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Abstract

Relationships between symmetries and conservation laws of perturbed par-
tial differential equations are reviewed. Potential symmetries and their appli-
cations to perturbed partial differential equations and conservation laws are
presented in detail. An example of a perturbed wave equation for an inho-
mogeneous medium is solved in detail. Proofs of some of the lesser-known
theorems are outlined. A wide range of examples is given to further explain

these concepts.



Acknowledgements

I gratefully acknowledge the continued support and advice of my supervisor,

Professor A.H. Kara. His guidance and support has been much appreciated.



Contents

Introduction

1 Preliminaries

LT e o o e L e e el L e

1.2 Notabomand Brelmmailens . o 0 v v v e v e e e b

1.0 TN N . . . v s s e s e e

14  Apueoximnsle SYmBRlTes . . .« « 00 0ob s ow @ m e e b

2 Approximate Potential Symmetries

AR T b e SR el SR SRR b P L L e e

2.2 Approximate Potential Symmetriesof PDEs . . .. ... .......

2.3 A Perturbed Wave Equation for an Inhomogeneous Medium . . . . .

24 Moprnnile lovainal SalEbiOHE . . o v v v s e i e s e w e s e s

3 Potential Symmetries and Associated Conservation Laws

el Ry e ne s MGGl S el e L e s o L S0

3.2 Relating Symmetries to Conservation Laws . . . . . ... .......

3.3 Wave Equation with Variable speed Example. . . . . . . ... .. ..

3.4 Approximate Potential Conservation Laws . . .. .. .. ... .. ..

Conclusion

References

11
12

15
15
15
18
28

32
32
33
37
45

50



Introduction

This report will look at partial differential equations and their solutions. The study
of partial differential equations (PDE’s) is a fundamental subject area in mathemat-
ics which links important strands of pure mathematics to applied and computational
mathematics. PDE’s are important in almost all of the applications of mathemat-
ics where they provide a natural mathematical description of phenomena in the
physical, natural and social sciences.

Sophus Lie invented the idea of a continuous group called a Lie group. His
invention unified the various solution methods for ordinary differential equations
(ODEs). Lie showed that if an ODE is invariant under a one parameter Lie group
of point transformations, its order can be reduced, therefore simplifying and making
it easier to solve.

A German mathematician Emmy Noether proved her theorem in 1918, which
explained a justification for conservation laws. Her theorem explains that conser-
vation laws follow from the symmetry properties of nature. She proved that for
Euler-Lagrange differential equations there exists a Noether symmetry associated
with a Lagrangian that corresponded to a conservation law.

Bluman and Kumei [4] takes a look at classes of symmetries of differential equa-
tions by considering non-local symmetries, called potential symmetries. These po-
tential symmetries can be computed by Lie’s algorithm.

The concept of potential symmetries is further investigated by extending it to
approximate symmetries. The idea of approximate symmetries was developed by
Baikov et al [2], which is the application of Lie group methods on differential equa-
tions with small parameters. The symmetries obtained are used to construct invari-

ant solutions of the partial differential equation.



Kara and Mahomed [10] investigated the association of symmetries with conser-
vation laws in the absence of a Lagrangian, which was not possible with Noether’s
theorem.

All these ideas and concepts were looked at in isolated reports. The aim of this

report is to put these isolated works into one complete report.

In chapter 1, the notation and operators used throughout the report is given.

An introduction to potential and approximate symmetries is given.

In chapter 2, the notion of approximate potential symmetries for a partial differ-
ential equation with a small parameter is discussed. Examples on how to construct
approximate potential symmetries are shown and their corresponding approximate

group invariant solutions are also obtained.

In chapter 3, a relationship between symmetries and conservations laws is shown
by a link between components of a conserved vector of a partial diferential equation
and the Lie-Backlund symmetry generator of the equation. We are then able to
construct conservation laws from a potential symmetry for a partial differential
equation, irrespective of the existence of a Lagrangian. We further extended and
combined the concepts of approximate potential symmetries and conservation laws

to generate approximate potential conservation laws.



Chapter 1

Preliminaries

1.1 Introduction

This chapter describes the notation and operators used in the report. Most of the
literature was obtained from Kara and Mahomed [10], Kara and Qu [13]. A brief

description on potential and approximate symmetries is given at end of the chapter.

1.2 Notation and Preliminaries

The convention that repeated indices imply summation is used in the report. Let
z = (2',2%,...,2") € R" be the independent variable with coordinates ' and
u = (u',u?...,u™) € R™ be the dependent variable with coordinates u®. Let
7 : R"*™ — R" be the projection map n(z,u) = . Let s : ¥ C R® —» U C R*+™
be a smooth map such that 7 o s = 1,, where 1, is the identity map on y. The

partial derivatives of u with respect to z are connected by the operator of total

differentation
0 0 ad
o AP o e e b, (= sl 10
dx? e oue T Uy 511? i =" ¢ S
as
w' = Di(u®), uf=D;Di(u*), .... (1.2)

We let u(;) denote the collection of all first-order derivatives u®. Similarly, we let
U(2), U(3),- - - denote the collection of all higher order derivatives. The r-jet bundle

J"(U) is given by the equivalence classes of sections of I , with coordinates denoted

-
i



by (z',u®,...,u? ), where 1 <i; < ... <14, < n. The rjet bundle on U will be

T
written as

J'U) = {(z,u,uqy,...,u4p) : (2,u4) € U}

We now look at the space of the diferential forms on J"(U). Let QL(U) be
the vector space of differential k-forms on J"(U) with differential d. A smooth
differential k-form on J"(U) is given by

o — fglizmgkdﬂiil Adz2 A ... Adz'*,
where each component f; ;,.., € Q4(U), i.e.,
Ridite = Finacal® BB M )
For differentiable functions f € Qf(U)
Df = D;fda’, (1.3)

where D is the total differential or the total ezterior derivative. In addition, the

total exterior derivative of w is
Do =D o A dz* Adz A ... A daz',
and we can use (1.3) to obtain
Dw = Df;i,.i,dz? Adz™ Adz2 A ... Adz'™.

The exterior derivative d has properties similar to the algeraic properties of the total
derivative D, that is

D(wAv) = DwAv+(-=1)*w A Dy,

for w a k-form and v an [-form, and also D(Dw) = 0. Also, a known result is that,

if Dw = 0, then w is a locally exact k-form, i.e., w = Dv for some (k — 1)-form v.

Let us consider an rth-order system of partial differential equations of n inde-

pendent and m dependent variables

Ff(z,u,upy,...,upm) =0, B=1,...,m. (1.4)



Definition 1.1 A conserved form of (1.4) is a differential (n — 1)-form

w = Tz, u, U, - - - » U(r—1)) (-(,%: d{dz A ... A dx”)) ; (1.5)

defined on J"~1(U) if
Da=4a (1.6)

is satisfied for all solutions of (1.4).

When Definition 1.1 is satisfied, (1.6) is called a conservation law for (1.4). Also,
when (1.6) is evaluated on the surface of (1.4) we obtain

DT = 0. (1.7)

The tuple T = (T%,...,T"), T € Q{"'(U), j = 1,...,n, is called a conserved vector
of (1.4).

Let
p
A= U Qo(U), for somep < oo.
r=0

Then A is the universal space of differential function of infinite order.

Definition 1.2 The Lie-Backlund operator is given by the infinite formal sum

i d « d o 9 o 9
A =§ 0o h 3?*“@; Fue TSk Gua T (1.8)

i 1119

where £ ,7° € A and the additional coefficients are determined uniquely by the

prolongation formulae
qu 7 Di”’va) + &ju:;}a

o= Dgl Dl'2 (WG) + {ju“

114 Jitig?

(1.9)
e ™ D D (WA €85, 4, 8213,
In (1.9), W is the Lie characteristic function given by
W =" — £ul. (1.10)

9



If X is a Lie-Bécklund operator, w a k-form and v an [-form, e.g

XwAv)=X(w)Av+wAX(v).

In the special cases where there are four or less independent variables (z1, 23, 3, 24),
and one dependent variable u, the independent variables will be denoted by (¢, z,y, z).
Then the operators D;, Ds,...will be denoted by Dy, D,, ..., and the Lie-Backlund
operator X = £'9/0z' + n*d/0u® will be written as follows
a 0 a 3] d
X:T§+5xa—$+6ya—y+§za+na,
with prolongation coefficients denoted by (i, () Cyy Czy Cits Ceay - - - -

Definition 1.3 The Lie-Bicklund operators X and X are said to be equivalent
if
X-X=)D;, XNeA

If X = £ then X is called canonical operator.

Definition 1.4 The Euler-Lagrange operator is defined by

) 5} d
s e B L N B T ) 1
5uct aua + g( ) 1 & au?;ml_a « m (]‘ 1)
The Euler-Lagrange operator (1.11) is used in the multi-dimensional case. For the

one-dimensional case the operator

g 48

Ou dtou'’
is used. These two operators were introduced by Lagrange(1762) and Euler(1744),

respectively.

Definition 1.5 A Lie-Bécklund operator X is said to be a Noether symmetry gen-
erator associated with a Lagrangian L € A if there exists a vector B = (B',..., B"),
B' € A, such that

X(L) 4+ LD;(¢') = Dy(B"). (1.12)

10



If, in equation (1.12), B* = 0,4 = 1,...,n, then X is called a strict Noether sym-

metry generator associated with a Lagrangian L € A.

Theorem 1.6  For any Noether symmetry X corresponding to a given Lagrangian
L € A, there corresponds a vector T' = (T",...,T"), T" € A, defined by

T'=N(L)-B, i=1,...,n, (1.13)
which is a conserved vector of the Euler-Lagrange equations which are in differential
f
orm as o : .

— = g=1....% .
5”0 ? 2 ? ?

where §/du® is the Euler-Lagrange operator defined by

s %) d
— = — -1)’D;, --- D;, ——— =T...m. 1.1
duf Oud B ;( )'Da *oug ., 4 = )

Definition 1.7 The Noether operator associated with a Lie-Backlund operator X
is defined by

. . 5 Py
?’8 astily T o e : o
N'=¢4+W —5u? +§ D;, --- D; (W*%) e :

251 iy eig

g R (1.16)

where the Euler-Lagrange operators with respect to derivatives of u® are obtained

from (1.15) by replacing u® by the corresponding derivatives, for example,

4 d : 0 ;
o i au?-i-;(wl) D, ---D;, m ol iom a=l.. . m. (LIT)

1.3 Potential Symmetries

The reduction procedure for a PDE in two variables is based on a similarity variable
which will allow to get solutions of the original PDE by integration of an ordinary
differential equation (ODE). Reduction procedures usually search solutions which

are invariant under local symmetries (see Pucci and Saccomandi [15]). Bluman et al

1



[3] introduced a method that finds a new class of symmetries for PDE’s written in
conservative form. They introduced a potential as an unknown function to analyse
the Lie symmetries of the system that is obtained. Bluman and Kumei [4], define
non-local symmetries as symmetries whose infinitesimal at any point = depend on
the global behaviour of u(z). This implies that the infinitestimals may depend on
the integrals of dependent variables.

In determining potential symmetries admitted by a partial differential equation,
we find local symmetries of an auxiliary system of the PDE. The auxiliary system
is obtained using the conserved form of the PDE. This gives an auxiliary dependent
variable v which is a potential to an auxiliary system of PDE’s S{z,u,v}. Let
R{z,y} be a system of equations which are in a conserved form. We note that
R{z,y} is embedded in S{z,u,v}. This implies that any solution (u(z),v(z)) of
S{z,u,v} will define a u(z) of R{z,y}, also for any solution of u(z) of R{z,y} there
is an associated function v(z) such that (u(z),v(z)) defines a solution of S{z,u,v}.

Furthermore, if there are local symmetries defining a group G, which are ad-
mitted by S{z,u,v} then any symmetry of G, maps any solution of S{z,u,v} into
another solution of S{z,u,v}. This implies that any solution R{z,y} maps into an-
other solution of R{x,y}. A non-local symmetry is thus admitted by R{z,y} if it is
induced by a local symmetry in G, as a result the infinitestimals of variables (z,u)
of S{z,u,v} depend explicitly on the potential variable v. The non-local symmetry
of R{z,y} is called a potential symmetry.

In summary potential symmeties admitted by R{z,y} are solved or computed
by Lie’s algorithm using the fact that they are local symmetries admitted by an

auxiliary system S{x,u,v}.

1.4 Approximate Symmetries

It was observed that most differential equations that arise in mathematical mod-
elling are invariably approximate, hence approximate symmetries should be consid-
ered. Therefore, the theory of approximate symmetries associated with a differential
equation with a small parameter is looked at. This will lead to an understanding of
how approximate conservation laws can be associated with approximate symmetries.

It is important to note that no matter the type of infinitesimal transformation

117



under consideration it is always possible to introduce the approximate form of that
particular transformation. If the differential equation being looked at has a small
constant or parameter then the equation is a perturbation of the equation when the

constant is set to zero.

Definition 1.8 ([6]) For any equation
Flaw....e)=F(z.8,. . )+ eflz.u,...)=0 (1.18)

with a small parameter €, we can define an approximate equation as the class of equa-
tions G(z,u,...,€) = 0 with functions G such that G(z,u,...,€) = F(z,u,...,e€).

Definition 1.9 ([6]) The class of transformation of the form
7= qbi(x,u,e),ﬂk = gL'k(a:,u,E),i =l ok el i (1.19)
with the functions ¢, v satisfying the conditions

wk(x, u,€) ~ wéc(x, u) + egbf(:c, u,)

is called an approximate transformation.
We can conclude that equation (1.19) is an approximate symmetry transforma-
tion of equation (1.18) if it approximately conserves the corresponding approximate

equation.
Similarly just like the theory of Lie symmetry transformation, the calculation of
approximate symmetry transformation are obtained through the approximate sym-

metry group.

Definition 1.10 ([12]) An operator X is a k' - order approximate symmetry
of equation (1.18) if

X(E”) |gs=o= O(**"), (1.20)

13



where
X=Xo+eXs+...+e X, (1.21)

and X; are Lie-Backlund operators . In the case Xy # 0, Xj is a stable symmetry

and vice-versa.

Theorem 1.7 ([6]) Let the equation in (1.18) be approximately invariant under

the approximate group with the generator
X =Xo+eXy +...4+X,

such that Xg # 0, is the generator of the equation

Fole,8,...) =40 (1.22)

For calculating first order approximate symmetries of equations with a small

parameter, the following 3-step algorithm can be used [6].

Step 1 Find the exact symmetry generators Xy of the unperturbed equation. We

can do this by solving the determining equation for exact symmetries
XOFU($1 u,.. ) ]Fg[r,u,...]:l}= 0. (123)

Step 2 Using the X obtained from step 1 and a perturbation ¢ Fy(z,u,...), calcu-
late the auziliary function H given by

1
H ~ = [Xo(Fo + e F1) |Fo+er =o]- (1.24)

Step 3 Find the first-order deformations (i.e. the operators X;) from the deter-

mining equation for deformations

X1 Fy |my=o +H = 0. (1.25)

14



Chapter 2

Approximate Potential

Symmetries

2.1 Introduction

In the last chapter, a brief outline of potential symmetries and approximate sym-
metries was given. This was a necessary introduction to approximate potential
symmetries, which combines both concepts. The aim of this chapter is to discuss
the method of approximate potential symmetries for PDEs, and then solve some
examples to illustrate how the method works. At the end of the chapter, we show

how to obtain approximate invariant solutions.

2.2 Approximate Potential Symmetries of PDEs

In general, the method of finding approximate potential symmetries involves writing
a given perturbed partial diffential equation R in a conserved form. From this con-
served form an associated system S of potential variable is obtained. This implies
that approximate Lie point symmetries admitted by S induce approximate potential

symmetries of R.
The method of approximate symmetries is developed as follows [11].

Consider a scalar k-th order perturbed partial differential equation R{z,u,¢e}, which

15



is written in conserved form
D,‘[Té(&?, Uy U(1)s e+ oy u(k_l)) = ETf(x,u,um, # il u(k_l})] — i} (2.1)

The PDE (2.1) is in conserved form, therefore there exist n(n — 1)/2 functions 1"’
components of an antisymmetric tensor (i < j), such that (2.1) can be shown in the

form

TS(.T,H,U(U,...,UU;_U) +6Ti($ u U(lj,.. y U(k— 1))

& . i (2.2)
_Z 3:1:5, e Z (:‘?;r:J =

i<y Jj<i

where i,7 = 1,2,...,n. Setting 1/ = 0 for j # i + 1 and introducing
v=¢" i=12..,n-1,

the system (2.2) associated with R{z,u,e} given by (2.1) becomes the following

auxiliary system of partial differential equations, S{z,u,v,¢c}

0
T(; ‘|‘J'5'T1"l — a—mzvl,
T3 4T = (1Y J i T
s 177 =(=1) [6$j+]v +3$j_1v ], &g 2., (2.3)
d
n B asm=l n—1
T3 46T = (1) g0

In paricular,[8] for n = 2 (let ' =t and 2? = z) we can cast (1.18) as an auxiliary
system S{z,t,u,v} so that

2.4
To + Tt = s
Definition 2.1[8]. An approximate Lie point symmetry generator
X = XQ =r 5X1
d 0 0 0
=T0E+§ua +¢’9 +Cn (2.5)

3 8
+& +§1 +¢1 +C1

16



of (2.4) is an approximate potential symmetry of (1.18) if and only if the coefficients
7;, & and ¢; depend explicitly on v. In general, all the coefficients depend on z, t,

u and v.

The algorithm developed by Baikov et al [2] for determining approximate sym-
metries X = X+ €X) is used on (2.4), where X is a Lie point symmetry generator
of the unperturbed form of (2.4). This implies that X leaves the system v, — T =0
and v; + T¢ = 0 invariant, then we can calculate the auxilliary functions H; and H,

by

H, = ' Xo(v, — Tg — €TY) l2.9),

1 2 2 (2.6)
Then, X, can be determined from
Xi(vz = Tp) + Hy = o(e), 27)

Xi(v + T[?) + H; = o(e),

along the unperturbed system v, — T} = 0 and v, + T¢ = 0.

It is important to note that X, may not be a potential symmetry of the unper-
turbed pde, but the overall symmetry X may turn out to be an approximate po-
tential symmetry for that particular or respective perturbed PDE. Kara,[8] gives
an example of the wave equation uy; = €**u,, which has an auxilliary form v, =
e %*u; and v; = —u, with a Lie point symmetry generator 8/dz — td/dt — vd/dv
which is not a potential symmetry of the equation. However the equation is per-

turbed to uy = €**u,, — €uy, it then will have the approximate potential symmetry

1 1
d/0zx — td]dt — vd/dv + e[ivﬁ/au + 56_2xu6/5v].
In the next sections, we will give examples of solving different types of equations

to obtain approximate potential symmetries. These examples in Kara, [8], include

Burger’s equation, and some shallow water wave equations.

In the last section, we will show how to obtain approximate invariant solutions

using these approximate potential symmetries.

17



2.3 A Perturbed Wave Equation for an Inhomo-

geneous Medium

This example illustrates how a symmetry which is not potential symmetry of the

unperturbed PDE is used, but the resulting symmetry turns out to be an approxi-

mate potential symmetry of the PDE in question.

The wave equation with a first-order damping term,

2

T
U = €U =€ Ups

has an auxiliary system

2

U+ eu = v, — v, = e_z‘"(m + eu),

Uy = Vy.

The unperturbed equation wy; = €**u,, has a symmetry of

d g d
X@—Z}'E—fa—fj%

which is not a potential symmetry.

X is prolonged to the first order to become

a 7]
N A e i s
0 o+ My aut o My avxa
where
?']i = Dt(O — U + tut) = Uy
and

gy = D,(—v — vz + tvy) + ver — tvg,.

Then substitute for % and n! in Xj, i.e,

(2.8)

(2.9)



Using the algorithm developed by Baikov et al, equations (2.6) becomes

Hy = e ' Xo(u; — eu— €**

UT) |ﬂz=vt,us=e“v¢—sus
-1 2 2
Hl =& (ut — 2e¢ ’*"vx + e J“-"UI) |u:=:‘-'t‘ui:€2=’vz—eu i
That is,
= 6_1(623’?),, — 5t~ 2%y, 4 ehur),
Hy =¢ '(—¢eu) = —u.

X; can be determined from equation (2.7),

= 6o ) 47, ) bl 0, 0) (0, ) o 4

on equation 2.7

Xl(ut Ea e?.xvx) |ux=v;,u;=e2’vg—su: 01

that is,
& —2ev, . — Y —u=0

or

—Hb""

&t + U(Pu — Tt) — Uzl — Utz + ViPy — ULVEy — U Ty — ufTu — 2e%v,€

d

+zp‘

—ezx[%bz < u:r'ﬂbu =k va:(%bu o 6.7:) T e uxurgu = Uié-u — U VtTy — U_r'UtTu] —u=0. (210)

19
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Substituting for u; and v, in (2.10) we obtain

Qét + ezx(qbu g Tt)va: + (Qﬁ’u =¥ ft)u:c g i czx(‘—v + éu)uxv:r g fvui s 641-1}37-:; i 2621”3)6 i
ezx[wr + (d)u =T Tx)ux 4 (let? = gx)vx = (Tv oF gu)u:cva: T Ui{ i Tuui] — =1

Separating by derivatives of u and v yields

ull : —¢, +e*r, =0

U —e¥r, + €€, =0

Uy P —& — € (Yu—7) =0

Vg - e**(py — 1) — 2€23€ — e**(py, — &) =0
Us ¥y - —e*(m + &) + (1o + &) = 0
Rest : ¢t — ePepy, —u = 0.

The second auxilliary function H, is

H2 = 5_1X0(u:x S Ut) |u;¢:Ut,Ut=62xvz—Eu= 0
then X; acting on equation (2.7) gives,
Xl(ua: e UJ‘,) |u,=v¢,u;=e23v¢-—su -0 = 01
or
¢ — ' = 0. (2.11)

Substituting for u; and v; in (2.11) we obtain

Pz + (du — E2)uz + (b0 — €770 v, — u2éy — (& + €%°7)ugv, — X102
—t — (Yue®® — &)vz — (Yo — Te)ts + £V + w6, + TP v u, + Tul = 0.

20



Separating by derivatives of v and v

ul: bt . =0 == =71,

g 2 —e¥r, + ¥, =0 =§{, =1,
Bty | —&y — e, +e¥r, 4+ £,=0

Ug : bu—Ce— Yo+ 7 =0

.t by — €7, — P+ £ =0
Rest : ¢ — Py = 0.

Summary of all equations obtained are
fv i eszu,

bu =0,
R Bzx(?ﬂ’u — 1) =0,
Gu—Te— P+ & — 26 =0,
& — GQIiﬂ’x =
§o+ Yo+ Gu—7 =0,
"1y + "y — by — £ =0,

qu . "?bt- :
Combining (2.15) and (2.17) gives
t=6& —¢§
and
Gu = Py + £
Combining (2.14) and (2.18) gives
P& L,

21



and

¢v = 'Qbuezx-

Thus,
¢ o fl(mat)u + g (.T,, t)‘U + hl(:""a t)a

Y = fo(z,t)u + ga(z, t)v + hy(z, 1),

T T(:I:, t):

£ = f(:l:,t).

From (2.21)
h=g+§

and by (2.23)
g1 = fae™.

From (2.16)

fiew + g1ev + hae = €2 (fortt + g2ov + has) + w.

Separation of variable for the above equation,
i fu=c"fatl
v: i =gy
Rest: hy = €*®ho,.

From (2.19)

fizt + g12v + hiz = foru + garv + hoy

22

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



and separation gives
u:  fio= fu
R e (0
Begt:  h= b
As a result of the above we obtain hy = hy = 0.

From (2.20) we obtain

Tee = €xx S Ex

From (2.23) we obtain

Tat = 6_2:8&:

s 6:.-,3, et 5:: = e—2w§u

= (b — &) = bu
From (2.25) we obtain
fie = gae + &
= go+ & = € for + 1.
From (2.26) we obtain
gie = € fay

2 2
=> e for = €2y = for = g2z

=> for = fiz = G2z

23



Since

From (2.26)

From (2.29)

This gives

Using equation (2.30)

and

Hence from (2.29)

= fL = g2 + a(?). (2:29)
hi=n+f E=a(t)
91z = 26 f2 + faze™.
@=hH- a(t].

G2t = Giz,
g3 = fi— ¢ = 62xf2:c + 0 a.

fo= %e'“(l ~d). (2.30)

1 '
91=f2€2x :>9'1:§(1—f1)

g =10 = ¢a = b(=z).

fi = b(z) + a(t).

Then from Equation (2.20)

Tt = —da.

24



T = —at + ¢(z),

using
a =ce*
we obtain
a =0 =]
c=0 — =
Then
T = —cit + cs.
Thus,
1
h = 5:
1 =2z
f‘z = _2' : 3
T =—cal+ ¢
£ =all) =8y
b= C3z.

Substituting these new variables into equation (2.24) gives

1
¢=(c1+ c3)u+ 50,

1
P = §e_zxu + csv.

The following symmetries are obtained,

g 4 9
u@u ot oz’
9
ot’



l—vﬁ L le"zxug
2 Ou v’

Hence, we obtain the following approximate potential symmetry of equation (2.8).

Note that even though the unperturbed part is not a potential symmetry but the

perturbed term is

PR R PR

& n wmtia Y (343

We can further illustrate how to obtain an approximate potential symmetry of

the same equation, by using another potential symmetry.
Let us again consider the equation (2.8).
With its auxiliary system(2.9).

The following potential symmetry of the unperturbed equation (2.8) is used

a a
i 2(?) 15 2t'b’.) % T 26—23—“—8—; e (2Ug —4u + 4'&51 - Stut) 832“

9]
v,

a 2 —Zx 8
X = —4ta—$+2(t+ )3?f

—(46_2”1; - 46'2Ivt)

Finding the functions H; and H, we obtain

Ex,ux)

= s'lXo(ut —cu—e
= 2v + 4itu

and

Hg = E-IX[](U-I o Ut)
= 0.

We can determine X; using equation (2.7), i.e.,
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Xl(ut o ezxvr) |ux=U¢,U¢=62xUz +2v + 4tu = 0.

This equation yields

&t — 2e¥u, € — e¥*YP” 4 2v + 4tu = 0.
Also,

Xl(um ¥ Ut) |u¢:v¢,u¢:ezfv=: U'!

which gives
¢ — Yt =0.

We again make assumptions that ¢ and 7 are functions of z and ¢

and

qf’ e fl(xat)u + gl(xat)v + hl(xa t)? d" = fZ(ma t)u 5 QZ(x:t)U SR h2($1 t)-
We separate by derivatives of u and v to obtain the following system of equations.

fl =09 + Ev
gi=e"/s
flt = ezxfzx — 4i,

g1z = eszZ:c T 2:

fae = fra,
92t = Gz,
=68 —¢&
e

After solving, we obtain

£ =e2 4 3t + cst + ¢4,
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1 1
P T W Ec;»,tz — 4t — 5836_2I + cs,

1
35 ry =2z B —3x
P b ]
fa = —5te™™* — 2636
1
g1 = —'5t e 563,
g2 = e 4¢

Here ¢;,¢3,¢4 and cs are constants. Making ¢;=c3=cy=cs= 0 will give us the ap-

proximate potential symmetry

e 9 2 -2z a9 0 e a
X = _4t8$+2(t +e )at—l—2(v Qtu)au+26 Uz

0 g .5 0 S s
-2z 2 L Gumdmg o S =iz 2xa s =2z S et
+e[(e™*"+3t )3m+( Be™ "¢ t)at+((ze +3t°)u 5tv)3u+( Ste utze '”)_av]'

2.4 Approximate Invariant Solutions

We now find an approximate invariant solution up to the first order in ¢ using the

approximate potential symmetry obtained for the first example.

Let us consider equation (2.8). We are going to use the approximate potential
symmetry (2.31) to obtain approximate invariant solutions of (2.8)of up to order ¢.
Then (2.31) becomes

d 0 v 0 €

X =$—fa+€§%+(‘2—e
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The characteristics equation is

WL e (2.32)

e S e —2a
1 _t £V ge L'
2 2 1

We solve the first equation of (2.32) to obtain an invariant of the potential symmetry

being used, viz.,

z=—Int+}, = A=z+Int.

Fet- A = |‘3j~ =%,

the other equations are

du LB = %
& 9 il
dv Loy —v 1o o
s/ RGN Ak il M 1 [
dt ¢ 71 =
2 ey
—Su (-2,
d*u i3 6[ v ldv]
dt? gr 43 tatr
1 S P '
s BT T, + —t
g e 2 5
W B e

= U ——4—/\ g =

After solving, we obtain

u = uy(A)e?st + uy(A)e~3xt
= A(A) +eB(A)e™".

We now solve for u,uy and u,, and substitute into our given equation (2.8) then
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solve for A(A) and B(A).

uw=Ae +¢eB,
up = A €2 + 6B”6I.,
Uy = A'te® + eB't —eBe™”,
Usy = A 12¢® + tA'e® 4+ ¢[B't?¢" — tB' + Be ™.

A LeB @ velde® +eB)=(A V™ +1tAS +c[B 1" — 1B + Be™)),
Ar.- = A”)\z + ,\A"
B'e® +eA'e® = (B")? — AB' + B)¢®,
Al =24 = X4, (2.33)
(1-A)B"—AB'+B=A. (2.34)

Now we solve (2.33) to obtain

A = kjarccosh(te®) + ko

and

From equation (2.34) we substitute for A'and solve for B to obtain,

1
B=kA+kVv\-1- 5\//\2 —1ln ()% - 1) + AarccoshA

Hence

u = kjarccosh(te”)+ky +e[ki A +ka VA2 — 1 — %\/)\2 —11n (A% — 1)+ darccoshA]e™™ .
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This is an approximate invariant solution of order €. In conclusion we have discussed
the approximate potential symmetry method of PDE’s. The method was shown

using an example of a perturbed wave equation with a variable speed.
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Chapter 3

Potential Symmetries and

Associated Conservation Laws

3.1 Introduction

Emmy Noether’s 1918 paper [14] on symmetries and conservation laws, proves that
for Euler-Lagrange differential equations and each Noether symmetry associated
with a Lagrangian, there exists a corresponding conservation law which can be
determined explicitly by means of Theorem 1.6. What if a differential equation does
not have a Lagrangian, can a similar result be obtained? This has been pursued by
Anco and Bluman [1] where an identity was derived which yields a correspondence
between symmetries and conservation laws for self adjoint differentials. This identity
does not depend on a Lagrangian as needed by Noether’s theorem.

In this chapter a relationship between symmetries and conservation laws will be
derived showing that there is a link between the components of a conserved vector
of a partial differential equation and the Lie-Backlund symmetries generator of the
equation.

When there is no Lagrangian for a given equation, the direct method can be
employed to construct conservation laws. The method we are investigating uses the
direct method and uses a natural symmetry condition to generate a conservation
law for the equation in question.

Then we will apply the identity derived by Kara and Mahomed [10] to construct

potential conservation laws from potential symmetries for classes of waves equations
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with variable wave speeds.

3.2 Relating Symmetries to Conservation Laws

Before we can show how to construct non-local conservation laws from non-local
symmetries, a review of some definitions leading to the proof of the identity is given.
Ibragimov et al [7] gives an important relation between a Noether symmetry X and
its corresponding conserved vector T' = (T....,T") where T" satisfies Theorem 1.6.

This is shown by Theorem 3.1. This derivation is obtained from [10].

Theorem 3.1 [7]. The components of the Noether conserved vector T, given by
Theorem 1.6, associated with the Lie-Backlund operator X, which is a generator of

a Noether symmetries, satisfy

X(T") + Di(€5)T* — T*Di(€') = N'(Dy(B*)) + B*Dy(£") (3.1)
—Dy(£%)B' — X(BY), =l .. B

Ibragimov et al [7], proved that any Noether symmetry is equavalent to a strict
Noether symmetry. This leads to the next theorem.

Theorem 3.2 [7]. If a Lie-Backlund operator X satisfies (1.12), then its equiva-

lent operator

5 N S i d
X=X-=BD;=(§ —-—-B)— Y — —B'ud)— +....
L (5 L )axa + (?? L us )aua +
satisfies
XL+ LD =0,
& : Jiess e
where £ = £ — EB‘ Wei=1.....n
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If we write Theorem 3.1 independent of B’ and N*, then we will obtain the

following result below

X(T)) + T'De(¢*) - T*Di (') =0, i=1,...,n. (3.2)

This result (3.2) connects a Noether symmetry generator to components of a con-
served vector given by Theorem 1.6. It i1s important to note that this formulation
is obtained from a Lagrangian formulation. What if a differential equation does not
have a Lagrangian, will equation (3.2) still hold? This is discussed in Kara and Ma-
homed [10] where they show a formula relating a conserved vector of a differential
equation and its associated Lie-Backlund symmetry generator. This is shown as

follows using a definition and lemma to prove the formula in the main theorem.

Definition 3.1 The differential k-form
R fa o (8% U5y, < ,’e,z:(,.))dx‘l A...Adz'*,

is called an invariant form of order k with respect to the Lie-Backlund transforma-

tion group
7= exp(eX)(z'),
u” = exp(eX)(u®),
u = exp(eX)(uf),
fori=1,...,n,a=1,...,m on A, where ¢ is the group parameter,
T o S
exp(eX) = 1+aX+§X +§X +ooe

and X is a Lie-Backlund operator (1.8), if

Tateiul 35, Y1)y« -5 ﬁ(r))di‘ii A...AdT%* = foli b S u(r))dxi‘ A...Adz' .

Lemma 3.1 The differential form
W= fiyinain (88, U@y - - U(,_))d:.c"‘ A...Adz'™,
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is an invariant form of the Lie-Backlund group with generator X if and only if
X(w)=0.

Proof. In the proof we will use Definition 3.1. To indicate that w is in terms
of transformed quantities we write w. By using the infinitesimal form of the Lie-

Bécklund group and the Taylor expansion, we obtain

@ = Fooa (2,8, 1)y - - ,‘u,(,.))di:i‘ A...NAdz*™
= [firinoin + EX(Firin.i)]d(z™ + €M) A ... Ad(z™ + e€™) + O(e?)
= w+ eX(w) + O(e?).

Therefore if @ = w ,then X (w) = 0 for small €. Conversely, suppose that X (w) = 0.
Then X (@) = 0,

d =
Eﬂb = Xuie Ale) =0,

this implies that @ is constant, hence by using the identity property of the group

W= .

Theorem 3.3 (Main Theorem) ([10]) Suppose that X is a Lie-Béacklund oper-
ator (1.8) such that the form w, given by (1.5), is invariant under X. Then

X))+ TDU()-T"Du(e) =0, i=1,...,n (3.3)

A summary of the proof is given below, a detailed proof is shown in Kara and Ma-

homed [10].
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Proof We write the (n — 1)-form (1.5) as

AR T"*% J (dz™* A ... Adz™). (3.4)

Therefore,

X(w) = X(T"*)é%; d(ds" A, . A

+ (=11 X (de™ A... Adzik A ... Ada™™)
where ~ denotes omission. Now for fixed [,
D&t =B de™

by (1.3), so we have

X(w) = X(T%) . B (dz A ... A dz™) +T"*«D,-,§‘“fa% - (dz" A...Adz™)

Oz

— T D; £* d (dz" A ... Adz™).

Oz
Thus, X(w) = 0 gives

X(Tik) + TikDi;({-ﬂ) i Ti:Dt_I(gik) i U’ L = o s
which is (3.3).

The folowing definition and corollary further shows the implication of the above

result.

Definition 3.4 A Lie-Backlund symmetry generator X is said to be associated
with a conserved vector T' (or its corresponding conserved form w) of the system
(3.1) if X and T satisfy the relations (3.3)(or equivalently if X (w) = 0).

Corollary 3.5 Suppose that X is a canonical Lie-Béacklund symmetry genera-
tor of the system (1.4) such that the conserved form w of (1.4), given by (1.5), is

invariant under X. Then
X(TH=0, i=1,...,n.
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The following example will show how to construct non-local conservation laws from

non-local symmetries for some classes of wave equations with variable wave speeds.

3.3 Wave Equation with Variable speed Example

Example 2.8 Let us consider the wave equation

U = egzu:cxa (35)
which has a auxiliary form

u = e2v,, (3.6)

Uy = Vt.

One of the Lie point symmetry generator of (3.6) is

5} d 0
=

il e

We can now use X to construct an associated (non-local) conservation law for (3.5)

by applying the identity (3.3) and the conserved form

D,T' =0

to the system of auxilliary equations (3.6).
Applying equation (3.3) gives us

X(TY) + Dy#T" + DpfT* — T Dyr — T2 Dyr = 0,

X(T?) + Dy7T? + DofT? — T' D€ — T2 Dyt = 0.

37



This simplifies to a system

X4t -TDyr =0, X(T+PDr -T'DE=0. (37

From the symmetry above we obtain £ = 1 and 7 = —t and applying the conservation

law

DT+ D=0 (3.8)

along the solutions of (3.6), we see that the conserved vector (T, T?) is dependent

on z,t,u,w and independent of derivatives of u and v. As a result, (3.7) becomes

or'  oT' OT* 9T oT* oT? 8T AT
L i veesl S TR

which has characteristic form of

ds de & dv dT' dz 4 du _d0°

0 £ ol e O3 WY we TR (3.10)

The two characteristic equations above have invariants ¢; = ¢ + Int,¢c; = u, and

cs = z + Inv, which gives T' = fi(c1, 2, ¢3) and tT? = fao(cy, €2, ¢3).

The conserved form (3.8) was expanded to obtain

E+u£+v3Tl+6T2+uaT2+v6Tz~—O (3.11)
ot ary e oz * Ou i g

which along the solutions of (3.6) become

ar ar ar: ar ar* aT?
3 h e Ju e v " dx * adv 5 i B i 3 s

We can separate by derivatives of u and v, to obtain
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art  art

x = U,
¥ dv . Ju
ar:  oT?
2z .
e ou + v P
o g
i ok ot ae

which in terms of the invariants obtained above becomes

aOh  0fs _
5 Jdcs 7 F dcy =%
c1+cs f}- afg _0
3 01‘33 2
0 9, 0
AR

We can now solve (3.14) using some ad hoc methods.

Let y = Y(c3), This implies that oh % 2,

8 C3 6y .
then
Pfi _Of o, P o
Ocs? 3y 33;2 ¥
" O fo = l[_aZfz i %] =0,
deg? v 0eg? Oc
2cy a2f‘2 = 32f2 by afz =
6622 6(,’32 aC3 ?
so that
82f2 _2 Bfl " 62f1 12 6f1
— = =9 o X
Be,? b -

39

(3.13)

(3.14)



but

h=hlea+y) +als—y)

This implies that

hi=flate? a)t+g(c—e®,a),
and

fa=flca+€%,¢1) + Glea — €2, c1).

Welet A = c; + € and p = ¢c3 — €%,

af €3 3_9 €3 Cs@ ?E =
3 g N+ lgr+ 5 =0,

o Ou
b6

e[

P i (el e
ol W, 0 0
G e Al e e

Separating by coefficients gives

Be 8
9 e

0,
FHerf=A4A(c) = f=A(c)—ef,

ag i Cla_g i
ou gu
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Substitute above equations into (3.15) to obtain,
Ffa= Aler) — ¢ f + Bler) — e'g

=(A+B)a+e*(9-f)

- : C1 89‘ c3 a_fﬂa
= H() +¢(g = ) + 2 (ga(—e) = Freo]
= c1 a_g— & a_f : = 61+Ca_3ﬁ ?i
—(1—|—€ )361_(1_8 )acl—I_H—I_e (g—f)—l—e [a#_a/\
Since A =cs + €% and y = ¢y — €%
then eCs:A—;E,
dg Of oL
8CI+-3—61+H_D,
= J+g=—Hla)+ DLg)
et g ]
dg Of A—pu dg Of

i i Rl bt S e

g—i+H’+a—i+g—H+g—D+)‘—;Eg—i—g—ﬁ]:U,
2%+29+H'+H—D+)\%”[g—i—% = 0.

Case 1

If?—i:(],
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2a—g+29+Hr+H=const=€,
361
A—pudD
—#a——FD:const:e,

2 4A
Also if H = ¢, then

d
57 it e wl
861

dg SR
-a?l tg= _5(1 ¥ cl):
d(eg) i

2 “yidkh —5(1 + c1)e,

1
get = —§[e°1(1 +c¢)— €]+ k ,where k= const

1
= —=¢; + ke®.
g 201+ €

F.
rom )\—ﬁ@_D+D_ -
= = consl = ¢,
oD 20

D A—p’
then

InD = —2In(A — ) + In L(y)

L(p)

gl

Thus




Since T' = fy(c1,¢3,¢3) and tT? = fy(cy, c3, ¢3)

T = —(z + Int) + L(c; — e“)(?ecs)_g,

1 k L
=~ Int) + te”(— —
t[(x-l- e (e"t 2e*y

I,
so that
DtTl = _% b [e_z“’”%v_Sv;L & ‘lze—zxv—zL’(ut g U;ex)],
D,T? =1 +te"(2k S~ — e v2) — (—%e* — 1L (up — v,6™ — ve®)e v72)
+3—L;62“U—2 + ;‘ri’ve_kv_‘gvx.

2

Then substituting for v; = u, and u; = €**v, gives v, = e~ **u;, we then obtain

L!
DY s DT = @[e_zzut — vy — e (v — ug)),

provided
L. .. S L F 4
= L Sl e e
Case 2
, : ) 99
g=p  HA4H=0 ¥ H=FKe-e, k=conslant 3_=1
i
oD
ek VL O sis i T
2 — D+ FE( R ) =9,
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A
;R o gl
'\_'Ea_D D_3‘”—|')t
+ a9 s
3[(\ — )?.D]

N = (Bu+A) (A —p),
DA — p)* = §X° + uA? = 3p®X + L(p).
Since A — p = 2€%,

D4e*s = L[c3 + 3cae™ + 3cr€2 + €29] + (3 + 2c26 + €2%%)(cy — €)

—3(c2 — 2c2€% + €*3)(cy + €) + L(u),
then

e e T 2 —c — L _—2¢
£ = Sl=eie™® 4 Tege™ 4 bey — Set] + Lo,
From previous result

f=-g-H+D,
so that
f=—(ca—€e?)—(kee)+ D ,whereg=c,—€e® and ke™

fi=f(Ae)+g(psa)
= ke B
fa=H(a)+e (g-f)

= Ke ™ — e [Ke ™ + ¢y — € — DJ.

Since

= fl(Cth,Ca) and T = %fz(Cth,Ca)
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then

T' = —Ke™ + D,

which implies

1 L
T' = —Ke™ + E[—cge“k“‘ + 7cie™ + Bey — 5e®] + Ze'ch‘,

then e & b L )
- —Uu U u — ve’
Tl‘ = — —_— Su — Hve® . s (i
e*t 12 v2e2e 6 ver T i e 4plele
Also
1
T? = ;[Ke_':1 +e ™ (Ke™ + ¢, — e® — D),
K k , R L(u — ve®)
T2 o b o R ) Sl oA T i G A
tler e (?fe*T i 12[?)262’-" 3 ver -t 4plele )
f T2 2
] v Ve
s ner g + + 1] =4,

then (7, T?) is a non-local conserved vector associated with the symmetry X.

3.4 Approximate Potential Conservation Laws

In the previous chapters, we have discussed and shown that potential symmeties

can be used to construct approximate potential symmetries. We later showed an

association between potential symmetries and conservation laws.

We now further extend and combine these concepts to construct approximate

potential conservation laws. This method is shown using an example from previous
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chapters. It has been discussed in Kara and Davison [9].
The perturbed wave equation (2.8) is written in auxilliary form (2.9),

the unperturbed form (¢ = 0) of this system in potential form is,

Uz = U,

2
0 = e o,

which has a symmetry

0 d 0
Xg—‘a-;-—fa—-—’t)a—v.

From the previous chapter, a conserved vector Ty = (T},T¢) associated with the

symmetry Xo, 1s

-K 1, —-u* T
has St x
0 e 12 v2e?= % ver TN M
. K k % # Tu?
7 T 2 € —u u T
TD = tzgy%—;—}—?ue — 2ve —E[Uzezsv—f-@—l—f)ﬁ—&ve ]

The symmetry of the above perturbed equation from the previous chapter is given

by X = Xy + ¢X; where

Our aim is to find a conserved vector T' of the perturbed equation, which is T' =
To + €Ty, where T\, = (T}, T?).
To find the approximate potential conservation law, we again apply identity (3.3)

and the conservation form D;T* = 0 to obtain following two equations.
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Xo(T}) + Da(&)T} — T{Da(m0) = —X1(Ty) — Da(€1)To + To Da(m),

Xo(T7) + De(mo)T} = Ti De(&o) = —X1(T5) — Du(m)Tg + To De(&1)-

(3.16)
Por Xo, LHi=landrn= <t andfor X;, §H=0andmn =0
This implies that,
Xo(T}) = -X1(Tp),
which gives
ar oT} oT} ~K 1 - T
—t - =-X — — + 5u — 5ve”]).
dz at ' ov i et * 12[?)262" ¥ ve® + By = Boe)
This gives the characteristic equation
du dz di  dv _ e*dT}
0 1 i e 121;46“ o %Uzuesh = %::% » %u s %Uem-
From %“ we obtain u = a where u is an invariant, using ‘i—"’ = —‘i—t ,we obtain an
invariant b = te*. Then from —5? = —%‘5, we obtain ¢ = 5

Now we substitute a, b and ¢ into RHS of the characteristic equation,viz.,

e*dT} b g3

u? 7 _u® 1ad ¢ 9 B »  loarews 1 aienal L oael. B 50b°
1333 — 24 5%e% — 8ver T 244 T 33V€ 1304(3) 2:9°(3) 807 T 249+ 24

Solving the system,

bar} dt

8w kadt o A 2L g
) 8075 T 2291 53¢ t

L=l (v ]
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to obtain

¢ ; ¢ 1.6 8 50

IRRE TR VL SRELR T R O S i

(SR gty Tt a
We now solve the second equation (3.16b)

XD(TE) = le = —Xl(Tc?)
to obtain
are a7  ar 5 1« Wi b g " ga=dlile - g
oo 5 wpi - Caai o . gl e 7% 1 5¢%).

dz s 3t ov 2 2( e+4v2ez 6v 126) 2 e 6v3e”+ vz+5€ )
This becomes in characteristic form,
de. én At do o by
L= 0 " T T T et b - B o) - (2o~ L 4 TE 5
From % we obtain u = a as an invariant, and using 2 = —4% we obtain b = te® as

duv

an invariant, also using th = < we obtain ¢ = % as an invariant.

We again substitute for a, b and ¢, using (%) to solve for 77

i dT?
1 T12 el 2(26:\: 4 Lowd - ie:r:) el (_2829: ok oA o 7:_: + 562:0)'

2 6 vie®

dT?
&= i 2 7 5 —2r 1 3 2 +%(a'? b,c),
TI—$(2es+ L5, T8 _ Sooy_ e 9ot 1 4 78 | 5ete)

6 v3e®



where R is an arbitrary function of the invariants a,b and c.

Thus,
R T e R i 4 oL & u? ”
= —— ———————®)— 0" = —_ b
el 2(2e +4vzer 6v 126) 2 e 6v3e$+7v2+5e )1+%(a,b, ),
then
1 u? Tu 5 g 1 o? u?
T2: (z—R) E 2% = ot i Py =5 S - sl 2z
SEedies ba e oo Ulies sl i
subject to the conditions
ar  al} u 01y 0
ot oz e gy
gy il
= ()
v ' du :
TH— = 0.
du o F dv

We have shown that a class of conservation laws for wave equations with variable
speeds can be constructed from potential symmetries and approximate potential
symmetries. However, it is important to note that in constructing conservation laws
in the examples, we have used the direct method as this equation does not have
a Lagrangian. The direct method does not assume a correspondence between the
symmetries and conservation laws. Hence, we use equation (3.3) to provide this
relation. In conclusion, what we have shown is that equation (3.3) together with a
known symmetry X and using the conservation law D;T* = 0, we are able to obtain

a system of linear PDEs, which are solved for components T of the conserved vector

T (see Kara and Mahomed [10]).
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Conclusion

In this report, we have investigated and reviewed the theory of the application of
potential symmetries to study of PDEs. We have looked at their application to
approximate symmetries and conservation laws. The importance of potential sym-
metries is necessary because of the obvious limitation of group-theoretic methods
based on local symmetries, where many PDEs do not have local symmetries. As a
result it turns out that PDEs can admit non-local symmetries whose infinitesimal
generators depend on the integrals of the dependent variable in some specific man-
ner (see Gandarias et al [5]).

Perturbation theory is used in many areas of science, therefore a study of differ-
ential equations with a small parameter (perturbed equations) is of importance.
Finding approximate symmetries of perturbed equations using potential symme-
tries i1s discussed. This was successfully achieved using an algorithm by Baikov et al
[2]. We also investigated the existence of approximate conserved forms of perturbed

equations.

Conservation laws play an important role in science because they are central to
the analysis of physical field equations where they provide conserved quantities such
as energy, momentum and angular momentum. Therefore, we addressed the com-
putation of conservation laws in the absence of a Lagrangian, which is not possible
using Noether’s famous theorem. We showed a result that relates symmetries and
conservation laws. In finding the conservation law of a PDE using a known potential
symmetry of the PDE, the direct method and a natural symmetry condition were
used. These ideas and concepts were further extended to compute approximate po-

tential conservation laws using the same procedure.



For further research we could investigate other types of non-local symmetries differ-
ent from potential symmetries, and use them to generate approximate symmetries

and conservation laws of PDEs. These may give rise to different invariant solutions.
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