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1. Introduction

Let H be a real Hilbert space, and let A : H — 2 and B : H — H be two monotone operators. The problem of finding a zero
of the sum of A and B, which is also known as the monotone inclusion problem (MIP), is defined as follows:

find X € H such that 0 € (A + B)X. (1.1

We denote the solution set of this problem by (4 + B)~'(0).

The monotone inclusion is an important problem in optimization as well as in signal processing, image recovery, and machine
learning. It is often solved by splitting algorithms that involve tackling each of the two associated operators (A and B) separately (by
means of forward evaluation of the single-valued operator and backward evaluation of the set-valued operator) rather than their sum.
These algorithms have undergone tremendous research which has been motivated by the desire to devise faster, computationally
inexpensive, and much more applicable methods.

Among these splitting methods, we now mention the following forward-backward splitting algorithm [1,2]:

Xppt = (g +7A) N (x, —7Bx,), n> 1, (1.2)
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where I, is the identity operator on H and y is a positive constant. This algorithm involves only one forward evaluation of B
and one backward evaluation of A per iteration, and the sequences it generates are known to converge weakly to a solution of the
inclusion problem (1.1) when B is L~'-cocoercive (which is a strict condition), y € (0,2L~"), A is maximal monotone and (A+B)~'(0)
is nonempty.

The strict cocoercivity assumption in algorithm (1.2) was removed in [3], where the author proposed the following forward-
backward-forward (FBF) splitting algorithm (also known as Tseng’s splitting method):

Vo = Uy +7A) 7 (x, — v Bx,),
Xpp1 = Vn —VBy, +vBx,, n2 1.

(1.3)

An inexact variant, a variable metric variant and a stochastic variant of algorithm (1.3) were studied in [4,5], and [6], respectively.
The main advantage of algorithm (1.3) is that the sequences it generates converge weakly to a solution of (1.1) under the much
weaker assumptions that B is monotone and L-Lipschitz continuous, y € (0, L~'), A is maximal monotone and (A + B)~'(0) # 0.
However, the main disadvantage of this algorithm is that it involves two forward evaluations of B. This might affect its efficiency
especially when it is applied to solving large-scale optimization problems and optimization problems emanating from optimal control
theory, where computations involving pertinent operators are often very expensive (see [7]).

This disadvantage was recently resolved in [8], where the authors proposed the following forward-reflected-backward (FRB)
splitting algorithm:

Xpp1 = Uy + yA)_'(x,, —2yBx, +yBx,_;), n>1, 1.4

where y € (0, %L‘l). The main advantages of algorithm (1.4) are that it requires only one forward evaluation of B and that B is
monotone and Lipschitz continuous. See [9] for the reflexive Banach space variant of algorithm (1.4).

If B is linear, algorithm (1.4) has the same structure as the reflected—forward-backward (RFB) splitting algorithm proposed and
studied in [10]:

Yn = 2xn — Xp-1>
- . 1.5)
Xpp1 = Uy +vA)" (x, —yBy,), n> 1.

The weak convergence of the sequences generated by algorithm (1.5) to a solution of (1.1) was investigated in [10] under the
assumption that B is monotone and L-Lipschitz continuous, y € (0, L™! (\/5 — 1)), A is maximal monotone and (A + B)~!(0) # @. The
weak convergence of the sequences generated by algorithm (1.5) was also investigated in [11] in the particular case where A in
the inclusion problem (1.1) is the normal cone of a nonempty, closed, and convex subset of H. Also, when A is the subdifferential
of a proper convex and lower semicontinuous function, the line search variant of algorithm (1.5) was investigated in [12].
Recently, fast convergent algorithms for solving optimization problems have become of great interest to many researchers.
The inertial extrapolation technique is one of the most important methods of improving the convergence speed of optimization
algorithms. This technique is based upon a discrete analog of a second-order dissipative dynamical system, which is known for its
efficiency in improving the convergence speed of optimization algorithms (see [13-17]). For notable results on inertial algorithms
with one inertial parameter for solving the MIP (1.1), see [18-20] and references therein.
Advantages of an inertial extrapolation step with two inertial parameters. Poon and Liang [21,22] presented some limitations of
algorithms with one inertial parameter for solving feasibility problems in R?, where we define T, = T := % I+Q2Py, -D(2Py, -1 )).

Let H,, H, C R? be two subspaces such that H, n H, # ¢. Find x € R? such that x € H, n H,.
It was shown in [22, Section 4] that the two-step inertial fixed point iteration

Xpp1 =T (x, +0(x, —x,_1) +6(x,_1 — X,_5))
converges faster, in terms of both the number of iterations and the CPU time, than the one-step inertial fixed point iteration
Xpp1 = T(xn + e(xn - xn—l))' (16)

Furthermore, it was shown that the sequences generated by the one-step inertial fixed point iteration (1.6) converge more slowly
than those generated by its non-inertial version (that is, when 6 = 0 in (1.6)). This example, therefore, shows that the one-step
inertial fixed point iteration (1.6) may fail to provide acceleration in the case where T is the Douglas-Rachford splitting operator.
Therefore, for certain cases, the use of the inertia of more than two points could be of numerical advantage. It was noted in [23,
Chapter 4] that the use of more than two points x,, x,_; could provide acceleration. For example, the two-step inertial extrapolation

w, =x, +60(x, —x,_1)+6(x,_| —x,_,)

with # > 0 and 6 < 0 can provide acceleration. The failure of one-step inertial acceleration of ADMM was also discussed in [21,
Section 3] and adaptive acceleration for ADMM (Alternating direction method of multipliers) was proposed instead. Polyak [24] also
observed that the multi-step inertial methods can boost the speed of optimization methods even though neither the convergence nor
the rate result of such multi-step inertial methods is established in [24]. Some results on multi-step inertial methods have recently
been presented in [25].

In this paper we investigate the convergence of the sequences generated by an inertial variant of the RFB splitting algorithm
(1.5), that is, we propose an RFB splitting algorithm with two inertial parameters in which one is non-negative while the other is
non-positive and prove that the sequences generated by our proposed algorithm converge weakly to a solution of Problem (1.1).
The proposed algorithm involves only one forward evaluation of the monotone Lipschitz continuous operator B and one backward
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evaluation of the maximal monotone operator A at each iteration; a feature that is absent in many other inertial splitting algorithms
which are available in the literature. Our weak convergence results are obtained without imposing summability conditions on the
inertial parameters and the sequence of iterates; such conditions are assumed in recent results on multi-step inertial methods in the
literature (see, for instance, [25]). Moreover, some previously known related methods in the literature are recovered. Furthermore,
we conducted numerical experiments for problems arising from image restoration. Results from these experiments show that our
algorithm is efficient and faster than both the RFB splitting algorithm (1.5) and the FRB splitting algorithm (1.4).

2. Preliminaries
Throughout this work, (-,-) and || - || are the inner product and norm, respectively, of a real Hilbert space H.
The operator B : H — H is called L-cocoercive (or inverse strongly monotone) if there exists a number L > 0 such that
(Ba— Bb,a—b) > L||Ba— Bb||*> Va,b e H,
and monotone if
(Ba— Bb,a—b)>0 Va,be H.
The operator B is called L-Lipschitz continuous if there exists a number L > 0 such that
|Ba— Bb|| < L|ja - b|| Va,b € H.
If A is a set-valued operator A : H — 2™, then A is said to be monotone if
(@=b,a—b)y>0 Va,b€ H, G Aa, b € Ab.
The monotone operator A is called maximal if the graph G(A) of A, defined by
G(A) :={(a,a) e H X H : @ € Aa},

is not properly contained in the graph of any other monotone operator. In other words, A is called a maximal monotone operator
if for (a,a) € H x H, we have that (a— b,a — b) > 0 for all (b, b) € G(A) implies that a € Aa.
For a set-valued operator A, the resolvent associated with it is the mapping J. ; : H — 2™ defined by

JAa) 1= Iy +64)7 (@), a€H, 5>0.

If A is maximal monotone and B is single-valued, then both J ; and J 5{“(1;1 — §B) are single-valued and everywhere defined on H.
The following identities hold in a real Hilbert space H:

2@, by = llall®> + 1161 = 1= bII> = la+ bl — 1all> — 161> ¥ &b e M. 2.1)

Lemma 2.1. Letx,y,z € H and a,b € R. Then
I+ a)x — (@— by —bzl* = (1 +a)llx[|* — @ - BlIyI* - blizl* + (1 + a)a — b)lIx — y|I*
+b(1+a)llx — zl* = ba— b)lly — z||*.

3. Proposed algorithm and weak convergence

In this section we present our proposed algorithm and establish a weak convergence theorem for it. We begin with the following
assumptions.

Assumption 3.1.

(a) A is maximal monotone,
(b) B is monotone and Lipschitz continuous with Lipschitz constant L > 0,
() (A + B)~1(0) is nonempty.

Algorithm 1. Inertial RFB Splitting Algorithm
Lety >0, 0 €[0,1) and 6 € (—o0,0] be given. For arbitrary points x_;, xq, x; € H, let the sequence {x,} be generated by

w, =x, +60(x, —x,_1)+6(x,_; —X,_5),
Yn = 2xn — Xp-1>

Xntl = J?(wn - J/By"), n>1.
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Remark 3.1. We recover the RFB splitting algorithm studied in [10] (please see (1.5) above) when we take § = 5 = 0 in our
Algorithm 1. We also recover the projected reflected gradient method [11, Algorithm 3.1] when A in Algorithm 1 is a normal cone
(in this case, J YA is a projection operator onto a closed and convex set C) and 6 = § = 0.

Lemma 3.1. Let {x,} be generated by Algorithm 1 and assume that Assumption 3.1 holds. For all x € (A + B)~!(0), define

a, =[x, = xII* = 0llx,; = x[I* = 61X, = x[I* + (1 = |8] + 20)Ix,, — x,,_; [I*
+L+0)x, =y, 1> + 1p, + v BxI* = llp, + X, — x,_; + v Bx]|*, (3.1)
where
Py i=W,_; —¥By,_| —x,. 3.2)
Then

nat S Gy + 2001x,01 = X, 117 + (16] + 1610 = 50)l1x,_y = x5 17

—(1=30 =y LA+ V2)) [l1x, = 32 + %51 = vall?]
=25(1+ 0)1x, — X,y 1> = 28(x,, 5 — X, 3. X141 — V).

Proof. Let x € (A+ B)‘I(O). From x, = JA(LU 1 —YBy,_1)» the definition of J# and (32), we get p, € yAXx,,.
n y n—1 n—1 y g n n
Similarly, Pu+1 € yAx,, 1+ AISO, we have

20y = Wy + Py + 7 BYu 1 X4 = V) =0 (3.3)
and

2Xpq1 = Wy + Puyy + Y By x —x,41) = 0. (3.9
Adding (3.3) and (3.4), we get

0 = 20x; = Wy 1> Xp41 = V) + 20y + 7BV, 1> X1 = Yn)
+ 22Xy = Wy X = X 1) + 2Py + 7By, X = X4q)
2{xy = Wy 1> Xq1 = Yn) + 2Py + Y BYy X1 = Vi) + 2r(BY,_t — By, Xpp1 = yi)

+2(Xpp ) — Wy X = Xy 1) + 2Py FYBY X — X0 0). (3.5)
Also, from y,_; =2x,_; —x,_, and w,_; = x,_; + 0(x,_; — x,_,) + 6(x,_, — Xx,_3), we obtain
Xp =Wy = Xp =Xy — H(Xn_] - xn—Z)

- 5(xn—2 - xn—3)

Xp = Xy = 0oy = Xpp)
= 6(xy2 = Xy-3)
(I =0)(x, = x,1) +0(x, = Y1)
—0(xy2 = Xp-3)
=1 =0, —x,) +0(x, = Yp_1)
—6(X_ny — X,_3)- (3.6)
Using (3.6) in (3.5), we get

0 = 2(1 = )Xy, = Xps X1 = V) + 260X, = V15 X1 = V) + 2Dy + ¥ BYys X1 = V)
+27(BY,_1 = By Xpp1 = V) + 2Xpp1 = Wy X = Xy 1) + 2Pyyy + ¥ By X — Xp40)
—=26(x_p = X3, Xy — V)
= 2(1 = OXYy = X X1 = V) + 2(X 41 = Wyyo X = X1 ) + 27(BY,_ = By Xy = V)
+2Pns X1 = Yu) + 2r{BYps X = ¥ + 2Py 1> X — Xpq1) +20(x, — Yoo 1s Xt — V)
= 26Xy = X3 X1 — Vp)- 3.7)

Now, by (2.1), we have
203 = X Xyt = Vo) =lX1 = %117 = (x40 = 21 = llx, = 3,17 (3.8)

and



C. Izuchukwu et al. Journal of Computational and Applied Mathematics 460 (2025) 116405

2 2 2
2<xn+1 — Wy, X — xn+1> =”wn - x” - ”xn+1 - x” - ”xn+1 - wn” .
Using the Cauchy-Schwarz inequality, we obtain

- 29<xn+1 — Xps Xy — xn—l) > _29||Xn+l - xn””xn — Xp—1 ”7

- 25<xn+l = Xps Xp—1 — xn—2> b _2|5|”xn+1 - xn””xn—l - xn—2||’
and

259()(" = Xp—1>Xp-1 — xn—2> = _259<xn—1 = Xps Xp—1 — xn—2>

v

—2181011x, = xp Hlxp—1 = Xp2l-
Using (3.10), (3.11) and (3.12), we obtain
%41 = 1> = 11Xy = Gy + 00x, = x,-1) + 600,11 = X,
= %41 = X, = 00, = X,1) = 6(x,y = anz)”z
= It = %, 12 = 200040 = %, 3, = X,)
= 28(X41 = Xps Xyt = Xp2) + 0711, = X, 11

2 2
+250<xn = Xp—1>Xp-1 ~ xn—2> +6 ”xn—l - xn—2”

v

(1 = X117 = 2011x,41 = x, 11, = %, I
=21611%51 = X ll1%,m1 = Xall + 0% 11x, = x,, 12
=2/8101lx, = x,_1 I,y = x,2ll + 52||Xn—1 - xn—2“2
2 X1 = Xl = Ollx,g = x, 11> = Ollx, = x4 17
=161t = Xull* = 181l1%,1 = X lI” + 6711, = x4
= 181011x, = x,_1 I* = 181011x, = %, 21> + 8 l1x,-1 = x|l
= (1= 18] = O)llx, 1y — x,II* + (0% =0 = 15|0)lIx,, — x,,|I”
+(8% = 18] = 1810)1x,-1 — x,_I*.
Employing Lemma 2.1, we find that
llw, = x> = [I(1+0)(x, = x) = (0 = 6)(x,_; = X) = 6(x,5 = )|
= 1 +0)x, — x> = O = &)llx,_; — x[I* = 8llx,_, — x|
+(1+6)(6 = 8)llx, — x,1 I + 51 + 0)lIx, = x,, I”
=80 = 8)lIx,-1 — Xpall®.
Combining (3.13) and (3.14) with (3.9), we see that
23Xy = W X = X,1) < (L4 O)]Ix, = x[I* = (0 = 8)]1x,_y — x[I* = 81x,_5 — x||?
+(1+0)O0 = 8)lIx, = X, I* + 81 + O)lx, — x,, 17
=800 = 8)l1x,—1 — X2l = Iy = x[1* = (1 = [8] = O)Ix,41 — x,|I7
= (0% = 0= 1510)llx, — x,_ 11> = (6> = [8] = 160)lIx,_; — X,
= (1 +0)x, — x> = @ = 8)llx,_; — x[I* = 6llx,_, — x|I*
+(A+000=5)=©> =0 -1610) ) Ix, = %,
+8(1+0)lIx, — x> = (1 = 18] = O)l|x,4; — X, 17
— (80 =8+ > =161 = 1610) ) lx,1 = x, I
= l1xpe1 = xII7
= (1+0)x, — x> = (0 = ®)llx,_; — xII* = 8llx,_, — xII*
+(20 =6 = 86 + 1810)l|x, — x,,1 1> + (1 + O)llx, — X, I”
= (1= 18] = OlIx,41 = X, 1> + (8] + 1610 = 80)]|x,,_; — x,_, I
= %1 — xII?
< A+ 0)x, = x[* = (0 = 8)llx,_; — x[|* = 8llx,_, — x||*
+(20 -6 -0 +1510)l1x, — x,_1 I* = (1 = 18] = O)llx,41 — x, 117
+(18] 41810 = 80)1x,-1 — %, lI* = lIx,4; — xII*.

Next, using the L-Lipschitz continuity of B, we find that

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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IA

2y LUy = Yue1 e = Yl

1
rL (% 1Yn = Yaot I* + \/§||xn+1 - yn”2>

1
yLT((z + V)l = %2 + V2%, = yast IP) + V20 Lilx,g = v,
2

Zy(By,,,l - Byn!anrl - yn>

IA

IN

YL+ VDUy, = x, 12 + 7 LIx, = Yoot 1P + V27 Llxey = vl (3.16)

Now, since B is monotone, we have
Y(BYy X = ¥y) L y{BX, X = y,). (3.17)

Also, since p,,; € yAx,,;, —yBx € yAx and A is monotone, we find that 0 < (—yBx — p, 1. X — X, ).
Hence,

A

(pn+l’x - xn+l> = <Pn+l7x - xn+1> + (—)/Bx = Pnt15 X — xn+1>

7(BX, X, — X). (3.18)

Again, since p, € yAx,, p,,| € yAx,,; and A is monotone, we see that
(pn’xn+l - xn) < <pn+l’xn+l = Xp)- (319)
From (3.17) and (3.18), it follows that

2Py Xpp1 = V) F27(BYps X = ¥ ) + 2{Dpy1s X = Xpy1)
2(Pps X1 = Yn) + 27(Bx,x = y,,) + 2y (Bx, X, — X)

2p, + v BX, X1 = ¥y)
2p, +vBx, X, — x,) — 2(p, + YBx, X, — X,_1)

IA

2ppp1 +vBx, X — x,) — 2(p, + YBx, x, — x,_1), (3.20)

where the last equality and inequality follow from y, = 2x, — x,_; and (3.19), respectively. Now, putting (3.8), (3.15), (3.16) and
(3.20) in (3.7), we obtain
0 < (1=0)lIx,u41 — %, 07 = (1= Ollx,sy — 3,17 = (A = O)lIx,, — y,II?
+(1+0x, = x[I* = (0 = &)lIx,_; — xII* = 8llx,_, — x|I*
+(20=6—=60+1610)||x, — x,_1 1> = (1 = |8] = Ol x,p1 = X1
+ (18] + 1816 = 80)11x,-1 = X2 lI* = %y = xI1?
+ 7L+ VDl = %l + 7 LIy = 3t 12+ V27 Ll = 5,2
+ 2Py + Y Bx, Xy = Xp) = 2, + Y BX, X, — X, 1) +20(X, — Vo1 Xyt = Vu)
= 26(X_0 = X3 X1 — V)
A= O)1X11 = X, 11> = (A = O)lIx,1 = ¥, 1> = (1 = Ollx,, = y,|I*
+ A+ 0)Ix, — x> = O = &)lIx,_; — x[1* = 8lIx,_, — xII?
+(20 =6 =50 +1510)l1x, — x,_1 > = (1 = 18] = O)llx,01 — x, 17
+ (18] + 1610 = 80)lIx,_1 = X, lI* = 15,41 — xII
+ 7L+ VDl = %l + 7 LI, = 3y 12+ V27 Ll = 5,12
~1Pnsr + ¥ BxI? = (%01 = X, + 1psr + 7 Bx + X,y — X,

IA

+1lpy +7BxI* + l1x, = X,i I = Py + 7 Bx + x, = x4 |17
4011, = Vet 1P + 011Xt = Vall® = 28(X_0 = Xp3s X1 — Vu)- (3.21)
Rearranging (3.21), we arrive at
%1 = XII* = 0llx, = x[1* = 8llx,- = x[I* + (1 = 18] + 20)[1x,,4.1 — x,|I*
+ L+ ONx,41 = Vull* + 1Py + ¥ BXI* = Ipg1 + X041 — x, + 7 Bx|)?
1%, = xII? = Ollx,_; = x1* = 8Ix,p — x|I> + (1 + 20 — 6 — 60 + |6|0)||x,, — x,_; |I?

IA

+GL+0x, = y,_1I? + lIp, + v Bx|I* = llp, + x, — x,_; + v Bx|)?
+20]x,01 = %, = (1= 0 =y L(1 + V2)lIx, = 3,1
—(1=30 = y LA+ V2)) %11 = yall® + (8] + 1610 = 80)[1,,_; — %,

- 25<xn—2 = Xp-3>Xpp1 ~ yn)
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A

l1x, = xII* = Ollx,—; = x[I* = 811X, = x[I* + (1 + 20 — 6 = 560 + |5]0)l|x,, — X, I
+ L+ 0Nx, = yuui 1P + lp, + ¥ BXI* = lIp, + X, — X,y + v Bx]|?

+ 201,41 — X, 112+ (18] + 1816 = 60)|x,_; — X, I

—(1=36 = yL(1 + V2)) [Ix, = 17 + [1x41 = 7al1?]

= 26X = X3, X1 — V)

= 1x, = xII* = Ollx,_1 = xII* = 8lIx, = x| + (1 = 18] + 260)l|x,, = x,_4I”
+(/L+0)lIx, = y,_1I* + lIp, + v Bx|I* = l|p, + X, — X, + 7 Bx]|?

+2011%,11 = x, 117 + (18] + 1816 — 60)1x,_y — x,,»|I*

—(1-30 = yL(1+ V2) [I1%, = 3 lI? + %051 = 3l1%]

=26(1+ 0)1Ix,, — X1 I* = 26(x,,22 = X35 X1 = Vs

where the last equality follows from —§ = |5| (since § < 0). Hence, the required conclusion. []

Next, we present the following conditions on the inertial parameters and the step size. They are employed in our main
convergence result.

Assumption 3.2.
. 1 5 9641 .
(i) Choose § € (—5,—5—4] U {0} and 9 € [O, m),
1+1/1+160(1-46+3650) 35(1+9)+1+5-79}
8L T LA+V2) ’

(ii) Pick the step size y such that 0 <y < min{

Theorem 3.1. Let {x,} be generated by Algorithm 1 when Assumptions 3.1 and 3.2 hold. Then {x,} converges weakly to an element of
(A+ B)~1(0).

Proof. Let x € (A + B)~'(0). It follows from Lemma 3.1 that (note that |§| = —§)
Ayt < @y +201x,01 — X, 117 = 81 +20)[|x,_; — X, oI
~(1=30 = yL(1 + V) (101 = 3l + 13, = %,
=26(1+ 0)llx, = x,_1 7 = 28(x, 3 = X3+ X1 = Vi)

IA

@y + 201,01 = X112 = (1 +20)||x,_; — X5 |I?

—(1=30 =y L+ VD) (101 = 2l + 13, = %,1%)
=26(1+ 0)1x, = x,_1 I = 6l1x,_5 — %, 311 = 6llx,41 = ¥,
= a, +20|x,41 — X, 1> = 6(1 +20)[|x,_; — x,,|I*

—(1=30 46— yL( + V2) %01 — 7,17

—(1-360 —yL( + V2)lly, - x,I?

=261 + 0)||x, = X1 11> = 8llx,_p — X311

a, +20||x,41 — x, 117 = 61 +20)[|x,_; — x,, |

= (1=30+5 = 7L+ VD) (501 = 3l + 1y, = 5, 1)

=26(1 + 0)lx, — X, 1> = 8llx,_2 — x,3 1% (3.22)

IA

Since ||x,,; — x,l? <2 (||xn+1 =yl + 1y, - xnllz) and 1 -30+6—yL(1+ \/5) > 0 (by Assumption 3.2 (ii)), we get from (3.22) that
g < ay 4200130 — x, 12 = %(1 —30+6 -y LA + V2)IXps1 — X,
—8(1+20)]1x,,- = X2l = 26(1 + O)lx, — x,, I
=8l1x,-0 — x5 17
= 4, = 3(1=70+5 =y L0+ V), = x|
=81 +20) 1%, — X, 211> = 26(1 + O)lIx,, = x,_4 1>
—81x,_0 — x,_511% (3.23)
Next, we show that g, > 0 for all » > 1. To this end, observe that
17 + X = X1 + 7 BxI* = lw,_; = 7By, = X,_1 +7Bx]|’
= 110(x,_1 = %,-2) + 8(x,_5 = X,_3) = ¥(By,_; — BX)|I*
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< 2010Cx,-1 = Xp2) + 80,2 = X, + 277 [ B,y — Bx|)*
2100x,_; = X,_0) + 8Cx,_n = X, )I* + 272 L2 ly,_; — x|
20161 = Xp_1) + 602 = XD + 27 L2 y,_y — x]1?

IA

2010(-1 = x,) + 0(x,, = X,_1) + 6z — X,
+277 L2y, — %I

2016(-1 = X,) + 0(x,, = X,_1) + 62 — X,
+ 277 22y = 1P + 20, = %P

IA

210(Pp_y = X)) + 00X, = X,_1) + 6y — X,_)II?
+472 L2y, — x, |17 + 477 L2 1, — x|

2[1001-1 = %)+ 06, = x, DI

IA

+ 2<5(yn—2 - xn—2)7 e(yn—l - xn) + H(Xn - xn—l) + 5(yn—2 - xn—2)>

+472 Lly,cy = %17 + 472 L2 ]x, = x|,
We obtain by the Cauchy-Schwarz inequality that

2<5(yn—2 - xn—2)7 e(yn—l - xn) + e(xn - xn—l) + 5(yn_2 - xn—2)>
25()’,,,2 = Xp-2> 0(yn71 - xn) + H(Xn - xn—l) + 5()’”72 - xn72)>

A

< 13l s 13s = xucalP + 186230 = %, + 52 = Xy
27621, = %1 I + 8113, = %01
= 131[ (35 +8) uca = Xucall + 186713,y = 5,1
+ 2 s = Xl + 27620, = 5,012
Plugging (3.25) into (3.24), we obtain
1pn + %, = X1 + ¥ BxII? < 201007,-1 = x,) +0(x, = x, I
420015 +8) 0o = Xycall® + 186y, =,
+ 35 12 = %02l + 276205, = 5y ] + 472 L2y = P
+472 Lllx, — x|
< 2[26%1y,1 = 2+ 2611, = %, ]
20015 + 55 +8) 1002 = Xyl + 1862113, = x,
#2762, = %,y 2] + 47 L2l = %, + 472 L, = I
We also have
Iy = I < 20,y =, 112 + 20, = X1

Now, combining (3.26) and (3.27) with (3.1), we obtain

a, = IIx, = x> = 20llx,_; — x,I* = 26llx, — xlI* + (1 = 18] +20)lIx, — x,_; 1> + (7L + O)llx, — y,_; I

+lIp, + 7 Bx|> = (462 + 3618167 + 47 L2 )1y, = x, 1

5
— (46% + 541816% ) l1x, = x,1 I = 472 L7, = %112 = 2161( 2 +6 )12 = Xl

= (1 ~20 —4y2L2)||x,, —x?+ (1 — 18] — 462 —54|5|02)||x,, = x, 117
+ (L +0-46>=361610% =472 L2 ) Ix, = v, I + lIp, + 7 Bx|?

5
~2031( 2 +8)lIyua = %00l

Thus, using the conditions imposed on 6 and y (i.e., Assumption 3.2), we see that a, > 0 for all n > 1, as asserted.

Now, from (3.23), we see that

@yt = 8l1x,_; — X0l < a, = Sllx,_y — x, 5017
—26(1 + 0)[|x,_; = x5l = 26(1 + 0)||x,, = x,_; II?

1
—3(1=T0+6—yL(+ VO)Ix,er = x,l1%-

8
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(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Hence,
Ay = 8l1xp_t = Xpooll> = 26(1 + O)l1x, — X, 117 < @, = 6llx4_n — X517
=26(1 +0)lIx,-y = X, I”
= 21 =T04+5 =y LU+ VD)l — 5, P
=451+ 0)llx, = x,_4 1>
Consequently,

by < by — %(85(1 +0) +1-70+6—yL(1+ \/5))||x,, —x,_ 2%
where

1
by 1=y = 6%, = X, 312 = 2601+ O)llx, g = X, l1P + 51 =70 +6 =y L1+ V2)llx, =, I

Since g, > 0, we also have b, > 0. In addition, the conditions imposed on 6 and y imply that %(86(1 +0)+1-70+6—-yL(1+ \/E)) > 0.
Therefore, we obtain that lim b, exists and

n—oo “n
nlgg} [Ix,41 = x,ll = 0. (3.29)
Since lim,_, , b, exists, it follows from (3.29) that lim,_, ,, a, exists and thus, {a,} is bounded. Using (3.28), we obtain that {x,} is

also bounded. Hence, {y,}, {w,} and { By, — Bx} are bounded too. Therefore, by (3.29), we obtain

lim (x,_; — x,, By,_; — Bx) =0. (3.30)
n—00

Now, since y, = 2x, — x,_; and w, = x,, + 0(x,, — x,_;) + 6(x,_; — x,_,), it follows from (3.29) that
gim [ly, = %, = lim |lx, = %, = 0= lim w, = x,1I. (3.31)

We also have

1%pg1 = Yull < Mxpgs = Xl + vy = x4l = 0, 1> o0 (3.32)
and

X041 = Wall < MXpg1 = Xull + M, — w, ]l = 0, 1 — 0. (3.33)
Combining (3.2) and (2.1), we find that
llp, + v BxII* = llp, + x, — x,_y +7Bx|*
0,1 = %, +7(Bx = By,_DII* = lw,_1 = x,_y + y(Bx = By,_II’

2 2
”wn—l - xn” - ”wn—l — Xp-1 ” + 2}’<xn—l — Xn» Byn—l - Bx)

— 0, n - oo (by (3.33), (3.31) and (3.30)). (3.34)
Now, since lim,_,  a, exists, it follows from (3.1), (3.29), (3.32) and (3.34) that
lim [llx, — x/I* = 0llx,_; — x||* = 8llx,_, — x||*| exists. (3.35)
n—0o0

Since the sequence {x,} is bounded, there exists a subsequence {xy, ) C {x,} such that x, ~pEMN.
Once again, using (3.33) and (3.32), we see that

Wy, = Xp 41— YBY,, +vBx, 4 >0, n— . (3.36)

Also,
Wy, = Xp 11 —YBy, +¥Bxy 11 =Py 41 +7Bx, 11 €EY(A+ B)x,, 4. (3.37)
Since A+ B is maximal monotone, its graph is closed in HSONg x weak Thus, by (3.36) and (3.37), we find that p € (A + B)~1(0).
We now show that x,, = p € (A + B)~!(0). To this end, assume that there exist two subsequences {x,, ) C{x,} and {ka} C {x,}

such that x,, — p as k — oo and x,, — p* as k — co. We claim that p = p*.
To see this, observe first that

2% 0% = ) = 1%, = pI* = lIx,, = p*I1* = lIplI* + Ip*11%, (3.38)

215 0" = Y = 1xmy = DI = Xy = 2* 1P = ol + 11p* 112, (3.39)
and

2UXy_0s 0" = ) = 1%,y = DI = Ix,c0 = P* 1 = llpl* + 11p* 117 (3.40)

Hence, (3.39) and (3.40) imply
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2=6x,1,p" = p) = =0llx,-1 = plI* + 0llx,- = p*II?
+0lpllI* - 0llp*I1? (3.41)
and
2A=8%,_3,p" = p) = =8llx,_2 = PII* + 8lIx,o — P*II7
+6llpll* = 8llp*I1%. (3.42)
respectively. Adding (3.38), (3.41) and (3.42), we arrive at
2000y = 05,1 = 6%, 20" =) = (I, = I = Oll, = I = 611, = I
= (1% = P12 = O,y = 21 = 8l = 7117
+(1=0-8)p* 1> - o>
In view of (3.35), both
gim [, = "2 = 011,y = 212 = 61,2 = "I
and
Jim [l1x, = pI2 = 011,y = pII> = 611, = oI’
exist. Therefore,
Jim (x, = 0%,y = 8x,2, 0" = p)
exists. Now,

(p—0p—dp,p* —p) = kli_glq(&,,{ - exn;rl - ‘ank*%p* -p)

=1 - - -
ng&(-xn 9)("_1 ‘sxn—Z’p ]-7>
= klgglo<x”‘k = 0% = Xy 2. 0" = P)

(p* — Op* = ép*,p* - p),
and this yields
(1=0-6)lp* —pl* =0.

Since § < 0 < 1 — @, it follows that p* = p, as claimed. Hence, {x,} converges weakly to a point in (4 + B)~!(0), as asserted. This
completes the proof. []

Remark 3.2. Our proposed Algorithm 1 is a bit different from the general context obtained in [26, Algorithm 1.2] and [26,
Example 4.4]. This is because it is not yet clear if the operator T'(x,, x,_;) :=J. yA (x, —yB(2x, — x,_;)) in Algorithm 1 is an averaged
quasi-nonexpansive (or quasi-nonexpansive) operator in order for it to properly fit into the framework of [26].

Remark 3.3. Fang and Huang [27] introduced and studied a class of generalized monotone operators called the class of relaxed
n-a-monotone operators, which they defined as follows: An operator M : H — H is said to be relaxed n — a- monotone, if there
exist a mapping n : H X H - H and a function « : H — R positively homogeneous of degree p (i.e., a(tz) = tPa(z) for all t > 0 and
z € H, where p > 1) such that

(Mx — My,n(x,y)) > a(x — y) Vx,y € H. (3.43)
If M is a set-valued operator M : H — 2", then inequality (3.43) becomes:
(u—uv,n(x,») > a(x—y)Vx,y€H, u€ M(x),v € M(y).

Observe that if n(x,y) = x—y, Vx,y € H and a(z) = ul|z||?, for p =2 and u > 0, then M is called u-strongly monotone. Also, if
n(x,y) =x—yVx,y € H and a = 0, then the relaxed n-a monotone operator M reduces to a monotone mapping. Thus, the class of
monotone operators is a subclass of the class of relaxed #-a monotone mappings.

Furthermore, this inclusion is proper. Indeed, let H = R and define M : R - R by M(x) = —2x. Then, M is a relaxed 5-a-
monotone operator but not a monotone operator. To see this, let 7 : R xR — R be defined by #(x,y) =3(x —y) and a« : R —» R by
a(x) = —9x2. Then, for each ¢ > 0 and z € R, we see that « is positively homogeneous of degree 2. That is,

a(tz) = —9(1z)* = 12(-92%) = Pa(2).
Moreover, for each x,y € R, we have

(Mx — My,n(x,y)) = (=2(x = y),3(x = »))

10
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—6(x — y)?
> —9(x — y)* = a(x — ).

Hence, M is relaxed n-a-monotone. However, it is not difficult to see that M is not monotone. Therefore, the relaxed -« monotonicity
is a more relaxed operator condition than the monotonicity assumption.

We can replace A with M (where M is a set-valued relaxed 5 — a- monotone operator) or B with M (where M is a single-valued
monotone operator) to consider the MIP (1.1) under more relaxed operator conditions. However, in doing so, we do not know if
A+ M (or B+ M) is still maximal monotone which is crucial in our convergence analysis. In particular, we have used the fact that
A+ B is maximal monotone to obtain that p € (A + B)~'(0) in our convergence analysis (immediately after (3.37)). Furthermore, we
have used the fact that A is monotone to estimate the inequalities in (3.18) and (3.19), and the fact that B is monotone in (3.17).
Since a(z) is in R, not necessarily zero, and #(x, y) is not necessarily equal to x — y, it might be difficult to estimate these inequalities.
Lastly, we do not know if the resolvent JM of M is single-valued, which is a property we used in the last equation of Algorithm 1.
If J SM is not single-valued, then the last equation of Algorithm 1 becomes x,,, € J. yA(Wn —yBy,).

4. Numerical experiments

In this section we compare numerically, Algorithm 1 with the FRB splitting algorithm (1.4), the RFB splitting algorithm (1.5)
(RFB), the two-step inertial FBF (2IFBF) algorithm [28] and the double inertial FBF (DIFBF) algorithm [29].

Example 1 (Image Restoration Problem).

min {[|Pw - ell2 + §llwll; }, (4.1)
weRr!

where § > 0 (in particular, we take § = 1), w € R' is the original image that we intend to recover, e € R is the observed image
and P : R! — R is the blurring operator. Thus, we can apply Algorithm 1 to solve (4.1) by setting A = dg the subdifferential of g,
where g(x) = §||wl|,, and setting B = V the gradient of f, where f(x) = ||Pw — e||§. In this case, A is maximal monotone and B is
|P]|?-Lipschitz continuous and monotone (see, for example, [30, Section 5]). In order to measure the quality of the restored image,
we use the signal-to-noise ratio (SNR) which is defined by
SNR = 20 X log (ﬂ> ,
[lew = w5

where w* is the restored image. Note that the larger the SNR, the better the quality of the restored image.

For the implementation, we take x, =0 € R’ and x_; = x; = 1 € R/, and use the following image found in the MATLAB Image
Processing Toolbox:

(a) Tire Image of size 205 x 232. To create the blurred and noisy image (observed image), we use the Gaussian blur of size 9 x 9
and standard deviation ¢ = 4, followed by an additive zero-mean white Gaussian noise with standard deviation (or noise level)
1073 (see also [30, Subsection 5.1]).

(b) Cameraman Image of size 256 x 256. We use the Gaussian blur of size 7 x 7 and standard deviation ¢ = 4, followed by an
additive zero-mean white Gaussian noise with standard deviation (or noise level) 10-3.

(c) Medical Resonance Imaging (MRI) of size 128 x 128. We use the Gaussian blur of size 7 x 7 and standard deviation ¢ = 4,
followed by an additive zero-mean white Gaussian noise with standard deviation (or noise level) 10~3.

Example 2. Let H = L(R) := {x=(x;. X5, ... %,...), X, €R: T2 [x;|* < oo} and ||x]l, 1= (X2, Ix[*)?  Vx € L(R).
Define A, B : [, — [, by

Ax = (2x1,2x2,...,2x,-,...), Vx el

and

xp 4 x] X+ [x,| x; + |x]
Bx := s s ). Yx L.
x < 2 2 2 YEh
Then A is maximal monotone and B is Lipschitz continuous and monotone with Lipschitz constant L = 1. For this example, we can
find the exact solution to the MIP (1.1). Indeed, we have

X+ x| xy + ;] x; + |x;]
2X1,2X5, ee s 2X5y .t s ey ,... | =0.
(xl Xy X; )+< 5 5 2

For each component i, we have
xi+ x|

2x; + 5 0.
If x; > 0, then
X; +x;
2x‘-+T=O:X[=O.

11



C. Izuchukwu et al. Journal of Computational and Applied Mathematics 460 (2025) 116405

Table 1

Numerical results for Example 1.
Algorithms Tire Cameraman MRI

CPU SNR CPU SNR CPU SNR

Algorithm 1(6 = 0) 1.0091 21.3905 1.1940 24.2937 0.3719 20.5504
Algorithm 1(5 < 0) 0.8084 24.0167 1.0284 27.2516 0.2810 22.2648
FRB 1.2183 21.3110 1.6017 24.7699 0.7217 20.7094
RFB 1.1101 20.7653 1.2044 22.0834 0.3160 20.0002
2IFBF 0.9901 22.0056 1.1041 25.1852 0.3009 20.8524
DIFBF 1.001 21.7181 1.1872 24.7729 0.3587 20.7678

Table 2

Numerical results for Example 2 with ¢ = 1077,
Algorithms Case 1 Case 2 Case 3 Case 4

CPU Iter CPU Iter CPU Iter CPU Iter

Algorithm 1(6 = 0) 0.0520 261 0.0540 288 0.0410 275 0.0510 248
Algorithm 1(5 < 0) 0.0113 155 0.0161 172 0.0131 163 0.0181 148
FRB 1.0131 266 1.0202 294 1.0140 280 1.0101 253
RFB 0.1169 295 0.1318 326 0.1119 310 0.1092 280
2IFBF 0.0411 191 0.0401 212 0.0390 202 0.0389 184
DIFBF 0.0498 222 0.0472 258 0.0401 246 0.0499 224

Otherwise, we have

X;—X;
2x; +

=0=x;=0.

Thus, the solution set of MIP(1.1) for this example is (4 + B)~1(0) = {(0,0, ...,0,...)}.
For the implementation, we take the starting points:

Case 1: xy = (%, g, %,...), X_1=x; = (%, g, %)
Case 2: x, =(§g%) x| =X =(%ié)

Case 3:xg=(1,3,1,..), x_; =x; = (3,2, & ),
Case 4: x, :(1,}‘,%,...), X =x :(%%g)

During the implementation, we take # = 0.012 and § = {0,—0.001} for Algorithm 1, and y = 0.001 for Algorithm 1, the FRB
splitting algorithm (1.4) and the RFB splitting algorithm (1.5). We also take y = 0.9, = 0.012, § = —0.001, 4, = 0.001 and 7, = "Lz
for the 2IFBF [28], and 4 = 0.9,a, = 1 = 1=, f, = 0.1 = 1,0, = 0.45 — o, p, = =, 4, = = and 4; =0.001 for the DIFBF [29].
We then use the stopping criterion; TOL, := 0.5||x, — J4(x, — Bx,)||? < e for all algorithms, where ¢ is the predetermined error.

Note that the inertial parameters 6 and 6 are chosen randomly such that Assumption 3.2 is satisfied. This choice of parameters
may not be the optimum choice but from the results of the numerical experiments, we can see that these random inertial parameters
provide acceleration to our algorithm. Furthermore, the choice of y = 0.001 does not give the optimal convergence performance of
Algorithm 1, the FRB and the RFB. We only used this choice in our numerical experiments because it satisfies all the conditions in
all the papers.

All the computations are performed using Matlab 2016 (b) which is running on a personal computer with an Intel(R) Core(TM)
i5-2600 CPU at 2.30 GHz and 8.00 Gb-RAM.

In Tables 1-2, “Iter” and “CPU” mean the CPU time in seconds and the number of iterations, respectively (see Figs. 1-4).

5. Conclusion and future research

We have proposed an inertial RFB splitting algorithm for solving the MIP (1.1) in a real Hilbert space. We have also proved
that the sequence generated by this algorithm converges weakly to a solution of the MIP (1.1). This algorithm inherits the attractive
features of the FRB splitting algorithm (1.4) and the RFB splitting algorithm (1.5), namely, it involves only one forward evaluation
of B (for which B is not required to be cocoercive) and one backward evaluation of A. However, numerical experiments show that
our proposed inertial RFB splitting algorithm converges faster than both the FRB splitting algorithm and the RFB splitting algorithm.
Part of our future research is to study the rate of convergence of the inertial RFB splitting algorithm. It would be interesting to study
both the linear and strong convergence of the inertial RFB splitting algorithm. We also intend to develop a more general (relaxed)
condition on the parameters 6, § and y in our future work.

12
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Fig. 1. Numerical results for Tire.
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Fig. 2. Numerical results for Cameraman.
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Fig. 3. Numerical results for MRIL
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Fig. 4. The behavior of TOL, for Example 2 with e = 1077: Top Left: Case 1; Top Right: Case 2; Bottom left: Case 3; Bottom Right: Case 4.
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