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ABSTRAC'I‘
This dissertation investigates the fitting of growth curves to cardio—-pulmonary responges

" on a treadmill,

The practical application is based on two approaches m the growth curve literature,
namely the Richards family of growth curves and the polynomial of Potihoff and Roy, and
Rao and Khatxi.

The first part of this dissertation desls with the theoretical ba.ckground to the two
approaches, .
Derivations of the Richards family of growth curves are consndered d:st;ngmstung
characterisiics discussed, and the various estimation techniques employed in the ﬁttmg of
theee nonlinear growth curves.

The diffecent types of polynomials in the Poithoff and Hoy model as well as the
Rao—Khatri model are considered. The fifting of these growth curves as well as the
hypothesis tests involved in choosing the correct degree of polynomial is also examined. -

The sccond part of this dissertation deals with the data taken from an exercise test
examining cardio~pulmonary responses. The two approachés in the first par of the
dissertation are used to £t the data fo a specific function. The best fitling functions
charactedzing the date are chosen, and physiclogical mterpreta.hons of these resylts are
provided. Experimental design difficulties are also discussed.
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INTRODUCTION

In many fields of application, such as biclogy, psychology, agriculture, botany, engineering
and medicine, experiments ave conducted in which s response s measured p times o each
of N experimental units, The concept "response on an experimental uﬁit" i3 used here to -
~ cover a wide range of situations.

Examples of these are: the height of a chilé measurad annually from nne to twelve years,
the width of a leaf measured daily over a period of two weeks, the ontput of an electronic
filter smeasured at ten time intervals, the woight of a mouse measured weekly over a period
of thres months, the measurement of heart rate of & person at ten second intervals on a
treadmill and the reaction {ime of a pemson ko a epecific stimulus measured gix times at
equal intervals, Experimental units may therefore refer to individuals, animals, plants or
other subjects. Models for euch dsta are called growth cnrve models and in recent years
ccmidémhle attention has been given to their analysis. Growth curve analysis usually
refers to the fitting of models and testing of hypotheses concerning series of measurements
in time on the same experimen.al unit of some quaniity of intereat.

There have been two distinct, dommant strands in the growth eurve literature. The first is
the "biological" strand, which seeks a model with a biological basis and "biclogically
meaningful” parameters. “The other is the "statistical” strand which deals with a class of
growth models, usually polynominals, which are analysed allowing for the dependence
structure but not necessarily according to biological characteristics.

Richards (1969) reviews current growth processes in biological data. It becomes appasent
how complex these data are 19 model due td 2 Jack of knowledge iﬁ this vast field.

At the current state of knowledge about the vastly complex subjects of binlugy,
biochemistry, physiology and environment in \&hich growth occurs, the biologically based
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models which Richards usea are merely approximations of the growth processes.
Bioiogi'cally based models are acceptable if and only if they pass the empirical test. .
Likewige all staiistical mocels only approzimate the truth and stand or fa]l on their
empirical performance,

In the statistical strand there have been various approaches by Potthoff and Roy (1964),
Rao {1965}, Khatri (1966) and Grizzle and Aller (1968). These techniques enable us to fit
polynoinial growth curves o seta of data with arbitrary internal correlation to test the
ugnal soris of hnea.r hypotheses about the true regressmn coefficients and to derive
confidence intervels for the growth curves.

In very short series where no alternative model could be fitted, & polynomial may be
adequate, for it may be the only model available.

However the choice of a polynomial vo represent a growth curve leaves a biclogist
unsatisfied since there is no biological interpretation of the parameters.

Richards {1969) states ".... the polynomial curves commonly adopted in statistical work are
usually quite inappropriate for growth studies". '

Sandland and McGilchrist (1878) st three reasoms why polynomials are mmattractive
myodels for long structm:ed prowth series
"(i} Growth processes undergo changes of phase, which are not a.ppropnately handled by
| fitting & global polymomial.
() I we fit & polynomisl o data for which it is not appropriate, the correlation
strnchué in the observed residuals will be distorted. |
(iif) Polynomials are poor af fitting asymptotic a.pproacl_ies {0 limiting values."



This disseriation will consider the fitting of growth curve models to cardio—pulmonary
TESpCnSEs On & gré.ded cxert_:ise test.  The ﬁrst. approach employed wusea the
non—polynomisl,nonlinear Richards family of growth curves (the "biclogical” strand).
Facters such a8 estimation processes, iterative procedures, the estimation of initial
parameters, il asgociated with the fitting of such noﬁlinea;r growth curves are considered.
The second appruach used in this dissertation employs the pulynomials of Potthoff and Roy
and Rao and Khatri (thé “statistical" strand). The fitting of such polynomials is
considered. The use of concomitant variables, the farious types of polynomials employed,
and the hypothesis testing of such polynomiala, are considere@ The best fitting functions
of both approaches are examined and physiologicsl interpretation is provided.



CHAPTER 1
INTRODTICTION

In Section 1.1 of this chapter the reasona for curve fitting are considered.
Section 1.2 deals with curves that are linear or transformable to the linear form. In Section
1.8 the characteristics of the three growth curves comstituting the Richards family of
growth curves are considered, namely: the monomolecular model, the logistic model, and
the Gompertz model. A derivation of each of these curves is provided, and brief
backgrounds o the curves are discussed. Since we are constdering nonlinear growth carves
Section 14 investigate- . suitable trapgformation of the parameters io simplify the
optimizing problem to one that has no restrictions. In Section 1.5 maximum likelihood
estimation, and least pquares estimation .are investigated, and comparisons between the two .
procesges are discussed. A method for inifializing parameters and the.deﬁva.tion- of
confidence intervals are also examined. In 1.6 optimization techniques such as the Newton
Raphson procedure and the Gauss Newton method are investigated. Section 1.7 considers
f ation whete residuals are correlated, and the maximum likelihe~d estimation of
aowth data. Section 1.8 examines the situation where the data are incomplete and

«yes estimation is used.



11 CURVE FITTING —WHY?

Before mentioning the various curves and their fitting to data, it is necessary to answer the
question *Why must a curve be fitted? '
Steyn, Du Toit and Smit {1981} consider the following reasuns.
(i) Exirmapolation
. An important aim in statistical research is to make forecasts sbout obseﬁed data
for & given data set.
If a function § = f(x) describes the relationship between the variables x and ¥y
- well, then it ig possible to forecast for & given x—value outside the interval of
observed x values, caly if the relationship still holds for this particular x valune.
This process is known as extrapolation. Consider the example where we fit & curve
to m pairs of observations (x,y), where x is the work rate expressed a5 a percentge
of maximum oxygen uptake, and y is the uor:esponding blood lactic acid
concentration of an individual while exercising. If the lactic acid concentration is _
determined by the following x~values 20 30 40 50 60 (% V0, max), then
¥ = £(70) is an estimate of the blood lactic acid concentration at a work rate of 70.
It is customary to represent the variable to be exirapolated by y. This variable is
the dependent variable whilst x—value is the independent or predictor variabie,

In genesal, extrapolation must be applied with caution, because the relationship
might only be applicable within the interval of observed x—values. '
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(i)

1.2

()

Interpolation
Often it is mecessary to astimate a y—value for a x—value within an interval of
x—values. This process is known as interpolation. . o

Consider the example where the rate of oxygen uptake () for a spesific individual

i known if the work rate (x) is equal to 25 50 75 and 100% respectively. If a curve is
fitted to these data, then § = f{35) is the estimated oxygen uptake for the individual
if the work rate is 35%.

Note that 35% ia a value in the interval 25 to 50% and that we therefore interpolated.
Postulating an empirical law

The data might be of such & nature that it migat vot be theoretically justified to use
the process of extrapolation or intetpblation.

‘We can however use the cirve that is fitted to the data, to postulate a.n empirical law
for the data set.

LINEAR CURVES OR CURVES THAT ARE TB.A_NSFORMABLE TO THE
LINEAR FORM.

The straight line § = & + bx. _

A plot of a bivariate data set (x,,y;} I = 1,2....,n often indicates that therc exists &
linear relationship of tha form ¥ = a 4 bx between x and y.

In b presentation of results it is important to consi_dér whether the value of the
intercept a, has any practical importance or not. _

To illustrate this point consider the following plot that represents the relationship
between age(x) and mase(y) and that a curvs 7 = a -+ bx was fitted to the data.




Figure 1.1 Siraight line y = 8 + hx
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If we are prepared to extrapolate outside the interval of the observed x—values for the
value x == §, then § = —5.

Frotn a mathematical point of view it means that the specific person weighed —8
kilograms at birth.

- It hag already been stressed that one must approach extrapolation with caution,

becauge the assumed relat.ionship befween x and y i3 not necessarily linear ocutside

~ the bour iaries of the observed x—-va.lueg.



The value of b 13 however of practical interest. Practically it measures the airerage
chanpe in y for a unit changei.. x. In tue example zbove, b indicates that there is an
average increase of 7 kg for every yea.r that this specific person got older. The
interpretation of b is usually ¢ ‘v valid within the interval of observed x—values.

(i) The exponential curve (Single log transformation)
In the case of a linear 1elationship between i and y where a gtraight line is fitted to
the data, the rate of change of § remained constant.
In economical and demographic data where the x values aze often equally spaced, it
will result in the corresponding §—values forming an arithmetic sequence,

‘This type of data however often forms approximately & geometric, rather than an
arithmetic sequence. «.g. When *he growth is of a percentage increase per time
interval (for example comp~y * it.res*). When this is the c&.se, the exponential curve
§ = ab™ may describe the - | e aip betweer x and y belder than a straight line.
This function is often known as a growth surve. The connection is characterised by a
constant ratio b between the y—values that correspond with the x—values 0,1,2....
Through application of the rules for logarithms it follows that the exponential curve can
be witien as follows .

log§=loga+xlogh.
If log y, log a and log b can be represented respectively by 3, &’ and b? then it follows
that y*'= a'+ b’x is the equation of & siraight line with gradient b’ and intercept a7, -
The original form of the equation § = ab* would then be obtained by calculating s and
b to be the antilogirhms of a’ and b resyectiveiy. See Figure 1.2 for a typical plot of
the exponential curve. .



g

X
Figure 1.2 Typical shapes of the oxponential curve v = ab

(iii)Power Curves (bouble log transformation)
Tf the observed (x,y) points are plotted and no knear relation is indicated, then the
(x, log y) points can be graphically represented and inspected for a linear relationship.
In the case where there still is no Hnear relationship between x and log y, there might
very well be a linear tendency between log x and log y.
‘When this is the case § = axP is a suitable cirve to describe the relationship between x

and y.
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In ‘agarithmic form, this equation can be written as

_ logy=loga+blogx _ M
Let ¥ a) and x! regpectively represent log ¥, log a and log x, then we will obtain the
equation of 2 straight line y' = 2' + bx'.

See Figure 1.3 for a typical plot of the Power Curve.

Figﬁre 1.3 'Typieal shapes of the power curve y = axb

b<0

{tv) The Hyperbolic curve (Inverse transformation)
A cunve with equation '
| §=atbfx, x40
is knowr as 8 hypérholic eurve,
Let z=1 /x, it follows -
F=a4 bz

Two posatble forms ot this curve are glven in Figure 1.4,
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Figurs 1.4 Typical ghapes of the hyperbolic eurve ¥ = a + b/x

{v) The parabola
An expanslon of the relationship ¥ = a + bx between y and x is a polynomial of
degree q mamely
$=a34bx+axt ..+l
where the degree q can be any values from 2,3,...n— 1.

Althongh the relationship between x and ¥ mé._v be better described the larger g
becomes, there are practica! and theoretical considerations for keeping & polynomial’s
degree as Jow as possible. One sach reason is the principle of parsimony which advises

138 to use models with the minimum number of pé.ra.meters.



In polynomial regressior, the assumed polynomial form of the model is uéually chosen
for éunvenience, 50 that a polynomial of given degres ia not assumed to be the true '
~ regression model. Because of thig, the testing of individual polynomial coefficients

is little more than 2 guide in deciding on l‘-hﬂ degree of polynomial to be fitied. Of
far more importance is a decision on what, degree of variability about the regression

* model is acceptable, and this decision will be based on practical rather than merely
statistical considerations. (Williem H. Kruskal and Judith M. Tagur, International
Encyclopaedia of Stb.tistics.} Figure 1.5 represents a typical plot of the parahola.

Figure 1.6 Typica) shapes of the parabole v = a + bx + mtz

e <0 : ¢ >0
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(vi) Orthogonal polynomialg _
Draper and Smith (1981) discuss the properties of orthogonal polynomials,
Crihogonal polynomials are used to fit a polynomiai of any order in one variable to
asetof n data points (x,7;) i = 1,2,..0. '
Suppose we wish to fit the model

Y=o+ 0K+ BX 0+ + X €

where 'Y ig the response variable and X is the predictor variable, Gemerally the
columns of the resulting design matrix X will not be orthogonal.
Therefore we can construct polynomisls of the form '

fpX) =1 zero—order polynomial
#,(X)) = By X, + 8§ first order polynomial
#9(X;) = RZX? + 8pX; + Ty second order polynomial

Pp(X) = Ry %™ 48, X ™ 4+ V_ mthorder palynomial

with the property that they are orthogonal polynomials, that is
n
Evj(xi)ﬁgi&) =0 (j# ) (1.2.)

for all j,2 < n—1. We can thus rewrite the model as
Y = og$y(X) + o, $(X) + ot a ¥ (X) + € (t2.2)

In this case we have

g

#(Xp) #olXp) e (X))
$;(Xg) ¥o(Xo) o #(Xp)

—

[

$10%) #y(X,) e 9,(X,)
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g0 that XX = g9

0
*nn

n :
'jvhe:e -y = 2 {1;5‘]@(1)}2 and &y, = n since all the off disgonal terms disappeat
i=t

(from {1.2.1}). _
Since (X'X)™" also consists of diagonal elements the least squares procedure cen be
uged to calcl_xlate estimates for “j j=0.rin(1.2.2), si:_:npliﬁea to:

ZYiﬁj(xi)'
A 1=l

te. = ¥ o j=012.r

¥ iwx) 2

i=1

.P'Y
i

Pearson an Harley (1966) provide formular for orthogonal polynomials ;aj(x) up
to order slx for equally spaced X's and for any value of n:

%(X) =1

g 1,2
. ﬁg(x) = 4\2{3{ “1‘2‘(“ ~1)}

#(X) = h{x® = L3 — 1)

0 (%) = 2y fxt - Lan® 13?4 Srn? — 1)a® -0y (L2.3)

#5(%) = dg{X® = Bgo® - 1x® 4 phe16n® - 20007 + 407X}

#5(%) = 3¢ 1x% —Srgan® - anyxt  ton? - 1100 4 320)%3

~ g’ -’ -9 - 25)}



15

13 NONLINEAR GROWTE MODELS
The class of eurves that have been considered so far ean be classified as linear in the

parameters or transformable to a linear form.

In thir section we will consider a family of growth curves that are not transtormable to the
linear form. These curves are wusually applied when it i necessary to describe the
. % hetween growth (y) and time (t) — from whence the name growth curve, arises.

e v

RS + X T ~=d in & specific area and in a spenific problem depends on the type

of growth i"%4 s.enrs, In eneral, growth models are mechanistic rather than empirical, A -
' mechanistic model usualiy arizes as & result of assumptions being made about the type of

growth, resulting differcatial or difference equations that represeﬁ_ﬁ thess assumptions, and

then solving these equations to obtain a growth model,

An empirical model, on the other hand, ia 2 model chosen {o approximafe an unknown

mechanistic model empirically,

The BMonamolecular Model
One assumes that for a specific growth situation the rate of growth ie directly proportional
' to the amount of growth yeb to be attained. This growth rate can be represented By the
following formula.

4% . k(o) (1.8.1)
where o is the maximum gro. th size, w is the nize of growth at time t and k is the
constant of the growth rate patiern.



Figure 1.8

MONOMOLEGULAR FUNCTION
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Through simplification and integration of (1.3.1), one attaine the desired growth funcifon.

. de - _
ie — = kdt
dw  _
. kjdt
dw
) -[........ = kt+¢

= ~In(a~w) =kt+c

= W= g —g Kt

Letting ¢ C = fa

%= a(l - ge¥h) | | (1.3.2)
waich is knm a5 the monomolecular function. See Figure 1.6 for an illustration of this
curve where & = 70, § = 0.6, ¢ X = 045, The reason for this name is that (1.3.2) is the
equation that is used for a "monomolecular” ¢hemical reaction of the firat order, in which
context # répresents the initial amount of a substance, and w the quantity of it that has

disappeared by the fime £,

Letéing ¢ = 0 in this moﬁomolecula.r function one can see that f = (a~w,)/a where w, i
the value of w when t= 0, 3o that the constant § represents the pofential g_mwth-
relative o ¢ from t = 0 to the limiting value o. The function therefore rises from

t =0 wherew = a(;—ﬂ) to the limiting value o. The monomolecular function has no

point of inflection since there i3 no change of sign in the second derivative for any .
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Different values of a will have differing effects on the vertical scale of the curve, whilst
different values for k will have a contracting or stretehing effect o_ﬁ the hodzountal scale of
the curve. _ ' '

One can see the effect of varying valtes of # on the monomclecalar function from Figure
1.7, where W = 70(1—f) is the slarting growth value. (i.¢. at t=0.) and & =70

F.G. Gregory (1928} made use of this function to fit the expansion in area of cotyledons in
plants growing at a high temperature (90°F). The argument devel.oped in support of its
a.pplicé.t.idn is ag follows. If the size of a fully expanded cell is large compared with that of
a meristematic, the area of the leaf <. any time will depend very largely on the number .(x)
of axpanded cella present. 'I‘he.ra,te of increa.ﬁe in their numbers will be a function of the
number of cells in the process of expansion, say g—f— = k(a~x), where a represenfs the total
cell number. By integretion x = a(l—-behkt) which i equivalent to (1.3.2) the
monomaleculer function. ' '
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Figure 1.7

MONOMOLECULAR FU
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The Logistic Model
Assuming that the growth rate is proportional to the product of the present size and the
‘amount of growth yet to be achieved, with a. being the limiting growth value then

¥ kw(a-w) | (1L2.3) -
Integrating (1.8.3)
TﬂT—j w= kjdt +c
Now L
Wi a-wj M=
=ki4c
1
= I Eo=ki+e
k
5
= a=w{l+e © &%
Let f=c %, K=X
_ -Kt |
so that w = of(1+fe ) (1.3.4)

which is known s $he logistic or antocatalytic funetion.

SeeI&gureleora.plotofthls graph where ¢ = 10, § = 60, ¢ X
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The name "autocatalytic" comes from chemical theory where this equaiion (1.3.4)
represents the progress of an awtocatalyzed monomolecular reaction, a being the ampunt of
some substance originally present and w the smount of the autocatalyst present at time t.
Plotted ageainst time this function yields a S-shaped curve, belng asympiotic at its two
ends to the lines w = 0 and w = g, and ha.ﬁng its point of inflection at w = of2 where

2
d k
-Tdtw = -E(a—2w).

This point divides the curve into two helves identical in form but orientéd in oppoéite
 directions. The resemblance between the typical S—curve of growth, whether plant or
.anima], and the progress of an autocatalyzed monomolecular reaction led Roberison (1927)
to the conclusion that growth is indeed determined by some such chemical means.

Under the name "logistic" function, this equation has been used to express the law of
haman population increase (Peadl and Reed (1920)). The logistic fanction has also been
applied to the prowth of higher plants which appear in physiological literature. e.g. fo
plant height (Reed and Halland (1918)), and to embryo length (Rijven A.H.G. (1052)).

Inverse Symmetry of Logistic Model
Let t; be the time point of inflection i.¢. where %= af (1+ﬂe_kt)
LylaB
When t =ty + u (1.3.4) con be written as-
| w = af(t+e %)
To prove that w has inverse symmetry about its point of inflection let g(u) = w—w;

. a 2
. W— Wy = [~— —'1]‘
_ 132 1+e—H
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= —g(u) _
Since g{—u) = —g(u) it is clear that the curve shape hag inverse symmetry sbout its point
of inflection. '

The starting growth value when t =0 is w = g/{(1+f) andfor t = o W = g, the
limiting growth value.

One can see from the following two graphs the effects of changing % and § on the
function. The varying values of k alters the steepness in the curves, whilst varying valne
of 8, e for f = lin Figure 1.0 and § = 5, in Figure 1.10, alters the starting point on the

vertical axis when £ = 4.
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Gompertz Mpdel
If there ia a negative linear reIatianshib between the r2lative growth rate and log w then
% . %_“‘ k(log a —log w) {1_—3-5)
5o that S = kw log(a/w)
Le = kdt
= wlegle/w) .
then integrating both sides
dw____ kjdt re
w Iog(efw)
= J' dv___ _y4ec (1.3.6)
w log{afw) -

Making the transformation z = log(e/w) in the integral on the left hand side of {1.3.6) .
yidds ' '
' dz
g = kt+¢

= .lnz=—kt—c

Using the transformation for z
=3 ln(%) == -ﬁe"kt where f=¢*

=%  w= g exp(~f exp(~kt)) (13'{)

See Figure 1.11 for a plot of this function.

This function has a point of inflection at afe, however it is not symmetric about this point.
Manipulation of (1.3.7) yields the following relationship



Figure 1,11
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1 dw_ okt
¥ dr = e
dw
=3 1og[F]=Iogkﬂ-kt

Which indicates that there is a lingar relationship between the log relative growth rate and
time,
From the plot in Figure 1.12, one can see the effect of a vatying f on the Gomperiz

‘model. The starting point for {13 model i.e. when t = 0, w = o ? and when t - w w - a,

the limiting growth value.

This function was introduced by Gomperts (1825) to assist actuaries in describing skew
S—curves of populaton increase. It has also been applied {0 apimal physiclogy as well as fo
botanical research.

P.B. Medawar (1940) first dedused and then confirmed, that the growth of a chicken’s
heart follows the Gompertz form, The change with age in "growth energy" were estimated
by determining the concentration of an inhibitor which just prevented growth in explants
taken st various ages; the values so determined proved to be proportional to the log
relative growth rates of the heart at the time the explanis were made, deciining
exponentially with the age of the organ.

Ag regards botanical work, Amer and Williams (1957) used the Gomperts function more
empirically, in a study of the growth in area of single Pelargonium leaves. The value of k

proved to bé constant under varying conditions e.g. water supply.

Due to the fact that k remained constant, § has no physiological significance and o is
concerned only with the final size, the effects of treatment differences could be calculated
on the value of L. .
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The Richkards Family of Growth Curves
The last three growth curves, i.e. the monomolecular, logistic, and Gompertz curves are

known aa the Rickards family of Growth curves.

Du Toit (1978) has writben this family as 2 five—parameter function
{(ﬁ, ti) = ﬂ(1+ﬂﬂ(s)ptj‘)l, j= 1,..-,]1... : (13.8)
where
2= (a:ﬁ(s)ap): 6=1-1
I f(c_r,ti) is fo be an increasing function in t;, thens=1for ) <Oandg=-1for} > 0.

For a decreasing function the signs of 8 are the opposite.

The parameters have the following restrictions,

a>0

ﬁ(l) 20; @ Sﬂ(__l) <1

0<p<1l where p=e ™.
Thig implies 0 s'e_k <1
ie ~wm<~k<0
ie k20 (1.3.9)
Where k i the rate constznt of the growth pattern, altering the steepness of the curve.
Note that 8 is just a comtmit that determines the sign of the parameter. ﬁ(s)' and it

t.
prevents the possibility of (1+sﬂ(s)p 1)"_ having complex roots.
The three growth curves follow as special cases of (1.3.8) nl.

(&) )= n(1+sﬁ(s}pti), 3 =1,p = ¢ ¥... monomolecular

O)  fla )= of(Ltafyp ), 3=t pm . logitc



i

(€ fat)=ac? %, {Aj+o f-0..CGomperts
where 'ﬂ* = sﬁ(s);\.

Although polynomials may present a good fit to a set of growth data, the Richards family
of cunrek are vsually preferred bacause each parameter has g specific physical meaning.

As mentioned before, o is the limiting value of the observed function e.g. final size of 2
plant or at ofgan. f# xepresents the potential increase (or decrease) in the value of the
fonetion during the time interval ty to tn’ and the parameter p represénts the growth

rate.
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14 REPARAMETRIZATION
Due to the function (1.3.8) being non-linear in its parameters, it i8 not possible by using
least squares to acquire a set of estimation equations where the solution is in closed form.

This implies that an iterative procedure is necessary in the estimaiion process.

Note that the parameters of the growth curve have certain restrictions (see (1.3.9)).
A suitable transformation of the parameters can be 1mplemented to simplify the optlmmng
' problem t0 one that has no restrictions i.e. unrestricted least squares
Consider now the following set of transformations (Du Toit 1978).
g, = Inea
fg =1n ﬂ(a)’ p=1

1—
=n( ut , 8=-1
(s)
=1n( !:;ﬁ ) (L4.1)
The original parameters can thus be expressed in the following wnrestricted form

?
a=el '—m<91<m

0
Bgy=l6+eF, —n<ty<a

p=—lg,  —m<f<e
Lte

where
65 =11 s=—-1
=0 if g=1 : (1.4.2)
Let % denote a set of n responses which have an assumed siructure
Y = f(_!t ) + E- i= 13 -l (1'4‘3)
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where it is assumed that the error terms e, are uncorrelated and have an expected value of
zero and variance 0’2 ie

Efe) =10

vaz(e;) = >0
The response fanction f(8,4;) is the reparametrised function (1.3.8) and is defined as
follows.

b | (Es g te )’J '
f(f,ti) =g { 14 —'—g—-—-r—} (1.4.4)
(1+e 3

The least squares estimator 4 can be defined as the value § which minimizes

RO = 3 ir -1y (1.45)
1=1
1t can be shown that (See section 1.6)
a(4,t,)
—ﬂ—-» -2 );:1“1 1040} - (1.4.6)
Pr(8) o(2,t,) af( ) (.1)
=3 2 {= " - i) —gr. | 040

i=1
These equations will be used in the estimation process in Section 1.5.

1.5  ESTIMATION

There are techniques which provide good estimators, and which are widely used in
applications. Two techniques to be considered are maximum likelihpod estimation and the
method of least squares.



34

Maximum likelihood estimation

Essentially maximum likelihood estimation involves estimating a parameter {or several
parameters) by maximizing ¢* likelihood funetion, this being simply the joint probability
{density) of the observations regardad as a function of the parameter{s).

In other words the maximum likelihood estimate of & parameter # is that value which
makes ithe obaerveﬁ sample most likely to have uccu.red.. So given a sample of n
independent values, x,,...x, fom the density function of (x,f) depeadent on the single
parameter §, the likelihood function is given by
Ly ) = 105, )05, 0)... 5=, 0).

The maximum likelihood principle implies that we take as our estimgtor of ¢, that value 4,
say, within the admussible range of # which makes the likelihood function as large as
possible.

If the likelihood function is a twice differentiable function of # then # will be given by
the root of

L

=0 (1.5.1)

for which Lo (1.5.2)
I Wil Eﬁ' b

T (1.5.1) and (1.5.2) are satisfied # will correspond to a possibly local maximum of the
likelihood function, The value of # corresponding to the lsrgest of these focal maxima (if
there are in fact more than one) will be the required estimate of £,

In practice it is often simpler to work with the logarithm of the likelihcod function which,
since it has ite maxima at the same positions as L, will lead {0 the same ertimated value of
0.
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Maxdmum likelihood estimaters have desirable sfatistical quralities auch ag cons:stency and
asymptotic normality. See for example B.5. Everitt (1987)

Least squares
Least squares estimisacion is used for the following sort of model. Suppose there a.re. n
obsarvations of & variable Y, and corresponding values of vaviables X Xgen Xk which in
some way are meant to predict the behaviour in Y, To_ be precise suppose that

B(Y) = (X}, Xy o Xy 0, Oy 0)
where { is & known function of the Xi’s and of the r unknown parameters ﬂl, 82,... 0‘!.
Since Y will flnctuate around E(Y), one plansible way fo estimate 0y, 0, ... 0, is tonse
those values of @, f, ... 8 for whick the sum of the squared deviations of the abserved
valuen of Y from their corresponding E(Y)’s is a minimum. In other words if the n sets
of observations are (Yi' Xyp Xop oee in) i=12 ... n the least squares estimates for #,, ...
6, will be the values of 0y,.. #, for which

§= Z(Y f(xh,xm,....xh, By, e ) (15.9)
i=1
is a mininmuem.

If it 50 happent that the ¥; - (X Xgp oo Kpgi O e 9-1,) = g, are independent normal
errors, all with the game varlance, then the method of least squares estimation ig the same

a8 that of maximum likelihood estimation.

This is trne in particulsr for the general linear model which assumes that k=1 and

f(x]_ xg xrr 91: 32: - 2 (Lb.4)
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According to the Ganss--Markov theorem, if the &8 are uncorrelated, and * - t*e same

variance, then no matter what their distribution is, no unbiated estimato; of #j " the
n :
form Z ‘&Y, hap a smaller variance than the least squares eatimator of g i
1=1
r
(H. Scheffe (1959}).

Weighted Least Squares
" In practice there may be additional information about the Yi’s, for example that some
observations are less reliable (i.e. have larger variance) than others. In such a case it may
be necespary to weight the terma in {1.5.8) accordingly and minimize the sum
N
2
Be= 3, W (7~ 4(0) (15.5)

i=1

where ,ui(ﬂ) = f(}{li, Xopr s Xygs Oyy oy 0), and the terms w; represent weights,
eg w; =[var (V'L

More generally the Yi’s may be correlated. Let V denote their variance—covariance
mateix. In matrix notation (1.5.5) can be written as
g = =8) TV )
where y = [y}, - yn]T and p= Dxl,...,;sn]T.
In particular if the terms g, are linear combinations of parameters ﬂj(j=1,...,r < n)
i.e. g == X} for some n x p matrix X, then
s, = (¥=X0) TV (v-x0) (L5.8)

For (1.5.6) the derivatives of 5 with respect to the elements 6j of § are

3
B;E = -2k v (y=%4)
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80 the welghted least squares estimator of 4 is the solution of the normal equations
xTvixp = xTvly (L5.7)
When V = o7, (1.5.7) becomzs xTx) = XTY which is the normal equations for

unweighted least squares.

Comparisor between Maximum Likelihood estimation and Least Squaves. _
An important distinction between the methods of least squares and maxirmum Hkelihcod is
that the former can be used without making assumptions about the distributions of the
response variables Y'i beyond specifying - their expectations and possibiy their
variance~covariance structore.

In contra.ét, to obfat maximum likelihood estimators it is necessary to specily the joint
probatility distribution of the Yi’s.

However, to obtain the sampling distributior of the least squares eslimatoxs f additional
assumptions shout the Y's are generally required. Thus in practice there is little
advantage in using the method of least squates unless the estimation equations are

computationally simpler. {A. Dobson 1983)

Since for nonlinear models the set of equations

#Y
"'Wj"‘= 9, j= 1121.3

cannot be solved explicitly for § (see (1.4.€)), an optimiszation procedure is necessary to
estimate J.

Thir optimization procedure nsually requiras the estimation of initial parameters.
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Estimation theory
Tt can be shown (Malinvaud, 1970) that the least squares estitnate § is asymptotically
distributed N(f,¢) (Goldfeldt and Quandt, 1272) (1.5.12)

whereby ¢ = 26201
The (4+3) matrix B has typical elements (see(1.4.7))

ZIC
[H]i §= e = 1,23
:. i%j
and
-2 _ F(}
a2
Eutimating initial parameters

Draper and Smith {1981} proposed the following method for estimating initial parameters.
Consider the logistic function (1.3.4) which can be written as '

y = § = In(1+fe % (1.5.8)
where y=lnwand §=Ina.

Since limy = § an initial estimate for § is 65 =y ... the maximom observed y.
ttm .

Choosing any two observation points, i and § to obtain initial estimates ﬂn and Xg
oty
yj = 60 - ll'l(l""ﬂue ) ' [1.5.10)
Rewriting (1.6.9) and (1.5.10) in the exponential form
exp(By;) — 1 = expl-Igty) |
exp(ﬁo-—yj) -1l=4 exp(——-kotj)
By division and sizaplification

exp{fyy) — 1 exp{kgt)
exp{iyyy) — 1 expl-gfy)
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exp(ég“"&) -1

ey - 1
X =f3:1t? la__cpmf)l._j_.ﬁ;__r] (1.6.11)

which gives an inital estimate for k, From the ith equation
.80 = exp(ko t;)exp( 50_71) —1]
giving a corresponding initial estimate of B, _
The ith and jth chservation should be widely distanced from one another in order to Iead

to more stoble estimates.

g 2.
Confidence Entervals for the Translormed Paramaters e ® and 1 1te !

An approximate 100(1—a)% confidence interval can be found for the urknown parametera
2, ﬁ(s) and p, due o the fact that the transformations are one io one and that
asymptoticaliy ?Ji ~ N{8,4) i= 123 (see 1.512) so that

P(E’i"'“a[z"lvu_ai'( B < E’i+za/2\[vrfii) 81-—a

where %, /'2 ig the critical value of the 2 score for probability level a.

It follows that

%
P[qgse squ]gl-n
-1, 1 1y . .
P14, ) ¢ —g ¢ () e L~ (1.5..3)
14e !
whe e

q£=exp{ai—zn,2Jvar 31}

My = &P {ﬂi + zalzq/va.r ﬂi}
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18 OPTIMIZATION
In the case where least squares estimation or maximum likelihood estimation do not have
explicit solutions for the parameters being est.imated; it i8 necessary to make use of an

iterative process fo estimate these parameters.

Two such processes to be considered in the context of growth curve wnalysis are the
Newton Raphson method and the Gauss—Newton method. '

Newton Raphson Procedure
Let the statistical model for subject i at time tj be
le = f(gi, tj) + Eij, j = 1,2,..-!1 (1.6-1)

where f represents a twice—diffcrentiable function of time and 4he individual growth

parameters & = (8, b5, -y Oy ), and B is anin@épendeut residual,

Consider the case where not all of the observaticns ¥ haye the same variance. To obtain
the weighted least equares estimator of 4, we minimize the weighted sum of squared

" residuals,
n
2
= 3w =0 ¢l (16.2)
i

where the w; are positive—valued weights,
A necessary condition cn the minimum may be cbtained by differentiating (1.6.2) and
: equating to zero to obtain the so—called Yextremal" equations,

W"__z JEW ij U t)][—g'_ﬂi"_j]!ﬂi-

=0,g=12,..Mm
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his system of implicit nonlinear equations in the m unknowns, § = [ﬁi]_, 9i2, ey aim]
usually can be solved by a conditioned Newton—Raphson proceas based on the iterative
corrections: _
41y _ 5 (& ¢
aig( ) = aig( ) 4+ 'fig( ) (1.6.3)

where 7, E(g) ie obtained at iteration £ by solving the linear system,

m ; .

(z)[ #%aq, ] o[

1\ e SERSFIP Y ) P B e Y PN (-
Jgil ig P LERlL =4 o0, =39

(1.6.4)

In (1.6.4), § gh = 1for g = h and 0 otherwisq (Kronecker's delta), and ¢, is & conrtans
chosen to accelerate convergence of the iterations (see Chambers 1877).

To start. the process, the elements of Qi(z) are assigned initial estimates, _qi("). 4 good
choice for gi(m in the present instance is the sel of mean values of the growth parameter
in the population from which the subject was drawn.

Provided the initial values are not too far removed from the solution point, the corrections
will guickly become small, and the process will converge to the estimated parameters. It
Bi .]
lenst squares or the method of maximum likelihood estimation can be used in the above

b i The f(ﬁi,tj), j=12,...,n are independent normal errors, then the method of ordinary
process,
Gauss—Newton Method

The Gauss—Newton method consists in lineasly approximating the response function f{f,t.)

and then solving the resulting linear least squargs problem by means of iinear regregsion.
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oF
Due to the fact that the seb of least squares equations _Tg’-_) 0, j = 1,2,3 (see(1.4.8))

ca,nnot be solved explicitly for growth curves, a mimmmng program must be used to
.ca.luula.te 8. Applying the Gauss—-Newion method to equation (1.4.3) with res_ponse
function (1.4.4) it is simpler to make use of vector notation,
Define j_( £) as an (n x 1} vector with typlcal element
£8) = f@)t{)’ =110
ging function (1.4.4) we can now further define an {n = 3) matrix X with fypical element

o 0,t;)
X5 = —fm— i=lo,nj=123 (1.6.5)

Tha ret of regression equations can then be written as
=D +e (L68)
The sum of squares of residuals become
RO = @-100E-40) (L87)
rnd the first order partial derivatives of F(4) in relation to the elements of ¢ i3 the
(3% 1) vector

=~ -0) (108

Starting at an initial value §° of 4, the Gauss—Newion algorithm can be used in order to
minimize F(f) with respect to 4. _
The Ganss—Newton method can be deseribed as follows,
Replace f{#} in (1.8.6) by a first order linear approximation
16 + A8) ~ 1(8°) + XA 0 (1.6.9)
where 0= (° + A0
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This car also be writfien as . i
(084 0) ~ H D%+ B0451(8) + Ad,£3(0) + Ad,T4(0)
It follnws that '
U =Xa2+e (1.6.10)

which may be viewed 23 2 standard linesr regression equation with X playlng the role of
the vector of independent variable, the Af the role of regression coefficlents and y — f(#)
the tole of the depexdent, variable. 4% is thus obtained by standard regression techniques.
e, 40 = (XX) " X0(p-£(00)

= XY ﬁFFL(,ﬂ—) by (1.6.8) (16.11)
The initial value #% is replaced by ¢°+ Af and then the whole process is repeated unfil

it converges.

The Ganss—Newton method is usefufl for the following three reasons.

L. Thestep A# will be distinct in hoth length and direction.

2. It does not require the computation of the p{p+1)/2 second partial derivatives of
each of the functions f(4,t;) which iz required by the Newten Raphson proceduze.

3. When the response function happens to be linear in the parameters it converges in a

single step,

The shove minimizing process was considered under the assamption that the error terms e
of equation {1.4.3) were uncorrelated with expected value of zeto and variance o
However consideration must be made when this assumption is not true i.e. the residuals are
correlated. The maximum likelihood method can be used as an estimation process in the

pregence of correlated residuala or generaliseﬁ least squares; '
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1.7 NORK L THEQRY RIAXIMUM I-IKE‘LIHOOD ESTIMATION IN THE
PRESENCE OF CORRELATED REITIIALS.
In recent fimes Jdrjendent residus! . - . obowt trend lines has been universally

encountered, (Box and Jenkins, ....5; Brillinger, 1975; Jenking and Watts 1968) 3o that
conventional methods such as least—squares fos minimizing independent  errors cannot be
relied on for analysis of growih data, but !ﬁuﬂt be replaced by the method of maximum
likelihood, or the computationally equivalent method of generalized lesst squares, on the

assumption of cotrelated normal errors.

Consider the following statistical modet of subject i at time j

= f(tj,ﬂi) + Eip i=1..n (1.7.1)
Assuming that the above 1 residuals have the multivariate normal distribution N(0,5_)
where the n(n+1}/2 distinct elements in the n « n covariance matrix B, are arbitary
(Subject to 8, ‘being positive definite). The j-th diagonal element of 2, is ﬂ'?, the
variance of the residual at time tj; the jk off<liagonal element, j # k, is the covariance
Tk = Ok = Pk’ where p & i the correlation between residuals at {ime tj and t];.

‘To obtain the maximum likelihood estimates of the parameters
Let
1 48— )% (5 — 1) e the likel fon and -
by = T T R e ¥ ~ &) ve the likelihood function and

@V T T
L=1g il =c— %(xi - &) EE}(& — &) be the log likelihood function
(1.7.2)
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1(t,,8,)
1{t.,,
were g = | 2 | gy
f(tniﬂl)
11 12 _in
4 & ﬂ'i ..ﬂ'i
"= :
Ei L
o

und where ¢ ——z-lngzw-glogw |
Given wvalues for the ojk the ﬁrst derivatives of the likelihood function are sef equal to
2670 to obtain the equations

LR E'I(xl ;;(a))[ (31)] =0 (1.7.3)
" L=0

The specification of the value of B e, 8Y present problems using the method of maximum
i

likelihood, as it is assumed known bat in fact is unknown.
Fortunately %_ plays the role of & weight in (1.7.2) and thus does not need to be known
1

with great accuracy.

Egtimating &_
The following strategy for estimating an expected ¥ e hag been proposed by Fearn (1875).
" First calculate ordinary leastr—squareé estimates of the growth parameters for a number of
subjects, calling these values ﬁi, i =1,2,.. N and calculate the provisional residuals,

A* * . = . .

&=y ~1(3;, t)h i=12..N j=12.0 (1.7.4)
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From (1.7.4} calculafe provisional covariance estimates
N

¥ 1 * * ,

b= e 0= 1 4l ~ 10 ) (L7.5)
1

thereafter go back to the data and obtain provisional maximum likelihood estimates using
(17.2) and substituting 3, for I, o

Once again repeat the pracess above by computing the regiduals and then the
corresponding covariance matiix. Due to the fact that only a roﬁgh approximation for 2 .
is required, the last estimates of the resifuals and covariance estimates, rhould be
sufficiently acourate to be vsed in caleulating the finxl maxdmum likelihood estimates of

the growth parameters.

18 BAYES ESTIMATION WHEN DATA ARE INCOMPLETE

Although least squares or maximum likelihood estimation may adequately fit a nonlinear
growth modef when complete meagurements of the su‘ﬁject are available, these methods
may fail or may produce implansible resulte when the record is trusncated at either end or
containg gaps, They have the weakness of noticing only the incomplete information in the
observations and igﬁoring the subject’s origin in a population about which; in favourable
ingtances, we have some knowledge.

In particular, if the population has been the object of a longitudinal growth study, we may
have information about the distribution of individual grbwth parameters in it.

For a specified growth model, this empirically derived information trkes the form of a
multivariate distribution of the model parameters in that population.
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Given knowledge of this prior distribution, we are in a position to employ Bayes estimation
to obtain, in combination with the available data, the postetior distribution of the
pariicular subject’s growth paramegers.

The mean of the posterior distribution is ca.lle& the Bayes estimate of the growth
parameter. It optimally combines the im?cmmatlon that we have observed in this subject
with what we expect from our knowledge that the subject is drawn from 2 population
specified by sex, ethnic background, age, etc. assuming the relevani normative data are
available.

Fearn (1975) has discussed resutts for the Bayes estimate that are already known for the
casa where the distribution of the residuals for the given subject, as well as the distribution
of growth parameters in the population, are multivariate rormal and the statistical model
is linear in its parameters and in the errors (see Smith 1973). In the present application,
the normal distribution assumptioﬁs seem reasonable, but as we have seen the logistic,
Geompertz and montmolecular models are nonlinear in their parameters and so the known
results do not apply. '

For nonlinear models, the simplest approach appears to be to follow the example of Lindley
and Smith (1972} and estimate the mode of the posterior distribution rather than the
mesn, The use of modes in Bayes* formula instead of means, overcomes the problem of
integrals which cannot all be expressed in closed form, and which are most complex to
evaluate. As the number of data points increaée, the posterior distribution can be expected
to approach a multivariate normal distribution and the mode wi'l approach the mean,
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Let the distribution of the residuals be W(0, I.) and the prior distribution of growth
parameters be N(pg8 ). Then the logarithm of the posterior density of the parameters of
individual i Is
b =D — Lz~ 4 ))B‘l(sq A T v [

(1.8.1)

[ £(55,8;)
f(f' ’ s-.ei )

| £t

n

vhere £(f:)

II.’N].)

T
= 812
8im
- pﬂ 1

B = ?”2

I #pm

and vhere D is a constant not involving f.

The maximum of the pmteriﬂr density with respect to variation in ¢ is, therefore

4
=t [ 5] -ri-aa=o sy

Note that {1.8.2) differs from the likelihood equation (1.7.3) only in the assumptiun. that
}}zis common for all subjects in (1.8.2) and the appearance of an aaditional term on the
right derived from the prior density of §. This terﬁ acts ms o "penalty" finction to
prevent the estimated J from straying $00 far from its population mean g
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CHAPTER 2

INTRODUCTION

This chapter considers the use of polynomials in analyzing growth curves, Two approaches
from the growth curve liferature are examined. The firgt being Potthoff and Roy’s model
{Potthoff and Roy {1964)). In Section 2.1 a general model is formwlated by ;'a.ppending a
polynomisl matrix to the usual MANQOVA model. The various growth curve situations
that may arise and their effect on the general model ave examined. Section 2.2 deals with
the hypothesis testing of such polynomials. The test statistics invalved are adapted from 2
general linear hiypothesis, and those similarities in deriving the formulas are made evidext,
Included in this section is the estimation of the parameters of the polynomial function.
Potthoff and Roy model makes use of a weight matrix G. Section 2.3 examines the various
options for choosing this G matrix,

The second sppproach  considered is the Rao—Khatri model in Section 2.4 fsee Rao
{1965,1966,1967) and Khatd {1866)). A reduction of the growth curve model nsing an
anzlysis of covariance model as well as the partitioning of the data matzix was proposed.

Test statistics based on the geneml theory for analysis of covariance are derived, as well as

the parameter estimates. In Section 2.5 comparisons of the two approaches are considered.

21  THE POTHOFF AND ROY MODEL

Pothoff and Roy (1964) developed s.n_altérna.tive method to handle growth curve analysia.
The usmal MANOVA (multivariate analysis of variance) model .was generalized by
appending a posi—matrix to the expectetion equation.
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This generalized MANOVA model was applied to polynomials as a representation of the
growth cur-er.

The following reasons weze given for developing this model (Potthoff and Roy (1964)):

"The /*ferent previous approaches to the growih curve probleﬁ:. deal mainly with mther
¢pecialized aspects of it, and so 2 major purpose of the present paper is tq furnish new tocls
for growth curve analysis which are of sufficient general applicability. These fools which
are dedved from the theory of mulfivariate normal analysis of variance and which are
hased on polynomial models for the growth curves, provide both confidence bands for the
growth curves and over—all tests of significance for varions kinds of compomid hypotheses,

evea under the more complex types of experimental designs”.

A hypothesis of the form
M(s*m)t(mxp)v(pxn) = D(S"ll) (2.1. 1)
where M and V are natrices of known constants, 0 is the null matrix and ¢ is a matrix

of unknown parameters, can be used to test the usual MANOVA medel
Y (axp)] = Aaem)(mnp) @12)

ﬁhere A is » matrix of known congtants and where the different rows of Y are
distdbuted mutually independently and the p el¢ments in any row follow a multivariate
normal disisibution with unknown variance matrix B op)
The model (2.1.2) can be generalized by a.ppendmg to it a post-mattix P.
The general model ta be considered now is

BV ofusg)) = Awem)mep)F (peq) @19)
in which tke different rows of Yu(m‘ qQ e distributed mutually independently and the g
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elements in any row follow & multivariate normal distribution with unknown variance

roatrix EU( xq) and where A and P are matrices of known constants and ¢ is a matrix -
of unknown parameters. Comparing the growth curve model (2.1.8) with the standard
MANOVA model (2.1.2), we see that only the post matrix P has been added to the model
{2.1.2). This implies that each responss variate can be expreased 2 a lineer regression
model of the form E(y ) = P'f, where y(qx1) is the observation vector for the ith
subject, and éi is a vector of unknown parameters. It in therefora necessary fo find a
technique to test the hypothesis of the form (2.1,1) under the general model. (2.1.3)

Let v8 now consider the various types of growth curve situations that may arise, and apply
them to the general model (2.1.3).

(a)  Consider the simplest sitwation where n subjects’ responses, all subject to the same

conditions, are observed at q me points, ¢, ... The q obsérvations on a

t .
q
given subject are not independent, hut rather assumed to be multivariate normal

with unknown variance matrix L‘O.

The growth curve being considered is assumed to be 2 polynomial in time of degree

p-1. The expected value of any subject at time & will be &g + £t + £gt? 4.t
1

The vector A isn =1 containing all 1's,

The vector ¢ is 1= p consisting of €0t €15 e fp-l and the matrix P consisis
of time points e.g. the sth row and ith column is tg_l.
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In matrix notation we can write (2.1.3) as

A 3

R LSRN N Y 1 .1

1 £ ty ot

: 2 2T (214)
: 1 -1l p—1 '

1 L S o

(b)  Consider now the situation where there is no longer onl one group of subjects hut.
rather m groups. Under the general model the following changes take place. The
matrix A will consis of n =n, + n2 + .. 1y, TEWs aﬁd m columns where there
will be n; rows (1,0,..0), 15 rows {0,1,...0), and m - xows (0,0 ...1). The {jk)tk

clement of § will be ¢ ke and P will be the same matzix as in {a) above.
¥

In matrix notation the generai model will 1ake the following form

A
10,0
[ ) r
3 23 flﬂ .£-11"' £1p—1 1 1 1
it o foe Gpa| (4 bt
0 1.0 : : : : : .
Lo ‘fmi[] ‘sml fmp—l t’i_l tg_l Lol
¢ 6.1 : q
0 0.1

{2.1.5)

where the growth curve associated with the jth group at the ith time poin is
2 1 ;_
gju + éjlti + £j2ti + o gj,p—lti 1= 1‘ .
{¢)  Consider the expmple of n 1ndividuals being tested on a treadmill at various tine

‘points. If the two effects, namely treadmill .npaed and treatment dosage were being



63

simultaneously tested on each subject and an additive model with no interﬁcﬁon
between treadmill speed and treatment dosage_ is agssumed, then a growth curve for
an individual subjected to the mih treadmill speed and the sth treatment dosage can
be represented by an equation of the form
(o + Eprt + Egt® + -+ fmqp_ltp_l) +

| (g gyt + ggt® + o+ ps,p_ltp'l) (2.1.6)
where me' §m1 fm,p—l are the parameters for treadmill speed and Bage Fgpr
Py p1 are the parameters for treatorent dosage.
Suppose that there were four treadmill speeds and ibree freatment dosages e.g. an
individual was subjected to a freadmill speed of 2.7, 3.3, 4.4 or 6.5 km/h and a
treatment dosage of 100, 200, or 300 mg,
The assumption is made that each individual is measured at the same ¢ points, is
subjscted to the combination of the mth treadmill apeed and the sth ireilment
dosage, m = 1,2,3,4 8 = 1,2,3, and has the same unknown varisnce mafrix g
¢ will be a 7 x p matrix whose (jk) clement is ¢ k1 if j=1,230r4 andis
‘“j—4,k—1 if j=25,6,0r7. A will contaip n rows consisting of 1’8 in the mth
and (44s)th positions and 0’s in the other five positicng, for m == 1,2,...d and s =
1,2,3. p will be as before.

o €11 a2 d1p
fan  Sa1 Soa foe
SO (2.1.7)
fp fu1 laadep

P10 M1 P12 Frpa
Fag Pay Moz Hyp
| 30 P31 Faz - Pap |
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Consider now the sitnatlon where more than one response is beine measured. For
example if heartrate (HR) ag well a8 breathing rate (BR) is measured over time.
There are. m groups of individuals as in cage (b).

There will now be 2q observations on each subject: —q obeervations on (HR) and
q observations on (BR). One can expect the (HR) abservations to be correlated
among themselves and the (BR) observations to be correlated amongst themselves.
One can also exﬁeét. the (HR) observailons to be correlated with the (BR)
observations.

Let ug assume that the (HR) growth curve for the jth group of individuals is
-1
2 )
fjg + 5j1 + fjgt + .t ej,pl—-lt

and ¢hat the BR, growth cueve for the jth group
+ 1yt Pt R
Tjg il ¥ ]2 ijz_l

Note that the degres of the polynomials need not be the same.

The A matrix will be the same as in (b), ¢ will be m x p, where p = py + Dy,
and the (jk) elementof ¢ willbe ¢ k1 if k¢p; and 1.]',1!*-91—1 if k> py.

gw Ell"' §1,p1—1 Tto 711 = T1py-l
1 Tag  Tg1 o Tg g
ie. £= :20 .21 :2,]31 L :20 .2_1 :2,112 1 (2-1-3)

£mL‘a Eml f111,1)1----1 Tmo Tmi i1'11:1,1)2---1
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Y is assumed to be arranged so that the first ¢ columns contain the HR
meaguremenis and the lagt ¢ columns the BR measutements.

Then P[(pl +p,) = 2] will have 3 submatrix Pl(pl % q) in its upper left-hand
corner & submadix P2(p2 * q) in it8 lower righi—~hand corner, and 0's elsewhere.

The P matrix will take the following form in miatrix notation

-1 1 .1 0 0..0
t ety 000
:pl-l : pl-l Pyl . :
P= (4 ty tq ] w0 (2.1.9)
f o .p )
2 2
0 0...0 by ._..tq

If (2.1.1.) i8 to be the hypothesis that the BR gr-uwth aurves are the same for ail the
'm groupsweset s =m—1andu= P, take M to be a matrix whose last column

contains all minus ones and whose first (m—1} columns constliute the identity

matrix, and take V to be o matrix whose first p, TOWS contain all 08 and whose

last p, rows constitute the identity matrix, p = p; + pg.

10...0 1
01 0 - _

ie. M =] @ o (2.1.10)
0g0.. =

and
G 0...9
8

V=|l41.10

-
=
-
pary
[
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One cxm alio test whether both the ¥R growth curves and the BR. growih curves
ate the same for all m growps. In this case M is the sawme as in (2L10) and V =

I where u=rp.

HYPOTHESIS TESTING

A Generalized Linear Hypothesis.

Consider the model Y = XB + U, where Yisnxp, X fsnxm of rank m, and the rows_
o£ T are independently identically distributed Np([},x). We wish {0 test

Hy: CBD=10 (22.1)

where: Cis axm ofrankas(s <m},Bis m~p ofrankp,and D is p x u of rank

u(u € p). Since Hy, reduces to the hypothesis CB=0 when D = Ip, & natural procedure
for handling H, is to try and reduce the hypothesis CBD = Gto CB =0 by using a
suitable transformation, This can be achieved by setting Y, == YD

g0 that Yy, = XBD + UD

= X8 + Uy (2.2.2)

sy, where the rows of

Ug=

1Y (D, y
Ul Dl )
2D = ( Ua) (2.2.3)
U, {0y

a Lid N (0, D'ED) by Theorem 2.1(f) G.A.F. Seber (1884) p.I5.
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Since Hy isnow C% =0 and using the general theory for multivariate linear models (zee
Theorent 8.5 G.A.F. Seber {1984) p. 409.) ' '
The Hypothesis sum of squares deviation matrix is

- E=(oherx) o op

= Ypx(xx)elepex) o lopexy vy,

— (CBDY[C(X)IC)OBD where B = (xX)"Ixy  (2.24)
The error sum of sguares deviation matrix is
E = Yy(I, — Pp)¥y = D'Y(I, —P)YD . (2.2.5)

where Py = X(XX) " x
80 that B~ W, (1-m, DED) and when Hy is true H ~ W,(5,D'5D) (Seber (1984)
p. 52-38 sce (2.2.6)).

Definition of a Wighart Distrihution
(Seber (1984) p. 21) defined o Wishart distribution as follows:
Suppose that X X,,....X, are independently and identically distributed as Nd(o,ﬂ); then

m
W= ;xlxl’
is said 1o have a Wishart distxibution with m degrees of freedom, so that
WaW q(mE) (2.2.8)
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A Test Statistic for testing Hy: CBD = 0 (ses 2.2.1)

There are four test statistics that have been proposed to test the above hypothesis, They
are ROY'S Ay, Wilks' 4, Hotelling T, and Pillais v(®). chataoff (1966), using the
concept of expected significance level proposed by Dempster and Schatzoff (1965) compared
the powers of the four test statistics and c#rne to the conclysion that not one of the test
statisticss were unsformly better than any of the others,

For the purpoaes of his dissertation Wilks? like]_jhood ratio test has been used.

Wilks likelihood ratio teat

Seber (1884) considers this tost statistic.

Suppose H and E have independent Wishart distributions W (s,D '}iD) and
W, (r—m,D'ED) respectively (see (2.2.0)), and & = TE%AT then we eay that 4 has a
U—distribution with degrees of freedom u,8, and n~m, and write
how Uu,s,n—m so that asymptotically - (%E)logeh w 1:215 where f = n —m — %(u—a+1)

(2.2.7)

Given 2 and xﬁs(a) where P(xﬁs > xﬁs(n)) = #, the upper a quantile value for ~fiogd is
c nxﬁs(a). Values of C p and 1’121;(“) are given in the tables of Seher(1884) for the
parameters t8(u < s-mjand M=n—-m—u 4 L

For u > g the 1 and 8 are interchanged. C_ i6 & conversion factor and from the tables one
can observe that C > Land C, -1 as n—m, and therfore M, tends to infinity.

If 8 = min(u,g) s L or 2 the upper tail of an appropriate F—distribution is used. Ifs =1

po4 Vot 1l
T F T Yav v, (22.8)

whileifg = 2
1_”,1_,5 2v2 + 2

) T + 3 " 3’4v1+ﬁ,4v2+4’

(2.2.9)

where v, = %(ls—u} -1} and Vo= %{n——mﬂn——l)




59

Since Ei is not known and £ ¢ snt, Potthoff and Roy suggested the choice of a nonsingular
q * q weight mairix G ag an estimate of ¥, An iterative procedure using a generalized
least squares estimation process was suggested for estimating 3 (see Section 2.3). Pothoff
and Roy based this argument on 3 representing the optimal choice of G, based on the
criterion of minimuin variance unbiased estimation,
Therefore to analyze (2.1.1) the p » p matrix PGl is nonginguiar and we transform Y,
to YOCI, where
| o = tppatey ' (2.2.10)
is q«p ofrank p,
Then PC, = H) and Yy = Y0, ' {2.2.11)
end the p » 1 transformed observation vectors are independently normally distributed
with mean
E(Y,) = E(Yncl)
= A{PC,
= A¢ from (2.2.11}
with dispersion matrix 3 = C,’8C; by theorem 2.1(f) Seber(1984) p.18
The original model (2.1.3) has thus been reduced to Y, = A{ + u,, where the rows of 1,
are i.id Np(l],ﬂl) and (2.1.1) can be tested using the theory for a generalized linear
hypothesis section 2.2 with Yn » ¥y, B~ £ ¥Yp- VY, where
H, = (MEVYM(aA) M v (2.212)

and E, = V'¥)(1, - A(VAY TAYY, Y (2.2.13)

and where  # = (APA)2AYY,
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¢ = aa)ylaveleeep) L fom (2.2.10)
' ' (2.2.14)
Therefore H, and B, are independently distributed as W, (8,V'E,V) and
W, (-m, V'3, V) respectively when (2.1.1) I trve.

CHOICE FOR, THE MATRIX G
G=I
A simple choiceof G istoget G=1.
Such & choice of G will certainly simplify one’s calculations and ma’* ;omputing
that much easier. Another advaniage of using G == I is for those experimenters who
regard arbitrariness as something to be seriously avoided and are as a result prepared
to pay & high price for avoiding it.
G =3,
Potthoff and Roy (1084) considered the choice of G = Zj. This chaice cannot be
made since E{} is unknown. However if before the experiment a faitly good guess of
B, is available, then it might be preferable to set G equal to this guess of }}0
rather thantoset G=1L
Even though G might differ radically from By the analyals belng made will still be
valid 50 long a8 G 18 & symmetric positive definite matrix spch that PG 2P ia
of full rank. However the more G differs from By the worse is the power of the test,
the wider the confidence bands, and the larger the variance of the unbissed estimatora

become.

Since fhe analysis of (2.1.8) ia valid for any choice of the {q x q) matrix G, 8o long as
G and PGP are non—singular, an {terative procedure could he considered where
one can stari with G =L Thereafter the model will be fitted and hencs an estimate
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of 5q will be obtained. Now use this estimate a3 the value for G in the second
iteration. This process could be continued until convergence is reached and the
optimom choice of G is oblained. ' '

(iii) Stochastic or non~Stochastic G _
According to Potthoff and Roy the G that is chosen nead not necessarily be
non-stechastic. A stochastic G may be used ao long as it i Stochastically
independent of Yu’ gince the distributiona relating to the conﬁdence bounds and iests
are mathematically independent of G.

(iv) External information about G
If an experiment was carried out which produced ‘Y, and experimental informati*
available outside {his experiment, then a stochastic G based on this information
would be independent of Y‘J and legimate for use in the experiment,

For example let B be the experiment which yields the observations Y, under model
(2.1.3) with unknown variance matrix %, Suppose another independent experiment
B was carried out, whose results can be utilized to estimate Bg, then this estimate

of I, can be used for G in experiment E.

B’ does no} have to have the same model 38 B nor doss it have to be based
on guch & model (2.1.3),

24 THE RAO—-KHATRI MODEL

Rao (1965, 1066, 1967) &.d Khatri (1966) independently proposed an alternative method to
analyze grow{h curves. They proposed a reduction of (he growth curve model, using an
analysis of covariance model, which geta around the use of an ashitrary matix G.
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General Theory for Analysm of Covariance
A summary of the basic results for the analysis of covariance are given below. The general
theory i given in_deta.il in Seber. [1877: Sections 3.7, 3.8.8, and Chapter 10]

Consider the following covariance model

FY=A{+20+TU (2.4.1)
where A i8 n=m ofrankm, Zis n«t of rank t consisting of vilues taken by
concomitant variables, the columns of % are lingarly independent of the columns of A, and
_U ~ NI')(U,E).

To test Hpy: Mé=0

The error SSD matrix is

E = Y'RY - [ %RY _ (24.2)
where R=1 —A(AA) A
and fp = (ZRZ)ZRY - (2.4.3)
The Hypothesis SSD matrix is

B = (MEp)TM(AA) M + MENL M M (2.4.4)
where tp = (AA) LAYl ) (2.4.5)
and L=(AA)TA'Z and N = (zRZ) L
When (2.4.1) is true, H Wp(s,ﬂ) and E ~ Wp(n—m-t,ﬁ).
To test Hy: MV =0 ' (2.4.6)

agin (2.1.1) where V is pxu of rank uw H,E and p arereplaced by V'HV, VVEV and u
respectively
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g0 that

B = (MEVIM(AAY M + MLNL M MERY (2.4.7)
and B = VY'RYV - VIgZ'RYV (2.4.8)
Partitioning of the Data Meatrix

Consider the usual linear model Y = A¢ + U and hypothesis HG: M¢é =0 where A is
nxm ofrankm, Miss «m of rank a and the rows of U areiid. 'NP(U,E). Suppose
we partition the data matrix ¥ = (Yl,Yz) where Y, represents a obervations on ]

y~variables and Y, represents n observations on a further p, (= p—p,) variables.

Partitioning ¢ = (¢ 1,52) in the same way, we consider the model and hypothesis.
Yo=ALh+U, (2.4.9)
with null hypothesis H: Mé, =0 where the rows of U, areiid. Np2(0,222)

. =[ b1 By ]}1’1

where
byy 399 {IPy

From Theorem 2.1 (viii) Seber (1984) it follows that the rows of Y, conditiona] on Y,
are independently normally distributed with common dispersion matrix
Byy.g = Byg — Biglglyq, and that
B(Yy{%p) = Afy + (YgAty)Bip0h0
= (g ~ baBiafpg) + Yybyy Tgy
=M+ YT (2.4.10)
where P =301

which is written in the form of meds’ (2.4.1).
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The Model . .

The Rao—Khetri reduction model is derived from the Poihoff and Roy model 22 follows:
Firgt c]ioose a8 gx p matrix C; of rank p such that PC, = Ip agin (2.2.10}and a -
qx {q-p) matrix C, of rank g-p such that PCy =0 where C=(Cy,Cylisagxg
no.nsingular matrix. .

A transformation on the observation Y can now take place sd that
Yo= YO = (Yl,Yz)

where Y, =YC (i=12) : ' (2.4.11)
Now E(Y,}= A{PC, from (2.1.3)
=A¢ '
E(Y,) = A¢PC,
= 0.

The analysis of covariance model is as follows (see (2.4,10)).
' E(Y,[¥g) = Ab + YT
- (A,Y2)[ 4 ] (2.4.12)

The matrix (A,Y,) will have rank m+q-p, 83 the m columns of A are linearly
~ independent, and Y, isan 1 »{q~p) unrestricted random matrix with Lneasly
independent columns that are also linearly independent of the columna of A,

Since the rows of Y2 are conditionally distributed as independent muliivariate normala
with a common covariance matrix, the analysin of covariance theory of Section 2.4 is -
applicable, (with Z = Y,).
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The least Bquares estimates of T 2nd A for the conditional model (2.4.12) are (see (2.4.3)

and (2.4.5)).
f = (@rz) @Ry,

= (0" Y'RYC,) O3YRYC, from (2.4.11)

= (Cy'SC,)"lcp 80,

since 8 ={-¥ ' :
Y, - AATAY Ay
= n-m

which is the error covariance matrix

and fp = (A My, —af)
= (ayTaye-veyfb)
= (A'A)LA°Y(C,G,[0,'8C,] ' Cy5C,) from (2.4.13)

From Seber (1984) Appendix B3.5 p. 538,
Ao _gl_gIpprgipylpgd
Cy(Cy80,) 10y = 81 ~ s~ Tp(pglpylpg
so that £p = (A2A) Arvs~Ip(esipy e,
(since S871=1 )
C3 o oavlaysipmglpyt
Sdg = (RAYTAYSTP(PSTR)

(2.4.13)

{2.4.14)

(2.4.15)

In order to test Hy: MEV = 0 see (2.1.1) we first of all require the E aod H matrices for

testing M¢ = 0. From (24.2)
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E = YjRY, — [, RY,
= CIIY'RYGI —-I"Cg‘Y’RYCI
= (0~m){C,'5C, — C,’5C4(C,'5C,) C,*50,} by (2.4.13)

= (-m}{OP(P'SP)IPC,} by (2.4.14)

E = (w-m)(P’s Py T 1y (2212) (2.4.16)
Using {2.44) B
H = (MEP[M(A'AY M + MINLM M2 (2.4.17)

where INL’ = (A°A)TArv (Y, RY, 2y 2a(arA) T

1 —1 1 —1
= L (WA A, (080, s A(AA)
so that from (2.4.14)
INE = ZooayTavig L g lpes ey s Yvaaray

(2.4.18)
To test Hy: MEV = 0 we merely replace the matrices H and E by
By = V'EV snd By = VEV
s0 that :
ly = (UEV) (A + o]~y (2.4.19)
and By = (-n)v(es~ip) v o (2.4.29)

When Eﬂ: ME‘V = 0 i§ true then HV and Ey are independently distributed as
u—dimensional Wishart distributions with a common dispersion matrix and degree: of
freedom 5 and n—{m-+q—p) respectively.
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25  TEST FOR INTERNAL ADEQUACY
The linear model which has been considered is F(Y;) = AB, where B = {P and since
PC, =0 _
E(Y,) = ABG, = A{PC, =0

Since A is n x m of rank m, A{PC, = 0 if and only if BC, = 0. The adequacy of the
-model B = {P can be tested by testing B(Y,) = 0, that is by tesiing Hy: I BC, = ¢ for
the model E(Y) = AB. This test is a special case of the linear hypothesis tesf described in

Section 22 withC =1, .

9.6 COMPARISONS OF THE TWO METHODS.

When G = Ip
Since (2.4.15), (2.4.19) and (2.4.20) do not depend on C, and if Potthoff and Roy’s
transformation G, = GP(P'GIP)™ is used, then testing HyM{V = 0 in the

Rao-Khatri method is independent of G a.nd_ 80 We tan sei_; G= Ip K G= % then
6= P(P’P)_l, and if normalized orthogonal polynomials are used, ther PP = Iq,

Cy =P, and C, can be chosen go that C = (ql,Czj ig orthogonal.

Hauch a P is used, G, can be chosen fo be the matrix of normalized orthogonal
polynomials of degrees 0 to p-1, and C, to be a similar matrix for degrees p to gq~1
(Grizzle and Allen (1969)).

The above method uses all p—) concomitant variables in Y,. Gtizzle and Allen (1969)
discusses the suggestion of Rao{1985) that a better procedure might be to use only a subaet
of the concomitant variables. The choice of the concomitant variables was evaluated by

the correlations between the columns of Yl and Y2 where Y1 = YCI and Y.'.'f = YCQ.
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I the correlation of each columm of ¥, with each of Y, is zero, then Y, provides no
 information about Yy, sad Y, should be discarded. However i there s a high
| correlation between the columns of Y, and Y, those covariates are included in the model.
If the corxelation between the columns of Y, and Y, ate all sero then the Potthoff and
Roy method is equivalent to not using any covariates in the Rao—Khatri method. ‘This
approach is used in the analysis of the experimental dava in Section 4.

When G =8

Potthoff and Roy did not develop the theory for allowing @ = 8, where § s proportional
to the estimate of , (the population covariance matrix) calculated from the data used to
estimnate ¢ (2.2.14). Grizale and Allen (1960) noted that when G = 5, Potthoif and Roy's
estimate §(2.2.14) is the ssmv. as Rao-Khatris  {p (2.4.15). Bakealary et al. (1078)
extended this observation made by Grizzle and Allen to the case where not all the

concomitant vé:ia.bles are nged.

For hypothesie testing the fransformation G = § is not appropriste in the Potthoff and
Roy method, as & is not independent of Y, {2.1.5) (see Section 2.3 (iii)). As & result the
two methods have different test statistics for testing Hy: MéV =0(2.1.1)

Timm (1975) raised two queries abont the Rao—Khatri reduction method. Wirstly be
corumented that different covariates may be appropriate for different groups within a
sample. Secondly the covariates that are pelected may vary from sample to samp'.,
However he did point out that 2 major advantage of the Rao—Khatri method is that one
can apply standard multivariate analysis of eovariance programs to the data.
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31 THE APPLICATION
Stress testing, the assessment of a physiclogical function during physical exercise, has

become an increasingly accepted concept in cardiac and pulmonary evaluation in the past
15 years. '

The stress electrocardiogram, {ECG), is regularly used to nssess the risk of cardiovascular
disenss. The increased metabolic and gas exchange demands of physical exercise, though
are cooperatively supported by the cardiovascular and resbira.tory gystems, go that the
game conditions ihat provi&e impor{ant isformation about cardiovasceler function under
stress also yield critical information about pulmonary funetion. _
The standard zesting pulmonary function tests, (P¥'T’s); as with the resting BCG, gives
only a portion of the corﬁplete picture. Crucial data concerning performance are missing.
An abnormal resting PFT estimates the degree of pulmonary impairmens, bot cannot
indicate the degree to which this damage translates into 2 reduced work or functional
capacity. _

_ Ca.rdio—pulmoﬁa,ry exercise testing, {CPET}, can quantify this deficit, predict performance
capacity and identify the components of the cardio—pulmonary system responsible for
limiting exercige capacity. |

32 THE EXERCISE TEST

1000 subjects, male and female underwent the maximal graded exercise tes'ﬁ, as part of 2
multifasic medical checkup at the Mor Institute for Medical Daia, Ramat Gan, Jarael. Out
of these 1000 subjects, caly those gubjects without any previous serious ilinesses or any
chronic disorders and with resting gystolic and diastolic blood pressure below 150 and 90
mm Hg respectively, served ag sui)jecta for this dissertation. Compatitive athletes were
. also excluded from the test,
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Subjects came to the laboratory at least two hours after thelr last meal. They were

informed to refrain from drinking coffes 4 hours before they arrived.

Once they arrived, they were given a quaéﬁbnnaire to fill in concerning their oecupation,

amolking history, previous health, leisurc activities and exercise related symploms. |

After this they underwent 2 physical examineiion hy a cardiclogist. Subjects’ weight,

- height and body fat were determined.

Thereafter the exercige test began. _

The exercise test comprised of the subjects walking on & tresdmill a$ 2 speed betwesn § —

6.5 kmfh (ni_cdiﬁed Balke Protocol) predetermined by age, habitual physical activity and

medical status. The exerclse oad wa.s increaged by elevating the trea.ﬂmill slope by 2%

every minite until one of the followitig conditions were reached: _

(a)  Volitional exbaustion — where the subject feels he can no longer continue {maximal
exercise). | '

(b) Maximal age predicted heart rate,

(¢)  Respiratory quotient, (RQ), of at least 1.3.

(d)  Symptoms such as che.st paing, nauses or dizziness,

(e) Clinical signs such us BOG abormalities and others that would dictate an end to

exercise.

33 THEDATA

For every aubject in the exercise test, the following variables were measured every five
geconds, ECG, Systolic ard Diassolic bleod pressure, VO,{Oxygen Consumption),
VE(Ventilation) VE/VO, (Ventillatory Equivalent for 0,), VE/VCO, (Ventillatory
Equilalent for CO,, R{Respiratory Quotient), HR(Heart 'Ra.te),' 0O, pulge (indication of
Stroke Volume), ETOyand ETCO, {0, and CO, concentration in the Alvioli), VO/V'T
(Respiratory Dead Space), VE(Volume of air in 2 single breath), BR{Breathing Rate).
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There were five additional varighles taken into account in the analysis of the experiment.
(i) workload — after each minute the gradient of ithe slope wes increased by 2%.
(ii) age group — each subject was placed in the age group above 35 or below 35.
(iif} smoke — a subject was either a émoker ot a non—smoker whers smoker = 1 and
non—smoker = 0
(iv) lifestyle — a subject either led an active lifestyle or a sedentary lifestyle.
Those subjecta exercising at least twice a week for more than a half howur were
classified .as active, othsrﬁise they were classified a8 leading a sedentary way
of life, where active = 1 and sedeniary = 0
(v) weight —indicating the subject’s weight in kg.
See Appendix D for a subset of the data taken from one subject whilst undergoing the

exercise atress test.

34 EQUIPMENT USED

(a)  Treamill {Quinton Q65, U.S.A.).

(b) 12 Leads Electocardiograph (Siemens, West Germany).

(e} | Blood Pressure Mercury Spﬁignometer.

(d) Metabolic cart (Sensormedics 4400 U.5.A. — for analysis of expired gases).

{e)  Weight and Height measured on 4 Seca Scale (West Germany).

{)  Skinfold Caliper (Skindex, U.S.A.), -

(5)  There are two Hewleti~Packard disk drives built into the Sensormedics 4400 where
the data was collected and saved on 3.5 inch ﬂdppy_ disks. |
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- The author was involved in processing the raw data. This involved transferring the data
froin a Hewlett Packard computer (the Sensormedic 4400), to an EM personal compu*.ér.
* The data wag then transferred from floppy disks onto a magnetic tape, and finally from the
magnetic tape onto the mainframe IBM compﬁtat at the University of the Witwatersrand,

35 PHYSIOLOGICAL BACKGROUND |

Every cell in the body requires a continuous supply of energy t. carry out ita normal
fancrions. This enargy is obtained by simple combustion of hydrocarbons (oxidation). In
principle this is identical to motor car engines which also utilize oxddation of hydrocarbons:
as a source of energy. Tn the body, however, the combustion is highly regulated by a series )
of enzymes and therefore does nult take place in an explosive manner. The most important

fuel used by the cell is the hydrocarbon glucoze. |

The rate at which oxidation of glucose oceurs is dependent on fhe metabolic rate of amount

of exercise performed. The oxygen is exiracted from the atmosphere by the Iungs and

dissolved in the blood. The blood circulates through the body due to the pump action of

the heart and this delivers the oxygen to the celis. The amount of oxygen in the blood is

dependent on the ventilation occuring at the lungs i.e. the amount of atmospheric air

intake per minute. On the other hand, oxygen delivery to the cells is dependent on both

the content of $he blood and the cardiac output i.e. the amount of blood pumped hy the

keart each minute,

" The cardiac output is clearly equal o the product of heartrate and the amount of blood
pumped by the heart with each beat (stroke volume).
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Exercise increases energy demand or metabolic rate and thus the oxygen consumed to burn
the glucose. It is thus clear that metabolism is dependent on the lungs and the cireulstory
system. Eor this 1eason one repreaentaﬁvé variable from each of tha above systems was
chosen for study viz: Oxygen consurption as the variable of metabolism, heartrate as the
variabie of circulation and ventilation as the variahle of Iung function.

36 COMPUTER PROGRAMS USED _

Three programs wete m_;ed to analyze the data; a FORTRAN program called SCURVE,
and the SAS procedures PROC NLIN, and PROC IML. SCURVE is an interactive
computer program that was developsd by Prof. 8.BE.C. Du Toit of the University of
Pretoria for the analysis of well known asymptotic growth curves belonging to the chhards
family of growth curves (See Chapter 1),

Since this is an established i)mgram, only preliminary resuits were used for the purpose of
this di.sserta.ﬁon. To illusirate how this program works an example cat be found in
Appendix A.

The NLIN (Non Linear r.egression) procedure produt.s least—squares estimates of the
parameters of a nonlinear model,

For & nonlinear model to be analyzed, one must specify:

+ the names and starting values of the parameters to be estimated

« the model, using a single dependent variable

+ partial derivatives of the model with respect fo each parameter.
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Oné can also; o

- confine the estimation pmceduie {0 a certain range of values of the parameters by
imposing bounds on the estimates )

» produce new SAS data sets containing predicted values, residuals, estimates of
paramefer'ﬂ, and the residual sem of squares. (Sea Appendix B for an example program of
how a model for heartrate was fitted nsing PROG NLIN).

The last procedure used was PROC IML which comes from the SBAS/IMEL software, an
Interactive Matrix Language. The IML softwzre is a multilavel, interactive programming
language with dynamic capabilities. A copy of the program using IML cau be found in
Appendix C.

The programs SCURVE and PROC NLIN were used to apply the theory of the Richarda
family of growth curves to the experimenial data (see Section 1.3), whilst PROC IME was
used to spply the Rao~Khatri method to the data, (see Section 2.4) '
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3.7 THE SAMPLE

A sample of 80 wag taken from the thousand subjects who underwent the exercise test.

In order o a.cqﬁi_re a rep_resent.a.ti\re sampla of the population ensuring eqﬁnl coverage of alf
subgroups, the followin~ eight groups each comprisirg ten subjects were chosen.

§muke[.non—smoker' age Lifestﬁxle
1) smokar > 85 yesrs . active .
2) " smoker ' > 35 years sedentary
3) smoker < 35 years active
4) smoker < 35 years sedentary
5)  non—smoker > 35 years active
6) non—smoker > 35 years sedentary
7) ~ non—smoker ¢ 35 years active
8) . non—ssoker < 35 years sedentary

Every fifih subject from the population was ¢onsidered until the sample size of eighty was
attained. '

Sinca only fifty females underwent the exercise test during the given timespan {i.e. 1at June
1986 to 1s¢ .Tuné 1887) only meles were congidered for the gample. Table 3.1 provides the

mean scores of weight and age for the varions subgroups.

Table 3.1 Mean weight and age for subgroups

veight age
Active smokers _ 78.22 38.44
Active non-smokers: 76,54 39.45
Sedentary smokers 79,11 39.76

Sedeni-.ary non-gsokers 79.85 39.18
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3.8 RESULTS USING SCURVE

The program SCUBRVE wag uged in a prelinvinary siudy to decide on the best model to be
used from the Richards Zmily of growth curves. This was achieved by fitting the three
growth cﬁrve Mtims {i.e. Gompertz, Monomoletular and Logistic, ignoring smoking age

and lifestyle) to all 80 subjects over time and comparing their mean square errors (MSE).
“ :

1 2]
ip= {1y o}
i=t
{ Z (y; — ¥3) } where at time point i, ei is the
residual, y; the observed value and ¥; the predicted value,
From Ta.ble 8.2 below it is clear that the logistic function ig the best ftting function, for alt

three variables (i.e. heurtrate, ventilation and oxygen consumption). This is evident since

the mean square ervor for the logiatic function is the smallest in each instance.

TABLE 3.2 HEAN SQUARE ERRORS USING SCURVE |
| Gompertz Logistic ~ Monomolecular
heartrate 278.25 o 12484 310.5
ventilation 136.25 12011 191.63
oxygen comsumption  13.76 13.03 14.4

Therefore in all gubsequent znalyses using the Richards functions, the logistic function was

used.



CHAPTER 4

41  APPLYING THE LOGISTIC FUNCTION FOR HEARTRATE

The following logistic function was fitied using PROC NLIN.

HR = Af(1+exp(By + By iime 4 B, wl + By sm + B, lifestl + By wt + By time = wl +
B,, time * sm + By time x Lifest] + By time x wt -+ By, wl x sm + By, wl« I;ifestl +Byy
Wl x wt + By sm x lifest] + B, , sm = wt + By lifestl  wt))..... (4.11)

where A is the asymptotic value reached for hearirate (assuming B, < 0).

wl = work load, sm = smoke, lifest] = lifestyle, and wt = weight _

§m == L... smoker, §m = 0...non—gmoker, lifest] = 1,..active, lifestl = 0...sedentary

TABLE 4.1 BSTIMATE AND CONFIDENGE INTERVALS FOR EQUATION (4.1.1)

Parameter| Effect Estimate |Asymptotic| Asvmptotic 95%
Standard iConfidence|Interval

Deviation

A asymptote 250 30.4162 190.366 300.834
BO constant —0.0412 0.2667 -0.562 ~0.073
Bl time —-0.1402 0.1726 —0.4786 | -0.103
B2 Tl -0.0076 0.0512 —0.1088 0.0835
B3 sm 0.2875 0.0737 6.1428 | 0.4319
B4 Tifegtl —.2807 -0.0788 ~(.4436 | —0.13566
5 wt 0.0057 0.0018 0.0032 0.0083
Bg timexyl 0.0039 0.0005 0.0029 0.0049

BY timexsm —0.0122 0.0442 -0.0p04 0.0745
Bg timexlifestl| 0.0284 0.0448 ~0.0595 | 0.1164
Bg timexwt: -0.0015 | 0.0021 ~0.0061 | ©0.0022

B1o0  |[wlxsm 0.0027 0.0133 ~0.0233 | 0.0288
B11 wixlifestl [ 0.0010 0.0133 —0.0272 | 0.0252
BiZ2  |wl=wi - 0.0001 0.0606 | -0.0113 | 0.0013
B3 smxlifestl | 0.1039 | 0.0333 —0.1285 0.2594
Bid Bmawt -0.0041 00009 -0.0059 | 0.0022

Bi5 lifestl=wt | 0.0024 | 0.0008 —0.0008 |- 0.0040

(i



8

From the resnlis in Table 4.1 it can be seen ihat only the main effects excuding workioad,
ato significant. A parameter estimate is considered significant if sero does not fall in the
956% confidence interval. _ _ ' ' o
Since workload waa increaged every minute, it was highly correlated with time. This high
correlation with time could be the reasor for workload not being signiﬁca.ﬁt.

‘I‘he. variable agegroup was not incladed in the model because of inconsistencies which ﬁmy
have arisen if it was included. The reason for this was that different agegroups were
subjected to different treadmill speeds and thus different conditions. ie. agegroup and
treadmill speed were completely confounded in the experiment, Table 4.2 indicates the
ireadmill speeds for the different agegroups. _
TABLE 4,2 TREADMTLI, SPEEDS FOR THE VARTOUS AGE CROUPS

Age(years)  Treadmill speed (km/h) .

< 30 6.5

30 — 45 b4

45 ~ 60 4_.4

<60 - 3.8
A new logistic function was fitted using only those effects that were sigpificant in (4.1.1)
Le. AR = A/(1 + EXP(B+B, time+B, smoke+By lifest!+B, weight)) (4.1.2)

Table 4.3 gives a summary of regults for function (4.12). It is evident from Table 4.3 that
all the parameter est'ima.tea zre significant, Howuirat the estimate for smoke which is
0.0089653 is not what would be expected, ag a positive coefficient in the exponential section
of the denominator implies a decreasing effect on heartraie as the exercise fest piog;:essed.
One would expect a smoker (note, smoker = 1 and non—smoker = 0) to have 2 higher
heartrate than a non—smoker the longer the exercise fest progressed. No explanation could
be found for this result.
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It was decided for the purposes of this dissertation that the effects of smoking and lifestyle
on te function would be examined, and therefore weight, even though it was significant in
the oferall fanction was not included in the subgroups (See Table 4.3 & 4.6).

Another worrying factor was the high correlation of 0.9567 between the asymptote A a.nri
By, the parﬁmeter for time. [n order to acquire more staule estimates with smaller

correlation bevween them, the following function was fitted.

= 1 :
HE =T exp(b, + by tme + b, smoke + Dpliiesti + by weight]
| | |  (4139)
Here the asymptote is in {he dencminator. Equaticn (4.1.3) can also be written as

- 1
b, time + b, smoke +...+ b, weight)
. .

3(1+ (:ij_)
%

= b.F B, time ... + b, weight
1.0t . 4

i
F
B. + b, time + ... + b, weight
1s 0t 4 veigk

which is an adjasted form of the logistic function.
Fitting (4.1.3) provided the following results in Table 4.4,
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TABLE 4.4 ESTOMATES AND CONETRESCE INTERVALS FOR EQUATION

{4.1.3)

PARAMETER ESTIHATE | ASYMPTOTIC ASYMPTOTIC B5%
EFFECT 5TD. ERROR  CONFIDENCE INTERVAL

_ : LOYER TPPER
BO congtant | — 5.5170 0.0512 -5.6176  -5.4165
Bl time -33.35623 1.5282 —36.3585 ~30.3661
B2 smoke | 0.0933 [  0.0126 0.0686 0.1181
B3 lifestyle| 0.0781 0.0124 | 0.0538 0.i024
B4 weight 0.0017 0.0006 0.0006 0.0029
a 0.0051 0.0001 0.0050 6.0053

ASYMPTOTIC GORRELATION MATRIX OF THE PARAUETERS

CORR. BO "Bl B2 B3 B4 A
BO 1.000 0.2606 -0.1803 -0.2785 -0.09369 -0.3212
Bl 0.2606 1.0000 -0.20i4 -0.2187 -0.1208 -0.9575

B2 —0.1803 -0.2014 1.0000 0.0477 0.0105 0.3009
B2 —0.2786 —0.2187 0.0477 1.0000 0.1396 0.2116
Ba -0.6360 —0.1298 0.0105 0.1396 1.0000 0.1343
A -0.3212 -D.9575 0.3009 0.2116 0.,1343 1.0000

Workload was again not included in the mo.del because of the high correlation between
time and workload. Therefore the interaction of time and workload was not included
either. From ‘Table 4.4 it is evident that there is still a very high correlation of —0.5875
befween the asymptote A and Bl the parameter for time. |
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Another form of the Ingistic function was attempted. The following model was fitted after
following the same pracedure that was used in acquiring function {4.1.2) (ie. only those
significant effecis were taken into ¢consideration). _

. T T e {e14)
au+almoke+a2'1ifestyle+eﬂ ' :
From (4,1.4) it is clear that the effects of smoking and Hfestyle are in the linear section of
the denominator whilst the effect of Hime is in the exponential section,

The variable weight waa not significant and as a result it was exclnded from the {unction.
Below i3 a summary of resulis for model {4.1.4).

TABLE 4.5 ESTIHATES AND CONFIDENCE INTERVALS FOR EQUATION (4.1.4)
ASYMPTOTIC ASYMPTOTIC 95%
| | STANDARD  CONFIDENCE INTERVAL
PARAMETER  BSTIMATE CEBROR © LOYER  UPPER

BO - 5.3743 . 0,0143 -5.4023 -5.3463
B ~34.8832 1.6621  -38.0635 —31.7029
A0 0.0052 0.9001 0.0049  0.0054
i - 0.0002 0.00002 0.00018  0.00022
A2 0.00013 - 0.00002 0.00010  0.00019




ASYNPTOTIC CURREEATYON MATRIX GF THE PARAMETERS

 CORRELATION - BO Bt 0 At U]
B0 1.0000 0.4294 -0.4305 -0.0835 0.1237
Bi 0.4294 1.0000 —0.9384 —0.0233 0.,1080
40 —0.4205 -0.89384 1.D000 -0.083¢ —0.246
At ~0.0335 -0.0233 -0.053% 1.0000 -0.0574
A2 0.1237  0.1080 -0.2446 —0.0574 1.0000

Once again it is evident that there is still & very high correlation of —0.8384 between {ihe
agyraptote (which in (4.1.4} is the intercept in the linear section of the function} and Bl
the parameter for fime. '

Convergence was not always 'cached and as a result estimates were not always available

for specific fuﬁcﬂons.

Since (4.1.8) and {4.1.4) did not significantly decrease the high corxelation between the
parameters, and because convergence posed a problem jn both these functions, it was
decided to make use of (4.1.2) for farther analysis of the experiment. This high correlation

between paiameters could undermine a parameter's contribution to the function value,

Figure 4.1 is a residual plot against time for function (4.1.2). It is ¢vident from the plot
that the residuals form & band around the horizontal zero line, indicating a constant
variar ;s There is however 2 tendency for underestimation at low time and overestimation

at high tizs (i.e. the longer the experiment caxried on).
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Figure 4.2 represents a normal probability plot for function (4.1.2). A normal probability
plot is 2 quantile—quantile plot of the data. The empirical quantiles are plotted against the
quantiles of a standard normal distribution. Asteri” {*) mark the data values. The
vertical coordinate ie the data value, and the horizontal coordinate is

| (g~ 3/8)(a+1/4))
where 1; is the rank of the date value, §1s the invesse of the stswdard normal
digtribution function and n is the nwmber of non—missing data values, ‘The plus signg {4)
pfoﬁde a yeference straight line that i drawn using the sample mean and standard
devistion. If the data are from a nermal distrivution, they shuuld tend to fall alc. ~ the
reference lina, From Fignre 4.2 it is evident that the data values do lie on the reference «

line and that normality can be assumed.

Figure 4.2

Yarizble hearirate
MORMAL ~ROBARILITY ) PLOT

195+

e ——— } +
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In order o investigate the effect of the various variables on the function, the following four
groups were fitted: active smokers, active non—smolers, sedentary smokers, sedemtary
non-smokers. “Of interest to a physialogist is the value of the a.symptb_te' A’ (the final
predicted ha_artmte value, reached by the function). Table 4.6 provides these estimates for
the various subgroups. Four separate functions sre fitted to the subgroups as a
confirmation of the resulis of the overall furction (gee Table 4.3).

TABLE 4.6 ESTIMATES AND CONFIDENCE INTRRVALS FOR ASYMPTOTIC
FEARTRATE VALUE.

ASTHPTOTIC 95%
ASYEPTUTIC CONFIDENCE INTERVAL
ESTIMATE STD. ERROR  LOVER TUPPER
Active non-smokers  192.9217  6.9805  179.2062  206.6372
Aetive smokers 1757577  3.8351  168.2325  183.2829
Sedentary snokers  212.9973  0.4260  194.4950  281.4986
Jedentary non—smokers 2%1.4766 15,2046  201,4235  261.4815

From Table 4.6 it is once again vyident that emoking has the opposite effect to what would
be expecied. _

The active non~#mokers have a higher asymptotic heartrate estimate than active smokers.
The effect of lifestyie however does produce the expected results (i.e. zctive smokers have o
lower aaymptotic. henrtrate than sedentary smokers),



BY

The squared multiple correlation coefficient (R ) for function (4.1.3) is
- B - 1 . JESTOUAL 5T OF SOUARES

_{ _ B88454.324
= 0.64 .
which indicates that 64% of the (corrected) total variation is aitributed to the fit rather

than left to cosidual error, which indicates a reasonable predictive ability for the model.

0Of interest to & physidlogist is to compare the uyniptotic values of the subgroups in Table
48 with each other. These tests can be performed by using Bonferorni bounds. (see
Srivastava and Carter 1083).

I 3y By o Ay are independent and approximately normally distributed with respective '
standard deviations s,, sy,... 5, then the test stati~*ic to compare them all is

1= i Sl ~ N(0,1) if the true parameter values are equal (4.1.5)

' 8 kg

There are altogether (];) tests. If each test i done at the 100a% significance level, then the
overall significance level is € (g)n. For example if k = 5 and o = (.01 then (g) =10 and
the overall significance level for all 10 pairwise tests is < 10 = 0.01 = 0.10.

Therefore if you require an oversll significance level of a*{ = 0.05, say), then the individual

. * _
teats must be performed at the g = %i-)-level e.g- 2508 = 0,005 fevel.
- 2
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TABLE 4.7 GOMPARISONS BETVEEN THE ASYNPTOTIC HEARTRATE
ESTIMATES OF THE SUBGROUPS '

T - yalue
Active non—smokers va Active smokers 2,183
Active non—smokers v8 Sedentary smokers -1.711
Active non—smokers vs Sedentary non-amokers - 2.8
Active smokers vs Sedentary smokers | —-$.650 **
‘Active Emokers vs Sedentary non—smokers © . -8.581 ¥+
Sedentary smokers vs Sedentary non-smokers -1.028

Por an overall gignificance level of 0.05 the six individual tesis were performed at the 2 =

0(-_1__:-;1 = 0.008 level using (4,1.5).

From Table 4.7 it is evideny that the asymptotic heartrate estimate of active smokers
differed significantly from thai of sedentary smokers and sedentary non—smokers, (** after
the t—value indicates where » significant difference occured).

In order to illustrate the effect of the varions varisbles on the function the graphs in

Fgures 4.3 and 4.4 were plotted, .

From Figure 4.3, which plots the logistic function for hearirate of active smokers and
sedentary smokers, it is evident that for any glven duration of exercise ihe sedentary
subjects tend to havs a higher heartrate than active ﬁmokers. The reagon for this can be
 {nterpreted ng greater demands of oxygen are necessary in an unfit personm dne to a
reduction in metabolic efficiency at the cellular lovel,
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As both groups are smokers it can be sssumed that the amount of lung damage due to
smoking is the same in both groups and therefore also the ability to oxygenate the blood.

 Therefore to comply with higher oxygen demands an increase in cardiac output must occur.
It can thus be seen that one of the compengatory mechanisms to increase cardine output

(and therefore oxygen supply) would be to increase the heartrate.

Even though smoking has the opposite effect to what is expected the curves in Figure 4.4
confirm the results in Table 4.3 the active smoker has & lower heartrate over time than the
sedentary non—smoker, These regults warrant further investig’a.tibn from a physiologist.
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42  APPLYING THE LOGISTIC FUNCTION FOR VENTILATION .
Using the same procedure &5 in heartrate to arrive at the chosen function, resulted in the
VE = A/(1 + EXP(B0+B time+B2 smoke+B3 Lifestyle+B4 weight)) (4.2.1.)

Fromn Table 4.8 one can observe that all the paramieters dre significans in the expected
direction. The loﬁger the exercise test the higher the ventilation; smoking increases _
ventilatlon; an active lifestyle results in 2 decreasing effect on ventilation and the heavier
the subject the higher the ventilation tends to be. Once again there is & high correlation
befween the asymptote A’ and the parameter 'Bl' for time. For the same reasons
provided in the results for heartrate, function {4.2.1) was chosen 28 the best fitting function
for ventitation '

2

a2 . 1 — MESIUAL SUH UF SUUARES

_ 4 .. 328887307
2104035981

= 0,61
indicating that 81% of the (corsected) tofal vasiatioa is attributed to fit rather than left to
residual error. The residuals in Figh:a 4.5 form & bapd around the horizontal zero line,
indicating a comstant variance. There is however a tendency of underestimation for low
time and of overestimation for high time. The normal plot for Fig. 4.6 is a straight line
except for & glight deviation in the lefi—hand tail which confirms the assumption of
normality., From Table 4.9 it would seem that the effect of smoking on ventilasion is far
greater than that of lifestyle, However Table 4. 8 says the opposite since IB3 |> [321 This
coutd be ascribed to the fact that the variable walght was excluded from the subgroups.

It would appear however from Table 3.1 that this is not the case since all the subgroups
have more or less the same avera;ge weight. '




Table 4.8

Hon-|inear Teast square statlstics for ventlintion

SOURCE ’ DF SUM JF SOUARES MEAN SQUARE
REORESS JON 6 13202541, 503 2215423, 600
RES{DUAL %005 82B8887.397 205.9563
UNCORRECYED TOTAL  40t1 11121429, 000 )
{CORRECTED TOTAL} Lolo 2104035, 981
PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 55

o STD, ERRODR CONF | DENGE - INTERVAL

ER UPPER

A 58.201965799 2.236053783T 93.817973300 102. 58595069
Bg 2.87203107 0,0910613001  2.093497032 2, 45056511
B1 -0.513187071 0.0194914995 =-0.551401885 -0. 47497214
B2 -0, 14456498  0.0218490085 =0, 187403004 ~0. 10172747
B3 0.15722078 0,0218%00588  0,114303331 0. 20013825
BY -9.01532111 C.0011433853 -0.017562817 =0.D01307539

ASYHPTOTIC CORRELATION MATRIX OF THE PARAMETERS

RO B
=0.270D5 0.9101
1.9000 ~0,3676
~0.3676 1.008
~0. 1692 S 2GS
=0.1274 =D, 1981
=0.9461 S 0.ha73

£6
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Therefore no apparent reason could be found for this anomalous result. From 4.10 it is
evident that non—smokers had significantly lower ventilation that smokers irrespective of

‘whether they were active or sedentary.

TABLE 4.9 ESTIMATES AND CONFIDERCE INTERVALS FOR ASYHPTOTIC
VENTTLATION YALUE '
ASTHPTOTIC 95%
| ASYMPTOTIG  CONFIDENCE INTERVAL
ESTIMATE STANDARD ERROR  LOVER TPPER

Active smokers 97.6004 = 2,8473 92.0223 103.1965 _

Active non—smokers 79.9040  3.1806 73.6628 86.1452

Sedentary smokers 98.1095 4.0403 g90.1796  108.0d93
. Sédgn‘ta.ry non—gmoker B81.2077 2.1225 77.0424 85,3729

TABLE 4.10 COMPARTSONS BETVEEN THE ASYMPTOTIC VENTILATION
ESTIMATES OF THE SUBGROUPS

| T-value
Active nop—smokers vs. Active smokers 4.148 * =
Active ﬁon—smokers v& sedentary smokers ~3.541 * *
Active non-smokers vs sedentary non-smokers : —0.341
Acti\ré smokers V8 gedentarty smokers - -0.101
Aetive smokers vs sedentary nog—smokérs 4.619 * *

Sedentary smokers vs sedentary non—smokers 3.706 * *

The curve in Fig. 4.7 reflect what is expected i.é. sedentary people reguire a greater
ventilatory effort than active people to support prolonged exercise because their efficiency
in utilising oxygen is lower.
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43 APPLYING THE LOGISTIC FONCTION FOR OXYGEK CONSUMPTION
The best fitting model was:
YD2—KG_ = 4/(1 + EXP(BO+B1 time+B2 suoke:B3 lifestyle:B4d weight+

B5 mmoke » lifestyle)) | (£.3.1)
VOz—kg is a wmeasure of the subjects metabolic rate and its unit of measurement is
millilitres pex minute per kilogram, (See Section 3.5)
Table 4.11 indicates that whilst the parameters for time and smoking are significant in the
‘correct direction, the parameters for weight and lifestyle have the opposite effect on oxygen
consumption during exercise io what is expected. There is alzo a significant interaction
term, smoking x lifestyle which has aa incressing effect on the heartrate. A oohtributing
factor to this surprising result could be the self selection of the subjects that underwent the
exercige stress test i.e. the subjects’ volunteered for the test and were not scientifically

selected. Furthex investigation from a physiologist is warranted in this cage. '

42 _ , _ RESTOUAL SUK OF SQUARES
= 1 - CORRECTAY TOTAL SUF DF SUERES

- 1  198200,8567
I72935. 8458

= 0,47
" which indicates that only 47% of the (corrected) total variation is attributed to the fit
tather than left to residual error. |
The residual plot in Fig. 4.8 illustrates that the observed values were generally close to the
expected values for this epecific model. There were two individuals whose oxygen
consumption increased dramatically with time. Their measurements appear as outliers in
Figure 4.8 which could account for the fact that RZ is onky (.47 and why the variance
increases with time. The normal plot of Figure 4.9 confirms the assumpiion that the data
valugs are approximately normally distributed.




Table 4.11. Non-linear least squares statigtics for oxygen consumptioh

SOURGE DF SUM OF SQUARES MEAN SQUARE
REGRESS!ON T 2183030,4072 311851, 4867
RESt 937 160200, 3928 40,5933

I.INDDRREGTED TOTAL 3944 ° 23R3239.45000
{GORRECTED TOTAL) 3943 339464 k5u4

PARAMETER ESTIMATE ASYMPTOTIC ASYMPTOTIC 95

5TD. ERROR Gﬂﬂf [DEKCE INTEF;?Ek
A 37.00000000 4, 78353248456 35.463804671. 35 535195329‘
BO 0.59000485 0,10560168074  0.383861979 TILTTIE
B1 -0,524h3403 0,02283617704 -0.569206680 '-0 1!7 661371
B2 ~0,11817732 0.03687714T45 -0.190478716 -0, (U587 5921
B3 =0.21629218 0.03774199139 -0.29G255082 -0,142289 :
al 0.04591938 0.00124515009  0.003478133 0. 008360621
8% =0, 105387037 0.05224316065 -0.207898415 -0.003042373

ASYMPTOT!C GORRELATION MATRIX OF THE PARAMETERS

CORR A ag B1 B2 B3 [
A 1, 0000 0.2153 0.8943 0, 1028 0.2232 =0.3776
BOD 0.27153 1.,0000 0. 1051 =0.1680 ~0. 2230 =0.9428
B1 0. 5943 0.1057 1.0006 0.1104 0.2147 -0. 1705
82 D.1029 =i}, 1680 0. 1104 1.0000 0.5095 ~0.Q097
B3 0,2232 -0.2230 0,2147 €. 5095 1.0000 0.0610
a4 -0.1776 =0.9428 =0.170% =@, D097 0.0810 1.000C
B5 0.0935 0.1 0.0815 =0. 6882 ~0, 6625 -,0663

86
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LOGISTIC RESIDUAL PLOT FOR OXYGEN CONSUMPTION
V02_KGuA/(1 + EXP(30 + BlPTiME+ B4vSMOKE + B5eLIFESTL + B7-WEIGHT)

Fipure 4.8
Y -
+
=
¥
+
+ o4
. g
49 - g e
+ +
+
Tt ¥
*
. L ++
R R
B ST Fakt o
EREREE . £t *.,: + - thH +
I " + +7+ t*$ ++++*++* +*¥;+ +1$;++I* e + ++++++
+ 4 rELatt -II-"' + 7 +
F: 104 4 +$ *+-+'t ++ +$*$+ + . St o
.,.4- :1:++ " Ehintt L
. Tis e, v

b

TR DLOMOBM 10497 /00 11 Th L o

DoT




1g?

TABLE 4.12 BSTIMATES AND GONFIDENCE INTERVALS FOR ASYMPIOTIC
OXYGEN CONSUMPTION VALUES

ASYHPTOTIC 95%
ASYMPTOTIC  CONFIDENCE INTERVAL
ESTINATE  STD ERROR LUWER  UPPER
Active smokers  87.0000  1.3135 34.4218 30.5781
hctive non-smokers  34.2927  1.0701 $2.1927 36.3027
Sedentary smokers 34,1925  1.2529 31,7334 96.6515
Set_ienta.'ry non—samokers 23.6778  0.4437 22.8080 24.5486

From Table 4.12 it i5 svidew} that there is & dramatic increase in the oxygen consumption
between sedentary non—smokers and gedentary smokers, but not such a great increase in
active people. ' .

The curves in Figure 4.10 are exactly as would be expecied. The pmokers have a
diminished capacity for gaseous (-ntcha.nge. and therefore require greafly increased
ventilation i.e. Inboured breathing. This extrs work in beeathing results in an increased
metabolic rate and therefore increased oxygen consumption.

TABLE 4.13 COMPARTSUNS BETWEEN THE ASYNPTOTIC OXYGEN
CONSUMPIION ESTTHATRS OF ‘(HE SUBGROUPS

I = value
Active smokers vs Active non-smokers 1.598
Active smokers vs Sedentary smokers 1.548
Active smokers vs Sedentary num—smokers 9,824 * %
Active “on-smokers vs Sedentary smokers - ' 0.061
Aetive non—smokers vs Sedemtary non-smokers 8,167 * *

Sedentary smokers vs Sedentary non-smokers T.012 * *
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From Table 4,13 it is evident that there is a ignificant difference in the agymptotic oxygen

sonsumption estimate between active non—gmokers and sedentary non—smolkers, and

between sedentary smokers and gedentary non—smokers. ‘This confirms the results in Table

4,11 that both lifestyle and smoking have an effect on the asymptotic oxygen consumption

estimate.

Figure 4.9
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44 SUMMARY _
It is evident from this gection that the experimental design had a major influence o the .
results and the type of logistic funciion chosen. The fact that workload and time were
completely confounded in the experiment, as well ag ireadmill speed and age, created
difficulties iﬁ interpreting the results. Alternative forms of the logistic function were
applied in order to reduce the high correlation between the asympiote and time.
Unfortunately these new approaches did not have the desired effect, and the criginal

function that was proposed, was used.

The parameter estimates for the varlable ventilation were as expected i.e. smoking.,'time
and weight had an increasing effect whilst an active lifestyle had a decreasing effect. The
pararmeter estimate for smokers on the heartrate variable was contrary to what is expected
i.e. smoking had & decreasing effect on the heartrate estimate. The effects of time, lifestyle
and weight were however physiclogically acceptable. For the variable oxygen consumption
the parameters for time and lifestyie were significant in the correct direction whilst the
parameters for weight and smoking were significant in the opposite direction to what is
expected. The fact that t.e subjects were self selected could be the reason for some of
these unexpected results, The squared multiple correlation coefficient was high enough to
indicate a reasonable predictive ability for all three modela,




CHAPTERS
51 APPLICATION OF THE RAQ-KHATRI MODEL

INTRODUCTION

In thiz section the Rao—Khatri model is applied {o the data. A dxscusmon of the
sirnilarifies and differences between the Rag—¥{hatri muclel and the Potthoff and Roy model
can be found in Section 2.6, There were fwo main reasoms for applying the Rao—Khatri
model instead of the Potthoff and Roy model. Firstly thore was a lack of information
concerming the matrix G for the Potthoff and Roy model. Since By is unknown G = I
cannot be used, Grizale and Allen (1869) proved that when G = § the two models are
actually equivalent. Another reason for applying the Rao—Khatri model is that standard
multivariate analysis of covariance programs can be used for the modelling procedure,
whereas the Potthoff and Roy model requires an involved program to handle the iterative
procedure neoessar;r to esfimate 30 The three variables heartrate, ventz]a.tion, and oxygen
consumpiion are fitted by this model. Firstly a decislon i3 made on what degree
polynomial $o use, and thereafter the inclusion of covariables is considered. Comparisons
between the Rao-Khatri model and Richards’ logisti_c function are discuased and graphical
representations are presented depicting these diffarences.

HEARTRATE RESULTS

Consider the model ECY&) = A{P (See(2.1.1)) where A is the design matrix, ¢ the
parameters being estimated and P a third degree orthogonal polynomial. Sincs there was
equal spacing betweeﬁ the data observations, orthogonal polynomisl coefficients could
be used, To test the adequacy of the third degree polynomial we compare it with the
matrix Gy, the coefficients corresponding o the orthogonsl polynomials of degrees 4,5 and
6. (Pearson and Hartley (1968)). The matrices A, P, and C, can be found in Appendix C.

105
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Since P(}2 = 0 the test for adequacy glven in Section 2.5 is equivalent to testing

Hy: BC, = 0 for the model B(Y,)) = AB,

Using the theory of Section 2.4 we have M = 1, since there are four groups, V = 02, u=3
{columns in Gp) s = 4 (rank of M) and n —m = 51. Applying the theory leading up to
(2.2.4) and (2.2.5) we have

¥ = (fic,)’ (A°4)fc, (5.1.1)
and E = 0P (I —~ AWATAIC, (5.1.2)

80 that Wilk’ lambda is

R
b iy o Vg g gy (See(2.2.6)).

0.410,

It was decided for the application of thiz method to only use those subjects who underwent
the experiment for 7.5 minuﬁes and longer. .

This restriction ensured that fhere were no missing chservations. However it resulted in
{here being a reduction of 25 subjects from the original sample. i.e. there were 25 aubjects
that lasted on the treadmill for Jess than 7.6 minutes.

Since ~flog A = 18,748 (where £ = n —m — 4(u —s8 + 1) see(2.2.7)} 8 less than x7,(0.05) =
21,03, we do not reject Hy. i.e. 2 third degree polynomial describes the data weil, at the 5%
significance level. | |

Testing the adequacy of a 2nd degree polynomil produced the following:

E
b= THT = 0.3603.
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In this case the exact F—test is used as opposed to the approximate )(2 test. (See (2.2.8)).
14t P72 '
- "3 > By +6,4vo+4
3-} Z) + 3 v1+_6, 72+

= 8.324 with V, = } and V,, = 24.

Since 24 > FB,IOD,U.DS(“ 2.08) the hypothesie that a second degree polynomial fite the
~ data is rejected at & 8% significance level. Therefore a 3rd degree polynomial was used,

In order to estimate the parameters for the four groups (Aciive smokers, active
non—smmokets, sedentary smokers and sedentary non—smokers) we first consider whick of
the three covarlates corresponding to the fourth, fifth and sixth degree. orthogonal
polynomisl shall be used. These covariates are used if there is a high correlation with the
variables corresponding {o the third degree polymomial. Covariates are included in the
estimation process but their coefficients are not estimated. (See Section 2.6).

Yirst choose 01 and 02 such that P’Cl = 14 and P’C2 = 0 and {ransform the data matrix
to YC where G = (C,,Cp).

From Table 5.1 it is evident that none of the columns in the (1,2) part of the table has all
ita correlations small, 50 that zll three covariates are appropriate. i.e. ¢ll three covariates
are to be included in the eatimation process, '
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TABLE 5.1 CORRELATION MATRTX POR THE COLUMNS OF THE
TRANSFORMED BATA (YC,, YC,)

Y(}i' YCz-
1.000 0.2280 —0.2810 -0.0681 0.0656 -0.077L -0.0573

- 1.000 -0.2464 -0.0850 0.1387 -0.0462 0.2178
Y01 - - 1.000 -0.2981 —0.4360 0.3856 -0.1881

- - o= 1000 -0.1339 -0.4460 0.0768

- - - - 1.000 —0.4498 0.2520
Y0 - - - - - 1.000 -0.5545

- - - - - = 1.0000

Therefore in estimating £, the parameters fnr the four groups, the coefficients
corresponding t~ the fourth, fifth ard sixth—degree orthogonal polyromials are also
included in the P matrix as. covariates when estimating £ in (5.1.3), le. they provide
information about the third degree polynomial coefficients being estimated.

¢ = () tovsteesin ... from (2.4.15) (5.1.3)

-1
Y (1., — A TAY
vhere § = ( 81 51( ) )

. Intercept Linear Quadratic Cubic

131.8 1.1072  .0018474 .0010368 | group 1
131.5 1.1039 .0038426  3.9E-04 | group 2
Therefore ¢ = | 123.8 0.9781 ,0051974 -1.0E-04 | group 3

126.8 1.4180 .0016698 B.2E-04 | group 4
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Using Section 1.2 {VI) on arthogonal polynomials, the fitted curves for heartrate for the
four groupa are in Table 5.2,

TABLE §.2 Qrihaponal Polynomials For Heartrate
Active smokers

Y = 131.8 + (1.1072)(1)X + 0.00185(3)[X2 — J5(45% - 1)]
+0. 0010356(5)[x3 (3(48)% ~ 7]
= 1318 - L.1072X + 0.0055(X2 — 168.67) + 0.0008(X3 — 303.4X)
= 130.87 -+ 0.8845X + 0.0085X2 + 0.0008X°

Active non—smokers
Y = 131.5 4 1.1039X 4 0.01152(X2 — 168.67) -~ 0.000325(X° — 308.4X)
= 120.5560 + 1.0052X + 0.0115X2 + 0.000325X°

Sedentary smokers
Y = 123.8 + 0.9781X + 0.01557(X? — 168.67) — 0.0008(X" — 303.4X)
= 121.174 + 1.2208X + 0.01657X? — 0.0008X?

Sedentary non—smokers
Y = 126.6 - 1.418X 4 0.0049(1{2 —168.67) + G‘GODT(X"" — 303.4X)
= 125.7735 + 1.2056X + 0.0049%2 + 0.0007X3
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time and X correspond as i‘ollows:.
$,(X;) =X;;—22-21-20..0... 20 21 22
time: 10 20 30 ...230 ...430 440 450 seconds
Clearly the required coding is '
| | X = Jy(time — 230)
The same procedure for fitting polynomial curves to the heartrate dafa was used for the
ventilation and the oxygen consumpiion data.

VENTILATION RESULTS
A third degree poiynomial proved to be the best ﬁt.ﬁing fanction to desciibe the data with
A = 0.476
0 that —f log A = 16.44, which is less than y7(0.05) = 21.03.
Table 5.3 indicates that none of the colnmzs in the (1,2} part of the table has all its
correlations small, so that all three covariates should be included in the eatimation process.

TABLE 5.3 Correlation Matrix For The Colums 0f The Transformed
Data (YCI, Yﬂz)

e, Yc,
1.000 0.7282 ~0.3186 -0.0754 0.4361 -0.1220 -0.0471

- 1.000 -0.0117 ©.4336 0.3388 -0.1776 0.0572
YC - - 1.000  0.0090 0.0082  0.1380 —0.3057

- - - 1.000 —0.2183 -0.0834 —0.0220
- - - - 1,000 -0.1568 -0.0374
YC - - - - - 1.000 -0.1120
- - - - . - - 1.0000
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The parameter estimates are therefore

45,9877 1.0813 0032015 .0015517 | Active smokers

. 38.6033 0.8188 7.4E-04 .0018833 | Active non—smokers

£ =1{ 50.7020 1.1706 .0037024 .0017374 | Sedemtary smokers
E0.4352 1.4819 .0012755 -1.2E-04 | Sedentary non—smpkers

Using Section 1.2 (VI) we have the following four functions with X = I(time — 230) in
Table 5.4

TABLE 5.4 Orthogoral Polynomialg For Ventilation

Active s.mokers |

Y = 45.9877 + 1.0913X -+ 0.0089(X? — 168.67) + 0.0013(x3 — 303.4%)
= 44,3178 + 0.6989X + 0.0099X2 + 0.0013%

Active non—smokers _

Y = 38.6033 + 0.8188X + 0.0022(X> — 168.67) + 0.0015(X°~303.4X)
= 88,2323 + 0.3637X + 0.0022X? + 0.0016%°

Sedentary smokers
Y = 50.702 + L.1706X + 0.0111(X2 — 168.67) + 0.0014(X° ~ 303.4X)
= 50,702 + 0.7456X + 0.0111X2 4 0.0014X?

Sedentary non—smokers _
Y = 50.4523 + 1.4819X + 0.00381(X? - 188.87) — 0.0001(X> — 303.4X)
= 40.8097 + 1.5122X + £.0038%2 — 0.0001x°
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OXYGEN CONSUMPTION RESULTS
A third degree polynomial once again proved to be the best fitting function i describe the
data with & = 0.465 80 that — log A = 16.96 which s Tess than 21.03 (= y2,(0.05)). -

Al the covariates corresponding to the 4th, 5th and 6th degree polynomial coefficients

ghould be included in the estimation process since none of the eolumna in the (1,2) part of

" the table has all its correlations amall.

TABLE 5.5 Correlation Matri= For The Columns 0f The Transformed
DATA (¥6,, YC,)

Y6, Y0,

1.000 0.8765 -0.1703 —0.0754 0.1556 -0.1033 -0.0983

0.8785 1.000 -0.1064 -0.2930 —0.1074 ~0.1518 0.1046
—0.1703 0.1054 1.0000 —0.4569 -0.1080 0.2721 -0.1002

—0.0769 —0.2930 —0.4569 1.0000 -0.3322 -0.3565% -0.2202
-0.1559 -0.1074 ~0.1080 -0.3322 1.0000 -0.2671 -0.7304

Y02 0.1033 0.1618 0.2721 —0.3559 —0.167L 1.0000 ~0.0d02
0.0983 0.1046 0.1002 0.2202 -0.7304 -0.0602 1.0000

¥C

The parameter estimate for the four groups are therefore

14.8591  0.3505 —.001143 1.3E04

16.6081 0.2074 —2.4E-04 5.1E(4
= | 19.4863 (.3907 -3.6E—04 2.1B-04

21.4493  0.4951 —0015995 5.03-04 |

with the final polynomial functions given in Table 5.6.
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TABLE 58 Orthogonal Polynomials For Oxygen Consump]

 Active smokers .

Y= 14.8501 + 0.3505X — 0.0034(X° — 188.67) + 0.0001(X" — 303.4X)
= 15,4325 + 0.3202X — 0.0034X + 0.0001%>

Active non-smokers
¥ = 16.081 + 0.2074X ~ 0.0007(X? ~ 168.67) 4 0.0004(X> — 303. %)
= 16.7261 -+ 0.1760X — 0.0007X> + 0.0004X°

 Sedentary smokers
Y = 19.4863 + 0.3907X — 0.0011(}{2 —168.67) + 0.0002(X3 — 803,4X)
= 19,6718 + 0.3300X ~ 0.0011X2 + 0.002X>

Sedentary non-smokers
Y = 214483 + 0.4951X — 0.0048(X2 — 168.57) + 0.0004(X° — 303.4X)

= 22,2580 + 0.3737X — 0.0048X? + 0.0004%3

where X = 1-(time — 230).
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52 GRAPHICAL CC..iani. JONS BETWEEN THE RAO—KHATRI MODEL AND
RICHARDS LOGISTIC FUNCTION

Since the application of the Rao—Khatd model had 25 subjects less than the sample used
for the anplication of the Iogistic function, only graphical plots were used 1o compare the
two approaches. In order to fllustraie these diJeremces an example was used fur each
variable: i.e. for oxygen consumption sedentary non--smokers were used, ior heartrate,
active non—smokers and for ventilation, sedentary smokers. It is evident fro:ﬂ Figures 5.1,
5.2 and 5.3 that the two functions display similar tendencies in the first half of the
experiment. In Figure 5.3 the predicted Rao-Khatri polynomial for exa;mple indicates an
acceptable heartrate of 110 after 7.5 minutes whilst the predicted logistic function indicates
a heartrate of 120. However the Rao—Khatri polynomial provides mnacceptable values in
the second helf of the experiment, for example 2 heartrate of 400 after I1 »ninutes. This s
due to the square and cubic effects in the polynomial. The logistic function on the other
hand reaches a more acceptable asymptotic value, for example a heartrate of 180 after 11
minutes.

It therefore indicates that the Rao—Khatri model is suitable for interpolatiou hit not for
extrapolation. The logistic function provided more phjsiologicaﬂy acceptabie estimates the
longer the exercize test endured. The major advantage however of the Rao—Khatri method
is that one can apply a standard multivariate analysis of covariance program to the data.
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CONCLUSION

The question now should be "which approach should be used to analyze cardio—pulmonacy
rasponées?“ The Rao—Khatri polynomial has the obvious shoricoming that the parameters
do nct have any physiclogical meaning. The polynomial sleo provided unaccaptable

values, the longer the experiment endured. Richards® logistic function on the other hand
does pravide a physical meaning for each of the parameters. From a physiologigt’s point of
view, the Richards’ growth curves provided more toceptable results, The caleulation of the
asymj tote for each variable, along with itﬁ confidénce interval, could be useful in creating
normsa for similar exercise tests, The main advantage of vsing the Kao—Khatri model is
thaf orte can. ﬁpply a slandard multivariate snalysia of covariance program to the data.

The design of the experiment did however have shortcomings. The reason for this was that
the data from the Mor Institute in Israel were not collecied exclusively for the purpases of
this dissertaticn, Neverthelesz, some of the design aspects were bad.

The variable work load wes highly correlated with time which made it impéssible to
distinguish between the effects of work load and time on the measurements. The observed
effact is clearly a composite of the two effects. The various age groups were subjected to
different treadmiil speeds and thus different conditions and thus the effect of age could not
be measured again, what ia observed is & composite of the age and workload effects. The
subjects volunteered and were not geientifically selected.

Factors such as the amount of cigarettes smoked by a *smoker’ each day, or the intensity of
exercise an'active’ subject underwent each week, were not examined.

However with the correct experimental design, Richards’ logistic function could possibly
_ provide meaningful results in analyzing cardio—pulmonary responses to a graded exercise

_ test,
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APPENDIX A
QUTPUT OF SCURVE PROGRAM
GIVEN N OBSERVATIONS Y(T), T = 1,.,N MADE AT TIMEPOINTS T, THEN
ANY OF THE FOLLOWING 3 CURVES CAN BE FITTED
1) MONOMOLECULAR; Y(T) = A x (14+-8«Bx{R«xT))
2) LOGISTIC CURVE: Y(T) = A/(13+-8«Bx(RxxT))
3) GOMPERTZ CURVE: Y(T) = A x EXP(~-Bx{RxxT))

REMARK:S§ IS =1 OR —1 AND THE VALUE IS CALCULATED BY SCURVE

IF YOU REQUIRE THE MONOMOLECULAR FUNCTION, TYPE 1"
IF YOU REQUIRE THE LOGISTIC FUNCTION, TYPE "2" AND -
IF YOU REQUIRE THE GOMPERTZ FUNCTION, TYPE '3"
1
1
ENTER THE AMOUNT OF OBSERVATIONS (N) IN
?
7 .
IF YOUR DATA IS ALREADY IN "CURVE DATA", ENTER "§" ELSE THE
NUMBER, "4
y
4
ENTER FIRST THE N OBSERVATIONS AND THEN THE TIME POINTS
¢
24.53 %8.61 31.26 31.75 33.26 33.28 33.53
?
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0 1 2 8 4 &

—~MONOMOLECYVLAS

— THE CALCULATED F-STATT * (G .'uit TESTING Hy:

"THE CORRELATION COEFFICIENT = 0" 15 208.129

THE DEGREES OF FREEDOM = 2 AND 4

IF THE CALCULATE F > F-TABLE VALUE THEN H, IS REJECTED AND THE

FUNCTION CAN BE REGARDED AS SiGNIFICANT.

— RESIDUAL SUM OF SQUARES = 043197

_ THE VALUE OF THE ESTIMATED PARAMETERS IS THE FOLLOWING
nA" = 33.8088 '

THE SIGN "S" OF THE PARAMETER "B" = —1

"BY = 0,27452

NRY = 055318

_ THE VARIANCE OF THE OBSERVATIONS IS 10.80385

—THE CORRELATION COEFFICIENT IS 0.990

—95% C.I. FOR PARAMETER "A" 28,0935 43.8057

_95% C.I. FOR PARAMETER "B" 00813 0.6180

— 5% C.I FOR PARAMETER "R" 00178 0.9886

IF YOU REQUIRE A 85% C.L FOR A SPECIFIC Y-VALUE TYPE "1" ELSE 0"
?
1
TYPE THE T-VALUE FOR A 95% C.I. FOR ¥(T)
: _
i




pl3

~THE 95% C.L IS: 1049300 57.86417
_ THIS IS THE 1ST DATASET ANALYZED. IF YOU REQUIRE ANOTHER
DATASET TYPE *1" ELSE "0
?
0
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ESTIMATION OF THE LOGISTIC FUNCTION APPENDIX B

. [ L ol

/¥ INSTRUCTIONS FOR GRAPHICS PLOT */

GOPTIONS NANDSHAKE=NONE AUTOFEED NOPROMET;

GOPTIONS GACCESS=GSASFILA ;

(MS FILEDEF GSASFILE DISK STATA4AA HPGL O

GOPTIONS DEVICE=HP7530A PEMMOUNTS=4;

GOPTIONS GOLORS=(BLACK,KED,GREEN,BLUE) ;

*GOPTLONS DEVICE=IBM327%; e em

/% ARRANGEMENT OF THE DATA FILE %/

DATA NEW;

SET MERGEZ.DATA; '
Irmswssmaex>1anmﬁmss=1-
IF AGE > 35 THEN AGEG = 0;

DBJ1 = 'AC SM ';

0BJ2 = 'SED SM';

DBYS = 'sM !
OBJ4 = 'AC NEH‘;
OBJ5 = 'SED NsM'i

OBJ6 = 'NsM';
T1 = SUBSTR(OBJECTYV,1,5):
T2 = SUBSTR(OBIECTV,1,3);
T3 = SUBSBTR{UBJECTV,1,7}}
JFTL=0BIJLORTL= DBJ’Z OR T2 = 0BJ3 THEN SMOKE =
IF T1 = OBJ4 OR T2 = 0BJ6 OR T3 = DBJ5 THEN SMORE =
IF Tl = OBJL CE Tl = OBJ4 THEN LIFESTL = 1;
IF T1 = 0BF2 OR T3 = OBJ5 THEN LIFESTL = 0;
IF N = 1 THEN OLDNUH = NUMBER
IF NUMBER = OLDNUH  THEN DD,
COUNT = COUNT + 1:
IF COUNT = 6 THEN DO;
WL = WL + 2;
COUNT = 03
END;
END;
ELSE DO;
COUNT =03
Wi=0;
END;
OLDNUM = NUMBER;
RETAIN WL ¢ COUNT -1 OLDNUM;
KEEP HR WEIGHT TIME WL SMOKE NUMBER LIFESTL AGEG ;
. PROC SORT; BY TIME; ‘

13
H
*
3

/% USING PROCEDURE NLIN TO CALCULATE PARAMETER ESTIMATES
FOR THE LOGISTIC MODEL +/

PROC MLIN DATA = NEW METHOD = GAUBS;
BARMS a=142 BO=0 Bl=D 320 83"0 B&-G'

BOUNDS 170<=A<=250;

MI= EXP(RC +F1*TIHE + BZ*BHOKE +

BA*LIFESTL +~ BASUEIGHT);

/% SPECL¥TCATION OF THE MODEL BEING PLOTIED ¥/




123

HODEL HR = A/(1 + MI);

/% PARTIAL DERIVATIVE OF THE EXPRESSION IN THE MODEL STATEMENT
WITH RESPECT [0 THE PARAMETER BEING ESTIMATED */

DER.BO = (A%-1%MT}/(1 + MT)wie2;
DER.B1 = (A%-1#MF*TIME)/ (1+MT)#%2;
DER.BZ = (A%-1%MTSHOKE)/ (1H4T )42
DER.B3 = (A%-IHMIFLIFESTLY/ (13M3)7=42;
DER.B4 = (a®-1%mj*weight)/(linj)*2;
DER.A& = 1/{I441);

OUTEUT PREDICTED = BN1 RESTDUAL = BN2;
W

¥ spnc:rmnon OF THE OUTLAY OF THE GRAPHICS #/

" PROC GPEOT;
TITLE1 F=XSWISS C=RED J=C H=.95 'LOGISTIC RESIDUAL PLOT FOR HEARTRATE';
TITLE2 F=XSWISS C=AED J= E=.95 'HR=A/(i + EXP(BC + BI*TIME'
. 4 BZHSHOKE + B3*LIFESTL + BAHJEIGHT)';
SYMBOE]L I=NONE C=BLUE V=STAR;
SYMAOES I=NDNE C=BLUE V=STAR;
PLOT BN24TIME=3
/ OVERIAY ;
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'.EESTING TI-IE ADEQUACY OF THE RAQ-KHATRT POLYNDHIM- APPENDIX G

- ———— -

*/ Arrangement cf the date file i

DATA NEW:
SET MERGEZ.DATA;
IF NUMBER = '0126680° OR NUMHER = 2&&3577 OR NUMBER -=' 0338930
OR NUMBER = '5071815' THEN DELETE;
if time > 4.5 thea daiets}
IF&EE#SSANDA&:E>IOTBENAGEG=1-
IF AGE > 35 THEN AGEG = 03
OBJL = 'AC SM ';
GBY2 = '‘SED SM';
OBY3 = 's¥ '3
O5J& = 'AC NSH‘;
0BJ5 = 'SED NSM';
0BJ6 = '"NsM'; - R
T1 = SUBSTR(DBJECTV,1,6);
T2 = BUBSTR(OBJECTV,1,3);
TS = SUBSTR(0BJECIV,1,7);
IFTL = QBJL OR TL = OBJZ OR T2 = QBJ3 THEN SMOKE = 1;
IF T1L = OBJ4 OR T2 = 0BJ6 OR T3 = ORJS THEN BMOKE = 03
IF TiL = OBYL OR T1 = OBJ4 THEN LIFESTL = 1:
IF TL = 0BJ2 OR T3 = 0BJS THEN LIFESTL = 0;
IF N_= 1 THEN. DLINUM = NUMBER;
1F NUMBER = OLONUM THEN DC;
COUNT = COUNT + 1
IF GOUNT = & THEN DOD;
WL = WL + 23
COUNT = 03
- END;
ENDj;
ELSE DOj
COUNT =03
- WL=03;
END;
OLONUM = NUMBER;
RETAIN WL O GOUN'J.' =1 OLBNUYM;
KEEP HR ve vo2_kg WEIGHT TIME WL SMOKE WUMEER LIFESTL
proc Bnrt ;
by moober smoke lifestl;
proc trenspose data=ney out=yd;
var vo? kg:
by numbher smoke lifestl;
proc sort)
by smoke lifestl;
data mj;
set yd;

#/ Remove missing cbservatioms Fia

array h 45 coll - coldd;
de £ =1 to 45 3

ifh i =, then delete;
and;

*f Design matrix™ £ P
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0000000n_.uﬂﬂ00000000.UOOD00000000ﬂ00008001111111111111111
m.OO00000.000000000000000000000001111111110000000000000000
.mﬂn._u.n.0000000000111111111111111100DDDODDQUDDOGOGEOUDOUN00
1111111111111100B.0000UDDOn.n_ﬁ.ﬂDDDODGOOUOGODOOODGOU000090

-

input, x] ~ xé4;

data xd;
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*/ Third degree orthogonal polynomial cosfficients. f#

*f Matrix P FL
dota kd; )

wput kl - Ik

cards;

1-22 945 -3311
1 -21°817 -2408
1 -20 694 -1510
1 -19 577 -91z
1 -18 466 -309
1 -17 381 204
1 -16 262 632
1«15 169 980
1 -14 82 1253
1 -13 1 1456
1 -12 -74 1594
1 -11 -143 1672
-10 =206 1695
-9 =263 1668
=8 -~314 1596
=7 -359 1484
~6 =398 1337
=5 -431 1160
=& -458 05§
=3 =479 736
=4 -494 499
=-a03 252
=506 0
-503 -252
=494 -439
=478 -756
~458 ~958
~431 -1160
=388 -1337
=359 1484
-314 -1595
-26] -1668
10 -206 -1695
11 -143 -1872
12 -74 ~1594
13 1 ~1456
14 82 -1253
15 169 -580
16 262 -632
17 381 -204
i8 488 309
19 577 912
20 694 1610
21 B17 2408
22 246 3311

i
Lol

Aol B N R T L |

*/ Ortbegonal polynemial coefficients corresponding to the fourth, f#
*f  fifth and sixth degres. f&)
*f Mabtrix G2 I

data cd;
input el - e3;
caxds;
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| 19393 38786 504218
110578 -12341 22919
3608 5494 -234520
1722 16359 -332059
~5607 21714 -321958
~8232 22848 =246064
-9772 20888 -137032
-10392° 16808 -19480
-10247 11438 88922
9482 5473 176429
-8232 -518 236264
-6622 -6083 265727
-4761 -10878 265370
- =2772 -14858 235238
| -732 -17268 189176
1268 ~186364 124202
3153, -18754 49946
4858 ~17689 -26845
6328 -15554 ~99736
7518 -12509 -162967
8393 -B750 -211750
8928 ~4500 242500
9108 0 -253000
8528 4500 -242500
8393 8750 ~211750
7518 12508 -162967
§328 15554 ~99736 -
4858 17680 -26845
3153 18754 49946
1268 18634 124202
732 17268 189176
2772 1k658 238238
-4767 10878 265570
-6622 6083 265727
8232 518 236264
-3482 -5473 176429
10247 -11438 88922
-1039%2 ~16808 -19480
9772 -20888 -~137032
-B232 -22848 -246064
-5607 -21714 -321958
1722 -16359 -332059
3608 -5494 ~234520
10576 12341 22913
19393 38786 504218

3

%/ Using ML procedurs teo handle matrix operations - i*

proc iml;

uga cond;

read 831 var .cel into galj
use 1ld;- )

read all ver 1dl  inee ldd;
ise Sq;

read all *1r sql into sqq;
usa cb;

read all vex c¢bi into chbj
use fr}
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read all wvar £rl into frr;

use mj; .

read all var coll eol? cold cold colS colé col? col8 col9 eolll
¢olil eolll coll3 colld colld colld eoll7 colld cell9 colll
co0l2l col22 coi23d coll2é coll5 collZd col?7 col2B coll2? col3)
col3l eol32 colidd cold4 enl3S colldf celld7 col3d col3d colid
coldl cols2 cois3 coldh coldS into w3

use xd;

read all var xI x2 x3 x4 iInto x;

use kd; -

read all war ki k2 k3 k4 JInto ki;

usa cd;

read a')l var ¢l c2'e3  into cl;

enst = aal/55; '

al = 1dd/71590; .

a2 = sqg/9203634;

a3= cbb/92036340;

ab= frr/29349366203

c= cnst||el]|a2|]a3]je2; .

W/ Stmdﬁfd etror of the sample observations /*

s=(y #y-y Yvinv(z *x)*x *y)/51;
print s;

biny(x *x)*x *y;

print bh;

#} Calenlation of the U test statistic Fid

h=({b%c2) *(x *x)Fh%ci;

e=c2 *(y *y - y *xFinv(x *x)Rx *y)ked;
v=det{e)/det(eth};

print v;

¥/ Culculation of the correlation matydz of the transformed data [*

ri=(y*e)} *{1(55)-x%inv(x *x)¥x Yry*c/51;
dediag(zl);

d2=sgrt{d);

v=inv{d2 Y ri¥*inv(d2);

print ¥

*f Inelusion of the covariates into the estimation process and /#
*f the estimation of the paramaters for the four groups i

=kl |cl; .
delt = inv{x ®x)¥x *yrinv’pswrinv(k *iny(s)Fk);
print delt;
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APPERDTX D

/Data file of subjact with i.dentity nupber = 0001506 /

0Bs AGE WEIGHT NOMEER TIME s V02_XG HR SMOKE LIFESTL

1 52 a5 0001506 0.1 51 5.3 as 1 o

2 52 85 o0oks06 0.2 29 7.3 102 1 o

3 52 &5 0001506 0.3 36 10.6 124 1 0

& ' 52 85 0001506 6.4 3é 11.2 129 1 0

5 52 85 = 0001506 0.5 45 15.0 133 1 8

6 52 &5 0001506 0.6 48 14.5 130 i ]

7 52 85 0001506 0.7 51 15.7 - 133 1 0

fi 52 85 0001506 0.8 54 16.6 151 1 1]

9 52 g5 0001506 0.9 54 18.3 156 1 o
10 52 a5 0o01508 1.0 62 17.9 143 1 0
11 52 83 | 00D1S06 1.2 65 i8.4 13 i 0
12 52 83 0001506 1.2 69 18.2 133 i a
13 52 85 - 0001506 1.3 70 18.7 133 1 a
14 52 85 0001506 1.4 72 18.4 . 136 - 1 1}
15 52 85 0001506 1.5 72 19.0 13% 1 o
16 52 a5 0001506 1.6 a3 17.2 133 1 0
17 52 B5 0001506 1.7 &8 19.2 146 1 0
i8 52 85 0001506 1.8 69 18.3 142 1 o
19 52 85 0001506 1.9 75 19.5 131 1 o
20 52 85 0001506 2.0 73 19.4 12s 1 o
21 52 85 0001506 2.1 76 18.5 132 1 0
22 52 &5 0001506 2.2 7 19.1 138 1 0
23 52 85 0001506 2,3 78 18.7 139 1 ]
24 52 85 ODC1506 2.4 77 19.1 140 1 ]
25 52 85 0001506 2.5 74 18.1 138 1 0
26 52 85 0001506 2.6 78 18.8 140 1 0
27 52 85 0001506 2.7 &0 19.0 145 1 Q
28 52 a5 - 0001506 2.8 77 9.2 146 1 0
29 52 a5 po01506 2.9 a3 13.4 146 1 0
30 52 85 0001506 3.0 82 19.0 149 1 0
31 52 85 ceN1sGE 3.1 88 20.1 144 1 o
32 52 a5 0001506 3.2 84 18.5 147 1 0
33 52 85 0001506 3.3 84 19,8 145 1 0
34 52 85 0001506 3.4 B2 i8.6 145 1 a
35 52 85 0001506 3.5 86 19.3 153 i 0
3¢ 52 BS DGO1506 3.6 87 19.3 156 1 ]
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