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Chapter 1

Introduction

1.1 Overview

The purpose of this research is to study derivations of group algebras. A group
algebra is constructed using a group G and a commutative ring R: it is the uni-
tal R-algebra produced freely from G, preserving the multiplicative structure
of G. The notion of a derivation is intended to generalise the classical deriva-
tive function: to this end, a derivation is defined to be any function satisfying
linearity and the Leibniz Rule, however, the Leibniz Rule may differ some-
what depending on how we define the action of the domain on the codomain.
We will be considering derivations whose domain and codomain are a group
algebra, however, with two slightly different approaches to the Leibniz Rule,
leading to apparently vastly different theories before concluding by showing a

surprising similarity between these approaches in one particular regard.

In Chapter 1 we will go on to define algebraic concepts and related results
that will be relevant for the dissertation. We will conclude by introducing
derivations and group algebras, both defined in their broadest sense. We also
define inner derivations, a particular type of derivation which will be very

significant.

In Chapter 2 we demonstrate useful results relating to group algebras. We
show that the underlying group and ring may be embedded in a group algebra
and that there is a correspondence between normal subgroups of the underlying
group and ideals of the group algebra. Moreover, we demonstrate many results
pertaining to the derivations and inner derivations of a group algebra, leading

us to introduce the outer derivations: the quotient space of the derivations by
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the inner derivations. It is here that we introduce the two different types of
derivation that we will be considering moving forward, namely the standard

derivation and Fox-derivation.

We focus on Fox-derivations in Chapter 3, more specifically on Fox-derivations
of group algebras with the underlying ring Z. We further study the corre-
spondence between normal subgroups of G and ideals of Z[G], leading us to
show that an ideal may be generated using the generators of its corresponding
normal subgroup. We then increase our focus to group algebras Z[X] where
X is a finitely generated free group. Within this framework we construct a
notion analogous to differentiation on such a group algebra: a Fox-derivativion
is constructed for each generator x; of X that acts as the partial derivative
with respect to ;. These partial derivatives are shown to form a basis for all
derivations of Z[X] and lead to results analogous to those from traditional dif-
ferentiation including a Chain Rule and Taylor series. We conclude by studying
the structure of Z[X]| using the partial derivatives, specifically by determin-
ing properties of the powers of its fundamental ideal, which are shown to be

strongly related to the lower central series of X.

Chapter 4 is dedicated to reviewing category theory. A category contains of a
class of objects and a class of morphisms between these objects, intended to
provide a general theory of mathematical structures and their relations. After
defining the core concepts of category theory, we focus on a specific type of
category, namely the groupoid of the adjoint action on a group G, denoted by
I', whose objects are the elements of G and whose morphisms represent the
adjoint action on G. We define a function known as a character on such a
category, which will prove very significant moving forward. We also introduce

subgroupoids of the groupoid of the adjoint action.

We focus on the standard derivations of group algebras over C in Chapter 5.
The most significant result here is that every such derivation can be described
using a locally finitely supported character of the groupoid of the adjoint action
on the underlying group. In fact, the vector space of derivations of C[G]
is shown to be isomorphic to the vector space of locally finitely supported
characters of I".  Furthermore, the inner derivations can easily be described
using characters as well. The structural similarities between the derivations
and characters are further explored, leading us to study the characters of the
subgroupoids of I'. This eventually leads to introducing a type of derivation

known as the central derivation, which is guaranteed to be non-inner if it
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is non-trivial. We generate a vector space by the central derivations, which
consists entirely of non-inner derivations and which can be embedded in the
outer derivations. We conclude the chapter by considering which groups allow

for the construction of central derivations of C[G].

After having studied the Fox-derivations of Z[X] and standard derivations of
C|[G] separately, we demonstrate a similarity between these two concepts in
Chapter 6. This hinges on the notion of a cochain complex, a sequence of
abelian groups or modules along with homomorphisms between them whose
consecutive compositions are zero. We find that the Fox-derivations, inner
Fox-derivations and outer Fox-derivations of Z[X] are isomorphic to the 1-
dimensional cocyles, 1-dimensional coboundaries and first cohomology group of
X over Z[X] respectively. Similarly, the standard derivations, inner derivations
and outer derivations of C[G] are isomorphic to the 1-dimensional cocyles, 1-
dimensional coboundaries and first cohomology group of the cochain complex

of the Cayley complex of the groupoid of the adjoint on G respectively.

1.2 Introductory Definitions

We begin by defining several algebraic structures that will be relevant for this

project, following [1] for Definitions 1 to 15 and following [6] for Definition 16.

Definition 1. A group (G,*) is a set G equipped with a binary operation
x: G x G — G, satisfying the following properties:

e Associativity: For all g,h,k € G, gx (hxk) = (g=*h) *k.

o Identity element: There exists an identity element e € GG, that is an
element such that ex g = g = gxe for all g € G. It is elementary to
observe that this element is unique. For greater rigour we may denote

the identity of the group G by eq.
e Inverses: For every g € G there exists an inverse g~ € G such that
grg l=ea=g"*g

We may also write Og or 1g for the identity. (The subscript may be omitted
if it is not necessary.) If this operation is also commutative, i.e. gxh ="hx*g

for all g,h € G, then G is called an abelian group.

For the sake of convenience we will generally simply write gh and G instead

of g x h and (G, *) respectively.
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Definition 2. Given a group G, a subset H C G is a subgroup of GG, denoted
H < G, if it 1s also a group under the same operation. H is a normal
subgroup, denoted H QA G, if ghg~' € H for all g € G and h € H.

Proposition 1. If H is a non-empty subset of a group G, then H is a subgroup
of G if and only if gh=' € H for all g,h € H.

Definition 3. For any normal subgroup N < G, the left coset of N with
respect to g is the set gN = {gn : n € N}. The right coset is Ng = {ng : n €
N}

Note 1. Seeing as we consider only normal subgroups in the above definition,
it is elementary to show that left and right cosets are in fact equal. Therefore,
we need only consider left cosets. Note also that for two elements g,h € G,
gN = hN if and only if gh=' € N.

Definition 4. For any normal subgroup N < G, the quotient group of N is
the group G/N with elements given by G/N = {gN : g € G} and operation
gN x hN = (gh)N. The identity of G/N is e¢gN = N.

Note 2. It must be stated that the operation on the quotient group is indeed
well-defined: if we have g,g',h,h' € G such that gN = ¢'N and hN = h'N,
then (gh) (¢’W)"" € N, i.e. (gh)N = (¢’W)N and so gN « hN = ¢'N « h'N.

Definition 5. Given a group G, two elements a,b € G are conjgugate if there
exists some g € G such that b = gag™. (We can also write this as b = a?.)
This is an equivalence relation whose equivalence classes are called conjugacy

classes. The conjugacy class of a is denoted by [a].

Definition 6. A ring is an abelian group R under addition + along with a

multiplication operation - that satisfies the following properties:
e Associativity: For allr,s,t € R, r-(s-t)=(r-s)-t.

o Distributivity: For allr,s,t € R, r-(s+t)=r-s+r-t and (r+s)-t =
r-t+s-t.

We denote the additive identity element by 0. If there exists a multiplicative
identity, then we denote this by 1 and R is called a unital ring. If multipli-
cation is commutative, then R is a commutative ring. Subrings are defined

analogously to subgroups.

Definition 7. The characteristic of a unital ring R is the smallest n € N
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such that:
I+1+---+1=0

n times

We denote char(R) = n. If no such n ezists, then char(R) = 0.

Definition 8. Given a ring R, a subset I C R is a two-stded ideal if 0 € I,
x4+y el forallz,y el andr-x,x-r €l forallr € R and x € I.

There are also weaker structures known as left and right ideals. When we refer

simply to an ideal, we will mean a two-sided ideal.

Ideals may be equipped with a product. The product of two ideals I and J is:

1J = {inyi:nENand x;, €1,y € J,Vz}.

i=1
The resulting I.J is itself an ideal. Furthermore, IJ C I and IJ C J.

Definition 9. Quotient rings can be formed similarly to quotient groups.
For any two-sided ideal I of a ring R, R/I = {r 4+ I : r € R} with operations
(r+0)+(s+1)=r+s)+Land(r+1)-(s+1)=(r-s)+ 1. Similarly to
quotient groups, r + 1 = s+ 1 if and only if r —s € 1.

Note 3. Again, it must be stated that the operations within the quotient ring
are indeed well-defined. The addition of quotient rings is clearly well-defined
following Note 2. Multiplication is also well-defined: if r,r’ s, s € R such
that v +1 = v+ 1 and s+ 1 = s + 1, thenr-s—1r"-s € I and hence
(r-s)+I=("-s)+1I, meaning that (r+1)-(s+1)=0"+1)-(s+1).

Definition 10. A field is a commutative unital ring where every non-zero

element has a multiplicative inverse.

Note 4. The precise definition of a field differs somewhat between sources.
Sometimes it is required for a field F that (F\{0},-) is an abelian group. This

excludes the one-element ring {0}, whereas Definition 10 does not.

Definition 11. Given a ring R, a left R-module is an abelian group M
along with a left scalar multiplication operation over R that is associative and
distributive, that is for all o, 5 € R and a,b € M:

(a-B)a=a(fa),
ala+b) = aa + ab,
(o + B)a = aa + Pa.
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Further, if R is a unital ring, then we require that for all a € M :
la = a.

We say that R acts on M and that this scalar multiplication is an R-action
on M.

Right R-modules are defined similarly with right scalar multiplication. In the

following, by “module” we will mean left module.

Definition 12. Given two rings R and S, M is an R-S-bimodule if it is
a left R-module and a right S-module such that the left- and right-actions
assoctate, that is:

(r-gm)-ss=r-g(m-gs)
forallr € R, m € M and s € S, where -g and -5 are the R-action and
S-action on M respectively.

Definition 13. If R is a field in Definition 11, then M is a vector space.

Definition 14. An algebra A over a ring R is an R-module along with a
multiplication operator - which s associative, distributive and commutative

with scalar multiplication, that is for all « € R and a,b,c € A:

(a-b)-c=a-(b-c),
a-(ab+c)=ala-b)+ (a-c),
(a+b)-c=ala-c)+ (b-c).

Note 5. Any algebra is also a ring.

Definition 15. Given a vector space or algebra V over R, a bastis B is a
linearly independent subset of V' such that B spans V. FExplicitly, this means
that all elements of V' can be represented as a finite linear combination of

elements of B, using elements from R as coefficients.

Definition 16. A Lie algebra L over a field F is a vector space over F along

with a Lie bracket (or Lie product) [-,-] satisfying the following properties:

e Bilinearity: [ca+b,c] = afa,c| + [b,¢] and [a,ab+ ] = afa, b] + [a, ]
for alla € F and a,b,c € L.

o Antisymmetry: [a,b] = —[b,a] for all a,b € L.
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e Jacobi Identity: [a,[b,c|| + [b,[c,al] + [c, [a,b]] = 0 for all a,b,c € L.

Definition 17. Given a Lie algebra L, a sub-vector space I C L is an ideal
if [x,yl €I forallxz € I andy € L.

Having defined these many algebraic structures, we introduce some particular
types of mapping within these structures capturing the notion of linearity

within these general structures, again following [1]:

Definition 18. Given groups G and H, a mapping f : G — H is a group ho-
momorphism if f(gh) = f(g)f(h) for all g,h € G, using the group operation
of G on the left-hand side and the operation of H on the right.

Definition 19. Given rings R and S, a mapping f : R — S is a ring ho-

momorphism if f(r +s) = f(r) + f(s) and f(r-s) = f(r) - f(s) for all
r,s € R.

Definition 20. Given R-modules M and N, a mapping f : M — N is a
module homomorphism if f(m +n) = f(m)+ f(n) and f(rm) = rf(m)
for allm,n € M and r € R.

A similar definition can be made for algebra homomorphisms. Note that in
any structure the mapping sending everything to 0 is a homomorphism. This

is called the trivial homomorphism.

Definition 21. A homomorphism of any structure is an isomorphism if it
is a bijection. If an isomorphism exists between two structures A and B, then
they are said to be tsomorphic, denoted A = B. An isomorphism from a

structure to itself is called an automorphism.

Note 6. For any structure as described in Definitions 1 to 14, the identity
mapping 18 an automorphism, meaning that every structure is isomorphic to
itself.

Note 7. The composition of homomorphisms is itself a homomorphism and
the same holds for isomorphisms. Therefore, the relation of being isomorphic
is transitive, meaning that if A= B and B = C, then A= C.

Definition 22. When considering structures that have a zero element, the
kernel of a mapping is the set of all elements mapped to zero. In the case of
a mapping ¢ : G — H between groups the kernel is given by ker(¢) = {g € G :
o(g) = en}y. When considering structures with addition and multiplication,

the kernel of ¢ : R — S is ker(¢) = {r € R: ¢(r) = 0g}.
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The study of homomorphisms is the study of structure because they preserve
structure between their domains and codomains. This means thatif f : G — H
is a group homomorphism, then f(eq) = ey and f(g7') = (f(g))~' for all
g € G. Similarly, if f : R — S is a ring homomorphism, then f(0r) = 0g and
f(=r) = —f(r) for all r € R. Moreover, if R and S are both unital and f is
surjective, then f(1z) = lg and f (r~1) = (f(r))~! for all » € R such that r~!

exists in R. Similar results exist for all the relevant structures.

Furthermore, isomorphisms preserve structure and guarantee equal cardinality.

For this reason, isomorphic structures can in a sense be considered equivalent.
Lastly, we obtain the following useful result, again taken from [1]:

Theorem 1. The kernel of any group homomorphism f : G — H is a normal
subgroup of G and conversely every normal subgroup of G is the kernel of
some such homomorphism. Similarly, the kernel of any ring homomorphism
f:+R— S is a two-sided ideal of R and conversely every two-sided ideal of R

is the kernel of some such homomorphism.

The proof of this theorem is straightforward. The group homomorphism ¢ such
that a normal subgroup is its kernel is ¢ : G — G//N defined by ¢(g) = gN for
all g € G. Similarly for two-sided ideals, the ring homomorphism ¢ is given
by p(r)=r+1.

Having introduced homomorphisms, a type of mapping analogous to linear
maps, we now define another type of mapping, this time generalising differen-
tiation in a more general setting. For this we must consider an algebra A over
some ring R along with an A-bimodule (i.e. an A-A-bimodule) E. We will
denote the left-action on F by - and the right-action on £ by x. Then, from
[11]:

Definition 23. A derivation from A to E is a group homomorphism d :
A — E obeying the Leibniz Rule. That is, for all a,b € A:

d(a+b) =d(a) + d(b),
d(ab) = d(a) x b+ a - d(b).

If A has a multiplicative identity element, then we further require that d be a

module homomorphism, that is for any o € R and a € A:

d(aa) = al - d(a).
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While we have been very specific in requiring d to be a group or module homo-
morphism, these are both intended to capture the idea of linearity within their
respective contexts. Therefore, we may say that d is a linear mapping obeying
the Leibniz Rule.

Note 8. For any derivation d, d(0) = 0. Further, if the domain has a multi-
plicative identity element, then d(1) = 0.

Definition 24. For all x € E, we define the mapping d, : A — E as follows:
dy(a) =xxXa—a-x Va € A.

A mapping defined like this will always be a derivation and is called an inner

dertvation.

This approach to defining derivations generally follows the introduction to
[3]. The most usual way of considering derivations, though, is to let F = A,
that is to consider derivations as mappings d : A — A. Indeed, we will only
be considering this case: whenever we refer to a derivation in the following,
unless specifically stated otherwise, we will be referring to a mapping with the
same domain and codomain. Further, the most common approach within this
framework is to define the left- and right-actions of A on itself to simply be
its native multiplication, that is a - b = ab = a x b for all a,b € A. Under this

framework, the Leibniz Rule becomes:
d(ab) = d(a)b+ ad(b) (1.1)
and the definition of inner derivations becomes:
da(b) = ab — ba. (1.2)

This is an intuitive way of defining the left- and right-actions. We will in part
follow this approach, however, not entirely. There is another intuitive way of

defining the actions of A on itself, utilising homomorphisms.

Given two ring homomorphisms f,g: A — A, we can define a - b = f(a)b and
axb=ag(b) for a,b € A. Then - and X are indeed actions on A, meaning
that the Leibniz Rule becomes:

d(ab) = d(a)g(b) + f(a)d(b) (1.3)
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and the definition of inner derivations becomes:

da(b) = ag(b) — f(b)a. (1.4)

In fact, the earlier approach of simply defining the actions to be multiplica-
tion can be seen as following this homomorphism approach, using the identity
mapping for both homomorphisms. This way of defining the actions utilising
homomorphisms will be crucial moving forward in this research, specifically

for introducing what we call “Fox-derivations”.

While all above working considered the structures with no restrictions, for the
remaining purposes of this research, when discussing groups we focus only on
finitely generated discrete groups:' these are groups G with discrete elements
and a finite generating set S C G such that all elements of GG can be represented
as finite combinations (under the group operation) of elements from S and their

inverses. This leads to the focus of this research, the group algebra:

Definition 25. Given a finitely generated group G and a commutative ring R,
the group algebra of G is denoted R|G] and consists of all finitely supported
functions f: G — R. Ezplicitly, this means that the set {g € G : f(g) # 0} is
finite. Addition and multiplication of fi, fo € R[G] are defined as follows:

(fi+ f)g) = filg) + folg) Vge G
(fi-f2)(9) = Zfl (gh™") f2(h) Vg€ G.

heG

Definition 25 is the most precise definition of group algebras, however, there
is an equivalent formulation which is more commonly used, representing the
elements of the group algebra as linear combinations. This is the formulation

we will be using throughout the dissertation:

Definition 26. Given a finitely generated group G and a commutative ring
R, the group algebra of G over R is denoted R[G] and consists of all formal
finite linear combinations deG agg, where a, € R for all g € G. Addition

and multiplication are defined as follows:

Zagg+zbg922(ag+bg)g,

geG geG geqG

1By discrete group, we mean a group with a discrete topology.
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(2) (555 o)

geG geG g€G \heG

using addition and multiplication from R respectively.

Note 9. When we refer to “finite linear combinations” in the above definition,
this means that a, # Og for only a finite number of g € G. Any term with

coefficient Or can be disregarded within the sum.

These two definitions are equivalent: Definition 26 is merely representing the

function f € R[G] as 3~ . f(9)g-

Note 10. If we relax R in Definitions 25 and 26 to be a ring without demanding

commutativity, then R[G] is known as a group ring.

Note 11. Though the definition of the group algebra does not demand that the
ring R be unital, we will only be considering the case of a commutative unital

ring.

The above definition is from [7], however, multiplication in the group algebra is
defined slightly differently in [4]: (deG agg> : (deG bgg> = >y neclagbn)gh,
using multiplication from R and the group operation as needed on the right-

hand side. These are equivalent definitions via the substituion g = gh™':

S5 o 35 -3 (S ) o

geG heG g€G heG geG \heG

The formulation of multiplication from [4] is perhaps more intuitive, however,
it is not as explicit in expressing the product as an element of the group algebra.
These definitions will both be used, depending on the task at hand.



Chapter 2
Review of Group Algebras

We consider an arbitrary group algebra R[G]. The ring R and group G can be
embedded into R[G] by identifying r = r1g for each r € R and g = 1gg for each
g € G, where O and 1 are the identity elements of R and 1 is identity in G.
Addition and multiplication in R correspond with addition and multiplication
in R[G] and the group operation in G corresponds with multiplication in G.
That is:

rlg + slg = (r+ s)1g, (2.1)
(rlg) - (slg) = (rs)lg, (2.2)
(1rg) - (Lrh) = 1r(gh). (2.3)

forall r,s € R and g,h € G.

Equation (2.1) is immediate by Definition (26). Equation (2.2) and (2.3) re-
quire more elaboration. We will show the working for (2.2) only to demonstrate

the reasoning behind such results:

We can write rlg =
slg = dec byg where by, = s and b, = Op otherwise. Thus, following
Definition 26, multiplication in R[G] yields:

(rlg) - (slg) = Z <Z aghlbh> g

geG \heaG

agg where a;, = r and a, = Og otherwise. Similarly,

But ag,-1 is non-zero only if gh™' = 1, that is if h = g. Similarly, b, is

17
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non-zero only if g = 14. So:

(rig) - (slg) = (Z aghlbh> g

geG \heG
= Z (a15bg) 9
geG

= (alcblc> lg
= (rs)lg.

Equation (2.3) can be proved similarly. Since R and G can be embedded so

effectively, we will henceforth consider them to be subsets of R[G].

Proposition 2. The group algebra is an algebra over R with scalar multipli-
cation given by ry_ cqaqg =D ,cq(rag)g. The additive identity element of
RG s given by Or and multiplicative identity is given by 1q.

This means that addition in the group algebra is commutative and associative
and multiplication is associative, distributive and commutative with scalar

multiplication. The proof for this is very straightforward.

Note 12. The group G is a basis of R|G]|. Since G is chosen to be finitely
generated, it is countable and can therefore be enumerated: G = {q1, go, ...} is

a useful way of expressing the basis of RG. We will use the convention that
g1 = €G-

Note 13. Using the embeddings mentioned before, R is a subalgebra of R|G|
and G is a multiplicative group in R[G].

We can obtain several results regarding addition and multiplication in the

group algebra that are convenient for later work:

Lemma 1. Forallr € R, h € G and ), _,a,9 € R[G], the following equations

geG
hold:
T Zagg = Z (rag) g,
geG geG
he> agg =Y ag(hg),
geG geG

as do the analogous equations multiplying r and h on the right rather than the

left.

This lemma helps in demonstrating the following proposition, which will be-
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come useful when we introduce derivations and start including functions within

the sums in R[G].

Note 14. The first equation of the following proposition follows from the ad-
gunction between sets and R-modules, which is a special case of the adjunction

discussed in greater detail in Note 16.

Proposition 3. For any functions ¢, : G — R|G]:

Sag 0(g)+ D by dlg) = (ag+by) - dlg)  and

geG geG geG
(Z - ¢<g>) . (Z by ¢<g>> =3 (aghe) - (9l9) - b0
geG geG g,:heG

The proof of Proposition 3 is not entirely trivial, however, it is exceedingly
tedious and requires little in-depth thought. For this reason it is included in
Appendix A rather than the body of the dissertation.

We can now move on to considering derivations on the group algebra. We
will begin by considering the most natural type of derivation as discussed in
the introduction, that is we will be following Equations (1.1) and (1.2). We
denote by Der(R[G]) the set of all such derivations on the group algebra and
by Inn(R[G]) the set of all such inner derivations.

We define addition and scalar multiplication of derivations pointwise, that is

for any d,d’ € Der(R|G]) and r € R:

(d+d)(u) =d(u) +d(u) and (rd)(u)=rd(u) Vu € R[G].

Proposition 4. Using the above addition and scalar multiplication, Der(R[G])

1s an R-module.

The proof of Proposition 4 is straightforward using the trivial mapping as
the additive identity element of Der(R[G]) and with the additive inverse of a
derivation d being given by (—d)(u) = —d(u),Vu € R|[G]. Using this additive

inverse we introduce the following Lie bracket of derivations d, d':
d,d]=dod —d od.

With this Lie bracket in mind, we find the following:
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Proposition 5. If F is a field and A is an algebra over F, then Der(A) is a

Lie algebra over F.

Proposition 6. If F is a field and A is an algebra over I, then Inn(A) is an
ideal of Der(A).

Again, the proof of Proposition 5 is very straightforward: using pointwise
addition and scalar multiplication, it is trivial to demonstrate that Der(A) is
a vector space over F and that our Lie bracket functions as in Definition 16.

Proposition 6 is not quite so obvious:

Proof of Proposition 6. Firstly, it is easy to see that dy = 0 and hence that
0 € Inn(A). Now, for any d,, d, € Inn(A), we have that for each u € A:

(do+dp) () =a-u—u-a+b-u—u-b
=(a+0b)-u—u-(a+Db)
:da+b(u>

and hence d, + d, = dyyp € Inn(A).

Now, it remains only to show that for any d, € Inn(A) and d € Der(A),
[d,,d] € Inn(A). Given such a d, and d, for each u € A:

(dur d)(u) = (dy 0 d — d 0 dy) ()
= do(d(u)) — d(da(u))
=a-du)—du)-a—da-u—u-a)
=a-du)—du)-a—d(a) -u—a-du)+du) a+u-d(a)
—d(a) -u+u-d(a)

= d_q(a)(u
and so [d,,d| = d_q) € Inn(F[G]). O
Since F(G) is an algebra over I for any field F, we obtain the following corol-
laries to Propositions 5 and 6:
Corollary 1. IfF is a field, then Der(F|G)) is a Lie algebra over F.
Corollary 2. IfF is a field, then Inn(F[G]) is an ideal of Der(F|G]).

Seeing as the inner derivations form an ideal of the Lie algebra of all derivations

in this case, we can introduce the following concept:
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Definition 27. The Lie algebra of outer derivations of the algebra F[G] is
given by the quotient algebra Out(F[G]) := Der(F[G])/ Inn(F[G]).

Lastly, it is interesting to observe that some properties from the underlying
group can be transferred to the group algebra, as is seen in the following result
from [7]:

Theorem 2. If ¢ is a group homomorphism from group G to group H, then
for any commutative unital ring R we can extend ¢ by linearity to an algebra

homomorphism ¢ : R|G| — R[H] such that gE(le) = ¢(g) forall g € G.

By “extend ¢ by linearity”, we mean é(deG agg> = dea az¢(g). With
that clarified, the proof of this theorem is trivial.

Note 15. Given any group homomorphism ¢ : G — H, the linear extension
¢ : R[G] — R[H] leaves all elements of the ring R unchanged, that is ¢(r) = r
for allr € R.

Note 16. The map ¢ — ¢ is an adjunction Hom(F(G), X) = Hom (G, U(X))
where G is any group, X is any R-algebra, F is the functor mapping any
group G to the free unital R-algebra over G preserving multiplication from G
and any group homomorphism f : G — H to f : F(G) — F(H) and U is
the functor mapping any R-algebra X to the group of its invertible elements
and any R-algebra homomorphism f : X = Y to flyx) : UX) = U(Y).
Theorem 2 can be derived from this fact, however, this strays from the focus of

this dissertation and we therefore judge it unnecessary to explore this in depth.

As described in [7], this allows us to associate normal subgroups with ideals
of the group algebra as follows: every normal subgroup N of a group G is the
kernel of some group homomorphism ¢ : G — H. But the kernel of ¢ : R[G] —
R[H] is also a two-sided ideal of R[G]. This establishes a correspondence
between two-sided ideals of the group algebra and normal subgroups of the
underlying group. Explicitly, N < G corresponds with the ideal ker <q~5>
where ¢ is the group homomorphism such that N = ker(¢).

Moreover, each two-sided ideal I of R[G| determines a normal subgroup of
G. This subgroup is identified by way of the ring homomorphism v such that
I = ker(¢). Concretely, this homomorphism is ¢ : R[G] — R[G]/I given by
Y(u) =u—+ 1 for all u € R[G]. I determines the normal subgroup:

Ny={g€G:¢(g)=1+1}.
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However, for any g € G:
Yg)=1+1sg+I=1+1g—-1€1
and so we equivalently say:
Ny={9ge€G:g9g—-1€l}

It is straightforward to show that this is indeed a normal subgroup using

Proposition 1 and the properties of ideals.

Note 17. This result can also be seen as a consequence of the fact that every
ideal is a pullback and the right adjoint functor U from Note 16 preserves
pullbacks, meaning that U(I) is normal in U(R[G]) for any ideal I.

2.1 Fox-Derivations

This matter of extending mappings by linearity also leads us to a slightly
different notion of derivations than that used above. We will be introducing
the Fox-derivation, as seen in [7]. Here we follow the approach seen in Equa-
tions (1.3) and (1.4). For our left-action we use the identity mapping as our
homomorphism. For our right action we use the trivial mapping on G, de-
noted by o : G — G, extended by linearity to R[G]: o (dea agg> =2 4ec g
since o(g) = 1g. The derivation induced by these two actions leads us to the

following definition:

Definition 28. A Fox-derivation is any linear operator d : R[G] — R|G|
such that:
du-v) =d(u)-o(v) +u-d(v). (2.4)

Equation (1.4) becomes the following:

Definition 29. For any u € R[G|, we define the mapping d, : R[G] — R|G|
as follows:
dy(v) =u-06(v) —v-u Vv € R[G].

Then d, is a Fox-derivation. We call the Foz-derivations of this type inner

Fox-derivations.
This notion of derivations leads to similar results to Corollaries 1 and 2:

Proposition 7. The set FDer(R[G]) of all Foz-derivations over R|G| is a right
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R[G]-module with addition of derivations and scalar multiplication defined by:

(d+ ) () =
(dv)(u)

(u) +d'(u),

d
d(u) - v

for all R[G], given any d,d € FDer(R[G]) and v € R[G].

Proposition 8. The set FInn(R[G]) of all inner Fox-derivations over R|G] is
a submodule of FDer(R[G]).

These are similarly easy to verify.

Definition 30. Given the significance of the trivial mapping o for Fox-derivations,
the kernel of its linear extension is known as the fundamental ideal. Fx-

plicitly, this is given by:

O = ker(0) = {Zagg € R[G] : Zag = 0}.



Chapter 3
Fox-Derivations

Here we follow the approach to derivations of the group algebra as set out by
Ralph H. Fox. This means that we will here be working with Fox-derivations
as described in Section 2.1. Furthermore, we will be focusing not on group

algebras generally, but more specifically on group algebras over Z.
Immediately this leads to some useful identities:
Proposition 9. For any Fox-derivation d of Z[G]:
(1) d(x) =0 for all z € Z,
(i1) 4 (e 009) = e tsd(9).
(iii) () = S0y (TEZ ) - d(w) - (T 0uy)),
(w) d(g™') = —g~'d(g) for all g € G.

Proof. (i) Firstly, d(0) = d(0+ 0) = d(0) + d(0) and so d(0) = 0. Further,
d(l) =d(1-1) =d(1)+1-d(1) = d(1) +d(1) and so d(1) = 0. Now
consider x € Z such that z > 1. Thenx:\1+1+---+1land SO:

x times

d(z) = d(1) +d(1) + - +d(1) =0+ 0+ +0=0.

N

-~
x times

Lastly, if z € Z and x < 0, then 0 = d(0) = d(—z + ) = d(—x) +d(z) =
0+ d(z) = d(x).

(ii) This is an immediate consequence of d being a linear operator.

24
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(iii) We use induction here. Firstly, if n = 1, then d(u;) = d(u;) obviously,
satisfying the equation. Now suppose that the claim holds for arbitrary
n € N. Then:

Uy - O(Unt1) + Uy - Up - d(Upy1)

Ih) 1<Haw)mm>

—~

d(uy - upy1) =d

I
M:

=1

|
wp U d(Ups)

(i) oo (1
(i) o (i)

(iv) For any g € G, 0 = d(1) = d(g7' - g) = d(g7') + ¢! - d(g) and so
d(g™") = —g~"d(g). O

Il
I

=1

Further, we obtain the following result, which will prove important when con-

necting Fox-derivations to the other notion of derivations we will consider:

Proposition 10. The Foz-derivations of Z[G] are in fact simply the crossed
homomorphisms from G to Z[G], i.e. the mappings d : G — Z|G| such that
d(gh) = d(g) + g -d(h) for all g,h € G, extended by linearity to Z|G].

Proof. Given a crossed homomorphism d from G to Z[G], the linear extension
to Z[G] will have the following properties for any > _ a,9,> " ,cq by € R[G],

using Proposition 3:

TSI R[S

geG geG geG

= Z(ag +by)d(g)

geG

= agd(g) + ) byd(g)

geG geG

() ()
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LR

=d ( Z (agbh)gh>

g,heG

= 3" (agba)d(gh)

g,heG

= > (aghn)(d(g) + gd(h))

g,heG

- Z (agbn)d(g) + Z (agbn)gd(h)

() (50) (o) (T
() o(Z) () (2)

Therefore, d is a Fox-derivation.

and:

Conversely, consider a Fox-derivation d. Then for any g,h € G, d(gh) =
d(g) -o(h)+g-d(h) =d(g)+g-d(h). Thus, d|¢ is a crossed homomorphism
from G to Z[G]. Furthermore, Proposition 9(ii) tells us that d is the unique

linear extension of d|g. O

3.1 Normal Subgroups and Ideals

Recall that two-sided ideals of the group algebra determine normal subgroups
of the underlying group. This gives us a connection between the structure of
the group algebra and the group regardless of our ring, however, working with

Z|G] gives us a stronger connection:

Proposition 11. The ideal I of Z|G] that corresponds to a normal subgroup
N <G determines N and is the smallest ideal of Z|G] that determines N .

This result is given without proof in [7]. We find that the proof is not obvious

and therefore present it as follows:

Proof. Let N = ker(¢), where ¢ : G — H is a group homomorphism. Then
I = ker (gz;> corresponds to V.
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First, we will show that I determines N. Let g € N and consider ¢ : Z[|G] —
Z|G)/I as defined earlier. Then ¢(g) = 1 in Z[H] and so ¢(1 — g) = (1) —
d(g)=1—1=0. Thus, 1 —g € I,ie. g+1=1+1I. Therefore, 1h(g) =1+1.
By the same logic, 1(h) # 1 + I for any h € G\N. Thereby, N = {g € G :
Y(g) =14 1} = Ny, meaning that I determines N. This concludes the first
part of the proof, meaning that it remains only to show that I is the smallest

ideal determining N.

Now consider M, an ideal of Z[G] that determines N. Then, the canonical
map ¢ : Z|G] — Z|G]/M is an algebra homomorphism such that M = ker(y)
and N = {g € G : ¢(g9) = 1+ M}. Furthermore, the image ¢|c(G) of the
restriction ¢|¢ : G — Z[G]/M is a multiplicative group, meaning that we can
write IV as the multiplicative group kernel N = ker(¢|g). Now, there exists a

group homomorphism « such that the following diagram commutes:

G —2 $(G)=G/N

e b

vla(G) = G/N

Now let > gec 4g9 € 1 =ker (gg) Note here that each a4 is an integer. There-
fore, for any ay >0, a,=1+1+---+1and so p(a,) =1 +1+---+1) =
—_— —_—
ag times ag times
o)+ 1) +--+¢(l)=1+14---+1 = a, since ¢ is a homomorphism.
Similarly, p(ay) = a4 for any a, < 0. Thus:

v (Z ag9> = play)p(g)

geG geG

= ()

geG

=a (Z agé(g))

geG

since & is a ring homomorphism. Thus, I = ker <¢~5> C ker(p) = M. This

demonstrates that [ is a subset of every ideal that determines N, i.e. it is the
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smallest ideal determining V. O]

Remembering that we are considering only finitely generated groups, if a nor-
mal subgroup N < G is finitely generated, then the generators determine the

correpsonding ideal I as explained in the following result:

Proposition 12. Consider a normal subgroup N <G with corresponding ideal
I C Z[G]. If N is finitely generated by ni,ng,...,n, € N\{1}, then I is

generated by ny — 1,ng —1,...,n,, — 1.
For the proof of Proposition 12 we will require the following lemma:

Lemma 2. If N <G is finitely generated by ny,ng,...,n, € N\{1}, then for
every n € N, we can express n — 1 as a linear combination of ny — 1,ny —
1,...,n, — 1, that is:

!
n—lzZuk-(njk—l)-vk
k=1

where jr € {1,2,...,m} and ug, vy € Z[G] for each k.

Proof. We will prove the lemma by induction on the length of n. Firstly, if
n has length 0, then n = 1. Hence, n — 1 = 0, which is the empty sum and
hence a linear combination of ny — 1,...,n,, — 1. Further, if n has length 1,
thenn =n; orn = nj_l, where j € {1,2,...,m}. f n =n;, thenn—1=mn;—1
is a linear combination as required. Alternatively, if n = nj_l, then:
—1 —1
n—1l=n; —1l=-n; -(n;—1)

is a linear combination. Hence, the statement holds for all n € N of lengths 0
and 1.

Now assume that the lemma holds for all elements of N of length 0,1, ...,1 and
consider n € N of length [ + 1. Then n = n$n’ where n; is a generator of N,

e € {—1,1} and n’ € N has length [. By assumption, we can express n’ — 1 as:

!
n/—1:HUk~(njk — 1) - .
k=1
where for each k, ji € {1,...,m} and wuy, v, € Z|G]. Consequently:

n—lznj-n’—l
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which is the sum of two linear combinations as required, i.e. a linear combi-

nation itself. O

Proof of Proposition 12. Let N = ker(¢) where ¢ : G — H is a group homo-
morphism, so that [ = ker ((5)

Furthermore, we introduce the ideal I generated by ny —1,no —1,...,n,, — 1,

namely:

Iy = {Zuk (nj, —1) v, :le€Nand j, € {1,2,. m},uk,vaZ[G]‘v’k}.

Our proof will be complete when we have shown that I = Iy. First, consider
22:1 uy - (nj, — 1) - v, € Iy. Then:

¢ (Z ug - (15, — 1) Uk) = lux) - d(ny, — 1) - Hvy)

but ¢(n;,) = 1 always since N = ker(¢) and so ¢(n;, — 1) = 0. Hence:

l l
é(Zuk'(ny‘k— : > > dlur) - 0- G(vg)
k=1 k=1

0.

Therefore, 3% uy, - (nj, — 1) - vy, € ker (&) = I. We can conclude from this
that IN Q I

Now consider >~ _,a49 € I. Then 3 _,a,6(g) = 0. For each h € H we
will consider ¢'(h), the preimage of h, to be the set of all g € G such that
¢(g) = h. Then for any h € H, > .1, ag9(g) =0 and so 3° 1) ag = 0.

Set h € H and g;, € G such that ¢(g,) = h. Then:

Y oagg= Y ag(99 — 1) gn+ Z aggh

g€P~1(h) g€d~1(h) gep~1

= > ag(99," = 1) gn.

g€P~1(h)
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Furthermore, for any g € ¢~ '(h), ¢ (9g;') = hh™' =1, i.e. gg;' € N. By
Lemma 2, gg,:1 — 1 is a linear combination of ny — 1, ...,n,, — 1. Combining all
of this:

™ i

g Z Ukg - (njkg - 1) “Ukq | Gh

gED~ 1(h kg=1

0 (99,7 = 1) gn
gEP™ 1(h

QM

Z agukg : (njkg - 1) : (vkgg¢(g))

which is clearly a linear combination of n; — 1,n, — 1,...,n,, — 1. Hence,

dec agg € In. We conclude that I C Iy and consequently I = Iy. O

With these structural properties of group algebras over Z established, we can
move to an even more particular type of group algebra, namely the primary

focus of Fox’s research.

3.2 Fox-Derivations of Free Group Algebras

In the introduction of [7], Fox describes various connections between deriva-
tions of free group algebras and other contemporary branches of algebra: Rei-
demeister homotopy chains, Magnus series expansions and Eilenberg-Mac Lane
cohomology. Each of these fields centres on concepts that can be described by
way of free differentiation, leading Fox to conclude that “free differentiation
is the fundamental tool for the study of groups defined by operators and re-
lations.” Free differentiation refers to the operations that emulate traditional
differentiation utilising Fox-derivations. Many results with this constructed
differentiation are remarkably similar to results from traditional differentia-
tion. We will outline and expand upon his findings on free differentiation and
explain its connection to some of the concepts mentioned above. To under-
stand these connections, though, we must first give a brief summary of the

relevant elements of these notions.

3.2.1 Magnus Series Expansions

Firstly, it is important to understand what a finitely generated free group is:
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Definition 31. A finitely generated free group X has a finite set of gen-
erators (x) = {x1, T2, ..., Ty}, from which all elements are constructed. Each
element uw € X is a possibly empty word formed from generators and their
inverses, that is we can write u = ka:l xji, where for all k, ji, € {1,2,...,m},

er € {—1,1} and €; # exr1 whenever jx = jrr1. The length of u is l. For

each generator x; € (), we say that the xj-length of u is [;(u) = > . _.|ex,

that is the number of instances of x; in u. "
It is easy to see that this is indeed a group. The identity element of such a
free group X is given by the empty word, which we can denote by 1. Note
that neither Fox in [7] nor Magnus in [10] require that all groups be finitely
generated and so in these papers the generating set (z) may be infinite. Our
choice to consider only finitely generated sets does not make substantial dif-
ferences to most results, however, it does allow for additional results and for

simpler proofs on some occasions.

Note 18. The introduction of free groups provides some insight into why group
algebras over Z are of such interest: for any group G, Z[G] is the free abelian
group over G. Free abelian groups are defined very similarly to finitely gen-
erated free groups, however, without the restriction that the underlying group
(in this case G) be finite and using commutative addition to construct our el-
ements rather than multiplication as in Definition 31. With this mind, it is

trivial to observe that Z|G| is the free abelian group over G.

Note 19. Throughout the remainder of this chapter we will assume that all
group algebras considered have an underlying group which is a finitely generated

free group.

Magnus uses the free group X and wishes to represent all elements of X using
a free ring R. This ring is constructed as follows: for each z; € (z) we set
sj = x; —1 € R. We can apply addition and multiplication akin to that of a

group algebra over X for si, S, ..., Sp,-

Definition 32. R consists of all functions f : P — Z, where P = {1, P, P,...}
is a fized set containing 1 and all words formed from {si, Sa, ..., Sm} and their
inverses, as defined in Definition 31. Addition and multiplication of fi, fo € R

are defined as follows:

(fi+ f2)(p) = fi(p) + f2(p) Vp € P,
(fr-f2)) =D f1(pa™") falq) Vp € P.

qeP
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Similarly to Definition 25, we have defined the elements of the Magnus ring as
functions. However, similarly to that case we can also equivalently represent
these functions as linear combinations. In [10], Magnus represents the ring R

as all linear combinations of the form:

nol + Z nkPk
k=1

where ny € Z for k = 0,1,2,... and {P;, P,,...} is a fixed set containing all
words formed from {si, ss,...,$,} and their inverses. This is essentially a
manner of writing a function f : P — Z from Definition 32 as }_ p f(p)p.
Addition and multiplication follow equivalently to those in Definition 32. We
will primarily be using the representation of the Magnus ring as linear combi-

nations.

It is immediately obvious that R is extremely similar to the group algebra
Z[X]. There are two differences between these rings: firstly, Z[X] uses words
formed from {z1, x5, ...} and its inverses, whereas R uses {si, sa, ... }; secondly,
R allows for infinite sums.

We can represent each u € X using elements from R. Firstly, for z; € (x),

z; = 1+ s; obviously and z; ' = >77° [(=1)"s”, since formally:

o0

(L+s5)- ) (=1)"s}

n=0

o)
(—1)”8? + Z<—1)n8?+1
0 n=0

3

l—sj4s7—s +-)+(s;—s+5 +--)

I
_

Rather than observing that all non-1 terms are cancelled in the above sum, we
can also use the function representation as in Definition 32. Then z; = 1+ s;
and Y 77 (—1)"s} can be respectively represented by the functions fi, fo :
P — 7 with:

1 p=lorp=s,
filp) = ’

0 otherwise,
(=" p=sjIneN
fa(p) =

0 otherwise.

Then (f1 - f2)(1) = X pep [1 (¢71) falg) = fr(1) f2(1) = L since fi(¢”') =0 or
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f2(q) = 0 for all ¢ # 1. If p = s for some n > 0, then:

(fi- ) Zfl rq- f2 q)

qeP

- i o (o) 1 (57)

=0.
Clearly, if p # s} for any n € N, then (f; - f2)(p) = 0. Thus:

1 p=1
(fi - f2)(p) =
0 p#1

Translating this back to the formal sum representation of the Magnus Ring,
(I4s5)-> o o(=1)"s) =1, ie x;' = (14s;)7" = 322 ((=1)"s}. This demon-
strates that we obtam the same results using functions and linear combina-
tions. We have thus found representations in the Magnus Ring for generators
and their inverses. For more involved free elements, we require the binomial

coefficients, defined as follows:

Definition 33. For two integers n and k > 0, the binomaal coefficient (’;)

s given by:
( n!
<k<
K(n— &) 0sksn
(n>=<o 0<n<k
K k—n—1
(—1)"“( ) n < 0.
L k

We will not be considering the case that k < 0.

Now consider an arbitrary free element with only one generator, that is u = z

for some a € Z. Then, using well-known combinatorial results, if o > 0:

o0

u=(1+s;)" =§a: (Z)S?=Z @3;

n=0
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and if o < 0:

Il
(]
|
=
3
»
U3
N—
8

I
NE
— . °

NE

—

0

=

3
i’g

mi+-+mg|=n

n+ o] - 1)<_1)nsn

I
NE

=\ o1 J
= nfn—a—1Y
=S (" )
n=0

This tells us how to represent a free element with only one generator. We may
now generalise to represent an arbitrary free element in this manner. Consider

U = xo‘xf ---a). Then:

EOIE) - E09)

which can be simplified as:

- £ OO e

3.2.2 First-Order Derivatives

For the remainder of this chapter we will focus squarely on the free group
algebra Z[X], that is the group algebra of the finitely generated free group X
over Z. Fox describes the elements of Z[X] as “free polynomials”, representing
them as functions f(z) of the generating set (z) in [7]. We judge this as a
fairly misleading representation, though, since these elements are not actually
functions of (x). This is, however, simply using the formulation from Definition
25, referring to group algebra elements as functions f : X — Z. As stated
in Section 1.2, this is an equivalent formulation and so we may refer to the

function f and the linear combination > . f(g)g interchangeably. Also note
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that, given a “free polynomial” f(z), the paper refers repeatedly to f(1), the
function “evaluated at the point x = 1.” This is also a fairly misleading
convention as it is actually an entirely different element to f(z). The precise
description of this concept would be that, given a function f : X — Z, we
consider 0 (Z geaf (g)g). Clearly, though, this is a very clumsy notation. To
avoid clumsiness we will simply refer to elements f € Z[X] and we will refer

to 6(f) as f(1) when convenient.

With this notation in mind, we denote the fundamental ideal ker (0) of Z[X]
by Q. Explicitly:

Q= {ZaquZ[X]:Zau:()} ={fezZ[X]: f(1)=0}.

ueX ueX

Seeing as group algebra elements can be seen as functions from X to Z, we

construct an operation similar to differentiation for these functions:

Theorem 3. To each generator x; of X there corresponds a Fox-derivation

a%j of Z|X], known as the derivative with respect to x;, with the property:

0
oz, (zr) = djp-

For any f € Z[X], the partial derivative with respect to generator x; will be

%( f). For convenience we will simply write %. We will later introduce

higher-order partial derivatives, so we may refer to the mappings described

above as first-order derivatives.

Proof. For each z; € (z), we define ;> inductively on Z[X]. Firstly we set

%(1) = 0. Next, for any =y € (z), set gix’; = 0, and % (z") = —a;, " 0.

Then for any u,v € X, define 8%j(uv) = gT“j + ua%”j. It is obvious that the
sum arising from this last equation must be finite and is therefore an element

of Z| X].

We simply extend this % linearly over Z[X]. Clearly, this will be a Fox-
derivation as shown in Proposition 10. O

We assumed here that the free group has finitely many generators, unlike Fox

in [7]. For that reason, we obtain the following result not present in that paper:

Theorem 4. The partial derivatives form a basis for the Z-module FDer(Z[X])
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of all Fox-derivations over the free group algebra.

Proof. We must show that every derivation is a linear combination of partial

derivatives, that is for all d € FDer(Z[X]):

where u; € Z[X] for all j.

Let d € FDer(Z[X]) and set D = ije(x) a%jd(xj). Clearly, D is a finite linear
combination of partial derivatives and is hence itself a Fox-derivation. First,
we will show by induction on the length of words in X that d — D =0 on X.
Firstly, d(1) = 0 and D(1) = 0 since both are Fox-derivations. Now, for any

generator xy € (x):

(= D)) = (o) = Y S d(ey)
x;€(x) J
Z kd [)3]
x;€(x)

Furthermore, by Proposition 9(iv):
(d— D) (z;') = =2, ' (d — D)(xx) = 0.

Thus, (d — D)(u) = 0 for any u € X of length 0 or 1.

Now assume that (d — D)(u) = 0 for all u € X of length less than or equal
to n for some n € N. Let u € Z[X] have length n + 1. Then we can write

_ n+1 €L .
u = [[;Z, =5 . Therefore:

(d — D)(u) = (d — D) ((H xjf;) ~;1:§:ﬁ>
oo ([T Tl ()

k=1

n

=0+ ] -0=0

k=1
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by the induction hypothesis. Thus, (d — D)(u) = 0 for all u € X by induction
on the length of u.

Now consider f € Z[X]. Then we can write f = )

sition 9(ii):

wex Gut. Thus, by Propo-

(d=D)(f) =Y au(d=D)(u)=> a,-0=0.

ueX ueX

Thus, (d — D)(f) =0 for all f € Z[X], i.e. d= D.

We have shown that every Fox-derivation is a linear combination of partial
derivatives, however, we cannot yet conclude that the partial derivatives con-
stitute a basis of the Fox-derivations. We must also show that any two distinct

linear combinations result in distinct mappings, i.e.:

Z ax] = Z ax Uj; = Vﬂ?j c (l’)

x;€(x) z;€(x)

€(x) Ox;

<Z €(@) 895 UJ) (xk) = v So, if ijE(x) % CU; = Z:cje(x) % - Uy, then
uy = vy, for all zy, € (z).

This is very easy to prove: for all z; € (z), (Z% ( 2. uj) (k) = ug and

Thus, we conclude that the partial derivatives constitute a basis of FDer(Z[X]).
[

This result relies on the finiteness of our generating set (z) since we require
that D = >°, ., a?c d(z;) is a finite sum in order to assume that it is a

Fox—derivation. This is not guaranteed unless (x) is finite.

Having shown how significant the partial derivatives are to the whole set of
derivations, it will be useful to describe the partial derivatives of arbitrary
elements. Given how well we know the structure of the finitely generated free
group X, it will be straightforward to describe the derivatives of free group
elements: given any v € X and z; € (x), we can write u in the following
manner:

_ p1 p2 Pq
u = uoxj ulxj uq,1$] Ugq

where pq,...,p, € Z\{0} and wuy, ..., u, do not contain any instances of z;. If
u does not contain any instances of z; itself, then ¢ = 0 and we simply have

u = up. If uis simply a power of z;, then ¢ =1 and uy = u; = 1. We can use
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Proposition 9 to help us differentiate this product:

8
p1
E UpT; U ) . 3.2
(9303 0 1° ( 1) ( )
=1
Now, -2~ (:cpiu) = M + 2P % But 2% = () since u does not contain any
> O 3 Ox; J Ox; Oz
a(ai
instances of z;. So 5 (xp Zuz) = S; ) . We must now determine the derivative
J

with respect to x; of a power of x;. Consider :cj where p > 0. Then, again

using Proposition 9:

This fraction is not necessarily a formal element of Z[X], since z;—1 may not be
multiplicatively invertible. This expression is an abuse of notation representing
I+x;+-- -—|—:U§71, utilising the fact that (14 2; +--- + x?il) (zj—1) = 2~ 1.
Now consider the case that p < 0. Then, by Proposition 9:

06f) _ _» 0" _ o mft
8.17]' J 833]' J .Z'j -1
_ w1
- I,I?j -1 '
—
Note that for negative p, J,j =~} — x?“ — = xj_l. Thus, Equation (3.2)
becomes:
8.1'] ;Uol‘ uy - 1 _ 1 .

This offers a very usable equation for determining partial derivatives of free
group elements, however, there may be a more instructive description of these

derivatives, utilising the initial sections of u:

Definition 34 The kt* initial section of u = Hi 1 J, denoted wyy, 18

given by HZ 25 if e, =1 and it is given by Hl VT if ep = —1. Formally.

k—1 1

k

R €4 2
U(k) = | | l’ji l’jk .
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Now, returning to Proposition 9, we can write % as follows:
J

du :ix;xez IE’(fC;i)

. Jim1 :
Orj = = Oxj

Clearly, for any ¢ such that j; # j, the term in the sum will go to zero since

T Azt . .. .
97i M = 0. Therefore, we need only consider the indices ¢ such that

Ox; Ox;
Ji = 7. So:
Ou S (=5)
Ox. - J1 Ji-1 Hp
T =
. . Oz, 8(50;1.1) —1 - .
Whenever j; = j, g = 1 and —n = 1, by Proposition 9(iv). Thus,
€40 %
irrespective of whether ¢, =1 or ¢; = —1, x; . -x];i(aT”;) = €;u(;). Hence:
ou
J Ji=J

Note that no terms in this sum may cancel each other out: suppose that
€il() + €iyrU(itk) = 0 for some i and k& > 0 with j; = ji1x = j. Then, because
of how the initial sections are defined, we must have ug;y = u4r) and & = 1,
implying that ¢, = —1 and ¢;.1 = 1. But then ¢; + ¢;.1 = 0 with j; = 7,11,
contradicting Definition 31. By this contradiction, there can be no cancelling

in the sum of Equation (3.4).

This equation expresses % as a weighted exponent sum of z;, in which each
J

exponent of z; is weighted by some initial section of u. Furthermore, this

equation tells us that the z;-length of u is equal to the number of terms in

Ou
Ox;*

all coeflicients are either 1 or —1.

Lastly, this shows that in a first-order derivative of a free group element,

Partial differentiation does not only yield useful results for free group elements,
though. We also obtain two powerful results for first-order derivatives of any
free group algebra elements. Firstly, we have a Chain Rule of Free Differ-

entiation:

Theorem 5. If A :' Y — X is a homomorphism between free groups Y and X
with generating sets (y) = {y1, Y2, ..., Yn} and () = {xy1, z9, ..., &y } Tespectively,
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then for any f € Z[Y]:

for any x; € ().

Proof. We will prove this by induction on free group algebra elements. Note
that this approach is only sufficient because we are considering finitely gener-
ated free groups Y and X. If we allowed for infinitely many generators, then
we would have to explicitly show that the sum on the right-hand side of the
Chain Rule is still finite. According to [7] this is in fact the case, however, we

will not be proving that since we restrict ourselves to finitely generated groups.

We begin by considering f = 1. Then:

O (an) = Loy = a%.“) ~0

Oz

and so the rule holds when f = 1. We now consider f € (y). Set f = y;.
Then:

seeing as all the terms disappear when k # i since A <§3k) = A0) = 0. Now
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considering f = y; ! for some y; € (y), we obtain:

5 (0) = 50 () = 5 B

Thus, the Chain Rule holds for all generators of Y and all of their inverses.
Now assume that the Chain Rule holds for u,v € Y and consider f = wuv.
Then:

= (3) = 5 () = 5 (3)Aw)

o
_ %(A(u)) ISYOR a%(k(v))
_ :1 A (5—;) . a%@(yk)) ) - :1 A (%) : %(A(ym
=S (A (2 a0 A (22)) - i)

>
Il
—_

I I
NRNINGE
> >
Q=
< |
Ll 4
~
N—
Sl
<
=
N
T

>
Il
—

e

3l

[y

Il
O

=
Il
—

Thus, we have shown that the Chain Rule holds for all f € Y, using the
inductive definition of Y. Now we consider f € Z[Y], that is f = _ ., ay,u.
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This yields:

I
)
IS
N
[+
S
Sla
Q
S‘:
N——
%‘Q;
o
—~
<
El
S~—
S~—
N——

e
m
~

Il
N
)
IS
>
N
‘Qv
IS
~_
B
<
=
z

o
Il
—
2
m
>~<

I
[]=
1S
<
P!
VR
D
‘§‘@
N———
N——
Se"Qa
o
-
—~
Ny
z

a5
Il
—
2
m
>-<

I
(]
>

e
Il
—

Il
B
S
/N~
ER
=
:/\
Mm
L.<
S
e
Iy
~_
~__—
Q)‘Q)
<
>
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<
<
T

e
Il
—

Thereby, the Chain Rule of Free Differentiation holds by induction. m
Lastly, we obtain the following result which will prove imperative in construct-
ing expansions analogous to Taylor and MacLaurin series:

Theorem 6. Let h : (x) — Z[X]. Then there exists a unique Fozx-derivation d,
of Z|X] such that d(x;) = h(x;) for all generators x; € (x). This derivation

1S given by:

()= @y vrezx) (3.5)

where the generating set (x) has m elements.

Proof. Remembering the scalar multiplication in FDer(Z[X]), we can write dj,
as dp = >, 22-h(z;). Since FDer(Z[X)) is a right Z[X]-module, this means

]:1 sz
that dj, € FDer(Z[X]), i.e. dj, is indeed a Fox-derivation.

Now for any z; € (x):

meaning that dj, satisfies Equation (3.5). We must, however, show that it is the
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only Fox-derivation satisfying Equation (3.5). Suppose that d € FDer(Z[X])
such that d(zy) = h(xy) for each x;, € (). Then we can define another Fox-
derivation d' = d—dj,. Clearly d'(z;) =0 for all k and ' (") = —z;;'-0 = 0.
Then, using Proposition 9, for any Hk T e X:

e

€1 ,.€2 | 6kl/(Gk)
( LT, o 1d )

SH e

(gflxe? e Q;E.kfl . 0>

J17J2 Jk—1
k=1
-0,
i.e. d is trivial on X. So for any > _ a,u € Z[X]:
d (Zaw) = Zaud'(u) = Zau-O =0.
ueX ueX ueX
Thus, 0 =d' = d — dy, that is d = d},. H

Theorem 6 allows us to construct a Fox-derivation that maps each generator to
a prescribed value with no restrictions at all on our choice of prescribed values,
knowing that this derivation has the structure as described in Equation (3.5).
For example, we can observe that the Fox-derivation d defined by d(f) =
f — f(1) maps each z; to x; — 1. Therefore, by Theorem 6:

f=f<1>+28—%-<xj—1>- (3.6)

This equation allows us to describe any f € Z[X] using only f(1) and its first-
order derivatives. In the case of u € X this is particularly powerful because we
already know that u(1) = 1 and because of our knowledge of the derivatives

of u.
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3.2.3 Higher-Order Derivatives

In the previous section we worked only with first-order derivatives, however,
we can consider n'-order derivatives for any n € N. We consider the identity
mapping to be the 0™-order derivative and for n > 1, we define n'*-order
derivatives inductively as follows:

o 0 an—l

033]-”83:]-”_1 . ale = 0:1:jn @) 8$jn_1 — ale . (37)

For the sake of convenience we may write the simplified symbol D;, ...;, instead

of the full expression MBTH

n

It is important to note that the higher-order
derivatives are not Fox-derivations. It is straightforward to observe that they
satisfy the linearity constraint, however the product rule for arbitrary-order

derivatives is more involved than Equation (2.4):

D

Dj,.ji(f-9) = Dj, (Dj,, (--- (D (f-9)) )

in (- Djy (D, (f) - 9(1) + f - Dy (9)) )
in (- Dy (D, (f) - 9(1)) + Dy (f - Dy (9)) -+ +)
i Dy (f) - 9(1) + Dy, (f) - Dy, (9(1))

+Dj,(f) - 0(Djy(9)) + f - Dy (9) - +)

|
o O U

But D;,(g(1)) = 0 since D;, is a Fox-derivation and g(1) € Z. Therefore:

N

inin (f - 9)

Dj, (- Dy (Djo () - 9(1) + Dy () - 6(Djy (9) + f + Dioin (9) -+ -)
=D, (- Dj,(Djsjojs (f) - 9(1) + Dy (f) - 6(Dyy (9))
Djs(f) - 0(Dia5i (9)) + f + Dijsjoin (9)) -+ +)

+

Following this pattern indefinitely we eventually arrive at the following Prod-

uct Rule for higher-order Fox-derivatives:

]n J1 f g ZDJn Ji 1"'j1(g)(1) +f'Djn"'j1(g) Vf.g¢€ Z[X]
(3.8)

We have used iteration to find an equation for higher-order derivatives anal-
ogous to Equation (2.4). Similarly, we can iterate to find an equation for

higher-order derivatives of free group elements, analogous to Equation (3.4).
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We do this by repeatedly applying that very equation:

Djji(w)=Dj iy | D exupn) | = Djis | Dia | D extiinn

I =1 Jx =J1

= Djn"'j3 Z €>\1Dj2 (u(/\l)>

j)\lzjl

A1—1 p 1 A1—1
=N aga Dy, () + 2 (T e ) e
- Lj xjk—lDJQ (xjk)+ 9 53/\132 Lj, x.j)\l
k=1

€Ny — 1
= ) Ex2U0ha) T 502U
Jrg=J2:02y SA1—1

= Z Ex2U(Xz)

Jag=7J2

with the restriction to the last sum that 1 < \y < \; — %(6)\1 +1) since we keep
going up until \; if €y, = —1 but we stop just beforehand if €y, = 1. Thereby:

Dj,..ji(w) = Dj,..js Z Ex2 €A U(A2)

Jag=J2,Jx =J1

with the aforementioned restriction on As. Continuing this pattern we obtain:

Djpji(w) = Y e renuy (3.9)

In=Jxan»Jxg =J1

subject to the restriction: 1 < A1 < \; — %(GM +1) fori=1,..,n—1. This
equation tells us that D, .., (u) has the same terms as D; (u) but possibly
with different coefficients and with some terms removed. We observed from
Equation (3.4) that first-order derivatives of free group elements only have
coefficients 1 and —1. Equation (3.9) shows that any order of derivative of a

free group element can only have coefficients 1 and —1.
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While these equations are interesting, we are primarily interested in construct-
ing equations analogous to Taylor series as mentioned previously. We can do

this by iterating the fundamental formula:

= f(1) + Z (Djl(f)(l) +ZDjj1(f) (@ — 1)) (x5, — 1)
= f(1) + ZDjl(f)(l) (g, — 1)+ | Z Djyj (f) - (xj, — 1) - (x5, — 1).

Continuing this pattern for n steps, we get the equation:

F=F)+ Y Dy () (), — 1)+

Jji=1
m

+ Djoee (F)A) - (25, = 1) -+ (25 = 1) (3.10)

Jn=1,..., J1=

If we formally continue the pattern to infinity, then we obtain a formal Taylor

f=f(1)+ZDj(f)(1)-(1‘j—1)+ > D)D) (zj—1)-(zx—1)+- -+ (3.11)

This Taylor series is remarkably similar to the well-known Taylor series of
complex differentiable functions. Additionally, it has a certain similarity to
the Magnus series expansion in Equation (3.1): it makes use of z; — 1 which
were set to be s; in the Magnus approach. We now check whether these
two expansions are in fact equivalent. Firstly, applying the Taylor series to a

generator z;, we see that it perfectly matches the Magnus series expansion:
Ij:1+<Ij—1):1+8j

and a;t =1 — (2 — 1)+ (x; — 2= (z;— 1)+ = Z(—l)”sn.
n=0

Now we apply the Taylor series to an element v € X with two generators. For

the sake of simplicity we will consider the simplest version of such an element,

namely u = xf‘:cf for some o, f € N\{0} and ¢ # j. When we differentiate u,

it is obvious that only derivatives with respect to x; and z; will be non-zero.



CHAPTER 3. FOX-DERIVATIONS 47

Now:

and

so that D;(u)(1) = a and D;(u)(1) = 8. Continuing with second-order deriva-

tives, we find:

o
Q
T
—

D”<U) = Dl (Z xfl) = D@ (l’fil) = x;']il;
k=1

k=1 k=1 ¢=1
D]Z(U,) 0,
B a
Dyj(u) = Z i
k=1 gq=1
and
B k-1
-1
Dyju) = ag Y >
k=1 g=1

so that Di;(u)(1) = (5), Dji(u)(1) = 0, Dy(u)(1) = af and Dj;(u)(1) = (B)

2
Continuing this pattern and applying the Taylor series, we get:

2

+a5(xi—1)-(g;j—1)+(g)(:pj—1)2+---

= i (3) (5) (w; = 1)" (z; — 1)"

v,w=0

uzl—i-oz(xi—l)—l—ﬁ(xj—l)—l—(a)(xi—l)Q

v
3

-3 ()0

v,w=0

w
5j
which is the Magnus series expansion of u. The same process applies for more
complex elements, however, with much more intricate computations. Hereby,
we see that the Taylor series in Equation (3.11) can be shown to be equivalent
to the Magnus series expansion in Equation (3.1). The Taylor series is in Fox’s

view less cumbersome, a view shared by this dissertation’s author.
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Subsequent results in [7] concern the coefficient sum of higher-order Fox-
derivatives. These equations relate to the coefficients in the Taylor series ex-
pansion and are therefore of interest. However, they are exceedingly technical
to explain and are not relevant to the later work of the paper. For that reason

the proofs are provided in Appendices B, C and D.

The relevant equations are as follows, keeping in mind that we must have
pEeZ, n>0,ue X and z; # x; in Equation (3.14):

5 (%%;) - (i) (3.12)
5 (g::) - (5 (%)) (3.13)
(o) ) (B)(2) o

3.3 The Structure of Z[X]

We will now study the structure of the finitely generated free group algebra
Z[X] by way of its fundamental ideal ). Recall from Definition 30 that the fun-

damental ideal is made up of all elements of the group algebra with coefficient

Q:{ZauueZ[X]:Zau:O}.

ueX ueX

sum 0:

Note that we denote this fundamental ideal by @) to differentiate it from O,
which is used more broadly for the fundamental ideal of a general group. More

specifically, we are interested in the powers of (), that is in the chain of ideals

QDOQ*DQ? . Wesay that Q° = Z[X].

Proposition 13. Given f € Z[X] and n € N, f € Q" if and only if all
of its partial derivatives of order less than n “vanish at x = 17, that is if
f(1) =0 and Dj,..;,(f)(1) =0 for alli € {1,...,n — 1} with any combination

of generators xj,, ..., xj,.

7

Proof. Firsly, note that when n = 0 the statement is vacuously true. For
n > 0, we will prove Proposition 13 by induction on n. If n = 1, then the

statement is obviously true by the definition of Q.

Now consider n > 1 and assume that the statement holds for 1,2,....n — 1.
Suppose that f € Q". We can write f as a finite sum f = )", fix - for -+ fuks
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where f;;(1) =0 for all i = 1,...,n and all k. From Equation (3.8):
‘Djnfl"'jl(f) :Djnfl < o Dj1 (Z Jik - for - fnk;))
k
= Dj iy (fix - for e+ for)
k
n—1
=3 (Do (fir) - Dy (for -+ fur) (1)
koi=1
+ f1kDjyji (o -+ frk)

n—1
=SSN fue Dy (o )
k i=1

since for -+ fur € Q" tand so Dy, .y, (for -+ far)(1) =0 fori € {1,....,n—1}
by the induction hypothesis. Thus:

D (1) = 33 A0y Fu)(1) =0

as fix(1) = 0 for all k. The same ideas apply for any derivative of order less

than n — 1. Thus, the forward implication holds.

Now suppose that all derivatives of f of order up to n — 1 vanish at x = 1.
Then by Equation (3.10):

Ji=1
+ Z Djn—l"',jl(f> (:Ej'n—l - 1) e (le - 1)
Jn—1,-J1=1
= Z Dj, i (FN@jy = 1) (25, — 1) € Q"
In—1,-J1=1

since Dj, ..ji(f)s 2, —1,...,z;, —1 € Q. Thereby, the backward implication
also holds. O

We now move on to a lemma, which itself requires the definition of a new
quantity:

Definition 35. For any f € Z[X]| we can write f as f = ajuy + -+ - + a,u,
where u; # uy whenever © # k and a; # 0 for all i. With this in mind, the
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length of f is given by I(f) = maxy<;<,{l{(w;)}, where I(u;) refers to the length
of free group elements as defined in Definition 31. We say that 1(0) = 0.

It is worth mentioning here that the derivative of an element cannot have
greater length than the element itself: D;(f) = a1D;(u1)+-- -+ a,D;(u,) and
so 1 (D;(f)) = maxi<;<,{{(D;(w;))}. But for each i, D;(u;) = >
so [(Dj(u;)) < U(u;). Therefore, [(D;(f)) <I(f).

o= ERWik and

Lemma 3. For any non-zero f € Q", I(f) > 5.

Proof. Again, we use induction on n. For any non-zero f, I(f) > 1 > % and

so the statement holds for n =1 and n = 2.

Now consider n > 2 and suppose that the statement holds for 1,2,...,n — 2.
Assume that there exists some f € @™\ {0} such that I(f) < §. Each term in f
ends in a generator or its inverse and so we can write f = ZTzl (¢7-x;+h -93]-_1),

where ¢ and h’/ always have length less than [(f). Hence, for any z; € (z):

I
NE

Di(f) (Di (¢ - ;) + Dy (W - 2;1))

1

<.
Il

NE

(Dk (gj) + 5jkgj + Dk (h]) — jkhj . Z'J_l) .

1

.
Il

We write this derivative as Dy (f) = a* — h¥ - 2", where:
or =32 (D () + g’ + D (1))
j=1

has length less than [(f) since g/ and h’ have length less than I(f) for each j.
Now, for i # k, Dy (f) = D; (a*) — D; (h*) and so Dy (f) has length less than
L(f)-

Now, remember that f € Q™ and so by Proposition 13, all of its derivatives of
order 0,1,...,m — 1 vanish at x = 1. Thus, all derivatives of Dy (f) of order
0,1,...,n— 3 vanish at x = 1, meaning that by Proposition 13, Dy, (f) € Q" 2.
Therefore, using the induction hypothesis, unless D;;(f) = 0 we must have
that [ (D (f)) > %52 = % —1 > I(f). This inequality contradicts our earlier
working, meaning that D;;(f) = 0. This holds for any i # k.
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Further, Dy (f) = Dy (ax) — Dy (hk) + h* - 2" and so:

Dy (Dp(f) - 2) = D (f) + Di(f)
= Dk (ak) — Dk (hk) + (lk

has length less than I(f) seeing as a® and h* do. Now, following Equation
(3.10), all derivatives of order 0,1,...,n — 3 of Dy (Dy(f) - x1) vanish at z = 1
and so Dy, (Dg(f) - zx) € Q" 2. Similarly to the last paragraph, we find that

0= Dy (Di(f) - xx) = Dix(f) + Dr(f), i.e. Dir(f) = —Di(f)-

But by the fundamental formula, Dy(f) = Di(f)(1) + >.7%, Di(f) - (z; — 1).
Since Dy(f)(1) = 0 by Proposition 13 and D;,(f) = 0 whenever i # k, this

becomes:

Dy(f) = Dii(f) - (w1, — 1) = =Dy(f) - (w1, — 1).

Therefore:

Di(f) = Di(f) - 2" + Di(f) = Di(f) - 3,

= (Di(f) + Di(f) - (x1, — 1)) - !
(=Di(f) - (v — 1) + Di(f) - (wx — 1)) - 2"
0.

Seeing as xj was arbitrary, the fundamental formula tells us that f = f(1) +
Yore i Di(f) - (1, — 1) = 0 since f(1) = 0 and Dy(f) = 0 for all k. So f =0,
contradicting that f is non-zero. Therefore, our assumption that there exists
such an f € Q" \ {0} was false, i.e. the statement holds for n.

Thus, the induction is complete. O

Using this lemma we obtain the Uniqueness Theorem for Formal Power

Series Expansions:

Theorem 7. Given f,g € Z[X], if f(1) = g(1), D;(f)(1) = D;(g)(1) for all
zj € (), Dij(f)(1) = Dij(9)(1) for all x;,x; € (x) and so on, then f = g.

Proof. Assume that f # g, i.e. f — g # 0. By Proposition 13, f — g € Q" for
all n € N. Hence, by Lemma 3, I(f — g) > § for all n € N. But I(f — g) must
be finite since all elements of Z[X] are finite sums. This is a contradiction,

meaning that our assumption was false: f = g. O]
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Proposition 14. (), .y Q" = {0}.

Proof. Suppose that f € (1, Q". By Proposition 13, D;,..;, (f)(1) = 0 for
any combination of generators z;,, ..., z;, for all n € N. This can be rephrased

as:
Dj,on (f)(1) = Dj,..5, (0)(1)

for any combination of generators for all n € N. Thus, f = 0 by Theorem

7. m

With these results, we obtain a generalisation of Proposition 13:

Proposition 15. For f € Z[X]|, n € N and an ideal I of Z[X], f € IQ" if
and only if f € Q" and all derivatives of f of order n belong to I.

We note that this is slightly different to Result (4.5) from [7] (and slightly
weaker than it): there it is stated as “...if and only if f € @ and...” We believe
this to be a typographical error. Note also that our version of the statement
allows for n = 0 and that it is a more natural generalisation of Proposition 13.

Proof. This proof is extremely similar to the proof of Proposition 13.

We start with the forward implication. Suppose that f € IQ". Obviously
f e Q" Further, f =", gi- fix- - far where g, € I and f;,(1) = 0 for all &
and i = 1, ...,n. So, using Equation (3.8):

Djn”'jl (f) = Z Djn'--jl (gkflk e fnk)
k

=S (Z Dy () - Dy i+ o) (D) + 96Dy (e ””)
k i=1

= Z Gk Dj iy (fire -+ frk)
k

by Proposition 13 since fi - - fur € Q. Therefore, D; .; (f) € I, being the

sum of right-multiples of elements from 1.

Conversely, suppose that f € Q™ and that all of its derivatives of order n
belong to I. Then:

F=FW)+> D (H)L) - (xj-1) + -

j1=1



CHAPTER 3. FOX-DERIVATIONS 53

The Uniqueness Theorem also leads us to the following:
Proposition 16. Z[X]| has no zero divisors.

This is in fact an application of a theorem from [8] which states that if G is a
group that is indicable throughout and R has no zero divisors, then the group
ring R[G] has no zero divisors. (A group is indicable throughout if there exists
a group homomorphism onto Z.) Clearly, this applies to Z[X], however, we

can prove it using only the results we have obtained in this dissertation:

Proof. Let h = f - g where f,g # 0. By Equation (3.8):

n+q

Dj i) =Y Djreii () Do (@) (D) + £ Dy (9)
i=1

and so:

n-+q

Djn+q"'j1 (h)(1> = Z Djn-«-q"'jz‘(f)<1)Dj¢71-"j1 (g>(1) + f(l)Djn+q"'j1 (g)(1>

Since f, g # 0, there must exist n,q € N such that f ¢ Q"™ f € Q", g ¢ Q™!
and g € Q7. This is because f,g € Q° = Z[X] at least and by Proposition
14 there must be some point in taking powers of ) at which f and g cease
belonging to the ideals. Therefore, following Proposition 13, there exists some
n'-order derivative of f that does not vanish at + = 1 and similarly a ¢-
order derivative of g. However, all derivatives of order up to n and ¢ of f and

g respectively disappear at x = 1. Thus, for some choice of indices ji, ..., Jntq:

Djosgein (W) (1) = Djot i (D) D (9) (1) + F()Djpya (9)(1)

where Dj . ... (f)(1)Dj,..5.(9)(1) # 0. Clearly, if n > 0, then f(1) = 0 and
so this equation tells us that Dj, . ..;, (h)(1) # 0. However, if n = 0, then
f(1) # 0 and this becomes:

Djyeji (B)(1) = (1) Djyei (9) (1) + F(1) s, (9) (1) # 0.
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Either way, Dj, . ..;;(h)(1) # 0 and so h # 0. O

Note that the proof in [7] has errors in its presentation: the bracketing is done
incorrectly and the case of n = 0 is omitted. (Admittedly, this case is very

simple to consider.)
It is now relevant to introduce the lower central series of X:

Definition 36. The lower central series of a group G is a series of normal
subgroups G1 2 Gy 2 G3 D --- of G known as the commutator subgroups,
defined inductively as follows: Gy = G and for anyn > 1, G4 is the subgroup
generated by all of the commutators [g, h] = ghg *h™" with g € G,, and h € G.
Explicitly:

Gn+l = {[glahl][g2>h2] T [gkahk’] RS N7 g1, - 9k € Gn7h1a 7hk: € G} .

Note that each commutator subgroup is indeed a normal subgroup of all pre-
ceeding commutator subgroups. It is obvious that they are all subgroups. Now

suppose that u € GG, and g € G,,_1. Then:

-1

gug "t =u(u'gug™") = ufut, g € G,

since u™! € G, C G,,_1 and g € G. Therefore, G,, < G,,_; and continuing this
approach yields G, < G,,_1 1 G,,_ o J--- Gy,

Note here that for the commutator subgroup G5 we may also write [G,G],
for G3 we may write [G, G], etc. The notation Gg, G5, ... is more succinct
but possibly less clear depending on the context. As implied earlier, we will
be interested in the lower central series of X. In fact, it will become clear

that the lower central series of X is closely connected to the series of ideals
Q2Q*°2Q*2---.

For the following work, however, we rely on a result from [15], namely that
u € X, if and only if all of its derivatives of order 1,2,...,n — 1 “vanish at
x = 1. (In [15] this is phrased as v € X, if and only if u has dimension
greater than or equal to n.) This claim, combined with Proposition 13, leads

directly to:
Lemma 4. For anyu € X andn € N, u € X,, if and only u —1 € Q".

Equivalently:
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Proposition 17. Q" determines X,,.

However, X, is also determined by the ideal corresponding to it. We denote
this ideal by @, and call it the n** lower central ideal. We can describe
this ideal completely: based on Proposition 11, it is obvious that @, C Q™.
Furthermore, we have ()1 = @ since X clearly corresponds to (). It may
be interesting to briefly note that for each n € N, @), is generated by the
elements of {gh — hg : g € X,,_1,h € X}. This is because X, is generated by
{ghg™*h™': g € X,,_1,h € X} and so from Proposition 12, the generators of
Q,, are the elements ghg='h~! — 1. Because of how ideals are generated we
may simply right-multiply each generator by hg and obtain the form gh — hg.

Thereby, we know the precise composition of this ideal.

Moreover, from Proposition 17 we can extrapolate that N, cy@" determines
NnenXn. But from Proposition 14, we know that N,en@™ = {0} and hence

ﬂneNXn — {1}

Finally, we discuss what implications Proposition 17 has regarding the struc-
ture of other group algebras. It allows us to glean results for particular groups,
namely those that can be constructed using the same generators of X but pos-
sibly with conditions limiting the freeness of the group. Explicitly, this is any
group G that is a homomorphic image of X. The fundamental ideal of the
group algebra Z|[G| can be denoted by O, allowing for the following result

analogous to Proposition 17:

Proposition 18. Let G be a group such that there exists a surjective homo-
morphism ¢ : X — G. Then for any n € N, the ideal O™ determines the n'"

lower central group G,,.

It should be obvious without proof that in such a case ¢ : Z[X] — Z[G] is a
surjective ring homomorphism. However, the proof of the above proposition

relies upon further results that are somewhat less obvious:

Lemma 5. If ¢ : X — G is a surjective group homomorphism, then ¢|x, :
X, — G, and é!Qn Q" — O™ are also surjective homomorphisms.

This result is alluded to in [7], however, it is not proved, presumably because
the proof is fairly straightforward and very tedious. Nevertheless, we shall

present the proof for the sake of comprehensiveness:

Proof. We can immediately see that these are homomorphisms, however, we
must show that they are surjective and that ¢ (X,,) C G,, and (5(@”) c o™
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We will do this by induction on n.

Firstly let n = 1. Then ¢|x, = ¢ and immediately satisfies the desired prop-
erties. Now we must consider ¢|on = ¢|o. If f € Q, then 6(f) = 0 and so

0 <<5( f )) = 0 as well since ¢ has no effect on the coefficients in the sum of f.
Therefore, ¢(f) € O, meaning that ¢(Q) C O. Now to demonstrate surjectiv-

ity we must consider g € O. Recalling that ¢ is a surjective homomorphism
from Z[X] to Z[G], there must exist some f € Z[X] such that ¢(f) = g. By
similar logic to that earlier in this paragraph, we can conclude that f € Q.

Thus, q~5|Q is surjective.

Now assume that the statement holds up to n — 1. Letting v € X,,, we can

write u = [ug, v1] -« - [ug, vg] where uq, ..., up € X,,—1 and vy, ...,v; € X. Then:

¢(u) = ¢ ([ur, 0] - - [ug, vr]) = [¢(ur), @(v1)] - - [D(ur), d(vr)] € G

since ¢(uq), ..., o(ug) € Gp_1 and ¢(v1),...,0(vx) € G. Thus, ¢ (X,) C G,.
In order to prove surjectivity we let ¢ € G,,. Then g = [g1, h1] - - [gk, b for
g1,y gk € Gp_1 and hq, ..., h, € G. But there must exist uy,...,ur € X,
and vy, ...,v; € X such that ¢(u1) = g1,...,0(ux) = gr and @(vy) = hy, ...,
o(vk) = hg. Hence, ¢(u) = g where u = [uy,vy] - [ug,vx] € X,. Thereby,

é|x, : X — G, is indeed a surjective homomorphism.

For q5|Qn the process is very similar. Considering f € Q", we may express f
as f =, fir- -+ far where each fj, € Q. Then:

o) =D (fu) & (fur) € O

since ¢ (fir) € O always. Thus, ¢ (Q") C O™. Lastly, we show that for any
g € O" there exists f € Q" such that qg(f) = g. Any such g can be expressed
as ¢ = Y . g1k - Ynk Where g; € O for all 4, k. Then for each pair ¢, k there
exists some fi € @ such that q?)(fzk) = ¢;; and so:

&(Zflk"‘fnk) = O (fu)- -6 (fur) = 9.

Clearly, >, fix -+ far € Q™ and thus the proof is completed. O
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Proof of Proposition 18. To prove this we must show that:
G,={9geG:9g—1€0"}.

First consider g € GG,,. Then by Lemma 5 there must exist v € X,, such that
¢(u) = g. But by Proposition 17, u —1 € @™ and hence Lemma 5 tells us that

g—1=0¢w)—1=¢(u—1) € O™ Thus:
G,.C{geG:g—1€0"}.

Conversely, let ¢ € G such that g — 1 € O". Firstly, there exists u € X such
that ¢(u) = ¢ and:

¢pu—1)=¢(u) —1=9g—-1€0"

It seems intuitive at this point that ©« — 1 € X,,, however, this is not assured

based on our working thus far. To this end, let:

qg(u—l) :Zglk"'gnk
k

where g, € O for each pair i, k. But ¢ cannot introduce sums and therefore
u — 1 must have the form u —1= )", f; such that:

¢(fk) = g1k " " Ink-

At this point we may express the terms in the above sum as g5, = Egeg A1k, s

Ink = deG QAnky, 9 where deG’ gy = "+ = ZgEG’ Anky = 0. Hence:
o (fp) = Z (...Zalkgmh_l ankh> q.
geG heG

But each ¢ € G in this sum can be expressed as ¢(u) for some v € X. Thereby,

the above sum over G can rewritten as a sum over X:

o(fi) =) ( DGk, ) o(u).

ueX veX

There may not be a unique way of summing over X as each g € GG might be
mapped from any number of elements of ©u € X. However, the relevant fact

is that there must be at least one way of expressing gz;( fr) as above. Again,
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since ¢ cannot create sums it must be possible to write f; as:

=Y ( g, > w = <Z alkuu) (Z ankuu)

ueX veX ueX ueX

where D, v @ip, = - = > ,cy Gnk, = 0. Since this is true for each k, we can
conclude that u —1 =), fi € Q". Proposition 17 then tells us that u € X,
and hence g = ¢(u) € G,,. Thus:

{g€G:g—1€0"} CG,. 0

We now know that Proposition 18 holds which is useful because this means
that properties of the lower central groups can be used to describe the ideals
020?203 - and vice versa.

Having discussed the subgroups determined by ", it may be interesting to
expand this to something broader. Considering the way we generalised Propo-
sition 13 to Proposition 15, it would be interesting to know what subgroups
are determined by the ideals IQ". We know for I = @7, but it would be in-
structive to have answers for the general case. Unfortunately, neither we nor
Ralph H. Fox in 1952 had an answer for the completely general case. We do,

however, have one result from [7]:

Proposition 19. The ideal IQ) determines the commutator subgroup [N, N|
of N, where N 1is the normal subgroup of X that corresponds to I.

Proof. We let ¢ be the homomorphism such that N = ker(¢) and I = ker (&)
Now, for any u,v € N and z; € (z):

D
=Dj(u) +u-Dj(v) +w-D; (u") +uvu" - Dj (v)
Dj(u) 4+ u - Dj(v) —uvu™" - Dj (u) —uwvu"'o™" - D; (v)

But ¢(u) = ¢(v) = 1 and so ¢ (1 —wvu™?) = ¢(1 —vutv™!) = 0, mean-
ing that D;([u,v]) € ker (g%) = I. Also, Dj([u,v] — 1) = D;([u,v]) and so
Dj([u,v] — 1) € I. Thus, all derivatives of order 1 of [u,v] — 1 belong to I.
Furthermore, ([u,v] —1)(1) =0, i.e. [u,v] —1 € Q. Thus, by Proposition 15,
[u,v] — 1 € IQ. Tt is trivial to extend this to the fact that u — 1 € IQ for all
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€ [N, NJ.

The subgroup determined by IQ) is Njg = {u € X : u—1 € IQ}. Clearly,
[N,N] C Nyq.

Now we must show that Ny C [N, N]. To that end, consider w € X such
that w € Nig, i.e. w—1 € IQ). We will prove by induction on the length of w
that w € [N, N]. (For convenience we will denote this length by [ instead of

writing [(w) every time.)
Firstly, let { = 0. Then w = 1. But 1 € N and so w = [1,1] € [N, N].

Now consider w such that { > 0 and assume that y € [V, N] for all y € Ny
with 0 < I(y) < [. Since w — 1 € IQ, by Proposition 15, D;(w — 1) € I for
all ; € (x). But Dj(w) = Dj(w — 1) and so D;(w) € I for all j. Therefore,
é(Dj (w)) = 0 for every j. Returning to Equation (3.4), though, this becomes:

>t (we) =

Ji=J

But gb( z)) is always a group element and all the coefficients are either 1 or
—1. Therefore, the terms must all cancel each other out pairwise. Hence, it
must be possible to pair up all the indices 1, ...,1 so that for each pair p < ¢
with j, = j, = j, we have ¢, + ¢, = 0 and ¢ (w(p)) =¢ (w(q)). So:

0—€p¢( )+€q¢(w(p)
_¢(€p ) T €qw ())

. eqg—1 . ep—1
= (a1t gl )

a1, G b1, T
= €q¢( o ]Z 1x]q2 ) Eq(b( o Ji 1$jp2 >

From here we get the following string of equations:

. eq—1 . ep—1

o (5 eeaimiay™ ) = o (s aie, )
17% —€p—1 —€1 €1 €q—1 %

= ¢ (% Ti, T, ) ¢ <%"‘%1% ) =1

6p+1 qul
3 ptl €-1,"35 | _
= ¢\ @y wph e ap wy =

l—ep
since all generators are cancelled from j; to j,—1 (seeing as p < ¢) and z;*
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is multiplied with l‘? . We can remove the first and last factors on the left to

obtain:

. . 5p+l lfsq
p+1 g—11) __ T2 2
¢ (%‘pﬂ qufl) =olz, * 2, ).

But j, = j, and €, = —¢,, so this becomes:

€ptl €g—1
¢<x,p+ g >:1
Jp+1 Jg—1

and hence z/ ”“ «-2' € N. Remember, though, that this holds for any

Jq—1
generator at all So we pair up all generator indices 1,...,1 into p < ¢ where
rj, = x;, and €, + ¢, = 0, resulting in xj"i X x;Zj € N. Note that we must

always have ¢ > p+ 1: if ¢ = p+ 1, then this would contradict Definition 31.

P

Of these pairs, there must be one p’ < ¢’ that is furthest left, that is ¢’ < ¢ for
all g. Then p” = ¢ — 1 must be paired with ¢ > ¢. Thus, w has the form:

e N —€ T
w—aafjba:ka:j cry'd

: —e _ % 1 Gl —€,, __
taking z;° = !, and z] = x] . Here bz} = T and z;‘c =
€ 11 € 11 _ .
Pt 7 so b, o c € N. Remembering that [N, N] is a normal sub-
Ip' 41 Jq'" -1 J
group of G:

(b)) (x5 c) (bal)™ (a: c) € [N, N]
= (axf) (0a) (a7°¢) (ba) ™ (a57°) ™ () ™ € [N, ]
= (ax5) (ba}) (z5c) (x"d) (z," ) (bx})~ (93 c)f1 (am?)fl € [N, N]
= w(acbd)™" € [N, N].

But [N, N] C Njg and so w(acbd)™' € Njg. Seeing as w € Njg, we must
have that acbd € Nyq. Clearly, I(acbd) < [ and so by the inductive hypothesis,
acbd € [N, N]. Then w € [N, N| because w(acbd)™* € [N, N]. This completes
the induction. O

We finish this section with one final result relating to the product of ideals

with the fundamental ideal:

Proposition 20. Let u € X and let I be an ideal of Z|X]| that corresponds to
a finitely generated normal subgroup N I X. Then u — 1 € I if and only if
there exists n € N such that u —n € I(Q).
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Proof. Again we let ¢ be the group homomorphism such that N = ker(¢) and

I = ker (¢)

We begin with the backward implication. Suppose that there exists n € N
such that u—n € IQ. Then u—n € I and so p(u—n) = 0, i.e. ¢p(u) = ¢(n) = 1.

Thus, ¢(u—1) = ¢p(u) —¢p(1) =1—1=0andsou—1€ I.
Now suppose that ©w — 1 € I. Then, from Proposition 12:

l

=1

1—e

where € = £1, ¢;,b; € X and p;, € N for all 7. For each i, set a; = ¢;p; °

)

and n; = p;* € N so that:

l—¢;

— €;+1 l1—¢;
o2

ai(ni —1)=cp; * (pf —1)=cp; > —cip; °

= €iCip; — €i¢; = €i¢i(p; — 1)
meaning that:

!
u—1= Zai(ni — 1)b;.
i=1

Define n = Hizl a;n;a;* € N. Then:

! !
_ -1 1
n—1= E a;(n; — 1)a; H aRnygay
i=1

k=i+1

and so:

u—n=wu—-1)—(n—-1)

M-

! !
a;(n; — 1)b; — Zai(ni —1)a; ! H aknkagl
i=1

k=i+1

!
a;(n; — 1) (bi —a;! H aknka,gl) )

k=i+1

=1

M-

=1

But for each i, a;(n; — 1) € I since n; —1 € I and b; —a; H;Ziﬂ aknkalzl

since all involved quantities are from the group. Therefore, u —n € 1Q).

eX

€@
O
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3.4 Commutator Results

We end our review of [7] by presenting a selection of results related to the

commutators of free group elements. Firstly:

Proposition 21. For any n > 2, if w € X,,, then Dj_.; (w)(1) = 0 for
r=1,2..,n—1and if u,v € X, then Dj, .; (uwv)(1) = D, .., (u)(1) +
Dy (0)(1).

The original paper [7] claims that this statement holds for any n > 1, however,
we believe that the first part of the statement does not hold for n = 1. It is

not entirely clear what it would even mean in this case, however, we err on the

side of caution and so simply restrict the statement to n > 2.

Proof. We use induction on n. Let n = 2. It is sufficient to prove the statement
for w = [u,v] for some u,v € X. Then, as stated in the proof of Proposition
19:

Dj(w) = (1 —wu™") Dj(u) + (u— wou"'v™") Dj(v)
and so D;(w)(1) = 0.
Now, for any u,v € X5, by Equation (3.8):

Dj,jy (wv) = Dy, (u) - v(1) + Dy, (u) - Dy, (v)(1) +u - Dy (v)
= Djyjy (uv)(1) = Dy, (u)(1) + Dy, (u)(1) Dy, (v) (1) + Dyyj, (0)(1)

But by the first part which we have already proved, D;,(u)(1) = Dj, (v)(1) = 0,

Dij,jy (uv)(1) = Djyjy (u)(1) + Dyyj, (v)(1).

Now let n > 2 and assume that the statement holds for 2, ...,n—1. Let w € X,,.
Again, it is sufficient to consider only w = [u,v] where u € X,,_; and v € X.

Then for any r=1,...,n — 1:
Djpjy (u) = " Dy (u) - Dy gy (0)(1) + - Dy, (v)
i=1

= Djyjy (w) (1) = Z D,y () (1) Dy, (0) (1) + u(1) Dy, (v) (1)

= Dj,ji(w)(1) + Dj,...jy (0) (1)
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by the inductive hypothesis. Also, wvu = uv and so:

Dj,..ji (wou)(1) = Dj,..;,(u)(1) + Dj,..j, (v)(1).

But, again using the inductive hypothesis:

D, .., (wvu) ZDJT gi(wv) - Dy, gy (w)(1) + wo - Dy, gy (u)
= Dy (w0) (1) + w0 Dy ()

and:

Djr"'jl (wvu) = ZDjT‘"'ji(w) ’ Djifl"']l( )(1) +w- D]r .71( ) +wv - D]r Jl( )
Therefore:

Dj,..jy (wou)(1) =ZDjrmji(w)(l)Dji,lmjl(v)(l)

+w(1)Dj,.y (v)(1) + w(L)o(1) Dj,..j, (u)(1)
=Dj,jy(w)(1) + Dj,.y (v) (1) + D,y (u)(1)

since w € X,, € X,,_1 and so from the inductive hypothesis, D; ...;, (w)(1) =0

unless perhaps ¢ = 1. So, in summary:

Dj,.jy (0)(1) + Dj,.jy (0)(1) + Dyoojy (u)(1) = Doy (w) (1) + D,y (v)(1)

meaning that:
Dy (w)(1) = 0

for any r = 1,...,n — 1. Thus, the first part of the proposition is proved.
Proving the second part for arbitrary n is extremely similar to proving it for

n = 2 and so we do not need to do this explicitly. O]



CHAPTER 3. FOX-DERIVATIONS 64

The paper then presents the claim that for v € X,, and v € X

D gein ([, 0) (1) = Dj s (@) (1) Dy (0) (1)
- Djn+q"'jq+1 (U) (1)Djn"'j1 (u) (1)

This strikes us as strange, though. There are various equations involving
summing over different orders of derivatives and since u € X,, and v € X, all
derivatives of order 1,...,n — 1 and 1,...,g — 1 of u and v respectively “vanish
at © = 1.” For this reason it would make intuitive sense if the only remaining
terms on the right-hand side of the above equation were to involve n'-order
and ¢'"-order derivatives of u and v respectively. But it does not. A more

intuitive version of the equation would be:

DjnJrq“‘jl ([U,, 'U])(l) = Djn+q"‘jq+1 (U) (1)qu“'j1 (U) (1)
The equation as stated in the paper also does not follow from the equations
used in the proof from the paper.

Lastly, we generalise the following equation:
[u, vw] = [u, v][u, w]". (3.15)

This can easily be seen to be true. For the following, we will say u™" = (u”)_l.
We generalise Equation 3.15 as:

Proposition 22. Ifu € X and v = Hizl x5!, then [u,v] = Hizl[u, x|

261, €i—1

Proof. If ¢; = 1, then [u, x;,]5°® = [u, z;,]"1 ™i-1. But if ¢ = —1:

2Ll —1
REO . Tl €1 -1 o=l =1 e
[w, 2] = [u, ] 1" = (:Ejl ST TG T, T )
€;— —
= 5 {EZ b T g

7, 1

= [y
’]z ’

61 N fifl
So, irrespective of the value of ¢;, we find that [u,z;]|""® = [u, x] } i Vi

Thus:

l
521

l
H U :L“] 62”(z) H “Tiia
i=1

i=1
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Chapter 4
Review of Category Theory

We now briefly move to category theory, a very general approach to mathemat-
ical structures. This will be useful in our discussions of the existing research.

We must begin with some necessary definitions.

In our approach we will be using classes, a notion similar to sets. Classes
are defined as in Von Neumann-Bernays-Godel set theory. The axiomatic
definition is lengthy and will therefore not be given here. Suffice it to say that
a class is a collection of objects defined by a property that all its members
share. Classes resolve the paradoxes that arise while working with sets by
working with “layers” of set theory. We cannot have a set of all sets, but there
exists a class of all sets. Furthermore, there is a superclass of all classes and
so on. Classes are not more general than sets in the sense that we still cannot
have a class of all classes. Note that all sets are classes but some classes are

not sets. These are called proper classes.

With this notion of classes in mind, we can define categories. For the Defini-
tions 37 to 39 we follow [9]:

Definition 37. A category C has a class of objects Obj(C) along with a
class of morphisms Mor(C) (also denoted by Hom(C)) between these objects.
There must ezist a well-defined domain function dom : Mor(C) — Obj(C) and
codomain function cod : Mor(C) — Obj(C). For all a,b € Obj(C), we require
that there exists a set Mor(a, b) of all morphisms f € Mor(C) with dom(f) = a
and cod(f) = b. Further, we must have a composition of morphisms in C
o : Mor(b, ¢) x Mor(a,b) — Mor(a,c) for any a,b,c € Obj(C).

Lastly, a category must satisfy associativity of composition and have identity

66
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morphisms in the following sense:

1. For any objects a,b,c,d € Obj(C), if f € Mor(a,b), g € Mor(b,c) and
h € Mor(c,d), then ho(go f) = (hog)o f.

2. For every xz € Obj(C), there exists a morphism 1d, € Mor(z, x) such that
for all a,b € Obj(C), fold, = f for any f € Mor(z,a) and Id, og = g
for any g € Mor(b, x).

One example of a category would be G, the category of all groups with Obj(G)
being the class of all groups and Mor(G) the class of all group homomorphisms.

With the notion of a category established, we introduce some relevant concepts
within category theory, following [14]. Firstly, we define homomorphisms of

categories:

Definition 38. Given two categories Cy and Cs, a functor from Cy to Co
is a pair of mappings (F,F’) : C; — Cy with F : Obj(Cy1) — Obj(Cs) and
F’ : Mor(Cy) — Mor(Cs) that preserves domain and codomain, identity and
composition. That is, for all a € Obj(Cq) and f,g € Mor(Cy):

F(a) € Obj(Cy),
F'(f) € Mor(Cy),
F'(f) € Mor(F(dom(f)), F(cod(f))),
F'(Id,) = Idp(a)

f)=

F'(go ()F(f)

whenever the composition g o f is admitted.

It is natural to consider an isomorphism of categories to be a functor which is

bijective on objects and morphisms.

Category theory further introduces a generalisation of disjoint unions, known
as the coproduct. This is denoted by a[]b for objects a and b. As noted,
this is a generalisation, however, for our purposes the only coproduct we will
consider is the disjoint union. Therefore, we will not provide the lengthy formal

definition.
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4.1 The Groupoid of the Adjoint Action

Definition 39. A groupoid is a category in which every morphism is invert-

ible, that is for every morphism f : a — b there exists a morphism f~1:b — a

such that f~'o f =1d, and fo f~!' = Id,.

Many different categories are in fact groupoids, however, we are focusing on

groupoids defined by means of group actions:

Definition 40. Given a group G and a set X, a (left) group action of G on
X is an operation x : G X X — X such that for all g,h € G and x € X:

eqg*xxr =1,

g* (hxx) = (gh)*x.

We can of course consider an action of a group G on itself. We can then con-
struct a groupoid I" using a finitely generated discrete group G and an action
x on itself: we define Obj(I') = G and for each a,b € G we set Mor(a,b) =
{9 € G : g*a = b}, defining Mor (I') = [], oo Mor(a,b). This means
that we are considering morphisms g € Mor(a,b) to be arrows a —~— b
where g * a = b. The composition of g € Mor(a,b) and h € Mor(b,c) is
hg € Mor(a,c). Note that in this case we must have hg € Mor(a,c) since
(hg) xa=hx(gxa)=hxb=c.

Then each morphism in T" is invertible: for any g € Mor(a,b), we have that
g~' € Mor(b,a) since g7t xb = g x (g*xa) = (g7'g) *a = a. Clearly,
g tg = eq = g9 ! and eg is the identity morphism for both a and b. Therefore,

g~ ! is the morphism inverse of g.

We focus one particular such groupoid, namely the groupoid of the adjoint

1

action, that is ¢ x a = gag™"'. In this case, g x a = b if and only if ga = bg.

Here we provide a rigorous definition of this category as described in [3]:

Definition 41. The groupoid of the adjoint action on G is a category
[ with objects Obj(I') = G. The set of morphisms with domain a € G and

codomain b € G is as follows:
Mor(a,b) = {g € G : ga = bg}.

We use the notation (“%”’) to denote a morphism g € Mor(a,b). This distin-
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guishes between (“T_”’> and (C?d> in a case where ga = bg and gc = dg. Like

this, we can define the set of all morphisms on I as the disjoint union:

Mor(T") = H Mor(a, b).

Composition of morphisms is defined by:

b—c o[ —b\ [(a—c
h g ) \ hg
for all a,b,c,g,h € G where ga = bg and hb = ch.' For each a € Obj(T), the

a—>a)

identity morphism is given by Id, = ( -

This is indeed a groupoid: for any (“_)b> € Mor(I") the inverse is given by
(Z’;“) Note also that Mor(a, b) is non-empty if and only if @ and b belong to

the same conjugacy class.

Definition 42. A morphism £ € Mor(I') is a loop if its domain and codomain

are equal, that is & € Mor(a, a) for some a € G.

With the above in mind, we can construct subgroupoids of I': for any u € G,
we define the subgroupoid I',) as the category with objects Obj (F[u]) = [u]
and morphisms Mor (T') = {(‘Hb) € Mor(T") : a,b € [u],g € G}, where [u]

is the conjugacy class of u as in Definition 5.

Note 20. The groupoid can be decomposed into a disjoint union of subgroupoids

as follows:
Obj (I H ObJ
[ul€[G]
Mor (T H Mor F[u]
[ul€[G]

where [G] = {[u] : v € G}.

This decomposition is fairly straightfoward. The one point to explain explicitly
is that the union of all classes Mor (F[u]) indeed covers all of Mor(T"): we cannot
have any morphism (%’) that is not a member of some class Mor(I'y,;). This

is because a = eae™ and b = gag™', so a,b € [a], i.e. <“T_>b> € Mor(T'(y).

Further, for each v € G we can define a subgroupoid Mor(u,u) with mor-

phisms Mor(u, u) and the solitary object u. Note that every morphism in this

IThis guarantees that hga = hbg = chg.
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uU—u

subgroupoid will have the form (T) where g commutes with u. We will

denote by Z(u) the set of all group elements that commute with w. Further,
we will denote by Z(G), the group of all elements that commute with every

element in GG, known as the centre of G:

Z(u)={g € G:gu=ug}, (4.1)
Z(G)={g9 € G:gu=ug,Vu e G}. (4.2)

Note that Z(u) and Z(G) are both subgroups of G.
We now introduce a type of function on I' analogous to a homomorphism:

Definition 43. A mapping T : Mor(I') — C is a character on T if T'(no&) =
T(n)+ T(€) for all n,& € Mor(T') admitting the composition n o &.

Note 21. If T s a character on I, then for any a € G, T (%) = 0. This
15 because (‘HT“) = Id, and so for any morphism & admitting the composition

o (=2):

() =T (¢o (“0)) =) + 1 (1),

€ (&

Definition 44. We set H, = {(“:b> € Mor(Tl") :a € G,b= gag_l} for each
g € G. A function T : Mor(I') — C is said to be locally finitely supported
if for all g € G, Ty, : Hy — C is finitely supported. A subscript f is used
to denote the restriction of any set of functions to locally finitely supported

functions.

The set of all characters on I' is denoted T'(I'). Following Definition 44, T(T")
denotes the set of all locally finitely supported characters on I'. On T'(T") we
define addition and scalar multiplication over C pointwise, just as was done
with derivations in Section 2. With these in mind we obtain the following

result:

Note 22. T(I') is a vector space over C with pointwise addition and scalar

multiplication. Likewise, T¢(I") is also a vector space over C.

The proof of this result is very straightforward, defining identity and additive

inverses in the same way as was done for derivations.
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4.1.1 Characters of Subgroupoids

We can consider the characters of subgroupoids as well, defined in exactly the
same way but only taking in morphisms from these subgroupoids. This is

useful because of the following:

Proposition 23. Every character T on a subgroupoid I'y,y or Mor(u,u) can
be extended to a character T' on I'. Moreover, every locally finitely supported

character on 'y, can be extended to a locally finitely supported character on I'.

Proof. In the case of a character T' on I'\, this is done by simply setting
T'(&) = 0 for all morphisms ¢ not in Mor (F[u]). To see that this works, consider
morphisms &, 7 € Mor(I') such that n o £ exists. We will let £ = ("“T_’b) and

n= (bzc). Consider two cases:

Case 1: £ € Mor(T')). Then a,b € [u] and so b = kuk™" for some k € G.
Thus, ¢ = hoh™! = hkuk™*h=' = (hk)u(hk)™!, i.e. ¢ € [u]. Therefore,
n,mo& € Mor(I'y,) and so:

T'(no&) =Tmo&) =T +TE) =T +T()

by assumption.

Case 2: £ € Mor(I'y,)). Then § € Mor(I'y)) for some v ¢ [u]. By the logic
used in Case 1, n € Mor(I',)) as well and hence 7o & € Mor(I'y)). So,
Ennol e Mor(r[u]). Thus, T"(no &) =0=T'(n) + T'(§).

Thereby, this extension of T" is a character on I'. If T is a locally finitely
supported character on I',;, then obviously the extension will also be locally
finitely supported on I" since we set T"(£) = 0 for all new morphisms £, meaning

that the support is unchanged.

In the case of a character T" of Mor(u, u) the extension is slightly more involved.
First we extend it to I'f,) and then extend further to I' using the method already

described above:

g
some g, gy € G. Using these elements, we set:

T,(a—>b>_T<u—>u)
g 9 '99.)

To show that this is indeed an extension of 7" from Mor(u, u) to 'y, we must

For any (‘Hb> € Mor(T'},), we must have that a = g,ug, ' and b = gyug, * for
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first determine whether 7" is well-defined. For any (“;b> € Mor(I',), these

Ja, gp Must exist and be unique. Further, ga = bg and so:

99augy’ = gyugy g
so that g, 'gg.u = ug; ' g9a.

Thereby, ( E_;Z ) exists in Mor(u, u) and so T (g“_;z ) is defined and unique.
b a
Thus, 7" is well-defined on I'f,).

Now we show that 7" is indeed an extension of 7', i.e. that 7"(¢) = T'(§) for all
¢ € Mor(u,u). Let & = <“_)"> € Mor(u,u). Then gu = ug and so u = gug™ .

Therefore, g, = g and consequently:

o = () =1 () =1,

9u 9Y9u g

Lastly, we must prove that 7" is a character on Mor(I',). Let &, 7 € Mor(I'y,)
such that 7 o & exists. We can let £ = (“T_”’> and n = (IHC) Then:

a — C
T'(nof) = ( )
gzlhgga)

O —_—
9= hg 9 '99a
u

— U u—u
()
9o "hge 9y 99

Thus, 7" is indeed an extension of 7" which is a character on I';,. Setting
T'(&) = 0 for all £ € Mor(I')\ Mor(I',)), we will have an extension of 7" which

is a character on all of T. OJ

Note 23. For each u € G we have that Tf(Mor(u,u)) = T (Mor(u,u)) since
every character of Mor(u, u) is trivially locally finitely supported based on Def-

mnition 44.

Note 24. For any X € T(I'), X can be written as a sum of characters as

X=3 (X))

[ul€[G]

follows:
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using the notation from above for extending a character from I'y, to I

Proposition 23 means that we could equivalently consider 7' (F[u]) as the set

of all characters of I' whose support is contained entirely within Mor (F[u]):

T () = {X € T(T): X(£) =0, V¢ ¢ Mor (T}, (4.3)
Ty (Tp) = {X € TH(T) : X(€) =0, Ve ¢ Mor ()} (4.4)

This formulation identifies each character of I'y,; with its extension to I
Within this formulation, Note 24 tells us that every character on I'" can be
written as the sum of characters from subgroupoids of I'. Furthermore, it is
obvious that any sum of characters on subgroupoids must be a character on

I'. Thus, following Equation (4.3) we obtain:

M) =P T (Tw)- (4.5)

[u]€]G]

as in [2]. We can make a similar but weaker statement for T(I'):

Ty(T) C @ Ty (Th) - (4.6)

[u]€[G]

This is because every locally finitely supported character can be written as
the sum of locally finitely supported characters of subgroupoids as in Note 24,
however, such a sum is not guaranteed to be locally finitely supported. Note

that Inequality (4.6) will become an equation if [G] is finite.

4.1.2 Different Representation of Groupoid

It is worth noting that a different presentation of I' is used in [2]. We will
denote this groupoid by I”. Here the objects are still simply the elements of
G, however, the morphisms are given by Mor(IV) = {(¢g,h) : g,h € G} with
dom(g,h) = h™'g and cod(g,h) = gh™'. So:

Hom(a, b) = {(g,h) € Mor(I") : dom(g, h) = a,cod(g,h) = b}
for all a,b € G. Composition of morphisms is given by:

(92, hz) © (91, hl) = (h291, h2h1)
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whenever g h;' = h;'gs. Based on this, Id, = (g,e) for each g € G. Sub-

groupoids can be constructed in the same way as in the previous formulation.

This formulation of the groupoid appears different, but it is in fact equivalent:
I = T by way of the isomorphism (i.e. bijective functor) (F, F') : IV — I’
given by:

F(g)=y Vg € Obj(I"),

, h=tqg — gh™!
o= (27)

V(g,h) € Mor(I").

First we will show that F' and F’ are both bijections. It is obvious that F' is
bijective, being the identity mapping. It is also obvious that F” is well-defined.
Now suppose that F'(gy, hy) = F'(ge, ha) for some (g1, h1), (g2, ha) € Mor(T").
Then:

hi'g — gihy! _ hy'gs — gahyt
hl h2 7

meaning that hl_lgl = h2_192, glhl_1 = 92/12_1 and h; = he. We can substitute
the last of these three equations into the first to find that g; = go. Therefore,
(91, h1) = (g2, ha). Thus, F’ is injective.

Lastly, suppose that (“T_”’> € Mor(I"). Then (ga,g) € Mor(I'") and:

1 1 1
g~ ga — gag a — bgg a—b
g g g

Thus, F” is surjective. We have hence shown that F” is indeed a bijection.

We can now show that (F, F’) is a functor. First, let (g, h) € Mor(I"). Then
dom(g,h) = h™'g and cod(g,h) = gh™'. Obviously, dom(F’(g,h)) = h™'g
and cod(F’'(g,h)) = gh™' and so (F,F’) preserves domain and codomain.
Now let k& € Obj(I"). Then F'(Id;) = F'(k,e) = (22%) = Id, = Idpw).
Hence, (F, F') preserves identity. It now remains only to show that (F, F")
preserves composition. To this end, let (g1, k1), (g2, ha) € Mor(I") such that
(92, h2) o (g1, h1) exists. Then g1h;' = hy gy and so:

F((927 hQ) © (gh hl)) - F(h2gla h2h1)

(hohi) thagy — hagi(hohy)™!
hahy
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[ hi'gr = hogihy ' hy!
hohy

_ hi'gr — gohy!
hohy

( 2 92 — gzh ) . (hflgl — 91’11_1)
ha

= F 92,h2) o F(917h1)

Thus, (F, F') is a functor and consequently an isomorphism.

This second representation of the groupoid is arguably more elegant because we
only require two elements from G to describe a morphism, however, the clunky
calculations needed to determine the domain and codomain of a morphism

make this the far less intuitive representation.



Chapter 5

Derivations of C|[G]

Having introduced the groupoid of the adjoint action of G and the notion of
characters, we can now show how this connects surprisingly well to the deriva-
tions of the group algebra C[G]. In this chapter we will follow the approach
from [3], also presenting some ideas from [2]. Our review of these papers will
be less thorough than the review of [7] in Chapter 3: we will be particularly
orientated around the goal of understanding the derivations and determining
non-inner derivations and so will not consider every single result from these
papers. Particularly in the case of [2] much of the paper considers specific
examples of groups or types of group, whereas we are more interested in the

general case. We will not consider the vast majority of these examples.

Here we consider derivations in the simplest way, i.e. following Equations (1.1)
and (1.2). We will be more general than in Chapter 3 in terms of which groups
we consider: there most of our working used the free group X, whereas here we
will consider G to be any finitely generated discrete group. Note also that our
group algebra is taken over C rather than Z, although this makes surprisingly
little impact on the results we can attain. Remember from Corollaries 1 and
2 that within this framework, Der(C[G]) is a Lie algebra over C, of which
Inn(C[G]) is an ideal.

The intention here is primarily to research the nature of these derivations, how-
ever, with particular interest in the question of inner derivations: the question
automatically arises as to whether all derivations are inner. To this end we will
investigate the quotient algebra of outer derivations in particular and attempt

to construct non-inner derivations (that is, show that Out(C[G]) is non-trivial).

Before diving into the meat of this topic we should note the following result:

76
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Proposition 24. The derivations of C[G]| are the mappings d : G — C|G|
such that d(gh) = d(g) - h+ g - d(h) for all g,h € G, extended by linearity to
ClG].

This is analogous to Proposition 10 and its proof is almost identical.

5.1 Describing Derivations as Characters of I

Consider a derivation d € Der(C[G]). Explicitly, this means that d is a linear
mapping on C[G] such that d(uv) = d(u)v + ud(v) for all u,v € C[G]. Seeing
as d is a linear transformation of an algebra over C, it can be written in terms
of a matrix over C. Recall from Note 12 that G is a basis of C[G]. Therefore,
the matrix representation of d will consist of rows and columns corresponding
to the elements of G: we write this matrix as (dg) where d’; € C for all

g,h € G.

g,heG’

Recalling from Note 12 that we can enumerate G' = {g1, g2, ...}, we can write
all elements of C[G] as vectors with components corresponding to elements of

G as follows:
a1

Z a;g; = | G2

9:€G

We only do this temporarily to clarify the nature of the matrix of d. So, let

u € C[G]. Then we write u as u =) __-a;g; so that:

9:€G
g1 g1 PP g1 .
dgl dgz a1 ZgieG dgz- @i
_ g2 g2 e — g2 .
d(u) = | d? df as | = ZgieG d%a;

Returning to the traditional notation for group algebra elements, this gives us

the following expression, where u = 3_ ., ayg:
d(u) =Y (Z dgag) h. (5.1)
heG \geG

For each g € G this equation can be written in a simpler form:

d(g) = d}h. (5.2)

heG
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We now have a practical description of the matrix (dZ)g hec and we can use it

to determine properties of d. Firstly, we obtain the following result:
Lemma 6. A mapping d : C|G] — C[G] is a linear transformation if and only
if it is defined by:
d(u) = (Z d’;ag) h
heG \geG

where (dg)g hea 1S @ complez-valued matrixz such that for each g € G there are
finitely many h € G such that d’; #0.

Proof. We have already seen that if d is linear, this leads to Equations (5.1)
and (5.2). Therefore, d is indeed defined by a complex-valued matrix as stated.
Furthermore, Equation (5.2) is only defined if the right-hand side is a finite
sum for each g € G: otherwise, this would not yield an element of C[G], seeing
as we are working within a discrete topology where this infinite sum cannot
converge. Thus, for each g € G there are finitely many h € G such that dg #0.

Conversely, suppose that d : C[G] — C[G] is defined by Equation (5.1) and
that for each g € GG there are finitely many h € G such that d}g‘ # 0. Then for
any u € C[G| the sum in Equation (5.1) must be finite: there are only finitely
many g € G such that a, # 0 and for each such g, only finitely many dg # 0.
Therefore, the right-hand side of Equation (5.1) is a finite sum of finite sums.
This tells us that d(u) € C[G] for each u € C[G]. Thus, d(C[G]) C C[G].
Moreover, it is defined by a matrix with rows and columns corresponding to

the basis of C[G], meaning that it is linear. O

We now introduce the link with the characters of the groupoid of the adjoint
action I'. For each d € Der(C[G]), we define a mapping T¢ : Mor(T") — C as

follows: )
T4 <a: ) = o (5.3)

for all (“T_”’) € Mor(T"). This could equivalently be written as 79 <“T_’b> = d%.

Following this method of defining mappings:

Theorem 8. A function X : Mor(I') — C is defined by some deriwation d of
C[G] such that X <aT_’b> = dJ* for all (%) € Mor(T') if and only if it is a
locally finitely supported character.

Proof. Firstly, to prove the forward implication we suppose that X is defined
by some derivation d € Der(C[G]) as in Equation (5.3), that is X = T By
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Lemma 6, for each ¢ € G there are only finitely many ga € G such that
a : a—b
dj* # 0. Therefore, for each g € G, there are finitely many <%> € Mor(T")

such that X (“T_”’> # 0, i.e. X is locally finitely supported.

Now let &, € Mor(T") such that n o £ exists. Set & = (%) and n = (ﬂ>

g2
so that:

a—c .
O

For convenience we set h = ¢g2g;a, leading to:

Td(€> — dZia _ dgglh’
() = dig = dys .

But d is a derivation and so d(g291) = d(g2)g1 + g2d(g1). Putting this in terms
of Equation (5.2), we find:

Z d2291h = Z d}glzhgl + Z d;llggh

heG heG heG

=N "dho Y ey

heG heG

= (" + Y

heG

—1 -1
Thus, we can conclude that dgzgl = dgg Lo dy " and hence that;

T (no&) =T"n)+T).

Therefore, X is a character.

Moving on to the backward implication, suppose that X is a locally finitely
supported character. Then we define a mapping d : C[G]| — C[G] by Equation

(5.1) where the entries of the matrix (d”) are given by:

g,heG

1 -1
h g h—hg
dg =X (T) .

Since X is locally finitely supported, for each g € G there are finitely many

h € G such that d;‘ # 0 and so (d;‘) defines a linear operator by Lemma

g,heG
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6. Now let g1, g» € G. Then, since X is a character:

1= s hato!
d(gagr) =Y dl h =Y X (91 9 91 9 ) h

heG heG 9291
-y x ((gz‘lhgfl — hgflgil) . (gflgg‘lh — gilhgfl)) h
hed 92 g1
_ Y x (9511%91‘1 —>h91‘192‘1> e Y X (gflgz‘lh—w;lhgfl) h
heG 92 heG 9
hgy ! >'h
=D g bt Y dsh
heG heG
=D dyhgi ) dggah
hed hed

= d(g2)91 + g2d(g1)

and so by Proposition 24, d is a derivation of C[G]. Lastly, for any morphism
(%) € Mor(I'):

1
Td(a%b):dga:X(a%gag ):X(a%b)
g g g

and thus X = T? meaning that X is defined by a derivation as in Equation
5.3. O

This theorem tells us that there is a one-to-one correspondence between the
derivations of C[G] and the locally finitely supported characters of I". In fact,

this relationship is even stronger:

Theorem 9. The vector space of derivations of the group algebra is isomorphic
to the space of locally finitely supported characters of the groupoid of the adjoint
action:

Der(C[G]) = T(T).
Proof. Define the mapping 7" : Der(C[G]) — T¢(I") as follows:
T(d) =T

If dy,ds € Der(C[G]), then for all (%) e Mor(I):

a—b
it <—g ) = (di + da)]" = dy" + dop’
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_ 7ds (a—)b)+Td2 <a—>b)
g g

(1 +T%) (a — b)

9

since the matrix corresponding to d; + d2 must obviously be the sum of the
matrices corresponding to d; and dy. Therefore, T4+ = T4 - T%  Similarly,
we find that 7% = T for all a« € C and d € Der(C[G]). Therefore, T is a

vector space homomorphism.

We can easily see from Theorem 8 that T" is well-defined and surjective. Fur-
thermore, if 7 = 0 for some d € Der(C[G]), then d} = 0 for all g,h € G,
meaning that d = 0. Therefore, ker(T") = {0}, i.e. T is injective. We can

conclude that 7" is a bijection and hence an isomorphism. O]

This result is extremely useful because it tells us that each derivation can
equivalently be considered a locally finitely supported character. Therefore,

we can freely use the corresponding characters to describe derivations.

5.1.1 Characters of Inner Derivations

For this reason it will be useful to understand the nature of the characters
corresponding to inner derivations. Results are obtained in this direction in
[3] and [2], however, the results stated there stop short of a full description:
only inner derivations with respect to group elements are considered, i.e. d,

for g € G. We will consider all inner derivations.

Proposition 25. Let d, € Inn(C[G]) where u =)
all <“—_>b> € Mor(a, b):

g

ugg € C[G]. Then for

geG

b
T (a; > = Up — Ug. (5.4)

Proof. For any g € G:

dy(g) = ug — gu = Zuhhg — Zuhgh

he@ heG

= Z uhgflh — Z ug—lhh.

heG heG
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Combining this with Equation (5.2) yields:

> (d)ih =" (upg1 — ug-1p) h

heG heG

and so (du)z = Upg—1 — Ug-1p, for all g,h € G. Now that we have determined

the matrix of d,, we can express it as a character:

a—b a
T < . ) = (du)g = Uggg—1 — Ug-1gq = Up — Uq

for any morphism <%b> O

This is a strikingly simple expression. It is somewhat surprising that inner
derivations can be described so easily within 7(I"), however, very convenient.
Furthermore, since the relationship between Der(C[G]) and T(I') is one-to-
one, every locally finitely supported character satisfying Equation (5.4) for

some . ugg € C[G] corresponds to an inner derivation. Thus:

Theorem 10. A character T € T4(T) corresponds to an inner derivation of

C[G] if and only if for all <“T_’b> € Mor(T"), T4 (“T_”’> = up — ug for some

u=73,cqugg € CIG]. In this case d = d,.

Corollary 3. For any d, € Inn(C[G]), the character T% is zero on all loops
in Mor ().

This corollary is a very simple consequence of the preceding theorem. More
broadly it is interesting to observe that the characters of inner derivations

depend only on the domain and codomain of morphisms.

5.2 Structural Connections Between Deriva-

tions and Characters

Here we demonstrate the structural similarities between the derivations and
characters, going beyond the isomorphism between Der(C[G]) and T¢(I"). This

is encapsulated in the following diagram, taken from [3]:
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0 —— Inn(C[G]) — Der(C[G]) —L— Out(C[G]) — 0

I I I

0 —— kers(p,) —%— Tp(I") —2— T(Mor(u, u)) — 0

Figure 5.1: Commutative Diagram of Der(C[G]) and T§(I")

where for each u € G we define p, : T(I') — T'(Mor(u, u)) by:
Pu(X) = XMor(u,u)
and f : Out(C[G]) — T(Mor(u,u)) by:
£(d+Inn(C[G))) = T ror(uw-

Furthermore, recall our convention that the subscript f denotes the restric-
tion of a set of mappings to its locally finitely supported members. Thereby,
ker(p,) is the set of all locally finitely supported characters in ker(p,,).

It is necessary to demonstrate that all the arrows in the diagram are in fact
well-defined. This is obvious for most of them. It is only necessary to clarify
this for Inn(C[G]) —X— ker;(p,) and Out(C[G]) —— T(Mor(u,w)).

Starting with Inn(C[G]) —— kerj(p,), it is a clear consequence of Corollary
3 that for any d, € Inn(C[G]), p, (T'™) = 0 and hence T™ € ker(p,). Seeing
as T% must be locally finitely supported, we can conclude that T% € ker;(p,).

Therefore, this arrow is corestricted.

Now we show that f is well-defined. It is obvious that f(d + Inn(C[G])) €
T (Mor(u,u)) for all d + Inn(C[G]) € Out(C[G]), however, we must show that
f produces a unique output for each coset. To that end, suppose that d; +
Inn(C[G]) = dy + Inn(C[G]). Then d; — dy € Inn(C[G]) and so by Corollary 3,

Td17d2|Mor(u7u) = 07 Le. Th ’Mor(u,u) = Td2|Mor(u,u)- Hence:
f(dy +Inn(C[G])) = f(d2 + Inn(C[G])).

We can conclude that f does indeed produce a unique output for each coset

and so it is well-defined.

Having established that all the arrows are well-defined, we can now consider the

properties of the diagram. It is obvious that it is commutative and nearly exact.
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Exactness fails only at T7(T') —“~ T(Mor(u,u)) — 0. For this segment
to be exact would require that every character of Mor(u, u) is the restriction of
some locally finitely supported character. This would be wonderful as it would
mean that every character of Mor(u,u) corresponds to a derivation of C[G].
It appears, however, not to be the case. T (Mor(u,u)) further weakens this
diagram in the sense that the vertical arrow from Out(C[G]) to T'(Mor(u, u))
is the weakest of the vertical arrows: the other two vertical arrows are injective
homomorphisms (in fact the middle arrow is an isomorphism) whereas f is

merely a homomorphism.

We can conclude that the relevant diagram demonstrates a fairly strong struc-
tural connection between the world of derivations and that of the locally finitely
supported characters. In addition to the established isomorphism from The-
orem 9, it shows a strong link between the inner derivations and kers(p,) as
well as the outer derivations and 7'(Mor(u,u)), along with structural similari-
ties in terms of the connections within these worlds. However, it is somewhat
frustrating that it is not exact and that the right-most vertical arrow is not
injective. These properties would demonstrate a substantially stronger struc-

tural connection.

The absence of exactness can be solved by removing the requirement of local

finite support as follows:

0 —— Inn(C[G]) — Der(C[G]) —L— Out(C[G]) — 0

I I I

0 — ker(p,) —%— T(T') —2— T(Mor(u,u)) — 0

Figure 5.2: Exact Commutative Diagram of Der(C[G]) and T'(T")

This is an exact commutative diagram as suggested (although not directly
stated) by Theorem 3 from [3] as every character of T'(Mor(u,u)) is indeed
the restriction of some character of I', a consequence of Proposition 23. In
that sense this diagram is an improvement over the previous one and shows a
stronger structural connection, this time between the derivations and all char-
acters. However, this is something of a trade-off: we have lost the surjectivity
of the middle vertical arrow, meaning it is no longer an isomorphism. We have

also done nothing to introduce injectivity to the right-most vertical arrow.
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5.3 Der[u](C[G])

We therefore introduce the following structure in order to construct a more

satisfying diagram:

Definition 45. We define the space Dery,(C[G]) to be the derivations corre-
sponding to the characters of Iy, that is:

Dery,)(C[G]) = {d € Der(C[G] : T* € Ty (Tw)) }
using the notion of T} (F[u]) from Equation (4.4). Similarly we define:
Inng,(C[G]) = {d € Ian(C[G] : T* € Ty (Tpy) } -

Lastly we can construct a space of outer derivations with respect to [u] in the
obvious way: Outy,(C[G]) = Dery,(C[G])/ Inng, (C[G)).

Note here that we can obtain results analogous to Inequality (4.6):

Der(C @ Derp,(C (5.5)

[ul€[G]
Inn(C[G]) C @ Inng, (C[G]). (5.6)

Inequality (5.5) is fairly simple to see. We can decompose any d € Der(C[G])

i= S 1 ((T%M)').

[ul€lG]

as follows:

For inner derivations this is slightly more involved. Consider d € Inng,(C[G]).
Then d € Inn(C[G]) and T¢ (‘Hb> = 0 unless (%) € Mor (I'fy)). Using
Theorem 10, this tells us that d = d, for some v = > _,v,9 € C[G] such
that v, — v, = 0 for all conjugate pairs a,b ¢ [u]. Therefore, without loss of
generality we can assume that v, = 0 whenever g ¢ [u| and we can write v as

V=3 e Voy- Conversely, for any finite v =3~ 1049, d» € Inng(C[G]).

This leads to Inequality (5.6): letting d = d,, be an arbitrary inner derivation,

we decompose w = Y, w,g as follows:

w= Y, > wg= ) wy

[ul€[G] g€[u] [ul€[d]

where wp, = >° ¢, Wyg for each conjugacy class [u]. Then by the working
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above, dy,, € Inny)(C[G]) for each [u]. Obviously dw = > (¢ duw,, thus
demonstrating Inequality (5.6).

These inequalities mean that every (inner) derivation can be constructed out
of independent (inner) derivations from each subgroupoid I'y,;. Note that these
are inequalities because we cannot necessarily construct a derivation out of any
arbitrary combination of derivations from subgroupoids: local finite support
would not always be guaranteed for the corresponding characters. If there
were, however, a finite number of conjugacy classes in the underlying group,

then this problem would disappear.

Having established the subspaces Derp,)(C[G]) and Inngy(C[G]), we can use
them to construct a diagram extremely similar to that in Figure 5.2, again

suggested by [3]:

0 —— Inny(C[G]) —9 Dergy(C[G]) —— Outyy(C[G]) —— 0

I I I

0 —— ker(p,) —%— T(T})) —2— T(Mor(u,u)) — 0

Figure 5.3: Exact Commutative Diagram of Dery,j(C[G]) and T (I')

where the domain of p, is here taken to be T’ (F [u]). This is most similar to Fig-
ure 5.2 since it also ignores local finite support. It is possibly an improvement
over that diagram, though, as it may introduce injectivity to the right-most
vertical diagram. Unfortunately, we must still do without surjectivity in the

middle vertical arrow so as to maintain exactness.

To explain what we mean when we say that f is possibly injective here, consider
d1,dy € Derp(C[G]) such that f (di + Innp(C[G])) = f (d2 + Inny(C[G])).
If we can show that this implies d; + Inn},)(C[G]) = d2 + Inng, (C[G]), then we

will have proved injectivity of f.

Firstly, our hypothesis is equivalent to saying that 7% |voruu)y = 7% |Mor(uu)»
i.e. that T%~%(¢) = 0 for all £ € Mor(u, u). We will let d = d; — dy for conve-
nience’s sake with the aim of showing that d € Inny(C[G]). It is immediately
obvious that d € Dery,(C[G]). We will now show that 7% depends only on the
domain and codomain of morphisms, a property which it shares with all inner
derivations. Consider arbitrary a,b € [u] and let £, € Mor(a,b). We will let
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a=zur ! and b = yuy ! with £ = (“T_“’) and n = (“T_”’) Then:

ri(e) - i) =74 (A2 ) 7 (M)
(%57 ()
- (5)
(7))
- () (457
()« (457)
- (yulgl%y)
=0

since T is trivial on Mor(u,u). Observe that every morphism used in the
above calculations is indeed an existing morphism in I'. Thus, T9(¢) = T(n).
From this we can conclude that 7% depends only on domain and codomain in
L. Further, T%(¢) = 0 for any ¢ ¢ Mor (F[u]). These are properties consistent
with derivations in Innp,(C[G]). However, to show conclusively that d is inner

with respect to [u], we must find some v = 3° v, € C[G] such that d = d,,.

As an attempt to determine such a v, we set v, = T (“T_’g) for each g € [u]
where z is a group element such that g = zuz~'. Then v, is well-defined since
such an o must exist and if more than one exists, i.e. zjux;' = zouz,’, then
T (“—_’9) =T (“—_W> by our previous working. Having set this up, we find

1 2

g
Td(a—>b>:Td<<u—>b)o a—)u))

g Y ylg
afv—0 afa—u
( Yy )+T (y‘lg)
u

that for any (‘Hb> € Mor (I'fy)), where a = zuz™"! and b = yuy ™"

I
~
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It would appear that we have shown that d = d,,, following Theorem 10. Unfor-

tunately, there is no guarantee that > Vg9 is a finite sum since infinitely

g€[u]
many 7 (%) could be non-zero. Hence, there is no guarantee that this

construction of v is an element of the group algebra.

However, in the case that [u] is a finite conjugacy class we can guarantee
finiteness and hence that d is an inner derivation. Then d; — d, € Inng,(C[G])
and so dy + Innp,(C[G]) = dy + Inny, (C[G]). Thereby, f is indeed injective
in this case. Still, this is a very specific case and so this result remains fairly

unsatisfactory.

5.3.1 Der[e]((C[G])

Let us briefly consider the special case of the identity element e of G. Clearly,
e is the only element conjugate with itself and so [e] = {e}. Therefore, I =
Mor(e, e). From our previous results, 7" is an injective homomorphism from
Inny (C[G]) to ker(p), taking p. : T (I'y) — T(Mor(e,e)). But within this
context p, is simply the identity mapping and so ker(p.) = {0}. From this
we find that for any d € Inng)(C[G]), T% = 0 = T° and hence d = 0. Thus,
Inng (C[G]) = {0}. This result can also be obtained in other ways, as seen in
[3]. Consequently, remembering that 7'(Mor(e,e)) = Tr(Mor(e, e)) and hence
T (F[e}) =Ty (F[e]), the diagram from Figure 5.3 for u = e:

0 —— Inny(C[G]) —4 Dery(C[G]) —— Outyy(C[G]) —— 0

I I I

0 —— ker(p,) —%— T(Ty) —2— T(Mor(e,e)) — 0

is an exact commutative diagram where every vertical arrow is an isomorphism,
which makes for a very satisfying structural link. Most importantly, though,
this tells us that any non-zero character on I'ig (i.e. Mor(e, e)) corresponds to
a non-inner derivation. This is an interesting result in our quest to determine
the existence or non-existence of non-inner derivations of C[G]. To establish
whether or not such characters exist, though, we must investigate them more

closely.

Consider a character T¢ € T (F[e]). Then looking at the matrix of the corre-



CHAPTER 5. DERIVATIONS OF C[G] 89

sponding derivation d we see that for any g, h € G:

-1 —1
dZ =171 (%) =0 unless g = h.

Therefore, Equation (5.2) yields the following for any g € G:

d(g) = djh = dig. (5.7)
heG

Furthermore, we have that for any g, h € G:

e— e e— e e — e
2o () () () e

Combining Equations (5.7) and (5.8), we can say that d is defined by a function
7 : G — C such that 7(gh) = 7(g) + 7(h) in the sense that:

dlg)=1(9)9g VgeG.

Conversely, any additive homomorphism 7 : G — C defines a derivation as
above. It is obvious that this derivation is non-zero if and only if 7 is non-
trivial. Therefore, we can guarantee the existence of a non-inner derivation of

C[G] if there exists a non-trivial additive homomorphism from G to C.

The non-inner derivations we have constructed here, are as it turns out, simply
examples of a broader type of derivation, namely the central derivations as

introduced in [2]. They will be the focus of the next section.

5.4 Central Derivations

Before defining the central derivations, we must first establish the results from

[2] which allow us to prove non-innerness.

Lemma 7. If d € Derp,(C[G]), then the value of d for any g € G is given by:

a— gag~?
dlg)=g> T (—) a
g
a€u]
Proof. Fix g € G. Then:

d(g)=> din=> T¢ (@) h.

heG heG
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Since d € Derp,(C[G]), d(§) = 0 whenever ¢ ¢ Mor (I',;). This means that
the terms in the above sum will be zero unless (%) € Mor (F[u])~ In

this case g7'h € [u], i.e. h = ga for some a € [u]. Therefore:

-1
Y (—Hgag )ga

a€lu] 9
N
Ly (e, ;
a€u] g

Note also that since T is locally finitely supported, the number of non-zero
terms on the right-hand side in Lemma 7 is finite. This lemma can be stated

in a general form as follows:

Lemma 8. If d € Der(C|[G]), then the value of d for any g € G is given by:

d(g)=g> T¢ (L‘(mg_l) a.

aeG 9

Proof. Again we fix g € G. We know T¢ € T;(T) and so by Inequality (4.6)
we can write T as T Z[u] e T , where T[ | € T (F[u]) for each conjugacy
class [u]. Applying Lemma 7 to each conjugacy class yields:

= ZTd(g h = hg” )h

heG heG

:zm(g oty 3L

heq [u]€[G]

= 3 Sy (T )

[u]€[G] heG

Z ZT (a—)gag )ga

[u]€[G] a€lu]

Z ZTd(a—)gag ) .

[u]€[G] a€lu]

since T? = T[‘i] on Mor (I'). Continuing the above chain of equalities:

~1
:ZTd(—a_ﬁqag )ga

aeG 9
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N -1
—y3 T <— gag ) =

aceG 9

These lemmata along with the following definition will prove necessary for

showing that a particular type of derivation is non-inner.

Definition 46. We call a mapping 7 : G — C a group character if it is an
additive group homomorphism. Explicitly this means that T(gh) = 7(g) + 7(h)
forall g,h € G.

Definition 47. Given a group character 7 : G — C and a central element z €
Z(@Q), as defined in Equation (4.2), we define the mapping d7 : C|G] — C|[G]
by:

d2(g) =7(9)9z VgeG

and then extend this linearly over C[G]. Any mapping defined in this way is a

derivation. We call these central derivations.

It is not immediately obvious that the central derivations are in fact deriva-
tions, but it is the case. By Proposition 24, we need only show that for all
g,h € G, d2(gh) = dZ(g)h + gdZ(h) in order to show that d7 is a derivation:

d;(gh) = 7(gh)ghz

g)ghz + 7(h)ghz
9)gzh + gr(h)hz
(9)h + gdZ(h)

-
d

(
7(
(

using the fact that z,7(g), 7(h) € Z(G), since 7(g),7(h) € C and by hypoth-
esis for z. We can conclude from this that the central derivations are indeed

derivations.

Note 25. A central derivation d7 is trivial, that is d7 = 0, if and only if 7 = 0.
The trivial group character is guaranteed to exist in any group and so we will

always have the trivial central derivation.

Theorem 11. Every non-trivial central derivation d, is non-inner.

Proof. Let d7 be a non-trivial central derivation. Then 7 # 0 and so we can
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choose g € G so that 7(g) # 0. Then by Lemma 8:

T(9)9z =dl(g) =g ) T (Lgagl) a

aeG 9

and canceling g on both sides:

(g)z =3 T (Lgagl> a

aceG 9

The left-hand side has only one term, namely a scalar multiple of z. This
means that every term on the right-hand side is zero except when a = z.
Hence:
. — -1 T a =z,
T (a gag ) _ (9) (5.9)
g 0 a# z.

1

But z commutes with all elements of G and so gzg~ = z. Therefore:

T (%) =7(9) #0.

Thus, the character corresponding to d7 is not trivial on all loops of Mor(I).

Taking the contrapositive of Corollary 3, this tells us that d] is non-inner. [J

We have successfully constructed a class of non-inner derivations of C[G]. This
in itself is a powerful result, however, we can continue by using the central
derivations to construct more non-inner derivations with useful properties to-

wards describing the algebra of outer derivations:

Definition 48. By ZDer(C[G]) we denote the vector space generated by the
central derivations of C|G], that is the space of all linear combinations of cen-

tral derivations.

Proposition 26. ZDer(C[G]) is a Lie subalgebra of Der(C[G]).

Proof. It should be clear that ZDer(C[G]) is a subspace of Der(C|[G]). For this
reason we need only show that ZDer(C|G]) is closed under the Lie product of
Der(C[G]). To that end let d7' and d? be central derivations. Then for any
g € G:

(dZ; 0 dZ2) (9) = dZ(72(9)g22) = T2(g)dZ (922)

= 72(g)11(922) 92221
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= 72(9) (11(g) + 11(22)) 9212
and similarly (d2 o dZ!) (g) = 71(9)(72(g) + 72(21))gz122. Therefore:

[d5;. d2] (9) = (dZ 0 dZ; — dZ 0 dT}) (9)

(
= 12(9) (11(9) + 11(22)) gz120 — T1(9)(72(9) + T2(21)) 92122
= (12(g)71(22) — 11(9)m2(21))g21 22.

To show that the above is itself a central derivation, we define a function
7:G — Cby 7(9) = 72(9)71(22) — 71(9)72(21). Then 7 is a group character as
for any g,h € G:

7(gh) = 12(gh)T1(22) — T1(gh)T2(21)
= (12(9) + 72(h))T1(22) — (11(g) + 71 (h))72(21)
=17(9) + 7(h).

Thus, we can conclude that [dg,d;ﬂ = d7 ,, where 7 is a group character

and z129 is of course a central element, meaning that it is a central derivation.
Therefore, the Lie product of any two central derivations is a central derivation.
Letting d; = a1d! +-- -+ a,d]» and dy = Bldfll +.- 4+ Bmdj’;j, bilinearity and
antisymmetry of the Lie product yield:

[di, do] = [ondD + -+ + apdD", Brdl! + - + Brdl]

—3 S e |4z, d%| € ZDer(C[G). 0

i=1 j=1

Theorem 12. The Lie subalgebra ZDer(C[G]) can be embedded in the the outer
derivations Out(C[G]).

Proof. By this we mean that each derivation in ZDer(C|[G]) belongs to a dis-
tinct coset in Out(C[G]) = Der(C[G])/ Inn(C[G]). To prove this, we must
show only that if dy,dy € ZDer(C[G]) and d; — dy € Inn(C[G]), then d; = ds.

Before proving this fact, we first show that any non-trivial d € ZDer(C[G]) is

non-inner. We can write such d as d = >_"" | o;d] where o; # 0 for all 7 and
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d7 # dZ whenever i # j. Then for all j =1,2,...,n and g € G-

Zi —r 2 Zi—r Zj
MEEDE aTd(J )
Z p
S (220

i=1 9

= i 520%7'1'(9)
i=1

using Equation (5.9). Now assume that d is inner. Then T ( ; ) = 0 for all
g€ Gand z € Z(G). Then for all j =1,2,....,n and g € G-

i=1

So for all g € G:

= Zom’(g)gzi =0
i=1

meaning that d = 0. This contradicts that d is non-trivial and so our assump-
tion that d is inner was false. Thus, we can conclude by contradiction that

every non-trivial derivation in ZDer(C[G]) is non-inner.

It is now obvious that if dy,dy € ZDer(C[G]) such that d; — dy € Inn(C[G]),
then d1 — d2 = O, l.e. d1 = dQ. ]

This last theorem is very significant in our desire to determine the prevalence
of inner derivations within the broader space of all derivations. We have estab-
lished an entire subspace of non-inner derivations, which moreover correspond
to more non-inner derivations (usually). Firstly, each d € ZDer(C[G]) \ {0}
is non-inner. Moreover, each d’ such that d' + Inn(C[G]) = d + Inn(C[G]) is
also non-inner (seeing as d’ + Inn(C[G]) # Inn(C|[G])). Since the cardinality of
every coset must be equal, there will always be as many such d' as there are
inner derivations. Seeing as each d € ZDer(C[G]) \ {0} belongs to a distinct
coset, this means that there must be at least | ZDer(C[G])| — 1 times as many
non-inner derivations as there are inner derivations. This appears to tell us

that the derivations of C|[G] are overwhelmingly non-inner.

There is, however, an issue with this conclusion. So far in this section we have
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simply repeated and proved the results from [2], however, there is a caveat
regarding the central derivations that is not mentioned there, namely that
there are not guaranteed to be any non-trivial central derivations of the group
algebra. To construct such a derivation we require an element of the centre of
G and a non-trivial group character. We can always use the identity element as
our element of Z(G) — in fact the central derivations using the identity element
are precisely the non-inner derivations described at the end of Section 5.3.1
— but the non-trivial group character is a more difficult matter: its existence

depends on the group G.

Let us consider the example of the free group X as used extensively in Chapter
3. Each u € X can be written as u = ngl z* and so we define a mapping
7:X — C by:
! l
T (H [Eji) = Zek.
j=1 k=1
It is obvious that 7 is a non-trivial group character of X and so d] is a non-

trivial central derivation. Thus, we have constructed a non-inner derivation of

C[x].

However, other finitely generated groups are less straightforward. Let us con-
struct the group Y, which is also generated by (z) = {x,z9,...,2,} but
with the sole restriction that each generator is self-inverse, i.e. :1:? = 1 for
all z; € (z). This means that Y consists of words of the form H§g:1 x;, where
Jr+1 # Jg for all k. Then every group character 7 : Y — C has the property
that for all z; € (2):

0=1(1) =7 (27) = 7(x;) + 7(x;)

and so 7 is trivial on all generators of Y. Thus, for any v € Y

T(u) =71 (H ajjk) = T<xjk) =0.

Hence, the only group character of Y is trivial, meaning that we cannot con-
struct any non-trivial central derivations of C[Y]. Therefore, we cannot guar-

antee the existence of non-inner derivations using this approach.

Above are two particularly simple examples to illustrate that non-trivial group
characters are sometimes guaranteed to exist and sometimes guaranteed not

to. There are several more examples for both cases. We might weaken the
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restriction for Y to be that for each x; € (x) there exists a positive integer
m such that z7' = 0. We would reach the same conclusion regarding the
group characters. There are countless groups we could construct to reach this
result and indeed countless groups we could construct for which there exist
non-trivial group characters. This is to say that the approach laid forth in
this chapter sometimes works to construct non-inner derivations of the group

algebra and sometimes does not.

This seems to motivate work with broader group algebras, rather than merely
those over C. The examples above of groups Y such that there exist no non-
trivial group characters rely on the fact that C has characteristic 0. Perhaps if
we considered a group algebra R[Y] over a ring R with char(R) > 0, this would
complicate the search for such groups. In particular, if char(R) = 2, then even
our most basic example — Y such that 2? = 1 for all x; € (z) — would fail. In

this case, there does exist a non-trivial group character 7 : Y — R, defined as

l .
1 [isodd,
T (Hﬂjjk) =
k=1

0 [is even.

follows:

This seems to imply that the characteristic of our underlying ring R has a
significant impact upon the existence of non-inner derivations of group algebras
over R. However, the underlying ring C has been present throughout this
chapter, meaning that we cannot jump to conclusions here: the construction
of central derivations relied upon work done using the structure of C and
we cannot assume that an analogous notion of central derivations would be
constructable for an arbitrary ring R. Nevertheless, research regarding the
effect of char(R) upon the existence of non-inner derivations of group algebras

over R may be worthwhile.



Chapter 6
Links to Cohomology

Here we introduce a concept that links our two approaches to derivations.
While the working diverged dramatically between the two different versions
of derivations, they both lead to the same concept, namely cochains and fur-
ther cohomology classes. Firstly, we must provide the definition of a cochain

complex, following [12] and [13]:

Definition 49. A cochain complex consists of a sequence of abelian groups

or modules ...,C~1,C°, C*, ... along with a sequence of homomorphisms ..., d*,

d°,d', ... as follows:

RN S N U LN S N S N

Figure 6.1: Cochain Complex

such that "™t od™ = 0 for all n € Z. The elements of C™ are the cochains

of dimension n. We denote:

Z" = ker (d"),
B" =im (d"').

We call the elements of Z™ the cocycles of dimension n and the elements of
B"™ the coboundaries of dimension n. The nt* cohomology group H" is
given by:

H"=7"/B".

The elements of H" are called cohomology classes and we say that two

cocycles are cohomologous if they belong to the same cohomology class.

97
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Since the groups C™ are abelian, the coboundaries of dimension n form a
normal subgroup of the cocycles of dimension n and so the cohomology groups

are all well-defined.

Although Definition 49 defines a cochain complex with cochains of all integer-
valued dimensions, we may also consider cochain complexes with only a subset
of these dimensions, as we will do in the proceeding sections. We may, for

example, consider a complex with only non-negative dimensions:

0 1 2
o Lot 4o 4,

Figure 6.2: Cochain Complex with only non-negative dimensions

or even a cochain complex with a finite number of dimensions.

6.1 Eilenberg-Mac Lane Cohomology

Here we introduce a particular type of cochain complex, as defined in [5]. For
this example, we begin with two groups, namely a multiplicative group II and
additive abelian group G, where II acts on G. Explicitly, this means that for
each x € [T and g € G, x - g € G and this action is such that:

- (g+h)=z-g+z-h,
y-(z-g)=(yx)- g,
In-g=g
for all xz,y € II and ¢g,h € G. Given this set-up, we define the cochains for
n € N as follows:
Definition 50. A mapping f : 1"t — G is an n-dimensional cochain of 11
over G if:

flzzo, ..., xxy) = - f(20, .., 1) Vo, xo, ..., x, € 1L

The set of n-dimensional cochains is denoted by C"(IL, G).

We define addition on cochains pointwise. Under this addition, C"(II, G) is an

abelian group. A crucial concept for this section is the coboundary operator



CHAPTER 6. LINKS TO COHOMOLOGY 99

0 on cochains, which we define as the family of operators given by:

n+1

((Snf>($07 ceey .Cl]n+1> = Z(—l)zf(fljo, ey Li 1, Ljg 1y eey Jln>

1=0

for each n € N. We can also write (zg, ..., %, ..., Z,11) to denote that x; is

omitted from the n + 1-tuple.

It is very straightforward to see that 0" f is an n + 1-cochain for each n-
dimensional cochain f and that 6"(f +g) = 0" f + "¢ for all f, g € C™(I1, G).
Also, for any f € C™(II, G):

n+2

(6n+1(6nf))(‘r07 "'7xn+2> = Z<_1)Z(5f)(x07 L) :CA’LH ) xn+2)
=0
n+2 i—1
—Z Z f([L‘(),...,fj,...,fi,...,$n+2)
]:0
n+2 n+2
+Z Z 1)j_1f($0,...,fi,...,.fj,...,l’n+2).
Jj=t+1

For each pair of indices 4, j, the terms involving f(zo, ..., Z;, ..., @}, ..., Tpy2) Will
cancel each other out since the coefficient will be 1 for one and —1 for the

other. Therefore:
<5n+1<5nf))($0, ceny l’n+2) = O

By the above working, for each n € N, " is a homomorphism and §"*10§" = 0.

With this established we have that the following is a cochain complex:
CO(IL G) —2 CY(IL, G) —2 (1L, G) —2

Figure 6.3: Eilenberg-Mac Lane Cochain Complex

Explicitly, the cocyles and coboundaries within this framework are defined as

follows:

Definition 51. If f € C"(II,G) and §"f = 0, then [ is an n-dimensional
cocycle. The set of such mappings is denoted by Z" (11, G).

Definition 52. An n-cochain f such that f = 6""'g for some g € C" (11, G)
is an n-dimensional coboundary. The set of these mappings is B"(Il, G).
Formally, we set B(I1, G) = {0}.
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Fox claims in [7] that the Fox-derivations are simply the 1-dimensional cocyles.
However, there is no explicit explanation of this fact. We independently con-
structed a cochain complex within the Eilenberg-Mac Lane approach to match
this claim. We apply the Eilenberg-Mac Lane approach to X and Z[X], using
X in the place of IT and Z[X] in the place of G. The action of X on Z[X] is
simply the multiplication operation native to the group algebra. Clearly, X
and Z[X| satisfy all of the required properties set up at the beginning of this
section. Note that in this case each C™(X,Z[X]) is not just an abelian group
but a right Z[X]-module.

Theorem 13. The module of all Foz-derivations of Z[X] is isomorphic to the

1-dimensional cocycles of X over Z[X].

Proof. We will use the mapping F' : FDer(Z[X]) — Z'(X,Z[X]) defined as
follows:
F(d)(z,y) = d(z) —d(y) ~ Vr,yeX.

Firstly, for any Fox-derivation d we will denote F'(d) = d' for convenience’s
sake. Clearly, d’ will be well-defined on X? and further:

d'(zu, zv) = d(xu) — d(zv)
=d(x)+z-du) —d(zx) —x-d)
= - (d(u) — d(v))

=x-d(u,v)

for any u, v,z € X, meaning that d’' is a 1-dimensional cochain. Furthermore,

for any u,v,w € X:

(6'd) (u,v,w) = d'(v,w) — d'(u,w) + d'(u, v)
=d(v) — d(w) — d(u) + d(w) + d(u) — d(v)
= 0.

Thus, 6'd’ = 0, i.e. d’ is a 1-dimensional cocycle. Hence, we can conclude that
F (FDer(X,Z[X])) C ZY(X,Z[X]).

Now let dy,dy € FDer(Z[X]) such that F(d,) = F(dy). Then for any u € X:

and so d; = dy. Therefore, F is injective.
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Next let f € Z'(X,Z[X]). Then we define d : X — Z[X] by d(u) = f(u,1)
for all u € X. Clearly, d is well-defined. Furthermore, since §'f = 0, we have
that for any u,v € X:

( ) uv,u, 1)
= f(u,1) — f(uv,1) + f(uv,u)
= f(u,1) = f(uv,1) +u- f(v, 1)

and so f(uv,1) = f(u,1) +u- f(v,1). Thus:

d(uwv) = f(uv, 1)
flu, 1) +u- (v, 1)
=d(u) +u-d).

Therefore, following Proposition 10, the linear extension of d to Z[X] is a Fox-

derivation. Moving forward, when we refer to d, we will mean this extension.

Now, we apply the fact that 6! f = 0 repeatedly to find that:

= (6'f) (u,u,u)
fu,w) = f(u,u) + f(u, u)
fu,u)

and:
0= (51f) (u,v,u)
= f(U,U) - f(U,U) + f(u,v).
Combining these two equations tells us that f(v,u) = —f(u,v). Now, we again

apply the cocycle property to obtain:

0= (51f) (v,1,u)
:f(17u>_f<vvu)+f(v71>
:>f(1),1) :f(vau>_f(1vu)‘
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Thus, for any u,v € X:

d'(u,v) =d(u) — d(v)
= f(u,1) = f(v,1)
= f(u,1) = f(o,u) + f(1, u)
= f(u,v)

This is to say that f = F'(d). So F is surjective and hence bijective. It remains
only to show that F'is a homomorphism. Let dy,ds € FDer(Z[X]). Then for
any u,v € X:

F(dl + dg)(U,U) = (dl + dg)(u) — (dl + dz)(U)
= di(u) + dz(u) — di(v) — da(v)
= F(dy)(u,0) + F(da)(u, )

and so F'(dy +dy) = F(dy) + F(ds). Lastly, let d € FDer(Z[X]) and w € Z[X].
Then for any u,v € X:

F(d - w)(u,v) = (d - w)(u) = (d-w)(v)
=d(u) - w—d(v)-w
= F(d)(u,v) - w

and so F'(d-w) = F(d)-w. Therefore, F' is homomorphic and we can conclude

that F'is an isomorphism. Thus:

FDer(Z[X)) = Z1(X, Z[X]). O

This shows that the Fox-derivations are indeed precisely the 1-dimensional
cocycles within the Eilenberg-Mac Lane cohomology. However, we also obtain
the following result regarding the inner Fox-derivations, not mentioned at all

in the literature:

Theorem 14. The module of all inner Fox-derivations over Z[X] is isomor-

phic to the 1-dimensional coboundaries of X over Z[X].

Proof. We again use the same mapping F as in the previous proof, except
that now we restrict the map to FInn(Z[X]) and establish that its image is

now B'(X,Z[X]). Much of the working from the previous proof carries over
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here: only the corestrictedness and surjectivity of F' within this context must

be shown.

Suppose that dy € FInn(Z[X]) where f € Z[X]. Then F(dy) is a cocycle
by the previous proof. Now we construct a 0-dimensional cochain ¢ given by

¢(u) =u- f for u € X. ¢ is indeed a cochain as for any u,z € X:

Further, for any u,v € X:

(0°9) (u,v) = $(v) — d(u)
—v-f—u-f
=(f-u-f)=(f—v-f)
= dy(u) — ds(v)
:d’f(u,v)

and so F(df) = 6°¢, i.e. it is a coboundary. Therefore, F' is corestricted:
F (FInn(Z[X])) € BY(X,Z[X]).

Now let ¢ € BY(X,Z[X]). Then ¢ is a cochain such that ¢ = §°) for some

0-dimensional cochain . So, for all u,v € X:

p(u,v) = () = P(u) = v-P(1) —u-P(1) = (v —u) - P(1).

Hence:

2[;(1)(”7 v) = dy()(u) — dy()(v)
=¢(1) —u- (1) = (1) +v-¥(1)
= (v—u)-¢(1)
= o(u,v).

Thus, p = F (%(1)), meaning that F' is surjective. We conclude:

FInn(Z[X)) = BY(X, Z[X)). O

From these two theorems, we can extrapolate a further result. If we were to
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define the outer Fox-derivations in the natural way:
FOut(Z[X]) = FDer(Z[X])/ FInn(Z[X]),

then:

Corollary 4.
FOut(Z[X]) = H' (X, Z[X]).

This corollary is an obvious consequence of Theorems 13 and 14.

6.2 Cayley Complex Cohomology

We now show how the derivations of C[G] also connect to cohomology, but
in rather a different way. This follows the approach taken in [11], although
expanding significantly at some crucial points and omitting the many examples
which make up the latter portion of the paper. This is in a sense a continuation

of Chapter 5 and so we will be using all of the same notation.

Thus far we have only demanded that the underlying group G be discrete
and finitely generated, however, here we demand that G be a discrete finitely
presentable group. To explain what this means we must introduce some new
notation for defining groups: we write G = (X : R) to express that X is the
set of generators of G and R is the set of relations. This means that G is
the group of all words composed of elements from X and their inverses under
the restriction that each word in R is equal to identity in . This notation

(X : R) is the presentation of G. Having explained this:

Definition 53. A group G is finitely presentable if it can be written in the
form G = (X : R) where the sets X of generators and R of relations are both
finite.

It is obvious that every finitely presentable group is finitely generated. A free
group is the simplest type of finitely presentable group: its set of relations
is empty. We already discussed some other examples of finitely generated

groups at the end of Chapter 5.4: the group Y defined there can be written as

V= ((x): {a?:2; € (2)})
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6.2.1 Presentation of the Groupoid of the Adjoint Ac-
tion

Given a finitely presentable group G = (X : R), we want to find the presen-
tation of I'. This presentation will be slightly different to the presentations of
groups we refer to above since I' is a category and not a group. The class of
objects Obj(I") gives no issues since Obj(I') = G and so we can present it in
exactly the same way. However, Mor(I') must be presented in an analogous

way for morphisms which we will describe in detail when the time comes.

Since both X and R are assumed to be finite, we can write X = {z1, 29, ..., }

and R = {r,rq, ..., . Firstly, we set:

X:{(“Zb)eMor(r):xeX}.

Further, we set Y = y U x~!, the set of every morphism whose denominator is

either a generator or the inverse of a generator. Now we introduce the system

@ derived from the set of relations R. Every relation r; € R is a word:
Ty = yilyiz e ?/ilz.

where y;,, Yiy, s Yy, € X U X~ Then for each a € Obj(T'), r; generates the

following word p; ,:

as — aq as — a9 ap — ay,
Pia = ( ) ( ) e | T/ (61)
Yiy Yis Yi,

where a1 = a and a1 = yi;lajyij for each j = 1,2, ...,[;. Note that using this

inductive definition:

_ -1
Ali+1 = yili a,Yi,

_ -1 -1 ) )

- yili yiliilaliflylliflylli
—1

=T, air;

= al

since 1; is equal to the group identity by definition. This is why the final

morphism in the word p; , has domain a;. Thus, the composition corresponding
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to pjq 18:
(a2—>a1) (a3—>a2) a; — ay, (al%m) <a—>a>
o) O+++0 - 0t — - = —
Yiy Yio yili T €

which is a compositional identity in Mor(I'): (22%) = Id,. We define:

Q = {pia:1<i<m,a € Obj)}.

It is important to note at some point that the construction of p;, is different
to that in [11]. This is because the construction in [11] does not yield the
desired results, whereas this one does. We believe this to be the result of a
very minor error on the part of the author since our construction required only

a very slight adjustment.

Having established all of this we are ready to give the presentation of the class

of morphisms:
Mor(I") = (x : Q) . (6.3)

By this we mean that Mor(I") is the class of all compositions of elements from
x and their inverses under the restriction that every composition correspond-
ing to a word in () is an identity morphism. Before moving on, we must show
the legitimacy of this presentation. Firstly, it is obvious that any composition

1

formed from x Ux ™" is a morphism in Mor(I') and likewise that all the compo-

sitions corresponding to words in () are identity morphisms, as per Equation
(6.2). However, we must show that every morphism is generated from elements
of x and their inverses and that () generates every composition equal to an

identity morphism:

Suppose that £ € Mor(I'). We let £ = (“%”’) Then g must be presentable as:

g=M1Yy2- Yk

where y1, 92, ..., ys € X UX L. Thus:

a—b Cy — (1 Cc3 — C Cri1 — Ck
= o o---o| —— (6.4)
g n Yo Yk

where ¢; = b and cj11 = yj’lcjyj for j = 1,2,...,k. This works because,

similarly to above with a;, 11, cx11 = g 'bg = a. It is obvious that for each
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j=1,..k, <CJ+LJ> € YUx ™!, and so we have written ¢ in the desired form.
J

Next suppose that we have a composition & 0§y 0--- 0§, = Id, for some
aj+1a;

object a € Obj(I'). For each j = 1,..,q we can write §; = (—) where

9
a1 = a = ag41 and gigz---gq = €

g1 g2 gq

However, every §; can itself be decomposed as above:

¢ = (CL]‘.H — aj) . (Cj2 — Cj1> o (Cj:s — Cj2> oo Cjkj+1 - Cjkj
ji=—)=(—— DR I —
9j Y Yio Yix;

J

following the exact same approach to decomposition as in Equation (6.4).

Thus, 192+ 9q = Y1, Y12 Y1, Y21 = Y24, """ Yar *** Yqi,, = €- But then this
word must have the form:

y11y12 ...ylklyQI ...y2k2 ...yql ...quq = 5159+ S

where s, € RUR™! for each p. To be clear, this is not simply saying that both
sides of the equation are equal in G but that each s, appears within the word
YiuYis Y, Y2 Y2, Yau o Yge, 1D order. Therefore, the composition can

be split up into compositions of the form:

(th+1 — th) <th+2 — th+1> <th — de)
o le) s T O+++0 - =
Yin, Yina Yia

where ¥, 4., Y, = Sp for some p = 1,2,...,t. If 5, = r; for some r; € R,

then:
<th+1 — th) <th+2 — th+1> (cjh — de) = p;
)
Yin Yins1 Yiq "

and if s, = r;’!, then:

(th+1 — cjh) (th+2 — th+1) . (th — de) _ <p 1>_1
= \Pics .
Yin Yjnia Yja h

Thus, the composition § 0 & o -+ 0&; can be decomposed so that its corre-

sponding word consists of words from Q U Q1.

Therefore, Equation (6.3) is indeed a presentation of Mor(I").



CHAPTER 6. LINKS TO COHOMOLOGY 108

6.2.2 Cayley Complex of a Group

For any finitely presentable group, we can construct its Cayley complex. This

builds upon the simpler notion of the Cayley graph:

Definition 54. If G is a group generated by X, then the Cayley graph of G
with respect to X is a directed graph, where each element of G is assigned a

vertexr and for each generator x € X there is a directed edge going from g to

gzx.

Here is a visualisation of a portion of a Cayley graph:

Figure 6.4: Cayley Graph of a Group

where x1 and x5 are generators and g is simply some group element. Note
that there will also be edges pointing into g, for instance there will be an edge
labelled z; going from gz;* to g. For the sake of comprehensibility we have

chosen not to make the above graph exhaustive.

We may also consider edges corresponding to generators’ inverses. By conven-

O——
is considered to be the same edge as

O——(

tion, though, an edge
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but with opposite direction. By this approach, Figure 6.4 could equivalently

be represented as:

Figure 6.5: Inverted Representation of Figure 6.4

The Cayley complex furthers the idea of representing a group by means
of a graph by not only capturing the elements and generators of G but also
incorporating the relations. Moving forward we will say that G = (X : R). We
will denote the Cayley complex of G by Ca(G). In the strictest sense, Ca(G)
is a two-dimensional cell-complex, however, we will not entirely explain what
this means since it is outside of the scope of this work. For our purposes we can
simply say that the Cayley complex consists of zero-dimensional components
(or cells), namely vertices representing the group elements, one-dimensional
cells, namely edges representing the generators, and two-dimensional cells,
namely polygons representing the relations. The set of zero-dimensional cells
is denoted Cag((G) and similar notation is used for the higher dimensions. This
is a similar idea to the Cayley graph but now the cycles formed by relations
are considered. We will visualise what we mean by this below. Here we will

consider a relation r = yyyo - - -y
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N

Ui

Y2

Ys <

ay1y2

Figure 6.6: Relation in the Cayley Complex of a Group

The polygon formed by the edges vy, yo, ..., y; is a two-dimensional cell in the
Cayley complex. The polygon formed by r~! can be considered equivalent but
with opposite orientation. It should be clear that every relation will form a
polygon in this way around every vertex. Note, however, that not every edge
will form part of such a polygon. If we have some x € X such that z is not
present in any relations in R, then any edge labeled x will not form a part of
any two-dimensional cell. If G were a free group, then R would be empty and

the Cayley complex would have no two-dimensional cells whatsoever.

6.2.3 Cayley Complex of T’

Having set up the Cayley complex for a group G = (X : R), we can now move
on to the Cayley complex of the groupoid of its adjoint action. Remembering
that Mor(I') = (x : @), we will use this presentation to construct the Cayley
complex just as we used the presentation of G in the previous section. In [11],
the Cayley complex of the groupoid of right multiplication is first constructed,
however, we judge this to be unnecessary. We will therefore immediately pro-
ceed to Ca(I).

The zero-dimensional cells are simply vertices given by Cao(I') = Obj(T).
Similar to the construction with groups, the one-dimensional cells are directed
edges, this time represented by morphisms: Ca,(T') = yUx~!. Each morphism
(%”) € y is directed from vertex a to b. Here is a visualisation of this Cayley

complex’s zero- and one-dimensional cells:
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(a%xzamgl ) (a%mlaxfl )
2 x1
y A

Figure 6.7: Cayley Complex of I"

where 21 and x5 are generators. Similarly to the case of Ca(G), we consider the
edges (“7_”’) and (l;_%f) to be the same edge with opposite direction. The two-

dimensional cells Cay(I") are polygons representing the words in @ (or indeed

n Q‘l). So for any word p;, = <M> (M> (%) we obtain a

Yiq Yig i,
polygon as follows:

a3z—a2
Yig

as
Figure 6.8: Relation in the Cayley Complex of I’

The cells for p; , and (pi’a)_l are considered to be the same cell with opposite

orientation.

It should be obvious that two vertices a and b can only be connected by a
series of edges if they belong to the same conjugacy class. Therefore, the
Cayley complex for I' will be made up of disconnected Cayley complexes, each

corresponding to a different conjugacy class. In this sense Ca(I') consists of
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distinct complexes Ca (I'f)), one for each [u] € [G].

6.2.4 Cochain Complex of Ca(I')

After establishing this Cayley complex, [11] claims that this generates the

cochain complex:
CO(Ca(l)) —L CY(Ca(l)) —L— C2(Ca(T)

Figure 6.9: Cochain Complex of Ca(I)

However, there is no explanation as to the precise nature of this cochain com-
plex. For this reason we have decided to construct our own which we believe
matches what they intended, similar to how we constructed our own Eilenberg-

Mac Lane cochain complex in Section 6.1:

C%(Ca(T)) = C®@) the set of all mappings from Cag(I') to C. Similarly,
C1(Ca(T")) is the set of mappings from Ca,(T') to C and C?(Ca(T")) is the
set of mappings from Cay(I') to C. Clearly these are all vector spaces over

C, defining addition and scalar multiplication pointwise on each. For each

¢ € C°(Ca(l")) we define:

0 (“) = o) - ota)

for all (%) € Cay(I'). For each ¢ € C*(Ca(T')) we define:

o (#5m) () - ()

for all (%) e <“1y—_m’> € Cay(I"). In order for this to indeed be a cochain

complex we require that d° and d' be homomorphisms such that d' o d° = 0.

It should be immediately obvious that they are vector space homomorphisms.
Now, for any ¢ € C°(Ca(T")) we find that for all (“2;“1> e (al_””> € Cay(I):

Y

pamo(252) - (232)
o (Y ()

- led%@ ()

Yi
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= Z (¢ (az’—i—l) -0 (%’))

= ¢(al+1) - ¢(a1)
= d(a1) — ¢(ar)
=0

and so d! o d° = 0 as desired. Therefore, Figure 6.9 shows a cochain complex.
Having now constructed this cochain complex, we now return to following [11]

closely, but in considerably more detail.

Our main interest lies in a subcomplex:

OYCa(T)) —2 C3(Ca(l)) —2s C2(Ca(r)

Figure 6.10: Finitely Supported Subcomplex

Here we consider only finitely supported cochains, that is C(Ca(T')) consists
of all mappings ¢ : Cag(I') — C such that ¢(g) # 0 for only finitely many
g € Cag(T'). C}(Ca(I')) and CF(Ca(T")) differ from their counterparts in Figure
6.9 in the same manner. The mappings d} and d} are simply the restrictions

of d° and d' to mappings with finite support.

Is it guaranteed that Figure 6.10 is a cochain complex? All the properties of
a cochain complex from Definition 49 are easily seen to be satisfied except for
the corestrictedness of d(} and d}: is it certain that every finitely supported
mapping will be mapped to another finitely supported mapping? We will show
that it is:

Let ¢ € C}(Ca(l')). Then there exist finitely many g € Cao(T") such that
®(g) # 0. For each such object, let us consider all the morphisms ¢ € Ca;(I)
with domain or codomain g. These morphisms all have a denominator from
XUX ™! remembering that X is the set of generators for the underlying group
G. Since G is assumed to be finitely presentable, X is finite. There can be
only one morphism with domain ¢ (or codomain g) and denominator y for
each y € X U X!, Therefore, the total number of morphisms in Ca;(T") with
domain or codomain ¢ is at most twice the cardinality of X U X! and hence
at most four times the cardinality of X, a finite number. Now consider all the
morphisms (422) € Cay (') such that d%(¢) (¢22) # 0. For this to be the case,

we must have ¢(b) # 0 or ¢(a) # 0. But there are only finitely many objects
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b or a satisfying this, each of which is the domain or codomain of only finitely
many morphisms in Cay(I'). Hence, there are only finitely many such (“T_’b)

Thus, d}(¢) is finitely supported, proving that d} is corestricted as desired.

Now let 1) € C}(Ca(I')). Then there are finitely many & € Cay(I) such that
Y(€) # 0. For every such morphism, let us consider all the words p; , € Cay(I')
in which & appears. Let & = (%) Remember that the index ¢ corresponds
to the relations r; € R, meaning that it indexes over a finite set. For each ¢
such that § appears in some p; 4, this requires that y = y;, for some j =1, ..., [;.
Returning to the definition of p; , in Equation (6.1), we can therefore rewrite &

—1
. TCYi.—C
ylj Yi;

as £ = . This identification of £ with the indices 7 and j is unique,

i
by which we r]nean that for distinct words the resulting indices will be distinct.
But 7 indexes over a finite set and for each 7, j also indexes over a finite set.
Therefore, the total number of such words containing £ is finite. The same
applies when we consider (pi,a)_l. We can conclude that the total number of
words p € Cay(I') containing ¢ is finite. Using similar logic to that at the
end of the previous paragraph, we can extrapolate that there are finitely many

p € Cay(T") such that d}(¢)(p) # 0 and hence that d} is corestricted.

Thus, Figure 6.10 does in fact show a cochain complex. This cochain complex
is of paramount importance to us because we will use it to obtain analogous

results to Theorems 13 and 14 from Section 6.1:

Theorem 15. The Lie algebra Der(C[G]) of derivations of C[G] is isomorphic
to the 1-dimensional cocycles Z;(Ca(T')).

Proof. First we must recall from Definition 49 that Z}(Ca(T')) = ker (d}).

We already know that Der(C[G]) is isomorphic to the space of locally finitely
supported characters T¢(I'). We can therefore prove the theorem by showing
that Ty(T') is isomorphic to Z}(Ca(T")), following Note 7. We will use the
mapping ¢ : Tf(T') — Z;(Ca(T")) defined by:

2 (Td) = Td‘Cal(F) VTd € Tf(r)

First we must show that ¢ (T¢(I")) C Z}(Ca(I')): let T¢ € Ty(T'). Clearly
¢ (T%) is a mapping from Cay (') to C, but is it finitely supported? T is locally
finitely supported and so for each g € GG there are only finitely many (“T_”’>

such that 79 (“%"’) # 0. But there are finitely many denominators in Cay(T"),

since we only allow denominators from X U X ~!. Therefore, there are finitely
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many & € Cay (') such that 7%(¢) # 0, i.e. T%c,,(r) is finitely supported. Thus,
¢ (T7) e C}(Ca(I)). Furthermore, for any p = <M> e (al—_m”> € Cay(I):

Y1 Y

5o (1) ()= Y o (9 ()

since T is a character and because of how Cay (") is defined. Thus, we obtain
dj( (T?)) = 0 and hence ¢ (T?) € Z}(Ca(T)).

Having just shown that ¢ is corestricted, we will now show that it is injective.
We will do this by showing that ker(p) = {0}: suppose that ¢ (T%) = 0 for
T4 € T¢(T'). Then T%(&) = 0 for all £ € Cay(I). Let & = (%) € Mor(I'). But
as per Equation (6.3), every morphism can be decomposed into the composition

of morphisms from y and inverses, i.e. morphisms in Ca;(T"). So:
§=E& o0&
for some &, ..., & € Cay(I'). Therefore:
TUE) =T &)+ +T% &%) =0+--+0=0

meaning that 7¢ = 0. Thus, ker(¢) = {0}.

It remains only to show that ¢ is surjective. Let ¢ € Z;(Ca(I')). Then
¢ : Ca;(I') — C is finitely supported and Zizlgb (M) = 0 for any

Yi
(2] o (252) € Cay(D).

Now, for every & = (“T_”’

) € Mor(I'), we will decompose £ into morphisms
from Cay(I") just as we did earlier while showing that ¢ is injective. Here we
must be more explicit, though. First we decompose ¢ into g = y; - - -y where

Yi,...,ys € X UX "L Then:

§=E& o0&
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where & = (%) for each i = 1,..., k, defining a; = b and a;,1 = y; *a;y;.

We define: .
Air1 — Q;
g = 3o (1)
Note that this 7% is well-defined: it does not depend on the choice of expansion
for g. Any distinct expansions of g can differ only in that one contains rela-
tions of G' not present in the other. But when translating these relations into
morphisms as above, we will obtain compositions of morphisms corresponding

to words in Cay(I"). By hypothesis, these will disappear in 7.

Obviously T is a character. Its local finite support is not as obvious: let us
fix ¢ € G and consider all £ = (“T%) € Mor(T") such that T9(¢) # 0. This

Q4104

means that there exists & = ) in the decomposition £ = & o0 ---0&;

such that ¢(&;) # 0. This can only be true for finitely many morphisms in
Cay(T"). However, this same & may appear in the decomposition of multiple

morphisms over g: consider (C?fd) =+ (%’) such that (%) = (‘“%_ml)
for some j. Then y; = y; but ¢ # j since ¢ = j would imply that a = ¢
and hence that (%i) = %’). Therefore, we must have that the same
y; € X U X! appears more than once in the decomposition g = y; - - - Y.
But the composition is finite, so it can only appear a finite number of times.
Therefore, the number of morphisms over g whose decompositions contain this
same morphism must be finite. We can thus conclude that there are finitely
many morphisms 7 € Cay(I') such that ¢(n) # 0, each of which can only
appear in the decomposition of finitely many & = <“T_’b> € Mor(I"), meaning
that the number of ¢ € H, such that T%(¢) # 0 is finite. This is to say that

T is locally finitely supported.

Lastly, for any & € Cay(I):

p (T9) (&) = T(§) = 9(¢)

and so ¢ (Td) = ¢. Thereby, ¢ is surjective and consequently bijective. It is
also obvious that ¢ is a vector space homomorphism and so we can conclude

that ¢ is a vector space isomorphism. O

Theorem 15 is analogous to Theorem 13, using traditional derivations rather
than Fox-derivations and using a completely different cochain complex. Fur-

thermore, we can also produce the analogous result to Theorem 14:



CHAPTER 6. LINKS TO COHOMOLOGY 117

Theorem 16. The Lie algebra Inn(C[G]) of inner derivations of C[G] is iso-

morphic to the 1-dimensional coboundaries B;(Ca(T')).

Proof. Here we must recall that B}(Ca(I')) = im (d%). We will use the same
mapping ¢, but this time restricting the domain to the characters of I' corre-
sponding to inner derivations. In order to prove that ¢ is an isomorphism in

this setting, we need only show two things:
1. For every d, € Inn(C[G]), ¢ (T%) € B}(Ca(I)).
2. For all ¢ € Bj(Ca(T")) there exists d,, € Inn(C[G]) such that ¢ (T%) = ¢.

For the first point let d, € Inn(C[G]). We can set u = > o
define a mapping ¢, : Cao(I') — C by t,(9) = u, for each ¢ € G. Since

ugg. Now we

there must be a finite number of non-zero coefficients in the sum defining wu,
tu € C(Ca(I)). Moreover:

80 () = ) - tla

for all (“T_”’> € Cay(T'), remembering the nature of 7% from Theorem 10.
Thus, ¢ (T%) = d$(t.) and hence ¢ (T™) € im (d}) = B}(Ca(T)).

Now for the second point let ¢ € B;(Ca(T')). Then there exists ¢» € CP(Ca(T"))
such that ¢ (“—%) = (b)—1(a) for all <“—%> € Cay(I'). Setu=7>3" ov(9)g.

Yy Yy
Then u € C[G] since 1 is finitely supported. For any (a_’b) € Cay(I):

Yy

o (T%) (a—>b> _ i (a;b> :@Z}(b)_wa):(b(a%b)

Y )

and so ¢ (Td“) = ¢. O]
We have found that Der(C[G]) = Z}(Ca(T")) and Inn(C[G]) = B;(CIG]), which
are worthwhile results and lead directly into the central result of [11]:

Corollary 5.
Out(C[G)) = H}(Ca(l“))
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since H(Ca(T")) = Z;(Ca(I"))/B}(Ca(T)).

These results display a curious similarity between the Fox-derivations and tra-
ditional derivations. Both connect in exactly the same ways to a cochain
complex, albeit using completely different cochain complexes. This is espe-
cially curious considering that the sources from which these ideas are taken do
not seem to connect in any other way and have entirely different approaches
in all other respects. Furthermore, Fox made no mention whatsoever of inner

Fox-derivations and yet we still obtain the desired result involving them.

However, this demonstrates a unity between these very different approaches
and points to a broader unity between all approaches to defining derivations:
returning to the broadest definition of derivations (Definitions 23 and 24), the
introductions of [3] and [11] state that the space of derivations from an algebra

A to an A-bimodule E will always satisfy the equation:
Out(A, E) = H'(A,E),

a more general version of the results found in both Sections 6.1 and 6.2.



Chapter 7
Conclusion

Having discussed two different formulations of derivations and linked them in
Chapter 6, we should briefly discuss why these two formulations were used
within their respective contexts. Considering that the formulation used in
Chapter 5 is the usual way of defining derivations, that is by Equations (1.1)
and (1.2), it is somewhat interesting that Fox defined them differently. Is there
a particular reason not to use the usual definition? In attempting to answer
this question we must remember that one of the primary goals of [7] was to use
Fox-derivations to construct something analogous to traditional differentiation
along with results analogous to well-known results around differentiation —

such as Taylor series. Is this possible with different notions of derivation?

As it turns out, we can construct partial differentiation on Z[X] using deriva-
tions as defined by Equation (1.1). In fact, this is not only possible for Z[X]
but also for C[X] and indeed for any F[X] where F is a field. The focus can
remain on Z[X|, though, since that was chosen for being the free abelian group
over X, a choice which does not appear to be related to the type of derivation
being used. This construction is almost identical to that in Chapter 3.2.2. We
can refer back to that construction exactly with the only changes being that

we now define:

ox ! B
a:fj T 26jk7
O(uv)  Ou Jv
= — vty —.
8:1:j 8$Cj 83:j

Despite the existence of partial derivatives here, though, there are several
differences that arise. Firstly, it is relevant that Der(Z[X]) is not a Z[X]-

119
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module while FDer(Z[X]) is. This is because right-multiplication of derivations

by group algebra elements fails to produce further derivations:

(d-u)(f-g)=d(f-g) - u=d(f)-g-u+[f-d(g) u
=d(f)-g-u+f-(d-u)g)
#(d-uw)(f)-g+f-(d-u)g)

for d € Der(Z[X]) and u € Z[X]. Similar problems arise for left-multiplication.
Therefore, we must view Der(Z[X]) only as a vector space over Z and hence
the partial derivatives do not form a basis for the space of all derivations. This
means that we cannot produce a result analogous to Theorem 4. To prove this
claim, consider a derivation d such that d(z;) ¢ Z for some z; € (z). Such
derivations definitely exist, for example d,, where x; # x;. Now assume that
d can be written as a linear combination of partial derivatives > O‘ka%k'
Then d(x;) = a; € Z, contradicting that d(x;) ¢ Z. Thus, d cannot be written

as a linear combination of partial derivatives.

Similarly we cannot produce a result analogous to Theorem 6 as the mapping
given in Equation (3.5) is not guaranteed to be a derivation. This theorem

was imperative for the fundamental formula, which in turn does not hold:

ox ! B oxy !
Ol RVt el IR

=27 (vp— 1)

-2 -1
=Ty Ly,

#xlzl_la

demonstrating that the fundamental formula fails for f = z;*. We can take a

similar approach to showing that the Chain Rule from Theorem 5 fails:

O (w:') _ o)™
ij 6xj

(A (i)
0z

= —=Ay) - Myi) !

whereas:

. (3?4{1) 0w 5 <ay;1) CO(\(w))

p Yk oz,
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a()‘(yi))

_ N2,

showing that the Chain Rule fails when f = y; .

We cannot obtain any results analogous to Theorems 4, 5 and 6 or Equation
(3.6) nor can we for the later results in Chapter 3.2.3 as they largely rely on
Equation (3.6). This goes some way to showing why Fox chose his particular
type of derivation rather than the more usual formulation that we used here.
The main reason that Fox-derivations work where these do not is that Fox in-
troduces a commutative component into derivations: the term o(v) in Equation
(2.4) — a defining equation for Fox-derivations — commutes with all elements
of Z|X]. This is the factor that causes FDer(Z[X]) to be a Z[X]-module and
consequently leads to Theorems 4 and 6 and hence to Equation (3.6). The
presence of this commutative term is also what allows for the Chain Rule. It
would appear that Fox managed to introduce just enough commutativity to

allow for these results without operating in a completely commutative world.
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Appendix A

Proof of Prosition 3. Since ¢(g),v(g) € R|G] for any g € G and G is a basis
for R[G], we can define the following expansions for the functions ¢ and :

Cb(g) = ZheG ¢Zh and @U(g) = ZheG w?ﬁ? where (¢Z)heG and (wz)heG are
sequences in R defined for each g € G. Thus:

> ag-d(9)+ > by 6(g)

geG geG

=D g Gih+ Y by Y dih

geG heG geCG heG

- Z nggbg)h + Z Z(%@%)h by Lemma 1

g€G held g€G held

= Z Z(agqﬁi)h + Z Z<b9¢i)h by commutativity

hed geG hed geG

=S aggbg) h+) (Z bggbg) h by distributivity

heG \geG heG \geG

= Z Za9¢i + Zb9¢%) h

heG \geG geG

= Z Z (ag¢h + bg?ﬁi)) h

heG \geG

= Z Z (agqbz + bg¢i) h by distributivity

heG geG

=YD ((ag+bg) f)h

heG geG

= Z Z (ag +by) - (P7h) by associativity

heqG geG

= Z Z (ag +by) - (P1h) by commutativity
g€G heG

= Z(ag +b,) - Z o7h by distributivity
geG heG
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= Z(ag +by) - (9)-

geG

125

We will now prove the second equation, being less rigorous with the explana-

tions of each step:

Now we move on to proving the results at the end of Section 3.2.3.

<Z ay - cb(g)) : (Z by - ¢(9)>

geG geG
S Yoen) - (S et}
geG heG geG heG

;};G(ag¢i)h> : (gezg };G(bgng)h)
(54 (52

= (o) (o))
=Y (Zzaggﬁgb,w;) hk

h,keG

=222 (agibi)hk

leG geG

heG keG leG gelG

=333 (agh) - (¢ nk)

9€G leG helG keG

=) agh) - > (dfy)hk

geqG leG heG ke

-3 S (Setn) - (k)

geG leG heG keG

=) (agh) - (é(g) - (1))

g,leG



Appendix B

Proof of Equation (3.12). We start off by proving Equation (3.12) by applying
the Product Rule for n'-order differentiation to a:? with p € Z and n > 1:

n —q —1 .
o 3 N L 10

— - -0 _ s —
ox™ 83:;7"”1 &C;’l 7 Oxy

J =1

8"1:?71 (9”‘%6?71

895;-‘ 8$?_1
since 0 (8(;_1-1_?) =0 for all i > 2 and aangff = 0. If n = 1, then we obtain the
CE]- ﬂf]-

. . . . —10z; OOzt
same result since ¢ = 1 is the only term i the sum and x? % = —k—. So
J J

J J
n = n + n—1
83:]. 8a:j &Uj
Furthermore:
Ot _
L —1 fn=0
82:’]?
ol .
and . =0 if p=0and n > 0.
8:6;.‘

From this we can conclude that:
D
5 (8”xj) _
03:?

Thus, Equation (3.12) has been derived. O
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Proof of Equation (3.13). Equation (3.13), however, requires a more lengthy
. . . onak

process. To begin with, we prove another result regarding aTgfj:

J

ot X p—i—1\ . :
W;:Z<n—1 )xz iftp>0,n>1 (C.1)
i=0
ot T mti—1\
and L= (—1)" ( ):pz.ﬂ? ifp<0,n>1(C.2)
0] ; n—1 /"

We prove this by induction on n. Firstly, we consider p > 0. If n = 1, then:

ozt oxb I . L Pp—i—1\, Rp—i-1
N i—1 __ i i )
20 Y AED DE T ol (R EE ol (i

=0

Now consider n > 1 and assume that Equation (C.1) holds for order 1,2, ..., n.

Then:
ol 9 ”i (p —i— 1)93
ozt Oy \=\ n—1 )7/
B pz_sl p—i— 10z
B n—1 )0z,

and so Equation (C.1) is true by induction. Now consider the case that p < 0.
For n =1:

7 P D
0 Ty 0wj

ox’ :O_xj
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—P . Oxt
o —1 J
= g xj a
i=1 L
P

—p
_ —i
=27
i=1
—p—1
_ } : —i—1
= g(;j
i=0

—p—1

- T
=0
—p—1 .
_ (_1)1 Z (é)x;+p

i=0
—p—1 .
n n+t—1Y\ ;
=(-1) Z( b >xj+p.
=0

Now we consider n > 1 and assume that Equation (C.2) holds for order
1,2,...,n. Then:

ol 9 i1
- J_ _Z —1)" i+p
0" B (( ) Z: ( n—1 )a:]

=0 k=1

—p—1 . i—p—1
_ n+1 TL+Z—1 k+i+p
—co Y (TP X

=0 k=0

—p—1
_ n+1 n+1 +p
_ (1) ( ’ ) :

and so Equation (C.2) also holds by induction.

With this result proved, we move on to something seemingly unrelated: con-
sider the homomorphism A : X — (z;), where (z;) = {1,2;,23,...}, defined
by A(z;) = z; and A(z;) = 1 for all k£ # j. Applying the Chain Rule of free
differentiation, for any f € Z[X]:

Mi%a;ﬂ),awm;(ﬁ)_

3x 8xk an an




APPENDIX C. 129

We can write aanj as Y _,cx Gut 50 that A (%) = > uex GuA(u). But because
of how we defined A, A(u) = 2% where p =} . _. €. Therefore 6(A(u)) =1 for

all v € X and hence 0 <5\ (%)) = uex Gy =0 <§7’;). So:

J

() -+ (52

Ei;; 81@
2( X ~ ~
Similarly to the working above, we find % = % ()\ (%)) = A (%)
J J J J

-
and consequently o (82f ) =0 <8 () . The same principles will apply

Ox? Ox?
J J

irrespective of how many times we differentiate with respect to x;:

5(a"f> 5 > () | (C.3)

n = n
ox f Ox f

Now, as stated earlier, for any u € X, A\(u) = x? where p = >° There-

fore, using Equations (C.1) and (C.2):
_ (0" (A(u)) —(p—i—1 .
VAN = >
0( o ; "1 it p >0,

5 (%) = (1) _il (":: 1) if p < 0.

1=0

jr=j €k

Either way, 6 (M) = (ﬁ) So by Equation (C.3), 6 (&) = (ﬁ) But

oxm ox™
J J

0 <387uj> =0 (ij:j Eku(k)) = ij:j €x = p. Thus:

o(32)- (")) .




Appendix D

Proof of Equation (3.14). For this equation we consider second-order deriva-
tives of free group elements u € X. First, though, we note that o < g") =D
where p; = Z] _; € and similarly 0<‘9‘;> = pg. Now, if j # k, then by
Equation (3.9):

0%*u
j)xlzjvjkzzk
and:
0*u
8xk8m]~ = Z €irg Eing U(ing) where 1 < Ay < Ay
j)\lzjvjAQZk

The restrictions on A\; and Ay are simpler here than in Section 3.2.3 since
j # k and so we cannot have A; = A9, meaning that we need not worry about
whether we stop iterating at A;/, or just beforehand. So:

[ 0%u
0 (8@8@) - Z i g

j)\lzjajAQZk

- § : § : €ixy | Cirg

Ing=k \Jx;=7A1<X2

E : Dj<xz €4,

where pj<x, =D, _i . <y, €. Similarly:

0 <8xk8x]) Z P s
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Therefore:

Y (AT WY A DY (U By e 0
Ox;0xy, Ory 0z, — Dbk = Ox; oxy )




