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Chapter 1

Introduction

1.1 Overview

The purpose of this research is to study derivations of group algebras. A group

algebra is constructed using a group G and a commutative ring R: it is the uni-

tal R-algebra produced freely from G, preserving the multiplicative structure

of G. The notion of a derivation is intended to generalise the classical deriva-

tive function: to this end, a derivation is defined to be any function satisfying

linearity and the Leibniz Rule, however, the Leibniz Rule may differ some-

what depending on how we define the action of the domain on the codomain.

We will be considering derivations whose domain and codomain are a group

algebra, however, with two slightly different approaches to the Leibniz Rule,

leading to apparently vastly different theories before concluding by showing a

surprising similarity between these approaches in one particular regard.

In Chapter 1 we will go on to define algebraic concepts and related results

that will be relevant for the dissertation. We will conclude by introducing

derivations and group algebras, both defined in their broadest sense. We also

define inner derivations, a particular type of derivation which will be very

significant.

In Chapter 2 we demonstrate useful results relating to group algebras. We

show that the underlying group and ring may be embedded in a group algebra

and that there is a correspondence between normal subgroups of the underlying

group and ideals of the group algebra. Moreover, we demonstrate many results

pertaining to the derivations and inner derivations of a group algebra, leading

us to introduce the outer derivations: the quotient space of the derivations by

6



CHAPTER 1. INTRODUCTION 7

the inner derivations. It is here that we introduce the two different types of

derivation that we will be considering moving forward, namely the standard

derivation and Fox-derivation.

We focus on Fox-derivations in Chapter 3, more specifically on Fox-derivations

of group algebras with the underlying ring Z. We further study the corre-

spondence between normal subgroups of G and ideals of Z[G], leading us to

show that an ideal may be generated using the generators of its corresponding

normal subgroup. We then increase our focus to group algebras Z[X] where

X is a finitely generated free group. Within this framework we construct a

notion analogous to differentiation on such a group algebra: a Fox-derivativion

is constructed for each generator xj of X that acts as the partial derivative

with respect to xj. These partial derivatives are shown to form a basis for all

derivations of Z[X] and lead to results analogous to those from traditional dif-

ferentiation including a Chain Rule and Taylor series. We conclude by studying

the structure of Z[X] using the partial derivatives, specifically by determin-

ing properties of the powers of its fundamental ideal, which are shown to be

strongly related to the lower central series of X.

Chapter 4 is dedicated to reviewing category theory. A category contains of a

class of objects and a class of morphisms between these objects, intended to

provide a general theory of mathematical structures and their relations. After

defining the core concepts of category theory, we focus on a specific type of

category, namely the groupoid of the adjoint action on a group G, denoted by

Γ, whose objects are the elements of G and whose morphisms represent the

adjoint action on G. We define a function known as a character on such a

category, which will prove very significant moving forward. We also introduce

subgroupoids of the groupoid of the adjoint action.

We focus on the standard derivations of group algebras over C in Chapter 5.

The most significant result here is that every such derivation can be described

using a locally finitely supported character of the groupoid of the adjoint action

on the underlying group. In fact, the vector space of derivations of C[G]
is shown to be isomorphic to the vector space of locally finitely supported

characters of Γ. Furthermore, the inner derivations can easily be described

using characters as well. The structural similarities between the derivations

and characters are further explored, leading us to study the characters of the

subgroupoids of Γ. This eventually leads to introducing a type of derivation

known as the central derivation, which is guaranteed to be non-inner if it
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is non-trivial. We generate a vector space by the central derivations, which

consists entirely of non-inner derivations and which can be embedded in the

outer derivations. We conclude the chapter by considering which groups allow

for the construction of central derivations of C[G].

After having studied the Fox-derivations of Z[X] and standard derivations of

C[G] separately, we demonstrate a similarity between these two concepts in

Chapter 6. This hinges on the notion of a cochain complex, a sequence of

abelian groups or modules along with homomorphisms between them whose

consecutive compositions are zero. We find that the Fox-derivations, inner

Fox-derivations and outer Fox-derivations of Z[X] are isomorphic to the 1-

dimensional cocyles, 1-dimensional coboundaries and first cohomology group of

X over Z[X] respectively. Similarly, the standard derivations, inner derivations

and outer derivations of C[G] are isomorphic to the 1-dimensional cocyles, 1-

dimensional coboundaries and first cohomology group of the cochain complex

of the Cayley complex of the groupoid of the adjoint on G respectively.

1.2 Introductory Definitions

We begin by defining several algebraic structures that will be relevant for this

project, following [1] for Definitions 1 to 15 and following [6] for Definition 16.

Definition 1. A group (G, ∗) is a set G equipped with a binary operation

∗ : G×G→ G, satisfying the following properties:

• Associativity: For all g, h, k ∈ G, g ∗ (h ∗ k) = (g ∗ h) ∗ k.

• Identity element: There exists an identity element e ∈ G, that is an

element such that e ∗ g = g = g ∗ e for all g ∈ G. It is elementary to

observe that this element is unique. For greater rigour we may denote

the identity of the group G by eG.

• Inverses: For every g ∈ G there exists an inverse g−1 ∈ G such that

g ∗ g−1 = eG = g−1 ∗ g.

We may also write 0G or 1G for the identity. (The subscript may be omitted

if it is not necessary.) If this operation is also commutative, i.e. g ∗ h = h ∗ g
for all g, h ∈ G, then G is called an abelian group.

For the sake of convenience we will generally simply write gh and G instead

of g ∗ h and (G, ∗) respectively.
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Definition 2. Given a group G, a subset H ⊆ G is a subgroup of G, denoted

H ≤ G, if it is also a group under the same operation. H is a normal

subgroup, denoted H ⊴G, if ghg−1 ∈ H for all g ∈ G and h ∈ H.

Proposition 1. If H is a non-empty subset of a group G, then H is a subgroup

of G if and only if gh−1 ∈ H for all g, h ∈ H.

Definition 3. For any normal subgroup N ⊴ G, the left coset of N with

respect to g is the set gN = {gn : n ∈ N}. The right coset is Ng = {ng : n ∈
N}.

Note 1. Seeing as we consider only normal subgroups in the above definition,

it is elementary to show that left and right cosets are in fact equal. Therefore,

we need only consider left cosets. Note also that for two elements g, h ∈ G,

gN = hN if and only if gh−1 ∈ N .

Definition 4. For any normal subgroup N ⊴G, the quotient group of N is

the group G/N with elements given by G/N = {gN : g ∈ G} and operation

gN ∗ hN = (gh)N . The identity of G/N is eGN = N .

Note 2. It must be stated that the operation on the quotient group is indeed

well-defined: if we have g, g′, h, h′ ∈ G such that gN = g′N and hN = h′N ,

then (gh) (g′h′)−1 ∈ N , i.e. (gh)N = (g′h′)N and so gN ∗ hN = g′N ∗ h′N .

Definition 5. Given a group G, two elements a, b ∈ G are conjugate if there

exists some g ∈ G such that b = gag−1. (We can also write this as b = ag.)

This is an equivalence relation whose equivalence classes are called conjugacy

classes. The conjugacy class of a is denoted by [a].

Definition 6. A ring is an abelian group R under addition + along with a

multiplication operation · that satisfies the following properties:

• Associativity: For all r, s, t ∈ R, r · (s · t) = (r · s) · t.

• Distributivity: For all r, s, t ∈ R, r · (s+ t) = r ·s+r · t and (r+s) · t =
r · t+ s · t.

We denote the additive identity element by 0. If there exists a multiplicative

identity, then we denote this by 1 and R is called a unital ring. If multipli-

cation is commutative, then R is a commutative ring. Subrings are defined

analogously to subgroups.

Definition 7. The characteristic of a unital ring R is the smallest n ∈ N
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such that:

1 + 1 + · · ·+ 1︸ ︷︷ ︸
n times

= 0.

We denote char(R) = n. If no such n exists, then char(R) = 0.

Definition 8. Given a ring R, a subset I ⊆ R is a two-sided ideal if 0 ∈ I,

x+ y ∈ I for all x, y ∈ I and r · x, x · r ∈ I for all r ∈ R and x ∈ I.

There are also weaker structures known as left and right ideals. When we refer

simply to an ideal, we will mean a two-sided ideal.

Ideals may be equipped with a product. The product of two ideals I and J is:

IJ =

{
n∑
i=1

xiyi : n ∈ N and xi ∈ I, yi ∈ J,∀i

}
.

The resulting IJ is itself an ideal. Furthermore, IJ ⊆ I and IJ ⊆ J .

Definition 9. Quotient rings can be formed similarly to quotient groups.

For any two-sided ideal I of a ring R, R/I = {r + I : r ∈ R} with operations

(r + I) + (s+ I) = (r + s) + I and (r + I) · (s+ I) = (r · s) + I. Similarly to

quotient groups, r + I = s+ I if and only if r − s ∈ I.

Note 3. Again, it must be stated that the operations within the quotient ring

are indeed well-defined. The addition of quotient rings is clearly well-defined

following Note 2. Multiplication is also well-defined: if r, r′, s, s′ ∈ R such

that r + I = r′ + I and s + I = s′ + I, then r · s − r′ · s′ ∈ I and hence

(r · s) + I = (r′ · s′) + I, meaning that (r + I) · (s+ I) = (r′ + I) · (s′ + I).

Definition 10. A field is a commutative unital ring where every non-zero

element has a multiplicative inverse.

Note 4. The precise definition of a field differs somewhat between sources.

Sometimes it is required for a field F that (F\{0}, ·) is an abelian group. This

excludes the one-element ring {0}, whereas Definition 10 does not.

Definition 11. Given a ring R, a left R-module is an abelian group M

along with a left scalar multiplication operation over R that is associative and

distributive, that is for all α, β ∈ R and a, b ∈M :

(α · β)a = α(βa),

α(a+ b) = αa+ αb,

(α + β)a = αa+ βa.
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Further, if R is a unital ring, then we require that for all a ∈M :

1a = a.

We say that R acts on M and that this scalar multiplication is an R-action

on M .

Right R-modules are defined similarly with right scalar multiplication. In the

following, by “module” we will mean left module.

Definition 12. Given two rings R and S, M is an R-S-bimodule if it is

a left R-module and a right S-module such that the left- and right-actions

associate, that is:

(r ·R m) ·S s = r ·R (m ·S s)

for all r ∈ R, m ∈ M and s ∈ S, where ·R and ·S are the R-action and

S-action on M respectively.

Definition 13. If R is a field in Definition 11, then M is a vector space.

Definition 14. An algebra A over a ring R is an R-module along with a

multiplication operator · which is associative, distributive and commutative

with scalar multiplication, that is for all α ∈ R and a, b, c ∈ A:

(a · b) · c = a · (b · c),

a · (αb+ c) = α(a · b) + (a · c),

(αa+ b) · c = α(a · c) + (b · c).

Note 5. Any algebra is also a ring.

Definition 15. Given a vector space or algebra V over R, a basis B is a

linearly independent subset of V such that B spans V . Explicitly, this means

that all elements of V can be represented as a finite linear combination of

elements of B, using elements from R as coefficients.

Definition 16. A Lie algebra L over a field F is a vector space over F along

with a Lie bracket (or Lie product) [·, ·] satisfying the following properties:

• Bilinearity: [αa+ b, c] = α[a, c] + [b, c] and [a, αb+ c] = α[a, b] + [a, c]

for all α ∈ F and a, b, c ∈ L.

• Antisymmetry: [a, b] = −[b, a] for all a, b ∈ L.
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• Jacobi Identity: [a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0 for all a, b, c ∈ L.

Definition 17. Given a Lie algebra L, a sub-vector space I ⊆ L is an ideal

if [x, y] ∈ I for all x ∈ I and y ∈ L.

Having defined these many algebraic structures, we introduce some particular

types of mapping within these structures capturing the notion of linearity

within these general structures, again following [1]:

Definition 18. Given groups G and H, a mapping f : G→ H is a group ho-

momorphism if f(gh) = f(g)f(h) for all g, h ∈ G, using the group operation

of G on the left-hand side and the operation of H on the right.

Definition 19. Given rings R and S, a mapping f : R → S is a ring ho-

momorphism if f(r + s) = f(r) + f(s) and f(r · s) = f(r) · f(s) for all

r, s ∈ R.

Definition 20. Given R-modules M and N , a mapping f : M → N is a

module homomorphism if f(m + n) = f(m) + f(n) and f(rm) = rf(m)

for all m,n ∈M and r ∈ R.

A similar definition can be made for algebra homomorphisms. Note that in

any structure the mapping sending everything to 0 is a homomorphism. This

is called the trivial homomorphism.

Definition 21. A homomorphism of any structure is an isomorphism if it

is a bijection. If an isomorphism exists between two structures A and B, then

they are said to be isomorphic, denoted A ∼= B. An isomorphism from a

structure to itself is called an automorphism.

Note 6. For any structure as described in Definitions 1 to 14, the identity

mapping is an automorphism, meaning that every structure is isomorphic to

itself.

Note 7. The composition of homomorphisms is itself a homomorphism and

the same holds for isomorphisms. Therefore, the relation of being isomorphic

is transitive, meaning that if A ∼= B and B ∼= C, then A ∼= C.

Definition 22. When considering structures that have a zero element, the

kernel of a mapping is the set of all elements mapped to zero. In the case of

a mapping ϕ : G→ H between groups the kernel is given by ker(ϕ) = {g ∈ G :

ϕ(g) = eH}. When considering structures with addition and multiplication,

the kernel of ϕ : R → S is ker(ϕ) = {r ∈ R : ϕ(r) = 0S}.
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The study of homomorphisms is the study of structure because they preserve

structure between their domains and codomains. This means that if f : G→ H

is a group homomorphism, then f(eG) = eH and f(g−1) = (f(g))−1 for all

g ∈ G. Similarly, if f : R → S is a ring homomorphism, then f(0R) = 0S and

f(−r) = −f(r) for all r ∈ R. Moreover, if R and S are both unital and f is

surjective, then f(1R) = 1S and f (r−1) = (f(r))−1 for all r ∈ R such that r−1

exists in R. Similar results exist for all the relevant structures.

Furthermore, isomorphisms preserve structure and guarantee equal cardinality.

For this reason, isomorphic structures can in a sense be considered equivalent.

Lastly, we obtain the following useful result, again taken from [1]:

Theorem 1. The kernel of any group homomorphism f : G→ H is a normal

subgroup of G and conversely every normal subgroup of G is the kernel of

some such homomorphism. Similarly, the kernel of any ring homomorphism

f : R → S is a two-sided ideal of R and conversely every two-sided ideal of R

is the kernel of some such homomorphism.

The proof of this theorem is straightforward. The group homomorphism ϕ such

that a normal subgroup is its kernel is ϕ : G→ G/N defined by ϕ(g) = gN for

all g ∈ G. Similarly for two-sided ideals, the ring homomorphism φ is given

by φ(r) = r + I.

Having introduced homomorphisms, a type of mapping analogous to linear

maps, we now define another type of mapping, this time generalising differen-

tiation in a more general setting. For this we must consider an algebra A over

some ring R along with an A-bimodule (i.e. an A-A-bimodule) E. We will

denote the left-action on E by · and the right-action on E by ×. Then, from

[11]:

Definition 23. A derivation from A to E is a group homomorphism d :

A→ E obeying the Leibniz Rule. That is, for all a, b ∈ A:

d(a+ b) = d(a) + d(b),

d(ab) = d(a)× b+ a · d(b).

If A has a multiplicative identity element, then we further require that d be a

module homomorphism, that is for any α ∈ R and a ∈ A:

d(αa) = α1 · d(a).
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While we have been very specific in requiring d to be a group or module homo-

morphism, these are both intended to capture the idea of linearity within their

respective contexts. Therefore, we may say that d is a linear mapping obeying

the Leibniz Rule.

Note 8. For any derivation d, d(0) = 0. Further, if the domain has a multi-

plicative identity element, then d(1) = 0.

Definition 24. For all x ∈ E, we define the mapping dx : A→ E as follows:

dx(a) = x× a− a · x ∀a ∈ A.

A mapping defined like this will always be a derivation and is called an inner

derivation.

This approach to defining derivations generally follows the introduction to

[3]. The most usual way of considering derivations, though, is to let E = A,

that is to consider derivations as mappings d : A → A. Indeed, we will only

be considering this case: whenever we refer to a derivation in the following,

unless specifically stated otherwise, we will be referring to a mapping with the

same domain and codomain. Further, the most common approach within this

framework is to define the left- and right-actions of A on itself to simply be

its native multiplication, that is a · b = ab = a× b for all a, b ∈ A. Under this

framework, the Leibniz Rule becomes:

d(ab) = d(a)b+ ad(b) (1.1)

and the definition of inner derivations becomes:

da(b) = ab− ba. (1.2)

This is an intuitive way of defining the left- and right-actions. We will in part

follow this approach, however, not entirely. There is another intuitive way of

defining the actions of A on itself, utilising homomorphisms.

Given two ring homomorphisms f, g : A→ A, we can define a · b = f(a)b and

a × b = ag(b) for a, b ∈ A. Then · and × are indeed actions on A, meaning

that the Leibniz Rule becomes:

d(ab) = d(a)g(b) + f(a)d(b) (1.3)
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and the definition of inner derivations becomes:

da(b) = ag(b)− f(b)a. (1.4)

In fact, the earlier approach of simply defining the actions to be multiplica-

tion can be seen as following this homomorphism approach, using the identity

mapping for both homomorphisms. This way of defining the actions utilising

homomorphisms will be crucial moving forward in this research, specifically

for introducing what we call “Fox-derivations”.

While all above working considered the structures with no restrictions, for the

remaining purposes of this research, when discussing groups we focus only on

finitely generated discrete groups:1 these are groups G with discrete elements

and a finite generating set S ⊂ G such that all elements ofG can be represented

as finite combinations (under the group operation) of elements from S and their

inverses. This leads to the focus of this research, the group algebra:

Definition 25. Given a finitely generated group G and a commutative ring R,

the group algebra of G is denoted R[G] and consists of all finitely supported

functions f : G→ R. Explicitly, this means that the set {g ∈ G : f(g) ̸= 0} is

finite. Addition and multiplication of f1, f2 ∈ R[G] are defined as follows:

(f1 + f2)(g) = f1(g) + f2(g) ∀g ∈ G

(f1 · f2)(g) =
∑
h∈G

f1
(
gh−1

)
f2(h) ∀g ∈ G.

Definition 25 is the most precise definition of group algebras, however, there

is an equivalent formulation which is more commonly used, representing the

elements of the group algebra as linear combinations. This is the formulation

we will be using throughout the dissertation:

Definition 26. Given a finitely generated group G and a commutative ring

R, the group algebra of G over R is denoted R[G] and consists of all formal

finite linear combinations
∑

g∈G agg, where ag ∈ R for all g ∈ G. Addition

and multiplication are defined as follows:∑
g∈G

agg +
∑
g∈G

bgg =
∑
g∈G

(ag + bg) g,

1By discrete group, we mean a group with a discrete topology.
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(∑
g∈G

agg

)
·

(∑
g∈G

bgg

)
=
∑
g∈G

(∑
h∈G

agh−1bh

)
g,

using addition and multiplication from R respectively.

Note 9. When we refer to “finite linear combinations” in the above definition,

this means that ag ̸= 0R for only a finite number of g ∈ G. Any term with

coefficient 0R can be disregarded within the sum.

These two definitions are equivalent: Definition 26 is merely representing the

function f ∈ R[G] as
∑

g∈G f(g)g.

Note 10. If we relax R in Definitions 25 and 26 to be a ring without demanding

commutativity, then R[G] is known as a group ring.

Note 11. Though the definition of the group algebra does not demand that the

ring R be unital, we will only be considering the case of a commutative unital

ring.

The above definition is from [7], however, multiplication in the group algebra is

defined slightly differently in [4]:
(∑

g∈G agg
)
·
(∑

g∈G bgg
)
=
∑

g,h∈G(agbh)gh,

using multiplication from R and the group operation as needed on the right-

hand side. These are equivalent definitions via the substituion g = gh−1:

∑
g∈G

∑
h∈G

(agbh)gh =
∑
g∈G

∑
h∈G

(agh−1bh)
(
gh−1

)
h =

∑
g∈G

(∑
h∈G

agh−1bh

)
g.

The formulation of multiplication from [4] is perhaps more intuitive, however,

it is not as explicit in expressing the product as an element of the group algebra.

These definitions will both be used, depending on the task at hand.



Chapter 2

Review of Group Algebras

We consider an arbitrary group algebra R[G]. The ring R and group G can be

embedded into R[G] by identifying r = r1G for each r ∈ R and g = 1Rg for each

g ∈ G, where 0R and 1R are the identity elements of R and 1G is identity in G.

Addition and multiplication in R correspond with addition and multiplication

in R[G] and the group operation in G corresponds with multiplication in G.

That is:

r1G + s1G = (r + s)1G, (2.1)

(r1G) · (s1G) = (rs)1G, (2.2)

(1Rg) · (1Rh) = 1R(gh). (2.3)

for all r, s ∈ R and g, h ∈ G.

Equation (2.1) is immediate by Definition (26). Equation (2.2) and (2.3) re-

quire more elaboration. We will show the working for (2.2) only to demonstrate

the reasoning behind such results:

We can write r1G =
∑

g∈G agg where a1G = r and ag = 0R otherwise. Similarly,

s1G =
∑

g∈G bgg where b1G = s and bg = 0R otherwise. Thus, following

Definition 26, multiplication in R[G] yields:

(r1G) · (s1G) =
∑
g∈G

(∑
h∈G

agh−1bh

)
g.

But agh−1 is non-zero only if gh−1 = 1G, that is if h = g. Similarly, bg is

17
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non-zero only if g = 1G. So:

(r1G) · (s1G) =
∑
g∈G

(∑
h∈G

agh−1bh

)
g

=
∑
g∈G

(a1Gbg) g

= (a1Gb1G) 1G

= (rs)1G.

Equation (2.3) can be proved similarly. Since R and G can be embedded so

effectively, we will henceforth consider them to be subsets of R[G].

Proposition 2. The group algebra is an algebra over R with scalar multipli-

cation given by r
∑

g∈G agg =
∑

g∈G (rag) g. The additive identity element of

RG is given by 0R and multiplicative identity is given by 1G.

This means that addition in the group algebra is commutative and associative

and multiplication is associative, distributive and commutative with scalar

multiplication. The proof for this is very straightforward.

Note 12. The group G is a basis of R[G]. Since G is chosen to be finitely

generated, it is countable and can therefore be enumerated: G = {g1, g2, ...} is

a useful way of expressing the basis of RG. We will use the convention that

g1 = eG.

Note 13. Using the embeddings mentioned before, R is a subalgebra of R[G]

and G is a multiplicative group in R[G].

We can obtain several results regarding addition and multiplication in the

group algebra that are convenient for later work:

Lemma 1. For all r ∈ R, h ∈ G and
∑

g∈G agg ∈ R[G], the following equations

hold:

r ·
∑
g∈G

agg =
∑
g∈G

(rag) g,

h ·
∑
g∈G

agg =
∑
g∈G

ag(hg),

as do the analogous equations multiplying r and h on the right rather than the

left.

This lemma helps in demonstrating the following proposition, which will be-
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come useful when we introduce derivations and start including functions within

the sums in R[G].

Note 14. The first equation of the following proposition follows from the ad-

junction between sets and R-modules, which is a special case of the adjunction

discussed in greater detail in Note 16.

Proposition 3. For any functions ϕ, ψ : G→ R[G]:∑
g∈G

ag · ϕ(g) +
∑
g∈G

bg · ϕ(g) =
∑
g∈G

(ag + bg) · ϕ(g) and(∑
g∈G

ag · ϕ(g)

)
·

(∑
g∈G

bg · ψ(g)

)
=
∑
g,h∈G

(agbh) · (ϕ(g) · ψ(h)).

The proof of Proposition 3 is not entirely trivial, however, it is exceedingly

tedious and requires little in-depth thought. For this reason it is included in

Appendix A rather than the body of the dissertation.

We can now move on to considering derivations on the group algebra. We

will begin by considering the most natural type of derivation as discussed in

the introduction, that is we will be following Equations (1.1) and (1.2). We

denote by Der(R[G]) the set of all such derivations on the group algebra and

by Inn(R[G]) the set of all such inner derivations.

We define addition and scalar multiplication of derivations pointwise, that is

for any d, d′ ∈ Der(R[G]) and r ∈ R:

(d+ d′) (u) = d(u) + d′(u) and (rd)(u) = rd(u) ∀u ∈ R[G].

Proposition 4. Using the above addition and scalar multiplication, Der(R[G])

is an R-module.

The proof of Proposition 4 is straightforward using the trivial mapping as

the additive identity element of Der(R[G]) and with the additive inverse of a

derivation d being given by (−d)(u) = −d(u),∀u ∈ R[G]. Using this additive

inverse we introduce the following Lie bracket of derivations d, d′:

[d, d′] = d ◦ d′ − d′ ◦ d.

With this Lie bracket in mind, we find the following:
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Proposition 5. If F is a field and A is an algebra over F, then Der(A) is a

Lie algebra over F.

Proposition 6. If F is a field and A is an algebra over F, then Inn(A) is an

ideal of Der(A).

Again, the proof of Proposition 5 is very straightforward: using pointwise

addition and scalar multiplication, it is trivial to demonstrate that Der(A) is

a vector space over F and that our Lie bracket functions as in Definition 16.

Proposition 6 is not quite so obvious:

Proof of Proposition 6. Firstly, it is easy to see that d0 = 0 and hence that

0 ∈ Inn(A). Now, for any da, db ∈ Inn(A), we have that for each u ∈ A:

(da + db) (u) = a · u− u · a+ b · u− u · b

= (a+ b) · u− u · (a+ b)

= da+b(u)

and hence da + db = da+b ∈ Inn(A).

Now, it remains only to show that for any da ∈ Inn(A) and d ∈ Der(A),

[da, d] ∈ Inn(A). Given such a da and d, for each u ∈ A:

[da, d](u) = (da ◦ d− d ◦ da)(u)

= da(d(u))− d(da(u))

= a · d(u)− d(u) · a− d(a · u− u · a)

= a · d(u)− d(u) · a− d(a) · u− a · d(u) + d(u) · a+ u · d(a)

= −d(a) · u+ u · d(a)

= d−d(a)(u)

and so [da, d] = d−d(a) ∈ Inn(F[G]).

Since F(G) is an algebra over F for any field F, we obtain the following corol-

laries to Propositions 5 and 6:

Corollary 1. If F is a field, then Der(F[G]) is a Lie algebra over F.

Corollary 2. If F is a field, then Inn(F[G]) is an ideal of Der(F[G]).

Seeing as the inner derivations form an ideal of the Lie algebra of all derivations

in this case, we can introduce the following concept:
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Definition 27. The Lie algebra of outer derivations of the algebra F[G] is
given by the quotient algebra Out(F[G]) := Der(F[G])/ Inn(F[G]).

Lastly, it is interesting to observe that some properties from the underlying

group can be transferred to the group algebra, as is seen in the following result

from [7]:

Theorem 2. If ϕ is a group homomorphism from group G to group H, then

for any commutative unital ring R we can extend ϕ by linearity to an algebra

homomorphism ϕ̃ : R[G] → R[H] such that ϕ̃(1Rg) = ϕ(g) for all g ∈ G.

By “extend ϕ by linearity”, we mean ϕ̃
(∑

g∈G agg
)

=
∑

g∈G agϕ(g). With

that clarified, the proof of this theorem is trivial.

Note 15. Given any group homomorphism ϕ : G → H, the linear extension

ϕ̃ : R[G] → R[H] leaves all elements of the ring R unchanged, that is ϕ̃(r) = r

for all r ∈ R.

Note 16. The map ϕ 7→ ϕ̃ is an adjunction Hom(F (G), X) ∼= Hom(G,U(X))

where G is any group, X is any R-algebra, F is the functor mapping any

group G to the free unital R-algebra over G preserving multiplication from G

and any group homomorphism f : G → H to f̃ : F (G) → F (H) and U is

the functor mapping any R-algebra X to the group of its invertible elements

and any R-algebra homomorphism f : X → Y to f |U(X) : U(X) → U(Y ).

Theorem 2 can be derived from this fact, however, this strays from the focus of

this dissertation and we therefore judge it unnecessary to explore this in depth.

As described in [7], this allows us to associate normal subgroups with ideals

of the group algebra as follows: every normal subgroup N of a group G is the

kernel of some group homomorphism ϕ : G→ H. But the kernel of ϕ̃ : R[G] →
R[H] is also a two-sided ideal of R[G]. This establishes a correspondence

between two-sided ideals of the group algebra and normal subgroups of the

underlying group. Explicitly, N ⊴ G corresponds with the ideal ker
(
ϕ̃
)

where ϕ is the group homomorphism such that N = ker(ϕ).

Moreover, each two-sided ideal I of R[G] determines a normal subgroup of

G. This subgroup is identified by way of the ring homomorphism ψ such that

I = ker(ψ). Concretely, this homomorphism is ψ : R[G] → R[G]/I given by

ψ(u) = u+ I for all u ∈ R[G]. I determines the normal subgroup:

Nψ = {g ∈ G : ψ(g) = 1 + I}.
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However, for any g ∈ G:

ψ(g) = 1 + I ⇔ g + I = 1 + I ⇔ g − 1 ∈ I

and so we equivalently say:

Nψ = {g ∈ G : g − 1 ∈ I}.

It is straightforward to show that this is indeed a normal subgroup using

Proposition 1 and the properties of ideals.

Note 17. This result can also be seen as a consequence of the fact that every

ideal is a pullback and the right adjoint functor U from Note 16 preserves

pullbacks, meaning that U(I) is normal in U(R[G]) for any ideal I.

2.1 Fox-Derivations

This matter of extending mappings by linearity also leads us to a slightly

different notion of derivations than that used above. We will be introducing

the Fox-derivation, as seen in [7]. Here we follow the approach seen in Equa-

tions (1.3) and (1.4). For our left-action we use the identity mapping as our

homomorphism. For our right action we use the trivial mapping on G, de-

noted by o : G→ G, extended by linearity to R[G]: õ
(∑

g∈G agg
)
=
∑

g∈G ag

since o(g) = 1G. The derivation induced by these two actions leads us to the

following definition:

Definition 28. A Fox-derivation is any linear operator d : R[G] → R[G]

such that:

d(u · v) = d(u) · õ(v) + u · d(v). (2.4)

Equation (1.4) becomes the following:

Definition 29. For any u ∈ R[G], we define the mapping du : R[G] → R[G]

as follows:

du(v) = u · õ(v)− v · u ∀v ∈ R[G].

Then du is a Fox-derivation. We call the Fox-derivations of this type inner

Fox-derivations.

This notion of derivations leads to similar results to Corollaries 1 and 2:

Proposition 7. The set FDer(R[G]) of all Fox-derivations over R[G] is a right
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R[G]-module with addition of derivations and scalar multiplication defined by:

(d+ d′)(u) = d(u) + d′(u),

(dv)(u) = d(u) · v

for all R[G], given any d, d′ ∈ FDer(R[G]) and v ∈ R[G].

Proposition 8. The set FInn(R[G]) of all inner Fox-derivations over R[G] is

a submodule of FDer(R[G]).

These are similarly easy to verify.

Definition 30. Given the significance of the trivial mapping o for Fox-derivations,

the kernel of its linear extension is known as the fundamental ideal. Ex-

plicitly, this is given by:

O = ker(õ) =

{∑
g∈G

agg ∈ R[G] :
∑
g∈G

ag = 0

}
.



Chapter 3

Fox-Derivations

Here we follow the approach to derivations of the group algebra as set out by

Ralph H. Fox. This means that we will here be working with Fox-derivations

as described in Section 2.1. Furthermore, we will be focusing not on group

algebras generally, but more specifically on group algebras over Z.

Immediately this leads to some useful identities:

Proposition 9. For any Fox-derivation d of Z[G]:

(i) d(x) = 0 for all x ∈ Z,

(ii) d
(∑

g∈G agg
)
=
∑

g∈G agd(g),

(iii) d(u1 · u2 · · ·un) =
∑n

i=1

(∏i−1
j=1 uj

)
· d(ui) ·

(∏n
j=i+1 õ(uj)

)
,

(iv) d(g−1) = −g−1d(g) for all g ∈ G.

Proof. (i) Firstly, d(0) = d(0 + 0) = d(0) + d(0) and so d(0) = 0. Further,

d(1) = d(1 · 1) = d(1) + 1 · d(1) = d(1) + d(1) and so d(1) = 0. Now

consider x ∈ Z such that x > 1. Then x = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
x times

and so:

d(x) = d(1) + d(1) + · · ·+ d(1)︸ ︷︷ ︸
x times

= 0 + 0 + · · ·+ 0 = 0.

Lastly, if x ∈ Z and x < 0, then 0 = d(0) = d(−x+x) = d(−x)+ d(x) =
0 + d(x) = d(x).

(ii) This is an immediate consequence of d being a linear operator.

24
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(iii) We use induction here. Firstly, if n = 1, then d(u1) = d(u1) obviously,

satisfying the equation. Now suppose that the claim holds for arbitrary

n ∈ N. Then:

d(u1 · · ·un+1) = d(u1 · · ·un) · õ(un+1) + u1 · · ·un · d(un+1)

=
n∑
i=1

(
i−1∏
j=1

uj

)
· d(ui) ·

(
n∏

j=i+1

õ(uj)

)
· õ(un+1)

+ u1 · · ·un · d(un+1)

=
n∑
i=1

(
i−1∏
j=1

uj

)
· d(ui) ·

(
n+1∏
j=i+1

õ(uj)

)
+

n∏
j=1

uj · d(un+1)

=
n+1∑
i=1

(
i−1∏
j=1

uj

)
· d(ui) ·

(
n+1∏
j=i+1

)
.

(iv) For any g ∈ G, 0 = d(1) = d(g−1 · g) = d(g−1) + g−1 · d(g) and so

d(g−1) = −g−1d(g).

Further, we obtain the following result, which will prove important when con-

necting Fox-derivations to the other notion of derivations we will consider:

Proposition 10. The Fox-derivations of Z[G] are in fact simply the crossed

homomorphisms from G to Z[G], i.e. the mappings d : G → Z[G] such that

d(gh) = d(g) + g · d(h) for all g, h ∈ G, extended by linearity to Z[G].

Proof. Given a crossed homomorphism d from G to Z[G], the linear extension
to Z[G] will have the following properties for any

∑
g∈G agg,

∑
g∈G bgg ∈ R[G],

using Proposition 3:

d̃

(∑
g∈G

agg +
∑
g∈G

bgg

)
= d̃

(∑
g∈G

(ag + bg)g

)
=
∑
g∈G

(ag + bg)d(g)

=
∑
g∈G

agd(g) +
∑
g∈G

bgd(g)

= d̃

(∑
g∈G

agg

)
+ d̃

(∑
g∈G

bgg

)
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and:

d̃

((∑
g∈G

agg

)
·

(∑
g∈G

bgg

))

= d̃

(∑
g,h∈G

(agbh)gh

)
=
∑
g,h∈G

(agbh)d(gh)

=
∑
g,h∈G

(agbh)(d(g) + gd(h))

=
∑
g,h∈G

(agbh)d(g) +
∑
g,h∈G

(agbh)gd(h)

=

(∑
g∈G

agd(g)

)
·

(∑
g∈G

bg

)
+

(∑
g∈G

agg

)
·

(∑
g∈G

bgd(g)

)

= d̃

(∑
g∈G

agg

)
· õ

(∑
g∈G

bgg

)
+

(∑
g∈G

agg

)
· d̃

(∑
g∈G

bgg

)
.

Therefore, d̃ is a Fox-derivation.

Conversely, consider a Fox-derivation d. Then for any g, h ∈ G, d(gh) =

d(g) · o(h) + g · d(h) = d(g) + g · d(h). Thus, d|G is a crossed homomorphism

from G to Z[G]. Furthermore, Proposition 9(ii) tells us that d is the unique

linear extension of d|G.

3.1 Normal Subgroups and Ideals

Recall that two-sided ideals of the group algebra determine normal subgroups

of the underlying group. This gives us a connection between the structure of

the group algebra and the group regardless of our ring, however, working with

Z[G] gives us a stronger connection:

Proposition 11. The ideal I of Z[G] that corresponds to a normal subgroup

N ⊴G determines N and is the smallest ideal of Z[G] that determines N .

This result is given without proof in [7]. We find that the proof is not obvious

and therefore present it as follows:

Proof. Let N = ker(ϕ), where ϕ : G → H is a group homomorphism. Then

I = ker
(
ϕ̃
)
corresponds to N .
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First, we will show that I determines N . Let g ∈ N and consider ψ : Z[G] →
Z[G]/I as defined earlier. Then ϕ̃(g) = 1 in Z[H] and so ϕ̃(1 − g) = ϕ̃(1) −
ϕ̃(g) = 1− 1 = 0. Thus, 1− g ∈ I, i.e. g+ I = 1+ I. Therefore, ψ(g) = 1+ I.

By the same logic, ψ(h) ̸= 1 + I for any h ∈ G\N . Thereby, N = {g ∈ G :

ψ(g) = 1 + I} = Nψ, meaning that I determines N . This concludes the first

part of the proof, meaning that it remains only to show that I is the smallest

ideal determining N .

Now consider M , an ideal of Z[G] that determines N . Then, the canonical

map φ : Z[G] → Z[G]/M is an algebra homomorphism such that M = ker(φ)

and N = {g ∈ G : φ(g) = 1 +M}. Furthermore, the image φ|G(G) of the

restriction φ|G : G → Z[G]/M is a multiplicative group, meaning that we can

write N as the multiplicative group kernel N = ker(φ|G). Now, there exists a

group homomorphism α such that the following diagram commutes:

G ϕ(G) ∼= G/N

φ|G(G) ∼= G/N

φ|G

ϕ

α

Now let
∑

g∈G agg ∈ I = ker
(
ϕ̃
)
. Note here that each ag is an integer. There-

fore, for any ag > 0, ag = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
ag times

and so φ(ag) = φ(1 + 1 + · · ·+ 1︸ ︷︷ ︸
ag times

) =

φ(1) + φ(1) + · · · + φ(1) = 1 + 1 + · · · + 1 = ag since φ is a homomorphism.

Similarly, φ(ag) = ag for any ag ≤ 0. Thus:

φ

(∑
g∈G

agg

)
=
∑
g∈G

φ(ag)φ(g)

=
∑
g∈G

agα(ϕ(g))

= α̃

(∑
g∈G

agϕ(g)

)

= α̃

(
ϕ̃

(∑
g∈G

agg

))
= α̃(0) = 0

since α̃ is a ring homomorphism. Thus, I = ker
(
ϕ̃
)

⊆ ker(φ) = M . This

demonstrates that I is a subset of every ideal that determines N , i.e. it is the
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smallest ideal determining N .

Remembering that we are considering only finitely generated groups, if a nor-

mal subgroup N ⊴ G is finitely generated, then the generators determine the

correpsonding ideal I as explained in the following result:

Proposition 12. Consider a normal subgroup N⊴G with corresponding ideal

I ⊆ Z[G]. If N is finitely generated by n1, n2, ..., nm ∈ N\{1}, then I is

generated by n1 − 1, n2 − 1, ..., nm − 1.

For the proof of Proposition 12 we will require the following lemma:

Lemma 2. If N ⊴ G is finitely generated by n1, n2, ..., nm ∈ N\{1}, then for

every n ∈ N , we can express n − 1 as a linear combination of n1 − 1, n2 −
1, ..., nm − 1, that is:

n− 1 =
l∑

k=1

uk · (njk − 1) · vk

where jk ∈ {1, 2, ...,m} and uk, vk ∈ Z[G] for each k.

Proof. We will prove the lemma by induction on the length of n. Firstly, if

n has length 0, then n = 1. Hence, n − 1 = 0, which is the empty sum and

hence a linear combination of n1 − 1, ..., nm − 1. Further, if n has length 1,

then n = nj or n = n−1
j , where j ∈ {1, 2, ...,m}. If n = nj, then n− 1 = nj− 1

is a linear combination as required. Alternatively, if n = n−1
j , then:

n− 1 = n−1
j − 1 = −n−1

j · (nj − 1)

is a linear combination. Hence, the statement holds for all n ∈ N of lengths 0

and 1.

Now assume that the lemma holds for all elements of N of length 0, 1, ..., l and

consider n ∈ N of length l + 1. Then n = nϵjn
′ where nj is a generator of N ,

ϵ ∈ {−1, 1} and n′ ∈ N has length l. By assumption, we can express n′− 1 as:

n′ − 1 =
l∏

k=1

uk · (njk − 1) · vk.

where for each k, jk ∈ {1, ...,m} and uk, vk ∈ Z[G]. Consequently:

n− 1 = nϵjn
′ − 1
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= nϵj − 1 + nϵj · (n′ − 1)

= nϵj − 1 +
l∑

k=1

(nϵjuk) · (njk − 1) · vk

which is the sum of two linear combinations as required, i.e. a linear combi-

nation itself.

Proof of Proposition 12. Let N = ker(ϕ) where ϕ : G → H is a group homo-

morphism, so that I = ker
(
ϕ̃
)
.

Furthermore, we introduce the ideal IN generated by n1− 1, n2− 1, ..., nm− 1,

namely:

IN =

{
l∑

k=1

uk · (njk − 1) · vk : l ∈ N and jk ∈ {1, 2, ...,m}, uk, vk ∈ Z[G]∀k

}
.

Our proof will be complete when we have shown that I = IN . First, consider∑l
k=1 uk · (njk − 1) · vk ∈ IN . Then:

ϕ̃

(
l∑

k=1

uk · (njk − 1) · vk

)
=

l∑
k=1

ϕ̃(uk) · ϕ̃(njk − 1) · ϕ̃(vk)

but ϕ(njk) = 1 always since N = ker(ϕ) and so ϕ̃(njk − 1) = 0. Hence:

ϕ̃

(
l∑

k=1

uk · (njk − 1) · vk

)
=

l∑
k=1

ϕ̃(uk) · 0 · ϕ̃(vk)

= 0.

Therefore,
∑l

k=1 uk · (njk − 1) · vk ∈ ker
(
ϕ̃
)
= I. We can conclude from this

that IN ⊆ I.

Now consider
∑

g∈G agg ∈ I. Then
∑

g∈G agϕ(g) = 0. For each h ∈ H we

will consider ϕ−1(h), the preimage of h, to be the set of all g ∈ G such that

ϕ(g) = h. Then for any h ∈ H,
∑

g∈ϕ−1(h) agϕ(g) = 0 and so
∑

g∈ϕ−1(h) ag = 0.

Set h ∈ H and gh ∈ G such that ϕ(gh) = h. Then:∑
g∈ϕ−1(h)

agg =
∑

g∈ϕ−1(h)

ag
(
gg−1

h − 1
)
gh +

∑
g∈ϕ−1(h)

aggh

=
∑

g∈ϕ−1(h)

ag
(
gg−1

h − 1
)
gh.
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Furthermore, for any g ∈ ϕ−1(h), ϕ
(
gg−1

h

)
= hh−1 = 1, i.e. gg−1

h ∈ N . By

Lemma 2, gg−1
h − 1 is a linear combination of n1− 1, ..., nm− 1. Combining all

of this:

∑
g∈G

agg =
∑
h∈H

 ∑
g∈ϕ−1(h)

ag
(
gg−1

h − 1
)
gh


=
∑
h∈H

 ∑
g∈ϕ−1(h)

ag

 lg∑
kg=1

ukg ·
(
njkg − 1

)
· vkg

 gh


=
∑
g∈G

lg∑
kg=1

(
agukg

)
·
(
njkg − 1

)
·
(
vkggϕ(g)

)
which is clearly a linear combination of n1 − 1, n2 − 1, ..., nm − 1. Hence,∑

g∈G agg ∈ IN . We conclude that I ⊆ IN and consequently I = IN .

With these structural properties of group algebras over Z established, we can

move to an even more particular type of group algebra, namely the primary

focus of Fox’s research.

3.2 Fox-Derivations of Free Group Algebras

In the introduction of [7], Fox describes various connections between deriva-

tions of free group algebras and other contemporary branches of algebra: Rei-

demeister homotopy chains, Magnus series expansions and Eilenberg-Mac Lane

cohomology. Each of these fields centres on concepts that can be described by

way of free differentiation, leading Fox to conclude that “free differentiation

is the fundamental tool for the study of groups defined by operators and re-

lations.” Free differentiation refers to the operations that emulate traditional

differentiation utilising Fox-derivations. Many results with this constructed

differentiation are remarkably similar to results from traditional differentia-

tion. We will outline and expand upon his findings on free differentiation and

explain its connection to some of the concepts mentioned above. To under-

stand these connections, though, we must first give a brief summary of the

relevant elements of these notions.

3.2.1 Magnus Series Expansions

Firstly, it is important to understand what a finitely generated free group is:
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Definition 31. A finitely generated free group X has a finite set of gen-

erators (x) = {x1, x2, ..., xm}, from which all elements are constructed. Each

element u ∈ X is a possibly empty word formed from generators and their

inverses, that is we can write u =
∏l

k=1 x
ϵk
jk
, where for all k, jk ∈ {1, 2, ...,m},

ϵk ∈ {−1, 1} and ϵk ̸= ϵk+1 whenever jk = jk+1. The length of u is l. For

each generator xj ∈ (x), we say that the xj-length of u is lj(u) =
∑

jk=j
|ϵk|,

that is the number of instances of xj in u.

It is easy to see that this is indeed a group. The identity element of such a

free group X is given by the empty word, which we can denote by 1. Note

that neither Fox in [7] nor Magnus in [10] require that all groups be finitely

generated and so in these papers the generating set (x) may be infinite. Our

choice to consider only finitely generated sets does not make substantial dif-

ferences to most results, however, it does allow for additional results and for

simpler proofs on some occasions.

Note 18. The introduction of free groups provides some insight into why group

algebras over Z are of such interest: for any group G, Z[G] is the free abelian

group over G. Free abelian groups are defined very similarly to finitely gen-

erated free groups, however, without the restriction that the underlying group

(in this case G) be finite and using commutative addition to construct our el-

ements rather than multiplication as in Definition 31. With this mind, it is

trivial to observe that Z[G] is the free abelian group over G.

Note 19. Throughout the remainder of this chapter we will assume that all

group algebras considered have an underlying group which is a finitely generated

free group.

Magnus uses the free group X and wishes to represent all elements of X using

a free ring R. This ring is constructed as follows: for each xj ∈ (x) we set

sj = xj − 1 ∈ R. We can apply addition and multiplication akin to that of a

group algebra over X for s1, s2, ..., sm.

Definition 32. R consists of all functions f : P → Z, where P = {1, P1, P2...}
is a fixed set containing 1 and all words formed from {s1, s2, ..., sm} and their

inverses, as defined in Definition 31. Addition and multiplication of f1, f2 ∈ R

are defined as follows:

(f1 + f2)(p) = f1(p) + f2(p) ∀p ∈ P,

(f1 · f2)(p) =
∑
q∈P

f1
(
pq−1

)
f2(q) ∀p ∈ P.
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Similarly to Definition 25, we have defined the elements of the Magnus ring as

functions. However, similarly to that case we can also equivalently represent

these functions as linear combinations. In [10], Magnus represents the ring R

as all linear combinations of the form:

n01 +
∞∑
k=1

nkPk

where nk ∈ Z for k = 0, 1, 2, ... and {P1, P2, ...} is a fixed set containing all

words formed from {s1, s2, ..., sm} and their inverses. This is essentially a

manner of writing a function f : P → Z from Definition 32 as
∑

p∈P f(p)p.

Addition and multiplication follow equivalently to those in Definition 32. We

will primarily be using the representation of the Magnus ring as linear combi-

nations.

It is immediately obvious that R is extremely similar to the group algebra

Z[X]. There are two differences between these rings: firstly, Z[X] uses words

formed from {x1, x2, ...} and its inverses, whereas R uses {s1, s2, ...}; secondly,
R allows for infinite sums.

We can represent each u ∈ X using elements from R. Firstly, for xj ∈ (x),

xj = 1 + sj obviously and x−1
j =

∑∞
n=0(−1)nsnj , since formally:

(1 + sj) ·
∞∑
n=0

(−1)nsnj =
∞∑
n=0

(−1)nsnj +
∞∑
n=0

(−1)nsn+1
j

= (1− sj + s2j − s3j + · · · ) + (sj − s2j + s3j + · · · )

= 1.

Rather than observing that all non-1 terms are cancelled in the above sum, we

can also use the function representation as in Definition 32. Then xj = 1 + sj

and
∑∞

n=0(−1)nsnj can be respectively represented by the functions f1, f2 :

P → Z with:

f1(p) =

1 p = 1 or p = sj

0 otherwise,

f2(p) =

(−1)n p = snj ∃n ∈ N

0 otherwise.

Then (f1 · f2)(1) =
∑

q∈P f1 (q
−1) f2(q) = f1(1)f2(1) = 1 since f1 (q

−1) = 0 or
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f2(q) = 0 for all q ̸= 1. If p = snj for some n > 0, then:

(f1 · f2)(p) =
∑
q∈P

f1
(
pq−1

)
f2(q)

=
∞∑
m=0

f1
(
ps−mj

)
f2
(
smj
)

=
n∑

m=0

(−1)mf1
(
sn−mj

)
=

n∑
m=n−1

(−1)m

= 0.

Clearly, if p ̸= snj for any n ∈ N, then (f1 · f2)(p) = 0. Thus:

(f1 · f2)(p) =

1 p = 1

0 p ̸= 1.

Translating this back to the formal sum representation of the Magnus Ring,

(1+sj)·
∑∞

n=0(−1)nsnj = 1, i.e. x−1
j = (1+sj)

−1 =
∑∞

n=0(−1)nsnj . This demon-

strates that we obtain the same results using functions and linear combina-

tions. We have thus found representations in the Magnus Ring for generators

and their inverses. For more involved free elements, we require the binomial

coefficients, defined as follows:

Definition 33. For two integers n and k ≥ 0, the binomial coefficient
(
n
k

)
is given by:

(
n

k

)
=



n!

k!(n− k)!
0 ≤ k ≤ n

0 0 ≤ n < k

(−1)k
(
k − n− 1

k

)
n < 0.

We will not be considering the case that k < 0.

Now consider an arbitrary free element with only one generator, that is u = xαj

for some α ∈ Z. Then, using well-known combinatorial results, if α ≥ 0:

u = (1 + sj)
α =

α∑
n=0

(
α

n

)
snj =

∞∑
n=0

(
α

n

)
snj
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and if α < 0:

u =
(
(1 + sj)

−1
)|α|

=

(
∞∑
n=0

(−1)nsnj

)|α|

=
∞∑
n=0

 ∞∑
m1,...,m|α|=0
m1+···+m|α|=n

1

 (−1)nsnj

=
∞∑
n=0

(
n+ |α| − 1

|α| − 1

)
(−1)nsnj

=
∞∑
n=0

(−1)n
(
n− α− 1

n

)
snj

=
∞∑
n=0

(
α

n

)
snj .

This tells us how to represent a free element with only one generator. We may

now generalise to represent an arbitrary free element in this manner. Consider

u = xαi x
β
j · · ·x

γ
k. Then:

u =

(
∞∑
n=0

(
α

n

)
sni

)(
∞∑
n=0

(
β

n

)
snj

)
· · ·

(
∞∑
n=0

(
γ

n

)
snk

)
,

which can be simplified as:

u =
∞∑

nα,nβ ,...,nγ=0

(
α

nα

)(
β

nβ

)(
γ

nγ

)
snα
i s

nβ

j · · · snγ

k . (3.1)

3.2.2 First-Order Derivatives

For the remainder of this chapter we will focus squarely on the free group

algebra Z[X], that is the group algebra of the finitely generated free group X

over Z. Fox describes the elements of Z[X] as “free polynomials”, representing

them as functions f(x) of the generating set (x) in [7]. We judge this as a

fairly misleading representation, though, since these elements are not actually

functions of (x). This is, however, simply using the formulation from Definition

25, referring to group algebra elements as functions f : X → Z. As stated

in Section 1.2, this is an equivalent formulation and so we may refer to the

function f and the linear combination
∑

g∈G f(g)g interchangeably. Also note
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that, given a “free polynomial” f(x), the paper refers repeatedly to f(1), the

function “evaluated at the point x = 1.” This is also a fairly misleading

convention as it is actually an entirely different element to f(x). The precise

description of this concept would be that, given a function f : X → Z, we
consider õ

(∑
g∈G f(g)g

)
. Clearly, though, this is a very clumsy notation. To

avoid clumsiness we will simply refer to elements f ∈ Z[X] and we will refer

to õ(f) as f(1) when convenient.

With this notation in mind, we denote the fundamental ideal ker (õ) of Z[X]

by Q. Explicitly:

Q =

{∑
u∈X

auu ∈ Z[X] :
∑
u∈X

au = 0

}
= {f ∈ Z[X] : f(1) = 0}.

Seeing as group algebra elements can be seen as functions from X to Z, we
construct an operation similar to differentiation for these functions:

Theorem 3. To each generator xj of X there corresponds a Fox-derivation
∂
∂xj

of Z[X], known as the derivative with respect to xj, with the property:

∂

∂xj
(xk) = δjk.

For any f ∈ Z[X], the partial derivative with respect to generator xj will be
∂
∂xj

(f). For convenience we will simply write ∂f
∂xj

. We will later introduce

higher-order partial derivatives, so we may refer to the mappings described

above as first-order derivatives.

Proof. For each xj ∈ (x), we define ∂
∂xj

inductively on Z[X]. Firstly we set
∂
∂xj

(1) = 0. Next, for any xk ∈ (x), set ∂xk
∂xj

= δjk and ∂
∂xj

(
x−1
k

)
= −x−1

k δjk.

Then for any u, v ∈ X, define ∂
∂xj

(uv) = ∂u
∂xj

+ u ∂v
∂xj

. It is obvious that the

sum arising from this last equation must be finite and is therefore an element

of Z[X].

We simply extend this ∂
∂xj

linearly over Z[X]. Clearly, this will be a Fox-

derivation as shown in Proposition 10.

We assumed here that the free group has finitely many generators, unlike Fox

in [7]. For that reason, we obtain the following result not present in that paper:

Theorem 4. The partial derivatives form a basis for the Z-module FDer(Z[X])
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of all Fox-derivations over the free group algebra.

Proof. We must show that every derivation is a linear combination of partial

derivatives, that is for all d ∈ FDer(Z[X]):

d =
∑
xj∈(x)

∂

∂xj
uj

where uj ∈ Z[X] for all j.

Let d ∈ FDer(Z[X]) and set D =
∑

xj∈(x)
∂
∂xj
d(xj). Clearly, D is a finite linear

combination of partial derivatives and is hence itself a Fox-derivation. First,

we will show by induction on the length of words in X that d−D = 0 on X.

Firstly, d(1) = 0 and D(1) = 0 since both are Fox-derivations. Now, for any

generator xk ∈ (x):

(d−D)(xk) = d(xk)−
∑
xj∈(x)

∂xk
∂xj

· d(xj)

= d(xk)−
∑
xj∈(x)

δjkd(xj)

= d(xk)− d(xk)

= 0.

Furthermore, by Proposition 9(iv):

(d−D)
(
x−1
k

)
= −x−1

k (d−D)(xk) = 0.

Thus, (d−D)(u) = 0 for any u ∈ X of length 0 or 1.

Now assume that (d − D)(u) = 0 for all u ∈ X of length less than or equal

to n for some n ∈ N. Let u ∈ Z[X] have length n + 1. Then we can write

u =
∏n+1

k=1 x
ϵk
jk
. Therefore:

(d−D)(u) = (d−D)

((
n∏
k=1

xϵkjk

)
· xϵn+1

jn+1

)

= (d−D)

(
n∏
k=1

xϵkjk

)
+

n∏
k=1

xϵkjk · (d−D)
(
x
ϵn+1

jn+1

)
= 0 +

n∏
k=1

xϵkjk · 0 = 0
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by the induction hypothesis. Thus, (d−D)(u) = 0 for all u ∈ X by induction

on the length of u.

Now consider f ∈ Z[X]. Then we can write f =
∑

u∈X auu. Thus, by Propo-

sition 9(ii):

(d−D)(f) =
∑
u∈X

au(d−D)(u) =
∑
u∈X

au · 0 = 0.

Thus, (d−D)(f) = 0 for all f ∈ Z[X], i.e. d = D.

We have shown that every Fox-derivation is a linear combination of partial

derivatives, however, we cannot yet conclude that the partial derivatives con-

stitute a basis of the Fox-derivations. We must also show that any two distinct

linear combinations result in distinct mappings, i.e.:

∑
xj∈(x)

∂

∂xj
uj =

∑
xj∈(x)

∂

∂xj
vj ⇒ uj = vj ∀xj ∈ (x).

This is very easy to prove: for all xk ∈ (x),
(∑

xj∈(x)
∂
∂xj

· uj
)
(xk) = uk and(∑

xj∈(x)
∂
∂xj

· vj
)
(xk) = vk. So, if

∑
xj∈(x)

∂
∂xj

· uj =
∑

xj∈(x)
∂
∂xj

· vj, then
uk = vk for all xk ∈ (x).

Thus, we conclude that the partial derivatives constitute a basis of FDer(Z[X]).

This result relies on the finiteness of our generating set (x) since we require

that D =
∑

xj∈(x)
∂
∂xj
d(xj) is a finite sum in order to assume that it is a

Fox-derivation. This is not guaranteed unless (x) is finite.

Having shown how significant the partial derivatives are to the whole set of

derivations, it will be useful to describe the partial derivatives of arbitrary

elements. Given how well we know the structure of the finitely generated free

group X, it will be straightforward to describe the derivatives of free group

elements: given any u ∈ X and xj ∈ (x), we can write u in the following

manner:

u = u0x
p1
j u1x

p2
j · · ·uq−1x

pq
j uq

where p1, ..., pq ∈ Z\{0} and u0, ..., uq do not contain any instances of xj. If

u does not contain any instances of xj itself, then q = 0 and we simply have

u = u0. If u is simply a power of xj, then q = 1 and u0 = u1 = 1. We can use
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Proposition 9 to help us differentiate this product:

∂u

∂xj
=

q∑
i=1

u0x
p1
j u1 · · ·

∂

∂xj

(
xpij ui

)
. (3.2)

Now, ∂
∂xj

(
xpij ui

)
=

∂(xpij )
∂xj

+ xpij
∂ui
∂xj

. But ∂ui
∂xj

= 0 since u does not contain any

instances of xj. So
∂
∂xj

(
xpij ui

)
=

∂(xpij )
∂xj

. We must now determine the derivative

with respect to xj of a power of xj. Consider xpj where p > 0. Then, again

using Proposition 9:

∂
(
xpj
)

∂xj
=

p∑
i=1

xi−1
j

∂xj
∂xj

=

p∑
i=1

xi−1
j

= 1 + xj + x2j + · · ·+ xp−1
j

=
xpj − 1

xj − 1
.

This fraction is not necessarily a formal element of Z[X], since xj−1 may not be

multiplicatively invertible. This expression is an abuse of notation representing

1+xj+· · ·+xp−1
j , utilising the fact that

(
1 + xj + · · ·+ xp−1

j

)
·(xj−1) = xpj−1.

Now consider the case that p < 0. Then, by Proposition 9:

∂
(
xpj
)

∂xj
= −xpj ·

∂
(
x−pj
)

∂xj
= −xpj ·

x−pj − 1

xj − 1

=
xpj − 1

xj − 1
.

Note that for negative p,
xpj−1

xj−1
= −xpj −xp+1

j − · · ·−x−1
j . Thus, Equation (3.2)

becomes:
∂u

∂xj
=

q∑
i=1

u0x
p1
j u1 · · ·ui−1

xpij − 1

xj − 1
. (3.3)

This offers a very usable equation for determining partial derivatives of free

group elements, however, there may be a more instructive description of these

derivatives, utilising the initial sections of u:

Definition 34. The kth initial section of u =
∏l

i=1 x
ϵi
ji
, denoted u(k), is

given by
∏k−1

i=1 x
ϵi
ji
if ϵk = 1 and it is given by

∏k
i=1 x

ϵi
ji
if ϵk = −1. Formally:

u(k) =

(
k−1∏
i=1

xϵiji

)
x

ϵk−1

2
jk

.
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Now, returning to Proposition 9, we can write ∂u
∂xj

as follows:

∂u

∂xj
=

l∑
i=1

xϵ1j1 · · ·x
ϵi−1

ji−1

∂
(
xϵiji
)

∂xj
.

Clearly, for any i such that ji ̸= j, the term in the sum will go to zero since
∂xji
∂xj

=
∂(x−1

ji
)

∂xj
= 0. Therefore, we need only consider the indices i such that

ji = j. So:
∂u

∂xj
=
∑
ji=j

xϵ1j1 · · ·x
ϵi−1

ji−1

∂
(
xϵiji
)

∂xj
.

Whenever ji = j,
∂xji
∂xj

= 1 and
∂(x−1

ji
)

∂xj
= −x−1

ji
by Proposition 9(iv). Thus,

irrespective of whether ϵi = 1 or ϵi = −1, xϵ1j1 · · ·x
ϵi−1

ji−1

∂(xϵiji)
∂xj

= ϵiu(i). Hence:

∂u

∂xj
=
∑
ji=j

ϵiu(i). (3.4)

Note that no terms in this sum may cancel each other out: suppose that

ϵiu(i) + ϵi+ku(i+k) = 0 for some i and k > 0 with ji = ji+k = j. Then, because

of how the initial sections are defined, we must have u(i) = u(i+k) and k = 1,

implying that ϵi = −1 and ϵi+1 = 1. But then ϵi + ϵi+1 = 0 with ji = ji+1,

contradicting Definition 31. By this contradiction, there can be no cancelling

in the sum of Equation (3.4).

This equation expresses ∂u
∂xj

as a weighted exponent sum of xj, in which each

exponent of xj is weighted by some initial section of u. Furthermore, this

equation tells us that the xj-length of u is equal to the number of terms in
∂u
∂xj

. Lastly, this shows that in a first-order derivative of a free group element,

all coefficients are either 1 or −1.

Partial differentiation does not only yield useful results for free group elements,

though. We also obtain two powerful results for first-order derivatives of any

free group algebra elements. Firstly, we have a Chain Rule of Free Differ-

entiation:

Theorem 5. If λ : Y → X is a homomorphism between free groups Y and X

with generating sets (y) = {y1, y2, ..., yn} and (x) = {x1, x2, ..., xm} respectively,
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then for any f ∈ Z[Y ]:

∂

∂xj

(
λ̃(f)

)
=

n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk))

for any xj ∈ (x).

Proof. We will prove this by induction on free group algebra elements. Note

that this approach is only sufficient because we are considering finitely gener-

ated free groups Y and X. If we allowed for infinitely many generators, then

we would have to explicitly show that the sum on the right-hand side of the

Chain Rule is still finite. According to [7] this is in fact the case, however, we

will not be proving that since we restrict ourselves to finitely generated groups.

We begin by considering f = 1. Then:

∂

∂xj

(
λ̃(f)

)
=

∂

∂xj
(λ(1)) =

∂

∂xj
(1) = 0

=
n∑
k=1

0 · ∂

∂xj
(λ(yk))

=
n∑
k=1

λ(0) · ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk))

and so the rule holds when f = 1. We now consider f ∈ (y). Set f = yi.

Then:

∂

∂xj

(
λ̃(f)

)
=

∂

∂xj
(λ(yi)) = λ(1) · ∂

∂xj
(λ(yi))

= λ

(
∂yi
∂yi

)
· ∂

∂xj
(λ(yi))

=
n∑
k=1

λ

(
∂yi
∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk))

seeing as all the terms disappear when k ̸= i since λ
(
∂yi
∂yk

)
= λ(0) = 0. Now
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considering f = y−1
i for some yi ∈ (y), we obtain:

∂

∂xj

(
λ̃(f)

)
=

∂

∂xj

(
λ
(
y−1
i

))
=

∂

∂xj

(
λ(yi)

−1
)

= −λ(yi)−1 · ∂

∂xj
(λ(yi))

= λ̃
(
−y−1

i

)
· ∂

∂xj
(λ(yi))

= λ̃

(
∂
(
y−1
i

)
∂yi

)
· ∂

∂xj
(λ(yi))

=
n∑
k=1

λ̃

(
∂
(
y−1
i

)
∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk)).

Thus, the Chain Rule holds for all generators of Y and all of their inverses.

Now assume that the Chain Rule holds for u, v ∈ Y and consider f = uv.

Then:

∂

∂xj

(
λ̃(f)

)
=

∂

∂xj
(λ(uv)) =

∂

∂xj
(λ(u)λ(v))

=
∂

∂xj
(λ(u)) + λ(u) · ∂

∂xj
(λ(v))

=
n∑
k=1

λ̃

(
∂u

∂yk

)
· ∂

∂xj
(λ(yk)) + λ(u) ·

n∑
k=1

λ̃

(
∂v

∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

(
λ̃

(
∂u

∂yk

)
+ λ(u) · λ̃

(
∂v

∂yk

))
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂u

∂yk
+ u · ∂v

∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂(uv)

∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk)).

Thus, we have shown that the Chain Rule holds for all f ∈ Y , using the

inductive definition of Y . Now we consider f ∈ Z[Y ], that is f =
∑

u∈Y auu.
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This yields:

∂

∂xj

(
λ̃(f)

)
=

∂

∂xj

(∑
u∈Y

auλ(u)

)
=
∑
u∈Y

au
∂

∂xj
(λ(u))

=
∑
u∈Y

au

(
n∑
k=1

λ̃

(
∂u

∂yk

)
· ∂

∂xj
(λ(yk))

)

=
n∑
k=1

∑
u∈Y

auλ̃

(
∂u

∂yk

)
· ∂

∂xj
(λ(yk))

=
n∑
k=1

(∑
u∈Y

auλ̃

(
∂u

∂yk

))
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(∑
u∈Y

au

(
∂u

∂yk

))
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂

∂yk

(∑
u∈Y

auu

))
· ∂

∂xj
(λ(yk))

=
n∑
k=1

λ̃

(
∂f

∂yk

)
· ∂

∂xj
(λ(yk)).

Thereby, the Chain Rule of Free Differentiation holds by induction.

Lastly, we obtain the following result which will prove imperative in construct-

ing expansions analogous to Taylor and MacLaurin series:

Theorem 6. Let h : (x) → Z[X]. Then there exists a unique Fox-derivation dh

of Z[X] such that dh(xj) = h(xj) for all generators xj ∈ (x). This derivation

is given by:

dh(f) =
m∑
j=1

∂f

∂xj
· h(xj) ∀f ∈ Z[X] (3.5)

where the generating set (x) has m elements.

Proof. Remembering the scalar multiplication in FDer(Z[X]), we can write dh

as dh =
∑m

j=1
∂
∂xj
h(xj). Since FDer(Z[X]) is a right Z[X]-module, this means

that dh ∈ FDer(Z[X]), i.e. dh is indeed a Fox-derivation.

Now for any xk ∈ (x):

dh(xk) =
m∑
j=1

∂xk
∂xj

· h(xj) =
m∑
j=1

δjk · h(xj) = h(xk),

meaning that dh satisfies Equation (3.5). We must, however, show that it is the
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only Fox-derivation satisfying Equation (3.5). Suppose that d ∈ FDer(Z[X])

such that d(xk) = h(xk) for each xk ∈ (x). Then we can define another Fox-

derivation d′ = d−dh. Clearly d′(xk) = 0 for all k and d′
(
x−1
k

)
= −x−1

k ·0 = 0.

Then, using Proposition 9, for any
∏l

k=1 x
ϵk
jk
∈ X:

d′

(
l∏

k=1

xϵkjk

)
=

l∑
k=1

(
xϵ1j1x

ϵ2
j2
· · ·xϵk−1

jk−1
d′
(
xϵkjk
))

=
l∑

k=1

(
xϵ1j1x

ϵ2
j2
· · ·xϵk−1

jk−1
· 0
)

= 0,

i.e. d′ is trivial on X. So for any
∑

u∈X auu ∈ Z[X]:

d′

(∑
u∈X

auu

)
=
∑
u∈X

aud
′(u) =

∑
u∈X

au · 0 = 0.

Thus, 0 = d′ = d− dh, that is d = dh.

Theorem 6 allows us to construct a Fox-derivation that maps each generator to

a prescribed value with no restrictions at all on our choice of prescribed values,

knowing that this derivation has the structure as described in Equation (3.5).

For example, we can observe that the Fox-derivation d defined by d(f) =

f − f(1) maps each xj to xj − 1. Therefore, by Theorem 6:

f − f(1) =
m∑
j=1

∂f

∂xj
· (xj − 1).

This leads directly to the so-called fundamental formula:

f = f(1) +
m∑
j=1

∂f

∂xj
· (xj − 1). (3.6)

This equation allows us to describe any f ∈ Z[X] using only f(1) and its first-

order derivatives. In the case of u ∈ X this is particularly powerful because we

already know that u(1) = 1 and because of our knowledge of the derivatives

of u.
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3.2.3 Higher-Order Derivatives

In the previous section we worked only with first-order derivatives, however,

we can consider nth-order derivatives for any n ∈ N. We consider the identity

mapping to be the 0th-order derivative and for n > 1, we define nth-order

derivatives inductively as follows:

∂n

∂xjn∂xjn−1 · · · ∂xj1
:=

∂

∂xjn
◦ ∂n−1

∂xjn−1 · · · ∂xj1
. (3.7)

For the sake of convenience we may write the simplified symbol Djn···j1 instead

of the full expression ∂n

∂xjn ···∂xj1
. It is important to note that the higher-order

derivatives are not Fox-derivations. It is straightforward to observe that they

satisfy the linearity constraint, however the product rule for arbitrary-order

derivatives is more involved than Equation (2.4):

Djn···j1(f · g) = Djn

(
Djn−1 (· · · (Dj1(f · g)) · · · )

)
= Djn (· · ·Dj2 (Dj1(f) · g(1) + f ·Dj1(g)) · · · )

= Djn(· · ·Dj2(Dj1(f) · g(1)) +Dj2(f ·Dj1(g)) · · · )

= Djn(· · ·Dj2j1(f) · g(1) +Dj1(f) ·Dj2(g(1))

+Dj2(f) · õ(Dj1(g)) + f ·Dj2j1(g) · · · )

But Dj2(g(1)) = 0 since Dj2 is a Fox-derivation and g(1) ∈ Z. Therefore:

Djn···j1(f · g)

= Djn (· · ·Dj3 (Dj2j1(f) · g(1) +Dj2(f) · õ(Dj1(g)) + f ·Dj2j1(g)) · · · )

= Djn(· · ·Dj4(Dj3j2j1(f) · g(1) +Dj3j2(f) · õ(Dj1(g))

+Dj3(f) · õ(Dj2j1(g)) + f ·Dj3j2j1(g)) · · · )

Following this pattern indefinitely we eventually arrive at the following Prod-

uct Rule for higher-order Fox-derivatives:

Djn···j1(f · g) =
n∑
i=1

Djn···ji(f) ·Dji−1···j1(g)(1) + f ·Djn···j1(g) ∀f, g ∈ Z[X].

(3.8)

We have used iteration to find an equation for higher-order derivatives anal-

ogous to Equation (2.4). Similarly, we can iterate to find an equation for

higher-order derivatives of free group elements, analogous to Equation (3.4).
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We do this by repeatedly applying that very equation:

Djn···j1(u) = Djn···j2

 ∑
jλ1=j1

ϵλ1u(λ1)

 = Djn···j3

Dj2

 ∑
jλ1=j1

ϵλ1u(λ1)


= Djn···j3

 ∑
jλ1=j1

ϵλ1Dj2

(
u(λ1)

) .

Now:

Dj2

(
u(λ1)

)
= Dj2

((
λ1−1∏
k=1

xϵkjk

)
x

ϵλ1
−1

2
jλ1

)

= Dj2

(
λ1−1∏
k=1

xϵkjk

)
+

(
λ1−1∏
k=1

xϵkjk

)
·Dj2

(
x

ϵλ1
−1

2
jλ1

)

=

λ1−1∑
k=1

xϵ1j1 · · ·x
ϵk−1

jk−1
Dj2

(
xϵkjk
)
+
ϵλ1 − 1

2
δjλ1j2

(
λ1−1∏
k=1

xϵkjk

)
x
ϵλ1
jλ1

=
∑

jλ2=j2,jλ2≤λ1−1

ϵλ2u(λ2) +
ϵλ1 − 1

2
δjλ1j2u(λ1)

=
∑
jλ2=j2

ϵλ2u(λ2)

with the restriction to the last sum that 1 ≤ λ2 ≤ λ1− 1
2
(ϵλ1 +1) since we keep

going up until λ1 if ϵλ1 = −1 but we stop just beforehand if ϵλ1 = 1. Thereby:

Djn···j1(u) = Djn···j3

 ∑
jλ2=j2,jλ1=j1

ϵλ2ϵλ1u(λ2)


with the aforementioned restriction on λ2. Continuing this pattern we obtain:

Djn···j1(u) =
∑

jn=jλn ,...,jλ1=j1

ϵλn · · · ϵλ1u(λn) (3.9)

subject to the restriction: 1 ≤ λi+1 ≤ λi − 1
2
(ϵλi + 1) for i = 1, ..., n− 1. This

equation tells us that Djn···j1(u) has the same terms as Djn(u) but possibly

with different coefficients and with some terms removed. We observed from

Equation (3.4) that first-order derivatives of free group elements only have

coefficients 1 and −1. Equation (3.9) shows that any order of derivative of a

free group element can only have coefficients 1 and −1.
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While these equations are interesting, we are primarily interested in construct-

ing equations analogous to Taylor series as mentioned previously. We can do

this by iterating the fundamental formula:

f = f(1) +
m∑
j=1

Dj(f) · (xj − 1)

= f(1) +
m∑
j1=1

(
Dj1(f)(1) +

m∑
j=1

Djj1(f) · (xj − 1)

)
· (xj1 − 1)

= f(1) +
m∑
j1=1

Dj1(f)(1) · (xj1 − 1) +
m∑

j2=1,j1=1

Dj2j1(f) · (xj2 − 1) · (xj1 − 1).

Continuing this pattern for n steps, we get the equation:

f =f(1) +
m∑
j1=1

Dj1(f)(1) · (xj1 − 1) + · · ·

+
m∑

jn=1,...,j1=1

Djn···j1(f)(1) · (xjn − 1) · · · (xj1 − 1). (3.10)

If we formally continue the pattern to infinity, then we obtain a formal Taylor

series:

f = f(1)+
m∑
j=1

Dj(f)(1)·(xj−1)+
m∑

j=1,k=1

Djk(f)(1)·(xj−1)·(xk−1)+· · · (3.11)

This Taylor series is remarkably similar to the well-known Taylor series of

complex differentiable functions. Additionally, it has a certain similarity to

the Magnus series expansion in Equation (3.1): it makes use of xj − 1 which

were set to be sj in the Magnus approach. We now check whether these

two expansions are in fact equivalent. Firstly, applying the Taylor series to a

generator xj, we see that it perfectly matches the Magnus series expansion:

xj = 1 + (xj − 1) = 1 + sj

and x−1
j = 1− (xj − 1) + (xj − 1)2 − (xj − 1)3 + · · · =

∞∑
n=0

(−1)nsnj .

Now we apply the Taylor series to an element u ∈ X with two generators. For

the sake of simplicity we will consider the simplest version of such an element,

namely u = xαi x
β
j for some α, β ∈ N\{0} and i ̸= j. When we differentiate u,

it is obvious that only derivatives with respect to xi and xj will be non-zero.
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Now:

Di(u) = Di (x
α
i ) + xαi ·Di

(
xβj

)
= Di(x

α
i ) =

α∑
k=1

xk−1
i

and

Dj(u) = Dj (x
α
i ) + xαi ·Dj

(
xβj

)
= xαi ·Dj

(
xβj

)
= xαi ·

β∑
k=1

xk−1
j

so that Di(u)(1) = α and Dj(u)(1) = β. Continuing with second-order deriva-

tives, we find:

Dii(u) = Di

(
α∑
k=1

xk−1
i

)
=

α∑
k=1

Di

(
xk−1
i

)
=

α∑
k=1

k−1∑
q=1

xq−1
i ,

Dji(u) = 0,

Dij(u) =

β∑
k=1

α∑
q=1

xq−1
i

and

Djj(u) = xαi

β∑
k=1

k−1∑
q=1

xq−1
j

so that Dii(u)(1) =
(
α
2

)
, Dji(u)(1) = 0, Dij(u)(1) = αβ and Djj(u)(1) =

(
β
2

)
.

Continuing this pattern and applying the Taylor series, we get:

u = 1 + α(xi − 1) + β(xj − 1) +

(
α

2

)
(xi − 1)2

+ αβ(xi − 1) · (xj − 1) +

(
β

2

)
(xj − 1)2 + · · ·

=
∞∑

v,w=0

(
α

v

)(
β

w

)
(xi − 1)v · (xj − 1)w

=
∞∑

v,w=0

(
α

v

)(
β

w

)
svi s

w
j

which is the Magnus series expansion of u. The same process applies for more

complex elements, however, with much more intricate computations. Hereby,

we see that the Taylor series in Equation (3.11) can be shown to be equivalent

to the Magnus series expansion in Equation (3.1). The Taylor series is in Fox’s

view less cumbersome, a view shared by this dissertation’s author.
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Subsequent results in [7] concern the coefficient sum of higher-order Fox-

derivatives. These equations relate to the coefficients in the Taylor series ex-

pansion and are therefore of interest. However, they are exceedingly technical

to explain and are not relevant to the later work of the paper. For that reason

the proofs are provided in Appendices B, C and D.

The relevant equations are as follows, keeping in mind that we must have

p ∈ Z, n ≥ 0, u ∈ X and xj ̸= xk in Equation (3.14):

õ

(
∂nxpj
∂xnj

)
=

(
p

n

)
, (3.12)

õ

(
∂nu

∂xnj

)
=

(
õ
(
∂u
∂xj

)
n

)
, (3.13)

õ

(
∂2u

∂xj∂xk

)
+ õ

(
∂2u

∂xk∂xj

)
= õ

(
∂u

∂xj

)
õ

(
∂u

∂xk

)
. (3.14)

3.3 The Structure of Z[X]

We will now study the structure of the finitely generated free group algebra

Z[X] by way of its fundamental ideal Q. Recall from Definition 30 that the fun-

damental ideal is made up of all elements of the group algebra with coefficient

sum 0:

Q =

{∑
u∈X

auu ∈ Z[X] :
∑
u∈X

au = 0

}
.

Note that we denote this fundamental ideal by Q to differentiate it from O,

which is used more broadly for the fundamental ideal of a general group. More

specifically, we are interested in the powers of Q, that is in the chain of ideals

Q ⊇ Q2 ⊇ Q3 · · · . We say that Q0 = Z[X].

Proposition 13. Given f ∈ Z[X] and n ∈ N, f ∈ Qn if and only if all

of its partial derivatives of order less than n “vanish at x = 1”, that is if

f(1) = 0 and Dji···j1(f)(1) = 0 for all i ∈ {1, ..., n − 1} with any combination

of generators xj1 , ..., xji.

Proof. Firsly, note that when n = 0 the statement is vacuously true. For

n > 0, we will prove Proposition 13 by induction on n. If n = 1, then the

statement is obviously true by the definition of Q.

Now consider n > 1 and assume that the statement holds for 1, 2, ..., n − 1.

Suppose that f ∈ Qn. We can write f as a finite sum f =
∑

k f1k · f2k · · · fnk,
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where fik(1) = 0 for all i = 1, ..., n and all k. From Equation (3.8):

Djn−1···j1(f) =Djn−1

(
· · ·Dj1

(∑
k

f1k · f2k · · · fnk

))
=
∑
k

Djn−1···j1(f1k · f2k · · · fnk)

=
∑
k

n−1∑
i=1

(Djn−1···ji(f1k) ·Dji−1···j1(f2k · · · fnk)(1)

+ f1kDjn−1···j1(f2k · · · fnk))

=
∑
k

n−1∑
i=1

f1k ·Djn−1···j1(f2k · · · fnk)

since f2k · · · fnk ∈ Qn−1 and so Dji−1···j1(f2k · · · fnk)(1) = 0 for i ∈ {1, ..., n− 1}
by the induction hypothesis. Thus:

Djn−1···j1(f)(1) =
∑
k

n−1∑
i=1

f1k(1)Djn−1···j1(f2k · · · fnk)(1) = 0

as f1k(1) = 0 for all k. The same ideas apply for any derivative of order less

than n− 1. Thus, the forward implication holds.

Now suppose that all derivatives of f of order up to n − 1 vanish at x = 1.

Then by Equation (3.10):

f = f(1) +
m∑
j1=1

Dj1(f)(1)(xj1 − 1) + · · ·

+
m∑

jn−1,...,j1=1

Djn−1···j1(f)(xjn−1 − 1) · · · (xj1 − 1)

=
m∑

jn−1,...,j1=1

Djn−1···j1(f)(xjn−1 − 1) · · · (xj1 − 1) ∈ Qn

since Djn−1···j1(f), xjn−1 −1, ..., xj1 −1 ∈ Q. Thereby, the backward implication

also holds.

We now move on to a lemma, which itself requires the definition of a new

quantity:

Definition 35. For any f ∈ Z[X] we can write f as f = a1u1 + · · · + aquq

where ui ̸= uk whenever i ̸= k and ai ̸= 0 for all i. With this in mind, the
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length of f is given by l(f) = max1≤i≤q{l(ui)}, where l(ui) refers to the length

of free group elements as defined in Definition 31. We say that l(0) = 0.

It is worth mentioning here that the derivative of an element cannot have

greater length than the element itself: Dj(f) = a1Dj(u1)+ · · ·+ aqDj(uq) and

so l (Dj(f)) = max1≤i≤q{l(Dj(ui))}. But for each i, Dj(ui) =
∑

jk=j
ϵkuik and

so l(Dj(ui)) ≤ l(ui). Therefore, l(Dj(f)) ≤ l(f).

Lemma 3. For any non-zero f ∈ Qn, l(f) ≥ n
2
.

Proof. Again, we use induction on n. For any non-zero f , l(f) ≥ 1 ≥ 1
2
and

so the statement holds for n = 1 and n = 2.

Now consider n > 2 and suppose that the statement holds for 1, 2, ..., n − 2.

Assume that there exists some f ∈ Qn\{0} such that l(f) < n
2
. Each term in f

ends in a generator or its inverse and so we can write f =
∑m

j=1(g
j ·xj+hj ·x−1

j ),

where gj and hj always have length less than l(f). Hence, for any xk ∈ (x):

Dk(f) =
m∑
j=1

(
Dk

(
gj · xj

)
+Dk

(
hj · x−1

j

))
=

m∑
j=1

(
Dk

(
gj
)
+ δjkg

j +Dk

(
hj
)
− δjkh

j · x−1
j

)
.

We write this derivative as Dk(f) = ak − hk · x−1
k , where:

ak =
m∑
j=1

(
Dk

(
gj
)
+ δjkg

j +Dk

(
hj
))

has length less than l(f) since gj and hj have length less than l(f) for each j.

Now, for i ̸= k, Dik(f) = Di

(
ak
)
−Di

(
hk
)
and so Dik(f) has length less than

l(f).

Now, remember that f ∈ Qn and so by Proposition 13, all of its derivatives of

order 0, 1, ..., n − 1 vanish at x = 1. Thus, all derivatives of Dik(f) of order

0, 1, ..., n− 3 vanish at x = 1, meaning that by Proposition 13, Dik(f) ∈ Qn−2.

Therefore, using the induction hypothesis, unless Dik(f) = 0 we must have

that l (Dik(f)) ≥ n−2
2

= n
2
− 1 ≥ l(f). This inequality contradicts our earlier

working, meaning that Dik(f) = 0. This holds for any i ̸= k.
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Further, Dkk(f) = Dk (ak)−Dk

(
hk
)
+ hk · x−1

k and so:

Dk (Dk(f) · xk) = Dkk(f) +Dk(f)

= Dk

(
ak
)
−Dk

(
hk
)
+ ak

has length less than l(f) seeing as ak and hk do. Now, following Equation

(3.10), all derivatives of order 0, 1, ..., n− 3 of Dk (Dk(f) · xk) vanish at x = 1

and so Dk (Dk(f) · xk) ∈ Qn−2. Similarly to the last paragraph, we find that

0 = Dk (Dk(f) · xk) = Dkk(f) +Dk(f), i.e. Dkk(f) = −Dk(f).

But by the fundamental formula, Dk(f) = Dk(f)(1) +
∑m

i=1Dik(f) · (xi − 1).

Since Dk(f)(1) = 0 by Proposition 13 and Dik(f) = 0 whenever i ̸= k, this

becomes:

Dk(f) = Dkk(f) · (xk − 1) = −Dk(f) · (xk − 1).

Therefore:

Dk(f) = Dk(f) · x−1
k +Dk(f)−Dk(f) · x−1

k

= (Dk(f) +Dk(f) · (xk − 1)) · x−1
k

= (−Dk(f) · (xk − 1) +Dk(f) · (xk − 1)) · x−1
k

= 0.

Seeing as xk was arbitrary, the fundamental formula tells us that f = f(1) +∑m
k=1Dk(f) · (xk − 1) = 0 since f(1) = 0 and Dk(f) = 0 for all k. So f = 0,

contradicting that f is non-zero. Therefore, our assumption that there exists

such an f ∈ Qn \ {0} was false, i.e. the statement holds for n.

Thus, the induction is complete.

Using this lemma we obtain the Uniqueness Theorem for Formal Power

Series Expansions:

Theorem 7. Given f, g ∈ Z[X], if f(1) = g(1), Dj(f)(1) = Dj(g)(1) for all

xj ∈ (x), Dij(f)(1) = Dij(g)(1) for all xi, xj ∈ (x) and so on, then f = g.

Proof. Assume that f ̸= g, i.e. f − g ̸= 0. By Proposition 13, f − g ∈ Qn for

all n ∈ N. Hence, by Lemma 3, l(f − g) ≥ n
2
for all n ∈ N. But l(f − g) must

be finite since all elements of Z[X] are finite sums. This is a contradiction,

meaning that our assumption was false: f = g.
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Proposition 14.
⋂
n∈NQ

n = {0}.

Proof. Suppose that f ∈
⋂
n∈NQ

n. By Proposition 13, Djn···j1(f)(1) = 0 for

any combination of generators xj1 , ..., xjn for all n ∈ N. This can be rephrased

as:

Djn···j1(f)(1) = Djn···j1(0)(1)

for any combination of generators for all n ∈ N. Thus, f = 0 by Theorem

7.

With these results, we obtain a generalisation of Proposition 13:

Proposition 15. For f ∈ Z[X], n ∈ N and an ideal I of Z[X], f ∈ IQn if

and only if f ∈ Qn and all derivatives of f of order n belong to I.

We note that this is slightly different to Result (4.5) from [7] (and slightly

weaker than it): there it is stated as “...if and only if f ∈ Q and...” We believe

this to be a typographical error. Note also that our version of the statement

allows for n = 0 and that it is a more natural generalisation of Proposition 13.

Proof. This proof is extremely similar to the proof of Proposition 13.

We start with the forward implication. Suppose that f ∈ IQn. Obviously

f ∈ Qn. Further, f =
∑

k gk · f1k · · · fnk where gk ∈ I and fik(1) = 0 for all k

and i = 1, ..., n. So, using Equation (3.8):

Djn···j1(f) =
∑
k

Djn···j1(gkf1k · · · fnk)

=
∑
k

(
n∑
i=1

Djn···ji(gk) ·Dji−1···j1(f1k · · · fnk)(1) + gkDjn···j1(f1k · · · fnk)

)
=
∑
k

gkDjn···j1(f1k · · · fnk)

by Proposition 13 since f1k · · · fnk ∈ Qn. Therefore, Djn···j1(f) ∈ I, being the

sum of right-multiples of elements from I.

Conversely, suppose that f ∈ Qn and that all of its derivatives of order n

belong to I. Then:

f =f(1) +
m∑
j1=1

Dj1(f)(1) · (xj1−1) + · · ·
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+
m∑

jn,...,j1=1

Djn···j1(f) · (xjn − 1) · · · (xj1 − 1)

=
m∑

jn,...,j1=1

Djn···j1(f) · (xjn − 1) · · · (xj1 − 1) ∈ IQn.

The Uniqueness Theorem also leads us to the following:

Proposition 16. Z[X] has no zero divisors.

This is in fact an application of a theorem from [8] which states that if G is a

group that is indicable throughout and R has no zero divisors, then the group

ring R[G] has no zero divisors. (A group is indicable throughout if there exists

a group homomorphism onto Z.) Clearly, this applies to Z[X], however, we

can prove it using only the results we have obtained in this dissertation:

Proof. Let h = f · g where f, g ̸= 0. By Equation (3.8):

Djn+q ···j1(h) =

n+q∑
i=1

Djn+q ···ji(f) ·Dji−1···j1(g)(1) + f ·Djn+q ···j1(g)

and so:

Djn+q ···j1(h)(1) =

n+q∑
i=1

Djn+q ···ji(f)(1)Dji−1···j1(g)(1) + f(1)Djn+q ···j1(g)(1).

Since f, g ̸= 0, there must exist n, q ∈ N such that f /∈ Qn+1, f ∈ Qn, g /∈ Qq+1

and g ∈ Qq. This is because f, g ∈ Q0 = Z[X] at least and by Proposition

14 there must be some point in taking powers of Q at which f and g cease

belonging to the ideals. Therefore, following Proposition 13, there exists some

nth-order derivative of f that does not vanish at x = 1 and similarly a qth-

order derivative of g. However, all derivatives of order up to n and q of f and

g respectively disappear at x = 1. Thus, for some choice of indices j1, ..., jn+q:

Djn+q ···j1(h)(1) = Djn+q ···jq+1(f)(1)Djq ···j1(g)(1) + f(1)Djn+q ···j1(g)(1)

where Djn+q ···jq+1(f)(1)Djq ···j1(g)(1) ̸= 0. Clearly, if n > 0, then f(1) = 0 and

so this equation tells us that Djn+q ···j1(h)(1) ̸= 0. However, if n = 0, then

f(1) ̸= 0 and this becomes:

Djq ···j1(h)(1) = f(1)Djq ···j1(g)(1) + f(1)Djq ···j1(g)(1) ̸= 0.
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Either way, Djn+q ···j1(h)(1) ̸= 0 and so h ̸= 0.

Note that the proof in [7] has errors in its presentation: the bracketing is done

incorrectly and the case of n = 0 is omitted. (Admittedly, this case is very

simple to consider.)

It is now relevant to introduce the lower central series of X:

Definition 36. The lower central series of a group G is a series of normal

subgroups G1 ⊇ G2 ⊇ G3 ⊇ · · · of G known as the commutator subgroups,

defined inductively as follows: G1 = G and for any n ≥ 1, Gn+1 is the subgroup

generated by all of the commutators [g, h] = ghg−1h−1 with g ∈ Gn and h ∈ G.

Explicitly:

Gn+1 = {[g1, h1][g2, h2] · · · [gk, hk] : k ∈ N, g1, ..., gk ∈ Gn, h1, ..., hk ∈ G} .

Note that each commutator subgroup is indeed a normal subgroup of all pre-

ceeding commutator subgroups. It is obvious that they are all subgroups. Now

suppose that u ∈ Gn and g ∈ Gn−1. Then:

gug−1 = u
(
u−1gug−1

)
= u[u−1, g] ∈ Gn

since u−1 ∈ Gn ⊆ Gn−1 and g ∈ G. Therefore, Gn ⊴Gn−1 and continuing this

approach yields Gn ⊴Gn−1 ⊴Gn−2 ⊴ · · ·⊴G1.

Note here that for the commutator subgroup G2 we may also write [G,G],

for G3 we may write [G2, G], etc. The notation G2, G3, ... is more succinct

but possibly less clear depending on the context. As implied earlier, we will

be interested in the lower central series of X. In fact, it will become clear

that the lower central series of X is closely connected to the series of ideals

Q ⊇ Q2 ⊇ Q3 ⊇ · · · .

For the following work, however, we rely on a result from [15], namely that

u ∈ Xn if and only if all of its derivatives of order 1, 2, ..., n − 1 “vanish at

x = 1.” (In [15] this is phrased as u ∈ Xn if and only if u has dimension

greater than or equal to n.) This claim, combined with Proposition 13, leads

directly to:

Lemma 4. For any u ∈ X and n ∈ N, u ∈ Xn if and only u− 1 ∈ Qn.

Equivalently:
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Proposition 17. Qn determines Xn.

However, Xn is also determined by the ideal corresponding to it. We denote

this ideal by Qn and call it the nth lower central ideal. We can describe

this ideal completely: based on Proposition 11, it is obvious that Qn ⊆ Qn.

Furthermore, we have Q1 = Q since X clearly corresponds to Q. It may

be interesting to briefly note that for each n ∈ N, Qn is generated by the

elements of {gh− hg : g ∈ Xn−1, h ∈ X}. This is because Xn is generated by

{ghg−1h−1 : g ∈ Xn−1, h ∈ X} and so from Proposition 12, the generators of

Qn are the elements ghg−1h−1 − 1. Because of how ideals are generated we

may simply right-multiply each generator by hg and obtain the form gh− hg.

Thereby, we know the precise composition of this ideal.

Moreover, from Proposition 17 we can extrapolate that ∩n∈NQn determines

∩n∈NXn. But from Proposition 14, we know that ∩n∈NQn = {0} and hence

∩n∈NXn = {1}.

Finally, we discuss what implications Proposition 17 has regarding the struc-

ture of other group algebras. It allows us to glean results for particular groups,

namely those that can be constructed using the same generators of X but pos-

sibly with conditions limiting the freeness of the group. Explicitly, this is any

group G that is a homomorphic image of X. The fundamental ideal of the

group algebra Z[G] can be denoted by O, allowing for the following result

analogous to Proposition 17:

Proposition 18. Let G be a group such that there exists a surjective homo-

morphism ϕ : X → G. Then for any n ∈ N, the ideal On determines the nth

lower central group Gn.

It should be obvious without proof that in such a case ϕ̃ : Z[X] → Z[G] is a

surjective ring homomorphism. However, the proof of the above proposition

relies upon further results that are somewhat less obvious:

Lemma 5. If ϕ : X → G is a surjective group homomorphism, then ϕ|Xn :

Xn → Gn and ϕ̃|Qn : Qn → On are also surjective homomorphisms.

This result is alluded to in [7], however, it is not proved, presumably because

the proof is fairly straightforward and very tedious. Nevertheless, we shall

present the proof for the sake of comprehensiveness:

Proof. We can immediately see that these are homomorphisms, however, we

must show that they are surjective and that ϕ (Xn) ⊆ Gn and ϕ̃ (Qn) ⊆ On.
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We will do this by induction on n.

Firstly let n = 1. Then ϕ|Xn = ϕ and immediately satisfies the desired prop-

erties. Now we must consider ϕ̃|Qn = ϕ̃|Q. If f ∈ Q, then õ(f) = 0 and so

õ
(
ϕ̃(f)

)
= 0 as well since ϕ̃ has no effect on the coefficients in the sum of f .

Therefore, ϕ̃(f) ∈ O, meaning that ϕ̃(Q) ⊆ O. Now to demonstrate surjectiv-

ity we must consider g ∈ O. Recalling that ϕ̃ is a surjective homomorphism

from Z[X] to Z[G], there must exist some f ∈ Z[X] such that ϕ̃(f) = g. By

similar logic to that earlier in this paragraph, we can conclude that f ∈ Q.

Thus, ϕ̃|Q is surjective.

Now assume that the statement holds up to n − 1. Letting u ∈ Xn, we can

write u = [u1, v1] · · · [uk, vk] where u1, ..., uk ∈ Xn−1 and v1, ..., vk ∈ X. Then:

ϕ(u) = ϕ ([u1, v1] · · · [uk, vk]) = [ϕ(u1), ϕ(v1)] · · · [ϕ(uk), ϕ(vk)] ∈ Gn

since ϕ(u1), ..., ϕ(uk) ∈ Gn−1 and ϕ(v1), ..., ϕ(vk) ∈ G. Thus, ϕ (Xn) ⊆ Gn.

In order to prove surjectivity we let g ∈ Gn. Then g = [g1, h1] · · · [gk, hk] for
g1, ..., gk ∈ Gn−1 and h1, ..., hk ∈ G. But there must exist u1, ..., uk ∈ Xn−1

and v1, ..., vk ∈ X such that ϕ(u1) = g1, ..., ϕ(uk) = gk and ϕ(v1) = h1, ...,

ϕ(vk) = hk. Hence, ϕ(u) = g where u = [u1, v1] · · · [uk, vk] ∈ Xn. Thereby,

ϕ|Xn : Xn → Gn is indeed a surjective homomorphism.

For ϕ̃|Qn the process is very similar. Considering f ∈ Qn, we may express f

as f =
∑

k f1k · · · fnk where each fik ∈ Q. Then:

ϕ̃(f) =
∑
k

ϕ̃ (f1k) · · · ϕ̃ (fnk) ∈ On

since ϕ̃ (fik) ∈ O always. Thus, ϕ̃ (Qn) ⊆ On. Lastly, we show that for any

g ∈ On there exists f ∈ Qn such that ϕ̃(f) = g. Any such g can be expressed

as g =
∑

k g1k · · · gnk where gik ∈ O for all i, k. Then for each pair i, k there

exists some fik ∈ Q such that ϕ̃ (fik) = gik and so:

ϕ̃

(∑
k

f1k · · · fnk

)
=
∑
k

ϕ̃ (f1k) · · · ϕ̃ (fnk) = g.

Clearly,
∑

k f1k · · · fnk ∈ Qn and thus the proof is completed.
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Proof of Proposition 18. To prove this we must show that:

Gn = {g ∈ G : g − 1 ∈ On} .

First consider g ∈ Gn. Then by Lemma 5 there must exist u ∈ Xn such that

ϕ(u) = g. But by Proposition 17, u− 1 ∈ Qn and hence Lemma 5 tells us that

g − 1 = ϕ(u)− 1 = ϕ̃(u− 1) ∈ On. Thus:

Gn ⊆ {g ∈ G : g − 1 ∈ On} .

Conversely, let g ∈ G such that g − 1 ∈ On. Firstly, there exists u ∈ X such

that ϕ(u) = g and:

ϕ̃(u− 1) = ϕ(u)− 1 = g − 1 ∈ On.

It seems intuitive at this point that u − 1 ∈ Xn, however, this is not assured

based on our working thus far. To this end, let:

ϕ̃(u− 1) =
∑
k

g1k · · · gnk

where gik ∈ O for each pair i, k. But ϕ̃ cannot introduce sums and therefore

u− 1 must have the form u− 1 =
∑

k fk such that:

ϕ̃ (fk) = g1k · · · gnk.

At this point we may express the terms in the above sum as g1k =
∑

g∈G a1kgg, ...,

gnk =
∑

g∈G ankgg where
∑

g∈G a1kg = · · · =
∑

g∈G ankg = 0. Hence:

ϕ̃ (fk) =
∑
g∈G

(
· · ·
∑
h∈G

a1kg···h−1 · · · ankh · · ·

)
g.

But each g ∈ G in this sum can be expressed as ϕ(u) for some u ∈ X. Thereby,

the above sum over G can rewritten as a sum over X:

ϕ̃ (fk) =
∑
u∈X

(
· · ·
∑
v∈X

a1ku···v−1 · · · ankv · · ·

)
ϕ(u).

There may not be a unique way of summing over X as each g ∈ G might be

mapped from any number of elements of u ∈ X. However, the relevant fact

is that there must be at least one way of expressing ϕ̃ (fk) as above. Again,
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since ϕ̃ cannot create sums it must be possible to write fk as:

fk =
∑
u∈X

(
· · ·
∑
v∈X

a1ku···v−1 · · · ankv · · ·

)
u =

(∑
u∈X

a1kuu

)
· · ·

(∑
u∈X

ankuu

)

where
∑

u∈X a1ku = · · · =
∑

u∈X anku = 0. Since this is true for each k, we can

conclude that u − 1 =
∑

k fk ∈ Qn. Proposition 17 then tells us that u ∈ Xn

and hence g = ϕ(u) ∈ Gn. Thus:

{g ∈ G : g − 1 ∈ On} ⊆ Gn.

We now know that Proposition 18 holds which is useful because this means

that properties of the lower central groups can be used to describe the ideals

O ⊇ O2 ⊇ O3 · · · and vice versa.

Having discussed the subgroups determined by Qn, it may be interesting to

expand this to something broader. Considering the way we generalised Propo-

sition 13 to Proposition 15, it would be interesting to know what subgroups

are determined by the ideals IQn. We know for I = Qq, but it would be in-

structive to have answers for the general case. Unfortunately, neither we nor

Ralph H. Fox in 1952 had an answer for the completely general case. We do,

however, have one result from [7]:

Proposition 19. The ideal IQ determines the commutator subgroup [N,N ]

of N , where N is the normal subgroup of X that corresponds to I.

Proof. We let ϕ be the homomorphism such that N = ker(ϕ) and I = ker
(
ϕ̃
)
.

Now, for any u, v ∈ N and xj ∈ (x):

Dj([u, v]) = Dj

(
uvu−1v−1

)
= Dj(u) + u ·Dj(v) + uv ·Dj

(
u−1
)
+ uvu−1 ·Dj

(
v−1
)

= Dj(u) + u ·Dj(v)− uvu−1 ·Dj (u)− uvu−1v−1 ·Dj (v)

=
(
1− uvu−1

)
·Dj(u) + u ·

(
1− vu−1v−1

)
·Dj(v).

But ϕ(u) = ϕ(v) = 1 and so ϕ̃ (1− uvu−1) = ϕ̃ (1− vu−1v−1) = 0, mean-

ing that Dj([u, v]) ∈ ker
(
ϕ̃
)

= I. Also, Dj([u, v] − 1) = Dj([u, v]) and so

Dj([u, v] − 1) ∈ I. Thus, all derivatives of order 1 of [u, v] − 1 belong to I.

Furthermore, ([u, v]− 1)(1) = 0, i.e. [u, v]− 1 ∈ Q. Thus, by Proposition 15,

[u, v] − 1 ∈ IQ. It is trivial to extend this to the fact that u − 1 ∈ IQ for all
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u ∈ [N,N ].

The subgroup determined by IQ is NIQ = {u ∈ X : u − 1 ∈ IQ}. Clearly,

[N,N ] ⊆ NIQ.

Now we must show that NIQ ⊆ [N,N ]. To that end, consider w ∈ X such

that w ∈ NIQ, i.e. w− 1 ∈ IQ. We will prove by induction on the length of w

that w ∈ [N,N ]. (For convenience we will denote this length by l instead of

writing l(w) every time.)

Firstly, let l = 0. Then w = 1. But 1 ∈ N and so w = [1, 1] ∈ [N,N ].

Now consider w such that l > 0 and assume that y ∈ [N,N ] for all y ∈ NIQ

with 0 ≤ l(y) < l. Since w − 1 ∈ IQ, by Proposition 15, Dj(w − 1) ∈ I for

all xj ∈ (x). But Dj(w) = Dj(w − 1) and so Dj(w) ∈ I for all j. Therefore,

ϕ̃(Dj(w)) = 0 for every j. Returning to Equation (3.4), though, this becomes:∑
ji=j

ϵiϕ
(
w(i)

)
= 0.

But ϕ
(
w(i)

)
is always a group element and all the coefficients are either 1 or

−1. Therefore, the terms must all cancel each other out pairwise. Hence, it

must be possible to pair up all the indices 1, ..., l so that for each pair p < q

with jp = jq = j, we have ϵp + ϵq = 0 and ϕ
(
w(p)

)
= ϕ

(
w(q)

)
. So:

0 = ϵpϕ
(
w(p)

)
+ ϵqϕ

(
w(p)

)
= ϕ̃

(
ϵpw(p) + ϵqw(q)

)
= ϵqϕ̃

(
xϵ1j1 · · ·x

ϵq−1

jq−1
x

ϵq−1

2
jq

− xϵ1j1 · · ·x
ϵp−1

jp−1
x

ϵp−1

2
jp

)
= ϵqϕ

(
xϵ1j1 · · · x

ϵq−1

jq−1
x

ϵq−1

2
jq

)
− ϵqϕ

(
xϵ1j1 · · ·x

ϵp−1

jp−1
x

ϵp−1

2
jp

)
From here we get the following string of equations:

ϕ

(
xϵ1j1 · · ·x

ϵq−1

jq−1
x

ϵq−1

2
jq

)
= ϕ

(
xϵ1j1 · · ·x

ϵp−1

jp−1
x

ϵp−1

2
jp

)
⇒ ϕ

(
x

1−ϵp
2

jp
x
−ϵp−1

jp−1
· · ·x−ϵ1j1

)
ϕ

(
xϵ1j1 · · ·x

ϵq−1

jq−1
x

ϵq−1

2
jq

)
= 1

⇒ ϕ

(
x

ϵp+1

2
jp

x
ϵp+1

jp+1
· · ·xϵq−1

jq−1
x

ϵq−1

2
jq

)
= 1

since all generators are cancelled from j1 to jp−1 (seeing as p < q) and x
1−ϵp

2
jp



CHAPTER 3. FOX-DERIVATIONS 60

is multiplied with xpj . We can remove the first and last factors on the left to

obtain:

ϕ
(
x
ϵp+1

jp+1
· · ·xϵq−1

jq−1

)
= ϕ

(
x
− ϵp+1

2
jp

x
1−ϵq

2
jq

)
.

But jp = jq and ϵp = −ϵq, so this becomes:

ϕ
(
x
ϵp+1

jp+1
· · ·xϵq−1

jq−1

)
= 1

and hence x
ϵp+1

jp+1
· · ·xϵq−1

jq−1
∈ N . Remember, though, that this holds for any

generator at all. So we pair up all generator indices 1, ..., l into p < q where

xjp = xjq and ϵp + ϵq = 0, resulting in x
ϵp+1

jp+1
· · ·xϵq−1

jq−1
∈ N . Note that we must

always have q > p+ 1: if q = p+ 1, then this would contradict Definition 31.

Of these pairs, there must be one p′ < q′ that is furthest left, that is q′ ≤ q for

all q. Then p′′ = q′ − 1 must be paired with q′′ > q. Thus, w has the form:

w = axϵjbx
η
kx

−ϵ
j cx

−η
k d

taking x−ϵj = x
ϵq′
jq′

and xηk = x
ϵp′′
jp′′

. Here bxηk = x
ϵp′+1

jp′+1
· · ·xϵq′−1

jq′−1
and x−ϵj c =

x
ϵp′′+1

jp′′+1
· · ·xϵq′′−1

jq′′−1
, so bxηk, x

−ϵ
j c ∈ N . Remembering that [N,N ] is a normal sub-

group of G:

(bxηk)
(
x−ϵj c

)
(bxηk)

−1 (x−ϵj c)−1 ∈ [N,N ]

⇒
(
axϵj
)
(bxηk)

(
x−ϵj c

)
(bxηk)

−1 (x−ϵj c)−1 (
axϵj
)−1 ∈ [N,N ]

⇒
(
axϵj
)
(bxηk)

(
x−ϵj c

) (
x−ηk d

) (
x−ηk d

)−1
(bxηk)

−1 (x−ϵj c)−1 (
axϵj
)−1 ∈ [N,N ]

⇒ w(acbd)−1 ∈ [N,N ].

But [N,N ] ⊆ NIQ and so w(acbd)−1 ∈ NIQ. Seeing as w ∈ NIQ, we must

have that acbd ∈ NIQ. Clearly, l(acbd) < l and so by the inductive hypothesis,

acbd ∈ [N,N ]. Then w ∈ [N,N ] because w(acbd)−1 ∈ [N,N ]. This completes

the induction.

We finish this section with one final result relating to the product of ideals

with the fundamental ideal:

Proposition 20. Let u ∈ X and let I be an ideal of Z[X] that corresponds to

a finitely generated normal subgroup N ⊴ X. Then u − 1 ∈ I if and only if

there exists n ∈ N such that u− n ∈ IQ.
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Proof. Again we let ϕ be the group homomorphism such that N = ker(ϕ) and

I = ker
(
ϕ̃
)
.

We begin with the backward implication. Suppose that there exists n ∈ N

such that u−n ∈ IQ. Then u−n ∈ I and so ϕ̃(u−n) = 0, i.e. ϕ(u) = ϕ(n) = 1.

Thus, ϕ̃(u− 1) = ϕ(u)− ϕ(1) = 1− 1 = 0 and so u− 1 ∈ I.

Now suppose that u− 1 ∈ I. Then, from Proposition 12:

u− 1 =
l∑

i=1

ϵici(pi − 1)bi

where ϵ = ±1, ci, bi ∈ X and pi ∈ N for all i. For each i, set ai = cip
1−ϵi

2
i ∈ X

and ni = pϵii ∈ N so that:

ai(ni − 1) = cip
1−ϵi

2
i (pϵii − 1) = cip

ϵi+1

2
i − cip

1−ϵi
2

i

= ϵicipi − ϵici = ϵici(pi − 1)

meaning that:

u− 1 =
l∑

i=1

ai(ni − 1)bi.

Define n =
∏l

i=1 ainia
−1
i ∈ N . Then:

n− 1 =
l∑

i=1

ai(ni − 1)a−1
i

l∏
k=i+1

aknka
−1
k

and so:

u− n = (u− 1)− (n− 1)

=
l∑

i=1

ai(ni − 1)bi −
l∑

i=1

ai(ni − 1)a−1
i

l∏
k=i+1

aknka
−1
k

=
l∑

i=1

ai(ni − 1)

(
bi − a−1

i

l∏
k=i+1

aknka
−1
k

)
.

But for each i, ai(ni− 1) ∈ I since ni− 1 ∈ I and bi−a−1
i

∏l
k=i+1 aknka

−1
k ∈ Q

since all involved quantities are from the group. Therefore, u− n ∈ IQ.
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3.4 Commutator Results

We end our review of [7] by presenting a selection of results related to the

commutators of free group elements. Firstly:

Proposition 21. For any n ≥ 2, if w ∈ Xn, then Djr···j1(w)(1) = 0 for

r = 1, 2, ..., n − 1 and if u, v ∈ Xn, then Djn···j1(uv)(1) = Djn···j1(u)(1) +

Djn···j1(v)(1).

The original paper [7] claims that this statement holds for any n ≥ 1, however,

we believe that the first part of the statement does not hold for n = 1. It is

not entirely clear what it would even mean in this case, however, we err on the

side of caution and so simply restrict the statement to n ≥ 2.

Proof. We use induction on n. Let n = 2. It is sufficient to prove the statement

for w = [u, v] for some u, v ∈ X. Then, as stated in the proof of Proposition

19:

Dj(w) =
(
1− uvu−1

)
Dj(u) +

(
u− uvu−1v−1

)
Dj(v)

and so Dj(w)(1) = 0.

Now, for any u, v ∈ X2, by Equation (3.8):

Dj2j1(uv) = Dj2j1(u) · v(1) +Dj2(u) ·Dj1(v)(1) + u ·Dj2j1(v)

⇒ Dj2j1(uv)(1) = Dj2j1(u)(1) +Dj2(u)(1)Dj1(v)(1) +Dj2j1(v)(1)

But by the first part which we have already proved, Dj2(u)(1) = Dj1(v)(1) = 0,

so:

Dj2j1(uv)(1) = Dj2j1(u)(1) +Dj2j1(v)(1).

Now let n > 2 and assume that the statement holds for 2, ..., n−1. Let w ∈ Xn.

Again, it is sufficient to consider only w = [u, v] where u ∈ Xn−1 and v ∈ X.

Then for any r = 1, ..., n− 1:

Djr···j1(uv) =
r∑
i=1

Djr···ji(u) ·Dji−1···j1(v)(1) + u ·Djr···j1(v)

⇒ Djr···j1(uv)(1) =
r∑
i=1

Djr···ji(u)(1)Dji−1···j1(v)(1) + u(1)Djr···j1(v)(1)

= Djr···ji(u)(1) +Djr···j1(v)(1)
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by the inductive hypothesis. Also, wvu = uv and so:

Djr···j1(wvu)(1) = Djr···ji(u)(1) +Djr···j1(v)(1).

But, again using the inductive hypothesis:

Djr···j1(wvu) =
r∑
i=1

Djr···ji(wv) ·Dji−1···j1(u)(1) + wv ·Djr···j1(u)

= Djr···j1(wv) · u(1) + wv ·Djr···j1(u)

and:

Djr···j1(wv) =
r∑
i=1

Djr···ji(w) ·Dji−1···j1(v)(1) + w ·Djr···j1(v)

meaning that:

Djr···j1(wvu) =
r∑
i=1

Djr···ji(w) ·Dji−1···j1(v)(1) + w ·Djr···j1(v) + wv ·Djr···j1(u).

Therefore:

Djr···j1(wvu)(1) =
r∑
i=1

Djr···ji(w)(1)Dji−1···j1(v)(1)

+ w(1)Djr···j1(v)(1) + w(1)v(1)Djr···j1(u)(1)

=Djr···j1(w)(1) +Djr···j1(v)(1) +Djr···j1(u)(1)

since w ∈ Xn ⊆ Xn−1 and so from the inductive hypothesis, Djr···ji(w)(1) = 0

unless perhaps i = 1. So, in summary:

Djr···j1(w)(1) +Djr···j1(v)(1) +Djr···j1(u)(1) = Djr···ji(u)(1) +Djr···j1(v)(1)

meaning that:

Djr···j1(w)(1) = 0

for any r = 1, ..., n − 1. Thus, the first part of the proposition is proved.

Proving the second part for arbitrary n is extremely similar to proving it for

n = 2 and so we do not need to do this explicitly.
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The paper then presents the claim that for u ∈ Xn and v ∈ Xq:

Djn+q ···j1([u, v])(1) = Djn+q ···jn+1(u)(1)Djq ···j1(v)(1)

−Djn+q ···jq+1(v)(1)Djn···j1(u)(1).

This strikes us as strange, though. There are various equations involving

summing over different orders of derivatives and since u ∈ Xn and v ∈ Xq, all

derivatives of order 1, ..., n− 1 and 1, ..., q − 1 of u and v respectively “vanish

at x = 1.” For this reason it would make intuitive sense if the only remaining

terms on the right-hand side of the above equation were to involve nth-order

and qth-order derivatives of u and v respectively. But it does not. A more

intuitive version of the equation would be:

Djn+q ···j1([u, v])(1) = Djn+q ···jq+1(u)(1)Djq ···j1(v)(1)

−Djn+q ···jn+1(v)(1)Djn···j1(u)(1).

The equation as stated in the paper also does not follow from the equations

used in the proof from the paper.

Lastly, we generalise the following equation:

[u, vw] = [u, v][u,w]v. (3.15)

This can easily be seen to be true. For the following, we will say u−v = (uv)−1.

We generalise Equation 3.15 as:

Proposition 22. If u ∈ X and v =
∏l

i=1 x
ϵi
ji
, then [u, v] =

∏l
i=1[u, xji ]

ϵiv(i).

Proof. If ϵi = 1, then [u, xji ]
ϵiv(i) = [u, xji ]

x
ϵ1
j1
···x

ϵi−1
ji−1 . But if ϵi = −1:

[u, xji ]
ϵiv(i) = [u, xji ]

−xϵ1j1 ···x
ϵi
ji =

(
xϵ1j1 · · ·x

−1
ji
uxjiu

−1x−1
ji
xji · · · x

−ϵ1
j1

)−1

= xϵ1j1 · · · x
ϵi−1

ji−1
ux−1

ji
u−1xjix

−ϵi−1

ji−1
· · ·x−ϵ1j1

=
[
u, x−1

ji

]xϵ1j1 ···xϵi−1
ji−1 .

So, irrespective of the value of ϵi, we find that [u, xji ]
ϵiv(i) =

[
u, xϵiji

]xϵ1j1 ···xϵi−1
ji−1 .

Thus:

l∏
i=1

[u, xji ]
ϵiv(i) =

l∏
i=1

[
u, xϵiji

]xϵ1j1 ···xϵi−1
ji−1
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=
(
uxϵ1j1u

−1x−ϵ1j1

)
·
(
xϵ1j1ux

ϵ2
j2
u−1x−ϵ2j2

x−ϵ1j1

)
· · ·(

xϵ1j1 · · ·x
ϵl−1

jl−1
uxϵljlu

−1x−ϵljl
x
−ϵl−1

jl−1
· · ·x−ϵ1j1

)
= uxϵ1j1 · · ·x

ϵl
jl
u−1x−ϵljl

· · ·x−ϵ1j1

=
[
u, xϵ1j1 · · ·x

ϵl
jl

]
= [u, v].



Chapter 4

Review of Category Theory

We now briefly move to category theory, a very general approach to mathemat-

ical structures. This will be useful in our discussions of the existing research.

We must begin with some necessary definitions.

In our approach we will be using classes, a notion similar to sets. Classes

are defined as in Von Neumann-Bernays-Gödel set theory. The axiomatic

definition is lengthy and will therefore not be given here. Suffice it to say that

a class is a collection of objects defined by a property that all its members

share. Classes resolve the paradoxes that arise while working with sets by

working with “layers” of set theory. We cannot have a set of all sets, but there

exists a class of all sets. Furthermore, there is a superclass of all classes and

so on. Classes are not more general than sets in the sense that we still cannot

have a class of all classes. Note that all sets are classes but some classes are

not sets. These are called proper classes.

With this notion of classes in mind, we can define categories. For the Defini-

tions 37 to 39 we follow [9]:

Definition 37. A category C has a class of objects Obj(C) along with a

class of morphisms Mor(C) (also denoted by Hom(C)) between these objects.

There must exist a well-defined domain function dom : Mor(C) → Obj(C) and

codomain function cod : Mor(C) → Obj(C). For all a, b ∈ Obj(C), we require

that there exists a set Mor(a, b) of all morphisms f ∈ Mor(C) with dom(f) = a

and cod(f) = b. Further, we must have a composition of morphisms in C

◦ : Mor(b, c)×Mor(a, b) → Mor(a, c) for any a, b, c ∈ Obj(C).

Lastly, a category must satisfy associativity of composition and have identity

66
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morphisms in the following sense:

1. For any objects a, b, c, d ∈ Obj(C), if f ∈ Mor(a, b), g ∈ Mor(b, c) and

h ∈ Mor(c, d), then h ◦ (g ◦ f) = (h ◦ g) ◦ f .

2. For every x ∈ Obj(C), there exists a morphism Idx ∈ Mor(x, x) such that

for all a, b ∈ Obj(C), f ◦ Idx = f for any f ∈ Mor(x, a) and Idx ◦g = g

for any g ∈ Mor(b, x).

One example of a category would be G, the category of all groups with Obj(G)

being the class of all groups and Mor(G) the class of all group homomorphisms.

With the notion of a category established, we introduce some relevant concepts

within category theory, following [14]. Firstly, we define homomorphisms of

categories:

Definition 38. Given two categories C1 and C2, a functor from C1 to C2

is a pair of mappings (F, F ′) : C1 → C2 with F : Obj(C1) → Obj(C2) and

F ′ : Mor(C1) → Mor(C2) that preserves domain and codomain, identity and

composition. That is, for all a ∈ Obj(C1) and f, g ∈ Mor(C1):

F (a) ∈ Obj(C2),

F ′(f) ∈ Mor(C2),

F ′(f) ∈ Mor(F (dom(f)), F (cod(f))),

F ′(Ida) = IdF (a),

F ′(g ◦ f) = F ′(g) ◦ F ′(f),

whenever the composition g ◦ f is admitted.

It is natural to consider an isomorphism of categories to be a functor which is

bijective on objects and morphisms.

Category theory further introduces a generalisation of disjoint unions, known

as the coproduct. This is denoted by a
∐
b for objects a and b. As noted,

this is a generalisation, however, for our purposes the only coproduct we will

consider is the disjoint union. Therefore, we will not provide the lengthy formal

definition.
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4.1 The Groupoid of the Adjoint Action

Definition 39. A groupoid is a category in which every morphism is invert-

ible, that is for every morphism f : a→ b there exists a morphism f−1 : b→ a

such that f−1 ◦ f = Ida and f ◦ f−1 = Idb.

Many different categories are in fact groupoids, however, we are focusing on

groupoids defined by means of group actions:

Definition 40. Given a group G and a set X, a (left) group action of G on

X is an operation ∗ : G×X → X such that for all g, h ∈ G and x ∈ X:

eG ∗ x = x,

g ∗ (h ∗ x) = (gh) ∗ x.

We can of course consider an action of a group G on itself. We can then con-

struct a groupoid Γ using a finitely generated discrete group G and an action

∗ on itself: we define Obj (Γ) = G and for each a, b ∈ G we set Mor(a, b) =

{g ∈ G : g ∗ a = b}, defining Mor (Γ) =
∐

a,b∈GMor(a, b). This means

that we are considering morphisms g ∈ Mor(a, b) to be arrows a b
g

where g ∗ a = b. The composition of g ∈ Mor(a, b) and h ∈ Mor(b, c) is

hg ∈ Mor(a, c). Note that in this case we must have hg ∈ Mor(a, c) since

(hg) ∗ a = h ∗ (g ∗ a) = h ∗ b = c.

Then each morphism in Γ is invertible: for any g ∈ Mor(a, b), we have that

g−1 ∈ Mor(b, a) since g−1 ∗ b = g−1 ∗ (g ∗ a) = (g−1g) ∗ a = a. Clearly,

g−1g = eG = gg−1 and eG is the identity morphism for both a and b. Therefore,

g−1 is the morphism inverse of g.

We focus one particular such groupoid, namely the groupoid of the adjoint

action, that is g ∗ a = gag−1. In this case, g ∗ a = b if and only if ga = bg.

Here we provide a rigorous definition of this category as described in [3]:

Definition 41. The groupoid of the adjoint action on G is a category

Γ with objects Obj(Γ) = G. The set of morphisms with domain a ∈ G and

codomain b ∈ G is as follows:

Mor(a, b) = {g ∈ G : ga = bg}.

We use the notation
(
a→b
g

)
to denote a morphism g ∈ Mor(a, b). This distin-
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guishes between
(
a→b
g

)
and

(
c→d
g

)
in a case where ga = bg and gc = dg. Like

this, we can define the set of all morphisms on Γ as the disjoint union:

Mor(Γ) =
∐
a,b∈G

Mor(a, b).

Composition of morphisms is defined by:(
b→ c

h

)
◦
(
a→ b

g

)
=

(
a→ c

hg

)
for all a, b, c, g, h ∈ G where ga = bg and hb = ch.1 For each a ∈ Obj(Γ), the

identity morphism is given by Ida =
(
a→a
e

)
.

This is indeed a groupoid: for any
(
a→b
g

)
∈ Mor(Γ) the inverse is given by(

b→a
g−1

)
. Note also that Mor(a, b) is non-empty if and only if a and b belong to

the same conjugacy class.

Definition 42. A morphism ξ ∈ Mor(Γ) is a loop if its domain and codomain

are equal, that is ξ ∈ Mor(a, a) for some a ∈ G.

With the above in mind, we can construct subgroupoids of Γ: for any u ∈ G,

we define the subgroupoid Γ[u] as the category with objects Obj
(
Γ[u]

)
= [u]

and morphisms Mor
(
Γ[u]

)
=
{(

a→b
g

)
∈ Mor(Γ) : a, b ∈ [u], g ∈ G

}
, where [u]

is the conjugacy class of u as in Definition 5.

Note 20. The groupoid can be decomposed into a disjoint union of subgroupoids

as follows:

Obj (Γ) =
∐

[u]∈[G]

Obj
(
Γ[u]

)
,

Mor (Γ) =
∐

[u]∈[G]

Mor
(
Γ[u]

)
where [G] = {[u] : u ∈ G}.

This decomposition is fairly straightfoward. The one point to explain explicitly

is that the union of all classes Mor
(
Γ[u]

)
indeed covers all of Mor(Γ): we cannot

have any morphism
(
a→b
g

)
that is not a member of some class Mor(Γ[u]). This

is because a = eae−1 and b = gag−1, so a, b ∈ [a], i.e.
(
a→b
g

)
∈ Mor(Γ[a]).

Further, for each u ∈ G we can define a subgroupoid Mor(u, u) with mor-

phisms Mor(u, u) and the solitary object u. Note that every morphism in this

1This guarantees that hga = hbg = chg.
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subgroupoid will have the form
(
u→u
g

)
where g commutes with u. We will

denote by Z(u) the set of all group elements that commute with u. Further,

we will denote by Z(G), the group of all elements that commute with every

element in G, known as the centre of G:

Z(u) = {g ∈ G : gu = ug}, (4.1)

Z(G) = {g ∈ G : gu = ug,∀u ∈ G}. (4.2)

Note that Z(u) and Z(G) are both subgroups of G.

We now introduce a type of function on Γ analogous to a homomorphism:

Definition 43. A mapping T : Mor(Γ) → C is a character on Γ if T (η◦ξ) =
T (η) + T (ξ) for all η, ξ ∈ Mor(Γ) admitting the composition η ◦ ξ.

Note 21. If T is a character on Γ, then for any a ∈ G, T
(
a→a
e

)
= 0. This

is because
(
a→a
e

)
= Ida and so for any morphism ξ admitting the composition

ξ ◦
(
a→a
e

)
:

T (ξ) = T
(
ξ ◦
(a→ a

e

))
= T (ξ) + T

(a→ a

e

)
.

Definition 44. We set Hg =
{(

a→b
g

)
∈ Mor(Γ) : a ∈ G, b = gag−1

}
for each

g ∈ G. A function T : Mor(Γ) → C is said to be locally finitely supported

if for all g ∈ G, T |Hg : Hg → C is finitely supported. A subscript f is used

to denote the restriction of any set of functions to locally finitely supported

functions.

The set of all characters on Γ is denoted T (Γ). Following Definition 44, Tf (Γ)

denotes the set of all locally finitely supported characters on Γ. On T (Γ) we

define addition and scalar multiplication over C pointwise, just as was done

with derivations in Section 2. With these in mind we obtain the following

result:

Note 22. T (Γ) is a vector space over C with pointwise addition and scalar

multiplication. Likewise, Tf (Γ) is also a vector space over C.

The proof of this result is very straightforward, defining identity and additive

inverses in the same way as was done for derivations.
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4.1.1 Characters of Subgroupoids

We can consider the characters of subgroupoids as well, defined in exactly the

same way but only taking in morphisms from these subgroupoids. This is

useful because of the following:

Proposition 23. Every character T on a subgroupoid Γ[u] or Mor(u, u) can

be extended to a character T ′ on Γ. Moreover, every locally finitely supported

character on Γ[u] can be extended to a locally finitely supported character on Γ.

Proof. In the case of a character T on Γ[u] this is done by simply setting

T ′(ξ) = 0 for all morphisms ξ not in Mor
(
Γ[u]

)
. To see that this works, consider

morphisms ξ, η ∈ Mor(Γ) such that η ◦ ξ exists. We will let ξ =
(
a→b
g

)
and

η =
(
b→c
h

)
. Consider two cases:

Case 1: ξ ∈ Mor(Γ[u]). Then a, b ∈ [u] and so b = kuk−1 for some k ∈ G.

Thus, c = hbh−1 = hkuk−1h−1 = (hk)u(hk)−1, i.e. c ∈ [u]. Therefore,

η, η ◦ ξ ∈ Mor(Γ[u]) and so:

T ′(η ◦ ξ) = T (η ◦ ξ) = T (η) + T (ξ) = T ′(η) + T ′(ξ)

by assumption.

Case 2: ξ ̸∈ Mor(Γ[u]). Then ξ ∈ Mor(Γ[v]) for some v ̸∈ [u]. By the logic

used in Case 1, η ∈ Mor(Γ[v]) as well and hence η ◦ ξ ∈ Mor(Γ[v]). So,

ξ, η, η ◦ ξ ̸∈ Mor(Γ[u]). Thus, T
′(η ◦ ξ) = 0 = T ′(η) + T ′(ξ).

Thereby, this extension of T is a character on Γ. If T is a locally finitely

supported character on Γ[u], then obviously the extension will also be locally

finitely supported on Γ since we set T ′(ξ) = 0 for all new morphisms ξ, meaning

that the support is unchanged.

In the case of a character T of Mor(u, u) the extension is slightly more involved.

First we extend it to Γ[u] and then extend further to Γ using the method already

described above:

For any
(
a→b
g

)
∈ Mor(Γ[u]), we must have that a = gaug

−1
a and b = gbug

−1
b for

some ga, gb ∈ G. Using these elements, we set:

T ′
(
a→ b

g

)
= T

(
u→ u

g−1
b gga

)
.

To show that this is indeed an extension of T from Mor(u, u) to Γ[u], we must
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first determine whether T ′ is well-defined. For any
(
a→b
g

)
∈ Mor(Γ[u]), these

ga, gb must exist and be unique. Further, ga = bg and so:

ggaug
−1
a = gbug

−1
b g

so that g−1
b ggau = ug−1

b gga.

Thereby,
(

u→u
g−1
b gga

)
exists in Mor(u, u) and so T

(
u→u
g−1
b gga

)
is defined and unique.

Thus, T ′ is well-defined on Γ[u].

Now we show that T ′ is indeed an extension of T , i.e. that T ′(ξ) = T (ξ) for all

ξ ∈ Mor(u, u). Let ξ =
(
u→u
g

)
∈ Mor(u, u). Then gu = ug and so u = gug−1.

Therefore, gu = g and consequently:

T ′(ξ) = T

(
u→ u

g−1
u ggu

)
= T

(
u→ u

g

)
= T (ξ).

Lastly, we must prove that T ′ is a character on Mor(Γ[u]). Let ξ, η ∈ Mor(Γ[u])

such that η ◦ ξ exists. We can let ξ =
(
a→b
g

)
and η =

(
b→c
h

)
. Then:

T ′(η ◦ ξ) = T ′
(
a→ c

hg

)
= T

(
u→ u

g−1
c hgga

)
= T

((
u→ u

g−1
c hgb

)
◦
(
u→ u

g−1
b gga

))
= T

(
u→ u

g−1
c hgb

)
+ T

(
u→ u

g−1
b gga

)
= T ′(η) + T ′(ξ).

Thus, T ′ is indeed an extension of T which is a character on Γ[u]. Setting

T ′(ξ) = 0 for all ξ ∈ Mor(Γ)\Mor(Γ[u]), we will have an extension of T which

is a character on all of Γ.

Note 23. For each u ∈ G we have that Tf (Mor(u, u)) = T (Mor(u, u)) since

every character of Mor(u, u) is trivially locally finitely supported based on Def-

inition 44.

Note 24. For any X ∈ T (Γ), X can be written as a sum of characters as

follows:

X =
∑

[u]∈[G]

(
X|Mor(Γ[u])

)′
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using the notation from above for extending a character from Γ[u] to Γ.

Proposition 23 means that we could equivalently consider T
(
Γ[u]

)
as the set

of all characters of Γ whose support is contained entirely within Mor
(
Γ[u]

)
:

T
(
Γ[u]

)
=
{
X ∈ T (Γ) : X(ξ) = 0, ∀ξ /∈ Mor

(
Γ[u]

)}
, (4.3)

Tf
(
Γ[u]

)
=
{
X ∈ Tf (Γ) : X(ξ) = 0, ∀ξ /∈ Mor

(
Γ[u]

)}
. (4.4)

This formulation identifies each character of Γ[u] with its extension to Γ.

Within this formulation, Note 24 tells us that every character on Γ can be

written as the sum of characters from subgroupoids of Γ. Furthermore, it is

obvious that any sum of characters on subgroupoids must be a character on

Γ. Thus, following Equation (4.3) we obtain:

T (Γ) =
⊕

[u]∈[G]

T
(
Γ[u]

)
. (4.5)

as in [2]. We can make a similar but weaker statement for Tf (Γ):

Tf (Γ) ⊆
⊕

[u]∈[G]

Tf
(
Γ[u]

)
. (4.6)

This is because every locally finitely supported character can be written as

the sum of locally finitely supported characters of subgroupoids as in Note 24,

however, such a sum is not guaranteed to be locally finitely supported. Note

that Inequality (4.6) will become an equation if [G] is finite.

4.1.2 Different Representation of Groupoid

It is worth noting that a different presentation of Γ is used in [2]. We will

denote this groupoid by Γ′. Here the objects are still simply the elements of

G, however, the morphisms are given by Mor(Γ′) = {(g, h) : g, h ∈ G} with

dom(g, h) = h−1g and cod(g, h) = gh−1. So:

Hom(a, b) = {(g, h) ∈ Mor(Γ′) : dom(g, h) = a, cod(g, h) = b}

for all a, b ∈ G. Composition of morphisms is given by:

(g2, h2) ◦ (g1, h1) = (h2g1, h2h1)
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whenever g1h
−1
1 = h−1

2 g2. Based on this, Idg = (g, e) for each g ∈ G. Sub-

groupoids can be constructed in the same way as in the previous formulation.

This formulation of the groupoid appears different, but it is in fact equivalent:

Γ′ ∼= Γ by way of the isomorphism (i.e. bijective functor) (F, F ′) : Γ′ → Γ

given by:

F (g) = g ∀g ∈ Obj(Γ′),

F ′(g, h) =

(
h−1g → gh−1

h

)
∀(g, h) ∈ Mor(Γ′).

First we will show that F and F ′ are both bijections. It is obvious that F is

bijective, being the identity mapping. It is also obvious that F ′ is well-defined.

Now suppose that F ′(g1, h1) = F ′(g2, h2) for some (g1, h1), (g2, h2) ∈ Mor(Γ′).

Then: (
h−1
1 g1 → g1h

−1
1

h1

)
=

(
h−1
2 g2 → g2h

−1
2

h2

)
,

meaning that h−1
1 g1 = h−1

2 g2, g1h
−1
1 = g2h

−1
2 and h1 = h2. We can substitute

the last of these three equations into the first to find that g1 = g2. Therefore,

(g1, h1) = (g2, h2). Thus, F
′ is injective.

Lastly, suppose that
(
a→b
g

)
∈ Mor(Γ). Then (ga, g) ∈ Mor(Γ′) and:

F ′(ga, g) =

(
g−1ga→ gag−1

g

)
=

(
a→ bgg−1

g

)
=

(
a→ b

g

)
.

Thus, F ′ is surjective. We have hence shown that F ′ is indeed a bijection.

We can now show that (F, F ′) is a functor. First, let (g, h) ∈ Mor(Γ′). Then

dom(g, h) = h−1g and cod(g, h) = gh−1. Obviously, dom(F ′(g, h)) = h−1g

and cod(F ′(g, h)) = gh−1 and so (F, F ′) preserves domain and codomain.

Now let k ∈ Obj(Γ′). Then F ′(Idk) = F ′(k, e) =
(
k→k
e

)
= Idk = IdF (k).

Hence, (F, F ′) preserves identity. It now remains only to show that (F, F ′)

preserves composition. To this end, let (g1, h1), (g2, h2) ∈ Mor(Γ′) such that

(g2, h2) ◦ (g1, h1) exists. Then g1h−1
1 = h−1

2 g2 and so:

F ((g2, h2) ◦ (g1, h1)) = F (h2g1, h2h1)

=

(
(h2h1)

−1h2g1 → h2g1(h2h1)
−1

h2h1

)
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=

(
h−1
1 g1 → h2g1h

−1
1 h−1

2

h2h1

)
=

(
h−1
1 g1 → g2h

−1
2

h2h1

)
=

(
h−1
2 g2 → g2h

−1
2

h2

)
◦
(
h−1
1 g1 → g1h

−1
1

h1

)
= F (g2, h2) ◦ F (g1, h1).

Thus, (F, F ′) is a functor and consequently an isomorphism.

This second representation of the groupoid is arguably more elegant because we

only require two elements from G to describe a morphism, however, the clunky

calculations needed to determine the domain and codomain of a morphism

make this the far less intuitive representation.



Chapter 5

Derivations of C[G]

Having introduced the groupoid of the adjoint action of G and the notion of

characters, we can now show how this connects surprisingly well to the deriva-

tions of the group algebra C[G]. In this chapter we will follow the approach

from [3], also presenting some ideas from [2]. Our review of these papers will

be less thorough than the review of [7] in Chapter 3: we will be particularly

orientated around the goal of understanding the derivations and determining

non-inner derivations and so will not consider every single result from these

papers. Particularly in the case of [2] much of the paper considers specific

examples of groups or types of group, whereas we are more interested in the

general case. We will not consider the vast majority of these examples.

Here we consider derivations in the simplest way, i.e. following Equations (1.1)

and (1.2). We will be more general than in Chapter 3 in terms of which groups

we consider: there most of our working used the free group X, whereas here we

will consider G to be any finitely generated discrete group. Note also that our

group algebra is taken over C rather than Z, although this makes surprisingly

little impact on the results we can attain. Remember from Corollaries 1 and

2 that within this framework, Der(C[G]) is a Lie algebra over C, of which

Inn(C[G]) is an ideal.

The intention here is primarily to research the nature of these derivations, how-

ever, with particular interest in the question of inner derivations: the question

automatically arises as to whether all derivations are inner. To this end we will

investigate the quotient algebra of outer derivations in particular and attempt

to construct non-inner derivations (that is, show that Out(C[G]) is non-trivial).

Before diving into the meat of this topic we should note the following result:

76
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Proposition 24. The derivations of C[G] are the mappings d : G → C[G]
such that d(gh) = d(g) · h + g · d(h) for all g, h ∈ G, extended by linearity to

C[G].

This is analogous to Proposition 10 and its proof is almost identical.

5.1 Describing Derivations as Characters of Γ

Consider a derivation d ∈ Der(C[G]). Explicitly, this means that d is a linear

mapping on C[G] such that d(uv) = d(u)v + ud(v) for all u, v ∈ C[G]. Seeing
as d is a linear transformation of an algebra over C, it can be written in terms

of a matrix over C. Recall from Note 12 that G is a basis of C[G]. Therefore,
the matrix representation of d will consist of rows and columns corresponding

to the elements of G: we write this matrix as
(
dhg
)
g,h∈G, where d

h
g ∈ C for all

g, h ∈ G.

Recalling from Note 12 that we can enumerate G = {g1, g2, ...}, we can write

all elements of C[G] as vectors with components corresponding to elements of

G as follows: ∑
gi∈G

aigi =


a1

a2
...

 .

We only do this temporarily to clarify the nature of the matrix of d. So, let

u ∈ C[G]. Then we write u as u =
∑

gi∈G aigi so that:

d(u) =


dg1g1 dg1g2 · · ·
dg2g1 dg2g2 · · ·
...

...
. . .



a1

a2
...

 =


∑

gi∈G d
g1
gi
ai∑

gi∈G d
g2
gi
ai

...

 .

Returning to the traditional notation for group algebra elements, this gives us

the following expression, where u =
∑

g∈G agg:

d(u) =
∑
h∈G

(∑
g∈G

dhgag

)
h. (5.1)

For each g ∈ G this equation can be written in a simpler form:

d(g) =
∑
h∈G

dhgh. (5.2)
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We now have a practical description of the matrix
(
dhg
)
g,h∈G and we can use it

to determine properties of d. Firstly, we obtain the following result:

Lemma 6. A mapping d : C[G] → C[G] is a linear transformation if and only

if it is defined by:

d(u) =
∑
h∈G

(∑
g∈G

dhgag

)
h

where
(
dhg
)
g,h∈G is a complex-valued matrix such that for each g ∈ G there are

finitely many h ∈ G such that dhg ̸= 0.

Proof. We have already seen that if d is linear, this leads to Equations (5.1)

and (5.2). Therefore, d is indeed defined by a complex-valued matrix as stated.

Furthermore, Equation (5.2) is only defined if the right-hand side is a finite

sum for each g ∈ G: otherwise, this would not yield an element of C[G], seeing
as we are working within a discrete topology where this infinite sum cannot

converge. Thus, for each g ∈ G there are finitely many h ∈ G such that dhg ̸= 0.

Conversely, suppose that d : C[G] → C[G] is defined by Equation (5.1) and

that for each g ∈ G there are finitely many h ∈ G such that dhg ̸= 0. Then for

any u ∈ C[G] the sum in Equation (5.1) must be finite: there are only finitely

many g ∈ G such that ag ̸= 0 and for each such g, only finitely many dhg ̸= 0.

Therefore, the right-hand side of Equation (5.1) is a finite sum of finite sums.

This tells us that d(u) ∈ C[G] for each u ∈ C[G]. Thus, d (C[G]) ⊆ C[G].
Moreover, it is defined by a matrix with rows and columns corresponding to

the basis of C[G], meaning that it is linear.

We now introduce the link with the characters of the groupoid of the adjoint

action Γ. For each d ∈ Der(C[G]), we define a mapping T d : Mor(Γ) → C as

follows:

T d
(
a→ b

g

)
= dgag (5.3)

for all
(
a→b
g

)
∈ Mor(Γ). This could equivalently be written as T d

(
a→b
g

)
= dbgg .

Following this method of defining mappings:

Theorem 8. A function X : Mor(Γ) → C is defined by some derivation d of

C[G] such that X
(
a→b
g

)
= dgag for all

(
a→b
g

)
∈ Mor(Γ) if and only if it is a

locally finitely supported character.

Proof. Firstly, to prove the forward implication we suppose that X is defined

by some derivation d ∈ Der(C[G]) as in Equation (5.3), that is X = T d. By
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Lemma 6, for each g ∈ G there are only finitely many ga ∈ G such that

dgag ̸= 0. Therefore, for each g ∈ G, there are finitely many
(
a→b
g

)
∈ Mor(Γ)

such that X
(
a→b
g

)
̸= 0, i.e. X is locally finitely supported.

Now let ξ, η ∈ Mor(Γ) such that η ◦ ξ exists. Set ξ =
(
a→b
g1

)
and η =

(
b→c
g2

)
so that:

T d (η ◦ ξ) = T d
(
a→ c

g2g1

)
= dg2g1ag2g1

.

For convenience we set h = g2g1a, leading to:

T d(ξ) = dg1ag1 = dg
−1
2 h
g1

,

T d(η) = dcg2g2
= dhg

−1
1

g2
.

But d is a derivation and so d(g2g1) = d(g2)g1 + g2d(g1). Putting this in terms

of Equation (5.2), we find:∑
h∈G

dhg2g1h =
∑
h∈G

dhg2hg1 +
∑
h∈G

dhg1g2h

=
∑
h∈G

dhg
−1
1

g2
h+

∑
h∈G

dg
−1
2 h
g1

h

=
∑
h∈G

(
dhg

−1
1

g2
+ dg

−1
2 h
g1

)
h.

Thus, we can conclude that dhg2g1 = d
hg−1

1
g2 + d

g−1
2 h
g1 and hence that:

T d(η ◦ ξ) = T d(η) + T d(ξ).

Therefore, X is a character.

Moving on to the backward implication, suppose that X is a locally finitely

supported character. Then we define a mapping d : C[G] → C[G] by Equation

(5.1) where the entries of the matrix
(
dhg
)
g,h∈G are given by:

dhg = X

(
g−1h→ hg−1

g

)
.

Since X is locally finitely supported, for each g ∈ G there are finitely many

h ∈ G such that dhg ̸= 0 and so
(
dhg
)
g,h∈G defines a linear operator by Lemma
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6. Now let g1, g2 ∈ G. Then, since X is a character:

d(g2g1) =
∑
h∈G

dhg2g1h =
∑
h∈G

X

(
g−1
1 g−1

2 h→ hg−1
1 g−1

2

g2g1

)
h

=
∑
h∈G

X

((
g−1
2 hg−1

1 → hg−1
1 g−1

2

g2

)
◦
(
g−1
1 g−1

2 h→ g−1
2 hg−1

1

g1

))
h

=
∑
h∈G

X

(
g−1
2 hg−1

1 → hg−1
1 g−1

2

g2

)
h+

∑
h∈G

X

(
g−1
1 g−1

2 h→ g−1
2 hg−1

1

g1

)
h

=
∑
h∈G

dhg
−1
1

g2
h+

∑
h∈G

dg
−1
2 h
g1

h

=
∑
h∈G

dhg2hg1 +
∑
h∈G

dhg1g2h

= d(g2)g1 + g2d(g1)

and so by Proposition 24, d is a derivation of C[G]. Lastly, for any morphism(
a→b
g

)
∈ Mor(Γ):

T d
(
a→ b

g

)
= dgag = X

(
a→ gag−1

g

)
= X

(
a→ b

g

)
and thus X = T d, meaning that X is defined by a derivation as in Equation

5.3.

This theorem tells us that there is a one-to-one correspondence between the

derivations of C[G] and the locally finitely supported characters of Γ. In fact,

this relationship is even stronger:

Theorem 9. The vector space of derivations of the group algebra is isomorphic

to the space of locally finitely supported characters of the groupoid of the adjoint

action:

Der(C[G]) ∼= Tf (Γ).

Proof. Define the mapping T : Der(C[G]) → Tf (Γ) as follows:

T (d) = T d.

If d1, d2 ∈ Der(C[G]), then for all
(
a→b
g

)
∈ Mor(Γ):

T d1+d2
(
a→ b

g

)
= (d1 + d2)

ga
g = d1

ga
g + d2

ga
g
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= T d1
(
a→ b

g

)
+ T d2

(
a→ b

g

)
=
(
T d1 + T d2

)(a→ b

g

)
since the matrix corresponding to d1 + d2 must obviously be the sum of the

matrices corresponding to d1 and d2. Therefore, T
d1+d2 = T d1 +T d2 . Similarly,

we find that Tαd = αT d for all α ∈ C and d ∈ Der(C[G]). Therefore, T is a

vector space homomorphism.

We can easily see from Theorem 8 that T is well-defined and surjective. Fur-

thermore, if T d = 0 for some d ∈ Der(C[G]), then dhg = 0 for all g, h ∈ G,

meaning that d = 0. Therefore, ker(T ) = {0}, i.e. T is injective. We can

conclude that T is a bijection and hence an isomorphism.

This result is extremely useful because it tells us that each derivation can

equivalently be considered a locally finitely supported character. Therefore,

we can freely use the corresponding characters to describe derivations.

5.1.1 Characters of Inner Derivations

For this reason it will be useful to understand the nature of the characters

corresponding to inner derivations. Results are obtained in this direction in

[3] and [2], however, the results stated there stop short of a full description:

only inner derivations with respect to group elements are considered, i.e. dg

for g ∈ G. We will consider all inner derivations.

Proposition 25. Let du ∈ Inn(C[G]) where u =
∑

g∈G ugg ∈ C[G]. Then for

all
(
a→b
g

)
∈ Mor(a, b):

T du
(
a→ b

g

)
= ub − ua. (5.4)

Proof. For any g ∈ G:

du(g) = ug − gu =
∑
h∈G

uhhg −
∑
h∈G

uhgh

=
∑
h∈G

uhg−1h−
∑
h∈G

ug−1hh.



CHAPTER 5. DERIVATIONS OF C[G] 82

Combining this with Equation (5.2) yields:∑
h∈G

(du)
h
g h =

∑
h∈G

(uhg−1 − ug−1h)h

and so (du)
h
g = uhg−1 − ug−1h for all g, h ∈ G. Now that we have determined

the matrix of du, we can express it as a character:

T du
(
a→ b

g

)
= (du)

ga
g = ugag−1 − ug−1ga = ub − ua

for any morphism
(
a→b
g

)
.

This is a strikingly simple expression. It is somewhat surprising that inner

derivations can be described so easily within Tf (Γ), however, very convenient.

Furthermore, since the relationship between Der(C[G]) and Tf (Γ) is one-to-

one, every locally finitely supported character satisfying Equation (5.4) for

some
∑

g∈G ugg ∈ C[G] corresponds to an inner derivation. Thus:

Theorem 10. A character T d ∈ Tf (Γ) corresponds to an inner derivation of

C[G] if and only if for all
(
a→b
g

)
∈ Mor(Γ), T d

(
a→b
g

)
= ub − ua for some

u =
∑

g∈G ugg ∈ C[G]. In this case d = du.

Corollary 3. For any du ∈ Inn(C[G]), the character T du is zero on all loops

in Mor(Γ).

This corollary is a very simple consequence of the preceding theorem. More

broadly it is interesting to observe that the characters of inner derivations

depend only on the domain and codomain of morphisms.

5.2 Structural Connections Between Deriva-

tions and Characters

Here we demonstrate the structural similarities between the derivations and

characters, going beyond the isomorphism between Der(C[G]) and Tf (Γ). This
is encapsulated in the following diagram, taken from [3]:
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0 Inn(C[G]) Der(C[G]) Out(C[G]) 0

0 kerf (pu) Tf (Γ) T (Mor(u, u)) 0

Id

T

/

T f

Id pu

Figure 5.1: Commutative Diagram of Der(C[G]) and Tf (Γ)

where for each u ∈ G we define pu : T (Γ) → T (Mor(u, u)) by:

pu(X) = X|Mor(u,u)

and f : Out(C[G]) → T (Mor(u, u)) by:

f(d+ Inn(C[G])) = T d|Mor(u,u).

Furthermore, recall our convention that the subscript f denotes the restric-

tion of a set of mappings to its locally finitely supported members. Thereby,

kerf (pu) is the set of all locally finitely supported characters in ker(pu).

It is necessary to demonstrate that all the arrows in the diagram are in fact

well-defined. This is obvious for most of them. It is only necessary to clarify

this for Inn(C[G]) kerf (pu)
T and Out(C[G]) T (Mor(u, u)).

f

Starting with Inn(C[G]) kerf (pu),
T it is a clear consequence of Corollary

3 that for any dv ∈ Inn(C[G]), pu
(
T dv
)
= 0 and hence T dv ∈ ker(pu). Seeing

as T dv must be locally finitely supported, we can conclude that T dv ∈ kerf (pu).

Therefore, this arrow is corestricted.

Now we show that f is well-defined. It is obvious that f(d + Inn(C[G])) ∈
T (Mor(u, u)) for all d+ Inn(C[G]) ∈ Out(C[G]), however, we must show that

f produces a unique output for each coset. To that end, suppose that d1 +

Inn(C[G]) = d2 + Inn(C[G]). Then d1 − d2 ∈ Inn(C[G]) and so by Corollary 3,

T d1−d2|Mor(u,u) = 0, i.e. T d1|Mor(u,u) = T d2|Mor(u,u). Hence:

f(d1 + Inn(C[G])) = f(d2 + Inn(C[G])).

We can conclude that f does indeed produce a unique output for each coset

and so it is well-defined.

Having established that all the arrows are well-defined, we can now consider the

properties of the diagram. It is obvious that it is commutative and nearly exact.
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Exactness fails only at Tf (Γ) T (Mor(u, u)) 0.
pu

For this segment

to be exact would require that every character of Mor(u, u) is the restriction of

some locally finitely supported character. This would be wonderful as it would

mean that every character of Mor(u, u) corresponds to a derivation of C[G].
It appears, however, not to be the case. T (Mor(u, u)) further weakens this

diagram in the sense that the vertical arrow from Out(C[G]) to T (Mor(u, u))

is the weakest of the vertical arrows: the other two vertical arrows are injective

homomorphisms (in fact the middle arrow is an isomorphism) whereas f is

merely a homomorphism.

We can conclude that the relevant diagram demonstrates a fairly strong struc-

tural connection between the world of derivations and that of the locally finitely

supported characters. In addition to the established isomorphism from The-

orem 9, it shows a strong link between the inner derivations and kerf (pu) as

well as the outer derivations and T (Mor(u, u)), along with structural similari-

ties in terms of the connections within these worlds. However, it is somewhat

frustrating that it is not exact and that the right-most vertical arrow is not

injective. These properties would demonstrate a substantially stronger struc-

tural connection.

The absence of exactness can be solved by removing the requirement of local

finite support as follows:

0 Inn(C[G]) Der(C[G]) Out(C[G]) 0

0 ker(pu) T (Γ) T (Mor(u, u)) 0

Id

T

/

T f

Id pu

Figure 5.2: Exact Commutative Diagram of Der(C[G]) and T (Γ)

This is an exact commutative diagram as suggested (although not directly

stated) by Theorem 3 from [3] as every character of T (Mor(u, u)) is indeed

the restriction of some character of Γ, a consequence of Proposition 23. In

that sense this diagram is an improvement over the previous one and shows a

stronger structural connection, this time between the derivations and all char-

acters. However, this is something of a trade-off: we have lost the surjectivity

of the middle vertical arrow, meaning it is no longer an isomorphism. We have

also done nothing to introduce injectivity to the right-most vertical arrow.
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5.3 Der[u](C[G])

We therefore introduce the following structure in order to construct a more

satisfying diagram:

Definition 45. We define the space Der[u](C[G]) to be the derivations corre-

sponding to the characters of Γ[u], that is:

Der[u](C[G]) =
{
d ∈ Der(C[G] : T d ∈ Tf

(
Γ[u]

)}
using the notion of Tf

(
Γ[u]

)
from Equation (4.4). Similarly we define:

Inn[u](C[G]) =
{
d ∈ Inn(C[G] : T d ∈ Tf

(
Γ[u]

)}
.

Lastly we can construct a space of outer derivations with respect to [u] in the

obvious way: Out[u](C[G]) = Der[u](C[G])/ Inn[u](C[G]).

Note here that we can obtain results analogous to Inequality (4.6):

Der(C[G]) ⊆
⊕

[u]∈[G]

Der[u](C[G]), (5.5)

Inn(C[G]) ⊆
⊕

[u]∈[G]

Inn[u](C[G]). (5.6)

Inequality (5.5) is fairly simple to see. We can decompose any d ∈ Der(C[G])
as follows:

d =
∑

[u]∈[G]

T−1

((
T d|Γ[u]

)′)
.

For inner derivations this is slightly more involved. Consider d ∈ Inn[u](C[G]).
Then d ∈ Inn(C[G]) and T d

(
a→b
g

)
= 0 unless

(
a→b
g

)
∈ Mor

(
Γ[u]

)
. Using

Theorem 10, this tells us that d = dv for some v =
∑

g∈G vgg ∈ C[G] such
that vb − va = 0 for all conjugate pairs a, b /∈ [u]. Therefore, without loss of

generality we can assume that vg = 0 whenever g /∈ [u] and we can write v as

v =
∑

g∈[u] vgg. Conversely, for any finite v =
∑

g∈[u] vgg, dv ∈ Inn[u](C[G]).

This leads to Inequality (5.6): letting d = dw be an arbitrary inner derivation,

we decompose w =
∑

g∈Gwgg as follows:

w =
∑

[u]∈[G]

∑
g∈[u]

wgg =
∑

[u]∈[G]

w[u]

where w[u] =
∑

g∈[u]wgg for each conjugacy class [u]. Then by the working
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above, dw[u]
∈ Inn[u](C[G]) for each [u]. Obviously dw =

∑
[u]∈[G] dw[u]

, thus

demonstrating Inequality (5.6).

These inequalities mean that every (inner) derivation can be constructed out

of independent (inner) derivations from each subgroupoid Γ[u]. Note that these

are inequalities because we cannot necessarily construct a derivation out of any

arbitrary combination of derivations from subgroupoids: local finite support

would not always be guaranteed for the corresponding characters. If there

were, however, a finite number of conjugacy classes in the underlying group,

then this problem would disappear.

Having established the subspaces Der[u](C[G]) and Inn[u](C[G]), we can use

them to construct a diagram extremely similar to that in Figure 5.2, again

suggested by [3]:

0 Inn[u](C[G]) Der[u](C[G]) Out[u](C[G]) 0

0 ker(pu) T (Γ[u]) T (Mor(u, u)) 0

Id

T

/

T f

Id pu

Figure 5.3: Exact Commutative Diagram of Der[u](C[G]) and T
(
Γ[u]

)
where the domain of pu is here taken to be T

(
Γ[u]

)
. This is most similar to Fig-

ure 5.2 since it also ignores local finite support. It is possibly an improvement

over that diagram, though, as it may introduce injectivity to the right-most

vertical diagram. Unfortunately, we must still do without surjectivity in the

middle vertical arrow so as to maintain exactness.

To explain what we mean when we say that f is possibly injective here, consider

d1, d2 ∈ Der[u](C[G]) such that f
(
d1 + Inn[u](C[G])

)
= f

(
d2 + Inn[u](C[G])

)
.

If we can show that this implies d1 +Inn[u](C[G]) = d2 +Inn[u](C[G]), then we

will have proved injectivity of f .

Firstly, our hypothesis is equivalent to saying that T d1|Mor(u,u) = T d2|Mor(u,u),

i.e. that T d1−d2(ξ) = 0 for all ξ ∈ Mor(u, u). We will let d = d1− d2 for conve-

nience’s sake with the aim of showing that d ∈ Inn[u](C[G]). It is immediately

obvious that d ∈ Der[u](C[G]). We will now show that T d depends only on the

domain and codomain of morphisms, a property which it shares with all inner

derivations. Consider arbitrary a, b ∈ [u] and let ξ, η ∈ Mor(a, b). We will let
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a = xux−1 and b = yuy−1 with ξ =
(
a→b
g

)
and η =

(
a→b
h

)
. Then:

T d(ξ)− T d(η) = T d
(
a→ b

g

)
+ T d

(
b→ a

h−1

)
= T d

((
a→ b

g

)
◦
(
b→ a

h−1

))
= T d

(
b→ b

gh−1

)
= T d

((
u→ b

y

)
◦
(

b→ u

y−1gh−1

))
= T d

(
b→ u

y−1gh−1

)
+ T d

(
u→ b

y

)
= T d

((
b→ u

y−1gh−1

)
◦
(
u→ b

y

))
= T d

(
u→ u

y−1gh−1y

)
= 0

since T d is trivial on Mor(u, u). Observe that every morphism used in the

above calculations is indeed an existing morphism in Γ. Thus, T d(ξ) = T d(η).

From this we can conclude that T d depends only on domain and codomain in

Γ[u]. Further, T
d(ξ) = 0 for any ξ /∈ Mor

(
Γ[u]

)
. These are properties consistent

with derivations in Inn[u](C[G]). However, to show conclusively that d is inner

with respect to [u], we must find some v =
∑

g∈[u] vgg ∈ C[G] such that d = dv.

As an attempt to determine such a v, we set vg = T d
(
u→g
x

)
for each g ∈ [u]

where x is a group element such that g = xux−1. Then vg is well-defined since

such an x must exist and if more than one exists, i.e. x1ux
−1
1 = x2ux

−1
2 , then

T d
(
u→g
x1

)
= T d

(
u→g
x2

)
by our previous working. Having set this up, we find

that for any
(
a→b
g

)
∈ Mor

(
Γ[u]

)
, where a = xux−1 and b = yuy−1:

T d
(
a→ b

g

)
= T d

((
u→ b

y

)
◦
(
a→ u

y−1g

))
= T d

(
u→ b

y

)
+ T d

(
a→ u

y−1g

)
= T d

(
u→ b

y

)
+ T d

(a→ u

x−1

)
= T d

(
u→ b

y

)
− T d

(u→ a

x

)
= vb − va.
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It would appear that we have shown that d = dv, following Theorem 10. Unfor-

tunately, there is no guarantee that
∑

g∈[u] vgg is a finite sum since infinitely

many T d
(
u→g
x

)
could be non-zero. Hence, there is no guarantee that this

construction of v is an element of the group algebra.

However, in the case that [u] is a finite conjugacy class we can guarantee

finiteness and hence that d is an inner derivation. Then d1 − d2 ∈ Inn[u](C[G])
and so d1 + Inn[u](C[G]) = d2 + Inn[u](C[G]). Thereby, f is indeed injective

in this case. Still, this is a very specific case and so this result remains fairly

unsatisfactory.

5.3.1 Der[e](C[G])

Let us briefly consider the special case of the identity element e of G. Clearly,

e is the only element conjugate with itself and so [e] = {e}. Therefore, Γ[e] =

Mor(e, e). From our previous results, T is an injective homomorphism from

Inn[e](C[G]) to ker(pe), taking pe : T
(
Γ[e]

)
→ T (Mor(e, e)). But within this

context pe is simply the identity mapping and so ker(pe) = {0}. From this

we find that for any d ∈ Inn[e](C[G]), T d = 0 = T 0 and hence d = 0. Thus,

Inn[e](C[G]) = {0}. This result can also be obtained in other ways, as seen in

[3]. Consequently, remembering that T (Mor(e, e)) = Tf (Mor(e, e)) and hence

T
(
Γ[e]

)
= Tf

(
Γ[e]

)
, the diagram from Figure 5.3 for u = e:

0 Inn[e](C[G]) Der[e](C[G]) Out[e](C[G]) 0

0 ker(pe) T (Γ[e]) T (Mor(e, e)) 0

Id

T

/

T f

Id pe

is an exact commutative diagram where every vertical arrow is an isomorphism,

which makes for a very satisfying structural link. Most importantly, though,

this tells us that any non-zero character on Γ[e] (i.e. Mor(e, e)) corresponds to

a non-inner derivation. This is an interesting result in our quest to determine

the existence or non-existence of non-inner derivations of C[G]. To establish

whether or not such characters exist, though, we must investigate them more

closely.

Consider a character T d ∈ T
(
Γ[e]

)
. Then looking at the matrix of the corre-
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sponding derivation d we see that for any g, h ∈ G:

dhg = T d
(
g−1h→ hg−1

g

)
= 0 unless g = h.

Therefore, Equation (5.2) yields the following for any g ∈ G:

d(g) =
∑
h∈G

dhgh = dggg. (5.7)

Furthermore, we have that for any g, h ∈ G:

dghgh = T d
(
e→ e

gh

)
= T d

(
e→ e

g

)
+ T d

(e→ e

h

)
= dgg + dhh. (5.8)

Combining Equations (5.7) and (5.8), we can say that d is defined by a function

τ : G→ C such that τ(gh) = τ(g) + τ(h) in the sense that:

d(g) = τ(g)g ∀g ∈ G.

Conversely, any additive homomorphism τ : G → C defines a derivation as

above. It is obvious that this derivation is non-zero if and only if τ is non-

trivial. Therefore, we can guarantee the existence of a non-inner derivation of

C[G] if there exists a non-trivial additive homomorphism from G to C.

The non-inner derivations we have constructed here, are as it turns out, simply

examples of a broader type of derivation, namely the central derivations as

introduced in [2]. They will be the focus of the next section.

5.4 Central Derivations

Before defining the central derivations, we must first establish the results from

[2] which allow us to prove non-innerness.

Lemma 7. If d ∈ Der[u](C[G]), then the value of d for any g ∈ G is given by:

d(g) = g
∑
a∈[u]

T d
(
a→ gag−1

g

)
a.

Proof. Fix g ∈ G. Then:

d(g) =
∑
h∈G

dhgh =
∑
h∈G

T d
(
g−1h→ hg−1

g

)
h.
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Since d ∈ Der[u](C[G]), d(ξ) = 0 whenever ξ /∈ Mor
(
Γ[u]

)
. This means that

the terms in the above sum will be zero unless
(
g−1h→hg−1

g

)
∈ Mor

(
Γ[u]

)
. In

this case g−1h ∈ [u], i.e. h = ga for some a ∈ [u]. Therefore:

d(g) =
∑
a∈[u]

T d
(
a→ gag−1

g

)
ga

= g
∑
a∈[u]

T d
(
a→ gag−1

g

)
a.

Note also that since T d is locally finitely supported, the number of non-zero

terms on the right-hand side in Lemma 7 is finite. This lemma can be stated

in a general form as follows:

Lemma 8. If d ∈ Der(C[G]), then the value of d for any g ∈ G is given by:

d(g) = g
∑
a∈G

T d
(
a→ gag−1

g

)
a.

Proof. Again we fix g ∈ G. We know T d ∈ Tf (Γ) and so by Inequality (4.6)

we can write T d as T d =
∑

[u]∈[G] T
d
[u], where T

d
[u] ∈ Tf

(
Γ[u]

)
for each conjugacy

class [u]. Applying Lemma 7 to each conjugacy class yields:

d(g) =
∑
h∈G

dhgh =
∑
h∈G

T d
(
g−1h→ hg−1

g

)
h

=
∑
h∈G

∑
[u]∈[G]

T d[u]

(
g−1h→ hg−1

g

)
h

=
∑

[u]∈[G]

∑
h∈G

T d[u]

(
g−1h→ hg−1

g

)
h

=
∑

[u]∈[G]

∑
a∈[u]

T d[u]

(
a→ gag−1

g

)
ga

=
∑

[u]∈[G]

∑
a∈[u]

T d
(
a→ gag−1

g

)
ga

since T d = T d[u] on Mor
(
Γ[u]

)
. Continuing the above chain of equalities:

d(g) =
∑
a∈G

T d
(
a→ gag−1

g

)
ga
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= g
∑
a∈G

T d
(
a→ gag−1

g

)
a.

These lemmata along with the following definition will prove necessary for

showing that a particular type of derivation is non-inner.

Definition 46. We call a mapping τ : G→ C a group character if it is an

additive group homomorphism. Explicitly this means that τ(gh) = τ(g) + τ(h)

for all g, h ∈ G.

Definition 47. Given a group character τ : G→ C and a central element z ∈
Z(G), as defined in Equation (4.2), we define the mapping dτz : C[G] → C[G]
by:

dτz(g) = τ(g)gz ∀g ∈ G

and then extend this linearly over C[G]. Any mapping defined in this way is a

derivation. We call these central derivations.

It is not immediately obvious that the central derivations are in fact deriva-

tions, but it is the case. By Proposition 24, we need only show that for all

g, h ∈ G, dτz(gh) = dτz(g)h+ gdτz(h) in order to show that dτz is a derivation:

dτz(gh) = τ(gh)ghz

= τ(g)ghz + τ(h)ghz

= τ(g)gzh+ gτ(h)hz

= dτz(g)h+ gdτz(h)

using the fact that z, τ(g), τ(h) ∈ Z(G), since τ(g), τ(h) ∈ C and by hypoth-

esis for z. We can conclude from this that the central derivations are indeed

derivations.

Note 25. A central derivation dτz is trivial, that is d
τ
z = 0, if and only if τ = 0.

The trivial group character is guaranteed to exist in any group and so we will

always have the trivial central derivation.

Theorem 11. Every non-trivial central derivation dτz is non-inner.

Proof. Let dτz be a non-trivial central derivation. Then τ ̸= 0 and so we can
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choose g ∈ G so that τ(g) ̸= 0. Then by Lemma 8:

τ(g)gz = dτz(g) = g
∑
a∈G

T d
τ
z

(
a→ gag−1

g

)
a

and canceling g on both sides:

τ(g)z =
∑
a∈G

T d
τ
z

(
a→ gag−1

g

)
a.

The left-hand side has only one term, namely a scalar multiple of z. This

means that every term on the right-hand side is zero except when a = z.

Hence:

T d
τ
z

(
a→ gag−1

g

)
=

τ(g) a = z,

0 a ̸= z.
(5.9)

But z commutes with all elements of G and so gzg−1 = z. Therefore:

T d
τ
z

(
z → z

g

)
= τ(g) ̸= 0.

Thus, the character corresponding to dτz is not trivial on all loops of Mor(Γ).

Taking the contrapositive of Corollary 3, this tells us that dτz is non-inner.

We have successfully constructed a class of non-inner derivations of C[G]. This
in itself is a powerful result, however, we can continue by using the central

derivations to construct more non-inner derivations with useful properties to-

wards describing the algebra of outer derivations:

Definition 48. By ZDer(C[G]) we denote the vector space generated by the

central derivations of C[G], that is the space of all linear combinations of cen-

tral derivations.

Proposition 26. ZDer(C[G]) is a Lie subalgebra of Der(C[G]).

Proof. It should be clear that ZDer(C[G]) is a subspace of Der(C[G]). For this
reason we need only show that ZDer(C[G]) is closed under the Lie product of

Der(C[G]). To that end let dτ1z1 and dτ2z2 be central derivations. Then for any

g ∈ G:

(
dτ1z1 ◦ d

τ2
z2

)
(g) = dτ1z1(τ2(g)gz2) = τ2(g)d

τ1
z1
(gz2)

= τ2(g)τ1(gz2)gz2z1
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= τ2(g) (τ1(g) + τ1(z2)) gz1z2

and similarly
(
dτ2z2 ◦ d

τ1
z1

)
(g) = τ1(g)(τ2(g) + τ2(z1))gz1z2. Therefore:[

dτ1z1 , d
τ2
z2

]
(g) =

(
dτ1z1 ◦ d

τ2
z2
− dτ2z2 ◦ d

τ1
z1

)
(g)

= τ2(g) (τ1(g) + τ1(z2)) gz1z2 − τ1(g)(τ2(g) + τ2(z1))gz1z2

= (τ2(g)τ1(z2)− τ1(g)τ2(z1))gz1z2.

To show that the above is itself a central derivation, we define a function

τ : G→ C by τ(g) = τ2(g)τ1(z2)− τ1(g)τ2(z1). Then τ is a group character as

for any g, h ∈ G:

τ(gh) = τ2(gh)τ1(z2)− τ1(gh)τ2(z1)

= (τ2(g) + τ2(h))τ1(z2)− (τ1(g) + τ1(h))τ2(z1)

= τ(g) + τ(h).

Thus, we can conclude that
[
dτ1z1 , d

τ2
z2

]
= dτz1z2 where τ is a group character

and z1z2 is of course a central element, meaning that it is a central derivation.

Therefore, the Lie product of any two central derivations is a central derivation.

Letting d1 = α1d
τ1
z1
+ · · ·+αnd

τn
zn and d2 = β1d

ϕ1
y1
+ · · ·+βmd

ϕm
ym , bilinearity and

antisymmetry of the Lie product yield:

[d1, d2] =
[
α1d

τ1
z1
+ · · ·+ αnd

τn
zn , β1d

ϕ1
y1

+ · · ·+ βmd
ϕm
ym

]
=

n∑
i=1

m∑
j=1

αiβj

[
dτizi , d

ϕj
yj

]
∈ ZDer(C[G]).

Theorem 12. The Lie subalgebra ZDer(C[G]) can be embedded in the the outer

derivations Out(C[G]).

Proof. By this we mean that each derivation in ZDer(C[G]) belongs to a dis-

tinct coset in Out(C[G]) = Der(C[G])/ Inn(C[G]). To prove this, we must

show only that if d1, d2 ∈ ZDer(C[G]) and d1 − d2 ∈ Inn(C[G]), then d1 = d2.

Before proving this fact, we first show that any non-trivial d ∈ ZDer(C[G]) is
non-inner. We can write such d as d =

∑n
i=1 αid

τi
zi
where αi ̸= 0 for all i and
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dτizi ̸= d
τj
zj whenever i ̸= j. Then for all j = 1, 2, ..., n and g ∈ G:

T d
(
zj → zj

g

)
=

n∑
i=1

αiT
d
τi
zi

(
zj → zj

g

)
=

n∑
i=1

αiT
d
τi
zi

(
zj → gzjg

−1

g

)
=

n∑
i=1

δzjziαiτi(g)

using Equation (5.9). Now assume that d is inner. Then T d
(
z→z
g

)
= 0 for all

g ∈ G and z ∈ Z(G). Then for all j = 1, 2, ..., n and g ∈ G:

n∑
i=1

δzjziαiτi(g) = 0.

So for all g ∈ G:

d(g) =
n∑
i=1

αiτ(g)gzi = 0

meaning that d = 0. This contradicts that d is non-trivial and so our assump-

tion that d is inner was false. Thus, we can conclude by contradiction that

every non-trivial derivation in ZDer(C[G]) is non-inner.

It is now obvious that if d1, d2 ∈ ZDer(C[G]) such that d1 − d2 ∈ Inn(C[G]),
then d1 − d2 = 0, i.e. d1 = d2.

This last theorem is very significant in our desire to determine the prevalence

of inner derivations within the broader space of all derivations. We have estab-

lished an entire subspace of non-inner derivations, which moreover correspond

to more non-inner derivations (usually). Firstly, each d ∈ ZDer(C[G]) \ {0}
is non-inner. Moreover, each d′ such that d′ + Inn(C[G]) = d + Inn(C[G]) is

also non-inner (seeing as d′+Inn(C[G]) ̸= Inn(C[G])). Since the cardinality of

every coset must be equal, there will always be as many such d′ as there are

inner derivations. Seeing as each d ∈ ZDer(C[G]) \ {0} belongs to a distinct

coset, this means that there must be at least |ZDer(C[G])| − 1 times as many

non-inner derivations as there are inner derivations. This appears to tell us

that the derivations of C[G] are overwhelmingly non-inner.

There is, however, an issue with this conclusion. So far in this section we have
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simply repeated and proved the results from [2], however, there is a caveat

regarding the central derivations that is not mentioned there, namely that

there are not guaranteed to be any non-trivial central derivations of the group

algebra. To construct such a derivation we require an element of the centre of

G and a non-trivial group character. We can always use the identity element as

our element of Z(G) – in fact the central derivations using the identity element

are precisely the non-inner derivations described at the end of Section 5.3.1

– but the non-trivial group character is a more difficult matter: its existence

depends on the group G.

Let us consider the example of the free group X as used extensively in Chapter

3. Each u ∈ X can be written as u =
∏l

j=1 x
ϵk
jk

and so we define a mapping

τ : X → C by:

τ

(
l∏

j=1

xϵkjk

)
=

l∑
k=1

ϵk.

It is obvious that τ is a non-trivial group character of X and so dτe is a non-

trivial central derivation. Thus, we have constructed a non-inner derivation of

C[X].

However, other finitely generated groups are less straightforward. Let us con-

struct the group Y , which is also generated by (x) = {x1, x2, ..., xn} but

with the sole restriction that each generator is self-inverse, i.e. x2j = 1 for

all xj ∈ (x). This means that Y consists of words of the form
∏l

k=1 xjk where

jk+1 ̸= jk for all k. Then every group character τ : Y → C has the property

that for all xj ∈ (x):

0 = τ(1) = τ
(
x2j
)
= τ(xj) + τ(xj)

and so τ is trivial on all generators of Y . Thus, for any u ∈ Y :

τ(u) = τ

(
l∏

k=1

xjk

)
=

l∑
k=1

τ (xjk) = 0.

Hence, the only group character of Y is trivial, meaning that we cannot con-

struct any non-trivial central derivations of C[Y ]. Therefore, we cannot guar-

antee the existence of non-inner derivations using this approach.

Above are two particularly simple examples to illustrate that non-trivial group

characters are sometimes guaranteed to exist and sometimes guaranteed not

to. There are several more examples for both cases. We might weaken the
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restriction for Y to be that for each xj ∈ (x) there exists a positive integer

m such that xmj = 0. We would reach the same conclusion regarding the

group characters. There are countless groups we could construct to reach this

result and indeed countless groups we could construct for which there exist

non-trivial group characters. This is to say that the approach laid forth in

this chapter sometimes works to construct non-inner derivations of the group

algebra and sometimes does not.

This seems to motivate work with broader group algebras, rather than merely

those over C. The examples above of groups Y such that there exist no non-

trivial group characters rely on the fact that C has characteristic 0. Perhaps if

we considered a group algebra R[Y ] over a ring R with char(R) > 0, this would

complicate the search for such groups. In particular, if char(R) = 2, then even

our most basic example – Y such that x2i = 1 for all xi ∈ (x) – would fail. In

this case, there does exist a non-trivial group character τ : Y → R, defined as

follows:

τ

(
l∏

k=1

xjk

)
=

1 l is odd,

0 l is even.

This seems to imply that the characteristic of our underlying ring R has a

significant impact upon the existence of non-inner derivations of group algebras

over R. However, the underlying ring C has been present throughout this

chapter, meaning that we cannot jump to conclusions here: the construction

of central derivations relied upon work done using the structure of C and

we cannot assume that an analogous notion of central derivations would be

constructable for an arbitrary ring R. Nevertheless, research regarding the

effect of char(R) upon the existence of non-inner derivations of group algebras

over R may be worthwhile.



Chapter 6

Links to Cohomology

Here we introduce a concept that links our two approaches to derivations.

While the working diverged dramatically between the two different versions

of derivations, they both lead to the same concept, namely cochains and fur-

ther cohomology classes. Firstly, we must provide the definition of a cochain

complex, following [12] and [13]:

Definition 49. A cochain complex consists of a sequence of abelian groups

or modules ..., C−1, C0, C1, ... along with a sequence of homomorphisms ..., d−1,

d0, d1, ... as follows:

· · · C−1 C0 C1 C2 · · ·d−2 d−1 d0 d1 d2

Figure 6.1: Cochain Complex

such that dn+1 ◦ dn = 0 for all n ∈ Z. The elements of Cn are the cochains

of dimension n. We denote:

Zn = ker (dn) ,

Bn = im
(
dn−1

)
.

We call the elements of Zn the cocycles of dimension n and the elements of

Bn the coboundaries of dimension n. The nth cohomology group Hn is

given by:

Hn = Zn/Bn.

The elements of Hn are called cohomology classes and we say that two

cocycles are cohomologous if they belong to the same cohomology class.

97
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Since the groups Cn are abelian, the coboundaries of dimension n form a

normal subgroup of the cocycles of dimension n and so the cohomology groups

are all well-defined.

Although Definition 49 defines a cochain complex with cochains of all integer-

valued dimensions, we may also consider cochain complexes with only a subset

of these dimensions, as we will do in the proceeding sections. We may, for

example, consider a complex with only non-negative dimensions:

C0 C1 C2 · · ·d0 d1 d2

Figure 6.2: Cochain Complex with only non-negative dimensions

or even a cochain complex with a finite number of dimensions.

6.1 Eilenberg-Mac Lane Cohomology

Here we introduce a particular type of cochain complex, as defined in [5]. For

this example, we begin with two groups, namely a multiplicative group Π and

additive abelian group G, where Π acts on G. Explicitly, this means that for

each x ∈ Π and g ∈ G, x · g ∈ G and this action is such that:

x · (g + h) = x · g + x · h,

y · (x · g) = (yx) · g,

1Π · g = g

for all x, y ∈ Π and g, h ∈ G. Given this set-up, we define the cochains for

n ∈ N as follows:

Definition 50. A mapping f : Πn+1 → G is an n-dimensional cochain of Π

over G if:

f(xx0, ..., xxn) = x · f(x0, ..., xn) ∀x, x0, ..., xn ∈ Π.

The set of n-dimensional cochains is denoted by Cn(Π, G).

We define addition on cochains pointwise. Under this addition, Cn(Π, G) is an

abelian group. A crucial concept for this section is the coboundary operator
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δ on cochains, which we define as the family of operators given by:

(δnf)(x0, ..., xn+1) =
n+1∑
i=0

(−1)if(x0, ..., xi−1, xi+1, ..., xn)

for each n ∈ N. We can also write (x0, ..., x̂i, ..., xn+1) to denote that xi is

omitted from the n+ 1-tuple.

It is very straightforward to see that δnf is an n + 1-cochain for each n-

dimensional cochain f and that δn(f + g) = δnf + δng for all f, g ∈ Cn(Π, G).

Also, for any f ∈ Cn(Π, G):

(δn+1(δnf))(x0, ..., xn+2) =
n+2∑
i=0

(−1)i(δf)(x0, ..., x̂i, ..., xn+2)

=
n+2∑
i=0

(−1)i
i−1∑
j=0

(−1)jf(x0, ..., x̂j, ..., x̂i, ..., xn+2)

+
n+2∑
i=0

(−1)i
n+2∑
j=i+1

(−1)j−1f(x0, ..., x̂i, ..., x̂j, ..., xn+2).

For each pair of indices i, j, the terms involving f(x0, ..., x̂i, ..., x̂j, ..., xn+2) will

cancel each other out since the coefficient will be 1 for one and −1 for the

other. Therefore:

(δn+1(δnf))(x0, ..., xn+2) = 0.

By the above working, for each n ∈ N, δn is a homomorphism and δn+1◦δn = 0.

With this established we have that the following is a cochain complex:

C0(Π, G) C1(Π, G) C2(Π, G) · · ·δ0 δ1 δ2

Figure 6.3: Eilenberg-Mac Lane Cochain Complex

Explicitly, the cocyles and coboundaries within this framework are defined as

follows:

Definition 51. If f ∈ Cn(Π, G) and δnf = 0, then f is an n-dimensional

cocycle. The set of such mappings is denoted by Zn(Π, G).

Definition 52. An n-cochain f such that f = δn−1g for some g ∈ Cn−1(Π, G)

is an n-dimensional coboundary. The set of these mappings is Bn(Π, G).

Formally, we set B0(Π, G) = {0}.
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Fox claims in [7] that the Fox-derivations are simply the 1-dimensional cocyles.

However, there is no explicit explanation of this fact. We independently con-

structed a cochain complex within the Eilenberg-Mac Lane approach to match

this claim. We apply the Eilenberg-Mac Lane approach to X and Z[X], using

X in the place of Π and Z[X] in the place of G. The action of X on Z[X] is

simply the multiplication operation native to the group algebra. Clearly, X

and Z[X] satisfy all of the required properties set up at the beginning of this

section. Note that in this case each Cn(X,Z[X]) is not just an abelian group

but a right Z[X]-module.

Theorem 13. The module of all Fox-derivations of Z[X] is isomorphic to the

1-dimensional cocycles of X over Z[X].

Proof. We will use the mapping F : FDer(Z[X]) → Z1(X,Z[X]) defined as

follows:

F (d)(x, y) = d(x)− d(y) ∀x, y ∈ X.

Firstly, for any Fox-derivation d we will denote F (d) = d′ for convenience’s

sake. Clearly, d′ will be well-defined on X2 and further:

d′(xu, xv) = d(xu)− d(xv)

= d(x) + x · d(u)− d(x)− x · d(v)

= x · (d(u)− d(v))

= x · d′(u, v)

for any u, v, x ∈ X, meaning that d′ is a 1-dimensional cochain. Furthermore,

for any u, v, w ∈ X:

(
δ1d′

)
(u, v, w) = d′(v, w)− d′(u,w) + d′(u, v)

= d(v)− d(w)− d(u) + d(w) + d(u)− d(v)

= 0.

Thus, δ1d′ = 0, i.e. d′ is a 1-dimensional cocycle. Hence, we can conclude that

F (FDer(X,Z[X])) ⊆ Z1(X,Z[X]).

Now let d1, d2 ∈ FDer(Z[X]) such that F (d1) = F (d2). Then for any u ∈ X:

d′1(u, 1) = d′2(u, 1) ⇒ d1(u)− d1(1) = d2(u)− d2(1) ⇒ d1(u) = d2(u)

and so d1 = d2. Therefore, F is injective.
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Next let f ∈ Z1(X,Z[X]). Then we define d : X → Z[X] by d(u) = f(u, 1)

for all u ∈ X. Clearly, d is well-defined. Furthermore, since δ1f = 0, we have

that for any u, v ∈ X:

0 =
(
δ1f
)
(uv, u, 1)

= f(u, 1)− f(uv, 1) + f(uv, u)

= f(u, 1)− f(uv, 1) + u · f(v, 1)

and so f(uv, 1) = f(u, 1) + u · f(v, 1). Thus:

d(uv) = f(uv, 1)

= f(u, 1) + u · f(v, 1)

= d(u) + u · d(v).

Therefore, following Proposition 10, the linear extension of d to Z[X] is a Fox-

derivation. Moving forward, when we refer to d, we will mean this extension.

Now, we apply the fact that δ1f = 0 repeatedly to find that:

0 =
(
δ1f
)
(u, u, u)

= f(u, u)− f(u, u) + f(u, u)

= f(u, u)

and:

0 =
(
δ1f
)
(u, v, u)

= f(v, u)− f(u, u) + f(u, v).

Combining these two equations tells us that f(v, u) = −f(u, v). Now, we again
apply the cocycle property to obtain:

0 =
(
δ1f
)
(v, 1, u)

= f(1, u)− f(v, u) + f(v, 1)

⇒ f(v, 1) = f(v, u)− f(1, u).
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Thus, for any u, v ∈ X:

d′(u, v) = d(u)− d(v)

= f(u, 1)− f(v, 1)

= f(u, 1)− f(v, u) + f(1, u)

= f(u, v).

This is to say that f = F (d). So F is surjective and hence bijective. It remains

only to show that F is a homomorphism. Let d1, d2 ∈ FDer(Z[X]). Then for

any u, v ∈ X:

F (d1 + d2)(u, v) = (d1 + d2)(u)− (d1 + d2)(v)

= d1(u) + d2(u)− d1(v)− d2(v)

= F (d1)(u, v) + F (d2)(u, v)

and so F (d1+d2) = F (d1)+F (d2). Lastly, let d ∈ FDer(Z[X]) and w ∈ Z[X].

Then for any u, v ∈ X:

F (d · w)(u, v) = (d · w)(u)− (d · w)(v)

= d(u) · w − d(v) · w

= F (d)(u, v) · w

and so F (d ·w) = F (d) ·w. Therefore, F is homomorphic and we can conclude

that F is an isomorphism. Thus:

FDer(Z[X]) ∼= Z1(X,Z[X]).

This shows that the Fox-derivations are indeed precisely the 1-dimensional

cocycles within the Eilenberg-Mac Lane cohomology. However, we also obtain

the following result regarding the inner Fox-derivations, not mentioned at all

in the literature:

Theorem 14. The module of all inner Fox-derivations over Z[X] is isomor-

phic to the 1-dimensional coboundaries of X over Z[X].

Proof. We again use the same mapping F as in the previous proof, except

that now we restrict the map to FInn(Z[X]) and establish that its image is

now B1(X,Z[X]). Much of the working from the previous proof carries over
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here: only the corestrictedness and surjectivity of F within this context must

be shown.

Suppose that df ∈ FInn(Z[X]) where f ∈ Z[X]. Then F (df ) is a cocycle

by the previous proof. Now we construct a 0-dimensional cochain ϕ given by

ϕ(u) = u · f for u ∈ X. ϕ is indeed a cochain as for any u, x ∈ X:

ϕ(xu) = xu · f = x · u · f = x · ϕ(u).

Further, for any u, v ∈ X:

(
δ0ϕ
)
(u, v) = ϕ(v)− ϕ(u)

= v · f − u · f

= (f − u · f)− (f − v · f)

= df (u)− df (v)

= d′f (u, v)

and so F (df ) = δ0ϕ, i.e. it is a coboundary. Therefore, F is corestricted:

F (FInn(Z[X])) ⊆ B1(X,Z[X]).

Now let φ ∈ B1(X,Z[X]). Then φ is a cochain such that φ = δ0ψ for some

0-dimensional cochain ψ. So, for all u, v ∈ X:

φ(u, v) = ψ(v)− ψ(u) = v · ψ(1)− u · ψ(1) = (v − u) · ψ(1).

Hence:

d′ψ(1)(u, v) = dψ(1)(u)− dψ(1)(v)

= ψ(1)− u · ψ(1)− ψ(1) + v · ψ(1)

= (v − u) · ψ(1)

= φ(u, v).

Thus, φ = F
(
dψ(1)

)
, meaning that F is surjective. We conclude:

FInn(Z[X]) ∼= B1(X,Z[X]).

From these two theorems, we can extrapolate a further result. If we were to
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define the outer Fox-derivations in the natural way:

FOut(Z[X]) = FDer(Z[X])/FInn(Z[X]),

then:

Corollary 4.

FOut(Z[X]) ∼= H1(X,Z[X]).

This corollary is an obvious consequence of Theorems 13 and 14.

6.2 Cayley Complex Cohomology

We now show how the derivations of C[G] also connect to cohomology, but

in rather a different way. This follows the approach taken in [11], although

expanding significantly at some crucial points and omitting the many examples

which make up the latter portion of the paper. This is in a sense a continuation

of Chapter 5 and so we will be using all of the same notation.

Thus far we have only demanded that the underlying group G be discrete

and finitely generated, however, here we demand that G be a discrete finitely

presentable group. To explain what this means we must introduce some new

notation for defining groups: we write G = ⟨X : R⟩ to express that X is the

set of generators of G and R is the set of relations. This means that G is

the group of all words composed of elements from X and their inverses under

the restriction that each word in R is equal to identity in G. This notation

⟨X : R⟩ is the presentation of G. Having explained this:

Definition 53. A group G is finitely presentable if it can be written in the

form G = ⟨X : R⟩ where the sets X of generators and R of relations are both

finite.

It is obvious that every finitely presentable group is finitely generated. A free

group is the simplest type of finitely presentable group: its set of relations

is empty. We already discussed some other examples of finitely generated

groups at the end of Chapter 5.4: the group Y defined there can be written as

Y =
〈
(x) :

{
x2j : xj ∈ (x)

}〉
.
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6.2.1 Presentation of the Groupoid of the Adjoint Ac-

tion

Given a finitely presentable group G = ⟨X : R⟩, we want to find the presen-

tation of Γ. This presentation will be slightly different to the presentations of

groups we refer to above since Γ is a category and not a group. The class of

objects Obj(Γ) gives no issues since Obj(Γ) = G and so we can present it in

exactly the same way. However, Mor(Γ) must be presented in an analogous

way for morphisms which we will describe in detail when the time comes.

Since both X and R are assumed to be finite, we can write X = {x1, x2, ..., xn}
and R = {r1, r2, ..., rm}. Firstly, we set:

χ =

{(
a→ b

x

)
∈ Mor(Γ) : x ∈ X

}
.

Further, we set Y = χ∪χ−1, the set of every morphism whose denominator is

either a generator or the inverse of a generator. Now we introduce the system

Q derived from the set of relations R. Every relation ri ∈ R is a word:

ri = yi1yi2 · · · yili

where yi1 , yi2 , ..., yili ∈ X ∪ X−1. Then for each a ∈ Obj(Γ), ri generates the

following word ρi,a:

ρi,a =

(
a2 → a1
yi1

)(
a3 → a2
yi2

)
· · ·

(
a1 → ali
yili

)
(6.1)

where a1 = a and aj+1 = y−1
ij
ajyij for each j = 1, 2, ..., li. Note that using this

inductive definition:

ali+1 = y−1
ili
aliyili

= y−1
ili
y−1
ili−1

ali−1yili−1
yili

= · · ·

= r−1
i a1ri

= a1

since ri is equal to the group identity by definition. This is why the final

morphism in the word ρi,a has domain a1. Thus, the composition corresponding
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to ρi,a is:

(
a2 → a1
yi1

)
◦
(
a3 → a2
yi2

)
◦ · · · ◦

(
a1 → ali
yili

)
=

(
a1 → a1

ri

)
=
(a→ a

e

)
(6.2)

which is a compositional identity in Mor(Γ):
(
a→a
e

)
= Ida. We define:

Q = {ρi,a : 1 ≤ i ≤ m, a ∈ Obj(Γ)} .

It is important to note at some point that the construction of ρi,a is different

to that in [11]. This is because the construction in [11] does not yield the

desired results, whereas this one does. We believe this to be the result of a

very minor error on the part of the author since our construction required only

a very slight adjustment.

Having established all of this we are ready to give the presentation of the class

of morphisms:

Mor(Γ) = ⟨χ : Q⟩ . (6.3)

By this we mean that Mor(Γ) is the class of all compositions of elements from

χ and their inverses under the restriction that every composition correspond-

ing to a word in Q is an identity morphism. Before moving on, we must show

the legitimacy of this presentation. Firstly, it is obvious that any composition

formed from χ∪χ−1 is a morphism in Mor(Γ) and likewise that all the compo-

sitions corresponding to words in Q are identity morphisms, as per Equation

(6.2). However, we must show that every morphism is generated from elements

of χ and their inverses and that Q generates every composition equal to an

identity morphism:

Suppose that ξ ∈ Mor(Γ). We let ξ =
(
a→b
g

)
. Then g must be presentable as:

g = y1y2 · · · yk

where y1, y2, ..., yk ∈ X ∪X−1. Thus:(
a→ b

g

)
=

(
c2 → c1
y1

)
◦
(
c3 → c2
y2

)
◦ · · · ◦

(
ck+1 → ck

yk

)
(6.4)

where c1 = b and cj+1 = y−1
j cjyj for j = 1, 2, ..., k. This works because,

similarly to above with ali+1, ck+1 = g−1bg = a. It is obvious that for each
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j = 1, ..., k,
(
cj+1→cj

yj

)
∈ χ∪χ−1, and so we have written ξ in the desired form.

Next suppose that we have a composition ξ1 ◦ ξ2 ◦ · · · ◦ ξq = Ida for some

object a ∈ Obj(Γ). For each j = 1, .., q we can write ξj =
(
aj+1→aj

gj

)
where

a1 = a = aq+1 and g1g2 · · · gq = e:

ξ1 ◦ ξ2 ◦ · · · ◦ ξq =
(
a2 → a1
g1

)
◦
(
a3 → a2
g2

)
◦ · · · ◦

(
a1 → aq
gq

)
.

However, every ξj can itself be decomposed as above:

ξj =

(
aj+1 → aj

gj

)
=

(
cj2 → cj1

yj1

)
◦
(
cj3 → cj2

yj2

)
◦ · · · ◦

(
cjkj+1

→ cjkj
yjkj

)

following the exact same approach to decomposition as in Equation (6.4).

Thus, g1g2 · · · gq = y11y12 · · · y1k1y21 · · · y2k2 · · · yq1 · · · yqkq = e. But then this

word must have the form:

y11y12 · · · y1k1y21 · · · y2k2 · · · yq1 · · · yqkq = s1s2 · · · st

where sp ∈ R∪R−1 for each p. To be clear, this is not simply saying that both

sides of the equation are equal in G but that each sp appears within the word

y11y12 · · · y1k1y21 · · · y2k2 · · · yq1 · · · yqkq in order. Therefore, the composition can

be split up into compositions of the form:(
cjh+1

→ cjh
yjh

)
◦
(
cjh+2

→ cjh+1

yjh+1

)
◦ · · · ◦

(
cjh → cjd

yjd

)
where yjhyjh+1

· · · yjd = sp for some p = 1, 2, ..., t. If sp = ri for some ri ∈ R,

then: (
cjh+1

→ cjh
yjh

)(
cjh+2

→ cjh+1

yjh+1

)
· · ·
(
cjh → cjd

yjd

)
= ρi,cjh

and if sp = r−1
i , then:(

cjh+1
→ cjh
yjh

)(
cjh+2

→ cjh+1

yjh+1

)
· · ·
(
cjh → cjd

yjd

)
=
(
ρi,c−1

jh

)−1

.

Thus, the composition ξ1 ◦ ξ2 ◦ · · · ◦ ξj can be decomposed so that its corre-

sponding word consists of words from Q ∪Q−1.

Therefore, Equation (6.3) is indeed a presentation of Mor(Γ).
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6.2.2 Cayley Complex of a Group

For any finitely presentable group, we can construct its Cayley complex. This

builds upon the simpler notion of the Cayley graph:

Definition 54. If G is a group generated by X, then the Cayley graph of G

with respect to X is a directed graph, where each element of G is assigned a

vertex and for each generator x ∈ X there is a directed edge going from g to

gx.

Here is a visualisation of a portion of a Cayley graph:

g gx1

gx2 gx1x2

· · ·

· · ·

...
...

· · ·

x1

x2 x2

x1

x1

x2 x2

x1

Figure 6.4: Cayley Graph of a Group

where x1 and x2 are generators and g is simply some group element. Note

that there will also be edges pointing into g, for instance there will be an edge

labelled x1 going from gx−1
1 to g. For the sake of comprehensibility we have

chosen not to make the above graph exhaustive.

We may also consider edges corresponding to generators’ inverses. By conven-

tion, though, an edge

g gxx

is considered to be the same edge as

g gxx−1
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but with opposite direction. By this approach, Figure 6.4 could equivalently

be represented as:

g gx1

gx2 gx1x2

· · ·

· · ·

...
...

· · ·

x−1
1

x−1
2 x−1

2

x−1
1

x−1
1

x−1
2 x−1

2

x−1
1

Figure 6.5: Inverted Representation of Figure 6.4

The Cayley complex furthers the idea of representing a group by means

of a graph by not only capturing the elements and generators of G but also

incorporating the relations. Moving forward we will say that G = ⟨X : R⟩. We

will denote the Cayley complex of G by Ca(G). In the strictest sense, Ca(G)

is a two-dimensional cell-complex, however, we will not entirely explain what

this means since it is outside of the scope of this work. For our purposes we can

simply say that the Cayley complex consists of zero-dimensional components

(or cells), namely vertices representing the group elements, one-dimensional

cells, namely edges representing the generators, and two-dimensional cells,

namely polygons representing the relations. The set of zero-dimensional cells

is denoted Ca0(G) and similar notation is used for the higher dimensions. This

is a similar idea to the Cayley graph but now the cycles formed by relations

are considered. We will visualise what we mean by this below. Here we will

consider a relation r = y1y2 · · · yl:



CHAPTER 6. LINKS TO COHOMOLOGY 110

g

. . .

gy1y2

gy1
y1

y2

y3

yl

Figure 6.6: Relation in the Cayley Complex of a Group

The polygon formed by the edges y1, y2, ..., yl is a two-dimensional cell in the

Cayley complex. The polygon formed by r−1 can be considered equivalent but

with opposite orientation. It should be clear that every relation will form a

polygon in this way around every vertex. Note, however, that not every edge

will form part of such a polygon. If we have some x ∈ X such that x is not

present in any relations in R, then any edge labeled x will not form a part of

any two-dimensional cell. If G were a free group, then R would be empty and

the Cayley complex would have no two-dimensional cells whatsoever.

6.2.3 Cayley Complex of Γ

Having set up the Cayley complex for a group G = ⟨X : R⟩, we can now move

on to the Cayley complex of the groupoid of its adjoint action. Remembering

that Mor(Γ) = ⟨χ : Q⟩, we will use this presentation to construct the Cayley

complex just as we used the presentation of G in the previous section. In [11],

the Cayley complex of the groupoid of right multiplication is first constructed,

however, we judge this to be unnecessary. We will therefore immediately pro-

ceed to Ca(Γ).

The zero-dimensional cells are simply vertices given by Ca0(Γ) = Obj(Γ).

Similar to the construction with groups, the one-dimensional cells are directed

edges, this time represented by morphisms: Ca1(Γ) = χ∪χ−1. Each morphism(
a→b
x

)
∈ χ is directed from vertex a to b. Here is a visualisation of this Cayley

complex’s zero- and one-dimensional cells:
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a x1ax
−1
1x2ax

−1
2

...

· · ·· · ·

...

(
a→x1ax−1

1

x1

)(
a→x2ax

−1
2

x2

)

Figure 6.7: Cayley Complex of Γ

where x1 and x2 are generators. Similarly to the case of Ca(G), we consider the

edges
(
a→b
x

)
and

(
b→a
x−1

)
to be the same edge with opposite direction. The two-

dimensional cells Ca2(Γ) are polygons representing the words in Q (or indeed

in Q−1). So for any word ρi,a =
(
a2→a1
yi1

)(
a3→a2
yi2

)
· · ·
(
a1→ali
yili

)
we obtain a

polygon as follows:

a1

. . .

a2

a3

(
a2→a1
yi1

)

(
a3→a2
yi2

)
(
a1→ali
yili

)

Figure 6.8: Relation in the Cayley Complex of Γ

The cells for ρi,a and (ρi,a)
−1 are considered to be the same cell with opposite

orientation.

It should be obvious that two vertices a and b can only be connected by a

series of edges if they belong to the same conjugacy class. Therefore, the

Cayley complex for Γ will be made up of disconnected Cayley complexes, each

corresponding to a different conjugacy class. In this sense Ca(Γ) consists of
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distinct complexes Ca
(
Γ[u]

)
, one for each [u] ∈ [G].

6.2.4 Cochain Complex of Ca(Γ)

After establishing this Cayley complex, [11] claims that this generates the

cochain complex:

C0(Ca(Γ)) C1(Ca(Γ)) C2(Ca(Γ)d0 d1

Figure 6.9: Cochain Complex of Ca(Γ)

However, there is no explanation as to the precise nature of this cochain com-

plex. For this reason we have decided to construct our own which we believe

matches what they intended, similar to how we constructed our own Eilenberg-

Mac Lane cochain complex in Section 6.1:

C0(Ca(Γ)) = CCa0(Γ), the set of all mappings from Ca0(Γ) to C. Similarly,

C1(Ca(Γ)) is the set of mappings from Ca1(Γ) to C and C2(Ca(Γ)) is the

set of mappings from Ca2(Γ) to C. Clearly these are all vector spaces over

C, defining addition and scalar multiplication pointwise on each. For each

ϕ ∈ C0(Ca(Γ)) we define:

d0(ϕ)

(
a→ b

x

)
= ϕ(b)− ϕ(a)

for all
(
a→b
x

)
∈ Ca1(Γ). For each ψ ∈ C1(Ca(Γ)) we define:

d1(ψ)

((
a2 → a1
y1

)
· · ·
(
a1 → al
yl

))
=

l∑
i=1

ψ

(
ai+1 → ai

yi

)

for all
(
a2→a1
y1

)
· · ·
(
a1→al
yl

)
∈ Ca2(Γ). In order for this to indeed be a cochain

complex we require that d0 and d1 be homomorphisms such that d1 ◦ d0 = 0.

It should be immediately obvious that they are vector space homomorphisms.

Now, for any ϕ ∈ C0(Ca(Γ)) we find that for all
(
a2→a1
y1

)
· · ·
(
a1→al
yl

)
∈ Ca2(Γ):

(
d1 ◦ d0

)
(ϕ)

((
a2 → a1
y1

)
· · ·
(
a1 → al
yl

))
= d1

(
d0(ϕ)

)((a2 → a1
y1

)
· · ·
(
a1 → al
yl

))
=

l∑
i=1

d0(ϕ)

(
ai+1 → ai

yi

)
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=
l∑

i=1

(ϕ (ai+1)− ϕ (ai))

= ϕ(al+1)− ϕ(a1)

= ϕ(a1)− ϕ(a1)

= 0

and so d1 ◦ d0 = 0 as desired. Therefore, Figure 6.9 shows a cochain complex.

Having now constructed this cochain complex, we now return to following [11]

closely, but in considerably more detail.

Our main interest lies in a subcomplex:

C0
f (Ca(Γ)) C1

f (Ca(Γ)) C2
f (Ca(Γ)

d0f d1f

Figure 6.10: Finitely Supported Subcomplex

Here we consider only finitely supported cochains, that is C0
f (Ca(Γ)) consists

of all mappings ϕ : Ca0(Γ) → C such that ϕ(g) ̸= 0 for only finitely many

g ∈ Ca0(Γ). C
1
f (Ca(Γ)) and C

2
f (Ca(Γ)) differ from their counterparts in Figure

6.9 in the same manner. The mappings d0f and d1f are simply the restrictions

of d0 and d1 to mappings with finite support.

Is it guaranteed that Figure 6.10 is a cochain complex? All the properties of

a cochain complex from Definition 49 are easily seen to be satisfied except for

the corestrictedness of d0f and d1f : is it certain that every finitely supported

mapping will be mapped to another finitely supported mapping? We will show

that it is:

Let ϕ ∈ C0
f (Ca(Γ)). Then there exist finitely many g ∈ Ca0(Γ) such that

ϕ(g) ̸= 0. For each such object, let us consider all the morphisms ϕ ∈ Ca1(Γ)

with domain or codomain g. These morphisms all have a denominator from

X∪X−1, remembering that X is the set of generators for the underlying group

G. Since G is assumed to be finitely presentable, X is finite. There can be

only one morphism with domain g (or codomain g) and denominator y for

each y ∈ X ∪X−1. Therefore, the total number of morphisms in Ca1(Γ) with

domain or codomain g is at most twice the cardinality of X ∪X−1 and hence

at most four times the cardinality of X, a finite number. Now consider all the

morphisms
(
a→b
x

)
∈ Ca1(Γ) such that d0f (ϕ)

(
a→b
x

)
̸= 0. For this to be the case,

we must have ϕ(b) ̸= 0 or ϕ(a) ̸= 0. But there are only finitely many objects
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b or a satisfying this, each of which is the domain or codomain of only finitely

many morphisms in Ca1(Γ). Hence, there are only finitely many such
(
a→b
x

)
.

Thus, d0f (ϕ) is finitely supported, proving that d0f is corestricted as desired.

Now let ψ ∈ C1
f (Ca(Γ)). Then there are finitely many ξ ∈ Ca1(Γ) such that

ψ(ξ) ̸= 0. For every such morphism, let us consider all the words ρi,a ∈ Ca2(Γ)

in which ξ appears. Let ξ =
(
b→c
y

)
. Remember that the index i corresponds

to the relations ri ∈ R, meaning that it indexes over a finite set. For each i

such that ξ appears in some ρi,a, this requires that y = yij for some j = 1, ..., li.

Returning to the definition of ρi,a in Equation (6.1), we can therefore rewrite ξ

as ξ =

(
y−1
ij
cyij→c

yij

)
. This identification of ξ with the indices i and j is unique,

by which we mean that for distinct words the resulting indices will be distinct.

But i indexes over a finite set and for each i, j also indexes over a finite set.

Therefore, the total number of such words containing ξ is finite. The same

applies when we consider (ρi,a)
−1. We can conclude that the total number of

words ρ ∈ Ca2(Γ) containing ξ is finite. Using similar logic to that at the

end of the previous paragraph, we can extrapolate that there are finitely many

ρ ∈ Ca2(Γ) such that d1f (ψ)(ρ) ̸= 0 and hence that d1f is corestricted.

Thus, Figure 6.10 does in fact show a cochain complex. This cochain complex

is of paramount importance to us because we will use it to obtain analogous

results to Theorems 13 and 14 from Section 6.1:

Theorem 15. The Lie algebra Der(C[G]) of derivations of C[G] is isomorphic

to the 1-dimensional cocycles Z1
f (Ca(Γ)).

Proof. First we must recall from Definition 49 that Z1
f (Ca(Γ)) = ker

(
d1f
)
.

We already know that Der(C[G]) is isomorphic to the space of locally finitely

supported characters Tf (Γ). We can therefore prove the theorem by showing

that Tf (Γ) is isomorphic to Z1
f (Ca(Γ)), following Note 7. We will use the

mapping φ : Tf (Γ) → Z1
f (Ca(Γ)) defined by:

φ
(
T d
)
= T d|Ca1(Γ) ∀T d ∈ Tf (Γ).

First we must show that φ (Tf (Γ)) ⊆ Z1
f (Ca(Γ)): let T d ∈ Tf (Γ). Clearly

φ
(
T d
)
is a mapping from Ca1(Γ) to C, but is it finitely supported? T d is locally

finitely supported and so for each g ∈ G there are only finitely many
(
a→b
g

)
such that T d

(
a→b
g

)
̸= 0. But there are finitely many denominators in Ca1(Γ),

since we only allow denominators from X ∪X−1. Therefore, there are finitely
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many ξ ∈ Ca1(Γ) such that T d(ξ) ̸= 0, i.e. T d|Ca1(Γ) is finitely supported. Thus,

φ
(
T d
)
∈ C1

f (Ca(Γ)). Furthermore, for any ρ =
(
a2→a1
y1

)
· · ·
(
a1→al
yl

)
∈ Ca2(Γ):

d1f
(
φ
(
T d
))

(ρ) =
l∑

i=1

φ
(
T d
)(ai+1 → ai

yi

)

=
l∑

i=1

T d
(
ai+1 → ai

yi

)
= T d

((
a2 → a1
y1

)
◦ · · · ◦

(
a1 → al
yl

))
= T d

(a1 → a1
e

)
= 0

since T d is a character and because of how Ca2(Γ) is defined. Thus, we obtain

d1f (φ
(
T d
)
) = 0 and hence φ

(
T d
)
∈ Z1

f (Ca(Γ)).

Having just shown that φ is corestricted, we will now show that it is injective.

We will do this by showing that ker(φ) = {0}: suppose that φ
(
T d
)
= 0 for

T d ∈ Tf (Γ). Then T
d(ξ) = 0 for all ξ ∈ Ca1(Γ). Let ξ =

(
a→b
g

)
∈ Mor(Γ). But

as per Equation (6.3), every morphism can be decomposed into the composition

of morphisms from χ and inverses, i.e. morphisms in Ca1(Γ). So:

ξ = ξ1 ◦ · · · ◦ ξk

for some ξ1, ..., ξk ∈ Ca1(Γ). Therefore:

T d(ξ) = T d(ξ1) + · · ·+ T d(ξk) = 0 + · · ·+ 0 = 0

meaning that T d = 0. Thus, ker(φ) = {0}.

It remains only to show that φ is surjective. Let ϕ ∈ Z1
f (Ca(Γ)). Then

ϕ : Ca1(Γ) → C is finitely supported and
∑l

i=1 ϕ
(
ai+1→ai

yi

)
= 0 for any(

a2→a1
y1

)
· · ·
(
a1→al
yl

)
∈ Ca2(Γ).

Now, for every ξ =
(
a→b
g

)
∈ Mor(Γ), we will decompose ξ into morphisms

from Ca1(Γ) just as we did earlier while showing that φ is injective. Here we

must be more explicit, though. First we decompose g into g = y1 · · · yk where

y1, ..., yk ∈ X ∪X−1. Then:

ξ = ξ1 ◦ · · · ◦ ξk
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where ξi =
(
ai+1→ai

yi

)
for each i = 1, ..., k, defining a1 = b and ai+1 = y−1

i aiyi.

We define:

T d(ξ) =
k∑
i=1

ϕ

(
ai+1 → ai

yi

)
.

Note that this T d is well-defined: it does not depend on the choice of expansion

for g. Any distinct expansions of g can differ only in that one contains rela-

tions of G not present in the other. But when translating these relations into

morphisms as above, we will obtain compositions of morphisms corresponding

to words in Ca2(Γ). By hypothesis, these will disappear in T d.

Obviously T d is a character. Its local finite support is not as obvious: let us

fix g ∈ G and consider all ξ =
(
a→b
g

)
∈ Mor(Γ) such that T d(ξ) ̸= 0. This

means that there exists ξi =
(
ai+1→ai

yi

)
in the decomposition ξ = ξ1 ◦ · · · ◦ ξk

such that ϕ(ξi) ̸= 0. This can only be true for finitely many morphisms in

Ca1(Γ). However, this same ξi may appear in the decomposition of multiple

morphisms over g: consider
(
c→d
g

)
̸=
(
a→b
g

)
such that

(
cj+1→cj

yj

)
=
(
ai+1→ai

yi

)
for some j. Then yi = yj but i ̸= j since i = j would imply that a = c

and hence that
(
c→d
g

)
=
(
a→b
g

)
. Therefore, we must have that the same

yi ∈ X ∪ X−1 appears more than once in the decomposition g = y1 · · · yk.
But the composition is finite, so it can only appear a finite number of times.

Therefore, the number of morphisms over g whose decompositions contain this

same morphism must be finite. We can thus conclude that there are finitely

many morphisms η ∈ Ca1(Γ) such that ϕ(η) ̸= 0, each of which can only

appear in the decomposition of finitely many ξ =
(
a→b
g

)
∈ Mor(Γ), meaning

that the number of ξ ∈ Hg such that T d(ξ) ̸= 0 is finite. This is to say that

T d is locally finitely supported.

Lastly, for any ξ ∈ Ca1(Γ):

φ
(
T d
)
(ξ) = T d(ξ) = ϕ(ξ)

and so φ
(
T d
)
= ϕ. Thereby, φ is surjective and consequently bijective. It is

also obvious that φ is a vector space homomorphism and so we can conclude

that φ is a vector space isomorphism.

Theorem 15 is analogous to Theorem 13, using traditional derivations rather

than Fox-derivations and using a completely different cochain complex. Fur-

thermore, we can also produce the analogous result to Theorem 14:



CHAPTER 6. LINKS TO COHOMOLOGY 117

Theorem 16. The Lie algebra Inn(C[G]) of inner derivations of C[G] is iso-

morphic to the 1-dimensional coboundaries B1
f (Ca(Γ)).

Proof. Here we must recall that B1
f (Ca(Γ)) = im

(
d0f
)
. We will use the same

mapping φ, but this time restricting the domain to the characters of Γ corre-

sponding to inner derivations. In order to prove that φ is an isomorphism in

this setting, we need only show two things:

1. For every du ∈ Inn(C[G]), φ
(
T du
)
∈ B1

f (Ca(Γ)).

2. For all ϕ ∈ B1
f (Ca(Γ)) there exists du ∈ Inn(C[G]) such that φ

(
T du
)
= ϕ.

For the first point let du ∈ Inn(C[G]). We can set u =
∑

g∈G ugg. Now we

define a mapping tu : Ca0(Γ) → C by tu(g) = ug for each g ∈ G. Since

there must be a finite number of non-zero coefficients in the sum defining u,

tu ∈ C0
f (Ca(Γ)). Moreover:

d0f (tu)

(
a→ b

y

)
= tu(b)− tu(a)

= ub − ua

= T du
(
a→ b

y

)
= φ

(
T du
)(a→ b

y

)

for all
(
a→b
y

)
∈ Ca1(Γ), remembering the nature of T du from Theorem 10.

Thus, φ
(
T du
)
= d0f (tu) and hence φ

(
T du
)
∈ im

(
d0f
)
= B1

f (Ca(Γ)).

Now for the second point let ϕ ∈ B1
f (Ca(Γ)). Then there exists ψ ∈ C0

f (Ca(Γ))

such that ϕ
(
a→b
y

)
= ψ(b)−ψ(a) for all

(
a→b
y

)
∈ Ca1(Γ). Set u =

∑
g∈G ψ(g)g.

Then u ∈ C[G] since ψ is finitely supported. For any
(
a→b
y

)
∈ Ca1(Γ):

φ
(
T du
)(a→ b

y

)
= T du

(
a→ b

y

)
= ψ(b)− ψ(a) = ϕ

(
a→ b

y

)
and so φ

(
T du
)
= ϕ.

We have found that Der(C[G]) ∼= Z1
f (Ca(Γ)) and Inn(C[G]) ∼= B1

f (C[G]), which
are worthwhile results and lead directly into the central result of [11]:

Corollary 5.

Out(C[G]) ∼= H1
f (Ca(Γ))
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since H1
f (Ca(Γ)) = Z1

f (Ca(Γ))/B
1
f (Ca(Γ)).

These results display a curious similarity between the Fox-derivations and tra-

ditional derivations. Both connect in exactly the same ways to a cochain

complex, albeit using completely different cochain complexes. This is espe-

cially curious considering that the sources from which these ideas are taken do

not seem to connect in any other way and have entirely different approaches

in all other respects. Furthermore, Fox made no mention whatsoever of inner

Fox-derivations and yet we still obtain the desired result involving them.

However, this demonstrates a unity between these very different approaches

and points to a broader unity between all approaches to defining derivations:

returning to the broadest definition of derivations (Definitions 23 and 24), the

introductions of [3] and [11] state that the space of derivations from an algebra

A to an A-bimodule E will always satisfy the equation:

Out(A,E) ∼= H1(A,E),

a more general version of the results found in both Sections 6.1 and 6.2.



Chapter 7

Conclusion

Having discussed two different formulations of derivations and linked them in

Chapter 6, we should briefly discuss why these two formulations were used

within their respective contexts. Considering that the formulation used in

Chapter 5 is the usual way of defining derivations, that is by Equations (1.1)

and (1.2), it is somewhat interesting that Fox defined them differently. Is there

a particular reason not to use the usual definition? In attempting to answer

this question we must remember that one of the primary goals of [7] was to use

Fox-derivations to construct something analogous to traditional differentiation

along with results analogous to well-known results around differentiation –

such as Taylor series. Is this possible with different notions of derivation?

As it turns out, we can construct partial differentiation on Z[X] using deriva-

tions as defined by Equation (1.1). In fact, this is not only possible for Z[X]

but also for C[X] and indeed for any F[X] where F is a field. The focus can

remain on Z[X], though, since that was chosen for being the free abelian group

over X, a choice which does not appear to be related to the type of derivation

being used. This construction is almost identical to that in Chapter 3.2.2. We

can refer back to that construction exactly with the only changes being that

we now define:

∂x−1
k

∂xj
= −x−2

k δjk,

∂(uv)

∂xj
=

∂u

∂xj
· v + u · ∂v

∂xj
.

Despite the existence of partial derivatives here, though, there are several

differences that arise. Firstly, it is relevant that Der(Z[X]) is not a Z[X]-

119
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module while FDer(Z[X]) is. This is because right-multiplication of derivations

by group algebra elements fails to produce further derivations:

(d · u)(f · g) = d(f · g) · u = d(f) · g · u+ f · d(g) · u

= d(f) · g · u+ f · (d · u)(g)

̸= (d · u)(f) · g + f · (d · u)(g)

for d ∈ Der(Z[X]) and u ∈ Z[X]. Similar problems arise for left-multiplication.

Therefore, we must view Der(Z[X]) only as a vector space over Z and hence

the partial derivatives do not form a basis for the space of all derivations. This

means that we cannot produce a result analogous to Theorem 4. To prove this

claim, consider a derivation d such that d(xj) /∈ Z for some xj ∈ (x). Such

derivations definitely exist, for example dxk where xk ̸= xj. Now assume that

d can be written as a linear combination of partial derivatives
∑

xk∈(x) αk
∂
∂xk

.

Then d(xj) = αj ∈ Z, contradicting that d(xj) /∈ Z. Thus, d cannot be written
as a linear combination of partial derivatives.

Similarly we cannot produce a result analogous to Theorem 6 as the mapping

given in Equation (3.5) is not guaranteed to be a derivation. This theorem

was imperative for the fundamental formula, which in turn does not hold:

∑
j

∂x−1
k

∂xj
· (xj − 1) =

∂x−1
k

∂xk
· (xk − 1)

= −x−2
k · (xk − 1)

= x−2
k − x−1

k

̸= x−1
k − 1,

demonstrating that the fundamental formula fails for f = x−1
k . We can take a

similar approach to showing that the Chain Rule from Theorem 5 fails:

∂
(
λ
(
y−1
i

))
∂xj

=
∂ (λ(yi)

−1)

∂xj
= −λ(yi)−1 · ∂(λ(yi))

∂xj
· λ(yi)−1

whereas:

n∑
k=1

λ̃

(
∂y−1

i

∂yk

)
· ∂(λ(yk))

∂xj
= λ̃

(
∂y−1

i

∂yi

)
· ∂(λ(yi))

∂xj

= λ̃
(
−y−2

i

)
· ∂(λ(yi))

∂xj
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= −λ(yi)−2 · ∂(λ(yi))
∂xj

showing that the Chain Rule fails when f = y−1
i .

We cannot obtain any results analogous to Theorems 4, 5 and 6 or Equation

(3.6) nor can we for the later results in Chapter 3.2.3 as they largely rely on

Equation (3.6). This goes some way to showing why Fox chose his particular

type of derivation rather than the more usual formulation that we used here.

The main reason that Fox-derivations work where these do not is that Fox in-

troduces a commutative component into derivations: the term õ(v) in Equation

(2.4) – a defining equation for Fox-derivations – commutes with all elements

of Z[X]. This is the factor that causes FDer(Z[X]) to be a Z[X]-module and

consequently leads to Theorems 4 and 6 and hence to Equation (3.6). The

presence of this commutative term is also what allows for the Chain Rule. It

would appear that Fox managed to introduce just enough commutativity to

allow for these results without operating in a completely commutative world.
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Appendix A

Proof of Prosition 3. Since ϕ(g), ψ(g) ∈ R[G] for any g ∈ G and G is a basis
for R[G], we can define the following expansions for the functions ϕ and ψ:
ϕ(g) =

∑
h∈G ϕ

g
hh and ψ(g) =

∑
h∈G ψ

g
hh, where (ϕgh)h∈G and (ψgh)h∈G are

sequences in R defined for each g ∈ G. Thus:∑
g∈G

ag · ϕ(g) +
∑
g∈G

bg · ϕ(g)

=
∑
g∈G

ag ·
∑
h∈G

ϕghh+
∑
g∈G

bg ·
∑
h∈G

ϕghh

=
∑
g∈G

∑
h∈G

(agϕ
g
h)h+

∑
g∈G

∑
h∈G

(bgϕ
g
h)h by Lemma 1

=
∑
h∈G

∑
g∈G

(agϕ
g
h)h+

∑
h∈G

∑
g∈G

(bgϕ
g
h)h by commutativity

=
∑
h∈G

(∑
g∈G

agϕ
g
h

)
h+

∑
h∈G

(∑
g∈G

bgϕ
g
h

)
h by distributivity

=
∑
h∈G

(∑
g∈G

agϕ
g
h +

∑
g∈G

bgϕ
g
h

)
h

=
∑
h∈G

(∑
g∈G

(agϕ
g
h + bgϕ

g
h)

)
h

=
∑
h∈G

∑
g∈G

(agϕ
g
h + bgϕ

g
h)h by distributivity

=
∑
h∈G

∑
g∈G

((ag + bg)ϕ
g
h)h

=
∑
h∈G

∑
g∈G

(ag + bg) · (ϕghh) by associativity

=
∑
g∈G

∑
h∈G

(ag + bg) · (ϕghh) by commutativity

=
∑
g∈G

(ag + bg) ·
∑
h∈G

ϕghh by distributivity
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=
∑
g∈G

(ag + bg) · ϕ(g).

We will now prove the second equation, being less rigorous with the explana-
tions of each step:(∑

g∈G

ag · ϕ(g)

)
·

(∑
g∈G

bg · ψ(g)

)

=

(∑
g∈G

ag ·
∑
h∈G

ϕghh

)
·

(∑
g∈G

bg ·
∑
h∈G

ψghh

)

=

(∑
g∈G

∑
h∈G

(agϕ
g
h)h

)
·

(∑
g∈G

∑
h∈G

(bgψ
g
h)h

)

=

(∑
h∈G

(∑
g∈G

agϕ
g
h

)
h

)
·

(∑
h∈G

(∑
g∈G

bgψ
g
h

)
h

)

=
∑
h,k∈G

((∑
g∈G

agϕ
g
h

)(∑
g∈G

bgψ
g
k

))
hk

=
∑
h,k∈G

(∑
l∈G

∑
g∈G

agϕ
g
hblψ

l
k

)
hk

=
∑
h∈G

∑
k∈G

∑
l∈G

∑
g∈G

(agϕ
g
hblψ

l
k)hk

=
∑
g∈G

∑
l∈G

∑
h∈G

∑
k∈G

(agbl) · ((ϕghψ
l
k)hk)

=
∑
g∈G

∑
l∈G

(agbl) ·
∑
h∈G

∑
k∈G

(ϕghψ
l
k)hk

=
∑
g∈G

∑
l∈G

(agbl) ·

(∑
h∈G

ϕghh

)
·

(∑
k∈G

ψlkk

)
=
∑
g,l∈G

(agbl) · (ϕ(g) · ψ(l))

=
∑
g,h∈G

(agbh) · (ϕ(g) · ψ(h)).

Now we move on to proving the results at the end of Section 3.2.3.
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Proof of Equation (3.12). We start off by proving Equation (3.12) by applying
the Product Rule for nth-order differentiation to xpj with p ∈ Z and n > 1:

∂nxpj
∂xnj

=
n∑
i=1

∂n−i+1xp−1
j

∂xn−i+1
j

· õ

(
∂i−1xj

∂xi−1
j

)
+ xp−1

j

∂nxj
∂xnj

=
∂nxp−1

j

∂xnj
+
∂n−1xp−1

j

∂xn−1
j

since õ

(
∂i−1xj

∂xi−1
j

)
= 0 for all i > 2 and

∂nxj
∂xnj

= 0. If n = 1, then we obtain the

same result since i = 1 is the only term i the sum and xp−1
j

∂xj
∂xj

=
∂0xp−1

j

∂x0j
. So

whenever n ≥ 1:
∂nxpj
∂xnj

=
∂nxp−1

j

∂xnj
+
∂n−1xp−1

j

∂xn−1
j

.

Furthermore:

∂nxpj
∂xnj

= 1 if n = 0

and
∂nxpj
∂xnj

= 0 if p = 0 and n > 0.

From this we can conclude that:

õ

(
∂nxpj
∂xnj

)
=

(
p

n

)
.

Thus, Equation (3.12) has been derived.
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Proof of Equation (3.13). Equation (3.13), however, requires a more lengthy

process. To begin with, we prove another result regarding
∂nxpj
∂xnj

:

∂nxpj
∂xnj

=

p−n∑
i=0

(
p− i− 1

n− 1

)
xij if p ≥ 0, n ≥ 1 (C.1)

and
∂nxpj
∂xnj

= (−1)n
−p−1∑
i=0

(
n+ i− 1

n− 1

)
xi+pj if p < 0, n ≥ 1. (C.2)

We prove this by induction on n. Firstly, we consider p ≥ 0. If n = 1, then:

∂nxpj
∂xnj

=
∂xpj
∂xj

=

p∑
i=1

xi−1
j =

p−1∑
i=0

xij =

p−1∑
i=0

(
p− i− 1

0

)
xij =

p−n∑
i=0

(
p− i− 1

n− 1

)
xij.

Now consider n ≥ 1 and assume that Equation (C.1) holds for order 1, 2, ..., n.
Then:

∂n+1xpj

∂xn+1
j

=
∂

∂xj

(
p−n∑
i=0

(
p− i− 1

n− 1

)
xij

)

=

p−n∑
i=0

(
p− i− 1

n− 1

)
∂xij
∂xj

=

p−n∑
i=0

(
p− i− 1

n− 1

) i−1∑
k=0

xkj

=

p−n−1∑
k=0

(
p− i− 1

n

)
xkj

and so Equation (C.1) is true by induction. Now consider the case that p < 0.
For n = 1:

∂nxpj
∂xnj

=
∂xpj
∂xj
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=

−p∑
i=1

x1−ij

∂x−1
j

∂xj

=

−p∑
i=1

x1−ij

(
−x−1

j

)
= −

−p∑
i=1

x−ij

= −
−p−1∑
i=0

x−i−1
j

= −
−p−1∑
i=0

xi+pj

= (−1)1
−p−1∑
i=0

(
i

0

)
xi+pj

= (−1)n
−p−1∑
i=0

(
n+ i− 1

n− 1

)
xi+pj .

Now we consider n ≥ 1 and assume that Equation (C.2) holds for order
1, 2, ..., n. Then:

∂n+1xpj

∂xn+1
j

=
∂

∂xj

(
(−1)n

−p−1∑
i=0

(
n+ i− 1

n− 1

)
xi+pj

)

= (−1)n
−p−1∑
i=0

(
n+ i− 1

n− 1

)
∂xi+pj

∂xj

= (−1)n
−p−1∑
i=0

(
n+ i− 1

n− 1

) −i−p∑
k=1

(
−x−kj

)
= (−1)n+1

−p−1∑
i=0

(
n+ i− 1

n− 1

) −i−p−1∑
k=0

xk+i+pj

= (−1)n+1

−p−1∑
k=0

(
n+ i

n

)
xi+pj

and so Equation (C.2) also holds by induction.

With this result proved, we move on to something seemingly unrelated: con-
sider the homomorphism λ : X → ⟨xj⟩, where ⟨xj⟩ = {1, xj, x2j , ...}, defined
by λ(xj) = xj and λ(xk) = 1 for all k ̸= j. Applying the Chain Rule of free
differentiation, for any f ∈ Z[X]:

∂
(
λ̃(f)

)
∂xj

=
m∑
k=1

λ̃

(
∂f

∂xk

)
· ∂(λ(xk))

∂xj
= λ̃

(
∂f

∂xj

)
.
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We can write ∂f
∂xj

as
∑

u∈X auu so that λ̃
(
∂f
∂xj

)
=
∑

u∈X auλ(u). But because

of how we defined λ, λ(u) = xpj where p =
∑

jk=j
ϵk. Therefore õ(λ(u)) = 1 for

all u ∈ X and hence õ
(
λ̃
(
∂f
∂xj

))
=
∑

u∈X au = õ
(
∂f
∂xj

)
. So:

õ

(
∂f

∂xj

)
= õ

∂
(
λ̃(f)

)
∂xj

 .

Similarly to the working above, we find
∂2(λ̃(f))
∂x2j

= ∂
∂xj

(
λ̃
(
∂f
∂xj

))
= λ̃

(
∂2f
∂x2j

)
and consequently õ

(
∂2f
∂x2j

)
= õ

(
∂2(λ̃(f))
∂x2j

)
. The same principles will apply

irrespective of how many times we differentiate with respect to xj:

õ

(
∂nf

∂xnj

)
= õ

∂n
(
λ̃(f)

)
∂xnj

 . (C.3)

Now, as stated earlier, for any u ∈ X, λ(u) = xpj where p =
∑

jk=j
ϵk. There-

fore, using Equations (C.1) and (C.2):

õ

(
∂n(λ(u))

∂xnj

)
=

p−n∑
i=0

(
p− i− 1

n− 1

)
if p ≥ 0,

õ

(
∂n(λ(u))

∂xnj

)
= (−1)n

−p−1∑
i=0

(
n+ i− 1

n− 1

)
if p < 0.

Either way, õ
(
∂n(λ(u))
∂xnj

)
=
(
p
n

)
. So by Equation (C.3), õ

(
∂nu
∂xnj

)
=
(
p
n

)
. But

õ
(
∂u
∂xj

)
= õ

(∑
jk=j

ϵku(k)

)
=
∑

jk=j
ϵk = p. Thus:

õ

(
∂nu

∂xnj

)
=

(
õ
(
∂u
∂xj

)
n

)
.
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Proof of Equation (3.14). For this equation we consider second-order deriva-

tives of free group elements u ∈ X. First, though, we note that õ
(
∂u
∂xj

)
= pj

where pj =
∑

ji=j
ϵi and similarly õ

(
∂u
∂xk

)
= pk. Now, if j ̸= k, then by

Equation (3.9):

∂2u

∂xj∂xk
=

∑
jλ1=j,jλ2=k

ϵjλ1 ϵjλ2u(jλ1 ) where 1 ≤ λ1 < λ2

and:

∂2u

∂xk∂xj
=

∑
jλ1=j,jλ2=k

ϵjλ2 ϵjλ1u(jλ2 ) where 1 ≤ λ2 < λ1.

The restrictions on λ1 and λ2 are simpler here than in Section 3.2.3 since
j ̸= k and so we cannot have λ1 = λ2, meaning that we need not worry about
whether we stop iterating at λ1/2 or just beforehand. So:

õ

(
∂2u

∂xj∂xk

)
=

∑
jλ1=j,jλ2=k

ϵjλ1 ϵjλ2

=
∑
jλ2=k

 ∑
jλ1=j,λ1<λ2

ϵjλ1

 ϵjλ2

=
∑
jλ2=k

pj≤λ2ϵjλ2

where pj≤λ2 =
∑

ji=j,ji≤λ2 ϵi. Similarly:

õ

(
∂2u

∂xk∂xj

)
=
∑
jλ1=j

pk≤λ1ϵjλ1 .
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Therefore:

õ

(
∂2u

∂xj∂xk

)
+ õ

(
∂2u

∂xk∂xj

)
= pjpk = õ

(
∂u

∂xj

)
õ

(
∂u

∂xk

)
.


