250;
~!J= EXP(B0 +B11:TIME + B;!i:SHOKE+
B3;:LIFE:sTL ...F4'~\iEIGHT); I

I
I
i-----------------------~

I'~SPEClJ..'ICATIO:\OF THE HODEL BEING PLOTTED 'l:f
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HODEL HR = AI (1 + ~IJ);

1* PARTIAL DERIVATIVE OF THE EXPRESSION IN THE MODELSTATEMENT
WITH RESPECT TO THE PARAill:TER BEING ESTIMATED =!

DER. BO = (A'~-l\~HJ)1 (1 + HJ),h"2;
DER.B1 = (A*-1'~HJ*TIHE)/(1+NJ)'~'~2;
DER.B2 == (A*-1*HJ*SHOKE)/(1+MJ)'~*2;
DER. B3 = (A";'-l*NJ'~LIFESTL) I (1+I1J)"'''2;
DER.B4 := (a*-1*mj*weight)/(1+mj)*"~2;
DER. A = 11 (l+HJ); .
OUTPUT PREDICTED = EN1 RESIDUAL ==BN2;
1* ''<I
1* SPECIFICATION OF THE OUTLAYOF THE GRAPHICS *1

PROC GPLOT;
TITLE1 F==XSWJSS C=RED J=C H=.95 'LOGISTIC RESIDUAL PLOT FOR HEARTRATE'j
TITLE2 F=XSWrSs C=RED J=C H=.95 'HR=A/(l + EXP(BO + Bl*TIHE'
'+ B2"'Sl'lOKE + B3'~LIFESTL + B4"lvEIGHT)' ;
SYHBOL1 I=NONE C=BLU£ V=STARj
SYHBOL3 I=NONE C=BLUE V=STARj

PLOT BN2i'TUIE=3
1 OVERLAY ;
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TESTING THE ADEQUACY OF THE RAO-IaIATRI POLYNOMIAL APPENDIX C
------~------------------------------------------
*1 Ar~angement cf the data file 1*

DATA NEI.,;
SET ~lERGE2.DATA;

IF ~fBER = '0126680' OR NUMBER = '2443677' OR NUMBER ~'0338930'
OR NilllBER= '5071815' THEN DELETE;
if time> 4.5 then delete;
IF tGE <= 35 AND AGE > 10 THEN AGEG = 1;
IF AGE> 35 THEN AGEG = 0;
OBJI = 'AC SM ';
OBJ2 = 'SED SM';
OBJ3 :: 'SH ';
OBJ4 = 'Ae NSM';
OBJS = 'SED NSM';
OBJ6 = 'NSH';
T1 :: SUBSTR(OBJECTV,1,6);
T2 = eUBSTR(OBJECTV",1,3);
T3 = SUBSTR(OBJECTV,1,7);
IF Tl = OBJ1 OR Tl = OBJ2 OR T2 = OBJ3 THEN SMOKE = 1:
IF Tl = OBJ4 OR T2 = OBJ6 OR T3 = OBJS THEN SMOKE = OJ
IF T1 = OBJ1 OR Tl = OBJ4 THEN LIFESTL = 1:
IF Tl = OBJ2 OR T3 = OBJ5 THEN LIFESTL ~ 0;
IF N = 1 TiffiNOLDNUM = NilllBERj

IF NilliiiER= OI.DNUM THEN DO j
COUNT = COUNT + 1;
IF COUNT :: 6 T:flENDO;
WL '" IfL + 2j
COUNT'" OJ

END;
:E:NDj
E:LSE DO:

COUNT =0;
IVL=O;

END;
OLDNUM = NUHBERj
RETAIN WL 0 COUNT -1 OLDNilll:
KEEP HR ve vo2_kg WEIGHT TUlE \fL SMOKE ~1BER LIFEBTL
proc sort j

by number smoke lifestl:
proc transpose data=new out=ydj
var vo2_kg;
by number smoke lifestl;
proc sort;
by smoke lifestl;
data mj;
set yd ;

*1 Remove missing observations 1*

array h 45 colI - co145;
de i = 1 to 45 ;
:.fh i =. then delete;

e::tdj
Design matrix·§. 1*



data xd;
input, xl - x4;
cards;
1 0 0 0
1 0 0 0
1 0 0 0
1 0 0 0
I 0 0 0
1 0 0 0
1 0 o 0
1 0 0 0
1 0 Q 0
1 0 0 0
1 0 0 0
1 0 0 0-
1 0 0 0
1 0 0 0
010 0
o 1 0 0
010 0
o 1 0 0
o 1 0 0
010 0
010 0
010 0
010 0
o 1 0 0
o 1 0 0
o 1 0 0
o 1 0 0
o 1 0 0
010 0
o 1 0 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 1 0
o 0 0 1
o 0 0 1
000 1
o 0 0 1
000 1
o 0 0 1
000 1
000 1
000 1
000 1
000 1
000 1
() 0 0 1
0'10 1
000 1
000 1

125
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*/ Third degree orthogonal polynomial coefficients. /*
~ M~bP ~
data kd;
.•.put; kl - k4;
cards;
1 -22 946 -3.311
1 -21 817 -2408
1 -20 694 -1610
1 -19 577 -912
1 -18 466 -309
1 -17 361 204
1 -16 262 632
1 -15 169 980
1 -14 82. 1253
1 -13 1 1456
1 -12 -74 1594
1 -11 -143 1672
1 -10 -206 1695
1 -9 -263 1668
1 -8 -314 1596
1 -7 -359 1484
1 -6 -398 1337
1 -5 -431 1160
1 -4 -458 958
1 -3 -479 736
1 .: -494 499
1 -1 -503 252
1 0 -506 0
1 1 -503 -252
1 2 -494 -499
1 3 -479 -736
1 4 -458 -958
1 5 -431 -1160
1 6 -398 -1337
1 7 -359 -1484
1 8 -314 -1596
1 9 -263 -1668
1 10 -206 -1695
1 11 -143 -1672
1 12 -74 -1594
1 13 1 -1456
1 14 82 -1253
1 15 169 -980
1 16 262 -632
1 17 361 -204
1 18 466 309
1 19 577 912
1 20 694 1610
1 21 817 2408
1 22 946 3311
;
*1 Orth"gonal polynomial coefficients corresponding to the fourth, 1*
*1 fif-;h and sixth degree. I'~
*1 }latrix G2 I'~

data cd ;
input cl - c:;';
cards;
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19393 -38786 504218
10578 -12341 22919
3608 5494 -234520
-1722 16359 -332059
-5607 21714 -321958
-8232 22848 -246064
-9772 20888 -137032
-1039~ 16808 -19480
-10247 11438 88922
-9482 5473 176429
-8232 -518 236264
-6622 -6083 265727
-4767 -10878 265370
-2772 -14658 238238
-732 -17268 189176
1268 -1863f~ 124202
3153 -18754 49946
4858 -17689 -26845
6328 -15554 -99736
7518 -12509 -162967
8393 -8750 -211750
8928 -4500 -242500
9108 0 -253000
8928 4500 -242500
8393 8750 -211750
7518 12509 -162967
6328 15554 -99736
4858 17689 -26845
3153 18754 49946
1268 18634 124202
-732 17268 189176
-2772 14658 238238
-4767 10878 265370
-6622 6083 265727
-8232 518 236264
-9482 -5473 176429
-10247 -11438 88922
-10392 -16B08 -19480
-9772 -20888 -137032
-8232 -22848 -246064
-5607 -21714 -321958
-1722 -16359 -332059
3608 -5494 -234520
10576 12341 22919
19393 38786 504218

'~I Using HI::'procedure to handle matrix operations I'"

proc iml:
use cond ;
read a~l var ccl into dal:
use Idj
read all v",r ldl Irrto ldd;
use sqj
read all -:',r sql into sqq;
use cbj
read all var chi into ebb;
use fr;
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read all var frl into frr;
use mj;
read all var coll col2 col3 col4 col5 col6 col7 co18 col9 collO
collI co112 coll.3 co114 coIlS col16 col17 col18 col19 col20
col21 col22 co123 col24 col25 col26 col27 colZ8 co129 co130
col31 col32 co133 col34 col35 col36 col37 co138 co139 col40
col41 col42 co143 co144 co145 into V'- ,
use xd;
read all var xl x2 x3 x4 into X;
use kd;
read all var kl k2 k3 k4 into kl;
use cd;
read all var cl c2 c3 into c2;
cnst = aal/55;
al == Idd/7590;
a2 = sqq/9203634;
a3= cbb/92036340;
a4= frr/2934936620;
c= cnst IIalii a211 a, IIc2;

*/ Standard error of the sample observations

s=(y =r-s *x>"inv(x *x)*x '''y)/51;
print s;
b=Lnvfx '''x),',x'''y;
print b ;

*/ Calculation of the U test statistic 1*

h=(b'''c2) *(x *x)'''b*c2;
e=c2 ",(y *y - y *x*inv(x *x)"'x *y)*c2;
v=det(e)/det(e+h);
print v;

'''/ Calculation of t.he correlation matrix of the transformed data I'':

rl=(y"'c) "':(i(55)-x'':inv(x"'x)'''x )'''y'''c/51;
d=diag(rl);
d2=sqrt(d);
v=inv(d2)*rli'inv(d2) ;
print v;

,"/ Inclusion of the covariates into the estimation process and /*
*/ the estimation of the parameters for the four groups t=
k=klllc2;
delt = inv(x *x)*x '''y*inv(e_J''!t1:1nV(k'''inv(s)'''k);
print delt;
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aPPENDIX D

IData file of subject with identity number = 000.1506 I

OBS AGE \YEIGHT NUHBER TUlE VE V02_KG HR SNOKE LIFESTL

1 52 85 0001506 0.1 31 9.3 88 1 0
2 52 85 0001506 0.2 29 7.3 102 1 0
3 52 85 0001506 0.1 36 10.6 124 1 0
4 52 85 0001506 C.4 36 11.2 129 1 0
5 52 85 0001506 0.5 45 15.0 133 1 o
6 52 85 0001506 0.6 48 14.5 130 1 0
7 52 85 0001506 0.7 51 15.7 133 1 0
F, 52 85 000J506 .0.8 54 16.6 151 1 0
9 52 85 0001506 0.9 59 18.3 156 1 0

10 52 85 0001506 1.0 62 17.9 143 1 0
11 52 85 0001506 1.1 65 18.4 131~ 1 0
12 52 85 0001506 1.2 69 18.? 133 1 0
13 52 85 0001506 1.3 70 18.7 133 1 0
14 52 85 0001506 1.4 72 18.4 136 1 0
15 52 85 0001506 1.5 72 19.0 139 1 0
16 52 85 0001506 1.6 63 17.2 133 1 0
17 52 85 0001506 1.7 68 19.2 146 1 0

18 52 85 0001506 1.8 69 18.3 142 1 0
19 52 85 0001506 1.9 74 19.9 131 1 0
20 52 85 0001506 2.0 73 19.0 13-, . 0.L

21 52 85 0001506 2.1 76 18.5 132 1 0
22 52 85 0001506 2.2 77 19.1 138 1 0
23 52 85 0001506 2.3 78 18.7 139 1 0
24 52 85 0001506 2.4 77 19.1 140 1 0
25 52 85 0001506 2.5 74 18.1 138 1 0
26 52 85 0001506 2.6 78 18.8 140 1 0
27 52 85 0001506 2.7 80 19.0 145 1 0
28 52 85 0001506 2.8 77 19.2 146 1 0
29 52 85 0001506 2.9 83 19.4 146 1 0
30 52 85 0001506 3.0 82 19.0 149 1 0
31 52 85 0('''1506 3.1 88 20.1 14!.fo 1 0
32 52 85 0001506 3.2 84 19.5 147 1 0
33 52 85 0001506 3.3 84 19.8 145 1 0
34 52 85 0001506 3.4 82 18.6 145 1 0
35 52 85 0001506 3.5 86 19.3 153 1 0
3'; 52 85 0001506 3.6 87 19.5 156 1 0
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